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Abstract

This thesis is devoted to a study of the effect of disorder on strongly correlated

electrons. For non-interacting electrons, Anderson localization occurs if the amount

of disorder is sufficient. For disorder-free systems, a Mott metal-insulator transition

may occur if the electron-electron interactions are strong enough. The question we

ask in this thesis is what happens when both disorder and interactions are present.

We study the Anderson-Hubbard model, which is the simplest model to include

both interactions and disorder, using a Gutzwiller variational wave function (GWF)

approach. We provide an assessment of how well this approach approximates the

ground state of the model, using small chains which can be solved exactly. Except

for the most strongly disordered systems, our GWF works very well in reproducing

the ground-state energies, local charge densities, and spin-spin correlations.

We then study Anderson localization of electrons from the response of the Anderson-

Hubbard Hamiltonian to an external magnetic field. An Aharonov-Bohm flux induces

a persistent current in mesoscopic rings, and we extract the localization length from

the finite-size scaling of the current. We explore how the localization length depends

on disorder strength and interaction strength.

Strong interactions result in two competing tendencies: they tend to suppress the

current because of strong correlations, and they also screen the disorder potential and
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making the system more homogenous. We find that, for strongly interacting electrons,

the localization length may be large, even though the current is suppressed by strong

correlations. This unexpected result highlights how strongly correlated materials can

be quiet different from weakly correlated ones.
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Chapter 1

Introduction

Strongly correlated materials are a wide class of materials which exhibit unusual elec-

tronic and magnetic properties. The essential feature that defines these materials is

that the behavior of their electrons cannot be described in terms of weakly-interacting

theories. Theoretical models must include electronic correlation to be accurate for

the electronic structure of strongly correlated materials.

Transition metal oxides are the largest family of strongly correlated materials.

Their strange physical properties have been studied since the 1930’s [1], and there is

continuing interest in the physics of the Mott metal-insulator transition, which is seen

in some transition metal oxides. Mott insulators are materials in which the Coulomb

repulsion between electrons is strong enough to make them insulating [2, 3, 4]. As an

example vanadium sesquioxide, V2O3, is one of the original Mott insulators. At high

temperatures it is a metal and at low temperatures it is an insulator. It has been

studied since the 1970’s [1, 5, 6] and scientists are still trying to understand what

causes the Mott transition in this material [7, 8, 9]. Other interesting properties of

transition metal oxides include high temperature superconductivity in cuprates, such

1
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as YBa2Cu3O7−y and La2−xSrxCuO4 [1], heavy-fermion behaviour in LiV2O4 [10], and

colossal magnetoresistance in manganites [11, 12].

1.1 Motivation

In this thesis we study the effect of disorder on strongly correlated electrons near the

Mott transition. High temperature superconductors are a good example of a system

where Mott physics and disorder are both important. The parent compounds of these

materials are Mott insulators. Chemical doping changes the carrier concentration,

which first leads to the suppression of insulating behaviour and then to the appearance

of superconductivity. Many systematic studies on the effect of disorder have been

made near and across the Mott transition [13].

The cuprate superconductors are layered. All have CuO2 layers that are sand-

wiched between two dimensional insulating layers, as shown in Fig. 1.1. Electron and

hole doping in the CuO2 layers is controlled by chemical substitution in the insulating

layers.

Figure 1.1: Structure of cuprate superconductors (from [1]).

Figure 1.2 shows a schematic phase diagram of a generic cuprate high-temperature
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superconductor as a function of temperature, T , and hole density, p. Note that p is

measured relative to half-filling. At half-filling, p = 0, these materials are Mott in-

sulators with long range antiferromagnetic order. At small carrier doping, p ' 0.03,

the antiferromagnetic order is destroyed and we enter the so-called pseudogap region.

The pseudogap region is a nonsuperconducting region located below a characteristic

temperature T ∗ and at low doping [14], as shown in Fig. 1.2. The pseudogap is char-

acterized by a reduced density of states (DOS) at the Fermi energy, corresponding

to a partial gapping of the Fermi surface [15]. At high doping, the nonsupercon-

ducting region is Fermi-liquid-like [14]. The nonsuperconducting region between the

pseudogap and Fermi-liquid regions is called the strange metal region. The name of

this region comes from the fact that the in-plane resistivity, ρab, obeys the relation,

ρab ∝ T over a wide range of temperatures. In contrast, a Fermi-liquid T 2 law is

expected for conventional metals. At low temperature, there is a superconducting

region. Overall, one can control the strength of correlation in cuprates by doping

[16, 17, 18, 19]. When p is large (p ≥ 0.25) the cuprates are weakly correlated, and

as p is reduced the correlations grow in strength.
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Figure 1.2: Schematic phase diagram of cuprate superconductors as a function of
temperature T and hole density p. At half-filling, p=0, the materials
are antiferromagnetic (AF) Mott insulators. The doping range p . 0.16
(p & 0.16) is underdoped (overdoped), and the optimal doping is p ' 0.16.
The phase diagram is based on [14].

Besides tuning the strength of correlations, doping changes the amount of disor-

der in cuprates. An open question is how does disorder affect electronic properties,

especially when the correlations are strong.

This question has been addressed, for example, by transport experiments, such as

[1, 16, 20, 21, 22, 23, 24, 25], that have been performed over a wide rage of doping from

weak to strong correlations. For example Ando et. al. studied the in-plane resistivity

(ρab(T )) of three cuprates, Bi2Sr2−zLazCuO6+δ (BSLCO), La2−xSrxCuO4 (LSCO),

and YBa2Cu3O6+δ (YBCO), in a wide range of hole doping from underdoped to

overdoped regions [20]. We focus on the results for LSCO since all cuprates exhibit

similar behaviour with doping. In LSCO p ∼ x, where x is the Sr concentration.

Figure 1.3 shows ρab(T ) as a function of T for LSCO samples with different values of

x. The resistivities in different regions of the phase diagram are qualitatively different

from each other.
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Figure 1.3: In-plane resistivity of LSCO for x = 0.01−0.22 at 0.01 intervals [20]. The
data for underdoped (overdoped) samples are shown in blue(red), while
that for optimum doping is shown in green.

Figure 1.3 shows that LSCO is superconducting at low temperature from under-

doped to overdoped systems, with a maximum critical temperature Tc of around 30 K

for optimum doping. Here, optimum doping corresponds to x ≈ 0.16 − 0.18. When

T > Tc, at optimum doping, ρab(T ) has linear-T behaviour. Such behaviour cannot

be explained with Fermi-liquid theory. For the overdoped region (x & 0.19) ρab(T ) is

positively curved for all T . This appears to be consistent with Fermi-liquid theory,

although T 2 behaviour was not confirmed in this work. For x < 0.06 the resistivity

has an upturn at low T , indicating that the systems are insulators. The pseudogap

region corresponds to 0.025 . x . 0.15 and in this region the resistivity has positive

curvature for low T and negative curvature for high T .

In LSCO, for 0.06 . x . 0.15, no upturn is seen at low T ; however, the ρab(T )

curves are interrupted by superconductivity which could hide insulating behaviour.

Superconductivity can be suppressed by high magnetic fields [26, 27] or by Zn sub-

stitution [25]. This way, one can have access to the low T region. Komiya et. al. [25]
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systematically studied the localization behavior of underdoped LSCO by doping 2%

Zn into the Cu sites. Note that Zn substitution does not change the hole concentra-

tion. Figure 1.4 shows a comparison of ρab(T ) for clean samples to the Zn-doped (left

panel) and the field-applied (right panel) samples. The data for clean samples are

similar to the results in Fig. 1.3. The Zn-doped samples usually have a temperature-

independent additional scattering in the in-plane transport in their normal state [28].

This is observed as a parallel shifting of ρab(T ) in the figure. In addition, the resis-

tivity has an upturn, indicating that the Zn-doped system is an insulator. A similar

upturn occurs when a strong magnetic field is applied to a Zn-free system [27]. These

resistivity upturns are not exactly the same. The resistivity upturn in the Zn-doped

samples occurs at a higher temperature than in the field-applied samples, indicating

that Zn-doping enhances insulating behaviour. This raises the important question of

whether the low-T upturn in the field-applied samples is purely a strong correlation

effect or is due, at least in part, to doping-related disorder.

Figure 1.4: Comparisons of ρab(T ) between clean and Zn-doped and magnetic field-
applied samples for LSCO single crystals. Left panel: ρab(T ) for Zn-free
and Zn-doped samples for x = 0.10 [25]. Right panel: ρab(T ) for five
sample of different x. The lines are data for field-free samples and the
symbols are data for field-applied (60 T) samples [27].
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In summary, the question of what role is played by disorder near the Mott tran-

sition is fundamental to understanding the cuprates at low doping. While we do not

study the cuprates explicitly in this thesis, this question is one of the motivations for

our work.

1.2 Metals and Insulators

The first successful theoretical description of metals and insulators dates back to the

early years of quantum mechanics [1]. Band theory, which describes the electronic

behaviour of weakly-correlated materials, is based on non-interacting or weakly inter-

acting electrons. According to the theory, a general distinction between metals and

insulators at zero temperature is based on the filling of the electronic bands.

For insulators the highest occupied (valance) band is completely filled and the

lowest unoccupied (conduction) band is empty. If these bands are separated by an

energy gap, then the Fermi energy lies in the gap. If the valence or conduction band

is partially filled, the Fermi energy lies in the band and the system is metallic.

Band theory fails in describing the insulating character of a wide range of materi-

als. The first compound that showed an unexpected insulating behavior was NiO [1].

NiO is a transition metal-oxide with one conduction electron per unit cell, and there-

fore it is expected to be a metal. Mott pointed out [29] that its insulating behaviour

is due to the fact that the valence electron is in the d band. Because d bands tend

to be narrow, Coulomb interactions are more important in NiO than in conventional

metals. Mott argued that this could lead to insulating behaviour. Later, in section

1.3, we explain electrical properties of interacting electrons in more detail.
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Band theory also fails when disorder is introduced to a metal. Anderson, consid-

ered independent electrons with randomly distributed lattice defects and recognized

that disorder may lead to particle localization [30]. Insulators due to lattice defects

are now known as Anderson-insulators. In the conventional view of an Anderson-

insulator, electrons are treated as non-interacting particles that become localized by

scattering from impurities or defects.

1.2.1 Anderson Localization

Anderson presented a simple model to show that, in lattices where the energy varies

randomly from site to site, particle diffusion may not take place [30]. He introduced

the so-called Anderson Hamiltonian which is

Ĥ = −t
∑

〈i,j〉,σ
(ĉ†i,σ ĉj,σ + h.c) +

∑
i

Vin̂i (1.1)

where ĉ†i,σ creates an electron at site i with spin σ, t is the hopping energy, Vi is the

on-site energy of site i, and the notation 〈i, j〉 indicates that sites i and j are nearest

neighbours. The Vi values are randomly distributed according to some distribution

function (for example Gaussian) characterized by a width W .

ForW � t, the first term in Eq. (1.1) is more important than the second term, and

the Hamiltonian is approximately the tight-binding Hamiltonian. In three dimensions,

the wave function of the electrons in this case are extended. The extended states have

(approximately) a constant magnitude throughout the crystal; see Fig. 1.5 (a). One

obvious example for an extended state is the Bloch states of a perfect crystal [31].

When W � t, the Hamiltonian (1.1) describes electrons moving in random
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potential-wells that are typically very deep compared to the kinetic energy. Anderson

pointed out that, in this case, a single-particle wave function may become localized,

in the sense that its envelope decays exponentially from the localization center r0,

ψ(r) ' exp(−|r − r0|
ξ

). (1.2)

where ξ is the localization length, see Fig. 1.5 (b).

Figure 1.5: The wave function for localized and extended states [32]. The probabil-
ity of finding an electron in an extended state (a) is roughly a constant
throughout the system. Localized states (b) has an envelope that decays
exponentially away from the localization center, r0, and ξ is the localiza-
tion length.

When disorder is introduced to a system, localized states first appear in the band

tails, while the states in the band center remain extended. Mott has suggested [30]

that extended states are separated from localized states by the so-called mobility

edges. The mobility edges have two limiting energies, Ec and Ec′ , as shown in Fig.

1.6.

Figure 1.6 shows the schematic pictures of the density of states in disordered sys-

tems. By increasing the strength of disorder, the number of localized states increases

and the mobility edges move towards the band center. If the Fermi level (EF ) is in the
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Figure 1.6: Schematic pictures of the density of states in disordered systems. The
localized states in the band tails (shaded areas) are separated from the
extended states in the band center by mobility edges, Ec and Ec′ . Upper
graph: the disorder is weak and the states around the Fermi level EF are
extended. The system represents a metal. Lower graph: the disorder is
strong and the states around EF are localized. Consequently, the system
is an insulator.

extended states, the system is a metal, as shown in panel (a). If the disorder strength

increases even more and EF is among localized states, the system is an insulator, as

shown in panel (b). At the critical point, where the Fermi level (EF ) and the mobility

edge have the same value, an Anderson metal-insulator transition takes place.

The scaling theory of localization for noninteracting electrons predicts that the

Anderson metal-insulator transition only takes place in three dimensions. In one

and two dimensions, an infinitesimal amount of disorder localizes the electrons [33].

Consequently, there exists no true metallic phase in one and two dimensions.
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1.3 Effect of Interactions

The simplest Hamiltonian that takes into account the electron interaction is the

Hubbard Hamiltonian. It was independently introduced by Hubbard [2], Gutzwiller

[34] and Kanamori [35] in 1963. Hubbard [2] considered a simplified hypothetical

narrow s band in order to describe the correlation effects of the d electrons. The

Hamiltonian is defined as

Ĥ = −t
∑

〈i,j〉,σ
(ĉ†i,σ ĉj,σ + h.c.) + U

∑
i

n̂i,↑n̂i,↓ (1.3)

where n̂i,σ = ĉ†i,σ ĉi,σ is the number operator, and U is the repulsion energy of two

electrons on the same site. The first term of the Hamiltonian is the hopping term

which represents the kinetic energy. The second term is the interaction term which

corresponds to the Coulomb repulsion.

The interaction term in Eq. (1.3) is only an approximation of the true Coulomb

interaction, since it completely neglects the long-range components which are present

in realistic systems. According to Eq. (1.3), each atomic site can appear in four

different quantum states: it can be empty, singly occupied with an up or down spin

electron, or doubly occupied with both up and down spin electrons. In spite of its

simplicity, the Hubbard model is far from trivial and the exact solution is known only

in the one-dimensional and infinite-dimensional case [36].

Equation (1.3) suggests that the Hubbard Hamiltonian phase diagram depends on

two competing tendencies. From one side, the hopping term delocalizes the electrons
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in the crystal, and from the other side, the interaction term discourages double oc-

cupancy (otherwise the system must pay an energy cost U for each doubly occupied

site).

When the electron density (ρ) is away from half-filling, i.e. the number of electrons

(Ne) differs from the number of sites (N) so ρ = Ne/N 6= 1, the number of empty

sites or doubly-occupied sites is always different from zero and charge fluctuations are

possible without energy cost. In this case, the ground state of the system is predicted

to be metallic for any value of U/t, unless the system is disordered. When the electron

density is at half-filling, i.e. ρ = 1, there are no extra empty (or doubly-occupied)

sites and each site (on average) is singly occupied.

At half-filling, the value of U/t controls the system’s localizing or delocalizing

behaviour. There are two limiting cases: U/t = 0 (band limit), and t/U = 0 (atomic

limit). In the band limit the system is a non-interacting metal and in the atomic limit

it is an insulator with no charge fluctuations. The presence of two different phases,

for the two limiting values of U/t, suggests the existence of a phase transition (the

Mott metal-insulator transition) which is purely due to the increasing of correlation.

In this section, we described the Mott transition in a clean system. This traditional

description is likely to be not sufficient when disorder is present. In this case, the

physics of Anderson and Mott localizations should simultaneously be considered.

1.4 Interacting Electrons in Disordered Solids

In almost all transition-metal oxides, both disorder and electron-electron interactions

are present at the same time, and they influence the electronic properties of the

system. That is, in the study of such systems the interactions and disorder cannot be
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considered separately. In fact, the presence of interaction and disorder at the same

time may give rise to new phenomena that could not be observed in a pure interacting

or disordered system [37]. We model these systems with an Anderson-Hubbard model,

which is given by

Ĥ = −t
∑

〈i,j〉,σ
(ĉ†i,σ ĉj,σ + h.c.) + U

∑
i

n̂i,↑n̂i,↓ +
∑
i

Vin̂i (1.4)

It is hoped that this model can capture some of the essential physics of the

metal-insulator transitions of disordered transition-metal oxides [1]. Although the

Anderson-Hubbard model seems to be the simplest interacting, disordered model, al-

most no analytical results have been obtained yet. To get some insight into the phys-

ical behavior of the Anderson-Hubbard model, one has to rely on numerical studies.

In the next chapter, we review previous theoretical studies of the Anderson-Hubbard

model.

1.5 Overview

In this thesis we use a Gutzwiller variational method to study the Anderson-Hubbard

model. This method allows us to study persistent currents in mesoscopic rings. To

study large systems, we use the variational Monte Calro (VMC) formalism. Using the

finite-size scaling of the current, we study the localization properties of the electrons.

The thesis is organized as follows:
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In Chapter 2 we review previous theoretical work on the combined effects of in-

teraction and disorder.

In Chapter 3 we introduce our modified Gutzwiller variational wave functions.

In Chapter 4 we study the quality of our wave function by comparing results for

linear chains of up to 10 sites, with exact diagonalization (ED). We find that for weak

and intermediate disorder, an accurate description of the ground state can be obtained

by taking a spatially inhomogeneous product state, and spatially homogeneous varia-

tional parameters. This represents a significant reduction of computational workload

over the more general case where both the product state and variational parameters

must be inhomogeneous.

In Chapter 5 we study the localization of weakly correlated electrons in disordered

clusters. We calculate the localization lengths from the finite-size dependance of

the persistent current in mesoscopic rings. We find that the disorder localizes non-

interacting electrons and that screening due to interactions has a delocalizing effect.

In Chapter 6 we describe our variational Monte Carlo algorithm, based on the

partially-projected Gutzwiller wave functions for the Anderson-Hubbard Hamilto-

nian.

In Chapter 7 we study the persistent current of strongly correlated electrons.

Again we calculate the localization lengths based on the finite-size dependance of

electrical current. We find that for small interaction, the Coulomb interactions screen

the disorder potential and the current is an increasing function of U . For large

interaction, strong correlations suppress the current, which becomes a decreasing

function of U . The goal is to understand how strong correlations affect localization.



Chapter 2

Review of previous Work

The experimental discovery of a metal-insulator transition in two dimensional thin

films at low charge densities was quite surprising [38] because, according to the scal-

ing theory of localization [32], no metallic phase exists in disordered two dimensional

systems. However, the scaling theory applies to non-interacting particles, and it is

understood that the metallic state must be driven by electron-electron interactions.

This discovery has motivated many authors to study the combined effects of interac-

tion and disorder.

Here, we review previous theoretical work on these combined effects, and we divide

this work into two main categories. The first category corresponds to systems near

half-filling and the second category is for systems far from half-filling. The physics

for these two categories is different: for the first category, Mott physics is important,

while for the second category, it is not. The motivation to study the first category, as

discussed in Chapter 1, is to understand what doping does to Mott insulators. The

motivation to study the second category is to understand the experimental observation

of a metal-insulator transition in thin films. In each case, we focus on the phase

15
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diagram, since it is a useful way to frame the discussion.

2.1 Systems near half-filling

Due to limitations of computer time and memory, non-approximative methods like

exact diagonalization (ED) [39, 40, 41, 42] of the Anderson-Hubbard Hamiltonian are

strongly restricted to small system sizes and to dimensions D. 2 [43]. This means that

most of the information about the phase diagram comes from various approximations.

The most commonly used methods to study the Anderson-Hubbard Hamiltonian are

the Hartree-Fock (HF) approximation and dynamical mean field theory (DMFT).

In the HF approximation, the independent particle propagates in a mean-field

potential created by all other particles. The unrestricted site-dependent HF (UHF)

approximation treats the electron correlation in the mean-field level. It can describe

the inhomogeneity of the electronic charge densities using a site-dependent poten-

tial that is self-consistently determined. In 1993 Tusch and Logan [44] obtained

the ground-state phase diagram of the Anderson-Hubbard Hamiltonian in three-

dimensions, Eq. (1.4), using an UHF approximation for a Gaussian disorder distribu-

tion [44]. This means that the energy of each lattice site is randomly chosen from a

Gaussian probability distribution, P (Vi) = A exp(−V 2
i /2W

2), where A = 1/
√

2πW 2

is the normalization factor, Vi is the on-site energy of site i and W is the disorder

strength. The phase diagram is shown in Fig. 2.1.
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Figure 2.1: Phase diagram of the Anderson-Hubbard model at half filling obtained
within a UHF calculation in 3D. The plot is taken from [44]. The dis-
order and interaction strengths are indicated by W̃ and Ũ , respectively.
(Energies measured in units of the bare bandwidth, which is 12t.).

The phase diagram shows that at some small disorder, say W̃ = 0.3, the non-

interacting system is a paramagnetic metal (PM). As the interaction increases, the

system changes from a PM to a spin glass metal (SGM) and then to an antiferro-

magnetic metal (AFM), and eventually to an antiferromagnetic insulator (AFI). The

AFI phase is a gapless Anderson insulator. These phases are dependent on the value

of W̃ . For example, if W̃ = 0.1 and Ũ increases the system passes through metallic

phases (PM→ SGM→ AFM), a gapless (Anderson) insulator (AFI), and at the end

is a gapped antiferromagnetic insulator (AFHI). There is no Mott insulator area in

the phase diagram since UHF can not capture the Mott gap; the gap in the AFHI

phase comes from antiferromagnetism, while the Mott gap appears as a result of the

strong correlations.

For a fixed value of Ũ , the UHF phase diagram shows different behaviours as a
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function of W̃ . For example, if Ũ = 0.7 and W̃ increases, the system passes through

insulating phases (AFHI→ AFI). If Ũ = 0.5 the system shows a re-entrant behaviour

from insulating to metallic (AFHI→ AFM→ AFI).

To improve this phase diagram, Byczuk et. al. used DMFT combined with the ge-

ometrically averaged (typical) local density of states (LDOS) to compute the ground

state phase diagram of the Anderson-Hubbard Hamiltonian [45, 46, 47]. The geomet-

rical average (typical LDOS) first was used by Dobrosavljević et. al. [48] to describe

the physics of the Anderson localization. The typical LDOS vanishes for Anderson

localized states and it is finite for extended states. Byczuk et. al. used this approach

to study a disordered Hubbard Hamiltonian with random site potential taken from

the box probability distribution function P (Vi) = AΘ(W/2 − |Vi|), where A = 1/W

is the normalization factor, Θ is a step function, Vi is the on-site energy of site i and

W is the disorder strength.

Byczuk et. al. found the phase diagram [45, 47] for both the nonmagnetic ground

state and the magnetic ground state [46, 47]. The nonmagnetic and magnetic phase

diagrams are shown in the left and right panels of Fig. 2.2, respectively. Note that

DMFT is exact in infinite dimensions, but that it is believed to be qualitatively correct

in 3D. For this reason, we compare it to 3D UHF calculations in Fig. 2.1.
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Figure 2.2: Phase diagrams of the Anderson-Hubbard model at half filling obtained
within statistical DMFT calculations in infinite dimensions. Plots are
taken from [47]. The disorder and interaction strengths are labelled W
and U , respectively. The left panel corresponds to the nonmagnetic phase
diagram and the right panel shows the magnetic one. (Energies measured
in units of the bandwidth.).

For the nonmagnetic phase diagram (left panel) the phases are defined as follows:

the system is a metal if the arithmetic average of LDOS at the Fermi energy (DOS)

and also the typical LDOS are finite, the system is a gapless insulator if the DOS is

finite and the typical LDOS is zero, and the system is a gapped Mott insulator if the

DOS is zero. In the Mott-Anderson insulating region, the typical LDOS is zero for

all states. In this phase, all states are Anderson insulating but it is also possible to

have a Mott gap.

This phase diagram has some differences from the UHF phase diagram. For small

W , for example W = 1, there is a 1st order transition between the correlated metal

and the gapped insulator as a function of U . There are two different transition lines

depending on whether the MIT is approached from the metallic side (WMH
c2 ) or from

the insulating side (WMH
c1 ), which indicates that the transition is 1st order. This is

different from UHF, where the phase transition is continuous. For a larger fixed value
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of W , for example W = 3, the metallic phase is sandwiched between gapless insulating

phases as a function of U , similar to what is seen in the UHF phase diagram.

For a fixed value of U = 1, as a function of W , the metallic phase has a transition

to a gapless Anderson insulating phase at WA
c . For a larger interaction value, for

example U = 3, the transition is between a gapped insulating phase and a gapless

insulating phase. For U between these two examples, increasing W makes the gapped

insulator have a transition to a metal and then to a gapless insulator. This is similar

to what is seen in UHF.

The right panel of Fig. 2.2 is the magnetic DMFT phase diagram. For weak

disorder a paramagnetic metallic phase is stable. As U increases, a narrow AF metallic

phase appears next to the AF insulating phase. These are similar to what is seen

in the UHF phase diagram, although the AF metallic phase is wider in UHF phase

diagram.

In a disorder-free system, the right panel of Fig. 2.2 shows that there are two

types of AF insulating phases. For U . 1 the insulator is a Slater antiferromagnet

with a small gap, where the gap appears as a result of antiferromagnetism. For U & 1

the insulator is a Heisenberg type with large gap, where the gap appears as a result of

strong correlations (and persists even if AF is suppressed). In the UHF phase diagram,

the gapped insulating phase (ie. the AFHI phase) is a Slater antiferromagnet for all

U .

In the DMFT phase diagram, the re-entrance of metallic antiferromagnetism with

increasing W only happens from the Slater AF insulating phase. For large U , the

transition is directly from an AF gapped insulator to a paramagnetic gapless insulator.

In the UHF phase diagram both gapped and gapless insulators are antiferromagnets.
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Several authors have studied the three-dimensional MIT [49, 50, 51, 52] for sys-

tems influenced by the combined effects of interaction and disorder using other meth-

ods. Otsuka et. al. [49] studied these effects using a quantum Monte Carlo (QMC)

technique at finite temperature, with site potentials randomly chosen from a box dis-

tribution. They studied the temperature dependence of the charge compressibility κ

(κ = −(1/V )∗dV/dP , where P is pressure and V is the volume), and showed that the

Mott gap collapses beyond a finite disorder strength. They interpret this collapse as a

quantum phase transition driven by disorder. They calculated the antiferromagnetic

structure factor in the presence of disorder as well and found that strong antiferro-

magnetic correlations, which are characteristic of the Mott insulator, are destroyed

by the presence of a finite amount of disorder.

Although Otsuka found a transition between gapped (incompressible) and gap-

less (compressible) phases, it does not imply an insulator−metal transition. The

compressibility takes a finite value in both the metallic phase and the Anderson insu-

lating phase. To distinguish these two phases, one needs simulations for large system

sizes, which they could not perform with their QMC studies.

As an example, their results for Ũ = 0.5 qualitatively agree with the magnetic

DMFT phase diagram, shown in Fig. 2.2. According to the phase diagram the

gapped insulating phase corresponds to a Slater type insulator. That means that,

very shortly after the gap closes, the antiferromagnetism should be destroyed, which

is what Otsuka found.

In 2008, Henseler et. al. [52] considered the change in electron localization due to

the presence of electron-electron repulsion in the Anderson-Hubbard model with site

energies that were randomly chosen from a box distribution. Taking into account local
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Mott-Hubbard physics and static screening of the disorder potential, the system was

mapped onto an effective single-particle Anderson model, which was studied within a

self-consistent theory of electron localization. They calculated the three-dimensional

phase diagram in the (U,W ) plane for different lattice fillings ρ (where ρ = 1 at

half-filling), as shown in Fig. 2.3. Note that to compare this phase diagram to other

phase diagrams in this section, one needs to divide the values of each axis by 12,

because the bandwidth in three-dimensions is 12t and t = 1.

Figure 2.3: 3D phase diagram in the (U,W ) plane for different lattice fillings ρ, given
from a self-consistent study of the Anderson-Hubbard model [52]. The
metallic phase (M) is to the lower left while the insulating phase (I) is
to the upper right of the solid mobility edge curves for ρ = 1.00, 0.75,
and 0.50, respectively. The dashed curve shows the critical interaction
strength for the Mott transition at half filling. The dotted line is an
extrapolation of the mobility edge for ρ = 1 toward small disorder. The
corresponding Anderson, Mott-Hubbard, and Mott-Hubbard assisted An-
derson insulating regions at half filling are marked by AI, MHI, and AIM,
respectively.

For the system at half-filling, when W is small, increasing U (from U = 0) even-

tually leads to a suppression of the DOS at the Fermi energy. The metallic phase

undergoes a transition to an Anderson insulator (AIM) which has a reduced but finite

DOS at Fermi energy. This transition is shown with a dotted line. This reduction of
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the DOS continues until it vanishes at the dashed line, where the system enters the

Mott-Hubbard insulating phase.

This intermediate (Anderson) insulating phase is not seen in the nonmagnetic

DMFT phase diagram (left panel of Fig. 2.2). This is because, in DMFT, there is a

complete screening of the disorder potential near the Mott transition [45]. In contrast,

in the self consistent phase diagram, disorder screening is worse at the Mott transition,

which leads to the intermediate (Anderson) insulating phase[52]. At present, it is not

clear which result is correct.

Henseler found that, for 5 . U . 10, as W increases, disorder screening results

in a re-entrant behaviour from the insulating to the metallic phase. This is a similar

behavior to what is seen in the UHF phase diagram shown in Fig. 2.1, except that

the self consistent phase diagram (Fig. 2.3) is not magnetic, while the UHF phase

diagram is magnetic.

In summary, the construction of the phase diagram depends on approximations,

which tells us that the problem is not solved. However, there are some common fea-

tures: for weak interactions, the magnetic DMFT phase diagram qualitatively agrees

with many features of the UHF phase diagram. At strong interactions, all phase

diagrams qualitatively agree with each other. Although, there exist some common

features between these phase diagrams, there is no definite phase diagram for the

three-dimensional Anderson-Hubbard model. The biggest differences are at interme-

diate U , and occur because the order of the Mott transition is not established.

Up to now we have focused on three dimensions. The MIT happens in disordered

three-dimensional systems even for non-interacting electrons, as shown by the scaling

theory of localization. The problem is more interesting in 2D, however, because there
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is no MIT in the non-interacting electronic limit according to the scaling theory.

At half-filling, the main interest is to understand the physics of strongly correlated

quasi-2D systems, such as high-Tc superconductors.

Several theoretical studies have explored the possibility of a metallic phase in

disordered two-dimensional systems [53, 54, 55, 56, 57, 40, 58, 59]. Among these

works, only Heidarian et. al. [59] predicted the existence of a MIT in two dimensions.

They used an UHF approximation and showed that, with increasing randomness, the

spectral gap in a 2D Mott-Hubbard insulator was destroyed first at a disorder Wc1,

while antiferromagnetism persisted up to a higher Wc2. Most unexpectedly, between

Wc1 and Wc2 the system was metallic and was sandwiched between the Mott insulator

below Wc1 and the Anderson insulator above Wc2. The metal was formed when the

spectral gap was destroyed locally in regions where the disorder potential was high

enough to overcome the electron-electron repulsion. It is important to mention that

this is controversial because the 2D metal-insulator transition was only reported by

Heidarian et. al., and we are not aware of any other theoretical work that supports

the existence of a MIT for half-filled systems in 2D.

Some numerical studies of two-dimensional finite-size systems [53, 52, 40] show

that there is a nonmonotonic dependence of localization length ξ on both the inter-

action U and the disorder strength W . Henseler et. al. [52] found an exponential

interaction-induced enhancement of ξ for weak and intermediate values of W , al-

though a true metallic state was not obtained within their effective single-particle

theory. The good agreement of their results with numerical finite-size calculations

[60, 59, 53, 61] and, simultaneously, their prediction of a large but finite localization

length suggest that there is no metallic state in two-dimensions. If Henseler’s results
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are correct, then numerical scaling studies have the difficult job of distinguishing be-

tween a true metal and an insulator with an exponentially large localization length.

This is due to the fact that finite-size scaling works poorly when the largest system

sizes studied are much smaller than the localization length of the infinite system.

Of particular relevance to our thesis is the recent work by Pezzoli et. al. [62,

58]. They studied the Anderson-Hubbard Hamiltonian in two-dimensions using a

variational wave function method [62]. Within their approach, they were able to

describe the Anderson-Mott transition for both paramagnetic and magnetic ground

states. In the latter case, they found evidence for the formation of local magnetic

moments that order before the Mott transition occurs. In their later work [58] they

studied the ground-state properties of this Hamiltonian in two-dimensions with the

same approach.

First, they considered a paramagnetic ground state, where the phase diagram

is shown in the left panel of Fig. 2.4. They found that electron-electron repulsion

U partially screened the disorder: for strong interactions, electrons felt an effective

weak disorder potential that implied an interaction−increased localization length.

However, once U exceeded a critical value, a gap opened and the model turned into

a Mott insulator. From their numerical calculations, the ground state was always

insulating for all U .

Then, they considered a magnetic ground state, where the phase diagram is shown

in the right panel of Fig. 2.4. They found that a compressible and magnetic Anderson

insulator appeared between the compressible paramagnetic Anderson insulator and

the incompressible magnetic Mott insulator. When magnetism was not frustrated, all

transitions were continuous. In contrast, when frustration was included, by means of
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next-nearest-neighbor hopping, a 1st order paramagnetic to magnetic phase transition

occurred.

Figure 2.4: The ground state paramagnetic (left panel) and magnetic (right panel)
phase diagrams for the Anderson-Hubbard model within a variational
approach [58]. Here, W and U are disorder and interaction strengths, re-
spectively. Note, to compare this phase diagram to other phase diagrams
in this section, one needs to divide the values of each axis by 8, where the
band width in two-dimensions is 8t and t = 1.

According to the scaling theory of localization there exists no metallic phase in

one-dimensional disordered systems of non-interacting electrons. For disordered sys-

tems of interacting electrons, the one-dimensional studies are useful to investigate the

nature of the transition from the gapless to the gapped insulator [42, 50, 57, 63].

Henseler et. al. [52] studied the effect of static screening by on-site repulsion in

the one-dimensional Anderson-Hubbard Hamiltonian. They calculated the localiza-

tion length at the Fermi energy and found that ξ had a maximum value at some

intermediate U (between U = 0 and the Mott transition), which they called Uξ.

They found that ξ increased at small U (U < Uξ) because of disorder screening and

decreased at large U (U > Uξ) because of reduced hopping. They also found that

for a fixed value of U , the localization length had a nonmonotonic behaviour as a
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function of disorder strength W . This non-monotonicity was caused by the crossover

from the regime of disorder screening (W � U), to the regime of interaction-reduced

hopping (W � U).

Other studies of the effect of disorder on the one-dimensional Anderson-Hubbard

Hamiltonian, using QMC [50, 57] and renormalization group (RG) [42] techniques,

show no evidence of a metallic phase in one-dimension. These calculations capture a

phase transition from a Mott to an Anderson insulator for a finite amount of disorder.

In summary, it seems like there is no metal-insulator transition for disordered

systems at half-filling with D. 2. Instead, most theoretical work agrees that there is

a transition from a gapped (Mott) to a gapless (Anderson) insulating phase.

2.2 Systems far from half-filling

A strong repulsive Hubbard interaction can drive non-disordered systems at half-

filling into a Mott insulating phase. However, far from half-filling, non-disordered

systems remain metallic even with strong interactions. Thus, the physics for systems

far from half-filling is different. Several approximate methods have been used to

study the metal-insulator transition in three dimensions for systems far from half-

filling [52, 64, 65, 66].

Henseler et. al. [52] studied the change of localization length with electron-electron

repulsion in the Anderson-Hubbard model, using the same self-consistent theory of

electron localization as at half-filling. They found a phase diagram, which is shown

in Fig. 2.3 with ρ 6= 1, away from half-filling. As the figure shows, for small W the

metallic phase extends out to arbitrarily large U . For large U(U & 10), increasing

disorder induces an Anderson metal-insulator transition. This transition occurs at a
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substantially smaller value of W than for U . 7 because strong correlations reduce the

DOS at the Fermi level. This interplay of Anderson localization and strong correlation

physics far from half filling leads to a step-like behavior of the phase boundary, as

seen in Fig. 2.3.

Chen et. al. [66] have studied the three-dimensional Anderson-Hubbard model at

quarter-filling using the real-space self-consistent Hartree-Fock method. They found

that only a metallic phase exists for weak disorder (W = 2), while a metal-insulator

transition occurs for stronger disorder. This agrees qualitatively with Henseler [52].

For strong interactions, the authors of [66] additionally observed the gradual develop-

ment of a pseudogap, i.e. a reduced DOS at the Fermi level. They emphasized that

the pseudogap could only be observed by allowing for the formation of local magnetic

moments and was absent when applying a paramagnetic Hartree-Fock approximation.

In 2D, the central question is whether electron-electron interactions enhance the

conductivity of a disordered system sufficiently to lead to a metal-insulator transition.

Here we review some studies for two-dimensional systems with random disorder [61,

67, 68, 69, 70].

Punnoose et. al [71] studied the metal-insulator transition using renormalization

group (RG) calculations. They identified a quantum critical point, separating the

metallic phase, which was stabilized by electronic interactions, from the insulating

phase, where disorder prevailed over the electronic interactions.

In 1999 Denteneer et. al. [67] studied the temperature-dependent conductivity

σ(T ) of the two-dimensional Anderson-Hubbard model with random site potential.
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With their QMC studies, they showed that repulsion between electrons (U) can sig-

nificantly enhance the conductivity. They found that at low temperatures, the re-

pulsion U changed the sign of dσ/dT from positive (insulating behavior) to negative

(conducting behavior). This result suggests the possibility of a metallic phase, and

consequently a metal-insulator transition, in a two-dimensional system containing

both interactions and disorder [72].

In 2001, Denteneer et. al. [68] studied the effect of a Zeeman magnetic field

coupled to the spin of the electrons on the conducting properties of the Anderson-

Hubbard Hamiltonian in two-dimensions. They used a QMC method to calculate the

temperature- and magnetic-field-dependent conductivity for systems far from half-

filling. They found that the Zeeman magnetic field suppressed the metallic behaviour

that is present for certain values of U and W , which makes it possible to induce a

metal-insulator transition at a critical field strength. Their results are in agreement

with experimental findings in two-dimensional electron and hole gases in semiconduc-

tor structures [72].

Chakraborty et. al. [73] studied the the dc-conductivity in a two-dimensional

Anderson-Hubbard Hamiltonian far from half-filling with random disorder using QMC.

To evaluate the dc-conductivity, they computed the electronic current density opera-

tor, similar to what we will do in chapters 5 and 7. They studied how the conductivity

changed with disorder strength W . Their systems were initially metallic, since the

slope of the conductivity curve as a function of T at low temperatures was negative.

As the disorder strength increased, the low temperature conductivity developed a

positive slope, which is the signature of an insulator. Since the system was far from

half-filling, their results indicated a transition between a metallic and an Anderson
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localized state.

Fleury et. al. [74] performed a systematic study of the effect of Coulomb interac-

tion on the localization length of a disordered two-dimensional electron gas, using a

combination of ground state QMC and finite size scaling techniques. This is similar

to what we will do in this thesis. They found that correlations delocalized the 2D

system. This delocalization effect corresponded to a finite increase of the localization

length and it was not sufficient to derive a metal-insulator transition. However, when

they considered the valley degeneracy [70], they found a metal-insulator transition.

Other studies in zero temperature [60, 75] did not find a clear evidence for existence

of metallic phase in disordered one- or two-dimensional systems.

The main conclusion for disordered two-dimensional systems is that for systems

at half-filling it seems that there is no metallic phase, while for systems far from half-

filling there can be a metallic phase. However, the localization length can become

exponentially large, making it hard to distinguish localized and extended states.



Chapter 3

Gutzwiller Variational Approach

Our aim is to study the localization of interacting electrons in disordered clusters. As

we explained in chapter 1, the Anderson-Hubbard (AH) Hamiltonian is used to study

the behaviour of the interacting electrons in disordered systems. The Hamiltonian is

Ĥ = −t
∑

〈i,j〉,σ
(ĉ†i,σ ĉj,σ + h.c.) + U

∑
i

n̂i,↑n̂i,↓ +
∑
i

Vin̂i

where U is the electron-electron repulsion and t is the hopping amplitude, and Vi is

the on-site energy on site i, which is chosen randomly from a distribution between

−W/2 and W/2. The only known exact solution for the AH Hamiltonian is in infinite-

dimensions,[76] and we thus have to use approximate methods in finite dimensions.

Here, we consider a variational wave function approach, based on a modification

of the Gutzwiller wave function (GWF)[77, 78, 79] to include spatial inhomogeneity.

The GWF is the simplest variational wave function for Hubbard-type Hamiltonians

31
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and is given by

|ΨGWF〉 = P̂G|ψps〉

=
∏
i

(1− (1− g)Di)|ψps〉 (3.1)

where D̂i = n̂i↑n̂i↓, and |ψps〉 is a reference product (i.e. Slater-determinant) state.

This function was originally introduced to study the correlations of the ground state

of the Hubbard Hamiltonian. The variational parameter 0 ≤ g ≤ 1 incorporates the

effect of the Hubbard repulsion between electrons of opposite spins on the same site,

and is obtained by minimizing the energy functional

EGWF =
〈ΨGWF|Ĥ|ΨGWF〉
〈ΨGWF|ΨGWF〉 . (3.2)

We note that g = 1 corresponds to an unprojected wave function, while g = 0

corresponds to a fully projected wave function in which there are no doubly-occupied

sites. Physically, the g = 0 projection captures an essential feature of the large-

U Hubbard model: it generates local paramagnetic moments without breaking the

spin-rotational invariance of the lattice.

3.1 Product States

Assume we are seeking the Ne-electron variational ground state for an N -site lattice

with a particular realization of the disorder potential. We then take |ψps〉 to be the Ne-

electron ground state of an N -site bilinear (effectively noninteracting) Hamiltonian

Ĥbl whose disorder potential is determined by the site energies of Ĥ. Since Ĥbl is
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bilinear, |ψps〉 can be represented by

|ψps〉 = γ̂†1γ̂
†
2γ̂
†
3 . . . γ̂

†
Ne
|0〉 =

Ne∏
α=1

γ̂†α|0〉, (3.3)

where α labels the lowest energy single-particle eigenstates of Ĥbl ordered from low-

est (α = 1) to highest (α = Ne) energy, and γ̂†α’s are creation operators for these

eigenstates. The γ̂†α’s can be related to the real-space creation operators, ĉ†I , by

γ̂†α =
2N∑
I=1

GI,α ĉ
†
I , (3.4)

where GI,α are elements of the unitary matrix G that diagonalizes Ĥbl, I labels the

spin and site with 1 ≤ I ≤ 2N . Then we have

|ψps〉 =
2N∑

I1,...,INe=1

GI1,1 . . . GINe ,Ne
ĉ†I1 . . . ĉ

†
INe
|0〉, (3.5)

which can be rewritten, using the anti-commutation relations of the creation opera-

tors, as

|ψps〉 =
∑

I1<···<INe
det[G(I)]ĉ†I1 . . . ĉ

†
INe
|0〉, (3.6)
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where det[G(I)] is a Slater determinant

det[G(I)] ≡ det




GI1,1 . . . GI1,Ne

GI2,1 . . . GI2,Ne

. . . . . . . . .

. . . . . . . . .

GINe ,1
. . . GINe ,Ne




. (3.7)

The vector I = (I1, . . . , INe), with I1 < I2 < · · · < INe , labels different configurations

of the electrons. For a given I, det[G(I)] gives the weight of that configuration of

electrons in the product state. We want to keep the simple form of the projection

operator in Eq. (3.1), which means that spatial inhomogeneity is introduced entirely

through |ψps〉. Using Eq. (3.1), we can write

|ΨGWF〉 =
∑

I1<...<INe

det[G(I)]
N∏
i=1

(1− (1− g)D̂i)ĉ
†
I1
. . . ĉ†INe |0〉. (3.8)

The GWF is difficult to treat analytically, even for the disorder-free Hubbard

Hamiltonian where analytical results have only been obtained in one [80, 81, 82, 83]

and infinite[84] dimensions. In the next section we explain how we study this method

numerically.
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3.2 Calculation of Correlation Functions

Binary Labeling:

It is advantageous to introduce a binary labeling of all products of creation operators.

That

ĉ†I1 ĉ
†
I2
ĉ†I3 . . . ĉ

†
INe
|0〉 → b1b2b3 . . . b2N ≡ {bI}2N

I=1 (3.9)

where each bI is zero or one depending on whether or not the site/spin label I cor-

responds to an occupied or unoccupied state. By using the binary representation of

the product state and replacing “ĉ†I1 ĉ
†
I2
ĉ†I3 . . . ĉ

†
INe
|0〉” with “{bI}2N

I=1”, Eq. (3.8) can be

written as

|ΨGWF〉 =
∑
I

det[G(I)]
N∏
i=1

(1− (1− g)bibN+i){bI}2N
I=1 (3.10)

where bi = bi(I); a given bi pertains to a particular microstate I. Note that Eq.

(3.10) assumes I1 < I2 < · · · < INe . Finally, for a given basis state, namely a given

I, one has a particular binary representation. The probability amplitude for such a

Gutzwiller projected state is the product of a determinant and the product (using

the binary representation shown above) introduced in Eq. (3.8).

3.2.1 Evaluation of Expectation Values

The most frequently calculated observable is the energy of the system. Here we outline

the steps in finding the expectation of the energies for a Gutzwiller-projected state,

such as that in Eq. (3.10).

The norm of any state is easy to calculate when the binary states are orthonormal;
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using Eq. (3.10) we have

〈ψGWF|ψGWF〉 = 〈ψps|P̂ †GP̂G|ψps〉 =
∑
I

det[G(I)]2
N∏
i=1

(1− (1− g)bibN+i)
2. (3.11)

Denote some trial wave function by |ψ〉, and consider an arbitrary operator Q̂,

then the expectation value of Q̂ is

〈Q̂〉 =
〈ψ|Q̂|ψ〉
〈ψ|ψ〉 . (3.12)

The wave function |ψ〉 is defined as

|ψ〉 =
∑
I

ψ(I)|I〉. (3.13)

where I is a microstate, and ψ(I) is the probability amplitude. As an example, there

are
(

N
Ne/2

)2
microstates in the sum of Eq. (3.13) for paramagnetic systems. Equation

(3.12) can be written in terms of matrix elements and wave functions in “microstate

space” as follows. Let I, I ′, and I ′′ represent specific microstates of the system,

where each microstate represents the (static) positions and spins of the electrons on

a lattice. Then

〈Q̂〉 =

∑
I,I′ ψ

∗(I ′)ψ(I) 〈I ′|Q̂|I〉∑
I′′ |ψ(I ′′)|2 (3.14)

where the probability amplitude ψ(I), from Eq. (3.8), is given by

ψ(I) = det[G(I)]
N∏
i=1

(1− (1− g)bibN+i). (3.15)
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However, as explained by Koch, et al. [85], it is better to not break up the evaluation of

the expectation value into separate numerator and denominator evaluations. Instead,

we write

〈Q̂〉 =

∑
I Qloc(I) |ψ(I)|2∑

I′ |ψ(I ′)|2 , (3.16)

where

Qloc(I) ≡ 1

ψ∗(I)

∑

I′
ψ∗(I ′)〈I ′|Q̂|I〉 . (3.17)

When Q̂ is equal to the AH Hamiltonian, then the evaluation of Eloc(I) proceeds as

follows

Eloc(I) =
∑

I′

ψ∗(I ′)〈I ′|Ĥ|I〉
ψ∗(I)

(3.18)

= Ehopping
loc + EHubbard

loc (I) + Eon−site
loc (I) . (3.19)

The first term corresponds to the hopping Hamiltonian, and its calculation is not

trivial. To be specific, one has

Ehopping
loc = − t

∑

I′

ψ∗(I ′)
ψ∗(I)

eiφI,I′ δ̃I−I′,1 (3.20)

where the (modified) Kronecker delta function requires that microstates I and I ′ are

related by one electron hop, and φ = 0 or π depending on the pair of microstates.

This phase comes from anticommutation of the creation operators when Ĥ acts on |I〉.
According to our state labeling, φ may be π if an electron hops through a boundary.
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As an example, for a one-dimensional chain with Ne electrons the phase factor for

hopping through a boundary, is

eiφI,I′ = (−1(Ne/2+1)) . (3.21)

where this assumes that Ne is even. The second term of Eq. (3.18) is the interaction

Hubbard energy, which is

EHubbard
loc (I) = U D(I) (3.22)

where D(I) is the number of doubly occupied sites of microstate I, given by the

simple formula

D(I) =
N∑
i=1

bibN+i . (3.23)

In a similar manner the third term of Eq. (3.18) is the on-site energy and it is given

by

Eon−site
loc (I) =

N∑
i=1

Vi (bi + bN+i) . (3.24)

For small clusters, we evaluate Eloc(I) for all possible I. Then the expectation

value of the Hamiltonian, using Eq. (3.16), is the sum over all possible microstates.

However, for larger systems the number of microstates is extremely large and finding

the exact expectation value of the Hamiltonian, Eq. (3.16), is impossible. Large

systems are therefore studied approximately, for example using variational Monte

Carlo methods [79, 85, 86, 87] to perform the sum in Eq. (3.16). In chapter 4 we

study small clusters and investigate the quality of a number of simple variational

wave functions. This is done by comparison of the variational ground state results

with the exact diagonalization results. Later in chapter 7, we study larger clusters,
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where exact diagonalization is not possible, using the Variational Monte Carlo (VMC)

method.



Chapter 4

Benchmarking Real-Space

Gutzwiller Results

The results of this chapter were published in 2009 [88]. The goal is to investigate

the quality of the GWF, introduced in Chapter 3, for interacting electrons in small

disordered chains. To do this, we examine trial wave functions with a small number

of variational parameters. Spatial inhomogeneity is incorporated in the product state

wave functions |ψps〉, however, the variational parameters are taken to be spatially

homogeneous. Our main result is that for weak and intermediate disorder, this simple

wave function gives a surprisingly good description of the ground state away from the

Mott transition. It is only for strong disorder that our simple ansatz for |ΨGWF〉
breaks down.

The chapter is organized as follows: In Sec. 4.1, we describe the screening effect,

and then introduce a number of candidate states for |ψps〉. In Sec. 4.2, we assess

the quality of the different trial wave functions by comparing with both exact diago-

nalization and unrestricted Hartree-Fock (UHF) calculations. The latter comparison

40
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is motivated by the fact that UHF has been, until recently, the standard numerical

technique for studying disordered systems. Furthermore, a recent work[89] has sug-

gested that UHF actually provides good quantitative results for some local physical

quantities in disordered systems (namely that disorder improves the quality of the

UHF approximation). We discuss the strengths and limitations of the simple GWF

in Sec. 4.3, and conclusions are given in Sec. 4.4.

4.1 Paramagnetic Product States

In this section we introduce the product states that we use for our GWF calculations.

In some of the product states, screening of the disorder potential is imposed via a

variational parameter ε, which we call the screening factor. For this reason, we first

talk about the meaning of screening.

4.1.1 Screening

For interacting electrons, the interaction terms in the Anderson-Hubbard Hamilto-

nian, Eq. (1.4), make the Hamiltonian a many-body Hamiltonian which must gener-

ally be treated approximately. As a simple example, we use the HF approximation

to treat the interactions in the Anderson-Hubbard Hamiltonian. The four-fermion

interaction term in Eq. (1.4) can be written as

Un̂i↑n̂i↓ = U(ni↑ + δn̂i↑)(ni↓ + δn̂i↓) (4.1)

≈ Un̂i↑ni↓ + Un̂i↓ni↑ − Uni↑ni↓,
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where n̂iσ is the charge density in site i with spin σ, the average charge density is

niσ ≡ 〈n̂iσ〉, and δn̂iσ = n̂iσ − niσ. The HF Hamiltonian, using Eqs. (1.4) and (4.1),

can be written as

ĤHF = Ĥbl − U
N∑
i=1

ni↑ni↓, (4.2)

where the second term on the right-hand side is just a constant, and the bilinear

Hamiltonian Ĥbl is

Ĥbl =
∑
i,σ

(Vi + Uniσ)︸ ︷︷ ︸
V ′i

n̂iσ − t
∑

〈i,j〉σ
ĉ†iσ ĉjσ, (4.3)

where σ is opposite spin to σ, V ′i is the screened on-site energy, and the average charge

densities niσ are determined self-consistently .

For interacting electrons, increasing U screens the random on-site energies Vi and

changes them to the screened on-site energies V ′i . We illustrate this effect using the

HF Hamiltonian for a disordered model of four sites at 1/2-filling in Fig. 4.1. We

have considered the paramagnetic case where ni↑ = ni↓.
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Figure 4.1: The screening of disorder with interaction. As U increases, the effective
on-site energies increase while the difference between the highest to the
lowest screened site energies decreases.

Panel (a) shows our model for non-interacting electrons. The difference between

the largest and the smallest on-site energies, the disorder range, is 1.6 in this case.

Panel (b) corresponds to a weakly-interacting case (U = 1.0). The on-site energies

increase and the disorder range decreases compared to (a), the disorder range is 1.21.

The intermediate-interaction case in (c) has a disorder range of 0.7. We consider the

strongly-interacting electrons in (d) which has a screened disorder range of 0.26.

These results show that, as U increases, the range of the on-site energies becomes

smaller while the values of them become larger. The values of V ′i become larger

because in (4.3) a Uni term, which grows with U , is added to Vi. The range of the

screened on-site energies become smaller because the differences between V ′i in (4.3)

are smaller as U grows.
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4.1.2 Candidate Product states

In this section, we introduce a number of variational states |ΨGWF〉 that will be used

for calculations. We want to keep the simple form of the projection operator in

Eq. (3.1), which means that spatial inhomogeneity is introduced entirely through the

product state, |ψps〉. It is for this reason that we consider a variety of product states,

with the goal of determining how large an effect the initial choice for |ψps〉 makes on

the final |ΨGWF〉. As discussed earlier, |ψps〉 is chosen to be the ground state of some

convenient bilinear Hamiltonian.

Our first choice for a bilinear Hamiltonian is the non-interacting disordered Hamil-

tonian where the disorder potential is screened. This Hamiltonian has the same form

as Ĥbl in Eq. (4.3) with U = 0 and with renormalized on-site energies,

Vi︸︷︷︸
bare disorder potential

→ V ′i =
Vi
ε︸ ︷︷ ︸

screened disorder potential

,

where the screening factor ε is a variational parameter. Both variational parameters

ε and g are determined so as to minimize the total GWF energy EGWF(ε, g). We refer

to this variational wave function as the disordered fermi sea GWF (DFSGW).

Our second choice of Ĥbl is the paramagnetic HF (PMHF) Hamiltonian, i.e. Eq.

(4.3) with ni↑ = ni↓. Here g is the only variational parameter, and we refer to the

variational wave function for this choice as PMGW.

Our third choice of Ĥbl is the PMHF Hamiltonian with a screened disorder po-

tential. For this case, the on-site energies of Eq. (4.3) are reduced to V ′i = Vi/ε,

and again, both variational parameters ε and g are determined so as to minimize the

total GWF energy. These calculations are computationally more demanding than the
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Un̄i↑(↓) V ′i
DFSGW Un̄i↑(↓) = 0 V ′i = Vi/ε
PMGW Un̄i↑ = Un̄i↓ V ′i = Vi
PMGW(g, ε) Un̄i↑ = Un̄i↓ V ′i = Vi/ε

Table 4.1: Summary of the different bilinear Hamiltonians Ĥbl used to generate |ψps〉.

previous two choices because niσ must be determined self-consistently for each ε. We

refer to the variational wave function for this choice as PMGW(g, ε). The different

Ĥbl are summarized in Table 4.1.

As a simple illustration, in Appendix A we compare the different product states

for a disordered two-site system. As in the disorder-free case [90], the sample GWFs

span the Hilbert space of a the two-site case and yield exact results.

4.2 Comparisons of Exact and Variational Quan-

tities

In this section we show results for PMGW, PMGW(g, ε), and DFSGW variational

states for small clusters where variational calculations may be compared to exact

diagonalization calculations.1 Motivated by the earlier work [89], demonstrating that

the UHF approximation (in which the self-consistently determined n̄iσ may depend

on σ) provides accurate charge densities in disordered systems, we also consider UHF

as a benchmark for the various GWF calculations.

The quantities that we have calculated are as follows:

1The exact diagonalization calculations that we use to solve the 10-site chain exactly were done
by using the Lanczos algorithm, which was provided by Thomas McIntosh.
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• We have calculated the absolute difference of the exact and the variational

energies per site defined by

δEvar ≡ 1

N
|E var − E ex|. (4.4)

• We have evaluated the magnitude of the overlap between the exact and varia-

tional wave functions, given by

|〈Ψex|Ψvar〉|. (4.5)

• We have calculated the local charge densities according to

ni ≡ 〈Ψ|
∑
σ

n̂i,σ|Ψ〉, (4.6)

where |Ψ〉 represents the exact or variational wave function.

• We have calculated the local spin correlations for near-neighbour sites in one

dimension,

〈Si · Si+1〉 ≡ 〈Ψ|Si · Si+1|Ψ〉. (4.7)

• We have calculated the average absolute difference of charge densities given by

〈δn〉 ≡ 1

N

N∑
i=1

|n var
i − n ex

i |. (4.8)

• We have calculated the average absolute difference of local spin correlations
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defined by

〈δS · S′〉 ≡ 1

N

N∑
i=1

|〈Si · Si+1〉 var − 〈Si · Si+1〉 ex|. (4.9)

4.2.1 Six-Site Cluster

We have examined several complexions of disorder for the 6 × 1 cluster with peri-

odic boundary conditions at half-filling (Ne = 6), and focus on one representative

configuration. The disorder potential for the configuration is

Vi = 0, − 0.18W, + 0.5W, + 0.12W, − 0.5W, + 0.3W,

where W is the disorder strength. There is no symmetry in this chain, and it rep-
resents a fully disordered system. The bandwidth D = 4t for the noninteracting
ordered cluster sets the scale for the disorder potential, and we have examined weak
(W/t = 4/3), intermediate (W/t = 4) and strong (W/t = 12) disorder. Our results
are shown in Figs. 4.2 to 4.5.

2
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Figure 4.2: Variational parameters for the DFSGW and PMGW approximations for
the six-site cluster for weak (W/t = 4/3), intermediate (W/t = 4), and
strong disorder (W/t = 12). The DFSGW (a) screening factor εmin, and
(b) projection gmin are shown as functions of U . The PMGW projection
gmin is shown in (c).
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We show first, in Fig. 4.2, the variational parameters gmin and εmin that minimize

the total energy for the DFSGW and PMGW approximations. The PMGW(g, ε)

approximation is numerically equivalent to PMGW (i.e. εmin = 1) for weak and

intermediate disorder, and is therefore not shown.

For the DFSGW approximation, εmin is an increasing function of U , indicating

that interactions effectively screen the disorder potential, making the charge distribu-

tion more homogeneous than in the noninteracting case. At weak and intermediate

disorder, εmin is only weakly affected by the disorder potential; however, for strong

disorder there is a significant reduction in screening. For all W , εmin ∝ U when

U > W . For weak disorder, gmin is quantitatively like that of the ordered case,[79]

while for strong disorder the wave function is unprojected (gmin = 1) for U < 3.4t. In

all cases, the projection is substantial when U � W,D.

For the PMGW approximation, the screening is implicit in the self-consistency of

charge densities in the HF product state. For weak and intermediate disorder, gmin

is quantitatively similar to the DFSGW case; however, for strong disorder gmin <

1 for all nonzero U , in contrast to the DFSGW case. The quantitative similarity

between the different gmin curves in Fig. 4.2(c), unlike Fig. 4.2(b), suggests that the

self-consistent HF solutions screen the disorder potential more completely than the

variational parameter εmin in the DFSGW approximation.

We now move to a discussion of the quality of the variational solutions. In Fig.

4.3, we show the differences between the exact and variational energies. For weak and

intermediate disorder δEGWF is smaller than δEUHF, suggesting that GWFs are better

than UHF. Both the DFSGW and PMGW variational states have similar δE (recall
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that PMGW(g, ε) is numerically equivalent to PMGW here), and detailed compar-

isons of the variational states (not shown) find little difference in their predictions for

the physical observables defined in Eqs. (4.4) and (4.9).

For strong disorder the situation is a little different: the value for δEGWF is differ-

ent for the three variational states, with DFSGW having the smallest δE. However,

for most values of U , the UHF approximation has a lower energy than any of the

GWF approximations.
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Figure 4.3: Difference between variational and exact energies for (a) weak, (b) in-
termediate, and (c) strong disorder. Results are shown for DFSGW,
PMGW(g, ε), PMGW, and UHF. The UHF results are shown for step
size ∆U = t. Note that for weak and intermediate disorder, the PMGW
and PMGW(g, ε) curves coincide.

In Fig. 4.4 we compare charge densities and spin correlations for variational and

exact calculations. For clarity, GWF results are shown only for the DFSGW approx-

imation. Furthermore, we show the charge density as a function of U for only one

representative site in the cluster, and we show the spin correlations for only a single

representative pair of sites.
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Figure 4.4: Comparison of the charge density for the sixth site, n̄6, in upper panels
and 〈S6 · S1〉 in the lower panels. The graphs are for exact results (black
dashed lines), DFSGW (solid red lines), and UHF(dotted blue lines). The
UHF results are shown for step size ∆U = t. Results are for W/t = 4/3
in (a), W/t = 4 in (b), and W/t = 12 in (c).

Figure 4.4 (a) shows the results for weak disorder, W/t = 4/3. Here, W � D,

and the bandwidth D is therefore the relevant energy scale for the crossover between

the weakly and strongly-interacting limits as a function of U (similar to the disorder-

free case[79]). The figure shows that both the UHF and DFSGW do a good job of

reproducing the local charge densities for all U , but that the DFSGW is significantly

better at reproducing the spin-correlations. This is particularly true at large U where

local moments have formed (i.e. all sites are singly occupied): within the UHF

approximation, local moment formation coincides with the onset of classical static

magnetic moments, such that 〈Si · Si+1〉 → −1/4. In contrast, the DFSGW gives
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〈Si · Si+1〉 → −0.45 for large U , which is the clean limit result for large U [91].

Results for intermediate disorder are shown in (b), and the conclusions are the

same as for weak disorder: both the UHF and the DFSGW do a good job of repro-

ducing the local charge density, but the UHF fails to reproduce the spin correlations.

A closer examination reveals that the UHF value for n̄6 deviates from the exact n̄6

near U = 1.3t, where local moments form at site 6.

By contrast, results for large disorder in (c) show that while the DFSGW captures

general trends, it does a poor job of reproducing the details of the charge densities

and spin correlations as a function of U . Interestingly, the UHF does a remarkably

good job of describing both the charge densities and spin correlations for U ≤ 6t.

We discuss the large-disorder limit in more detail below, but remark here that the

success of UHF can be traced back to the fact that, for U � W , most sites are empty

or doubly occupied, with relatively few having moments. The UHF approximation

correctly predicts that spin correlations between isolated moments and their near-

neighbors vanish when the near-neighbor sites are empty or doubly occupied.

Another measure of the quality of the various approximations is the wave function

overlap, shown in Fig. 4.5. The results of these figures are essentially consistent with

the results presented above: the DFSGW has a large overlap with the exact wave

function (|〈Ψex|ΨGWF〉| > 0.977) for weak and intermediate disorder, while for strong

disorder the overlap is poor except in the small-U and large-U limits. The UHF

overlap is generally poor, except at small U .
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Figure 4.5: Magnitude of the overlap of (a) the exact and DFSGW wave functions
and (b) the exact and UHF wave functions for the six-site disordered
cluster. Data are shown for step size ∆U = t for the UHF results.

The reason for the difference in the quality of the GWF approximation at inter-

mediate and large disorder is most easily understood by first considering the atomic

limit (t = 0). When U = 0, the lowest-energy Ne/2 sites are doubly occupied while

the remaining sites are empty. As U is increased, this arrangement persists until U

is larger than the energy difference between the highest-energy doubly-occupied site

and the lowest-energy empty site, at which point one electron is transferred from the

doubly-occupied site to the empty site. The process continues as U increases further,

with electrons being promoted from doubly-occupied sites whenever the cost of dou-

ble occupancy is greater than the cost of promoting an electron to the next available

empty site. The process terminates when U > W , at which point all lattice sites

are singly occupied. The formation of local moments (singly-occupied sites) therefore

happens inhomogeneously in the atomic limit.

A nonzero t delocalizes electrons by an amount proportional to t/W , and thus

makes the charge distribution more homogeneous. Given that the Gutzwiller pro-

jection (which is responsible for generating local moments in |ΨGWF〉) is chosen to
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be spatially uniform, it is unsurprising that the DFSGW approximation should work

well for weak disorder (W � D) and fail for strong disorder (W � D) where the

physics approaches the atomic limit. The surprising result, evident in Fig. 4.4, is that

the moment formation is sufficiently homogeneous at intermediate disorder (W = D)

to be well-represented by our simple variational wave function.

In part, the success of the simple GWF approximation at intermediate disorder can

be attributed to the screening of the disorder potential by interactions (c.f. Fig. 4.2).

For small U , correlation effects are minor and the wave function is well represented

by the original product state |ψps〉, while for U > D (where correlation effects are

important), εmin produces a significant renormalization of the impurity potential.

4.2.2 Ten-Site Cluster

We now extend the work of the previous section to consider 10-site clusters with

periodic boundary conditions. In this section, we consider results which are averaged

over 10 randomly-generated complexions of the disorder potential. The site potentials

are chosen to lie in the interval (−W/2,W/2) and we consider weak (W/t = 4/3),

intermediate (W/t = 4), and strong disorder (W/t = 12) cases as before. We show

data for Ne = 10 electrons (half-filling) and Ne = 6 electrons (near to quarter-

filling). Given the large Hilbert space (63 500 states for Ne = 10), we use the Lanczos

algorithm (written by one of our group members, Tom McIntosh) to find the exact

ground states for comparison to the GWF results.

Results are shown for the DFSGW and PMGW approximations, as well as for

UHF. Results have not been shown for the PMGW(g, ε) approximation because it

was found in Sec. 4.2.1 to be identical to the PMGW approximation for weak and
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intermediate disorder, and because it is not significantly better than PMGW at large

disorder.

Throughout this section, we show error bars for DFSGW results. These error bars

give the root mean square (rms) variation of εmin, gmin, 〈δE〉, 〈δn〉, and 〈δS · S′〉 over

10 impurity configurations and (for 〈δn〉 and 〈δS · S′〉) 10 sites. The bars are shown

for every 4th data point and are of similar size in other GWF approximations. We

emphasize that these error bars do not indicate the accuracy of the approximation

(the curves themselves indicate this), but describe the site-to-site or sample-to-sample

variation of the accuracy of the approximation. Thus, small error bars indicate that

the approximation consistently over/underestimates a quantity by the same amount,

while large error bars indicate that the quality of the approximation varies signifi-

cantly from site to site.
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Ne = 10 electrons (half-filling)
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Figure 4.6: Variational parameters, (a) and (b), for the DFSGW and (c) PMGW ap-
proximations. Results are shown for ten-site disordered clusters averaged
over ten complexions of disorder with Ne = 10. Data are shown for step
size ∆U = t. Error bars give the rms variation of εmin and gmin over
impurity configurations.

We begin by showing results for the disorder-averaged variational parameters as a

function of U at half-filling (Fig. 4.6). The DFSGW curves are very similar to those

shown in Fig. 4.2 for six sites. As before, differences between the PMGW and DF-

SGW curves are most pronounced for large disorder and suggest that the PMHF

approximation leads to a more complete screening of the disorder potential than does

DFSGW.
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Figure 4.7: The disorder-averaged energy difference per site between the variational
and exact energies for (a) weak, (b) intermediate, and (c) strong disorder
at half-filling (Ne = 10). The curves are DFSGW (solid black line),
PMGW (red dashed line), and UHF (dotted blue line). Data are shown
for step size ∆U = t. Error bars give the rms variation of 〈δE〉 over
impurity configurations, and are too small to see in (a) and (b).

The variational energies are shown in Fig. 4.7. For weak and intermediate disorder,

the two GWF approximations give nearly identical values for 〈δE〉GWF. The GWF

energies are lower than the UHF energies for small U , but larger than the UHF

energies at large U . This is consistent with the results for larger clusters in the

disorder-free case (c.f. Fig. 4 of Ref. 48), and is an indication that the approximation

becomes poor at large U . For strong disorder, the Mott transition occurs at U ≈ W

and this sets the energy scale at which the UHF becomes superior to the GWF.
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Figure 4.8: A comparison of the mean absolute difference between the exact and vari-
ational local charge densities for the ten-site disordered cluster averaged
over ten complexions of disorder, with Ne = 10. Curves are for DFSGW
(solid black line), PMGW (red dashed line), and UHF (dotted blue line).
Data are shown for step size ∆U = t. Error bars give the rms variation
of 〈δn〉 over sites and impurity configurations.

The error in the charge density 〈δn〉, defined in Eq. (4.8), is shown in Fig. 4.8. At

half-filling, the results are largely consistent with those found for six sites. Both the

GWF and UHF approximations are good for weak and intermediate disorder, with

the DFSGW approximation producing an average error of less than 2.5%; however,

all approximations work less well for strong disorder.
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Figure 4.9: A comparison of the mean absolute difference between the exact and
variational expectation values of the near-neighbour spin correlations for
the ten-site disordered cluster averaged over ten complexions of disorder,
with Ne = 10. Curves are for DFSGW (solid black line), PMGW (red
dashed line), and UHF (dotted blue line). Data are shown for step size
∆U = t. Error bars give the rms variation of 〈δS · S ′〉 over sites and
impurity configurations.

The spin correlations, defined in Eq. (4.9), are shown in Fig. 4.9 and are also

similar to the six-site case. The UHF approximation does a poor job because it

generates static local moments, while the GWF approximations work remarkably

well for weak and intermediate disorder, having errors of order 1-2%. For strong

disorder, the results are comparable for all approximations, when U ≤ 7t. The

GWF approximations are much better than UHF for U > 7.
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Ne = 6 electrons
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Figure 4.10: As in Fig. 4.6, but for Ne = 6 electrons.

Away from half-filling, strong correlations play a lesser role than at half-filling, and

there is no Mott transition. The variational parameters for Ne = 6 are shown as a

function of U in Fig. 4.10. The most noticeable difference with the half-filled case

is that the variational parameters saturate at large U here. The energy scale at

which saturation occurs appears to be D for weak and intermediate disorder, and

W for strong disorder. A consequence of saturation is that the impurity potential

is only partially screened at large U . Thus, while the half-filled ground state is the

same for ordered and disordered models as U → ∞, the disorder potential remains

relevant at all U for Ne = 6. This relevance is illustrated with a simple example: for

W � t and U →∞, the ground state has the Ne sites with the lowest potentials Vi

singly-occupied and the remaining N −Ne empty.
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Figure 4.11: As in Fig. 4.7, but for Ne = 6 electrons.

Since there is no Mott transition for Ne = 6, we expect the GWFs to be valid

over a larger range of U than at half-filling. This is supported by Fig. 4.11, where the

GWF energies are generally lower than the UHF energies for weak and intermediate

disorder. As before, however, the GWF approximations are worse at large disorder.

It is interesting to note that 〈δE〉GWF increases roughly linearly with U at large U .

Similar behavior was found previously in the ordered case [90], and is consistent with

the fact that gmin is larger for Ne = 6 than it is for Ne = 10 (i.e. that the projection

of doubly-occupied states is less at Ne = 6 than Ne = 10).
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Figure 4.12: As in Fig. 4.8, but for Ne = 6 electrons. Error bars are larger here than
for Ne = 10 because of the larger site-to-site variations in the accuracy
of the GWF.
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Figure 4.13: As in Fig. 4.9, but for Ne = 6 electrons.

The charge densities for Ne = 6 (Fig. 4.12) are similar to the half-filled case in

the sense that the DFSGW charge densities are comparable to UHF[89] at weak and

intermediate disorder, but are less accurate than UHF at strong disorder. Similarly

to the Ne = 10 case, the average spin correlations (Fig. 4.13) are reasonably well

reproduced at weak and intermediate disorder.
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4.3 Discussion

The GWFs used in this work make two key simplifying assumptions: first, that the

correlation physics is approximately local and can be represented by a Gutzwiller

partially-projected wave function and, second, that the spatial inhomogeneity associ-

ated with the disorder potential can be incorporated entirely within the uncorrelated

product state. In this section, we discuss these two assumptions, keeping in mind

that, while it is possible to treat a large number of variational parameters using sta-

tistical sampling methods,[62] many of the interesting questions relating to disordered

systems require the ability to study large system sizes, and that it is therefore desir-

able to restrict the number of variational parameters as much as possible. The results

shown in this chapter give some clues as to how this can be done.

There are two distinct regimes in our calculations, distinguished by the strength of

the screened disorder potential, which in the DFSGW is W ′ = W/εmin. For W . D,

W ′ is sufficiently small that the GWFs used in this work give similar results for 〈δE〉 as

existing calculations for the ordered case (i.e. Fig. 4 of Ref. [90]). In Ref. [90], it was

shown that the simplest GWF could be improved by inclusion of a long-range Jastrow

factor, and the similarity of our results to theirs has a similar implication. Interest-

ingly, there is nothing in our results to suggest that adopting spatially-inhomogeneous

variational parameters would make a significant improvement. (Recall, Fig. 4.4 (a)

and (b), the accuracy with which the DFSGW approximation reproduces the local

charge density and spin correlations.) It appears as if, for W . D, spatial inhomo-

geneity can be adequately incorporated in the product state provided that screening is

included, either through a Hartree-Fock determination of the product state or through

a variational parameter. This represents a huge savings of computational effort since,
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if one makes a physically reasonable ansatz for the form of the Jastrow factor, the

number of variational parameters can be reduced to four: a screening parameter ε, a

projection parameter g, and a pair of parameters for the Jastrow factor.[90, 62]

For strong disorder, the situation is different since spatial fluctuations of the charge

density are significant. It appears that, in this case, spatial inhomogeneity cannot be

included solely in |Ψps〉, but must be included in the variational parameters as well.

4.4 Conclusions

We have studied the Anderson-Hubbard model, one of the simplest model Hamilto-

nians that can describe correlated electrons moving on a disordered lattice. We have

compared the exact and variational ground states for disordered one dimensional

chains up to a length of 10 sites. The main focus of our calculations was on finding

the simplest variational states that accurately include the effects of disorder. The

quality of the approximations was determined by comparing a number of physical

quantities—the ground state energy, local charge densities, and near-neighbour spin

correlations—to the exact results. Because it has been, until recently, the standard

tool for studying disordered systems, we also compared our variational states to the

unrestricted Hartree-Fock approximation.

Our main conclusion is that for weak and intermediate disorder, an accurate de-

scription of the ground state can be obtained by taking a spatially inhomogeneous

product state, and spatially homogeneous variational parameters. This represents

a significant reduction of computational workload over the more general case where

both the product state and variational parameters must be inhomogeneous.



Chapter 5

Localization of Weakly Correlated

Electrons in Disordered Chains

The purpose of this chapter is to study the localization of weakly correlated electrons

in disordered chains. This localization shows up in the response of the Anderson-

Hubbard (AH) Hamiltonian to an external magnetic field. The field induces a per-

sistent current, J , in mesoscopic rings. This persistent current is non-zero even if the

magnetic field is zero at the ring, provided there is a non-zero magnetic flux through

the ring. The study of the persistent current only requires the ground state wave

function, to which we have access.

We study how J scales with L, where L is the circumference of the disordered ring,

to get the localization length ξ. The scaling of J is closely related to the strength

of disorder as well as interaction. There are two possible cases for the ground state

wave function ψ: localized or extended. When ψ is localized then J = J0 exp(−L/ξ)
[32], so ξ can be found from a plot of ln |J | as a function of L. When ψ is extended

then ξ → ∞ and J is independent of L. This chapter is organized as follows: in

64
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Sec. 5.1 we review the persistent current for a single electron in a ring threaded by

an Aharonov-Bohm (AB) flux, Φ. Then in Sec. 5.2 we study the persistent current

for many non-interacting electrons. For that, we find the current operator for a tight

binding ring composed of N one-orbital atomic sites, n = 1, 2, . . . , N , of spacing

a, forming a circular lattice enclosing the AB flux. In Sec. 5.3 we find the persistent

current 〈Ĵ〉 using the AH Hamiltonian. We also discuss our numerical method for

the calculation of the typical current, using the PMHF approximation. Finally, in

Sec 5.4 we use the finite size scaling of the persistent current to find the localization

length.

5.1 Aharonov-Bohm effect

The Aharonov-Bohm effect was first introduced by Yakir Aharonov and David Bohm

in 1959 [92]. According to this effect, the wave function of a charged particle passing

around a long solenoid experiences a phase shift as a result of the enclosed magnetic

field, despite the magnetic field being zero in the region through which the particle

passes. In 1983 Markus Büttiker, Yoseph Imry, and Rolf Landauer suggested the

existence of persistent currents flowing without dissipation in isolated metallic rings

pierced by magnetic flux [93]. Experimental evidence for the observation of persistent

currents was first reported in 1990 by a research group at Bell Laboratories using a

superconducting resonator to study an array of copper rings [94]. In 2009, physicists

at Stanford University and at Yale University reported measurements of persistent

currents in nanoscale gold and aluminum rings respectively that both showed a strong

agreement with the simple theory for non-interacting electrons [95]. This section is

a review of the calculation of the persistent current of a single electron on a ring
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threaded by an AB magnetic flux. We use this as a starting point for the calculation

of the persistent current for Ne non-interacting electrons on a disordered ring in the

next section.

We show how the current is related to the ground-state energy. For a single elec-

tron on a ring pierced by magnetic flux, as explained in Appendix B, the Hamiltonian

can be written as

Ĥ0 =
1

2me

(−i~∇− e

c
A)2

=
1

2me

(−i~ d
dx
− e

c

Φ

L
)2 (5.1)

where A = (Φ/L)x̂ is the vector potential, x is the displacement along the ring, L is

the ring’s circumference, me is the electron’s mass, and ~ ≡ h/2π, where h is Planck’s

constant. The Schrödinger equation is

1

2me

(−i~ d
dx
− eΦ

cL
)2Ψ(x) = EΨ(x) (5.2)

where Ψ(x) is the wave function of an electron. The solutions of Eq. (5.2) are Ψn(x) =

ei(2π/L)nx/
√
L, where 0 ≤ x ≤ L. Because of the periodic boundary condition, n is an

integer. To get the eigenenergies, En, we substitute Ψn(x) in Eq. (5.2)

En =
h2

2meL2
(n− Φ

Φ0

)2 (5.3)

where the flux quantum is Φ0 = hc/e. Equation (5.3) shows that the ground state

energy of the electron is periodic in Φ/Φ0 with period of one: increasing Φ by Φ0 forces

the electron, in order to stay in the lowest energy, to change its angular momentum
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n by one, as shown in Fig. 5.1.
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Figure 5.1: Energy spectrum of an electron on a ring influenced by the magnetic flux
Φ/Φ0. The quadratic functions with different origins represent different
angular momenta, according to Eq. (5.3). For each n, the thick line is
the ground state energy for the corresponding momentum.

The charge current is 〈Ĵ〉 = −e〈P̂ 〉/me,

〈P̂ 〉 =
2π~
L

∫ L

0

dxΨ∗(x)(−i L
2π

d

dx
− Φ
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)Ψ(x)

=
h

L
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)Ψ(x). (5.4)

The persistent current of an electron in the nth eigenstate is therefore

〈Ĵ〉n = − eh

meL

∫ L

0

dx
e−i(2π/L)nx

√
L

(−i L
2π

d

dx
− Φ

Φ0

)
ei(2π/L)nx

√
L

= − eh

meL2
(n− Φ

Φ0

) (5.5)

Similar to the energy, the persistent current of a single electron is periodic in Φ/Φ0.

A common way to calculate 〈Ĵ〉 is to use 〈Ĵ〉 = c dE/dΦ.
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In (5.1) one may perform a unitary transformation to obtain a Hamiltonian which

does not depend on Φ/Φ0. This is helpful because in the next section, where we are

talking about systems of Ne electrons, we want to deal with a flux-free Hamiltonian.

The operator Û(x) = e−i(2πx/L)(Φ/Φ0) transforms the Hamiltonian Ĥ0 to a flux-free

Hamiltonian, Ĥ�ZΦ , in the following way

Ĥ0 → Ĥ�ZΦ = ÛĤ0Û
−1 = − ~2

2me

d2

dx2

Ψ→ Ψ′ = ÛΨ (5.6)

Using (5.2), we can write

Ĥ�ZΦ Ψ′ = ÛĤ0Û
−1ÛΨ = EΨ′ (5.7)

The solutions to (5.7), Ψ′(x), for the corresponding Schrödinger equations are Ψ′(x) =

ei(2π/L)n′x. Here n′ is not an integer since the boundary condition has changed. The

twisted boundary condition is

Ψ′(x+ L) = Û(x+ L)Ψ(x+ L) = Ψ′(x)e−i(2π)(Φ/Φ0) (5.8)

which gives

n′ = n− Φ

Φ0

(5.9)

where n is an integer. Then the wave functions are

Ψ′n(x) = ei(2π/L)x(n−Φ/Φ0). (5.10)
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Although we removed the magnetic flux from the Hamiltonian with a unitary trans-

formation, the magnetic effect shows up in the wave function of the new, flux-free,

Hamiltonian.

In the next section we study the current for Ne non-interacting electrons in a

tight-binding ring composed of N one-orbital atomic sites forming a circular lattice

enclosing the AB flux. The calculations for each electron are similar to what we

performed in this section, but are second quantized.

5.2 Persistent Current for Non-Interacting Elec-

trons

In this section we will find the current operator for a tight-binding ring composed of

N atomic sites, Fig. 5.2. We use second quantized notation to treat the many-particle

system. The second quantized Hamiltonian is

Figure 5.2: Model for our N -site cluster (here N = 6) with Ne electrons in a ring.
The lattice constant a = L/N , where L is the circumference of the ring.
A magnetic flux Φ passes through the center of the ring perpendicular to
the surface. As a result of the flux, the hoppings to near neighbours have
phases of eiθ (clockwise) or e−iθ (anticlockwise), where θ = (2π/N)Φ/Φ0.

Ĥ =

∫ L

0

dxΨ̂†σ(x)[Ĥ0 + V ]Ψ̂σ(x) (5.11)
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where L = Na is the circumference of the ring with lattice constant a, Ĥ0 is given by

(5.1), V is the tight-binding potential, σ is the spin index, and Ψ̂σ(x) and Ψ̂†σ(x) are

the field operators, which satisfy anti-commutator relations.

The annihilation operator ĉnσ for the Wannier state ζn [96], is defined as

ĉnσ =

∫ L

0

dxζ∗n(x)Ψ̂σ(x)e
−i 2π

L
Φ
Φ0

(x−xn)
, (5.12)

where n is the site index, the operator Ψ̂σ(x) annihilates an electron at position x

and

Ψ̂σ(x) =
N∑
n=1

ζn(x)ĉnσe
i 2π
L

Φ
Φ0

(x−xn)
. (5.13)

The phase factor is introduced to remove the flux from the kinetic energy part of the

Hamiltonian. We use Wannier states because then we can define a tight-binding form

of Hamiltonian for interacting electrons. We have

Ĥ =
∑
σ

∑
q,n

ĉ†qσ ĉnσ

∫ L

0

dxζ∗q (x)e
−i 2π

L
Φ
Φ0

(x−xq) ×

[
h2

2meL2
(−i L

2π

d

dx
− Φ

Φ0

)2 + V (x)]ζn(x)e
i 2π
L

Φ
Φ0

(x−xn)
(5.14)

which simplifies to

Ĥ =
∑
σ

∑
q,n

ĉ†qσ ĉnσe
i 2π
L

Φ
Φ0

(xq−xn)

∫ L

0

dxζ∗q (x)×

[
~2

2me

(−i d
dx

)2 + V (x)]ζn(x) (5.15)



CHAPTER 5. LOCALIZATION OF WEAKLY CORRELATED ELECTRONS 71

If the electrons only hop to nearest neighbors, Eq. (5.15) simplifies to

Ĥ =
∑
q,σ

−t
(
ĉ†(q+1)σ ĉqσe

i 2π
N

Φ
Φ0 + ĉ†qσ ĉ(q+1)σe

−i 2π
N

Φ
Φ0

)
+
∑
q,σ

Vq ĉ
†
qσ ĉqσ, (5.16)

where Vq and t are defined as




−t =

∫ L
0
dxζ∗q (x)[ ~

2

2me
(−i d

dx
)2 + V (x)]ζn(x) if n = q ± 1

Vq =
∫ L

0
dxζ∗q (x)[ ~

2

2me
(−i d

dx
)2 + V (x)]ζq(x) if n = q .

Similar to our calculations to find the second quantized Ĥ, Eq. (5.15), we want

to find the second quantized current operator, Ĵ . We first need to find the second

quantized momentum operator. We have

[Ĥ, x̂] = [
~2

2me

(−i d
dx

)2 + V (x), x̂]

=
~2

2me

[(−i d
dx

)2, x̂] +���
��:0

[V (x), x̂]

= −i ~
me

P̂ . (5.17)

where P̂ = −i~d/dx. Thus, we can write

P̂ = −ime

~
[Ĥ, x̂]. (5.18)
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The second quantized momentum operator is

P̂ =

∫ L

0

dxΨ̂†σ(x)P̂ Ψ̂σ(x)

= −ime

~
∑
σ

∑
q,n

ĉ†qσ ĉnσ

∫ L

0

dxζ∗q (x)e
−i 2π

L
Φ
Φ0

(x−xq)[Ĥ, x̂]ζn(x)e
i 2π
L

Φ
Φ0

(x−xn)

= −ime

~
∑
σ

∑
q,n

ĉ†qσ ĉnσ

∫ L

0

dxζ∗q (x)e
−i 2π

L
Φ
Φ0

(x−xq)(Ĥx̂− x̂Ĥ)ζn(x)e
i 2π
L

Φ
Φ0

(x−xn)

≈ −ime

~
∑
σ

∑
q,n

ĉ†qσ ĉnσ(xn − xq)
∫ L

0

dxζ∗q (x)(Ĥ)ζn(x)e
i 2π
L

Φ
Φ0

(xq−xn)
(5.19)

where we have used x̂ζn(x) = xnζn(x) which is approximate and is only true because

we are using Wannier states. If the electrons only hop to nearest neighbors, Eq.

(5.19) simplifies to

P̂ = −itmea

~
∑
qσ

(
ĉ†(q+1)σ ĉqσe

i 2π
N

Φ
Φ0 − ĉ†qσ ĉ(q+1)σe

−i 2π
N

Φ
Φ0

)
. (5.20)

The current density is Ĵ = −eP̂ /me (we set e = 1) and, using (5.19) the second

quantized current operator is

Ĵ =
+i

~
∑
σ

∑
q,n

ĉ†qσ ĉnσ(xq − xn)

∫ L

0

dxζ∗q (x)(Ĥ)ζn(x)e
i 2π
L

Φ
Φ0

(xq−xn)
. (5.21)

Again, if the electrons only hop to nearest neighbors, we can write

Ĵ =
ita

~
∑
qσ

(
ĉ†(q+1)σ ĉqσe

i 2π
N

Φ
Φ0 − ĉ†qσ ĉ(q+1)σe

−i 2π
N

Φ
Φ0

)
. (5.22)

These are the main results which we need to calculate the persistent current in this

chapter. In the next section, we use the Hartree-Fock approximation to calculate 〈Ĵ〉
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for interacting electrons in a disordered AB ring, using the AH Hamiltonian.

5.3 Persistent Current for Interacting Electrons

To write the AH Hamiltonian, we add the interaction energy term to the Anderson

Hamiltonian, Eq. (5.16),

Ĥ = −t
∑
q,σ

(
ĉ†(q+1)σ ĉqσe

i 2π
N

Φ
Φ0 + ĉ†qσ ĉ(q+1)σe

−i 2π
N

Φ
Φ0

)
+
∑
q,σ

Vqn̂qσ +
∑
q

Un̂q↑n̂q↓ (5.23)

where U is the Coulomb repulsion between electrons sharing the same site, and n̂qσ is

the charge density on site q with spin σ. We assume that the on-site energy Vq is box

distributed and has a uniformly chosen random value between −W/2 ≤ Vq ≤ W/2,

where W is the disorder strength.

For weakly correlated chains, we use the Hartree-Fock (HF) approximation which

simplifies the last term of (5.23), in a similar way as in Eq. (4.1). The HF Hamilto-

nian, using Eqs. (5.23) and (4.1), can be written as

ĤHF = Ĥeff − U
N∑
q=1

nq↑nq↓, (5.24)

where the second term on the right-hand side is just a constant, and

Ĥeff = −t
∑
q,σ

(
ĉ†(q+1)σ ĉqσe

i 2π
N

Φ
Φ0 + ĉ†qσ ĉ(q+1)σe

−i 2π
N

Φ
Φ0

)
+
∑
q,σ

(Vq + Unqσ)n̂qσ, (5.25)

where σ is opposite spin to σ. For non-magnetic systems, Heff is the paramagnetic

HF (PMHF) Hamiltonian, i.e. Eq. (5.25) with nq↑ = nq↓ = nq/2, and nq is the
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total charge density which is determined self-consistently. We drop the spin index for

the rest of this section since the formulas are for paramagnetic systems.

To find 〈Ĵ〉, we diagonalize (5.25). If we define

Ĉ =




ĉ1

ĉ2

...

ĉN



, (5.26)

then we can write Ĥeff in matrix notation, Ĥeff = Ĉ†HĈ, where H is the matrix

representation of Ĥeff . The matrix elements are

Hqn = −tĉ†q ĉnei
2π
N

Φ
Φ0

(xq−xn)
δ〈q,n〉 + (Vq + Unq)ĉ

†
q ĉqδq,n

where δ〈q,n〉 is one if q and n are nearest neighbours (n = q ± 1), and zero otherwise.

Let S be the matrix that diagonalizes H, given to us by LAPACK, the Linear Algebra

PACKage. Then

S†HS = E

where E = diag[E1, E2, . . . , EN ] is the diagonal matrix of eigenvalues. The effective
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Hamiltonian is

Ĥeff = Ĉ†HĈ

= Ĉ†SS†HSS†Ĉ

=
[
Ĉ†S

] [
S†HS

] [
S†Ĉ

]

= Γ̂†EΓ̂

=
∑
n

Enγ̂
†
nγ̂n (5.27)

where γ̂†n and γ̂n are the creation and annihilation operators for the eigenstates of

Ĥeff . We define Γ̂ as

Γ̂ = S†Ĉ =




γ̂1

γ̂2

...

γ̂N



. (5.28)

The current 〈Ĵ〉 can be written as

〈Ĵ〉 =
∑
m,n

〈ĉ†mJmnĉn〉 (5.29)

where Jmn are the elements of the matrix representation of Ĵ ,

Jmn =




− ita

~ e
i 2π
N

Φ
Φ0 if m = n+ 1

ita
~ e
−i 2π

N
Φ
Φ0 if m = n− 1
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Then

〈Ĵ〉 =
∑
m,n

∑
p,q

〈γ†pS∗mpJmnSnqγq〉

=
∑
m,n

∑
p,q

〈γ†pγq〉S∗mpJmnSnq

=
∑
m,n

∑
p,q

f(Ep)δp,qS
∗
mpJmnSnq

=
∑
m,n

∑
p

f(Ep)S
∗
mpSnpJmn (5.30)

where f(Ep) is the Fermi function, which gives the probability of the state with energy

Ep being occupied. On a 1D lattice

〈Ĵ〉 = −ita
~

N∑
n=1

N∑
p=1

(
S∗(n+1),pSn,pe

i 2π
N

Φ
Φ0 − S∗n,pS(n+1),pe

−i 2π
N

Φ
Φ0

)
f(Ep)

=
2ta

~

N∑
n=1

N∑
p=1

Im
[
S∗(n+1),pSn,pe

i 2π
N

Φ
Φ0

]
f(Ep). (5.31)

In this way we can calculate the persistent current for weakly correlated electrons

on disordered AB chains. In the next section we study the current numerically to

learn how the localization length ξ is influenced by interactions for a fixed disorder

strength.

5.4 Numerical Calculation of Localization Length

The goal is to understand how interactions affect the localization length at the mean

field level. We get the localization length ξ from the inverse of the slope of a graph of

ln |J | vs. L. One difficulty is that the current depends on the disorder configuration.
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To remove this dependance, we introduce the typical current

ln |J |typ =

∑
configs ln |J |

Number of configs
. (5.32)

The typical current is a natural way to average the current since, as we show in the

next section, the distribution of ln |J | is nearly Gaussian.

5.4.1 Non-Interacting Electrons in Disordered Clusters

In Fig. 5.3 we show the distributions of ln |J | for (a) 104 and (b) 200 disorder config-

urations. For comparison we also show Gaussian distributions that are fitted to the

data. One can see that ln |J | in both panels are nearly Gaussian although the results

in (b) are much noisier. Because of this, the typical current is near the most probable

current. If the distribution is Gaussian, the typical current and the most probable

current are identical. The error for the typical current, δ ln |J |typ, is the width of the

distribution over the square root of the number of configurations. For the data shown

in Fig. 5.3, this gives errors of about 0.025 for (a) and 0.17 for (b). As we show later,

this is the largest source of error in our calculations.
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Figure 5.3: Histograms for ln |J | for (a) 104 and (b) 200 disorder configurations. For
both panels, L = 50 and the system is 1/2-filled with Φ/Φ0 = 1/4, W =
4.0, and U = 0.0. For comparison we also show Gaussian distributions
that are fitted to the data. The distributions of ln |J | in both panels are
nearly Gaussian although the distribution in (b) is much noisier. The
error δ ln |J |typ is the width of the distribution over the square root of the
number of configurations, which is about 0.025 for (a) and 0.17 for (b).

Next, we examine different disorder strengths W and calculate ln |J |typ as a func-

tion of L for each W . The main goal is to find the localization lengths for each W

from these results. The results are shown in Fig. 5.4 and Table 5.1.
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Figure 5.4: Left panel: ln |J |typ vs. L for different disorder strengths. The inverse
of the slope of each line is ξ for that W . We consider different values of
W , from 1.0 to 6.0. The dashed lines show the best fits for each disorder
strength. The inset shows the change of ln ξ as a function of lnW . Right
panel: ξ given by Casati et. al. for non-interacting electrons [97]. Table
5.1 shows the numerical values of the localization length for both panels.
Note that our results are at 1/2-filling, and Casati’s are at fixed value of
E = 1.

To check the accuracy of our results, we compare them to the localization lengths

found by Casati et. al.. They studied the scaling properties of the Anderson model
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in 1D, using the information length [97]. The results are shown in Fig. 5.4 and

summarized in Table 5.1. They did not calculate the ξ at 1/2-filling, but at fixed

energy E = 1, which is slightly away from 1/2-filling. For this reason, we expect to

get slightly different values for ξ than they do. Our results are quantitatively close

Our results Casati’s results
W ξ δξ ξ∞
1.0 102.9 ±4.7 90
2.0 29.8 ±0.4 22
3.0 12.7 ±0.4 10
4.0 6.8 ±0.2 5.7
5.0 4.2 ±0.2 3.9
6.0 3.3 ±0.1 2.9

Table 5.1: Localization lengths and errors for non-interacting electrons in different
disordered chains. The errors δξ come from the errors in the slopes of the
fitted line. The right column shows the localization lengths from Casati
et. al. [97], which are estimated from the figure.

to Casati’s results. The difference may be because of different fillings. Both results

show that disorder localizes the electrons, which is expected from the scaling theory

of localization [33].

5.4.2 Interacting Electrons in Disordered Clusters

For a fixed strength of disorder, W = 4.0, we show the distribution of ln |J | for dif-

ferent values of U in Fig. 5.5. The distributions are shown for U = 1.0, 3.0, and 5.0,

for chains of 50 atoms at 1/2-filling. The results are for 104 and 200 disorder configu-

rations for left and right panels, respectively. Similar to the non-interacting case, we

show Gaussian distributions that are fitted to the data. The results show that the

distributions are asymmetric and sharply peaked. However, for each U , the typical
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current is near the most probable current. The errors δ ln |J |typ are calculated in the

same way as they where calculated for the non-interacting case.
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Figure 5.5: Histograms for PMHF ln |J | for L = 50 with Φ/Φ0 = 1/4 and W = 4.0.
The left panels are for 104 disorder configurations, and the right panels
are for 200 disorder configurations. The results for each row have the
same U and almost the same value of ln |J |typ.

Next, we study the localization length for two cases. For the first case, we consider

the interaction to be constant (U = 4.0) and we study the localization length when

W changes. For the second case, we keep the disorder strength constant (W = 4.0)

and study the change of ξ with U .
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Figure 5.6: The persistent current ln |J |typ as a function of system size L with Φ/Φ0 =
1/4 for different W and U = 4.0. The point for each L and W is the
ln |J |typ which is averaged over 104/L disorder configurations. The slope
of each line is ξ for each W , where W = 1.0 − 6.0. The inset shows the
change of ln ξ as a function of lnW . The localization lengths with their
errors are shown in Table 5.2.

For the first case, we find ln |J |typ for W = 1.0− 6.0. Figure 5.6 shows the results

of ln |J |typ as a function of L. The inset shows the logarithm of the localization

lengths as a function of lnW . Table 5.2 shows the values of ξ with error δξ for each

W . The numerical results show that the localization length for W < 4.0 is bigger

than 146, which is the largest system size for our calculations, so it is safest to count

on the accuracy of our results for W ≥ 4, where ξ is smaller than the largest L. This

is due to the finite-size correction [98] and our definition of localization length which

is qualitatively accurate for ξ < the largest L.

For the second case, we find ln |J |typ for different U and fixed W = 4.0. Figure

5.7 shows ln |J |typ as a function of L for U = 0.0 − 5.0 in panel (a) and for U =

6.0, 8.0, 12.0, and 16.0 in panel (b). The localization length, for each U , is shown
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W ξ δξPMHF

1.0 1728 ±141
2.0 395.4 ±20.6
3.0 177.0 ±9.6
4.0 102.6 ±6.7
5.0 96.6 ±2.5
6.0 71.5 ±5.6

Table 5.2: Localization lengths with their errors for interacting electrons (for fixed
U = 4.0) in disordered chains with W = 1.0 − 6.0. The errors δξ come
from the slope of the fitted lines.

as an inset of panel (b). Table 5.3 shows the values of localization lengths and errors

for different U . The localization lengths become larger as U increases because of

screening, as explained in Chapter 4: interaction screens the disorder and makes the

disorder potential more homogeneous, so that the electrons more delocalized. The

localization lengths for U > 6.0 are numerically bigger than 150, which is the largest

system size for our ln |J |typ calculations. For this reason we do not count on the

quantitative accuracy of the numerical results in Table 5.3 for U > 6.0.



CHAPTER 5. LOCALIZATION OF WEAKLY CORRELATED ELECTRONS 84

A
A

A
A

A
A

A
A

A
A

A
A

A
A

A
A

A

BBBBB
BBB

BB
BBBBB

BB

CCCCCCCCCCCCCCCCC

DDDDDDDDDDDDDDDDD

0 50 100 150
L

-25

-20

-15

-10

-5

0

ln
| J

 | ty
pPM

H
F

U=0.0A
U=1.0B
U=2.0C
U=3.0D
U=4.0
U=5.0

0 4 8 12 16
0

400

800

# # # # # # # # # # # # # # # # #

x x x x x x x x x x

y y y y y y y y y y
z z z z z z z zz z

0 50 100 150
L

-4

-2

0
U=6.0#
U=8.0x
U=12.0y
U=16.0z

ξ  vs. U

U

ξ

(a) (b)

Figure 5.7: The persistent current ln |J |typ as a function of system size L with Φ/Φ0 =
1/4 for different U and fixed W = 4.0. ln |J |typ is averaged over 104/L
disorder configurations for each L and U . The inverse of the slope of each
line is ξ for each U which is shown at inset of panel (b). The localization
lengths with their errors are shown in Table 5.3.

U ξ δξ
0.0 6.81 ±0.05
1.0 20.4 ±0.3
2.0 40.5 ±1.4
3.0 68.8 ±2.0
4.0 104.1 ±2.8
5.0 143.4 ±5.1
6.0 188.1 ±5.0
8.0 289 ±18
12.0 613 ±43
16.0 1030 ±60

Table 5.3: Localization lengths for interacting electrons for different U in disordered
chains with W = 4.0. The errors δξ come from the slope of the fitted lines.
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5.5 Summary

In this chapter, we have shown how to extract the localization length from the persis-

tent current J . As an example, we studied localization of weakly correlated electrons,

treated within a PMHF approximation. We found that the disorder localizes non-

interacting electrons and that screening due to interactions has a delocalizing effect.

Later in Chapter 7, we will study the localization properties of strongly correlated

electrons and use these results for comparison.



Chapter 6

Variational approach for large

chains

Previously in Chapter 3 we introduced the Gutzwiller variational approach to study

correlated electrons in disordered chains. We also benchmarked the quality of GWF

calculations for small chains in Chapter 4. For large chains, it is not computationally

possible to perform the variational calculations exactly. This is because the number

of microstates which are needed to represent the variational wave function grows with

system size. The solution is to study large systems using Monte Carlo methods. For

our studies we use the variational Monte Carlo (VMC) method. We follow the VMC

algorithm introduced by Koch et. al [85] for our disordered chains.

This chapter is organized as follows: in Sec. 6.1, we introduce our variational

Monte Carlo algorithm. Then in Sec. 6.2 we discuss the Sherman-Morrison method as

a fast way for updating the Slater determinants. In Sec. 6.3 we introduce the Newton-

Raphson method to find the variational parameters which minimize the EGWF calcu-

lated with VMC, for each interaction U .

86
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6.1 Variational Monte Carlo Algorithm

In Chapter 3 we introduced our method for calculating Gutzwiller variational wave-

functions and for evaluating the expectation value of energy using these wave func-

tions,

EGWF =
〈ΨGWF|Ĥ|ΨGWF〉
〈ΨGWF|ΨGWF〉

=

∑
I Eloc(I) |ψ(I)|2∑

I |ψ(I)|2 , (6.1)

where |ΨGWF〉 =
∑

I det[G(I)]
∏N

i=1(1 − (1 − g)bibN+i){bI}2N
I=1, I is the microstate

which defines the positions and spins of Ne electrons on a chain of N atoms, and the

local energy Eloc is

Eloc(I) =
∑

I′

ψ∗(I ′)〈I ′|Ĥ|I〉
ψ∗(I)

(6.2)

= −t
∑

I′

ψ∗(I ′)
ψ∗(I)

eiφI,I′ δ̃I−I′,1 + U

N∑
i=1

bibN+i︸ ︷︷ ︸
ni↑ni↓

+
N∑
i=1

Vi (bi + bN+i)︸ ︷︷ ︸
ni↑+ni↓

,

where

ψ(I) = det [ G(I)]
N∏
i=1

(1− (1− gmin)bibN+i) (6.3)

is the amplitude of the microstate I. For large systems the sum over I is too large to

compute. The conventional way to perform the calculations is to replace the sum with

a restricted sum based on importance sampling. Essentially, instead of Eq. (6.1), one
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uses

EVMC =

∑
IVMC

Eloc(IVMC)∑
IVMC

1
, (6.4)

where the sum over IVMC is a Monte Carlo sampled subset of all I. VMC uses Markov

chain Monte Carlo, where a Markov chain defines a way to go to the next microstate

in the sum that only depends on the previous microstate. The elements of the Markov

chain are generated as described below [85].

First, an initial microstate I0 is chosen by choosing the positions of Ne electrons in

the chain of N atoms, for example randomly (with the condition that |ψ(I0)|2 6= 0).

For our calculations, the initial microstate is chosen based on the filling of the system.

If the system is 1/2-filled we consider an antiferromagnetic microstate for I0. For lower

than 1/2-filling, we consider the first Ne/2 sites to be doubly occupied, where Ne/2 is

an integer because Ne is always even in our calculations. We have examined several

different initial microstates for our calculations and found that the initial guess does

not affect the final results. The reason is that we consider a warm-up time, which is

the number of steps (that is 2 × 105 steps) that we run the Markov chain before we

keep the results.

Now consider that we are at some arbitrary step of our calculations, say the k-

th step which has the microstate Ik. We want to explain how we find the next

microstate Ik+1. Traditionally a new trial microstate is proposed by moving one of

the electrons randomly from its old position to a near neighbour site. In practice a

set of microstates ITj,k is generated by moving each electron of Ik from its old position

to its different near neighbor sites, where j labels the different possible moves. Then
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one of the possible moves is accepted, i.e., Ik+1 = ITj,k with a probability

Pk,j =
1

Nmax

min[1,Rk,j] with Rk,j =

∣∣∣∣∣
ψ(ITk,j)

ψ(Ik)

∣∣∣∣∣

2

(6.5)

where Nmax is the maximum number of possible single electron moves in Ik, which

is Nmax = z × Ne and z is the number of neighbours [99]. The ratio Rk,j is defined

explicitly as

Rk,j =

∣∣∣∣∣
det
[

G(ITk,j)
]

det [ G(Ik)]
×

N∏
i=1

(1− (1− gmin)bjk,ib
j
k,N+i)

(1− (1− gmin)bk,ibk,N+i)

∣∣∣∣∣

2

(6.6)

where det [ G(Ik)] and det
[

G(ITk,j)
]

are the Slater determinants corresponding to

the microstates Ik and ITk,j, respectively. Equation (6.5) fulfills the detailed balance

condition

|ψ(Ik)|2Pk→k+1 = |ψ(Ik+1)|2Pk+1→k (6.7)

where Pk→k+1 is defined in (6.5) when the move is accepted.

The traditional method works well for U not too large. As mentioned by Koch

et. al [85], for strongly correlated systems the random walk will stay for long times

in configurations with a small number of double occupancies. Most moves will be

rejected since they increase double occupancies. In our calculations, following Koch

et. al, we eliminate any rejection by integrating out the time the walk stays in a given

configuration, i.e. we make the acceptance ratio equal to one. To eliminate rejected

moves, we take the probability of possible moves to be

P̃k,j =
Pk,j∑
j Pk,j

=
Pk,j

1− Pstayk

(6.8)
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where Pstayk = 1−∑Nmax
j=1 Pk,j. In practice we choose the next move by generating a

positive random number 0 < ν ≤ 1; the trial microstate ITk,j = Ik→l is chosen as the

next microstate Ik+1 if
l−1∑
j=1

Pk,j ≤ ν ≤
l∑

j=1

Pk,j.

The detailed balance for this move is

ψ2(Ik)Pk→k+1 = ψ2(Ik+1)Pk+1→k

ψ2(Ik)
1− Pstayk

1− Pstayk

Pk→k+1 = ψ2(Ik+1)
1−Pstayk+1

1−Pstayk+1

Pk+1→k

ψ2(Ik)[1− Pstayk ]P̃k→k+1 = ψ2(Ik+1)[1− Pstayk+1 ]P̃k+1→k. (6.9)

Equation 6.9 shows that the sampling is from a probability distribution ψ2(Ik)[1− Pstayk ].

This is an incorrect distribution, and to correct it a weight factor w(Ĩk) = 1/(1−Pstayk )

is assigned to each microstate to compensate for (1 − Pstayk ). Then we are sampling

configurations ĨVMC with probability P̃ , defined in in (6.8). The energy is given by

EVMC =

∑
ĨVMC

w( ĨVMC )Eloc( ĨVMC )
∑

ĨVMC
w( ĨVMC )

(6.10)

This ensures a new microstate, with the assigned weight, for every Monte Carlo step.

The calculation of the ratio of probability amplitudes requires the evaluation of two

Slater determinants; however the computational workload for the calculation scales as

Ne
3, where Ne is the number of electrons. Fortunately, the fact that the next Monte

Carlo microstate is related to the previous one by the displacement of one particle

allows us to use the Sherman-Morrison algorithm [100] to update the determinant of

the Slater matrices. This requires only O(Ne
2) operations and is much faster than
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directly calculating the determinant. In the next section we explain, in more detail,

how we use the Sherman-Morrison (SM) algorithm.

6.2 Sherman-Morrison Formalism for Updating the

Slater Determinants

The success of the VMC calculations depends on the choice of the trial wave function.

For large systems, the evaluations of the trial wave functions is the most demanding

part of the calculations. Our calculation proceeds by defining a set of trial microstates,

found by moving each electron in some initial microstate Ik to a near neighbor. One

of the choices, chosen randomly generates the new microstate Ik+1. As mentioned in

(6.5) the acceptance of each move requires the computation of the transition probabil-

ity Rk,j. This needs an update for the Slater matrix G(Ik) to G(Ik+1). The updated

matrix G(Ik+1) is generated by modifying one of the rows of G(Ik) corresponding

to an electron movement from microstate Ik to a near neighbour site and generating

microstate Ik+1. The simulation continues by introducing a new move, and for the

chosen move Ik+2, by updating the Slater matrix to G(Ik+2). The updating pro-

ceeds for millions of steps until the value of interest, such as EVMC , converges to an

accepted statistical accuracy.

The Slater matrix G(I) for a microstate I = (I1, . . . , INe), using our definition in
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Chapter 3, is given by

G(I) ≡




GI1,1 GI1,2 . . . GI1,Ne

GI2,1 GI2,2 . . . GI2,Ne

...
...

. . .
...

GINe ,1
GINe ,2

. . . GINe ,Ne



. (6.11)

The Slater matrix for an accepted microstate I ′ = (I1, . . . , I
′
j, . . . , INe) which is pro-

duced from a single electron move in I (say j-th electron) to near neighbour, Ij 7→ I ′j,

is

G(I ′) ≡




GI1,1 GI1,2 . . . GI1,j . . . GI1,Ne

GI2,1 GI2,2 . . . GI2,j . . . GI2,Ne

...
...

. . .
...

. . .

GI′j ,1 GI′j ,2 . . . GI′j ,j . . . GI′j ,Ne

...
...

. . .
...

. . .

GINe ,1
GINe ,2

. . . GINe ,j
. . . GINe ,Ne

.




. (6.12)

The probability of choosing this move, using (6.6), depends on the ratio of the Slater

determinants det[ G(I ′)]/ det[ G(I)].

Let us focus on the calculation of the ratio of the Slater determinants for a chosen

move. If, for the k-th Monte Carlo step, we know the value of det[ G(Ik)], then it

is possible to compute det[ G(Ik+1)] indirectly using the Sherman-Morrison method.

The steps of the calculation are as follows. The Slater Matrix G(Ik+1) is written as

G(Ik+1) = G(Ik) + ej v
T
k (6.13)

where ej denotes a column vector of size Ne with 1 on the j-th entry and 0 everywhere
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else [100]. The vector vTk (the transpose of vk) is a row vector containing the change

in the Slater matrix G(Ik) due to the displacement of the j-th electron during the

(k + 1)-th Monte Carlo step and is given by

vk =
((
GI′j ,1 −GIj ,1

)
, . . . ,

(
GI′j ,Ne −GIj ,Ne

))T
. (6.14)

Equation (6.13) is written as

G(Ik+1) = G(Ik) + ejv
T
kG−1(Ik)G(Ik)

= (1 + ejv
T
kG−1(Ik))G(Ik) (6.15)

The Slater determinant det[ G(Ik+1)] using (6.15) is

det[ G(Ik+1)] = det[(1 + ejv
T
kG−1(Ik))G(Ik)]

= det[(1 + ejv
T
kG−1(Ik))] det[G(Ik)]

= (1 + vTk G−1(Ik)ej︸ ︷︷ ︸
j−th column of G−1(Ik)

) det[G(Ik)] (6.16)

If we introduce the ratio of the determinants as Drk = det[ G(Ik+1)]/ det[ G(Ik)]

then we have

Drk =
(
1 + vTk G−1(Ik)ej

)
. (6.17)

The evaluations of the ratios of the determinants for the next chosen move needs the

calculations of the inverse matrix. We use the Sherman-Morrison formula to update
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G−1(Ik) 7→ G−1(Ik+1), as

G−1(Ik+1) = G−1(Ik)−
G−1(Ik) ej v

T
k G−1(Ik)

Drk . (6.18)

Using this formula, G−1(Ik) can be updated to G−1(Ik+1) with order O(Ne
2) oper-

ations. This is faster than the direct calculations of the inverse matrices. Using the

Sherman-Morrison algorithms to update the determinants creates numerical errors

which grow with iterations. After 200 steps, we evaluate the determinant exactly to

overcome these numerical errors.

Note that, when updating the Slater determinants, there is a phase (−1(Ne/2+1))

that appears when the electron hops through the boundaries of the lattice (assuming

Ne is even). However, this phase cancels the phase appearing in Eq. (6.3). As a

result, it is possible to ignore both phases provided we do not re-order the column

of the Slater matrix when electrons hop through the boundary. This simplifies the

calculations.

In this section we described our algorithm for updating the determinants of the

Slater matrices for our VMC calculations. We focused on a suitable way to update

the determinants. The projection part of the microstates in Eq. (6.6) is as important

as the determinants, and in the next section we discuss our method for finding the

value of g that minimizes the Gutzwiller energy.
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6.3 Optimization Algorithm For Energy Minimiza-

tion

In this section, we introduce the algorithm we used to find the variational parameter

which minimizes our energy expectation value. Previously, in Chapter 3, we intro-

duced the projection operator P̂G which projects the double occupancies from the

product states of the system, where P̂G =
∏

i(1 − (1 − g)D̂i) with D̂i = n̂i↑n̂i↓. To

simplify the calculations in this section, we define λ = − ln g. Then the projection

operator can be written P̂G = exp(−λ∑i D̂i); when there is no projection, λ = 0

and when there is full projection, λ = ∞, where the full projection corresponds to

elimination of all double occupancies.

We use the Newton-Raphson (NR) method, which is the best known method for

finding roots of a real-valued function. This method often converges quickly, especially

if it begins sufficiently near the desired root.

We have a general idea about the value of the variational parameter λmin which

minimizes the energy for each value of U from the small cluster calculations of Chapter

4. Having this value of λ as our initial guess, which we call λ0, we write

E(λ) ≈ E(λ0) + E ′(λ0)(λ− λ0) +
1

2
E ′′(λ0)(λ− λ0)2 (6.19)

where E ′ (E ′′) is the first (second) derivative of E(λ) with respect to λ. We are

looking for the λ1 which minimizes the energy E(λ), so that dE(λ)/dλ = 0. Using

Eq. (6.19) we have

0 ≈ E ′(λ0) + E ′′(λ0)(λ1 − λ0) (6.20)
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which gives

λ1 = λ0 − E ′(λ0)

E ′′(λ0)
(6.21)

We calculate Eq. (6.19) again for the value of λ1 and find the next variational param-

eter, say λ2. So the iteration becomes

λn+1 = λn − E ′(λn)

E ′′(λn)
. (6.22)

The iteration proceeds until value of |E ′(λn)/E ′′(λn)| converges within our assigned

accuracy. Then λn ≈ λmin is the variational parameter corresponding to the minimum

energy. In the next section we will explain how we find E ′ and E ′′ from the VMC

calculations.

6.3.1 The VMC algorithm for Newton-Raphson method

In this section we want to find expressions for E ′(λ) and E ′′(λ) using the binary

labeling, similar to what we did in Chapter 3. Equation (3.15) is written in terms of

λ as

ψ(I) = det(G(I))
N∏
i=1

exp(−λbibN+i). (6.23)

We calculate dψ(I)/dλ as

dψ(I)

dλ
= −D(I)ψ(I) (6.24)
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where the double occupancy D(I) was defined in Eq. (3.23). Using (6.1) and (6.24)

we find E ′ as

E ′ = −
∑

I,I′ ψ
∗(I ′)ψ(I) 〈I ′|

(
D(I ′)Ĥ + ĤD(I)

)
|I〉

∑
I′′ |ψ(I ′′)|2

+
2
∑

I ψ
∗(I)ψ(I) 〈I|D(I)|I〉 ∑I′,I′′ ψ

∗(I ′)ψ(I ′′)〈I ′|Ĥ|I ′′〉
(∑

I′′ |ψ(I ′′)|2
)2

= −〈ĤD +DĤ〉+ 2〈D〉〈Ĥ〉 (6.25)

By using Eq. (6.25) we can calculate E ′′ as

E ′′ = 〈HD2 + 2DHD +D2H〉 − 4〈D〉〈HD +DH〉

+ 8〈D〉2〈H〉 − 4〈D2〉〈H〉 (6.26)

We use this Eq. (6.22) to find λmin for each U and after that we convert them to gmin

by using gmin = exp(−λmin). Usually the energy converges quickly and it is easy to

find the corresponding variational parameter which minimizes the energy.

In the next chapter, we use the VMC method to perform variational studies on

large systems.



Chapter 7

Variational Monte Carlo Studies of

the Current

Our goal is to find a good description for the effect of disorder on strongly correlated

electrons. We use strongly correlated Gutzwiller wave functions, GWF, to describe

these systems. In Chapter 5 we studied the persistent current for mesoscopic rings

using the weakly correlated PMHF wave functions and found the localization length,

ξ. Now we want to repeat these calculations with Gutzwiller wave functions. From

this we learn the effect of strong correlations on localization length.

To find the localization length, we need to study large systems. The GWF can not

be treated exactly for large systems. Therefore, we use the VMC method introduced

in Chapter 6.

In Sec. 7.1 we study the persistent current for individual disorder realizations.

In Sec. 7.1.1, we discuss the accuracy of our VMC calculations. We then examine

the effect of Gutzwiller projection on the persistent current in 7.1.2. We find that

the current is influenced by both projection and screening. Screening of the disorder

98
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potential increases the current while the projection decreases it. We study these

effects for systems away from 1/2-filling in 7.1.3. Then we extend our calculations

for the current to an ensemble of disorder configurations. In 7.2.1 we discuss the

sources of error for the ensemble averages. Then, in Sec. 7.2.2, we use the finite

size dependance of current to find the localization length. We find that the screening

tends to delocalize the electrons. Finally, in 7.3, we compare to relevant published

work.

7.1 PMGW for a Single Disorder Configuration

7.1.1 Accuracy of PMGW

When there is no Gutzwiller projection, i.e. when g = 1, the PMGW calculations for

the current should give the same results as the PMHF calculations, as explained in

Chapter 4. However the PMGW currents are calculated within the VMC approxima-

tion and their accuracy depends on the number of Monte Carlo iterations. To test

the accuracy of the VMC algorithm we compare the PMGW current for g = 1 to the

PMHF current.

Figure 7.1 shows the natural logarithm of the PMGW current, ln |J |PMGW, as a

function of number of iterations. The upper panels are calculations for U = 0.0,

and for small (L = 30) and large (L = 70) system sizes. We have run the VMC

code several times for each L. Each run has the same disorder configuration but a

different random initial microstate. For comparison we show the natural logarithm

of the PMHF current, ln |J |PMHF. The lower panels are the absolute differences of

ln |J |PMGW and ln |J |PMHF, for different values of U . The disorder strength is W = 4.0
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for all cases, and the calculations are at 1/2-filling.
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Figure 7.1: Comparison of ln |J |PMGW to ln |J |PMHF for two different 1D chains,
L = 30 and 70, at 1/2-filling. The upper panels correspond to U = 0.0.
The solid lines show the VMC runs, the dashed red lines are for the
PMHF current for each chain. The lower panels show a comparison of
| ln |J |PMGW − ln |J |PMGW| for different U . All calculations for the same
L have the same disorder configuration. Each run has a different initial
microstate. All calculations are done for W = 4.0, Φ/Φ0 = 1/4, and g = 1
for the PMGW.

The upper panels show that the PMGW current converges to PMHF results. The

path depends on the choice of the initial microstate. In the lower panel, we compare

different Markov chains for different values of U . There is a general trend that when
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U is bigger the convergence is faster. This is most apparent in panel (d) although,

because of the randomness of the initial microstate, it might not be true for every

case. The difference between ln |J |PMHF and ln |J |PMGW is used to estimate the error

in the PMGW calculations. The root-mean-square difference is

δ ln |J |PMGW =

√∑
runs (ln |J |PMGW − ln |J |PMHF)2

number of runs
, (7.1)

and Table 7.1 shows these differences for 107 iterations. As U increases the difference

decreases. For 107 iterations, even the biggest differences are small compared to other

sources of error, such as disorder averaging, which are discussed in sec. 7.2.2. For

this reason we use 107 iterations for our VMC calculations.

L = 30 L = 70
U ln |J |PMGW δ ln |J |PMGW ln |J |PMGW δ ln |J |PMGW

0.0 −1.5641 0.0063 −3.359 0.018
4.0 0.4446 0.0016 0.1358 0.0031
8.0 0.62036 0.00031 0.52899 0.00062

Table 7.1: RMS differences between ln |J |PMGW and ln |J |PMHF for different U . These
calculations are for disordered systems of L = 30 and 70 atoms introduced
in Fig. 7.1. The differences are calculated for 107 iterations.

Until to now we have considered the case of g = 1 for our calculations of ln |J |PMGW.

In the next section we study the effect of projection (i.e. g < 1) on ln |J |PMGW.

7.1.2 Effect of Projection on Current

In this section we want to see how ln |J |PMGW changes with g for different values of U .

We consider disordered chains with L = 30 at 1/2-filling, and W = 4.0. A magnetic
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flux of Φ/Φ0 = 1/4 is applied to these chains. Fig. 7.2 shows ln |J |PMGW as a function

of g for different values of U , with 0 < g ≤ 1.

Figure 7.2: Calculations of ln |J |PMGW as a function of g for interacting electrons
on disordered chains of 30 atoms at 1/2-filling. For all values of U the
disorder strength is W = 4.0 and Φ/Φ0 = 1/4. The calculations are for
107 iterations.

For small values of g, the states have fewer double occupancies than when g is

large. In this case, ln |J |PMGW decreases with decreasing g. This is because the

current depends on electron hopping. An electron can hop to a neighbouring site

if the neighbour is singly occupied with an opposite spin electron or if it is empty.

Hopping to a singly occupied site makes it doubly occupied. However, states with

double occupancies are suppressed for small g. For this reason, the current decreases

as g decreases.

We would like to study the behaviour of ln |J |PMGW using the ground state Gutzwiller

wave function. For this, we should use the value of g that minimizes EGWF , namely
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gmin. The upper panel of Fig. 7.3 shows how gmin changes with U . For no interaction,

gmin = 1 and, as U increases, gmin decreases.
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Figure 7.3: ln |J |PMGW as a function of U in a disordered chain of 30 atoms at 1/2-
filling for W = 4.0, and Φ/Φ0 = 1/4. The upper panel shows gmin vs. U .
The lower panel shows how ln |J |PMGW changes with U . ln |J |PMGW has
its maximum value for U = 4.0, where gmin = 0.4778.

The lower panel shows ln |J |PMGW as a function of U . For disordered systems,

increasing U effectively screens the disorder potential and makes the system more

homogeneous. For this reason, ln |J |PMGW increases as U increases up to U ≈ W .

For U > W , ln |J |PMGW decreases. This is because the effect of projection dominates

the screening effect for larger U , and makes ln |J |PMGW decrease.

In Fig. 7.4 we compare ln |J |PMHF to ln |J |PMGW for different W . Here the currents

are calculated for an ordered chain and also disordered chains with W = 2, 4, and 6.

All calculations for disordered chains find that ln |J |PMGW and ln |J |PMHF are similar

when U < W . For small U , the projection is small for ln |J |PMGW and screening

makes both currents increase with U . ln |J |PMHF continues to increase with U for
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U > W while ln |J |PMGW decreases.
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Figure 7.4: ln |J |PMGW vs. U for interacting electrons on ordered and disordered
chains of 50 atoms at 1/2-filling. The disordered chains have strengths of
W = 2.0, 4.0, and 6. A magnetic flux of Φ/Φ0 = 1/4 is applied to all
chains.

When U > W , ln |J |PMHF for the disordered chains approach ln |J |PMHF for the

ordered chain. This is because screening increases as U grows. For the ordered chain,

the PMHF current can be calculated analytically, as explained in Chapter 5. Using

the Fourier transformation of the current operator, Eq. (5.21), the persistent current

is

J = −2t
∑

|k|≤kF
sin(k − 2π

N

Φ

Φ0

). (7.2)

For our example with Φ/Φ0 = 1/4 and t = 1.0 the current would be J = 2.0008 which

yields ln |J |PMHF = 0.6935, as shown with pink line in Fig 7.4.

For U > W , screening affects PMGW currents in a similar way to PMHF currents.
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This can be seen from the fact that the disordered currents approach the ordered

currents at large U in both approximations. The difference between PMHF and

PMGW currents is due to projection in the PMGW case.

To check whether our conclusions are robust, we repeat these calculations using

the DFSGW wave functions. As explained in Chapter 4, the variational parameter

gmin is chosen to minimize the Gutzwiller energy, EPMGW, for PMGW calculations,

while two variational parameters, gmin and εmin, are used to minimize the Gutzwiller

energy EDFSGW. In Fig. 7.5 we compare EDFSGW to EPMGW. The figure is for the

same disordered chain introduced in Fig. 7.4, and the GWF energies are very close

to each other, similar to what we found in Fig. 4.3 for W = 4.0.
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Figure 7.5: A comparison between EDFSGW and EPMGW (energies are calculated per
site). The results are for interacting electrons in the same disordered
chain of 50 atoms that was introduced in Fig. 7.4.

In Fig. 7.6 we compare the GWF currents for this chain. The DFSGW currents

are qualitatively similar to the PMGW currents. As U increases, ln |J |DFSGW in-

creases because of screening. When U increases more, ln |J |DFSGW decreases because

of projection. The results are quantitatively different for small U . When U . W the
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screening in the DFS product states is less than the screening in the PMHF product

states. The DFS product state is the uncorrelated ground state of a disordered system

with disorder strength of W ′ = W/εmin, and U = 0.0. Here, εmin is the same screen-

ing factor used in DFSGW calculation. For large U , the currents are quantitatively

similar and all approach the clean limit.
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Figure 7.6: Comparison of ln |J |DFSGW and ln |J |DFS to ln |J |PMGW and ln |J |PMHF.
The results are for the same disordered chain of 50 atoms explained in
Fig. 7.4.

In summary, the screening in DFSGW is less than in PMGW. This is because

of the way screening is handled in DFSGW and PMGW. In PMGW, the screening

happens before the energy minimization, while in DFSGW, the screening and energy

minimization happen at the same time. This main difference between the DFSGW

and PMGW calculations does not affect the qualitative behaviour of the current,

which is the same for the two approximations.
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7.1.3 Systems away from 1/2-Filling

In this section we study systems away from 1/2-filling. The plan is to perform similar

calculations to those in the previous two sections for different fillings ρ, where ρ = 1

for 1/2-filling.

Figure 7.7 shows ln |J |PMGW as a function of iterations for U = 4.0, and for small

(L = 30) and large (L = 70) system sizes. The systems are at 1/4-filling with

W = 4.0. The calculations are for unprojected wave functions, with g = 1. We ran

the VMC code several times for each L and compare the results to ln |J |PMHF , similar

to what we did in Fig. 7.1. We use Eq. (7.1) to estimate the error in the PMGW

calculations. We compare these differences to the ones for 1/2-filling in Table 7.2.

All results are for 107 iterations, and the 1/2-filling results are taken from Table 7.1.

The differences in Table 7.2 show that the errors for 1/4-filling systems are similar to

the 1/2-filling ones. That is why we use 107 iterations for our PMGW calculations at

1/4-filling.

L = 30 L = 70
ρ ln |J |PMGW δ ln |J |PMGW ln |J |PMGW δ ln |J |PMGW

1/2 0.4446 0.0016 0.1358 0.0031
1/4 −0.8063 0.0021 −0.1642 0.0041

Table 7.2: Comparison of δ ln |J |PMGW for 1/2-filling and 1/4-filling. The calculations
are for disordered systems of L = 30 and 70 atoms introduced in Fig. 7.7.
The errors are calculated for 107 iterations. The results for the 1/2-filling
systems are taken from Table 7.1

In Fig. 7.8 we study how the value of gmin changes with U for systems at ρ =

0.52, 0.72, 0.92, 1.0, and 1.28. These PMGW calculations are for a system of 50
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Figure 7.7: Comparison of ln |J |PMGW to ln |J |PMHF for two different chain, L = 30
and 70, at 1/4-filling and U = 4.0. Each run has a different initial mi-
crostate. The solid lines show the VMC runs, the dashed red lines are
for the PMHF current for each chain size. Both calculations are done for
W = 4.0, Φ/Φ0 = 1/4, and g = 1 for the PMGW. Note the first 5 × 106

iterations are not shown.

atoms. The results show that when U is small, U < W , the projection is similar

for all fillings. When U > W the projection differs for different ρ, where the 1/2-

filling case (ρ = 1.0) has the largest projection. This larger projection is because the

product state has more double occupancies for the 1/2-filling chain compared to the

lower filling chains. Although the largest filling chain (ρ = 1.28) has more double

occupancies than the 1/2-filling chain, because of its filling, it is forced to keep some

double occupancies even when U is very large. The ρ = 1.28 case is related to

the ρ = 0.72 case by the approximate particle-hole symmetry of the AH model, as

explained in Appendix C. Therefore gmin is almost the same in both cases. As a

result, gmin is the smallest at 1/2-filling.
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Figure 7.8: Comparison of gmin as a function of U for a chain of 50 atoms at different
fillings, ρ = 0.52 (1/4− filling) to ρ = 1.28 (larger than 1/2− filling).
The chain has the same disorder configuration for all fillings. The applied
magnetic flux is Φ/Φ0 = 1/4 and W = 4.0.

In Fig. 7.9, we compare ln |J |PMHF to ln |J |PMGW for a system of 50 atoms at

ρ = 0.52, 0.72, 0.92, and 1.28. The purpose is to compare the effect of filling on

ln |J |PMGW. All calculations find that ln |J |PMHF and ln |J |PMGW are very close when

U < W . In Fig. 7.9 (a) and (c), projection reduces the current for U = 16 by about

30% for ρ = 0.52 and by about 70% for ρ = 0.92. For (b) and (d), because of the

electron-hole symmetry, the currents are similar and the reductions are somewhere

between the ones in cases (a) and (c).



CHAPTER 7. VMC STUDIES OF THE CURRENT 110

0 4 8 12 16
U

-3

-2

-1

0
ln

|J
|

PMHF    W=0.0
PMHF W=4.0
PMGW   W=0.0
PMGW   W=4.0

(a) L = 50 ρ = 0.52

0 4 8 12 16
U

-2

-1

0

ln
|J

|

(b) L = 50 ρ = 0.72

0 4 8 12 16
U

-2

-1

0

ln
|J

|

(c) L = 50 ρ = 0.92

0 4 8 12 16
U

-2

-1

0

ln
|J

|

(d) L = 50 ρ = 1.28

Figure 7.9: Comparison of ln |J |PMHF to ln |J |PMGW as a function of U for chains of 50
atoms away from 1/2-filling, ρ = 0.52, 0.72, 0.92, and 1.28. The chains
are either ordered, W = 0.0, or disordered, W = 4.0 with Φ/Φ0 = 1/4.

The strength of screening and projection effects is directly related to the value of

ρ. For small interactions, screening increases the current for the systems away from

1/2-filling, similar to systems at 1/2-filling. For large U , the projection decreases

ln |J |PMGW by an amount that depends on ρ. The projection effect is stronger for

systems with larger ρ, up to ρ = 1.0.

In the previous section, we learned that the qualitative behaviour of ln |J |DFSGW

and ln |J |PMGW are similar for a disordered system at 1/2-filling. Here we compare

ln |J |DFSGW to ln |J |PMGW at 1/4-filling in Fig. 7.10. The Figure shows that both
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PMGW and DFSGW currents first increase with U and then saturate. There is

a big qualitative difference between PMGW and DFSGW approximations. Using

PMGW approximation, interaction can fully screen the disorder potential and make

ln |J |PMGW approach the clean limit. Using the DFSGW approximation, interaction

can never fully screen the disorder potential and the system can never approach the

clean limit.
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Figure 7.10: Comparison of ln |J |DFSGW and ln |J |DFS to ln |J |PMGW and ln |J |PMHF

as a function of U , respectively. The system is the chain of 50 atoms at
1/4-filling explained in Fig. 7.9.

In conclusion, the behaviour of the PMGW and DFSGW currents for a single

disorder configuration are qualitatively different at 1/4-filling. The main difference is

that screening effects are larger in the PMGW calculations.
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7.2 Gutzwiller Studies for an Ensemble of Disor-

der Configurations

In section 7.1 we studied the Gutzwiller current for individual disorder configurations.

In this section we study Gutzwiller currents for an ensemble of disorder configurations.

To begin, in 7.2.1, we study the statistical error for the ensemble. Then in 7.2.2 we

calculate the localization length using the finite size dependance of the Gutzwiller

current.

7.2.1 Accuracy of Calculations

In Chapter 5 we studied the distribution of ln |J |PMHF for interacting electrons in

several disordered systems at 1/2-filling. There we concluded that averaging over

10000/L random disorder realizations is sufficient for ln |J |typPMHF calculations. To

confirm the accuracy of our PMGW algorithm, in Fig. 7.11 we calculate the unpro-

jected ln |J |typPMGW for several U and plot them as a function of L for 10000/L random

disorder realizations. The good agreement between ln |J |typPMGW and ln |J |typPMHF

shows that the PMGW code is working.
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Figure 7.11: Similar to our previous studies of ln |J |typPMHF as a function of system
size L, shown in Fig. 5.7, here we study ln |J |typPMGW with g = 1 as a
function of L. The results are for 107 iterations for each point. The lines
are fits to ln |J |typPMHF in Fig. 5.7.

We now examine the sources of error for the PMGW calculations. We consider

twenty random disorder configurations for small (L = 30) and large (L = 70) system

sizes and study how gmin fluctuates from its average value ḡmin. The results are shown

in Fig. 7.12 for U = 1 , 4 , 8 , and 16. In order to make the calculation of the current

simpler, we would like to use the same variational parameter ḡmin for all disorder

configurations. This introduces an error, δ ln |J |PMGW , which we calculate as

δ ln |J |PMGW =
∂ ln |J |PMGW

∂gmin

δḡmin (7.3)

where ∂ ln |J |PMGW/∂gmin is calculated from Fig. 7.3, and δḡmin is

δḡmin =

√∑
configs (gmin − ḡmin)2

number of configs
. (7.4)
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The error in the current introduced by this approximation is shown in Table 7.3.
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Figure 7.12: The PMGW calculation of gmin for twenty random configurations of
disorder for L = 30 and also 70 at 1/2-filling. For all chains, W = 4.0
and Φ/Φ0 = 1/4. We consider U = 1, 4, 8, and 16. The black symbols
are gmin for L = 30 and the red symbols show gmin for L = 70. The
dashed blue lines are the average of two ḡmin, one for L=30 and the
other for L=70, for each U . The value of the errors of these calculations
are shown in Table 7.3.

L = 30 L = 70
U δḡmin δ ln |J |PMGW δḡmin δ ln |J |PMGW

1.0 0.0126 0.0005 0.0070 0.0003
4.0 0.0110 0.0068 0.0062 0.0038
8.0 0.0074 0.0430 0.0066 0.0384
16.0 0.0032 0.0594 0.0030 0.0781

Table 7.3: The errors δḡmin calculated from Eq. (7.4) for twenty random disorder
configurations, for each U and L. Note that the accuracy of the minimiza-
tion algorithm for gmin is 0.01. Using Fig. 7.3 and Eq. (7.3), δ ln |J |PMGW

is calculated. These calculations are for the same disordered systems as in
Fig. 7.12. The errors are calculated for 107 iterations for each case.
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Now we study the typical current ln |J |typPMGW ,

ln |J |typPMGW =

∑
configs ln |J |PMGW

Number of configs
.

We find the distribution of ln |J |PMGW over 10000/L random disorder configurations

and compare it to the distribution of ln |J |PMHF. The results in Fig. 7.13 show

that the distributions are both asymmetric and sharply peaked. The typical currents

are close to the peak of the distributions. The widths of these distributions are very

similar and the peak position is shifted for ln |J |PMGW. The width of each distribution

divided by square root of the number of configurations gives the error δ ln |J |typ from

averaging. For example, for systems in Fig. 7.13 (L = 50), the δ ln |J |typPMGW is about

0.05, and for an average of twenty disorder configurations in Table 7.3 δ ln |J |PMGW

is 0.043 for L = 30 and 0.038 for L = 70. The calculations show that the error from

averaging is the largest source of error.

-0.6 -0.4 -0.2 0
ln(|J|

PMGW
)

0

1

2

3

4

5

P(
 ln

|J
| PM

G
W

) ( a )

0 0.2 0.4 0.6
ln(|J|

PMHF
)

0

1

2

3

4

5

P(
 ln

|J
| PM

H
F)( b )

Figure 7.13: Histograms for (a) ln |J |PMGW for ḡmin and (b) ln |J |PMHF for L = 50
at 1/2-filling. For each disorder configuration in (a), the variational
parameter is chosen as gmin = ḡmin. For both cases U = 8.0, W = 4.0,
and Φ/Φ0 = 1/4. The histograms are for the same 10000/50 = 200
random disorder configurations. The blue curves are log normal fits to
the data, for comparison.
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7.2.2 Localization Lengths for the Gutzwiller calculations

The purpose of this section is to calculate the Gutzwiller localization lengths using

the finite size dependance of the typical current. We consider two different Gutzwiller

calculations: the PMGW and the DFSGW. In Chapter 5 we used the finite size depen-

dance of ln |J |typPMHF and found ξPMHF. Here we perform some similar calculations;

we find the typical currents for different U and L for the corresponding Gutzwiller

calculation. Then we plot the results as a function of L for each U . In Fig. 7.14 the

results are shown for the PMGW calculations. We fit a line to the results for each

U and calculate the slope of the line, where ξGWF = 1/slope. In Fig. 7.15 we show

ξGWF for different U .

In Fig. 7.14, the results in panel (a) correspond to small U . Here, the screening

makes ln |J |typPMGW grow with U . The projection is small when U is small which makes

the PMHF and PMGW wave functions similar and, consequently, ln |J |typPMHF '
ln |J |typPMGW . This makes the slopes of the PMHF and PMGW fits, the dashed and

solid lines, similar to each other. Similar slopes results in similar localization lengths.

Figure 7.15 and Table 7.4 show ξPMGW and ξPMHF with their errors for different values

of U . The results, within the errors, show that ξPMGW ' ξPMHF for small U .

The results in panel (b), of Fig. 7.14, correspond to large U . Here, even though

the projection reduces ln |J |typPMGW , screening increases it. This makes the slope of

the PMHF data bigger than the PMGW data. As a result, as shown in Fig. 7.15

and in Table 7.4, ξPMGW > ξPMHF for large U . To check if this behaviour is robust,

we repeat these calculations using the DFSGW wave functions. We should mention

that the localization lengths which are lager than maximum L are qualitative.
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Figure 7.14: The finite size dependance of ln |J |typPMGW vs. L at 1/2-filling. The
disorder strength has a fixed value, W = 4.0. The error bars for each
data point show the width of distributions over number of configurations.
The slope of each line is 1/ξPMGW for the corresponding U . We consider
U = 1.0 to 5.0 in (a) and U = 8.0, 12.0, and 16.0 in (b). The dashed
lines are best fits for ln |J |typPMHF from Fig. 5.7. The solid lines are best
fits for ln |J |typPMGW .
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Figure 7.15: The localization length as a function of U for half-filled disordered chains,
with W = 4.0.

In Fig. 7.16 we show the finite size dependance of ln |J |typDFSGW with U and
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U ξPMGW δξPMGW ξDFSGW δξDFSGW ξPMHF δξPMHF

1.0 20.9 ±0.8 9.39 ±0.07 20.4 ±0.3
2.0 38.3 ±2.4 40.5 ±2.0
3.0 78.8 ±5.1 68.8 ±4.6
4.0 117.6 ±7.0 23.2 ±0.8 104.0 ±7.0
5.0 161 ±10 140 ±10
8.0 341 ±18 123 ±12 289 ±18
12.0 1066 ±97 319 ±33 613 ±43
16.0 3000 ±1100 1060 ±260 1030 ±60

Table 7.4: Localization lengths for interacting electrons from PMGW, DFSGW, and
PMHF calculations. The errors δξPMGW, δξDFSGW, and δξPMHF come from
the slope of the fitted line.

L. Panel (a) and (b) correspond to small and large U , respectively. Similar to the

single disorder configuration case, Fig. 7.6, the DFSGW and PMGW currents are

qualitatively similar. By this we mean that the screening increases the current with

increasing U , while projections reduces the current. The screening in the PMHF

calculations is more than in the DFSGW calculations which makes ξPMHF > ξDFSGW.

However, the qualitative trend is the same: the localization length increases monoton-

ically with U , even though the magnitude of the current decreases. Table 7.4 reports

the values of the localization lengths for each U with their errors, where the errors

come from the uncertainty in the slope of the fitted line.
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Figure 7.16: The finite size dependance of ln |J |typDFSGW vs. L at 1/2-filling. The
parameters are the same as the ones in Fig. 7.14. The dashed lines
are fits to the PMHF calculations in Fig. 5.7, and we plotted them for
comparison.

Similar to our calculations in Fig. 7.16 for the 1/2-filling systems, in Fig. 7.17 we

show the finite size dependance of ln |J |typDFSGW for 1/4-filling systems. Screening for

ln |J |typDFSGW is less than ln |J |typPMHF and because of that the growth of ln |J |typDFSGW

with U is small. Projection is also small for the DFSGW results when the systems

are 1/4-filled. For these reasons ξDFSGW is always smaller than ξPMHF, as shown in

Fig. 7.18 and Table 7.5. Here, we should mention that when localization length is

larger than maximum L, the results are qualitative.
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Figure 7.17: The finite size dependance of ln |J |typDFSGW vs. L at 1/4-filling. The
systems are similar to the ones in Fig. 7.16 but at 1/4-filling. The
dashed lines are fits to the PMHF calculations and we plotted them for
comparison.
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Figure 7.18: The localization length, ξ as a function of U for quarter-filled disordered
chains, with W = 4.0.

In summary, the behaviour of systems at 1/2-filling and 1/4-filling is quite differ-

ent. The current saturates at large U when the system is 1/4-filled, while it decreases

with U when the system is 1/2-filled. This shows that the 1/4-filled systems are not



CHAPTER 7. VMC STUDIES OF THE CURRENT 121

U ξDFSGW δξDFSGW ξPMHF δξPMHF

1.0 4.8 ±0.1 10.1 ±0.4
4.0 8.1 ±0.2 59.1 ±7.0
8.0 11.6 ±0.2 233 ±18
16.0 12.5 ±0.4 599 ±21

Table 7.5: Localization lengths for interacting electrons from DFSGW and PMHF
calculations of 1/4-filling systems of Fig. 7.17. The errors δξDFSGW and
δξPMHF come from the slope of the fitted line.

strongly correlated. We compare two approximations. The DFSGW currents are

qualitatively similar to the PMGW currents at 1/2-filling. At 1/4-filling disorder is

never fully screened in DFSGW, which is qualitatively different than in PMGW. In

the next section we will argue that DFSGW is more accurate at 1/4-filling. For any

filling, screening is less in the DFSGW approximation than in the PMGW approxima-

tion. The localization length is therefore shortest in the DFSGW approximation. The

main result for this section is that the localization length increases with increasing

U , even though the current is suppressed by correlations at large U .

7.3 Comparison with published numerical results

for the Anderson-Hubbard model

In this section, we will compare our calculations to published papers about local-

ization in the Anderson-Hubbard Hamiltonian. We categorize these papers in three

main groups. In the first group, the ground state was found exactly for systems away

from 1/2-filling. The papers of Kotlyar et. al. [39] and Srinivasan et. al. [60] are in

this group. In the second group, we review Nishimoto [101], Song [53], and Henseler
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et. al. [52] who studied the Anderson-Hubbard Hamiltonian and found a continuous

Mott transition at 1/2-filling. Nishimoto et. al. studied the Hamiltonian using the

density-matrix renormalization-group (DMRG) technique, Henseler et. al. studied

the Hamiltonian near the atomic limit (t = 0) and Song et. al. used the statistical

DMFT for their calculations. The third group, which has the closest results to our

1/2-filling results, corresponds to the works of Pezzoli, Tanasković, and Aguiar et. al.

[62, 54, 74] who found signatures of a first order Mott transition at 1/2-filling. Pezzoli

et. al. studied the localization properties of the Hamiltonian based on the Gutzwiller

variational wave functions [62], while Tanasković and Aguiar et. al. studied the local-

ization properties within the dynamical mean-field approximation [54, 55]. Now we

review the results of each group in more detail.

Kotlyar et. al. [39], studied the Anderson-Hubbard model at 1/4-filling in D=1

and 2 dimensions by using an exact diagonalization technique. They calculated the

charge stiffness Dc, where Dc is defined as Dc = (N/2)∂2E/∂Φ2 [102, 75], as a function

of the interaction over disorder strength, U/W . The results are very similar for both

dimensions and we only consider the 1D case to compare it to our results in Fig.

7.19. We have calculated the persistent current J(Φ) = (N/2π)∂E/∂Φ, as explained

in Chapter 5. Then the charge stiffness can be calculated as DC = π∂J/∂Φ. Using

the Taylor series expansion, J(Φ) can be written as

J(Φ) = J(0) + J ′(0)Φ + 1/2J ′′(0)Φ2 + . . . (7.5)

which approximately gives J ′ ' J/Φ, since J(0) = 0 and Φ2 is small. Then πDc is

proportional to our persistent current J .

In qualitative agreement with our results, Kotlyar found that Dc increases with
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U/W due to screening, and that there is a crossover near U ≈ W for the exact diag-

onalization results. This crossover is seen at U ≈ W for our PMGW calculations at

1/2-filling, and for DFSGW at 1/4-filling it is at a larger U . The DFSGW current

grows about 30% when U/W increases from 0 to 2, which is similar to the growth

of the Kotlyar results for W/t = 3. This quantitative similarity is not seen with

the PMGW current, which shows about 80% growth. The quantitative differences

between PMGW and DFSGW show that the PMHF calculations overscreen the dis-

order. We conclude that, at 1/4-filling, the DFSGW wave function is more accurate

than the PMGW wave function.

Figure 7.19: (a) The charge stiffness Dc as a function of U/W from the exact diago-
nalization [39]. (b) The persistent current as a function of U/W from the
PMGW and DFSGW calculations. Results are for chains of 12 atoms
at 1/4-filling with W = 0, 3, and 5 in (a) and chains of 50 atoms at
1/4-filling with W = 4 for GFSGW and at 1/2-filling with W = 0, 4
for PMGW in (b). Note that results in (a) are averaged over 10 disorder
realizations and results in (b) are for a single disorder realization.

In [60], Srinivasan et. al. studied the Anderson-Hubbard model at 1/4-filling in

1D and 2D by using the projector quantum Monte Carlo (PQMC) method. In this

method the true ground state wave function is filtered out from some appropriately
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chosen trial function. They proposed an inverse participation ratio (IPR) that is

based on the change of the charge density when an electron is added to the system.

Their IPR is IPR= [
∑

i δρ(i)2]−1, where δρ(i) is the difference of charge densities

between systems with Ne and Ne + 1 electrons, δρ(i) = ρ(i, Ne)− ρ(i, Ne + 1). Their

IPR is large for extended states and small for localized states. Note that this is

different from the usual IPR, which is calculated from single particle eigenstates ψ(i),

IPR=
∑

i |ψ(i)|4.

Figure 7.20: Disorder averaged IPR, IPR, as a function of U/t for W/t = 7 at 1/4-
filling with N = 12 in 1D (triangles) and N = 3× 4 in 2D (circles). The
results are averaged over 100 realizations in 1D and 16 realizations in
2D. Figure is taken from [60].

Figure 7.20 shows their disorder averaged IPR, IPR, as a function of U for 1D

systems of 12 atoms and 2D systems of 4 × 3 atoms at 1/4-filling with W/t = 7.

The results were averaged over 100 disorder realizations for the 1D chains and 16

disorder realizations for the 2D chains. Their results show that IPR increases with

U up to U ≈ 4. This behaviour is because of screening, similar to what was seen in

the Kotlyar results, Fig. 7.19 (a), and similar to what was seen in our results, Figs.

7.19 (b). For larger interactions, the IPR decreases slightly with increasing U . This
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behaviour is similar to what we found in our DFSGW calculations.

In summary, these results indicate that the DFSGW provides a good qualitative

description of the Anderson-Hubbard model at 1/4-filling.

Next, we look at results for half-filling. Recently, Nishimoto et. al. [101] studied 1D

Anderson-Hubbard Hamiltonian using the DMRG technique. They used a finite size

dependance of density-density correlation functions to obtain the localization lengths

ξ. They found that for weak disorder, ξ decreases quadratically with 1/W 2 for any

interaction U and band filling. They studied the decay ratio ξ0, where ξ = ξ0/W
2, as

a function of the band filling, ρ, at U = 0, 2, 10, and∞ with 0 < W < U/2. Results

are shown in Fig. 7.21

Figure 7.21: The decay ratio ξ0 as a function of band filling ρ for U = 0, 2, 10. From
[101].

Nishimoto’s results show that the localization length at 1/4-filling increases with

U and then saturates. This can be seen in the figure by comparing ξ for different U

when ρ = 0.5. This agrees with our results. Near 1/2-filling, the localization length
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increases with U and then decreases. They cannot study their systems at 1/2-filling

because they choose parameters such that there is a Mott gap.

Previous to Nishimoto’s work, Song et. al. and Henseler [53, 52] et. al. studied

the two-dimensional Anderson-Hubbard model by using a self consistent method and

a statistical DMFT method, respectively. Song et. al. calculated the inverse partic-

ipation ratio at the Fermi level which was extracted from the local density of states

and used it to define the localization length via

ξ = (IPR)−1/D. (7.6)

Henseler et. al. [52] considered the Hamiltonian in one, two, and three dimensions.

They calculated the localization length ξ for particles at the Fermi energy as

ξ = lim
ω→0

√
Ddiffusion(ω, 0)

−iω (7.7)

where Ddiffusion(ω, 0) is the self-consistent diffusion coefficient at the Fermi energy

[103] which in the localized state it would vanish linearly with ω → 0.

Fig. 7.22 shows the localization length as a function of interaction for studies

conducted by (a), Song et. al. and (b) Henseler et. al..
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Figure 7.22: Panel (a): Localization length as a function of the interaction strength
for W/t = 12 at half filling in 2D using the statistical DMFT, which
are taken from [53]. Panel (b) : Localization length as a function of the
interaction strength for W/t = 4 at half filling in 1D and 2D calculated
near the atomic limit, which are taken from [52].

Results in Fig. 7.22, in agreement with Nishimoto’s results in Fig. 7.21, show

that the localization length increases with U and decreases again when U becomes

larger. This is because in their calculations, weak interactions reduce the effective dis-

order (screening), while strong interactions reduce screening near the Mott transition.

These results are all consistent with a continuous Mott transition, as in the phase

diagram shown in Fig. 2.3. For a continuous transition, the screening must vanish

continuously at the transition. This, however, is not the case if the Mott transition

is first order.

Tanasković et. al. [54] used dynamical mean field theory(DMFT) to examine

the screening of the disorder potential with strong correlations for a 2D Anderson-

Hubbard Hamiltonian in the vicinity of Mott transition. They calculated the scat-

tering rate 1/τ as

1

τ
= −2ImG0(0)v̄2

i (7.8)
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where v̄i is the screened disorder potential, and G0(0) is the lattice Green’s func-

tion corresponding to U = W = 0 at zero frequency, ω = 0. They calculated the

normalized scattering rate τ−1(U)/τ−1(0) as a function of U/Dband, where Dband is

the bandwidth. Figure 7.23 shows results for both DMFT and Hartree-Fock(HF)

approximations.

Figure 7.23: Normalized scattering rate for weak disorder as a function of U/Dband,
from the full DMFT solution (full line), and the corresponding Hartree-
Fock approximation (dashed line). For small interaction both both ap-
proximations predict same results. For large interaction, the obtained
results are opposite, where DMFT predicts enhanced screening, while a
strong suppression is obtained within HF theory. The upturn is because
of HF approximation. The figure is taken from [54].

For small U , both approximations give similar results but, closer to the Mott

transition the HF approximation predicts a reduced disorder screening, while DMFT

shows that the screening remains strongly enhanced. Note that they use UHF. Their

results qualitatively agree with our ξPMGW . For small U , the localization lengths are

similar for PMHF and PMGW calculations, Table 7.4. For large U , projection makes

the ξPMGW bigger than ξPMHF .

Aguiar et. al. studied the same model as Tanasković et. al. [54] but for a finite

temperature using iterated perturbation theory [55]. The results show that strong
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inelastic scattering sets in rapidly as temperature is raised (upper panel in Fig. 7.24).

The solution within Hartree-Fock theory does not capture inelastic processes, and

shows a weak temperature dependance for the scattering rate (lower panel of Fig.

7.24). Note that at a very low temperature, the DMFT solution gives a much smaller

scattering rate than the Hartree-Fock approximation, in agreement with zero temper-

ature results in [54].

Figure 7.24: Scattering rate τ−1(∼ resistivity) as a function of temperature. From
bottom to top, W = U = EF = 2.0, 1.0, 0.67, 0.5, 0.4. The resistivity
drop is large in the DMFT solution (upper panel). The HF results have
a weak temperature dependance (lower panel). The figures are taken
from [55].

Pezzoli et. al. used VMC to study the role of electronic correlations in a disordered

2D Hubbard Hamiltonian [62]. They considered a uniform disorder distribution with

strength of W/t = 10. They calculated the fluctuations of on-site variational disorder,

∆ε, which were interpreted as screened on-site energies, and plotted them as a function

of U , as shown in Fig. 7.25. These fluctuations are similar to the screening factor
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1/ε in our DFSGW calculations, where ε is the screening factor. They found ∆ε was

always finite but sizably screened by U . Their results for ∆ε qualitatively agree with

our ξGWF , which increases with U and shows that screening increases with U .

Figure 7.25: From [62]. Disordered cluster of 7 × 7 atoms at 1/2-filling with W =
10. Fluctuations of the on-site variational energies ∆ε and of the local
densities δn. The Mott transition is identified at UMott/t = 11.5 ± 0.5
from the small change in wave-vector behaviour.

The result in this third group of papers agrees with our result, which shows that

screening increases with interaction. This is an important result, that the behaviour

for strongly correlated systems near the Mott transition depends on whether the Mott

transition is 1st order or 2nd order. A monotonically increasing localization length is

only possible if the transition is 1st order. If the transition was continuous, the

localization length would vanish continuously at the Mott transition, and therefore

would have to be nonmonotonic. Variational studies typically predict a 1st order

transition, and it is therefore encouraging that our results are consistent with those

of Pezzoli, Tanasković, and Aguiar.
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7.4 Summary and Discussion

Experimental studies of many systems, including layered organic materials [104, 105,

106, 107, 108] and Cr-doped V2O3 [109], suggest that the Mott transition is 1st order

at low temperatures. This is consistent with the prediction made by DMFT. In

particular, the DMFT phase diagram agrees with the phase diagram for Cr-doped

V2O3 [110]. Furthermore, cluster DMFT, which is designed for 2D systems, agrees

with the phase diagram in layered organic materials [110, 111, 112].

An obvious way to test our results is to apply pressure to a Mott insulator. Ap-

plying pressure increases electron mobility, which can produce a metal-insulator tran-

sition. For example, Kagawa et. al. [106] performed conductance measurements of a

quasi-2D layered organic conductor under He gas pressure. They observed a gigantic

conductivity jump which shows that the Mott transition is 1st order. To test our pre-

dictions, one should measure the conductivity and localization length as a function of

pressure. Increasing pressure increases t in the Anderson-Hubbard Hamiltonian. This

results in a decrease in W/t and U/t. According to our theory, the conductivity should

increase with increasing t. This agrees with Kagawa’s observations [106]. Our theory

also predicts that the localization length should decrease as U/t decreases. This pre-

diction is based on a fixed value of W/t. Since changing pressure changes both W/t

and U/t, it is unclear how the localization length should change with pressure unless

there exists a way to control W and U independently.



Chapter 8

Concluding Discussion

In this thesis, we have studied the combined effects of interaction and disorder. Either

of these effects is known to result in metal-insulator transitions in real materials: an

Anderson metal-insulator transition can be induced by disorder, and a Mott transition

can be induced by interactions. This thesis has explored what happens when both

disorder and interactions are present.

We have investigated the ground state properties of the Anderson-Hubbard model,

which is the simplest model to include both interactions and disorder, using a Gutzwiller

variational wave function approach. The Gutzwiller wave function is constructed by

projecting out the double occupancies of a trial wave function. The projection op-

erator depends on a variational parameter, whose value is found to minimize the

Gutzwiller energy for each U . In our algorithm, spatial inhomogeneity was incor-

porated in the trial wave function, and the variational parameters were taken to be

spatially homogeneous. The validity of this approximation was tested by comparing

with exact results for small chains. Except for the most strongly disordered systems,

we have found that this is an accurate description of the ground state energies, local

132
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charge densities, and spin-spin correlations. This simplified wave function represents

a significant reduction of computational workload over the more general case where

both the trial wave function and variational parameters are inhomogeneous [62].

For large systems, we have studied the ground state properties of the Anderson-

Hubbard model by means of a variational Monte Carlo (VMC) technique for the

Gutzwiller variational wave functions. In particular, we have studied Anderson lo-

calization of electrons from the response of the Anderson-Hubbard Hamiltonian to

an external magnetic field. An Aharonov-Bohm flux induces a persistent current for

interacting electrons in disordered mesoscopic rings, and we have extracted the lo-

calization length from the finite-size dependance of the current. We have explored

the dependance of the localization length on the disorder strength and interaction

strength.

We have studied the persistent current for weakly correlated systems (using the

HF approximation) and strongly correlated systems (using the GWF). Screening of

the disorder potential always exists for all interactions in both weakly and strongly

correlated systems. As a result, the HF current is enhanced by U . We have found

that the Gutzwiller current is affected by both projection and screening, which dictate

the behaviour of the current with increasing U . The screening increases the current

and projection decreases it. At 1/2-filling, we have seen that for small U (U < W ),

the current is enhanced by screening, and that for large U (U > W ), the current

is suppressed by projection. One of our main results is that, although the current

is strongly suppressed by correlations in the large U limit, the localization length is

large because of screening.

We have found similar qualitative behaviours as in 1D chains for the persistent
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current for weakly and strongly correlated systems in 2D clusters [113]. The screening

increases the current for small U , and at half filling, the persistent current is reduced

by strong correlations for large U . The disorder potential is strongly screened in the

large interaction limit, so that the localization length grows with increasing interaction

strength even as the magnitude of the current is suppressed. It is not computationally

possible to study the finite size dependance of the current in 2D because ξ is larger

in 2D than it is in 1D and one needs to study larger systems. The similarities of the

currents for different dimensions suggests that the localization length should behave

qualitatively similar in different dimensions.

This increase of the localization length is quite surprising, since most theories

predict that disorder is unscreened at the Mott transition. However, Tanasković et. al.

[54], found a similar enhancement of screening from DMFT studies of the impurity

scattering rate. The key issue appears to be that an anomalous enhancement of

screening is possible when the Mott transition is first order, which is found to be the

case in both DMFT [54] and variational [62] calculations for weak disorder. The work

in this thesis provides support for the idea that the correlated metal state near the

Mott transition can be very different depending whether the transition is first order

or second order.

There are several directions in which this work can go. In our work, we were

not able to capture the Mott insulating phase, since the Gutzwiller projection only

considers the short-range correlations of the wave function, and we have focused on

the correlated metal near the Mott transition. In order to take into account many-

body effects beyond the Gutzwiller projection, a Jastrow factor should be added to

the wave function, |ψ〉 = PJastrowPG|ψps〉. In this way, longer-range correlations are
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considered and the Mott transition in Anderson-Hubbard model can be captured

[114, 115, 62]. The simplest Jastrow factor has the form

PJastrow ∝ exp[
∑

〈i,j〉
vi,j(didj + hihj − dihj − hidj)]

where i and j are near neighbours, di counts doubly occupied sites, hi counts empty

sites, and vi,j are variational parameters. This factor controls the correlation between

double occupied sites and empty sites. We have not considered this factor since it

adds many variational parameters, which make the calculations slower. The next step

would be to implement a more advanced energy minimization scheme to allow us to

increase the number of variational parameters.

Another direction we could go is to look at the 2D phase diagram. This is inter-

esting because many strongly correlated systems, such as layered organic materials

or high temperature cuprates are two dimensional. In chapter 2, we have studied

several phase diagrams, and learned that when the wave function is magnetic, the

phase diagram differs from when it is non-magnetic. Good examples are the DMFT

phase diagrams in ∞ dimensions, shown in Fig. 2.2, and the variational Gutzwiller

phase diagrams in 2D, shown in Fig. 2.4. The main reason for these differences is the

fact that strongly correlated electrons tend to be magnetic near the Mott transition

[58]. Another step is therefore to include magnetism in our wave function.
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[37] V. Dobrosavljević, Elihu Abrahams, E. Miranda, and Sudip Chakravarty. Scal-

ing theory of two-dimensional metal-insulator transitions. Physical Review Let-

ters, 79(3):455–458, Jul 1997.

[38] S. V. Kravchenko and M. P. Sarachik. Metal-insulator transition in two-

dimensional electron systems. Reports on Progress in Physics, 67(1):1–44, Jan-

uary 2004.

[39] R. Kotlyar and S. Das Sarma. Disorder and interaction in 2d: Exact diagonal-

ization study of the Anderson-Hubbard-Mott model. Physical Review Letters,

86(11):2388–2391, Mar 2001.



BIBLIOGRAPHY 142

[40] N. Paris, A. Baldwin, and R. T. Scalettar. Mott and band-insulator transitions

in the binary-alloy Hubbard model: Exact diagonalization and determinant

quantum Monte Carlo simulations. Physical Review B, 75(16):165113, Apr

2007.

[41] Richard Berkovits, Jan W. Kantelhardt, Yshai Avishai, Shlomo Havlin, and

Armin Bunde. No indications of metal-insulator transition for systems of in-

teracting electrons in two dimensions. Physical Review B, 63(8):085102, Feb

2001.

[42] M. Ma. Renormalization-group study of the Anderson-Hubbard model. Physical

Review B, 26(9):5097–5102, Nov 1982.

[43] Myoung Won Cho and Sul-Ah Ahn. Efficient and exact computation of Hub-

bard and t-J models using quantum diagonalization method. Computer Physics

Communications, 180(4):549 – 554, 2009. Special issue based on the Conference

on Computational Physics 2008 - CCP 2008.

[44] Michael A. Tusch and David E. Logan. Interplay between disorder and electron

interactions in a d=3 site-disordered Anderson-Hubbard model: A numerical

mean-field study. Physical Review B, 48(20):14843–14858, Nov 1993.

[45] Krzysztof Byczuk, Walter Hofstetter, and Dieter Vollhardt. Mott-Hubbard

transition vs. Anderson Localization of Correlated, Disordered Electrons. Phys-

ical Review Letters, 94, 2005.

[46] Krzysztof Byczuk, Walter Hofstetter, and Dieter Vollhardt. Competition be-

tween Anderson Localization and Antiferromagnetism in Correlated Lattice



BIBLIOGRAPHY 143

Fermion Systems with Disorder. Physical Review Letters, 102(14):146403, Apr

2009.

[47] K. Byczuk, W. Hofstetter, U. Yu, and D. Vollhardt. Correlated electrons in

the presence of disorder. The European Physical Journal - Special Topics,

180(1):135–151, December 2009.
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[56] M. Enjalran, F. Hébert, G. G. Batrouni, R. T. Scalettar, and Shiwei Zhang.

Constrained-path quantum Monte Carlo simulations of the zero-temperature

disordered two-dimensional Hubbard model. Physical Review B, 64(18):184402,

Oct 2001.

[57] A. W. Sandvik, D. J. Scalapino, and P. Henelius. Quantum Monte Carlo study

of the one-dimensional Hubbard model with random hopping and random po-

tentials. Physical Review B, 50(15):10474–10484, Oct 1994.

[58] Maria Elisabetta Pezzoli and Federico Becca. Ground-state properties of the

disordered Hubbard model in two dimensions. Physical Review B, 81(7):075106,

Feb 2010.

[59] D. Heidarian and N. Trivedi. Inhomogeneous Metallic Phase in a Disordered

Mott Insulator in Two Dimensions. Physical Review Letters, 93(12):126401, Sep

2004.

[60] Bhargavi Srinivasan, Giuliano Benenti, and Dima L. Shepelyansky. Delocalizing

effect of the Hubbard repulsion for electrons on a two-dimensional disordered

lattice. Physical Review B, 67(20):205112, May 2003.



BIBLIOGRAPHY 145

[61] P. B. Chakraborty, P. J. H. Denteneer, and R. T. Scalettar. Determinant quan-

tum Monte Carlo study of the screening of the one-body potential near a metal-

insulator transition. Physical Review B, 75(12):125117, Mar 2007.

[62] Maria Elisabetta Pezzoli, Federico Becca, Michele Fabrizio, and Giuseppe San-

toro. Local moments and magnetic order in the two-dimensional Anderson-Mott

transition. Physical Review B, 79(3):033111, Jan 2009.

[63] Peter Henseler, Johann Kroha, and Boris Shapiro. Static screening and

delocalization effects in the Hubbard-Anderson model. Physical Review B,

77(7):075101, Feb 2008.

[64] Krzysztof Byczuk, Walter Hofstetter, and Dieter Vollhardt. Mott-Hubbard

metal-insulator transition at noninteger filling. Physical Review B, 69(4):045112,

Jan 2004.

[65] F. Fazileh, R. J. Gooding, W. A. Atkinson, and D. C. Johnston. The

role of strong electronic correlations in the metal-to-insulator transition in

LiAlyTi2−yO4. Physical Review Letters, 96, 2006.

[66] X. Chen and R. J. Gooding. Optical conductivity of a metal-insulator transition

for the Anderson-Hubbard model in three dimensions away from half filling.

Physical Review B, 80(11):115125, Sep 2009.

[67] P. J. H. Denteneer, R. T. Scalettar, and N. Trivedi. Conducting Phase in the

Two-Dimensional Disordered Hubbard Model. Phys. Rev. Lett., 83(22):4610–

4613, Nov 1999.



BIBLIOGRAPHY 146

[68] P. J. H. Denteneer, R. T. Scalettar, and N. Trivedi. Particle-Hole Symmetry

and the Effect of Disorder on the Mott-Hubbard insulator. Physical Review

Letters, 87(14):146401, Sep 2001.

[69] P. J. H. Denteneer and R. T. Scalettar. Interacting electrons in a two-

dimensional disordered environment: Effect of a zeeman magnetic field. Physical

Review Letters, 90(24):246401, Jun 2003.
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[103] J. Kroha, T. Kopp, and P. Wölfle. Self-consistent theory of Anderson localiza-

tion for the tight-binding model with site-diagonal disorder. Physical Review

B, 41(1):888–891, Jan 1990.

[104] F. Kagawa, T. Itou, K. Miyagawa, and K. Kanoda. Magnetic-field-induced

mott transition in a quasi-two-dimensional organic conductor. Phys. Rev. Lett.,

93(12):127001, Sep 2004.

[105] F. Kagawa, T. Itou, K. Miyagawa, and K. Kanoda. Transport criticality of

the first-order mott transition in the quasi-two-dimensional organic conductor

κ− (bedt− ttf)2cu[n(cn)2]cl. Phys. Rev. B, 69(6):064511, Feb 2004.



BIBLIOGRAPHY 151

[106] F. Kagawa, T. Itou, K. Miyagawa, and K. Kanoda. Mott transition in the

quasi-two-dimensional κ-(BEDT-TTF)Cu[N(CN)]C1; Transport Criticality and

Field-induced Transition. Synthetic Metals, 152(1-3):413–416, September 2005.

[107] D. Fournier, M. Poirier, M. Castonguay, and K. D. Truong. Mott transition,

compressibility divergence, and the p − t phase diagram of layered organic su-

perconductors: An ultrasonic investigation. Phys. Rev. Lett., 90(12):127002,

Mar 2003.

[108] P. Limelette, P. Wzietek, S. Florens, A. Georges, T. A. Costi, C. Pasquier,
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Appendix A

Disordered Two-Site Chain

We compare the different product states for a two-site system, where an analytical

solution can be found. For this cluster we choose the on-site energy of sites one and

two to be V and 0 respectively, and take Ne = 2 (corresponding to half-filling). Then

|ψps〉 =
1√
N↑N↓

(ĉ†1↑ + a↑ĉ
†
2↑)(ĉ

†
1↓ + a↓ĉ

†
2↓)|0〉

=
1√

1 + a2
↑ + a2

↓ + (a↑a↓)2
(A.1)

×(| ↑↓〉|0〉 − a↑| ↓〉| ↑〉+ a↓| ↑〉| ↓〉+ a↑a↓|0〉| ↑↓〉),

where Nσ
−1/2




1

aσ


 are normalized eigenvectors of the matrix form of Ĥbl for spin

σ,

Ĥbl,σ =



V ′ + Un̄1−σ −t
−t Un̄2−σ


 , (A.2)
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with V ′ = V/ε,

aσ =
1

2t
{V ′ + U(n̄1−σ − n̄2−σ)

+
√

(U(n̄1−σ − n̄2−σ) + V ′)2 + 4t2}, (A.3)

and the many-particle states are defined as | ↑↓〉|0〉 = ĉ†1↑ĉ
†
1↓|0〉|0〉, | ↑〉| ↓〉 =

ĉ†1↑ĉ
†
2↓|0〉|0〉, etc.

Using Eqs. (3.1) and (A.1), |ΨGWF〉 is written as

|ΨGWF〉 =
1√

1 + a2
↑ + a2

↓ + (a↑a↓)2

× (g| ↑↓〉|0〉 − a↑| ↓〉| ↑〉+ a↓| ↑〉| ↓〉+ ga↑a↓|0〉| ↑↓〉) , (A.4)

and

EGWF =
g2[(1 + a2

↑a
2
↓)U + 2V ]− 2tg(a↑ + a↓)(a↑a↓ + 1) + V (a2

↑ + a2
↓)

g2(1 + (a↑a↓)2) + a2
↑ + a2

↓
. (A.5)

Numerical results for this cluster show that the DFSGW, PMGW(g, ε), and

PMGW energies are the same, and we therefore only show the results for PMGW

in Fig. A.1. In this figure, we compare the magnitude of the PMGW energies with

the UHF and exact energies. We also compare the overlaps of the PMGW and UHF

wavefunctions with the exact wavefunctions. The overlaps are defined as |〈Ψex|Ψvar〉|,
where 〈Ψex| is the complex conjugate of the exact ground state eigenvector of Ĥ. The

reason to study both ground state energies and overlaps is that a lower variational

energy doesn’t necessarily imply a better variational wave function.
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In general, UHF energies are lower than PMHF energies (not shown), suggesting

that the UHF approximation is better than the PMHF one. However, after the pro-

jection the situation is reversed. In Fig. A.1 one sees that PMGW energies are exact,

and that the UHF energies are higher than the PMGW energies for U/t > 2, where

magnetic moments develop in the UHF states. Similarly, |〈Ψex|ΨPMGW〉| = 1 while

|〈Ψex|ΨUHF〉| decreases rapidly as moments develop. This is consistent with the or-

dered case, [90] where the GWF is exact for the two-site problem, but is approximate

for larger system sizes.

0
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Figure A.1: Variational solutions for the two-site Anderson-Hubbard model with V =
2.0t. (a) a comparison of the PMGW variational energy with the exact
and UHF ground-state energies. The exact energies coincide with the
PMGW energies. (b) the wavefunction overlap |〈Ψex|Ψvar〉|.



Appendix B

The Schrödinger equation for a

single electron on a ring threaded

by AB magnetic flux

Consider a ring of radius R. At the center of the ring consider a cylinder of radius

R′ and apply a magnetic field, B, passing through a cylinder perpendicular to the

surface of the ring. If the ring is in the xy surface, B is in the ẑ direction. Since B is

non-zero, the magnetic flux through the surface of the bounded cylinder (Faraday’s

law) is

Φ =

∫

S

B · dS =

∫

S

∇×A · dS (B.1)

where A is the vector potential, and S is the surface bound by the ring. From Stoke’s

theorem ∫

S

∇×A · dS =

∮

C

A · dl (B.2)
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where C is the boundary of S, which in cylindrical coordinates is a ring with ρ = R,

and dl is along the curve. Now,

dl = (Rdφ)φ̂ (B.3)

where φ̂ is the unit vector tangential to the ring. So from (B.1) the flux can be

written as

Φ =

∫ 2π

0

AφR dφ (B.4)

Using the gauge in which A does not depend on φ, from (B.1), Φ = 2πRAφ. So the

vector potential can be written as

Aφ =
Φ

2πR
, and Aρ = Az = 0. (B.5)

In cylindrical coordinates the gradient can be written as

∇ = ρ̂
∂

∂ρ
+ φ̂

1

ρ

∂

∂φ
+ ẑ

∂

∂z
(B.6)

where ρ̂, φ̂, and ẑ are unit vectors. Since the electron is constrained to move on the

ring, ρ and z are constant. The only non-vanishing part of ∇ is the second term of

(B.6)

∇ = φ̂
1

ρ

∂

∂φ
(B.7)
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The Hamiltonian can be written as

Ĥ0 =
1

2me

(−i~∇− e

c
A)2

=
1

2mE

(− i~
R

∂

∂φ
− e

c

Φ

2πR
)2

=
1

2meR2
(−i~ ∂

∂φ
− eΦ

2πc
)2 (B.8)

where ~ ≡ h/2π, h is Planck’s constant, and me is the electron’s mass. Since R is

constant we introduce a new variable x = Rφ, where x is the displacement along the

ring. Then dx = Rdφ and Eq. (B.8) is

Ĥ0 =
1

2me

(−i~ ∂
∂x
− e

c

Φ

L
)2 (B.9)

where L is the ring’s perimeter which is L = 2πR. The Schrödinger equation is

1

2me

(−i~ d
dx
− eΦ

cL
)2Ψ(x) = EΨ(x). (B.10)

where Ψ(x) is the wave function of an electron with mass me.



Appendix C

The Electron-Hole Transformation

A Hamiltonian defines the behavior of the electrons on Hilbert space. One can predict

the behaviour of holes in a system by applying the electron-hole transformation on

the Hamiltonian. We apply the electron-hole transformation by considering

ĥiσ = (−1)iĉ†iσ̄ (C.1)

where σ̄ is the inverse of σ, and hiσ is annihilation operator of a hole with spin σ in site

i. We apply this transformation to the Hubbard Hamiltonian and also the Anderson-

Hubbard Hamiltonian and study the symmetries of the transformed Hamiltonians.
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C.1 Electron-Hole Transformation on Hubbard Hamil-

tonian

The Hubbard Hamiltonian can be written as

H = −t
∑
i,σ

c†i,σc(i±1),σ + U
∑
i

n̂i,↑n̂i,↓ (C.2)

where c†i,σ and ci,σ are the creation and annihilation of an electron with spin σ in

site i, and n̂i,↑(n̂i,↓) is the number operators for ↑ (↓) spin in site i. Applying the

transformation (C.1) results in

Ĥ = −t
∑

〈i,j〉,σ̄
(ĥ†i,σĥj,σ + h.c.) + U

∑
i

n̂hi,↑n̂hi,↓ +NU − U
∑
i

n̂hi (C.3)

where n̂hi,σ is the number operator for holes in site i with spin σ, and N is the

number of sites. The third term of (C.3) is a constant, and the last term is a shift of

the potential which is the same for all sites so does not affect the dynamics. Equation

(C.3) shows the Hubbard Hamiltonian is electron-hole symmetric.

C.2 Electron-Hole Transformation on Anderson-

Hubbard Hamiltonian

The Anderson-Hubbard Hamiltonian is

Ĥ = −t
∑

〈i,j〉,σ
(ĉ†i,σ ĉj,σ + h.c.) + U

∑
i

n̂i,↑n̂i,↓ +
∑
i

Vin̂i
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where Vi is the on-site energy on site i. Applying the transformation to this Hamil-

tonian gives

Ĥ = −t∑〈i,j〉,σ̄ (ĥ†i,σĥj,σ + h.c.) + U
∑

i n̂hi,↑n̂hi,↓ −
∑

i Vin̂hi +NU − U∑i n̂hi +
∑

i Vi

(C.4)

Comparison of the Anderson-Hubbard Hamiltonian for electrons with (C.4) shows

that the Anderson-Hubbard Hamiltonian is not perfectly electron-hole symmetric

for a specific disorder configuration, because of the sign of the third term of (C.4).

However, the Anderson-Hubbard Hamiltonian is electron-hole symmetric for the bulk

properties if we average over many disorder configurations, or if we consider a disor-

dered chain of size infinity.


