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Abstract

Research in solid-state nanophotonics and quantum optics has been recently pushing the

limits in semiconductor microcavity design. High quality microcavities that confine light

into small volumes are now able to drastically alter the local density of states (LDOS).

Plasmonic systems can provide smaller effective confinements, however it is unclear if the

benefits of confinement are good enough to balance material losses due to non-radiative

processes. This thesis presents a compendium of techniques for calculating photonic Green

functions in various lossy, inhomogeneous magneto-dielectric systems. Subsequently we de-

rive a rigorous theory of quantum light-matter interactions, valid in both weak and strong

coupling limits, and show how the classical photonic Green function is developed to calcu-

late Purcell factors, Lamb shifts, and the near and far field spectra from a single photon

emitter. Using these techniques, this work investigates the classical and quantum opti-

cal properties of a variety of inhomogeneous structures, including their coupling to single

photon emitters. This includes examining Purcell factors above negative index slabs and

showing the convergence of many slow-light modes leads to a drastic increase in the LDOS

along with large Lamb shifts. The optical trapping of metallic nanoparticles is examined

above a negative index slab and a silver half-space, showing the importance of interparticle

coupling on the optical forces. Then the interaction between a quantum dot and a metallic

nanoparticle is studied where far-field strong coupling effects are observed only when the

metallic nanoparticle is considered beyond the dipole approximation. Finally, this work

addresses the issue of the LDOS diverging in lossy materials, which necessitates a descrip-

tion of spontaneous emission beyond the dipole approximation; the “local field problem” in

quantum optics is revisited and generalized to include local field corrections for use in any

photonic medium. The strength of finite-difference time-domain techniques is demonstrated

in a number of cases for the calculation of regularized Green functions in lossy inhomoge-

neous media. This thesis presents a comprehensive study of Green function approaches to
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model classical and quantum light-matter interactions in arbitrary nanophotonic structures,

including quantum dots, semiconductor microcavities, negative index waveguides, metallic

half-spaces and metallic nanoparticles.
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Common Symbols and Acronyms

Acronyms

Acronyms are redefined during the first usage in each chapter if the use of the acronym is

warranted for that chapter.

cQED - cavity quantum electrodynamics.

FDTD - finite-difference time-domain.

FOM - figure-of-merit.

GF - Green function.

LDOS - local density of states.

LS - Lamb shift.

LSP - localized surface plasmon.

MNP - metallic nanoparticle.

NIS - negative index slab.

NLDOS - non-local density of states.

PC - photonic crystal.

PF - Purcell factor

PML - perfectly matched layer.

QD - quantum dot.

QED - quantum electrodynamics.

SPP - surface plasmon polariton.

Common Meanings of Symbols Used

r - the position vector that light travels to.

r′ - the position vector that light travels from.

ω - the angular frequency of light.

f - the frequency of light.
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λ - the wavelength of light.

k - the wavevector of light.

t - time.

c - the vacuum speed of light.

G (r, r′;ω) - the two space point photonic Green function describing the propagation of

light with frequency ω from the point r′ to the point r.

I - the unit tensor.

G
hom

- the homogeneous part of the Green function.

G
scatt

- the scattered part of the Green function.

G
tot

- the total Green function.

L - the depolarization term.

M - the self interaction term.

E - the electric field.

B - the magnetic induction.

D - the electric displacement.

H - the magnetic field.

j - the current density.

P - the polarization.

M - the magnetization.

ε0 - the permittivity of free space.

µ0 - the permeability of free space.

κ0 - the inverse of the permeability of free space.

ε - the relative permittivity of a material.

µ - the relative permeability of a material.

κ - the inverse of the relative permeability of a material.

εB - the background permittivity.

∆ε - the change in permittivity.

∆V - a volume element.

d - the dipole moment of an emitter or quantum dot.

γd - the decay rate of an emitter or quantum dot including the homogeneous radiative rate

and the non-radiative rate.

rd - the position of an emitter or quantum dot.

ωd - the angular frequency of an emitter or quantum dot.
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nd - the unit vector in the direction of the dipole moment of the dipole d.

α - the polarizability of a particle or quantum dot.

fλ - a discrete mode with eigenvalue ωλ.

fc - a single cavity mode with eigenvalue ωc.

Vλ - the mode volume of the mode with eigenvalue ωλ.

Qλ - the quality factor of the mode with eigenvalue ωλ.

Γλ - the decay rate of the mode with eigenvalue ωλ.

S(R, ω) - the measured spectrum from an emitter at location R and angular frequency ω.

Mathematical Notation

δ(x) - Dirac δ-function; equal to 0 for x 6= 0.
∫∞
−∞ dxδ(x) = 1.

δij - Kronecker δ-function; Equal to 0 for i 6= j else is equal to 1.

∇×X - take the curl of X.

∇ ·X - take the divergence of X.

∇x - take the gradient of x.

Re[x] - the real part of x.

Im[x] - the imaginary part of x.

x∗ - the complex conjugate of x.

x̂† - the adjoint of the operator x̂.

〈x̂〉 - the expectation value of the operator x̂.

ẋ - derivative with respect to time of x.

FT[x] - the Fourier transform of x.

X ·Y - the inner product of X and Y.

X⊗Y - the outer product of X and Y.

X×Y - the cross product of X and Y.

Tr[X] - take the trace of X.
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Chapter 1

Introduction

If photonics is defined as the study, design and application of light-matter interactions to

create optical devices such as light sources, switches and amplifiers, then nanophotonics

encompasses the same concepts as photonics, but for devices on the nanoscale. The drive

for miniaturization of photonic devices is to replicate the benefits that have been demon-

strated in electronic circuits and microchips (i.e., lower power consumption, smaller device

footprint, and decreased cost while increasing the number of circuit elements per unit vol-

ume), and to potentially interface with electronic devices already at this scale. Optics in

the nanoregime offers a unique set of design challenges, specifically for the visible spec-

trum, that are not as readily available in other regimes simply because the visible spectrum

encompasses the energy range where most electronic and vibrational resonances exist. Light-

matter interactions on this scale must consider not only the confinement and manipulation

of electromagnetic radiation due to geometrical effects (waveguiding, focussing, cavities,

etc), but must also consider the fundamental optical responses of the constituent materials

(e.g., electronic transitions, dispersive materials). Furthermore, the nano regime opens a

new design space where the spatial confinement (such as in quantum wells and quantum

dots) can be used to alter the underlying electronic structure of a material (and hence

its optical response) offering a host of new opportunities for engineering the light-matter

1
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Figure 1.1: A schematic describing a cQED setup. A two level atom is placed inside a
cavity, where the atom-cavity coupling rate is given by g. There are two channels by which
light may leak from the cavity, either directly through the mirrors with rate κ or via off-axis
radiation with rate γ.

interactions.

Much of nanophotonics focusses on the interaction of nanoscale objects with classical

light sources, i.e., sources containing so many photons that the underlying quantum nature

of light can be ignored and treated using classical optics. Here we are also interested in the

interactions of single photons, which is the domain of quantum optics, with nanophotonic

elements. While quantum optics is fundamentally interesting in its own right, the potential

design capabilities of nanophotonic devices creates an exciting intersection between quantum

optics and nanophotonics. If we consider nanophotonic structures in the context of their

quantum optical interactions, the quantum nature of light generates a host of fundamentally

new quantum light-matter interactions in the nanoscale regime.

One of the most successful methods of manipulating quantum (and classical) light-

matter interactions has been through the use of cavities surrounding sources which are able

to emit single photons, sparking the name cavity quantum electrodynamics (cQED). The use

of a cavity acts to increase the local density of states (LDOS) by increasing the interaction

strength between the emitter [such as an atom or quantum dot (QD)] and the cavity. The

interaction strength between the cavity and the atom is defined by the atom-cavity coupling
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constant,

g =

√

ω

2h̄ε0
d · f(rd), (1.1)

where ω is the cavity mode frequency, d is the atomic dipole moment and f(rd) is the

cavity mode electric field at the position of the dipole, rd. The effective strength of g is

measured relative to the losses or decay rates in the system, typically from photons leaking

through the cavity mirrors with rate κ, or escaping directly from the cavity with rate γ

(see Fig. 1.1). For the case of g << κ, γ, the system is said to be in the weak coupling

regime and the interaction can be treated perturbatively. In the weak coupling regime the

cavity can be used to control the (incoherent) spontaneous emission rate of the atom, as

well as directing the emission into desired output modes (e.g., into a waveguide or a fibre).

Increasing g such that g >> κ, γ, moves the system into the strong coupling regime where

the cavity-atom interaction becomes a coherent interaction and must be considered non-

perturbatively. The coherent state created in the strong coupling regime is attractive for

a number of applications in quantum information processing [MD02], and one goal is to

accomplish this using solid-state microstructures. The use of cavities has facilitated light

generation in novel quantum emitters (e.g., QDs and color centres in diamond) [Shi07],

created non-classical light sources such as single-photon sources which offer the possibility

of deterministically creating (indistinguishable) single photons on-demand [NFA07, OFV09,

SFV+02, YRH09], enabled the dynamic control of strong coupling and the creation of frozen

photon states [STU+11], and created systems where it is possible to observe nonlinear

(multi-photon) effects at the single photon level [HR12, DD12].

The first successful cQED systems for observing deterministic single photon generation

used trapped atomic gases in high-finesse optical cavities [MBB+04, Vah03]. These systems

can deterministically produce single photons, but require a very sophisticated apparatus,

limiting the scalability of these systems and can only trap the atoms within the cavity

for a few seconds at most. Trapped atomic gases have also been used to reach the strong
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coupling regime [ADW+06], where the excitation does not exist solely as an excited atom

or an excited cavity photon but the excitation is coherently transferred repeatedly between

the atom and the cavity [Car08]. Recent advances in cQED have involved the creation

of solid-state semiconductor microcavities using photonic crystals (PCs), where a periodic

array of differing dielectric materials creates a photonic bandgap [Yab87, Sak05, NFA07,

Vah03]. Photonic bandgaps describe certain frequencies of light which are forbidden to pass

through the crystal causing all incident light to be reflected, and are somewhat analogous to

electronic bandgaps seen in semiconductor materials. By creating a “defect cavity” within

these photonic bandgap materials, where the periodicity of the structure is broken, it is

possible to create a small localized region to trap light in a mode with a very sharp linewidth

and in a very small volume ([λ/2n]3, with λ the wavelength of light and n the refractive

index). The “sharpness” of the linewidth is defined by the cavity Q-factor, Q = ω0/∆ω,

and the ratio of Q/V (ω0 is the cavity frequency, ∆ω is the cavity linewidth and V is the

effective mode volume) is the key parameter for describing the amount of enhancement of

the electric field (and the LDOS) for the cavity (g ∝ 1/V ) [LvDN+04]. By embedding

artificial atoms, i.e. QDs, within these cavities it is possible to create a scenario very

similar to the case of trapped atomic gases coupled to cavities [YSH+04, RSL+04, NFA07].

Current semiconductor PC cavity designs show that it is possible to create cavities with

quality factors greater than 106 in Si [NFA07], though for active materials like GaAs and

InP, these are usually around 20,000 with embedded QDs. Other candidates for solid-state

quantum optics include superconducting-circuit-QED systems, which are very promising

candidates albeit in the microwave regime [YN11].

The advantages of using QDs coupled with PC cavity structures (and other semiconduc-

tor cavities) includes: (i) there is the possibility of tuning the operating wavelengths of both

the cavity mode and the QD over a wide spectral range; (ii) the QD can be grown into or on

top of the cavity meaning the position of the emitter is fixed and stable with respect to the

cavity (which is not necessarily true for trapped atomic gases); (iii) QDs have large dipole
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moments (compared to atoms) which increases the interaction strength of the QD and the

cavity mode, (iv) QDs can be pumped electrically; (v) the small size (sub-µm3) of these

devices means that many can be created within a single chip-based device offering waveg-

uide integration; and (vi) they can operate at telecommunications wavelengths near 1.5-µm.

Some major weaknesses, however, are: (i) QD non-uniformity (e.g., spatial variations alter-

ing polarization properties and operating frequency variations) makes it difficult to repro-

ducibly create two exactly equivalent emitters without post-processing [RKanD+08]; (ii)

many QD applications (especially in quantum optics) require low-temperature operation;

and (iii) QDs interact directly with the material of the cavity in a solid state environment

and are thus susceptible to decoherence (e.g., through the interaction with phonons) which

partly spoils the indistinguisibility of the emitted photons. The emphasis on maximizing

Q/V to increase the LDOS mitigates this somewhat by increasing the radiative decay rate

through the Purcell effect [Pur46], which reduces the problematic phonon interaction time.

Cavity systems have been the systems of choice for QED experiments because of their

ability to increase the LDOS, however it is also known that it is possible to control the LDOS

in both plasmonic systems [ABN06] and slow-light systems [Not10, Pat09, RH07a], including

materials exhibiting a negative refractive index [YVVR+09]. In plasmonic systems (metals)

it is possible to excite plasmons, i.e., collective oscillations of surface charges [Mai07]. These

plasmons exhibit an evanescent decay into the surrounding dielectric material while still

maintaining extremely large electric field enhancements. Using plasmonic systems it is

also possible to beat the diffraction limit and obtain mode volumes which are lower than

(λ/2n)3. State-of-the-art mode volume confinements in plasmonic systems have reached

0.006λ3 in nanocavities for a whispering gallery mode cavity in a plasmonic gap [FO07], and

0.015λ3 for a plasmonic Fabry-Perot cavity [Mai06] compared with photonic crystal cavities

which typically achieve mode volumes of 0.7-1.2λ3 [AASN05, SNA+05]. The drawback

of plasmonic systems such as metallic nanoparticles (MNPs) or metallic films is that the

material losses (complex n) create extremely broad linewidths resulting in lower quality
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factors of around 10-100 [Sto11b]. Nevertheless, it might be possible to find a regime where

the total LDOS is larger than in PC cavity systems. This could potentially manifest itself

in some sort of hybrid plasmonic/photonic system [Ben11, BSF+10, DAPD+08]. Already

researchers are overcoming the issues of material losses using innovative system designs,

an excellent example of which is the design of low-loss plasmonic waveguides which can

propagate plasmons over distances of centimetres [Ber09].

In slow-light materials, the reduction of the group velocity1, vg = dω/dk where k is

the wavevector in the material, creates a corresponding increase in the LDOS (LDOS∝

1/|vg|) which formally diverges as the group velocity reduces to zero [RH07a]. Altering

the group velocity can either be accomplished using structural resonances or by exploiting

material resonances [Boy11]. In the case of structural resonances, this can be done in

PCs by engineering the slope of the dispersion by manipulating the properties of the PC

lattice [Not00, Not10]. These modifications can be so severe as to create an effective negative

refractive index [FS03, CAO+03]. For material resonances, slow-light occurs due to highly

dispersive n. The group velocity can be easily shown to be written in terms of a group

index, vg = c/ng where the group index is ng = n+ ω(dn/dω). The slope of the refractive

index can be either positive or negative [Boy11] indicating that the group velocity can be

increased, decreased or made negative.

Metamaterial systems are now available where the effective refractive index can be

altered by creating sub-wavelength unit cells composed of metallic and dielectric mate-

rials [BS08, SW11]. Whereas PCs are designed such that the unit cells are comparable

to the wavelength of light in order to create multiple scattering events, creating the unit

cells smaller than the operational wavelength means metamaterials can be described by

an effective refractive index. Researchers have been so successful in manipulating the

refractive index, that it is possible to make the refractive index, n, negative (different

1Or energy velocity if material losses present.
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from the group index, ng) [Ves68, SPV+00, PHRS99]. By placing a negative index mate-

rial in between two positive index materials, it is possible to create slow-light waveguide

modes [SSK03, Rez08]. While the negative index of refraction results in a number of in-

teresting effects such as left-handed refraction [PGL+03], perfect focussing [Pen00], and

optical cloaking [SMJ+06, YLJ08, PSS06], our main interest in negative index materials is

for exploiting the slow-light regime for increasing the LDOS.

While there are many theoretical approaches for modelling light-matter interactions

in quantum optics [Car99, Car08, VW06], some of the most powerful approaches (e.g., for

arbitrary lossy media) usually require the photonic Green function (GF) of the system. The

GF, G(r, r′;ω), is the solution of the Maxwell equations at the location r with frequency ω

given a dipole source located at the position r′. For a lossless system, typically the GF is

expanded into modes of the system which, for single cavity structures, can then be related to

the cavity-QD coupling rate g and the quasi-mode f(r). When metallic systems are involved

the usual mode expansion techniques become questionable since mode expansions require

solutions of a Hermitian eigenvalue problem, i.e., for lossless systems [WSL04]. It turns out

that the projected LDOS2 (projected along the direction n̂) can be directly related to the

GF via3,

LDOS(r, ω) =
6

πω
Im[n̂ ·G(r, r;ω) · n̂]. (1.2)

However in a homogeneous space, this quantity diverges in lossy systems [DBK+03], (e.g.,

the LDOS is infinite) further complicating quantum optics calculations involving lossy sys-

tems.

Of course, the benefits of engineering the GF of the system extends beyond quantum op-

tics. A few applications which benefit from GF engineering include: (i) optical trapping of

2We use the projected LDOS throughout this thesis due to the inhomogeneous nature of the systems
we study. For inhomogeneous systems, there can be drastically different physics depending on the dipole
orientation necessitating the specification of the dipole direction for any LDOS calculations.

3Note that Eq. (1.2) differs from other formulas for the LDOS by a factor of ω2/c2 as our GF differs from
the more common definition of the GF by a factor of of ω2/c2 (see Chap. 2).
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particles smaller than the wavelength of light can be accomplished using arrays of MNPs to

enhance the local electric field [RZGQ07, GRDZ08], or by using sub-wavelength apertures

where the trapped particle fundamentally alters the response of the aperture [JGP+09]; (ii)

in electron energy loss spectroscopy, electrons are used to measure nanometer sized features

by directly mapping the vertical integration of the LDOS (in a two-dimensional plane) in

both plasmonic systems and PC systems [dAK08, HDK09, NKS+07]; and (iii) nonlinear

effects can also be enhanced by increasing the LDOS [BRD+09] in systems typically ex-

hibiting weak nonlinear properties such as silicon [CMG+09]. Thus, developing rigorous

techniques for calculating GFs in arbitrary media would advance research in many fields of

classical and quantum optics.

The goal of this thesis is to study light-matter interactions in a range of topical mate-

rial structures in nanophotonics. Specifically, we will use medium-based approaches that

connect to the GF in a natural way. We calculate the GF in a number of lossless and lossy

systems using different techniques and show that one of the most powerful techniques in

electromagnetics, the finite-difference time-domain (FDTD) technique, is an efficient tool

for the calculation of GFs in lossy, inhomogeneous materials. We also address the problem

of the divergence of the LDOS in lossy structures, which is related to the breakdown of

the dipole approximation, and show that FDTD sensibly regularizes this quantity by sim-

ulating dipoles of the exact same size as the computational cell (i.e., the “Yee cell”) in the

underlying grid. These techniques are demonstrated in simple systems where analytical so-

lutions exist, however their use is broadly applicable to any inhomogeneous lossy structure

where it is impossible to find an analytic solution of the GF. We show, by adopting and

extending the formalism of Dung et. al. [DBK+03]– which is designed to address quantum

optics problems in linear isotropic lossy materials in arbitrary geometries (including mag-

netic and negative index materials)– that the GF is the most natural quantity for solving

problems in quantum optics. Furthermore, we show how the GF can aid the calculation of

non-perturbative classical light-induced forces.
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Figure 1.2: Schematic illustrating the principle of a PC where two dielectrics of type A and
B are arranged periodically in either 1, 2 or 3 dimensions with lattice constant a. Figure
obtained from Sakoda [Sak05].

For the rest of this chapter, we give a basic introduction to PC cavity systems, nanoplas-

monic systems and negative refractive index materials, and afterwards we will summarize

the layout of this thesis. Each of these structures offers a broad range of fundamental

light-matter interactions to study and all have a host of interesting applications. For PC

cavities, we will focus on planar PC cavities which has been the subject of many experi-

mental investigations, especially for applications with embedded QDs [AASN03, NFA07].

For nanoplasmonics and negative index systems, we will give a broad introduction to these

systems and discuss some of their potential classical and quantum nanophotonic applica-

tions.

1.1 Semiconductor Microcavities

In an attempt to confine and trap light to a greater degree, researchers now routinely

use PCs [Yab87] which are periodic arrays of dielectric materials with the possibility of

extending the periodicity in 1, 2, or 3 dimensions as shown in Fig. 1.2. These periodic

arrays build up multiple reflections until some wavevectors with specific frequencies are

unable to propagate. By plotting the allowed wavevectors versus frequency for a suitably

engineered lattice, one finds a photonic band structure is formed. These photonic band

structures can exhibit a photonic “band gap” in which there are no wavevectors that may
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(a) (b)

Figure 1.3: (a) Schematic of a finite-size planar PC slab with a triangular lattice. (b)
Schematic of a planar PC slab with an “L3” defect [AASN03] (i.e. three holes missing in a
line and typically the outer two are shift outwards slightly to increase the Q). Embedded
at the cavity center is a QD.

propagate for specific frequencies and cause all incident radiation to be reflected.

To engineer the optical properties of these devices researchers can also place spatial

defects into PCs, usually by breaking the periodicity in a small region. When properly

designed, these defect cavities could trap light frequencies within the photonic bandgap and

spatially located within the defect region [NFA07]. By optimizing the Q/V ratio (in the

case of a cavity), these structures can enhance the spontaneous emission of a QD via the

Purcell factor, PF, which was introduced by Purcell in the following form [Pur46]:

PF =
3

4π2

(

λc

n

)3(Q

V

)

, (1.3)

where λc is the wavelength of the cavity mode. The PF describes the amount of sponta-

neous emission enhancement obtained compared with a homogeneous material (e.g., PF=1

means no enhancement) and is a very useful figure-of-merit for considering spontaneous

emission enhancement in the weak-to-medium coupling regime [NFA07, YSH+04, KGK+06,

HBMWa+07, RSL+04].

The particular design for practical PCs that we primarily use is the planar PC as shown

in Fig. 1.3(a). The planar PC is a strong candidate for doing chip-based quantum optics
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(b)(a)

Figure 1.4: (a) AFM topography of the planar PC cavity used by Hennessy et.
al. [HBMWa+07]. The raised bump in the center of the cavity indicates the placement of a
QD buried below the surface. (b) The electric field intensity of the PC cavity mode showing
that the location of the buried QD, indicated by the teal dot, which overlaps the field max-
imum. The field intensity ranges from zero (black) to a maximum (white) [HBMWa+07].

and is an excellent example of a state-of-the-art semiconductor nanostructure in which an

electronic density of states can be coupled with a photonic density of states. We choose

planar PCs compared to 1D or 3D PC structures in this thesis due to their success in creating

cavities with a large Q/V , such the L3 cavity [see Fig. 1.3 (b)], while also being ideal for

incorporating in a chip-based design; In Fig. 1.4 we show an example from Hennessy et. al.

of an AFM topography of a fabricated device along with a false color image of the mode.

A major advantage of planar PCs is that they are created using standard semiconductor

fabrication techniques where the features are defined by electron-beam lithography and

etching [DFB+05].

1.2 Nanoplasmonics

The field of nanoplasmonics (and/or metal optics) is a growing area in nanophotonics where

metals, characterized by Re[ε] < 0, are capable of supporting surface plasmon modes and can

be engineered to control light in very localized (∼nm3) regions of space. Surface plasmons

are capable of creating extremely intense local electric fields which evanescently decay from
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(a) (b) (c)

(d)

Figure 1.5: Examples of focussing below the diffraction limit that are possible using
nanoplasmonics. (a) Using “self-similar” metallic spheres it is possible to obtain extreme
enhancements of the electric field (and hence the LDOS) in the gap between the two small-
est spheres and at the end of the smallest sphere. (b) An experimental realization of the
system described in (a) where a dielectric tip is attached with multiple spheres of decreasing
size to create enormous electric field enhancements. (c)-(d) Experimental realization and
theoretical design, respectively, of “gap-plasmons” where the electric field is adiabatically
focussed into the tapered gap until it reaches the tips where extreme electric field enhance-
ments are obtained. Figures in (a)-(b) were obtained from recent review by Novotny and
van Hulst [Nv11] and Figs. (c)-(d) were obtained from a recent review by Gramotnev and
Bozhevolnyi [GB10] with original figures by Choi et. al. [CPN+09].

the surface of the metal [Mai07]. The use of metals as reflectors in the low frequency regime

(microwave and far infrared) is well known, where most metals can be considered perfect

conductors. As the frequency increases (near infrared and optical), then light is eventually

able to penetrate a small amount into the metal and the loss of the metal must be taken

into account. Further increasing the frequency (optical and ultraviolet) will eventually

cause a change of sign for the real part of the permittivity causing the material to lose its

metallic character and act like a lossy dielectric. In this final regime, additional processes
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like interband absorption may become important [Mai07].

Many applications in nanoplasmonics operate best at frequencies in the near infrared

or the optical regime in order to be compatible with current technologies employing semi-

conductor materials. A handful of the many applications [Sto11b] include surface enhanced

Raman scattering [Mos85], improved solar cell efficiency [AP10], nanofocussing of light

beyond the diffraction limit [GB10, SBC+10, DAPD+08, NBO+10, Sto04], cancer treat-

ment [LCH08], and biological sensing [HNES09]. In Fig. 1.5, we show some example de-

signs specific to focussing light beyond the diffraction limit. In Fig. 1.5(a) we show the field

enhancement created using a set of “self-similar” metallic spheres, where light is focussed

in increasing degrees between the gaps between the particles as well as at the “tip” of the

structure [LSB03, Nv11]. Fig. 1.5(b) shows the fabrication of such a system at the end

of a dielectric taper. Figures 1.5(c)-(d) show the adiabatic focussing of light beyond the

diffraction limit using metallic groves where the light is focussed to λ/40 with a 50% power

efficiency [CPN+09].

The use of plasmonic systems for examining quantum optical interactions is relatively

new compared with traditional cQED. The concept of the “spaser” which generates co-

herent quantized plasmons in nanoscale structures was introduced by Bergman and Stock-

man [BS03] and has since been created experimentally in gold nanoparticles coated with

dye-doped silica shells [NZB+09] and in CdS semiconductor nanowires coupled with sil-

ver surfaces [OSZ+09]. Other investigations have examined the LDOS near MNPs where

non-radiative emission can dominate [HT08, Koe10, CGHV06, CBC10, ABN06, SKS07,

SK11, DMN+02]. Nonlinear quantum optical effects have even been examined between

QDs coupled with MNPs driven by external pump [RDSF+10] and nonlinear effects were

also exploited to create single photon transistors using surface plasmons. [CrDL07]. Many of

these systems rely on analytical forms for the solution of the GF (and the LDOS), which are

not available for systems like dipole antennas [Koe10, SSR+10], bow-tie antennas [KYF+09]

or more complicated antenna designs [Nv11, BDN09]
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1.3 Negative Index Materials

One of the main issues with using metallic systems is that we are rather limited by the

intrinsic material parameters, which are essentially fixed for a given material. This challenge

has sparked interest in a class of materials called metamaterials where hybrid metallic-

dielectric structures are created with very specific unit cells of differing materials that

are repeated in an array [SW11]. If these nanoengineered materials are examined with

wavelengths that are much larger than the unit cell, the material can be modelled as having

an effective refractive index that depends on the size, shape, spacing and materials used

in the unit cells. This opens a wide range of new design opportunities for tailoring the

material properties to a particular application. In fact, the change in refractive index can

be so extreme that it is even possible to tailor the refractive index of a material to be

negative [Ves68, SPV+00, BS08]. The possibility of a negative index of refraction was first

predicted in 1968 by Vesalago [Ves68] and was realized over 30 years later using copper split-

ring-resonators placed in the vicinity of metallic wires [SPV+00, PGL+03]. The concept

of a negative index material (or “left-handed” material) has since motivated predictions of

perfect lensing [Pen00], cloaking [SMJ+06] and schemes for trapping light [TBH07].

The success of the split-ring resonator as a candidate for a negative index material is

due to the fact that the effective permeability can be tuned to be negative in the same

region where the effective permittivity is negative [YPF+04, LEW+04]. Scaling these struc-

tures down to optical frequencies has been a difficult challenge for the same reasons that

nanoplasmonics are a challenge. At optical frequencies the finite skin depth (imperfect

conductor) of the metals prevent a simple scaling. Thus new metamaterial designs are

constantly being examined for a strong magnetic response in the optical region. There are

also design challenges [BS08] since fabrication techniques require nanometer precision over

length scales much larger than the unit cell to create arrays of these objects. The Kramers-

Kronig relations also state that materials with strong dispersion must be accompanied with
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(a) (b)

(c) (d)

Figure 1.6: Examples showing some experimental realizations of metamaterial structures.
(a) Stacked split ring resonators which exhibit electric and magnetic resonances in the
0.33-0.83 eV (80-200 THz) region [LGF+08]. Despite seeing magnetic resonances, the lack
of overlap between magnetic and electric resonances means the real part of the refractive
index is positive. (b) A nanowire crossbar circuit structure created using focussed-ion beam
chemical vapour deposition [MiNK+04]. (c)-(d) Using two-photon photopolymerization
extremely complex structures can be created such as self-standing nanowire cages (c) or
spring-like structures (d). Subsequent metallization is accomplished through the deposition
of thin films of silver nanoparticles via electroless plating [FTT+06a, FTT+06b].
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(a) (b)

Figure 1.7: Examples showing some experimental realizations of metamaterial structures
exhibiting a negative refractive index. (a) A nanorod array where a negative refractive
index is achieved at telecommunication wavelengths (1.5 µm) with a FOM=0.1 [Sha07,
SCC+05] (d) Fishnet structures exhibiting a negative refractive index at (1.4 µm) and a
FOM=3 [DEW+06b]

strong absorption [SW11, DBK+03] meaning that any realistic predictions in the optical to

near infrared regime must include loss.

In Fig. 1.6 we show a number of metamaterial designs with the possibility of creating a

magnetic resonance. Figure. 1.6 (a) shows the fabrication of layers of split-ring resonators,

where the magnetic resonance can be tuned with the number of layers [LGF+08]. Fig-

ure 1.6 (b) shows a free-standing wire mesh structure created via focussed-ion beam chemi-

cal vapour deposition, where the nanowires were directly written between the free-standing

walls [MiNK+04]. Figures. 1.6 (c) and (d) show 3D structures created using two-photon

photopolymerization where a focussed laser initiates a polymerization which modifies the

basic material structure. After washing away the non-illuminated regions a complex 3D

structure is left behind. Following the two-photon photopolymerization process with the

deposition of thin films of silver nanoparticles via electroless plating creates complex 3D

metamaterials with feature sizes resolved to ≈ 100 nm [FTT+06a, FTT+06b]. Fig. 1.6 (c)

shows the creation of a matrix of paired cubic nanowire cages and Fig. 1.6 (d) shows the

creation of free-standing chiral spring structures [BS08].

In Fig. 1.7 we show some example metamaterial structures that exhibit a negative index
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at telecom wavelengths and can be compared with the original split ring resonator that

was used for a negative index in the GHz range [SPV+00, SMJ+06]. Fig. 1.7 (a) shows

an array of plasmonic nanorods where Re[n] = −0.3 at λ = 1.5, µm. The figure-of-merit,

FOM≡ |Re[n]|/Im[n], which is used to quantify the quality of these negative index materials,

at this wavelength was FOM=0.1 [Sha07, SCC+05]. In Fig. 1.7 (b) we see an improved

design with Re[n] = −1 at λ = 1.4, µm and FOM=3, created using a metallic nano-fishnet

array with rectangular holes [DEW+06b]. Despite the fact that these are both state-of-the-

art designs the small values of the FOM show that loss cannot be considered as a simple

perturbation but must be included self-consistently when modelling these structures.

The quantum optical properties of negative index materials have only recently been

addressed as the entire field has existed for little more than a decade. Kästal and Fleis-

chhauer [KF05] demonstrated superradiance between two atoms using the “perfect lensing”

effect in negative index materials to completely reverse the optical pathlength as well as the

complete suppression of spontaneous emission of an atom above a negative index material

and a perfect mirror. The enhancement of spontaneous emission was also studied by a num-

ber of groups [RM04, XYCZ07, XYLZ09, YXCZ08], although none of them connected with

the complex bandstructure [YVVR+09]. Negative index materials and metamaterials have

also been proposed as solutions for reversing the sign of the Casimir force which requires

n1(ω) < n2(ω) < n3(ω)∀ω for a three-layer structure allowing the center material to be

vacuum [YZXL08, YV09, ZZK+09, ZKES10].

1.4 Layout of Thesis

In the body of the thesis we have strived to give a broad overview of the work involved in

this PhD including additional background, derivations and supporting calculations while

also including the major results of this work in the journal papers as they were published.
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We believe this is beneficial for other researchers and students elsewhere who wish to ex-

pand on this work, including students continuing in our own group as this thesis provides

the background calculations and additional details compared to the somewhat condensed

journal papers.

The organization of this thesis is as follows: we describe photonic GFs in Chap. 2 in-

cluding their mathematical basis, different GF techniques we use in classical optics, and the

calculation of GFs for a number of different cases. In Chap. 3 we describe the main numeri-

cal technique we use for calculating GFs, FDTD, using arbitrary media and geometries and

describe some of the techniques and issues regarding FDTD. In Chap. 4 we derive a rigorous

quantum optics formalism closely following the work of Dung et. al. [DBK+03] and expand

it for our present purposes; we also relate it to an alternative (and more traditional) lossless

derivation [WSL04] and show how the GF enters the equations in exactly the same manner

in both the lossy and the lossless case. In Chap. 5 we examine the calculation of the GF

and the strong coupling spectra in a QD-PC cavity system to demonstrate the methods

currently used and to compare with later cases involving material loss. We also address a

portion of the problem of solving non-Hermitian eigenvalue problems relating to the effects

of open boundary conditions and show that the typical method of calculating the mode

volume is formally incorrect and can lead to an infinite mode volume as usually described;

this is addressed in more detail in Paper A [KVH11]. In Chap. 6 we discuss some of the

more subtle details involved in Paper B [YVVR+09] and Paper C [VVYH11]. These include

the calculation of the Purcell effect above negative index slab waveguides using realistic loss

(Paper B) as well as the optical forces between coupled MNPs above negative index slabs

when compared to silver half-spaces (Paper C). Chap. 6 provides additional details and

motivation beyond what was included in these papers. In Chap. 7 we examine the strong

coupling spectra of a QD above a MNP where we consider the MNP beyond the dipole

approximation, which is the topic of Paper D [VVKH12], and we investigate a number of

additional scenarios. In Chap. 8 we discuss the calculation of the regularized GF with equal
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space arguments in lossy materials and show that it agrees perfectly (at least within a few

percent) with the results obtained from FDTD. Additionally we compare the regularized

GF with another model for approaching quantum optics in lossy materials, namely the real

cavity model, and show that they are not equivalent but are both useful for a different set of

scenarios. The comparison between the regularized GF and the real cavity model is further

discussed in Paper E. Finally in Chap. 9 we conclude and discuss some ideas for future

work.



Chapter 2

Theory of Photon Green Functions

2.1 Introduction

For calculating many key quantities in quantum optics, one of the most useful tools is the

photonic Green function, G (r, r′;ω). The Green function (or Green’s Function [Wri06]),

describes the propagation of photons of angular frequency, ω, from the source point, r′, to

the sensor point, r. It includes all possible scattering events and represents the likelihood

that a photon will arrive at a particular location for a given excitation source.

For calculations in quantum optics, an important quantity of interest is the projected

local density of states (LDOS) as seen by a dipole oriented along the direction, n,

ρn (r;ω) =
6

πω
Im
[

n ·G (r, r;ω) · n
]

. (2.1)

From the LDOS, we can readily calculate the enhancement/suppression of the sponta-

neous emission of an emitter which has many applications in quantum information process-

ing [Yab87, Hug05, RH07b, NFA07]. In Chapter 4, we will derive this relationship as well

as other useful quantum optics formulas (e.g., Lamb shifts, near and far field coupling, etc).

But suffice to say that the calculation of the Green function (GF) is frequently the most

difficult part of such calculations.

20
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We begin this chapter by describing a number of the analytical techniques used in

working with GFs, starting with the use of GFs for general differential equations and then

solving for the photonic GF which is a solution to the Maxwell wave equations. We then

describe mode expansion techniques which are used when the GF is dominated by a single

mode and is used frequently in cavity GF calculations such as in Chap. 5. Finally, we

describe the volume integral equations and the Dyson equations which describe how an

electric field or a GF can be self-consistently solved when a new scatterer is introduced

given the original electric field and GF.

After examining the analytical techniques we discuss the particular methods for calcu-

lating the GF in highly symmetric geometries such as the multi-layer planar slab GF, and

the (single-layer) spherical GF. We then discuss the calculation of GFs in inhomogeneous

environments using finite-difference time domain (FDTD) techniques and expand on some

of the particular issues in calculating mode expansions of the GF.

2.2 Analytic Green Function Theory

2.2.1 Mathematical Basis for Green Functions

Before we begin the discussion on GFs for applications in photonics, we would like to show

the use of GFs as a tool for solving any differential equation. For this task we will closely

follow the notation and derivations given by Novotny and Hecht [NH06]. Consider the

following general, inhomogeneous equation:

LR (r) = S (r) , (2.2)

where L is a linear operator acting on the vector field R representing the unknown response

of the system. The vector field S is a known source function and makes the differential

equation inhomogeneous. The superposition theorem states that the particular solution

is equal to the sum of the homogeneous solution (S = 0) and a particular inhomogeneous
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solution that is unique for a given driving term or boundary condition. Here, we assume that

the homogeneous solution, R0, is known. We thus need to solve for an arbitrary particular

solution. Usually it is difficult to find a solution of Eq. (2.2) for an extended source and it

is easier to consider a Dirac delta function, δ (r− r′), as the special inhomogeneity which

is zero everywhere, except at the point r = r′ where it is infinite while still ensuring that
∫

drδ (r) = 1. Then, the linear equation reads as

LGi

(

r, r′
)

= niδ
(

r− r′
)

(i = x, y, z) , (2.3)

where ni denotes an arbitrary constant unit vector. In general, the vector field Gi is

dependent on the location r′ of the inhomogeneity δ (r− r′) which is indicated by the

inclusion of the vector r′ in the argument of Gi. The three orthogonal equations given by

Eq. (2.3) can be combined into a single closed form as

LG
(

r, r′
)

= Iδ
(

r− r′
)

, (2.4)

where the operator L acts on each column of G separately and I is the unit dyad. The

dyadic function G fulfilling Eq. (2.4) is known as the dyadic GF.

Now, assuming we have solved Eq. (2.4) for a particular system such that G is known,

we can post-multiply Eq. (2.4) with a new driving source term, S (r), and integrate over

the volume V in which S 6= 0 giving
∫

V
LG

(

r, r′
)

· S
(

r′
)

dV ′ =
∫

V
S
(

r′
)

δ
(

r− r′
)

dV ′. (2.5)

The right hand side simply reduces to S (r) and with Eq. (2.2) it follows that

LR (r) =

∫

V
LG

(

r, r′
)

· S
(

r′
)

dV ′. (2.6)

If on the right hand side the operator L is taken out of the integral, the solution of Eq. (2.2)

can be expressed as

R (r) =

∫

V
G
(

r, r′
)

· S
(

r′
)

dV ′. (2.7)

Thus, the solution of the original equation can be found by integrating the product of the
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dyadic GF and the inhomogeneity S over the source volume V .

The assumption that the operator L and the integral can be interchanged is not strictly

valid and special care must be applied if the integrand is not well behaved. In particular,

if our linear operator is the vectorial wave equation derived from the Maxwell equations

then G is singular at r = r′ and an infinitesimal exclusion volume surrounding r = r′ has

to be introduced [Bla61, Yag80]. Depolarization of the principal volume must be treated

separately resulting in the depolarization term, L, which depends only on the geometrical

shape of the exclusion volume. Furthermore, in most numerical schemes, the principal

volume has a finite size giving rise to an additional correction term labelled the self term,

M. However, as the exclusion volume shrinks the self term reduces to zero. As long as

we consider field points outside of the source volume V (i.e., r 6∈ V ) we do not need to

consider these issues, however we will address them later as r = r′ happens to be required

for calculating the LDOS.

2.2.2 Derivation of the Electric-Field Green Functions

The Maxwell Equations, in a generalized medium, where we have assumed time-harmonic

fields with an e−iωt dependence can be written as

∇×E (r;ω) = iωB (r;ω) , (2.8a)

∇×H (r;ω) = −iωD (r;ω) + j (r;ω) , (2.8b)

∇ ·D (r;ω) = ρ (r;ω) , (2.8c)

∇ ·B (r;ω) = 0, (2.8d)

where E is the electric field, D is the electric displacement, H is the magnetic field, B is the

magnetic induction, j is the current density and ρ is the charge density. The E/B fields can
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be related to the D/H fields through the constitutive relations (for linear, isotropic media),

D (r;ω) = ε0E (r;ω) +P (r;ω)

= ε0ε (r;ω)E (r;ω) ,

(2.9a)

H (r;ω) =µ−1
0 B (r;ω)−M (r;ω)

=µ−1
0 µ−1 (r;ω)B (r;ω) ,

(2.9b)

where P and M are the polarization and and the magnetization, ε and µ are the relative

material permittivity and permeability and ε0 and µ0 are the permittivity and permeability

of free space.

To determine the GF for the electric field we start with the wave equation for the electric

field obtained by substituting Eqs. (2.8a), (2.9a) and (2.9b) in Eq. (2.8b) to obtain,

∇× κ (r;ω)∇×E (r;ω)− k20ε (r;ω)E (r;ω) = iωµ0j (r;ω) , (2.10)

where κ (r;ω) = µ−1 (r;ω) and k0 = ω/c is the wavevector in vacuum. For our pur-

poses, we wish to work with polarization sources instead of current sources as this is the

more natural choice in methods such as the coupled dipole method [NH06], the method

of moments [NH06] and for the calculation of GFs using FDTD. This can be done in a

few ways but the main approaches are (i) by introducing a change in the permittivity,

∆ε (r;ω) = ε (r;ω)− εB (r;ω), from the background permittivity, εB , in the system, or (ii)

introducing a polarizable dipole into the system. In the first case, the current source is

given by

j (r;ω) = −iωε0∆εE (r;ω) , (2.11)

which allows us to write Eq. (2.10) as

∇× κB (r;ω)∇×E (r;ω)− k20εB (r;ω)E (r;ω) = k20∆εE (r;ω)

= k20P (r;ω) ,

(2.12)
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where κB (r;ω) = µ−1
B (r;ω). In the second case, we define the current source as

j (r;ω) = −i ω

∆V
ε0α (ω)E (r;ω) , (2.13)

where α (ω) is the polarizability of a (classical or quantum) dipole source and ∆V is the

source volume. This allows us to write Eq. (2.10) as

∇× κB (r;ω)∇×E (r;ω)− k20εB (r;ω)E (r;ω) = k20
α(ω)

∆V
E (r;ω)

= k20P (r;ω) .

(2.14)

From here, we find it convenient to define the GF via

∇× κB (r;ω)∇×G
(

r, r′;ω
)

− k20εB (r;ω)G
(

r, r′;ω
)

= k20Iδ
(

r− r′
)

. (2.15)

The first column of the tensor G corresponds to the field due to a point source in the

x-direction, the second column to the field due to a point source in the y-direction, and

the third column is the field due to a point source in the z-direction. Thus a dyadic GF is

just a compact notation for three vectorial GFs. The addition of the factor of k20 appears

cumbersome, however it significantly eases the notation for later and turns out to be a

natural normalization for GF calculations using FDTD which solves the full vector curl

equations.

As before, we can view the sources in Eqs. (2.12) and (2.14) as a superposition of point

sources. Thus, if we know the GF, G, we can state a particular solution of Eqs. (2.12) and

(2.14) with source term P (r′;ω) contained within a volume dV ′ as

E (r;ω) =

∫

V
G
(

r, r′;ω
)

·P
(

r′;ω
)

dV ′. (2.16)

From this particular solution we may also add any homogeneous solutions E0. Thus, the

general solution is

E (r;ω) = E0 (r;ω) +

∫

V
G
(

r, r′;ω
)

·P
(

r′;ω
)

dV ′. (2.17)

Equations (2.12), (2.14) and (2.17) are denoted as volume integral equations. They form

the basis for various theoretical and numerical formalisms such as the method of moments,

the Lippmann-Schwinger equation, or the coupled dipole method. Currently, Eq. (2.17) is
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limited to points r /∈ dV ′ due to the singularity which occurs when in G at r = r′. This

limitation will be relaxed in Section 2.2.4. It should also noted that Eq. (2.17) is valid for

any polarization source including when the polarization has a non-linear response [CY03],

however the self-consistent solution requires considerably more bookkeeping.

Note that the GFs used above are electric field GFs that describe the propagation of

electric fields. A similar magnetic GF exists from solving equations involving magnetic field

sources, through

∇× ε−1 (r;ω)∇×H (r;ω)− k20µ (r;ω)H (r;ω) = ∇× ε−1 (r;ω) j (r;ω) , (2.18)

which gives the magnetic field GF via

∇× ε−1 (r;ω)∇×Gm

(

r, r′;ω
)

− k20µ (r;ω)Gm (r;ω) = k20Iδ
(

r− r′
)

. (2.19)

This function looks exactly the same as Eq. (2.15) but magnetic sources are handled differ-

ently from electric sources due to the different rules imposed by the boundary conditions.

However, it is possible to calculate the magnetic field GF in the exact same manner as the

electric field GF using any of the methods below by interchanging µ with ε and E with

H [RMJJ09].

Some common relations used in derivations involving GFs are [RW05]

G∗
ij

(

r, r′;ω
)

= Gij

(

r, r′;−ω
)

, (2.20)

Gji

(

r′, r;ω
)

= Gij

(

r, r′;ω
)

, (2.21)

and

Im[G
(

r, r′;ω
)

] =

∫

d3s (−Im[κ (s;ω)]
[

G (r, s;ω)×←−∇s

]

·
[−→∇s ×G

∗ (
s, r′;ω

)

]

+ Im[ε (s;ω)]G (r, s;ω) ·G∗ (
s, r′;ω

)

)

,

(2.22)

where the following relation has been used,

G
(

r, r′;ω
)

×←−∇r′ = −
[−→∇r′ ×G

T (
r, r′;ω

)

]T
, (2.23)

where T indicates transposition and ∇r′ indicates a derivative over the r′ coordinates.
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2.2.3 Mode Expansion of the Green Function

Assuming we have a non-magnetic (µ = 1), lossless (Im[ε] = 0) system then it is possible to

decompose the GF into the (assumed) known modes of the system [Sak05], which are the

solutions of Eq. (2.10), when the source term is zero,

G
(

r, r′;ω
)

=
∑

λ

ω2fTλ (r)⊗
[

fTλ (r′)
]∗

ω2
λ − ω2

− fLλ (r)⊗
[

fLλ
(

r′
)]∗

=G
T (

r, r′;ω
)

+G
L (

r, r′;ω
)

,

(2.24)

where f
T/L
λ denote the transverse/longitudinal spatial components of the modes of the

system and G
T/L

are the transverse/longitudinal components of the GF. Using the com-

pleteness relation,

Iδ
(

r− r′
)

=
∑

λ

ε (r) fTλ (r)⊗
[

fTλ
(

r′
)]∗

+ ε (r) fLλ (r)⊗
[

fLλ
(

r′
)]∗

, (2.25)

it is possible to write Eq. (2.24) solely in terms of the transverse modes of the system,

G
(

r, r′;ω
)

=
∑

λ

ω2
λf

T
λ (r)⊗

[

fTλ (r′)
]∗

ω2
λ − ω2

− Iδ (r− r′)
ε (r)

=K
(

r, r′;ω
)

− Iδ (r− r′)
ε (r)

.

(2.26)

Here, K is another useful GF that was introduced by Wubs et. al. [WSL04] that, like

G
T
, only depends on the transverse modes of the system. Since G

T
=
∑

λ ω
2fTλ (r) ⊗

[fTλ (r
′)]∗/(ω2

λ − ω2), it can be directly related to K through K = G
T
+ δT (r, r′)/ε(r) where

δT (r, r′) =
∑

λ f
T
λ (r) ⊗ [fTλ (r

′)]∗ε(r) is the generalized transverse delta function [YRH09].

The use of G or K depends on whether an emitter couples to the electric field or the

displacement field however, we note that Im[G] = Im[G
T
] = Im[K] which is of particular

interest for calculating the LDOS. The K GF will be discussed again in Chap. 4.

Assuming that the GF response is primarily due to a single dominant mode with fre-

quency, ωc, a common approximation (for single mode behaviour) is to write the GF as,

G
quasi−mode (

r, r′;ω
)

≈ ω2fTc (r)⊗
[

fTc (r′)
]∗

ω2
c − ω2 − iωΓc

, (2.27)



CHAPTER 2. THEORY OF PHOTON GREEN FUNCTIONS 28

where Γc is the broadening (full width half maximum) of the mode due to coupling with other

radiation modes. Such an approximation may seem crude, but it can be very good for high-

Q cavities (see Chap. 5) and slow-light waveguide modes [RH07a]. This dominant mode,

more appropriately labelled a quasi-mode, is characterized by a quality factor, Qc = ωc/Γc,

and effective mode volume,

Vc ≃
∫

V dr3ε (r) fTc (r) ·
[

fTc (r)
]∗

max
[

ε (r) fTc (r) · [fTc (r)]∗
] , (2.28)

where V is the volume in which the cavity mode is spatially well confined. The benefits

of such a decomposition given by Eq. (2.27) is that the modes along with their frequencies

and linewidths are, for certain material structures, relatively straightforward to calculate

and much faster (at least 20 times) than using the exact numerical solutions [described

later through Eq. (2.73)]. We now mention an inconsistency with the above normalization

approach. The system is assumed to contain no material loss (i.e., the system should be

Hermitian), but we have added, by-hand, a loss (Γc) which describes light leaking out of

the system by coupling into radiating modes. Mathematically, this is usually represented

by having open boundary conditions. By properly taking into account the open boundary

conditions, the problem actually becomes non-Hermitian (for any finite Q) and the ωc

becomes complex where the imaginary part accounts for the loss of the light in the system.

This is expanded upon in Chap. 5 where we address this issue in more detail. For now we

mention that Eq. (2.28) is only rigorously correct for cavities with Q→∞.

2.2.4 Volume Integral Equations

The following section is a brief overview of volume integral equations, and for more detail the

reader is referred to the last chapter in Novotny and Hecht’s nano-optics textbook [NH06].

The first issue we must deal with when considering Eq. (2.17) is how to handle the divergent

homogeneous GF at r = r′. This is done by first dividing the total GF into homogeneous
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and scattered parts, so that

E (r;ω) = E0 (r;ω) +

∫

V

[

G
hom (

r, r′;ω
)

+G
scatt (

r, r′;ω
)

]

·P
(

r′;ω
)

dV ′, (2.29)

where the integration volume, V , is over the size of the polarization source. The homo-

geneous GF can be written analytically given the wavevector in the background medium

kB = ωnB/c, the background refractive index nB, and R, the absolute value of the separa-

tion R = r− r′,

G
hom

(R;ω) =

(

I+
∇∇
k2B

)

k20e
ikBR

4πR

=
µBk

2
0 exp (ikBR)

4πR

[(

1 +
ikBR− 1

k2BR
2

)

I+

(

3− 3ikBR− k2BR
2

k2BR
2

)

R⊗R

R2

]

.

(2.30)

Since we are most concerned about R = 0 we can begin by examining the limit where

R→ 0,

G
hom

(R;ω) =
µBk

2
0

4π

(

2

k2BR
3
+

1

R
+

2ikB
3

+O(R) + . . .

)

I. (2.31)

We can see that for kB real (corresponding to εB , µB both real), the only term that is

neither zero or infinite is the leading imaginary term,

G
hom

(0;ω) =

[

∞+ i
ω3nBµB

6πc3

]

I. (2.32)

However, if kB is complex then the first term in Eq. (2.31) will cause both real and imaginary

parts to diverge.

Returning to Eq. (2.29), let us assume that we require the electric field within our

scattering region dV ′ [see Fig 2.1(a)]. To exclude the singularity, we introduce a principal
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(a)

V

r′

r

(b)

V

r′

∆Vn

r

Figure 2.1: (a) Schematic of scattering involved in the volume integral equations. We begin
with a homogeneous space and insert an inhomogeneous object and require the field at a
sensor location r due to a dipole source at r′, both of which are within the scatterer. (b)
Schematic showing how the scatterer can be divided into N cubic subvolumes of size ∆Vn

for solving Eq. (2.36).

volume Vδ at r = r′, which allows us to rewrite Eq. (2.29) as

E (r;ω) =E0 (r;ω) +

∫

V
G

scatt (
r, r′;ω

)

·P
(

r′;ω
)

dV ′

+

∫

V−Vδ

G
hom (

r, r′;ω
)

·P
(

r′;ω
)

dV ′ +
∫

Vδ

G
hom (

r, r′;ω
)

·P
(

r′;ω
)

dV ′,

=E0 (r;ω) +

∫

V
G

scatt (
r, r′;ω

)

·P
(

r′;ω
)

dV ′

+

∫

V−Vδ

G
hom (

r, r′;ω
)

·P
(

r′;ω
)

dV ′ − L ·P (r;ω)

εB (r;ω)
,

(2.33)

where we take the limit of Vδ going to zero. The depolarization is accounted for by the

dyadic, L, and turns out to entirely depend on the geometry of the principal volume [Yag80],

L =
1

4π

∫

Sδ

n (r′)⊗ (r′ − r)

|r− r′|3
dS′, (2.34)

where Sδ defines the surface surrounding Vδ. For cubic or spherical principal volumes the

source dyadic turns out to be L = (1/3)I.

Due to the smooth behaviour of G
hom

at r 6= r′, we can split the integral in Eq. (2.33)

into N subvolumes ∆Vn as is shown in Fig. 2.1 (b). For r 6∈ ∆Vn, each subvolume integral
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can be approximated by ∆VnG
hom

(r, rn;ω). When r = r′ we cannot perform this approx-

imation because of the divergent nature of G
hom

. Instead, the volume integral has to be

carried out explicitly for a given geometry of the principal volume Vδ [MP98]. Since G
scatt

is well behaved for all r, the integration of G
scatt

can be replaced by ∆VnG
scatt

(r, rn;ω)

everywhere. For later convenience, the remaining volume integral shall be denoted as

M = lim
δ→0

∫

∆Vn−Vδ

G
hom (

r, r′;ω
)

dV ′. (2.35)

This term is called the self term and it can be shown that regardless of the size and shape of

the exclusion volume, Eq. (2.35) and Eq. (2.34) exactly balance so that the total integral in

Eq. (2.33) remains the same [Yag80]. After inserting Eqs. (2.34), and (2.35) into Eq. (2.33)

and evaluating the field E at the discrete positions rk, the following N vector equations are

obtained (dropping the ω argument to ease the notation):

E (rk) = E0 (rk)+

[

M (rk)−
L (rk)

εB (rk)
+ ∆VkG

scatt
(rk, rk)

]

·P (rk)

+

N
∑

n=1,n 6=k

G (rk, rn) ·P (rn)∆Vn k = 1, ..., N.

(2.36)

These equations are the basis for both method of moments (MOM) and the coupled dipole

method (CDM). It can be shown that M (rn) approaches zero as the subvolume ∆Vn is

reduced arbitrarily. Therefore, in the limit ∆Vn → 0 the contribution of M (rn) can be

ignored, as expected.

It is possible to write M explicitly for a spherical exclusion volume [MP98] of with radius

ak,

M (rk) =
2

3ε (rk)µ (rk)

[

[1− ik (rk) ak] exp (ik (rk) ak)− 1
]

I. (2.37)

Note that this term is used to various levels of approximation [Dra88, CNV00a, YH09a,

HGK06, RH07b, YRH09] and must be kept to at least first order to satisfy energy conser-

vation and the radiative reaction, i.e. the forward scattering amplitude of a dipole must have

an imaginary component if the dipole scatters power out of the initial input field [Dra88].

It is also possible to exactly calculate M for a cubic exclusion volume [CSR04], which is
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particularly relevant when examining local field effects using FDTD which is the subject of

Chap. 8.

We can introduce a polarization source of the form shown in Eq. (2.12). allowing us to

write Eq. (2.17) in terms of the change in permittivity, ∆ε (r;ω) = ε (r;ω)− εB (r;ω):

E (r;ω) = E0 (r;ω) +

∫

V
G
(

r, r′;ω
)

∆ε (r;ω) ·E
(

r′;ω
)

dV ′. (2.38)

and Eq. (2.36) as,

E (rk) = E0 (rk)+

[

M (rk)−
c2L (rk)

ω2εB (rk)
+ ∆VkG

scatt
(rk, rk)

]

∆ε (rk) · E (rk)

+

N
∑

n=1,n 6=k

G (rk, rn)∆ε (rn) · E (rn)∆Vn k = 1, ..., N.

(2.39)

Eq. (2.39), is the central equation of the method of moments. Note that we can similarly

write this in terms of a polarizability. For a classical dipole this is given as,

αk = ∆Vk∆ε (rk)

[

I−
[

k20M (rk)−
L (rk)

εB (rk)

]

∆ε (rk)

]−1

, (2.40)

which reduces to the Clausius-Mossotti form for the polarizability when M = 0,

αk = ∆VkεB (rk)
∆ε (rk)

ε (rk) + 2εB (rk)
. (2.41)

Inserting Eq. (2.40) into Eq. (2.36) allows us to write the CDM in terms of polarizabilities,

Eexc (rk) = E0 (rk)+k20∆VkG
scatt

(rk, rk)αk · Eexc (rk)

+k20

N
∑

n=1,n 6=k

G (rk, rn)αn · Eexc (rn)∆Vn k = 1, ..., N.
(2.42)

Here, Eexc (rk) is the field that excites a given volume element system, i.e. it includes

all scattered fields at rk from all other scatterers at locations rn but does not include the

response of the scatterer to be introduced at rk. This is the central equation of the coupled

dipole method. It is also possible to use quantum mechanical polarizabilities in Eq. (2.42)

where, e.g. for a single quantum dot (QD) exciton within the dipole approximation,

αQM (ω) =
|d|2
ε0h̄

2ωd

ω2 − ω2
d − iωγnr

, (2.43)

with ωd being the QD transition frequency, γnr the non-radiative decay rate, and d the
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dipole moment. This is a tensor in general, however we make the simplifying assumption

that it is diagonal and isotropic. Including the homogeneous radiative reaction as above

[since the scattered part of the GF is handled via Eq. (2.42)] gives,

αk (rk, ω) =
[

I− αQM (ω) Im[G
hom

(rk, rk)]
]−1

αQM (ω) . (2.44)

This polarizability is typically modelled in the exact same manner as the bare polarizability,

except now the effects of the homogeneous part of the GF are included into the homogeneous

radiative plus non-radiative decay rate, γd, i.e.

αk (rk, ω) =
|d|2
ε0h̄

2ωd

ω2 − ω2
d − iωγd

. (2.45)

2.2.5 Dyson Equation

For our purposes, the Dyson equation is very similar to the volume integral equations

described above. In Eq. (2.38), we start with an unperturbed system that can be described

by the GF, G0, that has an initial electric field distribution of E0. After the perturbation

∆ε is introduced we are able to find the new electric field E using the volume integral

equation

E (r;ω) = E0 (r;ω) +

∫

V
G0

(

r, r′;ω
)

∆ε (r;ω) · E
(

r′;ω
)

dV ′. (2.46)

We can similarly calculate the new electric field via,

E (r;ω) = E0 (r;ω) +

∫

V
G
(

r, r′;ω
)

∆ε (r;ω) ·E0

(

r′;ω
)

dV ′. (2.47)

where the GF, G, now includes the perturbation (note the lack of a subscript) and we use

the initial electric field within the integral. The (exact–including the perturbation) GF, G,

is calculated via the Dyson equation, which is derived next. Consider the GF for the initial

system which satisfies,

∇× κB (r;ω)∇×G0

(

r, r′;ω
)

− k20εB (r;ω)G0

(

r, r′;ω
)

= k20Iδ
(

r− r′
)

, (2.48)
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while the GF, which includes the perturbation, satisfies

∇×κB (r;ω)∇×G
(

r, r′;ω
)

−k20 [εB (r;ω) + ∆ε (r;ω)]G
(

r, r′;ω
)

= k20Iδ
(

r− r′
)

. (2.49)

If we invert Eq. (2.48), we obtain

G0

(

r, r′;ω
)

=
(

∇× κB (r;ω)∇×−k20εB (r;ω)
)−1

k20Iδ
(

r− r′
)

, (2.50)

and we can perform a similar inversion on Eq. (2.49) to obtain

G
(

r, r′;ω
)

−
(

∇× κB (r;ω)∇×−k20εB (r;ω)
)−1

k20∆εG
(

r, r′;ω
)

=
(

∇× κB (r;ω)∇×−k20εB (r;ω)
)−1

k20Iδ
(

r− r′
)

.

(2.51)

Inserting Eq. (2.50) twice into Eq. (2.51) and performing an integration over space gives

the Dyson equation,

G
(

r, r′;ω
)

= G0

(

r, r′;ω
)

+

∫

ds3G0 (r, s;ω) ∆ε (s;ω) ·G
(

s, r′;ω
)

. (2.52)

Note we have been very lax with our rigour in performing the inversion and integration

required to obtain Eq. (2.52) from Eqs. (2.50)-(2.51) as the spatial integrals must be handled

with care since the GF contains singularities at r = r′. However, the above procedure can

be followed with more rigour to the same result [Eco79, MGD95]. The Dyson equation can

also be written in terms of a QD polarizability (within the dipole approximation) when

placed at the position, rα, by following the exact same procedure,

G
(

r, r′;ω
)

= G0

(

r, r′;ω
)

+G0 (r, rα;ω)α0 (ω) ·G
(

rα, r
′;ω
)

, (2.53)

where α0 is the bare polarizability given by Eq. (2.43) as the homogeneous radiative contri-

bution arising in Eq. (2.44) will be included through the homogeneous contribution already

contained within G0. For r = rα, Eq. (2.53) can be simply inverted to obtain,

G
(

rα, r
′;ω
)

= [I−G0 (rα, rα;ω)α0 (ω)]
−1 ·G0

(

rα, r
′;ω
)

. (2.54)

which allows us to write the solution for general r, r′ as

G
(

r, r′;ω
)

= G0

(

r, r′;ω
)

+G0 (r, rα;ω)α0 (ω) · [I−G0 (rα, rα;ω)α0 (ω)]
−1 ·G0

(

rα, r
′;ω
)

.

(2.55)
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If the GF is known semi-analytically via mode expansions then multiple QDs can be included

by iterating this process to build up a complete, non-perturbative GF response that can be

solved exactly [YH09a].

The benefits of using the Dyson equation with Eq. (2.47) instead of simply using the

volume integral equation, Eq. (2.46), are as follows; (i) if we set up a scattering problem

where we have added a set of small (nanoscale) particles, we can easily calculate the final

electric field distribution given any input field, and (ii) for many applications in quantum

optics the complete GF of the system is required to obtain the proper dynamics, as it is the

total GF, Eq. (2.52), that is used in calculations of the Purcell effect and the Lamb shift

(see Chap. 4).

2.3 Numerical Green Function Techniques

Many of the techniques in Section 2.2 require knowledge of the GF of a system but do

not describe the form of the GF because the GF is known analytically only in very simple

geometries (such as for a homogeneous medium [NH06] or within half-space geometries in

the quasi-static limit, i.e. ω → 0 [GBM01]). Here we discuss a few numerical techniques

for calculating the GF.

2.3.1 Planar Multilayer Green Function

For planar multilayer geometries, the calculation of the GF is described in detail by Paulus

et. al. [PGBM00] and our derivation here follows their prescription very closely. This tech-

nique was first implemented in our group by Manga Rao and continued by Mark Patterson

for a lossless dielectric system which is also the case described by Paulus et. al. [PGBM00].

We have built upon this code such that it now calculates both the electric and magnetic

GFs for arbitrary µ and ε which allows calculations of lossy dielectrics, metals and negative
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Figure 2.2: (a) Schematic describing the multilayer slab geometry for calculating the GF.
We consider many stacks of differing materials of εl and µl separated by interfaces at dl, dl+1,
etc. (b) Schematic describing the spherical geometry for calculating the GF. We consider a
sphere of radius a centred at the origin with material parameters ε2 and µ2 embedded in a
material with ε1 and µ1.

index structures. Additionally, the multilayer technique can be used for imaginary frequen-

cies which are required for calculating the Casimir effect (further discussions are given in

Chap. 6) [BKWD04].

We begin with the homogeneous GF, Eq.(2.30), and Fourier transform it to obtain,

G
hom (

r, r′;ω
)

=
µB

8π3εB

∫ ∫ ∫

dk

(

Ik2B − k⊗ k

k2 − k2B

)

eik·R, (2.56)

and by adding and subtracting µBẑẑe
ik·R/8π3εB , we may perform the integration over the

kz coordinate to obtain,

G
hom (

r, r′;ω
)

= −µBẑ⊗ ẑ

εB
δ (R) +

iµB

8π2εB

∫ ∫

dkxdky

(

Ik2B − kB ⊗ kB

kBz

)

eikB ·R, (2.57)

where kBz =
(

k2B − k2x − k2y
)1/2

is the z component of the wavevector and

kB (kBz) =















kxx̂+ kyŷ + kBz ẑ for z > z′,

kxx̂+ kyŷ − kBz ẑ for z < z′.

(2.58)

We now move to a new orthogonal coordinate system,

k̂ (kBz) =
kB (kBz)

kB
, l̂ (kBz) =

k̂ (kBz)× ẑ
∣

∣

∣
k̂ (kBz)× ẑ

∣

∣

∣

, m̂ (kBz) = k̂ (kBz)× l̂ (kBz) , (2.59)
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where in this new coordinate system l̂ corresponds to s polarization and m̂ corresponds

to p polarization. Using the fact that k̂ ⊗ k̂ + l̂ ⊗ l̂ + m̂ ⊗ m̂ = I allows us to write the

homogeneous GF as

G
hom (

r, r′;ω
)

= −µBẑ⊗ ẑ

εB
δ (R) +

iµB

8π2εB

∫ ∫

dkxdky

(

l̂⊗ l̂+ m̂⊗ m̂

kBz

)

eikB ·R. (2.60)

From here, to obtain the total GF for a multilayer system we write the GF as a superposition

of the homogeneous GF and the scattered waves from all layers above and all layers below

for both s and p polarizations,

G
(

r, r′;ω
)

=− µBẑ⊗ ẑ

εB
δ (R)

+
iµB

8π2εB

∫ ∫

dkxdky exp
[

ikx
(

x− x′
)

+ iky
(

y − y′
)] 1

klz
[

l̂⊗ l̂ exp
(

iklz
∣

∣z − z′
∣

∣

)

+Rs↑ exp (iklzz) +Rs↓ exp (−iklzz)

m̂⊗ m̂ exp
(

iklz
∣

∣z − z′
∣

∣

)

+Rp↑ exp (iklzz) +Rp↓ exp (−iklzz)
]

,

(2.61)

where kl = ω
√
εlµl/c, klz =

(

k2l − k2x − k2y
)1/2

, and the tensors Rs↑, Rs↓, Rp↑, and Rp↓

represent generalized reflection coefficients from all of the layers above/below (↑ / ↓).

Practically, the calculation of G requires that the cases z < z′ and z > z′ be considered

separately. We reformulate Eq. (2.61) in terms of upward and downward propagating plane

wave coefficients As
l,αβ, B

s
l,αβ, A

p
l,αβ, and Bp

l,αβ, giving

Gαβ

(

r, r′;ω
)

=− µBẑ⊗ ẑ

εB
δ (R)

+
iµB

8π2εB

∫ ∫

dkxdky exp
[

ikx
(

x− x′
)

+ iky
(

y − y′
)] 1

klz
{[

l̂α (±klz)As
l,αβ exp (iklzz) + l̂α (∓klz)Bs

l,αβ exp (−iklzz)
]

l̂β (klz)

+
[

m̂α (±klz)Ap
l,αβ exp (iklzz) + m̂α (∓klz)Bp

l,αβ exp (−iklzz)
]

m̂β (klz)
}

,

(2.62)

where the upper sign refers to the case where z > z′ and the lower refers to the case where

z < z′. Eq. (2.62) can be represented in polar coordinates for both the spatial coordinate,

(ρ, φ, z), and the wave vector coordinates, (kρ, kφ, klz) and by using Bessel functions to



CHAPTER 2. THEORY OF PHOTON GREEN FUNCTIONS 38

-Im[kρ]

Re[kρ]

kρ = kl

Figure 2.3: Schematic of a possible integration path taken using Eq. (2.63) (dashed red
line). Here the bound modes are represented as x’s and the evanescent region begins when
the in-plane wavevector, kρ, is larger than the wavevector in any of the media, kl.

integrate the kφ variable we can write the entire equation as one compact integral,

G(r, r′;ω) = −µ(r′)δ (r− r′) ẑ⊗ ẑ

εl
+

iµ(r′)k20
4π2

∫

dkρ
[

f s
(

kρ; r, r
′)+ fp

(

kρ; r, r
′)] . (2.63)

The upward and downward propagating waves have been absorbed into the f s/p dyads, all

of which can be found in the appendices of Paulus et. al. [PGBM00]. An example integrand

is

f s
xx (kρ; ρ, θ) =

1

klz
(kρJ0 (kρρ) sin

2 φ+
1

ρ
J1 (kρρ) cos 2φ)

[

As
l,xx exp (iklzz) +Bs

l,xx exp (−iklzz)
]

,

(2.64)

where As
l,xx and Bs

l,xx are recursive functions which take into account the multiple reflections

from slabs of different materials and thicknesses using the Fresnel reflection coefficients and

transfer matrices defined in the appendices of Paulus et. al. [PGBM00].

Thus the GF can be solved as a single integral, however this is complicated by poles

located along the integration axis. These poles correspond to the bound modes of the mul-

tilayer slab as well as the branch cuts which occur at kρ = k1 and kρ = kN . Fortunately

these poles and branch cuts can be integrated by deforming the integration path into the

fourth quadrant of the complex kρ plane as is depicted in Fig. 2.3. Additionally, by identi-

fying the poles, it is possible to separate the GF into bound mode contributions, radiation

mode contributions (not confined by total internal reflection), and evanescent contributions

(non-propagating, i.e. kρ > ω
√
µlεl/c which leaves kz imaginary) [Pat09].
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For materials supporting surface plasmons, the calculations are very similar to calcu-

lations using lossless dielectrics except in the evanescent region (i.e. kρ > ω
√
µlεl/c). For

dielectric systems, the evanescent region contribution to the GF is negligible due to the

imaginary part of the wavevector causing an exponential decay. In metallic or negative

index systems, it is possible to have surface plasmon polaritons which propagate along the

surface of the slab but decay exponentially in the z direction. Depending on r, r′, and

the material parameters, this can cause the majority of the integrand in Eq. (2.63) to be

located in the evanescent region. In principle this is not an issue but in practice, the inte-

gration moves from a closed domain kρ = [0, ω
√
µlεl/c+∆] to an open domain kρ = [0,∞].

This open domain is more difficult computationally because the larger the value for kρ the

larger/smaller some terms become in the calculation of Eq. (2.63) while maintaining a con-

stant product. Eventually, these become numerically infinite or “Not-A-Number” at which

point the calculation halts. Nevertheless, with careful observation of the integrand, it is

always possible to ensure the convergence of the multi-layer GF. This is further complicated

when z ≈ z′ as the exponential decay depends on |z − z′| so the integrand converges very

slowly. This is remedied by rewriting the Bessel functions in the f s/p dyads as Hankel func-

tions and further deforming the integration path in the complex plane to the imaginary kρ

axis [PGBM00].

In Fig. 2.4 (a) we show an example calculation of the GF above a dielectric slab (εslab =

12) of thickness a = 100-nm embedded in air, with x = x′ = 0, y = y′ = 0 and z = z′ = 10-

nm above the slab as a function of frequency. The blue lines correspond to the real part

of the GF, green corresponds to the imaginary part and red corresponds to the imaginary

part of the homogeneous GF for r = r′, i.e. G = k30/6π. Each bump in the imaginary part

of the GF corresponds to a mode of the slab. These peaks become more prominent as the

z = z′ coordinate is reduced and the modes evanescently couple out of the slab.
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Figure 2.4: (a) Example calculation of G
scatt
zz for a 100-nm thick slab of ε = 12 surrounded

by air with x = x′ = 0, y = y′ = 0 and z = z′ = 10-nm above the slab (top slab interface is
at z = z′ = 0). Blue indicates real part, green is the imaginary part (enhanced by a factor
of 5) and red is the imaginary part of the homogeneous GF for r = r′, i.e. G = k30/6π.

Inset gives schematic of geometry. (b) Example calculation of G
scatt
zz for a 100-nm radius

sphere located at the origin of ε = 12 surrounded by air with r = r′ = (0, 0, 110-nm). Blue
indicates real part, green is the imaginary part and red is the imaginary part of the vacuum
GF (enhanced by a factor of 10) for r = r′, i.e. G = k30/6π. Inset gives schematic of
geometry.

2.3.2 Spherical Green Function

The calculation of the spherical multilayer GF follows many of the same ideas as the planar

multilayer GF [LKLY94]. Here we have only implemented the two-layer result, shown in

Fig. 2.2 (b), which is a simplification of the multilayer case studied by Li et. al. [LKLY94].

Again, the derivation begins by expanding the homogeneous GF in the exact same manner as

the planar multilayer GF, however now it is expanded using spherical vector wavefunctions

instead of plane waves. These are given by

Me
mn (kr) =−

m

sin θ
fn (kr)P

m
n (cos θ) sinmφθ̂ − fn (kr)

dPm
n (cos θ)

dθ
cosmφφ̂ (2.65a)

Mo
mn (kr) =

m

sin θ
fn (kr)P

m
n (cos θ) cosmφθ̂ − fn (kr)

dPm
n (cos θ)

dθ
sinmφφ̂ (2.65b)
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Ne
mn (kr) =

n (n+ 1)

kr
fn (kr)P

m
n (cos θ) cosmφr̂

+
1

kr

d(rfn (kr))

dr

[

dPm
n (cos θ)

dθ
cosmφθ̂ − m

sin θ
Pm
n (cos θ) sinmφφ̂

] (2.65c)

No
mn (kr) =

n (n+ 1)

kr
fn (kr)P

m
n (cos θ) sinmφr̂

+
1

kr

d(rfn (kr))

dr

[

dPm
n (cos θ)

dθ
sinmφθ̂ +

m

sin θ
Pm
n (cos θ) cosmφφ̂

]

,
(2.65d)

where e/o stand for even/odd, Pm
n is the associated Legendre function of first kind with

order (n,m), and fn represents either the first-type spherical Bessel function of order n,

jn, or the first-type spherical Hankel function of order n, h
(1)
n . For the actual calculations

that we will perform, we can make a few simplifying assumptions. We only consider the

calculation to be along the z axis, x = x′ = y = y′ = 0, and we additionally neglect

polarization mixing effects. Using such an orientation means that the calculation in the θ̂θ̂

direction is equivalent to the φ̂φ̂ direction. This allows us to simplify Eqs. 2.65a - 2.65d to,

Me
mn (kr) =fn (kr)

dPm
n (0)

dθ
φ̂ (2.66a)

Mo
mn (kr) =0 (2.66b)

Ne
mn (kr) =

n (n+ 1)

kr
fn (kr)P

m
n (0) r̂ (2.66c)

No
mn (kr) =

m

kr

d(rfn (kr))

dr
Pm
n (0) φ̂. (2.66d)

The boundary conditions are solved for the centripetal and centrifugal (subscript P and

F , respectively) contributions to the transverse electric and transverse magnetic waves

(superscript H and V respectively) giving the reflection and transmission coefficients (R

and T respectively) as,

RH
F =

µ1k2∂τ2τ1 − µ2k1∂τ1τ2
µ1k2∂τ2κ1 − µ2k1∂κ1τ2

, RV
F =

µ1k2τ2∂τ1 − µ2k1∂τ2τ1
µ1k2τ2∂κ1 − µ2k1∂τ2κ1

(2.67a)

RH
P =

µ1k2∂κ2κ1 − µ2k1∂κ1κ2
µ1k2∂κ2τ1 − µ2k1∂τ1κ2

, RV
P =

µ1k2∂κ1κ2 − µ2k1∂κ2κ1
µ1k2∂τ1κ2 − µ2k1∂κ2τ1

(2.67b)
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TH
F =

µ1k2 (∂τ2κ2 − ∂κ2τ2)

µ1k2∂τ2κ1 − µ2k1∂κ1τ2
, T V

F =
µ1k2 (∂κ2τ2 − ∂τ2κ1)

µ1k2∂κ1τ2 − µ2k1∂τ2κ1
(2.67c)

TH
P =

µ1k2∂κ2τ2 − µ2k1∂τ2κ2
µ1k2∂κ2τ1 − µ2k1∂τ1κ2

, T V
P =

µ1k2∂τ2κ2 − µ2k1∂κ2τ1
µ1k2∂τ1κ2 − µ2k1∂κ2τ1

(2.67d)

where,

τi = jn (kia) , κi = h(1)n (kia) (2.68a)

∂τi =
1

kia

∂(kiajn (kia))

∂kia
, κi =

1

kia

∂(kiah
(1)
n (kia))

∂kia
, (2.68b)

with k1 the wavevector outside the sphere and k2 the wavevector inside the sphere [see

Fig. 2.2 (b)]. This allows us to write scattered GF as

G
scatt (

r > a, r′ > a;ω
)

=− iµ(r′)k20k1
4π

∞
∑

n=1

n
∑

m=0

(2− δ0,m)
2n+ 1

n (n+ 1)

(n−m)!

(n+m)!
×

[

RH
F M(1)

mn (k1)⊗M′(1)
mn (k1) +RV

FN
(1)
mn (k1)⊗N′(1)

mn (k1)
]

,

(2.69)

for both r and r′ outside of the radius a,

G
scatt (

r < a, r′ < a;ω
)

=
iµ(r′)k20k2

4π

∞
∑

n=1

n
∑

m=0

(2− δ0,m)
2n+ 1

n (n+ 1)

(n−m)!

(n+m)!
×

[

TH
F RH

P

TH
P

Mmn (k2)⊗M′
mn (k2) +

T V
F RV

P

T V
P

Nmn (k2)⊗N′
mn (k2)

]

,

(2.70)

for both r and r′ inside the radius a, and

G
tot (

r > a, r′ < a;ω
)

=
iµ(r′)k20k2

4π

∞
∑

n=1

n
∑

m=0

(2− δ0,m)
2n+ 1

n (n+ 1)

(n−m)!

(n+m)!
×

[

TH
F M(1)

mn (k1)⊗M′
mn (k2) + T V

F N(1)
mn (k1)⊗N′

mn (k2)
]

,

(2.71)

for r′ inside of the radius a and r outside of the radius a, and the sum over even and odd

M/N is implied [note that r < a, r′ > a can be found using Eq. (2.21)]. Here, the primes

on the spherical harmonics indicate the r′ coordinates should be used else the r coordinates

should be used and the superscript “(1)” indicates the spherical Hankel functions of the

first kind should be used else the spherical Bessel functions of the first kind should be used.

Note that in the final case where we consider radiation crossing a boundary we consider
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the total GF since the decomposition into a homogeneous and scattered part is ambiguous

because it is not obvious if one should use the homogeneous contribution from the inner

material or the outer material.

Computationally, Eqs. (2.69)-(2.71) are easier to solve than Eq. (2.63) however they still

suffer from the problem involved in numerically multiplying extremely large numbers with

extremely small numbers. The sum can not be practically extended to arbitrary precision

as eventually these become “Not-A-Number” and the calculation must be truncated with

an estimated error. These errors are normally less than 1% which is sufficient for many of

our calculations.

In Fig. 2.4 (b) we show an example calculation of the GF above a dielectric sphere

(ε2 = 12) of radius a = 100-nm embedded in air, with r = r′ = (0, 0, 110-nm) as a function

of frequency. The blue lines correspond to the real part of the GF, green corresponds to

the imaginary part and red corresponds to the imaginary part of the vacuum GF (enhanced

by a factor of 10) for r = r′, i.e., G = k30/6π. Each peak in the imaginary part of the GF

corresponds to a mode of the sphere.

2.3.3 “Exact” Numerical Green Function

The “exact” numerical calculation of the GF can be obtained by using FDTD1 (see Chap-

ter 3) and is found by solving Eq. (2.17) explicitly. Given a system with no initial field

(E0 = 0), we can solve the response of the system to a polarization source represented by

a point dipole at location r′, i.e. P (r;ω) = P (ω) δ (r′). This reduces Eq. (2.17) to,

E (r;ω) = G
(

r, r′;ω
)

·P (ω) , (2.72)

where

G tot
ij

(

r, r′;ω
)

=
Ei (r;ω)

Pj (ω)
=

FT [Ei (r; t)]

FT [Pj (t)]
, (2.73)

1Subject to numerical accuracy and computational resources.
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and FT [ ] represents a Fourier transform. To interpret Eq. (2.73) we place a single, time-

dependent point dipole source at the location r′, and measure the response of the time

dependent response of the system at any locations r. We can then calculate the GF by

Fourier transforming the time dependent data. This allows a simple calculation for many

different r locations, however if we wish to change the initial dipole orientation (i.e., x-

directed, etc..) or the initial dipole position r′ then we must recalculate the time dependent

fields to obtain more components/locations of the GF.

When performing the actual FDTD calculations, it is important to use only a single

dipole. This is not difficult when the source code is available, however when using com-

mercial FDTD packages, up to 8 dipoles can be used to create an effective single dipole at

any exact location in space instead of relying on the underlying grid to be “close enough”.

Additionally, it is possible to create a broadband spectrum using a chirped pulse however

the GF calculated using this feature may show poor agreement with known results. Finally,

the best results for these GF calculations are when the simulations are run for extremely

long times, such that the initial signal has decayed to 10−5–10−8 of its original value, and

the bandwidth of the pulse is as small as possible while still properly covering the frequency

range of interest (see Chap. 5). For further discussions see Chap. 3 where we discuss the

FDTD technique and Chap. 5 where we examine specific examples where we compare the

numerically exact GF, Eq. (2.73), with the GF obtained from a mode expansion, Eq. (2.27).

2.3.4 Mode Calculations and Green Function Expansion Techniques

In order to solve Eq. (2.27) to obtain the optical modes, we essentially need to calculate

three different quantities: the resonance frequency, ωc, the decay rate, Γc and the spatial

mode profile, fc (r). From the spatial mode profile we can also calculate the mode volume

which can be related to the Purcell Factor (see Chapter 4). Calculating the spectrum of

the system response gives ωc as the location of the peak with Γc being the peak width

(assuming a single peak) which can be found via the Fourier transform of E(r, t).
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Alternatively, we can use HARMINV2 to obtain ωc and γc, which is an open source

program that is an alternative to a full Fourier transform (which requires E(r, t) → 0 for

long t) that fits a time dependent signal to the function [MT97],

∑

j

Aje
−i(2πfj t−φj)−Γjt, (2.74)

where Aj is the amplitude, fj is the frequency, φj is the phase and Γj is the decay rate of

mode j. This allows us to quickly take a time dependent response and extract a resonance

frequency and a decay rate without requiring that E(r, t)→ 0.

Once this is done, the simulation must be performed again with an additional monitor

located in a region of space (the cavity region) that performs a running discrete Fourier

transform (DFT) of the data at the resonance frequency, ωc, of the cavity mode, fc, i.e.,

fc (r) |ti = fc (r) |ti−1
+E (r, t) e−iωcti (ti − ti−1) . (2.75)

This calculation works best when the DFT is started after the input pulse has completed

and all that is left is the field that resonates in the cavity structure. In this way we are

obtaining part of the scattered (non-homogeneous) contribution. Note that this calculation

is quite accurate even without E(r, t) → 0 since the truncated DFT is much less sensitive

compared with the fast Fourier transform and we subsequently normalize the mode for use

in other calculations.

2.4 Conclusions

In this chapter, we have discussed a variety of methods for calculating the GF which forms

the backbone of the techniques developed and exploited in this thesis. We discussed an-

alytical techniques including the use of GFs for solving general differential equations and

the Maxwell wave equation, and then discussed the manner in which GFs can be expanded

into known modes of the system. Afterwards we discussed how the GF can be used to solve

2Harminv is a freely available and well used code created by Stephen Johnson and is commonly used by
the photonic crystal community. http://ab-initio.mit.edu/wiki/index.php/Harminv



CHAPTER 2. THEORY OF PHOTON GREEN FUNCTIONS 46

scattering problems from inhomogeneous structures using the volume integral equations

and introduced the Dyson equation. We then moved onto the numerical implementations

of the GF in planar and spherical geometries as well as the calculation of the GF using

FDTD which has the capability of solving the GF for arbitrary materials and geometries.

We finished by discussing some particular details of the mode expansion method of the GF

which is particularly relevant for cavity GF calculations.

We shall see the connection with the GFs introduced here in Chap. 4 where we introduce

the quantum optical formalism. In Chap. 5 we shall calculate the GF in a number of pho-

tonic crystal slab systems and compare the mode expansion of the GF with the numerically

exact GF, both of which are obtained from FDTD. In Chap. 6 we shall use the multilayer

GF for the calculation of Purcell factors above negative index slabs and light induced forces

above negative index slabs and silver half-spaces. In Chap. 7 we shall examine the strong

coupling between a QD and a metallic nanoparticle using the spherical GF for the metallic

nanoparticle. Finally, in Chap. 8 we address the calculation of the homogeneous GF in lossy

systems for r = r′, which is known to diverge according to Eq. 2.30.



Chapter 3

The Finite-Difference

Time-Domain (FDTD) Technique

3.1 Introduction

The FDTD technique has become a powerful computational tool for solving electromagnetic

systems since its introduction by Yee in 1966 [Yee66]. It offers a number of advantages over

other techniques (e.g., frequency domain techniques) such as [TH05]:

• FDTD can, in principle, model any type of finite-sized, inhomogeneous geometry.

• FDTD uses no linear algebra – this means the size of the problem scales as N , the

number of unit cells, instead of N2 which is required in matrix diagonalization tech-

niques.

• FDTD is indexed according to a physical Cartesian geometry enabling a (relatively)

straight-forward parallelization geometry for clustered computers.

• FDTD naturally handles impulses (i.e. time dependent delta functions) allowing cal-

culations of either large bandwidths or single frequencies.

47
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• FDTD naturally handles many types of nonlinearities via nonlinear polarization sources,

P(r, t).

The strength of the FDTD technique becomes even more obvious when considering the

broad range of problems that have been successfully modelled using FDTD, including (from

Taflove [TH05]): Geophysical simulations modelling extremely low-frequency around-the-

world propagation; cell phone interactions with the human head; early-stage detection of

breast cancer using radar; homing accuracy of a radar-guided missile; and EM vulnerabilities

of a military jet plane. More recent example applications are given on the website of

Lumerical Solutions, Inc. [Lum], including: CMOS image sensors; gain materials for lasing;

organic light emitting diodes (OLEDS); metamaterials; microscopy; nonlinear optics; optical

tweezers; photonic crystal cavities for applications in quantum optics and lasing; solar cells;

surface plasmons; and waveguides.

For our work, we use FDTD primarily for calculating the Green Function (GF) in

inhomogeneous structures using Eqs. (2.27) and (2.73), i.e., by calculating the GF using

a quasi-mode expansion or calculating the GF in a numerically exactly way. Additionally

we can calculate the local density of states (LDOS) using the GF, the photon transport

from one location to another, and the (integrated) power flow out of the system or around

an object. We use two separate FDTD codes to do this, either FDTD Solutions which

is a commercial product from Lumerical Solutions, Inc. [Lum]1, or a parallelized FDTD

code which we wrote specifically for solving systems not yet implemented by Lumerical

such as magnetic media (µ 6= 1) and more general polarization sources for nonlinear optics

applications [VVH07].

1Although Lumerical is a commercial company, they also collaborate with our group and S. Hughes was
one of the co-founders of the company.
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Figure 3.1: An FDTD Yee Cell (image obtained from Wikipedia [FDT]). From here it can
be seen that the E fields and the H fields are shifted from each other by 1/2 a grid step
in each direction. Also the different components of the E/H fields are in different physical
locations within a single Yee cell.

3.2 FDTD Algorithm

The FDTD algorithm begins with the sourceless, time dependent Maxwell equations, Eqs. (2.8),

∂D (r; t)

∂t
= −∇×H (r; t) (3.1a)

∂B (r; t)

∂t
= −∇×E (r; t) (3.1b)

∇ ·D (r; t) = 0 (3.1c)

∇ ·B (r; t) = 0 (3.1d)

and discretizes them by placing the fields within a Yee cell where the fields E/D are on

integer space steps and half integer time steps while placing the B/H fields on half integer
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space steps and integer time steps (see Fig 3.1). Additionally, within the same cell the

electric fields are along the edges of the Yee cell so if the origin is located at (0, 0, 0) then

the Ex component is located at (dx/2, 0, 0), the Ey component is located at (0, dy/2, 0) and

the Ez component is located at (0, 0, dz/2). The magnetic fields being shifted by a half grid

cell in each direction means that the magnetic fields are located on the faces of the Yee cell

such that the Hx component is located at (0, dy/2, dz/2), the Hy component is located at

(dx/2, 0, dz/2) and the Hz component is located at (dx/2, dy/2, 0). This largely simplifies

the numerical calculation of the curl as the components required are always located within

the same plane, e.g., for calculating the Dx component from Eq. (3.1a) we only require the

Hy and the Hz components which are located in the plane with a normal direction in the

z direction. The disadvantage of such a gridding is that if the fields are required in the

exact same location in space to calculate quantities like the intensity or the power flow then

the fields must be interpolated to the desired location within the Yee cell. In practice this

requirement is not so strict as the fields are usually slowly varying in space so that strict

interpolation is not necessary.

To demonstrate how Eqs. (3.1a) and (3.1b) may be discretized, consider a simple one

dimensional system where the EM fields are allowed to propagate along the z direction.

Neglecting the Ey/Dy components and the Bx/Hx components, Eqs. (3.1a) and (3.1b)

become

∂Dx

∂t
= −∂Hy

∂z
, (3.2a)

∂By

∂t
= −∂Ex

∂z
. (3.2b)

We can discretize these equations using central differences to obtain,

D
n+1/2
x (k)−D

n−1/2
x (k)

∆t
= −

Hn
y (k + 1/2) −Hn

y (k − 1/2)

∆z
(3.3a)

Bn+1
y (k + 1/2) −Bn

y (k + 1/2)

∆t
= −E

n+1/2
x (k + 1)−E

n+1/2
x (k)

∆z
, (3.3b)

where n is essentially the “time” vector t = n∆t and k is the spatial vector z = k∆z.
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Figure 3.2: Flowchart describing the main FDTD loop.
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The elegance of the FDTD algorithm derived by Yee is that by placing the E/D and B/H

fields on this staggered grid then central difference approximations are used to represent the

derivatives in Eqs. (3.3a) and (3.3b) which are second order accurate (O
(

∆t2
)

+O
(

∆z2
)

).

This is easily extended to three dimensions where the E/D and B/H fields are solved on

separate grids and naturally satisfy the divergence equations, Eqs. (3.1c) and (3.1d) [TH05,

Sul00].

Equations (3.1) are combined with the constitutive relations,

D (r, ω) = ε0ε (r, ω)E (r, ω) , (3.4a)

B (r, ω) = µ0µ (r, ω)H (r, ω) , (3.4b)

where for conventional dielectrics we have µ (r, ω) = 1 and ε (r, ω) = εr as constants allowing

the relations to be Fourier transformed and written as2,

E (r, t) =
D (r, t)

ε0ε
, (3.5a)

H (r, t) =
B (r, t)

µ0
. (3.5b)

The order in which these equations are solved to actually propagate radiation begins by

using Eq. (3.3a) to update D using H. Then the electric field is calculated from D using

Eq. (3.5a) and any source terms are added into the simulation. The B field is updated

from the E field using Eq. (3.3b) and then the H field is updated from B using Eq. (3.5b),

and the given time step is completed and the simulation moves to the next time step. This

process describes the main loop and is shown in Fig. 3.2.

In practice a simulation involves defining the relative permittivity and permeability in

all space, placing “monitors” which record the various field values, placing sources to excite

the system and defining the interaction of the fields with the boundary. This can be seen

in Fig. 3.3 where we show a screen-shot of an example simulation of an organic solar cell

2although ε and µ can be frequency dependent as discussed in the next section.
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Figure 3.3: Example screen-shot of an example simulation of an organic solar cell using
FDTD Solutions and available on the Lumerical website [Lum].

available on the Lumerical website [Lum]3.

3.3 Material Equations

While the constitutive relations described in Eqs. (3.5) are sufficient for simulations involv-

ing dielectrics, we require a more generalized form of the permittivity and the permeability

if we wish to simulate metals or negative index materials. A common model used for these

systems is a Lorentz medium where the permittivity is given by,

ε (ω) = εr +
εLω

2
0

ω2
0 − ω2 − iωΓ

, (3.6)

where εr is the background refractive index, εL is the strength of the Lorentz medium, ω0

is the medium transition frequency, and Γ is the non-radiative decay rate. Substituting

3http://docs.lumerical.com/en/fdtd/solar_organic_setup.html
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Eq.(3.6) into Eq. (3.4a),

D (r, ω) = ε0εrE (r, ω) +
ε1ε0ω

2
0

ω2
0 − ω2 − iωΓ

E (r, ω)

= ε0εrE (r, ω) +P (r, ω) ,

(3.7)

allows us to write this as a sum of a background dielectric plus an additional polarization

source, P. To find a time-dependent solution to the polarization source, we begin with
(

1− ω2

ω2
0

− iωΓ

ω2
0

)

P (ω) = ε0ε1E (ω) , (3.8)

and then Fourier transform back into the time domain to obtain

1

ω2
0

∂2P (t)

∂t2
+

Γ

ω2
0

∂P (t)

∂t
+P (t) = ε1E (t) . (3.9)

To put this in a form suitable for FDTD we must discretize this using central differences

where we again use n as a time index,

1

ω2
0

Pn − 2Pn−1 +Pn−2

∆t2
+

Γ

ω2
0

Pn −Pn−2

2∆t
+Pn = ε0ε1E

n−1. (3.10)

which can be rearranged for Pn. Using this solution for Pn, which depends on En−1 and

Dn, the Fourier transform of Eq. (3.7)

En =
Dn −Pn

ε0εr
. (3.11)

While we have only described a frequency dependent permittivity, the same approach can

be done for modelling µ as a Lorentzian. Models involving conductivities, σ, can be solved

in a similar manner as well [Sul00].

It is worth noting that writing Eq. (3.7) in the time domain allows us to consider other

models for the classical polarization field including the optical Bloch equations [AE87,

Hug98] or the semiconductor Bloch equations [HK90, VVH07] which take into account

the microscopic light-matter processes and carrier dynamics of atoms and semiconductors.

The semiconductor Bloch equations are one of the ways in which non-linearities can be

introduced through a polarization, however from Eq. (3.7) we observe that it is possi-

ble to add other types of nonlinear terms by adding additional non-linear polarizations,
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PNL (r, ω) [VVH07].

3.4 Boundary Conditions

So far we have described the algorithm used by FDTD and how to implement various mate-

rial models. But we have yet to address the interaction of the field with the edges of the com-

putational domain. Some simple boundary conditions include metallic boundary conditions

[E (k = 1) = E (k = kmax) = 0], periodic boundary conditions [E (k = 1) = E (k = kmax)] or

Bloch’s boundary conditions [E (k = 1) = eikz∆zkmaxE (k = kmax)]. These types of boundary

conditions are useful in some specific problems, but we usually require outward propagat-

ing or absorbing boundary conditions as we typically consider finite-sized geometries where

radiation eventually propagates out of the system. The boundary conditions typically em-

ployed in FDTD are the perfectly matched layer (PML) boundary conditions as they allow

radiation to pass from the domain with minimal reflection and represent outgoing wave

boundary conditions (open boundary conditions) which is one of the a main advantages of

using FDTD.

The PML can be accomplished by surrounding the computational domain with a layer

of lossy dielectric in which the fields will quickly decay, however the boundary between

the simulation domain and this lossy boundary will cause reflections unless we match the

impedances, η(r) = µ(r)
ε(r) between the interior domain with µ(r) and ε(r), and the PML with

µPML(r) and εPML(r) i.e.,

ηPML(r) =η(r)

µPML(r)

εPML(r)
=
µ(r)

ε(r)
.

(3.12)

The PML is simplest to implement and the requires the least computational overhead if the

PML is located in a real, non-dispersive, non-magnetic, isotropic homogeneous medium, i.e.,

µ(r;ω) = 1, ε(r;ω) = εr. This is typically sufficient for calculating finite size structures as we

may surround our scatterer with air as is shown in Fig. 3.4. It is possible to use a PML that is
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Node 1 Node 2 Node 3

Figure 3.4: Schematic indicating the FDTD domain containing an object (solid line) where
the simulation boundary is given by the dashed line where we apply the boundary conditions
(i.e. PML, Bloch, periodic, etc.). The dotted lines indicate the region where the domain
has been artificially split to perform different calculations using different worker nodes (see
Sec. 3.5.2). Field values are passed along the dotted lines to satisfy the curl Eqs. (3.3a)-
(3.3b).

applicable for more general materials, including negative index materials [DRG+04, Cum04]

but is somewhat more complicated and requires additional computational overhead. We use

exactly the PML as outlined in Sullivan [Sul00] in Radiant FDTD (see Sec. 3.5), where the

PML Yee cells are treated just the same as any other Yee cells except they have a more

complicated form of the permeability and permittivity, however FDTD Solutions employs

a more general PML.

3.5 Our In-House Group FDTD: Radiant FDTD

To solve the most general types of systems we require complete access to the source code of

our FDTD algorithm in order to implement and interface any material model we desire. In

particular we wish to examine metamaterial systems exhibiting a negative refractive index

which is not possible using any other commercial FDTD program to date. This requirement

means we developed an in-house parallel FDTD program which lead to the creation of

“Radiant FDTD”. The framework and design as well as the preliminary testing was initially

done by David Burns, an undergraduate student, as part of his engineering physics design
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project in 2007. We have since added much of the functionality required for our purposes

such as extending various source, monitor and material classes and implementing the code

on our group computer cluster, “Lagavulin”4.

The design of Radiant took an object-oriented approach using C++ such that the main

loop engine shown in Fig. 3.2 accepts any type of general source, monitor or material.

These details and all other specifications are added in a separate file and, at runtime, the

computational domain is divided such that the various subdomains can be run on different

processors with the parallelization being performed by the Message Passing Interface (MPI)

standard [MPI] (see Fig. 3.4). This division is performed at runtime by determining the

computational cost of each of the objects and splitting the domain so each takes roughly

the same amount of wall-time to complete a time step. Below we describe a few more of

the specific details of the code.

3.5.1 Object Oriented Design

The fact that Radiant is designed with an object oriented approach gives much more flexi-

bility to a user than if a user had to modify the code each time the simulation specifics were

modified. This additionally allows new simulations to be started with only minor changes

to initial scripts which allows batch jobs to be processed much more efficiently. The spe-

cific objects that benefited the most from the object oriented design are (i) monitors; (ii)

sources; and (iii) material equations, which we will define as “cells”.

For data monitors this allows us to create time monitors that record the field values

at particular times and particular places or create frequency monitors that enable running

discrete Fourier transforms to be calculated. For sources, we can create electric or magnetic

dipoles, plane waves or total-field/scattered-field sources (these are plane waves or guided

modes where the analytical solutions are subtracted along a box surrounding a scatterer,

4Lagavulin is a 60 node computer cluster with each node containing two 2.4GHz quad core CPUs (480
processors total) and 16 Gb of RAM per node. The nodes are connected via gigabit ethernet.
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Figure 3.5: Flowchart describing Radiant FDTD. Note the headnode (path on the left)
distributes data initially and collects data for saving but does not run the main FDTD loop.
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thus leaving only the scattered field). For the cells, we can have non-dispersive dielectrics,

lossy dielectrics, Drude media, Lorentz media and conductive media.

3.5.2 Message Passing Interface (MPI)

In order to tackle finite size problems with large computational domains we decided to

parallelize Radiant using MPI [MPI]. MPI is a design specification that describes the syntax

and semantics of a core of library routines of which the most popular implementations are

OpenMPI 5 and MPICH2 6. Our primary use of MPI is to divide the spatial domain

into as many subdomains as possible which are solved on the various “worker-nodes” (a

processor thread that can be on the same machine or on a different machine connected to

the others over ethernet). We do this by finding the computational cost of each object

within the simulation domain and attempting to divide the domain along one primary axis

and distributing the space such that the run-times of each subdomain are roughly equal.

Since the curls in Eqs. (3.3a) and (3.3b) require field values from neighbouring Yee cells, a

“dead-layer” is created along each interface. Within this dead-layer, the fields are updated

on both nodes sharing the interface by passing field values between the nodes and these are

then used within the rest of the domain (see Fig. 3.2). This means that the same spatial

location is solved twice, once in each neighbouring node, whereas all points interior on the

subdomain are solved only once.

We also use MPI to propagate the initial source, monitor and cell configuration out to

the worker nodes, and then all of the information is collected at the end of the simulation

by the headnode and saved into native Matlab files for analysis. These details are shown

schematically in Fig. 3.5.

It is worth noting that although MPI gives can give substantial improvements in cal-

culation speed, the decrease in run-time does not decrease indefinitely with the number of

5http://www.open-mpi.org/
6http://www.mcs.anl.gov/research/projects/mpich2/
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nodes. This is because the message passing itself takes a certain amount of time, so if the

subdomains are so small that they are solved almost instantaneously then our simulation

time is limited by the flow of data over the network when parallelizing between multiple

computers (in our case network traffic flows over gigabit Ethernet). This is substantially

reduced if we only parallelize within a single computer by using all of the available cores

on a multi-core machine. Both of these considerations means there is a “sweet-spot” in

the number of processors that can participate in a job of a particular size. We usually try

increasing our number of worker nodes by 8 at a time (for our dual quad core computers)

until we obtain the largest improvement in speed (see Fig. 3.6 for an example).

3.6 FDTD Solutions

“FDTD Solutions” is the commercial FDTD program we use from Lumerical Solutions

Inc. [Lum] (See screen-shot in Fig. 3.3). The benefits of using FDTD Solutions over Radi-

ant FDTD are: (i) a simple graphical user interface; (ii) a well supported scripting language

for creating many simulations with very specific configurations; (iii) more advanced types

of boundary conditions which can properly handle dispersive materials; (iv) parallelization

along three axes for reduced message passing and a faster loop engine; and (v) advanced

techniques for handling the boundary between physical objects within the simulation do-

main, including dielectric volume averaging and conformal mapping; and. This allows much

larger spatial steps when examining dielectric or metallic objects with curved surfaces. The

decision about whether to use Radiant or FDTD Solutions simply depends on whether or

not FDTD Solutions has the capabilities to perform the required calculations.
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Figure 3.6: (a) Comparison between the imaginary part of the homogeneous GF calculated
via FDTD Solutions (blue) and the analytical result, Im[Ghom] = ω3√ε/6πc3 (green). The
dashed line indicates the input pulse spectrum. The maximum error is less than 1%. (b)
The amount of time (green) and the corresponding speed up (blue) for the calculation in
(a) versus the number of participating worker nodes for both FDTD Solutions (solid lines)
and Radiant (circles) where the speed up is defined by the total simulation time for N nodes
divided by the total simulation time for one node. Each point is averaged over 10 runs.

3.7 Example Calculation: Homogeneous GF

Here we show an example calculation of the imaginary part of the homogeneous GF which is

proportional to the LDOS (see Chap. 4). We use FDTD Solutions to create a simulation do-

main of size (3.9-µm,4.4-µm,0.8-µm) with uniform spatial step sizes (12.5-nm,12.5-nm,12.5-

nm) centred at (0,6.25-nm,0). We set the background permittivity to ε = 4, the simulation

time to 100 fs and accept the default parameters for the PML while disabling the “auto

shut-off”. We place a y polarized dipole source at (0, 0, 0) and with the simulation domain

shift of half a space step in the y direction, we have properly compensated for the actual

location of the Ey fields within the Yee cell. This ensures that we have only a single dipole

instead of up to 8 dipoles which would create an effective dipole at the desired location.

We select a “standard” rather than a “broadband” source and set the center frequency to

448 THz (1.85 eV), the pulse length to 4.22 fs, and the offset to 11 fs. We place a point
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time monitor at (0, 0, 0) and set the spatial interpolation to “none”.

The results of the simulation are shown in Fig. 3.6 (a) where we compare the imaginary

part of the homogeneous GF calculated with FDTD with the analytical result, Im[Ghom] =

ω3√ε/6πc3 (see Sec. 2.2.4). We see excellent agreement across the full pulse spectrum

(shown by the dashed black line) with errors of less than 1% (we achieve comparable ac-

curacy when using Radiant). In Fig. 3.6 (b) we show the calculation time/speed up for

the above simulation versus number of worker nodes for both FDTD Solutions (solid lines)

and Radiant (circles) for the exact same simulation parameters. For the FDTD Solutions

calculations, there is a clear decrease in simulation time for up to 16 nodes, but after 16

nodes the simulation time becomes very unpredictable and the addition of more nodes does

not decrease the overall simulation time (each data point was averaged over 10 simulations).

The reason the scaling breaks down after a certain number of nodes is that eventually each

node calculates an entire FDTD time step over its subdomain so quickly that a bottleneck

arises due to message passing. This bottleneck becomes very dependent on the specific sim-

ulation setup, the specific hardware setup and the manner in which data is transferred. We

can see that FDTD Solutions is considerably faster when compared with Radiant FDTD

by almost a factor of 10, although Radiant achieve similar scalings with the number of

nodes before the scaling of FDTD Solutions breaks down at about 16 nodes. The scaling

eventually breaks down for Radiant as well but at much higher node numbers because, all

other factors being equal, Radiant is slower.

3.8 Conclusions

We discussed the FDTD method, which we will use for solving various problems in time-

dependent electromagnetics for arbitrary geometries and material structures. We discussed

the specifics of the algorithm including the Yee cell and then moved on to discuss how

dispersive and absorptive materials can be simulated using FDTD. Afterwards, we discussed
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the boundary conditions that FDTD uses, and focussed mainly on the PML boundary

condition. We then discussed Radiant FDTD, which is our own in-house FDTD, written for

performing calculations on the Lagavulin cluster and discussed the object-oriented approach

that was taken as well as the parallelization that was implemented using MPI. We then

discussed the commercial FDTD code we use, FDTD Solutions, by Lumerical Solutions

and showed a simple example GF calculation for a homogeneous space. These methods

will be utilized in Chap. 5 where we calculate the GF using mode expansions and using

“exact” numerical methods to demonstrate the proper method of calculating the mode

volume and for calculating the strong coupling spectrum of a quantum dot coupled with

a planar photonic crystal cavity. We will use the method again in Chap. 7 demonstrating

FDTD’s effectiveness for calculating GFs above metallic nanoparticles by comparing with

techniques described in Chap. 2. Finally, in Chap. 8 we will calculate the GF inside a

metallic nanoparticle and compare directly with integrations of the GF over cubic volumes

that are the same size as the underlying FDTD grid to examine the homogeneous GF in

lossy materials.



Chapter 4

Quantum Theory of Light-Matter

Interactions in Arbitrary Material

Systems

4.1 Introduction

One of the remarkable properties of the photonic Green Function (GF), is that it can be

directly related to the local density of states (LDOS), the spontaneous emission rate and

the Lamb shift (LS), as well as the spectrum of an emitter observed at a detector. Some

of these facts are known, but some are less obvious, and the transition from real ε media

to complex ε media is somewhat involved [WSL04, SW04, DBK+03, GW96]. The major

obstacle in many of the problems we examine will be the calculation of the GF, but the

benefit is that with the GF we immediately obtain the LDOS, Purcell factors (PFs), LSs,

and the spontaneous emission spectrum through simple analytical formulas. Furthermore,

we can build upon these solutions using volume integral equations or the Dyson equation

as described in Chap. 2, and thus include additional nanoparticles or photon emitters.

64
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We begin by introducing the Jaynes-Cummings Hamiltonian, which is a familiar starting

point for cavity-QED (cQED) calculations. Then, we introduce the quantum theoretical

formalism developed by Welsch and colleagues [GW96, SKW98, SKW99, DBK+03] which

describes the quantization of the electromagnetic field for lossy, inhomogeneous media. Us-

ing this approach, we define a Hamiltonian that describes the coupling between a quantum

dot (QD) and the general field to calculate the near and far field spectrum. We shall solve

these equations self-consistently and non-perturbatively thus making them applicable in

both the weak and strong coupling regimes. We then contrast this with the spectrum de-

rived from a mode expansion formalism [WSL04, YRH09], which we also describe. We shall

show that both approaches lead to the exact same formula for the spectrum where the GF

enters in the same manner despite the clear difference in formalisms. However, the lossy

case is still much harder to work with because mode expansion techniques cannot be easily

applied to obtain the GF.

4.2 Jaynes-Cummings Hamiltonian for Quantum Optics

A typical starting point for cQED calculations is to begin with the Hamiltonian which

arises due to canonical quantization of the electric field and describes the coupling between

a single (cavity) mode and a dipole emitter (e.g., a single QD) located at the position

rd [WSL04, Car08],

H = h̄ωdσ̂
+σ̂− + h̄ωcb̂

†b̂− ih̄
(

σ̂+ + σ̂−)
(

gb̂− g∗b̂†
)

, (4.1)

where σ̂+/− are the Pauli raising/lowering operators of the QD exciton (or any fermionic

two-level atom) with resonant frequency ωd and dipole moment d = ndd. The bosonic field

raising/lowering operators are given by b̂†/b̂ with a (cavity) mode frequency of ωc and the

coupling between the mode and the emitter is given by

g =

√

ωc

2h̄ε0
d · fc(rd). (4.2)
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where fc ≡ fTc is the transverse cavity field mode. Upon applying the rotating wave approx-

imation, where we assume ωd and ωc are both very close to the wavelength of interest (i.e.,

we ignore terms rotating at ≈ 2ω), leads to the Jaynes-Cummings Hamiltonian,

HJC = h̄ωdσ̂
+σ̂− + h̄ωcb̂

†b̂− ih̄g
(

σ̂+b̂− σ̂−b̂†
)

. (4.3)

where g is assumed to be real. Many textbooks define the first term in the Jaynes-Cummings

Hamiltonian through the population difference, σ̂z = σ̂+σ̂− − σ̂−σ̂+ and redefine the zero

energy to be in the center of the ground and excited state, but the end result for the

observables is the same. The difference in sign in the third term from some books results

from the initial definition of the electric field operator. Note that the cavity mode population

and the exciton population are given by nc = 〈b̂†b̂〉 and nx = 〈σ̂+σ̂−〉, respectively.

4.3 Quantum Optics in Lossy Inhomogeneous Media

We consider an emitter (atom or QD) treated within the dipole approximation but now

consider the full photon reservoir (valid for arbitrary ε and µ) working in the Heisenberg

picture with the Hamiltonian,

H = h̄ωdσ̂
+(t)σ̂−(t) +

∑

ν=e,m

∫

dr

∫ ∞

0
dωλh̄ωλb̂

†
ν (r, ωλ, t) · b̂ν (r, ωλ, t)

−
[

σ̂+(t)d+ σ̂−(t)d
]

· Ê (rd, t) , (4.4)

where the bosonic field raising/lowering operators are given by b̂†/b̂ with the continuous

mode frequencies, ωλ, where the sum ν = e,m is over the electric/magnetic modes (when

the materials become lossless the integral reduces to a sum over the modes of the system).

The electric field operator, Ê (r; t), which is derived in Appendix A, is given by,

Ê (r; t) = i

√

h̄

πε0

∫ ∞

0
dωλ

∫

G
(

r, r′;ωλ

)

·
[

√

Im[ε (r′;ωλ)]b̂e

(

r′;ωλ, t
)

+
c

ωλ
∇×

√

−Im[κ (r′;ωλ)]b̂m

(

r′;ωλ, t
)

]

dr′ +H.C., (4.5)
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where the GF is given by the equation,

∇× κ (r;ω)∇×G
(

r, r′;ω
)

− k20ε (r;ω)G
(

r, r′;ω
)

= k20Iδ
(

r− r′
)

, (4.6)

where κ (r;ω) = µ−1 (r;ω) and H.C. stands for Hermitian conjugate. At first sight, it looks

like for materials with vanishing loss the electric field relating to the bosonic noise operators

would become zero. However, if we are careful in taking the limits of Im[ε], Im[µ]→ 0 then

we arrive at a finite answer for the electric field operator and we find the equivalence between

this method and mode decomposition [GW96]. The fact that we derive equivalent spectra

for both the lossy and the lossless case (next Section) should further convince the reader of

the validity of this approach in both cases.

The first term in the Hamiltonian, Eq. (4.4), is the same as in the Jaynes-Cummings

Hamiltonian, Eq. (4.1), however we see that the term describing the energy located within

the field has been expanded to a continuous energy range located everywhere in space. The

final term in both Hamiltonians describes the coupling of the QD to the field, which is much

more complicated in the lossy Hamiltonian due to the complicated form of the quantized

electric field in lossy media, Eq. (4.5), and the fact that we have not used the rotating

wave approximation. From the Hamiltonian we derive the Heisenberg equations of motion,

˙̂
O = −ih̄−1

[

Ô,H
]

, for the time-dependent operator equations as (t is implicit),

dσ̂−

dt
= −iωdσ̂

− + ih̄−1d · Ê (rd) , (4.7)

dσ̂+

dt
= iωdσ̂

− − ih̄−1d · Ê (rd) , (4.8)

db̂e(r, ωλ)

dt
= −iωλb̂e(r, ωλ) +

√

Im[ε(r, ωλ)]

πh̄ε0
G

∗
(r, rd;ωλ) · d[σ̂− + σ̂+], (4.9)

db̂m(r, ωλ)

dt
= −iωλb̂m(r, ωλ)+

√

−Im[κ(r, ωλ)]

πh̄ε0

c

ωλ
[G

∗
(r, rd;ωλ)×∇r] ·d[σ̂−+ σ̂+], (4.10)

where [G
∗
(r; rd;ωλ)×∇rd

]ij = ǫjkl∂kG
∗
il(r, rd;ωλ). The above equations do not form a closed

set (even including the equation for the population difference, σz = σ+σ− − σ−σ+) unless
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we make the weak excitation approximation, which ignores higher order photon correlations

(i.e. multiphoton correlations). The result of truncating the number of excitations in the

system to a single excitation is that σ̂zÊ = −Ê, which has been used above in Eqs. (4.7)-

(4.10). In the case we examine below, where we consider our initial field to be the vacuum

field, this approximation is exact. Next, we make a Laplace transform on the above set1

and obtain

σ̂−(ω) =
iσ̂−(t = 0)

ω − ωd
− h̄−1d · Ê(rd, ω)

ω − ωd
, (4.11)

σ̂+(ω) =
iσ̂+(t = 0)

ω + ωd
+

h̄−1d · Ê(rd, ω)

ω + ωd
, (4.12)

b̂e(r, ωλ;ω) = b̂0
e(r, ωλ, ω) + i

√

Im[ε(r, ωλ)]

πh̄ε0
G

∗
(r, rd;ωλ) · d

[σ̂−(ω) + σ̂+(ω)]

ω − ωλ
, (4.13)

b̂m(r, ωλ;ω) = b̂0
m(r, ωλ, ω) + i

√

−Im[κ(r, ωλ)]

πh̄ε0

c

ω
[G

∗
(r, rd;ωλ)×∇r] · d

[σ̂−(ω) + σ̂+(ω)]

ω − ωλ
,

(4.14)

where b̂0 is the free field solution without an emitter (the QD) present [WSL04]. If we

substitute Eqs. (4.13) and (4.14) into Eq. (4.5) for the electric field, namely Ê(r;ω), then

it can be shown (see Appendix B) that the electric field can be written as,

Ê(r, ω) = Ê0(r, ω) +
1

ε0
G(r, rd, ω) · d[σ̂−(ω) + σ̂+(ω)], (4.15)

which is the direct quantum analogue of the classical volume integral equations, E = E0 +

G ·P [see Eq. (2.17)]. The sum of the dipole operators can be written as,

σ̂−(ω) + σ̂+(ω) = − iσ̂−(t = 0)(ω + ωd) + iσ̂+(t = 0)(ω − ωd)− 2ωdh̄
−1d · Ê0 (rd;ω)

ω2
d − ω2 − 2ωdd ·G

scatt
(rd, rd;ω) · d/h̄ε0 − iωγd

,

(4.16)

where we use G scatt(rd, rd;ω) in the denominator due to the divergence in the real part of

the homogeneous GF. We have also added in a phenomenological decay rate γd to account

for other broadening mechanisms not contained within G scatt, including non-radiative decay

1Note,
∫

∞

0
dteiωtȮi(t) = −iωOi(ω)−Oi(t = 0).
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processes (e.g., through phonon scattering) and the homogeneous (non-scattered) contribu-

tion to the radiative decay.

We next derive the spectrum observed at a detector located at R from an emitter located

at rd. Given the time dependent electric field, E(R, t) = E+(R, t)+E−(R, t), whereE+/−(t)

are the positive/negative rotating frequency components, respectively, the power spectrum

can be obtained from,

S(R, ω) =

∫ ∞

0

∫ ∞

0
dt1dt2e

iω(t2−t1)〈Ê−(R, t1) · Ê+(R, t2)〉

=〈
(
∫ ∞

0
dteiωtÊ+(R, t)

)†
·
(
∫ ∞

0
dteiωtÊ+(R, t)

)

〉.
(4.17)

Examining the first term in Eq. (4.17),
∫ ∞

0
dteiωtÊ+(R, t) =

∫ ∞

0
dteiωt

[

1

2π

∫ ∞

0
dω′e−iω′tÊ(R, ω′)

]

=
1

2π

∫ ∞

0
dω′Ê(R, ω′)

∫ ∞

0
dtei(ω−ω′)t

=
1

2π

∫ ∞

0
dω′Ê(R, ω′)

[

iP

(

1

ω − ω′

)

+ πδ
(

ω − ω′)
]

,

(4.18)

where we have used the relation,
∫∞
0 dtei(ω−ω′)t = iP

(

1
ω−ω′

)

+ πδ (ω − ω′) [Car99]. The

principle value can be evaluated directly using Cauchy’s integral formula as P[1/ (ω − ω′)] =

−iπ, giving
∫ ∞

0
dteiωtÊ+(R, t) = Ê(R, ω) (4.19)

which reduces Eq. (4.17) to

S(R, ω) = 〈(Ê(R, ω))† · Ê(R, ω)〉. (4.20)

We define the initial wavefunction by considering an excited exciton (〈σ̂+(t = 0)σ̂−(t = 0)〉 =

1) with the vacuum field resulting in the following spontaneous emission spectrum:

S(R, ω) =

∣

∣

∣

∣

∣

(ω + ωd)d ·G(R, rd;ωλ)/ε0

ω2
d − ω2 − 2ωdd ·G

scatt
(rd, rd;ω) · d/h̄ε0 − iωγd

∣

∣

∣

∣

∣

2

, (4.21)

where the spectrum observed by a detector depends not only on the local environment in
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which the photon was emitted, through G
scatt

(rd, rd;ω), but also depends on the two space-

point GF, G(R, rd;ω), which describes radiative propagation from the emitter position to

the detector. The above equations are obtained without assuming a Markov approximation

(i.e., we do not assume there are no long time correlations), or using the rotating wave

approximation, and can be used in both weak and the strong coupling regimes; in addition,

they can be applied to both lossy and lossless media, though they may seem overly compli-

cated for lossless structures. Below (in Sec. 4.4) we will give an alternative derivation for

dielectrics and show how the same functions naturally appear via mode expansions. While

the additional complexity is justified here as we prove the equivalence between the two

formalisms, it is probably not required generally.

It is useful to rewrite Eq. (4.21) in terms of a self-energy,

S(R, ω) =

∣

∣

∣

∣

(ω + ωd)d ·G(R, rd;ωλ)/ε0
ω2
d − ω2 − ωdΣ (ω)− iωγd

∣

∣

∣

∣

2

, (4.22)

where the self energy is,

Σ (ω) =
2d ·G scatt

(rd, rd;ω) · d
h̄ε0

. (4.23)

Now it is possible to identify how the imaginary part of the self energy contributes to

an increase in the spontaneous decay rate, which is equivalent to the Einstein A coeffi-

cient [YRH09],

γ (rd, ω) =
2d · Im

[

G
scatt

(rd, rd;ω)
]

· d
h̄ε0

=Im[Σ (ω)],

(4.24)

while the real part contributes to an environment-induced frequency shift (Lamb shift),

∆ω (rd, ω) =−
d ·Re

[

G
scatt

(rd, rd;ω)
]

· d
h̄ε0

=Re[Σ (ω)].

(4.25)

A useful figure of merit for the enhancement in spontaneous emission is the PF (Purcell

factor), which is the spontaneous emission rate normalized by the spontaneous emission
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rate in a homogeneous medium, i.e.,

PFi (rd;ω) =
γi (rd;ω)

γ0 (ω)
, (4.26)

where we have projected the PF according to a dipole aligned in the ith direction. The

imaginary part of the GF can be directly related to the projected LDOS via [NH06],

ρi (rd;ω) =
6

πω
Im[Gii (rd, rd;ω)], (4.27)

though some extra care is needed in a lossy structure since Im[G(rd, rd;ω)] diverges (see

Chap. 8).

At this time, we take the opportunity to point out that the spectrum, Eq. (4.21), can

(and formally should) be derived by considering the displacement field (which contains the

QD polarizability) instead of the electric field given by Eq. (4.5); this is because the displace-

ment field couples to a QD in the dipole approximation [WSL04, YVVR+09]. The above

derivation can be followed in exactly the same manner resulting in the GF in the denomina-

tor, G
scatt

(rd, rd;ω), becoming the GF, K
scatt

(rd, rd;ω), derived in Sec. 2.2.3 [YVVR+09].

The difference between G and K arises when r = r′ as K = G + Iδ (r− r′) /ε (r). Thus

the real part of the K may contribute a (small) frequency shift to the spontaneous emission

spectrum which only depends on the background permittivity in which the QD is embed-

ded. This frequency shift is extremely small in most practical calculations justifying the

simpler (and more familiar) formalism described above. Also, local field effects which give

rise to the frequency shift are better calculated in the G(r→ r′) limit (see Chap. 8).

4.4 Light Quantization in Lossless Inhomogeneous Dielectrics

Next we show an alternative (and simpler) derivation of Sec. 4.3 which is more suited for

inhomogeneous lossless dielectrics (with µ = 1). Our motivation is to show that using

a completely different formalism it is possible to obtain the same form for the spectrum,

Eq. (4.21), and show that the GF is the natural function for analysing quantum optics in
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both lossless and lossy material systems. Generalizing the Hamiltonian, Eq. (4.1), to any

arbitrary inhomogeneous lossless structure, we expand the Hamiltonian to consider all the

modes in the system and obtain,

H = h̄ωdσ̂
+σ̂− +

∑

λ

h̄ωλb̂
†
λb̂λ − ih̄

∑

λ

(

σ̂+ + σ̂−)
(

gλb̂λ − g∗λb̂
†
λ

)

, (4.28)

where [WSL04, YRH09],

gλ =

√

ωλ

2h̄ε0
d · fλ(rd), (4.29)

with fλ ≡ fTλ are the transverse modes of the system (see Sec. 2.2.3). From the above

Hamiltonian we again derive the Heisenberg equations of motion,
˙̂
O = −ih̄−1

[

Ô,H
]

, for

the time-dependent operator equations as (t is implicit),

dσ̂−

dt
= −iωdσ̂

− −
∑

λ

(

gλb̂λ − g∗λb̂
†
λ

)

, (4.30)

db̂λ
dt

= −iωλb̂λ + g∗λ
(

σ̂+ + σ̂−) , (4.31)

where we have again assumed the weak excitation approximation (via σzbλ = −bλ) [YH09a],

and the time dependent equations for σ̂+ and b̂† are given by the Hermitian conjugates of

Eqs. (4.30)-(4.31). Applying a Laplace transform on the above set we obtain

σ̂−(ω) =
iσ̂−(t = 0)

ω − ωd
− i

ω − ωd

∑

λ

(

gλb̂λ(ω)− g∗λb̂
†
λ(ω)

)

, (4.32)

σ̂+(ω) =
iσ̂+(t = 0)

ω + ωd
+

i

ω + ωd

∑

λ

(

gλb̂λ(ω)− g∗λb̂
†
λ(ω)

)

, (4.33)

b̂λ(ω) = b̂0λ(ω) +
ig∗λ (σ̂

+(ω) + σ̂−(ω))

ω − ωλ
, (4.34)

b̂†λ(ω) = [b̂0λ(ω)]
† +

igλ (σ̂
+(ω) + σ̂−(ω))
ω + ωλ

, (4.35)

where b̂0λ(ω) is the free field solution satisfying db̂0λ(t)/dt = −iωλb̂
0
λ(ω). We now define

the “bare” polarizability (i.e. with no radiative or non-radiative coupling), as α0(ω) ≡

2ωdd
2/(ω2

d − ω2)h̄ε0, and define a dipole source operator;

ŝ (ω) ≡ i

ε0

(

σ̂−(t = 0)

ω − ωd
+

σ̂+(t = 0)

ω + ωd

)

. (4.36)
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This allows us to write,

σ̂−(ω) + σ̂+(ω) = ŝ (ω) ε0 +
iα0(ω)h̄ε0

d2

∑

λ

(

gλb̂λ − g∗λb̂
†
λ

)

, (4.37)

which in turn allows us to write explicit equations for the mode operators,

b̂λ(ω) = b̂0λ(ω) +
ig∗λŝ (ω) ε0
ω − ωλ

− ig∗λ
ω − ωλ

α0 (ω) h̄ε0
d2

∑

λ′

(

gλ′ b̂λ′ (ω)− g∗λ′ b̂
†
λ′ (ω)

)

(4.38)

b̂†λ(ω) = [b̂0λ(ω)]
† +

igλŝ (ω) ε0
ω + ωλ

− igλ
ω + ωλ

α0 (ω) h̄ε0
d2

∑

λ′

(

gλ′ b̂λ′ (ω)− g∗λ′ b̂
†
λ′ (ω)

)

. (4.39)

Using the definition of the electric field in a lossless system,

Ê(r, ω) = i
∑

λ

√

h̄ωλ

2ε0

(

b̂λ(ω)fλ(r)− b̂†λ(ω)[fλ(r)]
∗
)

, (4.40)

as well as the expression for gλ and the expansion for the GF, Eq. (2.26), one obtains

Ê(r, ω) = Ê0(r, ω) +G(r, rd;ω) · dŝ+G(r, rd;ω) · α0(ω)Ê(rd, ω). (4.41)

where Ê0(r, ω) is the initial field. This can be solved for r = rd,

Ê(rd, ω) =
Ê0(rd, ω) +G(rd, rd;ω) · dŝ

1− nd ·G
scatt

(rd, rd;ω) · ndα0(ω)
(4.42)

which can be substituted back into Eq. (4.41) to obtain the electric field located at a detector

R,

Ê(R, ω) =Ê0(R, ω) +
G(R, rd;ω) ·

[

dŝ+ α0(ω)Ê0(rd, ω)
]

1− nd ·G
scatt

(rd, rd;ω) · ndα0(ω)
. (4.43)

Using the same initial condition as earlier when deriving S(R, ω) for a lossy system (〈σ̂+(t = 0)

σ̂−(t = 0)〉 = 1), we obtain exactly the same spectrum as Eq. (4.21) for a lossless structure:

S(R, ω) =

∣

∣

∣

∣

∣

(ω + ωd)d ·G(R, rd;ωλ)/ε0

ω2
d − ω2 − 2ωdd ·G

scatt
(rd, rd;ω) · d/h̄ε0 − 2iωγd

∣

∣

∣

∣

∣

2

, (4.44)

where again in Eqs.(4.42)-(4.44) we have used G
scatt

(rd, rd;ω) when both spatial arguments

are the same to avoid the divergence in the real part of the homogeneous GF and included the

homogeneous radiative decay and the QD non-radiative decay in γd. The main advantage

of the lossless approach is that the GF can be obtained from mode expansions and we know

that the GF (via the connection with K) is formally transverse.
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4.5 Conclusions

In this chapter we have presented a rigorous quantization procedure of the electric field in

inhomogeneous lossy, and lossless systems, by carefully following the prescription of Welsch

and co-workers. We have extended the work by Welsch and co-workers to find an analytic

spectrum in frequency space and made a clear connection to what is obtained via mode

expansion techniques [WSL04]. Although we specialize to the case of a single QD exciton

or two-level atom for an initial quantum field in the vacuum, the technique can (and has

been) applied examine the coupling between more than one QD and to include an arbitrary

initial field [YH09a, RBL+10].

Later, we will employ the spontaneous emission spectrum in Eq. (4.21) and the relation

between the GF and the PF (in the weak coupling regime) in a number of different nanoscale

systems. In Chap. 5 we will examine the spontaneous emission spectrum of a QD coupled to

the field anti-node of a planar photonic crystal cavity to study the strong coupling spectrum

in a system devoid of material loss. In Chap. 6 we shall examine PF enhancements above

a negative index slab and examine the far field emission spectrum of a QD placed near the

surface of the slab, and in Chap. 7 we shall investigate the strong coupling of a QD coupled

with a metallic nanoparticle through the near and far field spontaneous emission spectrum.



Chapter 5

Purcell Factor, Effective Mode

Volume, and Strong Coupling

Regime in a Photonic Crystal

Cavity

5.1 Introduction

One application of the work in this thesis is to develop an accurate and self-consistent quan-

tum formalism for describing light-matter interactions in quite general photonic systems,

such as hybrid plasmonic/photonic structures [BSF+10, Ben11]. It would be convenient if

simple mode expansion techniques for the Green Function (GF) introduced in Chap 2, e.g.

G
quasi−mode (

r, r′;ω
)

≈ ω2fc (r) [fc (r
′)]∗

ω2
c − ω2 − iωΓc

, (5.1)

were applicable for systems containing material loss however it is not obvious how good

this quasi-mode expansion is, and it is not immediately clear how to obtain and properly

normalize fc(r). Nevertheless, it is still possible that in many instances the mode expansion

75
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technique might be adequate, as we expect the mode expansion technique to be very good

when the GF response is dominated by a single mode. We are able to confirm these results

by comparing the results from the mode expansion technique [Eq. (5.1)] and the exact

numerical GF, Eq. (2.73), calculated via finite-difference time-domain (FDTD) techniques,

i.e. G tot
ij (r, r′;ω) = Ei (r;ω) /Pj (r

′, ω). Since Eq. (5.1) only contains the response of the

single mode, there are additional corrections that can be included to obtain even better

agreement between the two techniques. For instance, in a planar photonic crystal (PC)

cavity the total GF is best described by,

G
tot ≃ G

quasi−mode
+G

slab−radiation
+G

δ
(5.2)

whereG
slab−radiation

is the radiation-mode response of the slab (no bound modes, and above

the light line) with an effective index, andG
δ
contains any additional divergent (evanescent)

contributions [Pat09]. Once we have calculated a GF for our hybrid system then we may use

the formalism derived in Chap. 4 to examine the spectrum of an emitter coupled into such

a system. In this chapter we will explore the details of how good the quasi-mode expansion

compares with the total GF for a lossless system.

We begin by examining a system that has been used extensively in experiments involving

strong coupling between PC cavities and quantum dots (QDs) [YSH+04, HBMWa+07,

STU+11], the planar PC cavity. We will calculate the bandstructure of the planar PC

cavity and show the properties of a number of different cavity modes. We shall connect

to work we have done in collaboration with Philip Trøst Kristensen1 (Paper A), showing

how to generalize (or properly define) the mode volume in a planar PC cavity due to the

non-Hermitian nature of the boundary conditions used in cavity calculations. We show

here that the eigenvalues necessarily become complex (even in a lossless cavity structure)

due to the leakage of light out of the system resulting in divergent modes far from the

cavity. We introduce a way to properly normalize these divergent modes such that the mode

1Credit for the derivation of the prescription described in this chapter belongs to Philip. We reproduce
his work here to better connect to Paper A and to motivate our contributions to Paper A.
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Figure 5.1: (a) Band structure (blue lines) corresponding to a hexagonal planar PC with
lattice constant, a, thickness, t = 0.5 a, air hole radius, r = 0.275 a and ε = 12 surrounded
by air (i.e. with no defects and extending infinitely in the plane). The region between
ω = 0.261(2π) c/a = 1.22 eV (294 THz) and ω = 0.321(2π) c/a = 1.50 eV (362 THz)
corresponding to a = 266-nm contains no allowed modes and constitutes the band gap
region, shown via the black dashed lines. The red and the green lines indicate the cavity
mode frequencies of the L1 and L2 cavities, respectively. The Γ,M , andK points correspond
to high symmetry points in the Brillouin zone. (b) As (a) but with the cavity region zoomed
in.

volume stays finite, and we compare these generalized mode volumes with the numerically

exact FDTD approach. Finally, we will demonstrate some representative weak and strong

coupling calculations involving QDs coupled in planar PC cavities. We shall describe the

resulting spectrum in terms of the GF and will connect to the cavity-QD coupling parameter,

g, which is typically used to characterize the strength of the interaction in lossless cavity

systems [WSL04]. These calculations will serve to give an appropriate comparison with

strong coupling in metallic structures studied in Chap. 7.
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Figure 5.2: (a) Time dependence of the mode excited with an input pulse and allowed to
decay for an L1 (blue) and an L2 (green) cavity at the cavity mode center, r0. Since the
mode is primarily y-polarized we plot log |fc(r0, t) · ŷ|. (b) Normalized spectra from the L1
(blue solid line) and the L2 (green solid line) cavities showing cavity mode peaks at ωL1 =
1.35 eV (327.3 THz) and ωL2 = 1.43 eV (346.5 THz) respectively. Circles are Lorentzian
fits using the same center frequencies with ΓL1 = 3.72 meV (0.90 THz) and ΓL2 = 3.27 meV
(0.79 THz) which correspond to decay times of τL1 = 0.35 ps and τL2 = 0.40 ps respectively.
Vertical dashed lines indicate band gap edges.

5.2 Planar PC Bandstructures

We will examine the properties of cavities with a modest Q ≈ 300 − 500, using L1, and

L2 geometries2, as motivation for our work in calculating the exact mode volume using

a quasi-mode analysis [KVH11]. We choose modest Q values instead of high-Q cavities

because for Q→∞ the exact mode volume expression approaches the quasi-mode volume

and the differences would potentially be smaller than the numerical accuracy of FDTD. We

first examine a hexagonal planar PC surrounded by air with a pitch, a, thickness, t = 0.5 a,

air hole radius r = 0.275 a, and relative permittivity ε = 12. We calculate the band

structure using MIT Photonic Bands (MPB) which is an open source plane wave expansion

method [JJ01]. Using the parameters above we obtain a bandgap in the region between

2The designation LX indicates a line of defects where X air holes have been replaced with slab material.
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ω = 0.261(2π) c/a = 1.22 eV (294 THz) and ω = 0.321(2π) c/a = 1.50 eV (362 THz) using

a pitch a = 266-nm (See Fig. 5.1).

Next we create L1, and L2 cavities in FDTD with simulation domains of size 16a×8
√
3 a

in the x and y directions, and we explore a few different domain sizes in the z direction,

namely 3a, 6a and 12a. We excite the system at the center of the cavity with a y-polarized

dipole source and a bandwidth that overlaps most of the bandgap region. This spectrum

will give us a coarse estimate of where we expect our cavity mode to be located in frequency.

Once this was found, we repeated the simulation with a much smaller bandwidth but centred

on the lowest peak within the bandgap found in the previous simulation. In all simulations

we use perfectly matched layer (PML) boundary conditions (See Chap. 3) so that outgoing

radiation is absorbed (i.e. there is no back reflection from the edge of the computational

domain).

In Fig. 5.2 (a) we plot the log of the y component of the excited mode, fc, at the center

of the cavity, r0, versus time and see that the mode takes, relatively, a substantial time to

decay. In Fig. 5.2 (b) we plot the normalized spectra for the two modes. Using HARMINV

we are able to extract QL1 = 362 with ωL1 = 1.35 eV (327.3 THz) for the L1 cavity and

QL2 = 437 with ωL2 = 1.43 eV (346.5 THz) for the L2 cavity, both of which are the only

modes which lie in the band gap region. The absolute value of the mode profiles from the

L1 and L2 cavities are shown in Fig. 5.3, where the modes are normalized according to the

regular method of orthogonal mode normalization [Sak05],

〈fλ|fν〉 =
∫ ∞

−∞
dr ε (r) fλ (r) · f∗ν (r) = δλ,ν , (5.3)

where we have used 〈〉 to denote our inner product which is calculated in the “usual” sense.

Using Eq. (5.3), the effective mode volume in these cavities is typically calculated as,

V =
1

max [ε(r)|fc (r) |2]
, (5.4)

which is the most natural quantity to consider when examining spontaneous emission rates

in cavities which describes the energy density of the modes. However, as we will describe in
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Figure 5.3: Absolute value of the mode profiles, |fc(r, ωc)|, of the lowest order modes (and
only non-degenerate) for the L1 and L2 cavity at the cavity frequency ωc. (a),(b) profile in
the xy plane through the center of the slab for the L1 and L2 cavity respectively. (c),(d)
profile in the xz plane through the center of the slab for the L1 and L2 cavity respectively.
(e),(f) profile in the yz plane through the center of the slab for the L1 and L2 cavity
respectively.

Sec. 5.3 (and Paper A), this normalization is only formally applicable for modes of Hermitian

eigenvalue problems. If the limits are closed somewhere in the vicinity of the cavity instead

of at ±∞ then Eq. (5.3) is usually adequate, but when using FDTD with open boundary

conditions (i.e., PML), the modes are always non-Hermitian, to some degree, for any finite

Q. Other forms of the mode volume have been proposed that also depend on energy

densities [WS10, Mai06], by identifying quantities which have units of volume [AMGA10],

or by reverse engineering a mode volume from a Purcell analysis [Koe10]. The meaning of
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a “mode volume” can be somewhat ambiguous since it implies a knowledge of the “size”

of the mode or an estimation on where the majority of the energy is located. This can

be further complicated in inhomogeneous or random media as it may be hard to define

where “most of the mode is”, hence the adoption of the energy density as an unambiguous

characterization of the mode volume.

5.3 Effective Mode Volumes and Purcell Factors

When defining a set of optical modes for a system, the modes are typically thought of as

solutions to the following wave equation:

∇×∇× fc (r, ωc)−
ω2
cε (r)

c2
fc (r, ωc) = 0, (5.5)

where ωc is the eigenvalue of mode fc. However, when solving differential equations it is

important to be clear about the boundary conditions upon which you solve the equation.

For instance, if we solve Eq. (5.5) in a fixed domain where we employ Dirichlet (f = 0) or

Neumman (∂fi/∂n̂ = 0, i.e. the normal derivative of the components are zero) boundary

conditions, then if ε is real we have a Hermitian eigenvalue problem with orthogonal modes

and a discrete set of eigenvalues, ωc, which are purely real. If we extend this domain to be

extremely large then those modes become more finely spaced but are still orthogonal with

a real eigenvalue. Due to the orthogonality of the modes, a system initialized with a given

superposition of a set of modes will not experience any decay or mixing with other modes.

The system is in that state for all time.

When we compare the scenario of eigenmodes satisfying Dirichlet or Neumman boundary

conditions to the case of PC cavity calculations where we employ open boundary conditions,

such as the PML used in FDTD (Sec. 3), we see these are different systems. Physically

what happens in such a system is the cavity mode couples to radiation modes which cause

the cavity to slowly leak radiation which propagates outward. We define these “leaky”

modes as quasi-modes, f̃c (r, ω̃c), which are solutions to Eq. (5.5) which satisfy the open
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boundary conditions. The subtlety in the boundary condition implicitly assumed in cavity

mode calculations is usually glossed over by applying the regular procedures for mode

normalization in lossless structures, i.e. Eqs. (5.3)-(5.4), and adding an effective cavity

decay rate, Γc, to account for this leaking to the outside world.

When solving Eq. (5.5) with PML we find that we are solving a non-Hermitian eigenvalue

problem with eigenvalue, ω̃λ = ω̃λ,R+ iω̃λ,I , where the ω̃λ,R is the familiar center frequency

of the mode and ω̃λ,I < 0 describes the decay rate. The correct normalization for these

modes then becomes [KVH11, LP96, LLY94],

〈〈f̃λ|f̃ν〉〉 = lim
V→∞

∫

V
drε (r) f̃λ (r) · f̃ν (r) + i

√
ε

ω̃λ + ω̃ν

∫

∂S
drε (r) f̃λ (r) · f̃ν (r)

=δλ,ν ,

(5.6)

where we define 〈〈〉〉 as the correct inner product for these non-Hermitian modes and ∂S

is the surface surrounding the integration volume V . The first term arises from the use of

a generalized norm that is typically used for non-Hermitian eigenvalue problems (note the

lack of complex conjugate), the second term is a result of taking the difference between two

eigenvalue solutions which would normally vanish in Hermitian eigenvalue problems as the

domain is extended to infinity [LP96]. Note that neither term is independent of the volume

size, but both are perfectly balanced as V → ∞ such that the sum is independent of V .

From this definition we can redefine the corrected mode volume in terms of quasi-modes as,

Ṽc =
1

ε (r0)

|vc|2
vc,R

, (5.7)

where

vc =
〈〈f̃c|f̃c〉〉
f̃2c (r0)

=vc,R + ivc,I

(5.8)

is complex in general and r0 is the location of the peak of the cavity mode. Eq. (5.7)

is the proper manner of calculating mode volumes in non-Hermitian systems and should

be used in general for modes calculated via FDTD. In Paper A we show the impact this
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has on cavity mode volume calculations and the Purcell Factor, which is proportional to

Qc/Vc, and how normalizing the modes by applying Eq. (5.3) on quasi-modes results in an

exponential divergence. In the limit of Q→∞ we see agreement between the two methods

and for practical calculations this divergence is only observable for low-Q cavities, however

the formal integration of these non-Hermitian modes using Eq. (5.4) will always diverge due

to the imaginary part of the wavevector. In the case of the modified L3 cavity discussed

below and shown in Fig. 5.4(b) the difference between using the corrected mode volume

and the traditional mode volume is 0.2%.

5.4 The Modified L3 Cavity

We now turn our attention to the celebrated L3 cavity [AASN03], which is one of the

most successful experimental platforms for examining cavity-QED effects in solid state

systems [YSH+04, HBMWa+07, STU+11, RVW+11, NAK+11]. We use the L3 cavity due

to its success and because its properties have been well characterized [AASN03, AASN05].

Thus, the L3 cavity offers a good example to compare against when we consider the strong

coupling spectrum of a QD coupled with a metallic nanoparticle (MNP) in Chap. 7 and

these calculations form a basis for future work involving coupled PC cavity-MNP systems.

We consider a planar PC with pitch a = 340-nm, thickness, t = 0.5 a, hole radius

r = 0.3 a, and ε = 12 (band structure is qualitatively the same as in Fig. 5.1 but the band gap

is now between ω = 0.266(2π) c/a = 0.970 eV (234.5 THz) and ω = 0.345(2π) c/a = 1.26 eV

(304.2 THz). We create an L3 cavity and additionally shift the holes on either side of the

cavity outwards by 0.15 a as was suggested by Akahane et. al. [AASN03] which causes

the mode profile to more closely match a Gaussian profile by better satisfying the Bragg

conditions which increasing the Q. We use a simulation volume of 16a ×16 a
√
3/2×3 a with

corresponding step sizes of a/21×a
√
3/(2×21)× t/20. From this we obtain a cavity with a

dominant cavity resonance frequency ωL3 = 1.00 eV (241.2 THz), and a Q ≃ 32, 000 for the
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Figure 5.4: (a) Time dependence of a modified L3 cavity mode measured at the cavity
center, r0, after being excited with an input pulse at the same location. Since the mode is
primarily y-polarized we plot log |fc(r0, t) · ŷ| (b) Im[Gyy ] normalized to the homogeneous
GF in the same material as calculated using the mode expansion technique (blue line) and
using the exact numerical GF technique for four different FDTD run times. Green, red, light
blue and purple circles correspond to truncating the simulation time at the corresponding
color dots in (a) to obtain the spectral profiles in (b).

fundamental mode3. There is one other mode located in the band gap at ωL3,2 = 1.14 eV

(275.3 THz) with Q ≃ 1, 100 however the spectral separation between the two modes is

much greater than the linewidths of both modes.

We wish to use the mode expansion for the GF, Eq. (5.1), whenever possible as it is

much less computationally demanding when compared with the exact numerical solution to

the GF, Eq. (2.73). Additionally, it allows the QD to be positioned at any spatial point near

or within the cavity mode since the mode expansion gives a GF for all r, r′ [see Eq. (5.1)]

whereas the numerical solution of the GF requires multiple calculations when changing

r′. Using the mode expansion for r, r′ 6= r0 where r0 corresponds to the cavity anti-node

requires care because the additional neglected terms in Eq. (5.2) become more significant.

The exact numerical solution of the GF requires extremely long runs as is shown in Fig. 5.4.

Here we plot the mode expansion of the GF in Fig. 5.4(b) when both r and r′ are located at

3Larger Q can be obtained by extending the simulation volume, though this will not affect our studies
and conclusions below.
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the antinode of the cavity, and compare it to the exact numerical GF calculated for various

computational times. As can be seen, we only obtain agreement when our mode has decayed

by at least 5 orders of magnitude4. Thus, for low Q cavities the numerical GF technique

is computationally comparable to the mode expansion technique but for mid-to-high Q

cavities it should be avoided.

5.5 Weak and Strong coupling in PC Cavities

Using the L1 cavity GF, calculated in the exact same manner as the L3 cavity GF above,

we consider a QD placed at the anti-node of the cavity. For the QD polarizability,

α (ω) =
|d|2
ε0h̄

2ωd

ω2 − ω2
d − iωγd

, (5.9)

we consider the transition frequency, ωd = ωL1 + 1 meV, and the non-radiative decay rate,

γd = 1µeV [HY09] while examining various dipole moments for which we use values from

the literature [RSK+11, RDSF+10, SSR+10]. This value for γd is typical of InAs QDs

at low temperature [QAvVY10]. Here we describe the cavity-QD coupling via the dipole

moment and the GF instead of the typically used g, which only describes the strength of

the interaction and not the lineshape (i.e. it is usually real and frequency independent).

These can be related (considering real dipole moments and ignoring the vectorial nature of

the GF) using Eqs. (2.27) and (4.29), at ω = ωc as,

|g|2 = Γc |d|2 Im[G quasi−mode(rd, rd;ωc)]

2h̄ε0
. (5.10)

In Fig. 5.5(b) we calculate the spectrum near the QD using Eq. (4.21), e.g.,

S(R, ω) =

∣

∣

∣

∣

∣

(ω + ωd)d ·G(R, rd;ω)/ε0

ω2
d − ω2 − 2ωd ·G scatt

(rd, rd;ω) · d/h̄ε0 − iωγd

∣

∣

∣

∣

∣

2

. (5.11)

4This calculation took approximately 5.6 days on the Lagavulin cluster (see Chap. 3) using 16 processors
(CPU time ≈ 90 days).
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Figure 5.5: (a) Weak coupling spectrum of a QD (ωd = ωc+1 meV) located at the antinode
of an L1 cavity with the spectrum calculated near the dot. Here we have d = 30 Debye
= 0.62 e-nm (blue), and d = 10 Debye (green). The original QD spectrum in vacuum is
given by the light-blue. (b) The strong coupling spectrum of a QD on resonant with an L3
cavity (ωd = ωc) and placed at the antinode. Here we use d = 30 Debye = 0.62 e-nm (blue),
d = 10 Debye (green), d = 4 Debye (red).

We can see that the weakest dipole moment, d = 4 Debye (red), shows a very sharply peaked

function very close to ωd. However, once the dipole moment is increased to d = 10 De-

bye (green), the spectrum broadens and shifts due to the coupling with the cavity. The

spontaneous emission rate due to the increased dipole moment is given by Eq. (4.24),

γ = 2|d|2Im[G]/h̄ε0 = 6µeV while the frequency shift is given by Eq. (4.25), ∆ω =

−|d|2Re [G] /h̄ε0 = 1.6µeV, and we plot the QD polarizability, Eq. (2.44), using these

new rates and frequency shifts as the green circles. Further increasing the dipole rate to

d = 30 Debye (blue) shows a larger increase compared with the 10 Debye case by the

expected factor of 9. For the highest dipole moment this would correspond to g ≈ 0.2 meV.

Moving to the modified L3 cavity GF shown in Fig. 5.5 (b), we consider the same

QD parameters as in the weak coupling spectrum above, where we calculate the spectrum

using Eq. (5.11), except the QD is now resonant with the cavity . For the lowest dipole

moment, d = 4 Debye, we can see that the original spectral peak in the weak coupling

spectrum is much broader and has split into two peaks, where the peak splitting is given
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by 2g = 26µeV. This peak splitting occurs due to the strong renormalization of the energy

levels as the cavity and the QD interaction strength increases which creates a new set of

“dressed” levels. Increasing the dipole moment further continues splitting the peak into

two entirely separate peaks which become increasingly farther apart. We note that in

the resonant case there is no Lamb Shift because the real part of the GF (modelled as a

Lorentzian) passes exactly through zero. The peak splitting observed here is a direct result

of the self-consistent calculation of the QD coupled with a cavity and is impossible to obtain

using PFs and LSs which are only applicable in the weak coupling limit. Such splittings

and line narrowings have been observed experimentally in a variety of systems [YSH+04,

KGK+06, HBMWa+07, RSL+04].

While we have only touched on two scenarios to examine the weak and strong coupling

spectrum of a QD coupled to a single, lossless cavity mode it is possible to investigate many

different scenarios. These include the difference in the spectrum as viewed by a detector

which detects cavity mode emission, compared to emission into radiation modes [HY09],

QDs within cavities coupled to waveguides [Hug04, RH07c, YH09b] or directly embed-

ded in waveguides [RH07a, RH07b]. The theory can also be extended to include multiple

dots [HGK06, Hug07, YH09a, RBL+10, KMLH11]. The ability to perform similar calcu-

lations by modifying the cavities with plasmonic nanostructures to engineer spontaneous

emission rates, strong coupling dynamics, emission directivity (beta factors) and so on is

certainly an attractive prospect.

5.6 Conclusions

Here we have characterized a particular example of a very well studied system, the planar

PC cavity, to show the methods of calculating GFs in lossless systems. We showed the

bandstructure for a particular planar PC, and examined the electric field characteristics for

L1 and L2 defects which are good examples of low-to-mid Q cavities. We then discussed
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the correction of the mode volume, and mode normalization in systems such as PC cavities

resulting from open boundary conditions, which is the topic of Paper A. We continued the

discussion on planar PC cavities by examining the properties of a modified L3 cavity which

has been used extensively in the literature [YSH+04, HBMWa+07, STU+11, RVW+11,

NAK+11] and examined the differences between two FDTD GF calculation techniques. We

finished by examining the weak and strong coupling regimes of a QD placed directly at

the antinode of the L1 and L3 cavity, respectively, and demonstrated the trends that occur

when increasing the dipole moment (e.g., increasing g).

The work here provides a good comparison for the calculations of LSs and PFs above

negative index slabs, as discussed in Chap. 6, as well as the strong coupling spectra calcu-

lated above MNPs discussed in Chap. 7. In both of those chapters we will connect back to

the PC system to draw comparisons and further describe the differences in the physics of

each of these systems.



Chapter 6

Purcell Factors and Light-Induced

Forces above a Metallic Half-Space

and a Negative Index Slab

6.1 Introduction

Much of the research in quantum optics has focussed on lossless systems [YSH+04, RSL+04,

ADW+06, SP07, NFA07, HBMWa+07] (which we also briefly looked at in Chap. 5), where

well defined techniques have been developed for the calculation of the optical modes and

their effective mode volumes. In this chapter, we focus on two lossy planar systems and

study their potential for engineering the local density of states (LDOS) for applications

in (classical) light-induced forces and quantum optics. The first lossy planar system is a

simple silver half-space, and the second system is a metamaterial slab exhibiting a nega-

tive refractive index. While the silver half-space is a well studied system, it provides an

excellent comparison for the negative index slab (NIS) to determine which properties are

characteristic of only NISs and which are properties of lossy/metallic materials in general.

89
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Metallic/negative index structures in planar geometries are attractive for modifying the

LDOS equally across the interface due to the translational invariance of the system. One

of the major problems in using semiconductor microcavities for obtaining enhanced Purcell

factors (PFs) is that they require very precise quantum dot (QD) placement within the

cavity to achieve maximum coupling with the anti-node [NFA07], whereas planar structures

will achieve the same amount of coupling (which can still be substantial) everywhere on the

surface. Additionally, semiconductor microcavities only attain large enhancements in an

extremely narrow bandwidth whereas the bandwidths of surface plasmon polaritons (SPPs)

or slow-light negative index waveguide modes can be significantly broader. This can be seen

from Chap. 5 where the weak and strong coupling spectra are examined over ranges of ≈

0.5 meV whereas the plasmons shown below typically have linewidths on the order of 0.1 eV.

Fortunately, the semi-analytic formalism for calculating the multi-layer Green function (GF)

developed in Chap. 2 is valid for any multilayer geometry and the formalism of Chap. 4

can be immediately applied. Modifying the LDOS using metallic objects has applications

beyond quantum optics, and can benefit electron energy loss spectroscopy [dAK08, HDK09,

NKS+07], as well as aiding the optical trapping and sorting of particles much smaller than

the wavelength of light [RZGQ07, GRDZ08, JGP+09].

A fundamentally interesting question regarding NISs is how the negative refractive in-

dex affects the quantum optical properties of photon emitters in their vicinity. This is the

problem we study in Paper B where the enhancement of the spontaneous emission rate

near NISs is examined [YVVR+09]. Many of the initial proposals for negative index ma-

terials only considered the case of ε = −1 and µ = −1, or they include dispersion but

neglect loss [TBH07]. While such a parameter set certainly simplifies many calculations,

the Kramers-Kronig relations state that dispersion must be accompanied with loss [Jac75].

Currently, negative index materials are being characterized in terms of a figure-of-merit

(FOM) where the FOM=|Re[n]|/Im[n]. Thus far, the highest reported FOMs are around

3 [DEW+06a] (at λ = 1.4µm), and typical FOMs are ≤ 1 (FOM=0.1 for λ = 1.5µm
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using paired nanorods and FOM=0.5 for λ = 780-nm for a nano-fishnet with rectangular

voids [DWSL07]). Such low FOMs show that loss is hardly a perturbation in these sys-

tems [RDH08, Rez08]. Since it is impossible to engineer a completely flat dispersion curve

in the region of negative refractive index using metallic constituents, one must address the

issue of loss in order to make realistic predictions to guide experimentalists. For instance,

Reza et. al. [Rez08, RDH08] has shown that loss has a major effect on the bandstructure,

even for an arbitrarily small amount of loss.

Building on the work of Reza et. al. [Rez08, RDH08], Paper B begins with the complex

band structure for both TE and TM slab waveguide modes which fully includes the material

loss. We connect to the complex bandstructures by calculating the GF using the multilayer

slab GF technique of Sec. 2.3.1, where we consider a three-layer model instead of N -layers

and we further make the assumption that x = y = x′ = y′ = 0. We develop the formalism

for calculating the spectrum in lossy systems using the methods described in Chap. 4, and

we show that above NISs it is possible to obtain enormous PFs and Lamb shifts and relate

these directly to the slow-light mode bandstructure. Additionally, we analyse the height

dependence of the PF and the dependence on the amount of material loss.

The significant enhancement of the LDOS in Paper B naturally leads to the question

about enhanced coupling between distant particles/emitters via SPPs in metals or slow-light

modes in NISs. We address this question in detail in Paper C where we examine the coupling

between two metallic nanoparticles (MNPs) and study the optical forces on the particles

when illuminated from above with a simple plane wave. We self-consistently include the

scattering from the MNPs via the Dyson equation (Sec. 2.2.4), and connect the force dy-

namics with the spatial and spectral dependences of the LDOS and the non-local density of

states (NLDOS), G(r2, r1;ω). The NLDOS1 describes the interparticle coupling between

two distant points in space, and is calculated using the method described in Sec. 2.3.1. We

1The real and the imaginary part of the NLDOS are related to virtual and real photon transfer, respec-
tively [TME+02].
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show that only by including the scattering induced by the particles are we able to couple

with SPPs (which are impossible to couple to in this geometry via plane wave illumination

without grating couplers [Ber09]) and slow-light modes and the frequency of illumination

drastically changes the force dynamics in the system. Additionally, the scattering induced

by the particles must be included non-perturbatively, i.e. E(r) = E0(r) + G(r, r′) · P(r′)

[see Eq. (2.16)] where the polarization source, P, depends on the final field E instead of

the initial field E0. We conclude Paper C by showing the loss dependence of the slow-light

modes in the NIS since it is possible to engineer the material parameters in metamaterial

structures whereas for metals the material parameters are fixed. We connect these with the

optical forces and show that with suitably low (but realistic) losses it is possible to enhance

the long range coupling between the MNPs. These studies may have applications for the

trapping, and sorting of nanoparticles using opto-fluidics [PQY06, MDE07].

In this chapter, we take the opportunity to connect to a number of topics beyond the

works studied in Paper B and Paper C. We first describe the basic properties of metallic

systems to aid the discussions of Paper C and Paper D (Paper D is discussed further in

Chap. 7). After which, we discuss the calculation of the LDOS inside lossy structures

by calculating the scattered part of the GF using the multilayer GF method described

in Sec. 2.3.1. We obtain some surprising results indicating the LDOS inside these lossy

structures can be negative (which is, of course, unphysical), and we shall connect with these

results and try to correct them in Chap. 8. We also derive the formulas for calculating the

force on a macroscopic object via the stress tensor, and then for calculating the force on a

particle with dimensions much smaller than the wavelength of illumination (i.e., using the

dipole approximation). Finally, we connect with the dispersion force (e.g, the Casimir force

or the Casimir-Polder force) calculations [Cas48, CP48, DLP61] and relate these to the GF

formalisms developed in this thesis which could form the basis for future work.
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6.2 Simple Plasmonic Systems

The permittivity for most metallic systems can be described by the Drude model,

εm(ω) = εr −
ω2
p

ω2 − iγω
. (6.1)

We take the permittivity as ω →∞ to be εr = 6, the plasma frequency to be ωp = 7.89 eV

and the damping rate to be γ = 51 meV, which are parameters that are appropriate for

silver which we will use throughout this work [LBZ08, SSR+10]. We plot the permittivity in

Fig. 6.1 (a) and we note that there are three interesting frequency locations: (i) at 3.23 eV

the real part of the permittivity passes through zero; (ii) at 2.99 eV the real part of the

permittivity is -1; and (iii) at 2.79 eV the permittivity is -2. These last two frequency values

correspond to the cases where Re[εm(ω)] = −εvac and Re[εm(ω)] = −2εvac, where εvac = 1

is the relative permittivity of vacuum and the significance of these values is explained below.

To examine the effects of the silver slab SPP we consider a space where the lower

part is composed of a metallic material with Re[εm] < 0 and the upper part is composed

of a lossless dielectric εB . We examine the case where we have travelling waves along

the interface between the materials, but decaying waves inside both the metal and the

dielectric. If we assume that the waves are travelling along the interface in the x direction

[see inset of Fig. 6.1 (b)], and evanescently decaying into both materials in the z direction

(i.e. ∝ eikxxe−kzz) then we can solve the boundary conditions across the interface [Mai07].

We find that for transverse magnetic (TM) polarization (e.g. Hx,Hz, Ey = 0), the waves

must satisfy the relation,

kz,B
kz

= − εB
εm

, (6.2)

where k2z,B = k2x − k20εB is the z component of the wavevector in the dielectric medium and

k2z,m = k2x − k20εm is the z component of the wavevector in the metallic medium. We can
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Figure 6.1: (a) The real (blue) and imaginary (green) part of the refractive index of silver
described by the Drude model [Eq. (6.1)] with εr = 6, ωp = 7.89 eV and γ = 51 meV. (b)
The dispersion relation for a silver half-space showing the real (blue) and imaginary part
(green) of the wavevector of the SPP. The dashed red and dashed orange lines show the
real part and the imaginary part, respectively, of the dispersion relation for γ = 0.

rearrange Eq. (6.2) to find the dispersion relation for the SPP,

kx = k0

√

εmεB
εm + εB

. (6.3)

Interestingly, performing the same analysis for transverse electric (TE) polarization leads

to a null result [Mai07] meaning that (for metals) SPPs only exist for TM polarization.

We plot the dispersion relation in Fig. 6.1 (b) where we consider the metal to have

the same parameters as was used in Fig. 6.1 (a) and the dielectric to be vacuum. The

blue solid line and the green solid line indicate the real and imaginary components of the

in-plane wavevector, respectively. We can see that the real part of the in-plane wavevector

for ω < 3 eV is much larger than the free space wavevector. This is precisely the point

where Re[εm(ω)] = −εvac which corresponds to a vanishing real part in the denominator

of Eq. (6.3). This same region is where the imaginary part of the in-plane wavevector

becomes very large indicating increased loss. For 2.99 eV < ω < 3.23 eV the real part

of the in-plane wave vector becomes much much smaller than the free space wavevector,

while still maintaining a very strong loss indicating that waves travel very poorly in this
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Figure 6.2: The real (blue) and imaginary (green) part of the polarizability, α of a MNP
composed of silver described by the Drude model [Eq. (6.1)] with εr = 6, ωp = 7.89 eV and
γ = 51 meV and surrounded by air.

frequency regime and it is no longer possible to support SPPs. For ω > 3.23 eV the material

behaves like a lossy dielectric. We show the real part (red-dashed) and the imaginary part

(orange-dashed) of the same data except when we take the metallic loss, γ, to zero. We see

similar effects as in the lossy case except now the real part of the wavevector diverges but

is confined to the surface of the slab as ω approaches 2.99 eV from below and it becomes

purely radiative (and lossy) above ω = 2.99 eV.

Another system exhibiting high symmetry is the MNP composed of εm and embedded

in a dielectric material of εB . When the radius of the MNP, a, is much less than the

wavelength of light it is possible to employ the quasi-static approximation to find the MNP

response when an applied electric field is incident on the system. By properly solving the

boundary conditions [Mai07], we find that the total electric field at r, given there is a MNP

scatterer introduced in a homogeneous space at r′ is given by (see Sec.2.2.4) [NH06],

E (r, ω) = E0 (r, ω) +G
hom (

r, r′;ω
)

α(ω) · E0

(

r′, ω
)

, (6.4)

where the polarizability is

α (ω) =
α0 (ω)

[1− iα0ω3
√
εb

6πc3a3
]
, (6.5)
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with the bare polarizability,

α0 (ω) = 4πa3εB
εm − εB
εm + 2εB

. (6.6)

The denominator in Eq. (6.5) contains so-called the radiation reaction term, which is nec-

essary to account for radiative coupling [NH06, Dra88]. This term results from the self-

consistent coupling of the MNP to the homogeneous space and is related to the M term of

Sec. 2.2.4 (hence the name, self-term) [NH06].

In Fig. 6.2, we plot the polarizability of a silver MNP with the same parameters as the

silver half-space above and with the MNP surrounded by air. We can see that the imaginary

part of α, which corresponds to absorption, is highly peaked at 2.79 eV, which is precisely

the location where Re[εm] = −2εB causing the real part of the denominator in Eq. (6.6) to

vanish. These excitations are described as localized surface plasmons (LSPs).

6.3 LDOS Enhancement in Lossy Structures

In lossless structures, the calculation of LDOS enhancements (PFs) typically involves the

calculation of the scattering part of the GF since the imaginary part of the homogeneous

part of the GF with equal space arguments is, Im[G
hom

(r, r;ω)] = ω3nµ/6πc3. How-

ever, as shown in Chap. 2, in lossy systems the imaginary part of the homogeneous GF

diverges when r = r′. Consequently, many researchers have still attempted to calculate

LDOS enhancements by only considering the scattering part [XYLZ09, LEK09]. Below,

we calculate LDOS enhancements both inside and outside a silver half-space and a NIS,

from Im[G
scatt

(r, r;ω)], and show that only considering the scattering part of the GF is

unphysical inside a lossy structure.

In Fig. 6.3 (a) we plot Im[G scatt
zz ], i.e. the LDOS, for the silver half-space using the

Drude model, Eq. (6.1), where we consider εr = 6, ωp = 7.89 eV and γ = 51 meV (these

are the same parameters as considered in Fig. 6.1). We plot in blue (×103) the LDOS when
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Figure 6.3: (a) Im[G scatt
zz (z, z;ω)] for different locations near a silver half-space. The blue

solid line (×103) is 100-nm below the slab surface, the green line is 10-nm below the slab
surface and the red line is 100-nm above the slab. The chain black line is the imaginary
part of the vacuum GF (×102). The peaks located at ≈ 3 meV are due to the SPP and
the peak at ≈ 3.25 eV are due to the transition of the Re[ε] from negative to positive. (b)
Im[G scatt

zz (z, z;ω)] for different locations near the 280-nm slab. The blue solid line (×10) is
at the center of the NIS, the green line is 28-nm inside the NIS and the red line is 28-nm
above the NIS. The chain black line is the imaginary part of the vacuum GF (enhanced by a
factor of 50). The peaks in the LDOS are associated with the various slow-light waveguide
modes.

z = z′ = 100-nm below the surface of the metal (see inset), in green we plot for z = z′ = 10-

nm below the surface of the metal and in red we plot for z = z′ = 10-nm above the surface of

the metal in air. For comparison we show the imaginary part of the vacuum GF, G0, as the

black chain line (×102). We see that for both GFs calculated inside the lossy material, in

the region where Re[ε] from transitions from negative to positive, there is a large negative

component to the LDOS. For the GF 100-nm into the metal this negative contribution

is comparable to the vacuum GF indicating the spontaneous emission might be entirely

suppressed in this case when considering the total GF as the sum of the homogeneous and

the scattered part. However, when we are just 10-nm below the surface the vacuum GF is

almost 1000 smaller in magnitude compared with this large negative scattering component.
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Since the homogeneous part of GF diverges when r = r′ in lossy materials [DBK+03]

it is not at all clear how to connect a physically meaningful spontaneous emission rate

with Im[G
scatt

(r, r;ω)] inside the structure. We address this further in Chap. 8 when we

introduce the ideas of a regularized GF and the local field problem in quantum physics. We

note that above the slab, there is no negative component to the GF, and the only resonance

is due to the SPP mode, which is also present just below the surface. Thus there is no

problem in computing the spontaneous emission rate outside the slab. The peaks at ≈ 3 eV

are due to the propagating SPPs.

In Fig. 6.3 (b) we plot Im[G scatt
zz ], near a NIS where we consider the slab to have a

thickness of 280-nm, the permittivity is given by the Drude model, and the permeability is

given by the Lorentz model,

µ (r, ω) = 1 +
ωpm

ω2
0 − ω2 − iωγm

. (6.7)

We use εr = 1, ωe = 2.03 eV, ωpm = 0.69 eV, ω0 = 0.78 eV and γ = γm = 0.083 eV,

which are the same parameters as are used in Paper B. The blue line in Fig. 6.3 (b), which

is enhanced by a factor of 10, is taken at the center of the slab, the green line is taken at

28-nm inside the slab, and the red line is taken at 28-nm above the slab (see inset). Here

we see very similar behaviour between the silver half-space and the NIS, where the LDOS

above the NIS is entirely positive, but the LDOS inside the slab contains large negative

contributions which are associated with slow-light waveguide modes in this case. For both

the metal half-space and the negative index slab, there are further difficulties regarding

the placement of emitters within these environments. For instance, the electrons in the

surrounding metal will act to screen the emitter when attempting to excite it and the emitter

may preferentially excite electron-hole pairs directly inside the metal instead of emitting

radiation, which is already the case when dipoles are placed very close to dielectric-metallic

interfaces [LB10, FW84, CPS78].



CHAPTER 6. PURCELL FACTORS AND LIGHT-INDUCED FORCES... 99

6.4 Classical Optical Forces – Stress Tensor Approach

In classical optics, the macroscopic electromagnetic forces between bodies are governed by

the stress tensor2, T [NH06], defined as

T (r, t) = ε0εE (r, t)⊗E (r, t)−µ0µH (r, t)⊗H (r, t)

−1

2

(

ε0ε |E|2 (r, t) + µ0µ |H|2 (r, t)
)

I ,
(6.8)

where |E|2 = E2
x+E2

y +E2
z . While calculating the full 3D stress tensor can be very difficult

(as the electric and magnetic fields are required surrounding the entire object) one can

easily write down the total force on a body as

F =

∮

S
T (r) · nda , (6.9)

where n is the outward normal of the surface area element da on the closed surface S. The

torque can be calculated similarly, from

N = −
∮

S

(

T (r)× r
)

· nda . (6.10)

Thus, if the fields on a surface about a body are known, the force and the torque are easily

calculated. This can be done computationally, e.g. using finite-difference time-domain

(FDTD) techniques [TH05], where the full scattering solution of the electric and magnetic

fields including the object can be found for arbitrary incident sources in arbitrary geometries.

FDTD calculations of the stress tensor are most easily solved when there are large electric

field gradients in the system, which usually occurs for geometries which strongly scatter the

incident field.

2We use the Minkowski form of the Stress tensor instead of the Abraham version of the stress tensor
however, it has been shown that the former results from canonical momentum and the latter resulting from
the kinetic momentum [Bar10, PNHRD07]. For the case when the media in which the stress tensor is
calculated is vacuum the two are formally equivalent.
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6.5 Classical Optical Forces – Dipole Approximation

If we consider the interaction of two oppositely charged particles (representing a single

dipole) with the electric field, we can write the equations of motion of their coordinates as

m1r̈1 = q [E(r1, t) + ṙ1 ×B(r1, t)]−∇U(r1, t), (6.11)

m2r̈2 = −q [E(r2, t) + ṙ2 ×B(r2, t)] +∇U(r2, t), (6.12)

U is the interparticle binding energy, and m1/2 and r1/2 are the mass and the position of

the positively/negatively charged particle, respectively. By Taylor expanding in terms of

the center of mass coordinate, r = m1/(m1 + m2)r1 + m2/(m1 + m2)r2, and truncating

after second order, we can write the force in terms of the dipole moment, d = qs, where

s = r1 − r2 is the separation between the particles. This gives [NH06],

F(r(t), t) = (d(t) · ∇)E(r(t), t) + ḋ(t)×B(r(t)) + ṙ(t)× (d(t) · ∇)B(r(t), t), (6.13)

where we have assumed |s| << λ. This force can be considered to contain three contribu-

tions. The first is due to the inhomogeneous electric field, the second is due to the Lorentz

force, and the third is due to the inhomogeneous magnetic field. Note that the fields men-

tioned here assume that the particle does not significantly contribute to the scattered field,

which is not always the case (e.g., see Paper C and the work of Juan et. al. [JGP+09]).

By excluding the last term, which is typically much smaller, and considering time averaged

(denoted by 〈〉), monochromatic fields, Eq. (6.13) can be written as [CNV00b, NH06],

〈F(r;ω)〉 =
∑

i

1

2
Re[d∗i (r;ω)∇Ei(r;ω)]. (6.14)

If we redefine our dipole moment in terms of our incident electric field,

d(r;ω) = α(ω)E0(r;ω), (6.15)

and write our electric field in terms of a (real) amplitude and a complex phase, E(r;ω) =

E0(r;ω)e
iφ(r;ω), then we may rewrite the force on the dipole, Eq. (6.14), in terms of a
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gradient force and a scattering force,

〈F(r;ω)〉 = Re[α(ω)]

4
∇|E0(r;ω)|2 +

Im[α(ω)]

2
|E0(r;ω)|2∇φ(r;ω). (6.16)

Many authors only consider the first term, which is gradient portion of the force [NB04].

However, if this is done it is impossible to properly obtain the scattered force due to the

radiation reaction for particles with a real permittivity (and hence, real α). Additionally,

the α we use here is not the bare polarizability, but includes the radiation reaction through

Eq. (2.40).

6.6 Dispersion Forces

For the calculation of dispersion forces in arbitrary media, the formalism developed by

Welsch and co-workers [RW05, RW06, RW07, RII+07] (see also Chap. 4), provides an ex-

cellent starting point. We highlight a few of the key results of their technique and relate it

to the stress tensor and the force on a particle within the dipole approximation. Recalling

the form of the stress tensor, namely Eq. (6.8), and the fact that we can calculate the force

using Eq. (6.9), we can derive the stress tensor in an inhomogeneous structure as [RW05],

T (r) = θ̄ (r)− 1

2
ĪTr

[

θ̄ (r)
]

, (6.17)

where,

θ̄ (r) =
h̄

π

∫ ∞

o
dω coth

(

h̄ω

2kBT

)[

Im[G
scatt

(r, r;ω)]− c2

ω2
∇× Im[G

scatt
(r, r;ω)]×∇

]

,

(6.18)

where kB is Boltzmann’s constant, T is the temperature and [G
scatt

(r, r;ω)]×∇ is given by

Eq. (2.23). We only use the scattered portion of the GF as the homogeneous contribution

will average to be zero over any structure.

If we are interested in the force between an atom with bare polarizability α0 (ω) δ (r− rd)

and a macroscopic body3, then the stress tensor approach is no longer applicable. In this

3We use the bare polarizability here because the homogeneous contribution which gives the radiation
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case the dispersion force can be derived in a similar manner as the macroscopic dispersion

force to obtain the Casimir-Polder force [RW06],

F =
h̄

2π

∫ ∞

0

dω

1− exp (h̄ω/kBT )
Im
[

α0 (ω)∇ · Tr
[

G
scatt

(rd, rd;ω)
]]

. (6.19)

Equation (6.19) can be solved in the weak coupling limit (e.g., α0 (ω) n̂i ·G
scatt

(rd, rd;ω) ·

n̂i << 1 ) where the GF of the system does not include the atom, or in the strong coupling

limit where the GF is self-consistently solved to include the atomic polarizability (see below).

Both the stress tensor approach, Eqs.(6.17)-(6.18) and the dipolar approach, Eq. (6.19),

are complicated by the integration over all frequencies since most GFs are highly oscillatory

in terms of ω [RII+07]. The solution to this is to perform a Wick rotation [NH06, RW06]

which maps the integral onto a contour in the upper half of the complex plane (ω → iζ)

where the integrand is analytic. This is easily performed using the analytical methods in

Chap. 2 for the multilayer planar GF (Sec. 2.3.1) and for the spherical GF (Sec. 2.3.2).

In fact, the complex frequency causes the oscillatory integrand/summation to be quickly

damped resulting in a much faster convergence than for real frequencies. The Wick rotation

causes the majority of the (frequency) integrand in Eqs. (6.18) and (6.19) to be located

in the low frequency regime (ω << 2πc/L, where L is the separation between the two

macroscopic objects for the Casimir force, or the separation between the atom and the

macroscopic object for the Casimir-Polder force) and the effects of tailoring resonances

in the infrared up to the optical regime end up becoming negligible [RMW+10]. It is also

possible to calculate Casimir forces using the FDTD method [RMJJ09, MRJJ10], where the

Wick rotation is performed directly as part of the time dependent calculation by mapping all

permittivities via εcas(r, ζ) = ε(r)
√

1 + iσ
ζ , where σ is a frequency dependent conductivity

that can be chosen (smaller σ is more difficult numerically due to fast oscillations in the

integrand, increasing σ increases simulation run time as signals decay much more slowly).

While this rotation is frequency independent, it can be extended to frequency dependent

reaction will average to zero.
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media [RMJJ09]. By exploiting Fourier transform techniques it is even possible to calculate

the frequency integral as a running Fourier transform such that the force converges to the

proper value with increasing simulation time. The second GF term in Eq. (6.17) can be

handled with the relation,

Gm

(

r, r′;ω
)

=
c2

ω2
∇×G

(

r, r′;ω
)

×∇′ (6.20)

where Gm is the magnetic GF which is obtained from a magnetic dipole source. Due to the

symmetry of the Maxwell equations it is possible to interchange E with H and ε with µ for

any given calculation to obtain Gm instead of G (see Chap. 2) [BS09], which is numerically

easier compared with calculating the curl everywhere in space for both spatial arguments.

There have been a number of proposals for examining repulsive Casimir forces but

many of these proposals involve materials that have purely magnetic qualities [KKMR02],

anisotropy [DLL08, RDM08], or chirality [ZZK+09, ZKES10]. Thus far, the only geometry

to yet observe repulsive Casimir forces are in three-layer materials where ε1(iζ) < ε2(iζ) <

ε3(iζ) over the entire range of ζ [MCP09]. While we do not report any calculations of

dispersion forces, we highlight the connection between our techniques and dispersion forces

calculations which could be investigated in future work (for arbitrarily shaped nanostruc-

tures).

6.7 Connection between Classical Optical Forces, Dispersion

Forces and the Green Function

In the sections above, we described the manner in which both light-induced forces and

dispersion forces can be calculated, but we did not connect directly to the GF (although

the GF is used in the dispersion force equations). The main use for GF techniques in light-

induced forces is for modifying existing geometries in which the electric field (and hence the

force) have been calculated. For instance, given the initial electric field E0, that creates the
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light-induced force, F0, then it is possible to calculate the force, F, due to the new electric

field, E, when a polarizable scattering volume is introduced in the system via Eq. (2.38),

i.e.,

E (r;ω) = E0 (r;ω) +

∫

dr′G
(

r, r′;ω
)

∆ε(r′;ω) · E
(

r′;ω
)

. (6.21)

These polarizable volumes can be macroscopic volumes where the local permittivity is al-

tered by ∆ε = ε − εB as in volume integral equations, or they can be the scattering from

dipolar objects that can be described via a polarizablity (see Sec. 2.2.4) [VVYH11]. The

exact same technique of calculating “updated” GFs, G, from initial GFs, G0, for dispersion

force calculations can be achieved using the Dyson equation, Eq. (2.52), i.e.,

G
(

r, r′;ω
)

= G0

(

r, r′;ω
)

+

∫

dsG0 (r, s;ω)∆ε (s;ω) ·G
(

s, r′;ω
)

. (6.22)

The Dyson equation is significantly harder to calculate due to the double spatial argument,

however the additional calculations allow the light induced forces to be calculated much more

efficiently as well as being applicable for dispersion forces. This is because the electric field

can be given by the “updated” GF, G, and the initial electric field, E0, as (see Sec. 2.2.5),

E (r;ω) = E0 (r;ω) +

∫

dr′G
(

r, r′;ω
)

∆ε (r;ω) · E0

(

r′;ω
)

. (6.23)

6.8 Conclusion

In this chapter, we have presented the techniques used to calculate light-induced forces and

connected with the basic theory of SPPs and LSPs which also form the basis of the work

in Paper C. We examined the LDOS inside a silver half-space and a NIS and showed that

they contain negative contributions, which are unphysical solutions and shall be addressed

in Chap. 8. We also connected the theory of light-induced forces and dispersion forces to

the GF and showed that using an initial solution of the electric field and the initial GF

allows an updated self-consistent solution to be formed using volume integral techniques

and the Dyson equation as new scattering objects are introduced into the system.
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In Paper B, we examined the spontaneous emission rate enhancement above a NIS

and we found that the slow-light waveguide modes drastically enhance the LDOS near the

surface of the slab. We analysed the LDOS in terms of the complex band structure and find

that many modes converge at the region where the sign of the group velocity changes sign.

We calculated the PF and Lamb shifts using the theory derived in Chap. 4 and examined

the dependence of the PF on material loss. Finally we examined the far field emission

spectrum of a QD coupled to a NIS and showed that both the PF and the Lamb Shift are

observable in the far field.

In Paper C we examined both the LDOS and the NLDOS to examine the coupling

between two MNPs above silver half-spaces and the same NIS as in Paper B. We self-

consistently solve the electric field, including the MNPs, when we illuminate from above with

plane wave illumination and find that the scattering from the MNPs couples radiation into

the SPP and slow-light waveguide modes which allows much strong interparticle scattering

effects than in the absence of the planar geometry. Force maps are created for a variety of

frequencies as the MNP resonance is tuned to be off and on resonant with the SPP and the

slow light waveguide modes, demonstrating the coupling due to these additional channels.



Chapter 7

Spontaneous Emission Spectra of a

Strongly Coupled Metallic

Nanoparticle-Quantum Dot System

7.1 Introduction

Metals have successfully been used as antennas for decades, where the size of the antenna

dictates the possible emission/absorption wavelengths of the antenna [Nv11]. The ability

to consider a metal as a perfect conductor at low frequencies certainly aids design consid-

erations, but the creation of antennas for the optical regime means that the lossy nature

of metals as well as fabricating nanometer-scale feature sizes both become significant de-

sign challenges [Nv11]. Nevertheless, a large number of applications have been discovered

despite these potential drawbacks [Sto11a, BDN09]. Of particular interest is the possibility

of modifying the directivity of light emission and enhancing the coupling to the far field

while also enhancing the local density of states (LDOS) due to the large field enhancements

106
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close to the surface [VVKH12]. Large field enhancements in metals must compete with non-

radiative decay processes, however plasmonics offer a potential alternative to semiconductor

microcavities for studying light-matter interactions and for applications in nanophotonics.

Several researchers have examined the quantum optics of a metallic nanoparticle (MNP)

within the dipole approximation (a << λ), where a rule-of-thumb is that the closest ap-

proach where the dipole approximation remains valid is at least one MNP radius away, i.e.

s ≥ a, where a is the MNP radius and s is the height above the MNP (see Fig. 7.1) [WS10,

CGHV06, ABN06]. However, the largest enhancements near a MNP are known to be clos-

est to the surface. Thus, the most interesting regime for investigating quantum optical

effects is the regime where the dipole approximation is known to be invalid. In Paper D,

we examine the effects of coupling a quantum dot (QD) to a MNP in the regime where

the QD-MNP separation distance is smaller than the MNP radius. For a spherical MNP,

we calculate the Green function (GF) using the analytic scattering technique described in

Sec. 2.3.2, and show that the largest enhancements are obtained through the higher order

non-dipole modes which completely dominate the spectral GF and generate enormous Lamb

shifts. We also show the effects of photon propagation from near the MNP to heights far

from the MNP where a detector would usually be placed and show that the dipole mode is

the only radiating mode despite the weaker LDOS contribution compared with the higher

order modes. Finally, we show the near and far field spontaneous emission spectra following

the same methods developed in Chap. 4. We find that additional stationary peaks arise

in the spectra relating to photon propagation from the near field to the far field, however

the anticrossing (signalling the strong coupling regime) that is seen in the near field is still

visible in the far field. By integrating the photon spectrum we show that the photon flux

reaching the far field is enhanced by the antenna effect of the MNP compared with free

space radiation even considering the effects of non-radiative coupling.

Below we examine a few additional scenarios beyond what was discussed in Paper D. We

examine the calculation of the MNP GF using both finite-difference time-domain (FDTD)
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Figure 7.1: Schematic showing the MNP geometry used in FDTD. The MNP with radius a
is shown as the silver sphere, and the y-directed dipole emitter is shown by the blue arrow
where the two are separated by a distance, s. This particular geometry has a = 20-nm
and s = 20-nm on a subgridded region that is (100-nm)3 with a subgrid size of 1-nm (the
conformal mapping is not shown via the graphical-user interface). The green region shows
the antisymmetric boundary condition.

techniques and the exact scattering technique described in Sec. 2.3.2 and show that, close to

the surface, FDTD quickly converges to the proper solution which is considered to be a par-

ticularly challenging calculation for FDTD. Additionally, we show the effects of decreasing

the MNP material loss which confirms that the large peak that dominates the spectrum is

indeed due to higher-order modes of the MNP. Finally, we examine the quenching discussed

in Paper D in more detail by considering different values of the QD decay rate. Surprisingly,

for high QD decay rates, the MNP enhances radiation to the far field when compared with

free space, but as the QD decay is lowered to values typically found for cryogenic temper-

atures (e.g. T ≃ 4.5 K) then the MNP optical quenching seems to dominate the response

resulting in a much lower far field photon flux.

7.2 Green Function Calculations above MNPs using FDTD

In Chap.7, we introduced the bare polarizability (i.e. with no radiative coupling) of a

particle given by the Clausius-Mossotti model [NH06],

α0 (ω) = 4πa3εB
εm − εB
εm + 2εB

, (7.1)
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where εm is the permittivity of the MNP and εB is the permittivity of the surrounding

background material and a is the radius of the MNP. The localized surface plasmon (LSP)

represented by the location where Re[εm] = −2Re[εB ] in Eq. (7.1) is the dipole LSP, how-

ever there are also LSPs from higher order modes which are not contained in Eq. (7.1).

These non-dipolar modes are frequently neglected because they do not contain any far-field

contributions and as long as the interaction distance from the NP is large enough, the

contribution from these higher order modes is negligible for the far field emission. For our

purposes, we wish to exploit the highly evanescent nature of the LSPs to increase the LDOS

and thus include all the modes by using the full mode expansion of the GF as derived in

Sec. 2.3.2.

Additionally, in future studies we would like to examine more complicated (and poten-

tially more interesting) geometries, such as hybrid plasmonic-photonic systems where it is

extremely difficult to obtain an analytical solution for the GF. Our main tool for calculating

GFs in such systems is FDTD using the numerically exact solution of the GF, Eq. (2.73),

and it is important to know the limitations of FDTD when using objects such as MNPs by

comparing with (semi-)analytic techniques. To test FDTD calculations involving MNPs we

use the following FDTD parameters according to the geometry shown in Fig. 7.1:

• A cubic simulation spanning 900-nm per side, with a very coarse mesh (10 points per

wavelength).

• Lumerical’s conformal mapping (see Chap. 3) which significantly improves the accu-

racy by eliminating staircasing effects.

• Symmetric/anti-symmetric boundary conditions along the x/y axes respectively to

reduce runtime.

• A cubic subgridded region (i.e., ∆x = ∆y = ∆z) in the center of the domain that

spans 100-nm per side. We test subgrid mesh sizes of 1-nm, 2-nm, and 4-nm.
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For these particular tests we insert a MNP with radius a = 20-nm, and with a permeability

given by the Drude model, Eq. (6.1), with εr = 6, ωp = 7.90 eV and γ = 51 meV, which are

typical parameters for silver. We have also tested ωp = 2.89 eV, corresponding to an LSP

located at 1 eV which is not typical for most metals (metallic LSPs are usually in the range

of 2-6 eV[Mai07]), and corresponds to the L3 cavity resonance given in Chap. 5. While this

regime is inaccessible to simple spherical MNPs it is possible to tune the LSP of the MNP

using dielectric shells and coatings [AWH99, JH01, BGAH10, PN03, ZTWO09]. The tests

performed with the LSP at 1 eV are qualitatively the same as the ones shown below.

In Fig. 7.2(a) we show Im[Gyy] at a height of z = 4-nm above the surface of our 20-

nm MNP. We can see that at this height the dipole resonance given by Eq. (7.1) within

the Dyson equation, Eq. (2.53), is much lower (solid red line) compared to the analytical

solution (solid blue line) which contains the dipole LSP as well as the higher order modes.

Additionally, these higher order modes are at a much higher frequency. We plot the FDTD

solutions for the 4-nm (green crosses), 2-nm (red circle) and 1-nm (light-blue squares). We

see that FDTD obtains both the dipole mode and the higher order modes quite well with

the 1-nm gridding obtaining excellent agreement. In Fig. 7.2(b) we move from a height of

4-nm to a height of 20-nm and we see that the dipole contribution is now comparable to the

contribution from the higher order modes, however the higher order modes are still present

despite the fact that we are one MNP radius from the surface. In this region the FDTD

results are much poorer, however this is due to the reflections caused by the transition from

the subgridded region to the non-subgridded region. This reflection is due to numerical

errors in the interpolation of the fields when propagating from a smaller grid to a larger

grid (see Fig. 7.1). Extending the subgridded region farther from the MNP will result in

much better agreement as will decreasing the simulation step size outside of the subgridded

region.

It is even more obvious that the resonance at ≈ 2.95 eV is due to higher order modes

by reducing the material loss, γ, in Eq. (6.1) as the large broad peak centred at 2.96 eV
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Figure 7.2: (a) Im[Gyy] at z = z′ = 4-nm above the surface of a 20-nm MNP using the
analytical expansion, Eq. (2.70) (blue solid line), and the dipole approximation using the
Dyson equation (red solid line). FDTD results are shown for 4-nm (green crosses), 2-nm (red
circles) and 1-nm (light-blue squares) subgrid mesh size. (b) as (a) but with z = z′ = 20-nm
above the surface of the 20-nm particle. In both figures, the chained black line shows the
imaginary part of the vacuum GF enhanced by a factor of 103 in (a) and a factor of 10 in
(b)

becomes many individual peaks with much smaller widths as is shown in Fig. 7.3. Here we

show the difference between γ = 51 eV (blue) and γ = 0.51 eV (green) calculated using

the analytic method of Sec. 2.3.1. We see that there is a drastic narrowing and height

increase of the dipole LSP while the broad resonance at 2.96 eV has now split into many

spectrally-separated modes.

It would be convenient if we could use mode expansion techniques to calculate the GF

as is frequently done in photonic crystal (PC) cavity systems, however the decomposition

of the GF requires lossless modes. There is potential that mode expansions might be “good

enough” in some systems but we found it was not possible to use mode expansions to

calculate the MNP GF described above. In PC systems, even for low-Q cavities there is

a finite amount of time after the initial FDTD excitation pulse where multiple scattering

occurs creating the required mode. For a single MNP, the lack of feedback and the material

loss causes the field to decay from the system immediately (Q ≈ 10), causing the mode
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Figure 7.3: Im[Gyy] at z = z′ = 4-nm above the surface of a 20-nm MNP using the
analytical expansion, Eq. (2.70) for γ = 51 eV (blue and enhanced by a factor of 3 for
visibility), and γ = 0.51 eV (green). The lowest order dipole mode is still present in both
cases at 2.76 eV, however the broad resonance at 2.96 eV has been split into many individual
modes as the spectral overlap between the modes is reduced. The chained black line shows
the imaginary part of the vacuum GF enhanced by a factor of 104.

profile to look like a modified dipole field. Preliminary results with coupled MNPs in very

close proximity to each other to create a dipolar antenna were encouraging but require

further investigation, preferably with a semi-analytic technique analogous to the spherical

GF, such as the multiple multipole method [NH06].

7.3 Spontaneous Emission Spectra and Optical Quenching

above MNPs

In Paper D one of the questions we looked to answer was the amount of quenching that

was occurring due to non-radiative coupling. Given a QD, with a transition frequency ωd,

dipole moment d, and a decay rate γd, the amount of emission or photon flux measured at

a detector located at rD given the QD is located at rd is given by the integration over the
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entire frequency spectrum,

Flux(rD, ωd) =

∫ ∞

0
S(rD, ω, ωd) dω, (7.2)

where the far field spectrum, S(rD, ω, ωd), is defined in the exact same manner as derived

in Chap. 4 [Eq. (4.21)] when we considered an initially excited QD and the initial electric

field is the vacuum field:

S(rD, ω, ωd) =

∣

∣

∣

∣

∣

d ·G (rD, rd;ω) (ω + ωd) /ε0

ω2
d − ω2 − iωγd − 2ωd d ·G

scatt
(rd, rd;ω) · d/h̄ε0

∣

∣

∣

∣

∣

2

. (7.3)

To have a measure of optical quenching, we compare the integrated flux in the far field with

the MNP, with the integrated flux in the far field without the MNP, Shom, via,

IS(rD, ωd) =

∫∞
0 S(rD, ω, ωd) dω

∫∞
0 Shom(rD, ω, ωd) dω

, (7.4)

where IS = 1 would mean that a detector at rD would receive the same amount of photon

flux regardless of whether or not a MNP was near the QD. We are careful to define this

as a photon flux, because the large enhancement of the LDOS near the MNP means that

while there is a massive increase in the number of channels for the QD to decay into, only

a small percentage actually emit to the far field. This means that the coupled QD-MNP

would constitute a poor single photon source as the probability of an excited QD generating

a far field photon is very low.

It is interesting to compare the integrated photon flux in the far field, with the integrated

flux in the near field. For dielectric cavity systems, typically the near field spectrum is

assumed to be equivalent to the far field spectrum but as we have found [VVKH12], this is

certainly not the case for a MNP. We define the polarization spectrum as,

P (ω, ωd) ≡ 〈σ̂+(ω)σ̂−(ω)〉

=

∣

∣

∣

∣

∣

1

ω2
d − ω2−iωγd − 2ωdd ·G (rd, rd;ω)·d/h̄ε0

∣

∣

∣

∣

∣

2

, (7.5)

and thus define the integrated polarization spectrum in the exact same manner as the far
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Figure 7.4: (a) Integrated near field spectrum, Eq. (7.6), for a QD with |d| = 24 Debye
(≈ 0.5e-nm) oriented along the y direction 2-nm above the MNP in the z direction. Blue
line is for γd = 15 meV, green line is for γd = 0.15 meV, and the red line is for γd = 1.5µeV.
(b) as (a) but for the integrated far field spectrum, Eq. (7.4).

field integrated spectrum

IP (ωd) =

∫∞
0 P (ω, ωd) dω

∫∞
0 Phom(ω, ωd) dω

. (7.6)

In Fig. 7.4 (a) and (b) we plot the integrated near field, Eq. (7.6), and far field, Eq. (7.4),

spectra respectively. For the QD, we use |d| = 24 Debye which we consider to be oriented

along the y-direction 2-nm above the MNP in the z-direction. In Fig. 7.4 (a), we observe

that the near field spectrum is below 1 for all values of γ indicating that the amount of near

field emission appears to be reduced for the case of a MNP. As the value of γ is reduced

from around room temperature values (e.g., γ = 15 meV) to cryogenic temperatures (e.g.,

γ = 1.5µeV) [QAvVY10], the amount of quenching increases dramatically. However, for

the far field emission we see that, for the largest value of γ, we have an enhancement of

the amount of far field radiation that would be collected. This enhancement is due to the

antenna effect of the MNP, which is confirmed by the fact that the peak enhancement is in

the frequency region of the dipole LSP. As the QD decay rate is reduced, quenching causes

the far-field radiation to be reduced compared with the QD placed in free space. Despite

the same trends of decreasing detected emission with decreasing γ for both the near and
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the far field radiation the obvious differences show that the assumption that the far field

radiation simply mirrors the near field radiation is not appropriate.

7.4 Conclusions

In this chapter examined the calculation of the GF near the MNP using FDTD and showed

very good agreement close to the MNP which is thought to be one of the most difficult

scenarios for FDTD to calculate due to the spherical geometry on the rectangular grid and

the large index contrast. We further confirmed that the QD-MNP strong coupling spectrum

in Paper D is really coupling to higher order modes by reducing the material loss until many

of the modes were possible to resolve individually. Finally, we examined the integrated near

and far field spectra, which is a measure of the change in photon flux from the QD due

to the MNP. We show that when the QD linewidth is broad, there is a large enhancement

in the far field but as the linewidth is reduced quenching begins to dominate the far field

response.

We introduced and discussed the calculation techniques used in Paper D, where we

examine the far field spontaneous emission spectrum of a QD coupled with a MNP. In

Paper D, we show that when the QD is close enough to the MNP it is possible to observe

strong coupling effects between the QD and the higher order, non-dipolar modes which

is observable in the far field spectrum. In contrast to the results in Chap. 5, where the

strong coupling spectrum of a QD coupled with a modified L3 PC cavity was examined,

the spectral width of the strong coupling spectrum covers a much larger range (∼ 0.1 eV)

compared with the PC cavity (∼ 0.1 meV).



Chapter 8

Regularized Green functions and

Local Field Effects

8.1 Introduction

One of the biggest outstanding issues regarding the use of the Green function (GF) in

quantum optics is the fact that in complex media both the real and the imaginary parts

of the homogeneous GF diverge for r = r′ [DBK+03] (see Chap. 2). In a lossless medium

the real part of the homogeneous GF always diverges, however the imaginary part [which

is related to the local density of states (LDOS)] is finite and given by Eq. (2.31), i.e.,

Im[G
hom

(r, r, ω)] = ω3nµ/6πc3. As soon as n or µ becomes complex, the mixing between the

real and the imaginary parts causes both parts of G
hom

(r, r, ω) to diverge. This divergence,

which relates to an old problem1 in quantum optics [Yag80, HB92, SKW99, SKWB99,

dVvCL98, DBK+03], has profound implications in quantum optics because the value of

the LDOS is unclear in such a material. An infinite LDOS implies that the spontaneous

emission rate is infinite, however this cannot be the case. Many of the initial treatments

of this divergence involved examining the local field that an atom would see instead of the

1Namely, if the LDOS diverges, how do we describe spontaneous emission in a lossy material?

116
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macroscopic field by invoking either the real or the virtual cavity model [SKW99]. In the real

cavity model, the atom in question is assumed to be in a small, lossless cavity (e.g., free space

or a dielectric) where the local field the atom feels is different from the macroscopic averaged

field. This model has been applied to describe photon emitters created from substitutional

atoms in a lattice. In the virtual cavity model, it is assumed that the field outside some

fictitious cavity is not disturbed by the inclusion of a small emitter surrounded by lossless

material (i.e., assuming a weak index contrast), and is not solved self-consistently. The

local field in the virtual cavity model is then more applicable to interstitial atoms. In both

cavity models the fact that a small lossless cavity is included around the emitter means that

Eq. (2.31) remains finite, however the scattered GF will contain additional contributions

from the cavity.

This unphysical divergence in the LDOS can be attributed to the breakdown of the

dipole approximation and can be addressed in a number of other ways, such as: introducing

a high momentum cut-off [dVvCL98], or averaging/integrating over the volume of the emit-

ter [Yag80, MP98, CSR04, SKWB99]. Most of the work applied to “regularize” the GF has

only been applicable for homogeneous structures [SKWB99, SKW99] although there has

been some work involving spherical [DKW00, Tom01] and planar [DKW98, KKW03, TL97]

structures as well as some recent work in geometries that contain inhomogeneities [DBW06].

Each of these non-homogeneous cases involves the calculation of the GF using semi-analytic

techniques such as the planar multi-layer GF (Sec. 2.3.1) and the spherical GF (Sec. 2.3.2).

However, we know from Chaps. 5 and 7 that finite-difference time-domain (FDTD) tech-

niques are an excellent tool for calculating GFs using the exact numerical technique of

Sec. 2.3.3 in inhomogeneous structures.

What is unclear is the manner in which FDTD performs such a “regularization”, as

a dipole placed in a lossy material in FDTD does not create an infinite response. In

fact, it is commonly believed that FDTD is inadequate for performing such calculations

(e.g., obtaining the LDOS near a metal) since FDTD requires extremely fine grids near
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metals. This is further compounded when considering non-rectangular geometries as the

interface requires complicated techniques such as conformal meshing to prevent staircasing

and “lightning rode” effects2. Finally, few researchers have done an exhaustive study of

the capabilities of FDTD for calculating GFs in a variety of materials and geometries,

specifically in lossy geometries, which has limited the widespread adoption of using FDTD

for solving GFs.

Here we first show that the solution of the homogeneous GF obtained by FDTD is

precisely the same as is found by formally integrating the homogeneous GF over a cubic

volume the same size as the FDTD grid cell. The prescription for integrating the GF

over a cubic volume is given by Chaumet et. al. [CSR04]3, which we shall extend to

the case of materials with arbitrary ε and µ. Furthermore, we use FDTD to calculate

G
tot

= G
hom

+ G
scatt

for the case of a metallic nanoparticle (MNP), which is a scenario

thought to be the most problematic, and show that the values obtained for G
hom

and

G
scatt

agree within ≈ 1 − 2% with the results obtained from Chaumet et. al. for the

homogeneous part and with the multilayer spherical GF from Sec. 2.3.2 for the scattering

part. Importantly, we find our results for the homogeneous GF in lossy materials to be grid-

size dependent (i.e., they depend on the size of the emitter). Typically, any effect that is

seen to be grid-size dependent is interpreted as poor convergence of the numerical solution,

but as we show below, that is not always the case. FDTD gives a grid-size dependence for

a good physical reason that, to our knowledge, has not been recognized yet. We examine

these issues further in Paper E where we decompose the GF into scattered and homogeneous

parts for a MNP. In contrast to most work for calculating the Purcell factor inside lossy

media, which only considers the scattered part of the GF (see Chap. 6), we show that

2See Lumerical’s website for details on both conformal meshing, http://www.lumerical.com/solutions/
whitepapers/fdtd_conformal_mesh_whitepaper.html, and lightning rod effects, http://docs.lumerical.
com/en/fdtd/sp_fluorescence_enhancement.html

3Chaumet et. al. [CSR04] examined the effects of the integration of the homogeneous GF in vacuum for
improving the accuracy of the coupled dipole moment when using scatterers with large dielectric contrasts.
They did not apply their technique to calculate the LDOS in lossy materials.
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the homogeneous GF dominates the Purcell Factor and only once the emitter is placed

sufficiently close to the surface of the lossy material (but still inside) does the scattered GF

begin to compare with the homogeneous part. Importantly, our numerical prescription can

be applied to any arbitrarily shaped lossy structure, where an analytic solution of G
scatt

is

not known.

Afterwards, we examine the real cavity model which is commonly used for addressing

the divergence of the homogeneous GF by considering the local-field felt by an atom or

quantum dot (QD) embedded in a complex material with a large index contrast [SKW99].

The real cavity model postulates that an emitter within a complex material is actually

surrounded by a small sphere with a real refractive index (e.g. vacuum) embedded within

the complex lossy material. Within this real cavity, the local field felt by the atom or

QD must consider the additional reflections from this cavity which alters the spontaneous

decay rate due to the scattered part of the GF. Simultaneously, the real cavity avoids the

divergence of the imaginary part of the homogeneous GF since the emitter is now placed

in a real index material. We derive the local field homogeneous GF for arbitrary lossy

inhomogeneous media inside and outside this cavity and we compare with results obtained

for the regularized GF using FDTD. We also compare results where we implement the real

cavity in FDTD for calculating the scattered GF and show that we recover similar local

field enhancements to those predicted by Scheel et. al. [SKW99] and Tomaš [Tom01], who

both solve the multilayer spherical GF (see Sec. 2.3.2). This demonstrates that while the

two methods have been introduced to address the same issue (the divergence of Im[G
hom

])

the subtle differences result in entirely different physics. Mainly, the real cavity model is

required only if there is an actual cavity such as the case with QDs embedded in materials

where the QD index does not match the background index. Otherwise, the regularized GF

is sufficient. These results are also reported in Paper E.

While we focus on relatively simple systems, this approach can be generalized to much

more complicated systems such as QDs embedded in photonic crystal cavities where either
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the QD or the surrounding material contains some loss [PAQS+09]. This work is also timely

with the recent surge in quantum optical studies involving plasmonic and negative index

systems which rely on manipulating lossy materials to engineer the LDOS [BSF+10, Ben11,

DAPD+08].

8.2 Regularizing the Divergent Homogeneous Green Func-

tion

Given the initial electric field, E0 (ri;ω), at the (discrete) location ri, the updated electric

field, E (ri;ω), obtained by adding a change in permittivity ∆ε = ε − εB , (background

permeability µB is assumed constant) is given by the discrete Lippmann-Schwinger equa-

tion [MP98] (ω is implicit),

E (ri) =E0 (ri) +

∫ ∞

−∞
G
(

ri, r
′) dr′∆ε

(

r′
)

·E
(

r′
)

=E0 (ri) +

(
∫

Vi

G
(

ri, r
′) dr′

)

∆ε (ri) · E (ri) ,

(8.1)

where in the second line we have assumed that the electric field and the permittivity are

constant over the (discrete) volume Vi. We follow the derivation of Chaumet et. al. [CSR04]

which outlines many of the steps shown below. The integral in Eq. (8.1) is related to the

so-called self term, M, and the depolarization tensor L of a cube (see Sec. 2.2.4):
(

∫

Vj

G
(

rj , r
′;ω
)

dr′
)

=

(

M− L

εB

)

. (8.2)

We can formally perform the integral in Eq. (8.1) by first writing a Weyl expansion of

the homogeneous GF which is typically used when considering planar structures [NH06,

PGBM00]. One has

Ghom
αα (r) = −δ(r)µB

εB
+

iµB

8π2εB

∫

dkxdky
k2x+k2y
k2z,B

ei[−kxx−kyy]+ikz,B|z|, (8.3)

where all diagonal components are equal due to symmetry (however, for this derivation

we will assume we are calculating the zz component) and have dropped one of the spatial
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arguments as they only depend on the relative differences between positions due to the space

being homogeneous [CSR04]. Here we note that kz,B = ±
√

k2B − k2x − k2y for Re[k2B ] ≥ k2x+

k2y with kB = ±ω√εBµB/c, the wavevector in the background medium. The positive sign

corresponds to materials with a positive index of refraction and the negative sign to materials

with a negative index of refraction [RM05, DBK+03]. For Re[k2B ] < k2x + k2y , then kz,B =

i
√

k2x + k2y − k2B regardless of the sign of the refractive index of the material. Performing

the integration of the homogeneous GF over a cuboid of size LxLyLz, gives [CSR04],

Greg,cuboid
αα ≡

∫

dV Ghom(r)

=− µB

εB
+

iµB

8π2εB

∫

dk
dkxdky

k2x + k2y
k2z,B

∫

dV ei[−kxx−kyy]+ikz,B|z|

=
µB

εB

[

−1 + 1

π2

∫

dk
dkxdky

k2x + k2y
k2z,Bkxky

sin

(

kxLx

2

)

sin

(

kyLy

2

)

(eikz,BLz/2 − 1)

]

.

(8.4)

This integral is technically correct, however it converges slowly due to the second term in

the integrand [CSR04]. To eliminate this problem we add and subtract the relation,

1

π2

∫

dk
dkxdky

sin
(

kxLx

2

)

sin
(

kyLy

2

)

kxky
= 1, (8.5)

turning Eq. (8.4) into,

Greg,cuboid
αα =

µB

π2εB

∫

dk

dkxdky
k2z,Bkxky

sin

(

kxLx

2

)

sin

(

kyLy

2

)

[

(

k2x + k2y
)

eikz,BLz/2 − k2B

]

=
µB

π2εB

∫ ∞

0

dkk(k2eikz,BLz/2 − k2B)

k2z,B

∫ 2π

0
dθ

sin
(

k cos θLx

2

)

sin
(

k sin θLy

2

)

k2 cos θ sin θ
.

(8.6)

Finally, we divide the integration into two regions, the first where Re[k] ≤ Re[kB ] (i.e., the

propagating region), and the second where Re[k] ≥ Re[kB ] (i.e., the evanescent region) to

obtain the regularized homogeneous GF for cuboid scatterers,

Greg,cuboid
αα = ± 4µB

εBπ2
I

∫ |Re[kB]|

kz,B=0

−k2B
(

1− e
ikz,BLz

2

)

− k2z,Be
ikz,BLz

2

kz,B
Θ(kp, θ) dkz,B

+
4µB

εBπ2
I

∫ ∞

β=0

k2B −
(

k2B + β2
)

e
−βLz

2

β
Θ(ke, θ) dβ,

(8.7)
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where

Θ (ki, θ) =

∫ π/2

θ=0

sin (ki cos(θ)Lx/2) sin (ki sin(θ)Ly/2)

k2i cos(θ) sin(θ)
dθ, (8.8)

and we have changed our integration variable to k = ±kz,B in the first region and k = iβ

in the second region, and we define kp = ±
√

k2B − k2z,B, and ke =
√

k2B + β2 where the

upper/lower sign is to be used in positive/negative index materials. We can compare this to

the integration over a spherical volume of radius, R, which can be solved analytically [MP98]:

Greg,sphere
αα =

2µB

3εB

[

(1− ikBa) e
ikBa − 1

]

− µB

3εB
. (8.9)

8.2.1 Regularized Green Function Inside a Metallic Nanoparticle

We illustrate the scenario we envision in Fig. 8.1 (a), where we have a homogeneous space

divided into a grid in which we integrate the homogeneous GF according to the prescription

given by Eq. (8.7). The solution of Eq. (8.7) is compared directly with a homogeneous

FDTD domain of the same material. In Fig. 8.1 (b) we examine the case of a MNP, with

radius a = 20-nm, where the total GF (homogeneous plus scattered) is calculated via FDTD

at the center of the MNP, and this is compared with the homogeneous GF calculated with

Eq. (8.7) as well as the scattered GF calculated via Eq. (2.70). In Fig. 8.2 we examine the

GF calculated at the center of a MNP (r = r′ = 0) and with the permittivity described by

the Drude model, Eq. (6.1), and we use the same parameters as in Chaps. 6 and 7 (εr = 6,

ωp = 7.89 eV, and γ = 51 meV). In Fig. 8.2(a), the blue and red circles represent the

imaginary part of the total (regularized) GF calculated via the numerically-exact approach

(see Sec. 2.3.3) in FDTD using a subgridding of 1-nm and 2-nm, respectively. The crosses

represent the homogeneous GF calculated in the same manner, except the MNP is removed

and the entire simulation domain is replaced with a homogeneous block of material that

has the same permittivity as the MNP. We also plot the imaginary part of the vacuum GF,

Eq. (2.31), using parameters for vacuum (enhanced by 106) and see that the homogeneous



CHAPTER 8. REGULARIZED GREEN FUNCTIONS AND ... 123

r = r′

(a)

r = r′
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Figure 8.1: (a) Schematic illustrating the regularization procedure of integrating the ho-
mogeneous GF in a lossy material over a cubic mesh for r = r′. The arrow indicates the
dipole whose effective size is the same is the cubic volume. This is the scenario described by
Eq. (8.7) and calculated via FDTD. (b) as (a) except we now consider the total GF where
r = r′ is located at the center of a MNP which is surrounded by air. The scattering part of
the GF in this case is described by Eq. (2.70) and we calculate the total GF via FDTD. (c)
The real cavity model of local field effects where a small void of real ε material is inserted
into the lossy homogeneous background. The GF at the center of the real cavity is grid size
independent, but cavity size dependent. This scenario is solved using Eq. (8.15) and with
FDTD. (d) as (c) except we now consider the total GF where r = r′ as well as the real
cavity are located at the center of a sphere which is surrounded by air. This is scenario is
only examined with FDTD.
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Figure 8.2: Graphs showing the regularized (total and homogeneous) GF at the center of a
20-nm radius MNP (r = r′ = 0). Due to symmetry all diagonal components of the GF are
equal. (a) Blue crosses and circles show the imaginary part of the total and homogeneous
contributions respectively calculated with FDTD using a 1-nm grid size. The complete
overlap of the crosses and the circles indicates the GF is dominated by the homogeneous
contribution. The blue solid line shows the regularized homogeneous GF as calculated via
Eq. (8.7) for an integration volume of (1-nm)3. Red crosses and circles are as blue crosses
and circles but using FDTD grids of 2-nm. The red solid line is as the blue solid line but
for an integration volume of (2-nm)3. (b) As (a) except for the real part of the GF. The
chained black line in both (a) and (b) is the imaginary part of the vacuum GF, ω3/6πc3,
enhanced by a factor of 106.

GF inside these lossy structures is 6 orders of magnitude larger than for free space. The

spectral peak in the GF corresponds to the real part of the permittivity going through zero

and the apparent agreement between the case of a MNP and the homogeneous space means

that the GF is dominated by the homogeneous contribution (e.g., the contribution that

is commonly ignored! [LEK09, XYLZ09]). Despite the agreement between the total case

including the scattered contribution and the homogeneous case, both the FDTD calculations

appear to be grid-size dependent.

In the same graph, Fig. 8.2, we plot the results for the integration of the homogeneous

GF using Eq. (8.7) for a 1-nm cubic volume (blue solid line) and a 2-nm cubic volume

(red solid line). These again completely overlap the total and homogeneous GFs calculated
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Figure 8.3: Graphs showing the regularized scattered GF at the center of a 20-nm radius
MNP (r = r′ = 0). Due to symmetry all diagonal components of the GF are equal. (a) The
blue line (red line) shows the imaginary part of the scattered GF calculated with FDTD
using a 1-nm (2-nm) grid. The green line shows the analytic solution, Eq. (2.70), of the
scattered GF. (b) as (a) except for the real part of the GF. The chained black line in both
(a) and (b) is the imaginary part of the vacuum GF, i.e. ω3/6πc3, enhanced by a factor of
102.

via FDTD confirming that FDTD is calculating the correct regularized GF inside these

materials, and the homogeneous GF is expected to be grid size dependent for r = r′ and

increasing with vanishing grid size. Figure. 8.2(b) shows the corresponding real part of the

total and homogeneous contributions to the regularized GF. The real part of the GF is

typically very difficult to obtain using FDTD, however by ensuring the system is excited

with only a single dipole and by being cautious of the underlying FDTD gridding with

respect to the system geometry it is possible to obtain excellent agreement. Note that the

grid-size dependence of the imaginary part of the GF completely vanishes as soon as we

consider a lossless system in both FDTD and using Eq. (8.7), as expected.

To further confirm that FDTD is calculating the correct GF, we plot in Fig. 8.3 (a) and

(b) the real and imaginary part of the scattered GF, respectively. We plot the results for

both a 1-nm (blue) and 2-nm (red) gridding where we have subtracted the solutions shown in

Fig. 8.2 to obtain the scattered part (i.e., G
reg,scatt

= G
reg,tot−G

reg,hom
). We also plot the
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exact solution for the scattering part as given by Eq. (2.70) at the center of the sphere. We

see that we obtain good qualitative agreement for both griddings across the spectrum with

the most difficulty in the region where the frequency is close to the frequency of the lowest

order localized surface plasmon mode given by ωLSP = ωp/
√
2εB + εr = 2.79 eV. In fact the

agreement is somewhat remarkable since the difference between G
reg,tot

and G
reg,scatt

is 4

orders of magnitude. Typically an error in FDTD of less than 1% is considered acceptable

(and quoted errors of 5%-10% are common for lossy structures) so the fact that we are

subtracting two large quantities where the scattered contribution to the total GF is less

than 1% and obtaining adequate agreement is encouraging. It is also worth noting that the

region where the imaginary part of the scattered GF becomes negative would usually imply

a negative LDOS as the scattered GF usually dominates the LDOS in a lossless system.

However the enormous homogeneous contribution more than compensates ensuring the

entire LDOS remains positive.

Finally we investigate the non-local GF, i.e. G(r2, r1), which we know is important for

describing light propagation between two separated points (see Chap. 7). In Fig. 8.4 we plot

the absolute value of the GF from the center of a 20-nm radius MNP (r′ = 0) to a height of

20-nm above the nanoparticle in the z direction (r = 40-nm). We show FDTD results for

1-nm and 2-nm gridding as the blue and red lines, respectively, and we show the analytical

result from Eq. (2.71) in green. For comparison, we also plot the vacuum GF as the black

chain line calculated from the exact same distance along the z direction. We see that FDTD

still does a fine job of reproducing the qualitative trends of the non-local GF and, as the

gridding reduces, approaches the exact solution. It is interesting to note that the dominant

frequency component is only in the range of the dipolar localized surface plasmon and not

in the region where the LDOS is peaked, however this is consistent with the fact that only

the dipolar mode contains far field contributions. Additionally, it is somewhat surprising

that the non-local GF from inside the MNP to outside the MNP is enhanced compared to

the vacuum GF as the strong loss inside the in the metal is normally thought to dominate
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Figure 8.4: Graphs showing the yy component of the GF from the center of a 20-nm radius
MNP (r′ = 0) to a height of 20-nm above the nanoparticle in the z direction (r = 40-nm).
(a) The blue (red) line shows the absolute value of the total GF calculated with FDTD
using a 1-nm (2-nm) gridding. The green shows the same calculated using the exact result,
Eq. (2.71). The chained black line is the absolute value of the vacuum GF calculated from
r′ = 0 to r = 40-nm.

however we see that the antenna effect of the MNP more than compensates here. It is useful

to mention that we expect the non-local GF to be grid size independent since it does not

diverge (r 6= r′), meaning the differences in the solutions in Fig. 8.4 are completely due to

numerical error and should vanish with decreasing grid size.

8.2.2 Regularized Green Function Inside a Negative Index Material

Since we wish to study arbitrary materials (e.g. lossy, inhomogeneous) it is also instructive

to examine negative index materials as discussed in Chap. 6. We again use the Drude model,

Eq. (6.1), for the permittivity and the Lorentz model, Eq. (6.7), for the permeability as

in Chap. 6 along with the same parameters (εr = 1, ωp = 2.03 eV, ωpm = 0.69 eV,

ω0 = 0.78 eV, and γ = γm = 0.083 eV). In Fig. 8.5(a) we plot both the real (blue) and the

imaginary (green) part of the refractive index and we see that the real part of the refractive

index is certainly negative in the region from 0.75 eV through 1 eV. In Fig. 8.5(b) we plot
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Figure 8.5: (a) The real (blue) and the imaginary (green) parts of the refractive index of a
negative index material for γ = γm = 0.083 eV. In the plotted frequency range we see the
real part of the refractive index is negative. (b) The imaginary part of the homogeneous GF
calculated using FDTD is shown in blue for a gridding of 14-nm. The green curve shows the
result calculated using the analytical integration, Eq. (8.7), over a cube of size (14-nm)3.
The factor of about 1.4 factor between the two solutions is likely due to the FDTD gridding
being too large resulting in a poorly converged numerical solution which can be reduced by
increasing the grid spacing. Due to numerical restrictions, we only tested with around 6
points-per-wavelength in the negative index material and generally one requires at least 20
points-per-wavelength. The chained black line in both is the imaginary part of the vacuum
GF, ω3/6πc3, enhanced by a factor of 103.

the imaginary part of the homogeneous GF as calculated for a grid size of 14-nm. We use

much larger grid cells for the negative index material, which is calculated using Radiant

FDTD (see Chap. 3) compared to the MNP calculations above which are calculated with

FDTD Solutions. We use Radiant for its ability to model magnetic materials, however we

must model a finite sized slab surrounded by air and then a perfectly matched layer (PML)

instead of an infinite slab extending into a PML because the PML in Radiant FDTD does

not support dispersive materials (see Chap. 3). We show the FDTD results in blue and the

analytic result using Eq. (8.7) in green. We can see that both solutions are highly peaked in

the region of maximum absorption which is also the region containing the slow-light modes

(see also Chap. 6). The height difference (Im[G
reg
integrated] ≈ 1.4 Im[G

reg
FDTD]) between the



CHAPTER 8. REGULARIZED GREEN FUNCTIONS AND ... 129

0.8 0.9 1
−2

0

2

4

Frequency [eV]

R
ef

ra
ct

iv
e

In
d
ex

nR

nI

(a)

0.8 0.9 1
0

5

10

15x 10
21

Frequency [eV]

Im
[G

r
e
g
,h

o
m

α
α

][
m

3
]

(b)

×103

Figure 8.6: (a) The real (blue) and the imaginary (green) parts of the refractive index
of a negative index material for γ = γm = 0.248 eV. In the plotted frequency range we
again see the real part of the refractive index is negative. (b) The imaginary part of the
homogeneous GF calculated using FDTD is shown in blue for a gridding of 14-nm. The
green curve shows the result calculated using the analytical integration, Eq. (8.7), over a
cube of size (14-nm)3. The chained black line in both is the imaginary part of the vacuum
GF, ω3/6πc3, enhanced by a factor of 103.

two solutions is due to the grid size being far too large. For a gridding of 14-nm within

the material this corresponds to around 6 points-per-wavelength which is well below the

minimum requirement of 20 points per-wavelength [Sul00]. By reducing the gridding by

a factor of 4 we still see a height discrepancy of about Im[G
reg
integrated] ≈ 1.25 Im[G

reg
FDTD].

Unfortunately, this is as small a grid size as can be currently obtained in Radiant FDTD (see

Chap. 3) due to the computational difficulty. This trend is further confirmed if we increase

the loss to γ = γm = 0.248 eV, as is shown in Fig. 8.6, where we show the refractive index

in (a) and the imaginary part of the GF in (b). When the loss is increased the absolute

value of the refractive index decreases, while still maintaining a region of negative refractive

index. Here, using a gridding of 14-nm (20 points-per-wavelength) is obviously sufficient to

observe agreement between the two solutions. The large peak observed in the low loss case

[Fig. 8.5 (b)] is due to the magnetic atomic frequency which results in a highly dispersive
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material, however this peak is not present in the higher loss GF due to the much weaker

dispersion.

8.3 Real Cavity Model and Local Field Effects

To consider the local field correction as described by the real cavity model (e.g. see Dung

et. al. [DBK+03] and Tomaš [Tom01]), for complex media with arbitrary ε, µ, we begin

with the spherical GF [LKLY94] for the special case where r′ = r = 0 [see Fig. 8.1 (c)].

The inspiration for the local field correction is that when we consider an emitter, such as an

atom or a QD, rarely does this emitter’s local environment match the surrounding material

in which it is embedded. If we consider a homogeneous material with permittivity, εB , and

permeability, µB , we represent the local field problem as placing a dipole in the center of

a sphere (representing the photon emitter) with permittivity, ε2 and permeability, µ2 [see

Fig. 2.2(b) and Fig. 8.1 (c)]. For atomic problems, the material inside the fictitious sphere

is typically taken to be vacuum [DBK+03, SKW99, Tom01], however we shall maintain

the general form of the material parameters to connect with QDs which will have a (real)

permittivity that differs from unity and can even be lossy [MADG+10].

Since all orientations are equivalent (at the center of a spherical geometry) we only

require the r̂ component of the spherical GF. Using the formalism from Sec. 2.3.2 we

can see that the real cavity GF, which is the scattered GF at the center of a sphere,

G
scatt

(r = 0, r′ = 0;ω) ≡ GRC,scatt, from Eq. (2.70) reduces to

G
scatt (

r = 0, r′ = 0;ω
)

=
ik20k2
4π

∞
∑

n=1

n
∑

m=0

(2− δ0,m)
2n+ 1

n (n+ 1)

(n−m)!

(n+m)!

T V
F RV

P

T V
P

[

n (n+ 1)

(kr → 0)
jn (kr → 0)Pm

n (0)

]2

.

(8.10)

We can use the expansion of the Bessel function [AW05],

jn (x) = 2nxn
∞
∑

s=0

(−1)s (s+ n)!x2 s

s! (2 s+ 2n+ 1)!
, (8.11)

where we observe that all terms in Eq. (8.10) are zero except for the n = 1 term, reducing
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Eq. (8.10) to

GRC,scatt =
ik20k2
6π

T V
F RV

P

T V
P

=− ik20k2
6π

[

µBk2∂κBκ2 − µ2kB∂κ2κB
µBk2∂κBτ2 − µ2kB∂τ2κB

]

.

(8.12)

Recalling the definition of τ, κ, ∂τ, ∂κ given in Eqs. (2.68a) and (2.68b), and an alternative

form of the spherical Bessel and Hankel functions,

j1 (x) =
sin(x)

x2
− cos(x)

x
(8.13)

h
(1)
1 (x) = −exp(ix)

x

(

1 +
i

x

)

, (8.14)

we may finally write the GF at the center of the cavity, Eq. (8.12), in terms of the cavity

radius, a, and the material parameters on the inside and the outside of the cavity,

GRC,scatt = − ik20k2e
ik2a

6π

{

−µBk2
[

(k2a)
2 + ik2a

] [

i(kBa)
2 − kBa− i

]

+

µ2kB
[

(kBa)
2 + ikBa

] [

i(k2a)
2 − k2a− i

]}

/

{

µBk2
[

i(kBa)
2 − kBa− i

] [

(k2a)
2 cos (k2a)− k2a sin (k2a)

]

+

µ2kB
[

(kBa)
2 + ikBa

] [

(k2a)
2 sin (k2a) + k2a cos (k2a)− sin (k2a)

]}

.

(8.15)

For the case where ε2 = µ2 = 1, Eq. (8.15) can be shown to reduce to Eq. (69) in Dung et.

al [DBK+03] when taking into consideration the difference in the GF scaling of k20.

In Fig. 8.7(a) we examine the local field effects and compare with the regularized GF

of Sec. 8.2 for the MNP using a 1-nm gridding. We plot in blue the imaginary part of

the regularized GF for both the homogeneous (crosses) and the total (circles) GF using

FDTD just as in Fig. 8.2(a). The homogeneous and total contributions correspond to the

scenarios depicted in Fig. 8.1 (a) and (b), respectively. In red we plot the imaginary part of

the homogeneous (crosses) and the total (circles) GF where in both cases we have inserted

a spherical cavity of vacuum material with a total volume equal to the volume of the

cubic FDTD grid cell (0.62-nm cavity radius). The homogeneous and total contributions
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Figure 8.7: Graphs showing the regularized GF at the center of a 20-nm radius MNP
(r = r′ = 0). Due to symmetry all diagonal components of the GF are equal. (a) Blue
crosses and circles show the imaginary part of the total and homogeneous contributions
respectively calculated with FDTD using a 1-nm gridding for a MNP with radius a = 20-
nm. The blue crosses correspond to the scenario depicted in Fig. 8.1(a) and the blue
circles correspond to the scenario depicted in Fig. 8.1(b). Red crosses and circles show
the imaginary part of the homogeneous [depicted in Fig. 8.1(c)] and total [depicted in
Fig. 8.1(d)] contributions respectively calculated with FDTD where we have created a 0.62-
nm radius spherical cavity [same volume as (1-nm)3] with ε2 = 1 at the center of the MNP
using a 1-nm gridding and a MNP radius a = 20-nm. The red solid line shows the solution
to the real cavity model, Eq. (8.15), which is the scenario depicted in Fig. 8.1(c). (b) The
scattered part of the GF. The blue line shows the scattered GF as calculated with FDTD by
subtracting the regularized homogeneous and total contributions in (a). The red line shows
the scattered GF as calculated with FDTD by subtracting the real cavity homogeneous and
total contributions in (a). The green line shows the analytical solution of the scattered GF
as calculated via Eq. (2.70). The regularized scattered GF agrees well with the analytic
scattered GF (blue and green), however the real cavity GF shows the dipole mode at 2.76 eV
is enhanced by the local field correction factor, namely Eq. (8.16). The chained black line
in both is the imaginary part of the vacuum GF, ω3/6πc3, enhanced by a factor of 106 in
(a) and 103 in (b).
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in the cavity case correspond to the scenarios depicted in Fig. 8.1 (c) and (d), respectively.

For these calculations, we use Lumerical’s conformal meshing4 which properly handles the

reflections even though the cavity is not much larger than a single Yee cell. We plot the

solution to Eq. (8.15), i.e., the real cavity model for homogeneous space, with the solid red

line where we have a cavity of the same size as was inserted in FDTD (0.62-nm radius)

where the interior material is vacuum and the exterior material was the same as the MNP

[see Fig. 8.1 (c)]. We see excellent agreement between the three local field calculations

[FDTD homogeneous with cavity, FDTD total with cavity, Eq. (8.15)] again showing that

the (cavity size dependent) GF is dominated by the “homogeneous” contribution.

However, when comparing the regularized GF (blue) with the real cavity GF (red) we

see there is a frequency shift of the resonance peak of ∆ω ≈ 135 meV as well as an increase

in height. The difference between the real cavity model and the regularized GF are due to

the fact that we are solving two different systems and the assumption that local field effects

and GF regularization are essentially the same is false. The real cavity model is best used

for systems like QDs where the (lossless) “atom” material is different from the surroundings

and actually creates an effective cavity, whereas regularization is required when the QD

effective material parameters match the background material they are embedded in. In the

case where there is a dielectric mismatch and the inner QD material contains loss, then

both regularization and local field effects are clearly required [MADG+10]. In this regard,

our prescription for calculating local-field effects and regularized GFs is the most general

that we know of.

In Fig. 8.7(b) we plot the scattering part of the GF at the center of the MNP in blue

using FDTD with a 1-nm grid and compare with the solution of the scattered GF at the

center of a MNP using the exact technique, Eq. (2.70), just as in Fig. 8.3(a). In red we

show the imaginary part of the scattered GF calculated using FDTD and including the

local field cavity. We see that the dip in the scattered part of the GF has shifted in

4http://www.lumerical.com/solutions/whitepapers/fdtd_conformal_mesh_whitepaper.html
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frequency when comparing the regularized GF to the local field GF in the same manner

as the homogeneous/total GF case. However, the dipolar localized surface plasmon mode

that shows up at 2.79 eV is in the same location and has been enhanced compared to

the regularized case. This enhancement ends up being exactly the local field correction as

previously predicted [SKW99, Tom01],

G
scatt
local =

∣

∣

∣

∣

3εB
2εB + ε2

∣

∣

∣

∣

2

G
scatt

(8.16)

where εB is the material the cavity is embedded in (silver in our case) and ε2 is the material

of the cavity (vacuum). These local field corrections are real effects that are currently being

measured in QD-photonic crystal cavity systems [FSQ+12].

These results show that, not only is it possible to calculate sensible GFs in lossy materi-

als, but FDTD gives excellent results for sophisticated material geometries and can properly

handle the regularization of the GF and the local field problem. We have even showed that

for spherical particles, which are thought to be one of the most difficult calculations due to

the underlying rectangular grids, we obtain excellent results when compared with known

analytical techniques (which are restricted to analytical geometries). This work paves the

way for examining quantum optics in much more complicated materials and geometries due

to the flexibility offered by FDTD.

8.4 Conclusions

We have examined the regularized homogeneous GF inside lossy materials in two different

manners. The first is by analytically integrating the homogeneous GF over a cubic volume

and the second is by calculating the numerically “exact” GF using FDTD where the grid

size is the same size as the cubic integration volume. We find that both methods agree

extremely well, however the benefit of using FDTD is that we are able to calculate the total

regularized GF inside inhomogeneous lossy structures which typically cannot be solved

analytically. Furthermore, we investigate the connection between the regularized GF and
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the local-field effects that arise when considering emitters embedded in materials with an

index contrast. We see that there are subtle differences between the regularized GF and

the local-field GF as the regularized GF describes an emitter of a finite size embedded in a

material with no index contrast, whereas the local-field GF includes additional scattering

terms that naturally arise when an emitter is embedded in a material with an index contrast.

Interestingly, if the emitter material is somewhat lossy, as is the case in some QDs, then

both regularization and local field effects must be taken into account.



Chapter 9

Summary, Conclusions and

Suggestions for Future Work

9.1 Summary

In this thesis, we have developed and implemented a variety of theoretical and computa-

tional techniques for examining the fundamental light-matter interactions in nanophotonic

systems. An important development was to be able to model arbitrary structures which

can be lossy and inhomogeneous. We demonstrated a number of techniques for calculating

the local density of states (LDOS) in a variety of different systems, which has applications

in quantum optics including engineering spontaneous emission rates and cavity-QED calcu-

lations. These are further applicable for examining light-induced forces, dispersion forces,

electron energy loss spectra and enhancing optical non-linearities.

We first demonstrated, in Chap. 2, a number of techniques for calculating the photonic

Green function (GF) in systems with arbitrary material parameters, for both highly sym-

metric systems (e.g. homogeneous, planar, spherical) as well as for highly inhomogeneous

systems using finite-difference time-domain (FDTD) techniques. We have further described

the details of the FDTD technique in Chap. 3 including the basic FDTD algorithm, the

136
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perfectly matched layer (PML) boundary conditions and the manner in which dispersive

and absorptive materials can be properly included in the time-domain. We also described

the design methodology of our in-house FDTD code, Radiant FDTD, and the usage of the

commercial FDTD code, FDTD Solutions.

Armed with the GFs of these systems, in Chap. 4 we developed a rigorous quantum

mechanical formalism which properly handles material loss via the system GF; we con-

nected this to the work developed by Welsch and co-workers [DBK+03] and generalized

the approach to calculate the spectrum of a quantum dot (QD) coupled into a generalized

inhomogeneous lossy system. Additionally, we compared this formalism with the works

of Wubs et. al. [WSL04] which relies on lossless systems that can be described via mode

expansion techniques and showed that the GF arises naturally in both the lossy and the

lossless formalism in exactly the same manner.

In Chap. 5 we described the calculation of planar photonic crystal (PC) cavity GFs using

FDTD to demonstrate the techniques in a familiar lossless system. We began by calculating

the bandstructure for these planar PCs demonstrating the bandgap that arises due to the

periodicity of the structure. We calculated the GF when a cavity is introduced in the planar

PC using both mode expansion techniques and using an “exact numerical” method while

describing rules-of-thumb for the calculation of GFs using either method. The work from

this chapter provides additional supporting material for the work of Paper A, where the

correct method for calculating mode volumes in systems with open boundary conditions

(such as the PML in FDTD) is described. Paper A further describes how the improper

normalization (related to mode volume calculations) leads to diverging modes which, once

corrected, leads to a much faster convergence to a finite mode volume.

Chapter 6 introduces the methods underlying the results reported in Paper B and Paper

C which rely heavily on the techniques developed in Chap. 2 and Chap. 4. We described the

origin of surface plasmon polaritons in a silver half-space and the origin of localized surface

plasmons in metallic nanoparticles (MNPs), and then discussed the calculation of the LDOS
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inside these lossy materials using the scattered GF techniques from Chap. 2 and showed an

unphysical result for the LDOS (i.e., negative). We then extended the derivations of optical

forces on macroscopic bodies and on particles in the dipole approximation and related

these to the GF techniques we previously introduced. Finally, we finished by outlining the

calculation of dispersion forces which can only be done in complex geometries using GF

techniques.

In Paper B we described the calculation of extremely large spontaneous emission en-

hancements above negative index material slabs using the rigorous quantum optics formal-

ism from Chap. 4. We connected these enhancements directly with the complex bandstruc-

ture and demonstrated that the spectral features are directly due to the slow-light modes of

the slab. We further investigated the Lamb shift as well as the far field emission spectrum

of QDs placed in the vicinity of the slab. While Paper B demonstrates the enhancement

of the LDOS, Paper C examined the effects of the non-local density of states in these sys-

tems by examining the non-perturbative optical forces of two coupled MNPs above both

negative index slabs and metallic half-spaces. We find that the position of the particles

strongly alters the force dynamics when illuminated from above by a plane wave creating

strong backaction effects.

Chapter 7 introduces the work in Paper D where we examine the strong coupling dy-

namics between a MNP and a QD placed very close to each other. We find that it is

necessary to calculate the GF of the MNP beyond the dipole approximation and see that

the strong coupling is due to the increase in the LDOS from the higher order non-dipolar

modes. We examine the far field spectrum and observe that, despite the lack of coupling

between the higher-order modes to the far field, the far field spectrum still exhibits an

anticrossing showing the effects of strong coupling are visible. Chap. 7 then demonstrates

the calculation of the GF above these MNPs using FDTD for a number of different sce-

narios and compares with the analytical spherical GF. We further show that the spectrum

observed close to the MNP is really due to many overlapping modes that appears to be
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one broad spectrum. We finish the chapter by describing the flux measured at a far field

detector when varying the QD decay rate. Surprisingly, we find that as the QD decay rate

is decreased the ability of the MNP to act as a far field antenna is much reduced, however

the near field spectrum always demonstrates a significant reduction of measured photons

compared with the homogeneous case.

Finally, in Chap. 8 we describe the calculation of GFs inside lossy materials, which

diverge when r = r′. The work in Chap. 6 alluded to the fact that in order to obtain a

finite LDOS the homogeneous part of the GF must be very large inside lossy materials. By

formally integrating the homogeneous GF over a cubic volume and comparing with FDTD

calculations with the same corresponding grid size we find incredible agreement between the

two methods and find that in the region of loss, the homogeneous GF is orders of magnitude

larger (and positive) than the scattered GF leading to a positive LDOS. Additionally, we

find that this regularized GF is grid-size dependent demonstrating that the divergence of

the GF is actually related to the breakdown of the dipole approximation. We further

compare this to the “real cavity” model which is used to predict local field effects and has

been proposed as a method for avoiding the divergence of the homogeneous GF in lossy

materials. We show in this chapter and in Paper E that the methods are not equivalent and

the differences are due to the fact that regularized GF does not include a cavity interaction

and the spectral features are due entirely to the material parameters whereas the real-cavity

model spectral features are due to backscattering from the actual cavity.

9.2 Suggestions for Future Work

We have shown the agreement between analytic GF techniques and the GF calculated

via FDTD for numerous scenarios to demonstrate the strength of FDTD in calculations

involving quantum optics. In fact, we have tested FDTD in the regimes where it is thought

to obtain very poor agreement (spherical geometries, high index contrasts and metals)
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and shown that FDTD performs very well in these systems provided we are very careful

about source placement, the material boundaries and the number of spatial grid points per

wavelength. This opens a whole host of opportunities for researchers working in material

geometries where it is impossible to obtain an analytic expression for the GF including: lossy

cavities, metallic dimers, bow tie antennas, metallic strip waveguides, metallic grooves, and

split ring resonators. Additionally, we have provided a manner of calculating emission

from inside these materials where before it was impossible due to the divergence of the

homogeneous GF.

Furthermore, our techniques provide a foundation for calculating GFs which can be used

to obtain dispersion forces in arbitrary geometries. Using Radiant FDTD, it is possible to

include the ability to calculate dispersion forces in any material system, as was shown

in Chap. 6, which offers the possibility of tuning the quantum mechanical vacuum forces

for a number of applications. Finally, our techniques are applicable for solving problems

involving nonlinear coherent excitation (e.g., resonance fluorescence) and quantum nonlinear

effects with multi-photons. Starting from a similar Hamiltonian to Chap. 4 [Eq. (4.4)], it

is possible to derive a quantum master equation for the reduced density operator of the

system that fully incorporates the photon reservoir (i.e., via the GF) in a system-bath

formalism. Such an approach makes it possible to study coherently excited metals and other

photonic nanostructures well into the quantum nonlinear regime [HVY]. More generally, it

can also study situations in quantum optics where the photon bath function (namely, the

photonic reservoir) differs substantially from a single Lorentzian lineshape. Indeed much

of the early interest in PC structures was motivated in terms of novel quantum optics

phenomena at the photonic bandedge [JW90, QJ97, FJ01], though little formalisms exists

for general material structures with loss. One motivation is to obtain a realistic GF, possibly

with fabrication effects included [HRYS05, FHD08, PHC+09], and then use such medium-

dependent functions in a rigorous and general way to describe open system quantum optics

in a completely general solid-state environment.
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Appendix A

Field Quantization in Lossy

Inhomogeneous Media

The main procedure for quantizing the electric and magnetic fields that we follow is de-

scribed by Welsch and co-workers [DBK+03] but is expanded here to facilitate the reader.

We begin with the sourceless quantized form of the Maxwell equations as defined in Eqs. (2.8),

∇× Ê (r;ω) = iωB̂ (r;ω) , (A.1a)

∇× Ĥ (r;ω) = −iωD̂ (r;ω) , (A.1b)

∇ · D̂ (r;ω) = 0, (A.1c)

∇ · B̂ (r;ω) = 0, (A.1d)

where now the fields have become operators. Similarly the constitutive relations Eqs. (2.9a)-

(2.9b) become,

D̂ (r;ω) =ε0ε (r;ω) Ê (r;ω) + P̂N (r;ω) , (A.2a)

Ĥ (r;ω) =κ0κ (r;ω) B̂ (r;ω)− M̂N (r;ω) . (A.2b)
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where κ0 = µ−1
0 , κ (r;ω) = µ−1 (r;ω). In order to include material losses, we add in

Eqs. (A.2a)-(A.2b) two additional noise sources, a noise polarization source, P̂N (r;ω),

associated with electric losses due to material absorption and a noise magnetization source,

M̂N (r;ω), associated with magnetic losses. These sources are necessary when moving from

a theory describing classically damped systems to a set of quantum-theoretical operator

equations [GW96].

Substituting Eqs. (A.1a) and (A.2) into Eq. (A.1b) gives the quantized wave equation

for the electric field,

∇× κ (r;ωλ)∇× Ê (r;ωλ)−
ω2
λ

c2
ε (r;ωλ) Ê (r;ωλ) = iωλµ0ĵN (r;ωλ) , (A.3)

where

ĵN (r;ωλ) = −iωλP̂N (r;ωλ) +∇× M̂N (r;ωλ) (A.4)

is the noise current and ωλ is the solution corresponding to a single continuous mode. From

this we obtain the total electric field operator,

Ê (r;ωλ) =

∫
[

G
(

r, r′;ωλ

)

· P̂N

(

r′;ωλ

)

+
i

ωλ
G
(

r, r′;ωλ

)

· ∇ × M̂N

(

r′;ωλ

)

]

dr′. (A.5)

where G is the classical Green function (GF) given by,

∇× κ (r;ωλ)∇×G
(

r, r′;ωλ

)

− ω2
λ

c2
ε (r;ωλ)G

(

r, r′;ωλ

)

=
ω2
λ

c2
Iδ
(

r− r′
)

. (A.6)

We note that Eq. (A.5) is the quantized version of Eq. (2.16) including magnetic source

terms, i.e.,

E (r;ω) =

∫

G
(

r, r′;ω
)

·P
(

r′;ω
)

dr′

and the solution to Eq. (A.6) is exactly the same for both classical and quantum fields.

Working in the Heisenberg picture, our operators become time dependent, thus we may

rewrite Eq. (A.5) in the Heisenberg picture as,

Ê (r;ωλ, t) =

∫
[

G
(

r, r′;ωλ

)

· P̂N

(

r′;ωλ, t
)

+
i

ωλ
G
(

r, r′;ωλ

)

· ∇ × M̂N

(

r′;ωλ, t
)

]

dr′.

(A.7)
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We define a continuous set of bosonic vector fields, b̂e (r;ωλ, t) and b̂m (r;ωλ, t) which are

associated with the mode ωλ. These can be related to the noise polarization and the noise

magnetization respectively which excite those modes through [SKW98, DBK+03, SvW04,

SW04, vWS04],

P̂N (r;ωλ, t) = i

√

h̄Im[ε (r, ωλ)]

πε0
b̂e (r;ωλ, t) , (A.8)

M̂N (r;ωλ, t) =

√

−h̄Im[κ (r, ωλ)]

πµ0ε20
b̂m (r;ωλ, t) . (A.9)

The operators b̂e and b̂m satisfy the commutation relations

[

b̂ν,i (r;ωλ, t) , b̂
†
ν′,j

(

r′;ω′
λ, t
)

]

= δνν′δijδ
(

r− r′
)

δ
(

ωλ − ω′
λ

)

, (A.10)

[

b̂ν,i (r;ωλ, t) , b̂ν′,j
(

r′;ω′
λ, t
)

]

= 0, (A.11)

where ν, ν ′ = e,m and i, j = x, y, z. Note the index λ usually presupposes discrete modes

but we emphasize that these are a set of continuous modes, “indexed” by the argument

ωλ compared with the discrete index λ that is typically used and we shall continue with

this notation to make a comparison to the typical approach used in lossless materials in

Sec. 2.2.3. Additionally, the mode frequency ωλ is not the same as the Fourier transform

variable, ω, of the time variable, t. Substituting Eqs. (A.8) and (A.9) into Eq. (A.7) leads

to the quantized electric noise source of the mode ωλ in terms of bosonic operators as,

Ê (r;ωλ, t) = i

√

h̄

πε0

∫

G
(

r, r′;ωλ

)

·
[

√

Im[ε (r′;ωλ)]b̂e

(

r′;ωλ, t
)

+
c

ωλ
∇×

√

−Im[κ (r′;ωλ)]b̂m

(

r′;ωλ, t
)

]

dr′. (A.12)

The total time dependent electric field from all modes may then be written as the sum of
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the positive and negative frequency components,

Ê (r; t) =Ê+ (r; t) + Ê− (r; t)

=

∫ ∞

0
dωλÊ (r;ωλ, t) + H.C.

=i

√

h̄

πε0

∫ ∞

0
dωλ

∫

G
(

r, r′;ωλ

)

·
[

√

Im[ε (r′;ωλ)]b̂e

(

r′;ωλ, t
)

+
c

ωλ
∇×

√

−Im[κ (r′;ωλ)]b̂m

(

r′;ωλ, t
)

]

dr′ +H.C..

(A.13)

where H.C. denotes the Hermitian conjugate. At first sight, it looks like the imaginary parts

of ε and µ being reduced to zero would cause the electric field relating to noise operators

to become zero. However, if we are careful in taking the limits of Im[ε], Im[µ]→ 0 then we

arrive at a finite answer for the electric field operator and we find the equivalence between

this method and mode decomposition (Sec. 4.4) [GW96].



Appendix B

Derivation of the Dipole Operators

for Lossy Inhomogeneous Media

Here we expand on the derivation of the dipole operators, Eq. (4.16), and the self-consistent

electric field operator, Eq. (4.5) from Sec. 4.3. We begin with Laplace transformed form of

the time dependent electric field in lossy inhomogeneous systems,

Ê (r;ω) = i

√

h̄

πε0

∫ ∞

0
dωλ

∫

G
(

r, r′;ωλ

)

·
[

√

Im[ε (r′;ωλ)]b̂e

(

r′;ωλ, ω
)

+
c

ωλ
∇×

√

−Im[κ (r′;ωλ)]b̂m

(

r′;ωλ, ω
)

]

dr′ +H.C.. (B.1)

where b̂†/b̂ are the bosonic field raising/lowering operators corresponding to the continu-

ous frequency, ωλ, κ = µ−1, and the sum ν = e,m is over the electric/magnetic modes.
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Substituting Eqs. (4.13)-(4.14) into Eq. (B.1) for the electric field yields,

Ê (r;ω) = i

√

h̄

πε0

∫ ∞

0
dωλ

∫

G
(

r, r′;ωλ

)

·
[

√

Im[ε (r′;ωλ)]b̂
0
e

(

r′;ωλ, ω
)

+
c

ωλ
∇×

√

−Im[κ (r′;ωλ)]b̂
0
m

(

r′;ωλ, ω
)

]

dr′ +H.C.

− 1

πε0
[σ̂−(ω) + σ̂+(ω)]

∫ ∞

0
dωλ

∫

G (r, r′;ωλ) Im[ε (r′;ωλ)] ·G
∗
(r′, rd;ωλ) · d

ω − ωλ

+
c2

ωωλ

G (r, r′;ωλ)∇×−Im[κ (r′;ωλ)] · [G
∗
(r′, rd;ωλ)×∇r′ ] · d

ω − ωλ
dr′ +H.C.. (B.2)

We identify the first term in Eq. (B.2) as the initial vacuum field, Ê0 (r;ω), and we note

that the Green function (GF) is analytic in the upper portion of the complex plane (for

non-amplifying media). This allows us to use the relation [Eco79],

lim
y→0+

∫ B

A

f(x)

x+ iy
dx = −iπ

∫ B

A
f(x)δ(x)dx+ P

∫ B

A

f(x)

x
dx (B.3)

where f is some analytic function, A < 0 < B, and P is the principle value. Using Eq. (B.3)

allows us to rewrite Eq. (B.2) as

Ê (r;ω) = Ê0 (r;ω) + i
[σ̂−(ω) + σ̂+(ω)]

ε0

∫

G
(

r, r′;ω
)

Im[ε
(

r′;ω
)

] ·G∗
(r′, rd;ω) · d

+
c2

ω2
G
(

r, r′;ω
)

∇×−Im[κ
(

r′;ω
)

] · [G∗
(r′, rd;ω)×∇r′ ] · ddr′ +H.C.

− 1

πε0
[σ̂−(ω) + σ̂+(ω)]P

∫ ∞

0
dωλ

∫

G (r, r′;ωλ) Im[ε (r′;ωλ)] ·G
∗
(r′, rd;ωλ) · d

ω − ωλ

+
c2

ωωλ

G (r, r′;ωλ)∇×−Im[κ (r′;ωλ)] · [G
∗
(r′, rd;ωλ)×∇r] · d

ω − ωλ
dr′ +H.C.. (B.4)

Performing an integration by parts [GW96] and using the relation,

Im[G
(

r, r′;ω
)

] =

∫

ds
([

G (r, s;ω) ×←−∇s

]

Im[κ (s;ω)] ·
[−→∇s ×G

∗ (
s, r′;ω

)

] c2

ω2

+ G (r, s;ω) Im[ε (s;ω)] ·G∗ (
s, r′;ω

)

)

,

(B.5)
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allows us to write the electric field as

Ê (r;ω) = Ê0 (r;ω) + i
[σ̂−(ω) + σ̂+(ω)]

ε0
Im
[

G (r, rd;ω)
]

· d

− 1

πε0
[σ̂−(ω) + σ̂+(ω)]P

∫ ∞

0
dωλ

∫

dr′
G (r, r′;ωλ) Im[ε (r′;ωλ)] ·G

∗
(r′, rd;ωλ) · d

ω − ωλ

+
c2

ωωλ

G (r, r′;ωλ)∇×−Im[κ (r′;ωλ)] · [G
∗
(r′, rd;ωλ)×∇r] · d

ω − ωλ
+H.C.. (B.6)

For functions that are analytic in the upper half of the complex plane and satisfying f(−x) =

f∗(x), where f(x) = u(x) + iv(x), we can exploit the relation [AW05],

u(x0) =
−1
π

P

∫ ∞

−∞

v(x)

x0 − x
dx (B.7)

which is true for the GF since G∗
ij (r, r

′;ω) = Gij (r, r
′;−ω). Using Eq. (B.7) along with the

Hermitian conjugate we obtain the final solution of the electric field operator,

Ê (r;ω) = Ê0 (r;ω) +
[σ̂−(ω) + σ̂+(ω)]

ε0
G (r, rd;ω) · d. (B.8)

We can write the sum of the dipole operators, Eqs. (4.11)-(4.12) as,

σ̂−(ω) + σ̂+(ω) =
iσ̂−(t = 0)

ω − ωd
+

iσ̂+(t = 0)

ω + ωd
− h̄−1d · Ê(rd, ω)

ω − ωd
+

h̄−1d · Ê(rd, ω)

ω + ωd
, (B.9)

which can be written in closed form as,

σ̂−(ω) + σ̂+(ω) = − iσ̂−(t = 0)(ω + ωd) + iσ̂+(t = 0)(ω − ωd)− 2ωdh̄
−1d · Ê0 (rd;ω)

ω2
d − ω2 − 2ωdd ·G

scatt
(rd, rd;ω) · d/h̄ε0 − iωdγd

.

(B.10)

Note that we use the scattered part of the GF instead of the total due to the divergence

of the real part of the homogeneous GF at r = r′. This is not an issue as the real part of

the regularized homogeneous GF simply contributes a small frequency shift which can be

included directly into ωd, and the imaginary part of the homogeneous GF has been directly

included along with the non-radiative decay rate in γd.
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We show explicitly how the commonly adopted prescription for calculating effective mode volumes is wrong

and leads to uncontrolled errors. Instead, we introduce a generalized mode volume which can be easily

evaluated based on the mode calculation methods typically applied in the literature, and which allows one to

compute the Purcell effect and other interesting optical phenomena in a rigorous and unambiguous way. c©
2012 Optical Society of America

Optical microcavities are inherently dissipative and
are typically characterized by a quality factor, or Q-
value, describing the relative energy loss per cycle as
well as an effective mode volume, Veff, which measures
the spatial confinement of light in the cavity [1]. Cav-
ities with high Q-values and small mode volumes pro-
vide enhanced light-matter interaction and are of both
fundamental and technological interest. Effective mode
volumes are ubiquitous in physics and connect to a wide
range of optical phenomena. As a striking example of the
use of mode volumes, an emitter at the field antinode in
an optical cavity will experience a medium-enhanced ra-
diation rate relative to that in a homogeneous medium
given by the so-called Purcell factor [2]

FP =
3

4π2

(

λc

nc

)3 (
Q

Veff

)

, (1)

where λc is the free space wavelength, and nc is the ma-
terial refractive index at the field antinode rc. Mode vol-
umes are often attributed to the physically appealing
idea of a single cavity mode. However, in spite of the
fact that cavity modes are widely used in the literature,
more often than not there is a disturbing lack of a precise
definition, and their mathematical properties therefore
remain unspecified. The name might suggest that cavity
modes are localized and vanish at large distances, sim-
ilar to the bound states of the hydrogen atom. In fact,
the opposite is true—for any finite Q the cavity modes
necessarily diverge exponentially at sufficiently large dis-
tances. This effectively renders the calculation of an ef-
fective mode volume non-trivial. In particular, defining
εr(r) as the relative permittivity and f̃c(r) as the cavity
mode, the common (normal mode) prescription

V N
eff =

∫

V

εr(r)|f̃c(r)|2
εr(rc)|f̃c(rc)|2

dr, (2)

is inapplicable because the integral diverges. For high-
Q cavities, regularization of the integral in Eq. (2) by
introducing a cut-off has provided good correspondence
with experimental results [3, 4], but the mathematical
basis and the limits of such an approach remain unclear.

In this Letter we introduce a generalized mode volume
which is defined in a precise and unambiguous way for
cavities with arbitrary Q and which recovers Eq. (2) in
the limit of infinite Q. For general resonant structures,
this provides the proper theoretical framework for the
Purcell factor and other optical phenomena which may
be interpreted in terms of mode volumes. In particular,
the generalized mode volume applies also to structures
with complex permittivity for which the limited valid-
ity of Eq. (2) has recently been pointed out [5]. We first
argue that the term “cavity mode” can only be mean-
ingfully defined as a solution to the wave equation with
outgoing wave boundary conditions. This definition ren-
ders the cavity modes identical to the so-called quasinor-
mal modes [6], and we show how this definition complies
with two different numerical calculation methods includ-
ing finite-difference time-domain (FDTD). In particular,
we elucidate how the modes from both calculation meth-
ods show an exponential divergence. Figure 1 shows a
sketch of an example cavity along with the mode pro-
file. For this cavity mode, we show explicitly how the
integral in Eq. (2) diverges as a function of the integra-
tion volume V , and we emphasize that this will be the
case for all cavities with a finite Q. For high-Q cavities,
however, the divergence in the cavity modes is slow and
may not be discernable in practical calculations due to
limited numerical accuracy.
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Fig. 1. (Color online) Sketch of a photonic crystal (lattice
constant a) in a membrane of high refractive index. A
defect cavity is formed by the omission of a single hole.
Right: Absolute value of the cavity mode in the planes
z = 0 (top) and y = 0 (bottom).
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The electric field satisfies the wave equation with gen-
eral solutions of the form E(r, t) = E(r, ω) exp{−iωt}.
The position-dependent field E(r, ω) solves the equation

∇×∇×E(r, ω)− k20εr(r)E(r, ω) = 0, (3)

where k0 = ω/c is the ratio of the angular frequency to
the speed of light. We define the cavity modes as the solu-
tions to Eq. (3) with outgoing wave boundary conditions
(the Sommerfeld radiation condition [7]). This choice of
boundary conditions renders the problem non-Hermitian
with a discrete spectrum. In order to distinguish from the
normal modes of Hermitian eigenvalue problems we de-
note the vector eigenfunctions with a tilde as f̃μ(r). The
corresponding eigenfrequencies ω̃μ = ω̃R

μ+iω̃I
μ are in gen-

eral complex with ω̃I
μ < 0, and the Q-value is obtained

immediately as Q = −ω̃R/2ω̃I. This, together with the
examples below, show that the above definition is com-
pletely consistent with the expected properties of cav-
ity modes. At large distances the boundary conditions
force the modes to behave as outgoing waves of the form
f̃(r) ∝ exp(ik0r)/

√
r (2D) and f̃ (r) ∝ exp(ik0r)/r (3D),

where r = |r|, and since k0 = kR+ikI with kI < 0 they di-
verge exponentially as r →∞. Despite their divergence,
the cavity modes may be normalized as [6]

〈〈f̃μ|f̃λ〉〉 = lim
V →∞

∫

V

εr(r) f̃μ(r) · f̃λ(r) dr

+ i

√
εr c

ω̃μ + ω̃λ

∫

∂V

f̃μ(r) · f̃λ(r) dr = δμ,λ, (4)

where ∂V denotes the border of the volume V . The limit
V → ∞ is calculated in practice by increasing the vol-
ume to obtain convergence. For the systems that we in-
vestigate below (and for all systems that we have investi-
gated), the convergence is remarkably fast. For very low-
Q cavities, however, the convergence is nontrivial due
to the exponential divergence of the modes which may
cause the inner product to oscillate around the proper
value as a function of calculation domain size. The im-
plicit assumption behind the notion of a cavity mode is
that one mode f̃μ = f̃c dominates the expansion of the
electromagnetic Green’s tensor in the cavity [6]. One can
use this assumption and the normalization in Eq. (4) to
recover Eq. (1) with the effective mode volume

1

V Q
eff

= Re

{

1

vQ

}

, vQ =
〈〈f̃c|f̃c〉〉

εr(rc) f̃2c (rc)
, (5)

where the generalized mode volume vQ = vRQ + ivIQ is
complex in general. This prescription provides a direct
and unambiguous way of calculating the effective mode
volume for arbitrary cavities.
For calculations of cavity modes in general structures,

the currently most popular option within the photonics
community is arguably to apply FDTD with perfectly
matched layers to calculate the modes as the resonant
fields that are excited by an initial short input pulse [8].
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Fig. 2. (Color online) (a): Field along the x-axis of the
cavity mode in the 2D crystallite for the case of N=1.
Blue solid line shows the Fredholm type solution and
black circles show the calculation using FDTD. Inset
shows long distance behavior on a logarithmic scale. (b):
Field along the x-axis of the cavity mode for the case of
N = 2. Inset shows the field distribution in the xy-plane.

Another option is to calculate the cavity modes from a
Fredholm type equation of the form

E(r, ω) =
(ω

c

)2
∫

V

GB(r, r′, ω)Δε(r′)E(r′, ω)dr′, (6)

where Δε(r) = εr(r) − εB and GB(r, r′, ω) is the elec-
tromagnetic Green’s tensor in the background medium
of permittivity εB [9]. For practical solutions of Eq. (6)
we use the expansion technique of Ref. [10] with an addi-
tional iteration of k0 to make the solution self-consistent.
We first consider a 2D finite-sized hexagonal crystal-

lite of high-index rods in air with a single missing rod in
the center. The rods have relative permittivity εr=11.4
and radius R=0.15 a, where a is the lattice constant,
and we focus on out of plane polarization. The Q-value
of the cavity depends on the number of rod layers N ,
and for the case of N=1, the top panel in Fig. 2 shows
the agreement between the two independent methods for
calculating the cavity modes. In particular, both meth-
ods clearly pick up the divergence in the field at large
distances. Figure 3 shows, as a function of the size of the
calculation domain, the effective mode volume in Eq. (5)
along with the common definition in Eq. (2). Whereas

V Q
eff converges quickly to the limiting values, V N

eff clearly
increases with the size of the calculation domain. The
initial linear divergence in V N

eff with the size of the nor-
malization domain derives from the small but non-zero
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Fig. 3. (Color online) Effective mode volumes V N
eff (thick

lines) and V Q
eff (thin lines) for N = 1 (red dash-dotted),

N = 2 (green dashed) and N = 3 (blue solid) as a func-
tion of radius R of the calculation domain. Circles in-
dicate reference mode volumes V tot

eff from independent
Green’s tensor calculations [10].

field immediately outside the crystallite, cf. Fig. 2. At
larger R the field, and hence V N

eff , diverges exponentially.
For increasing Q, the linear divergence with domain size
becomes less pronounced, suggesting how the two for-
malisms provide the same result for infinite Q.
Next, for a practical 3D example we consider an in-

finite photonic crystal membrane (εr=12) of thickness
h = 0.5 a and hole radius r = 0.275 a. A single air hole
is omitted to create a cavity, and Fig. 1 shows the sup-
ported cavity mode calculated with FDTD [11]. For this

cavity mode, Fig. 4 shows both V Q
eff and V N

eff as a function
of calculation domain size. At the cavity mode frequency,
the photonic crystal prevents in-plane propagation, and
therefore the only way for the field to leak out of the cav-
ity is in the z-direction. This means that both V Q

eff and
V N
eff converge quickly as a function of width and depth

of the calculation domain, and we therefore focus on the
variation in the effective mode volumes with the height
of the calculation domain. As in 2D, the data shows a
fast convergence of V Q

eff , while V
N
eff clearly diverges, illus-

trating why the use of Eq. (2) is wrong.
Finally, we compare the calculated mode volumes to

independent calculations of the medium-enhanced radi-
ation rate based on the electromagnetic Green’s ten-
sor [8, 10]. In this case, Eq. (1) and the corresponding
2D analog each defines a total effective mode volume,
V tot
eff , which is not limited by the single mode approxi-

mation. For each of the cavities, V tot
eff is indicated with

a circle in Fig. 3. The estimated maximum absolute er-
ror in these calculations is less than 0.0003 (λc/nc)

2. The
observable discrepancies for N=1 and N=2 stem from
the single mode approximation and indicate the limited
validity of the Purcell formula for very low-Q cavities. In
Fig. 4, the Green’s tensor was calculated with FDTD as
the response to an input dipole source at three different
domain sizes and with estimated error bars as indicated.
These independent calculations confirm that Eq. (5) not
only is unambiguous, but also leads to the correct value.
In conclusion, we have shown that for leaky optical
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Fig. 4. (Color online) Effective mode volume V N
eff (red

dashed) and V Q
eff (blue solid) for the cavity in Fig. 1 as

a function of height of the calculation domain Lz. Cir-
cles indicate reference mode volumes V tot

eff derived from
independent Green’s tensor calculations [8].

cavities the common prescription for the effective mode
volume in Eq. (2) is wrong. The source of confusion can
be traced to a lack of distinction between different types
of modes. We argue that the term “cavity mode” should
be properly defined as a solution to Eq. (3) with outgo-
ing wave boundary conditions. This changes the prop-
erties of the eigenvalue problem so that common results
from Hermitian eigenvalue analysis do not apply. In par-
ticular, the cavity modes have complex frequencies and
exhibit an inherent divergence at long distances which
makes the calculation of an effective mode volume non-
trivial. Using an inner product that carefully accounts for
the long distance behavior, it is possible to define a gen-
eralized mode volume in a direct and unambiguous way.
In practical calculations, this in turn provides the correct
effective mode volume for use in Eq. (1) in a straightfor-
ward way using exactly the same cavity modes that are
typically computed for mode volume calculations.
This work was supported by the National Sciences and

Engineering Research Council of Canada, the VKR cen-
ter of excellence NATEC and The Danish Council for
Independent Research (FTP 10-093651).

References

1. K. J. Vahala, Nature 424, 839–846 (2003).

2. E. M. Purcell, Phys. Rev. 69, 681 (1946).

3. T. J. A. Kippenberg, Ph.D. Thesis, (Caltech, 2004).

4. K. Srinivasan, P. E. Barclay, M. Borselli and O. Painter,
Phys. Rev. B 70, 081306R (2004).

5. K. M. Lee, P. T. Leung, and K. M. Pang, J. Opt. Soc.
Am. B 16, 1409–1417 (1999).

6. A. F. Koenderink, Opt. Lett. 35, 4208–4210 (2010).

7. P. Martin, Multiple Scattering. (Cambridge, 2006).

8. P. Yao, V. S. C. Manga Rao, and S. Hughes, Laser and
Phot. Rev. 4, 499 (2010).

9. O. J. F. Martin and N. B. Piller, Phys. Rev. E 58, 3909–
3915 (1998).

10. P. T. Kristensen, P. Lodahl, and J. Mørk, J. Opt. Soc.
Am. B 27, 228–237 (2010).

11. We use Lumerical FDTD Solutions: www.lumerical.com.

3

cole
Typewritten Text
PAPER A. GENERALIZED EFFECTIVE MODE VOLUME FOR LEAKY ...

cole
Typewritten Text
178



Paper B

Ultrahigh Purcell factors and

Lamb shifts in slow-light

metamaterial waveguides
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The idea behind this work was due mainly to SH, following up from previous bandstruc-

ture work from AR, MMD and SH. The calculations performed was truly a collaborative

effort with AR, MMD and SH investigating the metamaterial bandstructure, MP providing

the prototype for calculating Green functions in multilayer geometries and CVV adapting

the calculation for metamaterials with a negative index of refraction. PY and CVV per-

formed the Purcell Factor and Lamb Shift calculations. Writing was a collaboration between

all authors with PY and SH, being the main contributors to the text. MMD contributed

theoretical details and contributed to the writing on the section on the band structure

and CVV contributed to writing the section of the paper regarding the multi-layer Green

function technique.
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Note two minor corrections to Paper B. In Eq. (6) the ωl should be an ωd. Additionally,

in Eqs. (7)-(8) and (11)-(12) the terms d ·G∗(rd, r;ωl) should read G∗(r, rd;ωl) · d as the

complex conjugate portion of the Hermitian conjugate was applied from Eq. (4) but the

transpose part of the Hermitian conjugate was not applied. This allows the relation in

Eq. (13) to be properly used to obtain the main results of this paper Eqs.(14), (15) and

(21).
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Ultrahigh Purcell factors and Lamb shifts in slow-light metamaterial waveguides
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We introduce the complex band structure and a medium-dependent �Green’s function� quantum-optics for-
malism to study the enhanced spontaneous emission factors and Lamb shifts from a quantum dot or atom near
the surface of a slow-light metamaterial waveguide. Using a realistic loss factor of � /2�=2 THz, Purcell
factors of approximately 250 and 100 are found at optical frequencies for p-polarized and s-polarized dipoles,
respectively, placed 28 nm �0.02�0� above the slab surface. For smaller loss values, we demonstrate that the
slow-light regime of odd metamaterial waveguide propagation modes can be observed and related to distinct
resonances in the Purcell factors. Correspondingly, we predict unusually large and rich Lamb shifts of approxi-
mately −1 to −6 GHz for a dipole moment of 50 Debye. We also make a direct calculation of the far-field-
emission spectra which contains direct measurable access to these enhanced Purcell factors and Lamb shifts.

DOI: 10.1103/PhysRevB.80.195106 PACS number�s�: 42.50.�p, 78.20.Ci

I. INTRODUCTION

Early in 1968, Veselago predicted that a planar slab of
negative-index material �NIM�, which possesses both nega-
tive permittivity � and negative permeability �, could refo-
cus electromagnetic waves.1 While an interesting prediction,
these so-called metamaterials did not receive much attention
in optics research until Sir John Pendry showed that NIMs
could be used as a “superlens,” which could overcome the
diffraction limit of conventional imaging system.2 Subse-
quently, a host of applications has been proposed, ranging
from designs for optical cloaks to hide objects,3 through to
schemes that completely stop light.4 Although most of these
schemes are idealized, and suffer in the presence of metama-
terial loss, they have nevertheless motivated significant ex-
perimental progress. For example, Schurig et al. experimen-
tally demonstrated some cloaking features using split-ring
resonators5 and recent achievements in fabrication have fa-
cilitated the realization of negative indices at communication
wavelength6 with some extension to quasi-three-dimensional
structures also reported.7

While it is certainly becoming established that metamate-
rials posses some remarkable classical optical properties, less
well studied are their quantum optical properties, such as
what happens to the spontaneous emission of an embedded
atom or quantum dot. In 1946, Purcell pointed out that due to
the spatial variation in the local photon density of states
�LDOS�, the spontaneous emission rate in a cavity can be
enhanced or suppressed depending upon the distance be-
tween the mirrors.8 The modification in spontaneous emis-
sion due to inhomogeneous structures is a large research field
in its own right, leading to applications in quantum optical
technology.9 In the domain of metamaterials, Kästel and co-
workers investigated the spontaneous emission of an atom
placed in front of a mirror with a layer of NIM �Ref. 10�; this
study was motivated by the perfect lens prediction of a van-
ishing optical path length between the focal points, leading
to the peculiar property that the evanescent waves emerging
from the source are exactly reproduced; consequently they
found that the spontaneous emission can be completely sup-
pressed. This prediction does not account for the essential

inclusion of metamaterial loss or absorption; yet, it is well
known that metamaterials must be dispersive and absorptive
to satisfy the fundamental principle of causality and the
Kramers-Krönig relation.11 Not surprisingly, when absorp-
tion is necessarily taken into account, then the predicted
properties of an ideal lossless metamaterial can qualitatively
change. For example, the superlens and the invisible cloak
are never perfect,12,13 and slow-light modes can never be
really stopped and are usually impractically lossy.14 Simi-
larly, it is expected that absorption will have an important
influence on the modification in spontaneous emission.15 In
this regard, Xu et al.16,17 have extended the works of Kästel
et al. to one dimensional right-handed and left-handed mate-
rial layers and find that nonradiative decay and instantaneous
radiative decay will significantly weaken the predicted inhi-
bition of spontaneous emission.

In 1978, Chance, Prock, and Silbey theoretically investi-
gated the fluorescence of an excited emitter near a dielectric
surface using a classical Green function �GF� technique.18 A
quantum electrodynamics approach was introduced in 1984
by Wylie and Sipe,19,20 where, again using GF techniques,
they showed that the scattered field can be expressed in terms
of the appropriate Fresnel susceptibilities. Using such meth-
ods, it is now well known that the photonic LDOS can be
increased near a metallic surface, e.g., see Ref. 21, whereby
the p-polarized dipole couples to a transverse magnetic �TM�
surface-plasmon polariton �SPP�. Typically such resonances
are far from the optical frequency domain and they are re-
stricted to TM polarization; in addition, the emission is
dominated by quenching or nonradiative decay. Even in the
presence of gratings, enhanced emission via SPPs is not very
practical.22 However, the rich waveguide properties of
metamaterials have quite different polarization dependences
and mode structures than SPPs at a metal surface; for ex-
ample, they can support slow-light, bound propagation
modes and transverse electric �TE or s-polarized� SPPs. It is
therefore of fundamental interest to explore the quantum op-
tical aspects of these waveguides.

Enhanced emission at the surface of both metals and
metamaterial slabs was studied in 2004 by Ruppin and
Martin.23 They noted that resonance peaks due to s-polarized
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surface modes and waveguide modes can appear for the
metamaterial case although they did not discuss the origin of
the waveguide peaks. Similar findings were found by Xu et
al.24 but the role of loss was not explored in detail but rather
it was treated as a perturbation and assumed to lead to only
dissipation; such an assumption is highly suspect in a NIM
waveguide since the entire modal characteristics of the struc-
ture depend intimately upon the material loss and dispersion
profiles.14 Very recently, spontaneous emission enhance-
ments in NIM materials and interesting quantum interference
effects have been reported by Li et al.25 although unrealisti-
cally small losses were typically assumed and again the
physics behind the enhancement factors was not made clear.
In all of these works, there has been no quantitative connec-
tion made to the complex band structure or to the far-field
�and thus measurable� spontaneous emission spectra or dipo-
lar frequency shifts �Lamb shifts�.

In this work, the modified spontaneous emission of a
quantum dot or atom �single-photon emitter� situated above a
slow-light metamaterial waveguide is investigated in detail
by employing a medium-dependent GF theory and compar-
ing with the lossy guided waveguide modes. We compute the
Purcell factor �PF� as well as the spontaneous emission spec-
trum in the far field by developing and using a rigorous
quantum optics theory. We stress that the recent prediction of
completely stopped waveguide modes in a metamaterial
waveguide4 would lead to an infinite PF but as reported by
Reza et al.,14 the properties of the slow-light modes are sig-
nificantly changed in the presence of loss; thus we also in-
vestigate the dependence on loss in some detail. We show
that the emission properties of a photon emitter can act as a
probe for below-light-line propagation-mode characteristics,
showing measurable enhanced radiative broadening and
quantum Lamb shifts. The Lamb shifts are found to be ex-
tremely rich and pronounced. We also compare and contrast
these NIM quantum optical features with well-known results
for metallic surfaces.

Our paper is organized as follows. In Sec. II, we introduce
the NIM waveguide structure of interest and compute and
discuss the band structure for both s �TE� and p �TM� polar-
ization. In Sec. III, we present a rigorous theory for calculat-
ing the PF, Lamb shift, and emitted spectrum from a single-
photon emitter. From this theory, we derive an explicit and
analytical solution to the emitted field at any spatial location
using a full non-Markovian theory which is valid for any
general media �lossy and inhomogeneous�. In Sec. IV, we
discuss a general technique for computing the multilayered
GF using a stratified medium technique of Paulus et al.26 and
formally separate the total GF into a homogeneous and scat-
tered part to properly obtain the photonic Lamb shift. In Sec.
V, we present calculations for the Purcell effect and Lamb
shift as well as the spontaneous emission spectra emitted into
the far field. Finally, we give our conclusions in Sec. VI.

II. METAMATERIAL SLAB WAVEGUIDES: COMPLEX
BAND STRUCTURE AND SLOW-LIGHT

PROPAGATION MODES

In the following sections, we wish to calculate the spon-
taneous emission from dipoles d=de�, where �=z or �

=x�y�. Because the spontaneous emission is strongly affected
by the metamaterial waveguide modes, in this section we
present the results of calculations of the dispersion of both
TE and TM propagation modes. The schematic diagram of
the system under study is shown in Fig. 1. The negative-
index slab is surrounded by air and assumed infinite �or
much larger than a wavelength� in the x and y directions. The
thickness of the slab is h=280 nm. In view of the impor-
tance of dispersion and absorption, we take both into account
from the beginning, which ensures causality and thus avoids
unphysical results. The dispersion is introduced via the Lor-
entz and Drude models:27

��	� = 1 +
	pm

2

	0
2 − 	2 − i�	

, �1�

��	� = 1 −
	pe

2

	2 + i�	
, �2�

where 	pm and 	pe are the magnetic and electric plasmon
frequencies, and 	0 is the atomic resonance frequency. In
what follow, we are interested in waveguides with guided
modes at optical frequencies and thus take 	0 /2�
=189.4 THz, 	pm /2�=165.4 THz, and 	pe /2�=490 THz.

To solve the complex band structure, one can work with a
complex wave vector �
� and a real frequency �	�, or, alter-
natively, a complex 	 and a real 
. The former is perhaps
more appropriate for modeling plane-wave excitation while
the latter is better suited for a broadband excitation response
that is invariant in z. Neither of these approaches constitutes
a complete connection to a broadband dipole response and
thus we will show both solutions, and briefly discuss their
main features. The details of these two approaches for mod-
eling metamaterial waveguide properties will be presented
elsewhere.

The complex dispersion curves of the aforementioned
metamaterial waveguide for both TE and TM modes are
shown in Figs. 2 and 3, using complex-	 and complex-

approaches, respectively. In the complex-
 approach, we
only show the Re�
� solution �Fig. 3�, as the Im�
� simply
demonstrates the large losses in the regime of slow light.14

These curves come from the complex solution to the tran-
scendental dispersion equation derived from the Maxwell’s

FIG. 1. �Color online� Schematic diagram of the system being
investigated. The green dot at r=rd refers to the atom or quantum
dot that is decaying radiatively �with a rate ��, at a distance z0

above the slab of thickness h. The vertical position of the dot, zd

=z0.
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equations and the guidance conditions.28 Very recently, Ar-
chambault et al. discussed the LDOS and field confinement
near the surface of a metal using the vectorial representations
of a surface-plasmon field, and connected these to the
complex-
 /	 dispersion relation.29

In Fig. 2, we show the first few TM �TE� propagation
modes: TM2-TM6 �TE2-TE6�, as well as TM0-TM1 �TE0-
TE1� SPP modes �red curves�; a wide range of frequencies is
displayed from 180 to 240 THz. We stress that the TE-
polarized SPPs are unique to metamaterials and the proper-
ties of these SPP modes can be engineered to have a reso-
nance in the optical frequency regime, near the propagation
modes. For the TM case, there is also a higher-lying SPP
resonance, which we do not show as it is far outside the
frequency of interest �	sp

tm�346 THz or specifically
	pe /�2�; the TM0 and TM1 modes show the start of the SPP
modes just below the air light line.

The properties of these metamaterial waveguide modes
shown in Fig. 2 are considerably different from those in a
conventional dielectric waveguide.30 The most important dif-
ference is that backward and forward propagating modes ex-
ist and, in a lossless metamaterial waveguide, even stopped-
light modes �where the slope goes to zero� are supported.
However, the necessary inclusion of intrinsic loss in a
metamaterial slab dramatically changes the dispersion curves
near slow-light regions �see also Ref. 14�. Thus one must
include material losses to have any confidence in the results
and predictions. In the complex-	 solutions �Fig. 2�, al-
though the slope and thus the group velocity vg is zero at
some points, the use of the group velocity as a measure of

energy transport is not meaningful,14 and there is a finite
imaginary part of frequency. However, at the points where
the slope is zero in Figs. 2�a� and 2�c�, the density of modes
is large and as we shall see, this can lead to a large Purcell
factor at the relevant frequencies. In particular, because the
slopes of all of the different mode dispersions tend to zero as

 goes to infinity, there is a large enhancement in the density
of states at 	=	0.

In Fig. 3 we show the dispersion curves using the
complex-
 approach. In this approach, the impact of material
losses on the dispersion curves are much more drastic and
these curves would appear to have little to do with the curves
in Fig. 2. However, despite their differences, there is a strong
correspondence between the two sets of curves. In a �ficti-
tious� lossless waveguide, the two sets of curves would be
identical apart from some leaky modes that carry no energy.
In the complex-
 approach, two degenerate leaky modes
start at the zero-slope point of the non-SPP propagation
modes and move to higher frequencies. In Fig. 3, these leaky
modes split and merge seamlessly into the propagation mode
dispersion, creating the split-curve structure that is seen, e.g.,
for the TE4 mode near 	 /2�=201 THz. Although the slope
no longer goes to zero in the complex-
 approach at the
point where the propagation mode splits into the two leaky
modes, the energy velocity �which is the correct measure of
energy transport in a lossy system� is quite small but non-
zero. Another important difference between the modes in the

FIG. 2. �Color online� Dispersion curves of the lossy metama-
terial waveguide for the first few lower-order modes using the
complex-	 approach for � /2�=2 THz�� /	0�0.01�. The red and
blue curves show the surface-plasmon polariton modes and bound
propagation modes, respectively. The solid and dashed curves rep-
resent the even and odd modes, respectively. The solid thick black
curves display the vacuum light line and metamaterial light line
while the horizontal dashed lines indicate the atomic �	0� and TE
plasmon resonances �	p

te�. �a� Re�	� versus 
 for TM modes. The
modes become more dense near the resonance frequency 	0 and
form a continuum. �b� Im�	� versus 
 for TM modes. ��c� and �d��
The same as �a� and �b� but for TE modes.
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FIG. 3. �Color online� Dispersion curves of the lossy metama-
terial waveguide for the first few lower-order modes in using the
complex-
 approach, where only Re�
� is shown. �a� TM modes.
�b� TE modes. The thin solid black curves represent vacuum light
line and metamaterial light line. Note that formally labeling the
curves is more difficult than in Fig. 2 due to the merging of the
different curves �e.g., the TE4 and TE5 curves near 220 THz�.
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complex-
 approach and the complex-	 approach is that for
the modes in the complex-	 approach, 
→� as 	→	0,
while in the complex-
 approach, the modes bend back on
themselves at the atomic resonance frequency 	0. Note that
the group velocity, which is given by the slope of dispersion
curve, is infinite at this point. There is no paradox here be-
cause, as discussed above, the group velocity is ill defined in
a lossy waveguide structure and the energy velocity is a cor-
rect measure of the transport speed.31 We have calculated the
energy velocity and find that the minimum-energy velocity
occurs exactly at the resonance frequency 	0 but that it is
never zero; for example, the energy velocity minimum for
both TE3 and TM3 modes is found to be around
10−3c–10−4c, where c is the vacuum speed of light. A similar
effect occurs for TE modes near the plasmon resonance,
where in the complex-
 picture, the SPP modes not only
penetrate below the plasmon frequency, but they transform
seamlessly into the higher-order leaky modes. For example,
the TE4 and TE5 modes merge into SPP modes. Interest-
ingly, in Fig. 3�b�, we also observe new resonances in the left
branch of the leaky TE propagation modes, which couple to
the TE SPP modes just below the bare SPP resonance. Thus,
two resonances appear in this SPP frequency regime; evi-
dently, this is not expected from the complex-	 perspective.

Later, we will show that the resonant frequency and the
slow-light regimes of the propagation modes are exactly co-
incident to that of the LDOS peaks in the spontaneous emis-
sion spectrum and thus both complex-	 and complex-
 band
structures are useful to gain insight into the origin of the
LDOS peaks. The spatial symmetries of the even and odd
modes will also prove to be very important; since the odd
modes have a much larger field amplitude at the surface, they
couple much more strongly to a quantum dot or atom near
the NIM surface.

III. QUANTUM THEORY OF SPONTANEOUS EMISSION
IN A METAMATERIAL

A. PF and Lamb shift

The PF is a measure of the spontaneous emission-rate
enhancement; it is defined as PF=� /�0, where � �the Ein-
stein A coefficient� is the spontaneous emission rate associ-
ated with population decay rate from an excited state to the
ground state and �0 is the spontaneous emission rate in
vacuum or a lossless homogeneous medium. We consider a
system consisting of a quantum dot embedded in or near a
general dispersive, absorptive, and inhomogeneous medium.
Employing a quantization scheme that rigorously satisfies the
Kramers-Krönig relations, and using the electric-dipole ap-
proximation, an appropriate Hamiltonian–following the
works of Welsch and co-workers–can be written as32–34

H = 	d�̂+�̂− + 	
�=e,m


 dr

0

�

d	l	lf̂�
†�r,	l� · f̂��r,	l�

− ��̂+d + �̂−d� · F�rd� , �3�

where f̂�
†�r ,	l� and f̂��r ,	l� are the continuum bosonic-field

operators of the electric ��=e� and magnetic field ��=m�

with eigenfrequency 	l, �̂��� are the Pauli operators of the
electron-hole pair �exciton�, and 	d and d=ndd �d is assumed
to be real� are the transition frequency and dipole moment of

the dot, respectively. The field operator F̂ is essentially the
electric-field operator augmented by the quantum-dot polar-

ization and can be expressed as F̂= D̂ / ��0��+ P̂ / ��0��, where

D̂ is the displacement field �Ê= D̂ / ��0�� is the electric field
away from the dipole�, � is the complex relative permittivity

and P̂ is the polarization arising from the quantum-dot di-
pole; this latter contribution is needed as it is the displace-
ment field that should couple to the dipole in the interaction
Hamiltonian.19,35,36 Using the above formalism, we derive

F̂�r,t� = i� 

��0



0

�

d	l
 dr�G�r,r�;	l�

· ���I�r�,	l�f̂e�r�,	l;t� +
c

	l
�

� �− �I�r�,	l�f̂m�r�,	l;t�� + H.c.

+
d��̂+�t� + �̂−�t����r − rd�

�0��r�
, �4�

where the last term represents the polarization field from the
dipole, �I�r ,	l� and �I�r ,	l� are the imaginary parts of
��r ,	l� and 1 /��r ,	l�, respectively, and ��r ,	l� and
��r ,	l� are the relative complex permittivity and permeabil-
ity. The dyadic G�r ,r� ;	l� is the electric-field GF that de-
scribes the field response at r to an oscillating polarization
dipole at r� as a function of frequency; the GF is defined
from

�� �
1

��	l,r�
� −

	l
2

c2 ��	l,r��G�r,r�;	l� =
	l

2

c2 1��r − r�� ,

�5�

where 1 is the unit tensor.
From the above Hamiltonian, we derive the Heisenberg

equations of motion for the time-dependent operator equa-
tions as �t is implicit�

d�̂−

dt
= − i	l�̂

− + i−1d · F̂�rd� , �6�

df̂e�r,	l�
dt

= − i	lf̂e�r,	l�

−��I�r,	l�
��0

d · G��rd,r;	l���̂− + �̂+� , �7�

df̂m�r,	l�
dt

= − i	lf̂m�r,	l�

−�− �I�r,	l�
��0

c

	l
d · �G��rd,r;	l� � ��

���̂− + �̂+� , �8�
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where �G��rd ;r ;	l����ij =� jkl�kGil
��rd ,r ;	l�, and we have

used the one photon correlation approximation, through

�̂zF̂=−F̂. We can make a Laplace transform on the above set,

defined through Ôi�	�=0
�ei	tÔi�t�dt, and obtain

�̂−�	� =
i�̂−�t = 0�

	 − 	d
−

−1d · F̂�rd,	�
	 − 	d

, �9�

�̂+�	� =
i�̂+�t = 0�

	 + 	d
+

−1d · F̂�rd,	�
	 + 	d

, �10�

f̂e�r,	l;	� = f̂e
0�r,	l;	�

−��I�r,	l�
��0

d · G��rd,r;	l�
i��̂−�	� + �̂+�	��

	 − 	l
,

�11�

f̂m�r,	l;	� = f̂m
0 �r,	l;	� −�− �I�r,	l�

��0

c

	l
d

· �G��rd,r;	l� � ��
i��̂−�	� + �̂+�	��

	 − 	l
,

�12�

where f0 represents a possible free field or homogeneous
driving field in the absence of any quantum dot or atom.

We next assume that the initial field is the vacuum field

�i.e., f̂�
0�r ,	l ;	�=0�, substitute Eqs. �11� and �12� into Eq.

�4�, and make use of the relation �see Ref. 32�


 ds�− �I�G�r,s;	l� � �s���s � G��s,r�;	l��
c2

	l
2

+ �I�s,	l�G�r,s,	l� · G��s,r�;	l�� = Im G�r,r�;	l� .

�13�

Subsequently, we obtain an explicit solution for the dipole
operators �and thus the polarization operator�

�̂−�	� + �̂+�	�

= −
i�̂−�t = 0��	 + 	d� + i�̂+�t = 0��	 − 	d�

	d
2 − 	2 − 2	dd · �G�rd,rd;	� +

��r − rd�

��r�
� · d/�0

,

�14�

which we can rewrite as

�̂−�	� + �̂+�	� = −
i�̂−�t = 0��	 + 	d� + i�̂+�t = 0��	 − 	d�

	d
2 − 	2 − 2	dd · K�rd,rd;	� · d/�0

,

�15�

where the new GF, K�r ,r� ;	��G�r ,r� ;	�+��r−r�� /��r�.
This is exactly the same form as the GF used in the formal-
ism by Wubs et al.,37 where the K function appears naturally
when working with mode expansion techniques for lossless

inhomogeneous media. The origin of the discrepancy be-
tween theories that use G or K, is because the correct inter-
action Hamiltonian should really contain a displacement
field,19,35,36 as has been accounted for in our Eq. �4�. This
subtlety becomes important, e.g., when deriving a Lippman-
Schwinger equation for the electric-field operator, which can
only be achieved through use of K.37

It is worth noting that the above equations are obtained
with no Markov approximation so they can be applied to
both weak- and strong-coupling regimes of cavity QED. In
addition, we have made no rotating-wave approximations. In
the weak to intermediate coupling regime, the decay rate of
spontaneous emission � can be conveniently expressed via
the photon GF through

��rd,	� =
2d · Im�K�rd,rd;	�� · d

�0
, �16�

where for free space, Im�Kvac�	��=Im�Gvac�	��=	3 /6�c3,
and so �0=2d2	3 / ��06�c3�.

Within the dipole approximation, the above formalism is
exact, and for lossless media, Eq. �16� can be reliably applied
as soon as G is known, and one can exploit
Im�G�r ,r� ;	��=Im�K�r ,r� ;	��, since � is real. In a previ-
ous paper dealing with lossless photonic crystals,38 two of us
adopted precisely K�r ,r� ;	�, since it can be constructed in
terms of the transverse modes. However, for lossy structures
such as metals and metamaterials, Im�G�r ,r ;	�� diverges,32

so we are forced to confront the immediate unphysical con-
sequences of a dipole approximation. For both real and com-
plex �, Re�G�r ,r ;	�� also diverges, which is well known.
These GF divergences, as r→r�, are of course not physical
and are simply a consequence of using the dipole approxi-
mation. Any finite-size emitter, no matter how small, will
have a finite PF and a finite Lamb shift.39 The usual proce-
dure for a lossy homogenous structure is to either regularize
the GF by introducing a high-momentum cutoff,40 or to in-
troduce a real or virtual cavity around a finite-size emitter
and analytically integrate the homogenous GF.41

In the remainder of this paper, we will only concern our-
selves with dipole emitters located in free space above a
NIM waveguide; we will, however, revisit the problem of
dipoles inside a NIM in future work, where one must care-
fully account for local-field effects. For any inhomogeneous
structure such as a layered waveguide, a convenient ap-
proach to using the GF is to formally separate it into two
parts, namely, a homogeneous contribution Ghom �whose so-
lution can be obtained analytically� and a scattering contri-
bution Gscatt. This approach, which is especially well suited
to dipoles in free space, is the approach that we will adopt
below. Using this separation, one can identify the nondiver-
gent PF and Lamb shift solely from the scattered part of the
GF. We obtain

�scatt�rd,	� =
2d · Im�Gscatt�rd,rd;	�� · d

�0
�17�

so that the Purcell factor, for a dot in free space, is
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PF�rd� = 1 +
�scatt�rd,	�

�0�	�
. �18�

Similarly, the Lamb shift is given by

�	�rd,	� = −
d · Re�Gscatt�rd,rd;	�� · d

�0
, �19�

where we have neglected the vacuum Lamb shift from the
homogenous GF since it can be thought to exist already in
the definition of 	d and in any case it will be much smaller
than any resonant frequency shifts coming from Gscatt.
While, in principle, one can apply mass-renormalization
techniques to also obtain the vacuum �or electronic� Lamb
shift,42 any observable shift will be related to—and com-
pletely dominated by—the photonic Lamb shift, and thus
from Gscatt.

B. Spontaneous emission spectrum

Next, we will obtain an exact expression for the emitted
spectrum. From Eqs. �4� and �11�–�15�, we obtain the ana-

lytical expression for the electric-field operator, Ê�R ,	�, for
R�rd

Ê�R,	� =
 d	l
1

��0
Im G�R,rd;	l� · d

�̂−�	� + �̂+�	�
	 − 	l

=
1

�0
G�R,rd,	� · d��̂−�	� + �̂+�	�� , �20�

where i
�	l−	+i�+� =���	l−	�+ iP� 1

	l−	 � �	l is the integration
variable� has been used. Note that the principal value of the
integral cannot be neglected, otherwise only the imaginary
part of GF in Eq. �20� is retained. This can be contrasted to
the expression derived by Ochiai et al.,43 where the real part
of the GF was omitted because they neglected the principal
value of the integral.

The power spectrum of spontaneous emission can be ob-

tained from S�R ,	�=0
�0

�dt1dt2ei	�t2−t1��Ê−�t1�Ê+�t2��, lead-

ing to S�r ,	�= ��Ê�	��†Ê�	��. Using Eqs. �15� and �20�, one
has, again for R�rd

S�R,	� = � d · G�R,rd;	��	 + 	d�/�0

	d
2 − 	2 − 2	dd · Gscatt�rd,rd;	� · d/�0

�2

.

�21�

This is in an identical form to the emission spectrum derived
for a lossless material,38 showing that the electric-field spec-
trum at r depends on the two-space point GF, G�R ,rd ;	�,
which describes radiative propagation from the dot position
to the detector. All that remains to be done is obtain the GF,
which we discuss next.

IV. MULTILAYERED GREEN’S FUNCTION:
PLANE-WAVE EXPANSION TECHNIQUE

The classical GF, G�r ,r� ;	�, describes the response of a
system at the position r to a polarization dipole located at r�
so that the total electric field E�r ,	�=G�r ,r� ;	� ·p�r� ,	�.

In the case of a multilayer planar system,26,45 when calculat-
ing the electric field in the same layer as the dipole, and as
mentioned earlier, it is possible to write the GF in terms of a
homogenous part and a scattered part. Formally one has

G�r,r�;	� = Ghom�r,r�;	� + Gscatt�r,r�;	� . �22�

Because we consider z and x�y� oriented dipoles separately,
we only require the diagonal elements of the GF above the
slab and the GF tensor elements can be greatly simplified.
We take the source and field points to be r= �� ,z� and r�
= �� ,z��, i.e., the transverse position, �= �x ,y� of the dipole
and observation points are equal. We will use the following
notation to label the three-layered structure: region 1 is air,
region 2 is metamaterial, and region 3 is air. For the total GF,
when both z and z� are in region 1, we have, for z�z�

Gxx/yy��,z,z�,	� =
i��r�,	�	2

8�c2 

0

�

dk�k�

�� 1

k1z
�r1,−

s eik1z�z+z�� + e−ik1z�z−z���

−
k1z

k1
2 �r1,−

p eik1z�z+z�� + e−ik1z�z−z���� ,

�23�

Gzz��,z,z�,	� = −
1

��r�,	�
��z − z�� +

i��r�,	�	2

4�c2

�

0

�

dk�

k�
3

k1zk1
2 �r1,−

p eik1z�z+z�� + e−ik1z�z−z���

�24�

and with z�z�

Gxx/yy��,z,z�,	� = =
i��r�,	�	2

8�c2 

0

�

dk�k�

�� 1

k1z
�r1,−

s eik1z�z+z�� + eik1z�z−z���
k1z

k1
2

��r1,−
p eik1z�z+z�� − eik1z�z−z���� , �25�

Gzz��,z,z�,	� =
i��r�,	�	2

4�c2 

0

�

dk�

k�
3

k1zk1
2

��r1,−
p eik1z�z+z�� + eik1z�z−z��� . �26�

Here, for s �TE� and p �TM� polarizations

r1,−
�s/p� = r12

�s/p� +
t12
�s/p�t21

�s/p�r23
�s/p�e2ik2zh

1 − r21
�s/p�r23

�s/p�e2ik2zh
. �27�

We define the wave vector kl
2=	2�l�l /c2 in medium l. Thus,

for Re�kl��Re�k��, the z component of the wave vector is
klz= � �kl

2−k�
2�1/2, where the positive �negative� sign is for

positive �negative� index material. For Re�kl��Re�k��, we
have klz= i�k�

2−kl
2�1/2 for both positive and negative index
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materials.32,44 The reflection and transmission coefficients
are

rij
s =

� jkiz − �ikjz

� jkiz + �ikjz
, rij

p =
� jkiz − �ikjz

� jkiz + �ikjz
, �28�

tij
s =

2� jkiz

� jkiz + �ikjz
, tij

p =
2� jkiz

� jkiz + �ikjz
. �29�

From the above expressions it is seen that the scattered GF
for any z in region 1 �above the NIM slab� can be written as

Gxx
scatt��,z,z�,	� =

i��r�,	�	2

4�c2 

0

�

dk�k�

��� r1,−
s

2k1z
eik1z�z+z�� −

k1zr1,−
p

2k1
2 eik1z�z+z���� ,

�30�

Gzz
scatt��,z,z�,	� =

i��r�,	�	2

4�c2 

0

�

dk�

k�
3

k1zk1
2r1,−

p eik1z�z+z��.

�31�

We highlight again that the difference between Eqs.
�23�–�26� and Eqs. �30� and �31� is simply the homogeneous
GF.45 From a numerical perspective, the task is to solve
Sommerfeld integrals. Such equations can be integrated in
the lower half of the complex plane using the method de-
scribed by Paulus et al.26 for positive index materials �where
the poles are in the first and the third quadrant of the com-
plex plane� or in the upper half of the complex plane for
negative-index materials �where the poles are in the second
and the fourth quadrant of the complex plane�; this method
avoids any poles which may be near the real k� axis and
improves numerical convergence, though it is unnecessary
for large material loss. For our particular calculations, we
integrate Eqs. �23�–�31� using an adaptive Gauss-Kronrod
quadrature which was verified to be well converged for a
relative tolerance of 10−4. Specifically, the above equations
were integrated along an elliptical path around the region
containing the bound and radiation mode contributions,26

with the semimajor axis was 3�Re�k2�� /2 and the semiminor
axis was �Re�k2�� /1000. After integrating along the elliptical
path, the equations were integrated into the evanescent re-
gion along the real k� axis. An additional advantage of this
technique is that the integrand contributions from the bound
and evanescent modes can be conveniently compared with
the band structure, by examining the individual s- and
p-polarized contributions as a function of k� for a given 	,
where it becomes obvious that the full GF solution requires
both complex-	 and complex-
 pictures. Since the GF ap-
proach may be termed the complete answer, it is clear that
the band-structure approaches, either complex 	 or complex

, merely yield a limited subset solution about dipole cou-
pling in these structures; having said that, both approaches
�band structure and GF� offer a clear connection to the un-
derlying physics of enhanced Purcell factors and Lamb
shifts.

V. SPONTANEOUS EMISSION CALCULATIONS FOR A
SLOW-LIGHT METAMATERIAL WAVEGUIDE

A. Enhancement of the spontaneous emission rate
(Purcell effect)

The motivation behind investigating slow-light
waveguides in the context of enhanced spontaneous emission
is that, quite generally, the relevant contribution to the LDOS
from a lossless waveguide mode is inversely proportional to
the group velocity46 and so slow-light modes may lead to
significant PFs. In the field of planar photonic crystal
waveguides, GF calculations47 and recent measurements48

have obtained PFs greater than 30 for group velocities that
are about 40 times slower than c. This enhancement leads to
an increase in the degree of light-matter interaction and is
important for fundamental processes such as nonlinear op-
tics, and for applications such as single-photon sources. The
major difference with lossless photonic crystal waveguides
and NIM waveguides is that the NIM losses will likely mean
that they are unlikely to find practical application as efficient
photon sources since the photon emission is probably domi-
nated by nonradiative decay. Nevertheless, it is fundamen-
tally interesting to calculate the emission enhancements rates
and to connect these to a measurement that would allow
direct access to this enhanced light-matter interaction re-
gime.

For our PF calculations, we first investigate the behavior
of the spontaneous emission as a function of frequency. The
GF is obtained directly using the multilayer GF technique
described above. Figure 4 shows the spectral distribution of
the PF, when the emitter is placed above the slab �zd=z0 �see
Fig. 1� =h /10=28 nm� and the loss rate � /2� of the
metamaterial is 2 and 0.2 THz for �a� and �b�, respectively. A

FIG. 4. �Color online� Purcell factor as a function of frequency
for �a� � /2�=2 THz and �b� � /2�=0.2 THz. The dot is located at
z0=h /10=28 nm �0.02�0� above the NIM slab. The blue curves
correspond to a z-polarized dipole and the red curves correspond to
an x /y-polarized dipole. The inset is the refractive index, n, vs
frequency, where the dashed line corresponds to the imaginary part
and the solid line to the real part �which is negative throughout the
entire frequency range shown�.
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height of 28 nm corresponds to a normalized distance of
z0 /�0�0.02, where we can reasonably expect the dipole ap-
proximation to hold �the spatial dependence will be shown
below�.

Our material loss numbers �� /	0=0.01−0.001� are close
to the state of the art for metamaterials but they are signifi-
cantly greater than those used in some previous waveguide
studies, where enhanced PFs were demonstrated with � /	0
�10−10−10−8,25 or no loss at all.24 For metamaterial appli-
cations, a useful figure of merit �FOM�, is FOM=
−Re�n� / Im�n�, with a larger FOM indicating a less lossy
metamaterial. The current FOM for typical metamaterial is
of order 100 at GHz frequencies and drops to 0.5 at optical
frequencies �380 THz�.49 However, there are methods to im-
prove these FOMs as they are not fundamental material
properties; for example, Soukoulis et al. have suggested that
the FOM can be improved by a factor of 5 at optical frequen-
cies, and after optimizing their fishnet design, they have
demonstrated that the FOM can be around 10 at 380 THz �cf.
Fig. 5�c� in Ref. 50�. Recently, they also demonstrated a new
design where the FOM is about 60 at 40 THz.51 For the
proposed structure with � /2�=2 THz, we have a FOM of
0.72 at the resonance frequency, and a maximum FOM of
26.25 at 220 THz, which is similar to the state-of-the art
FOMs at optical frequencies.

The PF �Eq. �18�� is enhanced at the frequency of 	 /2�
�189 THz��	0 /2��, and the enhancement for a
z-polarized dipole is larger than that for an x- or y-polarized
dipole; part of the reason that the PF is larger for the
z-polarized dipole is that it couples to the TM modes, which
are more strongly influenced by material losses �through ��;
we have verified that the TM and TE PFs approach one an-
other as � in � tends to zero, and this trend can partly be
seen by comparing the TE and TM PFs in Figs. 4�a� and
4�b�. In the presence of the larger loss �� /2�=2 THz� the
peak Fz �TM PF� is about 240 and the peak Fx/y is about 120.
When � /2� is decreased to 0.2 THz, the PF increases sig-
nificantly to �z=720 and �x/y =350. The physical origin of
these large PF enhancements comes from the slow energy
velocities of the propagation modes. This can be seen from
the dispersion curves �Figs. 2 and 3�, where upon close in-
spection, we realize that we are obtaining the odd mode reso-
nances, as is expected from dipoles near the surface where
the local field is larger near the NIM surface; for example,
the resonance around 207 THz corresponds to the vg→0
region of the TE3 mode �cf. Fig. 2�c� on the complex-	 band
structure�. In the complex-
 dispersion curves �Fig. 3�b��,
this same resonance is seen as the point where the two
branches of the TE3 mode split apart near 207 THz �

�7 �m�. The series of peaks below 200 THz and above 	0
are due to the slow energy velocity region of the various odd
modes, which approach one another at 	0.

In addition, we note that for the TE modes, there is a PF
peak due to the plasmon resonance around 223 THz that has
also been highlighted elsewhere, e.g., Refs. 23–25. What is
particularly interesting, is that for reduced losses, this reso-
nance splits into two �cf. Fig. 4�b��; moreover, by inspection
of the band structure �cf. Fig. 3�b��, the lower-lying peak of
this pair is actually due to the bound propagation modes
�e.g., TE5�, which is only visible in the complex-
 band

structure. For larger losses, these individual peaks cannot be
resolved, and one must then assume that the broadened peak
near 223 THz for � /2�=2 THz, is due to a combination of
the TE SPP and bound modes contained within the light
lines. We emphasize that this resonance, which is below the
SPP frequency, is not observable within the complex-	 band
structure, as discussed earlier; it is also unique to the NIM
structure.

Next, the PF for different dot positions z0 is investigated.
Similar to what happens near metal surfaces, as the dot is
brought closer to the NIM slab surface, the PF will increase
rapidly and formally diverge at the surface of the NIM slab.
In fact, it is a straightforward exercise to show analytically
that the electrostatic G at the surface of a half-space lossy
structure has an imaginary part that diverges. One finds for
the nonretarded terms �quasistatic approximation�:52

G�rs,rs� = G0�rs,rs� � G0�rs,− rs���NIM − 1�/��NIM + 1� ,

where the minus and plus signs refer to TE and TM polar-
izations, respectively, G0 is for free space, and �NIM is the
permittivity of the NIM medium. Because Re�G0�rs ,rs�� di-
verges, any amount of loss in �NIM, no matter how small, will
lead to a divergent LDOS at the surface. Consequently, the
quasistatic approximation will not work at the surface and in
general we should consider distances significantly larger than
the emitter size if we are to employ the dipole approxima-
tion.

Figure 5�a� shows the dependence of the values of the PF
at three different resonance peaks on the position z0. Because
of the expected LDOS divergence at the surface, we only
show the behavior down to distances of h /40�z0 /�0=0.005�;
we expect the dipole approximation to work to distances of

FIG. 5. �Color online� �a� The dependence of the maximum
values in the PF on position z0 for a loss factor of � /2�=2 THz.
The solid blue and red curves correspond to the PF at 	0 for TM
and TE modes, respectively, and the dashed red curve corresponds
to the TE SPP mode. The upper and lower dashed gray curves show
the scaling of 1 /z0

1.5 and 1 /z0
3, respectively. Even at the smallest

distances from the NIM surface ��7 nm�, the electrostatic limit
�where a scaling of 1 /z0

3 would occur� has still not been reached at
the chosen frequencies �see text�. �b� The maximum PFs as a func-
tion of damping factor for the dot located at z0=h /20. The curve
labeling is the same as in �a�. All curves are obtained at a fixed
frequency.

YAO et al. PHYSICAL REVIEW B 80, 195106 �2009�

195106-8

cole
Typewritten Text
PAPER B. ULTRAHIGH PURCELL FACTORS AND LAMB SHIFTS ...

cole
Typewritten Text
188



around h /10�z0 /�0=0.02�. In obtaining these graphs we have
fixed the frequency. The PF enhancements are found to de-
crease as a function of distance, as expected, but large values
can still be obtained at distances ��0.4h� or more. For ex-
ample, the TM peak has a PF of 10 at a distance of 100 nm
from the surface. For metal surfaces, the TM SPP mode PF
scales as 1 /z0

3 for small distances �e.g., see Ref. 21�, which
we have also verified for our structure �see Fig. 5�a��. This
behavior is due to the electrostatic scaling of the evanescent
contribution from the SPP, and for our structure, this scaling
dominates for distances of around z0�0.04h. However, the
scaling of the metamaterial modes is quite different: we ob-
tain a scaling of around 1 /z0

1.5 for the PF peak at 	0 and also
for the TE SPP mode peak. In the limit of �=1, we again
recover the 1 /z0

3 scaling for these modes. Also in the case of
the metamaterial, significant PFs can still be achieved for
much larger distances away from the surface, even for z0
=h. The reason for this unexpected scaling is that the chosen
resonance frequencies have not yet recovered the electro-
static limit, even for dipole distances as small as 7 nm from
the surface; if we choose frequencies away from the wave-
guide peaks, then we indeed get the 1 /z0

3 scaling from the
NIM, as expected.

The dependence of spontaneous emission on the damping
factor is plotted in Fig. 5�b�, which shows that increasing the
damping factor decreases the peak spontaneous emission
rate, while increasing the full width at half maximum of the
PF resonance. However, even in the presence of very large
losses �e.g., � /2�=10 THz�, we see that large PFs are still
achievable. As expected, clearly there is also a large PF en-
hancement if the nominal losses can be improved by an order
of magnitude.

B. Lamb shift and far-field spectrum of spontaneous emission

The Lamb shift is another fundamental quantum effect
whereby the vacuum interaction with a photon emitter can
cause a frequency shift of the emitter.39 Cavity QED level
shifts of atoms near a metallic surface have been shown to be
significant as one approaches the surface.20 For optimal cou-
pling, usually these are studied at high frequencies �e.g.,
	�4 eV�, so as to couple to the TM SPP resonance; as a
function of frequency, the level shift changes sign as we
cross the resonance.20 For lower frequencies, a 1 /z0

3 van der
Waals scaling again occurs.53 Given the complicated modal
structures of NIM waveguides, it is not clear what the Lamb
shifts will look like.

The QED frequency shift of the emitter can be directly
calculated via the real part of the scattered GF �Eq. �19��.
Experimental dipole moments for semiconductor quantum
dots vary from around 30 D �D=debye� to 100 D,54,55 so
here we adopt a dipole moment of d=50 D. The results for
z polarization and x /y polarization are shown in Figs. 6�a�
and 6�b�, respectively. Our calculations indicate that the fre-
quency for a dipole above the NIM slab will be significantly
redshifted relative to vacuum, with rich frequency oscilla-
tions as one sweeps through the NIM waveguide resonances.
The Lamb shift at the 	0 resonance frequency for different
loss factors � are identical and are not zero; the nonzero shift

at the main resonant frequency 	0 is due to the asymmetry of
the PF, namely, the series of waveguide resonances at the
higher frequency end of 	0. The frequency shift at 	0 for
TM modes is 6.3 GHz, and for TE modes is 3.5 GHz, and the
difference between them mainly comes from TM SPP modes
at 	pe /�2�490 THz. When the loss is reduced, the various
modal contributions become more pronounced. It is worth
highlighting that this frequency shift, which is completely
unoptimized, is already comparable to some of the largest
shifts reported for the real-index photonic crystal environ-
ment, e.g., ��	� /	=4�10−5.56 In normalized units, we ob-
tain frequency shifts around ��	� /	=5�10−5, over a wide
frequency range. This ratio is even larger for smaller dis-
tances �and larger dipole moments�, however one must watch
that the dipole approximation does not breakdown.

We also remark that these NIM Lamb shift features are
substantially different to those predicted in typical metals.
For example, we have calculated the Lamb shift from a half
space of Aluminum and find that the Lamb shift in the same
optical frequency regime is only −0.1 GHz, for an identical
dipole and position. Although closer to the SPP resonance
�which is at 2780 THz�, much larger values �PF=322 at z0
=7 nm� can be achieved, the frequency dependence is rela-
tively featureless, in contrast to that shown in Fig. 6 and the
spontaneous emission is very strongly quenched in metals
near the SPP resonance.

Finally, we turn our attention to the spontaneous emission
radiation that can actually be measured. In the following, we
use Eq. �21� to investigate the emitted spontaneous emission
spectrum for two different exciton frequencies, 	d=	d1 and
	d2 which are indicated in Fig. 6�a�. The polarization of the
quantum-dot exciton is assumed to be along z and the loss
factor is � /2�=2 THz. The frequency dependence of the
emitted radiation is shown in Fig. 7 for the two different dot
frequencies. For 	d=	d1, the shift at peak emissions is
−6.3 GHz and the enhancement in spontaneous emission

FIG. 6. �Color online� Frequency shift due to the inhomoge-
neous scattering when � /2�=2 THz �solid curves� and � /2�
=0.2 THz �dashed curves�. The dipole strength is d=50 D �see
text�. �a� The dot polarization is perpendicular to the slab surface
�TM�. �b� The dot polarization is parallel to the slab surface �TE�.
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rate is 240. For 	d=	d2, the shift is −4.7 GHz and the en-
hancement in the spontaneous emission rate is 135. Usually,
with a large dipole moment of d=50 D and a spontaneous
emission enhancement on the order of 100, the photon-dot
interaction will enter the strong-coupling regime and the
emitted spectrum will show a typical spectral doublet. How-
ever, because there is quenching in the emitted photons that
will be hardly reabsorbed by the emitter, strong coupling is
not observable in the far field from the NIM waveguide.
These features depend upon the properties of the GF propa-

gator appearing the spontaneous emission formula �Eq. �21��.
Comparing with the free space emission spectrum, the inte-
grated emission in Figs. 7�a� and 7�b� is 1.8�10−4 and 1.6
�10−3, respectively. Thus, the predicted far-field spectra,
which obtain Purcell factor and Lamb shift signatures,
should certainly be observable experimentally.

VI. CONCLUSION

In summary, we have employed a rigorous medium-
dependent theory and a stratified GF technique, to investigate
the enhanced emission characteristics of a single-photon
emitter near the surface of the NIM slab waveguide in the
optical frequency regime. The origin of the predicted Purcell
factor peaks is primarily due to slow-light propagation
modes which have been analyzed by calculating the complex
band structure of this waveguide. Correspondingly, we also
predict a significant Lamb shift with rich frequency charac-
teristics. All of our predictions are based on a realistic
metamaterial model that includes both material dispersion
and loss and scales to any region of the electromagnetic
spectrum. The role of material loss and dipole position has
also been investigated in detail. It is further shown that the
unusual emission characteristics at the surface can act as a
sensitive and nonperturbative probe of below-light-line
waveguide mode characteristics. These predicted medium-
dependent QED effects are fundamentally interesting and
may find use for applications in quantum information science
and optical sensing.
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We present a study of light-induced forces between two coupled plasmonic nanoparticles above various slab
geometries including a metallic half-space and a negative index material (NIM) slab waveguide. We investigate
optical forces by nonperturbatively calculating the scattered electric field via a Green function technique which
includes the particle interactions to all orders. For excitation frequencies near the surface plasmon polariton
and slow-light waveguide modes of the metal and NIM, respectively, we find rich light-induced forces and
significant dynamical back-action effects. Optical quenching is found to be important in both metal and NIM
planar geometries, which reduces the spatial range of the achievable interparticle forces. However, reducing the
loss in the NIM allows radiation to propagate through the slow-light modes more efficiently, thus causing the
light-induced forces to be more pronounced between the two plasmonic particles. To highlight the underlying
mechanisms by which the particles couple, we connect our Green function calculations to various familiar
quantities in quantum optics.

DOI: 10.1103/PhysRevB.83.245404 PACS number(s): 42.50.−p, 78.67.Bf, 73.20.Mf, 78.67.Pt

I. INTRODUCTION

Since the proposal of using intense laser light to trap
atoms1 and particles2 by Ashkin, scientists have achieved a
remarkable ability to manipulate matter via optical forces.3

This has lead to a plethora of light-matter force manipulation
techniques, from Gaussian beam optical traps,4 which are
now routinely used in laboratories,5 to near-field nanometric
tweezers,6 which have motivated an entire field involving
plasmonics to enhance and manipulate optical forces.7–9 The
use of plasmonic structures allows strong evanescent field
enhancements near the plasmon resonances of the system
and can efficiently trap particles with a size smaller than
the wavelength of illumination. Examples include a patterned
substrate with metallic particles,10,11 metallic near-field tips,6

or close to nanoapertures in thin metallic films.12 In the latter
case, Juan et al.12 recently examined the trapping of 50 nm and
100 nmpolystyrene particles near a nanoaperture in a thin sheet
of gold and illuminated with light very near to the transmission
cutoff wavelength of the aperture. It was observed that as the
particles were trapped in this geometry, the scattering induced
by the particle worked to enhance the trapping, causing a
self-induced “back action.” This back action illustrates that
when considering the optical forces on nanoparticles (NPs)
near resonances, the NPs can interact nonperturbatively with
the system and thus any models or theoretical descriptions
must include NP coupling in a self-consistent way.
Similar to field enhancements using plasmonic structures, it

is also possible to obtain radiation enhancements using meta-
material structures which can be engineered with a negative
index of refraction (ε < 0, μ < 0). Veselago introduced the
concept of negative refraction in 1968,13 and in 2000 Smith
et al.14 experimentally realized such a material.
This breakthrough initiated the field of “metamaterials”

in which patterned materials with unit cells smaller than
the wavelength of illumination were created to tune the
effectivematerial responses. Soon after, predictionsweremade
of superlensing,15 cloaking devices,16,17 and “left-handed”
waveguides,18 all prompted by the ability to create negative
index materials (NIMs).

Negative index materials also possess interesting quantum
optics and quantum electrodynamics (QED) properties. For
instance, Kästel and Fleischhauer19 examined an idealized
(nonabsorbing) negative index material placed on top of a
mirror with an atom above the entire structure. They found that
depending on the height of the atom it was possible to obtain
complete suppression of spontaneous emission. Additionally,
they examined atoms separated by a perfect negative index
slab (n = −1) and showed that it was possible to obtain
perfect subradiance and superradiance. Yao et al.20 examined
the enhancement of the spontaneous emission rate (Purcell
factor21) above a NIM slab which supports a collection of
slow-light modes in the region of negative index;18,22 related
Purcell factor enhancements in NIM waveguides have been
found by Xu et al.23 and Li et al.24

In the slow-light region, very large field enhancements
can be obtained similar to the enhancements found in
plasmonic structures. However, there were two important
differences between the plasmonic and NIM systems: (i) the
effects of quenching through nonradiative energy transfer, and
(ii) the role of the quasistatic approximation, i.e., the neglect
of dynamic retardation effects. In plasmonic systems, it is
possible to obtain strongPurcell factor enhancements; however
most of the emission is absorbed by the metal manifesting in
nonradiative quenching.25 This optical quenching is a result
of the intrinsic material loss which, in principle, can be
tuned in metamaterial systems. For metals, the quasistatic
approximation is also typically used26,27 for small objects
approaching the surface (kh < 1, where k is the wave vector
in the background medium containing the object and h is the
height above the surface), but forNIMs, such an approximation
does not necessarily hold even for kz ∼ 0.03.20

Another potential advantage of NIMs is that it is possible
to obtain large Purcell factor enhancements in the optical
region of the spectrum, which also translates to larger spatial
distances. Recent experimental results28 have shown the
possibilities of engineering the spontaneous emission rate
using metamaterials composed of silver nanowires embedded
in PMMA. The nanowire structure was shown to exhibit an
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FIG. 1. (Color online) Schematic of the geometry. We consider
the optical forces on two NPs with various resonance frequencies
and radii of 0.015λ in air above a planar geometry. We study both
an infinite half-space of silver and a 280 nm metamaterial slab
which supports slow light modes (see text for details). The NPs are
illuminated with a plane wave perpendicular to the interface, with the
electric field polarization along the axis between the particles.

in-plane anisotropic hyperbolic dispersion curve which can
yield a negative refractive index.29 By exciting dye molecules
embedded on top of the metamaterial the decay rate of the
dye molecules was shown to be enhanced by a factor of 6 at
λ = 800 nm compared to dye deposited on silver and gold
films. This was even greater than expected when compared
to a semiclassical model which predicted an enhancement of
1.8.30

In this work, we theoretically investigate the optical forces
on NPs above metallic and NIM planar geometries by self-
consistently including the interaction of the NPs with the
scattered electromagnetic field. We exploit a photon Green
function technique that can be used to introduce multiple
particles within the dipole approximation31 or, if required,
by using the full coupled dipole method,32–34 where the
latter discretizes the NPs as small polarizable subunits.
Green function and coupled dipole approaches have been
very successful in examining light scattering35 and optical
forces31,34 in dielectric particles located in evanescent fields
above glass, and for computing optical forces betweenmetallic
particles in free space36 and above glass.26 Green function
approaches have also been used to successfully model optical
trapping using near-field optics.37 In addition to computing
the light-induced forces, we also analyze the properties of
the Green function, both with and without the particles, which
contains all the key electromagnetic interactions of the system,
including coupling to surface plasmon polaritons (SPP) of the
metallic half-space, the localized surface plasmons (LSP) of
the particles, and evanescent coupling to slow-light modes
(SLMs) of theNIMslab. To help clarify the underlying physics,

we also make direct comparisons with various well-known
concepts in quantum optics, such as the Purcell factor, the
Lamb shift, and real and virtual photon exchange; all of
these effects are relevant for understanding the light-induced
coupling dynamics between the particles.
Our paper is organized as follows. In Sec. II we describe

the theory of light-induced scattering from NPs close to
multilayered surfaces, including (Sec. II A) the self-consistent
calculation of the Green function and the electric field and
(Sec. II B) the calculation of the force from the total electric
field. We exemplify our theoretical results for silver half-space
in Sec. III and for the NIM slab in Sec. IV. In Sec. V we
conclude.

II. THEORY

A. Green function calculation

For a spherical particle with radius a, and in the limit where
kBa � 1, the “bare” (i.e., no radiative coupling) polarizability
is given by the Clausius-Mossotti relation,

α0(ω) = 4πεBa3
ε(ω)− εB

ε(ω)+ 2εB

, (1)

where ε(ω) is the particle dielectric constant (relative electric
permittivity) embedded in a homogeneous material with a
background dielectric constant, εB , assumed to be real. Here
kB = ω

√
εB/c is the wave vector in the background material.

It was shown by Draine33 that in order to satisfy the optical
theorem, this polarizability must be corrected to include the
homogeneous-medium contribution to radiative reaction:

α(ω) = α0(ω)

1− 3α0(ω)M(ω)
4πεBa3

, (2)

where the self-induction term, M(ω), can be calculated
exactly for a spherical particle38,39 and for kBa � 1 can be
approximated as M = 2i(akB)3/9. Alternatively, this term
comes naturally from the homogeneous contribution of the
Green function.
Our system is initially characterized by an initial electric

field E(0)(r;ω) and an initial Green function G
(0)
(r,r′;ω) in

the absence of any particles. The field E(0)(r;ω) can be of
any form we wish (e.g., Gaussian beam, plane wave including
reflections from surface), and we define it as the field prior to
adding any scatterers. We subsequently introduce N particles
into the system where the ith particle is at position ri ,
with polarizability αi(ω). The total electric field—excitation
field plus particle scattered field—can be calculated self-
consistently from

E(N)(r;ω) = E(0)(r;ω)+
N∑

i=1
αi(ω)G

(0)
(r,ri ;ω) · E(N)(ri ;ω).

(3)

Similarly, the Green function of the system after adding N

particles can be calculated via the Dyson equation,40

G
(N)
(r,r′;ω)

=G
(0)
(r,r′;ω)+

N∑
i=1

αi(ω)G
(0)
(r,ri ;ω) · G

(N)
(ri ,r′;ω), (4)
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which is now the total Green function of themedium, including
the response of the NPs. These equations form the basis of the
coupled dipole method,32 and importantly, they apply to any
general inhomogeneous and lossy media.
To help clarify the underlying physics we will further

assume particles with a size much smaller than the wavelength
and consider each NP within the dipole approximation;
however it should be noted that at very short interparticle
distances this approximation eventually breaks down.41 Thus
we will restrict the distances to regimes where the dipole
approximation is expected to be a good approximation; in this
way, we include the particle dipoles exactly, while essentially
dealing with spatially averaged particle quantities. Using the
Dyson equation, we can also rewrite the right-hand side of
Eq. (3) to be given only in terms of the excitation field38

E(0)(r;ω). One has

E(N)(r;ω)

= E(0)(r;ω)+
N∑

i=1
αi(ω)G

(N)
(r,ri ;ω) · E(0)(ri ;ω), (5)

where G
(N)

includes the particle(s) response. The Green
function, G, can also be separated into homogeneous (direct),
Ghom, or scattered (indirect), Gscatt, contributions. Since
Re[Ghom(r,r′ → r)] diverges, in what follows below we
will consider the nondivergent Re[Gscatt(r,r′)] when r = r′,
as this is the only relevant photonic contribution. While
Re[Ghom(r,r)] can give a very small vacuum Lamb shift,
this effect can be already included by simply redefining
the resonance frequency of the particles. In addition, since
α(ω) includes the effect of Im[Ghom(r,r)] through the self-
induction term, we need only consider Gscatt(r,r), i.e., when
r = r′. For r �= r′, we consider the fullG(r,r′) = Gscatt(r,r′)+
Ghom(r,r′). Frequently, it is possible to solve Eqs. (3)–(5)
perturbatively by considering all G

(N)
and E(N) on the right-

hand side to be the unperturbed quantities, e.g., approximated

by G
(0)
and E(0) with one particle (N = 1). When the system

constituents are far separated, this can hold; however, as the
particles come closer together and nearer the planar surface,
we will show that dynamical coupling becomes important and
cannot be neglected.
To examine the mechanisms of light-induced forces, it is

useful to consider the Green function of the planar surface
with and without the inclusion of the particle(s). We define the
complex local density of states (LDOS) as

ρ(N)m (r;ω) = G(N)
mm(r,r;ω)

Im
[
Ghom

mm (r,r;ω)
] , (6)

where G(N)
mm(r,r;ω) is given by Eq. (4). Although the LDOS

only depends on Im[ρ(N)m ], we introduce ρ(N)m as a complex
quantity for ease of notation. For example, the imaginary part
of the Green function in a homogeneous lossless material at
r = r′ is given by

Im
[
Ghom

mm (r,r;ω)
] = ω3

√
εB

6πc3
, (7)

which is related to the homogeneous-medium LDOS. When
the homogeneous material contains loss, both the real and

imaginary parts of Ghom formally diverge as r → r′ instead
of just the real part of Ghom (i.e., as in the case of a lossless
material). Consistent with our discussion and notation above,
when ρ(N)m (r;ω) = 0, this means that the LDOS at that point
is equal to the homogeneous density of states, as the scattered
contribution is zero; thus the total ρ totm = ρm + 1, and we will
focus on ρm. Since we will consider the force interaction
between two particles, it is also useful to introduce a complex
nonlocal density of states (NLDOS),

ρ(N)mn (r,r
′;ω) = G(N)

mn (r,r
′;ω)

Im
[
Ghom

mm (r′,r′;ω)
] , (8)

which describes light propagation between the two space
points r and r′ �= r.
Many of these quantities are useful also for connecting

to the quantum optical properties of the optical NPs.42,43

This is a key strength of the Green function approach over
brute-force numerical electromagnetic techniques such as,
e.g., FDTD (finite-difference time domain).44 In the case of the
complex LDOS, the real part of Eq. (6) can describe frequency
shifts (Lamb shifts) of an emitter caused by the environment,
whereas the imaginary part describes the material-dependent
spontaneous emission. For the photonic Lamb shift, one has

δω(N)(r,ω) ∝ −d · Re[G
(N)
scatt(r,r;ω)

] · d, (9)

for an emitter at position r with dipole moment d(∝ α). For
calculations of light-induced optical forces, the real part of the
LDOS can therefore manifest itself as resonance shifts of the
local electric field.
The variation of the imaginary part of the LDOS causes

gradient forces on the particle as it moves through the field.
In terms of nonlocal QED interactions between two particles,
the real part of the NLDOS describes virtual (instantaneous)
photon exchange between two points or emitters and the
imaginary part describes real (dynamic) photon exchange.
Virtual photon exchange manifests itself in well-known
processes like Förster coupling, which, for a homogeneous
medium, exhibits anR−3 scaling inG(r1,r2) with interparticle
separation (R = |r1 − r2|) in free space, and real photon
exchange manifests itself in dipole-dipole coupling which
exhibits an R−1 dependence.45 The effect of the real part of
the NLDOS on classical optical forces manifests itself in the
scattered contribution to the force and the imaginary partwould
contribute in a manner similar to radiation pressure. For a
nonhomogeneous medium, we stress that the photon coupling
mechanisms are considerably more complicated than simple
Förster coupling. In addition, we fully include dynamical
retardation effects through the frequency dependence of the
response functions.
The above prescriptions are relatively straightforward

provided one knows the bare Green functions without any
particles. For the calculation of the initial planar Green
function, we use a well-established multilayer technique,46

which is outlined in the Appendix, and further numerical
details are detailed by Paulus et al.47 Although we specialize
our study for two NPs, the generalization to any arbitrary
number of NPs is straightforward with no change in theoretical
formalism.
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B. Light-induced forces

Using the electric field E(N)(ri ;ω) at the NP position ri ,
the time-averaged total force on a particular NP from a time-
harmonic electromagnetic wave is48 (ω is implicit)

〈F(ri)〉= ε0

4T

∫ T/2

−T/2
{[αiE(N)(ri)+ α∗

i (E(N)(ri))∗] · ∇[E(N)(ri)

+ (E(N)(ri))∗]+ [αiĖ(N)(ri)+ α∗
i (Ė(N)(ri))∗]

× [B(N)(ri)+ (B(N)(ri))∗]}, (10)

where ε0 is the permittivity of free space, B is the magnetic
field, and T is the period of the time-harmonic radiation. Upon
carrying out the integration, and using B = 1/iω ∇ × E and
Ė = −iωE,

〈Fj 〉 = ε0

2
Re

{
αi

[
E
(N)
k ∂k

(
E
(N)
j

)∗ + εjkl εlmnE
(N)
k ∂m

(
E(N)

n

)∗]}
,

(11)

where εjkl is the Levi-Civita tensor. Using the relation
εjkl εlmn = δjmδkn − δjnδkm, we obtain the desired force

F(ri) = ε0

2

∑
j=x,y,z

Re
[
αiE

(N)
j (ri)∇

(
E
(N)
j (ri)

)∗]
. (12)

This light-induced force describes the force on the particle
due to the electric field and its interaction with the planar
geometry as well as the scattering due to the other NPs in the
system. This is different from the usual gradient force given
by F = 1

2ε0α0∇|E|2, which is only applicable when α is real
and the phase of the field varies slowly in space.

III. SILVER HALF-SPACE

To calculate the optical forces on the NPs, we consider the
geometry shown in Fig. 1, with two NPs in air above a planar
structure. For silver, we consider a half-space geometry or an
optically thick slab with a permittivity given via the Drude
model,

ε(ω) = εr − ω2pe

ω2 + iωγ
. (13)

Here εr = 6 is the permittivity as ω → ∞, ωpe = 9.87 eV
is the electric plasma frequency, and γ = 51 meV is the
damping rate due to collisions.49,50 For a metallic half-space,
the characteristic surface plasmon polariton (SPP) frequency
is given by Re[ε(ω = ωSPP)] = −εB . Below this frequency,
SPPs are confined to the interface and can only be coupled to
by breaking the symmetry of the system (e.g., via a grating
coupler). For a silver/air interface the SPP is located at
ωSPP = 3.73 eV (λSPP = 332 nm). Surface plasmon polaritons
are well known for their ability to enhance the electric field in
their vicinity, but these enhancements are also associated with
high losses meaning that coupling between objects or the far
field can be suppressed/quenched.
For a spherical NP, the localized surface plasmon resonance

is at Re[ε(ω)] = −2εB [see Eq. (1)] which occurs at ωLSP =
3.49 eV (λLSP = 355 nm) using the parameters for silver
and air. To investigate coupling between the NPs and the
resonances of the metallic half-space, we will fix εr and γ to
the parameters for bulk silver despite deviations from bulklike

α
/(
a
3
)

Energy [eV]

n

FIG. 2. (Color online) Particle and silver half-space response
functions. For both the silver half-space and the silver NP permittivity
we use the Drudemodel [Eq. (13)], with γ = 51meV and εr = 6. For
the silver half-space, the plasma frequency is given byωpe = 9.87 eV.
To tune the LSP of the NP to the SPP we set the plasma frequency
at ωpe = 10.56 eV, and to tune the LSP of the NP to be off-resonant
with the SPP, we set the plasma frequency at ωpe = 7.47 eV.
(a) Bare polarizability [Eq. (1)] of a silver NP with radius a = 5 nm
(= 0.015 λSPP) with the LSP resonance tuned to the SPP of the
silver half-space, ωSPP = ωLSP = 3.73 eV (solid lines), and with the
LSP resonance tuned to be off-resonant with the SPP of the silver
half-space,ωLSP = 2.63 eV (dashed lines). Grey-light curve indicates
real parts and red-dark curve indicates imaginary parts. (b) Refractive
index of the silver half-space; grey-light curve indicates real part
(scaled by a factor of 50) and red-dark curve indicates imaginary
part.

behavior for small NPs.51 For small NPs, the localized surface
plasmon of the NP becomes strongly dependent on size52

and shape53 and can be further detuned by adding dielectric
or metallic coatings.54 We shall use this as motivation to
tune the LSP of our NPs to be either on resonance with
the SPP (ωLSP = ωSPP = 3.73 eV, ωpe = 10.56 eV) or off
resonance with the SPP (ωLSP = 2.63 eV,ωpe = 7.47 eV). The
bare polarizability and metal half-space permittivity response
functions are shown in Fig. 2.
In the following, we consider the geometry shown in Fig. 1,

where NPs with tunable LSPs are located above a planar
structure. We first use particles with a radius of 0.015 λSPP
(= 5 nm) so as to have a reasonable-sized particle for which
the dipole approximationwill apply.Wevary the heighth of the
particles above the half-space (measured from the center of the
particles) while keeping both particles at the same height for
simplicity. Also, we vary the separation s between the particles
(along the y direction andmeasured from their centers) and the
frequency of light illumination. To illuminate the particles, we
use a homogeneous excitation field, which is a solution to the
scattering problem (incident light plus scattered light) without
any NPs; we choose the polarization to be along the direction
of the particles (y direction) to maximize the effect of the
coupling between the particles. To excite surface plasmons,
which only exist for TM polarization, the symmetry of the
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system must be broken to allow coupling between the surface
plasmon and the particles, so only the scattered field from the
NPs can excite the SPP. The incident intensity is 1 W/μm2,
which we choose only as a convenient reference—the force
scales linearly with the incident intensity as can be seen from
Eq. (12). For comparison, we note that the Earth’s gravitational
force on a 5 nm silver particle is 54 fN; for the intensities
considered below, the gravitational force is smaller by a factor
of 10−3 and thus can be safely neglected.
In Fig. 3(a) we examine the y component of the LDOS

(or projected LDOS) of the half-space, which will dominate
the forces for the particular illumination scheme that we have
selected.We vary the height [r = (0,0,h)] keeping inmind that
we cannot approach closer to the structure than our particle
radius which is indicated by the grey-shaded region. We
consider ω = ωSPP = ωLSP and add the first particle at r1 = r
and the second particle at r2 = (0,0.05 λSSP,h).When there are
no particles in the system, we can see that the imaginary part of
the LDOS (red-dark dashed curve) diverges, which would lead
to an infinite LDOS for an excited emitter; although this effect
may seem surprising, such a divergence always happens above
a lossy structure20,55 [Eq. (A10)]. However, the inclusion of the
particle where we calculate the LDOS (red-dark chain curve)
acts to partially renormalize the LDOS for distances <0.08 λ.
The addition of a second particle at the same height as the first,
but separated by 0.05 λ (center to center), further renormalizes
the LDOS (red-dark solid curve), although it becomes apparent
that the effect of the silver half-space becomes negligible for
heights greater than about 0.06 λ when there are two particles.
For the real part of the y component of the LDOS (grey-light

curves), andwith no particle in the system (dashed), we see that
there is a minimum as the particle approaches the half-space
which would give a blueshift for an emitter placed close to the
surface. Including a particle at this location (grey-light chain
curve) reduces the blueshift and including the second particle
(grey solid curve) causes a change in sign which means an
emitter would be shifted to the red. For both the real and
imaginary parts of the LDOS these shifts are only seen by
going beyond the perturbative limit and solving Eq. (4) exactly.
These results emphasize the pronounced back-action effects
that occur in describing the electromagnetic properties of the
medium.
Figure 3(b) shows the yy component of the NLDOS

in a similar manner to the LDOS described above, with
ω = ωSPP = ωLSP and r′ = r1 = (0,0,h), and we consider
r = r2 = (0,0.05 λSPP,h). With no particles in the system,
the imaginary part of the NLDOS (red-dark dashed curve)
becomes large but remains finite as the surface is approached,
implying that photons are very easily transferred from r′ to r
(off scale). However, once a particle is added (red-dark chain
curve), the NLDOS reduces drastically as the particle breaks
the symmetry of the system allowing quenching to occur.
Interestingly, the addition of the second particle (red-dark solid
curve) further breaks the symmetry of the system and allows
light to couple to more channels in the planar structure, which
further enhances the quenching effect and reduces theNLDOS.
This dramatic reduction is a result of the nonperturbative
coupling between the particles and the half-space which is
theoretically described through the self-consistent solution of
Eq. (4). For heights greater than 0.15 λ, light propagates purely

ρ
y
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FIG. 3. (Color online) (a) Complex LDOS, ρ(N)y (r′,ω), and
(b) NLDOS, ρ(N)yy (r,r

′,ω), for a silver half-space as a function of
height at ω = ωSPP. For the LDOS, r = (0,0,h), and for the NLDOS,
r′ = (0,0,h), r = (0,0.05 λ,h). Grey-light curves represent the real
part and red-dark curves represent the imaginary part. The dashed
line has no particles [ρ(0)y (r;ω), ρ(0)yy (r,r

′;ω)], the chain line has
one particle located at the position at which the LDOS/NLDOS is
calculated [ρ(1)y (r;ω), ρ

(1)
yy (r,r

′;ω), and r1 = (0,0,h)], and the solid
line has two particles—one where the LDOS/NLDOS is calculated
and the other at the same height as the first but separated by
0.05 λ in the y direction [ρ(2)y (r;ω), ρ

(2)
yy (r,r

′;ω), r1 = (0,0,h), and
r2 = (0,0.05 λ,h)]. The grey-shaded region indicates region where
particles would overlap the planar structure.

via virtual photon propagation as the real part (grey-light
curve) approaches a finite value (the homogeneous Green
function) for both zero (dashed), and one (chain) particle.
For two particles this happens even closer to the surface
(≈0.1 λ) due to the additional scattering events. Real photon
propagation occurs when the half-space begins to interact with
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FIG. 4. (Color online) Im[ρ(N)y (r,ω)] for a silver half-space as a
function of frequency at the position r = (0,0,0.05 λSPP). The dashed
line has no particles, Im[ρ(0)y (r;ω)], the chain line has one particle,
Im[ρ(1)y (r;ω)], and the solid line has two particles, Im[ρ

(2)
y (r;ω)]

at locations r1 = (0,0,0.05 λSPP) and r2 = (0,0.05 λSPP,0.05 λSPP).
(a) The particle LSPs are red detuned by �ω = 1.1 eV compared to
the SPP frequency (see Fig. 2). (b) The particle LSPs are at the SPP
frequency. Arrows indicate the particular scenarios we are examining
in force graphs: i, Fig. 5(a); ii, Fig. 5(b); iii, Fig. 5(c); and iv,
Fig. 5(d).

the system andmultiple paths are possible for a photon to reach
r from r′.
The quasistatic approximation is often invoked for par-

ticles very close to a surface or to each other,55 and this
approximation holds for the imaginary part of the LDOS
as the surface is approached at the SPP frequency; but
the real part deviates significantly in this limit. However,
when the incident frequency is detuned from the SPP (ω =
2.63 eV), the quasistatic approximation again becomes valid.
Similar results are found for the NLDOS, except when
the interparticle separation is greater than 0.07 λ and the
quasistatic approximation again breaks down. This means that
for resonance interactions one must be very careful about
applying a quasistatic approximation.
It is also useful to examine the LDOS as a function of

frequency for fixed particle position, as shown in Figs. 4(a)–
4(b) for different NP detunings [see Fig. 2 and Eq. (13)]. In
both figures, the dashed lines correspond to ρ(0), the chain lines
correspond to ρ(1), and the solid lines correspond to ρ(2). For
simplicity we only focus on the imaginary part to examine the
effects of the interactions.
The particles both have their height fixed at h = 0.05 λSPP,

and their separation is s = 0.05 λSPP. In Fig. 4(a) we consider
a LSP that is detuned by �ω = 1.1 eV, and in Fig. 4(b) the
LSP is on resonance with the SPP. In Fig. 4(a), the SPP is
visible at ω = 3.73 eV in the LDOS when the particles are far
detuned from this resonance, but the particles have a negligible
effect on the SPP. Additionally, we see the resonances of the
particles interacting and producing a doublet feature caused

by photon exchange effects. As the LSP resonances are moved
toward the SPP resonance, the high frequency coupled LSP
peak merges into the SPP resonance and acts to broaden it as
well as detune it. The NLDOS behavior (not shown) mirrors
the effects seen here where the NPs strongly renormalize
the NLDOS in the regime of the NP LSP regardless of
where the LSP is with respect to the SPP. Similar effects for
the LDOS and the NLDOS are seen in cavity-QED systems
where the nonperturbative coupling between atoms or quantum
dots causes additional photon exchange oscillations on top of
the vacuum Rabi oscillations56 (the latter occur in systems
with suitably small dissipation).
With the LDOS and NLDOS calculations acting as a guide,

we can now examine the light-induced force calculations for
the geometry shown in Fig. 1 and described above. Four
excitation regimes of interest are shown in Figs. 5(a)–5(d),
corresponding to the regions highlighted in Figs. 4(a)–4(b).
We plot in log scale the intensity and use arrows to indicate
the direction of the force. In Fig. 5(a) we illuminate at the SPP
frequency and tune the LSP resonance of the particle to be at
the same value. The particle separations and heights are both
varied up to 0.25 λ (=83 nm). For an interparticle separation
greater than 0.15 λ, the particles cannot feel each other except
when the magnitude of the force is much less than 1 pN, which
happens at a height of≈0.125 λ and is due to the single-particle
interaction with the surface. The particles would thus be
pushed away and then trapped in stationary positions≈0.125 λ

above the surface and at a separation of 0.185 λ. Interestingly,
as the particles get closer to each other their interaction can
still be negligible compared to the particle-surface interaction
if their height is smaller than their interparticle separation;
this is caused by quenching which reduces the transfer of
radiation between the two NPs. If the interparticle separation
is sufficiently close, and greater than their height above the
surface, then the particles strongly optically couple to each
other and to the half-space—as can be seen by the fact
that force still varies as the height of the particle varies.
The vector force topology seen in this graph manifests itself
through the coupling between the system’s constituents as their
separation varies. This dynamic coupling can be compared to
the self-induced back action demonstrated by Juan et al.12

In Fig. 5(b), we consider an excitation scenario similar to
that in Fig. 5(a), except that the LSP of the NP is far-red
detuned, with ωLSP = 2.63 eV. In this case, we notice that
the silver half-space dominates the response and the particles
are continually drawn to the surface unless s < 0.15 λ. When
s < 0.15 λ the particles can couple to each other and are
drawn together; however the effects of the surface seem to
be negligible for h > 0.1 λ.
In Fig. 5(c) we tune our illumination to ω = 2.63 eV, but

keep our LSP resonantwith the SPP; note that 0.25 λ =118 nm.
For particle separations greater than 0.08 λ, the effects of
the surface dominate, and for separations below 0.08 λ, the
interparticle effects dominate—although they still sensitively
depend on height. Both Figs. 5(b) and 5(c) exhibit very weak
interparticle coupling and weak particle-surface coupling, so
that the perturbative expression for Eq. (3) would hold. This
is highlighted by the fact that the magnitude of the particle
forces are much lower than when we illuminate on the LSP
resonance.
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(a)Force lines on particle 2, at region-‘i’ on Fig. 4.
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(b)Force lines on particle 2, at region-‘ii’ on Fig. 4.
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(c) Force lines on particle 2, at region-‘iii’ on Fig. 4.
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(d) Force lines on particle 2, at region-‘iv’ on Fig. 4.

FIG. 5. (Color online) Silver half-space system showing the coupled nanoparticle forces. (a) Two-dimensional graphs showing interparticle
forces as a function of height and particle separation; the particles are illuminated from above with a plane wave polarized in the y direction at
the SPP frequency of the silver half-space and with the NP LSP tuned to be resonant with the SPP frequency. Color bar indicates magnitude in
log scale and arrows indicate directionality of the forces. One particle remains at x1 = y1 = 0 and the second particle is moved in the y direction.
The two particles are then both varied in the z direction such that they are always in the same plane. The arrows describe the force on the second
particle which is not at the origin. (b) As in (a), but now the NP is far-red detuned from the SPP frequency to a LSP resonance of ω = 2.63 eV.
(c) As in (a), but the incident field is at a frequency far detuned from the SPP frequency, ω = 2.63 eV. The NP LSP frequency of the particle is
resonant with the SPP frequency. (d) As in (c), but with the NP also far-red detuned to having a LSP resonance at ωLSP = 2.63 eV.

For the force example in Fig. 5(d), we examine the case
when the LSP and the illumination are both far detuned
(ω = 2.63 eV, cf. ωSPP = 3.73 eV) from the SPP resonance.
We observe three useful coupling regimes: (i) When the
particles are very close to the surface (<0.05 λ) and the
interparticle separation is greater than 0.1 λ, we see that the
surface completely dominates the forces and the particles are
pulled toward the half-space. (ii) When the particles are very
close to each other (<0.1 λ), then the interparticle interaction
dominates but this is again mediated by the half-space as there
is a height dependence. (iii) In the remaining region, we can see
that both interparticle coupling and surface-particle coupling
are present where the half-space dominates when h < s and
particle-particle coupling is more dominant when h > s. This
trend does not continue indefinitely as for h > 0.2 λwe see the
interparticle forces become weaker for equivalent separations.
The role of electromagnetic quenching is also minimal as we
are so far from the “lossy” SPP resonance.

It is worth mentioning again, that the use of the gradient
force instead of Eq. (12) would predict a markedly different
answer. Additional calculations (not shown) show that for the
case of Fig. 5(a), the gradient force topography is completely
different, with an additional node along a vertical line at s/λ ≈
0.16 and no variation of force direction above h/λ = 0.1. Thus
using the gradient force for such a strongly perturbed system
is generally not valid.

IV. NEGATIVE INDEX MATERIAL SLAB WAVEGUIDE

We next examine a 280-nm NIM metamaterial slab which
supports a negative index in the frequency region ω =
0.78–0.92 eV. The relevant NIM and NP response functions
are shown in Fig. 6. One key benefit of using metamaterials is
the ability to tune the material properties by engineering the
constituents of the unit cell. Negative index metamaterials can
be produced with very low loss in the microwave regime;
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FIG. 6. (Color online) Particle and NIM slab response functions.
For both the NIM and the NP permittivity we use the Drude
model [Eq. (13)], and for the NIM we model the permeability
with a Lorentzian [Eq. (14)]. (a) Bare polarizability [Eq. (1)] of
a nanoparticle with the LSP resonance tuned to the SLM of the
280 nm thickmetamaterial slab,ωSLM = ωLSP = 0.78 eV (solid lines)
(ωpe = 2.22 eV), andwith the LSP resonance tuned to be off-resonant
with the LSP of the 280 nm metamaterial slab, ωLSP = 0.89 eV
(dashed lines) (ωpe = 2.53 eV). In both cases γ = 11meV.Grey-light
curves indicate real parts and red-dark curves indicate imaginary
parts. (b) Refractive index of the slab, where the grey-light curve
indicates real part and the red-dark curve indicates imaginary part.
Parameters are εr = 1,ωpe = 2.03 eV, γ = 8.3 meV,ωpm = 0.69 eV,
and ω0 = 0.78 eV.

however, scaling to the visible has proven to be quite a
challenge as the materials become very lossy,57 although
continued progress is being made with new designs.58 We
will use NIM parameters that are close to the experimental
state of the art for communications wavelengths, yet still
have a respectable figure of merit: FOM = |Re(n)|/Im(n).
Reported figures of merit are FOM = 2.0 at 1.8 μm59 and
FOM = 0.5 at 780 nm;60 for our calculations, FOM ≈ 1.0 at
ω = 0.78 eV. The permittivity is given by Eq. (13) with εr = 1,
ωpe = 2.03 eV, and γ = 8.3 meV. The permeability is given
by the Lorentz model,61

μ(ω) = 1+ ω2pm

ω20 − ω2 − iωγ
, (14)

with the magnetic plasma frequency ωpm = 0.69 eV and the
atomic resonance frequency ω0 = 0.78 eV.
Detailed descriptions of the corresponding complex band

structure and Purcell factors are given by Yao et al.20 for
the same parameters as given above. Here, we briefly point
out a few features of interest for this study. At ω0, the
dispersion curves of all of the leaky slow-light modes (SLMs)
of the system converge at a single frequency, ωSLM = ω0; thus
particles near the slab can couple to many different slow-light
modes at this frequency. The slow-light frequency regime gives
rise to an enhancement in the LDOS and correspondingly to
an increased Purcell effect. An increase in the LDOS is also
seen near the SPP modes of the metallic surfaces, but the

effects of quenching in metallic systems reduces the amount
of light that escapes to the far field and the typical propagation
distances of SPPs are limited by the material loss. However,
slow-light modes could, in principle, propagate for much
longer distances. Also, the typical scaling laws associated with
the quasistatic approximation are not reached, even very close
to the slab20 (because of the strong magnetic resonance). Thus
for our study, we are never really in the quasistatic regime
above a NIM slab and we must consider retardation effects. It
is alsoworth noting that NIM slabs support both TE (transverse
electric) and TM (transverse magnetic) SPPs, which is in
contrast to metallic (half-space) surfaces that only support TM
SPPs. The SPP modes in NIMs will not be discussed here, as
their general properties are similar to the SPP of metals and at
higher frequencies (ωTESPP = 0.92 eV and ωTMSPP = 1.43 eV).20

For the metamaterial system, we consider a particle with a
scaled radius of 0.015 λSLM = 24 nm, and we tune our NP to
be in the frequency regime of our peak LDOS associated with
the SLMs (at ω0; see Fig. 6); practically, such tuning may be
achieved, e.g., by using nanoshell structures.62 Additionally,
we reduce the NP damping rate to γ = 11 meV to examine
the SLM features which would otherwise be obscured.
For the metamaterial slab, we expect large enhancements

of the LDOS at the slow-light mode frequency similar to
Ref. 20; however it is not obvious what the interparticle
coupling effects will be, nor the role of interparticle coupling
from the waveguide modes. In a manner similar to that in the
metal half-space case [Figs. 3(a)–3(b)], we first examine the
LDOS and the NLDOS in Figs. 7(a)–7(b) as a function of
height. In Fig. 7(a), the real (grey-light curve) and imaginary
parts (red-dark curve) of the LDOS again diverge as the
slab is approached [Eq. (A10)] when no particles are in the
system; however there is a change in sign of the real part
compared to the metallic case, indicating the Lamb shift
would be a redshift instead of a blueshift. The imaginary part
(Purcell factor) reaches a value of 100 at 0.02 λSLM = 31.7 nm
compared to the metallic case which reaches a value of
100 at 0.05 λSPP = 16.6 nm. Thus the metamaterial gives an
equivalent enhancement at twice the distance in absolute units.
Introducing a particle at the location of the LDOS [r1 = r =
(0,0,h)] renormalizes both the real and imaginary parts of
the LDOS at small h/λ and removes some of the divergence
behavior for small distances close to the slab—similar to the
metallic case. We also see that the maximum of the real part
is no longer located closest to the surface. The addition of the
second particle [r2 = (0,0.05 λ,h)] increases the imaginary
part to a constant for h > 0.08 λ to almost exactly the same
value as for the metallic case which is due to the fact that
we are in the quasistatic limit for the homogenous interaction
between the particles and the slab no longer plays a role. The
real part dips slightly below zero, indicating that there can be
either a blueshift or a redshift depending on the height of the
particles, and stays below zero for h > 0.025 λ.
For the NLDOS [Fig. 7(b)], the real part (grey-light curve)

follows a very similar trend to that in the metallic case, where
the zero-particle case (dashed curve) is reduced as the slab
is approached but is finite. Including the first particle (chain)
drastically decreases the real part and thus the virtual photon
exchange and the second particle (solid) further reduces it.
At closest approach the real part is small but still greater
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FIG. 7. (Color online) (a) Complex LDOS, ρ(N)y (r′,ω), and
(b) NLDOS, ρ(N)yy (r,r

′,ω), for a 280 nm thick metamaterial slab as
a function of height at ω = ωSLM. For the LDOS r = (0,0,h), and
for the NLDOS r′ = (0,0,h), r = (0,0.05 λ,h). Grey-light curves
represent the real part and red-dark curves represent the imaginary
part. The dashed line has no particles [ρ(0)y (r;ω), ρ(0)yy (r,r

′;ω)],
the chain line has one particle located at the position at which
the LDOS/NLDOS is calculated [ρ(1)y (r;ω), ρ(1)yy (r,r

′;ω) and r1 =
(0,0,h)], and the solid line has two particles: one where the
LDOS/NLDOS is calculated and the other at the same height as the
first but separated by 0.05 λ in the y direction [ρ(2)y (r;ω), ρ

(2)
yy (r,r

′;ω),
r1 = (0,0,h), and r2 = (0,0.05 λ,h)]. Grey-shaded region indicates
region where particles would overlap the surface.

in magnitude than the metallic case by a factor of 20. The
imaginary part with no particles (red-dark dashed curve)
qualitatively follows themetallic case; howeverwhen a particle
is included in the system (red-dark chain curve), instead
of reducing the real photon transfer there is an increase.
The inclusion of the second particle (solid curve) reduces
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FIG. 8. (Color online) Im[ρ(N)y (r,ω)] for a 280 nm thick meta-
material slab as a function of frequency at the position r =
(0,0,0.05 λSLM). The dashed line has no particles, Im[ρ(0)y (r;ω)], the
chain line has one particle, Im[ρ(1)y (r;ω)], and the solid line has
two particles, Im[ρ(2)y (r;ω)], at locations r1 = (0,0,0.05 λSLM) and
r2 = (0,0.05 λSLM,0.05 λSLM). (a) The particle LSPs are blue detuned
by �ω = 0.11 eV compared to the slab SLM frequency (see Fig. 6).
(b) The particle LSPs are at the slab SLM frequency. Arrows indicate
the particular scenarios we are examining in force graphs: i, Fig. 9(a);
ii, Fig. 9(b); iii, Fig. 9(c); and iv, Fig. 9(d).

the effect again but we still are able to increase coupling
between the particles compared to the metallic case. This
transfer can be further increased as it crucially depends on
the metamaterial loss used in the effective permittivity and
permeability. Obtaining lower losses is likely possible by
improving metamaterial fabrication techniques which would
result in less lossy slow-light propagation modes.
A comparison of the LDOS in terms of frequency for the

NIM slab is shown in Fig. 8 for different NP detunings. Again,
the particles both have their height fixed at h = 0.05 λSLM =
79 nm, and their separation is 0.05 λSLM. In Fig. 8(a) we
consider a LSP that is blue detuned by �ω = 0.11 eV, and in
Fig. 8(b), the LSP is on resonance with the slab SLMs. When
the LSP is detuned from the slow-light modes (nonresonant
case),we see that there is still a large enhancement of theLDOS
at the NP resonance compared with the zero-particle case, but
this is essentially the homogeneous space coupling due to the
particles and is only slightly altered by the presence of the slab.
When the NP is tuned to the ωSLM resonance there is a greater
enhancement than in free space but the coupling is dominated
by interparticle interactions. If we include only one particle, it
is evident that the interparticle effects dominate the spectrum
as the LDOS more closely follows the zero-particle case.
To illustrate the effect on light-induced forces, we again

consider four different cases that are highlighted in Figs. 8(a)–
8(d). We illuminate with a plane wave at the slow-light reso-
nance frequency of the metamaterial slab (ωSLM = 0.78 eV),
first with the NP on resonance [Fig. 9(a)], and then with the
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(a)Force lines on particle 2, at region-‘i’ on Fig. 8.
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(b)Force lines on particle 2, at region-‘ii’ on Fig. 8.
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(c) Force lines on particle 2, at region-‘iii’ on Fig. 8.
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(d) Force lines on particle 2, at region-‘iv’ on Fig. 8.

FIG. 9. (Color online)Metamaterial slab system showing the coupled nanoparticle forces. (a) Two-dimensional graphs showing interparticle
forces as a function of height and particle separation; the particles are illuminated from above with a plane wave polarized in the y direction at
the SLM frequency of the slab (ωSLM = 0.78 eV). The NP LSP is also tuned to be resonant with the SLM frequency. Here one particle remains
at x1 = y1 = 0 and the second particle is moved in the y direction. The two particles are then both varied in the z direction such that they are
always in the same plane. The arrows describe the force on the second particle which is not at the origin. (b) As in (a), but now the NP is blue
detuned from the SLM frequency to a LSP resonance of ω = 0.89 eV. (c) As in (a), but the incident field is detuned to ω = ωLSP = 0.89 eV.
(d) As in (c), but with the NP also detuned to having a LSP resonance at ω = 0.89 eV.

NP off resonance [Fig. 9(b)]. We next illuminate off resonance
(ω = 0.89 eV) tuning the NP to be on resonance with the
slow-light modes [Fig. 9(c)], and then to be off resonance
and at the same frequency of the illumination [Fig. 9(d)]. All
figures show the log of the magnitude of the force in intensity
scale and arrows indicate directionality.
When the LSP of the NPs and the slow-light modes are both

on resonance with the incident radiation [Fig. 9(a)], we see a
situation very similar to that when the LSP was on resonance
with the SPP [Fig. 5(a)]. For s < 0.2 λ there is a division along
the line s ≈ 2h where below this line the slab dominates the
forces, above this line the interparticle interaction dominates
the forces, and around which we see a combination of the
two. As the height gets above 0.1 λ we see that this does not
continue indefinitely and the interparticle interaction becomes
weaker and shorter ranged as the slab no longer enhances the
coupling between the two. Particles that have a small initial
separation will be pushed away from each other and to a height
of ≈0.08 λ. Note the forces here are an order of magnitude

greater than in the metallic case, which is mostly due to the
polarizability scaling with the particle size.
When the LSP is tuned off resonance from both ωSLM and

the incident frequency [Fig. 9(b)], the long-range coupling
is lost compared to Fig. 9(a). For s > 0.12 λ, the force is
dominated by slab interactions and are continually drawn to
the surface of the slab. For s < 0.1 λ and h < 0.1 λwe see that
the particles and the slab are all interacting which results in the
particles being pulled toward the slab and together; however
the interaction range is short. When h > 0.1 λ the particles
essentially only interact with each other and are mostly drawn
together.
Figures 9(c)–9(d) show light-induced force calculations

with the incident radiation detuned from the slow-light mode
frequency to ω = 0.89 eV. In Fig. 9(c) the NP LSP is tuned
to be resonant with the SLMs and off-resonant with the
radiation. For s > 0.1 λ the particles are unaffected by each
other and are repelled from the slab, except when they are
almost touching. For s < 0.1 λ the slab dominates over the
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FIG. 10. (Color online) As in Fig. 9(a) but with a low material
loss, (γ ′ = γ /10).

interparticle interaction for h < 0.1 λ which is in contrast to
Fig. 9(b). For h > 0.1 λ the slab interaction weakens and the
particles begin to interact and repel each other.
Next, we examine the casewhere both the incident radiation

and the LSP of the NPs are detuned to 0.89 eV and away
from the SLMs, shown in Fig. 9(d). We see that, similar to
Fig. 5(d), there are three different interaction regions, (i) h <

0.08 λ and s > 0.1 λ, (ii) h < 0.08 λ and s < 0.1 λ, and (iii)
h > 0.08 λ. In the first region, the slab dominates the force
by pulling the particle when it is almost touching and pushing
the particle away when it is slightly higher h > 0.02 λ until
the point where the vertical force becomes negligible and the
particles are attracted to each other at h ≈ 0.08 λ. In region
(ii), the particles are causing a dramatic renormalization of the
Green function which leads to very strong, position-dependent
particle interactions which push the particles away from the
slab and from each other until they get to h ≈ 0.1 λ, s ≈ 0.1 λ.
Finally, above h = 0.1 λ the particle interaction dominates but
ismediated by the height above the slab and causes the particles
to essentially be repelled to a fixed separation of s ≈ 0.08 λ.
As the separation increases the slab starts to draw the particles
toward it again; however the particleswill still be pulled toward
s ≈ 0.08 λ.
To investigate the influence of metamaterial loss on the

interparticle forces, we show the same scenario as in Fig. 9(a),
where the LSP and radiation are resonant with the SLMs, but
we now decrease the material loss by a factor of 10; thus
γ = 0.83 meV. We show the resulting force in Fig. 10 and
see a number of important differences. First, where there was
once a fixed height at which the particles would be attracted to,
this height now varies with interparticle separation. Below this
dividing line in the region where h < 0.08 λ and s > 0.18 λ

there are still interparticle forces where in the regular loss case
these forces have since died away. Finally, in the regular loss
case, as the particles are moved vertically, along the line s =
0.04 λwe see that the particles are attracted to each other close
the slab, h < 0.125 λ, but are repulsive at higher distances.
This is contrasted in the low loss case where there is a division
at s = 0.045 λ, below which the particles are always attracted
and above which the particles are always repelled.
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(a) NLDOS for a nominal material loss, γ = 8.3 meV
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(b) NLDOS for a lower material loss, γ = 0 .83 meV

FIG. 11. (Color online) Complex NLDOS, ρ(N)yy (r,r
′,ω), for a

280 nm thick and metamaterial slab with regular loss (a) or with
low loss (b) as a function of separation [r′ = (0,0,0.05 λ), r =
(0,s,0.05 λ)] at ω = ωSLM. Grey-light curves represent the real part
and red-dark curves represent the imaginary part. The dashed line
has no particles [ρ(0)yy (r,r

′;ω)], the chain line has one particle located
at the position at which the NLDOS is calculated [ρ(1)yy (r,r

′;ω) and
r1 = (0,0,0.05λ)], and the solid line has two particles; one where
the NLDOS is calculated at the other at the same height as the first
but separated along the y direction [ρ(2)y (r,r

′;ω), r1 = (0,0,0.05 λ),
and r2 = (0,s,0.05 λ)]. Grey-shaded region indicates region where
particles would overlap each other.

To further examine how the loss alters the long-range
coupling effects, we plot the NLDOS in Fig. 11 for both
regular and low loss metamaterial slabs at a fixed height,
h = 0.05 λ, and vary the separation between r′ = (0,0,0.05 λ)
and r = (0,s,0.05 λ). In both cases we see that the real part
(grey-light curve) diverges at low s when there are no particles
in the system (dashed line), due to the homogeneous part
of the Green function. The addition of particles once more
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renormalizes these values.We also see that in the low loss case,
the real part plateaus between s = 0.08 λ and s = 0.0125 λ,
whereas in the nominal loss case this simply decays, so
material loss has a large influence on the light-induced forces
The imaginary part of the NLDOS (red-dark curves) varies
slowly toward zero in the regular loss case; however we
see that the imaginary part of the NLDOS in the low loss case
oscillates around a value of−2, with a much larger amplitude.
The increase in theNLDOSallows the particles to couplemuch
farther in Fig. 10 than in Fig. 9(a). Thus for decreasingmaterial
losses, the NPs can be coupled over longer distances where this
coupling is mediated by the slow-light waveguide modes.

V. CONCLUSIONS

We have introduced a theoretical formalism to compute the
Green function response of small particles within the vicinity
of multilayered geometries. We have applied this theory to
calculate the nonperturbative force interactions between two
NPs in the vicinity of surface plasmon polariton modes for a
metal half-space geometry, and in the vicinity of a slow-light
NIM waveguide. Both planar structures facilitate a large local
density of states and nonlocal photon interactions between
the particles. We have found that both structures exhibit rich
but similar force maps despite the different mechanisms for
increasing the LDOS. When both particle and slab (metal and
NIM) are on resonance with the incident illumination, the
particles will be pushed away from each other and pushed to a
fixed height above the slab [Figs. 5(a) and 9(a)]. Such an effect
would aid in preventing the aggregation of NPs. When the
particle and illumination are off resonance with the slab then
the particles are pulled to a specific height and pulled toward
each other up to a fixed distance [Figs. 5(d) and 9(d)] which
would enable the creation of dimers. In all the other cases the
most likely scenarios are the particles being pulled toward the
slab or the particles being pushed away from the slab.
For metallic surfaces, the material parameters are largely

fixed, limiting some of the force engineering available to such
structures; however metamaterials in principle have the ability
to have their intrinsic parameters tuned by changing the basic
unit cell. Such tunabilitymay allow simplified geometries such

as the planar structures to aid in the creation of long-range
optical forces for the trapping and localization of small NPs.
The same structures also exhibit rich and fundamentally
interesting QED phenomena offering applications for radiative
decay engineering of embedded quantum light sources.
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APPENDIX: PLANAR GREEN FUNCTION

The Green function above a planar structure can be
written in terms of its angular spectrum42 which involves
decomposing the wave vector k = kx x̂ + ky ŷ + kzẑ into its
various components and integrating over each contribution.
The real-space homogeneous Green function

Ghom(r,r′)

= − ẑẑ
εB

δ(R)+ iω2

8π2c2εB

×
∫ ∞

−∞

∫ ∞

−∞
fhomeikx (x−x ′)+iky (y−y ′)+ikz|z−z′|dkxdky, (A1)

where kB = ω
√

εB/c is the wave vector in the background
material, and the z component is given by kz = (k2B − k2x −
k2y)

1/2. The matrix fhom is given by

fhom = 1

kz

⎡
⎣k2B − k2x −kxky ∓kxkz

−kxky k2B − k2y ∓kykz

∓kxkz ∓kykz k2B − k2z

⎤
⎦ , (A2)

where the upper sign is used when z > z′ and the lower sign is
used when z < z′. The scattered part of the Green function in a
multilayer environment (no particles) can be written similarly
in terms of s and p polarized contributions,

Gscatt(r,r′) = iω2

8π2c2εB

∫ ∫ ∞

−∞

[
f
s

scatt + f
p

scatt

]
eikx (x−x ′)+iky (y−y ′)+ikz(z−z′)dkxdky, (A3)

f
s

scatt =
rs(kx,ky)

kz

(
k2x + k2y

)
⎡
⎣k2y −kxky 0

−kxky k2x 0
0 0 0

⎤
⎦ , (A4)

f
p

scatt =
rp(kx,ky)

k2B
(
k2x + k2y

)
⎡
⎢⎣

kBk2x kxkykz kx

(
k2x + k2y

)
kxkykz kBk2y ky

(
k2x + k2y

)
−kx

(
k2x + k2y

) −ky

(
k2x + k2y

) −(
k2x + k2y

)
/kz

⎤
⎥⎦ . (A5)

Here the matrices (or dyadics) f
s

scatt and f
p

scatt are given in terms
of the reflection coefficients, rs/p, for s and p polarization
above the multilayer. For the three-layer geometry of a
slab with height h considered here, the upper, background
layer having εB = ε1,μB = μ1, the middle layer having

ε2,μ2, and the lower layer having ε3,μ3, these reflection
coefficients are

rs/p = r
s/p

12 + t
s/p

12 t
s/p

21 r
s/p

23 e2iβh

1− r
s/p

21 r
s/p

23 e2iβh
, (A6)
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where β = ±(ω2ε2μ2/c2 − k2x − k2y)
1/2 is the z component of

the wave vector in the middle layer when Re(ω2ε2μ2/c2) >

Re(k2x + k2y)
1/2. The sign of β depends on whether or not

the refractive index of the middle layer is positive (upper) or
negative (lower).63,64 For Re(ω2ε2μ2/c2) < Re(k2x + k2y)

1/2,
β = i(k2x + k2y − ω2ε2μ2/c

2)1/2 for both positive and negative
index materials. The single-layer reflection and transmission
coefficients are

rs
ij = μjkiz − μikjz

μjkiz + μikjz

, r
p

ij = εj kiz − εikjz

εj kiz + εikjz

, (A7)

t sij = 2μjkiz

μjkiz + μikjz

, t
p

ij = 2εj kiz

εj kiz + εikjz

. (A8)

Solutions of Eqs. (A1) and (A3) for real dielectrics can be
difficult due to poles close or along the path of integration;
however this can be solved by numerically integrating around
the poles in the complex plane which lie in a known region.47

For lossy NIMs the poles along the integration path are found
to be in the lower part of the complex plane, whereas for lossy
positive index materials the poles are located in the upper
half of the complex plane.20 The solution described by Paulus
et al.47 is more complicated for materials which are able to
support negative index modes and surface plasmons as the
location of the poles in the complex plane are essentially given
by the complex band structure of the material.65 The largest
contributions to the Green function are no longer confined to
the regionwhereRe(ω2ε2μ2/c2) > Re(k2x + k2y)

1/2 and careful
attentionmust be paid to the integrand. This is trivial for a small

number of calculations but can be cumbersome when many
locations are required. As an example, for a two-particle force
calculation at a single point, the above calculations required
14 separate Green function calculations when employing the
dipole approximation.
When considering the Green function in the quasistatic

approximation, the homogeneous-space Green function66 is
given by

Ghom,QS(r,r′) = 1

4πεBR3

(
3RR
R2

− I
)

, (A9)

where I is the unit dyadic (diagonal terms are unity and
nondiagonal terms are zero). The total Green function above a
half-space in the quasistatic approximation involves the direct
contribution fromEq. (A9) aswell as the scattered contribution
from an image source located beneath the surface,55

GQS(r,r′) = Ghom,QS(r,r′)∓ ε2 − ε1

ε2 + ε1
Ghom,QS(r,r′′). (A10)

Here the minus sign is for x/y-directed dipoles and the plus
sign is for z-directed dipoles. The location of the image charge
is given by r′′ which is related to r′ via x ′ = x ′′, y ′ = y ′′,
and z′ = −z′′ when the surface of the half-space is located
at z = 0. The scattering part of the Green function is then
given by

Gscatt,QS(r,r′) = ∓ ε2−ε1
ε2+ε1

Ghom,QS(r,r′′). (A11)
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Spontaneous emission spectra and quantum light-matter interactions from a strongly coupled
quantum dot metal-nanoparticle system
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We investigate the quantum optical properties of a quantum-dot dipole emitter coupled to a finite-size metal
nanoparticle using a photon Green-function technique that rigorously quantizes the electromagnetic fields.
We first obtain pronounced Purcell factors and photonic Lamb shifts for both a 7- and 20-nm-radius metal
nanoparticle, without adopting a dipole approximation.We then consider a quantum-dot photon emitter positioned
sufficiently near the metal nanoparticle so that the strong-coupling regime is possible. Accounting for nondipole
interactions, quenching, and photon transport from the dot to the detector, we demonstrate that the strong-coupling
regime should be observable in the far-field spontaneous emission spectrum, even at room temperature. The
vacuum-induced emission spectra show that the usual vacuum Rabi doublet becomes a rich spectral triplet or
quartet with two of the four peaks anticrossing, which survives in spite of significant nonradiative decays. We
discuss the emitted light spectrum and the effects of quenching for two different dipole polarizations.

DOI: 10.1103/PhysRevB.85.075303 PACS number(s): 42.50.Pq, 78.67.Bf, 73.20.Mf

I. INTRODUCTION

The route to photonic vacuum engineering traditionally
employs a lossless dielectric cavity system, exploiting an
optical mode with a suitably large quality factor Q and small
effective mode volume V . The local photon density of states
(LDOS) scales proportionally with theQ/V factor. Enhancing
the LDOS through the use of small cavities1 has shown to be
a very effective method for increasing the radiative decay rate
of an emitter via the Purcell effect.2 In solid-state materials,
cavities are created using various structural designs, including
photonic crystal lattices with defects,3 and etched micropillars
made ofBragg reflectors.4 These dielectric cavities have shown
some remarkable successes in quantum optics, but the lower
limit on V in such systems is typically set by diffraction, with
V ≈ (λ/n)3, where n is the refractive index of the cavity.
Additionally, when one uses semiconductor quantum dots
(QDs), the narrow-band resonance associated with high Q

requires very long nonradiative exciton decay times, only
achievable at low temperatures.
In an effort to further increase the LDOS and decrease

the system size to subwavelength dimensions, it can be
advantageous to examine plasmonic systems where light is
confined to the surface of a metal and decays evanescently
from its surface. For example, a metal nanoparticle (MNP)
supports localized surface plasmons (LSPs)5 that are tightly
confined spatially and not limited by diffraction. This allows
coupling between single-photon emitters and MNPs,6 which
can enhance the LDOS in a system as small as 10–20 nm3.
When the LDOSbecomes large enough, itmay also be possible
to enter the strong-coupling regime where instead of the
irreversible process of the emitter decaying and emitting a
photon into the environment (i.e., weak coupling), the emitter
can reversibly exchange the photon with the environment—
resulting in vacuum Rabi oscillations. In order for this to
happen, the coupling between the emitter and the environment
must exceed all possible decay channels. Classical predictions
of strong-coupling behavior have been made in the context of

metallic dimers,7 though it is not known if the splitting survives
in the observable spontaneous (i.e., vacuum-induced) emission
spectrum. This reversible exchange of energy is fundamentally
interesting and can possibly be useful for applications in
coherent control,8 quantum information processing,9 and
lasing/spasing.10–12 With regard to a quantum theory of the
light-matter processes in the strong-coupling regime, several
complications arise in the theoretical description of coupling
quantized light to a MNP, including the need to quantize the
fields in a dissipative/lossy medium. Waks and Sridharan13

introduced a useful quantized cavity-QED (quantum elec-
trodynamics) treatment of a coupled MNP and a dipole
emitter (e.g., a QD), with the MNP treated within the dipole
approximation;14 however, it is known that the dipole approx-
imation can yield poor agreement with exact (i.e., nondipole)
calculations obtained from finite-size MNPs—unless placed
at least a few radii from the MNP surface.15–17 Trügler and
Hohenester18 have examined the strong-coupling dynamics
between a molecule and a cigar-shaped MNP employing a
mode expansion technique, which incorporates the higher
order plasmon modes; their quantum approach assumes a
Lorentzian form for the broadening of the modes, via Lindblad
superoperators in a master-equation formalism;19,20 this useful
nondipole study predicts that the strong-coupling regime is
possible between a MNP and a molecule, though there is
no direct connection to the emission spectrum. For dielectric
cavity systems, the effects of propagation to a detector is
generally assumed to not change the spectral shape of the
emitted photons. However, for a metallic system, because
of the losses associated with the MNP and quenching, it is
essential to compute the generalized light spectrum (i.e., away
from the QD position) to first realize if the strong-coupling
effects are observable, and second, to see how the spectral
signatures may change and how they would be measured.
In this work, we develop a theoretical formalism that allows

one to obtain the emission spectra at any spatial position of the
detector. In Sec. II, we describe an exact medium-independent
quantum optics approach—formulated in terms of photonic

075303-11098-0121/2012/85(7)/075303(9) ©2012 American Physical Society
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FIG. 1. (Color online) (a) Schematic of the MNP embedded in a
background material with permittivity of εb. The MNP, with radius a

and permittivity εm, is located at the origin. The single photon emitter
(QD) at rd is located at height h above the surface of the MNP. We
also consider a pointlike detector at rD located along the same axis
at height hD above the metal surface. (b) LDOS peak as a function of
height above a 20-nm (blue-dark) and 7-nm (orange-light) spherical
silver MNP for an x-oriented dipole. The nondipole result (for the
MNP) is given by the solid line and the dipole-approximation result
is given by the dashed line. For comparison, using the 20-nm MNP,
selected FDTD results are shown as squares (1-nm grid) and crosses
(2-nm grid), showing very good agreement for different effective
emitter sizes.

Green functions—to describe the cavity-QED interactions and
photon transport between a dipole emitter (QD), a finite-size
MNP, and a detector. A schematic of the nanoscale interaction
geometry is shown in Fig. 1(a). In Sec. III, we present various
numerical results and calculations for the coupled QD-MNP
system. We first calculate the classical Green function above
a MNP using a well established scattering approach,21,22 and
subsequently calculate the LDOS and photonic Lamb shift
from a nearby dipole emitter, using two different sized MNPs
(7 and 20 nm radius). We find significant enhancements in the
LDOS near the MNP surface16 and simultaneously observe
enormous Lamb shifts. We then examine the spectral proper-
ties of a QD dipole emitter in the strong-coupling regime. We
compute the far-field spontaneous emission spectrum, fully
accounting for non-Markovian relaxation and propagation
effects to the detector. The spontaneous emission spectrum
is shown to yield clear signatures of the strong-coupling
regime, but is found to be much richer than the usual vacuum
Rabi splitting known from simpler cavity-QED systems (e.g.,
using dielectric cavities) due to the interplay between higher-
order mode coupling and dipolar-mode coupling; the non-
Markovian spectra yield a spectral triplet or even a quartet of
resonances, where two of the peaks anticross, thus signaling
the strong-coupling regime. We present the strong-coupling
spectra for two different QD-dipole polarizations and discuss
the effects of optical quenching. In Sec. IV, we give a
brief discussion about possible experimental configurations
for observing our predictions, and in Sec. V we conclude.

II. THEORY

A. Green function of a spherical metal nanoparticle

The classical photon Green function in a medium with
ε(r,ω) (complex dielectric constant) and μ = 1 is described
through the following equation:

∇ × ∇ × G(r,r′;ω)− ε(r,ω)k20G(r,r
′;ω) = k20δ(r − r′),

(1)

where k0 = ω/c, ω is the angular frequency and c is the
speed of light. The dipole-response function (Green function)
G can connect to both classical and quantum light-matter
interactions. For the MNP problem of interest, we will
discuss the Green function within and outside the dipole
approximation. Typically for small MNPs (ω

√
εba/c � 1) of

permittivity εm embedded in a material with permittivity εb,
the Green function is obtained through the Dyson equation
where we assume that the spherical MNP response can be
modelled through the metal polarizability function:

αm(ω) = α0m(ω)[
1− iα0mω3

√
εb

6πc3a3

] , (2)

with the bare polarizability (i.e., without photon coupling to
the environment)

α0m(ω) = 4πεba
3 (εm(ω)− εb)

[εm(ω)+ 2εb]
, (3)

and Eq. (2) also accounts for radiation reaction.23 Considering
the MNP to be located at position rm, then the MNP-dipole
Green function is obtained through24,25

G(r,r′) = G0(r,r′)+ G0(r,rm) · α mG0(rm,r′). (4)

To account for the finite-size nature of the MNP, we also
compute the Green function outside the dipole approxima-
tion. For these calculations we use an established analytical
approach where the Green function is expanded in spherical
vector functions and the boundary conditions are satisfied at
the edge of the sphere;21,22 we relegate the details of this
approach to the Appendix.

B. Classical light-matter interactions

An integral solution for the classical electric field can be
written as

E(r,ω) = E0(r,ω)+
∫

dr′ G(r,r′;ω) · P(r′,ω), (5)

where P is a polarization source. As we will show below,
in quantum optics, the E and P fields become operators, but
G remains the same.26,27 For a dipole emitter at position rd ,
E(r) = E0(r)+ G(r,rd ) · αdE(rd ), where the dipole polariz-
ability of the QD exciton is given by

αd (ω) = 2ωdd
2/h̄ε0(

w2
d − ω2 − iγdω

)
h̄ε0

, (6)
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with ωd the transition frequency, γd the nonradiative broad-
ening of the QD exciton, d the optical dipole moment, h̄ the
reduced Planck constant, and ε0 the permittivity of free space.
Assuming a QD dipole of the form d = dni , the (projected )
LDOS becomes

ρi(rd ;ω) = Im[ni · G(rd ,rd ;ω) · ni]

Ghom
, (7)

where Ghom = Im[ni · Ghom(r,r;ω) · ni] = k30
√

εb/6π , and
Ghom is the homogeneous-medium Green function. The units
of Eq. (7) are conveniently chosen so that the LDOS is equal
to the Purcell factor,2 which describes—in a weak-coupling
regime—the spontaneous (vacuum-induced) emission rate,

γEM(rd ;ω) = 2d2ρ(rd ;ω)Ghom

h̄ε0
. (8)

This total electromagnetic (EM) decay rate includes both ra-
diative and nonradiative coupling with the lossy environment,
and it depends on the G of the medium. In order to describe
photon propagation from the QD to a detector (e.g., to the
far field), we also consider the nonlocal propagator, which is
defined through the two space-point Green function,

ρnlij (r,r
′;ω) = [ni · G(r,r′;ω) · nj ]

Ghom
. (9)

The photonic (or anomalous) Lamb shift is also connected to
the Green function, and is obtained from26,28


ωi (rd ;ω) = −d2Re[ni · G (rd ,rd ;ω) · ni]

h̄ε0
. (10)

For the Green function used in Eq. (10), i.e., with the same two
spatial arguments Re[G(r,r)], we will neglect the (divergent)
homogeneous-medium contribution since its effect can be
absorbed into the definition of ωd .25,29

The quantities introduced above (e.g., the photon decay rate
and the Lamb shift) are well known, and are perturbative in
nature (in their definition). However, this is not a model re-
striction. Indeed, the theory above can fully include nonpertur-
bative light-matter interactions. To reach the strong-coupling
regime of cavity QED, where light-matter interactions must
be included to all orders, one requires the dipole-medium
coupling rate g to be larger than any dissipation channels.7,18

For a single quasimode of the MNP, e.g., fm(r), then g ≡
gm = √

ωm/2h̄ε0 d · fm(rd ) so that the vacuum Rabi splitting,
2g ≈ √

γEM(ρ) γLSP/2 � γd,γLSP. Here γEM(ρ) accounts for
all EM decay processes and γLSP is the effective linewidth of
the LSP dipole mode; for the purpose of the scaling argument
above, we are also tacitly assuming a Lorentzian line shape
for ρ(ω).
Since we are investigating nondipolar effects for the MNP,

it is worth discussing nondipolar effects for the QD as well.
The generalization of Eq. (7) to include nondipole effects is
given by the following formula:30,31

ρ(rd ,ω) =
∫
VQD

drFe(r)Fh(r)
∫
VQD

dr′F ∗
e (r

′)F ∗
h (r

′)Im[ni · G(r,r′;ω) · ni]∫
VQD

drFe(r)Fh(r)
∫
VQD

dr′F ∗
e (r′)F ∗

h (r′)Im[ni · Ghom(r,r′;ω) · ni]
, (11)

where Fe(r)/Fh(r) are the ground-state electron/hole wave
functions (centred at rd ), and VQD is the volume
of the QD. For strongly confined QDs, the effects of treating
the QD in the dipole approximation is to reduce/enhance the
effective dipole moment of the QD.30 To investigate the effects
of averaging over a (2 nm)3 volume, we compared finite-
difference time-domain (FDTD) results for different griddings
near the MNP and observe excellent agreement between grids
of 1 nm and 2 nm and the analytic Green function described in
theAppendix [see Fig. 1(b)]. Such an agreementmeans that the
field averaging across an FDTD unit cell is sufficient at these
heights implying that the average field across a QD of the same
approximate size is valid. This has been further verified by
independent calculations examining local-field effects inside
lossy structures and comparing with the exact integration of
the Green function32 (i.e., the regularized Green function)
over a unit cell of the same size (which we will discuss in
more detail in future work). Additionally, for strongly confined
dots, then the higher-lying energy levels become increasingly
separated further justifying the dipole approximation for a
single QD transition.33 It is possible that the QD response
may be influenced by higher-order QD mode contributions,
but due to the size of the dots compared to the MNPs we
expect such contributions to be small and, to simplify the
calculations, we will ignore them. Any further references to

the dipole approximation will refer to the MNP and the QD
will always be assumed to be in the dipole approximation.
For now, we highlight that our general approach can include
nondipole effects for the QD using the same Green functions
introduced above.

C. Quantum light-matter interactions and
the emission spectrum

To describe the quantum light-matter interaction, we adopt
a medium-dependent quantization procedure for calculating
the emission spectrum from a two-level system (exciton) in a
lossy, nonhomogeneous environment.26,27 We begin with the
complete Hamiltonian of the coupled system,

H = h̄ωd σ̂
+σ̂− + h̄

∫
dr

∫ ∞

0
dωl ωl f̂†(r,ωl) · f̂(r,ωl)

− [σ̂+d + σ̂−d] · Ê(rd ), (12)

where σ̂+,σ̂− are the Pauli operators of the QD exciton
(located at position rd ), f̂†/f̂ are the bosonic continuum
field creation/annihilation operators of the total electric-field
operator (including interactions with the QD), which are
indexed in the Hamiltonian with continuous eigenfrequencies
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ωl , and the dipole d is assumed to be real. The electric-field
operator is related to the bosonic field operators through28

Ê(r,t) = Ê0(r,t)+ i

√
h̄

πε0

∫ ∞

0
dωl

∫
dr′G(r,r′;ωl)

·
√

εI (r′,ωl) f̂(r′,ωl ; t)+ H.c., (13)

where εI is the imaginary part of the permittivity and Ê0(r,t)
is the free field, i.e., the field that exists without the presence
of the QD. To proceed we will adopt the weak excitation
approximation, so that we assume at most one excitation
in the system (this approximation is exact when the initial
field is the vacuum field). Using the Heisenberg equations of
motion, and Laplace transforming to the spectral domain, we
can subsequently obtain explicit expressions for σ̂+,σ̂− and
f̂,f̂†. The total electric-field operator is then26

Ê(r,ω) = Ê0(r,ω)+
∫
ImG(r,rd ;ωl) · d

πε0

σ̂−(ω)+ σ̂+(ω)
ω − ωl

,

= Ê0(r,ω)+ 1

ε0
G(r,rd ;ω) · d[σ̂−(ω)+ σ̂+(ω)],

(14)

in which we have used the relation i
ωl−ω+iε+

= πδ(ωl − ω)+
iP( 1

ωl−ω
), with P the principle value. The sum of the dipole

operators are given by

σ̂−(ω)+ σ̂+(ω)

= −i[σ̂−(t = 0)(ω + ωd )+ σ̂+(t = 0)(ω − ωd )]

ω2d − ω2 − 2ωd d · G(rd ,rd ;ω) · d/h̄ε0
. (15)

The light spectrum is defined through S(r,ω) =∫ ∞
0 dt1

∫ ∞
0 dt2e

iω(t2−t1)〈[Ê(r,t1)]†Ê(r,t2)〉, which gives
S(r,ω) = 〈[Ê(r,ω)]†Ê(r,ω)〉. For r = rD , and assuming an
initially excited QD exciton in vacuum, one obtains26 the
emitted light-spectrum, analytically,

S(rD,ω) =
∣∣∣∣ d · G(rD,rd ;ω)(ω+ωd )/ε0
ω2d −ω2 − iωγd − 2ωdd · G(rd ,rd ;ω) · d/h̄ε0

∣∣∣∣
2

,

(16)

where the point detector is assumed to be at position rD above
the center of the MNP. We highlight that this final spectrum
is exact in both weak- and strong-coupling limits. In order to
more clearly extract the physics associated with propagation
and quenching, we will also examine the dipole or polarization
spectrum:

P (ω) ≡ 〈σ̂+(ω)σ̂−(ω)〉

=
∣∣∣∣ 1

ω2d − ω2 − iωγd − 2ωdd · G(rd ,rd ;ω) · d/h̄ε0

∣∣∣∣
2

,

(17)

which contains important information about the local dot
dynamics. Worth noting is that Eqs. (16) and (17) are
applicable in any lossy, nonmagnetic inhomogeneous system,
provided it is possible to calculate the Green function, which
illustrates the strength of our technique. We also remark that
it is relatively straightforward to include multiple QDs within
this formalism.34

Before closing this theory section, we make a few gen-
eral comments on the form of the QD nonradiative decay
rate γd . This broadening mechanism is likely caused by
electron-phonon scattering and pure dephasing, which is
especially important at elevated temperatures. Although we
have not distinguished the mechanism of pure dephasing from
an effective decay rate in the polarizability, the computed
spectrum maintains precisely the same spectral shape for our
chosen initial conditions;35 so the distinction of pure dephasing
(versus radiative broadening) is not necessary for computing
the vacuum spectrum. However, if one knows the precise
spectral form of the QD polarizability, including the influence
of electron-phonon scattering, then only a smallmodification is
needed in the above formulas.35 For the calculations that follow
below, we will adopt broadening values similar to colloidal
dots at room temperature,36 with γd = 10–20 meV. Note also
that since the dominant decay is from nonradiative coupling
to the lossy MNP, the details of the bare exciton decay are less
important here (e.g., in comparison to coupling to a dielectric
cavity system). An alternative quantum optics approach can
include phonon interactions at the level of a polaron master
equation.37,38

III. RESULTS

A. Weak-coupling regime: Purcell factors and Lamb shifts

For our numerical calculations, we assume a MNP
with a permittivity given by the Drude model, εm = ε∞ −
ω2m/(ω2 − iγmω), and take the parameters typical for silver:7

ε∞ = 6, ωm = 7.90 eV, and γm = 51 meV; this gives an
estimated γLSP = 60 meV and γLSP = 75 meV for 7- and
20-nm particles, respectively, in the regime where the dipole
approximation is valid.
We consider a dipole emitter located h = 2 nm above a

7-nm and a 20-nm MNP. For the single-photon emitter (QD
exciton), we consider both x-oriented and z-oriented dipoles
with a dipole moment of d = 24D (≈0.5e nm), which is
comparable to (or less than) the dipole moment used in other
works that model QDs coupled to metals.7,18

In Fig. 1(b) we show the LDOS versus height using both the
nondipole and dipole calculations. We observe convergence
between the solutions with the analytic and the dipole-
approximation only for h > 2a, in agreement with Ref. 15.
Additionally for the 20-nm radius MNP, we plot the same
calculations performed using FDTD calculations39 (squares
and crosses) using a 1-nm grid and a 2-nm grid (finite-size
emitters); we observe excellent agreement between these two
different methods for both grid sizes.
In Figs. 2(a) and 2(d) we plot the LDOS as a function of

frequency for h = 2 nm above the 7- and 20-nm MNPs for
x-oriented and z-oriented dipoles, respectively. We immedi-
ately notice that the LDOS peaks are far separated in energy
when compared to the dipole result, which is caused by the
essential contribution from higher-order modes.40 We also see
that the LDOS peak for both nm-size particles is comparable,
but the LDOS peak is slightly shifted between the two different
sized particles. When comparing between x-oriented and
z-oriented dipoles we see that the LDOS is larger for the latter
case by about a factor of 2. Also note that the difference in
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FIG. 2. (Color online) (a) LDOS versus frequency 2 nm above a 20-nm (blue-dark) and 7-nm (orange-light) silver MNP. The nondipole
(exact) result is given by the solid line and the dipole-approximation result is given by the dashed line. (b) ρnlxx(rD,rd ) versus frequency for
hd = 2 nm and hD = 1 μm, (c) Lamb shift versus frequency. In (a)–(c) we use an x-oriented emitter. (d)–(f) As (a)–(c) but for a z-oriented
emitter. For clarity, dipole-approximation results are multiplied by a factor of 50 (20-nm particle) and 4 (7-nm particle) in graphs (a),(c) and
(d),(f).

the dipole approximation for the 7-nm particle compared to
the 20-nm particle is mainly due to the fact that they have
different center-to-center distances; the shorter distance gives
a larger result because of the scaling of the free space Green
function in the near field, i.e., Gfree(rd ,rm) ∝ |rd − rm|−3.
We next consider the nonlocal propagator in Figs. 2(b) and

2(e) for x-oriented and z-oriented emitters, respectively; this
propagator is needed to account for light propagation from the
dipole emitter to the detector. The detector is assumed to be
at a height of 1 μm above the MNP surface. For the 20-nm
particle, the nondipole calculations for ρnl is spectrally peaked
near ω ≈ 2.76 eV, which does not coincide with the peak of
the LDOS (≈2.97 eV); however, the peak in the ρnl using a
dipole approximation is shifted to 2.79 eV. We also observe
an additional peak located near 2.9 eV, and we show below
how this complex line shape affects the spontaneous emission
spectrum. We can contrast these 20-nm MNP findings with
the 7-nm results, where the ρnl in the dipole approximation
agrees quite well with the exact result—although we begin
to observe a small shoulder in the nondipole result, which
indicates a second peak. Both nonlocal propagator peaks in
this region are located at 2.8 eV, which is the same location
as the dipole peaks seen in the LDOS and again the difference
between x-oriented and z-oriented dipoles is about a factor of
2; but now the xx component of the nonlocal propagator is the
larger (suggesting less quenching).
Figures 2(c) and 2(f) show the photonic Lamb shift for

x-oriented and z-oriented dipoles, respectively, for both MNP
sizes. Again the (invalid) dipole solutions are plotted for
reference. The Lamb shifts at this height are quite large, giving
a maximum frequency shift of |
ω|max/ω = 7.9× 10−3 for
the 7-nm particle and |
ω|max/ω = 1.28× 10−2 for the
20-nm particle in the x direction, and a maximum frequency
shift of |
ω|max/ω = 2.02× 10−2 for the 7-nm particle and

|
ω|max/ω = 2.75× 10−2 for the 20-nm particle in the z

direction. For comparison, at ω ∼ 3 eV, an exciton linewidth
of γd ∼ 15 meV corresponds to γd/ω ≈ 5× 10−3, so the
largest frequency shift in Fig. 2(f) is more than five times
the exciton linewidth (even at room temperature), which, to
our knowledge, is much larger than any previously reported
result. For photonic crystal systems,41 |
ω|max/ω ≈ 4× 10−5
has been reported, and for negative indexmetamaterial slabs,26

|
ω|max/ω ≈ 5× 10−4 has been predicted.

B. Strong-coupling regime and emitted spectrum

Motivated by the significant enhancements seen in Fig. 2,
we next study the nonperturbative strong-coupling regime,
and calculate both the particle (or polarization) spectrum and
the spontaneous emission spectrum of the field (Figs. 3 and 4).
For all calculations we use γd = 15 meV, which corresponds
to the decay of a typical QD exciton at room temperature.36

Such a large decay would completely dominate semiconductor
cavity systems, where the best (maximum) vacuum Rabi
splittings are around 0.1–0.15 meV.4 For the 7-nm particle,
with an x-oriented QD, the nondipole result (i.e., not treating
the MNP as a dipole) for P (ω) [Fig. 3(a)] shows that there is a
clear anticrossing, and the spectral location of strong coupling
is evidently not located at the dipole LSP of 2.7915 eV; rather,
it is much higher in energy at 2.9415 eV corresponding to the
peak of the LDOS (∼2.9489 eV). In contrast, the dipole result
shows no indication of strong coupling. When looking at the
far-field spectrum [see Fig. 3(c)], it is more difficult to observe
an anticrossing as the weighting provided by ρnl causes the
peaks to broaden and become more asymmetric. Additionally,
there is a clear peak at 2.7885 eV, which corresponds to the
peak in ρnl; this spectral peak is not observable in the particle
spectra; this additional peak also shows up when using
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FIG. 3. (Color online) (a),(c) 7-nm particle [(b),(d) 20-nm parti-
cle] with an emitter 2 nm from the surface. Graphs (a),(b) and (c),(d)
show the normalized effective particle and far-field spontaneous
emission spectra, respectively, using the nondipole result (blue-
dark line) and the dipole approximation (orange-light line) for an
x-oriented dipole. Transition frequencies are indicated by black dots
on the curves. The thin gray line in all graphs indicates the LSP
resonance (at the maximum of αm).

the dipole approximation but we emphasize that it is only
due to photon propagation from the MNP/emitter system to
the detector and is extremely small. We highlight that these
additional spectral features in the emission spectrum are quite
different to a dielectric cavity system.
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FIG. 4. (Color online) As in Fig. 3, but with a z-oriented QD
dipole.

From the calculations above, it is also clear that the
predicted Lamb shifts are observable in the spectra as the
exciton spectral peaks in both the particle and the far-field
spectra are substantially shifted in energy. Figures 3(b) and
3(d) show the particle and light spectra for the 20-nmMNP, and
weobservemany similar features to the 7-nm spectra; however,
the splitting between the peaks in the particle spectrum is
notably larger for the 20-nm particle compared to the 7-nm
particle. In the far-field spectra, we also see that there are
significant qualitative differences as the QD frequency is
tuned, though the anticrossing region is observed at similar
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FIG. 5. (Color online) (a) 7-nm particle [(d) 20-nm particle] with an emitter 2 nm from the surface tracking the particle spectral peaks
(orange circles) and light emission spectral peaks (blue crosses) as a function of QD frequency for an x-oriented QD. The dashed lines
correspond to the location of the QD transition frequencies used in the graphs in Fig. 3. (b) Integrated particle spectra for an x-oriented QD
normalized by the integrated particle spectrum without the MNP (i.e., free space) as a function of QD transition frequency for 20-nm MNP
(blue-dark line) and 7-nm MNP (orange-light line) for dipole (dashed line) and nondipole (solid line) calculations. (c) Integrated particle
spectrum 2 nm above a metallic half space normalized by integrated particle spectrum in free space as a function of QD transition frequency
for z-oriented QD (blue-dark line) and x-oriented QD (orange-light line). (e) As (b) but with the integrated far-field spectrum normalized by
the integrated far-field spectrum without the MNP. (f) As (c) but with the integrated far-field spectrum normalized by the integrated far-field
spectrum in free space. The thin gray lines in (a), (b), (d), and (e) indicate the LSP resonance.
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QD detunings. This shows that the strong coupling is clearly
an observable effect, even with significant metal losses.
Figure 4 shows similar results to those shown in Fig. 3,

but with a z-oriented exciton. The larger LDOS for this
polarization manifests in an increased Rabi splitting in both
particle and far-field spectra, however, the peaks at higher
energies are more difficult to observe on this scale due to
the smaller value of the nonlocal propagator in the higher
frequency range [see Fig. 2(e)].
To further examine the anticrossing behavior of strong

coupling, we have located the maxima in the particle spectra
(red circles) and far-field spectra (blue crosses) for various QD
transition frequencies, and show these in Fig. 5(a) for 7-nm
particles, and Fig. 5(d) for 20-nm particles using an x-oriented
QD (similar results are found for a z-oriented dipole). In both
the particle and light emission spectra, a clear anticrossing
is observable, indicating a vacuum Rabi splitting of around
2g ≈ 79 meV for 7-nm particles and 2g ≈ 95 meV for 20-nm
particles; note that 2g > 120 meV for both sizes of MNP
for the z-oriented QD (not shown). Clearly this observation
does not correspond to the location of the lowest-order dipole
mode (indicated by the thin gray lines in Fig. 3) but is due to
the coupling to higher-order plasmon modes. For the emitted
light spectrum, the effects of propagation add additional peaks;
however, the vacuum Rabi splitting is well maintained even
with nonradiative quenching. This finding is not at all clear
unless one properly accounts for propagation to the detector.
In Figs. 5(a) and 5(d) we discern an additional peak in

the far field at the location of the dipole mode, which is
due to light propagation (via ρnl), and in Fig. 5(d) there is
a fourth peak, which is due to the dip located in ρnl that only
occurs for the 20-nm particle, but becomes too small to resolve
after ωd ≈ 2.85 eV. These spontaneous emission spectra
contain highly non-Lorentzian line shapes as well as essential
nondipolar interaction effects. Furthermore, any predictions of
strong coupling with MNPs must include higher-order mode
coupling as they will dominate the dynamics before it is ever
possible to achieve strong coupling using the dipole mode (at
least for our chosen parameters).
Finally, we study the optical quenching effects in more

detail. In Figs. 5(b) and 5(e) we calculate the integration
of the particle/far-field spectrum as a function of ωd , and
we normalize this to the integrated free-space value. We define
the integrated spectral quantities IP (ωd ) (integrated particle
spectrum) or IS(ωd ) (integrated far-field spectrum), which
are computed as follows:

IP (ωd ) =
∫ ∞
0 P (ω,ωd ) dω∫ ∞

0 Phom(ω,ωd ) dω
, (18)

IS(ωd ) =
∫ ∞
0 S(ω,ωd ) dω∫ ∞

0 Shom(ω,ωd ) dω
. (19)

These integrals give the likelihood of detecting a photon
emitted by a QD, and the values in the vicinity of the MNP
are normalized to the values that would be obtained from a
QD in vacuum (for this particular particle/detector geometry).
We show MNP dipole-approximation (dashed) and nondipole
(solid) results for a 7-nmMNP (orange-light line) and a 20-nm
MNP (blue-dark line). For the integrated particle spectra IP

we see that, in terms of emitted flux, quenching is much more
problematic for the nondipolar result compared to the dipolar
result. The region of greatest quenching is where the LDOS
is peaked giving a maximum reduction to IP ≈ 0.3 in the
region of the anticrossing. Such an observation would lead
one to believe that MNPs appear to absorb the majority of
the emitted photons. However, in the far-field spectrum IS ,
we see a dramatic increase in the relative number of photons
detected for QDs located near the LSP of 30 (80) for 7 nm
(20 nm). Even in the anticrossing region, the enhancement is
≈2–3 compared to aQD in free space. This enhancement in the
integrated far-field spectrum shows that even in the frequency
region where photons appear to be dominated by nonradiative
effects, the MNP compensates by acting as an antenna making
the detection of far-field radiation more efficient.
To help further clarify the physics of metallic quenching,

we also compare the MNP case with a metallic half space,
where we calculate the Green function using a well-known
multilayer scattering technique.26,42 We initially verify in
Fig. 5(c) that a simple metallic half space suffers similar
quenching to the MNP in the particle spectrum; however, it
feels muchmore quenching in the far-field spectrum [Fig. 5(f)]
with IS lower by about two orders of magnitude for both
z-oriented (blue-dark line) and x-oriented (orange-light line)
QDs. It is worth noting that the reduction of γd to values
typical for QDs at cryogenic temperatures (≈μeV) results in
significantly more quenching in both the particle spectrum
and the far-field spectrum for QDs coupled to MNPs; for
example, using γd < 50-μeV results in IS < 1 over the entire
frequency range showing that the antenna effect of the MNP
is unable to overcome the quenching in the case of sharp QD
linewidths.
For these quantum optical studies above, we have delib-

erately chosen a rather large dipole moment (d = 24 D) to
enable the strong-coupling regime. For smaller dipole sizes,
e.g., with d = 12 D for the x-oriented dipole, or d = 8 D
for a z-oriented dipole, we obtain qualitatively similar strong-
coupling results butwith smaller vacuumRabi splittings. There
is also the potential to see strong coupling with even lower QD
dipole moments, if one uses MNPs with nonspherical shapes,
e.g., cigar shapes.18 For much lower dipole moments then the
strong-coupling effect of course vanishes, although dimer7,43

configurations may help to increase the LDOS to a sufficiently
larger value.

IV. DISCUSSION

Wenow briefly discuss some potential experimental config-
urations for observing the effects presented above. There are
several possible experimental scenarios that are likely within
reach of current nanofabrication techniques.44 One example
could involve spin coating colloidal QDs onto a substrate,
locating the dots by correlating photoluminescence data with
atomic force microscopy (AFM) images and positioning the
MNPs in the vicinity of the QD using the AFM tip as was
done by Ratchford et al.;6 in their study, the relatively small
QDs had an estimated dipole moment of around 5.3 D and
a strong modification of the spontaneous emission rate was
shown, along with a drastic reduction in blinking. A second
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possible method for probing the emission spectra of coupled
QD-MNP systems could use an array of MNPs placed on a
substrate and immersed in a solution of colloidal QDs. By
illuminating with focused (off-resonant) laser beams it is also
possible to create efficient optical traps45–47 at which point the
QD can be loaded into an excited state. Both of these proposals
involve the use of substrates; of note, our formalism enables
the calculation of the far-field spectrum in any inhomogeneous
geometry as long as the Green function can be calculated; our
initial results using the FDTD technique [see Fig. 1(b)] for this
simplified geometry can easily include a substrate; or even
more complicated geometries could be investigated such as
MNPs coupled directly to photonic crystal cavities containing
QDs.44,48 In fact, recent experiments with QDs coupled with
disordered metallic films on glass substrates are at a loss for
the expected far-field emission spectra,49 further emphasizing
the usefulness of our technique.

V. CONCLUSIONS

We have presented a Green-function quantum optics ap-
proach to study quantum optical interactions between a QD
photon emitter and a single (finite-size) MNP. We began
by examining the properties of the classical Green function
above a MNP within and beyond the dipole approximation
and showed the dramatic effects of the higher-order plasmon
modes on the LDOS and photonic Lamb shifts. Going beyond
the weak-coupling approximation, we then examined the
particle spectrum and contrasted this with the far-field (ob-
servable) light-emission spectrum of a QD strongly-coupled
to the MNP. Using experimentally accessible parameters, our
nonperturbative light spectra show clear signatures of the

strong-coupling regime; the emitted spectrum was found to
contain a triplet or quartet of resonances, highlighting the
important role of light propagation to the detector. Finally,
we also examined the role of optical quenching on the far-field
spectra, and compared the quenching to the case of ametal half
space. It should be emphasized that our presented techniques
are quite general and can be extended to include an initial
pump field, multiple MNPs, and multiple QDs.
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APPENDIX: SPHERICAL GREEN FUNCTION

Given a sphere with permittivity εm and radius a, embedded
in a homogeneousmedium of permittivity εb, the scattered part
of the Green function is given by

Gscatt(r,r′) = −ikb

4π

∑
e,o

∞∑
n=1

n∑
m=0

(
2− δ0m

) 2n + 1
n(n + 1)

(n − m)!

(n + m)!

× [
RH Meo

mn(kbr)Meo
mn(kbr′)

+RV Neo
mn(kbr)Neo

mn(kbr′)
]
, (A1)

where RH/RV are the centrifugal reflection coefficients
corresponding to transverse electric/magneticwaves (TE/TM),
and Meo

mn/Neo
mn are the vector functions corresponding to

TE/TM waves and they have been separated into even and
odd contributions. The values of RH , RV , are given by

RH = km∂τmτb − kb∂τbτm

km∂τmκb − kb∂κbτm

, RV = kmτm∂τb − kbτb∂τm

kmτm∂κb − kbκb∂τm

, (A2)

where

τi = jn(kia), κi = h(1)n (kia), (A3)

∂τi = 1

kia

∂[kiajn(kia)]

∂kia
, κi = 1

kia

∂
[
kiah(1)n (kia)

]
∂kia

. (A4)

Here jn, h(1)n are the spherical Bessel functions and spherical Hankel functions of the first kind, respectively and ki = ω
√

εi/x

where i corresponds to either the metal or background. The vector functions are defined as follows:

Me
mn(kr) = − m

sin θ
h(1)(kr)P m

n (cos θ ) sinmφθ̂ − h(1)(kr)
dP m

n (cos θ )

dθ
cosmφφ̂, (A5)

Mo
mn(kr) = m

sin θ
h(1)(kr)P m

n (cos θ ) cosmφθ̂ − h(1)(kr)
dP m

n (cos θ )

dθ
sinmφφ̂, (A6)

Ne
mn(kr) = n(n + 1)

kr
h(1)(kr)P m

n (cos θ ) cosmφr̂ + 1

kr

d[rh(1)(kr)]

dr

[
dP m

n (cos θ )

dθ
cosmφθ̂ − m

sin θ
P m

n (cos θ ) sinmφφ̂

]
, (A7)

No
mn(kr) = n(n + 1)

kr
h(1)(kr)P m

n (cos θ ) sinmφr̂ + 1

kr

d[rh(1)(kr)]

dr

[
dP m

n (cos θ )

dθ
sinmφθ̂ + m

sin θ
P m

n (cos θ ) cosmφφ̂

]
. (A8)

where P m
n are Legendre polynomials. Note that for our numerical calculation in this paper, a few simplifying assumptions can

be made; we only consider the calculation to be along the z direction, x = x ′ = y = y ′ = 0, and we additionally assume that we
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are only calculating the LDOS (z = z′). This means that calculating in the θ̂ θ̂ direction is equivalent to the φ̂φ̂ direction. This
allows us to simplify Eqs. (A5)–(A8) to

Me
mn(kr) = h(1)(kr)

dP m
n (0)

dθ
φ̂, (A9)

Mo
mn(kr) = 0, (A10)

Ne
mn(kr) = n(n + 1)

kr
h(1)(kr)P m

n (0)r̂ , (A11)

No
mn(kr) = m

kr

d[rh(1)(kr)]

dr
P m

n (0)φ̂. (A12)
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The calculation of the local density of states (LDOS) in lossy materials has long been disputed due to the

divergence of the homogeneous Green function with equal space arguments. For arbitrary shaped lossy struc-

tures, such as those of interest in nanoplasmonics, this problem is particular challenging. A non-divergent LDOS

obtained in numerical methods like the finite-different time-domain (FDTD), at first sight, appears to be wrong.

On the contrary, here we show that FDTD is not only an ideal choice for obtaining the correctly regularized

LDOS, but it can simultaneously address the well known local field problem for any lossy inhomogeneous mate-

rial. We exemplify the case of a finite-size photon emitter embedded within and outside a lossy metal particle,

and show excellent agreement with analytical results where known.
c© 2012 Optical Society of America

OCIS codes: 270.5580, 270.0270, 350.3618,240.6680,240.0240,160.3918.

The spontaneous emission rate, which is proportional
to the imaginary part of the Green function (GF) with
equal space arguments, i.e., Γ ∝ Im[G (r, r;ω)], can al-
ways be decomposed into a homogeneous contribution
and a scattered contribution, G = Ghom + Gscatt. In
the case of a lossless material the imaginary part of the
diagonal elements of the homogeneous GF is given by,

Im[Ghom
ii (rd, rd;ω)] = k30nμ/6π, (1)

while the real part diverges (here k0 is the vacuum
wavevector, n is the refractive index, and μ is the perme-
ability of the homogeneous space). Wth finite loss (e.g.,
Im[n], Im[μ] �= 0) then the real and imaginary parts of
the GF diverge—since the formula above applies with
no change. This problem is well known and has been dis-
cussed in the context of quantum optics for decades [1].
One proposed solution to this LDOS divergence has

been to consider the local environment around the (pho-
ton) dipole emitter as a lossless cavity [1], which is used
to model the effects of the local field as seen by the atom
instead of the macroscopic field. This circumvents the
issues arising due to the divergence of the homogeneous
part of the GF, while still including the contribution of
the outer material response via the scattered part of the
GF. For larger photon emitters such as quantum dots
(QDs) and macromolecules, the dipole model in a fic-
titious cavity may not be the best approach. Moreover,
most of these local-field models are restricted to “spheri-
cal cavities,” and are usually (but not always) applied to
homogeneous structures. For more general nanophotonic
structures, a common numerical method of choice is the
finite-difference time-domain (FDTD) technique [2, 3].
In a lossy structure, the equal-space-point GF is finite
for both the real and imaginary parts, and this raises

the question about possible numerical problems with ap-
plying FDTD near and within lossy structures. To our
knowledge, the application of FDTD for obtaining the
LDOS within a lossy structure has not yet been explored,
and the method is commonly believed to break down.
This question of applicability becomes more pertinent

as researchers begin to build hybrid plasmonic/photonic
systems [4], which contain QDs and metal particles. For
these hybrid structures, it appears that no one has be-
gun to investigate emitters located in the lossy portion
of the system, since the exact LDOS will diverge, at
least within a dipole approximation. Certain colloidal
QDs (e.g., PbSe QDs) are also known to be described in
terms of a finite-size dipole within a complex index [5].
While there are currently several formalisms capable of
calculating spontaneous emission rates near lossy inho-
mogeneous media [6–13], these cannot be applied when
the emitter is within the lossy material.
To address the contribution of the homogeneous GF in

lossy materials, we consider a spherical metallic nanopar-
ticle (MNP) in air with a radius a = 20 nm where the
permittivity of the MNP is given via the Drude model,
ε = εr − ω2

p/(ω
2 + iγω), where we use parameters rep-

resentative of silver [14], εr = 6, ωp/2π = 7.89 eV,
γ/2π = 51 meV. We define a projected local density of
states (LDOS) along the ith Cartesian axis as,

ρi(r;ω) =
Im[Gii(r, r;ω)]

Im[G
vac

ii (r, r;ω)]
, (2)

where we have normalized by the homogeneous vacuum
GF, i.e., using Eq. (1) using parameters for vacuum.
In Fig. 1 we show schematics of the geometries we

will investigate. Figure 1 (a) shows a homogeneous space
where we have divided the region onto a grid. For this
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Fig. 1: (a) Schematic of the regularized GF integrated
over a finite volume in a homogeneous material. (b)
Schematic of the regularized GF integrated over a finite
volume inside a MNP. (c) Schematic of the real cavity
GF inside a homogeneous material. (d) Schematic of the
real cavity GF inside a MNP. (e) ρy(r) as a function of
height above and inside a MNP. FDTD calculations (log
scale) are show for 1-nm (blue circles) and 2-nm (orange
crosses) griddings. Outside (above) the MNP, these are
compared with the analytic GF (solid green line). The
solid vertical black line shows the edge of the MNP, and
the dashed vertical black lines show the cases considered
in Fig. 2.

scenario, we calculate the GF via two methods: (i) using
FDTD and varying the FDTD grid size (Yee cell), and
(ii) analytically integrating the homogeneous GF over a
cubic integration volume [15]. Both of these methods act
to regularize the GF over a finite size. Figure 1 (b) shows
the same calculation as in (a) except we now consider a
MNP, where the total GF can be broken into homoge-
neous parts [as in Fig. 1 (a)] plus scattered parts [16] and
compared with the total GF as calculated using FDTD.
Figure 1 (c) shows the real cavity model where a small
cavity of lossless dielectric (vacuum in this case) is placed
inside a homogeneous space [1, 6] which can be decom-
posed into homogeneous parts, Eq. (1), and scattering
parts using analytical methods [16] or the total GF can
be calculated using FDTD. Figure 1 (d) shows the cal-
culation of the real cavity model inside a MNP of radius
a, where the emitter cell has a different (and real) refrac-
tive index; this latter geometry can be decomposed into
a spherical multilayer problem [13] or solved directly via
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Fig. 2: ρy(ω) as a function of frequency for inside and
outside the MNP. Blue circles show a gridding of a/20
and orange crosses show a gridding of a/10. The inte-
gration of the homogeneous GF over a cube of size a/20
and a/10 are given by blue-dark lines and orange-light
lines respectively. (a) z/a = 0 in log scale (b) z/a = 0.9
in log scale (c) z/a = 1.2 in linear scale. Here the green
solid line shows the results from the analytic multilayer
technique.

FDTD. We stress that we can apply the FDTD to any
arbitrary shaped structure, but we choose a spherical ge-
ometry to help check against known analytical solutions.
Figure 1 (e) shows the peak LDOS along the y di-

rection, i.e., ρy(r, ωpeak), for the MNP as a function of
height along the z direction. We plot FDTD results us-
ing blue circles, corresponding to a gridding of a/20
and use orange crosses corresponding to a gridding of
a/10, all of which corresponds to the scenario shown
in Fig. 1 (b). We use FDTD Solutions [17] and employ
conformal meshing [18] which is used to reduce stair-
casing effects due to the rectangular grid. We see that
inside the MNP (z/a < 1) the LDOS peak is almost
constant up until the very edge of the MNP, indicating
that the homogeneous contribution dominates this re-
gion. Additionally, the two grid sizes give different values
for the LDOS inside the MNP, despite ensuring we have
more than 20 FDTD grid points-per-wavelength (which
is the usual rule of thumb for numerical convergence in
FDTD). Different solutions for reduced griddings typ-
ically is an indication of poor numerical convergence.
Outside the MNP, we see that both FDTD griddings give
excellent agreement with each other and with the GF
calculated using an analytical scattering technique [16].
In Fig. 2 we examine the LDOS as a function of fre-

quency corresponding to the scenario shown in Fig. 1 (b),
for three different heights, (a) z/a = 0, (b) z/a = 0.9 and
(c) z/a = 1.2 [indicated by the dashed lines in Fig. 1 (e)].
We plot FDTD results in each as blue circles for a grid-
ding of a/20 and orange crosses for a gridding of a/10.
Additionally, we plot the regularized homogeneous GF
calculated by integrating the homogeneous GF over a
cubic volume of the exact same size as the FDTD grid,
which we show as the solid lines in (a) and (b). We can
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Fig. 3: Here we compare local field calcula-
tions [Fig. 1(c)-(d)] with regularized GF calculations
[Fig. 1(a)-(b)]. In blue we show the regularized GF for
the homogeneous case [circles, Fig. 1(a)] and for the total
GF inside a MNP [crosses, Fig. 1(b)] using FDTD with a
gridding of a/20. In orange we show the local field GF for
the homogeneous case [circles, Fig. 1(c)] and for the total
GF inside a MNP [crosses, Fig. 1(d)] using FDTD with
a gridding of a/20, where we have inserted a spherical
cavity filled with vacuum where the cavity volume gives
the same effective volume as an FDTD grid cell, (a/20)3.
The orange solid line corresponds to exact calculations
of the homogeneous local field GF using analytical tech-
niques [Fig. 1(c)].

see that at the center of the MNP [Fig. 2 (a)], the LDOS
is dominated by the homogeneous contribution as there
is no deviation between the homogeneous case and the
total MNP case. In both cases the large peak at 3.23 eV
corresponds to Re[ε] = 0. We also see that the formal
integration of the GF agrees perfectly (to within less
than a percent) for both griddings demonstrating that
the grid-dependent LDOS is actually the result of a fi-
nite sized dipole. We observe that as we approach the
surface of the MNP, we see deviations from the homo-
geneous solutions. These deviations are due to the many
non-dipolar surface plasmon modes that exist at the sur-
face of the MNP [19] and are spectrally located in the
same region as they are outside the MNP [Fig. 2 (c)]. In
both Fig. 2 (a) and (b) we see that the peak of the LDOS
is ≈ 107 the value of the vacuum GF (for a/20), which
indicates that the homogeneous GF would give spon-
taneous emission enhancements (Purcell factors) which
are orders of magnitude larger than any Purcell factors
(PFs) reported for semiconductor microcavities [20], al-
beit most of the emission is into non-radiating modes.
When we examine the LDOS outside the MNP, we see

the difference between the two FDTD grids are much
reduced compared with inside and agree very well with
analytical techniques, shown as the green solid line. The

peak PF here is < 104 which is three orders of magnitude
smaller than inside the MNP for the a/20 gridding. We
see that at such short distances, the response is dom-
inated by higher order plasmon modes, and the dipo-
lar localized surface plasmon mode at 2.77 eV is smaller
again by a factor of 10. The clear agreement of the FDTD
results with analytic techniques is encouraging for the
calculation of spontaneous emission rates in lossy mate-
rials with arbitrary geometries. This is especially true as
we show FDTD is capable of calculating the GF both
inside and outside a metallic material in a spherical ob-
ject, which is one of the most difficult systems for FDTD
considering the underlying rectangular FDTD grid and
the large index contrast.
Now we examine local field effects to contrast with

regularization of the GF, and to help describe the sce-
nario of an embedded emitter with a different refractive
index (e.g., a semiconductor QD in a metal MNP). In
Fig. 3 we compare FDTD results for each of the four
scenarios as shown in Fig. 1 (a)-(d) using a grid size of
a/20. For the local field cavity, we insert a small region
of vacuum at the center of the MNP where the radius of
the cavity yields the same effective volume as an FDTD
grid cell, namely (a/20)3. The homogeneous GF (circles)
and the total GF (crosses) are show for both the regu-
larized case (blue) and the local field case (orange). We
see that the local field case exhibits an increase, as well
as a frequency shift when compared with the regularized
GF, which is the result of the fundamentally different
scattering geometry. To ensure these discrepancies are
not caused by FDTD numerics, we calculate the homo-
geneous local field case in Fig. 1 (c) (solid orange line)
exactly using analytical scattering techniques [1,16] and
see excellent agreement with the local field FDTD re-
sults. Interestingly, in the local field case, the local field
homogeneous case is still the dominant contribution just
as in the regularized GF case.
The usage and interpretation of the regularized GF

compared with the local field GF is as follows: For the
case where an emitter is located in a lossy material,
but there is no dielectric mismatch then the regular-
ized GF provides the proper method of regularization.
However, for emitters with a dielectric mismatch such
as QDs made from lossless materials and embedded in
lossy host materials, then the local field GF provides the
correct manner of regularization. For the case when the
QD itself is lossy, and is embedded inside a lossy mate-
rial the both regularization and local field effects must
be considered.
In conclusion, the calculations presented here have

shown that FDTD is an excellent tool for the calculation
of spontaneous emission rates in and near lossy materi-
als, and that the technique correctly takes into account
regularization and local field effects. It is also one of the
few tools available which allows the calculation of the GF
in completely arbitrary geometries. We believe that this
work could form the basis for performing quantum op-
tics calculations involving lossy nanophotonic materials
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in regimes that have hitherto not been explored.
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