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Abstract

It is known that two elliptic curves over a finite field are isogenous if and only if they

have the same number of points over that field (theorem due to Tate). The proof of Tate’s

theorem is, unfortunately, highly abstract and does not aid in constructing such an isogeny.

This paper will outline and discuss the algorithm that Galbraith put forth to achieve this

task.
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1 Introduction
This paper is concerned with the construction of explicit isogenies between two elliptic

curves defined over the same finite field. The following theorem due to Tate [Ta] categorizes

when such isogenies are possible.

Theorem 1 (Tate). Two elliptic curves E1 and E2 over Fp are isogenous if and only if

#E1(Fp) = #E2(Fp).

Remark. The proof of Tate’s theorem is highly abstract and does not give us any method

for computing an isogeny between the curves; it merely guarantees the existence of such a

thing.

Galbraith’s algorithm [Ga] for computing an isogeny ϕ : E1 → E2 will first construct a

chain of prime isogenies from E1 to a curve EM
1 whose endomorphism ring is isomorphic to

the ring of integers in the associated imaginary quadratic field. It will also construct a chain

of isogenies from EM
2 to E2. These first steps will be done largely using the method of Kohel

[Ko] in computing the conductor of endomorphism rings of elliptic curves. Lastly we will

create a chain of isogenies from EM
1 to EM

2 .

Theorem 2 (Main Theorem). Let E1 and E2 be ordinary elliptic curves over Fp such

that #E1(Fp) = #E2(Fp). Under the Riemann hypothesis for the Dedekind Zeta function

of imaginary quadratic number fields the probabilistic algorithm proposed in section 5 will

construct an isogeny ϕ : E1 → E2.

Before we explain the workings of the algorithm we will need some background informa-

tion. Section 2 will provide the theoretical groundwork for our discussion, covering, elliptic
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curves, isogenies of elliptic curves, orders of imaginary quadratic fields and modular polyno-

mials.

In Section 3, the main theorems behind the algorithm will be presented and proven. The

theorems presented in this section are more flushed out than the results shown in [Ko] and

[Ga] and are proven in a new way, using largely results due to Kani. One particular difference

is the use of Deuring’s construction [De] of isogenies using ideals of the endomorphism ring

of an elliptic curve.

Kohel’s algorithm [Ko] will be presented in Section 4 along with a discussion of its ter-

mination. A small modification to the version of this algorithm presented in [Ga], is given

here. Galbraith’s algorithm [Ga] will be laid out in Section 5.
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2 Background

2.1 Elliptic Curves

The following facts about elliptic curves will aid us in developing the theory necessary for

our algorithm. These facts and further information about elliptic curves can all be seen in

more detail in Silverman [Si].

Definition 1. An elliptic curve E/K is a smooth cubic projective plane curve over K with

a K-rational distinguished point denoted by OE.

As per [Si], if char(K) 6= 2, 3, then the elliptic curve E/K can be given by a short

Weierstrass equation of the form y2 = x3 + a1x + a2, with ai ∈ K and discriminant ∆ :=

4a3
1 + 27a2

2 6= 0. Note that here the distinguished point is the point at infinity.

As shown in III.1.4 of [Si] the j-invariant j(E) of an elliptic curve E/K is an important

quantity. It defines an isomorphism criterion for elliptic curves over the algebraic closure K

of the ground field. Specifically we have that E/K ' E ′/K if and only if j(E) = j(E ′).

If E/K is given by y2 = x3 + a1x + a2 as before, then from [Si] we have the following

formula:

j(E) = −1728
(4a1)3

∆
.

Notation. The set of rational points of an elliptic curve E/K is denoted

E(K) := {(x, y) ∈ K2 such that y2 = x3 + a1x+ a2} ∪ {OE}
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Using the chord tangent method described in Proposition III.2.2 of [Si], we obtain a group

operation on the above set, with identity OE.

Notation Let E[`] := {P ∈ E(K) | `P = OE}. Further, if ` 6= p = char(K) is a prime then

over K we have that E[`] ' Z/`Z× Z/`Z.

Another important object attached to an elliptic curve is its function field. This object

will come in useful later to study isogeny classes of elliptic curves.

Definition 2. The function field K(E) of an elliptic curve E/K given by the short Weier-

strass form y2 = x3 + a1x+ a2 is K(E) := Quot

(
K[x, y]

(x3 + a1x+ a2 − y2)

)
.

2.2 Isogenies

Let ϕ : C1 → C2 be an K-morphism of curves, as defined in Section II.2 of [Si]. As is

discussed in this same section, each f ∈ K(C) defines a rational map f : C → P1, which is

actually a morphism. Conversely, each such rational map defines an element in K(C). There

is then a natural injection ϕ∗ : K(C2)→ K(C1) defined by ϕ∗(f) = f ◦ ϕ, where f ∈ K(C2).

For the purposes of this paper we take all morphisms to be tacitly defined over K.

There is a very important relationship between morphisms of smooth curves, and finite

extensions of their function fields. This relationship can be seen in the following theorem

from [Si].

Theorem 3. Let C1/K and C2/K be smooth projective curves. Then:

(a) If ϕ : C1 → C2 is a non-constant map defined over K, then K(C1) is a extension of

ϕ∗(K(C2)) with finite index.

(b) If F : K(C2) → K(C1) is an injection of function fields fixing K, then there exists a

unique non-constant map ϕ : C1 → C2 over K such that F = ϕ∗.
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Proof See Theorem II.2.4 of [Si].

Definition 3. The degree of a non-constant morphism ϕ : C1 → C2 is:

deg(ϕ) = [K(C1) : ϕ∗K(C2)].

If ϕ is a constant morphism then we define deg(ϕ) = 0.

Definition 4. An isogeny ϕ : E1 → E2 is a non-constant morphism between elliptic curves

with the property that ϕ(OE1) = OE2 .

Given two elliptic curves E1/K and E2/K, we say that E1 is isogenous to E2, and write

E1 ∼ E2, if there is an isogeny ϕ : E1 → E2 over K. This relation defines an equivalence

relation on elliptic curves. To show this fact we will require the existence of the dual isogeny.

Definition 5. The dual of an isogeny ϕ : E1 → E2 is the unique isogeny ϕ̂ : E2 → E1 such

that ϕ ◦ ϕ̂ = [n]E2 , where [n]E2 is the multiplication by n map on E2 and n = deg(ϕ).

We then also have that ϕ̂ ◦ ϕ = [n]E1 .

Remark. The existence and uniqueness of the dual of an isogeny is proven in Theorem

III.6.1 a) of [Si].

Note that the existence of the dual guarantees that E1 ∼ E2 if and only if E2 ∼ E1.

Since transitivity can be shown by composing of isogenies, and since reflexivity follows from

the fact that the identity map is an isogeny, we have that the property of being isogenous is

an equivalence relation on the set of elliptic curves.

As shown in III.3.6 [Si], the set of all isogenies starting and ending at E/K together with

the zero map is a ring under the operations of composition, and pointwise addition over

K. These are the endomorphisms of E. This ring is denoted End(E), and, as we will see

in Section 2.3, for ordinary elliptic curves over a finite field, it is an order in an imaginary

quadratic field.
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Remark. It will be important to note here that Silverman does not consider only isogenies

defined over the ground field K but rather over the algebraic closure. These form a ring

which we will denote by EndK(E). Clearly End(E), as presented above, is then a subring

of EndK(E).

2.3 The Frobenius Map

We now restrict our attention to elliptic curves over K = Fp, as these will be the curves that

we will be using in our algorithm.

Given an elliptic curve E/Fp, let π denote the Frobenius map given by π : (x, y) 7→ (xp, yp)

for (x, y) ∈ E(Fp). As is shown in [Si] this map is an endomorphism of E/Fp.

Note that the fixed points of π are exactly E(Fp). This fact is very important in the

proof of Hasse’s theorem.

Given an elliptic curve E/Fp let tp = p + 1 −#E(Fp). As is shown in Theorem V.2.3.1

in [Si], the map π satisfies the identity

π2 − tpπ + p = 0. (2.1)

The following theorem of Hasse will provide us with information about the structure of

an elliptic curve.

Theorem 4 (Hasse). If E/Fp is an elliptic curve, and if tp is as defined above, then

|tp| ≤ 2
√
p. (2.2)

Proof See Theorem 1.1 of [Si].

Definition 6. An elliptic curve E/Fp is supersingular if tp=0. Otherwise the curve is

called ordinary.
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Remark. Though this differs from the definition of supersingular presented in Section V.3

of [Si], we have that if E/K is an elliptic curve with K = Fp for p ≥ 5 then the two definitions

are equivalent. (See Exercise V.5.10 of [Si]).

We will see that the endomorphism rings of ordinary elliptic curves over finite fields are

orders of imaginary quadratic fields. Before this result can be presented we will need to

collect some information about orders.

2.4 Orders of Imaginary Quadratic Fields

The structure of the endomorphism ring of an elliptic curve will play an important role in

our algorithm later on. To help us understand this structure we will need some background

about orders of imaginary quadratic fields.

Definition 7. The ring of integers OF of a number field F is the set of all elements of

F that are the roots of monic polynomials with coefficients in Z.

Definition 8. An order R is a subring of OF with the property that Quot(R) = F .

Theorem 5. If E/Fp is ordinary, then End(E) is an order in an imaginary quadratic field.

Proof. By Corollary III.9.4 of [Si] we know that EndK(E) is either Z, an order in an imaginary

quadratic field, or an order in a quaternion algebra. Further, from Theorem V.3.1 of [Si]

we have that EndK(E) is an order in a quaternion algebra if and only if E is supersingular,

and hence End(E) is not an order in a quaternion algebra as E is ordinary and End(E) ⊆

EndK(E).

Consider Z[π] := the subring of End(E) generated by π. Thus Z[π] ⊆ End(E) ⊆

EndK(E). From equation (2.1) we have that π satisfies the polynomial equation x2− tpx+p.

By using Theorem 4 we have that disc(x2 − tpx + p) = t2p − 4p < (2
√
p)2 − 4p = 0. Hence
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Z[π] is an order in Q(
√
t2 − 4p) which is an imaginary quadratic field. Thus Z[π] 6= Z, and

so End(E) 6= Z.

Further, since Z[π] ⊆ End(E) ⊆ EndK(E) and EndK(E) is either an order in an imagi-

nary quadratic field or Z, we have that EndK(E) is an order in an imaginary quadratic field as

desired. Moreover, since both EndK(E) and Z[π] are of rank two we know that [Quot(Z[π]) :

Q] = [Quot(EndK(E)) : Q] = 2. Further, the inclusion Z[π] ⊆ EndK(E) tells us that

Quot(EndK(E)) ⊆ Quot(Z[π]). Combining these two fact we get that Quot(EndK(E)) =

Quot(Z[π]), and as Z[π] ⊆ End(E) ⊆ EndK(E) we have that Quot(End(E)) = Quot(Z[π]).

Thus End(E) is an order in an imaginary quadratic field as desired.

Remark. The above proof shows that if E/Fp is an ordinary elliptic curve, then Q(π) =

Quot(End(E)) = Q(
√
t2 − 4p) = Q(

√
d) where d is the largest square-free part of t2p − 4p.

Hence, we have that Q(
√
d) ' End(E)⊗Q.

Facts About Orders of Quadratic Fields

The following facts are proven in Chapter 7 of [Co]. Let F = Q(
√
d) with d < 0

squarefree.

1. The ring of integers of the field F is OF = Z + ωDZ.

Here ωD = D+
√
D

2
and D is the discriminant of F , which is given by

D = disc(F ) =

 d if d ≡ 1 (mod4)

4d if d 6≡ 1 (mod4)
(2.3)

2. The index cR := [OF : R] of an order R ⊆ OF is finite and is called the conductor of

the order.
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3. For every c ∈ N there is a unique order R in OF such that [OF : R] = c; and it is

given by R = Z + cωDZ.

Definition 9. The discriminant of an order R ⊆ OF of an imaginary quadratic field is

defined by

disc(R) =

det


 ω1 ω2

ω1 ω2





2

, (2.4)

where ωi are the basis elements of R and ωi are the conjugate roots of the minimal polynomial

of ωi over Q.

It is clear that disc(OF ) = D, where D is as defined in equation (2.3). More generally

we have the following fact.

Proposition 1. Let R ⊆ OF be an order with conductor cR in an imaginary quadratic field

F . Then disc(R) = c2
RD, where D is as defined in equation (2.3).

Proof. From fact 3 above we have that {1, cRωD} form a basis for the order R. Hence

disc(R) = (cRωD − cRωD)2

= c2
R ·

(
D +

√
D

2
− D −

√
D

2

)2

= c2
RD

We can now compute the conductor cZ[π] of Z[π] in End(E)⊗Q, which will be important

an important quantity in Kohel’s algorithm.

Corollary 1. Let d be the squarefree part of t2p − 4p, and D be as defined in equation (2.3).

Then the conductor of Z[π] is cZ[π] =

√
t2p − 4p

D
.
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Proof. Noting that {1, π} form a basis for Z[π], we have that disc(Z[π]) = (π−π)2. Recalling

equation 2.1 this means that:

disc(Z[π]) =

(
tp +

√
t2p − 4p

2
−
tp −

√
t2p − 4p

2

)2

= t2p − 4p. (2.5)

Definition 10. A lattice Λ in F is an additive subgroup of F generated by two Q-linearly

independent elements.

The order associated to a lattice Λ is defined by:

R(Λ) = {λ ∈ F : λΛ ⊆ Λ}.

Remarks. (1) The fact that the above set is an order is shown in Proposition 2.7 of [K4].

(2) If R is an order of OF , then we can see that a lattice Λ is an R-ideal if and only if

Λ ⊆ R ⊆ R(Λ).

Definition 11. A R-ideal I is called invertible with respect to R if there is a lattice Λ,

with RΛ = Λ, such that IΛ = R.

Proposition 2. An ideal Λ is invertible if and only if R(Λ) = R.

Proof. See Proposition 7.4 of [Co].

Our algorithm will rely partially on being able to count the ideals of an order of an

imaginary quadratic field.

Proposition 3. Given a prime `, the number of ideals of index ` of the ring of integers

OF of an imaginary quadratic field F := Q(
√
D) is 1 +

(
D

`

)
. Here disc(F ) = D is the

discriminant of F and
(
D

`

)
is the Legendre-Kronecker symbol as defined in Chapter 7 of

[Mu].
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Proof. Let I be an ideal of index `. Then I is a maximal ideal containing `, and hence

I occurs in the prime factorization of the ideal `OF , which has index `2. As discussed in

chapter 7.4 of [Mu], we have three cases for the prime factorization of this ideal.

If ` splits then `OF decomposes into two distinct ideals of index `. From Theorem 7.4.2,

and Theorem 7.4.5 (b) of [Mu] we know this case occurs if and only if
(
D
`

)
= 1. If ` ramifies

then `OF decomposes into the square of an ideal of index `, hence we have one unique ideal

of index ` in R. We know from Exercise 7.4.3 and Theorem 7.4.5 (a) of [Mu] that this occurs

if and only if
(
D
`

)
= 0. Lastly if ` stays inert then we have that `OF is prime itself of index

`2 and so there are no ideals of index ` in R. As is shown in Exercise 7.4.4 and Theorem

7.4.5 (c) of [Mu] this case occurs exactly when
(
D
`

)
= −1.

Hence the number of ideals of index ` is 1 +
(
D
`

)
as desired.

We will now extend this to count the number of ideals of any order R ⊆ OF .

Proposition 4. Let R be an order in F = Q(
√
d) with d<0 squarefree with conductor

cR = [OF : R] and let D = disc(F ). Then the following are true:

(a) If ` is a prime not dividing cR, then there are exactly 1 +

(
D

`

)
invertible R-ideals of

index `.

(b) If ` | cR is prime, then there are no invertible R-ideals of index ` and `Z +
cωD
`

Z is the

unique non-invertible R-ideal of index `.

Proof. (a) As is well known, if gcd(`, cR) = 1, then the number of ideals of index ` of R is

equal to the number of invertible ideals of index ` in OF . This fact is shown in Proposition

45 of [K2]. Hence by Proposition 3 we are done.

(b) Note that if I is an ideal with [R : I] = `, then I is maximal and `R ⊂ I. From

Proposition 46 of [K2] we know that if ` | cR, then I = `Z +
cRωD
`

Z is the unique maximal

ideal containing ` and that R has no invertible ideals of index `. And so we have exactly
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one non-invertible R-ideal of index `, as desired.

2.5 Modular Polynomials

Modular polynomials are a very useful tool for studying isogeny classes of elliptic curves.

Before we can properly explain how they do this, we will need some motivating facts.

Definition 12. A C-lattice Λ is an additive subgroup of C generated by two R-linearly

independent elements.

Up to scaling by a non-zero complex number α, every lattice is given by a complex

number τ in the upper half plane, so that Λ = αZ + ατZ.

Definition 13. An elliptic function with respect to a given lattice Λ is a meromorphic

function f on the complex plane that respects the partitioning C/Λ. i.e we have

f(z) = f(z + λ) , ∀λ ∈ Λ, ∀z ∈ C.

As shown in Theorem 10.1 of [Co],the Weierstrass ℘-function is an elliptic function. This

function shows the existence of non trivial elliptic function and is defined by:

℘(z,Λ) =
1

z2
+

∑
ω∈Λ/{0}

(
1

(z − ω)2
− 1

ω2

)
. (2.6)

An elliptic curve over the complex numbers can be identified with the complex plane

modulo a suitable lattice i.e. we have E(C) ' C/Λ as groups. To explain this identification,

we first suppose we have a lattice Λ. Noting that ℘(z) := ℘(z,Λ) satisfies the differential

equation

℘′(z)2 = 4℘(z)3 − g2(Λ)℘(z)− g3(Λ), (2.7)
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as is shown in Theorem 10.1 of [Co], we see that the point (℘(z), ℘′(z)) lies on a curve EΛ

defined by

y2 = 4x3 − g1(Λ)x− g3(Λ). (2.8)

which turns out to be an elliptic curve. One then shows that the map z 7→ (℘(z), ℘′(z))

defines an isomorphism of groups ΦΛ : C/Λ ∼→ EΛ(C).

Conversely, for any elliptic curve E/C there is a suitable lattice Λ such that E ' EΛ.

Associated to these lattices are numbers ∆(Λ) and j(Λ), called the discriminant and the

j-invariant of the lattice, respectively. They are defined by:

∆(Λ) = g2(Λ)3 − 27g3(Λ)2 and j(Λ) = 1728
g2(Λ)3

∆(Λ)
. (2.9)

These functions agree with the discriminant and the j-invariant of the associated elliptic

curve as they were defined in Section 2.1.

We can view these as functions on the upper half plane by setting j(τ) = j(Λτ ) and

∆(τ) = ∆(Λτ ), where Λτ := Z + Zτ .

Given this dictionary between elliptic curves over C and lattices, there is a bijective

correspondence between isogenies starting at a curve E1(C) ' C/Λ1 and going to a curve

E2(C) ' C/Λ2 and non-zero holomorphic maps on C which take Λ1 into Λ2. Moreover,

we have that all such maps are of the form ϕα : C → C, defined by z 7→ αz, for some

α ∈ C with αΛ1 ⊂ Λ2. Thus the isogenies from E1 to E2 are in direct bijection with the set

{α ∈ C× : αΛ1 ⊂ Λ2}. Both these bijections are shown in Theorem VI.4.1 of [Si].

We can systematically construct isogenies of a fixed degree ` > 0 by the following proce-

dure. Consider an integral matrix T =

 a b

c d

 with determinant det(T ) = `. We view T
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as acting on the upper half plane via a fractional linear transformation. Specifically,

T (τ) =
aτ + b

cτ + d
∀τ ∈ C with Im(τ) > 0. (2.10)

Note that since det(T ) and Im(τ) are both positive,
aτ + b

cτ + d
is in the upper half plane.

For any such τ , the matrix T defines a isogeny

ϕT : C/ΛT (τ) → C/Λτ , (2.11)

which is defined by z 7→ (cτ + d)z. Indeed we have that,

ϕT (ΛT (τ)) = (cτ + d)

(
Z +

aτ + b

cτ + d
Z
)

= (aτ + b)Z + (cτ + d)Z ⊂ Z + τZ = Λτ . (2.12)

Moreover, since [Z + τZ : (aτ + b)Z + (cτ + d)Z] =| det(T ) |= `, we see that deg(ϕT ) = `.

Conversely, every isogeny of degree ` ending at C/Λτ comes from a suitable integral

matrix T with det(T ) = `. Further, we note that

j(EΛT (τ)
) = j(ΛT (τ)) = j

(
aτ + b

cτ + d

)
=: (j ◦ T )(τ), where j(τ) := j(Λτ ). (2.13)

This relationship will motivate our definition of the modular polynomials.

Definition 14. Let φ` be the modular polynomial of order ` via the following expression:

φ`(x, j) =
∏
T∈S∗`

(x− j ◦ T ), (2.14)

where S∗`=

{  a b

0 c

 such that a, b, c ∈ Z, gcd(a, b, c) = 1, ac = ` and 0 ≤ b < c

}

Remark. As shown in Theorem 11.18 of [Co], φ`(x, y) ∈ Z[x.y] and the polynomial is
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symmetric.

Definition 15. We call Λ′ ⊆ Λ a cyclic sublattice of Λ when Λ/Λ‘ is cyclic.

Theorem 6. φ`(x, y) = 0 if and only if there exists a lattice Λ with a cyclic sublattice Λ′

such that [Λ : Λ′] = ` with j(Λ) = x and j(Λ′) = y.

Proof. See Theorem 11.23 of [Co].

Using our identification between lattices and elliptic curves over C, we now have that

given an elliptic curve E with j-invariant j(E), there exists an `-isogeny from E to another

curve E ′ exactly when φ`(j(E), j(E ′)) = 0.

As we will see in Theorem 8, this fact is mirrored for curves over Fp.
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3 Counting Isogenies

3.1 Isogenies Defined over K

In this section we will fix an elliptic curve E/K and study isogenies

ϕ : E/K→ E ′/K

to some other elliptic curve E ′/K. As we will be varying the curve E ′, it is useful to introduce

an equivalence relation on isogenies.

Definition 16. Given two isogenies ϕ1 : E → E1 and ϕ2 : E → E2, we will call them

equivalent isogenies when there exists an isomorphism ψ : E2 → E1 satisfying ϕ1 = ψ◦ϕ2.

Let ker(ϕ) be the kernel of an isogeny ϕ : E → E ′, which is naturally a finite subgroup

scheme of rank equal to deg(ϕ). If ϕ is separable, then we can identify ker(ϕ) with its group

of K-rational points, ker(ϕ)(K) = {P ∈ E(K) : ϕ(P ) = OE′}, which is a subgroup of E(K)

of order deg(ϕ). Moreover, ker(ϕ)(K) is invariant under the action of the Galois group K/K.

In the special case that K = Fp, this condition means that ker(ϕ)(Fp) is stable under the

Frobenius automorphism. If this is the case, then we say that ker(ϕ)(K) is defined over

Fp. Conversely, the following theorem shows that every Frobenius-stable subgroup of E(Fp)

is the kernel of an isogeny.

Theorem 7. Let E/Fp be an elliptic curve and let H ≤ E(Fp) be a finite subgroup stable

under the action of the Frobenius endomorphism. There is then an elliptic curve E ′/Fp and

a separable isogeny ϕH : E/Fp → E ′/Fp, unique up to equivalence, such that ker(ϕH) = H.
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Proof. From Proposition III.4.12 of [Si] we have that this statement is true for isogenies

defined over Fp. Further, Remark III.4.13.2 of [Si] tell us that since H is invariant under

Frobenius, the target curve E ′ and the associated isogeny are also defined over Fp.

Notation. Write ϕH : E → E/H for the isogeny and elliptic curve constructed in Theorem

7. Indeed E/H is the quotient of E by H since it satisfies the following proposition.

Proposition 5. Let ϕ1 : E → E1 be a separable isogeny and ϕ2 : E → E2 be an isogeny

satisfying ker(ϕ1) ⊂ ker(ϕ2). Then there exists a unique isogeny ϕ3 : E1 → E2 such that

ϕ3 ◦ ϕ1 = ϕ2.

Proof. See Corollary III.4.11 of [Si].

Corollary 2. There is a bijection between equivalence classes of `-isogenies starting at E

and subgroup schemes H ≤ E of order `, given by the identification ϕ 7→ ker(ϕ).

Proof. This map is be well defined since isogenies in the same equivalence class have the

same kernel which is of degree ` as mentioned above. Further we can see that the map is

surjective from Theorem 7. Lastly, Proposition 5 shows us that the map is injective. Hence

we have a bijection as desired.

We will now explore the relationship of the modular polynomials to these isogenies.

Theorem 8. The roots of φ`(x, j(E)) over Fp are exactly the j-invariants of E/Ci where Ci

are the subgroups of order ` of E(Fp).

Proof. Theorem VII.3 of [Bl].

Theorem 9. Let E/Fp be an ordinary elliptic curve with j-invariant j:= j(E) 6= 0 or 1728.

Let π denote the Frobenius endomorphism and l 6= p be a prime. Then:
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(a) If C ≤ E(Fp), then j(E/C) ∈ Fp and there exists an `-isogeny ϕ : E → E/C defined

over Fp if and only if C is an eigenspace of π in E[`].

(b) The polynomial φ`(j, x) splits completely in Fp[x] if and only if π acts as a scalar matrix

on E[l].

Proof. Proposition 6.1 of [Sc].

The following theorem will extend the results of Theorem 8 from Fp to Fp.

Theorem 10. Let E/Fp be an ordinary elliptic curve with j-invariant j 6= 0, 1728 and let

` 6= p be a prime. Then φ`(x, j) (mod p) has a root y ∈ Fp if and only if there is `-isogeny

ϕ : E → E ′ defined over Fp to a curve E ′/Fp with j(E ′) = y.

Proof. If y ∈ Fp then y ∈ Fp, and so by Theorem 8 there is a subgroup C of E(Fp) of order `

such that j(E/C) = y. From Theorem 9 (a) we know that since y ∈ Fp, C is invariant under

the Frobenius endomorphism. Lastly by Theorem 7 we have that if E and C are defined

over Fp then so is ϕ.

Conversely, if there is an `-isogeny ϕ : E → E ′ defined over Fp, then the kernel kerϕ is

an eigenspace of the Frobenius endomorphism and so by Theorem 9 (a) j(E ′) ∈ Fp and by

Theorem 8 it is a root of φ`(x, j(E)).

The algorithm discussed in this paper will rely very heavily on being able to count the

equivalence classes of isogenies starting at a given elliptic curve E. The following Theorem

11 from [K3] will aid us in showing how these equivalence classes should be counted. The

proof of this theorem will require the following lemma.

Lemma 1. Let E/Fp be an ordinary elliptic curve and ` 6= p be a prime. The Frobenius

endomorphism π|E[`] acts like a scalar r · idE[l] for some r ∈ Z if and only if π−r
l
∈ End(E).
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Proof. Suppose that π| E[l] = r · idE[l], for some r ∈ Z. Then E[l] ⊆ ker(π − r · idE). Hence

by Proposition 5 we have that π − r · idE = ` · f for some f ∈ End(E) as desired.

Conversely, if π−r
l
∈ End(E) for some r ∈ Z then π − r = ` · f for some f ∈ End(E).

Hence, (π − r)|E[`] = 0 and so π|E[`] acts like a scalar r · idE[l].

The following theorem will be important in the proof of Theorem 13 which we will require

for Kohel’s algorithm.

Theorem 11. Let E/Fp be an ordinary elliptic curve with j-invariant j:= j(E) 6= 0 or 1728.

Let π denote the Frobenious endomorphism and ` 6= p be a prime. Then the following are

equivalent:

(a) ` | [End(E) : Z[π]],

(b) π| E[l] = r · idE[l], for some r ∈ Z,

(c) φ`(j, x) splits completely over Fp,

(d) There are exactly `+ 1 equivalence classes of `-isogenies starting at E.

Proof. Note first that (b) ⇔ (c) is given by Theorem 9 part (b).

(b) ⇒ (a): By Lemma 1 we have that
π − r · idE

`
∈ End(E).

Consider the tower Z[π] ⊆ Z[π−r
`

] ⊆ End(E) ⊆ OF where F := End(E)⊗Q. Noting that

[Z[π−r
`

] : Z[π]] = `, we have that `[OF : End(E)] | OF : Z[π]]. Hence ` | [OF : Z[π]]

[OF : End(E)]
=

[End(E) : Z[π]] as desired.

(a) ⇒ (b): Note that we have the tower:

OF = Z + ωDZ ⊃ End(E) = Z + cEnd(E)ωDZ ⊃ Z[π] = Z + cZ[π]ωDZ.
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By hypothesis we have that ` | [End(E) : Z[π]] =
cZ[π]

cEnd(E)

, and so cZ[π] = cEnd(E) ·`·k for some

k ∈ Z. Since π ∈ Z[π] = Z + cZ[π]ωDZ, we have that π = a+ cZ[π]ωDb, with a, b ∈ Z. Hence

π − a = `cEnd(E)bωD. Recall that End(E) = Z + cEnd(E)Z and so cEnd(E)bωD ∈ End(E).

Hence
π − a
`
∈ End(E), and by Lemma 1 π|E[`] acts as a scalar as desired.

(b) ⇒ (d) If H ≤ E(Fp) is a finite subgroup of order ` , then H ≤ E[`]. Since E[`] '

Z/`Z × Z/`Z, it has ` + 1 subgroups of order `. As these are all cyclic and so invariant

under multiplication by a constant, each of these is invariant under π|E[`] = r · idE[`]. By

Corollary 2 we have a bijection between subgroup schemes of order ` and equivalence classes

of isogenies of degree `, and so we have that there are exactly ` + 1 equivalence classes of

`-isogenies starting at E.

(d) ⇒ (b) As was mentioned above, if H ≤ E(Fp) is a finite subgroup of order ` , then

H ≤ E[`]. Hence we have ` + 1 distinct cyclic subgroups of E[`] which are invariant under

the action of the Frobenius endomorphism. Viewing these as one dimensional subspaces of

the vector space V := Z/`Z × Z/`Z, we have that the Frobenius map has these subspaces

as eigenspaces. Since dim(V ) = 2, any two distinct subspaces will generate V . Moreover, π

can have at most two distinct eigenvalues. Since `+ 1 > 2, there exists two one dimensional

subspaces with the same eigenvalue. Since the sum of any two distinct subspaces is V we now

have that the entire space is an eigenspace of π for some eigenvalue r. Hence π|E[`] = r · idE

for some r ∈ Z, as desired.

Remark. The hypothesis that j(E) 6= 0, 1728 was only used in showing that (b) ⇔ (c). By

relaxing this hypothesis the conditions (a), (b), and (d) remain equivalent.
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3.2 Deuring’s Construction

We will now present Deuring’s method for relating ideals of End(E) with isogenies starting

at E as described in Section 2.1 of [K1].

Given a non-zero ideal I of End(E), set

H(I) :=
⋂
f∈I

ker(f).

Recall that as the non-zero elements of End(E) are isogenies, this is an intersection of

subgroup schemes of E, and hence H(I) is a subgroup scheme of E. There then exists an

isogeny ϕH(I) : E → E/H(I).

Theorem 12. Let E/Fp be an ordinary elliptic curve. If I be a non-zero ideal of End(E),

then the isogeny ϕ = ϕH(I) : E → E ′ satisfies cEnd(E′) | cEnd(E),and we have that

End(E ′) ' R(I) = {α ∈ End(E)⊗Q | αI ⊆ I}. (3.1)

Moreover, every isogeny ϕ : E → E ′ with the property that cEnd(E′) | cEnd(E) has the property

that ker(ϕ) = H(I) for a unique ideal I of End(E). In addition,

deg(ϕ) = [End(E) : I]. (3.2)

Proof. The first statements follow from Theorem 20 of [K1], and equation (3.2) follows from

Proposition 23 of [K1].

Definition 17. Given an isogeny ϕ : E → E ′ we say:

(a) ϕ is an up isogeny if cEnd(E′) | cEnd(E) and cEnd(E′) 6= cEnd(E),

(b) ϕ is a down isogeny if cEnd(E) | cEnd(E′) and cEnd(E′) 6= cEnd(E), and

(c) ϕ is a horizontal isogeny if cEnd(E′) = cEnd(E).

Corollary 3. Let E/Fp be an ordinary elliptic curve with R = End(E). Then:
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(a) There is a bijection between invertible R-ideals and horizontal isogenies starting at E.

(b) There is a bijection between non-invertible R-ideals and up isogenies starting at E.

Proof. Recall from Theorem 12 that ϕ : E → E ′ is an isogeny such that cEnd(E′) | cEnd(E)

if and only if ϕ comes from a ideal of R. Moreover, from equation 20 of [K1] the map

H(I) 7→ ϕ(H(I)) : E → E/H(I) is a bijection. Hence it suffices to show that all invertible

ideals generate horizontal isogenies, and that all non-invertible ideals generate up isogenies,

as the converse statement will come from the above mentioned bijection.

From Theorem 12 we have that End(E ′) ' R(I) and so cEnd(E′) =
cEnd(E)

[R(I):End(E)]
. Note

that if I is invertible then by Proposition 2 R(I) = End(E) and hence cEnd(E) = cEnd(E′),

making ϕH(I) a horizontal isogeny. On the other hand if I is not invertible then we have

that cEnd(E) 6= cEnd(E′) and so ϕH(I) is an up isogeny.

Remark. Hence the isogenies generated by Deuring’s construction are either up, or hor-

izontal isogenies. The following lemma due to Kohel will show that each `-isogeny which

cannot be constructed in this fashion is a down isogeny.

Lemma 2. Let E/Fp be an ordinary elliptic curve. Let ϕ : E → E ′ be an `-isogeny for

some prime ` 6= p. Then there exists an order R′ in OF such that End(E ′) ' R′, and one

of the following happens:

(a) End(E) ⊂ R′ and [R′ : End(E)] = `,

(b) R′ ⊂ End(E) and [End(E) : R′] = `, or

(c) R′ = End(E).

Proof. Let R := End(E) and set R′ := 1
`
ϕ̂End(E ′)ϕ. Note that R′ is an order in OF . As

per section 2.3 of [K1] we have that R′ ' End(E ′).
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Claim: Z + `2R ⊆ Z + `R′ ⊆ R.

Proof of Claim. It is clear that Z ⊆ R. Hence in order to show that Z + `R′ ⊆ R it suffices

to show that `R′ ⊆ R. To see this, note that any element g ∈ `R′ is of the form `h, where

h = 1
`
ϕ̂fϕ ∈ R′ for some f ∈ End(E ′). Hence if g ∈ `R′, then g = `1

`
ϕ̂fϕ = ϕ̂fϕ ∈ R. Thus

Z + `R′ ⊆ R.

To show that Z + `2R ⊆ Z + `R′, it suffices to show that `2R ⊆ `R′. Note that if

g ∈ `2R, then g = `2f for some f ∈ R. Let h := ϕfϕ̂ and note that h ∈ End(E ′). Hence

g = `2f = `f` = ϕ̂ϕfϕ̂ϕ = ϕ̂hϕ = `1
`
ϕ̂hϕ ∈ `R′. Thus `2R ⊆ `R′ and our claim is proved.

We next observe that given any order R ⊆ OF , we have that

[R : Z + nR] = n, ∀n > 0. (3.3)

Indeed, let c = [OF : R]. Then by our facts about orders of quadratic fields we have that

R = Z + cωDZ. Note that Z + nR = Z + ncωDZ and so [OF : Z + nR] = nc. Hence

[R : Z + nR] = n.

In particular, we see that [R : Z + `2R] = `2. As ` is prime, this observation leaves us

with three options for the tower which we generated in the above claim.

Case 1: [R : Z + `R′] = 1.

By equation 3.3 we have that [R′ : Z + `R′] = `. Since R = Z + `R′, we now have that

[R′ : R] = ` as desired.

Case 2: [R : Z + `R′] = `2.

OF

c

R

`2

Z + `R

`

Z + `R′

1

Z + `2R

It can be seen from the tower that Z+ `R has conductor `c. We also

note that R′ has conductor [OF : R′] =
[OF : R][R : Z + `R′]

[R′ : Z + `R′]
= `c.

Hence R′ = Z + `R ⊂ R and so [R : R′] = [R : Z + `R] = `.
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Case 3: [R : Z + `R′] = `

OF

c

R
`

Z + `R′

`

Z + `2R

`
R′

From the tower one can see that [OF : R′] =
[OF : R][R : Z + `R′]

[R′ : Z + `R′]
=

cl

`
= c. Hence [OF : R′] = [OF : R] and so R = R′ as desired.

Remark. In [Ko] Kohel defines up, down, and horizontal isogenies to be `-isogenies which fit

into cases (a), (b), and (c) respectively. The above lemma shows that our definition matches

his in the case of isogenies of prime degree.

Corollary 4. Given a prime ` 6= p and an isogeny ϕ : E/Fp → E ′/Fp of degree `k that

factors as a chain of n isogenies of prime degree `, then ϕ is either up, down, or horizontal.

Moreover, we have that cEnd(E) = cEnd(E′) · `k for some k ∈ Z, with |k| ≤ n.

Proof. Let E = E0
ϕ1→ E1 ... En−1

ϕn→ En = E ′ be a chain of `-isogenies from E to E ′.

By Lemma 2 each of the ϕi must either be down, up, or horizontal, moreover we have

that cEnd(Ei) = cEnd(Ei+1) · `δi where δi ∈ {−1, 0, 1} and its value is determined by whether

ϕi is an up, horizontal, or down isogeny.

Therefore cEnd(E) = cEnd(E′)

n∏
i=1

`δi = cEnd(E′) · `k where k =
n∑
i=1

δi ∈ Z, as desired.

Definition 18. Following Kohel’s nomenclature from [Ko] we will say:

- E is at the floor of ` if ` - [End(E) : Z[π]]

- E is at the surface of ` if ` - [OF : End(E)]

- E is at depth r with respect to ` if `r‖ [OF : End(E)]
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Corollary 5. Let E/Fp and E ′/Fp be ordinary elliptic curves such that there exists a chain

of n isogenies of prime degree ` 6= p from E to E ′. If E ′ is at the floor of `, and if

lα || [End(E) : Z[π]], then we have that α ≤ n.

Proof. Note first that by the argument given in Lemma 2 we have that there is an order

R ⊂ F := End(E)⊗Q. This isomorphism then extends to a isomorphism from F to F ′ :=

End(E ′)⊗Q which sends OF to OF ′ . In particular, this implies [OF : Z[π]] = [OF ′ : [Z[π]].

Hence cEnd(E) · [End(E) : Z[π]] = cEnd(E′) · [End(E ′) : Z[π]].

Let E = E0
ϕ1→ E1 · · · En−1

ϕn→ En = E ′ be a chain of ` isogenies from E to E ′.

By Corollary 4 we have that cEnd(E) = cEnd(E′) · `k for some k ∈ Z. Using the above

observation, we now have that [End(E ′) : Z[π]] = [End(E) : Z[π]] · `k. By hypothesis,

` - [End(E ′) : Z[π]] and so k = −α. By Corollary 4 we know that α = |k| ≤ n as desired.

The following theorem is crucial in assuring that our algorithm works and is able to

terminate. This theorem is a direct reflection of Proposition 23 of [Ko], though the proof is

different and relies heavily on work by Kani.

Theorem 13. Let E/Fp be a ordinary elliptic curve with j-invariant j(E) 6= 0, 1728 and

F = End(E)⊗Q. If l 6= p is a prime then:

(a) There are exactly ` + 1 equivalence classes of isogenies of degree ` starting at E if and

only if ` | [End(E) : Z[π]].

(b) If ` | [OF : End(E)] there is exactly one equivalence class of `-isogenies up.

(c) If ` | [End(E) : Z[π]] there is at least one `-isogeny down.

Proof. (a) Direct result of Theorem 11.

(b) Recall from Proposition 4 (b) that there is a unique non-invertible ideal I of index `

in End(E). By Theorem 12 we know this corresponds to an `-isogeny ϕ : E → E ′ where
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cEnd(E′) | cEnd(E). By definition ϕ is then either up or horizontal. Since I is non-invertible

we have from Corollary 3 that ϕ is an up isogeny. The second part of Theorem 12 tells us

that all the up isogenies of degree ` starting at E come from non-invertible ideals of index `

in End(E). Hence if ` | cR we have exactly one up isogeny of degree `.

(c) From part (a) we know that there are a total of ` + 1 equivalence classes of `-isogenies

starting at E. Moreover, by Corollary 3 we know that all up or horizontal isogenies come

from ideals of End(E).

If ` | cEnd(E), then by part (b) of Proposition 4 we have that End(E) has only one ideal

of index `. Hence only one of the `+ 1 `-isogenies starting at E are up or horizontal, and so

by Lemma 2 the other ` must be down isogenies.

If ` - cEnd(E), then we know there can be no `-isogenies up from E as Lemma 2 (a) tells us

that if ϕ : E → E ′ is an `-isogeny up then cEnd(E) = ` · cEnd(E′). Further, by Corollary 3 and

Theorem 12 we have that all horizontal `-isogenies come from invertible ideals of End(E) of

index `. We know from Proposition 4 part (a) that End(E) has 1 +
(
D
`

)
≤ 2 such ideals.

And hence there is at least one non-horizontal `-isogeny starting at E. By Lemma 2, this

must be a down isogeny.
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4 Kohel’s Algorithm
Kohel’s algorithm, as laid out in Kohel’s thesis [Ko], computes the conductor cEnd(E) :=

[OF : End(E)] ofan ordinary elliptic curve E/Fp, where OF is the ring of integers of F :=

End(E)⊗Q. Since cEnd(E) | [OF : Z], to compute cEnd(E) we will compute the power of each

prime dividing [OF : Z[π]] in cEnd(E).

In order to compute cZ[π] we will need to count the number of points in E(Fp). This can

be done using Schoof’s algorithm as outlined in [Sc]. Kohel’s algorithm takes as inputs a

Weierstrass equation defining an ordinary elliptic curve E/Fp, and outputs cEnd(E).

Step 1 If j(E) = 0, or 1728, return cEnd(e) = 1, otherwise continue this procedure.

Step 2 Compute cZ[π] = [OF : Z[π]], as per Corollary 1.

Step 3 Let E := {` | cZ[π], ` prime }.

Step 4 For every l ∈ E look up or compute the modular φ` polynomials.

Step 5 Repeat the following steps 6 – 10 for every l ∈ E .

Step 6 Set y0,0 := j(E) and set V0 := {y0,0}.

Step 7 For all yi,n ∈ Vn, if yi,n 6= 0, 1728, find the roots of φ`(x, yi,n) in Fp as a single variable

polynomial in x. (Note that this is a polynomial of degree l + 1).

Step 8 Label the roots of φ`(x, yi,n) by yk,n+1, where k is just an index based on the number

of roots and set Vn+1 := {yi,n+1 | yi,n+1 6= 0, 1728 & 0 ≤ i ≤ kn+1}.
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Step 9 If φ`(x, yi,n) splits completely in Fp ∀yi,n ∈ Vn then repeat steps 7 and 8.

Step 10 If φ`(x, yi,n) does not split completely in Fp for some yi,n then the highest power of `

dividing [End(E) : Z[π]] is n. Define n := n`.

Step 11 Set T :=
∏
l∈E

ln` and return
cZ[π]

T

Proposition 6. The above procedure tells us that [End(E) : Z[π]] =
∏
l∈E

ln`, and so we can

compute the conductor of the elliptic curve by
cZ[π]

[End(E) : Z[π]]
.

Proof. In Step 10, if φ`(x, yi,n) does not split in Fp, then by Theorem13 (a), the elliptic curve

E ′ with j-invariant yi,n has an endomorphism ring that is at the floor with respect to `. (i.e.

` - [End(E ′) : Z[π]]).

Since the path of j-invariants leading from j(E) to j(E ′) represents a chain of curves

linked by `-isogenies, by Corollary 5 the greatest power of ` dividing [End(E) : Z[π]] is no

greater than the length of this path (i.e. n). Since we are constructing every possible branch

in this path at each step, one path is made up of only down isogenies. The existence of these

isogenies is guaranteed by Theorem 13 (c). Hence the length of that path is exactly the

greatest power of ` dividing [End(E) : Z[π]], and its length will be the number of iterations

of steps 7 and 8 which is n.

It is important to note that if the j-invariant of E is 0 or 1728 then we know that

cEnd(E) = 1 and so if yi,n+1 = 0, or 1728, we know the isogeny in question cannot be an down

isogeny since the curve E ′ with j-invariant yi,n+1 is at the ceiling of rationality with respect

to every `.

Remark. In the above algorithm we check every root of the φ` polynomials at the same time

and stop as soon as one of these polynomials does not split. In [Ga] Galbraith instead checks

every potential root one by one and then compares the depths of his resulting paths, choosing
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the smallest as the correct one. The method presented above would reduce computation time

as no paths longer than the shortest path are ever computed.
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5 Galbraith’s Algorithm
Given two ordinary isogenous elliptic curves E/Fp and E2/Fp, Galbraith’s algorithm, as

laid out in [Ga], will compute an explicit isogeny ϕ : E1/Fp → E2/Fp.

Let E1/Fp and E2/Fp be a ordinary elliptic curves with j-invariants not equal to 0 or

1728, and let F = End(E) ⊗ Q. Let G be an empty set. This set will be populated with

triples of the form (v1, v2, `) where v1 and v2 are to be read as connected vertexes of a graph,

connected by a edge labeled `. Note that the graph we will extrapolate from G will be a path

whose vertexes are j-invariants of elliptic curves, and whose edges are labeled by primes such

that any two vertexes connected by an edge labeled ` represent curves that are ` isogenous

to each other.

This algorithm will take as inputs the Weierstrass equations for two elliptic curves, E1/Fp

and E2/Fp, and will output a chain of isogenies starting at E1 and ending at E2.

Notation. Let Ej be an elliptic curve with j-invariant j. i.e. (j(Ej) = j)

Step 1 If #(E1(Fp)) 6= #(E2(Fp)) return an error and do not continue, otherwise continue

with the algorithm.

Step 2 Do steps 3 to 10 of this algorithm for i = 1, 2.

Step 3 Compute cEnd(Ei) via Kohel’s algorithm as described in section 4.

Step 4 Let cEnd(Ei) =
m∏
k=1

`αkk

Step 5 Set ji := j(Ei).

Step 6 For each `k | cEnd(Ei) repeat steps 7 to 10 of this algorithm αk times.
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Step 7 Using the precomputed φ`k polynomials compute the roots of φlk(x, ji) as a polyno-

mial in x.

Step 8 For every root x of this polynomial consider the curve Ex such that j(Ex) = x

and compute the power of lk dividing [OF : End(Ex)] using steps 6 - 10 of Kohel’s

algorithm.

Step 9 As per Theorem 13 part(b) one of these roots will have depth less than αk. This root

corresponds to an up isogeny

Step 10 Add the triple (ji, x, lk) to G and redefine ji := x.

Remark. Note that j1 and j2 are now respectively the j-invariants of curves isoge-

nous to E1 and E2 whose endomorphism ring is isomorphic to OF .

This first part of the algorithm computed a chain of j-invariants representing curves

isogenous to each other via isogenies of prime degree. This chain starts at j(Ei) and

ends at the j invariant of a curve Em
i whose endomorphism ring is isomorphic to OF .

We will now generate a path of j-invariants connecting j(Em
1 ) to j(Em

2 ).

Step 11 Let L := {`, s.t.
(
D

`

)
∈ {0, 1}, ` ≤ 6((ln(|D|))2) and ` is prime}.

Remark. As will be discussed later this step is where we invoke the Riemann

hypothesis.

Step 12 For every ` ∈ L look up or compute the modular φ` polynomials.

Step 13 Let G′ be the disconnected graph consisting of vertices j1 and j2. Note that two

vertices in V (G′) will be connected only if there is a isogeny of prime degree between

the elliptic curves they represent.
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Step 14 While G′ is disconnected pick an ` ∈ L and find the roots to φ`(x, v) in Fp for all

v ∈ V (G′)= the vertex set of G′.

Step 15 For each pair (x, v) such that φ`(x, v) = 0 where v was a vertex in G′, do one of the

following:

(a) If x /∈ V (G′) add x as a vertex in G′ and connect it to v by a edge labeled `.

(b) If x ∈ V (G′) connect it to v by a edge labeled `.

Step 16 If G′ is connected, then there is a path connecting j1 to j2. Let P be a list of triples

[v1, v2, `] such that these triples describe a path from G′ of j invariants with labeled

edges starting at j1 and ending at j2.

Step 17 Let G := G
⋃
P .

Remark. The graph that we can create by interpreting the set G now has a path

of j-invariants starting at j(E1) and going to j(E2) connected with edges labeled

by primes `, such that any two adjacent vertexes represent elliptic curves that are

`-isogenous to each other.

Step 18 Use the methods of Elkies and Velu to create a chain of prime isogenies from E1 to

E2. (See Appendix.)

Proof of Theorem 2. It is not a priori evident why the graph G′ generated in this algorithm

must ever become connected. To see this we must first note that Ej1 is isogenous to Ej2 since

they are respectively isogenous to E1 and E2. Since both curves have maximal endomorphism

rings we know that any isogeny ϕ : Ej1 → Ej2 is horizontal. Thus, by Corollary 3, it

corresponds to an invertible ideal I of OF via Deuring’s construction. This ideal then

decomposes into a product of prime ideals in the ideal group of F . If these ideals are

inert they can be factored out of the isogeny easily such that ϕ = ψ · ϕ′ where ϕ′ the ideal
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associated to ϕ′ factors as a product of prime ideals none of which correspond to inert primes.

Using the Deuring construction again, each of these prime ideals have prime norm and so

corresponds to an isogeny of prime degree, the composition of which yields the isogeny ϕ′.

To make this explicit let I =
n∏
i=1

Jαii , with [End(E) : Ji] = `i. Then there is a chain of

isogenies EM
1

ϕ(1,`1)→ E ′1...E
′
m

ϕ(αn,`n)→ EM
2 . Here ϕ(k,`i) is the kth isogeny of degree `i. If Ji

corresponds to an inert prime ` then ϕ(k,`i) = [`].

It is known that, assuming the Riemann hypothesis for quadratic fields, the class group

is finitely generated by prime ideals whose norm is less than 6 ln(|D|)2, where D is the

discriminant of the field. Hence the ideal class of I contains an ideal J that will decompose

as a product of prime ideals whose norms are in L . Since we are using a representative J

of the ideal class of I and not I we are changing the the kernel of the associated isogeny.

However, by Corollary 21 of [K1] we have that the curve Ej1/H(J) is isomorphic to the

original curve Ej1/H(I) ' Ej2 . The path mentioned above will then probabilistically be

generated though our algorithm.

Remark. If we pick primes in a systematic way, such as by cycling through the primes

in L in increasing order, then this far slower method would guarantee that the algorithm

always terminates. Similarly one could state and implement an unconditional version of this

algorithm by removing the Riemann bound for the norm of ideals in the ideal class group

and using larger unconditional bounds.
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6 Appendix: Computing `-isogenies
As discussed in Section 2 of [Ko] and [Ga], an isogeny between elliptic curves given in short

Weierstrass form can be represented as function of the form ϕ(x, y) =

(
ϕ1(x, y)

ψ(x)2
,
ϕ2(x, y)

ψ(x)3

)
.

Here ϕ1, ϕ2, and ψ ∈ K[x, y]. When we speak of explicitly computing isogenies in this paper,

we mean computing these polynomials.

We have a method for computing isogenies of specific degrees which is due to Velu and

Elkies. Here we assume that p ≥ 5 and that our elliptic curves are in short Weierstrass form.

Let E : y2 = x3 + ax2 + bx + c be an elliptic curve over a a field Fp . Let C be a cyclic

subgroup of E(Fp) of order n, and let ψ(x) be the polynomial describing this subgroup,

i.e. C = P∞ ∪
{

(α, β) ∈ E(Fp) : β = ±
√
α3 + aα2 + bα + c and ψ(α) = 0, ∀α

}
Remark. Velu’s work was more general but we only need this case.

We will now split C into 2-torsion elements and non 2-torsion elements. Explicitly let

F2 = {(α, β) ∈ C : β = 0} and R = C \ F2, so that C = F2 ∪R.

Notation.

- gxα = 3α2 + 2aα + b

- gyα = −2β

- tα =

 gxα if α ∈ F2

2gxα if α ∈ R

- uα = (gyα)2
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Velu then defines an isogeny by :

ϕ(x, y) =

(
x+

∑
α∈F2∪R

(
tα

x− α
+

uα
(x− α)2

)
, y −

∑
α∈F2∪R

(
uα2y

(x− α)3
+
tα(y − β)

(x− α)2
− gxαg

y
α

(x− α)2

))
.

This is then the isogeny from E to E ′ with kernel C, where

E ′ : y2 = x3 + ax2 + (b− 5t)x+

(
c− 4a

( ∑
α∈F2∪R

tα

)
− 7

( ∑
α∈F2∪R

(uα + αtα)

))
.

Since ker(ϕ) = C and C was a cyclic n-torsion group, we have that ϕ is an n-isogeny

from the above theorem.

In [El], Elkies develops a method which provides the above mentioned ψ(x) polynomial,

when we are given a prime ` and two j-invariants which represent elliptic curves that are

`-isogenous.
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