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Abstract

In this thesis, we focus on digital signal processing (DSP) solutions that can help to

combat various sources of nonlinearity in fiber-optic communication systems. Fiber

Kerr nonlinearities are widely known to constitute a fundamental limit on the capacity

of long-haul optical transmission as they restrict the maximum launch power into

the fiber. This effectively limits the maximum optical signal-to-noise ratio (OSNR)

that can be achieved in the receiver which in-turn puts a cap on the transmission

reach. However, cost-effective DSP-based fiber nonlinearity mitigation schemes for

long-haul transmission are yet to be deployed. By employing Volterra analysis of an

optical channel comprising multiple spans of single mode fiber (SMF), we develop two

solutions to improve the complexity-performance trade-off of Volterra-based nonlinear

equalization (VNLE). First, we demonstrate that a significant portion of the VNLE

filter coefficients are canceled out in the presence of a symmetric dispersion map.

Additionally, we propose novel cascade structures for VNLE that are shown to provide

substantial complexity reductions compared to the conventional VNLE with linear

and nonlinear filters in parallel. Note that other sources of nonlinear distortions can

also significantly impair system performance. Recent experiments on transmission

of high baud-rate optical signal revealed that the back-to-back performance of these

systems are highly degraded by pattern-dependent distortion (PDD) which cannot be
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effectively compensated by linear filtering or static look-up-tables. In order to address

these impairments, we developed a family of sequential detection strategies based on

hidden Markov modeling of PDD. The proposed solutions are highly configurable to

suit the target complexity constraints.
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Chapter 1

Introduction

1.1 Motivation

Purifying the silica glass to enable cost-effective manufacturing of single mode fibers

(SMFs) with less than 0.2 dB/km attenuation in the C-band, and the invention

of Erbium-doped amplifiers (EDFAs) marked the beginning of commercially viable

fiber-optic communication. Later, wavelength division multiplexing (WDM) tech-

nology enabled the multiplexing of several optical signals into the same fiber which

dramatically increased the capacity of fiber-optic links [1]. During the past 30 years,

WDM systems with 2.5 Gb/s line rate, employing on-off keying (OOK) evolved into

10 Gb/s systems with 50 GHz channel spacing. Later, 40 Gb/s systems mainly based

on differential QPSK (DQPSK) modulation and non-coherent detection were intro-

duced [2]. Polarization multiplexing, which allows transmission of two 20 Gb/s signals

on the same optical carrier, reduced the required sampling rate of analog-to-digital

converters (ADCs), one of the main technology barriers for 40 Gb/s systems [3].

Coherent detection, digital signal processing and advanced forward error correcting
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codes (FECs) were the main technologies that enabled 100 Gb/s systems [4, 5] and

will contribute towards enabling commercialization of next generations of fiber-optic

transceivers capable of supporting 200 Gb/s and 400 Gb/s capacity per wavelength.

Due to the intensive capital expenditures required to deploy long-haul fiber optic

channels, particularly in the case of submarine cables spanning a few thousand kilo-

meters, boosting the spectral efficiency is extremely vital for these networks. Hence,

advanced optical transport technologies are highly needed to keep up with the increas-

ing demand of video-streaming and cloud-based services. Even a fractional capacity

increase can translate into a substantial reduction of operational and maintenance

costs. Recent breakthroughs in optical communication technologies and the intro-

duction of dense WDM solutions with advanced modulation formats and powerful

soft-FEC coding schemes have significantly closed the gap between the theoretical

and achievable spectral efficiency.

These trends do not suggest that future research could be of diminishing returns

since the transmission efficiency is not the only condition for a successful product.

Cost-effective engineering of a solution that meets the target performance require-

ment is needed to make a product competitive in the market. The process entails

constant evaluation of available technologies and revisioning products to meet market

demand is an stay ahead of competitors. For example, there is a constant demand for

higher symbol rates to aggregate two or multiple conventional channels into a single

modulated carrier, thereby, reducing the footprint of the modems. Doing so low-

ers the operating costs in terms of maintenance, power and space consumption, and

makes upgrading the optical links even more attractive. However, pushing the limits

on the information rate usually brings other challenges to the design and manufac-

turing of the optical and electrical components which are required to support higher
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signal bandwidths. Furthermore, the small timing errors that do not impair the

current fiber-optic transmission systems can be devastating in higher baud rate sys-

tems. Consequently, future fiber-optic communication systems should take advantage

of advanced DSP solutions to improve the utilization of imperfect but cost-effective

electro-optical components. Such solutions are needed to compensate for linear and

nonlinear impairments of the DACs, drivers, optical modulators, optical filters and

multiplexers, coherent front-ends and ADCs. Without a proper strategy and suitable

building blocks, a sophisticated architecture which works marvelously in a 100 Gb/s

system with a typical baud rate between 10 to 30 Gbuad can fail miserably at higher

baud rates.

Moreover, there are still less-explored and emerging technologies which are either

immature or costly that might be suitable for future generations of coherent modems.

Researching future problems, futuristic tools, and emerging technologies is necessary

to sustain growth over time. The limitations of fiber-optic channel are overcome with

increasingly cost-effective solutions. For example, chromatic dispersion introduces

a frequency-dependent phase shift to the signal and was the main limiting factor

preventing reliable transmission over long distances. Due to dispersion, optical pulses

become unrecognizable after a few kilometers of propagation in single mode fibers.

The adverse effects of dispersion were a major obstacle for increasing the baud rate of

intensity modulation direct detection (IM/DD) systems since the dispersion penalty

grows quadratically with the signal bandwidth.

Schematic diagrams of legacy and modern fiber-optic links are depicted in Fig. 1.1.

In legacy systems, dispersion compensating fibers (DCFs) with dispersion coefficients

of opposite sign with respect to the single mode fibers were deployed after every few

3



Figure 1.1: Schematic diagrams for (top) conventional and (bottom) modern WDM fiber
optic links

link spans to compensate for the dispersion, effectively decorrelating the optical pulses

by removing the inter-symbol interference (ISI). However, the lossy nature of DCFs

with attenuation factors as high as 0.5 (dB/km) imposed significant optical signal-

to-noise ratio (OSNR) penalty. Fortunately, dispersion is not anymore a limiting

factor in coherent systems with DSP capability since linear filtering can compensate

for dispersion either in transmitter [6], at the receiver [7,8], or with a combination of

both [9].

Doubling the link capacity was the driving force behind the deployment of po-

larization multiplexed signaling in the fiber-optic communication systems. However,

the new technology brought its own challenges to the field. Particularly, the sys-

tem designers had to consider polarization dependent loss (PDL) and polarization
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mode dispersion (PMD) even more seriously in their designs. Unlike chromatic dis-

persion which is considered static, PDL and PMD respond to various environmental

conditions that affect the physical properties of the optical fiber. Temperature fluc-

tuations, vibration, or stress continuously influence the fiber-optic link, changing its

transmission properties over time. More importantly, the state of polarization (SOP)

of the light at the end of a fiber-optic link is constantly changing due to the random

variations of SOP within every segment of the link. Thus, polarization multiplexed

systems had to incorporate technologies to enable accurate tracking of the polariza-

tion state in the presence of noise and polarization dependent impairments. The

solution was to employ multi-input multi-output (MIMO) equalizers with adaptive

taps. These equalizers operate right after chromatic dispersion compensation module.

They can be data-aided, decision-directed, or blind. Blind equalization utilizes some

property of the transmitted signal to adaptively tune filter taps in order to enforce the

property in the output signal. For example, the constant modulus algorithm (CMA)

is a prominent blind equalization technique which enforces the inherent constant-

modulus property of the M-PSK family of constellations. Variants of CMA which are

more advantageous for multi-level modulation formats with quadrature and ampli-

tude modulation (QAM) have been proposed [7,10]. Decision-directed equalizers aim

to modify the filter taps using the proximity information of the output signal to its

nearest constellation point while data-aided equalizers benefit from prior knowledge

of a training data sequence embedded in between the data transmission to refine the

equalizer taps. Adaptive equalization based on least mean squares (LMS) is a power-

ful and cost-effective technique widely employed in coherent modems in wireless and

optical communication.

In order to combat PDL, the adaptive equalizer automatically boosts the taps
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corresponding to the polarization with an additional loss. While this doesn’t solve

the OSNR difference between the signals in two polarizations, this enables the co-

herent modem to recover the constellations and possibly employ other techniques,

such as bit interleaving through forward error correction (FEC) coding, to further

address the PDL issue. Furthermore, the lateral taps of the adaptive equalizer enable

implementation of a time shift between the signals in each output path and provide a

valuable functionality to combat the first-order PMD; formally known as differential

group delay (DGD).

Solving the dispersion problem and providing effective tools to ease the severe

impacts of PMD and PDL brought the attention to the next major impairment of

the fiber-optic channel: fiber nonlinearity. As we will see throughout this thesis, the

fact that the input-output mapping of a fiber-optic channel is intensity dependent

effects a significant barrier on the ultimate capacity of the channel. In order to

extend the transmission reach, more amplifiers must be deployed to mitigate the loss

of the extended fiber spans. Optical amplifiers, similar to the electrical ones, generate

noise in the signal amplification process. Hence, the signal quality is degraded as the

is extended. To counteract this inevitable OSNR degradation, signal quality at the

transmitter should be boosted, usually by increasing the launch power. However,

increasing the optical power beyond a certain level triggers nonlinear effects in the

fiber. At some power level that depends on the fiber type and the modulated carriers,

nonlinear distortion becomes the dominant source of signal degradation. Any further

power increase reduces the signal to noise and distortion ratio.

A significant portion of the nonlinear distortion comes from the nonlinear inter-

action of a signal with itself and with other co-propagating signals in neighboring

WDM channels [11]. Therefore, with precise knowledge of the generation mechanism
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of nonlinear effects as well as the transmitted optical field, digital signal processing

techniques can be developed to mitigate the effects. Additionally, this knowledge can

be utilized to design nonlinearity tolerant transmission methods. Fortunately, coher-

ent detection preserves the optical field, even in dual polarization systems, making it

possible to combat signal distortion in the weak-nonlinear regime1.

Unlike fiber-nonlinearity, pattern-dependent-distortion (PDD) originates from var-

ious electrical and optical components in the transmitter and receiver [12]. The im-

perfection of the optical and microwave components along with signaling at high

baud rates exceeding the nominal bandwidth of these devices can trigger linear and

nonlinear distortion. While adaptive and static equalizers in the coherent receiver

can mitigate linear distortions, there is ongoing research for effective solutions to

address component nonlinearity. Most of the current proposals based on the use of

look-up-tables (LUTs) have limited performance [12–14]. While LUTs can offer ef-

fective solutions for static nonlinearities such as the nonlinear transfer function of a

Mach-Zehnder modulator, and two- or four-level pulse amplitude modulation (PAM)

signals, they can be costly and ineffective for nonlinearities with memory. the LUT-

based approach cannot scale cost effectively with increasing nonlinearity memory.

This research is partially motivated by the extensive demand for higher spectral

efficiency for long-haul and subsea optical communication links in which transition

to higher modulation orders requires effective mitigation of fiber nonlinear impair-

ments. Although a significant body of research on mitigation of fiber nonlinearity has

1Deterministic and non-deterministic random variables can effect different challenges in a nonlin-
ear system. While nonlinear distortions of a deterministic signal can be mathematically traced and
theoretically reversed, the nonlinear beating of non-deterministic inputs, e.g., noise, with signal and
itself can impose a hard barrier on what theoretically can be done to compensate for such behaviors.
Hence, there is an ultimate limit on the maximum signal quality–hence a capacity cap–for nonlinear
channels.
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been published, to the best of our knowledge, a coherent modem with effective fiber

nonlinearity mitigation for dispersion unmanaged systems has yet to be commercially

deployed. A major obstacle is the high computational cost for high bit-rate coherent

fiber-optic system. Additionally, the ongoing engineering challenge of deploying com-

mercially available equipment while moving towards higher capacity optical carriers

motivated our search for effective solutions to combat PDD for the next generation

of the coherent optical transmission systems.
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1.2 Thesis Contributions

The main contributions of this PhD research are listed as follows:

• By studying the frequency domain Volterra equalization technique, we provide

a novel solution for mitigation of the intra-channel fiber nonlinearity in coherent

fiber optic systems benefitting from dispersion pre-compensation. The proposed

method is discussed in details in Chapter 2.

• Using experimental results from fiber-transmission of a 128 Gb/s DP 16-QAM

signal, we demonstrate that using the intra-channel fiber nonlinearity compen-

sation based on Volterra equalization in systems with symmetric dispersion

compensation (SEDC) can outperform conventional link design in which the

entire link dispersion is compensated in the receiver. The proposed solution

is superior in terms of performance and computational complexity and can be

tuned to handle different performance-complexity trade-offs. The proposed so-

lution and results are discussed in details in Chapter 3.

• We develop cascade frequency-domain Volterra-based nonlinearity equalization

structures which are proven to be more computationally efficient compared to

the conventional structure. The cascade structures effectively remove the disper-

sion compensation filter embedded in the nonlinear branch of the conventional

Volterra equalizer and enable calculation of the mixing terms on a smaller fre-

quency resolution without any significant performance penalty. This can dras-

tically reduce the complexity of the equalizer while allowing other simplification

techniques that employ symmetries of the Volterra kernel to be simultaneously

deployed. The performance of the proposed cascade structures for Volterra
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equalizers is experimentally verified in 256 Gb/s DP 16-QAM single channel

and 9 × 128 Gb/s DP 16-QAM WDM experiments. Chapter 4 is devoted to

this work.

• There has been a lot of research on effective PDD compensation due to compo-

nent nonlinearity in high baud rate optical systems. We propose a sequential

detection algorithm that benefits from hidden Markov modeling of PDD in high

baud rate systems. The proposed solution can significantly reduce the error-

floor and the OSNR penalty (with respect to the theoretical performance) of

the back-to-back system compared to the conventional LUT-based approach.

Three families of sequential detection techniques with different complexity-

performance trade-offs are proposed which can be tuned based on complexity

constraints and severity of the PDD. The proposed algorithm is experimentally

evaluated for on a center channel of 1.206 Tb/s DP 16-QAM superchannel signal

with three subcarriers. This research is discussed in details in Chapter 5.

1.3 Organization

The rest of this manuscript is organized as follows. Chapter 2 presents mathematical

analysis of fiber nonlinearity in the context of transmission of a polarization mul-

tiplexed optical signal through a homogenous link comprised of multiple spans of

single mode fibers and optical amplifiers. The material in this chapter is the ba-

sis of the contributions on intra-channel fiber nonlinearity compensation discussed

in detail in Chapter 3 and Chapter 4. In Chapter 3, we use Volterra equalizers

to compensate the intra-channel fiber nonlinearity in fiber-optic links that employ

dispersion pre-compensation in the transmitter. Chapter 4 is devoted to deriving
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cascade frequency-domain Volterra equalizers with superior complexity-performance

trade-offs. In Chapter 5 we introduce our proposed solution for effective signal detec-

tion in the presence of PDD. Finally in Chapter 6, we provide a brief review of this

work and offer recommendations for future research.
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Chapter 2

Preliminaries

2.1 Fiber Nonlinearity

In general, fiber nonlinearity has two separate effects; stimulated scattering nonlinear-

ities, and the effects arising form nonlinear refractive index change due to optical field

intensity–also known as Kerr effects. While stimulated scatterings are responsible for

an intensity dependent gain or loss, the nonlinear refractive index is responsible for

intensity dependent phase shift of the optical signal [1, 15].

Stimulated scattering nonlinearities include Rayleigh scattering, stimulated Bril-

louin scattering (SBS) and stimulated Raman scattering (SRS). Rayleigh scattering

occurs from non-propagating density fluctuations, and can be referred to as scattering

from entropy fluctuations [16]. SRS in optical fibers rises from the interaction of an

intense light beam with the vibrational modes of the fiber silica molecules when high

pump power levels propagate throughout the fiber. During the scattering process, an

optical photon induces the molecule to make a transition to an excited vibrational

energy state. SRS can couple different channels in a WDM system and cause cross
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talk. The effect of SRS is usually first seen as the shorter wavelength channels are

robbed of power, and that power feeds the longer wavelength channels (inter-channel

effect).

Stimulated Brillouin scattering is caused by the interaction of light with the sound

waves due to the fiber molecular structure. Sound waves in glass cause a variation in

the refraction index. A strong wave traveling in one direction provides a narrow-band

gain for light traveling in the opposite direction. The reflected wave experiences a

less than 100 MHz Doppler shift in glass (intra-channel effect). SBS is the dominant

nonlinear impairment amongst the scattering effects.

However, Kerr nonlinearities are the main limiting nonlinear impairments in cur-

rent fiber-optic links. In order to study the Kerr effects, we begin with examining the

refractive index of fiber. Generally, the refractive index can be defined as

n̂(ω, P ) = n(ω) + n2
P

Aeff

, (2.1)

where n(ω) models the linear and frequency dependent portion of the refractive index

while n2 is the Kerr coefficient which varies between 2.2—3.4×10−20 m2/W . As seen

in (2.1) the impact of Kerr nonlinearity is amplified with intensity I = P
Aeff

, where

P (W ) is the signal power and Aeff (m2) is the effective core area of the fiber. Note

that the optical signal experiences power attenuation due to intrinsic and extrinsic

sources of loss. Hence, the power profile of a signal launched into a fiber with power

P0 has the following form

P (z) = P0e
−αz, (2.2)

14



where α (km−1) is the attenuation factor. The attenuation factor is usually defined

in units of (dB/km) which can be converted using the following equation

α = 10 log(e)αdB = 4.34αdB. (2.3)

The typical fiber attenuation factor is as low as 0.2 (dB/km) in the C band.

The frequency and power dependencies of the refractive index results in similar

dependencies of the general propagation constant which is defined as

β̂(ω, P ) = 2πn̂(ω, I)/λ =
2πn(ω)

λ
+

2πn2

λAeff

P (2.4)

= β(ω) + γP. (2.5)

For simplicity, we refer to β(ω) as the propagation constant which is often described

by the following Taylor series representation

β(ω) = β0 + β1(ω − ω0) +
β2

2
(ω − ω0)2 + · · · , (2.6)

where β1 = 1/vg where vg (m/s) is the group velocity, and β2 (s2/m) is referred to

as group velocity dispersion (GVD) parameter. Typically, manufacturers use the dis-

persion parameter D(s/m2) to characterize fiber dispersion for a defined wavelength

λ0, usually at λ0 = 1550 (nm). Therefore, β2 can be obtained from D through

β2 = − λ2
0

2πc
D, (2.7)

where c is the speed of light in vacuum. The sign of D (β2) defines the dispersion

regime. D < 0 (β2 > 0) is usually referred to as normal dispersion which is the

15



operating regime for the majority of deployed fiber-optic transmission systems while

D > 0 (β2 < 0) is referred to as anomalous dispersion. For a signal of interest and

an optical fiber of length L, the nonlinear refraction index results in a phase rotation

proportional to the optical power which can be obtained from

φnl =

∫ L

0

[β̂ − β]dz (2.8)

=

∫ L

0

γP0e
−αzdz (2.9)

= P0γ
1− e−αL

α
= γP0Leff (2.10)

where Leff = 1−e−αL
α

is the effective length of the fiber. Note that Leff → L for α→ 0,

and Leff → 1/α when fiber loss is large αL� 0.

This phase rotation can be due to the intensity of the signal itself, or the neighbor-

ing signals in multi-wavelength systems. The former is usually denoted as self-phase

modulation (SPM) while the latter is known as cross-phase modulation (XPM).

Four-wave mixing (FWM) is a parametric interaction among optical waves in a

multi-channel system: the beating between two or more channels causes generation

of one or more new frequencies at the expense of power depletion of the original

channels. Due to fiber nonlinearity, Three waves at frequencies fj, fk, and fl interact

and generate a new frequency component at fFWM = fj+fk−fl. Generation of FWM

nonlinearity also requires phase matching [11]. As we will show later, SPM, XPM,

and FWM come from the same term in the fiber model when a multi-wavelength

signal is considered as one entity.

In dual polarization systems, Kerr nonlinearity couples the polarizations of the

same or neighboring channels, which is denoted as cross-polarization modulation
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(XPolM). There is a rich collection of literature on advanced fiber models taking

into account various types of linear (polarization mode dispersion, polarization de-

pendent loss, third order dispersion, etc.), and nonlinear (self-steepening, scattering,

etc.) impairments [11, 17]. However, when pulse width is greater than 1 ps, Kerr

effects become the dominant source of nonlinear distortion [11].

Generally, the coupled nonlinear Schrödinger equation (C-NLSE) is the most ac-

curate model for studying and analysis of optical pulse propagation in a fiber [11].

By considering the distributed effects of polarization mode dispersion (PMD) and

variations of the state of polarization in an optical link, C-NLSE provides a reliable

but computationally intensive prediction on how a polarized optical pulse evolves in

the fiber. A more computationally efficient model which is often used in algorithm

design is the Manakov equations [11]. The PMD contribution is ignored and the

impact of signal polarization over the nonlinear term is averaged out. Note that the

main effect of PMD in a fiber optic channel is to project the pulse onto two princi-

pal axes of polarizations in each fiber segment, namely, fast and slow axes. As the

names suggest, the projected pulse on each axis travels at a different group velocity,

effectively generating ghost pulses and introducing inter-symbol interference. The

PMD contributions may vary from one segment of fiber to another hence giving this

effect a stochastic nature. The net end-to-end PMD can vary depending on how the

PMD vectors for the fiber segments line up. In the mean sense, PMD can introduce

a polarization-dependent delay which is known as differential group delay (DGD).

Coherent technology is well equipped to address DGD by preserving the optical field

and utilizing adaptive equalizers to remove the ISI.

Therefore, we use Manakov equations to analyze the impact of fiber-nonlinearity

and propose digital signal processing solutions to alleviate these effects throughout
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this thesis. The proposed solutions could be tailored to fit more elaborate fiber

models in future applications. The validity of the proposed framework for analysis

and compensation of fiber nonlinearity is backed by experimental results.

The Manakov equation that governs the propagation of a polarized optical pulse

in a dispersive fiber medium can be written as

∂

∂z
u(t, z) + j

β2

2

∂2

∂t2
u(t, z) +

α

2
u(t, z) = +j

8

9
γ|u(t, z)|2u(t, z). (2.11)

u(t, z) = [ux(t, z) uy(t, z)]
T is the slowly varying envelope of the electrical field in

two orthogonal polarization tributaries. Assuming the total field u , u(z, t) consists

of multiple WDM channels,

u =
∑
n

un exp(jωnt), (2.12)

the propagation equation for one of the two orthogonal polarized components of the

signal in channel i becomes

∂

∂z
ux/y,i+j

β2

2

∂2

∂t2
ux/y,i +

α

2
ux/y,i

= j
8

9
γ

(
(|ux/y,i|2 + |uy/x,i|2)ux/y,i︸ ︷︷ ︸

SPM

+
∑
m 6=i

(2|ux/y,m|2 + |uy/x,m|2)ux/y,i︸ ︷︷ ︸
Coherent XPM

+
∑
m 6=i

(u∗y/x,mux/y,m)uy/x,i︸ ︷︷ ︸
Incoherent XPM︸ ︷︷ ︸

XPM

+ FWM terms

)
. (2.13)

The FWM terms for dual polarization multi-carrier systems can be found in [18].
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Note that amplification spontaneous emission (ASE) noise, which is a byproduct of

optical amplifiers is ommited in (2.13). A more general model should also consider

intra-channel and inter-channel signal-noise and noise-noise cross products.

Accurate mode-based prediction of the impact of intra-channel and inter-channel

fiber nonlinearity on signal degradation is useful in designing emerging WDM sys-

tems. A significant body of research on this subject has been published over the

past five years. One of the pioneering works based on the enhanced Gaussian noise

(EGN) model suggested that the center channel is responsible for around 40% of the

total nonlinear impairments observed within that channel in a 101 channel WDM

system comprising 32 Gbaud carriers over 50 GHz grid [19]. After considering the

two neighboring channels, the entire contribution of the nonlinear impairments on the

center channel is increased to 50%. More recent publications challenge these findings

by arguing that a smaller portion of the nonlinear interference can be attributed to

SPM [20]. Hence, there is a potential for a significant performance gain by mov-

ing beyond single-channel nonlinearity compensation for fully loaded WDM systems.

Nevertheless, it is undeniable that with the introduction of elastic networks [21] that

embed generation and transmission of densely packed sub-channels in the form of

super-channels, the destructive effects of neighboring sub-channels would be more

severe compared to the neighboring channels in conventional WDM systems.

Moving beyond SPM compensation would be an expensive investment unless ef-

fective techniques to estimate the overall contributions of remaining channels on the

channel of interest are introduced. The main barrier for compensation of inter-channel

impairments is the accessibility of the full optical field between the coherent receivers

that handle neighboring channels. Due to high data transmission rates, and current

limitations of the application-specific integrated circuit (ASIC) technology, sharing
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field information of multiple WDM channels with precise timing between several co-

herent receivers is a daunting challenge. More importantly, there is a fundamental

problem in regards to the accessibility of the neighboring channels, especially in metro

networks. The neighboring channels of a channel of interest can change as the optical

signal is routed through the network. Reconfigurable optical add-drop multiplexers

(ROADM) located in different access nodes allow dynamic configuration of the net-

work and provide robustness to the system. Due to these constraints and limitations,

our main focus in this research is to compensate SPM.

Considering only intra-channel nonlinearities, the Manakov equation can be sim-

plified to

∂

∂z
ux/y + j

β2

2

∂2

∂t2
ux/y +

α

2
ux/y = j

8

9
γ
(
|ux/y|2 + |uy/x|2

)
ux/y. (2.14)

One way to study the intra-channel Kerr effects is to study the interactions of different

pulses. Hence, the optical signal is modeled as a superposition of individual modulated

optical pulses,

u =
+∞∑
l=−∞

ul (2.15)

where ul = [ux,l uy,l]
T is a pulse centered at t = lTs, with 1/Ts defining the symbol

rate. Substituting (2.15) in (2.14) yields the following propagation equation for one

polarization,

∑
l

(
∂

∂z
ux,l + j

β2

2

∂2

∂t2
ux,l +

α

2
ux,l

)
= j

8

9
γ

(∑
n

∑
m

∑
l

(ux,nu
∗
x,m + uy,nu

∗
y,m)ux,l

)
.

(2.16)
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According to (2.16), the intra-channel nonlinearities can be identified as follows. The

case with n = m = l corresponds to intra-channel SPM, (iSPM) which is the nonlinear

phase rotation of the pulse due to its own intensity profile. The cases with n = l 6= m

or m = l 6= n are attributed to the intra-channel XPM (iXPM) while cases with

n 6= m 6= l are known as intra-channel FWM (iFWM) terms.

2.2 Mathematical Tools for Analyzing the Fiber

Nonlinearity

2.2.1 Numerical Approach

The first attempts to solve the NLSE in the fiber-optic literature benefited from the

finite-difference time-domain (FDTD) approach [22]. The fiber is broken into small

segments and the differential terms in the NLSE are substituted by their numerical

approximations. In order to maintain accuracy, each segment must be made suffi-

ciently short, increasing the computational complexity for a fixed fiber length.

A simple yet accurate approach to track the signal evolution in a fiber is by means

of breaking each fiber span into small segments followed by modeling the dispersion

and nonlinear phase rotation as disjoint operations, subsequently affecting the sig-

nal in each segment. In other words, the entanglement of dispersion and nonlinear

effects is neglected for sufficiently short segments, as justified by the slow rate of

pulse evolution in each segment. For each segment, linear impairments are modeled

by appropriate linear filters, operating either in the time or frequency domains. On

this basis, the notable split-step Fourier method (SSFM) benefits from efficient fast

Fourier transform (FFT) operations to apply linear and nonlinear impairments in the

21



frequency domain and time domain, respectively [23], repeatedly across segments. For

a typical fiber-optic link comprising multiple spans of 75-100 km length each, break-

ing each span into more than four segments reveals little changes on the computed

outcome for fiber-optic links with standard single mode fibers (SSMFs). Hence, four

step-per-span (SPS) SSFM is widely used as the benchmark for numerical simulation

of the fiber-optic signal propagation [24, 25]. Note that more advanced techniques

that adaptively optimize the number and corresponding length SSFM steps have also

been proposed [26,27].

Despite the functionality of SSFM to track signal evolution, the lack of a closed-

form analytical formulation that describes the entire process limits its functionality.

2.2.2 Analytical Approach

2.2.2.1 Volterra Analysis

Volterra series is a powerful mathematical tool that can be used for identification,

analysis, and equalization of nonlinear systems. Back in 1997, K. V. Peddanarappa-

gari and M. Brandt-Pearce solved the NLSE by the Volterra series transfer function

(VSTF) approach [17]. Since then, various modifications of this approach have been

introduced to compensate fiber nonlinearity [28–31]. The Volterra transfer function

is obtained in the frequency domain as a relationship between the Fourier transforms

of the input X(ω) and the output Y (ω) of a system,

Y (ω) = H1(ω)X(ω) +
∞∑
n=2

∫
· · ·
∫
Hn(ω1, · · · , ωn−1, ω)

×X(ω1) · · ·X(ωn−1)×X(ω − ω1 − · · · − ωn−1)dω1 · · · dωn−1,

(2.17)
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where Hn(ω1, · · · , ωn−1, ω) is the nth order frequency domain Volterra kernel. Due

to symmetries in fiber, the even order Volterra kernels are zero. Additionally, in the

context of analysis of Kerr effects in fiber optic links, it has been shown that kernels

with n > 3 have negligible contributions to the analysis [17]. Using the notation

Ux(ω) , Ux(ω, z = 0), VSTF kernels of up to the third order for a dual polarization

system described by (2.14) were previously obtained in [30],

Ux(ω, z) = H1(ω, z)Ux(ω)+

∫ ∫ +∞

−∞
H3(ω1, ω2, ω, z)

× [Ux(ω1)U∗x(ω2) + Uy(ω1)U∗y (ω2)]

× Ux(ω − ω1 + ω2)dω1dω2, (2.18)

where, the corresponding kernels are

H1(ω, z) = e−(α/2−jω2β2/2)z (2.19)

H3(ω1, ω2, ω, z) = j
8

9

γ

4π2
H1(ω, z)

1− e−(α+jβ2(ω−ω1)(ω1−ω2))z

α + jβ2(ω − ω1)(ω1 − ω2)
(2.20)

By detaching the linear kernel from the third-order nonlinear kernel, we obtain,

Ux(ω, z) = H1(ω, z)Ux(ω)+H1(ω, z)

∫ ∫ +∞

−∞
K3(ω1, ω2, ω, z)

× [Ux(ω1)U∗x(ω2) + Uy(ω1)U∗y (ω2)]

× Ux(ω − ω1 + ω2)dω1dω2, (2.21)
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with K3 defined as

K3(ω1, ω2, ω, z) = j
8

9

γ

4π2

1− e−(α+jβ2(ω−ω1)(ω1−ω2))z

α + jβ2(ω − ω1)(ω1 − ω2)
. (2.22)

As it is understood from (2.21), the third order VSTF analysis models the trans-

mitted pulse after propagation through distance z using a combination of a linear

kernel, which embeds dispersion and attenuation, and a parallel nonlinear kernel that

models the beating process amongst different frequency components of the input sig-

nal. On the other hand, the third-order nonlinearity, albeit being generated through

a nonlinear process (the integral in (2.21)), propagates through the fiber in a linear

fashion.

Generally, numerical calculation of the double integrals in (2.18) and (2.21) is

computationally intensive. Therefore, the computational complexity of nonlinear

compensators based on VSTF is typically much higher than the split-step Fourier

method [32] for the same number of equalization steps. However, as will be discussed

through out this thesis, VSTF based methods can be generalized to model nonlinear

distortions of multiple spans with a single equalization step, potentially providing

complexity reduction for the equalization of a multi-span long-haul link compared to

the SSFM.

2.2.2.2 Perturbation Analysis

For a quasi-linear propagation regime in which the dispersive effects are the dominant

source of signal distortion, the nonlinearities can be modeled as a small perturbation

to the linear solution. These systems are also known as strongly pulse overlapped [33]

or pseudo-linear systems due to the large ISI caused by dispersion. The authors
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in [34] investigate the nonlinear propagation of optical pulses in strongly dispersive

fiber-optic links using perturbation analysis,

∂

∂z
u(t, z) + j

β2

2

∂2

∂t2
u(t, z) +

α− g(z)

2
u(t, z) = j

8

9
γ|u(t, z)|2u(t, z). (2.23)

Compared to (2.14) g(z) is added to model the signal amplification through the link.

We aim to simplify the derivation by setting

u(t, z) = v(t, z)f(z), (2.24)

with

df(z)

dz
=
g(z)− α

2
f(z), (2.25)

embedding the attenuation (amplification) of the optical field at distance z. It is easy

to show that f(z) = e−αz/2 for one span of fiber with no distributed amplification

(g(z) = 0). As a result, (2.23) can now be written as

∂

∂z
v(t, z) + j

β2

2

∂2

∂t2
v(t, z) = j

8

9
γf 2(z)|v(t, z)|2v(t, z). (2.26)

Let us now consider the following expansion of v(t, z) with respect to the nonlinear

parameter γ which satisfies (2.26),

v(t, z) = v(0)(t, z) + γv(1)(t, z) + ...+ γnv(n)(t, z) (2.27)

=

v(0)
x (t, z)

v
(0)
y (t, z)

+ γ

v(1)
x (t, z)

v
(1)
y (t, z)

+ ...+ γn

v(n)
x (t, z)

v
(n)
y (t, z)

 . (2.28)
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Here, v(n)(t, z) are n-th order perturbation solutions. In order to obtain the terms

involved in the n-th order equation, we expand the right hand side of (2.26) by

replacing v(t, z) with (2.27) and group the terms that correspond to γn,∀n.

It can be easily verified that the zeroth and first order solutions can be obtained

from

∂

∂z
v(0)(t, z) + j

β2

2

∂2

∂t2
v(0)(t, z) = 0, (2.29)

∂

∂z
v(1)(t, z) + j

β2

2

∂2

∂t2
v(1)(t, z) = j

8

9
γf 2(z)|v(0)(t, z)|2v(0)(t, z). (2.30)

Equation (2.29) can be solved in the frequency domain to obtain the following solution

v(0)(t, z) = F−1
{

Vin(ω)ejβ2ω2z/2
}
, (2.31)

where Vin(ω) = F{v(t, 0)} = f 2(0)F{u(t, 0)} is the Fourier transform of the input

signal. Similarly, the solution of the second order inhomogeneous differential equation

in (2.30) corresponding to the first order perturbation solution is

v(1)(t, z) = F−1

{
e+jβ2ω2z/2

∫ z

0

S(ω, z′)e−jβ2ω2z′/2dz′
}
, (2.32)

where,

S(ω, z) = j
8

9
γf 2(z)F

{
|v(0)(t, z)|2v(0)(t, z)

}
(2.33)

= j
8

9
γf 2(z)× 1

4π2
[V(0)H(−ω, z) ∗V(0)(ω, z)] ∗V(0)(ω, z) (2.34)

Note that (2.33) and (2.34) provide two paths to obtain the solution of the pertur-

bation method. Extending S(ω, z) in (2.32) with the frequency domain convolutions
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in (2.34) leads to the third order frequency domain Volterra solution which was dis-

cussed earlier, effecting an equivalency between these two analyses. However, v(0)(t, z)

in (2.33) is usually expanded as a train of modulated optical pulses in the time do-

main. The electrical pulses after coherent detection are passed through a matched

filter and sampled at the optimum sampling point corresponding to the maximum

eye-opening [35]. This approach aims to obtain the perturbation of the received sam-

ple values based on the nonlinear mixing of the neighboring modulated pulses in the

time domain. Let us consider the input signal as

u(t, 0) =
+∞∑

k=−∞

akb0(t− kT ), (2.35)

where ak = [ax[k] ay[k]]T is the vector of the modulated symbols at time k which are

drawn from a dual polarization constellation set and scaled based on the desired power

level, and b0(t) is a unit-energy transmit pulse shape. The matched filter output of

the transmitted signal after propagation over distance z and sampled at t = kT can

be expressed as

âk = ak + ∆k (2.36)

where ∆k = [δx[k] δy[k]]T is the first-order perturbation of the sampled output with,

δx/y[k] =
+∞∑

m=−∞

+∞∑
n=−∞

(
ax/y[k + n]a∗x/y[k + n+m]ax/y[k +m]

+ ay/x[k + n]a∗y/x[k + n+m]ax/y[k +m]
)
Cm,n, (2.37)

and Cm,n are the perturbation coefficients with m and n indexing the symbols relative
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to the current symbol [35]. The perturbation coefficients can be calculated using

Cm,n =jγ

∫ z

0

dzf 2(z)

×
∫ +∞

t=−∞
dtb∗0(t, z)b0(t− nT, z)b∗0(t− (n+m)T, z)b0(t−mT, z) (2.38)

with b0(t, z) denoting the dispersed shaping pulse at distance z,

b0(t, z) = F−1
{
F{b0(t)}ejβ2ω2z/2

}
. (2.39)

Note that the perturbation coefficients are a function of pulse shape. An analytical

closed-form for the perturbation coefficients of Gaussian pulses is available in [36].

However, the perturbation coefficients for root-raised cosine (RRC) pulses can only

be obtained numerically [37]. A significant body of research on the optimization

of the dispersion and power profile to reduce the complexity of the time domain

perturbation approach by reducing the number of significant coefficients Cm,n [38–

40], or exploiting symmetries in Cm,n by grouping terms corresponding to the same

coefficient values and performing quantization optimization [39, 41]. In a multi-span

link, the perturbation from the previous span affects the input signal to the next one.

In theory, this results in differences between the perturbation coefficients of different

spans. This effect is ignored in the first-order perturbation approach. A notable back

propagation scheme based on perturbation analysis provides a recursive procedure to

update the perturbation coefficients between different segments, effectively boosting

the performance up to the second-order perturbation method [42].
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2.3 Volterra Analysis of a Multi-Span Fiber-optic

Link with an Arbitrary Dispersion Map

We proceed to study a particular fiber-optic link setup in which electronic dispersion

pre-compensation is employed to reduce the burden on the receiver. As mentioned

earlier, dispersion by itself is a linear distortion. Theoretically the exact position(s) to

deploy dispersion countermeasures is of little interest as long as the net contribution

of the optical channel dispersion is compensated. These countermeasures could either

1) employ optical dispersion compensation modules in transmitter and/or receiver,

2) deploy dispersion compensating fibers in the optical link, 3) employ DSP filters to

remove dispersion-induced ISI in the transmitter and/or receiver, or 4) a combination

of the aforementioned solutions.

From these countermeasures, digital compensation of chromatic dispersion has

prevailed as the most cost-effective solution that does not suffer the signal quality

degradations in other electro-optical solutions caused by high insertion loss and/or

limited precision. Additionally, deploying (often frequency domain) digital dispersion

compensating filters in the receiver side is the conventional choice since it obviates

the need for communicating side information from the receiver to the transmitter.

Fairly accurate estimates of the net chromatic distribution of the signal can be ob-

tained from various blind and data aided algorithms which are needed for proper

initialization of the coherent receiver [43–45]. On the other hand, it has been shown

that employing unconventional dispersion maps in which a portion (usually around

50%) of net dispersion is pre-compensated in the transmitter can lead to a better

performance in the quasi-linear region of the optical channel [9].

Here we provide a detailed mathematical derivation of the third order Volterra
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kernel for a fiber-optic link with a custom dispersion map. This mathematical for-

mulation has paved the way for the Volterra-based fiber nonlinearity compensation

scheme with a symmetric electronic dispersion map discussed in Chapter 3.

2.3.1 Homogenous Multi-Span Link with Lumped Amplifi-

cation

Let us consider an optical fiber of length L with parameters α, β2 and γ located

at z = z0 which is followed by an optical amplifier with gain G = αL. For a typ-

ical SSMF, α > 0, β2 > 0 and γ > 0. We consider a dual polarization signal

u(t, z0) = F−1{U(ω, z0) = [Ux(ω, z0) Uy(ω, z0)]
T }. After re-amplifying the signal to

compensate for the loss due to fiber attenuation, the linear distortion due to chro-

matic dispersion suggests that the output signal at angular frequency ω would be of

the form

Ulin(ω, z0 + L) = ejβ2ω2L/2U(ω, z0) = H1(ω)U(ω, z0). (2.40)

Compared to (2.19), we have dropped the dependency of H1 to z since the fiber length

is L and fixed, and removed the attenuation term in H1 due to the existence of an

optical amplifier that compensates for the power loss. Additionally, the third-order

nonlinearity suggests that any three signal components at frequencies ω1, ω2, and ω1 +

ω2−ω can generate a mixing product at ω. Using the third-order Volterra formulation,
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the generated nonlinear interference at the end of the span can be expressed as

Unl,span(ω, z0 + L) =

+∞∫
−∞

+∞∫
−∞

8γ

36π2
ejβ2Lω/2

1− e−(α+jβ2Ω2/2)L

α + jβ2Ω2/2
U

[z0]
3 (ω1, ω2, ω) dω1dω2

(2.41)

= H1(ω)

+∞∫
−∞

+∞∫
−∞

G3(Ω)U
[z0]
3 (ω1, ω2, ω) dω1dω2, (2.42)

where

Ω ,
√

2(ω − ω1)(ω1 − ω2), (2.43)

G3(Ω) , j
8γ

36π2

1− e−(α+jβ2Ω2/2)L

α + jβ2Ω2/2
, (2.44)

U
[z0]
3 (ω1, ω2, ω) , UH(ω2, z0)U(ω1, z0)U(ω − ω1 + ω2, z0). (2.45)

Note that a multiplicative term e−αL/2 in (2.41) was dropped since we consider an

optical amplifier at the end of the span to boost the signal back to its launch level.

In general, the combined nonlinear distortion of a multi-span link could be obtained

through a process illustrated in Fig. 2.1. The first step is to calculate the linear and

nonlinear fields for each span. These fields are added in order to obtain the optical

field at the end of the span. This process is repeated for the upcoming spans.

However, it is possible to obtain an approximate closed-form equation for a multi-

span link by introducing the following assumptions. First, we assume that the non-

linear field generated in each span is much smaller than the linear field. Hence, the

nonlinear distortion at each span is only calculated based on the output linear field

from the previous span. This assumption decouples nonlinearities of different spans.
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𝐻3,𝑁 ω1, ω2, ω − ω1+ ω2

G
𝑼 𝜔, 𝑧 𝑼 𝜔, 𝑧 + 𝑁𝐿

G

…
𝑁

H1

H3

+𝑼 𝜔, 𝑧 𝑼 𝜔, 𝑧 + 𝑁𝐿H1

H3

+ H1

H3

+

H1

H3

𝑼 𝜔, 𝑧
H1

H1

H1

H1

+

+

H1 H3 H1 +

H1 H1 H3

𝑁

𝑼 𝜔, 𝑧 + 𝑁𝐿

𝐻1,𝑁 𝜔 ≜ 𝐻1 𝜔
N

Figure 2.1: Calculation of the third-order nonlinearity of a multi-span link. (Top) a homo-
geneous multi-span optical link with lumped amplification. (Middle) third-order Volterra
representation of each span showing cascaded parallel filter-banks embedding linear H1 and
third-order nonlinear H3 filters. (Bottom) approximation of the cascaded Volterra filter-
banks by neglecting the contribution of the nonlinear filters on the input optical field of the
proceeding fiber spans.

Second, we assume that the nonlinear distortion generated at each span propagates

linearly through the rest of the link, effectively accumulating dispersion in the re-

maining spans.

Following these assumptions, the total field at the end of a multi-span link with

N identical spans of length L consists of a linear field associated to the combined

linear dispersion and N nonlinear fields corresponding to the third-order nonlinear

distortion generated at each span. This transformation is illustrated at the bottom

of Fig. 2.1.
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The nonlinear contribution of the span 1 ≤ n ≤ N at the end of the link can

be obtained using the following steps. First, we obtain the signal-dependent kernel

for the n-th span U
[z0+(n−1)L]
3 (ω1, ω2, ω) using the spectral components of the input

signal U after accounting for the dispersion contributions of the previous n− 1 spans

U
[z0+(n−1)L]
3 (ω1, ω2, ω) = [U(ω2, z0)Hn−1

1 (ω2)]H [U(ω1, z0)Hn−1
1 (ω1)]

× [U(ω − ω1 + ω2, z0)Hn−1
1 (ω − ω1 + ω2)] (2.46)

= UH(ω2, z0)U(ω1, z0)U(ω − ω1 + ω2, z0)

×H∗1
n−1

(ω2)Hn−1
1 (ω1)Hn−1

1 (ω − ω1 + ω2) (2.47)

= U
[z0]
3 (ω1, ω2, ω) ejβ2L(n−1)

[
ω2

1−ω2
2+(ω−ω1+ω2)2

]
/2 (2.48)

= U
[z0]
3 (ω1, ω2, ω) ejβ2ω2L(n−1)/2 e−jβ2(ω−ω1)(ω1−ω2)L(n−1) (2.49)

= U
[z0]
3 (ω1, ω2, ω)H1(ω)n−1H1(Ω)−n+1 (2.50)

= U
[z0]
3 (ω1, ω2, ω)

(
H1(ω)

H1(Ω)

)n−1

(2.51)

Now, we proceed to calculate the total nonlinear distortion at the end of the link

according to the simplified scheme in Fig. 2.1,

Unl,Link(ω, z0 +NL) =
N∑
n=1

+∞∫
−∞

+∞∫
−∞

(T1)︷ ︸︸ ︷
H1(ω)G3(Ω)

(T2)︷ ︸︸ ︷
HN−n

1 (ω)

(T3)︷ ︸︸ ︷
U

[z0+(n−1)L]
3 (ω1, ω2, ω) dω1dω2.

(2.52)

Here, the first term (T1), corresponds to the third-order Volterra filter of a single

span. The second term (T2) models the linear propagation of the nonlinearities of

each span through the remaining link, and the third term (T3) is the signal-dependent
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kernel for each span. We can show that

Unl,Link(ω, z0 +NL) =
N∑
n=1

+∞∫
−∞

+∞∫
−∞

H1(ω)G3(Ω)HN−n
1 (ω)U

[z0]
3 (ω1, ω2, ω)

(
H1(ω)

H1(Ω)

)n−1

dω1dω2

(2.53)

= HN
1 (ω)

+∞∫
−∞

+∞∫
−∞

G3(Ω)
N∑
n=1

H
−(n−1)
1 (Ω)U

[z0]
3 (ω1, ω2, ω) dω1dω2

(2.54)

= HN
1 (ω)

+∞∫
−∞

+∞∫
−∞

G3(Ω)FN(Ω)U
[z0]
3 (ω1, ω2, ω) dω1dω2, (2.55)

where FN(Ω) is the phase array term which is expressed as

FN(Ω) ,
N∑
n=1

H
−(n−1)
1 (Ω) (2.56)

=
1−H−N1 (Ω)

1−H−1
1 (Ω)

(2.57)

=
H
−N/2
1 (Ω)

H
−1/2
1 (Ω)

× H
N/2
1 (Ω)−H−N/21 (Ω)

H
1/2
1 (Ω)−H−1/2

1 (Ω)
(2.58)

= H
−(N−1)/2
1 (Ω)× sin (Nβ2LΩ2/4)

sin (β2LΩ2/4)
(2.59)

= e−j(N−1)β2LΩ2/4 × sin (Nβ2LΩ2/4)

sin (β2LΩ2/4)
. (2.60)

This finishes the derivation of the third order Volterra filter for a homogenous

multi-span fiber-optic link. It is important to note that the derived filter coeffi-

cients can be simplified in special cases depending on the interaction of the the

three frequency components (ω1, ω2, and ω) which are embedded in Ω as defined

in (2.43). For example, if all three frequencies are equal, the corresponding term
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in the Volterra kernel is referred to as intra-channel self-phase modulation (iSPM).

On the other hand, if either ω1 = ω 6= ω2 or ω1 = ω2 6= ω, the corresponding

coefficient is called an intra-channel cross-phase modulation term (iXPM). In both

cases, it’s easy to show that Ω2 = 0 which results in simplification of the third order

Volterra function. The remaining terms with Ω2 6= 0 are referred to as intra-channel

four-wave mixing (iFWM) products. Table 2.1 illustrates the classification of the

signal-dependent and link dependent terms of the Volterra equalizer. Note that for

iSPM and iXPM terms with Ω = 0, the nonlinear span response takes its largest value

G3(Ω)|Ω=0 = j 8γ
36π2

1−e−αL
α

= j 8γ
36π2Leff. Similarly, the array factor is also maximized

FN(Ω)|Ω=0 = N . This translates into coherent superposition of the iSPM and iXPM

distortions of the N spans as shown in Table 2.1. However, the iFWM distortions

are added non-coherently resulting in cancellation of a portion of these products for

certain frequencies.

This phenomenon is more vividly depicted in Figs. 2.2–2.4 where calculation of

three spectral components of the nonlinear distortion based on equation (2.55) is

studied. Here, we consider transmission of a 32 Gbaud Nyquist signal with Gaussian

modulation over N = 4 spans of standard single mode fiber with length L = 75 km,

α = 0.2 (dB/km), β2 = 21.7 (ps2/km), and γ = 1.3 (W−1km−1). Fig. 2.2 illus-

trates different kernels involved in the calculation of Unl(ω)|ω=0. Fig. 2.2(a) illustrates

the two-dimensional (2D) spectrum of the normalized span-response G3(Ω)|ω=0 ,

G3(ω1, ω2, ω = 0) in (ω1, ω2) plane. Note that |G3(ω)| peaks along ω1 = ω2 and

ω2 = 0 lines. These lines perfectly match the described regions for iXPM com-

ponents for ω = 0. Fig. 2.2(b) illustrates the 2D spectrum of the array factor

FN(Ω)ω=0 , F3(ω1, ω2, ω = 0, N). Unlike the span response, we can see that there
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Table 2.1: Intra-channel fiber nonlinearity terms based on third-order Volterra analysis

Case Link Dependent Term Signal Dependent Term

Intra-channel SPM 
(iSPM)

𝜔2 = 𝜔1 = 𝜔
𝑗𝑁

8𝛾

36𝜋2
𝐿eff 𝐻1

𝑁 𝜔
𝑼 𝜔, 𝑧0

2𝑼 𝜔, 𝑧0

Intra-channel XPM 
(iXPM)

𝜔2 = 𝜔1 ≠ 𝜔

𝜔2 ≠ 𝜔1 = 𝜔

𝑗𝑁
8𝛾

36𝜋2
𝐿eff 𝐻1

𝑁 𝜔

𝑼 𝜔1, 𝑧0
2𝑼 𝜔, 𝑧0

𝑼H 𝜔2, 𝑧0 𝑼 𝜔, 𝑧0 𝑼 𝜔2, 𝑧0

Intra-channel
FWM (iFWM) †

𝜔2 ≠ 𝜔1 ≠ 𝜔

𝑗
8𝛾

36𝜋2
𝐻1
𝑁 𝜔

×
1 − exp −𝛼𝐿 − 𝑗𝛽2Ω

2𝐿/2

𝛼𝐿 + 𝑗𝛽2𝐿Ω
2/2

× 𝑒−𝑗 𝑁−1 𝛽2Ω
2𝐿/4

sin 𝑁𝛽2Ω
2𝐿/4

sin 𝛽2Ω
2𝐿/4

𝑼H 𝜔2, 𝑧0 𝑼 𝜔1, 𝑧0
× 𝑼 ω − ω1+ ω2, 𝑧0

† Ω2= 2(𝜔 − 𝜔1)(𝜔1 −𝜔2)

are many other regions that |FN(Ω)| can achieve a maximum. This can be readily

verified by arguing that the maximum and minimum regions of FN(Ω) correspond to

the zeros of the sinusoid function at the denominator of the array factor in (2.60),

sin
(
β2LΩ2/4

)
|ω=0 = 0⇒ β2L(ω1)(ω1 − ω2) = kπ ∀ k ∈ Z (2.61)

Note that k = 0 results in the linear regions associated to iXPM terms while other in-

tegers k = {±1,±2, ...} correspond to the parabolic regions as seen in Fig. 2.2(b). For

this example, the envelope of the magnitude of signal dependent kernel |U[z0]
3 (ω1, ω2, ω =

0)| is depicted in Fig. 2.2(c) . Since we considered i.i.d. complex Gaussian input sym-

bols and Nyquist pulse shaping, the normalized 2D spectrum of the signal-dependent

kernel is a binary function. We can show that the support of |U[z0]
3 (ω1, ω2, ω = 0)| in

(ω1, ω2) plane is a hexagonal region. In case raised cosine pulses with non-zero roll-off
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factor are considered, we would observe a non-binary function with smooth transition

regions near the edges of this hexagon. The relative width of the transition region

would be larger for pulses with a larger roll-off factor. In order to calculate Unl(ω)|ω=0,

a 2D integration over (ω1, ω2) is needed after multiplying the span-response, array-

response, and signal dependent kernel to obtain the integrand. Fig. 2.2(d) illustrates

the magnitude of the integrand. Note that the signal-dependent kernel and the spec-

tral width of the span response play an important role in limiting the amount and the

magnitude of the terms involved, especially for ω = 0. Fibers with higher dispersion

(larger |β2|) would have a narrower 2D span response. Moreover, increasing the signal

bandwidth increases the footprint of the signal dependent kernel, effectively spreading

the signal energy over frequency regions with a smaller nonlinear response. In both

scenarios, the impact of the intra-channel nonlinear distortions would be reduced.

Next, we study the spectral shape of different kernels involved in the calculation of

the nonlinear distortion at the edge of the signal spectrum at f = 16 GHz in Fig. 2.3.

The fiber-dependent spectral components are shifted along the diagonal while the

signal dependent kernel has morphed into a triangular region. Note that the magni-

tude and region of the non-zero coefficients are significantly reduced. Additionally, we

can observe that iXPM and iSPM terms still manage to contribute to the nonlinear

distortion spectra at this frequency.

Finally, in Fig. 2.4 we examine the nonlinear distortion at f = 32 GHz, well out of

the input signal bandwidth. Note that the signal dependent kernel is further shrunk

and only iFWM products contribute to the nonlinear spectra at this frequency. It

is easy to verify that for an input signal with the optical bandwidth Bo, the iXPM

and iSPM products contribute to the nonlinear spectrum in [−Bo/2 , +Bo/2] domain
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a b

dc

iXPM

Pulse Shape = Nyquist 
𝐵𝑎𝑢𝑑 𝑅𝑎𝑡𝑒      = 32 𝐺𝑏𝑎𝑢𝑑 
𝑆𝑎𝑚𝑝𝑙𝑒 𝑅𝑎𝑡𝑒  = 64 𝐺Sa/𝑠

𝑓 = 0 𝐺𝐻𝑧
𝑁 = 4

𝛼 = 0.2 𝑑𝐵/𝑘𝑚
𝛽2= 21.7 𝑝𝑠2/𝑘𝑚
𝛾 = 1.3 𝑊−1𝑘𝑚−1

𝐿 = 75 𝑘𝑚

iSPM

Figure 2.2: Calculation of the nonlinear distortion of a 4-span homogeneous fiber-optic
link at frequency f = 0 GHz for a 32 Gbaud Nyquist signal. (a) normalized 2D spectrum
of the span-response kernel |G3(Ω)| , |G3(ω1, ω2, ω)|, (b) normalized 2D spectrum of the
FWM efficiency kernel |FN (Ω)| , |FN (ω1, ω2, ω)|, (c) envelope of the signal dependent

kernel |U[z0]
3 (ω1, ω2, ω)|, and (d) magnitude of the corresponding terms after multiplying

span-response, array-response, and signal dependent kernels. Vertical and horizontal axis
correspond to ω1 and ω2, respectively. Frequency axes are normalized to the sampling
frequency.
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while the iFWM products contribute to the nonlinear spectrum up to [−1.5Bo , +1.5Bo].

We should emphasize that this three-fold frequency expansion of the nonlinear spec-

trum compared to the input spectrum comes from the inherent limitation of the

third-order Volterra analysis. One can obtain better estimates of the nonlinearity

spectrum with larger frequency range by accounting for higher order Volterra kernels,

albeit with significantly larger computational complexity.
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a b

dc

Pulse Shape = Nyquist 
𝐵𝑎𝑢𝑑 𝑅𝑎𝑡𝑒      = 32 𝐺𝑏𝑎𝑢𝑑 
𝑆𝑎𝑚𝑝𝑙𝑒 𝑅𝑎𝑡𝑒  = 64 𝐺Sa/𝑠

𝑓 = 16 𝐺𝐻𝑧
𝑁 = 4

𝛼 = 0.2 𝑑𝐵/𝑘𝑚
𝛽2= 21.7 𝑝𝑠2/𝑘𝑚
𝛾 = 1.3 𝑊−1𝑘𝑚−1

𝐿 = 75 𝑘𝑚

Figure 2.3: Calculation of the nonlinear distortion of a 4-span homogeneous fiber-optic
link at frequency f = 16 GHz for a 32 Gbaud Nyquist signal. (a) normalized 2D spectrum
of the span-response kernel |G3(Ω)| , |G3(ω1, ω2, ω)|, (b) normalized 2D spectrum of the
FWM efficiency kernel |FN (Ω)| , |FN (ω1, ω2, ω)|, (c) envelope of the signal dependent

kernel |U[z0]
3 (ω1, ω2, ω)|, and (d) magnitude of the corresponding terms after multiplying

span-response, array-response, and signal dependent kernels. Vertical and horizontal axis
correspond to ω1 and ω2, respectively. Frequency axes are normalized to the sampling
frequency.
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a b

dc

Pulse Shape =  Nyquist 
𝐵𝑎𝑢𝑑 𝑅𝑎𝑡𝑒      = 32 𝐺𝑏𝑎𝑢𝑑 
𝑆𝑎𝑚𝑝𝑙𝑒 𝑅𝑎𝑡𝑒  = 64 𝐺Sa/𝑠

𝑓 = 32 𝐺𝐻𝑧
𝑁 = 4

𝛼 = 0.2 𝑑𝐵/𝑘𝑚
𝛽2= 21.7 𝑝𝑠2/𝑘𝑚
𝛾 = 1.3 𝑊−1𝑘𝑚−1

𝐿 = 75 𝑘𝑚

Figure 2.4: Calculation of the nonlinear distortion of a 4-span homogeneous fiber-optic
link at frequency f = 32 GHz for a 32 Gbaud Nyquist signal. (a) normalized 2D spectrum
of the span-response kernel |G3(Ω)| , |G3(ω1, ω2, ω)|, (b) normalized 2D spectrum of the
FWM efficiency kernel |FN (Ω)| , |FN (ω1, ω2, ω)|, (c) envelope of the signal dependent

kernel |U[z0]
3 (ω1, ω2, ω)|, and (d) magnitude of the corresponding terms after multiplying

span-response, array-response, and signal dependent kernels. Vertical and horizontal axis
correspond to ω1 and ω2, respectively. Frequency axes are normalized to the sampling
frequency.
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Comp.
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1 − 𝜌

𝑼 𝜔, 𝑧0 + 𝑁𝐿

Figure 2.5: Schematic diagram of a multi-span fiber-optic link with pre- and post-
dispersion functionality.

2.3.2 Optical Transmission Systems with Pre-and Post-Dispersion

Compensation

In the previous section, we derived the Volterra kernel equations in a multi span

link. Now we proceed to study the impact of dispersion pre-compensation on the

end-to-end Volterra kernel. As described in Fig. 2.5 , we consider a transmission

scenario in which a fraction ρ of total signal dispersion N ×Ddisp is pre-compensated

in the transmitter. Here, N is the number of spans and Ddisp (ps/nm) represents

the total accumulated dispersion per span. At the receiver side, coherent detection is

employed to capture the electrical field. Next, the residual dispersion (1−ρ)N×Ddisp

is compensated and the electrical field which now only bears nonlinear distortion is

obtained. Following the similar trick we employed in the previous section, the signal-

dependent kernel for the pre-distorted input optical field V(ω) is obtained by using

(2.45). Based on the definition, the pre-distorted optical field can be expressed as

V(ω, z0) = U(ω, z0)e−jρNβ2ω2L/2 (2.62)

= U(ω, z0)
(
H

ρN

1 (ω)
)∗
. (2.63)
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Hence, the signal dependent kernel for the input optical signal of the system described

in Fig. 2.5 is

V
[z0]
3 ρ(ω1, ω2, ω) , VH(ω2, z0)V(ω1, z0)V(ω − ω1 + ω2, z0) (2.64)

= U
[z0]
3 (ω1, ω2, ω)

(
H∗1 (ω)

H∗1 (Ω)

)ρN
(2.65)

= U
[z0]
3 (ω1, ω2, ω)

(
H1(Ω)

H1(ω)

)ρN
(2.66)

One can follow similar steps as in (2.46)-(2.51) to obtain (2.65) from (2.64). The

nonlinear optical field at the end of the fiber is derived by using V
[z0]
3 ρ(ω1, ω2, ω) in

place of U
[z0]
3 (ω1, ω2, ω) in (2.55)

Vnl,link(ω, z0 +NL) = HN
1 (ω)

+∞∫
−∞

+∞∫
−∞

V
[z0]
3 ρ(ω1, ω2, ω)G3(Ω)F (Ω, N) dω1dω2 (2.67)

= HN
1 (ω)

+∞∫
−∞

+∞∫
−∞

U
[z0]
3 (ω1, ω2, ω)

(
H1(Ω)

H1(ω)

)ρN
G3(Ω)FN(Ω) dω1dω2

(2.68)

= H
(1−ρ)N
1 (ω)

+∞∫
−∞

+∞∫
−∞

U
[z0]
3 (ω1, ω2, ω)G3(Ω)FN,ρ(Ω) dω1dω2,

(2.69)
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with

FN,ρ(Ω) , HρN
1 (Ω)FN(Ω) (2.70)

= ejρNβ2Ω2L/2 × e−j(N−1)β2LΩ2/4 × sin (Nβ2LΩ2/4)

sin (β2LΩ2/4)
(2.71)

= e−j(N(1−2ρ)−1)β2LΩ2/4 × sin (Nβ2LΩ2/4)

sin (β2LΩ2/4)
. (2.72)

The first multiplicative term on the right hand side (RHS) of (2.69) comes from the

uncompensated portion of dispersion. Note that the received optical field is passed

through a dispersion-compensating filter to remove the remaining dispersion. Hence,

the electrical field of the received optical signal after accounting for the post-dispersion

compensation filter can be expressed as

U(ω, z0 +NL) ≈ U(ω, z0) + Unl,link(ω) (2.73)

where

Unl,link(ω) =

+∞∫
−∞

+∞∫
−∞

U
[z0]
3 (ω1, ω2, ω)G3(Ω)F3,ρ(Ω) dω1dω2 (2.74)

=

+∞∫
−∞

+∞∫
−∞

U
[z0]
3 (ω1, ω2, ω)K3,N,ρ(Ω) dω1dω2 (2.75)

is the residual third-order signal distortion due to the fiber nonlinearity. For ρ =

0.5− 1
2N

, the exponential term in (2.72) vanishes and FN,ρ(Ω) is real. However, as we

show later, ρ = 0.5 is a better choice to approximately remove the real component

of the total third order Volterra kernel K3,N,ρ(Ω) for narrow band signals. When the

signal bandwidth is relatively small compared to the support of G3(Ω), we can show
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that |G3(Ω)| is almost flat over the domain region defined by the signal-dependent

kernel. This directly comes from the relative magnitude of |α| and |β2Ω2/2| which

are the building blocks of G3(Ω).

We now proceed to simplify G3(Ω) for narrow band signals which satisfy |α| �

|β2Ω2/2| over a large choice of {ω1, ω2, ω} ∈ [−BW
2
, BW

2
]. Starting from the defini-

tion of G3(Ω) in (2.44) we can show that

G3(Ω) = j
8γ

36π2

1− e−(α+jβ2Ω2/2)L

α + jβ2Ω2/2
(2.76)

= j
8γ

36π2
e−(α/2+jβ2Ω2/4)L e

+(α/2+jβ2Ω2/4)L − e−(α/2+jβ2Ω2/4)L

α + jβ2Ω2/2
(2.77)

= j
8γ

36π2
e−(α/2+jβ2Ω2/4)L sinh(αL/2 + jβ2Ω2L/4)

α/2 + jβ2Ω2/4
. (2.78)

Now we use |α| � |β2Ω2/2| to simplify the last fraction in the RHS of (2.78),

Gsim,3(Ω) ≈ j
8γ

36π2
e−(α/2+jβ2Ω2/4)L sinh(α/2)L

α/2
(2.79)

= j
8γ

36π2
e−jβ2Ω2L/4 1− e−αL

α
(2.80)

= j
8γ

36π2
Leff e

−jβ2Ω2L/4. (2.81)

Therefore, the simplified third-order Volterra kernel for a link with pre-dispersion

compensation Ksim,3,N(Ω, ρ) has the following form

Ksim,3,N,ρ(Ω) = Gsim,3(Ω)FN,ρ(Ω) (2.82)

= j
8γ

36π2
Leffe

−jβ2Ω2L/4 × e−j(N(1−2ρ)−1)β2LΩ2/4 × sin (Nβ2LΩ2/4)

sin (β2LΩ2/4)
(2.83)

= j
8γ

36π2
Leffe

−j(1−2ρ)Nβ2LΩ2/4 × sin (Nβ2LΩ2/4)

sin (β2LΩ2/4)
. (2.84)
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Investigating (2.84) reveals that symmetric dispersion compensation ρ = 0.5 indeed

removes the nonlinear phase component of the simplified third-order Volterra kernel

as well as its real part.

2.4 Derivation of Inverse Volterra Filters

In previous sections, we derived the Volterra filters for various link configurations. In

this section, we aim to find a proper inverse filtering mechanism to undo the effects of

the nonlinear distortion on the received signal. There are two pathways to obtain the

inverse filters for a fiber-optic link. The first approach directly comes from rewriting

the Manakov equation (2.11) as

∂

∂(−z)
u(z, t) + j

(−β2)

2

∂2

∂t2
u(z, t) +

(−α)

2
u(z, t) = +j

8

9
(−γ)|u(z, t)|2u(z, t). (2.85)

Note that by taking the derivative of u(z, t) with respect to −z, we aim to move

one step back towards the transmitter. We can see that the backward equation

which enables us to find the exact transmitted signal is very similar to the forward

equation. In fact, we can consider an imaginary fiber of the same length with negative

attenuation α′ = −α, dispersion β′2 = −β2, and nonlinearity γ′ = γ parameters,

attach it to the end of the real transmission link, and follow the optical signal until

it reaches the end of the newly added fiber. Based on this equation, the signal at the

end of the imaginary fiber would be exactly the same as the signal at the beginning

of the real fiber in the transmitter. This logic is clearly valid only in the absence of

noise. This trick suggests that the inverse Volterra filters can be obtained from the

(forward) Volterra filters of the imaginary link.
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Additionally, the inverse Volterra filters can be directly obtained from the forward

filters using the theory of the pth order inverse of nonlinear systems [46]. In short,

this theory seeks the necessary and sufficient conditions for existence of the pth order

inverse filter, denoted by K−1
p of the original plant H such that the Volterra repre-

sentation of the tandem system HK−1
p may only exhibit non-zero Volterra filters for

orders q ≥ p+ 1.

Using the result of this work, we can show that the inverse first-order K̃1 and

third-order K̃3 Volterra filters for a system with first- and third-order Volterra filters

H1, and H3 can be obtained from the following equations:

K̃1 , K̃1(ω) = H−1
1 (ω) (2.86)

K̃3 , K̃3(ω1, ω2, ω) = −K̃1(ω)H3(ω1, ω2, ω)K̃1(ω1)K̃∗1(ω2)K̃1(ω − ω1 + ω2) (2.87)

Benefitting from these analyses, the input-output inverse nonlinear Volterra filtering

for a multi-span link without pre-dispersion compensation is as follows:

Û(ω, z0) = K̃1,N(ω)U(ω, z0 +NL) + (2.88)

K̃1,N(ω)

+∞∫
−∞

+∞∫
−∞

G̃3(Ω)F̃N(Ω)U
[z0+NL]
3 (ω1, ω2, ω) dω1dω2 (2.89)
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where

Ω2 , 2(ω − ω1)(ω1 − ω2) (2.90)

K̃1,N(ω) , K̃N
1 (ω) = e−jβ2ω2L/2 (2.91)

G̃3(ω1, ω2, ω) , G̃3(Ω) = j
8γ

36π2

1− e+(α+jβ2Ω2/2)L

α + jβ2Ω2/2
(2.92)

F̃N(ω1, ω2, ω) , F̃N(Ω) = e+j(N−1)β2LΩ2/4 × sin (Nβ2LΩ2/4)

sin (β2LΩ2/4)
(2.93)

U
[z0+NL]
3 (ω1, ω2, ω) , UH(ω2, z0 +NL)U(ω1, z0 +NL)U(ω − ω1 + ω2, z0 +NL).

(2.94)

We use these equations in Chapter 4 to derive efficient Volterra-based nonlinear equal-

ization structures to mitigate fiber nonlinearity.

Similarly, the inverse third-order Volterra filter for a multi-span homogeneous

link with dispersion pre-compensation and the simplified forward Volterra expression

described in (2.84) has the following form:

K̃sim,3,N,ρ(Ω) = −j 8γ

36π2
Leffe

+j(1−2ρ)Nβ2LΩ2/4 × sin (Nβ2LΩ2/4)

sin (β2LΩ2/4)
(2.95)

We use these derivations in Chapter 3 to experimentally investigate the performance-

complexity trade-offs of Volterra-based fiber nonlinearity compensation in the pres-

ence of symmetric dispersion compensation.
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2.5 Coherent Modem for Optical Communication

Here we briefly describe the important building blocks of a coherent modem for fiber-

optic communication. Note that there are additional initialization, biasing, and mon-

itoring hardware and software entities which are omitted to avoid unnecessary com-

plications.

2.5.1 Transmitter

The block diagram of a coherent optical transmitter is illustrated in Fig. 2.6. At

the transmitter, FEC coding [4, 47] is applied to the incoming data bit stream in

order to protect the information bits against channel noise. The combination of the

FEC coder and bit-to-symbol mapper provides four parallel streams of real symbol

sequences drawn from the desired complex constellation space for two polarizations.

In case probabilistic signal shaping techniques [48–50] are utilized, additional coding

structures are implemented to ensure that transmitted symbols satisfy the desired

information rate [51, 52]. Streams of symbol sequences are up-sampled based on the

sampling rates of the digital-to-analog converters (DACs), and desired pulse-shaping

is applied in order to contain the signal spectrum and minimize ISI. In case the

measured responses of the DACs, drivers, and/or the optical modulators are available,

appropriate pre-compensating filters are designed to minimize the impact of these

impairments and boost the signal quality. In order to preserve DSP resources, one

digital filter encapsulates the combined response of the desired pulse shaping and pre-

compensation filters. The DACs generate four streams of electrical waveforms which

are then boosted to the desired peak-to-peak range based on the characteristics of

the optical modulator and the desired bias point. These signals are interfaced to two
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IQ Mach-Zehnder modulators (MZMs). Each modulator performs the electrical-to-

optical up-conversion for the in-phase and quadrature components of one polarization.

The polarized modulated fields are then combined by means of a polarization beam

combiner. The output optical signal is often boosted by an EDFA to the desired level

prior to launch into the fiber. Note that the MZM usually comes with embedded

Figure 2.6: Optical Transmitter

photo-detectors (PDs) that generate valuable monitoring signals. These signals are

utilized in a feedback loop to ensure that the MZM bias is maintained around the

desired operating point [53]. Usually, the desired bias point for coherent modulation

is the null power point of the MZM.

2.5.2 Coherent Receiver

The schematic diagram of a coherent receiver is depicted in Fig. 2.7. At the receiver, a

coherent optical front-end is required in order to preserve the total field information

of a dual-polarization optical signal. Two polarization beam splitters (PBSs) split
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Figure 2.7: Coherent Receiver

the local oscillator (LO) input light as well as the received optical signal into two

orthogonal polarizations. Two 90◦ optical hybrids enable the coherent mixing of the

LO and the received optical signal. The outputs of the coherent mixers are interfaced

with four pairs of high-speed and balanced PDs. The differential electrical currents

from each pair of PDs are converted to electrical signals by four linear trans-impedance

amplifiers (TIAs). Finally, analog-to-digital conversion is performed by means of four

synchronous ADCs.

2.5.3 DSP for Coherent Receiver

Having streams of sampled electrical signals at hand, the DSP chain in the digital

coherent receiver is designed to recover the transmitted information bits. We should

emphasize that the DSP blocks can be vastly different amongst different designs.

Here, we briefly describe the common blocks of a digital coherent receiver for fiber-

optic communication systems.
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Figure 2.8: Typical block-diagram of a digital coherent receiver for fiber-optic communi-
cation systems

2.5.3.1 Front-End Compensation

Ideally, the received blocks of sample values from the ADCs should be uncorrelated

for a perfect coherent receiver with 90◦ hybrids. However, small imperfections might

produce sample values for each input polarization that are not perfectly in quadrature.

This IQ imbalance can be digitally compensated by means of the well-known Gram-

Schmidt orthogonalization algorithm [54]. Additionally, the coherent front-end can

introduce a timing skew between the input digital signals as a result of differences in

electrical and optical path lengths in the coherent receiver. This timing skew can be

obtained by proper measurement and then compensated in DSP.

2.5.3.2 Resampling

The input signals are usually resampled to the desired sampling rate based on the

structure of the equalizers that follow. Conventionally, the digital signals from ADCs

are resampled to two samples per symbol before any further processing [55]. However,

receiver structures capable of operating with lower sampling rates are also available
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[56, 57].

2.5.3.3 Fixed Equalizer

A fixed equalizer is often used to remove the ISI due to the deterministic linear

distortion. The low-pass response of the coherent front-end often introduces signal

attenuation at higher frequencies which can be measured and compensated for in the

fixed equalizer. However, uncompensated dispersion is the main source of static ISI in

fiber-optic communication systems. In the initialization stage of a coherent modem,

signal dispersion is often estimated based on available algorithms [43–45] and digital

filter coefficients are calculated accordingly. Frequency domain equalization (FDE)

based on overlap-and-save or overlap-and-add methods that require FFT and IFFT

blocks typically provide complexity and flexibility advantages compared to time do-

main equalization based on finite impulse response (FIR) or infinite impulse response

(IIR) filtering [58,59].

2.5.3.4 Timing Recovery

Of course the transmitter and receiver run independently on different clocks. Hence,

the proper sampling rate and sampling phase must be adaptively detected to ensure

that the sample values are taken at the maximum eye-opening. Variations of the

Gardner algorithm [60–62], and the digital filter and square timing recovery method

[63] are often adopted the detection of the timing error rate and phase. The timing

adjustment can be applied through various equalization blocks in the DSP chain.
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2.5.3.5 Adaptive Equalizer

Unlike the fixed equalizer, the adaptive equalizer is responsible for mitigation of the

time-varying impairments of the optical channel as well as the residual ISI due to the

possible error in the estimated of chromatic dispersion. Additionally, the adaptive

equalizer handles the tracking of the state of polarization (SOP) of the received optical

signal, and separating the signals in both polarizations. As briefly discussed earlier in

Section 1.1, PMD and PDL are the main time-varying impairments of the fiber-optic

channel and the adaptive equalizer greatly helps to combat their effects. The filter

taps are constantly updated based on a selected equalization criterion. This can be

blind equalization using the CMA or radius directed algorithm (RDA) [10, 64, 65],

or data-aided or decision-aided equalization such as least mean squares (LMS) or

recursive least squares (RLS) algorithms [56,66].

2.5.3.6 Carrier Frequency Offset and Phase Recovery

Despite tuning the free-running LOs in the transmitter and receiver, perfect frequency

and phase matching cannot be achieved. Furthermore, laser sources introduce an

inherent phase noise, often characterized by their so-called line-width, which requires

tracking of the phase of the received optical signal. The spectral based frequency

offset estimation algorithm of Morelli et al. [67] and the algorithm based on 8th-

order statistics by Li et al. [68] are two notable works for this task which work well

for 16-QAM modulation. Additionally, the carrier phase error can be effectively

compensated by the blind phase search method [69] as well as a multitude of other

techniques [70–73]. Note that a second-order digital phase-locked loop (DPLL), which

jointly tracks the carrier phase and frequency offset, is also deployed in many digital
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coherent receivers [74].

2.5.3.7 Symbol Detection, LLR Calculation, and FEC Decoding

Traditionally, the sample sequences after phase recovery are compared against a map

of the transmitted constellation points to perform symbol detection and obtain a

equivalent bit stream based on the bit-to-symbol mapping used by the transmitter.

The generated bit stream can be compared to the transmitted bit stream to obtain a

pre-FEC bit error ratio (BER) estimate of the system performance. To perform soft-

decision FEC decoding, additional soft-information in form of log likelihood ratios

(LLRs) must be calculated to provide a measure of the reliability of each bit [75]. For

a typical QAM-based modulation format with Gray mapping, the LLR for each bit can

be approximated based on the Euclidean distance of its corresponding sample-value to

the target decision plane. However, accurate calculation of LLRs requires knowledge

of the signal to noise ratio. Note that proper adjustments of the LLRs are needed

for advanced modulation formats using probabilistic constellation shaping [48–50].

Similar to the transmitter side, these systems require additional decoding blocks prior

to interfacing with the FEC decoder [51,52].
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Chapter 3

Application of Symmetric

Dispersion Map on Complexity

Reduction of Frequency-domain

Volterra-based Fiber Nonlinearity

Compensation

3.1 Preamble

This chapter is compiled from material extracted from manuscript titled “Complexity

reduction of frequency-domain Volterra-based nonlinearity post-compensation using

symmetric electronic dispersion compensation” which appeared in the proceedings of

the 40th European Conference on Optical Communication, Sept. 2014 [76].
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3.2 Introduction

Compensation of fiber nonlinearities is a vital requirement to increase the transmission

distances of coherent systems. Digital back propagation can effectively compensate

for intra-channel nonlinearities [23]. However, the considerable complexity of multiple

transformations between the time and frequency domains renders this method costly

for circuit implementation. Recently, a perturbation-based nonlinearity compensation

approach with symmetric electronic dispersion compensation (SEDC) was shown to

provide single step operation at one sample per symbol and manageable complexity,

especially for long-haul links [40]. Meanwhile, an alternative approach, frequency

domain Volterra-based nonlinearity equalization (FD-VNLE) has also been developed

[30–32]. In this chapter, we demonstrate that FD-VNLE in conjunction with SEDC,

and root-raised cosine (RRC) pulse shaping with a roll-off factor of 0.1 can provide

significant complexity reduction compared to a similar system using instead post

dispersion compensation. The complexity reduction is a direct result of a sparse

representation of the Volterra kernels for long-haul links, and kernel simplification

due to SEDC. Experimental results affirm the performance of the complexity-reduced

FD-VNLE with SEDC scheme in the transmission of a 128 Gb/s dual polarization

(DP) 16-QAM signal over 3600 km of standard single mode fiber (SSMF).

3.3 Principle of FD-VNLE for Symmetric Disper-

sion Link

For brevity, FD-VNLE for a single polarization signal with dispersion pre-compensation

is explained. Note however, that the experimental results are based on a DP signal.
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By considering a pre-dispersed signal at the transmitter and compensation of the

residual dispersion in the receiver, FD-VNLE can be written as,

Unl(ω) = U(ω) +

∫ ∫
K̃sim,3,N(ω1, ω2, ω)

× U(ω1)U∗(ω2)U(ω − ω1 + ω2)dω1dω2. (3.1)

In the frequency domain, U(ω) and Unl(ω) represent the dispersion-free signal and

signal after nonlinear compensation, respectively. K̃sim,3,N(ω1, ω2, ω,N) is the third-

order Volterra kernel for the equalization. Denoting by N , L, α, β2, and γ, the

number of spans, span length, fiber attenuation parameter, second order dispersion

parameter, and nonlinear parameter, respectively, and defining Leff , (1 − e−αL)/α

and Ω2 , 2(ω−ω1)(ω1−ω2), the generalized 3rd order Volterra kernel for a link with

an arbitrary fraction, 0 ≤ ρ ≤ 1, of dispersion pre-compensation is obtained as,

K̃sim,3,N,ρ(ω1, ω2, ω) , K̃sim,3,N,ρ(Ω)

= −j 8γ

36π2
Leffe

+j(1−2ρ)Nβ2LΩ2/4 sin(Lβ2Ω2N/4)

sin(Lβ2Ω2/4)
. (3.2)

Note that waveform distortion within each span is neglected due to its broad-band

nature in a link with several spans [30]. Similarly, another kernel U3(ω1, ω2, ω) ,

U(ω1)U∗(ω2)U(ω−ω1+ω2) is defined to represent the data- and pulse shape-dependent

terms in Eq. (3.1). The kernels for a DP 16-QAM 3600 km link comprising 48 SSMF

spans, with RRC pulse shaping with a roll-off factor of 0.1, sampled at 1.1 samples

per symbol, are illustrated in Fig. 3.1. Let the optical dispersion-free pulse spectrum

be B0(ω) , F{b0(t)}, where b0(t) and F{.} denote the pulse waveform and Fourier
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transform operation, respectively. For a given ω, the regions of U3 in the (ω1, ω2)

plane with significant signal contribution can be obtained by using U(ω) = B0(ω) in

U3(ω1, ω2, ω). Moreover, as |ω| increases, the K̃sim,3,N,ρU3 product contributes fewer

significant terms to the integral in Eq. (3.1). In the implementation, consecutive

blocks of data with 50% overlap are transformed into the discrete Fourier transform

(DFT) domain wherein the nonlinearity equalization is performed using a discretized

version of Eq. (3.1). Next, the inverse-DFT is applied and the middle symbols in

each block of the equalized signal are retained. The number of summation terms in

the discretized equalization can be used as a measure of complexity for FD-VNLE.

SEDC provides two major contributions towards FD-VNLE complexity reduction.

First, as shown in Fig. 3.2, the real part of K̃sim,3,N,ρ is zero for a link with SEDC

(ρ = 0.5). Also, as can be inferred from Figs. 3.1 and 3.2, only a fraction of the kernel

coefficients have significant contribution to Eq. (3.1). Here, we use the coefficient

selection criterion

S(K̃sim,3,N,ρ, B0,3, ζ) ,

{
K̃sim,3,N,ρ(ω1, ω2, ω)

∣∣∣ |K̃sim,3,N,ρB0,3|
max(|K̃sim,3,N,ρ||B0,3|)

> ζ

}
, (3.3)

where B0,3(ω1, ω2, ω) , B0(ω1)B∗0(ω2)B0(ω − ω1 + ω2) is the pulse spectrum kernel.

For ζ = −35 dB, the number of K̃sim,3,N,ρ coefficients is reduced by 26.9% over

{ω1, ω2, ω} ∈ [−8.8 , 8.8] GHz for the 16 Gbaud, 3600 km link described below in the

experimental setup. The fraction of retained coefficients is further reduced for longer

and/or more dispersive links.

However, the major contribution of SEDC is to decrease the memory of the fiber

nonlinearity by reducing the maximum accumulated signal dispersion in the fiber.
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Consequently, smaller DFT blocks can be used for FD-VNLE. This provides sig-

nificant complexity reduction since the per-symbol complexity of FD-VNLE grows

quadratically with the DFT block length.

Additionally, the sampling rate can be reduced to match the signal bandwidth with

negligible performance penalty [30]. Nyquist pulse shaping can lower the sampling

rate and hence the complexity of FD-VNLE. Benefiting from RRC pulse shaping with

a roll-off factor of 0.1, the received signal can be re-sampled to 1.1 samples/symbol

prior to FD-VNLE processing.

Note that the above analysis also holds for DP signals. The equation for nonlinear

compensation of each polarization component is similar to (1), except that the signal

dependent kernel is expanded to accommodate an additional cross polarization term,

U3,x/y(ω1, ω2, ω) = Ux/y(ω − ω1 + ω2)

×
[
Ux(ω1)U∗x(ω2) + Uy(ω1)U∗y (ω2)

]
, (3.4)

where Ux and Uy are the dispersion-free optical pulse spectra for the x- and y-

polarizations, respectively. For identical pulse shaping for both polarizations, the

regions of the (ω1, ω2, ω) space that bear significant U3 = [U3,x U3,y]
T components

are identical to those in the single polarization scenario.

3.4 Experimental Setup

The experimental setup is illustrated in Fig. 3.3. A 128 Gb/s DP 16-QAM signal was

generated by mapping a period 219 de Bruijn bit sequence to 16-QAM symbols. Next,

RRC pulse shaping with a roll-off factor of 0.1 was performed in the digital domain.
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Figure 3.3: Experimental setup for 128 Gb/s DP 16-QAM transmission with dispersion
pre-compensation

In the case of dispersion pre-compensation, frequency domain pre-compensation was

performed with 2 samples per symbol after the pulse shaping. The generated wave-

forms for the in-phase and quadrature components in each polarization were stored in

a programmable memory interfaced to four synchronized digital-to-analog converters

(DACs) sampling at 39.4 GSa/s. The DP IQ modulator was driven by the DAC out-

put signals to generate the optical signal. A recirculating loop comprising four spans

of 75 km SSMF, a loop synchronous polarization scrambler (LSPS), an erbium doped

fiber amplifier (EDFA), and a tunable optical bandpass filter (OBPF) was used for

3600 km transmission. The received signal was amplified and filtered before entering

a coherent receiver. The four detected signals from balanced photodiodes were dig-

itized using real-time sampling oscilloscopes with 32 GHz electrical bandwidth and
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80 GSa/s analog-to-digital converters. The offline processing involved matched fil-

tering and digital compensation of the remaining signal dispersion. The signal was

then resampled to the desired sampling rate for nonlinearity compensation. A sliding

window with 50% overlap was used to capture successive blocks of the signal in each

polarization. Fast Fourier transform was applied to each block prior to FD-VNLE.

After the fiber nonlinearity compensation, the signals were resampled to 2 sam-

ples per symbol to allow operation of standard algorithms for digital clock recov-

ery and polarization recovery. Polarization recovery was performed using a 15-tap

MIMO equalizer. We used constant modulus algorithm (µCMA = 4 × 10−7) for pre-

convergence and then switched to radius directed algorithm (µRDA = 1.5 × 10−6).

Next, carrier frequency offset recovery using a frequency domain algorithm was per-

formed, followed by carrier phase recovery using a sliding-window two-stage hybrid

algorithm [73]. Finally, a bit error ratio (BER) was obtained by bit error counting

using rectilinear decision boundaries.

3.5 Results and Discussion

Fig. 3.4 illustrates the dependency of bit error ratio (BER) on launch power for a DP

16-QAM 128 Gb/s signal after 3600 km transmission. Four scenarios are considered:

linear post-compensation of dispersion (LC); symmetric electronic dispersion com-

pensation (SEDC); frequency-domain Volterra-based nonlinearity equalization with

linear post compensation of dispersion (FD-VNLE + LC); and FD-VNLE with sym-

metric electronic dispersion compensation (FD-VNLE + SEDC). For scenarios with
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Figure 3.4: Dependence of the bit error ratio on the optical launch power for 3600 km
fiber transmission. ζ = −35 dB is applied for FD-VNLE.

FD-VNLE, a DFT block size of 128 samples was used, and only K̃sim,3,N,ρ coeffi-

cients that satisfied ζ = −35 dB were kept. The scenarios with SEDC suffer an

increased implementation penalty due to the higher peak-to-average power ratio of

the pre-dispersed signal and DAC quantization.

The BER performance at the optimum launch power, and the complexity of the

nonlinear equalization as a function of DFT block length are depicted in Fig. 3.5. The

required number of terms is scaled to reflect the cost of each scheme per equalized

output symbol for ζ = −35 dB. FD-VNLE+SEDC allows nonlinear equalization with

32 DFT points, yet maintaining the FEC threshold of 2× 10−2. This corresponds to

processing of 854 Volterra kernel coefficients per symbol. However, 64-point DFTs

are required for the system with post-dispersion compensation, which requires 4391

Volterra kernel coefficients per symbol. In conjunction with K̃sim,3,N,ρ simplification,
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Figure 3.5: Dependence of BER and the number of selected Volterra kernel terms on the
DFT block length.

SEDC manages to reduce the complexity of FD-VNLE by a factor of 5.1 for the

coefficient selection criterion ζ = −35 dB.

Finally, we explore the trade-off between complexity and performance for different

FD-VNLE scenarios at their respective optimal launch powers. Fig. 3.6 illustrates the

evolution of BER and FD-VNLE complexity as the selection criterion threshold ζ is

varied from -35 dB to -1 dB. For FD-VNLE+LC, 429 Volterra kernel coefficients

per symbol is the least complexity that maintains the target BER threshold of 2 ×

10−2. However, FD-VNLE+SEDC achieves the target pre-FEC BER with a reduced

complexity as low as 178 Volterra kernel coefficients per output symbol, thus reducing

the complexity by a factor of 2.4. The two curves for SEDC (or LC) cross each other,

as they trace-out different performance-complexity trade-offs between using a longer
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block length to capture the influence of neighboring symbols and keeping more kernel

coefficients.

3.6 Conclusion

With the help of SEDC, the complexity of FD-VNLE is reduced by a factor of 2.4

on an experimental transmission of a 128 Gb/s DP 16-QAM signal with RRC pulse

shaping and a roll-off factor of 0.1 over 3600 km of SSMF.
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Chapter 4

Efficient FD-VNLE Structures for

Fiber Nonlinearity Compensation

4.1 Preamble

This chapter is compiled from material extracted from an invited manuscript titled

“Frequency-Domain Volterra-Based Equalization Structures for Efficient Mitigation

of Intrachannel Kerr Nonlinearities” published in the IEEE/OSA Journal of Light-

wave Technology [77]. An earlier version appeared in the Proceedings of the 41st

European Conference on Optical Communication, Sept. 2015 [78]. Additional WDM

experimental results are presented for the first time. Unlike previous chapters, all of

the equations are presented in scalar format. We use bold-face symbols to represent

signals and filters in the continuous frequency domain in order to provide a clear

differentiation between them and their discrete-frequency counterparts.
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4.2 Introduction

Despite advances in the design and operation of long-haul fiber-optic systems, effec-

tive compensation of nonlinear fiber impairments remains a major challenge. Since

the introduction of digital signal processing and coherent detection into the opti-

cal communication systems [55, 79], numerous digital nonlinear compensation al-

gorithms with a wide range of complexity and effectiveness have been proposed

[23, 24, 30, 31, 36, 38, 40, 42, 76, 78, 80]. Even with these efforts, cost-effective real-time

implementation is still elusive.

Amongst various electronic nonlinearity equalization strategies, frequency domain

Volterra-based nonlinear equalization (VNLE) has shown promising results in terms of

performance, computational complexity, and processing delay [30, 31, 76]. Frequency

domain VNLE benefits from the available closed-form expressions of the Volterra

series expansion solutions of the nonlinear Schrödinger equation for single mode fibers

[17]. The expressions enable modeling and compensation of the nonlinear mixing of

different spectral components. The series expansion enables VNLE to be implemented

as a parallel structure [31], with higher order feed-forward Volterra filters in parallel

with a linear filter that compensates for in-line dispersion. Only odd order Volterra

filters have to be considered due to symmetries of the fiber medium [17]. Despite this,

implementation of higher order Volterra filters does increase complexity. Therefore,

only the implementation of the third order Volterra filter is considered below. A

comprehensive study of the computational complexity of frequency domain VNLE

was presented in [31]. By taking advantage of the symmetries in the Volterra kernel,

a three-fold reduction in the computational complexity was achieved. Additionally, a

pruning strategy that further reduces the computations by dropping Volterra kernel
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coefficients with marginal contribution to the performance is proposed.

Aiming to improve the performance-complexity trade-offs of VNLE implementa-

tions, we propose two cascade structures for VNLE processing. Unlike linear disper-

sion, Kerr nonlinearities are mostly generated at the beginning of every span, where,

the signal power is high. Hence, shorter discrete Fourier transform (DFT) blocks

can be used if dispersion compensation (DC) is removed from the nonlinear equaliza-

tion processing. Doing so improves the performance-complexity trade-off for VNLE

since the complexity of VNLE grows cubicly with the DFT block size. We provide a

comprehensive comparison between the two cascade VNLE implementations and the

conventional parallel implementation. The experimental results obtained from a 256

Gb/s DP 16-QAM single channel experiment with root-raised-cosine pulse shaping

demonstrates as much as 90% complexity reduction without any significant perfor-

mance loss compared to the conventional approach, by doing only DFT-size optimiza-

tion. With VNLE, the transmission distance is increased by 48% compared to the

linear solution which only performs electronic post-compensation of chromatic disper-

sion. In contrast to the conventional parallel implementation, the proposed cascade

structures enable a graceful reduction of VNLE performance when tightening the

complexity budget. Under austerity, one can deploy a fixed VNLE implementation

for a wide range of transmission scenarios and obtain partial nonlinear equalization

gains.

4.3 VNLE Processing Structures

For clarity, bold small/capital letters are used to represent the signals and filters in the

continuous time/frequency domains. The non-bold format is reserved for the discrete
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time representation of the continuous domain entities. We consider a homogeneous

optical link with M spans of single mode fiber with length L, attenuation parameter

α, second order dispersion coefficient β2, nonlinear parameter γ and lumped amplifi-

cation. Let Ux/y(ω, z) = F{ux/y(t, z)} represent the frequency domain optical field in

the link for the x/y polarizations at distance z from the transmitter, where ux/y(t, z)

is the time-domain representation of the optical field and F{.} denotes the Fourier

transform.

Fig. 4.1(a) illustrates a single step of digital back propagation (DBP) using parallel

VNLE with 1 step per N spans (1/N SPS). The first order Volterra term

K̃1,N(ω) = e−jNβ2Lω2/2 (4.1)

effects a linear filter that performs dispersion compensation (DC). This filter is

placed in parallel with the third-order nonlinear filter with Volterra transfer func-

tion K̃3,N(ω1, ω2, ω). The optical field at z −D, with D = NL is modeled as a sum

of the linear and nonlinear components,

Ux/y(ω, z −D) = Ulin,x/y(ω, z −D) + Unl,x/y(ω, z −D). (4.2)

Given the optical fields for the signals in both polarizations Ux(ω, z) and Uy(ω, z),

one can readily calculate the linear and nonlinear components of Ux/y(ω, z − D).

In the absence of polarization mode dispersion and polarization dependent loss, the

linear component can be obtained from

Ulin,x/y(ω, z −D) = K̃1,N(ω)Ux/y(ω, z) (4.3)
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while

Unl,x/y(ω, z −D) =

∫∫
K̃3,N(ω1, ω2, ω)P(ω1, ω2, z)

×Ux/y(ω − ω1 + ω2, z)dω1dω2 (4.4)

, K̃3,N [Ux/y(ω, z); Uy/x(ω, z)]. (4.5)

models the nonlinear component using only the third order term of the Volterra

expansion. Here,

P(ω1, ω2, z) = Ux(ω1, z)U
∗
x(ω2, z) + Uy(ω1, z)U

∗
y(ω2, z), (4.6)

is obtained from the signal spectra of both polarizations. Using the auxiliary variable

Ω =
√

2(ω − ω1)(ω1 − ω2) (4.7)

for a compact representation, K̃3,N(ω1, ω2, ω) can be expressed as a combination of

three distinct functions [30,31],

K̃3,N(ω1, ω2, ω) = K̃1,N(ω)G̃3(Ω)F̃N(Ω). (4.8)

The first function is the DC filter. The second function

G̃3(Ω) = jξ
8γ

36π2
× 1− e+(α+jβ2Ω2/2)L

α + jβ2Ω2/2
(4.9)

models the third-order nonlinearities of a single fiber span. Here, 0 < ξ < 1 is a

scaling factor which needs to be numerically optimized for best performance. Finally,
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the third function

F̃N(Ω) = e+j(N−1)Ω2β2L/4 × sin(Nβ2LΩ2/4)

sin(β2LΩ2/4)
(4.10)

models the non-coherent accumulation of third order nonlinearities overN consecutive

spans. We use the simplified notation K̃3,N [.; .] to represent the integral’s “mixing” of

K̃3,N(ω1, ω2, ω) with the input signals from both polarizations, as described in (4.4).

Using (4.8) and (4.4), we obtain the following nonlinear filtering equation for each

polarization,

Unl,x/y(ω, z −D) = K̃1,N(ω)

∫∫
G̃3(Ω)F̃N(Ω)P(ω1, ω2, z)

×Ux/y(ω − ω1 + ω2)dω1dω2

, K̃1,N(ω)× G̃3FN [Ux(ω, z); Uy(ω, z)]. (4.11)

Similarly, G̃3FN [.; .] denotes the integral’s “mixing” of G̃3(Ω)F̃N(Ω) with the input

signals. The DC filter is taken outside of the double integral since it is not a function

of ω1 or ω2. Hence, Unl,x/y(ω, z −D) can be obtained by linear-filtering the result of

the nonlinear mixing. Using (4.3) and (4.11), we can rewrite equation (4.2) to obtain

Ux/y(ω, z −D) = K̃1,N(ω) (4.12)

×
(
G̃3FN [Ux/y(ω, z); Uy/x(ω, z)] + Ux/y(ω, z)

)
.

A VNLE structure based on (4.12), denoted as cascade-1 (C1) VNLE, is depicted

in Fig. 4.1(b). With this structure, DC is applied only once in each step after the

nonlinear filtering of the input field signals.
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Figure 4.1: Block diagrams of (a) parallel, (b) cascade-1, and (c) cascade-2 VNLE struc-
tures.

In a similar fashion, a cascade-2 (C2) VNLE structure with nonlinear filtering

performed on the output of the linear filter can be obtained as

Ux/y(ω, z −D) = Ulin,x/y(ω, z −D) +

˜́G3FN [Ulin,x/y(ω, z −D); Ulin,y/x(ω, z −D)]. (4.13)

C2-VNLE is depicted in Fig. 4.1(c), with a new third-order Volterra kernel transfer

function
˜́
G3(Ω) = G̃3(Ω)K̃1,N(Ω). Here, K̃1,N(Ω) is obtained from K̃1,N(ω) in (4.1)

by replacing ω with Ω (4.7). A detailed derivation of the C2-VNLE structure is

available in the Appendix.

It is important to emphasize that the conventional parallel structure and both

74



cascade structures are different representations of the same equation. Therefore, the

same compensation performance is expected in the absence of sampling and quan-

tization. However, as we describe in the next section, the cascade structures offer

interesting advantages for digital implementation, leading to notable complexity re-

duction and robustness to imperfect parameter settings.

4.4 Implementation of the VNLE structures

Digital implementation of VNLE requires discretization of the continuous-time signals

and filters. The Fourier transform by definition requires full knowledge of the signal

in time. Discrete Fourier transform (DFT) in conjunction with overlapped framing

of the sampled input signals enables digital implementation of the frequency domain

VNLE structures. Below, we consider designing the digital structures to best trade-off

between nonlinear compensation gains and computational complexity.

The proposed digital implementations of the VNLE structures in Fig. 4.1 are

presented in Fig. 4.2. Note that each frequency domain filter is encapsulated by a

DFT/IDFT pair that follows an overlapped framing block implementing the overlap-

and-save method. Additionally, note that the DFT length of the linear and nonlinear

branch can be tuned separately. For a fair comparison, the frequency domain imple-

mentation of the DC filter with transfer function K̃1,N [i] uses the same DFT block size

in all three structures. DFT block size plays a crucial role in the implementation of the

DC filter. The minimum required DFT block length is proportional to the time do-

main spread of the sampled impulse response of the DC filter k̃1,N [n] = k̃1,N(t = n/fs),

where k̃1,N(t) = F−1
{
K̃1,N(ω)

}
, fs is the sampling frequency, and F−1{.} denotes
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Figure 4.2: DSP Implementation of (a) parallel (b) cascade-1 (c) cascade-2 VNLE struc-
tures using separate DFT/IDFT blocks for the linear and nonlinear filtering sections.

the inverse Fourier transform. Therefore, larger DFT blocks must be employed for

larger N due to greater accumulated dispersion. For each choice of SPS, the DFT

size for DC is chosen to ensure a Q2-factor penalty < 0.1 dB compared to the best

achievable performance.

Similarly, the discrete-frequency implementation of the third-order nonlinear Volterra

filter can be obtained by sampling the kernels in the double integral and replac-

ing the double integral with summations. For example, the discretized nonlinear

filtering represented by the continuous frequency domain equation Uout,x/y(ω) =
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G̃3FN [Uin,x/y(ω); Uin,y/x(ω)] can be expressed as

Uout,x/y[i] , G̃3FN [Uin,x/y[i];Uin,y/x[i]]

=
∑∑
(j,k)∈Ci

G̃3F̃N [i, j, k]P [j, k]Uin,x/y[i− j + k] (4.14)

where, G̃3F̃N [i, j, k] = G̃3(ζ)F̃N(ζ),

ζ =
2πfs
NDFT

√
2(i− j)(j − k), (4.15)

NDFT is the DFT block length, and Uin/out,x/y[i] represents the Uin/out,x/y(ω) samples

at the angular frequencies

{ωi} = {2πfs(i− 1)/NDFT − πfs}, i = 1, ..., NDFT. (4.16)

For a given output frequency index i, the double summation takes values over the

following subset in the (j, k) plane:

Ci =
{

(j, k) | i : 1 ≤ j ≤ NDFT , 1 ≤ k ≤ NDFT ,

1− i ≤ k − j ≤ NDFT − i
}
. (4.17)

Note that the dependency of the input signals on z is dropped for convenience.

The number of arithmetic operations needed to compute (4.14) is determined by

the cardinality of the index set Ci in (4.17) which is O(N3
DFT). This cubic complexity

makes it important to minimize the DFT size NDFT in the nonlinear branch ((I)DFT-

B in Fig. 4.2). For the parallel structure in Fig. 4.2(a), we expect NDFT-B to be no
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less than NDFT-A, due to the presence of the DC filter kernel K̃1,N [i] in the nonlinear

branch. As noted, NDFT-A grows with the number of spans per back propagation step

N . In the two cascade structures (Fig. 4.2(b) and (c)), K̃1,N [i] is taken out of the

nonlinear branch. Hence, NDFT-B no longer grows with the time-spread of the linear

dispersion and can be optimized separately.

4.5 Computational Complexity

We compare the computational complexity of the three structures in Fig. 4.2. As

indicated earlier, the DC filter is optimized to use the same DFT size NDFT-A for

all three structures. Hence, we only need to consider the complexity of the nonlinear

branch. The computation of the sampled Volterra transfer functions Ǵ3F̃N [i, j, k] and

G̃3F̃N [i, j, k] is performed once during system setup, and the filter coefficients are then

stored in memory. Hence, the real-time complexity of the nonlinear Volterra filtering

is determined by the computation of the sum of products between the filter coeffi-

cients and signal spectral samples, as shown in [31]. As described above, the required

number of complex multiplications for direct calculation of (4.14) for all frequency

components i grows with O(N3
DFT-B). However, a more efficient implementation strat-

egy is possible due to inherent symmetries of the third order Volterra kernel. Adopting

the complexity analysis and implementation strategy presented in [31], the total num-

ber of complex multiplications (CMs) required to compute Uout,x[i] and Uout,y[i] for

i = 1, ..., NDFT can be obtained for the cascade structures as

CC =
2

3
N3

DFT-B +
7

2
N2

DFT-B −
11

3
NDFT-B +

1

2
. (4.18)
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For the parallel structure, the number of CMs is increased by NDFT-B due to the

presence of K1,N [i] in the branch1

CP =
2

3
N3

DFT-B +
7

2
N2

DFT-B −
8

3
NDFT-B +

1

2
. (4.19)

Additionally, two pairs of DFT/IDFTs are required to convert the input and output

signals between the time and frequency domains in every step. This requires

CDFT =
NDFT-B

2
log2(NDFT-B) (4.20)

CMs per (I)DFT based on the standard Cooley-Tukey radix-2 implementation. Fi-

nally, the total number of CMs for the nonlinear branch per output symbol pair of a

DP system is

Csym, C/P = SR×M/N × CC/P + 4CDFT

NDFT-B(1−OV%/100)
. (4.21)

Here, SR (samples/symbol) and OV% represent the oversampling rate and the per-

centage of window overlap for the overlap-and-save method, respectively.

4.6 Single Channel Experimental Setup

The experimental setup is illustrated in Fig. 4.3. A 256 Gb/s DP 16-QAM signal

was generated by Gray mapping a 219 de Bruijn bit sequence to 16-QAM symbols.

Next, root-raised cosine pulse shaping with a roll-off factor of 0.1 was performed in

1Direct multiplication of the nonlinear kernel output with K1,N [i] requires NDFT-B CMs per
polarization. However, only half of these multiplications are needed in the efficient structure proposed
in [31].
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Figure 4.3: Experimental setup for 256 Gb/s dual-polarization 16-QAM signals. DAC:
digital-to-analog converter; EDFA: erbium doped fiber amplifier; AOM: acousto-optic mod-
ulator; OBPF: optical bandpass filter; LSPS: loop synchronous polarization scrambler.

the digital domain. After compensating for the inverse response of the DACs, the

waveforms for the in-phase and quadrature components of each polarization were

stored in a programmable memory interfaced to four synchronized digital-to-analog

converters (DACs) of WaveLogic 3 transmitter operating at 39.4 GSa/s [81]. The DP

IQ modulator was driven by the DAC output signals. The optical signal was launched

into a recirculating loop with four spans and a loop synchronous polarization scram-

bler (LSPS). Each span comprised 75 km of standard single-mode fiber (SSMF), an

erbium doped fiber amplifier (EDFA) for power adjustment, and an optical bandpass

filter (OBPF) with 0.7 nm bandwidth to prevent out-of-band amplified spontaneous

emission noise from saturating the EDFAs. In the coherent receiver, four detected sig-

nals from balanced photodiodes were digitized using real-time sampling oscilloscopes
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with 32 GHz electrical bandwidth and 80 GSa/s analog-to-digital converters for of-

fline processing. After front-end compensation, the signals were resampled to SR=1.1

samples/symbol, prior to VNLE processing using 50% overlapping blocks. Next, the

signals were resampled to 2 samples per symbol to allow operation of standard al-

gorithms for digital clock recovery and polarization recovery. Polarization recovery

was performed using a 5-tap MIMO equalizer. The tap-updates were obtained based

on the radius directed algorithm (µRDA = 9 × 10−7), after applying the constant

modulus algorithm (µCMA = 3 × 10−7) for pre-convergence. Next, carrier frequency

offset recovery using a frequency domain algorithm was performed, followed by car-

rier phase recovery using a sliding-window two-stage hybrid algorithm [73]. Finally,

a bit error ratio (BER) was obtained by bit error counting using rectilinear decision

boundaries. Fig. 4.4 illustrates the measured back-to-back BER as a function of the

optical signal-to-noise ratio (OSNR) for the 256 Gb/s DP 16-QAM signal. The im-

plementation penalty in terms of the required OSNR for soft-decision forward error

correction (FEC) with 20% overhead and FEC threshold of 2.5× 10−2 [82] is 2.1 dB

relative to the theoretical performance based on the additive white Gaussian noise

(AWGN) channel.

4.7 Results and Discussion for Single Channel Ex-

periment

We first investigated the best choice of scaling factor ξ. For each VNLE structure

and DFT length, we optimized the scaling factor in two steps using the experimental
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Figure 4.6: BER as a function of input power for variable SPS and a fixed DFT length
(DFT 32) for parallel VNLE. SSFM results are obtained from the standard implementation
without overlapping blocks [23].

data at 1 dBm input launch power per span. First, we monitored the nonlinear

equalizer output over a coarse grid of ξ with ∆ξ = 0.1. Next, second order polynomial

interpolation was used to obtain a refined estimate. The optimized scaling factor as

a function of DFT length is depicted in Fig. 4.5. Decreasing SPS lumps the nonlinear

effects and chromatic dispersion of more fiber spans together. This increases the

deviation of the lumped model from the true evolution of the optical signal in the

fiber. Hence, we see that increasing SPS enables more accurate approximation of the

entangled dispersion and nonlinear effects in the fiber for all the VNLE structures.

This is corroborated by an increasing optimized scaling factor ξ with SPS. For P-

VNLE, the optimized ξ approaches zero quickly as SPS decreases, suggesting a higher

sensitivity of this structure to inaccuracies of the lumped modeling.
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Figure 4.7: BER as a function of input power for variable SPS and a fixed DFT length
(DFT 32) for cascade VNLE structures.

For a transmission distance of 4500 km, the BER results of P-VNLE and both

cascade VNLEs with 32-point DFT and several SPS values are compared in Fig. 4.6

and Fig. 4.7. Note that for 1 SPS operation, all three VNLE structures demonstrate

similar performances as well as optimal launch powers that are 3 dB higher than

using only DC. Additionally a BER below the FEC limit over a power range of 3

dB is achieved. However, a clear performance difference amongst these structures

becomes evident for smaller SPSs. C1-VNLE and C2-VNLE with as low as one step

every ten fiber spans (1/10 SPS) outperform P-VNLE with 1/2 SPS.

Note that C1-VNLE maintains a slight advantage over C2-VNLE. Both cascade

structures demonstrate more gradual degradation of BER performance with reduced

SPS than the parallel structure. The use of insufficiently large DFT sizes results

in an under-sampled K̃1,N(ω) which is the main source of performance degradation
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Figure 4.8: Q2 improvement for P-VNLE and C-VNLE structures with different DFT
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for P-VNLE. For small DFTs, the samples K̃1,N [i] of K̃1,N(ω) represent in the time

domain an aliasing-distorted version of the desired DC filter impulse response. The

impulse response length needs to increase with the number of spans N to provide

more DC. On the contrary, reducing SPS with the DFT size fixed, the under-sampled

K̃1,N(ω) severely deteriorates the nonlinear filter output to a point that renders any

nonlinear equalization ineffective. In contrast to P-VNLE, the C-VNLE structures

are immune to such performance degradations due to the absence of K̃1,N(ω) in the

nonlinear equalizer.

For comparison, BER performance of DBP using the standard symmetric split-

step Fourier method (SSFM) [23] for several SPSs is also plotted in Fig. 4.6. The
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parallel and cascade VNLE structures at 1 SPS outperform SSFM with 8 SPS. Ad-

ditionally, SSFM with at least 4 SPS is required to obtain a BER below the FEC

threshold. However, 1/2 SPS and 1 SPS are sufficient for C1-VNLE and C2-VNLE

to provide this BER performance, respectively.

Fig. 4.8 exhibits the performance of these algorithms in terms of Q2[dB] ,

20 log10

(√
2 erfc−1(2 BER)

)
, at 2 dBm launch power and several DFT lengths and

SPSs. For sufficiently large DFT lengths, there is a performance penalty for large

N ’s, or equivalently small SPS’s. As described previously, the penalty is due to the

lumped modeling of fiber nonlinearity and dispersion, in contrast to their actual en-

tanglement in the optical fiber. The C-VNLE and P-VNLE structures can provide as

high as 1.8 dB increase in Q2 relative to the best DC performance at optimum launch

power of -1 dBm.

Finally, the performance-complexity trade-offs offered by the VNLE structures are

investigated in Fig. 4.9. For each configuration, the best achievable BER performance

at the optimal launch power is considered. For brevity, each curve represents the

BER-complexity pairs with 1, 1/2, 1/4, and 1/10 SPS for a fixed DFT length.

The 1 SPS configuration almost always outperforms the 1/x SPS configuration

with an x fold larger DFT length. Hence, DFT length optimization is the first step

for an efficient design. To meet the FEC limit, 1 SPS with 32-point DFT is the

most computationally efficient configuration for P-VNLE, while C2-VNLE offers a

solution with 1/2 SPS and the same DFT block size. The least complex solution is

the C1-VNLE configuration with 1 SPS and 8-point DFT.

In comparison with P-VNLE, both cascade VNLE structures can be configured

to provide a greater variety of performance-complexity operating points below the
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(most complex) are presented.

Table 4.1: Best VNLE structures for different complexity constraints

Complexity VNLE DFT
SPS

Complexity FEC Margin† Distance
Constraint Structure Length Reduction (%) (dB) Increase (km)

Benchmark P 32 1 - 0.38 1500

50% Benchmark
C1 16 1 71.19 0.51 1570
C2 32 1/2 50.06 0.11 1330
P 16 1 71.07 -0.92 230

10% Benchmark
C1 8 1 90.89 0.38 1560
C2 16 1/4 92.80 -0.46 900
P 16 1/4 92.77 -1.18 50

† for 4500 km transmission

FEC limit. Note that increasing the DFT length beyond 32 points does not provide

any apparent performance advantage. Therefore, we use the complexity of 1 SPS,
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32-point DFT P-VNLE as a benchmark. From Fig. 4.9, the best realizations of the

VNLE structures with complexity no more than 50% and 10% of the benchmark are

listed in Table 4.1. For each VNLE structure in Table 4.1, the achievable BER as a

function of transmission distance is presented in Fig. 4.10. Note that the benchmark

system provides a 1500 km reach extension, or 46% increase, compared to the DC

solution. Although C2-VNLE provides much better distance-complexity trade-offs

compared to P-VNLE, C2-VNLE demonstrates substantial performance deficiencies

compared to C1-VNLE when subject to a severe complexity constraint. Unlike C2-

VNLE and P-VNLE, C1-VNLE maintains a performance matching the benchmark

system while using 90.9% fewer computational resources.
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4.8 WDM Experimental Setup

The WDM experimental data was obtained from a 9 channel setup with 25 GHz

channel spacing [83]. Each 128 Gb/s DP 16-QAM signal was generated by mapping

a 219 de Bruijn bit sequence to 16-QAM symbols. Root-raised-cosine pulse shaping

with roll-off factor of 0.5 was performed in the digital domain. For the center chan-

nel, a Ciena WaveLogic 3 transceiver with four synchronized 39.4 GSa/s DACs and

a DP IQ modulator was operated as an arbitrary optical waveform generator [81].

The neighboring channels were separately generated using a second WaveLogic 3

transceiver with 8 input lasers. The signal sample values were compensated by the

inverse frequency responses of the DACs. The generated optical signal were launched

into a recirculating loop. The loop consists of four spans, a gain equalization filter,

and a loop synchronous polarization scrambler. Each span is comprised of 75 km

of SSMF, an EDFA with a noise figure of 5 dB, and an optical bandpass filter with

18nm bandwidth to limit the ASE noise. In the receiver, the signal in the center chan-

nel is separated using an OBPF with 1.3 nm bandwidth, and then down-converted

using a coherent receiver with 32 GHz bandwidth. The four signals from the bal-

anced detectors were digitized using 80 GSa/s ADCs of two synchronized real-time

sampling oscilloscope prior to the offline processing. In the offline processing front-

end compensation was performed prior to the matched filtering and the signals were

resampled to 1.5 samples/symbol. The VNLE processing employs fast Fourier trans-

forms and 50% overlap-save method. After VNLE, the same chain of algorithms as in

the single-channel experiment was employed for data recovery and bit-error counting.
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4.9 Results and Discussion for WDM Experiment

For a transmission experiment over 2700 km, the achieved quality factor (Q2) for dif-

ferent optical launch powers is depicted in Fig. 4.11. Using 16-point (I)DFT blocks,

both VNLE structures provide a similar performance for N = 1 (or 36 steps), en-

abling 0.55 dB performance gain at 2 dB higher optimal launch power compared to

the dispersion compensation (DC) scenario without any nonlinear equalization. Sim-

ilar to the single channel experiment results, C1-VNLE outperforms the P-VNLE

implementation for shorter DFT blocks and/or larger N . As described earlier, using

exceedingly small DFTs compared to the width of K̃N
1 (ω) in the time domain results

in time domain aliasing of the dispersion compensation filter. C1-VNLE structures

are immune to such distortions due to absence of K̃N
1 (ω) from the nonlinear kernel.

The remaining terms in the C1-VNLE nonlinear filter also exhibit performance degra-

dation with reduced DFT length and/or increased N , although with a significantly

lower sensitivity.

For both VNLE structures, the best achievable Q2 for different DFT lengths and

equalization steps M/N are illustrated in Fig. 4.12. The complexity of both VNLE

structures is almost identical for similar settings and grows linearly with M and

quadratically with the DFT length. We observe that C-VNLE enables solutions with

lower complexity compared to the P-VNLE, enabling partial gains even with 4-point

DFTs. Compared to the single-channel experiment with 1.5 dB boost in signal quality

with VNLE, it is clear that the overall performance gain of the cascade and parallel

VNLEs over the linear equalizer is capped around 0.5 dB.
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4.10 Conclusion

We have introduced two cascade structures for digital implementation of VNLE. These

structures provide additional flexibility in system design and operation and enable

significant complexity reductions relative to the conventional parallel structure. Sin-

gle channel experimental results for a 256 Gb/s DP 16-QAM signal demonstrated

complexity savings as much as 90% without any performance penalty relative to the

conventional parallel structure. After optimization of different VNLE implementation

strategies, a 1.8 dB Q2 increase for 4500 km transmission was achieved. Addition-

ally, more than 1500 km transmission reach extension was demonstrated compared

to using only chromatic dispersion compensation. WDM experimental results from a

9×128 Gb/s DP 16-QAM transmission setup over 2700 km of SMF also reaffirmed the
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superior performance of the cascade VNLE structures. Pruning of the Volterra filter

coefficients in the cascade structure is likely to further improve the computational

efficiency; this remains a problem for future investigation.
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Chapter 5

Application of Hidden Markov

Modeling on Optimal Detection of

Signals in Presence of Pattern

Dependent Distortion

5.1 Preamble

This chapter is compiled from material extracted from manuscript titled “Detection

of High Baud-Rate Signals with Pattern Dependent Distortion Using Hidden Markov

Modeling” published in the IEEE/OSA Journal of Lightwave Technology [84] . An

earlier version appeared in the Proceedings of the 42nd European Conference on

Optical Communication, Sept. 2016 [85]. We opted to redefine and employ some of

the common notations used in prior chapters to avoid using unconventional notations.
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5.2 Introduction

Pattern-dependent distortion (PDD), caused by the linear and nonlinear responses

of electro-optical components, drive-amplifiers and digital-to-analog converters, can

degrade the signal quality in high baud rate fiber-optic communication systems [86].

Various approaches have been proposed to mitigate these effects, including digital

signal processing techniques to mitigate the nonlinearities of the Mach-Zehnder mod-

ulator [87] or to improve the signal quality of digital-to-analog converters (DACs)

with limited bandwidth [88]. Volterra series, which have served as a powerful tool to

analyze and compensate for fiber nonlinearities [30, 32, 77, 80], have received a lot of

attention in the context of PDD induced by transmitter components [89,90]. Another

approach is to capture the nonlinearity-degraded data signals and use this knowledge

to build look-up tables (LUTs) to pre-compensate for the PDD and/or implement

more intelligent detection strategies at the receiver [12–14]. In one embodiment of

this approach, the LUT is populated with entries during a “training phase”. Each

entry is associated with one unique sequence of L transmitted symbols; for an M -ary

alphabet, the LUT has ML entries. The entries are derived from samples of the re-

ceived signal for a random transmitted symbol sequence in a back-to-back experiment.

After coherent detection, the soft-information after carrier recovery is aligned with

the known transmitted symbol sequence. The alignment enables collection of all the

received L-sample sequences corresponding to each of the ML transmitted L-symbol

patterns. The collected samples for each pattern are averaged and the average is

stored as the LUT entry associated with the transmitted symbol pattern. The LUT

could be deployed at the transmitter in a sliding window fashion to pre-distort the

transmitted signal [13,91]. It is also possible to utilize the LUT as a detection tool at
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the receiver [12,91]. In this approach, a sliding window captures L consecutive sample

values, where L is conventionally assumed to be an odd number. Next, the Euclidean

distance between the samples and each of the ML LUT entries is calculated. The

LUT entry that produces the minimum Euclidean distance (MED) is selected as the

best matching, and the transmitted symbol sequence associated with the best match

is used to infer the transmitted symbols. In [91], it was shown that using an LUT as

designed above for pre-distortion or detection, can outperform Volterra based equal-

ization. Note that these methods are mainly employed to combat transmitter and/or

receiver distortions due to their lower memory while other measures must be deployed

to compensate for the distortions of the fiber-optic channel, namely, dispersion and

fiber-nonlinearity.

In the sliding window implementation of the LUT-based detection, each trans-

mitted symbol is covered by L consecutive detection blocks. The L best matches

associated with the L detection blocks may, in general, not agree on the value of a

transmitted symbol. In [14] multiple ad hoc decision algorithms were proposed in

order to resolve the conflicts, albeit without notable discussion on the optimality of

those algorithms. Additionally, for the aim of minimizing the probability of error,

the MED decision rule may result in a significant performance penalty compared to

maximum a posteriori (MAP) detection.

Besides the problem of needing to resolve multiple decisions for the same data

symbol, the LUT approach of [14] also entails using a table whose size grows expo-

nentially with the time-span of the memory of the PDD. Since every table entry has

to be checked, the computational complexity per data symbol also grows exponen-

tially. To address both problems, in this work, we develop MAP-based sequential

detection of the data symbols in the presence of PDD. In particular, we extend our
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previous work [85] by providing a detailed derivation of the proposed detection al-

gorithm and analysis of its computational complexity. Additionally, comprehensive

results for back-to-back and recirculating-loop experiments are presented.

In Section 5.3, we formulate this problem by first introducing super-symbols

formed from overlapping blocks of L consecutive symbols. Similarly, a super-sample

comprises L consecutive received samples corresponding to the L transmitted sym-

bols in a super-symbol. Two consecutive super-symbols share L − 1 data symbols,

and the knowledge of a super-symbol value at one time instance means that there can

only be M possible super-symbol values for the next super-symbol. A sequence of

transmitted data symbols corresponds to a unique sequence of super-symbols whose

evolution can be modeled as a finite-state machine with LM states, one state for each

distinct super-symbol value, and L outgoing transitions per state with the proba-

bility of the next symbol providing the transition probabilities. Given the above,

detection of transmitted symbols in the receiver can be expressed as inferring the

sequence of states that “emits” the sequence of received super-samples. In principle,

the inference can be done without errors if the received samples have suffered only

PDD, and the PDD has finite memory L̄ ≤ L < ∞ and effect a one-one mapping

from the symbols to the samples. However, in general, L̄ may not be known, and a

desire for low computational complexity makes choosing a small L appealing, even

smaller than L̄. Another consideration is that the received signal typically suffers

other impairments such as noise. It follows from the above considerations that the

problem formulation needs to reflect the fact that a given super-sample may be emit-

ted from multiple states. We therefore adopt the formalism of hidden Markov models

(HMMs) [92,93], wherein each state is equipped with a (state dependent) probability

distribution of the received super-sample. We use a multivariate Gaussian model to
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represent the combined effect of PDD and channel noise. The problem at hand, to

determine the most probable sequence of states given a sequence of super-samples, is

efficiently solved using the Viterbi algorithm (VA) [94]. With the HMM framework,

we propose two reduced-complexity variants of the sequential-detection algorithm, in

order to produce a suite of algorithm configurations that can deliver a wide range of

performance-complexity trade-offs.

In Section 5.4, the computational complexities of the proposed algorithms are

quantified. Besides a back-to-back experiment, we also conducted a 3x402 Gb/s su-

perchannel transmission experiment–with a net bit-rate of 1 Tb/s after accounting

for 20% overhead for FEC [95] and framing–to compare the performance of the algo-

rithms. The experimental setup is described in Section 5.5, followed by presentation

of experimental results in Section 5.6. Finally, conclusions are drawn in Section 5.7.

5.3 Markov Modeling of Pattern-Dependent Dis-

tortion

We consider the scenario wherein an independent and identically distributed (i.i.d.)

binary information sequence is used to form a sequence of i.i.d. dual polarization

(DP) M2-ary QAM constellation points. In this scenario, two perpendicular M -ary

PAM symbol sequences comprise the in-phase and quadrature signal components

of each polarization tributary. Without inter-polarization coding, four real-valued

i.i.d. M -ary PAM symbol sequences are generated. Each sequence goes through

a series of transformational steps in order to be modulated on the optical carrier.

The data sequences are re-sampled to a sampling rate that commensurates with the
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specifications of the DACs. The signal passes through a digital filter for pulse shaping.

Afterwards, the known nonlinear static electro-optical field transfer function of a

lithium niobate Mach-Zehnder modulator (MZM) is pre-compensated prior to the

electrical to optical conversion. The dual-parallel MZM, driven by electrical signals

of four synchronized DACs, enables the modulation of the optical carrier with a high

extinction ratio. However, due to the combined effect of the (a) bandwidth limitation

of the DACs, drive amplifiers, and optical modulator, (b) the intrinsic nonlinear

response of the MZM biased for maximum modulation, (c) the nonlinearities of the

drive amplifiers, and (d) laser phase noise and thermal noise, the quality of the output

signal differs from the ideal.

Consider an ideal back-to-back experiment in which the DP optical signal of the

transmitter is down-converted to the RF domain with a coherent mixer, and then

captured by a coherent receiver. With matched filtering and in the absence of errors in

timing recovery, polarization recovery, frequency offset estimation, and carrier phase

estimation, any differences between the transmitted symbols and the received samples

can be attributed to noise, and the linear and nonlinear impairments of the transmitter

electronic and opto-electronic devices. We use sN = [s1, .., sN ]T to denote a sequence

of N transmitted M -ary PAM symbols drawn from alphabet a = {a1, ..., aM} for

either the in-phase or quadrature component of the signal in either polarization1 . Let

rN = [r1, ..., rN ]T denote the corresponding N output samples of the coherent receiver

after carrier-phase recovery and prior to detection in the back-to-back experiment.

1 The embedded phase shifters within each arm of a lithium niobate MZM have a relatively
linear response. This prevents generation of undesired quadrature (in-phase) components within
the in-phase (quadrature) branch and effectively decouples the real and imaginary parts of a QAM
modulation format. However, there is a significant coupling between the quadrature fields of InP
and silicon photonics modulators [96] [97]. For such cases, the proposed framework can be extended
to operate on complex-valued symbols, though with additional implementation complexity.
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Without loss of generality, the symbol sequence for the in-phase or quadrature

component of the optical signal in each polarization tributary can be modeled by

a state machine (Markov chain) operating on an L-dimensional state-space. Each

state Ai ∈ A, where A = {A1, ..., AML}, represents one of the ML unique sequences

of L consecutive transmitted symbols, termed a “super-symbol” throughout the rest

of this paper. Similarly, we use “super-sample” to refer to the L output samples of

the coherent receiver corresponding to a transmitted super-symbol. Given sN and

rN , the sequence of transmitted super-symbols S
(L)
N = [S

(L)
1 , ..., S

(L)
N ]T and received

super-samples R
(L)
N = [R

(L)
1 , ..., R

(L)
N ]T are defined as

S
(L)
k = [sk−(L−1)/2, ..., sk, ..., sk+(L−1)/2], (5.1)

R
(L)
k = [rk−(L−1)/2, ..., rk, ..., rk+(L−1)/2], (5.2)

where L is assumed to an odd number. An example of this process is illustrated in

Fig. 5.1 (top).

The definition of the super-symbols S
(L)
N and super-samples R

(L)
N provides a means

to recover the sequence of transmitted symbols sN through tracking the states and

thereby detecting the super-symbols S
(L)
N at the receiver. We now formulate our de-

tection problem by considering the joint probability distribution of the super-samples

and super-symbols. In general, the joint probability density function of the received

super-samples and the transmitted super-symbols p(R
(L)
N ,S

(L)
N ) can be expanded using

the conditional probability:

P (R
(L)
N ,S

(L)
N ) = P (R

(L)
N |S

(L)
N )P (S

(L)
N ) (5.3)
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with

P (S
(L)
N ) = P (S

(L)
1 )

N∏
k=2

P (S
(L)
k |S

(L)
k−1) (5.4)

= P (S
(L)
1 )

N∏
k=2

P (S
(L)
k |S

(L)
k−1) (5.5)

, P(L)
1

N∏
k=2

T (L)
k|k−1. (5.6)

and

P (R
(L)
N |S

(L)
N ) = P (R

(L)
1 |S(L)

1 )

×
N∏
k=2

P (R
(L)
k |R

(L)
k−1,S

(L)
k ) (5.7)

≈
N∏
k=1

P (R
(L)
k |S

(L)
k ) (5.8)

,
N∏
k=1

Q(L)
k|k . (5.9)

Here, P(L)
1 is the probability distribution of the initial state, T (L)

k|k−1 , P (S
(L)
k |S

(L)
k−1)

constitutes the transition probability from state S
(L)
k−1 ∈ A at time k − 1 to state

S
(L)
k ∈ A at time k. Furthermore, Q(L)

k|k , P (R
(L)
k |S

(L)
k ) is the probability of emitting

the observed super-sample R
(L)
k from state S

(L)
k . Note that the approximation in (5.8)

treats the observed super-sample as a function of only the transmitted super-symbol at

the same time instance. Although this approximation can be accurate for the middle

element rk of the super-sample for a sufficiently large L, a similar argument may not

hold for the elements away from the center sample (e.g., rk+(L−1)/2 and rk−(L−1)/2 in

100



R
(L)
k ) since they are more likely to be affected by linear and nonlinear inter-symbol-

interference from transmitted symbols beyond those encapsulated in S
(L)
k . However,

as shown below, the Markov chain we construct enables us to effectively deal with

accurate estimation of the middle symbol in every super-symbol.

5.3.1 Prior Probability and State Transition Matrix

As mentioned before, P(L)
1 (i) , P (S

(L)
1 = Ai), i = 1, ...,ML is the prior probability

of the initial state. Since the super-symbol sequence is defined by concatenating con-

secutive symbols drawn uniformly and independently from an M -ary PAM alphabet,

we have P(L)
1 (i) = 1

ML ∀ i.

Regarding the state transition probability matrix
[
T (L)
k|k−1(i, j)

]
, P (S

(L)
k = Ai|S(L)

k−1 =

Aj), we show that
[
T (L)
k|k−1

]
is a sparse matrix. Since S

(L)
k and S

(L)
k−1 share L− 1 com-

mon random variables, each one of the possible states at time k−1 has a 1/M chance

of transitioning to M distinct (out of ML) states at time k. We use Bi with |Bi| = M ,

to represent the set of states that can be reached from state Ai, i = 1, ...,ML. There-

fore, it is possible to factorize T (L)
k|k−1 into a constant transition probability 1/M and

a membership matrix
[
I(L)
k|k−1(i, j)

]
,

T (L)
k|k−1(i, j) = 1/M × I(L)

k|k−1(i, j) (5.10)

I(L)
k|k−1(i, j) =


1, Aj ∈ Bi,

0, Aj 6∈ Bi.
(5.11)

This is illustrated in Fig. 5.1 (bottom) for a binary symbol sequence (M = 2) and

L = 3 block length. In the figure, the A3 = [a1a2a1] super-symbol can only be followed
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Figure 5.1: (Top) Formation of super-symbols and super-samples with size L = 3 for
two level (M = 2) PAM and sequence length N = 4, and (bottom) the state transition

probability matrix
[
T (L)
k|k−1(i, j)

]
. A sequence sN of N consecutive symbols are detected in

each detection block. For L ≥ 3, the super-symbols (super-samples) in the sequence cover
(L− 1)/2 symbols (samples) from neighboring blocks.
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by a super-symbol from B3 = {[a2a1a1], [a2a1a2]} with a transition probability of 1/2.

5.3.2 Modeling the Emission Probability Distributions

The emission probability for each state Q(L)
k|k (Rk|Sk = Ai), i = 1, ...,ML, is the proba-

bility distribution of the super-sample resulting from transmission of the super-symbol

associated with the state. The distribution is obtained by modeling the joint distri-

bution of the noise and the PDD. The noise term may include the residual laser

phase-noise, amplified spontaneous emission (ASE) noise due to inline optical am-

plifiers, and thermal noise sources that affect the signal quality in the receiver. For

simplicity, and also due to the significant contribution of ASE noise in long-haul fiber-

optic links, we treat the combined noise as additive white Gaussian noise (AWGN).

Let us consider a received super-sample R that corresponds to the transmitted

super-symbol Ai ∈ A. We model R as

R = Ai +W +W i. (5.12)

Here, W = [w1, ..., wL]T has a joint Gaussian distribution with mean µW = 0[L×1]

and covariance ΣW = σ2I[L×L], with I[L×L] representing the L × L identity matrix.

wi, i = 1, ..., L models the in-phase (or quadrature) component of the AWGN with

variance σ2 that accompanies each sample. In the back-to-back experiment, σ2 can be

readily obtained from an OSNR measurement, given theM -ary PAM symbol alphabet

a = {a1, ..., aM}. In the transmission experiment, the received OSNR estimated from

the noise figures of the inline amplifiers in the fiber-optic link is used instead [1].

Meanwhile, W i = [w
(i)
1 , ..., w

(i)
L ]T models the pattern dependent distortion added to

the super-symbol Ai. We use a joint-Gaussian distribution with pattern-dependent
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mean µW i[L×1] and covariance matrix ΣW i[L×L] to model W i. For simplicity, we further

assume that the noise and the PDD are statistically independent. Hence, we readily

combine the two random vectors to obtain

Vi = W +W i (5.13)

R = Ai + Vi, (5.14)

with mean µVi = µW i
and covariance

ΣVi = ΣW i
+ σ2I[L×L] (5.15)

=



[l]σ
(i)
w1,w1

+ σ2 σ
(i)
w1,w2

... σ
(i)
w1,wL

σ
(i)
w2,w1

σ
(i)
w2,w2

+ σ2 ... σ
(i)
w2,wL

...
...

. . .
...

σ
(i)
wL,w1

σ
(i)
wL,w2

... σ
(i)
wL,wL

+ σ2


.

While µV i remains unaffected by AWGN, the covariance matrices ΣVi , i = 1, ...,ML

in the low OSNR regime (σ2 � ||ΣW i
||) become highly diagonal and less dependent

on the symbol pattern. Conversely, in the high OSNR regime (σ2 → 0) the covariance

matrix of Vi is mostly shaped by the statistics of the patten-dependent distortion.

Having the joint distribution of noise and pattern-dependent distortion at hand,

the emission probability of the received super-sample R for super-symbol Ai can be

obtained as

P (R|Ai) = P (R|µi = µVi ,Σi = ΣVi)

=
exp

(
− 1

2
(R− µi)TΣ−1

i (R− µi)
)√

(2π)L|Σi|
. (5.16)
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Since the PDD deterministically depends on the transmitted symbols, W i can assume

one of up to ML distinct values where L is the maximum memory of the process

that generates the PDD. In the absence of any noise (σ2 = 0) and for L ≥ L, the

probability distribution for Vi is simply an L dimensional impulse located at µVi . If

L is not sufficiently large to capture the entire memory of the PDD, L < L, the

distortions manifest as a discrete pattern-dependent noise W i, in effect broadening

the distribution of Vi. The presence of noise (W with σ2 > 0) transforms the discrete

Vi distributions into continuous distributions, besides broadening them. Note that

the emission probabilities Q(L)
k|k , described by (5.7)-(5.9), can be readily obtained by

calculating (5.16) for each super-sample using the appropriate distributions for each

state.

5.3.3 Sequence Detection Using the Viterbi Algorithm

With the above Markov model, our sequence detection problem is cast as follows:

Ŝ
(L)
N,S-MAP = arg max

{S(L)
` ∈A,`=1,...,N}

{P (R
(L)
N ,S

(L)
N )}. (5.17)

We replace the maximization argument in (5.17) with the derivations in (5.4)-(5.16)

and take the logarithm to obtain the following:

Ŝ
(L)
N,S-MAP = arg max

{S(L)
` ∈A,`=1,...,N}

{
N∑
k=2

ln(I(L)
k|k−1)

+
N∑
k=1

(
− 1

2
(R

(L)
k − µi)TΣ−1

i (R
(L)
k − µi)

− ln
√

(2π)L|Σi|
)}

(5.18)
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Note that terms associated with P(L)
1 and the constant 1/M in (5.10) are dropped

from (5.18) as they contribute equally to all the candidate sequences. The binary

nature of I(L)
k|k−1 enforces the overlap between consecutive super-symbols.

The estimated set of transmitted symbols ŝN can be obtained from the solution

of (5.18),

ŝk = Ŝ
(L)
k

[L+ 1

2

]
, k = 1, ..., N. (5.19)

Various prior works on transmitter distortion compensation rely on the average statis-

tics and minimum Euclidean distance (MED) detection criterion [12–14]. These al-

gorithms treat the transmitted patterns as shifted by µW i
, i = 1, ...,ML. In order to

assess the effectiveness of sequence detection combined with the low-complexity MED

strategy, we additionally investigate sequential MED (SMED) detection criterion that

operates solely with average statistics,

Ŝ
(L)
N,SMED = arg max

{S(L)
` ∈A,`=1,...,N}

{
N∑
k=2

ln(I(L)
k|k−1) (5.20)

+
N∑
k=1

(
− 1

2
(R

(L)
k − µi)T(R

(L)
k − µi)

)}
.

Both (5.18) and (5.20) can be efficiently calculated by visualizing the Markov

chain as a trellis with N -stages and ML states per stage, and applying the Viterbi al-

gorithm (VA) to efficiently compute the probability-maximizing path (state sequence)

through the trellis [98]. The VA is widely used in digital communication, such as in

decoding convolutional error-control codes [94] and sequence detection in the presence

of channel memory and AWGN [99].
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Figure 5.2: Number of RMs per bit for sequential detection of a DP 16-QAM signal in the
presence of PDD. The open symbols for SMAP-F and SMED also represent the complexity
of MAP[L] and MED[L], respectively.

At time k = 1, the trellis is initialized by calculating the log-likelihood terms,

the second summation terms in the right hand side of (5.18) and (5.20), for the

first received super-sample R
(L)
1 with respect to all the ML state emission probability

functions. The log-likelihood values are stored as the node metric for each state

at time k = 1. For 1 < k ≤ N , the node metric for every state is obtained by

adding the log-likelihood for the super-sample R
(L)
k to the node metric of a “surviving

predecessor state”, which is a reachable state at time k − 1 that has the highest

node metric amongst all M reachable states. Finally, the algorithm is terminated

by finding the largest node metric at k = N , and enumerating the sequence of the

surviving predecessor states that terminate on that node at k = N .
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We see that (5.20) entails less computation than (5.18). As an additional means to

assess the performance-complexity tradeoff, we constrain the multivariate normal dis-

tributions that constitute the emission probabilities. In order to reduce the required

computational complexity of calculating the quadratic forms in (5.18) and (5.20), we

employ the statistics from only the center J ≤ L elements of the super-samples. We

refer to J as the statistics window length. We use the notation [J/L,N ] to keep track

of various reduced complexity solutions. In effect, L determines the size of the state

space, J the time span of the emission statistics, and N the length of the trellis. As

per the notation, (5.18) and (5.20) are modified as follows:

• R(L)
k[L×1] replaced by R

(J/L)
k[J×1], where R

(J/L)
k comprises the J middle elements of

R
(L)
k .

• µi , µVi[L×1]
replaced by µi[J×1], where µi[J×1] comprises the J middle elements

of the µVi[L×1]
.

• Σi , ΣVi[L×L] replaced by Σ
(J/L)
i[J×J ], where Σ

(J/L)
i[J×J ] comprises the J × J center

elements of the covariance matrix ΣVi .

Another factor that affects the complexity of the S-MAP algorithm is the “shape”

of the covariance matrices ΣVi (or equivalently Σ
(J/L)
i[J×J ] for J ≤ L). The complexity can

be reduced by restricting the matrix to be diagonal, a particularly valid approxima-

tion for low SNRs. Henceforth, we use the SMAP-F[J/L,N ] and SMAP-D[J/L,N ]

notations to denote using full and diagonal covariance matrices, respectively. The

special case of SMAP-F[L/L, 1] can be denoted as the L-symbol block-wise MAP de-

tection MAP[L]. Similarly, SMED[L/L, 1] reduces to L-symbol minimum Euclidean
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distance detection strategy MED[L] [13, 14]2.

5.4 Complexity Analysis

In this section, we evaluate the computational complexity of the aforementioned al-

gorithms in terms of the number of real multiplications (RM) per bit. We separate

the first stage of the VA from the rest of the N − 1 stages for clarity.

In the first stage, the node metrics for all ML states are calculated using the first

super-sample R
(L)
1 in the log-likelihood expression specific to the algorithm. We use

Cq(X) to represent the number of RMs incurred in calculating the quadratic form

for each state, with X ∈ {SMAP-F, SMAP-D, SMED} denoting the algorithm. The

total number of RMs required for the first stage is then

C1(X) = MLCq(X). (5.21)

The computational procedure is different for the remaining N − 1 stages. In order to

find the surviving predecessor state for each state at stage k of the VA, the branch

metrics between that state and all M reachable states at stage k − 1 have to be

considered. Since the transition probabilities for the reachable states are equal, the

log-likelihood probabilities are omitted from the accumulations. Thus, the previous

2These prior works frame their solution as MAP detection without considering the joint-
probability distribution of the transmitted and received data. Careful study of these works suggest
that their MED rule may not be justifiable as MAP detection. Note that the MAP decision rule can
be reduced to MED under certain conditions. For Gaussian distributions, MED and MAP decision
rules are equivalent when the covariance matrices for all the emission distributions can be effectively
approximated by Σi ≈ γI[L×L],∀i, where γ is a constant.
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signal transmission. DAC: digital-to-analog converter; EDFA: erbium doped fiber amplifier;
AOM: acousto-optic modulator; OBPF: optical bandpass filter; LSPS: loop synchronous
polarization scrambler; GE: gain equalizer.
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reachable state with the highest accumulated metric is selected as the surviving pre-

decessor and its node metric is added to the computed quadratic-form expression

to form, and be stored, as the node metric of the current state. We assume that a

multiplication is substantially more complex than an addition and neglect the M − 1

subtractions needed to determine the surviving predecessor state. As a result, the

total number of RMs required for every other stage k = 2, ..., N in the trellis remains

the same,

Ck(X) = MLCq(X) k = 2, ..., N. (5.22)

Finally, the per-symbol complexity in terms of the number of RMs is

C(X) =
N∑
k=1

Ck(X)/N = MLCq(X), (5.23)

independent of the trellis length N . This is due to the fact that no RM is needed in the

process of calculating the node metrics by accumulating the quadratic forms. Now let

us evaluate the complexity Cq(X) associated with the emission probabilities. In both

SMAP-F[J/L,N ] and SMAP-D[J/L,N ], the term ln
√

(2π)L|Σi| can be calculated in

the training phase and stored in memory. Hence we focus on the remaining terms in

the quadratic form.

Since the covariance matrix is symmetric and real, the number of RMs required to

calculate the quadratic form can be reduced by only considering the top (or bottom)

triangular elements. As a result, SMAP-F[J/L,N ] requires C(SMAP-F) = J(J +
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3)/2, J ≤ L RMs for calculating every quadratic form3. This number can be reduced

to 2J RMs for SMAP-D[J/L,N ]. Finally, SMED[J/L,N ] requires only J RMs for

each Euclidean distance calculation. Consequently, we obtain the per-bit complexity

of the sequential detection algorithms for 1 ≤ J ≤ L and N ≥ 2 as

C(SMAP-F) =
J(J + 3)ML

2 log2M
, (5.24)

C(SMAP-D) =
2JML

log2M
, (5.25)

C(SMED) =
JML

log2M
. (5.26)

The computational complexity of MAP[L] and MED[L] can be obtained in a similar

fashion

C(MAP) =
L(L+ 3)ML

2 log2M
, (5.27)

C(MED) =
LML

log2M
. (5.28)

Fig. 5.2 illustrates the complexity growth as a function of J for the DP 16-QAM

(M = 4) format. Note that the number of RMs grows exponentially with L for

all the algorithms. While the complexity of SMAP-F[J/L,N ] grows quadratically

with J , for SMAP-D[J/L,N ] and SMED[J/L,N ] the growth is linear. Note that the

per-bit complexity of the proposed sequential algorithms does not exceed their non-

sequential counterparts, even for J = L. However, the sequential algorithms require

3Since the random variables are real and the covariance matrices are symmetric, only the upper-
diagonal elements of the inverse covariance matrices are needed. Direct calculation of the quadratic
terms for the J middle random variables requires J(J + 1) RMs. However, the number of RMs can
be reduced by first multiplying the row vector into a modified inverse covariance matrix, for which
the lower triangular elements are zeroed and the upper-triangular elements are doubled, and then
perform vector input product, i.e., cTBc = (cTB)c.
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additional memory for implementing the VA. The required amount of memory grows

linearly with sequence length N and exponentially with L.

5.5 Experimental Setup

The experimental setup is illustrated in Fig. 5.3. Experimental results were obtained

from a 3× 402 Gb/s DP 16-QAM superchannel experiment with a baud rate of 50.25

Gbaud per subchannel and 75 GHz subchannel spacing. First, a 215 − 1 pseudo ran-

dom bit sequence was mapped to 16-QAM symbols to generate the 402 Gb/s DP

16-QAM signals. Next, the symbol sequence was re-sampled to 1.29 sample/symbol

and quantized to 28 levels to match the sampling rate and resolution of the digital-

to-analog converters (DACs). Additionally, root-raised cosine pulse shaping with a

roll-off factor of 0.075 was performed. A Keysight Technologies M8195A 4-channel

arbitrary waveform generator with a sampling rate of 65 GSa/s converted the digital

waveforms to electrical signals to drive two optical transmitters with 3 dB bandwidths

of 25 GHz (SHF 46213D which includes drive amplifiers and an IQ modulator). The

half-wave voltage Vπ for this modulator is around 3.6 V. One modulator and polariza-

tion multiplexing emulator were dedicated for the center channel (λ2), and another

modulator and polarization multiplexing emulator were used to generate the two side

channels (λ1, λ3). The two side channels and the center channel were separately am-

plified and then combined. The superchannel signal was launched into a recirculating

loop with four spans, a loop synchronous polarization scrambler, and a gain equalizer.

Each span consisted of 75 km of standard single mode fiber (SMF), an erbium doped

fiber amplifier with a noise figure of 5 dB, and an optical band-pass filter with a band-

width of 18 nm to prevent the optical amplifier from being saturated by out-of-band
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ASE noise. The received signal was amplified and filtered before down-conversion by

an Agilent Technologies N4391 optical modulation analyzer with 32 GHz bandwidth

and a local oscillator laser with a nominal linewidth of 100 kHz. The signals were

digitized by 80 GSa/s analog-to-digital converters using two synchronized real-time

sampling oscilloscopes. The sample values were match-filtered and processed off-

line with conventional algorithms for DP coherent receivers, including (i) quadrature

imbalance compensation [100], (ii) fixed frequency domain equalization of fiber chro-

matic dispersion, (iii) clock recovery using squaring and filtering [63], (iv) polarization

recovery and residual distortion compensation using 13-tap 2×2 adaptive equalizers

with the constant modulus algorithm for pre-convergence (µCMA = 1 × 10−5) fol-

lowed by the radius directed algorithm (µRDA = 1.2× 10−6) [10], (v) local frequency

offset estimation using a spectral domain algorithm [101] and (vi) carrier phase re-

covery using a sliding window two-stage simplified QPSK partitioning and QPSK

constellation transformation algorithm [73] with optimized block length. For PDD

compensated detection, the processed samples after carrier recovery are forwarded

to the proposed sequential (SMAP, SMED) and non-sequential (MAP, MED) detec-

tion algorithms. Though beyond the scope of this paper, the proposed HMM based

sequence detection can be advantageously extended to using a soft-output Viterbi

algorithm (SOVA) [102–104] followed by soft-decision FEC decoding. The results

shown below are for hard decision sequence detection.

5.6 Results and Discussion

We used a separate set of experimental data, with more than 1.47× 106 transmitted

and received DP 16-QAM symbols, at the highest OSNR of 37.9 dB in the training
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Figure 5.4: State-conditioned variance (left ordinate) and distances between state-
conditioned distributions (right ordinate), averaged over all states, as a function of window
length L.

phase of the proposed algorithms to obtain estimates for the emission probability

parameters for each state. Figure 5.4 plots the state-conditioned variance of the center

sample, averaged over all ML states, as a function of L and using the knowledge of the

true state (transmitted symbols). The variance of the center sample decreases with

increasing L, a clear indication that the PDD can be pinpointed when the neighboring

symbols that contribute to the PDD are known. Note that for the 16-QAM format,

increasing L by two increases the number of states by 42-fold. We introduce the

distance metric ∆i,j =
(µi−µj)2

σiσj
to quantify the relative distance between two state-

conditioned distributions of the center sample, where µ denotes the mean, σ2 the

variance, and the subscripts i and j identify the two states for which the metric is
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calculated.

The right ordinate of Fig. 5.4 illustrates the evolution of the average distance

metric ∆ave as a function of L, where the averaging is over all combinations of states

for the i and j indexes which don’t share the same middle symbol. Note that both

figures of merit in Fig. 5.4 demonstrate significant increase in separation between the

distributions after increasing L from 5 to 7. Also note that the curves corresponding

to the in-phase and quadrature components in the Y polarization resemble their

counterparts in the X polarization. The resemblance is due to the fact that we

used polarization emulation to generate the DP 16-QAM signals. Hence, the in-

phase (quadrature) signal components of both polarizations are generated by the

same devices. The small but steady differences between the average variances of the

X and Y polarizations can be attributed to the polarization dependent loss of the

polarization emulation process.

The back-to-back results for the middle sub-carrier in the 3×402 Gb/s superchan-

nel experiment are depicted in Fig. 5.5. All sequential detection strategies operate

with N = 16 trellis length. For clarity, only the sequential algorithms with J = L are

compared in Fig. 5.5.

There is a significant performance increase after expanding the block length from

L = 5 to L = 7, consistent with the trends in Fig. 5.4. The implementation penalty

for the back-to-back system with no PDD compensated detection (PCD) is > 11 dB

at the bit error ratio (BER) of 10−3 compared to the theoretical limit. The MED

detection scheme with 7-symbol blocks can reduce the penalty to 4.4 dB. This penalty

can be further reduced to 3.6 dB by using MAP detection or SMED. The proposed

SMAP algorithm with diagonal and full covariance matrices can ultimately reduce
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the penalty to 3 dB and 2.6 dB, respectively.

In Fig. 5.6, we evaluate the performance of the sequential detection algorithms

as a function of trellis length N using the back-to-back data set at OSNR=27.48

dB. Generally, the BER drops as N increases, which comes at the cost of using

more memory in the implementation. Also note that there is a certain gain that can

only be achieved by moving beyond the block-wise detection and opting for sequence

detection.

Consider the relative performance of the sequential algorithms for various block-

sizes. For L = 3, the performances of SMAP-D and SMED algorithms are virtually

identical. However, there is a significant performance gap between SMAP-F and

SMAP-D for J = 3 (for J = 1, the two configurations are one and the same). SMAP-

F significantly outperforms SMAP-D, a gain that can be attributed to better modeling

of the PDD caused inter-symbol-interference when the off-diagonal matrix elements

are employed. In contrast, we observe a smaller performance gap between SMAP-D

and SMAP-F for L = 7. This suggests that the dimensionality of the model has come

close to the memory span of the PDD. Amongst solutions with L = 7, a significant

portion of the available performance gain is attainable using low complexity settings

with J = 1 and J = 3, albeit with a larger N .

Fig. 5.7 illustrates a performance comparison between various detection strategies

for L = 7 and different statistic window lengths J . For every J a minimal sequence

length N was selected using the results in Fig. 5.6. Note that the SMAP algorithms

with either full or diagonal covariance matrices outperform non-sequential MED and

MAP for J ≥ 1 and J ≥ 3, respectively. Additionally, SMED with J ≥ 3 out-

performs MED detection, and performs about equally for J = 1. However, even
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SMED[7/7, 8] cannot outperform the MAP[7] in the high-OSNR region. Figure 5.8
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demonstrates the performance-complexity trade-off the detection algorithms provide,

using the back-to-back experimental data at 27.48 dB OSNR. The small performance

difference between the SMAP detection algorithms with L = 3 and L = 5 may suggest

using the least complex solution, i.e., SMED[1/3, N ]. However, the BER can be sub-

stantially reduced after increasing the window length to L = 7. Figure 5.8 shows that

L = 7 offers a rich set of complexity-performance trade-offs. Considering the MED[7]

algorithm as a benchmark, SMED[1/7, 128] provides a similar BER performance with

85.7% less complexity. Moreover, SMED[7/7, 8] with a similar complexity reduces the

BER from 9.1 × 10−4 to 5.2 × 10−4. A similar relation between the benchmark and

the sequential MAP algorithms can also be observed. Using SMAP-F[7/7, 4], the

BER can be further reduced to 2.2× 10−4, but with a 5-fold complexity increase over

the benchmark. A low complexity embodiment of the sequential detection strategy,

namely, SMAP-D[3/7, 64], achieves a BER of 4× 10−4, which is the least attainable

BER amongst all possible solutions with a complexity no higher than the benchmark.

Fig. 5.9 illustrates the dependency of the BER on optical launch power for trans-

mission over 1500 km of SMF. The launch power range that achieves a BER below

the FEC threshold of 1.9 × 10−2 (for a soft-decision FEC with 20% overhead [95])

is 1.8, 2.3, 2.5 and 2.7 dB for MED[7], MAP[7], SMED[7/7, 8], and SMAP-F[7/7, 4],

respectively. Finally, the dependence of the BER on the transmission distance at

the optimum launch power of 2 dBm for L = 7 is illustrated in Fig. 5.10. Without

PCD, the maximum interpolated transmission distance that achieves a BER below

the FEC threshold of 1.9 × 10−2 is 1350 km. MED[7] extends the reach by 300 km

or 22.2% for the same FEC threshold. The sequential detection algorithms, namely

SMED[7/7, 8], SMAP-D[7/7, 8], and SMAP-F[7/7, 4], can more effectively extend the
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reach by 450 km (33.3 %), 490 km (36.3 %), and 500 km (37.0 %), respectively. In par-

ticular, with SMED[7/7, 8], the 33.3% reach extension is achieved with no additional

computational cost (in terms of the number of RMs) compared to MED[7].

5.7 Conclusion

We modeled the generation of PDD, which is caused by bandwidth limitations and

nonlinearities of DACs, drive amplifiers and the optical modulator, with a Markov

process. PDD can adversely affect the data signal quality of high baud rate optical

transmission systems. This technique enables modeling the combined effects of PDD

and channel noise, whose statistical parameters are acquired from capturing samples

of the received signal. With the model, a sequential detection of the transmitted

symbols is efficiently attained by using the VA to find the most probable symbol

sequence that fits the statistical footprint of PDD in the high dimensional space. To

engender a range of solutions with different performance-complexity trade-offs, we

developed lower complexity variants of the full-fledged solution. The resultant set

of algorithm variants subsumes a few recent non-sequential detection schemes. In a

back-to-back experiment, the proposed solutions demonstrate 6 to 7 fold lower compu-

tational complexity compared to their non-sequential counterparts for the same target

BER. Additionally, we have shown that SMAP solutions can improve system margins

and increase the transmission distance by up to 500 km (37.0%) compared to the

system without PDD compensation, or 200 km (12.0%) compared to the benchmark

LUT solution in a 3× 402 Gb/s dual-polarization 16-QAM superchannel experiment

over single mode fiber.
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

In this thesis, we studied the impact of fiber nonlinearity on the long-haul transmis-

sion of 100G and 200G systems with DP 16-QAM modulation format. We briefly

studied the physics that governs the evolution of an optical pulse in the fiber. Par-

ticularly, we adopted the Manakov formulation to study dual polarization transmis-

sion systems. We briefly discussed numerical and analytical models which are com-

monly used for modeling fiber-optic transmission systems, namely, split-step Fourier

method (SSFM), perturbation analysis, and frequency domain Volterra analysis. Ad-

ditionally, in Chapter 2 we provided an in-depth study of frequency domain Volterra

analysis of homogeneous multi-span transmission links with and without dispersion

pre-compensation. The material provided in this chapter served as the foundation of

the developments in Chapter 3 and Chapter 4.

In Chapter 3 we developed a method for fiber nonlinearity equalization based on

symmetric compensation of the chromatic dispersion and simplified inverse Volterra
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filtering. We have analytically shown that a significant portion of the third-order

Volterra filter coefficients can be neglected for narrow-band optical signals with sym-

metric dispersion compensation. This configuration can significantly reduce the com-

putational burden of the nonlinear equalizer by allowing the use of smaller FFT/IFFT

pairs and zeroing the real component of the nonlinear filter. This comes without any

performance penalty compared to the conventional frequency domain Volterra equal-

ization. This proposal was tested in a 128 Gb/s DP-16QAM signal transmission

experiment over 3600 km of SSMF. The experimental results validated the method

by demonstrating a 2.4 fold complexity reduction compared to the benchmark system.

Our second method in the context of frequency- domain Volterra-based nonlinear-

ity equalization (FD-VNLE) of fiber nonlinearity was described in Chapter 4. After

careful study of the conventional VNLE structures with parallel implementation of

linear and nonlinear filters (P-VNLE), we proposed two cascade VNLE (C-VNLE)

structures with superior performance-complexity trade-offs. These structures rely on

effective separation of tandem linear and nonlinear filtering modules in the nonlin-

ear branch of a P-VNLE structure. The effective separation of the linear dispersion

filter in the nonlinear branch from the nonlinear filter allows the use of different fre-

quency resolutions for linear and nonlinear filtering. In practice, frequency domain

solutions with long FFTs/IFFTs and/or multi-tap frequency domain filters are de-

ployed to combat dispersion as the major source of pulse broadening in long-haul

transmission systems. However, the third-order nonlinear mixing process of VNLE

introduces a smaller pulse broadening. Hence, in the absence of the dispersion fil-

ter in the nonlinear branch, smaller frequency domain filters (with larger frequency

resolution) can be employed. We provided a detailed nonlinear equalizer design and

optimization process for C-VNLE and P-VNLE structures based on careful selection
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of the FFT/IFFT sizes and the number of steps-per-span (SPS). Experimental results

based on a single-channel transmission of a 256 Gb/s DP 16-QAM signal confirms

more than 90% complexity reduction of a C-VNLE variant with no penalty com-

pared to the benchmark system. This enabled a 46% increase in transmission reach

compared to the linear system without fiber nonlinearity equalization. Additional

results from a WDM experiment comprising 9×128 Gb/s DP 16-QAM channels with

25 GHz channel spacing confirmed the superior performance of the proposed C-VNLE

structures for fiber nonlinearity compensation.

This summarizes our main line of research and contributions on fiber nonlinearity

compensation. During the past decade, a significant amount of research has been done

on other fiber-nonlinearity compensation techniques such as digital back propagation

based on SSFM and nonlinear equalization based on perturbation theory. FD-VNLE

has been mostly deemed as a highly complex solution due to the existence of computa-

tionally demanding nonlinear equalization block(s) and need for FFT/IFFT modules

to transform the signal between time and frequency domains. In this thesis, we de-

veloped new methods to improve the complexity-performance trade-offs of FD-VNLE

and provided a better picture of the strengths and weaknesses of this technique.

The efficacy of different intra-channel nonlinearity compensation techniques in more

realistic long-haul WDM transmission links is still being debated in the scientific

community. Additionally, while a few companies have marketed coherent modems

with new fiber-nonlinearity counter-measures to upgrade legacy dispersion-managed

links (which suffer from a significant nonlinear phase noise due to co-propagating

10G channels), a coherent modem with an effective fiber nonlinearity compensation

solution for dispersion un-managed systems has yet to be officially deployed.
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We additionally investigated another nonlinear impairment, known as pattern-

dependent distortion (PDD), which has shown to degrade the back-to-back perfor-

mance of high baud-rate optical transmission systems. The mostly cost-driven push

for higher bandwidth optical channels often results in operation of the commercially

available electro-optical components in settings beyond their nominal capabilities.

The coherent optical transmitter comprising a laser-source, DACs, drive amplifiers,

optical modulator, and power adjustment EDFA has shown to have significant error-

floors for high baud-rate signals which cannot be addressed by conventional linear

filtering solutions. Conventionally, look-up-tables (LUTs) were deployed for mitiga-

tion of PDD with a limited performance.

In Chapter 5, we proposed a novel solution by modeling PDD corrupted signal as a

Markov process. With this framework, a sequential detection algorithm was proposed

which can efficiently find the most probable state sequence by considering the joint

statistics of PDD and noise. Additionally, we developed a range of lower-complexity

solutions with a wide range of complexity-performance trade-offs. The proposed

solution is tested using a 3× 402 Gb/s DP 16-QAM superchannel experiment with a

baud-rate of 50.25 Gbaud per subcarrier and 75 GHz subcarrier spacing. For a similar

BER performance in the back-to-back setup, a complexity reduction by a factor of 6

is obtained compared to LUT-based algorithms.
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6.2 Future Works

6.2.1 Compatibility of VNLE with Coherent Receivers with

a High Degree of Parallelization

We validated the proposed VNLE structures in this thesis using recirculating-loop

based experimental setups and offline signal processing. Due to the significant dif-

ference between the symbol rate and the clock rate of the coherent modems, the

DSP chain undergoes a vast degree of parallelization to meet online processing con-

straints. This signifies that the nonlinearity equalization algorithms developed in

this thesis need further development before real-time implementation. Very little

published research is available on this subject partly due to its dependence on the

hardware architecture which is typically regarded as propitiatory. Nevertheless, this

is an important step which needs to be addressed.

6.2.2 Optimal Sampling and Quantization of Frequency-Domain

Volterra Filters in Presence of Channel Noise

Unlike the Nyquist sampling theorem for linear systems, a proper mathematical

framework for sampling of the frequency-domain Volterra filters is not available.

While we opted to search for “proper” DFT sizes in this thesis, we believe funda-

mental research on discretization of the Volterra filters can immensely improve our

understanding of this powerful tool and provide us with more efficient implementa-

tions. In this dissertation, we provided the mathematical derivation of the forward and

inverse frequency-domain Volterra filters in the absence of channel noise. However,

a more general formulation should also consider ASE noise of optical amplifiers and
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laser phase noise while searching for the best inverse nonlinear filter. Furthermore,

proper quantization of the Volterra kernels can potentially reduce the computational

complexity of these equalizers with a negligible performance loss. Similar strategy has

been successfully investigated in the context of perturbation-based fiber nonlinearity

equalization [39,105].

6.2.3 Fiber Nonlinearity Aware Signal and Coding Schemes

Based on Probabilistic Constellation Shaping

Although it was not designed to directly combat fiber nonlinearity, probabilistic con-

stellation shaping (PCS) has shown a great potential in improving the performance

of the fiber-optic transmission systems. This technique attempts to increase the

achieved information rate between the input and output of an AWGN channel by

optimizing the probability mass function (PMF) of the input symbols. Unlike the

conventional constellations with uniform PMF, PCS assigns higher probabilities to

constellation points with lower energy. Hence PCS can increase system robustness

to fiber nonlinearity. Additionally, this functionality comes with an inherent shaping

gain of 1.53 dB that can be achieved with lower dimensional constellations should

the PMF be selected from a Maxwell-Boltzmann distribution [106]. By employing a

pair of distribution matcher/de-matcher [51] in the transmitter and receiver, PCS can

provide a flexible and wide-range rate adaptation mechanism for a coherent modem

while extending the transmission reach, in comparison to the conventional systems

with uniform constellation PMF [49,52]. On top of that, a coherent modem designed

based on PCS can be configured to support different information rates while ben-

efiting from a fixed FEC overhead, modulation format, baud rate and bandwidth.
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Although a significant body of research on the performance of PCS in WDM trans-

mission scenarios has been published over the past three years, there are few works

that go beyond the performance evaluation of this technique and propose solutions for

the nonlinear optical channel. Future works on fiber nonlinearity-aware PCS, similar

to [107], are needed to further improve the efficiency of this technique for long-haul

fiber-optic transmission systems.

6.2.4 Modulation of Nonlinear Fourier Spectrum

Nonlinear Fourier transform (NFT) [108–110], originally called the inverse scattering

transform [111], has been considered extensively in recent years as a novel technique to

combat dispersion and fiber nonlinear impairments [112–115]. Like Fourier transform,

NFT is an operator that transforms the input signal to a spectral domain. In the case

of Fourier transform, the spectral domain of the signal x(t) is spanned by eigen-

vectors of the form ejωt for which the appropriate eigen values X(ω) are calculated

by Fourier transform operator. It was shown that there exists a special operator for

NLSE for which the effect of chromatic dispersion and nonlinearity is converted to the

linear propagation of uncoupled spectral modes evolving inside the so-called nonlinear

spectral domain. However, unlike Fourier transform, the eigen-vectors of the NFT are

a function of the transmission distance. Hence, knowing the transmission distance,

one can calculate the NFT of the received signal and remove the deterministic impact

of the nonlinear channel on the nonlinear spectra by means of a linear operation in

the spectral domain in order to obtain the transmitted spectrum. This property

of the nonlinear spectrum provides an opportunity for information transmission via

modulation of the nonlinear spectrum. Generally, the NFT spectrum consists of

discrete and continuous components, which correspond to solitonic and radiational
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components of the transmitted signal, respectively. The inverse synthesis transmission

scenarios [113, 114] aim to modulate the continuous nonlinear spectrum while multi-

solitonic systems [108–110, 112] modulate the discrete one. Subsequently, the first

fully modulated NFT-based system using the full nonlinear spectra was demonstrated

in [115].

However, the commercialization of NFT-based systems will hinge on solving many

challenging problems. For example, the numerical stability of the NFT needs to be

improved and the impact of lumped amplification on these systems has yet to be

fully investigated. Additionally, the impact of the reconfigurable optical add-drop

multiplexers (ROADM) on the NFT-based transmission systems and the possibility

of coexistence of these systems with the conventional WDM carriers has yet to be

fully resolved. Moreover, it is unclear whether a polarization diversity NFT-based

scheme analogous to the polarization division multiplexing in the conventional WDM

systems can also exist.

6.2.5 Simplification of the Sequential Detection for Systems

with PDD

In Chapter 5, we opted to reduce the complexity of the proposed sequential detec-

tion algorithm by simplifying the emission probability functions of each state. This

simplification was done either by reducing the size of statistic window, pruning the

covariance matrices associated to the emission probabilities, or simply by using unit

covariance matrices. However, trellis pruning techniques may also be beneficial. Par-

ticularly, the effectiveness of the M-algorithm [116] and T-algorithm [117] could be

investigated in comparison with the proposed reduced complexity solutions.
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Appendix

Derivation of the third order

Volterra filter for cascade-2 VNLE

Let us start with equations (4.5) and (4.6) for the conventional parallel VNLE:

Unl,x/y(ω, z −D) =

∫∫
K̃1,N(ω)G̃3(Ω)F̃N(Ω)P(ω1, ω2, z)

×Ux/y(ω − ω1 + ω2, z)dω1dω2, (A.1)

with

P(ω1, ω2, z) = Ux(ω1, z)U
∗
x(ω2, z) + Uy(ω1, z)U

∗
y(ω2, z). (A.2)

First, we multiply every occurrence of the input signal Ux/y($, z) in (A.1) and (A.2)

with K̃1,N($)K̃−1
1,N($), where $ denotes one of the three possible frequency variables

{ω1, ω2, ω} that is appropriate for each occurrence. Next, noting that Ulin,x/y($) =

Ux/y($)K̃1,N($), we replace every instance of Ux/y($)K̃1,N($) with Ulin,x/y($).
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All the terms resultant from K̃−1
1,N($) are merged with K̃1,N(ω) in the integrand of

(A.1). Since the linear filter is an all pass filter, K̃−1
1,N($) = K̃∗1,N($). Consequently,

we obtain

Unl,x/y(ω, z −D)

=

∫∫
Z(ω, ω1, ω2)G̃3(Ω)F̃N(Ω)Plin(ω1, ω2, z)

×Ulin,x/y(ω − ω1 + ω2)dω1dω2

, ˜́G3FN [Ulin,x/y(ω, z −D); Ulin,y/x(ω, z −D)], (A.3)

with

Plin(ω1, ω2, z) = Ulin,x(ω1, z)U
∗
lin,x(ω2, z)

+ Ulin,y(ω1, z)U
∗
lin,y(ω2, z), (A.4)

and

Z(ω, ω1, ω2)

= K̃1,N(ω)K̃∗1,N(ω1)K̃1,N(ω2)K̃∗1,N(ω − ω1 + ω2)

= e−jNβ2L[ω2−ω2
1+ω2

2−(ω−ω1+ω2)2]/2

= e−jNβ2L[(ω−ω1)(ω+ω1)−(ω−ω1)2−2ω2(ω−ω1)]/2

= e−jNβ2L(ω−ω1)(ω1−ω2). (A.5)
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Using Ω2 = 2(ω − ω1)(ω1 − ω2) results in

Z(ω, ω1, ω2) , Z(Ω) = e−jNβ2LΩ2/2 = K̃1,N(Ω). (A.6)

We have shown that Z can be written as a function of Ω without any additional

dependency to ω, ω1, and ω2. This ensures similar column-diagonal symmetries as in

G̃3 and F̃N , which led to an efficient implementation of the nonlinear filter in [31].
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