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Abstract

We first study noninteracting electrons moving on corner-sharing tetrahedral lat-

tices, which represent the conduction path of LiAlyTi2−yO4. A uniform box distri-

bution type of disorder for the on-site energies is assumed. Using the Dyson-Mehta

∆3 statistics as a criterion for localization, we have determined the critical disorder

(Wc/t = 14.5 ± 0.25) and the mobility-edge trajectories.

Then we study the Anderson-Hubbard model, which includes both interactions

and disorder, using a real-space self-consistent Hartree-Fock theory. We provide a

partial assessment on how the Hartree-Fock theory approximates the ground states

of the Anderson-Hubbard model, using small clusters which can be solved exactly.

The Hartree-Fock theory works very well in reproducing the ground-state energies

and local charge densities. However, it does not work as well in representing the

spin-spin correlations. To find the ground state, one needs to allow maximum degree

of freedom in spins. Evidence of screening of disorder by the interactions is provided.

We have applied the Hartree-Fock theory to large-scale three-dimensional simple

cubic lattices. For a disorder strength of W/t = 6, weak interactions (U/t ≤ 3)

enhance the density of states at the Fermi level and the low-frequency conductivity.

There are no local magnetic moments, and the AC conductivity is Drude-like. With
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stronger interactions (U/t ≥ 4), the density of states at the Fermi level and the low-

frequency conductivity are both suppressed. These are accompanied by the presence

of local magnetic moments, and the conductivity becomes non-Drude-like. A metal-

to-insulator transition is likely to take place at a critical Uc/t ≈ 8 – 9. We find that

(i) the formation of magnetic moments is essential to the suppression of the density of

states at the Fermi level, and therefore essential to the metal-insulator transition; (ii)

the form of magnetic moments does not matter; and (iii) these results do not depend

on the type of lattice or the type of disorder.
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Chapter 1

Introduction

In this thesis, we present theoretical and numerical work devoted to the study of

the physics of strongly interacting electrons moving in spatially disordered solids.

To introduce such physics, we first provide a simplified discussion of the various

components and models that we use to represent such physical systems.

Some solids have metallic-like properties, and some insulating. According to so-

called band theory, the filling of the electronic bands determines whether a solid is

a metal or an insulator. When the lowest of the one-electron levels are filled with a

certain number of electrons, there are two distinct configurations: (i) Some bands are

completely filled, and the others are empty; (ii) Some bands are only partially filled.

With configuration (i), a band gap forms between the highest filled (valence) band

and the lowest empty (conduction) band. Electrons are forbidden in this band gap. If

the size of the band gap is much greater than the thermal activation energy, kBT , with

T near room temperature, the solid is known as a band insulator. If the band gap is

comparable to kBT , the solid is an intrinsic semiconductor because the electrons at

the top of the valence band can be thermally excited up to the conduction band. This

1



CHAPTER 1. INTRODUCTION 2

situation arises only if the number of electrons per atom is even. With configuration

(ii), the energy of the highest occupied energy level is known as the Fermi energy,

EF , and EF lies in the partially filled bands; this energy separates the occupied levels

from the unoccupied ones. Such a solid is a metal.

Band theory is based on noninteracting electronic systems, with the solids having

a crystalline structure. In crystalline solids, the electrons feel a periodic potential.

Metals in groups I – IV of the periodic table have atomic structures consisting of

s and p electrons outside of a “closed shell”. Theoretical and experimental studies

indicate that the periodic potential in these metals is almost a constant, and therefore

the electrons in these metals can be viewed as nearly free electrons. However, for

transition metal atoms with partially filled d electron shells, electrons are nearly

localized at the atoms, and the overlap between atomic wave functions is small but

large enough so that the electrons can “hop” from site to site. These transition metals

can be treated within the tight-binding approximation.

Although band theory is successful in describing many metals and insulators, it

fails (i) when disorder is introduced into the solid, (ii) when interactions between elec-

trons cannot be neglected, or (iii) when both disorder and interactions are important.

In the following, we will discuss each of these three situations, respectively. The focus

of this thesis is on systems of interacting electrons in spatially disordered solids.

1.1 Disordered Noninteracting Electrons

The periodic lattice is central to band theory. Electrons moving in a perfect crystalline

solid feel a periodic potential with the same periodicity of the underlying Bravais

lattice. In the independent electron approximation, all interactions with electrons
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are included in an effective one-electron potential. These electrons, each of which

obeys the one-electron Schrödinger equations, are called Bloch electrons. As a result

of the periodicity in the potential, Bloch’s theorem provides that the one-electron

eigenstates take the form of a plane wave envelope function times a function that

has the periodicity of the Bravais lattice. A remarkable fact about a Bloch electron

is that although the electron interacts with the immobile lattice ions, it moves with

a time-independent mean velocity. Such a stationary state is known as an extended

state, with an example shown in Fig. 1.1 (a). Electrons in an extended state around

the Fermi level make a contribution to the electric conduction at T = 0.

r

ψ(r)

(a)

r

ψ(r)

exp (−|r − r0|/ξ)
r0

(b)

Figure 1.1: (a) The wave function of an extended state. The probability of finding
an electron in this state is roughly a constant throughout the system. (b) The wave
function of a localized state, which has an envelope that decays exponentially away
from the localization centre, r0, and ξ is the localization length.

Real materials are never 100% pure, and various types of disorder are almost

always present. In the weak-disorder limit, the traditional view is that the Bloch

waves are weakly scattered by impurities. However, many disordered materials cannot

be understood using such an approach. Anderson [1] has considered a tight-binding
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model that describes the effects of impurities on electronic eigenstates

Ĥ = −t
∑

〈ij〉

(ĉ†i ĉj + ĉ†j ĉi) +
∑

i

Viĉ
†
i ĉi, (1.1)

where ĉ†i creates an electron at site i, t is the hopping energy, Vi is the on-site energy

of site i, and the notation 〈ij〉 indicates that sites i and j are nearest neighbours. In

this noninteracting Hamiltonian, spin is not important and therefore ignored. The on-

site energies Vi are randomly chosen from a uniform distribution of energies between

[−W/2,W/2], and the value of W/t characterizes the disorder strength. This is called

the box distribution type of disorder. He pointed out that when the disorder W/t is

strong enough, an electronic wave function can become localized, and the envelope

of the wave function will decay exponentially away from some localization centre, as

shown schematically in Fig. 1.1 (b). Electrons in a localized state cannot contribute

to electrical conduction at T = 0.

When a system becomes disordered, localized states first appear in the band tails,

while the states in the band centre remain extended. Mott has suggested [2] that

there exist two limiting energies, Ec and E ′
c, called the mobility edges, that separate

extended states from localized ones (see Fig. 1.2).

As the strength of the disorder increases, more states become localized, and the

two mobility edges approach one another and will finally merge at some critical dis-

order strength Wc/t, beyond which no extended states exist in the band. In Fig. 1.2,

we show schematic pictures of the bands with extended and localized states, and

indicate the locations of the mobility edges and Fermi level EF . In Fig. 1.2 (a), the

Fermi level lies in the band centre where the states are extended, so the system is

a metal. However, in Fig. 1.2 (b), the states around the Fermi level are localized,

thus the system is an insulator. We note that the Fermi levels in Fig. 1.2 (a) and
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Energy
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Figure 1.2: Schematic pictures of the density of states in disordered systems. The
mobility edges, Ec and E ′

c, separate the localized states in the band tails (shaded
areas) from the extended states in the band centre. The Fermi energies EF in (a) and
(b) are the same. The system in (a) has a weaker disorder, the states around EF are
extended, and the system is a metal. The system in (b) has a stronger disorder, the
states around EF are localized, and the system is an insulator.

(b) are the same, i.e., the electronic density is the same. As the strength of the dis-

order increases, the lower mobility edge Ec will move towards and finally cross the

Fermi level EF , and the system will make a transition from metallic (Fig. 1.2 (a)) to

insulating (Fig. 1.2 (b)) behaviour. This disorder-induced metal-insulator transition

is the so-called Anderson transition [3].

Since the characteristics of the states at the Fermi level determines whether the

system is metallic or insulating, it is important to be able to determine whether a

given state is extended or localized. There are various criteria for localization, and

here we list several examples.

One way of measuring localization is to study the inverse participation ratio (IPR)
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[4], defined as the mean of the fourth power of the probability amplitude of an eigen-

state:

IPR =

Ns
∑

i=1

|ψi|4, (1.2)

where ψi is the normalized probability amplitude of the eigenstate at site i, and

Ns is the number of sites in the system. For Bloch waves in a perfect crystal, Eq.

(1.2) gives 1/Ns, while for a localized state, Eq. (1.2) provides 1/N ′, where N ′ is

roughly the number of the lattice sites that contribute to the localized state. One

may calculate the IPR for different sizes of system. If the IPR tends to zero as the

system size increases, the state is extended; otherwise, if the IPR tends to a nonzero

value, the state is localized [4]. However, the distribution of the IPR is not necessarily

a Gaussian distribution, and Mirlin [5] has shown that the distribution is strongly

asymmetric. As a result, it is difficult to determine whether the IPR is zero or nonzero

based on the mean and standard deviation of the Ns → ∞ limit of the IPR.

A criterion proposed by Edwards and Thouless [6] is based on the sensitivity of

the energy to the boundary conditions. In a large system, a localized state with a

localization centre far away from the boundaries is insensitive to the boundary con-

ditions, since the probability of finding such a localized electron on the boundaries

is exponentially small. The procedure they have used is the following: The energies

of a given system are calculated with periodic boundary conditions, and the same

calculation is repeated with antiperiodic boundary conditions on one of the bound-

aries. The energy levels obtained are arranged in ascending order, and the energy

differences between the corresponding levels are calculated. For a localized state, the

energy difference is exponentially small; for an extended state, the energy difference

is comparable with the spacing between the energy levels. The ratio of the energy
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difference (obtained from using different boundary conditions) to the energy spacing

is used as a measure of localization.

Another diagnostic tool is the relative localization length (RLL) employed by

Sigeti et. al. [7]. First, the localization length of an eigenstate is defined as

λ =
∑

i

∑

j

|ψi|2|ψj |2d(i, j), (1.3)

where ψi is the amplitude of this eigenstate at site i, and d(i, j) is the Euclidean

distance between site i and site j. The localization length for all the states within

an energy range is calculated and the average λ is obtained. Also, define λ0 as the

localization length of a state with a constant amplitude over the entire lattice. The

relative localization length is then defined as λ/λ0. Increase the system size, and if

the RLL increases, the states within the energy interval are extended; otherwise, if

the RLL decreases, the states are localized.

In Chapter 2, we will study noninteracting electrons moving on disordered corner-

sharing tetrahedral lattices. In order to characterize the property of the states, we

will introduce the Dyson-Mehta ∆3 spectral rigidity, which provides a robust criterion

to distinguish between extended and localized states.

1.2 Correlated Electrons

The transition metal oxide CoO is a robust insulator. Each unit cell of its lattice

structure contains one Co atom and one O atom. The outer shells of Co and O have

the configurations 3d74s2 and 2s22p4, respectively, so the number of electrons per unit

cell is 15. It is an odd number, so according to band theory, CoO has a partially filled

band and must be a metal. Therefore, band theory fails.
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To understand the insulating nature of CoO, it is necessary to consider correlation

effects. We show that the correlation effects due to electron-electron interactions drive

a metal with a half-filled band into an insulator.

3s

a (lattice constant)

E
n
er

g
y

a0

Figure 1.3: Schematic representation of the 3s band structure for Na as a function of
the lattice constant a.

Following Fazekas [8], we set up the following virtual experiment. Consider the

tight-binding band structure of Na, whose lattice has one atom per unit cell. The

atomic configuration of Na is [Ne]3s1, and its lattice constant is a0 = 4.23Å. The 3s

band is half-filled with one electron per unit cell (see Fig. 1.3), and therefore Na is a

metal. Now, let us imagine that the lattice constant a is increased from its equilibrium

point a0. As a result, the width of the 3s band becomes narrower, but this does not

change the fact that the band is half-filled. So, according to band theory, Na remains

a metal. However, when the lattice constant a is 100Å (≫ a0), for example, we no

longer have a metal but an array of neutral Na atoms.

For the lattice to conduct, the electrons are required to propagate through the

lattice, which involves the following process:

Na0 + Na0 −→ Na+ + Na−. (1.4)
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In the above process, one electron hops from one Na atom to another, resulting in

one positive Na+ (=[Ne]) ion and one negative Na− (=[Ne]3s2) ion. The electronic

configurations of these entities are the following: Na0 is singly occupied, Na+ is empty,

and Na− is doubly occupied.

For Na−, two electrons share the same 3s orbital, with a short distance (about

1Å) between each other. The Coulomb repulsion between the two electrons, U3s, is

therefore large. As a result, the configuration on the right hand side of Eq. (1.4) costs

more energy than that on the left hand side, and the difference is U3s.

When the lattice constant a is much larger than its equilibrium value a0, the over-

lap between the wave functions on neighbouring lattice sites is quite small. Therefore,

electrons will not hop from site to site, and electric conduction is forbidden.

In order to describe the correlation effects of the d electrons, Hubbard [9] consid-

ered a simplified hypothetical narrow s band. Starting from a Hamiltonian in second

quantized form that contains the band and interaction energies of the electrons, and

keeping only the dominant term (the Hubbard U) in the interaction energies, he

arrived at the Hamiltonian which we now call the Hubbard model:

Ĥ = −t
∑

〈ij〉,σ

(ĉ†iσ ĉjσ + ĉ†jσ ĉiσ) + U
∑

i

n̂i↑n̂i↓. (1.5)

This is the simplest many-body Hamiltonian one can write down that describes

the motion of interacting electrons in a narrow band. It describes two competing

aspects: electron hopping and electron-electron interactions. The electron hopping

(kinetic energy) delocalizes the electrons, making the system metallic; the electron-

electron interactions (represented by the on-site Coulomb repulsion) suppress double

occupancy, and therefore localize the electrons and drive the system to be an insulator

through the Mott transition. For a half-filled lattice, it is expected that the transition
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occurs at some critical value (U/t)c.

For a simple demonstration, let us consider the metallic Fermi sea, |FS〉, which

is the ground state of the band energy part of a half-filled Hubbard Hamiltonian in

Eq. (1.5). In the uncorrelated metallic Fermi sea |FS〉 of the half-filled band of a Na

lattice with Ns sites, the number of electrons with an up-spin is equal to the number of

electrons with a down-spin, and they are equal to Ns/2. Therefore, on average there

are Ns/4 sites that are doubly occupied (Na−), Ns/4 sites that are empty (Na+), and

Ns/2 sites that are singly occupied (Na0).

The expectation value of the total energy of the Hubbard Hamiltonian in |FS〉 is

〈FS|Ĥ|FS〉 = (U/4 − αt)Ns, (1.6)

where α ∼ 1 is determined by the shape of the band. Here we have assumed that the

on-site energy of each lattice site is zero.

When the lattice constant a increases, the hopping energy t decreases, while

the Hubbard U remains the same, and therefore the ratio U/t increases. If U/t

is greater than the critical value, (U/t)c = 4α, the expectation value of the total

energy 〈FS|Ĥ|FS〉 in Eq. (1.6) is greater than zero. That is, the energy of the Fermi

sea is above that of an array of neutral Na atoms. Therefore, the charge fluctuations

are not favarouble when U/t > (U/t)c = 4α. We expect that the lattice is insulating

when U/t > (U/t)c, and metallic when U/t < (U/t)c. The ground state of the Hub-

bard Hamiltonian with a nonzero U/t is necessarily a correlated state. In the above

calculation, we assumed that the ground state was an uncorrelated Fermi sea. Thus,

we do not expect this simple picture to be rigorously correct.

It is known that a sufficiently large U separates the band into two subbands

(Fig. 1.4): a lower Hubbard band (shaded) and an upper Hubbard band (white). For
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Figure 1.4: Schematic pictures of the lower Hubbard band (shaded) and upper Hub-
bard band (white). (a) When U/t is large, the two subbands are well separated, and
at 1/2-filling the system is an insulator. (b) At a critical (U/t)c, the two subbands
touch. The density of states (DOS) at the Fermi level (EF ) is zero, and the system
is like a zero-gap semiconductor. (c) Below (U/t)c, the two subbands merge. The
density of states at the Fermi level (EF ) is nonzero, and the system is metallic.

a lattice with Ns sites and Ns electrons (half-filled), the ground state, in the atomic

limit (t = 0), hasNs copies of a two-level spectrum (0 and U). When the hopping term

is turned on (t > 0), each level is broadened, and the Hubbard subbands are formed.

The Fermi level lies between the two subbands, and the system is an insulator. It

should be emphasized that this picture is different from the one-electron case. In

the one-electron picture, each level can accommodate two electrons. However, each

level of either Hubbard subband can accommodate only one electron, and the level

in the upper Hubbard band is not available unless the corresponding level in the
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lower Hubbard band is occupied. When U/t is large, the two Hubbard subbands are

well separated (Fig. 1.4(a)). At a critical value, Uc/t ∼ z, where z is the coordination

number, the two subbands touch, and it is like a zero-gap semiconductor (Fig. 1.4(b)).

For U/t < Uc/t, the two subbands overlap (Fig. 1.4(c)), the density of states at the

Fermi level is nonzero, and the system is therefore metallic. This interaction-driven

metal-insulator transition is the so-called Mott transition.

0 2

U/t

1 n

P P

F F

AF

Figure 1.5: The schematic Hartree-Fock phase diagram for the Hubbard model on
D-dimensional cubic lattices in the n-U/t plane. Here, n is the average number of
electrons per site, and n = 1 indicates half-filling. Antiferromagnetic (AF), param-
agnetic (P), and ferromagnetic (F) phases are found. The black dot labels where the
“true” Mott transition should take place. After Fazekas [8].

Hirsch [10] and Penn [11] have obtained the Hartree-Fock phase diagram for the

Hubbard model on the two-dimensional square lattice and the three-dimensional cubic

lattice, respectively. In Fig. 1.5 we show a schematic Hartree-Fock phase diagram for

D-dimensional cubic lattices, which closely resembles the phase diagrams obtained

in two and three dimensions. The phase diagram is symmetric about the n = 1
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(half-filling) line due to the particle-hole symmetry of the Hubbard Hamiltonian for

bipartite lattices. There is an antiferromagnetic (AF) phase around the n = 1 line.

Away from half-filling, paramagnetic (P) and ferromagnetic (F) phases are found.

Unfortunately, the two ferromagnetic regions might be just artifacts of the Hartree-

Fock approximation. In two dimensions, a quantum Monte Carlo simulation by Hirsch

[10] suggests that the square lattice is an antiferromagnetic insulator for all U/t > 0

only at precisely half-filling, and a paramagnetic metal away from half-filling.

Previously, we demonstrated that the Mott transition takes place at a finite critical

(U/t)c at half-filling. However, the Hartree-Fock diagram (Fig. 1.5) shows that the

system is an insulator for all U/t > 0. This is due to the perfect nesting in the

band structure of the cubic lattices, and we expect that this feature does not exist

for non-bipartite lattices.

1.3 Interacting Electrons in Spatially Disordered

Solids

In the previous two sections, we have discussed the individual effects of disorder and

interactions on the properties of electronic systems, respectively. Disorder localizes

electrons, favours double electron occupancy on the sites with a very low energy, and

generates an inhomogeneous distribution of electronic charge. There exists a critical

disorder, (W/t)c, beyond which all states are localized and the lattice becomes an

Anderson insulator. In a half-filled system, electron-electron interactions also localize

electrons; however, in contrast to the disorder, interactions favour single occupancy of

electrons on all sites. In general, at a critical interaction (U/t)c, the lattice undergoes
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a transition from a metal to a Mott insulator. However, the Mott transition may not

take place when the electronic concentration is away from half-filling.

Although both disorder and interactions tend to localize electrons, the mechanisms

are quite different. In systems where both ingredients are present, their combined

effects are not simply a superposition of the individual ones. Sometimes they appear

to compete with each other.

The standard model that describes interacting electrons moving in disordered

lattices is the so-called Anderson-Hubbard model, which is a combination of the

Anderson model and the Hubbard model. Its Hamiltonian is written as

Ĥ =
∑

i,σ

Viĉ
†
iσ ĉiσ − t

∑

〈ij〉,σ

(ĉ†iσ ĉjσ + ĉ†jσĉiσ) + U
∑

i

n̂i↑n̂i↓. (1.7)

It is hoped that this model can capture some of the essential physics of the metal-

insulator transitions [12] of disordered transition-metal oxides. Many authors have

contributed to the understanding of this model during the past several decades. Due

to the randomness, this model has to be solved numerically. Except for some small

clusters that can be solved exactly, large lattices have to be solved with the help of

approximate schemes.

Before presenting the results of previous studies on the Anderson-Hubbard model,

let us first mention the scaling theory of localization for noninteracting electrons

[13]. The scaling theory asserts that electrons are localized by infinitesimal amount

of disorder in one and two dimensions, and therefore, a true metallic phase does

not exist. However, a metallic behaviour is possible in three dimensions even when

disorder is present.

It was quite a surprise when experiments on the dilute low-disordered silicon metal-

oxide-semiconductor field-effect transistors (MOSFET’s) [14] showed an unexpected
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metallic behaviour when the electron density was greater than a critical value. Since

noninteracting electrons in two dimensions are always insulating, the metallic state

might be driven by the electron-electron interactions. Therefore, this discovery has

motivated many authors to study the combined effects of interactions and disorder

in two dimensions. Another important reason why most studies, using variants of

the quantum Monte Carlo technique [15, 16, 17, 18, 19, 20, 21, 22, 23] and exact

diagonalization [23, 24, 25, 26, 27], appear in the literature focused on two dimensions

is due to the constraint that only lattices with a small number of sites can be solved

using these methods. Some authors have studied hopping disorder [16, 19] and spinless

particles [24, 25, 27]. However, we will not discuss these results because, as we show,

the spin degree of freedom is important, and we are more interested in the disorder

in the on-site energies.

Magnetic correlations and transport properties for the Anderson-Hubbard model

have been investigated using the above mentioned two algorithms, which provide

approximation-free results. With regard to the magnetic correlations, studies have

shown that for a certain interaction strength U/t, a disorder strength (W/t)c destroys

the antiferromagnetic long-range order.

Ulmke et al. [15] have studied a half-filled 4 × 4 lattice for U/t = 4 and T =

t/8 using a finite-temperature quantum Monte Carlo method. They have calculated

the local spin-spin correlation function C(0, 0), spin-spin correlation function at the

largest separation C(2, 2), and the antiferromagnetic structure factor S(π, π)/Ns. As

the disorder strength, W/t, increases, all these quantities decreases monotonically

and reach the noninteracting values when W/t ≈ 8. Their calculation of the charge

compressibility, κ, shows that κ becomes nonzero for a weak disorder W/t ≈ 4, where
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the AF correlations are still strong. This indicates that the Mott gap may close within

the AF phase. However, the closure of the Mott gap does not necessarily indicate a

metallic state because the states may be localized by the disorder.

Using a constrained-path quantum Monte Carlo algorithm, Enjalran et al. [18]

have studied half-filled square lattices of sizes up to 8×8 for U/t = 4 at zero temper-

ature. They have obtained similar results: The staggered magnetization Ms becomes

zero at W/t ≈ 5, beyond which the antiferromagnetic long-range order is destroyed,

and the lattice becomes paramagnetic.

Whether the repulsive Hubbard U can drive a two-dimensional lattice into a metal

has been discussed in the literature and remains controversial [14, 28]. However, many

studies indicate that an intermediate Hubbard interaction has delocalization effects.

Due to the constraint of the lattice size, there has been no conclusive determination

of a metallic phase in two dimensions.

Srinivasan et al. [20] have studied quarter-filled square lattices of sizes between

4×3 and 8×6 using a projector quantum Monte Carlo method. They have defined an

inverse participation ratio (IPR) for a single added electron, which is more sensitive

to the correlation effects. For both disorder strengths W/t = 5 and 7, an interaction

strength U/t = 2 increases the IPR from its noninteracting (U/t = 0) values. There-

fore, the repulsive Hubbard U has a delocalizing effect. However, the results do not

indicate the existence of a metallic phase in two dimensions because the lattices and

the interaction strength studied are both small.

Chakraborty et al. [21] have studied a quarter-filled 8× 8 lattice using a determi-

nant quantum Monte Carlo technique. They have calculated the dependence the DC

conductivity, σdc, on temperature. For the noninteracting (U/t = 0) case, the σdc first
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increases and then decreases as temperature is decreased down to T = 0.05t, and the

lattice is insulating. For nonzero interaction strengths U/t, the lowest temperature

obtained is T = 0.125t. The σdc for U/t = 1 has the same trend as U/t = 0 and there-

fore is insulating. The σdc for U/t = 2, 3, and 4 increases as temperature is decreased.

The authors interpret these results as they indicate a metallic behaviour. However,

the lowest temperature studied, T = 0.125t, is not low enough, and therefore, such

an interpretation is not likely to be conclusive.

Kotyal and Das Sarma [26] have performed an exact diagonalization study of a 4×4

lattice with 6 electrons (3/16-filling) at zero temperature. They have calculated the

charge stiffness (or Drude weight), Dc, which is the zero frequency weight of the long

wavelength conductance. Dc is nonzero for a metal and zero for an insulator. Disorder

strengths W/t = 0.5, 3, and 5 are considered. Dc is enhanced by (U/t)c ∼ W/t for

W/t = 3 and 5, but the enhancement of Dc for W/t = 0.5 is not significant. These

results are interpreted by the authors as an interaction-enhanced localization length,

which is larger than the system sizes studied. For a comparison, they have also

obtained Dc with the same parameters for a one-dimensional ring of 12 sites with

6 electrons. There is also an enhancement of Dc in the one-dimensional system,

and the enhancements in these two systems are essentially indistinguishable. If the

two-dimensional system is driven into the metallic phase, then the one-dimensional

system could be driven into the metallic phase due to the similar enhancement of

Dc. However, one-dimensional systems are known on firm ground to be insulators.

Therefore, the enhancement of Dc in the two-dimensional system does not necessarily

indicate that it has been driven into the metallic phase.

Having considered the two-dimensional lattices, let us now look at the results for
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lattices in three dimensions.

Ma [29] has studied a half-filled Anderson-Hubbard model in three dimensions

using a real-space renormalization group (RG) theory. A 12 × 12 × 12 cubic lattice

is considered. The RG is carried out by dividing the lattice into cells of 3 × 3 × 3.

Following Hirsch [30], the RG procedure is performed in the directions of x, y, and z,

one at a time. The metallic phase is stabilized by a small Hubbard U , and a stronger

disorder is needed for the transition from a metal to an Anderson insulator.

Otsuka and Hatsugai [31] have studied a half-filled 6× 6× 6 lattice using a finite-

temperature quantum Monte Carlo algorithm. This is quite a large lattice (216

sites) for the quantum Monte Carlo methods, and it is larger than any of the two-

dimensional lattices mentioned above. However, only the antiferromagnetic structure

factor and charge compressibility have been calculated. The results show that for

U/t = 6, there exists a charge gap for disorder strengths W/t ≤ 2, where the system is

antiferromagnetic; the charge gap closes when W/t ≥ 3, where the system is no longer

antiferromagnetic. This is consistent with the results obtained in two dimensions.

We know that the scaling theory of noninteracting electrons does not allow for

a true metallic phase in two dimensions. Therefore, people have been looking for

mechanisms that drive two-dimensional systems into the metallic state. A metallic

phase is allowed in three dimensions, and a strong disorder localizes noninteracting

electrons. A strong repulsive Hubbard interaction can drive systems around half-

filling into the insulating phase. However, away from half-filling, ordered systems

remain metallic even with strong interactions. Thus, it will be interesting to know

the effects of intermediate disorder and interactions on systems away from half-filling.
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1.4 Motivation

1.4.1 LiTi2O4

Electron-electron interactions and disorder are present in many important transition

metal oxides [32]. Novel ordered phases are found in this class of compounds: e.g.,

superconductors, d-electron heavy fermions, and quantum magnets.

LiTi2O4 is a transition metal oxide spinel that displays superconductivity with

a critical temperature Tc = 11K [33]. Only four of the roughly 300 known spinels

are superconducting [34], and LiTi2O4 has the highest critical temperature among

the four. Electronic structure calculations [35, 36] suggest that the conduction path

of this spinel is through the Ti sites (via the t2g orbitals), which form a frustrated

corner-sharing tetrahedral lattice (CSTL). When doped with Al ions, crystallographic

refinements of LiAlyTi2−yO4 shows that the doped Al ions have substituted for the

sites on the Ti sublattice [37].

Fazileh et. al. [38] have argued that the conduction path of LiAlyTi2−yO4 is an

excellent physical realization of the quantum site percolation model [39], since the

substituted Al ions block any conduction electrons from hopping onto these sites,

and these sites are considered as if they have been removed from the lattice. Ex-

perimentally, a critical doping of yc ≈ 0.33 was determined for the metal-insulator

transition [37]. Using a quantum site percolation model, Fazileh et al. [38] have ex-

amined the possibility of a disorder-driven metal-insulator transition of LiAlyTi2−yO4.

A critical doping of yc ≈ 0.83 was determined, because it was the point of intersection

between the chemical potential and the mobility edge (see Fig. 3 of Ref. [38]). This

value (yc ≈ 0.83) is greater than the experimental result (yc ≈ 0.33) by a large factor.



CHAPTER 1. INTRODUCTION 20

Therefore, quantum site percolation alone cannot account for the metal-insulator

transition of LiAlyTi2−yO4, and mechanisms beyond quantum site percolation are

required.

One possible new mechanism is that the substituted Al ions will generate a dis-

tribution of potential on the neighbouring sites. According to Anderson [1], this

effect can be modeled with a set of random on-site energies. In Chapter 2, we focus

on a box distribution of the random on-site energies. Our results, when applied to

LiAlyTi2−yO4, show that the effect of randomness is minimal. This indirectly sup-

ports the hypothesis that the electronic correlations may be present, and thus are

important to the metal-insulator transition in these compounds.

Using a quantum site percolation (QSP) + Hubbard model with a restricted

Hartree-Fock approach, Fazileh et. al. [40] have studied the metal-insulator tran-

sition in LiAlyTi2−yO4 due to disorder and interactions. They have determined an

interaction (U/t) vs. doping (y) phase diagram for the metal-insulator transition. It

is shown that the critical doping is yc ≈ 0.3 for an interaction strength U/t ≈ 11−12.

This strength of interaction is very similar to the experimental results for the t2g band:

U ≈ 4.0 eV obtained from the resonant soft X-ray spectroscopy of LaxSr1−xTiO3 [41],

and t ≈ 0.33 eV in LiAlyTi2−yO4 obtained using a local density approximation [35, 36].

The density of states (Fig. 5.1) is obtained for y = 0.3 and U/t = 4, 8, and 12 on

a corner-sharing tetrahedral lattice with 16, 000 (= 103 × 16) sites. For U/t = 4,

the density of states at the Fermi level is smooth. However, for U/t = 8 and 12 the

density of states at the Fermi level suffers a medium and then a strong suppression,

respectively. The density of states is almost zero at the Fermi level for U/t = 12,

which is suggestive that the system becomes an insulator for U/t & 12.
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1.4.2 Hartree-Fock approximation

Exact diagonalization of an Anderson-Hubbard Hamiltonian is only possible for very

small clusters. For example, without restricting the filling factor, a 4×4×4 cluster has

464 states, and its Hamiltonian matrix contains 42×64 elements. Such a 64-site-cluster

is impossible to be solved exactly. For a large lattice, one has to employ approximation

methods to treat the interactions represented by a four-fermion term. We choose a

real-space self-consistent Hartree-Fock approach, which ignores the fluctuations about

the mean, and does not include any terms that correspond to superconductivity or

that do not conserve the particle number.

The Hartree-Fock approximation has also been applied in other studies. Examples

are (i) a study of a two-dimensional point-defect model [42] which represents the

acceptors and donors in the high-Tc cuprate La2−xSrxCuO4 through determining the

magnetic phase diagram, (ii) a detailed study of the three-dimensional Anderson-

Hubbard model, determining both magnetic and electric phase diagrams at half-filling

[43], and (iii) a proposal of a novel inhomogeneous metallic phase in two dimensions

[44] as a combined effect of disorder and electronic interactions when their strengths

are comparable. The conclusions of these studies are subject to the veracity of the

Hartree-Fock approximation approach, and in Chapters 3 and 4 we will provide a

partial assessment of this technique.

To test the suitability of the real-space self-consistent Hartree-Fock theory, we have

obtained the results using exact diagonalization in some small clusters and performed

comparisons between the exact and approximate quantities, such as ground-state

energies, local charge densities, spin-spin correlations, and wave function overlap.
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1.4.3 AC conductivity

The interplay between interactions and disorder in three-dimensional simple cubic

lattices has been studied by Tusch and Logan [43]. This study has focused on 1/2-

filling and some other fillings lower than 1/8. At 1/2-filling with a disorder strength of

W/t = 5, the density of states shows a suppression for both U/t = 6 and 9. Using the

inverse participation ratio (IPR) technique, the system is determined to be metallic

at U/t = 6 and insulating at U/t = 9. The IPR is compared with a threshold mean

IPR (obtained in the noninteracting limit) that scales with system size to determine

whether the system is metallic or insulating. However, the effect of the interactions on

the threshold mean IPR is unknown. More directly, we will calculate the conductivity

of the system and determine its metallicity.

1.4.4 Formation of local magnetic moments

In the Hartree-Fock treatment of LiAlyTi2−yO4 by Fazileh et al. [40], the local mag-

netic moments were restricted to the z-axis. A suppression of the density of states at

the Fermi level was found when local magnetic moments formed. However, when local

moments were not allowed to form, i.e., when the system was restricted to the para-

magnetic regime, there was no suppression of the density of states at the Fermi level.

Therefore, the formation of local magnetic moments is essential to the suppression

of the density of states, and therefore essential to the metal-insulator transition [45].

Fazileh et al. have studied frustrated corner-sharing tetrahedral lattices and consid-

ered a quantum site percolation model of disorder. An open question is whether the

suppression of the density of states at the Fermi level depends on the lattice type and

the disorder model. To answer this question, we choose to study three-dimensional
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simple cubic lattices, which are unfrustrated, and consider a uniform box distribution

type of disorder. We also allow local magnetic moments to develop in the xz-plane,

which increases the spin degree of freedom.

1.5 Structure of the Thesis

In Chapter 2 we study noninteracting electrons moving on corner-sharing tetrahedral

lattices. We employ Dyson-Mehta ∆3 statistics to analyze whether the states are

extended or localized. We determine a critical disorder strength, Wc/t, beyond which

all states are localized in the lattice, as well as the mobility edge trajectory.

In Chapter 3 we introduce the real-space self-consistent Hartree-Fock formalism.

This formalism is employed in our study of the Anderson-Hubbard model.

In Chapter 4 we critique the Hartree-Fock theory using linear chains of up to 10

sites and a 4 × 4 square lattice, both at and away from an electronic concentration

corresponding to 1/2-filling.

In Chapter 5 we apply the Hartree-Fock method to simple cubic lattices at 1/4-

filling with an intermediate disorder (W/t = 6), and calculate the density of states

and AC conductivity. We find that the density of states and the low-frequency con-

ductivity are enhanced by a weak interaction (U/t ≤ 3). There are no magnetic

moments in the system, and the AC conductivity is Drude-like. With a stronger

interaction (U/t ≥ 4), a suppression of the density of states at the Fermi level and

a decrease in the low-frequency conductivity are found. Local magnetic moments

form in the system, and the AC conductivity becomes non-Drude-like. A metal-to-

insulator transition is likely to take place at a critical Uc/t ≈ 8 - 9. We find that (i)

as long as local magnetic moments develop in the system, there is a suppression of
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the density of states at the Fermi level; (ii) the form of moments does not matter;

and (iii) these results do not depend on the type of lattice or the model of disorder.



Chapter 2

Disordered Noninteracting

Electronic Systems

2.1 Overview

Myself and co-authors [46] have studied the electronic properties of noninteracting

electrons moving on disordered corner-sharing tetrahedral lattices. The disorder was

introduced in a way that the on-site energies obey a uniform box distribution. The

mobility-edge trajectory (mobility edges Ec/t and E ′
c/t vs. disorder strength W/t)

and the critical disorder strength Wc/t are determined. The nature of the eigenstates

(whether they are extended or localized) was first studied using the relative localiza-

tion length method. With a disorder strength of W/t = 13.5 (7% below the critical

disorder), the states within the energy range E/t ∈ [−5,−2] are determined to be

extended because the relative localization length increases as the system size increases

[46]. In order to determine the critical disorder strength Wc/t, the states within the

energy range E/t ∈ [−5,−2] with stronger disorder W/t = 14, 14.5, 15, and 15.5 are

25
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examined. The states are extended with W/t = 14 and localized with W/t = 15.5

(see Fig. 3 of Ref. [46]). Also, the states within the energy range E/t ∈ [−3,−2]

are localized with W/t = 15. The relative localization length for the states within

E/t ∈ [−5,−2] with W/t = 14.5 and for the states within E/t ∈ [−5,−3] with

W/t = 15 do not change significantly with the system size. Based on these results,

the critical disorder strength is determined to be in the range of W/t ∼ 14.5−15 (see

Ref. [46]).

To determine the critical disorder strength more accurately, we find that the scal-

ing of the Dyson-Mehta ∆3 spectral rigidity provides a robust characterization of the

property of the eigenstates. We describe this method and show its application to the

corner-sharing tetrahedral lattices in the following sections.

2.2 Dyson-Mehta ∆3 Spectral Rigidity

Hofstetter and Schreiber [47] have presented an energy level statistics method to

describe the metal-insulator transition in disordered systems. It has been shown

[48] that the metal-insulator transition corresponds to a transition between a chaotic

(correlated) system and a nonchaotic (uncorrelated) system. Within random matrix

theory [49, 50], the fluctuations of the energy spectrum of a chaotic system obey a

Gaussian orthogonal ensemble (GOE), while the fluctuations in a nonchaotic system

obey a Poisson ensemble (PE). Hofstetter and Schreiber have pointed out that the

energy spectrum appears chaotic on the metallic side and nonchaotic on the insulating

side. This behaviour of the spectrum is related to the fluctuations of the number of

energy levels.

For the Anderson model, after diagonalizing the Hamiltonian matrix, one obtains
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the energy spectrum: E1, E2, . . ., ENs
. Here Ns is the number of sites in the lattice,

and the energies are then arranged in ascending order. One may calculate the inte-

grated density of states, N(E), which is a staircase function of E and equal to the

number of all eigenstates with an energy below E. One can imagine that the staircase

function N(E) is composed of a smooth part Nav(E) and a fluctuating part Nfl(E),

and

N(E) = Nav(E) +Nfl(E). (2.1)

Since the average part Nav(E) is not necessarily a constant, one needs to get rid of

Nav(E) before one can compare the fluctuations in different parts of the spectrum.

This is achieved by the following mapping [51]

Ei 7→ εi : εi = Nav(Ei) = N(Ei) −Nfl(Ei). (2.2)

The new “spectrum” {εi} has a constant mean spacing of 1, and the fluctuations can

be characterized by the ∆3 statistics [52, 53]

∆3(K) =
〈 1

K
min
A,B

∫ x+K

x

[N(ε) − Aε−B]2dε
〉

x
, (2.3)

where 〈· · · 〉x means averaging over different parts of the spectrum. The expression

inside 〈· · · 〉x is the mean-square deviation of the staircase N(ε) from the line of best

fit Aε + B over an energy window of width K, where the parameters A and B are

to be determined by a least-squares criterion. Therefore, ∆3 is associated with the

spectral rigidity: For a given K, a small ∆3 means a strong rigidity and long-range

correlations between the energy levels [54]. A convenient formula for calculating the

∆3(K) is given in Ref. [53].
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According to random matrix theory, there are two limiting cases for the ∆3 statis-

tics: the GOE and the PE. On the metallic side (GOE) the spectrum is fully corre-

lated, and one obtains [51]

∆3(K) =
2

K4

∫ K

0

(K3 − 2K2r + r3)Σ2(r)dr. (2.4)

Here, Σ2(r) for the GOE is given by

Σ2(r) = 2
π2

[

ln (2πr) + γ + 1 + 1
2
Si2(πr) − π

2
Si(πr)

− cos (2πr) − Ci(2πr) + π2r
(

1 − 2
π
Si(2πr)

)

]

, (2.5)

where Si(x) and Ci(x) are the sine and cosine integrals, and γ ≈ 0.5772 is the Euler-

Mascheroni constant. As there is no analytical solution for ∆3(K) in the case of the

GOE, one has to calculate the integral in Eq. (2.4) numerically. On the insulating

side (PE), the spectrum is fully uncorrelated, and ∆3(K) = K/15. The degree of

localization increases with increasing disorder strength, and the ∆3(K) flows from

the GOE towards the PE.

In order to use the ∆3 statistics to analyze the nature of the states in an energy

range, one calculates the ∆3 curves for several different system sizes. With increasing

system sizes, the states are extended (localized) if the ∆3 curves move towards the

GOE (PE) limit. At the critical disorder Wc/t, the ∆3 curves are scale invariant, i.e.,

they are independent of the system size.

Hofstetter and Schreiber [47] have applied the above method to the three-dimensional

Anderson model with a box distribution type of disorder and have identified the crit-

ical disorder strength of Wc/t = 16.5. It has been shown [55] that for this model, the

mobility-edge trajectory is symmetric about the band centre and flat at the critical

disorder Wc/t in the middle of the band. And in a wide energy range around the
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band centre (E/t ∈ [−5, 5]), which contains about 50% of the eigenstates, extended

and localized states are separated by nearly the same Wc/t. Therefore, the accuracy

can be improved by considering an energy range containing half of the eigenstates in

the band centre. In Fig. 6 of Ref. [47], the ∆3 curves for system sizes of 133, 153,

· · · , 213 and for disorder strengths W/t = 14, 16.5, and 20 are shown. At the critical

disorder strength, Wc/t = 16.5, the ∆3 curves are scale invariant. With a disorder

(W/t = 14) that is below Wc/t, the ∆3 curves flow towards the GOE, indicating that

the eigenstates are extended. However, with a disorder (W/t = 20) that is above

Wc/t, the curves move towards the PE limit, indicating that the eigenstates are local-

ized. These results are in agreement with the fact that the critical disorder strength

is indeed Wc/t = 16.5. Previously, the same value of the critical disorder strength for

the box distribution has been obtained using the transfer-matrix method [56]. It is in-

teresting to note that the critical disorder strength does not depend on the boundary

conditions [57]. Therefore, the method of the Dyson-Mehta ∆3 spectral rigidity is a

robust criterion for localization. An advantage of this method is that one only needs

to calculate the eigenvalues (not the eigenvectors) of the Anderson Hamiltonian. In

the next section, we will apply this method to disordered corner-sharing tetrahedral

lattices, where using the transfer-matrix method is difficult.

2.3 Electronic Properties of Disordered Corner-

Sharing Tetrahedral Lattices

In the previous section, we have introduced the ∆3 spectral rigidity as a criterion for

localization. We note the success of this method in determining the critical disorder
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for three-dimensional simple cubic lattices with a box distribution type of disorder.

It seems that it can be applied immediately to disordered corner-sharing tetrahedral

lattices (CSTL’s). However, the energy spectrum for a CSTL is not symmetric,

except for W/t→ ∞. Figure 2.1 shows the density of states for a CSTL with 21, 296
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Figure 2.1: The density of states for a corner-sharing tetrahedral lattice with 21, 296
(= 113×16) sites with periodic boundary conditions, nearest-neighbour hopping, and
a box distribution (width W ) of on-site energies. For W/t 6= 0 the data is obtained
by averaging over 50 realizations of disorder. The strengths of disorder shown are
the critical disorder Wc/t = 14.5, and one point below and one above the critical
disorder. Taken from Fazileh et al. [46].

(= 113 × 16) sites with various strengths of disorder. It is clear that for all disorder

strengths the density of states curves are not symmetric. We also note that Fazileh

et al. [38] have found that for corner-sharing tetrahedral lattices with a quantum

site percolation model, the mobility-edge trajectory is not symmetric about the zero

energy, nor is it flat at the critical disorder. As a result, we cannot just study a range
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of energies centred at some energy that contains half of the eigenstates. Instead,

we have to analyze the nature of the states within very small ranges of energies at

different locations, and in order to obtain good statistics sometimes we have to collect

about 2, 000, 000 eigenvalues. We have studied systems of up to 27, 648 (= 123 × 16)

lattice sites (close to the size of a 303 simple cubic lattice).

For W/t = 14 (below the critical disorder), there exist both extended and localized

states. From the studies done with the relative localization length method mentioned

earlier, the states within the energy range of E/t ∈ [−5,−3] are extended. We

show example data for W/t = 14 and various energy ranges in Fig. 2.2. As the
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∆ 3
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N=3456
N=8192
N=16000

[-5,-3]

[-2,0]

[-8,-6]
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GOE

Figure 2.2: The ∆3 statistics for various energy ranges and system sizes, for a disorder
strength of W/t = 14. In the energy range E/t ∈ [−5,−3], the ∆3 curves move
towards the GOE limit as the system size increases, indicating that the states in
this range are extended. On the other hand, in the energy ranges E/t ∈ [−8,−6]
and [−2, 0], the ∆3 curves scale towards the Poissonian limit, indicating that the
states in these ranges are localized. The Gaussian orthogonal ensemble (GOE) limit
corresponds to the correlated statistics, while the Poisson ensemble limit corresponds
to the uncorrelated statistics.
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system size increases, the ∆3(K) curves for the energy range E/t ∈ [−5,−3] move

towards the GOE limit, indicating that the states are extended. For the energy range

E/t ∈ [−8,−6] and [−2, 0], the ∆3(K) curves move towards the PE limit, so the states

within these ranges are localized. These results are in agreement with those obtained

with the relative localization length method. We also note that the ∆3(K) curves for

the energy ranges E/t ∈ [−3,−2] and [−6,−5] do not show any scaling behaviour

with the increasing system size, i.e., they oscillate with an increase of system size.

Therefore, both localized and extended states are present in these energy ranges, in

which the mobility edges are to be found.

Now we can use the scale invariance of the spectral rigidity to determine the

value of the critical disorder Wc/t accurately. We have examined all the states in the

energy range of E/t ∈ [−5,−3]. We find that at W/t = 14.5, all ∆3(K) curves with

various system sizes almost collapse onto a single curve (Fig. 2.3). When zoomed in,

we see that the ∆3(K) curves oscillate about an average within a very small range,

in contrast to moving towards either the GOE or Poissonian limits. We have also

examined W/t = 14.5 ± 0.25, and found the scale invariance was the most robust at

W/t = 14.5. Therefore, our value of the critical disorder for the electrons moving

on a CSTL with a box distribution type of disorder is Wc/t = 14.5 ± 0.25. For

W/t = 15, Fig. 2.3 shows that the ∆3(K) curves move towards the uncorrelated

Poisson ensemble limit, i.e., the states within the energy range of E/t ∈ [−5,−3] are

localized, and W/t = 15 is stronger than the critical disorder.

Using the combined techniques of the spectral rigidity and relative localization

length, we have determined the mobility edges for a set of disorder strengths for the
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Figure 2.3: The ∆3 curves (E/t ∈ [−5,−3]) of the corner-sharing tetrahedral lattices
of sizes between 5, 488 and 27, 648 with W/t = 14.5 and 15. For W/t = 14.5 the six
curves coincide, thus showing that W/t = 14.5 is the critical disorder. The curves of
W/t = 15 move towards the Poissonian limit as the lattice size increases, indicating
that the states within E/t ∈ [−5,−3] are localized, and W/t = 15 is above the critical
disorder. For clarity, we only show three curves for W/t = 15.

CSTL. The estimate for the mobility-edge trajectory is shown in Fig. 2.4. As men-

tioned earlier, the mobility-edge trajectory is not symmetric, as opposed to the case

of the three-dimensional simple cubic lattices. The upper mobility edge approaches

the energy where the both mobility edges merge faster than the lower mobility edge

as the disorder increases.
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Figure 2.4: The estimate of the mobility-edge trajectory (the hatched area that sep-
arates the localized states from the extended ones) for the disordered corner-sharing
tetrahedral lattices with a box distribution of on-site energies. The boundaries of the
hatched region are determined by the data points (solid squares) as well as the error
bars. Taken from Fazileh et al. [46].

2.4 Conclusion

In this chapter, we have introduced Dyson-Mehta ∆3 spectral rigidity as a criterion

for determining whether the states in an energy range are localized or extended. As

the system size increases, if the ∆3 curves move towards the uncorrelated Poissonian

limit the states are localized, and if they move towards the correlated GOE limit the

states are extended. At the critical disorder, the ∆3 curves show scale invariance.

Therefore, this technique is a robust way of determining the critical disorder. We

note the success of this technique in identifying the critical disorder (Wc/t = 16.5)

for three-dimensional simple cubic lattices with a box distribution of on-site energies.

We have applied the ∆3 spectral rigidity method to determine the critical disorder
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and the mobility-edge trajectory of disordered corner-sharing tetrahedral lattices with

a box distribution of the on-site energies. The critical disorder is identified as Wc/t =

14.5± 0.25, which is different from the accepted value of the critical disorder Wc/t =

16.5 for three-dimensional simple cubic lattices [56]. The mobility-edge trajectory

of corner-sharing tetrahedral lattices also appears different than that of simple cubic

lattices [55]: It is not symmetric about some energy, and it is not flat at the critical

disorder.

These results help us understand the metal-insulator transitions of LiAlyTi2−yO4.

Including the change of the on-site energies due to the Al impurities, using differ-

ent models of screening, the on-site energies are approximately between −t and +t

[46]. This is equivalent to an Anderson model with a box distribution of on-site ener-

gies with a width of W/t = 2, which is well below the critical disorder Wc/t = 14.5.

Therefore, the inclusion of the randomness should not affect the critical doping much.

Through a detailed calculation [46], the critical doping is reduced from yc ≈ 0.83 that

only includes the quantum site percolation to yc ≈ 0.78 that also includes the random

potentials caused by the Al impurities. Therefore, the role played by the random-

ness is minimal, and this supports indirectly that electron-electron interactions are

required to explain the metal-insulator transitions of LiAlyTi2−yO4.



Chapter 3

Real-Space Self-Consistent

Hartree-Fock Approximation

3.1 Overview

In Chapter 2 we presented our study of the effects of disorder on the properties of

noninteracting electronic systems. Now we shall consider such spatially disordered

systems when electron-electron interactions are included. That is, we now consider

the full Anderson-Hubbard model.

Due to the lack of translational periodicity caused by the disorder, the Hilbert

space of such Hamiltonians becomes very large even for some small “clusters”. For

example, the Hilbert space of a disordered 4 × 4 two-dimensional cluster with 16

electrons (the system is half-filled, i.e., there is one electron per lattice site on aver-

age) has roughly 166 million states. Therefore, it is only possible to solve this model

exactly for very small clusters. For any reasonably large lattices, one has to employ

36
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approximate methods, e.g., the mean-field Hartree-Fock theory [43] and the dynam-

ical mean-field theory [58]. In this thesis, we focus on the real-space self-consistent

Hartree-Fock approach [44, 59]. For brevity, we will just call it Hartree-Fock (HF) in

the following.

3.2 Real-Space Self-Consistent Hartree-Fock Ap-

proximation Method

If the system is ordered, one can transfer the Hamiltonian to wave vector space, and

expand the many-particle wave function in a complete set of Bloch wave functions

in the corresponding periodic potential. However, in disordered systems, there is

no translational symmetry, and working in wave vector space does not simplify the

problem. Therefore, we will work in real space. In our formulation of Hartree-Fock

theory the disorder is treated exactly, albeit numerically, and the local Hubbard

interaction term is replaced by

n̂i↑n̂i↓ =ĉ†i↑ĉi↑ĉ
†
i↓ĉi↓

≈〈n̂i↓〉n̂i↑ + 〈n̂i↑〉n̂i↓ − 〈n̂i↓〉〈n̂i↑〉

− ĉ†i↑ĉi↓〈ĉ
†
i↓ĉi↑〉 − ĉ†i↓ĉi↑〈ĉ

†
i↑ĉi↓〉 + 〈ĉ†i↓ĉi↑〉〈ĉ

†
i↑ĉi↓〉. (3.1)

Here, the terms that are proportional to fluctuations about the mean squared values

are ignored. Also, we do not consider the terms related to superconductivity. See

page 349 of Ref. [8] for a detailed discussion of the decoupling of the four-fermion

term.

Substituting Eq. (3.1) into the Anderson-Hubbard Hamiltonian in Eq. (1.7), one
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finds the HF effective Hamiltonian given by

Ĥeff =
∑

i,σ

Ṽiσ ĉ
†
iσĉiσ − t

∑

〈ij〉,σ

(ĉ†iσ ĉjσ + ĉ†jσĉiσ) − U
∑

i

(h−i ĉ
†
i↑ĉi↓ + h+

i ĉ
†
i↓ĉi↑), (3.2)

where

Ṽiσ = Vi + Uniσ̄, (3.3)

niσ = 〈n̂iσ〉, (3.4)

h+
i = 〈Ŝ+

i 〉 = 〈ĉ†i↑ĉi↓〉, (3.5)

h−i = 〈Ŝ−
i 〉 = 〈ĉ†i↓ĉi↑〉. (3.6)

Here, niσ = 〈n̂iσ〉 is the expectation value of the number of electrons with spin σ on

site i; Ṽiσ is the spin dependent effective on-site energy at site i, and it is the sum of

the original on-site energy plus the Hubbard U times the number of electrons with the

opposite spin on that site, and therefore it has included the effect of the interaction;

h±i are the effective local fields.

One notes that Eq. (3.2) is an effective one-electron Hamiltonian; however, one

cannot simply diagonalize it just once to obtain the solution, because the local charge

densities niσ and the effective local fields h±i (these are the variational parameters) are

unknown. The correct approach is to solve the effective Hamiltonian self-consistently.

In a system with Ns sites, one has 4Ns variational parameters that have to be

determined numerically so that the ground-state energy is minimized. As an example,

we show the matrix of the effective Hamiltonian for a three-site triangular cluster

(Fig. 3.1) with hopping between each pair of sites
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Figure 3.1: A three-site triangular cluster with hopping (−t) between each pair of
sites.
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Ĉ, (3.7)
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ĉ3↓

































(3.8)

is a column vector composed of the annihilation operators.
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3.3 Numerical Approach

To solve the effective Hamiltonian self-consistently, one begins with a random initial

guess for the 4Ns parameters that satisfies the constraint of fixing the total number

of electrons, and finds the matrix elements of the Hamiltonian. Then diagonalize the

Hamiltonian using LAPACK [60], and one obtains 2Ns eigenstates. The new set of

4Ns variational parameters may be calculated using the following equations:

niσ =
∑

λ

|ψλ
iσ|2f(Eλ), (3.9)

h+
i =

∑

λ

ψ∗λ
i↑ ψ

λ
i↓f(Eλ), (3.10)

h−i =
∑

λ

ψ∗λ
i↓ ψ

λ
i↑f(Eλ), (3.11)

where ψλ
iσ is the component of the eigenvector with energy Eλ, and f(Eλ) is the

Fermi-Dirac function. The absolute difference between the old and new values of each

variational parameter is calculated, and if it is less than a certain value (see discussion

below), self-consistency is achieved; otherwise, a new set of the variational parameters

are generated, and the calculation iterates until one obtains self-consistency.

The scheme we use to generate the subsequent iterations is the simple mixing

method

ain
i+1 = (1 − α)ain

i + αaout
i . (3.12)

Here, a
in(out)
i represents one of the input(output) parameters in the i-th iteration, and

α (between 0 and 1) is the mixing factor. In this way, one takes a fraction α of the

output plus a fraction (1−α) of the input from the i-th iteration to make up the new

guess of the parameter for the (i + 1)-th iteration. If α = 1, ain
i+1 = aout

i , the output

parameter from the i-th iteration is taken as the input for the (i+1)-th iteration, and
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this is the case of the straight iteration; if α = 0, ain
i+1 = ain

i , and the iteration repeats

itself. The value of α has to be tuned so that the iteration process is stable and leads

to a converged solution. Once a converged solution is obtained, one may calculate

the energy of the self-consistent Hartree-Fock state using the following equation:

EHF =
∑

λ

Eλf(Eλ) −
∑

i

Uni↓ni↑ +
∑

i

Uh+
i h

−
i , (3.13)

where λ labels the eigenstates, and i labels the sites. One needs to repeat the above

procedure with other initial guesses of the variational parameters and find the self-

consistent solutions associated with these initial guesses. Since the Hartree-Fock

approach is a variational theory, the self-consistent state with the lowest energy EHF

is the Hartree-Fock ground state, and this is the solution we are looking for.

In the next section of this chapter, we will demonstrate the application of the

real-space self-consistent Hartree-Fock method to a two-site cluster. Since this cluster

is small, we have also obtained exact solutions and made a quantitative comparison

between the HF and exact solutions. Other comparisons are given in the next chapter.

3.4 Application to a Two-Site System With Two

Electrons

The smallest interacting electronic system for which all of spatial disorder, hopping,

and interactions are present is a two-site system with two electrons. Many quantities

can be obtained analytically in the HF approximation, and therefore we use this

system as a demonstration for the comparison with the exact solutions.

In the following derivation, we use the basis states listed in Table 3.1.
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|1〉 = c†1↑c
†
1↓|0〉

|2〉 = c†2↑c
†
2↓|0〉

|3〉 = c†1↑c
†
2↑|0〉

|4〉 = c†1↓c
†
2↓|0〉

|5〉 = c†1↑c
†
2↓|0〉

|6〉 = c†1↓c
†
2↑|0〉

Table 3.1: The six basis states for the two-site cluster with two electrons.

3.4.1 The ordered two sites

The two-site system is ordered when the on-site energies of the two sites are equal

(here we set them to zero). Diagonalizing the exact Hamiltonian, we obtain six

eigenvalues:

0, 0, 0, U,
1

2
U +

1

2

√
U2 + 16t2, and

1

2
U − 1

2

√
U2 + 16t2. (3.14)

The lowest eigenvalue is

1

2
U − 1

2

√
U2 + 16t2, (3.15)

which is the ground-state energy Eex, and its associated eigenvector is the eigenstate

of the ground state. In the weak interaction limit (U/t≪ 1),

Eex ≈ −2t+
U

2
− U2

16t
, (3.16)

where the first term dominates, while in the strong interaction limit (U/t≫ 1),

Eex ≈ −4t2

U
. (3.17)

The exact ground-state energy is shown in the top panel of Fig. 3.2. In the exact

ground-state eigenstate, we note that for all U/t > 0, the paramagnetic states |1〉

and |2〉 have nonzero and equal coefficients, states |3〉 and |4〉 have zero coefficients,

and the coefficients of the magnetic states |5〉 and |6〉 have the same magnitude but
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Figure 3.2: For an ordered two-site cluster with two electrons, the top panel shows the
ground-state energies vs. U/t for paramagnetic (PM) and antiferromagnetic (AFM)
Hartree-Fock solutions, as well as the exact one. The lower panel shows the compar-
ison of the overlap between the eigenstates. The solid line is the overlap between the
exact and PM HF solutions, and the dotted line is the overlap between the exact and
AFM HF solutions.

opposite signs. (Please refer to Table 3.1 for the labeling of the states.) Thus the exact

ground state is paramagnetic, by which we mean Stotal = 0. The charge densities are

found to be 1 on both sites, due to the fact that the potentials on both sites are equal.

Now let us consider the HF approximation. Since the exact ground state is para-

magnetic, we first produce a HF solution that is also paramagnetic, and see how

well such restricted HF solutions do when compared to the exact ones. To obtain a

paramagnetic HF solution, we set the spin resolved charge densities to 0.5 for each
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spin orientation on each site, i.e., niσ = 0.5. Solving the effective Hamiltonian self-

consistently, we obtain the HF ground-state energy

EHF = −2t+
U

2
(3.18)

and the eigenstate

|ΨPM〉 =
1

2

(

|1〉 + |2〉 + |5〉 − |6〉
)

(3.19)

for all interaction strength U/t ≥ 0. (Please refer to Table 3.1 for the labeling of

the states.) The paramagnetic HF ground-state energy is shown in the top panel of

Fig. 3.2. In the weak interaction limit, the exact and paramagnetic HF ground-state

energies have the same leading terms with a difference of −U2

16t
of the order of U2. In

the strong interaction limit (U/t→ ∞), EHF goes to ∞ as it is linear in U .

We now allow local magnetic moments to develop. We find a critical interaction

strength of Uc/t = 2: When U/t < Uc/t, the HF ground state remains paramagnetic,

but when U/t > Uc/t, the HF ground state becomes antiferromagnetic, and the

magnitude of the local magnetic moment on each site is

|m| =
√

1 − 4t2/U2. (3.20)

The local charge density is still 1 on each site, but the symmetry in the magnetism

is broken when U/t > Uc/t. The HF ground-state energy in this antiferromagnetic

regime is

EAFM = −2t2

U
, (3.21)

as shown in the top panel of Fig. 3.2. Now we can compare the HF ground-state

energies with the exact results. We note that the paramagnetic ground-state energy

grows dramatically and becomes much larger than the exact one when U/t > Uc/t,
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while allowing magnetic moments to form leads to an antiferromagnetic ground state

whose energy is much closer to the exact result.

In the bottom panel of Fig. 3.2, we show the overlap between the exact and

HF eigenstates. The overlap between the exact and paramagnetic HF eigenstates

is a smooth curve, which goes from 100% (noninteracting) to about 85% (U/t =

8). For U/t > Uc/t(= 2), the antiferromagnetic HF eigenstates are different from

the paramagnetic ones; the antiferromagnetic states have lower energies than the

paramagnetic HF states, however the overlap between the exact and antiferromagnetic

HF states (e.g., ∼ 73% at U = 8t) is less than the overlap between the exact and

paramagnetic HF states! Although in the limit of U/t → ∞, the two overlaps both

go to 1/
√

2, the difference is noticeable over the regime that is of interest. Therefore,

doing well in the ground-state energies does not necessarily mean doing well in either

the eigenstates or other quantities derived from the eigenstates.

However, the HF approximation is a variational theory, and the eigenstate with

the lowest energy is identified as the ground state.

3.4.2 The disordered two-site system

We now consider the disordered case, where the on-site energies are V1 = W and

V2 = 0. The bandwidth of a noninteracting, ordered two-site cluster is 2t. We

consider an intermediate disorder W/t = 2 and strong disorder strengths W/t = 4

and 8. We have found that the critical interaction Uc/t, where moments first start to

develop, increases with the disorder strength, as shown in Table 3.2. The exact and

HF ground-state energies are shown in Fig. 3.3. Comparing the energies, we note that

HF energies agree well with the exact ones for U/t between 0 and 16. The HF theory
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W/t Uc/t
0 2.0
2 2.7
4 4.1
8 7.4

Table 3.2: Critical interaction Uc/t where local magnetic moments start to develop
in a two-site cluster with various disorder strengths W/t. The magnitude of the
moments are zero when U/t < Uc/t, and nonzero when U/t > Uc/t.

works particularly well for the energy in the regime of U/t between 0 and roughly

Uc/t where moments are zero, and the size of this regime increases with the disorder

strength.

The other two quantities that we consider are the charge densities and one char-

acterization of the spin-spin correlations, 〈S1 · S2〉. In Fig. 3.4 we show the exact

(dashed lines) and HF (solid lines) charge density n1 on site 1 with W/t = 0, 2, 4

and 8 for U/t between 0 and 16. Since the total number of electrons is 2, the charge

density on site 2 is n2 = 2 − n1. In the ordered case, both exact diagonalization

and the HF theory (trivially) produce the same results n1 = n2 = 1 for all U/t. In

the disordered case, there are transitions in the HF charge density n1 at the critical

U/t. These transitions from a paramagnetic phase to a magnetic phase allow the HF

theory to produce charge densities that are close to the exact ones after the transi-

tions, although at the transition points the difference is maximized. Without such

transitions, the HF charge densities will significantly depart from the exact solutions

when U/t > Uc/t. For example, the paramagnetic n1 is plotted for W/t = 2 with

open circles in Fig. 3.4.

The 〈S1 ·S2〉 results are shown in Fig. 3.5 as one characterization of the spin-spin
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Figure 3.3: Comparing the exact and HF energies in the ordered (W/t = 0) and
disordered (W/t = 2, 4, and 8) two-site clusters. The solid lines represent the HF
results, and the dashed lines represent the exact ones.

correlations. In the ordered case, the paramagnetic HF theory provides a solution of

−3/8 for all U/t; when U/t > Uc/t, the unrestricted HF solution increases from −3/8

(U/t = Uc/t) to −1/4 (U/t → ∞); the exact value monotonically decreases from

−3/8 (noninteracting) and saturates to −3/4 (U/t→ ∞). In the disordered case, the

〈S1 ·S2〉 in the strong interaction limit for different disorder strengths obtained using

paramagnetic and unrestricted HF theories are −3/8 and −1/4, respectively, while the

exact result is −3/4. The paramagnetic HF theory does better than the unrestricted

HF theory in reproducing the 〈S1 · S2〉, because the paramagnetic HF eigenstate

has a larger overlap with the exact eigenstate than that between the unrestricted

HF and exact states. The difference between the HF and exact 〈S1 · S2〉 is due to

the fact that the fluctuations are ignored in the HF approximation. The HF theory

has qualitatively captured the spin-spin correlation, i.e., it has obtained the correct
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Figure 3.4: Charge densities of site 1 (on-site energy V1 = W ) of a disordered two-site
cluster for various strengths of disorder W/t. The solid lines represent the HF results,
and the dashed lines represent the exact results. For W/t = 2 and U/t ≥ 2.7, the
paramagnetic charge density is shown in open circles. In the ordered case, the HF
produces the same results as the exact ones.

(minus) sign. We also note that in a small range of the weak interaction regime, the

HF theory has reproduced the 〈S1 · S2〉 quantitatively well comparing to the exact

ones. The range of this regime increases with the disorder strength, within which the

system remains paramagnetic.
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Figure 3.5: The spin-spin correlations 〈S1 · S2〉 of a two-site cluster with W/t = 0, 2,
4, and 8. The solid lines represent the unrestricted HF results, and the dashed lines
represent the exact ones. For W/t = 2 and U/t > 2.7, the paramagnetic HF 〈S1 · S2〉
is shown as open circles.

3.5 Calculation of Correlation Functions

In this section, we derive the equations for calculating various correlation functions,

including the spin-spin correlation function and the current-current correlation func-

tion, and most importantly, the AC conductivity. We follow Heidarian [59] for the

derivations.

3.5.1 Spin-spin correlation

The spin-spin correlation is defined as

〈Si · Sj〉 = 〈Sx
i S

x
j 〉 + 〈Sy

i S
y
j 〉 + 〈Sz

i S
z
j 〉, (3.22)
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or alternatively,

〈Si · Sj〉 =
1

2

(

〈S+
i S

−
j 〉 + 〈S−

i S
+
j 〉

)

+ 〈Sz
i S

z
j 〉. (3.23)

First, we derive one component of the spin-spin correlation, 〈S+
i S

−
j 〉:

〈S+
i S

−
j 〉 = 〈ĉ†i↑ĉi↓ĉ

†
j↓ĉj↑〉

=
∑

n,m,k,l

ψn
i↑ψ

m
i↓ψ

k
j↓ψ

l
j↑〈c̃†nc̃mc̃†kc̃l〉

=
∑

n,m,n 6=m

(

ψn
i↑ψ

n
i↓ψ

m
j↓ψ

m
j↑〈c̃†nc̃nc̃†mc̃m〉 + ψn

i↑ψ
m
i↓ψ

m
j↓ψ

n
j↑〈c̃†nc̃mc̃†mc̃n〉

)

+
∑

n

ψn
i↑ψ

n
i↓ψ

n
j↓ψ

n
j↑〈c̃†nc̃nc̃†nc̃n〉

=
∑

n,m,n 6=m

(

ψn
i↑ψ

n
i↓ψ

m
j↓ψ

m
j↑f(ǫn)f(ǫm) + ψn

i↑ψ
m
i↓ψ

m
j↓ψ

n
j↑f(ǫn)(1 − f(ǫn))

)

+
∑

n

ψn
i↑ψ

n
i↓ψ

n
j↓ψ

n
j↑f(ǫn). (3.24)

By flipping the spins in Eq. (3.24), we obtain the expression for 〈S−
i S

+
j 〉:

〈S−
i S

+
j 〉 = 〈ĉ†i↓ĉi↑ĉ

†
j↑ĉj↓〉

=
∑

n,m,k,l

ψn
i↓ψ

m
i↑ψ

k
j↑ψ

l
j↓〈c̃†nc̃mc̃†kc̃l〉

=
∑

n,m,n 6=m

(

ψn
i↓ψ

n
i↑ψ

m
j↑ψ

m
j↓f(ǫn)f(ǫm) + ψn

i↓ψ
m
i↑ψ

m
j↑ψ

n
j↓f(ǫn)(1 − f(ǫn))

)

+
∑

n

ψn
i↓ψ

n
i↑ψ

n
j↑ψ

n
j↓f(ǫn). (3.25)

The last term 〈Sz
i S

z
j 〉 has four such 4-fermion terms, similar to those appear in 〈S+

i S
−
j 〉

and 〈S−
i S

+
j 〉, and we have the expression for 〈Sz

i S
z
j 〉:

〈Sz
i S

z
j 〉 =

〈

1

2
(ĉ†i↑ĉi↑ − ĉ†i↓ĉi↓) ·

1

2
(ĉ†j↑ĉj↑ − ĉ†j↓ĉj↓)

〉

=
1

4

(

〈ĉ†i↑ĉi↑ĉ
†
j↑ĉj↑〉 + 〈ĉ†i↓ĉi↓ĉ

†
j↓ĉj↓〉 − 〈ĉ†i↑ĉi↑ĉ

†
j↓ĉj↓〉 − 〈ĉ†i↓ĉi↓ĉ

†
j↑ĉj↑〉

)

.

(3.26)

Each of the 4-fermion terms can be obtained in a similar way as the derivation above.
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3.5.2 Current-current correlation and AC conductivity

The current-current correlation is given by the Kubo formula:

Λxx(q, iωM) =

∫ β

0

eiωMτ 〈ĵx(q, τ)ĵx(−q, 0)〉dτ. (3.27)

Here, ĵx is the x-component of the current density, and ωM = 2Mπ/β is the Matsub-

ara frequency, where M is an integer. In real space, the current density in x-direction

is

ĵx(i) = iet
∑

σ

(

ĉ†i+x̂,σ ĉi,σ − ĉ†i,σĉi+x̂,σ

)

, (3.28)

where i denotes a point in three-dimensional real space, and x̂ is the unit vector in

x-direction. Making a Fourier transform of Eq. (3.28), we obtain the expression of ĵx

in wave vector space:

ĵx(q) =
iet√
Ns

∑

i,σ

e−iq·i
(

ĉ†i+x̂,σ ĉi,σ − ĉ†i,σĉi+x̂,σ

)

, (3.29)

where Ns is the number of lattice sites. Now we have

〈ĵx(q, τ)ĵx(−q, 0)〉

= −e
2t2

Ns

∑

i,j,σ,σ′

〈(

ĉ†i+x̂,σ(τ)ĉi,σ(τ) − ĉ†i,σ(τ)ĉi+x̂,σ(τ)
) (

ĉ†j+x̂,σ′ ĉj,σ′ − ĉ†j,σ′ ĉj+x̂,σ′

)〉

.

(3.30)

First, we derive one of the four terms in Eq. (3.30):

〈ĉ†i+x̂,σ(τ)ĉi,σ(τ)ĉ†j,σ′ ĉj+x̂,σ′〉

=
∑

n,m,k,l

ψn
i+x̂,σψ

m
i,σψ

k
j,σ′ψl

j+x̂,σ′〈c̃†n(τ)c̃m(τ)c̃†kc̃l〉

=
∑

n,m,n 6=m

ψn
i+x̂,σψ

m
i,σψ

m
j,σ′ψn

j+x̂,σ′〈c̃†n(τ)c̃m(τ)c̃†mc̃n〉
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+
∑

n,m,n 6=m

ψn
i+x̂,σψ

n
i,σψ

m
j,σ′ψm

j+x̂,σ′〈c̃†n(τ)c̃n(τ)c̃†mc̃m〉

+
∑

n

ψn
i+x̂,σψ

n
i,σψ

n
j,σ′ψn

j+x̂,σ′〈c̃†n(τ)c̃n(τ)c̃†nc̃n〉

=
∑

n,m,n 6=m

ψn
i+x̂,σψ

m
i,σψ

m
j,σ′ψn

j+x̂,σ′f(ǫn)(1 − f(ǫm))e(ǫn−ǫm)τ

+
∑

n,m,n 6=m

ψn
i+x̂,σψ

n
i,σψ

m
j,σ′ψm

j+x̂,σ′f(ǫn)f(ǫm)

+
∑

n

ψn
i+x̂,σψ

n
i,σψ

n
j,σ′ψn

j+x̂,σ′f(ǫn). (3.31)

In the above derivation, we have used the following relation:

c̃n(τ) = c̃ne
−ǫnτ . (3.32)

Similarly, the other three terms are:

〈ĉ†i+x̂,σ(τ)ĉi,σ(τ)ĉ†j+x̂,σ′ ĉj,σ′〉

=
∑

n,m,n 6=m

ψn
i+x̂,σψ

m
i,σψ

m
j+x̂,σ′ψn

j,σ′f(ǫn)(1 − f(ǫm))e(ǫn−ǫm)τ

+
∑

n,m,n 6=m

ψn
i+x̂,σψ

n
i,σψ

m
j+x̂,σ′ψm

j,σ′f(ǫn)f(ǫm)

+
∑

n

ψn
i+x̂,σψ

n
i,σψ

n
j+x̂,σ′ψn

j,σ′f(ǫn), (3.33)

〈ĉ†i,σ(τ)ĉi+x̂,σ(τ)ĉ†j+x̂,σ′ ĉj,σ′〉

=
∑

n,m,n 6=m

ψn
i,σψ

m
i+x̂,σψ

m
j+x̂,σ′ψn

j,σ′f(ǫn)(1 − f(ǫm))e(ǫn−ǫm)τ

+
∑

n,m,n 6=m

ψn
i,σψ

n
i+x̂,σψ

m
j+x̂,σ′ψm

j,σ′f(ǫn)f(ǫm)

+
∑

n

ψn
i,σψ

n
i+x̂,σψ

n
j+x̂,σ′ψn

j,σ′f(ǫn), (3.34)
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and

〈ĉ†i,σ(τ)ĉi+x̂,σ(τ)ĉ†j,σ′ ĉj+x̂,σ′〉

=
∑

n,m,n 6=m

ψn
i,σψ

m
i+x̂,σψ

m
j,σ′ψn

j+x̂,σ′f(ǫn)(1 − f(ǫm))e(ǫn−ǫm)τ

+
∑

n,m,n 6=m

ψn
i,σψ

n
i+x̂,σψ

m
j,σ′ψm

j+x̂,σ′f(ǫn)f(ǫm)

+
∑

n

ψn
i,σψ

n
i+x̂,σψ

n
j,σ′ψn

j+x̂,σ′f(ǫn). (3.35)

Adding these four terms up, taking into account the signs, substituting Eq. (3.30)

into Eq. (3.27), and performing the integration, we obtain the expression for the

current-current correlation:

Λxx(q = 0, iωM)

= −e
2t2

Ns

∑

n,m,n 6=m

Ψn,mf(ǫn)(1 − f(ǫm))
eβ(ǫn−ǫm) − 1

iωM + ǫn − ǫm

= −e
2t2

Ns

∑

n,m,n 6=m

Ψn,m f(ǫm) − f(ǫn)

iωM + ǫn − ǫm
, (3.36)

where

Ψn,m =
∑

i,j,σ,σ′

(ψn
i+x̂,σψ

m
i,σψ

m
j+x̂,σ′ψn

j,σ′ − ψn
i+x̂,σψ

m
i,σψ

m
j,σ′ψn

j+x̂,σ′

−ψn
i,σψ

m
i+x̂,σψ

m
j+x̂,σ′ψn

j,σ′ + ψn
i,σψ

m
i+x̂,σψ

m
j,σ′ψn

j+x̂,σ′). (3.37)

In Eq. (3.36), the f(ǫn) and f(ǫn)f(ǫm) terms do not appear because the contributions

from Eq. (3.31),(3.33)-(3.35) cancel, and the only terms that remain are those with

f(ǫn)(1−f(ǫm))e(ǫn−ǫm)τ . Now we need to find the imaginary part of Λxx by replacing

iωM in Eq. (3.36) with ω + iη (η → 0) and using the following identity

1

ω ± iη
= P 1

ω
∓ iπδ(ω), (3.38)
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where P denotes a Cauchy principal value (see Eq. (7.69) of [61]). We then have

ImΛxx(q = 0, ω) =
πe2t2

Ns

∑

n,m,n 6=m

Ψn,m(f(ǫm) − f(ǫn))δ(ω − (ǫm − ǫn)). (3.39)

Then, the real part of the AC conductivity is [62]

σ1(ω) =
ImΛxx(q = 0, ω)

ω
. (3.40)

To calculate the AC conductivity numerically, we broaden each delta function in

Eq. (3.39) using a Gaussian function given by

f(x) =
1

d
√

2π
e−(x−x0)2/2d2

. (3.41)

Here, x0 is where f(x) takes the maximum value, and d is the standard deviation

(or the broadening width). The same technique will also be used in calculating the

density of states in Chapter 5.

3.6 Summary

In this chapter, we have presented the real-space self-consistent Hartree-Fock approx-

imation as an approach for examining the Anderson-Hubbard model. This method is

variational in energy, and the state with the lowest energy is deemed as the Hartree-

Fock ground state.

Within the Hartree-Fock theory, the disorder is treated exactly, while the inter-

actions are treated approximately. After decoupling the interaction term (the four

fermion term), one obtains an effective one-electron Hamiltonian that is solved self-

consistently.

We have demonstrated the application of this method to a two-site cluster, both

ordered and disordered. For this small cluster the exact solutions are easily obtained.
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We have compared the HF and exact results of ground-state energies, E/t, local

charge densities, ni, and spin-spin correlation, 〈S1 · S2〉, and the overlap between the

HF and exact wave functions are calculated.

We note that HF solutions are paramagnetic for weak interactions, and antifer-

romagnetic for stronger interactions. For the ground-state energies, the HF theory

generally works well, and it works the best for strong disorders; see Fig. 3.3 for the

comparison. For the local charge densities (Fig. 3.4), the HF values are very close

to the exact ones, except around the transition location where the HF state goes

from being paramagnetic to antiferromagnetic. For the spin-spin correlation 〈S1 ·S2〉

(Fig. 3.5), the HF theory only works well in a regime of weak interactions; however,

it also works the best with strong disorder. The difference is large with strong in-

teractions, due to the fact that the fluctuations are ignored in the HF solutions. For

the wave functions, we have shown in the ordered case that the overlap is excellent

(above 97%) when the HF solutions are paramagnetic, and when the HF solutions

become magnetic for stronger interactions the overlap drops dramatically. However,

if the HF solutions with strong interactions are restricted to be paramagnetic, the

overlap is improved at the cost of getting worse ground-state energies, as shown in

Fig. 3.2.

In Chapter 4 we will examine the real-space self-consistent Hartree-Fock solutions

for disordered one-dimensional chains of up to ten sites, and a disordered 4 × 4 two-

dimensional lattice. All the results will be compared with the exact ones. In Chapter

5 we will apply the HF approximation method to large scale three-dimensional simple

cubic lattices.



Chapter 4

Critiquing the Real-Space

Self-Consistent Hartree-Fock

Approximation Using Small

Clusters

4.1 Overview

In the previous chapter, we have presented the scheme of the real-space self-consistent

Hartree-Fock approximation and have demonstrated its application to a very small

two-site system with two electrons. This approximate method has been used previ-

ously to study the Anderson-Hubbard model on large scale lattices. For example,

Heidarian and Trivedi [44] have found a novel metallic phase in two dimensions as

a combined effect of disorder and interactions; Fazileh et al. [40] have studied the

56
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metal-insulator transition in LiAlyTi2−y and have shown that strong interactions are

likely to be present in this compound. The quality of the conclusions drawn from

these studies depends on how well the Hartree-Fock approximation represents the

original Anderson-Hubbard model. To the best of our knowledge, an assessment of

this approximate method has not been available in the literature.

In this chapter, we examine the performance of the Hartree-Fock approximation

by comparing the wave functions of the Anderson-Hubbard model obtained using the

Hartree-Fock approximation with the exact results. Due to the enormous size of the

Hilbert space of the model, we focus on one-dimensional chains of up to 10 sites and a

4×4 two-dimensional lattice, both of which can be solved exactly. At half-filling, the

Hilbert spaces of the 10-site chain and the 4 × 4 lattice contain 63, 504 and roughly

166 millon states, respectively.

The quantities that we compare between the exact and HF solutions are: ground-

state energies, E/t, local charge densities, ni, the overlap between the wave functions,

|〈Ψex|ΨHF〉|, and one characterization of the spin-spin correlations, 〈Si · Sj〉, for the

nearest-neighbour sites i and j.

4.2 Linear Chain Comparisons

The Hubbard model on ordered one-dimensional chains has been studied by Lieb and

Wu [63]. They have solved the ground state exactly in the limit of an infinite lattice

size and have obtained the ground-state energy and wave function. However, in the

presence of disorder, only very small chains can be solved exactly. To be specific, the

largest half-filled chain that we solve exactly has 10 sites and 10 electrons.
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4.2.1 Finite-size effects

To examine finite-size effects, we look at the local charge densities of half-filled chains

with 4 to 14 sites. First, the on-site energies of the 4-site chain are randomly gen-

erated. We label the second and third sites with L and R, respectively, as shown in

Fig. 4.1(a), and periodic boundary conditions are imposed. Then, to generate the

i

Vi L R

(a)

i

Vi L R

(b)

Figure 4.1: The on-site energies of the 4-site (a) and 6-site (b) chains. The two sites
at the centre are labeled as L and R, respectively. The smaller chain is a subcrystal
of the larger one.

on-site energies of the 6-site chain, we add two sites (with random on-site energies)

to the 4-site chain, one on each end (see Fig. 4.1(b)), and again impose periodic

boundary conditions. And then, we keep adding lattice sites until the size of 14 is

reached. In this way, we ensure that the smaller chain is a subcrystal of the larger

one. As the chain size increases, we expect that each of the local charge densities on

sites L and R will converge. For the chains of sizes 4, 6, 8, and 10, we solve them

using exact diagonalization 1 and the Hartree-Fock approximation, respectively. The

chains of sizes 12 and 14 are solved only with the Hartree-Fock approximation.

Figure 4.2 shows the local charge densities of sites L and R in the linear chains

1The computer program that we use to solve the 10-site chain exactly with the Lanczos algorithm
was provided by Thomas McIntosh and Avid Farfoodfar.
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Figure 4.2: The local charge densities of sites L and R (see Fig. 4.1 for the labeling
of the sites) in the half-filled linear chains with a weak disorder W/t = 4/3. The
exact results are shown for sizes Ns = 4, 6, 8, and 10; the Hartree-Fock results are
shown for sizes Ns = 12 and 14. In the left panel, we show the charge densities for
Ns = 4, 8, and 12, where Ns/2 are even numbers; in the right panel, we show the
charge densities for Ns = 6, 10, and 14, where Ns/2 are odd numbers.

of sizes Ns = 4, 6, · · · , 14 with a weak disorder W/t = 4/3. Because the on-site

energy of the site L is lower than that of site R, the local charge density on site L is

larger than that on site R. The charge densities on the two sites L and R are different

when the interaction U/t is zero and both approach 1 as U/t is increased. It is clearly

shown in Fig. 4.2 that the chains of sizes Ns = 4, 8, and 12 (Ns/2 are even numbers)

suffer from finite-size effects in the regime of U/t between 0 and 0.8, while the charge

densities of the chains of sizes Ns = 6, 10, and 14 (Ns/2 are odd numbers) are all

fairly close to one another.
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For an intermediate disorder W/t = 4 (results not shown), the situation is quite

similar to that of the weak disorder, except that the chains with an even Ns/2 now

suffer from finite-size effects in the regime of U/t between 0 and 2.

With a strong disorder W/t = 12, finite-size effects are evident in the chains with

even Ns/2, as shown in Fig. 4.3(a). In contrast, the charge density on each of the sites

L and R with Ns = 10 is very close to that with Ns = 14, except for 0.8 < U/t < 5.5

(see Fig. 4.3(b)). Kaplan et al. [64] have chosen to study chains with an odd Ns/2 to
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Figure 4.3: The local charge densities of sites L and R (see Fig. 4.1 for the labeling
of the sites) in the half-filled linear chains with a strong disorder W/t = 12. The
exact results are shown for sizes Ns = 4, 6, 8, and 10; the Hartree-Fock results are
shown for sizes Ns = 12 and 14. In the left panel, we show the charge densities for
Ns = 4, 8, and 12, where Ns/2 are even numbers; in the right panel, we show the
charge densities for Ns = 6, 10, and 14, where Ns/2 are odd numbers.

avoid degeneracy [65] in the wave functions, which might be the cause of the finite-size

effects. We shall critique the Hartree-Fock approximation in the smallest chain that
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suffers from minimum finite-size effects. Therefore, for these reasons we discuss the

10-site chain at length.

4.2.2 Systems at 1/2-filling

(a) 4-site chain

Although the finite-size effects of the 4-site chain are strong, we find good agreement

between the HF and exact results in many aspects. It is also an advantage of this

small chain that we may show the charge density of each site and the 〈Si · Sj〉 for

each pair of nearest-neighbour sites. Therefore, we show these results first. The 4-site

chain that we have studied has the on-site energies given by

Vi = −W/4, −W/2, +W/2, and +W/6, for i = 1 to 4, (4.1)

where W characterizes the disorder strength, and we have taken W/t = 4/3, 4, and

12, which represents weak, intermediate, and strong disorder, respectively. There is

no symmetry in this chain, and it represents a fully disordered system. The ground-

state energies are obtained within the Hartree-Fock approximation and using exact

diagnolization, respectively.

In Fig. 4.4, we show the Hartree-Fock and exact energies vs. interaction strength

with different disorder strengths. The Hartree-Fock energies are in good agreement

with the exact ones, where the maximum absolute difference is less than 0.5t. With

stronger disorder, the energies agree well over a larger range of interaction strengths

starting from U/t = 0.

In Fig. 4.5, we show the Hartree-Fock and exact local charge densities for each

site. When U/t = 0, local charge densities are different on the four sites (the system
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Figure 4.4: Hartree-Fock (solid lines) and exact (dashed lines) ground-state energies
of the disordered 1/2-filled 4-site chain. Disorder strengths are W/t = 4/3, 4, and 12.

is inhomogeneous) even with a weak disorder W/t = 4/3. As the interaction strength

U/t increases, the local charge density on each site tends to 1, and the system becomes

homogeneous. There are transition points where the difference between the Hartree-

Fock results and the exact ones are largest. Away from these locations, the Hartree-

Fock results agree with the exact ones very well.

To quantify the agreement in the local charge densities, the average absolute

difference of the HF and exact charge densities is defined as

〈δn〉 =
1

Ns

Ns
∑

i=1

|nHF
i − nex

i |, (4.2)

whereNs is the number of sites, and nHF
i and nex

i are the HF and exact charge densities

at site i. The average absolute difference vs. interaction strength is plotted for the
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Figure 4.5: Hartree-Fock (solid lines) and exact (dashed lines) local charge densities
in the 1/2-filled 4-site chain with disorder strengths W/t = 4/3, 4, and 12. The
numbers on the curves label the sites. Charge densities on all sites becomes 1 in the
large U/t limit.

three disorder strengths in Fig. 4.6. With all three disorder strengths, the average

absolute difference 〈δn〉 is less than 0.04 for most of the values of U/t. However,

around several transition points, the average absolute difference is larger, e.g., 〈δn〉 =

0.043 at U/t = 0.6 with W/t = 4/3, and 〈δn〉 = 0.085 and 0.077 at U/t = 4.4

and 11.3, respectively, with W/t = 12. Even at these transition points, the average

absolute difference is less than 0.1. Since the range of 〈ni〉 is between 0 and 2, the

maximum difference possible between the exact and HF charge densities is 2. An

average absolute difference of 0.1 represents 5% of the maximum possible difference.
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Figure 4.6: The average absolute difference 〈δn〉 of the HF and exact local charge
densities in the 1/2-filled 4-site chain for disorder strengths W/t = 4/3, 4, and 12.

Now, we turn to the magnetic properties. In Fig. 4.7, we show one characterization

of the spin-spin correlations 〈Si ·Sj〉, where sites i and j are nearest neighbours. When

U/t = 0, the Hartree-Fock results are exact, and the agreement is good for small U/t.

In the large U/t limit, Hartree-Fock results tend to −1/4, while the exact ones tend

to −1/2. There is a large difference between the two because one ignores quantum

fluctuations in the Hartree-Fock approach. For a strong disorder W/t = 12, a good

agreement is found up to about U/t = 10 for three of the spin-spin correlations, but

not for 〈S4 · S1〉. For weak and intermediate disorder strengths, the agreement is not

good.

If the disorder strength is finite, in the large U/t limit, the Anderson-Hubbard

model can be mapped onto an effective antiferromagnetic Heisenberg model with a
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Figure 4.7: Hartree-Fock (thick lines) and exact (thin lines) 〈Si ·Sj〉 for the 1/2-filled
4-site chain, where i and j are nearest neighbours. The solid lines, dotted lines, and
dashed lines represent weak disorder (W/t = 4/3), intermediate disorder (W/t = 4),
and strong disorder (W/t = 12), respectively.

coupling constant J = 4t2/U (> 0). The minimization of the energy of the Heisenberg

Hamiltonian [66], given by

Ĥ = J(S1 · S2 + S2 · S3 + S3 · S4 + S4 · S1)

=
1

2
J

(

(S1 + S2 + S3 + S4)
2 − (S1 + S3)

2 − (S2 + S4)
2
)

, (4.3)

is achieved by making all of S1 +S2 +S3 +S4 = 0, S1 parallel with S3, and S2 parallel

with S4. Therefore, one has (S1 + S3)
2 = (S2 +S4)

2 = 2S(2S+ 1). The ground-state

energy is E0 = −J(2S)(2S + 1). Here, S = 1/2 for electrons, so, E0 = −2J and

〈Si · Si+1〉 = E0

4J
= −1

2
. This is in agreement with the exact results in the large U/t

limit. For the HF result, since it does not take fluctuations into account, the spins
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are classical, and the size of the spins tends to 1/2 in the large U/t limit. Therefore,

within the Hartree-Fock approximation, one has 〈Si · Si+1〉 = (−1
2
)(1

2
) = −1

4
.
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Figure 4.8: The overlaps between the Hartree-Fock and exact wave functions in the
1/2-filled 4-site chain with disorder strengths W/t = 4/3, 4, and 12.

In Fig. 4.8, the overlaps between the exact and HF wave vectors are plotted. The

overlaps for different disorder strengths begin at 100% where U/t = 0, and then

saturate to about 58% in the large U/t limit. However, if we draw a horizontal

line above the level of 58%, the larger the disorder strength, the longer (in terms of

U/t) it takes the overlap to approach this line. These observations indicate that the

Hartree-Fock approximation works best for systems with strong disorder.

However, when we look closer at the large overlap (98%) at U/t = 4 with strong

disorder W/t = 12, we find that it is dominated by several basis states with large

probability amplitudes. In Table 4.1, we list the largest three probability amplitudes
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for the basis states in the HF and exact wave functions. Here, the HF basis states are

the products of one-electron states. We calculate the product between each HF ampli-

tude and the corresponding exact amplitude, and also list each product in Table 4.1.

These three products add up to 93.6%, therefore making most of the contribution to

the overlap.

HF 0.835 0.352 0.352
Exact 0.747 0.444 0.444
Product 0.624 0.156 0.156

Table 4.1: The largest three probability amplitudes for the basis states in the HF and
exact wave functions for the 1/2-filled 4-site chain with W/t = 12 and U/t = 4. Each
product between the corresponding HF and exact amplitudes is shown.

Figure 4.8 shows points where the overlap curves start to drop dramatically. There

is one such point for each of the weak and intermediate disorder: U/t ≈ 0.6 for

W/t = 4/3, and U/t ≈ 1.6 for W/t = 4; and two points for the strong disorder

(W/t=12): U/t ≈ 4.4 and 11.4. These points are where local magnetic moments

start to develop in the system. For W/t = 4/3 and 4, magnetic moments show up

at all sites when U/t is greater than 0.6 and 1.6, respectively. However, for strong

disorder W/t = 12, moments first appear at sites 1 and 4 when U/t ≈ 4.4, while

the moments on sites 2 and 3 remain essentially zero until U/t ≈ 11.4, when the

moments on all sites become nonzero. Referring to Fig. 4.6 and earlier discussion,

we find that these points are where the average absolute difference 〈δn〉 of the charge

densities takes maximum value. These observations indicate that the formation of

local magnetic moments allows the HF theory to predict the local charge densities

correctly after the moment formation, however it makes the overlap between the wave
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functions worse.

(b) 10-site chain

For the half-filled 10-site chain, we take 10 realizations of disorder and obtain averaged

quantities. Figure 4.9 shows the average absolute difference between the Hartree-Fock
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Figure 4.9: The average absolute difference between the HF and exact ground-state
energies in the half-filled 10-site chain for disorder strengths W/t = 4/3, 4, and 12,
obtained by averaging over 10 realizations of disorder.

and exact ground-state energies for various interaction and disorder strengths. For

each disorder strength, the energy difference first increases and then decreases as the

interaction is increased. The maximum difference for all three disorder strengths is

about 1.3t. Comparing with the energy ranges of 20t to 30t (data not shown), this

difference is only about 4 ∼ 7%.
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For the charge densities, we obtain the average absolute difference 〈δn〉 for all

the sites and then average it over 10 realizations of disorder. The average absolute

difference vs. interaction strength is plotted in Fig. 4.10. The average absolute
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Figure 4.10: The average absolute difference 〈δn〉 for the HF and exact local charge
densities in the half-filled 10-site chain for disorder strengths W/t = 4/3, 4, and 12,
obtained by averaging over 10 realizations of disorder.

difference is quite small in the case of weak and intermediate disorder. However, with

a strong disorder W/t = 12 and when 3t ≤ U/t ≤ 9t, the average absolute difference

(between 0.05 and 0.07) is much larger than that for W/t = 4/3 and 4. Overall, we

may say that the Hartree-Fock approximation works well in reproducing the local

charge densities in the half-filled systems. We also note that as the interaction is

increased, the local charge density on each site goes to 1 in the large U/t limit.

Previously, we have seen that the Hartree-Fock approximation does not work well

for the spin-spin correlation 〈Si ·Si+1〉 for a smaller cluster, and this does not change
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for the half-filled 10-site chain. In the large U/t limit, the HF 〈Si · Si+1〉 goes to

−0.25, while the exact 〈Si · Si+1〉 goes to something below −0.4. The HF and exact

results are not even close for any nonzero value of U/t, except in the regime where

they are both very close to zero.

4.2.3 Systems away from 1/2-filling

We are mostly interested in the systems away from 1/2-filling. In this section, we

present the results obtained for the 4-site chain with 1/4-filling and the 10-site chain

with 3/10-filling.

(a) 4-site chain
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Figure 4.11: Hartree-Fock (solid lines) and exact (dashed lines) ground-state energies
of the 1/4-filled 4-site chain with disorder strengths W/t = 4/3, 4, and 12.

The ground-state energies for the 4-site chain are shown in Fig. 4.11. It is clear that
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the difference between the HF and exact energies decreases as the disorder strength

W/t increases. For W/t = 4/3, over the range of 0 ≤ U/t ≤ 16, the energy difference

increases monotonically and has a maximum of 0.67t. For W/t = 4 and 12, the

differences first increase and then decrease, and have maximum values of 0.38t (U/t =

5.1) and 0.35t (U/t = 4.6), respectively. Comparing with the energy range of 10t,

these differences are small.
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Figure 4.12: Hartree-Fock (solid lines) and exact (dashed lines) local charge densities
of the 1/4-filled 4-site chain with disorder strengths W/t = 4/3, 4, and 12. The
numbers on the curves label the sites. The charge distribution is inhomogeneous even
in the large U/t limit.

The HF and exact local charge densities ni are shown in Fig. 4.12. The distribution

of ni is inhomogeneous. For a weak disorder W/t = 4/3, ni are distributed about the

mean value of 0.5 at large U/t. Also at large U/t, for intermediate (W/t = 4) and
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strong (W/t = 12) disorder, ni ≈ 1 at the two sites with lower on-site energies, and

ni ≈ 0 at the two sites with higher on-site energies. This situation is different from

the 1/2-filling case discussed in the previous section. The inhomogeneity is caused by

the disorder as well as the electronic filling.

To characterize the agreement in the local charge densities, we calculate the aver-

age absolute difference 〈δn〉 for the HF and exact results as defined in Eq. (4.2). For

all three disorder strengths, 〈δn〉 vs. U/t is shown in Fig. 4.13. None of these curves
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Figure 4.13: The average absolute difference 〈δn〉 for the HF and exact local charge
densities in the 1/4-filled 4-site chain for disorder strengths W/t = 4/3, 4, and 12.

is monotonic. Over the regime of 6 ≤ U/t ≤ 16, 〈δn〉 decreases as U/t increases for

W/t = 12, however, it increases as U/t increases for W/t = 4/3 and 4. Also when

6 ≤ U/t ≤ 16, 〈δn〉 decreases as the disorder strength increases. For all three disorder

strengths, 〈δn〉 is less than 0.1 for 0 ≤ U/t ≤ 16.
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For the spin-spin correlations, 〈Si ·Sj〉, we note that the Hartree-Fock approxima-

tion does not reproduce the exact results quantitatively well unless when 〈Si · Sj〉 is

close to zero in the case of strong disorder (W/t = 12). For all U/t, the sites 3 and 4

are essentially unoccupied, as shown in Fig. 4.12. In this case, only 〈S1 ·S2〉 is found to
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Figure 4.14: Hartree-Fock (solid lines) and exact (dashed lines) 〈Si · Sj〉 of the 4-site
chain with 2 electrons with a strong disorder (W/t = 12).

be nonzero by using both the Hartree-Fock approximation and exact diagnolization.

However, Fig. 4.14 shows that the HF and exact 〈S1 ·S2〉 are not close to one another

unless for small U/t. For example, when U/t = 16 the exact 〈S1 · S2〉 is −0.70, while

the Hartree-Fock approximation produces −0.24. Again, this difference is due to the

fact that the quantum fluctuations are ignored.
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(b) 10-site chain

For the 10-site chain, we cannot do exactly 1/4-filling, because there will be 5 elec-

trons, and the Sz
total = 0 state cannot be achieved. However, we can do 6 electrons,

which is 3/10-filled, and we expect that the property of such a system is close to the

1/4-filled one.
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Figure 4.15: The average absolute difference between the HF and exact ground-state
energies of the 10-site chain with 6 electrons for disorder strengths W/t = 4/3, 4, and
12, averaged over 10 realizations of disorder.

In Fig. 4.15, we show the average absolute difference between the Hartree-Fock

and exact ground-state energies obtained with 10 realizations of disorder. For weak

(W/t = 4/3), intermediate (W/t = 4), and strong (W/t = 12) disorder, the average

energy differences first increase and then decrease as U/t is increased, and have max-

imum values of 1.4t, 1.0t, and 0.7t, respectively. This indicates a good agreement
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between the Hartree-Fock and exact ground-state energies.

The average absolute difference 〈δn〉 for the HF and exact charge densities is shown

in Fig. 4.16. For weak and intermediate disorder, the average absolute difference for
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Figure 4.16: The average absolute difference 〈δn〉 for the HF and exact local charge
densities of the 10-site chain with 6 electrons for disorder strengths W/t = 4/3, 4,
and 12, obtained with 10 realizations of disorder.

the charge densities is much greater than that in the 1/2-filled case. In the case of

strong disorder, the maximum value of the average absolute difference is about twice

of that of the 1/2-filled chain. We also note that for weak and intermediate disorder,

in the large U/t limit, the distribution of the local charge densities is inhomogeneous.

However, with strong disorder, the charge distribution is almost bimodal, i.e., 6 sites

are nearly singly occupied, and the other 4 sites are nearly empty. This is in contrast

with the 1/2-filled case, where the charge distribution becomes homogeneous in the
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large U/t limit. Thus, away from 1/2-filling, the strong interaction is not able to

completely screen the effect of disorder.

As for the spin-spin correlations, there is no agreement between the Hartree-Fock

and exact results when they are both away from zero. The Hartree-Fock approxima-

tion sometimes predicts a positive sign for the spin-spin correlation, while the exact

result is always negative.

4.3 Binary Alloy Model on a 4 × 4 Square Lattice

To examine the success of the Hartree-Fock approximation on a larger scale, we have

obtained exact states of a 4 × 4 square lattice with periodic boundary conditions

[67, 68]. In our numerical work, we have focused on a particular binary alloy lattice

with eight A sites and eight B sites, with the spatial configuration shown in Fig. 4.17.

Figure 4.17: The spatial configuration of the 4× 4 lattice. The filled circles represent
the A sites (Vi = +W/2), and the open circles represent the B sites (Vi = −W/2).
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The on-site energies are Vi = +W/2 on the A sites and Vi = −W/2 on the B sites.

The bandwidth of an ordered noninteracting square lattice with nearest-neighbour

hopping is 8t. We have obtained results for Hubbard interactions U/t = 4, 8, and 12,

in the weak to intermediate/strong disorder regimes W/t = 1, 2, 3, 4, 6, 7, 8, 9, 10,

and 12, with electronic fillings of 1/4, 3/8, and 1/2.

Since there is no translational symmetry in the disordered lattice, the Hilbert

space, with 1/2-filling, for example, contains 16-choose-8 squared (roughly 166 mil-

lion) states. We have diagonalized the Hamiltonian matrix and have obtained the

ground-state wave functions using the Lanczos algorithm 2. We have calculated the

ground-state energies, the local charge densities, and 〈Si · Sj〉 for nearest-neighbours

site i and j, where Si is the spin of site i. These quantities are also obtained with the

HF approximation and then compared with the exact results.

Before presenting detailed results, we note the atomic limit (t = 0) for the local

charge densities, for different electronic fillings.

1. At 1/2-filling (16 electrons): When U > W , there is 1 electron on each B site,

then it costs less energy for other electrons to choose A sites, and therefore

there is 1 electron on each A site. When U < W , after 1 electron occupies each

of the B sites, these sites are still energetically more favourable for the rest of

the 8 electrons. Therefore, the A sites are empty, and the B sites are doubly

occupied.

2. At 3/8-filling (12 electrons): When U > W , all the B sites are singly occupied.

The A sites are more favourable for the rest of the 4 electrons, and they are

evenly distributed on the eight A sites. So, the local charge density on each A

2The exact solutions for the 4 × 4 square lattice were obtained by Dr. Pak Wo Leung.
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site is 0.5 (= 4/8). When U < W , all the A sites are empty, and the charge

densities of each B site is 1.5 (= 12/8).

3. At 1/4-filing (8 electrons): No matter whether U > W or U < W , all the A

sites are empty, and all the B sites are singly occupied. This is because there

are only 8 electrons, and there are exactly eight B sites with lower potentials.

On this 50/50 binary alloy lattice, the Hubbard U is not expected to have much

influence at 1/4- and smaller fillings.

Since we only consider narrow bands, the hopping energy t is always small com-

paring to U and W . A nonzero t makes the local charge densities deviate from the

atomic limit. The lager the t, the larger the deviation. In the following, we will see

that the numerical results are in agreement with these limits.

At 1/2-filling and without interactions, the disorder alone sufficiently produces a

strong inhomogeneity in the local charge distribution. We show the exact local charge

densities with W/t = 4 and U/t = 0 in part (a) of Table 4.2. The A sites (Vi/t = 2)

have local charge densities between 0.140 and 0.284, while the B sites (Vi/t = −2)

have charge densities between 1.714 and 1.842. In part (b) of Table 4.2, we list the

exact local charge densities for U/t = 8. Now, the charge densities at all sites are

distributed around 1, within a range from 0.906 to 1.105. In part (c) of Table 4.2, we

show the HF charge densities for U/t = 8, W/t = 4, and 1/2-filling. Comparing to

the exact results shown in part (b) of Table 4.2, the largest difference is only 0.019.

Therefore, the Hartree-Fock method leads to a very good approximation. In this case,

the local moments are collinear, i.e., hi = 0.

However, away from half-filling, the distribution of the local charge densities is not

fully homogeneous, but bimodal, when the Hubbard interaction strength is greater
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(a) 1.755 0.140 0.284 1.825

0.262 0.189 1.778 1.752

0.177 1.714 0.173 0.261

1.842 0.251 1.771 1.827

(b) 1.082 0.941 0.906 1.057

0.919 0.925 1.091 1.080

0.925 1.105 0.913 0.918

1.075 0.910 1.094 1.060

(c) 1.064 0.959 0.919 1.039

0.937 0.941 1.079 1.063

0.941 1.095 0.925 0.935

1.061 0.922 1.079 1.041

Table 4.2: On the 4×4 lattice with a binary alloy disorder, (a) the exact local charge
densities are listed for the U/t = 0 noninteracting ground state at 1/2-filling for
W/t = 4; (b) shows analogous data, but now for the exact interacting systems with
U/t = 8; (c) shows the local charge densities with U/t = 8 calculated within the
Hartree-Fock approximation.

than or equal to the disorder strength. For example, with U/t = 8 and W/t = 4 at

3/8-filling, the local charge densities of A sites are peaked at roughly 0.5; those of B

sites, 1.0. See the results listed in Table 4.3.

We find that Hartree-Fock theory does a good job in finding local charge densities

for all U/t, W/t, and electronic fillings. One particular example for U/t = 8 and

W/t = 12 at 1/4-filling is shown in Table 4.4, where the largest difference between

the exact and HF charge densities is only 0.002! The results for 1/4-filling have been

predicted previously in the atomic limit (t = 0). It seems that the disorder screens the

Hubbard interactions, but this is only a special case for the binary alloy model. When

the disorder obeys a box distribution, the distribution of the local charge densities
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0.990 0.510 0.535 1.005

0.596 0.439 1.005 0.991

0.525 1.020 0.449 0.515

0.997 0.442 1.000 0.982

Table 4.3: The exact local charge densities for U/t = 8 and W/t = 4 at 3/8-filling
on the 4× 4 lattice with a binary alloy disorder. The distribution of the local charge
densities is bimodal.

(a) 0.987 0.008 0.019 0.990

0.015 0.015 0.981 0.984

0.015 0.972 0.022 0.015

0.987 0.021 0.983 0.986

(b) 0.987 0.008 0.019 0.990

0.014 0.014 0.981 0.986

0.015 0.972 0.021 0.014

0.987 0.021 0.983 0.988

Table 4.4: On the 4×4 lattice with a binary alloy disorder, (a) exact and (b) Hartree-
Fock charge densities are obtained for U/t = 8 and W/t = 12 at 1/4-filling.

deviates from bimodal (data not shown).

All these results agree with the limiting situations mentioned earlier, and some of

them indicate that the Hubbard interaction is very effective in screening the disorder

potentials, i.e., the inhomogeneous charge distribution without interactions becomes

homogeneous when interactions of certain strength are present. This is not exclusive

to the binary alloy. In fact, if the on-site potentials Vi obey a box distribution, i.e.,

Vi are randomly chosen from the range of [−W/2,W/2], the Hubbard U (> W ) also

screens the disorder potentials. In this case, the local charge densities obtained using

the HF approximation are listed in Table 4.5.
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0.982 1.014 0.976 1.059

1.030 0.993 0.989 0.963

0.994 1.011 1.022 0.967

1.021 1.007 0.974 0.998

Table 4.5: The HF charge densities for the 1/2-filled 4 × 4 lattice with a box distri-
bution type of disorder. The interaction strength is U/t = 8, and Vi are randomly
chosen from the range of [−W/2,W/2] with W/t = 4. The charge densities are ho-
mogeneous, indicating that the Hubbard U effectively screens the random disorder
potentials.

Characterizing the screening of the disorder potential by the Hubbard interactions

is an important aspect of understanding such an disordered system with interactions.

We have studied a simplified model that reproduces the local charge densities. Within

this model, we solve for the noninteracting electrons with screened disorder potentials,

i.e., we replace each on-site energy by an effective potential given by

Vi → V eff
i =

Vi

ε
. (4.4)

We solve for the dielectric constant ε by minimizing the mean-squared difference

between the local charge densities of this model and those of the disordered interacting

model obtained exactly. This model is very successful, and in Table 4.6 we see the

agreement for W/t = 12 and U/t = 8 at 1/2-filling. In this case we find ε ≈ 2.6.

We repeat this procedure for other interaction and disorder strengths. The ε vs.

W/t curves for U/t = 4, 8, and 12 at 1/2-filling are shown in Fig. 4.18. We find that

the dielectric constants are small for large disorder and start to increase dramatically

at some critical points as W/t is decreased. A very large dielectric constant makes

the effective disorder potentials very close to zero, which might indicate the presence

of a metal-insulator transition.
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(a) 1.811 0.110 0.219 1.875

0.193 0.145 1.821 1.813

0.140 1.775 0.143 0.199

1.870 0.192 1.819 1.874

(b) 1.813 0.106 0.231 1.874

0.199 0.148 1.816 1.806

0.141 1.759 0.147 0.199

1.873 0.199 1.811 1.877

Table 4.6: On the 4 × 4 lattice with a binary alloy disorder, (a) the exact local
charge densities are given for the U/t = 8 interacting ground state at 1/2-filling for
W/t = 12; (b) shows analogous data, but now for the noninteracting system in which
the impurity potential W/t = 12 is screened as in Eq. (4.4), for a static, homogeneous
dielectric constant of ε ≈ 2.6.

The spin-spin correlations 〈Si ·Sj〉 found with the Hartree-Fock do not agree with

the exact ones well. Sometimes, the difference is as large as 20%. However, we find

interesting results where the spins are non-collinear (but coplanar) when W/t = 7

and 8 for U/t = 8. Here, we allow the spins to develop in the xz-plane, and the

effective fields h+
i = h−i = hi are real. The W/t = 7 spin configuration is shown in

Fig. 4.19. This is in the same parameter regime (U ∼ W ) where a novel metallic

phase was found in two dimensions [44]. If we restrict the spins in the z-axis and

h±i = 0, then we obtain a restricted HF solution. The energy of this restricted HF

solution is higher than the energy of the real h±i HF solution. Also, the charge

densities of the real h±i HF solution is closer to the exact results than the restricted

HF solutions. Therefore, the real h±i HF solutions are better than the restricted HF

solutions. However, allowing the effective fields h±i to be complex does not lead to

eigenstates with a lower energy for the 4 × 4 square lattice studied here.
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Figure 4.18: For the 4 × 4 lattice with a binary alloy disorder, the symbols show the
values of the dielectric constant ε with various disorder strengths W/t at 1/2-filling.
Interaction strengths are U/t = 4 (circles), 8 (squares), and 12 (diamonds).

4.4 Summary

To obtain the Hartree-Fock solutions, one shall allow maximum degree of freedom

for the spins. With the above discussion, we may conclude that Hartree-Fock works

quite well in predicting ground-state energies and local charge densities in these small

clusters both at and away from 1/2-filling. However, for the nearest-neighbour spin-

spin correlations 〈Si · Si+1〉, Hartree-Fock fails to make a good approximation to

the exact results with any disorder strength. In the case of 1/2-filling, evidence of

screening of the disorder potentials due to strong interactions is shown. However,

away from 1/2-filling, the screening of disorder is not complete.
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Figure 4.19: The spin configuration for W/t = 7 and U/t = 8 at 1/2-filling on the
4 × 4 lattice with a binary alloy disorder. The filled circles represent A sites and
the open circles represent B sites. Each vector represents the Hartree-Fock magnetic
moment on that site.



Chapter 5

Metal-Insulator Transitions in

Three Dimensions

5.1 Overview

Fazileh et al. [40, 69] have studied the metal-insulator transition of the Al-doped

LiTi2O4 with a quantum site percolation model. They have shown that the disorder

alone does not account for the transition that takes place at yc ∼ 0.33. However,

when they included a Hubbard on-site interaction, a transition at yc = 0.3 is found

with an intermediate interaction strength (U/t = 12). Shown in Fig. 5.1 is the density

of states for a single realization of disorder with y = 0.3 and U/t = 4, 8, and 12 for

a LiAlyTi2−yO4 system with 16, 000 sites. For U/t = 4, there is no suppression in

the density of states at the Fermi level. For U/t = 8, a suppression appears, and the

density of states at the Fermi level for U/t = 12 is almost zero. Using the inverse

participation ratio, which is one way of analyzing the nature of the eigenstates around

the Fermi level, they have shown that a transition occurs at U/t = 12. Therefore,

85
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Figure 5.1: Density of states for a single realization of disorder with y = 0.3 and
U/t = 4, 8, and 12 for a LiAlyTi2−yO4 system with 16, 000 sites. Taken from Fazileh
et al. [40].

interactions might be an important ingredient for the metal-insulator transition in

the LiAlyTi2−yO4 system.

This system was studied with a quantum site percolation plus Hubbard model

(see discussion in Chapter 1) within the real-space self-consistent Hartree-Fock ap-

proximation. Further, in those studies, the effective local fields were restricted to the

z-axis, i.e., h±i = 0.

The LiAlyTi2−yO4 system that Fazileh et al. have studied is a complicated, frus-

trated corner-sharing tetrahedral lattice. We would like to know if their results are

particular to this type of lattice. The type of disorder they have employed is the

quantum site percolation model, where the sites occupied by an Al-ion are considered
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as they have been removed from the lattice and are not available to the conduction

electrons. We would like to know if their results can be reproduced with other types

of disorder model.

In this chapter, we present the main results of this thesis, which are the following:

1. Local magnetic moment formation is essential to the suppression of the den-

sity of states at the Fermi level, and therefore essential to the metal-insulator

transitions studied in this chapter.

2. While the appearance of the local moments is required, the form of the magnetic

moments does not matter. The moments can be restricted to the z-axis, or the

moments can be allowed to develop in the xz-plane.

3. The results do not depend on the type of lattice, i.e., the suppression in the den-

sity of states and metal-insulator transition are also found in three-dimensional

simple cubic lattices.

4. The results do not depend on the type of disorder, i.e., we obtain similar results

when a model with a box distribution of on-site energies is adopted.

In the work of Fazileh et al., the metallicity of the LiAlyTi2−yO4 was determined

by analyzing the states (whether extended or localized) around the Fermi level using

the inverse participation ratio. To characterize the transport properties of the system

directly, we calculate the real part of its frequency-dependent AC conductivity. By

extrapolating the real part of the AC conductivity to zero frequency, one can obtain

the DC conductivity, and thus directly examine whether of not the ground states

obtained within this approximation correspond to metallic or insulating systems.
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5.2 Variation of the Density of States

First, we examine the variation of the density of states produced in three-dimensional

simple cubic lattices when both disorder and interactions are present. We solve the

Anderson-Hubbard model using the Hartree-Fock approximation with real effective

fields h±i . For each set ofW/t and U/t, self-consistency is achieved when the maximum

absolute difference of all the variational parameters between two consecutive iterations

is less than a certain tolerance value. We also note that in our calculations the average

absolute difference is usually one order of magnitude smaller than the maximum

absolute difference achieved.

After self-consistency is achieved for the Hartree-Fock solutions, we obtain effective

single-electron energies {En}. The density of states is the sum of all the delta functions

at the energy levels:

DOS(E) =
∑

n

δ(E −En). (5.1)

To calculate the density of states, we broaden each delta function using a Gaussian

function given by

f(x) =
1

d
√

2π
e−(x−x0)2/2d2

, (5.2)

where x0 is where f(x) takes maximum value, and d is the standard deviation (or the

broadening width).

Now, we want to know what is needed and what is not for the suppression of

density of states at the Fermi level. To answer this, we examine a three-dimensional

simple cubic lattice, which is bipartite and therefore unfrustrated, and the type of

disorder is chosen to be the uniform box distribution type. In the work of Fazileh

et al., the moments were restricted to be along the z-axis, which means that the

effective fields are h±i = 0. Here, we perform the Hartree-Fock calculations within
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two different situations. First, we further restrict the system to be paramagnetic, i.e.,

we do not allow the formation of local moments. Second, we relax the restriction of

the moments being along the z-axis, and allow them to form in the xz-plane, i.e., h±i

is nonzero but real.

We have calculated the density of states for a three-dimensional simple cubic

lattice and show some of our results in Fig. 5.2. The lattice size is 183, and the
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Figure 5.2: Density of states of a three-dimensional simple cubic lattice. The lattice
size is 183, and the electronic filling is 1/4. The interaction strength is U/t = 11.5,
and the disorder strength is W/t = 6. The non-paramagnetic HF result (red dashed
curve) shows a strong suppression of the density of states at the Fermi level, however,
the paramagnetic HF result (black solid curve) shows no suppression.

electronic filling factor is 1/4. The interaction strength is U/t = 11.5, where the

density of states at the Fermi level has a maximum suppression, and the disorder
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strength is W/t = 6. The non-paramagnetic HF result shows a strong suppression of

the density of states at the Fermi level; however, the paramagnetic HF result shows

no suppression.

Since we only found a suppression of the density of states with non-paramagnetic

HF solutions, both with h±i = 0 and h±i being real, the magnetic moments are es-

sential to the suppression and to the metal-insulator transition, at least within the

HF context. The moments found for the real h±i HF ground state are strongly non-

collinear; therefore, the restriction of collinear moments employed in Refs. [40, 69] is

not important to the suppression. Also, the type of lattice does not matter because

the suppression is found both for the frustrated corner-sharing tetrahedra lattices (in

Refs. [40, 69]) and for the unfrustrated simple cubic lattices studied in this chapter.

Also, the type of disorder does not matter, since the suppression is found either with a

quantum site percolation model (in Refs. [40, 69]) or with a uniform box distribution

type of disorder.

Now, we consider the variation of the density of states in more detail. We calculate

the density of states for a 1/4-filled three-dimensional simple cubic lattice of size 123

for various strengths of interaction U/t = 0, 1, 2, . . . , 8, 9, and 11.5. The on-site

energies obey a uniform box distribution, and the disorder strength is W/t = 6.

Results are averaged over 4 realizations of disorder. The maximum differences (see

Chapter 3 for discussion) for the self-consistency are between 2 × 10−5 (for U/t = 1

and 2) and 1.2 × 10−3 (for U/t = 11.5). To obtain a good representation for the

density of states, we vary the size of the Gaussian broadening width d and choose

the one that works the best. In Fig. 5.3, we show the density of states of this system

obtained with d = 0.048t (a) and 0.024t (b), respectively. We note that the curves in
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Figure 5.3: Density of states of the Anderson-Hubbard model on a 1/4-filled three-
dimensional simple cubic lattice of size 123, obtained using the Hartree-Fock approx-
imation. For an intermediate disorder strength W/t = 6, results without interactions
(U/t = 0) and with interaction strengths U/t = 1, 2, . . . , 6, 9, and 11.5 are obtained
with 4 realizations of disorder. The vertical line represents the Fermi level. The
Gaussian broadening widths are d = 0.048t (a) and 0.024t (b).

Fig. 5.3 (a) are smooth and well separated from one another around the Fermi level.

However, those in Fig. 5.3 (b) are bumpy and not well separated. Both (a) and (b) of

Fig. 5.3 show a suppression of the density of states for U/t ≥ 4, although, the density

of states at the Fermi level with d = 0.048t is greater than that with d = 0.024t (for a

chosen U/t). We therefore choose d = 0.048t as the broadening width for the density

of states of this system.

As shown in Fig. 5.3 (a), for U/t = 0 to 3, each density of states does not show

any suppression. In fact, the density of states at the Fermi level is enhanced as the

interaction is turned on and increased. The suppression appears for the first time
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when U/t = 4, and the amount of the suppression increases as U/t is increased.

Altshuler and Aronov [70] have studied a disordered Fermi liquid by treating

the interaction to lowest order using a perturbation theory and treating the weak

impurity scattering using the AGD diagrammatic technique [71]. They have shown,

if the electronic interactions are of exchange type, that the density of states near the

Fermi level undergoes a suppression that goes as ∼ |E −EF |1/2 (see Fig. 5.4 of Mott

[72]). However, if the interactions are mainly of Hartree (direct) type, the density

of states near the Fermi level will be enhanced [72]. This is different from what we

have obtained. There are no electronic interactions of exchange type in the Hubbard

model, and we see a suppression of the density of states near the Fermi level when

the strength of interactions are strong enough. For weak interactions, the density of

states near the Fermi level is enhanced, consistent with theory.

5.3 Drude Model and Noninteracting Electrons

5.3.1 Drude model

The Drude model was proposed by P. Drude [73, 74] at the turn of the last century,

shortly after J.J. Thomson discovered the electron. Its description can be found in

any standard textbook of solid state physics (see Ref. [66], for example). Although it

fails to account for some metallic properties due to the free electron approximation,

its successes are considerable, and it is still used as a simple way to characterize

transport properties.

Here, we list some main results of the Drude model. The DC conductivity is given
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by

σ0 =
ne2τ

m
, (5.3)

where n is the number density of electrons, e is the magnitude of the electronic charge,

τ is the relaxation time, and m is the mass of the electron. When a current is induced

by a time-dependent electric field, the Drude model predicts the frequency-dependent

AC conductivity to be

σ(ω) =
σ0

1 − iωτ
, (5.4)

where σ0 is the DC conductivity given by Eq. (5.3), and ω is the frequency of the

electric field. The real part of σ(ω) is then given by

σ1(ω) =
σ0

1 + ω2τ 2
. (5.5)

We note that the above expression reduces to the correct DC conductivity as ω → 0.

Also, we note that in the limit of large frequencies, σ1 ∼ ω−2, and we will see that

some of our results satisfy this relation.

In Fig. 5.4, we plot σ1(ω)m/e2 = nτ/(1 + ω2τ 2) vs. ω for two different relaxation

times: τ = 1 and 0.3, for the fixed electronic density n = 1. We note that the DC

conductivity is proportional to the relaxation time. However, in the high-frequency

regime, the AC conductivity with a smaller relaxation time has larger values.

5.3.2 Noninteracting Electrons

Low-frequency behaviour of the AC conductivity in the Anderson model

Kroha [75] has studied the Anderson model in three dimensions with a diagrammatic

self-consistent theory, where local effects are included. In particular, he included
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Figure 5.4: The AC conductivity σ1(ω)m/e2 = nτ/(1 + ω2τ 2) vs. ω for two different
relaxations times: τ = 1 and 0.3, where the electronic density is n = 1.

coherent back scattering and therefore properly accounted for the localization of elec-

trons via disorder.

He showed that in the metallic region (W < Wc, where Wc is the critical disorder),

σ1(ω) near ω = 0 goes as σ1(ω) − σ0 ∼ √
ω, where the DC conductivity σ0 > 0. At

the transition (W = Wc), σ0 vanishes and σ1(ω) ∼ ω1/3. In the insulating phase

(W > Wc), σ1(ω) ∼ ω2 in the low-frequency regime.

Weisse [76] has numerically calculated the AC conductivity of the Anderson model

using a Chebyshev expansion approach. The complexity of this algorithm is linear

in the system size, and therefore, it allowed him to study very large lattices (up to

1003 !) with many realizations of disorder (about 400) and obtain data with high

precision. The numerical low-frequency data of the AC conductivity of Weisse [76]
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confirms the power-law behaviour obtained analytically by Kroha [75].

Application of the Kubo formula to the Anderson model

We now apply the Kubo formula to calculate the AC conductivity of the Anderson

model. See the procedures in Chapter 3. First, we examine the high-frequency

behaviour of the AC conductivity for the Anderson model on simple cubic lattices

of size 143 with 1/4-filling for a weak disorder strength (W/t = 1) with 14 different

realizations of disorder. In Fig. 5.5, we show the numerical data for σ1(ω/t)/(πe
2t2)
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Figure 5.5: The frequency-dependent AC conductivity for a half-filled Anderson
model on simple cubic lattices of size 143 for a very weak disorder strength of W/t = 1
with 14 realizations, obtained using the Kubo formula. The solid curve shows the
numerical data, and the dashed curve shows the power-law fit over the frequency
range of 0.2 < ω/t < 0.9. The high-frequency behaviour of σ1(ω) is Drude-like, i.e.,
σ1(ω) ∼ ω−2. The inset shows the AC conductivity on a larger frequency range of
0.02 < ω/t < 0.9. The Gaussian broadening width is d = 0.01t.
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vs. ω/t, as well as the power-law fit over the frequency range of 0.2 < ω/t < 0.9. The

power-law fit gives

σ1(ω/t)/(πe
2t2) = (0.0393 ± 0.0009)(ω/t)−2.00±0.03. (5.6)

The exponent is essentially −2, and therefore the high-frequency behaviour of the

AC conductivity is Drude-like, as in Eq. (5.5). We also note the presence of a Drude

peak in the low-frequency regime. These results are what we expect for the Anderson

model with such a weak disorder strength.
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Figure 5.6: The frequency-dependent AC conductivity for a 1/4-filled Anderson model
(W/t = 6) on simple cubic lattices of sizes 103 (5 realizations), 143 (2 realizations),
and 183 (1 realization), obtained by using the Kubo formula. The AC conductivity
curves are almost flat over the regime of 0.0 < ω/t < 0.9. This figure shows that
finite-size effects are small for lattice sizes L ≥ 10. The Gaussian broadening width
is d = 0.01t.

Also, we calculate the AC conductivity for the Anderson model with 1/4-filling
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and the disorder strengthW/t = 6 on simple cubic lattices of sizes 103 (5 realizations),

143 (2 realizations), and 183 (1 realization) using the Kubo formula. We choose these

numbers of disorder realizations so that each lattice size has roughly the same number

(5000) of eigenstates. As shown in Fig. 5.6, the conductivity is almost flat and does

not vary much with the lattice size in the frequency region of 0 < ω/t < 0.9. This

suggests that the algorithm properly accounts for the finite-size effects, and that the

conductivity is independent of the system size for lattices of this spatial extent.
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Figure 5.7: The frequency-dependent AC conductivity for the half-filled Anderson
model on a simple cubic lattice of size 103 for various strengths of disorder W/t = 8
to 28, each with 50 realizations, obtained by using the Kubo formula. The dashed
curves show the numerical data, and the solid lines show the linear fits. The Gaussian
broadening width is d = 0.01t.

Finally, we calculate the AC conductivity for the Anderson model on simple cubic
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lattices of size 103 with half-filling for various disorder strengths W/t between 8 and

28, including the critical disorder Wc/t = 16.5, each with 50 realizations of disorder.

The σ1(ω/t)/(πe
2t2) vs. ω/t curves are shown in Fig. 5.7. Also shown in Fig. 5.7

is the linear fit for each conductivity curve. It is clear that as the disorder strength

increases, the AC conductivity decreases. Our data is quite similar to the data shown

in the inset of Fig. 2 of Weiss’s paper [76], in which much larger lattices (up to 1003)

were studied.

5.4 Variation of the AC Conductivity

Having examined the results for the AC conductivity of noninteracting systems calcu-

lated using the Kubo formula, we now apply this algorithm to the Anderson-Hubbard

model, which includes interactions.

5.4.1 Gaussian broadening for the AC conductivity

We first examine the AC conductivity obtained with different values of the Gaussian

broadening width d in Eq. (5.2) and select a proper value for d.

For a three-dimensional simple cubic lattice of size 123 with disorder strength

W/t = 6 and interaction strength U/t = 6, we calculate the AC conductivity with

broadening widths d = 0.012t, 0.03t, and 0.06t; results are shown in Fig. 5.8. Because

the broadening width d has a finite value, the contributions of frequencies between 0

and d makes the imaginary part of the current-current correlation function ImΛ(q =

0, ω) = ωσ1(ω) nonzero around ω = 0. As a result, when calculating σ1(ω) by dividing

ImΛ(q = 0, ω) by ω, we obtain diverging σ1(ω) around ω = 0. The divergence is not
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Figure 5.8: AC conductivity for a 1/4-filled three-dimensional simple cubic lattice
of size 123 with a disorder strength of W/t = 6 (4 realizations of disorder) and
interaction strength U/t = 6, obtained using the Hartree-Fock approximation and
the Kubo formula. Three different broadening widths are used: d = 0.012t (dotted
line), 0.03t (solid line), and 0.06t (dashed line). The broadening width d = 0.03t is
chosen for the rest of the calculations because the conductivity curve is smooth and
retains much of the low-frequency behaviour.

the physics of the system being investigated, but an artifact due to the fact that the

broadening width d is finite. We expect this to go away when we choose d→ 0, which

requires that we have lots of data points near ω = 0. Therefore, we have to cut off

the conductivity curves at low frequencies (∼ d) where they “turn up”. We note that

the conductivity curve with d = 0.012t is bumpy, and that with d = 0.06t starts to

diverge at quite a large frequency of ω/t = 0.09. We therefore choose d = 0.03t as the

broadening width because the corresponding conductivity curve is smooth and still

retains much of the low-frequency behaviour.
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One way of obtaining a smooth extrapolation of σ1(ω) to ω = 0 in the low-

frequency region was proposed by Kobayashi et al. [77]. When they calculated

the AC conductivity in two dimensions, they fit the imaginary part of the current-

current correlation function ImΛxx(q = 0, ω), given in Eq. (3.39), using a third order

polynomial function

ImΛxx(q = 0, ω) = ωσ1(ω) = a1ω + a2ω
2 + a3ω

3, (5.7)

in the low-frequency region, and then, they obtained the low-frequency AC conduc-

tivity

σ1(ω) = a1 + a2ω + a3ω
2, (5.8)

which is a second order polynomial. However, this might not be physical, and it

artificially fixes the exponents of the low-frequency AC conductivity that we are

trying to find in the next subsection. Therefore, we will not do the polynomial fitting

for ImΛxx(q = 0, ω).

5.4.2 Density of states and AC conductivity of

three-dimensional simple cubic lattices

We have calculated the density of states and AC conductivity for the Anderson-

Hubbard model on a 1/4-filled three-dimensional simple cubic lattice with a box

distribution type of disorder. First, we show results for a lattice of size 123. Also,

we choose an intermediate disorder strength of W/t = 6, which is half of the non-

interacting bandwidth (W/t = 12) when the system is ordered, and average over 4

realizations of disorder. We increase the interaction strength U/t from zero up to

roughly 12.
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Figure 5.9: Density of states (a) and AC conductivity (b) for a 1/4-filled three-
dimensional simple cubic lattice of size 123 with an intermediate disorder (box distri-
bution) W/t = 6 (4 realizations of disorder) with no interactions (U/t = 0) and with
Hubbard interaction of strengths U/t = 1, 2, and 3, obtained using the Hartree-Fock
approximation. The density of states does not show any suppression at the Fermi
level, and it increases as the interaction strength U/t increases; the low-frequency
conductivity is enhanced as U/t is increased. The AC conductivity is Drude-like.
The Gaussian broadening widths are d = 0.048t (a) and 0.03t (b).

The results for the noninteracting case (U/t = 0) and for interactions U/t = 1,

2, and 3 are shown in Fig. 5.9. The black solid lines in Fig. 5.9 (a) and (b) repre-

sent the density of states and the AC conductivity for the noninteracting electrons,

respectively. The AC conductivity has a shape that is typical of a metal, but the

low-frequency peak is broad. When we turn on the interaction to U/t = 1 (red dot-

ted lines), we see an enhancement in the density of states at the Fermi level. The

low-frequency AC conductivity also increases from the noninteracting value. These
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Figure 5.10: Density of states (a) and AC conductivity (b) for a 1/4-filled three-
dimensional simple cubic lattice of size 123 with a disorder of strength W/t = 6 (4
realizations of disorder) and Hubbard interaction of strengths U/t = 3, 4, 5, and
6. Each of the density of states for U/t = 4, 5, and 6 shows a suppression at the
Fermi level, and the amount of the suppression increases as U/t increases. The low-
frequency conductivity decreases as U/t increases. The AC conductivity is no longer
Drude-like for U/t ≥ 4.

enhancements could be a result of the screening of the disorder by the Hubbard in-

teractions (for example, see the discussion in Chapter 4). As the interaction strength

U/t increases to 2 (green dashed lines) and 3 (blue dash dotted lines), we find that

the density of states at the Fermi level and the low-frequency AC conductivity are

both further enhanced. Therefore, a weak interaction of U/t ≤ 3 enhances the low-

frequency AC conductivity of disorder electrons with W/t = 6.

The results for interactions U/t = 3, 4, 5, and 6 are shown in Fig. 5.10. A

suppression of the density of states at the Fermi level first appears for U/t = 4, and
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its value is smaller than that of the noninteracting electrons and that of the U/t = 3

system. The low-frequency conductivity for U/t = 4 is also smaller than that of the

U/t = 3 system; however, it is still greater than that of the noninteracting electrons.

As the interaction strength U/t increases to the values of 5 and 6, the amount of the

suppression of the density of states at the Fermi level increases, and the low-frequency

conductivity decreases. Each of the AC conductivity curves still extrapolates to a

nonzero value when the frequency ω/t→ 0. We note that starting from U/t = 5, the

low-frequency conductivity is smaller than that of the noninteracting electrons. More

importantly, the AC conductivity for U/t = 4, 5, and 6 is no longer Drude-like.

We show the results for interaction strengths U/t = 6, 9, and 11.5 in Fig. 5.11.

Compared to U/t = 6, the density of states at the Fermi level gets further suppressed.

However, the amount of the suppression for U/t = 9 and 11.5 are not that different.

It is very clear that, on the scale of Fig. 5.11, the DC conductivity for U/t = 9 and

11.5 are both zero. The AC conductivity for U/t = 9 and 11.5 both increase as ω/t

increases up to the value of ω/t ∼ 3.

We fit the AC conductivity for U/t = 6, 9, and 11.5 with power-law relations. For

U/t = 6, the system appears to be metallic, and we fit 1 its AC conductivity using

the following equation:

σ1(ω) = πe2t2(σ′
0 + βωα), (5.9)

where σ′
0, β, and α are the parameters to be determined. The range of frequency over

which we choose to fit the data is 0.04 < ω/t < 1.2, and we obtain

σ1(ω/t)/(πe
2t2) = (0.002 ± 0.001) + (0.145 ± 0.001)(ω/t)0.501±0.007. (5.10)

1We used a JavaScript program for nonlinear least-squares regression provided by John C. Pez-
zullo at http://statpages.org/nonlin.html.
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Figure 5.11: Density of states (a) and AC conductivity (b) for a 1/4-filled three-
dimensional simple cubic lattice of size 123 with a disorder of strength W/t = 6
(4 realizations of disorder) and Hubbard interaction of strengths U/t = 6, 9, and
11.5. Each density of states shows a suppression at the Fermi level, and the low-
frequency conductivity is also suppressed. The blue, solid lines are the power-law fits
(Eqs. (5.10), (5.12), and (5.13)). The AC conductivity for U/t = 6 extrapolates to
a nonzero DC conductivity as ω/t → 0, however, the DC conductivity for U/t = 9
and 11.5 are both very close to zero. Therefore, a metal-to-insulator transition takes
place at a critical U/t between 6 and 9.

Here, the uncertainties are one standard deviation. We learn from this power-law

fit that the DC conductivity for the system with W/t = U/t = 6 is σ0 = (0.002 ±

0.001) πe2t2, which is quite close to but still above zero. Therefore, we expect that the

system is a metal. We also see that the exponent of the frequency is α = 0.501±0.007,

which is the exponent (0.5) that appears in the AC conductivity of noninteracting

electrons with a strong disorder, in the metallic regime close to the transition [75],

where σ1(ω) near ω = 0 goes as σ1(ω) − σ0 ∼
√
ω.
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We fit the AC conductivity for U/t = 9 and 11.5 with the equation

σ1(ω) = πe2t2βωα (5.11)

over the ranges of ω/t ∈ [0.074, 0.267] and ω/t ∈ [0.074, 0.330], respectively. We

obtain

σ1(ω/t)/(πe
2t2) = (0.23 ± 0.01)(ω/t)1.89±0.02 (for U/t = 9) (5.12)

and

σ1(ω/t)/(πe
2t2) = (0.178 ± 0.006)(ω/t)2.05±0.02 (for U/t = 11.5). (5.13)

These exponents are very close to 2, which is again the exponent for noninteracting

electrons for an even stronger disorder in the insulating phase [75], where σ1(ω) ∼ ω2

in the low-frequency regime.

Therefore, the lattice with W/t = 6 is metallic for U/t ≤ 6 and insulating for

U ≥ 9, and a metal-to-insulator transition takes place at some critical (U/t)cr ∈ (6, 9).

Thus, it is necessary to obtain the results for U/t = 7 and 8 in order to determine

the critical (U/t)cr for the transition. We show the results for U/t = 6, 7, 8, and 9 in

Fig. 5.12.

The qualitative picture is that the conductivity for U/t = 7 is similar to that for

U/t = 6, and the conductivity for U/t = 8 is similar to that for U/t = 9. Therefore,

we fit the U/t = 7 conductivity over ω/t ∈ [0.07, 1] with Eq. (5.9), and fit U/t = 8

conductivity over ω/t ∈ [0.06, 0.2] with Eq. (5.11). For U/t = 7 we obtain

σ1(ω/t)/(πe
2t2) = (−0.0088 ± 0.0004) + (0.1181 ± 0.0004)(ω/t)0.628±0.004. (5.14)

Here the DC conductivity is negative, although close to zero, however, the exponent

is grater than 0.5. For U/t = 8 we have

σ1(ω/t)/(πe
2t2) = (0.294 ± 0.006)(ω/t)1.67±0.01. (5.15)
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Figure 5.12: Density of states (a) and AC conductivity (b) for a 1/4-filled three-
dimensional simple cubic lattice of size 123 with an intermediate disorder of W/t = 6
(4 realizations of disorder) and Hubbard interaction of strengths U/t = 6, 7, 8, and 9.
The system makes a transition from the metallic phase to the insulating phase over
the range of interaction strengths U/t ∈ (6, 9).

The exponent is significantly less than 2. Therefore, these results only confirm that

the system is crossing from the metallic phase into the insulating phase over the range

of interaction strengths of U/t ∈ (6, 9).

Let us take a different approach. We show the low-frequency conductivity for

U/t = 7, 8, and 9 in Fig. 5.13. We fit the U/t = 7 conductivity with a straight line

in the region shown in the figure and obtain

σ1(ω/t)/(πe
2t2) = (0.0020 ± 0.0002) + (0.167 ± 0.002)ω/t. (5.16)

Therefore, the DC conductivity is σ0 = (0.0020 ± 0.0002)πe2t2, and the system is

metallic for U/t = 7.
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Figure 5.13: The low-frequency AC conductivity for a 1/4-filled three-dimensional
simple cubic lattice of size 123 with an intermediate disorder ofW/t = 6 (4 realizations
of disorder) and Hubbard interaction of strengths U/t = 7, 8 and 9. The Gaussian
broadening width is d = 0.03t.

For U/t = 8 and 9, the low-frequency conductivity is pretty flat. As an estimate,

we may take the lowest-frequency (ω/t ∼ 0.02) conductivity as the DC conductivity.

Thus, we have σ0 ≈ 0.0012πe2t2 for U/t = 8, and σ0 ≈ 0.0006πe2t2 for U/t = 9. If

we do the same thing for U/t = 11.5, we will have σ0 ≈ 0.0001πe2t2.

Based on these results, we may conclude that the metal-to-insulator transition is

likely to take place at a critical U/t between 8 and 9.

It is always desirable for one to study a larger lattice, where finite-size effects

are less prominent. The largest lattice we managed to solve is an 183 lattice with

1/4-filling. For this lattice, it takes about one month to achieve self-consistency in

the HF calculations for a single realization of disorder on an AMD machine with a
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dual-core Opteron 252 processor. Due to the enormous amount of time it takes for

the HF calculations, we only solve the problem for one realization of disorder, and

calculate the AC conductivity on a smaller frequency range. Using an AMD machine

with two quad-core Opteron 2356 processors, it takes about eight days to calculate

the AC conductivity over the frequency range of ω/t ∈ [0, 2].

-2 -1 0 1 2
(E-E

F
)/t

0

500

1000

1500

D
en

si
ty

 o
f s

ta
te

s

U/t=0
U/t=6
U/t=9
U/t=11.5

Figure 5.14: Density of states for the Anderson-Hubbard model on a 1/4-filled three-
dimensional simple cubic lattice of size 183. For an intermediate disorder of W/t =
6, interaction strengths of U/t = 0, 6, 9, and 11.5 are considered. The Gaussian
broadening width is d = 0.024t.

For an intermediate disorder of W/t = 6, interaction strengths U/t = 0, 6, 9, and

11.5 are considered, and we show the density of states in Fig. 5.14. For noninteracting

electrons (U/t = 0), the density of states shows no suppression at the Fermi level.

However, for U/t = 6, 9, and 11.5, a suppression of the density of states at the Fermi
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level is evident, and the degree of the suppression increases as the interaction strength

increases. At U/t = 11.5, the suppression is strongest, and as U/t increases from the

value of 11.5, the density of states at the Fermi level actually increases (data not

shown). We note that the behaviour of the density of states in this larger lattice is

quite similar to the 123 lattice that we have studied earlier.
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Figure 5.15: AC conductivity of the Anderson-Hubbard model on a 1/4-filled three-
dimensional simple cubic lattice of size 183, obtained using the Hartree-Fock approx-
imation. For an intermediate disorder W/t = 6, results with interaction strengths
U/t = 0, 6, 9, and 11.5 are obtained. The Gaussian broadening width is d = 0.01t.

Now, let us look at the corresponding AC conductivity for the same system, for

which the data is shown in Fig. 5.15. Without interactions, we find no suppression

in the density of states (see Fig. 5.14), and the AC conductivity extrapolates to σ0 ≈

0.2πe2t2 at ω = 0. We know that the system is a metal. However, comparing to the

DC conductivity (σ0 ≈ 12πe2t2) of the noninteracting electrons in the 143 lattice with
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W/t = 1, shown in Fig. 5.5, the noninteracting system with W/t = 6 is a much worse

metal. As we turn on the interactions, for U/t = 6, the density of states at the Fermi

level decreases by more than a half, and the AC conductivity is also dramatically

decreased, extrapolating to σ0 ≈ 0.05πe2t2 at ω/t = 0. When the interaction strength

increases, the AC conductivity further decreases. With interaction strengths U/t = 9

and 11.5, the AC conductivity is zero when ω/t → 0, indicating that the system is

insulating for U/t ≥ 9.
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Figure 5.16: AC conductivity of 1/4-filled three-dimensional simple cubic lattices
of sizes 123 and 183. The interaction strength and the disorder strength are equal,
i.e., U/t = W/t = 6. The straight lines are obtained by fitting the data within
ω/t ∈ [0.4, 0.9]. The Gaussian broadening width is d = 0.01t.

We notice that the density of states and the AC conductivity of the 183 lattice

are quite close to those of the 123 lattice. This indicates that finite-size effects are

small in the 123 lattice. Let us look at one particular example of such a comparison.
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In Fig. 5.16, we show the AC conductivity of the two lattices with U/t = W/t = 6.

We fit each curve with a straight line, and obtain the expression for each line of best

fit:

σ1(ω/t)/(πe
2t2) = (0.0620 ± 0.0003) + (0.0968 ± 0.0005)ω/t (183 lattice), (5.17)

and

σ1(ω/t)/(πe
2t2) = (0.061 ± 0.001) + (0.090 ± 0.001)ω/t (123 lattice). (5.18)

Clearly, the coefficients in the AC conductivity of the 183 lattice have smaller standard

deviation than those of the 123 lattice. Therefore, the results for the 183 lattice are

more accurate. We also note that the DC conductivity of the two lattices agree within

error.

So far, we have studied systems with an intermediate disorder of W/t = 6, and a

suppression of the density of states at the Fermi level is found for interaction strengths

U/t ≥ 4. When this happens, we find that the AC conductivity is no longer Drude-

like.

In the following, we study the effects of a weak disorder (W/t = 2) on the inter-

acting electrons. In Fig. 5.17, we show the density of states for an 183 simple cubic

lattice with interaction strengths U/t = 3, 6, and 9. In order to make all three curves

smooth, we have chosen a Gaussian broadening width of d = 0.24t in obtaining the

density of states. For the AC conductivity curves, the broadening width is d = 0.03t.

For this weak disorder strength of W/t = 2, the interaction strength of U/t = 3

does not produce a suppression in the density of states at the Fermi level. A power-law

fit for the AC conductivity in the high-frequency range of ω/t ∈ [0.4, 2] provides

σ1(ω/t)/(πe
2t2) = (0.0646 ± 0.0001)(ω/t)−2.128±0.005. (5.19)
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Figure 5.17: Density of states (a) and AC conductivity (b) for a 1/4-filled three-
dimensional simple cubic lattice of size 183 with a box distribution type of disorder
of strength W/t = 2 (4 realizations of disorder) and Hubbard interaction of strengths
U/t = 3, 6, and 9. The Gaussian broadening widths are d = 0.24t (a) and 0.03t (b).

The exponents is very close to −2, and therefore the AC conductivity is Drude-like. In

the low-frequency region, the AC conductivity is large, and it extrapolates to roughly

σ0 ≈ 1.4πe2t2.

The density of states shows a suppression at the Fermi level for interaction strengths

U/t = 6 and 9. A simple extrapolation of the AC conductivity to ω = 0 gives the DC

conductivity σ0 ≈ 0.66πe2t2 and 0.10πe2t2 for U/t = 6 and 9 respectively. Comparing

to the results shown in Fig. 5.11, where the 123 lattice with U/t = W/t = 6 is a metal

with σ0 = (0.002 ± 0.001)πe2t2, we believe that the 183 lattice with W/t = 2, and

U/t = 6 and 9 is in the metallic regime.
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5.5 Local Magnetic Moments

Previously, we have shown that only when local magnetic moments are allowed does

the density of states get suppressed at the Fermi level (Fig. 5.2). In the following,

we will examine the local moment formation by calculating the average magnitude of

moment per electron. We define an Edwards-Anderson-like order parameter

q =
1

Ne

Ns
∑

i=1

|Si|, (5.20)

where Si is the spin on site i, and Ne (Ns) is the number of electrons (sites) in the

lattice. The quantity q is similar to the Edwards-Anderson order parameter [78] in

spin glass theory, which is used to distinguish between glass and non-glass phases

[79]. Here we use q as a characterization of the local magnetic moment formation.

A zero q means no moments, and a nonzero q indicates the formation of magnetic

moments.

We have calculated the order parameter q defined in Eq. (5.20) for the 123 lattice

with disorder strength W/t = 6, and for the 183 lattice with W/t = 2 and 6. Results

are shown in Fig. 5.18.

The are no local moments in the noninteracting system (U/t = 0). For the 123

lattice (W/t = 6), q is zero for U/t = 1 and 2, and it is only 0.009 (or roughly 2%

of the maximum value of 0.5, conceivably a finite-size effect) for U/t = 3. For the

interaction strengths of U/t ≤ 3, the AC conductivity of the system is Drude-like,

and the density of states shows no suppression at the Fermi level (Fig. 5.9). The order

parameter q jumps to 0.14 at U/t = 4 and increases towards 0.5 as U/t increases. For

U/t ≥ 4, there is a suppression of the density of states at the Fermi level, and the

AC conductivity becomes non-Drude-like (see Figs. 5.10 and 5.11).
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Figure 5.18: The average magnitude of moment per electron (q) vs. interaction
strength (U/t) for the 123 lattice with disorder strength W/t = 6 (squares), and for
the 183 lattice with W/t = 2 (diamonds) and 6 (circles).

For the 183 lattice with the same disorder strength W/t = 6, the values of q for

U/t = 6, 9, and 11.5 are very close to those for the 123 lattice. When the disorder

strength is W/t = 2, we find that the q is smaller than that of the lattices with

W/t = 6. Particularly, we have q = 0.164×10−4 for U/t = 3. This is essentially zero.

With the above observations, we reach the following conclusion: With weak in-

teractions, there are no magnetic moments in the lattice, the density of states is

enhanced, and the AC conductivity of the system is Drude-like; With strong interac-

tions, local magnetic moments form, a suppression of the density of states is found

at the Fermi level, and the AC conductivity of the system becomes non-Drude-like.
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5.6 Conclusion

In this chapter we have studied the Anderson-Hubbard model in large-scale three-

dimensional simple cubic lattices (up to 183) with a disorder in the on-site ener-

gies which obey a uniform box distribution. We have employed the real-space self-

consistent Hartree-Fock formalism to solve the model, in which the disorder is treated

exactly, albeit numerically, and the electron-electron interactions are treated in a

mean-field fashion. We have allowed the local magnetic moments to develop in the

xz-plane.

For an intermediate disorder of W/t = 6, we have calculated the density of states,

the AC conductivity, and the average magnitude of the local magnetic moments per

electron. The density of states and the low-frequency conductivity are enhanced by

a weak interaction (U/t ≤ 3), and the enhancement increases with the increasing

interaction strength. In this interaction regime, the AC conductivity is Drude-like.

For a stronger interaction (U/t ≥ 4), we find a suppression of the density of states

at the Fermi level and the low-frequency conductivity, and the suppression increases

as the interaction strength increases. In this regime, the AC conductivity becomes

non-Drude-like.

Fitting the low-frequency AC conductivity for U/t = 6 to 11.5 with power-law

relations, we obtain different behaviours: For U/t = 6, the system is metallic, and

the low-frequency AC conductivity has an exponent of 0.5, which is the same as

the exponent for disordered noninteracting electrons with a strong disorder, in the

metallic regime and close to the transition. For U/t = 11.5, the system is insulating,

and the low-frequency AC conductivity has an exponent of 2, which is again the same

as the exponent of noninteracting electrons with a stronger disorder in the insulating
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regime. The AC conductivity for U/t = 7, 8, and 9 crosses from a metallic nature to

an insulating nature. A straight extrapolation of the U/t = 7 conductivity gives a DC

conductivity of σ0 = (0.0020 ± 0.0002)πe2t2, indicating that the system is metallic.

For U/t = 11.5, it is σ0 ≈ 0.0001πe2t2. Therefore, we conclude that a metal-to-

insulator transition is likely to take place at a critical interaction strength of Uc/t ≈ 8

- 9.

We find that there is a suppression of density of states at the Fermi level whenever

there are local magnetic moments. Therefore, the formation of magnetic moments is

essential to the metal-insulator transition. However, the form of magnetic moments

does not matter. In the work of Fazileh et al., the moments were restricted in the

z-axis, and in this chapter we allow them to form in the xz-plane. The type of lattice

does not change the results. A suppression of the density of states at the Fermi level

was found in frustrated corner-sharing tetrahedral lattices, and it is also found in

unfrustrated three-dimensional simple cubic lattices. The type of disorder does not

matter either. A suppression of the density of states was found with a quantum site

percolation type of disorder, and it is also found with a box distribution type of dis-

order. However, the amount of suppression depends on the strength of disorder. For

a certain interaction strength, the average magnitude of the local magnetic moments

per electron for a smaller disorder (W/t = 2) is smaller than that for an intermediate

disorder (W/t = 6), and the amount of the suppression of the density of states is also

smaller for a smaller disorder.



Chapter 6

Conclusions

Noninteracting electrons moving in spatially disordered solids can be described by the

Anderson model. We have studied the Anderson model for frustrated corner-sharing

tetrahedral lattices and assumed that the on-site energies obey a uniform box dis-

tribution. We have determined the critical disorder strength (Wc/t = 14.5 ± 0.25)

and mobility-edge trajectory for these lattices using the Dyson-Mehta ∆3 statistics.

An advantage of the ∆3 statistics is that one needs only to calculate the eigenval-

ues, and not the eigenvectors, of the Anderson Hamiltonian. It provides a robust

criterion for determining whether states are extended or localized. The mobility-edge

trajectory of corner-sharing tetrahedral lattices is not symmetric about the centre

of the energy band, and it is not flat at the critical disorder. When LiAlyTi2−yO4

is considered, the inclusion of the spatial disorder does not account for the critical

doping for the metal-insulator transitions, and electron-electron interactions might

be important [46].

Both disorder and electron-electron interactions are important ingredients of many

transition metal oxides. Either disorder or electron-electron interactions may cause

117
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localization of electrons. However, their individual effects are different, and the com-

bined effects may lead to novel phases. A standard model that includes both effects is

the Anderson-Hubbard model. It is anticipated that this model captures the essential

physics of important transition metal oxides.

For large scale lattices, the Anderson-Hubbard model can be solved only with

approximations. A simple approach is the real-space self-consistent Hartree-Fock

theory. To the best of our knowledge, an assessment of this approximate method

has not been available in the literature. We have provided a partial assessment of

the success of this theory in reproducing ground-state properties by comparing the

Hartree-Fock results with the exact ones using small clusters, which include linear

chains of up to 10 sites and a 4× 4 square lattice, both at and away from half-filling.

We find that the Hartree-Fock theory works very well in reproducing energies and

local charge densities. However, the Hartree-Fock theory does not work quite as well

in representing the spin-spin correlations because it ignores quantum fluctuations. We

note that a real-space variational Gutzwiller theory [80] for the Anderson-Hubbard

model works much better than the Hartree-Fock theory in representing the spin-spin

correlations when applied to linear chains of up to 10-sites. When spins are allowed

to develop in the xz-plane, i.e., hi are real, the Hartree-Fock results are sometimes

closer to the exact ones than if the spins are restricted to the z-axis, i.e., hi = 0. For

example, in the 4× 4 square lattice, we find that the real hi Hartree-Fock results are

better when U/t = 7 and 8 for W/t = 8, which is in the same regime (U/t ∼ W/t)

where novel metallic phase was found in two dimensions [44]. In this regime, the

spins are non-collinear, but coplanar. Therefore, one needs to allow maximum degree

of freedom for the spins in order to find the ground state using the Hartree-Fock
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approach. We note that complex h±i do not lead to ground states with a lower

energy for the one-dimensional chains and square lattices that we have studied. It

is still an open question whether allowing local magnetic moments to form in the

three-dimensional spin space (i.e., allowing complex h±i ) produces better solutions for

frustrated lattices. Evidence of the screening of disorder potential by interactions are

provided.

We have applied the Hartree-Fock theory to study the combined effects of dis-

order and electron-electron interactions in large-scale three-dimensional simple cubic

lattices (up to 183). For an intermediate disorder strength of W/t = 6, we find that

the a weak interaction (U/t ≤ 3) enhances the density of states and the low-frequency

AC conductivity. The AC conductivity remains Drude-like, and there are no magnetic

moments in the system. For stronger interactions (U/t ≥ 4), we find a suppression of

the density of states at the Fermi level, as well as a suppression of the low-frequency

conductivity. The amount of the suppression increases as the interaction strength

(U/t) increases. The AC conductivity becomes non-Drude-like, and local magnetic

moments are present. For U/t = 6, fitting the AC conductivity with a power-law

relation within the low-frequency regime, we obtain

σ1(ω/t)/(πe
2t2) = (0.002 ± 0.001) + (0.145 ± 0.001)(ω/t)0.501±0.007. (6.1)

The exponent is essentially 0.5, which is the same for noninteracting electrons in the

metallic regime (close to the transition) when a strong disorder is present [75]. For

U/t = 11.5, fitting the low-frequency conductivity, we obtain

σ1(ω/t)/(πe
2t2) = (0.178 ± 0.006)(ω/t)2.05±0.02. (6.2)

The exponent is very close to 2, which is again the exponent for noninteracting elec-

trons with an even stronger disorder, now in the insulating phase [75]. The behaviour
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of the AC conductivity crosses from a metallic behaviour (U/t = 6) that is described

by Eq. (6.1) to an insulating behaviour (U/t = 11.5) that is described by Eq. (6.2).

The AC conductivity results for U/t = 7, 8, and 9 suggest that a metal-to-insulator

transition is likely to take place at a critical Uc/t ≈ 8 - 9. However, the exact location

of the transition cannot be identified accurately by these studies. For a weak disorder

(W/t = 2), we also find a suppression of the density of states at the Fermi level when

interaction is strong enough (U/t ≥ 6).

Local magnetic moment formation is essential to the suppression of the density

of states at the Fermi level, and therefore essential to the metal-insulator transitions

studied in Chapter 5. While the appearance of local moments is required, the form of

the magnetic moments does not matter. The moments can be restricted to the z-axis

[40, 69], or the moments can be allowed to develop in the xz-plane. The results do

not depend on the type of lattice, i.e., the suppression in the density of states and

metal-insulator transition are found in both unfrustrated three-dimensional simple

cubic lattices and frustrated corner-sharing tetrahedral lattices [40, 69]. The results

do not depend on the type of disorder, i.e., the suppression of the density of states at

the Fermi level is found when a model with a box distribution of on-site energies is

adopted, as well as when a quantum site percolation model was considered [40, 69].

Finally, let us mention some experimental results on substituted transition metal

oxides that show effects of both disorder and interactions.

Das Sarma et al. [81] have investigated the electronic structure of LaNa1−xMnxO3.

The critical concentration for the metal-to-insulator transition in LaNa1−xMnxO3 is

xc ≈ 0.15. The point-contact tunneling conductance spectra, which represent the

density of states, show a cusp for x = 0.05 and 0.1. The conductance is proportional
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to
√
V , where V is the bias voltage. This behaviour was predicted by Altshuler and

Aronov [70]. However, in the theory of Altshuler and Aronov, long-range interactions

were included in the lowest order, and only weak disorder was considered. Our calcu-

lations also show a suppression of the density of states at the Fermi level. However,

the suppression requires the formation of local magnetic moments, which is absent in

the theory of Altshuler and Aronov.

Kim et al. [82] have studied the transport and optical properties of SrTi1−xRuxO3.

Their results cannot be explained by disorder or interactions alone, and the effects

of both ingredients have to be considered together. When x decreases from 1 to 0,

SrTi1−xRuxO3 evolves from a correlated metal, SrRuO3 (x = 1), to a band insulator,

SrTiO3 (x = 0). Depending on x, there are six types of electronic states. The metal-

to-insulator transition takes place at xc ≈ 0.5. As x decreases, the concentration

of conduction electron decreases, and the interaction strength (U/t) increases. The

disorder is described by a binary alloy distribution. We note some similarities in

the AC conductivity between the experimental data and our calculations: (I) In the

correlated metallic regime (0.8 . x ≤ 1), the AC conductivity of SrTi1−xRuxO3 is

Drude-like, which corresponds to our numerical results for weak interactions. The

interaction strength for SrRuO3 (x = 1) may not start from zero, and therefore, the

AC conductivity of SrTi1−xRuxO3 does not show an enhancement as x first decreases

from 1. (II) For x . 0.6, the AC conductivity of SrTi1−xRuxO3 becomes non-Drude-

like, which corresponds to stronger interactions in our calculations. However, we

do not see the formation of a hard gap that corresponds to the SrTi1−xRuxO3 with

x ∼ 0.2. The Hartree-Fock theory also works well (in several aspects) for the binary

alloy model of disorder (see discussion in Section 3 of Chapter 4). It will be interesting



CHAPTER 6. CONCLUSIONS 122

to examine the evolution of the electronic states in SrTi1−xRuxO3 using the real-space

self-consistent Hartree-Fock formalism.
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