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Abstract 

This thesis focuses on the methods and results of the workspace formulation of wire-actuated 

parallel manipulators. Four methods of workspace generation are studied. The null space method, 

based on the calculation of wire tensions, is used to formulate the workspaces of example 

manipulators. The results of this method are used to verify the results of the following methods.  

This thesis presents that the convex hull workspace formulation method, a geometric analysis of 

the manipulator‟s Jacobian matrix, can be extended to manipulators that have an external wrench 

and/or gravity applied to the mobile platform. The convex hull method is applied to the example 

manipulators investigated with the null space method. 

 The workspace envelope characterization, an analytical approach of defining the borders of the 

workspace using the formulation of the kernel of the manipulator‟s Jacobian matrix, is applied to 

the example planar manipulators investigated with the previous methods. A new process, 

presented in this thesis, of identifying the contribution of each set of four wires/forces of a planar 

manipulator allows the workspace envelope characterization to be applied to redundant planar 

manipulators and planar manipulators that have an external wrench and/or gravity applied to the 

mobile platform.  

The discrete and analytical antipodal methods, based on theorems from multi-fingered grasping 

manipulators, are presented and applied to the example planar manipulators investigated with the 

previous methods. This research generalizes the use of these theorems, which determine wrench-

closure poses of planar four-wire manipulators that share wire-connection points on the base or 

mobile platform, to the discrete and analytical workspace formulation of planar three-degree-of-

freedom wire-actuated manipulators with no restrictions on the number of wires or the 

configuration of the manipulator.  
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Comparing all methods investigated in this thesis, the null space method results in the workspace 

that takes into account the maximum and minimum wire tensions and is recommended for use in 

the design of both spatial and planar wire-actuated parallel manipulators. All the other methods 

presented in this thesis, have similar results when compared to the null space method but 

formulate the maximum workspace which assumes the wires can operate with very high to 

infinite wire tension.  
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Chapter 1 

Introduction 

A critical component in the design of any robot is simulating the workspace, which is the set of 

locations and orientations reachable by a robot. Without formulating the workspace, an operator 

could constantly be trying to move the robot into impossible positions and orientations. This 

could cause costly damage to the robot, or make it behave in a dangerous and erratic fashion. To 

avoid these problems, it is necessary to investigate the workspace of a robot before it is 

manufactured. There have been many methods of formulating the workspace of different kinds of 

robots presented in literature. This work investigates the different workspace methods for robots 

called wire-actuated parallel manipulators. When designing a wire-actuated parallel manipulator, 

choosing the method of workspace simulation is very important because there are advantages and 

disadvantages for each method. Before describing a wire-actuated parallel manipulator, it is best 

to start with a description of a general robot. 

A manipulator or robot is usually a collection of motors, links, joints, sensors, and a 

microprocessor intended to perform one or a number of tasks.  These tasks are usually too 

dangerous and/or tedious for a human to perform. Examples of manipulators are shown in Figure 

1.1. The motors can come in many forms, from hydraulic rams to electric motors to pneumatic 

pumps. The links are formed in shapes that give the manipulator the size and geometry to perform 

the task. There are also many kinds of joints. For example, the revolute joint creates a rotating 

motion between two links like a human elbow; and a prismatic joint creates a translational motion 

between links. Sensors monitor the status of links, motors and joints in the manipulator and the 

environment around the manipulator. The sensors relay that information to the microprocessor 
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and the microprocessor controls the manipulator accordingly. The microprocessor for a 

manipulator is chosen according to the complexity of the calculations needed to perform the task. 

 

(a) FANUC ARC Mate 100iC 

 

(b) FANUC F-200iB
1
  

Figure 1.1 Example manipulators. 

This thesis concentrates on a subgroup of robots called parallel manipulators, which have one or 

more closed loops of links connected together with joints, and where not all of the joints are 

actuated. The rigid body, defined as the mobile platform or end effector, is the link in the closed 

loop that is directly used for the desired task of the robot. The link which has no motion is called 

the base. The links and joints that connect between the base and the mobile platform are called 

branches or legs. A simple parallel manipulator, a five-bar mechanism, can be seen in Figure 1.2. 

The manipulator in Figure 1.2 has five links: the base platform, mobile platform, two links that 

make up the leg on the left and one link that makes up the leg on the right. This manipulator 

requires the actuation of two joints to control the motion of the mobile platform. The actuated 

joints, signified by the arrows, are kept at the base to minimize the mass of the moving parts of 

the manipulator. Since all the links of the five-bar mechanism are moving on the same plane, it is 

                                                      

1
 Image obtained from www.fanucrobotics.com 
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called a planar manipulator.  In general, if all the links of a manipulator are confined to motion on 

a two dimensional plane (or parallel planes) then the manipulator is called planar. If the links 

move in three dimensions the manipulator is called spatial. An example of spatial manipulators 

can be seen in Figure 1.1.  

 

Figure 1.2 Example parallel manipulator, four-bar mechanism. 

Wire- or cable-suspended parallel robot manipulators, here referred to as wire-actuated parallel 

manipulators, are a special kind of parallel manipulator that have each branch as a single wire. 

Each wire is connected to the mobile platform at one end and actuated at the other, see Figure 

1.3(a) for a planar wire-actuated parallel manipulator and Figure 1.3(b) for a spatial wire-actuated 

parallel manipulator. The wires use actuated spools in most cases but other forms of actuation are 

possible, such as linkages or linear actuators. Typically the motors that actuate the wires are 

placed on the base platform to minimize the moving mass. Most methods of actuating the wires 

Mobile Platform 

Base Platform 

Actuated Joint 

Legs 

Actuated Joint 
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allow the position and orientation of the mobile platform of the wire-actuated parallel 

manipulators to be controlled by changing the length of the wires, other methods include moving 

wires with fixed lengths.  

 

(a) 

 

(b) 

Figure 1.3 Example planar four-wire-actuated parallel manipulator. 

There are many advantages to using wires over conventional kinematic chains, which are 

collections of links connected by joints. The light weight of the wires allow high speed motion 

and very little energy input  to move a heavy mobile platform or payload compared to heavy rigid 

body links. Spooling the wires on drums gives them a very long range to allow for a very large 

operating area or volume for the manipulator. Also the lack of the heavy rigid body branches 

allows for easy storage and transportation of the manipulator as a whole. 

The possible motions of a manipulator are described by the degrees of freedom of its mobile 

platform. The ability to translate along an axis or the ability to rotate about an axis is a single 

degree of freedom. A planar mobile platform has three possible degrees of freedom since it could 

translate in two directions on the plane, X- and Y-directions in Figure 1.3(a), as well as rotate 

about an axis perpendicular to the plane.  

Wire 1 Wire 2 

Wire 3 
Wire 4 

Mobile Platform 

Actuator  

and Spool 

Base 

Z 

Y 

X 
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The mobile platform of a spatial manipulator has a potential of six degrees of freedom. The six 

degrees of freedom are the translations along, and rotations about, the three axes in three 

dimensional space, X, Y, and Z in Figure 1.3(b). A parallel manipulator with rigid body links 

needs at least the same number of actuated joints as degrees of freedom because each motor can 

either rotate in both counter-clockwise and clockwise rotations or translate both forward and 

backward. For wire-actuated parallel manipulators, more wires than degrees of freedom are 

required because wires can only pull on the mobile platform. If a wire was tasked to push on the 

mobile platform, the wire would go slack and the mobile platform would no longer be 

controllable.  

There are many different forms of workspaces. The constant orientation workspace displays the 

locations of the mobile platform that can be reached for a constant orientation of the mobile 

platform. The workspace can also be found for a constant location while displaying the variations 

in orientation that are possible at that location. The dextrous workspace depicts the locations of 

the mobile platform that are reachable at all orientations of the mobile platform. The maximal 

workspace is the set of manipulator locations that are reachable for at least one orientation of the 

mobile platform. The total orientation workspace depicts the locations of the mobile platform 

reachable for a desired range of orientations of the mobile platform. A thorough investigation of 

all relevant workspace formulations of the manipulator is required when designing the best 

manipulator for a desired task.  

For a pose of the mobile platform to be part of the workspace for a wire-actuated parallel 

manipulator, all the wires must have positive tension and the wires must be able to constrain the 

motion of the mobile platform in the desired directions and rotations. The workspace is 

determined by investigating the set of locations in an area or volume where it is possible for the 
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manipulator to have positive tension in all wires. Figure 1.4 shows a constant orientation 

workspace of the manipulator in Figure 1.3(a). The black area is the set of locations of the mobile 

platform that generate positive tension in all the wires while the manipulator is at an orientation 

of 5
o
.  

 

Figure 1.4 Example workspace of manipulator in Figure 1.3(a) at orientation of 5
o
. 

Different methods of formulating the workspace of wire-actuated parallel manipulators have been 

presented in the literature.  

This work offers a new method of formulating the workspace of planar wire-actuated parallel 

manipulators, as well as the generalization of certain workspace methods to increase the number 

of situations where those methods can be used. The strengths and weaknesses of each method are 

discussed, and a comparison of these methods is presented to find the appropriate use of each 

method.  

It is important to understand the different advantages and disadvantages of different workspace 

formulation methods, especially when using these workspace formulations in the design of a 

manipulator. For example, if the method used does not take into account the magnitude of wire 

tension required for a pose to be contained within the workspace, the actual workspace of the 

manipulator may be smaller than that of the simulated manipulator. If a finished manipulator 
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cannot operate in the poses that were described by the workspace method used when designing 

that manipulator, the manipulator may need to be redesigned and remanufactured because the 

manipulator cannot complete the desired task. To save money and time, it may be necessary to 

simulate the workspace of a wire-actuated parallel manipulator with multiple methods; or to 

carefully consider the limitations of each workspace formulation method to choose the most 

appropriate method for the manipulator being designed.  

In Chapter 2, the existing literature pertaining to wire-actuated parallel manipulators and the 

formulation of their workspace are reviewed. Chapter 3 states the mathematical models required 

to describe wire-actuated parallel manipulators. Chapter 4 investigates the workspace of various 

wire-actuated parallel manipulators using a method based on the calculation of wire tensions, 

referred to as the null space method in this thesis. Chapter 5 geometrically investigates the 

Jacobian matrix of the manipulator, matrix relating actuator velocities to mobile platform 

velocities, to formulate its workspace, known as the convex hull method. An analytical method of 

formulating the boundary of the workspace is considered in Chapter 6. Chapter 7 presents a 

method of workspace generation based on formulation from multi-fingered grasping 

manipulators, known as the antipodal method, and Chapter 8 offers an analytical method based on 

the antipodal method presented in Chapter 7. Finally Chapter 9 summarizes the results.  
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Chapter 2 

Literature Review 

There has been much research done on wire-actuated parallel manipulators because of their 

potential for high speed motion, large workspaces, and transportability. One of the first 

applications of wire-actuated parallel manipulators was the NIST Robocrane (Albus et al., 1993). 

This manipulator used an inverted Stewart-Gough platform, a symmetrical layout with six legs 

that hang the mobile platform below the base platform; and each of the six legs were replaced by 

a wire. The force of gravity acting on the mobile platform created positive tension in the wires.  

Wires can only supply a unidirectional force pulling on an object, which is similar but opposite to 

grasping manipulators, whose fingers can only push on an object. Ohwovoriole (1984) studied the 

contacts required to constrain the motion of a planar object for machining. To constrain an object 

from planar translation, at least three contacts are required and to constrain an object from 

rotation on a plane at least four contacts are required.  

Nguyen (1988) applied this theory to grasping manipulators and investigated different kinds of 

contacts to test for force/moment (wrench) closure. If a grasp has wrench closure then the 

manipulator can withstand any external wrench on the object being grasped. Three types of 

contacts were discussed: frictionless, hard and soft. A frictionless contact point applies a force 

onto an object and is modelled with no friction between the object and the contact. A hard contact 

applies a force on an object and is modelled with friction that resists translation of the contact on 

the surface of the object. A soft contact applies a force onto an object and has friction that can 

resist translation and rotation of the object around the contact point. These were applied to planar 
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as well as spatial manipulators; and the term friction cone was coined to describe the force that a 

contact with friction applies to an object.  

Cutkosky (1989) compared grasp choice methods for manufacturing tasks and suggested that 

grasps be primarily defined by the desired task and not the shape of the object being grasped.  It is 

discussed that the design of robotic hands should be based on the desired grasp in order to work 

with many different objects. Grasping manipulators with frictionless fingers need n+1 fingers to 

keep hold of an object (satisfy wrench closure), e.g., refer to (Murray et al., 1994). Murray et al. 

(1994) also investigated the kinematics of a grasping manipulator, formulating the forces 

involved with grasping, wrench closure, and planning grasps.  

Similar to a grasping manipulator, wires can only apply a unidirectional force so redundancy is 

required in designing fully controllable wire-actuated parallel manipulators.  For example, to 

constrain an object from planar motion with three degrees of freedom (DOF), two translations 

and one rotation, four frictionless contact points are required,(Ohwovoriole, 1984). Kawamura 

and Ito (1993) and Kino et al. (1997) investigated the number of wires required to fully control a 

wire-actuated parallel manipulator. Applying wrench closure to wire-actuated parallel 

manipulators, it was shown that n+1 wires are required to maintain positive tension for all the 

wires in a manipulator with n degrees of freedom. For example, at least four wires are required to 

control a planar manipulator with three degrees of freedom.  This does not apply to manipulators 

that use gravity to keep the wires in tension as seen in (Albus et al., 1993) and (Pusey et al., 

2004). The collection of poses that can be reached by the wire-actuated parallel manipulator with 

positive wire tensions would be the manipulator‟s workspace. 

When investigating the workspace of a manipulator, it is important to choose the workspace 

formulation that generates the desired information. Each of the great variety of workspaces 
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displays different information about the manipulator: constant orientation workspace, the set of 

locations which occur for a single value for the orientation of the mobile platform; dextrous 

workspace, the workspace that is reachable under all orientations of the mobile platform at each 

point in the workspace; maximal workspace, the set of locations reachable for at least one 

orientation; and total orientation workspace, workspace that is reachable for a desired range of 

orientations  at each point in the workspace (Merlet, 2000). The set of locations where a wire-

actuated manipulator has wrench closure, i.e., when all wire tensions are positive for any given 

external wrench applied to the mobile platform, is the wrench-closure workspace. At each 

location tested for inclusion in the wrench-closure workspace the manipulator is assumed to be 

motionless, making the wrench-closure workspace a static workspace.   

The workspaces of numerous wire-actuated parallel manipulators have been studied. Williams 

and Gallina (2002) investigated a discrete calculation of the wrench-closure workspace of a 

planar four-wire-actuated parallel manipulator to determine the design of such a manipulator with 

the largest possible range of orientations. Kossowski and Notash (2002) investigated the 

workspace of a spatial manipulator with a parallel linkage (rigid body kinematic chain) actuated 

by wires. The parallel linkage actuated by wires allows the manipulator to be lightweight and 

offer four degrees of freedom, three translational and one rotation, with a large workspace. The 

wrench-closure workspace of a parallel manipulator with hybrid actuation of joints and wires was 

studied by Sahin and Notash (2007). Ferraresi et al. (2006) introduced a new method of 

formulating the workspace of wire-actuated manipulators with six degrees of freedom and nine 

wires to compare the workspaces of multiple wire-actuated manipulators.  

One method for the discrete solution for the workspace, based on the formulation of wire tension, 

uses the null space of the manipulator‟s Jacobian matrix. Roberts et al. (1998) and Oh and 
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Agrawal (2005) used this method to calculate the workspace of wire-actuated parallel 

manipulators. This method projects arbitrary vectors (with correct dimension) to the null space of 

the Jacobian matrix such that when the projection is added to the particular solution, formulated 

using external forces and the Jacobian matrix, it results in positive wire tensions, this will be 

referred to as the null space method in this thesis. Roberts et al. (1998) used a geometric analysis 

of the null space of the Jacobian matrix to investigate if a pose of the manipulator was reachable 

while maintaining positive wire tension. They also formulated the maximum orientation of the 

mobile platform of the planar manipulator given its configuration, and a short analysis of the fault 

tolerance to the breaking of a wire was done for four-wire-actuated parallel manipulators. 

Oh and Agrawal (2005) performed simulation and experiment on the workspace and wire 

tensions of a planar wire-actuated parallel manipulator using an optimization approach for solving 

the wire tensions from the null space of the Jacobian matrix. An alternate approach referred to in 

this thesis as the constrained workspace method, presented by Hay and Snyman (2006), examined 

the Jacobian matrix by separating it into two matrices and determined if the wire tensions for a 

given pose were within the desired maximum and minimum tensions.  

Another method presented for the discrete solution to the workspace of wire-actuated parallel 

manipulators was formulated using the convex hull theory. A convex hull is the smallest convex 

polyhedron which can be formed around any set of points. The wrench-closure workspace 

calculation method mentioned in (Pham et al., 2006) looked at each column of the Jacobian 

matrix as a vertex of a convex hull and determined if the convex hull surrounded the origin. If the 

convex hull did encase the origin then the pose corresponding to the Jacobian matrix was 

contained in the workspace. 
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Diao and Ma (2007a) presented a method of using convex hull theory for workspace generation 

by verifying the wrench closure of a general six degree of freedom manipulator with seven 

cables. By manipulating the Jacobian matrix, a vector was obtained that had all negative values if 

the manipulator had wrench closure; if the vector did not have all negative values then the 

manipulator did not have wrench closure. Diao and Ma (2007b) generalized the method 

introduced in Diao and Ma (2007a) for any spatial six-degree-of-freedom wire-actuated parallel 

manipulator.  

The Jacobian matrix can be investigated to find an analytical solution for the wrench-closure 

workspace of planar wire-actuated parallel manipulators. Gouttefarde and Gosselin (2004) 

showed that the null space of the Jacobian matrix for a planar four-wire-actuated parallel 

manipulator could be formulated using the determinants of the minors ( m x n−1 submatrices, 

where m is the degrees of freedom of the manipulator and n is the number of wires) of the 

Jacobian matrix; and these formulations could be used to define the borders of the workspace. 

Gouttefard and Gosselin (2006) extended the previous work by investigating the properties of the 

columns of the Jacobian matrix to formulate the workspaces of planar wire-actuated parallel 

manipulators with more than four wires. Stump and Kumar (2006) presented another analytical 

method of calculating the borders of the workspace using inequalities derived from Farkas‟ 

Lemma and Stiemke‟s Lemma, which state the existence of a positive solution to a linear matrix 

equation. By plotting the intersection of these inequalities the workspace of the manipulator was 

generated.  

The discrete workspace models based on wire tension can account for external wrenches such as 

gravity acting on the mobile platform, while the analytical models presented do not. The 

minimum and maximum tensions of the wires are accounted for only in the null space and 
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constrained workspace methods. Discrete models which do not take into account wire tensions 

have also been considered using convex analysis (Pham et al. 2006), (Diao and Ma, 2007a), and 

(Diao and Ma, 2007b). None of the methods discussed so far take into account the elasticity of 

the wires. Korayem and Bamdad (2007) formulated the workspace of two- and three-wire-

actuated planar manipulators operating in the plane of gravity and taking into account the 

elasticity of the wires. The resulting workspaces were very different than those of the 

manipulators where the elasticity of the wires not taken into account, showing that for some 

manipulator configurations the elasticity of the wires cannot be ignored. Li et al. (2008) 

investigated the workspace of a radio telescope whose receiver platform was suspended by six 

flexible cables. The receiver platform had two degrees of freedom in translation. The sag in the 

cables due to the long length was taken into account generating a spatial workspace. A non-linear 

constrained optimization of the cable tensions, taking into account the cable sag, identified 

discrete locations of the receiver platform contained within the workspace.   

When designing a wire-actuated parallel manipulator it is usually important to ensure that 

interference between the cables does not occur. But Wischnitzer et. al. (2008) studied the 

workspace of wire-actuated parallel manipulators that allow collisions between wires to increase 

the workspace. An experiment was formed to show that the workspace volume was increased and 

that the frictionless model of the colliding wires was sufficient for real world applications with 

wire length error at 1% or less. One drawback of wire-actuated parallel manipulators is using a 

spool to change the length of a wire. When decreasing the wire length, the wire must wrap around 

the spool. As the wire spools onto itself, the diameter that the wire wraps around is increased. The 

accuracy of the manipulator decreases if the change in the diameter that the wire wraps around is 
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not taken into account. Merlet (2008) overcame this problem using a linear actuator combined 

with a set of pulleys. 

For tasks that require fast motions it is necessary to formulate the dynamic workspace of a 

manipulator. Oh and Agrawal (2006a) formulated the dynamic workspace of a spatial six-wire-

actuated parallel manipulator with six degrees of freedom. Similar to the static case, the force of 

gravity acting on the mobile platform was used to keep wire tensions positive. The analysis was 

simplified to the motion on the vertical plane with zero orientation, and the positive tensions were 

ensured using a sliding mode controller in simulation and experimentation. Oh and Agrawal 

(2006b) formulated the dynamic workspace of the same manipulator but a Lyapunov controller 

was used instead of the sliding mode controller. Schmalz and Agrawal (2008) investigated the 

dynamic workspace of planar tensegrity mechanisms. The null space of the Jacobian matrix was 

utilized to ensure positive wire tensions.  

There are poses/configurations of a parallel manipulator that cause the manipulator to lose 

degrees of freedom or lose the ability to apply/resist wrenches. These configurations are called 

singular (or special) configurations (Tsai, 1999). Parallel manipulators can have many singular 

configurations in their workspace.  Ma and Angeles (1991) studied the singularities arising from 

the architecture of a Stewart-Gough platform, six legs connecting the base and the mobile 

platform. Notash (1998) investigated the singular configurations of rigid-body parallel 

manipulators with three legs, each with six degrees of freedom, arising from the configuration of 

actuation in the legs of the manipulator. Formulation and analysis of singular configurations for 

planar wire-actuated parallel manipulators are similar to that of parallel manipulators with rigid 

body branches, such as the shape of the base and the mobile platforms must be different to avoid 

singularities (Roberts et al., 1998). Diao et al. (2008) also investigated the singularities of planar 
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wire-actuated parallel manipulators. The singularities are classified in two groups: those due to a 

rank-deficient Jacobian matrix; and those due to the wires‟ ability to obtain wrench closure. If the 

dot products of row vectors of the Jacobian matrix with any vector in R
3
 have different signs the 

manipulator does not have a wrench closure singularity. Landsberger and Sheridan (1993) 

investigated the singularities of a wire-actuated Stewart platform with a spine to preload the 

cables.  A geometric method was used to formulate the singularities due to the Stewart platform 

layout and the singularities due to the inability of the wires to apply positive tension were 

investigated. When investigating the workspace of a manipulator it is important to understand the 

configurations and poses that create singularities. Notash and Huang (2003) classify singularities 

as a failure, so by designing manipulators with redundancy to avoid singularities, the 

manipulators will become fault tolerant.    

Fault tolerance is another important design parameter of any manipulator. Fault tolerance is how 

well the manipulator will operate after there has been a malfunction in hardware or software. 

There are many different kinds of fault tolerance for different hardware or different software 

malfunctions for parallel robot manipulators with rigid body branches such as branch failure, 

actuation failure, or sensor failure (Notash and Huang, 2003). There have been studies of fault 

tolerance on parallel manipulators with rigid body branches to investigate placement of redundant 

joints for joint failure (Hassan, 2005) and (Hassan and Notash, 2005).  

Stiffness is also a very important design factor for parallel manipulators. The stiffness determines 

the amount of deflection that the end effector (mobile platform) undergoes during operation. 

Thus, the stiffness helps determine the position error of the end effecter and is important in the 

control of the manipulator. The non-linear stiffness of a one-degree-of-freedom manipulator 

actuated by two wires in parallel was studied by Morizono et al. (1996). Kino et al. (2000) 
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reduced the vibration in a wire-actuated parallel manipulator by increasing the stiffness of the 

manipulator. The stiffness of the manipulator was increased by the strategic placement of wires.  

Kinematics and dynamics have been studied for rigid-body parallel manipulators, e.g., refer to 

(Tsai, 1999). Kinematics goes over the position, velocity, and acceleration analysis while 

dynamics goes over forces of the parallel manipulator. For planar wire-actuated parallel 

manipulators, kinematics and dynamics have been studied by Williams and Gallina (2003) and 

Trevisani et al. (2006). Williams and Gallina (2003) investigate the kinematics and dynamics of a 

planar translational wire-actuated parallel manipulator, i.e., the rotation of the manipulator is not 

controlled, including the dynamics of the motors and wire spooling drum. Trevisani et al. (2006)  

studied the kinematics and dynamics of a planar translational wire-actuated parallel manipulator 

with a linkage support. Arsenault and Gosselin (2006) studied the kinematics, statics, workspace 

and dynamics of a planar tensegrity mechanism.  

Wire-actuated manipulators have many uses, such as haptic interfaces.  Kljuno and Williams 

(2008) developed the control and design of a nine-wire-actuated parallel manipulator with six 

degrees of freedom for use as a vehicle simulation system. Through workspace analysis, it was 

demonstrated that orientation and inertial effects alter the workspace size of the vehicle simulator. 

Another simulator was designed as a haptic interface using a wire-actuated parallel manipulator 

to simulate walking. Two separate platforms, one for each foot, apply a wrench that represents a 

virtual environment to the foot of the user (Otis et al., 2008). Another haptic interface, for the 

human hand to interact with a virtual environment, was designed using a three-wire-actuated 

parallel manipulator (Ferlay and Gosselin, 2008). A device designed for high performance linear 

transmission used a particular configuration of two threaded spools wrapping up a single wire. 
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This provided accurate linear motion which was used to stabilize an inverted double pendulum 

and as a component of a large user interface device (Savall et al., 2008). 

Apart from haptic interfaces, wire-actuated parallel manipulators have been proposed for a wide 

variety of applications, ranging from medical and rescue operations to radio telescopes. Rosati et 

al. (2007) showed that a wire-actuated manipulator was used successfully for neurorehabilitation. 

A three degree of freedom spatial manipulator, controlled by three wires, allowed patients to 

partake in therapy exercises to increase upper limb mobility. Clinical trials showed a greater 

reduction in impairment for patients who did exercises with the manipulator. Because of the large 

size of radio telescopes it has been proposed that wire-actuated parallel robots be used to control 

the position of the receiver. A macro-micro parallel manipulator, presented by Taghirad and 

Nahon (2008), is designed to control the position and orientation of a receiver for a large radio 

telescope. The macro part of the manipulator, controlling position, has an aerostat connected to 

the mobile platform which provides tension to the wires which are connected to the ground. The 

micro part of the manipulator is within the mobile platform to control the orientation of the 

receiver of the radio telescope. Another design to control the receiver of a radio telescope, 

proposed by Zi et al. (2008), without the use of an aerostat, is a spatial six-wire-actuated parallel 

manipulator. Since the wires are very long, the sagging of the wires is taken into account when 

formulating the pose of the mobile platform. By combining wire-actuated parallel manipulators in 

series, a serial manipulator can be formed with attributes, such as seven degrees of freedom, 

similar to that of a human arm. A manipulator is designed by Wang et al. (2007) to offer 

decoupled motion of the shoulder, elbow, and wrist joints. Ottaviano (2008) designed and 

formulated the workspace for a planar and under-constrained spatial four-wire-actuated parallel 
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manipulators for use in rescue operations because of the easy deployment and large workspace of 

wire-actuated parallel manipulators. 

The study of wire-actuated parallel manipulators has produced varied designs, methods of 

control, and methods of workspace formulation. The varied designs of wire-actuated parallel 

manipulators show that there are many important applications that benefit from the use of wire-

actuated parallel manipulators. Since the wires need to have zero or positive tension, the control 

and workspace formulation of these manipulators offer different challenges compared to rigid 

body parallel manipulators. The studies of workspace formulation have concentrated on the static 

workspace formulation with both discrete and analytical formulations. With many workspace 

formulation methods it is not clear which methods should be used when designing a manipulator. 

Many of the workspace formulation methods cannot model external wrench acting on the mobile 

platform. This thesis extends two methods of workspace formulation to include external wrench 

and presents a new workspace formulation method, which has both discrete and analytical 

formulations. As well, this thesis compares the results of these three workspace formulation 

methods with another method from literature to find the best use of each of the investigated 

methods. 
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Chapter 3 

Mathematical Formulation of Wire-Actuated Parallel Manipulators 

In this chapter, a mathematical description of wire-actuated parallel manipulators is formulated. 

The kinematic and static descriptions of a wire-actuated parallel manipulator are required to 

formulate the tension and length of the wires for different poses of the manipulator. The model 

for wire-actuated parallel manipulators presented in this chapter is required for workspace 

generation.  

Section 3.1 investigates the kinematics, statics, and wire tension of planar and spatial 

manipulators. Section 3.2 finds the range of positive wire tensions for a given pose of the 

manipulator and Section 3.3 introduces an algorithm for calculating the workspace of a wire-

actuated parallel manipulator using wire tension formulation.  

3.1 Kinematics and Statics 

This section investigates the kinematics and statics of planar, Section 3.1.1, and spatial, Section 

3.1.2, wire-actuated parallel manipulators. The coordinate systems, parameters, and force balance 

equations are described for general planar and spatial manipulators. Section 3.1.3 describes wire 

tension calculation for both planar and spatial manipulators. 

3.1.1 Planar Manipulators 

The kinematics and statics of planar wire-actuated parallel manipulators are given in this section. 

The coordinates and parameters for a planar wire-actuated parallel manipulator are shown in 

Figure 3.1. The base has the fixed coordinate system Ψ(X, Y), located at 0, while the mobile 

platform has a moving coordinate system, Γ(X‟, Y‟), fixed to the center of mass point P; P has 
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coordinates (x, y) in Ψ(X, Y). The mobile platform is connected to the base by n wires, each with 

length li. The attachment points of the wires to the base platform, anchors, are denoted Ai, while 

the attachment points on the mobile platform are denoted Bi. The angle at which the mobile 

platform is oriented with respect to Ψ(X, Y) is given as φ and the orientation of lines iPB  with 

respect to the mobile platform frame Γ(X‟, Y‟)  are given by angles θi. For the following analysis, 

unless otherwise stated, all of these parameters are assumed to be known. 

 

Figure 3.1 Coordinates and variables for planar wire-actuated parallel manipulators. 

The position vector of point Ai with respect to the fixed frame, Ψ(X, Y), is  
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where aix is the distance in the x-direction and aiy is in the y-direction of Ψ(X, Y). The position 

vector of point Bi with respect to Γ(X‟, Y‟) is given as 
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where bi is the length of the line segment iPB . Then, the position of Bi relative to the base is 

calculated using the transformation matrix from Γ(X‟, Y‟) to Ψ(X, Y). The transformation matrix 

is given by 
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Thus the position of point Bi in the base frame, ib
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To find the vector of the magnitude and direction of each wire, the wire attachment point on the 

mobile platform is subtracted from the corresponding anchor position (base attachment point) 
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To determine the wire forces, τi, the dynamic force balances are required as follows.  
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cos  (3.8.1) 
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 (3.8.3) 

where iixi l l/cos  , iiyi l l/sin  , mm and Iz are the mass and the moment of inertia of 

the mobile platform respectively, g = 9.81m/s
2 

is the gravitational constant, x and y  are the 
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accelerations in the x and y direction respectively,   is the angular acceleration of the mobile 

platform, 
xextF and 

yextF  are the components of the external force acting on the mobile platform, 

zextM is the external moment  acting on the mobile platform about the Z-axis, and vi is the normal 

distance from point P to each wire axis, 

    niybxb iiyiixi ,,1cossin     (3.9) 

Using matrix notation, force and moment balance equations (3.8.1)-(3.8.3) the dynamic and static 

case can be written as the transpose of Jacobian matrix, 

τJF T  
(3.10) 

where F is the wrench that the mobile platform could apply/resist with 
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for the dynamic case. For the calculation of the workspace, it is assumed that with slow motion 

the static force relationships of the manipulator can be used to determine if a discrete point is 

contained within the dynamic workspace. For the static case in the plane perpendicular to gravity 

(horizontal plane) the parameters x , y ,   and the external forces in equations (3.8.1)-(3.8.3) are 

zero so  T000F  and  Tmgm 00F for the case where the manipulator is in the plane 

parallel to gravity.  Tn 1  and 
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It should be noted that equation (3.12) is the transpose of the Jacobian matrix derived by velocity 

analysis it will be labelled as such through the remainder of the thesis. 

3.1.2 Spatial Manipulators 

This section goes over the kinematics and statics of spatial wire-actuated parallel manipulators. 

The coordinates and parameters for a spatial wire-actuated parallel manipulator are shown in 

Figure 3.2. The base has the fixed coordinate system Ψ(X, Y, Z) located at 0, while the mobile 

platform has a coordinate system, Γ(X‟, Y‟, Z'), fixed to the center of mass point P; P has 

coordinates (x, y, z) in Ψ(X, Y, Z). The mobile platform is connected to the base by n wires each 

with length li. The anchors are denoted Ai, while the attachment points for the wires on the mobile 

platform are denoted Bi. The Euler angles at which the mobile platform is oriented with respect to 

Ψ(X, Y, Z) are given as (φ, γ, ψ), for z-y-z rotations. The location of the wire attachment points 

on the mobile platform are defined using a cylindrical coordinate system, (ri, θi , wi), ri is the 

radius of the mobile platform for the i
th
 wire connection point, θi is the angle about the Z‟-axis 

that iPB  makes with the X‟-axis, and wi is the distance in the Z‟-direction for the i
th
 wire 

connection point. For the following analysis, unless otherwise stated, all of these parameters are 

assumed to be known. 

 

Figure 3.2 Coordinates and variables for spatial wire-actuated parallel manipulators. 
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The position vector of point Ai with respect to the fixed frame Ψ(X, Y, Z) is   

  niaaa
T

iziyixi ...,,1, 
a  (3.13) 

where aix is the distance in the x-direction, aiy is in the y-direction, and aiz is the distance in the z-

direction of Ψ(X, Y, Z). The position vector of point Bi with respect to Γ(X‟, Y‟, Z`) is given as  
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Then, the position of Bi relative to the base is calculated using the transformation matrix from 

Γ(X‟, Y‟, Z`) to Ψ(X, Y, Z). Using the z-y-z rotation for Euler angles, the transformation matrix 
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Thus the position of point Bi in the base frame, 
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To find the vector of the magnitude and direction of each wire, the wire attachment point on the 

mobile platform is subtracted from the corresponding anchor position. 

niiii ,...,1,  
bal  (3.17) 

To determine the dynamic wire forces, τi, which allows the manipulator to operate in the 

workspace, the dynamic force balances are as follows. 
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where 
iixi lxproj l/ ,

iiyi lyproj l/ , and
iizi lzproj l/ , mm is the mass of the mobile 

platform and g = 9.81m/s
2 

is the gravitational constant; x , y , and z  are the accelerations in the 

X-, Y-, and Z-directions respectively; 
xextF , 

yextF , and 
zextF  are the components of the external 

force acting on the mobile platform; 
x , y , and z  are the components of the angular velocity 

of the mobile platform; 
xextM , 

yextM , and 
zextM  are the components of the external moment 

around the X‟-, Y‟-, and Z‟-axis acting on the mobile platform respectively; Hx, Hy, Hz are 

components of the angular momentum, given in the following equation (Meriam and Kraige, 

2003). 











































zzzyzyxzx

zyzyyyxyx

zxzyxyxxx

z

y

x

III

III

III

H

H

H













H

 

(3.19) 



 

26 

 

with moments of inertia Ixx, Iyy, Izz, and products of inertia Ixy = Iyx, Izx = Ixz, Iyz = Izy.  In equation 

(3.18), xH , 
yH , and 

zH  are the time derivatives of the components of angular momentum and 

vix, viy, viz are the components of the normal distance from point P to each wire axis, 
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For the calculation of the workspace, it is assumed that with slow motion the static force 

relationships of the manipulator can be used to determine if a discrete point is contained within 

the dynamic workspace. For the static case the linear accelerations, x , y , z , the angular 

velocities, 
x , y , z  and angular accelerations are zero. Using matrix notation, the static case 

of the force and moment balance equations, (3.18) can be written as the transpose of Jacobian 

matrix  

τJF T  
(3.21)    

where F is the wrench that the mobile platform could apply/resist with 

  Textextextextextext zyxzyx
MMMmgFFF F

 
(3.22) 

When external forces and gravity are not taken into account,  T000000F , and 

 Tmgm 00000F  for the case where gravity is taken into account. 

 Tn 1τ and  
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(3.23) 

Since equation (3.23) is the transpose of the Jacobian matrix for a spatial manipulator derived by 

velocity analysis it will be labelled as such through the remainder of the thesis.  

3.1.3 Tension Formulation 

The tensions of the wires can be calculated using the same method for either a planar manipulator 

or a spatial manipulator. Regardless of the DOF of the manipulator, given F, the wire tensions 

need to be greater than or equal to zero for the mobile platform to be in the feasible workspace. 

This is done using the equation from redundant serial robots (Yoshikawa, 1990) applied for 

forces  

 kJJIFJτ TTT ##   
(3.24) 

where the first term is the minimum norm or particular solution and the second term is the 

homogeneous solution that maps the free vector  k to the null space of J
T
. J

#T
 is the Moore-

Penrose inverse since J
T
 is a 3 by n matrix where n>3, it is calculated with the following 

equation. 

    11# 
 JJJJJ

TTT

 
(3.25) 

As an alternative to equation (3.24), the homogeneous term is written in terms of an arbitrary 

vector λ multiplied by the matrix N whose columns span the kernel of the Jacobian transpose. For 
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methods of calculating N, please see Appendix A. It has been shown that the range of the (I–

J
#T

J
T
) is equal to the null space of J

T
 (Nakamura, 1991). 

NλFJτ  T#

 
(3.26) 

where λ is chosen to make the wire tension τ positive. So testing each location and choosing a λ 

that creates τi ≥ 0, i = 1, …, n ensures that the location is inside the workspace, this will be 

referred to as the null space method for formulating the workspace of a wire-actuate parallel 

manipulator.  

3.2 Feasible Range of λ 

The range for λ that, if possible, allows positive tension in the wires can be expressed in terms of 

the minimum norm solution, J
#T

F, and the matrix (or vector) that spans the null space of J
T
.   The 

method of formulating the range of λ that generates positive wire tensions depends on the 

configuration of the manipulator and the existence of a non-zero external wrench acting on the 

mobile platform.  If the manipulator has no external wrench acting on it, F = 0, the minimum 

norm solution is the zero vector. For this case, the wire tensions are calculated using only the 

matrix (or vector) that spans the null space of J
T
. For a non-redundant wire-actuated parallel 

manipulator (n degrees of freedom and (n + 1) wires), the null space is spanned by a single vector 

and λ has only one entry. For a non-redundant wire-actuated parallel manipulator with no external 

wrench to have all positive wire tensions, the vector that spans the null space must contain only 

positive entries or only negative entries. To create positive tensions in the wires, the value for λ 

must be a real positive number if the vector that spans the null space has all positive entries or λ 

must be a real negative number if the vector that spans the null space has only negative entries. In 

this case if a minimum wire tension higher than zero is desired then a minimum λ can be easily 
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found by dividing the minimum desired wire tension by the entry of the null space vector, the 

vector that spans the null space, that has minimum magnitude. If the values of wire tensions are 

not important then it is sufficient to check if the null space vector has only negative or only 

positive entries to determine if the pose used to form the Jacobian matrix is within the workspace.  

For manipulators with more than (n + 1) wires, a redundant manipulator, the null space of the 

transposed Jacobian matrix is spanned by a matrix with more than one column and λ is a vector 

with multiple entries. For a redundant manipulator operating with or without external wrench, if 

one column of the matrix that spans the null space contains either all positive entries or all 

negative entries then the pose is inside the workspace. The λ entry corresponding to that column 

with all positive or all negative entries can be chosen to create positive values greater than any 

negative entries in other columns of the matrix that spans the null space or the minimum norm 

solution. To generate positive wire tensions for redundant manipulators, it is not necessary that 

one of the columns of the matrix that spans the null space have only positive or only negative 

entries. Without the loss of generality, one entry of λ can be chosen as 1 making the 

corresponding column of the null space matrix equivalent to the minimum norm solution as if F ≠ 

0. 

If an external wrench is applied to the manipulator, such as gravity acting on the mobile platform 

then the minimum norm solution has at least one non-zero entry. This signifies that a vector that 

spans the null space need not have only positive or negative entries for positive wire tensions. For 

a non-zero external wrench, and thus a non-zero minimum norm solution, if a column of the 

matrix (or the vector) that spans the null space has only positive or only negative entries then 

there will exist a λ that creates positive wire tension. If the entries of the columns of the matrix 

that spans null space are not entirely positive or entirely negative then a range of λ, if possible, 
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can be identified that can create positive tensions in the wires.  A range of λ that creates positive 

tension is found for each wire by solving for the value of the corresponding λ that creates a zero 

tension in the wire and investigating if values above or below that value of λ create positive 

tension for that wire. The intersection of these ranges is the feasible range (Oh and Agrawal, 

2005) of λ that generates positive tension for all wires in the manipulator. For a manipulator with 

n+1 wires, a non-redundant manipulator, the null space is spanned by a vector of length (n + 1)  

and it is possible to plot the feasible range of λ. For example, the following minimum norm 

solution, J
#T

F, and the null space vector are given for F = J
T
τ and the feasible range of λ is 

calculated.  

If  TT 9714# FJ and the null space is spanned by the vector N, 

 T3145.0 N , then assuming a minimum tension of zero, the formulation of wire 

tensions using equation (3.26) is given by      0
T

3145.09714  . This 

equation is written as four individual inequalities and plotted as functions of λ in Figure 3.3. 

Figure 3.3 is the feasible range of λ (1/4 ≤ λ ≤ 7) that create positive wire tensions for this 

example. 

 

Figure 3.3 Values of λ that generate positive tensions. 
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A similar method can be used for identifying the range of entries of vector λ for redundant 

manipulators. For a planar wire-actuated parallel manipulator with one degree of redundancy, five 

wires, the null space is spanned by a (5 x 2) matrix and the wire tensions are a function of the two 

variables, λ1 and λ2. Each row of the equation for tension, equation (3.26), for redundant 

manipulators can be written as an inequality which is a function of the two elements of λ. These 

can be illustrated as linear inequalities on a plane of λ1 and λ2.  The area on this plane which 

satisfies all five of the linear inequalities is the feasible area for λ. An example plot can be seen in 

Figure 3.4. This can be extended to more degrees of redundancy by increasing the dimension of 

the plots.  

 

Figure 3.4 Example feasible area for planar wire-actuated parallel manipulators with five 

wires. 

 By the investigation of the null space of J
T
 and the minimum norm solution, it is possible to find 

λ values that allow the manipulator to have positive wire tensions without iterating through λ 

values. These methods significantly reduce the calculation time of the workspace when using 

equation (3.26) and checking for positive wire tensions for each pose. 

λ1 

λ2 
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3.3 Null Space Method Algorithm 

With the formulation of the transposed Jacobian matrix, vectors which span the null space of the 

transposed Jacobian matrix, and the feasible range of λ, an algorithm can be constructed to 

formulate the workspace of a manipulator using the null space method. Algorithm 3.1 states the 

steps required to formulate the workspace of a wire-actuated parallel manipulator using the null 

space method.  Since each pose of the manipulator must be investigated separately for inclusion 

in the workspace this method is called a discrete workspace method.   

Algorithm 3.1 Null Space Method 

1. Formulate the anchor positions and wire connection points on the mobile platform in 

each coordinate frame respectively.  

2. Select a pose of the manipulator to be investigated for inclusion in the workspace. 

3. Formulate the transposed Jacobian matrix for that pose. 

4. Calculate the minimum norm solution. 

5. Formulate the null space of the transposed Jacobian matrix. 

6. Calculate the feasible range of λ, if it is non-empty then current pose is contained 

within workspace. 

7. Repeat steps 3-6 for all poses desired.  

8. Collect poses with non-empty feasible ranges of λ to comprise the workspace.  

9. End. 
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3.4 Chapter Summary 

In this chapter, the null space method for the workspace calculation of wire-actuated parallel 

manipulators was described. The kinematics and statics were formulated for both planar and 

spatial manipulators so that the transposed Jacobian matrix and the vector (or matrix) that spans 

the null space of the transposed Jacobian matrix can be calculated. The calculation of positive 

wire tensions was described so a pose could be checked for inclusion in the workspace of a 

manipulator. These formulations lead to the null space method algorithm presented for the 

formulation of the workspace of wire-actuated parallel manipulators. In the following chapter the 

null space method is applied to example planar and spatial manipulators. 
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Chapter 4 

Workspace and Tensions Formulation of Wire-Actuated Manipulators 

using Null Space Method
2
  

In this chapter, an investigation of the workspaces of wire-actuated manipulators is performed 

using the null space method. Throughout the chapter, the same anchor positions are used, but the 

position of the wire attachments on the mobile platform are changed in each section. For the 

layout investigated in Section 4.1, the crossing of wires and the connecting of multiple wires to 

the same point on the mobile platform are not permitted. In Section 4.2, the crossing of wires is 

considered but wire attachments on the mobile platform do not share the same point on the 

mobile platform. In Section 4.3, two wires are attached to the same point on the mobile platform, 

but the crossing of wires is not allowed. Section 4.4 investigates a manipulator with crossing 

wires and two wires attached to the same point on the mobile platform. A redundant manipulator 

is investigated in Section 4.5 and Section 4.6 compares the workspace of each manipulator. 

Section 4.7 formulates the workspace for a spatial wire-actuated parallel manipulator.  

4.1 Symmetrical Wire Manipulator Setup  

A four-wire-actuated manipulator layout in which the crossing of wires is not considered and that 

uses distinct wire attachment points on the mobile platform is given in Figure 4.1. Using a setup 

as in Figure 4.1 with zero external wrench, the constant orientation workspace, the locations 

reachable with positive wire tension for a constant φ, is calculated using the formulation in 

                                                      

2
 The work in this chapter is based on McColl and Notash (2008a). 
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Chapter 3
3
 . The following coordinates are utilized in simulation, {(–4, –3), (4, –3), (4, 3), (–4, 

3)} for the anchor positions, 
Ψ
ai, and {(–0.3536, –0.3536), ( 0.3536, –0.3536), ( 0.3536, 0.3536), 

(–0.3536, 0.3536)} as the wire connection points on the mobile platform, 
Γ
bi. In the diagrams of 

the manipulators, the anchor positions are the locations, at which the wires make contact with the 

spool, it is assumed that for any pose of the mobile platform the anchor positions stays constant. 

Wire connection points on the mobile platform are calculated by using a radius of 0.5 units for the 

mobile platform with the angles {225
o
, 315

o
, 45

o
, 135

o
} for the four connection points. Since the 

null space method does not account for the mass, flexibility or friction of the wires the results of 

the null space method does not change for different units of length. The workspace results would 

be the same if the lengths were measured in millimetres, meters, etc. For this reason, the 

workspace plots in this chapter do not have a specific units of length labelled on the axes.  Figure 

4.2 shows the constant orientation workspace for the manipulator in Figure 4.1. The small circles 

in the figures are the anchor positions. The black area in each plot is the collection of poses 

reachable by the centre of mass of the mobile platform. At each point in Figure 4.2 the Jacobian 

matrix is calculated, inverted using equation (3.25) and a λ is found to solve equation (3.26) 

under the condition that τi > 0, i = 1,…,n. If it is not possible to find a λ that makes each wire 

tension positive then that location is not in the workspace. It should be noted that this method 

does not take into account any wire to wire or wire to mobile platform interference.  

                                                      

3
 Matlab® program workspacev2.m was written to formulate the workspace using the null space method. 
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Figure 4.1 Example four-wire-actuated manipulator with symmetrical configuration. 

Figure 4.2 shows six different constant orientation workspaces for the manipulator in Figure 4.1. 

Figure 4.2(a) shows the workspace when the plane of motion is perpendicular to gravity, so 

gravity has no effect, with the orientation of the mobile platform set to φ = 0
o
. Since the size of 

mobile platform is not negligible the workspace of Figure 4.2 does not include the locations of 

the anchors. The distance the workspace boundary is from the lines made by connecting the 

anchors is equal to the distance from the center of the mobile platform to its edge. Figure 4.2(b) is 

different from Figure 4.2(a) only because the manipulator is now acting in a plane parallel to the 

field of gravity. Gravity acts as an extra wire that provides a constant tension in a constant 

direction, −Y-direction. The maximum tension of the wires depends on the null space of the 

Jacobian matrix and λ when using the formulation of tension from Chapter 3. Through the rest of 

the thesis, unless otherwise stated, the wires will be assumed to be a 7 x 7 strand core steel wire 

rope with a breaking tension of approximately 2100N (McMaster-Carr, pg.1299). A safety factor 

of 4 is used to insure the safe operation of the manipulator, resulting in the allowed maximum 

wire tension of 525N. The workspace has a shape that tapers off at infinity in the negative Y-

direction for manipulators acting in a plane parallel to gravity. As the mobile platform descends 

Wire 1 Wire 2 

Wire 3 

Wire 4 
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in the negative Y-direction, direction of gravity, the wires approach becoming parallel at infinity; 

once the wires are parallel the mobile platform can no longer be fully controlled, so the 

workspace tapers off at infinity in the negative Y-direction. Figure 4.2(c) shows the workspace in 

the plane perpendicular to gravity with φ = 2
o
. It can be seen that the workspace has shrunk due to 

the change in orientation. The same can be said about Figure 4.2(d) which is the workspace with 

φ = 2
o
 in the plane parallel to gravity. Figure 4.2(e) and Figure 4.2(f) show the same comparison 

except with φ = 5
o
, without and with gravity respectively. This manipulator is also tested at φ = 

20
o
, but the workspace is empty and is not shown. Considering Figure 4.2(e) and Figure 4.2(f) in 

the upper left portion of workspace plots, there is a slight difference in the size of the workspace 

without gravity and the workspace with gravity, i.e. the section highlighted with the box of 

dashed lines in Figure 4.2(e) and Figure 4.2(f). This happens because gravity creates the need for 

higher tensions, thus the regions of the workspace that already have high tensions in the plane 

perpendicular to gravity could not be regions in the workspace with gravity. If there is a higher 

limit on the maximum wire tension, it is possible the size of the workspace will increase. For the 

case of the manipulator in Figure 4.1 without an external wrench, the workspace does not change 

with an increase in maximum wire tension. This is because wire tensions for poses in the 

workspace without an external wrench are calculated using only the vector that spans the null 

space of the transposed Jacobian matrix. Thus wire tensions at any location within  the workspace 

can be made as small as desired by choosing a smaller value for the scalar λ. For the workspace of 

the manipulator in Figure 4.1 with gravity there is a slight increase in the area of the workspace if 

higher wire tension limits are used because the minimum norm solution creates negative solutions 

that must be overcome by the vector that spans the null space. Increasing the maximum tension to 
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1000N does not change the workspace in Figure 4.2(e), as seen in Figure 4.3(a). The workspace 

in Figure 4.2(f) is increased slightly by 0.4% when maximum tension is increased in 1000 N.  

 

(a) φ = 0
o
 without gravity 

 

(b) φ = 0
o
 with  gravity 

 

(c) at φ = 2
o
 without gravity 

 

(d) φ = 2
o
 with gravity 

 

(e) φ = 5
o
 without gravity  

 

(f) φ = 5
o
 with gravity 

Figure 4.2 Workspace of manipulator in Figure 4.1 with maximum tension of 525 N. 

The maximum tension for a single wire in the workspace in Figure 4.3(a) is 429 N, this is within 

the acceptable tension limit of 525 N, but for Figure 4.3(b) the maximum tension is 687 N which 

is above the allowable tension limit of 525 N. These plots show the great variation of workspaces 
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that can be found with a single manipulator looking at just the constant orientation workspace for 

a small selection of poses. Table 4.1 shows the maximum tension required for the workspace of 

the specified plot. 

 

(a) φ = 5
o
 without gravity 

 

(b) φ = 5
o
 with  gravity 

Figure 4.3 Workspaces with 1000 N maximum tension. 

Table 4.1 Maximum Tensions. 

Plot  Maximum Wire Tension  

Figure 4.2(a) 130 N 

Figure 4.2(b) 524 N 

Figure 4.2(c) 515 N 

Figure 4.2(d) 491 N 

Figure 4.2(e) 508 N 

Figure 4.2(f) 485 N 

Figure 4.3(a) 701 N 

Figure 4.3(b) 760 N 

  

The motion of the manipulator is also examined. It is verified that the tensions of all the wires are 

kept above zero when the manipulator is inside the workspace.  The tensions in Figure 4.4 are for 
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the straight line path from (–1, 1) to (1, –1) for constant φ = 5
o
 and maximum tension of 525 N in 

the horizontal plane with a one second duration. The mass of the mobile platform is 1 kg. The 

manipulator starts with acceleration but zero velocity at (–1, 1) then decelerates after the 

midpoint, (0, 0), is reached to have a negative acceleration but zero velocity at (1, –1) after one 

second. For all tension plots, it can be seen that all the wire tensions are well below the 525N 

limit. Wire one has an anchor in the bottom left-hand corner and the rest of the wires are 

numbered in a counter clockwise direction. It can be seen in Figure 4.4 that a symmetrical path 

causes mirrored tensions. Wires 2 and 4 have mirrored tensions and wires 1 and 3 have mirrored 

tensions. 

  

  

Figure 4.4 Wire tensions for manipulator in Figure 4.1 for straight path from (–1, 1) to      

(1, –1).  
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4.2 Crossed Wire Manipulator Configuration 

A four-wire-actuated planar parallel manipulator that has the mobile platform wire attachments 

set so that the wires are crossed is shown in Figure 4.5. Using a setup as in Figure 4.5 with zero 

external wrench, the constant orientation workspace is calculated for the following coordinates 

{(–4, –3), (4, –3), (4, 3), (–4, 3)} for the anchor positions, 
Ψ
ai, and {(–0.3536, 0.3536), ( 0.3536, 

0.3536), ( 0.3536, –0.3536), (–0.3536, –0.3536)} as the wire connection points on the mobile 

platform, 
Γ
bi. Wire connection points on the mobile platform are calculated by using a radius of 

0.5 units for the mobile platform with the angles {225
o
, 315

o
, 45

o
, 135

o
} for the connection 

points. Figure 4.6 shows the constant orientation workspaces for the manipulator in Figure 4.5 

without and with gravity for increasing φ. It should be noted that the workspace for φ = 2
o
 is not 

included due to its similarity to the workspace for φ = 0
o
, the difference would have not been 

noticeable with the small plots given for the workspaces in this chapter. The tensions of the wires 

are kept under the allowable 525N, as described in Section 4.1. The workspaces without gravity 

are significantly different for the manipulator in Figure 4.5, when compared to the workspaces 

without gravity for the manipulator in Figure 4.1. The workspace for the manipulator with 

crossed wires shrinks on all sides at a very slow rate while the workspaces for the manipulator in 

Figure 4.1 shrink at a fast rate on all sides. Similarities can be seen between the plots of the 

workspaces with gravity for the manipulators in Figure 4.1 and Figure 4.5; both add sections to 

the workspace without gravity that tapers to infinity in the negative Y-direction, with the tapering 

being the thickest at y = –6 in Figure 4.6.  
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Figure 4.5 Example manipulator with wires crossed. 

The motion of the manipulator is also examined. It is shown that the tensions of all the wires are 

kept above zero when the manipulator is inside the workspace.  The tensions in Figure 4.7 are for 

the same trajectory as Section 4.1, i.e., a straight line path from (–1, 1) to (1, –1) for constant φ = 

5
o
 in the horizontal plane with a one second duration. The mass of the mobile platform is 1 kg. 

Wire one has an anchor in the bottom left-hand corner and the rest of the wires are numbered in a 

counter clockwise direction. It can be seen in Figure 4.7 that a symmetrical path causes mirrored 

tensions in wires, wires 2 and 4 have mirrored tensions and wires 1 and 3 have mirrored tensions. 

The tension in wire 1 (and wire 3) is mirrored about the passing through t = 0.5, this is due to the 

symmetrical path and the location of wire attachment points on the platform. 

 

 

Wire 1 Wire 2 

Wire 3 Wire 4 
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(a) φ = 0
o
 without gravity 

 

(b) φ = 0
o
 with gravity 

 

(c) φ = 5
o
 without gravity 

 

(d) φ = 5
o
 with gravity 

 

(e) φ = 20
o
 without gravity 

 

(f) φ = 20
o
 with gravity 

Figure 4.6 Workspace for manipulator in Figure 4.5. 
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Figure 4.7 Wire tensions of manipulator in Figure 4.5 for straight path from (–1,1) to         

(1, –1). 

4.3 Two Wires at each Mobile Platform Connection Point Configuration 

A four-wire-actuated planar parallel manipulator that has the mobile platform wire attachments at 

two points on the platform is shown in Figure 4.8. Using a setup as in Figure 4.8 with zero 

external wrench, the constant orientation workspace is calculated for the following coordinates 

{(–4, –3), (4, –3), (4, 3), (–4, 3)} for the anchor positions, 
Ψ
ai, and {(–0.5, 0), (–0.5, 0), (0.5, 0), 

(0.5, 0)} as the wire connection points on the mobile platform, 
Γ
bi. Figure 4.9 shows the constant 

orientation workspaces for the manipulator in Figure 4.8. 
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Figure 4.9  shows the workspaces with and without gravity for φ = 0
o
, 5

o
, and 20

o
, all with a 

maximum wire tension of 525N. It should be noted that the workspace for φ = 2
o
 is not included 

due to its similarity to the workspace for φ = 0
o
, the difference would have not been noticeable 

with the small plots given for workspaces in this report. For the manipulator in Figure 4.8, as the 

value of φ increases, the workspaces without gravity shrink in a dissimilar fashion when 

compared to the workspaces of the manipulator in Figure 4.1. Similarities can be seen between 

the workspaces with gravity for the manipulators in Figure 4.1, Figure 4.5 and Figure 4.8; all add 

a section that tapers to infinity in the negative Y-direction along the bottom edge of the 

workspace without gravity. It can be seen that as the orientation of the mobile platform is 

increased the tapering section of the workspace with gravity translates to the right.  

 

Figure 4.8 Example manipulator with wire attachments at two points. 

The motion of the manipulator is also examined. It is shown that the tensions of all the wires are 

kept above zero when the manipulator is inside the workspace.  The trajectory of this manipulator 

is the same as the trajectory of the previous manipulator, i.e., a straight line path from (–1, 1) to 

(1, –1) for constant φ = 5
o
 in the horizontal plane with a one second duration. The mass of the 

Wire 1 Wire 2 

Wire 3 Wire 4 
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mobile platform is 1 kg. Wire one has an anchor in the bottom left-hand corner and the rest of the 

wires are numbered in a counter clockwise direction. The tension results, shown in Figure 4.10, 

are similar to that of the manipulator in Figure 4.5 with slight differences in the magnitude of 

tensions due to the difference in the configuration of the manipulators.  

 

(a) φ = 0
o
 without gravity 

 

(b) φ = 0
o
 with gravity 

 

(c) φ = 5
o
 without gravity 

 

(d) φ = 5
o
 with gravity 

 

(e) φ = 20
o
 without gravity 

 

(d) φ = 20
o
 with gravity 

Figure 4.9 Workspace of manipulator in Figure 4.8. 
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Figure 4.10 Wire tensions for manipulator in Figure 4.8 for straight path from (–1,1) to         

(1, –1). 

4.4 Crossed Wire with Two Wires at each Mobile Platform Connection Point 

Configuration 

The workspace and wire tensions of a manipulator with two wires connecting to the mobile 

platform at two connection points with the wires crossed, shown in Figure 4.11, are investigated. 
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With a zero external wrench, the constant orientation workspace is calculated for the following 

coordinates {(–4, –3), (4, –3), (4, 3), (–4, 3)} for the anchor positions, 
Ψ
ai, and {(0.5, 0), (–0.5, 0), 

(–0.5, 0), (0.5, 0)} as the wire connection points on the mobile platform, 
Γ
bi.  

Figure 4.12  shows the workspaces with and without gravity for φ = 0
o
, 5

o
, and 20

o
, all with a 

maximum wire tensions of 525N. It should be noted that the workspace for φ = 2
o
 is not included 

due to its similarity to the workspace for φ = 0
o
, the difference would have not been noticeable 

with the small plots given for workspaces in this report. For the manipulator in Figure 4.11, as the 

value of φ increases, the workspaces without gravity shrink in the same manner as the workspaces 

for the manipulator in Figure 4.8. Similarities can be seen between the workspaces with gravity 

for the manipulator in Figure 4.11 and previous manipulators; all add a section that tapers to 

infinity in the negative Y-direction beneath the bottom edge of the workspaces without gravity. 

This tapering section also translates to the right as the orientation of the mobile platform in 

increased.  

 

Figure 4.11 Manipulator with two connection points and crossed wires. 

Wire 1 
Wire 2 

Wire 3 Wire 4 
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The motion of the manipulator is also investigated.  The trajectory of this manipulator is the same 

as the trajectory of the previous manipulators. The mass of the mobile platform is 1 kg. The 

tension results, shown in Figure 4.13, are very similar to the tensions for the manipulator in 

Figure 4.8.  

 

(a) φ = 0
o
 without gravity 

 

(b) φ = 0
o
 with gravity 

 

(c) φ = 5
o
 without gravity 

 

(d) φ = 5
o
 with gravity 

 

(e) φ = 20
o
 without gravity 

 

(f) φ = 20
o
 with gravity 

Figure 4.12 Workspaces for manipulator in Figure 4.11. 
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Figure 4.13 Wire tensions for manipulator in Figure 4.11 during straight path from (–1, 1) 

to (1, –1). 

4.5 Null Space Method Applied to a Redundant Manipulator  

A redundant planar wire-actuated parallel manipulator, a manipulator with more than four wires 

for actuation but three degrees of freedom, has the advantage of increased workspace size and 

increased fault tolerance. This section investigates the constant orientation workspace of a 

redundant manipulator using the null space method. The redundant manipulator is shown in 

Figure 4.14, with anchor positions,
 Ψ

ai of {(–4, –3), (4, –3), (4, 3), (2, 3), (-2, 3), (–4, 3)}, and the 
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wire connection points on the mobile platform, 
Γ
bi  of {(–0.4330, –0.2500), (0.4330, –0.2500), 

(0.4330, –0.2500), (0.0, 0.50), (0.0, 0.50), (–0.4330, –0.2500), }. The workspaces for this 

manipulator with and without gravity are shown in Figure 4.15.  

 

 

Figure 4.14 Six-wire manipulator with three wire connection points. 

Figure 4.15 shows the workspaces, with and without gravity, for φ = 0
o
, 5

o
, and 20

o
, all with a 

maximum wire tensions of 525 N. The workspace for an orientation for 2
o
 is omitted due to the 

similarity to the workspaces for 0
o
. The workspaces for this manipulator, with or without gravity, 

decrease as the orientation angle increases. The added redundancy of this manipulator, compared 

to the previous manipulators, does not increase the workspace for zero degree orientation. For 

orientations greater than zero, the difference in area between the redundant manipulator 

workspace and the workspace of the manipulator in Figure 4.8 increases as the orientation of the 

mobile platform is increased. For example, the difference between the redundant manipulator 

workspace and the workspace of the manipulator in Figure 4.8 with the mobile platform 

orientation at 20
o
 is greater than the difference when the mobile platform orientation is at 5

o
. 

Wire 1 Wire 2 

Wire 3 

Wire 6 

Wire 4 Wire 5 
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Similarities can be seen between the workspaces with and without gravity for the manipulator in 

Figure 4.14; the difference being a section that tapers to infinity in the negative Y-direction 

beneath the line between the (–4, –3) and (4, –3) anchors for the workspaces with gravity. It can 

also be seen that the tapering section changes slightly with a change in mobile platform 

orientation.  

 

(a) φ = 0
o
 without gravity 

 

(b) φ = 0
o
 with gravity 

 

(c) φ = 5
o
 without gravity 

 

(d) φ = 5
o
 with gravity 

 

(e) φ = 20
o
 without gravity 

 

(f) φ = 20
o
 with gravity 

Figure 4.15 Workspaces of manipulator in Figure 4.14. 
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The wires tensions of the redundant manipulator are also investigated for the straight line path 

from (−1, 1) to (1, 1) at a constant orientation of 5
o
. The mass of the mobile platform is 1 kg. The 

tensions are shown in Figure 4.16. The tensions for the redundant manipulator are much lower 

than the tensions of the four-wire manipulators for the same path. 

  

  

  

Figure 4.16 Wire tensions for manipulator in Figure 4.14 during straight path from (–1, 1) 

to (1, –1). 
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4.6 Planar Manipulator Configuration Comparison 

After investigating the wire-attachment point configurations in Sections 4.1 through 4.5, it can be 

seen that different configurations would be better for different tasks based on workspace size, 

wire tensions required and interference between wires, and interference between wires and the 

mobile platform. Since this method does not take interference into account, the interference is 

argued objectively. The configuration of the manipulator in Figure 4.1, distinct wire-attachment 

points without crossing wires, has the smallest workspace and the smallest range of possible 

orientations. The wires of this configuration never cross and do not interfere with the mobile 

platform in the realizable workspace, offering the least design challenges of the mobile platform, 

and allowing all the wires and the platform to be mounted on the same plane. This configuration 

requires higher tensions for wires 2 and 4 but lower tensions in wires 1 and 3 to travel the same 

path as compared to the other four-wire configurations. This manipulator, with distinct wire 

attachments and wires that never cross, is only useful for tasks that do not require a large range of 

orientations of the mobile platform due to its small range of possible orientations. 

The configuration of the manipulator in Figure 4.5, distinct wire-attachment points with wires 

crossing, has the largest workspace of all the investigated four-wire manipulators. This allows for 

the greatest area of motion for the mobile platform when considering its orientation. Since the 

wires are crossed they must be mounted on different planes parallel to the plane of motion of the 

mobile platform. The range of motion of this configuration is limited by the interference of the 

wires with the mobile platform. Since there are only four wires on this manipulator it would be 

possible to design the wire attachment points so the mobile platform would be on a different 

plane than that of the wires allowing the wires to rotate over the platform. But this creates 

interference with an end-effector that is placed on the mobile platform, unless all wires are 
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mounted on the side opposite the end effector. The design of this manipulator would take the 

greatest challenge and depend greatly on the specific task and paths that the manipulator would 

need to take. The wire tensions of the manipulator in Figure 4.5 are greater for wires 1 and 3 and 

less for wires 2 and 4 compared to the wire tensions of the manipulator in Figure 4.1 for traveling 

the same path. This manipulator would be best for tasks that require a large workspace with small 

orientation variation. 

The configuration of the manipulator in Figure 4.8, two wires connected to the same point on the 

mobile platform resulting in two wire-attachment points on the mobile platform with four wires, 

has a larger workspace than the workspace for the configuration of the manipulator in Figure 4.1. 

This allows a greater area of motion with the same anchor positions as the manipulator in Figure 

4.1. This configuration also has wires that never cross and only intersect the platform with 

orientations of the mobile platform greater than 90
o
, if designed properly. Since both wires are 

mounted to the same point on the mobile platform, to be physically feasible they must be 

mounted on planes parallel to the plane of motion of the manipulator. This would also ensure that 

the wires would never interfere with each other. The manipulator in Figure 4.8  requires smaller 

tensions for wires 2 and 4 but greater tensions for wires 1 and 3 to travel the same path as that of 

the manipulator in Figure 4.1. The coincident wire-attachment configuration is best used in tasks 

that require an intermediate workspace size with large mobile platform orientation angles. 

The manipulator in Figure 4.11 is similar to the manipulator in Figure 4.8 except that the 

configuration of Figure 4.11 has crossed wires. The workspaces for this manipulator are very 

similar to the workspaces calculated for the manipulator in Figure 4.8. Since the wires are crossed 

the same considerations that were taken into account for the manipulator in Figure 4.5 are needed 

for this layout. The wires must be mounted on different planes to avoid interference between 
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them. Interference between the wires and the end effector or the mobile platform was not taken 

into account. This configuration required slightly more tension in wire 1 during motion than the 

non-crossed wire configuration. Since the workspace is very similar to the manipulator in Figure 

4.8 there is no advantage using the layout of crossed wires.  

Overall the manipulator in Figure 4.8 has the best characteristics for a four-wire-actuated planar 

parallel manipulator. It has the largest workspace without the wire and mobile platform 

interference. Since the wire tensions for all the four-wire-actuated manipulators are similar the 

manipulator in Figure 4.8 has no advantages over other four-wire manipulators when comparing 

wire tension magnitudes.  

For the four-wire manipulators, if one of the wires were to break the likelihood that the 

manipulator would be able to continue its task is small. With the addition of redundant wires to 

these configurations, a more reliable and fault tolerant manipulator can be designed. Hence, the 

null space method was applied to a redundant planar manipulator with six wires, shown in Figure 

4.14. The workspaces for this manipulator are larger than all the previous manipulators except the 

four-wire manipulator with four distinct wire attachment points on the mobile platform and 

crossing wires. Since the wires do not cross each other, interference only occurs for orientations 

greater than 30
o
 of the mobile platform, if all the wires are on the same plane as the mobile 

platform. Two wires cannot be connected to the same point on the mobile platform so at least one 

wire at each connection point must be in a plane parallel to the motion of the mobile platform, 

decreasing interference. The tensions of the redundant manipulator were much lower than the 

tensions of the four-wire manipulators for the same path, indicating that redundancy also 

decreases the load on each of the wires.   
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4.7 Null Space Method Applied to a Spatial Manipulator 

The previous sections covered planar manipulators; spatial manipulators with more degrees of 

freedom have the ability to perform more complex tasks. The null space method was also applied 

to the workspace formulation of a spatial manipulator with eight wires, with two wires attached to 

one of four attachment points on the mobile platform. The manipulator is shown in Figure 4.17. 

Using a setup as in Figure 4.17 with zero external wrench, the constant orientation workspace, the 

locations reachable with positive wire tension for a constant (φ, γ, ψ), is calculated using the 

formulation in Chapter 3
4
, and the following coordinates {(–3, –3, –3), (3, –3, –3), (3, 3, –3), (–3, 

3, –3), (–3, –3, 3), (3, –3, 3), (3, 3, 3), (–3, 3, 3)} for the anchor positions, 
Ψ
ai  and {(–0.3276, –

0.2294, 0), (0.3276, –0.2294, 0), (0.3276, 0.2294, 0), (–0.3276, 0.2294, 0), (–0.3276, –0.2294, 0), 

(0.3276, –0.2294, 0), (0.3276, 0.2294, 0), (–0.3276, 0.2294, 0)} as the wire connection points on 

the mobile platform, 
Γ
bi. Wire connection points on the mobile platform are calculated using ri = 

0.4 units for all i=1…8, wi=0 for all i=1…8, and {215
o
, 325

o
, 35

o
, 145

o
, 215

o
, 325

o
, 35

o
, 145

o
} for 

the values of θi. As mentioned in the previous section the axes of the workspace plots are not 

labelled because the results would be the same for any unit of length, e.g., millimetres, meters, 

etc.  

                                                      

4
 The Matlab® program workspacenull3d.m was written to formulate the workspace of spatial manipulators 

using the null space method. 
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Figure 4.17 Example eight-wire-actuated spatial parallel manipulator. 

Figure 4.18 shows the constant orientation workspace for the manipulator in Figure 4.17 with an 

orientation of (0
o
, 0

o
, 0

o
) and Figure 4.19 depicts the workspace for the same manipulator at an 

orientation of (2
o
, 20

o
, 1

o
), both Figure 4.18 and Figure 4.19 do not take gravity into account. 

Each figure has four different views, the top, 3D, front, as well as a right side view. The purple 

circles at the vertices of the axes are the locations of the anchor positions. If the anchor position is 

obscuring the view of the workspace it is removed. Similar to the planar manipulator, the 

workspace does not approach the anchors because the mobile platform has non-negligible 

dimensions. Figure 4.20 and Figure 4.21 show the workspaces of the spatial manipulator with 

gravity acting on the centre of mass in the –Z-direction with orientations (0
o
, 0

o
, 0

o
) and (2

o
, 20

o
, 

1
o
) respectively. The views for the plots with gravity are the same as the plots without gravity but 

with the orientation of the 3D view skewed so the tapering affect can be seen on the bottom. For 

the spatial manipulator the workspace tapers in the –Z-direction for the same reason the 

workspace of the planar manipulator tapers, that is as the manipulators‟ wires become almost 

parallel at infinity and cannot control all six degrees of freedom. The maximum wire tension for 

the spatial manipulator is 525N, the same as the planar manipulator. At each pose corresponding 

Z 

Y 

X 
Wire 1 

Wire 2 

Wire 3 

Wire 4 

Wire 5 

Wire 6 
Wire 7 

Wire 8 
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to a point within the plots in Figures 4.18-4.21, the Jacobian matrix is calculated, inverted using 

equation (3.25) and a λ is found to solve equation (3.26) under the condition that τi>0, i = 1,…,n. 

If it is not possible to find a λ that makes each wire tension positive then that location is not in the 

workspace. It should be noted that this method does not take into account any wire with wire or 

wire with mobile platform interference. The plots in Figures 4.18 to 4.21 show that the null space 

method can be utilized to form the workspaces of spatial wire-actuated parallel manipulators. In 

the previous sections of this chapter, the wire tensions were formulated for the motion of the 

mobile platform of the planar manipulators to compare the planar manipulators presented in those 

sections. Since there is only one spatial manipulator investigated the wire tensions are not 

formulated for the motion of the mobile platform in this section.  
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(a) Top view (b) 3D view 

 

 

(c) Front view (d) Right side view 

Figure 4.18 Workspace of the manipulator in Figure 4.17 at orientation of (0
o
, 0

o
, 0

o
). 
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(a) Top view (250 width 210 heigth pixels) (b) 3D view 

  

(c) Front view (d) Right side view 

Figure 4.19 Workspace of the manipulator in Figure 4.17 at orientation of (2
o
, 20

o
, 1

o
). 
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(a) Top view (b) 3D view 

 
 

(c) Front view (d) Right side view 

Figure 4.20 Workspace of the manipulator in Figure 4.17 at orientation of (0
o
, 0

o
, 0

o
) with 

gravity. 



 

63 

 

  

(a) Top view (b) 3D view 

  

(c) Front view (d) Right side view 

Figure 4.21 Workspace of the manipulator in Figure 4.17 at orientation of (2
o
, 20

o
, 1

o
) with 

gravity. 
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4.8 Chapter Summary 

In this chapter, the null space method was used to formulate the workspace of example planar and 

spatial manipulators. The wire tensions for the planar manipulators moving in a straight line path 

were also investigated. The workspaces and tensions were formulated for four planar four-wire-

actuated parallel manipulators. It was found that the manipulator in Figure 4.8, two wires 

connected to the same point on the mobile platform resulting in two wire-attachment points on 

the mobile platform with four wires, offered the most advantages, such as large workspace and 

simple design, compared to the other designs of planar four-wire-actuated parallel manipulators. 

The workspace of a redundant planar manipulator was also investigated, showing that redundant 

manipulators offer a larger workspace but are more complex due to the increase in the number of 

actuators. The workspace of a spatial manipulator was formulated to compare the null space 

method with the method in the following chapter. The following chapter will investigate the 

workspaces of some of the manipulators presented in this chapter using the convex hull method. 

   



 

65 

 

 

Chapter 5 

Convex Hull Based Workspace Analysis 

This chapter investigates the workspace of wire-actuated parallel manipulators based on the 

geometry of the transposed Jacobian matrix, called the convex hull method. Section 5.1 states the 

theory and background behind this method of workspace formulation. Sections 5.2 and 5.3 

calculate the workspaces of non-redundant and redundant planar wire-actuated parallel 

manipulators, respectively. Section 5.4 formulates the workspace of a spatial manipulator and 

Section 5.5 compares the convex hull method to the null space method of the previous chapters.  

5.1 Theory
5
 

The wrench-closure workspace is the collection of poses that are reachable for any possible force 

and moment (wrench) the manipulator can exert and/or withstand. A convex hull is the smallest 

convex polyhedron that can be formed around any set of points. If the convex hull formed by the 

transposed Jacobian matrix contains a neighbourhood around the origin then that pose used to 

calculate the transposed Jacobian matrix is in the workspace, (Pham et al., 2006). A 

neighbourhood around the origin is defined by a ball with infinitely small radius around the 

origin. The convex hull cannot have the origin outside the polyhedron or along one of the edges 

of the polyhedron if the pose being investigated is inside the workspace. If the pose is inside the 

workspace then there exists a combination of wire tensions that can resist any external wrench. 

This can be described mathematically.  

                                                      

5
 Sections 5.1-5.3 are based on McColl and Notash (2008a) 
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n
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m
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(5.1) 

That is, for all F (external wrenches acting on the mobile platform), which is an element of the set 

of m-dimensional real vectors,
m , there exists τ1, τ2,…, τn,  (wire tensions) with values from zero 

to infinity such that FC  

m

i ii1
  where Ci is the i

th
 column of the transposed Jacobian 

matrix.  

This implies that the set of vectors τiCi  must positively span (make a basis for) the set of real 

vectors with dimension m, 
m . Thus F can be chosen as 0 and there is a set of tensions τi which 

will result in the following. 

0C  

n

i ii1


 
(5.2) 

By treating each column of the transposed Jacobian matrix as a vertex in 
m ,  a convex hull can 

be formed around these vertices. A convex hull, co, around the set of vertices defined by the 

columns of the transposed Jacobian matrix, J = {C1, C2, …, Cn } can be represented with the 

following mathematical statement.  

   


n
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n
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 allfor 0,1,|)(co  CCCJ   (5.3) 

The following equation shows that equation (5.2) is a convex hull by normalizing the tensions. 

(Pham et al., 2006) 
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Since the weighted sum of the vertices of the convex hull vertices are zero (the origin), from 

equation (5.2), then the origin and a neighbourhood around it must be inside the convex hull. The 

proof that the convex hull must include the origin if the summation of the product of tensions and 
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the corresponding columns of transposed Jacobian matrix is zero is included in Appendix B.  

Physically, having the origin inside the convex hull signifies that there are directions of the wires 

and tensions that can constrain the mobile platform.  

To calculate the convex hull and check that a neighbourhood around the origin is contained 

within the convex hull, a recursive method is used. The transposed Jacobian matrix is calculated 

using the method described in Chapter 3 for each mobile platform pose. The convex hull is 

created by plotting each column of the transposed Jacobian matrix as vertices of the convex hull 

and joining the vertices with lines to make the smallest possible convex polyhedron. For planar 

manipulators with three degrees of freedom, two translations and one rotation, the transposed 

Jacobian matrix will have three rows, (m = 3). Therefore, the convex hull for planar cases 

investigated will be three-dimensional. For the example spatial manipulator with six degrees of 

freedom, three rotations and three translations, the transposed Jacobian matrix will have six rows 

(m = 6). Therefore, the convex hull for spatial manipulators will be six-dimensional. To check 

that the convex hull encloses the origin, for each vertex of the convex hull, the “position vector” 

of every convex hull vertex is projected onto the (hyper)plane that passes through the origin and 

is normal to “position vector” of a vertex. This results in a set of projections for each vertex, each 

set of the projections are (m−1) dimensional. Each set of projections are used to form a matrix 

with (m−1) rows and the same number of columns as number of vertices (n−1). If the resulting 

sets of projections (matrices) enclose the origin, i.e., contain both positive and negative entries, 

then the process is repeated again, this time projecting onto the (hyper)plane with one less 

dimension than the previous projection plane, that passes through the origin and is normal to 

“position vector” of a vertex, to bring the matrices of projections down to a matrix with (m−2) 

rows and (n−2) columns. This projection is repeated as long as each successive projection 
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contains both positive and negative entries, if not, the location used to form the transposed 

Jacobian matrix is not within the workspace. The final projection results in a matrix with only one 

row. If these final projections do not contain both positive and negative entries then the convex 

hull does not contain a small neighbourhood around the origin and the pose used to calculate the 

transposed Jacobian matrix is not in the wrench-closure workspace.  

An example of the procedure for a planar manipulator is given in Figure 5.1 and Figure 5.2. 

Figure 5.1 shows the projections from three dimensions down to two dimensions. In Figure 5.1, 

plane E is the plane that passes through the origin and is normal to the position vector of point A. 

The position vectors for all the points, A, B, C, and D, are projected onto plane E. Since plane E 

is normal to the position vector of A, the projection of A onto the plane is a point on the origin 

and is omitted from the projections. This projection gives points B', C', and D' on plane E. Figure 

5.2 shows the projections from two dimensions to one dimension. Figure 5.2 depicts plane E with 

the projected points B', C', and D'. To check that these points enclose the origin, the line E' is 

drawn through the origin normal to the position vector of point C', and the position vectors of 

points B' and D' are projected onto line E'. These projections do have values on both sides of the 

origin, which is the origin in the original three dimensional space. This procedure is done for 

every point in the convex hull in three dimensions and also for every projected point in two 

dimensions to obtain the sets of one dimensional data to check if the origin is contained within 

the convex hull. If and only if all the sets of one dimensional data have values on both sides of the 

origin then the origin is contained within the convex hull.  
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Figure 5.1 Convex hull analysis to reduce the dimension from three to two. 

The numerical method for the convex hull analysis of the manipulator is as follows. The signs of 

the entries along the rows of the transposed Jacobian matrix are recorded. If all the rows have 

both positive and negative entries then the pose being investigated may be in the workspace, 

otherwise the pose is not in the workspace. The transposed Jacobian matrix is row reduced for 

each column and each row. This performs the projections of the convex hull formed by plotting 

the columns of the transposed Jacobian matrix as points in space with dimension the same as the 

number of rows of the transposed Jacobian matrix. The pivot column and row are removed after 

each row reduction and the remaining matrices are checked for positive and negative entries 

along each row. This is repeated until the matrices are just single rows and cannot be reduced any 
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further. If all the matrices leading up to and including the single row matrices have positive and 

negative values in each row then the convex hull composed of the columns of the Jacobian matrix 

contains the origin, and as shown above, the pose used to calculate the transposed Jacobian 

matrix is in the wrench-closure workspace. A planar manipulator example can be seen in 

Appendix C. 

 

Figure 5.2 Convex hull analysis to reduce the dimension from two to one. 

Since the convex hull analysis operates on the transposed Jacobian matrix of the manipulator, 

which does not include gravity terms, a slightly modified approach is needed to use the convex 

hull analysis for manipulators under gravity. Gravity can be treated as an extra wire with constant 

tension (equal to the weight of mobile platform) in vertical direction. Hence, the transposed 

Jacobian matrix can be modified to include gravity as a wire by inserting [0 –1 0]
T
 for a planar 

manipulator or [0 0 -1 0 0 0]
T
 for a spatial manipulator as the last column of the modified 

transposed Jacobian matrix. This would result in the following vector of wire tensions, τ = [τ1 … 

τn mmg]
T
, where n is the number of wires, mm is the mass of mobile platform, and g is the 
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gravitational constant. Using this modified transposed Jacobian matrix, the workspaces of planar-

wire-actuated-parallel-manipulators moving in the plane of gravity can be calculated. 

The process of formulating the workspace using the convex hull formed from the transposed 

Jacobian matrix, the convex hull method, is presented in the following algorithm. Since each pose 

of the manipulator must be investigated for inclusion in the workspace separately the workspace 

is called discrete.   

Algorithm 5.1 Convex Hull Method 

1. Formulate the anchor positions and wire connection points on the mobile platform in 

each coordinate frame respectively. 

2. Select a pose of the manipulator to be investigated for inclusion in the workspace. 

3. Formulate the transposed Jacobian matrix for that pose. 

4. If each row of the transposed Jacobian matrix has both positive and negative elements the 

pose may be in workspace 

5. Row reduce transposed Jacobian matrix for each column and row.  

6. Remove the pivot column and row from each row reduced transposed Jacobian matrix.  

7. If each resultant matrix has both positive and negative entries, pose may be in workspace. 

8. Repeat steps 5-8 with each resultant matrix until matrices have been reduced to row 

vectors. 

9. If all row vectors contain both positive and negative entries, pose is contained within 

workspace. 
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10. Repeat steps 2-9 for all poses to be investigated for workspace. 

11. Collect poses where transposed Jacobian matrix and subsequent matrices contain positive 

and negative elements in each row to comprise the workspace.   

12. End. 

5.2 Convex Hull Method Applied to Non-Redundant Planar Manipulator 

This section investigates the workspace of non-redundant (n+1 wires of n degrees of freedom) 

planar manipulators using the convex hull method. Figure 5.3 shows workspaces calculated using 

the convex hull method for the manipulator in Figure 4.1. Since this method only investigates the 

properties of the transposed Jacobian matrix, the axes of the workspace plots are not labelled 

because the results would be the same for any unit of length, e.g., millimetres, meters, etc. It can 

be seen that the plots of the workspaces in Figure 5.3 are similar to the workspaces with and 

without gravity plotted in Figure 4.2. The differences being that the wrench-closure workspaces, 

in this case calculated with convex hull analysis, assume infinite actuation tensions. The 

workspaces in Figure 5.3 are the largest possible workspace for the manipulator in the stated pose 

while the workspaces in Figure 4.2 do not allow for infinite tensions and do not show the largest 

possible workspace. 

Figure 5.4 shows the workspace calculated using the convex hull method for the manipulator in 

Figure 4.8. Figure 5.4 has plots very similar to the plots found in Figure 4.9. The convex hull 

method does not take into account the maximum tensions in the wires so the workspaces are the 

largest possible and thus do not have rounded corners. This is true for the workspaces in Figure 

5.4.  
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(a) φ = 0
o
 without gravity 

 

(b) φ = 0
o
 with gravity 

 

(c) φ = 2
o
 without gravity 

 

(d) φ = 2
o
 with gravity 

 

(e) φ = 5
o
 without gravity 

 

(f) φ = 5
o
  with gravity 

Figure 5.3 Workspaces of manipulator in Figure 4.1 calculated with convex hull method. 
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(a) φ = 0
o
 without gravity 

 

(b) φ = 0
o
 with gravity 

 

(c) φ = 5
o
 without gravity 

 

(d) φ = 5
o
 with gravity 

 

(e) φ = 20
o
 without gravity 

 

(f) φ = 20
o
  with gravity 

Figure 5.4 Workspaces of manipulator in Figure 4.8 calculated with convex hull method. 
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5.3 Convex Hull Method Applied to a Redundant Planar Manipulator 

The convex hull method is also used to investigate the workspace of a six-wire-actuated planar 

manipulator, as seen in Figure 4.14. The workspaces without and with gravity of the manipulator 

can be seen in Figure 5.5. The workspace plots in Figure 5.5 are very similar to the plots in Figure 

4.15 which use the null space method for calculating the workspace.  The workspaces in Figure 

5.5 are larger than that of the workspaces calculated with the null space method since the 

maximum wire tensions are not taken into account.   

The addition of a redundant wire is seen to greatly increase the workspace of the manipulator for 

poses with any orientation. It would then be assumed that if a greater workspace is required more 

actuated wires should be added to the manipulator. But this is not the case since more wires on 

the manipulator also increases the risk of wire to wire and wire to mobile platform interference 

which decreases the workspace and the ability of the manipulator to perform the desired task. The 

addition of wire-actuation also has a monetary cost that should not be neglected. The task of the 

manipulator should be fully understood so that a proper manipulator can be designed with the 

workspace and wire tensions kept in mind. 
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(a) φ = 0
o
 without gravity 

 

(b) φ = 0
o
 with gravity 

 

(c) φ = 5
o
 without gravity 

 

(d) φ = 5
o
 with gravity 

 

(e) φ = 20
o
 without gravity 

 

(f) φ = 20
o
 with gravity 

Figure 5.5 Workspaces of manipulator in Figure 4.14 calculated using convex hull method. 

5.4 Convex Hull Method Applied to Spatial manipulators 

This section applies the convex hull method to the example spatial manipulator in Figure 4.17. 

The wrench-closure workspaces for the eight-wire-actuated spatial manipulator can be seen in 
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Figure 5.6 and Figure 5.7 without gravity at orientations (0
o
, 0

o
, 0

o
) and (2

o
, 20

o
, 1

o
). The same 

workspaces with gravity can be seen in Figure 5.8 and Figure 5.9. All the figures in this section 

are similar to the workspace formulated with the null space method, with the box shape 

workspace for zero orientation and the same shape workspace for the manipulator at (2
o
, 20

o
, 1

o
). 

The added workspace due to gravity in Figure 5.8 and Figure 5.9 taper in the negative Z-direction 

similar to the workspaces formulated with the null space method. It should be noted that 

workspaces of the manipulators with gravity were formulated with a slightly lower resolution 

because of the longer calculation time. The longer calculation time is due to the increased size of 

the volume investigated to include the workspace.  

 

 

 

 

 

 



 

78 

 

 

  

(a) Top view (b) 3D view 

  

(c) Front view (d) Right side view 

Figure 5.6 Workspace of manipulator in Figure 4.17 formulated with the convex hull 

method with orientation of (0
o
, 0

o
, 0

o
). 
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(a) Top view (b) 3D view 

  

(c) Front view (d) Right side view 

Figure 5.7 Workspace of manipulator in Figure 4.17 formulated with the convex hull 

method with orientation of (2
o
, 20

o
, 1

o
). 
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(a) Top view (b) 3D view 

  

(c) Front view (d) Right side view 

Figure 5.8 Workspace of manipulator in Figure 4.17 formulated with the convex hull 

method with orientation of (0
o
, 0

o
, 0

o
) with gravity. 
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(a) Top view (b) 3D view 

  

(c) Front view (d) Right side view 

Figure 5.9 Workspace of manipulator in Figure 4.17 formulated with the convex hull 

method with orientation of (2
o
, 20

o
, 1

o
) with gravity. 
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The workspaces of a spatial manipulator calculated with the convex hull method are very similar 

to those workspaces calculated with the null space method. Any difference between the results of 

the two methods are due to the null space method taking into account the maximum and 

minimum wire tensions while the convex hull method allows for very large wire tension. 

The convex hull method formulates the wrench-closure workspace of wire-actuated parallel 

manipulators without taking into account the magnitude of the wire tensions. This method would 

be advantageous for early designs to investigate the maximum possible workspace of a particular 

manipulator configuration. For planar manipulators, the convex hull method workspace 

formulation is very fast because of the small number of row reductions required for each pose, 

but for spatial manipulators the number of row reductions required to check if a pose is contained 

within the workspace is very large, 6720 row reductions for the spatial manipulator in this 

section, and greatly increases the amount of calculation time to generate a workspace. Diao and 

Ma (2007a) formulated a faster method of calculating the workspace based on convex hull theory 

for  seven-wire manipulators by taking six columns of the transposed Jacobian matrix to form a 

new matrix and multiplying the inverse of this new matrix by the remaining column of the 

transposed Jacobian matrix. When all the elements in the resulting vector are negative, the convex 

hull, formed from the columns of the transposed Jacobian matrix, contains the origin. Thus the 

pose used to formulate the transposed Jacobian matrix is contained within the workspace.  This 

process was expanded to general spatial manipulators in (Diao and Ma, 2007b) by investigating 

more vectors. Applying this method to the spatial manipulator in this chapter, it requires only 126 

vectors to be formulated for each pose investigated for inclusion in the workspace, much less than 

the 6720 calculations required for the method used in this thesis. The convex hull method 
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generates the largest possible workspace for a manipulator while the null space method can take 

into account the maximum and minimum wire tensions offering a more realistic workspace.  

5.5 Chapter Summary 

In this chapter the convex hull method was applied to the workspace formulation of planar and 

spatial wire-actuated parallel manipulators. It was presented that an external wrench and/or 

gravity applied to the mobile platform can be modelled as wire. By modifying the transposed 

Jacobian matrix to include a column that represents the external wrench and/or gravity applied to 

the manipulator, the convex hull method formulated the workspace of manipulators with an 

external wrench and/or gravity. All the workspaces formulated with the convex hull method 

match the workspaces calculated with the null space method. Any difference between the null 

space and convex hull methods is due to the null space method taking into account the maximum 

and minimum wire tensions while the convex hull method generates the largest possible 

workspace because it assumes the wires can have very large to infinite tensions. There is no 

significant difference in calculation time between the null space and convex hull methods for 

planar manipulators, but the convex hull method takes much longer than the null space method 

when formulating the workspace of a spatial manipulator. 
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Chapter 6 

Workspace Envelope Characterization
6
  

This chapter investigates the workspace by defining its borders, calculated using an analytical 

formulation of the null space of the transposed Jacobian matrix. Section 6.1 states the theory and 

background needed to formulate the workspace. Section 6.2 calculates the workspaces of various 

planar wire-actuated parallel manipulators using the theory from Section 6.1.  

6.1 Theory  

The workspace boundary of a manipulator is defined as a set of singularities that bound the area 

which has feasible wire tensions. Thus, it is possible to determine the workspace of a manipulator 

without examining all potential locations. Using the determinants of the minors of the Jacobian 

matrix to define the workspace of planar wire-actuated parallel manipulators was investigated in 

(Gouttefarde and Gosselin, 2006) and (Stump and Kumar, 2006). These studies formulated the 

workspace of manipulators without the presence of external wrench and with a complex method 

of dealing with redundant manipulators. This chapter presents a workspace formulation based on 

the contribution of each set of four wires/forces allowing the calculation of the workspace of 

redundant manipulators as well as manipulators with an external wrench and/or gravity acting on 

the mobile platform.  

Using equation (3.26), NλFJτ  T#
,  the wire tensions of a wire-actuated parallel manipulator 

are formulated with the Moore-Penrose inverse for the particular solution, J
#T

F, and the vector (or 

matrix) that spans the null space of the transposed Jacobian matrix for the homogeneous solution, 

                                                      

6
 This chapter is based on McColl and Notash (2009b) 
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Nλ. In this chapter, using the homogeneous solution, a procedure for the workspace analysis is 

investigated to generate positive wire tensions. The transposed Jacobian matrix of a wire-actuated 

parallel manipulator with m degrees of freedom and n wires will have a null space spanned by 

n−m vectors with dimension n x 1. When n = m+1 the null space is spanned by a single n x 1 

vector and if all the entries of that null space vector are strictly positive or all the entries are 

strictly negative then the wire tensions can be positive for any external wrench. This is because, 

for any value of the particular solution, there exists a value of λ that can create positive tensions, 

including poses that require very large wire tension. The collection of manipulator poses that 

generate all positive or all negative null space entries comprise the wrench-closure workspace 

because any external wrench can be withstood by the manipulator. For a specific external wrench 

applied to the mobile platform the particular solution, of equation (3.26) would be non-zero. 

Hence, there may exist a null space vector that has both positive and negative values that can 

generate positive wire tensions. For this case the workspace formulated by identifying the loci 

that correspond to null space vectors with all positive or all negative entries may not be the 

complete workspace of the manipulator.  

When n = m+1 the manipulator will have the minimum number of wires required and will be 

referred to as “non-redundant”. Using Cramer‟s rule, presented in Appendix A, for an algebraic 

solution to the null space of a non-redundant manipulator the null space is formulated as follows. 

      Tnm

nn
)det()det(1)det(1)det(1 2

2

1

1
MMMMK 


  (6.1) 

where Mi is the i
th
 m x m submatrix (minor) of the transposed Jacobian matrix, formed by 

removing the i
th
 column from the transposed Jacobian matrix. By setting each entry of the vector 

that spans the kernel, K, in equation (6.1) as an inequality, either greater than or less than zero, it 
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is possible to plot the loci of poses which create a positive or negative value for that entry of the 

vector that spans the null space. The inequalities are set up as 
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(6.2) 

which describe the conditions on the entries of K for poses that are contained within the wrench-

closure workspace of an n-wire manipulator with n = m+1 wires.  

The process of calculating the wrench-closure workspace starts by formulating the transposed 

Jacobian matrix in terms of the mobile platform pose. The manipulator is then checked for 

redundancy, if the manipulator is not redundant (n = m+1) then the determinants of the m x m 

minors of the transposed Jacobian matrix are calculated for the use in the null space for equation 

(6.2). Each inequality is plotted to find the region for which that entry of the null space vector is 

strictly positive. Once this is done for all entries of the null space vector, the intersection between 

the positive inequalities is retained. This intersection region creates strictly positive values for all 

entries in the null space vector. This is repeated for the case that all the entries of the null space 

vector are strictly negative. The union of the strictly positive intersection region and the strictly 

negative intersection region is the wrench-closure workspace of the non-redundant manipulator. 

The constant orientation wrench-closure workspace is formulated by keeping a constant mobile 

platform orientation, φ. 

When n > m+1, the manipulator will be referred to as “redundant”. For this case, the degree of 

redundancy is calculated and the m x m+1 submatrices of the m x n transposed Jacobian matrix 

are formulated. The process of identifying the contribution to the wrench-closure workspace of 
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each m x m+1 submatrix is the same as the process for non-redundant manipulators. Once the 

contribution of each m x m+1 submatrix is formulated and retained, the union of the contributions 

of all the m x m+1 submatrices is the complete wrench-closure workspace of the manipulator. 

The formulation of the wrench-closure workspace using equation (6.2) is summarized in the 

following algorithm.  

Algorithm 6.1 Workspace Envelope Characterization Method 

1. Formulate the transposed Jacobian matrix in terms of the mobile platform pose. 

2. Check manipulator for redundancy. 

3. If the manipulator is redundant skip to step 11. 

4. Formulate the m x m minors of transposed Jacobian matrix. 

5. Calculate the determinants of the minors. 

6. Set determinants as inequalities less than zero. 

7. Evaluate regions of inequalities and find the intersection of regions. 

8. Repeat steps 6 and 7 but set determinants as inequalities greater than zero. 

9. Combine positive and negative intersection regions to form wrench-closure workspace. 

10. Go to step 14. 

11. Formulate m x m+1 submatrices of transposed Jacobian matrix. 

12. Complete steps 4-9 for each m x m+1 submatrix. 

13. Combine wrench-closure workspaces of all submatrices to form workspace of redundant 

manipulator. 

14. End. 
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This method of formulating the wrench-closure workspace of wire-actuated parallel manipulators 

by investigating the analytical solution for the null space vector of the transposed Jacobian matrix 

will be referred to as workspace envelope characterization. The next section will use the 

workspace envelope characterization to investigate the workspace of the manipulators in Figure 

4.1, Figure 4.8, and Figure 4.14. 

6.2 Simulation 

In this section, the workspaces of the wire-actuated parallel manipulators in Figure 4.1, Figure 

4.8, and Figure 4.14 are investigated using the workspace envelope characterization method. In 

the following simulations, the plane of motion is the horizontal plane, i.e., gravity does not affect 

the motion of the manipulator, unless otherwise stated. Since this method only investigates the 

properties of the null space of the transposed Jacobian matrix, the axes of the workspace plots are 

not labelled because the results would be the same for any unit of length, e.g., millimetres, 

meters, etc. 

6.2.1 Non-Redundant Manipulators 

The wrench-closure workspace of non-redundant (n = m+1) manipulators is formulated in this 

section. Figure 6.1 shows the inequalities of equation (6.2) plotted for the manipulator in Figure 

4.1, n = 4 and m = 3, with a mobile platform orientation of φ = 5
o
 and no external wrench acting 

on the mobile platform. The case shown in Figure 6.1 has all equations strictly greater than zero. 

For the case that all entries of the null space vector are strictly less than zero, there is an empty 

intersection between inequalities, thus the constant orientation wrench-closure workspace is 
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formulated from only those plots shown in Figure 6.1. A Matlab® program
7
 was used to generate 

the plots in this section. The complete workspace, i.e., the intersection of regions that generate 

positive entries of the null space vector (plots of Figure 6.1), can be seen in Figure 6.2(c).  

 

(a)     0det1 1

3
 M  

 

(b)     0det1 2

2
 M  

 

(c) 
    0det1 3  M  

 

(d)   0det 4 M  

Figure 6.1 Regions enclosed by positive inequalities described by the null space vector of 

manipulator in Figure 4.1 at φ = 5
o
. 

Figure 6.2(a) and Figure 6.2(b) depict the constant orientation wrench-closure workspace of the 

manipulator in Figure 4.1 calculated by finding the borders of the workspace for a constant 

orientation assuming no external wrench acting on the mobile platform at orientations of φ = 0
o
 

and 2
o
 respectively. The lines (blue) in each plot of Figure 6.2 show the borders of inequalities in 

                                                      

7
 The Matlab® program continuous.m was written to formulate the workspace using the workspace 

envelope characterization method.  
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equation (6.2). The shaded (black) region is the workspace of the manipulator at the given 

orientation. 

Figures 6.3(a)-6.3(c) depict the constant orientation wrench-closure workspace plots of the 

manipulator Figure 4.8 using equation (6.2) with no external wrench acting on the mobile 

platform at orientations of φ = 0
o
, 5

o
, 20

o
 respectively. Comparing Figure 6.2 and Figure 6.3 to 

Figure 4.2 and Figure 4.9, any difference between the workspace envelope characterization and 

the null space method is from the minimum and maximum wire tensions that are taken into 

account in the null space method and the high resolution possible with the envelope 

characterization method. 

 

(a) φ = 0
o
 

 

(b) φ = 2
o
 

 

(c) φ = 5
o
 

Figure 6.2 Workspace of manipulator in Figure 4.1 using envelope characterization method. 

 

(a) φ = 0
o
 

 

(b) φ = 5
o
 

 

(c) φ = 20
o
 

Figure 6.3 Workspace of manipulator in Figure 4.8 using envelope characterization method. 
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6.2.2 Manipulator with External Wrench 

The effect of gravity and external wrench on the workspace of the manipulator in Figure 4.8 is 

investigated in this section. When using the workspace envelope characterization it is possible to 

model gravity as a wire acting on the mobile platform. By modelling gravity as a wire with 

constant force and constant direction, a four-wire-actuated parallel manipulator is modelled as a 

five-wire manipulator. The Jacobian matrix is modified to include an extra column for a wire 

which represents the gravitational force and is constantly pulling in the negative Y-direction. The 

magnitude of the gravitational term is taken as the “tension” and the column added to the 

transposed Jacobian matrix is [0 −1 0]
T
.  Since the workspace envelope characterization only 

investigates properties of the Jacobian matrix, it does not take into account the magnitude of the 

gravitational force. Therefore, the workspace results for a manipulator with gravity are the same 

as the results of the workspace with a large external force in the negative Y-direction using this 

workspace envelope formulation. The simulations using this method would result in a workspace 

larger than the actual workspace for the manipulators with low specific mass for mobile platform 

or manipulators operating in environments where the gravitational acceleration is not as high, so 

the weight (mg) of the mobile platform will be low.  

For a five-wire planar manipulator, the workspaces of the five different combinations of four 

wires are investigated. The union of the workspaces of the four-wire combinations is the 

workspace of the “five-wire” manipulator. This is similarly expanded to n-wire manipulators for 

  !!! knkn   combinations of four wires (k = 4), e.g., 5 combinations of four wires for a five-

wire manipulator.  

Figure 6.4 shows the workspaces corresponding to four wires/forces at a time formulated using 

equation (6.2) for the four-wire manipulator in Figure 4.8 under the action of gravity. Each plot in 
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Figure 6 depicts the anchor positions corresponding to the wires being investigated for that plot. 

For the plots of Figure 6.4, all intersections of the inequalities that are less than zero are empty, so 

the workspace is formulated from only the inequalities that are greater than zero. The orientation 

of the mobile platform is 20
o
 for the plots in Figure 6.4. The workspace of Figure 6.4(f) is the 

union of the workspaces in Figures 6.4(a)-6.4(e). Figures 6.5(a)-6.5(c) depict the wrench-closure 

workspace for the manipulator in Figure 4.8 with gravity at orientations of φ = 0
o
, 5

o
, and 30

o
. 

Comparing Figure 4.9 with Figure 6.5, any difference between the workspace plots of the two 

methods is due to the wire tension limits that the null space method takes into account and also 

the high resolution possible with the plots of envelope characterization method. 

The manipulator in Figure 4.8 was also investigated with a large force acting in the positive X-

direction and a large positive moment acting on the mobile platform by inserting columns [1 0 0]
T
 

or [0 0 1]
T
 into the transposed Jacobian matrix. Using any normalized direction vector for the first 

and second entries of the extra column allows the workspace to be calculated with a large external 

force acting in that direction, such as, [0.707 0.707 0]
T
 for an external force acting at 45

o
 counter-

clockwise from the X-axis. The wrench-closure workspace formulated with workspace envelope 

characterization method for these cases can be seen in Figures 6.6(a)-6.6(c), the workspace 

calculated with the null space method, with external forces of 100N or external moments of 

100Nm are shown in Figures 6.6(d)-6.6(f). The orientation of the mobile platform is φ = 20
o
 for 

all plots in Figure 6.6. 
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(a) gravity removed 

 

(b) wire 4 removed 

 

(c) wire 3 removed 

 

(d) wire 2 removed 

 

(e) wire 1 removed 

 

(f) Complete workspace 

Figure 6.4  Workspaces corresponding to combinations of four forces for the manipulator 

in Figure 4.8 acting under gravity at φ = 20
o
. 

 

(a) φ = 0
o
 with gravity 

 

(b) φ = 5
o
 with gravity 

 

(c) φ = 30
o
 with gravity 

Figure 6.5 Workspaces of manipulator in Figure 4.8 with gravity using envelope 

characterization method. 

By applying an external wrench to the mobile platform, the workspace can be altered to have 

more desirable characteristics. Comparing the workspace plots of Figure 6.3(c), formulated with a 

zero external wrench, and Figure 6.6(b), formulated with a large external moment, which are 

calculated for the same manipulator and mobile platform orientation of φ = 20
o
, there is a large 

difference in the workspace shape and size. The workspace of Figure 6.6(b) is much larger and 

thus desirable compared to the plot of Figure 6.3(c) , and as depicted, it is similar to the 



 

94 

 

workspace of Figure 6.3(b) with orientation of φ = 5
o
. By applying an external force in a certain 

direction the workspace will increase in that direction, as can be seen in Figure 6.6(a) and Figure 

6.6(c). Applying an external moment in the same direction of mobile platform orientation 

increases the workspace until it is similar to the zero orientation workspace, as depicted in Figure 

6.6(b), the larger the mobile platform orientation the greater the increase in workspace area. If the 

mobile platform orientation is zero there is no increase in workspace size with an external 

moment. 

 

(a)Large force in X-direction, 

envelope characterization 

method 

 

(b) Large positive moment, 

envelope characterization 

method 

 

(c) Large force at 45
o
 to X-

axis, envelope 

characterization method 

 

(d) 100N force in X-direction, 

null space method 

 

(e) 100Nm positive moment, 

null space method 

 

(f) 100N force acting at 45
o
 to 

X-axis, null space method 

Figure 6.6 Workspaces for large external force and moment φ = 20
o
. 

The tapering of the wrench-closure workspace for the large force acting in the negative Y-

direction, i.e., gravity, and lack of tapering for the wrench-closure workspace for the large force 

acting in the positive X-direction is affected by the shape of the mobile platform. Since the 
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mobile platform is in a horizontal position at zero orientation and the wire connection points on 

the mobile platform are one unit apart along the X-axis, when the manipulator moves along the 

Y-axis beyond the lower anchor positions the workspace tapers because the wires approach a 

parallel configuration. When the mobile platform moves along the X-axis the wire connection 

points on the mobile platform are at the same point along the Y-axis, thus the mobile platform 

must be at a location much further along the X-axis for the wires to approach a parallel 

configuration.  

6.2.3 Redundant Manipulator 

To further investigate the affect of redundancy on the workspace of wire-actuated parallel 

manipulators, equation (6.2) is used to formulate the workspace of the manipulator in Figure 4.14. 

Since this manipulator has six wires there are a total of 15 combinations of four wires that create 

overlapping sections of the workspace of redundant manipulator.  

Figure 6.7 depicts the workspaces of each of the 15 four wire combinations for a mobile platform 

orientation of φ = 20
o
 and with zero external wrench. The set of anchors that are used for each 

combination are shown in each plot as small circles. Each plot of Figure 6.7 is formed from the 

union of the regions that is the intersection of all positive entries of the null space vector, as with 

previous cases the intersection of all the negative entries of the null space vector is empty. The 

union of these 15 combinations can be seen in Figure 6.8(c). Figure 6.8(a) and Figure 6.8(b) show 

the complete workspaces of the manipulator in Figure 4.14 at orientations of φ = 0
o
 and φ = 5

o
. 

Comparing Figure 6.8 to Figure 4.15, any difference between the workspace plots of the two 

methods is due to the wire tension limits that the null space method takes into account and also 

the high resolution possible with the plots of envelop characterization method. 
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Figure 6.7 Wrench-closure workspace using workspace envelope characterization of four 

wires of manipulator in Figure 4.14 at φ = 20
o
. 
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(a) φ = 0
o
 

 

(b) φ = 5
o
 

 

(c) φ = 20
o
 

Figure 6.8 Workspaces of manipulator in Figure 4.14. 

6.3 Chapter Summary 

In this chapter, it was presented that the workspace of 3 DOF planar wire-actuated parallel 

manipulators can be formulated utilizing an analytical method which describes the border of the 

workspace. The proposed method is based on the determinants of the 3 x 3 minors of the 

transposed Jacobian matrix that characterize the null space of the Jacobian matrix. The 

intersection of the regions that generate all positive determinants of the 3 x 3 minors and 

intersection of the regions that generate all negative determinants form the workspace of a planar 

manipulator with four wires. It should be noted that for all cases tested in this chapter, the 

intersection of regions that generate all negative determinants were empty, thus all workspaces 

were formulated from the intersection of the regions that generate positive determinants. The 

wrench-closure workspace, with constant orientation of the mobile platform, was calculated for 

three manipulators: two non-redundant four-wire-actuated manipulators and one six-wire-

actuated manipulator. For redundant manipulators, the workspace was investigated by extending 

the workspace envelope characterization method and investigating the contribution of each set of 

four wires. It was shown that modelling gravity/large external wrench as a wire and investigating 
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each combination of four “wires” allowed the workspace formulation of manipulators acting 

under gravity/large external wrenches.  

Applying a large external wrench on the mobile platform drastically changes the shape and size 

of the workspace. The plots of the wrench-closure workspace with a large external force will be 

larger in the direction of that force. By applying a large external moment on the mobile platform, 

the workspace region does not change for a zero mobile platform orientation. The greater the 

orientation of the mobile platform is, the greater the increase in the size of the workspace will be 

when a moment in the same direction as mobile platform orientation is applied. It should be noted 

that a moment in opposite direction of orientation will result in a smaller workspace. By applying 

an external wrench to the mobile platform, it is possible to increase the size and/or change the 

shape of the workspace accordingly.  

All workspaces calculated with the workspace envelope method match workspaces formulated 

with the null space method. The null space method gives a more realistic workspace formulation 

because it takes into account the minimum and maximum wire tensions. The workspace envelope 

method assumes that very large wire tensions is possible and identifies the maximum wrench-

closure workspace. Since the workspace envelope method plots an analytical function as the 

border of the workspace a much higher resolution representation of the workspace is possible 

compared to the null space method. There is no significant difference between the calculation 

speeds of the two methods. The null space method is more useful when investigating the design 

constraints of a manipulator to be manufactured while the workspace envelope method identifies 

the maximum possible workspace.  

The workspace of the example manipulators in this chapter are formulated again using a method 

based on theorems from multi-fingered grasping manipulators in the following chapter.  
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Chapter 7 

Antipodal Grasp Theorem Applied to Workspace Generation
8
  

This chapter investigates a discrete workspace calculation of planar wire-actuated parallel 

manipulators based on the antipodal grasp theorem from multi-fingered grasping manipulators. 

Section 7.1 applies the antipodal grasp theorem to the workspace generation of planar wire-

actuated manipulators and Section 7.2 calculates the workspace of some of the example planar 

wire-actuated parallel manipulators. 

7.1 Theory 

There are many similarities between the wire-actuated parallel manipulators and multi-fingered 

grasping manipulators (grasping manipulators). During grasping, the fingers of the manipulator 

may only exert a force inwards on the object being grasped, when friction is ignored. Similarly, 

each wire of wire-actuated manipulators can only exert a force pulling the mobile platform. That 

is, wire-actuated manipulators and multi-finger grasping manipulators (ignoring friction) can only 

apply force in a unidirectional manner. Since wires can only generate tension, there are theorems 

from grasping manipulators that can be used to calculate the workspace of a wire-actuated 

manipulator. 

If each finger of a multi-fingered manipulator is modelled with friction, between the finger and 

the object being grasped, then the force that each finger applies on the object can be modelled as 

a friction cone. The vertex of the friction cone is located at the point of contact. The height of the 

cone is equal to the magnitude of the normal force, FN, applied by the finger. The base radius of 

                                                      

8
 This chapter is based on McColl and Notash (2008b) and McColl and Notash (2009a). 
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the cone is equal to the magnitude of the friction force, FF. An example can be seen in Figure 7.1. 

For a planar grasp, in general, at least two fingers with friction, and hence two friction cones, are 

required to completely restrain the object (Murray et al, 1994). It has also be shown that when a 

grasping manipulator uses frictionless fingers the “friction cones” are created by finding the 

intersection of the lines of force no matter where the fingers contact the surface of the object 

(Nguyen, 1988). This can be seen in Figure 7.2. In these cases it is possible to have the friction 

cones overlapping or not overlapping the mobile platform.  

For planar grasping manipulators, an object is fully constrained if the following theorem is 

satisfied. 

Planar Antipodal Grasp Theorem – Two contact points with friction (Murray et al, 1994) 

A planar grasp with two point contacts with friction is force closed if and only if the line 

connecting the contact points lies inside both friction cones. 

Extending the antipodal grasp theorem to four separate contact points results in the following 

theorem considering and extending the discussion of Nguyen (1988).  

Planar Antipodal Grasp Theorem – Four frictionless contact points 

Taking the intersection point of two adjacent forces and then the intersection point of the two 

remaining forces, a planar grasp with four frictionless contact points is wrench closed if and only 

if the line connecting these two points lies inside both “friction cones”. 

In Figure 7.2 the line connecting the vertices of the “friction cones” is within the “friction cones”, 

it can be seen that the unidirectional forces can balance each other in the X- and Y-directions. 

Thus there exists some combinations of the magnitude of forces in the directions applied by the 

frictionless contacts that constrain the object being grasped. Figure 7.3 shows an example of 
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friction cones that do not fully constrain the object on the plane. The frictionless contacts cannot 

prevent the motion of the object in the positive X-direction.  

 

  

 

Figure 7.1 Example grasping manipulator for planar case showing friction cones. 
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Figure 7.2 Friction cones formed from frictionless contacts that constrain object. 

 

Figure 7.3 Friction cones formed from frictionless contacts that do not constrain object. 

 

An example torque closure case is shown in Figure 7.4. The “friction cones” formed in Figure 7.4 

are combined into a quadrilateral to determine if the object is torque closure. It is evident from 
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Figure 7.4 that two of the forces can apply a clockwise torque and the other two forces can apply 

a counter-clockwise torque on the object about the centre of the quadrilateral. In general, the 

centre of the quadrilateral does not need to be over the body and the quadrilateral does not need to 

contain the centre of mass of the object. Since there is a point, the center of the quadrilateral, 

which has a balance of clockwise and counter-clockwise torques, the object is torque closed 

around that point. Any planar rigid body is torque closed if it has force closure and there exists 

clockwise and counter-clockwise torques about a point on the plane.  It is also clear that the 

object in Figure 7.4 is force closed, since there are forces acting in positive and negative X- and 

Y- directions. As well, there is a quadrilateral that is formed from the “friction cones” showing 

that the object has forces that can supply a clockwise or counter-clockwise torque around the 

centre of that quadrilateral. Thus the object in Figure 7.4 is torque closed. The configuration in 

Figure 7.2 is similar to the configuration of Figure 7.4 and a quadrilateral can be formed from the 

“friction cones” showing that any clockwise and counter-clockwise rotation can be balanced with 

the unidirectional forces. Thus the object in Figure 7.2 has force closure and torque closure 

(wrench closure) and is fully constrained. This shows that if the line connecting the two 

intersection points is contained in both “friction cones” then the object is force closed and torque 

closed.  

Figure 7.5 gives an example where the line connecting the vertices of the “friction cones” is not 

contained within both “friction cones” and the “grasped object” is not constrained from rotation. 

Although this object is force closed, since the combinations of unidirectional forces are in the 

positive and negative X- and positive and negative Y-directions it does not have torque closure 

because a quadrilateral cannot be formed from the friction cones and thus there is no point about 

which unidirectional forces can apply both clockwise and counter-clockwise torques.  
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If the planar antipodal grasp theorem is satisfied then the object is wrench closed and is fully 

constrained on the plane. If the line connecting the vertices of the “friction cones” is not inside 

the “friction cones” then the object is not force and/or torque closed and not fully constrained on 

the plane. It should be noted that it is possible an object is force closed with three unidirectional 

forces but the object will not be torque closed.  

 

Figure 7.4 Torque closure of object grasped with unidirectional forces. 
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Figure 7.5 “Friction cones” that do not fully constrain the object. 

When comparing wire-actuated manipulators to the grasping manipulators, it has been presented 

that if two wires are connected to the same point on the mobile platform (or base), like the 

manipulator in Figure 4.8, then the forces applied by these two wires on the mobile platform can 

be modelled as a “friction cone” (Ebert-Uphoff and Voglewede, 2004).  Using the “friction 

cones” formulated from the frictionless contacts, as in Figure 7.2, it is possible to apply “friction 

cones” to wire-actuated-parallel manipulators where the wires do not share a connection point on 

the mobile platform, for example the manipulator in Figure 4.1. Since both the wires and the 

frictionless fingers are unidirectional the same method can be applied. The manipulator has 

wrench closure if the “friction cones” created by the wire axes satisfy the planar antipodal grasp 

theorem.  

For wire-actuated manipulators, the axes of the tension force created by the wires, i.e., the lines 

coincident with the wires are used to create the “friction cones”. These “friction cones” are shown 

in Figure 7.6 for three different manipulators. Using a manipulator with two wires that share a 
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connection point on the mobile platform simplifies the verification of the planar antipodal grasp 

theorem because the intersection points (vertices of the “friction cones”) of the wire axes are 

known, demonstrated in Figure 7.6 (a). For a manipulator with four distinct wire attachments, as 

in the manipulator in Figure 7.6 (b), the intersection points of the lines coincident with the wire 

axes need to be found. The “friction cones” for a manipulator with wires crossing over the mobile 

platform are shown in Figure 7.6 (c).  For a planar manipulator with four wires there are a 

maximum of six possible intersection points between wire axes, of which, two intersection points 

form the vertices of the “friction cones”.  An intersection point at the vertex of a “friction cone”, 

is found by taking the intersection of two adjacent wire axes, for example wires 1 and 4 in Figure 

7.6. The vertex of the other “friction cone” is the intersection point of the remaining wires, which 

are also adjacent since there are only four wires, for example wires 2 and 3 in Figure 7.6. The 

alternative set of intersection points that could be used with the planar antipodal grasp theorem 

would be the intersection point between wires 1 and 2 and the intersection point between wires 3 

and 4.   

Since the wires of the manipulator in Figure 4.8 extend away from the mobile platform, the 

“friction cones” are drawn away from the manipulator, so neither planar antipodal theorem can be 

satisfied, as seen in Figure 7.6(a). The friction cones for the manipulator in Figure 4.1 also point 

away from each other and thus neither of the planar antipodal grasp theorems can be applied 

directly, as seen in Figure 7.6(b). The wires of the manipulator in Figure 4.11 cross the 

manipulator so the friction cones face one another and the planar antipodal grasp theorem for two 

contact points with friction can be applied, seen in Figure 7.6(c). 

A corollary of the planar antipodal grasp theorem proved by Ebert-Uphoff and Voglewede (2004) 

shows that for wire-actuated parallel manipulators with two connection points on the mobile 
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platform, the reversed “friction cones” of a grasp must also satisfy the theorem. Extending the 

lines created by the axes of wire tension forces through the intersection points results in the 

reversed “friction cones” shown in Figure 7.7.  If the line connecting the vertices of the “friction 

cones” is contained in both of the reversed “friction cones” then the current pose satisfies the 

planar antipodal grasp theorem and is realizable and part of the workspace. This is also 

demonstrated on wire-actuated-manipulators where the wires do not share a common connection 

point. This is shown in Figure 7.7. Figure 7.8 shows an example pose that is not in the workspace 

because the line connecting the vertices of the “friction cones” is not inside both of the reversed 

“friction cones”. It should be noted that the Jacobian matrix for the manipulator in the pose in 

Figure 7.8 has full rank. This pose would be considered as part of the workspace if the four wires 

were replaced by prismatic joints that can apply both tension and compression forces. 
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(a) Friction cones of manipulator in Figure 4.8. 

 

(b) Friction  cones of manipulator in Figure 4.1. 

 

(c) Friction cones of manipulator in Figure 4.11. 

Figure 7.6 Friction cones for wire-actuated manipulators. 
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Figure 7.7 Reversed Friction cones for wire-actuated mobile platform in workspace. 

 

Figure 7.8 Reversed Friction cones for mobile platform pose not in workspace. 
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cones” then the location is in the workspace. This is repeated for each desired mobile platform 

orientation, φ. This process will be called the antipodal method. The process of calculating the 

workspace of a  planar four-wire-actuated parallel manipulator using the antipodal method is 

given in Algorithm 7.1. Since this method does not require the calculation of wire tensions for 

formulating the workspace, the wire tensions could approach infinity in the workspace. 

Therefore, the workspace calculated with the antipodal method is the largest possible workspace.  

Algorithm 7.1 Discrete Antipodal Method 

1. Define anchor positions and wire connection points on the mobile platform in each 

coordinate frame. 

2. Choose a pose of the manipulator to be investigated for inclusion in the workspace. 

3. Calculate the vertices of the “friction cones” for current pose. 

4. Formulate the line connecting the “friction cone” vertices. 

5. If the line connecting the “friction cone” vertices satisfies either antipodal grasp theorem, 

the pose is contained in workspace. 

6. Repeat steps 2 to 5 for all poses to be investigated. 

7. Collect poses that satisfy antipodal grasp theorem to comprise manipulator workspace. 

8. End.   

 

7.2 Simulation 

In this section the workspaces of the wire-actuated parallel manipulators in Figure 4.1, Figure 4.8, 

Figure 4.11 and Figure 4.14  are investigated using the antipodal method.  Starting at the bottom 

left-hand anchor position, the planar antipodal grasp theorem is checked at each location by 
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moving the manipulator through the area formed by the anchor positions in increments of 0.1 

units. In the following investigations, the plane of motion will be perpendicular to the plane of 

gravity, i.e., the gravity will not affect the motion, unless otherwise stated. Since this method only 

investigates the configuration of the wire axes, the axes of the workspace plots are not labelled 

because the results would be the same for any unit of length, e.g., millimetres, meters, etc. 

Figure 7.9 corresponds to an example wrench-closure workspace observation using the antipodal 

method for the manipulator in Figure 4.1. A Matlab® program
9
 was used to create the workspace 

plots using the discrete antipodal method.  Figures 7.9(a), 7.9(b), and 7.9(c) show the maximum 

wrench-closure workspace of the manipulator in Figure 4.1 with φ = 0
o
, φ = 2

o
, and φ = 5

o
 

respectively. The workspace is empty for the orientation  φ = 20
o
 so it is not included in Figure 

7.9. 

Figure 7.10 corresponds to an example wrench-closure workspace observation using the antipodal 

method for the manipulator in Figure 4.8. Figures 7.10(a), 7.10(b), and 7.10(c) show the 

maximum wrench-closure workspace of the manipulator in Figure 4.8 with φ = 0
o
, φ = 5

o
, and φ = 

20
o
 respectively. The workspace for this manipulator with an orientation of 2

o
 is very similar to 

the workspace with an orientation of 0
o
 and so it is not included. 

The antipodal method was applied to generate the wrench-closure workspace of the manipulator 

in Figure 4.11. For the manipulator in Figure 4.11, the “friction cones” are used in the planar 

antipodal grasp theorem instead of the reversed “friction cones”, as shown in Figure 7.6(c). This 

method checks both friction cones and reversed friction cones for the planar antipodal grasp 

theorem thus it was used to calculate the workspace plots of the manipulator in Figure 4.11, 

                                                      

9
 The Matlab® program workspaceantipodal.m was written to formulate the workspace using the discrete 

antipodal method. 
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shown in Figure 7.11. Figures 7.11(a)-7.11(c) shows the maximum wrench-closure workspace of 

the manipulator in Figure 4.11 with φ = 0
o
, φ = 5

o
, and φ = 20

o
 respectively. There is very little 

difference between the workspaces in Figure 7.10 and Figure 7.11.    

 

(a) φ = 0
o
 in horizontal plane 

 

(b) φ = 2
o
 in horizontal plane 

 

(c) φ = 5
o
 in horizontal plane 

Figure 7.9 Workspaces for manipulator in Figure 4.1 calculated using antipodal method. 

 

(a) φ = 0
o
 in horizontal plane 

 

(b) φ = 5
o
 in horizontal plane 

 

(c) φ = 20
o
 in horizontal plane 

Figure 7.10 Workspaces for manipulator in Figure 4.8 calculated using antipodal method. 
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(a) φ = 0
o
 in horizontal plane 

 

(b) φ = 5
o
 in horizontal plane 

 

(c) φ = 20
o
 in horizontal plane 

Figure 7.11 Workspace of manipulator in Figure 4.11 calculated with antipodal method. 

Using the antipodal method, it is possible to investigate redundant manipulators and manipulators 

acting under gravity. The union of workspaces obtained by the different combinations of four 

wires of a redundant manipulator is the workspace of the entire redundant manipulator. It is also 

possible to treat gravity as a wire with constant tension and direction acting at the centre of mass 

of the manipulator. Figure 7.12(a) shows the manipulator with four wires of Figure 4.8 with the 

force of gravity added at the centre of mass which is modelled as a fifth wire. Figures 7.12(b)-

7.12(f) show the combinations of four forces (wires tensions and gravity) of the manipulator. The 

workspaces with mobile platform orientation of 20
o
 are calculated for each of the configurations 

in Figure 7.12, and shown in Figure 7.13.  The workspace of Figure 7.13(a) is the union of the 

workspaces of Figures 7.13(b)-7.13(f). Figures 7.14(a)-7.14(c) show the workspaces for the 

manipulator in Figure 7.12(a) at orientations of 0
o
, 5

o
, and 30

o
 respectively. 
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(a) Manipulator 

 

(b) Wire 4 removed 

 

(c) Wire 3 removed 

 

(d) Wire 2 removed 

 

(e) Wire 1 removed 

 

(f) Gravity removed 

Figure 7.12 The wire/force combinations for the manipulator in Figure 4.8 with gravity. 
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(a) Complete workspace 

 

(b) Workspace with wire 4 removed 

 

(c) Workspace with wire 3 removed 

 

(d) Workspace with wire 2 removed 

 

(e) Workspace with wire 1 removed 

 

(f) Workspace with gravity removed 

Figure 7.13 Workspaces corresponding to wire/force combinations of Figure 7.12. 
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(a) 0
o
 with gravity 

 

(b) 5
o
 with gravity 

 

(c) 30
o
 with gravity 

Figure 7.14 Workspaces of manipulator in Figure 7.12(a) calculated with antipodal method. 

To investigate the effect of redundancy on the workspace using the antipodal grasp theorem 

method, the six-wire manipulator in Figure 4.14 with three wire connection points and two wires 

at each connection point is used. Since the wires do not cross, the friction cones for this 

manipulator are created with the extensions of the wires, as seen in Figure 7.7. Since this 

manipulator has six wires (n = 6), to use the antipodal method, there are 15 different 

combinations of four (k = 4) wires of this six-wire redundant manipulator, calculated as 

 !!! knkn   combinations.  

The workspaces of these 15 combinations must be investigated to form the workspace of the 

manipulator. The 15 workspaces that comprise the workspace of the redundant manipulator, each 

plot corresponding to the workspace contribution of a set of four wires, are shown in Figure 7.15. 

The small circles in each plot of Figure 7.15 show which four wires were used in forming the 

workspace contribution of that plot. To verify that these workspaces are correct and that the 

antipodal method gave the correct result for each combination of wires, the convex hull method is 

used to calculate the same 15 workspaces. These are shown in Figure 62. The final workspace, 

the union of the 15 workspaces calculated in Figure 7.15, is shown in Figure 7.17 which is 
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identical to the workspace calculated with the convex hull method. There are no differences 

between the workspaces calculated with the antipodal method and the convex hull method. Using 

the antipodal method, the workspace of this redundant manipulator is found at 0
o
, 5

o
, and 30

o
, 

shown in Figure 7.18. 
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Figure 7.15 Workspaces using antipodal method of the 15 combinations of four wires of 

manipulator in Figure 4.14. 
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Figure 7.16 Workspaces of each combination formulated with convex hull method. 
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Figure 7.17 Union of workspaces of Figure 7.15. 

 

(a) 0
o
 no gravity 

 

(b) 5
o
 no gravity 

 

(c) 30
o
 no gravity 

Figure 7.18 Workspaces of manipulator in Figure 4.14 calculated with antipodal method. 

7.3 Chapter Summary 

In this chapter, the planar antipodal grasp theorem was presented and applied to calculate the 

workspaces of four manipulators. Ebert-Uphoff and Voglewede (2004) presented that a pose of a 

planar four-wire-actuated parallel manipulator was wrench closed if the line connecting the wire 

attachment points on the mobile platform (or base) is contained within the “friction cones”. This 

chapter expands this to the workspace formulation of general planar manipulators with or without 

an external force applied to the mobile platform. Since this method does not take into account the 

maximum wire tensions there is no effect on the workspace due to maximum tensions in the 

wires. It was shown that the workspace of manipulators with distinct wire attachment points can 
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also be calculated with the antipodal method. Comparing the workspaces formulated with the 

antipodal method to the workspaces calculated with the convex hull method, it can be seen that 

the antipodal method calculations obtained the same workspaces. There was no significant 

difference in calculation time between this method and any other method discussed so far.  

The workspaces of redundant manipulators, as well as manipulators under gravity, were also 

investigated using the antipodal method. Modelling gravity as a wire under constant tension 

acting in one direction allowed the four-wire-manipulator with gravity to be modelled as a five-

wire-manipulator. For manipulators with more than four wires, the workspace is obtained by the 

union of the workspaces of the manipulators which have different combinations of four wires of 

all the wires of the redundant manipulator. The workspaces formulated for these manipulators 

match the results from the convex hull method. The following chapter introduces an analytical 

workspace formulation based on the antipodal method.  
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Chapter 8 

Analytical Antipodal Method 

This chapter investigates an analytical solution to workspace generation of planar wire-actuated 

parallel manipulators based on the antipodal method of the previous chapter. Using the geometry 

of the manipulator, it is possible to generate equations describing the borders of the workspace. 

Section 8.1 develops the method with which to calculate the workspace. Section 8.2 uses the 

method from Section 8.1 to calculate the workspaces of example planar wire-actuated parallel 

manipulators.   

8.1 Theory 

An analytical method based on the antipodal grasp theorem is utilized to formulate the workspace 

of various planar wire-actuated parallel manipulators. The planar antipodal grasp theorem states 

that the line connecting the vertices of the friction cones must be contained within both of these 

friction cones. When the line connecting the vertices of the friction cones is collinear with one of 

the edges of the corresponding friction cones the manipulator is at the border of the workspace. 

By determining when the line connecting the vertices of the friction cones is collinear with each 

edge of the friction cones, it is possible to define the borders of the workspace analytically. The 

curves along which the line connecting the vertices of the friction cones is collinear to an edge of 

a friction cone will comprise the borders of the workspace. For planar wire-actuated parallel 

manipulators, the edges of the friction cones are equivalent to the wire axes and the vertices of the 

friction cones are equivalent to the intersection of the wire axes that are used to formulate that 
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friction cone. This can be seen in Chapter 7 in Figure 7.6. A non-redundant manipulator reaches a 

singularity when two of the wire axes are collinear. The borders of the workspace are found by 

formulating the curves which describe the collinearity of each wire axis with every other wire 

axis and the curves which describe the collinearity of each wire axis with the line that connects 

the vertices of the friction cones. The area inside the borders that satisfies the antipodal grasp 

theorem is the workspace of the manipulator.  

To find the expressions of the curves that define the borders of the workspace, two sets of 

parameters are required; the anchor positions, 
Ψ
ai for i = 1, …, n, from equation (3.1) and the wire 

attachment points on the mobile platform, 
Ψ
bi for i = 1, …, n, from equation (3.5). The anchor 

positions are constant and the wire attachment points on the mobile platform are written in terms 

of the mobile platform pose (position, (x, y), and orientation, φ). To formulate the borders of the 

constant orientation workspace, φ is kept constant at the desired rotation of the mobile platform 

and the wire attachment points are written in terms of x and y. The vertex of a friction cone is 

calculated using the intersection of the two wire axes that form the friction cone. The intersection 

point between the two wire axes is calculated using two points along each axis, i.e., the anchor 

positions and the wire connection points on the mobile platform. The anchor positions are written 

in X- and Y-components as (aix, aiy) for the i
th
 wire. The wire connection points on the mobile 

platform, written in X- and Y-components, (
Ψ
bix, 

Ψ
biy), for i = 1, …, n, are in terms of the mobile 

platform position, (x, y), for a constant orientation workspace formulation. The points, (aix, aiy) 

and (
Ψ
bix, 

Ψ
biy) on wire axis i and (ajx, ajy) and (

Ψ
bjx, 

Ψ
bjy) on wire axis j are used to calculate the 

location of the friction cone vertex, (xint, yint), of the friction cone formed from wires i and j using 

the following equations.  
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(8.1) 

Since the wire connection points are in terms of x and y and the anchors positions are constant, 

the position of the friction cone vertex will also be in terms of x and y. By substituting the anchor 

positions and wire connection points of any two wires that form a friction cone, the vertex of any 

friction cone can be found in terms of x and y. 

For a planar manipulator with 3 DOF, two friction cones (four wires) are required to check for 

wrench closure. Hence, equations for the vertices of two friction cones are formulated for a four-

wire manipulator. The curves which comprise the borders of the workspace are calculated using 

the collinearity of the line connecting the vertices of the friction cones and each of the lines which 

represents a wire. Collinearity of two lines can be tested using three points, one point on each line 

and the intersection point between the two lines. To test the collinearity of the line that connects 

the vertices of the two friction cones and a line that represents a wire, the two vertices of the 

friction cones, (xint1, yint1) and (xint2, yint2), and the anchor position of the wire being investigated, 

(aix, aiy), are utilized as the three points. These three points are sufficient for testing collinearity 
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because one of the vertices of the friction cones will be on the line currently being investigated.  

If these three points are collinear then the line that represents a wire is collinear to the line 

connecting the vertices of the friction cones. To formulate the expression of collinearity the 

following equation is used.  

0

1

1

1

det

2int2int

1int1int 

















yx

yx
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(8.2) 

The expression for the collinearity is in terms of the mobile platform position, x and y, because 

the anchor position is constant and the vertices of the friction cones are in terms of x and y. This 

expression of collinearity describes a quadratic curve on the X-Y plane. These expressions are 

defined from negative infinity to infinity but only a finite segment of the curve is investigated 

because the manipulator has a finite size. Figure 8.1 shows a plot of the curve segment found 

using equation (8.2) for the manipulator in Figure 4.1 at an orientation of 5
o
 for wire 1 being 

collinear to the line that connects the vertices of the friction cones.  

 

Figure 8.1 Result of equation (8.2) for wire 1 collinear with line connecting friction cone 

vertices.  

The manipulator reaches a singularity when the lines that represent two wires are collinear. The 

lines that represent two wires are collinear when the wire connection points on the mobile 
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platform and the anchor points for both wires are collinear. Hence, equation (8.2) uses the two 

anchor positions and the intersection between the two lines that represent the wires to formulate 

the curve describing collinearity. All of the curves that describe collinearity comprise the possible 

borders of the workspace. An example of all the curves can be seen in Figure 8.2 for the 

manipulator in Figure 4.1 at a mobile platform orientation of 5
o
.  

 

Figure 8.2 All curves for manipulator in Figure 4.1(a) at φ = 5
o
. 

The results in Figure 8.2 are identical to the curves generated using Cramer‟s rule for the 

envelope characterization method in Chapter 6.  

Once the curves are defined, the workspace is found by investigating which areas, created by the 

intersecting curves, contains locations that satisfy the planar antipodal grasp theorem. To find 

these areas, the curves must first be discretized to define the border of an area as a set of points. 

To discretize a curve, values of mobile platform position x (or y) are substituted into the 

expressions found in equation (8.2) to calculate values of y (or x). The pairs of x and y values are 

retained as an array that describes the curve. For functions that have two possible y (x) values for 

every x (y) value two arrays are retained for each set of x and y values.   
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Since the workspace is plotted in a finite area, lines which describe the borders of the plot must 

be created to insure the program does not search for areas outside the border of the plot area. 

These borders are represented as dashed lines in Figure 8.3 for the curves in Figure 8.2. These 

lines are also discretized into arrays of x and y values.  

 

Figure 8.3 Additional lines (represented by dashed lines) generated at plot border. 

Using a program
10

 for Matlab® the intersections between the curves/lines (will be referred to as 

curves) are found using the arrays of x and y values. A list of the intersection points along each 

curve is retained. Each curve is split into segments between intersection points and end points. 

These segments are numbered sequentially along the curves. Figure 8.4 shows the intersections 

between three curves and the definition of each curve segment.  

                                                      

10
 Matlab® program titled InterX.m developed by NS according to 

http://www.mathworks.com/matlabcentral/fileexchange/22441 . 

http://www.mathworks.com/matlabcentral/fileexchange/22441
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Figure 8.4 Example curve intersection and definition of curve segments. 

Since the curve segments are represented as arrays with a finite number of points, there is a small 

uncertainty between an intersection point and the closest point in the array to that intersection 

point. This uncertainty can be decreased by increasing the resolution of points per curve.  

Each area is bordered by a collection of curve segments that create a simple closed curve. A 

simple closed curve is a curve that does not intersect itself (Saff and Snider, 2003). An area is 

found by starting at an arbitrary curve segment and finding the series of adjacent curve segments 

that form a simple closed curve. To find which of the adjacent curve segments form the simple 

closed curve requires the following procedure. Starting at the first curve segment, one of the end 

points of the curve is chosen arbitrarily and all the curve segments which share that endpoint 

(within the uncertainty) are found by investigating the values of the endpoints of all the other 

curve segments. A tangent vector of a curve segment is formulated at this endpoint using two 

points in the curve segment array; the endpoint, xep, and the point in the curve segment array 

closest to the endpoint, xcep. If the chosen endpoint is the first point in the curve segment array, 

the second point in the array is xcep. If the chosen endpoint is the last point in the curve segment 

array, the second last point in the array is xcep. The tangent vector of the initial curve segment is 

calculated using xep − xcep. The tangent vectors of the curve segments that are found to share the 
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endpoint are formulated as xcep − xep. An example of this procedure is shown in Figure 8.5(a). 

Curve segments 2, 3, and 4 are found to share an endpoint with curve segment 1 and the tangent 

vectors B, C, and D are oriented away from the endpoint while tangent vector A is oriented 

towards the endpoint.  

The curve segment whose tangent vector has the largest angle and a clockwise orientation with 

respect to the tangent vector of the first curve segment is retained to start forming the simple 

closed curve: tangent vector D for the example in Figure 8.5(a). The cross product of the tangent 

vector of the first curve segment is taken with the tangent vector of each of the other curve 

segments to find which curve segments have a clockwise orientation with respect to the tangent 

vector of the first curve segment. A negative value for the Z-component of the cross product 

signifies a clockwise orientation for the corresponding tangent vector. For the example in Figure 

8.5(a), tangent vectors B and D, of curve segments 2 and 4 respectively, have clockwise 

orientations with respect to tangent vector A. The dot product of the first tangent vector is taken 

with each tangent vector that has a clockwise orientation. The tangent vector that corresponds to 

the minimum dot product will have the largest angle and a clockwise orientation with respect to 

the tangent vector of first curve segment.  The curve segment which corresponds to this tangent 

vector is retained. This curve segment now replaces first curve segment and the process is 

repeated until a simple closed curve is formed. Figure 8.5(b) continues the example in Figure 

8.5(a) by finding the tangent vector of the curve segment with the largest angle and clockwise 

orientation with respect to the tangent vector of the curve segment found in Figure 8.5(a). It can 

be seen in Figure 8.5(b) that the end point of the third curve segment shares an endpoint with the 

original curve segment at the dot, creating a simple closed curve. The arrays for all the curve 
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segments that create a simple closed curve are compiled into a single array that defines the simple 

closed curve.  

 

 

 

 

(a) Example curve segments and tangent 

vectors 

(b) Continuation of (a) to form closed curve 

Figure 8.5 Example formation of closed curve. 

A point inside the simple closed curve is found by defining a set of points that form a circle 

around any one of the endpoints of the curve segments that formed the simple closed curve. Each 

point on the circle and the array which describes the simple closed curve are used as input for a 

Matlab® function
11

 that tests if a point is within a polygon defined by an array of points. If no 

points on the circle are contained within the simple closed curve, the resolution of the points on 

the circle must be increased. The planar antipodal grasp theorem is tested for each point along the 

circle that is within the simple closed curve. If all the points contained within the closed curve 

satisfy the planar antipodal grasp theorem, the area surrounded by the simple closed curve is part 

of the workspace and is plotted black. If all the points contained within the closed curve do not 

                                                      

11
 Matlab® function inpolygon.m tests if a point in within a polygon defined by an array of points. 
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satisfy the planar antipodal grasp theorem the area inside the closed curve is not part of the 

workspace. The curves, formulated using collinearity, describe the position of the line connecting 

the vertices of the friction cones with respect to the friction cones, if one point in an area satisfies 

the planar antipodal grasp theorem then all points in that area must satisfy the planar antipodal 

grasp theorem.  

For a planar manipulator with more than four wires the union of the workspace contributions of 

each combination of four wires is the workspace of the manipulator. If an external force and/or 

gravity is applied to the mobile platform, the external force and/or gravity is modelled as a wire. 

By modelling the external force and/or gravity as a wire, the magnitude of the force is ignored 

because the planar antipodal grasp theorem only depends on the direction of the wire/force 

applied to the mobile platform. Hence this method may not be applicable to manipulators with 

low specific mass or manipulators acting in an environment that have lower gravitational 

accelerations. Since an external force does not have an anchor position, an arbitrary point along 

the force axis away from the mobile platform is taken as a point in the collinearity formulation. 

The following algorithm calculates the workspace of a planar wire-actuated parallel manipulator 

by formulating the curves that describe the configuration of the friction cones and investigate if 

each area created by the intersection of the curves is part of the workspace. 

Algorithm 8.1 Analytical Antipodal Method 

1. Formulate the anchor positions and the wire connection points on the mobile platform.  

2. Model the external force and/or gravity as a wire. 

3. Set the n-wires and external force acting on the mobile platform into combinations of 

four wires/force.  
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4. Calculate expressions for the vertices of the friction cones for the first set of four 

wires/force.  

5. Formulate curves describing collinearity. 

6. Discretize every curve into arrays of X and Y values.  

7. Form an array to identify which element in a curve is at an intersection point. 

8. Divide curves into curve segments between intersection points and end points. 

9. Formulate a tangent vector at one endpoint of the first curve segment. 

10. Retain the curve segment that shares an endpoint with the previous curve segment, whose 

tangent has the largest angle with and a clockwise orientation relative to the previous 

curve segment. 

11. Repeat step 10 until a closed curve is obtained. 

12. Test the planar antipodal grasp theorem on points inside the closed curve. 

13. If points satisfy planar antipodal grasp theorem, area inside closed curve is part of 

workspace. 

14. Repeat steps 10-13 for the other endpoint of the first curve segment. 

15. Repeat steps 9-14 for every curve segment found in Step 8. 

16. Repeat steps 5-15 for each combination of four wires/force. 

17. Union of workspaces found in Step 17 is workspace of manipulator. 

18. End. 

 

8.2 Simulation 

The procedure described in Algorithm 8.1 is used to investigate the workspace of three example 

manipulators. For all the simulations in this work, each distinct curve is formulated as an array of 
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200 data points. The maximum error in the calculation of intersection points when using 200 

points per curve is less than 0.01 units for the following simulations
12

.  Since this method only 

investigates the configuration of the wire axes, as in previous chapters, the axes of the workspace 

plots are not labelled because the results would be the same for any unit of length, e.g., 

millimetres, meters, etc. The constant orientation workspace plots of the manipulator in Figure 

4.1 with no external force are formulated with the planar analytical antipodal method and shown 

in Figure 8.6. Figures 8.6(a)-8.6(c) show the workspaces formulated at φ = 0
o
, 2

o
, and 5

o
 

respectively. The workspace at φ = 20
o
 is not included in Figure 8.6 because it is empty. It can be 

seen that the workspace plots using this method are very similar to the results using the 

workspace envelope method with any difference due to the resolution of the points that make up a 

curve in the analytical antipodal method. The curves which describe the configuration of the 

friction cones and wires, formulated using collinearity, are the curves (blue) drawn on each plot 

and the workspace area is coloured black. The area of each workspace plot is formulated and 

stated above each plot.  

The analytical antipodal method was applied to the example manipulator in Figure 4.8 with no 

external force acting on the manipulator. Figures 8.7(a)-8.7(c) show the workspaces of the 

manipulator in Figure 4.8 formulated at orientations of φ = 0
o
, 5

o
, and 20

o
 respectively. The 

workspace plot of the manipulator in Figure 4.8 at φ = 2
o
 is not included because it is similar to 

the workspace at zero orientation. The workspaces shown in Figure 8.7 are very similar to the 

workspaces calculated with the envelope characterization method for the same manipulator with 

any differences due to the resolution of the curves. 

                                                      

12
 The Matlab® program used to plot the workspaces in this chapter is called antipodalborder.m. 
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(a) φ = 0
o
 

 

(b) φ = 2
o
 

 

(c) φ = 5
o
 

Figure 8.6 Workspaces of the manipulator in Figure 4.1 formulated using the analytical 

antipodal method. 
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(a) φ = 0
o
 

 

(b) φ = 5
o
 

 

(c) φ = 20
o
 

Figure 8.7 Workspaces of the manipulator in Figure 4.8 formulated using the analytical 

antipodal method. 
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The workspace of the manipulator in Figure 4.8 is investigated with gravity acting on the mobile 

platform. Gravity is acting in the negative Y-direction at the centre of mass of the mobile 

platform. As mentioned before, the magnitude of an external force is not taken into account so the 

magnitude of the gravitational force is not taken into account while using this method.  A point 

100 units in the negative Y-direction from the centre of mass of the mobile platform, (x, y−100), 

is utilized as a point along the force axis of gravity for the collinearity formulation. Therefore, the 

three points being compared for collinearity are the vertices of the friction cones and the point (x, 

y−100) when the force of gravity is investigated for collinearity. The analytical antipodal method 

investigates the workspaces of each set of four wires/forces at a time, for that reason Figures 

8.8(a)-8.8(e) show the workspace contributions of each combination of four wires/forces for the 

manipulator in Figure 4.8  at φ = 15
o
 with gravity. Figure 8.8(f) depicts the workspace of the 

manipulator with gravity at φ = 15
o
. Since some contributions to the workspace taper to infinity in 

the negative Y-direction the area is not formulated for the workspaces with gravity. Figures 

8.9(a)-8.9(c) show the workspaces of the manipulator in Figure 4.8 with gravity at φ = 0
o
, 5

o
, and 

20
o
. The results in Figures 8.9 and 8.10 are very similar to the results for the same manipulator 

with gravity using the envelope characterization method in Figures 6.4 and 6.5. 

Figure 8.10 shows a six-wire-actuated parallel manipulator. This manipulator has three wires 

attached at each of the two distinct wire attachment points on the mobile platform. There are also 

multiple wires going to the same anchor position. It may seem if some wires of the manipulator in 

Figure 8.10 will interfere with the mobile platform or other wires but the wires and mobile 

platform can be set in parallel planes so the chance of wires interfering with other wires or the 

mobile platform will be low. 
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(a) gravity removed (b) wire 4 removed 

  

(c) wire 3 removed (d) wire 2 removed 

  

(e) wire 1 removed (f) manipulator workspace with gravity 

Figure 8.8 Workspaces corresponding to combinations of four forces for the manipulator in 

Figure 4.8 acting under gravity at φ = 15
o
. 
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(a) φ = 0
o
 

 

(b) φ = 5
o
 

 

(c) φ = 20
o
 

Figure 8.9 Workspaces of the manipulator in Figure 4.8 with gravity formulated using the 

analytical antipodal method. 



 

139 

 

 

Figure 8.10 Example six-wire manipulator. 

For a six-wire manipulator, as with manipulators with an external force acting on the mobile 

platform, the workspace contributions of each combination of four wires are investigated. Figure 

8.11 shows the workspace contribution of each of the 15 combinations of four wires of the 

manipulator in Figure 8.10 at a constant orientation of 20 degrees. Since a single anchor position 

can represent more than one wire, the wires for each combination of wires are listed beneath the 

plot of each workspace contribution. Figures 8.12(a)-8.12(c) depict the workspace plots of the 

manipulator in Figure 8.10 formulated with the analytical antipodal method for φ = 0
o
, 20

o
, and 

50
o
 respectively. 

 

 

 

 

 

Wire 1 
Wire 2 

Wire 3 Wire 4 



 

140 

 

 
Wires 3, 4, 5 and 6 

 
Wires 2, 4, 5 and 6 

 
Wires 2, 3, 5 and 6 

 
Wires 2, 3, 4 and 6 

 
Wires 2, 3, 4 and 5 

 
Wires 1, 4, 5 and 6 

 
Wires 1, 3, 5 and 6 

 
Wires 1, 3, 4 and 6 

 
Wires 1, 3, 4 and 5 

 
Wires 1, 2, 5 and 6 

 
Wires 1, 2, 4 and 6 

 
Wires 1, 2, 4 and 5 

 
Wires 1, 2, 3 and 6 

 
Wires 1, 2, 3 and 5 

 
Wires 1, 2, 3 and 4 

Figure 8.11 Workspace contributions of each set of 4 wires for the manipulator in Figure 

8.10 at φ = 20
o
. 
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(a) φ = 0
o
 

 

(b) φ = 20
o
 

 

(c) φ = 50
o
 

Figure 8.12 Workspaces of the manipulator in Figure 8.10 formulated using the analytical 

antipodal method. 

8.3 Chapter Summary 

In this chapter, the analytical antipodal method was presented to formulate the workspace of 

various planar wire-actuated parallel manipulators, such as four-wire manipulators, four-wire 
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manipulators acting under an external force and redundant manipulators. The analytical antipodal 

method calculates the workspace of planar wire-actuated parallel manipulators by investigating 

the contribution of each set of four wires/forces. The borders of each contribution to the 

workspace are found calculating the collinearity of the line connecting the vertices of the friction 

cones to each line that represents a wire/force.  An external force applied to the mobile platform 

is modelled as a wire. Since the antipodal method only looks at the direction of the wires/force 

acting on the mobile platform there is no limit on wire tension and the external force is assumed 

to have a large magnitude. This results in the largest possible workspace. All the results of the 

workspaces formulated using the analytical antipodal method match the results found using other 

workspace calculation methods, with any differences due to the high resolution and/or very large 

possible wire tensions and force magnitudes. The analytical antipodal method produces very 

similar results to the workspace envelope method, with any difference due to the finite resolution 

of the curves in the analytical antipodal method. The calculation time for the analytical antipodal 

method is not significantly different from other workspace formulation methods. The workspaces 

formulated with the analytical antipodal method are good approximations but other methods that 

take into account the wire tension and the magnitude of the external force/wrench calculate more 

realistic workspaces. 
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Chapter 9 

Discussion and Conclusion 

9.1 Discussion and Conclusions  

The workspace simulation of a robotic manipulator is a key requirement in the design of that 

manipulator. This thesis studies the methods of workspace formulations for wire-actuated parallel 

manipulators. The null space method was the first workspace formulation method studied 

(Chapters 3 and 4). Using an equation from redundant rigid-link manipulators, it is possible to 

calculate the wire tensions of wire-actuated parallel manipulators given the external force applied 

to the mobile platform. The null space method requires that the Jacobian be calculated for every 

location investigated for inclusion in the workspace, this results in a discrete workspace solution. 

Since the following methods only investigate the properties of the Jacobian matrix or the 

geometry of the manipulator, these methods allows for very large tensions. The workspaces 

calculated with the following methods have the maximum possible area for that configuration of 

manipulator and the given orientation. 

In Chapter 5, the convex hull method was investigated for workspace formulation. If the convex 

hull formed from the column vectors of the transposed Jacobian, treated as vertices, contains the 

origin then the pose used to calculate the transposed Jacobian matrix is part of the workspace. 

Similar to the null space method, the convex hull method requires that the Jacobian be calculated 

for every location investigated for inclusion in the workspace, so the convex hull method is also a 

discrete workspace solution. Gravity (or an external force) can be included in the convex hull 
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method by adding a column to the Jacobian transpose, in effect treating the weight (external 

force) of the mobile platform as a wire with constant tension and direction. For planar 

manipulators, the convex hull method is advantageous when calculation time is important, since 

the convex hull method need only to investigate the transposed Jacobian matrix, while the null 

space method requires the calculation of the Moore-Penrose inverse, the null space vector, and 

the minimum norm solution before the investigation of positive tensions can happen. The 

opposite is true for spatial manipulators, the null space method is advantageous when calculation 

time is important, since the size of the Jacobian matrix is larger and thus many more 

investigations must be done to formulate the workspace using the convex hull method. In Chapter 

5, the convex hull method was used to calculate the wrench-closure workspace of four example 

manipulators, two with four wires, one redundant manipulators, and one spatial manipulator. All 

the workspaces calculated with the convex hull method are slightly larger but generally similar in 

size and shape to the workspaces calculated for the same manipulator with the null space method. 

This can be seen by comparing the workspaces of the convex hull method in Figure 5.3, Figure 

5.4, Figure 5.5, with the workspaces calculated with the null space method in Figure 4.2, Figure 

4.9, and Figure 4.15, respectively.  

Chapter 6 presented the workspace envelope characterization, a method of calculating the 

wrench-closure workspace of 3 DOF planar wire-actuated parallel manipulators utilizing an 

analytical formulation of the border of the workspace. This method is based on the determinants 

of the 3 x 3 minors of the transposed Jacobian matrix that characterize the null space of the 

Jacobian matrix. The intersection of the regions that generate all positive determinants of the       

3 x 3 minors and the intersection of the regions that generate all negative determinants form the 

workspace of a planar manipulator with four wires. It should be noted that for all cases tested in 
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this thesis, the intersection of regions that generate all negative determinants were empty, thus all 

workspaces were formulated from the intersection of the regions that generate positive 

determinants. For redundant manipulators, this thesis presents the investigation of the 

contribution of each set of four wires. Through simulation, the complete wrench-closure 

workspaces of the manipulators presented in this thesis were obtained by considering the 3 x 4 

submatrices of the transposed Jacobian matrix. In general, the workspace may include poses that 

can only be reached using a combination of five or six wires.  Thus, investigating the contribution 

of each set of four wires may not be sufficient. This thesis also presented that modelling 

gravity/large external wrench as a wire and investigating each combination of four “wires” 

allowed the wrench-closure workspace formulation of manipulators acting under gravity/large 

external wrenches. In these wrench-closure workspaces, the four-wire manipulator can withstand 

any external wrench only if the specific wrench (modelled as a wire) is applied to the 

manipulator. This method produces an analytical solution to the workspace of planar 

manipulators, so a much higher resolution can be obtained using the workspace envelope 

characterization compared to the null space or convex hull methods. The difference in calculation 

time of this method to the convex hull and null space methods, for planar manipulators, is not 

significant. In Chapter 6, the workspace envelope method was used to calculate the wrench-

closure workspace, with constant orientation of the mobile platform, for three manipulators: two 

non-redundant four-wire-actuated manipulators and one six-wire-actuated manipulator. All 

workspaces calculated with the workspace envelope characterization match the corresponding 

workspaces formulated with the null space and convex hull methods.  

Chapter 7 and Chapter 8 investigated the possible calculation similarities between grasping and 

wire-actuated manipulators. It was shown that the workspace of planar four-wire-manipulators 
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can be calculated using the planar antipodal grasp theorem. The workspaces calculated using the 

planar antipodal grasp theorem are very similar to the corresponding workspaces calculated with 

the other methods. Again, gravity or any external force can be modelled as a wire when 

investigating the workspace of a manipulator with an external force using the antipodal method. 

The antipodal grasp theorem presented in (Murray et al, 1994) was shown to only be applied to 

manipulators with four wires with two attachment points on the mobile platform by (Ebert-

Uphoff and Voglewede, 2004). In this thesis it was presented that the antipodal grasp theorem can 

be applied to the wire-actuated parallel manipulators that do not have two wires per wire 

attachment points on the mobile platform (or base) and also to the manipulators with more than 

four wires. Using the methods presented in Chapters 7 and 8, when a manipulator has more than 

four wires, such as a redundant planar manipulator with six wires or a four-wire-manipulator with 

an external force and/or gravity acting as a fifth wire, the workspaces of the different 

combinations of four wires are added together to form the workspace for the redundant 

manipulator. The antipodal method presented in Chapter 7 requires the calculation of the 

manipulator geometry at each location investigated for inclusion in the workspace, resulting in a 

discrete solution for the workspace. This discrete method has exactly the same results as the 

convex hull method. The analytical antipodal method presented in Chapter 8 has the same results 

as the workspace envelope characterization.    

A workspace that takes into account the maximum wire tensions is more meaningful for a 

physical system because real actuators cannot apply an infinite tension and no matter how strong 

a wire is, there is a limit to the maximum tension it could provide. Since the convex hull, 

workspace envelope characterization and antipodal methods do not take into account the 
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maximum wire tensions, the null space method is a better choice for workspace calculations when 

designing a wire-actuated parallel manipulator. 

The presented methods were used for the analysis of four example planar four-wire manipulators. 

It was shown that the manipulator with two wires sharing the same point on the mobile platform 

(manipulator in Figure 4.8), without crossing wires, offered the best configuration of planar four-

wire manipulators. The manipulator in Figure 4.8 offered the second largest available workspace 

with the largest range of orientations that do not have interference problems of wires with the 

mobile platform. The configuration of the manipulator in Figure 4.8 is recommended for a planar 

four-wire-actuated parallel manipulator. The workspaces of a redundant planar manipulator were 

also investigated using all the workspace formulation methods. 

Redundant planar manipulators,  planar three degree of freedom manipulators with five or more 

wires, offer some advantages over non-redundant manipulators, such as increased workspace, as 

seen in Figure 4.15 and the increased fault tolerance. But with the addition of wires there is a 

greater likelihood that there will be interference between wires and the mobile platform. Adding 

more actuated wires also will increase the cost of the system, due to the cost of the actuator as 

well as a more complicated controller for the system. For each manipulator, the required tasks 

must be studied and the monetary and performance costs weighed to determine the number of 

wires a particular manipulator must have. 

Applying a large external wrench on the mobile platform drastically changes the shape and size 

of the workspace. The plots of the workspace of manipulators with a large external force will be 

larger in the direction of that force, e.g., Figure 4.9with the null space method, Figure 5.4 with the 

convex hull method, Figure 6.5 with the workspace envelope characterization method and Figure 

7.14 with the antipodal method. By applying a large external moment on the mobile platform, 
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performed with the null space and workspace envelope characterization methods, of the 

manipulator in Figure 4.8, the workspace region does not change for a zero mobile platform 

orientation. The greater the orientation of the mobile platform is, the greater the increase in the 

size of the workspace will be when a moment in the same direction as mobile platform orientation 

is applied. A moment in opposite direction of orientation will result in a smaller workspace. By 

applying an external wrench to the mobile platform, it is possible to increase the size and/or 

change the shape of the workspace accordingly.  

The null space and convex hull methods were also used to investigate the constant orientation 

workspace of a six degree of freedom spatial manipulator with eight wires. The workspaces were 

formulated for different orientations and with and without gravity. The workspaces of the convex 

hull method matched the results of the null space method  

9.2 Future Work  

It can be seen that there is much research on wire-actuated manipulators to be done. A method to 

formulate the workspaces of spatial manipulators using the workspace envelope characterization 

and the antipodal methods should be studied. Applying the workspace envelope characterization 

method to spatial manipulators can be approached by investigating the analytical solution to the 

vector that spans the null space of the transposed Jacobian of a seven-wire-actuated parallel 

manipulator with six degrees of freedom. Some challenges are expected to arise when applying 

the workspace envelope characterization to spatial manipulators, such as the increased complexity 

of solving for three dimensional borders of the workspace as opposed to the curves found as 

borders of the workspace for planar manipulators.  
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Applying the antipodal method to spatial manipulators can be approached by studying the 

“friction cones” created using three or more wires. Some challenges arise when applying the 

antipodal method to spatial manipulators, such as identifying which sets of wires should be 

considered as components of a “friction cone”. The current antipodal method, presented in this 

thesis, does not investigate the affect a pure moment has on the workspace, so that should be 

investigated. A pure moment could be investigated using the antipodal method by modelling two 

wires pulling on the mobile platform in opposite directions at a specific distance from the centre 

of the mobile platform. Difficulties in modelling a pure moment on the mobile platform using the 

antipodal method arise when the distance from the applied forces to the centre of mass of the 

mobile platform approaches infinity.  

The simulation of the dynamic workspaces based on the methods presented in this thesis could 

also be investigated. Taking into account the motion of the mobile platform would change the 

size and shape of the workspace due to large range of possible motions and the increased tensions 

required to overcome the dynamic forces. 

Workspace formulation methods that take into account the wire mass, wire elasticity or friction 

could be investigated. The mass of the wires become important if the lengths of the wires are very 

long. Taking into account the mass of the wires would decrease the size of the workspace because 

tensions would have to be larger to compensate for the force of gravity acting on the wires. The 

elasticity of the wires is important for determining the accuracy and repeatability of the 

manipulator. If the wires are stretching while the manipulator is operating, the workspace will 

change. Depending on the environment the manipulator is operated in, the friction of the mobile 

platform and/or wires moving through the environment may be important. For example, the 

friction due to moving through the air should be negligible, but if the manipulator was operating 
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in water, the friction of the water moving over mobile platform may not be negligible. Higher 

tensions would be required to overcome this friction, thus a smaller workspace would be 

formulated. If the actuators are modelled with friction more power may be required to operate the 

actuators and friction caused by a wire sliding on the spool can be avoided by designing the spool 

with threads.   

Also experimental testing is needed to determine the accuracy of each of the workspace methods. 

Experimental results could be compared to the simulation results to show the affect of elasticity 

and mass of the wires as well as any friction in the system.   
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Appendix A 

Null Space Formulations 

There are many methods of calculating the null space of a given matrix. This section gives a 

summary of four of the most common methods. The first method is the direct solution, solving for 

the null space using the equations described by each row of the matrix. The second method uses 

singular value decomposition to determine the null space. The third method is based on the 

projection of the rows or columns of the given matrix. The fourth and final method described here 

uses Cramer‟s rule to show that the null space can be calculated using the determinants of the 

minors of the given matrix.  

A.1 Direct Solution for the Formulation of the Null Space 

The most straight forward method to calculate the null space is to solve the system  of equations 

given by Ax = 0, where A is an (m x n) matrix, x is a vector of dimension n, and 0 is a vector of 

zeroes with dimension m, (Gere and Weaver, 1965). Writing out the matrix equation as a set of 

scalar equations results in the following  

01212111  nn xAxAxA 
 

02222121  nn xAxAxA 
 

  

02211  nmnmm xAxAxA 
 

(A.1) 

This results in m equations with n unknowns. The solution (values of xi, i = 1,…, n) of all the xi 

equal to zero is called the trivial solution; the non-trivial solutions result in the null space of the 
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given matrix. If (m > n), fewer unknowns than equations, then some of the equations will be 

linear combinations of other equations and every unknown can be defined explicitly. If (m = n) 

then there are the same number of equations as the unknowns and all the unknowns can be found 

explicitly only if the equations are independent. If (m < n), which is the case for most wire-

actuated parallel manipulators, then there are more unknowns than equations, and matrix A has a 

non-empty null space. In this case, (n − m) unknowns are chosen arbitrarily to solve the system of 

equations. The solutions for the first m unknowns are found in terms of the (n − m) arbitrarily 

chosen unknowns. The vectors that make up the null space are formed by collecting the 

coefficients of the arbitrarily chosen unknowns back into matrix and vector. This method is 

similar to keeping A in matrix form and using Gauss-Jordan elimination to solve for the 

unknowns and a non-empty null space if it exists (Bretscher, 1997). This is the least useful 

method for calculating the null space since it relies on row reduction and elimination.  

A.2 Singular Value Decomposition for the Formulation of the Null Space   

The singular value decomposition (SVD) of the transposed Jacobian matrix is used in this work, 

unless otherwise stated, to obtain the orthonormal (orthogonal and normal) basis for the null 

space. The SVD results in three matrices, U, Σ, and V, so that J
T 

= UΣV
T
. The columns of U are 

the eigenvectors of J
T
J. The columns of V are the eigenvectors of JJ

T
. The matrix Σ is a diagonal 

matrix whose entries are the singular values of J
T
. The singular values of J

T
 are the square roots 

of the eigenvalues of JJ
T
 or J

T
J. If the rank of the (m x n) transposed Jacobian matrix is r ≤ 

minimum of (m, n), then columns r+1 to n of the (n x n) orthonormal matrix V correspond to the 

null space of J
T
. The first r columns of V are obtained by finding the eigenvectors of J

T
J. The last 

n–r columns are solutions to VV
T
=V

T
V=I. For more information on calculating the SVD of a 
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given matrix see Yoshikawa (1990). Using the SVD analysis to identify the null space is best 

used on a numerical matrix because of the matrix calculations.  

A.3 Kurtz, Hayward, and Nakamura Method for the Formulation of the Null Space 

The range of the null space of the transposed Jacobian matrix can also be given as I−J
#T

J
T
 (Kurtz 

and Hayward, 1991; Nakamura, 1991). If J
T
 is an (m x n) matrix then the Moore-Penrose inverse 

is an (n x m) matrix, and the dimension of J
#T

J
T
 is (n x n). Since J

#T
J

T
 is (n x n), I must be (n x n) 

and (I−J
#T

J
T
) is (n x n), when the matrix whose vectors span the null space, should have 

dimension  (n x (n−m)).  (I−J
#T

J
T
) is the range of the null space and thus has a rank of (m−n). 

Any set of (m−n) columns of (I−J
#T

J
T
) are linearly independent and are used to make a matrix, 

N, which have all the same properties as the null space. Thus N spans the null space of the 

transposed Jacobian matrix. For this calculation method N is neither orthogonal nor normal. In 

this thesis there are no procedures that require N to be orthogonal or normal. This method of 

formulating the null space of the transposed Jacobian matrix is useful for numerical calculations 

because it only relies on matrix multiplication and inversion which are easily formulated by many 

computer programs. When using Matlab® it was found that this method performed faster than the 

singular value decomposition method.  

A.4 Cramer’s Rule for the Formulation of the Null Space   

Using Cramer‟s rule, (Gere and Weaver, 1965), there is yet another method of formulating the 

null space of the transposed Jacobian matrix. For F = J
T
τ as in equation (3.10) or (3.21), the (m x 

n) transposed Jacobian matrix is J
T 

= [C1 C2 … Cn], where Ci is the i
th
 column vector of J

T
. Then 

Cramer‟s rule states the following solution for τi if n = m and J
T
 has full rank. 
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(A.2) 

where | | signifies the determinant of the matrix contained within the lines. This can be extended 

to solve for the case when F is the zero vector, thus finding the (n x 1) null space of the 

transposed Jacobian matrix if n = m+1. The determinants of the (m x m) sub-matrices (minors) of 

J
T
 are used to find the null space. The i

th
 minor, Mi, of J

T
 is J

T
 with the i

th
 column removed. Thus, 

Mi is an (m x m) matrix. If the manipulator is not at singularity, J
T
 has rank m, then Cramer‟s rule 

can be used to find the null space as follows. 

  0CCCCCτJ 
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(A.3) 

  The j
th
 wire tension, τj, could be set to one and the expression be rearranged so a square matrix is 

formed, e.g., by setting τn to one   

  n

n

n CCC 
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(A.4) 

By setting τj to one, Cramer‟s rule can be used to solve for tensions τi, for i=1,…,n, 
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(A.5) 

It should be noted that τj can be written  
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(A.6) 

Changing the sign of a column or switching the location of two columns, the sign of the 

determinant is inverted resulting in the following expression for τi, when τj = τn.  
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  (A.7) 

Then the submatrices (minors) of J
T
 can be denoted  niii CCCCCM  1121  . Since the 

denominator is the same for all τi it can be cancelled out from the entries of vector τ. This would 

result in the vector, K, that spans the null space of the transposed Jacobian matrix because J
T
 τ=0.  

      Tnm

nn
)det()det(1)det(1)det(1 2

2

1

1
MMMMK 


  (A.8) 

The above null space formulation for manipulators with one DOF redundancy can be extended to 

the case where n > (m + 1) for higher actuation redundancy, but the proof is more complex and 

omitted here to be found in (Stump and Kumar, 2006). This method is useful when formulating 

null space symbolically since it does not rely on row reduction or the inversion of matrices. 

Any of the four null space formulations would be acceptable for use with the null space method. 

When using Matlab ® numerical solutions for the null space are evaluated using the SVD or the 

(I−J
#T

J
T
) approach since they rely heavily on matrix calculations. The Cramer‟s Rule method of 

formulating the null space is used in formulating a symbolic solution to the null space since it 

relies only on formulating the determinants of submatrices. 
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Appendix B 

Proof of Wrench Closure with Convex Hull Method (Pham et al., 2006) 

A planar wire-actuated parallel manipulator with n degrees of freedom is completely constrained 

if the convex hull formed by the columns of the Jacobian matrix contains a neighbourhood 

around the origin. 

Proof 

 Assume the mobile platform is constrained, then there exists an infinitesimal external wrench Fε 

that can be withstood by the mobile platform which can be expressed in the following equation.  

εFC  

n

i ii1
   (B.1) 

Where n is the number of wires, τi is the tension of the i
th
 wire and Ci is the i

th
 column of the 

transposed Jacobian.  Dividing equation (B.1) by  

m

j j1
  results in the following  
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Since Fε is extremely small 
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 (B.3) 

Thus 
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Hence (B.4) describes a convex hull, as seen in equation (5.4) in Section 5.1, and that convex hull 

contains Fε. If the mobile platform is constrained then Fε, the neighbourhood around the origin, is 

contained within the convex hull described by the columns of the transposed Jacobian matrix.  

Proving from the other direction now, assuming the convex hull contains a neighbourhood, Fε,   

around the origin, the convex hull can be expressed as the following using equation (5.3). 

εFC  

n

i ii1
  with 1

1
 

n

i i  and 0 i  (B.3) 

Since all the tensions are positive and the manipulator can withstand a small wrench in any 

direction the mobile platform is fully constrained. 
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Appendix C 

 Numerical Convex Hull Example 

For the four-wire-actuated manipulator in Figure 4.8 at the pose [0, 0, 5
o
]

T
 the transposed 

Jacobian matrix is 



















00.3596-0.28800.3596-0.2880

1-0.65600.64510.6560-0.6451-

00.7548-0.76410.75480.7641-
T

J

 

All rows have both positive and negative entries so row reducing first column. 























06441.05760.00751.00

12932.102932.10

07548.07641.07548.07641.0

 

After row reducing the pivot column and row are removed  














06441.05760.00751.0

12932.102932.1

 

All rows have both positive and negative entries so row reduce first column 














0581.07193.05760.00

12932.102932.1

 

After row reducing the pivot column and row are removed 

 0581.07193.05760.00 
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Since this last row has both positive and negative entries the process is repeated for every row 

and column until a row of entirely positive or entirely negative entries are found, in which case 

the pose is not in the workspace. If there is never a row with entirely positive or negative entries 

the convex hull formed by the columns of the Jacobian matrix contains the origin and a 

neighbourhood around the origin. Since the origin is contained within the convex hull then the 

pose used to calculate the transposed Jacobian matrix is in the workspace, as shown in Appendix 

B. 

 


