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Abstract

Master-Slave teleoperation systems are designed to extend a human’s manipulation

capability to remote tasks. Recent applications of these systems are in robotic ther-

apy, telesurgery, and medical simulators.

In practice, due to the uncertainties in the operator and environment dynam-

ics, and time delay, stability and performance are compromised. Stability-based and

performance-based controllers are introduced for these systems. A major class of the

former controllers are based on the passivity theory and suffer from the assumed un-

bounded range of dynamics which is rather unrealistic. The latter class of controllers

are mostly adaptive methods that are based on performance optimization.

The theme of this thesis is on the development of new stability analysis methods,

control strategies, and implementation techniques for enhanced trade-off between sta-

bility and performance. I have developed a less conservative passivity-based robust

stability method and introduced, for the first time, the notion of Bounded Impedance

Absolute Stability. The method provides mathematical and visual aids to incorporate

bounds of the passive environment impedance for less conservative guaranteed stabil-

ity conditions, promising a better compromise between stability and performance.

I have extended the new method to include the dynamic range of the human

operator for increased stability margins. I have also used the new method to develop
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a bilateral controller robust to time delays. Furthermore, I have investigated the

effect of sampling position versus velocity for various sampling models to obtain less

conservative coupled stability conditions for haptic simulation systems.

Estimates of the environment dynamics are required to include their variations.

Therefore, I have proposed two new real-time parameter estimation methods for linear

and nonlinear contacts and experimentally evaluated and compared them with the

available techniques.

Finally, I have introduced needle insertion as a task in telerobotic systems to

combine the expertise of the surgeon with robotic control. Here, the very first few

steps needed to effectively control the targeting needles have been taken. I have

developed a mechanics-based dynamic model for bevel-tip flexible needles inserted

into soft tissues. Finite element models are used to estimate soft tissue deformation,

while the mechanics-based model is used to predict needle deflections due to bevel-tip

asymmetry.
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Chapter 1

Introduction

1.1 Teleoperation Systems

1.1.1 Overview

Since mid 1940s, when the concept of master-slave teleoperation was first proposed

by Goertz and later developed in [59], various aspects of teleoperation have been

discovered, studied, and addressed. The word teleoperation, which is a combination

of the prefix tele implying at a distance and the word operation, indicates operating

at a distance.

Teleoperation extends the human capability to operate tasks remotely, and has

found numerous applications in robotic therapy [121], telesurgery [124], medical sim-

ulators [132, 160], mining excavations [77], space explorations [149], nuclear plants

[171], underwater vehicles [178], and many others [91]. In these applications, the op-

erator cannot perform a task directly due to the physical restrictions. For instance in

minimally invasive surgeries, including laparoscopy and thoracoscopy, the operation is

1
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Figure 1.1: Human operator, master, slave, communication channel and visual inter-
face in a regular teleoperation system.

performed by instruments inserted through small incisions in the order of millimeters

as opposed to open surgery in which large incisions are made and the surgeon is in a

direct contact with the organ. Therefore, the surgeon is physically separated from the

workspace and thus, telerobotics is suitable means to extend surgeon’s capabilities in

such surgeries.

In teleoperation systems, the operator sends appropriate commands using a ma-

nipulator or joystick called the master or haptic device. The master robot provides

motion/force commands to the slave robot, which is normally similar to the master

robot, via the communication channel as shown in Figure 1.1. The slave robot ma-

nipulates the remote object or environment and transmits the motion and/or sensed

contact forces back to the master side.

Since the human does not touch, feel, and manipulate the objects directly, it is

intended to provide a similar sensation to the operator as that of the remote object.

In these systems the information, which can be position and force signals of both

master and slave, visual display, and impedances of environment and human, are



CHAPTER 1. INTRODUCTION 3

exchanged and the operator is kinesthetically coupled to the environment. If the

information flows in both directions (master to slave and vice versa) the teleoperation

system is called bilateral. To distinguish teleoperation systems with force feedback

from those without force feedback, the terms force reflecting and sometimes haptic

are usually used.

1.2 Motivation

While the stability of the coupled telerobotic system is of foremost importance, the

system is expected to demonstrate certain desired performance. Therefore, from a

control point of view, teleoperation systems are designed to satisfy the following

criteria:

Stability : The closed-loop teleoperation system should be stable irrespective of

time delay, uncertainties in the operator arm and the environment dynamics;

Performance: The operator should have the sense of telepresence, which means

that the operator should feel as if s/he manipulates the environment directly. In

other words, the master-slave system becomes transparent. In this case, the operator

indirectly feels the dynamics of the environment.

Teleoperation systems have been used for remote tasks on unstructured or un-

known environments. Also, due to physical distance between the master and slave

robots, and limited bandwidths, communication channels usually experience time

delays. Similar issue exists for haptic simulation systems. Haptic systems are con-

ceptually similar to teleoperation systems where the operator works on a virtual

environment, simulated inside a computer.

In the late 1980s, it was shown that teleoperation systems can be represented
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Figure 1.2: Network representation of teleoperation systems.

by two-port networks [78] as shown in Figure 1.2. Hence, network theory has been

used to model and analyze stability and performance of teleoperation systems. Most

importantly, passivity-based methods were proposed [8, 128] which led to the design

of stable telemanipulation systems under any time delay. Later, these methods have

been widely used for the design of different robust bilateral teleoperation control

structures [108, 140].

It has been argued that passivity criterion guarantees the stability of teleoperation

systems regardless of variations in the operator and environment dynamics.

In mid and late 1990s, other conditions based on the structured singular value

(SSV) of MSN [29] and Llewellyn’s absolute stability criterion from circuit theory

[5, 85] have also been introduced which guaranteed system stability coupled to any

passive environment and operator while passivity of MSN was not required. These

methods were shown to provide less conservative robust stability conditions compared

to the two-port passivity criterion.

In practice, the presence of dynamic uncertainties in the operator’s hand impedance

and environment impedance and the existence of time-delay can make the teleopera-

tion system unstable [9, 85, 91, 109, 125, 154]. The main issue is the conflict between
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stability and performance [105] which motivates less conservative robust control de-

sign methods in my thesis for a better trade-off between stability and performance.

In robotic applications, environment impedance is limited within a range depend-

ing on the application, meaning that the parameters of the dynamic system do not

vary from zero to infinity. For instance, if a needle is assumed to implant radioactive

seeds for the treatment of prostate cancer [145], the impedance characteristics of the

environment, i.e. the soft tissue, have a limited range of variations, although this

range varies for different patients.

In minimal invasive surgeries, dynamics of the tissue under the surgery vary within

a range of soft tissues. Therefore, it is always worth including range of variations of

the environment dynamics in the control design rather than assuming the extreme

range of variations, so as to achieve a better performance.

Hence, many researchers confirmed that the passivity condition for the environ-

ment and operator dynamics, used in passivity and absolute stability criteria, is gener-

ally conservative. Hashtrudi-Zaad and Salcudean [85] extracted the maximum passive

impedances as shunt impedances with the operator and environment one-port net-

works with an unbounded range of impedances. They concluded that a more relaxed

set of conditions may be found by examining the absolute stability of the new two-port

network created by absorbing shunt impedances. Adams and Hannaford [5] utilized

the minimum and maximum of the operator arm impedance, whereas Cho and Park

[24] used the same approach for both environment and operator impedances.

Small gain and H∞ based methods [20, 177] and µ synthesis [109] are also used

to include the dynamic range of operator and environment impedances.

If a coupled teleoperation system is shown to be potentially unstable, the above
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mentioned methods do not provide any clear and direct means to determine the

values of operator and environment impedances or the upper or lower bounds on

these impedances in the complex plane, for which the system is absolutely stable. In

this thesis, I try to overcome the existing issues by introducing a new less conservative

stability analysis tool.

There has been attempts in the design of teleoperation controllers based on the

performance optimization, such as adaptive control systems. These systems usually

require estimates of the dynamics of the remote environment. However, in many

telerobotic applications, the slave robot often goes from one contact to another re-

peatedly; thus, the dynamics of the environment undergoes a rapid change. Therefore,

the applied identification tools must be fast enough to get valid results within a few

milliseconds. As a result, fast identification techniques must be proposed for these

applications.

Many of the currently available online identification methods are applicable to

linear dynamics models only which are inconsistent with the physics of contact. In

the other hand, the currently available parameter estimation tools for nonlinear con-

tact models are slow and sometimes non-convergent in the presence of parameter

variations. This motivate us to design fast online identification methods for nonlinear

contact models.

In order for any teleoperation system to operate a task, the slave robot is connected

to a special tool. This tool can be a grasping device, a screw driver in mechanical

applications, or a flexible needle for minimally invasive percutaneous therapy in sur-

gical applications. A desired performance is achieved only when a control system is

correctly designed for the slave robot and its corresponding tool.
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Based on the above discussion, the main challenges considered in my thesis in-

clude: i) design of robust stabilizing bilateral teleoperation controllers with the aim

of stability and transparency for the range of impedance variations depending on

the application, ii) modeling and dynamic identification of contact environment to

be used in the bilateral controller, and iii) design of controllers for the slave robot,

based on the specifications of the tool operating on the environment, such as flexible

needles. Flexible needle insertion into soft tissues is considered as a challenging task

in my thesis.

1.3 Objectives

Based on the discussions in Section 1.2, the theme of this thesis is on the development

of analysis methods, control strategies, and implementation techniques for enhanced

trade-off between stability and performance.

As the first step, I aim to

• propose a new less conservative robust stability analysis and design method

for bilateral teleoperation systems by incorporating the effect of environment

impedance in the available passivity-based stability analysis techniques, i.e.

passivity and absolute stability.

• investigate the effect of human operator impedance in coupled stability of tele-

operation systems.

• visually access the range of admissible parameter variations in the environ-

ment/human operator’s impedance for a designed teleoperation system.
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• demonstrate the effect of time delay on the coupled stability criteria and propose

an absolutely stable teleoperation system under any time delays.

• investigate the effect of sampled signals and discretization method on robust

stability of haptic simulation systems.

The stability analysis and control design are completed by some fast real-time iden-

tification approaches. Thus, as the second step, to be able to incorporate the above-

mentioned range of impedances, I aim to

• develop a new fast real-time parameter estimation technique for linear contact

impedance models.

• develop a new fast real-time parameter estimation technique for nonlinear Hunt-

Crossley contact impedance models.

We also need to accurately model the task dynamics. I consider the flexible needle

insertion as a challenging task in my thesis. Therefore, as the third and final step, I

aim to

• develop dynamic models for flexible needles interacting with deformable tissues.

• analyze the controllability of the proposed models.

1.4 Contributions

The contributions of this thesis are listed below.

• I have proposed a new graphic-based methodology for analysis of coupled sta-

bility in teleoperation systems when connected to any unknown environment or



CHAPTER 1. INTRODUCTION 9

operator with known impedance bounds or regions. This work has been pub-

lished in ICRA’08 [68] and IEEE TOH [71]. The proposed methodology can

also be used for the design of bilateral controllers.

• I have re-structured the bilateral control system to include both operator and

environment impedances in the proposed graphical stability method in order

to generate an even less conservative stability condition, when both environ-

ment and operator impedances are bounded. This work has been published in

WHC’09 [70] and submitted to the IJRR [74].

• Later, I have extended my proposed solution to time–delayed teleoperation

systems and proposed a novel framework for the analysis and design of robust

teleoperation controllers in the presence of time-delays. I have also designed

a new controller which provides coupled stability under any time delay and

enhanced performance in the presence of small delays. This work has been

published in IROS’08 [65] and submitted to IEEE TOH [76].

• I have introduced less conservative stability conditions on system dynamic pa-

rameters of haptic simulation systems, when velocity is sampled in Haptic sim-

ulation systems. I have analytically investigated the effect of sampling posi-

tion versus velocity, and also backward difference versus Tustin differentiation

method for the implementation of damper-spring virtual environments. The

results of this work has been published in IEEE Haptics Symposium’10 [72]

• I have proposed a new fast online parameter identification method for linear

Kelvin-Voigt environment dynamic models. The new method optimizes a forth-

order cost function and provides a closed-form solution for it. This work is
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published in ACC’08 [66]. I have also evaluated the efficiency of this method in

real time and compared its performance with other benchmark methods. This

work has been published in IROS’08 [69].

• I have proposed a dynamic parameter estimation method for the nonlinear

Hunt-Crossley dynamic model of environment. The proposed method estimates

the three dynamic parameters in a single stage, and provides faster and more

consistent results compared to the available double-stage method. This work

has been published in IROS’08 [67] and IEEE TRO [75].

• I have proposed the use of a dynamic model for symmetric flexible needles

inserted into soft tissues and studied the controllability of the needle-tissue

connected system. This work has been published in EMBC’10 [64].

• Finally, I have extended the above-mentioned proposed model to bevel-tip flex-

ible needles. The results have been published in EMBC’11 [73]. In this thesis,

I have also studied the controllability of the asymmetric needle-tissue insertion

system.

1.5 Thesis Outline

My thesis comprises nine chapters. I will proceed with an overview of bilateral tele-

operation control systems in Chapter 2, discussing various modeling and stability

analysis methodologies and available performance measures.

In Chapter 3, I present a novel graphical stability analysis method for bilateral

teleoperation control systems, called the “Bounded Impedance Absolute Stability”

or “BIAS”. With BIAS we mathematically and graphically show how the existence
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of bounds on the contact environment impedance can ensure the stability of sys-

tems that are not absolutely stable. The concepts of “environment stability circles”

and “environment stability regions” are introduced along with different examples to

evaluate the effectiveness of the proposed technique.

In Chapter 4, I extend the previously proposed method to include bounds on

human operator impedance in the stability criteria. The extended method graphically

shows and analytically proves that how the maximum allowed range of stabilizing

environment impedance increases as the operator damping increases.

In Chapter 5, I study the effect of time-delay on system environment stability

circles and regions. The method is used to design a delay-robust bilateral controller.

In Chapter 6, I conduct a comprehensive study on the effect of three elements in

robust stability of haptic simulation systems: i) signal sampling (position or velocity),

ii) differentiation method for the implementation of damper-spring virtual environ-

ments (backward difference or Tustin), and iii) modeling approach to the sampling

process (accurate or approximate modeling). The study results in less conservative

stability conditions on system dynamic parameters when velocity is sampled.

In Chapter 7, I discuss the available real-time parameter estimation methods

for contact environments followed by a discussion on different contact impedance

models. I propose two novel fast real-time identification methods for linear and

nonlinear contact impedance models. The proposed methods are evaluated both

experimentally and in simulations. Experiments are conducted on different objects

with distinct mechanical behaviour, i.e. an elastic ball, a piece of sponge, and a PVC

phantom.
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In Chapter 8, I introduce needle insertion, a common task in many clinical ap-

plication, as a task in teleoperation systems with flexible needle and deformable en-

vironment. I provide a dynamic model for flexible needle insertion into soft tissues

and study the controllability of this model. Then, I extend the model to bevel-tip

flexible needles and experimentally evaluate the proposed model. The future goal

of this needle-insertion study is however to provide a scheme in which the operator

determines the location of the flexible “needle-tip” from a master robot while a slave

robot controls the “base” of the needle so that the tip position command is satisfied.

Finally, Chapter 9 provides concluding remarks, followed by an outline for future

research directions.



Chapter 2

Teleoperation Control Systems: A

Background

2.1 Overview

This chapter provides a background on network representation and modeling, various

stability analysis methods, and performance measures of master-slave teleoperation

systems.

2.2 Network Representation of Teleoperation Sys-

tems

Figure 2.1 shows the block diagram of a typical teleoperation system where the master,

the slave, and the communication channel are modeled with a linear-time-invariant

13
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(LTI) two-port network called a Master-Slave Network (MSN). The operator and envi-

ronment are also modeled by LTI one-port networks. These systems can be nonlinear,

but they should be linearized about their operating points to be accommodated into

this structure. The dynamics of the operator and the environment are expressed as:

Fh = F ∗
h − ZhVh (2.1)

Fe = F ∗
e − ZeVe (2.2)

where Zh, Ze, Vh, and Ve are the operator and environment impedances and velocities

in Laplace domain, respectively, Fh and Fe are the operator force applied to the

master and the slave force exerted on environment, and F ∗
h and F ∗

e exogenous force

inputs generated by the operator and environment, respectively.

Assuming that the operator is in contact with the master and the slave is in

contact with the environment, the dynamics of the master and slave are modeled as

follows:

ZmVh = Fh + um (2.3)

ZsVe = −Fe + us (2.4)

where um and us are the control commands and Zm and Zs represent the LTI dynamics

of the force actuated master and slave manipulators, as shown in Figure 2.2. The

master and slave dynamics are assumed to be dominated by mass. This assumption

is valid for direct drive robots with negligible friction or when their dynamics are

linearized by an inverse dynamics controller.
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Figure 2.1: General block diagram of a teleoperation system.

2.3 Modeling MSN

Linear two-port MSN networks can be characterized by a number of equivalent rep-

resentations, such as impedance(Z), admittance(Y), hybrid(H), or scattering (S)

[85, 89], depending on the choice of the network input and output sets.

-Impedance representation: Considers Vh and −Ve as input and Fh and Fe as

output variables. 


Fh

Fe


 =




Z11 Z12

Z21 Z22




︸ ︷︷ ︸
Z(s)




Vh

−Ve


 (2.5)

-Admittance representation: Considers Fh and Fe as input and Vh and −Ve as

output variables. 


Vh

−Ve


 =




Y11 Y12

Y21 Y22




︸ ︷︷ ︸
Y(s)




Fh

Fe


 (2.6)

- Hybrid representation: Considers Vh and Fe as input and Fh and −Ve as output
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variables. 


Fh

−Ve


 =




h11 h12

h21 h22




︸ ︷︷ ︸
H(s)




Vh

Fe


 (2.7)

-Scattering representation: The alternate way of representing two-port networks

is with scattering variables. Scattering variables are inwave or incident wave
−→
W (s) =

[a1(s) a2(s)]
T and outwave or reflected wave

←−
W (s) = [b1(s) b2(s)]

T , as shown in Figure

2.1, with the traveling waves a1, a2, b1 and b2 defined as

a1 =
Fh + bVh

2
√

b
, a2 =

Fe − bVe

2
√

b
(2.8)

b1 =
Fh − bVh

2
√

b
, b2 =

Fe + bVe

2
√

b
(2.9)

where b > 0 is called the characteristic wave impedance. The relation between the
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incident wave and the reflected wave is governed by

←−
W =




b1

b2


 =




S11 S12

S21 S22




︸ ︷︷ ︸
S(s)




a1

a2


 = S−→W (2.10)

where S(s) is called the scattering matrix and its elements are called scattering pa-

rameters [89].

Different types of representations of a network can be transformed to each other,

as long as the matrices are not ill-conditioned.

2.3.1 Transmitted Impedance

The impedances transmitted to the operator and environment, defined by Zin(s) :=

Fh

Vh
and Zout(s) := Fe

Ve
|F ∗h=0, respectively, can be expressed in terms of the network

impedance matrix parameters as [89]

Zin = Z11 − Z12Z21

Z22 + Ze

, Zout = Z22 − Z12Z21

Z11 + Zh

(2.11)

Zin is the dynamics that an operator feels when holding the master robot during

a teleoperation task. Similar to Zin and Ze in impedance representation, the input

and environment reflection coefficients, Γin(s) and Γe(s), can be defined according to

Γin := b1
a1

and Γe := a2

b2
. These coefficients can be written in terms of Ze and Zin as

Γin =
Zin − b

Zin + b
, Γe =

Ze − b

Ze + b
(2.12)

The operator’s hand and output reflection coefficients, Γh(s) := a1

b1
|F ∗h=0 and

Γout(s) := b2
a2
|F ∗h=0, can be derived similarly in terms of Zh and Zout. Using (2.11) and

(2.12), and the relations between the impedance and scattering parameters [89], Γin
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and Γout can be expressed as

Γin = S11 +
S12S21Γe

1− S22Γe

, (2.13)

Γout = S22 +
S12S21Γh

1− S11Γh

. (2.14)

2.4 Transparency in Teleoperation Systems

Transparency or telepresence is defined as the accurate rendering of environment to

the operator and is considered as the most commonly used performance measure in

teleoperation systems. When the teleoperation system is transparent, the operator

feels as if s/he is doing the task directly [180]. Human operators have asymmetric

input/output bandwidths. The input channel of humans is composed of Tactile senses

related to skin motion and vibration (about 320 Hz), kinesthetic senses which are

related to velocity of joints (about 20 Hz) and proprioceptive senses related to muscle

contraction and tension (about 30 Hz). However, the output bandwidth of the human

arm is limited to 10 Hz [19].

Quantitatively, transparency can be defined as a correspondence between positions

(or velocities) and forces of the master and slave sides, that is Vh = Ve and Fh = Fe

[180].

In applications where a task is intended to be performed at a different scale, in

terms of positions (or velocities), forces, or both [181], a scaling factor appears in the

correspondence relation. This led to an impedance-based definition for transparency

[105] stating that a teleoperation system is said to be transparent if the impedance

transmitted the operator, Zin, is equal to the environment impedance Ze, that is

Zin :=
Fh

Vh

|F ∗e =0 = Ze ∀ω ≥ 0, ∀Ze (2.15)
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Here, Ze represents the dynamic characteristics of the environment and Zin represents

the dynamics that the operator feels remotely. The transmitted impedance to an

operator can be expressed in terms of MSN matrix parameters. For example, using

(2.1), (2.2) and (2.7) in (2.15) yields:

Zin :=
Fh

Vh

|F ∗e =0 =
h11 + (h11h22 − h12h21)Ze

1 + h22Ze

(2.16)

Therefore, if the network parameters are not functions of Zh and Ze, impedance

matching Zin = Ze is obtained if and only if [86]:

h11 = h22 = 0 (2.17)

h12h21 = −1 (2.18)

which is equivalent to

Hideal =




0 −1

1 0


 , Sideal =




0 1

1 0


 . (2.19)

In order to evaluate transparency using (2.15) one should examine Zin for the

entire spectrum of environment impedances, which is an involved process.

To overcome this problem, Colgate and Brown [31] studied the impedance per-

ceived by the operator for two extreme cases of the environment impedance Zinmin =

Zin|Ze=0 and Zinmax = Zin|Ze→∞, and introduced the dynamic range of achievable

impedance, Z-width, as a measure of performance for haptic display systems. Simi-

lar performance measures have been used to investigate the performance of bilateral

teleoperation systems [85].

Hashtrudi-Zaad et al. [85] evaluated the performance using the minimum value

and dynamic range of achievable transmitted impedance. Using (2.16), the minimum

value and the dynamic range of the transmitted impedance can be evaluated with
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the following equations, assuming that the network parameters are not functions of

Zh and Ze:

Zinmin := Zin|Ze=0 = h11 (2.20)

Zinwidth := Zin|Ze→∞ − Zinmin =
−h12h21

h22

(2.21)

As another performance measure, transparency transfer function, Gt, which is

the ratio of the transmitted impedance over the environment impedance [52]. For

perfect transparency, the magnitude of Gt should be unity with a zero phase within

the appropriate bandwidth which is larger than the sensory and motor bandwidth of

human operators.

Regardless of the performance index used in designing teleoperation controllers,

performance and stability are generally conflicting and thus, this issue has been the

motivation for research in control design for teleoperation systems over the past few

decades [35, 85, 105]. A historic survey of these controllers can be found in [91].

2.5 Bilateral Teleoperation Control Architectures

Lawrence has proposed the use of a network structure for teleoperation systems [105]

in which various combinations of position and force signals could be transmitted.

This formalism was extended to the so-called Extended Lawrence Architecture (ELA)

[86, 120] as shown in Figure 2.3. This structure has been employed for the design of

a variety of two, three and four channel control architectures [84, 142], which will be

reviewed next.

Bilateral teleoperation systems using this architecture are categorized based on
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Figure 2.3: Extended Lawrence architecture for a four-channel bilateral control sys-
tem.

the number and type of signals (position and/or force) exchanged. If force and posi-

tion/velocity signals of both master and slave sides (Fh, Fe, Vh and Ve) are exchanged,

the corresponding architecture is called a four-channel architecture. Transmission of

different sets of signals leads to two or three channel control architectures. Below we

provide mathematical relations regarding the above-mentioned architectures.

2.5.1 Two-Channel Architectures

In two-channel architectures only one signal is sent from slave to master and vice-

versa. Therefore four two-channel architectures with different characteristics in terms

of stability and performance can be considered.
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The Position-Position (P-P) architecture, in which only the positions are ex-

changed, was the first control architecture implemented by Goertz in 50’s [81]. After

that, many variations and developments were proposed and analyzed by Niemeyer and

Slotine [128], Hashtrudi-Zaad and Salcudean [82], Salcudean et al. [143], Anderson

and Spong[8] and Lawrence [105].

In Force-Position (F-P) control architecture only environment contact force is

transmitted to the master and the slave receives the position of the master [82,

104, 109]. Although this architecture can provide better performance than position-

position architecture, it suffers from stability problems in the presence of even small

delays of 50 msec [104].

In Force-Force (F-F) control architecture which was first proposed by Kazerooni,

Tsay, and Hollerbach [101], only the forces of the master and slave are exchanged.

The drawback of this method is its lack of coordination between master and slave

positions due to the absence of position command signals [105].

Position-Force (P-F) architecture has been rarely implemented except for haptic

simulation systems [82].

2.5.2 Four-Channel Architecture

Lawrence [105] showed that tight position control on the master robot makes a higher

effective inertia which leads to a sluggish feel in both free space teleoperation and stiff

environments, especially in the case of a significant communication channel delay.

Thus the position-position architecture does not provide transparency, at least for

extreme cases of environment impedances. Independently, Yokokohji and Yoshikava

[180] realized that in order to achieve transparency, acceleration and force feedback
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should be utilized for both master and slave control laws. Therefore, neither P-P

architecture nor F-P and F-F architectures can realize transparency. Thus, four-

channel teleoperation architecture in which both forces and positions of the master

and slave are transmitted, is needed [105].

Figure 2.3 shows a general four-channel teleoperation system where Td denotes

the communication delay and Zm and Zs represent the LTI models of force actuated

master and slave manipulators and um and us are the control commands. The oper-

ator and environment are modeled by the LTI impedances Zh and Ze according to

(2.1) and (2.2).

The master and slave controllers are chosen according to [82]

um = −CmVh + C6Fh − C4e
−sTdVe − C2e

−sTdFe (2.22)

us = −CsVe + C5Fe − C1e
−sTdVh − C3e

−sTdFh (2.23)

where Cm and Cs represent the master and slave position controllers, C1, ..., C4 are

remote compensators, and C5 and C6 are the master and slave local force feedback con-

trollers. For the above-mentioned choice of controllers, the transmitted impedance,

when the time delay is negligible, becomes:

Zin =
[ZcmZcs + C1C4] + [(1 + C5)Zcm + C1C2] Ze

[(1 + C6)Zcs − C3C4] + [(1 + C5)(1 + C6)− C2C3] Ze

(2.24)

If the remote compensators C1, ..., C4 are selected according to

C1 := Zcs, C2 := 1 + C6, C3 := 1 + C5, C4 := −Zcm (2.25)

where (C2, C3) 6= (0, 0), transparency is achieved for negligible delays. Therefore, this

set of functions generate the so-called transparency-optimized control law (TOC).

The physical interpretation of (2.24) is that in order to obtain transparency, the

master and slave dynamics have to be canceled out by inverse dynamics and the
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feedforward forces have to match the net forces exerted by the operator or the envi-

ronment to the master or slave. Since in practice, acceleration signals are not available

or are too noisy, only master and slave positions and velocities are transmitted to the

opposite sides, that is C1 = Cs and C4 = −Cm (Cm, Cs, C5 and C6 are considered as

first order transfer functions).

A complete comparison between the transparency optimized four-channel and two-

channel controllers can be found in [82]. Lawrence [105] showed that a proper use of

all four channels is of critical importance in achieving high performance telepresence.

It has also been shown that transparency and robust stability are in contrast with

each other in teleoperation systems and improving one degrades the other.

2.5.3 Robust Control Methods

Other control methods exist in the literature that lead to new architectures for teleop-

eration systems. These methods consider the uncertainty in the dynamics of operator,

environment and robots. Effects of uncertainty which may appear in different forms

of imperfections in the models, such as parameter uncertainty or unmodeled dynam-

ics, may affect the stability and robustness of the control system. Model uncertainty

of robots and environments and the existence of time delay have been the main mo-

tivations in the development of the field of robust control for teleoperation systems.

H∞ and H2 − H∞ (mixed H∞) methods are also used with the basic small gain

theorem [177]. Cho and Park [25] designed a teleoperation control system based on

Llewellyn’s absolute stability criterion using sliding mode control and studied the

robust stability of the whole system. Sirouspour [153] used µ synthesis and the

D−K iteration method to design a robust controller for a cooperative teleoperation
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system. Surdilovic and Radojicic [158] presented a novel approach for controlling

interactions with a haptic interface based on robust H∞ design framework applied to

the impedance controlled telerobot in contact with environment.

Malysz and Sirouspour [112] used the concept of circle theory in order to design

a robust stable teleoperation, given a priori known bounds on the unknown operator

and environment mass, damper and spring parameters. Circle theory is a direct

generalization of Nyquist’s criterion to nonlinear systems. To use circle theory, the

system should be modified to resemble the structure in Figure 2.4, where Φ contains

all the nonlinearity and uncertainty of the system, and it should belong to the sector

[k1 k2]. Therefore, based on the values of k1 and k2, different conditions of the circle

criterion can be used to prove the stability of the system.

G(s)
_

e

)(y

y

Figure 2.4: System structure for circle criterion. The system should be split into a
linear system G(s) and feedback Φ which contains all the nonlinearity
and uncertainty of the system.

In robust stability analysis or design for teleoperation systems, time delay should

also be considered, in addition to the robot and environment dynamics uncertainty.

The effect of time delay and how to resolve its related issues are discussed in Section

5.3.
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2.5.4 Robustness to Time Delay

In bilateral teleoperation systems, time delay is observed in the communication chan-

nel, through which position and force data are exchanged between master and slave.

Even a small amount of 50msec of time delay can make a system unstable or de-

grade the operator’s perception of environment. Long distance between the master

and slave or limited bandwidth of the communication channel increase this effect.

Recently, the use of internet for communication channels has caused the new problem

of randomly varying delays due to network traffic congestion [26, 27], discrete time

exchange of data and loss of information [17].

The first work dealing with the effect of time delay in remote manipulation goes

back to the paper published by Ferrel in 1964 [49], where manipulation is performed in

an open-loop and thus, no instability was reported and a “move and wait” strategy

was suggested. After that, a large number of researchers worked on stability and

transparency issue caused by time-delay in teleoperation systems [8, 84, 105, 180].

Anderson and Spong [8] concluded that instability is due to the generation of

energy in communication channel which makes it non-passive. Lawrence [104] in-

vestigated the effect of delay on stability and transparency in a four-channel control

architecture and showed the trade off between transparency and robust stability in

the presence of time delay. Several papers introduced a number of control methods

to overcome the instability problem due to time delay in the communication network.

Anderson and Spong [8] used passivity and scattering operators and derived a

control law to make the communication channel passive, under any delay for any

passive operator and environment. Later on, the design was formulated in the wave

variable framework by Niemeyer and Slotine [128], in which wave variables instead of
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power variables were transmitted.

Hashtrudi-Zaad et al. [84] used Llewellyn’s absolute stability criterion, which gives

analytical insight to the design of a stable bilateral teleoperation in the presence

of time-delay. Smith and Hashtrudi-Zaad proposed a smith-predictor controller in

which the behavior of the slave system is regenerated locally at the master side to

compensate for the undesired effect of delayed feedback [156]. Yokokohji et al. [179]

introduced an energy monitoring method to achieve passivity of the teleoperation

system in the presence of time-varying communication delay.

It is reported that all the above methods are practically suitable for operations

with short time-delays [81]. For large delays, for example space teleoperations, the

use of supervisory control is introduced [149]. In this type of control, the operator

can indirectly affect the manipulation instead of being part of the control loop. Thus,

the operator sends high level commands to the slave, and the task is performed

automatically in the slave robot without any delay.

2.6 Passivity and Absolute Stability

Various methods have been used to analyze stability of teleoperation systems with

different architectures. Among these methods, passivity theory and absolute stability

criterion are the most commonly used robust stability analysis methods, which will

be discussed in this section.

2.6.1 Passivity and Positive Realness

In the following, the passivity property will be presented.
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Definition (Passivity) [103]: Passivity is a property of a group of systems which

cannot produce energy during a process. Considering a one-port network with input

flow v(t) and output effort f(t), the total power input to the network can be written

as f(t) v(t). Therefore, given zero energy storage at t = 0, a network is passive if and

only if it satisfies the following inequality
∫ ∞

0

f(τ)v(τ)dτ ≥ 0. (2.26)

According to Parseval’s theorem, this is equivalent to the integral of the product

of input and output in the frequency domain, and thus

1

π

∫ ∞

0

F (ω)V (ω)dω ≥ 0. (2.27)

Remark 1: Passivity and positive realness properties are used interchangeably for

linear systems, when a transfer function is defined by the Laplace transform of a

minimal state-space realization of the linear system [103]. In this thesis, we assume

linear impedances for environment (operator) dynamics and use the positive realness

property.

Definition (Positive Realness or PR) [103]: A linear one-port network with

impedance Z(s) is positive real (PR) if and only if

1. Z(s) has no poles in the right half of the complex plane (RHP).

2. any pole of the Z(s) on the imaginary axis is simple with real and positive

residue.

3. Re[Z(jω)] ≥ 0 ∀ω ≥ 0.

The hybrid matrix of a passive LTI multi-port must be positive real :
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H(s) stable; H∗(s) + H(s) ≥ 0 ∀Re(s) > 0.

It should be noted that for a SISO system (H(s)), this property (positive real-

ness) is equivalent to: −π/2 ≤ argH(s) ≤ π/2. Therefore, using Nyquist criteria, it

is clear that passive systems are robustly stabilizable using a strictly passive compen-

sator, C(s), since the Nyquist diagram does not encircle the critical point, s = −1:

−π ≤ arg[C(s)H(s)] ≤ π ∀Re(s) ≥ 0.

This stability criterion also holds for multi-port systems and helps to prove the sta-

bility of interconnection of unknown environments and human operators to a teleop-

eration system, as long as they are passive [155].

In terms of scattering variables, a passive multi-port is a network that satisfies

the following inequality, assuming zero energy storage at t = 0.
∫ t

0

(
−→
W T−→W −←−W T←−W )dτ ≥ 0 t ≥ 0 (2.28)

This inequality is derived using the fact that passive systems do not generate energy,

and thus
∫ t

0
(Pin−Pout) ≥ 0. The power difference Pin−Pout can be written in terms

of the wave variable as follows

Pin − Pout = fhvh + feve = FTV

= (
1√
2
(F + V))T (

1√
2
(F + V))− (

1√
2
(F−V))T (

1√
2
(F−V))

=
−→
W T−→W −←−W T←−W. (2.29)

Equation (2.28) leads to the following property called bounded realness of the scat-

tering matrix of a passive system:

S(s) stable; I − S∗(s)S(s) ≥ 0 ∀Re(s)

In [29] it is said that a test for bounded realness is that the maximum singular
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value of the matrix S(jω) be less than or equal to one:

||S(jω)||∞ ≤ 1 or max{σ̄S(jω)} ≤ 1. (2.30)

Ryu et al. [140] conclude that using frequency domain passivity leads to a conser-

vative design which degrades the performance in order to guarantee stability. Thus,

they proposed a time-domain passivity control, by defining “passivity observer”(PO)

and “passivity controller”(PC) in order to measure energy flow into the network, and

design appropriate controllers. Lee and Li proposed a new approach to passivity

control based on the concept of the controller passivity [106, 107].

2.6.2 Absolute Stability and Llewellyn’s Criterion

Definition (Absolute Stability): A linear two-port MSN is absolutely or uncon-

ditionally stable if any passive or PR environment (operator) impedance results in a

passive or PR input Zin (output Zout) impedance; thus, resulting in a stable coupled

teleoperation system for connection to any passive operator (environment).

The passivity or positive realness requirement of Zin (Zout) for absolute stability

can be investigated by the above definition of positive realness for one-port networks.

Therefore, a linear MSN is absolutely stable if any environment (operator) impedance

that lies within the RHP results in an input (output) impedance that lies within the

RHP provided that the input (output) impedance has stable poles.

Conditions 1 and 2 of the definition of PR for the input impedance of an MSN

imply that the network is open-circuit stable (input and output), and in this thesis we

assume this condition is satisfied. These two conditions can be reduced to one condi-

tion, only when Ze is passive [89]. Therefore, by combining the first two conditions

of the definition of positive realness for a passive environment impedance, absolute
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stability of two-port MSN can be determined by the following theorem.

Theorem 1. (Absolute Stability) [89]: A two-port network Z is absolutely stable

if

1. Z11(s) and Z22(s) are PR.

2. Re[Zin(jω)] ≥ 0 ∀ω ≥ 0, for any PR Ze.

Theorem 1 can be stated in the form of Llewellyn’s absolute stability criterion.

Theorem 2. (Llewellyn’s Absolute Stability Criterion) [85]: A two-port

network is absolutely stable if

1. Z11(s) and Z22(s) are PR.

2. η(ω) := 2Re[Z11]Re[Z22]
|Z12Z21| − Re[Z12Z21]

|Z12Z21| ≥ 1, ∀ω ≥ 0

where η is called the stability parameter.

Definition (Potential Instability): A system which is not absolutely stable is

potentially unstable. This implies that there exists at least one passive environment,

which results in a non-passive Zin; hence, potential instability of the coupled system.

It is important to note that a potentially unstable system is not necessarily unstable.

Absolute stability guarantees the stability of two-port networks coupled with any

passive operator and environment impedances, which makes it a conservative stability

analysis method. In the case of potential instability, there may be some range of

passive environment (operator) impedances in the complex plane, which still result in

coupled stability with any passive operator (environment). However, it is not possible

to provide such stabilizing bounds for potentially unstable systems using the available



CHAPTER 2. BACKGROUND 32

methods. In the next chapter, absolute stability is analyzed in the scattering domain

and it is shown that the stabilizing bounds on environment (operator) impedance in

the complex plane can be determined. A less conservative robust stability condition

can then be achieved.



Chapter 3

Bounded–Impedance Absolute

Stability of Bilateral Teleoperation

Control Systems

3.1 Overview

Available passivity-based robust stability methods for bilateral teleoperation control

systems are generally conservative, as they consider an unbounded range of dynamics

for the class of passive operators and environments in the complex plane. In this

chapter, we introduce a powerful 3D geometrical robust stability analysis method

based on the notions of wave variables and scattering parameters. The methodology,

which was originally a 2D graphical method used in microwave systems for single

frequency analysis [45], is further developed in this chapter for teleoperation and

haptic systems. The proposed method provides both mathematical and visual aids

to determine bounds or regions on the complex frequency response of the passive

33
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environment impedance parameters for which a potentially unstable system connected

to any passive operator is stable, and vice-versa. Furthermore, the method allows

for the design of bilateral controllers when such bounds are known, or can even be

utilized when the environment dynamics are active. The geometrical test can also be

replaced by an equivalent mathematical condition, which can easily be checked via a

new stability parameter. The proposed method results in less conservative guaranteed

stability conditions compared to the Llewellyn’s criterion; thus, promising a better

compromise between stability and performance. The new method is numerically

evaluated for two bilateral control architectures.

3.2 Introduction

As explained in Chapter 2, bilateral teleoperation control systems can be modeled

by two-port master-slave networks (MSN) coupled to operator and environment one-

port terminations, as shown in Figure 3.1. Although environments are often unknown,

they vary from soft to hard within a large but limited range of variations within the

complex plane [136] (e.g. soft tissue to hard bone [161]). Human arm dynamics

are also variable depending on the arm posture, muscle activation level, and fatigue

[90, 117]. The fact that the dynamics of operators and environments are subject to

uncertainty calls for the design of robust controllers for guaranteed stability of the

interaction between the teleoperation system and the operator and environment, or

so-called coupled stability [32], and a better compromise for transparent performance

[105, 177, 85, 125, 9, 91].

Passivity-based methods have been widely used for the design of robust bilateral

teleoperation controllers and the analysis of their coupled stability. The two-port
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passivity criterion guarantees the stability of teleoperation systems as long as envi-

ronment, operator, and MSN are passive, regardless of the amount of uncertainty in

the dynamics of each component; thus, resulting in robust stability of the teleopera-

tion system [8, 108, 140]. However, the passivity requirement for each network in a

coupled system renders the robust stability condition conservative. For instance, an

MSN can be active, while the one-port network resulting from the MSN termination

with a passive environment is passive. Instead, a condition based on the structured

singular value (SSV) [29] or absolute stability of Llewellyn’s criterion from circuit

theory [85, 5] guarantees the passivity of the one-port network caused by terminating

the MSN with any passive environment (operator). Such passivity condition results

in coupled stability for any passive operator (environment).

Although SSV and Llewellyn’s criterion result in a less conservative robust stabil-

ity condition compared to the two-port passivity criterion, the robust stability analysis

based on these methods still suffer from the assumed unbounded range of operator

(human arm) and environment impedances, which is rather unrealistic. Thus, study-

ing the effect of operator and environment impedance on absolute stability became

a recent topic of research. Hashtrudi-Zaad and Salcudean [85] extracted the max-

imum passive impedances as shunt impedances with the operator and environment

one-port networks with an unbounded range of impedances. They concluded that

a more relaxed set of conditions may be found by examining the absolute stability

of the new two-port network created by absorbing shunt impedances. Adams and

Hannaford [5] utilized the minimum and maximum of the operator arm impedance,

whereas Cho and Park [24] used the same approach for both environment and op-

erator impedances. However, the above indirect approach in including the effect of
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Figure 3.1: Network representation of teleoperation systems. F and V represent force
and velocity, and the subscripts m,s,h and e refer to the master, slave,
operator and environment, respectively.

bounded environment and operator impedances is the only opportunity for flexibility

in Llewellyn’s criterion. If a coupled teleoperation system is shown to be potentially

unstable, Llewellyn’s criterion does not provide any clear and direct means to de-

termine the values of operator and environment impedances or the upper or lower

bounds on these impedances in the complex plane, for which the system is absolutely

stable.

In a recent work by Buerger and Hogan, the passivity condition for a human limb

is shown to be unnecessarily restrictive [20]. To relax the passivity condition, the

human dynamics is modeled by a nominal system and an additive uncertainty, and

the stability of the system is analyzed using small gain theorem. Since the details of

stability are determined by the expected range of human operator impedance, this

method is called complimentary stability. Small gain and other similar methods,

such as H∞ [177] and µ synthesis [109] are mainly used numerically for the design of

stabilizing controllers. As analysis tools, when the system is not stable for a range

of environment (operator) dynamics, these methods cannot determine an alternate

range for stability without performing another run of the analysis.

Using scattering parameters and wave variables, Edwards and Sinsky reported a
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novel robust stability condition for single-frequency analysis in microwave systems

[45]. This method in which absolute stability was graphically verified was further

studied and reformulated by Orfanidis [131]. In this chapter, we will use the above

approach to provide means to derive ranges of stabilizing environment (human opera-

tor) impedance for teleoperation systems. More specifically, we will introduce Edward

and Sinsky’s robust stability tool and will develop a 3-dimensional (3D) version of

the graphical technique applicable to teleoperation systems for a range of frequencies.

We will further use the technique to derive bounds on the operator or environment

impedances for the stability analysis of potentially unstable systems. We will also

introduce a new measure of robust stability which can produce results equivalent to

the proposed geometrical test. The new methodology provides mathematical and vi-

sual aids i) to analyze the stability of a teleoperator when connected to any unknown

environment or operator with known bounds, ii) to determine the bounds on envi-

ronment (operator)1 impedance that guarantee coupled stability, iii) to analyze the

stability of teleoperation systems, even when the environment (operator) impedance

is active, and iv) to design stable teleoperation control systems when such bounds

on the environment (operator) are known, although our method is more suitable for

analysis than synthesis. The strength of the new robust stability method is shown on

two benchmark control architectures.

1In this chapter, the focus is on environment impedance. However, the same argument can be
made for the operator.
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Figure 3.2: Impedance to scattering domain mapping.

3.3 Scattering Domain Absolute Stability and Po-

tential Instability

Passivity condition has been studied in Chapter 2. The passivity or PR condition for

Zin and Zout in equation (2.11) do not provide any easy analytical or graphical way

of deriving bounds on the operator and environment impedances for less conservative

stability conditions. As a remedy, scattering parameters, suggested in [45] and [131]

for communication and microwave systems are used in this thesis. Lemma 1 declares

the positive realness or passivity property for reflection coefficients.

Lemma 1 (Passivity in Scattering Domain) [45]: Assuming a PR impedance

Zp(jω) [p ≡ in, out, e, h], and using the impedance-to-scattering mappings in (2.12),

the RHP condition Re(Zp(jω)) ≥ 0, ∀ω ≥ 0 in the impedance complex plane trans-

forms into a passivity unit disk in the reflection coefficient complex plane Γp, that is

|Γp(jω)| ≤ 1, ∀ω ≥ 0, as shown in Figure 3.2.

Proof. Suppose Γp(jω) = Zp(jω)−b

Zp(jω)+b
:= α(ω) + β(ω)j, where α and β are real and

imaginary parts of Γp, respectively. Therefore, Re(Zp) = − b(α2+β2−1)
(α−1)2+β2 . Since b > 0, if
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we require Re(Zp) ≥ 0, the condition α2 + β2 ≤ 1 must hold; thus, |Γp| ≤ 1.

Using the above passivity or PR condition for linear reflection coefficients, absolute

stability can be expressed in terms of scattering parameters as follows.

Theorem 3. (Scattering-Based Absolute Stability) [45]:

A Master-Slave Network is absolutely stable if

1. Z11(s) and Z22(s) (diagonal elements of the impedance matrix Z) are PR.

2. |Γin(jω)| ≤ 1 (|Γout(jω)| ≤ 1), ∀ω ≥ 0, for any environment (operator) dynam-

ics satisfying the passivity conditions |Γe(jω)| ≤ 1 (|Γh(jω)| ≤ 1); otherwise,

the system is called potentially unstable.

Proof. The theorem can be proved by directly applying Lemma 1 to Theorem 1.

In order to graphically visualize the effect of the environment (operator) on abso-

lute stability and potential instability of MSN, the following new notions are defined.

Definition (Environment Stability Region): The set of all Γe that result in pas-

sive Γin, i.e. |Γin| ≤ 1, and thus coupled stability for all passive operator impedances.

Definition (Operator Stability Region): The set of all Γh that result in passive

Γout, i.e. |Γout| ≤ 1, and thus coupled stability for all passive environment impedances.

It is important to note that the environment (operator) stability region may con-

tain both active and passive environment (operator) impedances. In the case of abso-

lutely stable MSN, the environment (operator) stability region contains the passivity

unit circles |Γe| ≤ 1 (|Γh| ≤ 1). However, in potentially unstable MSN, only portions

of the environment (operator) passivity unit circles lie within the stability region in
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the Γe (Γh) plane. This overlap between the stability region and passivity unit disk

determines bounds on environment (operator) passive impedance within which the

entire system is stable for any passive operator (environment).

The environment (operator) stability region can be drawn in the Γe (Γh) plane

according to the following theorem.

Theorem 4. (Environment and Operator Stability Regions) [45, 131]:

The environment and operator stability regions are determined by environment and

operator stability circles for every frequency and they can be expressed in terms of

Γe and Γh as

1− |Γin|2 > 0 ⇔ (|Γe − ce|2 − r2
e)De > 0 (3.1)

1− |Γout|2 > 0 ⇔ (|Γh − ch|2 − r2
h)Dh > 0 (3.2)

where, the pairs (ce(jω) , re(ω)) and (ch(jω) , rh(ω)) denote the centres and the radii

of the environment and operator stability circles in the Γe and Γh planes, and

re(ω) =
|S12S21|
|De| , ce(jω) =

C∗
e

De

(3.3)

rh(ω) =
|S12S21|
|Dh| , ch(jω) =

C∗
h

Dh

(3.4)

Ce(jω) := S22 −∆S∗11 , De(jω) := |S22|2 − |∆|2 (3.5)

Ch(jω) := S11 −∆S∗22 , Dh(jω) := |S11|2 − |∆|2 (3.6)

∆(jω) := det(S) = S11S22 − S12S21. (3.7)

Here, the asterisk sign superscript denotes the complex conjugate operator. For

proof and detailed derivations, the reader is referred to [45] and [131]. According to

(3.1) and (3.2), depending on the sign of De and Dh, the environment and operator

stability regions fall outside (for positive values) or inside (for negative values) the



CHAPTER 3. BOUNDED–IMPEDANCE ABSOLUTE STABILITY 41

O

ce

re

A

1|| e

Environment  stability regions 

[outside (left) and inside (right) the stability circle ]

O

1||,0 eee rcD 1||,0 eee crD

ce

re

A

)Re( e

)Im( e

)Re( e

)Im( e

unit-circleunit-circle

}1||{ ine
Unit circle

Stability circle

Figure 3.3: Environment stability regions (|Γin| < 1) contain environment passivity
unit circle (|Γe| < 1) for absolutely stable systems; inspired by [131].

stability circles.

The following discussion graphically illustrates the absolute stability and potential

instability cases in the environment plane2 Γe for a single frequency, assuming that

the first condition of Theorem 3 is satisfied when Ze is passive.

1) Absolute Stability in Scattering Domain: As shown in Figure 3.3, in

order to have absolute stability, the environment stability region must contain the

environment passivity unit circle |Γe| = 1 in the Γe plane in its entirety. Alternatively,

the operator stability region must contain the operator passivity unit circle |Γh| = 1

in the Γh plane in its entirety. If De > 0, the environment stability region is outside

the environment stability circle |Γe− ce| = re with centre ce and radius re. Therefore,

for absolute stability, the passivity unit circle must stay outside the environment

stability circle. Geometrically, the distance between the plane centre O and point A

in Figure 3.3 is (OA) = |ce|−re. The non-overlapping condition of the circles requires

2A similar argument can be made in the operator plane Γh.
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that (OA) > 1, or, |ce| − re > 1. In a dual manner, if De < 0, the environment

stability region is inside the environment stability circle; therefore, the environment

passivity unit circle must lie within the environment stability circle. This requires

that (OA) = re−|ce| > 1, as shown in Figure 3.3. The above two stability conditions

for the environment can be combined into sign(De)(|ce|− re) > 1. The same analysis

can be performed for the operator side (e → h). As a result, the absolute stability

condition is [131]

µe(ω) := sign(De)(|ce| − re) > 1, or alternatively (3.8)

µh(ω) := sign(Dh)(|ch| − rh) > 1, (3.9)

which was first introduced by Edwards and Sinsky [45].

One limitation of our proposed method compared to the Llewellyn’s and SSV

methods is that our method can only be utilized when either the operator or the
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environment have nonlinear models. The latter can be applied when both the envi-

ronment and operator have nonlinear models.

2) Potential Instability in Scattering Domain: If the absolute stability con-

dition is not satisfied, that is µe < 1, only the portion of the environment passivity

unit circle that lies within the environment stability region will guarantee stability.

Figure 3.4 illustrates such a potentially unstable case, in which the environment pas-

sivity unit circle is partially overlapping with the environment stability circle. The

portion of the passivity unit circle that does not lie within the stability region corre-

sponds to that region of Ze which makes the system potentially unstable. Therefore,

this method demonstrates significant flexibility compared to Llewellyn’s method, as

we can still achieve robust stability for some range of environment impedances and

any passive operator if the system is potentially unstable. Similar analysis can be

performed for the operator side, while the environment is considered to display any

passive dynamics and some bounds on the operator impedance are known. In fact,

this method includes the advantages of those methods that consider environment

and operator impedances in stability analysis, such as Nyquist criterion and the ad-

vantages of those methods that consider only the MSN and not the dynamics of

environment and operator, such as MSN passivity or Llewellyn’s criterion.

Remark 2: It is important to note that, in addition to robust stability analysis,

another application of the above scattering-based method is in the design of teleoper-

ation control systems for guaranteed stability. As the stability circle parameter pairs

(ce , re) depend on the MSN dynamics, the MSN bilateral control architecture and its

control parameters can analytically be chosen to move the stability circle in a way to
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Figure 3.5: Robust stability analysis for the entire frequency range: (a) an absolutely
stable system, (b) an apparently potentially unstable system.

avoid the unit circles for De > 0 or to contain the unit circles for De < 0. Alterna-

tively, the effect of system parameters on stability circles can be studied numerically

one parameter at a time when other parameters are fixed.

3.3.1 Extended Graphical Representation of Scattering Based

Absolute Stability

The stability condition has been discussed for single frequency analysis as required

for microwave systems [45, 131]. Therefore, all figures, such as Figures 3.3 and 3.4,

show the stability regions for one frequency. In order to apply the method to bilateral

teleoperation control systems, we need to draw the stability circles for a large range

of frequencies. Therefore, by drawing such stability circles in a 2D plane we can easily

determine the overlap between the corresponding stability regions and the unit disk,

and thus the overall stability region across all frequencies.

Figures 3.5(a) and 3.5(b) show the two cases of absolute stability and potential
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instability when De < 0. For the potentially unstable case in Figure 3.5(b), the

circles overlap with the unit passivity disk within the frequency range ω > ωk. In

this and similar cases, the stability region does not include all passive environment

impedances. However, this shaded portion can still be a conservative stability region

as passive Γe(jω) can be inside the stability region corresponding to every frequency

in a frequency–dependent analysis. In other words, Γe(jω) appearing in the blank

portion can correspond to the frequency range ω < ωk, while moving to the shaded

portion as ω reaches ωk, without violating absolute stability. Therefore, the MSN

can be absolutely stable, although it appears to be potentially unstable from the

previously frequency independent or 2D analysis. This issue will be more clear in

Section 3.4.1, where it is shown how we can map the impedance Ze(jω) to Γe(jω) and

plot the impedance routes in conjunction with the proposed 3D analysis methodology.

In summary, a less conservative stability region can be achieved by looking at the

stability circles within a frequency–dependent plot, as shown in Figure 3.6 considering

the location of Γe(jω) as a curve which is a function of ω. Therefore, we propose the

use of an extended 3D graphical representation, in which the third axis is frequency.

In this case, instead of unit passivity circle we have Unit Passivity Cylinder and

instead of a stability circle, we have Stability Tunnel as shown in Figure 3.6 and

defined below.

Definition (Unit Passivity Cylinder): All passive environment reflection

coefficients for all frequencies lie inside a Unit Passivity Cylinder in the (Γe, ω) 3D

space.

Definition (Stability Tunnel): The stability volume in the (Γe, ω) 3D space

is inside, outside or partially inside a tunnel made of an infinite collection of stability
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circles for a range of frequencies.

Figure 3.5(b) can be interpreted as a top view of the 3D representation in Figure

3.6. In order for us to be able to see if a particular environment (operator) impedance

or a region of impedances lies within the stability region or tunnel, we have to map

Ze (Zh) into the Γe (Γh) plane in 2D or volume in 3D space. This will lead us to the

new notion of bounded–impedance absolute stability, which will be discussed in the

next section.

3.4 Bounded–Impedance Absolute Stability (BIAS)

As discussed previously, an absolutely stable teleoperation system coupled to any

passive operator and environment impedances is stable. The question that arises

is what happens if the teleoperation system is not absolutely stable, meaning that

Zin (Zout) is not passive for all passive environment impedances? Can we determine

stabilizing bounds on Ze (Zh) within which the stability of the teleoperation system

is guaranteed? To this end, in this thesis, we propose the new concept of Bounded–

Impedance Absolute Stability (BIAS).

Definition (Bounded–Impedance Absolute Stability [BIAS]): BIAS refers

to the passivity of Zin or Γin (Zout or Γout) for a range of environment (operator)

impedance Ze or Γe (Zh or Γh). In other words, BIAS refers to guaranteed coupled

system stability as long as environment (operator) impedance is limited within some

bounds, while connected to any passive operator (environment). When the impedance

violates such bounds, the system is potentially unstable, meaning that the stability of

the teleoperation system connected to an environment (operator) impedance within
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Figure 3.6: A 3D view of the stability circles of the potentially unstable case illus-
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that region is not guaranteed for any passive operator (environment) impedance.

It is important to note that if the environment (operator) impedance bounds are

known, these bounds can be mapped into the scattering domain using Γe = Ze−b
Ze+b

or

Γh = Zh−b
Zh+b

. The mapped bounds will be used in the stability analysis instead of the

unit circle, resulting in less conservative stability conditions. Next we will provide a

complete analysis of mapping a group of impedances with linear time-invariant (LTI)

models from the Ze to the Γe plane.

3.4.1 Mapping Ze (Zh) Bounds on Γe (Γh) Plane

In this subsection, rectangular regions of Ze(jω) will be transformed into circular

regions of Γe(jω) in the complex plane. Furthermore, for the first time, the concept of

the Smith Chart from microwave analysis and antenna design [138] will be introduced

into teleoperation to map any arbitrary region of the complex plane in which Ze(jω)
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might lie into the Γe plane. The same approach can be used for the operator’s hand

impedance. Therefore, this helps us investigate robust stability of potentially unstable

systems, while a priori knowledge of environment or operator impedance is available.

Environment Impedance Circles

Here, we demonstrate how to map the impedance of an LTI environment, that is

Ze(jω) = Be+jXe(ω),∀ω to its corresponding reflection parameter Γe(jω) = Γer(ω)+

jΓei(ω) in the 2D scattering domain for the entire range of frequencies. The terms

Be and Xe generally represent the dissipative (or equivalent damping) and complex

storage components of the environment, respectively. In the following, the stability

analysis will be employed when all stability circles are drawn in a 2D plane.

Using (2.12) and assuming b = 1 3, Ze can be expressed in terms of Γe as

Ze = Be + jXe =
1 + Γe

1− Γe

=
1 + Γer + jΓei

1− Γer − jΓei

(3.10)

or

Be =
1− Γ2

er − Γ2
ei

(1− Γer)2 + Γ2
ei

, (3.11)

Xe =
2Γei

(1− Γer)2 + Γ2
ei

, (3.12)

After rewriting (3.11) as [138]

(Γer − Be

Be + 1
)2 + Γ2

ei = (
1

Be + 1
)2 (3.13)

one notices that any vertical line in Ze representing an environment equivalent damp-

ing is mapped to an “impedance circle” in the Γe plane with center ce = Be/(Be + 1)

and radius re = 1/(Be + 1) [138]. As shown in the colored area of Figure 3.7, the

radii and the location of the centers of the impedance circles only depend on Be. By

3If b 6= 1, then both the numerator and denominator must be divided by b.
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increasing Be from zero to ∞ (large values), the impedance circle centers move hor-

izontally from the point (0, 0) to the point (1, 0), whereas the radius decreases from

1 to 0, respectively. Therefore, the larger the minimum environment damping, the

smaller the environment passive circles, and as a result the smaller the environment

stability region required to include the environment impedance circles. This intuitive

result from the 2D analysis also points to an important notion that only bounds on

damping are sufficient to determine whether the ensemble of environment impedance

circles within the bounds are inside the environment stability regions (see Section

3.7 for examples). If they are inside the stability regions, the robust stability of the

system is guaranteed while the system is potentially unstable. If they are not, a 3D

analysis as will be explained in below will help evaluate the robust stability of the

system against all passive operators.

Although an impedance circle is an ensemble of all points corresponding to the

location of a specific mapped impedance for all frequencies, there is one stability

circle corresponding to any frequency. Therefore, if an impedance circle intersects

an environment stability circle in a 2D (top) view, the frequency corresponding the

intersection point(s), may not correspond to the same frequency for which the cor-

responding stability circle is drawn; thus, no conclusion on stability can be drawn.

In such cases, a 3D analysis with frequency as the third axis can help distinguish

between the two frequencies.

As an alternate solution, in the next section, we will propose a new frequency-

dependent stability parameter (γe(jω)) which can determine the robust stability of

bilateral teleoperation control systems. A dual argument can be made for the opera-

tor’s arm damping, as well as for the geometrical relation between operator impedance
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Figure 3.7: Smith circles employed to map impedance bounds from impedance do-
main to scattering domain.

circles and the operator stability region.

As mentioned above, an LTI impedance Ze(jω) = Be + jXe(jω) with constant

damping which is a line in the impedance domain maps into a circle in the scattering

domain (in 2D or top view). As operational frequency changes, Xe(jω) changes and

the impedance moves up and down along the line. The question that arises is how

the reflection coefficient Γe moves on impedance circles for various frequencies. To

answer this questions, equation (3.12) can be reformatted as

(Γer − 1)2 + (Γei − 1

Xe

)2 = (
1

Xe

)2. (3.14)

The loci of Xe in the Γe plane are circles with the center (1, 1/Xe) and radius

1/Xe, as shown in Figure 3.7. The intersection of these circles with impedance circles

show the actual reflection coefficient at every single frequency. Figure 3.7 shows

the two sets of circles together. These circles, when drawn in the unit circle, are

called Smith circles, and can be found on Smith Charts [138]. Smith Charts were
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developed before the advent of the modern computers for the analysis of stability of

transmission lines and matching circuits, and it has primarily been used in microwave

and RF systems. In this thesis, we propose the use of the Smith Chart concept for

mapping the environment (operator) impedance to impedance circles to analyze the

stability of potentially unstable teleoperation systems.

Remark 3: For the special case of second-order mass-damper-spring models Ze(s) =

Mes + Be + Ke/s with mass Me and stiffness Ke, the storage component is Xe =

Meω − Ke/ω. Therefore, as frequency changes, the contribution of the mass and

stiffness will change the loci of the center and the radii of these vertically aligned

circles. If Me = 0 (also known as capacitive impedance), vertical circles exist only

in the bottom half of the plane and thus only the bottom half of the impedance

circles are considered for the environment impedance bound. In a dual manner, if

Ke = 0 and the environment is dominated by mass and damping properties, only the

upper-half circles will exist.

In the previous 2D analysis, the environment impedances are mapped to impedance

circles which are plotted on the same chart along with all stability circles for all fre-

quencies. In a 3D graphical analysis, Impedance Routes are obtained for which the

top view are the impedance circles.

Definition (Impedance Route): An impedance route is a curve in the 3D space

(Re(Γe), Im((Γe), ω) derived from the ensemble of all points corresponding to the

values of a reflection coefficient at all frequencies. A top view, removing the third

axis ω of the impedance route, is the previously defined impedance circle.

Figure 3.8 illustrates the impedance routes and circles for the two impedances

Ze1 = 1.5 + 10/s and Ze2 = 1.5 + 500/s. Note that impedances with an equal
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Figure 3.8: Illustration of the reflection coefficients of two impedances with similar
damping but different stiffness (Ke1 = 500 and Ke2 = 10) for 0 < ω <
1000rad/s.

damping result in the same impedance circle from a 2D view 3.8(b), but different

impedance routes 3.8(a).

3.5 Analysis Framework

In order to use the proposed graphical tool, the robust stability analysis method

is presented in the following algorithmic framework:

i) MSN Representation: Determine the scattering matrix S of the teleoperation MSN

using (2.8)-(2.10).

ii) 2D Analysis:

• Derive the radius and the center of the environment (operator) stability circle,

using (3.3).
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• Plot the environment (operator) stability circles for the defined range of fre-

quency in the Γe (Γh) plane and determine the stability region, that is the

intersection of all stability regions.

• If the stability region includes the entire environment (operator) passivity unit

disk, the MSN is absolutely stable.

• If the stability region includes only part of the passivity unit disk, map the

known environment (operator) impedance range into the Γe plane using the

Smith Chart or (3.13) and (3.14). Check whether the impedance circles in-

tersect with the stability region. If not, the system is BIAS for that range of

environment impedance.

• If the impedance circles intersect with the stability circles, the MSN can still be

BIAS depending on whether the overlap takes place at the same frequency or

not. This can be checked with a 3D analysis, where ω is considered as the third

axis. The 3D Analysis can be more effective and result in a larger environment

bound, since the intersection may have occurred at different frequencies while

the 2D analysis misleadingly shows an intersection.

iii) 3D Analysis:

• To maximize the range of environment impedance for a BIAS system, all sta-

bility circles are projected out and drawn as a stability tunnel in the 3D space

[Re(Γe), Im(Γe), ω] ([Re(Γh), Im(Γh), ω]) for the desired range of frequencies.

• Impedance routes for the known range of environment (operator) impedance

must be drawn in the same space, as discussed in Subsection 3.4.1.
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• If the impedance routes lie within the stability volume and do not intersect with

the stability tunnel, the system is BIAS for the known environment (operator)

impedance, although the 2D analysis might have not shown this result.

3.6 Equivalent Stability Parameter

A new stability measure is proposed as an alternative to the above 3D analysis,

which can be used to quantitatively examine for the maximum environment bounds

for BIAS. Although the stability parameter does not provide the visual advantages

of the 3D analysis in determining the stabilizing regions, its metric nature makes it

easy to work with.

The new stability parameter should include frequency ω and De so that the anal-

ysis is independent of the frequency and the sign of De. Therefore, considering (3.1)

and (3.2) for any particular environment coefficient Γe, we propose

γe(ω) = (|Γe(jω)− ce(jω)|2 − r2
e(ω))sign(De(ω)). (3.15)
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Therefore, if γe(ω) ≥ 0, then |Γin(ω)| ≤ 1 and the stability of the system is guaranteed

as long as the operator impedance is passive. Note that the environment impedance

Γe affects the proposed stability parameter γe as opposed to the Llewellyn’s stability

parameter η in Theorem 2, which is only a function of the MSN and the bilateral

controller parameters.

To check for the contribution of a region of environment impedance to a passive

Γin, one can examine γe(ω) in (3.15) for many points within the region for each

frequency. A computationally more efficient method to check for this contribution is

to find the closest point in that impedance region to the stability circle.

Figure 3.9 shows the environment impedance region which is mapped into the

brown (dark) crescent in the Γe plane. The distance (d(ω)) between the closest point

of this region to the stability circle (i.e. point N) and the stability circle can be

determined by the following equation

d(ω) =





Min(|Γe − ce|)− |re| De > 0

−[Max(|Γe − ce|)− |re|] De < 0.

If one of the these distances becomes negative, a portion of the environment bounds

lie inside the potentially unstable region. For consistency with (3.15), we propose to

examine the following robust stability parameter γe(ω) =




[Min(|Γe − ce|)2 − r2
e ]sign(De) De > 0

[Max(|Γe − ce|)2 − r2
e ]sign(De) De < 0

If γe(ω) > 0 ∀ω, then the system is robustly stable for the corresponding region of

environment impedance and for any passive operator. Similarly, the stability param-

eter γh(ω) can be defined and used for the operator impedance with known bounds,

while the environment is assumed to possess any passive dynamics.
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3.7 Geometric Implications of the New Method

versus Llewellyn’s Criterion

The robust stability of two benchmark teleoperation control architectures are now

analyzed using the proposed scattering-based method and Llewellyn’s criterion. The

stability conditions obtained using these two methods are compared.

3.7.1 Four-channel Bilateral Control Architecture

Consider the general block diagram of a four-channel bilateral teleoperation control

architecture as shown in Figure 2.3 with a negligible time delay Td, where Zm = 0.7s

and Zs = 0.5s are the master and slave mass models, Cm = 29.4 + 630/s and Cs =

1300+25000/s represent the master and slave position PD controllers, C1, ..., C4, are

remote compensators, and C5 and C6 are the master and slave local force feedback

controllers.

Transparency-Optimized Control (TOC): We consider that C1, ..., C6 are chosen ac-

cording to the transparency-optimized control (TOC) law C1 = Zs+Cs, C2 = 1+C6 =

1, C3 = 1 + C5 = 1 and C4 = −(Zm + Cm) for perfect transparency in the case of

negligible delays [85, 105]. As shown in [85] and illustrated in Figure 3.10(b), the

system with the TOC law is marginally absolutely stable as the stability parameter

of Llewellyn’s criterion is unity for all frequencies, that is η = 1, ∀ω ≥ 0.

In order to visualize the results of the new robust stability analysis method, we

have to calculate re(ω) and ce(ω) or alternatively rh(ω) and ch(ω) for all frequencies.

We note from [8] that for b = 1, S = diag(1,−1)[H − I][H + I]−1, where I is a

2 × 2 identity matrix, and also that for perfect transparency S11 = S22 = 0 and
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Figure 3.10: Stability analysis of the TOC with acceleration.

S12 = S21 = 1 must hold for all frequencies. Substituting the components of the ideal

S matrix in (3.3), we obtain ce = ch = 0, re = rh = 1 and Dh = De = −1 < 0 ∀ω.

This means that the environment and operator stability regions are identical to the

unit passivity disk. This implies marginal absolute stability, a result that was also

found from Llewellyn’s criterion, as shown in Figure 3.10.

Although in general there is no clear relationship between control performance

objectives and stability circles in this particular case or any fully transparent system,

it is possible to draw conclusions about the location and the size of the stability

circles. If a system is fully transparent, the transmitted impedance to the operator

is equal to the environment impedance. Therefore, all passive environment dynamics

Γe map to passive Γin. As a result the stability circle completely overlaps the unit

passivity circle and De < 0 (as seen for the above TOC example). However, if the

two circles completely overlap for a system, we cannot conclude whether the system

is transparent or not. This is because the mapping Γin(Γe) may not be point-by-point

true, that is Γin(ω) = Γe(ω). Therefore, the necessary (but not sufficient) condition
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Figure 3.11: Stability analysis of the TOC without acceleration.

for transparency is that the stability circle completely overlaps the unit passivity disk

and De < 0.

TOC without acceleration: Since acceleration is mostly found from double differen-

tiation of measured position, it is often noisy and unreliable. As a result, Lawrence

suggested the use of only remote position and velocity feedback, i.e. C1 = Cs and

C4 = −Cm, for transparency in a low to mid range of frequencies [105]. In such a

case, as shown in Figure 3.11(b), η < 1 for all frequencies; thus, the system is no

longer absolutely stable. The Llewellyn’s criterion does not provide any clear indi-

cation as for what range of environment (operator) impedances the system stability

is guaranteed, or whether or not there exists such a range of environment (operator)

impedances. However, the new method is capable of addressing these questions.

Figure 3.11(a) shows the environment stability circle for various frequencies, with

the outer unit circle for the small frequency ω = 0.001 ≈ 0 rad/s and the inner circle

for the large frequency ω = 1000 rad/sec. The maximum frequency ω = 1000 rad/s

is practically over the force–position bandwidth of any teleoperation system operated
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Figure 3.12: Environment impedance mapped into the Γe plane, plus the stability
circle for ω = 1000 rad/sec inside the unit passivity disk for TOC sys-
tem without acceleration feedback. 2D analysis or top view in the 3D
method.

by a human operator, including the one under study. Above this frequency, the energy

exchange between the MSN and any operator and environment becomes negligible.

In this case, De < 0 and since the stability circles for all frequencies do not encompass

the environment passivity unit circle, the system is potentially unstable. As a result,

there are some passive environment impedances that cause instability in the system.

This instability region is the dark area inside the environment unit circle. Another

important result from Figure 3.11(a) is that no active environment impedance can

guarantee stability robustness of the TOC architecture without acceleration for all

passive operators.

Stability Analysis with Environment Impedance Bounds : As discussed previously in

this section, the main advantage of the new robust stability analysis tool is that it

incorporates the effect of environment in the robust stability analysis, which makes

it very powerful for the in depth analysis of potentially unstable cases such as TOC

without acceleration. Figure 3.12 shows the environment passivity unit circle, the
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(a) 2D (top) view (b) 3D view

Figure 3.13: Stability analysis of a FP transparency optimized teleoperation system
without acceleration feedback terms.

stability circle for the roll-off frequency ω = 1000 rad/sec and the mapped environ-

ment impedance Ze = Be +Ke/s on the Γe plane for Be > 1.45 Nm/s which has been

shown by solid half circles.

Since the mapped Ze for the above range of damping lies within the stability circle,

the previous damper-spring environment guarantees system stability with any passive

operator for the frequency range 0 < ω < 1000 rad/sec, which is in fact larger than

the maximum bandwidth required from any teleoperation system. Comparing Figure

3.12 with the impedance circles in Figure 3.7 reveals that this system is stable for a

large group of mass-damper-spring environments with any mass and spring as long as

the environment damping is confined to Be > 1.45 Nm/s. It is important to note that

an increase in the system bandwidth or the roll–off frequency results in a reduction

in the smallest stability circle and thus an increase in the minimum required Be for

guaranteed stability, and vice-versa.
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3.7.2 Force-Position Bilateral Control Architecture

In the second example, consider a force-position (FP) two-channel control architecture

obtained by setting C3 = C4 = 0 in the four-channel TOC law without acceleration

when Cm = 0.1 + 6
s

and Cs = 1300 + 250
s

. Figure 3.13(a) shows the environment

passivity unit circle, the stability circles (2D analysis - top view) for various frequen-

cies, and the environment impedance Ze = 10 + 0.7/s mapped onto the Γe plane

(impedance circle).

As shown in the 2D analysis of Figure 3.13(a), the half-circle mapped environment

intersects the stability circles for small frequencies. As a result, the MSN is poten-

tially unstable, a conclusion which is also supported by Llewellyn’s criterion (see the

stability parameter in Figure 3.15(b)–top). Therefore, no conclusion with regard to

the stability or instability of the entire system for all passive operators can be drawn,

unless we examine the frequencies of intersections using the proposed 3D analysis.

Figure 3.13(b) shows the 3D graphical analysis of the above-mentioned FP system.

This figure shows that, in the (Γe, ω) space, the intersection does not happen at the
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Figure 3.15: Stability analysis of the FP bilateral control architecture without acceler-
ation feedback terms for the range of environment impedance (0 < Be <
10 Ns/m and 0 < Ke < 264 N/m) using the proposed method [(a) and
(b)-bottom] and using Llewellyn’s method for all passive environment
impedances [(b)-top].

same frequency and thus the system is stable, for the specific Ze and for all passive

operator impedance, for all frequencies.

Figure 3.14 shows the stability parameter γe for the FP bilateral control system

for our specific impedance Ze. The figure reveals that the system is stable with

Ze = 10 + 0.7/s for any passive operator impedance for the considered frequency

range; a result which was also achieved by the 3D geometrical analysis.

Using the 3D analysis we can also derive the maximum allowable range of varia-

tions for damping and stiffness of a damper-spring environment dynamic model for

which the system is robust stable. For this purpose, we plot the impedance routes and



CHAPTER 3. BOUNDED–IMPEDANCE ABSOLUTE STABILITY 63

examine whether such routes are included inside the stability volume. The analysis re-

veals that, for the FP architecture and a specific frequency range 0 < ω < ω, different

ranges of damping variations Be1 < Be < Be2 result in different stabilizing stiffness

ranges Ke1 < Ke < Ke2. For instance, if we assume that the damping varies in the

range 0 < Be < 10 N.s/m, the range of stabilizing environment stiffness becomes

0 < Ke < 264 N/m, for 0 < ω < 1000 rad/sec. The stability tunnel and impedance

routes, shown in Figure 3.15(a), indicate that for the frequency ω ≈ 330 rad/sec, the

impedance route for Be = 0 and Ke = 264 becomes tangent to the stability tunnel,

while it is inside the stability tunnel for lower and higher frequencies. Therefore,

increasing the stiffness to over 264 N/m makes the system potentially unstable.

The robust stability of the FP architecture for the discussed range of variations

can also be examined using the proposed robust stability parameter γe as shown in

Figure 3.15(b)–bottom, which leads us to the same conclusion. The robust stability

parameter becomes zero at ω ≈ 330 rad/sec, which is due to the effect of impedance

Ze when Be = 0 and Ke = 264 N/m, and it becomes negative at the same frequency

for Ke > 264 N/m.

3.8 Summary

In this chapter, a powerful robust stability analysis and design tool from microwave

and communication systems has been introduced and further developed for teleop-

eration systems. The methodology uses scattering variables and matrix to convert

operator, environment, and transmitted impedances to reflection coefficients, so as to

tackle the issue of passivity and absolute stability in the scattering domain.

Unlike the pure numerical nature of the Llewellyn’s criterion, the resulting method
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provides a visual aid to discuss absolute stability or potential instability of master-

slave networks. However, it allows for nonlinear dynamics for only one termination.

In the case of potential instability, the proposed methodology incorporates bounds

on linear environment (operator) impedance for guaranteed stability conditions for

all passive operators (environments). The extension of the visual approach to 3D or

the use of the newly proposed stability parameter, tend to maximize the size of the

environment (operator) region or bound. Using the new method, we can also discuss

robust stability of the system in conjunction with any passive operator (environment)

when the environment (operator) is active.

In the case of environments with linear mass-damper-spring models, it has been

shown that a quick analysis of stability robustness can be performed when only bounds

on the environment damping are known, regardless of the environment mass and

spring. The proposed method and the Llewellyn’s criterion are numerically evaluated

and compared for four-channel and force-position two-channel teleoperation control

architectures. The new method has been utilized to obtain bounds on the environment

damping and stiffness for coupled stability for a reasonably large range of roll–off

frequencies.



Chapter 4

Effect of Operator Dynamics on

the Stability of Teleoperation

Systems

4.1 Overview

In the previous chapter, we introduced a method for the analysis of stability of tele-

operation systems connected to any passive operator while it integrated the range of

environment impedance. In this chapter, we will study the effect of human opera-

tor dynamics on the coupled stability by incorporating the operator dynamics in the

master-slave network. We will analytically prove and graphically show that for any

potentially unstable control architecture, as the operator minimum damping grows,

the teleoperation system can stably tolerate a larger range of variations in the en-

vironment impedance parameters. More importantly, we will demonstrate how the

65



CHAPTER 4. EFFECT OF OPERATOR DYNAMICS 66

proposed coupled stability analysis method can be utilized to design stabilizing con-

trollers for enhanced transparency, given a priori knowledge or online estimate of

human operator damping.

4.2 Introduction

In order to achieve robustness in coupled stability against wide range of operators and

environment dynamics, bilateral controllers are designed for the class of all passive

operators and environments. The latter condition is natural to assume as almost all

environments are made of passive objects. On the other hand, despite active neuro-

muscular feedback control [90], the human arm is argued to display passive dynamics

as it maintains stable contact with any strictly passive object [32]. Passivity-based

methods have been applied to the network representation of teleoperation systems,

consisting of the master-slave two-port network (MSN) models coupled with the one-

port network models of the environment and the operator dynamics. Passivity of

MSN has been known as a sufficient condition for stability of the MSN coupled to

any passive operator and environment [127, 140]; thus, robust stability.

The passivity requirement for MSN is unnecessarily restrictive. Less conserva-

tive conditions based on the structured singular value (SSV) [29], Integral Quadratic

Constraints (IQC) formulation [137], Llewellyn’s absolute stability criterion from cir-

cuit theory [85, 5], and more recently scattering-based absolute stability criterion [71]

have been introduced. The effect of sampling on absolute stability using small gain

theorem has been analyzed in [95]. These methods guarantee the passivity of the

one-port network resulting from the termination of the MSN with any passive envi-

ronment. This means that even an active MSN may maintain coupled stability to
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any passive operator, as long as the impedance perceived by the operator is passive

for any passive environment.

Absolute stability criteria are also restrictive in the sense that they assume un-

bounded range of variations for the environment or operator passive impedances in

the complex plane. Human operator’s impedance, in a multi-joint postural task, has

been a topic of research initially for the study of the effect of central nervous system

in controlling the impedance of the human arm to achieve a desired posture [118] and

for the investigation of the relationship between dynamic components of the human

arm and postural impedance [44]. Several studies has confirmed that human limb’s

impedance can be modified voluntarily over a limited range of variations, as examined

and specified in [90, 118, 166, 163]. It has been shown that these ranges of variations

are different for various types of human limbs for different bodies at various ages [20].

Also, environment dynamics, although unknown, vary from soft to hard impedances

within a bounded range of variations for different contacts [136, 161]. Therefore, by

including these bounds, rather than considering the entire possible range of varia-

tions, one can achieve a controller with less conservative stability condition for an

enhanced performance trade-off.

The effect of bounded operator and/or environment impedances on the stabil-

ity of teleoperation systems has been studied using the Llewellyn’s criterion and its

variations as discussed in Chapter 2.

Other methods have been proposed to derive a range of environment impedance for

coupled stability with any passive operator. As a pioneering effort for deriving coupled

stability condition for haptic simulation systems, Colgate and Schenkel studied the

passivity of sampled-data systems comprising a continuous time plant or the haptic
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device and a discrete time controller [34]. They determined a lower bound on the

inherent damping of the haptic device as a function of the sampling time and the

virtual environment impedance. Environment bounds for different types of sampling

models and kinematic data sampled have also been studied [72, 56]. For teleoperation

systems, Haddadi et al. [71] proposed Bounded-Impedance Absolute Stability (BIAS),

a method for less conservative coupled stability condition for any passive operator

considering the range of variations for the linear environment impedance, discussed

in previous chapter. More recently, Willaert et al. proposed a method for the analysis

and design of passive controllers for a position-force teleoperation system when the

environment impedance is restricted within some bounds [174].

To obtain a range of operator impedance for coupled stability, Hulin et al. [92]

used Routh-Hurwitz criterion to derive stability boundaries for a linear-time-invariant

(LTI) model of haptic simulation systems in interaction with an LTI model of human

operator. This method can only be used to determine the range of fixed parameters

for operator impedances; as such, it has limited applicability to haptic interaction

with operators displaying time or position dependent impedances. Buerger et al.

[20] relaxed the passivity condition by modeling the operator’s impedance with a

nominal dynamic model and an additive uncertainty and analyzed system stability

using small gain theorem. Cavusoglu et al. [22] used multiplicative uncertainty for

both the operator and the environment. Small gain based methods using H∞ [20, 22]

are mainly utilized numerically for the design of stabilizing controllers. As analysis

tools, when the system is not stable for a range of environment or/and operator

dynamics, these methods cannot determine an alternate range for stability without

performing another run of the analysis.
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In this chapter, we propose a less conservative stability criterion based on the

BIAS method [71]. We assume that the human operator can be of any nonlinear

dynamics as long as linear damping can be extracted from such dynamics and provide

appropriate conditions to keep the residue passive. The environment impedance can

also be modeled by any linear impedance of any order, including the mass-damper-

spring models. We will analytically prove that for any potentially unstable control

architecture, as the operator minimum damping grows, the teleoperation system can

tolerate a larger range of variations for the environment impedance dynamics while

remaining stable. We will provide mathematical relations for the enlarged stability

margins and verify our theoretical claims for different control architectures. More

importantly, we will further demonstrate how the proposed criteria can be used as a

design tool to tune the bilateral control parameters for enhanced transparency trade-

offs, given the knowledge on the amount of damping that an operator displays.

4.3 Effect of Human Operator on System Stability

In the previous chapter, we introduced the BIAS method, which provides mathemat-

ical and visual aids to analyze robust stability of teleoperation systems against all

passive operator dynamics, considering the bounds on the environment impedance. In

this section, we use BIAS and propose a less conservative method which incorporates

the bounds of operator hand dynamics, leading to design of teleoperation systems

with better performance. The proposed method is intended to be applicable to the

large class of passive operator dynamics which will be discussed next.
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4.3.1 Human Operator Dynamics

The passive dynamics of an operator’s arm is presented by the general relation in this

thesis as follows

Fh = Fh
∗ −G(Qh, Q̇h, Q̈h), (4.1)

where Fh denotes the forces or joint torques, Fh
∗ denotes the operator’s exogenous

input, Qh represents the position or joint angles, Q̇h the velocity, dQ̇h the acceler-

ation, and G(Qh, Q̇h, Q̈h) represents the inertial and viscoelastic properties of the

human arm or joint, and can be any linear or nonlinear passive dynamic function of

the Qh, Q̇h, and Q̈h .

Dynamic modeling of human arm viscoelastic properties dates back to the studies

on nonlinear biomechanics of human body [55, 175]. Gielen and Houk [55] showed that

viscosity of the human wrist impedance is not linear, but instead depends on a low

fractional power of velocity. Venture et al. [166] showed that the torque generated by

the human elbow joint can be modeled by a summation of different nonlinear elasticity

functions for the biceps brachii, triceps brachii, brachialis, and brachioradialis, and a

nonlinear viscosity for the joint. Dolan et al. [44] however, showed that the nonlinear

velocity-based terms in a human arm impedance are Coriolis and centrifugal terms

and experimentally evaluated to be negligible, and thus, the viscosity can be modeled

by a linear damping as the effect of co-activated antagonist muscles.

Many researchers in human-machine interfaces have also proposed simple linear

dynamic models that capture the apparent dynamic behavior of human arm in inter-

action with robotic manipulators for various applications. A widely utilized model of

the human arm impedance is the linear mass-spring-damper system for the human

arm or joints in different postures [118, 163, 61, 162, 164, 165, 117, 10]. Other linear
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transfer functions that have been proposed are the five-parameter lumped model for

the human arm and hand impedance consisting of a mass confined within two sets of

springs and dampers [157, 53].

The parametric models of the viscoelastic human arms or joints, that is G, can

be categorized within the following main groups

(i) Nonlinear models: G = Φ(Qh, Q̇h, Q̈h).

(ii) Nonlinear viscoelastic function plus a linear damping: G = Φ(Qh, Q̇h) + BQ̇h.

(iii) Linear spring-mass-damper G = MQ̈h + BQ̇h + KQh.

(iv) Linear transfer functions, such as G(s) =
∑3

k=0 aksk

∑3
k=1 bksk for single dimension.

4.3.2 Minimum Available Damping of the Human Operator’s

Impedance and Its Estimation

In this section, we show how minimum available linear damping, if exists, can be

extracted from the operator’s dynamics such that the rest of dynamics remains pas-

sive. The minimum available linear damping will be shown to increase the stability

margins of a teleoperation system. This property will be later used to enhance the

performance of teleoperation systems while guaranteeing stability.

For the general nonlinear function G = Φ(Qh, Q̇h, Q̈h) in group (i), one can use

Taylor expansions in order to linearize the model around its operating points such that

a linear damping appears in the model. This linear damping already exists for the

group models in (ii). For both cases we have to assure the passivity of the remaining

dynamics, when we extract a minimum available damping P from the model. This

can be achieved using the definition of passivity. If a linear damping is taken out of
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the viscoelastic model, in order for the remaining function to be passive, the total

energy consumption by the remaining (new) system during any period T must be

positive, that is
∫

T

(FT
h Q̇h − P|Q̇h|2) dt ≥ 0. (4.2)

Therefore, during an experiment a constant P can be estimated within the following

range

0 ≤ P ≤ W∫
T
|Q̇h|2 dt

(4.3)

where W =
∫

T
FT

h Q̇h dt is the total energy consumption by the operator during an

experiment in a period of T . This relation can be implemented in discrete time for

sampled data systems similar to the passivity observer in [140, 11]. If the operator

releases the master/joystick, this value is clamped to zero as long as the master is

not grasped.

Although, the suggested method is valid for all linear and nonlinear models, there

are simpler ways to estimate P for linear models. For linear mass-spring-damper

models in group (iii), the amount of linear damping, as well as the stiffness and mass,

can be estimated in different postures. A study by Tsuji et al. [163] has shown that

M, B, and K are variable depending on the posture of the operator’s arm. They

experimentally estimated the impedance parameters of four different subjects in var-

ious postures, by applying offline least squares to the observed arm displacements

resulting from the application of external disturbance forces. The minimum available

damping P can then be considered as the smallest damping estimated for all pos-

tures. For linear transfer functions in group (iv), a constant linear damping P can be

analytically extracted from the model, G(s) = PI + Gh(s), as long as the remaining
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Figure 4.1: Minimum inherent damping P combined with the MSN to generate an
absolutely stable or BIAS system.

dynamics Gh(s) remains passive. The passivity of Gh(s) can be studied using the

positive realness of the transfer function, that is (Gh(jω) + Gh(−jω)) ≥ 0.

4.4 Effect of Operator Dynamics on ESR

Figure 4.1 shows a teleoperation system in which a potentially unstable MSN is

connected to an operator which can provide a minimum available damping P . The

stability robustness of this system can be analyzed by applying the scattering domain

method to the new master-slave network MSN+P created from absorbing P into the

MSN. In this case, the questions that arise are 1) how does the ESR of MSN+P

compare to the ESR of MSN?, 2) If the size of the region increases, does MSN+P

become stable for all passive environment impedances?, and 3) What changes can be

made to the bilateral controller to make the system remain stable and obtain a better

trade-off between stability and performance?
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4.4.1 Operator Affected Environment Stability Region (OA-

ESR)

To answer these questions we need to find the environment stability region for MSN+P.

Therefore, we define and analytically derive a new set of stability circles, called oper-

ator affected environment stability (OA-ES) circles.

Theorem 5. (Operator Affected Environment Stability (OA-ES) Circle):

The ESR of an MSN connected to an operator minimum damping P , or the set of

environment impedances satisfying {Ze | |<(Zin)| > −P}, can be represented as the

interior or the exterior of a stability circle in the scattering domain Γe plane, called

OA-ES circle. The radius rhe(ω) and the centre che(jω) of the circle can be derived

from

rhe(ω) :=
|S12S21|
|Dhe| , che(jω) :=

C∗
he

Dhe

, (4.4)

where

Che(jω) = S22(1 + P)−∆S∗11(1− P)− P(∆ + S∗11S22)), (4.5)

Dhe(ω) = |S22|2(1 + P)− |∆|2(1− P)− 2P<(∆S∗22), (4.6)

and ∆ = det(S) has been defined in (3.7). If Dhe < 0 (called theH− case), the OA-ES

region (OA-ESR) is inside stability circles and if Dhe > 0 (called the H+ case), the

OA-ESR is outside.

Proof. For proof, please refer to Appendix A.

If the minimum extractable linear damping of an operator’s hand is negligible

(P = 0), that is when the operator loosens up or releases the hand controller, the

operator does not have any effect on the environment stability circles, and as a result
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(4.4)-(4.6) lends themselves to (3.3)-(3.7). As it is clear from (4.4)-(4.6), the inclusion

of the operator damping changes the location of the center and the radius of the

stability circles depending on the MSN control architectures and parameters.

4.4.2 Operator Damping Enlarges ESR

In this subsection, we analytically prove that the minimum inherent damping of the

human operator impedance, i.e. P , enlarges the ESR, regardless of the bilateral con-

trol architecture. Furthermore, the analysis provides means to extract the minimum

operator damping required for coupled stability for any desired range of active and/or

passive environments, a condition that cannot be obtained from Llewellyn’s criterion.

Theorem 6. (Enlarged OA-ESR): In a teleoperation system, the minimum linear

damping of operators’ arms enlarges the stability region, regardless of the control

architecture.

Proof. As shown earlier, the radii of the OA-ES circles can be shown by rhe = |S12S21|
|Dhe| ,

where Dhe is defined in (4.6). Comparing Dhe with De in (3.5) yields

Dhe = De + P(|S22|2 + |∆|2 −∆S∗22 + ∆∗S22).

After replacing for ∆ with (S11S22 − S12S21), ∆∗ with (S∗11S
∗
22 − S∗12S

∗
21) and |∆|2

with ∆∆∗ = |S11|2|S22|2 − S11S22S
∗
12S

∗
21 − S∗11S

∗
22S12S21, and applying mathematical



CHAPTER 4. EFFECT OF OPERATOR DYNAMICS 76

simplifications, we obtain

Dhe = De + P [|S22|2(1 + |S11|2 + S11 + S∗11) (4.7)

−S∗12S
∗
21S22(S11 + 1)− S12S21S

∗
22(S

∗
11 + 1)] (4.8)

= De + P [S12S21 − S22(S11 + 1)]× (4.9)

[S∗12S
∗
21 − S∗22(S

∗
11 + 1)] (4.10)

= De + P|S12S21 − S22(S11 + 1)|2 (4.11)

Therefore, as long as Dhe < 0, a positive P decreases |Dhe| and thus increases

rhe = |S12S21|
|Dhe| , implying a larger stability region inside the stability circle. When

Dhe > 0, a positive P increases |Dhe| and thus decreases rhe, which makes the stability

region larger outside the stability circle. Therefore, the stability region grows with a

positive P in either case.

If the enlarged ESR includes the environment passivity unit disk, MSN+P be-

comes absolutely stable, even though MSN is potentially unstable. If MSN+P is still

potentially unstable, we need to map the Ze on to the Γe plane to verify if the Ze

region is inside or outside the OA-ESR. In this case, the complement of the OA-ESR

is the potentially unstable region. Such potentially unstable region is the set of all

environment impedances that may result in instability, while there may still exist an

operator, with higher damping, which can make the system stable.

It is important to note that the added stability margin resulting from operator’s

impedance adjustment or injected damping at the master, especially in the cases of

hard environment contacts, has been experimentally validated and discussed in the

literature [79, 92]. Here, we have provided a mathematical proof of the increased
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Figure 4.2: Block diagram of a four-channel bilateral control system.

margin. We will later show that how the increased stability margins can be used for

enhanced transparency trade-off.

4.5 Analysis of OA-ESR: Case Study

In this section, we evaluate the enlarged ESR and the stability margins for a four-

channel control architecture with parameters chosen for transparency.

4.5.1 Transparency Optimized Control Law (TOC)

Consider the four-channel teleoperation control architecture in Figure 4.2 in which

Zm and Zs represent the dynamics of the master and slave, Cm and Cs the local

position controllers, C5 and C6 the local force controllers, and C1, ..., C4 the remote

compensators, respectively. Here we assume that C1, ..., C6 are chosen according
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to the transparency-optimized control (TOC) law C1 = Zs + Cs, C2 = 1 + C6 =

1, C3 = 1 + C5 = 1, C4 = −(Zm + Cm) and (C2, C3) 6= (0, 0), which provides perfect

transparency in the case of negligible delays [85, 105].

As shown in [85], the MSN of the TOC system is marginally absolutely stable as

the stability parameter of the Llewellyn’s criterion is unity for all frequencies. For

this system S11 = S22 = 0, S12 = S21 = 1, and therefore from (3.3)-(3.7), re(ω)=1,

ce(ω) = 0 and De = −1 < 0. This means that the environment stability circle is

tangent to the environment passivity unit circle at all frequencies and all “passive”

environment impedances lie inside the stability circle implying marginal absolute

stability of the MSN.
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Effect of Operator Damping on the Coupled Stability Robustness of TOC

If we substitute for the S-parameters of the TOC law into equations (4.4)-(4.6), the

OA-ES circle and region for the ideal four-channel controller is then characterized by

rhe =
1

|P − 1| , che =
P

P − 1
, Dhe = P − 1 (4.12)

Therefore, the stability circles depend only on the operator damping P , not the

controller parameters or the frequency. This can be argued intuitively as the TOC

tends to remove the dynamics of the MSN and render it transparent. Figure 4.3 shows

the effect of the various operator damping P values on the stability region using (4.12)

for OA-ES circles. As it can be seen for each P , there exists a unique stability circle

for the entire range of frequencies. In addition, since ||che| − re| = | P
|P−1| − 1

|P−1| | = 1,

the stability circles for various P values are tangent to the unit passivity circle at the

point (1, 0).

If the operator’s minimum damping increases from zero to 1, i.e. P : 0 → 1, the

radius of the stability circles varies from 1 to ∞ and the centre moves on the real-axis

from (0, 0) to (−∞, 0), while Dhe < 0. As a result, OA-ESR, inside the environment

stability circle, grows by increasing P . If the operator minimum damping increases

from 1 to ∞, i.e. P : 1 →∞, the radius of the stability circles varies from ∞ to zero

and the centre move from (+∞, 0) to (1, 0), while Dhe > 0. Therefore, the OA-ESR,

outside the environment stability circle, still grows by increasing P . This analysis

shows that the OA-ESR starts from the environment passivity unit disk (all passive

environments), when P = 0 and grows to the entire environment plane (all passive

and active environments) as P → ∞.

In the following we will show that Llwellyn’s criterion is of limited scope compared

to the proposed method and can only provide limited conclusions. Considering H =
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[hii] and Hp = [hiip], i = 1, 2 as the hybrid matrices for the two-port networks MSN

and MSN+P, respectively, the following general relationship between the matrices

can be obtained

Hp = H +



P 0

0 0


 (4.13)

As a result, the added minimum damping can only change h11. Since for the four-

channel TOC law h22 = 0, h22p = 0; hence, the Llewellyn’s stability parameter for

MSN+P derived from

ηp = −<(h12ph21p)

|h12ph21p| + 2
<(h11p)<(h22p)

|h12ph21p| = −<(h12h21)

|h12h21| = 1

remains unity and independent of P for all frequencies. This can be explained by

the fact that stability circles always remain tangent to the unit passivity circles,

although the size of the circles change. While the Llewellyn’s method proves absolute

stability of MSN+P for all P , it does not discuss about coupled stability for active

environments.

TOC Law and No Acceleration

Since acceleration is often found from double differentiation of the measured position,

it is mostly noisy and unreliable. Therefore, in practice only the remote position and

velocity are used for transparency in low to mid range of frequencies [105], that is

i.e. C1 = Cs and C4 = −Cm. In this case the OA-ESR depends on the master and

slave as well as the control parameters, which we consider them to be Zm = 0.7s and

Zs = 0.5s, Cm = 29.4 + 630/s and Cs = 1, 300 + 25, 000/s, and C5 = C6 = 0.

For this system, the Llewellyn’s stability parameter is less than unity for 0.001 <
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small non-overlapping regions with the environment passivity unit circle
around the point (1, 0j), which renders MSN+P potentially unstable.

ω < 1000 rad/s, pointing at a potentially unstable system [71]. The maximum fre-

quency ω = 1000 rad/s is virtually far beyond the force/position bandwidth of any

practical teleoperation system. Above this frequency, the energy exchange between

the MSN and any operator and environment becomes negligible. The smallest sta-

bility circle and therefore the smallest ESR for the frequency range 0.001 < ω <

1000 rad/s belongs to ω = 1000 rad/s, while De < 0. As described in [71] in detail,

the class of mass-damper-spring environment impedances with any mass and stiffness

and Be > 1.45 Nm/s defines a disk that can tightly fit inside the above environment

stability circle, resulting in a BIAS system. The environment stability circle and the

mapped class of mass-damper-spring impedances with Be = 1.45, which are identical,

have been drawn on Figure 4.4 and marked with P = 0.



CHAPTER 4. EFFECT OF OPERATOR DYNAMICS 82

−3 −2 −1 0 1 2 3
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

ℜ (Γ
e
)

ℑ
(Γ

e)
0.95 1

−0.25

0.05

D
e
<0

D
e
>0

Unit
Circle

(a)

−3 −2 −1 0 1 2 3
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

ℜ (Γ
e
)

ℑ
(Γ

e)

0.95 1

−0.25

0.05

D
e
<0

D
e
>0

Unit
Circle

(b)

Figure 4.5: Stability of the P-P controller when P = 0 for Kc = 1 (a) and Kc = 39.68
(b). The system becomes absolutely stable with P = 0.1 when Kc = 1
and with P = 267, when Kc = 39.68.

Effect of Operator Damping on Coupled Stability of TOC without Accel-

eration

The proposed operator-affected scattering based stability analysis provides clear in-

dication as for what range of environment impedance the system stability is guaran-

teed for a specific operator’s impedance, or whether or not such range of environment

impedance exists. Using (4.4)-(4.6, the radius and the centre of the smallest OA-ES
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circle for the above system for the frequency range 0 < ω < 1000 are obtained as

che =
P − 1.4841 + 0.1335j

P − 2.5317
, rhe =

1.0563

|P − 2.5317| . (4.14)

These parameters are functions of P , and define a series of smallest OA-ES circles

that are shown in Figure 4.4 as P increases from zero to infinity. The oblique line

illustrates the line connecting the centres of the circles marked by “x” signs. Using

the real and imaginary values of che in (4.14), that is x = <(che) = P−1.4841
P−2.5317

, and

y = =(che) = 0.1335
P−2.5317

, it can be shown that the centres of the circles for various

values of P are located on the line

y = 0.1274(x− 1) (4.15)

This shows that the OA-ES circles are not aligned with the environment passivity

unit circle.

As P increases from 0, the circles become larger and larger until at P0 = 2.5317,

the radius of the circle grows infinity large such that the circle becomes a line perpen-

dicular to the oblique line. For this interval, i.e. 0 < P < P0, the radius of the worst

stability circle increases, while Dhe remains negative, resulting in a larger stability

region. As P further increases the radius of the circles decreases until for very large

P , the circle becomes the point (1, 0j). For this interval, i.e. P > P0, the radius of

the worst OA-ES circle deceases while Dhe is positive resulting in increasingly larger

stability region.

The above analysis shows that the OA-ESR increases monotonically as P increases

and from Figure 4.4 it looks like that they also include the environment unit disk for

P > 2. However, a closer look shows that since the OA-ES circles and the environment

passivity unit circle are not aligned, they do not fully overlap for any finite P . The

non-overlap region is concentrated around the point (1, 0j). Therefore, contrary to
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the conclusion drawn in [70], the four-channel architecture with TOC law and no

acceleration is potentially unstable for all values of P > 0.

If one decides to rotate the oblique line in Figure 4.4, connecting the OA-ES circle

centres, into a horizontal line to make the MSN+P absolutely stable for P > 2, one

must increase the parameters of the local controllers Cm or Cs to ∞. For instance,

increasing the derivative coefficient of the PD controller Cm by a factor of 1000, i.e.

Cm = 29, 400 + 630/s, results in a line with a slope 24 times smaller than that of the

previous case (≈ 0.0065). However, a infinite norm of |Cm| or |Cs| is not possible for

any practical system and hence a TOC system without acceleration cannot become

absolutely stable regardless of the value of its controller parameters.

4.6 Control Design for Enhanced Performance

In this section, we demonstrate how the proposed coupled stability analysis method,

that includes operator linear damping, can lead to control parameters for improved

transparency. As shown previously, the incorporation of an operator’s minimum

damping results in an enlarged ESR. If the control parameters are modified for im-

proved transparency, it is natural to expect the stability margin or ESR to shrink due

to the existing trade-off between stability and performance. The idea is to adjust the

control parameters as long as the enlarged OA-ESR still includes the environment

passivity unit up disk, or includes the range of environments of interest in the case

of potentially unstable OA-ESR.

Consider a position-position (P-P) control architecture with the TOC law without

acceleration obtained by removing the force channels from the four-channel architec-

ture in Figure 4.2, that is by setting C2 = C3 = 0 while C1 = Cs and C4 = −Cm. For
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the P-P architecture to be transparent, the transparency ratio [51]

Zin

Ze

=
CsCm

Zcs(Zcs + Ze)
(4.16)

must be close to unity (zero dB magnitude and phase). For low frequencies, trans-

parency requires
Zin

Ze

|ω→0 =
km

ks + ke

≈ 1. (4.17)

In other words kinesthetic performance is achieved if km = ks + ke or km = ks À ke,

where km, ks, and ke are the stiffness of the master controller, the slave controller,

and the environment. The first choice requires reflection of the environment stiffness,

which has been proposed in [83]. This method requires fast online identification of

the environment stiffness. To discuss absolute stability of such adaptive bilateral

controller under certainty equivalent condition, the teleoperation system dynamics

must be reformulated such that the resulting new MSN, that is the dynamics between

operator and environment, is free from reflected environment impedance. The second

choice of the controllers requires tight PD controllers at both the master and the slave

which is the focus of our work.

For the teleoperation system discussed in Section 4.5.1, the local PD controllers

are Cm = Bm + km/s = 29.4 + 630/s and Cs = Bs + ks/s = 300 + 25, 000/s. For

enhanced transparency we modify the master controller by setting bm = 29.4
√

Kc

and km = 630Kc to maintain a fixed damping ratio at the master, where Kc is a

tuning parameter that controls the trade-off between stability and performance. For

Kc = 25000/630 = 39.68, km = ks = 25, 000. Therefore, we consider Kc ∈ [1 39.68].

Figures 4.5(a) and 4.5(b) show the ESR for the extreme values Kc = 1 and Kc = 39.68,

respectively. As it is clear, the MSN of both controllers are potentially unstable. For

Kc = 1, the stability region is the largest with the worst transparency ratio of about
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≈ −73.7 dB at low frequencies. For Kc = 39.68, the best kinesthetic performance,

both in terms of magnitude and bandwidth, is achieved at the expense of the smallest

stability region.

Using the proposed coupled stability analysis method, we show the effect of opera-

tor damping on the environment stability region, when holding the master robot. We

use equations (4.4)-(4.6) in order to numerically evaluate the stability circles for vari-

ous operator impedances providing different minimum available damping P , starting

from P = 0 that is the case when the operator releases the master/joystick. As the

operator grasps the hand controller P > 0, the OA-ESR enlarges to include the envi-

ronment passivity unit disk or absolute stability of MSN+P. For each P the value of

Kc is increased until we numerically calculate the maximum Kc for which the system

remains absolutely stable, i.e. the stability circles include the entire unit passivity

disk. The results, reported in Figure 4.6, shows that for a more damped operator

impedance, we can increase the controller gain and achieve a better performance. As

an alternative to the graphical evaluation for an automated analysis, the stability

parameter µe in (3.8) can be evaluated, for various controller gains Kc for each P to

achieve the maximum gain not violating stability. In this case, the parameters re and
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ce are replaced with rhe and che from (4.4)-(4.6).

Figure 4.7 shows the transparency ratio for various values of Kc. This figure

and Figure 4.6, that show the maximum stabilizing controller gain Kc for a given

operator damping P , can be used to obtain optimum performance versus robust

stability. For P = 0.1, Kc = 1 is the maximum gain providing stability for the all

passive environment impedances, while the transparency ratio is very low≈ −73.7 dB.

If the operator provides the minimum damping P = 268, transparency is achieved

for low frequency when the controller gain is set to Kc = 39.68, while stability is

guaranteed for the entire range of passive environments. This procedure can be used

as a design guideline in choosing a suitable control gain Kc for an optimum trade-

off between transparency and coupled stability when information on the minimum

operator damping is available. In applications where an online estimation of operator

damping is available, the control gain can be updated in real time to achieve the

optimum performance at each time.
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4.7 Summary

In this chapter, we have analytically studied the effect of operator’s impedance on

the stability of teleoperation systems and on the region of environments for which the

coupled system remains stable. To this purpose, we have proposed a less conserva-

tive version of the bounded impedance absolute stability (BIAS) method to include

the effect of human operator damping in addition to the environment impedance, to

achieve a better trade-off between stability and transparency. Our general analysis of

bilateral teleoperation control systems has proved that the size of the environment re-

gion for which the coupled system is stable is directly affected by the lower-bound on

operator inherent damping. Therefore, an operator displaying higher inherent damp-

ing always tends to stabilize the system for a larger range of environment impedances.

Therefore, the extra stability margin, provided by the operator, can be used in order

to design for a better performance.

The proposed method has graphically shown that the four-channel control ar-

chitecture with transparency-optimized law and no acceleration is potentially unsta-

ble for all frequencies, whereas the position-position architecture created from such

four-channel controller can become absolutely stable by an operator displaying larger

damping. The method is then utilized to obtain a design guideline for tuning posi-

tion controller parameters for an enhanced trade-off between coupled stability and

transparency given a priori knowledge about the operator apparent damping.



Chapter 5

Effect of Time Delay on BIAS

5.1 Overview

In this chapter, we propose a new approach to the design of bilateral controllers for

stable teleoperation in the presence of significant constant time delays. Unlike tradi-

tional delay-robust control systems which guarantee passive communication channel

through the transmission of wave variables [128], the new approach uses the concept

of absolute stability for the physically expressive Lawrence’s four-channel structure

transmitting the standard power variables, i.e. force and position. By incorporating

kinesthetic performance criterion into the design methodology, we derive a robust-

stable teleoperation control system that is transparent when the time delay is neg-

ligible. The performance of the proposed controller is evaluated experimentally and

compared to that of a benchmark wave variable-based controller [8].

89
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5.2 Introduction

One of the major challenges in the design of bilateral teleoperation controllers is the

issue of time delays. Besides performance degradation, force reflecting teleoperation

systems can experience instability even in the presence of small delays [150]. The

analysis of time-delayed teleoperation systems and the design of delay-robust teleop-

eration control systems have received significant attention in the past two decades

[91, 9]. Anderson and Spong [8] demonstrated that the observed instability is due

to the non-passive nature of the communication channel. Using scattering matrix

representation, they designed a compensation strategy for guaranteed “passivity of

the communication channel for any delays”. Later on, the design was formulated in

the wave variable framework by Niemeyer and Slotine [128], in which wave variables

instead of power variables were transmitted.

Wave variable approach has been used for the design of many bilateral teleoper-

ation controllers [91], and has led to successful stable systems. However, the trans-

mission of wave variables often lacks physical expression compared to that of the

traditional Lawrence structure. In addition, the original wave variable method is

based on the transmission of velocity rather than position signals; as such, it lacks

position correspondence which may result in position drift between master and slave,

especially in the case of a initial position offset. This issue regarding the original

wave variable approach cannot be addressed unless the system is re-calibrated often

and before running a task, which is not practically applicable. Various treatments

for drift have also been proposed, which require the use of position information one

way or another [127, 28, 27] at the a cost to the communication channel passivity or

to transparency.
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The wave variable structure is solely designed for stability and the actual sys-

tem performance is neither quantified nor included in the design procedure [128].

Niemeyer et al. [126] introduced the notion of the virtual tool. The virtual tool

provides appropriate inertia and compliance based on the amount of time delay to

present the operator with a consistent and predictable system rather than hiding all

dynamics completely, as in transparent systems, which is not achievable for delayed

systems [127].

In order to provide natural experience to users, many researchers have extended

the traditional structure of power variables to time-delayed systems to include per-

formance criteria, e.g. position and force tracking and control effort, in their design

procedures. Leung et al. [109], Yan et al. [177], and Shahdi et al. [148] used H∞

and µ-synthesis to design robust controllers against time delay and uncertainties,

while optimizing performance specifications. Eusebi et al. [47] introduced a modified

force reflection controller using classical control techniques for improved performance,

while maintaining stability with a known time delay. Sirouspour et al. [154] proposed

a stable model predictive control method for teleoperation systems under time delay

for enhanced transparency. They used an LQG observer/controller pair to achieve

transparency objectives using power variables. The above works do not evaluate their

proposed controllers against a transparency measure.

In a comprehensive comparative study, Arcara and Melchiorri [9] compared the

stability and performance of various control architectures, including position-force,

four-channel, passivity-based, predictive, adaptive, and sliding-mode methods. They

showed that among the ten different control architectures studied, the four-channel
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one with transparency-optimized control (TOC) law is the only architecture that pro-

vides perfect transparency in the presence of negligible time delay, but at a significant

cost to stability. At the other extreme, they demonstrated that only three control ar-

chitectures were stable independent of the amount of time delay. These schemes that

guarantee passive communication channel or passive master-slave network (MSN) are

not transparent in the presence of negligible delays.

In this chapter, we provide a class of conditions for “absolute stability of a four-

channel control architecture for any constant amount of delay”. We will further

narrow down the conditions for performance, i.e. transparency under negligible time

delays. To this purpose, the ELA, which is based on force and position exchange,

is used for system representation. The notion of wave variables is used to analyze

the MSN absolute stability and to derive controller gains in the scattering domain.

Through this exercise we demonstrate the benefits of using wave variables in the

analysis of stability, while using the traditional structure of teleoperation systems for

intuitive design and presentation.

5.3 Absolute Stability for Delayed Four-Channel

Architecture

In Chapter 3 we studied absolute stability in scattering domain for the four channel

teleoperation architectures. In this section, we will study the effect of time delay

on the absolute stability and coupled stability of the generic four-channel control

architecture illustrated in Figure 2.3. In particular, we will express the environment

stability region or the center and the radius of the environment stability circle in
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terms of the system control parameters C1, · · · , C6, the time-delay and the frequency.

To this purpose, we derive the scattering parameters as presented by the simplified

relations

S11 =
A3

A1

, S12 =
2αe−sTd

A1

, S21 =
2βe−sTd

A1

, S22 =
A2

A1

, ∆ = S11S22 − S21S12 =
A4

A1

(5.1)

where

α := (C2Zcs − C4C51), β := (C3Zcm + C1C61), (5.2)

and C51 := (1+C5), C61 := (1+C6), Zcm := Zm +Cm, and Zcs := Zs +Cs. Moreover,

the parameters A1, A2, A3 and A4 are defined as

A1 = d1 + (C61 + Zcm)(C51 + Zcs) , A2 = d2 + (C61 + Zcm)(−C51 + Zcs)

A3 = d3 + (−C61 + Zcm)(C51 + Zcs) , A4 = d4 + (−C61 + Zcm)(−C51 + Zcs) (5.3)

where

d1 = (C1 − C3)(C4 + C2)e
−2sTd , d2 = (C1 − C3)(C4 − C2)e

−2sTd

d3 = (C1 + C3)(C4 + C2)e
−2sTd , d4 = (C1 + C3)(C4 − C2)e

−2sTd . (5.4)

The center and the radius of the environment stability circle (3.3) can be derived

as functions of control parameters and restated as

ce =
A∗

2A1 − A∗
4A3

|A2|2 − |A4|2 re =
|A2A3 − A1A4|
||A2|2 − |A4|2| . (5.5)

To specify whether the environment stability region is inside or outside the circle,

the sign of De, that is

De =
|A2|2 − |A4|2

|A1|2 , (5.6)

needs to be investigated, which leads to the following conditions for the loci of the

environment stability region:
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if |A2| < |A4| =⇒ De < 0 ⇒ Inside the stability circle

if |A2| > |A4| =⇒ De > 0 ⇒ Outside the stability circle

After substituting for ce, re, and De in (3.8), the absolute stability condition for

the delayed four-channel control architecture is derived in terms of the Ai parameters

as

|A∗
2A1 − A∗

4A3| − |A2A3 − A1A4|
|A2|2 − |A4|2 > 1 (5.7)

where A1, · · · , A4 are functions of the system and control parameters as well as the

delay as described in (5.3) and (5.4). There are infinite number of choices for the size

and the location of the stability circles (re, ce), and the parameter De to satisfy (3.8) or

(5.7) and achieve absolute stability, that is the environment stability region contains

the environment passivity disk. Two examples are ce = (1, j), re ≥ 2
√

2, De < 0 and

ce = (0, j0), re ≥ 1, De < 0. In the next section, we will narrow down those choices

by adding a necessary condition on transparency.

5.4 Transparency and Absolute Stability of the Four-

channel Control Architecture

In this section, we will relate absolute stability to transparency in the scattering

domain. This will lead to a necessary condition on transparency that will further

narrow down the absolutely stability condition found in (5.7) for LTI four-channel

control architectures.

Theorem 1. : A fully transparent MSN is a passive network.
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Proof. The hybrid matrix for an ideal transparent MSN is HTrans = [0, 1 ; −1, 0]. Us-

ing the relation S = diag(1,−1)(H−I)(H +I)−1 [8], we obtain STrans = [0, 1 ; 1, 0],

which represents the scattering matrix of a passive system.

Considering that all passive networks are absolutely stable, we can conclude that

a fully transparent MSN is absolutely stable, and not vice-versa. For a system

with time-delay, the necessary and sufficient condition for transparency is Zin = Ze

or Γin = Γe, ∀ω ≥ 0 , Td ≥ 0. Such an ideal condition cannot be achieved

through conventional constant-parameter controllers. It has been shown in [81], that

full transparency under time delay can be reached through operator and environ-

ment impedance reflection if the controller blocks are chosen as C1 = Zcs, C2 =

−C4/Ze, C51 = Zcs/Ze, C61 = Zcm/Zh. Since the controller and as such the MSN is a

function of the operator and environment dynamics, the analysis of absolute stability

cannot be conducted using condition (5.7). Instead one should reconfigure the entire

coupled teleoperation system such that the new MSN does not include any operator

and environment dynamics, and then apply the absolute stability analysis tools to

the new MSN. As impedance reflection requires the transmission of impedances sub-

ject to a delay of Td, in practice the above impedance reflection controller [81] will

result in Zin = Zee
−sTd . In such case, the control system will not remain stable for

all passive terminations and delays, and will violate the absolute stability condition.

Therefore, rather than searching for an unrealistic necessary and sufficient condi-

tion for the transparency of an absolutely stable MSN, we will find a practical and a

less restrictive necessary condition for transparency.

Theorem 2. : A necessary condition for the transparency of an absolutely stable

MSN is that the environment stability region and the environment passivity disk fully
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overlap for all frequencies.

Proof. : As shown earlier, for a transparent MSN, STrans = [0, 1 ; 1, 0]. After sub-

stituting for the scattering parameters in (3.3) from STrans, one obtains ce = (0, j0),

re = 1 and De < 0 for all ω ≥ 0, implying that the environment stability region and

the environment passivity disk fully overlap or are identical for all frequencies.

Remark 1: It is important to note that for a transparent system, Γin = Γe, and

the above overlap condition is satisfied. However, the overlap condition does not

imply transparency. It simply means that only passive environments can be viewed

as passive dynamics by the operator.

For the four-channel control architecture, substituting the above transparency

necessary condition into (5.5)-(5.6) will result in

A∗
2A1 = A∗

4A3

|A2A3 − A1A4| = ||A2|2 − |A4|2| (5.8)

|A2| ≤ |A4|

which satisfies (5.7). The transparency necessity condition imposed on (5.7) does

not imply that a control system satisfying (5.8) will display an enhanced kinesthetic

performance for all environments and delays compared to a control system that only

satisfies (5.7). It implies that we need to search for smaller class of controllers that

have a better chance of providing enhanced kinesthetic performance.

In the following, we will design the controller gains for the four-channel control

architecture such that the MSN is absolutely stable, meets the transparency necessary

condition, and is transparent under negligible time delays.
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5.4.1 Nominally Transparent Absolutely Stable Four-Channel

Controller

In this section, we will use the TOC law for the ELA [105, 86, 120]

C1 = Zcs , C2 = C61 , C3 = C51 , C4 = −Zcm (5.9)

to design a four-channel controller that meets the condition-set (5.8). The reason

behind this choice of the base controller is that it provides two degrees of freedom in

choosing the control parameters C2 (= C6 + 1), C3 (= C5 + 1) to meet (5.8), and it

also provides transparency under negligible time delays (Td ≈ 0), which we will refer

to as nominal transparency hereafter.

The challenge is to find the controller parameters C2 and C3 such that the MSN

is absolutely stable and satisfy the necessary transparency condition, that is to meet

the condition-set (5.8). After plugging the TOC law (5.9) into (5.3)-(5.4), one obtains

A1 = α1 − α4e
−2sTd A2 = α2 − α2e

−2sTd

A3 = α3 − α3e
−2sTd A4 = α4 − α1e

−2sTd (5.10)

where
α1 = (Zcs + C3)(Zcm + C2) , α2 = (Zcs − C3)(Zcm + C2)

α3 = (Zcs + C3)(Zcm − C2) , α4 = (Zcs − C3)(Zcm − C2). (5.11)

Solving the condition-set (5.8) for a solution that holds for any amount of delay

can be involved. Considering the structure of the parameters Ai and the relation

among their components, we suggest the following feasible trivial solution

A2 = A3 = 0 (5.12)

|A1| = |A4| 6= 0. (5.13)
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This solution can be achieved if α2 = α3 = 0, and either of α4 = 0 or α1 = 0 is met.

The set of control parameters that satisfy the above conditions are

C2 = Zcm , C3 = Zcs (5.14)

or
C2 = −Zcm , C3 = −Zcs, (5.15)

respectively. In the rest of the chapter, we will focus on the TOC controller (5.9) with

force compensators (5.14). These conditions lead to unit stability circles for various

frequencies all centered at the origin regardless of the amount of the delay. The

controller also provides nominal transparent performance. In other words, |Γin| < 1

for any Td 6= 0, representing passive input impedance for all passive environments,

and |Γin| = |Γe| for Td = 0.

An advantage of the proposed controller (5.9) and (5.14) over the wave variable-

based methods is that it exchanges master and slave positions in C4Ve and C1Vh in

addition to velocities. As a result, it is not affected by position drift.

5.5 Performance Analysis of the Proposed Nomi-

nally Transparent TOC Controller

As discussed before, the geometry of the stability circle of the proposed nominally

transparent four-channel TOC, i.e. re and ce, are independent of the time delay Td.

Therefore, the stability circle is tangent to the unit passivity circle for all frequencies.

However, the system kinesthetic performance changes as time delay varies while the

system remains absolutely stable, as explained below. The input reflection coefficient
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Figure 5.1: Effect of time delay on the distortion of the environment reflection coeffi-
cient Γe, and hence environment impedance. Γin is achieved by rotating
Γe by the angle of Φ = 2πTd.

Γin of the designed system can be derived using the relation [71]

Γin = S11 +
S12S21Γe

1− S22Γe

. (5.16)

If we substitute the controller gains from (5.14) into (5.11) and derive Ai from (5.10),

we can determine the Sij values from (5.1). Plugging the Sij terms into (5.16) we

obtain

Γin = Γee
−2Tds. (5.17)

Therefore, the environment reflection coefficient, and hence the environment impedance,

is distorted under time delays. This distortion is characterized by a clockwise rotation

of the environment reflection coefficient Γe, about the axis perpendicular to the com-

plex plane, by the angle Φ = 2πTd, as shown in Figure 5.1. The interesting property

(5.17) underlines the two main important characteristics of the proposed controller

1. Robust Absolute Stability : Because Γin is achieved from the rotation of Γe about

the origin of the unit passivity circle by an angle related to the time delay

(Φ = 2πTdω), if |Γe| < 1 (passive environment), then |Γin| < 1 (passive input
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impedance) which means that the system is absolutely stable with any time

delay; thus, robust absolutely stable against time delay.

2. Nominal Performance (Td = 0): If the time delay is negligible, the angle of

rotation is almost zero and thus, the system is transparent (Zin = Ze). As Td

increases, so does the distortion angle Φ = 2πTdω; therefore, the frequency range

for which the kinesthetic performance is acceptable, i.e. Zin ≈ Ze, decreases.

In order to investigate the transparency of the proposed controller in the presence

of time delay, Zin is derived in terms of Ze, by substituting Γin and Γe from (2.12)

into (5.17) to yield

Zin =
bZe + b2λD

ZeλD + b
, λD(Td, ω) =

1− e−2Tdjω

1 + e−2Tdjω
(5.18)

Considering b = 1 without loss of generality, we have

Zin =
Ze + λD

ZeλD + 1
, λD(Td, ω) =

1− e−2Tdjω

1 + e−2Tdjω
. (5.19)

It is interesting to note that the transmitted impedance is not a function of controller

parameters. We introduce λD as performance delay factor in the thesis which is a

function of both time delay and the frequency. The smaller the λD, the closer the

system to transparency. To evaluate transparency for a range of Ze, we evaluate the

transmitted impedance for the two environment extremes; when the slave is in free

motion (Ze = 0) and when the slave is in contact with a rigid object (|Ze| → ∞)

[31, 85]. For a fully transparent system, |Zinmin| = 0 and |Zinmax| = ∞. For the

proposed controller, we obtain

Zinmin = Zin|Ze=0 = λD

Zinmax = Zin||Ze|→∞ =
1

λD

(5.20)
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Figure 5.2: Effect of time-delay on Zinmin and Zinwidth for the proposed controller for
Td = 0.001, 0.1 and 1 sec.

As it is clear the transmitted impedances and hence the dynamic range is directly

related to (λD). For negligible delay, i.e. Td ≈ 0 or at low frequencies ω ≈ 0,

Zinmin ≈ 0 and Zinmax → ∞. Figure 5.2 shows the Bode plot of Zinmin and the Z-

width or the dynamic range of the perceived impedance, that is Zinwidth = Zinmax −
Zinmin, for various amount of delays within the range of 0.01 < ω < 1000 (rad/s).

It is clear that low Zinmin and high Zinwidth are achieved for delays of up to 100ms,

while increasing Td degrades the performance.

Replacing the delay e−Tds with a first-order Padé approximation 1−Td/2s
1+Td/2s

leads us to

some interesting results, which help understand the operator’s perceived impedance

during the experiments. Using this approximation, which is valid for Tdω ≤ 1 rad, we

will obtain

λD(Td, ω) =
1− e−2Tdjω

1 + e−2Tdjω
≈ Tdjω (5.21)

Therefore,
Zinmin ≈ Tdjω, Zinmax ≈ 1

Tdjω
(5.22)
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Figure 5.3: Performance of the proposed control system using the non-ideal controller
gains (5.6) for Td = 0.001, 0.1, and 1 sec.

The approximate impedances reveal that in free motion (Ze = 0) the effect of delay is

felt by the operator as a mass mf = Td, instead of zero impedance. As delay increases,

so does the perceived mass. In rigid contact (|Ze| → ∞), the effect of delay is felt

as a stiffness kf = 1/Td, instead of infinitely stiffness impedance. As delay increases,

so does the perceived compliance. The above properties are also visible from Figure

5.2 as the magnitude plots rise or decline at 20 dB/decade and the phase stands at

about ±90◦.

5.5.1 Practical Limitations

A potential practical limitation of the proposed controller is the need for the deriva-

tives of the master and slave velocities and the operator and environment forces

in C2Fe, C3Fh, C1Vh and C4Ve to hold delay-independent absolute stability, where

C2 = −C4 = Zm + Cm and C1 = C3 = Zs + Cs. These derivatives are often prone

to computational noise. Below we suggest two strategies to address this issue, which
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as expected will result in transparency degradation and/or reduction in environment

stability region.

The first approach is to remove the derivatives of the master and slave velocities

and forces, that is

C1 = C3 = C51 = Cs C2 = −C4 = C61 = Cm. (5.23)

A similar approach for position channels have been proposed by Lawrence in [105].

The effect of the above remedy on transparency and stability is investigated through

the following example. Consider the dynamics of the two Twin-Pantograph haptic

devices and their local position control parameters as reported in [102]

Zm = 0.28s + 0.27, Zs = 0.29s + 0.38, (5.24)

Cm = 3.65 + 28.1/s, Cs = 3.72 + 29.3/s (5.25)

The control parameters were designed to be ζ ≈ 0.7, ωn = 10 rad/sec in order to

achieve the desired response by the closed-loop system at the master and slave sides.

Figure 5.3 shows the performance of the system for Td = 0.001, 0.1, 1 sec when

the non-ideal network controller gains (5.6) are used. Comparing Figures (5.2) and

(5.3) reveals that the removal of the derivative terms only affect the transmitted

impedance in free motion for small delays (Td = 0.001sec). In terms of coupled

stability, as shown in Figure 5.4 for Td = 1 sec, the environment stability region

shrinks to a region smaller than a unity disk. The region has been derived by plotting

the stability circles for frequencies up to ω = 10, 000 rad/sec to assure convergence

to a final region. Therefore coupled stability is guaranteed only if the bound on the

environment impedance range is limited to the marked stability region. If absolute

stability is important for an application (stability for the entire range of passive
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Figure 5.4: The stability region shrinks when the non-ideal controller gains (5.6) are
used, Td = 1 sec.

environments), one can use (5.5)-(5.6) to design the ideal controller gains in a way

to achieve a sufficiently large environment stability region (re > 1) such that once

the derivates are removed the final environment stability region still contains the unit

passivity disk.

The second approach in dealing with the derivative issue is to pass the signals

through a low-pass filter such as H(s) = 1
τs+1

. This filter can be absorbed into the

compensators to create second-order filters, as in C2H(s)Fe = Mms2+Bms+Km

s(τs+1)
Fe =

[Mms2+Bms+Km

s(τs+1)
]Fe. By choosing a cut-off frequency between the system bandwidth

and the noise frequency, it is possible to attenuate the degrading effects of the mea-

surement noise on the system performance. In this case, the lower the chosen band-

width, the smaller the stability region and the lower the performance level. In our

experiments in Section5.6, we will use the first approach to address the derivative

issue.
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5.6 Analytical Performance Comparison with A

Benchmark Controller

In this section we analytically compare the performance of the proposed nominally

transparent four-channel controller with that of a benchmark controller. We have cho-

sen the wave variable-based controller of Anderson and Spong [8], as the controller

guarantees the passivity of the communication channel, master and slave, which re-

sults in coupled stability of the system independent of the amount of delay. In com-

paring the performance of the two controllers the focus is put on transparency rather

than position drift.

The input controls to the master and slave for the benchmark controller are um =

−(Fmd +BmVh) and us = Fs−αFe−Bs2Ve, where Fs = Ks

s
(Vh−Vsd)+Bs1(Vh−Vsd)

is the coordinating force, and

Fmd(t) = Fs(t− Td) + n2(Vh(t)− Vsd(t− T )),

Vsd(t) = Vh(t− Td) +
1

n2
(Fmd(t− Td)− Fs(t)). (5.26)

guarantees the passivity of the communication channel. This is equivalent to the

transmission of the wave variables through the communication channel [128]. Param-

eter n is a scaling factor and, without loss of generality, we assume n = 1 in our

analysis.

The transmitted impedance to the operator for the benchmark controller is

Zin = Mms + Bm +
Z1 + 1 + e−2sTd(Z1 − 1)

Z1 + 1− e−2sTd(Z1 − 1)
(5.27)

where

Z1 = {Mss + Bs2 + Ze(1 + α)}||{Bs1 + Ks/s} (5.28)
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Figure 5.5: Effect of time-delay on performance (Zinmin and Zinwidth) of the Anderson
and Spong’s controller for Td = 0.001, 0.1, and 1 s.

while || denotes the parallel impedance operator. Unlike for the proposed four-channel

controller, the above perceived impedance includes the dynamics of the master and

slave as well as the effect of the delay. For negligible delays, that is Td ≈ 0, Zin =

Mms + Bm + Z1, and hence

Zinmin|Td≈0 = Mms + Bm + {Mss + Bs2}||{Bs1 +
Ks

s
}

Zinmax|Td≈0 = Mms + Bm + {Bs1 +
Ks

s
} (5.29)

Comparing (5.29) for the performance of the wave variable method when Td = 0

with Zinmin = 0 and |Zinmax| → ∞ for the proposed controller, shows that the pro-

posed method creates a higher degree of transparency when Td = 0. To compare the

performance for Td 6= 0, the Bode plots of Zinmin and Zinwidth = Zinmax − Zinmin for

the wave variable approach are provided in Figure 5.5 for Td = 0.001, 0.1, 1 sec. Here

the same master-slave system studied in Section 5.5.1 is considered. For fair compari-

son, the wave variable control parameters Bs1 = 3.75, Ks = 29, and Bm = Bs2 = 0.37
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Figure 5.6: Telerobotic experimental setup consisting of two force-sensor-equipped
Twin-Pantograph haptic devices.

are chosen in a way that the local and remote position controllers in both control

schemes be close to identical when delay is negligible. Comparing Figures 5.5 and 5.3

we can conclude that the proposed controller demonstrates a lower Zinmin, especially

for lower frequencies and also a higher Zinwidth. Therefore, the proposed controller

is expected to provide enhanced transparency compared to the benchmark controller

under similar conditions. In the next section, we will experimentally evaluate and

compare the two methods to verify the theoretical expectations.

5.7 Experimental Evaluation

In this section, we will experimentally evaluate the proposed controller in its non-ideal

form (after removing the derivatives of velocity and force signals), and compare its

performance with that of the benchmark controller.
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5.7.1 Experimental Setup

Figure 5.6 shows the telerobotic experimental platform consisting of two Quanser

Planar Twin-Pantograph haptic devices. Each Twin-Pantograph is actuated by four

direct-drive DC motors and provides three degrees of freedom at its end-point, two

translational and one rotational. The angle of rotation of each motor is measured by a

high-resolution encoder with 20, 000 counts/rev. Each Twin-Pantograph is equipped

with an ATI Nano-25 force/torque sensor that allows for the measurement of operator

and environment external forces at the resolution of 1/8 N . The control systems

are implemented using MATLAB RTW Toolbox and Quanser QuaRC1.1 real-time

system running at the sampling rate of 1 kHz on a 2.4 GHz Quad CPU.

The teleoperation system is controlled in Cartesian space and along the y direction,

as shown in Figure 5.6. The dynamics of the Twin-Pantograph is modeled by a mass-

damper system in the y direction, the parameters of which are reported in (5.24).

The parameters of the proposed controller and the benchmark controller are reported

in (5.25) and Section 5.6, respectively. Time delay is artificially added to the system

in order to examine the stability and performance of the controllers under various

conditions.

5.7.2 Experimental Results

In this subsection, we report, compare and discuss the results obtained from the

experiments that we have conducted on both the proposed and benchmark controllers.

The controllers are implemented with the same controller gains presented earlier for

transparency analysis. For the sake of comparison with the theoretical and numerical

analysis, the analysis of performance is done under time delays of Td = 0.001, 0.1,
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Figure 5.7: Free motion experimental results for the proposed controller for Td =
0.001, 0.1, 1, and 5 sec: (solid: master, dashed: slave). Increasing delay
acts as an increased mass at the operator side, demanding for more force,
while providing position tracking.

and 1 sec. In order to demonstrate stability robustness, we also report the results for

Td = 5 sec.

Free Motion Experiments

Figure 5.7 shows the master and slave measured positions and forces for Td = 0.001, 0.1, 1,

and 5 sec, as the slave moves in free motion along the y direction. The operator moves

the master around three operating points in its workspace, that is center and ±25 mm,

with a frequency of about f ≈ 0.5 Hz or ω ≈ π rad/sec. Our experiments have shown

that both controllers provide stable operation in free motion for delays over 60 sec.

It is clear that, in free motion, we have position correspondence for the proposed

controller for all values of time delay. However, the operator requires larger forces

from 0.06 to 2 N to move the master as time delay increases from 0.001 sec to 5 sec.

This is inline with the theoretical performance analysis in Section 5.5, where we
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Figure 5.8: Free motion experimental results for the benchmark controller for Td =
0.001, 0.1, 1, and 5 sec: (solid: master, dashed: slave). Increasing delay
does not increase the amount of required force for this system.

proved that a time-delay dependent mass is felt by the operator in free motion, and

thus larger force is required to move the master robot when time delay increases.

Considering the frequency of the input signal ω ≈ 3.14 rad/sec, we expect that the

linear approximation (5.21) holds for Td ≤ 0.3 sec. The experimental input force

shows a linear increase as a function of the time delay up to Td = 0.1 sec, confirming

the analysis and also the Bode plots of the Figure 5.3 for the non-ideal controller.

However, the amount of measured force is larger than what we would require to move

a linear mass Td with similar velocities. This can be attributed to the nonlinearities

and dynamics uncertainties of the actual system compared to the model used for the

design of the controller.

Figure 5.8 shows the master and slave forces and positions for the same exper-

imental conditions for the benchmark controller. The figure reveals that the input

forces applied by the operator under different time delays are in the same order. This
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Figure 5.9: Intermittent contact experimental results for the proposed controller for
Td = 0.001, 0.1, 1, and 5 sec: (solid: master, dashed: slave).

is due to the constant delay-independent damping effect which is experienced by the

operator at low frequencies, as reported in analysis of Zinmin in Figure 5.5. Compar-

ing Figures 5.7 with 5.8, we can conclude that for small time delays, the proposed

controller offers enhanced position correspondence while requiring lower input force

from the operator (lower Zinmin). Table 5.1 reports the percent relative mean-square-

error (RMSE%) for position tracking for the time delays of Td = 0.001 and 0.1 sec

in free motion test. For delays about or above one second the benchmark controller,

provides more lighter feel and agile motion with comparable position correspondence.

Next we will study the performance of both controllers for intermittent contact with

a hard steel contact.

Table 5.1: RMSE% for position tracking in free motion when Td = 0.001 and 0.1 sec

Proposed Benchmark
Td = 0.001 sec 16.13 26.45
Td = 0.1 sec 27.82 37.98
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Figure 5.10: Intermittent contact experimental results for the benchmark controller
for Td = 0.001, 0.1, 1, and 5 sec: (solid: master, dashed: slave).

Intermittent Contact with Hard Environment

Figure 5.9 shows the master and slave positions and forces for the proposed controller

subject to time delays of Td = 0.001, 0.1, 1, and 5 sec when the slave becomes

in intermittent contact with a steel rigid environment along the y direction. The

frequency of the operator hand movement is about f = 0.25 Hz or ω = 1.57 rad/sec1.

The steel surface is located at a distance of 18 mm away from the initial position of

the slave. When the slave robot is in free motion, we expect position tracking, while

the slave measured force is zero and the operator’s hand force changes based on the

amount of delay, as discussed for the free motion experiments.

Once the slave robot hits the rigid contact, the slave robot does not move further

while a force is measured at the master side. For transparency we expect force

correspondence between master and slave robots. It is clear from Figure 5.9 that a

1Frequencies up to f = 1 Hz were tested with stable results, but lower frequencies are chosen for
better visibility.
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Table 5.2: RMSE% for force tracking when the robot is in hard contact for Td = 0.001
and 0.1 sec

Proposed Benchmark
Td = 0.001 sec 22.12 50.46
Td = 0.1 sec 31.02 48.47

good force tracking exists for the delays of up to 100 msec. Table 5.2 reports the

percent relative mean-square-error (RMSE%) for force tracking, when the robot hits

the contact, for the time delays of Td = 0.001 and 0.1 sec. However, comparing

with the results of the benchmark controller as illustrated in Figure 5.10, we can

conclude that the force correspondence degrades and becomes comparable to that

of the benchmark controller once the time delay increases to 5 sec. This trend is

predictable from the analytical results in Figures 5.3 and 5.5, as both controllers hold

a relatively similar Zinwidth for delays above 100 msec.

5.8 Summary

In this chapter, we proposed a new methodology for the design of four-channel bilat-

eral teleoperation controllers that are robust against time delays. The new approach

guarantees absolute stability of the controller for any amount of delays. Furthermore,

by incorporating a necessary condition for transparency, a set of control parameters

have been found that also guarantees nominal transparency, which is defined as trans-

parency under negligible time delays. Two benefits of the proposed approach over

wave variable-based methods is direct exchange of measured position signals and in-

corporation of performance criteria in the design.
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We analytically and experimentally evaluated the proposed controller and a wave-

variable based benchmark controller and compared them in terms of stability and

transparency under various delays and environment conditions. The results have

pointed at superior performance of the proposed four-channel controller for lower

range of delays in terms of position and force tracking in free motion and rigid contact,

respectively. For larger delays, in free motion, both controllers provided good position

tracking, whereas the proposed controller required larger input force from the operator

as the impedance perceived by the operator mimics that of a delay-dependent mass.

For rigid contact, similar behaviour observed for both methods as time delay increases.



Chapter 6

Stability Analysis of Haptic

Simulation Systems

6.1 Overview

Robust stability of haptic simulation systems against any passive operator dynamics

not only depends on the dynamic parameters of the haptic device, haptic controller

and virtual environment but also on the type of signals sampled and the digital im-

plementation of the virtual environment. In this chapter, we analytically investigate

the robust stability of the systems in which the device position or velocity is sampled,

backward difference or Tustin differentiation method is employed for the implemen-

tation of damper-spring virtual environments, and accurate or approximate model is

used to represent the sampling process. The analytical study reveals potential issues

in the use of sampling approximation and more importantly introduces less conser-

vative stability conditions on system dynamic parameters when velocity is sampled.

115
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6.2 Introduction

Recently, the use of haptic simulation systems has grown impressively to a variety

of applications such as surgical training [16, 100, 172], computer-aided design (CAD)

and prototyping [48, 123]. While the application is different, the goal of any haptic

display system is to provide a safe user interface with a human operator while max-

imizing the operator’s sense of direct manipulation [5]. Therefore, the connection of

the haptic interface with the human operator must be controlled for stability and

performance.

Stability analysis of haptic devices coupled with virtual environments has been under

study during the past two decades [33]. Colgate et al. [33] derived the minimum

allowed damping of the haptic device as a function of virtual environment impedance

in order to make the coupled system passive. They considered a haptic simulation

system in which position signal is sampled and a discrete damper-spring virtual en-

vironment is implemented using the “Backward Difference (BD)” method. Gil et al.

used the Routh-Hurwitz criterion to derive a less conservative condition for small

values of the environment damping. In their work they used the Tustin method for

the stability analysis as well as for the implementation of the virtual environment

[56].

Although, in general the sampled signal may not satisfy the Nyquist-Shannon sam-

pling theorem, Adams and Hannaford applied absolute stability criterion when they

approximated the effect of sampler with a simple linear function, assuming the bounded-

frequency condition of the sampling theorem and thus, neglecting aliasing effects.

They showed that such haptic device coupled with a virtual environment is always

potentially unstable, meaning that no set of control parameters exists that results
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in a passive input impedance for all passive environment impedances. Therefore, in

order to absolutely stabilize a haptic device coupled with a virtual environment, they

proposed the use of a virtual coupling to make the system absolutely stable. They

applied this method to a position-sampled haptic simulation system while the virtual

environment is implemented using the BD method.

Recently, studies have been conducted to provide regions of stability considering the

combined effects of non-idealities such as computational delays and current amplifi-

cations [43]. Other methods propose to control the energy generated by the intrinsic

delay in the zero-order hold (ZOH), through predicting the position signal [46] or

estimating and dissipating the generated energy in real time [80]. The available ro-

bust stability criteria in the literature are generally derived for the case when position

signal is sampled, BD is used as a differentiation technique in digital derivation of a

damper-spring virtual environment, and a ZOH is used for Digital to Analog conver-

sion (DAC). Although other options for sampling and differentiation (or integration)

are applicable, no formal study has yet been conducted to evaluate the effects of the

above-mentioned factors on the stability and performance of haptic interfaces. In

particular there has been no study on the stability of haptic simulation systems when

the velocity signal is sampled considering an accurate infinite summation function for

the sampled signal transfer function.

In this chapter, two different cases of haptic simulation systems are considered, in-

cluding position sampled, velocity sampled and two methods are evaluated for the

implementation of the virtual environment in a digital space: Tustin and BD. These

four cases are evaluated when an accurate “infinite summation” for the sampled sig-

nal transfer function is considered and compared to the case when a simple linear
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approximation is used for the sampler function in the stability analysis of the closed-

loop system after neglecting the aliasing effects. Therefore, eight different cases will

be compared and the stability condition for each case will be derived or presented.

The analysis results provide conclusive remarks and useful guidelines in the design of

stable haptic rendering.

6.3 Theoretical Stability Analysis of Haptic Inter-

faces

In this section, the stability condition for haptic simulation systems will be derived

and compared when position or velocity signals are sampled and BD or Tustin digital

differentiation approaches are used in the implementation of the virtual environment.

The stability conditions for some of these cases have been derived before. For instance,

Colgate et al. [33] derived the minimum display device damping which stabilizes the

system for the available range of environment impedance for position-sampled systems

using BD.

6.3.1 Accurate Model for the Sampler: Position Sampling

Consider a position-sampled haptic simulation system in Figure 6.1, where Zh is

the operator’s impedance, m is the mass of the haptic display and b is the inherent

damping of the haptic display system plus any other analog damping injected by the

local controller, H(z) is the virtual environment implemented within the computer

and ZOH represents the zero-order hold converting the digital signal to analog. For

accurate stability relation, an infinite summation must be considered for the system
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Figure 6.1: Block diagram of a typical position–sampled haptic simulation system.

after sampling the input signal, as described in Colgate et al. [33]. The closed-loop

characteristic polynomial for the position-sampled haptic simulation system in Figure

6.1 is:

1 + H(esT )G∗(s) = 0 (6.1)

where

G∗(s) =
1

T

∞∑
n=−∞

G(s− jnωs) (6.2)

is the combined accurate transfer function of the haptic device, the operator and the

ZOH dynamics after sampling the input signal and

G(s) =
1− e−Ts

s2

1

ms + b + Zh(s)
. (6.3)

The robust stability of the system is analyzed for all passive operator impedances.
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The necessary and sufficient condition for stability against any passive operator using

the small gain theorem is derived in [33] as

b >
T

2

1

1− cosωT
Re{(1− e−jωT )H(ejωT )} 0 ≤ ω ≤ ωN (6.4)

where ωN = π/T is the Nyquist frequency. Such condition is achieved with the

assumption that b is always positive. Therefore, when the required “b” in (6.4) is

negative, a “b = ε > 0” must be chosen in the design of the controller.

Accurate model with BD: Position Sampling (Colgate’s)

Using a BD differentiation method for the implementation of a damper-spring envi-

ronment model H(z) = K + B 1−z−1

T
, where z = ejωT , the robust stability condition

(6.4) reduces to

b >
KT

2
−Bcos(ωT ) (6.5)

If the entire range of frequencies 0 ≤ ω ≤ ωN is considered for system stability, the

inequality (6.5) can be written for the worst case and independent of frequency as

b >
KT

2
+ B. (6.6)

Notice that we consider B as a positive number B > 0. Therefore, the haptic simula-

tion system with position sampling and a BD method has the following two properties:

1) For a fixed inherent damping of the haptic display “b”, increasing environment

damping “B” destabilizes the system.

2) Highly stiff environment will likely destabilize the system.
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Accurate Model with Tustin: Position Sampling

Previously, the accurate robust stability condition for a position-sampled haptic dis-

play system is presented in (6.4). Here we use the Tustin method for the implementa-

tion of the damper-spring virtual environment, that is H(z) = K + 2
T
B 1−z−1

1+z−1 , where

z = ejωT . After substituting this model into the robust stability condition of the

position-sampled haptic simulation system in (6.4) and simplifications, we have the

following robust stability condition:

b >
KT

2
−B

sin2(ωT )

1− cos2(ωT )
=

KT

2
−B. (6.7)

The inequality (6.7) is independent of frequency and thus, can be considered for the

case when the haptic simulation system includes the entire range of frequencies. Gil

et al. [56] proposed the same condition for the position–sampled systems for small

damping B using the Routh-Hurwitz criterion. In their work they used the Tustin

method for both the stability analysis and the digital implementation of the virtual

environment. Therefore, their stability criterion is subject to approximations due to

the use of Tustin method in the stability analysis. However, the above condition (6.7)

is derived directly from an accurate analysis of stability and as such is valid for all

damper–spring virtual environments. The following conclusions can be made from

condition (6.7)

1) With a fixed environment damping B, the Tustin implementation of H(z) is

more likely to be stable compared to the BD implementation method for a position-

sampled haptic simulation system. In other words, for a fixed inherent damping of
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the haptic display system “b”, increasing the environment damping “B” stabilizes the

system which is in contrast with the case when the BD approach was used.

2) Highly stiff environment will likely destabilize a position-sampled haptic simu-

lation system where the virtual environment dynamics is implemented using Tustin,

similar to the BD case.

6.3.2 Approximate Model: Position Sampling

If the position signal has zero value for the range of frequencies above the Nyquist

frequency, i.e. |ωT | > π, based on the Nyquist–Shannon sampling theorem, the

sampled signal is (1/T ) times its analog value, that is G∗(s) = (1/T )G(s) [129].

Therefore, the sampler can be determined by a linear transfer function ST = (1/T ).

Although, in practice, the frequency content of position signal above the Nyquist

frequency may not be zero, we may assume low values for the position signal in that

frequency range and neglect it, as in [5]. This approximation although simplifies the

mathematical analysis, it potentially introduces shortcomings that will be discussed

throughout this chapter. With this approximation, the dynamic relationship between

the hand force and position is represented as

Fh(jω) = {mjω + b + ST
1

jω

1− e−jωT

jω
H(ejωT )}Vh(jω). (6.8)

In this case, the positive realness property of the input impedance Zin(jω) := Fh(jω)/Vh(jω)

demands for the following condition

b >
1

Tω2
Re{(1− e−jωT )H(ejωT )} (6.9)
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Comparing (6.9) with (6.4), we will realize that the function T
2

1
1−cos(ωT )

in (6.4) is

approximated with 1
Tω2 in (6.9) using a second-order Taylor expansion of cos(ωT ).

2.2.1 Approximate Model with BD: Position Sampling

Using the BD method to realize the damper-spring environment, that is H(z) =

K + B 1−z−1

T
in condition (6.9) results in

b > [
sin(ωT

2
)

ωT
2

]2{KT

2
−Bcos(ωT )}, (6.10)

where [
sin(ωT

2
)

ωT
2

]2 ∼= 1 for small ωT . Therefore, condition (6.10) converges to (6.5) for

small ωT . In Subsection 6.3.3 we will show that for large ωT the use of simple transfer

function ( 1
T
) for the sampler results in a less conservative but invalid robust stability

condition for position-sampled haptic simulation systems.

Approximate Model with Tustin: Position Sampling

Using the Tustin method for a damper-spring environment model, that is H(z) =

K + 2
T
B 1−z−1

1+z−1 , in the “approximated” robust stability condition (6.10), with z = ejωT ,

results in the robust stability condition

b >
1

Tω2
Re{(1− e−jωT )(K +

2

T
B

1− z−1

1 + z−1
)} (6.11)

which can be further simplified to

b > [
sin(ωT

2
)

ωT
2

]2{KT

2
−B}. (6.12)

For small values of ωT , the coefficient [
sin(ωT

2
)

ωT
2

]2 ∼= 1. Therefore, for small frequencies,

the “approximate” robust stability condition of a position-sampled haptic simulation
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system with Tustin (6.12) is equivalent to the corresponding accurate condition (6.7).

Also, if the entire range of frequencies 0 ≤ ω ≤ ωN is considered for the haptic

simulation system, the value of b which satisfies the inequality (6.12) is b > KT
2
− B

as in (6.7).

6.3.3 Numerical Analysis: Position Sampling

In this section we analyze the theoretical results derived for robust stability of position-

sampled haptic simulation systems.

Minimum Required Damping for Robust Stability of Position Sampled

Haptic Simulation Systems: Backward Difference

Figures 6.2(a) and 6.2(b) show the minimum required inherent damping b of the hap-

tic display system, based on the accurate frequency dependent, accurate frequency

independent, and approximate conditions (6.5), (6.6), and (6.10), for the robust sta-

bility of a position-sampled haptic simulation system with BD for various frequencies

(ω), environment damping (B) and environment stiffness (K). Notice that, as previ-

ously explained, when the required “b” in the figures is negative, a “b = ε > 0” must

be chosen in the design of controllers. Looking at the Figures 6.2(a) and 6.2(b), it

is clear that an increase in the environment stiffness (K) results in a linear increase

in the minimum required damping (b) for the haptic display system. The figures also

show that the frequency independent robust stability condition is more conservative,

especially for lower frequencies. Comparing the two figures reveals that a larger en-

vironment damping B requires a larger damping b for the haptic display system to
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Figure 6.2: Minimum required haptic display damping “b” for a position-sampled
haptic simulation system with the BD differentiation method. Plots
for accurate frequency independent (top), accurate frequency dependent
(middle), and approximation (bottom) cases are derived from (6.6), (6.5),
and (6.10), respectively.

stabilize a position-sampled haptic simulation system when the digital environment

is implemented by a BD method. Another important conclusion from Figure 6.2 is

that using the approximate function for the sampler, results in a less conservative yet

unreliable stability condition requiring a lower value for the required display system

damping “b”, which may result in system instability.

Minimum Required Damping for Robust Stability of Position-Sampled

Haptic Simulation Systems: Tustin

Figures 6.3(a) and 6.3(b) show the minimum required haptic display damping b for

the stability of a position-sampled haptic simulation system with Tustin for various

frequencies (ω), environment damping (B) and environment stiffness (K). It is clear

that an increase in the environment stiffness (K), requires a proportional increase
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Figure 6.3: Minimum required haptic display damping for a position-sampled haptic
simulation system with the Tustin differentiation method for different
virtual environment damping B and sampling time T . Plots are derived
from (6.7) for the accurate model and (6.12) for the approximate model.

in the minimum required display device damping (b). However, a more damped

environment impedance (larger B), requires a smaller display device damping to

stabilize a position-sampled haptic simulation system when the digital environment is

implemented using the Tustin method. Therefore, for the design of haptic simulation

systems, when the remote virtual environment is highly damped, it is better to realize

the virtual environment with the Tustin method, rather than the BD method.

6.3.4 Accurate Model for the Sampler: Velocity Sampling

In this section, we derive the new necessary and sufficient conditions for robust stabil-

ity of velocity-sampled haptic simulation systems shown in Figure 6.4, where Hv(z)

is the virtual environment implemented within the computer. However, the reader



CHAPTER 6. STABILITY ANALYSIS OF HAPTIC SIMULATION SYS. 127

bms

1

Zh

Operator

)(zH
v

Virtual  Environment

Master Robot 

Connected to the 

Human Operator

+_

s

e
Ts

1

ZOH T

F
e

Fd
e

Vd
e

V
h

F
h

Figure 6.4: Block diagram of a typical velocity–sampled haptic simulation system.

should notice that sampling the velocity signal may not be applicable in many prac-

tical systems due to the noisy nature of the velocity.

Theorem 7. (Stability of Velocity-Sampled Haptic Simulation Systems):

A necessary and sufficient condition for “robust stability” of a velocity–sampled haptic

simulation system in Figure 6.4 for all passive Zh is

b >
1

2
cot(

ωT

2
)Re{j(1− e−jωT )Hv(ejωT )} 0 ≤ ω ≤ ωN . (6.13)

Proof. For proof, please refer to Appendix C.

The derived stability condition is achieved with the assumption that b is always pos-

itive. Therefore, when the required “b” in the above-mentioned formula is negative,

a “b = ε > 0” must be chosen in the design of the device analog controller.
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Accurate model with BD: Velocity Sampling

Using the BD method for realizing a damper-spring environment Hv(z) = K T
1−z−1 +B,

where z = ejωT , the robust stability condition (6.13) simplifies to

b >
1

2
cot(

ωT

2
)Re{j(1− e−jωT )(K

T

1− e−jωT
+ B)}. (6.14)

or equivalently b > −B 1
2
cot(ωT

2
)sin(ωT ), or

b > −Bcos2(
ωT

2
). (6.15)

The inequality (6.15) is satisfied for all frequencies as long as both “b” and “B” are

positive numbers. Therefore, the following conclusions can be made:

1) The stability of velocity-sampled haptic simulation system of Figure 6.4 using

BD is independent of the virtual environment stiffness K.

2) Such systems are always stable if both the virtual environment and haptic

display system damping parameters are positive.

However, as discussed at the beginning of this subsection, this enhanced stability

margin can be achieved at the cost of sampling the velocity signal which is often

noisy.

Accurate Model with Tustin: Velocity Sampling

Using the Tustin method to realize a damper-spring environment, that is Hv(z) =

T
2
K 1+z−1

1−z−1 + B, where z = ejωT , the robust stability condition becomes

b >
1

2
cot(

ωT

2
)Re{j(1− e−jωT )(

T

2
K

1 + e−jωT

1− e−jωT
+ B)}, (6.16)



CHAPTER 6. STABILITY ANALYSIS OF HAPTIC SIMULATION SYS. 129

or equivalently

b > cos2(
ωT

2
){KT

2
−B}. (6.17)

Since 0 < cos2(ωT
2

) < 1, condition (6.17) determines a less conservative stability

condition for velocity–sampled systems compared to the condition (6.7) obtained for

position–sampled haptic simulation systems using Tustin. Similar to the position–

sampled systems, velocity–sampled haptic systems using Tustin method are more

robust for increased environment damping. If the entire range of frequencies 0 ≤ ω ≤
ωN is considered for the haptic simulation system, the value of b that satisfies the

robust stability condition (6.17) is b > KT
2
− B and thus, the stability condition of

velocity–sampled haptic systems using Tustin becomes equivalent to that of position-

sampled haptic simulation systems.

6.3.5 Approximate Model: Velocity Sampling

Assuming correct sampling frequency based on the Nyquist–Shannon sampling crite-

rion [129], we can approximate the sampling function with an LTI transfer function

ST = 1
T

or equivalently G′∗(s) = 1
T
G′(s) [4]. With such an approximation, the input

impedance from the operator side is

Fh(jω)

Vh(jω)
= mjω + b + ST

1− e−jωT

jω
Hv(ejωT ). (6.18)

Using the PR property of the device port impedance for coupled system stability, the

following stability condition is achieved

b >
1

Tω
Re{j(1− e−jωT )Hv(ejωT )}. (6.19)

Next, we will analyze the approximate robust stability conditions when Tustin and

BD methods are used.
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Figure 6.5: Minimum required haptic display damping for a velocity-sampled hap-
tic simulation system with the Tustin differentiation method. Plots are
derived from (6.17) for accurate and (6.22) for approximate relations.

Approximate Model with BD: Velocity Sampling

Using the BD method to realize a damper-spring environment, that is Hv(z) = K +

B 1−z−1

T
, where z = ejωT , the robust stability condition reduces to

b > −B
sin(ωT )

ωT
, (6.20)

where sin(ωT )
ωT

> 0 for 0 < ωT ≤ π, reassuring that with velocity sampling and using

backward difference in the virtual environment model, the haptic simulation system

is always stable if both b and B are positive.
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Approximate Model with Tustin: Velocity Sampling

Using a Tustin method for a damper-spring environment model Hv(z) = T
2
K 1+z−1

1−z−1 +

B, where z = ejωT , the robust stability condition

b >
1

Tω
Re{j(1− e−jωT )(

T

2
K

1 + e−jωT

1− e−jωT
+ B)}, (6.21)

or equivalently

b >
sin(ωT )

ωT
{KT

2
−B} (6.22)

is achieved, where sin(ωT )
ωT

> 0 for 0 < ωT ≤ π. The above stability criterion shows

that in a velocity-sampled haptic simulation system, when Tustin method is used,

increasing environment stiffness K and sampling time T endanger the stability of the

system, while increasing the environment damping stabilizes the system. If the haptic

simulation system includes the entire range of frequencies 0 ≤ ω ≤ ωN , the values of

b > KT
2
−B satisfy the robust stability condition.

6.3.6 Numerical Analysis: Velocity Sampling

In this section we analyze the theoretical results derived for robust stability of velocity–

sampled haptic simulation systems. As seen in Subsections 6.3.4 and 6.3.5, a velocity-

sampled haptic simulation system using the BD method shows robust stability for

any positive b. Therefore, the stability of velocity–sampled haptic systems will be

analyzed when the Tustin method is used.



CHAPTER 6. STABILITY ANALYSIS OF HAPTIC SIMULATION SYS. 132

Minimum Required Damping for Robust Stability of Velocity-Sampled

Haptic Simulation Systems: Tustin

Figures 6.5(a) and 6.5(b) show the minimum required display device damping for

the stability of a velocity-sampled haptic simulation system with Tustin for various

frequencies (ω), environment damping (B) and environment stiffness (K). Notice

that, as previously described, when the required “b” in the figures is negative, a

“b = ε > 0” must be chosen in the design of controller. Looking at any of the figures,

it is clear that an increase in the environment stiffness (K), results in an increase in

the minimum required haptic display device damping (b) in a linear way. Also, a more

damped environment impedance (larger B) requires a smaller display device damping

to stabilize a velocity-sampled haptic simulation system when the digital environment

is implemented by the Tustin method. In addition, using the approximate function

for the sampler results in a less conservative but invalid robust stability condition

when a positive b is analytically required. Furthermore, comparing Figures 6.5(a)-

6.5(b) with their corresponding Figures 6.3(a)-6.3(b) reveals that in general a smaller

display device damping is required for a velocity-sampled systems compared to the

position-sampled system.

6.4 Numerical Analysis: Position versus Velocity

Sampling

Figures 6.6(a) and 6.6(b) show the minimum inherent haptic display device damping

required for robust stability of position-sampled and velocity-sampled haptic simula-

tion systems, respectively, when K = 104N/m and T = 0.005s are constant.
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Figure 6.6: Minimum inherent haptic display damping required for the stability of
position and velocity-sampled haptic simulation systems with the Tustin
and BD differentiation methods, when T = 0.005s and K = 104N/m.
Plots are derived from accurate relations (6.5), (6.7) for position-sampled,
and (6.15), and (6.17) for velocity-sampled haptic simulation systems.

It is clear from Figure 6.6(a) that a Tustin approach in implementing the virtual en-

vironment differentiation results in a less conservative robust stability condition in a

position-sampled haptic simulation system. This is because of the difference between

the two minimum required damping b is B −Bcos(ωT ) ≥ 0. However, Figure 6.6(b)

shows a reverse trend for velocity-sampled systems as the difference between the two

minimum required device damping is −KT
2

cos2(ωT ) ≤ 0.

Comparing Figure 6.6(a) with Figure 6.6(b) or equations (6.5) and (6.7) with (6.15)

and (6.17) reveals that, in general, a more robust stable system is achieved when the

velocity signal is sampled. Similar analysis exists for different values of K and T

parameters. However, obtaining analog velocity requires analog differentiation of an

analog position signal or the installation of a tachometer which adds to the system in-

ertia and introduces ripples for slow operations. Therefore, practical limitations must
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be considered for the implementation of velocity-sampled haptic simulation systems.

6.5 Summary

In this chapter, coupled stability of haptic simulation systems has been evaluated

when position or velocity signals are sampled and the backward difference or Tustin

method is used as the differentiation method in the virtual environment implemen-

tation. The analysis shows that, regardless of using BD or Tustin methods, a smaller

haptic display damping is required for stability when the velocity signal is sampled

compared to the case when the position signal is sampled. More importantly, velocity–

sampled haptic systems using BD are always stable for any positive device damping

b and virtual environment damping B.

For all other cases of haptic systems and digital implementation of the virtual environ-

ments, increasing environment stiffness K requires a larger display device damping

b. On the other hand, increasing environment damping B has different effects on

the stability of haptic simulation systems, depending on the type of digital imple-

mentation of the virtual environment. Explicitly, in position–sampled haptic systems

implemented with BD method, the system requires more damping b for a larger B,

while a reverse behaviour is expected for position and velocity–sampled systems im-

plemented with the Tustin method.

It is also shown that using an approximate linear transfer function for the sampler,

neglecting the aliasing effects, result in less conservative but unreliable conditions

for the stability of the haptic simulation systems. Therefore, precautions should be

taken when mathematical approximations are used in the stability analysis of haptic

simulation systems.



Chapter 7

Environment Impedance

Parameter Estimation

7.1 Overview

Real-time estimate of environment dynamics plays an important role in the design of

controllers for stable interaction between robotic manipulators and unknown environ-

ments. As seen in the previous chapters, we need some information of the range of

environment impedance in order to incorporate it into the proposed less conservative

robust stability method. Such ranges can be derived using online estimation tech-

niques suitable for various models of the environment impedance. In this chapter, we

will first propose a new fast online estimation technique, able to identify the param-

eters of linear environment impedance models. We will then compare the method to

currently available linear parameter estimation techniques which have been used in

the literature.

We will study the performance of various algorithms for fast online identification

135
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of environment impedance during robotic contact tasks. In particular, we will eval-

uate and compare algorithms with regard to their convergence rate, computational

complexity and sensitivity to noise for different environments using a single degree-

of-freedom experimental setup. The results provide some guidelines for choosing an

appropriate identification algorithm for a specific application.

Finally, we will propose a new method for online parameter estimation of the

nonlinear Hunt-Crossley environment dynamics models, and provide a mild set of

conditions for guaranteed unbiased estimation. The Hunt-Crossley (HC) dynamic

contact model has been shown to be more consistent with the physics of contact,

compared to the classical linear models, such as Kelvin-Voigt (KV). The convergence

rate and the sensitivity of the single-stage method to parameter initialization and

system parameter variations are experimentally evaluated and compared with those

of a double-stage identification method for the HC model and a recursive least squares

method for the KV model. We will experimentally evaluate the proposed single-stage

identification method for real-time parameter estimation of HC nonlinear dynamic

models. Experiments are performed on various dynamically distinct objects, including

an elastic rubber ball, a thick piece of sponge, a PVC phantom, and further a PVC

phantom with a hard inclusion. Moreover, we will discuss a mild set of conditions for

guaranteed unbiased estimation of the method in our experiments.

7.2 Introduction

Real-time estimate of contact dynamics has been used for the design of indirect and

model reference adaptive controllers for stable contact in telerobotic applications

[82, 111, 152, 114].
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There has been a variety of online estimation methods proposed for the identifica-

tion of time-varying systems. Least squares (LS) minimizes mean square error (MSE)

between the observed system output and the output of the estimated system. Many

variations of LS have been developed since it was first proposed by Karl Gauss in

1795 [122, 110]. Recursive Least Squares (RLS) was proposed in 1950 using matrix

inversion lemma to overcome the problem of computational complexity of running LS

algorithm in every time step [12, 62].

With the recent advancements in computer technology the computational complexity

of batch methods such as Batch Least Squares (BLS) with sliding window have be-

come less and less an issue. Therefore, these methods have been used and shown to be

of significant advantage in their tracking ability and convergence rates in the presence

of parameter jumps [97]. BLS method has been shown to be sensitive to measurement

noise when the window of data is short and it becomes slow, in terms of convergence

rate, when larger window size is chosen. As a result, there should be a compromise

between sensitivity to noise and convergence rate. In [97] a variable window length

is chosen and the length is resized whenever a change is detected. This requires a

mechanism for parameter change detection. Other LS based methods have been used

in the literature such as Self Perturbing RLS (SPRLS), Exponentially-Weighted RLS

(EWRLS) [62, 133, 94].

For time-varying systems with abrupt changes in their dynamic parameters, con-

sidering higher power rather than two for error in the cost function causes the op-

timization algorithm to better capture sudden changes. As a result, a number of

researchers have studied the problem of Least Mean Pth (LMP) optimization in var-

ious applications of communications such as filter design [21], adaptive FIR filters
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[135, 167] and sinusoidal frequency estimation [146]. Since LS-based techniques can-

not be used when the power “P” is greater than two, to date only Steepest Descent

(SD)-based optimization methods have been used to minimize Mean Pth Error (MPE)

[135, 167, 151, 173, 159]. However, the SD correcting gains that have been used are

not optimal and are obtained by trial and error. In fact, a closed-form solution for

an optimal SD correcting gain when power is larger than two has not been proposed

before. In this thesis, we will first propose a closed-form solution for an optimal SD

correcting gain for P=4 and will prove the uniqueness of such a gain. To obtain

high sensitivity to parameter variations, we will also propose a block-wise version of

the SD-based Least Mean Fourth (LMF) identification technique, so-called BLMF,

in which a block window of data is used for online identification.

Available methods that are widely used for modeling the environment in real-

time control applications are mainly limited to linear KV models. As discussed,

the KV or in general linear mass-damper-spring models are shown to have physical

inconsistencies in terms of power exchange during contact. This shortcoming that

results in negative contact force during rebound is more visible in dynamic models of

soft environments, such as human body tissues [42]. Therefore, the estimated forces

and dynamic parameters using such linear contact models during robotic contact

tasks are not reliable for control applications.

In 1975, Hunt and Crossley [93] showed that a position-dependent environment

damping model is more consistent with the physical intuition. It is further shown

that the Hunt-Crossley (HC) model is consistent with the notion of coefficient of

restitution, representing energy loss during impacts [113]. Therefore, such a nonlinear

model can potentially improve force and dynamics parameter estimation, which by
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itself, will improve the performance of many robotic, haptic, and telerobotic tasks.

However, the existing challenges in fast and accurate identification of the HC nonlinear

models have severely limited the use of this model for real-time applications. Diolaiti

et al. proposed a bootstrapped double-stage method for online identification of the

HC model [42]. However, this method is sensitive to parameter initial conditions,

as will be shown by experimental evaluations in this chapter1. Moreover, due to

the propagation of error from one stage to the next it suffers from slow parameter

convergence.

In this thesis, we will propose a novel single-stage method for online estimation

of the HC model. We will prove estimation consistency (unbiased estimation) and

provided mild conditions upon which the method is applicable. The single-stage

method has already been used in [3] to improve model-mediated teleoperation systems

and in [96] for stiffness modulation in haptic augmented reality applications. We will

experimentally evaluate the proposed single-stage estimation method for different

types of environment contact materials and investigate the sensitivity of the method

to initial conditions and model parameter variations, in robot-assisted tissue property

estimation and tumor detection. We will also study the estimation convergence rate

and force prediction accuracy of the proposed method in comparison with those of

the double-stage method applied to a HC model and a recursive least squares method

applied to a KV model. We will then provide intuitive insights on how to design a

robotic task for an unknown environment in order to have a benefit from efficient

identification and discuss its applications.

1For simulations please refer to [67].
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7.3 Block Mean Least Pth Real-Time Parameter

Estimation

In this section, we propose a new fast online identification technique based on a fourth

order cost function. First we discuss the Mean Pth Error (MPE) cost function, as

opposed to the MSE or Mean Squares Error cost function.

7.3.1 Linear System Identifications: MPE Cost Function

The system to be identified should be linearly parameterizable in terms of its unknown

parameters. We consider the following single-input single-output difference model for

the system dynamics
y(k) = φT (k)θ(k) + n(k) (7.1)

where y(k) is the system output, θ(k) is an m × 1 vector of parameters, φ(k) is

the regressors vector, n(k) denotes the measurement noise, and m is the number of

unknown parameters. The output prediction error e(k) is defined as e(k) := y(k) −
ŷ(k), where ŷ(k) = φT (k)θ̂(k) is the estimated output using the estimated parameters

θ̂(k). The goal of Least Mean Pth optimization is to estimate the parameters at each

time step such that the MPE cost function J [θ̂(k)] = 1
p

k∑
j=1

[y(j) − φT (j)θ̂(k)]p is

minimized, where p is an even number. The convexity of MPE cost function in

parameter space Rm has been proven in [135] and [173]. Thus, every minimum of the

corresponding function is a global minimum [135]. This fact shows that the iterative

algorithm will converge to its true value given rich enough inputs.

In order to have fast parameter convergence rate, we propose the use of a window

of data as opposed to the use of entire data so that the effect of recent parameter
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change is emphasized in the cost function. Therefore, the above cost function is

modified to
J [θ̂(k)] =

1

p

k∑

j=k−L+1

[y(j)− φT (j)θ̂(k)]p (7.2)

In this thesis, the identification method using the above cost function is called Block

Least Mean Pth method. For p = 4 the method is called Block Least Mean Fourth

(BLMF).

7.3.2 LMP Method using Steepest Descent Optimization

The LMS optimization method (p = 2) updates the system parameters along the

SD of the MSE cost function. This method can be generalized to the LMP iterative

identification method. Although, there exists a closed-form solution for optimal cor-

recting gain for LMS optimization, there is no such solution for LMP when p > 2. In

this section, we will develop an analytical solution for the optimal LMF optimization

(p = 4). However, the LMS iterative identification method is first introduced.

BLMS Online Identification with Optimal Correcting Gain

In this section, the SD-based Block Least Mean Squares (BLMS) online identification

method with optimal correcting gain is presented. The block-wise MSE cost function

is defined as
J [θ̂(k)] =

1

2

k∑

j=k−L+1

[y(j)− φT (j)θ̂(k)]2 (7.3)

In the sequel, for simplicity we will show the argument of variables in time step time

“k” with a subscript “k”, e.g. J(θ̂k) as Jk, Φ(k) as Φk and θ̂(k) as θ̂k. By defining

the regressor matrix Φk and the output vector Yk as

Φk =

(
φk

... φT
k−1

... ...
... φk−L+1

)T

,Yk =

(
yk yk−1 ... yk−L+1

)T

, (7.4)
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we can rewrite the MSE cost function as

Jk =
1

2
(Yk −Φkθ̂k)

T (Yk −Φkθ̂k)

=
1

2
(YT

k Yk − 2θ̂
T

k ΦT
k Yk + θ̂

T

k ΦT
k Φkθ̂k).

In SD method at each iteration, we calculate the parameter vector for the next time

step according to the update law
θ̂k+1 = θ̂k + λgkuk (7.5)

where uk is a unit vector in the opposite direction of the gradient vector, that is

uk = − gk

‖gk‖ ,gk =
∂Jk

∂θ̂k

= −ΦT
k Yk + ΦT

k Φkθ̂k = −ΦT
k Ek. (7.6)

and gk is the gradient vector while Ek := Yk −Φkθ̂k is the output prediction error.

An optimal value for the correcting gain λgk should satisfy

∂Jk+1

∂λgk

= 0, (7.7)

which yields to the following analytical solution

λgk =
uT

k ΦT
k Ek

uT
k ΦT

k Φkuk

. (7.8)

Deriving closed-form solution for the optimal gain for MPE optimization with

powers greater than two has not been proposed before. In the next section, we will

find a closed-form solution for the LMF (LMP for p = 4) optimal correcting gain,

prove its uniqueness and propose the BLMF online identification method.

BLMF Online Identification with Optimal Correcting Gain

The LMF cost function is defined as

Jk =
1

4

k∑

j=k−L+1

[yj − φT
j θ̂k]

4. (7.9)



CHAPTER 7. ENVIRONMENT IMPEDANCE PARAMETER ESTIMATION 143

As compared to the LMS cost function in (7.3), LMF imposes a larger cost associated

with jumps in system dynamics. Therefore, this method is believed to display faster

convergence in the presence of parameter jumps when error takes a large value. The

gradient of cost function is derived as

gk =
∂Jk

∂θ̂k

= −
k∑

j=k−L+1

φj[yj − φT
j θ̂k]

3. (7.10)

As mentioned in the introduction, SD-based optimization methods have been used

in communication applications to minimize Mean Pth Error (MPE), including when

“p = 4” [135, 167, 151, 173]. In these cases, the correcting gain is chosen proportional

to the gradient norm, that is λgk = µk‖gk‖, where the scale factor µk is a constant

obtained by trial and error. This update law that is based on “scaled gradient norm”

(SGN) correcting gain is not optimal.

Below we propose an optimal closed-form solution for the correcting gain λgk. The

optimization algorithm is performed via analytical minimization of the cost function.

Thus, there is no numerical optimization involved to cause any delay in the estimation

process. Using update law (7.5), the cost function is optimized for correcting gain

λgk when
∂Jk+1

∂λgk

=
k∑

j=k−L+1

(φT
j uk[yj − φT

j θ̂k − λgkφ
T
j uk]

3) = 0 (7.11)

where uk is defined in (7.6). Replacing for uk from (7.6) and rearranging (7.11) the

following cubic polynomial in terms of the optimal correcting gain is found that needs

to be solved at every time step

Gk = Akλ
3
gk + Bkλ

2
gk + Ckλgk + Dk = 0, (7.12)
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where

Ak =
k∑

j=k−L+1

(φT
j uk)

4, Bk = −3
k∑

j=k−L+1

(φT
j uk)

3(yj − φT
j θ̂k)

Ck = 3
k∑

j=k−L+1

(φT
j uk)

2(yj − φT
j θ̂k)

2, Dk = −
k∑

j=k−L+1

(φT
j uk)(yj − φT

j θ̂k)
3 = ‖gk‖.

It is important to note that no approximation and no numerical method have been

used in deriving the above equation, unlike many nonlinear optimization methods that

have been used for system identification [122]. An important question that remains to

be answered is: whether there exists a real root for the above third-order polynomial,

and if it does, is it unique or multiple?

Theorem 8. (Theorem - Roots of Gk): There exists one and only one optimal

real correcting gain for the BLMF problem.

Proof. We have to prove that the function Gk has one and only one real root λgk.

The function Gk is a 3rd-order polynomial; thus, the existence of at least one real root

is guaranteed. Therefore, if Gk is monotonically increasing (decreasing) it has always

one and only one real root. In order to show the monotonic behavior, the derivative

of Gk derived as ∂Gk

∂λgk

= 3Akλ
2
gk + 2Bkλgk + Ck (7.13)

has to always be positive. Since Ak is always positive, if B2
k − 3AkCk ≤ 0, then Gk is

a monotonically increasing function. By defining aj = φT
j uk and ej = yj −φT

j θ̂k, the

two terms 3AkCk and B2
k can be written as

3AkCk = 9(
k∑

j=k−L+1

a4
j)(

k∑

i=k−L+1

e2
i a

2
i ) (7.14)

B2
k = 9(

k∑

j=k−L+1

eja
3
j)(

k∑

i=k−L+1

eia
3
i ). (7.15)
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Since 3AkCk = B2
k for i = j, we can say

B2
k − 3AkCk = 9(

k∑

i,j=k−L+1,i6=j

a3
jeja

3
i ei −

k∑

i,j=k−L+1,i6=j

a4
je

2
i a

2
i ).

Therefore, we have

B2
k − 3AkCk

9
≤

∑

i6=j

|aj|3|ej||ai|3|ei| −
∑

i6=j

a4
je

2
i a

2
i

=
∑
i<j

2|aj|3|ej||ai|3|ei| − (
∑
i<j

a4
je

2
i a

2
i + a4

i e
2
ja

2
j)

=
∑
i<j

a2
ja

2
i (2|ej||ei||aj||ai|)−

∑
i<j

a2
ja

2
i (e

2
ja

2
i + e2

i a
2
j)

=
∑
i<j

−a2
ja

2
i (|ej||ai| − |ei||aj|)2 ≤ 0.

In order to find the optimal correcting gain λgk from Gk, either numerical or

analytical methods can be used. The analytical roots of this cubic polynomial can be

obtained using Cardano’s equations [23]

λgk =
pk

3mk

−mk − (
Bk

3Ak

), mk =
3

√
qk

2
±

√
q2
k

4
+

p3
k

27
,

pk =
Ck

Ak

− 3(
Bk

3Ak

)2, qk =
Dk

Ak

+ 2(
Bk

3Ak

)3 − Ck

Ak

(
Bk

3Ak

).

Since there are two solutions to the square root, and three complex solutions to the

cubic root, six possibilities exist in computing mk. However, only one solution is real

and can be used for identification. Therefore, using the principal solution of the cubic

root, the real λgk can be calculated.

For a numerical evaluation of the proposed BLMF method and comparison with

BLMS and EWRLS methods, please refer to Appendix B.
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7.4 Linear Environment Dynamics Identification

In Section 7.3 we discussed different real-time parameter estimation methods which

can be applied to any linear dynamic system. In this section, after defining linear

environment dynamic models, we will apply these methods in order to estimate the

parameters of environment dynamics in real time.

7.4.1 Linear KV Environment Model

Different models have been proposed in order to provide a continuous representation

of the contact phenomenon at microscopic and macroscopic levels [119]. The simplest

and the most common model that we use throughout this chapter is the Kelvin-Voigt

linear model, which is the dynamics of a linear damper-spring system

F (t) =





Kx(t) + Bẋ(t) x(t) ≥ 0

0 x(t) < 0

(7.16)

where x(t) represents penetration in the environment, K the environment stiffness

and B the environment damping.

In discrete domain, the environment dynamics can be written as

Fk = φT
k θk + nk, ∀xk > 0 (7.17)

where the subscript k denotes the time instant, φT
k = [xk vk] the regressor vector, θk =

[Kk Bk]
T the vector of dynamic parameters, nk the modeling error and measurement

noise, xk the penetration at sample time t = k.T and vk the contact velocity computed

from

vk = ẋk = L(
xk − xk−1

T
). (7.18)
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Here, the parameter T is the sampling period and L(·) is a low-pass filter operator.

7.4.2 Least Squares Based Identification Methods for KV

Linear Environment Dynamics

Variations of the Least Squares method are based on the block-wise MSE cost function

J [θ̂k] =
1

2

k∑

j=k−W+1

λk−j
f [yj − φT

j θ̂k]
2, (7.19)

where W is the data window length considered in each method and λf is the forget-

ting factor which satisfying 0 < λf ≤ 1. Obviously, small values for λf puts greater

emphasis on recent data.

B1. Exponentially Weighted Recursive Least Squares (EWRLS)

EWRLS estimation method has been widely employed for environment estimation

applications in robotic systems. This method is particularly used for tracking gradual

changes in system parameters. Therefore, EWRLS has been selected as a benchmark

method for evaluation in this chapter. EWRLS update equations can be written as

Lk+1 =
Pkφk+1

λf + φT
k+1Pkφk+1

(7.20)

Pk+1 =
1

λf

[Pk − Lk+1φ
T
k+1Pk] (7.21)

θ̂k+1 = θ̂k + Lk+1[Fk+1 − φT
k+1θ̂k], (7.22)

where matrix P is the covariance matrix and λf is the forgetting factor, which effec-

tively puts emphasis on the last
λf

1−λf
data points.

B2. Self Perturbing Recursive Least Squares (SPRLS)
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In the regular RLS method, once the estimated parameters converge, the covari-

ance matrix P reaches a small value and thus the matrix L diminishes. Therefore,

the parameter estimates θ̂ do not track any changes. A few algorithms have been

proposed in order to overcome this problem by modifying the covariance matrix up-

date law. One of these methods is Self-Perturbing Recursive Least Squares (SPRLS)

[133].

In SPRLS, the adaptation gain is automatically adjusted through perturbations

imposed by the estimation error on the covariance update dynamics

Pk+1 = Pk − Lk+1φ
T
k+1Pk + βNINT(γe2

k−1)I

where ek−1 := Fk −φT
k θ̂k−1 and I is an identity matrix of the same size of the matrix

P. Therefore, whenever an abrupt change occurs and error increases, the adaptation

gain increases automatically. Here NINT is a roundoff operator, and β and γ are

design constants that can be adjusted according to the system measurement noise.

The function NINT(·) grounds the self-perturbing term when γe2
k−1 < 0.5, thus

implementing regular RLS algorithm. Therefore, parameter γ controls the minimum

error band for the self-perturbing action, and thus in effect it determines a dead zone

for noise rejection.

B3. Block Least Squares (BLS)

Block Least Squares (BLS) identification method, applies batch LS to a floating

window of data at each sample time. With the recent advancements in computing

technology, the computational complexity of BLS has become less and less an issue

for real-time applications.

The key to tracking time-varying parameters is the use of some type of forgetting

techniques to discard old data. By changing the size of window we can easily discard
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Figure 7.1: Experimental Setup

any number of data points that we need in the case of parameter changes. Therefore,

theoretically the method can be as fast as we want. However, in practice lower window

size increases sensitivity to measurement noise. In addition, the input signal must be

rich enough in the period of the short window length. By defining regressor matrix

and force vector for W observations as:

Φk =

(
φk

... φk−1

... ...
... φk−W+1

)T

, Fk =

(
Fk Fk−1 ... Fk−W+1

)T

(7.23)

the BLS update equation can be written as

θ̂k = [ΦT
k Φk]

−1ΦT
k Fk. (7.24)

7.4.3 Steepest Descent Based Identification Methods

In the identification methods based on Steepest Descent (SD) optimization technique,

the parameter estimates are updated according to (7.5). If a fourth order cost function

is minimized, the BLMF method is achieved.

C1. Block Least Mean Fourth (BLMF)

For block-wise MSE cost function, there exists a closed-form solution for λgk.

However, as mentioned before, higher order cost functions set higher cost on error

caused by abrupt changes in system dynamic parameters; thus, they tend to spend
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more effort in faster reduction of the error. In general, there is no closed-form so-

lution for the general problem of Least Mean Pth Error (MPE) and thus numerical

optimization or constant values for λgk have been used for various applications [167].

However, an optimal and analytical closed-form solution has been found in [66] for

Block Least Mean Fourth (BLMF) problem which was discussed in Section 7.3.2.

7.4.4 Experimental Setup and Procedure

Experimental Setup

The performance of the above four impedance identification methods are evaluated

with three different environments using a single degree-of-freedom experimental test

bed as shown in Figure 7.1. The test bed consists of a DC motor connected to an

aluminum bar via a cable mechanism with ratio of 4:1. A JR3 wrist force sensor is

mounted on the bar and its location along the bar can be adjusted. The resolution

of the motor encoder is 4096 PPR, which maps to 0.08 degree. Considering the

transmission ratio and the length of the bar, the resolution of the linear penetration

of the end-effector tool (poking device) is 0.1 mm. The resolution of force sensing

with a 14 bit D/A converter is 0.05 N. The control system was implemented at the

rate of 1KHz and the collected data was down sampled by a factor of 10.

The three different environments that were used for the experiments were sponge,

bubble-wrap sheet and a hard plastic foam representing soft contact, soft contact

with varying impedance, and medium contact.
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Inputs to the System - Persistency of Excitation

The above-mentioned manipulator arm is commanded to follow the desired reference

trajectory

xd(t) = f(t) + asin(20πt), (7.25)

where f(t) is a periodic function of square pulses smoothed by low-pass filters, which

has been designed to establish intermittent contact between the arm and the envi-

ronment. Since the number of parameters to estimate is two, a minimum of one

sinusoidal excitation is enough for true estimation of the system parameters as long

as the environment dynamics can be approximated by a first-order linear system [12].

As we use block windows of data, the frequency of excitation (in our case 10 Hz)

should be high enough to make sure that the block of data is rich enough considering

the sampling period and the block length. The scaling factor a is chosen to have

non-zero velocity in soft and moderate environments, needed to identify damping of

the environment. The amount of penetration and the amplitude of oscillations de-

pend on the stiffness of the environments. For the medium contact, the end-effector

is not able to penetrate into the body. Therefore, only stiffness which is in fact the

dominant component of the environment impedance can be estimated.

7.4.5 Experimental Results

The performance of the four online identification methods for three different envi-

ronments are evaluated and compared, on a 3.2 GHz Pentium IV computer using

MATLAB.
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Figure 7.2: Position, velocity and force
profiles - Soft contact.
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Figure 7.3: Estimated stiffness and predic-
tion error using four identifica-
tion methods - Soft contact.

Soft Contact

Figure 7.2 shows the actual position, velocity and force profiles of the manipulator

arm for the experiment with soft environment, in which positive position implies con-

tact penetration. Once the end-effector makes contact with the environment, impact

forces that are built up at contact push the end-effector off the contact. Afterwards,

a long-term contact is made until the robot is commanded to disconnect at t = 30 s.

The oscillations in position and especially in force after contact are due to the high

frequency sinusoidal position input. In this experiment and all future ones, the iden-

tification algorithms are performed only when the measured contact force is non-zero,

that is when the end-effector is in contact. At other times the stiffness and damping

estimates are reset to zero.
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Figure 7.3 shows the estimated stiffness and prediction error of the four algorithms

for soft contact. Estimated damping for soft contact as well as soft contact with time

varying impedance, which will be discussed in 7.4.5, are shown in Figure 7.4. A

window length of 300 is considered for the block of data. For EWRLS a forgetting

factor λf = 0.9967 was chosen, which tends to put substantial weight on the past

1/(1−λ) = 300 samples. The results show that EWRLS has much slower convergence

rate compared to the other methods. This is due to the fact that the estimation is

incremental and that all past data contribute to the current estimate algorithm,

which makes it slower than the BLS method that uses only a specific number of data

points. Thus, if the sliding window with length 200 samples covers the data points

after the change, the old data that includes the change do not have any effect on

the identification result. This is one of the reasons of fast convergence rate in BLS

method.

The fast convergence rate of BLMF method is the result of using higher power

for the prediction error ek in the cost function. Therefore, after a sudden change,

a higher effort is spent to minimize the cost function. It is important to note that

although a window of data is used to derive the correcting gain in BLMF, the effect

of old data is not zero, as seen in equation (7.5) where θk+1 is derived iteratively from

θk. Therefore older data points indirectly affect current estimates.

The SPRLS method with β = 100 and γ = 2, that are chosen for both fast conver-

gence and robustness to noise, shows relatively faster response to the abrupt changes

compared to EWRLS. This is because of the effect of higher gain in the identifica-

tion process resulting from external perturbations in the covariance matrix as sudden

jumps happen. The estimation gain approaches a small value in EWRLS method,
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once the parameters converge to a value. Therefore, as expected from the above

analysis and verified by experiments, BLS and BLMF show the fastest convergence

rates. For large window sizes, e.g. over 300 (not shown in figures), BLS convergence

rate reduces significantly, since more data points collected before parameter change

are included in the identification process, which have no information of the parameter

variations.

Soft Contact with Time-Varying Impedance (TVI)

The environment chosen for this section is a bubble-wrap sheet, which is a soft object

with an impedance that changes with time after compression, due to the deflation of

the bubbles. This effect can be seen in Figure 7.5, where the amount of contact force

is larger at the beginning and subsides later on for almost constant contact position

and velocity. The identification methods verify this effect in Figure 7.6, where the

contact stiffness gradually reduces during contact. Figure 7.7 provides a detailed view

of the estimated stiffness for a short duration of time around the contact time. In this

Figure BLS and BLMF are responsive and capture initial high stiffness of the object

with extra overshoot. The estimated damping for this type of the environment is

shown in Figure 7.4. The two recursive methods almost miss the high stiffness period

and converge in over 1 second.

Medium Contact

Figure 7.8 shows the position, velocity and force profiles for medium contact. Since

penetration into the environment is significantly resisted, the force actuated manipula-

tor cannot faithfully track the desired position trajectory. As a result the end-effector
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Figure 7.4: Estimated damping for soft contact and soft contact with time-varying
impedance (TVI).

Table 7.1: RMSE% for Different Environments (W=300)

Method Soft Soft - TVI Medium
BLS 9.27 5.97 2.79

BLMF 8.99 8.315 1.72
SPRLS 16.02 18.04 4.24
EWLS 12.96 15.33 6.29

velocity is substantially reduced to almost zero as shown in Figure 7.8. Thus the ve-

locity profile is not rich enough to allow proper estimation of damping. This may not

create any severe problem as the impedance of the harder objects can be dominated

by stiffness. Figure 7.9 illustrates the results of identification methods for stiffness

and the prediction error. In this case, the amount of sudden jump in environment

dynamics is significantly higher than that of the previous cases. Therefore, EWRLS

converges much slower than the other methods. As before, BLMF and BLS show

much faster convergence rate even compared to SPRLS.

Table 7.1 compares the the percent root-mean-square of prediction error (RMSE%)

resulted from different identification methods for different environments. In order to

make the analysis independent of experiment conditions, all table entries present the
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Figure 7.5: Position, velocity and force
profile - Soft contact with
time-varying impedance.
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Figure 7.6: Estimated stiffness - Soft
contact with time-varying
impedance (view of full
contact interval).

average of RMSE% for 5 different trials. This table shows that BLS and BLMF

methods predict contact force with more accuracy than SPRLS and EWLS. This

result is also expected from much faster convergence rate of BLS and BLMF as can

be seen in Figures 7.3, 7.7 and 7.9. On the other hand, although EWRLS seems

to be slower than SPRLS in all cases, it shows lower average RMSE% for both soft

contacts. One reason for this discrepancy is that the RMSE% is also affected by

identified damping as well.

7.4.6 Implementation Considerations

In this section, the effect of window size on convergence rate, sensitivity to noise

and computational complexity for the window-based methods BLS and BLMF are

investigated. As increase in forgetting factor in EWRLS puts more weight on larger
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Figure 7.7: Estimated stiffness and force prediction error - Soft contact with time-
varying impedance.

number of sample points, EWRLS can also be viewed as a method with variable

window. Therefore, EWRLS is also used as a benchmark for comparison.

Convergence Rate and Sensitivity to Noise

Figure 7.10 shows the estimated stiffness and the force prediction error using the BLS

method with window sizes 50 and 300. It is clear that the smaller the window length

(W), the more sensitive the BLS method is to noise. On the other hand as shown in

Figure 7.11, the BLMF method is more robust to noise than BLS method, especially

for small window sizes. Theoretically, due to the incremental change in its estimates

in (7.5), BLMF unlike BLS, takes into account the old data rather than just a window

of data, which makes it more robust to noise.

In terms of force prediction accuracy, Table 7.2 shows RMSE% for BLS and BLMF

methods in soft contact for two different window lengths. The values of the table are

the average RMSE% from 5 different trials. RMSE% is measured from the beginning

of the identification process and thus it is expected to be affected by convergence rate

and noise. From Figures 7.10 and 7.11 the convergence rates almost remains flat;
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as a result, the slightly higher RMSE% for both BLS and BLMF in Table 7.2 after

reduction in window size can be attributed to the increased effect of noise.

For the EWRLS method, an increase in forgetting factor to 0.98 causes higher

weight on the past 50 data points than the past 300 (i.e. practically equivalent to

reduction in window size). This reduction is window size in EWRLS, as shown in

Figure 7.12, has significant effect on increasing its convergence rate, while demon-

strating more robustness to noise than BLS and BLMF. This higher robustness to

noise in EWRLS is due to the fact that the exponential weights of data points are not

zero outside of the window of 50. Therefore, old data points still have some effect on

estimation, which causes higher robustness to noise at the cost of lower convergence

rate compared to other methods.

Table 7.2 shows that RMSE% for EWRLS, as opposed to BLS and BLMF, in-

creases when its window length increases. To explain the cause of this difference in

behavior, a better understanding of the effect of noise for various window sizes and

identification methods is needed. Table 7.3 compares the standard deviation (STD)

of parameter θ1 for different methods in different window sizes, when the environment

is soft. STD is measured after the parameter converges to the 90% of its final value.

This table shows that increasing the window size decreases the effect of noise, at

different rates for different methods. This result along with Figure 7.12 reveals that

the decrease in RMSE% for EWRLS with decreasing window length in Table 7.2, is

due to the fact that the effect of increase in convergence rate is more apparent than

that of increase in noise effect for EWRLS method. It can also be seen from Table

7.3 that BLMF is slightly more robust to noise than BLS method for smaller window

size; yet similar for large window sizes.
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Figure 7.8: Position, velocity and force
profile profile - Medium con-
tact.
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Figure 7.9: Stiffness and force prediction
error - Medium contact.

Computational Complexity and Real-Time Implementation

The main drawback of block-wise methods is their computational load. The com-

putational complexity of the BLS method is in the order of max(P 3, kP 2), where P

is the number of parameters and k is the number of measurement points [97]. It is

clear that the computational load grows continuously with the number of measure-

ment. Due to its recursive nature, the computational load of EWRLS is only in the

order of O(P 2). Computational complexity of BLMF is higher than that of the BLS

method, due to the heavy computations involved in finding the coefficients of the

cubic polynomial in 7.12. However, with the advancements in computer technologies,

the computational complexity of block-wise methods becomes less and less an issue

real-time applications.

Table 7.4 shows the elapsed time for a single iteration of soft contact identification,
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Figure 7.10: Estimated stiffness and pre-
diction error using BLS with
different window lengths -
Soft contact.
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Figure 7.11: Estimated stiffness and pre-
diction error using BLMF
with different window lengths
- Soft contact.

Table 7.2: Effect of window size: RMSE% for soft contact identification

Method W=50 W=300
BLS 10.10 9.27

BLMF 10.32 9.35
EWRLS 11.49 13.14

which is an indication of the minimum possible sampling time for BLS, BLMF and

EWRLS to identify a system of 2 parameters, on a 3.2 GHz Pentium IV computer

using MATLAB. All the experiments are performed with the same computer for

window sizes of 10 and 300 for BLS and BLMF methods in order to study the effect

of window size on the computational load. It can be seen from Table 7.4 that BLMF

has the highest computational complexity. The highest sampling frequency for the

BLMF method with W = 10 is about 2.4 KHz and 200 Hz for W = 300. For BLS

method the maximum sampling frequency is about 4.2 KHz and 2.5 KHz for W = 10

and W = 300, respectively, and for EWRLS the maximum sampling frequency can

go up to 5 KHz. Therefore, in practical applications, BLMF can only be used when
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Table 7.3: Effect of window size: standard deviation (STD) of θ1 for soft contact
identification.

Method W=50 W=300
BLS 28.38 8.92

BLMF 25.01 8.91
EWRLS 11.2 6.00
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Figure 7.12: Estimated stiffness and prediction error using EWRLS with different
window lengths - Soft contact.

lower sampling frequency is acceptable or when shorter window size can be selected.

7.5 Nonlinear Hunt-Crossley Environment Dynamic

Models Identification

In Section 7.4, we applied real-time parameter estimation techniques to linear dy-

namic models of environment dynamics. Here, we will introduce Hunt-Crossley (HC)

environment dynamics, provide the available methods for real-time parameter es-

timation of HC models, and propose a new method to estimate its parameters in
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Table 7.4: Effect of window size: minimum sampling time (ms.).

Method W=10 W=300
BLS 0.24 0.40

BLMF 0.41 4.92
EWRLS 0.21 0.21

real-time.

7.5.1 Hunt-Crossley Nonlinear Contact Model

Nonlinear models have been shown to be in better agreement with the dynamic be-

haviour of physical environments [57]. Specifically, human biological tissues have been

reported to show nonlinear behaviour [176]. In order to overcome the problems of the

KV linear model, Hunt and Crossley [93] proposed the following nonlinear model

F (t) =





Kcx
n(t) + Bcx

n(t)ẋ(t) x(t) ≥ 0

0 x(t) < 0,

(7.26)

in which the viscous force depends on contact penetration. Here Kcx
n denotes the

nonlinear elastic force and Bcx
nẋ denotes the nonlinear viscous force. The parameter

n is typically between 1 and 2, depending on the material and the geometric properties

of contact.
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Figure 7.13: Double-stage identification method for the Hunt-Crossley model [42].

7.5.2 Linear Identification of the Nonlinear Hunt-Crossley

Model

The nonlinear nature of HC models are intuitively consistent with the physics of

contact, however the resulting computational complexity of the double-stage identifi-

cation method have restricted the use of the HC model in real-time robotic applica-

tions. Therefore, the authors proposed a different approach to linearize the nonlinear

model so that all three parameters of the HC model can be estimated at the same

time in a single stage. This makes the real-time identification process faster and

computationally more efficient [67].

In this section, we provide a brief overview of the double-stage parameter esti-

mation method by Diolaiti et al. [42], and the single-stage identification method

proposed by the authors in [67] and discuss their differences.

7.5.3 Double-Stage Identification Method

Figure 7.13 illustrates the double-stage parameter estimation method [42]. In this

method, the estimation of the dynamic parameters (Kc, Bc) are partially decoupled

from the parameter n. In stage Γ1, assuming a known n̂, the following linear dynamic
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equation is used to estimate Kc and Bc

F (t) = Kc[x
n̂(t)] + Bc[x

n̂(t)ẋ(t)] + ε1, (7.27)

where ε1 is the error generated from using n̂ instead of n. In stage Γ2, assuming

known K̂c and B̂c parameters, the parameter n is estimated according to

[log
F (t)

K̂c + B̂cẋ(t)
] = n[log x(t)] + ε2, (7.28)

where ε2 is the error resulting from the estimation of K̂c and B̂c. For the unbiased

estimation of all three parameters, both ε1 and ε2 must be zero-mean stochastic

processes.

Although the convergence of this method has been analyzed [42], the proof of esti-

mation consistency has been provided under three conditions that may substantially

limit the applicability of this method:

• In order for ε1 to be a zero-mean stochastic process, it is assumed that δn = n̂−n

is always small such that 1 − xδn ' − log xδn = −δn log x. In other words, the

approximation holds only when the condition xδn → 1 is met. This condition

cannot be realized at the beginning of the estimation process, where x is very

small and δn is potentially large. For instance, for the initial error δn = 0.2

and one centimeter penetration, (0.01)0.2 = 0.398 which is not close to 1.

• In order to have an unbiased estimation in Γ2, the following necessary condition

must be satisfied

‖δKc + δBcẋ‖ ¿ ‖ ε1

xn
‖, (7.29)

where δKc := K̂c −Kc and δB := B̂c −Bc. This condition is met at the initial

estimation period where x is small and also after convergence when δKc and

δBc become small. However, if the parameters of the system change during
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operation, condition (7.29) is no longer met and there is no guarantee for Γ2 to

be unbiased.

• The statistical condition

E[δn(Kc + Bcẋ)xn] = 0 (7.30)

must be satisfied, which is the case if the two estimators converge independent

of each other. However, the convergence of Γ2 is dependent on Γ1 and vice-versa,

as each estimator relies on the resulting estimates from the other estimator.

7.5.4 The Proposed Single-Stage Identification Method

As discussed in Section 7.5.3, the applicability of the double-stage parameter esti-

mation method is limited under certain conditions. These limitations may result in

inconsistent estimations due to the choice of initial conditions which are far from

the actual unknown values. Therefore, the authors provided a different method to

linearize the nonlinear HC model so that all three model parameters can be identified

in one stage during a real-time process.

In this section we propose a single-stage linear online identification method for

non-linear Hunt-Crossley model and the conditions under which this method has

guaranteed convergence are provided in the next section. In order to make a linear

relation, function ln(·) is used here, because of one important property: ln(1+α) ∼= α

provided that |α| << 1. Consider the following relation:

F (t) = Kcx
n(t) + Bcx

n(t)ẋ(t) + ε, (7.31)
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where ε is the measured noise during the process. Using ln(·) function we have:

ln[F (t)] = ln[Kcx
n(t)(1 +

Bcẋ(t)

Kc

+
ε

Kcxn(t)
)]

= ln(Kc) + n ln[x(t)] + ln[1 +
Bcẋ(t)

Kc

+
ε

Kcxn(t)
]. (7.32)

where ε includes the modeling error and the measured noise during the process. As

we know for the natural logarithm, ln(1 + α) ∼= α for |α| ¿ 1. Therefore, assuming

|Bcẋ(t)

Kc

+
ε

Kcxn(t)
| ≤ |Bcẋ(t)

Kc

|+ | ε

Kcxn(t)
| ¿ 1, (7.33)

the equation (7.32) can be re-written as

ln[F (t)] ∼= ln(Kc) +
Bc

Kc

ẋ(t) + n ln[x(t)] +
ε

Kcxn(t)
. (7.34)

The assumption in (7.33) implies that |Bcẋ(t)
Kc

| and | ε
Kcxn(t)

| are negligible. To satisfy

|Bcẋ(t)
Kc

| ¿ 1, as a rule of thumb, we consider the condition

‖ẋ‖∞ <
0.1Kc

Bc

(7.35)

with the approximation threshold of 0.1. This threshold would result in a minimum

uncertainty of 0.005 in (7.33), which is small and acceptable considering the potential

magnitude of ln(Kc) and n ln[x(t)] in (7.34). Although the effect of the threshold on

the identification process depends on the other terms in (7.34), such as the value of

Kc, the force, and the amount of measurement noise, our experiments and simulations

have shown that 0.1 is a rather conservative value in many cases. Therefore, being

marginally close to this value, or even slightly violating this condition, does not

necessarily mean that the identification is not valid. Since the values of Kc and Bc

are unknown in real-time experiments, their estimates can be used as an alternative to

validate condition (7.35), as will be seen in Section 7.6. With regard to the feasibility

of condition (7.35), in many practical applications the speed of operation within
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contact is not high and condition (7.35) is often met. However, it should be noted

that the speed of operation is not fully controlled by the user as it depends on the

characteristics of the desired task and the capabilities of the robot. Therefore, the

fact that condition (7.35) is not guaranteed can be considered a shortcoming of this

method.

With regard to the second term of approximation (7.34), depending on the power

of noise and the type of environment, i.e. Kc, a reasonable minimum penetration

must be chosen so that | ε
Kcxn(t)

| is small enough to satisfy (7.33). The identification

process must be stopped when the penetration is smaller than this threshold.

Considering the above conditions, the linearized system (7.34) can be identified

using the Least Squares family of estimation methods. To this purpose, the environ-

ment dynamics (7.34) is linearly parameterized as

yk = φT
k θk + ε̄k xk > 0 (7.36)

where φT
k is the regressor vector, θk is the vector of dynamic parameters, ε̄k =

εmk + εk

Kcxn
k

represents modeling error and force measurement noise at the sample time

t = k.T , where k is the iteration number and T is the sampling time, and

φT
k = [1, ẋk, ln(xk)], θ = [ln(Kc),

Bc

Kc

, n]T , yk = ln(Fk) (7.37)
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Among variations of the RLS methods, EWRLS is an estimation method more suit-

able for environments with variable dynamic properties. The EWRLS update equa-

tions can be written as [62]

Lk+1 =
Pkφk+1

λ + φT
k+1Pkφk+1

Pk+1 =
1

λ
[Pk − Lk+1φ

T
k+1Pk] (7.38)

θ̂k+1 = θ̂k + Lk+1[Fk+1 − φT
k+1θ̂k]

where P is the covariance matrix and λ is the forgetting factor. When λ = 1, the

RLS method is achieved. At every sampling time, the estimated parameters of the

model are derived according to

K̂ck = e
ˆθk(1) B̂ck = e

ˆθk(1)θ̂k(2) , n̂k = θ̂k(3).

where θ̂k is achieved from (7.38). The algorithm should check for singularities in the

logarithmic functions that may occur during the operation. As in every parameter

estimation method, the estimation convergence relies upon the persistency of exci-

tation (P.E.) of the robot end-effector trajectory. Since there are three parameters

to be identified, as a rule of thumb, a combination of two sine waves would be suf-

ficient [155]. In practical applications, this excitation condition is not guaranteed to

be met; however, the non-linearity of the function ln(·) can make the identification

signal richer [155]. The P.E. condition will be experimentally investigated in Section

7.6.4.

To prove that the parameter estimates are unbiased against measurement noise,

it is sufficient to show that εk

Kxn
k

can be considered as a stochastic process with zero

expectation. Parseval’s theorem and its generalization, known as Rayleigh Energy

Theorem [182], which represents the time average in frequency domain, shows that if
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εk has components at all frequencies, such as in Gaussian white noise, the time average

of εk

Kxn
k

is not guaranteed to be zero. However, since εk and 1
Kxn

k
are independent

processes, the mathematical expectation of εk

Kxn
k

is zero.

Due to its recursive nature, the computational load of EWRLS is only in the

order of O(P 2), where P is the number of parameters. Therefore, the computational

load of the proposed method for nonlinear Hunt-Crossley model is easily manageable

for online applications. The implementation of this method compared to the 2-stage

method [42] is relatively easier, as it requires the implementation of one estimation

process as opposed to two.

7.5.5 Experimental Setup For Real-Time Identification

We have studied the performance proposed single-stage identification method and

compared to that of the available double-stage method through simulations in [67].

Here, we experimentally evaluate and demonstrate the advantages of the single-stage

method over the double-stage method for the HC model and the EWRLS method

applied to the KV model.

The single-stage online parameter estimation method for HC models is verified on

the Quanser planar Twin Pantograph robotic platform described in Chapter 5. Here

the pantograph is equipped with a poking device and an ATI Nano-25 force/torque

sensor.

Desired Trajectory for the Probe

Different trajectory commands for the robot are used in order to determine the least

possible level of excitation for identification. First, the following combination of three
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Table 7.5: Rubber Ball: Parameter initial values for HC and KV models.

HC Pars Set I Set II Set III KV Pars Set I Set III
Kc0 0.1 0.1 2000 K0 0 800
Bc0 0 0 4000 B0 0 20
n0 1 2 2 - - -
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Figure 7.14: Desired trajectory command signal perpendicular to the contact surface.

sinusoidal signals is chosen as the desired trajectory in the direction perpendicular to

the contact surface

x(t) = 1 sin(4t) + 1.8 sin(11t) + 1.8 sin(15t) + x0 (mm).

The frequency and coefficients are chosen to ensure suitable penetration inside the

environment as well as the richness of the excitation input. The bias x0 is added to

push the robot smoothly inside the environment about 10 mm such that the robot re-

mains inside the object during the entire contact task. A sample position trajectory

for the first 10 seconds is shown in Figure 7.14. A two seconds delay in the posi-

tion command is implemented to measure and remove any bias in the force sensor

measurements before the actual experiment starts.

Contact Material

Three different contact materials (environments) are used for the experiments. They

include a rubber ball, a piece of sponge, and a PVC phantom. Each environment
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Figure 7.15: Three different contact materials identified through experiments. From
left to right: rubber ball, sponge, and PVC phantom.

displays a specific behaviour that results in important conclusions about the identi-

fication method and the advantage of the nonlinear HC model over the linear KV

model. Figure 7.15 illustrates the experimental setup with the robot in contact with

the three different environments.

7.6 Experimental Procedure and Results of the

Nonlinear Hunt-Crossley Dynamic Parameter

Estimation

7.6.1 Environment: Rubber Ball

An elastic rubber ball is used as the contact material for the first set of experiments

as shown on the left side of Figure 7.15. This type of contact, when compared to the

other two, displays a dominant elastic behaviour, which returns the probe quickly to

its original state once the stress in removed.
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Figure 7.16: Rubber Ball: Estimated parameters of the HC model using the single-
stage method for three repetitions of the real-time experiment with the
first set of initial conditions.

Initial Conditions

To investigate the sensitivity of the identification algorithms to parameter initializa-

tion, three experiments are conducted for each environment using small and large

initial conditions for the identified parameters. The choice of small values for Kc0 ,

Bc0 and n0 is trivial. The set of high values is established as two or three times the

average of the parameters in the steady-state obtained by performing the identifica-

tion experiments with the small initial values. To estimate the parameters of the HC

model, we examine the small values for Bc0 and Kc0 once with n0 = 1 and once with

the maximum expected value n0 = 2. The two experiments help us focus on the effect

of n. In the third experiment, we change Bc0 and Kc0 to their larger values to focus

on the effect of Bc and Kc.

The three sets of initial values for Kc0 , Bc0 , and n0 for the rubber ball are shown

in Table 7.52. Since the KV model has only two parameters, i.e. K and B, two

experiments with low and high values, as summarized in Table 7.5, are considered.

2For singularity issues Kc0 = 0 cannot be used in our identification process, and instead Kc0 = 0.1
is used.
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Validity of the Single-Stage Method

The results of the estimation of the HC model parameters using the single-stage

method are shown in Figure 7.16. The figure illustrates the identified parameters

for three repetitions of the real-time experiment with the first set (set I) of initial

conditions for all trials. The agreement of the estimated parameters verifies the

experimental results and points at the consistency of the single-stage method. As

an alternate method to check the applicability of the single-stage method and the

validity of its results, the approximation condition (7.35) is investigated. Since the

correct values of Kc and Bc are not available, their estimates are used. Figure 7.17

compares |ẋ| and 0.1 K̂c

B̂c
for a set of collected data and a set of initial conditions over

the entire period of time during which the probe is in contact with the ball. The

figure shows that the condition ‖ẋ‖∞ < 0.1Kc

Bc
is satisfied and the identification results

are valid after approximately 90 ms from the start of the experiment.
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Figure 7.18: Effect of λf on the identified parameters of the HC model using the
single-stage method for one experiment with similar initial conditions.

Effect of Forgetting Factor and Covariance Matrix on the Single-stage

Method

The identification process for the above three trials starts at t = 2 s with the initial

forgetting factor 0.99 which nearly reaches unity in one second according to the expo-

nential relationship λ = 1− 0.01exp(−5(t− 2)). The choice of exponential forgetting

factor is motivated by the fact that for constant λ = 1, as in RLS, the estimation

converges more slowly while for a constant λ below unity instability occurs. The for-

getting factor λ is chosen based on the type of environment under examination. For

contacts with varying parameters, a lower forgetting factor is selected, whereas for

contacts with constant parameters a value closer to unity is selected. The choice of

the time constant in the exponent also has significant effect on the convergence rate

and convergence stability. Figure 7.18 shows the slow convergence experienced when

λ was chosen as unity. Our experiments have shown that using a large time constant

to bring λ close to unity results in instability. Using λ = 1− 0.01exp(−β(t− 2)) with

5 ≤ β ≤ 8, creates a balance between the convergence rate, sensitivity to noise, and

estimation stability. Therefore, we use λ = 1− 0.01exp(−5(t− 2)) for the forgetting

factor in order to balance estimation speed and estimation convergence. Figure 7.18
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illustrates the parameters estimated in real time after performing the single-stage

identification method on one set of experimental data with different λ profiles. It is

clear that by using the RLS method, i.e. λ = 1, the estimation becomes very slow.

The time constant of 10 seconds, i.e. β = 0.1, results in severe fluctuations and

instability, whereas β = 5 provides the best performance. While the initialization of

the covariance matrix P is expected to affect the speed of convergence at the begin-

ning of identification, the experiments show that matrices with norms larger than 10

result in similar convergence rates. On the other hand, it has also been approved that

the larger the norm of P , the larger the magnitude of the initial overshoots of the

estimated parameters. It has further been observed that the extent of these jumps

mainly depend on the initial values of the estimated parameters. The effect of the

initial conditions will be discussed next.

Effect of Initial Conditions on the Two HC Identification Methods

Figure 7.19 shows the online estimated parameters and their corresponding force

prediction errors for the various initial conditions listed in Table 7.5. The results in

Figure 7.19 are related to the three discussed online identification methods (HC: single

stage, HC: double-stage and KV) which are all applied to the same set of collected

data. The percent relative root-mean-square-error (RMSE%) is also provided in Table

7.63. Since the KV model has no parameter n to identify, its corresponding RMSE%

value for the initial set II is not available.

3In order to exclude the effect of large force prediction error experienced in the first few mil-
liseconds of contact, the calculation of %RMSE for all the methods are performed after 0.2 s of
contact.
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Figure 7.19: Rubber Ball: Estimated parameters and the force prediction errors for
various initial conditions for HC and KV models. The KV model has
one less parameter to be displayed.

It is clear from the results that the single-stage method outperforms the double-

stage method in terms of convergence rate4, i.e. speed of convergence at the beginning

of the identification process, force prediction error, and consistency of estimation.

Moreover, the single-stage method is capable of identifying the environment dynamic

parameters for a wide range of initial conditions, whereas the double-stage method

lacks this capability. The reason for such inconsistency using this set of initial condi-

tions is that the convergence conditions for the double-stage method are not satisfied,

as discussed in Section 7.5.3. Figure 7.20 shows the identification results obtained

from the double-stage method for four different initial conditions selected within the

4Convergence time is defined as the time required for the estimates of a parameter for all initial
conditions to converge within 5% difference.
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Figure 7.20: Rubber Ball: Estimated parameters of the HC model using the double-
stage method for different initial conditions.

vicinity of the final values. The double-stage method produces consistent and con-

verging results only for a small range of initial conditions, which is not desirable

for applications in which limited or no information is available about the contact

material. The reason for the inconsistency of the identification for different initial

conditions is that the convergence conditions of the double-stage method are not

satisfied necessarily. This has been discussed in Section 7.5.3.

Comparing the Identified HC and KV Models

Here we again focus on the results in Figure 7.19 and Table 7.6 to compare the HC

model obtained from the single-stage method and the identified KV model. The

larger prediction error for the KV model implies that the HC model better represents

the physical properties of the object. Although parameters converge for both models,

the convergence time is shorter for the single-stage method. Considering that the

same measurements, i.e. position and force, and the same initial conditions for the

EWRLS identification processes have been utilized in both models, the difference in

convergence rate may then be related the role of the natural logarithms of position

and force in the single-stage method in making the identification excitation richer

and resulting in faster estimation.
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Figure 7.21: Position profile (left) and the Force-position hysteresis loop (right) for
the KV model.

As previously mentioned, one potential shortcoming of KV models is the negative

predicted force when the probe reaches close to the environment surface as it moves

in the outward direction at a high velocity. In this case, i.e. x(t) → 0, and since

ẋ(t) is negative and large, a negative force is predicted by the model. However, in

reality the force exerted on any environment is always positive during the compression

and rebound phases. Such behaviour leads to power transfer from the robot to the

environment during the restitution phase, which is in contrast to human intuition.

This problem primarily occurs in systems with higher damping at high speeds. In

order to demonstrate this behaviour, a simple experiment is performed on the rubber

ball with a penetration profile, which comes close to zero at certain periods in time.

Figure 7.21 illustrates the superimposed force-position hysteresis loops obtained from

actual measurements and the estimated model. To avoid the negative force effect in all

experiments described throughout this section, with the exception of the above results,

we have considered a sufficiently large x0. This allows us to focus on comparing the HC

and KV models to predict contact behaviour once the probe is inside the environment.
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Table 7.6: Rubber Ball: RMSE% of the HC and KV models.

Set I Set II Set III
HC, 1-stage 9.71 9.71 9.71
HC, 2-stage 16.89 16.47 7.70

KV 12.39 N/A 14.9
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Figure 7.22: Sponge: Estimated parameters of the HC model using the single-stage
method for three repetitions of real-time experiment with the first set of
initial conditions.

7.6.2 Environment: Sponge

In this Section, a thick piece of sponge, as shown in Figure 7.15 is used as the contact

material for dynamic identification. The dynamic response of a sponge to contractions

is different compared to that of the ball. Due to the larger damping property of the

sponge, it requires substantially larger time for restitution. In this subsection, we

experimentally identify and compare the HC models, obtained from the single and

double-stage methods, with the KV model for this dynamic property of the sponge.

Initial Conditions

Three sets of initial values for Kc, Bc, n, and two sets of initial values for K and B,

as shown in Table 7.7, are considered for the estimation of the dynamic parameters

of the sponge. The selection of the initial values follows the strategy explained in
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Table 7.7: Sponge: Parameter initial conditions for the HC and KV models.

HC Pars Set I Set II Set III KV Pars Set I Set III
Kc0 0.1 0.1 4000 K0 0 600
Bc0 0 0 40000 B0 0 30
n0 1 2 2 - - -

Section 7.6.1 for the rubber ball. The results of real-time estimations are presented

next.

Validity of the Single-stage Method

Figure 7.22 shows the estimated HC parameters of the sponge using the single-stage

identification method for three trials with the Set I initial conditions described in

Table 7.7. One property that differentiates the sponge from the elastic rubber ball

is the damping related parameter Bc of the sponge, which is about 10 times higher

than its corresponding Kc value.

In order to confirm the applicability of the single-stage method for the sponge

environment, the approximation condition (7.35) is examined. To this purpose, |ẋ|
and 0.1 K̂c

B̂c
are compared in Figure 7.23 for one set of collected data and one set of

initial conditions over the entire period of time that the probe is in contact with the

sponge. The figure shows that condition (7.35) is violated for the first 5 seconds of

contact. However, from that point on condition (7.35) is met with a small margin. The

sponge is less elastic and more damped than the rubber ball, resulting in substantially

lower value for Kc/Bc or a lower boundary on the velocity. As a result, for faster

operations, i.e. higher velocity, the identification results lose their accuracy and

consistency. Therefore, as previously discussed, one of the main shortcomings of the
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Figure 7.23: Sponge: Convergence condition of the single stage HC environment con-
tact identification method. For reliable estimated parameters the condi-
tion ‖ẋ‖∞ < 0.1Kc
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should be met.

single-stage method is that the convergence conditioners may not be met for a highly

damped environment, especially for the tasks in which the speed of interaction is not

fully controlled by the user. For other tasks for which the speed of operation can be

controlled, such as palpation for physical examinations, a lower speed of operation is

recommended.

Remark: The convergence condition (7.35) for the single-stage HC parameter

identification method suggests an upper-bound on the speeds of motion for highly-

damped tasks. Lower speeds, if possible, can be tried before performing any contact

task in order to ensure parameter convergence.

Effect of Initial Conditions and Comparison Between Different Methods

In order to determine the effect of initial conditions on the identification of the HC

model using the single-stage and the double-stage methods as well as the linear identi-

fication of the KV model, different initial conditions as listed in Table 7.7 are applied

to one set of collected data. Figure 7.24 shows the estimated parameters and the pre-

diction error profiles for the three methods and Table 7.8 summarizes the RMSE%
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Figure 7.24: Sponge: Estimated parameters and the force prediction errors for various
initial conditions for HC and KV models. The KV model has one less
parameter to identify and display.

values. The results show that the speed of parameter convergence for the EWRLS

applied to the single-stage method for HC model is the same as that of the KV model

and is not sensitive to the large changes in the initial conditions. In contrast, the

double-stage method shows inconsistent results for such a large range of initial condi-

tions. This highlights the advantage of the single-stage method over the double-stage

method in identifying the contact dynamic parameters for a wide range of initial

conditions. Our experiments shows that the double-stage method can only converge

when the initial conditions are within ±10% of their final values. In terms of model

force prediction, a larger force prediction error is observed for the identified KV model

of the sponge than the HC model that uses the single-stage method. The double-stage

method shows larger prediction errors for all sets of initial conditions.
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Table 7.8: Sponge: RMSE% of the HC and KV models.

Set I Set II Set III
HC, 1-stage 10.38 10.35 10.38
HC, 2-stage 22.19 21.71 11.38

KV 13.54 N/A 14.96

7.6.3 Environment: PVC Phantom

Previously, we identified the dynamics of two different contact environments: the

elastic rubber ball with Kc and Bc of relatively the same order (∼ 2000), and the

sponge with a Bc that was about 10 times larger than its Kc value. For both objects,

the value of n was estimated to be approximately 1. In this subsection, we study

the distinct dynamic behaviour of a PVC phantom, which is characterized by an

n value close to 2. Figure 7.15 illustrates the PVC phantom used for experiments.

PVC phantoms have been used to mimic tissue properties for various applications,

including experimental analysis and evaluation of surgical needle insertion methods

[41]. The stiffness of the PVC phantom can be adjusted by changing the ratio of

plastic to softener (or hardener). The PVC phantom used for this experiment was

constructed of 5 portions of plastic and 2 portions of softener5. For more information

on the relationship between the stiffness of the PVC and the proportion of the plastic

and the softener or hardener, the reader is referred to [14].

Initial Conditions

Following the strategy explained in Section 7.6.1, three sets of initial values for Kc,

Bc, and n and two sets of initial values for K and B are considered for the estimation

5Supplier: M-F Manufacturing Co., Inc. Fort Worth, TX.
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Figure 7.25: PVC Phantom: Estimated parameters of the HC model using the single-
stage method for three repetitions of real-time experiment with the first
set of initial conditions.

of PVC phantom dynamic parameters as listed in Table 7.9.

Table 7.9: PVC Phantom: Parameter initial conditions for two estimation models.

HC Pars Set I Set II Set III KV Pars Set I Set III
Kc0 0.1 0.1 10000 K0 0 400
Bc0 0 0 20000 B0 0 20
n0 1 2 2 - - -

Validity of the Single-Stage Method

Figure 7.25 shows the HC estimated parameters for the PVC phantom using the

single-stage parameter estimation method in three repetitions of the experiment with

the first set of the initial conditions (set I).

Although there are differences between the estimated values in different repetitions

of the experiment, we found the results using the single-stage method more consistent

than the identified values using the double-stage method6. One reason for the larger

differences between the identified values of the PVC phantom for different trials,

compared to those of the rubber ball and the sponge, is that it is more difficult

6Due to space considerations, the double-stage results for various repetitions are not reported.
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Figure 7.26: PVC Phantom: Convergence condition of the proposed method for the
identification. For reliable estimated parameters, the condition ‖ẋ‖∞ <
0.1K

B
should be met.

for the robot to penetrate the PVC phantom, therefore the excitation level of the

identification input signal is affected accordingly. For the PVC phantom, the value

of n̂ is close to 2 in contrast to its corresponding value n̂ ≈ 1 for the rubber ball and

the sponge. In order to confirm the validity of the single-stage method for the PVC

environment, the approximation condition (7.35) is examined for one set of collected

data and one set of initial conditions. Figure 7.26 suggests that the final values

for K̂c and B̂c satisfy the convergence condition (7.35) and the estimation is valid

after approximately 300 milliseconds from the contact moment t = 2 s. However, the

condition is violated for a few samples at t = 8.7 s.

Effect of Initial Conditions and Comparing HC and KV Models

In this subsection the effect of initial conditions on the identification of the PVC

phantom is examined. Figure 7.27 shows the identified parameters and the prediction

error of the HC model identified with the single-stage and double-stage methods and

the KV model. Table 7.10 summarizes the %RMSE values of the force prediction

error. The results show that the single-stage method for the HC model and the
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Figure 7.27: PVC Phantom: Estimated parameters and the force prediction errors
for various initial conditions for HC and KV models. The KV model has
one less parameter to identify and display.

EWRLS for the KV model are robust to initial conditions and consistent results are

achieved. The identified parameters K̂c and B̂c using the single-stage method converge

to small values for all initial condition sets at the first few milliseconds of contact.

After that, they converge to a constant higher value at around t = 50 sec. The double-

stage method, however, results in different estimated parameters for different initial

condition within the large range of selected initial values. The KV model displays

similar convergence rate to the final values as the single-stage method. However, the

HC model produced smaller prediction error using the single-stage method, implying

that the HC can better approximate the dynamic properties of the PVC phantom.

The large prediction error of the double-stage method, specially for the third set of
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the initial conditions, also shows that the single-stage method can better estimate

the parameters compared to the double-stage method.

Table 7.10: PVC Phantom: RMSE% of the HC and KV models.

Set I Set II Set III
HC, 1-stage 7.17 6.98 7.13
HC, 2-stage 11.10 12.27 24.84

KV 11.46 N/A 11.49

7.6.4 Effect of Excitation Level of the Probe Trajectory

In this section, the effect of the level of excitation of the position command on the

identification of the elastic rubber ball dynamics is studied. In previous sections, a

combination of three different sinusoidal signals has been used to assure the richness

of the probe trajectory. In this section, we study the estimation convergence when

the desired trajectory consists of one or a combination of two sine signals. As dis-

cussed in Section 7.5.4, since the model has three parameters to identify, as a rule

of thumb, a combination of two sine waves would be sufficient [155]. However, due

to the nonlinearity effect of the logarithm function, we expect to achieve accurate

identification results for one sine signal as well. This effect will be explored next.

Identification with Trajectory Commands Consisting of Two and One Si-

nusoidal Components

The trajectory commands considered for the probe are x0 + 1.8 sin(11t) + 1.8 sin(15t)

and x0 + 1.8 sin(11t), where the bias x0 ensures that the probe smoothly penetrates

1 cm into the material. The contact is the rubber ball and the initial conditions are
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Figure 7.28: Rubber ball: Estimated parameters of the HC model and force prediction
error for different initial conditions using the single-stage method when
the trajectory command consists of one and two sinusoidal components.

identical to those used in Section 7.6.1. Figure 7.28 shows the identification results

for the HC model using the single-stage method. As expected for the HC model,

the trajectory with two sine waves is rich enough and the parameters converge to

similar values for the case where three sinusoidal waves were used, as reported in

Figure 7.19. Using a single sine component to build the trajectory command, the

parameters still converge but at a substantially slower rate, i.e. after ∼ 500 s (the

figure only shows the first 120 s). The results from the single sine input are consistent

with the results reported in Section 7.6.1, while the excitation level of the trajectory

command is not high enough for a general linear system with three parameters. This

behaviour can be related to the effect of nonlinearity of the ln(·) function in making

the excitation richer. For the KV model, only two parameters need to be identified,

even one sinusoidal component is rich enough for convergence, as shown in Figure

7.29. In some real-time applications, such as in-vivo estimation of soft-tissues with

non-linear viscoelastic properties, the convergence time for a more accurate HC model

may be too long in the absence of rich trajectories (sufficient level of excitation). On

the other hand, a linear KV model that does not exhibit the non-linear viscoelastic

characteristics of soft-tissues might serve as a better alternative since fewer dynamic
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Figure 7.29: Rubber ball: Estimated parameters of the KV model and force predic-
tion error for different initial conditions when the trajectory command
consists of one and two sinusoidal components.

parameters need to be identified, the model parameters may converge faster. The

decision to address the trade-off between convergence and accuracy in such situations

depends on the dynamic nonlinearity of the material, the speed and richness of the

trajectory, and the application at hand.

7.6.5 Effect of Parameter Variations

In many applications, robotic tasks include contact with different objects or with

a non-homogenous object which can exhibit varying dynamic properties of contact

across different parts of the object. An example of such a task is robot-assisted soft-

tissue palpation, which is used to detect a tumor in an organ or a calcified artery

in the heart tissue [176]. In this section, we study the ability of the single-stage

parameter estimation method to detect parameter variations when the robot is in

intermittent contact between soft and hard tissues.

To this purpose, we conduct an experiment to evaluate the performance of the

proposed method during intermittent contact between two objects: i) a regular PVC

phantom representing a normal and healthy tissue, and ii) a PVC phantom with a

hard inclusion, i.e. an aluminum bar, to mimic (and exaggerate) the properties of
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organs with a tumor or tissue samples with calcified artery walls [176]. The 1 mm

thick aluminum bar inclusion is located at the depth of 7 mm from the surface of

a 2 cm thick PVC phantom. The prodding end-effector of the robot, serving as

the palpation tool, penetrates inside the first contact material, i.e. the PVC tissue

phantom, at t = 2 s. After 5 seconds, the robot moves laterally for a few centimeters

without sliding off the contact to face the second material, i.e. the PVC phantom

with a hard inclusion. Intermittent exposures with these two materials are repeated

every 5 s and the parameters are identified in real time. The penetration profile

in this intermittent experiment is shown in Figure 7.30(c) where zone 1 represents

contact with the regular PVC and zone 2 represents contact with the PVC with a

hard inclusion. When the robot comes into contact with the regular PVC phantom

at t = 2 s, the force prediction error increases as high as 2 N (shown up to 1 N)

for 2 ms and then reaches 0.05 afterwards within zone 1. In other instances, the

robot is either in contact with the regular phantom or the phantom with the hard

inclusion. The amount of force prediction error reaches an average value of 0.5 N , and

remains at this level after the contact changes to zone 2 as shown in Figure 7.30(a).

The high level of force prediction error and the constant nature of the estimated

parameters after t = 10 s show that the EWRLS is not a suitable estimation method

for tracking variable dynamic parameters. This is because the covariance matrix P

and the correcting gain become very small once the parameters converge. Therefore,

after the first convergence, the identified parameters cannot iteratively switch between

the dynamic parameters of the two PVC objects as the process moves from one zone

to the other.
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In order to solve the convergence issue, a Self Perturbing (SP) least squares iden-

tification method [69, 133] is utilized in the single-stage method, that makes use of

the following update rule for the covariance matrix

Pk+1 =
1

λ
[Pk − Lk+1φ

T
k+1Pk + βNINT(γe2

k−1)I]

where ek−1 := Fk−φT
k θ̂k−1 and I is an identity matrix of the same size as the matrix

P. Therefore, whenever an abrupt change occurs and error increases, the adaptation

gain increases automatically. Here NINT is a roundoff operator, and β and γ are

design constants that can be adjusted according to the system measurement noise.

The function NINT(·) grounds the self-perturbing term when γe2
k−1 < 0.5, thereby

implementing a regular EWRLS algorithm. Therefore, parameter γ controls the min-

imum error band for the self-perturbing action. In effect γ determines a dead zone

for noise rejection, while accepting sudden changes in the force profile. The value of

γ is very much dependent on the characteristics of the two environments. Generally,

parameter γ depends on the minimum difference between the two force levels that

can be classified as two different objects.

The value of parameter β is dependent on the difference between the level of

parameter changes; i.e. the greater the difference in parameter values, the more

perturbation is required in the P matrix, and thus the greater is the parameter

β. For our experiments, we choose β = 0.05 and γ = 2.5 to achieve a balance

between the noise or estimation error and the parameter variations. The parameter

λ is an exponential forgetting factor that we reset to its initial λ0 = 0.99, whenever

NINT(γe2
k−1) > 0 and allow it to exponentially reach a value of one to improve the

speed of convergence.

Using the SPRLS method, the average force prediction error decreases from 0.5 N
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in the first 2 ms after contact to 0.05 N as shown in Figure 7.30(b). The estimated

parameters are also dynamic and converge to levels that correspond to the material

which the robot is in contact with. The average levels of the estimated parameters

for the two contact materials are illustrated by dashed lines in Figure 7.30(b).

In the palpation scenario discussed in this section, it was assumed that the pal-

pation device is always in contact with one of the two objects, either the PVC tissue

phantom or the PVC tissue phantom with a hard inclusion. In the case when the

intermittent transition takes place between a free motion regime and an object, the

estimation process can be stopped once the robot leaves contact and resumed once the

contact is restored. A reasonable solution to halt the identification process at loss of

contact is by detecting the transition using force measurements and identifying when

the contact force drops to zero. However, in practical cases, it would be difficult to

identify exactly when the contact is lost due to the limitations in force measurements,

inaccurate calibration, or the presence of noise. As a result small amount of force

might still be detected during no-contact regime. A more robust method is to iden-

tify a suitable force threshold for the particular robot-environment transition, below

which the contact is considered to be lost.

7.7 Summary

In this chapter, first the problems of convergence rate in dynamic parameter estima-

tion in the presence of abrupt changes as well as noise in linear time-varying systems

have been addressed. We derived a unique closed-form solution for the steepest

descent correcting gain in the Least Mean Fourth optimization problem, proposed
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a Block Least Mean Fourth (BLMF) identification method, and numerically com-

pared its performance with those of the Block Least Mean Square and Exponentially

Weighted RLS (EWRLS) identification methods in the presence of measurement noise

in terms of convergence rate, computational load and sensitivity to noise in Appendix

B. We then experimentally evaluated and compared the performance of three fast

online least squares-based and steepest descent-based identification methods (SPRLS,

BLS, BLMF) with a benchmark method (EWRLS) commonly used for the identifi-

cation of environments with varying dynamic parameters. The results of a number of

intermittent contact experiments with different environments revealed that EWRLS

has the slowest convergence rate and BLS as well as BLMF resulted in the lowest

average RMSE%. Although SPRLS shows faster convergence rate (over 0.5 sec) and

is more robust to noise than EWRLS, it is not as fast as BLS and BLMF methods

with their quick initial rise time and less than 300 ms of convergence rate for win-

dow size 300. The BLS method is very sensitive to noise for small window size of

50. Compared to BLS, BLMF shows more robustness even with smaller window size

and displays almost the same convergence rate for the same window size. The ex-

periments and confirm that BLMF has the highest computational complexity, which

grows drastically with increase in window size. Therefore, for real-time implemen-

tations, BLMF is more suitable for small window sizes if the effect of noise remains

small; or for applications where high sampling rate is not necessary.

We also proposed a single-stage estimation method for the nonlinear Hunt-Crossley

(HC) dynamic model. We evaluated the proposed parameter estimation method for

the HC model and compared the results with the double-stage method for the HC

model and the EWRLS method for the Kalvin-Voigt (KV) model through different
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experiments. The experiments revealed that the single-stage method shows a better

performance in terms of convergence rate and force prediction error, compared to

the double-stage method for the HC model and the EWRLS method applied to the

KV model. The experiments were performed on three different types of objects with

different characteristics.

Experimental results also showed that the single-stage method is more robust to

parameter initial values. We also conducted a palpation experiment in which the robot

is in intermittent contact with a regular PVC phantom and also a PVC phantom with

a hard inclusion, which can mimic a robot-assisted tumor detection application. To

make the single-stage method responsive to abrupt changes in system parameters as a

result of intermittent contact, a self-perturbing version of the recursive least squares

was used. Our experiments also showed that in all cases the HC environment contact

model produced lower force prediction error compared to the KV model, implying a

better fit to environments with different dynamic characteristics.
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Figure 7.30: Estimated parameters and force prediction error for an intermittent con-
tact (regular PVC and PVC with a hard inclusion) using the regular
single-stage method (a) and using the SP version (b) and the penetra-
tion profile (c).



Chapter 8

Mechanics-Based Dynamic Model

for Flexible Needle Insertion into

Soft Tissues

8.1 Overview

In previous sections, we studied stability of teleoperation systems. In order to imple-

ment any teleoperation system, task-oriented studies should also be presented. We

consider needle insertion as a potential task of teleoperation systems. In this section,

the primary tools for the implementation of teleoperated needle insertion is studied.

Soft tissue needle guidance and steering for clinical applications has been an active

topic of research in the past decade. Although dynamic feedback control of needle

insertion systems is expected to provide more accurate target tracking, it has received

little attention due to the fact that most available models for needle-tissue interaction

do not incorporate the dynamics of motions.

196
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Here, we will first develop a mechanics-based dynamic model for a rigid needle

inserted into soft tissues and study the controllability of this model. Next, we will

develop mechanics-based dynamic models for bevel-tip and symmetric flexible needles

inserted into soft tissues. We use Newton-Euler formulation to account for the effect

of actuation, friction, tissue interactions, and bevel-tip forces on the needle. The soft

tissue deformation is modeled by finite element analysis, whereas the mechanics-based

model is used to predict needle deflections due to bevel-tip asymmetry. We will then

study the controllability of the proposed flexible needle model inside soft tissues. The

results have significant implications on the design of suitable feedback controllers for

different types of needle insertion systems.

8.2 Introduction

Needle insertion into soft tissue is a common procedure employed in many clinical

applications such as tissue biopsy [50], brachytherapy [7], and anesthetic delivery

[1]. For effective medical diagnosis and treatment, accurate targeting is of foremost

importance. However, target accuracy is affected by needle deflection and tissue de-

formations that happen during needle insertion. Needle deflection is mainly observed

in long slender needles due to bevel-tip asymmetry, and tissue deformations take place

in soft tissues.

The first step in the design of controllers for any system is determining an ac-

curate model for it. Therefore, we should first have a model of deformable tissues

combined with a flexible model. Different models have been proposed for bevel-tip

flexible needle deflections which predict needle-tip deviations from the target for com-

pensation. For this, two main approaches are taken by the researchers: explicit and
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implicit modeling. For explicit modeling we need models accounting for mechanics

or geometric properties of tissue and needle separately. For implicit modeling, the

mechanic parameters of the tissue or the needle are implicitly embedded in the other.

We study these two approaches in detail in Sections 8.3 and 8.4. However, we provide

a summary of some of the efforts in the field here. In implicit models, mainly the

needle is modeled and the mechanical properties of the tissue implicitly affects the

model, while in explicit modeling both the needle and tissue are modeled separately.

Webster et al. [169] proposed a kinematic model for needle deflections by generaliz-

ing the standard nonholonomic unicycle and bicycle models. The effect of mechanical

and geometric properties of both the needle and the tissue as well as their interaction

are implicitly embedded in the model parameters which need to be identified for each

pair of tissue and needle [116]. In addition, this type of model is applicable when the

tissue is stiff retaliative to the needle which is not valid for many biomedical appli-

cations, such as in brachytherapy where the needles are much more rigid [139]. In a

similar approach, Hauser et al. [88] used a 3D kinematic model for a flexible bevel-tip

needle based on circular movements of the needle with a constant curvature. In these

models, the effect of homogeneous material on a specified needle is applied through a

curvature factor, which is assumed to be known for a set of needle and tissue under

experiment.

Kataoka et al. [99] proposed an implicit static model for the relationship between

bevel-tip needle deflections, its thickness, and the insertion depth. They assumed

that the transverse forces at the needle base are proportional to the insertion depth

and thus, the effect of tissue is hidden in the model. Abolhassani et al. [2] also

proposed a static model to estimate the amount of needle deflections during needle
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insertion into soft tissues as a function of needle geometry and base and load forces

applied to the needle, considering the needle as a cantilever beam. In their model,

the effect of tissue is applied through the load forces of the tissue modeled by simple

parallel springs.

There are important shortcomings related to the nature of the above-mentioned

implicit models and the assumptions made. For instance, the complexity of the

tissue deformation and cutting forces are not modeled directly and the needle-tissue

interaction is not determined by fundamentals of mechanics. Thus, the empirical

parameters of these models must be estimated for a combination of specific type of

needle inserted into specific material [116].

For practical implementations, a mechanics-based model is rather necessary which

directly takes into account the mechanical properties of needle and tissue, separately.

Therefore we use the explicit modeling approach in this thesis. Linear elastostatic

models are applied through FEM in order to model needle and tissue separately [40].

Other approaches such as mass-spring-damper network models [18], local parallel

spring-damper models [58], and locally rigid models [15] are used to model soft tissues,

which will be discussed in Section 8.3.2.

Also, for modeling flexible needles, different methodologies have been proposed in

the literature such as Bernoulli-Euler [134, 168], assumed models [98], and angular

spring model [36]. These models are discussed in more detail in Section 8.3.4.

The study of mechanics-based dynamic models for the coupled needle-tissue in-

teractions are also important for the analysis of system behavior over time leading

to the design of suitable dynamic controllers. Due to inherent complexity of these

models, studies on dynamic models and dynamic control of needle insertion are very
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limited [1].

Reed et al. [139] showed that torsional friction would result in a dynamic lag

between the needle-tip and the needle base angles, while the available steering meth-

ods assume a static relation. Therefore, they proposed a dynamic model to describe

the observed relation between the applied torque and the orientation of the bevel-tip

based on the mechanics of the needle. They used a simple Kelvin-Voigt model for the

tissue, viscous friction for needle-tissue integrations, and neglected tissue deforma-

tions. The orientation of the bevel-tip is then controlled through the control torque

applied about the needle base [139] using the proposed explicit approach. To the best

of our knowledge, this is the only available dynamic feedback control approach to

needle insertion for a mechanics-based model. More studies are required to develop

dynamic models that would apply to more generic types of needles and would provide

a more accurate representation of tissue behavior and yet could be used for the design

of dynamic feedback controllers.

In this chapter, we propose a mechanics-based dynamic model for bevel-tip and

symmetric flexible needles by incorporating the angular-spring method [60] for the

needle and a finite element model (FEM) for the soft tissue. The asymmetric bevel-

tip forces are incorporated by applying the bevel-tip force model proposed by Misra

et al. [116, 115]. We will analyze the controllability of symmetric needles inserted

into deformable tissues.

8.3 Explicit Models of Needle and Soft Tissue

In this section, we will discuss different models of the soft tissue and needles for

explicit modeling. Since the equations of motion of a deformable or flexible object is
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governed by the elastostatic models, we first introduce these models. These models

have been used as a base for simulating deformable objects, including soft tissues

and also flexible needles [38]. After introducing elastostatic models, we will discuss

various models of deformable tissues as well as for flexible needles which have been

used in the literature for the needle insertion process.

8.3.1 Linear Elastostatic Models

In this subsection, we summarize the basic knowledge for modeling a 3D object using

elastostatics, which is also used in Finite Element Models (FEM) [63]. The strain

energy of a linear elastic body Ω is defined as Estrain = 1
2

∫
Ω

εT σ dx, where ε =

[εx εy εz εxy εxz εyz]
T is the strain vector and σ is the stress vector. The strain vector

ε at any point x = [x y z] is related to the displacement of that point u(x) and the

stress vector σ is related to the strain vector through Hooke’s law [63] as shown in

the following relations for homogeneous and isotropic materials, demonstrating the

uniformity of the object in all directions

ε = Bu, B =




∂
∂x

0 0

0 ∂
∂y

0

0 0 ∂
∂z

∂
∂y

∂
∂x

0

∂
∂z

0 ∂
∂x

0 ∂
∂z

∂
∂y




, σ = Cε, C =




λ + 2µ λ λ 0 0 0

λ λ + 2µ λ 0 0 0

λ λ λ + 2µ 0 0 0

0 0 0 µ 0 0

0 0 0 0 µ 0

0 0 0 0 0 µ




,

where C is called the material matrix, and λ and µ are the two Lamé material

constants, which are directly related to the Young’s modulus E and Poisson’s ratio

v. In order to discretize the model in FEM, small elements are considered which are
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homogeneous and isotropic and the displacement of every point of an element can be

written as a linear function of displacement of its nodes. After discretizing and using

the energy minimization theorem1, we have F = Ku, where K is called the global

stiffness matrix, that includes stiffness matrices of all elements, u is the displacement

vector of all nodes of the object and vector F includes the external forces applied to

all nodes.

This method is used in the literature to simulate the deformation of objects in

surgical applications [39, 18]. We will use this method in our proposed model to

achieve a more accurate model for control applications. Next, we will present some

of the approaches that have been used to model soft tissues and flexible needles.

8.3.2 Soft Tissue Modeling

In order to apply steering, guidance and specially control methods to the flexible

needle inserted inside the soft tissue, tissues must be mathematically modeled. The

following methods have been used in the literature to model soft tissues.

1. Finite Element Models (FEM)

Models based on continuum mechanics and elastostatics using finite element analysis

have provided closer behaviour to the physics of deformable objects [39, 18]. In

finite element analysis, the continuous object Ω is divided into a finite set of discrete

elements by a mesh of nodes, as shown is Figures 8.1(a) and 8.1(b) for 2D and 3D

objects. Each small element can be considered as an isotropic material, with the

equations of motion discussed in Subsection 8.3.1.

1Energy minimization theorem says that equilibrium solution of a deformation problem is the
point where the total energy of the system is minimized, that is δE(u) = 0.
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Figure 8.1: 2D and 3D mesh for Finite Element Analysis.

The computational complexity of FEM has led the researchers to use either sim-

plification approaches or some alternative models. For instance, DiMaio et al. [39]

reduced the computational load of FEM by using only a small subset W of mesh

elements called working elements, which are the set of all elements surrounding the

needle as shown in Figure 8.2. Although such approaches have widely been used in

computer graphic simulations, they have not yet been utilized to derive a mathemat-

ical model suitable for the control applications.

Figure 8.2: Working elements and nodes [39].



CHAPTER 8. FLEXIBLE NEEDLE INSERTION 204

2. Mass-Damper-Spring Network Models

In mass-damper-spring networks [18], a network of masses connected by springs is used

to represent the soft tissue. The masses are lumped into the nodes of the network,

and are connected to the adjacent masses by some linear or nonlinear springs. This

model is widely used for simulating tissue deformation, since it is straight forward,

and the computational load is lower compared to FEM. However, there are a number

of problems and inconsistencies with this model. The mass-spring networks cannot

preserve the volume of deformable object. In most cases, the volume of the object

dose not change noticeably during the deformation, but the volume of the mass-

spring network changes as forces are applied to it. In addition, the network may have

multiple solutions. Thus, two or more different geometries might satisfy the forces

applied to the network. To the knowledge of the author, these models have not been

used for control or steering purposes, such as in needle insertion systems.

The rest of this section reviews some models of deformable tissues that are suitable

to be utilized in control design problems.

3. Parallel Spring-Damper Models

One of the simplest models that have been used for modeling soft tissues, especially

for needle insertion systems, is a set of parallel springs and dampers. Parallel spring

models is used in [58] for the deformable tissue and the combined model with a model

of needle is used for a steering problem and successful results are reported. In [98]

the soft tissue is modeled by parallel springs and dampers and it is validated through

experiments. Such model can be used for control purposes, since it can be written

in the form of a dynamic system equation. However, the accuracy of this model is
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obviously less than the accurate FEM of tissue.

4. Locally Rigid Models

In [15], the needle insertion procedure is divided into three phases: Before cutting,

cutting and extracting. In the first phase, which is also called visco-elastic phase,

the tissue is modeled as a local rigid object, which includes a parallel damper-spring

in front of the needle tip. The other phases are modeled by the cutting and friction

forces applied to the needle. However, the accuracy of these simple models are not

enough to represent a real deformable tissue. Also, there is no unique control strategy

to control the needle during all phases.

8.3.3 Parameter Identification of the Tissue Model

Biomechanical properties of the tissue can be utilized to determine tissue deforma-

tions during the insertion process [39]. Regardless of the model considered for the

tissue, either online or offline identification techniques are required to identify the

biomechanical properties and model parameters of the tissue. Various techniques

have been used in the literature to determine the dynamic properties of such models.

Rheometers and similar testing equipments have been used to determine tissue

model parameters such as Young’s Modulus (E) and Poisson ratio (v) [54]. Elasticity

or viscoelasticity (viscous and elastic characteristics) are usually obtained by loading

the tissue sample between two parallel plates [39]. Salcudean et al. [141] presented a

dynamic ultrasound electrography in which the tissue is excited with low frequency

and limited amplitude motions. They measured tissue motion from ultrasound radio-

frequency data and then they used such motions to estimate the mechanical frequency
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response of the tissue to the excitation signals at different spatial locations and deter-

mined patient-specific elastic properties of the tissue. DiMaio [39] used the marked

node displacements, measured by a camera on top of the tissue sample and used such

measurement in Least Squares based techniques to identify FEM parameters. Barbé

[15] used locally linear Kelvin-Voigt and nonlinear Hunt-Crossley models as locally

rigid models for the soft tissue in conjunction with friction and cutting forces and

applied online identification methods to identify the parameters of such models.

In this thesis, I will first use PVC tissue phantoms with known properties from

the ratio of the materials used to make it, and thus, no identification is considered

for deformable tissues. However, the parallel spring-damper models and also locally

rigid models can be used so as to be able to utilize parameter estimation methods

discussed in Chapter 7.

In order to model the interaction between flexible needle and soft tissue, an ac-

curate model of the needle is also required. In the next section, different modeling

approaches for flexible needles are discussed and the desired one for our purposed

model will be introduced.

8.3.4 Models of the Needles

For explicit modeling of needle-tissue systems, needles should also be modeled. In

the following we discuss different available needle models.

i) Rigid Needles

In applications in which the tissue is much softer compared to the needle and needle

deflections can be neglected the needle can be modeled by a rigid rod which can
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be moved by forces and torques applied to the needle base. For these applications

needle tip’s displacement is the same as that of the robot’s end effector holding the

needle [13]. Therefore, targeting inaccuracy for these applications is due to tissue

deformations only which will be studied in Section 8.5 of this chapter.

ii) Flexible Needles

1. FEM based discretized needle with triangular elements

In this model, the needle is discretized into a finite number of triangular elements as

discussed before for soft tissues [38]. Therefore, using elastostatics, a relation between

forces at all nodes and the displacements of every node is achieved. In this model, the

axial needle movement and needle deflection are not separate. However, the length of

the needle is preserved during large deflections, since the axial motions and transverse

deflections are not separate in the nonlinear equation of motion of the needle. This

model is computationally expensive and the use of it in a coupled system with tissue

requires modeling the forces applied to the needle. As mentioned in [40], this model

cannot be utilized in a compact coupled system useful for control purposes.

2. FEM applied to Bernoulli-Euler equation

Bernoulli-Euler is initially used in the beam theory, to analyze the vibrations of the

flexible beam and flexible link robots [134, 168]. Due to dynamic similarities, this

method can be utilized to model a flexible needle.

In [36], finite element method is directly applied to the nonlinear Bernoulli-Euler

model of the flexible needle. In this method, linear basis functions2 are utilized

2Basis functions are polynomials that represent a one-dimensional field, used to approximate a
function between some nodes in the finite element analysis.
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to approximate longitudinal displacements and transverse deflection. In this case

movement and deflection of the needle are separate. The needle length is not preserved

for large deflections [36] and thus, this model can mainly be used for small deflections.

Experiments in [36] shows that the first approach (triangular elements) results in a

more accurate model than this model.

3. Assumed Modes applied to Bernoulli-Euler

Another method is the use of modal analysis or assume modes. Assumed modes are

used in the control of flexible beams in free space. In modal analysis, the deflection is

considered as a summation of various modes which are shaped along the needle shaft

by some shape functions, also called eigenfunctions. Therefore, the deflection of any

point x at time t, w(x, t), can be derived using the following relation

w(x, t) =
k∑

i=1

φi(x)ψi(t), (8.1)

where ψi(t) are the assumed modes, φi(x) are shape functions and k is the number of

assumed modes. Larger k results in more accurate models. Therefore, we can derive

the kinetic and potential energy of a flexible beam as a function of various assumed

modes of the system, which helps deriving a dynamic model for the flexible system

using Lagrange approach [87]. Yan et al. [98] have used assumed modes for flexible

needle models and successful results have been reported. However, this model does

not preserve the length of the needle during large deformations; thus it should be

used for small deformations only.
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4. Angular Spring Model

This model uses a number of rigid rods which are connected by rotational springs at

the joints [36]. It is shown in [36] that this model can be represented as angular spring

functions, Mi = kbiα at every joint, where Mi is the bending moment of joint i and kbi

is linearly related to the physical properties of the beam, such as the Young’s modulus

and the moment of inertia. In order to implement this model, bending moments must

be derived as a function of nodal forces. This model is experimentally compared with

models number 1 and 2 in [36] and it is reported to be the most accurate model

among these three models. This model preserves the length of the needle and it is

represented by static equations. It is also suitable to be used in a mechanics-based

dynamic model. Therefore, we use this model for the flexible needle in an interaction

model with a FEM model of the soft tissue in Section 8.6 of this chapter and derive

the dynamic model for it.

8.4 Implicit Needle-Tissue Models

In Sections 8.3.2 and 8.3.4 we studied different available tissue and needle models for

explicit modeling of a needle insertion systems. In explicit modeling, needle and tissue

can be modeled separately and combined together in a needle-tissue interaction model.

However, there are implicit models for which the mechanical properties of needle or

tissue implicitly affect the model. We categorize this type of models in to two main

groups: Kinematic Models and Static Models which will be discussed below.
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8.4.1 Kinematic Models

Kinematic models are models which relate the velocities of the needle tip to the

velocities of the needle base. Different approaches are used in order to achieve a

kinematic model in the literature. DiMaio et al. [39] used the numerical jacobian

of a needle to relate needle-base velocity to that of the needle tip. Webster et al.

[169] proposed a kinematic model for needle deflections in 2D by generalizing the

standard nonholonomic unicycle and bicycle models. For these models, the effect

of mechanical and geometric properties of both the needle and the tissue as well as

their interaction are implicitly embedded in the model parameters which need to be

identified for each pair of tissue and needle [116]. Also, these models are appropriate

mainly for applications where the tissue can be considered as rigid compared to the

very soft and flexible needle. Similar approach is also used by Hauser et al. [88] in

3D. Due to kinematics nature, dynamic control methods cannot be applied to these

types of models.

8.4.2 Static Models

Static models for which the needle deflection is not provided as a function of time but

rather as a static function of the interaction forces. In this models tissue dynamics

are not explicitly modeled and needle-tissue insertion is implicitly modeled by the

interaction forces which can be measured in experiments [2]. In these models no

dynamics are involved and they are mainly based on static cantilever beam model

[2, 99]. Therefore, system dynamics are not available for dynamic control purposes.

In order for us to be able to apply dynamic controllers for more accurate targeting,

we model needle insertion using the explicit approach. We use both rigid and flexible
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needles, explicitly modeled by angular-spring approach. We also use FEM to model

soft tissue deformation.

8.5 Dynamic Modeling and Controllability of Rigid

Needles in Soft Tissues

In this section, we will analytically derive a dynamic model of a rigid symmetric

needle moving inside a soft tissue in a two-dimensional plane (2D), as illustrated in

Figure 8.3. We will investigate whether the needle-tip can be controlled to reach

any desired path, while avoiding obstacles in the 2D plane. The control actuation is

provided by the input force Fin along the needle base and the input torque τin about

the axis perpendicular to the plane of motion. The tissue dynamics is modeled by

a finite element model (FEM). In order to model the tissue-needle interaction forces

using the FEM, we consider a number of nodes (in this case three) along the needle as

shown with dark (red) circles. Each node separates one link from the next one. The

mass and the length of each link are denoted by m and L. Without loss of generality,

the examples of my thesis are presented for a 3-segment needle model.

8.5.1 Dynamics Model of Rigid Needles

We use the energy-based Lagrange approach [87] to reach the dynamics of the coupled

system. Our method considers the needle-tissue interaction forces as external forces

and requires kinetic and potential energy of the needle. If we consider the mass of

each link at its distal end, and assume that the needle moves δα in the direction of

the needle and rotates δθ about the axis perpendicular to the plane, the displacement
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Figure 8.3: Model of the rigid needle and the interaction forces.

of the mass of each link (δxmi, δymi) represented in the fixed Cartesian coordinates,

shown by xt and yt in Figure 8.3, is calculated as

δxmi = δα sin θ + iLδθ cos θ, δymi = δα cos θ − iLδθ sin θ

where i = 1, 2, 3 is the link number. These small displacements can be used to derive

velocities of each link along xt and yt directions. As a result, the kinetic energy of

the needle is calculated as

Kn =
1

2

3∑
i=1

m(α̇2 + i2L2θ̇2) +
3

2
Iθ̇2 (8.2)

where I is the link’s moment of inertia. The potential energy of the rigid needle is

zero.

We consider the effect of needle-tissue interaction as external forces acting per-

pendicular to and along the needle at the three nodes, i.e. FNi = [FNix FNiy ], on

the coordinate attached to the needle, as shown in Figure 8.3. Using Lagrange’s

approach, the dynamic equations of the coupled system for the rigid needle can be

derived as
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α̈(3m) = Fin −
3∑

i=1

FNiy − Ff (8.3)

θ̈(14mL2 + 3I) = τin − L

3∑
i=1

iFNix. (8.4)

where α represents net translation of the needle, which is found as a sum of the needle

linear displacements in the direction of its base link at each instant of time. The forces

FNiy are chosen based on the stick or slip modes of the needle-tissue interaction model

[37]. The force Ff = Bf α̇ is the friction force along the needle shaft, and the forces

FNix and FNiy are achieved from the FEM of the tissue.

To derive the tissue-needle interaction forces, we consider the interaction nodes

of the tissue with the needle as the working nodes and the rest of the tissue nodes

as the non-working nodes. If we denote the external forces and displacements of the

working and non-working nodes as Fw, Fnw, uw, and unw, respectively, and consider

the tissue as an elastic object, then the forces at each node, are directly related to

the movement of each FEM node according to [37]


Fw

Fnw


 =




Kw1 Kw2

Knw1 Knw2







uw

unw


 (8.5)

where the block matrices Kw1,Kw2,Knw1 and Knw2 denote the tissue stiffness ma-

trices. If the nodes of the tissue and joints of the needle match, we have Fw6×1 =

[FN1x FN1y . . . FN3x FN3y]
T , otherwise FNix and FNiy forces can be written as func-

tions of the Fw components. For instance, if two of the working nodes of the tissue are

along one link of the needle, the forces related to these two nodes are added up and

applied at the first joint of the needle above those nodes. The above FEM equation,

includes only tissue stiffness model. However, the results can be generalized to tissue

models that include tissue viscosity and mass as well. Considering zero force boundary
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condition, the external forces at the non-working nodes are all nulled, that is Fnw = 0.

In this case the working node interaction forces can be linearly expressed in terms of

the working node displacements according to Fw = [Kw1−Kw2K
−1
nw2Knw1]uw. As a

result, the interaction forces FNix and FNiy are linear functions of the displacements

of the working nodes which in turn are nonlinear functions of θ and α.

In stick mode, the node of the tissue in contact with the needle tip is not yet cut,

but other working nodes are previously cut. Therefore, FEM forces along needle link

FNiy for all working nodes, except the one attached to the needle tip, are replaced

with the friction forces, before being applied to the needle joints. For needle tip, both

FNix and FNiy forces will be applied to the needle.

For the slip mode, during which the node of the tissue in contact with the needle

tip is being cut, only FNix is applied for all needle joints and FNiy for all joints are

set to zero.

The tissue-needle dynamics (8.3)-(8.4) can be presented in the state-space form





ẋ1 = x3

ẋ2 = x4

ẋ3 = 1
3m

[Fin −
3∑

i=1

FNiy −Bfx3]

ẋ4 = −
L

3∑
i=1

iFNix

14mL2+3I
+ τin

14mL2+3I

(8.6)

where x1 = α, x2 = θ, x3 = α̇ and x4 = θ̇ are the states of the system. The nonlinear

state-space equations in (8.6) can be re-written in the following general standard form

for nonlinear systems suitable for the analysis of controllability

Ẋ = f(X) + g1u1 + g2u2, (8.7)
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where X = [x1 x2 x3 x4]
T is the vector of system states, u1 = Fin, u2 = τin, and

f(X) =




x3

x4

− 1
3m

(
3∑

i=1

FNiy + Bfx3)

− L
14mL2+3I

3∑
i=1

iFNix




(8.8)

g1 =




0

0

1
3m

0




,g2 =




0

0

0

1
14mL2+3I




. (8.9)

8.5.2 Controllability of Rigid Needle Insertion

Controllability of a nonlinear system refers to the property of the system by which

suitable input can be found such that the states of the system can reach any point

within the state space from any initial condition in finite time. For the tissue-needle

nonlinear dynamic system (8.7), controllability determines whether one can steer the

needle-tip to any desired position at any desired velocity from any initial position and

velocity; in other words, whether the user has full control over the position profile

of the needle-tip. To investigate the controllability of the nonlinear system (8.7),

one should check for the rank of the controllability matrix, defined as the matrix

containing columns chosen from the following distribution [144]

span{f ,g1,g2, [adk
f ,g1], [adk

f ,g2], [adk
g1

,g2]} (8.10)

for k = 1, 2, 3, ... . Here, [ad1
f(X),g] = [f(X),g] := ∂g

∂X
f − ∂f

∂X
g is the adjoint or

the Lie bracket of the two vectors f(X) and g, and [adk
f(X),g] = [f(X), adk−1

f(X)]. The
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maximum k is chosen such that the above-mentioned distribution becomes involutive,

in other words no higher-order Lie brackets add to the rank of the span. If the defined

controllability matrix is full rank for the entire state space, in our case rank=4, the

nonlinear system is controllable.

Using (8.8-8.9) we can derive the controllability matrix

Ψ =

(
g1 g2 [f(X),g1] [f(X),g2]

)
(8.11)

with k = 1, which includes columns two to five of the distribution (8.23). Since

g1 and g2 are constant vectors, [f(X),g1] = ∂f
∂X

g1 and [f(X),g2] = ∂f
∂X

g2. Despite

involving nonlinear functions, since FNix and FNiy are functions of only x1 = α and

x2 = θ, we have

∂f

∂X
g1 =




1
3m

0

− Bf

9m2

0




,
∂f

∂X
g2 =




0

1
14mL2+3I

0

0




, (8.12)

and, as a result,

Ψ =




0 0 1
3m

0

0 0 0 1
14mL2+3I

1
3m

0 − Bf

9m2 0

0 1
14mL2+3I

0 0




. (8.13)

Performing column-wise operations on columns 1 and 3, it is easily possible to show

that matrix Ψ is full rank and the nonlinear system (8.7) is controllable. Therefore,

the states of the system x1 = α, x2 = θ, x3 = α̇ and x4 = θ̇ and hence the output of

the system can be controlled to any desired values using a suitable nonlinear feedback

control. From a medical perspective, this means that using accurate manipulation
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of the needle base, either by the surgeon or a controlled robot, the needle tip can

reach any desired point inside the tissue, in spite of possible tissue deformation. The

controllability of the above system can also be intuitively justified, as the coupled

system of the rigid needle and the soft tissue has two variables (α and θ) and the

same number of control inputs. Considerations should be taken in the control of rigid

needle inside a soft tissue regarding tissue damage. In the next section, we study

effect of needle flexibility on system controllability.

8.6 Dynamic modeling of flexible needles in soft

tissues

In this section, we will analytically derive a mechanics-based dynamic model for a

bevel-tip flexible needle inserted inside a soft tissue in a two-dimensional plane (2D),

as illustrated in Figures 8.4(a)-(c). The insertion model is separated into three main

sub-models, i) dynamics of the needle, ii) finite element model (FEM) of the tissue,

and iii) model for bevel-tip forces. Here, we will derive the dynamics of the needle

connected to a simple robot and determine needle penetrations and deflections as

functions of input and interaction forces.

8.6.1 Dynamic Model of Flexible Needles

We assume that the needle is connected to a robot that can apply output force and

torque along and about the needle base. We will derive the dynamics of the needle

by determining the needle penetration and deflection as functions the robot force and

torque and the interaction forces. In order to model the dynamics of flexible needles
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Figure 8.4: Model of the needle as an RP2R planar manipulator with angular springs
(a), external forces applied to the needle (b), and general model of a
flexible needle inside a soft tissue modeled by finite element method (c).

in the plane, we take the same approach as in [60] for angular springs model of flexible

needles by considering two pseudo joints along the needle and the mass of each link

at its distal end as described in [64].

The unactuated pseudo joints are modeled by torsional springs which allow the

needle model to conform to the bending shape of a flexible needle. We consider kb1

and kb2 as the stiffness of the pseudo joints and γ1 and γ2 as the joint angles as shown

in Figure 8.4(a). For a rigid needle, springs are infinitely stiff, resulting in zero joint

angles. A more accurate model of the needle can be obtained at the cost of higher

dynamic complexity by increasing the number of pseudo joints along the needle.

In addition to the bevel-tip considerations, which will be discussed in Section 8.6.3,

the proposed model for flexile needle has two main changes with respect to the rigid

model described in Section 8.5 for increased consistency with practical applications.

First, we use Newton-Euler formulations to model the flexible needle as a three-link

manipulator with angular springs at each joint. This method can directly apply

the effect of asymmetric needle-tip forces as well as the integrated tissue forces to

obtain needle deflection as opposed to the Lagrange formulation used in [64] that
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could indirectly account for these effects. Although, lagrange method can be used

leading to similar results. Second, we included a revolute-prismatic (RP) planar robot

holding the needle at its base as shown in Figure 8.4(a). The needle is also considered

as a combination of two revolute (2R) joints and three links which can be considered

as a 2R planar manipulator. The augmented system is therefore an RP2R robot-

needle mechanism. Using the Newton-Euler formulation and the recursive algorithm

described in [147], we have

M(Θ)Θ̈ + C(Θ, Θ̇) = F, (8.14)

where, Θ = [α θ γ1 γ2]
T is the vector of generalized coordinates, M is a 4 × 4

mass matrix, C is a 4 × 1 vector of Coriolis and centrifugal forces, and F is a 4 × 1

vector of augmented forces applied to the needle including the resistant forces due

to the bending stiffness, input control force Fin and torque τin from the robot, and

the interaction forces due to insertion. Interaction forces are drawn from three main

sources: i) friction forces, ii) forces from the FEM of the tissue Fw, and iii) asymmetric

bevel-tip forces. Friction forces are modeled by a combination of static and viscous

friction components in a simplified Karnopp friction model [130] during the insertion

phase (positive velocity)
Ff = (Cn + bnα̇)d (8.15)

where Cn and bn are model parameters and d is the length of contact between the

needle and the tissue. Friction force is considered along the needle shaft and is applied

to the needle at the joints in contact with the tissue. The interaction forces from the

FEM of the tissue, which will be discussed in Section 8.6.2, are applied perpendicular

to the needle shaft for those links of the needle which are in contact with the cut

nodes of the tissue. The asymmetric bevel-tip forces are derived from macroscopic
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force model proposed in [116] and applied to the last node of the needle. These forces

will be discussed in Section 8.6.3.

8.6.2 Effect of the FEM Forces of the Soft Tissue on the

Needle Nodes

The soft tissue is modeled by an FEM in stick and slip modes shown in Figure 8.4(c).

We consider the effect of FEM forces as external forces acting perpendicular to and

along the needle links at the three nodes, i.e. FNi = [FNix FNiy ], in the coordinates

attached to each link of the needle, as shown in the Figure 8.4(b) for the second link

[64].

To derive these forces, we consider the interaction nodes of the tissue with the

needle as the working nodes and the rest of the tissue nodes as the non-working

nodes. If we denote the forces and displacements of the working and non-working

nodes as Fw, Fnw, uw, and unw, respectively, and consider the tissue as an elastic

object, then the forces at each node, are directly related to the movement of each

FEM node according to [37]


Fw

Fnw


 =




Kw1 Kw2

Knw1 Knw2







uw

unw


 (8.16)

+




Cw1 Cw2

Cnw1 Cnw2







u̇w

u̇nw


 +




Mw1 Mw2

Mnw1 Mnw2







üw

ünw




where the block matrices Kw1,Kw2,Knw1 and Knw2 denote the tissue stiffness,

Cw1,Cw2,Cnw1 and Cnw2 denote the tissue damping, and Mw1,Mw2,Mnw1 and

Mnw2 denote the tissue mass matrices. The details on deriving K matrix has been

discussed in Section 8.3.1. We use the approach taken in [18] in order to achieve the
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C and M matrices, i.e. a diagonal mass matrix for each element Me
ii = 1/3ρ ∗ ve,

where ρ is the mass density and ve is the volume of each element in the FEM, and

Ce = cMe and c = 0.2 is considered in this thesis. For more details on derivations of

the matrices please refer to [18].

If the nodes of the tissue and joints of the needle match, we have Fw6×1 =

[FN1x FN1y . . . FN3x FN3y]
T , otherwise FNix and FNiy can be written as functions

of the Fw components. For instance, if two of the working nodes of the tissue are

along one link of the needle, the forces related to these two nodes are added up and

applied at the first joint of the needle above those nodes. The constrained tissue node

displacements uw, caused by needle movement, and the derivatives of the displace-

ments are applied at each iteration to the tissue and the forces of interaction Fw are

numerically calculated from (8.16). These forces contribute to an augmented force

vector F, which is used through (8.14) to find Θ and hence uw for use in the next

iteration. Figure 8.5 shows the diagram of the process.

In stick mode, the node of the tissue in contact with the needle tip is not yet cut,

but other working nodes are previously cut. Therefore, FEM forces along needle link

FNiy for all working nodes, except the one attached to the needle tip, are replaced

with the friction forces, before being applied to the needle joints. For needle tip,

FNix and FNiy forces are replaced with the needle asymmetric bevel-tip forces, to be

explained in Section 8.6.3.

For the slip mode, in which the mode during which the node of the tissue in

contact with the needle tip is being cut, asymmetric bevel-tip forces along the needle

link at the tip of the needle are set to zero.
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Figure 8.5: Block diagram of the needle insertion simulation process.

8.6.3 Bevel-tip model and asymmetric forces

Asymmetric forces are applied to the needle-tip due to the bevel-tip asymmetry.

These forces result in the needle bending during insertion and should be accounted in

the mechanics-based dynamic model. Since we plan to develop a needle model, which

relates the tissue forces to the amount of needle deflection based on the fundamental

principles of mechanics, we require a model for the bevel-tip that fits this model, i.e.

a model which gives the asymmetric forces applied to the last node of the flexible

needle model developed in 8.6.1. To the best of our knowledge, the only mechanics-

based model for the bevel-tip forces has been proposed in [116], and we will use this

model in ours to account for the asymmetric forces at the tip.

The resulting bevel-tip forces along and perpendicular to the needle shaft, defined

as P and Q, are calculated by integrating the force distribution along the tip edges,
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which are assumed to be triangular in nature according to the observations made

from macroscopic level experiments [116]. These forces are modeled as

P =
KT b2

2
sin λ(

tan λ− tan β

1 + tan λ tan β
) (8.17)

Q =
KT b2

2
cos λ(

tan λ− tan β

1 + tan λ tan β
)− KT a2

2
tan β, (8.18)

where KT is a material property of the elastic phantom sensed by the needle which

depends on both the physics of phantom and also the needle type, a and b are the

lengths of bevel edges and λ is the bevel angle, as shown in Figure 8.6 [116]. We

apply P and Q forces at the needle tip to simulate the bevel-tip needle. These

forces contribute in the augmented force vector F in (8.14) through the Newton-

Euler formulations. The driving force of the needle, generated from the base insertion

force applied by the robot, acts at a point known as the acting point which is not

necessarily at the centre of the needle [116]. The acting point, that depends on the

needle type and tissue material, determines β and γ, as illustrated in Figure 8.6. The

values reported for KT are between ∼ 4 kNm−2 and ∼ 13 kNm−2 and the fraction β
λ

is reported between ∼ 0.03 and 0.3 for different types of gels in [116].

8.7 Control of Flexible Needles in Soft Tissue

8.7.1 Dynamic model of flexible needles

Consider equation (8.14) as the dynamics of the flexible needle inserted into soft

tissue.

M(Θ)Θ̈ + C(Θ, Θ̇) = F, (8.19)
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Figure 8.6: Asymmetric forces acting on the needle tip [116]. The driving force of the
needle does not necessarily act at the centre of the needle.

where F contains the generalized i) actuation forces Fact = [Fin, τin, 0, 0]T = [u1, u2, 0, 0],

ii) viscous forces, Ff , including the friction force in the slip mode as well as the damp-

ing effect considered at needle joints, and iii) the effect of FEM forces, G , which is

equivalent to the generalized forces experienced at the three joints of the needle con-

verted from Cartesian coordinates attached to the needle to the joint space via the

needle Jacobian.

Defining X := [x1 x2 · · ·x8]
T = [α θ γ1 γ2 α̇ θ̇ γ̇1 γ̇2]

T as the vector of system

states, and x1 = [x1 x2 x3 x4]
T , the needle-tissue dynamics can be written in the

general state-space form (8.7) as follows



ẋ1 = x2

ẋ2 = h(x1,x2) + ḡ1u1 + ḡ2u2

(8.20)
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where

h =




4∑

k=1

M−1
1k (−CΘ̇{k} + G{k} + Ff {k})

4∑

k=1

M−1
2k (−CΘ̇{k} + G{k} + Ff {k})

4∑

k=1

M−1
3k (−CΘ̇{k} + G{k} + Ff {k})

4∑

k=1

M−1
4k (−CΘ̇{k} + G{k} + Ff {k})




, (8.21)

and

ḡ1(x1) =




M−1
11

M−1
21

M−1
31

M−1
41




, ḡ2(x1) =




M−1
12

M−1
22

M−1
32

M−1
42




. (8.22)

Here the subscript {k} denotes the kth element of the corresponding vector and M−1
ij

represents the element (i, j) of the inverse mass matrix M−1.

8.7.2 Controllability of Flexible Needle Insertion

Here, we study the controllability of the nonlinear needle insertion system for a bevel-

tip flexible needle. We take two different approaches for this, i.e. controllability of

the i) nonlinear system , and ii) the linearized system around different operating

conditions.

i) Nonlinear Controllability Analysis

Although it is possible to find a closed-form representation for h(x1,x2), ḡ1(x1) and

ḡ2(x1), deriving a closed-form expression for the nonlinear controllability matrix of

such a model, as described in Section 8.5.2, is cumbersome if not impossible. This is
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due to the fact that the controllability matrix requires differentiation of very complex

functions up to the order m, for which the distribution achieved from the span of

the set described in (8.23) becomes involutive. In order to analyze the controllability

matrix for our case, we require at least 8 columns and thus, the Lie brackets of at least

order k = 2. Therefor, we evaluate the rank of the following CNL matrix numerically

for a pre-planned task.

CNL = [g1,g2, [ad1
f ,g1], [ad2

f ,g1], [ad1
f ,g2], [ad2

f ,g2], [ad1
g1

,g2], [ad2
g1

,g2]] (8.23)

where [ad1
f(X),g] = [f(X),g] := ∂g

∂X
f − ∂f

∂X
g, and [ad2

f(X),g] = [f(X), [f(X),g]].

We tried this method for a needle insertion task for some realistic system param-

eters [73] and numerically evaluated the controllability along the insertion path for

different Fin, τin, and thus different insertion speeds. Using the MATLAB command

rank 3, we calculated the rank of the controllability analysis during the simulation.

Our analysis showed that the rank of this matrix is always less than 8, and thus, rank

deficient.

This analysis is however valid only along the needle path. Therefore, the problem

of solving for the controllability matrix for the entire space is not practical. For

controllability analysis of this model at any operating point, we may analyze the

linearized model, discussed below.

ii) Linear Controllability Analysis

Assuming small deformations caused by needle flexibility, we can study the control-

lability of the linearized model of the flexible system around the operating point

3The rank of a matrix is evaluated by the number of singular values of the same matrix that are
larger than a tolerance number, which is determined by the size of the matrix and the floating point
precision of its maximum singular value.
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X0 = [x10
T x20

T ]T = [α0 θ0 0 0 α̇0 θ̇0 0 0]T . Considering δx1, δx2 as linear deflec-

tions from the system operational states due to the small inputs δu1 and δu2, the

nonlinear dynamics are linearized as follows



δẋ1 = δx2

δẋ2 = Φ1δx1 + Φ2δx2 + ḡ1δu1 + ḡ2δu2

(8.24)

where
Φ1 =

∂h(x1,x2)

∂x1

|X0 +
∂ḡ1(x1)

∂x1

u1|X0 +
∂ḡ2(x1)

∂x1

u2|X0

Φ2 =
∂h(x1,x2)

∂x2

|X0 . (8.25)

The partial derivatives of h(x1,x2), ḡ1(x1) and ḡ2(x1) and hence Φ1 and Φ2 can

be found from their closed-form expressions using the Symbolic Toolbox of MATLAB.

Therefore, the system and input matrices related to the state-space form of the system

can be derived from (8.24) and (8.25) as

A =




04×4 I4

Φ1 Φ2


 ,B =




04×1 04×1

ḡ1|X0 ḡ2|X0


 , (8.26)

where I4 is the identity matrix of order four, A is the 8× 8 system matrix and B is

the 8 × 2 input matrix. Analysis of the linearized system shows that, regardless of

the operational point at which the system is linearized, the system has at least two

eigenvalues at zero. This can be interpreted as the integral action of the system for

the α and θ modes, meaning that increasing the input signal for any of the modes, i.e.

Fin or τin, causes continuous increase of these modes, which is an intuitive conclusion.

To investigate the controllability of the linearized system, we need check whether

the controllability matrix [144]

CL = [B | AB | A2B | . . . | A7B]. (8.27)
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is full rank. Considering the rigid needle case in which α and θ were controllable, we ef-

fectively study whether we can control the states related to the introduced flexibilities.

In order to test system controllability, we numerically evaluated the CL matrix at dif-

ferent operational points around [2 cm π/4 rad 0 0 0.2 cm/s 0.04 rad/s 0 0], while one

parameter deviates at a time, with tissue effective stiffness 10 kN/m along the direc-

tion and perpendicular to the needle, and needle joint stiffness kb = 5, 000 µNm/rad

(based on the values reported in [60]). The numerical evaluation of the rank of

the controllability matrix using MATLAB function rank showed that the control-

lability matrix of the linearized model of the tissue-needle system is rank deficient

(rank(C) < 8) in the majority of the points, with the condition number in the orders

of 1013 to 1016. Similar results are achieved for different operational points and also

for symmetric needles [64].

This shows that the linearized model of such a flexible needle is also locally un-

controllable, and thus, the needle-tip cannot be guaranteed to reach any desired

configuration inside soft tissue. This, in fact, does not mean that the flexible nee-

dle cannot be steered to a predefined target as carried out in many clinical practice

with success [6, 58, 170]. This is likely due to the fact that clinical applications may

not necessarily require controlling all needle states presented here. This should be

examined in future.

8.8 Summary

In this chapter, we have developed a complete mechanics-based dynamic model for

bevel-tip flexible needles and studied the controllability of this system. The model

predicts needle deflections and tissue deformations at the same time, determines the
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insertion progression over time, and is suitable for dynamic feedback control of needle

insertion. We also studied the controllability of the proposed model. Our analysis

has shown that the model is not fully controllable. This shows that the states of the

needle-tissue system cannot be guaranteed to reach any desired configuration inside

the soft tissue. This, however, does not mean that the flexible needle cannot be steered

to a predefined target due to the fact that different applications do not necessarily

require controlling all needle states. This fact should be examined in future.
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Conclusions and Future Work

9.1 Summary of Contributions

The following is a list of major contributions of the research reported in this disser-

tation.

9.1.1 Bounded-Impedance Absolute Stability

Although environments are often unknown, they vary from soft to hard within a

limited range of variations, e.g. soft tissue to hard bone in telesurgery. Therefore, the

available passivity-based stability analysis methods, which consider entire possible

range of variations for the dynamics of any passive environment and operator, are

too conservative. Hence, the control design approaches based on these methods lead

to systems with low performances. To address this issue, in Chapter 3 I introduced

“Bounded Impedance Absolute Stability (BIAS)”, as a new robust stability analysis

and design tool for teleoperation systems. The methodology tackles the issue of

230
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passivity and absolute stability in the scattering domain.

BIAS provides visual aids to discuss absolute stability or potential instability of

master-slave networks. In the case of potential instability, the proposed methodol-

ogy incorporates bounds on linear environment impedance for guaranteed stability

conditions for all passive operators.

9.1.2 Effect of Human Operator on Stability and Perfor-

mance

In Chapter 4, I proved that the stabilizing range of environment dynamics can become

larger when information on the human operator dynamics is incorporated in the

BIAS method to create “operator-affected environment stability regions” or OAESR.

Moreover, I showed that the enlarged range of stabilizing environment impedance can

be used in order to achieve enhanced transparency while the system remains stable.

9.1.3 Delay-Robust Transparent Controller

In Chapter 5, I proposed a new approach to the design of bilateral controllers for stable

teleoperation in the presence of significant constant time delays. Unlike traditional

delay-robust control systems which guarantee passive communication channel through

the transmission of wave variables, the proposed approach uses the concept of absolute

stability for the physically expressive Lawrence’s four-channel structure exchanging

the standard power variables, i.e. force and position.

Using this approach I was able to incorporate kinesthetic performance measures

into the design methodology, and derived a robust-stable teleoperation control system

that is transparent when the time delay is negligible.
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I experimentally evaluated the performance of the proposed controller and com-

pared it to the performance of a benchmark wave variable-based controller. The

results showed that the proposed approach demonstrates stability for very large time

delays and an enhanced performance for delays of up to 100 msec compared to the

benchmark method.

9.1.4 Less Conservative Stability Analysis of Haptic Simula-

tion Systems

In Chapter 6, I studied the stability of haptic simulation systems in order to provide

less conservative stability analysis tools for these systems. Specifically, I compared

haptic simulation systems when position or velocity signals are sampled and the

backward difference (BD) or the Tustin method is used as the differentiation method

in the virtual environment implementation.

Our analysis shows that, regardless of the method of differentiation, a smaller

haptic display damping is required for stability when the velocity signal is sampled

compared to the case when the position signal is sampled. More importantly, I showed

that velocity–sampled haptic systems using BD are always theoretically stable for any

positive device damping b and virtual environment damping B. For all other cases

of haptic systems and digital implementation of the virtual environments, increasing

environment stiffness K requires a larger display device damping b. On the other

hand, increasing environment damping B has different effects on the stability of haptic

simulation systems, depending on the type of digital implementation of the virtual

environment, which is discussed in detail in this chapter.
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9.1.5 Linear and Nonlinear Environment Parameter Estima-

tion

In order to apply the bounds or range of variations in the proposed stability analysis

tools, estimates of the parameters of the environment dynamics are required. The pa-

rameter estimation methods should be fast enough to capture parameter variations

effectively for real-time applications. In Chapter 7, I proposed two new real-time

parameter estimation methods for linear and nonlinear models of environment dy-

namics. More specifically, I first proposed a fast linear identification approach, called

the BLMF, based on a fourth-order cost function. I compared the performance of

the proposed method with the performance of the available linear methods. The re-

sults showed that BLMF has a faster initial convergence compared to the three other

methods minimizing second order cost functions.

I then proposed a new single-stage method for online parameter estimation of the

nonlinear Hunt-Crossley environment dynamics models, and provided a mild set of

conditions for guaranteed unbiased estimation. The convergence rate and the sensi-

tivity of the single-stage method to parameter initialization and system parameter

variations are experimentally evaluated and compared with those of a double-stage

identification method for the HC model and an exponentially-weighted recursive least

squares method for the KV model.

I performed experiments on various dynamically distinct objects, including an

elastic ball, a thick piece of sponge, a PVC phantom, and further a PVC phantom

with a hard inclusion, representing soft tissue tumors. The results showed that the

proposed single-stage method is significantly faster compared to the available double-

stage method and the exponentially-weighted recursive least squares.
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9.1.6 Mechanics-Based Dynamic Model for Needle Insertion

Systems

In Chapter 8, I studied the first few steps required for dynamic control design for

flexible needle control inside a soft tissue to be used for teleoperated needle insertion

systems. I first developed a mechanics-based dynamic model for a rigid needle inserted

into soft tissues, modeled by finite element analysis. Later, I developed a mechanics-

based dynamic model for bevel-tip and symmetric flexible needle insertion into soft

tissues and studied the controllability of this model.

I used explicit approach in modeling the coupled system. I modeled the soft

tissue deformation using the finite element analysis, whereas the needle is modeled

by angular-spring method. The results, however, indicated that the model does not

have a complete state controllability. Further studies are required for analysis and

design of controllers for these systems.

9.2 Future Work

Future research can conducted along the following directions.

9.2.1 Real-time Stability Observer and Adaptive Tuning Ro-

bust Controller Design

In Chapter 3, I introduced the very powerful graphical stability analysis and the

notion of environment stability circles and regions. I was also learnt that tight con-

trollers which lead to better performance result in smaller stability regions. The
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stability circles and regions can be shown in real-time and combined with the fast on-

line identification results discussed in Chapter 7 in order to provide stability margins

for a specific task and provide a real-time stability observer. Therefore, when the

identified environment dynamics fall close to instability regions, we can adaptively

tune the controllers to move or reshape stability circles. Therefore, we can reach an

adaptive tuning robust control methodology based on BIAS.

9.2.2 Design of Classical Adaptive Control Systems

In Chapter 7, I proposed two novel fast real-time parameter estimation which can be

utilized to determine the range of parameter variation for environment dynamics in

teleoperation systems. I believe that, due to the fast nature of the methods, they can

be very helpful in the design of classical indirect adaptive control approaches which

require real-time parameter estimations. For environments which can be modeled

linearly, BLMF method can be incorporated to achieve an adaptive control scheme.

For nonlinear cases, the use of the single-stage method is suggested.

9.2.3 Evaluation of the Developed Robust Stability Condi-

tions for Haptic Simulation Systems

One of the contributions of this thesis was the comprehensive stability analysis of

different haptic simulation systems in Chapter 6. While significant theoretical results

were derived, experimental evaluation of them are left for future.
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9.2.4 Teleoperated Needle Insertion

One of the main challenges which is still not addressed is the design of dynamic feed-

back controllers for the teleoperated needle insertion system. Although, I showed that

the flexible needle insertion system into soft tissues is not mathematically controllable,

I believe that different needle insertion applications do not necessarily require control-

ling all needle states. Therefore, by defining appropriate measurable input/output

pairs one may be able to design feedback controllers in order to control needle tip

inside the soft tissue. Once the control system is designed for the slave system, it

can be used in one of the proposed less conservative stable architectures in order to

provide enhanced performance for the teleoperated needle insertion system.
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[15] L. Barbé, B. Bayle, M. de Mathelin, and A. Gangi. Needle insertions model-

ing: Identifiability and limitations. Biomedical Signal Processing and Control,

2(3):191–198, 2007.

[16] C. Basdogan, S. De, J. Kim, M. Muniyandi, H. Kim, and M.A. Srinivasan.

Haptics in minimally invasive surgical simulation and training. IEEE Computer

Graphics and Applications, 24(2):56–64, 2004.

[17] N. Berestesky, P. Chopra and M.W. Spong. Discrete time passivity in bilateral

teleoperation over the internet. In Proc. of the IEEE Int. Conf. on Robot. and

Auto., page 155160, New Orleans, LA, USA., 2003.

[18] M. Bro-Nielsen, H.T.M. Inc, and MD Rockville. Finite element modeling in

surgery simulation. Proceedings of the IEEE, 86(3):490–503, 1998.

[19] T.L. Brooks. Telerobotic response requirements. In Proceedings of the IEEE

Int. Conf. on Systems, Man and Cybernetics, 1990. Conf. Proceedings., pages

113–120, Los Angeles, CA, November 1990.

[20] S.P. Buerger and N. Hogan. Complementary Stability and Loop Shaping for

Improved Human–Robot Interaction. IEEE Trans. on Robot., 23(2):232–244,

2007.



BIBLIOGRAPHY 240

[21] C.S. Burrus and J.A. Barreto. Least p-power error design of FIR filters. Proc.

of the IEEE International Symposium on Circuits and Systems, 2, 1992.
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Appendix A

Operator Affected Environment

Stability Circle

Theorem 5. (Operator Affected Environment Stability (OA-ES) Circles):

The ESR of an MSN connected to an operator minimum damping P , or the set of

environment impedances satisfying {Ze | |<(Zin)| > −P}, can be represented as the

interior or the exterior of a stability circle in the scattering domain Γe plane, called

OA-ES circle. The radius rhe(ω) and the centre che(jω) of the circle can be derived

from
rhe(ω) :=

|S12S21|
|Dhe| , che(jω) :=

C∗
he

Dhe

, (A.1)

where
Che(jω) = S22(1 + P)−∆S∗11(1− P)− P(∆ + S∗11S22)), (A.2)

Dhe(ω) = |S22|2(1 + P)− |∆|2(1− P)− 2P<(∆S∗22), (A.3)

and ∆ = det(S) has been defined in (3.7). If Dhe < 0 (called theH− case), the OA-ES

region (OA-ESR) is inside stability circles and if Dhe > 0 (called the H+ case), the

OA-ESR is outside.
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Proof. For guaranteed coupled stability of MSN+P, the input impedance of MSN+P

must be passive; in other words, the condition <(Zin) ≥ −P must be satisfied, where

<(Zin) is the input impedance of MSN. Considering Γin(jω) = <(Γin) + j=(Γin) =

α + β(ω)j, where =(·) denotes the imaginary component of the argument, and using

the mapping from Zin to Γin it is possible to show that <(Zin) = 1−|Γin(jω)|2
(α−1)2+β(ω)2

, where

|Γin(jω)|2 = α2 + β(ω)2. Thus, for guaranteed stability we must have

1− |Γin(jω)|2
(α− 1)2 + β(ω)2

≥ −P (A.4)

After mathematical operations, condition (A.4) is simplified to

|Γin(jω)|2(1− P) ≤ (1 + P)− 2Pα. (A.5)

The reader should notice that if P = 0 in (A.5), the stability condition reduces to

|Γin| ≤ 1, which is the condition for absolute stability, where an unbounded range of

passive impedance is assumed for the human operator.

The input reflection coefficient Γin can be expressed as a function of the S matrix

parameters of MSN according to

Γin = S11 +
S12S21Γe

1− S22Γe

=
S11 −∆Γe

1− S22Γe

. (A.6)

Using the above relation, |Γin| and α = <(Γin) can be calculated in terms of Γe and

the S matrix parameters. After replacing for |Γin| and α = <(Γin) in (A.5) and

further simplifications, the stability condition can be rewritten as

|Γe|2[(1 + P)|S22|2 − (1− P)|∆|2 − 2P<(∆S∗22)]

+Γ∗e[(1− P)S11∆
∗ − (1 + P)S∗22 + P(∆∗ + S11S

∗
22)]

+Γe[(1− P)S∗11∆− (1 + P)S22 + P(∆ + S∗11S22)]

≥− (1 + P) + |S11|2(1−P) + 2P<(S11).

By defining Che and Dhe as in (A.3) and g := −(1+P)+ |S11|2(1−P)+2P<(S11),
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the stability condition (A.9) is simplified to

|Γe|2Dhe − Γ∗eC
∗
he − ΓeChe ≥ g.

Dividing both sides of the above inequality by Dhe, we obtain

|Γe|2 − Γ∗e
C∗

he

Dhe

− Γe
Che

Dhe

H+

≷
H−

g

Dhe

. (A.7)

for the two cases Dhe < 0 and Dhe > 0. Thus, by replacing the left hand side of (A.7)

with (Γe − C∗he

Dhe
)(Γ∗e − Che

Dhe
)− |C∗he

Dhe
|2 = |Γe − C∗he

Dhe
|2 − |C∗he

Dhe
|2, we reach

|Γe − C∗
he

Dhe

|2
H+

≷
H−
|C

∗
he

Dhe

|2 +
g

Dhe

=
|Che|2 + gDhe

D2
he

, (A.8)

It is possible to show that |Che|2 + gDhe includes some terms, containing the

parameter P , that are canceled to zero, and some other terms that are functions of

only Sij and can be simplified to |S12S21|2, which is always positive. Therefore, the

condition (A.8) can be written as |Γe − che|
H+

≷
H−

rhe, (A.9)

where che =
C∗he

Dhe
and rhe = |S12S21|

|Dhe| are the centres and radii of the OA-ES circles as

defined in (A.1), respectively.



Appendix B

BLMF Method: Numerical

Evaluation, Comparison, and

Sensitivity

B.1 Numerical Evaluation of the BLMF method

Consider the following nonlinear time-varying system with input uk and “measure-

ment noise” nk.

yk=θ1k + θ2kuk−1 + θ3ku
2
k−1 + θ4kyk−1 + nk (B.1)

This system is linear in its parameters and can be reformulated as in (7.17). For

our simulations, the system parameters are chosen in a way that the system remains

stable during the entire process in the input domain range. By defining the time

periods K1 = {k|k < 100, k > 600} and K2 = {k|100 ≤ k ≤ 600}, the system

264
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parameters are defined as:

θ1k =





2 k ∈ K1

5 k ∈ K2

, θ2k =





2 k ∈ K1

10 k ∈ K2

θ3k =





2 k ∈ K1

20 k ∈ K2

, θ4k = −0.1 ∀k .

The above parameters show a sudden drastic change in the system dynamics at k =

100 and a sudden return to the original form at k = 600. All the parameters are

initialized to zero in this chapter, otherwise stated.

B.1.1 Comparison of BLMF and BLMS

Using (7.5), (7.8) and (7.12) we can simulate BLMS and BLMF algorithms with

optimal correcting gains. Here nk is a Gaussian white noise with zero mean and

standard deviation 0.3 and the input signal is a Gaussian white noise with zero mean

and standard deviation 1.

Figure B.1 shows the parameter tracking performance for BLMS and BLMF with

optimal gain when the window length is L = 10. For BLMF with SGN either the gain

is normally chosen very small resulting in a very low convergence rate compared to

BLMF with optimal gain, or the algorithm diverges. Thus, the results of BLMF with

SGN is not provided here. It is clear from Figure B.1 that BLMF with optimal gain

shows superior performance compared to BLMS with optimal gain, when an abrupt

change occurs in the system parameters. The first parameter converges to 1.8 in about

10 time steps using BLMF method, whereas with BLMS the convergence takes about

50 iterations. Although, the rise time (the time for the estimate to reach 90 percent
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Figure B.1: Comparison between the pro-
posed method (BLMF) and
BLMS with optimal gain, L =
10.
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Figure B.2: Absolute Prediction error for
BLMF and BLMS with opti-
mal gain, L = 10. Right col-
umn shows the zoomed plots.

of its final value) for both methods for θ1 is almost equal, it is 8 to 18 times faster for

BLMF considering θ2 and θ3. As shown in Figure B.1 all parameters are initialized to

zero and converge to 2. At k = 100 the change occurs and the parameters approach

their final values, 5, 10 and 20 for θ1, θ2 and θ3, from 2 which was their latest estimate.

As a result BLMF performs well for different initial conditions, including zero and

non-zero values.

Figure B.2 shows the absolute value of prediction error for both methods. As

can be seen, when the system parameters change (at k = 100 and k = 600), the error
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Figure B.3: Correcting gain λgk in the BLMF and BLMS methods.

Table B.1: Convergence speed and sensitivity to noise of BLMF, BLMS and EWRLS
methods

Convergence - θ2 STD of error
(Number of iterations) in θ2 estimate

L BLMF BLMS EWRLS BLMF BLMS EWRLS
10 10 180 21 0.107 0.105 0.071
50 32 226 121 0.069 0.058 0.039
100 185 251 230 0.054 0.039 0.015

increases. Following that the prediction error drops down based on the convergence

rate of the estimation process. The results indicate that compared to BLMS, BLMF

with optimal gain provides faster convergence rate. For BLMF, the error drops to less

than 1 in about 50 time steps whereas for BLMS the convergence time is about 200

iterations. It is observed that whenever a high jump occurs in the system parameters,

a high correcting gain causes faster convergence rate. Figure B.3 shows that λg in

BLMF is 25 times bigger than that of BLMS at the beginning of the parameter

change. This rate is almost 17 at the end of the change period.
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Figure B.4: Comparison between the proposed method (BLMF) and EWRLS, L =
10.

B.1.2 Comparison with Exponentially Weighted Recursive

Least Squares (EWRLS)

In this part, the proposed method is compared with Recursive Least Squares (RLS)

method with Forgetting Factor, known as Exponentially Weighted RLS (EWRLS).

EWRLS method has been widely employed for parameter estimation of time-varying

systems. Therefore, this method has also been selected as a benchmark to evaluate
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BLMF. EWRLS update equations can be written as

Lk+1 =
Pkφk+1

λf + φT
k+1Pkφk+1

Pk+1 =
1

λf

[Pk − Lk+1φ
T
k+1Pk]

θ̂k+1 = θ̂k + Lk+1[Fk+1 − φT
k+1θ̂k],

where matrix P is the covariance matrix and λf is the forgetting factor, which ef-

fectively puts emphasis on the last
λf

1−λf
data points. Figure B.4 shows the result

of identification, when L = 10 for BLMF and λf = 0.9091 for EWRLS. The chosen

forgetting factor causes EWRLS to put emphasis on the last 10 samples; therefore,

the two methods are compared under similar conditions. As can be seen, although

the long term convergence rates of BLMF and EWRLS are similar or even sometimes

better for EWRLS depending on the input, noise and the type of system, BLMF

shows a faster initial response to the abrupt changes with less fluctuations at k = 0

and k = 100, as shown in Figure B.4. The quick response is of high importance for

preventing instability in online control systems, such as adaptive control of robotic

contact tasks.

B.1.3 The Effect of Window Length

In this part, we compare the performance of BLMF, BLMS and EWRLS methods

under various window lengths, L. Window length can affect performance in three

different ways:

1. Convergence speed. As discussed, short window lengths result in higher conver-

gence rates for all block-wise methods. This is intuitive, since lesser data points

collected before parameter change are included in the identification process.
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Figure B.5: Comparison between the
proposed method (BLMF),
the conventional BLMS, and
EWRLS, L = 50.
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Figure B.6: Comparison between the
proposed method (BLMF),
the conventional BLMS, and
EWRLS, L = 100.

The first three columns of Table B.1 show the convergence rates for θ2 for the

three methods with various window sizes. The table entries are mean values of

the corresponding data collected from 5 separate simulations when white noise

with the same standard deviation is the identification input for all simulations.

Although the convergence rate for each parameter is different, increase in con-

vergence rate for decreased window length is experienced for all parameters.

Figures B.5 and B.6 show the results for BLMF and BLMS methods when the

window length is 50 and 100, respectively. It is clear that although in both cases
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the convergence speed becomes slower as the window length increases, BLMF

shows faster initial convergence rate in all cases. Increasing window length to

100 closes the gap between BLMF, BLMS and EWRLS as can be seen in Figure

B.6 and Table B.1. Here window length for EWRLS method refers to the effect

of lambda in creating an equivalent window length 1/(1− λf ).

2. Effect of noise. The effect of noise on parameter estimates is expected to increase

with decrease in window size. The last three columns of Table B.1 show the

standard deviation of error in θ2 after the convergence as an indication of the

effect of noise in the estimation of θ2. It reveals that EWRLS has the minimum

sensitivity to noise; thus, it is more robust. This is due to the fact that all past

collected data points with lower weights are included in the estimation process.

It can be seen that the sensitivity to noise in BLMF is more than that of EWRLS

whereas, it is close to BLMS. For window size of L = 10 the STD of error in θ2 for

BLMF is 0.107, which is a relatively small number and is practically negligible.

For larger window sizes STD becomes even smaller. Similar patterns can be

derived for the other identified parameters of the system.

3. Computational complexity. Increasing window size makes computations more

complex in BLMS and BLMF. However, for applications, in which the input

signal is not persistently exciting for small window lengths, or the measurement

noise is very high, larger window sizes are required. In such cases, computational

complexity can become an issue in BLMF which requires calculation of the

cubic polynomial coefficients in (7.12). Table B.2 compares the performance

of BLMF, BLMS and EWRLS methods for various window sizes in terms of

computational load. The “Elapsed Time” denotes the time it takes in seconds
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Table B.2: Computational load of BLMF, BLMS and EWRLS methods

Elapsed Time Maximum Sampling Rate
(sec./1500 iterations) (Hz)

L BLMF BLMS EWRLS BLMF BLMS EWRLS
10 0.6238 0.1760 0.1344 2439 8333 11110
50 1.4997 0.1924 0.1322 1000 7692 11110
100 2.5635 0.2160 0.1351 589 7143 11110

for any of the algorithms to go through 1500 iterations. This value affects

the minimum sampling time or maximum sampling frequency at which the

identification process can be implemented in real time.

As it can be seen from the right three columns of Table B.2 that BLMF can be

implemented at the rate of 1 kHz for window sizes up to 50. For larger window

sizes, a slower sampling frequency should be utilized. Although, BLMF is more

computationally expensive for small window sizes, the convergence speed can

go over 4 times higher than BLMS and EWRLS.



Appendix C

Stability of Velocity-Sampled

Haptic Simulation Systems

Theorem 7. (Stability of Velocity-Sampled Haptic Simulation Systems):

A necessary and sufficient condition for “robust stability” of a velocity–sampled

haptic simulation system in Figure 6.4 for all passive Zh is

b >
1

2
cot(

ωT

2
)Re{j(1− e−jωT )Hv(ejωT )} 0 ≤ ω ≤ ωN . (C.1)

Proof. We use the small gain theorem along with an appropriate LFT, as described

in [30] and [33], to derive the conditions for stability of velocity-sampled haptic sim-

ulation systems. Small gain theorem provides a necessary and sufficient condition for

the stability of closed-loop systems [33].

The closed-loop characteristic polynomial for a velocity-sampled haptic simulation

system is

1 + Hv(esT )G′∗(s) = 0 (C.2)
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where Hv(esT ) = H(esT )I(esT ) represents the dynamics of the virtual environment

with velocity and force as its input and output signals, respectively and I(esT ) is a

digital integrator, and

G′∗(s) =
1

T

∞∑
n=−∞

G′(s− jnωs) (C.3)

where

G′(s) =
1− e−Ts

s

1

ms + b + Zh(s)
. (C.4)

Similar to the position-sampled system shown by Colgate et al. [33], the passivity

or positive realness condition for Zh(s) will be mapped inside a disk centered at 1/2b

with a radius of 1/2b when computing the region corresponding to [ms+b+Zh(jω)]−1,

called R1 [33]. The region corresponding to G′∗(jω) is

RG′∗(ω) = r′(jω)R1 (C.5)

where

r′(jω) =
1

T

∞∑
n=−∞

1− e−j(ω−nωs)T

(jω + jnωs)
(C.6)

=
1− e−jωT

jT

∞∑
n=−∞

1

(ω + nωs)
(C.7)

is a frequency dependent rotation and scaling factor acting on R1. We propose the

use of the closed form solution for the above infinite sum as
n=∞∑

n=−∞

1

(ω + nωs)
=

π

ωs

cot(π
ω

ωs

), (C.8)

where ωs = 2π
T

is the sampling frequency. Thus,

r′(jω) = −j
1− e−jωT

T

T

2
cot(π

ω

ωs

) (C.9)

In order to be able to use small gain theorem to obtain the stability condition, one

way is to first map RG′∗(ω) to a unit disk using an appropriate Linear Fractional
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Transformation (LFT) function as described in [30] which is M{s,G∗(s)} = −1 +

2b
r(s)

G∗(s) in this case. Then a related LFT must be derived to map H(esT ) to a

corresponding region N{s,H(esT )}, such that the stability of the closed-loop system

containing M{s,G∗(s)} and N{s,H(esT )} is equivalent to the stability of the actual

system and thus, small gain theorem requires |M{s,G∗(s)}N{s,H(esT )}| < 1 for

system stability. More details on the method can be found in [33]. Therefore, using the

above-mentioned appropriate LFT and the small gain theorem, the robust stability

condition for all passive operator impedances becomes

| r′(jω)Hv(ejωT )

2b + r′(jω)Hv(ejωT )
| < 1 ∀ω. (C.10)

Thus, using (C.9) and (C.10) and after simplifications, the necessary and sufficient

condition (6.13) for the stability of velocity-sampled haptic simulation systems is

achieved.


