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Abstract 

An analytical model is presented for the analysis of pulse interference tests conducted in a 

fractured porous medium with connection to a free surface boundary at the water table. The 

solution is applicable to open borehole pulse interference tests due to the accommodation of 

multiple horizontal fractures intersecting each wellbore and a connection from the uppermost 

horizontal fracture to a free surface boundary. The solution is derived using the Laplace 

transform method and evaluation of the solution is performed by numerical inversion using the 

Talbot algorithm. Based on an informal sensitivity analysis, unique values for transmissivity, 

storativity, specific storage, vertical hydraulic conductivity and specific yield are predicted over 

a range of realistic values for these parameters.  

 

The analytical model is used to analyze slug tests and pulse interference tests conducted in a 

fractured gneiss formation. The results of these tests are compared to long-term pumping tests to 

identify the effect of measurement scale on transmissivity, storativity, vertical hydraulic 

conductivity and specific yield obtained in a fractured rock setting. Scale artefacts relating to 

measurement or analysis methods are minimized through the use of consistent well 

configurations in each of the applied hydraulic testing methods.  

 

The geometric mean estimates of transmissivity and storativity are shown to vary by less than an 

order of magnitude from local-scale tests to long-term pumping tests. The geometric mean 

specific yield result from a series of pulse interference tests that samples both highly fractured 

and poorly fractured portions of the rock formation approximates the long-term pumping test 

estimate of specific yield. 
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The geometric mean result for vertical hydraulic conductivity decreases by approximately 1.5 

orders of magnitude from the slug test to pumping test scale; however, pulse interference tests 

conducted on highly fractured portions of the formation produce vertical hydraulic conductivity 

estimates that are within a half order of magnitude of the long-term pumping test results. This 

suggests that the performance of pulse interference tests on a highly fractured portion of a rock 

formation may be a less time-intensive alternative to large-scale pumping tests in the 

determination of vertical hydraulic conductivity. 
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Forward 

 

This document has been created in compliance with the requirements for a manuscript format 

thesis. Chapter 1 provides an introduction to the motivation and the nature of the study. Chapter 

2 and 3 are manuscripts that have been submitted for publication. Chapter 2 has been submitted 

to Advances in Water Resources, and Chapter 3 has been submitted to the Journal of 

Groundwater. Laura Elmhirst is the primary author for both manuscripts. Chapter 4 presents a 

discussion of the results from the second and third chapters and the conclusions of the study are 

described in Chapter 5. 

 

Appendix A contains the detailed derivation of the analytical models that were briefly derived in 

Chapter 2. Appendix B presents the verification of the analytical models derived in Chapter 2. 

Appendix C contains the implementation of the observation well solution in Fortran. Appendix D 

contains the implementation of the source well solution in Fortran. Appendix E includes the 

images of fracture features that were obtained from video borehole logs of the tested wells (KF2, 

KF3 and KF4). Appendix F contains tables of the full results from the slug tests, pulse 

interference tests and long-term pumping tests. 
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Chapter 1.0   Introduction 

The characterization of a fractured rock aquifer is difficult and expensive. Long term pumping 

tests are typically conducted to determine vertical hydraulic properties such as vertical hydraulic 

conductivity and specific yield. According to Novakowski et al (2007), the analysis of pumping 

tests may be insensitive to specific yield until the pumping duration exceeds 48 hours.  

 

For the characterization of a formation between two wells, the pulse interference test has been 

presented as a significantly less time-intensive alternative to pumping tests in the estimation of 

hydraulic properties such as transmissivity and storativity (Ogbe and Brigham, 1984; 

Novakowski, 1989) 

 

The completion of a pulse interference test involves rapidly changing the hydraulic head in a 

source well and measuring the pressure response in an observation well. The pulse interference 

test was introduced by Johnson et al in 1966, and numerous models (e.g., Prats and Scott, 1975; 

Moench, 1984; Ramy et al, 1985; Novakowski, 1989; Stephenson and Novakowski, 2006) for 

this testing method have been developed over the years to improve the hydraulic property 

estimates that can be determined from the pulse interference test.  

 

However, the currently available models for pulse interference tests are unable to predict specific 

yield, due to an assumption that the water table elevation remains constant during the test. In 

reality, a slug injection into an open borehole may be sufficient to alter the level of the free 

surface in the vertical fractures due to the low storativity typical of fractured rock settings. 
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Chapter 2 presents the development of an analytical model for pulse interference tests in 

fractured rock settings that includes a moving free surface boundary in the vertical fracture 

domain.  The accommodation of a water table fluctuation enables the estimation of specific yield 

from pulse interference tests. The model can also include multiple horizontal fracture 

connections between the tested source and observation well. This enables the application of the 

model to pulse interference tests that are conducted under open borehole conditions. 

 

The analytical model developed in Chapter 2 was used to estimate vertical hydraulic properties 

from slug and pulse interference tests. This allowed the determination of specific yield and 

vertical hydraulic conductivity estimates at smaller measurement scale than long-term pumping 

tests, which are typically utilized to determine these properties. 

 

In fractured rock settings, the effects of measurement scale have been reported in transmissivity 

(e.g., Sánchez-Vila et al, 1996; Abbey and Allen, 2000; Le Borgne, 2006) or hydraulic 

conductivity (e.g., Rovey, 1994;  Ii, 1995; Rovey, 1998; Schulze-Makuch et al, 1999; Nastev et 

al, 2004; Hunt, 2006) and storativity (e.g.,  Lloyd, 1999; Abbey and Allen, 2000; Le Borgne et 

al, 2006), but the effect of measurement scale on vertical hydraulic conductivity and specific 

yield has yet to be investigated in a fractured rock formation. 

 

In Chapter 3, the hydraulic property estimates from local scale constant head tests, slug tests and 

pulse interference tests were compared to the results of 48-hour pumping tests on the same set of 

wells.   
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An argument against the presence of scale effects is that they are an artefact of inconsistent 

measurement or analysis procedures being applied at different test scales rather than a result of 

heterogeneity of the fractured rock formation (Guimerá et al, 1995; Butler and Healey, 1998). In 

order to minimize the presence of a scale artefact, the same set of wells were tested at all 

measurement scales and the slug and pulse interference tests were conducted under the same 

open borehole condition as the long term pumping tests. The slug and pulse interference tests 

were analyzed with the analytical models for source and observation wells that are presented in 

Chapter 2. 

 

The objective of this comparison was to identify the effect of measurement scale on the 

hydraulic property estimates and to determine if pulse interference tests are a potential 

alternative to long term pumping tests, particularly in the determination of specific yield and 

vertical hydraulic conductivity. 
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Chapter 2.0 The analysis of pulse interference tests conducted in a fractured rock aquifer 

bounded by a moving free surface.                                                                                                                             

 

Chapter Summary 

An analytical model is presented for the analysis of pulse interference tests conducted in a 

fractured porous medium with connection to a free surface boundary at the water table. The 

solution is applicable to open borehole pulse interference tests due to the accommodation of 

multiple horizontal fractures intersecting each wellbore and a connection from the uppermost 

horizontal fracture to a free surface boundary. The solution is derived using the Laplace 

transform method and evaluation of the solution is performed by numerical inversion using the 

Talbot algorithm. Based on an informal sensitivity analysis, unique values for transmissivity, 

storativity, specific storage, vertical hydraulic conductivity and specific yield are predicted over 

a range of realistic values for these parameters. A field example is presented to illustrate the 

application of the model in the estimation of unique values of specific yield in fractured rock 

settings with relatively low vertical permeability.  
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2.1   Introduction 

An inherent challenge in the hydraulic characterization of a consolidated geological formation is 

the accurate estimation of hydraulic properties without promoting significant fluid migration. For 

most settings, pumping tests are widely used to estimate hydraulic properties and fracture 

interconnection. In fractured rock, pumping tests are time consuming and may result in 

significant fluid migration due to low effective porosity. A preferable alternative to pumping 

tests in these settings is the pulse interference test, which introduces a shorter duration impact of 

lower magnitude on the natural flow system.  

 

Pulse interference testing involves a rapid change of the hydraulic head in a source well and the 

measurement of the pressure response in the source well and adjacent observation wells. The 

hydraulic properties such as transmissivity and storativity of the geological formation between 

the two wells are typically interpreted using an analytical model (eg. Novakowski, 1989). The 

method is most frequently used in fractured rock settings, which, as a result of low storativity, 

enables a larger inter-well spacing than would be possible in porous media (Sageev, 1986; 

Novakowksi, 1989). 

 

Johnson et al (1966) introduced an analytical model for the pulse interference test using a line 

source solution for an infinite, homogeneous reservoir. Later models (e.g., Warren and Root, 

1963; Cooper et al, 1967; Moench, 1984; Ogbe and Brigham, 1984; Ramy et al, 1985; 

Novakowski, 1989; Stephenson and Novakowski, 2006) were developed to accommodate 

various conditions that may significantly influence the source and observation well responses to 

a pulse interference test in a fractured rock setting. The primary influences on the pulse 
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interference test response include the effects of wellbore storage (Prats and Scott, 1975), double 

porosity (Moench, 1984; Ramy et al, 1985) and external boundaries (Stephenson and 

Novakowski, 2006). 

 

Due to the typically low storativity of fractured rock settings, the volume of water stored within a 

wellbore may be significantly larger than the volume of water stored within the formation. 

Wellbore storage effects increase the time delay and reduce the amplitude of the observation well 

response to a pulse interference test (Prats and Scott, 1975; Sageev, 1986). The utilization of 

packers to isolate smaller wellbore test sections will reduce the wellbore storage effects but is 

sometimes impractical. An analysis method that does not account for wellbore storage effects in 

either or both source and observation wells will result in overestimates of storativity and 

underestimates of transmissivity (Prats and Scott, 1975; Novakowski, 1989). Cooper et al (1967) 

introduced the effects of wellbore storage in a solution for the hydraulic response of a finite-

diameter source well to a slug test. Later, the effects of both source and observation wellbore 

storage were included in a graphical method of analysis by Prats and Scott (1975) for pulse 

interference tests. An analytical method (Ogbe and Brigham, 1984) was developed to incorporate 

skin and wellbore storage effects at both source and observation wells but it required a difficult, 

iterative analysis procedure. Novakowski (1989) presented an analytical solution for the pulse 

interference test that included source and observation wellbore storage effects using a 

superposition approach that was introduced by Tongpenyai and Raghaven (1981). 
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To accommodate fluid exchange between fractures and the unfractured matrix, flow in fractured 

rock settings is sometimes modeled using the concept of double porosity. Barenblatt et al (1960) 

introduced the concept for fractured rock as two overlapping continua which included primary 

porosity blocks of low permeability and secondary porosity fractures of high permeability. 

Double porosity was accommodated in solutions (eg. Warren and Root, 1963) for flow to a well 

using the pseudo steady state method in which a steady-state flux of groundwater is exchanged 

between the rock matrix and the fractures. A more physically realistic exchange mechanism 

between the vertical and horizontal domains under transient flow conditions was applied in later 

double porosity solutions (Moench, 1984; Ramy et al, 1985). 

 

External boundary conditions resulting from fracture termination or connection with other 

fractures or flow boundaries may influence hydraulic responses to pulse interference tests. 

Several analytical models for pulse interference tests have been developed for the horizontal 

fracture domain (Vela, 1977; Grader, 1990), however studies (e.g., Zanini et al, 2000) suggest 

that the influence of external boundary conditions in the horizontal fracture domain is unlikely 

during pulse interference tests. Rather, in many cases, the boundary conditions associated with 

vertical or sub-vertical fractures may more significantly influence the results.  Stephenson and 

Novakowski (2006) developed several analytical solutions for the pulse interference test based 

on different boundary conditions in the vertical fracture domain, including a constant head 

boundary condition at the water table. 

 

Although a vertical connection from the horizontal fracture domain to the water table is 

accommodated in the Stephenson and Novakowski (2006) solution, the water table is modeled as 
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a constant head boundary. The specific yield of an unconfined aquifer is defined by Freeze and 

Cherry (1979) as the volume of water released from a unit area of the aquifer due to a unit 

decline in the water table elevation and therefore cannot be determined using the Stephenson and 

Novakowski (2006) model. Accurate estimates of specific yield are crucial for the success of 

studies on groundwater management and remediation and have been a focus in the development 

of hydraulic testing models for porous media (Neuman, 1974; Nwankwor et al, 1992; Moench, 

1995). 

 

Neuman (1972, 1974) presented an analytical solution for flow in an unconfined aquifer that 

accommodated variations in drawdown in both vertical and horizontal directions but did not 

account for delayed drainage at the water table. Several studies (eg. Akindunni and Gillham, 

1992; Nwankwor et al, 1992) on porous media have concluded that the instantaneous release of 

water is an unrealistic assumption. Boulton (1954,1963) accommodated a delayed release of 

water assuming that an exponential rate of drainage developed due to a unit decline of the water 

table but utilized vertically averaged heads. Moench (1995, 1997) incorporated the Boulton 

(1954, 1963) expressions for delayed drainage into the solution by Neuman [17,20].  The 

Moench (1995, 1997) expression for a declining water table enabled the determination of 

accurate specific yield and vertical hydraulic conductivity estimates from pumping test results. 

 

The purpose of this paper is to derive an analytical model that can predict unique values for 

specific yield from open-borehole pulse interference tests conducted in relatively shallow, 

fractured rock settings. Similar to the solution by Stephenson and Novakowski (2006), this 

solution will ideally be applied to fractured rock settings dominated by bedding plane or sheeting 
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fractures. The vertical fracture domain connects the uppermost horizontal fracture to a free 

surface boundary at the water table. Water table fluctuations are simulated using the Moench 

(1995, 1997) expression. Wellbore storage effects in the source and observation wells are 

accommodated using an approximate solution method presented in Novakowski (1989) and 

Ogbe and Brigham (1984). Flow in the horizontal fractures is considered to occur in only the 

radial direction and is simulated using the radial flow equation. Flow in the vertical fracture 

domain is modeled as one-dimensional flow perpendicular to the horizontal fracture domain 

using the one-dimensional flow equation. The analysis procedure is demonstrated by applying 

the model to a measured interference response in a shallow fractured rock aquifer. 

 

2.2 Model Derivation 

The model derivation is based on a set of assumptions similar to those presented in Novakowski 

(1989) and Stephenson and Novakowski (2006) for pulse interference tests in fractured rock 

settings. Mathematical expressions developed by Moench (1995, 1997) and Novakowski and 

Bickerton (1997) are included to accommodate water table fluctuations and multiple horizontal 

fractures, respectively. The conceptual model for the aquifer is illustrated in Figure 1. A detailed 

derivation of the analytical model is presented in Appendix A. 

 

The present model is derived in a similar manner to Novakowski (1989). Prior to the slug 

injection, the water table elevation is assumed to be spatially constant. Only vertical flow is 

considered in the vertical fractures and flow in the horizontal fractures is limited to the radial 

direction. Flow into the source and observation wells is assumed to be exclusively from the 
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horizontal fractures. The wells are assumed to be fully penetrating in order to prohibit vertical 

flow into the wellbores. 

 

The presence of multiple horizontal fracture connections between the source and observation 

wells is incorporated into the model in a similar manner to Novakowski and Bickerton (1997). 

Double porosity is included in the top matrix slab in a manner similar to Stephenson and 

Novakowski (2006) and in the lower matrix slabs in a manner similar to Novakowski and 

Bickerton (1997). Water table fluctuations are simulated using the Moench (1995, 1997) 

formulation. 

 

Groundwater is considered to flow radially along parallel fracture features of infinite extent with 

a source/sink term representing groundwater exchange with the vertical fracture domain. The 

governing equation for radial flow along the horizontal fracture system that connects the source 

and observation wellbores is given by: 

 

∂
2h

∂r2  + 
1

r
 
∂h

∂r
 -  q = 

S

T
 
∂h

∂t
                         r ≥ rw                        [2.1] 

 

where h is the hydraulic head; r is the radial distance from the source well; q is the total 

groundwater flux between the vertical and horizontal domains; S is the bulk storativity of the 

horizontal fracture domain; T is the bulk transmissivity of the horizontal fracture domain; rw is 

the wellbore radius and t is the time elapsed since the slug injection. 
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The total groundwater flux between the vertical and horizontal fracture domains is the 

summation of the flux into the top fracture (qT) and any additional horizontal fractures (qF): 

 

q = �nF - 1�qF+ qT      [2.2] 

 

where nf is the number of equally spaced horizontal fractures connecting the wells. 

 

The total flow exchange between a horizontal fracture and the vertical domain is the summation 

of the flux across the upper and lower fracture interfaces with the rock matrix. The total 

groundwater flux into the top horizontal fracture is given by: 

 

qT = qTU + qTL      [2.3] 

 

where qTU is the groundwater flux across the upper interface and qTL is the flux across the lower 

interface of the top horizontal fracture from the vertical domain. Similarly, the total groundwater 

flux into each additional horizontal fracture is given by: 

 

qF = qFU + qFL      [2.4] 

 

where qFU is the upper flux and qFL is the lower flux into each additional horizontal fracture from 

the vertical domain.  
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Assuming that the upper flux from the uppermost rock slab to the top horizontal fracture obeys 

Darcy’s law and originates at the fracture center, it is given by: 

 

qTU = -
K '

T
�∂hm

∂z
�  =z=0 0                  0 ≤ z ≤ Lw                             [2.5] 

 

where hm is the hydraulic head in the vertical domain; z is the vertical distance from the center 

line of the horizontal fracture feature; Lw is the vertical distance to the water table from the 

center of the top horizontal fracture feature (Fig. 2.1) and K� is the hydraulic conductivity of the 

vertical fracture domain.  

 

Assuming that the upper and lower fluxes across the interface of each additional horizontal 

fracture with the rock matrix are equal, obey Darcy’s law and originate at the fracture center, the 

fluxes are given by: 

 

qTL = qFU = qFL= -
K '

T
�∂hm

∂z
�  =z=0 0                  0 ≤ z ≤ Ln              [2.6] 

 

where Ln is the half spacing between each horizontal fracture (Fig.2.1) 

 

Flow in the vertically fractured rock matrix is formulated using the one-dimensional diffusion 

equation given by:  
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∂
2hm

∂r2  = 
S's
K'

∂h

∂t
                                     z ≥ 0                   [2.7] 

 

where SS
'  is the specific storage of the vertical domain.  

 

Continuity between the horizontal and vertical fracture domains is provided by: 

 

                                                                h�r,t	 = hm(r,0,t)                                                                    [2.8]  

 

Assuming that the horizontal fracture domain is infinite in extent, the following outer boundary 

condition is applied: 

 

h�∞,t	 = 0                             [2.9] 

 

Water table fluctuations are simulated using the following expression presented in Moench 

(1995, 1997): 

 

K ' �∂hm

∂z
�  = z=Lw

- α1Sy � ∂hm�r,Lw,t	
∂τ

t

0
 exp�-α1(t-τ)� ∂τ                            [2.10] 

 

where Sy is the specific yield of the vertical domain and α1 is the relaxation coefficient that 

controls the exponential rate of decline of the water table. 
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Assuming that a rock slab between two horizontal fractures will contribute equal quantities of 

groundwater flux to each of the fractures, the following boundary condition is applied to the 

center line of each rock slab:  

 

�∂hm

∂z
�   =z=Ln

 0                                                               [2.11] 

 

The initial conditions for hydraulic head in the horizontal and vertical fracture domains are:  

 

   h�r,0	 = 0       [2.12] 

 

   hm�r,z,0	 = 0      [2.13] 

 

The Laplace transform was applied to equations [2.1] to [2.11].  The general solution to equation 

[2.7] is given by: 

 

h�m = A1 exp�-z�Ψp	1 2⁄ � + B1 exp�z�Ψp	1 2⁄ �                                    [2.14] 

  

where A1 and B1 are constants, p is the Laplace variable and  

 

Ψ=
SS

'

K '                                                                    [2.15] 
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Application of the Laplace transform of Eq. [2.10] to Eq. [2.14] yields the following upper 

interface flux term in Eq. [2.5] for the top horizontal fracture: 

 

�∂h�m

∂z
�  = z=0 h ��Ψp	1 2⁄ �ξ1 + ξ2

ξ1 - ξ2

�                                               [2.16] 

 

where 

λ1 = 
α1Syp

p + α1
                                                               [2.17] 

 
λ2 = K'�Ψp	1 2⁄                                                           [2.18] 

 

ξ1 = exp�- Lw�Ψp	1
2�                                                   [2.19]  

 

ξ2 = 
λ1 + λ2

λ1 - λ2
 exp�Lw�Ψp	1

2�                                              [2.20] 
 

Application of the Laplace transform of Eq. [2.11] to Eq. [2.14] generates the following flux 

term across each horizontal fracture interface with a lower matrix slab: 

 

�∂h�m

∂z
�  = z=0 h ��Ψp	1 2⁄ � ξ3 - ξ4

ξ3 + ξ4

�                                         [2.21] 
 

where 
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ξ3 = exp�- Ln�Ψp	1
2�                                                   [2.22]  

 

ξ4 = exp�Ln�Ψp	1
2�                                                     [2.23] 

 

Application of equations [2.16] and [2.21] to equations [2.5] and [2.6], respectively, followed by 

substitution into [2.3] generates the expression for the total groundwater flux between the top 

horizontal fracture and the vertical domain in Laplace space as:  

q�T = - ω h� �Ψp	1 2⁄ �γ1 + γ2�                                                [2.24] 
 

where  

ω = 
K '

T
                                                                   [2.25] 

 
γ1 = 

ξ3 - ξ4

ξ3+  ξ4

                                                              [2.26] 
 

γ2 = 
ξ1 + ξ2

ξ1 - ξ2

                                                              [2.27] 

 
Application of equation [2.21] to [2.6] followed by substitution into [2.4] gives the following 

expression for the total Darcy flux across each of the additional horizontal fractures from the 

vertical domain: 
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q�F = - 2 ω h ��Ψp	1 2⁄  γ1                                                       [2.28] 
 

Substitution of equations [2.24] and [2.28] into the Laplace transform of [2.2] followed by the 

combination of the Laplace transforms of [2.1] and [2.2] gives the general solution to equation 

[2.1] in Laplace space as: 

 

h� = A2I0�Φ1 2⁄  r� + B2 K0�Φ1 2⁄  r�                                       [2.29]  

 

where A2 and B2 are constants,  I0 and K0 are modified Bessel functions and: 

 

Φ = 
S p

T
 + ω �Ψp	1 2⁄ ��2nf - 1	 γ1 + γ2�                                    [2.30] 

  

Application of the Laplace transform of equation [2.9] for the outer boundary condition of the 

horizontal fracture features to equation [2.29] generates a particular solution: 

 

h �= B2 K0�Φ1 2⁄  r�                                                     [2.31] 
 

The effects of source and observation wellbore storage are included using an approximate 

solution method that involves the superposition of the response at a point in the formation due to 

wellbore storage effects in each well. This method has been applied in several analytical 

solutions (Ogbe and Brigham, 1984; Novakowski, 1989; Stephenson and Novakowski, 2006) for 

pulse interference tests. 
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The following inner boundary condition is applied to the horizontal fracture features at the 

source well: 

 

2 π rw T � ∂h

∂� � =  r1 = rw π rS
2 ∂hs

∂t
                                                [2.32] 

 

where hs is the hydraulic head in the source well; rs is the radius of the source well casing and r1 

is the radial distance from the source well to the point in the formation used in the approximate 

solution method. 

 

A similar inner boundary condition is applied to the horizontal fracture features at the 

observation well as follows:  

 

2 π rwT � ∂h

∂�!� = r2 = rw π rob
2 ∂hob

∂t
                                                [2.33] 

 

where hob is the hydraulic head in the observation well; rob is the radius of the observation well 

casing and r2 is the radial distance from the observation well to the point in the formation utilized 

in the approximate solution method. 

 

The continuity conditions that link the hydraulic head in the radial flow system to that in the 

observation well and the source well are given respectively as: 

 

hs�t	 = h(rw,t)                   [2.34] 
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hob�t	 = h(rw,t)                  [2.35] 

 

The initial conditions at the observation well and the source well are given as: 

 

hob�0	 = 0           [2.36] 

 

hs�0	 = Ho           [2.37] 

where H# is the instantaneous change in the hydraulic head at the source well generated by the 

slug. 

 

Following the Laplace transform of equations [2.32] to [2.35], application of the approximate 

solution method to equation [2.31] generates the following solution in Laplace space for 

hydraulic head in the horizontal fracture domain: 

 

h� = 
H0 K0�r √∅� K0�r2 √∅� - H0 ξ5 K0�r1 √∅�

p γ3

                                      [2.38] 
 

where 

 

γ3 = �Ko �r &∅��2

-  ξ5 ξ6                                                       [2.39] 
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ξ5 = 
Cob p Ko�rw √∅� + λw√∅ K1(rw √∅)

Cob p
                                             [2.40] 

 

ξ6 = 
Cs p Ko�rw √∅� + λw√∅ K1(rw √∅)

Cs p
                                              [2.41] 

 

Cob = π rob
2                                                                   [2.42] 

 

Cs = π rs
2                                                                    [2.43] 

 

λw = 2 π rw T                                                                [2.44] 
        

The solution in Laplace space for the hydraulic head in the source well is given by: 

 

h�s = 
Ho

p
 + 

λw √∅ Ho ξ5 K1�rw √∅�
Cs p2 γ3

                                              [2.45] 
 

The solution in Laplace space for the hydraulic head in the observation well is given by: 

 

h�ob = 
- λw√∅ Ho K0(r √∅) K1(rw √∅)

Co p2 γ3

                                            [2.46] 
 

Numerical inversion of the Laplace space solutions was undertaken using the Talbot (1979) 

algorithm. This inversion method has been successfully applied to several hydraulic testing 
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solutions (e.g., Barker and Black, 1983; Novakowski, 1989,1993; Stephenson and Novakowski, 

2006). Implementations of the observation and source well solutions in Fortran are included in 

Appendix C and D. 

 

2.2.1 Model verification 

Verification of the solution is accomplished by algebraically reducing the relaxation coefficient 

to an infinitesimal value;  

 

α1 → 0         [2.47] 

 

specifying a single fracture; 

 

nf  = 1        [2.48] 

 

and increasing the thickness of the lower matrix slab that contributes to the single fracture until it 

becomes infinitely large 

 

Ln → ∞           [2.49] 

 

Application of these conditions to the above model algebraically reduces the solutions for head 

in the formation (Eq. 2.38), source well (Eq. 2.45) and observation well (Eq. 2.46) to the 

equivalent solutions (Eq. 31, 36, 37) presented by Stephenson and Novakowski (2006). A 

detailed verification of the present model is included in Appendix B. 
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2.3 Effect of model parameters on pulse interference response 

In the following section we investigate the effect of the hydraulic properties and the test 

configuration on the shape of the interference response. The response is presented as 

dimensionless hydraulic head (hob / H0) versus time in a linear-log format and is limited to 

dimensionless head values greater than 0.001, as this likely approximates the accuracy of the 

field measurements. 

 

The sensitivity of the interference response to model parameters is investigated by varying base 

case values (Table 1) over a realistic range. The base case values initially presented in 

Stephenson and Novakowski (2006) were assigned to the corresponding parameters for the 

horizontal domain and vertical domain (parameters including a prime) in Table 2.1. The 

parameters (nf, Ln, Sy, α1) that were not accommodated in the Stephenson and Novakowski 

(2006) model were assigned base case values using data from a study presented in Novakowski 

et al (2007a).  

 

The Moench (1995, 1997) relaxation coefficient (α1) was assigned a value of 1.0x109 to reflect 

an instantaneous rate of drainage at the water table. Due to the low matrix porosity common to 

fractured rock settings, fluctuation of the free surface level occurs rapidly through discrete 

vertical fractures rather than the rock matrix (Healy and Cook, 2002). 

 

The specific yield of a fractured rock environment is highly dependent on the frequency and 

aperture of vertical fractures. Specific yield (Sy) was assigned a base case value of 1.0x10-4, 

which is within the broad range of specific yield values reported for fractured rock formations 
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(e.g., Morris and Johnson, 1967; Gburek et al, 1999) and reflects values obtained from pumping 

tests conducted in open wells in a shallow bedrock aquifer (Novakowski et al, 2007). 

 

The sensitivity analyses presented in Sections 2.3.1 to 2.3.6 are completed at a fixed radial 

distance from the source well. The authors have found that at greater radial distances, the time 

delay to the peak interference response will be more sensitive and the amplitude will be less 

sensitive to changes in the value of the examined hydraulic property. 

 

2.3.1 Effect of specific yield  

The effect of specific yield on the observation well response is shown in Figure 2.2. The specific 

yield values shown are within the range reported for fractured rock settings (e.g., Spitz and 

Moreno, 1996; Healy and Cook, 2002). Reduction of specific yield below 1.0x10-6 has minimal 

impact on the shape of the observation well response. In practical terms, values of Sy < 1x10-6 

are likely not to be measureable. When specific yield is equal to 1.0x10-3, a flatter transitional 

period is observed after the peak response. The shape of Curve A is similar to the interference 

responses illustrated by Spane (1996) for porous media settings with specific yield values 

ranging from 0.03 to 0.33. Figure 2.2 illustrates that, in fractured rock settings, specific yield 

effects may significantly alter the shape of the interference response even when no apparent 

period of delayed drawdown is present. For instance, increasing the value of specific yield from 

1.0x10-6 to 5.0x10-5 lowers the peak response by approximately 41% at a radial distance of 8 m 

from the source well.  
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2.3.2 Effect of delayed drainage 

Figure 2.3 shows the interference response under instantaneous (α1 = 109), delayed (e.g. α1 = 10-

3) and negligible (α1 = 10-9) rates of drainage at the water table. Increasing the drainage rate 

reduces the amplitude and the time lag of the interference response. In comparison to a constant 

head boundary condition (α1 = 10-9) at the water table, instantaneous drainage (α1 = 109) lowers 

the peak observation well response by 54% and reduces the time lag to the peak response by 

17%. 

 

2.3.3 Effect of vertical hydraulic conductivity and distance to water table 

The effect of vertical hydraulic conductivity on the interference response is illustrated in Figure 

2.4. Curve A represents a fractured rock setting with no groundwater exchange between the 

horizontal and vertical domains. Reducing the vertical hydraulic conductivity below 2x10-12 m/s 

has a negligible effect on the interference response. Increasing the vertical hydraulic conductivity 

reduces the amplitude and the duration of the observation well response by enhancing the 

groundwater flux from the vertical to the horizontal fracture domain. Increasing the vertical 

hydraulic conductivity from a value typical of vertically impervious (KV = 2x10-12 m/s) to highly 

fractured (KV = 2x10-6 m/s) rock settings results in an amplitude reduction of 54% and a time 

delay of 16% to the peak response. 

 

Vertical hydraulic conductivity also effects the time lag between the start of the observation well 

response and the onset of specific yield effects. Under conditions of low vertical hydraulic 

conductivity, a time delay exists between the commencement of the observation well response 

and the onset of the specific yield effects (see Curve B). At larger values of vertical hydraulic 
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conductivity, a stronger vertical connection to the water table enables specific yield effects to 

influence the entire observation well response (see Curve D). 

 

Increasing the distance (LW) between the top horizontal fracture and the water table influences 

the observation well response in a manner similar to decreasing the vertical hydraulic 

conductivity. 

 

2.3.4 Effect of transmissivity 

The effect of transmissivity on the observation well response is presented in Figure 2.5. 

Increasing the total transmissivity of the horizontal fracture system slightly reduces the 

amplitude of the observation well response and significantly increases the time lag to the peak 

response. 

 

2.3.4 Effect of storativity and specific storage 

As illustrated in Figure 2.6, reduction of the specific storage value below 2x10-8 m-1 has minimal 

impact on the interference response. Using the definition for specific storage and the lower limit 

of 10-10 Pa-1 for the compressibility of jointed rock that is reported by Hiscock (2005) from 

Freeze and Cherry (1979), it is easy to demonstrate that values of specific storage below 2x10-8 

m-1 are unlikely to exist in nature. Increasing the specific storage value diminishes the magnitude 

and enhances the time lag of the peak observation well response. Storativity influences the shape 

of the observation well response in a manner similar to specific storage.  
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Increasing the specific storage from 2x10-8 (Curve B) to 2x10-5 m-1 (Curve E) results in an 87% 

reduction in the peak interference response and increases the time at which it occurs by 233%. 

However, the sensitivity of the interference response to changes in specific storage varies 

depending on the values applied to transmissivity, storativity and vertical hydraulic conductivity. 

The interference response is more sensitive to specific storage at higher values of transmissivity 

and lower values of storativity and vertical hydraulic conductivity. Since storativity and vertical 

hydraulic conductivity exert a similar effect on the interference response as specific storage, a 

reduction in the value of these properties will enhance the sensitivity of the interference response 

to changes in specific storage. Transmissivity has an opposite effect on the amplitude and time 

delay of the interference response as specific storage, and the shape of the interference response 

becomes more sensitive to changes in specific storage at higher values of transmissivity. 

 

2.3.5 Effect of number of horizontal fractures 

The effect of increasing the number of horizontal fracture features on the observation well 

response is illustrated in Figure 2.7. The number of fractures does not affect the transmissivity 

(T) or storativity (S) parameters in Equation 2.1, as they represent bulk radial flow properties. 

The number of fractures does influence the total groundwater flux (q in Eq. 2.1) from the vertical 

domain, but the resulting impact on the interference response is slight due to the dominance of 

the radial flow system. As shown in Figure 2.7, a larger number of horizontal fractures generate 

an interference response of slightly lower amplitude and shorter duration.  

 

Increasing the horizontal fracture spacing also enhances the groundwater flux (q) and generates a 

similar effect on the interference response as increasing the number of fractures. 
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2.3.6 Effect of wellbore radii and inter-well spacing 

Increasing the wellbore radius reduces the amplitude and the duration of the observation well 

response and delays the peak response. The radial distance between the source and observation 

wells will influence the observation well response in a manner similar to the wellbore radius. 

These effects are consistent with those described by Novakowski (1989) and Stephenson and 

Novakowski (2006). 

 

2.4 Field investigation 

A field investigation was conducted during the summer of 2009 and the summer of 2010 at a 

field site developed near Tamworth, Ontario. Three, six-inch diameter boreholes were drilled to a 

depth of 25 meters within a study area of approximately 11 m by 11 m. The wells are open to a 

gneiss formation that is overlain by less than 1.5 meters of a sandy loam overburden (Dillon 

Consulting Ltd., 2004). The water table resides within the fractured rock formation. 

 

Constant head tests were completed to determine the transmissivity distribution with depth in 

each well. The values of transmissivity were converted to equivalent fracture apertures using a 

method described by Novakowski et al (2007b), in order to identify the number and spacing of 

fracture features that potentially connect the tested well pairs. 

 

Twenty pulse interference tests were conducted under open borehole conditions at the source and 

observation wells. The objective of this testing was to investigate the specific yield effects on the 

interference response and to determine whether the model proposed above can predict unique 

values for specific yield when applied to open borehole testing conditions.  
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2.4.1 Testing procedure 

A slug condition was applied to an open borehole source well and the response measured in a 

nearby observation well. The pulse interference test configuration is illustrated in Figure 2.8. The 

pulse was generated by instantaneously lowering a solid, weighted cylinder below the water 

table. An initial slug displacement (H0) of approximately 0.7 m was generated in the source well 

using a weighted cylinder that was approximately 100 mm in diameter and 1.5 m in length. The 

slug introduction at the source well generated peak responses between 85 and 100 mm at the 

observation well. 

 

2.4.2 Example Test 

To illustrate the application of the present model to an interference response measured at the 

field site, one test conducted in the suite of tests described above is presented. The testing 

conditions under which the pulse interference test was conducted are provided in Table 2.2. The 

number of fractures was determined from the results of the constant head tests described above 

(recognizing that the solution is not sensitive to nf). 

 

2.4.3 Fitting to the field data 

The optimal fit of the present model to the measured interference response is presented in Figure 

2.9. The fit obtained with the Stephenson and Novakowski (2006) model is also included to 

illustrate the effect of specific yield on the interference response in shallow fractured rock 

settings. Note that the response observed in this test was typical of the tests conducted at this site. 
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Over the late-time portion of Figure 2.9, the present model and the Stephenson and Novakowski 

(2006) solution both underestimate the measured interference response. No combination of 

parameter values produces a model fit to this late-time data. The discrepancy between the 

modeled and observed interference responses at the observation well is largely a result of 

heterogeneities in the studied formation that are unaccounted for in both the present solution and 

the Stephenson and Novakowski (2006) model. The tested well pair that produced the measured 

interference response in Figure 2.9 is located in a highly fractured portion of the studied 

formation. The transmissivity of a well located approximately 10 m from this well pair is less 

transmissive by more than an order of magnitude. The volume of aquifer sampled during the 

pulse interference test increases as the test time elapses. At late time, the observation well 

response illustrated in Figure 2.9 reflects a sampling of the less transmissive portions of the 

formation that are located at a greater radial distance from the tested well pair. Similarly, the 

interference responses that are measured in less transmissive zones recover faster than the 

predicted response at late time due to a sampling of higher transmissivity zones as the volume of 

tested aquifer expands (Elmhirst and Novakowski, 2011). 

 

Due to the poor model fit to the measured late-time interference response, the field data shown 

within the late-time period in Figure 9 was not utilized in the interpretation. The Stephenson and 

Novakowski (2006) solution and the present model were fitted to the early-time and peak data 

using an automated parameter optimization algorithm (Doherty et al, 1994). 

 

A sensitivity analysis similar to that presented in Stephenson and Novakowski (2006) was 

conducted to investigate the ability of the model to determine unique values for the hydrological 
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properties. Based on these data, the value of specific storage is not uniquely determined from fits 

to the present model or the Stephenson and Novakowski (2006) model. This is because of the 

obscurity of the distinguishing features hidden by the heterogeneity at late time. In the absence of 

this effect, however, as is illustrated by the divergence in the two solutions at late time, unique 

values of all parameters can be obtained. In the present case, unique values of transmissivity, 

storativity, vertical hydraulic conductivity and specific yield are determined by equation (2.46) 

when the value of specific storage is fixed at a lower limit of 10-8 m-1. Larger values of specific 

storage generate a poorer model fit to the measured data and less unique estimates of 

transmissivity, storativity, vertical hydraulic conductivity and specific yield. This effect is similar 

to that illustrated in Stephenson and Novakowski (2006); however, unlike the present model, the 

Stephenson and Novakowski (2006) model does not predict unique values of storativity or 

specific yield. In less heterogeneous settings such as a sedimentary rock, where late time data is 

less likely to be influenced by lateral heterogeneity, unique values of all properties would be 

obtained.  

 

2.4.4 Results of model fits 

In this section we compare the hydraulic property results from the present model to those 

obtained using the Stephenson and Novakowski (2006) solution and to pumping test results. The 

present model was first fit to the field example assuming that four horizontal fractures connected 

the source and observation wells (Fig. 2.9). For comparative purposes, the present model was 

also fit to the field data under the assumption of a single horizontal fracture connection between 

the wells.  
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The results of all model matches are presented in Table 2.3. The relative error at a point is the 

squared difference between the model-predicted value and the dimensionless head (hob/H0) 

measurement. The relative error calculated at each data point in the early- and peak-time portion 

of Fig. 2.9 was added to obtain the total error.  

 

As shown in Table 2.3, the present model generates a better fit to the measured data under both 

single and multiple fracture assumptions than the Stephenson and Novakowski (2006) solution. 

In comparison to the Stephenson and Novakowski (2006) solution, the present model generates 

total error reductions of approximately 81% and 83% respectively for single and multiple 

fracture connections between the wells. The total error does not vary greatly between the model 

matches under single or multiple fracture assumptions due to the dominance of the radial flow 

system in this test (see Sec. 2.3.6).  

 

Long-term pumping tests were also conducted under open-hole conditions at the field site; 

however, heterogeneity in the fractured rock formation produced discrepancies in hydraulic 

property results between the small-scale and large-scale tests. Elmhirst and Novakowski (2011) 

investigate the effect of test scale on hydraulic property estimates. The present model produces 

comparable results for transmissivity and vertical hydraulic conductivity at the pulse-interference 

test scale to the Stephenson and Novakowski (2006) model, while also predicting specific yield 

and storativity values that are within approximately one order of magnitude of large-scale 

pumping tests. 
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2.5 Conclusions 

The model presented in this paper accommodates water table fluctuations during a pulse 

interference test and is capable of estimating specific yield in open wells intersected by a 

network of sub-horizontal and sub-vertical fracture features. A sensitivity analysis demonstrated 

that specific yield values, which are too low to produce the delayed drawdown response common 

in porous media, can significantly diminish the amplitude and time lag of the peak interference 

response in a bedrock setting. Where good quality field data can be obtained, including late-time 

data un-influenced by heterogeneity, unique values of transmissivity, storativity, vertical 

hydraulic conductivity, specific storage, and specific yield can be obtained. In the present study, 

a field experiment conducted in gneissic bedrock was interpreted using the model. The model fit 

well to early and mid-time interference response data and produced results representative of 

smaller-scale hydraulic properties. Due to heterogeneity in the fracture network, the model was 

not capable of uniquely estimating specific storage for the particular field example investigated; 

however, unique values of transmissivity, storativity, vertical hydraulic conductivity and specific 

yield were predicted when specific storage was assigned a low value common to fractured rock 

settings. In order to more widely explore the application of the method, interpretation of open-

well tests conducted in sedimentary rock environments is recommended. 
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2.6 List of symbols and notations 

h hydraulic head 

r radial distance from the source well 

q  total groundwater flux  between the vertical and horizontal domains 

S bulk storativity of the horizontal fracture domain 

T bulk transmissivity of the horizontal fracture domain 

rw wellbore radius and t is the time elapsed since the slug injection 

qT groundwater flux into the top horizontal fracture 

qF groundwater flux into any additional horizontal fracture 

nf number of equally spaced horizontal fractures connecting the wells 

qTU vertical groundwater flux across the upper interface of the top horizontal fracture 

qTL vertical groundwater flux across the lower interface of the top horizontal fracture 

qT total groundwater flux into the top horizontal fracture 

qF total groundwater flux into each additional horizontal fracture 

qFU  upper flux into each additional horizontal fracture from the vertical domain 

qFL  lower flux into each additional horizontal fracture from the vertical domain 

hm  hydraulic head in the vertical domain 

z vertical distance from the center line of the horizontal fracture feature 

Lw vertical distance to the water table from the center of the top horizontal fracture feature 

K� hydraulic conductivity of the vertical fracture domain 

Ln half spacing between each horizontal fracture 

SS
'  specific storage of the vertical domain 

Sy specific yield of the vertical domain 
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α1 Moench (1995, 1997) relaxation coefficient that controls the exponential rate of decline 

of the water table 

I0, K0, K1 modified Bessel functions  

A1, B1, A2, B2  constants 

p Laplace variable and an overbar denotes that a parameter is in Laplace space 

Φ, ω, Ψ,  γ1, γ2, γ3, ξ1 , ξ2 , ξ3 , ξ4, ξ5, ξ6 , Cob, Cs, λw constants defined in the text of this chapter 

hs  hydraulic head in the source well 

rs radius of the source well casing  

r1 radial distance from the source well to the point in the formation used in the approximate 

solution method 

hob  hydraulic head in the observation well 

rob radius of the observation well casing 

r2 radial distance from the observation well to the point in the formation utilized in the 

approximate solution method 

H# instantaneous change in the hydraulic head at the source well generated by the slug 
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Table 2.1. Base case parameter values (prime indicates property of vertical domain) 

 

T 

(m2/s) 

S 

(-) 

K’ 

(m/s) 

S’
s       

(m-1) 

H0 

(m) 

R 

(m) 

rs, rob, rw 

(mm) 

Lw 

(m) 

Ln 

(m) 
nf  α1 

Sy 

(-) 

2.0x10-5 2.0x10-6 2.0x10-7 2.0x10-8 2.0 8.0 76.2 2.0 1.0 5 1.0x109 1.0x10-4 
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Table 2.2. Pulse interference test conditions 

 

r 

(m) 

rs 

(cm) 

rob 

(cm) 
nf 

Ln 

(m) 

Lw 

(m) 

H0 

(m) 

10.34 7.26 7.26 4 2.5 1.5 0.71 
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Table 2.3. Pulse interference test results: observation well 

 

Solution Total relative error 
T 

(m2/s) 

K’ 

(m/s) 

Sy 

(-) 

S 

(-) 

Stephenson and 

Novakowski (2006) 
1.25x10-4 2.40x10-4 9.26x10-9 - - 

Present model (nf=1) 2.38x10-5 2.33x10-4 7.58x10-8 3.06x10-6 1.68 x10-6 

Present model (nf=4) 2.14x10-5 2.34x10-4 6.90x10-8 2.92x10-6 1.64 x10-6 
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Figure 2.1 Conceptual model of the fractured rock aquifer 
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Figure 2.2 Effect of specific yield on the interference response 
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Figure 2.3. Effect of delayed drainage on the interference response 
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Figure 2.4. Effect of vertical hydraulic conductivity on the interference response 
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 Figure 2.5. The effect of transmissivity on the interference response 
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Figure 2.6. Effect of specific storage on the interference response 
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Figure 2.7. Effect of number of horizontal fractures on the interference response 
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Figure 2.8. Pulse Interference Test Configuration 
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Figure 2.9. Model fits to measured interference response 
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Chapter 3.0   Effects of test scale on transmissivity, vertical hydraulic conductivity, 
storativity and specific yield in a fractured rock setting 
 

Chapter summary 

The effects of measurement scale on transmissivity, storativity, vertical hydraulic 

conductivity and specific yield results are investigated in a fractured rock setting. Scale 

effects are identified through the comparison of results from constant head tests, slug 

tests, pulse interference tests and long-term pumping tests in a gneiss formation. Scale 

artefacts relating to measurement or analysis methods are reduced by testing the same 

wells at each measurement scale. For instance, the open-borehole condition of the 

pumping tests was applied to the slug and pulse interference tests in order to improve the 

ability of these local-scale tests to approximate large-scale property values. 

 

The geometric mean results of transmissivity, storativity and specific yield vary over less 

than an order of magnitude from local-scale tests to long-term pumping tests. At the pulse 

interference test scale, specific yield results from the tests conducted on highly fractured 

and poorly fractured portions of the formation respectively underestimate and 

overestimate the larger-scale pumping test estimate of specific yield. Averaging the 

specific yield results from a series of open-borehole pulse interference tests on both 

highly and poorly fractured portions of a rock formation may be an alternative to long-

term pumping tests in the estimation of a large-scale value of specific yield. 
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The geometric mean result for vertical hydraulic conductivity decreased by 

approximately 1.5 orders of magnitude from the slug test to pumping test scale; however, 

pulse interference tests conducted on highly fractured portions of the formation produced 

vertical hydraulic conductivity estimates that were within a half order of magnitude of the 

long-term pumping test results. Therefore, pulse interference tests that are conducted on a 

highly fractured portion of a rock formation may be a less time-intensive alternative to 

large-scale pumping tests in the determination of vertical hydraulic conductivity. 
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3.1 Introduction 

Fractured rock settings are typically highly heterogeneous, due to fracture 

interconnection, termination and interaction with the rock matrix.  Insufficient fracture 

data and large computational demands often hinder the detailed representation of 

heterogeneities in groundwater models that apply a discrete fracture approach (e.g., 

Andersson and Dverstorp, 1987; Stothoff and Or, 2000).  

 

More commonly applied concepts, such as double porosity and equivalent porous media 

models, simplify the fracture-matrix interaction through the use of continuum 

approaches. For example, the double porosity method (Barenblatt et al., 1960; Warren 

and Root, 1963) is based on a conceptualization of the formation as two overlapping 

continua: consisting of primary porosity blocks of low permeability and secondary 

porosity fractures of high permeability. An even more simplified approach is the effective 

continuum method (e.g., Wu, 2000), which conceptualizes the fractures and the rock 

matrix as a single, effective continuum. 

 

The heterogeneous nature of fractured rock settings results in scale effects, which occur 

as discrepancies between small-scale and large, continuum-scale values of hydraulic 

properties (Sánchez-Vila et al, 1996; Schulze-Makuch et al, 1999). The use of small-scale 

property values in groundwater models may produce results that are unrepresentative of 

the natural formation at a larger scale. The completion of REV-scale tests to determine 
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large-scale properties may not be possible due to time and cost constraints or due to 

practical site restrictions. Therefore, the manner in which hydraulic property values 

change with test scale is of particular importance in groundwater modelling for fractured 

media. Numerous studies have been conducted on the effects of test scale in fractured 

rock settings on transmissivity (e.g., Sánchez-Vila et al, 1996; Abbey and Allen, 2000; Le 

Borgne, 2006) or hydraulic conductivity (e.g., Rovey, 1994;  Ii, 1995; Rovey, 1998; 

Schulze-Makuch et al, 1999; Nastev et al, 2004; Hunt, 2006), storativity (e.g.,  Lloyd, 

1999; Abbey and Allen, 2000; Le Borgne et al, 2006) and effective porosity (e.g., 

Gordon, 1986; Guimerà et al, 1995; Ii, 1995 ; Bernard et al, 2006). 

 

Transmissivity values from a large scale test are generally greater than the mean 

transmissivity result from numerous small-scale tests due to the dominant role of 

preferential flow paths in large volumes of fractured rock formations (e.g., Rovey, 1994; 

Sánchez-Vila et al, 1996; Rovey, 1998; Nastev et al, 2004; Illman, 2006). Local scale 

tests generally provide an average of matrix and fracture properties (Rovey, 1998); 

however, if a small-scale test samples a highly fractured portion of the formation, the 

results will yield transmissivity estimates that are greater than those from a large-scale 

test (Nastev et al, 2004).  

 

Greater scale effects are typically observed in fractured rock settings than in porous 

media (Sánchez-Vila et al, 1996; Schulze-Makuch et al, 1999). This is likely attributed to 
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a greater heterogeneity in hydraulic conductivity in fractured rock settings. In fractured 

rock, a local-scale test on a poorly fractured portion of the formation will generate 

significantly lower hydraulic conductivity values than large-scale tests that encompass 

more transmissive, highly-connected fractures features.  

 

Effective porosity is the volume of interconnected pores through which groundwater 

flows per unit bulk volume of the formation. In fractured rock settings with low matrix 

porosity, the volume of interconnected pores approximates the volume of fractures 

contributing to groundwater flow. The effect of test scale on effective porosity was 

investigated by Ii (1995) through the comparison of results from laboratory- and field-

scale tracer tests in Tertiary sedimentary rocks. Ii (1995) found that an increase in test 

scale produced a decrease in effective porosity as well as an increase in hydraulic 

conductivity. These scale effects were attributed to the development of preferential flow 

paths at larger scales. As preferential flow paths developed, a smaller volume of fractures 

contributed to groundwater flow, thereby reducing the effective porosity. Similarly, the 

relationship between effective porosity and fracture inter-connectedness was investigated 

by Gordon (1986) who simulated tracer tests on simplified fractured rock models. Among 

the models that contained a single fracture, those with longer fracture lengths generated 

lower effective porosity results. This effect is likely due to the reduced volume of pores 

contributing to flow that is associated with the enhanced presence of a preferential 

pathway.  
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A decrease in storativity estimates with increasing test scale was reported by Lloyd 

(1999) from pumping tests conducted in a fractured rock setting in South Africa. Studies 

(e.g., Abbey and Allen, 2000; Le Borgne et al, 2006) that investigated scale effects on 

both transmissivity and storativity in fractured rock settings found that an increase in 

transmissivity at larger test scales was accompanied by a decrease in storativity. These 

scale effects were also attributed to preferential flow path development, which reduced 

the volume of horizontal fractures that contributed to groundwater flow and consequently 

diminished storativity.  

 

Specific yield is the volume of water released due to a unit decline in the water table 

elevation within a unit volume of the formation. Due to the low matrix porosity common 

to fractured rock formations, specific yield approximates the volume of vertical fractures 

along which the water table declines within a unit volume of the formation (Healy and 

Cook, 2002). Accurate estimates of specific yield are important for the success of 

groundwater management and remediation studies, but, to best of the authors’ 

knowledge, the effect of test scale on estimates of specific yield has not been documented 

in fractured rock settings.  

 

Vertical hydraulic conductivity is another important property in the modeling of 

groundwater flow but scale effects on this property have similarly not been studied in 

fractured rock settings. 



 

62 

 

The low storativity and matrix porosity common to fractured rock settings enables the 

estimation of specific yield and vertical hydraulic conductivity from local-scale tests. In a 

low storativity setting, pulse interference and slug tests sample a larger portion of the 

vertical domain and may generate a local water table fluctuation; thereby allowing for the 

determination of vertical hydraulic conductivity and specific yield. Additionally, in a 

fractured rock setting of low matrix porosity, the water table decline occurs dominantly 

through vertical fractures (Healy and Cook, 2002). Water declines through these fractures 

at rapidly, which enables the accurate estimation of specific yield from hydraulic tests of 

much shorter duration relative to longer-term, large-scale pumping tests. 

 

An analytical model for pulse interference tests in fractured rock settings was recently 

developed by Elmhirst and Novakowski (2011) to predict specific yield and vertical 

hydraulic conductivity based on the measured hydraulic response in a source or 

observation well. Open-borehole testing conditions can be analyzed with this model, as 

multiple horizontal fracture features are accommodated between the tested well pair. This 

model enables the prediction of specific yield and vertical hydraulic conductivity from 

local scale tests in fractured rock formations and provides an opportunity for the study of 

scale effects on these properties. 

 

The first objective of this paper is to investigate scale effects on transmissivity, vertical 

hydraulic conductivity, storativity and specific yield in a fractured rock setting. The scale 
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effects will be identified from the comparison of results from four field testing methods, 

which, in order of increasing scale, include constant head tests, slug tests, pulse 

interference tests and 48-hour pumping tests. 

 

The second objective of this paper is to identify whether, under open-borehole conditions, 

local-scale tests in fractured rock settings can generate results that approximate those 

from large-scale pumping tests, particularly for vertical hydraulic conductivity and 

specific yield. If the scale effects in specific yield and vertical hydraulic conductivity are 

insignificant between pulse interference tests and pumping tests, the former method could 

be applied as a less time-intensive alternative to long-term pumping tests in the 

determination of specific yield and vertical hydraulic conductivity. 

 

Several studies (e.g., Schulze-Makuch and Cherkauer, 1998; Abbey and Allen, 2000; 

Rovey, 1998; Illman, 2006) have illustrated that scale effects exist whether one or 

multiple test methods are applied and are a result of heterogeneities in the formation 

rather than an artefact of the measurement approach. However, a large component of the 

observed scale effects may be an artefact resulting from the applied measurement or 

analysis procedure rather than heterogeneity in the formation (e.g., Guimerá et al, 1995; 

Butler and Healey, 1998).  
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For example, Guimerá et al (1995) argued that an observed scale effect on hydraulic 

conductivity in a granitic site in Central Spain was an artefact of the measurement 

procedure, as larger scale tests were performed in the most permeable portions of their 

granitic study site. The inappropriate application of analysis methods in fractured rock 

settings may also generate a scale artefact. A study conducted by Nastev et al (2004) on 

regional rock aquifers in south-western Quebec indicates that, while the equivalent 

porous media approach is applicable at larger scales, local-scale groundwater flow is 

controlled by fractures. 

 

In this paper, appropriate analysis methods and consistent test configurations are applied 

at all measurement scales in order to reduce scale artefacts resulting from differences in 

test configurations and analysis methods. Analysis methods that account for the 

dominance of fracture flow in the formation are applied to the local scale tests and the 

long-term pumping tests are analyzed using an equivalent porous media approach. The 

slug tests, pulse interference tests and pumping tests are all conducted on open-borehole 

conditions in the same source wells (KF2 and KF4) and the hydraulic responses are 

consistently measured in three observation wells (KF2, KF3 and KF4). The constant head 

tests were not conducted under open borehole conditions; however, the total saturated 

length of each tested borehole was tested using this method and the difference in test 

configuration between the constant head tests and the larger scale tests will be recalled 

during the identification of scale effects. 
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The minimization of scale artefacts will enable the identification of how the hydraulic 

properties of the formation vary with test scale. An objective of this paper is to 

investigate whether open-borehole local scale tests in fractured rock settings can generate 

results that approximate large-scale pumping tests, particularly for vertical hydraulic 

conductivity and specific yield. Due to the insensitivity of pumping test responses to 

specific yield, long-duration tests are often required to estimate this property 

(Novakowski et al, 2007). If pulse interference test estimates of specific yield and vertical 

hydraulic conductivity approximate large-scale test results, this testing method would be 

a less time intensive testing alternative to long-term pumping tests. 

 

3.2 Field site 

The field investigation was conducted during the summers of 2009 and 2010 at a field 

site that was developed in eastern Ontario, Canada. Three six-inch diameter boreholes 

(KF2, KF3 and KF4) were constructed using the percussion drilling method and were 

drilled to a depth of 25 meters in an approximately triangular array at the site (Figure 

3.1). The wells are completed in a gneiss formation. As shown in Figure 3.1, the bedrock 

is overlain by a sandy loam overburden that is less than 1.5 meters in depth in the 

proximity of the wells (Dillon Consulting Ltd., 2004). The ground surface elevation 

contours and the well locations displayed in Figure 3.1 are based on the results of a GPS 

survey conducted at the field site. The inter-well distances are presented in Table 3.1. The 

wells are 152 mm in diameter and are cased into only the upper few meters of bedrock. 
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The casing depths are shown in Table 3.2. The water table surface resides in the bedrock 

at this location throughout the year. 

 

3.3 Test procedures 

The effects of test scale on transmissivity, vertical hydraulic conductivity, storativity and 

specific yield estimates were investigated through the comparison of results from four 

types of hydraulic tests that were conducted at the field site shown in Figure 3.1. The 

hydraulic testing program consisted of a total of thirty constant head tests, nineteen slug 

tests, sixteen pulse interference tests and four long-term pumping tests. 

 

The constant head test is a common method to determine local-scale transmissivity values 

in the immediate vicinity of a well in fractured rock settings (Lapcevic et al., 1999). The 

saturated depth of each source well was systematically tested in sections approximately 

2.4 m in length using a straddle-packer system. Each isolated well section was tested by 

the injection of water under a constant pressure from a series of tanks ranging from 0.03 

m to 0.16 m in diameter and the measurement of the injection flow rate was obtained 

once steady conditions had developed.  

 

Pulse interference tests are an easily conducted method for determining the hydraulic 

properties of a geological formation between two wells (Novakowski, 1989); whereas 

slug tests provide more localized estimates of the formation around the source well 
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(Cooper et al., 1967). For a given slug injection, the pulse interference test analysis was 

applied to observation well data and the slug test analysis was applied to source well data. 

The slug injection was conducted by instantaneously lowering a solid, weighted cylinder 

below the water table that produced measureable responses in both the source and 

observation wells. An initial slug displacement (H0) of typically 0.7 m was generated in 

the source well using a solid cylinder that was approximately 100 mm in diameter and 1.5 

m in length. The slug introduction at the source well generated peak interference 

responses in the observation wells between 20 and 100 mm, depending on the source and 

observation well pairs. Pressure recording transducers accurate to ±2 mm were used to 

measure the observed response. 

 

In order to obtain REV-scale estimates of the transmissivity, storativity, specific yield 

and vertical hydraulic conductivity of the formation, 48-hour pumping tests were 

conducted using both KF2 and KF4 as pumping wells. Hydraulic responses to pumping 

were measured in all three wells. The test duration of 48 hours was determined based on 

a recommendation by Novakowski et al (2007), who noted that the analysis of pumping 

tests less than 48 hours in duration were insensitive to specific yield. 

 

The discharge rate and the cumulative volume of pumped groundwater were measured 

using a flowmeter during each of the pumping tests. The accuracy of the flowmeter rates 
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were verified by manual measurements and found to approximate ±1% of flowrate. 

Recovery was measured for 20 hours after the cessation of pumping. 

 

Constant head tests were conducted on 10 wellbore sections along each of KF2, KF3 and 

KF4. Nine slug tests were conducted on both KF2 and KF4 and eight pulse interference 

tests were conducted on source wells KF2 and KF4 with interference responses measured 

respectively in KF3 and KF4 or KF3 and KF2. Two 48-hour pumping tests were 

conducted on KF2 and KF4. 

 

3.4 Results and analysis 

The analysis methods that were applied to the local-scale constant head tests and pulse 

interference tests accounted for groundwater flow dominantly along fractures, as matrix 

porosity was low in the fractured rock setting. A single continuum model was used for 

analysis of the 48-hour pumping test data.  

 

3.4.1 Constant head tests 

Transmissivity was estimated from each injection test once a steady hydraulic head 

developed in the test section. Transmissivity of a tested section was calculated using the 

Thiem equation: 

T =  )! π ∆+   ln � ./.0�                                                     [3.1]     
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Where Q is the water injection flow rate into the tested wellbore section, m3/s; T is the 

transmissivity of the tested wellbore section, m2/s; ∆H is the pressure change under 

steady conditions, expressed as hydraulic head, m; re is the radius of influence, m and rw 

is the wellbore radius, m (Lapcevic et al, 1999). 

 

The radius of influence is often approximated due to the difficultly associated with its 

accurate measurement (Doe and Remer, 1981). Large errors in the radius of influence 

will result in only small errors in the resulting transmissivity estimates, since it is a 

logarithmic term in Equation [3.1] (Lapcevic et al, 1999; Reichart, 1992). The constant 

head test analysis was conducted based on an assumed radius of influence of 10 m, which 

is appropriate for constant head tests in moderately transmissive formations (Bliss and 

Rushton, 1984; Reichart, 1992). 

 

Constant head tests are sometimes influenced by skin effects (reduced permeability 

around the borehole due to drilling) which will result in underestimates of transmissivity 

(Lapcevic et al., 1999). Inspection of the recovery phase during the long-term pumping 

tests, showed no evidence of skin effects, however, and no further consideration of this 

was given in the analysis. 
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The minimum detection limit for transmissivity using the constant head testing method 

was 1×10-9 m2/s at the field site. In a manner similar to Nastev et al (2004) and Milloy 

(2007), the accuracy of the constant head testing method was determined through the 

comparison of transmissivity results from the multiple tests that were completed on each 

well section. Two to three constant head tests were conducted on each tested section in 

KF2, KF3 and KF4 and a total of thirty wellbore intervals were tested. The mean and 

maximum log deviations of a test result from the geometric mean transmissivity of a 

tested well section are 0.09 and 0.49, respectively. Therefore, the transmissivity estimates 

resulting from the constant head tests are considered reliable to within a half order of 

magnitude. Profiles of transmissivity with depth for boreholes KF2, KF3 and KF4 are 

illustrated in Figure 3.2. The locations of fracture features that were identified during 

borehole video logging are represented by black circles on Figure 3.2. Images of these 

fracture features are included in Appendix E. 

 

For each tested wellbore section, an equivalent single fracture aperture, 2beq, was 

calculated using the following rearrangement of the cubic law (Snow, 1968): 

 

 2 b23 = �T ∙   ! µ
ρ 5 	 /7                                                [3.2] 

 

Where µ is dynamic viscosity, 1.31 x 10-3 N·s/m2 at 10ºC; ρ is fluid density, 999.7 kg/m3 

at 10ºC, and g is local acceleration due to gravity (Lee and Lin, 2007). 
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Specific yield was estimated from the constant head test results based on the assumption 

that the effective porosity of the vertical domain was equal to that of the horizontal 

domain. Based on the pulse interference tests and observations of vertical fractures in the 

limited amount of outcrop locally, many of the fractures tested using the constant head 

method, were likely sub-vertical in orientation. Using these tests results alone, there is no 

reason to believe that the vertical hydraulic properties are any different than the 

horizontal. The effective horizontal porosity was approximated in a manner similar to 

Milloy (2007) and Novakowski et al (2007) where [3.2] was applied to a total borehole 

transmissivity value to obtain an equivalent fracture aperture, which was then divided by 

the tested borehole length. The effective porosity in the vertical domain is assumed to 

approximate specific yield, as water is released primarily from fractures when the water 

table declines (Healy and Cook, 2002). The results of this analysis procedure are 

presented in Table 3.2. 

 

3.4.2 Pulse interference and slug tests 

The slug tests and pulse interference tests were analyzed by applying a fully-automated 

parameter estimation program, which was developed by Doherty et al (1994) to the 

implementation of the Elmhirst and Novakowski (2011) models for source and 

observation wells. The results of fitting the models to the source well and interference 
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test responses are summarized in Tables 3.3 and 3.4. The full results of the slug tests and 

interference tests are presented in Tables F.1 and F.2, respectively, in Appendix F. 

The Elmhirst and Novakowski (2011) solution may be applied to the open-borehole pulse 

interference tests conducted in this study, as it accommodates multiple horizontal fracture 

features connecting the source and observation wells. The solution also accommodates a 

water table fluctuation in response to a perturbation at the source well and predicts 

specific yield in a manner similar to the Moench (1997) solution for pumping tests in 

unconfined aquifers. Elmhirst and Novakowski (2011) demonstrate the ability of the 

model to estimate unique values for storativity, specific yield, specific storage, vertical 

hydraulic conductivity and transmissivity . 

 

Example matches of the Elmhirst and Novakowski (2011) model to dimensionless 

hydraulic responses (displacement, H / slug displacement, H0) in the source and 

observation wells are illustrated in Figures 3.3 and 3.4. 

 

The model fit to the late-time interference response is poor compared to the source well 

response, due to a larger sampling of heterogeneities in the formation that are 

unaccounted for in the Elmhirst and Novakowski (2011) solution. The measured response 

illustrated in Figure 4 is from a pulse interference test conducted on a highly fractured 

portion of the formation (between KF2 and KF4). The slower than predicted recovery at 

late time is attributed to sampling from less fractured areas that are not within the 
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formation volume impacted during the smaller-scale slug test. Similarly, pulse 

interference tests conducted across a low transmissivity portion of the formation (e.g., 

between KF2 and KF3) demonstrated greater than predicted late-time recovery rates due 

to the addition of more transmissive zones in a larger tested aquifer volume. As a result 

of the heterogeneity, only the early and peak time data were used in the analysis and 

specific storage was fixed to 10-8 m-1 (typical of a rock matrix), and values of 

transmissivity, storativity, vertical hydraulic conductivity and specific yield were 

obtained from the fitting procedure. This process was also shown to provide unique 

values of these parameters (Elmhirst and Novakowski, 2011). 

 

3.4.3 Pumping test 

The 48-hour, open borehole pumping tests were analyzed using the Moench (1997) 

solution. The solution enables the determination of specific yield and includes wellbore 

storage and skin effects in the formulation. Due to the low storativity typical of fractured 

rock settings, wellbore storage effects may be significant and analysis methods that do 

not consider these effects may produce overestimates of storativity and underestimates of 

transmissivity (Prats and Scott, 1975).  

 

An example match of the Moench (1997) solution to the hydraulic response measured in 

the observation well KF3 during a 48-hour pumping test on KF2 is illustrated in Figure 

3.5. The hydraulic property results from the analyses of the pumping test drawdown data 
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are summarized in Table 3.5. Analyses of the pumping test recovery data produced 

hydraulic property values within a half order of magnitude of the results from the 

drawdown analyses. The full results from the pumping test analyses are included in Table 

F.3 in Appendix F. 

 

3.5 Discussion 

Several studies on scale effects in fractured rock settings (e.g., Rovey and Cherkauer, 

1995; Schulze-Makuch et al, 1999; Nastev et al, 2004; Le Borgne et al, 2006) define an 

approximate measure of the formation that is sampled during a hydraulic test. For 

example Rovey and Cherkauer (1995) calculated a radius of influence based on an 

assumed storativity, Schulze-Makuch et al (1999) and Nastev et al (2004) approximated a 

sampled formation volume based on the volume of test water and an assumed effective 

porosity of the formation and Le Borgne et al (2006) noted that a characteristic scale of 

measurement can be defined based on the radial distance between a source and 

observation well. 

 

An objective of this study is the identification of differences in hydraulic property 

estimates between local-scale and large-scale hydraulic tests. For this purpose, a 

measurement of scale is required to enable the quantitative ranking of the applied 

hydraulic testing methods by test scale. Due to differences in water-injection methods 

and similarities in tested well configurations between the applied hydraulic testing 
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methods, a measurement of scale that relates to the formation properties or test 

configuration will not be compatible with all of the testing methods. Therefore, the 

relative scale of the applied hydraulic tests is determined by the average time duration 

over which the analyzed hydraulic response to each test was measured. 

 

The manner in which transmissivity, vertical hydraulic conductivity, storativity and 

specific yield results vary with increasing scale of measurement is illustrated in Figure 

3.6. In order to simplify the plots, only the geometric mean result from each tested well 

or well pair is shown. 

 

3.5.1 Transmissivity 

Figure 3.6.1 illustrates the effect of test scale on transmissivity estimates. A reduction in 

the standard deviation of transmissivity estimates with increasing measurement scale is 

consistent with the decrease in the standard deviation of horizontal hydraulic conductivity 

results with increasing test scale that was noted by Kurikami et al (2008). Hydraulic 

responses to tests that impact a larger volume of the formation are less variable as they 

reflect a greater sampling of heterogeneities. Due to the small standard deviation between 

the transmissivity results of the two (four well pairs) 48-hour pumping tests, the 

geometric mean of these results likely represents a near-REV value.   
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Figure 3.6.1 also illustrates that the mean value of transmissivity does not appreciably 

change as a greater volume of the formation is tested. Between local-scale tests to long-

term pumping tests, the geometric mean increases by less than a factor of two, which is 

significantly less than previously reported scale effects on transmissivity or hydraulic 

conductivity in fractured rock settings.  For instance, Nastev et al (2004) reported a 

magnification of hydraulic conductivity values by a factor of 25 when the measurement 

scale was increased from entire well constant-head injection tests to approximately 64-

hour pumping tests in limestone, dolostone, sandstone and crystalline rocks, and Le 

Borgne et al (2006) observed an increase in transmissivity by a factor of approximately 

40 when the measurement scale in a crystalline aquifer was increased from single well 

injection tests to pumping tests ranging from 6 to 2160 hours in duration.    

 

The greater scale effect on transmissivity or hydraulic conductivity observed in previous 

studies is likely attributed to a larger scale artefact, which results from inconsistent well 

configurations between the applied hydraulic testing methods. This paper investigates 

scale effects through the completion of different hydraulic testing methods on the same 

configuration of tested wells (KF2, KF3 and KF4). A greater consistency in test 

configuration may be the reason why the scale effect on transmissivity illustrated in 

Figure 3.6.1 is significantly less than that previously reported. 
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The insensitivity of geometric mean transmissivity values to the measurement scale 

suggests that the completion of multiple pulse interference tests on several well pairs may 

be an alternative to long-term pumping tests in the estimation of large-scale 

transmissivity estimates in fractured rock settings.  

 

3.5.2 Storativity 

Figure 3.6.2 illustrates that the hydraulic tests that produced the highest transmissivity 

estimates also yielded the lowest storativity values. This finding is in agreement with the 

results of Abbey and Allen (2000). When highly transmissive fractures are present within 

a tested aquifer volume, the water released from storage is dominantly from these 

fractures, thereby reducing the volume of fractures contributing to flow and the resulting 

storativity value.  

 

Figure 3.6.2 illustrates the insensitivity of the geometric mean value of storativity to the 

test scale. The mean storativity decreased by a factor of 1.8 when the measurement scale 

increased from slug tests to long-term pumping tests and changed by a factor of 0.9 from 

pulse interference tests to the pumping tests. Le Borgne et al (2006) similarly illustrated 

an insignificant scale effect on the geometric mean value of storativity, which differed by 

a factor of 1.2 between cross-borehole flowmeter tests and larger scale pumping tests that 

ranged from 6 to 2160 hours in duration. 
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The explanation provided in Section 3.5.1 for the insignificant scale effect on the 

geometric mean estimates of transmissivity may be similarly extended to storativity. The 

completion of large-scale tests on only the most permeable portions of a formation will 

bias the storativity estimates towards low values, as tests on portions of the formation that 

contain preferential flow paths will generate lower storativity estimates (see Sec. 3.1); 

however, the same well configurations were applied at all test scales in this study. 

 

Although the geometric mean results for storativity are similar at all test scales illustrated 

in Figure 3.6.2, a standard deviation of approximately a half order of magnitude was 

present in the storativity results at all test scales. Le Borgne et al (2006) illustrated a 

similar standard deviation that ranged up to one order of magnitude in the storativity 

results from cross-borehole flowmeter tests and long-term pumping tests. A greater 

standard deviation in the estimates of storativity relative to transmissivity (Fig. 3.6.1 and 

3.6.2) was also noted by Abbey and Allen (2000) from long-term pumping tests. 

 

3.5.3 Vertical hydraulic conductivity 

As illustrated in Figure 3.6.3, the bulk vertical hydraulic conductivity estimates decreased 

by approximately 1.5 orders of magnitude when the measurement scale increased from 

slug tests to long-term pumping tests. To the authors’ knowledge, previous studies have 

not been published on the effect of measurement scale on vertical hydraulic conductivity 

estimates in fractured rock settings. Although the vertical hydraulic conductivity results 
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illustrated in Figure 3.6.3 have not been validated through comparison with independent 

study results, they are in agreement with the concept of preferential flow path 

development in the radial direction with increasing test scale that has been provided as a 

physical basis for scale effects on other hydraulic properties (e.g., Ii, 1995; Rovey, 1998; 

Nastev et al, 2004). The development of preferential flow paths in the horizontal fracture 

domain will reduce the measured formation volume of the vertical domain by lowering 

the number of intersections between horizontal flow paths and vertical fracture features. 

 

The analysis methods used in this study are all based upon the assumption of negligible 

vertical flow across the well screen that is commonly applied in groundwater models 

(e.g., Neuman and Witherspoon, 1969; Stephenson and Novakowski, 2006). Based on 

this assumption, groundwater flow from the tested well enters the vertical fracture 

domain only at intersections between vertical and horizontal fracture features. As 

preferential flow paths develop, the number of horizontal fractures along which 

groundwater flows is reduced, thereby lowering the number of intersections between 

vertical fractures and horizontal flow paths. When fewer vertical fractures are sampled 

within a tested aquifer volume, the likelihood of groundwater flow occurring along a 

highly conductive vertical fracture is reduced.  

 

Figure 3.6.3 illustrates that the vertical hydraulic conductivity estimates from long-term 

pumping tests approximate the results of the pulse interference tests conducted between 
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KF2 and KF4. Based on the local-scale, constant head test estimates of transmissivity in 

Table 3.2, KF2 and KF4 are screened across a highly fractured portion of the formation 

relative to KF3. The geometric mean estimate of vertical hydraulic conductivity from the 

long-term pumping tests differs by a factor of 17 from the total pulse interference test 

results but by a factor of only 1.2 from the pulse interference tests conducted between 

KF2 and KF4. This suggests that conducting pulse interference tests on highly fractured 

portions of a rock formation may be an alternative to long-term pumping tests in the 

determination of large-scale estimates of vertical hydraulic conductivity.  

 

Figure 3.6.3 also illustrates that the range of the vertical hydraulic conductivity results is 

approximately two orders of magnitude at the pulse interference test scale but less than 

one order of magnitude at the slug test and pumping test scale. The greater range of 

vertical hydraulic conductivity estimates at the pulse interference test scale indicates that 

this testing method approximates significantly larger-scale values when conducted across 

highly fractured portions of the formation. 

  

The scale effects on anisotropy in hydraulic conductivity are illustrated in Figure 3.7. The 

ratios of vertical to horizontal hydraulic conductivity, 
898: , were calculated based on the 

data presented in Figure 3.6.1 for transmissivity and Figure 3.6.2 for vertical hydraulic 

conductivity. Bulk horizontal conductivity was estimated by the division of 

transmissivity by the wellbore length over which it was calculated (Table 3.2). 
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As illustrated in Figure 3.7, wells KF2 and KF4 experienced a smaller change in the 

898: ratio from small to large scale tests than KF3. The lower scale effect on 
898: estimates 

from wells (KF2 and KF4) in a highly fractured zone is due to the presence of 

preferential flow paths in smaller volumes of tested formation around the well.  

 

3.5.4 Specific yield 

Similar to vertical hydraulic conductivity, the effect of test scale on specific yield results 

has been poorly documented in fractured rock settings, but the theory of preferential flow 

path development with scale may be applied to predict a decreasing trend in specific 

yield. 

 

Following the explanation in Section 3.5.3, the likelihood of highly conductive vertical 

fractures being present within a tested aquifer volume is reduced with increasing test 

scale due to the development of preferential flow paths in the horizontal fracture domain. 

As specific yield is dominated by the effective porosity which arises from vertical 

fractures in fractured rock settings, the reduced sampling of the vertical fracture domain 

at larger test scales generates lower specific yield estimates.  
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A strong scale effect on specific yield is not identified in Figure 3.6.4, as the mean result 

varies less than a half order of magnitude between the different test scales. The constant 

head tests are expected to consistently overestimate the larger-scale pumping test value of 

specific yield, as this property is calculated from the constant head test results based on 

the assumption of equal sampling of the vertical and horizontal fracture domains. The 

geometric mean estimate of specific yield from the constant head tests in Figure 3.6.4 

overestimates specific yield by a factor of 1.7 relative to the large-scale pumping tests. A 

scale artefact resulting from the different source well configurations between the constant 

head tests and the other applied testing methods may artificially lower the specific yield 

results at the constant head test scale. 

 

The range of specific yield values at the slug test and pulse interference test scales is 

approximately two orders of magnitude. At the pulse interference test scale, the specific 

yield estimates from tests conducted on highly fractured portions (between KF2 and KF4) 

and poorly fractured portions (around KF3) of the formation respectively underestimate 

and overestimate the large-scale pumping test results. The observed scale effects on 

specific yield indicate that the geometric mean value from open-borehole pulse 

interference tests conducted on a set of wells that measure both highly and poorly 

fractured portions of a formation may approximate long-term pumping test results. This 

again suggests that pulse interference tests may be an alternative to long-term pumping 

tests in the determination of large-scale specific yield estimates. 
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As shown in Figure 3.8, the change in the 
;<;  ratio with test scale is noticeably less than in 

the 
898: ratio (Figure 3.7). As explained in Section 3.5.3, the development of preferential 

flow paths increases horizontal and decreases vertical hydraulic conductivity estimates, 

thereby enhancing the change in the 
898: ratio as the test scale grows in size. As explained 

in Section 3.5.2, the presence of preferential flow paths reduces storativity. Since 

storativity and specific yield are both reduced by the development of preferred 

groundwater flow paths, the 
;<;  ratio is less sensitive than the 

898: ratio to changes in test 

scale. 

 

The value of specific yield is consistently less than storativity and is several orders of 

magnitude less than long-term pumping test results for specific yield in porous media 

settings (Healy and Cook, 2002). The low values of specific yield may be mistaken for an 

indication of confined aquifer settings. However, the similarity between the specific yield 

estimates and the horizontal fracture porosities estimated from the constant head tests 

(Table 3.2) indicates that the tested aquifer was sparsely fractured in both the horizontal 

and vertical domains rather than vertically confined with dominantly horizontal fracture 

features. 
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The low value of specific yield indicates that the studied formation captures little 

recharge water relative to porous media aquifers, and the larger value of storativity than 

specific yield will reduce the measured hydraulic response of the formation to rainfall 

events (Milloy, 2007). 

 

3.6 Conclusions and recommendations 

The investigation of scale effects on hydraulic property estimates in a fractured rock 

formation identifies the importance of applying correct measurement and analysis 

methods in the determination of hydraulic properties and the potential of pulse 

interference tests as an alternative to long-term pumping tests in the determination of 

vertical hydraulic conductivity and specific yield. 

 

The geometric mean estimates of transmissivity, storativity and specific yield varied by 

less than a half order of magnitude from the local-scale tests to the large-scale pumping 

tests. The insensitivity of these hydraulic properties to the measurements scale is largely 

due to the minimal presence of scale artefacts, which result from the application of 

inappropriate measurement or analysis procedures. The implementation of similar well 

configurations, such as open-borehole conditions, between local-scale tests and large-

scale tests improved the ability of local-scale tests to approximate larger-scale property 

values. 
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The geometric mean estimate of vertical hydraulic conductivity was the most sensitive 

hydraulic property to measurement scale and decreased by approximately 1.5 orders of 

magnitude from slug tests to long-term pumping tests. However, at the pulse interference 

test scale, vertical hydraulic conductivity results from open-borehole tests conducted 

across highly fractured portions of the formation were within a half order of magnitude of 

the long-term pumping test estimates. Therefore, the performance of open-borehole pulse 

interference tests within a highly fractured portion of a rock formation may serve as a less 

time-intensive alternative to long-term pumping tests in the determination of a large-scale 

estimate of vertical hydraulic conductivity. 

 

At the pulse interference test scale, tests conducted across highly fractured and poorly 

fractured portions of the formation respectively underestimated and overestimated the 

specific yield results of the larger-scale pumping tests. This observation, in addition to 

the similar geometric mean estimates for specific yield at the pulse interference and 

pumping test, indicates that averaging the results from a series of open-borehole pulse 

interference tests on both highly and poorly fractured portions of a rock formation may be 

an alternative method to long-term pumping tests in the determination of a large-scale 

value of specific yield. 
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3.7 List of symbols and notations 

Q  water injection flow rate into the tested wellbore section (m3/s) 

∆H pressure change under steady conditions, expressed as hydraulic head (m) 

 re radius of influence (m)  

rw wellbore radius (m) 

T transmissivity of the tested well section (m3/s) 

µ dynamic viscosity (1.307 x 10-3 N·s/m2 at 10ºC) 

ρ fluid density (999.7 kg/m3 at 10ºC)  

g acceleration due to gravity (9.806 m/s2) 

H hydraulic head displacement (m) 

H0 initial slug displacement of hydraulic head (m) 

Kv vertical hydraulic conductivity (m/s) 

Kh horizontal hydraulic conductivity (m/s) 

SY specific yield (-) 

S storativity (-) 
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Table 3.1. Spacing between wells on study site 

 

Well Pair Inter-well spacing (m) 

KF2-KF2 10.6 

KF2-KF4 9.8 

KF3-KF4 9.5 
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Table 3.2. Total borehole property estimates from the constant head test analysis 
 

Well 
ID 

Tested borehole 
length (m) 

Casing depth below 
ground surface (m) 

Total T (m2/s) 2beq (m) Sy (-) 

KF2 22.2 0.6 2.5x10-4 7.4x10-4 3.4x10-5 

KF3 22.4 2.0 1.7x10-5 3.8x10-4 1.7x10-5 

KF4 22.4 1.0 3.7x10-4 8.3x10-4 3.7x10-5 
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Table 3.3. Slug Test Results 
 

Parameter 
Source 
Well 

Monitored 
Well 

Number 
of tests 

Minimum Maximum 
Geometric 

Mean 
Standard 
deviation 

T  
(m2/s) 

KF2 KF2 9 2.3x10-4 2.9x10-4 2.5x10-4 1.9x10-5 

KF4 KF4 9 3.5x10-4 3.8x10-4 3.7x10-4 9.5x10-6 

Kv 
(m/s) 

KF2 KF2 9 2.0x10-8 4.0x10-7 9.8x10-8 1.2x10-7 

KF4 KF4 9 1.7x10-7 4.9x10-7 3.1x10-7 1.2x10-7 

S  (-) 
KF2 KF2 9 8.8x10-7 3.3x10-5 8.9x10-6 1.1x10-5 

KF4 KF4 9 1.1x10-6 7.7x10-6 2.3x10-6 2.3x10-6 

Sy (-) 
KF2 KF2 9 2.3x10-5 4.9x10-4 1.1x10-4 1.6x10-4 

KF4 KF4 9 1.4x10-6 1.2x10-5 4.2x10-6 3.7x10-6 
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Table 3.4. Pulse Interference Test Results 
 

Parameter 
Source 
well 

Monitored 
well 

Number 
of tests 

Minimum Maximum 
Geometric 

Mean 
Standard 
deviation 

T  
(m2/s) 

KF2 KF3 8 3.0x10-5 2.0x10-4 7.2x10-5 5.5x10-5 

KF2 KF4 8 2.4x10-4 2.9x10-4 2.7x10-4 1.6x10-5 

KF4 KF2 8 2.7x10-4 2.9x10-4 2.8x10-4 8.0x10-6 

KF4 KF3 8 9.5x10-6 1.8x10-5 1.1x10-5 2.7x10-6 

Kv 
(m/s) 

KF2 KF3 8 8.3x10-8 1.1x10-6 6.0x10-7 3.6x10-7 

KF2 KF4 8 1.7x10-9 5.9x10-8 1.1x10-8 2.3x10-8 

KF4 KF2 8 1.1x10-9 1.1x10-8 3.7x10-9 3.6x10-9 

KF4 KF3 8 1.8x10-7 3.0x10-7 2.1x10-7 3.8x10-8 

S  (-) 

KF2 KF3 8 1.8x10-7 1.1x10-3 3.4x10-5 3.8x10-4 

KF2 KF4 8 1.1x10-6 3.5x10-6 2.0x10-6 8.8x10-7 

KF4 KF2 8 1.1x10-6 1.7x10-6 1.2x10-6 2.0x10-7 

KF4 KF3 8 2.0x10-6 1.6x10-5 6.2x10-6 3.2x10-2 

Sy (-) 

KF2 KF3 8 6.6x10-6 4.8x10-4 1.2x10-4 1.9x10-4 

KF2 KF4 8 1.7x10-6 2.0x10-4 4.8x10-6 6.9x10-5 

KF4 KF2 8 8.5x10-7 2.0x10-4 7.4x10-6 6.7x10-5 

KF4 KF3 8 9.2x10-5 6.5x10-4 3.0x10-4 2.2x10-2 
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Table 3.5. Long-Term Pumping Test Results 
 

Parameter Source  
well 

Monitored 
Well 

Number 
of tests 

Minimum Maximum Geometric 
Mean 

Standard 
deviation 

T  
(m2/s) 

KF2 KF2 2 1.2x10-4 1.6x10-4 1.4x10-4 2.8x10-6 

KF2 KF3 2 1.3x10-4 1.6x10-4 1.4x10-4 1.9x10-5 

KF2 KF4 2 1.4x10-4 1.4x10-4 1.4x10-4 2.5x10-6 

KF4 KF2 2 1.5x10-4 1.6x10-4 1.6x10-4 1.1x10-5 

KF4 KF3 2 1.5x10-4 2.3x10-4 1.9 x10-4 5.1 x10-5 

KF4 KF4 1 1.6x10-4 1.6x10-4 1.6x10-4 - 

Kv 
(m/s) 

KF2 KF2 2 3.0x10-9 4.5x10-9 3.6x10-9 1.1x10-9 

KF2 KF3 2 8.6x10-9 1.2x10-8 1.0x10-8 2.1x10-9 

KF2 KF4 2 4.5x10-9 1.4x10-8 8.0x10-9 6.7x10-9 

KF4 KF2 2 3.4x10-9 3.6x10-9 3.5x10-9 
1.9x10-

10 

KF4 KF3 2 3.9x10-9 1.0x10-8 6.3x10-9 4.4x10-9 

KF4 KF4 1 7.3x10-9 7.3x10-9 7.3x10-9 - 

S  (-) 

KF2 KF2 2 1.0x10-5 1.1x10-5 1.0x10-5 9.9x10-8 

KF2 KF3 2 1.7x10-6 4.6x10-6 2.8x10-6 2.0x10-6 

KF2 KF4 2 1.6x10-5 2.0x10-5 1.8x10-5 2.6x10-6 

KF4 KF2 2 2.6x10-6 9.6x10-6 5.0x10-6 4.9x10-6 

KF4 KF3 2 2.8x10-6 5.0x10-6 3.8x10-6 1.6x10-6 

KF4 KF4 1 2.3x10-6 2.3x10-6 2.3x10-6 - 

Sy (-) 

KF2 KF2 2 1.4x10-5 1.6x10-5 1.5x10-5 1.5x10-6 

KF2 KF3 2 1.1x10-5 6.3x10-5 2.7x10-5 3.6x10-5 

KF2 KF4 2 9.5x10-6 1.6x10-5 1.2x10-5 4.3x10-6 

KF4 KF2 2 9.7x10-6 7.3x10-5 2.7x10-5 4.5x10-5 

KF4 KF3 2 5.1x10-6 2.5x10-5 1.1x10-5 1.4x10-5 

KF4 KF4 1 1.4x10-5 1.4x10-5 1.4x10-5 - 
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Figure 3.1. Map of field site that illustrates well location, ground surface elevation and 
overburden thickness (map of the overburden thickness after Dillon Consulting Ltd., 
2004). 
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Figure 3.2. Transmissivity profiles for wells KF2, KF3and KF4 
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Figure 3.3. Example source well response fit to Elmhirst and Novakowski (2011) 
modelled response 
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Figure 3.4. Example interference response fit to Elmhirst and Novakowski (2011) 
modelled response 
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Figure 3.5. Drawdown and fitted Moench (1997) type curve for the KF3 
observation well response to pumping from KF2 
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Figure 3.6. Relation between the geometric mean results of transmissivity (T), storativity 
(S), specific yield (Sy) vertical hydraulic conductivity (Kv) with respect to hydraulic 
response measurement duration. 
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Figure 3.7. Ratio of vertical (Kv) to horizontal (Kh) bulk hydraulic conductivity with test 
scale. Where Kh was approximated by the division of transmissivity by the tested well 
depth. See Figure 6 for symbol and acronym definitions. 
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Figure 3.8. Ratio of the geometric average of specific yield (Sy) to storativity (S) with test 
scale. See Figure 6 for symbol and acronym definitions. 
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Chapter 4.0   Discussion 

The analytical model for pulse interference tests that was presented in Chapter 2 

generated hydraulic property results with a greater confidence than the Stephenson and 

Novakowski (2006) solution. The improved model fit to the field data was due to the 

inclusion of a free surface boundary. The free surface boundary also enabled the present 

model to predict specific yield for the formation between the tested well pair.  

 

Due to heterogeneity in the fractured rock formation that was unaccounted for in the 

model, specific storage of the vertical fracture domain could not be determined from the 

interference responses measured at the field site. However, when specific storage was 

fixed at a low value typical of a fractured rock setting, the model predicted unique values 

for the transmissivity and storativity of the horizontal fracture domain as well as the 

vertical hydraulic conductivity and specific yield of the vertical fracture domain. 

 

At the study site, thirty constant head tests, nine slug tests, eight pulse interference tests 

and four 48-hour pumping tests were conducted on three wells in a gneiss formation. A 

comparison of the hydraulic property estimates from these different testing methods 

illustrated that the geometric mean value of transmissivity and storativity remained 

similar at all measurement scales. Some authors (e.g., Guimerá et al, 1995; Abbey and 

Allen, 2000; Nastev et al, 2004; Le Borgne et al, 2006) have noted greater scale effects in 
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transmissivity and storativity. However, greater scale artefacts were likely present in the 

results of these studies due to inconsistent well configurations at different test scales. 

  

Although the standard deviation of the specific yield estimates varied with measurement 

scale, a similar geometric mean value resulted from each of the applied hydraulic testing 

methods. The comparison of results from tests of different scales indicated that the 

geometric mean specific yield estimate from a series of open-borehole pulse interference 

tests on both highly and poorly fractured portions of a rock formation may approximate 

long-term pumping test estimates. 

 

The geometric mean estimate of vertical hydraulic conductivity was the most sensitive 

hydraulic property to measurement scale and decreased by approximately 1.5 orders of 

magnitude from slug tests to long-term pumping tests. However, at the pulse interference 

test scale, vertical hydraulic conductivity results from open-borehole tests conducted 

across highly fractured portions of the formation were within a half order of magnitude of 

the long-term pumping test estimates. Therefore, the completion of open-borehole pulse 

interference tests within a highly fractured portion of a rock formation may be a less 

time-intensive alternative to long-term pumping tests in the determination of a large-scale 

estimate of vertical hydraulic conductivity. 
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Chapter 5.0   Conclusion 

The inclusion of a free surface boundary in models for pulse interference tests in 

unconfined fractured rock aquifers significantly improved the confidence of the hydraulic 

property results from matching the model to field data. The accommodation of a moving 

free surface boundary during the pulse interference test also enabled the determination of 

specific yield. The field investigation illustrated that the geometric mean specific yield 

estimate from a series of pulse interference tests on both highly fractured and poorly 

fractured portions of the rock formation approximated the long-term pumping test result. 

 

At the field site, the geometric mean results of transmissivity and storativity were 

insensitive to test scale. A larger apparent scale effect would have been observed if more 

inconsistencies in measurement or analysis techniques were present between the different 

test scales.  

 

Vertical hydraulic conductivity was shown to vary with test scale; however, pulse 

interference tests conducted on wells that intersected preferential flow paths in the aquifer 

generated vertical hydraulic conductivity results that approximated estimates from large-

scale pumping tests. This suggested that the completion of pulse interference tests on a 

highly fractured portion of a rock formation may be a less time-intensive alternative to 

large-scale pumping tests in the determination of vertical hydraulic conductivity. 
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Appendix A  

Detailed Derivation of the Elmhirst and Novakowski (2011) Solutions 

 
Groundwater is considered to flow radially along parallel fracture features of infinite 

extent with a source/sink term representing groundwater exchange with the vertical 

fracture domain. The governing equation for radial flow along the horizontal fracture 

system that connects the source and observation wellbores is given by: 

 

∂
2h

∂r2  + 
1

r
 
∂h

∂r
 -  q = 

S

T
 
∂h

∂t
                         r ≥ rw                        (A1) 

 

where h is the hydraulic head; r is the radial distance from the source well; q is the total 

groundwater flux  between the vertical and horizontal domains; S is the bulk storativity of 

the horizontal fracture domain; T is the bulk transmissivity of the horizontal fracture 

domain; rw is the wellbore radius and t is the time elapsed since the slug injection. 

 

The total groundwater flux between the vertical and horizontal fracture domains is the 

summation of the flux into the top fracture (qT) and any additional horizontal fractures 

(qF): 

q =  �n?  −  1	q? + q@      (A2) 

 

where nf is the number of equally spaced horizontal fractures connecting the wells. 
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The total flow exchange between a horizontal fracture and the vertical domain is the 

summation of the flux across the upper and lower fracture interfaces with the rock matrix. 

The total groundwater flux into the top horizontal fracture is given by: 

 

q@  =  q@A  +  q@B      (A3) 

 

Where qTU is the groundwater flux across the upper interface and qTL is the flux across 

the lower interface of the top horizontal fracture from the vertical domain. Similarly, the 

total groundwater flux into each additional horizontal fracture is given by: 

 

q?  =  q?A  +  q?B      (A4) 

 

where qFU is the upper flux and qFL is the lower flux into each additional horizontal 

fracture from the vertical domain.  

 

Assuming that the upper flux from the uppermost rock slab to the top horizontal fracture 

obeys Darcy’s law and originates at the fracture center, it is given by: 

 

qTU = -
K '

T
�∂hm

∂z
�  

z=0
= 0                  0 ≤ z ≤ Lw                             (A5) 
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where hm is the hydraulic head in the vertical domain; z is the vertical distance from the 

center line of the horizontal fracture feature; Lw is the vertical distance to the water table 

from the center of the top horizontal fracture feature and K′ is the hydraulic conductivity 

of the vertical fracture domain.  

 

Assuming that the upper and lower fluxes across the interface of each additional 

horizontal fracture with the rock matrix are equal, obey Darcy’s law and originate at the 

fracture center, the fluxes are given by: 

 

qTL = qFU = qFL= -
K '

T
�∂hm

∂z
� C = 0 =0                  0 ≤ z ≤ Ln              (A6) 

 

where Ln is the half spacing between each horizontal fracture 

 

Flow in the vertically fractured rock matrix is formulated using the one-dimensional 

diffusion equation given by:  

 

∂
2hm

∂r2  = 
S's
K'

∂h

∂t
                                     z ≥ 0                   (A7) 

 

where SS
'  is the specific storage of the vertical domain.  
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Continuity between the horizontal and vertical fracture domains is provided by: 

 

h�r,t	 = hm(r,0,t)                    (A8) 

 

Assuming that the horizontal fracture domain is infinite in extent, the following outer 

boundary condition is applied: 

 

h�∞,t	 = 0                             (A9) 

 

Water table fluctuations are simulated using the following expression presented in 

Moench (1995,1997): 

 

K ' �∂hm

∂z
� z = LF = - α1Sy � ∂hm�r,Lw,t	

∂τ

t

0
 exp�-α1(t-τ)� ∂τ                            (A10) 

 

where Sy is the specific yield of the vertical domain and α1 is the Moench (1995, 1997) 

relaxation coefficient that controls the exponential rate of decline of the water table. 

 

Assuming that a rock slab between two horizontal fractures will contribute equal 

quantities of groundwater flux to each of the fractures, the following boundary condition 

is applied to the center line of each rock slab:  
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�∂hm

∂z
� C = GH = 0                                                               (A11) 

 

The initial conditions for hydraulic head in the horizontal and vertical fracture domains 

are:  

 

   h�r,0	 = 0       (A12) 

 

   hm�r,z,0	 = 0      (A13) 

 

The Laplace transform is applied to equations (A1) to (A11).   

 

Laplace transform of Eq. �A1	:                   
∂

2h�
∂r2 +

1

r
 
∂h�
∂r

=
S

T
 p h� - q�                 (A14) 

 

Laplace transform of Eq. �A2	:                   q� = �nF - 1�q�F+ q�T                        (A15)   

 

Laplace transform of Eq. �A3	:                   q�T = q�TU+ q�TL                               (A16) 

  

Laplace transform of Eq. �A4	:                   q�F = q�FU + q�FL                              (A17) 
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Laplace transform of Eq. �A5	:                   q�TU= - K '

T
�∂h�m 

∂z
�
z = 0                    (A18) 

 

Laplace transform of Eq. �A6	:                   q�TL= q�FU= q�FL= - K '

T
�∂h�m 

∂z
�
z = 0    �A19	 

 

Laplace transform of Eq. �A7	:                  
∂

2h�m 

∂z2  = Ss
'

K ' p h�m                           (A20) 

 

Laplace transform of Eq. �A8	:                   h��r,p	 = h�m�r,0,p	                        (A21) 

 

Laplace transform of Eq. �A9	:                   h��∞,p	 = 0                                    (A22)  

 

Laplace transform of Eq. (A10) by applying the convolution theorem: 

      K ' �∂ℎ�m

∂z
� z = LF = - α1Sy  p ℎ�m�r,Lw,p	

p + J1
                            (A23) 

 

Laplace transform of Eq. �A11	:                 �∂h�m 

∂z
�
z = Ln

= 0                            (A24) 

where p is the Laplace variable  
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Solve Eq. �A20	for h�m:  

 

             Factor Eq.�A20	:           h�m�Dz + �Ψp	1 2⁄ ��Dz - �Ψp	1 2⁄ � = 0                         (A25) 

 

where                                                 DPQ =
∂Q∂zQ 

         

 

                                                             Ψ =
Ss′K′

 

 

The general solution for Eq. �A25	is:     

 

                                        h�m = A1 exp�-z�Ψp	1 2⁄ � + B1 exp�z�Ψp	1 2⁄ �              (A26) 

 

where A1 and B1 are constants 

 

Apply Eq. �A24	to the derivative of Eq.�A26	with respect to z: 

 

�                                        ∂h�m

∂z
�
z=Ln

=�Ψp	1 2⁄ UB1 ξ4-A1 ξ3V=0                       (A27) 

 

              where                                                 ξ3 = exp(- Ln(Ψp)
1
2)                                                 
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                                                                           ξ4 = exp�Ln�Ψp	1
2�                          

 

Solve Eq. (A27) for A1 :                    A1 =B1 

ξ4

ξ3

                                             (A28) 

 

Apply Eq. (A28) to Eq. (A26) to get the following particular solution of (A20) for  

hm: 

 

                                         h�
m = B1 Xξ3

ξ4

 exp�-z�Ψp	1 2⁄ � + exp�z�Ψp	1 2⁄ � Y    (A29) 

 

Solve Eq. �A19	for q�: 

 

 Apply the derivative of Eq. (A29) with respect to z to Eq. (A19): 

 

                  q�TL=q�FU=q�FL=-
K '

T
B1 �Ψp	1 2⁄ Xexp�z�Ψp	1 2⁄ �- 

ξ4

ξ3

 exp�-z�Ψp	1 2⁄ �Y       �A30	 

Remove B1 term from Eq. (A30) by multiplying by 
h	

Eq (29)
  Recall that this ratio equals 

1.0 based on the continuity condition in Eq. (A21). 
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                                                       q�TL= q�FU= q�FL= - K '

T
h��Ψp	1 2⁄ ξ3 - ξ

4

ξ3+ ξ3

                   �A31	 

  

Solve Eq. �A18	for q�TU: 

The general solution for Eq. �A25	is:     

 

                                        h�m = A2 exp�-z�Ψp	1 2⁄ � + B2exp�z�Ψp	1 2⁄ �                (A32) 

 

where A2 and B2 are constants 

 

Apply Eq. (A23) to Eq. (A32): 

                          λ2 [Z2 exp(Lw(Ψp)
1
2)  - [2ξ1

] = - λ1 [Z2 exp(Lw(Ψp)
1
2)  + [2ξ1

]          (A33) 

 

              where                                                 λ1 = 
α1Syp

p + α1
                                                               

                                                                                

                                                                          λ2 = K'�Ψp	1 2⁄                                                           

 

                                                                           ξ1 = exp�- Lw�Ψp	1
2�                                               

Solve Eq. (A23) for A2 :              A2 =B2 

ξ2

ξ1

                                             (A34) 
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               where                                                ξ2 = 
λ1 + λ2

λ1 - λ2
 exp�Lw�Ψp	1

2�                                     

 

Apply Eq. (A34) to Eq. (A32) to get the following particular solution of (A32) for  

hm: 

 

                                      h�m = B2 Xξ2

ξ1

 exp�−z�Ψp	1 2⁄ �  +  exp�z�Ψp	1 2⁄ � Y      (A35) 

Solve Eq. �A18	for q�TU: 

 Apply the derivative of Eq. (A35) with respect to z to Eq. (A18): 

 

                                              q�TU= - K '

T
B2 �Ψp	1 2⁄ �ξ1 + ξ2

ξ1 - ξ2

�                                     �A36	 

Remove B2 term from Eq. (A36) by multiplying by 
h	

Eq (A35)
 ∶ 

                                             q�TU= - K '

T
h� �Ψp	1 2⁄ �ξ1 + ξ2

ξ1 - ξ2

�                                        (A37) 

 

Apply Eq. (A31) and (A37) to (A16) to solve for q�@: 
 

                                                 q�T= - K '

T
h� �Ψp	1 2⁄ Xξ3 - ξ

4

ξ3+ξ3

+
ξ1 + ξ2

ξ1 - ξ2

  Y                          (A38) 



 

122 

 

 

where                                                     ξ3 = exp(- Ln(Ψp)
1
2)                                                     

 

                                                                 ξ4 = exp(Ln(Ψp)
1
2)                                                     

 

Apply Eq. (A31) to (A17) to solve for q�?: 
 

                                                               q�F= -2K '

T
h� �Ψp	1 2⁄ Xξ3 - ξ

4

ξ3+ ξ3

  Y                           (A39) 

 

Apply Eq. (A38) and (A39) to (A15) to solve for q�: 

 

                                                            q� = - K '

T
h� �Ψp	1 2⁄ X�2nF-1	 ξ3 - ξ

4

ξ3+ ξ3

+
ξ1 + ξ2

ξ1 - ξ2

  Y  (A40) 

 

Apply Eq. (A40) to (A14): 

 

                        
 ∂2h�
∂r2 +

1

r
 
∂h�
∂r

= h� `S

T
 p + K '

T
�Ψp	1 2⁄ a�2nF-1	 ξ3 - ξ

4

ξ3+ξ3

+
ξ1 + ξ2

ξ1 - ξ2

bc       (A41) 
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The general solution to Eq. (A41) is: 

 

                                                                 h �= C1K0(Φ1 2⁄  r) + D1I0(Φ1 2⁄  r)                     (A42) 

 

Where I0 and K0 are modified Bessel functions and: 

 

                                     Φ = 
S p

T
+

K′T  �Ψp	1 2⁄ d�2n? − 1	 f3  −  f4f3 + f3
+ f1  +  f2f1  −  f2

  h        (A43) 

 

Application of Eq. (A22) to (A43) generates a particular solution of: 

 

                                                                h �= C1 K0(Φ1 2⁄  r)                                              (A44) 

 

The effects of source and observation wellbore storage are included using an approximate 

solution method that involves the superposition of the response at a point in the formation 

due to wellbore storage effects in each well. This method has been applied in several 

analytical solutions (Ogbe and Brigham, 1984; Novakowski, 1989; Stephenson and 

Novakowski, 2006) for pulse interference tests. 
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The following inner boundary condition is applied to the horizontal fracture features at 

the source well: 

 

                                                        2 π rw T � ∂h
∂� � � = rF = π rS

2 ∂hs

∂t
                          (A45) 

 

where hs is the hydraulic head in the source well; rs is the radius of the source well casing 

and r1 is the radial distance from the source well to the point in the formation used in the 

approximate solution method. 

 

A similar inner boundary condition is applied to the horizontal fracture features at the 

observation well as follows:  

 

                                                       2 π rwT � ∂h
∂�!� �! = rF =π rob

2 ∂hob

∂t
                         (A46) 

 

where hob is the hydraulic head in the observation well; rob is the radius of the observation 

well casing and r2 is the radial distance from the observation well to the point in the 

formation utilized in the approximate solution method. 

 

The continuity conditions that link the hydraulic head in the radial flow system to that in 

the observation well and the source well are given respectively as: 
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hs�t	 = h(rw,t)                   (A47) 

 

hob�t	 = h(rw,t)                  (A48) 

 

The initial conditions at the observation well and the source well are given as: 

 

hob�0	 = 0           (A49) 

 

hs�0	 = Ho           (A50) 

where H0 is the instantaneous change in the hydraulic head at the source well generated 

by the slug. 

 

Apply the Laplace transform to equations (A45) to (A48):   

Laplace transform of Eq. �A45	:      2 π rw T �∂h�
∂r1

�
r1=rw

= π rS
2 Uhs

�p - h0V       (A51) 

 

             Laplace transform of Eq. �A46	:     2 π rw T �∂h�
∂r2

�
r2=rw

= π rob
2 h�obp              (A52	 

 

           Laplace transform of Eq. �A47	:   h�s�p	 = h�(rw,p)                                           (A53) 
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             Laplace transform of Eq. �A48	:   h�ob�p	 = h�(rw,p)                                        (A54) 

 

Apply the superposition principle described by Novakowski (1989) to a point P, where:   

 

                                                             h= h1+ h2                                                          (A55) 

 

Apply Eq. (A44) along r1 and r2: 

 

                                                                h	1 = C1 K0(Φ1 2⁄
 r1)                                          (A56) 

 

                                                                h	2 = C2 K0(Φ1 2⁄
r2)                                           (A57) 

 

Apply Eq. (A45) and (A46) to (A44): 

 

                                                                h	 = C1 K0(Φ1 2⁄
 r1) + C

2 
K0(Φ1 2⁄

r2)                (A58) 

 

Insert the derivative of Eq. (A56) with respect to r1 into Eq. (A51): 

 

                                                                h	s = 
h0

p
-

C1 λ Φ1 2⁄
K1(Φ1 2⁄

 rw)

Csp
                       (A59) 
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where                                                    Cs = π rs
2                                                                             

 

                                                                 λw = 2 π rw T                                                                      

 

Insert the derivative of Eq. (A57) with respect to r2 into Eq. (A52): 

 

                                                        h�ob = - C2 λ Φ1 2⁄ K1�Φ1 2⁄  rw�
Cobp

                           (A60) 

 

where                                                    Cob = π rob
2                                                                        

 

Apply Eq. (A53) to (A58) (i.e. move point P to a distance rw from the sw center). Image 

below illustrates that when P is at a distance rw from sw, r1 = rw and r2 = r.      

 

 Sub Eq. (A58) and (A59) into (A53) when r1= rw and r2= r: 

 

                                                                C2 K0�Φ1 2⁄  r� + C1ξ6 = h0

p
                                (A61) 

 

              where                                ξ6 = 
Cs p Ko�rw √∅� + λw√∅ K1(rw √∅)

Cs p
          (A62) 
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 Sub Eq. (A58) and (A60) into (A54) when r1= r and r2= rw: 

 

                                                          C1 K0�Φ1 2⁄  r� + C2 ξ5 = 0                                   (A63) 

 

                                                                 ξ5 = 
Cob p Ko(rw √∅) + λw√∅ K1(rw √∅)

Cob p
         (A64) 

 

Use Cramer’s Rule to solve for C1 and C2: 

                                                        C1=

detih0
p K0�Φ1 2⁄  rw �
0 ξ5

i
detj ξ6 K0�Φ1 2⁄  r�

K0�Φ1 2⁄  r� ξ5

j           
 

 

                                             ∴         C1= - h0 ξ5

p γ3

                                                             (A65) 

 

              where                                  γ3 = (Ko (r �∅))2 -  ξ5 ξ6                                     (A66) 

 

             similarly                              C2 = - h0 K0�Φ1 2⁄  r�
p γ3

                                            (A67) 

 



 

129 

 

Apply Eq. (A65) to (A59) to obtain the solution in Laplace space for the hydraulic head 

in the source well: 

 

                                                        h�s = 
Ho

p
 + 

λw √∅ Ho ξ5 K1�rw √∅�
Cs p2 γ3

                             (A68) 

 

Apply Eq. (A67) to (A60) to obtain the solution in Laplace space for the hydraulic head 

in the observation well: 

 

                                                       h	ob = 
- λw√∅ Ho K0(r √∅) K1(rw √∅)

Cob p2 γ3

                          (A69) 

 

Apply Eq. (A65) and (A67) to (A58) to obtain the solution in Laplace space for hydraulic 

head in the horizontal fracture domain: 

 

                                                       h	 = 
H0 K0(r √∅) K0(r2 √∅) - H0 ξ5 K0(r1 √∅)

p γ3

            (A70) 
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Appendix B 

Verification of Elmhirst and Novakowski (2011) Solution 
 

The Elmhirst and Novakowski (2011) solution should reduce to the Stephenson and 

Novakowski (2006) solution when: 

no water table fluctuation 

                                                         α1→ 0                                                                  (B1) 

 One horizontal fracture connection between the source and observation wells 

                                                           nf  = 1                                                                    (B2) 

An infinitely thick lower rock slab 

                                                            Ln→ ∞                                                                  (B3) 

 

Verification of Observation Well Solution 

Equation (37) for the observation well solution in the Stephenson and Novakowski 

(2006) paper (with parameter notation similar to the Elmhirst and Novakowski (2011) 

solution): 

                                                               h	ob = 
- ho kw√∅ K0(r √∅) K1(rw √∅)

 γ3Cob p2                    (B4) 

 

              where                                          kw = 2 π rw T                                                                      
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  Φ = 
S p

T
- 

K '

T
l �Ψp	1 2⁄ exp�- Lw�Ψp	1

2� +  �Ψp	1 2⁄ exp�Lw�Ψp	1
2�

exp�- Lw�Ψp	1
2� + exp�Lw�Ψp	1

2� - �Ψp	1 2⁄ m           (B5)  

 

                                                                Cs = π rs
2                                                                             

 

                                                                Cop  = π rob
2             

 

                                                         h0 = H0 

 

                                                                 ξ5 = 
Cob p Ko(rw √∅) + λw√∅ K1(rw √∅)

Cob p
                      

 

                                                                 ξ6 = 
Cs p Ko�rw √∅� + λw√∅ K1(rw √∅)

Cs p
                           

 

                                                                 γ3 = �Ko �r &∅��2

-  ξ5 ξ6                                                   
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The Elmhirst and Novakowski (2011) observation well solution in Laplace space is: 

 

                                                       h	ob = 
- λw√∅ Ho K0(r √∅) K1(rw √∅)

Cob p2 γ3

                          (B6)          

 

              where                          Φ = 
S p

T
+

K '

T
 �Ψp	1 2⁄ X�2nF-1	 ξ3 - ξ

4

ξ3+ξ3

+
ξ1 + ξ2

ξ1 - ξ2

  Y        (B7) 

 

                                                       ξ1 = exp�- Lw�Ψp	1
2�                                              

 

                                                       ξ2 = 
λ1 + λ2

λ1 - λ2
 exp�Lw�Ψp	1

2�                                     

 

                                                      ξ3 = exp(- Ln(Ψp)
1
2)                                                    

 

                                                      ξ4 = exp(Ln(Ψp)
1
2)                                                  

 

                                                      λ1 = 
α1Syp

p + α1
                                                               

                                                                  

                                                      λ2 = K'(Ψp)1 2⁄                                                           
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In order to verify the Elmhirst and Novakowski (2011) solution, show that Eq. (B7) 

equals (B4) when applying (B1), (B2) and (B3) are applied to (B7): 

 

   Φ = 
S p

T
+ 

K '

T
 �Ψp	1 2⁄ lexp�- Lw�Ψp	1

2� +
 λ2

(-λ2) exp�Lw�Ψp	1
2�

exp�- Lw�Ψp	1
2� +

λ2
(-λ2) exp�Lw�Ψp	1

2� +�2�1	-1	 0- exp�∞	
0+ exp�∞	m  

 

             since                                          λ1 = 
α1Syp

p + α1
→0   as   α1→0 

 

             and                                          exp(-Ln(Ψp)
1
2) →0  as  Ln →∞                                                

 

  Φ = 
S p

T
+ 

K '

T
 �Ψp	1 2⁄ lexp�- Lw�Ψp	1

2� - exp�Lw�Ψp	1
2�

exp�- Lw�Ψp	1
2� - exp�Lw�Ψp	1

2� +1m                                  (B8) 

 

Rearrange (B7) : 

 

Φ = 
S p

T
- 

K '

T
l �Ψp	1 2⁄ exp�- Lw�Ψp	1

2� +  �Ψp	1 2⁄ exp�Lw�Ψp	1
2�

exp�- Lw�Ψp	1
2� + exp�Lw�Ψp	1

2� - �Ψp	1 2⁄ m           (B9) 
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Eq. (B6) is identical to (B4), and Eq. (B9) becomes identical to (B7) when (B1), (B2) and 

(B3) are applied to the Elmhirst and Novakowski (2011) observation well solution. 

Therefore, the observation well solution is verified against the Stephenson and 

Novakowski (2006) solution. 

 

Verification of source well solution 

Elmhirst and Novakowski (2011) solution for the source well: 

 

                                                 h�s = 
Ho

p
 + 

λw √∅ Ho ξ5 K1�rw √∅�
Cs p2 γ3

                                (B10) 

 

Equation (36) in the Stephenson and Novakowski (2006) paper for the source well: 

 

                                                  h�s = 
Ho

p
 + 

λw √∅ Ho ξ5 K1�rw √∅�
Cs p2 γ3

                              (B11) 

 

Equation (B10) is identical to (B11) if Eq. (B9) equals (B7) when (B1), (B2) and (B3) are 

applied to the Elmhirst and Novakowski (2011) source well solution. Therefore, the 

source well solution is verified against the Stephenson and Novakowski (2006) solution. 
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Verification of formation solution 

Elmhirst and Novakowski (2011) solution for hydraulic head in the formation: 

 

                                   h	 = 
H0 K0(r √∅) K0(r2 √∅) - H0 ξ5 K0(r1 √∅)

p γ3

            (B12) 

 

Equation (31) for hydraulic head in the formation in the Stephenson and Novakowski 

(2006) paper: 

 

                                   h	 = 
H0 K0(r √∅) K0(r2 √∅) - H0 ξ5 K0(r1 √∅)

p γ3

           (B13) 

 

Equation (B12) reduces to the same equation as (B13) when (B1), (B2) and (B3) are 

applied to the Elmhirst and Novakowski (2011) formation solution (B12). Therefore, the 

formation solution is verified against the Stephenson and Novakowski (2006) solution. 
 

 

 



 

136 

 

Appendix C 

Observation well Fortran code 

 
!************************************************** *********************
!************************************************** *********************
 PROGRAM MULTFS 
!************************************************** *********************
!***** THIS PROGRAM NUMERICALLY INVERTS A SOLUTION FOR ***** 
!***** PULSE INTERFERENCE TESTING INCLUDING STORAGE IN ***** 
!***** BOTH SOURCE AND OBSERVATION WELLS    ***** 
!*****           *****  
!***** THIS PROGRAM USES DIMENSIONED GROUPINGS   ***** 
!***** THE PROGRAM SOLVES FOR THE SITUATION GIVEN IN  ***** 
!***** "THE ANALYSIS OF PULSE INTERFERENCE TESTS   *****  
!***** CONDUCTED IN A FRACTURED ROCK AQUIFER   **** * 
!***** BOUNDED BY A CONSTANT FREE SURFACE - EQN 40.  ***** 
!************************************************** ********************* 
  IMPLICIT REAL*8 (A-H,O-Z) 
  REAL*8 K1,PI,NUMOBS,LN,LW,NF,NFMULT 
  INTEGER N 
  DOUBLE COMPLEX FS 
  DIMENSION TIM(6000) 
  
!  IDENTIFY INPUT AND OUTPUT FILES 
!  ----------------------------------------------------------------------------------------- 
  OPEN(11,FILE='multfs-obs.IN',STATUS='UNKNOWN') 
  OPEN(22,FILE='multfs-obs.out',STATUS='UNKNOWN') 
   
!  READ IN PARAMETER VALUES FROM MULTCH.IN FILE 
!  ----------------------------------------------------------------------------------------- 
  READ(11,*) K1 
  READ(11,*) TR 
  READ(11,*) SS1 
  READ(11,*) ST 
  READ(11,*) SY 
  READ(11,*) H0 
  READ(11,*) R 
  READ(11,*) RW 
  READ(11,*) RSW 
  READ(11,*) ROB 
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  READ(11,*) LN 
  READ(11,*) LW 
  READ(11,*) ALPHA1 
  READ(11,*) NF 
   
!  READ IN OBSERVATION TIMES 
!  ----------------------------------------------------------------------------------------- 
  READ(11,300) NUMOBS 
  DO 1 I=1,NUMOBS 
   READ(11,*) TIM(I) 
1  CONTINUE 
 
!  DEFINE CONSTANTS AND PLACE-HOLDER PARAMETERS 
!  ----------------------------------------------------------------------------------------- 
  PI=4.0D+00*DATAN(1.0D+00) 
  O=(K1/TR) 
  F=(SS1/K1) 
  CS=PI*(RSW**2) 
  CR=PI*(ROB**2) 
  Q=2*(PI)*RW*TR 
  NFMULT=2*NF-1.0 
 
!   CALCULATE DIMENSIONLESS HEAD AT EACH TIME  
!  ----------------------------------------------------------------------------------------- 
  DO 2 I=1,NUMOBS 
   TIME=TIM(I) 
 
!   ASSIGN VALUES TO TALBOT ALGORITHM PARAMETERS 
   ALAMDA=6/TIME 
   SIGMA=0.0 
   ANU=1.0 
   N=32 
 
!    CALCULATE HEAD IN SLUG-TESTED WELL (INVERT  
!   FROM LAPLACE SPACE). NOTE: CODE OUTPUTS  
!   DIMENSIONLESS HEAD H/H0 AND TIME 
    

CALL TALBOT(HR,TIME,ALAMDA,SIGMA,ANU,N,R, 
+CR,CS,RW,Q,H0,ST,TR,O,F,ALPHA1,LN,LW,NFMULT,SY) 
   WRITE(22,*) HR/H0 
2  CONTINUE 
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!   FORMAT STATEMENTS 
300  FORMAT(f5.3,/) 
   
  STOP 
 END 
 
!************************************************** *********************
!************************************************** *********************
 DOUBLE COMPLEX FUNCTION FS(P,R,CR,CS,RW,Q,H0,ST,TR,O,F, 
+ALPHA1,LN,LW,NFMULT,SY) 
!************************************************** *********************
!***** FUNCTION FS        ***** 
!*****           *****  
!***** THIS FUNCTION CALCULATES HEAD IN A SOURCE WELL  ***** 
!***** THAT IS  INTERSECTED BY ONE OR MORE HORIZONTAL  *****  
!***** FRACTURE FEATURE OF WHICH THE UPPERMOST FRACTURE    ***** 
!***** IS CONNECTED TO THE WATER TABLE. A CONSTANT HEAD      ***** 
!***** BOUNDARY CONDITION IS APPLIED TO THE WATER TABLE.   ***** 
!*****           ***** 
!***** FUNCTION FS IS THE SOLUTION IN LAPLACE SPACE             ***** 
!*****           ***** 
!***** LAURA M. ELMHIRST, QUEEN'S UNIVERSITY, KINGSTON       ***** 
!*****           ***** 
!***** JUNE 2010                                                 ***** 
!************************************************** ********************* 
  REAL*8 R,O,CR,F,CS,RW,H0,Q,ST,TR,ALPHA1,LN,LW,NFMULT 
  REAL*8 EXPMAX,DR,DI,SY 
 
  DOUBLE COMPLEX CPI,COMPR,COMEGA,CCR,CFORK,CCS 
  DOUBLE COMPLEX CBK0,CBK1,P,B22,PHI,ZETA1,ZETA2,DET,Y 
  DOUBLE COMPLEX CST,CTR,CH0,CRW,CLAM,TDET,CALPHA1 
  DOUBLE COMPLEX CQLN,CQLW,ONE,CNFMULT 

DOUBLE COMPLEX ARGLN,ARGLW,Y1,Y2,LFAC 
    
!   DEFINE CONSTANTS 
!  ----------------------------------------------------------------------------------------- 
  EXPMAX=708. 
  PI=4.0D+00*DATAN(1.0D+00) 
 
!  CONVERT PARAMETER TYPES TO DOUBLE COMPLEX 
  CCR=DCMPLX(CR) 
  CCS=DCMPLX(CS) 
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  CPI=DCMPLX(PI) 
  COMPR=DCMPLX(R) 
  CLAM=DCMPLX(Q) 
  CH0=DCMPLX(H0) 
  CRW=DCMPLX(RW) 
  CST=DCMPLX(ST) 
  CSY=DCMPLX(SY) 
  CTR=DCMPLX(TR) 
  COMEGA=DCMPLX(O) 
  CFORK=CDSQRT(DCMPLX(F)*P) 
  CALPHA1=DCMPLX(ALPHA1) 
  CNFMULT=DCMPLX(NFMULT) 
  ONE=DCMPLX(1.0) 
     
!   CALCULATE PHI FOR MULTIPLE FRACTURES, THE UPPERMOST  
!  FRACTURE BEING CONNECTED TO CONSTANT HEAD  
!  BOUNDARY CONDITION AT THE WATER TABLE 
!  ------------------------------------------------------------------------- 
  CQLN=DCMPLX(2.0*LN)*CFORK 
  CQLW=DCMPLX(2.0*LW)*CFORK 
   
  IF(REAL(CQLN).GT.EXPMAX) CQLN=DCMPLX(EXPMAX) 
  IF(REAL(CQLW).GT.EXPMAX) CQLW=DCMPLX(EXPMAX) 
   
  Y1= CFORK*(COMEGA*CTR) 
  Y2=CALPHA1*CSY*P/(P+CALPHA1) 
  LFAC=(Y1+Y2)/(Y2-Y1) 
   
  ARGLN=(ONE-CDEXP(CQLN))/(ONE+CDEXP(CQLN)) 
  ARGLW=(ONE+LFAC*CDEXP(CQLW))/(ONE-
+LFAC*CDEXP(CQLW)) 
     
      

PHI=CDSQRT((CST*P/CTR)COMEGA*CFORK* 
+(CNFMULT*ARGLN+ARGLW)) 
  
!   CALCULATE HEAD AT SOURCE WELL IN LAPLACE SPACE 
!  ----------------------------------------------------------------------------------------- 

ZETA1=(CCR*P*CBK0((PHI)*CRW)+CLAM*PHI*CBK1((PHI)* 
+CRW))/(CCR*P) 
       

ZETA2=(CCS*P*CBK0((PHI)*CRW)+CLAM*PHI*CBK1((PHI)* 
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+ CRW))/(CCS*P) 
 
  DET=(CBK0((PHI)*COMPR))*(CBK0((PHI)*COMPR))-
+(ZETA1*ZETA2) 
   
  B22=(CBK0(COMPR*(PHI))*CH0)/(DET*P) 
 
!   CHECK FOR NON-ZERO ARGUEMENT 
  DR=REAL(ZETA1)+REAL(ZETA2) 
  DI=AIMAG(ZETA1)+AIMAG(ZETA2) 
  DADD=DR+DI 
  
!   IF ZERO ARGUMENT FS=0 OTHERWISE, CALCULATE 
!  OBSERVATION WELL HEAD IN LAPLACE SPACE 
 
  IF(DADD.EQ.0.0) THEN 
   FS=0.0 
  ELSE 
   FS=(-1*CLAM*B22*(PHI)*CBK1((PHI)*CRW))/(CCR*P)  
  END IF 
  RETURN 
 END 
 
!************************************************** *********************
!************************************************** *********************
 SUBROUTINE TALBOT(FT,T,ALAMDA,SIGMA,ANU,N,R,CR,CS,RW,Q, 
+ H0,ST,TR,O,F,ALPHA1,LN,LW,NFMULT,SY) 
!************************************************** ********************* 
!***** THIS ROUTINE INVERTS THE LAPLACE TRANSFORM FS(S)  ***** 
!***** NUMERICALLY TO GIVE FT(T).      ***** 
!*****           ***** 
!***** FS(S) IS A COMPLEX*8 FUNCTION OF ITS COMPLEX*8  ***** 
!***** ARGUMENTS. FOR MOST APPLICATIONS IT IS RECOMMENDED ***** 
!***** THAT: SIGMA=0.0, ANU=1.0, ALAMDA=6.0/T, N32   ***** 
!************************************************** ********************* 
  IMPLICIT REAL*8(A-H,O-Z) 
  REAL*8 NFMULT,BC,LN,LW 
  DOUBLE COMPLEX S(1024),DS(1024),ZZ,FS,SUM,B,B1,B2,V2,CNU 
  DOUBLE COMPLEX ARG1,ARG2,CON1,CON2,CLAMDA,CSIGMA 
  DOUBLE PRECISION PIBYN,ALPHA,THETA,TAU,PSI,CP,SP,RS 
  DOUBLE PRECISION RSMAX,RSMEXP 
  DATA Z/0.0/ 
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  PI=3.141592653589732384626433827950D+00 
  CON1=DCMPLX(0.5,0.0) 
  CON2=DCMPLX(2.0,0.0) 
  CLAMDA=DCMPLX(ALAMDA,Z) 
  CNU=DCMPLX(ANU,Z) 
  CSIGMA=DCMPLX(SIGMA,Z) 
  
  PIBYN=PI/FLOAT(N) 
  TAU=DBLE(ALAMDA*T) 
  ZZ=DCMPLX(Z,Z) 
  NM1=N-1 
 
  DO 10 K=1,NM1 
   THETA=FLOAT(K)*PIBYN 
   ALPHA=THETA/DTAN(THETA) 
   S(K)=DCMPLX(ALPHA,ANU*THETA) 
   DS(K)=DCMPLX(ANU,THETA+ALPHA*(ALPHA-1)/ 
+THETA)*CON1 
10  CONTINUE 
 
  PSI=TAU*ANU*PIBYN 
  CP=2.0*DCOS(PSI) 
  SP=DSIN(PSI) 
  B=ZZ 
  B1=B 
 
  DO 20 KA=1,NM1 
   K=N-KA 
   RS=TAU*DBLE(S(K)) 
   RSMAX=DMAX1(RS,-50.0) 
   RSMEXP=DEXP(RSMAX) 
   V2=DCMPLX(RSMEXP,Z) 
   B2=B1 
   B1=B 
   ARG1=CLAMDA*S(K)+CSIGMA 
 
   B=DCMPLX(CP,Z)*B1-B2+V2*DS(K)* 
+FS(ARG1,R,CR,CS,RW,Q,H0,ST,TR,O,F,ALPHA1,LN,LW,NFMULT,SY) 
 
20  CONTINUE 
 
  ARG2=CLAMDA+CSIGMA+ZZ 



 

142 

 

 
 SUM=DCMPLX(DEXP(TAU),Z)*CNU*FS(ARG2,R,CR,CS,RW,Q,H0,ST, 
+TR,O,F,ALPHA1,LN,LW,NFMULT,SY)*CON1+DCMPLX(CP,Z)* 
+B-CON2*(B1-B*DCMPLX(Z,SP)) 
  FT=ALAMDA*EXP(SIGMA*T)*DBLE(SUM)/FLOAT(N) 
 
  RETURN 
 END 
!************************************************** *********************
!************************************************** ********************* 

DOUBLE COMPLEX FUNCTION CBK0(X) 
!************************************************** ********************* 
!***** MODIFIED BESSEL FUNCTION K0(X) FOR COMPLEX X  ***** 
!*****           ***** 
!***** SEE ABOMOWITZ & STEGUN, HANDBOOK OF METHEMATICAL  ***** 
!***** FUNCTIONS  PAGE 375 FOR SERIES EXPANSION.   ***** 
!*****           ***** 
!***** PROGRAMMED BY: E.A. SUDICKY,     ***** 
!***** INSTITUTE FOR GROUNDWATER RESEARCH,   ***** 
!***** UNIVERSITY OF WATERLOO,      ***** 
!***** WATERLOO,ONTARIO N2L 3G1      ***** 
!***** MARCH, 1987.        ***** 
!************************************************** ********************* 
  IMPLICIT DOUBLE COMPLEX(A-H,O-Z) 
  DOUBLE PRECISION PI,E,FACT1,Z1 
  CBK0=(0.0,0.0) 
  E=0.577215664901533 
  PI=3.14159265 
  IF(CDABS(X).LE.1.0E-03) GOTO 200 
  IF(CDABS(X).GT.50.0) GOTO 99 
  IF(CDABS(X).GT.5.0) GOTO 100   
  X2=X/2.0 
  X3=X*X/4.0 
  XX=X3 
 
!  SUM1 ADDS TO I0(X) 
 
  SUM1=DCMPLX(1.0,0.0) 
  SUM2=DCMPLX(0.0,0.0) 
  SUM3=DCMPLX(0.0,0.0) 
  FACT1=1.0 
  N=0 
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10  N=N+1 
  Z1=FLOAT(N) 
  FACT1=FACT1*Z1 
  TERM1=XX/(FACT1*FACT1) 
  SUM3=SUM3+1.0/Z1 
  SUM1=SUM1+TERM1 
  RUNTRM=TERM1*SUM3 
  SUM2=SUM2+RUNTRM 
  XX=XX*X3 
  IF(CDABS(RUNTRM/SUM2).LT.1.0E-06) GOTO 20 
  GOTO 10 
20  CBI0=SUM1 
  CBK0=-(CDLOG(X2)+E)*CBI0+SUM2 
  GOTO 99 
 
!  LARGE X 
 
100  Z=CDSQRT(X) 
  CBK0=CDEXP(-X)/Z*DSQRT(PI/2.0) 
  GOTO 99 
 
!  SMALL X 
 
200  U=X/2.0 
  CBI0=1.00+U*U 
  CBK0=-CDLOG(U)*CBI0-E 
99  CONTINUE 
  RETURN 
 END 
 
!************************************************** *********************
!************************************************** ********************* 

DOUBLE COMPLEX FUNCTION CBK1(X) 
!************************************************** ********************* 
!***** MODIFIED BESSEL FUNCTION K1(X)     ***** 
!***** SEE CARSLAW & JAEGER, PG. 489, EQUATION (10) FOR K1  ***** 
!***** SERIES.         ***** 
!***** SEE GRADSHTEYN & RYZHIK, PG. 961, EQUATION 8.477.2  ***** 
!***** FOR I1.         ***** 
!***** PROGRAMMED BY: E.A. SUDICKY,     ***** 
!*****   INSTITUTE FOR GROUNDWATER RESEARCH, ***** 
!*****   UNIVERSITY OF WATERLOO,    ***** 
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!*****   WATERLOO, ONTARIO, N2L SG1    ***** 
!*****   JANUARY, 1987.      ***** 
!*****           ***** 
!*****  UPDATE FOR COMPLEX: F.W.LETNIOWSKI   ***** 
!*****     MAY, 1987.     ***** 
!************************************************** ********************* 
  IMPLICIT DOUBLE COMPLEX(A-H,O-Z) 
  DOUBLE PRECISION PI,E,FACT,Z1,Z2 
 
  CBK1=DCMPLX(0.0,0.0) 
  E=0.577215665 
  PI=3.14159265 
  IF(CDABS(X).LE.1.0E-03) GOTO 200 
  IF(CDABS(X).GT.50.0) GOTO 99 
  IF(CDABS(X).GT.5.0) GOTO 100 
 
  X2=X/2.0 
  X3=X*X/4.0 
  XX=X2*X3 
 
!  SUM1 ADDS TO I1(X) 
 
  SUM1=X2 
  SUM2=SUM1 
  SUM3=DCMPLX(0.0,0.0) 
  FACT=1.0 
  N=0 
10  N=N+1 
  Z1=FLOAT(N) 
  Z2=FLOAT(N+1) 
  FACT=FACT*Z1*Z2 
  TERM1=XX/FACT 
  SUM3=SUM3+1.0/Z1 
  SUMI=2.0*SUM3+1.0/Z2 
  SUM1=SUM1+TERM1 
  SUM2=SUM2+TERM1*SUMI 
  XX=XX*X3 
  IF(CDABS(TERM1*SUM1/SUM2).LT.1.0E-06) GOTO 20 
  GOTO 10 
20  CBI1=SUM1 
  CBK1=(CDLOG(X2)+E)*CBI1-0.5*SUM2+1.0/X 
  GOTO 99 
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!  LARGE X 
 
100  Z=CDSQRT(X) 
  CBK1=CDEXP(-X)/Z*DSQRT(PI/2.0)*(1.0+3.0/(8.0*X)) 
  GOTO 99 
 
!  SMALL X 
 
200  U=X/2.0 
  CBK1=1.0/X+U*(CDLOG(U)+E)-X/4.0 
99  CONTINUE 
  
  RETURN 
 END 
 
!************************************************** *********************
!************************************************** *********************
 DOUBLE COMPLEX FUNCTION CBI1(X) 
!************************************************** *********************
!*****  MODIFIED BESSEL FUNCITON I1(X)    ***** 
!*****           ***** 
!***** SEE CARSLAW & JAEGER, PG. 489, EQUATION (10) FOR K1  ***** 
!***** SERIES.          ***** 
!***** SEE GRADSHTEYN & RYZHIK, RG. 961, EQUATION 8.447.2  ***** 
!***** FOR I1.         ***** 
!***** PROGRAMMED BY: E.A. SUDICKY,     ***** 
!*****   INSTITUTE FOR GROUNDWATER RESEARCH, ***** 
!*****   UNIVERSITY OF WATERLOO,    ***** 
!*****   WATERLOO, ONTARIO, N2L 3G1    ***** 
!*****   JANUARY, 1987.      ***** 
!*****           ***** 
!*****  UPDATE FOR COMPLEX: F.W. LETNIOWSKI   *****  
!*****      MAY, 1987    ***** 
!************************************************** ********************* 
  IMPLICIT DOUBLE COMPLEX(A-H,O-Z) 
  DOUBLE PRECISION PI,E,FACT,Z1,Z2 
 
  CBI1=DCMPLX(0.0,0.0) 
  E=0.577215665 
  PI=3.14159265 
  IF(CDABS(X).LE.1.0E-03) GOTO 200 
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  IF(CDABS(X).GT.50.0) GOTO 99 
  IF(CDABS(X).GT.5.0) GOTO 100 
 
  X2=X/2.0 
  X3=X*X/4.0 
  XX=X2*X3 
 
!  SUM1 ADDS TO I1(X) 
!  SERIES EXPANSION 
  
  SUM1=X2 
  SUM2=SUM1 
  SUM3=DCMPLX(0.0,0.0) 
  FACT=1.0 
  N=0 
10  N=N+1 
  Z1=FLOAT(N) 
  Z2=FLOAT(N+1) 
  FACT=FACT*Z1*Z2 
  TERM1=XX/FACT 
  SUM3=SUM3+1.0/Z1 
  SUMI=2.0*SUM3+1.0/Z2 
  SUM1=SUM1+TERM1 
  SUM2=SUM2+TERM1*SUMI 
  XX=XX*X3 
  IF(CDABS(TERM1*SUM1/SUM2).LT.1.0E-06) GOTO 20 
  GOTO 10 
20  CBI1=SUM1 
  GOTO 99 
 
!  LARGE X 
!  ASYMPTOTIC SERIES EXPANSION 
 
100  Z=CDSQRT(X) 
  CBI1=CDEXP(X)/Z*DSQRT(PI*2.0)*(1.0-3.0/(8.0*X)) 
  GOTO 99 
 
!  SMALL X 
!  POLYNOMIAL APPROXIMATION 
 
200  U=X/2.0 
  T=X/3.75 
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  CBI1=U+.87890594*T**2*X+.51498869*T**4*X+.15084934*T**6*X 
99  CONTINUE 
 RETURN 
 END 
 
!************************************************** *********************
!************************************************** *********************
 DOUBLE COMPLEX FUNCTION CBI0(X) 
!************************************************** *********************
!*****  MODIFIED BESSEL FUNCTION I0(X) FOR COMPLEX X ***** 
!*****           ***** 
!***** SEE ABOMOWITZ & STEGUN, HANDBOOK OF MATHEMAT ICAL  ***** 
!***** FUNCTIONS PAGE 375 FOR SERIES EXPANSION.   ***** 
!*****           ***** 
!***** PROGRAMMED BY: E.A. SUDICKY,     ***** 
!*****   INSTITUTE FOR GROUNDWATER RESERACH, ***** 
!*****   UNIVERSITY OF WATERLOO,    ***** 
!*****   WATERLOO, ONTARIO, N2L 3G1    ***** 
!*****   MARCH, 1987.      ***** 
!************************************************** ********************* 
  IMPLICIT DOUBLE COMPLEX (A-H,O-Z) 
  DOUBLE PRECISION PI,E,FACT1,Z1 
  CBI0=(0.0,0.0) 
  E=0.577215664901533 
  PI=3.14159265 
  IF(CDABS(X).LE.1.0E-03) GOTO 200 
  IF(CDABS(X).GT.50.0) GOTO 99 
  IF(CDABS(X).GT.5.0) GOTO 100 
  X2=X/2.0 
  X3=X*X/4.0 
  XX=X3 
 
!  SUM1 ADDS TO I0(X) 
 
  SUM1=DCMPLX(1.0,0.0) 
  SUM2=DCMPLX(0.0,0.0) 
  SUM3=DCMPLX(0.0,0.0) 
  FACT1=1.0 
  N=0 
10  N=N+1 
  Z1=FLOAT(N) 
  FACT1=FACT1*Z1 
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  TERM1=XX/(FACT1*FACT1) 
  SUM3=SUM3+1.0/Z1 
  SUM1=SUM1+TERM1 
  RUNTRM=TERM1*SUM3 
  SUM2=SUM2+RUNTRM 
  XX=XX*X3 
  IF(CDABS(RUNTRM/SUM2).LT.1.0E-06) GOTO 20 
  GOTO 10 
20  CBI0=SUM1 
  GOTO 99 
 
!  LARGE X 
 
100  Z=CDSQRT(X) 
  CBI0=CDEXP(X)/(Z*DSQRT(PI*2.0)) 
  GOTO 99 
 
!  SMALL X 
 
200  U=X/2.0 
  CBI0=1.00+U*U 
99  CONTINUE 
  RETURN 
 END 
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Appendix D 

Source well Fortran code 

 
!************************************************** ********************* 
!************************************************** ********************* 

PROGRAM MULTFS 
!************************************************** ********************* 
!***** THIS PROGRAM NUMERICALLY INVERTS A SOLUTION FOR   ***** 
!***** PULSE INTERFERENCE TESTING INCLUDING STORAGE IN  ***** 
!***** BOTH SOURCE AND OBSERVATION WELLS     ***** 
!*****            *****  
!***** THIS PROGRAM USES DIMENSIONED GROUPINGS    ***** 
!***** THE PROGRAM SOLVES FOR THE SITUATION GIVEN IN   ***** 
!***** "THE ANALYSIS OF PULSE INTERFERENCE TESTS    *****  
!***** CONDUCTED IN A FRACTURED ROCK AQUIFER    ***** 
!***** BOUNDED BY A CONSTANT FREE SURFACE - EQN 40.   ***** 
!************************************************** ********************* 

IMPLICIT REAL*8 (A-H,O-Z) 
 REAL*8 K1,PI,NUMOBS,LN,LW,NF,NFMULT 
 INTEGER N 
 DOUBLE COMPLEX FS 
 DIMENSION TIM(3900) 

  
!   IDENTIFY INPUT AND OUTPUT FILES 
!  ----------------------------------------------------------------------------------------- 
  

OPEN(11,FILE='multfs.IN',STATUS='UNKNOWN') 
 OPEN(22,FILE='multfs.out',STATUS='UNKNOWN') 

   
!   READ IN PARAMETER VALUES  
!  ------------------------------------------------------------------------------------------ 

 READ(11,*) K1 
 READ(11,*) TR 
 READ(11,*) SS1 
 READ(11,*) ST 
 READ(11,*) SY 
 READ(11,*) H0 
 READ(11,*) R 
 READ(11,*) RW 
 READ(11,*) RSW 



 

150 

 

 READ(11,*) ROB 
 READ(11,*) LN 
 READ(11,*) LW 
 READ(11,*) ALPHA1 
 READ(11,*) NF 

   
!   READ IN OBSERVATION TIMES 
  READ(11,300) NUMOBS 
  

DO 1 I=1,NUMOBS 
   READ(11,*) TIM(I) 
1  CONTINUE 
 
!   DEFINE CONSTANTS AND PLACE-HOLDER PARAMETERS 
  PI=4.0D+00*DATAN(1.0D+00) 

 O=(K1/TR) 
 F=(SS1/K1) 
 CS=PI*(RSW**2) 
 CR=PI*(ROB**2) 
 Q=2*(PI)*RW*TR 
 NFMULT=2*NF-1.0 

 
!  CALCULATE DIMENSIONLESS HEAD AT EACH TIME  

 DO 2 I=1,NUMOBS 
  TIME=TIM(I) 

 
!  ASSIGN VALUES TO TALBOT ALGORITHM PARAMETERS 
   ALAMDA=6/TIME 
   SIGMA=0.0 
   ANU=1.0 
   N=32 
 
! CALCULATE HYDRAULIC HEAD IN SOURCE WELL (INVERT 

FROM LAPLACE SPACE).  
!  NOTE: CODE OUTPUTS DIMENSIONLESS HEAD H/H0 AND TIME 
  

CALL TALBOT(HR,TIME,ALAMDA,SIGMA,ANU,N,R,CR,CS, 
+RW,Q,H0,ST,TR,O,F,ALPHA1,LN,LW,NFMULT,SY) 
   WRITE(22,*) HR/H0 
2  CONTINUE 
 
!  FORMAT STATEMENTS 
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300  FORMAT(f5.3,/) 
 

STOP 
END 
 
!************************************************** *********************
!************************************************** ********************* 

DOUBLE COMPLEX FUNCTION FS(P,R,CR,CS,RW,Q,H0,ST,TR,O,F, 
+ALPHA1,LN,LW,NFMULT,SY) 
!************************************************** ********************* 
!***** FUNCTION FS        ***** 
!*****           ***** 
!***** THIS FUNCTION CALCULATES HEAD IN A SOURCE WELL   ***** 
!***** THAT IS INTERSECTED BY ONE OR MORE HORIZONTAL   *****  
!***** FRACTURE FEATURES OF WHICH THE UPPERMOST FRACTURE  ***** 
!***** IS CONNECTED TO THE WATER TABLE. A CONSTANT HEAD   ***** 
!***** BOUNDARY CONDITION HAS BEEN APPLIED TO THE WATER  ***** 
!***** TABLE.                                ***** 
!*****           ***** 
!***** FUNCTION FS IS THE SOLUTION IN LAPLACE SPACE           ***** 
!*****           ***** 
!***** LAURA M. ELMHIRST, QUEEN'S UNIVERSITY, KINGSTON      ***** 
!*****           ***** 
!***** JUNE 2010                                                 ***** 
!************************************************** *********************  

 REAL*8 R,O,CR,F,CS,RW,H0,Q,ST,TR,ALPHA1,LN,LW,NFMULT 
 REAL*8 EXPMAX,DR,DI,SY 
 
 DOUBLE COMPLEX 
CPI,COMPR,COMEGA,CCR,CFORK,CCS,CBK0,CBK1 
 DOUBLE COMPLEX P,B2S 
,PHI,ZETA1,ZETA2,DET,Y,CST,CTR,CH0,CRW, 

DOUBLE COMPLEX CLAM,TDET,CALPHA1,CQLN,CQLW,ONE 
DOUBLE COMPLEX L CNFMULT,ARGLN,ARGLW,FAC,Y1,Y2 

    
!   DEFINE CONSTANTS 
!  ----------------------------------------------------------------------------------------- 
  EXPMAX=708. 
  PI=4.0D+00*DATAN(1.0D+00) 
 
!   CONVERT PARAMETER TYPES TO DOUBLE COMPLEX 

 CCR=DCMPLX(CR) 
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 CCS=DCMPLX(CS) 
 CPI=DCMPLX(PI) 
 COMPR=DCMPLX(R) 
 CLAM=DCMPLX(Q) 
 CH0=DCMPLX(H0) 
 CRW=DCMPLX(RW) 
 CST=DCMPLX(ST) 
 CSY=DCMPLX(SY) 
 CTR=DCMPLX(TR) 
 COMEGA=DCMPLX(O) 
 CFORK=CDSQRT(DCMPLX(F)*P) 
 CALPHA1=DCMPLX(ALPHA1) 
 CNFMULT=DCMPLX(NFMULT) 
 ONE=DCMPLX(1.0) 

     
!  CALCULATE PHI FOR MULTIPLE FRACTURES, THE UPPERMOST  
!  FRACTURE  BEING CONNECTED TO CONSTANT HEAD 
BOUNDARY  
!  CONDITION AT THE WATER TABLE 
!  ----------------------------------------------------------------------------------------- 
 

 CQLN=DCMPLX(2.0*LN)*CFORK 
 CQLW=DCMPLX(2.0*LW)*CFORK 
   
 IF(REAL(CQLN).GT.EXPMAX) CQLN=DCMPLX(EXPMAX) 
 IF(REAL(CQLW).GT.EXPMAX) CQLW=DCMPLX(EXPMAX) 
   
 Y1= CFORK*(COMEGA*CTR) 
 Y2=CALPHA1*CSY*P/(P+CALPHA1) 
 LFAC=(Y1+Y2)/(Y2-Y1) 
   
 ARGLN=(ONE-CDEXP(CQLN))/(ONE+CDEXP(CQLN)) 
 ARGLW=(ONE+LFAC*CDEXP(CQLW))/(ONE-
LFAC*CDEXP(CQLW)) 
     
 PHI=CDSQRT((CST*P/CTR)-COMEGA*CFORK* 

+(CNFMULT*ARGLN+ARGLW)) 
  
!   CALCULATE HEAD AT SOURCE WELL IN LAPLACE SPACE 
!  ----------------------------------------------------------------------------------------- 

   
 ZETA1=(CCR*P*CBK0((PHI)*CRW)+CLAM*PHI*CBK1((PHI)* 
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+CRW))/(CCR*P) 
   
 ZETA2=(CCS*P*CBK0((PHI)*CRW)+CLAM*PHI*CBK1((PHI)* 

+CRW))/(CCS*P) 
 
 DET=(CBK0((PHI)*COMPR))*(CBK0((PHI)*COMPR))- 

+(ZETA1*ZETA2) 
   
 B2S=(ZETA1*CH0)/(DET*P) 

 
!   CHECK FOR NON-ZERO ARGUMENT 
  

DR=REAL(ZETA1)+REAL(ZETA2) 
  DI=AIMAG(ZETA1)+AIMAG(ZETA2) 
  DADD=DR+DI 
  
! IF ZERO ARGUMENT FS=0 OTHERWISE, CALCULATE SOURCE  
! WELL HEAD IN LAPLACE SPACE 
  

IF(DADD.EQ.0.0) THEN 
  FS=0.0 
 ELSE 
  FS=(CLAM*B2S*(PHI)*CBK1((PHI)*CRW))/(CCS*P)+(H0/P) 
 END IF 
 RETURN 
END 
 
!************************************************** ********************* 
!************************************************** ********************* 

SUBROUTINE TALBOT(FT,T,ALAMDA,SIGMA,ANU,N,R,CR,CS,RW,Q,H0, 
+ST,TR,O, F,ALPHA1,LN,LW,NFMULT,SY) 
!************************************************** ********************* 
!*****  THIS ROUTINE INVERTS THE LAPLACE TRANSFORM FS(S)  ***** 
!***** NUMERICALLY TO GIVE FT(T).      ***** 
!*****           ***** 
!***** FS(S) IS A COMPLEX*8 FUNCTION OF ITS COMPLEX*8  ***** 
!***** ARGUMENTS. FOR MOST APPLICATIONS IT IS RECOMENDED  ***** 
!***** THAT: SIGMA=0.0, ANU=1.0, ALAMDA=6.0/T, N32   ***** 
!************************************************** ********************* 

 IMPLICIT REAL*8(A-H,O-Z) 
 REAL*8 NFMULT,BC,LN,LW 
 DOUBLE COMPLEX (1024),DS(1024),ZZ,FS,SUM,B,B1,B2,V2,ARG1 
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 DOUBLE COMPLEX ARG2,CON1,CON2,CLAMDA,CNU,CSIGMA 
 DOUBLE PRECISION PIBYN,ALPHA,THETA,TAU,PSI,CP,SP,RS 
 DOUBLE PRECISION RSMAX,RSMEXP 
 DATA Z/0.0/ 
 PI=3.141592653589732384626433827950D+00 
 CON1=DCMPLX(0.5,0.0) 
 CON2=DCMPLX(2.0,0.0) 
 CLAMDA=DCMPLX(ALAMDA,Z) 
 CNU=DCMPLX(ANU,Z) 
 CSIGMA=DCMPLX(SIGMA,Z) 
  
 PIBYN=PI/FLOAT(N) 
 TAU=DBLE(ALAMDA*T) 
 ZZ=DCMPLX(Z,Z) 
 NM1=N-1 
 
 DO 10 K=1,NM1 
  THETA=FLOAT(K)*PIBYN 
  ALPHA=THETA/DTAN(THETA) 
  S(K)=DCMPLX(ALPHA,ANU*THETA) 
  DS(K)=DCMPLX(ANU,THETA+ALPHA* 

+(ALPHA-1)/THETA)*CON1 
10  CONTINUE 
 

 PSI=TAU*ANU*PIBYN 
 CP=2.0*DCOS(PSI) 
 SP=DSIN(PSI) 
 B=ZZ 
 B1=B 
 
 DO 20 KA=1,NM1 
  K=N-KA 
  RS=TAU*DBLE(S(K)) 
  RSMAX=DMAX1(RS,-50.0) 
  RSMEXP=DEXP(RSMAX) 
  V2=DCMPLX(RSMEXP,Z) 
  B2=B1 
  B1=B 
  ARG1=CLAMDA*S(K)+CSIGMA 
  B=DCMPLX(CP,Z)*B1-B2+V2*DS(K)*FS(ARG1,R,CR,CS,RW, 

+Q,H0,ST,TR,O,F,ALPHA1,LN,LW,NFMULT,SY) 
20  CONTINUE 
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 ARG2=CLAMDA+CSIGMA+ZZ 
 SUM=DCMPLX(DEXP(TAU),Z)*CNU*FS(ARG2,R,CR,CS,RW,Q,H0, 

+ST,TR,O,F,ALPHA1,LN,LW,NFMULT,SY)*CON1 
+DCMPLX(CP,Z)*B-CON2*(B1-B*DCMPLX(Z,SP)) 
  

FT=ALAMDA*EXP(SIGMA*T)*DBLE(SUM)/FLOAT(N) 
 
  RETURN 

END 
 
!************************************************** *********************
!************************************************** ********************* 

DOUBLE COMPLEX FUNCTION CBK0(X) 
!************************************************** ********************* 
!***** MODIFIED BESSEL FUNCTION K0(X) FOR COMPLEX X  ***** 
!*****           ***** 
!***** SEE ABOMOWITZ & STEGUN, HANDBOOK OF METHEMATICAL  ***** 
!***** FUNCTIONS  PAGE 375 FOR SERIES EXPANSION.   ***** 
!*****           ***** 
!***** PROGRAMMED BY: E.A. SUDICKY,     ***** 
!***** INSTITUTE FOR GROUNDWATER RESEARCH,   ***** 
!***** UNIVERSITY OF WATERLOO,      ***** 
!***** WATERLOO,ONTARIO N2L 3G1      ***** 
!***** MARCH, 1987.        ***** 
!************************************************** ********************* 
  IMPLICIT DOUBLE COMPLEX(A-H,O-Z) 
  DOUBLE PRECISION PI,E,FACT1,Z1 
  CBK0=(0.0,0.0) 
  E=0.577215664901533 
  PI=3.14159265 
  IF(CDABS(X).LE.1.0E-03) GOTO 200 
  IF(CDABS(X).GT.50.0) GOTO 99 
  IF(CDABS(X).GT.5.0) GOTO 100   
  X2=X/2.0 
  X3=X*X/4.0 
  XX=X3 
 
!  SUM1 ADDS TO I0(X) 
 
  SUM1=DCMPLX(1.0,0.0) 
  SUM2=DCMPLX(0.0,0.0) 
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  SUM3=DCMPLX(0.0,0.0) 
  FACT1=1.0 
  N=0 
10  N=N+1 
  Z1=FLOAT(N) 
  FACT1=FACT1*Z1 
  TERM1=XX/(FACT1*FACT1) 
  SUM3=SUM3+1.0/Z1 
  SUM1=SUM1+TERM1 
  RUNTRM=TERM1*SUM3 
  SUM2=SUM2+RUNTRM 
  XX=XX*X3 
  IF(CDABS(RUNTRM/SUM2).LT.1.0E-06) GOTO 20 
  GOTO 10 
20  CBI0=SUM1 
  CBK0=-(CDLOG(X2)+E)*CBI0+SUM2 
  GOTO 99 
 
!  LARGE X 
 
100  Z=CDSQRT(X) 
  CBK0=CDEXP(-X)/Z*DSQRT(PI/2.0) 
  GOTO 99 
 
!  SMALL X 
 
200  U=X/2.0 
  CBI0=1.00+U*U 
  CBK0=-CDLOG(U)*CBI0-E 
99  CONTINUE 
  RETURN 
 END 
 
!************************************************** *********************
!************************************************** ********************* 

DOUBLE COMPLEX FUNCTION CBK1(X) 
!************************************************** ********************* 
!***** MODIFIED BESSEL FUNCTION K1(X)     ***** 
!***** SEE CARSLAW & JAEGER, PG. 489, EQUATION (10) FOR K1  ***** 
!***** SERIES.          ***** 
!***** SEE GRADSHTEYN & RYZHIK, PG. 961, EQUATION 8.477.2  ***** 
!***** FOR I1.         ***** 
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!***** PROGRAMMED BY: E.A. SUDICKY,     ***** 
!*****   INSTITUTE FOR GROUNDWATER RESEARCH, ***** 
!*****   UNIVERSITY OF WATERLOO,    ***** 
!*****   WATERLOO, ONTARIO, N2L SG1    ***** 
!*****   JANUARY, 1987.      ***** 
!*****           ***** 
!***** UPDATE FOR COMPLEX: F.W.LETNIOWSKI    ***** 
!*****     MAY, 1987.     ***** 
!************************************************** ********************* 
  IMPLICIT DOUBLE COMPLEX(A-H,O-Z) 
  DOUBLE PRECISION PI,E,FACT,Z1,Z2 
 
  CBK1=DCMPLX(0.0,0.0) 
  E=0.577215665 
  PI=3.14159265 
  IF(CDABS(X).LE.1.0E-03) GOTO 200 
  IF(CDABS(X).GT.50.0) GOTO 99 
  IF(CDABS(X).GT.5.0) GOTO 100 
 
  X2=X/2.0 
  X3=X*X/4.0 
  XX=X2*X3 
 
!  SUM1 ADDS TO I1(X) 
 
  SUM1=X2 
  SUM2=SUM1 
  SUM3=DCMPLX(0.0,0.0) 
  FACT=1.0 
  N=0 
10  N=N+1 
  Z1=FLOAT(N) 
  Z2=FLOAT(N+1) 
  FACT=FACT*Z1*Z2 
  TERM1=XX/FACT 
  SUM3=SUM3+1.0/Z1 
  SUMI=2.0*SUM3+1.0/Z2 
  SUM1=SUM1+TERM1 
  SUM2=SUM2+TERM1*SUMI 
  XX=XX*X3 
  IF(CDABS(TERM1*SUM1/SUM2).LT.1.0E-06) GOTO 20 
  GOTO 10 
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20  CBI1=SUM1 
  CBK1=(CDLOG(X2)+E)*CBI1-0.5*SUM2+1.0/X 
  GOTO 99 
 
!  LARGE X 
 
100  Z=CDSQRT(X) 
  CBK1=CDEXP(-X)/Z*DSQRT(PI/2.0)*(1.0+3.0/(8.0*X)) 
  GOTO 99 
 
!  SMALL X 
 
200  U=X/2.0 
  CBK1=1.0/X+U*(CDLOG(U)+E)-X/4.0 
99  CONTINUE 
  
  RETURN 
 END 
 
!************************************************** *********************
!************************************************** *********************
 DOUBLE COMPLEX FUNCTION CBI1(X) 
!************************************************** ********************* 
!*****  MODIFIED BESSEL FUNCITON I1(X)    ***** 
!*****           ***** 
!***** SEE CARSLAW & JAEGER, PG. 489, EQUATION (10) FOR K1  ***** 
!***** SERIES.         ***** 
!***** SEE GRADSHTEYN & RYZHIK, RG. 961, EQUATION 8.447.2  ***** 
!***** FOR I1.         ***** 
!***** PROGRAMMED BY: E.A. SUDICKY,     ***** 
!*****   INSTITUTE FOR GROUNDWATER RESEARCH, ***** 
!*****   UNIVERSITY OF WATERLOO,    ***** 
!*****   WATERLOO, ONTARIO, N2L 3G1    ***** 
!*****   JANUARY, 1987.      ***** 
!*****           ***** 
!***** UPDATE FOR COMPLEX: F.W. LETNIOWSKI    *****  
!*****      MAY, 1987    ***** 
!************************************************** ********************* 
  IMPLICIT DOUBLE COMPLEX(A-H,O-Z) 
  DOUBLE PRECISION PI,E,FACT,Z1,Z2 
 
  CBI1=DCMPLX(0.0,0.0) 
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  E=0.577215665 
  PI=3.14159265 
  IF(CDABS(X).LE.1.0E-03) GOTO 200 
  IF(CDABS(X).GT.50.0) GOTO 99 
  IF(CDABS(X).GT.5.0) GOTO 100 
 
  X2=X/2.0 
  X3=X*X/4.0 
  XX=X2*X3 
 
!  SUM1 ADDS TO I1(X) 
!  SERIES EXPANSION 
  
  SUM1=X2 
  SUM2=SUM1 
  SUM3=DCMPLX(0.0,0.0) 
  FACT=1.0 
  N=0 
10  N=N+1 
  Z1=FLOAT(N) 
  Z2=FLOAT(N+1) 
  FACT=FACT*Z1*Z2 
  TERM1=XX/FACT 
  SUM3=SUM3+1.0/Z1 
  SUMI=2.0*SUM3+1.0/Z2 
  SUM1=SUM1+TERM1 
  SUM2=SUM2+TERM1*SUMI 
  XX=XX*X3 
  IF(CDABS(TERM1*SUM1/SUM2).LT.1.0E-06) GOTO 20 
  GOTO 10 
20  CBI1=SUM1 
  GOTO 99 
 
!  LARGE X 
!  ASYMPTOTIC SERIES EXPANSION 
 
100  Z=CDSQRT(X) 
  CBI1=CDEXP(X)/Z*DSQRT(PI*2.0)*(1.0-3.0/(8.0*X)) 
  GOTO 99 
 
!  SMALL X 
!  POLYNOMIAL APPROXIMATION 
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200  U=X/2.0 
  T=X/3.75 
  CBI1=U+.87890594*T**2*X+.51498869*T**4*X+.15084934*T**6*X 
99  CONTINUE 
 RETURN 
 END 
 
!************************************************** *********************
!************************************************** *********************
 DOUBLE COMPLEX FUNCTION CBI0(X) 
!************************************************** ********************* 
!*****  MODIFIED BESSEL FUNCTION I0(X) FOR COMPLEX X ***** 
!*****           ***** 
!***** SEE ABOMOWITZ & STEGUN, HANDBOOK OF MATHEMAT ICAL  ***** 
!***** FUNCTIONS PAGE 375 FOR SERIES EXPANSION.   ***** 
!*****           ***** 
!***** PROGRAMMED BY: E.A. SUDICKY,     ***** 
!*****   INSTITUTE FOR GROUNDWATER RESERACH, ***** 
!*****   UNIVERSITY OF WATERLOO,    ***** 
!*****   WATERLOO, ONTARIO, N2L 3G1    ***** 
!*****   MARCH, 1987.      ***** 
!************************************************** ********************* 
  IMPLICIT DOUBLE COMPLEX (A-H,O-Z) 
  DOUBLE PRECISION PI,E,FACT1,Z1 
  CBI0=(0.0,0.0) 
  E=0.577215664901533 
  PI=3.14159265 
  IF(CDABS(X).LE.1.0E-03) GOTO 200 
  IF(CDABS(X).GT.50.0) GOTO 99 
  IF(CDABS(X).GT.5.0) GOTO 100 
  X2=X/2.0 
  X3=X*X/4.0 
  XX=X3 
 
!  SUM1 ADDS TO I0(X) 
 
  SUM1=DCMPLX(1.0,0.0) 
  SUM2=DCMPLX(0.0,0.0) 
  SUM3=DCMPLX(0.0,0.0) 
  FACT1=1.0 
  N=0 
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10  N=N+1 
  Z1=FLOAT(N) 
  FACT1=FACT1*Z1 
  TERM1=XX/(FACT1*FACT1) 
  SUM3=SUM3+1.0/Z1 
  SUM1=SUM1+TERM1 
  RUNTRM=TERM1*SUM3 
  SUM2=SUM2+RUNTRM 
  XX=XX*X3 
  IF(CDABS(RUNTRM/SUM2).LT.1.0E-06) GOTO 20 
  GOTO 10 
20  CBI0=SUM1 
  GOTO 99 
 
!  LARGE X 
 
100  Z=CDSQRT(X) 
  CBI0=CDEXP(X)/(Z*DSQRT(PI*2.0)) 
  GOTO 99 
 
!  SMALL X 
 
200  U=X/2.0 
  CBI0=1.00+U*U 
99  CONTINUE 
  RETURN 
 END 
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Appendix E 

Video Borehole Log Images of Fracture Features 
 
 
 
 
 

 
 

Figure E.1. Fracture feature at 171.2 m above sea level in KF2 
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Figure E.2. Fracture feature at 170.0 m above sea level in KF2 
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Figure E.3. Fracture feature at 166.6 m above sea level in KF2 
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Figure E.4. Fracture feature at 155.3 m above sea level in KF2 
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Figure E.5. Fracture feature at 168.2 m above sea level in KF3 
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Figure E.6. Fracture feature at 172.5 m above sea level in KF4 
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Figure E.7. Fracture feature at 166.0 m above sea level in KF4 
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Figure E.8. Fracture feature at 164.1 m above sea level in KF4 
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Figure E.9. Fracture feature at 162.1 m above sea level in KF4 
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Figure E.10. Fracture feature at 160.4 m above sea level in KF4 
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Appendix F 

Hydraulic Test Results 

Table F.1. Slug Test Results 

Source 
well 

Monitored 
well 

Test 
number 

Transmissivity 
(m2/s) 

Vertical 
hydraulic 

conductivity 
(m/s) 

Storativity 
(-) 

Specific 
yield (-) 

KF2 KF2 1 2.4x10-4 3.4x10-8 2.1x10-5 2.3x10-5 
KF2 KF2 2 2.4x10-4 8.8x10-8 5.4x10-6 3.6x10-5 
KF2 KF2 3 2.7x10-4 1.7x10-7 7.6x10-6 4.9x10-4 
KF2 KF2 4 2.6x10-4 1.2 x10-7 2.4 x10-6 3.3 x10-4 
KF2 KF2 5 2.5x10-4 4.0 x10-7 2.3 x10-5 2.5 x10-4 
KF2 KF2 6 2.4x10-4 7.4 x10-8 1.4 x10-5 8.3 x10-5 
KF2 KF2 7 2.5x10-4 9.1 x10-8 1.7 x10-5 2.2 x10-4 
KF2 KF2 8 2.9x10-4 2.0 x10-8 8.8 x10-7 2.9 x10-5 
KF2 KF2 9 2.3x10-4 2.7 x10-7 3.3 x10-5 1.1 x10-4 
KF4 KF4 1 3.7x10-4 3.5x10-7 7.7x10-6 6.5x10-6 
KF4 KF4 2 3.6x10-4 4.6x10-7 1.1x10-6 1.2x10-5 
KF4 KF4 3 3.5x10-4 4.3x10-7 1.9x10-6 5.8x10-6 
KF4 KF4 4 3.7x10-4 2.0x10-7 1.2x10-6 1.9x10-6 
KF4 KF4 5 3.8x10-4 3.8x10-7 1.2x10-6 9.8x10-6 
KF4 KF4 6 3.7x10-4 1.8x10-7 1.9x10-6 1.6x10-6 
KF4 KF4 7 3.8x10-4 1.7x10-7 5.5x10-6 1.4x10-6 
KF4 KF4 8 3.6x10-4 3.1x10-7 2.6x10-6 3.9x10-6 
KF4 KF4 9 3.6x10-4 4.9x10-7 2.4x10-6 5.5x10-6 
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Table F.2. Pulse Interference Test Results 

Source 
well 

Monitored 
well 

Test 
number 

Transmissivity 
(m2/s) 

Vertical 
hydraulic 

conductivity 
(m/s) 

Storativity 
(-) 

Specific 
yield (-) 

KF2 KF3 1 9.5x10-5 1.1x10-6 3.9x10-4 1.3x10-4 
KF2 KF3 2 9.2x10-5 1.1x10-6 3.5x10-4 9.3x10-5 
KF2 KF3 3 3.0x10-5 7.0x10-7 4.9x10-6 4.6x10-4 
KF2 KF3 4 2.0x10-4 8.3x10-8 1.8x10-7 6.6x10-6 
KF2 KF3 5 1.1x10-4 4.4x10-7 3.1x10-4 2.8x10-5 
KF2 KF3 6 3.9x10-5 8.1x10-7 6.0x10-6 3.3x10-4 
KF2 KF3 7 4.1x10-5 6.6x10-7 7.1x10-6 4.8x10-4 
KF2 KF3 8 7.3x10-5 1.1x10-6 1.1x10-3 2.2x10-4 
KF2 KF4 1 2.7x10-4 9.6x10-9 1.2x10-6 2.0x10-4 
KF2 KF4 2 2.3x10-4 6.9x10-8 1.6x10-6 2.9x10-6 
KF2 KF4 3 2.7x10-4 1.9x10-8 2.7x10-6 8.3x10-6 
KF2 KF4 4 2.5x10-4 2.4x10-9 1.1x10-6 2.9x10-6 
KF2 KF4 5 2.7x10-4 3.2x10-9 3.0x10-6 1.9x10-6 
KF2 KF4 6 2.8x10-4 3.1x10-8 2.5x10-6 2.1x10-6 
KF2 KF4 7 2.9x10-4 1.7x10-9 3.5x10-6 1.7x10-6 
KF2 KF4 8 2.7x10-4 5.9x10-8 1.5x10-6 3.7x10-6 
KF4 KF2 1 2.8x10-4 4.2x10-9 1.2x10-6 2.0x10-4 
KF4 KF2 2 2.7x10-4 4.9x10-9 1.2x10-6 1.5x10-5 
KF4 KF2 3 2.7x10-4 1.1x10-8 1.1x10-6 2.2x10-5 
KF4 KF2 4 2.9x10-4 2.4x10-9 1.2x10-6 2.9x10-6 
KF4 KF2 5 2.7x10-4 9.7x10-9 1.2x10-6 3.7x10-6 
KF4 KF2 6 2.9x10-4 3.0x10-9 1.2x10-7 2.1x10-6 
KF4 KF2 7 2.7x10-4 1.1x10-9 1.1x10-6 6.8x10-6 
KF4 KF2 8 2.8x10-4 2.2x10-9 1.7x10-6 8.5x10-7 
KF4 KF3 1 9.6x10-6 2.0x10-7 1.0x10-5 9.2x10-5 
KF4 KF3 2 1.0x10-5 2.1x10-7 1.6x10-5 2.1x10-4 
KF4 KF3 3 9.5x10-6 2.0x10-7 6.9x10-6 3.8x10-4 
KF4 KF3 4 1.1x10-5 2.0x10-7 2.4x10-6 2.9x10-4 
KF4 KF3 5 1.1x10-5 2.0x10-7 2.0x10-6 5.7x10-4 
KF4 KF3 6 1.0x10-5 1.8x10-7 4.3x10-6 6.5x10-4 
KF4 KF3 7 1.2x10-5 2.1x10-7 1.1x10-5 3.4x10-4 
KF4 KF3 8 1.8x10-5 3.0x10-7 8.7x10-6 2.5x10-4 
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F.3. Long-Term Pumping Test Results 

Source 
well 

Monitored 
well 

Test 
number 

Transmissivity 
(m2/s) 

Vertical 
hydraulic 

conductivity 
(m/s) 

Storativit
y (-) 

Specific 
yield (-) 

KF2 KF2 1 1.2x10-4 3.0x10-9 1.1x10-5 1.4x10-5 
KF2 KF2 2 1.6x10-4 4.5x10-9 1.0x10-5 1.6x10-5 
KF4 KF4 1 1.6x10-4 7.3x10-9 2.3x10-6 1.4x10-5 
KF2 KF3 1 1.3x10-4 1.2x10-8 1.8x10-6 6.3x10-5 
KF2 KF3 2 1.6x10-4 8.6x10-9 4.6x10-6 1.1x10-5 
KF2 KF4 1 1.4x10-4 1.4x10-8 1.6x10-5 1.6x10-5 
KF2 KF4 2 1.4x10-4 4.5x10-9 2.0x10-5 9.5x10-6 
KF4 KF2 1 1.5x10-4 3.4x10-9 9.6x10-6 9.7x10-6 
KF4 KF2 2 1.6x10-4 3.6x10-9 2.6x10-6 7.3x10-5 
KF4 KF3 1 1.5x10-4 3.9x10-9 2.8x10-6 2.5x10-5 
KF4 KF3 2 2.3x10-4 1.0x10-9 5.0x10-6 5.1x10-6 
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