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Abstract

The evolution of cooperative behaviours has received a large amount of attention in

the literature. A recurrent result is that a spatial population structure often aids

the evolution of cooperation. One such possible structure is a graph. Members of

the population reside on vertices and interact with those connected by edges. The

population changes over time via births and deaths and these changes are manifest

in changing gene frequencies.

I am interested in the change in frequency of a cooperative allele and one way to

calculate this is with the inclusive fitness effect. The inclusive fitness effect is the sum

of the effects of a behaviour on the members of a population, each effect weighted by

a measure of genetic relatedness.

In this thesis, I derive inclusive fitness theory in the context of evolutionary graphs.

I provide new ways of calculating components of the inclusive fitness effect and high-

light remaining challenges posed by graph-structured population models.
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Chapter 1

Introduction

The evolution of social behaviours has long been a central topic in evolutionary bi-

ology. Take the simplest case of an altruistic behaviour, one that costs the altruist

potential offspring while bestowing a benefit on others in the population. According

to Darwinian evolutionary theory, such a behaviour should decrease in abundance

over time, if it ever emerges at all. But nature abounds with altruistic, and more

generally cooperative, acts. How is this so?

Cooperation is, broadly, the giving of a benefit to another individual. Altruism is

a type of cooperation where a cost is paid for the benefit given and no direct benefit is

expected by the altruist. A host of explanations for the emergence and maintenance

of cooperation have been proposed [42, 81, 37]. These fall into three general categories

[29]: 1) direct benefits for the cooperator, 2) information allowing the cooperator to

choose strategies or partners, and 3) interactions between related individuals. Altru-

ists incur a direct cost from their action, excluding the first explanation. The second

requires either perception or memory, or both. I exclude this explanation by choosing

to only consider non-facultative interactions in this thesis. I limit my attention to
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CHAPTER 1. INTRODUCTION 2

the third explanation, known as kin selection theory.

One of the first comprehensive explanations for the emergence of altruism via kin

selection is the gene-centred view of evolution; consult [12] for a popular account.

In essence, altruistic genes can spread since they may benefit individuals with the

same gene. What matters in evolution is not the survival of an individual so much

as the survival of an individual’s genes. Genes are the currency of evolution, not

whole organisms. This perspective, combined with a simple model of the spread of

a gene through a population over time, generates a powerful method of accounting

for the benefits of an altruistic act: inclusive fitness theory. Originally formulated by

Hamilton [24], inclusive fitness theory has gone on to answer fundamental questions

in the study of social behaviours.

The inclusive fitness effect is a way of accounting for the evolutionary effects of a

social action. Suppose an altruist shares resources with members of its population.

This increase in resources will alter the expected number of offspring, or fitness, of the

members of a population, resulting in either an increase in fitness through a higher

level of resources or a decrease via increased competition, or some combination of

both. Even though all members of the population may experience the benefit given

by the altruist in the same way, the altruist does not necessarily value each member

of the population equally. Some may provide more indirect benefits than others

and a way of accounting for these differences is required. The appropriate weighting

turns out to be the genetic relatedness between the altruist and the members of the

population. Weighting the effects on fitness by the relatedness values and summing

over all members of the population yields the inclusive fitness effect of the altruistic

action. That is, at its most elementary, the inclusive fitness effect of an action is of
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the form

∑
j

∆iWjRij, (1.1)

where the sum is taken over all individuals j in the population, Rij is a normalized

measure of genetic relatedness between j and the one performing the action i, and

∆iWj is the change in the fitness of individual j in response to individual i’s action. If

this term is positive, then the action is favoured by evolution and should spread in the

population. This action could be anything—hoarding or sharing resources, investing

in daughters rather than sons, a spiteful harming of another individual, etc.—so long

as it impacts more than just the actor. Expression (1.1) provides a feel for the precise

inclusive fitness expression derived in Chapter 2.

This thesis focuses on the application of inclusive fitness theory to the emergence

of an altruistic trait. Considering Expression (1.1), the emergence of altruism seems

plausible if the effect of the altruism on those closely related to the actor is positive.

Indeed, this is the case [24]. There are two primary ways this could come about:

kin discrimination, where an actor perceives how related an interactant is and acts

accordingly; or non-facultative interactions, where the altruistic act is performed

indiscriminately. I focus on the second of these two. This type of altruism may

evolve if those an altruist interacts with are closely related to the altruist, yielding a

higher-than-average probability that they share the altruistic gene.

There is another possibility for the emergence of altruism that is not readily appar-

ent from Expression (1.1). Relatedness is a measure of genetic similarity, normalized

so that the average relatedness between an individual and all other members of the

population is zero. This means, necessarily, that some segments of the population will



CHAPTER 1. INTRODUCTION 4

have a negative relatedness to the actor. Hence, altruism may emerge if the effects of

the action are a strong negative change in fitness to those most negatively related to

the actor [28]. Realistically, some combination of this and the previous case will occur

simultaneously. As will be shown, the key is that neither force will be present in the

absence of structure; the environment determines who interacts and should therefore

be considered. If each individual in a large population is free to interact with any

other—as in a so-called well-mixed population—then the relatedness between any two

random individuals is 0 and kin selection does not act to promote altruism.

Introducing structure into evolutionary models serves two purporses. First, it

defines who interacts with whom. It is possible that some two individuals never

encounter each other; compare a Petri dish to a chemostat. Second, structure deter-

mines where offspring disperse. Some populations of fish reside in isolated lakes while

others experience considerable ocean-wide migration. This second point, dispersal, is

vital to non-facultative kin selection.

It is possible that a population experiences a large degree of viscosity, that off-

spring do not disperse too far from their birth patch. Over evolutionary time this

viscosity will result in a high degree of relatedness between interacting individuals.

If an individual were to act altruistically in this type of population, they would be

benefitting other individuals likely to carry the same altuistic gene.

However, this population viscosity creates another force: competition among kin.

An increase in fitness brought about by a cooperative action means more offspring.

In a viscous population these offspring compete for the same local sites. Hence, an

increase in fitness may translate into an increase in competition. In some cases the

deleterious effect of kin competition directly cancels the benefit of high relatedness
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[84, 69]. These are the two forces at work in structured population models.

Population structure has long been known to play an important role in evolution.

Perhaps the earliest structure to be investigated is Wright’s Island Model [85]. An

(effectively) infinite population exists on a collection of disjoint breeding sites, or

demes. Offspring partially disperse from their natal deme and settle on foreign demes.

This dispersal/immigration process ensures non-zero relatedness between individuals

on the demes. This model was subsequently refined to finite populations with specified

dispersal patterns in the stepping stone model of [26, 79] and the metapopulation

model of [32, 33]. In these types of models dispersal between demes is restricted—

some demes are ‘too far’ to be reached by dispersal. A contemporary take on these

models is a graph: individuals reside on vertices and disperse along edges.

Recall that a graph G is a collection of vertices V and a set E of relations, edges,

between the vertices. Denote vertices of G by vi and the edge connecting vi and vj

by eij. A graph is completely determined by its adjacency matrix, A:

[A]ij =

 1 if eij ∈ E

0 if eij /∈ E
(1.2)

The diagonal matrix D with entries equal to the sum of the corresponding column of

the adjacency matrix is the degree matrix of G:

[D]ii =
∑
j

[A]ij. (1.3)

Graphs—being a simple, yet profoundly rich in structure, topological representation

of the relationships between sites—are a natural extension of previous models.
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Since its introduction in [34], evolutionary graph theory has undergone intensive

study. The structure of a graph is a powerful conceptual tool allowing for a very

explicit description of an evolutionary process. Individuals reside on vertices and

interact with their adjacent neighbours. Births and deaths occur and the new offspring

move along the edges to vacated vertices.

The most common approach to studying evolutionary graphs is to consider a graph

with all vertices occupied by non-altruists then introduce a single altruist at one of the

vertices and determine the probability that its progeny eventually inhabit all of the

vertices. This is the probability that the altruist fixes in the population. This is the

fixation probability approach. If the single altruist has a better-than-random chance

of fixing in the population, the altruistic act is said to be favoured by evolution [34].

Calculating the fixation probability can be quite difficult and simulations are often

necessary. A less common approach is the calculation of the inclusive fitness effect.

This approach presents its own difficulties as relatedness is often difficult to calculate

precisely. For a class of symmetric graphs and for certain common assumptions, these

two approaches are entirely equivalent [58, 73], a result formalized in Chapter 2.

In this thesis I formalize inclusive fitness theory on evolutionary graphs. Many of

the ingredients needed for this formalization already exist and need only be brought

together. Others—the calculation of relatedness and a framework for non-additive

games, for example—still require development. Inclusive fitness has previously been

employed in the study of evolution on graphs, but the calculations typically require

a highly symmetric population or restrictions on the effects of the studied behaviour

[22, 73, 30, 71]. This thesis explores these assumptions, indicating why they may be

necessary and under what conditions they can be removed.
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The organization of this thesis is as follows. Chapter 2 discusses evolutionary

dynamics and derives inclusive fitness theory. Chapters 3 and 4 discuss the two main

ingredients of inclusive fitness theory—the immediate effects a behaviour and the

relatedness structure of the population—as they relate to evolutionary games played

on graphs. Chapter 5 discusses non-additive games on graphs in terms of inclusive

fitness theory, an area that has received considerably less attention in the literature

than others. I conclude with unaddressed questions in Chapter 6.



Chapter 2

Inclusive Fitness Theory

The evolution of altruistic behaviours is, from a Darwinian perspective, perplexing.

Consider a population of two types of individuals, altruists (type A) and exploiters

(type B). Altruists give a benefit b > 0 to those they interact with at a cost c > 0.

Exploiters, on the other hand, do not provide any benefit. A convenient framework for

this setup is a prisoner’s dilemma game [4]. Prosaically, the setup for the prisoner’s

dilemma is as follows. Suppose two criminals are arrested for a crime yet the police do

not have enough evidence to convict either of them. The two prisoners are separated

and are unable to communicate. The police offer a deal to both prisoners individually:

defect by testifying against the other criminal and be set free, giving the other criminal

the maximum sentence for the crime. Alternatively, the prisoner can cooperate by

remaining silent in which case he receives a token sentence less than the maximum.

If both cooperate, both receive a minimum sentence. If both defect, both receive a

sentence less than the maximum, but greater than the minimum.

A convenient way of representing the information in the prisoner’s dilemma game

8



CHAPTER 2. INCLUSIVE FITNESS THEORY 9

is with a matrix:

Cooperate Defect

Cooperate R S

Defect T P

(2.1)

where each of R, S, T, and, P represent the payoff (sentence) to the prisoner playing

a strategy in the left column against a prisoner playing a strategy along the top row.

The prisoner’s dilemma requires T > R > P > S. That is, defecting when your

partner cooperates is better than cooperating when your partner cooperates, and

so on. As I will now demonstrate, the prisoner’s dilemma game offers a convenient

framework to study cooperative and exploitive behaviours.

First, I restrict my attention to an additive prisoner’s dilemma game, as repre-

sented by the matrix

A B

A b− c −c

B b 0

(2.2)

where b > c > 0. Matrix (2.2) is a special case of the general prisoner’s dilemma

game determined by Matrix (2.1). Notice the sum of the diagonal entries is equal to

the sum of the off-diagonal entries. The game represented by Matrix (2.2) is additive

since the effects of two individuals interacting together is the sum of their individual

effects. A general evolutionary game is studied in Chapter 5.

Imagine a large but finite population comprised solely of individuals each of which

are either an A or a B type. Initially the population consists of all type B. Introduce
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a small proportion p ≈ 0 of type A. All individuals experience births and deaths

at rates β and γ and I define an individual’s fitness as W = β − γ. I suppose that

all individuals have some baseline fitness Wb. Individuals pair off at random and

play a round of the prisoner’s dilemma game, receiving payoff π according to their

and their partner’s type. For example, an A playing against a B receives a payoff

π(A,B) = −c. The payoffs garnered from the interactions translate into an increase

or decrease in fitness. For example, if an A type interacts with a B type, the A type

receives a decrease of π(A,B) = −c to its fitness while the B type receives an increase

of π(B,A) = b. Hence, the average fitness of a type B is

WB = Wb + pπ(B,A) + (1− p)π(B,B) = Wb + pb. (2.3)

The assumption p ≈ 0 yields WB ≈ Wb. For a type A,

WA = Wb + pπ(A,A) + (1− p)π(A,B) ≈ Wb − c. (2.4)

Since WB > WA, as time progresses and births and deaths occur, the proportion of

type A will decrease. Type B is said to resist invasion by A.

Now consider a similar population consisting solely of all type A and introduce a

small proportion p of B. I have

WA = Wb + (1− p)π(A,A) + pπ(A,B) ≈ Wb + b− c, (2.5)

and

WB = Wb + (1− p)π(B,A) + pπ(B,B) ≈ Wb + b. (2.6)
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In this case, since WB > WA, as time progresses B will become more common in

the population, eventually taking over the entire population; B invades a population

of A. These two invasion conditions indicate that type B is an evolutionary stable

strategy [62].

Even though this example is overly simplified, it reveals the paradoxical nature

of the emergence and persistence of altruism. Costly social behaviours should never

appear in a population and if they do they are readily overtaken by exploitive be-

haviours. What conditions can be imposed on this very simple model that would

permit a stable proportion of altruism? The various assumptions present in this

model have been analyzed and found to be, in some cases, supportive of altruism. I

consider each of the assumptions in turn.

The first assumption is the number of rounds played of the game. If each pair of

individuals play more than one round they are capable of adopting strategies other

than purely A or B. For example, they may choose to adopt a reactive strategy that

initially plays A and if the opponent initially plays B, switches to B. This is the

tit-for-tat strategy which, although very simple, has been shown to be quite effective

[4]. Another possibility is that an altruist chooses to act altruistically only to other

altruists. This is a form of reciprocity [42]. Such strategies implicitly assume that the

players have a memory of previous rounds.

Two assumptions worth analyzing are: (1) a large, effectively infinite population

size and (2) the population is well-mixed, meaning that any two individuals are free to

interact. These two combined have allowed me to exploit the p ≈ 0 assumption: for

a small enough proportion of A in a population of randomly-interacting individuals,

the probability of any two As interacting is essentially 0. This prevents As from ever
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becoming fixed in the population since any benefits to an A garnered from interaction

with other As will be offset by the costs incurred from interacting with Bs. The

removal of either, or both, of these assumptions creates a population where altruism

is feasible.

In a finite, well-mixed population two altruists have a non-zero probability of

interacting even if the proportion of altruists is small. This can facilitate altruism [18,

44, 65]. In the presence of spatial structure, altruists may form clusters, communities

of altruists that reap mutual benefits and are capable of resisting invasion by exploiters

[43, 25]. Spatial structure may promote the formation of these clusters by preventing

offspring from dispersing far from its birth site. If such limited dispersal exists, then an

individual has a higher-than-population-average genetic relatedness to those around

it. This means that neighbours are likely to share genes. Therefore, any behaviour

by an individual that affects the reproduction or survival of its neighbours is actually

affecting kin. This is the basis of kin-selection theory. Individuals are more likely

to behave altruistically toward close relatives since they are more likely to share the

altruistic gene. This idea originated with the advent of statistical genetics, as early as

the 1930s; in the words of J.B.S. Haldane, “I would lay down my life for two brothers

or eight cousins.”

The first rigorous mathematical treatment of kin selection is due to Hamilton

[24]. He provided the famous Hamilton’s Rule, a useful heuristic for understanding

kin selection.

Hamilton’s Rule (Hamilton, [24]) An altruistic that makes its bearer provide a

benefit b to a recipient at a cost c is expected to increase in frequency over time
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provided

b

c
>

1

R
, (2.7)

where R is the relatedness between the actor and the recipient.

It is important to interpret the b and c in Hamilton’s Rule correctly. Both are

measured in units of fecundity, a topic expanded upon in the next section.

Hamilton’s Rule indicates that relatedness is an important factor in the evolution

of altruism. There are two mechanisms that can produce a bias towards higher-

relatedness interactions: kin discrimination and population viscosity [82, 81]. In the

first, the actor actively seeks out interactions with close relatives. The second does

not require this cognition. Offspring do not travel far from their birth place, resulting

in higher relatedness values among those geographically close. This is a result of

limited dispersal due to structure.

It is this last aspect, structure, on which I focus my attention.

2.1 The Basic Setup

I will use the following setup throughout this thesis. All populations I consider are

finite and graph-structured. Each vertex is occupied by a single individual. I denote

a vertex by vi and the individual that resides on this vertex as individual i, or simply

i. There are two components of any model of spatial structure: a description of how

interactions take place between individuals, and where offspring disperse. The edges

on the graphs considered here comprise both these components. Adjacent pairs of

individuals interact, and offspring disperse to adjacent vertices.
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I suppose that the behaviour of an individual is coded for by precisely one location,

one locus, in the individual’s genetic code. This locus is occupied by one of two genes,

A or B, known as alleles. Define the genotypic value of an individual i as

xi =

 1 if i is type A,

0 if i is type B.
(2.8)

The physical characteristics of an individual, including its behaviour, are known in

genetics parlance as its phenotype. Evolution is a change in genotype frequencies,

but the driving force of evolution, selection, acts at the phenotypic level. Here I

will assume that an individual i’s phenotype zi is determined by its genotype xi via

zi = αxi. The parameter α > 0 is assumed to be small so that the effect of genotype

on phenotype is also small which, in turn, permits a good approximation of phenotypic

effects by genotypic interactions. In terms of an altruistic trait, I designate type As

to be altruists and type Bs to be exploiters.

The fecundity f is an individual’s relative ability to place its offspring on a vertex.

Specifically, I assume the fecundity of individual i to be fi = 1 + δg(z1, z2, . . . , zN),

where g(z1, z2, . . . , zN) is some function of the phenotypes of all members of the

population. The parameter δ is known as the strength of selection. The fitness W of

an individual is its expected number of offspring after a birth-death event occurs in

the population. Fitness is determined by fecundity and by births and deaths.

A type A at vertex i gives a fecundity benefit b to each of its d(vi) adjacent

neighbours, where d(vi) is the degree of vertex vi, at a fecundity decrement of d(vi)c.

Type Bs receive benefits but do not provide any. Thus, the fecundity of any member
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of the population i is given by

fi = 1− δ

d(vi)czi + b
∑
j∈N (i)

zj

 , (2.9)

where the sum is taken over all neighbours N (i) of vertex i.

I evolve the population using either Moran death-birth and birth-death processes

[39]. For the death-birth process, at some time a death occurs at any one vertex

with uniform probability. This vertex is now vacant and all those adjacent place an

offspring according to their relative fecundity. That is, if i is adjacent to a newly

vacated vertex, it places an offspring with probability

fi∑
j∈N (i) fj

, (2.10)

where the denominator is the total fecundity of all individuals adjacent to the vacant

vertex. For the birth-death process, an individual i is chosen to reproduce propor-

tional to its relative fecundity,

fi∑N
j=1 fj

, (2.11)

where the sum is taken over all members of the population. .

Costs and benefits may also affect the survival of an individual. It is known [70]

that a setup with survival benefits in a Moran death-birth process is equivalent to one

with fecundity benefits in a birth-death process.I therefore choose to consider only

fecundity benefits.

A concept I use throughout this thesis is that of a neutral population. A neutral
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population is simply one in which the strength of selection is zero: δ = 0. From an

evolutionary perspective, an A and B in a neutral population are indistinguishable;

neither confers an evolutionary advantage. In all the examples I consider, δ is only

ever slightly greater than 0. This is weak selection. This allows me to approximate

expressions to first-order in δ, which is sufficient to determine if the proportion of a

certain allele is increasing or decreasing.

The general process is as follows. I suppose that the population under considera-

tion is undergoing a neutral process and it arrives at particular A/B states without

the influence of the underlying game. At some instant, the strength of selection be-

comes slightly greater than zero. This is when selection takes hold and decides the

fate of the A and B types.

2.2 Inclusive Fitness Theory

In order to investigate the emergence of any social trait, I need a mathematical

description of the evolutionary process. Evolution is the change in heritable char-

acteristics of a population over time. The proportion of A in the population is

p = E[xi]. Suppose a birth-death event occurs. The proportion of A after this

event is p′ = E[Wixi]. A key observation is that the population is of a fixed size N .

Hence, E[Wi] = 1; the population neither grows nor shrinks. It follows that,

∆p = p′ − p

= E[Wixi]− E[Wi]E[xi]

= cov(Wi, xi). (2.12)
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This is a basic version of Price’s equation [52].

Theorem 2.1. (Price, [52]) Let z denote phenotype and p = E[z] be the average of z

in the population. Define Wi to be the fitness of individual i with phenotype zi. The

change in p after a death/birth event is

∆p = cov (Wi, zi) + E(Wi∆zi), (2.13)

where the covariance and expectation are taken over all possible values of i.

Equation (2.13) in Theorem 2.1 is the full Price equation [52, 53]. The change

in the average value of a trait is decomposed into two components: selection and

transmission.

The first term on the right-hand side describes the selective force acting on the

bearers of the trait. Selection acts at the level of phenotype, which in turn translates

into fitness. More offspring (higher fitness) means a greater share of the genetic

composition of the population. Fitness is affected by phenotypic traits which are, in

turn, affected by genotype. How closely fitness and genotype are linked determines

the rate of change in frequency of that gene.

The second term on the right-hand side describes the expected change in p due

to transmission. During a birth/death event a mutation may occur, altering the trait

value of the offspring from that of the parent. This type of event is accounted for in

the transmission term. Throughout this thesis I assume that there is no difference in

the phenotypes of parent and offspring when no mutation occurs. What remains of the

equation in Theorem 2.1, when combined with the genotype-phenotype equivalence

zi = αxi, is of the form of Equation (2.12).
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The fitness of an individual will, in general, depend upon its behaviour and the

behaviour of those it interacts with. Hence, an individual i’s fitness is a function of

its and everyone else’s phenotype,

Wi = Wi(z1, z2, . . . , zN). (2.14)

I am interested in how the fitness Wi changes with respect to the phenotypes of the

members of the population. If some members of the population become altruists, the

effects this altruism has on the fitness of all members of the population determines

whether the proportion of altruists will increase or decrease via Price’s theorem,

Equation (2.12). The fitness of an individual is then written as a first-order Taylor

series in both the phenotypes of the individuals in the population and the strength

of selection [74]. In the current context,

Wi = Wb +
N∑
j=0

∂

∂δ

∂

∂zj
Wi(z1, z2, . . . , zN)

∣∣∣∣
δ=0,zj=0

zj δ

= Wb + αδ
N∑
j=0

∆jWixj. (2.15)

Here, the difference in fitness is evaluated at δ = zj = 0, and Wb is the fitness of an

individual in the neutral population. It is important to note that terms of higher-

order in phenotype are not considered in Equation (2.15). Such terms may come

about if, for example, two altruists interact and receive a benefit above the b − c in

Matrix (2.2). Such synergistic terms are considered in Chapter 5.
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Substituting Equation (2.15) into Price’s equation, Equation (2.12), yields

∆p = cov

(
Wb + αδ

N∑
j=1

∆jWixj, xi

)

= αδ
N∑
j=1

∆jWi cov (xj, xi) . (2.16)

I am interested in questions concerning the emergence of altruism. The population

is initially neutral and consists of a mix of A and B types. The strength of selection

suddenly increases and all A and B types activate, transforming the A bearers into

altruists. The fate of the A types is then determined. In general, the genetic profile

of any population is not known a priori. The population could be in any state when

selection takes hold. Define the state s of the population as the vector of genotypes

s = (x1, x2, . . . , xN). The state of the population will be either a vector of all 1s or 0s

until a mutation occurs which introduces a single 0 or 1, respectively. I designate t

to be the number of birth-death (or death-birth) events that have occured since the

mutation event. Clearly the state of the population depends on t and I indicate this

as s = s(t).

At the moment that the strength of selection is increased above zero the population

can consist of any mix of A and B types and to account for this I consider the expected

change in proportion,

E[∆p] =
N∑
j=1

∆jWi E[cov (xj, xi)], (2.17)

where the expectation is taken over all possible population states, where the prob-

ability that the population is in any given state is determined by the stationary
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distribution of all states in the neutral population.

The covariance term on the right-hand side of Equation (2.17) is a measure of the

relationship between two genotypes. First, this term is scaled by E[cov(xi, xi)] as a

means of normalizing so that an individual has relatedness 1 to itself.

Definition 1. The genetic relatedness between the individuals residing on vertex vi

and vj is

Rij =
E[cov (xi, xj)]

E[cov (xi, xi)]
, (2.18)

where the expectations are taken over all population states.

Exactly how this term describes the relatedness between i and j is the subject of

Chapter 3.

Substituting Equation (2.18) into Equation (2.17) yields

E[∆p] = E[cov (xi, xi)]
N∑
j=1

∆jWi Rij. (2.19)

The sum in this equation is the subject of this thesis.

Definition 2. Suppose a population consists of haploid individuals having either an

A or B allele, called altruists and exploiters, that code for the same behaviour. The

individuals ineract and receive fecundity payoffs, as detailed above, according to Matrix

(2.2). Given that the population is comprised of a non-zero number of altruists, the

inclusive fitness effect WIF of the altruistic behaviour is

WIF :=
N∑
j=1

∆jWi Rij, (2.20)
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where Wi is the fitness of a random individual i in the population, and

∆jWi =
∂

∂δ

∂

∂zj
Wi(z1, z2, . . . , zN)

∣∣∣∣
δ=0,zj=0

.

The sum is taken over all members j of the population, and Rij is the relatedness

between individuals i and j.

The inclusive fitness effect provides a convenient way of determining if an allele

will invade a population. The frequency of genotype x with average value p = E[x] is

expected to increase provided E[∆p] > 0. The inclusive fitness expression indicates

that this will occur when the sum of the effects of each bearer j of the altruistic gene

on a random member i of the population, each effect weighted by relatedness Rij, is

positive. As Chapter 3 will reveal, relatedness is a measure of the probability that

individuals are of the same allelic type by descent; that individuals have a common

ancestor, and the lineages between the individuals and the ancestor are unbroken by

mutations. Hence, the inclusive fitness effect describes gene-centric evolution.

Inclusive fitness theory is an entirely general theory that can be applied to the

study of any genetic social trait. The restriction to altruism in this thesis is intended

to illuminate the inner workings of inclusive fitness theory while not distracting the

reader by its full generality. Indeed, since its introduction in [24], inclusive fitness

has been applied to questions concerning sex ratio evolution [80], the evolution of

dispersal strategies [67], etc.

The derivation I chose to work with above is the recipient-based approach: I

focus attention on an individual in a population comprised of altruists and non-

altruists and add up the effects of the altruism on the focal individual’s fitness. An

equivalent approach is the actor-based approach. If I suppose that the population is
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homoegeneous, in that the sum of the fitness effects of any altruist is equal to the

sum of the effects of any other altruist, then the sum of the effects of all altruists on

any one’s fitness is equal to the sum of the effects of one altruist j on all fitnesses,

N∑
j=1

∆jWi =
N∑
i=1

∆jWi. (2.21)

Combining this with the Price Equation (2.12) yields

E[∆p] = E[cov (xj, xj)]
N∑
i=1

∆jWi Rij. (2.22)

Hence, the actor- and recipient-based approaches describe the same phenomenon and

are entirely interchangeable [20]. I choose to work with the actor-based approach as

it yields more instructive calculations in graph-structured populations.

Before I continue with the derivation of inclusive fitness, I analyse another persepc-

tive on the spread of an allele in a population. Recall that the general process is that

the population consists of a mix of neutral A and B types. At some moment in time

selection is increased away from zero. At this point the A types will either increase or

decrease in frequency. This change in frequency is captured by the inclusive fitness

effect. Another approach is the following. Suppose mutations are rare so that, with

probability 1 the population is found in a state consisting entirely of either B or en-

tirely of A individuals. Supose that the population is found in a state of all B types.

A mutation occurs during a reproductive event creating a single A type. Again, this

mutant can either increase or decrease in frequency. The question now is whether the

progeny of this A mutant go on to supplant all B individuals, creating a population

entirely comprised of A types. This is known as A fixing in the population. The
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probability of this occuring is the fixation probability of A. As shown in the next sec-

tion, with some assumptions the fixation probability and the inclusive fitness effect

yield the same information about the fate of the mutant.

2.3 Fixation Probability

I first consider the fixation probability ρA of a single A type on a complete graph

occupied by B types. Recall that a complete graph is a graph G with the property

that for all vi, vj ∈ V (G), with i 6= j, eij ∈ E(G). This type of population is known

as well-mixed, as any two individuals are able to interact.

The general argument, which can be found in [41], is as follows. Define φm to be

the probability of A reaching fixation when starting with m A types. Let pm,m−1 be

the probability of transitioning from m to m− 1 A types and pm,m+1 the probability

of transitioning from m to m + 1 A types. These probabilities follow the system of

equations

φ0 = 0

φm = pm,m−1φm−1 + (1− pm,m−1 − pm,m+1)φm + pm,m+1φm+1 ∀ 0 < m < N

φN = 1. (2.23)

Define τm = pm,m−1/pm,m+1. From System (2.23),

φm+1 − φm = τm(φm − φm−1). (2.24)
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Notice that

φm+1 − φm = τm(φm − φm−1) = τmτm−1(φm−1 − φm−2) = . . . =
m∏
j=1

τjφ1. (2.25)

This yields a system of equations that, when summed, provides an expression for φ1:

N−1∑
k=1

(φk+1 − φk) =

(
1 +

N−1∑
k=1

k∏
j=1

τj

)
φ1. (2.26)

The left hand side of Equation (2.26) is a telescoping series that sums to 1. This

provides

φ1 =
1

1 +
∑N−1

k=1

∏k
j=1 τj

. (2.27)

An equation for φm is gained from Equations (2.26) and (2.27):

φm =
1 +

∑m−1
k=1

∏k
j=1 τj

1 +
∑N−1

k=1

∏k
j=1 τj

. (2.28)

This expression allows for the computation of ρA and ρB. Since ρA = φ1 and ρB =

1− φN−1, I have

ρA =
1

1 +
∑N−1

k=1

∏k
j=1 τj

, and ρB =

∏N−1
j=1 τj

1 +
∑N−1

k=1

∏k
j=1 τj

. (2.29)

Although this argument was framed in terms of a complete graph, it is completely

general given some modifications as follows. The key observation is that for almost all

graphs other than complete graphs the probability of transitioning from m to m+ 1

(or m − 1) A types depends on the population’s current state. Therefore, I re-write
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System (2.23) as

φ0 = 0

φm =
∑
sm

[P (m→ m− 1|s(m))φm−1

+(1− P (m→ m− 1|s(m))− P (m→ m+ 1|s(m)))φm

+ P (m→ m+ 1|s(m)))φm+1]P (sm) ∀ 0 < m < N

φN = 1. (2.30)

Here, the sum is taken over all possible population states comprised of exactly m A

types and P (sm) is the probability of the population being in state sm given by the

stationary distribution of population states.

Using System (2.30) in the argument above yields an expression for the fixation

probability ρA (respectively, ρB) of a single A type (resp. B type) averaged over all

possible starting states:

ρA =
1

1 +
∑N−1

k=1

∏k
j=1 τj

, and, ρB =

∏N−1
j=1 τj

1 +
∑N−1

k=1

∏k
j=1 τj

. (2.31)

The Equations in (2.31) are precisely Equations (2.29). In what follows I take ρA

to be the average over all possible starting states. As a notational convention, ρA|i

denotes the the fixation probability of a single A given that the A emerges on vertex i.

For a vertex-transitive graph ρA is independent of starting vertex and so ρA = ρA|i ∀i.
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2.3.1 A Constant Fitness Process

As a simple introduction to the calculation of fixation probabilities, consider the

following scenario. Suppose a population is structured on a complete graph, as in the

previous subsection. Further suppose that each individual has the same fecundity,

f = 1. The population is undergoing a birth-death Moran process and a mutant

appears. This mutant has fecundity fm = r > 1. What is the probability that

the progeny of this mutant displace all the resident types? This constant fecundity

process is a common example to consider [41, 34, 10, 9].

The transition probabilities are straight-forward. For the mutant to increase in

frequency, from m to m+ 1, one must be chosen to reproduce and replace a resident

type:

pm,m+1 =
rm

rm+N −m
N −m
N

. (2.32)

Similarly, the mutant decreases in frequency if a resident is chosen to reproduce and

displaces a mutant:

pm,m−1 =
N −m

rm+N −m
m

N
. (2.33)

These yield:

τm =
pm,m−1
pm.m+1

=
1

r
. (2.34)
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Substituting this into Equations (2.29) yields convergent geometric series that provide

ρA =
1− 1/r

1− 1/rN
, and, ρB =

1− r
1− rN

. (2.35)

Hence, fixation probabilities in well-mixed populations are readily calculable. An

analogous argument for the death-birth process yields the same Equations (2.35).

Ideally the fixation probabilities will be obtained for a larger class of graphs. This

is not an easy task in general, since for an arbitrary graph it no longer makes sense to

think of the states of a population as the number of A alleles. For an arbitrary graph,

the configuration of the A alleles is what must be taken as the state of the population.

For example, consider the cycle graph in Figure 3.1. There are two ways to arrange

two A alleles, up to rotational symmetry: the two can either be adjacent or not. The

transition probabilities from either of these two states to a state comprising three A

alleles are not equal. For example, three A alleles may be arranged on the cycle so

that only two are adjacent. The probability of transitioning to this state from a state

of two adjacent A alleles is 0, while the probability of transitioning from a state of

two non-adjacent A alleles is non-zero.

Remarkably, it is possible to calculate the fixation probabilities for a large class of

graphs, given a certain assumption as follows. For each vertex vi of a graph G define

the temperature Ti of the vertex as the sum of the weights uji of the edges entering

the vertex,

Ti =
∑

j∈N (vi)

uji. (2.36)

These weights uji are the probabilities that an individual residing on vertex vj sends
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an offspring to vertex vi in the neutral process. I limit my attention to graphs weighted

by the reciprocal of vertex degree throughout this thesis, so that uji = 1/d(vj). The

temperature of a vertex allows for a neat calculation of the fixation probabilities, the

Isothermal Theorem of [34].

Theorem 2.2. Let G be a graph and Ti be the temperature of the vertex vi. For the

constant-fecundity process described above,

ρA =
1− 1/r

1− 1/rN
(2.37)

if, and only if,

Ti = Tj ∀ i, j ∈ V (G). (2.38)

Proof. First note that this theorem is valid for both the birth-death and the death-

birth processes. I supply a proof of the death-birth process; an argument, analogous

to the one here, for the birth-death process is found in [41].

The population state is described by the vector (x1, x2, . . . , xN), where xi ∈ {0, 1}

is the genotype of the individual at vertex vi. The fecundity of the individual i is

fi = 1 − (1 − r)xi, where r > 1. For ease of argumentation, I’ll refer to those with

genotype 1 as an A type, as before.

The probability that the number of A types increases from m to m+ 1 is

pm,m+1 =
1

N

N∑
i=1

r
∑N

j=1 ujixj(1− xi)
d(vi)

, (2.39)
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where, formally,

uji =

 1/d(vj) if eij ∈ E(G)

0 otherwise.
(2.40)

Similarly, the probability that the number of A types decreases from m to m− 1 is

pm,m−1 =
1

N

N∑
i=1

∑N
j=1 uji(1− xj)xi

d(vi)
. (2.41)

In order for the fixation probability in Equation (2.37) to hold, Equation (2.34) must

be satisfied. That is, I require

pm,m−1
pm.m+1

=
1

r
. (2.42)

This holds exactly when

N∑
i=1

N∑
j=1

uji(1− xj)xi =
N∑
i=1

N∑
j=1

ujixj(1− xi). (2.43)

This equation is valid for all possible population states. Specifically, it holds for all

states of the form xi = 0, xj = 1 for all j 6= i. In this case, a re-indexing of Equation

(2.43) yields

N∑
i=1

uji =
N∑
i=1

uij ∀ j. (2.44)
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Since

N∑
i=1

uji =
∑

i∈N (vj)

1

d(vj)
= 1, (2.45)

I conclude

∑
j∈N (vi)

uji = 1 ∀i, (2.46)

which establishes the theorem.

2.3.2 Fixation Probability and Inclusive Fitness

I now move away from the constant-selection process of the previous section and back

to the game-theoretic formulation of prior sections. This section links the fixation

probability and inclusive fitness approaches.

Theorem 2.3. For a vertex-transitive, graph-structured population comprised of A

and B types playing the additive game in Matrix (2.2), and supposing weak selection

and symmetric mutation µAB = µBA, the following are equivalent in the limit of low

mutation:

i. WIF > 0 (2.47)

ii. E[x] > 1/2 (2.48)

iii. ρA > ρB (2.49)

iv. ρA > 1/N (2.50)
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Proof. The equivalence of (i), (ii), and (iii) was shown in [58] (see also [73]). I present

a partial proof of Theorem 2.3 and the remaining arguments may be found in [73].

First notice that the equivalence (ii)⇔ (iii) is evident. In the absence of mutation

and selection, E[x] = 1/2. When selection is introduced suppose that ρA > ρB is

found to hold. Then it is expected that the population will fix at the all A state more

than at the all B state.

The implication (iv) ⇒ (ii) is also evident by a result of [31]. In [31], the authors

show

E[x] =
NρA

2
+ o(δ). (2.51)

Hence, if ρA > 1/N , then, to first-order in δ,

E[x] >
1

2
. (2.52)

Now for the implication (i) ⇒ (iv). To establish this implication, I argue similar

to [57]. As before, let zi = αxi and let p be the frequency of A in the population.

I will be considering the change in this frequency after a birth/death event. I index

these birth/death events with t and I write p = p(t) to indicate the proportion of A

after t birth/death events have occured. I set p(0) = 1/N to be the proportion of A

when A first emerges in the population. In what follows, t0 will indicate the number

of birth/death events that have occured to bring the population to a state of either

all A or all B. That is, t0 is the the number of events at which the process stops.

An expression for ρA is generated as follows. Suppose the population consists

entirely of B types and a mutant A type emerges. With probability ρA this mutant
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fixes in the population yielding a total change of 1 − 1/N for the frequency of A.

Similarly, with probability 1−ρA the mutant goes extinct for a total change of −1/N

in the frequency of A. Hence, the expected change in the frequency of A given that

p(0) = 1/N is

E

[
p(t0)− p(0)

∣∣∣∣p(0) =
1

N

]
= ρA −

1

N
. (2.53)

The left-hand-side of Equation (2.53) may be written as

E

[
t0∑
t=0

p(t+ 1)− p(t)
∣∣∣∣p(0) =

1

N

]
. (2.54)

If I suppose that the mutant appears at random in the population, Equation (2.55)

may be re-written as

t0∑
t=0

∑
s(t)

E

[
p(t+ 1)− p(t)

∣∣∣∣s(t)]P (s(t)), (2.55)

where s(t) is the vector of genotypes (x1, x2, . . . , xN) of the individuals comprising

the population at generation t and P (s(t)) is the probability that the population is

in state s(t) at generation t. The inside sum in Equation (2.55) is over all possible

states of the population at time t. As an illustration, observe

P (s(0) = (1, 0, . . . , 0)) = P (s(0) = (0, 1, . . . , 0))

= . . . = P (s(0) = (0, 0, . . . , 1)) = 1/N. (2.56)
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Combining Equations (2.53-2.55) yields an expression for ρA:

ρA =
1

N
+

t0∑
t=0

∑
s(t)

(E[p(t+ 1)|s(t)]− E[p(t)|s(t)]P (s(t))) . (2.57)

Write this equation as a Taylor series in δ and the zi:

ρA ≈ 1

N
+

N∑
i=1

∂

∂δ

∂

∂zi

 t0∑
t=0

∑
s(t)

(E[p(t+ 1)|s(t)]− E[p(t)|s(t)]P (s(t)))


δ=0,zi=0

δαxi

+O(δ2). (2.58)

I now calculate the derivative

∂

∂δ
(E[p(t+ 1)|s(t)]− E[p(t)|s(t)]P (s(t)))

∣∣∣∣
δ=0

. (2.59)

First note that E[p(t)|s(t)] = p(t). Also,

E[p(t+ 1)|s(t)] =
N∑
j=1

xjWj, (2.60)

where, as before, Wj is the fitness of individual j. That is, the expected proportion

of A types in the next generation is equal to the fitness of the A types in the current

generation. Thus, Equation (2.59) evaluates to

[
P (s(t))

N∑
j=1

∆iWjxj +
∂P (s(t))

∂δ
(E[p(t+ 1)|s(t)]− E[p(t)|s(t)])

]
δ=0,zi=0

. (2.61)

To evaluate this expression, note that the expected change in the frequency of A in
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the neutral process δ = 0 is 0. This observation allows Equation (2.61) to be written

P (s(t))

∣∣∣∣
δ=0

N∑
j=1

∆iWjxj. (2.62)

This, in combination with Equation (2.58), yields

ρA ≈ 1

N
+ δ

N∑
i=1

N∑
j=1

∆iWj

t0∑
t=0

∑
s(t)

xixjP (s(t))

∣∣∣∣
δ=0

. (2.63)

The right-most pair of sums in Equation (2.63) are an expectation over all states of

the population. As will be shown in Chapter 3, this expectation is the probability

that the individuals at vertices i and j are identical by descent, rij. Hence, Equation

(2.63) is

ρA ≈ 1

N
+ δ

N∑
i=1

N∑
j=1

∆iWjrij. (2.64)

Supposing that the population is homogeneous and finite, Equation (2.64) is

ρA ≈ 1

N
+ δNE[cov(xi, xi)]

N∑
j=1

∆iWjRij

=
1

N
+ δNE[cov(xi, xi)]WIF (2.65)

and the implication (i) ⇒ (iv) is established.

It is important to note here that Theorem 2.3 holds for any graph-structured

population provided that each of ρA, ρB, E[x], and WIF are understood to be averaged

over all initial states of the population. Chapter 4 will consider an analogous case
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when a mutant emerges on a specific vertex.

2.4 Costs and Benefits

The costs and benefits of a social encounter do not always directly translate into a

gain or loss in fitness; population structure and regulation play key roles. In a finite

population of constant size the benefits and costs of a social interaction have zero net

effect—the benefit felt by one is offset by a cost felt by another. This phenomenon

is elegantly described in [23] with the term circles of compensation. An example of

a population that illuminates this concept is the cycle graph [22]. Figure 2.1 depicts

a section of a cycle graph that is sufficiently large so that the costs and benefits of a

social behaviour do not ‘wrap around’; that specific associated costs and benefits are

felt by distinct individuals. Consider an actor at vertex 0 and label the remaining

vertices by their distance from this vertex. Suppose that the actor provides a fecundity

benefit b to its two immediate neighbours at a cost 2c, as before. I consider two forms

of population regulation: the Moran death-birth and birth-death processes.

Birth-death

Death-birth
c
24

-c-b
4
-bc

24 4
b b

0 -b-2cb+c b+c-b -b
022

012 1 2

Figure 2.1: An illustration of the circles of compensation. The graph represents a
section of the cycle on N vertices. A similar chart first appeared in [22].

First, consider the death-birth process. In this process an individual is chosen

with uniform probability to die. The neighbouring individuals then compete for the
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newly vacated site. Each of the neighbours has a chance for their offspring to secure

the spot with probabilities proportional to fecundity. Suppose that a neighbour at

distance 1—a “1-neighbour”—dies. The actor and the corresponding 2-neighbour

compete for the site. Since the actor’s fecundity is f0 = 1− 2cδx0 = 1− 2δc and the

2-neighbour’s is f2 = 1, the actor has a probability of f0/(f0+f2) = (1−2δc)/(2−2δc)

of securing the site. Hence, the effect of the act is, to first order in δ,

1− 2δc

2− 2δc
≈ (1− 2δc)(2 + 2δc)

4
≈ 1

2
− c

2
δ. (2.66)

From here on I consider the effect of the action to be the coefficient of δ in a Taylor

approximation of the fitness function. That is, the actor experiences the cost of its

action as a decrease of c/2 in the probabilty of winning a contest with a 2-neighbour.

Since there are two 2-neighbours, the overall cost to the actor’s fitness is −c. This

loss in fitness is directly compensated by a fitness increase of c/2 to both of the

2-neighbours. All other costs/benefits are tabulated in a similar way.

For the birth-death process, an individual is selected to reproduce according to its

fecundity relative to the other members of the population and the offspring produced

randomly displaces a neighbour with uniform probability. Take, for example, vertex

1. The chance that 1 is chosen to reproduce is

1 + b

N + 2b− 2c
≈ (1 + b)(N − 2b+ 2c)

N2
≈ 1

N
+

(
1

N
− 2

N2

)
b+

2

N2
c. (2.67)

This is not the entire change in 1’s fitness: either neighbour may be chosen and
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replace 1. For 0, this probability is

1

2

1− 2c

N + 2b− 2c
≈ 1

2

(1− 2c)(N − 2b+ 2c)

N2
≈ 1

2N
− b

N2
+

1−N
N2

c. (2.68)

For 2,

1

2

1

N + 2b− 2c
≈ 1

2

(N − 2b+ 2c)

N2
=

1

2N
− b

N2
+

c

N2
. (2.69)

Subtracting these two expressions from the first yields a net increase of b + c in 1’s

fitness. All other terms are calculated similarly.

The cycle graph is an extreme demonstration of the circles of compensation. For an

arbitrary graph, a clean division between the circles is not always available. Consider

the graph in Figure 2.2. Take 0 to be the actor. Consider the cycle 0− 1− 2. Both 1

and 2 are both 1-, and 2-neighbours. Vertex 0 is a 3-neighbour of itself so the benefit

given to the 1-neighbours is felt as an additional cost to individual 0.

0

1

2
3

4

Figure 2.2: The circles of compensation are not necessarily disjoint. Consider a
connected subgraph of an arbitrary graph. For an actor at vertex 0, vertices 1 and 2
are in both the 1 and 2 circles of compensation. Vertices 3 and 4 are both in the 2
and the 3 circles.
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2.5 A First Example

With the costs/benefits given in the previous section it is possible to evaluate the

inclusive fitness of an altruistic action on a cycle. The other ingredient for an inclusive

fitness analysis, relatedness, is derived in detail in the next chapter. To illuminate

the basic concepts I choose to work with the five-cycle, Figure 3.1.

First, I deal with relatedness. Three terms are required: the relatedness between

(a) an individual and itself, R0; (b) neighbouring individuals, R1; and, (c) non-

neighbouring individuals, R2. From Chapter 3, these are,

R0 = 1, R1 = 0, and, R2 = −1

2
. (2.70)

Consider the death-birth process. Combining the costs/benefits with the related-

ness yields,

WIF = −cR0 + 2

(
b

4

)
R1 + 2

(
c

2
− b

4

)
R2

= −3

2
c+

b

4
. (2.71)

Notice that the tabulated effects wrap around the five-cycle. That is, an individual

a distance 2 from 0 is also a distance 3, measured along the other side of the cycle.

Such an individual receives both c/2 and −b/4 effects.

The condition WIF > 0 yields

b

c
> 6. (2.72)
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That is, altruism can spread on the five-cycle provided the benefit-to-cost ratio ex-

ceeds 6.

For the birth-death process, the situation is quite different. I have

WIF = −(b+ 2c)R0 + 2 (b+ c)R1 + 2

(
− b

2

)
R2

= −2c− b

2
. (2.73)

From the condition WIF > 0,

b

c
< −4. (2.74)

Since both b and c are positive, this condition will never be satisfied. That is, altruism

cannot emerge on the five-cycle under birth-death dynamics.

2.5.1 Fixation Probability on the 5-cycle

I now calculate the fixation probability of an A type in a population of B types on

the 5-cycle all playing the game represented by Matrix (2.2) to illustrate how this

differs from the inclusive fitness approach. The argument that follows is from [50].

First, observe that when an A type emerges on the 5-cycle, its offspring become

neighbours, forming a cluster of A types. Under the assumption of rare mutations,

this cluster can not fragment into smaller clusters of A types. Hence, to calculate the

fixation probability of an A type, I need only consider the A types on the boundary

of the cluster and their interactions with their neighbouring B types.

To calculate the fixation probability, I use Equation (2.29), which requires the

transition probabilities. With the above observation on clusters, the population states
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are determined by the number of A types. Hence, for the birth-death process, the

transition probabilities are:

P1,2 =
1− 2c

5− 2c+ 2b
, P2,3 = 2 · 1− 2c+ b

5− 4c+ 4b
· 1

2
,

P3,4 = 2 · 1− 2c+ b

5− 6c+ 6b
· 1

2
, P4,5 = 2 · 1− 2c+ b

5− 8c+ 8b
· 1

2
,

P1,0 = 2 · 1 + b

5− 2c+ 2b
· 1

2
, P2,1 = 2 · 1 + b

5− 4c+ 4b
· 1

2
,

P3,2 = 2 · 1 + b

5− 6c+ 6b
· 1

2
, P4,3 =

1 + 2b

5− 8c+ 8b
· 1

2
. (2.75)

These expressions are substituted into ρA in Equation (2.29). To find a condition on

the b and c, I use Inequality (2.50) in Theorem 2.4, which, in this case, is ρA > 1/5.

Solving for b and c yields

b

c
< −4. (2.76)

For the death-birth process, the transition probabilities are:

P1,2 =
2

5
· 1− 2c

2− 2c
, P2,3 =

2

5
· 1− 2c+ b

2− 2c+ b
,

P3,4 =
2

5
· 1− 2c+ b

2− 2c+ b
, P4,5 =

1

5
,

P1,0 =
1

5
, P2,1 =

2

5
· 1 + b

2− 2c+ 2b
,

P3,2 =
2

5
· 1 + b

2− 2c+ 3b
, P4,3 =

2

5
· 1 + 2b

2− 2c+ 4b
. (2.77)

Substituting these probabilities into ρA and evaluating the condition ρA > 1/5 yields

b

c
> 6. (2.78)
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Both Inequalities (2.76) and (2.78) agree with the inclusive fitness analysis of the

previous subsection.

The fixation probability approach to studying evolutionary games on graphs fol-

lows the progeny of the mutant allele as the population transitions between states.

In this sense, this approach gives a complete description of the evolutionary process.

But it is because of this level of detail that the fixation probability approach can

become cumbersome. The equivalencies of Theorem 2.3 provide tools that may be

employed to study processes on a large class of graphs. The following section contains

the results on the most general class of graphs to date.

2.6 Vertex-transitive graphs

A graph G is vertex transitive if there exists an automorphism T of G such that for

any pair of vertices v1 and v2, T (v1) = v2. Intuitively, the graph “looks the same”

from any vertex. A consequence of vertex-transistivity is regularity. A graph is

regular if all vertices have the same degree. The vertex-transitive property allows for

a relatively easy calculation of relatedness. This, in turn, facilitates the calculation

of the critical b/c ratio for the emergence of altruism on any vertex-transitive graph.

Indeed, Taylor, Day, and Wild [72] have computed the inclusive fitness effect on any

vertex-transitive graph.
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Theorem 2.4. (Taylor, Day, and Wild, 2007) Let G be a vertex-transitive graph of

degree k on N vertices. The critical b/c ratio above which WIF > 0 is

b

c
>
k(N − 2)

N − 2k
(2.79)

for the death-birth process, and

b

c
< 1−N (2.80)

for the birth-death process.

Proof. A brief sketch of a proof is as follows. In Chapter 3 I introduce the meeting

time Mij of simultaneous random walks and the hitting time hij of a single random

walk on a graph. These two present a means to calculate the relatedness. On a

vertex-transitive graph the meeting time reduces to the hitting time via Equation

(3.6). Considering a population of constant size N , the sum of the fitness effects is 0.

For an altruist at v0,

WIF =
∑
j

∆0WjR0j =
∑
j

∆0Wj

(
1− h0j

have

)
= −

∑
j

∆0Wj
h0j
have

. (2.81)

The condition for an act to spread in a population is WIF > 0, which translates into

∑
j

∆0Wj · h0j < 0. (2.82)

Hence, only the hitting times are required for the calculation of the inclusive fitness

effect.
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I derive the birth-death result; the death-birth case is analogous. Denote the

fecundity of any individual i by fi = 1 + εi, where εi accounts for the costs/benefits

of an altruistic act in the population. Denote the total of all εi by εtot. The change

of the fitness of any individual i is

∆0Wi =
fi

N + εtot
− 1

k

∑
k∈N (vi)

fk
N + εtot

≈ 1

N

εi − 1

k

∑
k∈N (vi)

εk

 , (2.83)

where the approximation is to first order in ε.

There are two components of the inclusive fitness expression: the costs WIF (c)

and the benefits WIF (b) of the alruistic act. The actor at v0 takes a fecundity cost of

ε0 = −k · c. Note that ε0 appears in ∆0Wj for all j ∈ N (v0). In all, from Equation

(2.81),

WIF (c) = ∆0W0 · h00 +
∑

j∈N (v0)

∆0Wj · h0j

= −kc
N

(0) +
c

N

∑
j∈N (v0)

h0j

=
c

N

∑
j∈N (v0)

h0j. (2.84)

From a well-known result in the study of random walks on graphs [35],

∑
j∈N (v0)

h0j = k(N − 1). (2.85)
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Hence,

WIF (c) =
c

N
k(N − 1). (2.86)

Similarly, each neighbour j of 0 receives a fecundity benefit of εj = b. This benefit,

in turn, results in a fitness change of ∆0Wl = −b/kN for all l ∈ N (vj). In all,

WIF (b) =
∑

j∈N (v0)

∆0Wj · h0j +
∑

l∈N (vj)

∆0Wl · h0l


=

∑
j∈N (v0)

 b

N
h0j −

b

kN

∑
l∈N (vj)

h0l


=

b

N

∑
j∈N (v0)

h0j − 1

k

∑
l∈N (vj)

h0l

 . (2.87)

From Equation (3.6),

−1

k

∑
l∈N (vj)

h0l = −h0j + 1. (2.88)

Hence,

WIF (b) =
b

N

∑
j∈N (v0)

(h0j − h0j + 1)

=
b

N
k. (2.89)
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In all,

WIF = WIF (b) +WIF (c) =
c

N
k(N − 1) +

b

N
k. (2.90)

This, in conjunction with the condition WIF < 0 yields Inequality (2.80).

This theorem is, to date, the most general result for evolutionary games on graphs.

For low number of vertices, all graphs are, to some extent, symmetric. Actual popu-

lations have been shown to be highly non-symmetric [59, 61, 60], and it is therefore

of interest to remove the influence of symmetry. This is done in Chapter 4.

Theorem 2.4 reveals the strength of Theorem 2.3. It is unfathomable to produce a

proof of Theorem 2.4 via a fixation probabiliy approach. Such an approach would en-

tail tracking the evolutionary process from the emergence of the A type to its fixation.

In light of Theorem 2.4, an inclusive fitness analysis reveals the same information as a

fixation probability approach but the calculation is performed for a moment in time,

greatly simplifying the calculation.

It is worth noting that Equation (2.80) is never satisfied for b > c > 0. That

is, altruism cannot emerge on a vertex-tranisitive graph undergoing the birth-death

process.



Chapter 3

Relatedness

The standard method for calculating the genetic relatedness between two individuals

is via the probabilities of identity by descent.

Definition 3. Individuals i and j are identical by descent (IBD) if they are descen-

dent from a common ancestor k and no mutations occur in the sequence of reproduc-

tive events linking j, respectively, i, to k.

The IBD probabilities are often calculated using recursive methods. This chapter

will illustrate that it is precisely these recursive methods that make the calculation of

relatedness on evolutionary graphs challenging. In the absence of symmetry, solving

these recursions can be difficult; no completely general results are known. In this

chapter I show that the probability that two individuals i and j on an evolutionary

graph are identical by descent is precisely the meeting time of two simultaneous

random walks, one starting from vi and the other from vj. This allows results on

random walks to be introduced to the calculation of relatedness.

46
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3.1 Relatedness in Finite Populations

In the development of inclusive fitness theory in Chapter 2, the covariance term

E[cov(xi, xj)]/E[cov(xi, xi)] is defined as the relatedness between i and j. Here, this

definition is made explicit in terms of the probability that i and j are IBD. The

main argument behind the derivation of relatedness in finite populations (i.e. graph-

structured) in terms of IBD probabilities is found in [73]. I repeat it here for com-

pleteness.

As before, I work with a haploid population and consider two possible alleles, A

and B, that may occupy a focal genetic locus. I suppose that these two genes are

neutral and, therefore, that neither confers an evolutionary advantage to its bearer. I

suppose the dynamics of the population are governed by a Moran process [39]. This

process has two absorbing states: all A and all B. To avoid the population getting

stuck at one or the other I assume that random mutations occur between the two

genes during reproduction. Denote the mutation rate from A to B by µAB, and from

B to A by µBA. For simplicity, I assume that µAB = µBA. This is not a necessary

assumption, a point I will return to. As before, I denote the genotype of an individual

i by xi, which is 1 if i has allele A and 0 for allele B.

My goal is to find the probability rij that two individuals i and j are IBD. I begin

with the covariance decomposition formula [56],

E[cov(xi, xj)] = cov[xi, xj]− cov [E(xi),E(xj)] . (3.1)

Following [72], brackets in E[ ] indicate the expectation is taken over the equilibrium

distribution of all possible population states, while parantheses, E(), indicate the
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expectation in a specific state. This convention is important in what follows. Selection

for a trait happens at a moment in time, when the population comprises a particular

configuration of A and B. When applying Price’s Equation (2.9), the covariance is

taken in this state. An expectation is then taken over all possible states. Equation

(3.1) decomposes this expectation into calculable components.

For the first term on the right hand side of Equation (3.1), I work with the

definition of covariance,

cov[xi, xj] = E[xixj]− E[xi]E[xj]. (3.2)

Either i and j are IBD, with probability rij, or not, with probability (1− rij). If they

are IBD, then they are both A with probability E[x] = E[E(x)] and if they are both

B, the expectations in Equation (3.2) are all 0. If they are not IBD, they are both

independently A with probability E[x]. For a proof of these observations, see [73]. In

all,

cov[xi, xj] = E[xixj]− E[xi]E[xj]

= rij
(
E[x]− E[x]2

)
+ (1− rij)

(
E[x]2 − E[x]2

)
= rijE[x] (1− E[x]) . (3.3)

The first term in Equation (3.1) is calculated analogously, but in this case, rij = rave,

where rave is the average IBD probability, yielding,

cov [E(xi),E(xj)] = raveE[x] (1− E[x]) . (3.4)
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This follows from the expectation first being taken over all states and then in a

particular state. In all,

E[cov(xi, xj)] = (rij − rave)var[x], (3.5)

This is a convenient formula, as it allows us to calculate the relatedness via the readily

obtainable IBD probabilities:

Rij =
E[cov(xi, xj)]

E[cov(xi, xi)]
=
rij − rave
1− rave

. (3.6)

I illustrate this with a simple example.

3.1.1 Relatedness on the Five Cycle

Consider the cycle graph on five vertices in Figure 3.1. There are three relatedness

terms to calculate: the relatedness R0 between an individual and itself, between

adjacent neighbours R1, and R2 for two separated by a (shortest) distance of 2. To

find these, I calculate the corresponding IBD probabilities: r0, r1, and r2, respectively.

Clearly, an individual is IBD with itself with probability 1; that is, r0 = 1. For the

other two, I establish a system of equations. I use a death-birth argument and assume

a neutral population. Considering neutrality, the analogous birth-death argument will

yield the same expressions.

Suppose a death/birth event occurs. Denote an IBD probability after this event

by r
′
−. First consider r

′
1. For convenience, I focus attention on vertices 0 and 1, but

this is a generic argument by the symmetry of the cycle. With probability 1/5 vertex

0 was chosen for death. This vertex is then occupied with an offspring of 4 with
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0

1

2 3

4

Figure 3.1: An example of a cycle on N = 5 vertices.

probability 1/2 and it is of the same type as 4 with probability (1− µ). In this case,

the new IBD is between 1 and 4, r2. Similarly, the offspring could have come from 1

with probability 1/2 and fidelity (1− µ). In this case, the new IBD is between 1 and

itself, r0 = 1. A similar argument may be constructed if 1 is chosen for death. There

is also the possibility that neither 0 nor 1 are chosen. This occurs with probability

3/5 and leaves the IBD unchanged. In all,

r
′

1 =
1

5

(
1− µ

2
r2 +

1− µ
2

1

)
+

1

5

(
1− µ

2
r2 +

1− µ
2

1

)
+

3

5
r1. (3.7)

An analogous construction yields,

r
′

2 =
1

5

(
1− µ

2
r2 +

1− µ
2

r1

)
+

1

5

(
1− µ

2
r2 +

1− µ
2

r1

)
+

3

5
r2. (3.8)

Now suppose that this death/birth process has been occuring for long enough that the
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population is at equilibrium. This allows for the simplification r
′
1 = r1 and r

′
2 = r2:

r1 =
1− µ

2
(r2 + 1) , r2 =

1− µ
2

(r2 + r1) . (3.9)

This solves as

r1 =
µ2 − 1

µ2 − 4µ− 1
, r2 =

−µ2 + 2µ− 1

µ2 − 4µ− 1
. (3.10)

These, together with the results of the last section, and under the assumption of

µ ≈ 0, yields the relatedness terms,

R0 = 1, R1 = lim
µ→0

r1 − rave
1− rave

= 0, R2 = lim
µ→0

r2 − rave
1− rave

= −1

2
. (3.11)

An important observation can be made at this point. The sum of the relatednesses

between an individual and all members of the population, including the individual, is

0. This is a useful property to have: focusing on an individual, those with positive re-

latedness are more closely related than on average; those with negative relatedness are

less related than average. In the five cycle example, any individual has a relatedness

of 0 with its neighbour; neighbours are the average members of the population.

3.2 IBD and Random Walks

The structure of an evolutionary graph allows for the derivation of a convenient

system of equations for the IBD probabilities. Suppose that an individual i disperses

its offspring to one of the neighbouring sites at random with uniform probability
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1/d(i), where d(i) is the degree of vertex i. The IBD probabilities satisfy

rij =
1− µ

2

 ∑
l∈N (vi)

1

d(vi)
rlj +

∑
k∈N (vj)

1

d(vj)
rik

 . (3.12)

Observe, as in [70], that if the rij are writen in a Taylor expansion to first-order in µ,

rij = 1− µgij, (3.13)

then the coefficients gij of µ satisfy

gij =
1

2

 ∑
l∈N (vi)

1

d(vi)
(glj + 1) +

∑
k∈N (vj)

1

d(vj)
(gik + 1)

 . (3.14)

As I will now show, this is the same equation for the (expected) meeting time of two

simultaneous random walks starting at i and j. This is a familiar concept in the study

of random walks on graphs [35].

3.2.1 Simultaneous Random Walks

A random walk on a graph G with vertex set V is a sequence v0, v1, . . . , vk of adjacent

vertices in V such that vi+1 is chosen from the neighbours of vi via some probability

distribution, typically the uniform distribution. This random walk may be thought

of as a particle starting on some vertex vi and moving along the edges of the graph to

adjacent vertices. Here, I take the transition probability distribution to be uniform;

the particle moves to any adjacent vertex with probability 1/d(vi), where d(vi) is the

degree of vertex i.
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It is possible to consider multiple random walks on G. As it happens, a very

natural process to consider on an evolutionary graph is two simultaneous random

walks: two particles start at two (distinct) vertices and they alternate transitioning

to a neighbouring vertex with uniform probability. The quantity I am concerned

with is the meeting time of these walks—the expected number of steps for these two

walks to be at the same vertex. Denote the meeting time of two random walks,

one starting at vertex i and one at j, by Mij. When two random walks reach the

same vertex the walks have coalesced. The connection between coalescing random

walks and probabilities of identity by descent is apparent: the particles undergoing

the walk are thought of as genes moving through space and backwards through time.

The vertex at which they coalesce is the location of the common ancestor.

Considering two simultaneous random walks first transition to an adjacent vertex,

the Mij satisfy

Mij =
1

2

 ∑
l∈N (vi)

1

d(vi)
(Mlj + 1) +

∑
k∈N (vj)

1

d(vj)
(Mik + 1)

 (3.15)

for all i 6= j. This is, of course, the same equation for the coefficients of µ in the

first-order approximation of the IBD probabilities, Equation (3.14).

This system is, in general, not easily solved. If, however, the graph is symmetric,

it is possible to obtain elegant solutions, as the next section will reveal.

3.3 Vertex-transitive Graphs

Recall that a graph G is vertex transitive if there exists an automorphism T of G

such that for any pair of vertices v1 and v2, T (v1) = v2.
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In the case of vertex-transitive graphs, the meeting time of two simultaneous

random walks starting from i and j reduces to the expected number of steps in a

random walk that starts at either i or j and terminates upon reaching the other

vertex. Hence, for a vertex-transitive graph of degree k, Equation (3.15) reduces to

Mij =
1

2

 ∑
l∈N (vi)

1

d(vi)
(Mlj + 1) +

∑
m∈N (vj)

1

d(vj)
(Mim + 1)


=

1

2k

 ∑
l∈N (vi)

Mlj +
∑

m∈N (vj)

Mim

+ 1

=
1

k

∑
l∈N (vi)

Mlj + 1, (3.16)

where the sums are taken over the neighbours of vi and vj, respectively. The final

equality in the above expression follows from the vertex-transitivity of the graph.

A proof of this result is found in [1], or can be obtained from the arguments in

[72, 23, 71]. The essence of the proof is as follows. Define for each m ∈ N (vj) the

automorphism Tm : G −→ G such that Tm(vm) = vj. Suppose Tm(vi) = vk for

some k. Since each T is an automorphism, Mkj = Mlj for some l ∈ N (vi). In all,∑
l∈N (vi)

Mlj =
∑

m∈N (vj)
Mim.

Equation (3.16) is a special case of the meeting time, known as the hitting time

of a single random walk. The hitting time hij of a random walk starting at i is the

expected number of steps taken to reach j for the first time. The walk is permitted

to double back, revisit i, etc., so long as it terminates upon reaching j. Equation

(3.16) highlights why vertex-transitive graphs provide for a simple framework: the

calculation of relatedness is reduced from tracking two random walks to one.

There is a wealth of results on the hitting times of random walks. One of the most
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intriguing establishes a connection between hitting times and electrical resistance [11].

Electrical resistance γ is the opposition to the flow of electric current I in a circuit.

The change in electrical potential of the current across a circuit is termed voltage and

is denoted V . These three quantities are related via Ohm’s Law,

γ =
V

I
. (3.17)

The voltages and current in a circuit are conserved via Kirchoff’s laws.

Theorem 3.1. The following two results are, collectively, Kirchoff’s circuit laws.

1. Let Ii, i = 1 . . . n, be the currents entering a node in an electric circuit. The I

satisfy

n∑
i=1

Ii = 0. (3.18)

2. Let Vi, i = 1 . . . n, be the voltages around any closed circuit. The V satisfy,

n∑
i=1

Vi = 0. (3.19)

A resistor network is a graph with edges replaced by resistors. Electrical resistance

in a resistor network has long been known to correspond to random walks on the

corresponding graph [7, 13, 11]. It is due to this connection that the resistance is

often termed resistance distance [27]. The following theorem establishes the link

between random walks and electrical resistance.
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Theorem 3.2. For a graph G,

γij =
hij + hji

2|E|
, (3.20)

where hij is the hitting time of a random walk starting at vertex i and ending at j,

|E| is the number of edges of G, and γij is the resistance between vertices i and j on

a corresponding resistor network.

Proof. The proof here follows [11]. Recall that a random walk can be thought of

as a particle starting at some vertex and moving to an adjacent vertex according to

some probability distribution. For our purposes, the probability distribution will be

uniform, 1/k. As stated previously, this is not a necessary assumption. Since any

random walk from i to j must start by transitioning to a neighbour of i, hij satisfies

hij =
1

k

∑
m∈N (vi)

hmj + 1, (3.21)

for all i 6= j. This is the hitting time analogue of Equation (3.15). The hitting

time can be related to the voltage Vij between i and j according to [11]. Here, for

completeness, I paraphrase the arguments in [11].

Using an idealized current source, inject k amperes of current into all vertices and

remove 2|E| amperes from j, where |E| is the number of edges of G. This creates

voltages Vab between adjacent vertices va and vb in our circuit. Kirchhoff’s current

law states that the sum of the currents entering a node equals the sum of the currents
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exiting. This provides,

k =
∑

m∈N (vi)

Iim. (3.22)

From Ohm’s law, and the unit resistances of the edges, I have,

Iab =
Vab
γab

=
Vab
1

= Vab, (3.23)

for any adjacent vertices a and b. A property of voltage,

Vij = Vih + Vhj, (3.24)

for any vertex h, combined with the previous two equations yields

k = kVij −
∑

m∈N (vi)

Vmj, (3.25)

or equivalently,

Vij =
1

k

∑
m∈N (i)

Vmj + 1 (3.26)

for all vertices i. Note that hii = Vii = 0. From this, it follows that the hitting

times and the voltages are equal. From the physical superposition principle, it is seen

that the Vab can also result from a circuit where k amperes are removed from each

vertex and 2|E| are injected in i. Both these circuits can be superimposed to yield

an expression for hij + hji. In so doing, the currents at each of the vertices cancel
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except for the 2|E| amperes injected in i and removed from j. Ohm’s law provides

γij =
hij + hji

2|E|
. (3.27)

For a transitive graph, hij = hji, and so,

gij = hij = |E|γij. (3.28)

This yields the following theorem [36].

Theorem 3.3. Let Rij be the relatedness and γij the resistance between individuals i

and j on a vertex-transitive graph G with N vertices each of degree k. Then

Rij = 1− γij
γave

. (3.29)

The connection between hitting times and IBD probabilities was first made in

[36]. The argument linking the two amounts to little more than recognizing that on a

transitive graph the hitting times and the IBD probabilities satisfy the same system

of equations. The power of this connection, however, is realized in application. I

recount the example provided in [36] that illustrates the full utility of the hitting

time/IBD connection. I work this example to the point of finding an expression for

the relatedness between any two individuals.

Consider the cycle on N vertices; see Figure 3.1 for the case N = 5. This is a

common example to consider [58, 50, 22]. Grafen [22] has derived the general expres-

sion for the relatedness between two individuals, which I recount here for dramatic
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juxtaposition. He does this through computing the IBD rn between individuals n

vertices apart by first establishing a system of recursions,

rn =
1− µ

2
(rn−1 + rn+1) , r0 = 1, (3.30)

and then solving this recursion using matrix inversion. The solution is found to be

rn =

(
1 +

√
2µ− µ2

1− µ

)n−(N/2)

+

(
1 +

√
2µ− µ2

1− µ

)(N/2)−n

(
1 +

√
2µ− µ2

1− µ

)N/2

+

(
1 +

√
2µ− µ2

1− µ

)−(N/2) . (3.31)

To calculate the relatedness

Rn = lim
µ→0

rn − rave
1− rave

, (3.32)

observe that the limit of both the numerator and denominator in Equation (3.32) is

0. At this point, define the quantities

Z =
1 +

√
2µ− µ2

1− µ
, C = ZN/2 + Z−N/2, Qn = Zn−(N/2) + Z(N/2)−n,

Q̃n = Zn−(N/2) − Z(N/2)−n , and, C̃ = ZN/2 − Z−N/2. (3.33)
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Apply L’Hospital’s rule twice to Equation (3.32) and simplify to yield

Rn = lim
µ→0

Qn − Q̄
C − Q̄

= lim
µ→0

(
n− N

2

)
Q̃n −

1

N

∑N−1
i=0

n−N
2

Q̃n(
N

2

)
C̃ − 1

N

∑N−1
i=0

n−N
2

Q̃n

= lim
µ→0

(
n− N

2

)2

Qn −
1

N

∑N−1
i=0

(
n−N

2

)2

Qn(
N

2

)
C − 1

N

∑N−1
i=0

(
n−N

2

)2

Qn

=

(
n− N

2

)2

− N2 + 2

12

N2

4
− N2 + 2

12

= 1− 6n(N − n)

N2 − 1
. (3.34)

The second-to-last equality is obtained by observing limµ→0Qn = limµ→0C = 2.

Now I calculate the relatedness via the resistance. To do this, I use two classic

results in electronic circuit theory: Kirchoff’s and Ohm’s laws, Equations (3.17-3.19).

Combining these two laws enables one to calculate the resistance in a parallel circuit:

the reciprocal of the total resistance Γ in a parallel circuit is the sum of the reciprocals

of the resistances along each parallel component

1

Γ
=

1

Γ1

+
1

Γ2

+ · · ·+ 1

Γl
. (3.35)

Think of the cycle as vertices connected by resistors of unit resistance. To find the

resistance between two vertices n vertices apart, notice that there are two parallel

circuits: one of length n and the other of length N −n. The resistance along the first
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is n, and N − n along the second. Hence, the total resistance is

γn =
1

1

n
+

1

N − n

=
n(N − n)

N
. (3.36)

The average resistance is

γave =
1

N

N∑
i=0

i(N − i)
N

=
N2 − 1

6N
. (3.37)

Therefore,

Rn = 1− 6n(N − n)

N2 − 1
. (3.38)

This example is misleading, in a sense: the resistance calculation on a cycle is

elementary. Other graphs are less trivial. Fortunately, there exist powerful methods

for calculating the resistance on any finite resistor network.

3.3.1 The calculation of hitting times

A fundamental object in the study of graphs is the Laplacian.

Definition 4. Let G be a graph with adjacency and degree matrices A and D, respec-

tively. The Laplacian of G is L = D − A.

This is a seemingly arbitrary object, but leads to powerful results. First, note

that the Laplacian of any graph is singular. This causes problems when attempting

to solve equations involving the Laplacian. Fortunately, there exists a pseudoinverse.
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Definition 5. The pseudoinverse Γ for a matrix M is a matrix of appropriate di-

mensions satisfying

i ΓMΓ = Γ,

ii MΓM = M ,

iii (MΓ)∗ = MΓ, and,

iv (ΓM)∗ = ΓM ,

where ∗ denotes the adjoint matrix.

Although not all matrices are invertible, all have a pseudoinverse. The pseudoin-

verse defined here is the Moore-Penrose pseudoinverse [38, 51] and can be shown to

be unique. The pseudoinverse allows for a simple way to compute the resistance

distance.

Theorem 3.4. (Klein and Randic, [27]) If Γ is the pseudoinverse of L, the resistance

distance between vertices i and j is,

γij = Γii + Γjj − Γij − Γji, (3.39)

where the Γab is the a, b entry of Γ.

Alternatively, the resistance distance may be calculated via determinants of cer-

tain submatrices of the Laplacian [5, 6].

Theorem 3.5. (Bapat, [5]) For a graph G with Laplacian L, the resistance distance

between vi and vj is,

γij =
det(L(i, j))

det(L(i))
, (3.40)
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where det is the determinant and L(i, j) is the matrix obtained from L by removing

both the ith and jth rows and columns, and L(i) = L(i, i).

These results offer convenient methods to compute the relatedness in an evolu-

tionary graph. The Laplacian matrix is simple to write down by looking at the graph.

Any major mathematics software can compute a pseudoinverse of a Laplacian matrix

and the remaing work is straight arithmetic. As an example, consider the five-cycle

in Figure 3.1. The Laplacian for this graph, assuming a cyclical numbering of the

vertices, is

L =



2 −1 0 0 −1

−1 2 −1 0 0

0 −1 2 −1 0

0 0 −1 2 −1

−1 0 0 −1 2


. (3.41)

The pseudoinverse is

Γ =



2/5 0 −1/5 −1/5 0

0 2/5 0 −1/5 −1/5

−1/5 0 2/5 0 −1/5

−1/5 −1/5 0 2/5 0

0 −1/5 −1/5 0 2/5


. (3.42)

Using Equation (3.39), the resistance between vertices 1 and 3, say, is

γ13 =
6

5
. (3.43)
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The average resistance is easily found to be 4/5, which yields, via Theorem 3.3,

R13 = −1

2
. (3.44)

All other relatedness terms are found in a similar fashion.

I have so far imposed the requirement that the dispersal probabilities associated

with a vertex are all equal. This is not necessary; weighted graphs are permitted, so

long as the edge weightings do not violate vertex-transitivity. As an example, consider

a population structured on a toroidal lattice. A representation of this structure is

provided in Figure 3.2. The edges of the bounding box indicate that the dashed

(resp. dotted) edges are identified. In this way it is seen that vertex 1 is incident to

vertices 2, 3, 6, and 7, and so on. The probability of dispersal in the ‘up’ and ‘down’

directions are both equal to 2/10, while dispersal in the ‘left’ and ‘right’ directions

are both equal to 3/10. This is represented by the edge weightings in Figure 3.2b.

These weightings are the resistances of the edges, measured in ohms. The probability

of dispersing in any one direction is the edge weighting in that direction divided by

the sum of the weightings of all edges incident to the original vertex. This dispersal

arrangement corresponds nicely to the previous setup. Indeed, if the edge resistances

are all set to 1 then the probability of dispersing along any edge is 1/4, where 4 is

the (weighted, with weights 1) degree of the vertex.

To calculate the relatedness I use Equation (3.39). For a method to compute the

resistance between vertices on a lattice of arbitrary size, see [86].

With the vertex numbering in Figure 3.2a, the Laplacian L is a 9 by 9 matrix with

enties Lij describing the incidence between vi and vj: if i = j, then Lij is the negative

(weighted) degree of the vertex, Lij = −10; Lij = 3 if i and j are horizontally adjacent;
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(a) (b)

Figure 3.2: A lattice population structure with non-uniform dispersal pattern. (a)
The dotted edges are identified, as are the dashed. (b) The dispersal pattern as
represented by electrical resistances in Ohms. The dispersal along any edge is the
resistance of that edge divided by 10, the sum of the resistances of the four edges
incident to the focal vertex.

Lij = 2 if they are vertically adjacent; and Lij = 0 if i and j are not adjacent.

The pseudoinverse Γ for this example, found using computer algebra software, has

entries Γij according to the corresponding entries of L,

Lij −10 3 2 0

Γij − 37

405
− 4

405

7

810

19

810

(3.45)

That is, if the ij entry of L is −10, the ij entry of Γ is −37/405, and so on.

The resistance between vertices i and j is then found from entries of the matrix Γ,

according to [27]:

γij = Γii + Γjj − Γij − Γji. (3.46)



CHAPTER 3. RELATEDNESS 66

Averaging over all pairs of vertices yields

γave =
74

405
. (3.47)

Theorem 3.3 may now be employed to calculate the relatedness between individuals

on the graph. For example, for individuals i and j that are horizontally adjacent,

Rij = 1− γij
γave

=
4

37
, (3.48)

for i and j vertically adjacent,

Rij = − 7

74
, (3.49)

and for all other ij pairs with i 6= j,

Rij = −19

74
. (3.50)

The sum of all relatedness values, including Rii = 1, is easily found to be 0, as

expected.



Chapter 4

Heterogeneous Graphs

As stated previously, structure is important for the evolution of social behaviours.

But what aspects of structure? This chapter focuses on a key structural feature of

graphs: the degrees of the vertices. I first define reproductive value for evolutionary

graphs. I next consider the effect of degree heterogeneity. I then remove the symmetry

requirement while retaining another desirable property, regularity, in an example that

illustrates vertex degree is not the only determining factor for the level of contribution

to altruism.

The current literature reveals a growing interest in the effect that the distribution

of degrees has on the emergence of cooperation. Perhaps the first to consider degree

heterogeneity is [59] in which the authors show that a scale-free degree distribution—

where the number of vertices of degree k is approximately n · k−a, for n ∈ N, and

2 < a < 3—encourages the spread of cooperation. The consensus in subsequent work

[3, 60, 9] is that the average fixation probability of beneficial mutations is positively

correlated with the variance in the degree distribution. To better understand this

phenomenon, I analyse heterogeneous graphs with a small number of vertices. First,

67
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I require a currency that accounts for the effects of different degrees. This is the

reproductive value.

4.1 Reproductive Value

The expected genetic representation of an individual in future generations is that

individual’s reproductive value [14, 21].

Definition 6. Let G be a graph and M be the transition probability matrix that

describes transitions between population states in the neutral population. The repro-

ductive value of individual i is the ith entry πi of the vector π defined by π = πM .

In a neutral population, some vertices may be favoured by the population dynam-

ics and the individual residing on such a vertex can expect to have a greater number

of offspring, irrespective of costs and benefits of social interactions. These natural

differences need to be accounted for in an inclusive fitness analysis. Essentially, the

benefits and costs associated with a social action are measured in gains and losses

to fitness, but these gains and losses may differ depending on who is receiving the

benefit/cost [68]. On a graph, the type of population regulation determines which

vertices are favoured.

As an illustrative example, consider the wheel graph in Figure 4.1. There are two

types of vertices, those on the periphery, denoted vP , and the lone centre, denoted

vH . Consider, in turn, both a birth-death and a death-birth Moran process [39] on

this graph, and suppose that the population is neutral. In the birth-death process an

individual is chosen at random to give birth and the resulting offspring displaces an

adjacent neighbour at random. The individual at vertex vH is chosen to give birth
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Figure 4.1: The wheel graph on 9 vertices.

with probability 1/9, yet its neighbours are selected with probability 8/9. Once a vP

resident is selected, it displaces vH with probability 1/3. In the death-birth process

vH is chosen to die with probability 1/9 but its neighbours are chosen with probability

8/9. It would seem, then, that individuals at vertex vH is somehow ‘better off’ in

the death-birth than in the birth-death scheme. That is, vH should have a greater

reproductive value in the death-birth process. This is indeed the case.

Theorem 4.1. Consider a population residing on a graph G with N vertices. Denote

the reproductive value of vertex vi by Vi.

1. For the death-birth process, the Vi satisfy

Vi =
∑

j∈N (vi)

Vj
d(vj)

. (4.1)

2. For the birth-death process, the Vi satisfy

 ∑
j∈N (vi)

1

d(vj)

Vi =
1

d(vi)

∑
j∈N (vi)

Vj. (4.2)

In both cases the sums are taken over all neighbours of vi.
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Proof. Reproductive value is calculated by establishing a system of equations describ-

ing the reproductive events in the neutral population. Doing so here establishes the

theorem. I state the argument for the birth-death process; the death-birth case is

analogous. Focus attention on a vertex vi and suppose a birth-death event occurs.

With probability 1/N , vi is chosen to reproduce and with probability 1/d(vi) this

offspring displaces neighbour j of vi, gaining an increase of Vj in reproductive value.

Alternatively, the neighbours of vi could have been chosen to give birth, each with

probability 1/N . Suppose neighbour j reproduced. This offspring displaces vi with

probability 1/d(vj), causing a decrease of Vi in vi’s reproductive value. Any other

reproductive event leaves Vi unaltered. Overall, the change in Vi is

∆Vi =
1

N

 1

d(vi)

∑
j∈N (vi)

Vj

− 1

N

 ∑
j∈N (vi)

1

d(vj)
Vi

 , (4.3)

where the sum is taken over all neighbours of vi. Assume that the population is in

equilibrium, so that ∆Vi = 0. This allows for a simplification,

 ∑
j∈N (vi)

1

d(vj)

Vi =
1

d(vi)

∑
j∈N (vi)

Vj, (4.4)

which is precisely the statement in the theorem.

It is important to note that both systems of equations in Theorem 4.1 have the

trivial solution, Vi = 0. The system has a degree of freedom and I obtain a non-

zero solution by setting one of the Vi to 1. Although this is arbitrary, it makes

sense: I retain the notion of reproductive value as the relative contribution to future

generations. Returning to the wheel graph, designate VP = 1. For the death-birth
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process I find VH = 8/3, and for the birth-death process, VH = 3/8.

However, any constant multiple of this solution also satisfies the system of equa-

tions. For example, I can take Vi = d(vi) as a solution for the death-birth equations,

and Vi = 1/d(vi) for birth-death. This is the case for all evolutionary graphs which

aids in explaining seemingly disparate results in the literature [3, 17, 9].

4.1.1 Reproductive Value in Action

For the death-birth process and constant selection, higher-degree vertices are favoured

for the emergence of cooperative alleles, since they confer a natural advantage: higher

degree means a greater likelihood of a neighbour dying which translates into a greater-

than-average chance of placing an offspring. The situation is reversed for the birth-

death process: lower degree means less-than-average chance of being displaced by a

neighbour’s offspring. In both cases the favourable vertex is one with a high repro-

ductive value.

Previous work on the influence of vertex degree [9, 34, 3] has focused on a constant-

selection process. Recall from Chapter 2 that in this setup the members of the resident

population all have the same fecundity 1 and a mutant appears with fecundity r > 1.

The population updates with a Moran process and the probability ρ that the mutant

fixes in the population is observed. The results of [34] are that for a regular graph,

where all vertices have the same degree, the fixation probability is exactly what one

would find in a unstructured population—that is, where all verticies are adjacent; a

complete graph—of the same size, N + 1:

ρ =
1− 1/r

1− 1/rN+1
. (4.5)
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The challenge, then, is to understand the process on non-regular graphs.

Previous work on degree-heterogeneous graphs [9, 3] has reached the conclusion

that death-birth favours high degree; birth-death, low degree. This is precisely what

is found in Theorem 4.1. However, rather than viewing the results of [9, 3] as two

separate cases, the above reproductive value results allow us to observe a general

phenomenon: the vertices that favour the mutant allele in the constant-selection

framework are those with the greatest reproductive value, regardless of update rule.

The difference in fecundity acts to embellish the effect of reproductive value.

In terms of inclusive fitness theory, reproductive value acts as a means of account-

ing for differences in types of individuals. Not only are the effects of an altruistic act

important, but so is who receives what effect. To account for different types of indi-

viduals, the reproductive value is introduced into the inclusive fitness effect via the

change in fitness, ∆W . Suppose i is an altruist and j is some individual whose fitness

is affected by i’s action. Further suppose that j is adjacent to vertices k ∈ {1, . . . ,m}

and that the individuals on each of these vertices have reproductive values Vk, which

are potentially different. The change in j’s fitness brought about by i’s action is then

∆iWj =
∑
k

∆iWjkVk, (4.6)

where ∆iWjk is the change in j’s fitness brought about by i’s action when in compe-

tition for site k. Another way of conceiving this is, each of j’s offspring are dispersed

to vertices vk, each of degree d(vk). Depending on the population dynamics, these

vertices may potentially be selected at random more or less often than vi. This

bestows a natural advantage/disadvantage on the resident individuals; reproductive

value accounts for this. An example of this is found in the next section.
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4.2 An Evolutionary Game on the Wheel Graph

As a first example of a heterogeneous graph, I consider the wheel graph, Figure 4.1.

The setup is as in the cycle example of Chapter 2. I consider a population of all B

types and an A type emerges. I use an inclusive fitness analysis to determine the fate

of the A type.

I calculate the relatedness expressions via the meeting times of simultaneous ran-

dom walks, as developed in the previous chapter. The general wheel graph has N

vertices on the outer circle, called spokes, and one at the centre, or hub. Denote

the meeting times between the hub and a spoke by MH and between two spokes a

distance i along the periphery of the graph by Mi.

Recall from Chapter 3 that MH satisfies,

MH =
1

2

(
1

3
2MH +

1

N

N−1∑
i=0

Mi

)
+ 1. (4.7)

Similarly the Mi satisfy

Mi =
1

3
(Mi−1 +Mi+1 +MH) + 1. (4.8)

This system can be solved for any finite N using matrix methods or computer algebra

software.

The meeting times can then be used to calculate the relatedness,

RH = 1− MH

Mave

, and, Ri = 1− Mi

Mave

, (4.9)

where Mave is the average meeting time between any two vertices.
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4.2.1 The Death-birth Process on the Wheel Graph

The wheel graph comprises two classes of vertices: the hub and the spokes. I consider

an altruist in each of these classes, in turn. I begin with the hub.

To calculate the effect of the altruistic act, I assume weak selection to ignore terms

higher than first order in c and b. The effect on the hub’s fitness of providing a benefit

to each of its N neighbours is felt by the hub actor only when competing for a vacant

spoke. In that case there are three competitors: the hub, and two of the neighbouring

spokes. Hence, the effect of the altruistic act on the hub’s fitness for each competition

for a vacant spoke is,

1−Nc
3−Nc+ 2b

≈ (1−Nc)(3 +Nc− 2b)

9
≈ 1

3
− 2N

9
c− 2

9
b. (4.10)

This yields a total change in fitness of,

∆wH =
−2N2

9
c− 2N

9
b. (4.11)

This is weighted by the reproductive value of the offspring. Recall from Chapter 2

that the reproductive value of the hub is VH = N and of a spoke, VS = 3. Since all

the hub offspring disperse to spokes, Equation (4.11) is multiplied by VS = 3.

The effect on a spoke’s fitness has two components: the effect from competing for

the hub and the effect from competing for a neighbouring spoke. For the first,

1 + b

N(1 + b)
=

1

N
. (4.12)

That is, the benefits given to all the spoke individuals cancel when they compete for
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the hub. The effect on a spoke when competing for a neighbouring spoke is,

1 + b

3−Nc+ 2b
≈ 1

3
+
N

9
c+

1

9
b. (4.13)

Hence, the change in spoke fitness is

∆wS =
2N

9
c+

2

9
b. (4.14)

In this case all offspring reside on spokes. Hence, Equation (4.14) is multiplied by

VS = 3.

These fitness expressions are brought together with the relatedness expressions to

form the inclusive fitness effect:

WH = ∆wHVS +N∆wSVH RH

= 3

(
−2N2

9
c− 2N

9
b

)
+ 3N

(
2N

9
c− 2

9
b

)
RH (4.15)

From the condition WH > 0, altruism is expected to increase in frequency provided

(Nc+ b)RH > (Nc+ b). (4.16)

Since −1 < RH < 1, this condition will never be satisfied for positive b and c. That is,

no matter the values of b and c, an altruistic trait cannot emerge on the hub vertex.

I now focus on a spoke altruist. The effects of an altruistic act by a spoke actor are

calculated similar to previous calculations and summarized in Table 4.1. Note that

components of the change in fitness are weighted by the appropriate reproductive

value according to where the offspring disperse.
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Distance from actor Effect of action

0 −
(

4

3
VS +

3(N − 1)

N2
VH

)
c−

(
2

9
VS +

2

N2
VH

)
b

1
3

N2
VHc+

(
1

9
VS +

N − 2

N2
VH

)
b

2

(
1

3
VS +

3

N2
VH

)
c−

(
2

9
VS +

2

N2
VH

)
b

3
3

N2
VH c−

(
3

9
VS +

2

N2
VH

)
b

≥ 4 −
(

1

9
VH

)
b

Hub
2

3
VS c−

6 + 2(N − 5)

9
VS b

Table 4.1: The effects of an altruist on the periphery of a wheel graph on N + 1
vertices.

These are combined with the relatedness values to yield the inclusive fitness effect,

WIF =
N∑
i=1

∆WiRi + ∆WHRH . (4.17)

The results of this analysis are summarized in Table 4.2.

Wheel size (N + 1) Critical b/c ratio (approx.)
6 3.127
7 2.767
8 2.344

Table 4.2: The critical b/c ratio above which an altruistic act at the periphery of the
wheel graph is favoured to emerge.
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The general trend is that, as the size of the wheel graph increases, altruism is increas-

ingly favoured to emerge at a spoke vertex.

4.2.2 The Birth-death Process on the Wheel Graph

I now calculate the inclusive fitness effect of an altruist at either the hub or the

periphery on the wheel graph undergoing the birth-death process. I begin with a

hub actor. The fitness effects are calculated in a way similar to those in the previous

example. For example, take the effect on the hub’s fitness brought about by its

altruistic act. The probability that the hub is selected to reproduce is

1−Nc
(N + 1) +Nb−Nc

≈ 1

N + 1
− N

(N + 1)2
b− N2

(N + 1)2
c. (4.18)

Similarly, the probability that the hub dies is

N(1− b)
3((N + 1) +Nb−Nc)

≈ 1

3

(
N

N + 1
+

N

(N + 1)2
b+

N2

(N + 1)2
c

)
. (4.19)

These two expressions are weighted by the appropriate reproductive values and com-

bined to yield

∆HWH = birth probability− death probability

=
1

3

(
1

N + 1
− N

(N + 1)2
b− N2

(N + 1)2
c

)
− 1

N
· 1

3

(
N

N + 1
+

N

(N + 1)2
b+

N2

(N + 1)2
c

)
= − b+Nc

3(N + 1)
. (4.20)
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The effect of the hub’s action on a spoke’s fitness is calculated analogously to yield

∆HWS =
b+Nc

3N(N + 1)
. (4.21)

Hence, the inclusive fitness effect is

WH = ∆HWH +N∆HWS RH

= − b+Nc

3(N + 1)
+N

(
b+Nc

3N(N + 1)

)
RH . (4.22)

The condition WIF > 0 gives

(Nc+ b)RH > Nc+ b, (4.23)

which is, as in the death-birth process, never satisfied.

Similar calculations can be performed for a spoke altruist. These yield the critical

b/c ratios in Table 4.3. Note that altruism cannot emerge on the periphery of the

wheel graph for 5 ≤ N ≤ 7.

Wheel size (N + 1) Critical b/c ratio (approx.)
(b/c < . . .)

6 −4.245
7 −5.742
8 −7.481

Table 4.3: The critical b/c ratio below which an altruistic act at the periphery of the
wheel graph is favoured to emerge.

The results for the spoke actors are similar to what was found on the cycle [22]:

altruism is favoured to emerge in the death-birth, but not the birth-death, process.
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This hub of the wheel graph provides an interesting example that is not found in

the results on vertex-transitive graphs. No matter if the population update rule is

birth-death or death-birth, the hub is always hostile to an altruistic trait.

4.2.3 Fixation Probability on the Wheel Graph

Having obtained the inclusive fitness expressions for an evolutionary game on the

wheel graph, I now use a fixation probability approach to analyse the emergence of a

single mutant allele on the wheel graph. This probability will depend on which vertex

the allele appears, similar to the inclusive fitness effects of the previous section. The

wheel graph is an example where fixation probability and inclusive fitness approaches

yield different results.

I focus on the 5-wheel graph, comprised of 5 on the periphery and the hub. I

consider the death-birth process.

One approach to find ρA is analogous to the 5-cycle example of Chapter 2. It is

possible to calculate the transition probabilities and substitute these into the expres-

sion for the fixation probability, Equation (2.29). The difference between the 5-cycle

example and the present wheel example is that the population states in the wheel

example are not solely determined by the number of A types. The configuration of

the A types now matters. These are required for Equation (2.29) by observing that

the transition probability from m to m+1 A types is the sum of the transition proba-

bilities from all possible configurations of m A types in the population, each weighted

by the respective value from the stationary distribution of states, to configurations of

m+ 1 A types. That is, the transition probabilities satisfy System (2.30).

Another approach is to use a computer simulation of the evolutionary process.
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Here I use such an approach to reveal that the b/c ratio differs from that found in the

inclusive fitness analysis of the previous section. First, the following result is needed.

Theorem 4.2. Let G be an evolutionary graph with N vertices. The fixation proba-

bility ρA|i of a single A type that emerges on vertex vi of G in the neutral population

is

ρA|i =
Vi∑N
j=1 Vj

, (4.24)

where Vi is the reproductive value of vertex vi.

Proof. I consider a birth-death process; the result for the death-birth process is de-

rived analogously. The proof of this theorem hinges on the following equation pre-

sented in [34] and subsequently in [10, 9]. The following argument follows [8].

Let C ⊂ V be the subset of the vertices of the graph G occupied by A types. The

fixation probability of the A types given C satisfies

PC =

∑
i∈C
∑

j /∈C
(
uijPC∪{j} + ujiPC\{i}

)∑
i∈C
∑

j /∈C (uij + uji)
. (4.25)

Where the uij are the dispersal probabilities as defined for Equation (2.36). Note

that if C = {i}, then PC is the ρA|i in Equation (4.24).

Observe that for disjoint sets C,D ⊂ V ,

PC∪D = PC + PD. (4.26)
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Equation (4.26) allows for a simplification of Equation (4.25):

∑
i∈C

∑
j /∈C

uijP{j} =
∑
i∈C

∑
j /∈C

ujiP{i}. (4.27)

If vi and vj are adjacent, Equation (4.27) is satisfied whenever

P{i}
P{j}

=
d(vj)

d(vi)
. (4.28)

If i and j are not connected by an edge, Equation (4.28) remains valid, as is seen

by repeatedly applying Equation (4.28) along any path joining vi and vj. Since∑
j∈V P{j} = 1, I have,

P{i} =

(∑
j∈V

d(vi)

d(vj)

)−1
=

Vi∑N
j=1 Vj

. (4.29)

Theorem 4.2 indicates that the condition ρA > 1/N used as a measure of evolu-

tionary advantage (in Section 2.5, for example) is insufficient for graphs with vertices

of differing degrees.

Suppose an A type emerges on a periphery vertex v1 of the 5-wheel graph, while

all other vertices are B types. To demonstrate that the condition ρA > V1/
∑6

j=1 Vj

yields a b/c ratio that differs from the one found with the inclusive fitness analysis

of the previous section, I use a computer simulation. The population of 5 B and 1 A
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types play the game

A B

A 2.127 −1

B 3.127 0

(4.30)

which is Matrix (2.2) with values for b and c determined by the inclusive fitness

calculation of the previous section. The simulation tracks the population states and

terminates upon the population reaching states all A or all B. This is run through 108

iterations and the proportion of times A reaches fixation is recorded. The proportion

of iterations where A reached fixation was 0.14098. From Theorem 4.2, the expected

proportion an A type on a periphery vertex reaches fixation is

ρA =
V1∑6
j=1 Vj

=
3

20
= 0.15. (4.31)

Recall, from Theorem 4.1, that the reproductive values of the vertices of an evolu-

tionary graph undergoing the death-birth process are the degrees of the vertices.

A simple statistical test can be used to evaluate the probability that the observed

proportion of 0.14098 differs from the true proportion of 0.15. Using a one-tailed test,

the probability that the observed proportion is equal to the true proportion is less

than 1× 10−4.

Having observed a differences in these two approaches, a question arises: What

is the cause of this difference? The next section rules out degree heterogeneity as a

suspect cause.
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4.3 A Non-symmetric Example

The wheel graph is an example of when the inclusive fitness and fixation probability

approaches to studying evolutionary games on graphs yield different results. It is not

clear what mechanism creates this difference. It is possible, for example, that the

differing reproductive values of the vertices are responsible. To better understand the

role of reproductive value in these processes, I consider an example of a graph with all

vertices of the same reproductive value. In light of Theorem 4.1, such a graph must be

regular. Since a complete characterization of evolutionary games on vertex-transitive

graphs has been obtained by Theorem 2.4, it makes sense to consider an entirely

non-symmetric graph in the following example. The smallest, in terms of the number

of vertices, graph with these properties is the Frucht graph [16]. A representation of

this graph is in Figure 4.2.

1

2

3

4

5

6

7

8

9

10

11

12

Figure 4.2: The Frucht graph.
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4.3.1 Inclusive Fitness on the Frucht Graph

The meeting times and fitness effects are calculated using the methods previously

developed. It is of interest to note that the meeting times do not need to be converted

to relatedness terms on any regular graph. This follows from the observation that the

sum of the fitness effects of an action (at vertex 0, say) sum to zero. Considering all

vertices on a regular graph have equal reproductive value, the inclusive fitness effect

is calculated as,

WI =
∑
j

∆WjR0j =
∑
j

∆Wj

(
1− M0j

Mave

)
= −

∑
j

∆Wj
M0j

Mave

. (4.32)

From the condition WI > 0,

∑
j

∆Wj ·M0j < 0. (4.33)

This is analogous to what was found in the proof of Theorem 2.4. This provides a

new way of conceptualizing relatedness as a measure of distance.

The results of the inclusive fitness calculations are in Figure 4.2. What is imme-

diately apparent is that the investment in altruism depends on the location of the

individual. Since this graph is completely void of influences of symmetry and repro-

ductive value, these differences emerge as a result of the structure of the graph. But

what structure, exactly?

I suggest that the observed variation is due to the combined effects of cooperation

and competition among kin [68]. In support of this, consider the vertices 3, 6, and

9. This vertices “look” similar; indeed the net effect of the act on the 1-neighbours

of an altruist at vertex 3 is (2/3)c + (11/9)b, (2/3)c + (12/9)b for vertex 6, and
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4

5

6

1 2 3 4 5 6 7 8 9 10 11 12

b
c
b
c

Figure 4.3: The levels of investment in a neighbourly public-goods game. The Frucht
graph is displayed along the horizontal axis with vertices labelled according to Figure
4.1. The corresponding point on the chart is the critical b/c ratio above which altruism
is able to emerge on the given vertex.

(2/3)c+ (10/9)b for vertex 9. That is, the effects of the altruistic acts on those most

closely related to vertices 3, 6, and 9, are more-or-less comparable. Hence, the average

relatedness between each of these three vertices and their 1-neighbours should have a

strong correlation with the critical b/c ratios; roughly, the more related an individual

is to their neighbours, the more willing it will be to cooperate. This is precisely what

is seen here; see Figure 4.4. Of course, this analysis can only give us a “feel” for

the results in Figure 4.3. The impact of an altruistic act in a finite population of

constant size is quite complex: each gain in fitness is offset by a loss elsewhere [23]. It

is possible that direct neighbours, those most closely related to the altruist, are hardly

affected by the act while distant relatives, those with strong negative relatedness to

the actor, are harmed. The altruistic act could thus spread via spiteful means [28].

4.3.2 A Fixation-probability Analysis

I now consider the probability that an altruist reaches fixation on the Frucht graph.

The general approach is as follows. Start with all vertices as B and suppose that an
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4

5

6

1
12

1
6Rave

b
c

Figure 4.4: The average relatedness between one-neighbours predicts the critical b/c
ratio. The points on the plot correspond, from left to right, to the vertices 3, 6, and
9. For greater average relatedness to the three neighbours, the critical b/c ratio is
lower, meaning the individual at that vertex is more likely to behave altruistically.

A is placed at a specified vertex. Individuals die at random and a neighbour occupies

the vacant site with probability proportional to their relative fitness. There is no

mutation in this process, so the population will fix at either of two states: all B or

all A. Denote the probability that a single A reaches fixation by ρA. In the neutral

population, where neither A nor B have a fitness advantage, the probability that the

population of size N fixes at all A having started with only one A is 1/N , as is given

by Theorem 4.2. Therefore, a reasonable condition [44] for an allele to be favoured

by evolution is ρA > 1/N . For vertex-transitive graphs, Theorem 2.4 establishes that

the inclusive fitness condition WI > 0 is equivalent to the condition ρA > 1/N . The

Frucht graph is an example where these two are not equivalent.

The fecundity of an individual i is fi = 1 − w + wP , where w is the strength of

selection and P is the payoff received from playing the game with their neighbours

[34]. For example, if an A individual has one A and two B neighbours then their total

payoff is P = (b− c) + 2(−c) = b− 3c. Once these fecundity values are calculated, an
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individual i dies and is replaced by an offspring of its neighbour j with probability

fj
ftot

, (4.34)

where ftot is the total fecundity of all the neighbours of i. This process continues

until the population consists entirely of A or B.

4

5

6

1 2 3 4 5 6 7 8 9 10 11 12

b
c
b
c

Figure 4.5: The critical b/c ratios above which ρA > 1/12. These ratios were deter-
mined using a simulation run 107 iterations for each b/c ratio; c stayed constant at −1
and b was incremented by 1/10 after each trial. The points on this plot represent the
lowest b/c ratio such that the 95% confidence interval centred at the observed fixation
proportion did not contain the neutral probability of fixation, 1/12. It is very likely
that the fixation probabilities are actually equal and any observed variation is due to
sampling.

Figure 4.5 displays the approximate b/c ratios above which ρA > 1/N . As before,

variation is observed. However, it is very likely that the fixation probabilities are actu-

ally all equal. The absence of symmetry prevents the derivation of analytical solutions

and the computational complexity of tracking an evolutionary game introduces some

uncertainty into the results. Assuming that there is actual variation in the fixation

probabilities, an explanation is offered; a greater number of non-symmetric, regular

graphs should be considered to establish the veracity of the explanation. A key event

that promotes the fixation of a cooperative allele is the formation of clusters [25, 50].
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Clusters of cooperators resist invasion by defectors and are better able to survive

than lone cooperators. These clusters are more likely to form around vertices with

neighbourhoods concentrated locally. The neighbourhoods in the Frucht graph are

all different, spreading some clusters thinner than others. This results in variations

in how easily a defector may infiltrate a cluster of cooperators.



Chapter 5

Non-additive Games

I have considered only additive games to this point, in which the fitness effects of

a number of altruists on a member of the population is the sum of the individual

effects. The assumption of additivity, although greatly simplifying, is not necessary

for an inclusive fitness analysis. In this chapter, I illustrate, by way of an example,

an inclusive fitness analysis of a non-additive game on a graph. I conclude by relating

non-additivity with recent results that have appeared in the literature.

Consider the general, non-additive game

A B

A b− c+ d −c

B b 0

(5.1)

This is a game with synergistic interactions as considered in [55]. This is the game I

have previously considered with the added feature that if two altruists interact they

receive a synergistic benefit, d. Very few results have been obtained for non-additive

89
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games, partly due to their computationally intensive nature [2, 47, 48].

In this game, the fitness of an individual with genotype xi when playing against

one of type xj is,

W (xi, xj) = 1 + (b− c+ d)xixj − cxi(1− xj) + b(1− xi)xj

= 1 + dxixj − cxi + bxj. (5.2)

Combining this with the Price Equation (2.12) of Chapter 2 yields covariance terms

of the form cov(xixj, x0), where x0 is a focal actor and xi and xj are the genotypes of

two random recipients, which may be the actor. This observation alone indicates that

non-additive games are more complex than additive—a measure of the relatedness

of an individual to a pair of individuals is needed. To illustrate this, I re-work the

five-cycle example.

5.1 A Non-additive Game on a Five Cycle

Consider the five cycle example from Chapter 2, this time with a non-additive game.

Focus attention on vertex 0. The fecundity of the individual at 0 is,

f0 = 1 + b(x1 + x4)− 2cx0 + d(x0x1 + x0x4), (5.3)

where the numbering is as in Figure 3.1. Supposing a death-birth process, 0 competes

for sites 1 and 4 against individuals 2 and 3, respectively. Due to the symmetry of

the five cycle, these result in identical fitness effects, so I capture them both with a
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coefficient of 2 in the fitness expression,

W0 =
2

5

f0
f0 + f2

+
4

5
(5.4)

≈ 2

5

(
2 + b(x4 − x3)− 2c(x0 − x2) + d(x0x1 + x0x4 − x2x1 − x2x3)

4

)
+

4

5
.

As usual I assume weak selection; that b, c, and d are small enough to ignore terms

of order higher than one.

Substituting this term into the Price Equation 2.12 yields,

E[∆p] = E [b (cov(x4, x0)− cov(x3, x0))− c (cov(x2, x0)− cov(x0, x0))

+ d (cov(x0x1, x0) + cov(x0x4, x0)− cov(x2x1, x0)− cov(x2x3, x0))]

= E[cov(x0, x0)]

(
b

2
(R1 −R2) + c (R2 − 1)

)
+d (2cov(x0x1, x0)− cov(x1x2, x0)− cov(x2x3, x0)) . (5.5)

The coefficient on the d term comprises covariances between an individual and a pair

of individuals. These are of three types: involving the focal individual twice; three

contiguous individuals; and three individuals, two of which are adjacent. I analyze

each of these in turn.

Ideally, these expressions are handled with probabilities of identity by descent, as

was done in [73]. To this end, first observe that

E[cov(xy, z)] = cov[xy, z]− cov [E(xy),E(z)] , (5.6)

as in Chapter 3. I deal first with the cov[xy, z] term. There are two, non-trivial

possibilities: either all of x, y, and z are distinct, or two of them coincide, in which
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case I write cov[xy, x]. These are readily calculated [75]:

cov[xy, x] = E[x2y]− E[xy]E[x]

= E[xy]− pE[xy]

= E[xy](1− p)

= (cov[x, y] + E[x]E[y]) (1− p)

= p(1− p) (p+ (1− p)rxy) , (5.7)

and

cov[xy, z] = E[xyz]− E[xy]E[z]

= E[xyz]− (cov[x, y] + E[x]E[y])p

= E[xyz]− p(p(1− p)rxy + p2). (5.8)

Here, E[x] = p, as before. The calculation of E[xyz] and cov[E(x),E(xy)] have been

reserved for their own subsections, so as to not delineate from the task at hand. These

expressions can be combined to yield

E[cov(x0x1, x0)]

E[cov(x0, x0)]
=

E[cov(x0x4, x0)]

E[cov(x0, x0)]
=
p(1− p) (p+ (1− p)r1)− cov[E(x0),E(x0x1)]

p(1− p)(1− rave)

(5.9)

E[cov(x2x1, x0)]

E[cov(x0, x0)]
=

E[x0x1x2]− p(p(1− p)r1 + p2)− cov[E(x0),E(x1x2)]

p(1− p)(1− rave)
(5.10)
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E[cov(x2x3, x0)]

E[cov(x0, x0)]
=

E[x0x2x3]− p(p(1− p)r1 + p2)− cov[E(x0),E(x2x3)]

p(1− p)(1− rave)
(5.11)

These can be introduced into Equation (5.5), which, in the limit of small mutation,

yields,

WI =
1

2
b− 3c+

7

4
d. (5.12)

Again, for the altruistic act to be favoured by evolution, we require WI > 0. This,

when applied to Equation (5.12) reveals that the synergistic payoff works in favour

of altruism, as should be expected.

5.1.1 The Calculation of cov[E(x),E(xy)]

I’ll return to the calculation of E[xyz], but first consider cov[E(xy),E(z)] and

cov[E(xy),E(x)]:

cov[E(xy),E(z)] = E[E(xy)E(z)]− E[E(xy)]E[E(z)],

cov[E(xy),E(x)] = E[E(xy)E(x)]− E[E(xy)]E[E(x)]. (5.13)

Since E(x) = E(z) for any population state, I have cov[E(xy),E(z)] = cov[E(xy),E(x)].

These can be calculated by considering all states of the population. The only states

that need be considered are those with at least two adjacent A types. There are

four such cases, up to rotational symmetry: i) two A, both adjacent; ii) three A, all

adjacent; iii) three A, two adjacent; and, iv) four A. To calculate the between-state

expectations, I must first find the relative frequency of each state over time. Since

mutations are rare, the population will spend most of the time at either of the two
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states comprised of all A or all B. Once a mutation occurs, the population will rel-

atively quickly revert back to one of the two pure states. To calculate the relative

time spent in each intermediate state, consider the transition probability matrix,



3/5 1/5 2/5 0 0 0 µ 0

1/5 3/5 0 1/5 1/5 0 0 0

0 0 1/5 0 1/5 0 0 0

0 1/5 1/5 3/5 0 1/5 0 0

0 0 1/5 1/5 1/5 0 0 0

0 0 0 0 2/5 3/5 0 µ

1/5 0 0 0 0 0 1− µ 0

0 0 0 0 0 1/5 0 1− µ



(5.14)

where the columns and rows are arranged according to the state order,



1

0

0

0

0


,



1

1

0

0

0


,



1

0

1

0

0


,



1

1

1

0

0


,



1

1

0

1

0


,



1

1

1

1

0


,



0

0

0

0

0


,



1

1

1

1

1


. (5.15)

Matrix 5.14 may be written

 A µB

C (I − µ)D

 , (5.16)
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and the dynamics as

 µX ′

Y ′

 =

 A µB

C (I − µ)D


 µX

Y

 =

 µAX + µBY

µCX + Y − µDY

 ,
where Y is the vector of the two pure states and X is the vector of transitional states.

Considering µ ≈ 0, I take the limit of the above expression to yield,

X ′ = AX + BY

Y ′ = Y. (5.17)

Since the solution to the second equation is an identity, X is found via

X = (I −A)−1BY

=



2/5 −1/5 −2/5 0 0 0

−1/5 2/5 0 −1/5 −1/5 0

0 0 4/5 −3/5 −1/5 0

0 −1/5 −1/5 1 0 −1/5

0 0 −1/5 −1/5 4/5 0

0 0 0 0 −2/5 2/5



−1 

1 0

0 0

0 0

0 0

0 0

0 1



 1

1



=
1

38

[
250 180 65 75 35 130

]T
. (5.18)

This vector gives the relative proportion of time spent in each intermediate state.
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Now the cov[E(xy),E(x)] expression is calculated via the following table:

(i) (ii) (iii) (iv)

E(x) 2/5 3/5 3/5 4/5

E(xy) 1/5 2/5 1/5 3/5

E(x)E(xy) 2/25 6/25 3/25 12/25

State Freq. 180/735 75/735 35/735 130/735

(5.19)

In all,

cov[E(x),E(xy)] = E[E(x)E(xy)]− E[E(x)]E[E(xy)]

=
6

89
. (5.20)

5.1.2 The Calculation of E[xyz]

The calculation of E[xyz] can be performed by considering all possible states, as

above, or via IBD probabilities. I chose the latter to illustrate the notion of triplet

IBDs, as in [47, 48]. Observe that x, y, and z are either: all IBD; two of the three are

IBD; or, none are IBD. Denote the probability of each of these three cases by h1, h2,

and h3, respectively. The h will depend on the configuration of x, y, and z; either all

three are contiguous, or some two are. This yields E[xyz] = ph1 + p2h2 + p3h3. Also,

h1 + h2 + h3 = 1. I exploit this second observation and solve for h1 and h3, finding

h2 via h2 = 1− h3 − h1.

For h1, the individuals x, y, and z are either contiguous, or two are and one is

isolated. Denote the three contiguous case IBD probability R3 and the other by R2.

Triplet IBD probabilities are, for an arbitrary graph, difficult to solve for, but the



CHAPTER 5. NON-ADDITIVE GAMES 97

symmetry of the five cycle allows for a derivation of a simple system of equations.

Here I derive such an equation for R3, with reference to Figure 3.1. Suppose the

individual at 0 is the most recent. It could have come from either 1 or 4, each with

probability 1/2 and fidelity (1−µ). If it came from 1, then we require the probability

that 1 and 4 were IBD. They were with probability r2. If it came from 4, then we

require the probability of 4 and 1 being IBD, which is, again, r2. Similarly, if 4 is the

most recent, it either came from 3 or 1. In the first case the IBD between 1, 0 and 3

was R2; in the second, the IBD between 1 and 0 was r1. A similar argument is made

for each vertex, resulting in

R′

3 =
1

5
(1− µ)r2 +

2

5

(1− µ)

2
(R2 + r1) +

2

5
R3. (5.21)

Similarly,

R′

2 =
1

5
(1− µ)R3 +

2

5

(1− µ)

2
(R2 + r2) +

2

5
R2. (5.22)

Setting R′
= R yields

R2 = −(µ2 − 2µ+ 1) r1 + (µ2 − 5µ+ 4) r2
µ2 − 5µ− 5

,

R3 =
(µ2 + µ− 2) r1 + (3µ− 3) r2

µ2 − 5µ− 5
. (5.23)

These are interesting expressions, since they indicate that R2 and R3 can be calcu-

lated with the standard IBD terms r1 and r2.

The calculation of h3 is similar. Again, either all of x, y, and z are contiguous,
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denoted S3, or only two are, denoted S2. Using an argument similar to the one above,

S2 =
1

5
((1− µ)S3 + µ(1− r1)) +

2

5

(
(1− µ)

2
S2 +

µ

2
(1− r2)

)
+

2

5
S2

S3 =
2

5

(
(1− µ)

2
S2 +

µ

2
(1− r1)

)
+

2

5
S3 (5.24)

Again, these are solved by setting S ′ = S. These are incorporated into the expected

value equations,

E[x0x1x2] = pR3 + p2 (1−R3 − S3) + p3S3,

E[x0x2x3] = pR2 + p2 (1−R2 − S2) + p3S2. (5.25)

These reduce to horrendous expressions, which will not be reproduced here.

5.2 The General Case

Recently, Tarnita, et al. have introduced a surprising quantity to the study of evolu-

tionary games in structured populations [63, 40, 45, 64]. They work with the arbitrary

2× 2 game,

A B

A a b

B c d

(5.26)

They find that, under certain assumptions, strategy A is favoured over B provided,

σa+ b > c+ σd, (5.27)
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for some parameter σ that depends on the structure of the population and the update

rule, but not on the parameters of the game.

By a simple shift of parameters, Tarnita et al.’s matrix is seen to be equivalent to

the one introduced at the beginning of this chapter. This means that the results of [63]

apply to the inclusive fitness calculation performed in this chapter. This connection

has been made [75], and I recount it here.

Theorem 5.1. The inclusive fitness effect of a population playing the general game

in Matrix 5.1 is given by,

WI = βb− γc+

(
β + γ

2
+

(
p− 1

2

)
α

)
d, (5.28)

where β, γ, and, α are functions of the standard pairwise relatedness expressions and

p = E[x]. In particular, assuming a symmetric mutation rate, µAB = µBA, yields

p = 1/2 and hence,

WI = βb− γc+

(
β + γ

2

)
d. (5.29)

Proof. Similar to what was shown in the example of the previous section, the fitness

of an individual is of the form,

W = f1a+ f2b− f3c− f4d. (5.30)

Substituting this into Equation (2.12) yields,

WI =
E[cov(x, f1)]

E[cov(x, x)]
a+

E[cov(x, f1)]

E[cov(x, x)]
b− E[cov(x, f1)]

E[cov(x, x)]
c− E[cov(x, f1)]

E[cov(x, x)]
d. (5.31)
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The numerators of each of these coefficients will include terms of the form cov(xy, x),

cov(yz, x), and the standard IBD terms. Each of these can be shown to depend only

on p, as was done in the previous example. Therefore, I write,

WI = g1(p)a+ g2(p)b− g3(p)c− g4(p)d. (5.32)

I can write a similar expression for the inclusive fitness effect of B,

WI(B) = g1(q)d+ g2(q)c− g3(q)b− g4(q)a, (5.33)

where q = 1 − p. Since the inclusive fitness expression is a measure of the rate of

increase of a proportion, we have

WI = −λWI(B) (5.34)

for some λ > 0. Comparing both sides of the equation reveals

g4(q) = λg1(p), g3(q) = λg2(p), g2(q) = λg3(p), and, g1(q) = λg4(p). (5.35)

From this,

g4(q) = λg1(p) = λ2g4(q). (5.36)

Since λ > 0, we have λ = 1. Observe that

WI = g1(p)a+ g2(p)b− g2(q)c− g1(q)d. (5.37)
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Substitute the payoff values from the Matrix 5.1 to yield

WI = (g1(p)− g2(q))b− (g1(p) + g2(p))c+ g1(p)d. (5.38)

When d = 0 I have the standard inclusive fitness expression that only involves the

pair-wise relatedness terms, which are independent of p. Define β and γ such that

WI = βb− γc+ g1(p)d. (5.39)

Comparing this expression with the previous yields

g1(p) =
β + γ

2
+
g2(q)− g2(p)

2
. (5.40)

The second term on the right hand side is 0 when p = q = 1/2. Also, it was shown

that g2 is linear in p. I conclude that this term is of the form (p− 1/2)α for some α

independent of p. In all,

WI = βb− γc+

(
β + γ

2
+

(
p− 1

2

)
α

)
d. (5.41)

Supposing that the mutation rates from A to B and from B to A are equal, as I have

done throughout, this reduces to

WI = βb− γc+

(
β + γ

2

)
d. (5.42)
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This theorem is not the first result to indicate that the triplet covariance expres-

sions may be calculated via the standard pairwise expression. Gardner, et al. [20]

have used a statistical argument to write the triplet covariance terms as a function of

the pairwise covariance, which are, in turn, essentially slopes of regression lines. This

theorem does, however, offer something for free: after performing an inclusive fitness

analysis it is only a matter of averaging the b and c coefficients to investigate the

influence of d on the behaviour. This result confirms what I found in the synergistic

example on the five cycle: the harrowing calculation I performed for the d coefficient

was not necessary. The result of it is merely the average of the b and c coefficients,

which are calculated easily.

It is interesting to note that synergy introduces frequency dependence into the

inclusive fitness effect. This does not occur in additive games. A result of this is that

a stable polymorphism of the two strategies is possible.

5.3 Synergy in Action

The main thrust of the results in this chapter is theoretical. Inclusive fitness theory

has been criticised for failing to be applicable to non-additive games [15, 66, 78, 46, 76].

As demonstrated in this chapter, and as others have shown [29, 19, 20], this is not the

case. Rather, I suggest that the absence of investigation on the effect of the synergy

in an inclusive fitness setting is due to cumbersome mathematics. Theorem 5.1 goes

far in making synergy accessible.

What remains is the practical application of Theorem 5.1. Applying Theorem 5.1
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to the results of [72] on altruism on vertex-transitive graphs yields

WI =

(
N

k
− 2

)
b− (N − 2)c+

(
N(1 + k)

2k
− 2

)
d. (5.43)

for the death-birth process. Setting d = 0 and solving WI > 0 yields the known

condition on the b/c ratio. The presence of d complicates matters. Perhaps one way

to analyze this expression is by setting d = a ·b for some parameter a > 0, and solving

WI > 0. Doing so yields

b

c
>

k(N − 2)

(N − 2k) +
a(N(1 + k)− 2k)

2

. (5.44)

It is seen that as d increases the b/c ratio decreases. Thus, in this case synergy

promotes the evolution of altruism, which is not all that surprising. What is needed

is an exploration of when synergy is vital to the evolution of behaviours. Such an

investigation was performed in [48], where synergy was considered as a force that could

potentially overcome the competition effect between relatives found in the infinite

island model of [69]. The author showed that it could not.

As it stands, synergy is a topic looking for a question.



Chapter 6

Summary and Conclusions

This thesis has presented inclusive fitness theory in the context of evolutionary games

on graphs. Graphs are an interesting population structure to work with because they

provide a clean dilineation of the effects of an action (Chapter 2) and a wealth of re-

sults from graph theory carry over to the study of evolutionary processes (Chapter 3).

The exact features of graphs that act to promote/inhibit altruism are not yet known

in general (Chapter 4). In some cases, notably non-additive games, the machinery of

inclusive fitness has outpaced the questions asked (Chapter 5).

6.1 Future Work

The nature of evolutionary graph theory is such that no all-encompassing results are

known. Perhaps the most general is that of [73], Theorem 5.1: for a vertex-transitive

graph on N vertices, each of degree k, the critical b/c ratio for a local public goods

104
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game is

b

c
>
k(N − 2)

N − 2k
, (6.1)

This generalizes the earlier “Hamilton”-type rules of [42, 49, 50]. How general is this

result? I suspect that the class of vertex-transitive graphs is sparse in the class of

all graphs—they are most probably quite rare for N of any appreciable size. But

consider the Frucht graph of Chapter 4. For this graph, N = 12 and k = 3, which,

by a näıve application of the above, yields,

b

c
>

3(12− 2)

12− 6
= 5, (6.2)

which is a very good approximation of the actual average b/c ratio of 4.998 found in

Chapter 4. Keep in mind that this equation holds for only the most symmetric of

graphs while the Frucht graph is entirely non-symmetric. This seems to suggest that

similar results are obtainable in the absence of symmetry. However, this is of limited

use for calculating the fixation probabilities.

In addition to these points, there are a few assumptions I imposed early on which

are worth examining.

Pair-wise interactions. All of the games I have considered are two-player; two

individuals pair off and receive the benefits/costs associated with the game. It is

possible for a group to gather and all play the game simultaneously. This appears

to be a largely unexplored situation with results appearing only recently and in a

restrictive case [77].

Two strategies. It is possible for a player’s strategy set to consist of more than
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two strategies. There could be any number of pure strategies and a continuum of

combinations of these strategies. Results in this scenario have been obtained since

the creation of evolutionary game theory [62]. However, there are no results for games

consisting of more than two strategies played in a finite population [65]. One of the

main technical obstacles is determining conditions for when one strategy is “better”

than another.

Haploidy. A vast literature exists on ploidy systems other than haploid and general

results are still being obtained [87]. There are no results on evolutionary graphs for

ploidy systems other than haploidy.

Asexual reproduction. Graphs are a convenient representation of populations of

abstinate, clonaly-reproducing individuals. Introducing sexual reproduction seems to

be a challenge. Scant work has appeared on this topic [83] and it appears that the

mathematics required is still quite cumbersome.

Homogeneity. Almost all results obtained to this point concern highly symmetric

populations where all individuals are identical. There are many possible ways to re-

move these homogeneity constraints. Chapter 4 deals with two types of heterogeneity.

One is an entirely non-symmetric, regular graph. In this structure all individuals are

identical, insofar as reproductive value is concerned, yet differing investments into

altruism are observed. The other is the wheel graph. The wheel graph is symmetric,

to an extent, but there are two classes of vertex, determined by degree. This creates

a natural disparity; depending on the population dynamics, one is favoured over the

other.

These two examples are not the only way to introduce heterogeneity. Another is

to introduce location-dependent fecundity. This seems to be an entirely unexplored
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Figure 6.1: a) The five cycle with a fecundity gradient. b) The results of an inclusive
fitness analysis on this five cycle with gradient. The curves correspond to, from top
to bottom, vertices 2 and 3, vertices 1 and 4, and vertex 0, respectively.

topic; the only writing I have found on this is from a summer school for undergraduates

in Urbana-Champaign [54]. It is possible that some sites are more ‘resource rich’, say,

than others which bestows a natural fecundity advantage. Consider the five cycle

in Figure 6.1. The vertices are all the same, topologically, but the individuals that

inhabit the vertices have different baseline fecundities. For example, the one at 0 has

fecundity W0 = 1+b(x1+x4)−2cx0; the one at 1 has W1 = (1+ε)+b(x0+x2)−2cx1;

the one at 2 has W2 = (1− 2ε) + b(x1 + x3)− 2x2. As before, I perform an inclusive

fitness analysis of an altruistic act at each vertex.

The results are in Figure 6.2b. As the strength of the gradient increases, the indi-

viduals at each vertex contribute different levels to altruism. The b/c ratio decreases,

meaning altruism is more easily supported, for vertex 0 as ε increases away from

zero, while the b/c ratio for vertices 2 and 3 increases. This is perhaps not entirely

unexpected, but a general theory of the influence of disparity on social behaviours is

desireable.

These are just a sampling of the topics waiting to be addressed in evolutionary

graph theory.
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