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Abstract 

A verified elasto-viscoplastic finite element model is used to develop a better understanding of 

the performance of embankments with geosynthetic reinforcement constructed over rate-sensitive 

soil. The interaction between reinforcement and prefabricated vertical drains (PVDs) and their 

effects on time-dependent behaviour of embankments are examined. For rate-sensitive soils, the 

generation of creep-induced pore pressures following the end of construction is evident along the 

potential slip surface. As a result, the minimum factor of safety with respect to embankment 

stability occurs after the end of construction. The combined use of reinforcement and PVDs are 

shown to provide an effective means of minimizing creep-induced excess pore pressure, 

increasing overall stability, and decreasing deformation of the embankments. 

 The combined effects of the viscoelastic properties of geosynthetic reinforcement 

(polyester, polypropylene and polyethylene) and the rate-sensitive nature of foundation soils on 

the performance of embankments are examined. The effect of various factors, including 

reinforcement type (i.e., stiffness and viscosity), soil viscosity, construction rate and allowable 

long-term reinforcement strain, on the time-dependent behaviour of embankments are considered. 

The long-term performance of reinforced embankments is investigated for different maximum 

allowable long-term reinforcement strains. From a series of finite element analyses, the ideal 

allowable reinforcement strains to minimize embankment deformation while providing optimum 

long-term service height of the embankment, considering the effect of soil and reinforcement 

viscosity, are proposed for soils similar to those examined in this study. 

 The currently proposed design methods for embankments with creep-susceptible 

reinforcement over rate-sensitive soils appear to be overly conservative. This study proposes a 

refined approach for establishing the allowable long-term reinforcement strains that are expected 
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to provide adequate performance while reducing the level of conservativeness of reinforced 

embankment design.  

 Finally, a previously developed elasto-viscoplastic constitutive model is modified to 

incorporate the effect of soil structure using a state-dependent fluidity parameter and damage law. 

The model was evaluated against data from a well-documented case study of a reinforced test 

embankment constructed on a sensitive Champlain clay deposit in Saint Alban, Quebec. The 

benefit of basal reinforcement and the effect of reinforcement viscosity are then discussed for 

these types of soil deposits. 



iv 

 

Co-Authorship 

This study was initiated by Dr. R. Kerry Rowe. Chalermpol Taechakumthorn conducted the 

numerical analyses, interpreted the results and wrote all manuscripts under the close guidance and 

supervision of Dr. R. Kerry Rowe. Chapter 2 contains material to be published in Soils and Rocks 

as “The interaction between reinforcement and drains and effect on the performance of 

embankment on soft grounds” co-authored by R.K. Rowe and C. Taechakumthorn. Chapter 3 is a 

modified version of a journal paper co-authored by R.K. Rowe and C. Taechakumthorn and 

published in Geotextiles and Geomembranes as “Combined effect of PVDs and reinforcement on 

embankments over rate-sensitive soils”. Material in Chapter 4 is accepted for a publication in 

ASCE International Journal of Geomechanics as “Performance of reinforced embankments on 

rate-sensitive soils under working conditions considering effect of reinforcement viscosity” co-

authored by C. Taechakumthorn and R.K. Rowe. A paper based on Chapter 5 was submitted to 

Geosynthetics International for review on 1 November 2010, co-authored by C. Taechakumthorn 

and R.K. Rowe, as “Choice of allowable long-term strains for reinforced embankments on a rate-

sensitive foundation”. A paper based on Chapter 6 was submitted to Geotextiles and 

Geomembranes for review on 6 November 2010 as “Design of reinforced embankments on soft 

clay deposits considering both foundation and reinforcement viscosity” co-authored by R.K. 

Rowe and C. Taechakumthorn. Chapter 7 is a draft of manuscript in preparation for submission to 

the Canadian Geotechnical Journal as “Performance of a reinforced embankment on a sensitive 

Champlain clay deposit” co-authored by C. Taechakumthorn and R.K. Rowe. 



v 

 

Acknowledgements 

The author wishes to express his appreciation and gratitude to his advisor Dr. R. Kerry 

Rowe for his guidance, encouragement and support throughout the duration of this research. 

 

The valuable discussion and encouragement given by Dr. Ian D. Moore is greatly 

appreciated and the author also wishes to thank Dr. R. Bathurst, Dr. R. Brachman and Dr. A. 

Take for sharing their valuable practical experience through general course work. 

 

Special thanks go to the author’s former graduate advisor Dr. Dennes T. Bergado for his 

advice and encouragement. 

 

The author wishes to acknowledge Dr. J. P. Carter and Dr. N. P. Balaam for developing 

the original version of the finite element program AFENA from code written by R. L. Taylor 

(Zienkiewicz 1977). Thanks also go to Dr. Ian D. Moore for developing his mesh generating 

program FMESH and Dr. A. Li for developing his post processing program POSTPII. 

 

Sincere appreciation is expressed to Dr. S. D. Hinchberger, Dr. A. Li and Dr. G. Qu for 

their dedication to the development of the numerical model used in this thesis and their valuable 

discussion. The version of AFENA for 2D plane strain condition and rate-sensitive structured soil 

used in Chapter 7 of this thesis was a modified version of axi-symmetric code developed by Dr. 

S. D. Hinchberger and Dr. G. Qu with guidance from Dr. G. Qu. The viscoelastic model for 

reinforcement and the drainage model for prefabricated vertical drains (PVDs) used in this thesis 

were developed by Dr. A. Li. 

 

In addition, the author wishes to thank the faculty, staff and graduate students at the 

Department of Civil Engineering at Queen’s university, especially at the GeoEngineering Centre 

at Queen’s – RMC, for their assistance, friendship and encouragement over the past years. 

 

This study was support by the Natural Sciences and Engineering Research Council of 

Canada awarded to Dr. R. Kerry Rowe. 

 



vi 

 

Finally, the author wishes to thank his family for their love, support, understanding, 

patience and encouragement throughout the course of this study. 



vii 

 

Table of Contents 

Abstract ............................................................................................................................................ ii 

Co-Authorship ................................................................................................................................ iv 

Acknowledgements .......................................................................................................................... v 

Chapter 1 Introduction ..................................................................................................................... 1 

1.1 General ................................................................................................................................... 1 

1.2 Outline of the thesis ............................................................................................................... 4 

1.3 Original contributions ............................................................................................................ 7 

1.4 References ............................................................................................................................ 10 

Chapter 2 Literature Review .......................................................................................................... 14 

2.1 Introduction .......................................................................................................................... 14 

2.2 Reinforced embankment on soft ground .............................................................................. 15 

2.3 Undrained behaviour of reinforced embankments ............................................................... 17 

2.4 Partially drained behaviour of reinforced embankments ..................................................... 19 

2.5 Interaction between reinforcements and PVDs .................................................................... 20 

2.6 Consolidation of the PVDs-improved soils under linear loading condition ........................ 22 

2.7 Design of the embankment on soft ground: Considering the interaction between 

reinforcements and PVDs .......................................................................................................... 25 

2.8 Effect of creep/relaxation of geosynthetic reinforcements .................................................. 27 

2.9 Reinforced embankments on rate-sensitive soil ................................................................... 28 

2.10 Summary and conclusions ................................................................................................. 29 

2.11 References .......................................................................................................................... 31 

Chapter 3 Combined effect of PVDs and reinforcement on embankments constructed over rate-

sensitive soils ................................................................................................................................. 43 

3.1 Introduction .......................................................................................................................... 43 

3.2 Finite element modeling and model parameters .................................................................. 45 

3.2.1 Mesh discretisation ....................................................................................................... 45 

3.2.2 Constitutive model for rate-sensitive soil and soil parameters ..................................... 46 

3.2.3 Embankment fill parameters and construction rates ..................................................... 48 

3.2.4 Interface parameters and reinforcement stiffness ......................................................... 48 

3.2.5 Drainage element .......................................................................................................... 48 



viii 

 

3.2.6 PVDs properties ............................................................................................................ 50 

3.3 Results and discussions ........................................................................................................ 50 

3.3.1 Short-term stability of reinforced embankments........................................................... 51 

3.3.2 The effects on the long-term reinforcement strain ........................................................ 52 

3.3.3 The effects on the excess pore water pressure dissipation ............................................ 55 

3.3.4 The effects on the differential settlement and lateral deformation of the embankment 56 

3.4 Summary and conclusions ................................................................................................... 58 

3.5 References ............................................................................................................................ 60 

Chapter 4 Performance of reinforced embankments on rate-sensitive soils under working 

conditions considering effect of reinforcement viscosity .............................................................. 74 

4.1 Introduction .......................................................................................................................... 74 

4.2 Problem considering and numerical model .......................................................................... 76 

4.3 Model parameters ................................................................................................................. 77 

4.3.1 Constitutive model and parameters for rate-sensitive soil ............................................ 77 

4.3.2 Embankment fill parameters and construction rates ..................................................... 79 

4.3.3 Constitutive model and parameters for geosynthetics reinforcement ........................... 79 

4.4 Results and discussions ........................................................................................................ 81 

4.4.1 Ground surface settlement profile and lateral toe deformations ................................... 81 

4.4.2 Settlement of reinforced embankment under working condition .................................. 83 

4.4.3 Effect of soil viscosity on the long-term deformation of reinforced embankment under 

working condition .................................................................................................................. 84 

4.4.4 Effect of construction rate on the long-term performance of reinforced embankment 

under working condition ........................................................................................................ 85 

4.4.5 Effect of the choice of the long-term reinforcement strain on the performance of 

reinforced embankment on rate-sensitive soils ...................................................................... 87 

4.5 Summary and conclusions ................................................................................................... 88 

4.6 References ............................................................................................................................ 91 

Chapter 5 Choice of allowable long-term strains for reinforced embankment on rate-sensitive 

foundation .................................................................................................................................... 104 

5.1 Introduction ........................................................................................................................ 104 

5.2 Finite element simulation ................................................................................................... 105 

5.3 Constitutive model and model parameters for foundation and fill material ...................... 106 



ix 

 

5.4 Constitutive model and model parameters for geosynthetic reinforcement ....................... 108 

5.5 Results and discussions ...................................................................................................... 109 

5.5.1 Effect on the long-term net embankment height ......................................................... 109 

5.5.2 Effect of the long-term horizontal toe movement ....................................................... 110 

5.5.3 Effect on the maximum differential settlement ........................................................... 112 

5.5.4 Effect on the long-term maximum settlement ............................................................. 114 

5.6 Summary and conclusions ................................................................................................. 116 

5.7 References .......................................................................................................................... 118 

Chapter 6 Design of reinforced embankments on soft clay deposits considering both foundation 

and reinforcement viscosity ......................................................................................................... 131 

6.1 Introduction ........................................................................................................................ 131 

6.2 Problem considered and numerical model ......................................................................... 133 

6.3 Model parameters ............................................................................................................... 134 

6.3.1 Constitutive model and parameters for rate-sensitive soil .......................................... 134 

6.3.2 Constitutive model and parameters for geosynthetic reinforcement ........................... 135 

6.4 Results and discussions ...................................................................................................... 136 

6.4.1 Combined effect of reinforcement viscosity and rate-sensitive foundation on the 

performance of the embankment.......................................................................................... 136 

6.4.2 Critical stage and operational strain rate under working condition ............................ 139 

6.4.3 Factors affecting the time of the critical pore pressure (critical stage) and the critical 

strain rate .............................................................................................................................. 141 

6.4.4 The effect of construction rate on the reinforcement stiffness at the critical stage ..... 144 

6.4.5 Proposed design procedure ......................................................................................... 146 

6.4.6 Comparison of results from proposed design procedure with those from full finite 

element analyses .................................................................................................................. 149 

6.5 Summary and conclusions ................................................................................................. 151 

6.6 References .......................................................................................................................... 154 

Chapter 7 Performance of a reinforced embankment on a sensitive Champlain clay deposit ..... 166 

7.1 Introduction ........................................................................................................................ 166 

7.2 Ground condition at Saint Alban ....................................................................................... 168 

7.3 Geometry, construction and modelling of the test embankment ........................................ 169 

7.4 Constitutive model for rate-sensitive structured clay and material parameters ................. 170 



x 

 

7.4.1 Overstress elasto-viscoplasticity ................................................................................. 171 

7.4.2 Modification for soil structure effect .......................................................................... 172 

7.4.3 Embankment fill, reinforcement and interface parameters ......................................... 174 

7.5 Selection of foundation soil parameters ............................................................................. 174 

7.6 Comparison of calculated and measured responses ........................................................... 176 

7.6.1 Failure height and vertical settlement ......................................................................... 177 

7.6.2 Excess pore water pressure ......................................................................................... 178 

7.6.3 Horizontal deformation ............................................................................................... 179 

7.6.4 Performance of geogrid reinforcement ....................................................................... 179 

7.7 Summary and conclusions ................................................................................................. 180 

7.8 References .......................................................................................................................... 183 

Chapter 8 Conclusions and recommendations ............................................................................. 196 

8.1 Conclusions ........................................................................................................................ 196 

8.2 Recommendations .............................................................................................................. 202 

8.3 References .......................................................................................................................... 204 

Appendix A Coupled finite element implementation .................................................................. 205 

A.1 Viscoplastic strain and stress increments .......................................................................... 205 

A.1.1 Strain increment ......................................................................................................... 205 

A.1.2 Stress increments ........................................................................................................ 206 

A.1.3 Gradient matrix, [H] ................................................................................................... 206 

A.2 Coupled finite element equations ...................................................................................... 207 

Appendix B Elliptical cap constitutive formulation .................................................................... 211 

Appendix C Prefabricated vertical drains constitutive formulation ............................................. 215 

Appendix D Elastic-viscoplastic model for geosynthetics reinforcement ................................... 216 

D.1 Uniaxial constitutive equations ......................................................................................... 216 

D.2 Finite element implementation .......................................................................................... 217 

Appendix E Limit equilibrium method for reinforced embankment on soft ground ................... 218 

Appendix F Estimating the undrained shear strength reduction factor used in the design of 

embankment on rate-sensitive soils ............................................................................................. 222 

Appendix G Finite element code for elasto-viscoplastic model for structured soils ................... 225 

Appendix H Selection of constitutive parameters for the rate-sensitive structured soil .............. 254 

Appendix I Other details regarding the numerical aspect of the model ....................................... 263 



xi 

 

I. 1 Mesh details ....................................................................................................................... 263 

I.1.1 The general mesh for highway embankment ............................................................... 263 

I.1.2 The specific mesh for Saint Alban reinforced test embankment ................................. 264 

I.2 Material properties .............................................................................................................. 266 

I.3 Selection of time steps used in finite element analysis ....................................................... 267 

  

  



xii 

 

List of Figures 

Figure 2.1 Comparison of predicted and observed reinforcement strains at A (modified from 

Rowe and Jones 2000) ................................................................................................................... 37 

Figure 2.2 Maximum net embankment height and allowable reinforcement strain (modified from 

Hinchberger and Rowe 2003) ........................................................................................................ 37 

Figure 2.3 Variation of allowable compatible strain εa with dimensionless parameter Ω (modified 

from Rowe and Soderman 1985) ................................................................................................... 38 

Figure 2.4 Chart for estimating reinforcement strains at embankment failure for foundation soils 

with strength increase with depth (modified from Hinchberger and Rowe 2003). ........................ 38 

Figure 2.5 Embankment failure height against reinforcement tensile stiffness (modified from 

Rowe and Li 1999) ........................................................................................................................ 39 

Figure 2.6 Increase of failure height after 98% consolidation at end of first stage construction 

(modified from Li and Rowe 1999b) ............................................................................................. 39 

Figure 2.7 The combined effect of reinforcement and PVDs on the short-term stability of the 

embankment (modified from Rowe and Li 2005) ......................................................................... 40 

Figure 2.8 The combined effect of reinforcement and PVDs on lateral deformation beneath the 

toe of the embankment (modified from Rowe and Li 2005) ......................................................... 40 

Figure 2.9 Contours showing the increase in undrained shear strength, Δsu in kPa, at end of 

construction, as calculated from FEM analyses (modified from Li and Rowe 2001a) .................. 41 

Figure 2.10 Breakdown of linear ramp load function for consolidation analysis considering soil in 

its overconsolidated and normally consolidated states (reproduced from Li and Rowe 2001a) .... 41 

Figure 2.11 Variation of reinforcement strain with time during and following embankment 

construction (modified from Li and Rowe 2001b) ........................................................................ 42 

Figure 2.12 Variation of reinforcement tensile stiffness with time during and following 

embankment construction (modified from Li and Rowe 2001b) ................................................... 42 

Figure 3.1 Finite element mesh discretisation ............................................................................... 65 

Figure 3.2 Elliptical cap model (modified from Rowe and Hinchberger 1998) ............................ 65 

Figure 3.3 Preconsolidation pressure and initial vertical stress profiles (Rowe and Li 2002) ....... 66 

Figure 3.4 Effects of soil viscosity and construction rate on the short-term failure height of the 

embankment ................................................................................................................................... 66 



xiii 

 

Figure 3.5 Effects of reinforcement stiffness and construction rate on the short-term failure height 

of the embankment ......................................................................................................................... 67 

Figure 3.6 Effect of PVDs on the short-term failure height of the embankment ........................... 67 

Figure 3.7 Effects of construction rate and reinforcement stiffness on the maximum mobilized 

reinforcement strain ....................................................................................................................... 68 

Figure 3.8 Effects of PVDs and reinforcement stiffness on the maximum mobilized reinforcement 

strain ............................................................................................................................................... 68 

Figure 3.9 Contours of excess pore water pressures at 1 month after the end of construction (CR = 

10 m/month, J = 2000 kN/m) ......................................................................................................... 69 

Figure 3.10 The difference of excess pore water contour at the end of construction and 1 month 

after the end of construction (CR = 10 m/month, J = 2000 kN/m) ................................................ 69 

Figure 3.11 Effect of reinforcement stiffness and PVDs on the dissipation of excess pore pressure 

with time at the location of the maximum difference shown in Figure 10 (i.e., 6 m beneath the 

embankment shoulder) ................................................................................................................... 70 

Figure 3.12 Effect of reinforcement stiffness and PVDs on the differential settlement of the 

foundation surface .......................................................................................................................... 70 

Figure 3.13 Effect of reinforcement stiffness on the differential settlement of the foundation ..... 71 

Figure 3.14 Effect of assumptions regarding resistance to drainage in the PVDs on the differential 

settlement at the foundation surface............................................................................................... 71 

Figure 3.15 Effect of reinforcement stiffness and PVDs on the horizontal deformation beneath the 

embankment toe ............................................................................................................................. 72 

Figure 3.16 Effect of reinforcement stiffness on horizontal deformation beneath the embankment 

toe................................................................................................................................................... 72 

Figure 3.17 Effect of assumptions regarding resistance to drainage in the PVDs on horizontal 

deformations beneath the embankment toe .................................................................................... 73 

Figure 4.1 Finite element mesh discretisation ............................................................................... 97 

Figure 4.2 Stress profile (modified from Rowe and Li 2005) ........................................................ 97 

Figure 4.3 Long-term surface profile of four reinforced embankments founded on soil R1 under 

working conditions......................................................................................................................... 98 

Figure 4.4 Lateral toe movement for four reinforced embankments founded on soil R1 under 

working conditions......................................................................................................................... 98 



xiv 

 

Figure 4.5 Total and differential settlement with time of an embankment reinforced using HDPE 

G1 geogrid (soil R1) ...................................................................................................................... 99 

Figure 4.6 Effect of reinforcement type and stiffness on maximum and differential settlement of 

four reinforced embankments on soil R1 ....................................................................................... 99 

Figure 4.7 Horizontal toe movement for reinforced embankments on two rate-sensitive soils ... 100 

Figure 4.8 Maximum and differential settlement of reinforced embankments on two rate-sensitive 

soils .............................................................................................................................................. 100 

Figure 4.9 Effect of construction rate on settlement profile for a reinforced embankment on rate-

sensitive soil R1 ........................................................................................................................... 101 

Figure 4.10 Effect of construction rate on horizontal toe movement for a reinforced embankment 

on rate-sensitive soil R1 ............................................................................................................... 101 

Figure 4.11 Effect of construction rate on differential settlement for a reinforced embankment on 

rate-sensitive soil R1 .................................................................................................................... 102 

Figure 4.12 Effect of choice of long-term reinforcement strain on lateral toe movement for 

reinforced embankments on rate-sensitive soil R1 ...................................................................... 102 

Figure 4.13 Effect of choice of long-term reinforcement strain on differential settlement for 

reinforced embankments on rate-sensitive soil R1 ...................................................................... 103 

Figure 4.14 Effect of choice of long-term reinforcement strain on net embankment height for 

reinforced embankments on rate-sensitive soil R1 ...................................................................... 103 

Figure 5.1 Finite element mesh discretisation ............................................................................. 123 

Figure 5.2 Stress profile for two soils examined (R1 and R2) ..................................................... 123 

Figure 5.3 The effect of allowable long-term reinforcement strain on net embankment height for 4 

reinforced embankments constructed on soil R1 ......................................................................... 124 

Figure 5.4 The effect of allowable long-term reinforcement strain on net embankment height for 4 

reinforced embankments constructed on soil R2 ......................................................................... 124 

Figure 5.5 The effect of allowable long-term reinforcement strain on horizontal toe movement of 

8 reinforced embankments constructed on soils R1 and R2 ........................................................ 125 

Figure 5.6 The effect of construction rate and reinforcement type on horizontal toe movement of 

4 reinforced embankments constructed on soil R1 ...................................................................... 125 

Figure 5.7 The effect of construction rate and reinforcement type on horizontal toe movement of 

4 reinforced embankments constructed on soil R2 ...................................................................... 126 



xv 

 

Figure 5.8 The effect of allowable long-term reinforcement strain on maximum differential 

settlement of 8 reinforced embankments constructed on soils R1 and R2 .................................. 127 

Figure 5.9 The effect of construction rate and reinforcement type on maximum differential 

settlement of 4 reinforced embankments constructed on soil R1 ................................................ 128 

Figure 5.10 The effect of soil viscosity and reinforcement type on maximum differential 

settlement of 4 reinforced embankments constructed on soil R1 and R2 at a CR = 10 m/month 128 

Figure 5.11 The effect of allowable long-term reinforcement strain on the embankment fill 

thickness and corresponding maximum settlement of 4 reinforced embankments on soil R1 .... 129 

Figure 5.12 The effect of allowable long-term reinforcement strain on the embankment fill 

thickness and corresponding maximum settlement of 4 reinforced embankments on soil R2 .... 130 

Figure 6.1 Variation of the undrained shear strength of Soils R1 and R2 with strain rate 

(reproduced from Li and Rowe 2008).......................................................................................... 160 

Figure 6.2 Effects of viscoelastic reinforcement on the short-term stability of the embankment 160 

Figure 6.3 Change in reinforcement strain based on design height deduced from FEM short-term 

stability analysis ........................................................................................................................... 161 

Figure 6.4 Effect of reinforcement and construction rate on stability of embankments .............. 161 

Figure 6.5 Effect of the construction rate on time to reach maximum post construction creep-

induced pore pressure: Critical stage (Soil AR1) ......................................................................... 162 

Figure 6.6 Effect of the construction rate on critical strain rate (Soil AR1) ................................ 162 

Figure 6.7 Effect of the construction rate on time to reach maximum post construction creep-

induced pore pressure: Critical stage (Soil AR2) ......................................................................... 163 

Figure 6.8 Effect of reinforcement type on the critical strain rate (Soil AR1) ............................ 163 

Figure 6.9 Effect of the construction rate on reinforcement stiffness at the critical stage (Soil 

AR1) ............................................................................................................................................. 164 

Figure 6.10 Reinforcement stiffness from creep tests (modified from Li and Rowe 2008) ........ 164 

Figure 6.11 Undrained shear strength profile .............................................................................. 165 

Figure 7.1 Typical soil profiles of the test site at Saint Alban, Quebec (modified from Trak et al. 

1980) ............................................................................................................................................ 189 

Figure 7.2 Plan view and cross sectional profile of reinforced test embankment (modified from 

Busbridge et al. 1985) .................................................................................................................. 190 

Figure 7.3 Finite element mesh for the reinforced test embankment examined .......................... 191 



xvi 

 

Figure 7.4 Isochronous load strain curves of Tensar SR2 geogrids (modified from Busbridge et al. 

1985) ............................................................................................................................................ 191 

Figure 7.5 Effect of strain rate on the preconsolidation pressure of the Saint Alban clay 

(reproduced from Leroueil et al. 1988) ........................................................................................ 192 

Figure 7.6 Results from the unconsolidated undrained compression test on Saint Alban clay and 

calculated value using the parameters adopted in this paper (experimental data from La Rochelle 

et al. 1974) ................................................................................................................................... 192 

Figure 7.7 Comparison between experimental and implemented yield surface and stress path of 

the soil under centerline of the reinforced embankment (experimental data from Tavenas et al. 

1974) ............................................................................................................................................ 193 

Figure 7.8 Vertical settlement of the reinforced embankment at settlement plate SP-9 (field data 

from Busbridge et al. 1985) ......................................................................................................... 193 

Figure 7.9 Relationship between increase in total vertical stress and excess pore water pressure at 

pizometer PN-15 (field data from Busbridge et al. 1985) ............................................................ 194 

Figure 7.10 Comparison of the horizontal deformation profiles at a surcharge of 77 kPa (Fill 

height = 4.5 m: field data from Busbridge et al. 1985) ................................................................ 194 

Figure 7.11 Calculated horizontal toe movement ........................................................................ 195 

Figure 7.12 Calculated reinforcement load under embankment crest versus applied pressure at 

embankment centerline ................................................................................................................ 195 

Figure B.1 Elliptical cap soil model (modified from Chen and Mizuno 1990) ........................... 214 

Figure E.1 General arrangement of limit equilibrium method by Mylleville and Rowe (1988) . 221 

Figure F.1 The relationship between shear strength from undrained plane strain and triaxial 

compression test ........................................................................................................................... 224 

Figure H.1 Soil profiles of the test site at Saint Alban, Quebec (modified from Trak et al. 1980)

 ..................................................................................................................................................... 261 

Figure H.2 Comparison between experimental and implemented yield surface and stress path of 

the soil under centerline of the reinforced embankment .............................................................. 261 

Figure H.3 Effect of strain rate on the preconsolidation pressure of the Saint Alban clay (modified 

from Leroueil et al. 1988) ............................................................................................................ 262 

Figure H.4 Results from the unconsolidated undrained compression test on Saint Alban clay 

(experimental data from La Rochelle et al. 1974) ....................................................................... 262 

 



xvii 

 

List of Tables 

Table 3.1 Foundation soil properties.............................................................................................. 64 

Table 4.1 Elliptical cap soil model parameters .............................................................................. 95 

Table 4.2 Four types of geosynthetic reinforcement examined and their ultimate strength and 

stiffness (Li and Rowe 2001) ......................................................................................................... 95 

Table 4.3 Viscoelastic model parameters (Li and Rowe 2001) ..................................................... 96 

Table 4.4 Summary of the embankment working heights and the corresponding long-term 

reinforcement strain ....................................................................................................................... 96 

Table 5.1 Elliptical cap soil model parameters ............................................................................ 122 

Table 5.2 Four types of geosynthetic reinforcement examined and their ultimate strength and 

stiffness (modified from Li and Rowe 2001) ............................................................................... 122 

Table 5.3 The viscoelastic model parameters (modified from Li and Rowe 2001) ..................... 122 

Table 6.1 Elliptical cap soil model parameters ............................................................................ 158 

Table 6.2 Four types of geosynthetic reinforcement examined and their ultimate strength and 

stiffness (Li and Rowe 2001) ....................................................................................................... 158 

Table 6.3 The viscoelastic model parameters (Li and Rowe 2001) ............................................. 158 

Table 6.4 Summary of the long-term reinforcement strains result from design height using FEM 

and LEM (rate of construction 10m/month; soil strength profiles as shown in Figure 6.11) ...... 159 

Table 7.1 Constitutive parameters for rate-sensitive structured soil model ................................. 188 

Table F.1 Calculated shear strength from undrained plane strain and triaxial compression tests 223 

Table H.1 Constitutive parameter for rate-sensitive structured soil model .................................. 260 

Table I.1 Basic foundation soil properties of highway embankment ........................................... 269 

Table I.2 Viscoplastic properties of the elasto-viscoplastic soil model ....................................... 269 

Table I.3 Basic foundation soil properties of Saint Alban ........................................................... 269 

Table I.4 Viscoplastic and soil structure properties of the structured elasto-viscoplastic model 270 

Table I.5 Embankment fill properties .......................................................................................... 270 

Table I.6 Interface element properties ......................................................................................... 270 

Table I.7 Summary of embankment failure ratio limits number of loops used in analysis ......... 271 

 



xviii 

 

Nomenclature 

Elasto-viscoplastic elliptical cap soil model  

σ’m   mean effective stress 

J2   second invariant of deviatoric stress tensor 

l   mean effective stress corresponding to the center of the ellipse 

R   ratio between major and minor axis of the ellipse 

σ’my   an intercept of the ellipse with the σ’m axis 

MN/C   failure envelope for normally consolidated clay 

MO/C   failure envelope for overconsolidated clay 

ijε&   strain rate tensor 

Sij   deviatoric stress 

σii   summation of the principle stresses 

G   elastic shear modulus 

K   elastic bulk modulus 

γvp   viscoplastic fluidity parameter 

Ø(F)   a flow function 
( )d

osσ ′    overstress 

eo   reference void ratio 

κ   recompression index 

ν’  Poisson’s ratio 

kvo   reference hydraulic conductivity 

Ck  hydraulic conductivity change index 

Elasto-viscoplastic structured soil model 

ωo  model parameter defining initial structure of the soil 

( )dω ε   model parameter describing the state-dependent structure level 

vp
sγ    fluidity of the undisturbed clay fabric 

vp
iγ    fluidity of the destructed clay fabric 

( )vp
dγ ε   state-dependent fluidity of the clay fabric 



xix 

 

dε   damage strain 

ddε    incremental damage strain 

vp
voldε    incremental plastic volumetric strain 

vp
sdε    incremental plastic shear strain 

A   weighting parameter 

α    material parameter governing the rate of destructuration. 

nvε&    strain rate dividing soil behaviour between rate-insensitive and rate-sensitive 

Fill material 

ø’  friction angle  

ψ  dilation angle 

γ   unit weight 

E   Young’s modulus 

Pa   atmospheric pressure 

σ3   minor principle stress 

K   material constants selected to be 300 

m   material constants selected to 0.5 

Consolidation and PVDs 

Cc  compression index 

Cr  recompression index  

Δσ(t)   applied stress at time t 

u   excess pore pressure at time t 

CvO/C  consolidation coefficient for the overconsolidated soil 

CvN/C  consolidation coefficient for the normally consolidated soil 

Ch   horizontal consolidation coefficient 

/O CU    average degree of consolidation for the overconsolidated soil 

/N CU    average degree of consolidation for the normally consolidated soil 

Tv   time factor for vertical consolidation 

Tvc   time factor for vertical consolidation at the end of construction 

Th   time factor for horizontal consolidation 



xx 

 

Thc   time factor for horizontal consolidation at the end of construction 

kv   hydraulic conductivity of soil in the vertical direction 

kh  hydraulic conductivity of soil in the horizontal direction 

ks  hydraulic conductivity of soil in the smear zone 

kw  hydraulic conductivity of the vertical drain 

qw   equivalent discharge capacity for the axisymmetric unit cell 

dw  equivalent diameter of circular drain 

rw  equivalent radius of the vertical drain 

rs   equivalent radius of the smear zone 

R   equivalent radius of the influence zone 

l   drainage length of vertical drains 

B   half width of the spacing in plane strain conditions 

Qw  equivalent discharge capacity for the plane strain unit cell 

kpl   horizontal hydraulic conductivity of soil in plane strain condition 

kax   horizontal hydraulic conductivity of soil in axisymmetric condition 

b   width of the drains 

t   thickness of the drains 

S   PVD spacing 

Viscoelastic model for reinforcement 

ε   total strain 
eε   elastic strain 
vε   viscous strain 

ε&   total strain rate 
vε&   viscous strain rate 

Tσ    tensile stress 

oE    modulus of the independent spring 

oa    material constant 

1a    material constant 

Kn    number of Kelvin elements 



xxi 

 

iτ    retardation time of the thi  Kelvin element 

iE    spring modulus of the thi  Kelvin element 

iη    dashpot viscosity of the thi  Kelvin element 

1E   material constant 

1τ    material constant 

Finite element implication 

  viscoplastic strain rate vector 

∆    viscoplastic strain increment vector 

∆    stress increment vector at time  

   gradient of the viscoplastic strain rate at time  

   numerical constant 

[B]m   strain-displacement transformation matrix 

{Δa}  vector of incremental nodal displacements 

{δa}  vector of virtual nodal displacements 

{Δd}  incremental nodal displacement 

{δd}   vector of virtual displacements 

{Δε}   strain increment vector 

{δε}   virtual strain vector 

{Δv}  incremental volumetric strain vector 

[I]  identity matrix 

[N]  matrix of the shape functions 

[Ce]   elastic constitutive matrix 

{Δσ}  incremental total stress vector 

{Δσ’}   incremental effective stress vector 

{Δuw}   incremental pore water pressure vector 

{ΔFb}   incremental body force vector 

{ΔT}   applied surface load incremental vector 

{ΔσR}  vector of viscoplastic relaxation stresses 

[k]   hydraulic conductivity matrix 

β   numerical constant 



xxii 

 

[Ke]   elastic element stiffness matrix 

δij   Kronecker’s delta 

DE   elastic constant matrix 

[Dep]   constant matrix for strain hardening material 

Other 

Ω  dimensionless parameter 

γf   bulk unit weight of the embankment fill 

Hc   collapse height of the unreinforced embankment 

su   undrained shear strength of the soft foundation 

(D/B)e   ratio of the effective depth of the deposit to the crest width 

εa  axial strain  

Trein   reinforcement force 

J  tensile stiffness of reinforcement



 

1 

 

Chapter 1 

Introduction 

1.1 General 

Soft and rate-sensitive clay deposits appear in many parts of the world and present special 

challenges for the construction of embankments. In many countries, the successful development 

of civil infrastructure may depend greatly on the ability to design and construct embankments on 

these difficult soils. Geosynthetics have been introduced as basal reinforcement for embankments 

on soft ground to improve stability and minimize excessive deformation of the embankments 

(e.g., Fowler and Koerner 1987; Humphrey and Holtz 1987; Jewell 1987; Rowe and Soderman 

1987; Rowe and Li 1999; Bergado et al. 2002; Varuso et al. 2005; Kelln et al. 2007; Bergado and 

Teerawattanasuk 2008; Abusharar et al. 2009; Huang and Han 2009; Magnani et al. 2009; 

Subaida et al. 2009; Zheng et al. 2009; Indraratna et al. 2010; Jones et al. 2010; Karstunen and 

Yin 2010). This approach provides a cost effective alternative to conventional techniques 

involving excavation and subsequent replacement of the soft foundations. Another important 

benefit provided by geosynthetics is that they can provides a more stable working platform 

thereby making access to the construction site on soft ground possible. 

In the case of a deep clay deposit with low hydraulic conductivity, prefabricated vertical 

drains (PVDs) are widely used to accelerate the consolidation process of the clay by providing a 

shorter horizontal drainage path and taking advantage of physically higher horizontal hydraulic 

conductivity of the clay. With a restricted construction schedule, geosynthetic reinforcement, 

PVDs or combinations of each technique may be used so that a faster construction rate can be 

employed to achieve embankment design heights. 
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Despite extensive studies on the influence of geosynthetic reinforcement and PVDs on 

embankment behaviour for the case of conventional (rate-insensitive/non-structured) soil, prior to 

the recent study there was only limited research (Li and Rowe 2002; Rowe and Li 2002; Li and 

Rowe 2008) addressing the use of reinforcement over rate-sensitive soils and no published work 

in the archival literature dealing with reinforced embankments over rate-sensitive structured soil. 

Strength and stiffness of some soft clays is highly dependent on the rate of loading as a 

faster loading rate will result in a higher clay strength and stiffness (Richardson and Whitman 

1963; Graham et al. 1983; Leroueil et al. 1983; Fodil at al. 1997; Rowe and Hinchberger 1998; 

Rowe and Li 2002; Li and Rowe 2008). The method used for soil strength determination such as 

field vane shear test, unconfined compression test, unconsolidated untrained triaxial test, etc., 

which are practically used in routine design specification, impose faster strain rates to the soil 

than those expected in the field (Leroueil and Marques 1996; Rowe and Li 2002; Li and Rowe 

2008). As a result, the soil strength and stiffness estimated and used in the design are higher than 

those actually developed in the field and that leads to nonconservative design. In addition, rate-

sensitive soils also generate creep deformations casuing rearrangement of soils particle as well a 

change in pore shape and size which induce delayed generation of excess pore water pressure. 

This may cause a reduction in effective stresses and shear strength of the soil even after the end of 

loading; particularly for soft clay having low hydraulic conductivity (Rowe and Hinchberger 

1998; Rowe and Li 2002; Li and Rowe 2008). 

 In Canada, particularly in the eastern Canada, natural soft clay deposits possess not only 

rate-sensitive characteristics, but also in some cases (i.e., Champlain sea clays) significant soil 

structure as a result of their geochemistry, mineral composition and sedimentological deposition 

(Vaid et al. 1979; Quigley 1980; Torrance 1999). These natural clay deposits may exhibit one or 
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more of the following: strength and stiffness anisotropy, post-peak strength reduction, strain-rate 

sensitivity and/or high compressibility after loaded beyond a maximum preconsolidation pressure 

making them significantly different from their reconstituted equivalents (Lo and Morin 1972; 

Vaid et al. 1979; Leroueil et al. 1985; Lerouiel and Vaughan 1990; Burland 1990; Torrance 1999; 

Malandraki and Toll 2000; Cudny and Vermeer 2004; Lo and Hinchberger 2006; Gasparre et al. 

2007; Hinchberger and Qu 2009). 

One of the most distinguishing differences to reconstituted soil is related to the existence 

of inter-particle bonding. Because of this bonding, these natural clay deposits obtain additional 

resistance to yielding making their yield surface lie far beyond the critical state line. Under 

loading, soil deformation gradually breaks the bonds resulting in a consequential rearrangement 

and collapse of soil structure. The degradation of bonding due to soil deformation is referred as 

destructuration, and it significantly affects the mechanical behaviour of soft clays (Rouainia and 

Wood 2000; Leroueil and Vaughan 1990). The destruction process and a collapse of soil structure 

may lead to the generation of large excess pore water pressures in the soil causing a reduction in 

the effective stress and hence strength of the soil. 

The primary objective of this thesis is to provide insight into the time-dependent 

behaviour of reinforced embankments and to propose tentative design recommendations for 

embankments constructed over rate-sensitive soils. This is accomplished by conducting a detailed 

parametric study of the factors affecting the engineering performance of these embankments. 

Factors such as the viscosity of soil and reinforcement, the presence and spacing of PVDs, and 

the rate of construction are examined using a calibrated finite element model. 

Another objective of this thesis is to examine a modified elasto-viscoplastic constitutive 

model which incorporates the effect of soil structure and its destructuration process for modelling 
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the performance of reinforced embankments on Champlain sea clay deposits. To achieve this 

objective, the concepts of state-dependent fluidity parameters and damage strains (Hinchberger 

and Qu 2009) are implemented in the program AFENA. Verification of the proposed model is 

done through comparison of the measured and calculated behaviour of the reinforced 

embankment constructed over a sensitive Champlain sea clay deposit at Saint Alban, Quebec. 

1.2  Outline of the thesis 

Chapter 2 provides a summary of the behaviour of reinforced embankments constructed on 

conventional soft cohesive (rate-insensitive) soil and rate-sensitive soil. The case study of the 

Almere test embankment is used as an example to demonstrate the key function of geosynthetic 

reinforcement in improving the performance of embankments. The undrained and partial drained 

behaviour of reinforced embankments are summarized and compared to examine the effect of 

partial degree of consolidation during the construction of embankment. The interaction between 

geosynthetic reinforcement and PVDs is presented. This chapter also gives a brief explanation of 

a recent design approach for embankments on soft rate-insensitive soil, considering the combined 

effect of reinforcement and PVDs. Finally, the effect of creep/relaxation of geosynthetics and rate 

sensitivity of the foundation soil on embankment performance is discussed as context for the 

following chapters. Material presented in this chapter has been included in the paper “The 

interaction between reinforcement and drains and effect on the performance of embankments on 

soft ground” by Rowe and Taechakumthorn (2010) and has been submitted to Soils and Rocks. 

A numerical study of the behaviour of geosynthetic reinforced embankments on soft rate-

sensitive soil with and without PVDs is described in Chapter 3. The time-dependent stress-strain-

strength characteristics of rate-sensitive soil are taken into account using an elasto-viscoplastic 

constitutive model. The effects of reinforcement stiffness, construction rate, soil viscosity as well 
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as the use of PVDs and their spacing are examined both during and following the construction of 

the embankment. The results in Chapter 3 show the beneficial effect of combining the use of 

reinforcement and PVDs on the embankment performances over the use of either method of soil 

improvement alone. Material presented in this chapter has been published in Geotextiles and 

Geomembranes as “Combined effect of PVDs and reinforcement on embankments over rate-

sensitive soils” by Rowe and Taechakumthorn (2008). 

Chapter 4 explores the combined effect of foundation and reinforcement viscosity. The 

long-term performance of embankments with creep-susceptible geosynthetics as basal 

reinforcement layers over rate-sensitive soil deposits is examined under working stress 

conditions. Various factors; including reinforcement type/stiffness, soil viscosity, construction 

rate and allowable long-term reinforcement strain, affecting the time-dependent behaviour of 

reinforced embankments are investigated. The analyses in Chapter 4 demonstrate the benefit of 

limiting the long-term reinforcement strain to less than 5% to limit the deformations of reinforced 

embankments over rate-sensitive soil. Material presented in this chapter has been accepted for 

publication in ASCE International Journal of Geomechanics as “Performance of reinforced 

embankments on rate-sensitive soils under working conditions considering effect of 

reinforcement viscosity” by Taechakumthorn and Rowe (2010). 

 Based on the lessons learned in Chapter 4, even though reinforcement may allow a stable 

embankment to be constructed on rate-sensitive foundation soils, there may be excessive 

deformations that make the embankment unserviceable. In Chapter 5, series of finite element 

analyses are employed to investigate the relationship between the allowable reinforcement strain 

and the long-term performance of the reinforced embankment on rate-sensitive foundation. The 

viscoelastic nature of geosynthetic materials is considered. Factors affecting the performance of 
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the reinforced embankment including soil viscosity, reinforcement type, and construction rate are 

investigated. Based on this work, allowable long-term reinforcement strains that limit the 

embankment deformation while providing optimum long-term service height of the reinforced 

embankment are suggested. Material presented in this chapter has been submitted to 

Geosynthetics International as “Choice of allowable long-term strains for reinforced 

embankments on a rate-sensitive foundation” by Taechakumthorn and Rowe (2010). 

By adopting the allowable long-term reinforcement strains proposed in Chapter 5, the 

ideal working stress condition can be established. To gain insight regarding the time-dependent 

behaviour of reinforced embankments under ideal working condition, a series of embankments 

are numerically constructed in Chapter 6. A new method for defining the critical stage with 

respect to embankment stability, and the operational field strain rate for use in assessing the 

undrained shear strength of the foundation soils is proposed. The effect of construction rate on the 

reinforcement stiffness at the critical stage is investigated. Chapter 6 also illustrates the method 

for selecting a design stiffness of the viscous reinforcement using the data obtained from a creep 

test. Finally, a new limit equilibrium-based design procedure is proposed and finite element 

analyses are used to demonstrate the effectiveness of the design procedure. Material presented in 

this chapter has been submitted to Geotextiles and Geomembranes as “Design of reinforced 

embankments on soft clay deposits considering both foundation and reinforcement viscosity” by 

Rowe and Taechakumthorn (2010).  

In Chapter 7, another key characteristic of soft natural clay deposits – the effect of soil 

structure – is examined. A recent elasto-viscoplastic constitutive model (Hinchberger and Qu 

2009) which incorporates the concept of a state-dependent fluidity parameter and damage law to 

model the effect of soil structure is implemented. The model was used to simulate the 
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construction of a well-documented case study of the reinforced test embankment constructed on 

sensitive Champlain clay deposit in Saint Alban, Quebec. The results show reasonable agreement 

and capture many features of the reinforced embankment behaviour. However, they also 

demonstrate that to provide an adequate prediction of the multiple characteristics of the 

embankment behaviour another important characteristic of the natural clay deposit – anisotropy – 

needs to be considered. Material presented in this chapter has been prepared as “Performance of a 

reinforced embankment on a sensitive Champlain clay deposit” by Taechakumthorn and Rowe 

and will be submitted to Canadian Geotechnical Journal. 

Chapter 8 summarizes the conclusions of this thesis and provides recommendations for 

future research. 

1.3 Original contributions 

The original contributions from this thesis are summarized as follows: 

1. The study of the combined effect of reinforcement and PVDs on the behaviour of an 

embankment over rate-sensitive foundation soil; and the demonstration that with the 

presence of PVDs, the generation of high excess pore water pressures due to creep was 

largely suppressed and hence the stability of reinforced embankment was vastly 

improved. 

2. The investigation of the combined effect of both reinforcement and soil viscosity on the 

long-term performance of an embankment under working conditions, and the 

identification that, for the rate-sensitive soils, applying the conventional limit of 

allowable reinforcement strain of 5% may result in excessive long-term deformation. 

3. The exploration of the effect of choice of an allowable long-term reinforcement strain on 

the time-dependent behaviour of a reinforced embankment on soft soil considering both 
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reinforcement and soil viscosity, and the suggestion of the optimum allowable long-term 

strains that maximize the service height of the embankment while controlling the long-

term deformation to the modest level for rate-sensitive soils examined in this thesis. 

4. The establishment of the ideal working stress condition based on the performance of 

reinforced embankments numerically constructed on rate-sensitive soils examined in this 

thesis, and the suggestion of using an average increase in excess pore water pressure 

along the potential failure surface to indicate the critical stage with respect to stability of 

the embankment. 

5. The recommendation of using an average major principle strain rate along the potential 

failure surface as the representative operational field strain rate, and the suggestion of 

strain rates for the undrained plane strain compression test used to estimate the design 

undrained strength for rate-sensitive soils examined in this thesis. 

6. The suggestion of the strength reduction factor for converting the undrained shear 

strength from the undrained triaxial compression test at a recommended strain rate of 1 

%/hour (Germaine and Ladd 1988) to the undrained shear strength estimated from the 

plane strain compression test performed at the proposed strain rate for rate-sensitive soils 

examined in this thesis. 

7. The examination of the effect of construction rate and soil viscosity on the stiffness of 

viscoelastic reinforcement at the critical stage and the conclusion that regardless of 

construction rates and soil viscosities examined, the stiffness of each of the viscoelastic 

reinforcement types examined fell into a relatively small range which can be represented 

by the reinforcement stiffness obtained from a creep test at a time corresponding to the 

time at the critical stage. 
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8. The proposal of a limit-equilibrium design procedure for reinforced embankments on 

rate-sensitive soils, considering the effect of reinforcement viscosity, and the 

demonstration that the proposed design procedure does not result in an overly 

conservative design compared with results from a full finite element analysis. 

9. The implementation of the Hinchberger and Qu (2009) model into the finite element 

program AFENA (Carter and Balaam 1990) for 2D plane strain conditions and the study 

of behaviour of the reinforced test embankment constructed on the sensitive Champlain 

deposit using the implemented program. 

10. The demonstration of the effect of reinforcement and its viscosity on the performance of 

reinforced embankments rapidly constructed over highly anisotropic sensitive clays with 

heavily overconsolidated crust and the conclusion that for these particular embankments 

being studied the reinforcement used had no significant beneficial effect in terms of 

redistributing shear stress in the foundation soil. 
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Chapter 2 

Literature Review 

The interaction between reinforcement and drains and effect on the 

performance of embankments on soft ground1 

2.1 Introduction 

Geosynthetic reinforcement and prefabricated vertical drains (PVDs) have revolutionized many 

aspects of the design and construction of embankments on soft ground. They have been shown to 

provide a cost effective alternative to more traditional techniques, when appropriately designed 

and installed. The behaviour of reinforced embankments on typical soft deposits is now well 

understood and many design procedures have been proposed (e.g., Fowler and Koerner 1987; 

Humphrey and Holtz 1987; Jewell 1987; Rowe and Soderman 1987; Rowe and Li 1999; Bergado 

et al. 2002; Varuso et al. 2005; Kelln et al. 2007; Bergado and Teerawattanasuk 2008; Abusharar 

et al. 2009; Huang and Han 2009). However, while these design methods are conservative for 

conventional (rate-insensitive) soils, they may be quite nonconservative for less conventional 

(rate-sensitive) soils (Rowe and Li 2005; Li and Rowe 2008; Rowe and Taechakumthorn 2008a). 

The beneficial effects of PVDs for accelerating the gain in soil strength are well 

recognized (e.g., Li and Rowe 1999a; Indraratna and Redana 2000; Li and Rowe 2001a; Bergado 

et al. 2002; Bo 2004; Zhu and Yin 2004; Chai et al. 2006; Taechakumthorn and Rowe 2008; 

Sinha et al. 2009; Saowapakpiboon et al. 2010). For example, when PVDs are used in 

conjunction with basal reinforcement, the presence of PVDs can substantially reduce the long-

                                                      
1 Material presented in this chapter has been included in: 
 
Rowe, R.K., and Taechakumthorn, C. 2010. The interaction between reinforcement and drains and effect 
on the performance of embankments on soft ground, Soils and Rocks, Submitted. 
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term creep deformation while allowing more rapid construction than could be safely considered 

without the use of PVDs (Li and Rowe 2001a; Rowe and Taechakumthorn 2008a). 

The objective of this chapter is to summarize research on the effect of basal 

reinforcement and PVDs on the design and construction of embankments over soft ground. The 

short-term and long-term performances of reinforced embankments are discussed. The effect of 

partial drainage during the construction, stage construction, and the presence of PVDs is 

illustrated. This chapter also summarizes a design approach (Li and Rowe 2001a) which 

considers the effects of the interaction between reinforcement and PVDs on the performance of 

embankments constructed on typical (rate-insensitive) soft clay deposits. The effect of 

creep/relaxation of geosynthetic reinforcement and foundation soil on the time-dependent 

behaviour of reinforcement is demonstrated. Finally, a number of parametric studies are presented 

to highlight some design considerations and potential problems that might be anticipated during 

the construction of reinforced embankments on soft ground. 

2.2 Reinforced embankments on soft ground 

When embankments are constructed on soft cohesive foundations, the lateral earth pressure 

within the embankment fill imposes shear stresses on the foundation soil, reducing the bearing 

capacity of the foundation and hence embankment stability (Jewell 1987). The role of the basal 

reinforcement is to provide confining stress to counteract some or all of the earth pressure within 

the embankment and to resist the lateral deformation of the foundation, thereby increasing the 

bearing capacity and embankment stability. Typically, reinforced embankments are designed 

based on consideration of (i) bearing capacity, (ii) global stability, (iii) pullout/anchorage and (iv) 

deformation (Rowe and Soderman 1987; Leroueil and Rowe 2001). Before going into the detailed 

design procedures it is, however, useful to understand when and how reinforcement contributes to 



 

16 

 

the embankment stability. The role of reinforcement can be illustrated with respect to the Almere 

test embankment (Rowe and Soderman 1984). 

The Almere test embankment allows the comparison of the observed and calculated 

behaviour of both an unreinforced embankment and an embankment reinforced using a multi-

filament woven geotextile (with tensile stiffness J = 2000 kN/m) constructed on a soft soil 

deposit. The deposit was comprised of approximately 3.3 m of very soft organic clay, with an 

undrained strength of 8 kPa, underlain by dense sand. A trench was excavated (see insert to 

Figure 2.1) at the edge of the proposed embankment and the clayey soil was placed over the 

reinforcement to form a retaining bank (see insert to Figure 2.1). The hydraulic fill was then 

placed until failure occurred. The reinforced section experienced a relatively ductile failure at a 

height of 2.75 m, after 25 hours of sand filling. This is in contrast to the rapid failure of the 

unreinforced section at a height of 1.75 m. It seems likely that the geosynthetic reinforcement was 

the major reason for the differences in the observed behaviour. Figure 2.1 shows that for fill 

heights less than 1 m, the clay was largely elastic and the strains in the reinforcement remained 

essentially constant. As the fill thickness was increased from 1 m to 2 m, there was extensive 

plastic failure within the clay. At a given embankment height, the reinforcement reduced 

plasticity within the soil. For example, in the unreinforced case the analysis predicted failure at a 

fill height of 1.8 m (Rowe and Soderman 1984). In contrast, at the same height in the reinforced 

embankment, the displacements were smaller and the plastic region was not contiguous. The 

analysis indicated that a contiguous plastic region had developed in the soil at a fill height of 2.05 

m (approximately 15% higher than the corresponding height for the unreinforced embankment; 

Rowe and Soderman 1984).  

The development of a contiguous plastic region (at about 2.0 m in this case) represents 

the first stage of collapse for a reinforced embankment since, after that, the embankment is 
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mainly dependent upon the reinforcement for the support of any additional fill. As a result, while 

geosynthetic reinforcement is trying to maintain the integrity of the system, placing additional fill 

causes reinforcement strains to increase rapidly until either loading ceases or failure occurs (in 

this case at a predicted height of 2.66 m due to failure at the geosynthetic-soil interface). 

2.3 Undrained behaviour of reinforced embankments 

In an undrained analysis of an unreinforced embankment constructed on soft soil that does not 

exhibit strain softening behaviour, the collapse height of the embankment simply corresponds to 

the height at which the soil shear strength is fully mobilized along a potential failure surface 

(Rowe and Soderman 1985; Rowe and Mylleville 1990). However, for most reinforced 

embankments, collapse also involves failure of the soil-reinforcement system which may include 

(i) failure of reinforcement, (ii) failure of the soil-reinforcement interfaces, or (iii) failure because 

the reinforcement is not stiff enough to control deformations to an acceptable level. The concepts 

of net embankment height (defined as fill thickness minus maximum settlement) and allowable 

compatible reinforcement strain were introduced to account for failure due to excessive 

displacements before the reinforcement reaches its pullout capacity or its ultimate tensile strain 

(Rowe and Soderman 1985). 

For example, Figure 2.2 shows net embankment height and the maximum reinforcement 

strain plotted against the fill thickness for an embankment constructed quickly on a soft clayey 

foundation. The failure of this reinforced embankment due to excessive subsidence occurred at a 

fill thickness equal to 2.4 m and a reinforcement strain of 5.2%, which is well below the tensile 

rupture strain for most geosynthetic reinforcement products (Shinoda and Bathurst 2004). 

Therefore, it is important to define an allowable “compatible” reinforcement strain corresponding 

to the failure thickness of a reinforced embankment. A second allowable strain will be related to 
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the reinforcement strength. The lower of these two strains would be used together with 

reinforcement stiffness to get the allowable reinforcement force used in a limit equilibrium 

calculation. Figure 2.3 shows the variation of allowable compatible strain (for the case of 

reinforced embankment on soft foundations having uniform undrained shear strength with depth) 

with the dimensionless parameter, Ω, (Rowe and Soderman 1985) defined as: 

2
f c u

eu u

H s D
s E B

γ⎛ ⎞⎛ ⎞⎛ ⎞Ω = ⎜ ⎟⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎝ ⎠

        (2.1) 

where; γf is a bulk unit weight of the embankment fill; Hc is the collapse height of the 

unreinforced embankment; su and Eu are undrained shear strength and modulus of the soft 

foundation, respectively; (D/B)e is the ratio of the effective depth of the deposit to the crest width, 

as defined in Figure 2.3. It should be noted that when using Equation 2.1 it is not conservative to 

underestimate the undrained modulus of the soft foundation, since a lower value of Eu 

corresponds to a high value of axial strain, εa, which gives a high reinforcement force, Trein. 

For the cases when embankments are constructed on a foundation whose strength 

increases with depth, the inclusion of reinforcement changes the collapse mechanism by forcing 

the failure surface to pass through stronger and stiffer soil. This case is not addressed by the 

design chart proposed by Rowe and Soderman (1985) for the soil having constant shear strength 

with depth and so Hinchberger and Rowe (2003) developed a design chart for estimating the 

reinforcement strain at failure for the reinforced embankment on foundations having increasing 

shear strength with depth (Figure 2.4). The strain presented in Figure 2.4 represents an upper 

limit; the allowable strain may in some cases be controlled by the strain at rupture of the 

reinforcement. Also, for soft brittle soils which are susceptible to strain-softening, the limiting 

reinforcement strain may be as low as 0.5% - 2.0% in order to reduce the maximum shear strain 
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developed in foundation soils to an acceptable level (Rowe and Mylleville 1990; Mylleville and 

Rowe 1991). 

2.4 Partially drained behaviour of reinforced embankments 

The observed construction-induced excess pore water pressures from a large number of field 

cases suggest that significant partial consolidation of the foundation may occur during 

embankment construction at typical construction rates (Crooks et al. 1984; Leroueil and Rowe 

2001). This applies to natural soft cohesive deposits that are typically slightly overconsolidated. It 

also has been reported that often there may be a significant strength gain due to partial 

consolidation during embankment construction (e.g., Bergado et al. 2002; Bo 2004; Chai et al. 

2006; Saowapakpiboon et al. 2010). 

Although field cases suggest the importance of considering partial consolidation, they do 

not allow a direct comparison of cases where it is, or is not, considered. Finite element analysis, 

however, does provide a powerful tool for comparing the behaviour of reinforced embankments 

constructed under undrained and partially drained conditions (Rowe and Li 1999). For example, 

Figure 2.5 shows the variation in calculated embankment failure height with reinforcement 

stiffness for undrained and partially drained conditions. The construction rate employed in the 

analysis was 1 m/month to allow partial dissipation of the excess pore water pressure during 

construction. The fully coupled analyses gave an increase in the unreinforced embankment failure 

height from 2.1 m (for undrained analysis) to 2.4 m. A change of reinforcement stiffness from 

500 kN/m to 8000 kN/m also resulted in an increase in failure height by between 0.7 m and 2.3 

m, compared with between 0.6 m to 1.4 m for the undrained analysis. This implies that the 

reinforcement had a greater effect for the partially drained cases than for undrained cases. 

However, for this particular soil profile, the increase in reinforcement stiffness had the most 
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significant effect on the embankment failure height for stiffness values up to only J = 2000 kN/m 

and the benefit of increasing reinforcement stiffness diminishes for very stiff reinforcement. 

When a soft foundation soil does not initially have the strength to safely support a given 

embankment, stage construction may be employed to allow sufficient consolidation and strength 

gain to occur to support the final embankment load. Li and Rowe (1999b) showed that 

geosynthetic reinforcement may eliminate the need for stage construction or, in cases where 

staging was still needed; it reduced the number of stages required. The effect of reinforcement 

stiffness on multi-stage construction is illustrated in Figure 2.6. To obtain this figure, 

embankments were first numerically constructed to the maximum height permitted with a factor 

of safety of 1.3 at the end of stage one and allowed to consolidate to 98% average degree of 

consolidation. Then additional fill was placed until failure. It can be seen that the stiffer the 

reinforcement, the greater the increase in embankment failure height due to foundation soil 

strength gain. These results are encouraging but the time to 98% consolidation was too long for 

most practical cases. This does, however, imply that there may be significant benefit arising from 

combining reinforcement with methods of accelerating consolidation, such as PVDs. 

2.5 Interaction between reinforcements and PVDs 

Since the first prototype of a prefabricated vertical drain made of cardboard (Kjellman 1948), 

PVDs have been widely used in embankment construction projects, due to their advantages in 

terms of cost and ease of construction (e.g., Hansbo 1981; Nicholson and Jardine 1981; 

Jamiolkowski et al. 1983; Holtz 1987; Lockett and Mattox 1987; Holtz et al. 2001; Bergado et al. 

2002; Bo 2004; Zhu and Yin 2004; Chai et al. 2006; Sinha et al. 2009; Saowapakpiboon et al. 

2010). PVDs accelerate soil consolidation by shortening the drainage path and taking advantage 

of a naturally higher horizontal hydraulic conductivity of the foundation soil. This technique 
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improves embankment stability by allowing strength gain in the foundation soil associated with 

the increase in effective stress due to consolidation. 

The combined effects of reinforcement and PVDs have been investigated by Li and Rowe 

(1999a and 2001a) and Rowe and Taechakumthorn (2008a). It has been shown that the use of 

PVDs in conjunction with typical construction rates results in relatively rapid dissipation of 

excess pore pressures and this can be enhanced by the use of geosynthetic reinforcement. Figure 

2.7 shows the variation of net embankment height with fill thickness from finite element 

simulations, where S is the spacing of PVDs in a square pattern. For this particular foundation soil 

(see insert in Figure 2.7) and PVDs at a spacing of 2 m (i.e. account for the effect of smear zone 

assuming that the horizontal hydraulic conductivity of soil in the smear zone is equal to the 

vertical hydraulic conductivity of the undisturbed soil), the unreinforced embankment can be 

constructed to a height of 2.85 m. If reinforcement with tensile stiffness J = 250 kN/m is used, the 

failure height increases to 3.38 m. It is noted that, for these assumed soil properties and a 

construction rate of 2 m/month, the embankment will not fail due to bearing capacity failure of 

the foundation soil if the reinforcement stiffness is greater than 500 kN/m. 

Reinforcement also reduces the shear stress and consequent shear deformations in the 

foundation soil. When the use of PVDs is combined with reinforcement, it can enhance the 

beneficial effect of the reinforcement in reducing horizontal deformations of the foundation soil 

below the embankment as illustrated in Figure 2.8. With the use of PVDs, less stiff reinforcement 

can be employed while still providing about the same control on lateral deformation as the use of 

stiffer reinforcement without PVDs. 
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2.6 Consolidation of the PVDs-improved soils under linear loading condition 

Even though, the significant increase in degree of soil consolidation during embankment 

construction, owning to the presence of PVDs, has been reported (e.g., Lockett and Mattox 1987; 

Fritzinger 1990; Schimelfenyg et al. 1990; Volk et al. 1994; Holtz et al. 2001; Bergado et al. 

2002; Bo 2004; Zhu and Yin 2004; Chai et al. 2006; Sinha et al. 2009; Saowapakpiboon et al. 

2010), the magnitude and distribution of strength gain have received relatively little attention. 

Based on finite element analyses, Li and Rowe (2001a) have shown that there is significant 

increase in undrained shear strength of foundation soils improved with PVDs. For example, 

Figure 2.9 shows the contours of the increase in undrained shear strength of the foundation soil 

during construction for a reinforced (J = 2000 kN/m) embankment having height H = 4.4 m. For 

the sake of clarity, Figure 2.9 does not include the increase in undrained shear strength near the 

top and bottom layers, where the gradient of shear strength increase is high because of the 

drainage boundary effects. Owing to the presence of the PVDs, the average increase in undrained 

shear strength was rather uniform throughout most of the thickness of the deposit (with some 

drainage boundary effects at the top and bottom of the foundation). 

To analyze the consolidation of PVD-improved soils during embankment construction, 

consideration should be given to vertical and radial drainage, construction rate, as well as the 

difference between consolidation coefficients of soils in the overconsolidated and normally 

consolidated stress ranges. Generally, a numerical analysis is required to consider these factors. 

Li and Rowe (2001a) proposed an approximate method to calculate the consolidation of 

foundation soils allowing for the aforementioned factors. The proposed method can be performed 

by hand, or by using a spreadsheet calculation, without rigorous numerical analysis as outlined 

below. 
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The analysis is greatly simplified due to the fact that by including PVDs, the dissipation 

of pore pressure is essentially uniform with depth (except at the top and bottom boundaries) as 

implied by the strength gain contours shown in Figure 2.9. The procedure, as described by Li and 

Rowe (2001a) considers an embankment expected to apply a vertical stress of Δσ over a period of 

time tC as shown in Figure 2.10. It is assumed that soil becomes normally consolidated when the 

average degree of consolidation at a particular time, tO/C, is such that the average vertical effective 

stress of the soil is equal to the preconsolidation pressure. At this time, the compressibility of the 

soil changes from the recompression index (Cr) to compression index (Cc). For a deposit with 

two-way drainage, the average degree of consolidation at any time is defined as: 

( )
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Δ −
=
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∫         (2.2) 

where D is the thickness of the deposit; Δσ(t) is the applied stress at time t; and u is excess pore 

pressure at time t. At time tO/C the average degree of consolidation is /O CU  (governed by 

consolidation coefficient CvO/C) for a total stress of σΔ , and the average change in effective 

stress at this time is /O CUσΔ . After the application of full stress σΔ , the average excess pore 

pressure that needs to dissipate is equal to ( )/1- O CUσΔ . The remaining excess pore water 

pressure is assumed to be developed over a period of time due to a change in stress of 

( )/1- O CUσΔ . After tO/C, the average degree of consolidation, /N CU , is calculated using 

consolidation coefficient CvN/C. Figure 2.10 shows that the linear load function, O-A, is replaced 

by two linear load functions: O-B and O'-A for soil in overconsolidated and normally 

consolidated states, respectively. It’s assumed that average degree of consolidation under load O-

A after time tO/C is equivalent to the average degree of consolidation under the load O'-A plus the 
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average degree of consolidation under load O-B that occurred at time tO/C. Therefore, the total 

average degree of consolidation at time t ≥ tO/C is described as: 

( )/ / /1O C O C N CU U U U= + −        (2.3) 

To consider the consolidation of soil under time-dependent loading, Olson (1977) derived 

relatively simple solutions considering both vertical and redial drainage for linear ramp loading 

problem. /O CU  and /N CU  can be calculated separately using Olson’s (1997) solution as follows. 

For vertical consolidation: 
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where Tv is the time factor for vertical consolidation; Tvc is the time factor at the end of 

construction for vertical consolidation and M = π(2m+1)/2, m = 0, 1, 2, 3,… until the sum of all 

remaining term is insignificant. 

For horizontal (radial) consolidation: 
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where Th is the time factor for horizontal consolidation; Thc is the time factor at the end of 

construction for horizontal consolidation and A = 8/μ, μ is defined as: 
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where: k, ks and kw are the hydraulic conductivity of soil in the horizontal direction, soil in the 

smear zone (the hydraulic conductivity of soil in the smear zone was assumed to be isotropic and 

same as vertical hydraulic conductivity) and the vertical drain, respectively; qw is the equivalent 

discharge capacity for the axisymmetric unit cell; rw, rs and R are the radius of the vertical drain, 

smear zone and influence zone, respectively. For the combined vertical and radial consolidation 

the method proposed by Carrillo (1942) can be employed as: 

( )( )1 1 1h vU U U= − − −         (2.10) 

2.7 Design of the embankment on soft ground: Considering the interaction between 

reinforcements and PVDs 

Design of the reinforced embankment and PVDs are usually treated separately in current design 

methods even if both reinforcements and PVDs are used together. Li and Rowe (2001a) proposed 

a design method for a reinforced embankment incorporating the effect of strength gain due to 

consolidation of the foundation soil. This design method based on a limit state design philosophy 

using undrained strength analysis suggested by Ladd (1991). The design procedure consists of 4 

main steps, (i) select design criteria and parameters for both embankment fill and foundation soil, 

(ii) establish the pattern and spacing of PVDs system according to the required average degree of 

consolidation at the time to be considered, (iii) estimate the average strength gain along the 

potential failure surface due to consolidation process, and (iv) selecting the required tensile 

stiffness of the reinforcement associated with the allowable compatible reinforcement strain 

(Rowe and Soderman 1985; Hinchberger and Rowe 2003), using undrained stability analyses 

(i.e., limit equilibrium method). 



 

26 

 

 Firstly, the design criteria and representative soil parameters have to be selected 

including embankment geometry, required average degree of soil consolidation and the available 

time to achieve the requirement, anticipated average construction rate, detailed soil profile (i.e., 

undrained shear strength, preconsolidation pressure, vertical effective stress, both coefficient of 

consolidation for soil in normally consolidated and overconsolidated state, as well as vertical and 

horizontal hydraulic conductivity), longest vertical drainage path and embankment fill properties. 

Second of all, designers have to select the configuration of the PVDs system including pattern 

(i.e., triangular or square pattern), spacing and length of PVDs. Then the method proposed by Li 

and Rowe (2001a) can be utilized to calculate the average degree of consolidation at a specific 

time, required in the design criteria. If the calculated average degree of consolidation less than the 

required average degree of consolidation, select the new PVDs configuration (i.e., spacing, S, and 

length, L) until the required average degree of consolidation is met. 

After the design of the PVDs system, providing the designed average degree of 

consolidation at the required time, the strength gain of soils under the embankment centre can be 

estimate using SHANSEP method (Ladd and Foott 1974) for non-structured soil deposits. 

However, for the location along the potential failure surface, the increase in undrained shear 

strength can be estimated using the method presented by Li and Rowe (2001a). With the updated 

undrained shear strength along the potential failure surface, the limit equilibrium analysis can be 

employed to determine the required reinforcement forces. Finally, with the required 

reinforcement forces associated with the required factor of safety and allowable reinforcement 

strain, the design reinforcement stiffness can be established. Details and an example associated 

with the design approach summarized in this paper are provided in Li and Rowe (2001a). 

This approach can be easily applied for a stage construction sequence by adding the 

consolidation during the stoppage between stages when calculating the average degree of 
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consolidation, while keep the other steps the same. In order to ensure embankment stability 

during construction, it is important to monitor the development of reinforcement strains, excess 

pore water pressure, settlement, and horizontal deformation to confirm that the observed 

behaviour is consistent with the design assumptions (Rowe and Li 2005). 

2.8 Effect of creep/relaxation of geosynthetic reinforcements 

Experimental studies have shown that geosynthetics typically made of polyester (PET), 

polypropylene (PP) and polyethylene (PE) are susceptible to creep to some extent (Allen et al. 

1982; McGown et al. 1982; Christopher et al. 1986; Greenwood and Myles 1986; Jewell and 

Greenwood 1988; Bathurst and Cai 1994; Leshchinsky et al. 1997; Shinoda and Bathurst 2004; 

Jones and Clarke 2007; Kongkitkul and Tatsuoka 2007; Yeo and Hsuan 2010). The importance of 

considering creep/relaxation of geosynthetic reinforcement, to understand the time-dependent 

behaviour of the reinforced embankment on soft ground has been highlighted in the literature (Li 

and Rowe 2001b; Li and Rowe 2008; Rowe and Taechakumthorn 2008a,b). 

For creep-sensitive reinforcement, the reinforcement strain may significantly increase 

with time owing to creep of the reinforcement after embankment construction (Li and Rowe 

2001b). Figure 2.11 shows (solid lines) the development of reinforcement strain with time up to 

98% consolidation for embankments reinforced (on rate-insensitive soil) using HDPE (upper 

figure) and PET (lower figure) geosynthetics. Also shown (dashed lines) are the strains that 

would be developed if the reinforcement was assumed elastic with stiffness selected such that, at 

the end of construction, the reinforcement strain is the same as that developed in the viscous 

reinforcement. Thus, the difference between the solid and dashed lines represents the creep strain 

due to the viscous nature of the reinforcement. For the PET reinforcement, creep is insignificant 

and the long-term reinforcement strains for both viscous and elastic reinforcement are practically 
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the same. For the HDPE geogrid reinforcement, there is about 2% creep strain between the end of 

construction and the time of 98% consolidation. 

Li and Rowe (2001b) demonstrated that the isochronous stiffness deduced from a 

standard creep test can reasonably represent the stiffness of geosynthetics reinforcement at the 

critical stage, for rate-insensitive foundation soils. The study also recommended that the 

isochronous stiffness should be used in design to estimate the mobilized reinforcing force at the 

end of embankment construction. Figure 2.12 compares the mobilized reinforcement stiffness 

with isochronous stiffness deduced from in-isolation creep test data during and after the 

construction of the HDPE geogrid and PET geosynthetic-reinforced embankments. It can be seen 

that the mobilized stiffness decreases with time and very closely approaches the isochronous 

stiffness in the long-term. This also agrees with the finding of Li and Rowe (2008) and Rowe and 

Taechakumthorn (2008b) for the case of rate-sensitive foundation. 

Time-dependence of the mobilized reinforcement stiffness shown in Figure 2.12 also 

implies that the force in the reinforcement following the end of embankment construction may be 

significantly lower than expected in design, owing to the viscous behaviour of geosynthetic 

reinforcement, during and following embankment construction. This highlights the need for care 

when applying tensile stiffness from standard load–strain tests to deduce the design tensile force. 

In addition to creep effects, consideration should be given to potential construction damage of 

reinforcement (Allen and Bathurst 1994, 1996). 

2.9 Reinforced embankments on rate-sensitive soil 

It has been recognized by many researchers (Lo and Morin 1972; Vaid and Campanella 1977; 

Vaid et al. 1979; Graham 1983; Kabbaj et al. 1988; Leroueil 1988) that natural soft deposits 

exhibit significant time-dependent behaviour and their undrained shear strength is strain rate 
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dependent (rate-sensitive). Due to the viscoplastic characteristic of some soft natural clays, 

embankments often experience significant post construction creep deformation or even failure at 

a delayed time after construction when excess pore water pressures increases or remains at a 

nearly constant level following the completion of construction. The performance of the reinforced 

embankment constructed on the rate-sensitive soil also has been investigated by both field studies 

and numerical analysis (Rowe et al. 1996; Hinchberger and Rowe 1998; Rowe and Hinchberger 

1998; Rowe and Li 2002; Rowe and Taechakumthorn 2008a,b). For example, Rowe et al. (1996) 

showed that in order to accurately predict the responses of the Sackville embankment on a rate-

sensitive soil, it was essential to consider the effect of soil viscosity. Rowe and Hinchberger 

(1998) proposed an elasto-viscoplastic constitutive model and demonstrated that the model could 

adequately describe the behaviour of the Sackville test embankment. The proposed model was 

also verified with another well documented field study, the Gloucester test embankment 

(Bozozuk and Leonards 1972), and showed good prediction compared with the observed field 

data (Hinchberger and Rowe 1998). In the following chapters, the viscoplastic elliptical cap soil 

model successfully used in these case histories, developed by Hinchberger and Rowe (1998), will 

be used to examine the behaviour of reinforced embankments constructed over rate-sensitive soil 

deposits. 

2.10 Summary and conclusions 

The behaviour of reinforced embankments and the current design approaches have been 

examined for a number of different situations. The field case study of the Almere embankment 

shows that the use of geosynthetic reinforcement can substantially increase the failure height of 

the embankment over soft ground. The finite element method is an effective tool to analyze the 

behaviour of reinforced embankments. The results demonstrated that the performance of the 
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reinforced embankment can change significantly depending on the type of geosynthetic used 

and/or the nature of the foundation soil. Therefore, careful consideration must be given when 

selecting the type of constitutive relationship used to model each component of a reinforced 

embankment. Basal reinforcement can improve the stability of an embankment on both 

conventional (rate-insensitive) as well as rate-sensitive soil. Furthermore, the effect of partial 

consolidation during embankment construction can enhance the effect of reinforcement which 

encourages the combining of reinforcement with methods of accelerating consolidation, such as 

PVDs. When stage construction is required, the use of reinforcement can reduce the number of 

stages needed by increasing the height that can be safely attained in each stage. With the presence 

of PVDs, the assumption of total stress analysis is too conservative and the design method 

proposed by Li and Rowe (2001a) can be employed to address the effect of strength gain, 

associated with the partial consolidation, during the construction. 

Due to the time-dependent nature of geosynthetic reinforcement, reinforcement stiffness 

at the end of construction is less than that measured by the laboratory in-isolation standard wide-

width strip tensile tests in which the constant rate of strain is applied to the specimen. This 

implies that the reinforcement force used in the design may not represent what has been 

mobilized in the field. The isochronous stiffness measured from a standard creep test appears 

reasonably, and conservatively, to represent the reinforcement stiffness in the field at the end of 

construction. 

Care must be taken in the design when dealing with creep-susceptible reinforcement 

and/or when the foundation soil is rate-sensitive. 
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Figure 2.1 Comparison of predicted and observed reinforcement strains at location A (modified 

from Rowe and Jones 2000) 
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Figure 2.2 Maximum net embankment height and allowable reinforcement strain (modified from 

Hinchberger and Rowe 2003) 
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Figure 2.3 Variation of allowable compatible strain εa with dimensionless parameter Ω (modified 

from Rowe and Soderman 1985) 
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Figure 2.4 Chart for estimating reinforcement strains at embankment failure for foundation soils 

with strength increase with depth (modified from Hinchberger and Rowe 2003). 
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Figure 2.5 Embankment failure height against reinforcement tensile stiffness (modified from 

Rowe and Li 1999) 

Reinforcement tensile stiffness (kN/m)

0 2000 4000 6000 8000

In
cr

ea
se

 in
 fa

ilu
re

 h
ei

gh
t (

m
)

0.0

0.5

1.0

1.5

2.0

2.5

3.0

Soil profile
Su

z

Suo = 5kPa

1.5 kPa

1

σv,σp

z

σv σp

 

Figure 2.6 Increase of failure height after 98% consolidation at end of first stage construction 

(modified from Li and Rowe 1999b) 
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Figure 2.7 The combined effect of reinforcement and PVDs on the short-term stability of the 

embankment (modified from Rowe and Li 2005) 
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Figure 2.8 The combined effect of reinforcement and PVDs on lateral deformation beneath the 

toe of the embankment (modified from Rowe and Li 2005) 
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Figure 2.9 Contours showing the increase in undrained shear strength, Δsu in kPa, at end of 

construction, as calculated from FEM analyses (modified from Li and Rowe 2001a) 
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Figure 2.10 Breakdown of linear ramp load function for consolidation analysis considering soil 

in its overconsolidated and normally consolidated states (reproduced from Li and Rowe 2001a) 
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Figure 2.11 Variation of reinforcement strain with time during and following embankment 

construction (modified from Li and Rowe 2001b) 
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Figure 2.12 Variation of reinforcement tensile stiffness with time during and following 

embankment construction (modified from Li and Rowe 2001b)  
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Chapter 3 

Combined effect of PVDs and reinforcement on embankments 

constructed over rate-sensitive soils2 

3.1 Introduction 

Several techniques have been developed for the safe and cost-effective construction of 

embankments on soft soils. Two of particular note are the use of geosynthetic reinforcement 

(Rowe 1984; Fowler and Koerner 1987; Jewell 1987; Rowe and Soderman 1987; Rowe and Li 

1999; Bergado et al. 2002; Shen et al. 2005; Varuso et al. 2005; Bergado and Teerawattanasuk 

2008; Rowe and Taechakumthorn 2007a; Kelln et al. 2007) and prefabricated vertical drains, 

PVDs (Crawford et al. 1992; Chai and Miura 1999; Li and Rowe 1999; Indraratna and Redana 

2000; Zhu and Yin 2001; Bergado et al. 2002; Bo 2004; Chai et al. 2004; Nagahara et al. 2004; 

Zhu and Yin 2004; Shen et al. 2005; Chai et al. 2006; Rujikiatkamjorn et al. 2007; Sinha et al. 

2007). The combined use of reinforcement and PVDs has been shown to allow the rapid 

construction of a higher embankment on rate-insensitive soils that cannot be achieved with the 

use of either method alone (Li and Rowe 2001). However, to date there has been a paucity of 

research into the combined effects for embankments constructed on rate-sensitive soils. 

The behaviour of rate-sensitive soil has been extensively studied (Lo and Morin 1972; 

Vaid and Campanella 1977; Vaid et al. 1979; Graham 1983; Kabbaj et al. 1988; Leroueil 1988). 

The performance of the reinforced embankment constructed on the rate-sensitive soil also has 

been investigated by both field studies and numerical analyses (Rowe et al. 1995; Rowe et al. 

                                                      
2 A version of this chapter has been published as: 
 
Rowe, R.K., and Taechakumthorn, C. 2008. Combined effect of PVDs and reinforcement on embankments 
over rate-sensitive soils. Geotextiles and Geomembranes, 26(3): 239-249. 
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1996; Hinchberger and Rowe 1998; Rowe and Hinchberger 1998; Rowe and Li 2002; Rowe and 

Taechakumthorn 2007a). For example, Rowe et al. (1996) showed that in order to accurately 

predict the responses of the Sackville embankment on a rate-sensitive soil, it was essential to 

consider the effect of soil viscosity. Rowe and Hinchberger (1998) proposed an elasto-

viscoplastic constitutive model and demonstrated that the model could adequately describe the 

behaviour of the Sackville test embankment. Rowe and Li (2002) pointed out that the critical 

period with respect to the stability of reinforced embankments on rate-sensitive soils occurs after 

the end of construction as a result of a build-up in excess pore water pressure due to soil creep. 

The installation of PVDs has the potential to minimize the effect of the delayed build-up 

in excess pore pressures and improve the short-term stability of embankment as illustrated by 

Rowe and Taechakumthorn (2007b). However, the effect of PVDs on the long-term performance 

of reinforced embankments on soft rate-sensitive soil has received very little attention in the 

literature. Thus the objective of this chapter is to use the results of a finite element analysis 

validated for rate-sensitive soil, developed by Rowe and Hinchberger (1998), to provide insight 

regarding the combined effects of geosynthetics reinforcement and PVDs on both the short-term 

and longer-term (i.e., up to 98% degree of consolidation) behaviour of embankments constructed 

on soft rate-sensitive soil. The effect of PVDs spacing and other factors such as stiffness of 

geosynthetic reinforcement, rate of construction and viscoplastic properties of soil will be 

examined. The time-dependent responses of excess pore water pressure, reinforcement strains, 

surface settlement and lateral deformation of the soil foundation are also investigated. 
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3.2 Finite element modeling and model parameters 

3.2.1 Mesh discretisation 

A version of the finite element program AFENA (Carter and Balaam 1990) modified by Rowe 

and Hinchberger (1998) was adopted in this study to simulate the reinforced embankment 

construction. A small strain finite element analysis was conducted. The drainage elements 

(Russell 1990) implemented by Li and Rowe (2001) were utilized to study the effect of PVDs. 

The results presented here were obtained from embankments with 2:1 (horizontal:vertical) side 

slopes overlaying 15 m of soft rate-sensitive clay deposit above the rigid and permeable layer. A 

typical finite element mesh (Figure 3.1) involved 1815 six-noded triangle elements (4003 nodes) 

to discretise the embankment and foundation soils. Two-noded bar elements were used to model 

the reinforcement. Two-noded interface joint elements proposed by Rowe and Soderman (1985) 

were employed to model the fill/reinforcement and fill/foundation interfaces. The PVDs were 

modeled using two-noded drainage elements implemented by Li and Rowe (2001). 

The centerline of the embankment and far field boundary, located 100 m away from 

centerline, were taken to be smooth/rigid boundaries. The bottom boundary of the mesh was 

assumed to be free drainage and rough/rigid. The embankment construction was simulated by 

gradually turning on the gravity of the embankment in 0.75 m thick lifts at a rate corresponding to 

the construction rate of the embankment. The PVDs were fully penetrating in a square pattern. 

The effect of the smear zone was considered in this study assuming that the ratio of equivalent 

radius of smear zone and vertical drains, s, was equal to 4. The details of PVDs and smear zone 

modeling are provided in the following section. 
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3.2.2 Constitutive model for rate-sensitive soil and soil parameters 

The elasto-viscoplastic model adopted herein (Rowe and Hinchberger 1998) involves fully 

coupled deformation and consolidation (Biot 1941) and incorporates Perzyna’s theory of 

overstress viscoplasticity (Perzyna 1963), an elliptical cap model (Chen and Mizuno 1990), a 

Drucker-Prager failure envelope and concepts drawn from critical state soil mechanics (Roscoe 

and Schofield 1963). The constitutive model and computer program utilized in this study has 

been successfully verified with the results from the Sackville (Rowe and Hinchberger 1998) and 

Gloucester (Hinchberger and Rowe 1998) test embankments which were constructed on rate-

sensitive soil. The main features of the model are summarized in this chapter. Additional details 

regarding the model are provided by Hinchberger (1996) and Rowe and Hinchberger (1998). 

The yield surface of the elliptical cap model in 22m Jσ ′ −  stress space (where σ’m is 

mean effective stress and J2 is second invariant of deviatoric stress tensor) is shown in Figure 3.2. 

The general equation of the elliptical cap model can be expressed as follows: 

2 2 2
2( ) 2 ( ) 0m myf l J R lσ σ′ ′= − + − − =       (3.1) 

where: l  is a mean effective stress corresponding to the center of the ellipse; R is a ratio between 

major and minor axis of the ellipse; and σ’my is an intercept of the ellipse with the σ’m axis. 

The failure of the model is governed by the Drucker-Prager failure criterion having a 

slope of MN/C and MO/C for the normally consolidated and overconsolidated failure envelope 

respectively. 

According to Pernazy’s overstress theory, the governing equation is expressed in terms of 

strain rate tensor, ijε&  of the elasto-viscoplastic materials: 
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where: Sij is deviatoric stress; G is shear modulus; σii is summation of the principle stresses; K is 

bulk modulus; γvp is the viscoplastic fluidity parameter and Ø(F) is a flow function that can be 

expressed in term of overstress as: 

( )
( ) ( )

( ) 1
ns d

my os
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my

F
σ σ

φ
σ

⎛ ⎞′ ′+
= −⎜ ⎟⎜ ⎟′⎝ ⎠

       (3.3) 

where: ( )d
osσ ′  is overstress, defined as the distance between dynamic and static yield surface at the 

current stress state as shown in Figure 3.2 (Rowe and Hinchberger 1998); n is strain rate exponent 

and f is plastic potential function and yield surface. The elastic bulk modulus K and shear 

modulus G are a function of mean effective stress as shown below: 
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         (3.5) 

where: e is the void ratio; κ is the recompression index; σ’m is mean effective stress and ν’ is 

Poisson’s ratio. 

The basic constitutive parameters (Table 3.1) used for the soft rate-sensitive soil 

examined here are similar to those for the Sackville test embankment (Rowe and Hinchberger 

1998). The current states of stress were obtained from the preconsolidation and initial vertical 

stress profiles presented in Figure 3.3. 

The hydraulic conductivity of soft clay was taken to be a function of void ratio as: 

exp o
v vo
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where: kvo is the reference hydraulic conductivity; eo is the reference void ratio (eo = 1.5) and Ck is 

hydraulic conductivity change index (Ck = 0.2). The hydraulic conductivity was considered to be 

anisotropic with a constant 4=h vk k . 

3.2.3 Embankment fill parameters and construction rates 

Purely frictional granular soil was used to model the embankment fill. The assumed properties 

were friction angle ø’ = 37o, dilation angle ψ = 6o and unit weight γ = 20 kN/m3. The non-linear 

elastic behaviour of the fill was modeled using Janbu’s (1963) equation: 

3

m

a a

E K
P P

σ⎛ ⎞
= ⎜ ⎟

⎝ ⎠
         (3.7) 

where: E is the Young’s modulus; Pa is the atmospheric pressure; σ3 is the minor principle stress 

and K and m are material constants selected to be 300 and 0.5, respectively. The construction 

rates examined in this study were 2, 4, 8, 6 and 10 m/month. 

3.2.4 Interface parameters and reinforcement stiffness 

The rigid-plastic joint elements (Rowe and Soderman 1985) used to model the fill/reinforcement 

interfaces were assumed to be frictional with ø’ = 37o. The axial tensile stiffness, J, of the bar 

elements used to model the reinforcement was varied with values of 0 (no reinforcement), 500, 

1000, 2000, 4000 and 8000 kN/m being considered. 

3.2.5 Drainage element 

Strictly speaking, the analysis of a system involving PVDs should be conducted using a full 3-D 

analysis. However, an appropriate approximation can be applied to consider vertical drains in a 

plane strain analysis. For instantaneous loading, Hansbo (1981) proposed that the average degree 

of consolidation on a horizontal plane, Uh, at depth z and time t, for an axisymmetric condition, 

can be expressed as: 
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where: Th is the time factor for horizontal consolidation; Ch is the horizontal consolidation 

coefficient; k, ks and kw are the hydraulic conductivity of soil in the horizontal direction, soil in 

the smear zone (the hydraulic conductivity of soil in smear zone was assumed to be isotropic and 

same as vertical hydraulic conductivity) and the vertical drain, respectively; qw is the equivalent 

discharge capacity for the axisymmetric unit cell; rw, rs and R are the radius of the vertical drain, 

smear zone and influence zone, respectively and l is the drainage length of vertical drains. In the 

plane strain conditions, Hird et al. (1992) showed that Th and μ can be expressed as follows: 

( )2

2 2 2
4 3

h
h

w

C t kT and z l z
B BQ

μ= = + −      (3.12) 

where: B and Qw are the half width of the spacing in plane strain conditions and the equivalent 

discharge capacity for the plane strain unit cell. 

To match the average degree of consolidation at any time and depth for these two 

conditions, the average degree of consolidation in the horizontal plane for both axisymmetric and 

plane strain conditions can simply be set to be equal as: 

pl ax
h hU U=           (3.13) 
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This can be achieved by geometric matching, permeability matching or a mix of 

geometric and permeability matching. In previous work by Li and Rowe (2001), the permeability 

matching scheme was adopted. To satisfy Equation 3.13, the hydraulic conductivity of soil and 

equivalent discharge capacity of vertical drains in plane strain analysis have to be modified to: 

( )

2 2
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   (3.14) 

where: kpl and kax are horizontal hydraulic conductivity of soil in plane strain and axisymmetric 

conditions, respectively. Details of the drainage element implemented in this study are provided 

in Li and Rowe (2001). 

3.2.6 PVDs properties 

The PVDs in this study were modeled to have typical rectangular cross section of 100 × 4 mm 

(Holtz 1987) that was equivalent to a 52 mm diameter (dw) circular drain, based on Rixner et al. 

(1986): ( ) 2= +Wd b t , where: b and t are the width and thickness of the drains, respectively. 

The PVDs spacing, S, of 1, 2 and 3 m examined is within the typical range used in 

practice (Holtz 1987) and the discharge capacity of PVDs was taken to be 100 m3/year (Rixner et 

al. 1986) unless otherwise noted. 

3.3 Results and discussions 

To study the short-term responses, reinforced embankments were numerically constructed at the 

different examined construction rates until failure. In order to examine the long-term behaviour, 

the reinforced embankments were constructed up to the 5 m height and numerically monitored 

with time. Then, the time-dependent variation in mobilized reinforcement strain, excess pore 

pressures and foundation deformations were investigated. 
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3.3.1 Short-term stability of reinforced embankments 

The short-term stability of an embankment can be assessed in terms of failure height of the 

embankment. The failure height of either a reinforced or unreinforced embankment can be 

defined as the height of fill at which any attempt to increase the fill materials will not result in an 

increase in the net embankment height (actual height above the original ground surface). This 

failure height was obtained by plotting the relationship between the net embankment heights (fill 

thickness minus settlement) against the fill thickness as presented in Figure 3.4. The results from 

rate-insensitive soil or non-viscous soil (NV), shown in Figure 3.4, were simulated using the 

conventional elasto-plastic constitutive model discounting the effect of soil viscosity while the 

others were obtained using the elasto-viscoplastic constitutive model. The soil viscosity prevents 

plastic deformation during the initial stage of loading and provides extra short-term strength to 

the soil. The short-term failure height of Case I and III were 4.0 and 7.2 m, respectively. For rate-

sensitive soil, the faster the loading rate, the stronger is the short-term strength of the soil. The 

results from Cases II and III in Figure 3.4 demonstrate the effect of construction rate as the short-

term failure height for Case III was 7.2 m, 9.1% higher than that for Case II (6.6 m). 

For the unreinforced embankment, the lateral thrust from the fill is directly transferred to 

the foundation; however, when reinforcement is present some of the lateral thrust is carried by the 

reinforcement, thus it improves the bearing capacity of the foundation. The role of the 

geosynthetic reinforcement in improving the short-term stability of reinforced embankments is 

illustrated in Figure 3.5. Reinforced embankments with reinforcement stiffness of 0 

(unreinforced), 500 and 1000 kN/m were constructed with different construction rates until 

failure. The stiffer reinforcement provides higher confining force to the system and that results in 

higher bearing capacity of the foundation soil, and therefore a higher short-term failure height. 
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Figure 3.5 also illustrates the effect of construction rate on the short-term failure height of the 

embankment. 

Even though the faster construction rate allows the mobilization of higher short-term 

strength and hence a greater failure height, the consequent larger overstress in the system can be 

expected to result in the development of larger post construction excess pore water pressures and 

strength loss with time that may result in post construction failure. The presence of PVDs 

provides a short horizontal drainage path for soft clay and takes advantage of a higher horizontal 

hydraulic conductivity to accelerate the dissipation of the excess pore water pressures in the soil. 

This can be expected to increase the rate of strength gain due to the consolidation, reduce the 

amount of overstress and minimize the effect of time-dependent viscoplastic responses such as 

creep and stress relaxation in the soil. 

The benefit of PVDs on the short-term stability is illustrated in Figure 3.6. The short-term 

failure height of a reinforced embankment with the reinforcement stiffness of 500 kN/m and no 

PVDs (Case I) was 5.8 m. When PVDs were employed, the short-term stability of the reinforced 

embankment was improved substantially and there was no failure even when the fill was built up 

to 10.5 m. During the initial stage of construction, the smaller PVD spacing (S = 1 m) gave larger 

settlement due to the higher degree of partial consolidation. However, the higher degree of partial 

consolidation resulted in smaller overstress in the soil and accordingly less viscoplastic 

deformation was generated. Thus for S = 1 m, after the fill thickness exceeded 8.5 m, the net 

embankment height exceeded that for S = 3 m. 

3.3.2 The effects on the long-term reinforcement strain 

As noted above, the greater overstress associated with the ability to construct higher 

embankments on a rate-sensitive foundation than over an otherwise similar (e.g., same slow strain 

undrained strength) but not rate-sensitive soil can be expected to cause longer-term problems for 
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reinforced embankments. To illustrate this, a conventional preliminary design was conducted 

using the limit equilibrium analysis and a shear strength profile for the soft deposit calculated 

based on the results of plane strain shear strength test with the recommended strain rate of 0.5 to 

1.0 %/hour (Germaine and Ladd 1988). The analysis implied that the 5.25 m height reinforced 

embankment should be stable with safety factors of 1.3 using a reinforcing tensile force of 100 

kN/m (e.g., J = 2000 kN/m at 5% strain). However, the results from finite element analysis show 

that for this case, the long-term reinforcement strain was 6%, which implies that the stability 

calculated from limit equilibrium analysis is over estimated. For this particular soil, a reinforced 

embankment (with J = 2000 kN/m) could be constructed to only 5 m in order to limit the long-

term reinforcement strain within allowable design strain of 5%. 

The effects of construction rate and reinforcement stiffness on the long-term mobilized 

reinforcement strains are illustrated in Figure 3.7. At the end of construction, Case I (faster 

construction rate) exhibited higher short-term strength and since the soil carried most of the load 

from the embankment the reinforcement only had a small maximum mobilized strain of 1.6%. In 

contrast, the slower construction rates, while giving higher end of construction strains (2.1% and 

2.6% for Case II and III, respectively compared to 1.6% for Case I), allowed higher degree of 

consolidation during the construction and reduced the amount of overstress in the soil. This 

reduced the consequences – creep and delayed excess pore pressures (as discussed later in this 

chapter) – and resulted in smaller (7.7% and 6.7% for Case II and III, respectively) long-term 

strains than the 8.3% obtained for Case I. The results from Case I and IV show the effect of 

reinforcement stiffness and as expected the stiffer reinforcement (Case IV) gave both a smaller 

strains at both the end of construction and long-term (1.3% and 5% respectively) than for Case I 

(1.6% and 8.3%). 
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The presence of PVDs not only accelerated the rate of excess pore water dissipation but 

also reduced the amount of overstress in the soil, consequently the effects of viscoplastic response 

of the soil was minimized. For a 5 m high reinforced embankment with the reinforcement 

stiffness J = 1000 kN/m, even a construction rate as low as 2 m/month gave rise to a long-term 

reinforcement strain of 6.8% which exceeds the typical allowable limit of 5% (Figure 3.7). In 

contrast, with PVDs at 3 m spacing, when the same embankment was numerically constructed at 

10 m/month it still only give a maximum long-term reinforcement strain of 4.8% (Case I: with 

resistance, Figure 3.8). With stiffer (J = 2000 kN/m) reinforcement, PVDs reduced the long-term 

reinforcement strain from 5% to 3.4% (Case IV in Figure 3.7 and Case II: with resistance, Figure 

3.8). With a reinforcement stiffness of 2000 kN/m, a reinforced embankment could be 

constructed up to 5.75 m without the long-term reinforcement strain exceeding about 5.2% (Case 

III: with resistance, Figure 3.8). For this same 5% long-term limit strain and PVDs at 3 m 

spacing, embankments could be constructed to 6.50 and 7.85 m compared to 5.80 and 7.10 m 

(without PVDs) for J = 4000 and 8000 kN/m, respectively.  

The “with resistance” analyses reported above were performed assuming that the PVDs 

had a maximum discharge capacity of 100 m3/year. To assess the effect of this restriction, 

analyses were also performed for the case where the PVDs were “free draining” (i.e., there was 

no resistance to flow once water reached the PVDs) and these results are also presented in Figure 

3.8. The “free draining” analyses result in lower predicted strains than those with resistance. This 

is because the free draining case gave rise to a higher degree of partial consolidation and less 

overstress was generated in the soil. Consequently, the amount of viscoplastic strain in the 

foundation was under predicted. 
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3.3.3 The effects on the excess pore water pressure dissipation 

Following the construction of reinforced embankments on a rate-sensitive soil there is 

simultaneous generation of excess pore water pressure due to creep of overstressed soil  and 

dissipation of excess pore pressures due to consolidation. Figure 3.9 shows the contours of the 

excess pore water pressure for a 5 m high reinforced embankment (J = 2000 kN/m) at 1 month 

after the end of construction. The shear induced nature of the excess pore pressure is evident from 

the fact that the maximum excess pore water was developed along the potential failure zone and 

not beneath the centerline as might be expected on a more traditional (non-viscous) soil. The 

contours of the change in excess pore water pressure between immediately after and 1 month 

after the end of construction (Figure 3.10) illustrate this point while also showing how creep 

induced excess pore water pressures are generated after construction even when pore pressure 

dissipation is occurring. Thus the maximum excess pore water pressure and the minimum factor 

of safety were reached following the end of construction. 

The effect of reinforcement stiffness and PVDs on the excess pore water pressure is 

presented in Figure 3.11. The excess pore water pressures were monitored at 6.0 m beneath the 

crest of the embankment where its maximum increase was indicated (Figure 3.10). The results 

show that the excess pore water pressures at the end of construction were approximately 80 kPa 

for all cases regardless of reinforcement stiffness for the construction rate of 10 m/month. The 

excess pore water pressures kept increasing post construction for all reinforcement stiffnesses 

considered until a peak was reached. This phenomenon is similar to what observed at the 

Sackville test embankment (Rowe and Hinchberger 1998). It is also worth mentioning that 

although the maximum excess pore water pressure was not very sensitive to the stiffness of 

reinforcement, the excess pore water dissipation was faster for embankment reinforced with 

stiffer reinforcement. This is due to the fact that the stiffer reinforcement provided higher 
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confining stress to the foundation soil minimizing the overstress and creep deformations and 

hence reduced the rate of creep induced excess pore water pressure generations.  

The installation of PVDs significantly minimized the effect of delayed excess pore water 

pressure build up on the rate-sensitive soil. The results show that with PVDs, the excess pore 

water pressure rapidly decreases following the end of construction and reinforcement with lesser 

stiffness could be employed while maintaining similar performance. As mentioned earlier the 

analyses for free draining PVDs over estimated the degree of partial consolidation compared to 

the analyses that took account of flow resistance in the PVDs. To demonstrate the effect of the 

assumption about flow resistance in the PVDs on pore pressures, Figure 3.11 shows the 

calculated variation in excess pore water pressure with time for those two assumed conditions. 

3.3.4 The effects on the differential settlement and lateral deformation of the embankment 

Reinforcement can significantly reduce differential settlement, heave, and lateral deformations of 

the embankment on rate-sensitive soil. Figure 3.12 shows the ground surface profiles for 

embankments with different reinforcement stiffnesses at 1 month after the end of construction. 

For the case of an unreinforced embankment (J = 0 kN/m), the differential settlement between 

center and crest of the embankment was almost 1.2 m but for the reinforced embankments, this 

was reduced to 0.47 and 0.34 m for reinforcement stiffness of 1000 and 2000 kN/m (Case II and 

III) respectively. The maximum calculated heaves were 1.8, 0.85, and 0.63 m for the unreinforced 

embankment and for the reinforcement stiffness of 1000 and 2000 kN/m, respectively. The 

presence of PVDs considerably reduced the differential settlement of the foundation soil. The 

result from Case IV shows that for J = 1000 kN/m, installation of PVDs with spacing of 3 m 

resulted in larger settlement beneath the centerline of the embankment (0.45 m versus 0.14 m for 

no PVD) due to a higher degree of partial consolidation. However, the differential settlement and 
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maximum heave were reduced to 0.15 and 0.54 m, respectively (compared to 0.34 and 0.63 m for 

Case III with J = 2000 kN/m), even with less stiff reinforcement (J = 1000 kN/m). 

The combined effect of reinforcement and PVDs on the differential settlement is 

illustrated in Figure 3.13. The stiffer reinforcement resulted in less differential settlement as well 

as less heave. Figure 3.14 shows the effect of assumption regarding drainage resistance on the 

calculated differential settlement. For the case of unreinforced embankment, the differential 

settlement between center and crest of the embankment and maximum heave for free draining 

PVDs (Case I: Free draining) were 0.19 and 0.48 m, respectively as compared to 0.26 and 0.74 m 

when the resistance of the PVDs was considered (Case I: With resistance). Thus the free draining 

case may result in unconservative predictions of differential settlement for the unreinforced 

embankment. In contrast, the assumption regarding resistance to drainage in the PVDs had very 

little effect on the predicted differential settlement for the two reinforced embankments (Cases II 

and III). 

Reinforcement also has a benefit in reducing the lateral deformation of the foundation 

soil. Figure 3.15 shows the profile of horizontal deformation beneath the toe of the reinforced 

embankment at 1 month after the end of construction. Without reinforcement, there was excessive 

movement beneath the toe of the embankment and eventually failure. The maximum lateral 

deformations of soil were reduced from 2.4 m, for the unreinforced case, to 1.1 and 0.78 m for 

reinforcement stiffness of 1000 and 2000 kN/m, respectively. Figure 3.15 also shows the effect of 

PVDs on the lateral deformation. With a reinforcement stiffness of 1000 kN/m and PVDs with 

spacing of 3 m, the maximum lateral deformation was only 0.61 m. 

The combined effect of reinforcement and PVDs on the lateral deformation is also 

presented in Figure 3.16. The effect of reinforcement on lateral deformation was more 

pronounced than that on differential settlement when the PVDs were employed. As expected, the 
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stiffer the reinforcement, the smaller is the maximum lateral deformation. For this particular soil 

installed with PVDs with spacing of 3 m, the maximum lateral deformations were 0.98, 0.72, 

0.60, 0.48 and 0.37 m for the case of reinforcement stiffness of 0, 1000, 2000, 4000 and 8000 

kN/m, respectively.  

The effect of assumption regarding drainage resistance in the PVDs on the lateral 

deformation is shown in Figure 3.17. The effect was similar to that for differential settlement with 

the free draining PVD analyses under predicting the later deformation of the foundation. The 

presence of reinforcement in the system can reduced the effect of assumptions regarding flow 

resistance in the PVD. 

3.4 Summary and conclusions 

The time-dependent behaviour of reinforced embankments constructed over rate-sensitive clay 

with and without PVDs was investigated using finite element analysis. Various factors such as the 

viscoplastic properties of the foundation soil, reinforcement stiffness, construction rate and PVDs 

spacing were examined. The results show that the viscoplastic behaviour of the foundation soil 

can have a significant effect on the performance of a reinforced embankment, especially after the 

end of construction. The behaviour of reinforced embankment on the specific rate-sensitive clays, 

within the range of cases and parameters considered in this chapter, can be summarized as 

follows. 

For the rate-sensitive soil, the short-term stability was affected by viscoplastic 

characteristics of the soil. Other things being equal, a faster construction rate gave higher strength 

and hence a higher short-term failure height; but field experience shows that failure can occur 

following the end of construction. Reinforcement and PVDs both significantly increased the 

short-term stability of the embankment. The construction rate affected the mobilized 
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reinforcement strains since, the faster construction rate resulted in higher short-term strength of 

the foundation soil; therefore, less force was transferred to the reinforcement and hence a smaller 

reinforcement strain was mobilized at the end of construction. However, a faster construction rate 

gave higher overstress in the foundation soil and that lead to larger creep deformation in soil as 

well as larger long-term reinforcement strain. Most of the time, the height of the reinforcement 

embankment is limited by the allowable reinforcement strain. With the combined use of PVDs 

and reinforcement, less stiff reinforcement was required in the design for the same embankment 

height compared to when there were no PVDs. Alternatively, a higher embankment height could 

be achieved if same stiffness of reinforcement was employed.  

Without PVDs, the excess pore water pressures reached the maximum value after the end 

of construction. Thus the critical period regarding the stability for the embankment (the time of 

minimum factor of safety) may occur after the end of construction. Although this maximum 

excess pore pressure was not very sensitive to the reinforcement stiffness, the pore pressures 

dissipated faster for the more highly reinforced embankment. PVDs accelerated the excess pore 

water pressure dissipation and largely eliminated post construction build up in excess pore water 

pressure. The differential settlement, heave, and lateral deformation were all substantially reduced 

by the use of basal reinforcement and the effect could be enhanced using PVDs.  

The assumptions made regarding flow resistance in the PVDs had a notable effect on 

predicated settlement and horizontal deformations for the unreinforced embankments modeled. 

The effect was much less significant for the reinforced embankments examined; however even in 

these cases it seems appropriate to model the expected flow resistance in the PVDs since the 

assumption of free draining PVDs may result in unconservative predictions of both deformations 

and reinforcement strains. 
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Table 3.1 Foundation soil properties 

Soil Parameter  
Failure envelope, MN/C 0.96 
Cohesion intercept, ck (kPa) 0 
Failure envelope, MO/C 0.75 
Aspect ratio, R 1.25 
Compression index, λ 0.16 
Recompression index, κ 0.034 
Coefficient of at rest earth pressure, Ko’ 0.75 
Poisson’s ratio, υ 0.3 
Reference hydraulic conductivity, kvo (m/s) 2 × 10-9 
Hydraulic conductivity ratio,  kh/kv 4 
Unit weight, γ (kN/m3) 17 
Initial void ratio, eo 1.50 
Viscoplastic fluidity, γvp (1/hour) 2.0 × 10-5 
Strain rate exponent, n 20 
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Figure 3.1 Finite element mesh discretisation 
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Figure 3.2 Elliptical cap model (modified from Rowe and Hinchberger 1998) 
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Figure 3.3 Preconsolidation pressure and initial vertical stress profiles (Rowe and Li 2002) 
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Figure 3.4 Effects of soil viscosity and construction rate on the short-term failure height of the 

embankment 
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Figure 3.5 Effects of reinforcement stiffness and construction rate on the short-term failure 

height of the embankment 
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Figure 3.6 Effect of PVDs on the short-term failure height of the embankment 
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Figure 3.7 Effects of construction rate and reinforcement stiffness on the maximum mobilized 

reinforcement strain 
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Figure 3.8 Effects of PVDs and reinforcement stiffness on the maximum mobilized 

reinforcement strain 
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Figure 3.9 Contours of excess pore water pressures at 1 month after the end of construction (CR 

= 10 m/month, J = 2000 kN/m) 
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Figure 3.10 The difference of excess pore water contour at the end of construction and 1 month 

after the end of construction (CR = 10 m/month, J = 2000 kN/m) 
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Figure 3.11 Effect of reinforcement stiffness and PVDs on the dissipation of excess pore pressure 

with time at the location of the maximum difference shown in Figure 10 (i.e., 6 m beneath the 

embankment shoulder) 
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Figure 3.12 Effect of reinforcement stiffness and PVDs on the differential settlement of the 

foundation surface 
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Figure 3.13 Effect of reinforcement stiffness on the differential settlement of the foundation  
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Figure 3.14 Effect of assumptions regarding resistance to drainage in the PVDs on the 

differential settlement at the foundation surface 
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Figure 3.15 Effect of reinforcement stiffness and PVDs on the horizontal deformation beneath 

the embankment toe 
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Figure 3.16 Effect of reinforcement stiffness on horizontal deformation beneath the embankment 

toe 
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Figure 3.17 Effect of assumptions regarding resistance to drainage in the PVDs on horizontal 

deformations beneath the embankment toe 
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Chapter 4 

Performance of reinforced embankments on rate-sensitive soils under 

working conditions considering effect of reinforcement viscosity3 

4.1 Introduction 

Geosynthetic reinforcement has gained wide acceptance as a means of allowing construction of 

embankments over soft soils as highlighted in a number of recently published papers (Basudhar et 

al. 2008; Bergado and Teerawattanasuk 2008; Chen et al. 2008; Ghazavi and Lavasan 2008; Li 

and Rowe 2008; Rowe and Taechakumthorn 2008; Abusharar et al. 2009; Huang and Han 2009; 

Magnani et al. 2009; Subaida et al. 2009; Zheng et al. 2009). Design typically focuses on 

consideration of stability and serviceability of the reinforced soil structures. In particular, when 

reinforced soil structures form part of critical infrastructure, the design criteria only allow limited 

long-term deformation so as to ensure the long-term serviceability of the system (FHWA HI-95-

038 1995). However, geosynthetics are made of polymers, (typically; polyester (PET), 

polypropylene (PP) and polyethylene (PE)) that are susceptible to creep (Allen et al. 1982; 

McGown et al. 1982; Christopher et al. 1986; Greenwood and Myles 1986; Jewell and 

Greenwood 1988; Bathurst and Cai 1994; Leshchinsky et al. 1997; Shinoda and Bathurst 2004; 

Jones and Clarke 2007; Kongkitkul and Tatsuoka 2007) which may affect the long-term 

performance of a reinforced soil structure. While this is most critical for reinforced soil walls and 

embankments as part of, or abutting, relatively rigid structures (e.g., bridge abutments) it is also 

of importance for reinforced embankments in other applications such as part of road systems. 
                                                      
3 Material presented in this chapter has been included in: 
 
Taechakumthorn, C. and Rowe, R.K. 2010. Performance if reinforced embankments on rate-sensitive soils 
under working conditions considering effect of reinforcement viscosity. ASCE, International Journal of 
Geomechanics, Accepted. 
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However despite its importance, there is only limited literature dealing with the potential effect of 

reinforcement creep and relaxation on the performance of reinforced embankments on soft 

foundations (Li and Rowe 2001; Li and Rowe 2008; Rowe and Taechakumthorn 2008). 

For soft cohesive soil deposits, the time-dependent nature and rate-sensitive 

characteristics of both geosynthetic reinforcement and foundation soil can affect the performance 

of a reinforced embankment. The effect of strain rate on the strength of soft cohesive soil has 

been recognized since the early work of Terzaghi (1931) and Casagrande and Wilson (1951). The 

literature contains extensive experimental studies on the behaviour of viscous soils, called rate-

sensitive soil herein (Bjerrum 1972; Vaid and Campanella 1977; Vaid et al. 1979; Graham et al. 

1983; Kabbaj et al. 1988; Kulhawy and Mayne 1990; Leroueil and Marques 1996; Sheahan et al. 

1996; Presti et al. 1999; Matesic and Vucetic 2003). The performance of reinforced embankments 

constructed over rate-sensitive soils has been investigated by both field studies and numerical 

analyses (Rowe et al. 1995; Rowe et al. 1996; Hinchberger and Rowe 1998; Rowe and 

Hinchberger 1998; Rowe and Li 2002; Rowe and Taechakumthorn 2008). It has been recognized 

that due to the viscous nature of rate-sensitive soil, embankments constructed on these 

problematic foundations may experience excessive creep deformation or even failure following 

the end of construction (Keenan et al. 1986). 

Knowledge of the combined effects of the time-dependent nature of both geosynthetic 

reinforcement and foundation soil is needed to improve the design and performance of reinforced 

embankments on soft rate-sensitive soil deposits. However, with the exception of Li and Rowe 

(2008), there is a paucity of literature addressing this issue. Thus the objective of this chapter is to 

explore the effect of various factors including type of geosynthetic reinforcement, viscosity of 

soil, rate of construction and long-term reinforcement strain on the performance of reinforced 
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embankments under working conditions (i.e., to examine the serviceability limit state) using finite 

element analyses. 

4.2 Problem considering and numerical model 

A version of the finite element program AFENA (Carter and Balaam 1990) modified to 

incorporate a soil/reinforcement interaction, an elliptical cap model (Chen and Mizuno 1990), a 

coupled Biot consolidation theory (Biot 1941), and an elasto-viscoplastic constitutive model 

(Rowe and Hinchberger 1998) was adopted in this study. The non-linear viscoelastic model 

proposed by Zhang and Moore (1997) was employed to model the time-dependent behaviour of 

the geosynthetic reinforcement. The granular fill material was modeled using a nonlinear elastic-

perfectly plastic model based on a Mohr-Coulomb failure criterion and a non-associated flow rule 

(Davis 1968). 

The present study examines the construction of a typical highway embankments with 2:1 

(horizontal:vertical) side slope. A series of embankments were numerically constructed over a 15 

m deep soft clay deposit underlain by a relatively rigid and permeable stratum as shown in Figure 

4.1. The centerline of the embankment and the far field boundary, located 100 m away, were 

considered as smooth/rigid boundaries. The bottom of the finite element mesh was assumed to be 

a permeable rough/rigid boundary – zero excess pore water pressure was assigned along this 

boundary. Total of 1847 linear strain triangle elements (3516 nodes) were used to discretise the 

embankment and foundation soil. The geosynthetic reinforcement was modeled using two-noded 

bar elements. Rigid-plastic interface elements (Rowe and Soderman 1985) were utilized to model 

the reinforcement/fill interface with a friction angle of 37 degrees (ø’ = 37o). 

The construction of reinforced embankments was simulated by gradually turning on 

gravity in the fill materials in 0.75 m thick lifts at the construction rate being considered. 
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4.3 Model parameters 

The following subsections summarize the main features of the various constitutive models 

implemented in this study. Additional details regarding the modelling of the granular fill material 

and rate-sensitive foundation are given by Rowe and Hinchberger (1998) and details regarding 

the viscoelastic model for reinforcement are provided by Zhang and Moore (1997). 

4.3.1 Constitutive model and parameters for rate-sensitive soil 

The constitutive model and computer program implemented in this study has been verified with 

the results from the Sackville (Rowe and Hinchberger 1998) and Gloucester (Hinchberger and 

Rowe 1998) test embankments which were constructed on soft rate-sensitive soil deposits. 

The yield surface of the elliptical cap model in 22m Jσ ′ −  stress space (where σ’m is 

mean effective stress and J2 is second invariant of deviatoric stress tensor) can be expressed as 

follows: 

2 2 2
2( ) 2 ( ) 0m myf l J R lσ σ′ ′= − + − − =       (4.1) 

where; l  is a mean effective stress corresponding to the center of the ellipse; R is the ratio of the 

major and minor axis of the ellipse; and σ’my is the intercept of the ellipse with the σ’m axis. 

The failure of the model is governed by the Drucker-Prager failure criterion having a 

slope of MN/C and MO/C for the normally consolidated and overconsolidated failure envelope, 

respectively. 

According to the Pernazy’s overstress theory (Perzyna 1963), the governing equation is 

expressed in terms of strain rate tensor, ijε& : 

1 ( )
2 3

ij vp
ij ii

ij

S fF
G K

ε σ γ φ
σ
∂

= + +
∂

&
& &       (4.2) 
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where; Sij is deviatoric stress; G is shear modulus; σii is summation of the principle stresses; K is 

bulk modulus; γvp is the viscoplastic fluidity parameter and Ø(F) is a flow function that can be 

expressed in terms of the overstress as: 

( )
( ) ( )

( ) 1
ns d

my os
s

my

F
σ σ

φ
σ

⎛ ⎞′ ′+
= −⎜ ⎟⎜ ⎟′⎝ ⎠

        (4.3) 

where; ( )d
osσ ′  is the overstress, defined as the distance between dynamic and static yield surface at 

the current stress state (Rowe and Hinchberger 1998); n is strain rate exponent and f is  plastic 

potential function and yield surface. The elastic bulk modulus K and shear modulus G are a 

function of mean effective stress as: 

1
m

eK σ
κ
+ ′=          (4.4) 

( )
( )

3 1 2
2 1

K
G

ν
ν
′−

=
′+

         (4.5) 

where; e is the void ratio; κ is the recompression index; σ’m is mean effective stress and ν’ is 

Poisson’s ratio. 

In this study, a soft foundation profile with two sets of viscoplastic properties, denoted as 

R1 and R2 are examined (Table 4.1). The preconsolidation and initial vertical stress profiles are 

shown in Figure 4.2. Soil R1 has properties similar to Sackville soil examined by Rowe and 

Hinchberger (1998). The rate of increase in undrained shear strength with strain rate for the soil at 

Sackville was similar to that reported by Graham et al. (1983) (about 3% and 16% per 

logarithmic cycle of strain rate for strain rate below and above 0.005%/hour, respectively). The 

viscoplastic parameters of soil R2 capture the average behaviour of 26 soft cohesive soils as 

reported by Kulhawy and Mayne (1990) where the undrained shear strength increases at about 

10% per logarithmic cycle of strain rate. 
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The hydraulic conductivity of soft clay was taken to be a function of void ratio as: 

exp o
v vo

k

e ek k
C

⎛ ⎞−
= ⎜ ⎟

⎝ ⎠
        (4.6) 

where; kvo is the reference hydraulic conductivity; eo is the reference void ratio and Ck is hydraulic 

conductivity change index (Ck = 0.2). The hydraulic conductivity was considered to be 

anisotropic with 4=h vk k  

4.3.2 Embankment fill parameters and construction rates 

The granular soil used to model the embankment fill had a friction angle ø’ = 37o, dilation angle 

ψ = 6o and unit weight γ = 20 kN/m3. The non-linear elastic behaviour of the fill was modeled 

using Janbu’s (1963) equation: 

3

m

a a

E K
P P

σ⎛ ⎞
= ⎜ ⎟

⎝ ⎠
         (4.7) 

where; E is the Young’s modulus; Pa is the atmospheric pressure; σ3 is the minor principle stress 

and K and m are material constants selected to be 300 and 0.5, respectively.  

Five construction rates, CR, were examined in this study; viz. 1, 2, 5, 10 and 30 m/month. 

4.3.3 Constitutive model and parameters for geosynthetics reinforcement 

The multi-Kelvin model adopted in this paper has been shown to describe both the short-term and 

long-term viscoelastic strains of geosynthetic materials (Zhang and Moore 1997; and Soong and 

Koerner 1998). The multi-Kelvin model requires only a few material properties and the number 

of Kelvin elements can be adjusted to describe the creep behaviour over different time frames.   

The total strain, ε , is the sum of the elastic strain, eε , and the viscous strain, vε , 

therefore, the total strain rate, ε& , can be given by: 

e vε ε ε= +& & &           (4.8) 
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where; e
T oEε σ=& & ; Tσ  is tensile stress and oE  is a modulus (stiffness for the geosynthetic 

reinforcement) of the independent spring, which is a function of the tensile stress as: 

3
1exp( )o oE a a σ= −         (4.9) 

where; oa  and 1a  are material constants. The viscous strain rate, vε& , is represented by:  

K vn
v i

i i i iE
εσε

τ τ
⎧ ⎫

= −⎨ ⎬
⎩ ⎭

∑&         (4.10) 

where; Kn  is the number of Kelvin elements; i i iEτ η=  is the retardation time; iE  and iη  are 

the spring modulus and the dashpot viscosity of the thi  Kelvin element, respectively. The 

following equations are proposed to reduce the number of material constants: 

1
1

i
iE Eα −=          (4.11) 

1
1

i
iτ β τ−=           (4.12) 

where; 1E  and 1τ  are the material constants.  

Thus the model requires seven material constants: oa , 1a , α , β , 1E , 1τ  and Kn . The 

finite element formulation of the viscoelastic problem was derived based on Zienkiewicz (1977). 

Physical properties for the four typical geosynthetic reinforcement products [viz. a high density 

polyethylene (HDPE) geogrid, G1 (Leshchinsky et al. 1997); a second HDPE geogrid, G2 (data 

courtesy of Tensar Earth Technology Inc.); a woven polypropylene (PP) geotextile, G3 

(Greenwood 1990) and a woven polyester (PET) geotextile, G4 (Greenwood 1990)] are given in 

Table 4.2. The model parameters were obtained by back-calculating the creep test data using a 

finite element program (Li and Rowe 2001) and all parameters are given in Table 4.3. 
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4.4 Results and discussions 

In this study, reinforced embankments were, typically, numerically constructed up to fill 

thicknesses providing long-term allowable reinforcement strain of about 5.0% to 5.5% (referred 

as a working height, hereafter). This choice was based on the GFR Specification guide suggesting 

the use of an allowable reinforcement strain ranging between 4% and 7% (Industrial Fabrics 

Association International 2006). A series of different reinforced embankments, involving two sets 

of viscoplastic properties R1 and R2, and four different types of viscoelastic reinforcement were 

examined. To establish the working height for different cases, iterative finite element simulations 

were performed at a construction rate of 10 m/month and the results are summarized in Table 4.4. 

4.4.1 Ground surface settlement profile and lateral toe deformations 

The calculated long-term surface settlement profiles for the reinforced embankments over rate-

sensitive soil R1, under working condition are presented in Figure 4.3 for a construction rate of 

10 m/month. It worth noting that even though the long-term reinforcement strains were controlled 

to be within the range of 5.0% to 5.5%, the working heights of reinforced embankments were 

different owning to the differences in reinforcement type and stiffness (with the working height 

for the embankment with reinforcement G4 being 0.4 m higher than that with G2 and G3 and 

0.65 m higher than that with G1). The overall surface profiles (i.e., maximum and differential 

settlements and heave) are highly dependent on the working height of the reinforced embankment 

for similar long-term reinforcement strains. As the working height increased, the maximum 

settlement and heave increased. At the end of construction, the maximum settlements were 0.10, 

0.12, 0.12 and 0.15 m and heaves were 0.06, 0.08, 0.08, and 0.10 m for reinforcements G1, G2, 

G3 and G4, respectively, and the corresponding maximum strain in the reinforcement was 0.9%, 

1.0%, 1.0% and 1.3%. Consolidation and creep resulted in significant increases in all of these 

values with time and the long-term maximum settlements were 1.09, 1.19, 1.19, and 1.34 m, and 
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maximum heaves were 0.60, 0.71, 0.71, and 0.85 m for embankments using viscous 

reinforcement G1, G2, G3 and G4 (working heights of 4.15, 4.40, 4.40 and 4.80 m), respectively, 

and the long-term maximum reinforcement strains were all between 5.2% and 5.3% (Table 4.4). 

Under working conditions there is considerable viscoplastic deformation in the area of highest 

shear stress along the potential failure surface in the underlying soil. Thus all the surface 

settlement profiles in Figure 4.3 show an evident rotational movement (due to shear induced 

creep deformation) with the maximum settlement occurring behind the shoulder of the reinforced 

embankment instead of at the centerline (as is the case when settlement is dominated by 

consolidation). 

The development of lateral toe movements with time is given in Figure 4.4. At the end of 

construction the toe movement was small for each case (0.12, 0.14, 0.14, and 0.17 m), however 

with time, the rate of creep-induced toe deformation increased with increasing working height 

until the long-term lateral toe deformations reached 0.69, 0.78, 0.78, and 0.90 m for 

embankments using viscous reinforcement G1, G2, G3 and G4, respectively. Performances of 

embankments reinforced with reinforcement G2 and G3 are almost identical. This is, perhaps, 

because their engineering properties are similar. 

Other things being equal, the use of stiffer and less creep-susceptible reinforcement (e.g., 

PET G4) allows the mobilization of a larger reinforcement force for a given long-term 

reinforcement strain (5%-6%) and hence allows the construction of a higher embankment based 

on stability considerations (ultimate limit state). However as demonstrated above, for a rate-

sensitive soil this also results in larger surface settlements and lateral toe movements due 

primarily to the greater shear stresses induced in the foundation soil as a result of the greater fill 

thickness. Thus consideration also needs to be given to what represents a suitable serviceability 

limit state for these designs. 
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4.4.2 Settlement of reinforced embankment under working condition 

Under working conditions with the long-term reinforcement strain limited to about 5%, one might 

expect a typical consolidation settlement profile (i.e., bowled shape with maximum settlement at 

the centerline of the embankment) for a conventional soft clay deposit. However, as noted above, 

for rate-sensitive soils the effect of shear induced creep is pronounced.  

Figure 4.5 shows the maximum settlement, settlement under the embankment centerline 

and the differential settlement between those two locations with time for the 4.15 m high 

embankment reinforced with HDPE geogrid G1 on rate-sensitive soil R1. The deformation of 

foundation soil was minimal (0.07 m and 0.10 m at the centerline and point of maximum 

settlement, respectively) at the end of construction and hence the differential settlement was 

negligible (0.03 m). Following the end of construction, settlement of a reinforced embankment on 

rate-sensitive soil arises from two sources: namely, consolidation and shear induced creep. Since 

greater shear stress was generally developed in the area behind the shoulder of the embankment 

than near the centerline, the maximum settlement developed about 3.5 m behind the shoulder of 

the reinforced embankment (Figure 4.3). 

The rate of viscoplastic deformation depends on the amount of overstress generated in the 

soil. With time, creep/relaxation and consolidation expand the static yield surface of the soil and 

reduce the amount of overstress induced by the embankment. In this specific case, during the 

period between the end of construction and about 13 months, creep induced pore pressures 

developed and limited the amount of consolidation settlement that could occur. During this period 

creep induced deformations dominated and since these are greater at the point of maximum 

settlement than at the centerline, there was a greater rate of settlement at this location than at the 

centerline and consequently an increase in the differential settlement between these two locations 

with time (Figure 4.5) until a maximum differential settlement is reached at 13 months. 
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Eventually, however, the dissipation of pore pressures becomes significant enough that 

consolidation dominates over creep induced deformations and there is both a change in the slope 

of the settlement versus (log) time response and a small decrease in differential settlement since 

the rate of consolidation settlement at the centerline exceeds that near the shoulder. After about 

15 years, 98% consolidation is reached and the subsequent change in deformation with time 

becomes quite small. As also illustrated by this case, for a rate-sensitive soils under working 

condition, the long-term differential settlements may not be the maximum differential settlement 

(Figure 4.5). 

Figure 4.6 shows a similar behaviour for all four reinforcement stiffnesses considered 

with respect to both the maximum and differential settlement although, as noted earlier, the 

magnitude of the deformations was greatest for the higher embankments that could be achieved 

with stiffer reinforcement for the same limiting long-term strain (i.e., maximum differential 

settlement of 0.20, 0.25, 0.25 and 0.31 m and the long-term differential settlements of 0.13, 0.17, 

0.16, and 0.22 for the embankment working heights of 4.15, 4.40, 4.40, and 4.80 m using 

reinforcement G1, G2, G3 and G4, respectively). 

4.4.3 Effect of soil viscosity on the long-term deformation of reinforced embankment under 

working condition 

To explore the effect of soil viscosity, a series of reinforced embankment were numerically 

constructed on the rate-sensitive soil R2 with reinforcements G1, G2, G3 and G4. As before, an 

iterative finite element simulation scheme was used to establish the working height corresponding 

to a long-term reinforcement strain of 5% at a construction rate of 10 m/month. The horizontal 

toe movement was examined for each case, however only the results for geosynthetic 

reinforcement G1 and G4 (representing the upper and lower deformations) are shown in Figure 

4.7 to demonstrated the effect of the different soil viscosities of soils R1 and R2. 
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For soil R2, the long-term horizontal toe movements were smaller than those for soil R1 

even though working heights of the reinforced embankments on soil R2 were higher for a given 

type of reinforcement (0.69 and 0.90 m on soil R1 and 0.69 and 0.81 m on soil R2 for 

reinforcement G1 and G4 respectively). This is because the higher soil viscosity of soil R2 

resulted in higher short-term stiffness and strength reducing short-term creep deformation. The 

improved performance on soil R2 arises because the higher soil viscosity reduced deformations 

while consolidation allowed an increase in effective stress and improved soil strength and 

stiffness. Thus soil R2 resulted in higher embankment working heights but similar or less long-

term lateral toe movement. 

Figure 4.8 shows the development of maximum and differential settlements with time for 

reinforced embankments using PET geotextile G4 on soils R1 and R2. Even though the two 

foundation soils had different rate-sensitivity, the other soil properties were the same, including 

the consolidation characteristics. Thus the higher working height that could be achieved for a 

given long-term reinforcement strain on soil R2 imposed a higher over burden stress on the 

foundation and this resulted in larger maximum settlement (1.34m and 1.43 m for soils R1 and R2 

respectively). However, despite the greater load on the foundation, the differential settlement 

(Figure 4.8) for soil R2 was smaller than for R1 (as was also the case for lateral toe movement, 

Figure 4.7). The maximum differential settlements were 0.31 and 0.13 m and long-term 

differential settlement were 0.22 and 0.09 m for soils R1 and R2, respectively. 

4.4.4 Effect of construction rate on the long-term performance of reinforced embankment 

under working condition 

The magnitude of the maximum settlement and lateral toe spreading shown in Figures 4.7 and 4.8 

would likely be of concern for many applications. However, it should be remembered that all the 

results presented to this point were based on the assumption of high construction rate of 10 
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m/month. For soft rate-sensitive soil deposits and viscous reinforcement, short-term stability and 

long-term deformations are highly dependent on the rate of construction (other things being 

equal). To illustrate this, a series of reinforced embankments were numerically constructed over 

rate-sensitive soil R1 using PET geotextile G4 to a working height of 4.8 m at different rates of 

construction (Figure 4.9). The effect of the construction rate on the surface settlement profile was 

insignificant since the working height was the same in each case and hence the long-term 

consolidation settlement was essentially the same. However, the slower construction rate resulted 

in less differential settlement since it allowed a higher degree of pore pressure dissipation and 

consolidation during the construction period which resulted in less overstress in the foundation 

soil and hence less creep deformation. 

Figure 4.10 and 4.11 demonstrate the effect of construction rate on horizontal toe 

movement and the differential settlements under working condition, respectively. At a typical rate 

of construction (i.e., 1 and 2 m/month) the long-term deformations were reduced compared with 

those for the case for a construction rate of 10 m/month. For example, horizontal deformation at 

the embankment toe (0.77 m) and maximum differential settlement (0.25 m) for a construction 

rate of 2 m/month were about 80% of the deformation for a construction rate of 10 m/month. The 

deformations increased as the construction rate increased, however, the differences in horizontal 

toe movement and maximum differential settlement between the cases for construction at 10 and 

30 m/month were insignificant (0.90 vs 0.93 m for maximum horizontal movement and 0.31 vs 

0.32 m for maximum differential settlement) which implies that the 10 m/month construction rate 

serves as an extreme case and provides a reasonable worst case envelope for the soils examined in 

this study. 
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4.4.5 Effect of the choice of the long-term reinforcement strain on the performance of 

reinforced embankment on rate-sensitive soils 

For conventional soft clay deposits (i.e., non-viscous soil), the selection of a design working 

height for a reinforced embankment, by applying the typical safety factor of 1.3 to a height 

corresponding to the ultimate limit state, normally results in long-term reinforcement strains of 

less than 5%. Li and Rowe (2008) proposed a design method for reinforced embankment on rate-

sensitive foundation considering the effect of reinforcement viscosity. According to Li and 

Rowe’s (2008) design approach, the long-term reinforcement strain for typical geosynthetic 

reinforcement was considerably less than 5% (typically about 1% - 2%). This section explores the 

effect of the choice of an allowable long-term reinforcement strain on the deformations of an 

embankment reinforced with a layer of PET G4 on rate-sensitive soil R1. Once again an iterative 

finite element simulation was performed to establish the height providing long-term 

reinforcement strains of about 4% and 5% to investigate the effect of allowable reinforcement 

strain, based on a construction rate of 10 m/month. The established heights for these specific 

cases were 4.5 m and 4.8 m and these corresponded to long-term reinforcement strains of 4.1% 

and 5.3% respectively. A comparison of the horizontal toe movements for the 4.5 m and 4.8 m 

high reinforced embankment (Figure 4.12) indicated that, as expected, the lower embankment 

height resulted in less the lateral toe spreading. Due to the sensitivity of creep deformations to 

overstress in the soil, the reduction in embankment height of 0.3 m (from 4.8 to 4.5 m), 

corresponding to a 1.2 % reduction in long-term reinforcement strain, substantially reduced the 

long-term lateral toe movement (from 0.91 to 0.67 m). When a much slower construction rate was 

employed, consolidation substantially reduced the effect of creep in the foundation soil and hence 

the benefit of reducing long-term reinforcement strains by 1.2% was minimized. For example, if 

the embankments had been constructed at a construction rate of 1 m/month (rather than 10 
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m/month assumed above) the corresponding long term toe movements would have been 0.66 and 

0.52 m (the difference is 0.1 m less than that when constructed with higher construction rate of 10 

m/month) for embankment heights of 4.8 and 4.5 m respectively. 

The benefit of reducing the long-term reinforcement strain from 5% to 4% was also 

pronounced for the differential settlement (Figure 4.13) and the net embankment height (i.e., 

embankment fill thickness minus maximum settlement; Figure 4.14). For example, when the 

construction rate of 10 m/month was employed, a reduction in embankment height form 4.8 to 4.5 

m (corresponding to a reduction in the allowable long-term reinforcement strains of 5.3% to 

4.1%) reduced the maximum differential settlements from 0.31 to 0.20 m and the long-term 

differential settlements from 0.22 to 0.13 m (Figure 4.13). Likewise in terms of net embankment 

height, the maximum settlement was significantly reduced and although the 4.5 m high 

embankment used 0.30 m less in embankment fill, due to smaller shear induced creep 

deformations, the long-term net height of 3.33 m was only 0.13 m less than the 3.46 m for the 

embankment originally constructed to 4.8 m (Figure 4.14). 

Figures 4.13 and 4.14 also show the calculated deformations for embankments designed 

to heights of 4.5 and 4.8 m based on a construction rate of 10 m/month for the long-term strains 

of 4.1% and 5.3% as described above but actually constructed at a rate of 1 m/month. With the 

slower construction rate, the differences in deformations were quite small. The maximum 

differential settlements were 0.20 and 0.14 m and the maximum settlements were 1.23 and 1.11 m 

for embankment heights of 4.8 and 4.5 m, respectively. 

4.5 Summary and conclusions 

The long-term performance of reinforced embankments constructed on two rate-sensitive 

foundations was studied using finite element analysis. An iterative finite element simulation 
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scheme was used to establish the working heights for embankments corresponding to a long-term 

reinforcement strain of about 5%. Various factors affecting the long-term performance of the 

reinforced embankment such as reinforcement type and stiffness, soil viscosity, construction rate 

and long-term reinforcement strain were investigated. 

The use of stiffer reinforcement allowed the construction of a higher embankment for a 

given limit on the long-term reinforcement strain. However, at the same level of allowable long-

term reinforcement strain, the long-term deformations (i.e., centerline, maximum and differential 

settlement and lateral toe movement) are controlled by the embankment fill thickness. 

Consequently, the deformations of embankments constructed to working heights corresponding to 

a long-term reinforcement strain of about 5% may be large and tend to be larger for the stiffer 

reinforcement. This arises because the higher working heights allowed with the use of stiffer 

basal reinforcement imposed higher stresses to the soil and, in particular, greater overstress that 

gives rise to creep deformations than was observed for the lower embankment heights associated 

with less stiff reinforcement. Toe movement and maximum settlement reached their maximum 

under long-term condition. However, for reinforced embankments on rate-sensitive soil, the 

differential settlement may reach a maximum, due to creep induced effects, before there is 

significant consolidation and may actually reduce with time as the soil consolidates. 

 It was shown that for rate-sensitive soils, embankment deformations were influenced by 

the rate of construction. Other thing being equal (i.e., embankment fill thickness, type of 

reinforcement and soil viscosity), lateral toe spreading, maximum settlement and differential 

settlement all increased as the rate of construction increased. For the soils examined it was shown 

that a construction rate of 10 m/month represents “fast construction” and (increasing the rate to 

30 m/month had no significant effect of the results) and could be used conservatively in design. 

Embankments designed based on a rate of 10 m/month but actually constructed at a lower rate 
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experience considerably smaller time-dependant deformations For example, a reduction in 

construction rate form 10 m/month to 1 m/month reduced the lateral toe movement from 0.91 to 

0.66 m, the maximum differential settlement from 0.31 to 0.20 m and the maximum settlement 

from 1.34 to 1.23 m for the case of 4.8 m high embankments reinforced with PET geotextile G4 

on soil R1. 

The choice of an allowable long-term strain was found to have a significant effect on the 

embankment deformations when the benefit of partial consolidation during construction due to a 

slow construction rate was not an option. For an example examined, reducing the allowable long-

term strain from 5.3% to 4.1% reduced the maximum horizontal toe movement and maximum 

differential settlement by about 30% while the long-term differential settlement was reduced by 

about 50% for a 10 m/month construction rate.  

Based on all cases examined in this study, including two set of rate-sensitive parameters 

that are representative of many rate-sensitive soils, four types of geosynthetic reinforcement and 

five rates of construction, it is concluded that if a design approach for the reinforced embankment 

on rate-sensitive soil limits the long-term reinforcement strain to less than 5% combined with the 

practical rate of construction, the deformations of the reinforced embankment were control within 

a typically acceptable range (i.e., serviceability limit state) for non-critical applications. However, 

the research also suggests that considerable care is required when designing reinforced 

embankments on rate sensitive soils since the greater embankment height that the reinforcement 

may permit based on stability considerations can result in significant overstress of the soil and 

subsequent large creep-induced deformations. 
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Table 4.1 Elliptical cap soil model parameters 

Soil Parameter Soil R1 Soil R2 

Failure envelope MN/C 0.96  0.96

Failure envelope MO/C 0.75 0.75 

Aspect ratio R 1.25 1.25 

Compression index λ 0.16 0.16 

Recompression index κ 0.034 0.034 

Coefficient of earth pressure K0' 0.75 0.75 

Poisson’s ratio ν' 0.3 0.3 

Unit weight γ (kN/m3)  17 17 

Initial void ratio eo 1.38-1.5 1.38-1.5 

Hydraulic conductivity kvo(m/s) 2×10-9 2×10-9 

Viscoplastic fluidity  γvp (hr-1) 2.0×10-5 1.0×10-7 

Strain rate exponent n 20 30 

 

 

 

Table 4.2 Four types of geosynthetic reinforcement examined and their ultimate strength and 

stiffness (Li and Rowe 2001) 

Designated 
Symbol 

Geosynthetic Materials 

Reinforcement  Polymer type Manufacturing 
process 

Ultimate strength 
(kN/m) 

J5% at 5% 
(10%/min) 

G1 

G2 

Geogrid 

Geogrid 

HDPE 

HDPE 

PSD* 

PSD 

72 

166 

850 

1940 

G3 Geotextile PP Woven 186 1578 

G4 Geotextile PET Woven 200 1736 

 

*PSD = punched sheet drawn 
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Table 4.3 Viscoelastic model parameters (Li and Rowe 2001) 

Designated 
Symbol 

Material Constant 
a0  
(kN/m) 

a1 
(m/kN) α β E1 

(kN/m) 
 τ1 
(hr) N 

G1 

G2 

1050 

2200 

7.0×10-6 

4.0×10-7 

1 

1.1 

10 

10 

3000 

6300 

0.02 

0.05 

9 

9 

G3 1700 4.0×10-7 0.99 10 9800 0.03 9 

G4 1800 2.0×10-7 1.2 10 60000 0.05 7 

 

 

 

Table 4.4 Summary of the embankment working heights and the corresponding long-term 

reinforcement strain 

Soil Reinforcement H (m) RS (%) 

Soil R1 G1 

G2 

G3 

G4 

4.15 

4.40 

4.40 

4.80 

5.3 

5.2 

5.2 

5.3 

Soil R2 G1 

G2 

G3 

G4 

5.20 

5.65 

5.65 

5.80 

5.3 

5.1 

5.1 

5.2 

 

*RS = Long-term reinforcement strain 
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Figure 4.1 Finite element mesh discretisation 
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Figure 4.2 Stress profile (modified from Rowe and Li 2005) 
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Figure 4.3 Long-term surface profile of four reinforced embankments founded on soil R1 under 

working conditions 
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Figure 4.4 Lateral toe movement for four reinforced embankments founded on soil R1 under 

working conditions 
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Figure 4.5 Total and differential settlement with time of an embankment reinforced using HDPE 

G1 geogrid (soil R1) 
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Figure 4.6 Effect of reinforcement type and stiffness on maximum and differential settlement of 

four reinforced embankments on soil R1 
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Figure 4.7 Horizontal toe movement for reinforced embankments on two rate-sensitive soils 
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Figure 4.8 Maximum and differential settlement of reinforced embankments on two rate-

sensitive soils 
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Figure 4.9 Effect of construction rate on settlement profile for a reinforced embankment on rate-

sensitive soil R1 
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Figure 4.10 Effect of construction rate on horizontal toe movement for a reinforced embankment 

on rate-sensitive soil R1 
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Figure 4.11 Effect of construction rate on differential settlement for a reinforced embankment on 

rate-sensitive soil R1 
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Figure 4.12 Effect of choice of long-term reinforcement strain on lateral toe movement for 

reinforced embankments on rate-sensitive soil R1 
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Figure 4.13 Effect of choice of long-term reinforcement strain on differential settlement for 

reinforced embankments on rate-sensitive soil R1 
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Figure 4.14 Effect of choice of long-term reinforcement strain on net embankment height for 

reinforced embankments on rate-sensitive soil R1  
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Chapter 5 

Choice of allowable long-term strains for reinforced embankment on 

rate-sensitive foundation4 

5.1 Introduction 

Geosynthetic reinforcement is commonly used as a basal reinforcement to improve the stability 

and performance as well as minimize excessive deformation of embankments on very soft 

foundations (Fowler and Koerner 1987; Jewell 1987; Rowe and Soderman 1987; Rowe and Li 

1999; Bergado et al. 2002; Rowe and Li 2002; Shen et al. 2005; Varuso et al. 2005; Basudhar et 

al. 2008; Bergado and Teerawattanasuk 2008; Chen et al. 2008; Ghazavi and Lavasan 2008; Li 

and Rowe 2008; Rowe and Taechakumthorn 2008; Abusharar et al. 2009; Huang and Han 2009; 

Magnani et al. 2009; Subaida et al. 2009; Zheng et al. 2009; Indraratna et al. 2010; Jones et al. 

2010; Karstunen and Yin 2010). Geosynthetic reinforcement is typically manufactured from 

polyester (PET), polypropylene (PP) or polyethylene (PE). These polymers are all, to lesser or 

greater extent, susceptible to creep/relaxation (Allen et al. 1982; McGown et al. 1982; 

Christopher et al. 1986; Greenwood and Myles 1986; Jewell and Greenwood 1988; Bathurst and 

Cai 1994; Leshchinsky et al. 1997; Shinoda and Bathurst 2004; Jones and Clarke 2007; 

Kongkitkul and Tatsuoka 2007). The effect of time-dependent behaviour of geosynthetic 

reinforcement on the performance of reinforced embankments has been studied for conventional 

inviscous (rate-insensitive) foundations (Borges and Cardoso 2001; Li and Rowe 2001; Rowe and 

Li 2005). There has been very limited examination of the effect of time-dependent behaviour of 

                                                      
4 Material presented in this chapter has been included in: 
 
Taechakumthorn, C. and Rowe, R.K. 2010. Choice of allowable long-term strains for reinforced 
embankment on rate-sensitive foundation. Geosynthetics International. Submitted 
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geosynthetic reinforcement for embankments on rate-sensitive soils (Li and Rowe 2008; Rowe 

and Taechakumthorn 2008; Taechakumthorn and Rowe 2010). 

A study in Chapter 4 showed that even if the maximum allowable long-term 

reinforcement strains were controlled to about 5%, as normally recommended for the case of rate-

insensitive foundation (Rowe and Soderman 1987; FHWA HI-95-038 1995), due to the combined 

effects of the time-dependent nature of geosynthetic materials and foundation soils, the 

deformation could be too large for some engineering applications such as embankments 

supporting major highways. 

The objective of this chapter is to examine how the choice of maximum allowable long-

term reinforcement strain affects the time-dependent behavior of reinforced embankments. 

Various factors such as soil viscosity, reinforcement type, and construction rate are investigated. 

The long-term service height (the net embankment height after accounting for settlement) was 

used as an optimizing parameter. Embankment deformations including: long-term lateral 

embankment toe spreading, maximum differential settlement and maximum settlement were 

examined to gain insight into how the maximum allowable long-term reinforcement strains might 

affect embankment performances. As a result of the investigation, recommendations are made 

regarding the choice of an allowable long-term reinforcement strain that would optimize the 

service height of the reinforced embankment while maintaining adequate performance (i.e., 

serviceability limit state) for the type of soil and reinforcements examined. 

5.2 Finite element simulation 

A modified version of finite element program AFENA (Carter and Balaam 1990) incorporating 

an elasto-viscoplastic constitutive model proposed by Rowe and Hinchberger (1998) was adopted 

in this study. The nonlinear viscoelastic model proposed by Zhang and Moore (1997) was utilized 
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to model the time-dependent behaviour of the geosynthetic reinforcement. The embankment fill 

material was modeled using a nonlinear elastic-perfectly plastic model based on a Mohr-Coulomb 

failure criterion and a non-associated flow rule (Davis 1968). 

In this chapter, the construction of a typical highway embankments with 2:1 

(horizontal:vertical) side slopes, as shown in Figure 5.1, with various construction rate was 

examined. Series of reinforced embankments were numerically constructed over a 15 m depth of 

soft clay deposit underlain by a relatively rigid and permeable stratum. Centerline of the 

embankment and its far field boundary, located 100 m away, were considered as smooth/rigid 

boundaries. At the bottom of the finite element mesh was assumed to be a permeable rough/rigid 

boundary. Total of 1847 linear strain triangle elements (3516 nodes) were used to discretise the 

embankment and foundation soil. The geosynthetic reinforcement was modeled using two-noded 

bar elements. Rigid-plastic interface elements (Rowe and Soderman 1985) were utilized to model 

the reinforcement/fill interface with a friction angle of 37 degrees (ø’ = 37o). The construction of 

reinforced embankments was simulated by gradually turning on gravity in the fill materials in 

0.75 m thick lifts at the construction rate being considered. 

5.3 Constitutive model and model parameters for foundation and fill material 

The elasto-viscoplastic constitutive model utilized in this paper based on the concept of overstress 

theory (Perzyna 1963). In the overstress theory, the governing equation is expressed in terms of 

strain rate tensor, ijε& : 

1 ( )
2 3

ij vp
ij ii

ij

S fF
G K

ε σ γ φ
σ
∂

= + +
∂

&
& &       (5.1) 
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where; Sij is deviatoric stress; G is shear modulus; σii is summation of the principle stresses; K is 

bulk modulus; γvp is the viscoplastic fluidity parameter and Ø(F) is a flow function that can be 

expressed in terms of the overstress as: 

( )
( ) ( )

( ) 1
ns d

my os
s

my

F
σ σ

φ
σ

⎛ ⎞′ ′+
= −⎜ ⎟⎜ ⎟′⎝ ⎠

       (5.2) 

where; ( )d
osσ ′  is the overstress, defined as the distance between dynamic and static yield surface at 

the current stress state (Rowe and Hinchberger 1998); n is strain rate exponent and f is  plastic 

potential function and yield surface. The elastic bulk modulus K and shear modulus G are a 

function of mean effective stress as: 

1
m

eK σ
κ
+ ′=          (5.3) 
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         (5.4) 

where; e is the void ratio; κ is the recompression index; σ’m is mean effective stress and ν’ is 

Poisson’s ratio. 

In this study, a soft foundation profile with two sets of viscoplastic properties, denoted as 

R1 and R2 are examined (Table 5.1). The preconsolidation and initial vertical stress profiles are 

shown in Figure 5.2. Soil R1 has properties similar to Sackville soil examined by Rowe and 

Hinchberger (1998). The rate of increase in undrained shear strength with strain rate for the soil at 

Sackville was similar to that reported by Graham et al. (1983) (about 3% and 16% per 

logarithmic cycle of strain rate for strain rate below and above 0.005%/hour, respectively). The 

viscoplastic parameters of soil R2 capture the average behaviour of 26 soft cohesive soils as 

reported by Kulhawy and Mayne (1990) where in the undrained shear strength increases at about 

10% per logarithmic cycle of strain rate. 
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5.4 Constitutive model and model parameters for geosynthetic reinforcement 

The multi-Kelvin model adopted in this paper has been shown to describe both the short-term and 

long-term viscoelastic strains of geosynthetic materials (Zhang and Moore 1997; Soong and 

Koerner 1998). The total strain, ε , is the sum of the elastic strain, eε , and the viscous strain, vε , 

therefore, the total strain rate, ε& , can be given by: 

e vε ε ε= +& & &           (5.5) 

where; e
T oEε σ=& & ; Tσ  is tensile stress and oE  is a modulus (stiffness for the geosynthetic 

reinforcement) of the independent spring, which is a function of the tensile stress as: 

3
1exp( )o oE a a σ= −         (5.6) 

where; oa  and 1a  are material constants. The viscous strain rate, vε& , is represented by:  

K vn
v i

i i i iE
εσε

τ τ
⎧ ⎫

= −⎨ ⎬
⎩ ⎭

∑&         (5.7) 

where; Kn  is the number of Kelvin elements; i i iEτ η=  is the retardation time; iE  and iη  are 

the spring modulus and the dashpot viscosity of the thi  Kelvin element, respectively. The 

following equations are proposed to reduce the number of material constants: 

1
1

i
iE Eα −=          (5.8) 

1
1

i
iτ β τ−=           (5.9) 

where; 1E  and 1τ  are the material constants.  

Thus the model requires seven material constants: oa , 1a , α , β , 1E , 1τ  and Kn . 

Physical properties for two geosynthetic reinforcement products [a high density polyethylene 

(HDPE) geogrid, G1 (Leshchinsky et al. 1997) and a woven polyester (PET) geotextile, G4 
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(Greenwood 1990)] are given in Table 5.2 and are the same as were examined by Li and Rowe 

(2008) and in Chapter 4 of this thesis. The model parameters were obtain by Li and Rowe (2001) 

by back-calculating the creep test data using a finite element program and all parameters are 

given in Table 5.3. 

5.5 Results and discussions 

In this study, a series of reinforced embankments were, numerically constructed up to heights 

providing maximum long-term allowable reinforcement strains of about 2%, 3%, 4% and 5% 

using an iterative finite element procedure. Here, the long-term reinforcement strain is defined as 

the strain at the time when there is a 98% average degree of consolidation for the foundation soil. 

Different reinforced embankments, involving two sets of viscoplastic properties, two different 

types of viscoelastic reinforcement and two rates of construction were examined. The influence of 

the maximum allowable long-term reinforcement strain on the engineering performance (i.e., the 

long-term lateral embankment toe spreading, maximum differential settlement and maximum 

settlement) was investigated. 

5.5.1 Effect on the long-term net embankment height 

Net embankment height can be defined as an actual height of an embankment above the original 

ground surface (i.e., embankment fill thickness minus maximum settlement). The long-term net 

embankment height was employed as an optimizing parameter since it indicated how much height 

above original grade remained after settlement. Figures 5.3 and 5.4 demonstrate the effect of the 

allowable reinforcement strain on the long-term net embankment height. The net embankment 

height increased with increasing maximum allowable long-term reinforcement strains. However, 

the increase in net embankment height due to increased allowable reinforcement strain was 

modest after the maximum allowable strain reached 3% and 4% for soils R1 and R2, respectively. 



 

110 

 

For example for soil R1, at a rate of construction of 10 m/month and for reinforcement G1 (Table 

5.2), the net embankment height only increased by 0.14 m (from 2.90 m to 3.04 m) when the 

allowable strain was increased from 3% to 5% (Figure 5.3). 

In addition, Figures 5.3 and 5.4 show the effect of construction rate and type of 

reinforcement on the long-term net embankment height. A slower construction rate allowed a 

higher degree of partial consolidation which improved the strength and stiffness of the foundation 

soil during construction. This reduced overstress and the consequent long-term creep 

deformations. Thus, when comparing at the same maximum allowable long-term reinforcement 

strain, a slower construction rate resulted in more a stable foundation with less creep deformation 

and hence it provided a higher long-term net embankment height. In this study, the PET G4 

geotextile is stiffer and less creep susceptible than the HDPE G1 geogrid reinforcement. 

Therefore, G4 provided and maintained higher confining stress to the foundation soil and better 

integrity to the reinforced embankment, resulting in less creep deformation and so higher long-

term net embankment height for a given allowable strain. 

Soil R2 exhibited higher soil viscosity under simulated operating field conditions, 

resulting in smaller creep deformations, during consolidation, than for soil R1 and hence a higher 

long-term net embankment height for the same corresponding construction rate, reinforcement 

type and maximum allowable long-term reinforcement strain (Figure 5.3 and 5.4). 

5.5.2 Effect of the long-term horizontal toe movement 

Figure 5.5 shows the range of horizontal toe movements at 98% degree of consolidation versus 

different allowable long-term reinforcement strains for two rates of construction and two rate-

sensitive foundations for each type of reinforcement examined. The results show that the 

horizontal toe movement is a function of the allowable long-term reinforcement strain. This is 

due to the fact that the horizontal toe movement is directly influenced by the deformation of the 
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reinforcement. For example, for a given type of reinforcement and allowable long-term 

reinforcement strain (and hence for a given amount of stretching of the reinforcement), 

approximately the same horizontal toe movement was calculated regardless of difference in 

construction rate (i.e., the calculated horizontal toe movement increase as the construction rate 

increase; however, the differences were small) and/or soil viscosity. However, the type of 

reinforcement did have an effect for a given allowable strain. The G4 geotextile (i.e., the stiffer 

and less creep susceptible reinforcement) gave larger horizontal toe movement (Figure 5.5) than 

those of G1 geogrid because the G4 geotextile allowed a greater embankment fill thickness to be 

placed in order to achieve the same maximum long-reinforcement strain, (as discussed below) 

and this greater load resulted in greater toe movement for a given maximum strain in the 

reinforcement. For example, the maximum horizontal toe movements with respect to the 

allowable reinforcement strains of 3% and 4% were 0.40 and 0.55 m for the G1 geogrid and 0.50 

and 0.67 m for the G4 geotextile, respectively, and these differences were caused by the greater 

embankment height that could be achieved with the G4 reinforcement. 

Although the horizontal toe movement is controlled by the maximum allowable long-

term reinforcement strain, the embankment fill thickness and the corresponding net embankment 

height causing the same reinforcement strain can be significantly different depending on both 

construction rate and soil viscosity. Figure 5.6 shows the relationship between long-term lateral 

toe movement and long-term net embankment height for reinforced embankments on soil R1. At 

the same long-term net embankment height, the slower construction rate provided smaller 

horizontal toe spreading. At the same rate of construction and long-term net embankment height, 

the G4 geotextile reinforcement resulted in less deformation than for the G1 geogrid 

reinforcement. For example, if the required long-term service height of the reinforced 

embankment on soil R1 was 3 m (using G1 geogrid), the horizontal toe movement of 0.55 m for 



 

112 

 

the 10 m/month construction rate was reduced to 0.34 m if the slower construction rate of 1 

m/month was employed. When the stiffer and less creep susceptible reinforcement, G4, was used 

the long-term horizontal toe movements were reduced to 0.34 and 0.28 m for the construction 

rates of 10 and 1 m/month, respectively. Figure 5.6 also indicates that the horizontal toe 

movement started to accelerate at the net embankment height corresponding to the long-term 

reinforcement strain of about 3% for soil R1. Combined with the fact that, for soil R1, the long-

term service height did not significantly increase for allowable long-term reinforcement strains 

beyond about 3%, this suggests that the optimum allowable reinforcement strain that maximizes 

the performance while preventing excessive deformations of reinforced embankments may be 

about 3% for this rate-sensitive soil. 

Figure 5.7 shows a similar trend for reinforced embankments constructed on soil R2 as 

was discussed above soil R1 (Figure 5.6). However, for the case of soil R2, the rate of increase in 

horizontal toe movement tended to accelerate at net embankment heights corresponding to a long-

term reinforcement strain of about 4% (rather than 3% for soil R1). This is consistent with the 

observation drawn from results in Figure 5.4 that the long-term net embankment height did not 

significantly increase due to increasing the allowable reinforcement strain beyond about 4% for 

soil R2. 

5.5.3 Effect on the maximum differential settlement 

As demonstrated in Chapter 4 that for embankments on a rate-sensitive foundation, the long-term 

differential settlement does not represent the worst case scenario. Thus, in this chapter, the 

maximum differential settlement (i.e., the maximum difference between maximum settlement and 

settlement at the centerline of the embankment) was used as a monitoring parameter. Figure 5.8 

shows the effect of the choice of allowable long-term reinforcement strain on the maximum 

differential settlement. As was observed with respect to the horizontal toe movement, the 
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maximum differential settlement is also a function of the allowable long-term reinforcement 

strain. However, differential settlement is more complicated than lateral toe movement and is 

significantly affected by factors such as consolidation, rotational shear movement and lateral 

shear spreading while the horizontal toe movement is mainly controlled by lateral shear 

spreading. 

Figure 5.8 illustrates the effect of allowable long-term reinforcement strain and various 

other factors on the maximum differential settlement. For soil R1, the stiffness and time-

dependent characteristic of the reinforcement controlled the relationship between maximum 

differential settlement and long-term reinforcement strain rather than the rate of construction. 

Similar trends were observed for soil R2 (i.e., the maximum differential settlement increased as 

the allowable long-term reinforcement strain increasesd) but the differential settlements were 

smaller and rate of construction had more influence on the relationship rather than the 

type/stiffness of reinforcement. 

Although the differential settlement is primarily a function of the allowable long-term 

reinforcement strain, the embankment fill thickness inducing that same reinforcement strain and 

the corresponding net embankment height can be significantly different as previously discussed. 

Figure 5.9 shows the relationship between maximum differential settlement and long-term net 

embankment height for reinforced embankments on soil R1. At the same design long-term net 

embankment height, a slower construction rate resulted in smaller maximum differential 

settlement. When compared at the same rate of construction, the stiffer reinforcement provided 

higher confining stress to the foundation soil and reduced differential settlement for the same 

corresponding long-term net embankment height.  

For example, if a long-term net embankment height of 3 m was needed on soil R1, 

using reinforcement G1 the maximum differential settlement would be 0.16 m for a construction 
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rate of 10 m/month but only about 0.08 m at a slower construction rate of 1 m/month. If the stiffer 

and less creep susceptible reinforcement G4 was selected, other things being equal, the maximum 

differential settlements were reduced to 0.09 and 0.06 m for the construction rates of 10 and 1 

m/month, respectively. As was observed with respect to horizontal toe movement, Figure 5.9 also 

indicates that the maximum differential settlement started to rapidly increase at the net 

embankment height corresponding to the long-term reinforcement strain of about 3% for soil R1. 

Figure 5.10 illustrates the effect of soil viscosity. As expected, soil R2 provided more 

stable foundation hence a higher net embankment height could be achieved at the same level of 

maximum differential settlement. For example, if the maximum differential settlement was 

limited to 0.1 m, for the case of 10 m/month construction rate and reinforcement G1, long-term 

service heights of 3.9 and 2.9 m were achieved for soils R2 and R1, respectively. Using the stiffer 

reinforcement G4 and a construction rate of 10 m/month, the long-term net embankment heights 

for soils R2 and R1 were 4.2 and 3.1 m, respectively for the same 0.1 m of maximum differential 

settlement. For soil R2, the rate of increase in differential settlement increased for long-term 

reinforcement strains in excess of about 4%. 

5.5.4 Effect on the long-term maximum settlement 

Figure 5.11 shows the effect of construction rate and reinforcement type on the maximum long-

term settlement for embankments constructed over soil R1. When compared at the same long-

term reinforcement strain of 3% (i.e., the preferred strain with respect to optimizing the long-term 

service height while preventing excessive deformation for soil R1, as discussed earlier), slower 

construction rate and stiffer/less creep susceptible reinforcement provided more stable working 

conditions and hence a greater embankment fill thickness could be placed. For example, the 

embankment fill thicknesses were 4.0 and 3.8 for reinforcement G1 at 1 and 10 m/month 

construction rates, respectively. For reinforcement G4 the fill thicknesses were 4.5 and 4.2 m at 1 
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and 10 m/month construction rates, respectively. A higher embankment fill height resulted in 

larger maximum settlement. However, after considering the significant increase in embankment 

fill thickness, a higher long-term net embankment height was achieved for either a slower rate of 

construction or stiffer/less creep susceptible reinforcement (Figure 5.11). 

The maximum long-term settlement of reinforced embankments on soil R2 are 

presented in Figure 5.12 for the four different cases discussed above over soil R1. As expected, 

soil R2 allowed higher embankment fill thickness to be placed at the same corresponding 

allowable long-term reinforcement strain. At the 4% allowable long-term reinforcement strain 

(i.e., the preferred limiting design strain for providing an optimum service height while 

preventing excessive deformation over soil R2), the embankment fill thicknesses were 5.2 and 4.9 

m (vs. 4.3 and 4.0 m for soil R1) for reinforcement G1 at 1 and 10 m/month construction rate, 

respectively while for reinforcement G4, the fill thicknesses were 5.8 and 5.4 m (vs. 4.7 and 4.5 

m for soil R1) at 1 and 10 m/month construction rates, respectively. The higher embankment, 

again, resulted in higher maximum settlement; however, a higher long-term net embankment 

height also was achieved.  

The results present above indicate that although, stable embankments (i.e., meeting the 

ultimate limit state requirements) with higher long-term service height can be achieved for design 

strains exceeding 3% - 4%, the corresponding large differential settlements and toe movements 

may result in unacceptable performance (i.e., not meeting the serviceability limit state) for many 

engineering applications. By limiting of the long-term reinforcement strain to 3% (soil R1) to 4% 

(soil R2) the serviceability requirements may be met for many applications.  In highly critical 

applications even a lower limit strain and/or alternative construction techniques (e.g., combined 

use of PVDs and basal reinforcement or even more critical cases, such as bridge abutments, the 

use of piles and basal reinforcement) may be required for embankments on rate-sensitive soils. 



 

116 

 

5.6 Summary and conclusions 

The effect of choice of allowable reinforcement strains on the long-term performance of 

reinforced embankments constructed over rate-sensitive soils was investigated using finite 

element analyses. The two rate-sensitive soils examined were denoted R1 and R2. Soil R1 had a 

rate of increase in undrained shear strength with strain rate based on data for the Sackville 

embankment in New Brunswick, Canada (Rowe and Hinchberger 1998) and was similar to that 

reported by Graham et al. (1983) with typically about 3% and 16% increase in undrained shear 

strength per logarithmic cycle of strain rate for strain rate below and above 0.005%/hour, 

respectively. The viscoplastic parameters of soil R2 captured the average behaviour of 26 soft 

cohesive soils as reported by Kulhawy and Mayne (1990) and represented a 10% increase in 

undrained shear strength per logarithmic cycle of strain rate. The time-dependent behaviour of 

geosynthetic reinforcement was also considered in this study for an HDPE geogrid and polyester 

woven geotextile.  

The effect of the choice of allowable long-term reinforcement strain on deformations was 

examined and recommendations were made for a strain that will provide a good long-term service 

height while avoiding excessive differential or lateral deformations for reinforced embankments 

on rate-sensitive soils similar to those examined. The following summarizes the main findings 

from this study. 

1. The net embankment height increased with increasing allowable long-term reinforcement 

strain. However for rate-sensitive soils R1 and R2, examined in this study, the rate of 

increase in net embankment height decreased substantially for allowable strains 

exceeding about 3% and 4% for soils R1 and R2, respectively. 
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2. The horizontal toe movement and differential settlement were primarily controlled by the 

allowable long-term reinforcement strain for a given type of reinforcement and the 

embankment geometry being examined in this study. 

3. Slower construction rate and stiffer reinforcement both resulted in less horizontal toe 

deformation and differential settlement for a given desired net embankment height. 

4. The horizontal toe movement and maximum differential settlement for embankments on 

soils R1 and R2 increased rapidly for embankments at heights corresponding to the 

allowable long-term reinforcement strains of 3% and 4%, respectively. 

Based on an examination of net embankment height, lateral toe movement and differential 

settlement, an allowable reinforcement strain of about 3% and 4% could be considered as optimal 

in terms of maximizing the net embankment height while limiting long-term lateral spreading and 

differential settlement for reinforced embankments on soils similar to R1 and R2, respectively.
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Table 5.1 Elliptical cap soil model parameters 

Soil Parameter Soil R1 Soil R2 

Failure envelope MN/C 0.96  0.96

Failure envelope MO/C 0.75 0.75 

Aspect ratio R 1.25 1.25 

Compression index λ 0.16 0.16 

Recompression index κ 0.034 0.034 

Coefficient of earth pressure K0' 0.75 0.75 

Poisson’s ratio ν' 0.3 0.3 

Unit weight γ (kN/m3)  17 17 

Initial void ratio eo 1.38-1.5 1.38-1.5 

Hydraulic conductivity kvo(m/s) 2×10-9 2×10-9 

Viscoplastic fluidity  γvp (hr-1) 2.0×10-5 1.0×10-7 

Strain rate exponent n 20 30 

 

Table 5.2 Four types of geosynthetic reinforcement examined and their ultimate strength and 

stiffness (modified from Li and Rowe 2001) 

Designated 
Symbol 

Geosynthetic Materials 

Reinforcement  Polymer type Manufacturing 
process 

Ultimate strength 
(kN/m) 

J5% at 5% 
(10%/min) 

G1 Geogrid HDPE PSD* 72 850 
G4 Geotextile PET Woven 200 1736 

*PSD = punched sheet drawn 

 

Table 5.3 The viscoelastic model parameters (modified from Li and Rowe 2001) 

Designated 
Symbol 

Material Constant 
a0  
(kN/m) 

a1 
(m/kN) α β 

E1 
(kN/m) 

τ1 
(hr) N 

G1 1050 7.0×10-6 1 10 3000 0.02 9 

G4 1800 2.0×10-7 1.2 10 60000 0.05 7 



 

123 

 

Reinforcement

2
1

15
 m

100 m

24 m

 

Figure 5.1 Finite element mesh discretisation 
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Figure 5.2 Stress profile for two soils examined (R1 and R2) 
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Figure 5.3 The effect of allowable long-term reinforcement strain on net embankment height for 

4 reinforced embankments constructed on soil R1 
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Figure 5.4 The effect of allowable long-term reinforcement strain on net embankment height for 

4 reinforced embankments constructed on soil R2 
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Figure 5.5 The effect of allowable long-term reinforcement strain on horizontal toe movement of 

8 reinforced embankments constructed on soils R1 and R2 

Net embankment height (m)

2.4 2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0

H
or

iz
on

ta
l t

oe
 m

ov
em

en
t (

m
)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

G1: CR = 10 m/month
G1: CR = 1 m/month
G4: CR = 10 m/month
G4: CR = 1 m/month

Rate-sensitive soil R1

3.0% Long-term reinforcement strain

 

Figure 5.6 The effect of construction rate and reinforcement type on horizontal toe movement of 

4 reinforced embankments constructed on soil R1 
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Figure 5.7 The effect of construction rate and reinforcement type on horizontal toe movement of 

4 reinforced embankments constructed on soil R2 
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Figure 5.8 The effect of allowable long-term reinforcement strain on maximum differential 

settlement of 8 reinforced embankments constructed on soils R1 and R2 
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Figure 5.9 The effect of construction rate and reinforcement type on maximum differential 

settlement of 4 reinforced embankments constructed on soil R1 
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Figure 5.10 The effect of soil viscosity and reinforcement type on maximum differential 

settlement of 4 reinforced embankments constructed on soil R1 and R2 at a CR = 10 m/month 
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Figure 5.11 The effect of allowable long-term reinforcement strain on the embankment fill 

thickness and corresponding maximum settlement of 4 reinforced embankments on soil R1 
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Figure 5.12 The effect of allowable long-term reinforcement strain on the embankment fill 

thickness and corresponding maximum settlement of 4 reinforced embankments on soil R2 
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Chapter 6 

Design of reinforced embankments on soft clay deposits considering 

both foundation and reinforcement viscosity5 

6.1 Introduction 

Geosynthetic reinforcement has gained wide acceptance as a means of allowing construction of 

embankments over soft foundation soils as highlighted by recently published papers (Basudhar et 

al. 2008; Bergado and Teerawattanasuk 2008; Chen et al. 2008; Ghazavi and Lavasan 2008; Li 

and Rowe 2008; Rowe and Taechakumthorn 2008; Abusharar et al. 2009; Huang and Han 2009; 

Magnani et al. 2009; Subaida et al. 2009; Zheng et al. 2009; Indraratna et al. 2010; Jones et al. 

2010; Karstunen and Yin 2010 ; Taechakumthorn and Rowe 2010). Reinforced embankment 

design typically focuses on consideration of stability with reinforcement providing the additional 

resistance required to provide confidence in the stability of the embankment. However for 

reinforced embankments on rate-sensitive soil, the serviceability limit state can be quite critical. 

Since geosynthetics are made of polymers, (typically; polyester (PET), polypropylene (PP) and 

polyethylene (PE)) that are susceptible to creep to a greater or lesser extent depending on the 

polymer (Allen et al. 1982; McGown et al. 1982; Christopher et al. 1986; Greenwood and Myles 

1986; Jewell and Greenwood 1988; Bathurst and Cai 1994; Leshchinsky et al. 1997; Shinoda and 

Bathurst 2004; Jones and Clarke 2007; Kongkitkul and Tatsuoka 2007; Yeo and Hsuan 2010), 

and the time-dependant behaviour of the reinforcement has the potential to affect the long-term 

performance of a reinforced embankment. There is presently only very limited published research 

                                                      
5 Material presented in this chapter has been included in: 
 
Rowe, R.K., and Taechakumthorn C. 2010. Design of reinforced embankments on soft clay deposits 
considering both foundation and reinforcement viscosity. Geotextiles and Geomembranes. Submitted 
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dealing with the potential effect of reinforcement creep on the performance of reinforced 

embankments on soft foundations (Li and Rowe 2001; Li and Rowe 2008; Rowe and 

Taechakumthorn 2008). Li and Rowe (2001) demonstrated that in some cases there can be a 

substantial decrease in the mobilized reinforcement stiffness after the end of construction and 

showed that the isochronous stiffness of the reinforcement can reasonably represent the stiffness 

of geosynthetic reinforcement for an embankment on a soft inviscous foundation. 

For rate-sensitive soil deposits, both the viscoelastic behaviour of geosynthetic 

reinforcement and the viscoplastic nature of the foundation soil can affect the performance of a 

reinforced embankment. Embankments constructed on these problematic soils may experience 

excessive creep deformation or even failure following the end of construction. The performance 

of reinforced embankments constructed over rate-sensitive soils has been investigated by both 

field studies and numerical analyses (Rowe et al. 1995; Rowe et al. 1996; Hinchberger and Rowe 

1998; Rowe and Hinchberger 1998; Rowe and Li 2002; Rowe and Taechakumthorn 2008; 

Taechakumthorn and Rowe 2010). Knowledge of the combined effects of the viscoelastic 

characteristics of geosynthetic reinforcement and the viscoplastic nature of rate-sensitive soil is 

needed to improve the design and performance of reinforced embankments on rate-sensitive soils. 

However, with the exception of Li and Rowe (2008) and Taechakumthorn and Rowe (2010), 

there is a paucity of literature addressing this issue. Li and Rowe (2002) proposed the use of an 

operational undrained shear strength selected with reference to the critical strain rate (i.e., the rate 

of change of the major principle strain in the foundation soil at the critical stage under working 

stress conditions). Although, the critical stage concept was implemented in the study by Li and 

Rowe (2008), attention was restricted to the excess pore pressures developed at one critical 

location beneath the middle of the embankment side slope. The approach was conservative, but 

begged the question as to whether a less conservative, but still safe, approach could be developed. 
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Thus the objective of this chapter is to examine the effect of various factors (e.g., type of 

geosynthetic reinforcement, soil viscosity and rate of construction) on the operating field strain 

rate and the undrained shear strength profile using finite element analyses. Instead of focusing on 

one (admittedly critical) location as did Li and Rowe (2008), this study uses average excess pore 

water pressure at representative locations along the potential failure surface to define the critical 

stage and average field strain rates, under working stress conditions. Following this, the study 

seeks to establish a recommended strain rate for undrained shear strength tests to assess an 

appropriate undrained shear strength to be used in the design of reinforced embankments over 

rate-sensitive soils. 

6.2 Problem considered and numerical model 

A version of finite element program AFENA (Carter and Balaam 1990) modified to incorporate 

soil/reinforcement interaction, an elliptical cap model (Chen and Mizuno 1990), coupled Biot 

consolidation theory (Biot 1941), and an elasto-viscoplastic constitutive model (Rowe and 

Hinchberger 1998) was adopted in this study. The non-linear viscoelastic model proposed by 

Zhang and Moore (1997) was employed to model the time-dependent behaviour of the 

geosynthetic reinforcement. The granular fill material was modeled using a nonlinear elastic-

perfectly plastic model incorporating a Mohr-Coulomb failure criterion and non-associated flow 

rule (Davis 1968). A small strain finite element analysis was conducted. 

The present study examines the construction of a typical highway embankments, 48 m 

wide at the base with 2:1 (horizontal:vertical) side slope. A series of embankments were 

numerically constructed over a 15 m deep soft clay deposit underlain by a relatively rigid and 

permeable stratum. The centerline of the embankment and the far field boundary, located 100 m 

away, were considered as smooth/rigid boundaries. The bottom of the finite element mesh was 
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assumed as a permeable rough/rigid boundary; zero excess pore water pressure was assigned 

along this boundary. 1847 linear strain triangle elements (3516 nodes) were used to discretise the 

embankment and foundation soil. The geosynthetic reinforcements were modeled using two-

noded bar elements. Rigid-plastic interface elements (Rowe and Soderman 1985) were utilized to 

model the reinforcement/fill interface with a friction angle of 37 degrees (ø’ = 37o). 

The construction of reinforced embankments was simulated by gradually turning on 

gravity in the fill materials in 0.75 m thick lifts at the construction rate being considered. 

6.3 Model parameters 

The following subsections summarize the main features of the various constitutive models 

implemented in this study. Additional details regarding the modelling of the granular fill material 

and rate-sensitive foundation are given by Rowe and Hinchberger (1998) and details relating to 

the viscoelastic model for reinforcement are provided by Zhang and Moore (1997). 

6.3.1 Constitutive model and parameters for rate-sensitive soil 

The elasto-viscoplastic constitutive model and computer program implemented in this study has 

been verified with the results from the Sackville (Rowe and Hinchberger 1998) and Gloucester 

(Hinchberger and Rowe 1998) test embankments which were constructed over rate-sensitive 

soils. Additional details with respect to the constitutive model were provided in Rowe and 

Hinchberger (1998). 

In this study, two soft foundation profiles, denoted as Soils A and B with two sets of 

viscoplastic properties, denoted as R1 and R2 are examined. All four sets of soil parameters are 

presented in Table 6.1. Soil A has a 2 m crust with an overconsolidation ratio (OCR) varies from 

about 12 at the top to 4 at the bottom, underlain by lightly overconsolidated soil deposit. In 

contrast, Soil B is a lightly overconsolidated throughout its full depth (i.e., with no crust). The 
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ground water level is assumed to be at the ground surface for both cases and the average saturated 

unit weight of soft clay deposits are 17 kN/m3 and 15 kN/m3 for Soils A and B, respectively. The 

preconsolidation stress of Soils A and B can be presented as function of depth below the ground 

surface, z, as; 

Soils A:  

90 25 0 2p z for zσ ′ = − ≤ ≤  

( )40 6 2 2 15p z for zσ ′ = + − ≤ ≤  

Soils B:  

22 4p zσ ′ = +  

 The increase in undrained shear strength with strain rate for the soil having viscoplastic 

properties R1 is similar to that reported by Graham et al. (1983) (about 3% and 16% per 

logarithmic cycle of strain rate for strain rate below and above 0.005%/hour, respectively). The 

viscoplastic parameters of soil R2 capture the average behaviour of 26 soft cohesive soils as 

reported by Kulhawy and Mayne (1990) where the undrained shear strength increases at 10% per 

logarithmic cycle of strain rate. The effect of strain rate on the undrained shear strength of the 

soils having viscoplastic parameters R1 and R2 is illustrated in Figure 6.1. 

In this study, Soil AR1 has properties similar to Sackville soil examined by Rowe and 

Hinchberger (1998). 

6.3.2 Constitutive model and parameters for geosynthetic reinforcement 

The multi-Kelvin model adopted in this paper has been shown to describe both the short-term and 

long-term viscoelastic strains of geosynthetic materials (Zhang and Moore 1997; Soong and 

Koerner 1998). The multi-Kelvin model requires only a few material properties and the number 

of Kelvin elements can be adjusted to describe the creep behaviour over different time frames. 
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The model requires seven material constants: oa , 1a , α , β , 1E , 1τ  and n . The finite 

element formulation of the viscoelastic problem was derived based on Zienkiewicz (1977). 

Physical properties for the four typical geosynthetic reinforcement products [viz. a high density 

polyethylene (HDPE) geogrid, G1 (Leshchinsky et al. 1997); a second HDPE geogrid, G2 (data 

courtesy of Tensar Earth Technology Inc.); a woven polypropylene (PP) geotextile, G3 

(Greenwood 1990) and a woven polyester (PET) geotextile, G4 (Greenwood 1990)] are given in 

Table 6.2. The model parameters were obtained by back-calculating the creep test data using a 

finite element program (Li and Rowe 2001) and all parameters are given in Table 6.3. Additional 

details regarding the model were provided in Li and Rowe (2001). 

6.4 Results and discussions 

Finite element simulations of the embankment construction without reinforcement, with non-

viscous reinforcement and with viscoelastic reinforcement were conducted to illustrate the effect 

of creep and stress relaxation of geosynthetic reinforcement during and following construction. 

6.4.1 Combined effect of reinforcement viscosity and rate-sensitive foundation on the 

performance of the embankment 

The short-term failure height of either a reinforced or unreinforced embankment can be defined as 

the height of fill at which any attempt to increase the fill thickness will not result in an increase in 

the net embankment height (actual height above the original ground surface). This can be 

obtained by plotting the net embankment height (fill thickness minus settlement) against the fill 

thickness as presented in Figure 6.2 for embankments constructed on soil AR1. The failure height 

of the unreinforced embankment (Case I) was 6.4 m (Figure 6.2). Two reinforced embankments 

were numerically constructed using two different reinforcement models: viz., a viscoelastic 

model and an elastic model (shown as Case II and Case III in Figure 6.2, respectively). The 
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failure height was predicted as 8.2 m for non-viscous reinforcement (Case III) with J = 850 kN/m 

(the secant stiffness of reinforcement G1 at 5% strain) compared to 7.1 m when the effect of 

reinforcement viscosity (Case II) was considered. Thus with the use of reinforcement, the short-

term stability of the embankment can be improved; however, ignoring the viscoelastic properties 

of the geosynthetic reinforcement may lead to overestimating the failure height of the 

embankment.  

The modelling of the short-term failure height of 7.1 m indicated above did not explicitly 

consider the strength of the reinforcement; however embankment failure also can be considered 

to have occurred when the reinforcement strain reaches its rupture strain. A series of constant rate 

of strain (CRS) tensile tests on different types of geogrid materials (Shinoda and Bathurst 2004) 

suggested that the rupture strains are in the range of 8%-10%, 12%-15% and 20%-22% for 

HDPE, PET and PP geosynthetic reinforcement, respectively. In the case above, the strain of 18% 

at the short-term failure height of 7.1 m exceeded the nominal rupture strain of 10% for HDPE 

reinforcement. Taking this into account, the failure height based on failure of the reinforcement 

was 6.7 m. 

Although the reinforcement viscosity, the viscoplastic nature of rate-sensitive foundation 

and the rupture strain of the reinforcement were all considered in calculating the short-term 

failure height of 6.7 m above (Case II in Figure 6.2), the use of this failure height together with a 

typical factor of safety of 1.3 (to obtain a design fill thickness of 5.1 m) can result in large long-

term reinforcement strain and excessive movements after the end of construction. To demonstrate 

this, an analysis was performed for the embankment constructed with reinforcement G1 to the 

design fill thickness of 5.1 m (Case IV in Figure 6.3). For this case, the mobilized reinforcement 

strain was only about 2% at the end of construction but kept increasing until reached 22% under 

long-term conditions, if one neglects the reinforcement strength. Considering that the 
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reinforcement is expected to fail at a rupture strain of 10%, the embankment would have failed 

after about 6 weeks (i.e., about 26 days after the end of construction) as shown by the arrows in 

Figure 6.3. Thus the use of the actual short-term strength of the soil mobilized during 

construction and the strength of the reinforcement to establish the limit state (failure) and then 

applying a traditional factor of safety of 1.3 does not result in a conservative design. This leaves 

two options: either adjusting (i) the strain allowed in the reinforcement for establishing the limit 

state, or (ii) the soil strength used to establish the limit state. 

Considering the first of these options, it has been found that for non-viscous soft cohesive 

soils where there is a significant increase in shear strength with depth (i.e., where rate of increase 

in shear strength is more than 1 kPa/m), a maximum allowable reinforcement strain of 5% will 

often provide a conservative estimate of the failure height of the embankment (Rowe and 

Mylleville 1994). Thus for Case V, the embankment fill thickness at failure of 6.0 m was 

established by selecting a height corresponding to a 5% allowable reinforcement strain based on a 

short-term (i.e., with very rapid construction) analysis (Case II in Figure 6.2) and then a factor of 

safety of 1.3 was applied to get the design fill thickness of 4.6 m shown in Figure 6.3. When one 

considers the time-dependant behaviour (including consolidation and creep) rather than the short-

term analysis used to establish the design fill thickness, the reinforcement strain at the end of 

construction was only 1.3%, but the calculated long-term reinforcement strain still reached 11% 

(i.e., just above the nominal rupture strain).  

 Even if one assumes that the reinforcement could sustain the 11% strain, there would 

still be issues related to deformations. For example, the net height (i.e., height above original 

ground level at any particular time) of this embankment was plotted with time (Figure 6.4) and 

when the fill thickness of 4.6 m was placed, the net height of the embankment was 4.4 m at the 

end of construction but kept decreasing until it reached a net height at about 3.1 m at the time of 



 

139 

 

98% degree of consolidation after 11 years (Case V in Figure 6.4). Thus for this case the long-

term maximum settlement was about 1.5 m while the maximum lateral spreading beneath the 

embankment crest was about 1.8 m, both rather large. 

The embankments discussed above were all constructed at a rate of 10 m/month. The 

construction rate may be important for both unreinforced and reinforced embankments because it 

affects the strain rate (and hence the undrained strength for rate-sensitive soils) as well as 

potential consolidation – both of which affect stability. To illustrate the significance of the soil 

response in the absence of reinforcement, two unreinforced embankments were also numerically 

constructed on the same foundation soil to the same fill thickness of 4.6 m with a construction 

rate of 10 and 0.5 m/month (Case VI and VII, respectively). In Case VI the embankment failed 

about 20 days after the end of construction. In Case VII, the foundation soil alone could support 

the 4.6 m of embankment fill, because the slow construction rate allowed sufficient consolidation 

and consequent increase in shear strength during construction to reduce overstress and provided 

stability. This highlights the need to consider the second factor – the mobilized soil strength used 

in design for embankments constructed using viscoelastic reinforcement on a rate-sensitive soil if 

one is to provide good long-term performance of the reinforced embankment. 

6.4.2 Critical stage and operational strain rate under working condition 

In this study, working conditions  are is defined as the condition where reinforced embankment is 

constructed up to the fill thickness that limits the long-term reinforcement strain to an allowable 

limit and hence limits differential and lateral movements to tolerable levels. For embankments on 

rate-sensitive soil, pore pressures may continue to increase after the end of construction (Crooks 

et al. 1984; Rowe et al. 1995; Rowe and Hinchberger 1998) because the rate of generation of the 

creep induce pore pressures exceeds the rate of pore pressure dissipation. The critical stage in 

terms of embankment stability is defined as the time at which excess pore water pressure reaches 
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its maximum due to post construction creep of the soil (Li and Rowe 2002). For a rate-sensitive 

soil, the undrained shear strength is highly dependant on the strain rate. Therefore in order to 

estimate the undrained shear strength at the critical stage, the strain rate at the critical stage 

(called the critical strain rate herein) must be established. Li and Rowe (2002) identified the time 

corresponding to the critical stage based on the maximum excess pore water pressure beneath the 

middle of the embankment slope. There are potential limitations associated with considering only 

one (typically worst case) point. This approach gave a conservative (low) critical strain rate and, 

as a result, the associated undrained shear strength was low giving an overly conservative design. 

Thus, in this present study, the critical strain rate will be established by considering a number of 

points along the potential failure surface as described below. 

For the purposes of the following discussion, a number of reinforced embankments were 

numerically constructed to the fill thicknesses corresponding to long-term reinforcement strains 

of 3% and 4% for soil having viscoplastic parameters R1 and R2, respectively. The corresponding 

heights were established using an iterative finite element procedure (i.e., embankments were 

numerically constructed to a series of anticipated fill thicknesses, the long-term reinforcement 

strain was calculated and the process repeated until an embankment fill thickness giving the 

desired strain was obtained). The target strains were selected based on the findings in Chapter 5 

which identified these as limiting strains that would place a reasonable control on the magnitude 

of the long-term deformations for these two levels of rate sensitivity. The allowable fill 

thicknesses established using this iterative procedure are summarized in Table 4 as HFEM. The 

potential failure surfaces were identified based on the vector displacement field given by the 

finite element analysis. Seven locations along the potential failure surface (one below the middle 

of the slope  and six equally spaced at a distance of HFEM/4 either side of the middle of the 

embankment slope) were employed to “monitor” the excess pore water pressure in order to define 
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the critical stage and hence the critical strain rate. The critical stage was considered to correspond 

to the time when the average excess pore water pressure at these seven locations along the 

potential failure surface reached its maximum after the end of construction (this is when the 

overall stability is lowest). 

The results shown in Figure 6.5 and 6.6 were obtained for an embankment reinforced 

with reinforcement G1 constructed to a fill thickness of 3.8 m at the construction rate of 1, 5 and 

10 m/month on soil AR1. The 3.8 m fill thickness was established to ensure a 3% long-term 

reinforcement strain, based on iterative finite element simulations at the construction rate of 10 

m/month. Figure 6.5 shows the average increase in excess pore water pressure, after the end of 

construction, along the potential failure surface with elapsed time following the end of 

construction. The time corresponding to maximum average excess pore water pressure is time at 

the critical stage. The average strain rate (major principle strain) along the potential failure 

surface for this case is also plotted against time in Figure 6.6. While the soil was in the elastic 

range (early in the construction), the strain rate was essentially constant with time. Once the 

plastic zone began to develop, the strain rate increased until it reached a maximum at the end of 

construction. The strain rate then gradually decreased with time. The average strain rate at the 

critical stage is referred to as the critical strain rate and is indicated by a circle in Figure 6.6 for 

the three cases examined. 

6.4.3 Factors affecting the time of the critical pore pressure (critical stage) and the critical 

strain rate 

The effect of construction rate on the performance of the reinforced embankment at the critical 

stage for the case discussed above (i.e., 3.8 m fill thickness, using reinforcement G1 over soil 

AR1) is demonstrated in Figure 6.5. Increasing the construction rate gave a larger average 

increase in excess pore water pressure along the potential failure surface after the end of 
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construction. A faster construction rate also resulted in a longer period between the end of 

construction and the time when the maximum (critical) excess pore water began to dissipate (i.e., 

the time when the rate of pore pressure dissipation exceeded the rate of creep induced pore 

pressure generation) with the peak occurring at about 1, 7 and 10 days following the end of 

construction for construction rates of 1, 5 and 10 m/month, respectively. This resulted from the 

fact that a slower construction rate allowed a higher degree of pore pressure dissipation during 

construction and hence resulted in less creep deformation and hence less creep induced pore 

water pressure was generated in the foundation. The effect of construction rate on the critical 

strain rate is shown in Figure 6.6, as the construction rate appears to have only a small effect on 

the critical strain rate. The critical strain rates varied by only a factor of two for construction rates 

that varied tenfold (critical strain rates of 3.5×10-3, 6.5×10-3 and 7.0×10-3 %/hour for construction 

rates of 1, 5 and 10 m/month, respectively). Over this two-fold range in strain rate, the variation 

in undrained strength is small for soils having rate-sensitive R1 as shown in Figure 6.2.  

To study the effect of the soil viscosity, a similar sensitivity analysis was conducted for 

soil AR2. In this case, the embankments were numerically constructed to a fill thickness of 4.9 m 

which provides a maximum long-term reinforcement strain of 4% using reinforcement G1 at a 

construction rate of 10 m/month (established using iterative finite element simulations as 

described earlier). The same trends were observed as noted earlier for soil AR1 (e.g., compare 

Figures 6.5 and 6.7). Again, the faster the construction rate the larger the average post 

construction creep induced excess pore pressures and the longer the time to reach the critical 

stage (10, 14 and 15 days for construction rates of 1, 5 and 10 m/month, respectively). Also, the 

construction rate only had a small effect on the critical strain rate (1.4×10-3, 2.1×10-3 and 2.3×10-3 

%/hour for construction rates of 1, 5 and 10 m/month, respectively). However, the critical strain 
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rate was different from that mobilized in soil AR1 indicating that the critical strain rate depended 

on the soil viscosity.  

To examine the effect that the type of geosynthetic reinforcement has on the critical strain 

rate under working condition, the working fill thickness corresponding to long-term 

reinforcement strain of about 3% and 4% (for a construction rate of 10 m/month) for soils AR1 

and AR2, respectively, were established by iterative finite element analyses for four different 

types of geosynthetic reinforcement. The corresponding embankment fill thicknesses were 3.8 m 

for the low strength HDPE geogrid (G1) discussed earlier, 4.0 m for the higher strength HDPE 

geogrid (G2), 4.0 m for the woven PP geotextile (G3) and 4.3 m for woven PET (G4) geotextile 

for foundation soil AR1. For soil AR2, the corresponding heights were 4.9, 5.2, 5.2 and 5.5 m for 

reinforcement G1, G2, G3 and G4, respectively. The results are summarized in Table 6.4. The 

results for embankments on soil AR1 (Figure 6.8) indicate that even though the times to the 

critical stage were different, due to the differences in fill thickness of the different embankments 

caused by the difference in reinforcement type and stiffness, the critical strain rates were very 

similar (within a range 7.0×10-3-8.4×10-3 %/hour). 

The rate-sensitive parameters of soil AR1 and AR2 cover a wide range of practical 

conditions (Graham et al. 1983; Kulhawy and Mayne 1990; Rowe and Hinchberger 1998; Rowe 

and Li 2002; Li and Rowe 2008) and yet the critical strain rates fell into a relatively small range, 

from 7.0×10-3-8.4×10-3 %/hour for soil AR1 and 2.3×10-3 – 3.6×10-3 %/hour for soil AR2. These 

findings also suggest that for a typical range of rate-sensitive soil deposits, the critical strain rate 

is likely to fall into a relative narrow range of values for typical construction rates and types of 

geosynthetic used for basal reinforcement. To confirm the central role played by the viscous 

properties of the soil in defining the critical strain rates presented above, similar analyses were 

conducted for embankments over Soil B which had different base soil properties to Soil A studied 
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above but the same viscoplastic properties (soils BR1 and BR2). The critical strain rates for based 

Soil B also fell into a narrow range similar to those observed for Soil A (average of 7.3×10-3 and 

3.2×10-3 %/hour for soils BR1 and BR2, respectively). Therefore, the strain rate to be used in 

plane strain undrained shear strength tests to establish as a suitable operational strength can, for 

practical purposes, be taken as 7×10-3 and 3×10-3 %/hour for soil possessing the viscoplastic 

parameter R1 and R2, respectively. Where the increase in undrained shear strength with strain 

rate for the soil having viscoplastic properties R1 is similar to that reported by Graham et al. 

(1983) (about 3% and 16% per logarithmic cycle of strain rate for strain rate below and above 

0.005%/hour, respectively) and the viscoplastic parameters of soil R2 capture the average 

behaviour of 26 soft cohesive soils as reported by Kulhawy and Mayne (1990) where in the 

undrained shear strength increases at 10% per logarithmic cycle of strain rate (Figure 6.1). 

6.4.4 The effect of construction rate on the reinforcement stiffness at the critical stage 

The time-dependent behaviour of several types of reinforcement used in embankment 

construction has been examined for both a non-viscous (rate-insensitive) and rate-sensitive 

foundation soil (Li and Rowe 2002; Li and Rowe 2008). Li and Rowe (2008) showed that the 

isochronous stiffness of the reinforcement, measured from creep tests, at a time corresponding to 

the critical stage of the embankment should be used to represent the stiffness of the reinforcement 

in the design rather than the tensile stiffness measured in a typical index tensile strength tests 

carried out at a strain rate of 10 %/min. However the previous studies did not examine whether or 

not the construction rate would affect the reinforcement stiffness at the critical stage, and if it 

does, it will also affect the selection of the reinforcement stiffness that should be used in the 

design. Thus for this study, the effect of the time-dependent behaviour of the viscoelastic 

reinforcement was examined. A series of reinforced embankments were numerically constructed 

up to the same fill thickness at different rates of construction for soils AR1 and AR2. The results 
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indicate that the faster the loading rate, the stiffer response of the viscoelastic reinforcement 

during construction. The stiffness of reinforcement G1 at the end of construction was about 486, 

536 and 565 kN/m for construction rates of 1, 5 and 10 m/month, respectively for the 

embankment over soil AR1 (Figure 6.9). For the case of embankments over soil AR2 the 

reinforcement stiffness at the end of construction was fairly similar to those for soil AR1 with 

values of about 468, 504 and 548 kN/m, respectively, for the same three construction rates. 

Although the construction rate could affect the reinforcement stiffness mobilized at the end of 

construction, due to the nature of rate-sensitive soil and viscoelastic properties of the 

reinforcement, the reinforcement stiffness gradually decreased with time following the end of 

construction and fell into a narrow range of the stiffness (about 420 kN/m for soil AR1 and 390 

kN/m for soil AR2) for all the rates of construction. These results imply that the construction rate 

did not greatly affect the reinforcement stiffness at the critical stage. 

The results from the creep test for reinforcement G1 are also provided in Figure 6.9. The 

isochronous stiffness of the reinforcement at the time corresponding to the critical stage is close 

to the reinforcement stiffness given by the finite element analysis and hence the isochronous 

stiffness can be conservatively used in design. As discussed in the previous section, the critical 

stage was reached about 10 and 15 days after the end of construction for soils AR1 and AR2, 

respectively (as illustrated by the worst case scenario, CR = 10 m/month, in Figures 6.5 and 6.7). 

Thus, by establishing embankment design fill thickness, construction rate and elapsed time from 

the end of construction to the critical stage, the reinforcement stiffness to be used in design can be 

selected from the creep test data without the need for a full finite element analysis as illustrated 

by an example in the following section. Data from creep tests are also presented in Figure 6.10 

for all four viscoelastic reinforcements examined in this study. 
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6.4.5 Proposed design procedure 

To establish the rate-sensitivity of a suspected rate-sensitive soil, it is necessary to perform 

several (minimum of two) undrained tests at different strain rates. The results then can be 

compared with Figure 6.1 to establish whether or not the soil is similar to those examined in this 

study. Assuming that the soil can be related reasonably to the soils examined in this study (and 

many can) the corresponding recommended strain rates of 7×10-3 and 3×10-3 %/hour for soils 

having rate-sensitivity similar to R1 and R2, respectively can be used to establish a suitable 

undrained shear strength to be used in the design procedure described below. 

 Ideally the design shear strength would be based on plane strain laboratory tests at the 

recommended strain rate. However it is recognized that for practical application, data from 

undrained triaxial test at a strain rate of 1 %/hour is more likely to be available. To allow an 

adjustment to be made between triaxial and plane strain undrained shear strength, the relationship 

between simulated plane strain undrained shear strength at the proposed strain rate with 

undrained shear strength from the simulated undrained triaxial compression test at a 

recommended strain rate of 1%/hour (Germaine and Ladd 1988) was established for soil with 

specific rate-sensitive characteristics R1 and R2. The results suggest that the ratios between plane 

strain undrained shear strength at the recommended strain rate to triaxial undrained shear strength 

at strain rate of 1 %/hour (i.e., su-plane strain/su-triaxial) fell into narrow range, 0.79 – 0.82 and 0.83 – 

0.85 for soils having rate-sensitive characteristics of R1 and R2, respectively. Therefore, the 

reduction factor of 0.8 can be used to adjust the strength from standard undrained triaxial test at 1 

%/hour (for soils with rate-sensitive characteristics similar to R1 and R2) to establish the 

undrained shear strength profile if the results of a plane strain undrained compression test are not 

available (i.e., details are presented in Appendix F). 
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 Next, the stiffness of geosynthetic reinforcement at the critical stage to be used in design 

can be conservatively estimated using the isochronous stiffness at the time corresponding to the 

critical stage as discussed earlier. From a preliminary design fill thickness and an average 

anticipated construction rate, one can estimate the construction time for each specific project. 

Then, the corresponding times to the critical stage (maximum excess pore pressure) can be 

approximated as 10 and 15 days following the end of construction for soil having rate-sensitivity 

similar to R1 and R2, respectively and hence the isochronous stiffness of the viscoelastic 

reinforcement can be selected. 

In order to ensure long-term stability of the reinforced embankment, the ultimate limit 

state must be satisfied. After the undrained shear strength profile and reinforcement stiffness 

representing the critical stage (where stability is least) have been estimated, the reinforcement 

strain at the ultimate limit state (failure) has to be established. As discussed earlier, the rupture 

strains of the typical reinforcements are in the range for 8%-10%, 12%-15% and 20%-22% for 

HDPE, PET and PP geosynthetic, respectively. In the proposed approach, the ultimate strain of 

10% was recommended as a compromise between maximizing the use of reinforcement and 

controlling the long-term serviceability of structures.  

 Finally, a limit equilibrium program which is capable of analyzing the soil/reinforcement 

interaction (in this case REAP by Mylleville and Rowe 1988; see Appendix E for underlying 

assumptions) is used to calculate factor of safety under the design conditions. The proposed 

design approach for a reinforced embankment on a soft rate-sensitive foundation, considering the 

effect reinforcement viscosity, can be summarized as follow; 

1. Perform several (minimum of two) undrained shear strength tests at different strain rates 

on the suspected rate-sensitive soil samples and compare with the results presented in 

Figure 6.1 to establish rate sensitivity of the soils. 
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2. Conduct the undrained plane strain compression tests to estimate the undrained shear 

strength profile of soft deposit. The recommended strain rates for testing are 7×10-3 and 

3×10-3 %/hour for soils having rate-sensitivity similar to R1 and R2 (Figure 6.1), 

respectively. However, when the undrained plane strain compression tests are not 

available, a reduction factor of 0.8 can be applied to the undrained shear strength from 

triaxial compression tests at strain rate of 1%/hour for soils similar to those examined in 

this study. 

3. Estimate the corresponding time of the critical stage knowing: (i) the design fill 

thickness, (ii) average construction rate, and (iii) time to reach critical stage after the end 

of construction (approximately 10 and 15 days for soil having rate sensitivity similar to 

soil R1 and R2, respectively). 

4. Select a trial reinforcement (e.g., G1, G2, etc) and establish the reinforcement stiffness 

for that reinforcement to be used in design using the isochronous stiffness (from a creep 

test) at the time corresponding to critical stage (as estimated from Step 3). 

5. Using a suitable limit equilibrium program, calculate the factor of safety using the design 

embankment fill thickness, undrained shear strength profile (from Step 2), reinforcement 

stiffness (from Step 4) and assuming a mobilized reinforcement strain at ultimate limit 

state of 10%. 

6. If the factor of safety is too far from the design criteria (typically 1.3), one can change the 

choice of reinforcement (or use multiple layers of relatively closely spaced 

reinforcement) to either increase or decrease reinforcement stiffness as needed. Two 

layers of relatively closely spaced reinforcement (about 0.3 m apart) can be modeled as a 

single layer having a stiffness twice that of a single layer). 
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To illustrate how the proposed design approach works, one of the cases examined in this 

paper is briefly examined in the following section. 

6.4.6 Comparison of results from proposed design procedure with those from full finite 

element analyses 

As part of this study, the proposed design procedure was examined for a number of cases, 

involving soils A and B, two sets of viscoplastic properties R1 and R2, and four different types of 

viscoelastic reinforcement as listed in Table 6.4 and the results will be discussed below. In each 

case, the undrained shear strength profiles were determined from simulated plane strain undrained 

compression test using finite element simulation at the recommended strain rates of 7 ×10-3 and 

3×10-3 %/hour for soil having viscoplastic parameters R1 and R2, respectively. The undrained 

shear strength profiles used in the design for soil AR1 and AR2 are provided in Figure 6.11a and 

those for soil BR1 and BR2 are provided in Figure 6.11b. These correspond to what one would be 

expect to be obtained from testing the given soil at the appropriate strain rate. 

The following paragraphs illustrate the design approach for one case. Assuming a design 

fill thickness of 3.9 m and construction rate of 10 m/month, the time to construct the embankment 

to the design fill thickness would be 281 hours (12 days). Considering the embankment to be 

constructed on soil AR1, the critical stage is expected about 10 days (240 hours) after the end of 

construction, resulting in the total to the critical stage of about 521 hours (about 22 days).  

We began by selecting a trail reinforcement, in this case we chose reinforcement HDPE 

geogrid G1 (Table 6.2). From the results of creep test of reinforcement G1 shown in Figure 6.10, 

at a time corresponding to the critical stage of about 500 hours, the isochronous stiffness was 

about 370 kN/m. The limit equilibrium program REAP (Mylleville and Rowe 1988) was then 

used together with the undrained shear strength profile given in Figure 6.11a, the reinforcement 

stiffness Jcrit(creep test) of 370 kN/m as described above, and the recommended ultimate 
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reinforcement strain of 10%, to calculated a factor of safety of the reinforced embankment. The 

calculated factor of safety for the case was 1.31 which is sufficiently close to the desired design 

value of 1.3 to accept the design with a single layer of reinforcement geogrid G1. If the calculated 

factor of safety is less than the design criteria, the reinforcement could be changed to either G2 or 

G3, for example, to get a higher factor of safety, or to G4 to get a much higher factor of safety. 

Alternatively, consideration could be given to using two layers of reinforcement. A full finite 

element analysis of this case indicated an end of construction strain of 0.7%, a strain of 1.5% at 

the critical stage, and a long-term strain of 3.5%. Even though the long-term reinforcement strains 

was a bit higher than the optimum allowable long-term strain of 3% for soil having rate-sensitive 

parameters R1, the deformation of the reinforced embankment was controlled within the 

acceptable range and the differences were insignificant. For example, comparing the deformation 

of reinforced embankment having long-term reinforcement strain of 3.0% vs 3.5% [i.e., HFEM (3.8 

m) vs HLEM (3.9 m)]; long-term horizontal movement were 0.35 vs 0.39 m, maximum differential 

settlement were 0.08 vs 0.10 m, and maximum settlement were 0.87 vs 0.94 m. 

The design approach described above was applied for 10 cases and the embankment 

heights, HLEM, that could be achieved for a given soil profile and reinforcement for a factor of 

safety of about 1.3 are summarized in Table 6.4. Finite element analyses were also conducted to 

evaluate the long-term performance of reinforced embankments numerically constructed up to 

these design fill thicknesses (HLEM) to ensure that the proposed design approach also satisfies the 

serviceability limit. The maximum long-term reinforcement strains (at 98% consolidation) for 

each case are given in Table 6.4. In all cases the long-term reinforcement strains corresponding to 

the design fill thicknesses from the proposed design approach are approximately at the optimum 

allowable long-term reinforcement strain of 3% and 4% for soils having rate-sensitive parameters 

R1 and R2, respectively (implying that the methodology is not overly conservative). 
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For the 10 cases indicate in Table 6.4, a series of reinforced embankments also were 

numerically constructed at a construction rate of 10 m/month to establish the embankment fill 

thickness (HFEM) corresponding to an optimum long-term reinforcement strain, mentioned above. 

When HFEM was established for each case, the reinforcement stiffnesses at the critical stage 

(Jcrit(FEM)) were as noted (Table 6.4). The reinforcement stiffness provided from finite element 

analyses (Jcrit(FEM)) agreed well with those selected from the results of creep test, Ji(creep test), 

according to the proposed design procedure with the Ji(creep test) values proposed for use in design 

being slightly conservative (i.e., lower than those form the full finite element analysis; Table 6.4). 

This supports the proposal of using the isochronous to represent field reinforcement stiffness at 

critical stage under working stress condition. 

A comparison of the design fill thickness obtained using a limit equilibrium approach 

(HLEM) with those obtain from finite element analysis (HFEM), shows that the proposed design 

procedure using limit equilibrium results in slightly higher design fill thicknesses compared to 

what one would select based on a full finite element analysis. However, the differences in term of 

long-term performances of the reinforced embankment are insignificant for the foundation soils 

having a similar soil viscosity as those examined in this study. 

6.5 Summary and conclusions 

The time-dependent behaviour of reinforced embankments constructed with viscous geosynthetic 

reinforcement over rate-sensitive soils was studied using finite element analysis. A new method 

for defining the critical stage and the critical strain rate was proposed. Various factors affecting 

the critical strain rate and reinforcement stiffness at the critical stage were investigated, including 

the rate-dependent characteristics of the foundation soil and the reinforcement, the type of 

reinforcement and the rate of construction. A design procedure for reinforced embankments, 
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accounting for the effect of foundation soil and reinforcement viscosity, was proposed. The 

following summarize the main findings from this study for geosynthetic reinforced embankments 

constructed on rate-sensitive soil deposits. 

1. The viscoelastic properties of the reinforcement as well as the viscoplastic response of 

the foundation soil both need to be considered to provide safe design.  

2. Directly applying a traditional factor of safety of 1.3 to the failure height obtained from a 

short-term analysis without considering the time-dependent nature of materials will result 

in an unconservative design (i.e., overestimate long-term stability and underestimate 

embankment deformations). 

3. Since the excess pore water pressures vary along the potential failure surface, the average 

value should be used to establish the critical stage (i.e., the point in time when the 

average excess pore water pressure along the potential failure surface reaches its 

maximum value). 

4. The major principle strain rates also vary along the potential failure surface and hence the 

average strain rate along the potential failure surface should be used to establish the 

appropriate soil shear strength at the critical stage. 

5. Under working conditions (i.e., where the allowable embankment fill thickness gives rise 

to long-term reinforcement strain of 3% and 4% for soil having rate-sensitive parameters 

R1 and R2, respectively), the construction rate affects the time to reach critical stage. 

However, the critical stage can be conservatively estimated as 10 and 15 days after the 

end of construction for soils having rate-sensitivity similar to soil R1 and R2 examined in 

this study.  

6. Although construction rate and reinforcement type/stiffness have some effect on the 

average critical strain rate along the potential failure surface, it that the critical strain rate 
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was within a relatively narrow range for both rate-sensitive soils examined in this study. 

Therefore the recommend strain rates for plane strain undrained compression test, that 

represent field strain rate at critical stage, can be used as 7×10-3 and 3×10-3 %/hour for 

soil possessing the viscoplastic characteristics similar to soils R1 and R2 examined in this 

study. 

7. If plane strain undrained compression data is not available, the results from standard 

undrained triaxial compression test at the strain rate of 1%/hour (Germaine and Ladd 

1988) can be used together with a reduction factor of 0.8 to estimate the undrained shear 

strength profile to be used in the design of embankment on rate-sensitive soil similar to 

those examined in this study. 

8. The rate of construction affects the mobilized stiffness of the viscoelastic reinforcement 

during the construction. A faster construction rate results in a stiffer response of the 

reinforcement. However, the stiffness of the reinforcement decreases with time following 

the end of construction and falls into a narrow range at the critical stage. The results 

presented herein confirm the previous findings that the isochronous stiffness obtained 

from a creep test at the time corresponding to the anticipated time at critical stage can be 

used as the estimated design stiffness. 

9. The proposed design procedure results in slightly higher design fill thicknesses compared 

with those from the full finite element analysis for the cases examined. As a consequence, 

long-term reinforcement strains corresponding to the design fill thickness of all the cases 

examined in this study were also slightly higher that the optimum reinforcement strains. 

However, the differences in term of long-term deformations of reinforced embankments 

were insignificant. 
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Table 6.1 Elliptical cap soil model parameters 

Soil Parameter Soil AR1 Soil AR2 Soil BR1 Soil BR2 

Failure envelope MN/C 0.96 0.96 0.87 0.87 

Failure envelope MO/C 0.75 0.75 0.63 0.63 
Aspect ratio R 1.25 1.25 0.7 0.7 

Compression index λ 0.16 0.16 0.3 0.3 

Recompression index κ 0.034 0.034 0.03 0.03 

Coefficient of earth pressure at rest K0' 0.75 0.75 0.6 0.6 

Poisson’s ratio ν' 0.3 0.3 0.35 0.35 

Unit weight γ (kN/m3)  17 17 15.2 15.2 

Hydraulic conductivity kvo(m/s) 2×10-9 2×10-9 1×10-9 1×10-9 

Viscoplastic fluidity  γvp (hr-1) 2.0×10-5 1.0×10-7 2.0×10-5 1.0×10-7 
Strain rate exponent n 20 30 20 30 

 

Table 6.2 Four types of geosynthetic reinforcement examined and their ultimate strength and 

stiffness (Li and Rowe 2001) 

Designated 
Symbol 

Geosynthetic Materials 

Reinforcement  Polymer type Manufacturing 
process 

Ultimate strength 
(kN/m) 

J5% at 5% 
(10%/min) 

G1 
G2 

Geogrid 
Geogrid 

HDPE 
HDPE 

PSD* 
PSD 

72 
166 

850 
1940 

G3 Geotextile PP Woven 186 1578 
G4 Geotextile PET Woven 200 1736 
 
*PSD = punched sheet drawn 

 

Table 6.3 The viscoelastic model parameters (Li and Rowe 2001) 

Designated 
Symbol 

Material Constant 
a0  
(kN/m) 

a1 
(m/kN) α β E1 

(kN/m) 
 τ1 
(hr) N 

G1 
G2 

1050 
2200 

7.0×10-6 
4.0×10-7 

1 
1.1 

10 
10 

3000 
6300 

0.02 
0.05 

9 
9 

G3 1700 4.0×10-7 0.99 10 9800 0.03 9 
G4 1800 2.0×10-7 1.2 10 60000 0.05 7 
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Table 6.4 Summary of the long-term reinforcement strains result from design height using FEM 

and LEM (rate of construction 10m/month; soil strength profiles as shown in Figure 6.11) 

 
* Factor of safety = 1.3 
** At working condition (design height from LEM) 

Soil Rein. 
type 

HFEM 
(m) 

ε Critical stage 
(%) 

ε Long-term 
(%) 

Jcrit (FEM) 
(kN/m) 

Ji (creep test) 
(kN/m) 

HLEM
* 

(m) 
ε Long-term

** 
(%) 

AR1 G1 
G2 
G3 
G4 

3.80 
4.00 
4.00 
4.25 

1.3 
1.6 
1.6 
1.9 

3.1 
3.0 
3.0 
3.1 

388 
932 
909 

1590 

370 
900 
900 

1550 

3.90 
4.15 
4.15 
4.30 

3.5 
3.6 
3.6 
3.3 

AR2 G1 
G2 
G3 
G4 

4.90 
5.15 
5.15 
5.45 

1.2 
1.3 
1.3 
1.5 

4.0 
4.1 
4.1 
4.1 

372 
1040 
1040 
1660 

360 
900 
900 

1550 

4.95 
5.25 
5.25 
5.60 

4.2 
4.4 
4.4 
4.5 

BR1 G1 2.10 1.7 2.9 371 370 2.30 3.6 
BR2 G1 2.80 2.1 4.1 366 360 3.00 4.8 
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Figure 6.1 Variation of the undrained shear strength of Soils R1 and R2 with strain rate 

(reproduced from Li and Rowe 2008) 
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Figure 6.2 Effects of viscoelastic reinforcement on the short-term stability of the embankment 
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Figure 6.3 Change in reinforcement strain based on design height deduced from FEM short-term 

stability analysis 
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Figure 6.4 Effect of reinforcement and construction rate on stability of embankments 
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Figure 6.5 Effect of the construction rate on time to reach maximum post construction creep-

induced pore pressure: Critical stage (Soil AR1) 
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Figure 6.6 Effect of the construction rate on critical strain rate (Soil AR1) 
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Figure 6.7 Effect of the construction rate on time to reach maximum post construction creep-

induced pore pressure: Critical stage (Soil AR2) 
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Figure 6.8 Effect of reinforcement type on the critical strain rate (Soil AR1) 
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Figure 6.9 Effect of the construction rate on reinforcement stiffness at the critical stage (Soil 

AR1) 
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Figure 6.10 Reinforcement stiffness from creep tests (modified from Li and Rowe 2008) 
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Figure 6.11 Undrained shear strength profile 
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Chapter 7 

Performance of a reinforced embankment on a sensitive          

Champlain clay deposit6 

7.1 Introduction 

The construction of reinforced embankments over soft ground is of considerable interest to 

geotechnical engineers (Basudhar et al. 2008; Bergado and Teerawattanasuk 2008; Chen et al. 

2008; Ghazavi and Lavasan 2008; Li and Rowe 2008; Rowe and Taechakumthorn 2008; 

Abusharar et al. 2009; Huang and Han 2009; Magnani et al. 2009; Subaida et al. 2009; Zheng et 

al. 2009; Indraratna et al. 2010; Jones et al. 2010; Karstunen and Yin 2010; Taechakumthorn and 

Rowe 2010). It has been recognized since the early work of Terzaghi (1931) and Casagrande and 

Wilson (1951) that soft clay deposits often possess a significant viscosity which results in 

variation of strength and stiffness according to the rate of strain imposed on the soils. The effect 

of soil viscosity has been extensively studied in the laboratory (Bjerrum 1972; Lo and Morin 

1972; Vaid and Campanella 1977; Vaid et al. 1979; Graham et al. 1983; Kabbaj et al. 1988; 

Leroueil 1988; Kulhawy and Mayne 1990; Leroueil and Marques 1996; Sheahan et al. 1996; Lo 

Presti et al. 1999; Matesic and Vucetic 2003). More recently the performance of reinforced 

embankments on these soils has been examined using numerical simulations (Rowe et al. 1996; 

Hinchberger and Rowe 1998; Rowe and Hinchberger 1998; Rowe and Li 2002; Li and Rowe 

2008; Rowe and Taechakumthorn 2008; Taechakumthorn and Rowe 2010). While the numerical 

studies cited above addressed rate-sensitive soils, attention was focused on soils that were not 

                                                      
6 Material presented in this chapter has been included in: 
 
Taechakumthorn C. and Rowe R.K. 2010.Performance of a reinforced embankment on a sensitive 
Champlain clay deposits. Canadian Geotechnical Journal. In preparation. 
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particularly sensitive. In many parts of eastern Canada and Scandinavia, soft clay deposits are 

highly sensitive. For these structured soils, during deforming, plastic straining gradually breaks 

down inter-particle bonding and results in a post peak strength reduction which may significantly 

affect the behaviour of these soft natural clay deposits (Vaid et al. 1979; Quigley 1980; Leroueil 

and Vaughan 1990; Burland 1990; Torrance 1999; Malandraki and Toll 2000; Lo and 

Hinchberger 2006; Hinchberger and Qu 2009). A number of constitutive models have been 

proposed for structured and rate-sensitive clays (e.g., Kim and Leroueil 2001; Rocchi et al. 2003; 

Hinchberger and Qu 2009). The 1D elasto-viscoplastic model proposed by Kim and Leroueil 

(2001) provided good predictions for the case of Berthieville test embankment. However while 

the model may be suitable for 1D settlement prediction, it is not sufficient for problems where  

2D behaviour is important such as when a reinforced embankment is constructed over a 

structured rate-sensitive soil. Rocchi et al. (2003) presented the 2D elasto-viscoplastic 

constitutive model for structured clay but this model can only explain the engineering behaviour 

of structured clay subject to a Ko stress path. 

Rowe and Hinceherger (1998) proposed the elasto-viscoplastic constitutive model based 

on the concept of over stress viscoplasticity (Perzyna 1963). The model has been extensively 

verified and provides good prediction for the laboratory data as well as capturing the behaviour of 

field test embankments constructed on rate-sensitive foundation soils (Hinchberger 1996; 

Hinchberger and Rowe 1998; Rowe and Hinchberger 1998). Hinchberger and Qu (2009) 

extended Rowe and Hinchberger (1998) model using the concept of state-dependent fluidity 

parameters and a damage law to describe engineering responses and the destructuration of the 

rate-sensitive structured clay. Hinchberger and Qu (2009) also demonstrated that the proposed 

model can adequately describe soil behaviour such as accelerated creep rupture, post-peak 

strength reduction as well as the strain rate dependency of the undrained shear strength and the 
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apparent preconsolidation pressure of the Saint Jean Vianney clay in the laboratory. Despite good 

predictions of the laboratory results, the model has never been tested against the full scale test 

data. 

In this chapter, the Hinchberger and Qu (2009) model is implemented into the finite 

element program; AFENA (Carter and Balaam 1990) for 2D plane strain analysis. The model is 

used to model the performance of a well documented case study of the reinforced test 

embankment constructed on sensitive Champlain clay deposit in Saint Alban, Quebec (Busbridge 

et al. 1985). The calculated results are compared with the observed field data. The model is then 

employed to examine the effect of reinforcement and its viscosity on the short-term behaviour of 

the reinforced embankment examined in this study. The practical implications as well as the 

effectiveness and limitations of the model are also discussed. 

7.2 Ground condition at Saint Alban 

The subsurface conditions across the general site area where the embankment under consideration 

was constructed were inferred from a detailed geotechnical investigation reported by Leroueil et 

al. (1983), Tavenas et al. (1983), Lefebvre et al. (1988) and Lefebvre and Pfendler (1996). The 

site is generally underlain by a 2.0 m thick weathered clay crust, which is in turn underlain by a 

13.7 m thick deposit of soft grey blue marine clay. Beneath the clay there is a layer of dense fine 

to medium sand over bedrock. The groundwater table is at 0.7 m below the ground surface. 

Studies of this soft clay indicated that the deposit has low to medium plasticity, with measured 

water contents appreciably higher than the liquid limit. The clay under the crust is lightly 

overconsolidaed, with an overconsolidation ratio (OCR) of about 2.2. The bulk unit weight of the 

soil in the crust is estimated to be 19 kN/m3, whereas that of the soil below the crust is 16 kN/m3. 
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Figure 7.1 presents a typical profile of the geotechnical properties of the soft deposit, modified 

from Trak et al. (1980). 

 The permeability (hydraulic conductivity) of Champlain clays ranges between 10-10 m/s 

and 10-8 m/s depending on the void ratio (Tavenas et al. 1983). However, at Saint Alban, the 

deposit exhibits a reducing clay fraction and decreasing plasticity with depth as the soil 

progressively changes from a clay into a silty material; as a result, the effect of reducing void 

ratio is compensated by changes in void shape and tortuosity so that the in-situ permeability is 

nearly constant with either depth and void ratio with a  value of about 4x10-9 m/s (Tavenas et al. 

1983) Based on Tavenas et al. (1983) the ratio of horizontal to vertical hydraulic conductivity was 

very close to unity. 

7.3 Geometry, construction and modelling of the test embankment 

A plan view and typical cross section of the reinforced embankment are shown in Figure 7.2a and 

7.2b, respectively. After the subsurface instrumentation was installed and allowed to stabilized, 

embankment fill material was placed with the construction rate of 0.6 m/day. The embankment 

fill material was a uniform medium to coarse sand with a friction angle of about 34o. The unit 

weight of the fill material was measured by means of a portable nuclear density test apparatus 

with the average of 16.9 kN/m3. The embankment side slopes were maintained at a gradient of 

1.5:1.0 (horizontal:vertical). Three side slopes of the embankment were stabilized with the extra 

1.5 m high berm so that any failure was forced to the side of the reinforced embankment where 

the instrumentation was concentrated. A polyethylene geogrid, Tensar SR-2 was selected as a 

basal reinforcement. The quality control tensile strength of material at high strain rates is 79 

kN/m width. Two horizontal layers of the geogrid reinforcement were incorporated at the base of 

the embankment. The lower layer was placed directly at the ground surface and the upper layer 
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was placed inside the fill material at elevation of 1.5 m above the ground surface. Figure 7.2a and 

7.2b only show the location of instrumentation used to compare with the results from numerical 

analyses – full details of instrumentation were provided by Busbridge et al. (1985). The failure of 

the reinforced embankment occurred at a height of about 6.1 m, 10 days after the start of the 

construction. 

The finite element mesh used to model the embankment and foundation soil is shown in 

Figure 7.3. The far field boundaries were assumed to be smooth/rigid boundaries. The bottom 

boundary (the sand) was assumed to be rough/rigid with free drainage boundary condition. The 

finite element mesh consisted of 3386 of six-noded triangle elements (6121 nodes) to model 

layers of soft clay deposits and embankment fill materials. The geogrid reinforcement was 

modeled using two-noded bar elements. Two-noded rigid-perfectly plastic interface elements 

proposed by Rowe and Soderman (1985) were used to model the fill/reinforcement and 

fill/foundation interfaces. A small strain finite element analysis was performed. 

7.4 Constitutive model for rate-sensitive structured clay and material parameters 

Hinchberger and Qu (2009) described an extension of the elasto-viscoplastic model proposed by 

Rowe and Hinchberger (1998) to capture the effect of soil structure. The concept of state-

dependent fluidity parameters and a damage law was incorporated into the finite element program 

AFENA (Carter and Balaam 1990) for an axisymmetric condition (Hinchberger and Qu 2009). 

The extended version of the constitutive model was implemented into AFENA for 2D plane strain 

condition. Full details of the state-dependent fluidity parameters and damage law were given by 

Hinchberger and Qu (2009). The following provides a brief summary of the model used in this 

study. 
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7.4.1 Overstress elasto-viscoplasticity 

The elasto-viscoplastic constitutive model proposed by Rowe and Hinchberger (1998) is fully 

coupled with Biot consolidation theory (Biot 1941). This model also incorporates Perzyna’s 

theory of overstress viscoplasticity (Perzyan 1963). The derivation of the model is based on an 

elliptical yield cap model (Chen and Mizuno 1990), a Drucker-Prager failure envelope and 

concepts drawn from critical state soil mechanics. 

According to Perzyna’s overstress theory of viscoplasticity, the governing equation was 

expressed in terms of strain-rate tensor: 

1 ( )
2 3
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& &       (7.1) 

where Sij is deviatoric stress; G is shear modulus; σii is summation of the principle stresses; K is 

bulk modulus; γvp is the viscoplastic fluidity parameter and Ø(F) is a flow function that can be 

expressed in term of overstress as: 
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where  ( )d
osσ ′  is overstress, defined as the distance between dynamic and static yield surface at the 

current stress state (Rowe and Hinchberger 1998); n is strain rate exponent. 

In the normally consolidated clay, the general equation of elliptical yield surface in 

22m Jσ ′ −  space can be expressed as: 

2 2 2
2( ) 2 ( ) 0m myf l J R lσ σ′ ′= − + − − =       (7.3) 

where l  is a mean effective stress corresponding to the center of the ellipse; R is the ratio 

between major and minor axis of the ellipse; and σ’my is the intercept of the ellipse with the σ’m 
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axis. Drucker-Prager failure criterion having a slope of MN/C and MO/C governs the failure of the 

model for the normally and overly consolidated clay, respectively. 

7.4.2 Modification for soil structure effect 

The state-dependent fluidity concept requires the introduction of a new parameter, ωo, to 

mathematically define the structure of the soil. 

1
vp n
i

o vp
s

γω
γ

⎛ ⎞
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⎝ ⎠
         (7.4) 

where; vp
sγ  is fluidity of the undisturbed clay fabric, vp

iγ  is fluidity of the destructed clay fabric. 

Next, the concept of the damage strain, dε , (Rouainia and Wood 2000) was employed to define 

the transition from an initially highly viscous state (structured state) to a more fluid destructured 

state. The damage strain is expressed as: 

( ) ( ) ( )2 2
1 vp vp

d vol sd A d A dε ε ε= − +       (7.5) 

where; ddε  is the incremental damage strain, vp
voldε  and vp

sdε  are the plastic volumetric and 

plastic shear strain, respectively. A is a weighting parameter, which is assumed to be 0.5 similar 

to Baudet and Stellebrass (2004). Finally, the exponential damage law was introduced to describe 

rate of soil structure degradation (Hinchberger and Qu 2009), expressed as: 

( ) ( ) ( )
1

1 1 nn
d o dExpω ε ω α ε⎡ ⎤= + − − ⋅⎣ ⎦       (7.6) 

where; α  is a material parameter governing the rate of destructuration, dε  is a damage strain, 

oω  defines the initial structure and ( )dω ε  describe the state-dependent structure level. 

Accordingly, the fluidity parameter is a function of damage strains as given by:  
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where; ( )vp
dγ ε  define state-dependent fluidity of the clay fabric. Thus the viscoplastic strain-

rate tensors can be expressed as: 
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For a structured soil, the initial high viscosity of the soil structure restrains the plastic strain that 

can be developed and allows overstress to be built up relative to the static or reference yield 

surface (destructured or remolded state). However, with increasing damage plastic strain, the 

viscosity of the soil decreases (increasing the structural fluidity) to simulate the breaking down of 

the bond between soil particles. As a result, soil strength decreases and eventually reaches a 

completely destructured state strength (the critical state). 

The change in hydraulic conductivity of soft clay during loading was taken to be a function of 

current void ratio as: 

exp o
v vo

k

e ek k
C

⎛ ⎞−
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⎝ ⎠
        (7.9) 

where; kvo is the initial hydraulic conductivity; eo is the initial void ratio and Ck is hydraulic 

conductivity change index. From literature, the value of Ck = 0.22eo was recommended for Saint 

Alban clay (Tavenas et al. 1983). The ratio between horizontal and vertical hydraulic 

conductivity was unity: i.e., 1h vk k = . 
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7.4.3 Embankment fill, reinforcement and interface parameters 

The purely frictional granular soil was used to model the embankment fill. The assumed 

properties were friction angle ø’ = 34o, dilation angle ψ = 6o and unit weight γ = 16.9 kN/m3. The 

non-linear elastic behaviour of the fill was modelled using Janbu’s (1963) equation: 

3

m

s
a a

E K
P P

σ⎛ ⎞
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⎝ ⎠
         (7.10) 

where E is the Young’s modulus; Pa is the atmospheric pressure; σ3 is the minor principle stress 

and Ks and m are material constants selected to be 300 and 0.5, respectively. 

Two types of constitutive model namely (i) the elastic bar elements and (ii) the 

viscoelastic bar element were used to model the short-term performances of reinforcement in this 

study. The axial tensile stiffness, J = 300 kN/m, of the elastic bar element was determined from 

the isochronous load strain curves as shown in Figure 7.4 (Busbridge et al. 1985). Constitutive 

parameters for the viscoelastic bar element were presented in literature for the same geogrids 

product (Li and Rowe 2001). 

The rigid-plastic joint elements (Rowe and Soderman 1985) used to model the 

fill/reinforcement interfaces were assumed to be frictional with ø’ = 34o. 

7.5 Selection of foundation soil parameters 

The basic soil parameters such as initial void ratio, water content, unit weight and current states 

of stress were obtained from the soil profile presented in Figure 7.1. Poisson’s ratio was assumed 

to be constant for the clay. A value of 0.3 was used based on Tavenas et al. (1974). The critical 

state parameters (e.g., λ and κ) – used to define the hardening rule in model – were selected based 

on the recommendation of Zdravkovic et al. (2002). The estimated coefficient of earth pressure at 

rest, Ko, for a normally consolidated material was taken to be 0.49 based on the established limit-
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state curves for undisturbed samples (Tavenas et al. 1978; and Zdravkovic et al. 2002). For the 

overconsolidated crust, the corresponding Ko profile was calculated from the Mayne and 

Kulhawy (1982) formula (KoO/C = KoN/C OCR sinφ). 

Specific parameters such as fluidity parameters of the soil, degree of soil structures and 

rate of soil structure degradation with respect to accumulated plastic strain were calibrated using 

experimental results. Figure 7.5 show the effect of strain rate on the apparent preconsolidation 

pressure (Leroueil et al. 1988). The strain rate exponent (n) was established from the 1/slope of 

log ( pσ ′ ) – log ( aε& ) relationship (Qu et al. 2010). In addition, the relationship between apparent 

preconsolidation pressure and strain rate can also be used to estimate the fluidity of the 

undisturbed clay fabric ( vp
sγ ). Qu et al. (2010) derived equations based on strain rate controlled 

testing and showed that 5 3vp
s nvγ ε= & ; where nvε&  is a threshold strain rate which divides soil 

behaviour between rate-insensitive and rate-sensitive. If soil is subjected to any strain rates faster 

than the threshold limit, the strain rate effect will be mobilized. However, for Saint Alban clay, 

the foundation soil still exhibits the effect of strain rate-sensitivity even at strain rates as low as 

96 10−× /min. Qu et al. (2010) suggest that, in these cases, the threshold strain rate of 96 10−×  

would be adequate to account for the effect of strain rate-sensitivity characteristic over first 25-30 

years. Therefore, a threshold strain rate of 96 10−×  was assumed in this study and the 

corresponding fluidity of the undisturbed clay fabric ( vp
sγ ) was estimated as 

( )95 3 6 10 / minvp
sγ −= × × . 

 The structure parameter ( oω ) can be estimated from either (i) peak versus remolded 

undrained shear strength or (ii) from intrinsic versus structured preconsolidation pressure (Qu 

2008). In this study, the former approach was employed. Figure 7.6 shows the stress-strain curves 
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of the unconsolidated undrained test (La Rochelle et al. 1974). From Figure 7.6, the structure 

parameter was estimated to be 1.4o u peak u remoldeds sω − −= = . The fluidity of the destructed 

clay fabric ( vp
iγ ) was calculated using Equation 7.4. Next, Equation 7.5 was used to calculate the 

magnitude of strain at which the intrinsic state is reached (i.e., refer to Figure 7.6). Lastly, 

from Equation 7.6, the constitutive parameter α  governing the rate of destructuration was 

estimated. All the constitutive soil parameters are summarized in Table 7.1. The stress-strain 

behaviour predicted by axisymmetric finite element analysis using state-dependent viscoplastic 

parameter model (Hinchberger and Qu 2009) is shown in Figure 7.6. Full details of the 

calculations are presented in Appendix H. 

7.6 Comparison of calculated and measured responses 

Two-dimensional plane strain finite element analyses were performed and the results are 

compared with field measurements for the geogrid reinforced test embankment at Saint Alban 

(Busbridge et al. 1985), in order to evaluate the extended elasto-viscoplastic constitutive model. 

Due to highly anisotropic nature of Saint Alban clay, the shape of yield surface used in the 

analyses was selected to match the in-situ soil yield surface and the model yield surface within 

the range of the applied stress path. Figure 7.7 presents a comparison of the in-situ soil yield 

surface and the modeled yield surface together with the stress path that the soil experienced at 

location A during construction (see insert in Figure 7.7). As demonstrated in Figure 7.7, the 

implemented yield surface matched the in-situ yield surface well for the stress range that the 

foundation soil experienced (i.e., above the Ko line). 

To evaluate the beneficial effect of geosynthetic reinforcement used in this study, 

analyses were performed assuming (i) elastic reinforcement (with an axial tensile stiffness, J = 

300 kN/m, determined from the isochronous load strain curves as shown in Figure 7.4), (ii) 
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considering the viscoelastic properties of the reinforcement actually used to illustrate the effect of 

reinforcement viscosity on short-term stability, (iii) without the use of reinforcement and (iv) with 

stffer and less creep susceptibal PET reinforcement which its viscoelastic constitutive 

paramenters that were presented in the literature (Li and Rowe 2001) 

7.6.1 Failure height and vertical settlement 

Assuming the properties of either the elastic reinforcement or the stiffer viscoelastic PET 

reinforcement, the calculated failure height of the test embankment was 6.0 m, which is close to 

the observed failure height of about 6.1 m. However, numerical analyses using viscoelastic HDPE 

reinforcement as well as no reinforcement both gave slightly smaller failure heights of 5.9 m.  

This suggests that for this particular soil the geogrid reinforcement had very little effect on 

embankment performance. Although there was a slight difference in the calculated failure height 

due to different types of reinforcement, the calculated settlements at the center line were almost 

identical. The calculated and observed settlements at the centerline (SP-9) showed good 

agreement (Figure 7.8) with the in-situ measurement for all types of reinforcement modeled until 

the fill thickness reached  about 2.4 m (vertical stress of about 40 kPa) where there was a rapid 

change in the load-settlement curve indicating yielding of the foundation soil. From this point on, 

the finite element analysis tended to underestimate the centerline settlement. This is due to the 

fact that the high initial viscosity of the soil modeled prevents deformations at the beginning stage 

of loading. However, the differences are modest and the overall trend was well captured and the 

final settlement at the centerline was well predicted. The final settlements measured just before 

failure were 0.23 m and 0.24 m for the field measurement and finite element analysis, 

respectively. The analyses also indicated the growth of plastic region in the upper layer of 

foundation soil as the fill thickness was increased beyond 2.5 m which agrees with the observed 

field response as noted above. 
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7.6.2 Excess pore water pressure 

The data from the piezometer which showed the maximum response, PN-15 (Figure 7.2) was 

used to illustrate the buildup of pore water pressure under the reinforced embankment. The 

relationship between the excess pore water pressure and the increase in vertical total stress 

(Figure 7.9) showed that the model tended to overestimate the excess pore water pressure at the 

beginning of loading up to the fill thickness of about 3.9 m (i.e. the increase of vertical stress of 

about 65 kPa). This might be due to the fact that the high initial viscosity of the model restrains 

soil movement, as discussed earlier. Consequently, it delayed the soil consolidation process and 

hence somewhat reduced the rate of excess pore water dissipation at early time compared with the 

observed field behaviour. 

In the field, as the total vertical stress increased beyond about 60 kPa, the slope of the 

observed pore pressure response significantly increased compared with at the earlier stage of 

loading, and the slope of the stress-pore pressure relationship exceeded unity suggesting that 

destructuring of the clay and creep induced pore pressures at a rate that exceeded the rate of 

consolidation during this period up to failure. The model captured some, but not all, of this 

change. As a result, the field excess pore pressure response rised above the calculated values at 

the later stage of loading. Despite some limitations of the proposed model, the difference between 

the field measurement and the predicted excess pore water pressure was still considered 

reasonable. 

Figure 7.9 shows that the predicted excess pore water pressures were essentially the same 

for all four analyses (i.e. no reinforcement, elastic reinforcement, viscoelastic reinforcement, and 

the stiffer viscoelastic PET reinforcement) implying that neither the particular geogrid 

reinforcement that was used nor other commonly used reinforcement would significantly 

contribute to improving the stability of the embankment examined in this study. 
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7.6.3 Horizontal deformation 

The shape of the deformed inclinometer casings at IN-1 and IN-2 (Figure 7.2), corresponding 

with the centerline surcharge about 77 kPa (Busbridge et al. 1985), are presented together with 

the calculated results from finite element analyses in Figure 7.10a and 7.10b, respectively. In all 

cases, the calculated horizontal deformation profiles were significantly greater than the observed 

values. This is consistent with previous published experience using small strain analysis where 

numerical methods have tended to overestimate horizontal deformations (Poulos 1972; Tavenas 

et al. 1979; Rowe et al. 1996; and Hinchberger and Rowe 1998). The difference between 

calculated and measured horizontal deformation may be caused by the combined effect of 

significant rotation of principle stress under embankment slope and highly anisotropic 

characteristics of the foundation soil. 

The calculated rate of increase in horizontal deformation (Figure 7.11) increased when 

the centerline surcharge pressure exceed about 77 kPa, which agrees well with what reported in 

literature (Busbridge et al. 1985). The results presented in Figure 7.10a, .710b and 11 show some 

slight differences in the prediction of horizontal deformation for all cases. The analyses assuming 

elastic reinforcement and viscoelastic PET reinforcement both provided almost the same 

calculated horizontal movements but these were the smallest of the calculated values while the 

viscoelastic reinforcement and no reinforcement providing higher and the maximum calculated 

deformations respectively. However, the differences are practically insignificant. 

7.6.4 Performance of geogrid reinforcement 

According to the summary report (Busbridge et al. 1985), the load and strain mobilized in the 

reinforcement were relatively small during construction and up to failure. The maximum loads 

measured in the geogrid under the crest of the reinforced embankment were 9.1 and 6.4 kN/m at 

the lower and upper level of reinforcement, respectively. The maximum reinforcement loads 
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calculated at the same location using finite element analysis were 9.8 and 8.3 kN/m at the lower 

and the upper level of reinforcement, respectively. Figure 7.12 shows the development of the 

reinforcement loads and strain with the vertical stress at the centerline of the embankment. 

During the construction of the embankment, only low reinforcement loads were observed in the 

field for both the lower and upper level of geogrid which was consistent with the calculations 

from the finite element analyses. However the field report indicated that there was a rapid 

straining just before failure and the back-calculated reinforcement rupture load exceed 45 kN/m 

and probably approach 60 kN/m (Busbridge et al. 1985). The rapid increase in load was likely 

associated with major destructuring, and consequent strength loss, of this highly sensitive clay at 

failure.  The reinforcement was not sufficient to sustain the loads when the foundation soil failed 

and likely tore.  The constitutive model examined here indicated the onset of failure but was not 

able to capture the behaviour during failure. 

7.7 Summary and conclusions 

The results from finite element analyses conducted using an elasto-viscoplastic constitutive 

model incorporating the state-dependent fluidity parameter concept and damage law were 

compared with field observations for the reinforced test embankment constructed on sensitive 

Champlain clay deposit at Saint Alban, Quebec. The proposed model was shown to capture many 

responses of the embankment performance. The vertical settlement at the centerline of the 

embankment was well predicted during the early stages of loading (up to 2.4 m of fill thickness). 

As the load increased, the model tended to somewhat underestimate the vertical settlement at the 

centerline. However, the trend and the final vertical settlement just before failure were in good 

agreement. 
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The calculated excess pore water pressure response overestimated the field measurement 

at the early stage of construction. As failure was approached, the field response showed a 

significant increase in rate of excess pore water pressure. This phenomenon and its consequences 

were not well captured because the initial modeled soil viscosity used to simulate the effect of 

soil structure prevented the rapid decrease in void ratio and hence hydraulic conductivity of the 

soil; this is a fundamental limitation of this particular model. Even though soil viscosity presented 

some limitations, the proposed model was still able to provide reasonable estimates of the excess 

pore water pressure response. 

The finite element analyses overpredicted the horizontal deformation profiles. The 

difference between calculated and measured horizontal deformation might cause by the combined 

effect of significant rotation of principle stress under the embankment slope combined with the 

anisotropic characteristics of the foundation soil. Although the analyses did not give a good 

horizontal deformation profile compared with that observed, it did indicate the point which the 

rate of horizontal toe movement started to accelerate. To provide adequate predictions of the 

horizontal deformation under the embankment slope where there is significant rotation of 

principle stress, the effect of strength and stiffness anisotropy need to be addressed in the 

constitutive model. With respect to the response of reinforcement, the proposed model provided 

good agreement with the observed field data in terms of reinforcement load and strain prior to 

failure. 

The effect of reinforcement was explored numerically and it was found that the 

calculated response with and without the geogrid reinforcement and with stiffer and less creep 

susceptible PET reinforcement were almost identical giving only minor differences due to the 

different reinforcement and these differences were of no practical significance. It concluded that 

for this particular embankment being studied (i.e. constructed on highly anisotropic sensitive clay 
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with a heavily overconsolidated crust at a very fast construction rate) the geogrid reinforcement 

use had no significant beneficial effect in terms of redistributing shear stress in foundation soil. 

This is likely because the reinforcement was not sufficiently stiff relative to the overconsolidated 

crust to play any significant role prior to the onset of foundation failure and not strong enough to 

control the failure once failure of the foundation soil was initiated. 
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Table 7.1 Constitutive parameters for rate-sensitive structured soil model 

Soil Parameter  

Failure envelope MN/C  0.9 

Failure envelope MO/C 0.21 

Aspect ratio R 0.42 

Compression index λ 0.57 

Recompression index κ 0.03 

Coefficient of earth pressure at rest Ko' 0.49 

Poisson’s ratio ν' 0.3 

Hydraulic conductivity kvo(m/s) 4×10-9 

Intrinsic viscoplastic fluidity  γi
vp (hr-1) 7×10-4 

Strain rate exponent n 24.4 

Structure parameter ωo
n 1514 

Parameter controlling rate of destructuration α 174 
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Figure 7.1 Typical soil profiles of the test site at Saint Alban, Quebec (modified from Trak et al. 

1980)  
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Figure 7.2 Plan view and cross sectional profile of reinforced test embankment (modified from 

Busbridge et al. 1985) 
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Figure 7.3 Finite element mesh for the reinforced test embankment examined 
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Figure 7.4 Isochronous load strain curves of Tensar SR2 geogrids (modified from Busbridge et 

al. 1985) 
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Figure 7.5 Effect of strain rate on the preconsolidation pressure of the Saint Alban clay 

(reproduced from Leroueil et al. 1988) 
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Figure 7.6 Results from the unconsolidated undrained compression test on Saint Alban clay and 

calculated value using the parameters adopted in this paper (experimental data from La Rochelle 

et al. 1974) 
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Figure 7.7 Comparison between experimental and implemented yield surface and stress path of 

the soil under centerline of the reinforced embankment (experimental data from Tavenas et al. 

1974) 
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Figure 7.8 Vertical settlement of the reinforced embankment at settlement plate SP-9 (field data 

from Busbridge et al. 1985) 
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Figure 7.9 Relationship between increase in total vertical stress and excess pore water pressure at 

pizometer PN-15 (field data from Busbridge et al. 1985) 
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Figure 7.10 Comparison of the horizontal deformation profiles at a surcharge of 77 kPa (Fill 

height = 4.5 m: field data from Busbridge et al. 1985) 
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Figure 7.11 Calculated horizontal toe movement 
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Figure 7.12 Calculated reinforcement load under embankment crest versus applied pressure at 

embankment centerline  
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Chapter 8 

Conclusions and recommendations 

8.1 Conclusions 

This thesis studied the time-dependent behaviour of embankments reinforced with geosynthetics 

over soft natural clay deposits. Finite element analyses were systematically conducted to simulate 

embankment construction for a wide range of conditions. The behaviour of unreinforced 

embankments was also examined to identify the benefits arising from the use of reinforcement. 

Key characteristics of natural clay deposits such as the rate-sensitive nature and inter-particle 

bonding of some soils were considered. The role of prefabricated vertical drains (PVDs) in 

improving the stability of the reinforced embankments was illustrated. 

The long-term performance of embankments constructed with creep susceptible 

geosynthetics as basal reinforcement over soft rate-sensitive deposits was examined under 

working conditions. Various factors including the rate of construction, stiffness of the 

reinforcement, rate-sensitive nature of foundation soils, viscosity of the geosynthetic 

reinforcement and the allowable long-term reinforcement strains were considered. Although 

conventional design criteria suggest 5% reinforcement strain as an allowable limit, and this has 

proven satisfactory for embankments over soils with low rate sensitivity, for soils with significant 

rate-sensitivity (10% variation in undrained shear strength per log cycle of strain, or more) the 

deformations of embankments constructed to working fill thicknesses (i.e., fill thickness that limit 

the long-term reinforcement strain to be about 5%) may be excessive for some engineering 

applications.  

A series of sensitivity analyses were conducted to establish an allowable long-term 

reinforcement strain which maximizes the service height of the embankment while controlling its 
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deformations to be within an acceptable limit. Using the allowable long-term reinforcement 

strain, the finite element simulations were used to provide insight regarding the time-dependent 

behaviour of reinforced embankments under working stress condition. Based on this study, a new 

approach for indentifying the critical stage with respect to the stability of the reinforced 

embankment was presented. The use of the average operational undrained shear strength along 

the potential slip surface in the limit equilibrium analysis was discussed. An approach for 

selecting a design stiffness for geosynthetics reinforcement using data from a creep test was 

adopted. This thesis also provides recommendation concerning the strain rate to be used for 

evaluating the undrained shear strength and provides a correction factor use in the design of 

embankment on soft rate-sensitive foundation. A simple design method for reinforced 

embankment on rate-sensitive foundation has been proposed. 

The effect of soil structure on the behaviour of the reinforced embankment on the soft 

natural clay deposits was examined. The recent elasto-viscoplastic constitutive model 

incorporating the effect of soil structure using the concept of state-dependent fluidity parameter 

and damage strains was implemented into finite element program, AFENA. The proposed model 

was used to analyze a well documented field case study in Saint Alban, Quebec. The model was 

able to provide a reasonable prediction of many responses of the reinforced test embankment. 

However, the results also reveal that the effect of strength/stiffness anisotropy needs to be 

considered to provide adequate prediction of horizontal deformation in particular. 

The following conclusions are drawn based on the studies presented in this thesis. Only 

the primary conclusions are listed below: 

1. For rate-sensitive soil, the short-term stability is affected by viscoplastic characteristics of 

the soil. Other things being equal, a faster construction rate gave higher strength and 
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hence a higher short-term failure height; but, the viscoplastic behaviour of the foundation 

soils can also significantly deteriorate embankment stability after the end of construction. 

2. The construction rate affects the long-term performance of the embankment. A faster 

construction rate results in higher overstress in the foundation soil that ultimately leads to 

larger creep deformation in soil. The use of reinforcement can largely reduced the creep 

deformation of the foundation soils. The stiffer the reinforcement the less creep 

deformation is developed. 

3. The critical period with respect to embankment stability occurred after the end of 

construction for the embankment on rate-sensitive soil due to delayed creep induced 

excess pore water pressures. The magnitude of maximum excess pore pressure is not 

sensitive to the reinforcement stiffness; however, the pore pressures dissipate faster for 

the more highly reinforced embankment (because of reduced overstress and ongoing 

generation of creep induced pore pressures). 

4. PVDs accelerated excess pore water pressure dissipation and significantly eliminated post 

construction build up in excess pore water pressure. The differential settlement, heave, 

and lateral deformation were substantially reduced by the use of basal reinforcement and 

the effect could be enhanced using PVDs. 

5. The assumptions made regarding flow resistance in the PVDs have a noticeable effect on 

the predicated settlement and horizontal deformations for unreinforced embankments. 

The effect is much less visible for reinforced embankments; however it seems appropriate 

to model the expected flow resistance in the PVDs since the assumption of free draining 

PVDs results in unconservative predictions of deformations and reinforcement strains. 
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6. The conventional design criteria suggestion of using 5% reinforcement strain as an 

allowable limit may results in an excessive deformation of embankments constructed on 

soft rate-sensitive foundations. 

7. The use of stiffer reinforcement allows the construction of a higher embankment for a 

given allowable long-term reinforcement strain. However, at the same level of allowable 

strain, the deformations are controlled by the embankment height. Thus, the deformations 

of embankments having same limit of allowable strain tend to be larger when using stiffer 

reinforcement. 

8. When considering the influence of reinforcement viscosity, the choice of an allowable 

long-term strain has an effect on the embankment deformations when the benefit of 

partial consolidation during construction is not an option. By reducing the allowable 

long-term reinforcement strain, the maximum horizontal toe movement and maximum 

differential settlement can be minimized substantially. 

9. Net embankment height increases with increasing allowable long-term reinforcement 

strain. However for rate-sensitive soils being examined in this study, the rate of increase 

in net embankment height is substantially reduced for the allowable reinforcement strains 

greater than about 3% to 4%. 

10. Horizontal toe movement and maximum differential settlement appear to accelerate after 

an attempt to increase the allowable reinforcement strain beyond 3% to 4%. This implies 

that an allowable strain of about 3% to 4% could be considered as optimum for providing 

the maximum long-term service height and, at the same time, limiting the excessive long-

term deformations of embankments constructed over the rate-sensitive soils examined in 

this study. 
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11. Considering the combined effects of viscoelastic properties of the reinforcement and the 

viscoplastic response of the soil, directly applying a traditional factor of safety of 1.3 to 

the failure height obtained from a short-term analysis without considering the long-term 

responses of the embankment will result in an unconservative design (i.e., overestimate 

long-term stability and underestimate embankment deformations). 

12. Since the excess pore water pressures vary along the potential failure surface, the average 

value should be used to establish the critical stage (i.e., the point in time when the 

average excess pore water pressure along the potential failure surface reaches its 

maximum). 

13. The major principle strain rates also vary along the potential failure surface and hence the 

average major principle strain rate along the potential failure surface should also be used 

to establish the appropriate shear strength of the soil at the critical stage. 

14. Under working stress conditions (i.e., where the allowable fill thickness gives rise to 

long-term reinforcement strain of about 3% to 4%), the construction rates affect the time 

to reach critical stage. However the critical stage can be conservatively estimated as 

about 10 to15 days after the end of construction for soils having rate-sensitivity similar to 

those examined in this study. 

15. The average critical strain rate along the potential failure surface was found to lie within 

a relatively narrow range for both rate-sensitive soils examined in this study. Therefore 

the recommend strain rates for plane strain undrained compression tests that represent the 

field operational strain rate at the critical stage can be taken to be 7 ×10-3 and 3×10-3 

%/hours for soil possessing the viscoplastic characteristics similar to soils R1 and R2 

examined in this study, respectively where soil R1 is similar to that reported by Graham 

et al. (1983; about 3% and 16% per logarithmic cycle of strain rate for strain rate below 
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and above 0.005%/hour, respectively) and soil R2 captures the average behaviour of 26 

cohesive soils as reported by Kulhawy and Mayne (1990; the undrained shear strength 

increases at 10% per logarithmic cycle of strain rate). 

16. If plane strain undrained compression data is not available, the results from standard 

undrained triaxial compression test at the strain rate of 1%/hour (Germaine and Ladd 

1988) can be used together with a reduction factor of 0.8 to estimate the undrained shear 

strength profile to be used in the design of embankment on rate-sensitive soil similar to 

those examined in this study. 

17. Stiffness of viscous reinforcement decreases with time following the end of construction 

and falls into a narrow range at the critical stage. The results presented in this study 

confirm the previous findings that the isochronous stiffness obtained from a creep test at 

the time corresponding to the anticipated time at the critical stage can be used as the 

estimated design stiffness. 

18. The proposed design procedure gives slightly higher design heights when compared with 

those from full finite element analysis for the cases examined. Accordingly, the long-term 

reinforcement strains corresponding to the design height of all the cases examined are 

also slightly higher than the optimum reinforcement strains. However, the differences in 

terms of long-term deformations of reinforced embankments are small. 

19. The recent elasto-viscoplastic constitutive model that incorporates the effect of soil 

structure using the concept of state-dependent fluidity parameter concept and damage law 

was used to model the response of the St Albans test embankment over highly sensitive 

clay. 

20. Vertical settlement at the centerline and the excess pore water pressure responses of the 

St Albans reinforced embankment were well captured. However, the horizontal 
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deformation profiles were overestimated which may caused by the combined effect of 

significant rotation of principle stress under embankment slope and the highly anisotropic 

characteristics of the foundation soil. 

21. It was concludes that, for particular embankment being studied (i.e., constructed with 

very fast construction rate on a heavily overconsolidated crust over a highly anisotropic 

sensitive clay), the particular geogrid reinforcement used had little to no beneficial effect 

on redistributing shear stress in foundation soil or on embankment performance. 

8.2 Recommendations 

This thesis used elasto-viscoplastic constitutive model that had been verified against the short-

term field behavior of two test embankments on rate-sensitive soils.  The model was used to 

investigate the long-term performance of embankments reinforced with creep susceptible 

geosynthetic materials and constructed on soft rate-sensitive foundations. However, there is no 

long-term field data for reinforced embankments on rate-sensitive soils available in literature. The 

long-term monitoring of the reinforced embankment behaviour on rate-sensitive soil (especially 

strain/force in reinforcement, rate of movement or strain rate of the foundation soil and excess 

pore pressure dissipation) is highly recommended to provide field data for the refinement of the 

analytical models developed in this thesis. 

 The simple design approach for reinforced embankment of soft clay deposits considering 

the effect of soil and reinforcement viscosity is proposed in this study. Even though the 

operational strain rate at critical stage is a key parameter to estimate the in-situ shear strength of 

the foundation soil and can vary depending on viscosity of the foundation, it has only been 

evaluated based on finite element analysis in this thesis. Field monitoring of an embankment 
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constructed using the recommended procedure is recommended to confirm and refine the 

proposed approach. 

 The design method proposed in this thesis is based on the undrained shear strength 

determined at the recommended strain rate under plane strain condition or under axial symmetric 

condition with the proposed correction factor. Furthermore, the design approach is only 

developed for the design of the single-staged construction or for the first stage of the multi-staged 

construction. It ignores the benefit of increase in effective stress due to consolidation after the 

critical stage. Research directed at establishing a relationship between applied stress, creep and 

the associated creep induced pore water pressures as a function of soil viscosity and in-situ strain 

rate is also recommended. 

 The effect of soil structure and strain softening characteristic of soft natural clay deposits 

has been implemented into the existing elasto-viscoplastic constitutive model. The model has 

been used to model a well documented reinforced embankment constructed until failure on 

sensitive Champlain clay in Saint Alban, Quebec. The model gives reasonable predictions of a 

short-term performance prior to failure. The long-term monitoring of the behaviour of a 

reinforced embankment constructed over soil exhibiting strain softening is suggested. The 

monitoring data can be used to further refine the constitutive model proposed in this thesis. 

 The parametric study on the long-term performance of a reinforced embankment on 

sensitive foundation soil is encouraged to establish the working condition that optimizes the 

balance between stability, serviceability and economic design. Furthermore, research on 

development of a simple design approach for the embankment on soil exhibiting strain softening 

is certainly desirable. 
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Appendix A 

Coupled finite element implementation7 

A.1 Viscoplastic strain and stress increments 

A.1.1 Strain increment 

For convenience and clarity, the vector and matrix notation are adopted. The viscoplastic strain 

rate vector, , at time step m+1 can be obtained using Taylor series and ignoring higher order 

term in ∆  as: 

{ } { } { } { } [ ] { }
1

vp
vp vp vp

m mmm m m
m

Hεε ε σ ε σ
σ+

⎡ ⎤∂
= + Δ = + Δ⎢ ⎥′∂⎣ ⎦

&
& & &   (A.1) 

where: ∆  is the vector of stress increment, and  denotes the gradient of the viscoplastic 

strain rate at time . The viscoplastic strain increment ∆  during the time interval ∆

 can be written as follows: 

{ } ( ){ } { }
1

vp vp vp
mm m m

t 1ε θ ε θ ε
+

⎡ ⎤Δ = Δ − +⎣ ⎦& &      (A.2) 

where:  is a numerical constant. For θ = 0 the simple Euler scheme is obtained (Zienkiewicz and 

Cormeau 1974). Researchers investigating the accuracy of numerical solutions obtained for 

different values of  have noted that θ = 0.5 results in the most efficient solution scheme for 

continuum problem using elasto-viscoplastic constitutive equations (Kantona and Mulert 1984). 

In this thesis, the incremental approach to the solution of elasto-viscoplastic continuum problems 

was adopted using θ = 0.5 with small time step increment sizes. 

                                                      
7 Material presented in this chapter has been summaried  from: 
 
Hinchberger, S.D. 1996. The behaviour of reinforced and unreinforced embankments on soft rate-sensitive 
foundation soils. Ph.D. thesis, Department of Civil Engineering, The University of Western Ontario, 
London, Ont. 
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A.1.2 Stress increments 

The stress increment vector, ∆ , can be written as follows: 

{ } { } { } { }( )e e e vp
m mm m

C Cσ ε ε εΔ = Δ = Δ − Δ      (A.3) 

where: ∆  ∆ , [B]m is the strain-displacement transformation matrix and {Δa} is the 

incremental vector of nodal displacements. Substitution of Equation A.2 into A.3 gives: 

{ } [ ] [ ]( ) [ ] { } { }( )1e e vp
m mm mm m m

I C t H C B a tσ θ ε
−

⎡ ⎤⎡ ⎤ ⎡ ⎤Δ = + Δ Δ − Δ⎣ ⎦ ⎣ ⎦⎣ ⎦ &   (A.4) 

where: [I] is the identity matrix, [Ce] is the elastic constitutive matrix, Δtm is the current time 

increment, [H]m is the current gradient of the viscoplastic strain rate vector and  is the 

current viscoplastic strain rate vector. 

A.1.3 Gradient matrix, [H] 

As previously mentioned, the most stable and economical solution of the elasto-viscoplastic 

constitutive equations occurs for θ = 0.5 in Equation A.4. This requires that the matrix [H], 

defining the gradient of viscoplastic strain rates must be determined. The gradient matrix, [H], 

has the following form: 

[ ]

11 11 11 11

11 22 33 12

22 22 22 22

11 22 33 12

33 33 33 33

11 22 33 12

12 12 12 12

11 22 33 12

vp vp vp vp

vp vp vp vp

m vp vp vp vp

vp vp vp vp

H

ε ε ε ε
σ σ σ σ

ε ε ε ε
σ σ σ σ

ε ε ε ε
σ σ σ σ

ε ε ε ε
σ σ σ σ

⎡ ⎤∂ ∂ ∂ ∂
⎢ ⎥∂ ∂ ∂ ∂⎢ ⎥
⎢ ⎥∂ ∂ ∂ ∂
⎢ ⎥
∂ ∂ ∂ ∂⎢ ⎥= ⎢ ⎥∂ ∂ ∂ ∂⎢
∂ ∂ ∂ ∂⎢

⎢
∂ ∂ ∂ ∂⎢

⎢∂ ∂ ∂ ∂⎣ ⎦

& & & &

& & & &

& & & &

& & & &

⎥
⎥
⎥
⎥
⎥

      (A.5) 

and is easily established by differentiating the components of the viscoplastic strain rate vector, 

. The individual components of the gradient matrix will not be derived here; however, 
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Appendix G contains a listing of the finite element code for the implementation of the gradient 

matrix for the elliptical cap used in this study. 

A.2 Coupled finite element equations 

Applying the principle of virtual work to the equilibrium equation and dropping the incremental 

subscript, m, gives the following relationship for the load increment: 

{ } { } { } { } { } { }

{ } { } { } { }

T T T

w
V V V

T T

b
V s

dV dV u dV

d F dV d T ds

δε σ δε σ δε

δ δ

′Δ = Δ + Δ

= Δ + Δ

∫ ∫ ∫

∫ ∫
    (A.6) 

where: {δε} is the virtual strain vector, {Δσ} is the incremental total stress vector, {Δσ’} is the 

incremental effective stress vector, {Δuw} is the incremental pore water pressure vector, {δd} is 

the vector of virtual displacements {ΔFb} is the incremental body force vector and {ΔT} is the 

applied surface load incremental vector. Within a typical element, the variation of virtual 

displacement is: 

{ } [ ]{ }d N aδ δ=          (A.7) 

where: [N] is the matrix of the shape functions and {δa} is the vector of virtual nodal 

displacements. The incremental displacements vector, {Δd}, and incremental nodal displacement 

vector, {Δa}, were also related through Equation A.7. Applying the same shape function, [N], the 

variation of excess pore water pressures within typical element are: 

{ } [ ]{ }wu N bΔ = Δ          (A.8) 

where: {Δb} are the nodal values of excess pore water pressure. The strain increment vector, 

{Δε}, and incremental volumetric strain vector, {Δv}, within the typical element are given by: 

{ } [ ]{ }B aεΔ = Δ          (A.9) 
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and 

{ } { } { } { } [ ]{ }T Tv m m B aεΔ = Δ = Δ       (A.10) 

where: [B] is the strain-nodal displacement transformation matrix and {m}T is defined as: 

{ } [ ]1 1 1 0Tm =         (A.11) 

Substituting Equation A.7, A.8, A.9, and A.10 into Equation A.6 and cancelling out the virtual 

displacement vector, {δa}, results in the following finite element equations: 

{ } [ ]{ } { }eK a L b F⎡ ⎤ Δ + Δ = Δ⎣ ⎦        (A.12) 

where: 

[ ] [ ]Te e

V

K B C B dV⎡ ⎤ ⎡ ⎤=⎣ ⎦ ⎣ ⎦∫        (A.13) 

[ ] [ ] { }[ ]
T

V

L B m N dV= ∫         (A.14) 

{ } [ ] { } [ ] { } { }
T T

b R
V s V

F N F dV N T ds dVσΔ = Δ + Δ + Δ∫ ∫ ∫     (A.15) 

In Equation A.15, {ΔσR} is the vector of viscoplastic relaxation stresses defined by: 

{ } [ ] { }T vp
R B C tσ ε⎡ ⎤Δ = Δ⎣ ⎦ &        (A.16) 

and 

( ) 1e eC I C tH Cθ
−

⎡ ⎤ ⎡ ⎤⎡ ⎤ = + Δ⎣ ⎦ ⎣ ⎦ ⎣ ⎦        (A.17) 

Applying a similar virtual work principle to the two dimension equation of continuity results in 

the following virtual expression: 

{ }
2 2

3311
2 2

11 33

0w w

w wV

u k uk vb dV
x x t

δ
γ γ

⎡ ⎤∂ ∂ ∂
+ + =⎢ ⎥∂ ∂ ∂⎣ ⎦

∫       (A.18) 
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where: k11 is the hydraulic conductivity in the 1-coordinate direction, k33 is the hydraulic 

conductivity in the 3-coordinate direction, γw is the unit weight of the pore water, v is the seepage 

velocity, and t is the time. The gradient of excess pore water pressure is given by: 

[ ]{ }11

33

w

w

u
x

E b
u
x

∂⎡ ⎤
⎢ ⎥∂⎢ ⎥ = Δ

∂⎢ ⎥
⎢ ⎥∂⎣ ⎦

         (A.19) 

where the terms of the matrix [E] are obtained by differentiating the shape function [N]. 

Substituting Equations A.7, A.8, A.9, A.10, and A.19 into equation A18 and solving gives: 

[ ] { } { } [ ] { }T T
k n

s

d a
L b N v dA

dt
Δ

− Φ = ∫       (A.20) 

where: 

[ ] [ ] { }[ ]
T

V

L B m N dV= ∫         (A.21) 

[ ] [ ][ ]1 T

k
w V

E k E dV
γ

Φ = ∫         (A.22) 

where: vn is he prescribed boundary seepage velocity and [k] is the hydraulic conductivity matrix: 

[ ] 11

33

0
0

k
k

k
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

         (A.23) 

Equation A.20 is the first-order differential equation which may be integrated with respect to time 

to give: 

[ ] { } ( ) ( ){ } ( ){ }

[ ] ( ) ( ){ } ( ){ }( )

1

1

T
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T
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L a b t b t t

N v t v t t tdA
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where the value of β is a numerical constant and defines the variation of Δb during the time 

interval. Booker and Small (1975) have shown that for unconditional stability, β > 0.5. A value of 

β = 1 was adopted based on Britto and Gunn (1987) reducing Equation A.24 to: 

[ ] { } { } { } [ ] ( ) { }T T
k k n s

s

L a t b t b N v t t tdA FΔ − Φ Δ Δ = Φ Δ + + Δ Δ = Δ∫   (A.25) 

Equation A.12 and A.25 can be used to establish a solution at time t+Δt from the solution at time 

t. To summarize, the fully coupled finite element equations can be written as: 

[ ]
[ ]

{ }
{ }

{ }
{ }

e

T
sk

K L a F
b FL t

⎡ ⎤⎡ ⎤ Δ Δ⎡ ⎤ ⎡ ⎤⎣ ⎦⎢ ⎥ =⎢ ⎥ ⎢ ⎥Δ Δ⎢ ⎥−Φ Δ ⎣ ⎦ ⎣ ⎦⎣ ⎦
      (A.26) 

The implementation of the coupled elasto-viscoplastic constitutive model presented in this 

Chapter is similar to the couple finite element implementation described by Britto and Gunn 

(1987); however, [Ke] is the elastic element stiffness matrix, and {ΔF} contained additional terms 

related to the integration of the viscoplastic relaxation stresses defined by Equations A.16 and 

A.17. 
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Appendix B 

Elliptical cap constitutive formulation8 

In the overconsolidated state, a cohesive soil behaves elastically. The elastic bulk modulus, K, 

and shear modulus, G, are stress dependent and given by: 

1
m

eK σ
κ
+ ′=          (B.1) 

( )
( )

3 1 2
2 1

G K
ν
ν

−
=

+
         (B.2) 

where: σ’m is the mean effective stress, e is the void ratio, κ is the slope of the e-ln(σ’) curve in 

the overconsolidated range, ν is Poisson’s ratio. 

In the normally consolidated state, the yield function in ́ 2  space shown in Figure B.1 

(Chen and Mizuno 1990) is defined as: 

( ) ( ) ( )22 2
2, 2 0ij y m yf l J R lσ σ σ σ′ ′ ′ ′= − + − − =     (B.3) 

where: J2 is the second invariant of the deviatoric stress tensor, R is the aspect ratio, l is the mean 

effect stress corresponding to the centre of the ellipse and σ’y is the intercept of the ellipse with 

σ’m axis. The strain hardening function is defined as: 

1 p
y y v

eσ σ ε
λ κ

+
∂ = ∂

−
        (B.4) 

where: λ is the compression index in the e-ln(σ’) space,  is the plastic volumetric strain. Failure 

is defined by Drucker-Prager failure envelope as: 

                                                      
8 Material presented in this chapter has been summaried  from: 
 
Li, A. L. 2000. The time dependent behaviour of reinforced embankments on soft foundations. Ph.D. thesis, 
Department of Civil Engineering, The University of Western Ontario, London, Ont. 
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( ) 22ij m kf J M cσ σ′ ′= − −        (B.5) 

where: M is the slope of Drucker-Prager failure envelope (M = Mo/c for overconsolidated stress 

range and M = Mn/c for normally consolidated stress range), ck is the cohesion intercept. 

Take derivative of Equation B.3, the following equation can be obtained: 

2 2
22 222

3 3 3
ij ij y ij ij

ij y m m m

S RJf l R
δ δ σ δ

σ σ σ σ σ

⎛ ⎞⎛ ⎞ ′⎛ ⎞∂
= − + +⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟′ ′ ′ ′ ′∂ ⎝ ⎠⎝ ⎠ ⎝ ⎠

    (B.6) 

where: δij is Kronecker’s delta, Sij is the deviatoric stress tensor. Define following variables: 
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          (B.7) 

2 2
22

1

21 21 1
3

y

m y m

J lA R
σ

σ σ σ

⎡ ⎤⎛ ⎞ ⎛ ⎞ ′⎛ ⎞⎢ ⎥= − + −⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟′ ′ ′⎢ ⎥⎝ ⎠⎝ ⎠⎝ ⎠⎣ ⎦
     (B.8) 
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Therefore, matrix [a] is defined as: 
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       (B.10) 

Based on Equation B.3, matrix [c] is: 

[ ] ( )2 y

y m

lfc
σ

σ σ

′ −∂
= = −

′ ′∂
       (B.11) 

From Equation B.4, the plastic modulus matrix [H] is: 
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eH mε σ
σ λ κ

∂ +
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where: [ ]1 1 1 0Tm =  

Using an associated flow rule, the constitutive [Dep] matrix for strain hardening materials is 

derived as (Zienkiewicz 1997; and Britto and Gunn 1987): 

[ ] [ ][ ][ ] [ ]
[ ] [ ][ ] [ ] [ ][ ]

T
E E

ep E T T
E

D a a D
D D

a D a c H a
⎡ ⎤ = −⎣ ⎦ −

     (B.13) 

where: DE is elastic constant matrix. 

For overconsolidated failure state, matrix [a] is derived from Equation B.5 as: 

[ ]
2 32

ij
ij

ij

Sf Ma
J

δ
σ
∂

= = −
′∂

       (B.14) 

For perfectly plastic states, the constitutive [Dep] matrix in Equation B.14 is reduced to: 

[ ] [ ][ ][ ] [ ]
[ ] [ ][ ]

T
E E

ep E T
E
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D D

a D a
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R

2J2

σ'm = (σ'1+σ'2+σ'3)/3

J2  = [(σ'1−σ'2)2+(σ'2−σ'3)2+(σ'3−σ'1)2]/3

 
Figure B.1 Elliptical cap soil model (modified from Chen and Mizuno 1990)  
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Appendix C 

Prefabricated vertical drains constitutive formulation9 

The coupled equations being derived in Appendix A are given as: 

[ ]{ } [ ]{ } { }K a L b FΔ + Δ = Δ         (C.1) 

[ ] { } { } { }T
wL a b t FΔ + Φ Δ Δ = Δ        (C.2) 

Even though drainage elements can have force and flow stiffness, the linkage terms are zero since 

they are one-dimensional with zero thickness. Therefore, the coupled equation is reduced to: 

[ ] 0
0 W

FaK
Fbt

ΔΔ⎡ ⎤ ⎧ ⎫⎧ ⎫
=⎨ ⎬ ⎨ ⎬⎢ ⎥ ΔΔ−ΦΔ ⎩ ⎭ ⎩ ⎭⎣ ⎦

       (C.3) 

For a two noded drainage element the flow matrix is given by: 

w w

w w

Ak Ak
l l
Ak Ak
l l

γ γ

γ γ

⎡ ⎤−⎢ ⎥
⎢ ⎥Φ =
⎢ ⎥
−⎢ ⎥

⎣ ⎦

         (C.4) 

where: A, l and k are cross section, length and permeability of the prefabricated vertical drains 

element and γw is the unit weight of water. The well resistance is given by: 

wq kA=           (C.5) 

To neglect the stiffness of prefabricated vertical drains, [K] can be set to zero. 

  

                                                      
9 Material presented in this chapter has been summaried  from: 
 
Li, A. L. 2000. The time dependent behaviour of reinforced embankments on soft foundations. Ph.D. thesis, 
Department of Civil Engineering, The University of Western Ontario, London, Ont. 
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Appendix D 

Elastic-viscoplastic model for geosynthetics reinforcement10 

D.1 Uniaxial constitutive equations 

The total strain, ε, is the sum of elastic strains, εe, and viscous strain, εv. Thus, the governing 

equation in term of strain rate can be expressed as: 

e vε ε ε= +& & &           (D.1) 

The elastic strain rate is given by: 

e T

oE
σε =
&

&           (D.2) 

where: σT is the internal total tensile stress and Eo is the stiffness of the independent spring, which 

is a function of the tensile stress as following: 

( )3
1expo oE a a σ= −  ; where ao and a1 are material constants    (D.3) 

The viscoelastic strain rate is given by: 

;
K vn

v i i
i

i i i i iE E
ε ησε τ

τ τ
⎧ ⎫

= − =⎨ ⎬
⎩ ⎭

∑&        (D.4) 

where: nK is the number of Kelvin elements; Ei and ηi are the spring stiffness and dashpot 

viscosity of the ith Kelvin element, respectively. The following equation is proposed to deduce the 

number of material constants. 

( ) 1
1

i
iE Eα −=          (D.5) 

( ) 1
1

i
iτ β τ−=          (D.6) 

                                                      
10 Material presented in this chapter has been summaried  from: 
 
Li, A. L. 2000. The time dependent behaviour of reinforced embankments on soft foundations. Ph.D. thesis, 
Department of Civil Engineering, The University of Western Ontario, London, Ont. 
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The totals of 7 material constants are ao, a1, α, β, E, τ and nK. 

D.2 Finite element implementation 

The incremental finite element approach is based on the explicit/implicit method proposed by 

Zienkiewicz and Taylor (1990) for the viscoelastic problem. The strain increment ∆  during 

time increment ∆   is given by: 

( ) 11v
n n ntε θ ε θε +Δ = Δ ⎡ − + ⎤⎣ ⎦& &         (D.7) 

where: θ is the numerical constant, θ = 0 corresponding to Euler method and θ = 1 corresponding 

to backward different method. The strain rate at n+1 step can be written as follow: 

1
v

n n n n nH Nε ε σ ε+ = + Δ + Δ& &  where ,n n v
n n

H Nε ε
σ ε

∂ ∂⎛ ⎞ ⎛ ⎞= =⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

& &
  (D.8) 

The stress increment is: 

( )v
n o n nEσ ε εΔ = Δ − Δ         (D.9) 

Substituting Equations D.7 and D.8 in to D.9 and arranging the terms gives: 

[ ] ( )11 v
n o n o n n n n

E t H E t t Nσ θ ε ε θ ε−Δ = + Δ Δ − Δ − Δ Δ&     (D.10) 

Define: 

[ ] 11 o n oC E t H Eθ −= + Δ  and v
n

CAJ
L

=       (D.11) 

Substituting ∆ ∆ , ∆ ∆ , and Equation D.8 into Equation D.10 obtains the 

stiffness equation: 

( )2v v
n n n n n nJ u F J L t t Nε θ= Δ + Δ + Δ&        (D.12) 

For an explicit method (θ = 0), the stiffness equation becomes: 

v v
n n n n nJ u F J L tε= Δ + Δ&         (D.13)
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Appendix E 

Limit equilibrium method for reinforced embankment on soft ground 

The basic assumptions of limit equilibrium method used in this study are summarized below. Full 

details are given by Mylleville and Rowe (1988). In this method, the failure surface of the 

foundation is approximated by a circular arc. The embankment load is modelled as an equivalent 

surcharge pressure on the foundation and a horizontal thrust (due to earth pressure within the 

embankment), as illustrate in Figure E.1. 

The restoring force due to the reinforcement is assumed to act along the line of its 

original (horizontal) orientation, at the intersection of the failure surface and the reinforcement. In 

the following, it is assumed that the reinforcement is located within the fill material and not 

directly on top of the foundation. However, the procedure can be modified to consider the case 

where the reinforcement is placed directly on the foundation soil. 

A commonly used limit equilibrium method considers moment equilibrium about the 

circle centre under consideration. The overturning moments are made up of two components, one 

being that due to the embankment fill weight contained within the slip circle and the other that 

due to a thrust force within the embankment fill itself. The thrust force tends to push the 

embankment fill outwards. The restoring moments are derived from the reinforcement force and 

shear strength of the clay foundation along the assumed failure surface. A closed-form expression 

is used to compute the resisting moment due to the clay foundation and allows one to consider 

either a homogeneous deposit or a deposit where the shear strength varies with depth. Figure E.1 

also shows the general arrangement of the limit equilibrium problem (taking the embankment toe 

as the origin of the coordinate system). 
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In this approach, the equilibrium ratio (ERAT) is defined by the ratio between the 

restoring moments and the overturning moments as: 

Restoring moments MRR + MRSOILERAT = =
Overturning moments MOFILL + MOPT

   (E.1) 

For the limit equilibrium, the equilibrium ratio of unity (ERAT = 1) is required. All parameters in 

Equation E.1 are described as follow: 

MRR is the restoring moment due to the limiting force developed in the reinforcement: 

MRR = RTZ          (E.2) 

where: ZR is the moment arm as illustrated in Figure E.1 and T is the limiting force developed in 

the reinforcement. T is the minimum of T1, T2, T3, and T4 being defined as: 

(1) Sum of thrust force in fill and clay-fill interface shear, T1: 

2
1

1 sin
2 2uo cAT K h S x R θγ δ

⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
= + +        (E.3) 

where; δ = clay-fill interface adhesion factor; KA = coefficient of active earth pressure. 

(2) Pullout capacity of reinforcement, T2: 

( )sin 2
2 0

2 cx R
NT dx

θ
σ

+
= ∫          (E.4) 

where; σN = normal stress acting on the reinforcement 

(3) Allowable reinforcement force governed by strength, T3 

(4) Allowable reinforcement force governed by allowable strain εa, T4: 

4 aT Jε=           (E.5) 

where; J = is the secant stiffness of the reinforcement over the strain range (0 - εa) 

MRSOIL is the restoring moment due to the mobilized shear strength along the circular failure 

surface in the clay foundation: 

( )2 2

2
MRSOIL uS z R d

θ

θ δ
−

= ∫         (E.6) 
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2 2 32 sin
2uo c c cS R Z R R θθ ρ θ ρ ⎛ ⎞

⎜ ⎟
⎝ ⎠

= − +  

( ) ( )cosuo uo c cS z S R zδ ρ+ −=        (E.7) 

MOFILL is sum of overturning moment due to embankment fill self-weight applied to the clay 

foundation (embankment fill is subdivided into a number of regions to simplify computations): 

( )
1

MOFILL
nr

i i c
i

W x x
=

= −∑         (E.8) 

where: Wi is weight due to embankment fill of region i, xi is centroid in x coordinate of region i, 

xc is x coordinate of circle centre, zc is z coordinate of circle centre, and nr is number of regions. 

MOPT is overturning moment due to horizontal thrust pressure (force) in the embankment fill: 

21MOPT
2 3cA

hK h zγ ⎛ ⎞
⎜ ⎟
⎝ ⎠

= −        (E.9) 

where: KA is the active earth pressure coefficient, γ is the unit weight of the embankment fill 

material, h is the height of the reinforced embankment and zc is the depth of the tension crack. 

The limit equilibrium method described above can be easily implemented in the form of a 

computer program, which can search for a slip circle giving the lowest equilibrium ratio for a 

given embankment. The maximum height to which an embankment can be constructed may be 

calculated by an iterative approach. If the soil strength is used and the lowest ERAT value is 

equal to unity, the corresponding height is the collapse height. Partial factors may be applied to 

the interface strength, pullout capacity and reinforcement strength as appropriate. When 

appropriate partial factors have been applied, one seeks reinforcement such that ERAT ≥ 1. 
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Figure E.1 General arrangement of limit equilibrium method by Mylleville and Rowe (1988)
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Appendix F 

Estimating the undrained shear strength reduction factor used in the 

design of embankment on rate-sensitive soils 

For rate-sensitive soil, strength of the soil highly depends on the rate of strain/stress applied to it. 

The strain rate used in conventional test for strength determination is much higher than what 

actually developed in the field. Consequently, the conventional test overestimates the in-situ soil 

strength and if that strength is implemented in the design, it may result in an unconservative 

design. In Chapter 6, series of reinforced embankments have been numerically constructed to the 

ideal work stress condition on rate-sensitive soils. Long-term performances of foundation soils 

have been monitored to gain insight on the soil behaviour at critical stage, especially on strength 

and strain rate along the potential slip surface. As a result, the average strain rates along the 

potential slip surface as well as the recommended strain rates for undrained shear strength test are 

established for soils having same rate-sensitivity as soils examined in this thesis.  

 Ideally the design shear strength would be based on plane strain laboratory tests at the 

recommended strain rate (i.e., 7×10-3 and 3×10-3 %/hours for soils having rate-sensitivity similar 

to R1 and R2 [See details in Chapter6], respectively). However it is recognized that for practical 

application, data from triaxial test is more likely to be available. To allow an adjustment to be 

made between triaxial and plane strain undrained shear strength, the relationship between 

simulated plane strain undrained shear strength at the proposed strain rate with undrained shear 

strength from the simulated undrained triaxial compression test at a recommended strain rate of 

1%/hour (Germaine and Ladd 1988) is established for soil with specific rate-sensitive 

characteristics R1 and R2. 

 This Appendix summarizes the results from simulated undrained plane strain and triaxial 

compression tests as shown in Table F.1 and the relationship is presented in Figure F.1. 
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Table F.1 Calculated shear strength from undrained plane strain and triaxial compression tests 

Soil type (at depth) Plane strain undrained strength 
at recommended strain rate (kPa) 

Triaxial undrained strength 
at strain rate of 1%/hour (kPa) 

AR1 (0.5 m) 25.1 30.9 

AR1 (1.5 m) 17.6 21.8 

AR1 (3.5 m) 15.1 18.5 

AR1 (6.5 m) 19.2 23.5 

AR1 (9.5 m) 27.1 33.3 

AR1 (13.0 m) 37.2 46.2 

BR1 (0.5 m) 8.1 9.8 

BR1 (1.5 m) 8.1 9.9 

BR1 (3.5 m) 11.8 14.5 

BR1 (6.5 m) 16.2 19.7 

BR1 (9.5 m) 21.5 26.5 

BR1 (13.0 m) 28.0 34.1 

AR2 (0.5 m) 28.7 34.1 

AR2 (1.5 m) 20.3 24.6 

AR2 (3.5 m) 17.2 20.3 

AR2 (6.5 m) 21.9 25.9 

AR2 (9.5 m) 31.9 37.5 

AR2 (13.0 m) 43.2 50.9 
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Triaxial undrained strength at strain rate of 1%/hour (kPa)
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Figure F.1 The relationship between shear strength from undrained plane strain and triaxial 

compression test 
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Appendix G 

Finite element code for elasto-viscoplastic model for structured soils11 

C********************************************************************* 
      SUBROUTINE ELMT86(D,UL,XL,IX,S,P,HV,ISS,NACT,NDF,NDM,NST,MIP, 
     &                  ISW) 
C********************************************************************* 
C 
C     Last modified: 01-June-1995 Hinchberger: Original coding 
C      17-February-2009 Bon    : To incorporate the 
C                           effect of soil structure 
C 
C     Plane strain consolidation element with Viscoplastic Elliptical 
C     Cap material behaviour 
C 
C  ********** NOTE: Compressive stress is assumed positive ********** 
C 
C     MAJOR VARIABLES: 
C 
C     UL(I1,J) = Increment of displacement in the x dirn of node J 
C     UL(I2,J) = Increment of displacement in the y dirn of node J 
C     UL(I3,J) = Increment of excess pore pressure 
C                or current excess pore pressure when ISW = 7 
C     SIG(1)   = Normal stress in the x dirn 
C     SIG(2)   = Normal stress in the y dirn 
C     SIG(3)   = Normal stress in the z dirn 
C     SIG(4)   = Shear stress in x-y plane 
C     SIG(5)   = Major principal stress 
C     SIG(6)   = Intermediate principal stress 
C     SIG(7)   = Minor principal stress 
C     THETA    = Lode angle of stress point in Pi plane 
C     EPS(1)   = Incremental or cumulative normal strain in the 
C                x dirn 
C     EPS(2)   = Incremental or cumulative normal strain in the 
C                y dirn 
C     EPS(3)   = Incremental or cumulative normal strain in the 
C                z dirn (always = 0 for plane strain) 
C     EPS(4)   = Incremental or cumulative engineering shear strain 
C                in x-y plane 
C     EPS(5)   = Major principal strain 
C     EPS(6)   = Intermediate principal strain 
C     EPS(7)   = Minor principal strain 
C     THETAS   = Angle from x axis to major principal strain direction 
C     RMU      = Cam-Clay strength parameter Mu 
C     RKAP     = Cam-Clay consolidation parameter Kappa 
C     RLAM     = Cam-Clay consolidation parameter Lamda 

                                                      
11  The development of the finite element code of 2D plane strain analysis for a structured elasto-
viscoplastic soil model presented in Appendix G based on the finite element code for an axi-symmetric 
analysis developed by Hinchberger and Qu (2009). 
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C     ECS      = Voids ratio at unit mean effective stress on the 
C                critical state line 
 
C     G        = Elastic shear modulus (shear modulus is determined 
C                based on pressure dependent bulk modulus 
C     POISNR   = Poisson's Ratio 
C     PERMA      ] 
C     PERMC      ] Used to determine permeability 
C     PERMB      ] 
C                  It is assumed that the vertical (y) permeability, k, 
C                  varies with voids ratio, e, as follows: 
C 
C                     k = PERMA*EXP((VOIDS-PERMB)/PERMC) 
C 
C     PERMX    = Coefficient of permeability in the x direction 
C     PERMY    = Coefficient of permeability in the y direction 
C     RATK     = Ratio PERMX/PERMY 
C     GAMSAT   = Saturated unit weight 
C     GAMDRY   = Dry unit weight 
C     GAMMAW   = Unit weight of pore fluid 
C     RK0      = Coefficient of earth pressure at rest under normally 
C                consolidated conditions 
C DOMIGA  = Structure parameter      
C DALPHA  = Damage parameter      
C NDAMAGE  = Damage switch indicator     
C    0 : No damage function    
C    1 : Use damage function    
C NDILATION= Dilation switch indicator            
C    0 : Associated flow rule   
C    1 : Active dilation (non-associated)     
C STRAIN0  = Initial damage strain     
C     L        = No. Gauss points in each coord dirn 
C              = No. sample points for stress in each coord dirn 
C     I1       = Order of storage for first degree of freedom 
C     I2       = Order of storage for second degree of freedom 
C     PC0      = Size of the static yield locus Pc' at the surface 
C       of the layer 
C     PCG      = Gradient of Pc' with depth 
C     D(1)     = RMU - critical state parameter 
C     D(2)     = RKAP - slope of swelling curve 
C     D(3)     = RLAM - slope of compression curve 
C     D(4)     = RPOISN - Poisson's ratio 
C     D(5)     = E0 - voids ratio at reference elevation 
C     D(6)     = E0G - increase in voids ratio with depth 
C     D(7)     = GAMSAT - saturated unit weight of soil 
C     D(8)     = GAMDRY - dry unit weight of soil 
C     D(9)     = GAMMAW - unit weight of pore fluid 
C     D(10)    = RK0 - coefficient of lateral earth pressure at rest 
C     D(11)    = L - number of integration points 
C     D(12)    = PC0 - position of yield surface at reference 
C       elevation 
C     D(13)    = PCG - change in PCSY with depth below reference elev 
C     D(14)    = THETA 
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C     D(15)    = IMOD 
C     D(18)    = PERMA 
C     D(16)    = PERMB 
C     D(17)    = PERMC 
C     D(19)    = RATK 
C     D(20)    = I1 - order of storage for first coordinate direction 
C     D(21)    = I2 - order of storage for second coordinate direction 
C     D(22)    = I3 - order of storage for third coordinate direction 
C     D(23)    = SURFL - reference surface for geostatic stresses 
C     D(24)    = WATERL - reference surface for initial pore pressures 
C     D(25)    = SURCHT - surcharge at the top of current layer 
C     D(26)    = PORET  - pore pressure at the top of current layer 
C     D(27)    = ITEST  > 0 determine initial stresses within element 
C                       < 0 determine initial stresses globally 
C 
C     NOTE:  Viscoplastic parameters follow 
C 
C     D(28)    = C0 | As a function of damage strain 
C     D(29)    = RVPM 
C 
C     Storage locations I1, I2, I3 for nodal variables are user 
C     specified. Gaps are permitted and these will give rise to rows 
C     and columns of zeros in the element stiffness matrix - Default 
C     values are I1 = 1, I2 = 2, I3 = 3 
C 
C     HISTORY PARAMETERS AT INTEGRATION POINT L 
C 
C     HV(L,1)  = Current value of effective normal stress in the 
C                x direction 
C     HV(L,2)  = Current value of effective normal stress in the 
C                y direction 
C     HV(L,3)  = Current value of effective normal stress in the 
C                z direction 
C     HV(L,4)  = Current value of x-y shear stress 
C     HV(L,5)  = Current value of PC, the size of the yield surface 
C     HV(L,6)  = Current voids ratio (calculated from plastic strain) 
C     HV(L,7)  = Current value of total pore pressure, i.e. excess 
C                plus ambient 
C     HV(L,8)  = Current value of normal strain in the x direction 
C     HV(L,9)  = Current value of normal strain in the y direction 
C     HV(L,10) = Current value of normal strain in the z direction 
C     HV(L,11) = Engineering Shear Strain in x-y plane 
C     HV(L,12) = No used 
C     HV(L,13) = Indicate O/C or N/C permeability function 
C              = 0 O/C 
C              = 1 N/C 
C     HV(L,14) = Initial Preconsolidation Pressures 
C HV(L,16) = Estimate of Pc at the end of load increment 
C HV(L,18) = Cumulative Plastic Damage Strain 
C 
C---------------------------------------------------------------------- 
C 
C CODE FOR STRESS STATES   IST 
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C 
C Soil is elastic  with P > PCS and Q < M*P - 0 
C Soil is elastic  with P < PCS and Q < M*P - 1 
C Soil is elastic  with P < PCS and Q > M*P - 2 
C Soil is hardening  with P > PCS and Q < M*P - 3 
C Soil is softening  with P < PCS and Q > M*P - 4 
C Soil is hardening  with P > PCS and Q > M*P - 7 
C Soil is hardening  with P < PCS and Q > M*P - 8 
C Soil has negative  (tensile) P    - 9 
C 
C where: P = effective mean normal stress 
C   PCS = critical state value of P for current 
C      yield locus 
C 
C Note: Type 7 and 8 are PHYSICALLY IMPERMISSIBLE and arise from 
C       numerical problems 
C 
C---------------------------------------------------------------------- 
C 
C     Array SIG(I) is used to store the current increment of stress 
C     and also acts as temporary storage of cumulative stresses 
 
 
 
      IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
      IMPLICIT INTEGER*4 (I-N) 
 CHARACTER*4 O, HEAD 
      CHARACTER*5 MARKER 
 
 
 
      COMMON /OUTYIELD/ IYIELD2 
      COMMON /CDATA/  O, HEAD(20), NUMNP, NUMEL, NUMMAT, NEN, NEQ, IPR 
      COMMON /TRACTN/ NT(5), XT(10), TRNA(2), TRNB(2), NELT 
      COMMON /ELDATA/ DM, N, MA, MCT, IEL, NEL 
      COMMON /TDATA/  TIME, DT, C1, C2, C3, C4, C5 
      COMMON /INOUT/  ITERM, IO1, IO2, IO3, IO4, IO5, IO6 
      COMMON /GEOST/  SURF, WATER, IGEO, SIGV0, SIGH0 
      COMMON /PYIELD/ LUNIT 
      COMMON /INCRMT/ INCRM 
      COMMON /PLASTK/ NPLAST, KALL 
      COMMON /FILL/   INCF, NINCF, RFILL 
      COMMON /LSTRN/ LSTRAN,LEPOR 
 COMMON /OUTPUTYIELDINFOR/ DYILED, SFACTOR, OMIGA 
 COMMON /DAMAGEPARS/ DOMIGA, DALPHA    
 COMMON /NSWITCHPARS/ NDAMAGE, NDILATION   
 COMMON /OUTPUTPARS/ PMEANSTRESS     
 COMMON /OUTPUTONLYTHISSUB/ PNORM    
      COMMON /INOUT20/ IO20, IO21 
 
C 
      DIMENSION D(*), UL(NDF,*), XL(NDM,*), IX(*), S(NST,*), 
     &          P(*) ,SHP(3,16), SG(16), TG(16), WG(16), SIG(7), 
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     &          EPS(7), DE(4,4) ,HV(MIP,*), ED(2), SHPT(2,5), 
     &          ACG(3,16),DEVP(4),DEVPR(4),DC(4,4) 
C 
      ZERO  = 0. 
      ONE   = 1. 
      PI    = 4.*ATAN( ONE ) 
      PI2   = PI + PI 
      NS    = 4 
      NDIM  = 2 
 BETA  = 1.0 ! Used by Hinchberger based on Britto and Gunn (1987) 
C 
C.... Go to correct array processor 
C 
C     ISW = 1 - Read element data 
C           2 - Plot option or mesh check (not available) 
C           3 - Calculate element stiffness matrix, and add flow 
C               terms in r.h.s. vector 
C           4 - Calculate increments of element strain and stress 
C               then update and print out the current (cumulative) 
C               stress state 
C           5 - Not available 
C           6 - Calculate nodal force vector 
C           7 - Calculate load vector for consolidation analysis, 
C               and add viscoplastic relaxation forces. 
C           8 - Calculate increments of element strain and stress 
C               then updates the current stress state. No print out of 
C               stresses 
C           9 - Compute nodal forces from surface tractions 
C          10 - Set stresses to geostatic values 
C          11 - Print those elements which have plastic or tensile 
C               Gauss points 
C          12 - Write element stresses to plot file - logical unit IO6 
C          13 - Compute cumulative stresses to date and write to main 
C               output file - logical unit I06 
C          14 - Not available 
C          15 - Compute nodal forces that equilibrate current element 
C               stresses 
C---------------------------------------------------------------------- 
C (added 17 Feb 09) 
C      16 - Not available 
C      17 - Write Gauss point coordinates to plot file IO6  
C      18 - Write Gauss point stresses to plot file IO6 
C---------------------------------------------------------------------- 
C 
 
      IF(ISW .GE. 1 .AND. ISW .LE. 19)THEN 
    GOTO(1,2,3,4,5,4,3,4,9,10,11,11,11,11,4,11,11,11)ISW 
      ELSE 
         RETURN 
      ENDIF 
 
C---------------------------------------------------------------------- 
C 
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C.... Input material properties 
C 
    1 CONTINUE 
      READ (IO1,1000) ALPHA1,ALPHA2,RC2,RKAP,RLAM,RPOISN,RK0P 
      READ (IO1,1001) GAMSAT, GAMDRY, GAMMAW, RK0, PC0, PCG, E0, E0G 
      READ (IO1,1003) PERMA,PERMB,PERMC,RATK,PERMD,ASPCT,C0,RVPM,THETA, 
     &                STRAIN0 
 READ (IO1,1005) DOMIGA, DALPHA, NDAMAGE, NDILATION 
      READ (IO1,1004) L,I1,I2,I3,ITEST,KT 
 
      IF ( ITEST .NE. 0 ) THEN 
         READ (IO1,1002) SURFL, WATERL, SURCHT, PORET, SIGHS 
      ENDIF 
C 
C.... Check for non-zero GAMMAW 
C 
      IF ( GAMMAW .LE. 0. ) THEN 
         WRITE ( ITERM,3020) GAMMAW 
         WRITE ( IO2  ,3020) GAMMAW 
         STOP 
      ENDIF 
 
      D(1)  = ALPHA1 
      D(2)  = RKAP 
      D(3)  = RLAM 
      D(4)  = RPOISN 
      D(5)  = E0 
      D(6)  = E0G 
      D(7)  = GAMSAT 
      D(8)  = GAMDRY 
      D(9)  = GAMMAW 
      D(10) = RK0 
      D(11) = L 
      D(12) = PC0 
      D(13) = PCG 
      D(14) = THETA 
      D(15) = ASPCT 
      D(16) = PERMA 
      D(17) = PERMB 
      D(18) = PERMC 
      D(19) = RATK 
      D(20) = I1 
      D(21) = I2 
      D(22) = I3 
      D(23) = SURFL 
      D(24) = WATERL 
      D(25) = SURCHT 
      D(26) = PORET 
      D(27) = ITEST 
      D(28) = C0 
      D(29) = RVPM 
      D(30) = ALPHA2 
      D(31) = RC2 
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      D(32) = PERMD 
      D(33) = KT 
      D(34) = RK0P 
C 
C.... Check for invalid number of integration points 
C 
      IC     = 83 
 
      IF ( L .GT. MIP ) THEN 
         WRITE (  IO2,3000) MA, IC, L, MIP 
         WRITE (ITERM,3000) MA, IC, L, MIP 
         STOP 
      ENDIF 
C 
      IF ( I1 .EQ. 0 ) I1 = 1 
      IF ( I2 .EQ. 0 ) I2 = 2 
      IF ( I3 .EQ. 0 ) I3 = 3 
      D(20) = I1 
      D(21) = I2 
      D(22) = I3 
      LINT = 0 
C 
      WRITE (IO2,2000) ALPHA1,RC2,ALPHA2,RKAP,RLAM,RPOISN,E0,E0G, 
     &                 PERMA,PERMB,PERMC,RATK,PERMD,C0,RVPM, 
     &                 THETA,ASPCT,STRAIN0,DOMIGA,DALPHA, 
     &       NDAMAGE,NDILATION                   
      WRITE (IO2,2004) GAMSAT, GAMDRY, GAMMAW, RK0, PC0, PCG, L, I1, 
     &                 I2, I3 
      IF ( ITEST .NE. 0 ) THEN 
         WRITE (IO2,2008) SURFL, WATERL, SURCHT, PORET, SIGHS 
      ENDIF 
      RETURN 
C 
C     ----------------------------------------------------------------- 
C 
C.... Insert mesh check if required 
C 
    2 RETURN 
C 
C 
C     ----------------------------------------------------------------- 
C 
C.... Set up element stiffness matrix, integrate viscoplastic  
C     relaxation forces and adds flow terms to the right hand side  
C  vector 
C 
C.... NOTE: In this coding use is made of the symmetry of the DE matrix 
C           and therefore the element stiffness matrix 
C 
    3 CONTINUE 
C 
      LINT   = D(11) 
      INC1   = D(21) - D(20) 
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      INC2   = D(22) - D(21) 
      ALPHA1 = D(1) 
      ALPHA2 = D(30) 
      RC2    = D(31) 
      ASPCT  = D(15) 
      RKAP   = D(2) 
      RLAM   = D(3) 
      RPOISN = D(4) 
      THETA  = D(14) 
      PERMA  = D(16) 
      PERMB  = D(17) 
      PERMC  = D(18) 
      RATK   = D(19) 
      GAMMAW = D(9) 
      PERMD  = D(32) 
      KT     = D(33) 
C 
C.... Generate Gauss point coordinates (in local coord system) 
C     and weights 
C 
      CALL ELINT(L,LINT,SG,TG,WG,ACG,XL,SHP,XSJ,NDM,NEL,IX,.FALSE.,1) 
C 
      DO 320 L = 1, LINT 
C 
C....   Compute element shape functions 
C 
        CALL ELINT(L,LINT,SG,TG,WG,ACG,XL,SHP,XSJ,NDM,NEL,IX,.FALSE.,2) 
C 
C....   Calculate global co-ordinates for current Gauss point and 
C       appropriate properties 
C 
         XX = 0. 
         YY = 0. 
         DO 325 I = 1, NEL 
            XX = XX + SHP(3,I)*XL(1,I) 
            YY = YY + SHP(3,I)*XL(2,I) 
 
C....       NOTE: Compression considered positive 
 
            SHP(1,I) = - SHP(1,I) 
            SHP(2,I) = - SHP(2,I) 
            SHP(3,I) = - SHP(3,I) 
  325    CONTINUE 
C 
C....    Compute permeability 
C 
         VOIDS = HV(L,6) 
         LN = HV(L,13) 
 
         CALL PERMBF(PERMA,PERMB,PERMC,RATK,VOIDS,PERMY,PERMX,PERMD,LN) 
 
         DV  = XSJ*WG(L) 
         PWX = ( PERMX/GAMMAW )*DV 
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         PWY = ( PERMY/GAMMAW )*DV 
C 
C 
C....  Compute Elastic stress-strain matrix for viscoplastic 
C      continuum anlaysis 
C 
            SIG11  = HV(L,1) 
            SIG22  = HV(L,2) 
            SIG33  = HV(L,3) 
            TAU12  = HV(L,4) 
            TAU23  = 0. 
            TAU31  = 0. 
C 
C.... Set the current size of the static yield envelope 
C 
            PCSY   = ABS( HV(L,5) ) 
C 
C.... Determine the stress invariants. 
C 
            SMEAN = (SIG11+SIG22+SIG33)/3. 
            SR2J2 = (1/3.*((SIG11-SIG22)**2 + (SIG22-SIG33)**2 
     +              + (SIG33-SIG11)**2) + 2*TAU12**2)**(0.5) 
C 
C.... Initialize viscoplastic parameters 
C 
            C0 = D(28) 
            RVPM = D(29) 
C 
            IYIELD = 0 
 
C 
C.... Using preconsolidation pressure to calculate K if soil is O/C 
C 
         IF(KT.LT.0) THEN 
            SMEANK = SMEAN 
         ELSE 
            IF(LN.EQ.0) THEN 
               SMEANK = HV(L,14) 
            ELSE 
               SMEANK = SMEAN 
            ENDIF 
         ENDIF 
 
C Incorporate damage strain concept: Modify DVPECM 
 
       STRAIN = ABS (HV(L,18)) 
      
            CALL DVPECMN(SIG11,SIG22,SIG33,TAU12,TAU23,TAU31,SMEAN, 
     +                  SR2J2,RPOISN,VOIDS,RKAP,PCSY,C0,RVPM,ALPHA1, 
     +                  ALPHA2,RC2,ASPCT,DE,DEVPR,THETA,DT,YRAT, 
     +                  IYIELD,DC,SMEANK,STRAIN,DOMIGA,DALPHA) 
 
C 
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C.... IF YRAT IS LESS THAN 1 THEN OCR = 1/YRAT 
C     THIS MAY BE USED TO SPECIFY A SEPARATE 
C     PERMEABILITY FUNCTION FOR NORMALLY AND 
C     OVERCONSOLIDATED RANGES 
C 
            D1  = DE(1,1)*DV 
            D2  = DE(1,2)*DV 
            D3  = DE(1,3)*DV 
            D4  = DE(1,4)*DV 
            D5  = DE(2,1)*DV 
            D6  = DE(2,2)*DV 
            D7  = DE(2,3)*DV 
            D8  = DE(2,4)*DV 
            D9  = DE(3,1)*DV 
            D10 = DE(3,2)*DV 
            D11 = DE(3,3)*DV 
            D12 = DE(3,4)*DV 
            D13 = DE(4,1)*DV 
            D14 = DE(4,2)*DV 
            D15 = DE(4,3)*DV 
            D16 = DE(4,4)*DV 
C 
C....    For each J node compute DB = D*B for elastic 
C        stiffness matrix in viscoplastic analysis 
C 
         J1 = D(20) 
C 
         DO 336 J = 1, NEL 
            J2 = J1 + INC1 
            J3 = J2 + INC2 
C 
C....     Set [B] matrix entries 
C 
            B1 = SHP(1,J) 
            B2 = SHP(2,J) 
C 
               DB11 = D1*B1  + D4*B2 
               DB12 = D2*B2  + D4*B1 
               DB21 = D5*B1  + D8*B2 
               DB22 = D6*B2  + D8*B1 
               DB41 = D13*B1 + D16*B2 
               DB42 = D14*B2 + D16*B1 
C 
C....    Integrate the viscoplastic relaxation forces and 
C        include in right hand side vector if gauss point 
C        has yielded and ISW is equal to 7. 
C....    Compute BT*D*DEVP() 
C 
           IF(IYIELD.NE.0.AND.ISW.EQ.7)THEN 
               DEVP(1) = DEVPR(1)*DT 
               DEVP(2) = DEVPR(2)*DT 
               DEVP(3) = DEVPR(3)*DT 
               DEVP(4) = DEVPR(4)*DT 
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               BTD11 = B1*D1 + B2*D13 
               BTD12 = B1*D2 + B2*D14 
               BTD13 = B1*D3 + B2*D15 
               BTD14 = B1*D4 + B2*D16 
               BTD21 = B2*D5 + B1*D13 
               BTD22 = B2*D6 + B1*D14 
               BTD23 = B2*D7 + B1*D15 
               BTD24 = B2*D8 + B1*D16 
 
               P(J1) = P(J1) +  BTD11*DEVP(1) +  BTD12*DEVP(2) + 
     &                 BTD13*DEVP(3) + BTD14*DEVP(4) 
               P(J2) = P(J2) + BTD21*DEVP(1) + BTD22*DEVP(2) + 
     &                 BTD23*DEVP(3) + BTD24*DEVP(4) 
           ENDIF 
C 
C....       For each I node compute BT*DB for elastic stiffness 
C           matrix in elastic viscoplastic analysis 
C 
            I1 = D(20) 
            DO 335 I = 1, NEL 
               I2 = I1 + INC1 
               I3 = I2 + INC2 
C 
               B1 = SHP(1,I) 
               B2 = SHP(2,I) 
C 
               IF ( ISW .NE. 7 ) THEN 
                  S(I1,J1) = S(I1,J1) + B1*DB11 + B2*DB41 
                  S(I1,J2) = S(I1,J2) + B1*DB12 + B2*DB42 
                  S(I1,J3) = S(I1,J3) - SHP(1,I)*SHP(3,J)*DV 
                  S(I2,J1) = S(I2,J1) + B2*DB21 + B1*DB41 
                  S(I2,J2) = S(I2,J2) + B2*DB22 + B1*DB42 
                  S(I2,J3) = S(I2,J3) - SHP(2,I)*SHP(3,J)*DV 
                  S(I3,J1) = S(I3,J1) - SHP(1,J)*SHP(3,I)*DV 
                  S(I3,J2) = S(I3,J2) - SHP(2,J)*SHP(3,I)*DV 
               ENDIF 
C 
               S(I3,J3) = S(I3,J3) - BETA*DT* 
     &                    ( SHP(1,I)*PWX*SHP(1,J) + 
     &                      SHP(2,I)*PWY*SHP(2,J) ) 
C 
               I1 = I1 + NDF 
  335       CONTINUE 
C 
            J1 = J1 + NDF 
  336    CONTINUE 
C 
  320 CONTINUE 
C 
C.... Form lower part by symmetry 
C 
      IF ( ISW .EQ. 7 ) THEN 
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C 
C....    Form flow terms in r.h.s. vector 
C        When ISW =7, UL(J3,*) contains current value of excess pore 
C        pressure, not just the value from previous increment 
C 
         NSL = NEL*NDF 
         J3 = D(22) 
         DO 322 J = J3, NSL, NDF 
            K1 = 0 
            DO 322 K = J3, NSL, NDF 
               K1   = K1 + 1 
               P(J) = P(J) - S(J,K)*UL(J3,K1)/BETA 
  322    CONTINUE 
      ENDIF 
C 
      RETURN 
C 
C     ----------------------------------------------------------------- 
C 
C.... Compute element stresses, strains and forces 
C 
    4 CONTINUE 
 
      LINT   = D(11) 
      INC1   = D(21) - D(20) 
      INC2   = D(22) - D(21) 
      ALPHA1 = D(1) 
      ALPHA2 = D(30) 
      RC2    = D(31) 
      ASPCT  = D(15) 
      RKAP   = D(2) 
      RLAM   = D(3) 
      RPOISN = D(4) 
      THETA  = D(14) 
      PERMA  = D(16) 
      PERMB  = D(17) 
      PERMC  = D(18) 
      RATK   = D(19) 
      GAMMAW = D(9) 
      PERMD  = D(32) 
      KT   = D(33) 
C 
      CALL ELINT(L,LINT,SG,TG,WG,ACG,XL,SHP,XSJ,NDM,NEL,IX,.FALSE.,1) 
C 
      DO 600 L = 1, LINT 
C 
C....    Compute element shape functions 
C 
        CALL ELINT(L,LINT,SG,TG,WG,ACG,XL,SHP,XSJ,NDM,NEL,IX,.FALSE.,2) 
C 
C....    Compute coordinates and increment of excess pore pressure at 
C        the Gauss point 
C 
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         DO 410 I = 1, 4 
            SIG(I) = 0.0 
            EPS(I) = 0.0 
  410    CONTINUE 
         XX = 0.0 
         YY = 0.0 
         DU = 0.0 
         I1 = D(20) 
         I2 = D(21) 
         I3 = D(22) 
         DO 420 J = 1, NEL 
            XX = XX + SHP(3,J)*XL(I1,J) 
            YY = YY + SHP(3,J)*XL(I2,J) 
 
C 
C...       Increment of excess pore pressure 
C 
            DU = DU + SHP(3,J)*UL(I3,J) 
 
C 
C....       Compression considered positive 
C 
            SHP(1,J) = - SHP(1,J) 
            SHP(2,J) = - SHP(2,J) 
            SHP(3,J) = - SHP(3,J) 
  420    CONTINUE 
C 
C 
C....    Compute permeability 
C 
         VOIDS = HV(L,6) 
         LN = HV(L,13) 
         CALL PERMBF(PERMA,PERMB,PERMC,RATK,VOIDS,PERMY,PERMX,PERMD,LN) 
C 
         IF ( ISW .EQ. 15 ) GOTO 6 
C 
C....       Compute strains, compression positive 
C 
            I1 = D(20) 
            I2 = D(21) 
            DO 425 J = 1, NEL 
               EPS(1) = EPS(1) + SHP(1,J)*UL(I1,J) 
               EPS(2) = EPS(2) + SHP(2,J)*UL(I2,J) 
               EPS(3) = 0. 
               EPS(4) = EPS(4) + SHP(1,J)*UL(I2,J) 
     &                         + SHP(2,J)*UL(I1,J) 
  425       CONTINUE 
C 
C....       Compute stress increments 
C 
            SIG11 = HV(L,1) 
            SIG22 = HV(L,2) 
            SIG33 = HV(L,3) 
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            TAU12 = HV(L,4) 
            TAU23 = 0. 
            TAU31 = 0. 
C 
C....       Current position of static yield surface 
C 
            PCSY   = ABS( HV(L,5) ) 
C 
C....       Compute [D] matrix, incremental viscoplastic strain, 
C           and yield status 
C 
            SMEAN = (SIG11+SIG22+SIG33)/3. 
            SR2J2 = (1/3.*((SIG11-SIG22)**2 + (SIG22-SIG33)**2 
     &              + (SIG33-SIG11)**2) + 2*TAU12**2)**(0.5) 
 
            C0 = D(28) 
            RVPM = D(29) 
            IYIELD = 0 
 
C 
C.... Using preconsolidation pressure to calculate K if soil is O/C 
C 
         IF(KT.LT.0) THEN 
            SMEANK = SMEAN 
         ELSE 
            IF(LN.EQ.0) THEN 
               SMEANK = HV(L,14) 
            ELSE 
               SMEANK = SMEAN 
            ENDIF 
         ENDIF 
 
C Incorporate damage strain concept: Modify DVPECM 
 
       STRAIN = ABS (HV(L,18)) 
   
            CALL DVPECMN(SIG11,SIG22,SIG33,TAU12,TAU23,TAU31,SMEAN, 
     +                  SR2J2,RPOISN,VOIDS,RKAP,PCSY,C0,RVPM,ALPHA1, 
     +                  ALPHA2,RC2,ASPCT,DE,DEVPR,THETA,DT,YRAT, 
     +                  IYIELD,DC,SMEANK,STRAIN,DOMIGA,DALPHA) 
 
C 
C...  Convert viscoplastic strain rates to viscoplastic strains. 
C 
            DEVP(1) = DT*DEVPR(1) 
            DEVP(2) = DT*DEVPR(2) 
            DEVP(3) = DT*DEVPR(3) 
            DEVP(4) = DT*DEVPR(4) 
       DEVPVVV = (DEVPR(1)+DEVPR(2)+DEVPR(3)) 
C 
C....       incremental stresses 
C 
            IF(ISW.EQ.6)THEN 
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              DEVP(1) = 0. 
              DEVP(2) = 0. 
              DEVP(3) = 0. 
              DEVP(4) = 0. 
            ENDIF 
C 
            DO 460 I = 1, 4 
               SUM = 0. 
               DO 470 J = 1, 4 
 
                  SUM = SUM + DE(I,J)*(EPS(J)-DEVP(J)) 
 
  470          CONTINUE 
               SIG(I) = SUM 
  460       CONTINUE 
 
            IF ( ISW .EQ. 6 ) GOTO 6 
C 
C... Determine increment in volumetric plastic strain 
C 
            DEVP(1) = DEVP(1)+THETA*DT*(DC(1,1)*SIG(1) 
     +      +DC(1,2)*SIG(2)+DC(1,3)*SIG(3)+DC(1,4)*SIG(4)) 
            DEVP(2) = DEVP(2)+THETA*DT*(DC(2,1)*SIG(1) 
     +      +DC(2,2)*SIG(2)+DC(2,3)*SIG(3)+DC(2,4)*SIG(4)) 
            DEVP(3) = DEVP(3)+THETA*DT*(DC(3,1)*SIG(1) 
     +      +DC(3,2)*SIG(2)+DC(3,3)*SIG(3)+DC(3,4)*SIG(4)) 
            DEVP(4) = DEVP(3)+THETA*DT*(DC(4,1)*SIG(1) 
     +      +DC(4,2)*SIG(2)+DC(4,3)*SIG(3)+DC(4,4)*SIG(4)) 
C 
            DVEVP = DEVP(1) + DEVP(2) + DEVP(3) 
 
C....       Update cumulative stresses, strains and pore pressure 
C 
            HV(L,1)  = HV(L,1)  + SIG(1) 
            HV(L,2)  = HV(L,2)  + SIG(2) 
            HV(L,3)  = HV(L,3)  + SIG(3) 
            HV(L,4)  = HV(L,4)  + SIG(4) 
            HV(L,7)  = HV(L,7)  + DU 
            HV(L,8)  = HV(L,8)  + EPS(1) 
            HV(L,9)  = HV(L,9)  + EPS(2) 
            HV(L,10) = HV(L,10) + EPS(3) 
            HV(L,11) = HV(L,11) + EPS(4) 
C 
C---------------------------------------------------------------------- 
C 
C Damage strain concept 
 
 AFACT = 0.5D+00 
 
 HV(L,18) = HV(L,18) + STRAIN0 + SQRT(AFACT*(DEVP(2)- 
     &           DEVP(1))**2+(1.0D+00-AFACT)*DVEVP**2) 
 
 STRAIN0  = 0 !SET INITIAL DAMAGE STRAIN=0 TO AVOID ACCUMULATE IT 
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  AGAIN 
 
C---------------------------------------------------------------------- 
C 
C....    Compute major principal strain rate 
C 
C....    First compute incremental principal strains in vertical plane 
C 
            CALL PREPS(EPS(1),EPS(4),EPS(2),EPSA,EPSB,THETAST) 
C 
C....    Put incremental principal strains in correct order 
C 
            EPS(5) = EPSA 
            EPS(6) = EPSB 
            EPS(7) = EPS(3) 
            CALL PORDER(EPS(5),EPS(6),EPS(7)) 
            IF(DT.EQ.0.0) THEN 
              HV(L,12) = 0.0 
            ELSE 
              HV(L,12) = EPS(5)/DT 
            ENDIF 
C 
C....       Zero strains and stresses for inactive elements 
C 
            IF ( NACT .LT. 1 ) THEN 
               EPS(1)   = 0. 
               EPS(2)   = 0. 
               EPS(3)   = 0. 
               EPS(4)   = 0. 
               HV(L,1)  = 0. 
               HV(L,2)  = 0. 
               HV(L,3)  = 0. 
               HV(L,4)  = 0. 
               HV(L,5)  = 0. 
               HV(L,6)  = 0. 
               HV(L,7)  = 0. 
               HV(L,8)  = 0. 
               HV(L,9)  = 0. 
               HV(L,10) = 0. 
               HV(L,11) = 0. 
               HV(L,12) = 0. 
            ENDIF 
C 
C....       Compute principal effective stresses 
C 
            SIG(1) = HV(L,1) 
            SIG(2) = HV(L,2) 
            SIG(3) = HV(L,3) 
            SIG(4) = HV(L,4) 
C 
            IF ( (ABS(SIG(1)-SIG(2)) .LE. 1.E-6) .AND. 
     &           (ABS(SIG(2)-SIG(3)) .LE. 1.E-6) .AND. 
     &           (ABS(    SIG(4)   ) .LE. 1.E-6) ) THEN 
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C 
C....            Stress state lies on (or very close to) the space 
C                diagonal - Principal stresses are all the same 
C 
                 SIG(5) = SIG(1) 
                 SIG(6) = SIG(1) 
                 SIG(7) = SIG(1) 
                 THETAL = 999.999 
 
            ELSE 
C 
C....            Compute principal stresses if not on space diagonal 
C 
                 CALL PSTRAS ( SIG, SIG(5), SIG(6), SIG(7), THETAL ) 
 
            ENDIF 
 
 
C 
C....       Update additional Cam-Clay parameters and current 
C           volumetric plastic strain 
C 
            PCSY    = HV(L,5) 
            VOIDS   = HV(L,6) 
C 
C....       Change in position of static yield surface due to 
C           hardening and update the total volumetric plastic 
C           strain 
C           This is a temporary option to allow for bi-linear 
C           consolidation characteristics in the N/C stress 
C           range 
C 
 
            IF(IYIELD.GT.0) THEN 
 
 
    PCSYF = EXP(((1.+VOIDS)/(RLAM-RKAP))*DVEVP +  
            &          LOG(PCSY)) 
 
    HV(L,5) = PCSYF 
            ENDIF 
C 
C....       incremental change in voids ratio 
C 
            VDE = EPS(1) + EPS(2) + EPS(3) 
            DVOIDS = VDE*(1. + VOIDS) 
            VOIDS = VOIDS - DVOIDS 
C 
C....       Update history variables. 
C 
            HV(L,6) = VOIDS 
            IF(IYIELD.GE.2) HV(L,13) = 1 
C 
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C....       Update the counter for number of plastic Gauss points 
C 
            IF( IYIELD2 .GE. 1 .AND. IYIELD2 .LT. 9 )NPLAST = NPLAST+1 
 
C 
C....       Output stresses and strains 
C 
            IF ( ISW .NE. 4 ) GOTO 600 
C 
               IF ( ISS .NE. 0 ) THEN 
                  MCT = MCT - 1 
                  IF ( MCT .LE. 0 ) THEN 
                     WRITE (IO2,2001) O, HEAD 
                     MCT = 50 
                  ENDIF 
C 
C....             Convert Lode angle to degrees. 999 indicates that 
C                 stress state is hydrostatic 
C 
                  IF ( IFIXJC( THETAL ) .NE. 999 ) THEN 
 
                     THETAL = THETAL*360.0/PI2 
 
                  ENDIF 
                  UU = HV(L,7) 
C 
C....             Limit the output to central Gauss point only if 
C                 previously instructed to do so (ISS=2) 
C 
                  SIG11  = HV(L,1) 
                  SIG22  = HV(L,2) 
                  SIG33  = HV(L,3) 
                  TAU12 =  HV(L,4) 
                  TAU23 = 0. 
                  TAU31 = 0. 
C 
C....       Current position of static yield surface 
C 
                  PCSY   = ABS( HV(L,5) ) 
C 
                  SMEAN = (SIG11+SIG22+SIG33)/3. 
                  SR2J2 = (1./3.*((SIG11-SIG22)**2 + (SIG22-SIG33)**2 
      &                    + (SIG33-SIG11)**2) + 2*TAU12**2)**(0.5) 
 
        DyDs  = (YART-1)*PCSY 
 
     WRITE(IO2,2002) N,MA,XX,YY,(SIG(JJ),JJ=1,4), 
      &                            SMEAN,SR2J2,UU,THETAL, 
      &                            (HV(L,JJ),JJ=8,11),VOIDS,PCSY, 
      &                            YRAT,IYIELD2,HV(L,12),DyDs,SFACTOR, 
      &             DEVPVVV,HV(L,18) 
 
  435             CONTINUE 



 

243 

 

 
C 
C....             Write warning messages 
C 
                  IF ( ICS  .NE. 0 ) WRITE (IO2,3040) L, N 
                  IF ( INGP .NE. 0 ) WRITE (IO2,3050) L, N 
C 
            ENDIF 
 
            GO TO 600 
C 
    6       CONTINUE 
C 
C....       Compute internal forces (include the effects of specified 
C                                    nodal displacements and excess 
C                                    pore water pressures) 
C 
 
 
 
C           (1) Calculate integrals of: 
C                        t                       t 
C                     - B (SIGMAo+UU+DSIGMAk+DU) - N [Body force] 
C               where  SIGMAo = Effective stresses at previous  
C          increment 
C                     DSIGMAk = Increments of effective stress 
C                               corresponding to specified nodal 
C                               displacements 
C                          UU = Total pore water pressure at end of 
C                               previous increment 
C                             = ambient + excess pore pressure 
C                          DU = Increments of excess pore pressure 
C                               corresponding to specified nodal 
C                               pore pressures 
C 
C....       Stresses at end of previous increment are required 
C           in a COMPRESSION positive convention 
C 
C           This convention is opposite that in element type 37 at the 
C           same point in the code; The reason for this is that the 
C           sign of the shape functions has been swopped here, but it 
C           is not swopped by this point in element type 37 
C           NOTE: At this point HV and SIG are compression positive 
C           HV(L,1..4) contains the effective stress components at the 
C           previous increment, SIG allows for the influence of 
C           specified nodal displacements, HV(L,7) is the total pore 
C           pressure, i.e. total plus excess 
C 
            S1 =  HV(L,1) + SIG(1) + HV(L,7) + DU 
            S2 =  HV(L,2) + SIG(2) + HV(L,7) + DU 
            S4 =  HV(L,4) + SIG(4) 
C 
C....       Initial stress state was gravitational 
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C           Use saturated unit weight 
C 
            GAM = D(7) 
C 
C....       Volume integral term 
C 
            DV   = XSJ*WG(L) 
            PWX  = ( PERMX/GAMMAW ) * DV 
            PWY  = ( PERMY/GAMMAW ) * DV 
C 
C....       Calculate fraction of lift to be applied this increment 
C 
            RFILL = 1.0 
            IF ( NINCF .NE. 0 ) THEN 
               IF ( INCF .EQ. NINCF .AND. NACT .EQ. 2 ) NACT = 1 
               IF ( NACT .EQ. 2 ) THEN 
                  RAT1  = FLOATJ( NINCF ) 
                  RAT2  = FLOATJ( INCF ) 
                  RFILL = RAT2/RAT1 
               ENDIF 
            ENDIF 
C 
C....       Calculate fraction of excavation force to be removed this 
C           increment 
C 
            IF ( NACT .NE. 0 ) THEN 
               REX = 1.0 
            ELSE 
               REX = 0.0 
               IF ( NINCEX. NE. 0 ) THEN 
                  RAT1 = FLOATJ( NINCEX ) 
                  RAT2 = FLOATJ( INCEX ) 
                  REX  = 1.0 - RAT2/RAT1 
                  IF ( REX .LT. 0.0 ) THEN 
                     REX = 0.0 
                  ENDIF 
               ENDIF 
           ENDIF 
            J1   = D(20) 
            DO 610 J = 1, NEL 
               J2    = J1 + INC1 
               J3    = J2 + INC2 
C 
C....          Stresses and shape functions are both compression 
C              positive here 
C 
               P(J1) = P(J1) - (SHP(1,J)*S1 + SHP(2,J)*S4)*DV*REX 
               P(J2) = P(J2) - (SHP(2,J)*S2 + SHP(1,J)*S4)*DV*REX 
C 
C....          Direction of gravity assumed to be in negative 2-coord 
C              direction; Shape functions are compression positive at 
C              this point 
C 
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               P(J2) = P(J2) + SHP(3,J)*GAM*DV*RFILL*REX 
               J1 = J1 + NDF 
  610       CONTINUE 
C 
C....       Form flow terms and coupling terms of stiffness matrix 
C 
            J1 = D(20) 
            DO 611 J = 1, NEL 
               J2 = J1 + INC1 
               J3 = J2 + INC2 
               I1 = D(20) 
               DO 612 I = 1, NEL 
                  I2       = I1 + INC1 
                  I3       = I2 + INC2 
                  S(I1,J3) = S(I1,J3) - SHP(1,I)*SHP(3,J)*DV 
                  S(I2,J3) = S(I2,J3) - SHP(2,I)*SHP(3,J)*DV 
                  S(I3,J1) = S(I3,J1) - SHP(1,J)*SHP(3,I)*DV 
                  S(I3,J2) = S(I3,J2) - SHP(2,J)*SHP(3,I)*DV 
                  S(I3,J3) = S(I3,J3) - BETA*DT* 
     &                                  ( SHP(1,I)*PWX*SHP(1,J) + 
     &                                    SHP(2,I)*PWY*SHP(2,J)   ) 
                  I1       = I1 + NDF 
  612          CONTINUE 
               J1 = J1 + NDF 
  611       CONTINUE 
C 
  600 CONTINUE 
C 
      IF ( ISW .EQ. 6 ) THEN 
C 
C                         t 
C        (2) Calculate - L *Uk and - L*DELk - BETA*DT*PHI*Uk 
C 
C            where   Uk = specified nodal values of excess pore water 
C                         pressure 
C                  DELk = specified nodal displacements 
C 
         II1  = D(20) 
         II2  = D(21) 
         II3  = D(22) 
         J1   = D(20) 
         DO 614 J = 1, NEL 
            J2 = J1 + INC1 
            J3 = J2 + INC2 
            I1 = D(20) 
            DO 613 I = 1, NEL 
               I2    = I1 + INC1 
               I3    = I2 + INC2 
               P(J1) = P(J1) - S(J1,I3)*UL(II3,I) 
               P(J2) = P(J2) - S(J2,I3)*UL(II3,I) 
               P(J3) = P(J3) - S(J3,I1)*UL(II1,I) 
     &                       - S(J3,I2)*UL(II2,I) 
     &                       - S(J3,I3)*UL(II3,I) 
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               I1 = I1 + NDF 
  613       CONTINUE 
            J1 = J1 + NDF 
  614    CONTINUE 
C 
      ENDIF 
C 
      RETURN 
C 
C     ----------------------------------------------------------------- 
C 
C.... Compute consistent mass matrix 
C 
C     ********** This part of the module is inactive ********** 
C 
    5 CONTINUE 
C 
      WRITE (ITERM,3030) 
      WRITE (  IO2,3030) 
      STOP 
C 
C     ----------------------------------------------------------------- 
C 
C.... Compute nodal forces from surface tractions 
C 
    9 CONTINUE 
C 
      INC  = D(21) - D(20) 
      TXA  = TRNA(1) 
      TXB  = TRNB(1) 
      TYA  = TRNA(2) 
      TYB  = TRNB(2) 
* 
*... number of sample points is equal to the number of nodes 
* 
      CALL PGAUS3(NELT,LINT,SG,WG) 
      DO 705 L = 1, LINT 
* 
*.... Compute value of shape function for integration point 
* 
         CALL SHAP3(SG(L),XT,SHPT,XSJ,CA,SA,NELT,NDM) 
         DS = XSJ*WG(L) 
         TX = TXA + (TXB-TXA)*(1.+SG(L))/2. 
         TY = TYA + (TYB-TYA)*(1.+SG(L))/2. 
         JJ1 = D(20) 
         DO 710 J = 1, NELT 
            KK = NT(J) 
            IF(KK .NE. 0)THEN 
               DO 706 K = 1,NEN 
                  IF(KK .EQ. IX(K))GO TO 707 
  706          CONTINUE 
  707          JJ    = K 
               J1    = (JJ-1)*NDF + JJ1 
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               J2    = J1 + INC 
               P(J1) = P(J1) + SHPT(2,J)*TX*DS 
               P(J2) = P(J2) + SHPT(2,J)*TY*DS 
            ENDIF 
  710    CONTINUE 
C 
  705 CONTINUE 
C 
      RETURN 
C 
C     ----------------------------------------------------------------- 
C 
C.... Set stresses to geostatic values 
C 
   10 CONTINUE 
C 
C.... Set up initial stresses, pore pressure and voids ratio at each 
C     integration point if required. 
C 
      LINT = D(11) 
      CALL ELINT(L,LINT,SG,TG,WG,ACG,XL,SHP,XSJ,NDM,NEL,IX,.FALSE.,1) 
      IS = 3 
C 
C 
      CALL GEOS78(XL,IX,D,HV,SG,TG,DUM1,SHP,D(7),D(8),D(9),D(10),DUM2, 
     &           ACG,LINT,NEL,NDM,MIP,IS) 
C 
      RETURN 
C 
C     ----------------------------------------------------------------- 
C 
C 
C.... Write history variables (stresses) and Gauss point coordinates to 
C     unit IO6 for post processing 
C     (ISW = 11) 
C 
   11 CONTINUE 
C 
      LINT   = D(11) 
      INC1   = D(21) - D(20) 
      INC2   = D(22) - D(21) 
      ALPHA1 = D(1) 
      ALPHA2 = D(30) 
      RC2    = D(31) 
      ASPCT  = D(15) 
      RKAP   = D(2) 
      RLAM   = D(3) 
      RPOISN = D(4) 
      THETA  = D(14) 
      PERMA  = D(16) 
      PERMB  = D(17) 
      PERMC  = D(18) 
      RATK   = D(19) 
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      PERMD  = D(32) 
      GAMMAW = D(9) 
      WATERL = D(24) 
      PORET  = D(26) 
      KT     = D(33) 
 
      CALL ELINT(L,LINT,SG,TG,WG,ACG,XL,SHP,XSJ,NDM,NEL,IX,.FALSE.,1) 
C 
      DO 800 L = 1,LINT 
C 
C....    Compute shape functions 
C 
        CALL ELINT(L,LINT,SG,TG,WG,ACG,XL,SHP,XSJ,NDM,NEL,IX,.FALSE.,2) 
C 
C....    Compute coordinates of Gauss points 
C 
         RR = 0. 
         ZZ = 0. 
         DO 810 J = 1, NEL 
            RR = RR + SHP(3,J) * XL(1,J) 
            ZZ = ZZ + SHP(3,J) * XL(2,J) 
  810    CONTINUE 
C 
C....       Compute principal stresses in the vertical plane 
C 
            SIG(1) = HV(L,1) 
            SIG(2) = HV(L,4) 
            SIG(3) = HV(L,2) 
 
            CALL PSTRES(SIG,SIGA,SIGB,THETAL2) 
C 
C....       Compute all three principal stresses and Lode angle 
C 
            SIG(2) = HV(L,2) 
            SIG(3) = HV(L,3) 
            SIG(4) = HV(L,4) 
            CALL PSTRAS(SIG,SIG(5),SIG(6),SIG(7),THETAS) 
C 
C....       Write history variables to file IO6 
C 
            SIG11  = HV(L,1) 
            SIG22  = HV(L,2) 
            SIG33  = HV(L,3) 
            TAU12 = HV(L,4) 
            TAU23 = 0. 
            TAU31 = 0. 
C 
C....       Current position of static yield surface 
C 
            PCSY   = ABS( HV(L,5) ) 
            SMEAN = (SIG11+SIG22+SIG33)/3. 
            SR2J2 = (1./3.*((SIG11-SIG22)**2 + (SIG22-SIG33)**2 
     &             + (SIG33-SIG11)**2) + 2*TAU12**2)**(0.5) 
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    STRAIN = ABS( HV(L,18) ) 
C 
C....       Calculate current YRAT AND IYIELD 
C 
    CALL DVPECMN(SIG11,SIG22,SIG33,TAU12,TAU23,TAU31,SMEAN, 
     +                  SR2J2,RPOISN,VOIDS,RKAP,PCSY,C0,RVPM,ALPHA1, 
     +                  ALPHA2,RC2,ASPCT,DE,DEVPR,THETA,DT,YRAT, 
     +                  IYIELD,DC,SMEAN,STRAIN,DOMIGA,DALPHA) 
 
                     THETAS = THETAS*360.0/PI2 
 
       IF(ISW.EQ.12)WRITE(IO6,2012)N,IYIELD,RR,ZZ,EPS11,EPS22, 
     &              EPS12,HV(L,1),HV(L,2),SIGA,SIGB,UU,THETAL2 
 
C 
C... Print 3D stress and Extra variables 
C 
       IF(ISW.EQ.13) THEN 
        MARKER=' EL' 
        IF(IYIELD2.GT.0) MARKER=' PP' 
        UU  = HV(L,7) 
        EPP = UU - (WATERL-ZZ)*9.81 - PORET 
        STRAIN11 = HV(L,8) 
        STRAIN22 = HV(L,9) 
        STRAIN12 = HV(L,11) 
        P1 = SIG(5) 
        P2 = SIG(6) 
        P3 = SIG(7) 
        VOIDS = HV(L,6) 
        LN = HV(L,13) 
        STRATE1 = HV(L,12) 
   COEFDAMAGE = 1/SFACTOR ! (added 17 Feb 09: Follow Qu) 
C 
C---------------------------------------------------------------------- 
C 
   IF(ISW.EQ.18) THEN 
      YYRAT = 0.1 
   ETA = 0.1 ! SR2J2/SMEAN 
   WRITE (IO6,2010) N,UU, SIGB,   THETA,  YRAT, 
     &                   SIG(1), SIG(2), SIG(3), SIG(4), 
     &                   SMEAN, SR2J2, IYIELD2 
   ENDIF 
C---------------------------------------------------------------------- 
C 
C.... Using preconsolidation pressure to calculate K if soil is O/C 
C 
        IF(KT.LT.0) THEN 
           SMEANK = SMEAN 
        ELSE 
           IF(LN.EQ.0) THEN 
              SMEANK = HV(L,14) 
           ELSE 
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              SMEANK = SMEAN 
           ENDIF 
        ENDIF 
        BK = (1.+VOIDS)*SMEANK/RKAP 
 
        CALL PERMBF(PERMA,PERMB,PERMC,RATK,VOIDS,PERMY, 
     &              PERMX,PERMD,LN) 
        WRITE(IO6,2013)RR,ZZ,EPP,STRAIN11,STRAIN22,STRAIN12, 
     &                 SIG11,SIG22,TAU12,P2,P1,P3,THETAS,MARKER, 
     &                 IYIELD2,N,L,YRAT,SIG33,VOIDS,UU,PCSY,STRATE1 
 2013    FORMAT (2F12.4,11E12.4,A3,3I4,12E12.4) 
        ENDIF 
C 
  800 CONTINUE 
C 
      RETURN 
C 
C     ----------------------------------------------------------------- 
C 
C.... Compute cumulative strains to date and print to 
C     main plot file - unit IO6 
C     (ISW = 13) 
C 
   13 CONTINUE 
C 
      LINT = D(11) 
C 
      CALL ELINT(L,LINT,SG,TG,WG,ACG,XL,SHP,XSJ,NDM,NEL,IX,.FALSE.,1) 
      DO 1300 L = 1,LINT 
C 
C....    Compute element shape functions 
C 
        CALL ELINT(L,LINT,SG,TG,WG,ACG,XL,SHP,XSJ,NDM,NEL,IX,.FALSE.,2) 
C 
C....    Compute strain increments and coordinates 
C 
         I1 = D(20) 
         I2 = D(21) 
         DO 1310 I = 1,7 
            EPS(I) = 0.0 
 1310    CONTINUE 
         XX = 0.0 
         YY = 0.0 
         DO 1320 J = 1, NEL 
            XX = XX + SHP(3,J)*XL(1,J) 
            YY = YY + SHP(3,J)*XL(2,J) 
 1320    CONTINUE 
         DO 1325 J = 1, NEL 
            EPS(1) = EPS(1) + SHP(1,J)*UL(I1,J) 
            EPS(2) = EPS(2) + SHP(2,J)*UL(I2,J) 
            EPS(3) = 0. 
            EPS(4) = EPS(4) + SHP(1,J)*UL(I2,J) + SHP(2,J)*UL(I1,J) 
 1325    CONTINUE 
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C 
C....    Compression output as positive 
C 
         DO 1326 J = 1, 4 
            EPS(J) = - EPS(J) 
 1326    CONTINUE 
C 
C....    Compute principal strains in vertical plane 
C 
         CALL PREPS(EPS(1),EPS(4),EPS(2),EPSA,EPSB,THETA) 
C 
C....    Put principal strains in correct order 
C 
         EPS(5) = EPSA 
         EPS(6) = EPSB 
         EPS(7) = EPS(3) 
         CALL PORDER(EPS(5),EPS(6),EPS(7)) 
C 
C....    Output strains 
C 
c 
c..   it seems not writing this to plot file 
c 
         WRITE(IO6,2012)N,XX,YY,(EPS(JJ),JJ=1,7),THETA 
C 
C 
 1300 CONTINUE 
C 
      RETURN 
C 
C     ----------------------------------------------------------------- 
C 
C.... Formats for input-output 
C 
 1000 FORMAT ( 8F10.0 ) 
 1001 FORMAT ( 8F10.0 ) 
 1002 FORMAT ( 5F10.0 ) 
 1003 FORMAT ( 11F10.0 ) 
 1004 FORMAT ( 10I5 ) 
 1005 FORMAT ( 2F10.0,2I5 ) ! (added 17 Feb 09) 
 2000 FORMAT ( /5X,'PLANE STRAIN - VISCOPLASTIC CAM-CLAY ELEMENT'// 
     &     10X,'Tan(alpha) - o/c stress range           = ',E12.4/ 
     &     10X,'Cohesion intercept - n/c stress range   = ',E12.4/ 
     &     10X,'Tan(alpha) - n/c stress range           = ',E12.4/ 
     &     10X,'Elastic consolidation parameter (Kappa) = ',E12.4/ 
     &     10X,'Plastic consolidation parameter (Lamda) = ',E12.4/ 
     &     10X,'Poissons Ratio                  (Nu)    = ',E12.4/ 
     &     10X,'Initial Voids ratio                     = ',E12.4/ 
     &     10X,'Change in Voids Ratio with Depth        = ',E12.4/ 
     &     10X,'Vertical permeability (k):'/ 
     &     10X,'        k = a*exp((voids - b)/c)'/ 
     &     10X,'  where a = ',E12.4/ 
     &     10X,'        b = ',E12.4/ 



 

252 

 

     &     10X,'        c = ',E12.4/ 
     &     10X,'Ratio of horiz. to vert. permeability   = ',E12.4/ 
     &     10X,'O/C factore for permeability D          = ',E12.4/ 
     &     //10X,'VISCOPLASTIC PARAMETERS'// 
     &     10X,'C0                                      = ',E12.4/ 
     &     10X,'RVPM                                    = ',E12.4// 
     &     10X,'THETA (NUMERICAL CONSTANT)              = ',E12.4/ 
     &     10X,'ASPCT (aspect ratio of yield cap)       = ',E12.4/ 
     &     //10X,'SOIL STRUCTURE PARAMETERS'// 
     &     10X,'STRAIN0                                 = ',E12.4/ 
     &     10X,'DOMIGA                                  = ',E12.4/ 
     &     10X,'DALPHA      = ',E12.4/ 
     &     10X,'NDAMAGE      = ',I5/ 
     &     10X,'NDILATION      = ',I5) 
 
2001 FORMAT (A1,20A4//5X,'ELEMENT STRESSES AND STRAINS - CUMULATIVE ', 
     &                    '** COMPRESSION POSITIVE **'// 
     & 'ELEM MAT  1-COORD   2-COORD  11-STRESS  22-STRESS', 
     & '  33-STRESS  12-STRESS    SMEAN    SQRT2J2        U', 
     & '   LODE ANGL' / 26X, 
     & '   11-STRAIN  22-STRAIN  33-STRAIN  12-STRAIN    VOIDS', 
     & '     PCSY       Y-RATIO CODE 1-STRN RATE    D     Damage 
Ratio', 
     & '     VRATE       Damage Strain') 
2002 FORMAT ( 2I4, 2F9.4,1X, 7E11.4, F8.2 / 27X,7E11.4, I3,E11.4, 
     & E13.5, E13.5, E13.5, E13.5) 
 
2003 FORMAT ( 10X, 3I10 ) 
2004 FORMAT (/10X,'INITIAL STRESS PARAMETERS'// 
     &         10X,'Saturated unit weight                   = ',E12.4/ 
     &         10X,'Dry       unit weight                   = ',E12.4/ 
     &         10X,'Unit weight of pore fluid               = ',E12.4/ 
     &         10X,'Coefficient Ko                          = ',E12.4/ 
     &         10X,'Value of Pc'' at top of this layer       = ',E12.4/ 
     &         10X,'Gradient of Pc'' with depth              = ',E12.4/ 
     &         10X,'where Pc'' is the size of the yield locus'// 
     &         10X,'INTEGRATION DETAILS'// 
     &         10X,'Gauss pts             = ',I6// 
     &         10X,'Positions of nodal variables'/ 
     &         10X,'in element stiffness matrix'// 
     &         10X,'Displ in 1-coord dirn = ',I6/ 
     &         10X,'Displ in 2-coord dirn = ',I6/ 
     &         10X,'Excess pore pressure  = ',I6) 
2006 FORMAT ( A1, 20A4//5X, 'ELEMENT STRAINS - CUMULATIVE', 
     &                    28H  ** COMPRESSION POSITIVE **// 
     &   20H   ELEMENT  MATERIAL 
     &   ,6X,7H1-COORD,6X,7H2-COORD,4X,9H11-STRAIN,4X,9H22-STRAIN,4X, 
     &   9H33-STRAIN,4X,9H12-STRAIN/51X,8H1-STRAIN,5X,8H2-STRAIN,5X, 
     &   8H3-STRAIN,8X,5HANGLE ) 
2007 FORMAT ( 2I10, 2F13.4, 4E13.4 / 46X, 3E13.4, 5X, F8.2 ) 
2008 FORMAT ( // 
     &     10X,'Top of this layer            (SURFL)     = ',E12.4/ 
     &     10X,'Water table reference        (WATERL)    = ',E12.4/ 
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     &     10X,'Surcharge at top of layer    (SURCHT)    = ',E12.4/ 
     &     10X,'Pore pressure at top of layer (PORET)    = ',E12.4/ 
     &     10X,'Horz stress at top of layer   (SIGHS)    = ',E12.4// 
     &     10X,'Vertical stress   = (SURFL - Z)*GAM + SURCHT'/ 
     &     10X,'Horizontal stress = SIGHS + K0*SIGV'/ 
     &     10X,'Pore   pressure   = (WATERL- Z)*GAMW + PORET'// 
     &     10X,'Initial stress flag (NINT) = ',I2// 
     &     10X,'NINT .GE. 0 means set up non-zero initial stresses'/ 
     &     10X,'NINT .LT. 0 means zero initial stress'//) 
2010 FORMAT (I5, 8E13.5 / 5X, 8E13.5) 
2011 FORMAT ( 2I5, 2E13.5 ) 
2012 FORMAT ( 2I4, 2F9.4,1X, 9E11.4) 
3000 FORMAT ( 10X,'**FATAL ERROR   ** - Too many integration points' 
     &                                  ,' specified'/ 
     &                                   'at input of material data'// 
     &         31X,'Material type                ',I5/ 
     &         31X,'Element type                 ',I5/ 
     &         31X,'Number specified             ',I5/ 
     &         31X,'Max points available         ',I5/ 
     &         31X,'(indicated on first line of control data') 
3030 FORMAT(' **FATAL ERROR   ** Mass matrix computation not available' 
     &,       '                   in element type 77**') 
3020 FORMAT (' **FATAL ERROR   ** GAMMAW must be > 0'/ 
     &        '                    Value input = ', E12.4) 
3040 FORMAT( 10X, ' ******WARNING****** Integration point',I5, 
     &            ' in element',I5,' is approaching critical state') 
3050 FORMAT( 10X, ' ******WARNING****** Integration point',I5, 
     &            ' in element',I5,' has a mean effective stress less', 
     &            ' than zero') 
      END 
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Appendix H 

Selection of constitutive parameters for the rate-sensitive structured soil 

For the sake of completeness and ease of referring, the elasto-viscoplastic constitutive model for 

rate-sensitive structured soil utilized in Chapter 7 is briefly summarized. The governing equation 

was expressed in terms of strain-rate tensor as: 
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where: Sij is deviatoric stress; G is shear modulus; σii is summation of the principle stresses; K is 

bulk modulus; γvp(εd) is the state-dependent viscoplastic fluidity parameter of the clay fabric and 

Ø(F) is a flow function that can be expressed in term of overstress as: 
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where: ( )d
osσ ′  is overstress, defined as the distance between dynamic and static yield surface at the 

current stress state; n is strain rate exponent. 

In the normally consolidated clay, the general equation of elliptical yield surface in 

22m Jσ ′ −  space can be expressed as: 

2 2 2
2( ) 2 ( ) 0m myf l J R lσ σ′ ′= − + − − =       (H.3) 

where: l  is a mean effective stress corresponding to the center of the ellipse; R is the ratio 

between major and minor axis of the ellipse; and σ’my is the intercept of the ellipse with the σ’m 

axis. Drucker-Prager failure criterion having a slope of MN/C and MO/C governs the failure of the 

model for the normally and overly consolidated clay, respectively. 
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In a state-dependent fluidity parameters concept; new parameter, ωo, is introduced in 

order to mathematically define the structure of the soil. 

1
vp n
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o vp
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γω
γ

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
         (H.4) 

where: vp
sγ  and vp

iγ  are fluidity of the undisturbed and the destructed clay fabric, respectively. 

Next, the concept of the damage strain, dε , (Rouainia and Wood 2000) is employed to 

define the transition from an initially high viscous state (structured state) to a more fluid 

destructured state. The damage strain is expressed as: 

( ) ( ) ( )2 2
1 vp vp

d vol sd A d A dε ε ε= − +       (H.5) 

where: ddε  is the incremental damage strain, vp
voldε  and vp

sdε  are plastic volumetric and plastic 

shear strain, respectively. A is a weighting parameter, which is assumed to be 0.5 similar to 

Baudet and Stellebrass (2004). 

Finally, the exponential damage law is introduced to describe rate of soil structure 

degradation (Hinchberger and Qu 2009), expressed as: 

( ) ( ) ( )
1

1 1 nn
d o dExpω ε ω α ε⎡ ⎤= + − − ⋅⎣ ⎦       (H.6) 

where: α  is a material parameter governing the rate of destructuration, dε  is a damage strain, 

oω  defines the initial structure and ( )dω ε  describe the state-dependent structure level. 

Accordingly, the fluidity parameter is a function of damage strains as:  

( ) ( )
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γγ ε
ω ε

=          (H.7) 



 

256 

 

The foundation soil parameters required for the proposed rate-sensitive structured soil 

model can be divided into three groups, including (i) basic soil parameters for elastoplastic 

model, (ii) viscosity parameters and (iii) soil structure and destructuration parameters. The basic 

elastoplastic constitutive parameters define the variation of stiffness and strength of the soil 

versus the state variables such as void and stress history. The viscosity parameters govern the 

fluidity and rate sensitivity of the soil skeleton. The soil structure and destructuration parameters 

hence control the degree of soil structure and rate of strength loss due to destructuration process. 

The following is a brief explanation of how the parameters were selected from the experimental 

data available in literatures (Leroueil et al. 1983; Tavenas et al. 1983; Busbridge et al. 1985; 

Tavenas et al. 1987; Lefebvre et al. 1988; and Lefebvre and Pfendler 1996). 

The rate-sensitive structured soil model employed in Chapter 7 is formulated based on 

the elliptical cap yield surface (Chen and Muzino 1990) and concepts drawn from the critical 

state framework (Roscoe et al. 1963). The basic soil parameters such as initial void ratio, water 

content, unit weight and current states of stress are obtained from the soil profile presented in 

Figure H.1 (Busbridge et al. 1985). The Poisson’s ratio is assumed to be constant for all the layer 

of soil and value of 0.3 is suggested based on the results of isotropically consolidated undrained 

triaxial compression test on Saint Alban clay (Tavenas et al. 1974). The critical state parameters 

(e.g., λ and κ) – used to define the hardening rule in soil model – are selected based on 

recommendation of Zdravkovic et al. (2002). Here, the critical state parameters λ and κ are 

assumed to be 0.57 and 0.03, respectively. The slope of critical state line for the normally 

consolidated clay, MN/C = 0.9, is determined from the measure critical state friction angle of 27o 

for Saint-Alban clay reported by Tavenas et al. (1987). The selection of the yield surface 

parameters is illustrated in Figure H.2. Due to highly anisotropic nature of Saint Alban clay, 

shape of yield surface used in the analyses is selected so the matching between the in-situ soil 
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yield surface (obtained from the stress path response of normally consolidated Saint-Alban clay 

during CIU triaxial compression test) and model yield surface, within the range of the applied 

stress path, can be achieved. In the N/C stress range, the aspect ratio of the elliptical cap yield 

surface, R = 0.417, is estimated. For the O/C stress range, the yield surface parameters, MO/C = 

0.21, is estimated. The interception of the Drucker-Prager envelop in the O/C stress range, c’o/c, is 

a dependent parameter determined by the yield surface intercept (either  or ). The 

estimated coefficient of earth pressure at rest, Ko, for normally consolidated material is 0.49, 

based on the established limit-state curves for natural sample (Tavenas et al. 1978; and 

Zdravkovic et al. 2002). For the overconsolidated crust, the corresponding Ko profile is calculated 

from the Mayne and Kulhawy (1982) formular (KoO/C = KoN/C OCR sinφ). 

The viscoplastic parameters are the intrinsic fluidity parameter ( vp
iγ ), the structured 

fluidity parameter ( vp
sγ ) and the power law exponent (n). The latter two (n and vp

sγ ) can be 

estimated from the results of strain-rate controlled testing. A series of relationships between 

isotropic yield stress ( ( )d
myσ ′ ), undrained shear strength ( ( )d

us ) and maximum preconsolidation 

pressure ( ( )d
pσ ′ ) with the strain-rate ( vp

axialε& ) can be derived from elastic-viscoplastic theory. The 

detailed derivations are provided by Qu et al. (2009). The relationships are expressed as: 

( ) ( ) ( ) ( ) ( )( ) ( )1 1 1 1log log log log log 3
d s vp

my axial my sn n nσ ε σ γ⎡ ⎤′ ′= + − −⎣ ⎦
&   (H.8) 

( ) ( ) ( ) ( ) ( )( ) ( )1 1 1 2log log log log log 3
d s vp

u axial u ss sn n nε γ⎡ ⎤= + − −⎢ ⎥⎣ ⎦
&   (H.9) 

( ) ( ) ( ) ( ) ( )( ) ( ) 31 1 1log log log log log 5
d s vp

p axial p sn n nσ ε σ γ⎡ ⎤′ ′= + − −⎢ ⎥⎣ ⎦
&   (H.10) 
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Equations H.8 to H.10 imply a linear relationship in log-log scale. In Chapter 7, the 

relationship between normalized apparent preconsolidation pressure and vertical strain rate for 

Saint-Alban clay, from laboratory test and in-situ observation shown in Figure H.3 (Leroueil et al. 

1988), was employed to estimate the viscosity parameters (n and vp
sγ ) of the soil. Adopting 

Equation H.10, the power law exponent (n) can be estimated from the slope of linear relationship 

of apparent preconsolidation pressure and vertical strain rate in log-log scale as demonstrated in 

Figure H.3. Hence, the power law exponent, n = 24.4, was selected. 

Also from the characteristic of Equation H.10, at the strain rate low enough so that soil 

starts to become rate-insensitive (i.e., strain rate that makes ( ) ( )d s
p pσ σ′ ′= ) the structured fluidity 

parameter ( vp
sγ ) can be estimated from: 

( ) ( )
3

5 d s
p p

vp
s σ σ

γ ε
′ ′=

= &          (H.11) 

 However, for Saint Alban clay, the threshold strain rate have not been reached even at 

strain rate as low as 96 10−× /min (Figure 7.7). Qu et al. (2010) suggest that, in these case, the 

threshold strain rate of 96 10−× /min would be adequate to account for the effect of rate-sensitive 

characteristic over first 25-30 years. Therefore the threshold strain rate of 96 10−× /min is 

assumed in this study. By substituting the threshold strain rate of 96 10−× /min into Equation 

H.11, the corresponding the undisturbed clay fabric fluidity ( vp
sγ ) of 4.65 × 10-7 min-1 can be 

estimated. Now, the concept of soil structure presented in Equation H.4 can be used to obtain the 

intrinsic fluidity parameter ( vp
iγ ). 

The structure parameter ( oω ) can be estimated from either (i) peak versus remolded 

undrained shear strength or (ii) from intrinsic versus structured preconsolidation pressure (Qu 
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2008). In this study, the former approach is employed. Figure H.4 shows the stress-strain curves 

of the unconsolidated undrained test (La Rochelle et al. 1974). From Figure H.4, the structure 

parameter can be estimated as 1.35o u peak u remoldeds sω − −= = . Then substitute the structure 

parameter ( oω ), the structured fluidity parameter ( vp
sγ ) and the power law exponent (n) into 

Equation H.4, the intrinsic fluidity parameter, vp
iγ , of 7×10-4 hour-1 can be determined. 

 Finally the material parameter governing the rate of destructuration, α , was estimated 

using Equation H.6 and the magnitude of plastic strain required to reach the intrinsic state during 

the unconsolidated undrained compression test. From Figure H.4, the axial strain required to 

reach intrinsic state is about 10%. Substituting all parameters into Equation H.6 and the α

parameter of 174 can be determined. Table H.1 summarizes all parameters discussed above. 
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Table H.1 Constitutive parameter for rate-sensitive structured soil model 

Soil Parameter  

Failure envelope MN/C 0.9

Failure envelope MO/C 0.21 

Aspect ratio R 0.42 

Compression index λ 0.57 

Recompression index κ 0.03 

Coefficient of earth pressure at rest Ko' 0.49 

Poisson’s ratio ν' 0.3 

Hydraulic conductivity kvo(m/s) 4×10-9 

Intrinsic viscoplastic fluidity  γi
vp (hr-1) 7×10-4 

Strain rate exponent n 24.4 

Structure parameter ωo
n 1514 

Parameter controlling rate of destructuration α 174 
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Figure H.1 Soil profiles of the test site at Saint Alban, Quebec (modified from Trak et al. 1980) 
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Figure H.2 Comparison between experimental and implemented yield surface and stress path of 

the soil under centerline of the reinforced embankment 
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Figure H.3 Effect of strain rate on the preconsolidation pressure of the Saint Alban clay 

(modified from Leroueil et al. 1988) 
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Figure H.4 Results from the unconsolidated undrained compression test on Saint Alban clay 

(experimental data from La Rochelle et al. 1974)  
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Appendix I 

Other details regarding the numerical aspect of the model 

I. 1 Mesh details 

Two basic geometric configurations of the finite element mesh were used in this study; (i) general 

mesh for the highway embankment with a slope of 2:1 (horizontal:vertical) used in Chapter 3 to 6 

and (ii) specific mesh for the Saint Alban reinforced test embankment used in Chapter 7. The 

general mesh was numerically constructed either with or without prefabricated vertical drains 

(PVDs) to explore the beneficial effect of the PVDs on the time-dependent behaviour of 

reinforced embankment. The details of finite element mesh for both geometric configurations are 

explained as follows: 

I.1.1 The general mesh for highway embankment 

The highway embankment with 57 m wide base was numerically constructed over 15 m of soft 

rate-sensitive clay deposit underlain by a dense sand layer. Total of 1815 six-noded triangle 

elements (4003 nodes) were used to discretise the embankment fill material and foundation soils. 

Foundation soil was divided into 6 sub-layers (i.e., depth of 0.0 – 1.0 m, 1.0 – 2.0 m, 2.0 – 4.4 m, 

4.4 – 7.2 m, 7.2 – 10.6 m and 10.6 – 15.0 m). Centerline of the embankment was used as an axis 

of symmetry. The distance between the axis of symmetry and the far field boundary was 100 m 

and those two boundaries were modeled as a horizontal fixity and no flow boundary condition. 

The dense sand layer at the bottom was assigned as the rough/rigid and free flow boundary 

condition. 

The purely frictional granular soil model was used to simulate the embankment fill 

material. The mesh used to model the highway embankment fill material could be divided into 

two parts; (i) the mesh for a working mat and (ii) the mesh for the normal fill material. The 
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working mat was placed on the foundation soil before the reinforcement was placed (lower 

working mat) and another layer on top of the reinforcement (upper working mat) before the 

placement of the normal fill. These working mats had a thickness of 0.375 m and were connected 

with the interface element (will be detailed later). For each lift of the normal embankment fill 

material, the mesh was model to have a thickness of 0.75 m. The embankment construction was 

simulated by gradually turning on the gravity of the embankment in 0.75 m thick lifts at a rate 

corresponding to the construction rate of the embankment. 

 The reinforcement was placed in between the upper and the lower working mat and was 

modeled with the two-noded bar element. The length of the reinforcement element was half of the 

length of the working mat element. For example, the size of the working mat were 0.375 m thick 

and 0.75 m long, hence reinforcement length was modeled as 0.375 m. The foundation/fill and 

fill/reinforcement interface were modeled using the rigid-plastic interface elements (Rowe and 

Soderman 1985) and had a size of 1 mm (as a result, mesh of the lower and the upper working 

mat only had the exact thickness of 0.373 and 0.374, respectively to accommodate the thickness 

of the interface element). 

Strictly speaking the analysis of a system involving PVDs should be conducted using a 

full 3-D analysis. However, an appropriate approximation can be applied to consider vertical 

drains in a plane strain analysis (details are presented in Chapter 3). The PVDs were fully 

penetrating in a square pattern. The two-noded drainage elements were employed to simulate the 

effect of PVDs. All drainage elements were placed directly into the foundation mesh (node 

overlay without interface element). 

I.1.2 The specific mesh for Saint Alban reinforced test embankment 

The Saint Alban reinforced test embankment was constructed on 2 m of heavily overconsolidated 

crust underlain by a 13.7 m of highly anisotropic soft sensitive marine clay. The foundation soil 
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was modeled to have 14 m deep including 2 m of crust and 12 m of soft sensitive clay over a 

layer of a dense highly permeable sand layer. The embankment mesh was 6.3 m high with side 

slopes of 1.5:1.0 (horizontal:vertical). The side slopes of the embankment were stabilized with the 

extra 1.5 m high berm. The plan view and the cross-section of the reinforced test embankment 

with all dimensions are presented in Chapter 7. The finite element mesh consists of 3386 of six-

noded triangle elements (6121 nodes) to model layers of soft sensitive clay deposits and 

embankment fill materials. Foundation soil was also divided into 5 sub-layers (i.e., depth of 0 – 2 

m, 2 – 5 m, 5 – 7 m, 7 – 9 m, 9 – 14 m). The distance between the two far field boundaries was 

150 m and those two boundaries were modeled with a horizontal fixity as well as no flow 

boundary condition. The dense sand layer at the bottom was assigned as the rough/rigid and free 

flow boundary condition. 

The purely frictional granular soil model was used to simulate the embankment fill 

material. The mesh used to model embankment fill could be divided into two parts; (i) the 

stabilizing berm (i.e., embankment fill material up to 1.5 m) and (ii) the normal fill material. For 

the Saint Alban test embankment, there were two layers on the geogrid reinforcement. The lower 

layer geogrid was placed directly on the ground surface. The stabilizing berm was then 

constructed and the upper layer geogrid was placed at the elevation of 1.5 m above ground 

surface follow by the normal embankment fill material. Each layer of the mesh for the stabilizing 

berm and the normal fill material had a thickness of 0.3 m and 0.6 m, respectively. The 

embankment construction was simulated by gradually turning on the gravity of each lift of fill 

material at a rate corresponding to the construction rate of the test embankment (i.e., 0.6 m/day). 

 The reinforcement was modeled with the two-noded bar element. The length of the 

reinforcement element was also modeled as a half of the length of the adjacent fill element. For 

example, the first layer of the foundation soil had a size of 0.5 m thick and 0.45 m long; hence 
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lower layer reinforcement length was modeled as 0.225 m. In the upper part of embankment fill 

material, the size of the element was increased to minimize the number of element used in the 

analysis and having a size of 0.6 m thick and 0.9 m long. Therefore, the upper geogrid layer was 

modeled to have a length of 0.45 m. The foundation/fill and fill/reinforcement interface were also 

modeled using the rigid-plastic interface element (Rowe and Soderman 1985) and has a size of 1 

mm. Consequently, the size of the element next to the reinforcement had to be adjusted to 

compensate the thickness of the interface element (i.e., 0.299 m for the first lift and the last lift of 

the stabilizing berm element and 0.599 m for the first lift of the normal fill element). 

I.2 Material properties 

For the foundation soil, there are two types of constitutive model being used in this thesis (i) the 

elasto-viscoplastic model and (ii) the structured elasto-viscoplastic model. The elasto-viscoplastic 

soil model was utilized to model the foundation of general highway embankment models. 

Constitutive parameters consist of basic soil properties used in the conventional elasto-plastic soil 

model and the viscoplastic parameters. Two sets of basic soil properties, Soil A and Soil B, and 

two sets of viscoplastic parameters, R1 and R2 were examined in this thesis. The details of soil 

profiles, stress history and their viscoplastic characteristic were discussed in Chapter 3 to Chapter 

6. Here, only soil parameters of each layer are provided. Table I.1 summarized the basic soil 

parameters for Soil A and Soil B. The viscoplastic parameters for soil R1 and R2 are summarized 

in Table I.2. 

For the structured elasto-viscoplastic soil model, the details of the model were provided 

in Chapter 7 and the approach used to estimate soil parameters were detailed in Appendix H. 

Here, only a summary of constitutive soil parameters of each layer is provided. Table I.3 
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summarizes the basic soil properties and Table I.4 summarizes the viscoplastic and soil structure 

parameters. 

Constitutive parameters of the non-linear elasto-plastic soil model used to simulate 

embankment fill material are given in Table I.5 and those of interface joint elements are provided 

in Table I.6. 

I.3 Selection of time steps used in finite element analysis 

In this study, two main elasto-viscoplastic constitutive models, one for rate-sensitive and another 

one for rate-sensitive structured soil, were used to simulate the behaviour of soft foundations. 

Size of the time step used in finite element analysis, to some extend; contribute to the numerical 

stability of the program during the simulation. This issue is even more critical when conducting 

finite element analysis on the strain softening material as the numerical stability for constitutive 

model of this material is known to sensitive to the change in size of both element and time step. 

This section describes the scheme used to vary the size of time steps during simulation and 

provided the sizes of time step implemented in this study for different configuration. 

 In this version of finite element program, AFENA, the size of time step (i.e., number of 

loops per specific time interval) can be switched automatically according to the stability of the 

embankment being simulated. The program evaluates stability of each specific embankment using 

a parameter called “embankment failure ratio” defined as the increase in net embankment height 

per the increase in embankment fill thickness. High embankment failure ratio indicates small 

settlement (i.e., stable embankment) and low embankment failure ratio (or negative value), in the 

other hands, indicates large settlement (or failure of the embankment due to excessive 

deformation). The program allows the user to inputs 2 values of so called “embankment failure 

ratio limit” EMFR1 and EMFR2. These two limits divide the embankment stability into 3 
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categories (i) EMFR > EMFR1 (ii) EMFR1>EMFR>EMFR2 and (iii) EMFR2>EMFR. Then, the 

users are allowed to assign 3 values of the number of loops (NLP1, NLP2 and NLP3) to be used 

in the finite element calculation which subjected to change according to the range of embankment 

stability described above (i.e., NLP1 – EMFR > EMFR1; NLP2 – EMFR1>EMFR>EMFR2; and 

NLP3 – EMFR2 > EMFR). The summary of embankment failure ratio limits (EMFR1 and 

EMFR2) and user defined number of loops (NLP1, NLP2 and NLP3) for all situation and details 

are provided in Table I7. 
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Table I.1 Basic foundation soil properties of highway embankment 

Depth 
(m) 

σ'vo 
(kPa) 

σ'p 
(kPa) 

γ 
(kN/m3) R M c Ko λ κ ν eo 

Soil profile A           
0.0 0.00 60.00 17 1.25 0.96 0 0.75 0.16 0.034 0.3 1.50 
1.0 7.19 42.00 17 1.25 0.96 0 0.75 0.16 0.034 0.3 1.50 
2.0 14.38 35.00 17 1.25 0.96 0 0.75 0.16 0.034 0.3 1.50 
4.4 31.64 44.60 17 1.25 0.96 0 0.75 0.16 0.034 0.3 1.50 
7.2 51.77 64.20 17 1.25 0.96 0 0.75 0.16 0.034 0.3 1.44 
10.6 76.21 88.00 17 1.25 0.96 0 0.75 0.16 0.034 0.3 1.38
15.0 107.85 118.80 17 1.25 0.96 0 0.75 0.16 0.034 0.3 1.33 
            
Soil profile B           
0.0 0.00 18.54 14.72 0.7 0.874 0 0.6 0.3 0.03 0.35 2.50 
1.0 4.91 23.10 14.72 0.7 0.874 0 0.6 0.3 0.03 0.35 2.46 
2.0 9.81 26.89 14.86 0.7 0.874 0 0.6 0.3 0.03 0.35 2.40 
4.4 21.29 37.13 15.03 0.7 0.874 0 0.6 0.3 0.03 0.35 2.29 
7.2 36.53 49.33 15.18 0.7 0.874 0 0.6 0.3 0.03 0.35 2.20 
10.6 54.78 64.34 15.32 0.7 0.874 0 0.6 0.3 0.03 0.35 2.11 
15.0 79.03 83.78 15.32 0.7 0.874 0 0.6 0.3 0.03 0.35 2.03 
 

Table I.2 Viscoplastic properties of the elasto-viscoplastic soil model 

 

 

Table I.3 Basic foundation soil properties of Saint Alban 

Depth 
(m) 

σ'vo 
(kPa) 

σ'p 
(kPa) 

γ 
(kN/m3) R M c Ko λ κ ν eo 

0.0 0.0 60.25 17.0 0.42 0.9 0 0.49 0.565 0.03 0.3 0.93 

2.0 2.0 33.00 16.0 0.42 0.9 0 0.49 0.565 0.03 0.3 2.73 

5.0 38.0 70.00 16.8 0.42 0.9 0 0.49 0.565 0.03 0.3 1.56 

7.0 51.0 95.00 17.5 0.42 0.9 0 0.49 0.565 0.03 0.3 1.26 

9.0 66.0 120.00 20.0 0.42 0.9 0 0.49 0.565 0.03 0.3 1.26 

 

Rate-sensitive parameters R1 R2 
γvp (hour-1) 2.0×10-5 1.0×10-7 
n 20 30 
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Table I.4 Viscoplastic and soil structure properties of the structured elasto-viscoplastic model 

Soil parameter  

Intrinsic viscoplastic fluidity  γi
vp (hour-1) 1.7×10-3 

Strain rate exponent n 24.4 

Structure parameter ωo
n 3665 

Parameter controlling rate of destructuration α 65 

 

Table I.5 Embankment fill properties 

Soil parameter Highways embankment Saint Alban 

Janbu’s material constant, K 300 300 
Janbu’s material constant, n 0.5 0.5 
c’ 0 0 
ø’ 37o 34o 
ψ 6.25o 6.0o 
γ (kN/m3) 20 16.9 
Ko 1 1 
ν 0.3 0.3 
 

Table I.6 Interface element properties 

Interface elements Shear stiffness 
(kN/m) 

Normal stiffness 
(kN/m) c ø’ 

Fill(Highways)/reinforcement 1×108 1×108 0 37o 

Fill(Highway)/Soil A 1×108 1×108 0 29o 

Fill(Highway)/Soil B 1×108 1×108 0 27o 

Fill(Saint Alban)/reinforcement 1×108 1×108 0 34o 

Foundation(Saint Alban)/reinforcement 1×108 1×108 0 29o 
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Table I.7 Summary of embankment failure ratio limits number of loops used in analysis 

Mesh Type of 
reinf. PVDs Soil CR 

(m/mo) 
Type of 
simu. EMFR1 EMFR2 NLP1 NLP2 NLP3 

HW No No AR1 2-10 ST 0.98 0.5 300 600 1000 

HW No No AR1 10 LT 0.98 0.5 300 600 1000 

HW No Yes AR1 10 LT 0.98 0.5 300 600 1000 

HW Elastic No AR1 2-10 ST 0.98 0.5 300 600 1000 

HW Elastic No AR1 2-10 LT 0.98 0.5 300 600 1000 

HW Elastic Yes AR1 2-10 LT 0.98 0.5 300 600 1000 

HW G1 No AR1 10 ST 0.98 0.5 300 600 1000 

HW G1 No AR1 1-30 LT 0.98 0.5 300 600 1000 

HW G2 No AR1 10 LT 0.98 0.5 300 600 1000 

HW G3 No AR1 10 LT 0.98 0.5 300 600 1000 

HW G4 No AR1 1-30 LT 0.98 0.5 300 600 1000 

HW G1 No AR2 1-30 LT 0.96 0.6 300 600 1000 

HW G2 No AR2 10 LT 0.96 0.6 300 600 1000 

HW G3 No AR2 10 LT 0.96 0.6 300 600 1000 

HW G4 No AR2 1-30 LT 0.96 0.6 300 600 1000 

HW G1 No BR1 10 LT 0.98 0.5 300 600 1000 

HW G1 No BR2 10 LT 0.96 0.6 300 600 1000 

SA Elastic No CC 18 ST 0.985 0.5 300 900 1200 

SA Viscous No CC 18 ST 0.985 0.5 600 900 1200 

SA No No CC 18 ST 0.985 0.5 600 900 1200 

SA G4 No CC 18 ST 0.985 0.5 600 900 1200 

* HW = Highway embankment mesh *SA = Saint Alban embankment mesh 
*ST = Short-term analysis   *LT = Long-term analysis 
*CC = Champlain clay   *reinf. = reinforcement 
*simu. = simulation 
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