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Abstract

Simulations were performed to determine the effect of turbulence on protoplanets as they accrete

inside of a planetary gas disk at the stage of planet formation that involves interactions between

relatively large, similar sized bodies. The effect of turbulence was implemented into an existing

N-Body code using a parameterization of magnetohydrodynamic (MHD) turbulence performed by

Laughlin et. al. [19]. The investigation focussed on the effect of turbulent perturbations on planetary

dynamics and accretion at various locations in the disk, particularly at large semimajor axis. At these

distances, protoplanet collisions are generally less frequent due to the large induced eccentricities

from close encounters and due to the trapping of protoplanets in mutual resonances. It is, however,

essential that large protoplanets develop at these distances since some must eventually grow large

enough to accrete the massive gas envelopes indicative of the giant planets.

The interaction between a protoplanet and the surrounding gas disk creates a torque imbalance

acting on the protoplanet, which is generally believed to result in the rapid inward spiraling of the

protoplanet. In order to create a fixed region in the disk within which protoplanets may interact

without migrating into the central star, two scenarios were considered that would inhibit the inward

migration of the protoplanets. The first scenario involved a gas disk that had been truncated at

the inner edge, referred to as a planet trap, and the second involved the existence of a stationary

giant planet within a gap in the disk, referred to as a planet barrier. Each scenario was tested using

different density profiles of the gas disk, different numbers and masses of initial protoplanets, various

rates of gas disk decay and also four different levels of turbulence intensities.

The results demonstrated that the addition of turbulence to the gas disk promotes planet mixing

and results in an increased number of collisions between planets, even at large heliocentric distances.
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A turbulent disk has the tendency to create a final system where the planets are, on average, larger

than those produced in a non-turbulent disk.
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Chapter 1

Introduction

Planets form within a gas disk that surrounds the central star. This disk interacts with the growing

planets, called protoplanets, as they form, altering their orbits and exerting various torques on them

[32] [33]. Additionally, ionized gas disks have been shown to exhibit turbulent behaviour in the

presence of a magnetic field [8] [2]. This thesis is focused on examining the effects from turbulence

in the gas disk on the growing protoplanets at the stage of planet formation that involves collisions

between similar sized bodies.

The study of gas disks undergoing turbulent behavior has been analysed in detail using simula-

tions that exactly solve the evolution of density fluctuations in the disk caused by turbulence [19]

[28] [29] [27]. These simulations are extremely computationally exhaustive and so are only feasible

for short integration times compared to the time required to grow planets. The solution to this

problem is to implement the effect of turbulence in an N-body algorithm that already computes the

interaction of protoplanets over long periods of time, by using a parameterization of the turbulence

from one of these direct numerical simulations. This parameterization was performed by Laughlin

et. al. [19] and their technique was implemented into an existing N-body code, SyMBA [6].

The dynamics and growth of the protoplanets were studied by constraining the protoplanets to

mix in a specific region of the gas disk. This was necessary since protoplanets experience inward

migration due to the overall torque exerted on the protoplanets from the interior and exterior regions

of the gas disk [32] [24]. This mixing region was initially created due to an abrupt truncation of the

1



disk, referred to as a planet trap, to halt the inward migration of protoplanets. The other means of

creating a region for protoplanets to mix and collide was by adding a stationary giant planet into

the simulation, referred to as a planet barrier. Using this scenario, protoplanets were found to mix

in a narrow region beyond the giant planet. The final configuration of planets were often found to

exist in mean motion resonances with each other, which means that neighbouring planets tended to

have commensurate orbital periods. The effect of increasing the turbulence acting on the planets in

mean motion resonances was also examined in this thesis.

1.1 Outline of Thesis

The pertinent background information required to understand the concepts of orbital dynamics,

planet formation, planetary gas disks as well as magnetohydrodynamic turbulence, is discussed in

detail in Chapter 2. The reader will become familiar with the process of planet formation within a

gas disk and the many forces experienced by those protoplanets during the process of accretion.

Chapter 3 deals with previous research that has led to this investigation. The investigations

involving planet interaction within a turbulent gas disk will be discussed, as will the algorithms that

are used in this current analysis. Of particular importance is the algorithm that parameterizes the

turbulence in the gas disk that has been implemented into an existing N-body code.

The implementation of the turbulence parameterization regime will be tested in Chapter 4 against

the results presented in Ogihara et. al. [30]. Once it has been established that the current imple-

mentation of this regime has been performed correctly, the results from simulations of protoplanets

that experience the effects of turbulence within a gas disk can be presented.

The results are divided into three chapters, each one dealing with a unique scenario. The first

set of results, presented in Chapter 5, investigates the ability of an exterior planet to remain in

a mean motion resonance with an interior plant for various levels of turbulence. The process of

planet accretion in the presence of a planet trap will be presented in Chapter 6 for various levels

of turbulence and for various initial configurations of protoplanets. Chapter 7 deals with planet

accretion exterior to a planet barrier. This scenario was performed for various levels of turbulence,

various configurations of initial protoplanets and for various levels of decay of the surrounding gas

disk. The final set of simulations presented in this chapter deals with the presence of an additional

2



gas giant, meant to represent Saturn.

The final conclusions will be presented in Chapter 8. A glossary of terms is presented in Appendix

A, additional information about the SyMBA method is presented in Appendix B and the turbulence

parameterization subroutine is given in Appendix C.
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Chapter 2

Background

2.1 Orbital Dynamics

Orbital dynamics is the study of the gravitational interaction between bodies. These systems may

be highly complex, with thousands of bodies interacting gravitationally, or they may be simple, as

in the two-body problem.

2.1.1 The Two-Body Problem

The simplest example of gravitational interaction is the two-body problem, where the only force

acting on the two bodies in question is the gravitational force they exert on each other. Given two

bodies, 1 and 2, located at r1 and r2, respectively, the force acting on body 1 due to the presence

of body 2 is given in equation 2.1 as F12. This force is equivalent in magnitude but opposite in

direction to the gravitational force experienced by body 2, given as F21.

F12 = −F21 = − Gm1m2

|r1 − r2|3
(r1 − r2) (2.1)

For this simplest of cases, the two bodies will appear to orbit around a point located on a line

connecting the two bodies that represents their centre of mass [4]. In cases where the much smaller

body orbits around a central star, the location of the centre of mass is virtually identical to the

location of the star. In this case, a heliocentric coordinate system is often used, where the origin is
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Figure 2.1: An example of an elliptical orbit around a central star. The semimajor axis, a, semiminor
axis, b, pericentre and apocentre are labelled. The planet’s location is described by the true anomaly,
f , and true longitude, θ. The pericentre is described with respect to the reference direction by the
longitude of pericentre, $. This image was taken from Murray and Dermott [26].

taken as the location of the central star.

For situations where the mass of the central star is overwhelmingly larger than the planet, the

planet will follow an orbit that will correspond to a conic section. For bound orbits, planets follow

elliptical paths around the central star in the heliocentric coordinate system. This situation is shown

in Figure 2.1, where the planet, located a distance r from the central star, follows the trajectory of

an ellipse. The central star, located at one of the two focii, serves as the origin for the coordinate

system.

The closest approach to the central star is called the perihelion, q, and the farthest is called

the aphelion, Q, both of which lie along the line connecting the two foci: the line of apsides. The

semimajor axis, a, is denoted as half of the length of the ellipse along the line of apsides and the

semiminor axis, b, is denoted as half of the height of the ellipse, both of which are labelled in Figure

5



2.1. Typically, the semimajor axis is described in units of au, or astronomical units, where 1 au is

the mean distance between the Earth and the sun. The eccentricity of the ellipse, e, is a comparison

between the height of the ellipse and its width, with zero eccentricity corresponding to a circle. In

other words, it is a measure of the flatness of the ellipse. The equation for the eccentricity is given

in equation 2.2 [4].

e2 = 1− a2

b2
(2.2)

The apocentre and pericentre of the ellipse are defined based on the semimajor axis and eccen-

tricity as in equations 2.3 and 2.4, respectively. Both the apocentre and pericentre are labelled in

Figure 2.1.

Q = a(1 + e) (2.3)

q = a(1− e) (2.4)

The location of the planet along its orbit is described by an angle referred to as the true anomaly,

f , which is the angle between the planet and the line of apsides. Often, the pericentre must be

specified with respect to some reference direction, and this is measured as the longitude of pericentre,

$ [26]. The location of the planet with respect to the reference direction is referred to as the true

longitude, θ, and is the sum of the true anomaly and the longitude of pericentre. These three angles,

f , $ and θ, are labelled in Figure 2.1.

When the planet’s orbit does not lie on the plane of reference for the system, further parameters

must be introduced to describe the orbit in an additional dimension. The angle that the orbital

plane makes with the plane of reference is called the inclination of the orbit. It will be referred

to in the remainder of this thesis as i, although it is labelled as I in Figure 2.2. The intersection

line created by the intersection of the orbital plane and the reference plane is referred to as the line

of nodes. The point created by the intersection of the line of nodes with the planet’s orbit, where

the planet travels from below the reference plane to above the reference plane, is referred to as the

ascending node [4] [26]. The orientation of the orbit is described, with respect to some reference

6



Figure 2.2: An example of an inclined orbit with respect to the plane of reference. The parameters
are used to describe the orientation of the orbit in three-dimensions. This image was taken from
Murray and Dermott [26].

position, by an angle known as the argument of the ascending node, Ω, which is swept out between

the reference position and the ascending node [4] [26]. The pericentre of the orbit is described by

ω, the argument of pericentre, which is the angle swept out between the pericentre of the orbit and

the ascending node [26]. These parameters are shown in Figure 2.2, which was taken from Murray

and Dermott [26].

Johannes Kepler (1571-1630) summarized some key observations of orbital dynamics into three

laws of planetary motion for a system of two bodies. The first describes the orbits of planets as

ellipses. The second law states that the line connecting a planet to the sun sweeps out an equal area

in space in a given amount of time as it orbits. The area per unit time swept out by the planet is

given in equation 2.5 and is equal to the specific angular momentum, h, which is constant for the

planet [4].

1
2
r2 dθ

dt
=
h

2
(2.5)

Kepler’s third law states that there is a direct relationship between the semimajor axis of a
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planet’s orbit and its orbital period. This relationship is given in equation 2.6.

T 2 ∝ a3 (2.6)

The Keplerian angular velocity of a body orbiting around a much larger body with mass, M , at

a distance, a, is related to equation 2.6 and shown below:

Ω =

√
GM

a3
(2.7)

Kepler’s laws and the two-body problem represent a good introduction of gravitational interac-

tions between bodies. Realistic problems usually involve gravitational interactions between many

bodies. In order to solve these systems, the forces must be determined computationally for each of

the N bodies involved. This N-body problem will be discussed next.

2.1.2 The N-Body Problem

When the system in question involves many bodies, the force on each body is a superposition of the

gravitational force due to every other body. The N-body form of the force equation from equation

2.1 is shown below [4]:

mi
d2ri
dt2

= Gmi

N∑
j=1
j 6=i

mj
(rj − ri)
|rj − ri|3

(2.8)

The total mechanical energy in the system of bodies can be derived directly from the force

calculation in equation 2.8 and is given by equation 2.9 [4].

E =
1
2

N∑
i=1

mi
dri
dt
· dri
dt
−
N−1∑
i=1

N∑
j=i+1

Gmimj

|rj − ri|
(2.9)

The first term on the right hand side of equation 2.9 represents the kinetic energy of the system

(that is, 1
2mv

2 for every body, i) and the final term represents the potential energy in the system

for each pair of bodies [4].

This equation leads to the Hamiltonian definition of the N-body gravitational problem, where

the Hamiltonian representing the system can be broken down into kinetic and potential energy

8



components.

H = T + V (2.10)

This can be expanded as follows:

H =
N∑
i=1

pi · pi
2mi

−G
N−1∑
i=1

N∑
j=i+1

mimj

|rj − ri|
(2.11)

where pi is the momentum of body i and is described as in equation 2.12.

pi = mi
dri
dt

(2.12)

This Hamiltonian may be described as a system of first-order differential equations that, when

solved, will describe the evolution of the bodies in the system. These differential equations are given

in equation 2.13 [4].

dri

dt = ∂H
∂pi

= ∂T
∂pi

dpi

dt = −∂H∂ri
= − ∂V

∂ri (2.13)

This system of equations can often be solved with the use of a symplectic integrator. These types

of solvers take advantage of the symmetries inherent in the problem [4] and can maintain a bound

on the error during the calculation [6]. The details of symplectic integrators will be saved for section

3.2.

2.1.3 Mean Motion Resonances

Planets become trapped in mean motion resonances when they have nearly commensurate orbital

periods. An exact commensurability means that for every i orbits of one planet, its neighbour

experiences exactly j orbits, although planets need not be in exact commensurabilities in order

for them to remain locked in orbital resonances. The two planets must meet at roughly the same

point in each other’s orbits on a periodic basis. The determination of whether two planets are in

mean motion resonances involves the tracking the planets based on their true anomaly, or some
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equivalent orbital element, as well as comparing the orientations of their orbits using, for example,

their longitude of pericentre [20].

When planets undergo close encounters, they interact gravitationally. When these close encoun-

ters occur at the same location in each planet’s orbits, the gravitational kick each planet experiences

becomes highly periodic. Such effects are important when a planet experiences an additional force

that causes the semimajor axis of the planet to steadily decrease [36]. The inward migration of said

planet could be halted if its orbit decreases until such a time that the planet reaches an orbital

commensurability with an inner, non-migrating planet. The planet is able to remain in a stable

orbit in resonance around this inner planet when the periodic outward force due to the resonance

exactly balances the inward force causing the migration. This is found to be the case in many of the

simulations that will be discussed later in this thesis.

Weidenschilling and Davis [38] have studied this phenomenon in cases where the inward migration

is caused by gas drag. They found that stronger resonances were required to stop the migration

of planets experiencing strong gas drag. Stronger resonances correspond to planets that are spaced

closer together. For low eccentricities, when the commensurability of orbits is written as j/(j + 1),

stronger resonances correspond to larger j values [38]. Correspondingly, forces due to weak gas drag

can be balanced by weaker resonances, having lower j values as ratios of their orbital periods.

2.2 Planet Formation

The process by which planets grow from tiny dust grains to the terrestrial and gas giant planets

that exist in our own Solar System, as well as in extra-solar systems, is typically broken down into

several stages. In each stage of planet formation, the growing planets exhibit growth behaviour that

is qualitatively different from the previous stages. The initial stage involves the growth from tiny

particles into small bodies that are a few kilometers in size, called planetesimals. The second stage

is referred to as the runaway growth stage, where a number of planetesimals grow rapidly compared

to the growth of the surrounding, smaller bodies. The next stage is characterized by the slowing

in growth of the runaway planetesimals after they have all reached a similar size. In this phase,

known as the oligarchic growth phase, the largest of bodies, all having a similar size, dominate the

dynamics of the smaller swarm of bodies and occupy nearly circular, evenly spaced orbits. Each of
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these stages will be discussed in detail.

The initial formation of planets begins in the gas and dust disk that surrounds a central star.

The initial seeds of planets form from the dust particles present in the disk, although the exact

mechanism with which the formation process is initiated is highly debated. One theory suggests

that mixing in the vertical plane of the disk due to turbulent shear causes regions of local high

density that gravitationally collapse to larger particles [41]. Dust particles present in the disk settle

to the central plane of the disk and will tend to rotate at Keplerian velocity in the central plane,

faster than the material directly above and below it [42]. This layer of solid particulate matter, when

it is sufficiently quiescent and dense, may face “runaway local contraction”, resulting in the creation

of larger particles from smaller ones [41]. However, the vertical shear due to the rapidly rotating

central plane and the slower regions above and below it may result in increased mixing in this plane,

preventing the central disk of solids from becoming thin and dense enough to undergo gravitational

collapse. Youdin and Chiang [41] postulate that there is a balance between the densities of gas and

dust in the disk so that Kelvin-Helmholtz mixing in the vertical plane will be sufficiently low to allow

gravitational collapse to still be possible in the dense central plane. The other leading theory of

initial planet formation is called collisional sticking and assumes that particles traveling at different

speeds will stick together when they collide in the disk. Several studies have shown, however, that

this is not a good representation of what occurs in zero-g collisions with small particles [42].

The majority of theories about planet formation begin with the assumption that a swarm of

small, homogeneous bodies called planetesimals (typically 1 − 100km in size) have already formed

from the planetary disk. From this initial configuration, planetesimals will begin to collide with each

other until a point in time when a few planetesimals become considerably larger than the rest. These

larger ones will tend to increase in size at a faster rate than the rest of the planetesimals. This phase

of planet accretion is known as runaway growth [14]. During the runaway growth phase, the largest

bodies are not yet massive enough to greatly excite the eccentricity of the planetesimals within their

zone of influence [14]. However, the two groups of bodies have the tendency to affect each other’s

velocities, as the two populations will strive to equilibrate their kinetic energy. If the mass of a

body in the planetesimal population is m and the mass of a body in the runaway population is M ,

their kinetic energies will be 1/2mv2
m and 1/2Mv2

M , respectively. In order for the kinetic energy to
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become equal in these two populations, the velocity of the smaller bodies will be increased and the

velocity of the larger bodies will be decreased. This process is referred to as dynamical friction [23]

[14], and results in the following relation:

vM ∼
√
m

M
vm (2.14)

The velocities, vM and vm, from equation 2.14 are called the velocity dispersions for bodies

having mass M and m, respectively. The velocity dispersion is a measure of the spread of random

velocities around some mean velocity, corresponding to the circular velocity. The velocity dispersion

is proportional to the eccentricity, e, and inclination, i, of the body, such that an increase in velocity

dispersion corresponds to a greater deviation from perfectly circular orbits. The velocity dispersions

for the larger bodies and the planetesimals, respectively, are shown in equations 2.15 and 2.16.

vM = vK

√
e2
M + i2M (2.15)

vm = vK
√
e2
m + i2m (2.16)

where vK is the Keplerian velocity at the distance a, given as:

vK =

√
GMsun

a
(2.17)

The larger body will accrete the surrounding planetesimals in a runaway fashion when the relative

velocity between the large body and the smaller one, vrel, satisfies vrel . vesc, where vesc is the

escape velocity from the larger body, given in equation 2.18,

vesc =
√

2GM
RM

(2.18)

where RM is the radius of the larger body. This phenomenon is known as gravitational focussing.

An important concept involved in the explanation of planetary dynamics and planet formation is

that of the Hill radius or Hill sphere. Both terms describe the spherical region around a larger body

12



within which the gravitational pull on a test particle due to the larger body will dominate over the

gravitational pull from the sun. The Hill radius for a given accretor, M , is given in equation 2.19.

rH =
(

M

3Msun

)1/3

a (2.19)

For the following theory of runaway growth, it is also assumed that the velocity dispersion of

the planetesimals is high enough that the height of the planetesimal disk is larger than the Hill

sphere of the accretor [22] [14]. If the swarm of planetesimals did not extend above the Hill sphere of

the accretor, then the swarm of planetesimals would interact with the larger body on virtually the

same plane and the accretion would behave two-dimensionally [22]. When the velocity dispersion

of planetesimals is large enough, the behaviour is called dispersion-dominated, and the requirement

for this behavior is shown in Equation 2.20 [22]. In this equation, Ω refers to the orbital angular

velocity around the accretor.

vm & rHΩ (2.20)

The relative growth rate of an accretor in the runaway phase can be derived using the particle-

in-a-box approximation, as in Thommes et. al. [37] and Lissauer [23]. An accretor will accumulate

planetesimals at a rate proportional to the volume density of planetesimals, ρpl, the relative velocity

of the planetesimals, vrel, and the cross sectional area of the accretor, πRM . This relationship is

shown in equation 2.21, where the term in parentheses is the gravity enhancement factor for the

larger body due to gravitational focussing [23].

dM

dt
∼ ρplvrelπR2

M

(
1 +

v2
esc

v2
rel

)
(2.21)

Substitutions can be made into equation 2.21 depending on the dynamical state of the system.

For example, the substitution v2
esc/v

2
rel >> 1 is made, based on equation 2.18, and vrel is written

in terms of its components, em and im, based on equation 2.16. The resulting growth rate of an

accretor in the runaway phase of planet formation is given in equation 2.22,

1
M

dM

dt
∝M1/3e−2

m ∝M1/3 (2.22)
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where em is the eccentricity of the planetesimals.

At this stage of runaway growth, the velocity dispersion of the planetesimals (and hence their

eccentricity and inclination, by equation 2.16) is not dependent on the mass of the larger body

undergoing runaway growth [14]. The relative growth of the planet is then only proportional to its

own mass raised to the 1/3 power, as in equation 2.22. This relationship shows that as the mass of

the larger body increases, so too does the growth rate of that body relative to the smaller bodies;

hence, ‘runaway’ growth.

The number distribution of bodies by mass that exist after a certain amount of time into the

runaway phase was calculated by Wetherill and Stewart [39] using kinetic theory and was verified

by Kokubo and Ida [14] numerically. They both found that the number of planetesimals remaining

after a certain period of time plotted against the mass of those planetesimals relaxes to a power law

profile. The runaway planets deviate from this distribution for large mass, as seen in Figure 2.3,

which was taken from Kokubo and Ida [14]. The mass number distribution that represents the trend

shown in Figure 2.3 is given as follows, where p was found to be ∼ 2.5 by Kokubo and Ida [14].

Nc ∝ m−p (2.23)

The largest bodies that develop as a result of the runaway phase of accretion are known as

protoplanets. These protoplanets continue to increase in size due to runaway growth until such

a time that they are able to greatly excite the eccentricities and inclinations of the planetesimal

population in their immediate vicinity of influence. This increase in the velocity dispersion of the

planetesimals means that the probability of a planetesimal colliding with a protoplanet is decreased

[23] [15]. Once the protoplanet has grown to such a size that it excites the orbits of the surrounding

bodies, the velocity dispersion of the surrounding planetesimals develops a dependence on the mass

of the protoplanet by [15]:

vm ∝M1/3 ∝ em (2.24)

When this new relationship is substituted into equation 2.22, the new relative growth rate of the

14



Figure 2.3: Number of bodies remaining against mass of the planetesimals. The dotted line repre-
sents the distribution after 5000 yrs, the dashed line after 10000 yrs and the solid line after 20000
yrs. This image taken from Kokubo and Ida [14]
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protoplanet is as follows [15]:

1
M

dM

dt
∝M1/3e−2

m ∝M1/3(M1/3)−2 (2.25)

1
M

dM

dt
∝M−1/3 (2.26)

During the runaway stage, the relative growth rate of the largest bodies increases with increas-

ing mass, as in equation 2.22, indicating that larger masses experience faster growth. Once the

protoplanets reach some critical size and start to excite the surrounding planetesimals and increase

their velocity dispersion, the relative growth rate of the protoplanet follows equation 2.26 and de-

creases with mass. Once the protoplanets have reached this critical mass and their growth rate has

slowed, other protoplanets that are still in the runaway phase can catch up in size to these larger

ones. Protoplanets have the tendency, then, to grow at the same rate and at the same size after the

runaway growth phase. These largest protoplanets will, however, still increase at a faster rate than

the smallest planetesimals [15].

The next stage of planet formation is referred to as oligarchic growth, which means that the

largest bodies in the system have comparable mass and grow at the same rate. These largest of

bodies, which dominate the dynamics of the smaller planetesimals, tend to deflect each other during

close encounters so that their separation and eccentricities increase. Since there are still planetesimals

present, the dynamical friction due to the interaction between the protoplanets and planetesimals

will tend to damp the eccentricities of these larger bodies [22] [15]. The protoplanets maintain nearly

circular orbits with specific separations, since the orbital interaction is between two bodies of nearly

identical mass. Kokubo and Ida [15] found that the orbital separation of the protoplanets during

oligarchic growth was between 5−10 Hill Radii. The equation for the Hill Radii separation between

two protoplanets of mass M1 and M2 is given in equation 2.27, where a is the semimajor axis and

MSun is the mass of the central star [15].

rH =
(
M1 +M2

3MSun

)1/3

a (2.27)

All of these stages of planet formation have been verified by simulations several times over. The
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theories that have been explained up to this point, however, do not take into account the effect of

the gas disk on the planetesimals and protoplanets as they grow. Kokubo and Ida in 2000 [16],

recreated the stages of runaway and oligarchic growth where the only force on the planetesimals was

that of gas drag due to interactions with the disk. They were able to reproduce all of the previously

discussed formation behaviour using this model.

The final stage of planet formation differs for terrestrial, Jovian and Uranian planets. This

stage begins once the protoplanets from the oligarchic stage have consumed all of the solid material

in the annulus within their zone of influence; between 5-10 rH [22]. These bodies still lie on the

nearly circular, evenly spaced orbits produced in the oligarchic formation stage. The final mass of

the protoplanets after they have eaten all of the surrounding planetesimals, known as the isolation

mass, depends on the initial distribution of solid mass in the solar nebula and on the region in which

they are located. The isolation mass for a protoplanet is given in equation 2.28, where a is the

semimajor axis, ∆a is the separation between protoplanets and Σsolids is the surface density of solid

material in the disk [16].

Miso = 2πa∆aΣsolids (2.28)

The dividing line in the solar nebula which separates the character of the final planets is known

as the snow line. This is the region in the solar nebula beyond which liquid water condenses to ice.

Interior to the snow line, protoplanets are composed of rocky material only, but beyond the snow

line, protoplanets are made up of rock and ice, constituting the cores of the giant planets.

In the terrestrial region, protoplanets undergo massive collisions once the solar nebula gas has

dissipated. Prior to the gas dissipating, the interaction between the gas and the protoplanets causes

the eccentricity and inclination of the protoplanets to be damped during close encounters among

the large bodies. When the gas is gone, there is no mechanism to damp these eccentricities and so

massive collisions occur. The result of these mergers are the final terrestrial planets [17].

Jovian planet formation is typically believed to be initiated by a substantial core of rock and ice

located past the snow line in the gas disk. The cores of these gas giants must reach a specific size

(typically 5-15 Earth mass, denoted as Me) within the lifetime of the gas disk through oligarchic

formation and mergers among protoplanets [17]. At this large size, the protoplanet can begin
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Figure 2.4: Cross section view of the gas giants Jupiter and Saturn. Their ice/rock core is surrounded
by an enormous envelope of metallic hydrogen, which is in turn surrounded by an envelope of
molecular hydrogen. Picture source: NASA/R.J. Hall

accreting gas from the disk to form a gas atmosphere that is & 10 times more massive than the

core itself. The internal make-up of the gas giants are shown in Figure 2.4, which demonstrates how

small the cores of Jupiter and Saturn are thought to be with respect to their massive gas envelopes.

The typical problem with the theory of the formation of Jupiter and Saturn is that their cores

must grow massive enough to accrete their gas atmospheres within a short enough timeframe to

ensure that the gas disk is still present (. 107 years) [17] [22]. Of major concern to this theory is the

inward force exerted on the planet cores due to the presence of the gas disk, which causes the cores

to migrate towards the central star. This interaction between the planet and the gas disk, called

type I migration, will be discussed in detail in a later section. The issue with this migration is that

gas giant cores may plummet into the central star before they are able to a) grow to 5-15 Me and

b) accrete their gas envelope [22].

The final type of planets, the Uranians, also present a slight conundrum. These icy giants are

usually explained as being failed gas giants that never grew large enough to accrete a substantial

gas atmosphere before the gas disk dispersed [17]. Figure 2.5 shows the interiors of Uranus and
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Figure 2.5: Cross section view of the icy giants Uranus and Neptune. Their ice/rock core is
surrounded by a mantle composed of water, ammonia and methane ices. Their outer envelope is
composed of hydrogen, helium and methane gas. Picture source: NASA/R.J. Hall

Neptune, both of which have substantially smaller gas envelopes than Jupiter and Saturn with a

different composition.

Simulations have shown that oligarchic growth alone cannot create protoplanets of sufficient size

to accrete gas envelopes at such a large distance from the central star (typically 20 − 30 au) [37]

[21]. It has been suggested that these planets are not formed in situ, but are formed closer to the

central star and are thrown outward due to the presence of a nearby Jovian gas giant [37].

The distribution of planets in our Solar System is shown in Figure 2.6 as a plot of the mass of

planets, in units of Earth mass (Me), against their spacing, in units of au. This plot also contains

a selection of several other systems of exoplanets that have been discovered in recent years, taken

from Butler et. al. [5]. The exoplanets that are shown are located at various distances from the

sun and range in size from Neptune mass planets up to planets with masses several times that of

Jupiter. The variety of the exoplanets in this diagram indicates that the process of planet formation

is highly complex and depends on the details of the specific system.

Kokubo and Ida [17] performed simulations to determine the type of planets likely to form in

19



Figure 2.6: Distribution and mass of the planets in our Solar System, labelled in red. Also included
are the two GJ876 planets, labelled in blue [20], the HD217107 planets, labelled in green, the
HD190360 planets, labelled in yellow, the HD168443 planets, labelled in pink and the 47UMa planets,
labelled in cyan [5].
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gas disks of different masses. They found that for heavier disks, large planets formed in a short

amount of time, while in lighter disks, numerous, smaller planets were present once the gas disk was

depleted (∼ 107 years). They performed simulations with different density profiles for the gas disk,

ranging from 0.1 to 10 times the minimum mass solar nebula (denoted as MMSN, this profile will

be explained in a later section). Their criteria for whether or not a planet was able to become a gas

giant was twofold: whether the isolation mass of the planet’s core was greater than the critical core

mass required for gas envelope accretion and whether the core grew within the lifetime of gas in the

planetary disk [17].

For the purposes of this thesis, it will be assumed that the bodies being studied have already

evolved past the oligarchic growth phase such that these equal mass protoplanets are spaced by

several Hill Radii while the gas disk is still present. The simulations will look at the collisional

growth of these protoplanets at different distances from the central star, in different configurations

and with two different gas disk density profiles, which will be discussed next.

2.3 Planetary Gas Disks

2.3.1 Minimum Mass Solar Nebula

The standard model for the minimum mass solar nebula (MMSN), within which all of the planets in

our Solar System could have formed, was devised by Hayashi in 1981 [12]. The density profile for the

solar nebula was approximated assuming that the initial low density molecular cloud surrounding

the sun has already collapsed into a disk composed of gas and dust rotating about the sun at nearly

Keplerian velocity [12]. At this point in the disk lifetime the dust has settled to the mid plane and

the disk is in a nearly equilibrium state.

The density profile of the disk was constructed by assuming that all of the material contained

in the rocky planets and cores of the giant planets was once evenly distributed throughout the disk

as solids and the best fit to this mass distribution is the MMSN density profile [12]. Hayashi [12]

assumed that the total mass of rock and ice in the cores of each of the giant planets is 15 Me. He

also deduced that the nebula was made up of 0.013MSun worth of mass based on the ratio of heavy

elements to gas in the sun. The density profile for solids was enhanced beyond 2.7 au, which is
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the location of the snow line, as determined by the assumed temperature profile [12]. The surface

density of solids and ice in the minimum mass nebula as a function of radial distance from the sun

is given in equation 2.29 interior to the snow line and in equation 2.30 beyond the snow line.

Σ(rock) = 7.1r−1.5
[
g/cm2

]
for 0.35au < r < 2.7au (2.29)

Σ(rock + ice) = 30r−1.5
[
g/cm2

]
for 2.7au < r < 36au (2.30)

The gas surface density distribution in the disk is given as:

Σ(r) = 1.7× 103r−1.5
[
g/cm2

]
for 0.35au < r < 36au (2.31)

The gas disk half-thickness, zo, is given in equation 2.32, which was determined by equating the

pressure gradient and solar gravity in the vertical direction [12].

zo =
√

2cs(r)
ΩK(r)

(2.32)

In equation 2.32, ΩK(r) is the Keplerian angular velocity and cs(r) is the sound speed given in

equation 2.33,

cs(r) =
(

kT

µmH

)1/2

= 9.9× 104

(
2.34
µ

T

280

)1/2

[cm/s] (2.33)

where µ is the mean molecular weight.

The disk is assumed to be transparent to visible light since most of the dust has settled to the

central plane so that the temperature profile may be approximated as:

T (r) = 280r−1/2

(
L

Lo

)1/4

[K] (2.34)

where r is in au and Lo is the solar luminosity.

The three-dimensional gas density profile may be written in terms of the previously mentioned
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variable parameters of the disk as well as its radial and vertical extent, as in Equation 2.35.

ρ(r, z) = ρor
−2.75exp

[
−z2

z2
o(r)

]
(2.35)

In the previous equation, zo(r) is written as:

zo(r) = zor
5/4 (2.36)

Under the standard assumptions, ρo and zo from equations 2.35 and 2.36 are 1.4× 109
[
g/cm3

]
and 0.0472 au, respectively, for the MMSN model.

The coefficient 1.7×103 from the one-dimensional gas density profile shown in equation 2.31 was

determined by integrating equation 2.35 over all of z and is equivalent to ρozo
√
π.

The sound speed equation can also be simplified in terms of other known quantities of the disk.

If the sound speed is written as:

cs(r) = csor
−1/4 (2.37)

then this can be substituted into equation 2.32 along with the Keplerian velocity and equation 2.36

to show that:

cso =
√
GMzo√

2
r−1/4 (2.38)

The MMSN density profile is commonly used in many simulations involving planet formation.

It is a useful ‘base model’ of a solar nebula and allows for an easy comparison between the work

of multiple groups. It does, however have its draw-backs. Since it is based on the minimum mass

required to produce the current Solar System, it represents a lower bound estimate of the amount

of gas that was actually present in the Solar System’s original planetary disk. While this is a disk

model that is popular to use for simulations, an additional gas disk model is necessary to investigate

more realistic situations.

2.3.2 Shallow Massive Solar Nebula

The second density profile that was used in this thesis is the shallow massive solar nebula (SMSN),

created in Levison et. al. [22]. This profile is a useful addition to the MMSN profile since it places

23



more mass in the gas disk and has a much more shallow slope to the density profile, meaning that

more mass is present far from the central star.

This profile was created to be a more accurate representation of a typical solar nebula. Obser-

vations have shown that extra-solar nebulae are significantly more shallow than the MMSN profile,

and even the current SMSN profile [22]. Previous applications of the MMSN profile in simulations

meant to recreate planet formation have been shown to produce planets after the oligarchic growth

phase that are much too small at 5 au to act as the cores for giant planets. More mass is required

farther out in the disk to facilitate the growth of giant planet cores by the end of the oligarchic stage

[22]. Additionally, it is likely that some of the initial solid mass present in the nebula would have

escaped or been ejected at some point in the evolution of the Solar System, so it is not a reasonable

assumption to only include the present Solar System mass in the original nebula, as Hayashi did.

It is also unlikely that the current distribution of planets in the Solar System corresponds to the

distribution of mass in the original nebula, which is what Hayashi assumed, since planets would

migrate and mix substantially.

The density profile for the shallow massive solar nebula is given as follows:

ρ(r, z) = ρsmsnr
−2.25exp

[
−z2

z2
o(r)

]
(2.39)

This equation differs from the MMSN density profile in two ways. Firstly, the density constant,

ρsmsn is larger that the density constant from the MMSN model by a factor of 2.4; in this new

solar nebula, ρsmsn is 3.4 × 10−9
[
g/cm3

]
. The second difference between the two definitions, as

previously mentioned, is that this profile is shallower, placing more mass farther from the central

star. In the Hal profile, the coefficient on r is −2.25 while in the MMSN profile, the coefficient was

−2.75. The height of the solar nebula, zo, is assumed to be the same for both cases. A comparison

between the two models is shown in Figure 2.7.

2.4 Effect of Gas Disks on Embedded Planets

Planets that are embedded in a gas disk experience a myriad of forces due to interactions with

the disk itself. The planets will excite density waves in the disk through gravitational interactions,
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Figure 2.7: Comparison of MMSN and SMSN density profiles plotted on a log-log scale. The MMSN
profile is shown in red and the SMSN profile is shown in blue.
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especially at locations in the gas disk with an orbital commensurability with the planet, called

Lindblad resonances. Waves that are excited due to the planet’s motion in the equatorial plane

exert a torque on the planet that will tend to damp its eccentricity, while waves that are excited by

motion normal to the equatorial plane tend to damp the planet’s inclination [33] [18]. The Lindlad

and corotation resonances excited in the disk will exert reaction torques onto the planet [9] [32].

The net torque experienced by the planet will be a balance of the positive torque due to the waves

interior to the planet’s orbit and the negative torque from waves exterior to the planet’s orbit [32].

Most studies suggest that the net torque is negative, causing the planet to migrate rapidly inward,

which is known as type I migration [32] [24].

Once the planets reach a certain size (& 100Me [18]) they no longer undergo type I migration;

they are so large that they are capable of opening a gap in the gas disk. They remain in this gap

and their migration follows the same, slow inward migration as the disk itself [18].

The type I migration and damping schemes that were used in the following analysis were taken

from the formulation by Tanaka and Ward [33] and updated in Ogihara et. al. [30]. The coefficient

for damping, te, and coefficient for type I migration, ta, are shown in equations 2.40 and 2.41,

respectively.

te =
(

M

Msun

)−1( Σga2

Msun

)−1(
cs
vK

)4

Ω−1 (2.40)

ta =
(

M

Msun

)−1( Σga2

Msun

)−1(
cs
vK

)2

Ω−1 (2.41)

In the above equations, M is the mass of the planet, Σg is the gas density profile, which depends

on the specific profile being used, and Ω is the orbital angular velocity of the planet. The term

cs/vK may be expressed by expanding the terms cs and vK , as in equation 2.42.

cs
vK

=
zoa

1/4

√
2

(2.42)

The acceleration on the planet due to the combination of forces from type I migration, eccentricity

and inclination damping are given in equations 2.43 - 2.45 [33] [18] [30]. They were based on linear
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calculations of density waves in an isothermal three-dimensional disk by Tanaka and Ward [33].

ar =
1
te

(2Acr (vθ − rPΩK(rP )) +Asrvr) (2.43)

aθ =
1
te

(2Acθ (vθ − rPΩK(rP )) +Asθvr)− 2.175
1
ta
vK (2.44)

az =
1
te

(Aczvz +AszzΩ) (2.45)

Acr = 0.057 Asr = 0.176

Acθ = −0.868 Asθ = 0.325

Acz = −1.088 Asz = −0.871

(2.46)

The 1/te terms contributing to the radial and azimuthal accelerations represent the effect of

eccentricity damping. The 1/ta term present in the azimuthal acceleration is the effect of type I

migration. It is negative because the migration is inward. Equation 2.45, represents the effect of

inclination damping, since it is only in the z direction.

The final mechanism of momentum and energy transfer between a planet and disk is due to the

presence of turbulence in the disk, which is of particular interest for the purposes of this thesis. The

local density perturbations caused by the intense and random mixing of the disk will gravitationally

‘stir’ the planet [19]. The details of the turbulence present in the gas disk will be discussed in the

following section.

2.5 MRI and MHD Turbulence

Turbulence, from a purely hydrodynamic point of view, is the phenomenon associated with chaotic

flow dynamics and highly fluctuating pressures and velocities. This flow regime develops when the

inertia of adjacent fluid particles greatly exceeds the viscous forces between them. Turbulence can

be characterized by the mixing of eddies of all scales, where energy cascades from the largest eddies

down to the smallest ones. Hydrodynamic turbulence is a phenomenon that is prevalent throughout
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day to day activities since air, the fluid in which we all live, has a very low viscosity and is almost

always observed in a turbulent state. Research into turbulence has yielded some insight into its

intricacies, especially in recent years when computational power has allowed simulations to explore

a larger domain and parameter space and also to solve the equations of turbulence exactly in more

varied scenarios.

Turbulence is not limited to terrestrial settings, however. The presence of fluids in astrophysical

scenarios is common, and the interplay between the forces at work in these situations is usually much

more complex than the purely hydrodynamic problems at play on Earth. As Hawley and Stone [11]

point out, the combined effects of magnetic fields, partially or completely ionized plasmas, radiative

transfer, nuclear reactions and molecular forces may also be important to include in simulations

mimicking realistic scenarios. The highly complex physics involved in these problems, the wide and

largely unknown parameter space and the huge astronomical scales mean that accomplishing these

simulations is very challenging.

Of particular interest to the study of planet formation is the turbulence that will be present in a

planetary accretion disk. It has been observed that objects at the centre of accretion disks possess

large mass flow rates, which necessarily implies strong energy and angular momentum transport

outward from the central body [8] [2]. This outward transport can only be explained when a

larger viscosity is associated with the accretion disk; a viscosity that is not possible in a non-

turbulent disk [2]. Simulations have proven that this viscosity comes from turbulence in the accretion

disk which arises from a magnetorotational instability (MRI) and so the turbulence is known as

magnetohydrodynamic (MHD) turbulence [8] [2].

For a given ionized fluid orbiting in a Keplerian disk, a magnetorotational instability (also known

as a Balbus-Hawley instability) will occur when even a weak magnetic field is present [2]. A fluid

in this situation will experience appreciable forces due to magnetic stresses. These stresses couple

fluid particles and tend to act like spring restoring forces [2]. Magnetic stresses will force the fluid

to become unstable as long as the orbital velocity of the disk decreases for increasing radii. This is

explained conceptually by Balbus and Hawley [2] by evoking two fluid particles lying in the plane of

a rotating disk that are connected via a ‘spring’ force due to magnetic stresses. As one particle moves

interior to the other, its orbital velocity will increase and the ‘spring’ will stretch. The restoring force
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will tend to decrease the velocity of the interior particle, sending it to larger radii, while increasing

the velocity of the exterior particle, sending it to smaller radii. The process will repeat itself and

has been shown to become unstable for even weak magnetic fields [2].

The resulting MHD turbulence obeys specific governing equations, when certain assumptions

are made. First of all, it is assumed that the fluid is fully ionized [11]. This is not necessarily a

valid assumption since accretion disks are usually cool and dense and probably have a low ionization

fraction [8], particularly in the region between 0.1 and 10 au [2]. If this is the case, there are most

likely specific regions in the disk with minimal turbulence and regions with active turbulence [8].

Other assumptions in the MHD calculations include non-relativistic flow, local charge neutrality,

and a single fluid description [11]. The equations for MHD turbulence are given as follows, in a

reference frame that is rotating with angular speed, Ωrot [8].

∂ρ

∂t
+∇ · (ρv) = 0 (2.47)

∂v
∂t

+ (v · ∇)v + 2Ωrot × v = −1
ρ
∇P −∇Φ +

1
4πρ

(∇×B)×B (2.48)

∂B
∂t

= ∇× (v ×B− η∇×B) (2.49)

where

Φ = −1
2

Ω2
rotr

2sin2θ − GM

r
(2.50)

In these equations, ρ is the density of the fluid, v is velocity, P is pressure, B is the magnetic

field, η is the magnetic diffusivity, and Φ is the potential. Equation 2.47 represents the continuity

equation, equation 2.48 is the Navier Stokes equation with the addition of a force due to the magnetic

field and equation 2.49 represents the evolution of the magnetic field. An example of a solar nebula

with MHD turbulence is shown in Figure 2.8 taken from Nelson and Papaloizou [29]. The plot shows

the density contours in the disk, and the intricate, chaotic density fluctuations are obvious.

Usually in hydrodynamic codes, turbulence is solved using a finite difference method, where

derivatives of values are calculated based on their spatial difference once the domain has been
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Figure 2.8: Density contours in a gas disk undergoing MHD turbulence. This Figure was taken
from Nelson and Papaloizou [29].
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divided into an ordered or unordered grid. In the case of MHD turbulence, the hydrodynamic part

is solved using a finite difference method and the magnetic field is solved by treating it as a flux

through the zone faces [11].

This method requires an enormous amount of computational power for even a small domain.

These simulations are only feasible for a relatively small number of orbits. Performing an MHD

simulation while introducing planets into the disk that can themselves alter the density profile of

the disk gravitationally has been performed successfully but only up to a few hundred orbits at

reasonably small radii [19] [8] [28] [29] [27]. In order to study the long term evolution of multiple

planets embedded in a disk undergoing MHD turbulence, an approximation must be made to mimic

the effect of turbulence on the embedded planets. This approximation, which will parameterize the

turbulence in a gas disk, will be discussed in detail in Section 3.3.
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Chapter 3

Previous Work

3.1 Planet Formation in a Turbulent Disk

The majority of investigations of planet formation have been performed for planets located inside

a gas disk that is not exhibiting turbulent behaviour, referred to as a laminar disk. Realistically,

however, the disk will not behave in a laminar fashion; as discussed in Section 2.5, the disk will

undergo MHD turbulence due to a magnetorotational instability. The turbulent behaviour of the

gas disk will affect planet formation and migration, possibly explaining some of the problems in the

theory of planet formation thus far.

Planets that are embedded in a gas disk interact with the disk in a number of ways, as discussed

in Section 2.4. The planets interact with the disk by exciting density waves through gravitational

interactions, creating torques that will damp eccentricities and inclinations [18]. Tidal torques due

to gravitational interactions from regions of the gas disk located inside and outside the planet’s

orbit also contribute to the net torque on the planet (type I migration) [9] [24]. Once the planet

has reached a large enough size (∼ 0.001Msun), it will open a gap in the disk and will remain fixed

at that location (type II migration). Turbulent fluctuations in the disk will also create torques that

act on the planet [19].

The methods of type I and II migration as well as eccentricity and inclination damping have

all been analyzed at length for laminar disks. While the mechanism of eccentricity and inclination
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damping, as it applies to an embedded planet, is well accepted, the application of type I migration

is something that continues to be debated in the literature [31]. The method of type I migration

that was implemented into the analysis for the purposes of this thesis, described in Section 2.4, is

the method used most often in similar simulations. While type I migration in a laminar disk is

widely discussed, comparatively little is known of how a turbulent disk will change the behaviour

of the migration. Following is a brief summary of previous work done to describe the effect of

turbulent fluctuations on previously accepted planet-disk interactions using various models of MHD

turbulence.

The changes in the character of type I migration in a turbulent disk were investigated by Laughlin

et. al. [19]. Their greatest achievement in this paper was to perform an MHD simulation of a

turbulent gas disk and successfully parameterize the stochastic torques created by the turbulent

fluctuations for quasi-steady turbulence. The spectrum of turbulent fluctuations was determined by

taking the global Fourier amplitudes of the density fluctuations in the disk. They examined the effect

of turbulence on type I migration by imposing these additional turbulent torques onto a laminar

2D hydrodynamic simulation of an orbiting planet. They wanted to determine the magnitude of

turbulence required to qualitatively change the character of the planet’s migration. They found that

for turbulent fluctuations above some threshold (depending on planet size), the random motion of

the planet due to the fluctuations outweighed the constant torque due to the tidal inner and outer

forces for any size of planet up to the gap forming size. They found that the highly chaotic nature

of the turbulent fluctuations meant that the outcome of a given simulation was unpredictable, and

would have to be described by a distribution. They were only able to perform simulations for ∼ 100

orbits, due to the complexities of the algorithm.

In a number of papers bearing the same title, Nelson and Papaloizou examined the interaction

of a disk undergoing MHD turbulence with embedded planets. In their second paper [28], they

investigated the interaction of large planets that were embedded in both turbulent and laminar

disks. In their comparison of a 5MJ planet embedded in the two types of disks, they found that the

resulting density waves were fuzzier in the turbulent case, indicating that the turbulent fluctuations

were able to better dissipate and disrupt the gravity waves from the planet. In both cases, a gap

formed around the planet, although in the turbulent case, the gap was deeper.
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For their fourth paper, Nelson and Papaloizou [29] investigated the impact of turbulence on

type I migration. They set out to address the issue that the time scale of type I migration for

3 − 30Me planets (104 − 105 years) is shorter than the time required for a gas giant to accrete

its gas envelope (∼ 7 Myrs). They used smaller planet masses than their previous simulation and

found that the randomness of the turbulent fluctuations prevented any general conclusions about

the overall migration trend of turbulent type I migration. In some cases, the planets follow a trend

similar to type I migration in a laminar disk, but in general, a distribution would be required to

describe the outcome. Since the simulation could only be performed for a relatively short time, this

was not possible.

Nelson [27] further investigated the migration of planetesimals in a turbulent disk. He tested

bodies from 0− 30Me and followed their movement in a turbulent disk, comparing their migration

to that predicted in a laminar disk. He found that the eccentricities of low mass planets were greatly

increased, while there was less of an increase for higher mass planets. He found that planets followed

a random walk in semimajor axis, sometimes following the trend predicted by type I migration, but

no conclusions could be made since the simulation time was so small. Type I migration in a turbulent

disk may be diminished due to the turbulent density perturbations. Eccentricity damping, however,

is unchanged in a turbulent disk, since it does not depend on a specific balance between outer and

inner torques, like type I migration. He concludes by saying that small (1 − 10km) planetesimals

are dominated by the turbulent fluctuations and are bumped to high eccentricity. The effect of

the turbulence could either help or hinder the planet formation process. It could create such high

velocity dispersions for small planetesimals that their velocity will be greater than the escape velocity

of larger accretors, and so it will reduce the gravitational focussing and make it more difficult for

bodies to merge. On the other hand, turbulent fluctuations could limit the isolation of larger planets

during the oligarchic growth stage due to random torques exerted on the planet.

Fromang and Nelson [7] investigated the very early formation of planets from tiny particles and

attempted to explain how these small bodies form when they should fall into the sun within a time

of ∼ 100 years due to gas drag. They perform two types of simulations involving an MHD turbulent

disk: one in which the particles are treated as a separate fluid and one in which they are simply

particles in the gas disk. They found the same result in both cases; particles tend to be grouped
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together in high pressure zones in the disk located in long-lived anticyclonic vortices. Particles less

than 1m are dominated by the gas drag and are the ones that get trapped in these regions. Particles

larger than about 10m are dominated by gravity effects from the disk.

In 2006, Johnson et. al. [13] investigated the effect on planets from a turbulent disk. They

chose to model the torques exerted by the turbulent fluctuations on the planets using a mean and

a fluctuation component. They used this fluctuating component to write an advection-diffusion

equation, which they solved for a variety of cases analytically and computationally to determine the

torques exerted on the planets. Their method necessarily assumes that the torques present in the

disk are not long-lived, which is in contrast to the other papers summarized in this section that

have actually performed MHD simulations. Their results match the results from the other papers:

turbulence may assist, in some instances, in placing some of the planets at various stable orbits

instead of having them all migrate inward.

The previous papers demonstrate the new-ness of MHD simulations involving planet formation

and disk-planet interactions. There are major computational limitations to MHD codes, limiting

the ability of researchers to conclusively state the effect of turbulence on, particularly, type I and

II migration. The general conclusion to be drawn from these summaries is that turbulence does, in

fact, have the capability to greatly alter the migration of embedded planets. The extent to which

planets are affected by turbulence cannot be uncovered solely using MHD codes. This leads to

the development of a code that applies the effect of turbulence to an existing N-body integrator,

capable of carrying out accurate integrations of numerous bodies while taking into account disk-

planet interactions over long periods of time.

3.2 Symplectic Massive Body Algorithm (SyMBA)

The algorithm used in the proceeding analysis to integrate large numbers of bodies orbiting around

a central star is called the Symplectic Massive Body Algorithm (SyMBA) which was developed

by Duncan, Levison and Lee [6]. This algorithm builds upon various other N-body symplectic

integrators in that it takes advantage of the highly efficient mixed variable symplectic (MVS) method

[40], but is also capable of integrating close encounters between bodies. This is accomplished by the

use of a multiple time step method, which places various shells around each pair of bodies undergoing

35



a close encounter such that the force is better resolved and the time step is decreased as the bodies

breach successive shells [6].

The general Hamiltonian that represents the gravitational N-body problem is given in equation

3.1 with p denoting the momentum of a given body and rij denoting the absolute difference in the

location of two bodies: rij = |qi − qj|.

H =
n∑
i=0

|pi|2

2mi
−
n−1∑
i=0

n∑
j=i+1

Gmimj

rij
(3.1)

In this equation, p and q represent the conjugate phase space coordinates such that the Hamil-

tonian in equation 3.1 can be broken down into two parts, each of which depend on only one of the

phase space coordinates, as in equation 3.2.

H = HT (p) +HV (q) (3.2)

Since the first term in equation 3.2 depends only on the momentum of each body and the second

term depends only on the vector location of each body, the Hamiltonian is in a form that can be

solved using a symplectic integrator [6]. Symplectic integrators are valuable because they solve a

Hamiltonian by breaking it into smaller integrable parts and are able to maintain the error in the

calculation at a small, bounded level [6] [4]. The most common symplectic integrator is the so called

2nd order leap frog integrator [6] [4]. This integrator, when applied to the Hamiltonian given in

equation 3.1, is shown in equations 3.3, 3.4 and 3.5. For this integrator, equation 3.3 is applied for

half a time-step, τ/2, equation 3.4 is applied for a full time-step, τ , based on the updated momentum,

p, and finally, equation 3.5 is applied for half a time-step, τ/2, using the updated position, qi+1.

p = pi −
∂HV (qi)

∂q
τ/2 (3.3)

qi+1 = qi −
∂HT (p)
∂p

τ (3.4)

pi+1 = p− ∂HV (qi+1)
∂q

τ/2 (3.5)
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The integration of this Hamiltonian system by the leap frog integrator may be described con-

ceptually as follows: (1) each body experiences a momentum kick for half a time step due to the

interaction with the other bodies in the system, (2) each body’s position evolves along its new Ke-

plerian orbit, and (3) each body feels another kick in momentum for half a time step due to the

interaction from the other bodies based on the updated position of each of the bodies [6] [4]. This

algorithm may be described symbolically as in equation 3.6, where ET represents the evolution of

the system due to the HT term in the original Hamiltonian and EV represents the evolution due to

the gravitational interaction term, HV .

EV (τ/2)ET (τ)EV (τ/2) (3.6)

For the case of a highly efficient N-body code that is capable of resolving close encounters between

two bodies by decreasing the time-step for the integration of those two bodies, a new coordinate

system is imposed onto the same Hamiltonian from equation 3.1. These coordinates are called the

Democratic Heliocentric coordinates, Q and P, and are shown in equations 3.7 and 3.8, respectively

[6].

Qi =

 qi − qo if i 6= 0

1
mtot

∑n
j=0mjqj if i = 0

(3.7)

Pi =

 pi − mi

mtot

∑n
j=0 pj if i 6= 0∑n

j=0 pj if i = 0
(3.8)

Using these coordinates, the Hamiltonian may be broken down into the following components,

each of which represents the evolution of the bodies due to a specific part of the system. The

Hamiltonian shown in equation 3.9 is broken down into HSun, which represents the barycentric

momentum of the sun, HKep, representing the momentum of all of the bodies and their individual

gravitational interactions with the sun, and HInt, which represents the gravitational interaction

between all of the bodies except the sun [6]. The fourth term in equation 3.9 represents the constant

momentum of the centre of mass of the system, and so this term is omitted in the calculation of the
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Hamiltonian [6].

H(Qi,Pi) = HSun +HKep +HInt +
|Po|2

2mtot
(3.9)

where

HSun =
1

2mo

∣∣∣∣∣
n∑
i=1

Pi

∣∣∣∣∣
2

(3.10)

HKep =
n∑
i=1

(
|Pi|2

2mi
− Gmimo

|Qi|

)
(3.11)

HInt = −
n−1∑
i=1

n∑
j=i+1

Gmimj

|Qi −Qj |
(3.12)

The implementation of this new Hamiltonian into the 2nd order symplectic integrator means that

the integration will proceed as follows:

ESun(τ/2)EInt(τ/2)EKep(τ)EInt(τ/2)ESun(τ/2) (3.13)

That is, the system (1) feels a linear drift due to HSun for half a time step, (2) experiences a

momentum kick due to the interaction with each of the other bodies in the system for half a time

step, (3) is evolved along Keplerian orbits for a full time step, (4) again experiences a momentum

kick for half a time step, and (5) experiences a final linear drift in location due to HSun for half a

time step [6].

Further explanation of SyMBA including the details of the method to resolve close encounters

between bodies can be found in Appendix B.

There are of course other forces affecting the motion of the planets besides the gravitational

interaction between all of the bodies in the system. The force on each of the bodies due to the

presence of the gas disk must also be taken into account. The effects of type I migration, eccentricity

damping and forcing due to turbulent perturbations are taken into account in a subroutine called:

drag kick. This subroutine is also capable of calculating the drag forces on small planetesimals, but

this feature was not used in the following analysis. In the subroutine, drag kick, the momentum of
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each of the bodies is adjusted based on a calculation of the acceleration due to type I migration and

eccentricity damping (subroutine a typeI) and due to turbulent perturbations (subroutine a turb).

This is analogous to an additional momentum kick for half a time step due to a combination of all

of the forces from the gas disk. This momentum kick is applied at the very beginning and very end

of the process explained in equation 3.13. The details of the turbulence parameterization that was

implemented into SyMBA as a turb are discussed in the following section.

3.3 Turbulence Parameterization

3.3.1 Turbulence Mode Calculation

The turbulence parameterization that was implemented into the existing SyMBA code was originally

formulated by Laughlin et. al. [19] and revisited by Ogihara et. al. [30]. Laughlin et. al.

[19] developed this specific parameterization for use in a hydrodynamical code so that the type I

migration of a planet embedded in a gas disk could be studied with the added effect of turbulence, as

summarized in Section 3.1. Gas disks are known to exert a net torque on an embedded planet, but

they are also known to have magnetic fields, which give rise to magnetorotational instabilities. The

resulting MHD turbulence creates a multitude of density fluctuations in the disk gas that in turn

exert gravitational forces on embedded planets. For an example of the MHD turbulence present in a

gas disk, refer to Figure 2.8 in Section 2.5, in which a multitude of well defined density enhancements,

or fluctuations, are apparent in the disk.

Laughlin et. al. [19] modeled a gas disk of azimuthal extent π/3 and radial extent 1.5 au - 3.5

au using a three-dimensional MHD code and neglected the density gradient in the vertical direction.

The initial conditions were chosen to produce the smallest overall amplitude in turbulent density

fluctuations and the system was evolved for 204 orbits at 3.5 au.

The resulting global Fourier amplitudes of the density fluctuations present in the domain of the

simulation were calculated once the turbulence reached a quasi-steady phase [19]. The turbulent

density fluctuations were assigned a mode number, m, based on their azimuthal extent as well as

their lifetime within the disk with larger mode numbers possessing wider azimuthal extent and longer

lifetimes. (The significance of mode numbers will be explained later in this section.) It was found
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by Laughlin et. al. [19] that the Fourier amplitudes decreased for increasing mode number, which

is typical of MHD turbulence, so that the lowest modes contain the most turbulent power [19].

The gravitational potential produced by a single density fluctuation due to the turbulence, as

derived by Laughlin et. al. [19] with an altered non-dimensional constant, γ, as presented in Ogihara

et. al. [30] is as follows:

Φm = γr2Ω2ξ exp−(r−rc)2/σ2
cos(mθ − φc − Ωct) sin

(
π
t

∆t

)
(3.14)

In this formalism, the planet is located at radius, r, with azimuthal location, θ, and Keplerian

angular velocity, Ω. A given density fluctuation is located at radius, rc, with azimuthal location,

φc, and it orbits the central star with angular velocity Ωc. The radial extent (denoted as σ) and

azimuthal extent of the density fluctuation, as well as its lifetime in the disk, are defined using the

fluctuation’s mode number, m. The lifetime of the density fluctuation is given in the equation by

∆t. If the fluctuation appeared in the disk at some time, to, and the current time in the simulation

is t, then the relative time into the lifetime of the fluctuation is given by t = t−to, where 0 < t < ∆t.

The amplitude of all of the density fluctuations is scaled by γ, the turbulence intensity, while the

amplitude of each individual density fluctuation is given by ξ, a Gaussian distributed scaling factor

[19] [30].

The turbulence in the disk will induce many of these local density fluctuations, each with their

own location, mode number and magnitude. The sum of the gravitational potential due to all of the

density fluctuations in the disk is used to define the total specific force experienced by the planet

due to the effect of turbulence, given in equation 3.15, where the term 64/π2 was adopted from the

parameterization from Laughlin et. al. [19]. The number of density fluctuations used to represent

the effect of turbulence on a given planet within the domain prescribed by Laughlin et. al. was

chosen to be 50 [19].

Fturb = − 64Σgr2

π2Msun
∇Φ (3.15)
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where Σg is the gas density profile, and is given as follows:

Σg = Σofgr−p (3.16)

and Φ is the potential from equation 3.14 for all 50 modes and is given as:

Φ = γr2Ω2
50∑
i=1

ξi exp
(
−(r − rci

)2

σ2
i

)
cos(miθ − φci

− Ωci
t) sin

(
π

t

∆ti

)
(3.17)

In equation 3.16, Σo and p are dependent on the specific gas density profile, as explained in

Section 2.3. For the MMSN density profile, Σo is defined as 1752 [g/cm2] and p is 1.5, while for the

SMSN profile, Σo is 4255 [g/cm2] and p is 1.

As it was previously mentioned, each density fluctuation has an associated location, mode number

and magnitude. Its azimuthal extent is defined by its mode number, m, such that the density

fluctuation extends for 2πrc/m radians. Its radial extent is defined to be a fraction of its azimuthal

extent as chosen by the authors [19] such that:

σ =
(

2πrc
m

)
1
8

(3.18)

The mode number also defines the lifetime of the mode, ∆t. A given density fluctuation is

present in the disk for the amount of time it takes to traverse the azimuthal extent of the mode at

the local sound speed. Hence, density fluctuations with larger mode numbers live longer than those

with smaller ones since the azimuthal extent of a given fluctuation is inversely proportional to its

mode number. The lifetime of a fluctuation is defined as,

∆t =
2πrc

mcs(rc)
(3.19)

where cs(r) is the local sound speed defined by Hayashi [12] and was shown in Section 2.3 to be

proportional to r−1/4.

For each new density fluctuation, its mode number is calculated based on a log random distri-

bution where m lies in the range 2 − 64. This prescription was found by Laughlin et. al. [19] to

best represent the spectrum of turbulence from their MHD simulation. The mode number, then,
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Figure 3.1: Probability of obtaining mode numbers between 1 and 64 for a log random distribution

was calculated as exp(X), where X is a uniformly random number between 0 and 4.2. A diagram

of the probability of obtaining a mode number between 1 and 64 is shown in Figure 3.1.

The log random distribution for mode numbers ensures that lower modes are much more prevalent

than higher ones. The fact that large mode numbers are very rare prompted Ogihara et. al. [30] to

limit their range of mode numbers to be between 2−5. This assumption meant that high amplitude,

short lived perturbations would have no impact on a planet, but the impact due to the low amplitude,

long lived perturbations would remain the same [30].

The final parameter that must be chosen to define each of the density fluctuations is the individual

amplitude, ξ. It is reasonable to assume that the density fluctuations will exhibit some distribution

in their individual amplitudes, so the authors [19] chose a prescription to calculate ξ such that it is

normally distributed with FWHM of unity. The probability distribution for ξ is shown in Figure 3.2

3.3.2 Decomposing the Turbulence Potential using an Example

In order to further explain equation 3.14, which represents the potential due to a single density per-

turbation, each of the contributing terms will be analyzed in detail. The first part is the exponential

term, repeated in equation 3.20, which scales the potential exponentially based on the difference
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Figure 3.2: Probability distribution for individual density fluctuation, ξ.

between the radial locations of the perturbation and the planet, as well as the radial extent of the

perturbation, σ.

exp
(
−(r − rc)2

σ2

)
(3.20)

Figure 3.3 shows the contribution from the exponential term towards the overall potential for a

single perturbation where the radial location of the perturbation is varied and the planet location

is maintained at 1 au. The results are shown for mode numbers between 2 and 5. Since the radial

extent of each perturbation, σ, is inversely proportional to the mode number, the contribution due to

the exponential term drops off rapidly with increasing distance between the planet and perturbation

for high mode numbers. This is another reason why perturbations with higher mode numbers will

not affect planets: because their influence is highly localized.

The next two terms in equation 3.17 are the sinusoidal terms. The sine term is simply a scaling

over the lifetime of the perturbation based on the progress into its lifetime, t. This term is at a

maximum half way through the lifetime of the perturbation, and is zero at the very beginning and
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Figure 3.3: Contribution towards overall potential due to exponential term of a perturbation with
varying radial location. Blue, pink, yellow and cyan lines represent perturbations with mode numbers
of 2, 3, 4 and 5, respectively.

very end of its lifetime.

sin
(
π
t

∆t

)
(3.21)

The cosine term compares the azimuthal locations of the planet and the perturbation. If it is

assumed that the perturbation moves with Keplerian angular velocity, then its azimuthal path, in

time, can be written as follows:

φ(t) = φi,o + Ωit (3.22)

For clarity, then, the cosine term can be written as the instantaneous difference between the

azimuthal location of the planet and mode, while also taking into account the mode number.

cos (miθ(t)− φ(t)) (3.23)

The contribution over the lifetime of a perturbation towards the total potential experienced by

a planet can be best visualized by the following example, which only takes into account the three

44



Figure 3.4: Contribution from each term towards overall potential. Green is the cosine terms, blue
is the sine term, cyan is the exponential term and pink is the overall contribution.

previously discussed terms. Given that a planet is orbiting at 1 au on a purely Keplerian orbit, and

a density fluctuation comes into existence at some time, t, with radial location 0.9 au and m = 3,

Figure 3.4 shows the contributions due to each term.

As it can be seen from Figure 3.4, the overall contribution is enveloped by the sine term over

the lifetime of the perturbation. The cosine term fluctuates with a period that can be given by

the following (which is only valid when one assumes that the planet moves on a perfectly Keplerian

orbit):

T =
2π

miΩp − Ωm
(3.24)

The exponential term in the above example did not change over the lifetime of the mode, but this

would realistically cause a fluctuating force over the mode’s lifetime since the planet would change

its orbital radius due to the turbulent forces.

A detailed explanation of the subroutine, a turb, as well as the code itself, may be found in

Appendix C.
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3.3.3 Turbulent Perturbation Location Regime

Some mention should be made on the prescription with which the radial location of each density

fluctuation is determined, as it differs from the prescriptions used in either of the papers detailing

this method. In Laughlin et. al. [19], the radial location of the mode was chosen randomly from

a uniform domain of 0.6r − 1.4r, where their simulation was centred around r = 3.5 au. Ogihara

et. al. [30] chose to centre their simulation at 1 au, and so adopted the same uniform distribution

of rc between 0.6 − 1.4 au. The scaling of both of these prescriptions implies that their should be

a 1/r dependence on the radial number density of fluctuations. The new method for determining

the location of a given density fluctuation uses this 1/r dependence and distributes a large number

of density fluctuations over a wide range of r such that, for any r, the total number of fluctuations

between 0.6r and 1.4r is 50, just like in the previous regimes.

The number density of turbulent perturbations is defined as follows:

f(r) =
50

1.4r − 0.6r
=
N

r
(3.25)

where N is the normalization constant. The integration of this equation from the inner disk edge,

rmin, to some distance, r is, ∫
f(r) = N(ln r − ln rmin) (3.26)

where N is normalized so the the left hand side of the previous equation is unity when applied over

the entire disk. When the left hand side is chosen as some uniformly distributed random number

between 0 and 1 (denoted as rand), the location of a given perturbation is described by equation

3.27.

r = exp
(
rand

N
+ ln rmin

)
(3.27)

To ensure that the correct domain limits were chosen so that a planet located anywhere in the

domain will experience an average of 50 modes within 0.6r− 1.4r of its location, a test is performed

before this regime is implemented in the code. This test creates 2500 different configurations of

fluctuation locations using equation 3.27 and calculates, on average, how many density fluctuations
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fall within the 0.6r − 1.4r limits for every possible planet location in the domain. If the number of

modes within the prerequisite domain is not as close to 50 as possible, the limits of the turbulent

domain are altered slightly until the results are satisfactory. Once all of the elements of the turbulence

parameterization regime were in place, testing of the code could commence, which is described in

the following section.
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Chapter 4

Implementation and Testing

In order to ensure that the turbulence parameterization regime was implemented correctly, simula-

tions were performed to compare against the results from Ogihara et. al. [30]. Initially, the effect

on a single planet embedded in a turbulent gas disk was examined without the presence of type

I migration or eccentricity damping, as discussed in Section 4.1. Next, the results from Ogihara

et. al. [30] with 15 protoplanets embedded in a disk experiencing turbulence of varying intensities

while also undergoing eccentricity damping was compared with the current results, as in Section 4.2.

Finally, the new regime for calculating the turbulent perturbation locations was compared to the

location regime described in Ogihara et. al. [30], shown in Section 4.3.

4.1 Comparison of a Single Planet Random Walk

The turbulence parameterization was tested using only one planet embedded in a gas disk with

no effects from type I migration or eccentricity damping, as in Ogihara et. al. [30]. The planet

experienced a random walk in both eccentricity and semimajor axis in time. The planet was placed

at 1 au in an MMSN gas disk with a mass of 0.2Me and its evolution was calculated over a period

of 100000 years. The disk density scaling factor, fg, was set as 0.014, and the turbulence intensity

was γ = 0.1. The results were compared to the example simulation plotted in Ogihara et. al. [30]

under the same conditions.
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Figure 4.1: The evolution in semimajor axis of a planet embedded in a gas disk undergoing tur-
bulence with an intensity of γ = 0.1 and a density scaling factor fg = 0.014. The results from the
current implementation are shown on the left and the results from Ogihara et. al. [30] are shown
on the right.

The evolution in semimajor axis is shown in Figure 4.1 and the evolution in eccentricity is shown

in Figure 4.2. These plots were created by calculating the instantaneous orbital elements (in this

case, the semimajor axis and eccentricity) of the planet at each time step using the current location

and velocity of the planet.

Figures 4.1 and 4.2 show that the results between the current simulation and the Ogihara et. al.

[30] simulation are very similar. The random walk in semimajor axis extends over a nearly identical

range between the two cases, although the eccentricity seems to be slightly larger for the current

simulation in this particular example.

A more appropriate comparison between the two cases involves expressing the evolution of semi-

major axis and eccentricity as a distribution of outcomes. In order to calculate this distribution,

Ogihara et. al. [30] performed 100 identical runs for various integration times and calculated the

standard deviation of the semimajor axis and eccentricity after each integration time. They per-

formed this standard deviation analysis for different turbulence intensities, γ, as well as different

scalings of disk densities, fg, applied to the MMSN disk model. Their results for the variation of

the standard deviation of semimajor axis, σDev(a), and eccentricity, σDev(e), in time are given in
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Figure 4.2: The eccentricity evolution of a planet embedded in a gas disk undergoing turbulence
with an intensity of γ = 0.1 and a density scaling factor fg = 0.014. The results from the current
implementation are shown on the left and the results from Ogihara et. al. [30] are shown on the
right.

equations 4.1 and 4.2 [30].

σDev(a) = 0.00131fgγ
√
t (4.1)

σDev(e) = 0.0192fgγ
√
t (4.2)

To recreate these results, the planet under the influence of the turbulent perturbations was placed

at 1 au on a perfectly circular, non-inclined orbit. As it was done in the previous case, the turbulence

intensity, γ, was set as 0.1 and the disk density scaling factor, fg, was set as 0.014, to match the

conditions from Ogihara et. al. [30]. Under identical initial conditions, the planet’s semimajor

axis and eccentricity were monitored for 100 unique realizations of the turbulent perturbations and

the standard deviation was calculated for the final location and eccentricity. The results are shown

in Figures 4.3 and 4.4, for the standard deviation of semimajor axis and eccentricity, respectively,

plotted against the expected results from Ogihara et. al [30].

Figure 4.3, which shows the comparison of the standard deviation of semimajor axis matches

perfectly with what was given in Ogihara et. al. [30]. Unfortunately, as seen in Figure 4.4, the

standard deviation of the eccentricities found by Ogihara et. al. [30] are much larger than those
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Figure 4.3: Standard deviation in semimajor axis against time for 0.2 Me planet at 1 au undergoing
turbulence with an intensity of γ = 0.1 in a disk with fg = 0.014. The solid line represents σDev(a)
predicted by Ogihara et. al. [30]

Figure 4.4: Standard deviation of eccentricity against time for 0.2 Me planet at 1 au undergoing
turbulence with an intensity of γ = 0.1 in a disk with fg = 0.014. The solid line represents σDev(e)
predicted by Ogihara et. al. [30]
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Figure 4.5: Standard deviation of eccentricity against time for 0.2 Me planet at 1 au undergoing
turbulence with an intensity of γ = 0.1 in a disk with fg = 0.014. The dotted line represents the
best fit to the data.

found in the current simulations. The best fit for the σDev(e) results from the current simulation

that were plotted in Figure 4.4 is shown in Figure 4.5 and given in Equation 4.3.

σDev(e) = 0.0065fgγ
√
t (4.3)

The results from the current simulation for σDev(e) are approximately three times smaller than

those quoted in Ogihara et. al. [30]. However, this result seems contrary to the single trial in which

the eccentricity of the planet was monitored for 100000 years, as in Figure 4.2. In that particular

example, the current simulation produced eccentricities that were larger than those from Ogihara

et. al. [30], which should not have been a likely outcome if the planet from the Ogihara et. al.

simulation had followed the quoted σDev(e) evolution.

Since the standard deviation of the eccentricity is a rather abstract way of comparing the results,

the actual spread of eccentricities can be reconstructed using the following: a random Gaussian

number generator, the standard deviation of eccentricity given by Ogihara et. al. [30], and the fact

that all eccentricities must be greater than zero.

Using the previous simulation parameters as well as equations 4.2 and 4.3, the standard deviation
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Figure 4.6: Expected spread of final eccentricities for 100000 realisations calculated after 100000yrs.
The blue line represents the eccentricities from Ogihara et. al. [30] and the pink represents those
from the current simulation.

of eccentricity at a time of 100000 years is predicted to be 0.0085 by Ogihara et. al. [30] and

0.00288 by the current simulation. Using a random Gaussian number generator and the previously

mentioned values for the standard deviation of eccentricity after 100000 years, the mean value of the

eccentricity was determined by shifting the distribution such that the smallest value of eccentricity

in the distribution is equal to zero. The mean value of eccentricity, then, for the method by Ogihara

et. al. was found to be 0.0364, and the mean value of eccentricity for the current method was found

to be 0.0116. Figure 4.6 shows the expected spread of final eccentricities over 100000 realisations of

the Gaussian number generator. The method by Ogihara et. al. [30] produces a wider spread as

well as maximum eccentricities that are considerably larger than those from the current simulation.

According to Figure 4.6, simulations lasting 100000 years should exhibit, on average, an eccen-

tricity of 0.0364. In the example run from Ogihara et. al. [30] shown in Figure 4.2, the planet’s

eccentricity never exceeds 0.0065, even after an integration time of 100000 years. Due to the rather

unrealistic spread in eccentricities predicted by the σDev(e) values quoted in Ogihara et. al. and the

fact that the remaining results agree so closely between Ogihara et. al. and the current simulations,
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it is likely that there is a problem with the quoted σDev(e) from Ogihara et. al. [30]. On the other

hand, assuming that the results from Ogihara et. al. for σDev are correct, the discrepancy may

not in fact affect the final results in a realistic scenario, since eccentricity damping from the gas

disk may be able to damp these large induced eccentricities down to comparable values between the

two simulations. Further testing will be carried out using additional planets to ensure that the two

turbulence parameterization regimes are, in fact, the same.

4.2 Comparison of Accretion Involving 15 Protoplanets

The next test for the turbulence parameterization regime involves comparisons with the simulations

from Ogihara et. al. [30] involving planet accretion in a turbulent disk. The final results were

analyzed qualitatively and quantitatively when the relevant information was presented in the paper.

The simulations looked at the effect of turbulence on 15 protoplanets embedded in a depleted gas disk

experiencing turbulent fluctuations with varying intensities. The forces acting on the protoplanets

in these simulations included the gravitational interaction among themselves as well as with the

central star, the turbulent kicks due to the density fluctuations and the eccentricity and inclination

damping due to the gas disk. Type I migration was neglected for these simulations [30].

The protoplanets were spaced by approximately 6.5rH based on an initial mass of 0.2Me and were

placed on initially circular orbits between 0.7235 − 1.363 au. The disk in which they were located

followed an MMSN profile with fg = 0.014. The system was integrated for a time of 1.5Myrs,

which was found to be a sufficient time for the protoplanets to cease mixing with each other and find

stable, unchanging orbits. The time step was chosen to be 0.005yrs, such that the smallest possible

orbit could be resolved to 1/93 of its period. The results were repeated for five distinct and random

angular configurations of protoplanets, labelled A1 through A5.

The results are shown in Figure 4.7 for a laminar disk, Figure 4.8 for a disk experiencing low

levels of turbulence with γ = 0.001, and Figure 4.9 for a highly turbulent disk with turbulence

intensity γ = 0.1. In each figure, one example from the current simulations is compared to the

results from Ogihara et. al. [30]. The semimajor axis of each protoplanet is shown in blue and

the green lines represent the aphelion and perihelion of each protoplanet. The final mass of each

planet is printed in red to the immediate right of each planet trace. When a protoplanet has a close

54



Figure 4.7: Results for 15 protoplanet simulation in a depleted (fg = 0.014) laminar disk. The
result from Ogihara et. al. [30] is shown on the left and the result from the current simulation is
shown on the right for angular configuration A4. The current simulation results show the semimajor
axis of each protoplanet in blue and the perihelion and aphelion in green. The mass of each planet
is written in red to the immediate right of the image.

encounter with another protoplanet, its eccentricity is increased, as shown in the figures as a spike

in the perihelion and aphelion of the protoplanet. The sample result shown in each figure from the

current set of simulations was chosen as a good representation of all of the results.

These plots show many qualitative similarities. Eccentricities are increased due to the interactions

between protoplanets, but are quickly damped out due to interactions with the disk once the planets

have found a stable final configuration. The highest turbulence intensity has eccentricities that do

not completely damp out but fluctuate even when the protoplanets have found a stable configuration.

This is common between the current simulation result as well as the one by Ogihara et. al. [30]

shown in Figure 4.9.

The plots from the paper by Ogihara et. al. [30], shown in Figures 4.7 - 4.9, along with a table

showing the outcomes from three different angular configurations of the same simulation, were the

only quantifiable results with which to make a comparison. Tables 4.1 - 4.3 show the quantifiable

results from the paper, along with the results from the current simulations.

These results show that, on average, the number of final planets and the mass of the largest

planet is very similar to the results from Ogihara et. al. [30], indicating that the implementation

of the turbulence parameterization must be very similar. To further compare the results for this
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Figure 4.8: Results for 15 protoplanet simulation in a depleted (fg = 0.014) turbulent disk with
γ = 0.001. The result from Ogihara et. al. [30] is shown on the left and the result from the current
simulation is shown on the right for angular configuration A3.

Figure 4.9: Results for 15 protoplanet simulation in a depleted (fg = 0.014) turbulent disk with
γ = 0.1. The result from Ogihara et. al. [30] is shown on the left and the result from the current
simulation is shown on the right for angular configuration A2.
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Table 4.1: Current simulation results and paper results for 15 protoplanet case with no turbulence

Current Simulation Results Paper Results
Trial Maximum

Planet (Me)
Number
of Planets
Remaining

Trial Maximum
Planet (Me)

Number
of Planets
Remaining

A1 0.6 10 A 0.6 8
A2 0.6 8 B 0.8 8
A3 0.8 7 C 0.8 9
A4 0.6 8 Average 0.733 8.33
A5 0.6 10
Average 0.64 8.6

Table 4.2: Current simulation results and paper results for 15 protoplanet case with low turbulence

Current Simulation Results Paper Results
Trial Maximum

Planet (Me)
Number
of Planets
Remaining

Trial Maximum
Planet (Me)

Number
of Planets
Remaining

A1 0.6 10 A 0.6 8
A2 0.8 8 B 0.8 9
A3 0.8 9 C 0.8 9
A4 0.8 11 D 0.6 7
A5 0.8 7 Average 0.7 8.25
Average 0.76 9

Table 4.3: Current simulation results and paper results for 15 protoplanet case with high turbulence

Current Simulation Results Paper Results
Trial Maximum

Planet (Me)
Number
of Planets
Remaining

Trial Maximum
Planet (Me)

Number
of Planets
Remaining

A1 0.6 7 A 0.8 8
A2 0.8 10 B 0.8 8
A3 0.8 7 C 0.8 8
A4 0.4 10 Average 0.8 8
A5 1 7
Average 0.72 8.2
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Figure 4.10: Final planet mass against planet location for the five runs that were tested in a laminar
disk with fg = 0.0014. The results from the paper are shown as the black X.

analysis, the final planet mass against the final location of each of the planets was plotted for each

of the simulations that were performed and compared to the results from Ogihara et. al. [30]. These

results are shown in Figure 4.10 - 4.12, for each turbulence intensity.

Figures 4.10 - 4.12 demonstrate that the results from the single trial shown in Ogihara et. al.

[30] lie within the spread of results found in the current set of simulations. The only questionable

result is the laminar one, in which Ogihara et. al. [30] achieved a planet located at a smaller

semimajor axis than was able to be reproduced in the current simulations. Since there was only one

plot for each turbulence intensity trial shown in the paper, it is more than likely that the remaining

simulations using the laminar profile would have matched well with the results from the current set

of simulations, since all of the other trials match quite closely.

4.3 Comparison of Turbulent Perturbation Location Regimes

The method of determining the location of the individual perturbations in the turbulence param-

eterization regime was altered from the method used by Ogihara et. al. [30] and Laughlin et. al.
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Figure 4.11: Final planet mass against planet location for the five runs that were tested in a
turbulent disk with γ = 0.001 and fg = 0.014. The results from the paper are shown as the black
X.

Figure 4.12: Final planet mass against planet location for the five runs that were tested in a
turbulent disk with γ = 0.1 and fg = 0.014. The results from the paper are shown as the black X.
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[19]. This was necessary since the simulations to be performed with the turbulence parameterization

were to use multiple protoplanets located within a wide radial range. This meant that there needed

to be more turbulent fluctuations located in a larger area but that the number density of turbulent

fluctuations remain the same as the regime from Ogihara et. al. [30] and Laughlin et. al. [19]. The

new implementation of the turbulent perturbation location regime, as described in Section 3.3.3,

was compared to the original method used by Ogihara et. al. [30] and Laughlin et. al. [19] to ensure

that the resulting turbulent perturbations were unchanged.

For each perturbation location regime that was tested, a planet was placed at 1 au with zero initial

eccentricity. The planet underwent a random walk due to turbulent fluctuations and experienced no

eccentricity damping or type I migration. The original perturbation location regime from Ogihara

et. al. [30] and Laughlin et. al. [19] was denoted as Case 1 and involved 50 perturbations uniformly

distributed between 0.6 au and 1.4 au. The new location regime involved 125 perturbations spaced

between 0.3 au and 2.5 au using the following equation:

rc = exp
(

rand

2.12026
+ ln 0.3

)
(4.4)

For runs denoted as Case 2, this new regime was implemented but only those modes located

within 0.6 au to 1.4 au were included in the force calculation. Case 3 also used this new location

regime, but for this case all 125 of the perturbations were included in the force calculation.

The simulation was repeated 100 times for each integration time, each one with a different real-

isation of turbulent perturbations, and the standard deviation of the final location and eccentricity

of the planet was calculated. A plot was made of the standard deviation of the semimajor axis,

σDev(a), as well as that of the eccentricity, σDev(e), for various integration times.

Figure 4.13 shows the standard deviation of semimajor axis for planets experiencing forcing due

to the turbulent perturbations. The yellow and orange triangles represent two different angular

configurations of the original turbulent location regime (Case 1) while the blue and purple diamonds

represent two different angular configurations of the new location regime (Case 2). There is a slight

tendency toward higher σDev(a) for the new regime, although the fact that both agree so closely

with the trend found by Ogihara et. al. [30] (the red line) shows that both are equivalent ways of

expressing the turbulent fluctuation locations.
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Figure 4.13: Standard deviation of semimajor axis for a planet feeling the effect of turbulent
perturbations due to the original location regime (yellow and orange) as well as the new location
regime (blue, purple and pink). The line represents the trend found from Ogihara et. al. [30]

Figure 4.14 shows the same results but for the standard deviation in eccentricity. In this case,

both location regimes are nearly identical, showing, again, that the regimes are interchangeable.

In both Figures 4.13 and 4.14, pink X’s are plotted and overlap perfectly with one of the angular

configurations from the new location regime (Case 2). These data points represent those simulations

where all 125 turbulent modes were used to calculate the force on the planet (Case 3). They are

identical to the results where only the modes within 0.6 au - 1.4 au were used because of the fact that

the effect on a planet due to a fluctuation falls off exponentially with the radial distance between

the planet and fluctuation; hence, modes that are sufficiently far away do not affect the planet.

Figures 4.15 and 4.16 further demonstrate the interchangeability of these turbulent location

regimes. They each show one example run for a total integration time of 1.5Myrs for each turbulent

location regime. All three regimes, Cases 1, 2, and 3, show random walks in semimajor axis due to

the turbulent kicks and all have identical magnitude of fluctuations. The eccentricities also show no

difference, as they have the same fluctuation magnitudes and nearly identical final eccentricities.

The previously performed testing has demonstrated that the results from the current simulation

and the results from the paper by Ogihara et. al. [30] are very similar. The evolution in semimajor
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Figure 4.14: Standard deviation of eccentricity for planets feeling the effect of turbulent perturba-
tions due to the original regime (yellow and orange) as well as the new regime (blue, purple and
pink).

Figure 4.15: Semi major axis for an integrations of 1.5Myrs. Case 1 represents the original location
regime while cases 2 and 3 represent the new regime.
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Figure 4.16: Eccentricity for an integrations of 1.5Myrs. Case 1 represents the original location
regime while cases 2 and 3 represent the new regime.

axis and eccentricity of a single planet located in a turbulent disk was found to match quite closely

with the results from Ogihara et. al. [30]. The distribution of σDev(a) in time was identical to the

results from Ogihara et. al. [30], and although the distribution of σDev(e) did not match between

the two cases, it has been established that the result quoted in Ogihara et. al. is not consistent

with the remaining results that they quote. For the case with 15 protoplanets in a turbulent disk, it

was found that the number and size of the final configuration of the planets is comparable, as is the

qualitative results from the plot of the evolution of semimajor axis in time for all of the protoplanets.

Finally, it has been shown that the new turbulence perturbation location regime does not alter the

turbulence parameterization at all.

Since the results line up with those performed by Ogihara et. al. [30] using the same turbulence

parameterization, it can be safely said that the turbulence subroutine was implemented correctly

and studies of the dynamical evolution of protoplanets inside of a turbulent disk may proceed.
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Chapter 5

Effect of Turbulence on Planets in

Resonance

It has been well established that planets form around a central star within a gaseous disk, which will

exhibit some level of turbulence due to magnetorotational instability, as discussed in Section 2.5.

As planets form and grow in this disk, they will interact with each other as well as the surrounding

gas, the latter of which will cause inward migration of the planets, as in Section 2.4. Planets that

are migrating inward may be caught in a resonance with another planet whose period is an integer

fraction of its own period. The migrating planet will experience a highly periodic kick from the

inner planet and when this kick exactly balances the migration torque, the planet will remain in a

stable orbit, discussed in Section 2.1.3.

Adams, Laughlin and Bloch [1] point out that there have been many extra-solar systems discov-

ered in recent years that appear to have planets arranged in resonances. An example of interest are

the GJ876 planets discovered in 1 : 2 resonances and discussed by Lee and Peale [20]. This particular

planetary system is plotted in Figure 2.6 in Section 2.2 in comparison to other extra-solar systems

as well as our own Solar System. Lee and Peale [20] demonstrated through simulation that these

planets would have opened a gap in the gas disk and would have undergone type II inward migration

as well as eccentricity damping while locked in resonance. If many more systems are found to have

planets locked in resonance, then perhaps this is common to a majority of systems.
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If planets form in gas disks, and these disks undergo MHD turbulence, Adams et. al. [1] conclude

that there must be a narrow range of turbulence intensities allowed for the disk so that planets may

remain in their resonances without being kicked out. They went on to show both analytically and

through simulation that most planets in resonance are knocked out due to the effect of turbulence

[1]. The planets they included in their analysis were meant to mimic the GJ876 planets, which lie

in gaps in the gas disk. This gap effect was implemented in their simulations by including a scaling

factor in their turbulent forcing calculation that diminished the effect of turbulence perturbations

by a factor of 0.1; this effectively just decreased the turbulence intensity experienced by the planets

[1]. The problem with these models is that they fail to take into account the eccentricity damping

that necessarily must be present in a gas disk. When eccentricity damping is taken into account,

as it is in the following analysis, planets may remain in resonances for a wide range of turbulence

intensities.

In this chapter, the results are presented from several simulations that were performed to test

whether turbulence of a certain intensity would disrupt the resonant lock of a smaller planet with

mass 1Me exterior to a larger planet with mass 5Me. For these simulations, the larger planet was

fixed at 5 au, at the edge of a truncated gas disk. The smaller planet was initially placed at a location

corresponding to a specific resonance with the 5Me planet. Two different gas density profiles were

used: the MMSN and SMSN models. For both density profiles, the gas disk was truncated at the

location of the inner planet, at 5 au, so that no gas was present interior to this location.

As Weidenschilling and Davis [38] point out, planets experiencing stronger migration will tend

to fall into tighter resonances with larger j values, when the ratio of the periods of the planets in

resonance is described using the j/(j + 1) form. Resonances such as 2 : 3 or 3 : 4, for example, are

not strong enough to support very high migration rates. For this reason, the resonances chosen for

each density profile were slightly different. Since the SMSN model places more density farther out

in the system, the migration rates and eccentricity damping on the outer planet are larger for this

model. The resonances created for the SMSN density profile necessarily had larger j values than

the resonances created for the MMSN density profile.

Four resonances were chosen for each density profile to test the stability of the orbits. The

resonances for the MMSN model were 2 : 3, 3 : 4, 5 : 6 and 7 : 8. The resonances that were tested
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for the SMSN model were 5 : 6, 6 : 7, 8 : 9 and 10 : 11. The turbulence intensities that were tested

for each density profile increased logarithmically, from γ of 0, 0.001, 0.01 and 0.1, which will also

be referred to as ‘laminar’ and ‘low’, ‘medium’ and ‘high’ turbulence. These turbulence intensities

were adopted from those used by Ogihara et. al. [30]. They were found to represent a reasonable

range of intensities, from the lowest having the smallest effect on the planets in the system to the

highest, which greatly altered the evolution of the system. Turbulence intensities much higher than

γ = 0.1 were found to disrupt the system to such an extent that the final outcome would often

involve a large proportion of planets being ejected from the system. It should be pointed out again

that the forcing on the planet due to the turbulence is proportional to the local density of the disk,

and thus, the turbulent forces experienced by planets in the SMSN model were larger than the forces

experienced by planets in the MMSN model.

Figures 5.1 and 5.2 show the evolution of the semimajor axis and eccentricity, respectively, of

the inner and outer planets for each resonance and turbulence intensity using the MMSN density

profile. The outer planet is able to maintain its original resonance for all turbulence intensities except

the γ = 0.1 (high turbulence) case. Figure 5.2 shows quite clearly the increase in the eccentricity

fluctuations with an increase in the turbulence intensity.

For this density profile, the highest turbulence intensity causes the planet to be knocked out of

its original resonance and jump from one resonance to another. In two of the cases, the planet is

eventually thrown interior to the disk edge. In one instance, it merges with the inner planet. In

only one of the trials is the planet able to maintain a resonance (in this case, the 7 : 8 resonance)

exterior to the 5Me planet for 5Myrs.

Figure 5.3 shows the evolution in semimajor axis of the inner and outer planets for each resonance

and for each level of turbulence in the SMSN disk. Figure 5.4 shows the evolution in eccentricity

of the outer planet for each resonance tested in the SMSN profile and for each level of turbulence.

The fluctuations are more dramatic as the turbulence increases, and the highest level of turbulence

(γ = 0.1) has a much more dramatic effect on the planet than in the MMSN density profile.

The original resonance of the planet is maintained for all of the trials with laminar as well as

low turbulence disks in the SMSN profile. For the case of medium turbulence, the planet is unable

to remain in its original resonance for three out of the four cases, and instead jumps from resonance
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Figure 5.1: The semimajor axis of the inner and outer planets in the MMSN density profile for the
four resonances that were tested with each level of turbulence. The top left graph is the laminar
disk, top right is the disk with low turbulence (γ = 0.001), bottom left is the disk with medium
turbulence (γ = 0.01), and bottom right is the disk with high turbulence (γ = 0.1).
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Figure 5.2: The eccentricity of the outer planet in the MMSN density profile for the four resonances
that were tested with each level of turbulence. The top left graph is the laminar disk, top right is the
disk with low turbulence (γ = 0.001), bottom left is the disk with medium turbulence (γ = 0.01),
and bottom right is the disk with high turbulence (γ = 0.1).
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to resonance until it finds a sufficiently strong resonance in which it can remain stable. The most

common final resonance for the medium turbulence intensity tended to be the 7 : 8 resonance.

The highest turbulence intensity in the SMSN disk makes it impossible for the outer planet to

remain in its resonance for all of the resonances that were tested. For three of the four resonances

that were tested, the outer planet simply merges with the larger planet at 5 au. For one of the trials,

the outer planet is kicked interior to the disk edge where it can no longer maintain a resonance with

the 5Me planet, since there is no gas present.

These results show that the ability of a planet to maintain its resonance depends on the strength

of the turbulence in the disk. With eccentricity damping, a planet can remain in resonance with an

interior planet for reasonably high turbulence intensities because the outer planet will move itself to

a more stable (higher j) resonance. For extremely high turbulence intensities, such as the γ = 0.1

intensity, the planet was found to either be thrown below the inner planet, breaking the resonance,

or it tended to merge with the inner planet.

Adams et. al. [1] are correct to point out that there must be some range of turbulence intensities

in a gas disk so that planets may remain in resonance, but their conclusion that all resonances are

extremely rare in these systems does not agree with the current results that have been presented.

With the inclusion of eccentricity damping, the forcing due to turbulence may produce enough

jarring to force planets into a stronger resonance, and will only break the resonance completely

when the intensity is extremely high. For example, the turbulence intensity used in the Adams et.

al. simulations had an equivalent value of γ = 0.0048 when put in the same terms as the current

turbulence parameterization. This is less than half the strength of the medium turbulence intensity

(γ = 0.01) tested in the current simulations, which was found to allow planets to remain in a range

of resonances. This demonstrates the importance of including eccentricity damping in simulations

that test the ability of planets that are experiencing turbulent perturbations to remain in resonance.
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Figure 5.3: The semimajor axis of the inner and outer planets in the SMSN density profile for each
resonance and each turbulence intensity. The top left graph is the laminar disk, top right is the disk
with low turbulence (γ = 0.001), bottom left is the disk with medium turbulence (γ = 0.01), and
bottom right is the disk with high turbulence (γ = 0.1).
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Figure 5.4: The eccentricity of the outer planet in the SMSN density profile for various levels
of turbulence. The top left graph is the laminar disk, top right is the disk with low turbulence
(γ = 0.001), bottom left is the disk with medium turbulence (γ = 0.01), and bottom right is the
disk with high turbulence (γ = 0.1).
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Chapter 6

Planet Accretion with a Planet

Trap

The following simulations were performed to uncover the combined effects of type I migration,

eccentricity damping and turbulence on planets accretion in a gas disk that has been abruptly

truncated at the inner edge at either 0.5 au or 5 au. The truncation of the gas disk was meant to

act as a barrier for protoplanet migration. These ‘planet traps’, as they are called, may be due to

either a locally steep and positive density profile gradient (as explained in Morbidelli et. al. [25])

or an abrupt end to the disk (as mentioned/simulated in Brunini and Cionco [3] and Terquem and

Papaloizou [34]). The locally steep density gradient acts as a planet trap because gas that orbits

at this location does so at super-Keplerian speeds, balancing the negative torque acting on a planet

in this region due to type I migration [25]. In this set of simulations, the hope is that the planet

trap will induce protoplanet collisions near the location of the planet trap, resulting in larger final

planets.

The planet trap in the first set of simulations was placed at 0.5 au, to examine the effect of

planet migration and mergers close to the central star, where collisions between protoplanets are

common. For the second set of simulations, the planet trap was placed reasonably far, at 5 au, in the

hope that small, migrating protoplanets would accumulate at the disk edge and be able to collide

and form larger protoplanets within a reasonable timescale. This is necessary at distances beyond
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5 au, as it was mentioned in Section 2.2, since the cores of the giant planets must be produced at

these distances before the gas disk disperses to ensure that the gas giants may accrete their large

gas envelopes. The planet trap may prove to be a means of accelerating the growth of protoplanets

at any distance.

When two bodies undergo a close encounter, their eccentricities are typically increased by an

amount that is roughly equivalent to the ratio of the relative velocity between the bodies to each

body’s orbital velocity. This relationship is determined based on the comparison of the velocity of a

planet on a circular orbit to the velocity at apocentre of a planet on an eccentric orbit. Protoplanets

that undergo close encounters near to the central star induce eccentricities that are much smaller

than those induced for protoplanets having the same close encounter far from the central star. This

is due to the fact that the orbital velocity of a protoplanet decreases farther from the central star.

For example, for two protoplanets with relative velocity, vrel, the induced eccentricity would be as

follows:

e ≈ vrel
vKep

=
vrel
√
r√

GMsun

(6.1)

If one pair of protoplanets were located at 0.5 au and another were located at 5 au, both having

the same relative velocity, the ratio of the induced eccentricities due to each close encounter would

then be:

e5au

e0.5au
=
√

5√
0.5

= 3.16 (6.2)

The protoplanets in this example that are farther from the central star have their eccentricities

excited three times that of the protoplanets near to the central star. For this reason, collisions are

more difficult at large semimajor axis due to the high eccentricities from the close encounters between

protoplanets. However, if the protoplanets mix while they are still in the gas disk, the damping from

the gas may prevent the eccentricities from becoming too large, and protoplanet collisions may still be

feasible. Adding to the complexity is the presence of turbulence, which will stir the protoplanets even

more, potentially increasing the likelihood of collisions between protoplanets that would otherwise

not be on crossing orbits, but will also increase their eccentricity, which may decrease the probability
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of collisions.

6.1 Initial Configurations

The initial configurations were created that placed a number of equal mass protoplanets near the

edge of a truncated disk with all of the protoplanets spaced by several Hill radii. This is similar to

the initial configuration used in Ogihara et. al. [30], which was based on that from Kominami and

Ida [17], in which they also used equal mass protoplanets spaced by a few Hill radii. The following

runs were performed for undepleted gas disks (fg = 1) with an MMSN density profile as well as an

SMSN density profile.

Configuration A corresponds to a truncated disk edge at 0.5 au with 15 protoplanets released from

0.7235−1.363 au with each planet spaced 6.5rH based on an initial mass of 0.2Me. Configuration B

corresponds to a truncated disk edge at 5 au with 15 protoplanets released from 5.2− 12.36 au with

each protoplanet spaced 5.5rH based on an initial mass of 1Me. Finally, Configuration C is identical

to Configuration B except that 15 additional protoplanets, all of spacing 5.5rH , have been added

exterior to the previous 15 from Configuration B. Configuration C involves a total of 30 protoplanets

released between 5.2− 57.8 au.

For several of the Configuration B and C simulations, the mass of the initial protoplanets was

artificially increased to 8Me to agree with the total mass of solids present in the region of the SMSN

density profile from which the protoplanets were released. The initial spacing of the protoplanets for

these 8Me runs was not altered from the runs with the protoplanets set at 1Me, and so the spacing

actually became much smaller than the designated 5.5rH . The initial separation for these large mass

runs was not increased because there was found to be minimal interaction while the protoplanets

were migrating inwards for the laminar and low turbulence cases. Also, the protoplanets would have

had to be placed much farther from the disk edge to allow for a 5.5rH separation with a mass of

8Me. This would have also increased the time to run the simulation.

Each of the individual runs was integrated for such a time that mixing between the protoplanets

ceased, and each planet was located in a stable, unchanging orbit. For every initial configuration,

four individual simulations were run, each with different initial angular locations of the protoplanets.

These were denoted, for Configuration A for example, A1, A2, A3 and A4. The simulations were
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Table 6.1: Summary of Initial Conditions for each Planet Trap Configuration

Configuration Location of
Planet Trap
[au]

Number of
Protoplan-
ets

Size of Pro-
toplanets
[Me]

Initial Loca-
tion of Plan-
ets

A 0.5 15 0.2 0.7235 - 1.363
B 5 15 1 or 8 5.2 - 12.36
C 5 30 1 or 8 5.2 - 57.8

repeated for cases with no turbulence, low turbulence with a magnitude of γ = 0.001, medium

turbulence with γ = 0.01, and high turbulence with γ = 0.1. These values of turbulence are

influenced by the turbulence magnitude values used in Ogihara et. al. [30], since the turbulence

regime is based on their implementation. A summary of the features of each configuration involving

a planet trap may be found in Table 6.1.

6.2 Configuration A with MMSN and SMSN Density Pro-

files

Configuration A was initially run with an undepleted MMSN density profile. Figure 6.1 shows the

results for a typical run (in this case, the run corresponding to angular configuration A2) for a

laminar disk as well as a low, medium and highly turbulent disk. For each case, 15 protoplanets

are released from the previously mentioned initial configuration with a mass of 0.2Me for each

protoplanet.

This same configuration was then repeated with the SMSN density profile, which places additional

mass in the gas disk, although the effect of this additional mass is not felt strongly at small semimajor

axis. Figure 6.2 shows the results from the SMSN density profile for Configuration A with turbulence

intensities of γ = 0.0, γ = 0.001, γ = 0.01 and γ = 0.1. The results that are plotted correspond to

the initial angular configuration A2.

Both density profiles had protoplanets migrating inwards, towards the planet trap, colliding

with one another beyond the planet trap, and finally, reaching a stable final configuration. The final

configuration of planets had the majority of planets located exterior to the planet trap in resonance

75



Figure 6.1: Typical results for a planet trap at 0.5 au in an MMSN density profile. Each frame
corresponds to a different turbulence intensity; top left is γ = 0, top right is γ = 0.001, bottom
left is γ = 0.01 and bottom right is γ = 0.1. Each protoplanet has semimajor axis, perihelion and
aphelion plotted with planets released with the same initial angular configuration (A2). The mass
of the final planets is written in red.
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Figure 6.2: Typical results for a planet trap at 0.5 au in an SMSN density profile. Each frame
corresponds to a different turbulence intensity; top left is γ = 0, top right is γ = 0.001, bottom
left is γ = 0.01 and bottom right is γ = 0.1. Each protolanet has semimajor axis, perihelion and
aphelion plotted with planets released with the same initial angular configuration (A2).

with one another with usually one other planet thrown interior to the planet trap. The number of

remaining planets depended on the level of turbulence in the disk.

The angular configuration that was chosen to be plotted in Figures 6.1 and 6.2 is a good represen-

tation of the results from the other angular configurations. Table 6.2 gives a summary of the average

results from all of the trials for each turbulence intensity and density profile for Configuration A.
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Table 6.2: Summary of averaged results for Configuration A in MMSN and SMSN Density Profiles

Gamma Density
Profile

Number
of Plan-
ets
Remain-
ing

Maxim-
um
Planet
(Me)

Number
of Plan-
ets
Above
Edge

Number
of Plan-
ets
Below
Edge

Fraction
of times
Largest
Planet is
at Edge

Time for
Equi-
librium
(Myrs)

0 MMSN 5.75 1.2 3.75 1 1.0 0.26
0.001 MMSN 6.25 1.25 4.25 1 1.0 0.26
0.01 MMSN 4.5 1.5 2.5 0.75 1.0 0.33
0.1 MMSN 2 2.15 0.75 0.25 1.0 0.26
0 SMSN 5.5 1.25 3.75 0.75 0.75 0.12
0.001 SMSN 4.75 1.25 3.25 0.5 0.75 0.12
0.01 SMN 3.25 1.6 1.5 0.5 0.75 0.13
0.1 SMSN 2 2.35 0 1 0.75 0.11

6.2.1 Effect of Turbulence

As the turbulence was increased in each configuration, the number of planets remaining generally

decreased due to increased protoplanet collisions and so the size of the remaining planets was nec-

essarily larger for higher turbulence intensities. This is apparent from Table 6.2 and from Figures

6.1 and 6.2.

It is clear from the graphs that the protoplanets are initially spaced far enough apart that they do

not interact as they migrate inwards for the low turbulence and no turbulence cases. For the medium

turbulence intensity, the protoplanets are jiggled as they migrate inward but they do not collide with

one another. For the highest turbulence intensity, the protoplanets begin to merge with one another

as they are migrating inwards, significantly shortening the time for all of the protoplanets to reach

the planet trap. This is why the time to reach equilibrium for the highest turbulence intensities is

so small.

Figures 6.1 and 6.2 show that there is no extreme planet mixing during close encounters for any

level of turbulence. This is because, as mentioned before, the induced eccentricities during close

encounters are very low at small semimajor axis, so that planets are easily able to merge with each

other as soon as they have reached the planet trap.
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Figure 6.3: Plot of planet mass vs. location for the final configuration of planets in a disk with
turbulence intensity γ = 0.1 for the MMSN profile (left) and SMSN profile (right) in Configuration
A.

6.2.2 Final Planet Configuration

For all of the results with medium, low or no turbulence, there are a number of planets located

beyond the disk edge in resonance with each other, all arranged from largest to smallest mass as

they increase in semimajor axis. For nearly every configuration, there is either one planet below the

disk edge, or none at all. The MMSN density profile cases all had the largest final planet trapped

at the disk edge. For most of the simulations with the SMSN density profile, this was also the case,

although the largest planet sometimes became located interior to the disk edge. The time for the

protoplanets to reach an equilibrium was similar for each density profile, with medium turbulence

inducing the longest period of mixing.

The highest level of turbulence, γ = 0.1, left the system with two final planets for every angular

configuration for both the MMSN and SMSN density profiles. At this turbulence intensity, the

turbulent forcing broke the numerous, stable resonances that existed beyond the disk edge for the

cases with lower levels of turbulence. For each final system with the highest turbulence intensity,

the largest planet was almost always located at the disk edge. For the MMSN density profile, the

smaller of the two final planets usually remained above the disk edge, while for the SMSN density

profile, the smaller one was always thrown interior to the edge, due to the stronger turbulence in

the denser disk. This result is shown in Figure 6.3, which plots the final mass of each planet against
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Figure 6.4: Results for the simulation with a planet trap at 0.5 au in a laminar MMSN disk. The
pile-up occurs at t = 0.09Myrs. This example corresponds to the A3 angular configuration.

their final location for each simulation performed with the highest turbulence intensity.

6.2.3 Pile-Up Phenomenon

The results for the laminar and low turbulence simulations show that protoplanets tend to fall

into short-term resonances involving multiple protoplanets during the phase of inward migration.

These ‘pile-ups’ happen when the migration of the first protoplanet is stopped at the disk edge and

successive protoplanets exterior to it also stop migrating as they become caught in resonance with

this interior protoplanet. The pile-up is always broken by an outer protoplanet that fails to enter

into resonance and pulls the interior protoplanets out of resonance, thus beginning a rapid domino

effect that breaks the balance of resonances.

For higher turbulence intensities, the pile-up of migrating planets is rare because the turbulent

kicks break these fragile resonances almost as soon as they form. The pile-up phenomenon was also

not observed as obviously in the SMSN density profile. Due to the increase in mass in the SMSN

gas disk model, the migration rates are correspondingly larger, requiring a very strong resonance to
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Figure 6.5: Close-up of the pile-up region from the previous simulation. The aphelion and perihelion
of each of the protoplanets is green while the semimajor axis is blue. The resonances are represented
as the red lines.

halt the migration, which is not often achieved. The turbulent kicks are also stronger in the SMSN

disk for a given turbulence intensity, since the turbulence is scaled by the density profile of the gas

disk, which makes the delicate resonances more difficult to achieve.

The pile-up phenomenon is best illustrated using the A3 angular configuration in a laminar

MMSN disk. The A3 trial is shown in Figure 6.4, with the semimajor axis of each protoplanet

plotted along with the aphelion and perihelion. It is clear that at 0.09Myrs there is a pile-up

scenario involving 12 protoplanets. Figure 6.5 shows this region in more detail, between 0.06 and

1.1Myrs. The resonances in which the planets become caught are plotted as dotted lines and labelled

based on the orbital period ratio that they make with their immediate neighbour.

As it can be seen in Figure 6.5, each protoplanet is easily caught in resonance with the one interior

to it as they each migrate inwards. The most common resonances between pairs of protoplanets were

the 9 : 10, 10 : 11 and 11 : 12 resonances. The two protoplanets at the top of the pile-up are in a

fragile, 21 : 23 resonance, and act as the weakest part of the stack. The top-most protoplanet fails to

be caught in any resonance, pushing the protoplanet interior to it out of resonance, and very quickly,
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the entire pile-up breaks down. Every protoplanet in the disk begins migrating inward, towards the

disk edge. The protoplanets near the disk edge undergo some collisions, while the protoplanets

farther out simply continue on their path inward.

6.3 Configuration B with MMSN and SMSN Density Pro-

files

This next set of simulations compares the accretion of planets at distances around 5 au for different

density profiles and with different levels of turbulence. These simulations, whose initial configura-

tions are outlined in Table 6.1, were run for a total integration time such that the mixing between

protoplanets ceased, identical to the simulations in the previous section. The protoplanets in these

simulations again underwent an initial phase of planet migration with limited protoplanet interac-

tion for the cases of no turbulence and low turbulence. The medium and high turbulence intensities

caused protoplanets to mix somewhat during the migration phase without colliding. Once the pro-

toplanets reached the disk edge, they stopped migrating and began to mix strongly. Unlike the

previous simulations with the disk edge at 0.5 au, collisions between protoplanets did not occur as

easily due to the higher induced eccentricities from close encounters. This led to increased proto-

planet stirring and mixing during planet accretion. Some of the protoplanet mixing occurred within

the gas disk, although a large portion of the mixing occurred interior to the planet trap, where no

gas was present. The fact that protoplanets were mixing in a region with no gas meant that the

time to reach equilibrium varied for each simulation, since it depended on the amount of eccentricity

damping that the protoplanets were able to experience.

The increase in the time for the protoplanets to reach equilibrium, compared to the previous

simulations, arose due to three factors. Firstly, the migration timescale increased for protoplanets

that were located at larger semimajor axis. Secondly, the excitation in eccentricity due to close

encounters increased for protoplanets at large semimajor axis, which promoted significant planet

mixing and effectively increased the time needed for the planets to reach equilibrium. Lastly, the

protoplanets that were mixed interior to the disk edge did not experience the same eccentricity

damping that the protoplanets felt within the gas disk. This meant that induced eccentricities could
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Figure 6.6: Typical results for a planet trap at 5 au in an MMSN density profile. Each frame
corresponds to a different turbulence intensity; top left is γ = 0, top right is γ = 0.001, bottom left
is γ = 0.01 and bottom right is γ = 0.1 . Each planet has semimajor axis, perihelion and aphelion
plotted with planets released with the same initial angular configuration (B3).

not be damped to the same extent interior to the disk edge as they were within the gas disk.

The results for laminar, low turbulence, medium turbulence and high turbulence intensities are

shown in Figure 6.6, for the MMSN density profile and Figure 6.7 for the SMSN density profile. These

runs correspond to the B3 initial angular configuration. The averaged results from the simulations

for both MMSN and SMSN density profiles with a planet trap at 5 au are summarized in Table 6.3.

6.3.1 Comparison of Density Profiles

In general, for a given turbulence intensity, it was found that the number of remaining planets and

their distribution in semimajor axis was approximately the same for both density profiles. The
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Figure 6.7: Typical results for a planet trap at 5 au in a SMSN density profile. Each frame
corresponds to a different turbulence intensity; top left is γ = 0, top right is γ = 0.001, bottom left
is γ = 0.01 and bottom right is γ = 0.1 . Each planet has semimajor axis, perihelion and aphelion
plotted with planets released with the same initial angular configuration (B3).
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Table 6.3: Summary of averaged results for Configuration B in MMSN and SMSN Density Profiles

Gamma Density
Profile

Number
of Plan-
ets
Remain-
ing

Maxim-
um
Planet
(Me)

Number
of Plan-
ets
Above
Edge

Number
of Plan-
ets
Below
Edge

Fraction
of time
Largest
Planet is
at Edge

Time for
Equi-
librium
(Myrs)

0 MMSN 4.5 5.75 0 3.25 0.5 7.25
0.001 MMSN 5.5 5.5 1.5 3 0.0 6.25
0.01 MMSN 5 5.5 0.75 3 0.0 4.98
0.1 MMSN 3.75 6.75 0 2.75 0.5 9.38
0 SMSN 4.5 7.75 0 2.5 0.0 1.21
0.001 SMSN 5 5.25 0 3.5 0.25 3.68
0.01 SMSN 4.25 7.5 0 3 0.0 3.55
0.1 SMSN 3 8.75 0 2 1.0 5.18

time for the protoplanets to migrate inwards and stop mixing, however, was very different for the

MMSN profile compared to the SMSN profile. Between 5 to 20 au, there is more than 8 times the

mass present in the SMSN gas disk than the MMSN one. Because of this density enhancement

at larger distance from the sun, the eccentricity damping and migration are much stronger in the

SMSN density profile. This means that planets tended to migrate inwards more rapidly in the SMSN

profile and their eccentricities were damped more rapidly as well, which allowed collisions to occur

within a shorter period of time.

6.3.2 Final Planet Configuration

For all of the cases, the majority of the final planets were located interior to the disk edge and there

was always one planet locked in an orbit at the location of the disk edge. For those planets located

interior to the edge, there was generally no trend with respect to the size of a planet and its location

in semimajor axis; planets of various masses seemed to be distributed randomly. Only occasionally

was the largest planet located at the disk edge for any simulation.

For a few of the trials with low and medium turbulence in the MMSN density profile, a planet

was located exterior to the disk edge, in resonance with the planet located at the disk edge. The

existence of planets in resonance beyond the disk edge is rare because it is much easier to throw a

planet into a region with no gas present during a close encounter than it is to establish a resonance
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with it. For the highest turbulence intensity as well as for all of the trials involving the SMSN

density profile, there were never any planets remaining exterior to the disk edge, since the intense

protoplanet mixing along with the turbulent kicks would have thrown those protoplanets interior to

the disk edge.

6.3.3 Effect of Turbulence

The effect of the intensity of the turbulence in the disk was not as apparent when comparing the final

configuration of planets. The size of the largest planet did not appreciably increase as the turbulence

was increased, and the number of remaining planets remained about the same for the laminar, low

turbulence and medium turbulence cases. It was only with the highest level of turbulence that

the number of remaining planets decreased appreciably. This muted dependence on the turbulence

intensity can be attributed to the fact that a large portion of protoplanet mixing occurred interior

to the gas disk, where the effect of the turbulent kicks is greatly diminished. While protoplanets

were mixing interior to the disk, then, they behaved similarly for the laminar, low turbulence and

medium turbulence cases because it was as if they were feeling negligible turbulent forcing. The

highest turbulence case created more mixing because the turbulence was sufficiently strong within

the disk to send protoplanets below the disk with enough momentum to ‘stir’ the protoplanets that

were already mixing there.

6.3.4 Eccentricity Damping below the Gas Disk

Once the planets had reached their final configuration and mixing between them had ceased, it was

noticed that some of the planets located interior to the disk edge continued to experience eccentricity

damping. This seemed counter-intuitive since eccentricity damping due to the gas disk did not apply

to planets located interior to the disk. The reason that planets continued to experience eccentricity

damping below the gas disk is because they were coupled to the planet or planets located within

the disk. Further simulations were performed involving only two planets that demonstrated how

planets lying interior to the disk edge will have their eccentricity damped by interactions with the

exterior planet lying within the gas disk as a function of the distance between them. This was only

true so long as there was a planet present within the gas disk with which the interior planet could
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Table 6.4: Summary of averaged results Configurations B and C in an SMSN Density Profile with
1Me planets

Gamma Number
of
Proto-
planets

Number
of Plan-
ets
Remain-
ing

Maxim-
um
Planet
(Me)

Number
of Plan-
ets
Above
Edge

Number
of Plan-
ets
Below
Edge

Fraction
of time
Largest
Planet
is at
Edge

Time for
Equi-
librium
(Myrs)

Number
of Plan-
ets Lost
from
System

0 30 5.5 12 0.5 3.25 0.0 4.15 0
0.001 30 6.75 11 0 4.5 0.0 3.8 0
0.01 30 5.25 9.75 0 3.5 0.0 2.63 0
0.1 30 3.75 12 0 2.75 0.0 4.55 3.25
0 15 4.5 7.75 0 2.5 0.0 1.21 0
0.001 15 5 5.25 0 3.5 0.25 3.68 0
0.01 15 4.25 7.5 0 3 0.0 3.55 0
0.1 15 3 8.75 0 2 1.0 5.18 0

be coupled. When a planet’s orbit was located interior to the gas disk with no planet lying exterior

to it, its eccentricity would remain high indefinitely.

6.4 Configurations B and C in the SMSN Density Profile

with 1Me Protoplanets

The process of planet accretion above a planet trap at 5 au was further investigated by increasing the

number of initial protoplanets migrating towards the disk edge by placing 15 additional protoplanets

exterior to the original 15 from the B Configuration. This new configuration, called Configuration

C, was tested in the SMSN disk with each protoplanet having a mass of 1Me.

It was found that the addition of 15 protoplanets into the system investigated in the previous

section created an almost identical number and size of final planets. The mixing time between the

cases with 30 protoplanets and 15 protoplanets was also found to be extremely similar, even though

the time for all of the protoplanets to migrate towards the planet trap was much longer for the 30

planet case. The results for the C3 angular configuration are shown in Figure 6.8 for the laminar

as well as low, medium and high turbulence cases. A summary comparing the averaged results for

Configurations B and C is shown in Table 6.4 for the SMSN density profile.
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Figure 6.8: Typical results for a planet trap at 5 au in an SMSN density profile with 30 protoplanets.
Each frame corresponds to a different turbulence intensity; top left is γ = 0, top right is γ = 0.001,
bottom left is γ = 0.01 and bottom right is γ = 0.1 . Each planet has semimajor axis, perihelion
and aphelion plotted with planets released with the same initial angular configuration (C3).
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Figure 6.9: Plot of planet mass vs. location for the final configuration of planets in a SMSN disk
with turbulence intensity γ = 0.001 and a planet trap at 5 au for the 30 protoplanet case (left) and
the 15 protoplanet case (right).

6.4.1 Final Planet Configuration

The results demonstrate that even when the number of initial protoplanets is doubled, the final

configuration of planets for the two cases is extremely similar. The number of remaining planets was

similar, as was their location almost exclusively interior to the disk edge. The planets also tended

to extend to similar distances interior to the disk edge, with the 30 protoplanet case having planets

that were closest, on average, to the central star. This result is shown in Figure 6.9, which is a

plot of the final planet mass vs. location for all simulations with the lowest turbulence intensity,

comparing the case with 15 initial protoplanets to the case with 30 initial protoplanets. The mass

of the remaining planets was, of course, larger for the 30 planet case, since more mass was present

in the system to begin with.

6.4.2 Effect of Turbulence

The intensity of turbulence did not have a significant effect on the evolution of the system of

protoplanets between the laminar, low and medium turbulence intensities, similar to what was

observed for the case with 15 initial protoplanets. The reason for this, again, is that much of the

protoplanet mixing occurs below the disk edge where the effect of turbulence is almost non-existent.

It is only the highest turbulence intensity that causes a marked difference in planet accretion and
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the final configuration of planets.

For the highest turbulence intensity, the largest planet was always located at the disk edge for

the 15 planet case, but was never located at the edge for the 30 planet case. Another discrepancy

for this turbulence intensity was the fact that a number of planets were either ejected from the

system or lost to the central star for the 30 planet case, whereas this behaviour did not occur for

the 15 planet case. This is due to the fact that protoplanets undergoing close encounters during the

migration phase do so at much larger semimajor axis in Configuration C than in Configuration B.

The case with 30 initial protoplanets extended to 57.8 au initially while the 15 protoplanet case only

extended to 12.36 au initially. Protoplanets whose eccentricities are excited due to a close encounter

at large semimajor axis are more likely to be ejected from the system since their eccentricities will

be much larger than those induced at smaller semimajor axis.

6.5 Configurations B and C in the SMSN Density Profile

with 8Me Protoplanets

The final set of simulations that were run involved Configurations B and C with protoplanets of

increased initial mass. The mass chosen for each of the protoplanets was 8Me since, for the SMSN

density profile, this total mass in protoplanets is consistent with the mass of solids present in the disk

within the region in which the protoplanets are released. This mass is larger than the isolation mass

that would naturally results from the oligarchic growth phase, but the motivation for this analysis

is to determine the effect of turbulence on planet accretion among more massive protoplanets.

The results from this analysis showed that increasing the protoplanet mass increased the mi-

gration rate of protoplanets. The protoplanets were able to form very quickly due to the enhanced

eccentricity damping for the larger protoplanets. Consequently, the number of planets remaining

at the end of the simulations was much smaller than the number remaining after the simulations

involving 1Me protoplanets. The effect of turbulence on these larger bodies was diminished since

the high rate of eccentricity damping minimized the effects of turbulence. Unlike the previous simu-

lations with 1Me bodies, the majority of protoplanet collisions occurred within the gas disk, where

the previously mentioned eccentricity damping was still effective.
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Figure 6.10: Typical results for a planet trap at 5 au in the SMSN density profile with 15 8Me

protoplanets. Each frame corresponds to a different turbulence intensity; top left is γ = 0, top
right is γ = 0.001, bottom left is γ = 0.01 and bottom right is γ = 0.1 . Each protoplanet has
semimajor axis, perihelion and aphelion plotted with protoplanets released with the same initial
angular configuration (B2).

The results for simulations with 15 protoplanets in the SMSN density profile, each having initial

mass of 8Me, are shown in Figure 6.10 for a laminar disk as well as disks with γ = 0.001, 0.01 and

0.1. For the 30 protoplanet case, the results are shown in Figure 6.11, also in the SMSN density

profile, with the same turbulence intensities. Table 6.5 shows the averaged final results for these

simulations.
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Figure 6.11: Typical results for a planet trap at 5 au in the SMSN density profile with 30 8Me

protoplanets. Each frame corresponds to a different turbulence intensity; top left is γ = 0, top
right is γ = 0.001, bottom left is γ = 0.01 and bottom right is γ = 0.1 . Each protoplanet has
semimajor axis, perihelion and aphelion plotted with protoplanets released with the same initial
angular configuration (C3).
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Table 6.5: Summary of averaged results for Configurations B and C in the SMSN Density Profile
with 8Me protoplanets

Gamma Number
of
Proto-
planets

Number
of Plan-
ets
Remain-
ing

Maxim-
um
Planet
(Me)

Number
of Plan-
ets
Above
Edge

Number
of Plan-
ets
Below
Edge

Fraction
of time
Largest
Planet
is at
Edge

Time for
Equi-
librium
(Myrs)

Number
of Plan-
ets Lost
from
System

0 15 3.75 66 0.75 1.5 0.5 0.039 0
0.001 15 3.25 82 0.75 1 0.25 0.063 0
0.01 15 3.5 70 0.75 1.25 0.75 0.037 0
0.1 15 2.75 76 0 1.5 0.5 0.073 0
0 30 4 128 1.25 1 0.25 0.23 0
0.001 30 5 114 1.25 1.5 0.25 0.24 0
0.01 30 4.25 106 0.75 2 0.0 0.23 0
0.1 30 3.75 116 0.25 1.75 0.75 0.32 0.75

6.5.1 Effect of Increasing the Number of Protoplanets

Comparing the results for the 15 protoplanet and 30 protoplanet simulations, it appears as though

the results are again not very dependent on the number of protoplanets initially present in the

system. The final number of planets is again very similar between the cases with 15 and 30 initial

protoplanets. Also similar is the spacing of the final planets and the number of final planets located

exterior to the disk edge. On average, there is one planet located exterior to the disk edge in

resonance with the planet at the edge for the cases of no turbulence, low turbulence and medium

turbulence. This exterior planet lies in the 3 : 4 - 5 : 6 range of resonances. The highest turbulence

intensities produces no planets that remain beyond the disk edge for either the 15 protoplanet or 30

protoplanet cases.

The mixing times for the 30 protoplanet and 15 protoplanet cases are no longer comparable for

these sets of runs. The time to reach equilibrium for the 8Me runs is dependent on the time for the

protoplanets to migrate towards the planet trap, since there was found to be limited protoplanet

mixing in these cases.

6.5.2 Effect of Increasing the Mass of the Protoplanets

The limited protoplanet mixing in the 8Me cases can be attributed to the fact that the eccentricity

damping as well as type I migration are directly proportional to the mass of the protoplanets. For this

93



reason, eccentricity damping is 8 times as effective in the 8Me runs as it was in the 1Me runs, which

means that the eccentricity excitation due to close encounters is damped rapidly in the simulations

involving the larger protoplanets, resulting in rapid planet accretion with limited mixing. This rapid

planet accretion left the 8Me simulations with fewer planets than in the 1Me simulations. The time

to reach equilibrium is also significantly shorter for the simulations involving larger planets since the

type I migration rate is 8 times more rapid than in the 1Me simulations.

Unlike the damping and type I migration, the forcing on the protoplanets due to turbulent

perturbations does not depend on the mass of the protoplanets. For this reason, the 8Me protoplanets

experiencing the same turbulent kicks will not feel the same effect as the 1Me protoplanets, since

the eccentricities will be damped much more rapidly. The final configuration of planets for the 8Me

runs usually had at least one planet remaining in resonance beyond the disk edge for laminar, low

and medium levels of turbulence. This was not observed for the cases of laminar, low and medium

levels of turbulence with 1Me protoplanets, since the turbulent perturbations along with the lower

eccentricity damping tended to throw these smaller protoplanets below the disk edge.

6.6 Planet Trap Conclusions

These results show that a planet trap located in a gas disk at either 0.5 au or 5 au acts as an effective

mechanism to stir up small, otherwise non-interacting protoplanets to build larger ones interior or

exterior to the disk edge. At small semimajor axis, the induced eccentricity of protoplanets involved

in close encounters is much smaller than at large semimajor axis. Consequently, protoplanets were

able to collide at small semimajor axis in a short span of time with minimal protoplanet mixing, and

the final configuration of planets was much more ordered than at large semimajor axis. However, the

protoplanets were still able to effectively collide above the disk edge at 5 au, due to the eccentricity

damping in the disk.

When the number of protoplanets was increased for the simulations with a planet trap at 5 au,

the final planet configuration remained relatively unchanged. The simulations resulted in a similar

number of remaining planets with a comparable mixing time for the cases when either 15 or 30

protoplanets were initially released.

When larger initial protoplanets were used in the simulation, it was found that they were less
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susceptible to turbulent kicks because they experienced more rapid eccentricity damping. The rate

of inward type I migration was also considerably higher for these larger protoplanets. This meant

that the simulations with larger protoplanets reached equilibrium more rapidly and the protoplanets

were able to collide much more easily.

The influence of turbulence on the effectiveness of protoplanet collisions depended upon whether

or not the majority of the mixing occurred within the gas disk. At 0.5 au, all of the collisions

occurred within the gas disk, where induced eccentricities were low, and planets could easily maintain

resonances with each other. For increased turbulence, the protoplanets experienced an increase in

collisions and so the size of the largest planet increased. At 5 au, much of the mixing occurred interior

to the gas disk, where eccentricity damping as well as the effect from turbulent perturbations was

very limited. For this reason, an increase in the turbulence intensity only affected protoplanet mixing

above the disk edge, which made the results vary significantly for a given turbulence intensity. One

obvious generality, however, was that larger turbulence intensities meant that fewer planets remained

in resonance beyond the disk edge, due to the turbulence forcing. For the simulations with a planet

trap at 5 au, the highest turbulence intensity tended to throw all planets interior to the gas disk.

For the laminar and low turbulence simulations, due to the lack of strong turbulent perturbations,

some planets were able to remain in resonance beyond the disk edge.

For the planet trap at 0.5 au, the highest level of turbulence led to protoplanet collisions during

migration. With this turbulence intensity, significant planet accretion is possible at smaller semima-

jor axis without the presence of a planet trap. Therefore, it seems that with a high enough turbulence

intensity in the disk, it is possible for protoplanets that are separated by the distance predicted by

oligarchic growth to accrete as they are migrating inwards even when there is no mechanism in place

to halt their migration.
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Chapter 7

Planet Accretion with a Barrier

Planet

The following simulations were performed to determine the effect on planet accretion due to the

presence of a large, stationary planet. This large planet will gravitationally excite exterior proto-

planets that are attempting to migrate inward. Since the large planet will tend to halt this migration

and will force the protoplanets to mix in a narrow region exterior to its own orbit, it can be referred

to as a ‘barrier’ planet. It is not unreasonable to assume that this scenario could occur during

planet formation, since oligarchic growth produces protoplanets that approach their isolation mass

as a strong function of heliocentric distance from the central star. This means that it is plausible

for a protoplanet at, say, 5 au, to grow to a large enough size so that it is capable of accreting a

gas envelope while the protoplanets exterior to it are far from reaching their isolation mass. Once

the large barrier planet has grown to approximately 5-15Me, it is large enough to accrete its gas

envelope, which it will accomplish in a very short timescale compared to the timescales involved in

oligarchic growth.

This investigation into protoplanet accretion beyond a planet barrier is pertinent, since our Solar

System contains a planet which is significantly larger than rest: Jupiter. If Jupiter had accreted

its mass in a short time scale, it may have an effect on the accumulation of planets exterior to its

own orbit. This planet barrier would also act as a means to halt protoplanet migration from large
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semimajor axis and promote protoplanet growth near its own orbit.

Given that a large Jupiter-size planet was able to form in a short amount of time, its large

mass would open up a gap in the gas disk. The giant planet would no longer be affected by type

I migration since it would be coupled with the gas disk via the gap in which it is located, and so

its orbit would evolve with the gas disk (type II migration as described in Section 2.4). In order to

implement this effect into the code, a 300Me planet was placed in a gap in the disk so that its orbit

would be constrained to remain at 5 au. This implementation of the giant planet is identical to the

method used by Thommes [35], where the giant planet was confined to its gap due to a restoring

force that was proportional to the deviation of the planet from its gap location. The code was altered

so that the other planets would also be able to feel the lack of gas present in the gap, which had a

fractional width of 0.05.

7.1 Initial Configurations

The protoplanets were released exterior to the barrier planet, each separated by a fixed number of

Hill radii, such that the protoplanets would migrate inward and begin mixing once they had reached

the region just beyond the barrier planet. The barrier planet, meant to represent Jupiter, was placed

at 5 au with a mass of 300Me and was constrained to remain in a gap placed at this location in

the disk, as described previously. The inner edge of the gas disk was truncated at 2 au, so that

there would be some mechanism to stop the inward migration of the protoplanets if they were to

be thrown interior of the barrier planet. Realistically, there may be no edge with which to stop

the migration of planets that have made it interior to the barrier, or else the edge may appear at a

different location in the disk. For the purposes of these simulations, the edge is purely a mechanism

to stop the planets from plummeting into the star and the focus will be on the planets that are able

to remain in resonance, exterior to the barrier planet.

The first configuration, designated as Configuration D, places 14 1Me protoplanets exterior to the

barrier planet, between 8− 19.8 au, spaced with a constant Hill radii of 5.7rH . Two configurations

were created to test the effect of increasing the number of protoplanets initially present in the system.

The first, designated as Configuration E, places 29 protoplanets, all having mass 1Me, between

8− 56.25 au with the same Hill spacing of 5.7rH as Configuration D. The second configuration uses
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Table 7.1: Summary of Initial Conditions for each Planet Barrier Configuration

Configuration Location(s)
of Planet
Barrier
[au]

Size of
Giant
Planet(s)
[Me]

Location
of Disk
Edge [au]

Number of
Protoplan-
ets

Size of
Proto-
planets
[Me]

Initial
Location
of Planets

D 5 300 2 14 1 8.0 - 19.8
E 5 300 2 29 1 8.0 - 56.25
F 5 300 2 59 0.5 8.0 - 68.78
G 5 and 9.2 300 and 90 2 28 1 14.0 - 91.6

59 protoplanets, each with a mass of 0.5Me, and is referred to as Configuration F. In this case, each

protoplanet is spaced such that the region in which the protoplanets are released is roughly equal to

the region in which protoplanets were released in Configuration E. The spacing between protoplanets

is necessarily much smaller for Configuration F, since twice as many bodies are present in roughly

the same initial region. The protoplanets for Configuration F are released between 8− 68.78 au and

are spaced by 3rH .

Configuration D was used to compare simulations using both the MMSN and SMSN profiles.

Configurations E and F were implemented with the SMSN profile to determine the effect on planet

accretion beyond a planet barrier of having an increase in the number of initial bodies in the system.

Configuration E was then used to determine the effect on protoplanet dynamics of the dissipation

of the surrounding gas disk on various timescales.

The final configuration, denoted Configuration G, places an additional gas giant in a 2 : 5

resonance beyond the orbit of Jupiter with a mass of 90Me, which was intended to mimic Saturn.

In this instance, 28 1Me protoplanets were released from 14 − 91.6 au exterior the orbit of Saturn

and the gas disk was again truncated at 2 au.

The simulations were run in each case for such a time that protoplanet mixing ceased and

the planets remained in stable orbits. For each configuration, the disk was again tested with no

turbulence, as well as low, medium and high turbulence. For each set of initial conditions, four

random angular configurations of the protoplanets were used, identical to the previous planet trap

simulation conditions. A summary of the initial conditions for the simulations involving a planet

barrier are shown in Table 7.1.
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7.2 Configuration D with MMSN and SMSN Density Profile

The first set of simulations were performed to compare the MMSN and SMSN density profiles with

14 protoplanets released exterior to the barrier planet. These simulations, using Configuration D,

were tested with no turbulence, as well as low, medium and high levels of turbulence. The motivation

for these trials was to determine the difference in planet accretion in the presence of a barrier planet

when the disk contains either a minimum amount of gas, as in the MMSN model, or an enhancement

in gas, as in the SMSN model.

The behaviour for the laminar and low turbulence cases was found to be similar between the

MMSN and SMSN models. Protoplanets were observed to migrate inwards, towards the barrier

planet, and mix in a narrow region beyond the barrier planet, extending from 6 au to 9 or 10 au,

depending on the density profile. The final configuration of planets had between 2 − 6 planets

remaining beyond the barrier planet, in resonance with each other, and between 1− 4 planets that

had been thrown interior to the barrier planet, trapped at the disk edge. This result of having a

number of planets in resonance beyond the barrier planet is similar to the results from Thommes

[35], although his simulations did not include significant planet mixing, and so had few planets that

were thrown interior to the barrier.

The medium turbulence case had protoplanets interacting to some extent while they were mi-

grating inwards with fewer planets remaining in resonance beyond the barrier planet in the final

configuration because the turbulence had thrown these planets interior to the barrier. The highest

turbulence case had a great deal of mixing long before the protoplanets reached the barrier planet

region and, in the SMSN model, left the system with no planets remaining in resonance beyond

the barrier planet. The larger disk mass in the SMSN model produced rapid inward migration and

damping compared to the MMSN case, and correspondingly tighter final resonances exterior to the

barrier planet.

The evolution of semimajor axis for the simulations corresponding to angular configuration D4

is shown in Figure 7.1 for each turbulence intensity in an MMSN disk. Figure 7.2 shows the same

results with an SMSN density profile for the D2 angular configuration. The average final results

for the previous simulations are shown in Table 7.2, which compares the MMSN and SMSN density

profiles.
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Figure 7.1: Typical results for a planet barrier at 5 au in an MMSN density profile. Each frame
corresponds to a different turbulence intensity; top left is γ = 0, top right is γ = 0.001, bottom
left is γ = 0.01 and bottom right is γ = 0.1. Each protoplanet has semimajor axis, perihelion and
aphelion plotted with protoplanets released with the same initial angular configuration (D4).
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Figure 7.2: Typical results for a planet barrier at 5 au in a SMSN density profile. Each frame
corresponds to a different turbulence intensity; top left is γ = 0, top right is γ = 0.001, bottom
left is γ = 0.01 and bottom right is γ = 0.1. Each protoplanet has semimajor axis, perihelion and
aphelion plotted with protoplanets released with the same initial angular configuration (D2).
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Table 7.2: Summary of averaged results for Configuration D in MMSN and SMSN Density Profiles

Density
Profile

Gamma Number
of
Planets
Re-
main-
ing

Maxim-
um
Planet
(Me)

Maxim-
um
Planet
Above
the
Barrier

Fraction
of
Planets
Above
Barrier

Number
of De-
flec-
tions

Maxim-
um De-
flection
(au)

Time
for
Equi-
librium
(Myrs)

MMSN 0 7.5 5.5 5.5 0.667 4.5 18.8 8.33
MMSN 0.001 7 5 5 0.571 7.5 17 9.15
MMSN 0.01 6 5.25 5.25 0.625 10 21.6 13.4
MMSN 0.1 3.5 5.5 4.75 0.357 13.75 26.3 13.85
SMSN 0 7.25 3.5 3 0.586 6.75 11.98 1.05
SMSN 0.001 5.75 4.5 4.25 0.609 8.5 12.63 1.19
SMSN 0.01 3.5 7.25 5.75 0.429 7 11.45 1.78
SMSN 0.1 2 6.5 0 0 many 19.75 0.645

7.2.1 Effect of Turbulence

As the turbulence was increased for each density profile, the number of final planets tended to

decrease, on average, and the size of the final planets showed a slight increase. This result is apparent

from Table 7.2. The lowest level of turbulence had little impact on the simulations compared to

the laminar case. Moderate turbulence was found to cause protoplanet mixing while they were still

migrating towards the barrier planet, although there was not any appreciable collisions until the

protoplanets reached the mixing area beyond 6 au. The highest turbulence intensity created intense

mixing of the protoplanets while they were migrating towards the barrier. This mixing was more

apparent in the SMSN profile, since the increased mass present in the disk meant that the effect

of the turbulence was more pronounced, such that the time for protoplanets to reach the barrier

planet was drastically shortened. The process of migration and mixing was difficult to distinguish

for the simulations with the highest turbulence intensity in the SMSN profile due to the high degree

of mixing and collisions that occurred almost as soon as the simulation commenced.

The fraction of final planets remaining beyond the barrier planet decreased as the turbulence

intensity increased, as it can be seen in Table 7.2. This is due the fact that turbulent forcing will

break the orbital resonances exterior to the barrier when the intensity of turbulence is high enough,

as it was determined in Section 5. For the highest turbulence intensity in the SMSN disk, the forcing
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was so strong that no planets were able to remain in resonance beyond the barrier planet.

7.2.2 Final Planet Configuration

The final configuration of planets in the MMSN disk was found to extend to larger semimajor axis

than those in the SMSN disk, for all turbulence intensities. The planets remaining exterior to the

barrier planet after equilibrium were trapped in specific resonances with each other. In the laminar

case, there were between 4− 6 orbits present beyond the barrier for the MMSN profile and between

2 − 3 orbits for the SMSN profile. For both density profiles, the first orbital resonance beyond the

barrier was always in a 2 : 3 commensurability with the barrier planet. For many of the cases, there

was more than one planet trapped in a given orbit.

The number of planets in resonance above the barrier was always larger in the MMSN profile

than in the SMSN profile for two reasons. Firstly, the turbulent kicks are stronger for a given level

of turbulence in the SMSN profile since the forcing from the turbulence is scaled by the density

in the disk. This means that planets in resonance in an SMSN disk are more likely to be thrown

out of that resonance since the forces due to a given intensity of turbulence are stronger. Secondly,

the resonances in which the planets were trapped are much stronger in the SMSN disk than in the

MMSN disk. As it was previously discussed, planets become trapped in resonance as a means of

exactly balancing the force causing the inward migration of a planet. Planets experiencing stronger

migration must necessarily be trapped in stronger resonances and slowly migrating planets may

become trapped in looser resonances. Planets located in the SMSN density profile exhibit strong

migration and so it would be impossible for the planet to be captured into a looser resonance, like

the resonances found in the MMSN disk under the same conditions. This is why the planets in the

MMSN disk can be stacked quite high in loose resonances, while the planets in the SMSN disk are

fewer but are in stronger resonances.

An example of this phenomenon is shown in Figure 7.3, which is a plot of the final planet mass

against planet location for the case of medium turbulence. The final system in the SMSN profile

has only one orbital resonance located beyond the barrier planet for each run, while the MMSN

profile has between 2 or 3 orbital resonances for each run. The turbulence was too strong in the

SMSN profile to accommodate further planets locked in resonance, except for those in the roughly
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Figure 7.3: Plot of planet mass vs. location for the final configuration of planets in a disk with
turbulence intensity γ = 0.01 for the SMSN profile (left) and MMSN profile (right) in the D Con-
figuration.

2 : 3 resonance with the barrier planet. The low migration rates and minimal turbulent kicks of the

MMSN profile, on the other hand, allow additional planets to be caught in resonance beyond the

planet that is in the 2 : 3 resonance with the barrier planet.

This same phenomenon is also observed quite obviously in the case of the highest turbulence

intensity. For each trial with the SMSN profile, all of the planets were thrown interior to the barrier

planet due to the gravitational effects from the intensely mixing planets and due to the significant

turbulent forcing. The MMSN profile, however, allowed 1 or 2 planets to remain in resonance beyond

the barrier planet even with the highest turbulence intensity. This result is shown in the final planet

mass vs. location plot in Figure 7.4.

7.2.3 Planet Deflections

For all of the simulations with both density profiles, an interesting phenomenon was observed that did

not occur in the case of protoplanet mixing above a truncated disk edge. Smaller protoplanets have

the tendency to be ‘shot’ outward from the swarm of mixing protoplanets while their eccentricity is

increased dramatically. This swarm of mixing protoplanets is located above the large, barrier planet

as it was previously mentioned, and is the site for the majority of the protoplanet collisions. Often,

smaller protoplanets will encounter a slightly larger protoplanet in the swarm and the interaction

between them will cause the smaller protoplanet to undergo a rapid increase in semimajor axis and
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Figure 7.4: Plot of planet mass vs. location for the final configuration of planets in a disk with
turbulence intensity γ = 0.1 for the SMSN profile (left) and MMSN profile (right) in the D Config-
uration.

eccentricity. After the protoplanet has been deflected outwards by some distance, its eccentricity

becomes damped due to the interaction with the gas disk. Eventually, the protoplanet’s eccentricity

is damped to such an extent that its perihelion no longer intersects the orbit of the protoplanet

that was responsible for its deflection and so the force that pushed the protoplanet so far away

is no longer present. At this point, type I migration and eccentricity damping take over and the

protoplanet eventually migrates back into the swarm of mixing protoplanets while its eccentricity

returns to its original low value.

An example of this interaction is shown in Figure 7.5, which only includes the semimajor axis,

perihelion and aphelion of the protoplanets that are deflected and the protoplanet that is responsible

for the deflection. The remaining protoplanets were still present in the simulation and are mixing

while the deflection is taking place, but have not been included in Figure 7.5 for simplicity. Figure

7.6 shows the eccentricity of the deflected protoplanets during the time when the ‘shoot-out’ occurs.

The vertical lines indicate when the deflected protoplanet’s orbit is within the orbit of the one

responsible for the deflection. Notice that once the deflected protoplanet has left the orbit of the

deflector, its eccentricity damps quite rapidly.

The examples shown in Figure 7.5 and Figure 7.6 are indicative of the majority of the results

involving planet deflections. In order to keep the deflected protoplanet’s eccentricity so high, there

must be some periodic forcing going on between the deflected protoplanet and the deflector. Once
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Figure 7.5: Example of planet deflection above a barrier planet for two deflected protoplanets of
1Me and 2Me. The deflector protoplanet has a mass of 3Me.

the perihelion of the deflected protoplanet travels outside of the deflector’s orbit, this periodic forcing

is stopped.

The planet deflections were observed to extend to larger semimajor axis in the MMSN profile

compared to the SMSN profile. This is due to the fact that the protoplanets will stop traveling

outwards once their eccentricities are damped to such an extent that they no longer interact with

the protoplanet that caused them to be deflected. In the SMSN profile, eccentricity damping is

much stronger than in the MMSN profile, and so deflected protoplanets will not travel as far before

their eccentricity is damped down.

It is interesting that planet deflections were never observed for the simulations involving a trun-

cated disk edge since both the planet barrier simulations and planet trap simulations produced

intense protoplanet mixing around the same location in the disk. The phenomenon of planet deflec-

tion must therefore also be due to the presence of the giant planet located at 5 au.
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Figure 7.6: Example of the eccentricity of two protoplanets involved in a planet deflection above
a barrier planet. The dotted lines represent the time when each deflected protoplanet is within the
orbit of the deflector protoplanet.
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7.3 Effect of Additional Protoplanets in the SMSN Density

Profile

This set of simulations was performed to compare the effect of adding more protoplanets to the

system with a planet barrier at 5 au. The SMSN density profile was used for these results since the

increased migration rate meant that the time to run the simulation was shorter for this profile. The

first set of simulations compares the results from the previous section involving Configuration D to

the results involving Configuration E in the SMSN disk. This comparison is performed to view the

isolated effect due to additional protoplanets when the size of the protoplanets and their spacing is

kept constant. The second set of simulations involves Configuration F, which uses 59 protoplanets,

each having an initial mass of 0.5Me. These simulations were performed to determine the effect of

increasing the number of bodies undergoing collisions while keeping the total mass in the system the

same as that from Configuration E.

The characteristics from these new results were similar to what was observed for the simulations

involving only 14 protoplanets. The protoplanets were found to migrate inwards until they reached

a certain distance from the barrier planet, at which time they experienced intense mixing in the

region from about 6− 9 au. The runs with no turbulence and low turbulence resulted in no planet

interaction during the phase of inward migration, while the medium turbulence case had some

protoplanet jostling during migration and the highest turbulence case had protoplanet mixing with

some accretion while the protoplanets were still migrating. The final configuration of planets were

nearly identical between the cases with 14 initial protoplanets and 29 initial protoplanets, for all

of the turbulence intensities. The simulations using Configuration D and Configuration F were

also nearly identical, with final planets lying in identical resonances for a given turbulence intensity

and final planet sizes having nearly identical values. It was noted, however, that as the number of

protoplanets in the system increased, the final fraction of mass in planets lying below the barrier

also increased. This is most likely due to an increase in protoplanet mixing above the barrier planet,

resulting in more close encounters and, therefore, a higher likelihood that a protoplanet may be

thrown below the barrier. The results, in general, show that the number of initial protoplanets does

not greatly effect the final configuration of planets for a given turbulence intensity.
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Figure 7.7: Typical results for a planet barrier at 5 au in an SMSN density profile with 29 1Me

protoplanets. Each frame corresponds to a different turbulence intensity; top left is γ = 0, top
right is γ = 0.001, bottom left is γ = 0.01 and bottom right is γ = 0.1 . Each protoplanet has
semimajor axis, perihelion and aphelion plotted with protoplanets released with the same initial
angular configuration (E4).

The evolution in semimajor axis for protoplanets in the E Configuration in an SMSN density

profile are shown in Figure 7.7 for a laminar disk as well as for a low, medium and highly turbulent

disks. The same results for the F Configuration are shown in Figure 7.8. The averaged results for

simulations using Configurations E and F are shown in Table 7.3, where they are compared to the

results from Configuration D with the same density profile.
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Figure 7.8: Typical results for a planet barrier at 5 au in an SMSN density profile with 59 1Me

protoplanets. Each frame corresponds to a different turbulence intensity; top left is γ = 0, top
right is γ = 0.001, bottom left is γ = 0.01 and bottom right is γ = 0.1 . Each protoplanet has
semimajor axis, perihelion and aphelion plotted with protoplanets released with the same initial
angular configuration (F4).
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Table 7.3: Summary of averaged results for Configurations D, E and F in an SMSN Density Profile

Config-
uration

Gamma Number
of Plan-
ets
Re-
main-
ing

Maxim-
um
Planet
(Me)

Maxim-
um
Planet
Beyond
the
Barrier
(Me)

Fraction
of Total
Mass in
Planets
Beyond
Barrier

Fraction
of Pro-
toplan-
ets Lost
from
System

Time
for
Equi-
librium
(Myrs)

D 0 7.25 3.5 3 0.571 0 1.05
D 0.001 5.75 4.5 4.25 0.554 0 1.19
D 0.01 3.5 7.25 5.75 0.464 0 1.78
D 0.1 2 6.5 0 0 0.018 0.645
E 0 7 8.75 7.75 0.379 0 1.9
E 0.001 7 8 7.5 0.345 0 1.64
E 0.01 6 9.25 6.25 0.310 0 1.94
E 0.1 2.25 9.75 0 0 0.276 1.45
F 0 10.25 7.5 5.625 0.322 0 4.75
F 0.001 8.25 9.25 5.375 0.271 0 5.03
F 0.01 4.75 8.25 6.875 0.254 0 5.35
F 0.1 2.75 7.75 0 0 0.381 1.85

7.3.1 Final Planet Configuration

The spacing of the final planets is extremely similar between the cases with 14, 29 and 59 initial

protoplanets of a given turbulence intensity. For laminar and low turbulence intensities, the planets

exterior to the barrier planet lie in similar resonances for all of the configurations tested. The closest

orbit to the barrier lies in a 2 : 3 resonance with the barrier, which is often occupied by more than

one planet. The resonance beyond this initial one is usually in a 3 : 4 commensurability with the

first resonance for the majority of the trials. For some of the laminar and low turbulence cases,

there was a third orbital resonance, and this occurred when the second and third orbits were in

tighter resonances (higher j values) than the previously mentioned 3 : 4 commensurability. For all

of the trials with laminar and low turbulence, the farthest orbit was either exactly in or nearly in

a 1 : 2 resonance with the barrier planet. The similarities in the final configurations of planets can

be seen in Figure 7.9 as a plot of the final planet mass against location for the case with the lowest

turbulence intensity with Configurations D, E and F.

For medium turbulence, there was always only one other orbit exterior to the barrier planet (again
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Figure 7.9: Plot of planet mass vs. location for the final location of planets with a barrier planet
at 5 au in an SMSN profile disk with turbulence intensity γ = 0.001 for 59 initial protoplanets (top
left), 29 initial protoplanets (top right) and 14 initial protoplanets (bottom centre).
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at a roughly 2 : 3 resonance) that was often occupied by more than one planet. The turbulence

was too high in this case to support any resonance other than the one in a 2 : 3 resonance with the

barrier planet. For the highest turbulence intensity, there were no planets exterior to the barrier for

either Configurations D, E or F.

7.3.2 Effect of Increasing the Number of Protoplanets

By increasing the number of protoplanets initially present in the system, the amount of protoplanet

mixing occurring in the region between 6 − 9 au also increased. While this increase in mixing did

not appreciably change the final number of planets nor their final configuration, it did change some

of the characteristics of the simulations.

The simulations involving 29 initial protoplanets had the tendency to throw a larger proportion of

protoplanets interior to the barrier planet than did the case with 14 protoplanets. Correspondingly,

the case with 59 protoplanets had more of its total mass in planets lying interior to the barrier than

did the case with 29 initial protoplanets, as is apparent from Table 7.3. This is most likely due

to the increase in protoplanet mixing in the simulations involving more initial protoplanets. When

eccentricities get excited close to the barrier, it is likely that a protoplanet will be thrown inward.

When there are twice as many protoplanets mixing in the narrow region beyond the barrier planet,

this scenario is far more likely to occur.

Table 7.3 also shows that the largest final planet in the system is more likely to be thrown

below the barrier planet for an increased number of protoplanets in the system. This is due to

the previously mentioned fact that more initial protoplanets creates more protoplanet interactions

and a higher likelihood of protoplanets to be thrown below the barrier. However, the mass of the

largest planet located beyond the barrier is still very similar between the cases with 29 and 59 initial

protoplanets, so this effect is not terribly noticeable between these two simulations.

The number of deflections increased for the case with 29 protoplanets as opposed to the case with

only 14 protoplanets, since there were more protoplanets available to be deflected. The case with

59 protoplanets had numerous planet deflections occurring while a large portion of the protoplanets

were still migrating inwards, which made the process of isolating individual deflection events quite

difficult. In this configuration, it took longer for the protoplanets to reach the planet barrier because
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the rate of type I migration is proportional to the mass of the protoplanet.

All of the simulations had some planets ejected from the system for the highest case of turbulence

only, as seen in Table 7.3. The fraction of initial protoplanets ejected from the system increased

as the number of protoplanets in the system increased. These ejections occurred shortly after the

simulation was started, when the protoplanets were still located at large semimajor axis. Recall that

the highest turbulence intensity caused protoplanets to interact with each other strongly while they

were still migrating towards the barrier planet. At these distances in the E and F Configurations,

say 50 or 60 au, the induced eccentricity due to a close encounter between protoplanets would be

exceedingly high, most likely high enough to send a protoplanet out of the system all together. The

farthest protoplanet in the Configuration D scenario was at 19.8 au, where the induced eccentricity

due to a close encounter would most likely be low enough such that eccentricity damping would

prevent that protoplanet from being ejected from the system. The fraction of protoplanets that were

ejected increased from Configuration E to F for two reasons. Firstly, the number of protoplanets

was larger for Configuration F but the protoplanets were located in roughly the same region as they

were for Configuration E, which means that the protoplanets were much more closely spaced. The

proximity of protoplanets means that they are more likely to interact sooner in the simulation under

the influence of high intensity turbulent kicks, causing ejections. Secondly, the protoplanets from

Configuration F were smaller than those in Configuration E. As it was mentioned in Section 6.5,

the turbulence intensity does not depend on protoplanet mass, although the eccentricity damping

of the protoplanet does; hence, smaller protoplanets will feel the same momentum kick due to

the turbulence as a larger protoplanet, but will experience less eccentricity damping. If a smaller

protoplanet was to experience a momentum kick at large semimajor axis, it will have a significant

influence on that protoplanet due to the low eccentricity damping.

7.4 Decay of the Gas Disk

The next set of simulations were performed to test the effect of the gradual dispersion of the gas

disk on simulations involving a giant planet barrier. Planetary disks, which are produced from the

remnants of star formation and are the site for planet formation, eventually dissipate from around

the star. Haisch et. al. [10] observed the fraction of remaining gas around stars in young clusters
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to determine the lifetime of a gas disk around a star. They found that half of the stars lost their

circumstellar disks in . 3Myrs. Over their entire survey, they found that the stars in their sample

had an overall disk lifetime of ∼ 6Myrs [10].

The decay of the gas disk in these simulations is governed by a scaling factor, exp (−t/tDecay),

which is included in the type I migration and eccentricity damping calculation as well as the tur-

bulence calculation. As the gas disk dissipates exponentially, then, so does the effect of type I

migration, eccentricity damping and forcing due to turbulence perturbations.

The dissipation of the gas disk creates some new behaviour as the planets evolve. Firstly, the

dissipation of the gas is an effective and realistic way of halting planet migration. The disappearance

of the gas disk, however, was found to cause problems if the planets were still in the midst of strong

mixing when the majority of the gas was gone. Since the eccentricity damping that allowed collisions

to occur at large semimajor axis disappears along with the gas, the planets tend to continue mixing

indefinitely, until some are either ejected from the system or thrown into the central star.

The simulations were performed with 29 protoplanets released exterior to a barrier planet located

at 5 au, as per the E Configuration, in an SMSN density profile disk. The decay constant, tDecay,

was varied from 1Myrs, 2Myrs, to 3Myrs using this configuration of protoplanets. These three

estimates of tDecay are lower limits on the average value of the time for the gas to disperse around

stars as discussed in Haisch et. al. [10]. These values were chosen so that the effect of gas dispersal

on accreting protoplanets could be properly observed; if the gas decay constant were much higher,

the planets would reach their natural equilibrium long before the gas began to disappear.

The results showed that the decay constant is a strong determining factor of the behaviour during

planet accretion and of the final configuration of planets. With a decay constant of 1Myrs, the gas

began to disperse mid-way through the process of planet migration. Consequently, the protoplanets

began to mix long before they had reached the barrier planet and the lack of eccentricity damping

meant that collisions were rare while protoplanets mixed for an extended period of time. In none

of these simulations were protoplanets able to reach a stable final configuration. Figure 7.10 shows

the evolution in semimajor axis of one such system experiencing gas decay with a decay constant of

1Myrs in a laminar disk after it was integrated for a period of 24Myrs.

The simulations with decay constants of 2Myrs and 3Myrs were able to reach equilibrium for
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Figure 7.10: Results for a planet barrier at 5 au in a laminar SMSN density profile with 29
protoplanets and a decay constant of 1Myrs integrated for a time of 24Myrs. The gas dissipates
too quickly to allow the protoplanets to reach some equilibrium. Many are ejected and the remainder
continue mixing.
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Table 7.4: Summary of averaged results for Configuration E in the SMSN Density Profile with
tDecay = 2Myrs and 3Myrs

Decay
Con-
stant
(Myrs)

Gamma Number
of
Planets
Re-
main-
ing

Maxim-
um
Planet
(Me)

Maxim-
um
Planet
Beyond
the
Barrier
(Me)

Fraction
of To-
tal
Mass in
Planets
Beyond
Barrier

Number
of De-
flec-
tions

Maxim-
um De-
flection
(au)

Time
for
Equi-
librium
(Myrs)

2 0 8.25 8.25 7.5 0.397 5.25 21.1 4.7
2 0.001 8.5 7.5 7 0.422 4.75 15.5 5.3
2 0.01 7 8.5 7.5 0.345 6.75 13.8 4.1
2 0.1 3.75 13.75 0.25 0.009 many n/a 1.7
3 0 7.75 10 9.5 0.466 3.5 13 2.6
3 0.001 9.25 8.25 4.75 0.319 4.25 12.9 3.15
3 0.01 7 9 8.75 0.397 5.5 15.05 3
3 0.1 2.5 12.25 0 0 many n/a 1

all turbulence intensities that were tested. The time for protoplanets to reach the mixing area above

the barrier planet was longer for the case with a decay constant of 2Myrs, since the amount of gas

present and, correspondingly, the rate of type I migration decreased while the protoplanets were still

in the process of migrating. The planet deflections were largest for the simulations with tDecay of

2Myrs due to the lack of eccentricity damping, and the planets also tended to be spaced beyond

the barrier planet at larger semimajor axis than in the simulations with tDecay of 3Myrs.

The evolution in semimajor axis for the case with a decay constant of 2Myrs is shown in Figure

7.11 for each turbulence intensity and the same information is given in Figure 7.12 for the case with

a decay constant of 3Myrs. The averaged final results for all of the simulations with decay constants

of 2Myrs and 3Myrs are summarized in Table 7.4.

7.4.1 Final Planet Configuration

The simulations with a gas decay constant of 2Myrs had planets located at much larger semimajor

axis than the simulations with a gas decay constant of 3Myrs. An example of this result is shown

in Figure 7.13, which is a plot of the final planet mass vs. location for the simulations with the

lowest turbulence intensity. Most of the planets that are located farthest from the barrier planet
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Figure 7.11: Typical results for a planet barrier at 5 au in an SMSN density profile with 29
protoplanets and a decay constant of 2Myrs. Each frame corresponds to a different turbulence
intensity; top left is γ = 0, top right is γ = 0.001, bottom left is γ = 0.01 and bottom right is
γ = 0.1, all of which are for the E1 angular configuration.
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Figure 7.12: Typical results for a planet barrier at 5 au in an SMSN density profile with 29
protoplanets and a decay constant of 3Myrs. Each frame corresponds to a different turbulence
intensity; top left is γ = 0, top right is γ = 0.001, bottom left is γ = 0.01 and bottom right is
γ = 0.1, all of which are for the E1 angular configuration.
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Figure 7.13: Plot of planet mass vs. location for the final configuration of planets in an SMSN
density profile with γ = 0.001 and 29 protoplanets released above a barrier planet. The plot on the
left has a disk decay constant of 2Myrs while the one on the right has a decay constant of 3Myrs.

in the simulations with a decay constant of 2Myrs are quite small and reached their location by

being deflected away from the swarm of mixing protoplanets and failing to migrate back in because

the gas had significantly dissipated at that point in time. Correspondingly, the simulations with the

decay constant of 3Myrs have planets located at larger semimajor axis than the case with no gas

decay for the same reason.

The number of final planets and the size of the final planets remained similar between the cases

with and without gas decay. There was a similar fraction of final planet mass located above the

barrier planet for the results with both decay constants, although the number of final planets located

above the barrier decreased with increasing decay constant. The fraction of planet mass above the

barrier remained the same because many of the planets located above the barrier for the case with

the lowest decay constant had very low mass, there were just more of them.

Similar to the case with 29 initial protoplanets with no decay constant, the mass of the largest

planet in the system increased for increasing turbulence intensity although this largest planet was

not always located beyond the disk edge. The mass of the largest planet remaining beyond the

barrier for the simulations with decay constants of 2Myrs and 3Myrs was similar to the spread

found from the simulations with no gas disk decay except for the medium turbulence intensity.

For this intensity, the cases with no gas decay had more of the larger planets thrown below the

barrier due to the stronger turbulent kicks from a disk that was still present. For the case with the
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highest turbulence intensity, as usual, all of the planets were thrown below the barrier except for

one simulation tested with the decay constant of 2Myrs.

7.4.2 Behaviour during Planet Accretion

The behaviour of the protoplanets during the process of planet accretion differed between the two

cases of gas decay since the evolution of the system is strongly dependent on the interactions between

the protoplanets and the gas disk. The most obvious difference between the cases with gas decay

constants of 1Myrs, 2Myrs and 3Myrs was the increase in protoplanet mixing as the gas decay

constant decreased. In the case with tDecay of 1Myrs, the planets were never able to stop mixing in

order to reach a stable final configuration. The time for the planets to reach equilibrium was larger

for the case with a decay constant of 2Myrs compared to the case with a decay constant of 3Myrs

due to the increased mixing. In turn, the simulations with a decay constant of 3Myrs took longer to

reach equilibrium than simulations involving no gas decay. The more rapidly that the gas dissipates,

the more mixing will be apparent among the remaining planets since their eccentricities will not

experience significant damping. For the highest amount of turbulence, the time to reach equilibrium

was virtually identical between the case of no gas decay and the case with a decay constant of 3Myrs

because all of the planets had completely finished mixing before the gas had decayed significantly.

Both sets of simulations had a similar number of planets that were ejected from the system for

the highest level of turbulence. The simulations with a decay constant of 2Myrs lost, on average,

6.25 planets per run and the simulations with a decay constant of 3Myrs lost, on average, 5.25

planets per run for the case with γ = 0.1.

The simulations with no gas decay produced the largest number of planet deflections, but these

deflections, on average, were the smallest in amplitude when compared to the simulations with

decay constants of 2Myrs and 3Myrs. This is, again, due to the eccentricity damping present in

the disk throughout the entire span of the simulations with no gas decay. The simulations with the

2Myr decay constant produced planet deflections that extended to the largest semimajor axis for

the laminar and low turbulence cases due to the limited eccentricity damping and type I migration.
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7.5 Effect of an Additional Gas Giant

The final investigation of protoplanets released above a barrier planet was done to examine the effect

of the presence of an additional giant planet. This additional gap-creating giant was meant to mimic

Saturn, in the same way that the original gas giant was meant to mimic Jupiter. The Jupiter planet

was again given a mass of 300Me and placed in a stationary gap at 5 au and Saturn was given a

mass of 90Me and placed in a stationary gap in an orbit that was in a 2 : 5 resonance with Jupiter.

This placement of Jupiter and Saturn was meant to mimic the current configuration of Jupiter and

Saturn in the present Solar System. Consequently, Saturn’s orbit was fixed at 9.2 au. The remaining

28 1Me protoplanets were released beyond Saturn’s orbit between 14− 91.6 au, as it was mentioned

in Section 7.1.

These simulations resulted in protoplanets migrating towards Saturn in the same way that they

did in the simulations involving only one barrier planet. The protoplanets started mixing with each

other in a narrow region beyond the orbit of Saturn, between 10 − 13 au. Similar to the case with

only one barrier planet, some planets were thrown interior to both barrier planets while some were

trapped in resonance beyond the orbit of Saturn. Unique to these simulations was the existence of

planets trapped between the orbits of Jupiter and Saturn, with more than one often occupying the

same orbit.

The evolution of semimajor axis of the protoplanets from simulations using the SMSN density

profile for laminar as well as for low, medium and high turbulence is shown in Figure 7.14. The

averaged results for each of the turbulence intensities tested are shown in Table 7.5.

7.5.1 Behaviour of Planet Accretion

Figure 7.14 shows that after the protoplanets have migrated inwards, they were halted by the

presence of Saturn and underwent intense mixing between 10− 13 au. This is ∼ 4 au farther than

the location for protoplanet mixing when only Jupiter alone was present. The fact that protoplanets

were still able to collide and accrete at this distance bodes well for planet accretion possibilities

among the Uranians.

An interesting effect of the presence of Saturn is that it tends to act as a buffer for Jupiter,

accreting more protoplanets than Jupiter, so that Jupiter remains relatively untouched. For all of
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Figure 7.14: Typical results for a two barrier planet system in an SMSN density profile with 28
protoplanets. Each frame corresponds to a different turbulence intensity; top left is γ = 0, top right
is γ = 0.001, bottom left is γ = 0.01 and bottom right is γ = 0.1, all of which are for the G1 angular
configuration.
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Table 7.5: Summary of averaged results for Jupiter and Saturn barrier planets in an SMSN Density
Profile

Gamma Number
of
Planets
Re-
main-
ing

Maxim-
um
Planet
(Me)

Maxim-
um
Planet
Be-
yond
Saturn
(Me)

Mass
of
Jupiter
(Me)

Mass
of Sat-
urn
(Me)

Number
of
Planets
below
Jupiter

Number
of
Planets
be-
tween
J. and
S.

Number
of
Planets
above
Saturn

Time
for
Equi-
librium
(Myrs)

0 7.75 6 4.75 301.5 93.5 3 2.75 2 3.38
0.001 8.75 4.5 3.25 300.75 97.5 4.25 3 1.5 4.08
0.01 5.5 7 5.75 301.25 94.75 2.5 2 1 3.2
0.1 2.25 8.25 0 301 90.75 2.25 0 0 0.98

the cases except for the highest turbulence intensity (in which many planets were ejected), Saturn

accreted significantly more planets than Jupiter, as it can be seen in Table 7.5. This results raises the

possibility that once Saturn was large enough, given that it had formed after Jupiter had established

itself as a dominant presence, it could have ‘eaten’ surrounding protoplanets so that Saturn grew

larger while Jupiter remained at the same mass. This is not an unlikely scenario given that it has

already been established that Jupiter is capable of stirring protoplanets in the narrow region outside

of its own orbit such that large protoplanets may form in that area; protoplanets that may perhaps

become large enough to accrete the gas atmosphere of Saturn.

7.5.2 Effect of Turbulence

The increased turbulence had the same effect on these sets of simulations as it did in the simulations

with only a single gas giant. The protoplanets were not interacting as they migrated towards the

barrier planets for the lowest turbulence case, but they did experience some jostling without collisions

for the medium turbulence case. The protoplanets mixed strongly for the highest turbulence intensity

so that the migration and mixing processes were indistinguishable. The time for the planets to reach

equilibrium was very short for the highest turbulence intensity and there were multiple ejections,

14.75, per simulation. On average, the size of the remaining planets increased as the turbulence was

increased and the number of remaining planets decreased for higher levels of turbulence, as it can
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Figure 7.15: Plot of planet mass vs. location for the final configuration of planets in an SMSN
density profile with γ = 0.01 and two barrier planets.

be seen in Table 7.5.

7.5.3 Final Planet Configuration

Several planets were consistently trapped between the orbits of Jupiter and Saturn for every turbu-

lence intensity except for the highest. This result is shown in Figure 7.15, in the final planet mass

vs. location plot for the medium turbulence intensity. At least two planets were located between

the giants, often in the same orbit.

For the laminar, low turbulence and medium turbulence cases, the outer-most planets extended

to around 11 au, lying in only one orbit beyond that of Saturn’s. This orbit corresponded with

the 3 : 4 resonance with Saturn for almost all the simulations except for a few from the medium

turbulence disk, in which this orbit existed in a tighter resonance. This, of course, is due to the

increased forcing from the turbulent perturbations, knocking protoplanets out of looser resonances.

The highest turbulence intensity caused the protoplanets to be either thrown below both barrier

planets or ejected from the system. The final configuration of planets for the highest turbulence

intensity had all planets located below both barrier planets.
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7.6 Planet Barrier Conclusions

The existence of a giant planet located at 5 au forces protoplanet mixing and collisions to occur

between 6−9 au, father than the location of protoplanet collisions from the planet trap simulations.

Even though protoplanet collisions are more difficult at large semimajor axis, planet accretion still

occurs at this distance due to the eccentricity damping in the disk. These results show that it is

possible for protoplanets to continue growing at large semimajor axis to produce, for example, the

larger cores for the Uranian planets. In the simulations with an initial mass of 29Me, there was

usually a final planet having a mass anywhere between 4Me up to 11Me lying in a stable orbital

resonance exterior to Jupiter for all turbulence intensities except the highest.

The presence of the barrier planet along with the well defined region of protoplanet mixing created

protoplanet deflections, often to large semimajor axis (sometimes past 20 au). These deflections were

not present during the previous planet trap simulations, because the gravitational presence of the

giant planet obviously contributed to this phenomenon. The largest deflections occurred in gas disks

with the least amount of eccentricity damping. Of the simulations with no disk decay, the MMSN

density profile provided the least amount of eccentricity damping, and hence the largest deflections.

For the cases when gas decay was included, the simulations with the lowest decay constant produced

the farthest deflections since much of the gas disk had dissipated when the protoplanets were shot

out to large semimajor axis.

The MMSN and SMSN density profiles produced similar results in terms of the number and size

of the final planets. The MMSN profile, however, produced a final configuration of planets that were

much more loosely spaced than the SMSN profile. This was due to the lower migration rates in

the MMSN model and the fact that the inward migration force need only be balanced by a weaker

planet resonance in order to halt the migration.

For a given gas density profile, an increase in the number of initial protoplanets meant that more

bodies were present in the same mixing area to undergo close encounters, deflections or to be thrown

below the barrier planet. While the amount of protoplanet interaction increased when the number

of initial protoplanets was increased, the final configuration of planets remained extremely similar,

regardless of how many protoplanets were present initially.

The gradual decay of the gas disk had the effect of halting protoplanet migration and allowed
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the final configuration of planets to be spaced farther apart, as long as there was enough gas present

to suppress the eccentricities of the planets while they were strongly mixing. When the gas decay

constant was set very low, at 1Myrs, the protoplanets were still in the process of migrating and

mixing when the gas dissipated, and so the protoplanets did not reach a stable final configuration

since there was nothing in place to counter the eccentricities that were excited due to close encounters.

Finally, an additional gas giant was added to the system to mimic Saturn. The protoplanets

were found to mix in a region that was between 10−13 au and were still able to accrete efficiently at

this distance, albeit the final planets lying exterior to Saturn were smaller, between 3− 6Me, than

the planets from the simulations that involved only Jupiter. The presence of Saturn tended to act

as a buffer for Jupiter, since it had the tendency to accrete most of the protoplanets while Jupiter

accreted far less.
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Chapter 8

Conclusion

The investigation presented in this thesis dealt with planet formation within a gas disk experiencing

MHD turbulence. The simulations that were performed used an existing N-body code, SyMBA,

implemented with a regime that parameterized the turbulence in the disk, which was developed by

Laughlin et. al. [19] in a previous study. The simulations explored the behaviour and final outcome

of a number of inwardly migrating protoplanets that underwent dynamical mixing and collisions in

a specific region in the disk that was created by the presence of either a planet trap or a planet

barrier. The protoplanets were observed to undergo collisions in all of the configurations that were

tested, even at distances beyond 5 au, and this resulted in a number of larger final planets, often

existing in resonance with each other within the gas disk. This planet growth was of particular

importance at distances beyond 5 au, where large protoplanets, which act as the cores for the giant

planets, must be created before the gas disk dissipates in order to accrete the large gas atmospheres

of the gas and ice giants.

The conclusions from the studies that were performed will be discussed separately, since there are

a number of conclusions to be summarized concerning each unique scenario. Initially, the stability

of planets existing in resonances within a turbulent disk was studied for two different density profiles

and with various levels of turbulence. Next, simulations were performed that implemented a planet

trap as the mechanism with which to halt protoplanet migration and initiate protoplanet mixing at

two different locations in the disk. Finally, simulations were performed using a giant barrier planet
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which induced protoplanet mixing and collision in a well defined region beyond its own orbit.

8.1 Planets Experiencing Turbulence in Resonance

The tests that were performed for this investigation involved a planet in resonance beyond a larger,

stationary planet that was trapped at the disk edge. It was found that the outer planet could

remain in resonance with the larger one for a variety of turbulence intensities due to the existence

of eccentricity damping in the disk. Adams et. al. [1] came to the conclusion that turbulence, with

even a comparatively low intensity, would break these planet resonances due to the fact that they

did not include eccentricity damping in their analysis.

As Weidenschilling and Davis [38] explain, planets that are locked in low eccentricity resonances

of the j/j + 1 variety will be in stronger resonances for larger j values and weaker resonances for

lower j values. The analysis showed that planets lying in looser resonances were capable of remaining

there for low to moderate turbulence intensities. For high enough turbulence intensities, the planets

would experience some obvious jarring from the turbulent fluctuations and would often travel from a

looser resonance into a stronger resonance, where they would remain stably. The largest turbulence

intensity tested using the SMSN profile produced the largest magnitude of turbulent kicks. These

kicks caused the planet to break its resonance by either merging with the inner planet or being

thrown interior the the larger planet, where there was no gas present. This largest intensity was the

only one tested that was capable of breaking the planet resonances completely. This intensity was

somewhat larger than the intensities observed from the MHD simulations performed by Laughlin et.

al. [19] but was one that was considered by Ogihara et. al. [30] as an upper value within a range of

plausible turbulence intensities.

8.2 Planet Accretion with a Planet Trap

For these simulations, a planet trap, which is an abrupt truncation of the gas disk, was located at

either 0.5 au or 5 au. A number of protoplanets were released beyond the disk edge and were found

to mix and collide in the vicinity of the planet trap. The disks were tested with various levels of

turbulence.
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The effectiveness of planet accretion was found to depend strongly on the level of eccentricity

damping in the disk. At small semimajor axis, the eccentricity damping was quite high and proto-

planets were able to collide with minimal protoplanet mixing. The vast majority of final planets for

this configuration remainined above the disk edge, in resonances with each other. The eccentricity

damping was much smaller at larger semimajor axis, when the planet trap was placed at 5 au. For

this configuration, protoplanets were observed to mix strongly at the planet trap, with mixing occur-

ring both interior and exterior to the planet trap. When the protoplanets were given a larger initial

mass with the planet trap still at 5 au, their eccentricity damping increased and the protoplanets

were observed to collide largely within the gas disk with minimal mixing.

The effect of turbulence had a marked impact on planet accretion in the simulations involving

the planet trap at 0.5 au. When the turbulence intensity was increased, the number of remaining

planets decreased and the size of the remaining planets was correspondingly larger. The behaviour

of the planets was also strongly related to the level of turbulence in the disk, as protoplanets in

the highly turbulent disk tended to mix and collide while they were still in the process of inward

migration. The effect of turbulence was less obvious for simulations with the planet trap located at

5 au. In these simulations, as it was previously mentioned, a large proportion of mixing occurred

interior to the disk edge, where the forcing from turbulent fluctuations was greatly minimized. In

this way, the protoplanets that were mixing below the gas disk were not affected by the increase

in turbulence intensity. When the mass of the protoplanets was increased, the effect of increasing

turbulence was also less apparent, even though the planet accretion occurred largely within the gas

disk. This is because of the fact that the turbulence is scaled by the gas density profile, which is

minimal at larger semimajor axis, while the eccentricity damping is scaled based on the mass of the

protoplanets, which were very large in these simulations. In this way, the relatively small turbulent

kicks due to the perturbations were damped rapidly by the disks such that the protoplanets did not

experience significant effects from the turbulence.

These simulations were successful in creating large protoplanets in the region of the planet trap,

in a small enough timeframe that they could perhaps represent the cores of some of the giant planets.

The turbulence was able to increase the final size of planets only when the turbulent fluctuations

could be felt strongly by the protoplanets.
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8.3 Planet Accretion with a Planet Barrier

These simulations were performed to observe planet accretion beyond the orbit of a large, giant

planet, locked in a gap in the gas disk at 5 au. This scenario was based on the assumption that the

core of Jupiter had reached a large enough mass to accrete its gas envelope long before the other

protoplanets exterior to it had reached their isolation mass. In this case, the core of Jupiter could

have accumulated its large gas envelope in a short timeframe and the resulting gas giant would

dominate the dynamics of the exterior, inward migrating protoplanets. The simulations showed

that the presence of Jupiter created a region of mixing between about 6− 9 au beyond the orbit of

Jupiter. In this region, protoplanets were capable of growing to a reasonably large size with some

protoplanets being thrown interior and exterior to the barrier planet due to close encounters.

The resulting final planet configurations had some planets located beyond the orbit of the barrier

planet, locked in resonances with each other. For increasing amounts of turbulence, the number

of planets remaining in these resonances decreased since the turbulent forcing would have thrown

planets from their looser resonances. The largest of these planets were found to have a mass anywhere

between 4Me up to 11Me for simulations involving 29Me of initial protoplanets for all turbulence

intensities except the highest, in which case all of the planets were thrown interior to the barrier.

Simulations were also performed to explore the behaviour of protoplanets as the surrounding

gas disk dissipated for various timescales. The ability of the simulations to reach an equilibrium

depended on the timescale of the gas decay and the time for protoplanets to cease mixing and reach

a stable final configuration.

Finally, a simulation was performed which placed an additional gas giant, representing Saturn,

in a roughly 2 : 5 resonance with Jupiter. Protoplanets were found to mix exterior to the orbit of

Saturn, between 10 − 13 au. At this large distance, protoplanets were still able to accrete for all

turbulence intensities, indicating that the cores of the Uranians could have been formed in this way,

had Jupiter and Saturn existed first. Again, it was found that an increase in the turbulence intensity

led to an increase in the mass of the final planets.
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8.4 Future Work

For further investigations into the dynamical evolution of protoplanets within a turbulent disk, a

number of suggestions can be made. Firstly, it would be interesting and important to investigate

the possibility of inhomogeneous turbulence within the gas disk [8]. Inhomogeneous turbulence

corresponds to varying levels of turbulence intensity in the disk due to an ionization fraction of the gas

that changes in certain parts of the disk. Regions in the disk with active turbulence (high ionization

fraction) that are adjacent to regions with minimal turbulence (low ionization fraction) may act as

a planet trap, since it is probable that a change in density profile gradient may accompany a region

that transitions from laminar to turbulent flow [25]. In this way, turbulence may be responsible for

halting the inward migration of protoplanets as well as dynamically stirring them, thereby increasing

their collision frequency. The application of the turbulence parameterization code to this scenario

may be particularly useful for further studies.

Another addition to future simulations would be to apply a more realistic mass distribution to the

initial protoplanets. Since protoplanets reach their isolation mass as a strong function of heliocentric

distance, protoplanets released from large semimajor axis will not be as massive as those released

closer to the central star. The mass distribution of protoplanets should also be in agreement with

the total mass of solids in the region of the solar nebular in which the protoplanets are released.

Finally, it would be highly instructive and much more realistic to add a swarm of small planetesi-

mals to the scenario of protoplanet evolution in a turbulent gas disk. The existence of a large swarm

of small planetesimals could increase accretion, since there would be more mass present to build

larger bodies, and it would also increase the eccentricity damping of the larger protoplanets through

dynamical friction, improving the likelihood of collisions between larger bodies. The addition of

planetesimals to the N-body simulation is already an element of the SyMBA code, but the ability

of planetesimals to experience the turbulent forcing would require some careful thought due to the

time consuming nature of calculating the turbulent force on thousands of tiny bodies.
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Appendix A

Glossary of Terms

Heliocentric Coordinates A coordinate system in which the central star is the origin of the

coordinate system and all distances are with respect to this origin. Refer to Section 2.1.1.

perihelion The location of closest approach of a body following an elliptical orbit around the central

star, located at one of the foci. Refer to Section 2.1.1.

aphelion The farthest location from the central star of a body following an elliptical orbit, where

the central star is located at one of the foci. Refer to Section 2.1.1.

semimajor axis In terms of an ellipse, it is half of the length of the ellipse along the line of apsides.

It is used to describe the location of a planet around a central star typically in units of au.

Refer to Section 2.1.1.

eccentricity A comparison of the height of an ellipse to its width. It is a measure of the flatness

of an ellipse, where zero eccentricity corresponds to a circle. Refer to Section 2.1.1.

inclination The angle that the orbital plane makes with the plane of reference. Refer to Section

2.1.1.

astronomical unit, au A unit of measure used to describe the location of planets such that 1 au

is the mean distance between the sun and the Earth. Refer to Section 2.1.1.
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Hamiltonian The Hamiltonian is a representation of the kinetic and potential energy in a system.

In orbital dynamics, the Hamiltonian comprises the total kinetic energy due to every body in

the system plus the potential energy due to the gravitational interaction between each pair of

bodies. Refer to Section 2.1.2.

symplectic integrator A numeric method that may be employed to solve Hamiltonian equations.

It is particularly useful in that it maintains the energy in the system with some bound error

level throughout the integration. Refer to Sections 2.1.2 and 3.2.

mean motion resonance The commensurability of orbital periods of adjacent planets. When an

interior planet experiences i orbits while its neighbour experiences roughly j orbits such that

the planets meet at the same point in each other’s orbits on a periodic basis. Refer to Section

2.1.3.

runaway growth The phase of planet formation involving the rapid growth of a few planetesimals

that have become larger than the surrounding swarm and grow at a much faster rate than the

smaller planetesimals. Refer to Section 2.2.

oligarchic growth The phase of planet formation when the larger bodies created in the runaway

phase tend to grow at the same rate as other, equal sized bodies and will dominate the dynamics

of the smaller swarm of planetesimals. Refer to Section 2.2.

planetesimals Small bodies, typically 1− 100 km in size, that form from the disk of dust and gas

that surrounds a star. Refer to Section 2.2.

protoplanets Larger bodies that form from the collisions of the smaller planetesimals. This term

is used to refer to larger bodies at the end of the runaway growth phase up until the final legs

of the oligarchic growth phase. Refer to Section 2.2.

dynamical friction The process by which a population of smaller bodies and a population of

larger bodies will equilibrate their kinetic energies. In doing so, the smaller bodies will tend to

increase their velocity dispersions while the larger bodies will have their velocity dispersions

damped. Refer to Section 2.2.
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velocity dispersion It is a measure of the spread of random velocities around some mean velocity,

corresponding to the circular velocity. The velocity dispersion is proportional to the eccentric-

ity and inclination of the body, such that an increase in velocity dispersion corresponds to a

greater deviation from perfectly circular orbits. Refer to Section 2.2.

gravitational focusing Occurs when the relative velocity between a larger body and a smaller one

is approximately less than the escape velocity from the larger body doing the accreting. This

allows the smaller body to collide with the larger one. Refer to Section 2.2.

snow line The region in the solar nebula beyond which liquid water freezes to ice. Refer to Section

2.2.

minimum mass solar nebula, MMSN The density profile created by Hayashi [12] which places

the minimum amount of gas and solids in a solar nebula that is required to have produced the

planets in the the present Solar System. Refer to Section 2.3.1.

shallow massive solar nebula, SMSN The density profile created by Levison et. al.[22] that

places additional mass in the solar nebula, compared to the MMSN profile, and does so with

a shallower gradient of the density profile. Refer to Section 2.3.2.

eccentricity damping When a planet embedded in a gas disk excites density waves in the equa-

torial plane of the disk, these density waves will exert a restoring torque on the planet such

that the planet’s eccentricity will be damped (its orbit will be circularized). Refer to Section

2.4.

type I migration The migration of planets embedded in a gas disk caused by the balance of

positive torques exerted by the density waves interior to the planet’s orbit and negative torques

exerted by the density waves exterior to the planet’s orbit. It is generally assumed that the

net torque is negative, causing inward migration of the planet. Refer to Section 2.4.

type II migration When a planet is sufficiently massive (& 100Me) it opens us a gap in the gas

disk and becomes locked in this gap, following the slow inward migration of the gas disk itself.

Refer to Section 2.4.
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magnetorotational instability, MRI An instability in an ionized fluid due to the presence of

an external magnetic field that exerts magnetic stresses on adjacent fluid particles. Refer to

Section 2.5.

magnetohydrodynamic turbulence, MHD The turbulence that exists in an ionized fluid in the

presence of an external magnetic field that experiences a magnetorotational instability. Refer

to Section 2.5.

laminar This term represents a fluid that is not undergoing turbulence. Refer to Section 3.1.

mode number, m An integer value, it is designated to each new turbulence fluctuation in the tur-

bulence parameterization regime that specifies the azimuthal and radial extent of a fluctuation

as well as its lifetime in the disk. Refer to Section 3.3.

density fluctuation A local density enhancement in a disk undergoing turbulence. In the tur-

bulence parameterization regime, each fluctuation has a finite extent in space and a certain

lifetime in the disk. Refer to Section 3.3.

turbulence intensity, γ The scaling factor governing the magnitude of the force experienced by

a planet due to the turbulent fluctuations in the disk. Refer to Section 3.3.

planet trap The abrupt truncation of the disk edge, causing protoplanets to stop migrating once

they have reached this point. Refer to Section 6.

planet barrier The addition of a giant planet placed in a gap in the gas disk. The presence of this

large, stationary planet will halt planet migration exterior to its own orbit. Refer to Chapter

7.

protoplanet mixing When a number of protoplanets excite each other’s orbits to such an ex-

tent that each one experiences jumps in semimajor axis. This is analogous to stirring up a

population of protoplanets. Refer to the results from Chapters 6 and 7.
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Appendix B

SyMBA Theory

For a solar system where the central mass is overwhelmingly larger than all of the others, it is most

efficient to write the Hamiltonian in terms of a combination of heliocentric and Jacobi coordinates,

such that one part of the Hamiltonian is purely due to the sun and the other part is due to the

interactions among all of the satellite bodies, as in equation B.1 [6].

H = HKep +HInt (B.1)

where

HKep =
n∑
i=1

(
|p′i|

2

2m′i
− Gmimo

r′i

)
(B.2)

HInt =
n∑
i=1

(
Gmimo

r′i
− Gmimo

rio

)
−
n−1∑
i=1

n∑
j=i+1

Gmimj

rij
(B.3)

By breaking down the N-body Hamiltonian in such a way, the Keplerian term involves only Jacobi

coordinates, which are denoted by primes ′, while the interaction term involves only heliocentric

coordinates, not denoted by primes. The first term in the HInt equation is a correction term when

converting between Jacobi and heliocentric coordinates [6]. This integration technique is common

for integrating solar systems because of its symplectic properties and its efficiency when dealing

with a system with a large central mass [6]. It is known as the Mixed Variable Symplectic (MVS)

method. Issues arise when the distance between two planets, rij , becomes very small during a close
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Figure B.1: Plot of the force decomposition of the 1/r2 function for components of increasing index
located at smaller r, from the paper by [6]

encounter. With a fixed time step, this integrator can not keep up with planets as they approach

each other closely, since HInt will become unreasonably large [6].

Duncan et. al. [6] overcame this problem by implementing a new technique for close encounters

between bodies. This new technique places shells at specific radii around each planet so that when

another body enters a successive shell, the time step decreases and the force experienced by the

bodies due to the close encounter becomes better resolved.

The force experienced by a planet involved in a close encounter with another body is broken

down into a sum of components, as in equation 2.27 and shown in Figure B.1. Each component

force, Fk, allows for a better representation of the actual force due to the close encounter when the

planet has breached shell k. Component forces of increasing index are located at smaller r and are

“sharper” than each previous component [6].

F(r) =
∞∑
k=0

Fk(r) (B.4)

For bodies that are located outside of a given shell, i, all component forces with index k > i (i.e.

shells interior to shell i) are zero in the summation. Note, however, that Fo is never zero because it
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represents the long distance force felt by planets [6]. In order to preserve the symplectic properties

of the original integrator, the time steps for the integration decrease by a constant factor as the

body breaches each successive shell, such that:

τk
τk+1

= M (B.5)

This regime of successive shells is applied to every pair of bodies undergoing a close encounter,

so that the new interaction term in the Hamiltonian is as follows:

HV =
n−1∑
i=0

n∑
j=i+1

−Gmimj

rij
=
n−1∑
i=0

n∑
j=i+1

∞∑
k=0

Vijk (B.6)

where Vijk represents the potential, which is given in terms of F(r) as:

∞∑
k=0

Fk(r) = −
∞∑
k=0

∂Vk(r)
∂q

(B.7)

The multiple time step algorithm is applied to the 2nd order symplectic integrator by continually

modifying the Hamiltonian by adding more and more expansion terms to the force interaction

calculation as follows:

EΣo
= Eo(τ/2)EΣ1(τo)Eo(τo/2) (B.8)

= Eo(τo/2) [E1(τ1/2)EΣ2(τ1)E1(τ1/2)]M Eo(τo/2) (B.9)

= Eo(τo/2)
[
E1(τ1/2) [E2(τ2/2)EΣ3(τ2)E2(τ2/2)]M E1(τ1/2)

]M
Eo(τo/2) (B.10)

In these equations, Eo represents the zeroth order approximation for the potential between

planets undergoing a close encounter. Correspondingly, Ei represents the ith order approximation

of the potential, Vi. EΣi represents the total Hamiltonian: the Keplerian term plus the higher

order approximations for Vi that have not yet been taken into account [6]. As it can be seen, the

Keplerian term (absorbed into the EΣi
term) ends up being applied at high frequency. When two
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bodies become close enough for this force expansion to be necessary, the time step decreases for

these two bodies only; none of the other bodies involved in the integration experience this reduced

time step [6].

The final issue arises when the previous multiple time step method is implemented back into the

MVS method. Since both parts of the original Hamiltonian contain Jacobi as well as heliocentric

coordinates, the first term in equation B.3 is no longer sufficient to compensate between the two

coordinate systems, since the Keplerian part of the Hamiltonian will be applied at high frequency

if the time step becomes small enough [6]. For this reason, a new set of conjugate coordinates is

chosen so that the planets in the Keplerian part of the Hamiltonian orbit around the same central

body. These coordinates are referred to as Democratic Heliocentric coordinates and are given in

Section 3.2 [6].
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Appendix C

Turbulence Subroutine

The turbulence subroutine was implemented, as previously mentioned, inside of the subroutine

called, drag kick, which calculates the acceleration on each planet due to the effects of type I

migration, eccentricity damping and aerodynamic drag forces. The subroutine drag kick is called

at the very beginning and very end of every step of the SyMBA integrator and is applied for half of

a time-step, τ/2.

The subroutine, a turb, receives in information about the gas disk as well as the current location

and masses of all of the planets. The integer, i1sttrb, indicates to the subroutine whether or not it

has been previously called. If it has not, all of the turbulent fluctuations must first be created. The

information about the turbulence is defined inside of this initial loop; as is information such as the

turbulence intensity, gamma, the possible mode numbers, as well as the scaling of the gas disk, fg.

The turbulent fluctuations are located at various distances, rc, from the central star based on

the turbulence location regime described in Section 3.3.3. For the specific example shown in Section

C.0.2, the turbulence is spaced between 2 au to roughly 96 au with 225 fluctuations present in the

disk. The normalization constant and number of fluctuations shown in this particular version of the

code was found through a trial and error method, such that, in the limit of many realizations of all

of the fluctuations in the disk, there are on average 50 fluctuations between 0.6r - 1.4r for every

value of r.

During the initial ‘set-up’ of the turbulent fluctuations, the azimuthal location and mode number
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for each fluctuation are used to calculate important quantities associated with each fluctuation, such

as its lifetime, azimuthal and radial extent, and Keplerian angular velocity.

After this initial ‘set-up’ loop has been run through, it is never run again. For every subsequent

running of the a turb subroutine, every fluctuation is checked to see if its lifetime has expired. If it

has, a new turbulent fluctuation is created, using the same method as in the initial loop when every

fluctuation was initiated.

Once it has been established that all of the fluctuations are still well inside their lifetime, the

force on each planet due to all of the fluctuations can be calculated. The final loop of subroutine

a turb is devoted to this purpose. For every planet in the system, the force contribution from each

fluctuations is calculated and only those fluctuations located between 0.6r to 1.4r of the planet are

included in the final summation. The total force is calculated based on the contribution to each

mode and is scaled by the gas disk density profile. The subroutine from Section C.0.2 includes the

density constant, sigmag, for both the SMSN and MMSN density profiles, depending on which disk

is being tested.

C.0.1 Definition of Variables

i,j,k — Index Variables

time — Current time in the simulation

msun — Mass of the sun

nbod — Number of bodies in the system

nbodm — Number of massive bodies in the system

x,y,z — Location of the bodies in the system

i1sttrb — Indicates if a turb has is being called for the first time

r, theta — Radial and azimuthal location of each planet

rc, phic — Radial and azimuthal location of each fluctuation

m — Mode number associated with each fluctuation

mmin, mmax — Maximum and minimum mode numbers allowed for each fluctuation

sigma — Radial extent of each fluctuation

tnot — The starting time for each fluctuation
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deltat — Lifetime of each fluctuation

cs — The local sound speed at each fluctuation location

omegac — Keplerian angular velocity at each fluctuation location

gamma — Turbulence intensity

xsee — Random gaussian scaling factor for individual fluctuations

tgdecay — Decay constant of the gas disk

fg — Constant scaling factor of the gas density profile

sigmag — Gas density constant, which depends on the specific density profile

w1,w2,random — Temporary terms involved in calculations

lambdas, lambdac — Contribution towards total force from each fluctuation

sumlambdas, sumlambdac — Summation terms used in the force calculation

Fr,Ftheta — Radial and azimuthal total turbulent force on each planet

atrbx,atrby,atrbz — Acceleration on each of the bodies due turbulent fluctuations

C.0.2 The Code

subroutine a turb(time,nbodm,nbod,msun,x,y,z,atrbx,atrby,atrbz,i1sttrb,tgdecay)
include ‘swift.inc’

c... Inputs Only:
integer nbod, nbodm, i1sttrb
real*8 msun, time, tgdecay
real*8 x(nbod), y(nbod), z(nbod)

c... Outputs:
real*8 atrbx(NTPMAX), atrby(NTPMAX), atrbz(NTPMAX)

c... Internals
integer i,j,k
real*8 :: phic(225), rc(225), tnot(225)
real*8 :: deltat(225), cs(225)
real*8 :: lambdas, lambdac
real*8 :: sigma(225), sigmag, omegac(225)
real*8 :: r, fg, gamma, w1, w2, xsee(225), theta, random
integer :: m(225), mmin, mmax
real*8 :: sumlambdas(nbod), sumlambdac(nbod), Fr(nbod), Ftheta(nbod)

save rc, phic, m, tnot, xsee, rtrbmin, rtrbmax, mmin, mmax, fg, gamma,
& cs, deltat, sigma, omegac
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c... If this is the first time step....
if (i1sttrb .eq. 0) then

i1sttrb = 1
c... The turbulence information:

mmin = 2
mmax = 5
fg = 1.0d0
gamma = 1.0d-3

c... Initiate the random turbulent fluctuations.

c... 1) Calculate fluctuation locations.
do j = 1,225

rc(j) = exp(rand(0)/0.262697d0 + log(2.0d0))
end do

do j = 1,225

c... 2) Calculate random azimuthal locations.
phic(j) = rand(0)*2.0d0*pi

c... 3) Calculate m via. log random distribution.
m(j) = 1
do while ((m(j) .lt. 2) .or. (m(j) .gt. 64))

random = exp(rand(0)*4.2d0)
m(j) = idnint(random)

end do

c... Fluctuation starting time is current time.
tnot(j) = time

c... 4) Calculate random gaussian xsee.
w1 = 0.0d0
do while (w1 .eq. 0.0d0)

w1 = rand(0)
end do
w2 = rand(0)
xsee(j) = (0.42466d0*sqrt(-2.0d0*log(w1))*cos(2.0d0*pi*w2))

c... 5) Calculate quantities using new mode values.
cs(j) = 0.209704d0*(rc(j))**(-0.25d0) ![AU/yr]
deltat(j) = 2.0d0*pi*rc(j)/(m(j)*cs(j)) ![yr]
sigma(j) = pi*rc(j)/(4.0d0*m(j)) ![AU]
omegac(j) = sqrt(msun/rc(j)**3.0d0) ![1/AU]

end do
end if
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c... Cycle through all the fluctuations.
do j = 1,225

c... If its time is up, create a new random fluctuation.
if ((tnot(j) + deltat(j)) .lt. time) then

c... 1) Calculate mode location.
rc(j) = exp(rand(0)/0.262697d0 + log(2.0d0))

c... 2) Calculate random azimuthal location.
phic(j) = rand(0)*2.0d0*pi

c... 3) Calculate m via. log random distribution.
m(j) = 1
do while ((m(j) .lt. 2) .or. (m(j) .gt. 64))

random = exp(rand(0)*4.2d0)
m(j) = idnint(random)

end do

c... Fluctuation starting time is current time.
tnot(j) = time

c... 4) Calculate random gaussian xsee.
w1 = 0.0
do while (w1 .eq. 0.0)

w1 = rand(0)
end do
w2 = rand(0)
xsee(j) = (0.42466d0*sqrt(-2.0d0*log(w1))*cos(2.0d0*pi*w2))

c... 5) Calculate all new quantities using new mode values.
cs(j) = 0.209704d0*(rc(j))**(-0.25d0) ![AU/yr]
deltat(j) = 2.0d0*pi*rc(j)/(m(j)*cs(j)) ![yr]
sigma(j) = pi*rc(j)/(4.0d0*m(j)) ![AU]
omegac(j) = sqrt(msun/rc(j)**3.0d0) ![1/AU]

end if
end do

c... Cycle through all planets to determine force on each planet.
do i = 2,nbod

c .. Determine radial and azimuthal location of the planet.
r = sqrt(x(i)**2.0d0 + y(i)**2.0d0)
if ((y(i) .lt. 0.0d0) .and. (x(i) .gt. 0.0d0)) then

theta = 2.0d0*pi - atan(abs(y(i)/x(i)))
else if ((y(i) .lt. 0.0d0) .and. (x(i) .lt. 0.0d0)) then

theta = pi + atan(abs(y(i)/x(i)))
else if ((y(i) .gt. 0.0d0) .and. (x(i) .lt. 0.0d0)) then

theta = pi - atan(abs(y(i)/x(i)))
else

theta = atan(y(i)/x(i))
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end if

sumlambdac(i) = 0.0d0
sumlambdas(i) = 0.0d0

c .. Determine effect on planet from each fluctuation.
do j = 1,225

if ((rc(j) .ge. 0.6d0*r) .and. (rc(j) .le. 1.4d0*r)) then
lambdac = xsee(j)*exp(-(r-rc(j))**2.0d0/ sigma(j)**2.0d0)*

& cos(m(j)*theta - phic(j) - omegac(j)*(time - tnot(j)))
& *sin(pi*(time - tnot(j))/deltat(j))

lambdas = xsee(j)*exp(-(r-rc(j))**2.0d0/sigma(j)**2.0d0)*
& sin(m(j)*theta - phic(j) - omegac(j)*(time - tnot(j)))
& *sin(pi*(time - tnot(j))/deltat(j))

if ((m(j) .ge. mmin) .and. (m(j) .le. mmax)) then
sumlambdac(i) = sumlambdac(i) + (1.0d0 + 2.0d0*r*

& (r-rc(j))/sigma(j)**2.0d0)*lambdac
sumlambdas(i) = sumlambdas(i) + m(j)*lambdas

end if
end if

end do

c... Calculating the turbulence force in the radial and azimuthal direction
c... converting it to cartesian accelerations.
! sigmag = 0.0076144387d0*fg*(r)**(-1.5d0)*exp(-time/tgdecay) !Hayashi

sigmag = 0.0189006d0*fg*(r)**(-1.0d0)*exp(-time/tgdecay) !Hal
Fr(i) = gamma*64.0d0*sigmag/(pi**2.0d0)*sumlambdac(i)
Ftheta(i) = gamma*64.0d0*sigmag/(pi**2.0d0)*sumlambdas(i)

atrbx(i) = (Fr(i)*cos(theta) - Ftheta(i)*sin(theta))
atrby(i) = (Fr(i)*sin(theta) + Ftheta(i)*cos(theta))
atrbz(i) = 0.0d0

end do

return
end
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