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Abstract

A fair amount of research has been done on the interactions between treatment and

biomarkers hoping to avoid failure to recognize effective agents which benefit only a

subset of patients in traditional clinical designs and analysis, such as (Bonetti, 2004),

(Bonetti et al., 2009), and (Royston and Sauerbrei, 2004). Particularly, Fan et al.

(Fan et al., 2006) assumed the treatment effect is an unknown function of a putative

biomarker, and proposed techniques to give the local partial likelihood estimation

(LPLE) of this treatment effect function using local linear techniques (Fan and Chen,

1999). However, no methods were developed for assessing whether the treatment

effect is indeed a function of the biomarker (interaction exists) or just a constant (no

interactions).

Based on the idea of LPLE, a new nonparametric hypothesis testing methodology,

which we call local partial likelihood bootstrap (LPLB) test, is proposed in this work

to identify the differences in treatment effects among subgroups of patients with dif-

ferent values of biomarkers in a Phase III clinical trials study. A bootstrap technique

is used to evaluate the significance of the test. Meanwhile, the proposed method

can also be applied to identify the interactions between a putative biomarker and a

collection of covariates (covariate vectors) that are discrete or continuous. Numerical

studies show that the LPLB test can provide a substantial improvement in the power
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of the interaction detection compared with the commonly used method, especially

for interactions of complex form. The LPLB test is also applied to a prostate cancer

trial with the serum prostatic acid phosphatase (AP) biomarker.
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Chapter 1

Introduction

1.1 Background

Human cancers of the same primary site are heterogeneous in molecular and genomic

properties, clinical course, and treatment responsiveness. As a result, different sub-

sets of patients with a given cancer may benefit from a certain treatment differently

(more or less). For example, breast cancer patients whose tumors expressed human

epidermal growth receptor 2 (HER-2) are likely to benefit from trastuzumab and

maybe also from doxorubicin (Hayes, 2005; Hayes et al., 2007) and taxanes (Gennari

et al., 2008). However, current conventional approaches of treatment evaluation often

involve conducting large scale broad-eligibility randomized clinical trials among het-

erogeneous groups of patients. Usually, in such trials, only small average treatment

benefits would be identified due to the dilution of the overall treatment effect by the

existence of patients who do not benefit from the treatment evaluated. Consequently,

this would lead to a failure to recognize the effective treatment. Such a problem
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CHAPTER 1. INTRODUCTION 2

receives much attention with the recent advances in biotechnology for making molec-

ularly targeted anticancer agents. These kinds of new therapeutics are more likely

to benefit only a subset of the patients with a given cancer. Thus, Simon (Simon,

1994) pointed out that a phase III therapeutic clinical trial should evaluate a new

treatment with regard to a measure of patient benefit for a defined target population.

Towards this, biomarkers, which are biological measurements, are measured at

baseline to identify patients who are likely to benefit from a specific treatment. These

kinds of biomarkers are known as predictive biomarkers, and can also help identify

poor candidates for a particular drug (Simon, 2009). With a predictive biomarker,

we can then define the target patient population (“sensitive” population) for whom

the treatment is effective. By restricting eligibility to sensitive patients, the targeted

clinical trials would be able to offer more information about the treatment effect, and

hence would be more efficient in time and expense compared with the conventional

clinical trial design. The need to identify a sensitive population defined by a putative

biomarker aroused interest in the study of interactions between treatment effect and

variables of interest (e.g., the putative biomarker).

In most phase III clinical trials, time to event is used as a primary outcome variable

to assess the efficacy of a new treatment. In the common setting of survival data in

clinical trials, the observed time is defined as X = min(T,C) with T (failure time)

and C (censoring time) independent. Define the failure indicator as δ = I(X = T ),

and let Z be the covariate vector. The hazard function is defined as

λ(t|Z) = lim
ϵ→0

Pr{t ≤ T ≤ t+ ϵ|Z}
Pr{T ≥ t|Z}

. (1.1)

The Cox proportional hazards (PH) model (Cox, 1972) is one of the most popular

models in the analysis of lifetime data. In this model, the hazard function is assumed



CHAPTER 1. INTRODUCTION 3

to be affected by covariates Z via λ(t) = λ0(t) exp{g(Z)}, where λ0(·) is the baseline

hazard function, and g(Z) reflects the covariate effect. Usually, g(Z) takes the form of

βTZ, which leads to the usual Cox proportional hazards model with log-linear effect.

That is,

λ(t) = λ0(t) exp{βTZ}, (1.2)

where β is some unknown parameter vector. This regular PH model is commonly

used to analyze the covariate effect through a partial likelihood method for its nice

properties of semi-parametric simplicity and mathematical convenience. However, as

we mentioned before, the treatment effect may vary with the level of some variable

of interest (e.g., a putative biomarker). Since we may need to identify the sensi-

tive population for whom the treatment effect exists, the interactions between these

covariates may also be of interest in the design and analysis of clinical trials. Cox

(Cox, 1972) and Shuster and van Eys (Shuster and van Eys, 1983) showed that the

effect of a covariate on the treatment effect can be studied by including a term for

the interaction between treatment and the covariate in the regular PH model. That

leads to the model

λ(t) = λ0(t) exp{βTZ+ γW + µTWZ}, (1.3)

where Z in clinical trials can typically be the one dimensional treatment arm indi-

cator, and W is the predictive biomarker. While making the proportional hazards

assumption on the model, this method also assumes the multiplicative pattern for

the interactions which is somewhat restrictive. Besides these semi-parametric meth-

ods, the nonparametric approach (Patel and Hoel, 1973) was extended by Schemper

(Schemper, 1988) to the analysis of treatment-covariate interaction for censored data.

In this approach, the jackknife method is used to give the estimation of the variance
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of the proposed test statistic.

For a discrete covariate (biomarker) of interest, its interaction with treatment ef-

fect describes the changes in the treatment effect among the subgroups of patients with

different values of the covariate. Gail and Simon (Gail and Simon, 1985) developed

a likelihood ratio test to detect interactions between treatment effects and patient

subsets which are predefined, qualitative and disjoint. If the covariate of interest is

continuous, then it is common to split the range of it into two parts (marker-positive

and marker-negative), and the interaction term measures the differences in the treat-

ment effects between the subsets of patients defined by these two parts (Simon, 2009).

Much work has been done in finding the proper cutoff point to categorize the patients,

such as (Jiang et al., 2007) and (Koziol and Wu, 1996). Particularly, Jiang et al. pro-

posed a “biomarker-adaptive design” for situations in which the primary predictive

index of the biomarker is available at the beginning of the trial, but the cut-point

for converting the index to a binary classifier is not established (Jiang et al., 2007).

The design combines a test for overall treatment effect in all patients with the es-

tablishment and validation of a cut point for a prespecified biomarker for defining

subpopulations. The statistical significance is based on a test statistic maximizing

likelihood ratio statistics on a grid of cut-point values, and is determined by randomly

permuting the treatment labels. In their study, the survival model is assumed to be

λ(t) = λ0(t) exp{βZ + γW + I(W ≥ c)µZ}, (1.4)

where c is the unknown cut-point.

However, the pattern of the interaction can have a more complicated form in prac-

tice. Hence, Bonetti and Gelber (Bonetti and Gelber, 2000; Bonetti, 2004) proposed

a new method, the subpopulation treatment effect pattern plot (STEPP). Unlike the
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methods mentioned before which intend to determine specific cut-points in the value

range of the biomarker, STEPP is a graphical exploratory tool that provides indi-

cation on the ranges of the values of the biomarker in which the treatment effect

might behave differently. In STEPP, the observed population is divided into sever-

al overlapping subgroups defined with respect to the biomarker. The regular Cox

proportional hazards model is fit on each subpopulation. A test for the hypothesis

that the treatment effects within each subgroup are the same or not is also proposed.

The proposed test approach is based on the asymptotic distribution of the estima-

tors of these treatment effects. More recently, Bonetti (Bonetti et al., 2009) explored

the small sample characteristics of the asymptotic results related to the STEPP, and

proposed an alternative test approach based on the permutation distribution of their

test statistic.

However, all these permutation-based approaches for inference will have β = 0 in

the null hypothesis. For example, permutation of the treatment labels, Zi, implicitly

assumes β = 0 in (1.3) in the null hypothesis. Similarly, permutation of the failure

indicator and observed time pairs, (δi, Xi), assumes β = γ = µ = 0 in (1.3) in the

null hypothesis. Thus, carrying out the test by the permutation approach may not

apply to the cases in which the treatment effect is not zero, i.e., β ̸= 0.

On the other hand, concerns of complex interaction pattern also lead to the con-

sideration of the following model

λ(t) = λ0(t) exp{β(W )TZ+ g(W )}, (1.5)

where β(·) and g(·) are unknown coefficient functions, and the coefficient β(·) is al-

lowed to vary with respect to W . In a clinical trial application, Model (1.5) allows

the treatment effect to vary as a function of the biomarker W , and hence is able
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to describe the treatment-biomarker interaction in a flexible form, while Model (1.2)

assumes constant treatment effect only, and no treatment-biomarker interaction at

all. (Gray, 1992) and (Sleeper and Harrington, 1990) try to extend the generalized

additive model (GAM) approach to the PH model in order to analyze the interaction

between the treatment and some continuous covariate of interest (e.g., some biomark-

er). Royston and Sauerbrei (Royston and Sauerbrei, 2004) proposed an extension

of the multivariable fractional polynomial (MFP) algorithm (Royston and Altman,

1994) to investigate the interactions in clinical trials. First- and second-degree FPs

are used in (Royston and Sauerbrei, 2004) to model possibly non-linear interaction

relationships involving a continuous predictor (biomarker). Fan et al. (Fan et al.,

2006) proposed techniques to give the local partial likelihood estimation (LPLE) of

the unknown coefficient functions β(·) using local linear techniques (Fan and Chen,

1999). However, no results on evaluating the goodness of the model (1.5) is given in

the literature. Thus, we need to build up a new methodology to tell whether model

(1.5) fits the data better than the regular Cox proportional hazards model (1.2).

1.2 Contributions

In this project, we propose a methodology to identify the differences in treatment

effects among subgroups of patients with different values of biomarkers in a Phase

III clinical trial design. The proposed local partial likelihood bootstrap (LPLB) test

provides prospective tests of the hypothesis that the new treatment effect is different

among subgroups of patients by using the result of LPLE (Fan et al., 2006). Unlike

those permutation based approaches for inference, the proposed test is carried out by

bootstrapping the martingale residual and failure indicator pairs (ϵ̂i, δi). This makes
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our test applicable to test if the treatment effect β(W ) in (1.5) is a constant other

than 0. Particularly, a special case of the proposed approach can also be used to

test if the new treatment is beneficial for any subgroup of patients (test β(W ) = 0).

Meanwhile, the proposed method can also be applied to more general cases. For

example, besides the treatment factor usually taking values 0 and 1, the covariate

Z can also be continuous. Furthermore, the proposed procedure can also be used

to evaluate whether the effect of a multidimensional covariate vector changes with a

putative biomarker.

Simulation study shows that the LPLB test has excellent power to detect the

interactions between the treatment and the biomarker with a reasonable sample size.

Meanwhile, it also shows sufficient power in detecting the treatment effect of any form

in any subgroup of patients (testing β(W ) = 0). Especially, when the interactions

are in more complex forms rather than the multiplicative pattern in (1.3), our LPLB

test design provides a substantial improvement in power compared with the method

of likelihood ratio test for µ = 0 in (1.3). Meanwhile, numeric examples also show

that the LPLB test can be applied to detect the interactions between a continuous

covariate with some biomarker.

1.3 Organization of Report

In the following chapters of this report, we first introduce the problem setting and re-

view the construction and properties of the local partial likelihood estimation (LPLE)

proposed by Fan et al. (Fan et al., 2006) in Chapter 2. The asymptotic results and

bootstrap tests based on LPLE are developed in Chapter 3. Simulation and applica-

tion to real data are given and discussed in Chapter 4. Finally, we make conclusion
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and discuss future work in Chapter 5.



Chapter 2

Review of Local Partial Likelihood

Estimation

2.1 Overview

In this thesis, we use the local partial likelihood estimation (LPLE) developed by

Fan et al. (Fan et al., 2006) to give our estimation of β(W ) in (1.5). We start

with a brief review of the main results from the LPLE method in this chapter. In

Section 2.2, we summarize the data structures and the problem setting of LPLE. The

proposed estimator of LPLE is reviewed in Section 2.3. The properties of LPLE and

the corresponding estimators of bias and variance from Fan et al. (2006) are discussed

in Section 2.4.

9
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2.2 Problem Setting

Suppose that there is a random sample with n subjects/individuals from an underlying

population. Let Ti and Ci denote the potential failure time and the potential censoring

time, respectively. Assume that Ti and Ci are independent given covariates Zi and

Wi. Let Xi = min(Ti, Ci ) denote the observed time for the ith individual. Then, the

observed data for each subject is a tuple {Xi, δi, Zi, Wi }ni=1, where δi is the failure

indicator which equals 1 when Xi = Ti and 0 otherwise, Zi and Wi are covariates.

The dimension of Zi is p, and Wi is a scalar variable of interest that may affect the

effect of Zi on survival time. In clinical trials, Zi, as the treatment arm indicator,

takes the value of 0 or 1, and Wi can be a predictive biomarker variable measured at

baseline.

Under the assumptions that all observations are independent, the partial likelihood

for model (1.5) is

L(β(·), g(·)) =
n∏

i=1

{
exp{β(Wi)

TZi + g(Wi)}∑n
j=1 Yj(Xi) exp{β(Wj)TZj + g(Wj)}

}δi

, (2.1)

where Yj(t) = I(Xj ≥ t) is an indicator showing if subject j is at risk right at time t.

Then, the ultimate goal of the LPLE is to construct a nonparametric estimator

of the unknown coefficient function β(W ).

2.3 Local Partial Likelihood Estimation

In (Fan et al., 2006), nonparametric estimation of β(·) and g(·) are given since the

forms of them are unknown. Assuming that every component of β(·) and g(·) is

smooth enough, we will get their first order Taylor expansions at w within a small
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local neighborhood around w0 as

β(w) ≈ β(w0) + β′(w0)(w − w0) ≡ ζ + η(w − w0),

g(w) ≈ g(w0) + g′(w0)(w − w0) ≡ α + γ(w − w0). (2.2)

Since the approximations in (2.2) are only valid within a small local neighborhood

of w0, only data with Wi around w0 can be used in the LPLE. For this purpose, a

kernel weight, K(·), with bandwidth h representing the size of the local neighborhood

is introduced. K(·) is a non-negative real-valued integrable function satisfying

• K(−u) = K(u),

•
∫ +∞
−∞ K(u)du = 1, and

• Kh(·) = K(·/h)/h.

Substituting (2.2) andKh(·) into (2.1), we obtain the logarithm of the local partial

likelihood within the local neighborhood of w0 as

ℓw0(ζ,η, γ)

=
n∑

i=1

Kh(Wi − w0)δi

{
ζTZi + ηTZi(Wi − w0) + γ(Wi − w0)− (2.3)

log
( n∑

j=1

Yj(Xi)Kh(Wj − w0) exp{ζTZj + ηTZj(Wj − w0) + γ(Wj − w0)}
)}

,

Let

(ζ̂
T
(w0), η̂

T (w0), γ̂(w0))
T = argmax ℓw0(ζ,η, γ). (2.4)

Then, the LPLE of β(·) and g′(·) at the point w0 is given by β̂(w0) = ζ̂(w0) and

ĝ′(w0) = γ̂(w0), respectively. Since the α term in (2.2) is absorbed into the baseline

hazard function, the curve of ĝ(·) can be estimated by integration on ĝ′(w0). However,

we would assume g(w) = γw in the future for convenience.



CHAPTER 2. REVIEW OF LOCAL PARTIAL LIKELIHOOD ESTIMATION 12

Let Ni(t) = I(Ti ≤ t, δi = 1), which is the number of failures observed at and

before time t, be a counting process. Define ξ(w0) =
(
ζ(w0)

T ,η(w0)
T , γ(w0)

)T
and

Ri =
(
ZT

i ,Z
T
i (Wi − w0), (Wi − w0)

)T
. We can represent the local partial likelihood

(2.3) using counting process notation as

ℓw0(ξ, τ) =
n∑

i=1

∫ τ

0

Kh(Wi − w0)× (2.5){
ξTRi − log

{ n∑
j=1

Yj(u)Kh(Wj − w0) exp(ξ
TRj)

}}
dNi(u),

where τ = ∞ ideally while in fact only data collected before a finite time point τ

are used. For notation simplicity, we will denote the maximizer of (2.5) by ξ̂(w0) =

(ζ̂
T
(w0), η̂

T (w0), γ̂(w0))
T , which is also the LPLE of the true value of ξ at w0 denoted

by ξ0(w0) = (ζT
0 (w0), η

T
0 (w0), γ0(w0))

T .

2.4 Estimation of Bias and Variance

Asymptotic results were derived in Fan et al. (Fan et al., 2006) showing that under

some conditions, LPLE ξ̂(w0) is a consistent estimate of ξ0(w0). Furthermore, let H

be a (2p + 1)× (2p + 1) diagonal matrix in which the first p elements are 1 and the

remaining p+ 1 elements are h, i.e.

H =


Ip×p 0 0

0 hIp×p 0

0 0 h

 , (2.6)

H(ξ̂(w0)− ξ0(w0)) has an asymptotically normal distribution. Meanwhile, define

Mi(t) = Ni(t)−
∫ t

0

Yi(u) exp
{
β(Wi)

TZi + γ(Wi)Wi

}
λ0(u)du, (2.7)
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Fan et al. (Fan et al., 2006) show that Mi(t) is a martingale. Thus, many nice

properties of martingale can be applied to build up the estimation of the bias and

variance matrix of the LPLE.

Define Z⊗k = 1, Z, and ZZT for k = 0, 1, and 2, respectively. Since the asymptotic

result of the LPLE can only be applied to Hξ (Fan et al., 2006), and to facilitate

technical arguments, Fan et al. (Fan et al., 2006) defined a transformation H(ξ −

ξ0(w0)) to reparameterize the local partial likelihood (2.5). However, to simplify the

notation further, we would define a set of new parameter instead as

ϕ = Hξ. (2.8)

Consequently, the logarithm of the local partial-likelihood function will become

ℓ̃w0(ϕ, τ) = ℓw0(H
−1ϕ, τ)

=
n∑

i=1

∫ τ

0

Kh(Wi − w0)
[
ϕTT i − log S(0)

w0
(ϕ, u)

]
dNi(u), (2.9)

where T i = H−1Ri, and ξTRi = ξTHH−1Ri = ϕTT i. We further define

S(k)
w0

(ϕ, u) =
n∑

i=1

Kh(Wi − w0)Yi(u) exp
{
ϕTT i

}
(T i)

⊗k, (2.10)

for k = 0, 1, and 2 for notation simplicity.

Let ϕ̂(w0) be the maximizer of (2.9), it is obvious that ξ̂(w0) = H−1ϕ̂(w0) is the

LPLE of ξ at the point w0. Meanwhile, define the true value of ϕ at w0 as ϕ0(w0),

we will also have ϕ0(w0) = Hξ0(w0).

According to the results in (Fan et al., 2006), the bias and variance of these local

estimators ϕ̂(w0)− ϕ0(w0) can be estimated by

ϕ̂(w0)− ϕ0(w0) = Î
−1

w0
(ϕ̂(w0), τ)B̂w0(ϕ̂(w0), τ) and (2.11)

V̂ar
(
ϕ̂(w0)− ϕ0(w0)

)
= Î

−1

w0
(ϕ̂(w0), τ)Π̂w0(ϕ̂(w0), τ)Î

−1

w0
(ϕ̂(w0), τ), (2.12)
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respectively. The notation used in (2.11) and (2.12) are defined as following,

Îw0(ϕ̂(w0), τ) =
n∑

i=1

∫ τ

0

Kh(Wi − w0)×

S
(2)
w0 (ϕ̂(w0), u)S

(0)
w0 (ϕ̂(w0), u)− {S(1)

w0 (ϕ̂(w0), u)}⊗2

{S(0)
w0 (ϕ̂(w0), u)}2

dNi(u),

(2.13)

B̂w0(ϕ̂(w0), τ) =
n∑

i=1

∫ τ

0

Kh(Wi − w0)

{
T i −

S
(1)
w0 (ϕ̂(w0), u)

S
(0)
w0 (ϕ̂(w0), u)

}
Yi(u)λ̂i(u)du,

(2.14)

Π̂w0(ϕ̂(w0), τ) =
n∑

i=1

∫ τ

0

[
Kh(Wi − w0)

]2{
T i −

S
(1)
w0 (ϕ̂(w0), u)

S
(0)
w0 (ϕ̂(w0), u)

}⊗2

Yi(u)λ̂i(u)du,

(2.15)

where λ̂i(u) = exp{ξ̂
T
(Wi)Ri}λ̂0(u) = exp{ϕ̂

T
(Wi)T i}λ̂0(u).

It can be noticed that (2.14) and (2.15) involves the estimation of the baseline

hazard function λ0(·), which will complicate the calculation in practice. However,

as we mentioned before, Mi(t) is a martingale, which has with some nice properties

to help us develop the estimation of Bw0(ϕ0(w0), τ) and Πw0(ϕ0(w0), τ) without

estimating the baseline hazard function. With some simple algebra and the martingale

properties, new estimators for bias and variance can be rewritten as

B̃w0(ϕ̂(w0), τ) =
n∑

i=1

∫ τ

0

Kh(Wi − w0)

{
T i −

S
(1)
w0 (ϕ̂(w0), u)

S
(0)
w0 (ϕ̂(w0), u)

}
dNi(u), and (2.16)

Π̃w0(ϕ̂(w0), τ) =
n∑

i=1

∫ τ

0

[
Kh(Wi − w0)

]2{
T i −

S
(1)
w0 (ϕ̂(w0), u)

S
(0)
w0 (ϕ̂(w0), u)

}⊗2

dNi(u). (2.17)

Furthermore, replacing B̂w0(ϕ̂(w0), τ) and Π̂w0(ϕ̂(w0), τ) with B̃w0(ϕ̂(w0), τ) and

Π̃w0(ϕ̂(w0), τ) in (2.11) and (2.12) still gives consistent estimators which can be easily

calculated through the counting process.



Chapter 3

Local Partial Likelihood Bootstrap

Test

3.1 Overview

In the last chapter we have already obtained the LPLE of β(·) at the point w0 in

model (1.5). To test whether model (1.5) with the effect of Z changing with some

variable of interest (W ) fits the data better than model (1.2) with fixed effect of Z,

we develop the new local partial likelihood bootstrap (LPLB) testing procedures to

study the covariate/biomarker-treatment interaction in time-to-event (survival) data.

In Section 3.2 the LPLB testing for differential treatment effect among subsets (H
(1)
1 )

is proposed. The hypotheses for testing and the test statistic to be used are given in

Section 3.2.1. Then, asymptotic results are drawn to construct the estimator of the

test statistic in Section 3.2.2. Finally, the LPLB testing procedures are developed in

Section 3.2.3. As a special case of the LPLB test, the testing procedures for treatment

effect of any form in any subset of patients (H
(2)
1 ) are developed in Section 3.3.

15
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3.2 Testing for Differential Subset Effect

3.2.1 Hypothesis and Test Statistic

The objective of this chapter is to develop some proper methodology to test the

difference between the following two models

λ(t) = λ0(t) exp
{
βT

0Z+ γ0W
}

(3.1)

λ(t) = λ0(t) exp
{
β(W )TZ+ γ(W )W

}
. (3.2)

To achieve this goal, we consider the following hypotheses

H
(1)
0 : β(W ) = β0, (3.3)

H
(1)
1 : β(W ) ̸= β0 (3.4)

where β0 is the unknown parameter vector in model (3.1). Let β̂ be an estimator

of β0, and β̂(w0) be the LPLE of β(W ) for model (3.1) at point w0 for model (3.2).

Then, the test statistic is defined as

Q1 = max
1≤j≤n

∣∣∣(β̂(Wj)− β̂
)T [

V̂ar(β̂(Wj)− β̂)
]−1(

β̂(Wj)− β̂
)∣∣∣, (3.5)

where V̂ar(·) is the estimated variance matrix under the null hypothesis. The null

hypothesis (3.3) should be rejected for large value of Q1.

Noticing that when Z is one dimensional, our test statistics Q1 has a similar form

as the test statistic T developed in (Bonetti et al., 2009). That is,

T = max

{
|β̂j − β̂ALL|

[V̂ar(β̂j − β̂ALL)]1/2
, j = 1, · · · , K

}
. (3.6)

However, besides the differences in the definition and estimation of β̂, the methodol-

ogy to construct the estimator of the test statistic is also different between the work

in (Bonetti et al., 2009) and our work. In (Bonetti et al., 2009), the patients are
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divided into K overlapping subgroups defined with respect to the biomarker. The

PH model (3.1) is fit within each subgroup to give the estimation, β̂j, j = 1, · · · , K,

of treatment effect (βj, j = 1, · · · , K) for that subgroup. β̂ALL is the estimation

of the overall treatment effect βALL by applying the PH model (3.1) to the entire

population. The distribution of the test statistic T under the null hypothesis is

firstly estimated by generating samples from the joint asymptotic distribution of

the vector {β̂1 − β1, β̂2 − β2, · · · , β̂K − βK , β̂ALL − βALL} under the null hypothesis:

β1 = · · · = βK = βALL = β0. However, since the estimation of the asymptotic distri-

bution of the vector is very sensitive to the way in which the studied population is

divided into subgroups, the performance of this method is not good enough. Thus,

they propose another permutation based method in (Bonetti et al., 2009) in which the

covariate values (W ) are permuted across the patients within each treatment group,

and then the test statistic T is re-computed on the permuted samples. This permu-

tation approach implicitly assumes µ = γ = 0 in (1.3) in the null hypothesis, which

would limit the performance of the test in some cases. In our work, the asymptotic

null distribution of our test statistic Q1 is estimated by bootstrapping the failure

indicator and martingale residual pairs jointly which makes our procedure suitable

for testing null hypotheses for more general cases.

3.2.2 Asymptotic Results

Since the test statisticQ1 in (3.5) used in the bootstrap contains the term V̂ar
(
β̂(Wj)−

β̂
)
, we will construct our estimation of this variance matrix under the null hypothesis

based on the following asymptotic result,

Theorem 3.1. Let θ0 = (βT
0 , γ0)

T be the true value of the parameters in model (3.1),
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θ̂ = (β̂, γ̂) be the estimator of θ0, ϕ̂(w0) = Hξ̂(w0) as described in Sections 2.3

and 2.4 for model (3.2), and ϕ0(w0) be the true value of ϕ at the point w0. Under

conditions (2.1)-(2.6) in (Fleming and Harrington, 1991) p. 289− 290,

√
n

 ϕ̂(w0)− ϕ0(w0)

θ̂ − θ0

 (3.7)

converges in distribution to a normal distribution with mean zero and variance matrix Σ Ω

ΩT Γ


.

(3.8)

Meanwhile, the variance matrix has the consistent estimator Σ̂ Ω̂

Ω̂
T

Γ̂


,

(3.9)

where Σ̂n = n−1Σ̂, Γ̂n = n−1Γ̂, and Ω̂n = n−1Ω̂ are the estimators of Var(θ̂ − θ0),

Var
(
ϕ̂(w0)−ϕ0(w0)

)
, and Cov

(
(ϕ̂(w0)−ϕ0(w0)), (θ̂−θ0)

)
constructed under H

(1)
0

in Lemmas 3.1, 3.2, and 3.3, respectively.

Lemma 3.1. Let G = (ZT , W )T , and define

S(k)(θ, u) =
n∑

i=1

Yi(u) exp
{
θTGi

}
(Gi)

⊗k, for k = 0, 1, and 2. (3.10)

Following the result in (Fleming and Harrington, 1991), the variance of θ̂ under H
(1)
0

can be estimated by

Σ̂n = V̂ar(θ̂ − θ0) = I−1(θ̂, τ)Π(θ̂, τ)I−1(θ̂, τ), (3.11)

where

I(θ, τ) =
n∑

i=1

∫ τ

0

{
S(2)(θ, u)S(0)(θ, u)− {S(1)(θ, u)}⊗2

{S(0)(θ, u)}2

}
dNi(u),(3.12)

and Π(θ, τ) =
n∑

i=1

∫ τ

0

{
Gi −

S(1)(θ, u)

S(0)(θ, u)

}⊗2

dNi(u). (3.13)
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Lemma 3.2. The variance of ϕ̂(w0) under the restriction of H
(1)
0 can be estimated

by the same estimator given by Fan et al. in (Fan et al., 2006) for the corresponding

LPLE without restriction. That is,

Γ̂n = V̂ar
(
ϕ̂(w0)− ϕ0(w0)

)
= Î

−1

w0
(ϕ̂(w0), τ)Π̃w0(ϕ̂(w0), τ)Î

−1

w0
(ϕ̂(w0), τ), (3.14)

where Îw0(ϕ, τ) and Π̃w0(ϕ, τ) are defined in (2.13) and (2.17), respectively.

Lemma 3.3. The estimator of the covariance of θ̂ and ϕ̂(w0) under H0 is of the

form

Ω̂n = ˆCov
(
(ϕ̂(w0)− ϕ0(w0)), (θ̂ − θ0)

)
= Î

−1

w0
(ϕ̂(w0), τ)Π

∗
w0
(ϕ̂(w0), θ̂, τ)I

−1(θ̂, τ), (3.15)

where

Π∗
w0
(ϕ̂(w0), θ̂, τ) =

n∑
i=1

∫ τ

0

Kh(Wi − w0)× (3.16)

{
T i −

S
(1)
w0 (ϕ̂(w0), u)

S
(0)
w0 (ϕ̂(w0), u)

}T{
Gi −

S(1)(θ̂, u)

S(0)(θ̂, u)

}
dNi(u),

and Îw0(ϕ, τ) and I−1(θ̂, τ) are given in (2.13) and (3.12), respectively.

Particularly, since Var
(
β̂(Wj)− β̂

)
= Var

(
β̂(Wj)

)
+Var

(
β̂
)
− 2Cov

(
β̂(Wj), β̂

)
is the sum of the variance matrices of the β̂(Wj) and β̂ minus the two times their

covariance matrix, Thus, we can build the estimator of Var
(
β̂(Wj)− β̂

)
under H

(1)
0

with the result of Lemmas 3.1, 3.2, and 3.3 by the following proposition.

Proposition 3.1. Rewrite Σ̂n, Γ̂n, and Ω̂n in block form as

Σ̂n =

 Σ̂11 Σ̂12

Σ̂21 Σ̂22

 , Γ̂n =

 Γ̂11 Γ̂12

Γ̂21 Γ̂22

 , and Ω̂n =

 Ω̂11 Ω̂12

Ω̂21 Ω̂22

 , (3.17)
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respectively. Here, Σ̂11, Γ̂11, and Ω̂11 are all p× p dimensional matrices. The esti-

mator of the variance of
(
β̂(w0)− β̂

)
can be constructed as

V̂ar
(
β̂(w0)− β̂

)
= Σ̂11 + Γ̂11 − 2Ω̂11. (3.18)

Before we start the proof of these lemmas and proposition, we’d like to review

the martingale theory for the survival analysis. Let (Ω, F , P(θ,λ)) be a family of

complete probability spaces provided with a history F = {Ft}t for an increasing

right-continuous filtration Ft ⊂ F . Assume Wi is Ft measurable, and Ni(t) is F -

adapted. Let Ft = σ{Xi ≤ u, Zi,Wi, Yi(u)}ni=1, 0 ≤ u ≤ t and Mi(t) = Ni(t) −∫ t

0
Yi(u)λi(u)du, i = 1, 2, . . . , n, where λi(·) is the hazard function of individual i.

Then, Fleming and Harrington (Fleming and Harrington, 1991) showed that Mi is

always a martingale.

Proof of Lemma 3.1. All the proof and conclusion of Lemma 3.1 are adapted from

(Fleming and Harrington, 1991) for the purpose of notation consistent with this work.

Under H
(1)
0 (3.3), by applying Taylor’s expansion to the score function,

U (θ, τ) =
∂ℓ

∂θ
=

n∑
i=1

∫ τ

0

{
Gi −

S(1)(θ, u)

S(0)(θ, u)

}
dMi(u) (3.19)

at the point θ0, we have

(θ̂ − θ0) = I−1(θ∗, τ)
n∑

i=1

∫ τ

0

{
Gi −

S(1)(θ0, u)

S(0)(θ0, u)

}
dMi(u), (3.20)

where θ∗ is on a line segment between θ0 and θ̂, I(·) is the observed information

matrix in (3.12). By Theorem 2.5.4 in (Fleming and Harrington, 1991) p.77, the

right side of the (3.20) is a martingale, and we can further have

Var(θ̂ − θ0) = I−1(θ∗, τ)Π(θ0, τ)I
−1(θ∗, τ), (3.21)

whereΠ(θ, τ) is defined in (3.13) Thus, we can construct the estimator ofVar(θ̂−θ0)
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as V̂ar(θ̂ − θ0) = I−1(θ̂, τ)Π(θ̂, τ)I−1(θ̂, τ)

Proof of Lemma 3.2. The score function of the local partial likelihood in (2.9)

under H
(1)
0 is

Uw0(ϕ, τ)|H0 =
∂ℓ̃w0(ϕ, τ)

∂ϕ

∣∣∣∣
H0

=
n∑

i=1

∫ τ

0

Kh(Wi − w0)

{
T i −

S
(1)
w0 (ϕ, u)

S
(0)
w0 (ϕ, u)

}
dNi(u)

=
n∑

i=1

∫ τ

0

Kh(Wi − w0)

{
T i −

S
(1)
w0 (ϕ, u)

S
(0)
w0 (ϕ, u)

}
dMi(u) (3.22)

+
n∑

i=1

∫ τ

0

Kh(Wi − w0)

{
T i −

S
(1)
w0 (ϕ, u)

S
(0)
w0 (ϕ, u)

}
Yi(u) exp

{
θT (w0)Gi

}
λ0(u)du,

where θ(w0) = (βT (w0), γ(w0))
T . Meanwhile, we have θ(w0) = θ = (βT , γ) under

the null hypothesis. That is to say, ξ(·) would always take the form (βT ,0, γ)T for

any value of W , which leads to θT (w0)Gi = θTGi = ξRi + γw0 = ϕT i + γw0.

Substituting this into the second term in (3.22), we have
n∑

i=1

∫ τ

0

Kh(Wi − w0)

{
T i −

S
(1)
w0 (ϕ, u)

S
(0)
w0 (ϕ, u)

}
Yi(u) exp

{
ϕT i + γw0

}
λ0(u)du

= exp(γw0)

{∫ τ

0

n∑
i=1

Kh(Wi − w0)T iYi(u) exp{ϕT i}λ0(u)du

−
∫ τ

0

S
(1)
w0 (ϕ, u)

S
(0)
w0 (ϕ, u)

n∑
i=1

Kh(Wi − w0)Yi(u) exp{ϕT i}λ0(u)du

}
= 0 (3.23)

Consequently, we have

Uw0(ϕ, τ)|H0 =
n∑

i=1

∫ τ

0

Kh(Wi − w0)

{
T i −

S
(1)
w0 (ϕ, u)

S
(0)
w0 (ϕ, u)

}
dMi(u). (3.24)

As we mentioned before, the maximizer of the local partial likelihood in (2.9) ϕ̂(w0)

is equal to Hξ̂(w0). By applying Taylor’s expansion to Uw0(ϕ, τ)|H0, at ϕ = ϕ0(w0),
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we have

(ϕ̂(w0)− ϕ0(w0)) = I−1
w0
(ϕ∗, τ)

n∑
i=1

∫ τ

0

Kh(Wi − w0)

{
T i −

S
(1)
w0 (ϕ0(w0), u)

S
(0)
w0 (ϕ0(w0), u)

}
dMi(u),

(3.25)

where ϕ∗ is on a line segment between ϕ̂(w0) and ϕ0(w0), and Iw0(·) is the observed

information matrix which is

Iw0(ϕ, τ) =
n∑

i=1

∫ τ

0

Kh(Wi − w0)×{
S
(2)
w0 (ϕ, u)S

(0)
w0 (ϕ, u)− {S(1)

w0 (ϕ, u)}⊗2

{S(0)
w0 (ϕ, u)}2

}
dNi(u). (3.26)

By Theorem 2.5.4 in (Fleming and Harrington, 1991) p.77, the right side of the (3.25)

is a martingale, and we can further have

Var
(
ϕ̂(w0)− ϕ0(w0)

)
= I−1

w0
(ϕ∗, τ)Πw0(ϕ0(w0), τ)I

−1
w0
(ϕ∗, τ), (3.27)

where

Πw0(ϕ, τ) =
n∑

i=1

∫ τ

0

[
Kh(Wi − w0)

]2{
T i −

S
(1)
w0 (ϕ, u)

S
(0)
w0 (ϕ, u)

}⊗2

dNi(u) (3.28)

Since both ϕ0(w0) in Πw0(ϕ0(w0), τ) and ϕ∗ in I−1
w0
(ϕ∗, τ) are unknown parame-

ter vectors, we would substitute them with ϕ̂(w0) to construct the estimator of

Var
(
ϕ̂(w0)− ϕ0(w0)

)
under H

(1)
0 . The substitutions lead to the new estimator as

V̂ar
(
ϕ̂(w0)− ϕ0(w0)

)
= I−1

w0
(ϕ̂(w0), τ)Πw0(ϕ̂(w0), τ)I

−1
w0
(ϕ̂(w0), τ). (3.29)
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Furthermore, since

Πw0(ϕ̂(w0), τ) =
n∑

i=1

∫ τ

0

[
Kh(Wi − w0)

]2{
T i −

S
(1)
w0 (ϕ̂(w0), u)

S
(0)
w0 (ϕ̂(w0), u)

}⊗2

dNi(u)

= Π̃w0(ϕ̂(w0), τ), (3.30)

Iw0(ϕ̂(w0), τ) =
n∑

i=1

∫ τ

0

Kh(Wi − w0)×{
S
(2)
w0 (ϕ̂(w0), u)S

(0)
w0 (ϕ̂(w0), u)− {S(1)

w0 (ξ̂(w0), u)}⊗2

{S(0)
w0 (ϕ̂(w0), u)}2

}
dNi(u)

= Îw0(ϕ̂(w0), τ), (3.31)

where Π̃w0(ϕ̂(w0), τ) and Îw0(ϕ̂(w0), τ) were defined in (2.17) and (2.13), respectively.

That is to say, the estimation of the variance of ϕ̂(w0) with the restriction of H
(1)
0

has the same form as the one we reviewed in Chapter 2 in (2.4) given by Fan et al.

(Fan et al., 2006) without the restriction.

In fact, the consistency of the variance estimators of ϕ̂(w0) under H
(1)
0 and H

(1)
1 is

not surprising. This is because the variance of the LPLE is caused by the first term of

(3.22) which is irrelevant to a specific hypothesis. Furthermore, we notice that LPLE

could be biased (Fan et al., 2006) under H
(1)
1 since the second term of (3.22) may not

be zero under H
(1)
1 . On the other hand, the LPLE is unbiased under H

(1)
0 since the

the second term of (3.22) is zero under H
(1)
0 as we showed in our proof.

Proof of Lemma 3.3. In estimation of Cov
(
(ϕ̂(w0)−ϕ0(w0)), (θ̂−θ0)

)
, Theorem

2.6.2 in (Fleming and Harrington, 1991) p.82 can be applied similarly as we do in the

proofs of Lemma 3.1 and Lemma 3.2. From (3.20) and (3.25), we have

Cov
(
(ϕ̂(w0)− ϕ0(w0)), (θ̂ − θ0)

)
= I−1

w0
(ϕ∗, τ)Π∗

w0
(ϕ0(w0),θ0, τ)I

−1(θ∗, τ),(3.32)
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where

Π∗
w0
(ϕ,θ, τ) =

n∑
i=1

∫ τ

0

Kh(Wi − w0)

{
T i −

S
(1)
w0 (ϕ, u)

S
(0)
w0 (ϕ, u)

}T{
Gi −

S(1)(θ, u)

S(0)(θ, u)

}
dNi(u)

(3.33)

With the same technique as we used in estimation of Var
(
ϕ̂(w0) − ϕ0(w0)

)
and

Var
(
θ̂ − θ0

)
, we can construct our estimator as

ˆCov
(
(ϕ̂(w0)− ϕ0(w0)), (θ̂ − θ0)

)
= I−1

w0
(ϕ̂(w0), τ)Π

∗
w0
(ϕ̂(w0), θ̂, τ)I

−1(θ̂, τ),(3.34)

where Iw0(ϕ̂(w0), τ) = Îw0(ϕ̂(w0), τ), and I(θ̂, τ) can be calculated via (3.12).

Proof of Theorem 3.1. From the Taylor’s expansions in 3.20 and 3.25, we have ϕ̂(w0)− ϕ0(w0)

θ̂ − θ0

 =

 ∂Uw0 (ϕ
∗,τ)

∂ϕ

∣∣
H

(1)
0

0

0 U(θ∗,τ)
∂θ


−1  Uw0(ϕ0(w0), τ)

U(θ0, τ)

 , (3.35)

which is equivalent to

√
n

 ϕ̂(w0)− ϕ0(w0)

θ̂ − θ0

 =

 n−1Iw0(ϕ
∗, τ) 0

0 n−1I(θ∗, τ)


−1  1√

n
Uw0(ϕ0(w0), τ)

1√
n
U(θ0, τ)


(3.36)

By Theorem 4.2 in Andersen and Gill (Andersen and Gill, 1982), n−1Iw0(ϕ
∗, τ)

and n−1I(θ∗, τ) converge in probability to non-singular deterministic matricesAw0(ϕ0, τ)

and A(θ0, τ), respectively. Meanwhile, the consistency of θ̂ and LPLE ϕ̂(w0) under

H
(1)
0 can be easily shown by results in (Fleming and Harrington, 1991) and (Fan

et al., 2006). Thus, we can further have n−1Iw0(ϕ̂, τ) and n−1I(θ̂, τ) are consistent

estimators of Aw0(ϕ0(w0), τ) and A(θ0, τ), respectively.

Assuming that conditions (2.1)-(2.6) in (Fleming and Harrington, 1991) p.289 −

290 holds, the Theorem 5.3.5 (Fleming and Harrington, 1991) p.227 is guaranteed.

By Theorem 8.2.1 in Fleming and Harrington ( see (Fleming and Harrington, 1991),
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p.290), the normalized score process n−1/2Uw0(ϕ0(w0), τ) and n−1/2U(θ0, τ) con-

verge to Gaussian processes N 1

(
0,∆w0(ϕ0(w0), τ)

)
and N 1

(
0,∆(θ0, τ)

)
, respec-

tively. Meanwhile, their corresponding variance matrix functions ∆w0(ϕ0(w0), τ) and

∆(θ0, τ) can be consistently estimated by n−1Πw0(ϕ̂(w0), τ) and n−1Π(θ̂, τ), respec-

tively. Furthermore, n−1Π∗
w0
(ϕ̂(w0), θ̂, τ) is a consistent estimator of their covariance

matrix function ∆∗
w0
(ϕ0(w0),θ0, τ) = Cov

(
n−1/2Uw0(ϕ0(w0), τ), n

−1/2U(θ, τ)
)
by

properties of martingale. In fact, by martingale central limit theorem, n−1/2Uw0(ϕ0(w0), τ)

and n−1/2U (θ, τ) have asymptotically joint normal distribution with zero mean and

variance matrix in form of

Var


 1√

n
Uw0(ϕ0(w0), τ)

1√
n
U(θ0, τ)


 =

 ∆w0(ϕ0(w0), τ) ∆∗
w0
(ϕ0(w0),θ0, τ)

∆∗T
w0
(ϕ0(w0),θ0, τ) ∆(θ0, τ)

 ,

(3.37)

which can be consistently estimated by the estimator

n−1

 Πw0(ϕ̂(w0), τ) Π∗
w0
(ϕ̂(w0), θ̂, τ))

Π∗T
w0
(ϕ̂(w0), θ̂, τ)) Π(θ̂, τ))

 . (3.38)

The result about the convergence of the score process in (3.37) can be transferred

to the left side of (3.36) by Slutsky’s theorem and by the multivariate central limit

theorem. Consequently, we have
√
n((ϕ̂(w0) − ϕ0(w0))

T , (θ̂ − θ0)
T )T converges in

distribution to the normal distribution with mean zero and variance matrix of the

form Σ Ω

ΩT Γ

 , which can be consistently estimated by

 Σ̂ Ω̂

Ω̂
T

Γ̂

 (3.39)

after some substitutions and careful algebra.

Then, it is not hard to reach the conclusion of the Proposition 3.1 with the result
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of the three lemmas.

Proof of Proposition 3.1. Noting that

Var
(
β̂(w0)− β̂

)
= Var

(
β̂(w0)

)
+Var

(
β̂
)
− 2Cov

(
β̂(w0), β̂

)
= Var

(
ζ̂(w0)

)
+Var

(
β̂
)
− 2Cov

(
ζ̂(w0), β̂

)
(3.40)

= Var
(
ζ̂(w0)− ζ0(w0)

)
+Var

(
β̂ − β0

)
− 2Cov

(
(ζ̂(w0)− ζ0(w0), (β̂ − β0)

)
,

the estimation of Var
(
β̂(w0) − β̂

)
can be easily obtained by estimating the three

terms in (3.40) under H
(1)
0 .

Since β̂ is the first p elements of θ̂, it is obvious that V̂ar
(
β
)
= Σ̂11. Similar-

ly, recall that ζ̂(w0) is the first p elements of ξ̂(w0), and hence ζ̂(w0) is also the

first p elements of ϕ̂(w0). Thus, we can easily get V̂ar
(
β̂(w0)

)
= V̂ar

(
ζ̂(w0)

)
=

V̂ar
(
ζ̂(w0)− ζ0(w0)

)
= Γ̂11. At the same time, we can also have ˆCov

(
β̂(w0), β̂

)
=

ˆCov
(
ζ̂(w0), β̂

)
= ˆCov

(
(ζ̂(w0) − ζ0(w0)), (β̂ − β0)

)
= Ω̂11 from the relationships

between ζ̂(w0) and ϕ̂(w0) and the relationship between β̂ and θ̂.

The final form of the proposed estimator can be obtained by simply substituting

Σ̂11, Γ̂11, and Ω̂11 into (3.40).

3.2.3 Bootstrap

We construct the following parametric bootstrap approach to evaluate the p value of

the test.
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• Bootstrap the residual-indicator pairs. Let ϵ̂i be the estimated martingale resid-

ual of the model (3.2), which can be given by

ϵ̂i = M̂i = δi − Λ̂(Xi|Zi,Wi)

= δi − Λ̂0(Xi) exp{β̂(Wi)
TZi + γ̂(Wi)Wi}

= δi − Λ̂0(Xi) exp{ξ̂(Wi)
TRi + γ̂(Wi)Wi}. (3.41)

Bootstrap resample the residual-indicator pairs {ϵ̂i, δi}ni=1, and denote the boot-

strapped version of the pairs by {ϵ∗i , δ∗i }ni=1.

It should be noted that we bootstrap the residuals and the failure indicator

jointly here. This is because the residuals in (3.41) are related to the failure

indicators. Such relationship is based on the fact that we can consider the

censoring time as a combination of a regression expectation with a residual

which is a censored observation from its distribution ( see (Kay, 1977) and

(Loughin and Koehler, 1997)). That is to say, each censored time (Xi with

δi = 0) would lead to a martingale residual with a censored value from the

distribution of residual. Thus, it is reasonable to resample the residual-indicator

pairs together.

• Generate the data under H
(1)
0 . After obtaining the resampled residual-indicator

pairs, we are expected to reconstruct the failure times {X∗
i }ni=1 with model (3.1)

as usual in bootstrap. However, it can be noticed that both the estimations of

β0 and β(W ) in the two models only depend on the ranks of the observed times

{Xi}ni=1. Thus, instead of reconstructing the values of {X∗
i }ni=1 with model (3.1),

we just retrieve the order of all {X∗
i }ni=1 with model (3.1). Since the baseline

cumulative hazard function Λ0(t) is a monotone increasing function in failure
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time, the order of {X∗
i }ni=1 is the same as that of Λ̂0(X

∗
i ). Hence, the order of

{X∗
i }ni=1 can be easily rebuilt by sorting

Λ̂0(X
∗
i ) = (δ∗i − ϵ∗i )/ exp{β̂

T
Zi + γ̂Wi}, (3.42)

where β̂ and γ̂ are obtained from model (3.1).

• Calculate the bootstrap test statistic Q∗
1. Q

∗
1 is calculated by

Q∗
1 = max

1≤j≤n

∣∣∣(β̂∗
(Wj)− β̂

∗)T [
V̂ar(β̂

∗
(Wj)− β̂

∗
)
]−1(

β̂
∗
(Wj)− β̂

∗)∣∣∣, (3.43)

where β̂
∗
(Wj) and β̂

∗
are estimated based on the bootstrap sample

{X∗
i , δ

∗
i ,Zi,Wi}ni=1.

• Reject the null hypothesis H0 for large Q1. Repeating the above bootstrap proce-

dure B times gives B replicates of the bootstrap test statistic Q∗
1, Q

1∗
1 , · · · QB∗

1 .

Let Qα∗
1 be the empirical upper α quantile of the bootstrap distribution of Q∗

1.

Reject the null hypothesis if Q1 > Qα∗
1

The p-value of the test can be evaluated simply as the empirical probability of the

event {Qb∗
1 ≥ Q1}, 1 ≤ b ≤ B in the B replications of the bootstrap resampling. That

is

pvalue =
1

B

B∑
b=1

I{Qb∗
1 ≥ Q1} (3.44)

Unlike the permutation test, the proposed bootstrap method provides a correct

distribution for Q1 under the null hypothesis. We will further evaluate the finite

sample properties of this test through numerical simulations in Chapter 4.
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3.3 Testing for Treatment effect of Any Form

In the previous section we developed a bootstrap method to test if the effect of

covariates Z changes with the variable W , which means the effect of covariates Z on

survival time is different for subgroups with different values of W . In clinical trials,

that would make us able to tell if the treatment Z effect is the same on patients with

different values of biomarker W . If the treatment effect changes with the values of

the biomarker W , we can easily identify patient subgroups which benefit differently

from the treatment by observing the treatment effect curve β(W ) as a function of

W . However, there are also some cases where we are interested to know whether the

treatment has some effect on the survival time for any subgroup of patients, or has

no effect of any form at all.

In this case, we are considering the following two models

λ(t) = λ0(t) exp{γ0W} (3.45)

λ(t) = λ0(t) exp{β(W )TZ+ γ(W )W}. (3.46)

The hypotheses of the test then become

H
(2)
0 : β(W ) = 0, (3.47)

H
(2)
1 : β(W ) ̸= 0. (3.48)

Similarly to the test statistic we used in (3.5), we have a new test statistic for H
(2)
0 as

Q2 = max
∣∣∣β̂(Wj)

T
[
V̂ar

(
β̂(Wj)

)]−1
β̂(Wj)

∣∣∣, (3.49)

where β̂(w0) is the LPLE of β(W ) at point w0 for model (3.46), and V̂ar(·) is the

estimated variance matrix under H
(2)
0 . Then the bootstrap approach is almost the

same as in Section 3.2.3, except when we reconstruct the order of {X∗
i }ni=1, we will
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sort

Λ̂0(X
∗
i ) = (δ∗i − ϵ∗i )/ exp{γ̂Wi} (3.50)

instead of (3.42), where γ̂ is obtained from model (3.45). Meanwhile, the estimation

of the Var
(
β(Wj)

)
under H

(2)
0 is the same as the result we obtained under H

(1)
0 in

Lemma 3.2 and Proposition 3.1 since H
(2)
0 is just a special case of H

(1)
0 .



Chapter 4

Numerical Results

4.1 Overview

In this chapter, simulation studies are conducted to evaluate the performance of the

LPLB tests for H
(1)
0 and H

(2)
0 , respectively. We firstly study the case of the treatment

effect in clinical trials in which Z is binary treatment arm, and its effect may change

with the biomarker W in Section 4.2. Then, more general numeric examples are

given in which Z is a continuous random variable that may affect the survival time in

Section 4.3. Finally, our LPLB test is applied to a prostate cancer data set in Section

4.4 to illustrate how the proposed procedures would work in practice. We adopt the

Epanechnikov kernel in all numerical studies, that is K(u) = 0.75(1− u2)I{|u|≤1}. All

the simulations are conducted on (cluster saw.sharcnet.ca) in the R environment (R

Development Core Team, 2012).

31
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4.2 Simulation of Clinical Trials Studies

We conduct simulation studies to evaluate the performance of the LPLB test proce-

dures for testing H
(1)
0 in (3.3) and H

(2)
0 in (3.47), respectively. Both the power and

the size of the proposed tests are evaluated in our studies.

Particularly, we consider the following two families of models in the simulation,

Model A : λ(t) = 4t3 exp{cW (a−1)(1−W )(b−1)Z + dW}, (4.1)

and

ModelB : λ(t) = 4t3 exp{(cW (b− 3W ) + a)Z + dW}, (4.2)

where a, b, c, and d are coefficients to be set, and W is a random variable uniformly

distributed on [0, 1]. The covariate Z is a Bernoulli variable taking 0 or 1 values with

probability 0.5. as the treatment arm indicator in clinical trial data. The censoring

random variable C is distributed uniformly on [0, u], and u is set so that about

30%− 40% of the data are censored for each setting of a, b, c, and d. It can be seen

that (4.1) reduces to the model under H
(1)
0 in (3.1) when a = 1 and b = 1, and it

becomes the model under H
(2)
0 in (3.45) when c = 0. When a, b, and c take other

values than these, (4.1) is the varying-coefficient model (3.2) and (3.46). Particularly,

for a = 1 and b = 2, or a = 2 and b = 1, the model (4.1) becomes a Cox proportional

hazards model with multiplicative interaction effects between the treatment arm and

the biomarker covariate as

λ(t) = 4t3 exp{β1Z + β2W + β3ZW} (4.3)

The power/size of the LPLB tests with different coefficient settings of a, b, c,

d, u, and h for H
(1)
0 and H

(2)
0 are shown and discussed in Sections 4.2.1 and 4.2.2,

respectively. We conduct 500 simulation replications with bootstrap resampling of
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B = 200 times for each parameter setting. The size of the simulated data set, n, is

300. The power and the size of the LPLB test for H
(1)
0 are compared with those of

the log-likelihood ratio test for the hypothesis that β3 = 0 in model (4.3). Meanwhile,

similar comparisons for H
(2)
0 are also made with the log-likelihood ratio test for the

hypothesis that β1 = β3 = 0 in model (4.3) as we do for H
(1)
0 . We will refer to both

log-likelihood ratio tests using the Cox model in (4.3) as LRTC in the future for

convenience.

4.2.1 Testing for Hypothesis H
(1)
0

Power of the LPLB test for hypothesis H
(1)
0 Taking α = 0.05, the power of the

LPLB test to detect that H
(1)
0 is not true for different parameter settings are shown

in Table 4.1 and Table 4.2. Particularly, Table 4.2 shows the case that the Cox model

with multiplicative interactions in (4.3) is true. That is, a = 1 and b = 2, or a = 2

and b = 1. Table 4.1 shows the case that β(W ) is in more complex form such as

quadratic or cubic function. The power of the LRTC is also included for comparison

purpose. The average censoring rate r across the 500 replications is also provided in

the tables.

It can be seen that the power of the LPLB test would always tend to have higher

power than the LRTC when β(W ) is in a complex form from Table 4.1. Particularly,

the improvement of power is about 2 times and even more in settings 9− 14 in Table

4.1.

Meanwhile, we can observe that the power of the LPLB test would increase with

the value range of β(W ). For example, in the settings 1, 2, and 4 in Table 4.1, β(W )s

have the same shape of curve (a = 2 and b = 3) and shrink or expand in the value
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Power
Index Model a b c d r h LPLB LRTC
1 A 2.0 3.0 15.0 0.1 0.36 0.15 0.90 0.63
2 A 2.0 3.0 12.0 0.1 0.35 0.15 0.78 0.51
3 A 2.0 3.0 12.0 0.6 0.34 0.15 0.79 0.55
4 A 2.0 3.0 6.0 0.1 0.34 0.15 0.28 0.20
5 B 1.5 0.2 1.0 0.1 0.35 0.15 0.97 1.00
6 B −0.75 3.5 2.0 0.1 0.35 0.15 0.54 0.47
7 B −1.5 3.5 2.0 0.1 0.35 0.15 0.62 0.42
8 B −0.4 3.5 2.0 0.1 0.35 0.15 0.56 0.46
9 B −0.5 3.0 2.0 0.1 0.36 0.15 0.43 0.05
10 B −0.75 3.5 2.0 0.1 0.36 0.40 0.85 0.45
11 B −1.5 3.5 2.0 0.1 0.36 0.40 0.87 0.40
12 B −0.4 3.5 2.0 0.1 0.34 0.40 0.87 0.50
13 B −0.5 3.0 2.0 0.1 0.36 0.40 0.75 0.07
14 A 2.0 3.0 6.0 0.1 0.34 0.40 0.41 0.22

Table 4.1: Empirical power of the test for H
(1)
0

range (different value of c). It is clear that the power of the LPLB test would increase

with c which would lead to a large value range of β(W ). In general, we observe that

for maxβ(W ) − minβ(W ) > 1.5, the LPLB test would be able to maintain a high

power (> 0.7) of detecting the non-constant treatment effect.

Furthermore, comparing the settings 4 and 6-9 with 14 and 10-13 in Table 4.1

one by one, we can find that the power of the LPLB test would increase with the

kernel bandwidth h of LPLE. Such increase in the power of the LPLB test with h is

due to the properties of the LPLE. In fact, the curve of β(W ) changes in a relatively

slow and smooth way in all examples in our simulations. In such a case, increased

h within a certain range would improve the accuracy of the LPLE since more points

are included in the local nonparametric estimation, and hence results in an increase
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Power
Index Model a b c d r h LPLB LRTC
1 A 1.0 2.0 1.0 0.1 0.35 0.15 0.24 0.53
2 A 1.0 2.0 2.0 0.1 0.35 0.15 0.71 0.98
3 A 2.0 1.0 2.0 0.1 0.35 0.15 0.70 0.98
4 A 2.0 1.0 2.0 0.6 0.34 0.15 0.70 0.97
5 A 1.0 2.0 1.0 0.1 0.35 0.30 0.31 0.53
6 A 1.0 2.0 2.0 0.1 0.35 0.30 0.84 0.95
7 A 2.0 1.0 2.0 0.1 0.35 0.30 0.84 0.97
8 A 2.0 1.0 2.0 0.6 0.34 0.30 0.85 0.97
9 A 1.0 2.0 1.0 0.1 0.35 0.40 0.37 0.50
10 A 1.0 2.0 2.0 0.1 0.35 0.40 0.90 0.98
11 A 2.0 1.0 2.0 0.1 0.35 0.40 0.90 0.97
12 A 2.0 1.0 2.0 0.6 0.34 0.40 0.91 0.98
13 A 1.0 2.0 1.0 0.1 0.35 0.50 0.42 0.51
14 A 1.0 2.0 2.0 0.1 0.35 0.50 0.92 0.97
15 A 2.0 1.0 2.0 0.1 0.35 0.50 0.93 0.97
16 A 2.0 1.0 2.0 0.6 0.34 0.50 0.91 0.97

Table 4.2: Empirical power of the test for H
(1)
0 under the Cox model (4.3)

in the power of the LPLB test. It should be noted that in other cases where the curve

of β(W ) has other shape, i.e., the curve with a sharp and narrow peak, the effect of

the kernel bandwidth h on the power of the LPLB test can be different.

From Table 4.2, we can see that when model (4.3) is true, the power of the LPLB

test is slightly below the power of the LRTC. This is not surprising since the data

are generated exactly from model (4.3) for which the LRTC is developed specifically.

However, the power of the LPLB test would improve as h increases, and finally become

comparable with the power of the LRTC (see the settings 13, 14, 15, and 16 where

h = 0.4 in Table 4.2).

Finally, by comparing the setting pairs 2 and 3 in Table 4.1, 3 and 4, 7 and 8, 11



CHAPTER 4. NUMERICAL RESULTS 36

and 12, and 15 and 16 in Table 4.2, we can easily get the observation that the power

of the LPLB test is not affected by the coefficient of W in model (3.2) (that is d in

models (4.1) and (4.2)) for the same β(W ).

Empirical size of the LPLB test for hypothesis H
(1)
0 The empirical size of the

LPLB test and the LRTC for H
(1)
0 are compared in Table 4.3. The empirical size of

the LPLB test is estimated by the proportion of time out of 500 simulations for which

the p-values are less than or equal to α. That is

α0 =
1

R

R∑
r=1

I{prvalue ≤ α}, R = 500. (4.4)

Meanwhile, we also estimate the empirical size of the LRTC in the same way for the

purpose of comparison. It can be seen that our LPLB test closely tracks the nominal

significance level α, and its performance is comparable to the LRTC. Particularly, we

study the empirical size of the LPLB test with different kernel bandwidths h of the

LPLE for each parameter setting of a, b, c, d, and u in our work. It can be seen that,

the estimated size of the LPLB test is insensitive to the choice of h. Furthermore, as

we observed before in the study of the test power, the empirical test size is also not

affected by the coefficient of W in model (3.2) for the same β(W ).

4.2.2 Testing for Hypothesis H
(2)
0

Power of the LPLB test for hypothesis H
(2)
0 Taking α = 0.05, the power of the

LPLB test to reject H
(2)
0 when it is not true for different parameter settings are shown

in Table 4.4 and Table 4.5. Comparisons with the power of the LRTC are made in the

same table. The power of the LPLB test is always comparable and some times much

better than the LRTC (see settings 7, 9, 11, and 13 in Table 4.4). Meanwhile, it can



CHAPTER 4. NUMERICAL RESULTS 37

Test Size
Index c d r h LPLB LRTC

0.01 0.05 0.1 0.01 0.05 0.1
1 1.0 0.1 0.33 0.15 0.008 0.042 0.094 0.014 0.044 0.094
2 1.0 0.6 0.36 0.15 0.008 0.044 0.084 0.002 0.042 0.082
3 2.0 0.1 0.34 0.15 0.014 0.058 0.114 0.014 0.038 0.09
4 1.0 0.1 0.33 0.30 0.006 0.032 0.092 0.012 0.044 0.100
5 1.0 0.6 0.36 0.30 0.018 0.058 0.011 0.008 0.056 0.102
6 2.0 0.1 0.34 0.30 0.014 0.054 0.124 0.012 0.052 0.122
7 1.0 0.1 0.33 0.40 0.008 0.040 0.122 0.014 0.044 0.114
8 1.0 0.6 0.36 0.40 0.010 0.056 0.096 0.006 0.048 0.100
9 2.0 0.1 0.34 0.40 0.024 0.064 0.114 0.016 0.058 0.120
10 1.0 0.1 0.33 0.50 0.014 0.050 0.100 0.014 0.046 0.098
11 1.0 0.6 0.36 0.50 0.018 0.060 0.120 0.014 0.068 0.112
12 2.0 0.1 0.34 0.50 0.012 0.053 0.124 0.014 0.042 0.094

Table 4.3: Empirical size of the test for H
(1)
0 under model (4.1), a = 1 and b = 1

be observed that the value range of β(W ) and the kernel bandwidth h of LPLE affect

the power of the LPLB test for H
(2)
0 as they do in testing for H

(1)
0 . The coefficient

of W in model (3.2) still does not affect the power of the LPLB test for hypothesis

H
(2)
0 .

Empirical size of the LPLB test for hypothesis H
(2)
0 The empirical size of

the proposed test for H
(2)
0 is shown in Table 4.6. Simulation shows that our LPLB

test have comparable performance in size to the LRTC. Both of them closely track

the nominal significant level α. Meanwhile, comparing the results of settings with

different h only, we can find that the choice of the kernel bandwidth h does not affect

the empirical size of the LPLB test.
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Power
Index Model a b c d r h LPLB LRTC
1 A 2.0 3.0 15.0 0.1 0.36 0.15 1.00 1.00
2 A 2.0 3.0 12.0 0.1 0.34 0.15 1.00 1.00
3 A 2.0 3.0 12.0 0.6 0.35 0.15 1.00 1.00
4 A 2.0 3.0 6.0 0.1 0.34 0.15 0.80 0.90
5 B 1.5 0.2 1.0 0.1 0.35 0.15 1.00 1.00
6 B −0.75 3.5 2.0 0.1 0.36 0.15 0.99 0.99
7 B −1.5 3.5 2.0 0.1 0.35 0.15 0.50 0.29
8 B −0.4 3.5 2.0 0.1 0.34 0.15 1.00 1.00
9 B −0.5 3.0 2.0 0.1 0.36 0.15 0.84 0.73
10 B −0.75 3.5 2.0 0.1 0.36 0.40 1.00 0.99
11 B −1.5 3.5 2.0 0.1 0.36 0.40 0.67 0.34
12 B −0.4 3.5 2.0 0.1 0.34 0.40 1.00 1.00
13 B −0.5 3.0 2.0 0.1 0.36 0.40 0.98 0.75
14 A 1.0 1.0 1.0 0.1 0.33 0.15 0.99 1.00
15 A 1.0 1.0 1.0 0.6 0.36 0.15 0.99 1.00
16 A 1.0 1.0 2.0 0.1 0.34 0.15 1.00 1.00
17 A 2.0 3.0 6.0 0.1 0.34 0.40 0.92 0.87

Table 4.4: Empirical power of the test for H
(2)
0

Power
Index Model a b c d r h LPLB LRTC
1 A 1.0 2.0 1.0 0.1 0.35 0.15 0.79 0.96
2 A 1.0 2.0 2.0 0.1 0.35 0.15 1.00 1.00
3 A 2.0 1.0 2.0 0.1 0.35 0.15 1.00 1.00
4 A 2.0 1.0 2.0 0.6 0.34 0.15 1.00 1.00
5 A 1.0 2.0 1.0 0.1 0.35 0.40 0.93 0.96

Table 4.5: Empirical power of the test for H
(2)
0 under the Cox model (4.3)
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Test Size
Index d r h LPLB LRTC

0.01 0.05 0.1 0.01 0.05 0.1
1 1.0 0.35 0.15 0.014 0.054 0.118 0.006 0.048 0.096
2 0.6 0.35 0.15 0.010 0.048 0.104 0.012 0.052 0.118
3 1.0 0.35 0.30 0.016 0.06 0.104 0.006 0.074 0.100
4 0.6 0.35 0.30 0.006 0.046 0.102 0.002 0.044 0.122
5 1.0 0.35 0.40 0.006 0.046 0.09 0.002 0.028 0.078
6 0.6 0.35 0.40 0.012 0.044 0.094 0.008 0.034 0.092
7 1.0 0.35 0.50 0.024 0.06 0.098 0.018 0.072 0.110
8 0.6 0.35 0.50 0.010 0.056 0.086 0.004 0.046 0.092

Table 4.6: Empirical size of the test for H
(2)
0 under model (4.1) c = 0

4.3 More Examples

As we mentioned before, the proposed test can be applied to more general cases,

for example the covariate Z can be continuous or multidimensional. Thus, we also

conduct a simulation study to test the performance of the proposed test in the cases

that Z is a continuous variable.

Detection Power We consider two varying-coefficient models,

λ(t) = 4t3 exp{0.1W ∗ (0.2− 0.5W )Z} and (4.5)

λ(t) = 4t3 exp{sin(2W )Z}, (4.6)

where W is a random variable uniformly distributed on [0, 3], and the covariate Z

is normal with mean 0 and standard deviation 5. The censoring random variable C

is distributed uniformly on [0, u] so that about 30%− 40% of the data are censored.

We run 500 simulations with sample size n = 300 for this model. For each of these

replications, we repeat bootstrap sampling B = 200 times with the kernel bandwidth
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of the LPLE being h = 0.45. The average censoring rate across 500 replications is

0.36 for model (4.5), and 0.34 for model (4.6). Figure 4.1a and 4.1b presents the

estimates of the coefficient functions and its 95% confidence interval from a typical

sample of model (4.5). Figure 4.2a and 4.2b presents the estimates of the coefficient

functions and its 95% confidence interval from a typical sample of model (4.6). Taking

α = 0.05, the power of the LPLB test to reject H
(1)
0 is 99.6% and 100% for model

(4.5) and model (4.6), respectively. The power of the LRTC to reject H
(1)
0 under both

model (4.5) and model (4.6) is 100%. The power of both LPLB test and LRTC to

reject the H
(2)
0 under both model (4.5) and model (4.6) is 100%.
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Figure 4.1: True and estimated effect of Z as a function of W for model (4.5)

Empirical size of the test We then test the performance of the proposed test

under H
(1)
0 . The data are generated from the model

λ(t) = 4t3 exp{0.1W + 0.2Z} (4.7)

with the setting of W , Z and h as before. We again generate 500 simulated data

sets with sample size n = 300 for the test. The size of the bootstrap resampling is

B = 200. The censoring random variable C is distributed uniformly on [0, u] and the
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Figure 4.2: True and estimated effect of Z as a function of W for model (4.6)

average censoring rate across the 500 replications is 0.35. The number of times out

of 500 simulations for which the p-values are less than α is the empirical size of the

test. Figures 4.3a and 4.3b present the estimates of the coefficient functions and its

95% confidence interval from a typical sample. Table 4.7 compares the empirical size

of the LPLB test (α0) and the LRTC (α1) for H
(1)
0 .
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Figure 4.3: Constant Z effect and its estimates across W for model (4.7)

From the examples above, we can see that the proposed example can work very

well when Z is a continuous variable. This indicates that the LPLB test can be

applied in more general situations than detecting the interactions between discrete
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α
0.01 0.05 0.1

α0 0.008 0.042 0.09
α1 0.012 0.064 0.108

Table 4.7: The empirical size of the LPLB test and LRTC

treatment arm indicator and some biomarker.

4.4 Application to Prostate Cancer Trial Data

In this section, the LPLB approach is applied to the prostate cancer data from the

second Veterans Adminstration Cooperative Urologic Research Group clinical trial

(Bayer and Corle (Andrews and Herzberg, 1985; Byar and Corle, 1977)). This double-

blind clinical trial randomly allocated 506 prostate cancer patients to one of four arms:

placebo, 0.2 mg of diethylstilbestrol (DES), 1.0 mg DES, or 5.0 mg DES. Similar as in

(Byar and Corle, 1977), the two lower dose (placebo and 0.2 mg DES) were combined

in a single arm (designated arm C), and the two higher doses (1.0 mg DES and 5.0

mg DES) were combined in a single arm (designated E) in our analysis. The two

treatment arms were then compared with respect to overall survival (i.e. death of

any causes). The biomarkers which we are interested in is the serum prostatic acid

phosphatase (AP). We would focus on analysis of the effect of AP on the treatment

effect, in order to determine whether it can be used to identify a subset of patience

for whom DES is beneficial. The variable AP measures the serum prostatic AP level

in King-Armstrong units ranging from 1 to 5960, with median 7. Inverse cumulative

distribution function (CDF) transformation is applied to AP such that the value of
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it would scatter densely within [0, 1], which is convenient when applying LPLE.

The estimated treatment effect, β̂(AP ), given by LPLE is shown in Figure 4.4. It

can be found that the treatment effect remains roughly a constant for small AP values

(approximately≤ 0.75), but it declines downwards for large AP values (approximately

≥ 0.75). The LPLB test for H
(1)
0 on this data set with resampling size 500 give p-value

0.006. Thus, we have significant evidence to reject H
(1)
0 corresponding to model (3.1),

and hence can conclude that the treatment effect does change with the variable AP.

For purpose of comparison, the p-value of the LRTC for H
(1)
0 for this data set is 0.03.

Meanwhile, we also apply the LPLB test and LRTC on this data to test H
(2)
0 . The

p-value of the LPLB test and the LRTC are 0.004 and 0.04, respectively. From the

result of our LPLB test, we can conclude that the treatment does have some form of

effect on the survival time for some subset of the patients. It can be observed that

the LPLB test gives more significant results for both H
(1)
0 and H

(2)
0 than the LRTC

in this prostate cancer data example. From the curve of β̂(AP ), we observe that

the patients with larger AP values, that is, greater than about 75th percentile of the

study population AP values, would have more benefit from the treatment. In fact,

this result coincides with the result in (Jiang et al., 2007), which showed that patients

with AP value greater than its 77th percentile in the study population would have

more benefit.
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Chapter 5

Conclusion

5.1 Summary

With the development of the biotechnology, new therapeutics, such as molecularly

targeted anticancer agents, which are likely to benefit only a subset of the patient

with a given cancer, enter the definitive stage of clinical development. This draws

a lot of attention to the statistical methodology for modeling interactions between

the discrete treatment arm indicator Z and a putative biomarker W in clinical trials

in recent years. In this report, we developed a nonparametric bootstrap testing

method, the local partial likelihood bootstrap (LPLB) test, for treatment-biomarker

interaction based on the local partial likelihood estimation (LPLE) introduced by Fan

et al. in (Fan et al., 2006).

In the proposed method, the treatment effect is assumed to be an unknown coef-

ficient function of the biomarker W , denoted by β(W ). Based on the nonparametric

estimation β̂(W ) given by LPLE, the martingale residuals are bootstrapped jointly

with the failure indicators to generate the resampled data. This novel approach make

45
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our approach applicable to test the constant treatment effect in the null hypothe-

sis. Particularly, a new test statistic is designed for our approach together with the

corresponding estimator. Joint asymptotic normality result of the LPLE and the

estimation given by regular PH model (1.2) is established under the null hypothesis

of no treatment-biomarker interaction. This asymptotic result provided a theoretical

basis for the construction of the proposed test statistic. Furthermore, a special case

of the LPLB test can also be used to test the treatment effect of any form for any

subset of patients.

Simulation studies showed that, when the Cox PH model with multiplicative pat-

tern of interactions (1.3) was true, the LPLB test had similar as power to the like-

lihood ratio test to detect the non-zero coefficients of the interaction term (testing

γ = 0 in (1.3)). However, when the treatment-biomarker interactions were in more

complex forms, such as quadratic or cubic functions, our LPLB test provided sub-

stantial improvement in the detection power compared with the latter. The empirical

size of the LPLB test is very close to the nominal significant level when the null

hypothesis is true.

In addition to the case of identifying the interactions between the one dimensional

discrete treatment arm indicator Z and the biomarker W , the LPLB test can also be

applied in more general cases, where Z can be multi-dimensional, and/or continuous.

Numerical examples are also given to assess the finite sample properties of the LPLB

test for this setting.

In summary, the LPLB test is a powerful tool to detect the interactions between

the treatment and a putative biomarker W . If the treatment effect changes with the

values of the biomarker W , we can easily identify patient subgroups which benefit
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differently from the treatment by observing the treatment effect curve β(W ) as a

function of W . In addition, the LPLB test can also be applied to identify the in-

teractions between a collection of covariates (covariate vectors) in both discrete and

continuous case.

5.2 Future Work

Further research can start from several aspects as follows.

First, criterion for the choice of the kernel bandwidth h of the LPLE. In our work,

all the kernel bandwidths are chosen in an ad-hoc way partly based on experience.

Numerical simulation implied that the choice of h did affect the power of identification

the interaction. Thus, methodologies for choosing h would be necessary. Fan et al.

discuss the selection of h based on the cross-validation in a different problem setting

(Fan and Gijbels, 1994). For the purpose of LPLB test, the optimal choices of h

shall be explored. One possible solution is to build up some criteria to evaluate the

goodness of h, and then develop some cross-validation approach to select the optimal

bandwidth.

Second, adaptation of h with the data. The kernel bandwidth h once is set, then

would not change in the whole approach of the LPLB test. However, because of the

data collection problem, there might be some ranges of W where the data are sparse

or heavily censored, the nonparametric LPLE may fail in implementation in such

a case. This is caused by the non-existence of failure observation within the local

neighborhood of the estimated point at w0 which may lead to singularity problem in

calculation. On the other hand, for the places where the data are dense and lightly

censored, too large a choice of h may cause failure in capturing the trend of the curve,
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especially when treatment effect, β(W ), changes quickly with W . Thus, it will be

ideal to develop an adaptive way to choose the bandwidth such that proper number

of failure observations are included at all points where LPLEs are made.

Third, more numerical studies can be done to explore the properties of LPLB

test. Although the LPLB test can be applied to the multi-dimensional cases, its

validation and performance in such a case are not studied via simulation in this work.

More numerical studies can be done for that case and be discussed in the future.

Meanwhile, besides comparisons with the Cox test, we can also compare the LPLB

test with the STEPP test and FP method which are designed in a different way for

the same purpose.
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