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Abstract

This dissertation examines the design of regulation for financial institutions fol-
lowing the financial crisis of 2008-2009. In the aftermath of the crisis, regulators in
many countries tightened regulations governing financial institutions in order to pre-
vent future financial panics. The aim of this dissertation is to determine how some
of these new regulations will influence the behaviour of financial institutions, and if
these regulations will result in a safer and sounder financial system.
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Chapter 1

Introduction

This dissertation examines the design of regulations governing financial institu-

tions in developed economies. The regulatory framework in place prior to the financial

crisis of 2008-2009 (Basel II) was focused on preventing the insolvency of individual

financial institutions. The framework was built on three main “pillars”: minimum

capital requirements, supervision and market discipline. Each of these was intended

to curb, albeit in very different ways, the risk-taking appetite of bank managers so

as to minimize the probability of failure of any single institution. Importantly, reg-

ulators implicitly either discounted the possibility that many institutions could fail

simultaneously or believed that making individual institutions safer would automat-

ically translate into a safer financial system as a whole.

Following this crisis, regulators recognized that the entire financial system (or

significant parts) could be at risk even when financial institutions were individually

deemed safe. For example, this could occur due to a high degree of asset correlation

across financial institutions or because the dense network of links across institutions

could lead to widespread contagion. Furthermore, financial innovation eroded the

1



CHAPTER 1. INTRODUCTION 2

effectiveness of minimum capital requirements primarily as banks were able to ma-

nipulate risk-weights by holding large pools of complex securitized assets off their

balance sheets. The opacity of these assets made supervisors oblivious to true nature

of the risks banks were taking.

Therefore, the new regulatory framework following the crisis was designed to first

directly ensure the safety and soundness of the entire financial system (macropru-

dential regulations) and not just the focus on preventing the insolvency of individual

banks (microprudential regulations), and to strengthen both minimum capital re-

quirements and the supervisory role by providing a number of additional instruments.

Moreover, recognizing the fact that significant parts of the financial system could fail,

regulators also sought to put in place rules that would mitigate the effects of such

failures on society at large. Regulators identified disruptions in the provision of credit

to firms and households and fire-sales of impaired assets by financial institutions as

key effects that required mitigation.

The new regulatory framework is provided by the new Basel III accord that was

agreed upon by members of the Basel Committee on Banking Supervision in 2011.1

This new framework significantly bolsters minimum capital requirements relative to

Basel II and adds a number of new requirements. The key changes are as follows2:

1. Capital requirements:

• Basel III will require banks to hold significantly more capital than in the

past, increasing the (risk-weighted) minimum capital requirements from

effectively 2% to upwards of 8% of assets. Moreover, the definition of

1The Basel Committee comprises most industrialized nations but also includes large rapidly
developing countries such as China, Brazil and India.

2See on Banking Standards (2011), and BCBS (2013) for details on these.
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capital is narrowed to common equity and retained earnings. Finally, Basel

III will require banks to hold counter-cyclical buffers to guard against rapid

credit cycles. Banks will be required to hold additional capital buffers

during periods of rapid credit growth but will be permitted to draw down

these buffers during periods of rapid credit contraction.

2. Leverage ratio:

• Basel III requires banks to maintain a ratio of capital to total assets (lever-

age ratio) in excess of 3%, in addition to the aforementioned risk-weighted

capital requirements.

3. Liquidity requirements:

• Basel III also requires that banks hold enough liquid assets to finance all

their cash outflows needs over a 30 day period (through the sale of such

assets).

The aim of this dissertation is to examine if these new requirements3 can be

effective in controlling individual bank behaviour and can bring about a safer and

more stable financial system as a result. Given the informational asymmetries between

banks and regulators, the effectiveness of these new requirements may be limited. As

noted earlier, the crisis demonstrated that banks often have private information on

the nature of the risks they undertake (asymmetric information), and that regulators

cannot always observe the extent of their risk-mitigation or risk-shifting activities

(moral hazard).

3Other than risk-weighted capital requirements that were part of Basel II, all of the other re-
quirements described above are new in Basel III.
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The second chapter seeks to contrast microprudential capital requirements with

macroprudential requirements. Specifically, the optimal capital requirements for

banks that have incentives to take excessive risk and have private information re-

garding the riskiness of their portfolios are determined. One contribution of this

chapter is to show that regulators cannot simultaneously induce banks to limit risk-

taking and also provide them with incentives to report risk truthfully. In equilibrium

this results in relatively safe banks being overcapitalized while relatively risky banks

are undercapitalized. The main contribution of this chapter is to assess how capital

requirements need to be adjusted for the possibility of systemic failures (simultane-

ous failure of many banks) that impose failure costs above and beyond those imposed

by individual bank failures. It is shown that a capital surcharge on all banks is re-

quired and that this surcharge depends on both the individual risk characteristics

of banks but also the overall characteristics of the banking sector. As a result, this

chapter provide a simple and novel justification for uniformly increasing capital re-

quirements to account for systemic risk. Finally, it is also shown that a combination

of risk-weighted capital requirements and a leverage ratio restriction can enable the

regulator to induce banks to hold the desired level of capital. These results support

both the first two changes in Basel III described earlier.

The third chapter builds a dynamic model of bank behaviour to analyze the dy-

namic implications of regulations. In particular, it determines the socially optimal

balance sheet adjustments for banks following a decline in credit-market conditions in

order to mitigate possible credit disruptions. Specifically, it examines regulations for

a monopolistic bank in a dynamic setting when the bank has both private information

about its risk and its risk-mitigation activities, and bankruptcy imposes externalities
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on society. The optimal regulations call for minimum capital requirements combined

with loan volume and portfolio quality restrictions – just as in a static setting. How-

ever contrary to a static setting, improvements in credit-market conditions do not

always guarantee a relaxation of regulations. In fact, the optimal regulation calls for

hard limits on risk, loan volume and portfolio quality once credit-market conditions

exceed a particular threshold. The intuition for this result is that the dynamic setting

introduces additional complexity in the off-equilibrium reporting strategies available

to the bank’s managers that necessitates additional rents to induce truthful reporting

in every period. Therefore, incentives are more costly to provide relative to a static

setting and thus the costs of relaxing the regulations for banks that face relatively

favourable credit-market conditions outweigh the benefits from the additional inter-

mediation activity. As for balance sheet adjustments following a sufficiently large

decline in credit-market conditions, the optimal regulation calls for a reduction in

capital requirements – despite the associated increase in future expected failure costs

– to mitigate reductions in loan volume and thereby limit credit disruptions.

Qualitatively, the optimal regulatory policy supports elements of Basel III. The

optimal regulations can be interpreted augmenting risk-weighted capital requirements

by imposing a cap on bank leverage that is equivalent to the leverage restriction intro-

duced in Basel III. Moreover, the loan volume restrictions in the optimal regulation

support the broader macro-prudential goal in Basel III of “leaning against excessive

credit growth.”4 Finally, the balance sheet adjustment behaviour of the bank under

the optimal regulation following an adverse shock to credit-market conditions can be

interpreted as consistent with maintaining a capital-absorbing buffer as required in

Basel III.

4http://www.bis.org/speeches/sp101011.htm.

http://www.bis.org/speeches/sp101011.htm
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The final chapter explores in more detail the effects of systemic failures on the

provision of credit to households and entrepreneurs. During the crisis many financial

intermediaries suffered significant losses that rapidly depleted their capital cushions.

Unable to raise fresh capital, many resorted instead to selling the impaired and illiquid

assets they held in order to maintain compliance with minimum capital requirements.

The aggregate effect of this deleveraging behaviour triggered fire-sales and a credit-

crunch that caused sharp declines in the terms and availability of credit for consumers

and entrepreneurs.5

The key contribution of this chapter is to show that the severity of credit-crunches

and fire-sales decrease in the liquidity of financial institutions’ assets and financing

frictions yet increase with value of the tax shield provided by debt, in a context

where firm decisions regarding asset holdings and default are endogenous. In this

environment, following a sufficiently unfavourable common productivity shock firms

that are bankrupt are liquidated while surviving firms deleverage in order to pay debt

service costs as operating profits decline. Intuitively, the severity of fire-sales and the

subsequent credit-crunches is higher the more highly leveraged firms are ex-ante. This

leverage is higher whenever asset liquidity is high, financing frictions are relatively

weak and the value of the tax shield provided by debt is significant.

In terms of the implications for regulation, the findings here stress the importance

of preventing disorderly liquidation and the need for reducing leverage ex-ante. These

are inline with the third key element of Basel III described earlier whereby financial

institutions are required to hold much more capital ex-ante to reduce leverage and

must also maintain a sufficiently liquid portfolio of assets that could be sold without

5See for instance miz for details on the severity of the credit-crunch in the US and other OECD
countries in 2008-2009.
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significant price impact if necessary without triggering fire-sales.



Chapter 2

Leverage Requirements and

Systemic Risk

2.1 Introduction

We examine capital requirements for deposit-insured banks when the simultaneous

failure of many banks (systemic failure) is more costly to society than the failure of any

single bank. The optimal regulation, when the regulator has complete information on

individual bank characteristics, calls for a capital surcharge on all banks to address the

additional costs associated with systemic failure. This surcharge varies across banks

in accordance with both individual bank characteristics (e.g. portfolio risk, cost of

capital) and overall industry characteristics. In the absence of complete information,

the regulator must distort capital requirements in order to minimize manipulation by

risky banks. This requires forcing safe banks to be overcapitalized while allowing risky

banks to be undercapitalized. The regulator can induce banks to hold the socially

optimal level of capital by complementing risk-weighted capital requirements with a

8
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leverage ratio restriction.

The capital surcharge is motivated by the existence of failure costs that are convex

in bank failures. It is important to understand that is motivation is quite different

from existing motivations in the literature such as common asset holdings or the

possibility of contagion. These factors would serve to amplify the capital surcharge.

We consider a banking sector that consists of two banks, each operated by manage-

ment in the interest of shareholders.1 Banks have access to investment opportunities

(loans) that vary in quality (riskiness) across banks. All banks are financed through

a combination of insured deposits (debt) and costly capital. The need for regulation

is motivated by the existence of negative externalities banks impose on society when

they fail. Following Giammarino et al. (1993), externalities are taken to be propor-

tional to bank losses. Moreover, we assume that such externalities are larger when

both banks fail simultaneously than when only a single bank fails.2 Banks do not

internalize these failure costs due to limited liability. In the absence of regulation,

banks hold too little capital to sufficiently mitigate losses and the associated negative

social externalities.

In this environment, when the regulator has complete information on bank char-

acteristics capital requirements are increased till the marginal reduction in failure

externalities for each bank equals the marginal cost of capital. The larger the social

externalities or the riskier the bank, the larger the capital requirements. As failure

externalities are higher in the case of systemic failure, the regulator imposes a capital

1We abstract from conflicts between bank managers and owners for simplicity. However, as shown
by John et al. (2000), compensation for bank managers can be an effective instrument for controlling
bank risk.

2Systemic failures can lead to additional externalities such as fire-sales or credit-crunches. For a
discussion of these see Hanson et al. (2011).
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surcharge on all banks to explicitly take these into account. Moreover, as the proba-

bility of systemic failure is increasing in the probability of failure of every bank, the

surcharge is higher for riskier banks. When the regulator lacks complete information

on bank portfolios, the regulator is forced to set capital requirements independently

of bank risk. The regulator then imposes uniform requirements across banks that

equate the average marginal reduction in failure costs with the average marginal cost

of raising capital. Banks can be induced to adhere to these requirements by adding a

leverage ratio requirement to risk-weighted capital requirements. Nevertheless, these

requirements result in the overcapitalization of safe banks and the undercapitaliza-

tion of risky banks because the marginal cost of capital is the same across banks

while the marginal benefit decreases with bank risk. When systemic failure imposes

additional externalities, the regulator is forced to increase this uniform capital re-

quirement leading to more overcapitalization of safe banks but also a reduction in the

undercapitalization of risky banks.

This chapter is most closely related to Blum (2008) who also studies the use of

leverage requirements in the context of asymmetric information. Blum (2008) shows

that risk-weighted capital requirements complemented by leverage restrictions can

fully mitigate excessive risk-taking behaviour and induce banks to truthfully reveal

private information on bank risk. We extend the basic model of Blum (2008) by

explicitly incorporating failure costs as in Giammarino et al. (1993) and by considering

the possibility of both individual bank failures and systemic failure. In addition, we

allow both bank returns and portfolio quality to be drawn from a continuum of

possible values. On the other hand, we do not consider the use of ex-post penalties

by the regulator because as noted by Rochet (1999) these typically only apply to well
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capitalized banks.3

This chapter also contributes to the broader literature on the use of leverage as

an additional instrument in the prudential supervisory toolkit. Following Adrian and

Shin (2010), there is increasing evidence that leverage is an important variable in

understanding balance sheet adjustments for banks. Furthermore, Geanakoplos and

Pedersen (2011) argue that information regarding bank leverage is also more directly

observable in comparison with portfolio allocations. As a result, the literature has

argued for the need to reduce excessive bank leverage. For instance, Triki (2009) shows

that limiting bank leverage is necessary to prevent asset bubbles but does not examine

the case with asymmetric information nor the substitutability between risk-weighted

capital requirements and leverage restrictions. Vives (2011) considers both liquidity

and solvency risks and shows leverage restrictions are needed to control solvency risk

but does not consider asymmetric information problems nor risk-weighted capital

requirements.

The rest of the chapter is organized as follows. The next section presents the

model. Section 3 examines optimal regulation for a single bank under both complete

and incomplete information on the bank’s portfolio quality. Section 4 re-examines

the regulator’s problem in the case of two banks and systemic failure costs before

concluding in the final section.

3In our model, well capitalized banks coincide with safe ones and they always have incentives
to report risk truthfully. Therefore, ex-post penalties are not for them. In the case of risky banks,
ex-post penalties can reduce the benefits to misreporting by clawing back profits when loans succeed.
However, unless the regulator can costly detect misreporting without erring, some risky banks will
always find it profitable to misreport. Thus, the inclusion of ex-post penalties would not alter our
results qualitatively.
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2.2 Model

We consider a static model with three actors: depositors/investors, a bank, and

a regulator. We describe these in more detail below. The gross risk-free rate is

normalized to 1.

Depositors/Investors

Depositors/investors are risk-neutral and may invest in risk-free assets or deposits

issued by the bank. They are willing to lend as long as they break-even.

Bank

The banking sector consists of a single bank operated by risk-neutral owners that

are protected by limited liability. To finance operations, the bank raises debt (D)

and capital (K). Bank debt is in the form of deposits that are protected by deposit

insurance, and thus bank debt is risk-free. On the other hand, raising capital is costly

with the opportunity cost per unit of capital equal to C > 1.

The bank generates revenues by issuing L units of risky loans. We assume that

the bank acts as a monopolist in the loan market. We denote by R the gross return on

the bank’s loan portfolio, and by θ ∈ [θ, θ] the quality of this portfolio. Returns are

stochastic and follow a strictly increasing distribution F (R|θ) with support over the

interval [R,R]. Loan portfolios of higher quality are more likely to generate higher

returns:
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Assumption 1.

∂F (R|θ)
∂θ

< 0 for all R ∈ [R,R] and θ ∈ [θ, θ].

We also assume that the expected return on loans is sufficiently high to warrant

investment irrespective of portfolio quality:

Assumption 2. ∫ R

R

R · dF (R|θ) > 1 for all θ ∈ [θ, θ].

Finally, the bank’s balance sheet matches liabilities (debt and equity) with assets

(loans): D +K = L.

The bank fails whenever it can no longer afford to repay its creditors. This occurs

whenever the revenue from issuing loans is sufficiently low, RL < D, or equivalently

when returns are below the break-even returns Rb ≡ 1− K
L

. The probability of bank

failure is then F (Rb|θ) = F
(
1− K

L

∣∣ θ), and bank losses upon default are (R−1)L+K.

Therefore, increasing bank capital while holding loan volume and portfolio quality

fixed, reduces both the probability of default and the size of bank losses.

The bank chooses its capital structure to maximize expected profits subject to

participation by depositors and the balance-sheet condition.4 In the absence of reg-

ulation, the bank solves the following problem:

max
D,K≥0

∫ R

Rb

[RL−D] dF (R|θ)− CK s.t. D +K = L.

The lower bound Rb in the expression above ensures that the bank’s limited liability

4Participation requires the return on deposits to be at least 1. This is trivially satisfied as
deposit-insurance guarantees a return of 1.
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is met.

Regulator

We assume there is a regulator that maximizes social welfare and provides deposit

insurance. The regulator values bank profits because they capture the total surplus

from socially valuable intermediation activity (the bank is a monopolist in the loan

market). However, as bank failure imposes negative externalities on society, the

regulator is also concerned with reducing the expected costs associated with such

failures.5 Importantly, the bank does not internalize these failure costs because it is

protected by limited liability.

Following Giammarino et al. (1993), we model the social costs of failure S of a

bank with portfolio quality θ and loan volume L as increasing in expected bank losses:

S = Φ ·
∫ Rb

R

[RL−D] dF (R|θ)

where Φ > 1 captures externalities from failure.6 Among other externalities, Φ also

captures the cost of raising funds from the public via distortionary taxation to fund

bank bailouts. We assume that the cost of externalities is sufficiently high to warrant

holding capital:

Assumption 3. Φ > C.

5These may take the form of a reduction in the amount of credit available to the real economy (a
credit crunch) or rapid and large-scale liquidations of bank assets that drive down prices (fire-sales).
For a discussion of these externalities see Hanson et al. (2011).

6Alternatively, the social costs may be modelled as a function of the total debt or total quantity
of loans issued by the bank yet these specifications yield qualitatively similar results.
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We can now define social welfare as follows:

W ≡
∫ R

Rb

[RL−D] dF (R|θ)− CK + Φ

∫ Rb

R

[RL−D] dF (R|θ)

Recall, that the regulator can reduce the probability of failure and bank losses by

imposing capital requirements. However, as capital is costly, the regulator must

balance the need to reduce failure costs with the cost of additional capital.

The regulator can perfectly observe the bank’s balance sheet and thereby regulate

the bank’s capital and debt. We define a feasible allocation as particular combinations

of capital and debt (i.e. a pair {D,K}) that satisfy the bank’s balance sheet condition.

Regulation then operates through restrictions on feasible allocations. We consider

two specific kinds of restrictions: risk-weighted minimum capital requirements and

non-risk weighted leverage ratio requirements.7 A risk-weighted minimum capital

requirement mandates that the bank hold capital in excess of a threshold level K(·)

that is non-decreasing in the bank’s portfolio quality (risk). A non-risk weighted

leverage ratio restriction requires that the bank maintain leverage in excess of a lower

bound L ≡ K/L (say L) irrespective of portfolio quality.8

Timing

As for timing, the regulator first announces regulations {K(·),L}. The bank then

chooses capital and debt taking into account the restrictions imposed by regulations.

7In accordance with the new Basel III accord, we only consider leverage ratio requirements that
are not risk-sensitive.

8Leverage is defined as the ratio of capital K to total assets, L. Alternative definitions of leverage
such as L/K or D/K yield qualitatively similar results.
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2.3 Optimal Regulation

We first show that even when the regulator is completely informed about the

quality of the bank’s loan portfolio, the provision of deposit-insurance induces the

bank to take excessive risk relative to the socially optimal level (moral hazard), and

thus provides a rationale for imposing risk-weighted minimum capital requirements.

However, we then proceed to show such risk-weighted capital requirements are

prone to manipulation when the regulator is imperfectly informed about bank risk

(adverse selection). In this case, the regulator can no longer fully discipline bank

behaviour, and in equilibrium the bank takes too much risk.

Moral Hazard

Before solving the regulator’s problem, it is instructive to examine bank behaviour

in the absence of regulation. In this case, the bank solves the following problem:

max
D,K≥0

∫ R

Rb

[RL−D] dF (R|θ)− CK s.t. D +K = L.

Then, using the balance sheet condition we can rewrite the bank’s problem as:

max
K≥0

∫ R

1−K
L

[(R− 1)L+K] dF (R|θ)− CK.

Now, notice that the marginal benefit of an additional unit of capital is

∫ R

1−K
L

dF (R|θ) = 1− F

(
1− K

L

∣∣∣∣ θ) ≤ 1
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for any level of capital, loan volume or portfolio quality. On the other hand, the

marginal cost of capital is C is greater than 1. Hence, in the absence of regulation,

the bank always prefers to hold zero capital, financing its operations entirely through

debt. We summarize these results below:

Proposition 1. Denote by {Dp(θ, L), Kp(θ, L)} the optimal levels of capital and debt

in the absence of regulation for a bank with portfolio quality θ and loan volume L.

Then, in equilibrium Kp(θ, L) = 0 and Dp(θ, L) = L−Kp(θ, L) = L for all θ and L.

The regulator chooses capital and debt to maximize social welfare thereby fully

taking into account externalities due to bank failure:

max
D,K≥0

W =

∫ R

Rb

[RL−D] dF (R|θ)− CK + Φ

∫ Rb

R

[RL−D] dF (R|θ)

s.t. D +K = L.

Rewriting welfare using the balance sheet condition we have:

W =

∫ R

1−K
L

[(R− 1)L+K] dF (R|θ)− CK︸ ︷︷ ︸
expected profits > 0

+ Φ

∫ 1−K
L

R

[(R− 1)L+K] dF (R|θ)︸ ︷︷ ︸
expected failure costs < 0

.

Both bank profits and failure costs are decreasing in capital and thus the socially

optimal level of capital K∗(θ, L) trades off bank profits against failure costs.

Proposition 2. The socially optimal capital requirement K∗(θ, L) is characterized

by the following first-order condition:

∫ R

1−K
∗(θ,L)
L

dF (R|θ) + Φ

∫ 1−K
∗(θ,L)
L

R

dF (R|θ) = C. (2.1)



CHAPTER 2. LEVERAGE REQUIREMENTS AND SYSTEMIC RISK 18

To account for externalities due to bank failure, banks should hold more capital and

less debt:

K∗(θ, L) > Kp(θ, L) = 0 and D∗(θ, L) ≡ L−K∗(θ, L) < L = Dp(θ, L).

This result says that the regulator increases capital requirements till the marginal

social benefit of capital (a reduction in both the probability of default and bank

losses) equals the marginal cost of raising capital C. Re-arranging the first-order

condition we obtain:

F

(
1− K∗(θ, L)

L

∣∣∣∣ θ) =
C − 1

Φ− 1
≡ λ. (2.2)

This says that for a given portfolio quality and bank size, the socially optimal level

of capital is chosen to ensure that the probability of failure equals λ.9

Corollary 1. Banks with lower portfolio quality or higher loan volume need to hold

more capital: ∂K∗

∂θ
< 0 and ∂K∗

∂L
> 0.

Proof. See Appendix A.

The intuition for these comparative statics is straightforward. Lower portfolio quality

or high loan volumes both increase expected bank losses. Since social externalities

are directly proportional to expected bank losses, the regulator finds it optimal to

impose higher capital requirements for banks with lower portfolio quality or higher

loan volumes.

9The probability of default is fixed because we assumed a fixed marginal cost of capital as in
Blum (2008).
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As for bank leverage, these results imply that leverage decreases with portfolio

quality (as loan volume is fixed). Moreover, as capital requirements change in pro-

portional to leverage in response to changes in loan volume, bank leverage is held

fixed irrespective of loan volume.10

Corollary 2. Greater externalities or lower capital costs imply higher capital require-

ments: ∂K∗

∂Φ
> 0, ∂K

∗

∂C
< 0.

Proof. See Appendix A.

This result confirms simply that capital requirements are higher when externalities

associated with failure are greater or when capital is relatively cheap.

The socially optimal allocation can be implemented through risk-weighted capital

requirements when the regulator can observe the bank’s portfolio quality, capital

levels and loan volume.

Corollary 3. The social optimum can be implemented via the following risk-weighted

capital requirement K(·) = K∗(θ, L). No additional leverage requirement is necessary.

Proof. See Appendix A.

This result shows that when information on portfolio quality and the bank’s balance

sheet is available, the regulator can perfectly discipline bank behaviour through risk-

weighted capital requirements.

Moral Hazard and Adverse Selection

We now relax the assumption that the regulator is perfectly informed about the

portfolio quality of the bank. Instead, we assume that the regulator believes θ to

10Formally, ∂(K∗/L)
∂L = (∂K∗/∂L)·L−K∗·1

L2 = ∂K∗/∂L
L − K∗

L2 = 0.
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be drawn from the distribution G(θ) with support on [θ, θ]. Imperfect information

about the bank’s portfolio quality restricts greatly the ability of the regulator to

discipline the bank. In fact, in this case risk-weighted capital requirements are prone

to manipulation by the bank and are thus not effective. As a risky bank must hold

more capital than a safer, risky banks always prefer to misreport their risk to avoid

costly capital charges. Formally, a bank with portfolio quality θ < θ prefers to

misreport its portfolio quality as θ to minimize capital charges.

Lemma 1. When the regulator is not informed about individual bank risk, the risk-

weighted capital requirement K(θ, L) = K∗(θ, L) is prone to manipulation.

Proof. See Appendix A.

The key implication of this result is that when the regulator is imperfectly in-

formed about portfolio quality, capital requirements cannot be conditioned on port-

folio quality:

Lemma 2. In the presence of asymmetric information, an allocation is incentive-

compatible if and only if regulations are independent of θ for all θ ∈ [θ, θ).

The incentive-compatible socially optimal allocation then requires choosing a non-

risk weighted capital requirement K∗∗(L) that maximizes expected social welfare or

formally:

K∗∗(L) = arg max
K

Eθ

[∫ R

1−K/L
[(R− 1)L+K] dF (R|θ)− CK +Φ

∫ 1−K/L

R

[(R− 1)L+K] dF (R|θ)

]
.
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The optimal incentive-compatible capital level K∗∗(L) is characterized by the follow-

ing first-order condition:

Eθ

[
F

(
1− K∗∗(L)

L

∣∣∣∣ θ)] =
C − 1

Φ− 1
≡ λ. (2.3)

This says that in the presence of limited information on bank risk, the regulator

designs capital requirements to make the expected probability of bank failure equal

to λ.

Relative to the complete information case, such capital requirements are inefficient

as they imply that a bank with low portfolio quality will always be undercapitalized

while a bank with high portfolio quality will always be overcapitalized. To see this,

define θ̃ such that K∗(θ̃, L) = K∗∗(L). Then, by Proposition (2), we know that

K∗(θ, L) > K∗∗(L) = K∗(θ̃, L) > K∗(θ, L). Thus, a relatively high risk bank (θ < θ̃)

hold less capital than socially desirable while a relatively safe bank (θ > θ̃) always

hold more capital than is socially desirable. We summarize this below:

Proposition 3. The incentive-compatible allocation under asymmetric information,

K∗∗(L) is characterized by (2.3) and is inefficient. In equilibrium, a bank with port-

folio quality above θ̃ is overcapitalized while a bank with portfolio quality below θ̃ is

undercapitalized. Overall, the expected capital misallocation is:

E [K∗∗(L)−K∗(θ, L)] =

∫ θ

θ̃

[K∗∗(L)−K∗(θ, L)] dG(θ)︸ ︷︷ ︸
overcapitalization

+

∫ θ̃

θ

[K∗∗(L)−K∗(θ, L)] dG(θ)︸ ︷︷ ︸
undercapitalization

.

We now consider how regulation can be designed to induce the bank to hold the

socially optimal level of capital K∗∗(L), and truthfully report information regarding
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portfolio quality. We first consider the regulatory structure of Blum (2008) and

show that while it induces truthful reporting by the bank, it results in excessive

overcapitalization.11 We then show that a variation of this regulatory structure can

overcome the problem of excessive overcapitalization and implement K∗∗(L) but only

at the cost of introducing misreporting by any bank with portfolio quality below θ̃.

Regulatory Framework of Blum (2008)

Blum (2008) shows that combining risk-weighted capital requirements with a lever-

age ratio can induce truthful reporting by the bank when the regulator believes port-

folio quality (or bank risk) to be drawn randomly from one of two possible values.

We can easily generalize this result to the case of a continuum of possible values for

portfolio quality. Suppose that the regulator imposes risk-weighted capital require-

ments K∗(θ, L) along with the following leverage requirement L ≥ L ≡ K∗(θ, L)/L.

Then, no bank can gain by misreporting θ as the binding leverage requirement will

force even a bank with portfolio quality θ to hold K∗(θ, L) units of capital. To see

this, a bank with portfolio quality θ faces the following problem under this regulatory

framework:

max
K≥0

∫ R

1−K/L
[(R− 1)L+K] dF (R|θ)− CK s.t. K ≥ K∗(θ, L) and L ≥ L.

Now note that the constraint L ≥ L is equivalent to K ≥ K∗(θ, L), and so the bank

will always hold K∗(θ, L) units of capital due to the binding leverage requirement.

Thus, all bank types (weakly) prefer to report portfolio quality truthfully. However,

11As noted earlier in the introduction, our regulatory structure is somewhat simpler than of Blum
(2008) as we do not consider ex-post penalties. Our results are robust to the inclusion of such
penalties as long as the regulator cannot perfectly detect misreporting ex-post.
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this results in all bank types (except θ) being overcapitalized in equilibrium. The

expected misallocation of capital (i.e. overcapitalization) is then

∫ θ

θ

[K∗(θ, L)−K∗∗(L)] dG(θ) > [K∗(θ, L)−K∗∗(L)]E(θ) > 0.

Therefore, while we can induce the bank to always report portfolio quality truthfully,

it is optimal to do so.

We can eliminate the excessive overcapitalization but only at the cost of intro-

ducing some degree of misreporting. Consider changing the leverage requirement to

L ≥ K∗∗(L)/L. Then, any bank with portfolio quality below θ̃ will find it profitable

to misreport θ̃ and thereby hold K∗∗(L) units of capital in equilibrium rather than

K∗(θ, L). Any bank with portfolio quality above θ̃ will continue to (weakly) prefer

to report truthfully yet still hold K∗∗(L) units of capital due to the binding leverage

requirement. Thus, this modified regulatory framework implements K∗∗(L) as the

bank holds K∗∗(L) units of capital irrespective of portfolio quality. We summarize

these results below:

Proposition 4. The risk-weighted capital requirements K ≥ K∗(θ, L) together with

the risk-independent leverage ratio restriction L ≥ K∗∗(L)/L implement optimal capi-

tal allocation under asymmetric information, K∗∗(L). However, under this regulatory

structure a bank with portfolio quality below θ̃ always prefers to misreport.

Increasing the leverage requirement above K∗∗(L)/L is clearly inefficient as this

results in the excess overcapitalization of relatively safe banks. Similarly, lowering

the leverage requirement below K∗∗(L)/L is inefficient because this leads to the un-

dercapitalization of relatively risky banks. Altering the leverage requirement also
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changes the incentives to misreport with the level of misreporting decreasing in the

leverage requirement. However, for any leverage requirement below K∗(θ, L) there

will be some degree of misreporting. Hence, the complementing risk-weighted capital

requirements with a leverage ratio restriction cannot entirely eliminate misreporting.

2.4 Multiple Banks

We can extend the analysis of the previous section to a banking sector consisting

of multiple banks. For simplicity, let the banking sector consist of two banks that

both issue risky loans financed by a combination of capital and deposits/debt yet

differ in the quality of their loan portfolios. Then, as long as these portfolios are not

perfectly correlated, the banking system may partially fail (when exactly one bank

fails) or completely fail (when both banks fails). We refer to the latter possibility

as systemic risk or systemic failure and consider how capital requirements should be

adjusted accordingly.12

Specifically, let the banking sector consist of two banks indexed by i ∈ {1, 2}. Each

bank invests in L units of risky loans financed by Di units of deposits/debt and Ki

units of capital. The balance sheet condition for bank i is then simply: Ki +Di = L.

Let both banks be protected by deposit-insurance so bank debt is risk-free. Similarly,

assume that both banks face a common cost of capital C > 1. We denote by θi

the portfolio quality of bank i where θi ∈ [θ, θ], and assume that banks differ in the

12At present, there is no consensus in the banking literature on the definition of systemic risk.
Hansen (2013) surveys the literature on systemic risk and notes that systemic risk “pertains to risks
of breakdown or major dysfunction in financial markets.” Moreover, he highlights “the potential
insolvency of a major player in or component of the financial system” as one of the three notions
of systemic risk in the literature. In the context of the model, this translates to the probability of
a large proportion of banks failing simultaneously. For simplicity, I equate systemic risk here with
the probability of failure of the entire banking system.
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quality of their loan portfolios with θ1 > θ2. Then denote by Ri the (stochastic) gross

return on loans for bank i where Ri has distribution F (Ri|θi). The break-even return

for bank i is simply Rbi ≡ Di/L = 1 −Ki/L. Importantly, we assume that returns

across banks are independent.13

Bank failures impose externalities on society however we assume these external-

ities are greater in the case of systemic failure than in the case of partial failure.14

Specifically, let Ψ capture the externalities imposed on society from a systemic failure

and let Φ denote the corresponding externalities from a partial failure. We assume

that systemic failures are most costly to society:

Assumption 4. Ψ > Φ.

The above assumption implies that society should be more concerned about prevent-

ing systemic failures than preventing partial failures.

We consider two approaches to regulation design that we label micro- and macro-

prudential. Under microprudential regulation, regulation is designed to ensure the

solvency of each bank independently. Under macroprudential regulation, the regu-

lator explicitly takes into the account the possibility of systemic failure, designing

capital requirements accordingly.

Microprudential Regulation

We first examine regulation design when the regulator is perfectly informed about

both the portfolio quality of each bank. In this case, the regulator chooses the optimal

13Correlation in returns amplifies our results as it increases systemic failure costs by increasing
the probability of systemic risk.

14This could result from more severe credit crunches or other externalities following a systemic
failure. See Hanson et al. (2011) for a discussion of such externalities.
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microprudential capital requirements Ki for a bank with portfolio quality θi as the

solution to the following problem:

max
Ki

∫ R

Rbi

[(Ri − 1)L+Ki] dF (Ri|θi) +

∫ Rbi

R

[(Ri − 1)L+Ki] dF (Ri|θi)− CKi

s.t. Di +Ki = L for all θi ∈ [θ, θ].

The optimal capital requirement for bank i is characterized by the following first-order

condition:

∫ R

Rbi

dF (Ri|θi) + Φ

∫ Rbi

R

dF (Ri|θi) = C for every θi ∈ [θ, θ]. (2.4)

Then the optimal capital requirement K∗(θi, L) for bank i is characterized by

F

(
1− K∗(θi, L)

L

∣∣∣∣ θi) =
C − 1

Φ− 1
≡ λ. (2.5)

As in the single-bank case, the regulator sets capital requirements for each bank so

as to ensure the probability of default is λ. Obviously, this condition is independent

of Ψ so under the microprudential approach, the regulator ignores the higher social

costs that may arise in the case of systemic failure.

We now consider how the regulator should design capital requirements when he

is imperfectly informed about the portfolio quality of each bank. Specifically, we

assume that the regulator believes the portfolio quality of each bank to be drawn

independently from the distribution G(·).15 Then, as in the single bank case, risk-

weighted capital requirements are prone to manipulation by each bank due as a result

15The regulator thus forms beliefs over both the individual and joint return distributions.
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of Lemma 1. Then, from Lemma 2, it follows that the regulator must impose a uniform

capital requirement on both banks. The optimal capital requirement K∗∗i (L) is then

characterized by the following equation:

Eθi

[
F

(
1− K∗∗i (L)

L

∣∣∣∣ θi)] =
C − 1

Φ− 1
≡ λ. (2.6)

Note that given that the regulator has same beliefs about the portfolio quality of

both banks, in equilibrium, K∗∗1 (L) = K∗∗2 (L) = K∗∗(L). Then, if the banking sector

is relatively safe (θ1, θ2 > θ̃) it will be overcapitalized while if it is relatively risky

(θ̃ > θ1, θ2) it will be undercapitalized. When one bank is relative safe (θ1 > θ̃)

and the other is relatively risky (θ̃ > θ2), the banking sector may be either over- or

undercapitalized. Overall, the expected capital misallocation is simply:

∑
i

E [K∗∗ −K∗i ] =
∑
i

∫ θ

θ̃

[K∗∗ −K∗i ] dG(θi)︸ ︷︷ ︸
overcapitalization

+
∑
i

∫ θ̃

θ

[K∗∗ −K∗i ] dG(θi)︸ ︷︷ ︸
undercapitalization

.

In terms of implementation, following Proposition 4 a complementing risk-weighted

capital requirements K ≥ K∗(θi, L) with a risk-independent leverage ratio restriction

L ≥ K∗∗(L)/L will implement K∗∗(L). If the banking system is relative safe, both

banks prefer to report truthfully their portfolio quality to the regulator while if the

banking system is relatively risky both prefer to misreport.

Macroprudential Regulation

When the regulator takes into account the possibility of systemic failure when

designing capital requirements and has complete information on the portfolio quality
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of both banks, capital requirements K1, K2 and debt levels D1, D2 for banks are set

to maximize expected welfare:

max
K1,K2,D1,D2

∫ R

Rb1

∫ R

Rb2

[R1L−D1 +R2L−D2] dF (R1|θ1)dF (R2|θ2)− CK1 − CK2

+

∫ R

Rb1

∫ Rb2

R

[R1L−D1 + Φ [R2L−D2]] dF (R1|θ1)dF (R2|θ2)

+

∫ Rb1

R

∫ R

Rb2

[Φ [R1L−D1] +R2L−D2] dF (R1|θ1)dF (R2|θ2)

+ Ψ

∫ Rb1

R

∫ Rb2

R

[R1L−D1 +R2L−D2] dF (R1|θ1)dF (R2|θ2)

s.t. D1 +K1 = L and D2 +K2 = L for all θ1, θ2 ∈ [θ, θ].

The first line in the objective captures the profits made by the banking sector given

limited liability. The second and third lines capture the expected costs associated

with the failure of a single bank. Importantly, the last line captures the costs from

systemic failure.

Using the balance-sheet conditions to simply the objective, the optimal capital

requirements are characterized by the following first-order conditions:

K1 :

∫ R

Rb1

dF (R1|θ1)+Φ

∫ Rb1

R

dF (R1|θ1)+(Ψ−Φ)

∫ Rb1

R

dF (R1|θ1)

∫ Rb2

R

dF (R2|θ2) = C

(2.7)

K2 :

∫ R

Rb2

dF (R2|θ2)+Φ

∫ Rb2

R

dF (R2|θ2)+(Ψ−Φ)

∫ Rb1

R

dF (R1|θ1)

∫ Rb2

R

dF (R2|θ2) = C.

(2.8)

The first two terms in the equations above capture the marginal benefit of capital to

society for each bank under the microprudential approach. The last term, which is

clearly positive, captures the additional marginal benefit of capital to society under
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the macroprudential approach. The intuition for this is straightforward: as bank

capital reduces the probability of systemic failure (by reducing the probability of

individual failure) together with bank losses, the regulator finds it optimal to impose

additional capital charges on banks to account for systemic failure costs.

The relative importance of micro- versus macroprudential objectives is entirely

captured by the difference Ψ and Φ. When Ψ = Φ, capital requirements are set en-

tirely in accordance with microprudential concerns. However, as we show below, the

larger the difference Ψ − Φ, the larger the gap between micro- and macroprudential

capital requirements. In addition, we show that macroprudential capital require-

ments are risk-sensitive in the sense that for each bank their requirements decrease

in the bank’s own portfolio quality. Therefore, in the case of complete information,

macroprudential requirements can be implemented simply by fine-tuning the weights

appropriately. Note that as the bank with higher portfolio quality requires less capital

to achieve the same probability of default as the bank with lower portfolio quality,

capital requirements are lower for the former and higher for the latter.

Proposition 5. Under complete information on portfolio quality, the optimal macro-

prudential capital requirements K†1 and K†2 are characterized by (2.7) and (2.8). These

imply:

• in equilibrium both banks have the same probability of default µ ≡ F (1 −

K†1/L|θ1) = F (1−K†2/L|θ2),

• capital requirements are higher for the bank with lower portfolio quality: K†2 >

K†1 and more generally
∂K†i
∂θi

< 0 for both i = 1, 2,

• capital requirements for both banks increase with the cost of systemic failure:
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∂K†i
∂Ψ

> 0.

Proof. See Appendix A.

Corollary 4. Given complete information on portfolio quality, macroprudential cap-

ital requirements are uniformly higher than microprudential requirements: K†i > K∗i

and thus each bank (and in turn the banking system) is safer under a macroprudential

approach: λ > µ.

Proof. see Appendix A.

This result confirms our intuition that macroprudential capital requirements should

be uniformly higher than microprudential requirements to capture the additional

cost associated with systemic failure. These requirements increase for both banks

as systemic failure costs increase but the increase is greater for the bank with lower

portfolio quality.16 Moreover, as macroprudential capital requirements are effectively

risk-weighted they can be implemented using the simple risk-weighted rule K ≥ K†i .
17

Adverse Selection

When the regulator is imperfectly informed about the portfolio quality of both

banks, due to Lemma 1 and 2, risk-weighted capital requirements K†i are prone to

manipulation. As a result, the regulator cannot condition capital requirements on

portfolio quality as both banks prefer to always misreport their portfolio quality as

θ. As a result, the regulator must impose a uniform level of capital on all banks.

Formally, the regulator chooses a single capital requirement to maximize expected

16Note that F ′1 > F ′2 as Fθ < 0 which implies
∂K†1
∂Ψ <

∂K†2
∂Ψ .

17Note that the actual rule is the same for both banks, only the inputs are different.
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welfare:

max
K

∫
θ1,θ2

[∫ R

Rb1

∫ R

Rb2

[(R1 − 1)L+K + (R2 − 1)L+K] dF (R1|θ1)dF (R2|θ2)− CK − CK

+

∫ R

Rb1

∫ Rb2

R

[(R1 − 1)L+K + Φ [(R2 − 1)L+K]] dF (R1|θ1)dF (R2|θ2)

+

∫ Rb1

R

∫ R

Rb2

[Φ [(R1 − 1)L+K] + (R2 − 1)L+K] dF (R1|θ1)dF (R2|θ2)

+ Ψ

∫ Rb1

R

∫ Rb2

R

[(R1 − 1)L+K + (R2 − 1)L+K] dF (R1|θ1)dF (R2|θ2)

]
dG(θ1)dG(θ2)

where we have simplified the expression above using the banks’ balance sheet con-

ditions, and the expectation is taken over the regulator’s beliefs about the portfolio

quality of each bank.

Proposition 6. With complete lack of information on portfolio quality, the optimal

macroprudential capital requirement K‡ is characterized by the following first-order

condition:

1

2
Eθ1

[∫ R

Rb1

dF (R1|θ1) + Φ

∫ Rb1

R

dF (R1|θ1)

]
+

1

2
Eθ2

[∫ R

Rb2

dF (R2|θ2) + Φ

∫ Rb2

R

dF (R2|θ2)

]

+(Ψ−Φ)

[
Eθ1

[∫ Rb1

R

dF (R1|θ1)

]
Eθ2

[∫ Rb2

R

dF (R2|θ2)

]
− F ′(Rb1)Π

L + F ′(Rb2)Π
L

2

]
= C.

(2.9)

where ΠL
i ≡ 1

L

∫ Rbi
R

[
(Ri − 1)L+K‡

]
dF (Ri|θi) for i = 1, 2.

The first line of the RHS is the expected microprudential marginal benefit of cap-

ital across the two banks. Essentially, increasing capital reduces the average prob-

ability of default across banks leading to higher expected profits and lower failure
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costs in the event of a single bank failure. The second line is the expected macro-

prudential benefit of capital. The first term captures the marginal benefit arising

from a reduction in the expected systemic risk whereas the second term captures the

marginal benefit from a reduction in the average loss per unit of loan volume in the

event of a systemic failure. This last effect arises only when the regulator adopts a

macroprudential approach to regulation and captures additional benefits to society

from further increasing capital requirements.

Corollary 5. When the regulator is imperfectly informed about the portfolio quality

of individual banks, under macroprudential regulation the regulator tightens capital

requirements so that the expected probability of default µas < µ.

Proof. See Appendix A.

Under the microprudential approach, the expected probability of default given

incomplete information was precisely the probability of default under complete in-

formation, namely λ. However, under the macroprudential approach, K‡ is chosen

to ensure that the expected probability of default is below the probability of default

under complete information, µ. Incomplete information forces the regulator to im-

pose capital distortion that benefit relatively risky banks at the expense of relatively

safe ones. However, the presence of systemic failure costs necessitates imposing an

additional uniform increase in the capital burden of all banks. In other words, the

regulator is much less willing to tolerate undercapitalization of relatively risky banks

and much more willing to tolerate overcapitalization of relatively safe banks.

Formally, define θm such that
∫ R

1−K‡/L dF (R|θm) = µas. Then again, if the banking

sector is relatively safe (θ1, θ2 > θm) it will be overcapitalized but if it is relatively risky

(θm > θ1, θ2) it will be undercapitalized. When one bank is relative safe (θ1 > θm)
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and the other is relatively risky (θm > θ2), the banking sector can be either over- or

undercapitalized. Overall, the expected capital misallocation is:

∑
i

E
[
K‡ −K†i

]
=
∑
i

∫ θ

θm

[
K‡ −K†i

]
dG(θi)︸ ︷︷ ︸

overcapitalization

+
∑
i

∫ θm

θ

[
K‡ −K†i

]
dG(θi)︸ ︷︷ ︸

undercapitalization

.

Now, following our previous implementation results clearly the following combination

of risk-weighted capital requirements and leverage requirements implement K‡: K ≥

K†i for i = 1, 2 and L ≥ K‡/L.

Corollary 6. As a result, more banks misreport portfolio quality under macropru-

dential regulation then microprudential regulation.

The intuition behind this result is straight-forward: as capital requirements are

more stringent due to incomplete information and macroprudential concerns, the

leverage requirement will be higher and so a greater number of banks will misreport.

Specifically, all banks will portfolio quality below θm will misreport and since θm > θ̃

because K‡ > K∗∗, we conclude that a macroprudential approach induces additional

misreporting by banks.

2.5 Conclusion

We have shown that when systemic failures are more costly than individual bank

failures, a capital surcharge on all banks is necessary. The nature of this surcharge

depends both on individual bank characteristics as well as sector-wide characteristics.

When the former are imperfectly observed by the regulator, capital are distorted

and relatively safe banks are forced to become overcapitalized while relatively risk
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banks are allowed to be undercapitalized. Nevertheless, the information-constrained

optimum can be achieved through a combination of risk-weighted capital requirements

and a leverage ratio restriction. As a result, leverage restrictions should be part of the

regulator’s toolkit even though they cannot completely remove inefficient risk-taking

from the banking system.



Chapter 3

Dynamic Prudential Regulation

3.1 Introduction

Following the financial crisis of 2008-2009, policymakers across various jurisdic-

tions proposed new regulations aimed at reducing the possibility of systemic failures

– the simultaneous collapse of a significant fraction of the financial sector – and min-

imizing the adverse effects of such failures on society at large. The literature has

recognized that an important negative consequence of systemic failures is the dis-

ruption of credit to firms and households.1 Such disruptions can be amplified by

the dynamic balance sheet adjustment behaviour of surviving institutions as these

institutions find it difficult to raise capital in a crisis and prefer instead to sell assets

and reduce credit provision in order to maintain compliance with minimum capital

requirements.

This chapter determines the socially optimal regulations to mitigate excessive risk-

taking and socially inefficient balance sheet adjustments by a deposit-insured bank

1See Hanson et al. (2011) for clear discussion of the effects of credit-crunches.
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where bankruptcy imposes externalities on society. We build a dynamic extension of

the incentive-based approach to banking regulation developed by Giammarino et al.

(1993). In this framework, the bank is run by risk-neutral managers that issue risky

(but socially valuable) loans to entrepreneurs each period, funded through a combina-

tion of insured deposits and outside capital. Each period mangers privately observe

credit-market conditions and also carry-out risk-mitigation activities that are not di-

rectly observable to outsiders.2 The cost of these risk-mitigation activities is a form of

effort borne solely by managers. Due to limited liability, in the absence of regulation

managers do not internalize the costs of failure imposed on society when deciding on

the bank’s capital structure and risk-mitigation effort. As a result, managers have

incentives to increase the riskiness of the bank’s loan portfolio in order to maximize

the value of deposit insurance.

From a regulatory standpoint, we focus on a regulator tasked with providing

deposit-insurance and with the ability to impose restrictions on the bank’s activities.

Bank failure is assumed to be costly to society, and the provision of deposit-insurance

is also assumed to be socially costly. The underlying premise is that deposit insurance

is financed through in part via distortionary taxation.3 The regulator does not ob-

serve credit-market conditions nor the risk-mitigation effort carried out by managers.

Instead, the regulator can only observe the resulting loan quality but does not know

if the quality is due to managerial effort or chance. As a result, it is important to

recognize that the regulator’s objective is not to target a particular level of default

risk. Instead, the regulator’s objective is to design regulations that balance the value

of the bank’s intermediation activities, the liquidity provided by deposit insurance,

2We assume that credit market conditions vary independently over time.
3During the recent crisis, in the US short-falls in the FDIC fund were financed through funds

provided by the US Treasury that in turn were raised in part via distortionary income taxation.



CHAPTER 3. DYNAMIC PRUDENTIAL REGULATION 37

the cost of managerial effort, the cost of bank failure and the cost of providing the

deposit insurance.

In terms of timing, each period the managers first observe credit-market conditions

then report these to the regulator. The regulator then prescribes a set of restrictions

on the loan volume, capital, reserve and portfolio quality requirements that the bank

must meet. The manager then chooses the bank’s capital structure and exerts risk-

mitigation effort that results in a particular portfolio quality. The regulator then

inspects the bank to ensure it meets the restrictions on loan volume, capital, reserve

and portfolio quality requirements set out earlier. If these are met, the bank is allowed

to proceed with its investments and payoffs are realized and claims are paid.

In the static setting of Giammarino et al. (1993), the optimal regulation calls

for minimum capital requirements together with loan volume and portfolio quality

restrictions that depend upon the bank’s report of credit-market conditions. In order

to induce the bank’s managers to report truthfully, the regulator offers managers

rents by permitting them to take some excessive risks, and relaxing loan volume

restrictions and capital requirements relative to the socially efficient levels. Moreover,

the regulator finds it optimal to increase (decrease) the degree of flexibility offered as

credit-market conditions improve (deteriorate).

The key contribution of this chapter is to demonstrate that the optimal regu-

lation is qualitatively different in a dynamic setting (infinitely repeating the static

setting of Giammarino et al. (1993)) and to characterize the optimal balance sheet

adjustments required of the bank following a decline in credit-market conditions. In a

dynamic setting, the optimal regulation also calls for minimum capital requirements

combined with loan volume and portfolio quality restrictions. However, improvements
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in credit-market conditions do not always guarantee an increase in flexibility. In fact,

the optimal regulation calls for hard limits on risk, loan volume and portfolio quality

once credit-market conditions exceed a particular threshold. The dynamic setting

introduces additional complexity in the off-equilibrium reporting strategies available

to the bank’s managers that necessitates additional rents to induce truthful reporting

each period.4 Therefore, in a dynamic setting incentives are more costly to provide

and thus the costs of providing the required flexibility, for banks that face relatively

favourable credit-market conditions, outweigh the benefits from the additional inter-

mediation activity. Moreover, following a sufficiently large decline in credit-market

conditions, the optimal regulation calls for a reduction in capital requirements – de-

spite the associated increase in future expected failure costs – to mitigate reductions

in loan volume and thereby limit credit disruptions.

An important feature that simplifies the characterization of the optimal policy

in our setting is that given a modified monotone likelihood ratio assumption, the

optimal regulation is static. That is, the continuation values promised to the bank

by the regulator to induce information revelation and risk-mitigating effort are time

invariant.5 There are reasons for this. The first has to do with the structure of the

information. The regulator learns about credit-market conditions (the bank’s private

information) directly from the bank before the managers undertake any actions. If

some information or noisy signal about credit-market conditions was received after

actions by the bank were undertaken, continuation values conditional on this signal

may then be optimal. Second, in contrast to most of the literature on dynamic

4We eliminate the disciplining effects of charter value by assuming that the bank is always bailed
out by the regulator.

5It is important to understand that in the absence of Assumption 7, the mechanism is not static.
This assumption is therefore crucial to ensure that incentive provision can be done.
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contracting, there is no conflict in providing incentives between different agents. That

is, there is no resource constraint that requires increases in continuation values of one

agent to be offset by lowering continuation values of other agents. In our setup,

the continuation values of all agents must either by lowered or increased to provide

incentives.

Qualitatively, the optimal regulatory policy supports elements of the new inter-

national framework for banking regulations – the Basel III accord. While minimum

capital requirements are a standard policy tool, the optimal regulation can be inter-

preted as imposing a cap on bank leverage that is equivalent to the leverage restriction

introduced in Basel III. Moreover, the loan volume restrictions in the optimal reg-

ulation support the broader macro-prudential goal in Basel III of “leaning against

excessive credit growth.”6 Finally, the balance sheet adjustment behaviour of the

bank under the optimal regulation following an adverse shock to credit-market con-

ditions can be interpreted as consistent with maintaining a capital-absorbing buffer

also introduced in Basel III.

Another contribution of this chapter is that it builds a novel dynamic model of

bank regulation. The model is built upon a dynamic extension of a static model

of bank regulation (Giammarino et al. (1993)) following the approach to regulation

initiated by Laffont and Tirole (1986). The key issue that arises in a dynamic model

is that it is typically very difficult to fully characterize the optimal regulatory policy

given the informational frictions. In order to do, chapter 3 leverages a result from

the design of optimal monetary policy, namely Athey et al. (2005). In Athey et al.

(2005), a central bank has control over a policy variable (inflation) and has private

information that influences its actions. In addition, the central bank’s objectives

6http://www.bis.org/speeches/sp101011.htm.

http://www.bis.org/speeches/sp101011.htm
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are not perfectly aligned with those of society. So the regulatory problem is how

to specify restrictions on the central bank’s actions that maximize social welfare.

Analogously, in Chapter 3, a bank that has control over both it’s asset structure and

capital structure. The bank has private information (θ and effort) that affect its asset

and capital structure choices. Asymmetric information coupled with limited liability

entail that the bank’s objectives are not perfectly aligned with those of society. So

the regulatory problem is how to specify restrictions on the bank’s asset and capital

structures to maximize social welfare. In key difference however is that the number of

instruments used to control the bank are more numerous than those used to control

the central bank, so chapter 3 carefully extends the approach of Athey et al. (2005)

to permit the characterization of the optimal regulatory policy.

This chapter is related to the theoretical literature on the design of regulations

for banks in dynamic settings. Blum (1999) first examined theoretically the dynamic

effects of imposing minimum capital requirements on bank behaviour. In a two-

period setting, Blum (1999) shows that if such requirements bind in the first period,

tightening them reduces portfolio risk (and expected bank profits) in the current

period. However, if capital requirements do not bind in the first period but may bind

in the next period, then the bank finds it optimal to increase risk in the first period

to compensate for smaller profits in the future whenever requirements are tightened.

As a result, the optimal regulation in a static setting may no longer be optimal once

the dynamics of the bank’s balance sheet adjustments are taken into account. This

chapter generalizes the results of Blum (1999) to a setting where the bank not only

has incentives to increase risk-taking ex-ante but also possesses private information

about the nature of these risks. In addition, this chapter examines the potential



CHAPTER 3. DYNAMIC PRUDENTIAL REGULATION 41

usefulness of regulatory instruments beyond minimum capital requirements.

The literature (e.g. Calem and Robb (1999), Dangl and Lehar (2004)) has exam-

ined other instruments besides minimum capital requirements to curb risk-taking by

deposit-insured banks. For instance, in a continuous time setting Dangl and Lehar

(2004) study a model in which the regulator sets capital requirements as well as

an audit policy for a bank that chooses a portfolio of loans at each point in time.

Risk-weighted capital requirements are optimal and benefit both depositors and eq-

uity holders, as they allow commitment to portfolio choices that increase the bank’s

charter value. In comparison, this chapter explicitly ignore the incentive effects from

charter value by assuming that the bank is bailed out whenever it fails. Moreover,

we emphasize the role of informational frictions in limiting the design of regulations.

This chapter also contributes to the literature on mitigating credit disruptions or

in other words reducing the pro-cyclicality induced by regulatory policy. Blum and

Hellwig (1995) show that rigid capital adequacy regulations for banks may reinforce

macroeconomic fluctuations. Repullo and Suarez (2010) defend the pro-cyclicality

induced by regulation as necessary to provide banks with incentives to guard against

excessive risk-taking while offering important qualifications to help mitigate the sever-

ity of credit crunches following an aggregate shock. In line with their arguments this

chapter shows that while bank intermediation is pro-cyclical under the optimal regu-

lation, the counter-cyclical nature of the optimal capital requirements mitigate credit

disruptions.
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3.2 Model

Consider a banking sector that consists of a single risk-neutral bank that raises

funds from depositors and outside shareholders to allocate across risky loans and

reserves.7 Through deposits, the bank provides liquidity services and through loans,

the bank funds entrepreneurial projects. The bank has private information regarding

the credit-risk of its loan portfolio and can also raise portfolio quality through costly

effort. When the bank is unable to meet its obligations, as is the case when returns

are sufficiently low, the bank defaults. A defaulting bank imposes social costs on

society that are proportional to bank losses but are not internalized by the bank.

There is a regulator that provides deposit insurance and maximizes social welfare.8

The presence of the regulator stems from the existence of externalities imposed on

society due to bank failure. The regulator is unable to observe the effort by the bank

manager to improve loan quality (moral hazard) nor the private information regarding

credit-risk on the loans held by bank (adverse selection). As a result, the relationship

between the bank and the regulator is plagued with a moral hazard problem that

interacts with the adverse selection problem as in Laffont and Tirole (1986). These

informational problems result in mis-priced deposit insurance giving banks incentives

to maximize profits by increasing the risk of their loan portfolios to maximize the

value of the deposit insurance. The regulator imposes restrictions on both the capital

structure and asset structure of the bank to influence bank behaviour.

More specifically, there are four actors – depositors, firms, banks and a regulator

– that are described in detail below.

7The stage game is an extension of Giammarino et al. (1993).
8More generally, guarantees for debt or debt-like instruments issued a financial intermediary.
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3.2.1 Investors / Depositors

There is a large number of risk-averse investors or depositors. They are willing to

invest in a risky security for return re > rf where rf is the return on a risk-less asset,

normalized to 1.

3.2.2 Firms/Investments

The bank has sole access to a number of investment opportunities (or projects) and

is the sole source of outside financing in this economy. The projects vary in risk and

size. The average return on a portfolio of loans in the amount L is rL with r ∈ [r, r].

Due to its monopoly position in the lending market, the bank captures all the surplus

from loans. Therefore, bank profits capture total welfare from loan-making activities.

This assumption is not critical but will simplify the regulator’s welfare maximization

problem because including the bank’s profits in the welfare function will be sufficient

to capture total welfare. Therefore, the bank’s gross profit from issuing an amount

of loans L is just rL.

3.2.3 Bank

The bank finances its investments by issuing D deposits, and selling a fraction z

of its stake to raise E units of equity. It uses these funds to invest L in risky loans

while holding R in reserves. Thus the bank equates assets and liabilities ex-ante as

follows:

D + E = L+R (3.1)
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The average gross rate of return, r, on the bank’s loan portfolio is a random vari-

able with smooth distribution function G(r|q) where q is the quality of the bank’s loan

portfolio. Higher levels of q imply more profits in a first-order stochastic dominance

sense. Formally, G has positive support on [r, r] and that an increase in q increases

returns in a FOSD sense:

Assumption 5. Gq(r|q) ≤ 0 ∀r ∈ [r, r] with strict inequality for some r.

The quality of the loan portfolio, q, is comprised of the “innate” quality θ and

effort e so that q = θ + e. The innate quality θ can be viewed as factors beyond the

control of the bank such as the credit-worthiness of the borrowers or the state of the

financial markets. The bank privately observes this innate quality while the regulator

believes it to be drawn from a distribution F (θ) with support on Θ ≡ [θ, θ]. On the

other hand, effort e, can be viewed as all the factors within the control of the bank but

that are costly to implement such as risk-management and loan monitoring. The cost

of effort is given by C(e) where C ′, C ′′ > 0. In addition, the processing of loans entails

additional administrative costs γ(L) as a function of loans L where γ′(·), γ′′(·) > 0.

The bank’s revenues after paying depositors for a realization of a return r on loans

are:

rL− γ(L) +R−D

The cutoff for returns, rb, below which the banks defaults is given by:

rbL− γ(L) +R−D = 0

so that

rb =
D + γ(L)−R

L
(3.2)
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At the end of the period, the bank pay claims to depositors and shareholders. If profits

exceed D, then depositors are paid in full and the rest of the profits are distributed

among shareholders. If profits are insufficient to pay depositors, the regulator pays

the depositors. As a result, the gross return to equity E is equated with the fraction

of expected profits entitled to shareholders:

reE = z

∫ r

rb
[rL− γ(L) +R−D]dG(r|q). (3.3)

Expected profits for the bank are:

(1− z)

∫ r

rb
[rL− γ(L) +R−D]dG(r|q)− C(e)

subject to (1) and (2). Following Giammarino et al. (1993), assume D = L, so that

cheap deposits fund loans, and E = R so that equity provides a “cushion” for losses.

Using expression (3.3) , the bank’s problem can be written as:

max
e,L,R

π[e, L,R] ≡
∫ r

rb
[(r − 1)L− γ(L) +R]dG(r|q)− C(e)− reR. (3.4)

3.2.4 The regulator’s problem

The regulator maximizes social welfare while also providing deposit insurance.

However, the regulator does not observe the effort (e) nor the innate quality of the

loan portfolio (θ) and so cannot condition the policies on these variables. However,

the regulator can observe the bank’s capital and asset structure (D,E,L,R) including

the quality of bank’s loan portfolio q after assets are in place. In terms of timing,

following the bank’s report of its innate loan quality, the regulator determines the
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loan volume L, reserves R and quality q that the bank must adhere to. Then, the

bank raises outside funds and chooses effort e. Note that as q = θ + e, without loss

of generality, we can view the bank as choosing q rather than e. After assets are

in place, the regulator carries out an inspection and can observe directly q, L and

R. Following the inspection, only if {q, L,R} are consistent with regulation, is the

bank allowed to continue operations. The underlying assumption is that inspection

conveys perfect information about the realized quality of the loan portfolio.

Formally, the regulator offers a policy or contract µ(·) = {q(·), L(·), R(·)} to the

bank, where the functions q(·), L(·) and R(·) are all piecewise-C1 functions. The bank

observes the innate loan quality and using a reporting strategy m(θ) issues a report

θ̂ = m(θ) ∈ Θ. The policy for the bank when it reports its innate loan quality as θ̂

will be denoted by µ(θ̂) = {q(θ̂), L(θ̂), R(θ̂)}. The timing is summarized below:

Bank observes ✓

Bank reports quality ✓̂

Regulator sets µ(�̂) Bank chooses e�ort

Regulator inspects bankBank makes loans, set reserves
and issues debt and equity

Returns are realized;
claims are paid

Figure 3.1: Timing in Chapter 3

In equilibrium, the expected cost of bankruptcy to the regulator (i.e. the cost of

providing deposit insurance) for a bank with innate quality θ is:

S[µ(θ)] ≡ (1 + b)

∫ rb

r

[(r − 1)L(θ)− γ(L(θ)) +R(θ)]dG(r|q(θ)).

The integral is the expected loss borne by the regulator when bank profits fail to cover

the depositor’s claims where we have used D = L to simplify the expression. Here the
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parameter b captures negative externalities from bankruptcy that are proportional to

losses.9

The expected profits of the bank (and thereby the total surplus from lending)

when it has innate quality θ but reports θ̂ is

π[µ(θ̂), θ] ≡
∫ r

rb
[(r−1)L(θ̂)−γ(L(θ̂))+R(θ̂)]dG(r|q(θ̂))−C(q(θ̂)−θ)−reR(θ̂). (3.5)

As is clear from this expression, the bank makes profits from loan-making activities

and holds reserves to offset losses. Applying an extended revelation principle10, we

can write the regulator’s problem as follows:

max
µ(·)

∫ θ

θ

{π[µ(θ) + S[µ(θ)], θ]}dF (θ) (3.6)

subject to

π[µ(θ), θ] ≥ 0 (3.7)

π[µ(θ), θ] ≥ π[µ(θ̂), θ] (3.8)

for all θ, θ̂ ∈ Θ, where π[µ(θ), θ] + S[µ(θ)] is the combined welfare from loan-making

activities and the provision of deposit insurance for a bank with innate quality θ that

reports truthfully. The first set of constraints are the limited-liability constraints for

the bank. The second set are the incentive compatibility constraints, ensuring that a

9As noted in Giammarino et al. (1993), alternative specifications of the social costs of default are
possible. For example, they could be made proportional to the level of loans issued. These yield
qualitatively similar results.

10Myerson (1982) provides a Revelation Principle for environments that feature both adverse
selection and hidden actions such as the one above.
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bank of type θ does indeed prefer to report θ rather than some θ̂ 6= θ.

3.3 No Regulation

We first analyze the bank’s problem in the absence of any regulation. Recall that

the bank’s problem in this case is:

max
µ(θ)

π[µ(θ), θ] ≡
∫ r

rb
[(r − 1)L− γ(L) +R]dG(r|q)− C(q − θ)− reR

where we have used q = θ − e. The marginal benefit to the bank of holding reserves

is a decrease in the probability of default:

− ∂rb
∂R

[(r − 1)L− γ(L) +R] |r=rb +

∫ r

rb
dG(r|q)

= 0 +

∫ r

rb
dG(r|q)( as profits at r = rb are zero by definition)

≤ 1.

On the other hand, the marginal cost to holding reserves is the risk premium re > 1.

Therefore, in equilibrium the bank prefers to hold zero reserves (and don’t raise any

equity). The optimality conditions for the bank’s choice of loans and portfolio quality

are:

L :

∫ r
rb

(r − 1)dG(r|q)
1−G(rb|q)

= γ′(L) (3.9)

q :

∫ r

rb
[(r − 1)L− γ(L) +R] dGq(r|q) = C ′(q − θ). (3.10)
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The first says that the bank chooses its level of investment by equating the expected

marginal return to an additional loan (r − 1) conditional on being solvent to the

marginal cost of issuing the loan γ′(L). The second condition says that the bank

chooses effort in order to equate the marginal increase in profits from higher quality

loans with the marginal cost of monitoring effort.

3.4 The Optimal Regulation

We now analyze the regulatory problem with complete information in order to

establish a pair of welfare benchmarks. Under complete information, the regulator

is able to perfectly assess the credit risk associated with the bank’s loan portfolio

and so is able to play the role of an external ratings agency. A bank that employs

an external agency to assess its credit risk is said to be following the standardized

approach in assessing such risk. Formally, the standardized policy µS(θ) maximizes

welfare (3.6) subject only to the limited liability constraints (3.7). The following

optimality conditions characterize µS(θ):

∂S[µS(θ)]

∂µk
+
∂π[µS(θ), θ]

∂µk
= 0 ∀µk = q, L,R. (3.11)
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Specifically, these conditions are:

R :

∫ r

rb
dG(r|q) + (1 + b) ·

∫ rb

r

dG(r|q) = re (3.12)

L :

∫ r
rb

(r − 1)dG(r|q) + (1 + b) ·
∫ rb
r

(r − 1)dG(r|q)
1 + bG(rb)

= γ′(L) (3.13)

q :

∫ r

rb
[(r − 1)L− γ(L) +R] dGq(r|q) + (1 + b)

∫ rb

r

[(r − 1)L− γ(L) +R] dGq(r|q) = C ′(q − θ).

(3.14)

In contrast to the situation without regulation, here the bank must hold a strictly

positive level of reserves. This is because that an increase in reserves, in addition

to making the bank safer, also reduces the expected costs associated with default.

Therefore, the regulator forces the bank to raise costly capital to provide a cushion

for losses even though it’s not in the bank’s private interest to do so. Moreover, the

regulator also seeks to curtail the bank’s loan volume to reduce the expected failure

costs. Finally, the regulator requires the bank to increase monitoring effort to further

reduce the expected costs of failure by mandating an increase in the bank’s portfolio

quality. We formally show these results in the following proposition.

Proposition 7. In a regulated environment with perfect information, the bank holds a

positive level of reserves while lending is curtailed and increased effort on monitoring

is exerted.

Proof. See Appendix A.

Clearly, µS(θ) varies directly with the innate quality of the bank’s loan portfolio,

resulting in risk-weighted capital requirements (RS(θ)) and risk-weighted loan volume
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LS(θ).Moreover, µS(θ) achieves the highest welfare possible while leaving no surplus

to the bank.

At the other end of the spectrum, the regulator may choose to ignore the innate

loan quality of the bank altogether when setting its policy. Such a policy imposes

a fixed capital structure, and a fixed asset portfolio on the bank regardless of the

bank’s asset quality. We label such a policy a full hard-cap policy, denoted µFHC , as

it does not permit flexibility in any policy variable. Formally, it solves the following

problem:

max
µ

∫ θ

θ

{π[µ, θ] + S[µ]}dF (θ) (3.15)

subject to the limited liability constraints π[µ, θ] ≥ 0. It is clear that this policy

achieves a lower level of welfare than µS(θ).

3.4.1 Policies and Welfare Under Private Information

When the bank has private information, the regulator must rely on the bank to

provide an overall assessment of its credit-risk. Then, in contrast to the perfect-

information case, the ability of the regulator to adjust the regulatory regime in ac-

cordance with the private information of the bank is curtailed by the presence of the

incentive-constraints. Indeed, this adjustment can be performed only be surrendering

a certain amount of surplus in eliciting the information.

To solve the regulator’s problem we first replace the global incentive-constraints

(3.8) with appropriate local versions of them. To this end, we view the bank as

choosing a report θ̂ to solve maxθ̂ π[µ(θ̂), θ)]. The necessary condition for truthful
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reporting to be optimal is then:

∑
k

∂π[µ(θ̂), θ]

∂µk

dµk(θ̂)

dθ̂

∣∣∣∣∣
θ̂=θ

=
∑
k

∂π[µ(θ), θ]

∂µk

dµk(θ)

dθ
= 0. (3.16)

The sufficient condition is equivalent to ∂2π[µ(θ̂),θ)]

∂θ̂∂θ

∣∣∣
θ̂=θ
≥ 0 or

∑
k

∂2π[µ(θ̂), θ]

∂µk∂θ

dµk(θ̂)

dθ̂

∣∣∣∣∣
θ̂=θ

=
∑
k

∂2π[µ(θ), θ]

∂µk∂θ

dµk(θ)

dθ
≥ 0. (3.17)

Then, local-incentive constraints (3.16) are equivalent to the incentive-constraints

(3.8) if and only if the weak single-crossing property holds
(
∂2π[µ(θ),θ]
∂µk∂θ

≥ 0∀k
)

and the

regulatory policy is weakly monotonic (dµk(θ)/dθ ≥ 0∀k). We can easily establish

the former:

Proposition 8.

∂2π[µ(θ), θ]

∂µk∂θ
≥ 0 (3.18)

for all k with strict inequality for at least one k.

Proof. See Appendix A.

We also make the following standard assumption regarding the hazard rate:

Assumption 6.

d

dθ

{
1− F (θ)

f(θ)

}
≤ 0 for all θ ∈ [θ, θ]. (3.19)
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Standard techniques11 then ensure that given the assumptions above, the regula-

tor’s relaxed problem can be written as

max
µ(θ)

∫ θ

θ

[
S[µ(θ)] +

(
1− F (θ)

f(θ)

)
∂π[µ(θ), θ]

∂θ

]
dF (r|q(θ)) (3.20)

subject to incentive-constraints (3.16) and the limited liability constraint π[µ(θ), θ] =

0. The necessary conditions for optimality can be compactly written as:

∂S[µ(θ)]

∂µk
+

(
1− F (θ)

f(θ)

)
∂2π[µ(θ), θ]

∂µk∂θ
= 0 ∀k. (3.21)

This formulation of the problem shows that the regulator sets a policy that maximizes

the virtual social surplus which takes into account the costs of providing the incentives

for the bank to truthfully report its credit risk. As the credit risk is assessed by the

bank, we refer to the optimal policy in this case as the Internal Rating-Based or IRB

policy, denoted µIRB(θ).

When the bank has private information, the regulator must relax regulation in

order to induce the bank to not misreport. Specifically, as shown by Giammarino

et al. (1993), the regulator must reduce the bank’s capital/reserve requirements, and

permit the bank to lend more while also permitting the bank to exert less monitoring

effort. An important comparative static result is that µIRBk (θ) is strictly increasing

in θ for all k so that monotonicity conditions are not binding.

Proposition 9. Given Assumptions 5 and 6, the reserves, loan volume and portfolio

11See for example the methodology outlined in Fundenberg and Tirole (1991). The use of this
methodology also requires making some assumptions on the third derivatives of the profit function
corresponding to A8 in section 7.3 of Fundenberg and Tirole (1991) that we have omitted here for
simplicity.
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quality are increasing in θ and so is leverage:

dµIRBk (θ)

dθ
> 0 for all k and for all θ ∈ Θ

and

d[R(θ)/L(θ)]

dθ
< 0 for all θ ∈ Θ

Proof. See Appendix A.

From a welfare standpoint, µIRB(θ) yields an equilibrium with the highest so-

cial surplus with private information which is nonetheless smaller than the surplus

achieved by µS(θ).

3.5 The Dynamic Setting

We now analyze the infinitely repeated version of the stage-game described in the

previous section. At each t ≥ 0, the regulator offers a policy µt = {qt, Lt, Rt}. The

bank observes private information concerning loan characteristics, θt ∈ Θ where θt

is drawn from the same distribution F (·) in each period and evolves independently

over time. Then, the bank sends a report θ̂t ∈ Θ regarding its private information

to the regulator resulting in the outcome, µt(θ̂t) = {qt(θ̂t), Lt(θ̂t), Rt(θ̂t)}. In order

to specify strategies for the bank and the regulator we need to describe histories on

which these strategies may be conditioned. A history at time t is defined as

ht = (θt, θ̂t, qt, Lt, Rt)
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The history ht is just the bank’s report together with the prescribed policy of the

regulator within period t. The space of all possible period t histories ht is denoted by

Ht. The initial date is t = 0.

Definition 1. The history up to the period t will be denoted by ht ≡ {h0, h1, . . . , ht}.

The set of all possible histories up through time t will be denoted by H t ≡ H0 ×

H1 · · ·×Ht. The regulator does not observe the history ht because he does not observe

the private information θt each period. Instead, the regulator only observes

st ≡ (θ̂t, qt, Lt, Rt) ⊂ ht

in each period t.

Definition 2. We will denote the public history up to date t as st ∈ St which will be

drawn from the set St ≡ S0 × S1 × · · · × St.

As the regulator observes a subset of the bank’s history, that is st ⊂ ht for every

t, we can write the regulator’s history as a function of the bank’s history: st(ht). To

complete the definition of histories we take h−1 = s−1 ≡ ∅ as there is no information

prior to period 0.

We can now define strategies for the bank and the regulator that make use of the

histories defined above:

Definition 3. A reporting strategy for the bank is a sequence of functions

m ≡ {mt(θt, h
t−1)}∞t=0 for all ht−1 ∈ H t−1, θt ∈ Θ
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that map the bank’s history ht−1 and period t private information θt into a report to

be sent to the regulator at the beginning of period t.

Definition 4. The regulator offers the bank a sequence of policies

µ ≡ {qt(θ̂t, st−1), Lt(θ̂t, s
t−1), Rt(θ̂t, s

t−1)}∞t=0

for all histories st−1 ∈ St−1 and reports θ̂t ∈ Θ, that map the regulator’s history

together with the bank’s message into an outcome. Importantly, the regulator can

fully commit ex-ante to the policies offered to the bank.

The regulator observes st−1 prior to setting a regulatory policy in period t and so

can condition the policy on the public history st−1. Obviously he can not condition

the policy on the private history ht−1 as he does not observe ht−1. Consequently, the

regulator’s policy specifies the quantity of loans, reserves, and loan quality (implicitly

giving an effort recommendation) each period as a function of the public history st−1

and the bank’s period t message. On the other hand, the bank is free to use the full

history ht−1 when considering its choice of report each period.

Any reporting strategy (m) and regulatory policy (µ) generate values, one each for

the bank and the regulator (society). Denote by σ the strategy profile (m,µ). Then,

the value to the bank of following the reporting strategy m when the regulatory offers

a policy µ is equal to the discounted stream of profits arising from σ at time zero:

Vb(σ) = (1− β)
∞∑
t=0

βtπ[µt(θ̂t, s
t−1), θt] (3.22)

where the bank uses its reporting strategy m to report θ̂t = mt(θt, h
t−1) ∈ Θ for all
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θt ∈ Θ in each period t, and

π[µt(θ̂t, s
t−1), θt] ≡∫ r̄

rb
[rLt(mt(θt, h

t−1), st−1)− γ(Lt(mt(θt, h
t−1), st−1)) +Rt(mt(θt, h

t−1), st−1)

− Lt(mt(θt, h
t−1), st−1)]dG(r(q(mt(θt, h

t−1), st−1)))− reRt(mt(θt, h
t−1), st−1)

− C(q(mt(θt, h
t−1), st−1)− θt),

the time-variant cutoff is given by

rb =
Lt(mt(θt, h

t−1), st−1) + γ(Lt(mt(θt, h
t−1), st−1))−Rt(mt(θt, h

t−1), st−1)

Lt(mt(θt, ht−1), st−1)
.

The corresponding value for the regulator is:

Vr(σ) = (1− β)
∞∑
t=0

∫ θ

θ

βt
[
S[µt(θ̂t, s

t−1)] + π[µt(θ̂t, s
t−1), θt]

]
dF (θt). (3.23)

where

S[µt(θ̂t, s
t−1)] ≡ (1 + b)

∫ rb

r

[rL(θ̂t, s
t−1)− γ(L(θ̂t, s

t−1)) +R(θ̂t, s
t−1)

− L(θ̂t, s
t−1)]dG(r|q(θ̂t, st−1))

The factor (1 − β) normalizes the payoffs to current period units. Future histories

ht and st are generated recursively as follows: in period t, following history st−1 and

the report θ̂t = mt(θt, h
t−1), the regulator responds with the policy µt(θ̂t, s

t−1) so

that the bank’s history ht = (ht−1, θt, θ̂t, µt(θ̂t, s
t−1)). The regulator’s history is then

st = (st−1, θ̂t, µt(θ̂t, s
t−1)).
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When the bank reports its private information truthfully each period, that is

mt(θt, h
t−1) = θt for all t ≥ 0, θt ∈ Θ and ht−1 ∈ H t−1, the social value from providing

deposit insurance is:

Vr(σ) = (1− β)
∞∑
t=0

∫ θ

θ

βt[S[µt(θt, s
t−1)] + π[µt(θt, s

t−1), θt]dF (θt). (3.24)

The bank’s payoff from following a truthful strategy starting at t = 0:

Vb(σ) = (1− β)
∞∑
t=0

βtπ[µt(θt, s
t−1), θt] (3.25)

and the payoff when history hk−1 has been realized is:

Vb(σ|hk−1) = (1− β)
∞∑
t=k

βt−kπ[µt(mt(θt, h
t−1|hk−1), st−1), θt].

where the bank’s (truthful) reports are functions of the full history.

We require that the bank’s truthful strategy be optimal from any history of the

regulator sk−1 onwards:

Vb(m,µ|sk−1) ≡(1− β)
∞∑
t=k

βt−kπ[µt(mt(θt, h
t−1|sk−1), st−1|sk−1), θt]

≥(1− β)
∞∑
t=k

βt−kπ[µt(m̂t(θt, h
t−1|sk−1), st−1|sk−1), θt] ≡ Vb(m̂, µ|sk−1)

for any reporting strategy m̂ such that m̂t(θt, h
t−1|sk−1) = θ̂t 6= θt for at least one t.

The first point to note is that we can restrict attention to public strategies. That

is, given that the regulator is using public histories to formulate the policy, the bank

cannot do better when using its private history to formulate its reporting strategy.
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Lemma 3. The bank cannot improve upon its payoffs by conditioning its reporting

strategy on private histories rather than public histories:

(1− β)
∞∑
t=k

βt−kπ[µt(mt(θt, s
t−1|sk−1), st−1|sk−1), θt]

≥ (1− β)
∞∑
t=k

βt−kπ[µt(mt(θt, h
t−1|sk−1), st−1|sk−1), θt] (3.26)

for all t ≥ k, θ̂t ∈ Θ and histories sk−1 ∈ Sk−1.

Proof. Conditioning history sk−1 enters the incentive constraints only by affecting

the payoffs through the history-dependent outcome function µt(·, ·). These payoffs

are identical for all hk−1 that coincide in the sk−1 part once θk is realized. The

bank’s private information on past innate quality realizations θt affects the present

only through the different policies proposed by the regulator. Imposing a separate

constraint for each hk−1 is therefore not more restrictive.

The intuition is that in equilibrium, only the bank’s current private information will

be relevant for payoffs in the current period. Given the regulator’s policy, the bank

will then find it optimal to report its information truthfully in the current period

regardless of its reports in past periods.

We can now define an equilibrium for the infinitely repeated game in public strate-

gies (i.e. where both the regulator and the bank condition their strategies on public

histories):

Definition 5. A perfect Bayesian equilibrium (PBE) of the infinitely repeated game is

a reporting strategy, m = {mt(θt, s
t−1)}∞t=0, a regulatory policy, µ = {µt(θt, st−1)}∞t=0

such that
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• the bank prefers to report mt(θt, s
t−1) = θt rather than mt 6= θt, that is

Vb(m,µ|sk−1) ≥ Vb(m̂, µ|sk−1)

• limits on the bank’s liability are met:

π[µt(θt, s
t−1|sk−1), θt] ≥ 0

for every history sk−1 ∈ Sk−1 and realization of the bank’s private information θt ∈ Θ

and alternative reporting strategy m̂.

The definition effectively ensures that in all perfect Bayesian equilibria, the reg-

ulator is able to elicit truth-telling and participation in equilibrium. As there will

typically be many such equilibria, the mechanism design problem is to choose a re-

porting strategy and regulatory policy such that they will be incentive-compatible,

ensure participation and that the resulting outcomes will maximize social welfare.

Restricting ourselves to direct mechanisms, the dynamic mechanism design problem

for the regulator [DRP] can be formulated as follows:

max
{µt(·,·)}∞t=0

(1− β)
∞∑
t=0

∫ θ

θ

βt[S[µt(θt, s
t−1)] + π[µt(θt, s

t−1), θt]dF (θt) (3.27)

subject to

Vb(m,µ|sk−1) ≥ Vb(m̂, µ|sk−1) (3.28)

π[µt(θt, s
t−1|sk−1), θt] ≥ 0 (3.29)
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for all histories sk−1 ∈ Sk−1 and θt, θ̂t ∈ Θ. Moreover, although we have restricted

ourselves to direct mechanisms in the formulation of the regulator’s problem, this re-

striction does not limit the set of feasible allocations as the Revelation Principle holds

in this environment. This is follows directly from Proposition 2 of Myerson (1982)

and is simply re-stated below in the context of the model above for completeness.

Proposition 10. Given a general reporting space M, consider a reporting strat-

egy m∗ = {m∗t (θt, st−1)}∞t=0 where m∗t (θt, s
t−1) ∈ M ∀t, an effort strategy η∗ =

{η∗t (θt, st−1)}∞t=0 where η∗t (θt, s
t−1) ∈ Θ ∀t, a regulatory policy µ∗ = {µ∗t (m∗t , η̂t, st−1)}∞t=0

where η̂t is an effort recommendation, that are optimal, there is a corresponding

incentive-compatible direct mechanism in which the bank obeys the effort recommen-

dation that is also optimal.

3.5.1 Recursive Formulation of the Regulator’s Problem

We will use the apparatus of Abreu et al. (1990) to solve the regulator’s problem

recursively. First, we show how all PBE strategies can be decomposed into a current

period outcome and a continuation strategy. Then, we show how we can characterize

the value associated with each PBE in terms of a current period payoff and continu-

ation values. By characterizing all PBE strategies in terms of values, we can ignore

the former and focus on the latter. This focus on the continuation values permits a

recursive formulation of the dynamic mechanism design problem using these continu-

ation values as state variables. That is, by using continuation values as state variables

we can show that a version of the principle of optimality holds so that the solution

to the dynamic mechanism design problem can be found by solving an appropriate

static mechanism design problem.
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Given any PBE strategy profile σ = (m,µ), we can view this strategy profile

as inducing a first-period outcome (θ0, µ0(θ0, ∅)) (as s−1 is the null history) and

a continuation strategy σ|s0 to be played after the first-period history s0 = s0 =

(θ0, q0, L0, R0, P0). Here,

σ|s0 = {mt(θt, s
t−1|s0), µt(mt, s

t−1|s0)}∞t=1 (3.30)

where mt(θt, s
t−1|s0) = θt and µt(mt, s

t−1|s0) = µt(θt, s
t−1|s0) are the equilibrium

strategies prescribed by σ following the history s0.

Then, we can break-down the value from this strategy profile into the sum of

values from the first period outcome and continuation values drawn from the set

of incentive-compatible and limited-liability payoffs. For example, we can write the

value to the regulator from the profile σ as follows:

Vr(σ) = (1− β) [S[µ0(θ0, ∅)] + π[µ0(θ0, ∅), θ0]] + βVr(σ|s0)

where the first term is the value from the equilibrium (i.e. truthful) first-period

strategy and the second term is the value from following the continuation strategy

σ|s0. Hence, we can decompose the value associated with any PBE into a current

period value and a continuation value. In fact, we can completely characterize all the

PBE in this manner. We prove this formally in the proposition below:

Proposition 11. If σ is a PBE than so is the continuation strategy σ|s0. Moreover,

σ is a PBE if and only if

• for every first period history s0 that is incentive-compatible and satisfies limited-

liability, σ|s0 is a PBE
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• (1 − β)π[µ0(θ0, ∅), θ0] + βVb(σ|s0) ≥ (1 − β)π[µ(θ̂0, ∅), θ0] + βVb(σ|ŝ0) for all

ŝ0 ∈ S0 where ŝ0 = (θ̂0, µ0(θ̂0, ∅)) for all θ0, θ̂0 ∈ Θ.

Proof. See Appendix A.

This proposition characterizes all PBE strategies in terms of a first-period history

s0 and continuation values Vb(σ|s0) and Vb(σ|ŝ0) for the bank to induce it to adhere

to the strategy or punish it when it deviates. Now that we have the characterization

of all PBE in terms of values in hand, we would like to characterize the boundary of

the set of values associated with all PBE.

Denote by V the set of values associated with all PBE of the infinitely repeated

game:

V = {Vb(σ) | σ is an PBE }

Obviously, V ⊂ R. Now, as per the proposition, for every PBE σ with first-period

outcome (θ0, µ0(θ0, ∅)) there exist v(θ̂0) ∈ V such that:

(1− β)π[µ0(θ0), ∅|θ0, ∅)] + βv(θ0) ≥ (1− β)π[µ0(θ̂0, ∅|θ0, ∅)] + βv(θ̂0) for all θ0, θ̂0 ∈ Θ

Let σ1(θ0) and σ2(θ̂0) be the PBEs for which v(θ0) = Vb(σ
1(θ0)), v(θ̂0) = Vb(σ

2(θ̂0)).

The PBE that supports the first period outcome (θ0, µ0(θ0, ∅)) is completed by spec-

ifying σ|s0 = σ1(θ0) and σ|ŝ0 = σ2(θ̂0) for all θ0, θ̂0 ∈ Θ. The values v(θ̂0) ∈ V , for

all θ̂0 produce then a PBE σ with value v ∈ V given by

v = (1− β)π[µ0(θ0, ∅), θ0] + βv(θ0) (3.31)

Therefore, the construction here maps values v(θ̂0) into a strategy profile σ with first
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period outcome (θ0, µ0(θ0, ∅)) and a value v = Vb(σ). To obtain the set V we apply

this construction to all values in a sufficiently large candidate set W , obtaining a set

B(W ). The largest fixed point of the operator B(W ) is then the set V .

Formally, we can encapsulate the above construction in the following notion of

enforceability :

Definition 6. The first-period outcome (θ0, µ0(θ0, ∅)) and the continuation values

w(·) are enforceable by W if

• w(θ̂0) ∈ W for all θ̂0 ∈ Θ

• (1− β)π[µ0(θ0, ∅), θ0] + βv(θ0) ≥ (1− β)π[µ0(θ̂0, ∅), θ0] + βv(θ̂0) ∀θ0, θ̂0 ∈ Θ

Of course, whenever W ⊂ V , the enforceable first-period outcome (θ0, µ0(θ0, ∅))

and continuation values w(·) determine a PBE strategy profile σ and value v given

by (3.31). We need not characterize the entire set V but can rather focus on the

finding the largest value in V . This largest value will be the value achieved by the

regulator after solving the dynamic mechanism design problem. The largest value is

the solution to the following static mechanism design problem:

v̄ = max
µ0(θ0),w(θ0)

∫
(1− β) [S[µ0(θ0, ∅)] + π[µ0(θ0, ∅), θ0] + βw(θ0)] dF (θ0)

subject to the restriction that (θ0, µ0(θ0, ∅)) and w(·) be enforceable by W .
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3.6 The Optimal Dynamic Regulatory Policy

3.6.1 The optimal mechanism

Rather than characterizing the set W , we will solve the best-value problem and

characterize the optimal mechanism. Following Athey et al. (2005) we define the

mechanism to be static if w(θ) = w̄ for θ and dynamic if w(θ) < w̄ on a subset of Θ

of positive measure. The key result is that under an appropriate set of single-crossing

and monotone hazard conditions, the optimal mechanism is static. This result is a

direct extension of Proposition 1 in Athey et al. (2005) to an environment in which

the decision space12 is multidimensional.

The major steps in the proof as follows. First, we replace the global incentive

constraints with appropriate local incentive constraints. This requires assuming that

appropriate single-crossing as well as monotonicity conditions on the regulatory policy

variables hold. Typically, one then proceeds to solve the relaxed problem in which the

monotonicity and feasibility constraints are ignored and then checks to see if these are

violated. Despite making an assumption on an appropriately defined hazard-rate, the

relaxed problem yields non-monotonic policy functions meaning that at least one of

the ignored constraints binds. The constraint that binds turns out to be the feasibility

constraints and this is shown using the variational approach of Athey et al. (2005).

3.6.2 Preliminaries

Dropping the time subscripts, we can write the regulator’s problem as follows:

12Following the terminology in section 7.3 of Fundenberg and Tirole (1991), the decision space
here is {q, L,R, P}.
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v̄ = max
µ(θ),w(θ)

∫ θ

θ

[
S̃[µ(θ)] + π̃[µ(θ), θ] + βw(θ)

]
dF (θ) subject to

π̃[µ(θ), θ] + βw(θ) ≥ π̃[µ(θ̂), θ] + βw(θ̂) (3.32)

π̃[µ(θ), θ] + βw(θ) ≥ 0 (3.33)

w(θ̂) ∈ W (3.34)

for all θ, θ̂ ∈ Θ where we have used S̃, π̃ to denote (1 − β)S, (1 − β)π, w(·) is a

piecewise-C1 function and µ(·) is a vector of piecewise-C1 functions.

Following standard methodology13, we will first replace the global incentive-constraints

in (3.32) with equivalent local versions. To derive these, we can formulate the bank’s

problem as choosing a report θ̂ that solves maxθ̂ Φ(θ̂, θ) ≡ π̃[µ(θ̂), θ] + βw(θ̂). The

first-order necessary condition for the truthful report θ̂ = θ to be global incentive-

compatible is

∂Φ(θ̂, θ)

∂θ̂

∣∣∣∣∣
θ̂=θ

=
∑
k

∂π̃[µ(θ̂), θ]

∂µk

dµk(θ̂)

dθ̂
+ β

dw(θ̂)

dθ̂

∣∣∣∣∣
θ̂=θ

=
∑
k

∂π̃[µ(θ), θ]

∂µk

dµk(θ)

dθ
+ β

dw(θ)

dθ
= 0 (3.35)

while the second-order sufficient condition is ∂2Φ(θ̂,θ)

∂θ̂2
≤ 0. Differentiating the first-

order condition at the optimum with respect to θ, we have ∂2Φ(θ̂,θ)

∂θ̂2
+ ∂2Φ(θ,θ)

∂θ̂∂θ
|θ̂=θ = 0.

13See for example section 7.3 in Fundenberg and Tirole (1991).
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Hence, the second-order condition is equivalent to ∂2Φ(θ̂,θ)

∂θ̂∂θ
≥ 0 or

∑
k

∂

∂θ

(
∂π̃[µ(θ), θ]

∂µk

)
dµk(θ)

dθ
≥ 0

Following from the weak single-crossing property, Proposition 8, we have:

∂

∂θ

(
∂π̃

∂µk

)
≥ 0 ∀k. (3.36)

with strict inequality for at least one k. Then, the second-order condition is satisfied

as long as the monotonicity constraints, dµk(θ)
dθ
≥ 0, hold for all k.

We say an allocation (µ(·), w(·)) is locally incentive-compatible if both (3.35) and

the monotonicity constraints hold. Furthermore, we have just shown that the allo-

cation (µ(·), w(·)) is incentive-compatible in the sense of (3.32) if and only if it is

locally incentive-compatible. Note that only (3.35) and the monotonicity constraints

are needed for incentive-compatibility.

We will now incorporate the local incentive constraints (3.35) into the regulator’s

objective. First, denote the value at the optimum to a bank of type θ by U(θ) where:

U(θ) = π̃[µ(θ), θ] + βw(θ). (3.37)

Notice that U(θ) is piecewise-C1 as both π̃[µ(θ), θ] and w(θ) are piecewise-C1 and
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that:

U ′(θ) =
∂

∂θ
π̃[µ(θ), θ] + β

dw(θ)

dθ

=
∂π̃

∂θ
+
∑
k

∂π̃[µ(θ), θ]

∂µk

dµk
dθ

+ β
dw(θ)

dθ

=
∂π̃

∂θ

where the last line follows from the local incentive-compatibility requirement (3.35).

Integrating from θ to θ we have:

U(θ)− U(θ) =

∫ θ

θ

∂π̃[µ(z), z]

∂θ
dz (3.38)

Using this result, we can first rewrite the continuation values as:

βw(θ) ≡ U(θ) +

∫ θ

θ

∂π̃[µ(z), z]

∂θ
dz − π̃[µ(θ), θ] (3.39)

Then, we can rewrite the regulator’s objective as follows:

∫ θ

θ

[
S̃[µ(θ)] + π̃[µ(θ), θ] + βw(θ)

]
f(θ)dθ

=

∫ θ

θ

[
S̃[µ(θ)] +

∫ θ

θ

∂π̃[µ(z), z]

∂θ
dz + U(θ)

]
f(θ)dθ

=

∫ θ

θ

[
S̃[µ(θ)] + U(θ)

]
f(θ)dθ +

∫ θ

θ

∫ θ

θ

(
∂π̃[µ(z), z]

∂θ
dz

)
f(θ)dθ

= U(θ) +

∫ θ

θ

[
S̃[µ(θ)] +

(
1− F (θ)

f(θ)

)
∂π̃[µ(θ), θ]

∂θ

]
f(θ)dθ
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after integration by parts. We now make the following joint assumption on the dis-

tribution of types and the welfare function:

Assumption 7.

∂

∂θ

(
∂S̃

∂µk
+

(
1− F (θ)

f(θ)

)
∂2π̃

∂µk∂θ

)
< 0 (3.40)

for at least one k.

This assumption states that the marginal benefit of increasing any one of the policy

variables is decreasing with the bank’s innate quality. In other words, tightening the

policy for banks with low innate quality portfolios, for instance by raising their reserve

requirements or realized loan quality, improves welfare more than similar increases

aimed at higher quality banks. This assumption is motivated by the observation that

prior to the recent financial crisis, society would probably have benefited more from

tighter regulatory policy vis-a-vis banks with high-risk portfolios such as Bears Sterns

or Lehman Brothers than corresponding policy towards banks with safer portfolios.

We can now view the regulator’s formal problem as choosing a regulatory policy

µ(·) that maximizes welfare given by

U(θ) +

∫ θ

θ

[
S̃[µ(θ)] +

(
1− F (θ)

f(θ)

)
∂π̃[µ(θ), θ]

∂θ

]
f(θ)dθ (3.41)

subject to the following monotonicity, feasibility and limited-liability constraints:

dµk/dθ ≥ 0 for all k

w(θ) ≡ U(θ)/β +

∫ θ

θ

∂π̃[µ(z), z]

∂θ
dz − π̃[µ(θ), θ]/β ≤ w̄ for all θ ∈ Θ

π̃[µ(θ), θ] + βw(θ) = 0.
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The main result is as follows:

Proposition 12. Given Proposition 8 and Assumption 7, the optimal mechanism is

static, that is w(θ) = w̄ for all θ ∈ Θ.

Proof. See Appendix A.

3.6.3 Characterizing the Optimal Policy

We can now characterize the optimal regulatory policy. To suitably narrow the

class of optimal policies, we can impose the following necessary conditions derived

earlier:

1. µk(θ) is continuous for all k

2. µk(θ) is weakly increasing for

3. given that the optimal mechanism is static, w(θ) = w̄, from (3.35) optimality

requires that µ(θ) satisfy

∑
k

∂π̃[µ(θ), θ]

∂µk

dµk(θ)

dθ
= 0 (3.42)

From the last condition, it is clear that the optimal policy potentially consists of

flat regions in one or more policy variables (i.e. where dµk
dθ

is zero for one or more

k) together with non-flat regions for the other policy variables. We systematically

analyze these cases via the following sequence of lemmas.

Lemma 4. When the optimal policy is flat everywhere, dµk(θ)/dθ = 0 for all k and

θ ∈ Θ, it must be the µFHC policy.
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Proof. When dµk/dθ = 0 for all k on the entire interval [θ, θ], the optimal policy is

of the form µ∗ = {q∗, L∗, R∗} where q∗, L∗, R∗ are constants. Thus, the incentive-

constraints (3.42) hold trivially and

µ∗ = arg max
µ

∫ θ

θ

[S̃[µ] + π̃[µ, θ] + βw̄]dF (θ) s.t. π̃[µ, θ] ≥ 0 for all θ ∈ Θ.

so that from (3.15) it is clear that µ∗ coincides with µFHC as βw̄ is a constant.

When the optimal policy is not µFHC , there are potentially a large number of

cases to consider as the policy can fail to be flat in many ways. The next result

simplifies much of the analysis. It states that a policy that is flat in a limited set

of policy variables cannot be optimal over any interval as the IRB policy is welfare

improving over such a policy.

Lemma 5. Given Proposition 8, and assumptions 6 and 7, if dµk/dθ > 0 for at least

one k on I ⊂ Θ, then we can find an alternative policy that improves welfare on I

and for which dµk/dθ > 0 for all k, namely the IRB policy.

Proof. First, it is useful to define the set of partially-flat optimal policies. Consider a

policy µ(θ). Let KI
0 (µ) be the set of policy variables of µ that are flat over the set I.

That is, KI
0 (µ) = {k : dµk/dθ = 0 for θ ∈ I}. When KI

0 (µ) is not the empty set, we

say µ is a partially-flat policy. As an example, consider KI
0 = {R} so that the policy

is of the form µ(θ) = {q(θ), L(θ), R}. Now, the set of partially-flat optimal policies

consists of all policies that are flat in some variable and solve the regulator’s problem.



CHAPTER 3. DYNAMIC PRUDENTIAL REGULATION 72

For example, the policy µL(θ) given by

µL(θ) = arg max
q(θ),L(θ),R

∫ θ

θ

[S̃[q(θ), L(θ), R] + π̃[q(θ), L(θ), R, θ] + βw̄]dF (θ)

s.t. π̃[q(θ), L(θ), R, θ] ≥ 0 and (3.42) holds for all θ ∈ Θ.

is a partially-flat optimal policy.

Now, if a policy is flat in some variables and is optimal over some interval I then it

must coincide with one of the partially-flat optimal policies for not-flat variables over

I. Note that this is a direct result of the incentive-constraint (3.42). However, as we

are limiting the admissible policies to those that are flat in some variables, selecting

policies from a larger admissible set (i.e. those that may not be flat in any variable)

will yield higher welfare. That is, we can engineer a welfare improvement relative to

the partially-flat optimal policy by using the IRB policy over I. For instance, in the

example above, allowing R(θ) to vary with θ is welfare-improving (over all intervals)

as the optimal policy is then the IRB policy. Moreover, from Proposition 9 we know

that the policy variables for the IRB policy are strictly increasing. Therefore, no

partially-flat policy can be optimal over any interval.

The main result regarding the characterization of the optimal policy can be stated

as follows:

Proposition 13. Unless µ(θ) is flat everywhere (and thus equal to µFHC), the optimal

policy is of the following form:

µ(θ) =

 µIRB(θ) if θ ∈ [θ, θ
′
)

µIRB(θ
′
) if θ ∈ (θ

′
, θ]

(3.43)
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Proof. See Appendix A.

3.7 Policy Implications

The first implication of the characterization of the optimal regulatory policy is

that all banks face a limit on loan volume and must adhere to quality and capital

requirements. The second implication is that the regulatory policy for banks below

the threshold quality level θ′ will feature the same degree of flexibility as in the static

environment. Namely, loan volume, quality and capital requirements will increase

with the quality of the bank’s portfolio, as per Proposition 9. Moreover, loan volume

will increase more rapidly than capital requirements so that leverage increases with

quality as well. The third implication is that for banks that have portfolios of higher

quality than θ′, the regulatory policy is very rigid. Although they are allowed to

issue the highest quantity of loans, they are not permitted to exceed that amount

irrespective of improvements to loan quality. Hence, regulation can be seen as im-

posing a maximum size on banks by assets, namely L(θ′). Moreover, further quality

improvements also do not permit a decrease in the capital requirement so that effec-

tively regulation can also be seen as imposing a cap on leverage given by L(θ′)/R(θ′).

Overall, leverage is weakly increasing in quality as it increase for all θ < θ′ and is

capped for all θ > θ′. Thus, in the terminology of Adrian and Shin (2010), leverage

is weakly pro-cyclical.

The optimal regulatory policy is broadly in line with Basel III. First, it supports

risk-based capital requirements for all banks. Second, it finds support for a broad

supervisory role that sets regulation concerning both the asset and liability sides of

the bank’s balance sheet while allowing banks the use of internal risk-based models for
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assessing credit-risk. Third, it supports the use of leverage as an additional measure

of inherent bank risk as leverage in the model evolves directly with quality. Finally,

through the use of loan volume caps the optimal policy also support the Basel III

goal of protecting against excessive credit buildup.

3.7.1 Cyclical Balance Sheet Adjustments

Both the academic literature and policy makers have noted14 that de-leveraging

by all banks through fire-sales of assets at the same time may exacerbate the credit

problems following an aggregate adverse shock.15 As a result, a key provision of Basel

III is the requirement for banks to maintain a capital buffer that can be drawn down

in bad times so as to avoid excessive declines in credit. The optimal regulatory policy

also incorporates the notion of a capital buffer in mitigating de-leveraging by banks.

Furthermore, by design, it also spells out the optimal capital and asset structure to

be held following an adverse shock by through carefully balancing the social costs of

avoiding default against the social costs of bankruptcy.

In the model, a bank’s innate quality can be interpreted as factors that affect

credit-worthiness but that are beyond the control of the bank. A natural way to

interpret θ is as the aggregate state of the economy. The state affects all entrepreneurs

simultaneously and so banks are able to ascertain it as a result of their intermediation

role while the regulator learns the state with a delay. Then, given an innate quality

θt in period t, a realization of θt+1 > θt in period t + 1 would be interpreted as a

positive aggregate shock while a realization of θt+1 < θt would be viewed as an adverse

14For a discussion of these issues see Hanson et al. (2011).
15A number of such implications have been termed “pro-cyclical” effects of regulatory policy. See

Wellink (2010).
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aggregate shock. Then, comparing the behaviour of banks with innate qualities θt and

θt+1 under the optimal policy, provides a means for understanding the adjustments

that would be required following a positive or adverse aggregate shock. For instance,

the balance sheet adjustments required by the optimal regulatory policy after an

adverse shock are a reduction in the size and quality of the loan portfolio and a

reduction in capital in the amount R(θt)− R(θt+1). Effectively, banks hold a capital

reserve buffer, by design, of R(θ). In addition, loans would decline by L(θt)−L(θt+1)

while portfolio quality would also suffer. As leverage also decreases following an

adverse shock, loans are reduced more than capital. The important point to note here

is that the process of de-leveraging that is typically observed in economic downturns

following severe adverse shocks is mitigated by declines in the capital requirement or

in other words through the maintenance of a capital buffer.

3.8 Conclusion

This paper has investigated the optimal regulatory policy for deposit-taking in-

stitutions in a dynamic setting. It has found that the optimal policy is stationary

and requires controls on both the asset and liability side of the bank’s balance sheet.

Specifically, it requires banks to adhere to a risk-adjusted capital requirement, a qual-

ity requirement along with limits on loan volume. Furthermore, policy accords lower

quality banks a limited degree of flexibility in adjusting their balance sheets in re-

sponse to quality improvements. Such flexibility is markedly absent for higher quality

banks.

The optimal regulatory policy also dictates a hard cap on loan volume and lever-

age across all banks. This is in broad agreement with the Basel III goals of limiting
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excessive credit buildup and the use of leverage as an additional risk measure. Reg-

ulatory policy also characterizes the optimal balance sheet adjustment strategy for

banks following (independent and identically distributed) aggregate shocks over time.

Specifically, banks will optimally adjust their balance sheets through reductions in

both loan volume and capital nevertheless leading to a decline in leverage. This ad-

justment process fully takes into account the social costs stemming from declines in

the availability of credit as a result of bank de-leveraging following an adverse aggre-

gate shock. The reductions in capital as part of the adjustment process accord well

with the proposals for capital buffers to counteract pro-cyclicality in the Basel III

framework.



Chapter 4

Illiquidity, Fire-sales and Capital

Structure

4.1 Introduction

In this chapter, I examine the effects of deleveraging behaviour by financial institu-

tions hit with a common shock on the supply of intermediation services to households

and entrepreneurs. I develop an extension of Miao (2005) that considers an industry of

firms that produce a flow of intermediation services for consumers and entrepreneurs

using a stock of illiquid assets (e.g. loans or derivatives). The productivity of these

assets is subject to both common and idiosyncratic shocks. These shocks motivate the

need for capacity adjustments. However unlike Miao (2005) where firms can expand

or contract capacity without costs, I introduce transaction costs for such adjustments

to capture asset illiquidity which is an important feature of assets held by financial

intermediaries. To enter the industry, firms financed a purchase of an initial stock of

assets at a fixed cost through a combination of debt and equity. Shareholders prefer

77
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debt due to the tax shield it provides.1 Yet the use of debt is limited by a conflict

between shareholders and bondholders whereby the former have incentives to expro-

priate the latter as investment and exit decisions are taken only once debt is in place.

This conflict leads to debt-overhang and limits the role of re-capitalizations ex-post.

The key contribution of this chapter is to show that the severity of credit-crunches

and fire-sales decrease in the liquidity of financial institutions’ assets and financing

frictions yet increase with value of the tax shield provided by debt, in a context

where firm decisions regarding asset holdings and default are endogenous. In this

environment, following a sufficiently unfavourable common productivity shock firms

that are bankrupt are liquidated while surviving firms deleverage in order to pay debt

service costs as operating profits decline. Intuitively, the severity of fire-sales and the

subsequent credit-crunches is higher the more highly leveraged firms are ex-ante. This

leverage is higher whenever asset liquidity is high, financing frictions are relatively

weak and the value of the tax shield provided by debt is significant.

In terms of the implications for regulation, the findings here stress the importance

of preventing disorderly liquidation and the need for reducing leverage ex-ante. These

are inline with new regulations proposed by regulators following the recent crisis

whereby financial institutions are required to hold much more capital ex-ante to

reduce leverage and must also maintain a sufficiently liquid portfolio of assets that

could be sold without significant price impact if necessary without triggering fire-sales.

This chapter is related to the large literature on dynamic contingent analysis be-

ginning with Black and Scholes (1973) and Merton (1974). Specifically, it draws on

1Alternatively, informational asymmetries between insiders and outsiders can create a preference
for debt as noted by Myers and Majluf (1984).
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the real options valuation literature. Brennan and Schwartz (1984), Mello and Par-

sons (1992) as well as Titman and Tsyplakov (2007) analyze the interaction between

financing decisions and default through the use of numerical methods. Dixit (1992)

and Caballero (1991) as well as Bertola and Caballero (1994) study industry equi-

libria of all equity financed firms that make entry and exit decisions. Leland (1994,

1998), and Morellec (2001) analyze the optimal capital structure choices of a single

firm. Miao (2005) studies investment and optimal capital structure capital decisions

are costless to reverse.

This chapter also relates to the literature on macro-prudential regulation. In

an early contribution, Blum and Hellwig (1995) show that rigid capital adequacy

regulation for banks may reinforce macroeconomic fluctuations. Repullo and Suarez

(2010) offer important modifications to current capital regulations that help mitigate

the severity of credit crunches following an aggregate shock. Hanson et al. (2010)

analyze qualitatively the effectiveness of several proposed macro-prudential regulatory

measures. Their analysis underlines the need to proceed cautiously in raising capital

requirements. However, they emphasize the need to reduce leverage ex-ante through

the imposition of hair-cuts on asset purchases. The findings here largely support

these conclusions.

This chapter is organized as follows. The following section details the main ele-

ments of the model. Section 3 analyzes the investment and optimal capital structures

choices of a firm that may only reduce capacity at a cost. Section 4 extends these

results to also permit costly capacity expansions. Then, in Section 5, the industry

equilibrium is analyzed, prior to concluding.
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4.2 Environment

I consider a financial intermediation industry with a large number of financial

intermediaries or firms. All investors and firms are risk-neutral and discount future

cash flows at a constant risk-free rate ρ > 0. Time varies continuously over [0,∞). All

stochastic processes are defined over the probability space (Ω,F ,P) which describes

the uncertainty in the economy.

4.2.1 Financial Intermediaries

There are a continuum of ex-ante identical firms. At each instant, every firm holds

a stocks of assets a that generate instantaneous operating profit given by:

π(x, a; p) = pxa1−γ − cf

where x is demand, p is the sale price, and cf > 0 is a fixed operating cost. In

expression above, pxa1−γ are the flow revenues from assets a in place. In addition,

{xt}t≥0 follows a geometric Brownian motion

dxt/xt = µxdt+ σxdWt (4.1)

where µx, σx > 0 and {Wt}t≥0 is a standard Brownian motion representing fluctua-

tions in demand.

Financial intermediaries often adjust their asset stocks in response to market con-

ditions.2 Here, the firms can reduce their intermediation capacity by selling assets

2Adrian and Shin (2010) document changes in asset levels and leverage for large financial inter-
mediaries.
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(disinvesting) to outsiders at a price q per unit. I consider first the case where firms

can only sell assets so that sales are effectively irreversible reductions in capacity as

in Morellec (2001). Then, in Section 4.4, I relax this assumption by allowing firms to

also expand capacity through additional asset purchases.

4.2.2 Intermediation and Resale Markets

Firms compete in an intermediation market, with the quantity of assets held by

a firm determining the level of intermediation provided by the firm. Competition

entails that individual firms act as price-takers in the intermediation market. The

price that each firm faces at every instant t is then given by:

p = D(Y ) (4.2)

where D(Y ) is the inverse aggregate demand for intermediation services. D(Y ) is

a decreasing function of the aggregate quantity of intermediation services Y . For

tractability, I assume that D(Y ) is of the following functional form:

D(Y ) = Y −
1
ε (4.3)

where ε is the elasticity of demand.

Firms can sell units of their assets to outsiders. The price prevailing at any time

in the resale market is a function of aggregate assets Al for sale at that time, and

individual firms act as price-takers in the resale market. Assuming an aggregate

demand function of the iso-elastic form in the resale market, the resale price q is
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given by:

q = A
− 1
ε′

l (4.4)

where ε′ is the elasticity of demand in the resale market. While the assets across

various firms need not be identical, I assume they are treated as such by outside

investors as the latter are insufficiently informed to distinguish them.

4.2.3 Unlevered Firm

The unlevered firm’s objective is to choose an investment policy and abandon-

ment rule to maximize the expected value of the stream of discounted profits. The

instantaneous profits of the firm are:

π(x, a; p) = pxa1−γ − cf (4.5)

where it takes the intermediation price p as given.

Now, let ut denote cumulative gross disinvestment (i.e. sales of assets) up to date

t. The stochastic process for assets is:

dat = −dut. (4.6)

Then, given an intermediation price p and a resale price q, the unlevered firm starting

with an initial stock a and demand x solves the following problem:

vu(x, a; p, q)

= max
T∈T ,{ut,t∈[0,T ]}

(1− τ)Ex
[∫ T

0

e−(ρ+η)t {π(xt, at; p)dt+ qdut}
]

(4.7)
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where {ut}0≤t≤T is a nondecreasing continuous stochastic process with u0 = 0, T

is the set of all stopping times relative to the filtration generated by the Brownian

motion {Wt}t≥0, Ex is the expectation taken with respect to the process {xt}t≥0 when

the starting value is x, τ is the tax rate on corporate income, and η is a Poisson death

rate. The parameter η captures shock to the financial system affected a positive

measure of firms that subsequently liquidate their asset holdings and exit. This

exogenous exit channel exacerbates selling pressure in the market for assets resulting

in equilibrium prices below their fundamental value. I interpret the sales of these

firms as “fire-sales.”

The abandonment decision is an option to abandon that is exercised the first

time demand falls below a threshold level xu(au; p, q), where au is the asset stock at

abandonment. The investment decision corresponds to a continuum of options that

are exercised the first time demand falls below a threshold curve xl(au; p, q) for a > au.

This curves traces out the combinations of demand, x and stock a that equate the

marginal benefit from selling to the marginal product of assets in place.

4.2.4 Debt and Liquidation Value

Firms issue debt because interest payments to debt are tax deductible. Debt is

issued at par with infinite maturity following Leland (1994) and Duffie and Lando

(2001). The firm is obligated by the debt contract to pay a coupon b to bondholders as

long as it is in operation. The residual profit-flow is distributed among shareholders.

Upon default the firm is liquidated immediately,3 at which time the bondholders

3The underlying assumption here is that debt restructuring is very costly. If one considers the
case of large financial intermediaries, the The failures of Bear Stearns and Lehman Brothers provide
examples of costly liquidations in the case of financial intermediaries.
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receive the liquidation value and the shareholders are wiped out.

Mello and Parsons (1992), Morellec (2001) and Miao (2005), model liquidation

value as a fraction of the unlevered firm value vu(x, a; p, q). The unlevered firm value

is equal to the after-tax present value of the flow of profits, plus the value associated

with the options to alter asset levels and the option to abandon the assets. Financial

intermediaries typically own assets that are marked-to-market. The liquidation value

of a financial intermediary is then typically the market value of its asset holding.

For this reason, I specify the abandonment value of the unlevered firm to be the

market value of its assets, namely qa if the firm has a assets on hand at the time of

abandonment.

4.2.5 Equity, Investment and Liquidation

Given a coupon b, the shareholders make investment and liquidation decisions to

maximize the value of equity:

e(x, a, b; p, q)

= max
T∈T ,{ut,t∈[0,T ]}

(1− τ)Ex
[∫ T

0

e−(ρ+η)t {[π(xt, at; p)− b]dt+ qdut}
]
. (4.8)

Note that the value of equity is increasing in the resale price q. Moreover, costs of

debt service operate in the same manner as the fixed costs cf .

The default decision corresponds to an option to abandon which is exercised the

first time demand falls below a threshold level xd(ad, b; p, q) that depends on the

coupon b, and where ad is the asset stock at default. The investment decision again

corresponds to a continuum of options to reduce capacity. These options are exercised
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whenever demand falls below the threshold curve xl(a; p, q) as long as a > ad. Notice

that as the coupon essentially imposes a fixed cost on shareholders, it does not impact

the selling threshold xl as the latter is pinned down by the marginal costs and benefits

of reducing capacity.

4.2.6 Debt Value

Debt holders are entitled to the coupon payments b while the firm is in operation

along with the abandonment value. Bankruptcy is costly and thus the abandonment

value is a is a fraction (1− ζ) ∈ (0, 1) of the market value qad of the firm’s assets at

default. Hence, the arbitrage-free value of debt d(x, a, b; p, q) is given by:

d(x, a, b; p, q) = Ex
[∫ Txd

0

e−(ρ+η)tbdt

]
+ (1− ζ)qadE

x[e−(ρ+η)Txd ] (4.9)

where Txd denotes the first time firm-specific demand falls below the default threshold

xd.

4.2.7 Firm Value

The value of the firm v(x, a, b; p, q) is the sum of the value of the equity and debt.

Hence,

v(x, a, b; p, q) = e(x, a, b; p, q) + d(x, a, b; p, q) (4.10)

4.2.8 Entry

There are a continuum of potential firms that can enter the industry at each

instant by incurring a fixed sunk cost of entry ce. This cost is financed by debt and
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equity. The initial demand and size are drawn uniformly from the set [x, x] × [a, a].

The draws across firms are assumed to be independent. Upon entering, firms are not

obliged to begin providing intermediation services immediately. Entry is to be viewed

as a costly mechanism to observe the initial firm-specific demand, and acquire a stock

of assets. As a result, firms may choose to wait till demand is sufficiently high to

begin operations.

I assume that x > xd(ad, b; p, q) and a > ad, assumptions that will need to be

verified in equilibrium as xd and ad are determined endogenously. As in Miao (2005),

these assumptions serve to avoid the situation where firms enter and exit immediately.

After entry, demand of an entrant is given by the process {xt}t≥0 that is identical to

existing firms. However, given the different starting values of x, firms face different

sequences of demand levels {xt}t≥0.

As firms are all identical prior to entering the industry, the ex-ante value to en-

tering must equal the entry cost in equilibrium. Thus, the free-entry condition can

be written as: ∫ x

x

∫ a

a

v(x, a, b; p, q)F (da× dx) = ce (4.11)

where F is the uniform distribution on [x, x]×[a, a]. The optimal choice of the coupon

is made by firms prior to entering. They select b∗(a; p, q) to maximize the expected

value
∫ x
x

∫ a
a
v(x, a, b; p, q)F (da × dx). As all firms are ex-ante identical they choose

the same coupon in equilibrium.

4.2.9 Timing

The timing of the decisions is shown in the figure below:
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Entry financing, b chosen

Initial demand Demand follows a GBM

x xt

Default and liquidation

Continue operating

Asset Sales

ut

Figure 4.1: Timing in Chapter 4

4.2.10 Aggregates

The long-run steady state is characterized by a stationary distribution of surviv-

ing firms ν, and a constant entry rate N . Note that if ν is stationary, so will the

equilibrium asset holdings as long as the asset levels of entrants can be chosen ap-

propriately. Then, given a Borel set B in R2, ν(B) is the number of surviving firms

with (x, a) in B. The support of ν is [xd,∞) × [ad,∞). Moreover, we can compute

aggregates as follows:

Y =

∫ x

xd

∫ a

ad

[xa1−γ]ν(dx× da) (4.12)

Al =

∫ xl

xd

∫ a

ad

[a− x−1
l (xl(a; p, q)− x; p, q)]ν(dx× da) (4.13)

where x−1(·) is the inverse of the selling threshold function xl. It is important to

emphasize that ν is not a probability distribution.
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4.2.11 Equilibrium

In the case where only capacity contractions are permitted, a stationary indus-

try equilibrium is a constant intermediation price p∗, a constant resale price q∗, an

exit/default asset stock a∗d, an exit/default threshold xd(a
∗
d, b
∗; p∗, q∗), an entry rate

N∗, and a stationary distributions ν∗ such that:

1. b∗ is determined via arg maxb
∫ x
x

∫ a
a
v(x, a, b; p, q)F (da× dx)

2. shareholders solve (4.8)

3. markets clear:

p∗ = Y (ν∗, a∗d, b
∗)−

1
ε (4.14)

q∗ = Al(ν
∗, a∗d, b

∗)−
1
ε′ (4.15)

4. the free-entry condition (4.11) holds

5. the distribution ν∗ is an invariant measures over [x∗d,∞)× [a∗d,∞)

The stationarity of the equilibrium distributions implies that the distribution of firms

is constant over time. Implicitly, due to the idiosyncratic nature of shocks a law of

large numbers is assumed. Nevertheless, considerable dynamics underlie this station-

ary equilibrium. At any point in time, a large number of firms are entering while

an equal amount are exiting. Similarly, a large number of firms are selling assets,

either to service debt payments or because of liquidations following default, while

a large number of firms are holding capacity fixed. Finally, the above definition of

equilibrium can naturally be modified to apply when capacity expansions are also

permitted.
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4.3 Optimal Capital Structure

In this section, I solve the model where only capacity reductions are possible.

This case is instructive as closed-form expressions for the optimal abandonment and

investment decisions, along with firm value can be obtained. These results closely

mirror those in Morellec (2001). In the next section, these results are extended to the

case when capacity expansions are also possible.

Shareholders make investment and default decisions after debt is in place and are

protected by limited liability, so they seek to expropriate bondholders. The latter an-

ticipate this and as a result, the optimal capital structure is inefficient. The resulting

debt-overhang problem leads shareholders to over-invest in unproductive assets and

exit early, as in Myers (1977).

4.3.1 Unlevered Firm

As noted earlier, the objective of shareholders in the unlevered firm is to make

abandonment and investment decisions that maximize the expected stream of dis-

counted profits. Formally, the problem is as follows:

vu(x, a; p, q)

= max
T∈T ,{ut,t∈[0,T ]}

(1− τ)Ex
[∫ T

0

e−(ρ+η)t {π(xt, at; p)dt+ qdut}
]

Before presenting a formal solution to this problem, I proceed heuristically to derive

the optimal decisions and firm value relying on intuition from the real-options liter-

ature. This approach makes the economic tradeoffs involved in the decisions more

transparent.
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The value of the unlevered firm stems from three sources. The first source of value

is the right to the discounted profits from operating the firm’s assets forever. The

second source of value comes from the continuum of irreversible options to sell assets,

or reduce capacity. Finally, the third source of value derives from the value associated

with the (irreversible) option to default. Thus, to determine the value of the firm, it

suffices to sum the value of each of these options.

The value from operating the firm’s assets forever without altering capacity when

the initial asset level is a and initial demand is x can be written as:

Π(x, a; p) = (1− τ)Ex
[∫ ∞

0

e−(ρ+η)t {π(xt, at; p)dt}
]
.

This is of course just the value of the discounted stream of profits in perpetuity.

Given that instantaneous profits are linear in demand, the expectation above can be

explicitly computed so that Π(x, a; p) can be written as

(1− τ)

(
pxa1−γ

(ρ+ η)− µx
− c

ρ+ η

)
. (4.16)

This expression is simply the difference between the after-tax present-values of rev-

enues and costs.

The value from capacity reductions can be viewed as a continuum of options

available to the firm. The firm starts with an initial stock of assets a, and can

reduce capacity to every level below a. Each possible reduction constitutes an option,

and since there are continuum of possible reductions, the firm holds a continuum of

options. The optimal capacity reduction decision trades off the marginal product of

assets against the sale price. Variability in demand naturally leads to changes in the
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marginal product of assets. When the marginal product falls below the resale price,

assets are sold.

As the costs of adjusting capacity are linear, the optimal investment policy is

defined by a continuous increasing threshold function xl(a; p, q). Thus, given an

initial asset level a, if demand falls below xl(a; p, q) assets are sold. The proceeds

from these sales are paid out as dividends to shareholders. The firm undertakes these

reductions in capacity because they boost dividends when demand is low. On the

other hand, if demand is above xl(a; p, q), the firm does nothing, as the option to sell

is not “in the money.” Following Morellec (2001), the value of the option to reduce

capacity can be written as:

∫ au

a

(
qEx[e−(ρ+η)Txl(ã;p,q) ] −

(1− τ)Ex
[∫ ∞

Txl(ã;p,q)

e−(ρ+η)tπa(xt, ãt; p)dt

]
dã

)
(4.17)

where πa(·) is the marginal product of assets, and au is the firm size at abandonment.

In the expression above, the first term captures the expected discounted proceeds

from sales. The second term captures the loss in profits resulting from a permanent

reduction in capacity. The optimal selling threshold is found using the super-contact

condition:

∂2vu
∂x∂ã

∣∣∣
x=xl(ã;p,q)

= 0 (4.18)

The option to abandon the firm’s assets is a single irreversible option. The optimal

abandonment policy trades off the value of continuing operations against the liquida-

tion value. The former fluctuates due to changes in demand. The firm then chooses to

liquidate when the value generated by assets in place fall below the liquidation value.
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The firm’s abandonment policy is defined by another continuous threshold function

xu(a; p, q) such that given an asset stock a, the firm liquidates the first time demand

falls below xu(a; p, q). Firm size at abandonment, au, is determined by equating the

two thresholds, xl(au; p, q) = xu(au; p, q). That is, the firm is abandoned when the

liquidation value of the firm exceeds the value from continuing operations at a lower

capacity.

The value from abandonment is the sum of the liquidation value discounted till

abandonment minus the discounted cash flows from continuing operations at aban-

donment:

qauEx[e−(ρ+η)Txu ]− (1− τ)Exu
[∫ Txu

0

e−(ρ+η)tπ(xt, at; p)dt

]
.

Exploiting the strong Markov property of stopping times to rewrite the second term

the value of the abandonment option is:

qauEx[e−(ρ+η)Txu ]− Ex[e−(ρ+η)Txu ]

[∫ ∞
0

e−(ρ+η)tπ(xt, at; p)dt

]

Then, noting that Ex[e−(ρ+η)Txu ] = (x/xu)
−λ, the value is

[qau − Π(xu, au; p)] (x/xu)
−λ. (4.19)

The optimal abandonment threshold xu is found via the following smooth-pasting

condition:

∂vu
∂x

∣∣∣
x=xu

= 0. (4.20)

The optimal decisions of the firm along with its value are described in the following
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proposition:

Proposition 14. Assume (ρ + η) > µx > 0. Denote by −λ be the negative root of

the fundamental quadratic:

(ρ+ η)− µxϑ−
1

2
σ2(ϑ− 1)ϑ = 0. (4.21)

Then,

vu = Π(x, a; p) +
q

(1 + λ)(1 + γλ)
(a(x/xl(a; p, q))−λ − au(x/xl(au; p, q))−λ

+ [qau − Π(xu, au; p)] (x/xu(au; p, q))
−λ (4.22)

where the capacity reducation and abandonment thresholds are:

xl(a; p, q) =
λq((ρ+ η)− µx)

(1 + λ)(1− γ)(1− τ)p
aγ (4.23)

xu(au; p, q) =
λ((ρ+ η)− µx) [(1− τ)(c/(ρ+ η) + qau] a

γ−1
u

(1 + λ)(1− τ)p
(4.24)

Finally, the firm size upon abandonment is:

au =
c(1− γ)(1− τ)

q(ρ+ η)γ
(4.25)

Proof. See Appendix A.

In the above expression for the value of the firm, vu, the first term is the value from

operating the firm’s assets forever, the second corresponds to the value from capacity

reductions while the final term captures the value from the option to abandon. The
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optimal investment and abandonment policies are illustrated in the figure below:

The selling threshold xl is increasing with a. Above xl, no action is taken as capacity

a

x
Xl(a;p,q)

Xu(a;p,q)

au

Xu(au;p,q)

Sell Assets

Do Nothing

Abandon Abandon

Abandon

Figure 4.2: The optimal investment and abandonment policies.

expansions are not possible, while below xl capacity reductions are undertaken. On

the other hand, the abandonment threshold xu is decreasing in a. Below this threshold

the liquidation value of the firm exceeds the value from continuing to operate. The

intersection of the two thresholds pins down the size upon abandonment au.

The above expressions allow us to deduce an important difference in how changes

in the intermediation price p and the resale price q affect the value of the firm. First

consider changes in the intermediation price p. Clearly, increasing p raises the value

from operating the assets, Π(x, a; p). However, by substituting the expression for xl in

vu, it is clear that capacity reductions are less valuable as p is raised. This is because
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the marginal product of assets goes up as p increases, reducing the need for reducing

capacity. Similarly, abandonment is less valuable as p is raised because the foregone

profits from continuing operations are higher. The overall effects from changes in p on

the value of the firm are ambiguous because increases in operating profits are offset

by declines in the values of the options.

Now consider the effect of changing the resale price q. Clearly, changing q does not

affect the profits from operating the firm’s assets in perpetuity, Π(x, a; p). However,

raising q increases the value from capacity reductions. This is because a higher q

results in more proceeds from asset sales. Similarly, the value of the option to default

(given by the last term in vu) is also increasing with the resale price as increasing

q raises the liquidation value qau. Thus, while increasing p decreases the values of

the options available to the firm, increasing q raises them. The overall effects from

changes in q on value are unambiguous: raising q increases the value of the firm.

Table 4.1 summarizes the effects discussed in the above, along with a few addi-

tional comparative statics. The base parameters were chosen to be comparable to

those of Morellec (2001) and Miao (2005) as follows: γ = 0.53, a = 100, x = 1, ρ =

0.05, η = 0.01, σx = 0.1, τ = 0.15, c = 1, p = 1, q = 1, η = 0.01.

The results show that firm value is no longer monotonically increasing in p. For

instance, when p is increased from 0.5 to 1, value drops from 238.3 to 144.5, whereas

the value then jumps back up to 209.9 as p is raised to 1.5. By contrast, increases

in the resale price result in significant increases in value (nearly 50% compared with

the baseline), and also lead to much lower abandonment levels.

The effect of changes in the tax rate on firm value are also not monotone. In fact,

firm value does increase as taxes as lowered, however it also jumps up for very high
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tax rates as capacity reductions and abandonment become much more valuable. This

can be seen in the last line of the table above.

It is also interesting to note that changes in the volatility in demand do not affect

firm value monotonically. This is because more volatility raises the value from the

ability to reduce capacity. Indeed, the results above show an increase in value from

either increasing or decreasing volatility.

4.3.2 Levered Firm

The firm has a preference for issuing debt over raising equity because of the inher-

ent tax advantages of debt. I consider infinite maturity debt contracts that consist

of a coupon b to be paid to bondholders in perpetuity along with a commitment to

liquidate the firm upon default. Moreover, absolute priority is enforced in that the

proceeds from liquidation are used to first pay bondholders before paying sharehold-

ers. Default is triggered when shareholders choose to abandon the firm’s assets rather

than inject new capital to meet debt obligations.

Formally, given a coupon b shareholders solve the following problem:

e(x, a, b; p, q)

= max
T∈T ,{ut,t∈[0,T ]}

(1− τ)Ex
[∫ T

0

e−(ρ+η)t {[π(xt, at; p)− b]dt+ qdut}
]

When managers operate the firm in the interest of shareholders, they make capacity

and default decisions to maximize the value of equity. Equity is valuable because

shareholders have residual income rights along with the option to alter the firm’s

capacity, and the option to default. The option to reduce capacity by selling assets is
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valuable for two reasons. Selling assets when they are less productive allows the firm

to either pay additional dividends or meet debt obligations without raising additional

equity.

Following the same real-options approach to compute the value of equity, the value

to shareholders arising from their right to operate the firm’s assets forever is:

Π(x, a, b; p) = (1− τ)Ex
[∫ ∞

0

e−(ρ+η)t {[π(xt, at; p)− b]dt}
]

(4.26)

As is clear from the above expression, the cost of servicing debt reduces the discounted

flow of profits available to shareholders.

The option to default trades off the value from continuing operations against

the liquidation value. Debt obligations reduce the profits from operations while

bankruptcy costs reduce the liquidation value. When the reduction in profits dom-

inates the reduction in liquidation value, shareholders default earlier than in the

unlevered firm. Essentially, there is inefficient liquidation due to debt-overhang as in

Myers (1977).

The value to shareholders from the options to reduce capacity is similar to the

value of these options in the unlevered case. This is because the fixed coupon b does

not alter either the marginal costs of reducing capacity nor the resale price q. Hence,

the value of the options to reduce capacity is:

∫ ad

a

(
qEx[e−(ρ+η)Txl(ã;p,q) ] −

(1− τ)Ex
[∫ ∞

Txl(ã;p,q)

e−(ρ+η)tπa(xt, ãt; p)dt

]
dã

)
. (4.27)
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where ad is the size of the firm upon default. Again, the optimal capacity reduction

threshold is found via the super-contact condition:

∂2vu
∂x∂ã

∣∣∣
x=xl(ã;p,q)

= 0 (4.28)

The value of equity is then the sum of the values described above. Formally, the

problem is similar to the problem of the unlevered firm and is solved using the same

method. The optimal policies chosen by shareholders and the value of equity are

summarized in proposition below:

Proposition 15. Assume (ρ + η) > µx > 0. Again denote by −λ the negative root

of the fundamental quadratic:

(ρ+ η)− µxϑ−
1

2
σ2(ϑ− 1)ϑ = 0. (4.29)

Then,

e(x, a, b; p, q) = Π(x, a, b; p)+
q

(1 + λ)(1 + γλ)
(a(x/xl(a; p, q))−λ−ad(x/xl(ad; p, q))−λ

− Π(xd, ad, b; p)

(
x

xd

)−λ
(4.30)

where the capacity reduction and default thresholds are:

xl(a; p, q) =
λqaγ((ρ+ η)− µx)

p(1− γ)(1 + λ)(1− τ)
(4.31)

xd(a, b; p, q) =
λaγ−1((ρ+ η)− µx)(c+ b)

p(ρ+ η)(1 + λ)
(4.32)
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Finally, the firm size upon default is:

ad =
(c+ b)(1− γ)(1− τ)

q(ρ+ η)
(4.33)

Proof. See Appendix A.

Corollary 7. When debt service costs are sufficiently higher than the fixed costs, i.e.

c < γb
1−γ , then ad > au.

The expression for equity above differs from the unlevered value of the firm in

two aspects. When maximizing the value of equity with debt in place, shareholders

choose a default threshold xd rather than xu. In addition, shareholders do not receive

the liquidation value qad upon default.

Most importantly, the above results show that the conflict between shareholders

and bondholders leads to debt-overhang. To see this, first note that by examining

(4.32) and (4.33), it is clear that both the default threshold xd(a, b; p, q) and the firm

size upon default ad are both increasing in the coupon b. In other words, higher lever-

age increases the probability of default and investment in unproductive assets. Then,

when the fixed operating cost is sufficiently low, higher leverage induces shareholders

to exit early and over-invest in unproductive assets relative to the unlevered firm.

The optimal decisions of shareholders are depicted below:
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a

x

Xl(a;p,q)

Xu(a;p,q)

ad

Xd(au;p,q)

Sell Assets

Do Nothing

Abandon Abandon

Abandon

Xd(a,b;p,q)

Figure 4.3: Optimal policies chosen by shareholders.

The figure clearly exhibits the debt-overhang problem: the default threshold curve is

above the abandonment threshold curve of the unlevered firm. This implies a higher

probability of default or early exit. Furthermore, as the exit size ad is higher than

the unlevered abandonment size au, shareholders over-invest in unproductive assets

than are abandoned upon default.

Given the optimal decisions of shareholders, the value of debt is:

d(x, a, b; p, q) = Ex
[∫ Txd

0

e−(ρ+η)tbdt

]
+ (1− ζ)qadE

x[e−(ρ+η)Txd ] (4.34)

=
b

(ρ+ η)

(
1−

(
x

xd

)−λ)
+ (1− ζ)qad

(
x

xd

)−λ
. (4.35)

As the above expression makes clear, the value of debt is essentially the discounted
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value of the coupon b/(ρ+ η) till default plus the liquidation value discounted appro-

priately.

The value of the levered firm can then be written simply as the sum of the values

of equity and debt:

Proposition 16. The value of the levered firm is:

v(x, a, b; p, q)

= Π(x, a, b; p) +
q

(1 + λ)(1 + γλ)
(a(x/xl(a; p, q))−λ − ad(x/xl(ad; p, q))−λ

+ [(1− ζ)qad − Π(xd, ad, b; p)]

(
x

xd

)−λ
+

b

(ρ+ η)

(
1−

(
x

xd

)−λ)
(4.36)

In order to clarify the role of the tax-shield, we can re-write the value of the levered

firm using the expressions for Π(x, a, b; p) and Π(xd, ad, b; p) as follows:

v(x, a, b; p, q)

= Π(x, a; p) +
q

(1 + λ)(1 + γλ)
(a(x/xl(a; p, q))−λ − ad(x/xl(ad; p, q))−λ

+ [(1− ζ)qad − Π(xd, ad; p)] (x/xd)
−λ +

τb

(ρ+ η)

(
1−

(
x

xd

)−λ)
(4.37)

In comparison with the expression for the value of the unlevered firm, clearly the

default and abandonment thresholds are different. In addition, the last term is new.

This term captures the value of the tax shield. It is simply equals the value of the

taxes on expected discounted stream of coupon payments until default. Finally, ζ

captures the bankruptcy costs.

In terms of comparative statics, the effects of changes in p and q are again quite
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different. Just as in the unlevered case, raising p increases profits from operations

but also decreases the value from capacity reductions. However, leverage renders the

effects of raising p on the value of the default option ambiguous. This is because the

increase in profits foregone upon default from a higher p is offset by a lower probability

of default. Overall, raising p is more likely to boost the value of equity when the firm

is levered. Moreover, the changes in the value of debt are also ambiguous. This is

because raising p reduces the probability of default and so increases the expected

dividend payments yet reduces the expected liquidation payout.

As for the effects of changes in q, it is clear that the value of equity is increasing

in the resale price it raises the value of capacity reductions while leaving everything

else unaltered. Similarly, the value of debt is also increasing in q as it raises the

liquidation value of the firm. Hence, the value of the levered firm is monotonically

increasing in the resale value q.

Table 4.2 summarizes the comparative statics of the model. The base parameters

were again chosen to be comparable to those of Morellec (2001) as follows: γ =

0.53, a = 100, x = 1, ρ = 0.05, η = 0.01, σx = 0.1, τ = 0.15, c = 1, p = 1, q = 1, η =

0.01, ζ = 0.2.

The results demonstrate the ambiguous effects of changes in p as levered firm value

increases when p is both increased and decreased. The levered value is nevertheless

monotonically increasing in the resale price q. More importantly, given the choice of

parameters, increases in the intermediation price and declines in the resale price are

important drivers of leverage, debt-overhang and over-investment in unproductive as-

sets. In addition, reductions in volatility, decreasing the returns to the intermediation

technology or raises taxes are also important in exacerbating the agency problem.
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4.4 Asset Purchases

Financial intermediaries often expand capacity by purchasing assets.4 Capacity

expansions increase the value of the firm directly because additional capacity boosts

operating profit flows. Moreover, the value of the firm’s options to sell assets become

more valuable as sales are no longer irreversible. Nevertheless, assets are not com-

pletely reversible because the asset market is assumed to be illiquid, that is Q > q.

This illiquidity may arise for example from informational asymmetries between the

firm and outside buyers and sellers. Varying degrees of illiquidity are common in

markets for assets traded by financial intermediaries, especially in over-the-counter

(OTC) markets. The degree of illiquidity in the asset market as measured by Q− q,

is then a measure of the degree to which a firm’s capacity changes are reversible.

4.4.1 Unlevered Firm

Let Lt denote the cumulative gross investment (i.e. purchases of assets) up to

date t. The stochastic process for assets is then:

dat = dLt − dut. (4.38)

The unlevered firm’s objective is to maximize the expected discounted profits or

vLu (x, a; p, q,Q) =

max
T∈T ,{Lt,ut,t≥0}

Ex
[∫ ∞

0

e−(ρ+η)t {π(xt, at; p)dt−QdLt + qdut}
]

(4.39)

4Evidence collected by Adrian and Shin (2010) points to financial intermediaries altering their
asset holdings through repurchase agreements. I abstract from the contractual form used to acquire
additional assets and assume that FIs purchase them directly.
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where {Lt}t≥0 and {ut}t≥0 are nondecreasing continuous stochastic processes that

describe the investment decisions of the firm with L0 = u0 = 0.

The value of the firm now derives from four sources: the value of operating the

firm’s assets forever, the values associated with the ability to either expand or contract

capacity and finally the value associated with the option to abandon and liquidate

the firm.

The value derived from operating the firm’s assets forever is again the value of

the stream of discounted profit flows from operations:

Π(x, a; p) = (1− τ)Ex
[∫ ∞

0

e−(ρ+η)t {π(xt, at; p)dt}
]

The option to abandon trades off the value of the assets in place against the liquidation

value of the firm. As in Section 4.3.1, we can write the value of this option as

[
qaLu − Π(xLu , a

L
u ; p)

]
(x/xLu)−λ. (4.40)

where the abandonment threshold is now xLu and the new the firm size upon aban-

donment is aLu .

The key difficulty arises in deducing the value of the options to alter capacity.

This is because changes in capacity are no longer permanent. For example, consider

determining the value of the option to reduce capacity. Since capacity reductions

are no longer permanent because assets may be purchased later, the value of capacity

reductions can no longer be written as the difference between revenues and permanent

changes in future profit flows as in (4.17). In fact, the value of the two capacity altering

options must be determined jointly because the ability to expand capacity reduces
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the irreversibility associated with asset sales and vice-versa.

The optimal investment decisions are now characterized by a pair of thresholds

xL(a; p, q,Q) > xl(a; p, q,Q) such that investment occurs whenever demand exceeds

the threshold xL(a; p, q,Q) while disinvestment occurs whenever returns are below

xl(a; p, q,Q). When demand is between xL(a; p, q,Q) and xl(a; p, q,Q) no investment

is undertaken.

In order to value the capacity alteration options, I use an approach that relies on

the HJB equation. It can be shown that the value of capacity options can be written

as:

α(a;xL, xl)x
−λ + β(a;xL, xl)x

θ

where α(a) and β(a) are functions of initial asset level a and the optimal thresholds

xL and xl, and −λ, and θ are solutions to the fundamental quadratic. The functions

α(·) and β(·) can then be determined in terms of the thresholds using the following

smooth-pasting conditions:

∂vLu
∂ã

∣∣∣
x=xl(ã;p,q,Q)

= q when ã ∈ [au, a] (4.41)

∂vLu
∂ã

∣∣∣
x=xL(ã;p,q,Q)

= Q when ã ∈ [au, a] (4.42)

Furthermore, the optimal thresholds can be determined using the following super-

contact conditions:

∂2vLu
∂x∂ã

∣∣∣
x=xl(ã;p,q,Q)

= 0 when ã ∈ [au, a] (4.43)

∂2vLu
∂x∂ã

∣∣∣
x=xL(ã;p,q,Q)

= 0 when ã ∈ [au, a] (4.44)
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While it can be shown that the thresholds xL and xl are continuous and increasing

functions, closed-form expressions for the thresholds cannot be obtained.

The optimal investment and abandonment decisions in the unlevered case are

depicted in the figure below. As is made clear in the figure, allowing the firm to

a

x

XL(a;p,q,Q)

Xu(a;p,q,Q)

au

Xu(au;p,q,Q)

Sell Assets

Do Nothing
Xl(a;p,q,Q)

Abandon

Purchase Assets

Abandon

Abandon

Figure 4.4: Optimal policies in the unlevered case.

expand capacity narrows the inaction region. In fact, the inaction region shrinks as

the asset market becomes more liquid, that is as Q− q decreases. In this sense, one

can interpret the earlier results without capacity expansions as the case where Q is

very large, yielding a large inaction region.

In addition, as capacity contractions are more valuable in the presence of the

capacity expansion option, the threshold xl(a; p, q,Q) lies above the corresponding

threshold xl(a; p, q). As a result, the firm size upon abandonment is smaller.
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The following proposition provides expressions for the value of the options and

the value of the unlevered firm.

Proposition 17. Assume (ρ + η) > µx > 0. Let −λ, θ be the negative and positive

roots of the fundamental quadratic

(ρ+ η)− µxϑ−
1

2
σ2(ϑ− 1)ϑ = 0. (4.45)

Then, the value of the unlevered firm is:

vLu (x, a; p, q,Q) = Π(x, a; p) + α(a;xL, xl)x
−λ + β(a;xL, xl)x

θ

+
[
qaLu − Π(xLu , a

L
u ; p)

]
(x/xLu)−λ (4.46)

where

α(a;xL, xl) =

∫ aLu

a

[
x−θl (q − πa(xl, ã; p)) + x−θL (πa(xL, ã; p)−Q)

x
−(θ+λ)
l − x−(θ+λ)

L

]
dã (4.47)

β(a;xL, xl) = −
∫ a

aLu

[
xλl (q − πa(xl, ã; p)) + xλL (πa(xL, ã; p)−Q)

xθ+λL − xθ+λl

]
dã (4.48)

and the optimal thresholds xL(a; p, q,Q) and xl(a; p, q,Q) are implicitly defined by the

following system of equations:

λ

[
x−θl (q − πa(xl, a; p)) + x−θL (πa(xL, a; p)−Q))

xλ+1
L (x

−(θ+λ)
l − x−(θ+λ)

L )

]

− θ
[
xλl (q − πa(xl, a; p)) + xλL (πa(xL, a; p)−Q))

x1−θ
L (xθ+λL − xθ+λl )

]
= πxa(xL, a; p) (4.49)
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λ

[
x−θl (q − πa(xl, a; p)) + x−θL (πa(xL, a; p)−Q))

xλ+1
l (x

−(θ+λ)
l − x−(θ+λ)

L )

]

− θ
[
xλl (q − πa(xl, a; p)) + xλL (πa(xL, a; p)−Q))

x1−θ
l (xθ+λL − xθ+λl )

]
= πxa(xl, a; p). (4.50)

Proof. See Appendix A.

In the above expression, α(a;xL, xl)x
−λ represents the value of the option to contract

capacity whereas β(a;xL, xl)x
θ represent the value of the option to expand capacity.

The expressions for α and β above underscore the interdependence of the values

of the two capacity altering options. Each is an appropriately weighted sum of the

marginal benefits associated with selling assets, (q−πa(xl, a; p)) and purchasing assets,

(πa(xL, a; p)−Q). In brief, the value of the option to contract is now higher because

of the ability to expand capacity in the future. Similarly, the value of the option to

expand capacity is higher because of the ability to contract capacity at a later point

in time.

The optimal abandonment threshold is found as before using the following smooth-

pasting condition:

∂vLu
∂x

∣∣∣
x=xLu

= 0.

which gives the following implicit equation for the abandonment threshold xLu :

Πx(x
L
u , a

L
u ; p)− λα(aLu , x

L
u , x

L
u)
(
xLu
)−λ−1

+ θβ(aLu , x
L
u , x

L
u)
(
xLu
)θ−1

− λ

xLu
[qaLu − Πx(x

L
u , a

L
u ; p)] = 0 (4.51)

However, since the capacity altering options are worth zero upon exit, the above
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equation can be solved to yield the following expression for the default threshold:

xLu(a; p, q) =
λ((ρ+ η)− µx)

[
(1− τ)(c/(ρ+ η) + qaLu

]
aγ−1

(1 + λ)(1− τ)p
(4.52)

The firm is abandoned when it is preferable to liquidate the assets rather reduce

capacity further. Therefore, in keeping with the last section, the abandonment size is

determined at the intersection of the thresholds xLu and xl. However, in contrast with

the last section, the threshold xl also depends on the option value of future capacity

expansions. Therefore, the liquidation decision fully takes into account the value from

the option to expand future capacity.

The comparative statics of the model are summarized in Table 4.3. The base

parameters were chosen as follows: γ = 0.53, a = 100, x = 1, ρ = 0.05, η = 0.01, σx =

0.1, τ = 0.15, c = 1, p = 1, q = 1, Q = 1.1, η = 0.01.. The value of the firm is certainly

higher when capacity can be increased. The level of increase depends of course upon

the degree of illiquidity in the asset market. In Table 4.3, we see an increase in firm

value on the order of 16% to 0.8% as the purchase price is raised.

One important source for this increase in value is that capacity reductions are

now more valuable. This can be seen in the decline in firm size upon abandonment

as capacity is reduced more aggressively when demand falls because these reductions

are partially reversible.

Similarly, changes in q affect not only the value of reducing capacity but also the

value of increasing capacity. In Table 4.3 this is most easily seen as q is increased from

1 to 1.05. The increase in value over and above the case when capacity expansions

are not possible is roughly 20%.
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4.4.2 Levered Firm

As in Section 4.3.2, shareholders in the levered firm make abandonment and in-

vestment decisions to maximize the expected value of the stream of discounted profits:

eLu(x, a, b; p, q,Q)

= max
T∈T ,{Lt,ut,t≥0}

Ex
[∫ ∞

0

e−(ρ+η)t {[π(xt, at; p)− b]dt−QdLt + qdut}
]

Again, the cost of servicing debt reduces the profit flow available to shareholders.

On the other hand, the ability to expand capacity raises the value of equity. This

problem is similar to one facing shareholders in the unlevered case above, and is

solved using the same methods. The following proposition characterizes the optimal

decisions made by shareholders and the value of the levered firm.

Proposition 18. Assume (ρ + η) > µx > 0. Let −λ, θ be the negative and positive

roots of the fundamental quadratic

(ρ+ η)− µxϑ−
1

2
σ2(ϑ− 1)ϑ = 0. (4.53)

Then, the value of equity in the levered firm is:

eLu(x, a, b; p, q,Q) = Π(x, a, b; p) + α(a, b;xL, xl, b)x
−λ + β(a, b;xL, xl, b)x

θ

− Π(xLd , a
L
d , b; p)(x/x

L
d )−λ (4.54)
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where

α(a, b;xL, xl) =

∫ aLd

a

[
x−θl (q − πa(xl, ã, b; p)) + x−θL (πa(xL, ã, b; p)−Q)

x
−(θ+λ)
l − x−(θ+λ)

L

]
dã (4.55)

β(a, b;xL, xl) = −
∫ a

aLd

[
xλl (q − πa(xl, ã, b; p)) + xλL (πa(xL, ã, b; p)−Q)

xθ+λL − xθ+λl

]
dã (4.56)

and the optimal thresholds xL(a, b; p, q,Q) and xl(a, b; p, q,Q) are implicitly defined by

the following system of equations:

λ

[
x−θl (q − πa(xl, a, b; p)) + x−θL (πa(xL, a, b; p)−Q))

xλ+1
L (x

−(θ+λ)
l − x−(θ+λ)

L )

]

− θ
[
xλl (q − πa(xl, a, b; p)) + xλL (πa(xL, a, b; p)−Q))

x1−θ
L (xθ+λL − xθ+λl )

]
= πxa(xL, a, b; p) (4.57)

λ

[
x−θl (q − πa(xl, a, b; p)) + x−θL (πa(xL, a, b; p)−Q))

xλ+1
l (x

−(θ+λ)
l − x−(θ+λ)

L )

]

− θ
[
xλl (q − πa(xl, a, b; p)) + xλL (πa(xL, a, b; p)−Q))

x1−θ
l (xθ+λL − xθ+λl )

]
= πxa(xl, a, b; p). (4.58)

Proof. See Appendix A.

The value of equity is simply the value of the discounted profit flow accruing

to shareholders plus the value of the capacity altering and default options. This

differs from the unlevered firm value in that the default threshold xLd differs from the

abandonment threshold xLu , and in that shareholders are not entitled to the liquidation

value qaLd .

Moreover, the purchasing and selling thresholds xL and xl are unaltered by debt, as

instantaneous profits π are linear in debt so that πa and πxa are actually independent
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of b. The optimal abandonment threshold is found as before using the following

smooth-pasting condition:

∂vL

∂x

∣∣∣
x=xLd

= 0.

Noting that the capacity altering options are worthless upon default, the above equa-

tion can be solved for the default threshold:

xLd (a, b; p, q) =
λaγ−1((ρ+ η)− µx)(c+ b)

p(ρ+ η)(1 + λ)
. (4.59)

The shareholders default when it is preferable to liquidate the assets rather than

reduce capacity further. Debt shifts the default threshold towards the right, increasing

the probability of default. However, recall that with capacity expansions shareholders

reduce capacity more aggressively in response to declines in demand. This is reflected

in a higher selling threshold xl. Hence, firm size upon default is higher than in the

unlevered case but lower than in the case without capacity expansions.

The conflict between shareholders and bondholders results nevertheless results in

early exit due to debt-overhang and over-investment in unproductive assets. How-

ever, these problems are mitigated with capacity expansions because they reduce the

probability of default and reduce firm size upon default.

The optimal decisions, along with the debt-overhang problem are shown in the

figure below:
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a

x

XL(a,b;p,q,Q)

Xu(a;p,q,Q)

ad

Xd(ad, b;p,q,Q) Sell Assets

Do Nothing

Abandon
Xd(a,b;p,q,Q)

Purchase Assets

Xl(a,b;p,q,Q)Abandon

Abandon

Figure 4.5: Optimal policies chosen by shareholders.

The value of debt is simply:

dL(x, a, b; p, q,Q) = Ex
[∫ Txd

0

e−(ρ+η)tbdt

]
+ (1− ζ)qaLdE

x[e−(ρ+η)Txd ] (4.60)

=
b

(ρ+ η)

(
1−

(
x

xLd

)−λ)
+ (1− ζ)qaLd

(
x

xLd

)−λ
(4.61)

It is essentially the discounted value of the coupon b/(ρ + η) till default plus the

liquidation value discounted appropriately.

The value of the levered firm can then again be written simply as the sum of the

values of equity and debt:



CHAPTER 4. ILLIQUIDITY, FIRE-SALES AND CAPITAL STRUCTURE 114

Proposition 19. The value of the firm is:

vL(x, a, b; p, q,Q)

= Π(x, a, b; p)− Π(xLd , a
L
d , b; p)(x/x

L
d )−λ

+ α(a;xL, xl, b)x
−λ + β(a;xL, xl, b)x

θ

+
b

(ρ+ η)

(
1−

(
x

xLd

)−λ)
+ (1− ζ)qaLd

(
x

xLd

)−λ
(4.62)

Table 4.4 summarizes the comparative statics. The base parameters were chosen

as follows: γ = 0.53, a = 100, x = 1, ρ = 0.05, η = 0.01, σx = 0.1, τ = 0.15, c = 1, p =

1, q = 1, Q = 1.1, η = 0.01, ζ = 0.2.

Again, these results largely parallel those obtained in the last section. However,

allowing the shareholders to expand capacity raises the value of equity. In addition,

the ability to expand capacity also boosts the value of debt as the higher capacity

generates additional profit flow that can be use to service debt payments. In the

simulations shown above, the rise in debt value is not completely mitigated by the

rise in the value of equity and thus higher leverage is generally exhibited. In addition,

the increase in the value of equity leads shareholder to exit later, mitigating debt-

overhang, as they are more willing to inject new capital into the firm.

In the following section, in the industry equilibrium, the resale prices q and Q

are determined by the buying and selling behaviour of surviving firms but also by

liquidation of assets from defaulting firms, and liquidations from firms exiting exoge-

nously or fire-sales. As a result, the industry will be more highly leveraged and will

exhibit greater over-investment in unproductive assets.
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4.5 Industry Equilibrium

In this section, I show that a stationary industry equilibrium exits. Also, I provide

intuition for the key steps in the proof while relegating the details to the appendix.

Finally, I draw on a set of comparative statics to explain the key implications of the

model.

Proposition 20. Assume that

1. (ρ+ η)− µx > 0

2. λ > γ

3. η > σ2
x − µx

4. µx − σ2
x/2 > 0

where −λ is the negative root of the fundamental quadratic. Then, there exists a

stationary equilibrium (p∗, q∗, b∗, xl, xd, N
∗, ν∗), such that x > xd and a > ad.

Proof. See Appendix A

The first assumption above is required to bound the payoffs of the firm. The

second is required to bound the higher moments of the stationary distributions as

they have infinite support. Finally, the last two assumptions are needed to ensure

the existence of the stationary distributions.

I briefly outline the intuition behind the construction of the stationary equilibrium.

Shareholders first select the coupon b given industry prices p and q prior to entry.

Since all firms are ex-ante identical they choose an identical coupon. The relation

between the equilibrium prices p∗ and q∗ is then determined from the free entry



CHAPTER 4. ILLIQUIDITY, FIRE-SALES AND CAPITAL STRUCTURE 116

condition. This condition can be understood as follows. Given a resale price q,

whenever the intermediation price is above the equilibrium price p∗, there is a positive

benefit to entry and thus firms enter. However, entry drives down the intermediation

price. Similarly, given an intermediation price p, whenever the resale price is above

q∗, there is again a positive benefit to entry and so firms enter. However, entry drives

down the resale price q∗ as some firms that enter wish to reduce capacity upon entry.

Analogously, when prices are below equilibrium levels, the value to entry falls below

the entry cost ce and firms choose not to enter. Therefore, in order for there to be

positive and finite entry in equilibrium, the value to entering must equal the entry

cost ce.

I then solve compute the optimal selling and default thresholds, xl and xd in terms

of the optimal coupon b∗ and equilibrium output prices p∗, q∗. I then compute the

invariant distribution ν∗ up to a scale factor that is the entry rate. The derivations

make use of a conditions that matches the incoming flows and outgoing flows of firms

and assets in terms of the density of the stationary distribution. This condition can

then be solved for the distribution by adapting the procedure outlined in Miao (2005).

Finally, the market clearing conditions are used to pin down the entry rate and

the equilibrium prices.

4.5.1 Results

The main results are shown in Table 4.5. From this table it clear that industry

leverage increases ex-ante as the probability of a common shock η decreases, or the

tax rate τ increases, or even as bankruptcy costs ζ decrease. All of these factors

cause bondholders to anticipate a increase in the value of firm and extend credit on
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more generous terms. This effect dominates the increase in the value of equity from

the increased expected cash-flows due to the concavity of the production function.

While not shown in table above, these results are robust to further changes in the

parameters. As a result, under these conditions fire-sales and credit-crunches are less

severe following a common shock.

In terms of regulatory measures, minimum capital requirements essentially oper-

ate as follows. They place a floor on the value of equity that must be maintained.

Given that the shareholders have the option to abandon the firm, this type of reg-

ulation simply alters their choice of default policy in favour of abandoning the firm

earlier. Again, in anticipation of such behaviour, lenders tighten the terms of the

debt contract, leading to lower leverage ex-ante. As a result, such requirements can

be effective in reducing leverage ex-ante and mitigating fire-sales and credit-crunches.

Reducing the ability of firms to sell assets when solvent would possibly be more

effective. Limiting the quantity of assets on the market, limits the price feedback

effect triggered by the liquidation of defaulting firms. This would result in ex-ante

lower value for the firm as the value of the option to reduce capacity is devalued. This

would again lead to lower leverage levels, however this time the increase in default

rates is more limited. Indeed, only those firms that are on the marginally solvent and

are selling to service debt would be affected.

4.6 Conclusion

This chapter investigated the aggregate effects of deleveraging by firms hit by a

common shock. The liquidation of assets by bankrupt firms together with asset sales

by surviving firms that need to meet debt service costs trigger fire-sales that lead to
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credit-crunches. The severity of these fires-sales and credit-crunches increases with

the degree of ex-ante industry leverage. The latter increases with the liquidity of

firms’ assets, the value of the tax shield of debt, and decreases with the severity of

financial frictions. To control the costs associated with this deleveraging behaviour, it

is important to limit leverage ex-ante by either higher minimum capital requirements,

by mandating minimum liquidity requirements for firms’ assets and limiting the tax

benefits of debt.

4.6.1 Tables

Comparative Statics
Parameter Value Value Value of Size

Value without capacity with capacity selling upon
changes changes option (%) default ad

Baseline 133.9 144.5 7.8% 12.6

γ = 0.5 155.8 160.5 3.0% 14.2
γ = 0.6 93.1 163.4 75.3% 9.4

σx = 0.05 133.9 160.5 19.9% 12.6
σx = 0.15 132.9 145.2 9.3% 12.6

p = 0.5 - 238.3 - 12.6
p = 1.5 - 209.9 - 12.6

q = 0.5 - 134.0 - 25.1
q = 1.5 - 218.0 - 8.4

τ = 0.05 149.7 156.2 4.3% 14.0
τ = 0.55 70.9 212.8 200.1% 6.7

Table 4.1: Comparative Statics: Unlevered Firm
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Comparative Statics
Parameter Unlevered Levered Value Optimal Size Optimal Severity

Value firm value firm value of tax shield Leverage upon Coupon of debt-overhang
v(x, a, 0; p, q) v(x, a, b∗; p, q) (%) (%) default ad b∗ γb/(1− γ)

Baseline 144.5 150.7 4.3% 35.6% 29.9 3.5 3.9

γ = 0.5 160.5 168.8 5.4% 44.0% 41.4 4.8 4.8
γ = 0.6 163.4 167.2 2.3% 16.5% 15.9 1.8 2.7

σ = 0.05 144.6 164.5 4.7% 13.8% 17.4 1.6 1.8
σ = 0.15 146.8 147.1 0.2% 6.1% 10.2 0.5 0.6

p = 0.5 238.3 241.2 1.2% 5.2% 12.1 0.8 0.9
p = 1.5 209.9 222.7 6.1% 54.7% 59.2 7.9 8.9

q = 0.5 134.0 145.0 8.2% 69.7% 100.0 6.5 7.3
q = 1.5 218.0 222.7 2.2% 16.1% 14.9 2.4 2.7

τ = 0.05 156.2 158.2 1.3% 24.7% 25.4 2.4 2.7
τ = 0.55 212.8 229.3 7.1% 15.7% 13.7 2.9 3.3

Table 4.2: Comparative Statics: Levered Firm

Comparative Statics
Parameter Value Value Value of Size

Value with contraction with contraction expansion upon
option only and expansion option (%) default au

Baseline 144.5 168.2 16.4% 9.7

γ = 0.5 160.5 190.5 18.7% 11.0
γ = 0.6 163.4 203.4 24.5% 7.1

p = 0.5 238.3 322.5 35.3% 9.7
p = 1.5 209.9 273.6 30.3% 9.7

q = 0.5 134.0 142.0 6.0% 25.1
q = 1.05 147.5 175.7 19.1% 8.7

Q = 1.5 144.5 155.1 7.3% 11.2
Q = 2.0 144.5 150.0 3.8% 11.8
Q = 4.0 144.5 145.6 0.8% 12.4

τ = 0.05 156.2 183.2 17.3% 10.9
τ = 0.55 212.8 282.4 32.7% 4.6

Table 4.3: Comparative Statics: Unlevered Plus Buying Option
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Comparative Statics
Parameter Unlevered Levered Optimal Size Optimal

Value firm value firm value Leverage upon Coupon
v(x, a, 0; p, q) v(x, a, b∗; p, q) (%) default ad b∗

Baseline 168.2 178.4 22.2% 21.1 2.0

γ = 0.5 162.1 165.8 27.8% 28.4 2.84
γ = 0.6 163.9 165.6 9.9% 11.9 1.01

p = 0.5 238.6 239.7 3.4% 10.3 0.5
p = 1.5 213.7 218.5 36.4% 41.0 4.9

q = 0.5 134.5 140.4 51.8% 76.8 4.5
q = 1.5 222.2 224.3 7.8% 9.5 1.1

Q = 1.5 145.3 148.2 22.8% 21.5 2.1
Q = 2.0 146.0 148.7 21.4% 20.5 2.0
Q = 4.0 145.3 148.2 22.8% 21.5 2.1

τ = 0.05 157.6 159.1 2.6% 7.7 0
τ = 0.55 213.3 228.1 15.8% 13.8 2.8

Table 4.4: Comparative Statics: Levered Plus Buying Option

Comparative Statics
Parameter Industry Intermediation Resale Average Size

Value Intermediation Price Price Leverage upon
(output) p q (%) default ad

Baseline 164 1.00 1.00 20.1% 25.3

γ = 0.5 156 0.94 0.95 23.5% 26.4
γ = 0.6 160 1.07 1.04 19.4% 23.2

σ = 0.05 153 0.95 0.96 36.2% 36.4
σ = 0.2 161 1.04 1.06 9.7% 19.2

ζ = 0.1 166 1.02 1.01 21.2% 24.6
ζ = 0.3 161 0.98 0.99 19.4% 25.9

τ = 0.10 178 0.93 0.95 18.2% 21.4
τ = 0.20 152 1.08 1.04 25.6% 28.6

η = 0.02 178 0.93 0.95 18.2% 21.4
η = 0.04 152 1.08 1.04 25.6% 28.6

Table 4.5: Results



Bibliography

Abraham, A. and Pavoni, N. (2005). The efficient allocation of consumption under

moral hazard and hidden access to the credit market. Journal of the European

Economic Association, 3:370–381.

Abreu, D., Pearce, D., and Staccehetti, E. (1990). Toward a theory of discounted

repeated games with imperfect monitoring. Econometrica, 58:1041–1063.

Acharya, V. V., Mehran, H., Schuermann, T., and Thakor, A. (2012). Robust capital

regulation. Technical Report 8792, C.E.P.R. Discussion Papers.

Adrian, T. and Shin, H. S. (2010). Liquidity and leverage. Journal of Financial

Intermediation, 19(3):418–437.

Athey, S., Atkeson, A., and Kehoe, P. (2005). The optimal degree of discretion in

monetary policy. Econometrica, 73:1431–1475.

Athey, S. and Bagwell, K. (2001). Optimal collusion with private information. RAND

Journal of Economics, 32:428–465.

121



BIBLIOGRAPHY 122

BCBS (2013). Revised Basel III leverage ratio framework and disclosure requirements.

Consultative Document BCBS 251, Bank for International Settlements.

Bertola, G. and Caballero, R. (1994). Irreversibility and aggregate investment. Review

of Economic Studies, 62:223–46.

Black, F. and Scholes, M. (1973). The pricing of options and corporate liabilities.

Journal of Political Economy, 81:637–659.

Blum, J. (1999). Do capital adequacy requirements reduce risk in banking? Journal

of Banking and Finance, 23:755–71.

Blum, J. (2008). Why basel ii may need a leverage ratio restriction. Journal of

Banking & Finance, 32:1699–1707.

Blum, J. and Hellwig, M. (1995). The macroeconomic implications of capital adequacy

requirements for banks. European Economic Review, 39:739–749.

Bordeleau, E., Crawford, A., and Graham, C. (2009). Regulatory constraints on bank

leverage: Issues and lessons from the canadian experience. Discussion Paper 09-15,

Bank of Canada.

Brennan, M. and Schwartz, E. (1984). Optimal financial policy and firm valuation.

Journal of Finance, 39:593–607.

Caballero, R. and Simsek, A. (2010). Fire sales in a model of complexity. MIT

Working Paper.

Calem, P. and Robb, R. (1999). The impact of capital-based regulation on bank

risk-taking. Journal of Financial Intermediation, 8:317–352.



BIBLIOGRAPHY 123

Dangl, T. and Lehar, A. (2004). Value-at-risk vs. building block regulation in banking.

Journal of Financial Intermediation, 13:96–131.

Diamond, D. and Dybvig, P. (1983). Bank runs, deposit insurance, and liquidity.

Journal of Political Economy, 91:401–419.

Dixit, A. (1992). Entry and exit decisions under uncertainty. Journal of Political

Economy, 97:620–638.

Dixit, A. and Pindyck, R. (1994). Investment Under Uncertainty. Princeton Univer-

sity Press, Princeton, NJ.

Doepke, M. and Townsend, R. (2006). Dynamic mechanism design with hidden in-

come and hidden actions. Journal of Economic Theory, 126:235–285.

Duffie, D. and Lando, D. (2001). Term structures of credit spreads with incomplete

accounting information. Econometrica, 69:633–664.

Dumas, B. (1991). Super contact and related optimality conditions. Journal of

Economic Dynamics and Control, 15:675–685.

Freixas, X. and Rochet, J.-C. (2008). Microeconomics of Banking. MIT Press, Cam-

bridge, Massachusetts.

Fundenberg, D. and Tirole, J. (1991). Game Theory. MIT Press, Cambridge, Mas-

sachusetts.

Furfine, C. (2001). Bank portfolio allocation: The impact of capital requirements,

regulatory monitoring, and economic conditions. Journal of Financial Services

Research, 20:33–56.



BIBLIOGRAPHY 124

Geanakoplos, J. and Pedersen, L. H. (2011). Monitoring leverage. Cowles Founda-

tion Discussion Papers 1838, Cowles Foundation for Research in Economics, Yale

University.

Giammarino, R., Lewis, T., and Sappington, D. (1993). An incentive approach to

banking regulation. Journal of Finance, 48(4):1523–1542.

Hansen, L. (2013). Challenges in identifying and measuring systemic risk. Working

Paper 18505, NBER.

Hanson, S., Kashyap, A., and Stein, J. (2010). A macroprudential approach to finan-

cial regulation. Journal of Economic Perspectives.

Hanson, S. G., Kashyap, A. K., and Stein, J. C. (2011). A macroprudential approach

to financial regulation. Journal of Economic Perspectives, 25(1):3–28.

Harrison, M. (1985). Brownian Motion and Stochastic Flow Systems. Wiley, New

York.

Hellwig, M. (2009). Systemic risk in the financial sector: An analysis of the subprime-

mortgage financial crisis. De Economist, 157:129–207.

Hopenhayn, H. (1992a). Entry, exit, and firm dynamics in long run equilibrium.

Econometrica, 60:1127–1150.

Hopenhayn, H. (1992b). Exit, selection, and the value of firms. Journal of Economic

Dynamics and Control, 16:621–653.

John, K., Saunders, A., and Senbet, L. (2000). A theory of bank regulation and

management compensation. Review of Financial Studies, 13(1):95–126.



BIBLIOGRAPHY 125

Karatzas, I. and Shreve, S. (1991). Brownian Motion and Stochastic Calculus.

Springer Verlag, Berlin.

Keen, M. (2011). The taxation and regulation of banks. IMF Working Papers 11/206,

International Monetary Fund.

Keys, B., Mukherjee, T., Seru, A., and Vig, V. (2008). Did securitization lead to lax

screening? evidence from subprime loans. EFA 2008 Athens Meetings Paper.

Kim, D. and Santomero, A. (1988). Risk in banking and capital regulation. Journal

of Finance, 43(5):1219–1233.

Klein, M. (1971). A theory of the banking firm. Journal of Money, Credit and

Banking, 3(2):205–218.

Koehn, H. and Santomero, A. (1980). Regulation of bank capital and portfolio risk.

Journal of Finance, 35(5):1235–1244.

Laffont, J.-J. and Tirole, J. (1986). Using cost observation to regulate firms. Journal

of Political Economy, 94:614–641.

Leland, H. (1994). Corporate debt value, bond covenants and optimal capital struc-

ture. Journal of Finance, 49:1213–1252.

Leland, H. (1998). Agency costs, risk management, and capital structure. Journal of

Finance, 4:1213–1243.

Mailath, G. J. and Samuelson, L. (2006). Repeated Games and Reputations. Oxford

University Press, New York, New York.



BIBLIOGRAPHY 126

Marshall, D. and Prescott, E. (2001). Bank capital regulation with and without

state-contingent penalties. Carnegie-Rochester Conference Series on Public Policy,

54:139–184.

Mello, A. and Parsons, J. (1992). Measuring the agency costs of debt. Journal of

Finance, 47:1887–1904.

Merton, R. (1974). On the pricing of corporate debt: The risk structure of interest

rate. Journal of Finance, 29:449–469.

Merton, R. (1977). An application of modern option pricing theory. Journal of

Banking and Finance, 1:3–11.

Miao, J. (2005). Optimal capital structure and industry dynamics. Journal of Fi-

nance, 60:2621–2659.

Miller, M. (1977). Debt and taxes. Journal of Finance, 32(2):261–275.

Milne, F. (2008). Anatomy of the credit crisis: The role of faulty risk management

systems. C.D. Howe Institute Commentary, 269.

Milne, F. (2009). The complexities of financial risk management and systemic risks.

Bank of Canada Review, 2009 (Summer):15–30.

Mirrlees, J. (1971). An exploration in the theory of optimum income taxation. Review

of Economic Studies, 38:175–208.

Monti, M. (1972). Deposit, credit and interest rate determination under alternative

bank objective functions. In Shell, K. and Szego, G. P., editors, Mathematical

methods in investment and finance, pages 431–454. North-Holland.



BIBLIOGRAPHY 127

Morellec, E. (2001). Asset liquidity, capital structure, and secured debt. Journal of

Financial Intermediation, 61:173–206.

Myers, S. (1977). The determinants of corporate borrowing. Journal of Financial

Economics, 37:189–238.

Myers, S. and Majluf, N. (1984). Corporate financing and investment decisions when

firms have informationthat investors do not have. Journal of Financial Economics,

13:187–222.

Myerson, R. (1982). Optimal coordination mechanisms in generalized principal-agent

problems. Journal of Mathematical Economics, 10:67–81.

on Banking Standards, B. C. (2011). Basel III: A global regulatory framework for

more resilient banks and banking system. Technical Report BCBS 189, Bank for

International Settlements.

Repullo, R. and Suarez, J. (2010). The procyclical effects of bank capital regulation.

Tilburg University, Center for Economic Research Discussion Paper, 2010-29S.

Rochet, J.-C. (1992). Capital requirements and the behaviour of commercial banks.

European Economic Review, 36(5):1137–1170.

Rochet, J.-C. (1999). Solvency regulations and the management of banking risks.

European Economic Review, 43:981–990.

Shleifer, A. and Vishny, R. W. (1992). Liquidation values and debt capacity: A

market equilibrium approach. Journal of Finance, 47:1343–1365.



BIBLIOGRAPHY 128

Shleifer, A. and Vishny, R. W. (2011). Fire sales in finance and macroeconomics.

Journal of Economic Perspectives, 25:29–48.

Stein, J. (2011). Monetary policy as financial stability regulation. Working Paper

16883, NBER.

Titman, S. and Tsyplakov, S. (2007). A dynamic model of optimal capital structure.

Review of Finance, 11:401–451.

Triki, F. (2009). Leverage bubbles. Documents de travail du Centre d’Economie de

la Sorbonne 09039, Universit Panthon-Sorbonne (Paris 1), Centre d’Economie de

la Sorbonne.

VanHoose, D. (2007). Theories of bank behavior under capital regulation. Journal of

Banking & Finance, 31:3680–3697.

Vives, X. (2011). Strategic complementarity, fragility, and regulation. IESE Research

Papers D/928, IESE Business School.



Appendix A

Proofs

A.1 Proofs for Chapter 2

Proof of Corollary 1. To see the first result, differentiating (2.2) with respect to
θ we have

F ′ (R∗b |θ) ·
(
− 1

L

∂K∗

∂θ

)
+ Fθ (R∗b |θ) = 0 =⇒ ∂K∗

∂θ
= L

Fθ
F ′

< 0

as the numerator is negative due to Assumption 1, and the denominator is positive as
F (·) is strictly increasing. To see the second result, differentiating (2.2) with respect
to L we obtain

F ′ (R∗b |θ) ·
(
− 1

L

∂K∗

∂L
+
K∗

L2

)
= 0 =⇒ ∂K∗

∂L
=
K∗(θ, L)

L
> 0.

Proof of Corollary 2. Differentiating (2.2) with respect to Ψ we have

F ′ (R∗b |θ) ·
(
− 1

L

∂K∗

∂Ψ

)
= − λ

Ψ− 1
=⇒ ∂K∗

∂Ψ
=

λL

(Ψ− 1)F ′
> 0

as the numerator is negative due to Assumption 1, and the denominator is positive
as F (·) is strictly increasing. Again, differentiating (2.2) with respect to C we obtain

F ′ (R∗b |θ) ·
(
− 1

L

∂K∗

∂C

)
=

1

Ψ− 1
=⇒ ∂K∗

∂C
= − L

(Ψ− 1)F ′
< 0.
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Proof of Corollary 3. The bank’s problem under risk-weighted capital regulation
is:

max
K≥0

∫ R

1−K
L

[(R− 1)L+K] dF (R|θ)− CK s.t. K ≥ K∗(θ, L). (A.1)

Since bank profits are strictly decreasing in capital (recall that the bank would prefer
to hold zero capital in the absence of regulation), the minimum capital requirement
will be binding in equilibrium ensuring that the bank will choose K = K∗(θ, L).
Then, due to the balance sheet condition, all banks choose the socially optimal level
of debt.

Proof of Lemma 1. For a bank with portfolio quality θ ∈ [θ, θ), profits from mis-
reporting θ̂ > θ are higher than profits from truthfully reporting as this results in
capital requirements of K∗(θ̂, L) ≡ K̂ rather than K∗(θ, L):

profits from misreporting θ̂︷ ︸︸ ︷∫ R

1−K̂/L

[
(R− 1)L+ K̂

]
dF (R|θ)− CK̂ −

(∫ R

1−K∗/L
[(R− 1)L+K∗] dF (R|θ)− CK∗

)
︸ ︷︷ ︸

profits from truthfully reporting

= C ·
[
K∗ − K̂

]
−
∫ 1−K̂/L

1−K∗/L

[
(R− 1)L+ K̂

]
dF (R|θ)−

∫ R

1−K∗/L

[
K∗ − K̂

]
dF (R|θ)

= [C − 1 + F (1−K∗/L)] ·
[
K∗ − K̂

]
−
∫ 1−K̂/L

1−K∗/L

[
(R− 1)L+ K̂

]
dF (R|θ)

≥ (C − 1) ·
[
K∗ − K̂

]
(after integration by parts)

> 0 because K∗ > K̂ from Proposition 2.

The difference K∗ − K̂ is strictly increasing in θ̂ whenever θ̂ > θ because K∗(θ, L) is
strictly decreasing in portfolio quality and Fθ < 0 as result of Assumption 1. Thus,
it is optimal for any bank with portfolio quality θ < θ to report θ instead of θ.

Proof of Proposition 5. Noting that
∫ θ
θ
dF (Ri|θi) = 1−F (Rbi)+F (Rbi) for i = 1, 2

where Rbi = F (1−K†i /L|θi) we can easily rewrite the first-order conditions as

(Φ− 1)F (Rb1|θ1) + (Ψ− Φ)F (Rb1|θ1)F (Rb2|θ2) = C − 1

(Φ− 1)F (Rb2|θ2) + (Ψ− Φ)F (Rb1|θ1)F (Rb2|θ2) = C − 1.
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Then subtracting the above equations, we have

(Φ− 1) [F (Rb1|θ1)− F (Rb2|θ2)] = 0.

As Φ > 1, this implies F (1 − K†1/L|θ1) = F (1 − K†2/L|θ2). Then, as Fθ < 0 and
θ1 > θ2, we have 1−K†1/L > 1−K†2/L or K†2 > K†1. More generally, we differentiate

F (1−K†i /L|θi) = µ with respect to θi and solve for
∂K†i
∂θi

to obtain
∂K†i
∂θi

=
LFθi
F ′i

< 0 as

Fθi < 0 and F ′i > 0.
To obtain the last result, we first solve explicitly for µ knowing that µ = F (1 −

K†1/L|θ1) = F (1−K†2/L|θ2). Employing these definitions in either first-order condi-
tion above implies µ satisfies the following quadratic equation:

(Ψ− Φ)µ2 + (Φ− 1)µ− (C − 1) = 0.

Taking the positive root we have

µ =
−(Φ− 1) +

√
(Φ− 1)2 + 4(Ψ− Φ)(C − 1)

2(Ψ− Φ)
. (A.2)

Then, we differentiate F (1 − K†i /L|θi) = µ with respect to Ψ and solve for
∂K†i
∂Ψ

to

obtain
∂K†i
∂Ψ

= L
F ′i

∂µ
∂Ψ

. Using (A.2) we have

∂µ

∂Ψ
=

(Φ− 1)2

2(Ψ− Φ)2

[√
(Φ− 1)2 + 4(Ψ− Φ)(C − 1)− (Φ− 1)

(Φ− 1)
√

(Φ− 1)2 + 4(Ψ− Φ)(C − 1)

]
> 0

because 4(Ψ− Φ)(C − 1) > 0. Thus
∂K†i
∂Ψ

< 0.

Proof of Corollary 4. Note that[
(Φ− 1)+ 2

(Ψ− Φ)(C − 1)

Φ− 1

]2

= (Φ− 1)2 + 4(Ψ− Φ)(C − 1) + 4

(
(Ψ− Φ)(C − 1)

Φ− 1

)2

> (Φ− 1)2 + 4(Ψ− Φ)(C − 1).
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This implies

(Φ− 1) + 2
(Ψ− Φ)(C − 1)

Φ− 1
>
√

(Φ− 1)2 + 4(Ψ− Φ)(C − 1)

=⇒ C − 1

Φ− 1
>
−(Φ− 1) +

√
(Φ− 1)2 + 4(Ψ− Φ)(C − 1)

2(Ψ− Φ)

or that λ > µ. Therefore, as Fθ < 0 this immediately implies that K†i > K∗i .

Proof of Corollary 5. Note that µas = Eθ1

[∫ R
Rb1

dF (R1|θ1)
]

= Eθ2

[∫ R
Rb2

dF (R2|θ2)
]
.

Then, the first-order condition yields the following quadratic equation for µas:

(Ψ− Φ) (µas)2 + (Φ− 1)µas −
(
(C − 1) + (Ψ− Φ)ΠL/L

)
= 0.

where ΠL = Eθ1(Π
L
1 ) = Eθ2(Π

L
2 ). Solving for µas we have

µas =
−(Φ− 1) +

√
(Φ− 1)2 + 4(Ψ− Φ) ((C − 1) + (Ψ− Φ)ΠL/L)

2(Ψ− Φ)
. (A.3)

Note that ΠL < 0 as
∫ Rbi
R [(Ri − 1)L+K] dF (Ri|θi) < 0 ∀θi ∈ [θ, θ] by definition.

Then, comparing (A.2) with (A.3), it follows that µ > µas.
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A.2 Proof of feasibility in Chapter 3

When ∆(a) ≥ 0 we cannot use the variation described earlier. In this case, we
must resort to an alternative variation. Notice that to maintain incentives after
applying the variation, we can either change the promised values of banks with type
above θ1 or change the continuation values for all types below θ2. To see the later,
note that given U ′(θ) = ∂π̃[µ(θ), θ]∂θ, by integrating down from θ to θ, we have:

U(θ) = U(θ)−
∫ θ

θ

∂π̃[µ(z), z]

∂θ
dz (A.4)

Let µ(θ) be the optimal policy. Again, consider the following alternate policy:

µ̃(θ) =

{
µ̃ if θ ∈ (θ1, θ2)
µ(θ) otherwise

To ensure that the variation we have constructed is feasible, we need to adjust the
continuation values in such way that w(θ; a) ≤ w̄ for some a ∈ [0, 1]. The continuation
values under the variation are given by:

w(θ; a) = U(θ)−
∫ θ

θ

∂π̃[µ(z; a), z]

∂θ
dz − π̃[µ(θ; a), θ]. (A.5)

Notice that we can rewrite them as

βw(θ; a) =

{
βw(θ) for θ ≤ θ1

βw(θ)−∆(a) for θ > θ1
(A.6)

where ∆(a) is given by

∆(a) =

∫ θ

θ1

[
∂π̃[µ(z; a), z]

∂θ
− ∂π̃[µ(z), z]

∂θ

]
dz. (A.7)

From there we can see that we can now use this variation whenever ∆(a) ≤ 0 as we
can apply this variation to reduce the promised values below θ1 and leave all other
promised values unchanged.
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A.3 Remaining proofs for Chapter 3

A.3.1 Proof of Proposition 7

Proof. To see that the bank holds a positive level of reserves, we first re-write (3.12)
as: ∫ rb

r

dG(r|q) =
re − 1

b
. (A.8)

This says that the regulator would like the bank to choose reserves to ensure a prob-
ability of default no less than re−1

b
. Note that ∂rb/∂R < 0, therefore the probability

of default is strictly decreasing in R. Since the probability of default is non-negative,
(A.8) has a unique interior solution for R.

To see that loan volume is restricted under regulation, first note that rb is increas-
ing with L : ∂rb

∂L
= γ′L−γ+R

L2 > 0 where the last inequality follows from the strictly
convexity of γ.1 Then, note that for all rb ≥ r,∫ r

rb
(r − 1)dG(q|θ) ≥

∫ r

r

(r − 1)dG(q|θ)

=

∫ r

rb
(r − 1)dG(q|θ) +

∫ rb

r

(r − 1)dG(q|θ)

This implies that 0 >
∫ rb
r

(r − 1)dG(q|θ). Now, we can write the LHS of (3.9) as
follows: ∫ r

rb
(r − 1)dG(r|q)
1−G(rb|q)

= E(r − 1|q) +
G(rb|q)E(r − 1|q)−

∫ rb
r

(r − 1)dG(q|θ)
1−G(rb|q)

≥ E(r − 1|q).
1γ′L−γ+R is strictly increasing in L as its derivative γ′′L > 0 for all L > 0 and γ′(0)0−γ(0)+R ≥

0.
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Similarly, we can write the LHS of (3.13) as follows:∫ r
rb

(r − 1)dG(r|q) + (1 + b) ·
∫ rb
r

(r − 1)dG(r|q)
1 + bG(rb)

= E(r − 1|q)−
bG(rb|q)E(r − 1|q) +

∫ rb
r

(r − 1)dG(q|θ)
1−G(rb|q)

< E(r − 1|q) as b > 0.

Therefore, as the LHS of both (3.9) and (3.13) is strictly increasing (γ is strictly
convex), it must be that L is smaller with regulation than without.

Finally, to see that q increases under regulation, first note that the RHS of (3.14)
is strictly increasing in q as C(·) is convex. Also, rb is lower in the regulation case (rb
is decreasing in R and increasing in L while we showed above that R is higher and
L is lower under regulation). Then, as Gq < 0, the LHS of (3.14) is larger than the
LHS of (3.10). As C ′ is strictly increasing in q, the result follows.

A.3.2 Proof of Proposition 8

As θ only appears in the C(q−θ) term, ∂2π
∂θ∂L

= ∂2π
∂θ∂R

= 0, while ∂2π
∂θ∂q

= C ′′(q−θ) > 0

as C(·) is strictly convex.

A.3.3 Proof of Proposition 9

Let W (µ(θ), θ) ≡ S[µ(θ)] +
(

1−F (θ)
f(θ)

)
∂π[µ(θ),θ]

∂θ
. Then, the first-order conditions for

the second-best problem are:

Wq[µ
IRB(θ), θ] = 0 (A.9)

WL[µIRB(θ), θ] = 0 (A.10)

WR[µIRB(θ), θ] = 0 (A.11)

Differentiating the first-order conditions with respect to θ, we have:

Wqq
∂q

∂θ
+WqL

∂L

∂θ
+WqR

∂R

∂θ
+Wqθ = 0 (A.12)

WLq
∂q

∂θ
+WLL

∂L

∂θ
+WLR

∂R

∂θ
+WLθ = 0 (A.13)

WRq
∂q

∂θ
+WRL

∂L

∂θ
+WRR

∂R

∂θ
+WRθ = 0 (A.14)
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Then, we have five equations for the five unknowns ∂q
∂θ
, ∂L
∂θ
, ∂R
∂θ

. Arranging the equa-
tions in matrix form we have: Wqq WqL WqR

WLq WLL WLR

WRq WRL WRR

 q′

L′

R′

 =

 −Wqθ

−WLθ

−WRθ

 (A.15)

The first matrix on the LHS is the Hessian of W , which we denote by HW . Then,
applying Cramer’s rule, yields the following solutions:

∂q

∂θ
=

∣∣∣∣∣∣
−Wqθ WqL WqR

−WLθ WLL WLR

−WRθ WRL WRR

∣∣∣∣∣∣
|HW |

=

−Wqθ

∣∣∣∣ WLL WLR

WRL WRR

∣∣∣∣+WLθ

∣∣∣∣ WqL WqR

WRL WRR

∣∣∣∣−WRθ

∣∣∣∣ WqL WqR

WLL WLR

∣∣∣∣
|HW |

=
−Wqθ(> 0) +WLθ(< 0)−WRθ(< 0)

|HW |

∂L

∂θ
=

∣∣∣∣∣∣
Wqq −Wqθ WqR

WLq −WLθ WLR

WRq −WRθ WRR

∣∣∣∣∣∣
|HW |

=

Wqθ

∣∣∣∣ WLq WLR

WRq WRR

∣∣∣∣−WLθ

∣∣∣∣ Wqq WqR

WRq WRR

∣∣∣∣+WRθ

∣∣∣∣ Wqq WqR

WLq WLR

∣∣∣∣
|HW |

=
Wqθ(< 0)−WLθ(> 0) +WRθ(> 0)

|HW |
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∂R

∂θ
=

∣∣∣∣∣∣
Wqq WqL −Wqθ

WLq WLL −WLθ

WRq WRL −WRθ

∣∣∣∣∣∣
|HW |

=

−Wqθ

∣∣∣∣ WLq WLL

WRq WRL

∣∣∣∣+WLθ

∣∣∣∣ Wqq WqL

WRq WRL

∣∣∣∣−WRθ

∣∣∣∣ Wqq WqL

WLq WLL

∣∣∣∣
|HW |

=
−Wqθ(> 0) +WLθ(< 0)−WRθ(> 0)

|HW |
.

Concavity of W with respect to q, L,R implies that the denominator |HW | < 0 and
that the numerators are positive if and only if Wqθ,WLθ > 0 and WRθ < 0. To
evaluate the 2 × 2 determinants, we have used the fact that concavity of W implies
that the second-order principal minors of HW must be positive for all permutations
of the variables q, L, and R (see Theorem M.D.2 (ii) in Mas-Colell et al (1995)). The
second part is shown in Proposition 2 of Giammarino et al. (1993).

A.3.4 Proof of Proposition 11

We first show that σ|s0 is a PBE given that σ is a PBE. We need to verify
Definition 5 for σ|s0 in the continuation game. Essentially, writing out the definition
of the continuation game and strategy makes this obvious. Now, if σ is a PBE, then
incentive-compatibility in definition 5 implies truthful revelation in the first-period.
Then, as we have shown above σ|s0 is a PBE. Finally, if σ|s0 is a PBE and the first
period history is incentive-compatible then σ = (m0, µ0(m0, ∅), σ|s0) is a PBE.

A.3.5 Proof of Proposition 12

The standard approach to the above mechanism design problem is to first solve the
relaxed problem and then verify that the monotonicity and feasibility constraints hold
for the solution to that problem. As we show below, this approach fails here because
the solution to the relaxed problem violates one of the constraints. To demonstrate
this we analyze the first-order conditions to the regulator’s problem. In order to derive
these, consider the perturbed policy µ(θ) + δh(θ) where h(θ) is a vector of piecewise-
C1 functions, δ is a small number and µ(θ) is assumed to be optimal. Welfare under
this perturbed policy is denoted by g(δ) where

g(δ) =

∫ θ

θ

[
S̃[µ(θ) + δh(θ)] +

(
1− F (θ)

f(θ)

)
∂π̃[µ(θ) + δh(θ), θ]

∂θ

]
f(θ)dθ
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For the policy µ(θ) to be optimal, welfare should remain unchanged for small pertur-
bations around it. Formally: g′(0) = 0 or∫ θ

θ

∑
k

[
S̃[µ(θ)]

∂µk
+

(
1− F (θ)

f(θ)

)
∂2π̃[µ(θ), θ]

∂µk∂θ

]
hkf(θ)dθ = 0 (A.16)

for all vectors of piecewise-C1 functions h(θ). The integral in (A.16) can be zero for
all such h(θ) only if the integrand is zero at all θ ∈ Θ. Formally,[

S̃[µ(θ)]

∂µk
+

(
1− F (θ)

f(θ)

)
∂2π̃[µ(θ), θ]

∂µk∂θ

]
= 0 (A.17)

for all k and all θ ∈ Θ. These are the necessary first-order conditions for the solution
to the regulator’s problem. To interpret them notice that for example when µk = q,
the LHS of the first-order condition[

S̃[µ(θ)]

∂q
+

(
1− F (θ)

f(θ)

)
∂2π̃[µ(θ), θ]

∂q∂θ

]

is the marginal increase in welfare from regulating an increase in the quality of the
bank’s loan portfolio. Under Assumption 7, this marginal increase in welfare is greater
for banks of low innate quality than for those with high innate quality. Therefore, a
policy that is decreasing with innate quality policy is optimal. Such a policy however
violates the monotonicity constraint dq/dθ ≥ 0. Hence, the solution to the relaxed
problem is invalid.

In fact, the constraint that is binding is the feasibility constraint w(θ) ≤ w̄. To
show this we adapt the variational approach in Athey et al. (2005). The key idea is
that as long as µ(θ) is strictly increasing in any one policy variable, we can find a
variation that improves welfare by flatten it. We then use this idea to show that w(θ)
must a step function because it weren’t then incentive-compatibility would require
µ(θ) to be strictly increasing in some policy variable so that a welfare improving
variation would exist. Finally, we show that w(θ) is also continuous so that it must
be constant.

We would like to show that the feasibility constraint binds. The analysis of the re-
laxed problem suggests that whenever µ(θ) is increasing in some direction, a variation
that reduces the policy for higher types in that direction and increases it for lower
types should be welfare improving. This idea is formalized in the following lemma:

Lemma 6. Let (µ(θ), w(θ)) be an allocation where both dµk
dθ

> 0 and Assumption 7
are satisfied for at least one k on the interval (θ1, θ2). Then, there is a variation that
improves welfare, assuming that it is feasible.
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Proof. Let µ(θ) be the optimal policy. Consider the following alternate policy:

µ̃(θ) =

{
µ̃ if θ ∈ (θ1, θ2)
µ(θ) otherwise

where µ̃ is a vector of constants with typical element

µ̃k =

∫ θ2
θ1
µk(θ)f(θ)dθ

F (θ2)− F (θ1)
.

Of course, µ̃k is just the conditional mean of µk(θ) for on the interval (θ1, θ2). When-
ever, dµk(θ)/dθ > 0, the alternate policy differs from the old one by reducing µ(θ)
in the policy variable µk when the latter is above its conditional mean and raising
it when it is below. We say µ̃(θ) is flatter than µ(θ), possibly along more than one
policy variable. Now, consider the following variation of µ(θ) that mixes the two
policies:

µ(θ; a) = aµ̃(θ) + (1− a)µ(θ) for a ∈ [0, 1]

With this variation we can analyze the marginal effect of flattening µ(θ). The value
to the bank under this variation is:

U(θ; a) = U(θ) +

∫ θ

θ

∂π̃[µ(z; a), z]

∂θ
dz (A.18)

and the continuation values are:

w(θ; a) = U(θ) +

∫ θ

θ

∂π̃[µ(z; a), z]

∂θ
dz − π̃[µ(θ; a), θ]. (A.19)

Welfare under this variation is given by:

V (a) =

∫ θ

θ

[
S̃[µ(θ; a)] +

(
1− F (θ)

f(θ)

)
∂π̃[µ(θ; a), θ]

∂θ

]
f(θ)dθ + U(θ)

=

∫ θ

θ

[
S̃[aµ̃(θ) + (1− a)µ(θ)]

+

(
1− F (θ)

f(θ)

)
∂π̃[aµ̃(θ) + (1− a)µ(θ), θ]

∂θ

]
f(θ)dθ + U(θ)
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Then the change in the welfare from a small variation is:

dV (0)

da
=

∫ θ

θ

∑
k

[
∂S̃

∂µk
[µ̃k(θ)− µk(θ)] +

(
1− F (θ)

f(θ)

)
∂2π̃

∂µk∂θ
[µ̃k(θ)− µk(θ)]

]
f(θ)dθ

=

∫ θ2

θ1

∑
k

[
∂S̃

∂µk
[µ̃k − µk(θ)] +

(
1− F (θ)

f(θ)

)
∂2π̃

∂µk∂θ
[µ̃k − µk(θ)]

]
f(θ)dθ

=

∫ θ2

θ1

∑
k

[µ̃k − µk(θ)]

[
∂S̃

∂µk
+

(
1− F (θ)

f(θ)

)
∂2π̃

∂µk∂θ

]
f(θ)dθ

= [F (θ2)− F (θ1)]
∑
k

∫ θ2
θ1

[µ̃k − µk(θ)]
[
∂S̃
∂µk

+
(

1−F (θ)
f(θ)

)
∂2π̃
∂µk∂θ

]
f(θ)dθ

[F (θ2)− F (θ1)]

= [F (θ2)− F (θ1)]
∑
k

E

{
[µ̃k − µk(θ)]

[
∂S̃

∂µk
+

(
1− F (θ)

f(θ)

)
∂2π̃

∂µk∂θ

]}

= [F (θ2)− F (θ1)]
∑
k

Cov

{
µ̃k − µk(θ),

[
∂S̃

∂µk
+

(
1− F (θ)

f(θ)

)
∂2π̃

∂µk∂θ

]}

where the expectation and covariance are being taken with respect to the conditional
density f(θ)/[F (θ2)−F (θ1)] and the last line follows from noting that E[µ̃k−µk(θ)] =
0 for all k by construction.

Now, to see that this marginal change in welfare is positive, recall that from

Assumption 7 that
[
∂S̃
∂µk

+
(

1−F (θ)
f(θ)

)
∂2π̃
∂µk∂θ

]
is strictly decreasing in θ and dµk/dθ > 0

for at least one k, say k
′
. Then, also notice that µ̃k − µk(θ) is also decreasing, by

construction, on the interval (θ1, θ2) for all k including k
′
. Therefore, the k

′
term in

the sum of the covariance terms is positive implying that the sum of the covariances
is positive as the other terms are either also positive or zero. Thus the marginal
increase in welfare from the variation is also positive.

Therefore, as long as µ(θ) is strictly increasing in some policy variable, we can
construct a welfare-improving variation by flattening µ(θ) along that variable. We
will now use this idea to show that w(θ) must be a step-function. The proof is by
contradiction and the argument is as follows: if the optimal w(θ) is not a step-function
then we can show that µ(θ) must increasing in at least one policy variable but that
then we can find a variation (i.e. by flattening µ(θ)) that improves welfare, so a w(θ)
that is not a step-function could not have been optimal. In the following lemma we
present this argument formally while also establishing that such a variation is always
feasible.
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Lemma 7. Given Assumption 7, w(θ) is a step-function.

Proof. Suppose w(θ) is not a step-function. Then, the incentive-compatibility condi-
tion expresses the derivate of w(θ) in terms of the derivatives of the policy function:∑

k

∂π̃[µ(θ), θ]

∂µk

dµk
dθ

+
dw(θ)

dθ
= 0.

As µk(θ) is a piecewise-C1 function for all k, this implies that w(θ) is also a piecewise-
C1 function. Then, w(θ) is differentiable everywhere except on a set of measure zero so
we can always find an interval over which dw/dθ is strictly positive or negative. This
entails that over this interval the feasibility constraint must be slack or w(θ) ≤ w̄− ε
for some ε > 0. Incentive-compatibility also implies that whenever dw(θ)/dθ 6= 0 and
∂π̃/∂µk 6= 0 for some k, then the monotonicity constraint for µk is strict: dµk(θ)/dθ >
0. Appealing then to the previous lemma, there exists a variation that improves
welfare (assuming that it is feasible) so that any w(θ) that is not a step-function
could not be optimal.

To ensure that the variation we have constructed is feasible, we need to adjust the
continuation values in such way that w(θ; a) ≤ w̄ for some a ∈ [0, 1]. The continuation
values under the variation are given by (A.19). Notice that we can rewrite them as

βw(θ; a) =

{
βw(θ) for θ ≤ θ1

βw(θ) + ∆(a) for θ > θ1
(A.20)

where ∆(a) is given by

∆(a) =

∫ θ

θ1

[
∂π̃[µ(z; a), z]

∂θ
− ∂π̃[µ(z), z]

∂θ

]
dz. (A.21)

Whenever, ∆(a) ≤ 0 for θ ≥ θ2, the continuation values from the variation are equal
to or lower than the continuation values for µ(θ) outside the interval (θ1, θ2). An
increase in continuation values then only occurs on (θ1, θ2). However, recall that
w(θ) ≤ w̄ − ε on this interval and as π̃ is continuous we can find a small enough a ∈
[0, 1] so that w(θ; a) ≤ w̄. Therefore, the welfare-improving variation we constructed
above is feasible. The intuition behind this procedure is that potentially raising the
continuation values for types on the interval (θ1, θ2), by at most ∆(a), weakens their
incentives to report their types as above θ2. To fix this, we can lower the continuation
values for all types above θ2 by ∆(a). Now, whenever ∆(a) ≥ 0 for θ ≥ θ2, we can
apply an analogous variation that gives us the same result.

Having shown that w(θ) is a step-function, if we can show that it is continuous
we know that it must be constant. Optimally then necessitates that this constant be
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w̄. The continuity of both µ(θ) and w(θ) is shown in the lemma below.

Lemma 8. Given Proposition 8 and assumption 7, µk(θ) is continuous for all k.
Also, w(θ) is continuous and therefore w(θ) = w̄ for all θ ∈ Θ.

Proof. The proof is analogous to the proof of Lemma 3 in Athey et al. (2005). We
proceed by contradiction. Suppose that w(·) jumps at some point θ̃. Then as w(·) is
a step function, w′(θ) = 0 in some interval (θ1, θ2) that contains θ̃. This means that
either 1) w(θ) < w̃ for all θ in (θ1, θ̃) or 2) w(θ) < w̃ for all θ in (θ̃, θ2). We also know
that at any point θ in the intervals (θ1, θ̃) and (θ̃, θ2), either µk(θ) = 0 so that µk(·)
is flat or it equals the IRB policy. We treat these cases separately below:

1. When µk is constant on both subintervals, we proceed by constructing the
variations as in Lemma 7. These variations are clearly feasible and incentive-
compatible and hence w(θ) with a jump at θ̃ cannot be optimal.

2. Now consider the case then µk(·) is constant on one side of θ̃ but equal to the
IRB policy on the other side of θ̃. Specifically, assume that µk equals the IRB
policy for some interval (θ1, θ̃) where θ1 is sufficiently close to the jump point
θ̃. Clearly, µk is increasing on this interval via Proposition 7. Then, as w(θ) is
uniformly bounded below (from local incentive compatibility condition (3.37),
we assume that if derivatives do not exist then limθ→θ̃− w(θ) < limθ→θ̃+ w(θ)),
we can apply Lemma 7, to show that w(θ) cannot be optimal so that we have
a contradiction.

A.3.6 Proof of Proposition 13

If the optimal policy is not µFHC , then given the lemmas above the optimal policy
must coincide with the IRB policy over some interval. That is, dµk/dθ > 0 for all
k on some I ⊂ [θ, θ]. This is clear from observing that when w(θ) = w̄ is imposed,
the optimal policy solves a problem that is an affine transformation of the problem
solved by the IRB policy so that both must satisfy (3.42).

On the rest of the interval, as dµk/dθ = 0 for all k in order for (3.42) to hold, the
optimal policy is flat. In fact, the subset on which µ(θ) = µIRB is a connected set. If
the set was disconnected, the optimal policy would be discontinuous contrary to what
was shown in Lemma 8. To see this last point, note that between the two disconnected
segments where the optimal policy coincides with the IRB policy, it would be flat.
Thus, the optimal policy would need to jump up at the start of the second segment
in order to coincide again with µIRB(θ) as the latter is strictly increasing in θ. Thus,
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µ(θ) has the following form:

µ(θ) =


µ1 = µIRB(θ1) if θ ∈ [θ, θ1)

µIRB(θ) if θ ∈ [θ1, θ
′
)

µ2 = µIRB(θ
′
) if θ ∈ (θ

′
, θ]

(A.22)

We need to now show that θ1 = θ. To see this consider an alternate policy µ̃(θ) that
is has the same form as µ(θ) above except that it lowers θ1. Then, µ̃(θ) improves
welfare for all types θ < θ1 as µIRB(θ) is strictly increasing in θ. Formally, the change
in welfare from lowering θ1 is given by:

dV

dθ1

=
d

dθ1

[∫ θ

θ

[S̃[µ(θ)] +

(
1− F (θ)

f(θ)

)
∂π̃[µ(θ), θ]

∂θ
+ βw̄]dF (θ)

]

=
d

dθ1

[∫ θ1

θ

[S̃[µIRB(θ1)] +

(
1− F (θ)

f(θ)

)
∂π̃[µIRB(θ1), θ]

∂θ
+ βw̄]dF (θ)

+

∫ θ

θ1

[S̃[µIRB(θ)] +

(
1− F (θ)

f(θ)

)
∂π̃[µIRB(θ), θ]

∂θ
+ βw̄]dF (θ)

]

=
d

dθ1

[
[S̃[µIRB(θ1)] +

(
1− F (θ)

f(θ)

)
∂π̃[µIRB(θ1), θ1]

∂θ
+ βw̄]f(θ1)

]
+

∫ θ1

θ

d

dθ1

[
S̃[µIRB(θ1)] +

(
1− F (θ)

f(θ)

)
∂π̃[µIRB(θ1), θ]

∂θ
+ βw̄]

]
dF (θ)

− d

dθ1

[
[S̃[µIRB(θ1)] +

(
1− F (θ)

f(θ)

)
∂π̃[µIRB(θ1), θ1]

∂θ
+ βw̄]f(θ1)

]
=

∫ θ1

θ

∑
k

[(
∂S̃[µIRB(θ1)]

∂µk
+

(
1− F (θ)

f(θ)

)
∂2π̃[µIRB(θ1), θ]

∂µk∂θ

)
∂µIRBk (θ1)

∂θ

]
dF (θ)

To see that this change is positive note that
∂µIRBk (θ1)

∂θ
> 0 for all k as the IRB

policy is strictly increasing. Also µIRB(θ1) is suboptimal at θ < θ1, so from (3.21)
∂S̃[µIRB(θ1)]

∂µk
+
(

1−F (θ)
f(θ)

)
∂2π̃[µIRB(θ1),θ]

∂µk∂θ
< 0 for all k. Finally, as dF (θ) > 0 and dθ1 < 0

(we are decreasing θ1),

dV =

(∫ θ1

θ

∑
k

[(
∂S̃[µIRB(θ1)]

∂µk

+

(
1− F (θ)

f(θ)

)
∂2π̃[µIRB(θ1), θ]

∂µk∂θ

)
∂µIRBk (θ1)

∂θ

]
dF (θ)

)
dθ1 > 0.
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A.4 Proofs for Chapter 4

Proof of Proposition 1. The proof follows Miao (2005). The value of the unlev-
ered firm is the sum of the expected discounted profits from operating the assets
forever plus the value of the option to abandon and the value of the option to default:

vu(x, a; p, q) = max
T∈T ,{ut,t∈[0,T ]}

(1− τ)Ex
[∫ T

0

e−(ρ+η)t {π(xt, at; p)dt+ qdut}
]

= Π(x, a; p) + qauEx[e−(ρ+η)Txu ]− (1− τ)Exu
[∫ Txu

0

e−(ρ+η)tπ(xt, at; p)dt

]
+

∫ au

a

(
qEx[e−(ρ+η)Txl(ã;p,q) ]− (1− τ)Ex

[∫ ∞
Txl(ã;p,q)

e−(ρ+η)tπa(xt, at; p)dt

]
dã

)

The firm term on the second line is:

Π(x, a; p) = (1− τ)Ex
[∫ ∞

0

e−(ρ+η)t {π(xt, at; p)dt}
]

= (1− τ)

(
pxa1−γ

(ρ+ η)− µx
− c

ρ+ η

)
where the second line follows from computing the expectation directly. Using the
strong-Markov property of stopping times of Brownian motion, the second-term can
be written as:

qauEx[e−(ρ+η)Txu ]− Ex[e−(ρ+η)Txu ]

[∫ ∞
0

e−(ρ+η)tπ(xt, at; p)dt

]
= [qau − Π(xu, au; p)] (x/xu)

−λ

where the second line following from noting that Ex[e−(ρ+η)Txu ] = (x/xu)
−λ (see

Karatzas and Shreve (1991), p. 191). Combining the above points, the final term can
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be written as:∫ au

a

(
q(x/xl)

−λ − (1− τ)Ex[e−(ρ+η)Txl ]Ex
[∫ ∞

0

e−(ρ+η)tπa(xt, ãt; p)dt

]
dã

)
=

∫ au

a

(
q(x/xl)

−λ − (1− τ)Ex[e−(ρ+η)Txl ]Ex
[∫ ∞

0

e−(ρ+η)tπa(xt, ãt; p)dt

]
dã

)
=

∫ au

a

(x/xl)
−λ
(
q − (1− τ)Ex

[∫ ∞
0

e−(ρ+η)tπa(xt, ãt; p)dt

]
dã

)
=

∫ au

a

(x/xl)
−λ
(
q − (1− τ)

[
(1− γ)pxã−γ

(ρ+ η)− µx

])
dã

Then, the optimal threshold (4.23) is found using the super-contact conditon (see
Dumas (1991)):

∂2vu
∂x∂ã

∣∣∣
x=xl(ã;p,q)

= 0

and the optimal abandonment threshold (4.24) is found using the smooth-pasting
condition (see Dixit and Pindyck (1994)):

∂vu
∂x

∣∣∣
x=xu

= 0.

Then, using (4.23), and (4.24) in the expressions above yields (4.22). Finally, noting
that the above thresholds meet at au, equating (4.23), and (4.24) and solving for au
yields (4.25).

Proof of Proposition 2. The expression for the value of equity is:

e(x, a, b; p, q)

= max
T∈T ,{ut,t∈[0,T ]}

(1− τ)Ex
[∫ T

0

e−(ρ+η)t {[π(xt, at; p)− b]dt+ qdut}
]

which is identical to the expression for the unlevered value minus the liquidation
value. As a result, the method of proof is identical to the method used in proving
Proposition 1. Applying the super-contact and smooth-pasting conditions, yields
(4.31) and (4.32). The firm size at abandonment can again be found by equating
(4.31) and (4.32) at ad. As in Morellec (2001), existence and uniqueness follow from
the fact that ∂xl/∂a > ∂xd/∂a, and for a > ad, xl > xd.

Proof of Corollary 1. The expressions for au and ad are given respectively by
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(4.25) and (4.33). Then, ad > au when:

(c+ b)(1− γ)(1− τ)

q(ρ+ η)
>
c(1− γ)(1− τ)

q(ρ+ η)γ
(A.23)

=⇒ bγ

1− γ
> c (A.24)

Proof of Proposition 3. The expression (4.36) follows from adding the expressions
for equity (4.30) and debt (4.34).

Proof of Proposition 4. Then, the value of the unlevered firm is:

vLu (x, a; p, q,Q) = Π(x, a; p) + α(a;xL, xl)x
−λ + β(a;xL, xl)x

θ

+
[
qaLu − Π(xLu , a

L
u ; p)

]
(x/xLu)−λ

To write the above expression in terms of the thresholds xl and xL we use the smooth-
pasting conditions:

∂vLu
∂ã

∣∣∣
x=xl(ã;p,q,Q)

= q when ã ∈ [au, a]

∂vLu
∂ã

∣∣∣
x=xL(ã;p,q,Q)

= Q when ã ∈ [au, a]

These yield:

α′x−λ + β′xθ +
∂Π(x, a; p)

∂a

∣∣∣
x=xL

= Q (A.25)

α′x−λ + β′xθ +
∂Π(x, a; p)

∂a

∣∣∣
x=xl

= q. (A.26)

These equations can be solved for α′ and β′ in terms of the thresholds xl and xL to
give (4.47) and (4.48). The optimal thresholds can be determined using the following
super-contact conditions:

∂2vLu
∂x∂ã

∣∣∣
x=xl(ã;p,q,Q)

= 0 when ã ∈ [au, a]

∂2vLu
∂x∂ã

∣∣∣
x=xL(ã;p,q,Q)

= 0 when ã ∈ [au, a]
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which yield:

−λα′x−λ + θβ′xθ +
∂Π(x, a; p)

∂a∂x

∣∣∣
x=xL

= 0 (A.27)

−λα′x−λ + θβ′xθ +
∂Π(x, a; p)

∂a∂x

∣∣∣
x=xl

= 0. (A.28)

Replacing α′ and β′ in the equations above by the expressions in (4.47) and (4.48),
we obtain the two equations (4.49) and (4.50) that define the optimal thresholds.

Proof of Proposition 5. The expression for equity is:

eLu(x, a, b; p, q,Q) = Π(x, a, b; p)− Π(xLd , a
L
d , b; p)(x/x

L
d )−λ

+ α(a;xL, xl, b)x
−λ + β(a;xL, xl, b)x

θ (A.29)

which is similar to the expression for the value of the firm in Proposition 4. The
expression for equity (4.54), as well as the optimal thresholds, are found using the
same method as in Proposition 4.

Proof of Proposition 6. The expression (4.62) follows from adding the expressions
for equity (4.54) and debt (4.60).

Proof of Proposition 7. The proof follows Dixit and Pindyck (1994) and Miao
(2005). The first step consists of deriving a condition linking the intermediation price
p∗ and the resale price q∗ using the free-entry condition. The capacity reduction and
default thresholds can then be found from Proposition 2 above. Then, the equilibrium
distribution of firms ν∗ is derived. Finally, the equilibrium prices can be determined
using the market clearing conditions.

To show the existence of a stationary distribution, it is convenient to work with
the logarithm of x. Let z = log x. Then, {zt}t≥0 is a Brownian motion with growth
rate µz = µx − 1

2
σ2
x, and volatility σz = σx. Then, the initial draw of z = log(x) has

an exponential distribution over [z, z] where z = log x and z = log x. This is because
the initial draw of x is uniform over [x, x]. The density of this distribution is given
by:

g1(z) = exp(z − ẑ) (A.30)

where ẑ = log(x−x). As shown in Harrison (1985), p90-92, the distribution of assets
also follows a geometric Brownian motion with growth rate [µ− 1

2
σ2
x]γ. Then, letting
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ȧ = log a, the above logic tells us that the density of the distirbution of ȧ is given by:

g2(ȧ) = exp(ȧ− â), (A.31)

where â = log(a−a), where ȧ has growth rate µȧ = [µ− 1
2
σ2
x]γ and volatility σȧ = σx.

As the draws are independent across x and a, we can write the density of the joint
distribution of z, ȧ as:

g(z, ȧ) = exp(z − ẑ) exp(ȧ− â). (A.32)

Now, denote by N∗φ(z, ȧ) the stationary distribution of incumbent firms with
support on [zd,∞)× [ȧd,∞), where zd = log xd, ȧd = log ad and N∗ is the entry rate
which will be determined later. Following Dixit and Pindyck (1994), for stationarity
the density φ must satisfy the following partial differential equation:

1

2
φ2
zφzz − µzφz − ηφ+ g(z, ȧ) = 0 (A.33)

A particular solution to this equation is:

φ0(z, ȧ) =
exp(z − ẑ) exp(ȧ− â)

η + µz − σ2
x/2

(A.34)

The general solution is: A1(ȧ) exp δ1z + A2(ȧ) exp δ2z where A1(ȧ) and B1(ȧ) are
functions to be determined using the boundary conditions, and δ1, δ2 are roots of
the corresponding fundamental quadratic. The functions differ in the following three
cases: z ≤ z < z, zd ≤ z < z, and z ≥ z. These functions can then be found using an
appropriate set of boundary conditions as in Miao (2005).
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