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Abstract

The rhombus and parallelogram orbits are interesting families of periodic solutions,

which come from celestial mechanics and the N -body problem. Variational meth-

ods with finite order symmetry group are used to construct minimizing non-collision

periodic orbits. We study the question of stability or instability of periodic and sym-

metric periodic solutions of the rhombus and the equal mass parallelogram four body

problems. We first study the stability of periodic solutions for the rhombus four body

problem. An analytical description of the variational principle is used to show that

the homographic solutions are the minimizers of the action functional restricted to

rhombus loop space[23]. We employ techniques from symplectic geometry and specif-

ically a variant of the Maslov index for curves of Lagrangian subspaces along the

minimizing rhombus orbit to prove the main result, Theorem 4.2.2, which states that

the reduced rhombus orbit is hyperbolic in the reduced energy manifold when it is

not degenerate.

We second study the stability for symmetric periodic solutions of the equal mass

parallelogram four body problem. The parallelogram family is a family of Z2 × Z4

symmetric action minimizing solutions, investigated by [7]. In this example, the

minimizing solution [7] can be extended to a 4T -periodic solution using symmetries

through square and collinear configurations. The Maslov index of the orbits is used
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to prove the main result, Theorem 5.3.1, which states that the minimizing equal mass

parallelogram solution is unstable when it is non-degenerate.
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Chapter 1

Introduction

TheN -body problem of celestial mechanics models the motion of a system ofN -bodies

having positive masses mi, i = 1, ..., N , located at positions qi ∈ R3, interacting via

their mutual gravitational attraction. Newton’s law of gravity gives the following

general equations of motion,

miq̈i = −
N∑

j=1,j 6=i

mimj(qi − qj)
|qi − qj|3

=
∂U

∂qi
, (1.1)

where the force function U(q) (negative of the potential energy) is defined as

U(q) =
∑

1≤i≤j≤N

mimj

|qi − qj|
. (1.2)

These equations are called the N -body problem of celestial mechanics.

There are many problems associated with the dynamics of such a system, for

example, existence of periodic solutions, variational problems, stability of periodic

solutions and so on. Classical techniques of the calculus of variations have proven
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to provide a valuable analytical method for proving the existence of solutions in the

N -body problem of celestial mechanics. The problem of stability, which concerns the

behaviour of the nearby solutions for an infinite time interval, is one of the oldest

questions in dynamical systems. Investigation of stability or instability of periodic

solutions of the N -body problem can be studied using numerical and analytical tech-

niques. Our work focuses in determination of stability or instability of some examples

from the N -body problem using geometric and analytic techniques rather than nu-

meric techniques.

We introduce two interesting examples which come from celestial mechanics and

the N -body problem. We focus first on how to investigate the question of stability

or instability of homographic periodic solutions of the rhombus four body problem.

Xie and Ouyang [37] have studied the linear stability of Kepler orbits in the rhombus

four body problem using numerical techniques. However there is no purely analytical

proof of the stability of the rhombus orbit, which puts the current work in perspective.

An important tool used here in the study of the stability of these periodic solutions,

is a topological invariant called the Maslov index. The Maslov index is a property of

periodic orbits of Hamiltonian systems that is required in a wide range of physical

applications: semi-classical quantization[17], and classical mechanics[1].

The Maslov index of a linear periodic Hamiltonian system was introduced by

Gel’fand Lidskii[15], who called it index of rotation. Under the present name, the

Maslov index was defined by Maslov in 1965, who described as an integer associated

to closed curves of Lagrangian subspaces of a symplectic vector space[27].

Daniel Offin reproduced several results of classical Flouqet theory for low dimen-

sional linear periodic systems using the Maslov index. For higher dimensional systems
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with symmetry he generalized some results on instability[31]. In terms of the Morse

index of the variational problem with periodic and anti-periodic boundary conditions,

he gave necessary and sufficient conditions for stability in 2001[32]. He also studied

hyperbolicity for symmetric periodic orbits in the isosceles three body problem using

symmetric variational method and the Maslov index[33].

We study the circular case for Kepler solutions in chapter 2 and 3. In the re-

duced space, the circular solution is stationary and the eigenvalues of the relative

equilibrium can be computed exactly and the system is shown to be unstable. A

good method also used in the circular case to describe the stability of the orbit is

the Maslov index, although it is not necessary to use this method here. However it is

important in the elliptic case, that is, when the linearized system is time dependent

and the Floquet multipliers can no longer be evaluated. In the circular case, the

stable and unstable manifolds along the periodic solutions describe a closed curve of

G-Lagrangian subspace in R4, to which we can associate a Maslov index defined to

be the intersection number of the tangent stable and unstable manifolds with a fixed

G-Lagrangian subspace. It is shown in appendix B that this index is equivalent to

the reduced index, which is defined by reducing the equations by the flow direction

along the periodic orbit within an energy surface. We show that the reduced Maslov

index is an even integer.

In the more difficult case, that is, when we consider the elliptic homographic

solution, we develop an argument which generalized for the circular to the elliptic

case and is based on the variational structure of the linearized equations. There has

been renewed interest in using Maslov index type arguments to study the question of

stability, in the setting of minimizing orbits of the N -body problem [4]. The authors
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[33, 21] have proven instability in cases which admit some kind of symmetry, both

symplectic and anti-symplectic. More generally, Hu and Sun have shown that in the

setting of minimizing trajectories with cyclic symmetry, instability results when the

Conley-Zehnder index of the periodic orbit is an odd integer [4]. The rhombus four-

body problem does not admit any such symmetry. Nevertheless, we can use a similar

argument as in [33, 21]; namely, we will move the geometry to a reduced space and

look for a geometric obstruction to the possibility of Lyapunov multipliers on the

unit circle. This obstruction is found in the guise of an invariant Lagrangian plane

without focal points for all time, once a final reduction has been applied to remove

the flow direction.

Secondly, we focus on determination of the stability of orbits of the equal mass

parallelogram four body problem. By taking advantage of the symmetric properties

of the problem under consideration, the variational method can be extended via the

Maslov index to prove not only existence, but to study stability properties of the so-

lution as well. In this way, it was shown in [31], an action minimizing closed geodesic

is generically hyperbolic. Using similar variational techniques, a family of symmetric

periodic solutions of the isosceles three body problem have been shown to be generi-

cally hyperbolic as well[33]. It is our wish to understand how symmetric variational

methods can be developed and adapted to determine stability of the parallelogram

solutions in the case of equal masses.

A solution of the problem is a parallelogram orbit if the configuration of the

masses remains a parallelogram for all time. Following Chen’s discussion in [7], we

will investigate a family of parallelogram solutions which change periodically from

square to collinear. The equations of motion have four degrees of freedom. Solutions
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can be characterized as extremals curves of the classical Lagrangian action functional

with certain boundary conditions. The symmetry reduced action achieves its infimum

on Γpr, which is defined explicitly in (5.12), and the minimizing solution is both

collision-free and not homographic[7]. By holding the angular momentum fixed and

reducing by the symmetry action SO(2), the system can be reduced to a problem

with three degrees of freedom.

Our investigation of the stability of the solutions is based on a recent result by

Offin and Cabral in 2009[33]. The key idea of applying this technique is a calculation

of the Maslov index of a curve of Lagrangian planes associated with Jacobi fields in the

reduced space which satisfy certain appropriate boundary conditions. This approach

requires a count of focal points of the curve of Lagrange planes mentioned above.

Showing this index is zero in forward time implies the existence of some obstruction

to the rotation of the plane. We will show that this obstruction corresponds to

subspaces invariant under the linearized period mapping of the non-linear dynamics.

We can then identify tangent planes to stable and unstable manifolds of the Poincaré

map on the reduced energy-momentum space. One difficulty to overcome is that the

Lagrangian planes which seem most natural to the problem are known to possess a

focal point in the fundamental time domain. If there were no focal points in the

fundamental time domain, then a comparison theorem which can be found in [31]

may be applied to conclude there are no focal points for all time t. However, we will

see that there exists focal points in the fundamental time domain which will require

us to study the Lagrange planes in the quotient space, using the argument found in

[13].

The organization of this thesis is as follows. In this chapter, we introduce many of
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the basic facts concerning symplectic geometry, Hamiltonian systems and symplectic

matrices which will be useful for the remaining sections. In addition, we provide an

overview of the variational problem associated with the Morse index and hence the

Maslov index. In chapter 2, a complete derivation of the rhombus four body problem

and the linearized equations is given. A more in-depth discussion is given in chapter 3,

in which we describe the geometric properties of the solutions. In chapter 4, we turn

to an analytical description of rhombus periodic orbits using a variational principle.

It will be shown that the Keplerian solutions minimize the action functional with

symmetry constraints for the rhombus four body problem. This in turn will be used

to discuss stability using the techniques described in chapter 3. In chapter 5, we turn

our discussion to the equal mass parallelogram solutions. A complete description of

the reduced space of the parallelogram solutions is given. Moreover, we describe in

detail the parallelogram symmetries and how they can be used via the Maslov index

to investigate the question of stability.
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1.1 Symplectic Geometry

In this section, we introduce some definitions from symplectic geometry, which can

be used for what follows.

Definition 1.1.1. A symplectic matrix M is one which satisfies the relation

MTJM = J, (1.3)

where MT is the transpose of M and J satisfies orthogonality and skew symmetric

properties, that is, J−1 = JT = −J ,

J =

 0 In×n

−In×n 0

 . (1.4)

Definition 1.1.2. A symplectic linear space is a 2n-dimensional vector space V

equipped with an alternating bilinear form ω which is antisymmetric and nondegener-

ate; that is ω satisfies ω(u, v) = −ω(v, u), u, v ∈ V , and ω(u, v) = 0 for all v ∈ V

implies u = 0.

The Euclidean space R2n is the standard example of a symplectic space with the

symplectic form given by ω(u, v) = uTJv.

Let (V, ω) be any symplectic vector space, and let U ⊂ V be any linear subspace.

The symplectic orthogonal complement of U in V is defined and denoted by

U⊥ = {v ∈ V : ω(v, u) = 0 ∀u ∈ U}.

The subspace U is called isotropic if U ⊂ U⊥, co-isotropic if U⊥ ⊂ U , and Lagrange
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if U = U⊥. It was shown in [28] that dimU + dimU⊥ = dimV . Because of this

condition, we see that if U is isotropic then dimU ≤ 1
2

dimV , and if U is Lagrangian

then dimU = 1
2

dimV . The equivalent statement for a subspace to be Lagrangian is

that it is a maximally isotropic subspace, that is, a subspace of dimension n on which

the symplectic form vanishes. In R2, any line through the origin is a Lagrangian

subspace.

A symplectic form on a smooth manifold M is a smooth closed 2-form ω on M

which is non-degenerate such that at every point p, the alternating bilinear form ωp

on TpM is non-degenerate. A symplectic manifold is an even-dimensional manifold

endowed with a specific symplectic form. We now state one of the most fundamental

theorem in symplectic manifold which allows us to characterize the symplectic form

on any symplectic manifold [28].

Theorem 1.1.1. (Darboux). Let (M, ω) be a symplectic manifold and p ∈M is any

point of M, then there are coordinates (x1, y1, ..., xn, yn) on some neighbourhood of p

such that ω has the coordinate representation

ω =
n∑
i=1

dxi ∧ dyi.

Any coordinates satisfying the conclusion of the Darboux theorem are called Dar-

boux coordinates, or symplectic coordinates.

The most important example of a symplectic manifold and one which will be used

in the description of Hamiltonian mechanics in the following section is the total space

of the cotangent bundle of any smooth manifold. We define a canonical symplectic

structure on the space T ∗M. First we shall introduce on T ∗M the differential 1-form

of action τ . A point of the manifold T ∗M is defined by giving a linear functional
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p ∈ T ∗xM on the tangent space TxM toM at some point x ∈M. Let v be a tangent

vector to T ∗M applied at the point p. The natural projection π : T ∗M → M

determines a tangent vector π∗v to M, applied at the point x. Let us now set

τp(v) = p(π∗v). In local coordinates (q, p) on T ∗M, where (p1, ...., pn) are coordinates

on T ∗xM dual to the coordinates (dq1, ..., dqn) on TxM, the 1-form τ has the form

τ = pidq
i. Therefore the differential 2-form w = dτ gives a symplectic structure on

T ∗M.

1.2 Hamiltonian Mechanics

In this section, we describe the foundations of the Hamiltonian mechanics in the

context of symplectic geometry. We must first describe the classical approach to

the development of Hamiltonian mechanics. Newton’s second law for conservative

mechanical system are equivalent to the Euler-Lagrange equations:

d

dt

∂L

∂q̇i
=
∂L

∂qi
, (1.5)

where the Lagrangian L is the difference between the kinetic and potential energies

of the system,

L = K + U.

If the configuration of the systems is described by a smooth manifold M with coor-

dinates qi, equation (1.5) describes a dynamical system on the tangent bundle TM

with coordinates (qi, q̇i).
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To pass to the Hamiltonian formalism, we begin by defining the conjugate mo-

menta to each coordinate qi by

pi =
∂L

∂q̇i
. (1.6)

Inverting these equations, we express the Lagrangian in terms of pi and qi. The

Hamiltonian can then be obtained from the Lagrangian by a transformation known

as a Legendre transform

H(qi, pi, t) =
n∑
j=1

pj q̇
j − L(qi, q̇i, t). (1.7)

The Hamiltonian and Lagrangian formulations are equivalent provided the Legendre

convexity condition is satisfied:

∂2L

∂q̇2
> 0.

In the case of a conservative system, it is easily verified that the Hamiltonian

corresponds with the total energy of the system, equal to the sum of the kinetic and

potential energies. Now rewriting (1.5) in terms of H, the equations of motion take

the form of Hamilton’s equations :

q̇i =
∂H

∂pi
, ṗi = −∂H

∂qi
. (1.8)

The natural theoretical setting for Hamilton’s equations is a symplectic manifold;

in this case the canonically symplectic cotangent bundle T ∗M, called the momentum

phase space. To see why this is the case, we begin with the following definition.

Definition 1.2.1. Let (M, ω) be a symplectic manifold, and for any smooth function

H ∈ C∞(M), the corresponding Hamiltonian vector field XH : M → TM is the
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unique vector field satisfying

iXH
ω = dH.

XH is then the vector field which satisfies ωz(XH(z), v) = dH(z) · v, for (z, v) ∈

TM. Consider (q1, ..., qn, p1, ...pn) as symplectic coordinates onM, and ω =
∑
dqi∧

dpi, the vector field XH can be expressed in the form XH =
∑n

i=1(∂H
∂pi

∂
∂qi
− ∂H

∂qi
∂
∂pi

).

Indeed,

iXH
ω =

n∑
i=1

iXH
(dqi ∧ dpi)

=
n∑
i=1

[(iXH
dqi) ∧ dpi − dqi ∧ (iXHdpi)]

=
n∑
i=1

(
∂H

∂pi
dpi +

∂H

∂qi
dqi) = dH.

The following proposition shows that the law of conservation of energy that is

known as a physical property of a conservative mechanical system states that the

energy H remains constant along solutions.

Proposition 1.2.1. Let (M, ω) be a symplectic manifold, H : M → R a smooth

function, and let XH be a Hamiltonian vector field on M and φt be the flow of XH .

Then H(φt(z)) doesn’t depend on t.

Proof. By the chain rule and the definition of XH ,

d

dt
H|φt(z) = dH(φt(z)) · φ̇t(z)

= dH(φt) · (XH ◦ φt)

= ω(XH(φt(z)), XH(φt(z))) = 0.
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1.3 Linear Hamiltonian Systems and Symplectic

Matrices

In this section we will review some facts from Hamiltonian systems and symplectic

matrices which are fundamental to what follows.

We can take (1.8) as the new starting point and study systems of this form for general

H. Writing Hamiltons equations in a more compact form by setting

x = (q, p)T .

Then Hamilton’s equations read

ẋ = J · gradH(x), (1.9)

where J was given in (1.4).

If we set

XH = J · gradH,

where XH , denotes the Hamiltonian vector field, then x(t) satisfies Hamilton’s equa-

tions if and only if it is an integral curve of XH , i.e.

ẋ(t) = XH(x(t)). (1.10)

Given a periodic solution γ(t) of equation (1.10), we can study the qualitative
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behaviour of this system near a periodic orbit γ(t) by considering the linear system

ξ̇ = DXH(γ(t)) · ξ. (1.11)

The linearized system (1.11) in matrix notation can be written as

ξ̇ = A(t) · ξ, (1.12)

where A(t) = DXH(γ(t)).

For linearity of Hamilton’s equations (1.9), the linearized system in (1.12) will be

equivalent to that of (1.9). The function H(x, t) in (1.9) will be a quadratic function

of the form H(x, t) = 1
2
xT · S(t) · x, S(t) is a 2n× 2n real symmetric matrix, and the

coefficient matrix A(t) = JS(t). Using the symmetry of S, and the orthogonality and

skew symmetry of J , it can be verified that A satisfies

ATJ + JA = 0.

A matrix that has this property is called Hamiltonian, and the set of all 2n × 2n

Hamiltonian matrices is denoted by sp(2n,R).

Linear differential equations with periodic coefficients can be studied using the

Floquet theory. We now state the main theorem of that theory which gives a canonical

form for the fundamental matrix of such a system[28].
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Theorem 1.3.1. If A(t) is a continuous, T-periodic matrix, then ∀t ∈ R, any fun-

damental matrix solution for (1.12) can be written in the form

M(t) = P (t)eBt,

where P (t) is a non-singular, differentiable, T-periodic matrix, and B is a constant

matrix. Furthermore, if M(0) = I, then P (0) = I.

We shall refer to M(t) as the matrizant of (1.12). Letting T denote the period

of γ(t). The matrix M(T ) is called the monodromy matrix, and it’s eigenvalues then

determine the linear stability of the periodic solution. These eigenvalues are referred

to as the characteristic multipliers and are of the form eλT , where λ is an eigenvalue

of B and is called the characteristic exponent.

The fundamental properties of the matrizant and the monodromy matrix are

revealed in the following easily proved propositions[14].

Proposition 1.3.1. The matrizant M(t) of a linear Hamiltonian system is symplectic

for all time t.

Proof. The relation (1.3) is obviously true for t = 0, since M(0) = I. The derivative

of (1.3) with respect to time is 0. So that MTJM is a constant matrix, and it must

be equal to its value for t = 0.

Proposition 1.3.2. For given M(T ) as the monodromy matrix of system (1.12), we

have M(t+ T ) = M(t)M(T ).

Proof. Let Y (t) = M(t+T ) and Z(t) = M(t)M(T ). Differentiating the left equation
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Y (t) with respect to t, we get

˙Y (t) = Ṁ(t+ T ) = A(t+ T )M(t+ T ) = A(t)Y (t),

which implies that Y (t) satisfies (1.12) and Y (0) = M(T ). In the same way Z(t)

also satisfies (1.12) and Z(0)=M(T). By the Uniqueness theorem [11], it follows that

Y (t) ≡ Z(t).

The following proposition gives a condition on the eigenvalues of a symplectic

matrix[2].

Proposition 1.3.3. The characteristic polynomial of a real symplectic matrix is a

reciprocal polynomial. Thus, if λ is an eigenvalue of a symplectic matrix, then so are

λ−1, λ̄, λ̄−1.

Proof. Let S be a symplectic matrix. Set P (λ) = det(S−λI); after some elementary

manipulations and using the relation JSJ−1 = (ST )−1, we obtain

P (λ) = det(S − λI) = det J(S − λI)J−1 = det(JSJ−1 − λI)

= det((ST )−1 − λI) = det(S−1 − λI) = det(S−1(I − λS))

= det[λ(
1

λ
I − S)] = λ2n det(

1

λ
I − S) = λ2nP (

1

λ
).

Since λ = 0 is not an eigenvalue, and since P has real coefficients we have

P (λ) = 0⇔ P (1/λ) = 0⇔ P (λ̄) = 0.
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Theorem 1.3.2. (Symplectic eigenvalue theorem) Let S be a symplectic matrix. If

λ is an eigenvalue of S of multiplicity k, then 1/λ is an eigenvalue of multiplicity k.

Moreover the multiplicities of the eigenvalues +1, −1, if they occur, are even.

Proof. Let a be an eigenvalue of multiplicity k. From Proposition 1.3.2, we have

P (λ) = (λ)2n.P (1/λ), thus

(λ)2nP (1/λ) = (λ− a)kq(λ)⇔ P (1/λ) = ak(1/a− 1/λ)k
q(λ)

λ2n−k .

So the multiplicity of 1/a is k, the same as that of a. We observe that

a =
1

a
⇔ a ∈ {1,−1},

therefore if 1 is an eigenvalue of multiplicity k so its inverse which is of course 1, and

so the multiplicity of 1 is 2k. Similarly for −1.

In [28], it is easily verified that equation (1.11) always has a periodic solution and

that XH(γ(0)) is an eigenvector of the monodromy matrix M(T ) with the eigenvalue

+1. It follows from Theorem 1.3.2 that the monodromy matrix has at least two

+1 eigenvalues. Restricting attention to systems with two degrees of freedom, the

monodromy matrix M(T ) has four eigenvalues denoted by λi, i = 1, .., 4. Taking

λ1 = λ2 = 1, the two remaining non-trivial eigenvalues λ3 and λ4 are then used

to determine whether the orbit is stable or unstable. λ3 and λ4 must be either

a reciprocal or conjugate pair, satisfying λ3λ4 = 1. In the complex plane, these

eigenvalues must then either be complex conjugates on the unit circle, or both real

with one inside the unit circle and one outside. It is then clear that the orbit is stable

if both eigenvalues are on the unit circle, and unstable if they are both real.
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1.4 The Variational Problem

We begin with the standard variational principle and its Euler equation[20]. Varia-

tional principles play a fundamental role throughout mechanics-both in particle me-

chanics and field theory. The idea behind variational principles is to transform a

dynamical problem into a question about critical points of a certain functional called

the action functional.

In classical mechanics one looks for trajectories q that are minimizers (or critical

points) of the action functional defined by

A(q) =

∫ t2

t1

L(q, q̇)dt, (1.13)

where L : TM → R is the Lagrangian, defined earlier in section 1.2. The action

(1.13) is defined along a possible path q and is stationary at q0 when the functional

(1.13) has a critical point at q0. We assume the critical point q0 is T -periodic, that

is, q0(0) = q0(T ), and consider a curve of functions qε through q0, which also satisfy

the periodic boundary conditions qε(0) = qε(T ).

Rewriting (1.13) as

AT (q0) =

∫ T

0

L(q0, q̇0)dt. (1.14)

The stationary values of this functional are obtained by forming the first variation of

the action, which is given by

δAT (q0) · ξ =
∂

∂ε

∣∣
ε=0
AT (qε) (1.15)
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where we define the variational vector field, or more simply the variation

ξ(t) =
∂

∂ε

∣∣
ε=0
qε(t), 0 ≤ t ≤ T.

From the above equation it is clear that ξ is also periodic: ξ(0) = ξ(T ), since qε is.

The set of T -periodic variations correspond with the Hilbert space H1(R/TZ), defined

to be the space of absolutely continuous, T -periodic functions with L2 derivatives,

endowed with the norm given by

‖ξ‖ =

∫ T

0

|ξ|2 + |ξ̇|2dt.

q0 is a critical function of the action hence

δAT (q0) · ξ = 0. (1.16)

We can then compute

δAT (q0) · ξ =

∫ T

0

∂L

∂q0

T

· ξ +
∂L

∂q̇0

T

· ξ̇ dt

=

〈
∂L

∂q̇0

, ξ

〉∣∣∣∣T
0

+

∫ T

0

〈
− d

dt

∂L

∂q̇0

+
∂L

∂q0

, ξ

〉
dt , (1.17)

where we integrate by parts; this is possible since C1 variations are dense in H1.

For this expression to vanish for all ξ(t), each term must be identically zero. The

condition that the first variation vanish at q0 implies that the conjugate momentum

p0(t) = ∂L
∂q̇0

(q0(t), q̇0(t)) also satisfies the periodicity condition, that is p0(0) = p0(T ),
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and that q0 is a solution of the Euler-Lagrange equations

d

dt

∂L

∂q̇0

=
∂L

∂q0

, (1.18)

equivalent to the original system (1.1).

Differentiating (1.15) one more time gives produces a quadratic functional δ2AT (q),

called the second variation of the action and defined by

δ2AT (q0) · ξ =
∂2

∂ε2
∣∣
ε=0
AT (qε) =

∫ T

0

〈
ξ,
∂2L

∂q2
0

· ξ
〉

+ 2
〈
ξ,

∂2L

∂q0∂q̇0

· ξ̇
〉

+
〈
ξ̇,
∂2L

∂q̇2
0

· ξ̇
〉
dt.

To describe the index of the variational problem, in terms of periodic boundary con-

ditions, we use the eigenspaces of the second variation. We then define the index of

δ2AT (q0) with periodic boundary conditions as follows:

index δ2AT (q0) = dim {negative eigenspaces of δ2AT (q0)}.

This index is also referred to as the Morse index of the functional δ2AT (q0), denoted

µ(q0), where q0 is the extremal curve. It is shown in text books on the calculus of

variations [19] that the number of negative eigenvalues of the second variation is a

finite number provided that the Legendre condition holds ∂2L
∂v2

> 0, which is equivalent

to the condition of convexity of the Hamiltonian.

1.5 The Maslov Index

In this section, we will review some discussion from symplectic geometry and the

Maslov index which will be used to consider the question of stability. The dynamical

seeting for our investigation is the flow of the Hamiltonian vector field XH defined
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on the cotangent space T ∗M. The flow of the Hamiltonian vector field XH will be

denoted by φt, as it will be its restriction to an invariant energy surface H−1(h).

The vertical distribution will be denoted by V , V = ker dπ where π : T ∗M → M

is called the canonical projection. Recall that an n-dimensional subspace λ of a 2n

dimensional symplectic vector space V is called Lagrangian if ω|λ = 0. The dimension

of λ must be dimλ = 1
2
dimV .

We are interested in geometric properties of the periodic orbits of XH on the

energy surface H−1(h), which can be used to determine stability type. Let z(t) =

(q(t), p(t)) ⊂ T ∗M be a curve of a T -periodic solution on the energy surface H−1(h).

The question of stability or instability can be related to properties of the Maslov

index. In the simple setting we are working with here, that is corresponding to

T ∗M = R2, let λ be the one dimensional line through the origin. We study the

curve of Lagrange planes given by λt = dφtλ, 0 ≤ t ≤ T . This curve belongs to

the topological space of one dimensional lines in R2, denoted by Λ(1). The Maslov

index then can be measured as an intersection number of a closed curve of Lagrange

planes in Λ(1), with the Maslov cycle in Λ(1). The Maslov cycle in Λ(1) consists of

all Lagrange planes which intersects the vertical distribution V . In this setting, the

topological space Λ(1) is homomorphic to the circle S1 and the Maslov cycle is just

two points on the circle S1 corresponding to the vertical space. Figure 1.1, which can

be originally found in [24], shows how this construction can be visualized.

We are now in a position where we can discuss the connection between the Maslov

index and the stability of periodic solutions for Hamiltonian systems. Let P denote

the linearized Poincaré map, P = d(q,p)φT . The main property of the Poincaré map

which is relevant here, is that P is a symplectic map, and the flow XH(φ(q, p)) gives
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Figure 1.1: Focal points

an eigenvector for P corresponding to eigenvalue +1. The remaining eigenvalues

of P occur as complex conjugates on the unit circles (elliptic case) or real reciprocal

eigenvalues which is the hyperbolic case. The Maslov index as described above counts

the intersection number of the closed curve with the vertical space V . Showing this

index is zero in forward time implies the existence of some obstruction to the rotation

of the plane. This corresponds to existence of invariant subspaces, which can be

identified as the stable or unstable manifold. This would in turn establish that the

orbit is hyperbolic, and is unstable.

Definition 1.5.1. Given a curve of Lagrangian subspaces U(t) ⊂ Tz(t)T
∗M, a focal

point of this curve is a value t = t0, where dπ : U(t0) → M is not surjective, or

in other wards the intersection of λt0 with the vertical distribution Vt = ker dzπ is

non-empty.

The Maslov index is then described by the focal index, the number of focal points

with multiplicity along the curve q(t), plus a correction term [2].
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In the higher dimensional setting, we denote by Λ(n) the topological space of all

Lagrange planes in R2n, called the Lagrangian Grassmanian. The Maslov index of a

closed curve of Lagrange planes measures the intersection number of the curve with

a fixed Lagrangian subspace in the Lagrangian Grassmanian Λ(n)[4]. This index was

defined using intersections with the Maslov cycle, the two sided sub-manifold of Λ(n)

with codimension one containing Lagrangian planes with non-zero intersection with

the vertical distribution.

We also need to consider the space of Jacobi fields in order to discuss the question

of stability. Let z = (q, p) denote an initial position, momenta which results in a

T -periodic motion on H−1(h), that is φT z = z. We will use some terminology from

Riemannian geometry and introduce the Jacobi fields along φtz, which are

(ξ(t), η(t)) ∈ TφtzT ∗M, (ξ(t), η(t)) = dzφt(ξ0, η0),

where (ξ0, η0) denotes a variation of the initial conditions (q, p), which is just a tangent

vector in Tz(0)T
∗M. The modification of this is that the Jacobi fields in Riemannian

geometry are projections of (ξ(t), η(t)) into Tπz(t)M along geodesics πz(t). In other

wards, the variation ξ(t) ∈ Tπz(t)M is called the Jacobi field along πz(t). In our

discussion we will refer to the entire curve (ξ(t), η(t)) as Jacobi fields.



Chapter 2

The Linearized Rhombus Four

Body Problem

In this chapter, we review the discussion of linear instability of the Kepler periodic

orbits of the rhombus four body problem, which was derived by Ouyang and Xie in

[37]. For any choice of the four masses, there exists a family of periodic solutions,

each body traveling along a specific Kepler orbit. This family of solutions contained

two types of periodic orbits: rigid circular motion (choosing a circular Kepler orbit)

and homographic motion (choosing an elliptic Kepler orbit).

Tiancheng Ouyang and Zhifu Xie were able to reduce the dimensions of the prob-

lem by means of symmetry and then making several clever changes of coordinates

which decouples the associated linear system and gives a final form which is partic-

ularly convenient for numerical simulations. They obtained the region of stability

and instability of the periodic solutions by analyzing numerically the behaviour of

the characteristic multipliers and how they vary with the eccentricity and the size of

the rhombus. One of their resulting systems yields two +1 multipliers, expected due

23
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to the nature of the periodic solution and the other system is two dimensional and

governs the linear instability of the periodic solution.

In the next sections, we show how they reduce the dimension in order to study

the characteristic multipliers of the monodromy matrix for the linearized equations.

We then show that the four dimensional system is G-Hamiltonian (Definition 2.4.1

), where the matrix G is found by the restriction of the symplectic form to an invariant

subspace of the linear system.

2.1 Kepler Orbit

We let the mass and position of the N -bodies be given by mi and qi ∈ R2, respectively.

Interaction between the masses is determined by the Newtonian potential function

described in (1.2) on the set of non-collision configuration (where qi 6= qj, i 6= j). The

Hamiltonian for the N -body problem is

H =
N∑
i

1

2mi

‖pi‖2 − U(q). (2.1)

The Hamiltonian equations of the N -body problem are

q̇i =
∂H

∂pi
=

pi
mi

, ṗi = −∂H
∂qi

=
∂U(q)

∂qi
, i = 1, 2, ..., N. (2.2)

These equations are equivalent to the second-order differential equation system de-

scribed in (1.1).

Identify R2 with the complex plane by considering the qi, qi0, φ(t) as complex
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numbers. Then we begin by looking for solutions of the form

qi(t) = φ(t)q0i. (2.3)

Such solutions are called homographic solutions if φ(t) ∈ C and homothetic solutions

if φ(t) ∈ R. Substituting (2.3) into (1.1), we get

miφ̈q0i =
∑
i 6=j

mimj(q0i − q0j)φ

‖q0i − q0j‖3|φ|3
.

Dividing both sides by φ and multiplying by |φ|3, we obtain

φ̈|φ|3

φ
miq0i =

∑
i 6=j

mimj(q0i − q0j)

‖q0i − q0j‖3
. (2.4)

Since there is no time dependence on the right hand side, that means there is a

constant k so that

φ̈|φ|3

φ
= −k.

The above equation (2.4) can be split into an equation for the scalar function φ(t)

φ̈ = − kφ

|φ|3
, (2.5)

and an equation for the initial positions (q01, ....., q0N)

∑
i 6=j

mimj
q0i − q0j

‖q0i − q0j‖3
+ kmiq0i = 0, i = 1, ..., N. (2.6)

A central configuration is a position vector q0i = (q01, ..., q0N) ∈ R3N such that,
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for all i, the above equation (2.6) holds. Homothetic solutions corresponding to cen-

tral configurations q0i are solutions of the form qi(t) = φ(t)q0i, φ(t) ∈ R satisfies

(2.5). Such homothetic solutions end in total collapse. Ejection orbits are the time

reversal of collision orbits. Additionally, homographic solutions corresponding to cen-

tral configurations where each of the N -masses executes a similar Keplerian ellipse

of eccentricity e, 0 ≤ e ≤ 1. The homographic solutions degenerate to a homoth-

etic solutions when e = 1. This includes total collapse, together with a symmetric

segment corresponding to ejection. The relative equilibrium solutions are recovered

when e = 0. This consists of uniform circular motion for each of the masses about

the common center of mass.

2.2 The Rhombus Four Body Problem

The rhombus four body problem is a holonomically constrained subsystem of the four

body problem when the masses m1 = m2 and m3 = m4. We consider the position

vectors (q1, q2, q3, q4) for the rhombus four body problem to be functions of the four

masses m1,m2,m3,m4 as shown in figure 2.1. Note that summing equations (2.6)

over all i, where i = 1, .., 4, one obtain
∑4

i=1 miq0i = 0 so that the center of mass is at

the origin. It can be shown that central configurations are uniquely determined up to

rotations and uniform dilations. For simplicity, we choose q1 = (−α, 0), with α > 0,

and q3 = (0, β) with β > 0. Similarly by the symmetry of rhombus, the other two

coordinates q2, q4 are also determined. Long and Ouyang[22] prove that m1 = m2 and

m3 = m4 when α, β are given and 1√
3
α < β <

√
3α. We then scale the masses so that

the parameter k in equation (2.6) is set to one. This fixes a pair of unique values of

the masses m1, m3 as a function of the parameters α,β. By checking equation (2.6),
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Figure 2.1: The Rhombus four body problem

we find

m1 =
4α3(α2 + β2)3/2(8β3 − (α2 + β2)3/2)

64α3β3 − (α2 + β2)3
, (2.7)

m3 =
4β3(α2 + β2)3/2(8α3 − (α2 + β2)3/2)

64α3β3 − (α2 + β2)3
. (2.8)

Converesly, once given the masses m1, m3, it can be shown that α, β are uniquely

determined from equations (2.7), (2.8).

Setting k = 1 in (2.5), the Kepler solution in polar coordinates (r, θ) is given by

r(t) =
µ2

(1 + e cos θ(t))
, θ̇ =

µ

r2
, θ(0) = 0, (2.9)

where e, the eccentricity of the ellipse, and µ, the angular momentum, are two pa-

rameters [28]. In polar coordinates, our central configuration can be written as

qi = r̄i(cos θ̄i, sin θ̄i),
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where r̄i = α, i = 1, 2, r̄i = β, i = 3, 4 and θ̄1 = π, θ̄2 = 2π, θ̄3 = π
2
, θ̄4 = 3π

2
. The

position component of the periodic orbit is then written as

qi(t) = r̄ir(t)

 cos(θ(t) + θ̄i)

sin(θ(t) + θ̄i)

 . (2.10)

We are now interested in studying the stability of homographic periodic solutions

of the rhombus four body problem. For the planar four body problem, system (2.2)

is a 16 dimensional system. As is well known, the N -body problem is a Hamiltonian

system with several first integrals, therefore we can reduce the dimension by elimi-

nating all 8 standard first integrals [28]. The remaining system still has 8 dimensions

even after eliminating all first integrals. Because of that, it is hard to analyze the

stability of the homographic solutions within the rhombus four body problem.

Here we can apply another approach to reduce these dimensions by means of sym-

metry constraints. These constraints are known as holonomic constraints which can

be described as functions of position variables only (not requiring constraints on the

velocity variables). We turn to the variational method to construct the constrained

Hamilton system on rhombus four body problem [25].

2.2.1 Symmetry Constraints

For this particular rhombus four body problem, we define the action functional

AT (q(t)) to be of the form

AT (q(t)) =

∫ T

0

L(q(t), q̇(t))dt, (2.11)
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where the Lagrangian L is defined by

L(q, q̇) =
4∑
i=1

mi

2
‖q̇i‖2 + U(q).

Configurations of the rhombus four body problem require simple constraints, called

holonomic constraints: we shall assume that m1 = m2 and m3 = m4,

∑
miqi = 0, q1 + q2 = 0, q3 + q4 = 0, q2 − q1 ⊥ q4 − q3. (2.12)

We consider the configuration manifold Mrh,

Mrh = {q = (q1, q2, q3, q4)|qi 6= qj, q satisfies (2.12)}. (2.13)

Using the constraints in (2.12), we see that Mrh is three dimensional. We will use

polar coordinates (r1, θ1) for q1, then the constraints (2.12) will determine the po-

sitions of the other masses with one additional coordinate r3. The coordinates of a

point q on Mrh can now be given as follows:

Mrh = {q = (q1, ..., q4) ∈ C4|q1 = r1e
iθ1 , q2 = q1e

iπ, q3 =
r3

r1

q1e
−iπ/2, q4 = q3e

iπ}

(2.14)

Under the new coordinates, the new Lagrangian has the form

L =
(m1 +m2)(ṙ2

1 + r2
1 θ̇

2
1)

2
+

(m3 +m4)(ṙ2
3 + r2

3 θ̇
2
1)

2
+
m1m2

2r1

+
(m1 +m2)(m3 +m4)√

r2
1 + r2

3

+
m3m4

2r3

.
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The corresponding conjugate variables R1, R3, Θ1 with respect to r1, r3, θ1 are

R1 =
∂L

∂ṙ1

= (m1 +m2)ṙ1, R3 =
∂L

∂ṙ3

= (m3 +m4)ṙ3,

Θ1 =
∂L

∂θ̇1

= [(m1 +m2)r2
1 + (m3 +m4)r2

3]θ̇1.

The Hamiltonian is then given via the Legendre transform as follows:

H =
R2

1

2(m1 +m2)
+

R2
3

2(m3 +m4)
+

Θ2
1

2[r2
1(m1 +m2) + r2

3(m3 +m4)]
(2.15)

−m1m2

2r1

− (m1 +m2)(m3 +m4)√
r2

1 + r2
3

− m3m4

2r3

.

The angular momentum J(q, p) = Θ1 is conserved along solutions, this is imme-

diate since the Hamiltonian is independent of θ1. We can then restrict our atten-

tion to the dynamics on the reduced space J−1(Θ1)/SO(2), defined by holding the

angular momentum Θ1 fixed, and projecting out the SO(2) symmetry. We iden-

tify the reduced space with T ∗(Mrh/SO(2)) with canonical cotangent coordinates

(r1, r3, R1, R3), where the reduced configuration space has two degrees of freedom

with coordinates (r1, r3).

The explicit equations of motion are then as follows:

ṙ1 =
∂H

∂R1

=
R1

m1 +m2

, ṙ3 =
∂H

∂R3

=
R3

m3 +m4

, (2.16)

Ṙ1 =
∂H

∂r1

=
r1(m1 +m2)Θ2

1

[r2
1(m1 +m2) + r2

3(m3 +m4)]2
− m1m2

2r2
1

− r1(m1 +m2)(m3 +m4)

(r2
1 + r2

3)3/2
,

Ṙ3 =
∂H

∂r3

=
r3(m3 +m4)Θ2

1

[r2
1(m1 +m2) + r2

3(m3 +m4)]2
− m3m4

2r2
3

− r3(m1 +m2)(m3 +m4)

(r2
1 + r2

3)3/2
.
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A key property of showing how the constrained Hamiltonian system is related to

the unconstrained Hamiltonian system can be identified in the following lemma which

can be found in [37].

Lemma 2.2.1. If Γ1(t) = (q1(t), ..., q4(t), p1(t), ..., p4(t)) is a solution of the uncon-

strained Hamiltonian system on the interval [0, T ] and is also in the constrained space

T ∗Mrh, then Γ2(t) = (r1(t), r3(t), R1(t), R3(t)) is a solution of the constrained Hamil-

tonian system defined on the same interval, where Γ2(t) is constructed from Γ1(t)

using the equations described in (2.14).

2.3 Linearization at the Periodic Solutions

We consider the homographic solution of the rhombus four body problem denoted in

general as Γ(t), and obtained using equations (2.10) and (2.16), as

Γ(t) =



r1(t)

r3(t)

R1(t)

R3(t)


=



αr(t)

βr(t)

α(m1 +m2)R(t)

β(m3 +m4)R(t)


, (2.17)

where α, β are the half of diagonals of the rhombus, R(t) = ṙ(t), r(t) is the Kepler

solution given in (2.9), m1 = m2, m3 = m4, and m1, m3 satisfy the equations (2.7),

(2.8). The period T of the orbit, which is equal to the period of Kepler orbit, is given

by

T = µ3

∫ 2π

0

1

(1 + e cos θ)2
dθ =

2πµ3

(1− e2)3/2
.

The angular momentum for the rhombus orbit is given by Θ1 = 2(m1α
2 +m3β

2)µ.
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To study stability of the homographic solution Γ(t) given above, we need to lin-

earize the constrained Hamilton equation along Γ(t). Before starting linearizing the

system along Γ(t), a connection between the stability of the homographic solution

corresponds to the constrained system and the solution of the unconstrained system

can be introduced in the following lemma which can be found in [37]

Lemma 2.3.1. Let the homographic solution in the constrained Hamiltonian system

denoted by Γ2(t), be linearly unstable. Then the homographic solution in the uncon-

strained system denoted by Γ1(t), is also unstable.

The linearized equation at the periodic solution Γ(t) is given by

ξ̇(t) = J2H
′′(Γ(t)) · ξ, (2.18)

where ξ = (u, v) represents the new coordinates for the linearized system, H ′′ denotes

the Hessian, the matrix of second derivatives of H and J2 is the canonical matrix

J2 =

 0 I2

−I2 0

. The Hessian matrix at Γ(t) will has the form

H ′′(Γ(t)) =



−a11 −a12 0 0

−a12 −a22 0 0

0 0 1
2m1

0

0 0 0 1
2m3


,

where

a11 =
−8µ2m2

1α
2

r4(m1α2 +m3β2)
+

2µ2m1

r4
+

m2
1

r3α3
+

12m1m3α
2

(α2 + β2)5/2r3
− 4m1m3

(α2 + β2)3/2r3
,
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a12 =
−8µ2m1m3αβ

(m1α2 +m3β2)r4
+

12m1m3αβ

(α2 + β2)5/2r3
, (2.19)

a22 =
−8µ2m2

3β
2

r4(m1α2 +m3β2)
+

2µ2m3

r4
+

m2
3

r3β3
+

12m1m3β
2

(α2 + β2)5/2r3
− 4m1m3

(α2 + β2)3/2r3
.

The coefficients aij, i, j ∈ {1, 2} satisfy the important relation

1

2m1α
(αa11 + βa12) =

1

2m3β
(αa12 + βa22) = (

−3µ2

r4
+

2

r3
). (2.20)

We are now in a position to give the quadratic Hamiltonian function for the

linearized equations, denoted by H0:

Ho(u, v) =
1

4
(
v2

1

m1

+
v2

3

m3

)− 1

2
(a11u

2
1 + a22u

2
3)− a12u1u3. (2.21)

Letting X0 denote the Hamiltonian vector field corresponding to H0, the linearized

equation of motion (2.18) can then be written in Hamiltonian form:

ξ̇(t) = X0(ξ) = J2 · ∇H0(ξ) = A(t) · ξ, (2.22)

A(t) =



0 0 1
2m1

0

0 0 0 1
2m3

a11 a12 0 0

a12 a22 0 0


,

where the coefficients a11, a12, a22 were given in (2.19).

Following ([37], [34]), a complete proof of decoupling the linear system is given.
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2.4 Decoupling the linear system

A linear time-dependant periodic Hamiltonian system is one of the form

ξ̇(t) = JH ′′(t) · ξ(t), (2.23)

where J is the symplectic matrix J =

 0 I

−I 0

, and H ′′(t + T ) = H ′′(t). When

the linearization of an autonomous system about a periodic solution occurs here,

there are at least two +1 multipliers. The first +1 multiplier occurs because the non

linear system is autonomous, while the other +1 multiplier occurs because the system

admits an integral, which in this case is the Hamiltonian H. This can be easily proved

[28]. Indeed, given a Hamiltonian system ξ̇ = J · ∇H(ξ) with periodic solution Γ(t),

we can plug in Γ(t) and differentiate with respect to time

Γ̈(t) = JH ′′(Γ(t)) · Γ̇(t).

Thus, Γ̇(t) is a solution of the linear system and is periodic, since Γ(t) is periodic.

This relation is very important, because it suggests a useful change of coordinates.

Choosing variables so that the periodic orbit is easily represented helps decouple the

system. This follows from a standard result in theory of Hamiltonian system.

For u, v ∈ C4n, we define the skew-inner product as

ω(u, v) = uTJv.
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A useful property of linear Hamiltonian systems is that the skew-orthogonal comple-

ment of an invariant subspace is also invariant, where the skew-orthogonal comple-

ment is defined as

Φ⊥ = {u ∈ C4n : ω(u, v) = 0, ∀v ∈ Φ}.

Lemma 2.4.1. Suppose Φ is an invariant subspace of the matrix JH ′′(t), then the

skew-orthogonal complement Φ⊥, defined above is also an invariant subspace of the

matrix JH ′′(t).

Proof. Suppose u ∈ Φ⊥. Then, for any v ∈ Φ we have

ω(JH ′′(t)u, v) = uTH ′′(t)JTJv

= uTH ′′(t)v

= −uTJv̂

= 0,

where v̂ = JH ′′(t)v ∈ Φ. Thus, JH ′′(t)u ∈ Φ⊥.

Suppose we are given an invariant symplectic subspace Φ. An equivalent statement

is that Φ ∩ Φ⊥ = {0}, where Φ⊥ is the orthogonal complement of Φ. Specifically,

suppose Φ is an invariant symplectic subspace for the matrix JH ′′(t). By lemma

2.4.1, Φ⊥ is also invariant subspace for the matrix JH ′′(t). Let B1 be a basis for Φ,

and B2 be a basis for Φ⊥. We can define a matrix whose columns are the elements of

the two bases by R = [B1 B2]. Changing coordinates by letting ξ = R · ζ in (2.23)
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yields a decoupled linear system of the form

ζ̇ =

 R1 0

0 R2

 ζ, (2.24)

where R1 and R2 are the restrictions of JH ′′(t) to Φ and Φ⊥, respectively.

In our problem, we need to find an invariant symplectic subspace for A(t) =

J2H
′′(t), to apply the same idea. We make use of the fact that the Kepler periodic

solution r(t) satisfies

r̈(t) =
µ2

r3
− 1

r2
. (2.25)

Differentiating this with respect to t yields

...
r (t) = (−3µ2

r4
+

2

r3
)ṙ. (2.26)

Taking first and second derivative of the periodic solution Γ(t), we have

Γ̇(t) =



αṙ(t)

βṙ(t)

α(m1 +m2)r̈(t)

β(m3 +m4)r̈(t)


and Γ̈(t) =



αr̈(t)

βr̈(t)

α(m1 +m2)(−3µ2

r4
+ 2

r3
)ṙ(t)

β(m3 +m4)(−3µ2

r4
+ 2

r3
)ṙ(t)


Applying the equalities m1 = m2 and m3 = m4 to Γ̇(t) and Γ̈(t), a short calculation

using relation (2.20), gives

J2H
′′(Γ(t)) · Γ̇(t) = Γ̈(t),
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J2H
′′(Γ(t)) · Γ̈(t) = (−3µ2

r4
+

2

r3
)Γ̇(t).

The initial conditions for Γ̇ and Γ̈ are the vectors Φ1 := [α, β, 0, 0], Φ2 := [0, 0, 2m1α, 2m3β].

It can be easily verified that Φ = span{Φ1,Φ2} is an invariant subspace for A(t) =

J2H
′′(t). Moreover, the subspace Φ is symplectic, that is by considering the following

calculations. Let ui = aiΦ1 + biΦ2, ai, bi ∈ R, i = 1, 2, then

ω(u1, u2) = ω(a1Φ1 + b1Φ2, a2Φ1 + b2Φ2)

= a1b2ω(Φ1,Φ2) + b1a2ω(Φ2,Φ1).

Since ω(Φi,Φj) is a bilinear form for i 6= j, it follows that

ω(u1, u2) = (a1b2 − b1a2)ω(Φ1,Φ2).

Since ω(Φ1,Φ2) 6= 0, we conclude that ω(u1, u2) = 0 for all u2 if and only if a1 = b1 = 0

or equivalently u1 = 0.

Consider now the change of variables determined by



u1

u3

v1

v3


=



α 0 2m3β 0

β 0 −2m1α 0

0 2m1α 0 β

0 2m3β 0 −α





x1

x2

y1

y2


. (2.27)

(Recall that c
µ

= 2(m1α
2 + m3β

2). The columns Φ3 = [2m3β,−2m1α, 0, 0], Φ4 =

[0, 0, β,−α] in (2.27) are chosen to form a basis for Φ⊥. Consequently, this change of

variables will decouple our linear system into two 2× 2 system. The new coordinates
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then can be denoted by ξ̃ = (x, y) and defined by

ξ̃ = D · ξ, (2.28)

D =



m1α
m1α2+m3β2

m3β
m1α2+m3β2 0 0

0 0 α
2(m1α2+m3β2)

β
2(m1α2+m3β2)

β
2(m1α2+m3β2)

− α
2(m1α2+m3β2)

0 0

0 0 m3β
m1α2+m3β2 − m1α

m1α2+m3β2


. (2.29)

Combining equations (2.22) and (2.28), we find that ξ̃ satisfies

˙̃
ξ(t) = X̃0(ξ̃) = B(t) · ξ̃, (2.30)

B(t) = DA(t)D−1 =



0 1 0 0

(−3µ2

r4
+ 2

r3
) 0 0 0

0 0 0 a34

0 0 a43 0


, (2.31)

where

a34 =
1

4m1m3

, (2.32)

a43 = −8(α4m2
1 − 2α2m2

1β
2 + 6α2m3β

2m1 − 2α2m2
3β

2 +m2
3β

4)m1m3

r3(m1α2 +m3β2)(α2 + β2)5/2

+
4m1m3µ

2

r4
+

2m2
3m

2
1(α5 + β5)

r3β3(m1α2 +m3β2)α3
.

Now, we will use our technique to study the stability properties of periodic so-

lutions corresponding to the above system. An important observation here is that
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system (2.30) is no longer Hamiltonian since the transformation matrix (2.29) is not

symplectic. However, it is G-Hamiltonian. We now make the following definition

from [38].

Definition 2.4.1. A G-Hamiltonian system is a linear system with a time dependent

coefficient matrix that satisfies the following relation

BG = −B,

B ∈ Rn×n, BG has an explicit formula given by BG = G−1B∗G, and the matrix G is

skew-symmetric.

The matrix G can be found by the restriction of Φ to the invariant subspace Φ⊥

or equivalently by transforming the symplectic form ω into a G-form ωG, that is, by

considering the following calculations. Let x = Du and y = Dv, then

ω(u, v) = uTJv = (D−1x)TJD−1y = xT (D−1)TJD−1 = xTGy = ωG(x, y).

We proceed by considering this calculation, the skew symmetric form can be deter-

mined from the following:

G = (D−1)TJD−1. (2.33)
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More explicitly, the matrix G has the form

G =



0 c
µ

0 0

−c
µ

0 0 0

0 0 0 c
µ

0 0 −c
µ

0


. (2.34)

Note that the matrix G is non-singular and anti-symmetric. An explicit calculations

for the formula BG where B was described in (2.31), is given below:

BG =



0 −µ
c

0 0

µ
c

0 0 0

0 0 0 −µ
c

0 0 µ
c

0





0 (−3µ2

r4
+ 2

r3
) 0 0

1 0 0 0

0 0 0 a43

0 0 1
4m1m3

0





0 c
µ

0 0

−c
µ

0 0 0

0 0 0 c
µ

0 0 −c
µ

0



=



0 −1 0 0

(3µ2

r4
− 2

r3
) 0 0 0

0 0 0 −1
4m1m3

0 0 −a43 0


. (2.35)

The following proposition states the G-Hamiltonian structure of the matrix B

given in (2.30).

Proposition 2.4.1. The 4× 4 system given in equation (2.30) is G-Hamiltonian.
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Proof. In order to prove this proposition, we need to check only that BG = −B. This

is clear by comparing (2.35) with (2.31).

We are now interested to study the stability properties of the G-Hamiltonian

system defined in (2.30). We first consider the circular case, that is, the matrix B

in (2.31) will be time independent. A simple calculation shows that the value of

(−3µ2

r4
+ 2

r3
) in (2.31) is equal to −1, where r(t) is the Kepler solution defined in (2.9).

The matrix B in time independent case will be of the form

B =



0 1 0 0

−1 0 0 0

0 0 0 a1

0 0 a2 0


, (2.36)

where a1, a2 are the time independent values of the parameters a34 and a43 defined

in (2.32). The system (2.30) can be written in time independent case as

˙̃
ξ = B · ξ̃. (2.37)

Expanding equation (2.37) explicitly in terms of x and y, the equations of motion are

given by

ẋ1 = x2, ẏ1 = a1y2 (2.38)

ẋ2 = −x1, ẏ2 = a2y1.

We are now in a position to give the quadratic G-Hamiltonian function for the
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new equations

H0(u, v) = H0(D−1(x, y)) = 4Ky2
1+

1

4
Ly2

2−
1

2
Mx2

1+Nx2
2−2Px1y1 ≡ H̃0(x, y), (2.39)

where

K = a12m1m3αβ−
1

2
(a11m

2
3β

2+a22m
2
1α

2), L =
α2

m3

+
β2

m1

, M = a11α
2+a22β

2+2a12αβ,

N = m1α
2 +m3β

2, P = a11m3αβ − a22m1αβ + a12m3β
2 − a12m1α

2.

Solution to equation (2.37) can be expressed in the form

ξ̃(t) = Mt · ξ̃0

where Mt defines the flow of the G-Hamiltonian system. In coordinates the flow can be

interpreted as a fundamental matrix solution of the corresponding equation, satisfying

the initial conditionM(0) = I. Since the equations of motion is autonomous, it follows

that the flow is given by the matrix exponential

Mt = eBt.

We will now determine the eigenvalues of the matrix B. The characteristic polynomial

of the matrix B is given by

p(λ) = λ4 + (1− a1a2)λ2 − a1a2 = 0, (2.40)

where a1a2 > 0.
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Proposition 2.4.2. The matrix B in (2.36) has two real, and two imaginary eigen-

values.

Proof. It is clear that from equation (2.40), λ2 has the form

λ2 =
(a1a2 − 1)± (a1a2 + 1)

2
.

Hence, the eigenvalues of B are ±λ1, ±iλ2, where

λ1 =
√
a1a2, λ2 = 1. (2.41)

We can immediately see that the G-Hamiltonian system (2.30) is unstable, since

one eigenvalue has positive real part.

The explicit general solution can be determined if we calculate the eigenvectors of

the matrix B defined in (2.36). The eigenvectors of the matrix B which corresponding

to the eigenvalues ±λ1, ±iλ2 can be easily computed as:

ζ1 =



0

0

1√
a2
a1


, ζ2 =



0

0

1

−
√

a2
a1


, η1 =



1

i

0

0


, η2 =



1

−i

0

0


.

(2.42)

The general real solution to the equation of motion given in (2.38) has the form

ξ̃(t) = α1ζ1e
λ1t + α2ζ2e

−λ1t + 2Re(βη1e
it), (2.43)
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for α1, α2 ∈ R, β ∈ C.

Of particular interest is the existence of a two-parameter family of periodic solu-

tions about Γ(t) in the linearized system. With the new variables (x,y), the periodic

solutions are of the form γ(t) = 2Re(βη1e
it), where β is complex. We will discuss

these solutions with more detail in section 3.1. Also of note is the existence of fam-

ilies of solutions which are asymptotic to a given periodic solution in forward and

backwards time; we will see in section 3.2 that these form the stable and unstable

manifolds respectively of the periodic orbit γ(t).



Chapter 3

Geometry of the Solutions and the

Maslov Index

In the last chapter, we have seen that after changing coordinates, the new system is

no longer Hamiltonian. For the circular case, the eigenvalues are exactly computed

and the system is unstable. In this chapter, we would like to adapt this discussion for

the elliptic case by studying the geometry along solutions of the equations described

in chapter 2. However, our study of the geometry along solutions implies that we can

study the stability of these solutions. This discussion is valid for both, the circular

solutions (discussed in this chapter), and the homographic solutions (will be discussed

in chapter 4).

The next sections will describe the geometry of the solutions and the tangent

vectors. The last sections will describe the G-Lagrangian subspaces and the Maslov

index computations.

45
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3.1 Energy of a Solution

As we have seen in section 2.4, ξ̃(t) is the solution of the G-Hamiltonian system of

equations given by (2.37). The corresponding G-Hamiltonian function H̃0 is conserved

along solutions of the equations, hence we can interpret ξ̃(t) as a curve on a three

dimensional energy surface Σ(h) = H−1(h) ⊂ R4, for h ∈ R.

We wish now to investigate the nature of the solution curve lying on a fixed energy

surface. We can express the curve ξ̃(t) using purely real notation by letting β = β1+iβ2
2

and then expanding the last expression in (2.43) in terms of β1 and β2 to get

Re(βη1e
it) =

1

2
β1



cos t

− sin t

0

0


+

1

2
β2



− sin t

− cos t

0

0


.

The result of rewriting equation (2.43) is

ξ̃(t) = α1ζ1(t) + α2ζ2(t) + β1η1(t) + β2η2(t), (3.1)

where

ζ1(t) = ζ1e
λ1t, ζ2(t) = ζ2e

−λ1t,

η1(t) =



cos t

− sin t

0

0


, η2(t) =



− sin t

− cos t

0

0


. (3.2)
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Given a specific solution of the form (3.1), corresponding to a specific choice of the

coefficients αi and βi, we can calculate the corresponding energy using the equations

for the G-Hamiltonian described in (2.39).

Recall that the formula for the energy in G-Hamiltonian coordinates as stated in

(2.39) was

H̃0(x, y) = 4Ky2
1 +

1

4
Ly2

2 −
1

2
Mx2

1 +Nx2
2 − 2Px1y1. (3.3)

Using this equation, we could proceed to compute the energy of a given solution

ξ̃(t) = (x(t), y(t)) directly, but an easier way is to introduce a lemma given by C.

Conley[12].

Lemma 3.1.1. If S is a symmetric matrix and ν1,ν2 are eigenvectors of JS (J is

the standard symplectic matrix) with eigenvalues λ1, λ2, then either λ1 + λ2 = 0 or

< ν1, Sν2 >= 0, where < ., . > denotes the standard Euclidean inner product in R4.

Proof. By symmetry of S, we have < ν2, Sν1 > − < ν1, Sν2 >= 0. ν1, ν2 are

eigenvectors of JS so Sν1 = −λ1Jν1, Sν2 = −λ2Jν2. Using these relations, we find

< ν2, Sν1 > − < ν1, Sν2 > = −λ1 < ν2, Jν1 > +λ2 < ν1, Jν2 >

= (λ1 + λ2) < ν1, Jν2 >

= − 1

λ2

(λ1 + λ2) < ν1, Sν2 >

= 0.

To see how this lemma applies to the problem at hand, we observe that the

coefficient matrix A can be written in the form A = JS where S is the symmetric
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matrix

S =



−a11 −a12 0 0

−a12 −a22 0 0

0 0 1
2m1

0

0 0 0 1
2m3


. (3.4)

Letting E be the diagonal matrix defined by

E = (D−1)TSD−1,

where the matrix D is defined in (2.29). More explicitly the matrix E has the form

E =



a 0 0 0

0 b 0 0

0 0 c 0

0 0 0 d


, (3.5)

where

a = −a11α
2 − 2a12αβ − a22β

2, b = 2(m1α
2 +m3β

2),

c = −4[m2
1α

2a22 +m2
3β

2a11 − 2m1m3αβa12], d =
β2

2m1

+
α2

2m3

,

and comparing with the definition of the energy in equation (2.39), it then follows

that the energy of a solution ξ̃ = (x, y) is given by

H̃0(ξ̃) =
1

2
〈ξ̃, Eξ̃〉. (3.6)

Now we can apply Lemma 3.1.1 and the results are summarized in the next lemma,
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which is given by C. Conley[12].

Lemma 3.1.2. The real inner product of pairs of eigenvectors of B with respect to E

are zero except for e1 = 〈ζ1, Eζ2〉, e2 = 〈η1, Eη2〉. As a consequence, a solution ξ̃(t)

given in the form of (2.43) has an energy of the form

H̃0(ξ̃) =
1

2
〈ξ̃, Eξ̃〉 = α1α2e1 + |β|2e2, (3.7)

Proof. Recall that B = DAD−1 and so given an eigenvector ṽi of B, vi = D−1ṽi is

an eigenvector of A = JS. Then we see that

〈ṽi, Eṽj〉 = 〈ṽi, (D−1)TSD−1ṽj〉 = 〈D−1ṽi, SD
−1ṽj〉 = 〈vi, Svj〉.

Writing ξ̃(t) in the form

ξ̃(t) = α1ζ1e
λ1t + α2ζ2e

−λ1t + 2Re(βη1e
it),

where ζi, ηi denote the eigenvectors of B, the statement of the lemma then follows

by a direct application of Lemma 3.1.1 and equation (3.6).

Corollary 3.1.1. A solution ξ̃(t) given in the form of (3.1) has energy

H̃0(ξ̃) = α1α2hζ + (β2
1 + β2

2)hη, (3.8)

where the energy constants hζ and hη are defined to be

hζ = −4[m2
1α

2a22 +m2
3β

2a11 − 2m1m3αβa12]− a2

a1

( β2

2m1

+
α2

2m3

)
< 0,
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hη = −(a11α
2 + 2a12αβ + a22β

2) +
c

µ
> 0. (3.9)

Proof. Computing e1 = 〈ζ1, Eζ2〉 and e2 = 〈η1, Eη2〉 explicitly we find that

e1 = −4[m2
1α

2a22 +m2
3β

2a11 − 2m1m3αβa12]− a2

a1

( β2

2m1

+
α2

2m3

)
< 0, (3.10)

e2 = −(a11α
2 + 2a12αβ + a22β

2) +
c

µ
> 0. (3.11)

The statement then follows from lemma (3.1.2), recalling that β = β1+iβ2
2

.

Note that by definition, H̃0(ξ̃) = H0(ξ), so equation (3.8) describes the energy of

a solution regardless of the choice of Hamiltonian or G-Hamiltonian coordinates.

It is interesting to examine the energy equation for certain specific solutions. We

can immediately see the energy of ζi(t) is identically zero, hence ζi(t) describes a

curve on the zero energy surface Σ(0). We note that hη is precisely the energy of ηi(t)

for i = 1 or 2. In particular this energy is strictly positive, as is the energy of any

linear combination of η1(t) and η2(t). Noting that every periodic solution is given by

precisely such a linear combination leads to the following proposition.

Proposition 3.1.1. Every periodic solution of the linearized problem has strictly

positive energy and the family of solutions of form γ(t) = β1η1(t) + β2η2(t) satisfying

h = (β2
1 + β2

2)hη describes all the periodic solutions on the energy surface Σ(h) where

h > 0.

Furthermore, we observe that a solution of the form ξ(t) = αiζi(t) + β1η1(t) +

β2η2(t) also has energy h = (β2
1 + β2

2)hη, where i = 1 or 2 is fixed. Such a solution

which satisfies α1α2 = 0 is referred to as asymptotic orbit in [12] since it is asymptotic

to a periodic solution in either forward or backwards time.
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3.2 Tangent Vectors

We consider the following reinterpretation of the solutions ζi(t). For fixed time t,

we can regard ξ̃(t) = αiζi(t) + β1η1(t) + β2η2(t) as defining a curve in Σ(h) with

parameter αi, holding the other coefficients fixed. Differentiating ξ̃ with respect to

αi and evaluating at αi = 0 produces a tangent vector to the energy surface at the

point γ(t) = β1η1(t) + β2η2(t):

(
∂ξ̃(t)

∂αi
)αi=0 = ζi(t) ∈ Tγ(t)Σ(h).

So we see that we can regard the solutions ζi(t) as tangent vectors along a fixed

periodic solution γ(t) in Σ(h). ζ1(t) and ζ2(t) are two linearly independent tangent

vectors in the three dimensional tangent space Tγ(t)Σ, a third is given by the flow

direction X̃0(γ) along the periodic solution γ(t). To see this, we first observe that

X̃0(γ) is isoenergetic since

dH̃0(X̃0) = ωG(X̃0, X̃0) = 0.

We then compute the flow direction as

X̃0(γ(t)) = γ̇(t) = β1η̇1(t) + β2η̇2(t)

= β1η2(t)− β2η1(t).

Thus the flow direction X̃0(γ) is in the span of η1(t) and η2(t), and {ζj(t), ηj(t)}j=1,2

is linearly independent set. Recalling that ζj(t) = ζje
±λjt, where ζj was a constant
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eigenvector, we can define a basis of Tγ(t)Σ as

Tγ(t)Σ = span{ζ1, ζ2, X̃0(γ)}. (3.12)

Reducing to the tangent space of the energy surface requires the elimination of the nor-

mal vector to the surface, given by ∇H̃0(γ). Since the vector field is G-Hamiltonian,

then the flow direction is obtained by linear transformation using the Hamiltonian

vector field in (2.22), and has the form

X̃0(γ) = M · ∇H̃0(γ), M = DDTGD,

where D is the linear transformation matrix defined in (2.29) and G is the anti-

symmetric matrix defined in (2.34) (for more details see Appendix A). The normal

vector then satisfies

∇H̃0(γ) = M−1 · X̃0(γ).

Note that the normal direction is in the span of the periodic functions η1(t), η2(t),

and that the flow direction and its normal direction are linearly independent. Hence

it follows that the full tangent space is described by the stable, unstable subspace,

flow direction and the normal direction to that energy surface, that is

Tγ(t)R4 = span{ζ1, ζ2, X̃0(γ),∇H̃0(γ)}.

We now can identify the space of solutions to the equations of motion with the

full tangent space along a fixed periodic solution. Given an arbitrary solution ξ̃(t),
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the tangent space satisfies

Tξ̃(t)R
4 = span{ζ1, ζ2, X̃0(γ),∇H̃0(γ)}, (3.13)

where γ(t) = β1η1(t) + β2η2(t) is the periodic components of ξ̃(t).

The consequence of the above discussion shows that each periodic solution is isolated

on an energy surface Σ(h).

The stable and unstable manifolds for γ can be identified as the sets containing

the solutions which are asymptotic to γ:

W u(γ) = ∪t∈R{γ(t) + α1ζ1(t), α1 ∈ R}, (3.14)

W s(γ) = ∪t∈R{γ(t) + α2ζ2(t), α2 ∈ R}. (3.15)

Each of the stable and unstable manifolds W s ,W u is a 2-dimensional submanifold of

Σ(h). The stable, unstable and the center subspace of R4 are defined by

Eu =< ζ1 >, Es =< ζ2 >, Ec =< X̃0(γ),∇H̃0(γ) > .

Remark: The center subspace is 2-dimensional subspace, and it is easily verified

that it is spanned by the flow and the normal direction of the energy surface.

Using equations (3.14), (3.15) and (3.13), we can explicitly identify the tangent

space of the stable and unstable manifolds at a point ξ as the span of the flow and

the stable or unstable subspace respectively:

TξW
u(γ) = span{ζ1, X̃0(γ)}, (3.16)
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TξW
s(γ) = span{ζ2, X̃0(γ)}. (3.17)

Consider now the reduced space defined to be the quotient space

Tγ(t)R4/ < X̃0,∇H̃0(γ) >= Tγ(t)Σ/ < X̃0(γ) >' span{ζ1, ζ2}. (3.18)

The above equation defines an equivalency relation between solutions to the linearized

equations at each time t. Given two vectors x1, x2 ∈ Tγ(t)Σ, x1, x2 are equivalent if

x1 − x2 = cX0(γ), for some c ∈ R. Letting [x] denote the equivalence class of x, the

equations of motion in the reduced space are

d

dt
[x] = [B · x], (3.19)

and the general solution is then given by

[x(t)] = [Mt · x0]. (3.20)

The reduced monodromy matrix corresponding to equation (3.19), denoted ΦT , is

simply the restriction of the original monodromy matrix MT to the reduced space

and the eigenvalues of the monodromy matrix ΦT are precisely the two non-trivial

multipliers of the orbit, given by eλ1T .
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3.3 G-Lagrangian Subspaces and the Maslov In-

dex

In this section, we would like to give some background and notation from symplectic

geometry, which can be used for what follows. We first make the following definition.

Definition 3.3.1. A G-Lagrangian subspace of a 2n-dimensional G-symplectic vector

space (V, ωG) is defined to be an n-dimensional subspace on which the G-form vanishes,

that is, ωG(x, y) = xTGy = 0 , where G is non-singular and anti-symmetric matrix.

Here and henceforth, we describe the question of stability of the circular solutions

of the rhombus four body problem using the Maslov index. Based on the argument in

[3], and using the new notations which described above, we can describe the Maslov

index as the algebraic intersection number of a closed curve U(t) of G-Lagrangian

subspaces with the singular cycle of G-Lagrangian subspace V . In other words, for a

given closed curve of a G-Lagrangian subspace U(t),

[Ut, V ] =
∑

0<t<T

± dim[Ut ∩ V ]. (3.21)

To start computing the Maslov index of the periodic orbit for the circular solutions,

we make the following proposition.

Proposition 3.3.1. The stable W s and unstable W u manifolds of a hyperbolic pe-

riodic solution γ of a G-Hamiltonian system defined on a G-symplectic manifold M

are G-Lagrangian submanifolds.

While the periodic orbit γ is only hyperbolic in the energy surface, we can ver-

ify that the stable and unstable manifolds are G-Lagrangian submanifolds by direct
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computation. Using the bases of the tangent spaces which are described in (3.16) and

(3.17) as the span of the stable or unstable subspace and the flow direction, to show

the G-form vanishes, it suffices to show

ωG(ζi, X̃0(γ)) = ζTi GX̃0(γ) = 0, i = 1, 2.

Consider the unstable case first, that is when i = 1, and expand the flow direction in

terms of η1(t) and η2(t), we compute

ωG(ζ1, X̃0(γ)) = ωG(ζ1, β1η2(t)− β2η1(t))

= β1ωG(ζ1, η2(t))− β2ωG(ζ1, η1(t))

By direct computation, we can immediately see that ωG(ζ1, ηi(t)) = 0, i = 1, 2. Hence

ωG(ζ1, X̃0(γ)) = 0

Consideration of the stable case when i = 2 leads to the same result.

The stable and unstable subspaces are invariant under the flow to the matrizant

M(t),

Mt ·W = W,

where W denotes either the stable or the unstable subspace. Since the flow is linear,

it follows that

Mt · Tγ(0)W = Tγ(t)W,

Thus the translation of the tangent space of the subspace W along the periodic orbit

describes a curve of a 2-dimensional G-Lagrangian subspace. Furthermore, it follows
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that this curve is in fact closed curve under one period T , since

MT · Tγ(0)W = Tγ(T )W = Tγ(0)W.

It was proven by Bondarchuk[5] that the Maslov index of hyperbolic closed extremals

can be computed by considering the rotation through the vertical of the stable or

unstable subspace W

iγ =
∑

0≤t≤T

dim[Tγ(t)W ∩ Vt].

We then can ask the question what is the Maslov index of the circular periodic

solutions of the rhombus four body problem computed in the same way, where Vt

can be determined by transforming the vertical space using the linear transformation

matrix described in equation (2.29), and has the form

Vt = (0, x1, 0, x2)T , x1, x2 ∈ R. (3.22)

The following proposition shows the above subspace is G-Lagrangian.

Proposition 3.3.2. The subspace Vt which we defined in (3.22) is G-Lagrangian

subspace.

Proof. The only way to check Vt is G-Lagrangian is to show the G-form vanishes,

that is, ωG(u, v) = 0, where u, v ∈ Vt. By direct computation, it is clear that

ωG(ut, vt) = uTt Gvt = 0, ut, vt ∈ Vt,
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3.4 Calculation of the Index in the Circular Case

The calculation of the Maslov index in the circular case will be described with more

details in Appendix B. The setting of this calculation is the reduced space TγΣ/X̃0(γ).

We study in the reduced setting that the 2-dimensional G-Lagrangian subspace Vt

defined in (3.22) intersects Tγ(t)Σ/X̃0(γ) in only one dimensional subspace for all time.

The Maslov index can be determined as counting the intersections of the stable and

unstable subspaces with the G-Lagrangian subspace projected in the 2-dimensional

reduced space TγΣ/X̃0(γ(t)) ≡< ζ1, ζ2 >. We then can describe the one dimensional

subspace Vt as a curve of G-Lagrangian subspace in the reduced space. The Maslov

index then can be shown to be equivalent to the reduced index of the orbit and is an

even integer.

The computations which described in Appendix B are used to discuss the insta-

bility of the system which correspond to the circular solutions of the rhombus four

body problem. Our decoupling linear system which was described in section 2.4 gives

two a 2× 2 G-Hamiltonian system, where the first 2× 2 system is to identify the two

+1 multipliers, while the remaining two variables is to decide the linear stability of

the periodic orbit.

In [32], linear Hamiltonian systems with periodic boundary conditions, dimension

2 and even indices are shown to be unstable. Since our 2× 2 G-Hamiltonian system

is Hamiltonian up to a change of coordinates, we conclude that the G-Hamiltonian

system which correspond to the circular solutions of the rhombus four body problem

is unstable.



Chapter 4

Variational Methods and

Instability of Periodic Orbits

The previous chapter discussed the circular case for Kepler solutions. In the reduced

space, the circular solution is stationary and the eigenvalues of the relative equilibrium

can be computed exactly and the system is shown to be unstable. In this chapter, we

give an analytical description of periodic orbits using variational techniques. In the

elliptic case, the linearized equations are time dependent and the Floquet multipliers

can no longer be evaluated. To overcome this difficulty, we develop an argument which

generalized for the circular to the elliptic case and which is based on the variational

structures of the linearized equations.

Section 4.1 discusses how the homographic solutions to the rhombus four body

problem are the variational minimizers of the action functional with respect to a

rhombus loop spaces. The last section contains the discussion of stability of rhombus

orbits which based on counting focal points of Lagrange planes with the vertical

distribution.

59
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4.1 Action Minimizing Orbits in the Rhombus Four

Body Problem

We start this section by giving a brief review of Keplerian orbits, Gordon’s result

and homographic solutions. The N -body problem always admits uniformly rotating

solutions which generalize the circular rotational solutions of the Kepler problem

q̈ = −ϑ q

|q|3
, (4.1)

where q denotes the position of a point mass moving in the gravitational field of a

large mass fixed at the origin, and ϑ is a constant. In 1977, Gordon proved that

the Keplerian orbits minimize the Lagrangian action of the two body problem with

periodic boundary conditions (see [28] and [16]). He also found that the minimum

value of the action functional could be computed

AKT (q) =

∫ T

0

1

2
||q̇||2 +

ϑ

||q||
dt ≥ 3

2
(2π)2/3(ϑ)2/3T 1/3.

The homographic periodic solutions to theN -body problem are solutions such that

the configuration of the masses stay in the same similarity class (rotations and dila-

tions) as the initial configuration[28]. It is known that the Eulerian and Lagrangian

elliptical solutions for planar three body problem are the variational minimizers of the

Lagrange action([40], [39], [36]). In this section, we will show that the homographic

solutions to the rhombus four body problem also minimize the action functional with

respect to a rhombus loop spaces.
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The action functional AT (q) has the form

AT (q) =

∫ T

0

L(q, q̇)dt,

where L(q, q̇) =
∑4

i=1
mi

2
‖q̇i‖2 +

∑
i<j

mimj

|qi−qj | , and the domain of this action functional

will be a rhombus loop space defined in (4.3). For a given choice of the four masses

(m1,m2,m3,m4) ∈ R4, the Configuration space of the rhombus four body problem

which we defined in section 2.2 is given by

Mrh =

q = (q1, ..., q4)
∣∣∣ q1 = −q2, q3 = −q4,

q2 − q1⊥q4 − q3, Σmiqi = 0, qi 6= qj

 . (4.2)

For the given period T and masses mi > 0, we define the rhombus loop space

Λrh =

q ∈ H1([0, T ],Mrh)
∣∣∣ q = (q1,−q1, σq1,−σq1), q1 : [0, T ]→ C,

q1(0) = q1(T )

 , (4.3)

where σ = ce−iπ/2, and c > 0.

We now focus our attention on solutions of the form

q(t) = φ(t)q0, (4.4)

called homographic solutions when φ(t) ∈ C[28]. In [28] it is verified that the necessary

condition for the existence of solutions of the form (4.4) is that the complex valued
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function φ(t) must satisfy

φ̈(t) = −k φ(t)

|φ(t)|3
, k = U(

q0

||q0||
). (4.5)

The following Theorem shows that the homographic solutions are critical points of

the functional AT defined on the loop space Λrh.

Theorem 4.1.1. The minimizers for AT (q) on Λrh are precisely the Keplerian ho-

mographic solutions.

Proof. By applying the rhombus loops in Λrh to the action functional AT , we have

AT (q) =
1

2

∫ T

0

(m1 +m2)||q̇1||2 + c2(m3 +m4)||q̇1||2 +

∫ T

0

∑
i<j

mimj

||qi − qj||
dt. (4.6)

By direct computation and using m1 = m2, m3 = m4, we have

∑
i<j

mimj

||qi − qj||
= (m2

1 +
m2

3

c
)

1

||q1||
+

4m1m3√
1 + c2

1

||q1||
.

Rewriting (4.6) using the above computation, the action functional AT (q) becomes

AT (q) =

∫ T

0

m1‖q̇1‖2 +m3c
2||q̇1||2dt+

∫ T

0

1

2
(m2

1 +m2
3/c)

1

||q||
+

4m1m3√
1 + c2

1

||q1||
dt

=

∫ T

0

(m1 +m3c
2)‖q̇1‖2dt+

∫ T

0

1

2
(m2

1 +m2
3/c+ 8m1m3/

√
1 + c2)

1

||q1||
dt

= 2(m1 +m3c
2)

∫ T

0

||q̇1||2

2
dt+

1

2
(m2

1 +m2
3/c+ 8m1m3/

√
1 + c2)

∫ T

0

1

||q1||
dt.
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We let

a(c) = 2(m1 +m3c
2),

b(c) =
1

2
(m2

1 +m2
3/c+ 8m1m3/

√
1 + c2).

Then

AT (q) = a(c)

∫ T

0

‖q̇1‖2

2
dt+ b(c)

∫ T

0

1

||q1||
dt,

and the infimum of that is

inf
q∈Λrh

AT (q) = inf
c>0

inf
q1

{
a(c)

∫ T

0

‖q̇1‖2

2
dt+ b(c)

∫ T

0

1

||q1||
dt

}

= inf
c>0

{
a(c) inf

q1

(∫ T

0

‖q̇1‖2

2
dt+

b(c)

a(c)

∫ T

0

1

‖q1‖
dt

)}
.

By Gordon’s result, we have

inf
q1

(∫ T

0

‖q̇1‖2

2
dt+

b(c)

a(c)

∫ T

0

1

‖q1‖
dt

)
=

3

2
(2π)2/3T 1/3

(
b(c)

a(c)

)2/3

.

Then

inf
q∈Λrh

AT (q) = inf
c>0

{
a(c)

3

2
(2π)2/3T 1/3

(
b(c)

a(c)

)2/3
}

= inf
c>0

{
3

2
(2π)2/3T 1/3(a(c))1/3(b(c))2/3

}
.

Now let

ϕ(c) =
3

2
(2π)2/3T 1/3(a(c))1/3(b(c))2/3.
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Then ϕ(c) attains infc>0{ϕ(c)} at some c0 if and only if ψ(c) = a(c).(b(c))2 attains

infc>0{ψ(c)} at c0.

It is not difficult to see that ψ(c), c > 0 is convex and coercive. Indeed, for

convexity, by computing the second derivative of ψ(c) with respect to c, it is easy to

see that ∂2ψ(c)
∂c

> 0, which implies that the function ψ(c) is convex. For coercivity,

we notice that ψ(c) is continuous for all positive values of c, ψ(c) → ∞ as c → 0

and when c tends to ∞, ψ(c) tends to ∞, which implies ψ(c) is coercive. Hence ψ(c)

attains infc>0{ψ(c)} at unique positive c0 and satisfies

ψ′(c0) = 0. (4.7)

We notice that (4.7) is equivalent to

(m4
1m3)c8

0 + (2m2
1m

2
3 −m2

1m
3
3)c7

0 + (2m4
1m3 − 8m3

1m
2
3(1 + c2

0)1/2)c6
0

+(4m2
1m

2
3 −m3

1m
2
3 − 2m2

1m
3
3 − 8m1m

4
3(1 + c2

0)1/2)c5
0

+
[
m4

1m3 −m1m
4
3 + 64m2

1m
3
3 − 64m3

1m
2
3 + 16m3

1m
2
3(1 + c2

0)3/2 − 8m4
1m3(1 + c2

0)1/2
]
c4

0

(4.8)

+
[
2m2

1m
2
3 − 2m3

1m
2
3 −m2

1m
3
3 + 8m1m

4
3(1 + c2

0)3/2 − 8m2
1m

3
3(1 + c2

0)1/2
]
c3

0

−(2m1m
4
3)c2

0 − (m3
1m

2
3 + 8m2

1m
3
3(1 + c2

0)3/2)c0 −m1m
4
3 = 0.

Solving (4.8) for m1, m3, it is challenging to prove that the resulting system is equiv-

alent to (2.7), (2.8). It is well known that once given m1, m3 in (2.7), (2.8), α,

β are uniquely determined. Hence ψ(c0) has a unique minimizing solution c0 and

this minimum point coincides with the ratio β/α obtained from equations (2.7) and
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(2.8).

Homographic solutions have the property that the action AT (q) along q can be

determined as uncoupled Keplerian Orbits[33]. For the solutions of the rhombus four

body problem, the action along the homographic curves q(t) = φ(t)q0, can also be

determined the same as uncoupled Keplerian orbits:

AT (φ(t)q0) =

∫ T

0

4∑
i=1

mi

2
‖φ̇q0i‖2 +

∑
i<j

mimj

‖φ(t)q0i − φ(t)q0j‖
dt

=

∫ T

0

4∑
i=1

mi

2
φ̇2‖q0i‖2 +

1

|φ(t)|
∑
i<j

mimj

‖q0i − q0j‖
dt

=

∫ T

0

φ̇2

2

4∑
i=1

mi‖q0i‖2 +
1

|φ(t)|
∑
i<j

mimj

‖q0i − q0j‖
dt

= ρ2{
∫ T

0

1

2
φ̇2 +

1

|φ(t)|
U(q0)

ρ2
}dt

=
3

2
(2π)2/3(k)2/3T 1/3,

where we define ρ2 =
∑4

i=1mi‖q0i‖2.

4.2 Maslov Index and Instability

We have shown in section 4.1 that the homographic solutions to the rhombus four

body problem are the variational minimizers for the classical action functional. Our

result can be used with purely geometric methods to verify recent numerical results

obtained by Xie and Ouyang for periodic solutions obtained for the rhombus four

body problem[37]. Xie and Ouyang showed that for all possible values of the three
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parameters α, β and e, which are described in section (2.2), the elliptic periodic orbits

for rhombus four body problem are linearly unstable.

Now, we outline the argument which shows how the variational principle itself

contains the necessary information for a stability analysis of this particular family

of periodic solutions. The results in [32], give necessary and sufficient conditions

for strong linear stability, in terms of the Morse index of the variational problem

with periodic boundary conditions. To apply similar techniques we must describe the

index of the variational problem, in terms of periodic boundary conditions. We use

the index of the second variation described earlier in section 1.4.

First we translate to Hamiltonian setting. This gives the proper geometric formu-

lation of the dynamical problem under consideration. With fixed center of mass and

restricted to rhombus configuration, the system is non-linear with three degrees of

freedom. By means of rotational symmetry, Xie and Ouyang were able to reduce the

dimensions of the system into one with 2-degrees of freedom[37]. Angular momentum

J = Θ1 is conserved; the reduced space is J−1(Θ1)/SO(2) ' T ∗(Mrh/SO(2)), where

Θ1 6= 0 is the angular momentum of the rhombus solution. Mrh/SO(2) is the reduced

rhombus configuration manifold described in section (2.2.1). Using r1 and r3 as the

distances from the origin to q1, q3, the Hamiltonian in the reduced setting was defined

in (2.15),

H =
R2

1

2(m1 +m2)
+

R2
3

2(m3 +m4)
+

Θ2
1

2[r2
1(m1 +m2) + r2

3(m3 +m4)]
(4.9)

−m1m2

2r1

− (m1 +m2)(m3 +m4)√
r2

1 + r2
3

− m3m4

2r3

,

where R1, R3 are the conjugate variables of r1 and r3 respectively.
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The dynamical setting for our investigation is the flow of the Hamiltonian vector

field XH defined on T ∗(Mrh/SO(2)). The Hamiltonian vector field is defined by

contraction with the symplectic form ω, dH = ω(XH , .) and which in local coordinates

gives the canonical Hamiltonian equations. The flow of the vector field XH will be

denoted φt, as will be its restriction to an invariant energy surface Σ = H−1(h).

We will describe a symplectic subspace of variations which is typically non-degenerate

in the sense that the monodromy map, or linearized Poincaré map and is defined as

P = dφT restricted to this subspace has no Floquet multipliers equal +1. On this

subspace, we can compute the Maslov index of a curve of Lagrange planes which coin-

cides with the Morse index. As shown in [33], this index is also intimately connected

with the stability or instability of the corresponding periodic orbit, at least in the

case of planar Hamiltonian systems.

Recall that a Lagrangian subspace or a Lagrange plane λ is the largest subspace

of a symplectic space E on which the symplectic form vanishes. That is,

ω(u, v) = 0, ∀u, v ∈ λ

and λ has maximal dimension. This implies dimλ = 1
2

dimE. Because the linearized

flow dφt preserves the symplectic form, for any Lagrange plane λ in TT ∗(Mrh/SO(2)),

dφtλ is also a Lagrange plane for all t ∈ R. An important Lagrange plane distribution

is the vertical space V ⊂ TT ∗(Mrh/SO(2)) defined by dπ(υ) = 0 for all υ ∈ V ,

where π : T ∗(Mrh/SO(2))→Mrh/SO(2) is the canonical projection. Note that the

vertical distribution is not invariant with respect to the linearized flow, that is, dφtV

is typically not a vertical space for all t ∈ R.

We will use modification of the arguments found in [33], in which Lagrange planes
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of variations associated with the boundary conditions of the minimization problem

will shown to be focal points free. Nonexistence of focal points over the real line can

be used to prove instability as will be shown.

The variational problem whose solution gives the rhombus family is

AT (q̂) = inf
q∈Λrh

AT (q), (4.10)

where Λrh was given in (4.3).

Let the minimizing loop of the variational problem (4.10) be denoted q̂(t), 0 ≤ t ≤ T ,

the solution inMrh/SO(2) is x(t) = (r1(t), r3(t)) on the same interval [0, T ]. Let the

flow of the Hamiltonian vector field XH corresponding to the reduced Hamiltonian

(4.9) denoted by φt, denote (x, p) = (r1(0), r3(0), R1(0), R3(0)), and the rhombus

solution is given by γ(t) = φt(x, p). In order to study the stability properties of the

orbit, we must consider a space J of Jacobi field along the orbit γ(t). Recall that a

space of Jacobi fields along γ(t) are given by

(ξ(t), η(t)) ∈ Tγ(t)T
∗(Mrh/SO(2)), (ξ(t), η(t)) = d(x,p)φt(ξ0, η0).

The mapping P acts on J by advancing the initial conditions of a Jacobi field through

the period T ,

P(ξ(0), η(0)) = (ξ(T ), η(T )). (4.11)

The periodic orbit γ(t) is dynamically non-degenerate if ker(P − Id) = XH(γ(t)).

The dimension of the system can be reduced even further by projecting out the flow

direction XH(γ(t)) from the tangent spaces Tγ(t)Σ and considering the corresponding

sub-bundle defined along the orbit γ(t), which we denote by TΣ/XH . The next
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proposition can be easily verified (see Appendix B).

Proposition 4.2.1. The quotient space TΣ/XH(γ((t)) is symplectic, with symplectic

form given by ω̂([u], [v]) = ω(u, v). The linearized Hamiltonian flow dφt projects to a

Hamiltonian flow on the sub-bundle TΣ/XH , defined by φ̂t[v] = [dφtv].

Proposition 4.2.2. Assume that the rhombus orbit γ(t) is non-degenerate. The

Jacobi fields along γ(t) are a four dimensional linear symplectic space, which may be

decomposed as J = λ1⊕λ2, where λ1 is a symplectic subspace which contains the flow

direction XH , and λ2 is a complementary symplectic subspace of transverse Jacobi

fields, which are everywhere parallel to the energy surface H−1(h). λ1 and λ2 are

both invariant under the Poincaré map. Moreover, J contains a three dimensional

subspace W, consisting of Jacobi fields which satisfy the periodic boundary conditions

ξ(0) = ξ(T ). W restricted to the energy surface is two dimensional Lagrange plane Λ

containing the flow direction XH .

Proof. The symplectic form ω on J is defined for two Jacobi fields

ω((ξ1, η1), (ξ2, η2)) = 〈ξ1(t), η2(t)〉 − 〈η1(t), ξ2(t)〉, t ∈ R (4.12)

where 〈., .〉 is the metric on Mrh/SO(2) induced from the Euclidean metric on R2.

Since the flow vector XH annihilates every direction parallel to the energy surface

H−1(h), ω(XH , ζ) = 0, it follows that there is a nonzero vector ν transverse to the

energy surface H−1(h), and which is complementary to the flow direction ω(XH , ν) =

1. The subspace of Jacobi fields spanned by XH , ν is a symplectic subspace λ1, which

may be chosen to coincide with the kernel of (P − Id)2, which is always invariant

under P .
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Let V |(x,p) denote the vertical subspace,

V |(x,p) = ker d(x,p)π, π : T ∗Mrh/SO(2)→Mrh/SO(2).

We can express the subspace W using the inclusion relation (P − Id)W ⊆ V . From

equations (2.17), (2.9), we note that ṙ(0) = 0, therefore the flow XH is vertical, and

is inside V and W .

Using the rank nullity theorem, and the fact that the orbit γ(t) is non-degenerate

we can immediately see that the dimension of W is at most three. If the dimension

of W is three, then (P − Id)|W must be surjective to V . We can choose a basis

(XH , ν, b1, b2), where ν is not isoenergetic vector, such that P has the form

P =


1 1

0 1
∗

0 ∗

 .

We can immediately see that (P−Id)ν = XH ∈ V , therefore ν ∈ W , which implies

dimW ≥ 2. The assumption of non-degenercy allows the possibility of the geometric

multiplicity of +1 as an eigenvalue of P being 1, but with algebraic multiplicity 4.

In this case, we can assume P restricted to the energy surface of the Jordan form in

terms of the basis (XH , u1, u2) in the following form

P|TΣ =


1 1 0

0 1 1

0 0 1

 .
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We can extend the basis (XH , u1, u2) to a basis in the full space by adding the non-

isoenergetic vector ν so that P has the form

P =



1 1 1 0

0 1 0 0

0 0 1 1

0 0 0 1


.

It is clear that (P − Id)u1 = XH ∈ V , therefore, u1 ∈ W , and hence W =

span{XH , ν, u1}. It can be verified that Im(P − Id)|W = span{XH}, but this con-

tradicts the fact that (P − Id) is onto to V . It follows that P is of the form

P =


1 1

0 1
0

0 P̂

 ,

where P̂ = dφ̂T is the Poincaré map restricted to TΣ/XH , and has no +1 eigenvalues.

We know that V contains the flow direction XH so that the dimension of V/XH is

one dimensional and (P̂ − Id) is invertible, therefore, W/XH = (P̂ − Id)−1V/XH =

[λ] 6= 0. Hence W = span{XH , λ, ν} and Λ = W|TΣ = span{XH , λ}. The comple-

mentary symplectic subspace λ2 = span{u1, u2}. As we have seen the possibility of

the algebraic multiplicity of +1 is equal to 4 is excluded, and on all other cases λ2 is

invariant.

We are going to study the invariant Lagrangian curve described in proposition

4.2.2

λt = {(ξ(t), η(t))|ξ(0) = ξ(T ), dH(ξ(t), η(t)) = 0}.
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Recall that a focal point of the Lagrange plane λ0 is a value t = t0 where dγ(t0)π :

λt0 →M is not surjective, or in other words the intersection of λt with the vertical

distribution Vt = ker dγ(t)π is nonempty. If dφt2−t1Vt1 ∩ Vt2 6= {0}, then t1 and t2 are

called conjugate points.

The nonexistence of focal points for the Lagrangian curve λt is based on a symplec-

tic comparison theorem on the focal points of two Lagrangian curves which have the

correct alignment with regard to the symplectic form. The statement of the original

comparison theorem which we need for our purposes is the following:

Theorem 4.2.1. (Offin [31]) Let dφt denote the linearized flow of the Hamiltonian

vector field XH on R2n and let λ; λ∗ denote Lagrange planes of R2n, with vertical

plane denoted by V . Assume that dφtλ ∩ V = 0, 0 ≤ t ≤ b, and

(i) ∂2H/∂p2 > 0,

(ii) Q(λ∗, V ;λ) ≥ 0,

(iii) λ ∩ V = 0, 0 ≤ t ≤ b.

Then dφtλ
∗ ∩ V = 0, for all 0 ≤ t ≤ b.

The next proposition is based on properties of the second variation of the ac-

tion functional at the minimizing curve q̂(t). The variational problem is called non-

degenerate if ker(δ2AT (q̂)) = XH . Variational non-degeneracy implies dynamical

non-degeneracy, that is ker(P − Id) = XH . Now we calculate the second variation

evaluated in the direction of the field λt:

δ2AT (q̂) · ξ = 〈η(t), ξ(t)〉|T0

= 〈η(T ), ξ(T )〉 − 〈η(0), ξ(0)〉

= 〈η(T )− η(0), ξ(0)〉 > 0,
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where the last equality follows since the Jacobi fields (ξ(t), η(t)) in W satisfy the

periodic boundary conditions ξ(T ) = ξ(0). Moreover, in the quotient space TΣ/XH

we have

ω̂
(
λ0,Pλ0

)
= 〈η(T )− η(0), ξ(0)〉 > 0.

Proposition 4.2.3. Assume that the variational problem (4.10) is non-degenerate,

then the curve λt is focal point free on the interval [0, T ].

Proof. The assumption of non-degeneracy implies that λ0, Pλ0 are transverse, and

moreover that λ0 and Pλ0 are both transverse to V (otherwise 0 and T would be

conjugate points). ω̂ defines the signed area form in the plane of isoenergetic variations

transverse to the flow direction along γ(t). The fact that ω̂(λ0,Pλ0) > 0 then implies

Pλ0 is obtained from λ0 by rotating counter-clockwise, by an angle less than π. Since

λ0 and Pλ0 have the same horizontal component ξ(0) = ξ(T ), Pλ0 must lie between

λ0 and the vertical space V .

To show that λ0 is focal point free on [0, T ] we will argue by contradiction. If λ0

has a focal point at t = t1, then λ0 has to cross V a second time at t = t2 to reach

Pλ0 as shown earlier in Figure 1.1. The focal points t1 and t2 correspond to focal

points of Λ in the original space, that is:

πλ(t1) + aπXH(t1) = 0,

πλ(t2) + bπXH(t2) = 0,

for some a, b ∈ R. As we have noted before, the flow direction XH is vertical at 0,

T , therefore there will be at least three focal points of Λ in some interval (ε, ε + T ],

0 < ε < t1. This causes every other Lagrange plane to have at least one moment of
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verticality in this interval, since the reduced system has two degrees of freedom [4].

In particular there must be at least one point in this interval which is conjugate to ε.

The rhombus orbit q̂(t) is minimizing over (ε, ε + T ], hence a conjugate point in the

interior of (ε, ε + T ] contradicts the property of minimization on this interval. If the

end points ε, ε + T were conjugate points, this would contradict the non-degeneracy

of the variational problem.

Proposition 4.2.4. The Lagrange planes Pnλ0 have no focal points in the interval

[0, T ].

Proof. This can be seen as an application of theorem 4.2.1. As mentioned in the proof

of the previous proposition, ω̂ is simply the signed area form in the plane. The fact

that ω̂(λ0,Pλ0) > 0 then implies an orientation of these subspaces in the plane. Now

given this orientation and the fact that λ0 is focal point free on [0, T ], the comparison

theorem allows us to conclude that Pλ0 is focal point free on the same interval. Since

the symplectic mapping P preserves the symplectic form, we have ω̂(Pλ0,P2λ0) > 0.

We have established that Pλ0 is focal point free on [0, T ]; now comparing with P2λ0

and using the orientation supplied by the symplectic form ω̂, we conclude that P2λ0

is focal point free on the interval [0, T ] as well. This argument can then be repeated

for all the following consecutive pairs of iterates Pnλ0.

Proposition 4.2.5. The Lagrange plane λ0 of isoenergetic variations transverse to

the flow is focal point free on the interval 0 ≤ t <∞.

Proof. The argument proceeds by showing that λ0 is focal point free on each of the

intervals [0, T ], [T, 2T ], . . . This was shown for the first interval in Proposition 4.2.3.

λ0 is focal point free in the following intervals by induction; Pnλ0 being focal point

free on [0, T ] implies that λ0 is focal point free on [nT, (n+ 1)T ].
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Theorem 4.2.2. The reduced rhombus orbit is hyperbolic in the reduced energy man-

ifold when it is not degenerate.

Proof. We examine the iterates Pnλ0 of the subspace λ0 in the space of isoenergetic

variations transverse to the flow. In light of Proposition 4.2.4 and the fact that

ω̂(Pnλ0,Pn+1λ0) > 0 defines an orientation for the successive iterates, we conclude

that the sequence Pnλ0 must have a limit subspace

β = lim
n→∞

Pnλ0.

The subspace β is Lagrangian and invariant under the linearized Poincaré map P .

Moreover, forward iterates PnV0 rotate clockwise [31], and cannot cross any of the

iterates Pnλ0 by Proposition 4.2.5. We deduce that β can also be represented at the

forward limit of the iterates of the vertical space,

β = lim
n→∞

PnV0.

It then follows that β represents the stable subspace of the rhombus orbit. From

Proposition 4.2.5 it also follows that backwards iterates of the vertical space V0 under

P cannot cross the subspace λ0. Therefore the unstable subspace α can be represented

as the limit in backwards time,

α = lim
n→∞

P−nV0.

Finally we can verify the subspaces α and β are transverse. In the non-degenerate case

ω̂(λ0,Pλ0) > 0, which implies ω(α, β) > 0 and the spaces must be transverse.



Chapter 5

The Parallelogram Four Body

Problem

In this chapter, we will attempt to adapt some techniques from chapter 4 to an

interesting non-homographic solution for the planar equal mass four body problem.

Recently, some important progress has been made by
(
[9], [8], [10]

)
in the area of

celestial mechanics, where the symmetry groups arise from assumptions made on

the symmetry class of the periodic orbit. The figure eight orbit for the planar equal

mass three body problem, was discovered independently by Moore[29], Chenciner and

Montogomery[9]. On this orbit all masses chase each other along a figure eight circuit

without any collision, and the solution curve passes through every Euler configuration

repeatedly. Another orbit, the ”hip-hop” orbit for the spatial four body problem

with equal masses was discovered by Chenciner and Venturelli[10], on this orbit, the

configuration of the masses varies periodically between the configuration of the square

and the tetrahedron.

In section 5.1, we review the discussion of the existence of periodic solutions and

76
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Figure 5.1: The action minimizing parallelogram orbits

the reduced variational problem for the equal mass parallelogram orbits, which were

considered by Chen in 2001[7]. Chen showed the existence of the periodic orbit

where pairs of masses move on two isometric star-shaped simple closed curves (see

figure 5.1). These two closed curves intersect at vertices of a square with their major

axes perpendicular to each other on this orbit. An important feature of Chen’s

parallelogram solutions is that the masses sit on two separate closed curves and the

motion is non-homographic. The configuration of the equal masses changes from

square to collinear periodically and remains a parallelogram for all time.

In section 5.2, we will describe new results concerning certain symmetry properties

of the linearized systems along the minimizing equal mass parallelogram orbits.

In section 5.3, we modify a method described in [33], which gives a purely geo-

metric argument for the stability of these symmetric minimizing solutions.
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5.1 The Orbit

The planar four body problem describes the motion of four masses m1, ...,m4 > 0

moving in R2 in accordance with Newton’s law:

miq̈i =
∂

∂qi
U(q), i = 1, ..., 4, (5.1)

where qi ∈ R2 denotes the position, and mi the mass of the ith particle. With

configuration q = (q1, q2, q3, q4), the force function U(q) (negative of the potential

energy) is defined as

U(q) =
∑
i<j

mimj

rij
,

where rij = |qi − qj| measures the distance between the ith and jth bodies. The

moment of inertia I and kinetic energy K are given by

I(q) =
4∑
i=1

mi|qi|2, and K(q̇) =
1

2

4∑
i=1

mi|q̇i|2,

while the Hamiltonian governing the equations of motion is

H(q, q̇) = K(q̇)− U(q).

For the parallelogram four body problem (having equal masses normalized to one),

we consider the configuration space Mp

Mp = {q = (q1, ..., q4)|q ∈ (R2)4,

4∑
i=1

qi = 0, q3 = −q1, q4 = −q2, qi 6= qj}.
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The Lagrangian L : TMp → R is

L(q, q̇) =
1

2

4∑
i=1

||q̇i||2 + U(q),

and the action defined on loops in the configuration manifold, q(t) ∈ H1([0, T ],Mp)

is

A(q) =

∫ T

0

L(q, q̇)dt,

where H1([0, T ],Mp) denotes the Sobolev space of absolutely continuous T -periodic

loops in the configuration manifold Mp with square-integrable derivatives .

Motivated by the methods and results of Chenciner and Montogomery[9], Chen[7]

gave the following theorem:

Theorem 5.1.1. For a positive real number T , There exists a periodic solution q(t) =

(q1(t), q2(t), q3(t), q4(t)) ∈ R8 of the Newtonian four body problem with equal masses

of minimum period 8T with the following properties:

(a) q1(t) = −q3(t), q2(t) = −q4(t) for any t ∈ R;

(b) qi(t) 6= qj(t) for any t ∈ R and i 6= j;

(c) qi(t+ 4T ) = −qi(t) for any t ∈ R;

(d) qi(0) are vertices of a square and qi(T ) are collinear;

(e) q1(t) : t ∈ [0, 8T ] is a star-shaped simple closed curve.

The following subsection will describe the reduced space and the construction of

the shape sphere where these motions may be visualized.
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Figure 5.2: Jacobi coordinates in R2

5.1.1 The Quotient Map.

The configuration space Mp is a four dimensional manifold. A preferred way of

parametrizing Mp is to use complex Jacobi coordinates z as in ([9], [28]), which are

identified as vectors in R2:

J :Mp 7→ R4,

and defined by

(z1, z2) = J (q1, q2) = (q2 − q1,−q2 − q1) ∈ (R2)2 ' C2.

Figure 5.2 shows how this construction can be visualized.

The reduced configuration space Mp/SO(2) is obtained by quotienting out from

Mp the rotational symmetry given by the SO(2)-action: eiθ · (z1, z2) = (eiθz1, e
iθz2).

The action of SO(2) corresponds to the diagonal action of the complex unit scalars on

Jacobi coordinates (z1, z2). That is to say, Mp/SO(2) can be identified with C2/S1.
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This identification Mp/SO(2) is carried out by the Hopf map

F(z1, z2) = (u1, u2 + iu3) = (|z1|2 − |z2|2, 2z̄1z2) ∈ R× C.

Each single point inMp/SO(2) represents a congruence class of configurations formed

by the four mass points. A level set I−1(c), c > 0, of the moment of inertia I(q) = q ·q

is a three sphere and is mapped onto a two sphere u2
1 +u2

2 +u2
3 = c2 via this mapping.

Each point on the unit sphere {|u|2 = 1} called the unit shape sphere, represents a

similarity class of configuration. By using spherical coordinates

(u1, u2, u3) = (r2 cosφ cos θ, r2 cosφ sin θ, r2 sinφ).

We can now see geometrically the reduced space Mp/SO(2) ' R+ × F(I−1(c)) and

the projection of a path q ∈ H1([0, T ],Mp) into H1([0, T ],Mp/SO(2)) is called the

reduced path of q.

The following observations describe the relations between points on the unit shape

sphere and the configuration of the four bodies:

• The configuration is a collinear if and only if u3 = 0 (φ = 0).

• The configuration is a square if and only if u1 = u2 = 0 (φ = π
2
)

• The configuration is a rhombus if and only if u1 = 0 (θ = π
2

or 3π
2

)

• The configuration is a rectangle if and only if u2 = 0 (θ = 0 or π).
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5.1.2 Dynamical Structures of the Orbit.

In this section we need to construct the Hamiltonian equations in the reduced space,

which we need for our purposes. Denote pi = q̇i as the momentum coordinates. Then,

z1 = q2 − q1, v1 =
1

2
(p2 − p1),

z2 = −q2 − q1, v2 =
1

2
(−p2 − p1). (5.2)

The new symmetry constrained Hamiltonian has the form,

H(z1, z2, v1, v2) =
1

2
(|v1|2 + |v2|2)− U(z1, z2),

where U(z1, z2) will be given in details in the following lemma.

Lemma 5.1.1. The force function ( negative of the potential energy) U = U(z1, z2)

has the following form:

U(z1, z2) =
2

|z1|
+

2

|z2|
+

1

|z1 + z2|
+

1

|z1 − z2|
. (5.3)

Proof. Since mi = mj = 1, i, j = 1, 2, 3, 4, the standard force function will has the

form,

U(q) =
1

|q1 − q2|
+

1

|q1 − q3|
+

1

|q1 − q4|
+

1

|q2 − q3|
+

1

|q2 − q4|
+

1

|q3 − q4|
.

Since q3 = −q1, q4 = −q2, we get,

U(q1, q2) =
2

|q1 − q2|
+

2

|q1 + q2|
+

1

2|q1|
+

1

2|q2|
. (5.4)
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From equation (5.2), we have |z1| = |q1 − q2|, |z2| = |q1 + q2|, |z1 + z2| = 2|q1| and

|z1 − z2| = 2|q2|. Therefore, the formula (5.3) follows by (5.4).

In these coordinates, it is easy to see that the moment of inertia becomes I =

|z1|2 + |z2|2. The level set I−1(1) is a cross section of reduced configuration space. We

also have,

r12 = |z1|, r14 = |z2|,

r13 = |z1 + z2|, r24 = |z1 − z2|.

To obtain coordinates on Mp/SO(2), we use the Hopf map to generate a point

transformation u = F(z). For notational purposes, z · v refers to the usual dot

product in R2. We treat z× v as a scalar obtained by taking the non-zero component

of the cross product of two vectors in R2 . Coordinates on the phase space are derived

by expanding F to a symplectic transformation in the usual way, w = (∂F
∂z

)−Tv. Our

new variables are:

u1 = |z1|2 − |z2|2, w1 =
1

2I
(z1 · v1 − z2 · v2),

u2 = 2(z1 · z2), w2 =
1

2I
(µz1 · v1 − νz2 × v2 + z1 · v2), (5.5)

u3 = 2(z1 × z2), w3 ==
1

2I
(νz1 · v1 + µz2 × v2 + z1 × v2),

u4 = arg(z1), w4 = z1 × v1 + z2 × v2,

where µ =
z1 · z2

|z1|2
, ν =

z1 × z2

|z1|2
.

The new Hamiltonian is independent of u4, as will be seen in lemma 5.1.2, which

in turn implies that the angular momentum is constant, that is w4 = c. Letting
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u = (u1, u2, u3) and w = (w1, w2, w3), the Hamiltonian function for the reduced

problem is

H(u,w) = 2K(w)I(u) +
c(c+ 2u3w2 − 2u2w3)

u1 + I(u)
− U(u),

where K(w) = w2
1 + w2

2 + w2
3 and I(u) = (u2

1 + u2
2 + u2

3)1/2.

The angular momentum J(q, p) = w4 is conserved along solutions, this is imme-

diate since the angular variable u4 does not appear in the Hamiltonian. We can then

restrict our attention to the dynamics on the reduced space J−1(0)/SO(2), defined

by setting the angular momentum w4 = 0, and projecting out the SO(2) symmetry.

We identify the reduced space with T ∗(Mp/SO(2)) with canonical cotangent coordi-

nates (u,w), where the reduced configuration space has three degrees of freedom with

coordinates (u1, u2, u3). The new Hamiltonian in J−1(0)/SO(2) reduces nicely to

H(u,w) = 2K(w)I(u)− U(u), (5.6)

where U(u) will be given (in details) in the following lemma:

Lemma 5.1.2. The force function U(u1, u2, u3) has the following form:

U(u) =
2
√

2√
I + u1

+
2
√

2√
I − u1

+
1√

I + u2

+
1√

I − u2

. (5.7)

Proof. From (5.5), we have the following two equations:

I = |z1|2 + |z2|2 = (u2
1 + u2

2 + u2
3)1/2, (5.8)

u1 = |z1|2 − |z2|2. (5.9)
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Solving (5.8) and (5.9) for |z1|2, |z2|2 to obtain,

|z1|2 =
1

2
(u1 + I), |z2|2 =

1

2
(−u1 + I). (5.10)

Using (5.10) and the fact that u2 is nothing more than the dot product of z1, z2, it

follows:

|z1 + z2|2 = |z1|2 + |z2|2 + 2z1 · z2 =
1

2
(u2 + I) +

1

2
(−u2 + I) + u2 = I + u2.

Similarly, for |z1 − z2|2, we have

|z1 − z2|2 = I − u2.

Then formula (5.7) follows by (5.3).

The dynamics on the reduced space are simply given by the equations of motion

in Hamiltonian form:

u̇ =
∂H

∂w
= 2K ′(w)I(u),

ẇ = −∂H
∂u

= −2K(w)I ′(u) + U ′(u). (5.11)

The problem has been reduced to three degrees of freedom with coordinates (u,w).

Using these coordinates, it is not difficult to understand the shape sphere I = 1. The

cross product z1× z2 vanishes if and only if the three bodies are collinear. Therefore,

the collinear configurations, denote by C, correspond to the equator u3 = 0. The dot

product z1 · z2 vanishes if and only if z1 is perpendicular to z2. Therefore, the square

configurations, denote by S, correspond to the u3-axis, that is, u1 = u2 = 0.
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The periodic solution can be constructed by reflections inMp/SO(2). We consider

two isometries on the phase space T ∗(Mp/SO(2)),

Rs : (u1, u2, u3, w1, w2, w3) 7→ (−u1,−u2, u3, w1, w2,−w3),

Rc : (u1, u2, u3, w1, w2, w3) 7→ (u1, u2,−u3,−w1,−w2, w3).

From now on for brevity, let Rs,c denote Rs or Rc respectively. The Hamiltonian

(5.6) of the reduced system is invariant under these mappings, and they are anti-

symplectic, that is to say R∗s,c(ω) = −ω, where ω is the standard symplectic form on

T ∗(Mp/SO(2)). The equations (5.11) of the reduced system are invariant under the

two corresponding time-reversing symmetries,

(t, u1, u2, u3, w1, w2, w3) 7→ (−t,Rs,c(u1, u2, u3, w1, w2, w3)).

A key property of these anti-symplectic symmetries is identified in the following

proposition which can be found in [2]

Proposition 5.1.1. Let H : T ∗M 7→ R be a Hamiltonian function, with correspond-

ing Hamiltonian vector field XH . Suppose Rs,c : T ∗M 7→ T ∗M is anti-symplectic

mapping, and the Hamiltonian H is invariant under these reflections. Then Rs,c re-

verses the Hamiltonian vector field, Rs,c ◦XH = −XH ◦Rs,c, and its flow φt satisfies

the relation Rs,c ◦ φt = φ−t ◦ Rs,c.
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5.1.3 A Reduced Variational Principle.

In this section, we review some discussion of existence and minimizing solutions for

the equal mass parallelogram four body problem which was derived by Chen in [7].

We will also show that the minimizing solution can be extended to a symmetric

4T -periodic solution in the reduced space.

Chen’s proof for Theorem 5.1.1 consists of a few parts, firstly, he reduced the

minimizing problem of A to the minimization of reduced action function Ared, where

Ared =

∫ T

0

(
1

2
Kred + U(u))dt,

and the reduced kinetic energy is defined explicitly and in a more details (see Ap-

pendix C) as follows:

Kred =
1

8

|u̇|2

I(u)
.

He also showed that the minimizer of A on Λpr has angular momentum zero and

therefore it also minimizes Ared on Λpr, where Λpr is given in (5.12).

The second part of the proof, was to prove this inequality,

inf
u∈Λpr

A < inf
q∈Λ
A,

where Λ is the collection of paths in Λpr which has a rhomboid configuration for all

time. The upper bound he got for the left hand side is approximately 5.33T 1/3, and

the right hand side has a lower bound 3(9+4
√

2
2

π2)1/3T 1/3 ≈ 12.499456T 1/3.

The last part describes the shape of the orbit, including showing that each lobe

of the curve is star-shaped.
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In section 5.1.2, we introduced the reduced space J−1(0)/SO(2) ' T ∗(Mp/SO(2))

with coordinates (u,w) = (u1, u2, u3, w1, w2, w3). The dynamics are described by a

system of three degrees of freedom, governed by the reduced Hamiltonian described

in (5.6).

Now we wish to introduce the reduced action symmetry group which is generated

by two reflections θs, θc which are respectively reflections through square and collinear

configurations. Firstly, we define the symmetries θs, θc on Mp/SO(2) by

θs : (u1, u2, u3)→ (−u1,−u2, u3), θc : (u1, u2, u3)→ (u1, u2,−u3).

In addition, the antisymplectic symmetries, defined in section 5.1.2, are

Rs : (u,w) 7→ (θsu,−θsw), Rc : (u,w) 7→ (θcu,−θcw).

The variational problem that is introduced by Chen is

Ared(ū) = min
Λpr

Ared(u), (5.12)

Λpr = {u ∈ H1([0, T ],Mp/SO(2))|u(0) ∈ S+, u(T ) ∈ C},

where S+, S− denote positively and negatively oriented square configurations, in the

sense that z2 located counter-clockwise or clockwise relative to z1, respectively as

shown in Figure 5.3.

The functionAred restricted on Λpr is coercive and a standard argument in calculus

of variation shows that the infimum of Ared on Λpr is attained [7]. Non-collision of

parallelogram minimizing solutions was proven in [7] by studying the behaviour of
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Figure 5.3: Positively and negatively oriented square configuration

the action of the minimizing orbits in the reduced space and comparing their action

with the rhomboid motions.

In the reduced space, Chen’s solution is defined only over the interval [0, T ] using

the boundary conditions u(0) ∈ S+, u(T ) ∈ C. The following proposition shows how

Chen’s solution can be extended symmetrically to [0, 4T ].

Proposition 5.1.2. The solution ū(t) to the variational problem (5.12) can be ex-

tended symmetrically to [0, 4T ] using the following symmetry constraints:

(i) u(t) = θs · u(−t),

(ii) u(t+ T ) = θc · u(−t+ T ).

Proof. We first extend Chen’s solution ū(t) to [T, 2T ]. Using condition (ii), applied

to ū on the interval [0, T ], we can define u(t + T ) = θc · ū(−t + T ) on the interval

t ∈ [0, T ]. Setting t = T , we have u(2T ) = θc · ū(0). That in turn implies u(t) is

a symmetric extension of ū(t) on the interval [T, 2T ]. Secondly, we can extend the

symmetric extension of ū(t) to [2T, 3T ]. Using condition (ii), applied to u(t) on the

interval [T, 2T ], we can define u(t + T ) = θc · u(−t + T ) on the interval t ∈ [T, 2T ].

Setting t = 2T , we have

u(3T ) = θc · u(−T ). (5.13)
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Using condition (i), setting t = T , we have u(T ) = θs · u(−T ). Plugging this into

(5.13), we get

u(3T ) = θs · θc · u(T ) = θs · u(T ). (5.14)

That in turn implies u(t) is symmetrically extended to [2T, 3T ]. Finally, we want to

extend the symmetric extension of u(t) to [3T, 4T ]. Using condition (ii), applied to

the symmetric extension of u(t) on the interval [2T, 3T ], we can define u(t + T ) =

θc · u(−t+ T ) on the interval t ∈ [2T, 3T ]. Setting t = 3T , we have

u(4T ) = θc · u(−2T ) = u(2T ).

The following proposition shows that the solution ū(t) can be immediately ex-

tended to a 4T -periodic solution of the reduced Hamiltonian system.

Proposition 5.1.3. The solution ū(t) to the variational problem (5.12) may be ex-

tended so as to satisfy the relation u(t+ 2T ) = −u(t). The corresponding momentum

w(t) satisfies the same symmetry w(t+ 2T ) = −w(t). Together, the pair (u(t), w(t))

may be extended to a 4T -periodic solution of the reduced system.

Proof. We first show that the symmetric extension is smooth. Using the transver-

sality conditions [19], w(0) ⊥ S+, w(T ) ⊥ C, we have (u(0), w(0)) ∈ FixRS and

(u(T ), w(T )) ∈ FixRc. We will now show that ū(t) can be extended so as to satisfy

the relation (u(t + 2T ), w(t + 2T )) = −(u(t), w(t)). We use the flow equivariance

relation,

Rs ◦ φt = φ−t ◦ Rs. (5.15)
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Applying the symmetry Rc to both sides of (5.15), we get

(RcRs) ◦ φt = Rc ◦ φ−t ◦ Rs = φt ◦ (RcRs). (5.16)

Applying (5.16) to (u(2T ), w(2T )), we get

(RcRs) ◦ φt · (u(2T ), w(2T )) = φt ◦ (RcRs) · (u(2T ), w(2T )),

and therefore,

(RcRs) · (u(t+ 2T ), w(t+ 2T )) = φt ◦ (RcRs) · (u(2T ), w(2T )). (5.17)

Since (u(2T ), w(2T )) = Rc · (u(0), w(0)), (5.17) becomes

(RcRs) · (u(t+ 2T ), w(t+ 2T )) = φt ◦ (RcRs)Rc · (u(0), w(0)). (5.18)

Since RsRc = −I, R2
c = I, it follows that Rs, Rc commute. From (5.18), we have

−(u(t+ 2T ), w(t+ 2T )) = φt ◦ Rs · (u(0), w(0))

= (u(t), w(t)).

Now iterating the symmetry establishes periodicity of the solution

(u(4T ), w(4T )) = −(u(2T ), w(2T )) = (u(0), w(0)).
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The minimization over the interval [0, T ] which was considered by Chen in (5.12)

can be extended to the interval [0, 2T ].

Proposition 5.1.4. Let ū(t) be the minimizing solution of the variational problem

(5.12), defined on the interval [0, T ], then the symmetric extension (proposition 5.1.2)

of ū minimizes the action functional over the interval [0, 2T ] with respect to boundary

conditions

u(0) ∈ S+, u(2T ) ∈ S−, u(T ) ∈ C.

Proof. We construct a variation

ũ(t) =

 u1, 0 ≤ t ≤ T

u2, T ≤ t ≤ 2T,

where the curve u1 joins S+ to C, u2 joins C to S−. We also construct θcu1 that joins

S− to C and θcu2 that joins C to S+. We note that the actions of the curves θcu1,

θcu2 are the same as those of u1 and u2 because the Lagrangian function is invariant

under both reflections.

We can concatenate the action of these symmetric curves u1, θcu1 and u2, θcu2 to

obtain symmetric curves from S+ to S−

AT (u1) +AT (θcu1) ≥ 2AT (ū), AT (u2) +AT (θcu2) ≥ 2AT (ū). (5.19)

It follows that

2A2T (ũ) = 2[AT (u1) +AT (u2)] ≥ 4AT (ū) = 2A2T (ū).
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The following proposition shows that the minimization over the interval [0, 2T ]

(Proposition 5.1.4) can also be extended to [0, 4T ].

Proposition 5.1.5. The symmetric extension of the solution ū(t) of the variational

problem (5.12) can also be minimized over the interval [0, 4T ] subject to the boundary

constraints

u(0) ∈ S+, u(2T ) ∈ S−, u(T ) ∈ C, u(3T ) ∈ C.

Proof. We construct a variation

ũ(t) =

 u1, 0 ≤ t ≤ 2T

u2, 2T ≤ t ≤ 4T,

where ũ is not necessarily symmetric or even periodic. From proposition 5.1.4, it is

clear that

A2T (u1) ≥ A2T (ū), A2T (u2) ≥ A2T (ū),

and therefore,

A4T (ũ) = A2T (u1) +A2T (u2) ≥ 2A2T (ū) = A4T (ū).

Proposition 5.1.6. The symmetric extension of the (Proposition 5.1.3) can also be

shown to minimize the action functional on the interval [0, 4T ] subject to the following

symmetry constraints,

(i) u(t) = θs · u(−t),
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(ii) u(t+ T ) = θc · u(−t+ T ),

which are equivalent to the boundary conditions in Proposition 5.1.5.

Proof. We only need to check that conditions (i) and (ii) are equivalent to that of

proposition 5.1.5. From condition (i), it is clear that at t = 0, u(0) is fixed by the

symmetry θs, that is to say, u(0) = θs · u(0) or u(0) ∈ S+. Similarly, using condition

(ii) and at t = 0, u(T ) is fixed by the symmetry θc, that is to say, u(T ) = θc · u(T ),

or u(T ) ∈ C. Setting t = T , using condition (ii), we have

u(2T ) = θc · u(0). (5.20)

Applying the symmetry θs to both sides of (5.20) and using the relation u(t+ 2T ) =

−u(t) for t = 0, we obtain

θs · u(2T ) = −u(0) = u(2T ).

That is to say that u(2T ) is fixed by the symmetry θs or u(2T ) ∈ S−. Similarly, at

t = 2T , using condition (ii), we have

u(3T ) = θc · u(−T ). (5.21)

Applying the symmetry θc to both sides of (5.21) and using the fact that the orbit is

4T -periodic, we get

θc · u(3T ) = u(−T ) = u(3T ).

That is to say that u(3T ) is fixed by θc or u(3T ) ∈ C. Thus, we have shown that

conditions (i), (ii) imply the conditions in Proposition 5.1.5.
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Conversely, we show that the conditions in Proposition 5.1.5 imply conditions (i),

(ii).

Firstly, apply the time reversing property Rs ◦ φt = φ−t ◦ Rs to (u(0), w(0)) to get

Rs ◦ φt · (u(0), w(0)) = φ−t ◦ Rs · (u(0), w(0))

= (u(−t), w(−t)).

Projecting this into the configuration component, we get θs · u(t) = u(−t).

Secondly, apply the relation Rc ◦ φt = φ−t ◦ Rc to (u(T ), w(T )) to get

Rc · (u(t+ T ), w(t+ T )) = φ−t ◦ Rc · (u(T ), w(T ))

= (u(−t+ T ), w(−t+ T )).

Projecting this into the configuration component, we get θc · u(t + T ) = u(−t + T ).

Thus, we have shown that conditions (i), (ii) are equivalent to that of proposition

5.1.5 and therefore the solution ū(t) minimizes the action functional over the interval

[0, 4T ] with respect to conditions (i), (ii).

5.2 Linearization Symmetries of the Parallelogram

Solutions with Equal Masses

In this section we will describe certain symmetry properties of solutions of the problem

linearized along the minimizing parallelogram solution. Given canonical coordinates

z = (ui, wi), i = 1, 2, 3 on the reduced phase space T ∗(Mp/SO(2)), the natural
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coordinates on TT ∗(Mp/SO(2)) will be denoted ζ = (ξ, η). We let XH be the reduced

Hamiltonian vector field on T ∗(Mp/SO(2)) with flow φt, and let z(t) be the projection

in the reduced space of a 4T -periodic parallelogram solution. The linearized equations

along z(t) are then given using the Hamiltonian equations (5.11), as

ξ̇ = η, η̇ = −1

8

( u̇2I ′′(u)

I2(u)
− 2u̇2I ′2

I3(u)

)
+
∂2U

∂u2
ξ. (5.22)

We interpret ζ(t) = (ξ(t), η(t)) as a variational vector field defined along the curve

z(t) ⊂ T ∗(Mp/SO(2)). In the context of the minimizing parallelogram solution of

the variational problem, we adopt the terminology used when discussing geodesics on

a Riemannian manifold and refer to a solution ζ(t) (or sometimes simply its configu-

ration component ξ(t) as a Jacobi field).

In our study of the non-linear system, we investigated the interaction of periodic

solutions with the fixed point manifolds of the symmetries Rs,c. For the linearized

problem, we must consider the eigenspaces of the symmetries raised to the tangent

space of the corresponding fixed point manifolds. The eigenspaces of both symmetries

are of the form

Λ±,sz = {ζ ∈ TzT ∗Mp : z ∈ FixRs,Rs(ζ) = ±ζ},

Λ±,cz = {ζ ∈ TzT ∗Mp : z ∈ FixRc,Rc(ζ) = ±ζ}.

The flow direction XH(z(t)) = ż(t) of the un-linearized problem along the orbit

z(t) is always a solution of the linearized system, since

z̈(t) =
d

dt
XH(z(t)) = DXH(z(t)) · ż(t).
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The reduced flow φt on T ∗(Mp/SO(2)) has the property that Rs,c ◦ φt = φ−t ◦ Rs,c

and the linearized flow Dφt comes into a similar symmetry condition, Dφt ◦ Rs,c =

Rs,c ◦Dφ−t.

The initial flow vector XH(z0) is an eigenvector of the monodromy matrix Dφ4T

with eigenvalue +1. By evaluating the equations of motion in (5.11) at the initial

point of the orbit z0 = (0, 0, u3, w1, w2, 0) ∈ FixRs, it can be immediately verified

that the initial flow lies in the negative eigenspace of Rs, since it has the form

XH(z0) = (∗, ∗, 0, 0, 0, ∗) ∈ Λ−,sz0
.

After time T , the orbit z(t) intersects FixRc, Z(T ) = (∗, ∗, 0, 0, 0, ∗). The flow at

time T lies in the negative eigenspace of Rc,

XH(z(T )) = (0, 0, ∗, ∗, ∗, 0) ∈ Λ−,cz(T ).

Similarly, , it is easily verified that

XH(z(2T )) = (∗, ∗, 0, 0, 0, ∗) ∈ Λ−,sz(2T ),

XH(z(3T )) = (0, 0, ∗, ∗, ∗, 0) ∈ Λ−,cz(3T ).

Thus we see that the flow direction alternates between the negative eigenspaces of

Rs and Rc as the orbit alternates between the fixed point sets of Rs and Rc when

the time is an integer multiple of T .

The Hamiltonian is conserved along solutions, hence the flow along z(t) is tangent

to the energy surface H−1(h). In fact, we can easily verify that the entire negative
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eigenspaces are isoenergetic. Given z ∈ FixRs,c, the tangent space TzT
∗Mp splits

into the direct sum of the positive and negative eigenspaces,

TzT
∗Mp = Λ+,s

z ⊕ Λ−,sz ,

TzT
∗Mp = Λ+,c

z ⊕ Λ−,cz .

We can verify directly that the normal vector ∇H(z) = ( ∂H
∂u1
, ∂H
∂u2
, ∂H
∂u3
, w1, w2, w3) of

the energy surface is in the positive eigenspace:

∇H|FixRs = (0, 0, ∗, ∗, ∗, 0) ∈ Λ+,s,

∇H|FixRc = (∗, ∗, 0, 0, 0, ∗) ∈ Λ+,c.

We conclude that for z ∈ FixRs,c the gradient ∇H(z) is orthogonal to the negative

eigenspaces of Rs,c.

The monodromy matrix Dφ4T is symplectic since the system is Hamiltonian, hence

its eigenvalues must be symmetric in the complex plane with respect to both the unit

circle and the real line. There is at least one pair of +1 eigenvalues, however the

geometric multiplicity is only one, with the only eigenvector given by the initial

flow XH(z0). The normal direction is not in the span of the eigenvectors of the mon-

odromy matrix due to the conservation of the Hamiltonian, and lies in the generalized

eigenspace corresponding to +1 eigenvalue. The system has three degrees of freedom,

the four remaining non-trivial eigenvalues must then fall into one of the following

cases. The first case consists of two pairs, each pair is one of the three possibilities:

a real reciprocal pair of magnitudes not equal to one, a conjugate pair on the unit
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Figure 5.4: Location of eigenvalues on S1 case 1.

circle, or a pair of ±1 eigenvalues. The other case is a quadruple (λ, λ̄, λ−1, λ̄−1). For

location of eigenvalues on the unit circle of all possibilities for all cases, see Figures

5.4, 5.5.

The following proposition states that if a solution starts in one of the two La-

grangian planes at time t = 0 and hits the other at time t = T , then the solution

is a 4T -periodic solution and the orbit of this solution is carried into itself by both

symmetries.

Proposition 5.2.1. If ζ ∈ Λ+,s
0 ∩ dφ−T · Λ+,c

T , then ζ(t) = dφt · ζ is 4T periodic.

Proof. Using the relation Dφt ◦ Rc = Rc ◦ φ−t, we have

Dφt+T · ζ = Dφt ◦DφT · ζ = Dφt(Rc ◦DφT · ζ) = Rc ◦DφT−t · ζ.

In particular, Dφ2T · ζ = Rc · ζ. Similarly, we show the segments of the solution on
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Figure 5.5: Location of eigenvalues on S1 case 2

the intervals [0, 2T ], [2T, 4T ] are symmetric under Rs,

Dφ4T · ζ = Dφ2T (Rc · ζ)

= Rc(Dφ−2T · ζ))

= Rc(Dφ−2T (Rs · ζ))

= Rc · Rs(Dφ2T · ζ)

= Rc · Rs(Rc · ζ), (Rs,Rc commute)

= Rs · ζ = ζ.
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5.3 Instability of the Equal Mass Parallelogram

Solutions

In this section, we study the linear stability of the equal mass parallelogram solution.

In [35] Roberts has developed a method to study the question of stability for symmet-

ric solutions of the N -body problem. One of the examples where this method has been

applied is the minimizing figure eight solution of the equal mass three body problem

[9]. However, these results require numerics to determine the linear stability once

the figure eight is located numerically. Thus, our methods differ in giving a purely

geometric argument for the stability analysis of symmetric minimizing orbits in the

parallelogram equal mass four body problem. Cabral and Offin [33] described an ana-

lytic method for determining the linear stability of a family of symmetric minimizing

periodic solutions of Hamiltonian systems. They applied this method to the symmet-

ric periodic solutions of the isosceles three body problem. Their method shows that

the symmetric periodic solutions corresponding to the isosceles three body problem

are unstable and hyperbolic on its energy manifold. Buono and Offin[6] also have

generalized this method to general periodic solutions with spatio-temporal symme-

tries (without reversing symmetries) obtained using a collision-free minimizing path

of the Lagrangian action functional.

We will use a modification of the argument found in [33] in which Lagrange planes

of variations associated with the symmetric boundary conditions of the minimization

problem are shown to be focal point free. Counting focal points of the plane is the

same as counting intersections (or the Maslov index) of the plane with the vertical

distribution. Showing this index is zero in forward time implies existence of invariant
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subspaces, which we can identify as the stable and unstable subspaces.

We shall prove the following result (main theorem):

Theorem 5.3.1. The minimizing equal mass parallelogram solution is unstable when

it is non-degenerate.

As we have seen existence was proven by minimizing the classical action. The

proof of instability involves the second variation of the action and the Maslov index

of Lagrangian planes associated with Jacobi fields satisfying a symmetric boundary

condition.

The setting of this problem is the reduced momentum space J−1(0)/SO(2) '

T ∗(Mp/SO(2)). The projection in the reduced space of the action minimizing par-

allelogram solutions is denoted by z(t) = (u(t), w(t)), where w(t) =
u̇

4I(u)
. The

reduced Lagrangian Lred is described in section 5.1.3 and the curve z(t) is itself the

minimizer of the reduced action

Ared(ū) =

∫ T

0

Lred(u,w)dt,

over the function space Λpr = {u ∈ H1([0, T ],Mp/SO(2)|u(0) ∈ S+, u(T ) ∈ C}.

Given a variational vector field ξ(t) ∈ Tu(t)Λpr with corresponding momentum vari-

ation η(t) = ξ̇(t), the first and second derivatives of the action evaluated in the

direction ξ(t) along a critical curve u(t) are

δAT (ū).ξ =
〈
w, ξ

〉∣∣T
0

+

∫ T

0

〈
− dw

dt
+ (− u̇2

8I2(u)
I ′(u) +

∂U

∂u
), ξ
〉
dt,

δ2AT (ū)(ξ, ξ) =
〈
η, ξ
〉∣∣T

0
+

∫ T

0

〈
− dη

dt
+
(
− 1

8

( u̇2I ′′(u)

I2(u)
− 2u̇2I ′2

I3(u)

)
+
∂2U

∂u2

)
ξ, ξ
〉
dt.
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We defined the Jacobi field along u(t) as a variation of the configuration ξ(t)

which, together with the variation in momenta η(t), satisfies the linearized equations

(5.22).

Consider the Lagrange planes,

Λ+,s
0 = T(u(0),w(0))(FixRs), Λ+,c

T = T(u(T ),w(T ))(FixRc),

F ixRs = (0, 0, u3, w1, w2, 0), F ixRc = (u1, u2, 0, 0, 0, w3).

We are particularly interested in the Jacobi fields ξ(t) = dπ(dφtζ) with ζ ∈ Λ+,s
0 ,

π : J−1(0)/SO(2) → Mp/SO(2) is the projection of the reduced space into the

reduced configuration space and will denote the vertical space of the projection at

(u,w) by V |(u,w) = ker dπ. We are interested in the evolution of the subspace Λ+,s
0

under the linearized flow Dφt, this then describes a curve of Lagrangian planes Λ+,s
t =

DφtΛ
+,s
0 .

The argument which was used in [33] for the instability of symmetric solutions

of the isosceles three body problem rested on showing that the Lagrangian plane

associated with the appropriate boundary conditions has no focal points in forward

time; this focal index coincides with the Maslov index of the curve of Lagrange planes

in the Lagrangian Grassmanian-the space of all Lagrangian planes. The Maslov index

is a count of intersections with the Maslov cycle, the two-sided submanifold of the

Lagrangian Grassmanian with co-dimension one containing Lagrangian planes with

non-zero intersection with the vertical distribution V = ker π.

Our goal is to show that the Lagrange plane dφtΛ
+,s
0 is focal point free over the

interval [−2T, 0) ∪ (0, 2T ]. To do this, we will also need to consider the Lagrange
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plane dφtΛ
+,c
T , the tangent of the fixed point set of Rc. The difficulty in our case is

that the Lagrangian planes which seems most natural to the problem are known to

possess a focal point in the fundamental time domain. However, it can be shown that

these Lagrange planes are focal point free over the interval (0, T ].

Lemma 5.3.1. If the minimizing parallelogram solution ū(t) is non-degenerate, then

over the interval (0, T ], dφtΛ
+,s
0 is focal point free.

Proof. If there is a focal point of Λ+,s
0 at t0, then consider this particular broken

Jacobi field,

ξ̄(t) =

 ξ(t), 0 ≤ t ≤ t0

0, t0 ≤ t ≤ T,

where ξ(t0) = 0. The following two cases are examined:

(i) If t0 ∈ (0, T ) is a focal point, then there is a Jacobi field (ξ(t), η(t)) such that

ξ(0) ∈ TS+, ξ(T ) ∈ TC. If we compute the second variation in the direction of ξ̄, we

will find that

δ2AT (ū)ξ̄ =
〈
η(t), ξ(t)

〉∣∣t0
0

=
〈
η(t0), ξ(t0)

〉
−
〈
η(0), ξ(0)

〉
= 0,

where the first product vanishes since ξ(t0) = 0 and the second product vanishes

because the two vectors ξ(t) and η(t) at t = 0 are in a different eigenspaces of the

symmetric operator θs, and therefore are orthogonal. That in turn implies ξ̄ must be

an eigenfield with an eigenvalue zero in the space of variations satisfying ξ̄(0) ∈ TS+,

ξ̄(T ) ∈ TC. On the other hand, this field not smooth and therefore cannot be an

eigenfield. This contradicts the minimality of ū(t), and in turn implies that dφtΛ
+,s
0
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has no focal point on (0, T ).

(ii) The end point t0 = T cannot be a focal point. If it were a focal point, then

there would be a Jacobi field (ξ(t), η(t)) satisfying ξ(0) ∈ TS+, ξ(T ) ∈ TC. But

ξ is nonzero and not the projection of the linearized flow dπdXH(t), therefore, this

contradicts the non-degenercy of the functional in the sense that the second variation

is non-degenerate. This in turn implies that dφtΛ
+,s
0 cannot have focal point over the

half open interval (0, T ].

Lemma 5.3.2. If the minimizing parallelogram solution ū(t) is non-degenerate, then

over the interval (0, T ], dφtΛ
+,c
T is focal point free.

Proof. If there is focal point of Λ+,c
T at t0, then there is a broken Jacobi field

ξ̄ =

 ξ(t), T ≤ t ≤ t0

0, t0 ≤ t ≤ 2T,

where ξ(t0) = 0. Then the following two cases are examined:

(i) If t0 ∈ (0, T ) is a focal point, then there is a Jacobi field (ξ(t), η(t)) such that

ξ(T ) ∈ TC, ξ(2T ) ∈ TS−. If we compute the second variation of the action functional

in the direction of ξ̄(t), we will find that

δ2AT (ū)ξ̄ =
〈
η(t), ξ(t)

〉∣∣t0
T

=
〈
η(t0), ξ(t0)

〉
−
〈
η(T ), ξ(T )

〉
= 0,

where the first product vanishes since ξ(t0) = 0 and the second product vanishes

because the two vectors ξ(t) and η(t) at t = T are in a different eigenspaces of the

symmetric operator θc, and therefore are orthogonal. That in turn implies ξ̄ must be
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an eigenfield with an eigenvalue zero in the space of variations satisfying ξ̄(T ) ∈ TC,

ξ̄(2T ) ∈ TS−. On the other hand, this field is not smooth and therefore cannot be an

eigenfield. This contradicts the minimality of ū(t), and in turn implies that dφtΛ
+,c
T

has no focal point on (0, T ).

(ii) The end point t0 = T cannot be a focal point. If it were then there would be a

Jacobi field (ξ(t), η(t)) satisfying ξ(T ) ∈ TC, ξ(2T ) ∈ TS−. But ξ is nonzero and

not the projection of the linearized flow dπdXH(t), therefore, This contradicts the

non-degenercy of the functional and in turn implies that dφtΛ
+,c
T has free focal points

on (0, T ].

If there were no focal points of dφtΛ
+,s
0 in the fundamental domain we can apply

a comparison theorem for Lagrange planes described in section 4.2 to deduce that

there are no focal points over all t except at 0. However, we will see that there are

two focal points in the fundamental domain, so this theorem can not be immediately

applied. An argument found in [13] can be used to prove our goal.

Proposition 5.3.1. There is a two dimensional isotropic subspace Γs which is focal

point free on the interval [−2T, 0) ∪ (0, 2T ].

Proof. Applications of the comparison theorem mentioned earlier requires that we

need to verify the quadratic form being positive semi definite, that is, Q(λ∗, V ;λ) ≥ 0.

To do this, we compute the second variation of the action functional at the minimizer

ū(t) of the variational problem.

Let ζs ∈ Λ+,s
0 , ζs = (ξs, ηs), and ζc ∈ Λ+,c

T , ζc = (ξc, ηc). We then construct a broken

Jacobi field for t0 < T ,

ξ(t) =

 ξs(t), 0 ≤ t ≤ t0

ξc(t), t0 ≤ t ≤ T,



CHAPTER 5. THE PARALLELOGRAM FOUR BODY PROBLEM 107

where ξ(t) is constructed to be continuous, and

dφt0ζs =

 ξs(t0)

ηs(t0)

 , dφt0−T ζc =

 ξc(t0)

ηc(t0)

 .

Then the second variation δ2AT (ū).ξ is positive semi definite, whenever ξs(0) ∈ TS+,

ξc(T ) ∈ TC,

δ2AT (ū)(ξ, ξ) =
〈
ηs(t), ξs(t)

〉∣∣t0
0

+
〈
ηc(t), ξc(t)

〉∣∣T
t0

=
〈
ηs(t0), ξs(t0)

〉
−
〈
ηs(0), ξs(0)

〉
+
〈
ηc(T ), ξc(T )

〉
−
〈
ηc(t0), ξc(t0)

〉
=

〈
ηs(t0), ξs(t0)

〉
−
〈
ηc(t0), ξc(t0)

〉
=

〈
ηs(t0)− ηc(t0), ξs(t0)

〉
≥ 0.

Now we will describe the symmetric bilinear form Q(λ∗, V ;λ). Let λ∗ = dφt0Λ
+,s
0 ,

and λ = dφt0−TΛ+,c
T . By Lemma 5.3.1 and Lemma 5.3.2, the planes λ, λ∗ are each

transverse to V . We can then represent elements w ∈ λ as w = u + v with u ∈ λ,

v ∈ λ∗, v ∈ V . We define a unique linear transformation C : λ → V by C(u) = v,

then we can represent λ∗ as the graph of C in the following way,

λ∗ = graph C = {u+ Cu|u ∈ λ},

The bilinear form Q on λ∗ is defined by

Q(λ∗, V ;λ)(u, u) = ω(Cu, u),
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where ω is the canonical symplectic form on R2n. We wish to express this more ex-

plicitly in terms of dφt0Λ
+,s
0 and dφt0−TΛ+,c

T , and verify that ω(λ∗, λ) > 0.

Given (ξs(t0), ηs(t0)) ∈ dφt0Λ
+,s
0 , we choose a unique element (ξc(t0), ηc(t0)) ∈ dφt0−Tλ

+,c
0 ,

 ξs(t0)

ηs(t0)

 =

 ξc(t0)

ηc(t0)

+

 0

ηs(t0)− ηc(t0)

 .

Using this choice of ζc = (ξc(t0), ηc(t0)) ∈ dφt0−TΛ+,c
0 , we get

Q(λ∗, V ;λ)(ζs, ζs) = ω
(
(0, ηs(t0)− ηc(t0)), (ξc(t0), ηc(t0))

)
=

〈
ηs(t0)− ηc(t0), ξs(t0)

〉
Comparing this with the second variation of the action functional, we have

Q(λ∗, V ;λ) = ω(dφt0−TΛ+,c
T , dφt0Λ

+,s
0 ) = δ2AT (ū)(ξ, ξ) > 0. (5.23)

To make the conclusion of this comparison, we need to consider the case when

t0 = T , and show that the quadratic form Q is positive semidefinite, that is,

Q(dφTΛ+,s
0 , V ; Λ+,c

T ) ≥ 0.

The Lagrange planes dφTΛ+,s
0 and Λ+,c

T are transverse to each other, but Λ+,c
T has

focal point with the Lagrange plane V , therefore the standard comparison theorem

does not apply. We can then use the following argument found in[13].

Let εc denote the one dimensional isotropic subspace on (M, ω), where εc = V ∩

Λ+,c
T . Then ω0 defines a symplectic form on ε⊥c /εc, where ε⊥c is the five dimensional
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symplectic complement of εc on M, that is,

ε⊥c = {v ∈M|ω(v, εc) = 0}.

Moreover, for the Lagrange plane λ = Λ+,c
T , we only need to check that τ1(Λ+,c

T ) under

the canonical homomorphism τ1 : ε⊥c → ε⊥c /εc is a Lagrange subspace of (ε⊥c /εc, ω0).

It is clear that the symplectic form ω0 vanishes on this reduction. We also need to

check that the dimension of τ1(Λ+,c
T ) is exactly 2. This is obvious because εc ⊂ Λ+,c

T ,

therefore dim τ1(Λ+,c
T ) = 2.

For the Lagrange plane λ∗ = dφTΛ+,s
0 , we also need to check that τ1λ

∗ under the

canonical homomorphism τ1 is a Lagrange subspace. We can immediately see that the

dimension of τ1λ
∗ can not be one or zero, because if it were then the sum of dφTΛ+,s

0

with ε⊥c will be seven or eight respectively, where the dimension of the symplectic

space is only six. To show that this intersection can not be three dimensional, we will

argue by contradiction.

Suppose that dim τ1λ
∗ = 3. We consider a new vector space

E1 = dφTΛ+,s
0 ⊕ {εc}.

The symplectic form ω0 restricted to the subspace E1 is identically zero because the

Lagrange plane dφTΛ+,s
0 must be contained in the symplectic complement ε⊥c . The

dimension of the subspace E1 is four because εc is not contained in dφTΛ+,s
0 . The

maximal size of an isotropic subspace is 3 (i.e Lagrangian), this is a contradiction.

That in turn proves that τ1λ
∗ is a Lagrangian subspace, and therefore this will allow
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us to define

Q(λ∗, V ;λ) = Q(τ1λ
∗, τ1V ; τ1λ).

The comparison between τ1λ
∗ and τ1λ together with the comparison theorem,

implies the statement that the curve τ1λ
∗ cannot have focal point before τ1λ, and

by Lemma 5.3.1 and 5.3.2, there exists Γs ' τ1λ
∗ such that Γs is focal point free on

the interval (0, 2T ]. By symmetry, we also conclude that Γs is focal point free on

[−2T, 0).

Now we would like to use the comparison theorem to conclude that there will

be no focal points up to the time interval (0, 4T ] but it turns out that there will be

a focal point at t = 2T , therefore the comparison theorem can not be immediately

applied. The argument in [13] is also used here to complete the proof.

Proposition 5.3.2. There is a one dimensional isotropic subspace Γ which is focal

point free on (0, 4T ].

Proof. The proof is based once again in the comparison theorem. For the non reduced

case with respect to the second reduction, consider the Jacobi field ξ(t), ζ ∈ Λ+,s
0 ,

which satisfies the boundary conditions ξ(2T ) = dθsξ(−2T ), η(2T ) = −dθsη(−2T ).

Then we compute the second variation δ2A4T (ū) evaluated at Jacobi fields in Λ+,s
0 ,

δ2A4T (ū)(ξ, ξ) =
〈
η(t), ξ(t)

〉∣∣2T
−2T

=
〈
η(2T ), ξ(2T )

〉
−
〈
η(−2T ), ξ(−2T )

〉
=

〈
η(2T ), ξ(2T )

〉
−
〈
− dθsη(2T ), dθsξ(2T )

〉
= 2

〈
η(2T ), ξ(2T )

〉
≥ 0.

For the Lagrange planes λ = Λ+,s
−2T , λ∗ = dθ∗sΦΛ+,s

0 , where Φ = dφ2T , We describe
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the bilinear form Q. Using the comparison on the interval [0, 2T ) to λ, λ∗, where

λ = graph C with C : λ∗ → V . The bilinear form Q on λ is defined by

Q(λ∗, V ;λ) = ω(Cλ∗, λ∗).

We first wish to express this more explicitly in terms of Λ+,s
−2T and dθ∗sΦΛ+,s

0 , and verify

that ω(λ, λ∗) > 0. Given
(
ξ(−2T ), η(−2T )

)
∈ Λ+,s

−2T , we have
(
dθsξ(2T ), dθsη(2T )

)
∈

dθ∗sΦΛ+,s
0 ,  ξ(−2T )

η(−2T )

 =

 dθsξ(2T )

dθsη(2T )

+

 0

−2dθsη(2T )

 .

Now given ζ =
(
dθsξ(2T ), dθsη(2T )

)
∈ dθ∗sΦΛ+,s

0 , we get

Q(λ∗, V ;λ)(ζ, ζ) = ω
(
(0,−2dθsη(2T )), (dθsξ(2T ), dθsη(2T ))

)
= 2〈dθsη(2T ), dθsξ(2T )〉

= 2〈η(2T ), ξ(2T )〉.

Now comparing this with the second variation of the action functional evaluated at

Λ+,s
0 , we get

Q(λ∗, V ;λ) = ω
(
Λ+,s
−2T , dθ

∗
sΦΛ+,s

0

)
= δ2A4T (ū)(ξ, ξ) ≥ 0.

Since the Lagrange plane λ = Λ+,s
−2T has intersection with the vertical distribution

V , then the comparison theorem does not apply. Therefore, the same argument as

described in Proposition 5.3.1 as well as found in[13] can be used in order to reach
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our goal.

Let εs denote the two dimensional isotropic subspace on (M, ω), where εs =

V ∩Λ+,s
−2T . Then ω0 defines a symplectic form on ε⊥s /εs, where ε⊥s is the four dimensional

symplectic complement of εs on M, that is

ε⊥s = {v ∈M|ω(v, εs) = 0}.

Moreover, for the Lagrange plane λ, we only need to check that τ2λ = [λ] under the

canonical homomorphism τ2 : ε⊥s → ε⊥s /εs is a Lagrange plane of (ε⊥s /εs, ω0). It is

clear that the symplectic form ω0 vanishes on this reduction. We also need to check

that the dimension of [λ] is exactly 1, but this is obvious, since dim(Λ+,s
−2T ∩ ε⊥s ) is

exactly 1. This in turn proves that [λ] is a Lagrange subspace on (ε⊥s /εs, ω0).

For the Lagrange plane λ∗, we only need to check that [λ∗] is a Lagrange plane under

the canonical homomorphism τ2. To show that the dimension of [λ∗] can not be two

dimensional or more, we will argue by contradiction.

Suppose that dim[λ∗] ≥ 2. We consider a new vector space

E2 = dφ2TΛ+,s
0 ∩ ε⊥s ⊕ {εs}.

The symplectic form ω0 restricted to the subspace E2 is identically zero because the

symplectic form vanishes at dφ2TΛ+,s
0 and ω(v, εs) = 0 for v ∈ ε⊥s ∩ dφ2TΛ+,s

0 . The

dimension of the subspace E2 is either four or five. The maximal size of an isotropic

subspace is 3 (i.e Lagrangian), this is a contradiction. That in turn proves that [λ∗]
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is a Lagrangian subspace, and therefore this will allow us to define

Q(λ∗, V ;λ) = Q([λ∗], [V ]; [λ]).

Now the comparison can be made in this reduced setting as follows: We see that

the projection of Λ+,s
−2T ; that is, [λ] = τ2(Λ+,s

−2T ) is focal point free on the interval

(0, 2T ]. Using the comparison, we also see that the projection of R∗sΦΛ+,s
0 ; that is,

[λ∗] = τ2(R∗sΦΛ+,s
0 ) can not have focal point before [λ] and therefore, we conclude

that [λ∗] is also a focal point free on (0, 2T ], that is,

φ̂t[λ
∗] ∩ [Vt] = 0, 0 < t ≤ 2T.

There exists a one dimensional subspace Γ such that, [λ∗] = τ2(R∗sΦΛ+,s
0 ) = τ2(R∗sΦΓ).

dθ∗s and dφt are symplectic and commute,

dφt(R∗sΦΓ) = R∗sdφt+2TΓ.

Since R∗s is diagonal, we can conclude

dφt+2TΓ ∩ Vt = 0, 0 < t ≤ 2T,

that is the same as that there are no focal points along Γ in (0, 4T ].

Now we consider the iterated subspaces (R∗sΦ)nΓ in the quotient space (ε⊥s /ε, ω0).

Proposition 5.3.3. The subspaces (R∗sΦ)nΓ have no focal points on the interval

(0, 4T ].
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Proof. This can be seen as an application of a comparison theorem for Lagrangian

planes found in [31]. We will first need to compute the second variation of the action

functional evaluated in Jacobi fields in Γ,

δ2A4T (ū)(ξ, ξ) = 〈η, ξ〉
∣∣4T
0

= 〈η(4T ), ξ(4T )〉 − 〈η(0), ξ(0)〉

= 2〈η(2T ), ξ(2T )〉

= ω(Γ,R∗sΦΓ)

> 0,

where the third equality follows using the boundary conditions ξ(t) = dθsξ(−t), ξ(T+

t) = dθcξ(T − t), and the final inequality follows from the fact that the parallelogram

orbit is minimizing. Moreover, from Proposition 5.3.2 we can identify ω with the the

symplectic form ω0 on (ε⊥s /ε, ω0),

ω(Γ,R∗sΦΓ) = ω0(Γ,R∗sΦΓ).

ω0 is simply the signed area form in the plane. The inequality ω0(Γ,R∗sΦΓ) > 0 then

implies an orientation of these subspaces in the plane. Now given this orientation

and the fact that Γ is focal point free on (0, 4T ], the comparison theorem allows us

to conclude that R∗sΦΓ is focal point free on the same interval. Since the symplec-

tic mapping R∗sΦ preserves the symplectic form, we have ω0(R∗sΦΓ, (R∗sΦ)2Γ) > 0.

We have established that R∗sΦΓ is focal point free on (0, 4T ]; now comparing with

(R∗sΦ)2Γ and using the orientation supplied by the symplectic form ω0, we conclude

that (R∗sΦ)2Γ is focal point free on the interval (0, 4T ] as well. This argument can
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then be repeated for all the following consecutive pairs of iterates (R∗sΦ)nΓ.

Proposition 5.3.4. The one dimensional subspace Γ is focal point free on the interval

0 < t <∞.

Proof. The argument proceeds by showing that Γ is focal point free on each of the

intervals (0, 4T ], [4T, 8T ], . . . This was shown for the first interval in Proposition

5.3.2. For all the remaining intervals, we make use of the subspaces (R∗sΦ)nΓ. We

can continue extending the interval on which there are no focal points in this fashion;

the iterates up to (R∗sΦ)nΓ being focal point free on (0, 4T ], together with the fact

that R∗sΦ = ΦR∗s imply that Γ is focal point free on (0, 4(n+ 1)T ].

Now we state a result by Hartman[18] which shows the relation between the nonex-

istence of conjugate and focal points.

Theorem 5.3.2. (Hartman[18]) Let H :M→ R be a convex Hamiltonian. Then

(1) a half open segment {φt(z)|t ∈ [0, a)}, with a ∈ (0,∞) ∪ {∞}, has no conjugate

points if and only if there exists a Lagrange plane with no focal points for t ∈ (0, a);

(2) a closed segment {φt(z)|t ∈ [0, a]} has no conjugate points if and only if there

exists a Lagrange plane with no focal points for t in the interval [0, a].

Proof of the main Theorem We examine the iterates (R∗sΦ)nΓ of the subspace

Γ in the quotient space. The fact that ω0((R∗sΦ)nΓ, (R∗sΦ)n+1Γ) > 0 defines an

orientation for the successive iterates, we conclude that the sequence (R∗sΦ)nΓ must

have a limit subspace

β = lim
n→∞

(R∗sΦ)nΓ.

The subspace β is thereby Lagrangian, and invariant for the symplectic map R∗sΦ.
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Therefore this implies that since R∗sΦ = ΦR∗s,

R∗sΦβ = β

Φβ = R∗sβ

Φ2β = ΦR∗sβ

= R∗sΦβ

= β.

So the limiting subspace is invariant under Φ2 = Dφ4T . Moreover, forward iterates

Φ2nV of the vertical space rotate clockwise[31], and cannot cross any of the subspaces

(R∗sΦ)nΓ, as this would imply an iterate of Γ would intersect the vertical. We then

deduce that β can be represented as the forward limit of the iterates of the vertical

space,

β = lim
n→∞

Φ2nV.

It then follows that β represents the stable subspace of the parallelogram solution.

Since Γ is focal point free, backwards iterates (R∗sΦ)−nV cannot intersect Γ. We then

identify the unstable subspace as the backward limit

α = lim
n→∞

Φ−2nV.

Finally we can verify the subspaces α and β are transverse. In the non-degenerate

case ω0(Γ,R∗sΦΓ) > 0, which implies ω(α, β) > 0 and the spaces must be transverse.
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This would establish that the parallelogram solution has a real reciprocal pair of char-

acteristic multipliers with modulus different from one in the reduced energy manifold

and so the orbit is unstable. This completes the proof of the main theorem.



Chapter 6

Conclusions and Future Work

6.1 Conclusions

In this thesis, we have seen how variational principles and symmetric conditions can

be used to study the question of stability of periodic solutions of the rhombus and

parallelogram four body problems. For the circular solutions of the rhombus four

body problem, the investigation of the stability was based on a calculation of the

Maslov index for the linearized system. The computation relies heavily on the specific

properties of the example we have considered; a formula for the general solution of

the linearized equations is available, leading to a natural basis of the tangent space

TR4, and in particular the isoenergetic tangent space TΣ. This then allowed us to

carry out the rigorous calculation of the Maslov index in the circular case in section

3.4.

The argument in section 3.4 is generalized to the case of homographic solutions

to the rhombus four body problem. In section 4.1, it is shown that the homographic

118
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solutions to the Rhombus four body problem are the minimizers of the action func-

tional restricted to a rhombus loop space. The argument for showing instability of

homographic solutions was based on counting intersections of a Lagrange plane of

variations associated with boundary conditions of the minimizing problem.

For the equal mass parallelogram four body problem, variational principles and

symmetric conditions were the tools, besides the Maslov index, that were used to

investigate the stability of the solutions. Instead of studying the four degrees of

freedom system, the system is reduced to three degrees of freedom in which periodic

solutions were constructed. In section 5.1.2, the Hamiltonian equations of motion were

constructed in the reduced space by using polar coordinates and which in turn were

used to verify that the flow and its normal direction lie on the negative and positive

eigenspaces respectively. In section 5.3, the same argument as that of chapter 4 is

applied to prove the main result (Theorem 5.3.1).

6.2 Future Work

The following directions are of great interest for future research.

(1) In Chapter 4, we have proven that the reduced rhombus orbit is hyperbolic

in the reduced energy manifold. We were able to prove it only for non-degenerate

periodic orbits. However, for a degenerate periodic solution, the proof does not

seem to be obvious. This is an interesting problem on its own and deserves further

investigation.

(2) In Chapter 5, we have studied the instability of the minimizing equal mass

parallelogram solutions. Instability was proven only for the non-degenerate case.

However, it would be interesting in the future to investigate the question of instability
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for the degenerate case.

(3) It would be interesting to have results linking variational techniques with

classical stability calculations. For example, to investigate whether other types of

symmetric minimizing orbits for the N -body systems also exhibit instability, and

what is the role of the symmetry group in this question. We hope to explore some of

these interesting questions in future work.
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Appendix A

The flow direction

We have defined in section (2.3) that the Hamiltonian vector field is of the form

X0(ξ) = J∇H0(ξ),

since the vector field in our case is G-Hamiltonian, then the flow is obtained by linear

transformation using the above Hamiltonian vector field, where the linear transfor-

mation was defined by equation (2.27).

We have seen in section (2.3) that

ξ̇ = J∇H0.ξ. (A.1)

Changing coordinates by letting ξ̃ = Dξ, where D is the linear transformation matrix,

that would imply ξ = D−1ξ̃. Replacing the new variables in (A.1), we get

(D−1ξ̃)′ = J∇H0.D
−1ξ̃,
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˙̃ξ = DJ∇H0.D
−1ξ̃.

From equation (2.33) in section (2.4), we have J = DTGD. Changing variables using

the matrix D, we have ∇H0 = ∇H̃0D, which in turn implies,

˙̃ξ = DDTGD∇H̃0DD
−1ξ̃ = DDTGD∇H̃0ξ̃ = M∇H̃0ξ̃.



Appendix B

Calculation of the Maslov index in

the circular case

The intersection of G-Lagrangian planes must formally be considered in the four-

dimensional symplectic space TR4, however, by the following proposition it will be

sufficient to restrict our attention to the tangent space TγΣ.

Proposition B.0.1. The 2-dimensional transformed G-Lagrangian subspace Vt in-

tersects the tangent space Tγ(t)Σ in a 2-dimensional subspace for two values of t and

in a 1-dimensional otherwise.

Proof. Since Tγ(t)Σ is in R3, that is spanned by ζ1, ζ2 and X̃0(γ). Then the dimen-

sion of the intersection with the G-Lagrangian subspace is the number of linearly

independent solutions (C1, C2, C3) to

C1ζ1 + C2ζ2 + C3X̃0(γ(t)) = 0. (B.1)
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Solving this equation for C1, C2 and C3, it is clear that

C1 + C2 = 0, C3(−β1sint− β2cost) = 0.

We have from the first equation that C1 = −C2 and from the second equation that if

C3 ∈ R, then −β1 sin t = β2 cos t, or equivalently tan t = −β2
β1

= β. for any value of the

constant β, this equation has two solutions t over one period [0, 2π], which conclude

that the intersection with the G-Lagrangian subspace is a 2-dimensional subspace for

those values of t and a 1-dimensional for others.

It will now be shown that determining the Maslov index is equivalent to counting

the intersections of the stable or unstable manifold with the G-Lagrangian subspace

projected in the two dimensional reduced space

Tγ(t)Σ/ < X̃0(γ) >'< ζ1, ζ2 > .

The projections of the stable and unstable manifolds in the reduced space are the

1-dimensional stable and unstable subspaces defined as:

Eu(γ) =< ζ1 >, Es(γ) =< ζ2 > .

We regard these as subspaces of equivalence classes in the quotient space. We shall

now consider the G-anti-symmetric form on the full tangent space to be equivalent

to the reduced G-anti-symmetric form on the reduced space.

Lemma B.0.1. The G-anti-symmetric form ωG on TR4 induces a G-anti-symmetric
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form ωGred on the reduced space Tγ(t)Σ/ < X̃0(γ) >, given by

ωGred([x1], [x2]) = ωG(x1, x2). (B.2)

Proof. Since we have ωG is non-degenerate, then we must verify that ωGred is also

non-degenerate. Assume that

xi = αiζ1 + βiζ2 + γiX̃0(γ), (αi, βi, γi ∈ R, i = 1, 2).

Since we have shown that ωG(ζi, ηj(t)) = 0 for all i, j and the flow direction X̃0(t) is

in the span of η1 and η2, hence

ωGred([x1], [x2]) = ωG(α1ζ1 + β1ζ2, α2ζ1 + β2ζ2)

= ωG(α1ζ1, α2ζ1) + ωG(α1ζ1, β2ζ2) + ωG(β1ζ2, α2ζ1) + ωG(β1ζ2, β2ζ2)

= α1α2ωG(ζ1, ζ1) + α1β2ωG(ζ1, ζ2) + β1α2ωG(ζ2, ζ1) + β1β2ωG(ζ2, ζ2),

since ωG(ζi, ζj) is anti-symmetric form for i = j, and a bilinear form for i 6= j, it

follows that

ωGred([x1], [x2]) = (α1β2 − α2β1)ωG(ζ1, ζ2).

Since ωG(ζ1, ζ2) 6= 0, hence we conclude that ωG([x1], [x2]) = 0 for all [x2] if and only

if α1 = β1 = 0, or equivalently [x1] = 0.

Thus the reduced space is a 2-dimensional subspace, any 1-dimensional subspace

is then G-Lagrangian with respect to the induced G-form. In particular the stable

and unstable subspaces are G-Lagrangian subspaces.



APPENDIX B. CALCULATION OF THEMASLOV INDEX IN THE CIRCULAR CASE131

Now we shall consider the reduced G-Lagrangian subspaces in the following proposi-

tion:

Proposition B.0.2. We can verify that for all time t, Vt intersect Tγ(t)Σ/ < X̃0(γ)

in a 1-dimensional subspace, denoted Vt/ < X̃0(γ),∇H̃0(γ) >=< [vt] >.

Proof. We have proven in proposition B.0.1 that the G-Lagrangian subspace inter-

sects the tangent space in a 2-dimensional subspace for two values of t and in a

1-dimensional for other values of t. In the case of the 2-dimension of intersection with

the G-Lagrangian subspace Vt, the flow direction is vertical, since the first component

of the flow is zero, that is, (−β1 sin t − β2 cos t) = 0. In the reduced space therefore

this intersection becomes 1-dimension. For the case of 1-dimension of intersection,

the flow is never vertical and hence the intersection with Tγ(t)Σ/ < X̃0 > becomes

1-dimension.

We can now describe the subspace Vt < X̃0(γ),∇H̃0(γ) > as a curve of G-

Lagrangian subspaces in the reduced space. In addition, it is clear that this curve is

in fact closed, hence we can investigate the reduced Maslov index, defined to be

ired =
∑

0<t≤T

dim E ∩ Vt/ < X̃0(γ),∇H̃0(γ) >, (B.3)

where the fixed G-Lagrangian subspace E describes either the stable or unstable

subspace at γ(t).

From here we can prove the following theorem:

Theorem B.0.1. The Maslov index is equivalent to the reduced index of the orbit

γ(t), where the G-Lagrangian subspace is defined in (3.22) and this index is equal to

2.
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Proof. By definition, we have

iγ =
∑

0≤t≤T

dim Tγ(t)W ∩ Vt.

Let W = WU describes the unstable subspace. The intersection is non-empty, if there

exists solutions c ∈ R such that

ζ1 + cX̃0(γ) ∈ Vt. (B.4)

This is equivalent to asking if there exists a solution (c1, c2, c3) of equation (B.1). The

dimension of the intersection is equal to the number of solutions c, either zero or one.

In the reduced space, the intersection E
⋂

Vt/ < X̃0(γ),∇H̃0(γ) > is at least 1-

dimensional subspace, where E denotes the 1-dimensional unstable subspace. More-

over, this equivalent to requiring that

ζ1 + cX̃0(γ) ∈ vt. (B.5)

The conditions in (B.4), (B.5) are equivalent, and hence iγ = ired(γ).

We can now determine the intersection number by expanding equation (B.4) in

the configuration coordinates:

c(−β1 sin t− β2 cos t) = 0. (B.6)

A solution c exists if and if only

−β1 sin t− β2 cos t = 0
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or equivalently

tan t = −β2

β1

= β = const, β1 6= 0.

For any value of the constant β, this equation has two solutions t over the period

[0, 2π]. For these values of t, equation (B.6) has a solution and the intersection

number is increased by 1. Hence we conclude that the index is equal to 2.



Appendix C

The reduced Lagrangian

The reduced Lagrangian is defined in section 5.1.3 by

Lred(u, u̇) =
1

8

|u̇|2

I(u)
+ U(u),

and is derived using the computations below:

From equation (5.6), the reduced Hamiltonian has the form

H(u,w) = 2K(w)I(u)− U(u).

The equations of motion in Hamiltonian form are

u̇ =
∂H

∂w
= 2K ′(w)I(u), ẇ = −∂H

∂u
= −2K(w)I ′(u) + U ′(u).

More explicitly, we can simplify u̇, where K ′(w) = w as

u̇ = 2K ′(w)I(u) = 4wI(u).

134



APPENDIX C. THE REDUCED LAGRANGIAN 135

That in turn implies w = |u̇|
4I(u)

. Therefore,

Kred(u, u̇) = 2.
( |u̇|

4I(u)

)2
I(u) =

|u̇|2

8I(u)
.

Hence,

Lred(u, u̇) =
1

8I(u)
|u̇|2 + U(u).


