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Abstract 

Dissolving multicomponent NAPL as a source of contamination in subsurface water is considered. 

In particular, two processes are analyzed with regard to how they alter inter-species concentration 

ratios at remote monitoring locations relative to inter-species molar ratios in the NAPL: nonlinear 

dissolution governed by Raoult’s Law and differential sorption during subsurface transport. An 

analytic solution for Raoult’s Law-governed dissolution is presented. Separately, it is shown how a 

variety of 1D analytic transport models for simple boundary conditions may be adapted to use 

arbitrary time-varying concentrations by use of some properties of Laguerre series. This is combined 

with the analytic solution so that Raoult’s Law-governed multicomponent NAPL dissolution may be 

employed as the boundary condition for analytic transport models. A new computer model 

implementing this technique in an environment of discrete, parallel fractures is presented, and its 

accuracy verified for specific conditions against an existing code. The new code is applied to a 

parametric study on the plume separation of PAH and phenolic compounds from the  dissolution of 

creosote. Narrow fracture spacing as well as significant values of  matrix organic carbon are seen as 

particularly conducive to separation of these types of plumes, which in some circumstances may be 

entirely disjoint. Concentration ratios downgradient are shown largely unrelated to concentration 

ratios at the source. Finally, a study of PCB speciation is undertaken in fractured rock with known 

parameters, for which a rigorous, least squares speciation approach is developed. Even at distances of 

5 m from the source, given perfect information about the subsurface, it is found not possible to 

chemically fingerprint a source PCB mixture from a list of three absent a model of the weathering of 

the NAPL. Both the PCB and creosote studies demonstrate that forensic inference of source 

compositions from field data is unreliable and the need for coupled dissolution and transport models 

like the one developed here. 
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Nomenclature 

The various manuscripts use a consistent symbolic scheme, which is summarized here. A few letters 

are used as indexes or dummy variables without directly keying to particular concepts. These include: 

1. Indices for NAPL species:       

2. Indices for Laguerre functions and related summations:     

3. Limits of summation:     

4. Free parameters / dummy variables of integration:       

In addition, there are a large number of primitive and derived quantities that are represented by 

variable names. These will be summarized below in Table 0-1, which includes all primitive quantities 

and excludes some derived helper quantities that are used only once. As a general rule, superscripts 

are part of the variable name, and subscripts are indices. For completeness, all variants of a symbol 

are shown. 

Table 0-1: Definitions of symbols, functions, and derived quantities in this document 

Symbol Definition 

an n-th Laguerre coefficient for boundary condition function f 

a Vector consisting of the several an 

A Cross-sectional area of NAPL residual transverse to flow  

A Matrix of congener concentrations for several Aroclors 

Aeffective Adjusted A for use with pore velocity rather than Darcy flux 

b Half-width of fracture 

bn n-th Laguerre coefficient for Green’s function g 

B Half-spacing between fractures 

B Transfer matrix derived from the several bn 

c(t) Concentration at time t at an implied location 

ci(t) Concentration of species i, at time t, adjacent to NAPL 

c(x,t) Concentration at time t at location x 

cn(x) n-th Laguerre coefficient for c(x,t) 
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ci
sat(t) Raoult’s law-governed saturated concentration adjacent to NAPL 

c Vector of measured species concentrations at monitoring well 

C(s) Laplace transform of the concentration c(t) 

C(x;s) Laplace transform of the concentration c(x,t) 

D Fracture effective dispersion coefficient 

D’ Matrix effective diffusion coefficient 

D* Free diffusion coefficient 

Dv Vertical (z-direction) dispersion coefficient above pool 

f(t) Concentration source history adjacent to NAPL (at x = 0) 

foc Fraction organic carbon in matrix 

F(s) Laplace transform of f(t) 

g(t) Green’s function at an implied location x 

koc Partitioning coefficient for organic carbon 

Ki Constant for species i in canonical form of NAPL dissolution equations 

L Length of NAPL pool in direction of flow (x-direction) 

mi(t) Moles of species i in NAPL at time t 

mMi Molar mass of species i. 

Mi(t) Mass of species i in NAPL at time t 

M Matrix of scaled Laguerre functions evaluated at discrete times 

q Darcy flux through NAPL source zone 

r Vector of residuals for congener-fitting analysis 

R or Ri Fracture retardation coefficient [of species i] 

R’ or R’i Matrix retardation coefficient [of species i] 

s Laplace-domain “time” 

sm m-th discrete value of s, for numerical integration 

S or Si Pure phase solubility [of species i] 

Sw Water saturation in NAPL source zone 

t Time 

tmax Time until NAPL depletion 

T Scaling parameter in Laguerre series 

U Dimensionless time for NAPL depletion 

v Groundwater velocity 

V Dimensionless moles remaining in NAPL 

W Width of NAPL pool (transverse to flow) 

x Distance in flow direction from downgradient edge of NAPL body 
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xi Mole fraction of species i in NAPL 

x Vector of molar proportions for the several Aroclors 

y(s) Invertible mapping of s for Weeks method 

z Vertical distance from fracture centre line or above top of NAPL pool 

α Fracture dispersivity 

      n-th Laguerre function (the n-th Laguerre polynomial times      ) 

   Bulk density of rock matrix 

Ω Generating function for the Laguerre coefficients 
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Chapter 1: Introduction 

1.1 Background 

Spills of non-aqueous phase liquids (NAPL) represent one of the major routes by which toxic 

chemicals are introduced to the subsurface, and can occur due to both accidents and improper 

disposal practices. Such incidents are unfortunately not rare: in North America alone, there are 

thousands of sites with NAPL contamination [1]. NAPL releases are difficult to remediate, because 

the contaminant liquid has the capacity to migrate and spread itself sparsely over a large area beneath 

the surface, where it also may be hard to find. Furthermore, once it has stopped migrating, NAPL 

ganglia are held in place in the subsurface by capillary forces, impossible to remove by pumping, and 

frequently impractical to remove by digging. At the same time, because it is sparingly soluble, the 

NAPL will often not dissolve quickly enough for pumping and treating of groundwater in the 

affected region to remove a significant amount of NAPL mass [2].  

All this would be of academic interest only, were it not for the fact that many chemical species which 

exist as NAPL are toxic to human health, and have drinking water maximum contaminant levels 

(MCL) lower than those species’ solubilities (despite those being themselves very small). As a 

consequence of this toxicity and low solubility, NAPL spills are frequently long-term sources of 

groundwater contamination, with contaminant plumes stretching sometimes several kilometers from 

the source [3]. 

Despite being an issue of major concern to both scientists and policymakers since the early 1980s [3], 

as of 2003, an EPA report noted that no heavier-than-water NAPL (DNAPL) site in the U.S. had 

been successfully remediated to meet drinking water standards [4]. In light of the technical 

infeasibility of eliminating the plumes, modelling plumes for the sake of better understanding is of 

paramount importance. Further, even if attempting incomplete remediation, determining how 

plumes will behave based on existing information is highly relevant to practitioners. 



2 
 
 

Many NAPLs of environmental concern are multicomponent: this is to say they are homogeneous 

mixtures composed of multiple chemical species which are collectively miscible with each other and 

yet immiscible in water. Examples include PCBs (sold under the Aroclor trade name in North 

America), creosote, gasoline/BTEX, and some mixtures of chlorinated solvents. Multicomponent 

NAPL tend to have complex dissolution histories, since the effective solubilities of their components 

are governed by Raoult’s Law [5] and proportional to their molar fraction in the NAPL. This means 

that some species of higher effective solubility almost always dissolve at a faster rate than the NAPL 

as a whole, and as this occurs become preferentially less soluble, allowing other components to catch 

up. Thus, the dissolution equations for each of the species are both nonlinear and coupled. 

As the species in a multicomponent NAPL dissolve, they form their own plumes, which at dilute 

concentrations do not interact with each other (we exclude competitive sorption effects). Differential 

transport parameters of the various species (in particular, differential retardation due to sorption) will 

cause their plumes to migrate and spread at different rates, even though they occupy the same region 

of space. 

The extent to which the two factors (differential dissolution and differential sorption) confound the 

inference of source composition from relative concentrations at remote monitoring locations may be 

thought of as the unifying theme for the manuscripts in this thesis, which cover both modelling and 

forensic issues. The first two manuscripts, plus part of the third, deal with constructing a unique 

analytic solution-based approach that exploits properties of Laguerre series to account for coupled 

dissolution and transport. The second part of the third manuscript employs this model in a 

parametric study of a fractured rock aquifer, and how it affects the separation of PAH and phenolic 

plumes generated from dissolving creosote. The final manuscript is a study on the optimal 

identification of Aroclor sources from PCB congener data measured at remote monitoring wells. In 

both studies (creosote and Aroclor), relative concentrations of species next to the source and at 

downgradient monitoring wells are found to not be reliably related, and in the case of the Aroclors, 
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this is demonstrated rigorously via a least-squares projection approach. In light of the severity of the 

modelling results, it becomes apparent that inverse modeling is required if one wishes to infer the 

composition of a NAPL source. A method by which this may be accomplished, by adapting the 

Laguerre function techniques developed in the second manuscript, is sketched out in the joint 

discussion section. In essence, the new modelling approach both points to a serious problem and 

also points the way to its resolution. 

1.2 Extended contents and outline of original contributions 

Chapter 2 presents a novel method for determining the changing composition of a multi-component 

NAPL body dissolving into moving groundwater, and the consequent changes in the aqueous phase 

solute concentrations in the surrounding pore water. A canonical system of coupled non-linear 

governing equations is derived which is suitable for representation of both pooled and residual 

configurations, and this is solved. Whereas previous authors have handled such problems 

numerically, it is shown that these governing equations succumb to analytical solution. By a suitable 

substitution, the equations become decoupled, and the problem collapses to a single first-order 

ordinary differential equation. The final result is expressed implicitly, with time written as a function 

of the number of moles of the least soluble component, m1. The number of moles of each other 

component is expressed explicitly in terms of m1.  It is shown that the time-m1 relationship has a well 

behaved inverse. An example is given in which the analytical solution is verified against traditional 

finite difference analysis, and its computational efficiency is shown. 

Chapter 3 presents a Laguerre-series (generalized Fourier series on the interval      ) based 

technique, termed the Laguerre Expansion Method (LEM). This method enables series solution of a 

class of initial-boundary value problems (IBVP) representing transport problems with arbitrary time-

varying up-gradient boundary conditions. For constant boundary conditions, this class of problem is 

traditionally solved using the Laplace transform, meaning the governing equation and boundary 

condition are solved jointly in Laplace space, and then inverted numerically. In this chapter, the 
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Weeks method for inversion of the Laplace transform as a Laguerre series with numerically 

computed coefficients is employed. By use of some convolution properties of the Laguerre 

functions, it is shown how, if both the boundary condition and a single (Green’s function) IBVP for 

an instantaneous, unit-mass release are represented as a Laguerre series, it is possible to compute 

Laguerre series for breakthrough curves via algebraic manipulation alone. 

Chapter 4 begins by synthesizing the work of the previous two manuscripts, combining both the 

new analytic solution for NAPL dissolution and the LEM into a new model for coupled multi-

component dissolution and transport. The key conceptual contribution here is in showing how it is 

possible to use values of the analytic dissolution solution from Chapter 2, evaluated at discrete 

points, to numerically compute coefficients for the Laguerre series representing the boundary 

condition for use with the LEM. A particular computer implementation of this technique is 

developed using an analytic solution for fractured rock, and is believed to be the first code that can 

model coupled dissolution and transport in such an environment. This code is then used in a study of 

the separation of PAH and phenolic plumes generated by dissolution of creosote. Creosote 

represents an interesting example to analyze with this new model because it contains both high-

solubility, low-sorption-affinity compounds (phenols) and low-solubility, high-sorption-affinity 

compounds (PAHs), meaning that it is not feasible to attempt to compare their respective plumes 

without taking into consideration both effects. (So neither the geometry nor the chemistry could 

have been represented prior to the development of the new code.) Simulation work presented shows 

how the combined effect of these parameters on the dissolution of creosote may actually lead to 

phenolic plumes that detach and may become disjoint from those of the PAH components, among 

other observations. 

Chapter 5 examines the effect of matrix diffusion subject to differential sorption on the potential for 

Aroclor source identification and quantification in a fractured bedrock environment. Due to sorption 

alone (differential dissolution occurs too slowly to be a factor), transport is seen to occur at greatly 
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different rates for the various congeners, causing rapid changes in PCB plume composition during 

migration. The paper provides a rigorous method for optimally fitting PCB groundwater sample 

concentrations as a linear combination of known Aroclors. It then demonstrates, via transport 

simulations in fractured sandstone with realistic properties, that correctly determining the Aroclors 

comprising a PCB source through optimally “fingerprinting” groundwater samples obtained, even a 

few meters downgradient, is not generally possible. 

The Joint discussion and conclusion also contains one original result. Given the necessity of 

inverse modelling pointed to by the studies in Chapter 4 and Chapter 5 for the forensic recovery of 

source composition, and the numerical instability of inverse dispersion problems, regularization 

techniques become important if one wants it be able to understand source composition. A means of 

modifying the algebraic manipulations of the Laguerre coefficients introduced in Chapter 3 to stably 

and approximately handle the inverse problem is sketched.  
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Chapter 2: An analytical solution to multi-

component NAPL dissolution equations 

2.1 Abstract 

This chapter presents a novel method for determining the changing composition of a multi-

component NAPL body dissolving into moving groundwater, and the consequent changes in the 

aqueous phase solute concentrations in the surrounding pore water. A canonical system of coupled 

non-linear governing equations is derived which is suitable for representation of both pooled and 

residual configurations, and this is solved. Whereas previous authors have handled such problems 

numerically, it is shown that these governing equations succumb to analytical solution. By a suitable 

substitution, the equations become decoupled, and the problem collapses to a single first-order 

equation. The final result is expressed implicitly, with time as a function of the number of moles of 

the least soluble component, m1. The number of moles of each other component is expressed 

explicitly in terms of m1.  It is shown that the time-m1 relationship has a well behaved inverse. An 

example is given in which the analytical solution is verified against traditional finite difference 

analysis, and its computational efficiency is shown. 

2.2 Introduction 

The fate of multi-component non-aqueous phase liquid (NAPL) in the subsurface is a subject of 

growing concern, both for theoreticians and for practitioners in the groundwater field. Of particular 

interest to both is the effect that preferential solubility has on the migration rates and consequent 

breakthrough times of the various components. By Raoult’s Law, the effective solubilities of the 

various components are dependent on both an intrinsic solubility parameter and on their mole 

fraction of the NAPL body [1]. This means that the n source functions for a general n-component 

NAPL will be coupled and non-linear. 
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With one exception, previous attempts to model the transient dissolution of multi-component NAPL 

bodies have employed time-stepping numerical techniques to deal with the nonlinear dissolution 

equations. The only example known to the author of an attempt to solve analytically for the changing 

mole fractions [4] makes the assumption that the total mass of NAPL remains constant during 

dissolution. While this assumption may be valid for a preferentially soluble species that is found in 

small molar quantities relative to the total body of NAPL, clearly it cannot be valid for all 

components. Other published approaches are concerned with modeling contaminant transport ([4] 

does not consider this problem), and are consequently based on some manipulation of the advection-

dispersion equation. These can be divided into two basic groups: those that simulate numerically in 

space and time, and those that combine an analytical transport solution with a series of time steps. 

Examples of the first kind for residual NAPL configurations are [7] and [6]. For pooled NAPL 

configurations, only [14] has used such an approach. Examples of the second kind are [17] for 

pooled NAPL configurations and [13] for residual NAPL configurations. Despite the variety in 

approaches, in all cases the changing molar ratios are determined using an explicit finite difference 

technique.  

This paper presents simplified model equations that allow concentration prediction at the exit of the 

source zone based solely on global parameters, without concern for local-scale transient behaviour. 

For both pooled and residual configurations, it is shown that these equations reduce to a common 

set of coupled nonlinear equations, and shown how those equations may be solved analytically. 

Although solving a set of coupled nonlinear equations simultaneously is something that is not in 

general possible, it is shown to be possible in this particular case, and possible to solve directly for 

component concentrations at any given point in time without time-stepping. By appropriate 

manipulation, we make the form of coupling between the several components explicit, and reduce 

the problem from one of solving a simultaneous set of nonlinear differential equations to one of 

solving a single algebraic equation.  
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This paper shows how such simplification is done, and presents exact analytical expressions for both 

the transient aqueous concentrations in equilibrium with a multicomponent NAPL and the remaining 

masses of each component of the NAPL as it dissolves into groundwater. Together, the simplified 

formulation and the analytical solution remove, respectively, the need for numerical analysis in spatial 

dimensions and the need for time-stepping. The analytical solution may be used directly in models of 

the second kind, where there is no coupling between space and time. However, it is most 

advantageous when used as a replacement for numerical solutions of the first kind, because these are 

most computationally intensive. In addition to its computational advantages, the analytical solution 

exposes the underlying power law relationship between the remaining quantities of the various 

components, which is otherwise obscured by numerical analysis. 

2.3  Model Derivation 

This study is concerned with the transient evaluation of the aqueous phase solute concentrations in 

equilibrium with a multicomponent NAPL. In this case, the calculated concentrations should be 

viewed as being representative of conditions in groundwater at the down-stream edge of the NAPL. 

No attempt is made to account for advective-dispersive effects downstream of the dissolving NAPL. 

2.3.1 Assumptions 

The dissolution analysis that ensues is dependent upon the assumption that  the effective aqueous 

solubility of any component in the NAPL is equal to the product of its pure phase aqueous solubility, 

its activity coefficient, and its mole fraction of the NAPL (i.e., Raoult’s Law).  We restrict this analysis 

to a NAPL composed of structurally similar species such that the molecular activity coefficient for 

each species is equal to unity [1]. 

The model assumes that the component composition of the body of NAPL (i.e., zone of residual 

NAPL, or NAPL pool) is spatially invariant at a particular instant in time. In practical terms, this 

implies that dissolution at the upstream end of the NAPL body gives rise to the same groundwater 
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concentrations as dissolution at the downstream end.  This is likely a reasonable assumption for small 

to moderate sized NAPL bodies.  Consistent with this assumption of spatial invariance at a particular 

instant in time, it is assumed that intra-NAPL diffusion proceeds quickly relative to the rate of 

partitioning to the aqueous phase. We are not aware of any experimental work examining this issue, 

and the only mathematical work known to us has been done (for the case of NAPL pools) in [8]. Its 

avenue of investigation is promising: modeling both the NAPL and aqueous domains with variants 

on the advection-dispersion equation, and doubly coupling them by assuming equilibrium and mass 

balance. Unfortunately, however, it makes the same assumption as in [4]—assuming that the total 

mass of NAPL remains constant—so its results are not directly applicable to the problem at hand. 

For NAPL pools, it is assumed that inter-phase mass transfer occurs more quickly than solute 

transport away from the NAPL [6]. This local equilibrium assumption has been employed by a 

number of authors [12][18][17] and has been found to be reasonable in many cases. Experimentation 

has also corroborated this for multi-component pools [5]. This assumption is not equivalent to the 

assumption that the concentration of solute away from the NAPL body is at its equivalent aqueous 

solubility—concentrations away from the source are governed by advective-dispersive effects, not by 

chemical kinetics.  

For zones of NAPL residual, the model is derived assuming there is sufficient NAPL saturation and 

mixing that one can speak of a single concentration at the downstream end of the source zone, and 

that this concentration may be predicted by Raoult’s Law. This represents a sort of global equilibrium 

assumption, which is clearly not applicable for all applications of interest, as has been demonstrated 

by various authors’ column experiments [11][15][16]. The validity of this assumption is affected by 

the degree of NAPL saturation; as NAPL saturation is reduced to zero, the assumption of global 

equilibrium becomes progressively less reliable due to local-scale flow bypassing. However, the 

assumption of global equilibrium has been substantiated for situations where the length of the NAPL 

source zone is longer than the active mass transfer zone [5] (usually  10 cm [7]). A laboratory study 
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run under flow velocities varying between 1.7 and 5.1 m d-1 has found the global equilibrium 

assumption valid for predicting concentrations over a period of hundreds of days; its authors suggest 

that the assumption is valid where NAPL saturation exceeds 3% to 5% and the length of the source 

zone exceeds 10 cm [5].   

2.3.2 Distributed residual dissolution in porous media 

For uniformly distributed residual NAPL in porous media, it is possible to derive a formula with the 

above format to model multi-component dissolution behaviour. Assuming that there is a uniform 

aqueous concentration at effective solubility at the exit to the zone of residual NAPL, we can model 

total mass loss ΔMi of NAPL component i during a time interval Δt with the difference equation: 

,, tqACM satii   (1) 

where q [L/T] is the Darcy flux within the zone of residual NAPL, A [L2] is the cross sectional area 

to flow, and Ci,sat [M/L3] is the effective solubility of component i. Reconfiguring the above into a 

differential equation and rewriting in terms of moles yields: 
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where mi is the number of moles of component i in the NAPL, mMi [M] is the molar mass of 

component i, Si is the pure phase aqueous solubility of component i, and xi is the mole fraction 

belonging to component i. Expanding out the term xi yields: 
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where K represents the first grouping of the middle expression and n is the total number of 

components comprising the NAPL. The rightmost expression is in the canonical form of the multi-

component dissolution equation. Since this derivation is valid for all components in a multi-
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component NAPL, that form is useful for modeling the dissolution of residual NAPL in a porous 

medium. 

2.3.3 Pool dissolution in porous media 

For dissolution of rectangular horizontal pools in porous media, one may model the average mass 

removed by a similar technique to the one illustrated above. Rather than trying to estimate exactly the 

amount of solute being lost from the pool at every location, Hunt et al. [9] solved an initial-boundary 

value problem for the concentration at the downgradient end of the pool, and by integrating this 

function over the height of the aquifer, one may determine flux from the pool, analogously to the 

residual dissolution approach. By integrating a solution to the same initial-boundary value problem 

over the surface of the pool and then differentiating spatially, [10] showed it was possible to determine 

the effective mass of solute leaving the NAPL source zone. This yields the following equation, also 

directly found in [17]: 
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where J [M L-2 T-1] is the average mass flux from the surface of the pool,   is the porosity of the 

porous medium, L is the length of the pool,  Dv  is the vertical dispersion coefficient at the pool 

surface, and v is the mean groundwater velocity. Where W is the width of the pool, we can multiply 

the average flux out of the surface of the pool by the pool surface area, WL. This can then be 

rephrased in terms of moles of remaining NAPL: 
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which is of the canonical form, again (provided the vertical dispersivity component of Dv is more 

significant the component-specific Fickian diffusion constants). It is worth noting that this 

formulation of the NAPL dissolution equation is more robust than that presented for the distributed 
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residual equation. It was derived at a lower level, directly from the advection dispersion equation, and 

relies only on local equilibrium, though it does assume that the length and width of the pool are 

unchanged during dissolution.  

2.3.4 The canonical form 

For both residual and pooled NAPL configurations, then, the assumptions stated above produce (for 

an n-component NAPL) the following non-linear system of n equations: 
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where mp is the number of moles of the pth component of the NAPL, and Kp [mol / T] is a constant 

whose value depends on various physical parameters of the dissolution environment. 

2.4 Solution of the NAPL Dissolution Equations  

2.4.1 Derivation of implicit form, t = f(m1) 

From equation (6), it can be seen that all of the n equations are of the same form. We employ this 

pattern to express each molar quantity function, mj(t), in terms of m1(t): 
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where a dot over a term indicates the time derivative of that term. Rearranging terms: 
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where Fp is defined as the quotient of Kp and K1. Now, for any fixed p, we may integrate both left and 

right sides with respect to time: 
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      ppp KtmFtm  1lnln   (10) 

    pF

pp tmQtm 1               (11) 

where Kp is a constant of integration, and Qp is defined as exp(Kp). And based on initial conditions, 

we derive this expression for the constant Qp: 
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Now that we have made the form of coupling explicit, we can substitute all of the n-1 equations 

defined by (11) into the governing differential equation for m1(t): 
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It should be clear now that rather than needing to solve a system of coupled nonlinear equations, we 

need only solve the first-order ODE (13). By separation of variables, we obtain the following implicit 

solution: 
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It is not believed possible to find an explicit inverse,      , of equation (14), so the Newton-

Raphson method or some similar technique must be used to invert the formula at any time of 

interest.  

The formula given in (14) is not optimized for numerical inversion, however, and if it is entered into 

a spreadsheet or other calculator without judgment, the calculator may not return a reasonable result. 
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This is despite the fact that, mathematically, convergence is assured. The reason is floating point 

error: since the value of the exponent Fj can be very large (~ 10 or more), formula (14) may require 

multiplying very small numbers (Qj) by very large numbers, m1(t) ^ Fj, which will likely result in 

numerical error. A workaround is to define the dimensionless function V1(t)  = m1(t)/ m1(0). Plainly, 

this function is bounded between zero and one for all time. Conveniently, (14) and (15) can also be 

expressed so that only V1 is exponentiated, and never its components individually. This eliminates 

the source of the numerical problems, and also leads to a more elegant equation: 
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Once this equation has been inverted, the molar quantities of components 2 through n may be 

recovered from the result using equations (11). Once all of the molar quantities have been 

determined, aqueous concentrations of each component may be calculated at the downstream end of 

the source zone. For residual geometries, this may be done by directly applying Raoult’s Law 

(assuming global equilibrium): 
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For pooled geometries, this expression may also be used as an approximation near the pool surface. 

However, because only local equilibrium is assumed for this geometry, the following expression may 

be adapted from Hunt et al. [9] to recover the concentration at a given elevation, z, above the 

downgradient edge of the pool: 

 
 

 
.

2

,

1























 v

LD

z
erfc

tm

tm
Stzc

vn

j

j

p

pp   (18) 



16 
 
 

Concentrations derived by either of these equations may be used, for instance, as time varying 

boundary conditions for a contaminant transport problem. 

2.4.2 Nature and invertibility of the solution 

It is clear from analyzing (16) that         is a strictly decreasing function of   , meaning that it 

is one-to-one, and that its inverse,       , exists everywhere. By analyzing the second derivative, 

f        , we see that the second derivative is continuous and never changes sign. This implies that 

for any time of interest, the sequence of Newton-Raphson approximations to the solution  always 

converges, regardless of the choice of the initial solution candidate . 

A final topic of interest is that of which component to choose as m1. Although it might be 

superficially tempting to choose the component with the largest value of K, and thus make the 

exponents Fj discussed in the last section bounded < 1, this may not be the best strategy. By 

employing the dimensionless function V1(t), the large exponent problem has been dealt with (in fact, 

since 0 < V1(t) < 1, large positive exponents aid convergence). Consequently, one should be 

interested only in the effect that the choice of component 1 has on the behaviour of equation (11). 

Looked at this way, species 1 should be the species that has the smallest magnitude K, and which will 

consequently dissolve the slowest (its molar quantity will be numerically the largest for late time). 

This increases the likelihood of convergence at times nearing complete source dissolution, as it 

becomes difficult for the inversion algorithm to converge when m1 is very close to zero (because f(m1) 

is undefined for negative m1).  

2.5 Comparison of Analytical and Numerical Solutions 

The following sections present two examples of the application of the analytical solution; one 

involving a zone of residual NAPL and the other involving a NAPL pool. The first example 

demonstrates the consequences of the assumptions used in this paper’s model, by comparing its 

predictions with those of another, more complicated model [6]. This is for illustrative purposes—it is 
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beyond the scope of this note to verify the approximations used in developing the analytical solution 

against all different sets of assumptions seen in the literature (for instance, pool models that include 

retardation [14]).  The second example, taking the model as given, demonstrates the superiority of 

the analytical method of solution to a numerical alternative. Together, these examples demonstrate 

the validity and viability of the analytical technique.  

2.5.1 Residual NAPL example 

The parameters for this example were taken from an actual field site (the emplaced source at CFB 

Borden) which has been thoroughly modeled with 3D finite element analysis (FEA) by Frind et al. 

[6]. Relevant site parameters for the analytical method are shown in Table 2-1. In all cases they are 

sourced from that paper.  

Table 2-1: Site Parameters, Example 4.1 (from [6]) 

Sw 0.95 

  0.33 

A 1.5  m2 

v  1.3   10-7  m/s 

In order to use the seepage velocity shown listed in [6], shown in Table 2-1, rather than the Darcy q 

the effective parameter Aeffective from equation (1) was adjusted via the following equation: 

weffective SAA    (19) 

where A is the total cross sectional area of the source, n is the porosity, and Sw is the degree of water 

saturation (this changes over time as the NAPL depletes, but a constant value was used). NAPL 

composition data is given in Table 2-2. 

Table 2-2: Composition of Test NAPL, Example 4.1 (from [6]) 

 Solubility [mg/l] Molar mass [g] Initial quantity [moles] 

PCE 242 166 74.94 

TCE 1270 131.5 68.09 

TCM 8760 119 12.1 
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Figure 2-1 displays residual mass profiles predicted for the Borden site by both the analytical method 

and by the FEA. Mass was chosen for comparison instead of concentration, because the FEA 

concentration profile presented in [6] was at a distance of 1 m from the source, rather than at its exit, 

which would have required coupling of a transport model to the dissolution model.  

 

 

Figure 2-1: Comparison of mass remaining in NAPL versus time predicted by the analytical 
solution (solid line with symbols), and by the FEA (dashed line) performed in [6]. 

The predictions from both models are relatively similar in terms of curve shape, but the times to 

complete depletion estimated by the analytical method are slow relative to those estimated by the 

FEA (which may more closely approximate reality). Two possible reasons for this difference present 

themselves. The first is the effect of NAPL saturation. The FEA paper employs a Darcy’s Law flow 

equation, with a Darcy K that is adjusted according to NAPL saturation, according to ([6], equation 

5). This results in a Darcy q that increases by 25% over the course of NAPL depletion. However, 

even if flow were to be occurring at its maximum velocity for all time, this would not account for all 
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of the discrepancy. The remaining discrepancy is likely accounted for by the fact that the FEA 

includes dispersive fluxes out of the source zone. Although quantification of this effect is impossible 

without access to the FEA code, Plate 2 of [6] shows significant concentration gradients at the 

downgradient end of the source zone for early time. Neglect of this dispersion factor in the analytical 

approach is conservative, although it apparently leads to observably slower depletion times at the 

moderate pore water velocities present. It bears noting that only diffusion—not dispersivity—can be 

a bona fide source of flux out of the source zone, and so the FEA may actually be overestimating 

dissolution rates by including both factors. In observing the closeness of the predictions, it is also 

worth noting that the finite element method used in [6] is more elaborate. Where the analytical 

method makes predictions based entirely on global parameters, the FEA requires local data 

concerning head, concentration, and mass at each node of its 3D grid. It simulates the problem by 

numerically solving both the flow equation and the transport equation simultaneously at each point 

of the grid and at each point in time. It takes into consideration coupling between flow and transport 

(accounting for porosity and reduction in hydraulic conductivity caused by presence of NAPL), 

changes in source geometry with time, and possible mass transfer rate limitations, all of which are 

ignored in the analytical method. The success of the analytical method in qualitatively approximating 

the results of such an elaborate analysis gives an indication of its utility. In addition, it may be noted 

that the relative success of the analytical solution in modeling this problem provides substantiation 

for the assumption of spatially invariant component composition within the NAPL body since the 

FEA clearly shows that sort of behaviour ([6], Plate 2), and such an effect would cause consistently 

slower dissolution in reality than in the analytical model. 

2.5.2 Direct versus finite difference solution example 

This example provides a direct comparison of the developed analytical solution to an explicit finite 

difference method for modeling the dissolution of a seven-component NAPL pool.  The presented 

example serves as numerical verification of the analytical model.  The NAPL composition is based 
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on data from the SRSNE Superfund site at Southington, CT, USA [2]. NAPL composition data is 

given in Table 2-3.  

Table 2-3: Composition of Test NAPL, Example 4.2 

 Solubility [mg/l] Molar mass [g] Initial quantity [moles] 

PCE 200 165.8 2418 

Ethylbenzene 161 106.17 46524 

o-Xylene 173 106.17 9779 

p-Xylene 180 106.17 10734 

Toluene 530 92.14 4819 

TCE 1100 131.5 1257 

1,1,1 Trichloroethane 1300 133.4 2200 

The system parameters were chosen to be consistent with those used in the pooled NAPL 

dissolution simulations of Chrysikopoulos and Lee [3]. Assuming an 11m square pool, and inserting 

values listed in that paper into (5) yields an effective qA for (2) of 7 x 10-2 m3 d-1. The total mass of 

NAPL in the system was chosen to be 8421 kg. 

Figure 2-2 presents predictions via both techniques for moles of component remaining as a function 

of time. As can be seen, the two are in very close agreement. The maximum error of the finite 

difference approximations as a percentage of the exact solutions is 3%. However, the step size had to 

be reduced to 500 days to achieve this. A 1000 day step size yielded a maximum percentage error of 

about 7%. 
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Figure 2-2: Moles of component remaining versus time for system corresponding to 
parameters in Table 2-3. Solid lines are generated by finite difference approximation, and 
corresponding hollow bullets are generated by the analytical solution. 

Figure 2-3 presents predicted aqueous concentration versus time curves generated using analytical 

expressions (16) and (17). Remember that for the purposes of determining the solute concentrations 

in the system, we are assuming equilibrium concentrations adjacent to the source persist until source 

depletion. This accounts for the late time behaviour whereby the PCE concentration spikes upward 

towards its pure phase solubility before instantaneously dropping to zero.  
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Figure 2-3: Concentration curves generated from analytical relations combined with global 
equilibrium assumption (17), using parameters given in Table 2-3,. 

2.5.3 Comparison with time-stepping 

The Newton-Raphson algorithm combined with the analytical solution is of O(1) for solving for the 

concentration an n-component NAPL at any given time. By comparison, the finite difference method 

is of O(t), and requires the solutions to be evaluated sequentially from time zero. In cases when the 

source composition for certain fixed values of time is required (for example in Chapter 4), this is a 

major liability. With the analytic approach is that there is no build-up of numerical errors, since 

source concentrations at each time are computed independently. A final advantage of the analytic 

approach is that it allows for immediate computation of the time until complete source dissolution.   

2.6 Conclusion 

It has been established that a relatively simple analytical solution to the multi-component NAPL 

dissolution problem exists. Simple governing equations based only on global parameters were 
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derived. The analytical solution demonstrates that the remaining number of moles of all but one of 

the components can be expressed explicitly with a time-independent power law relationship in terms 

of the remaining moles of the other component. The number of moles of that component is solved 

for implicitly in terms of time. This relationship is well behaved, and may be inverted at any time of 

interest using the Newton-Raphson method or another numerical technique. Apart from their 

elegance and obvious conceptual advantages, the analytical expressions presented here also represent 

a significant improvement over the heretofore used numerical techniques in terms of efficiency. 
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Chapter 3: A series method for solution of 

transport problems with time-varying 

concentration boundary conditions 

3.1 Abstract 

An asymptotic technique is presented for a class of initial-boundary value problems (IBVP) having an 

arbitrary time-varying boundary condition. This class of IBVP is traditionally solved using the 

Laplace transform, meaning that governing equation and boundary condition (BC) are solved jointly 

in Laplace space. This is inconvenient for many applications, particularly inverse methods that 

require solution for large numbers of different BC, as any change in the BC means that an entirely 

new problem has to be solved. In this chapter, the Weeks method for asymptotic inversion of the 

Laplace transform, along with some useful properties of the Laguerre functions, are combined in 

order to circumvent this problem. It is shown how, once a single Green’s function IBVP has been 

solved asymptotically by the Weeks method, it is possible to compute a solution for any other BC by 

algebraic manipulation alone. Efficient numerical implementation is discussed, and the method is 

used to solve a real contaminant transport problem from the literature. It is seen that computational 

performance is superior to a direct approach that requires multiple inversions.   

3.2 Introduction 

The Laplace transform is a widely used tool for solving initial-boundary value problems (IBVP) 

involving linear, constant-coefficient partial differential equations. A particularly common form of 

IBVP to be attacked by this method is one that is semi-infinite in space in time, and may be 

expressed by the following set of equations: 
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where Γ is a linear, constant-coefficient, partial differential operator of at most second order, and p 

and f are arbitrary, known functions. Problems of this sort are found frequently in the contaminant 

transport literature, and also show up in other domains of engineering. 

A common approach to problem (1) is to use the Laplace transform on the temporal variable, and 

turn the problem into the following initial value problem in x: 
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where L here represents the Laplace transform operator, transforming from the t-domain to the s-

domain, and capitalization indicates that the function represented by the lowercase symbol has been 

Laplace transformed. This problem may then be solved by ODE methods (assuming it is now an 

ODE in x), and then the inverse Laplace transform taken on C to recover c.  

For many problems, however, the time-domain solution is typically more complicated than its 

transform, and often it may not be possible to invert the transform in closed form at all. 

Consequently, researchers often choose to leave their solution in the Laplace domain and invert 

numerically to find the solution. In addition, f(t) will not generally have a closed-form Laplace 

transform. There are a number of possible methods available to expand arbitrary functions in terms 

of simple functions with known Laplace transforms. These include interpolating a polynomial (with 

associated issues of oscillation and explosion at infinity) and expanding (finitely-supported) f(t) in 

scaled sines and cosines. One general technique the author has seen in practice is discretizing f(t) as a 

histogram, expressing this in terms of Heaviside step functions, defining an IBVP for each 

discretization step, numerically inverting each, and then using superposition to recover the 

approximate final solution. For any additional boundary conditions of interest, this method (which 

we will call the histogram method) must be repeated. 



28 
 
 

In this chapter, we present an alternate method (which we call the Laguerre Expansion Method, or 

LEM) which requires a single numerical inversion. The method works by employing the Weeks 

method [1] to expand the solution for a Green’s function IBVP (where f(t) = δ(t)) in terms of 

Laguerre functions, and computing Laguerre series coefficients for the BC in the same basis. Then, 

employing properties of the Laguerre functions, it is possible to generate a matrix that will directly 

transform the Laguerre coefficients for the BC into the Laguerre coefficients for the solution to (1). 

Although both methods are effective, generating the Laguerre coefficients for a given BC is faster 

than numerically inverting the transform, so the LEM has better performance than the histogram 

method, which requires multiple inversions. The advantage grows as a) better resolution is sought for 

the BC, or b) additional boundary conditions need to be considered. 

In the remainder of this chapter, we will derive the LEM, discuss its numerical implementation, and 

apply it to solving a problem in contaminant hydrogeology. This application will serve to 

demonstrate the computational efficiency of the LEM relative to the histogram method. 

3.3 Derivation of the method  

The Laguerre functions, φn(t), are defined as: 
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where       is the nth Laguerre polynomial (of which there are infinitely many). There are many 

different ways of specifying the Laguerre polynomials, but for our purposes it is convenient to 

express them via the formula 
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Although the Laguerre functions have much interesting theory underlying them, for our purposes it 

suffices to know that they are orthogonal on [0, ), meaning that 
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There are many variations on the Weeks inversion method which use slightly different algorithms to 

generate their t-domain output functions. What they have in common is that their output is 

expressed as a series of time-scaled Laguerre functions whose coefficients have been determined 

numerically. In this note, we do not concern ourselves with the particular inversion method. We 

simply take as our starting point that g, the Green’s function (i.e. the response to a BC consisting of a 

Dirac delta at t = 0) has already been determined by Weeks’s or some similar method, and that it is 

expressed as 
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where T is a time scaling factor employed to obtain convergence. Note that we neglect the 

exponential multiplicand ect used in Weeks’s paper, stipulating c = 0. Consequently, the above form 

(and the following derivation) is valid only for boundary value problems whose singularities lie in the 

left half plane. The reason for this is that Weeks’s algorithm essentially evaluates the Laplace 

inversion integral along the line s = c in the complex plane, and requires that the singularities lie to 

the left of that line. 

We now specify that the boundary condition of interest, f, be expanded in the same form as g, and 

with the same time scale factor 
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Duhamel’s principle states that it is possible to express the transient response, c(t), of a system as the 

convolution of its boundary condition and its impulse response (Green’s function) 
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We will now exploit some properties of the Laguerre functions to manipulate this expression so that 

the integration operation is eliminated, and so that c(t) may be written entirely in terms of fn(t) 

(definition to follow) and bn. Essentially, we will employ a special property of the Laguerre functions, 

which has been noted (without proof) in [2], and which we shall demonstrate, that the convolution of 

two Laguerre functions is equal to the difference of two other Laguerre functions. First, write f(t-τ) in 

separated series form 
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where the fn are as yet unknown functions of the parameter t. We determine them in standard Fourier 

series fashion: 
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Thus, we may conclude that: 
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The change in the upper boundary condition is justified by the fact that f(t) is zero for all negative 

arguments. By substitution of (11), (9), and (6) into (8): 
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Now there is no longer any integration involved in the expression for c. However, all we have done 

so far is move the boundary condition convolution out of the main expression involving c and into 

(11). For our method to be useful we need to get rid of the convolution entirely. This can be done, 

with the aid of the Laplace transform. First, we define 
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where L represents the Laplace transform operator from the t-domain into the s-domain, and Ф 

represents the Laplace transform of φ. Then we take the Laplace transform of equation (11) and 

make use of the convolution theorem for Laplace transforms: 
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By making use of the definition of the Laguerre polynomials in equation (4) we can determine, via 

various standard theorems about the Laplace transform that: 
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By direct substitution of this into the last of equations (14): 
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Now, we make use of a useful identity, easily derived from (4), that relates the definite integral of a 

Laguerre polynomial to other Laguerre polynomials, namely: 
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Applying this to the last of equations (17) yields:  
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This integral-less expression for fn(t) may be substituted into the last of equations (12) to yield the 

following expression for c 
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Since we are interested in generating the coefficients of the Laguerre series expansion of c, we want 

to rearrange (20) into that form. We can do that by breaking up the summation into parts for each 

Laguerre function, and then collecting terms for each Laguerre function 
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We then combine the outer summations (over l), followed by the inner summations (over m). The 

result is the following series 
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Thus, we have derived a simple Laguerre series expression for the entire transient response of the 

IBVP (1) which can be computed algebraically from the Laguerre series expansions of the Green’s 

function (7) (the system response to an impulse at the location of the time-varying boundary 

condition), and of the actual boundary condition (6). 

3.4 Numerical implementation 

In practice, the LEM will be implemented numerically and only a finite number of coefficients cl will 

be used to estimate the solution. Thus it is useful to have a linear algebraic formulation of (22b), as 

well as efficient means for numerically determining the coefficients.  

Formulating the problem linear algebraically is straightforward. We define the truncation level, L, as 

the number of terms included when truncating the series of (22a), and write down the linear algebraic 

equation c = Ba, where c and a are column vectors containing, respectively, the first L coefficients 
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of {cl} and {am}, in order of increasing subscript. We stipulate that B is a square matrix. It is easy to 

show, directly from (22b), that B is a banded matrix with the definition: 
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We now need accurate and efficient means of numerically evaluating the coefficients {am} and {bn}. 

For determining {bn}, the Weeks method of numerically inverting the Laplace transform  gives us 

this set automatically. See [1] or [3] for a complete explanation. 

Assuming that the scaling parameter is well-matched to f, determining {am} may be accomplished 

straightforwardly: similar to the calculation of other generalized Fourier series coefficients, we 

numerically integrate f against each successive Laguerre function. For the LEM method to be 

workable we need to be able to generate a reasonable number of Laguerre coefficients (up to a 

hundred or so) reliably. Thus, we require a numerically stable method for generating Laguerre 

functions. Direct application of the formula (3) will not work for high-order functions, since it is a 

product of a decaying exponential with an oscillating high-degree polynomial. Instead, we use (3) 

only for the first two Laguerre functions, and subsequently the following iterative formula, which 

according to [4] is numerically stable: 
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Formula (24) may be used to generate discretized realizations of the L Laguerre functions (note that 

the values for a given Laguerre function at a given time depend only on those of other Laguerre 

functions at that time, so the manner of discretization cannot affect their accuracy). The following 

procedure uses these discretizations:  
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1. The Laguerre functions to be employed are discretized at evenly-spaced points in time (with 

spacing δ).  

2. These are then placed into vectors, one per Laguerre function, and these assembled, in order 

of Laguerre function subscript, comprising the row vectors of a matrix, M.  

3. The BC function f is discretized at the same points in time into a column vector f.  

4. Right-multiplying a vector by a matrix is equivalent to taking its inner product with respect 

to each of its rows, so it follows that Mfa  . The approximate nature of the equality 

stems from the discretization error only, and the two sides approach each other as δ → 0.  

Applied to reconstruction of the BC in the example in the next section, the above algorithm had no 

difficulty generating accurate expansions in a few seconds when run on a personal computer.  

3.5 An application example 

To illustrate the power of the LEM, we will derive the transient response for a real-world system that 

has all the issues discussed in the introduction: its BC does not have a closed-form Laplace 

transform, and the Laplace transform of the IBVP does not have a tractable analytic inverse for 

either a Heaviside BC (as used in the histogram method) or a Dirac BC (as used in the LEM). Thus, 

if solved with by Laplace transforms, the problem is tractable only using numerical inversion and 

Laguerre expansion method of this chapter, or some other boundary condition decomposition 

method, such as the histogram method.  

The system in consideration represents a contaminant transport problem in a set of parallel fractures 

in porous media. The governing equation represents the evolution of solute concentration in the 

fracture, while the BC represents concentration at the upstream end of the domain of interest. (For a 

full formulation of the problem, see [5].) Where the appropriate operator K and function p from the 

above paper are substituted into equations (2), the Laplace domain solution is:  
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where the value of all parameters (apart for the Laplace-domain variable s) are found in Table 3-1. 

For the sake of concreteness, the Laplace inverse of (25) may be interpreted as a concentration 

breakthrough curve at a distance x = 7.15 meters downgradient of a contaminant source with 

concentration history f(t). 

Table 3-1: Named parameters in equation (25) 

Parameter Value 

x 7.15 

H .7038972876e-1 

ν 4.931769031 

κ .1111441808e-1 

λ .5614000000e-1 

σ 3.518782540 

 For illustrative purposes, the following transient boundary condition function was chosen (see 

Figure 3-1): 
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Figure 3-1: LEM 100-term boundary condition approximation [solid line], true boundary 
condition [dotted line], and 100-term Laguerre series computed output [dashed line] 

Being defined piecewise, the function f does not have a Laplace transform expressible in terms of 

elementary functions. In addition, the IBVP cannot be solved as a superposition of the solutions for 

each of the two pieces separately, because one of the functions is of greater than exponential order 

and so does not have a Laplace transform. 

This problem was solved using both the LEM and the histogram method. To ensure a fair 

comparison, the histogram method was also implemented using the Weeks algorithm, and the same 

scaling factor, T = 0.2, was used for both. Both were also implemented to return equal numbers of 

terms in their Laguerre series for the final solution. Figure 3-1 and Figure 3-2 present graphically the 

inputs and outputs of the two methods when tackling the problem defined by equations (25) and 

(26). Both figures illustrate the true BC, its approximation for use by the algorithm, and the 100-term 

Laguerre expansion of the transient response. 
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Figure 3-2: Histogram method 40-location discretization of the boundary condition 
approximation [circles], true boundary condition [dotted line], and 100-term Laguerre series 
computed output [dashed line] 

As can be seen, both methods agree as to the true output, which provides empirical backing for the 

correctness of the above derivation. Consulting the performance data in Table 3-2, however, shows 

what an improvement the LEM is over the histogram method. To generate the table, the problem 

defined by equations (25) and (26) was solved three times, using different desired expansion lengths 

for the solution. Clear in all cases is that the LEM performs better, and this difference becomes more 

pronounced as greater precision is required.  
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Table 3-2 Time required for each algorithm to solve (26) and (27) as a function of desired 
solution precision 

Terms in 
expansion of c(t) 

LEM Histogram  

50 1 s 9 s 

100 2 s 31 s 

300 4 s 269 s 

3.6 Summary 

A new method (LEM) has been presented that allows for asymptotic determination of the transient 

solution to a common class of PDE for initial-boundary value problems with an arbitrary time-

varying boundary condition, and an example was presented in which a difficult real-world problem, 

where both the transfer function and the BC were ornery, was solved satisfactorily. 

This method is useful in cases where multiple boundary functions are being explored, where the 

boundary function is not known in closed form, where it is known but does not have a Laplace 

transform, or where the system transfer function must be inverted numerically. As was observed 

above, this method is computationally superior to the alternative method, which is to approximate 

the BC as a series of step functions and use numerical inversion with each. And because in the LEM 

only one numerical inversion ever needs to be performed, it is especially well-suited for applications 

where many forms of the boundary condition need to be considered (e.g. Bayesian inverse 

algorithms). 
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Chapter 4: A new model for coupled multi-

component NAPL dissolution and transport 

with application to separation of PAH and 

phenolic compounds in creosote plumes 

4.1 Abstract 

This chapter contains two separate contributions. The first is a new approach for adapting a class of 

analytic transport solutions derived for Dirac boundary conditions to arbitrary boundary conditions 

arising from multicomponent NAPL dissolution. The approach builds on the work derived in the 

previous chapters, combining both the new analytic solution for NAPL dissolution and the Laguerre 

Expansion Method (LEM) into a new model for coupled multi-component dissolution and transport. 

The fundamental tactic presented here is of great generality, and can be used to analyze transport 

using a variety of analytic solutions. The particular implementation shown here is for coupled 

dissolution and transport in parallel fractures, which no other screening tool known to the author 

covers, and it is verified against an existing transport solution for a constant boundary condition.  

The second contribution is a study of separation of PAH and phenolic plumes generated by 

dissolution of creosote, using the model developed herein. Creosote represents an interesting 

example to analyze with this new model because it contains both high-solubility, low-sorption-

affinity compounds (phenols) and low-solubility, high-sorption-affinity compounds (PAHs), meaning 

that it is not feasible to attempt to compare their respective plumes without taking into consideration 

both effects. We present simulation work showing how the combined effect of these parameters on 

the dissolution of creosote may actually lead to phenolic plumes that detach and may become disjoint 

from those of the PAH components, which broadly corroborates an earlier, unmodeled 

observational experiment performed by other researchers in the sandy aquifer at CFB Borden. In 

detail, parametric studies are presented which provide insight into the effects of source zone 
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geometry, source composition, matrix sorption, and relative fracture width on the relative locations 

of the phenolic and PAH plumes. 

4.2 Introduction 

There are a wide variety of analytic solutions available for subsurface contaminant transport. These 

generally require strong simplifying assumptions to be made with regard to both domain geometry 

and homogeneity. Nevertheless, they remain widely used because they allow practitioners to perform 

quick screening calculations which in turn can allow them to design more sophisticated numerical 

studies. They can be used to understand monitored natural attenuation, used to provide insight for 

modelling studies of subsurface processes. Widely-used screening tools such as BIOSCREEN-AT [1] 

and The American Petroleum Institute’s LNAST [2] are, at their core, based on approximate analytic 

solutions.  

Analytic solutions are derived for specific geometries. Some well-known solutions include the Ogata 

and Banks solution for transport in 1D porous media [3], and the approximate, but widely used, 

Domenico solution [4], which extends the analysis to 3D. Other solutions attempt to deal with more 

complicated source geometries, including advection in a single fracture with matrix diffusion [5], 

parallel fractures with matrix diffusion [6], or decay chains in single fractures [7] [8]. It should also be 

noted that there are a variety of more recent solutions that concern more complicated decay webs, 

e.g [9]. Apart from Domenico, all of the solutions mentioned above are for infinite extent sources 

(transverse to flow), although more recently a solution [10] has been published which takes into 

consideration a finite-width source in discrete fractures (a frequently more realistic configuration).  

It should be clear that there is a large diversity of analytic solutions that may be employed for 

modeling transport in homogeneous media subject to steady advection, dispersion, sorption, and 

first-order decay. However, despite their conceptual diversity, what all these solutions have in 

common are two things: 
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1. They have greatly simplified boundary conditions, with the source history commonly 

being a Heaviside unit-step function, or occasionally a Dirac spike or decaying 

exponential.  

2. They are all derived by writing down governing equations, initial, and boundary 

conditions, Laplace-transforming out time, and then solving in the Laplace domain.  

The simplified boundary conditions are one of the great shortcomings of these sorts of approaches, 

limiting the realism of their simulations in certain applications. In particular, fixed boundary 

condition solutions are of little use for analyzing the fate and transport of most multi-component 

NAPL, since preferential dissolution causes the relative concentrations of the various components 

adjacent to the source to vary over time, and this is one of the two key determinative factors of the 

components’ distinct plumes (the other being the components’ unique transport properties.)  

A major contribution of this chapter is its derivation of an approach that allows the dissolution and 

transport of multi-component NAPL to be analyzed by exploiting analytic solutions for fixed 

boundary conditions. Boundary condition generation is based on an enhanced version of the analytic 

solution to NAPL dissolution equations developed in the first chapter, along with a robust method 

for numerical decomposition of the boundary in terms of Laguerre functions by means of a 

numerical transformation-and-inversion technique developed here. This is incorporated with theory 

developed previously regarding the Laguerre Expansion Method into a coherent technique, and its 

accuracy is verified against a known valid numerical code. 

This accomplished, the second contribution, a parametric study concerning separation of plumes 

derived from dissolution of simulated creosote is presented, employing data from a real site. 

Although our approach has general applicability, in this chapter we will confine ourselves to a 

particular initial boundary problem first tackled in [6], for a discretely fractured sandstone. A 

schematic of this system is shown in Figure 4-1. 
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Figure 4-1: Schematic diagram of source zone relative to the fractured rock in the system 
considered throughout this chapter 

The residual NAPL dissolves into groundwater which is flowing in the fracture only, in the direction 

of the x-axis. Once dissolved, solute is subject to both advection along the fractures and diffusion 

into the porous rock matrix, a major source of retardation relative to the fracture water. The 

parameters defining the subsurface environment are realistic, being based on fractured sandstone 

found at the SRSNE Superfund site [11]. The relevant domain properties are listed in Table 4-1. 

Table 4-1: Domain parameters from [11] 

Parameter Value 

Groundwater velocity 8E-5 (m/s) 

Fracture aperture (2b) 1.4e-4 (m) 

Fracture spacing (2B) 1.42 (m) 

Fracture dispersivity 0.3 (m) 

Matrix porosity 0.077 

Matrix tortuosity 0.2 

Matrix dry bulk density 2.49 (g/cm3) 

Matrix fraction organic carbon 0.0036 
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The particular parametric study performed examines a residual creosote source, looking at the 

influence of contaminated site size, fracture spacing, the effect of sorption, and also fracture 

dispersion. The exact composition of the source is discussed later. 

While the practical results shown in this paper are all derived in the context of a fractured 

environment, it is worth stressing that what we present is an instantiation of a broader approach, 

which can theoretically be used to couple any source NAPL dissolution model (assuming the 

composition of the source remains spatially homogeneous), with a great variety of analytic transport 

solutions, including those for no fractures, single fractures, and chain decay.  

4.3 Model design 

Because the approach used in this chapter is much more broadly applicable than to the particular 

model employed in the parametric study, it is worth going into detail about its mechanics. The 

detailed mathematical derivation of the Laguerre Expansion Method (LEM) is outlined in more detail 

in a previous chapter, and will not be repeated. However, the method will be summarized, before 

new material about how the boundary condition is to be computed is presented. 

The approach in this paper is as follows: the solution for concentration in the Laplace domain at a 

particular location, x, is expressed, for all time, as a series of Laguerre functions,      , with 

numerically computed, location-dependent coefficients,        . Mathematically, this may be 

expressed as 

                   

 

   

 (1) 

The computation of the coefficients         is the challenge in employing the new method. This is 

done with the aid of two other sets of Laguerre coefficients. The first is for the series representing 

the concentration history at the origin, f(t). The second is for a Green’s function, g(x,t), representing 
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the concentration at x at time t, due to an instantaneous, unit-volume release of solute at the origin 

when t = 0. Since the Laguerre functions are orthogonal on the interval      , we may define these 

coefficients as:  

           
 

 
   

 

 

  (2) 

for the boundary condition function, and for the Green’s function: 

                
 

 
   

 

 

  (3) 

To combine the two, we use the following computation, developed in a previous chapter 

                

 

   

  (4) 

where 

     

                      

          

      

  (5) 

In this approach, the coefficients      are found by applying the Weeks method [12] [13] for 

numerical inversion of the Laplace transform to the transform of the Green’s function. In brief, the 

Weeks method operates by relating the Laplace transform of c the generating function of the 

Laguerre coefficients. This can be seen by Laplace transforming (1) 

                  

 

   

       
   

 
  

 

   
 
  

   

 

   

  (6) 
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where        is defined to be the Laplace transform of        and       is the transform of 

     . By means of the substitution 

  
  

 
 

  
 
 

   
   

      
  (7) 

 

   
      

   

      
          

 

   

  (8) 

Since the LHS of this last equation is a Taylor series in  , it follows that by differentiating the RHS 

  times and evaluating at    , it is possible to recover      . This is the essence of the method, 

although there are many practical details needed for implementation. For instance, the differentiation 

is actually handled by employing Cauchy’s integral formula for complex  , which is evaluated 

numerically. Details are given in [13]. Following this essential approach, the Weeks method returns 

numerically computed approximate Laguerre coefficients, to any desired degree of accuracy. 

The essence of the model developed in this chapter is the technique for computation of the 

coefficients defined in (2,3) in order to use the LEM in a hydrogeologic context. In particular, how 

the time-varying boundary condition is to be determined, the major conceptual contribution of this 

chapter, is discussed in detail in Section 4.3.1, with a novel indirect numerical integration technique 

being developed therein. Computation of the Green’s function for the particular transport model 

used in this chapter is discussed in Section 4.3.2. 

4.3.1 Representing the boundary condition 

4.3.1.1 Computing the boundary condition at specific times  

In a previous chapter, we presented the LEM, which showed theoretically how transport solutions 

for a Dirac source could be expanded to an arbitrary boundary condition, provided the boundary 

condition had known Laguerre coefficients. However, a robust way of computing these coefficients 
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was not given, which is a task we shall tackle here. There are two challenges in accomplishing this. 

The first is evaluating the function f(t) at desired points in time, which we discuss presently.  

We will use an enhanced version of the analytic solution to multicomponent dissolution equations 

developed in the first chapter, which allows us to treat NAPL containing zero-solubility components. 

Defining         ,, where      is the time to complete source depletion, and       as the ratio 

of the number of moles of species i at time U, to the number of moles of species 1 (indexing is 

arbitrary) at time 0, the governing equation for the Raoult’s Law-driven composition dynamics of the 

source for each species may be written as 

   

   
   

  

    

  (9) 

where the Ki are dimensionless constants. Solving similarly to the derivation in the first chapter, we 

may relate all the quantities of moles       to the number of moles of species 1,       (where 

indexing is arbitrary): 

                  
       (10) 

Substituting this back into (9), and separating variables yields 

    
     

  
  

         

 

     (11) 

Integrating this yields 

   
     

  
   

        

         

  
     

  
           

     
        (12) 

This expression, which is more general than the one developed in the first chapter, accounts for 

insoluble (i.e.     ) components, and integrates them separately. This expression may be inverted 

to determine       and thus       for all species i in the NAPL, by (10). By applying Raoult’s Law 
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to the      , along with known solubilities for the species, one immediately recovers      , the 

specified concentration boundary condition for species i at any time of interest.  

4.3.1.2 Generating a Laguerre expansion for the boundary condition 

Once the concentration of the boundary condition has been completed at a variety of times, the 

second, more difficult, challenge lies in using evaluated values of     , to generate a sequence of 

coefficients,     , for each species. This is complicated because higher-order Laguerre functions are 

highly oscillatory, making the integral in (2) difficult to evaluate directly.  

The nth Laguerre function has n zeros, and these zeros are unevenly distributed, being denser near the 

origin, meaning that successfully numerically integrating against a higher-order Laguerre function 

frequently requires a prohibitively large number of integration points. The plot of the 100th Laguerre 

function, which is typical, is shown in Figure 4-2, illustrating the difficulties. Usually a 100-300 term 

Laguerre expansion is needed, so even more densely oscillatory functions may be encountered. Thus, 

a better approach is required in order to employ the LEM on a computer. 

 

Figure 4-2: The 100th Laguerre function 

The LEM relies on the ability of the Weeks method to numerically invert the Laplace transform. 

Thus, one possible workaround approach to computing the Laguerre coefficients,     , for the 
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boundary condition,     , for a specific species, is to numerically compute its Laplace transform, 

    , and then numerically invert that transform by the Weeks method. While this may sound 

convoluted, it has computational advantages. It has been shown [13] that the Laguerre coefficients 

can be computed via the following expression: 

   
 

     
               

  

 

 (13) 

where 

     
 

      
  

 

  
 
   

   
   (14) 

and F, as above, is the Laplace transform of f.  It is not difficult to show that the mapping       

      maps the unit circle to the imaginary axis, and so integrating (13) around the unit circle r = 1 

is tantamount to integrating F along the imaginary axis. For a smaller concentric circle with r < 1, the 

mapping maps to a circular contour in the positive real half plane (see Figure 4-3).  
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Figure 4-3: Mappings under (1+y)/(1-y) of circles of radius r, centered on the origin, for r = 
0.92, 0.95, and 0.98 

Following [13] again, equation (13) may be replaced by a discretizing its integral. If this is done at M 

points, then 

   
 

    
                         

   

   

 (15) 

Then, provided    , the sequence               may be derived by taking the Fast Fourier 

Transform (FFT) of the sequence                
         

. Since (14) involves the Laplace 

transform of f(t), which is not known in closed form, it must be computed numerically. In essence, 

instead of performing N numerical integrations against the first N Laguerre functions, one performs 

N numerical integrations against the Laplace kernel,      , for N fixed values of   , on an 

appropriate contour (e.g. the contours in Figure 4-3). This is advantageous because the Laplace 

kernel is less oscillatory than the Laguerre kernel. To see this, consider that           

                  , so the real component of    will represent the strength of a damping 
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factor, and the imaginary component will represent an oscillation frequency. By consulting Figure 

4-3, we see that for all r < 1, there is a maximum oscillation frequency of the kernels      , even as 

the number of Laguerre series terms,     (and thus    , since we are employing the FFT). 

We also see that damping is always non-negative (in fact it is strictly positive). Where damping 

becomes minimal, oscillation frequency is conveniently zero. 

 

Figure 4-4: Imaginary (left), and real (right) components of (1 + y)/(1 - y) as a function of  , 

where y = 0.95*exp(i )  

Figure 4-5 shows the real components of the Laplace kernel,      for various values of  , where 

      . Comparing these with Figure 4-2, it is apparent why numerical integration against these is 

possible in cases when it is not possible to evaluate (2) directly. The only constraint on choosing an r 

which is too small is the factor      in the computation of    in (13), which may lead to instability 

for large n. If this is not an issue, then a smaller r is superior to a larger one. 
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Figure 4-5: Real component of the integration kernels for several different values of  . As   

approaches  , damping decreases but period of oscillation increases (note that horizontal 
axes are of different scale)   

 

4.3.1.3 Specifics for the fractured environment 

In the last two subsections, the discussion has been general, befitting the generality of the method. 

However, in our analysis we will be considering a particular fractured environment, as discussed in 

the introduction. For this, Ki will have a particular form: 

     
      

   
  

    

     
   (16) 

where     represents the molar mass of species i,    is its solubility, and       is the initial number 

of moles of species with index 1 (indexes may be chosen arbitrarily) when the NAPL was emplaced. 
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Other parameters are as defined earlier. The first bracket is the factor developed in the first chapter, 

and the second bracket is a factor which makes (9) dimensionless. 

4.3.2 Representing the impulse response (Green’s function) 

The impulse response is determined in the Laplace domain according to the analytic model of 

Sudicky and Frind [6]. More details can be found in that paper, but the key facts relevant to this 

paper will be summarized here. Different governing equations obtain in the two discrete zones 

shown in Figure 4-1. In the fracture, the following equation governs, 

  

  

  
   

  

  
   

   

   
       

    
 

    

  
 
   

  (17) 

The last term represents a loss of mass diffusing into the matrix. In the matrix, the situation is 

simpler: there is no advection, only diffusion and decay. There, the following relationship holds: 

   
   

  
    

    

   
          (18) 

In the above equations, g and g’ represent concentration of solute [ML-3], Ri and R’i represent the 

(fracture and matrix, respectively) retardation coefficients [unitless] for species i, v represents the 

groundwater velocity in the fracture [LT-1], D and D’ represent Fickian dispersion coefficients [L2T-1], 

   is a first-order solute decay constant [T-1], 2b is the fracture width, 2B is the fracture spacing,   is 

the porosity [unitless], z is the coordinate transverse to the fractures [L], with the origin at the centre 

of the fracture and z=b at the fracture wall, and x is the longitudinal coordinate in the fracture [L]. In 

all these cases, a prime symbol, e.g.   , signifies that a parameter pertains to the matrix rather than 

the fracture. These are to be solved subject to the conditions 
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         . 

(19) 

The solution to this in the Laplace domain may be adapted from the solution presented in Sudicky 

and Frind [6]: 
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As defined, this contains the following groups: 

  
 

  
; 

(21) 

   
   

    

  
  

      
  

   
 

 
       

 

 

This solution is numerically inverted with the Weeks Method [13], at the distance x, along the 

fracture that one is interested in, generating numerically the coefficients in the expansion (3). 
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4.3.3 Generating output 

Two key kinds of output may be of interest: concentration profiles and breakthrough curves. As 

outlined above, given a distance x, the LEM generates the Laguerre series coefficients for the 

breakthrough curve at that location. Generating a breakthrough curve is then a straightforward 

matter of evaluating a Laguerre series at multiple points in time. The end-to-end procedure is as 

follows: 

1. Determine last time of interest or, if this comes first, the time until complete source 

dissolution by means of (12) with    set to zero (provided there are no insoluble 

components). Use this as tmax. 

2. Evaluate concentration of each of the species adjacent to the NAPL at a number of times on 

the interval 0 to tmax by Newton-Raphson inversion on (12) and linearly interpolate between 

these points to estimate concentration at any time of interest. 

3. Determine the boundary condition coefficients,     , for each species by integrating over 

the desired number of Laguerre functions via the FFT Laplace transform-and-inversion 

approach developed above. 

4. Use an implementation of the Weeks method to invert the Green’s function for the reactive 

transport of each species for the specific domain geometry and location of interest, 

generating coefficients         for the Laguerre series expansion for concentration at x due 

to an instantaneous solute release. In our case of parallel fractures, this is represented by 

(20). 

5. Employ equation (4) to determine the boundary condition expansion coefficients,         

for each species, and then evaluate the Laguerre series expansion (1) for the boundary 

condition at a location of interest. 
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Since concentration profiles express solute concentrations over a range of locations at a fixed time, 

more work is required to generate these. Steps 4 and 5 must be repeated at multiple locations, x, to 

evaluate the coefficients,        , for each species, at each location. Then the Laguerre expansion (1) 

must be evaluated for the point in time of interest, and interpolated to create the concentration 

profile curves for each species. 

4.4 Verification 

The numerical code developed for this study is novel, so it is important to verify it against existing, 

known-to-be-accurate codes in order to be confident that the new algorithm is implemented 

correctly. Since this code can calculate solutions in scenarios that are not possible with other models, 

naturally direct verification is not possible in those cases. However, the solution presented above for 

general boundary conditions can naturally handle, as a special case, constant boundary conditions. 

For fractured rock, there exists a well-known numerical code, CRAFLUSH [14], which can produce 

simulations in the same geometry with a constant boundary condition, by inverting a slightly different 

Laplace transform with a different numerical inversion algorithm from the one employed in the 

present code.  

We shall verify the new numerical code by analyzing dissolution of a PCB congener mixture which is 

so sparingly soluble that it does not appreciably change in composition due to preferential dissolution 

over hundreds of years, and demonstrate that both CRAFLUSH and the new model give the same 

predicted breakthrough curves and profiles for all the components. This represents a good 

verification because it tests all components of the new model: the boundary condition solution, the 

expansion of the boundary condition in terms of Laguerre functions, the solution for the Green’s 

function in Laplace space, and the numerical inversion of that transform in Laguerre functions by the 

Weeks method. All of these features are not shared by the known-accurate CRAFLUSH code, so it is 

not credible that the two models would match if there were systematic errors in any of these features 

of the new model. 
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Table 4-2: Selected parameters of the three PCB species in the simulated NAPL, plus 
quantities of moles used. Parameters are the same as those used in the first chapter. 

Species S [g/m3] 
D* 
[m2/yr] 

Molar 
mass 

Moles 
Log 
koc 

PCB-18 1.74e-1 1.92e-2 257.54 100 4.79 

PCB-66 6.84e-2 1.80e-2 291.99 100 5.41 

PCB-153 1.17e-3 1.62e-2 360.88 100 6.06 

The particular mixture analyzed is a mixture of three different PCB congeners, with relatively 

different solubilities and transport parameters. The congener parameters, which are listed Table 4-2, 

are used alongside domain parameters listed in Table 4-1. Together, these are used in the method 

outlined in Section 4.3.1 to determine specified-concentration boundary conditions for each of the 

congeners, and then to re-express them as Laguerre function expansions. This is shown in Figure 

4-6. 

 

Figure 4-6: Boundary condition concentration as computed by analytic solution (solid lines) 
and expansion in terms of Laguerre functions (dotted lines). Curves from top to bottom are 
for PCB-18, PCB-66, and PCB-153. 



59 
 
 

Observe that in Figure 4-6, the boundary condition concentration functions are horizontal, which is 

the reason why we can use CRAFLUSH to model this situation as well. The breakthrough curves 

generated using the techniques outlined in the rest of Section 4.3 are shown in Figure 4-7. 

Correspondence between the two techniques is excellent. 

 

Figure 4-7: Comparison of continuous breakthrough curves at 5m from the source 
employing the method developed in this paper (solid black lines) with breakthrough 
predictions at several times from CRAFLUSH (grey crosses) for dissolution of a NAPL with 
an equal number of moles of three different PCB congeners. 

To verify performance of the concentration profile generating algorithm, we run a second simulation, 

generating concentration profiles for the three congeners at 100 years after source emplacement. 

Figure 4-8 contains a comparison of profiles generated by CRAFLUSH and the method developed in 

this chapter. Again, correspondence is excellent. 
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Figure 4-8: Comparison of concentration profiles at 100 years after source emplacement 
employing the method developed in this paper (solid black lines) with predictions at several 
locations from CRAFLUSH (grey crosses) for dissolution of a NAPL with an equal number 
of moles of three different PCB congeners. 

4.5  Analysis of creosote plume separation 

Having completed the development of the model, we may now apply it to the analysis of the 

behaviour of a multicomponent NAPL, in particular, creosote. In this scenario, the creosote is 

contained as residual NAPL in fractures in sandstone, and dissolves into initially clean groundwater. 

This is an interesting example to consider because creosotes contain dozens of compounds, many of 

which have widely varying physicochemical properties. Of particular interest for our purposes are the 

organic carbon partitioning coefficient, koc, and the pure phase solubility, S, as these will affect the 

relative speeds of, respectively, transport and dissolution for the various species in the NAPL. 

Creosotes contain species (PAH and others) with high koc and low S, as well as species for which the 

converse is true (phenols). These combinations conspire to give phenols a “head start” over, and also 
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porous matrix). This can potentially lead to phenol plumes that are noncontiguous with the PAH 

plumes and, even if not, depending on the severity of disjointness it will impact forensic 

identification and remediation efforts. Qualitatively, this phenomenon was recognized in a study at 

the Borden aquifer [15]. However, this study was non-quantitative, looked at differential dissolution 

only, and was affected by the degradation and disappearance of the phenolic compounds by 

microbes present at the site. To understand the parameters affecting PAH and phenol plume 

separation, quantitative analysis is needed. Furthermore, since creosote dissolution and transport 

cannot be readily modeled without considering differential dissolution and differential sorption, such 

a quantitative analysis will be a strong demonstration of the power of the model developed above. 

Of the dozens of species that may be found in creosote, we will consider a subset of 14: 10 PAH, 

three phenols, and dibenzofuran. This set contains all the major species that represent more than 1% 

by mass of one particular creosote sample analyzed in [16], plus the next two most prevalent phenolic 

compounds. Collectively, these species represent 71.75% by mass of the analyzed creosote. Since 

creosotes have widely varying chemical compositions and the analyzed species have physicochemical 

properties that are broadly similar to those of the other, not included, species, this is a reasonable 

approach. To the extent that the concentrations of the disregarded species may be distributed 

proportionally among included species, the effect of excluding them and renormalizing will be to 

yield peak concentrations for each component’s breakthrough curves whose concentrations have 

been scaled by the same (normalizing) factor. This vertical scaling will not affect their relative shapes, 

and so will be irrelevant for our purposes. The relevant parameters, for the purposes of our transport 

model, are listed in Table 4-3. 
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Table 4-3: Selected parameters of the 14 species in the Creosote NAPL, plus quantities of 
moles used in the base case simulation. Solubilities (S) and free diffusion coefficients (D*) 
are from [17], whereas log koc values are median values selected from the literature, as cited 

Species 
S 
[g/m3] 

D* 
[m2/yr] 

Molar 
mass 

Moles Log koc 

Dibenzofuran 2.86 2.22e-2 168.19 0.5256 3.90 [18] 

Phenol 8.70e4 2.87e-2 94.11 0.0857 1.46 [19] 

Cresol (2-Methylphenol) 2.04e4 2.62e-2 108.14 0.3076 1.96 [19] 

2,4-Dimethylphenol 6.20e3 2.74e-2 122.16 0.0695 2.32 [19] 

Biphenyl 7.50 2.12e-2 154.21 0.1354 3.27 [20] 

Napthalene 3.14e1 2.37e-2 128.17 1.3840 3.11 [20] 

1-Methylnapthalene 2.80e1 2.25e-2 142.2 0.3331 3.36 [20] 

2-Methylnapthalene 2.54e1 2.27e-2 142.2 0.7604 3.64 [20] 

Dimethylnapthalenes 8.85 2.13e-2 156.22 0.3152 2.41 [20] 

Acenapthene 4.24 2.43e-2 154.21 1.1680 3.79 [21] 

Fluorene 1.98 2.49e-2 166.22 0.4357 3.90 [18] 

Phenanthrene 9.94e-1 2.36e-2 178.23 0.8248 4.28 [20] 

Fluoranthene 2.60e-1 2.00e-2 202.25 0.3139 4.62 [20] 

Pyrene 1.35e-1 2.28e-2 202.25 0.1424 5.00 [18] 

4.5.1 The parametric study outlined  

The basic geometry is the same one used for the validation against CRAFLUSH, with properties 

listed in Table 4-1. Because the total mass of the NAPL is an important quantity governing its rate of 

dissolution, we need to specify dimensions for the source, extending the picture in Figure 4-1 into 

three dimensions. A square surface expression above the NAPL source zone is assumed, with 

advection aligned with one of the axes of the source zone. All fracture volume beneath the surface 

expression is assumed to begin with the same uniform NAPL saturation. Figure 4-9 shows the 

conceptual model. The number of moles listed in Table 4-3 is for each fracture. 
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Figure 4-9: Conceptual model for arrangement of the NAPL source zone within the 
fractures in the parametric study. 

The parametric study examines three factors: fracture spacing, source zone size, and degree of matrix 

sorption. These were chosen since, as mentioned above, the two processes that lead to differential 

transport are differential dissolution and differential sorption. Thus, the processes that will have the 

greatest differential effects on transport will be those that modulate the strength of one of those two 

processes. Source zone size affects dissolution alone (a larger source leads to a slower rate of 

dissolution), and fracture spacing affects transport alone (a larger spacing leads to stronger sorption 

effects), so these parameters are convenient proxies, as well as being practically important and 

measureable. Finally, simulations were run with matrix sorption set to zero, so as to isolate the effect 

of pure differential dissolution, and with fracture dispersion set to zero, so as to illustrate its 

negligibility. 

The parametric study consists of six independent simulation runs, which begin from a base case 

using all of the parameters that were found in Table 4-1, and a 0.2 hectare source zone, and then 

varying individually a number of underlying domain parameters. The simulations generate 
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concentration profiles for PAH and phenolic compounds by running code that employs the 

techniques developed above. In all cases, differential sorption was incorporated by means of constant 

retardation coefficients. Fracture retardation was neglected, and matrix retardation was computed by 

means of the formula 

     
 

  
       (22) 

where         is the bulk density, and         is the porosity of the matrix. The various runs 

are summarized in Table 4-4. 

Table 4-4: Summary of variations in the parametric study versus the base case 

Description relative to the base case Mathematical specification 

Base case (B.C.) foc = 0.0036, B = 1.42 m, and   = 0.3 m 

Narrow fracture spacing B.C. with B = 1.42e-1 m 

Narrow spacing, no sorption B.C. with B = 1.42e-1 m and foc = 0.0   

Narrow spacing, no sorption, and no 
fracture dispersion 

B.C. with B = 1.42e-1 m, foc = 0.0, and   = 0.0 m 

Large source Moles = Moles in B.C. * 1.41 

Small source Moles = Moles in B.C. * 0.50 

A square source zone of area 0.2 hectares was selected as a typical contaminated zone size. The side 

length of the site was multiplied by the fracture width, and by a strip width of 1m (1m is implicitly 

assumed by (16)) to generate the source volume. A typical creosote specific gravity of 1.1 was chosen 

in order to determine the source mass. Normalized mass fractions from [16] were used to generate 

the masses of each species in the source, and then these were divided by the appropriate molar 

masses to determine the number of moles of each species in the multicomponent NAPL.  

Concentration profiles for a characteristic PAH (naphthalene) and characteristic phenolic compound 

(phenol) are shown for the base case in Figure 4-10. 
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Figure 4-10: Concentration profiles for naphthalene (gray) and phenol (black) for the base 
case. Curves are for 30 years (solid lines), 60 years (long dashes), and 100 years (short 
dashes) after source emplacement. 

4.5.2 The effects of fracture spacing 

In this section we consider the degree to which fracture spacing impacts plume separation. 

Qualitative study showed that increases in spacing had a minimal effect on the plumes generated: 

essentially a 1.42 m spacing was indistinguishable from a single fracture solution over the sub-100 

year time frames considered. Consequently, here we only consider a narrower fracture spacing, of 

14.2 cm. Plots for this scenario are shown in Figure 4-11. To improve legibility of plots, only one 

phenolic compound (phenol) and one PAH (naphthalene) are shown, although the dissolution 

analysis was performed employing all 14 compounds in the simulated creosote. 
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Figure 4-11: Concentration profiles for naphthalene (gray) and phenol (black) for the case of 
narrow fracture spacing, for 30 years (solid lines), 60 years (long dashes), and 100 years 
(short dashes) after source emplacement.  

As can be seen, moving to a narrower fracture spacing has a major impact on the plume behaviour, 

in particular leading to increased plume separation, with plumes for naphthalene and phenol that are 

fully disjoint after as few as 30 years. A possible reason for this profound change lies in the fact that 

reduced fracture spacing means shorter residence times in the matrix for any given sojourn in the 

matrix, and in particular a shorter tail in the probability distribution for the length of time spent on 

each sojourn in the matrix. In order for a plume to detach completely, it is necessary that it not only 

be depleted at the source, but that the matrix adjacent to the source be depleted also, and with less 

storage capacity in the small-spacing case, this happens more quickly, allowing plumes to detach and 

escape from the source zone. 

Also notable is the fact that that the concentration profiles for the phenol approach Gaussian 

normality, as suggested by the Central Limit Theorem, more quickly in the case of a narrower 

fracture spacing. Naturally, the fracture spacing cannot change the probability per unit time that a 
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solute particle enters the matrix, and the median solute particle spends virtually all of its time in the 

matrix, even with the narrow fracture spacing (as will be shown in a following section). Thus, it is 

apparent that the more rapid convergence to normality may be attributed to the less-skewed sojourn 

time distribution in the matrix, as well as the fact that for any fixed time, solute will on average have 

been through more independent sojourns (and so regardless of the probability distribution for a 

single sojourn, by the CLT the plume would be expected to be more Gaussian).  

4.5.3 The effects of source zone size 

In this section, we consider the effects of source zone size by altering the base case to correspond to 

different sizes of source zone: one smaller, and one larger than the base case. In all cases, the source 

zone is supposed to be square, only instead of being 0.2 ha, as in the base case, it is 0.4 ha (~ 1 acre) 

for the large source, and 0.05 ha (~ 1/8 acre) for a small source. Concentration profiles for the large 

and small sources are shown, respectively, in Figure 4-12 and Figure 4-13. Unlike in the base case, 

plots are shown in semi-log format to reveal features of the phenolic plume. 

 

Figure 4-12: Semi-log concentration profiles for naphthalene (gray) and phenol (black) for 
the case of a large, square, 0.4 hectare source zone. Curves are for 30 years (solid lines), 60 
years (long dashes), and 100 years (short dashes) after source emplacement. 
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Figure 4-13: Semi-log concentration profiles for naphthalene (gray) and phenol (black) for 
the case of a small, square, 0.05 hectare source zone. Curves are for 30 years (solid lines), 60 
years (long dashes), and 100 years (short dashes) after source emplacement. 

Analytically, it is apparent that a larger, square source will have a side length that increases as the 

square root of the area, and that the side length parallel to the flow direction will be linearly related to 

the total number of moles. It is assumed that the mole fraction of each component is spatially 

invariant within the source, and is independent of source size. As a consequence, source size has a 

linear scaling effect, in which doubling the side length will double the time taken for the source to 

deplete (assuming it contains no insoluble components). 

It is clear from comparison of the plumes generated by the small and large sources with each other, 

and also with the base case, that source size is not a particularly important factor affecting plume 

separation—at least given the realistic range of source sizes considered here. The plume shapes on 

semi-log axes remain broadly similar in both plots, but vertically translated. The plausible alternative, 

that the phenolic plumes would have similar peak concentrations but more confined spatial extent 

was not observed. The only major difference observable due to the time scaling effect is that the 

naphthalene plume has already begun detaching in the case of the small, 0.05 ha source zone by 60 
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years, whereas in the large, 0.4 ha source case, the peak concentration, even at 100 years, is at the 

source. 

Overall phenol concentrations are lower from dissolution of a smaller source zone, as must be, since 

in all cases the phenol has dissolved by 30 years, plume shapes are similar, and there is less mass in 

the smaller source. However, the actual point of equal concentration where the profiles for the 

naphthalene and phenol cross remains essentially independent of source size for 30, 60, and 100 

years after source emplacement. 

4.5.4 Isolating the effects of sorption and fracture dispersion 

Having studied two key parameters affecting dissolution and transport, we close by analyzing the 

effect of matrix sorption. We consider two cases: where the fraction of organic carbon, foc, is 0.0036, 

as elsewhere in the study, and also where it is 0.00, causing all retardation coefficients in the matrix to 

be unity.  In effect, by setting foc to zero we isolate the effects of the differential sorption, since the 

difference in diffusion coefficients between the various components in the absence of retardation is 

not sufficient to cause an interesting differential effect (this is justified below).  We perform our 

analysis in the context of the small fracture spacing, because that gives a clearer picture of the 

behaviour we are seeking to understand (concentration profiles are less “smeared”).  

Three concentration profiles are generated, all at thirty years after source emplacement. The first is a 

profile for narrow fracture spacing, but with otherwise standard levels of organic carbon and fracture 

dispersivity, shown in Figure 4-14. This is the same physical scenario as in Figure 4-10, except all 

profiles are shown, but only for 30 years after emplacement. This is then compared with the same 

scenario, but with foc zero. Qualitatively, there is a large difference in behaviour between the two 

cases, with the phenolic species having identical breakthrough curves. 
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Figure 4-14: Concentration profiles for narrow spacing, at 30 years after source 
emplacement. Phenolic compounds are coloured black, and PAHs are coloured grey. Key 
species are labeled. 

 
 

Figure 4-15: Concentration profiles generated by modifying narrow spacing case to make foc 
= 0.0 (i.e. eliminate retardation due to sorption). Phenolic compounds are coloured black, 
and PAHs are coloured grey. Key species are labeled. 
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Finally, we compare the effect of fracture dispersion with the dispersive effect of matrix sorption by 

running the same model whose results are shown in Figure 4-15, with and without fracture 

dispersivity. This is shown in Figure 4-16. As can be seen, there is essentially no impact on the 

concentration profiles due to the dispersivity. Further, since the Fickian dispersion in the fracture is: 

               , which is several orders of magnitude larger than the Fickian diffusion 

constants of any of the species, we may conclude that essentially all of the dispersion seen is due to 

matrix diffusion. (It was also verified by a further simulation—not shown—that even if considerably 

larger values of dispersivity were used on account of the long plume lengths, their effects would be 

minor.) We may conclude from the fact that the plume centers for each of the phenolic compounds 

(which dissolved more or less immediately) in Figure 4-15 have travelled less than 1000 m in 30 

years, versus fracture water which has travelled 7.57e4 m in the same time, that even without 

retardation, solute has spent over 98.5% of its time sorbed in the narrow fracture spacing system. 

 
Figure 4-16: Comparison of selected concentration profiles from Figure 4-15 (solid curves) 
with their analogues in the case of no fracture dispersivity (dashed curves). Species are as 
labeled. 
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4.6 Conclusions 

In this chapter, a new modelling method was developed for adapting analytic solutions to model the   

Raoult’s Law governed nonlinear dissolution of multicomponent NAPL contaminant sources, 

coupled with their transport subject to reversible sorption and irreversible decay.  

An extended version of the multicomponent NAPL analytic solution shown in the first chapter, valid 

for NAPL including zero solubility components, was developed. Then, a new algorithm that 

interpolates this and incorporates Fast Fourier Transform techniques to express the boundary 

condition for all times as a Laguerre series was presented. This was then amalgamated with results 

from previous chapters into a complete model, which was successfully implemented on computer. 

Because of the generality of the method, it can easily be extended beyond the parallel fracture 

environment it was developed for here, to handle multicomponent NAPL dissolution in single 

fractures or unfractured porous media, as well as decay chains. By contrast, the only other coupled 

dissolution and transport screening tool the author is aware of is restricted to LNAPL and porous 

media [2].  

The new method was applied to the modelling of a particular multicomponent NAPL (creosote) 

dissolving within a particular geometry (discrete rock fractures), each of which individually could not 

be handled by code existing before the development of the techniques in this chapter. This allowed 

the possibility of phenolic and PAH species’ plumes becoming disjoint in the subsurface to be 

conclusively shown, and domain parameters contributing to this to be identified. 

In particular, narrow fracture spacing and high levels of organic carbon in the matrix were found to 

be especially conducive to separating plumes of PAH and phenolics. Completely disjoint plumes of 

naphthalene and phenol were observed only in the case of small fracture spacing, although ratios of 

concentrations downgradient of the source changed rapidly with the spatial coordinate and rarely 

were related to the current composition at the origin. Thus, as in the preceding chapter, we can reject 
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the idea of estimating the source composition based from downgradient concentration ratios. The 

sole exception to this was the ratio of the PAH in the case of no matrix sorption: dissolution was 

sufficiently slow, and transport rates were sufficiently similar, so that the species plumes reflected 

boundary concentrations over long distances. 
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Chapter 5: Aroclor source misidentification in 

fractured bedrock due to “chromatographic” 

separation of congeners 

5.1 Abstract 

The effect of matrix diffusion subject to differential sorption on the potential for Aroclor source 

identification and quantification in a fractured bedrock environment is examined. Due to sorption, 

transport is seen to occur at greatly different rates for the various congeners, causing rapid changes in 

PCB plume composition during migration. The paper provides a rigorous method for optimally 

fitting PCB groundwater sample concentrations as a linear combination of known Aroclors. It then 

demonstrates, via transport simulations in fractured sandstone with realistic properties, that correctly 

determining the Aroclors comprising a PCB source through optimally “fingerprinting” groundwater 

samples obtained even a few meters downgradient is not generally possible. 

5.2 Introduction 

PCBs (polychlorinated biphenyls) have been a major topic of environmental and toxicological 

concern since the early 1970s.  Although the majority of PCB releases to the environment occurred 

in the last century, PCBs have persisted and continue to have the potential to migrate via a number 

of mechanisms. These include volatilization from contaminated soil  (Harrad et al. 1994) and water 

(Jeremiason et al. 1994), intrusion into water bodies by atmospheric deposition and point source 

release (Macdonald et al. 1991), transport in surface waters, and transport in soil and groundwater 

(Chou and Griffin 1986). 

PCBs are known to bio-accumulate and they are frequently found in aquatic creatures at various 

trophic levels (Nfon and Cousins 2007) as well as in people, especially those who eat fish (Humphrey 

et al., 2000). Whether environmental sources of PCBs are actually deleterious to human health is 
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debated (Safe 2004), but they are regardless classified by the USEPA as probable human carcinogens 

(USEPA 1988), and their sale and industrial manufacture is prohibited in North America. Large 

amounts of money and effort are devoted to the remediation of said environmental sources, and so 

proper identification is important from the perspective of assigning responsibility. 

In the general case, PCB oils are mixtures of Aroclors (the commercial name for PCBs distributed in 

North America) which in turn are mixtures of congeners.   PCB oils, whether they consist of a single 

Aroclor or a mixture of Aroclors, are classified as dense, non-aqueous phase liquids (DNAPLs) in 

that they are denser than water and do not mix freely with water.  Despite being immiscible with 

water, PCBs and their associated congeners do have finite aqueous solubilities.  Because of their 

density, PCB oils have the potential to migrate to significant distances below the watertable following 

release to the subsurface.  Once present below the watertable, PCBs will slowly dissolve into flowing 

groundwater.  PCBs that have partitioned into groundwater are subject to advection, dispersion, 

sorption, biodegradation, and diffusion into low permeability media.  Some of these processes, such 

as sorption and diffusion, are congener specific, implying that the distribution of congeners in a 

groundwater plume will vary with time and distance.  Detecting the presence of PCBs in the 

subsurface is typically carried out through soil and groundwater sampling. 

In the 1970s and 80s, PCB chromatography was typically performed on packed column 

chromatographs, which did not have particularly good resolution (Draper et al. 1991). As a 

consequence, many congeners would co-elute and yield a few, combined peaks. Each Aroclor would 

have a reference standard, and speciation (identification) of PCBs in a soil or groundwater sample 

would be made by visual comparison with known standards. As resolution improved, it became 

possible to resolve individual PCB congeners, and PCB characterization moved in the same 

direction. 

Many officially sanctioned testing methods, for example USEPA method 505 for drinking water 

(USEPA 1995), still specify their results in terms of Aroclors rather than congeners. Other methods, 
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such as USEPA Method 8082 for solids (USEPA 1996), and the Environment Canada Reference 

Method for the Analysis of Polychlorinated Biphenyls (PCBs) (Environment Canada 1997) have speciation 

against Aroclor standards as an option (the preferred option, in the latter case). Also, virtually all 

older historical data has been reported in terms of either total PCBs or Aroclor composition because 

higher resolution machinery was not widely available (for example, see Butcher et al. 1997). If this 

data is to be properly interpreted and compared to present-day data sets we must know both that the 

speciation was meaningful, and how to convert newer, congener-based data into a comparable form.  

A practical application, for example, involves identifying (on the basis of a congener-based 

groundwater sample analysis) what Aroclor or Aroclors are present in PCB oil that is giving rise to 

the contamination (Johnson et al. 2000).  Furthermore, does such identification of Aroclors depend 

on the proximity of the groundwater sample to the PCB oil given that processes such as sorption and 

diffusion are congener specific?  Such applications of data interpretation may be useful in 

determining release history and assigning responsibility (Saba and Boehm 2011). 

When considering legacy data and responsibility assignment, two questions arise: 

1. How best can congener-based chemical analysis of a groundwater sample be expressed in 

terms of Aroclors? 

2. Given that some groundwater transport processes are congener specific, is it in fact 

reasonable to attempt to identify the Aroclors present in the PCB oil on the basis of 

groundwater data, and is historical Aroclor-based data even of any use? 

5.2.1 Conversion of congener-based data 

This issue has been dealt with in a number of different ways by different authors, almost all of which 

try to fit the sampled congener distribution to a best known Aroclor (or combination of Aroclors) by 

a least-squares procedure.  
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One of the earliest mathematical procedures was developed by (Draper and Koszdin 1991), which 

attempted to fit congener data to a single Aroclor. It is a relatively simple technique — for example, 

marker congeners are determined for both of Aroclor 1254 and Aroclor 1260, each marker being 

almost unique to one or the other Aroclor. Speciation is ad hoc, based on whether the marker 

congeners are more indicative of 1254 or 1260. Once this decision is made, quantification proceeds 

by multiplying the measured mass of each marker congener by the reciprocal of its mass fraction of 

the Aroclor that has been identified. A few marker congeners are specified for each Aroclor, and the 

predicted mass of the identified Aroclor is the mean of the amount predicted by each of the relevant 

congeners individually.  

Newman et al. (1998) similarly start out by using markers to determine which components are 

present in the mixture, but then take a more complicated approach, allowing for identification of 

more than a single Aroclor. This approach uses a series of ad hoc tests based on ratios of the 

concentrations of certain marker congeners. Once a partitioning has been settled upon, 

quantification proceeds in a similar manner to the above — except that instead of constant values, 

empirically fit curves relating the mass fraction occupied by a particular congener to the actual mass 

of it detected are employed. Although these nonlinear conversion functions are fitted so as to 

correspond well to experiment, theoretically they seem hard to justify, since they do not converge 

asymptotically to constant values as the mass of each congener increases. 

Another approach is to do away with the partitioning among the several Aroclors as a separate 

analytical step, and to find a best fit amongst the congeners by algebraic manipulation. Sather et al. 

(2001) did this by setting up a matrix (A) whose rows correspond to distinct congeners and columns 

correspond to distinct Aroclors. Each of the entries of A represents the fraction that a particular 

congener makes up of a particular Aroclor. The goal is to find the linear combination of the Aroclor 

fractions, x, that best approximates the measured congener concentrations, c, according to 

0cAx  , (1) 
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where x is to be chosen so as to make the LHS as close to zero (in the least squares sense) as 

possible, while having all its entries non-negative (since it is impossible to have a negative amount of 

an Aroclor). This approach is conceptually elegant, however (Sather et al. 2001) does not present a 

method that guarantees finding the optimal solution while obeying the physical constraint that all 

elements of x be non-negative (we will present one later). 

5.2.2 The effects of weathering and transport processes 

It has been acknowledged in the literature that weathering (modification of chemical composition 

while in the subsurface) makes Aroclor identification difficult, with some authors arguing that 

chemical weathering process inhibits identification in terms of Aroclors, and others arguing that this 

is not the case (Sather et al. 2003). Attempts to qualify the effects of weathering of PCBs have 

focused almost exclusively on modification in PCBs as they travel up the food chain (Draper and 

Koszdin 1991; Sather et al. 2001; Sather et al. 2003), with no apparent literature on the topic of 

misidentification on account of subsurface transport, which shall be our topic.  

The identification of the composition of a complex source mixture in the subsurface is an inverse 

problem (or rather a set of inverse problems—one for each component): one is interested in 

recovering, from the results of a groundwater sample obtained at a monitoring well, the evolution of 

the source that led to that output. This is inherently difficult. Even restricting ourselves to a single 

component, any attempt to solve the inverse problem mathematically could run into trouble due to 

ill-posedness. In general terms, ill-posedness means that small variations in the problem data may 

lead to large variations in its solution. In the present case, ill-posedness means that different release 

histories can potentially lead to indistinguishable monitoring well test results.  

It is tempting, then, to avoid mathematical analysis and to approximate the composition of the 

source merely by assuming that it is similar to the composition found in the monitoring well sample. 

Unfortunately, this is not reliable, which is what is shown in this paper. In essence, subsurface 

transport acts in an analog fashion to the capillary column in a gas chromatograph: different 
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compounds have different residence times, but since these are a priori unknown, they cannot be 

accounted for without modeling.  

To make this point, our examples focus upon fractured porous rock environments. These 

environments have principal contaminant transport pathways along fractures that typically allow for 

relatively rapid advection of the solute, but they also have diffusive sinks and substantial amounts of 

sorption, so that solute can diffuse perpendicularly into the rock matrix and sorb to its surface. In 

cases where there are multiple components with different sorption affinities for the rock matrix, the 

concentration front for each component will travel at different speeds in the fractures, hindering the 

ability of practitioners to identify the source on the basis of samples obtained from monitoring wells 

that retrieve water from the fractures. 

In the following, we will substantiate the above argument. First, we enhance the approach of (Sather 

et al. 2001), for the first time specifying how to optimally compute the least squares fit of an arbitrary 

PCB congener distribution to an arbitrary set of Aroclors. Then, employing forward models 

developed for contaminant transport in a series of parallel fractures in porous media (Sudicky and 

Frind 1982), we show how it is possible to arrive at seriously erroneous conclusions about the 

Aroclor speciation of the PCB source using only information obtained from groundwater monitoring 

wells. 

Note that although the situations considered are simple—the source composition never changes, and 

the fracture geometry / flow regime is quite regular—this in no way weakens the result, but rather 

strengthens it. Essentially our argument is this: even with a simple, constant rate flow regime where all 

mass eventually makes its way to the monitoring well, and even with the optimal least squares fitting 

algorithm we derive, identification and quantification is still unreliable, so strong is the effect of 

differential sorption. 
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5.2.3 Inversion versus fingerprinting 

While the conversion of congener-based data to be compatible with Aroclor-based datasets or 

regulations clearly requires mathematical fitting, there may be other reasonable options available for 

forensic identification. As alluded to above, instead of fingerprinting one can actually attempt to 

employ transport models when attempting source identification. One may either run a number of 

candidate forward models and attempt to minimize a residual or, with some difficulty, to solve a 

backwards-in-time transport problem for each of the plume constituents and thus infer the 

contaminant source concentrations. Since we will find that the forensic fingerprinting project is 

unsuccessful with regard to PCB, it makes sense to briefly review the more elaborate alternative 

methods. 

General source characterization is possible by means of regularizing the inverse problem—unstable 

for a dispersive system—with prior information about bounds on the source histories for the several 

congeners (release times, maximum curvature, maximum concentration, etc.). Many techniques have 

been employed for these purposes, including Tikhonov regularization (Skaggs and Kabala 1994), 

truncated singular value decomposition, and hybrids of those two (Tonkin and Doherty 2005). More 

probabilistic techniques have been developed, also. Bayesian and geostatistical techniques have been 

applied (Snodgrass and Kitanidis 1997), as well as minimum relative entropy modelling (Woodbury 

and Ulrych 1996), and time-reversible random walk particle tracking (Bagtzoglou 2003). A good 

summary of the state of the art as of the turn of the century is in Atmadja and Bagtzoglou (2001). 

More recent approaches are summarized in a large literature review contained in Doku and Pinder 

(2009).  

In addition, since the source concentrations are known to be constant, and the transient histories 

may be adequately estimated as Heaviside functions, there is the possibility of using tools which run a 

forward transport model and attempt to minimize a residual or some sort of objective function. 

These techniques still employ transport models, like the full inverse techniques, but perform fitting at 
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the present time rather than an hypothesized past, like fingerprinting techniques. There are a number 

of possible schemes, including general parameter estimation tools such as PEST, more specific 

contaminant-source identification tools (Yeh et al. 2005), and one developed specifically for DNAPL 

(Doku and Pinder 2009). However, as in chemical fingerprinting, in the case of forensic identification 

of PCB via modeling, the confounding factor is inference from the arrival of small amounts of solute 

at the monitoring location. Even in a 1D example system like the one considered in this paper, 

featuring a highly dispersed plume front which asymptotically approaches a constant (equilibrium 

solubility) concentration for each species, the inversion task involves estimating those equilibrium 

concentrations from the very early low-concentration portions of the respective congeners’ 

breakthrough curves. It remains to be established whether or not these difficulties can be overcome 

by inverse modeling; the present study restricts itself to fingerprinting only. 

5.3 An optimal fingerprinting method 

Each Aroclor that could conceivably be present in the PCB DNAPL source is represented by a 

vector containing the equilibrium aqueous phase concentrations of select congeners which are major 

contributors (by mole) to one or more Aroclors of interest. For each Aroclor, these are determined 

via Raoult’s Law (Banerjee 1984) and are referred to as congener effective solubilities. Then a best fit 

is determined by fitting a vector of observed congener aqueous phase concentration data to a linear 

combination of the single-Aroclor concentration vectors.  In some works, chlorine isotope ratios 

have been used as indicators for Aroclors (Reddy et al., 2000) or congeners (Mandalakis et al. 2008), 

and in some circumstances, these ratios may be less affected by sorption, dilution and other non-

biological processes than other quantities. However, given the nature of the problem and the fitting 

method developed herein, there is no benefit to using proxy measurements. 

Following (Sather et al. 2001), one may set up the problem of best fitting m congener concentrations 

by means of n Aroclors (m > n) in the following way: 
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rcAx  , (2) 

where the n-vector x represents the amounts of the various Aroclors of interest in the DNAPL, the 

m-vector c represents the concentrations of the various congeners found in the water sample tested, 

and the m-vector r represents the error in the fitted amount of each congener. The m-by-n matrix A is 

generated by concatenating the single-Aroclor concentration (column) vectors described above. In A, 

each column represents a different Aroclor, and each row represents a different congener, with the 

value at each node representing the aqueous concentration (effective solubility) of the respective 

congener in equilibrium with DNAPL consisting entirely of the respective Aroclor. Recalling 

elementary linear algebra, we note that the multiplication of a vector by a matrix can be understood 

as a linear combination of the column vectors of that matrix. Thus, the n-vector x represents the 

molar amounts of the various Aroclors (i.e., the fraction of the total moles in the source mixture due 

to any one Aroclor). 

Raoult’s law (Banerjee 1984) posits a linear relationship (with known constant of proportionality) 

between mole fraction in the DNAPL and effective solubility.  For a mixture of Aroclors, one can 

show readily that the congener effective solubility is simply a linear combination of the single Aroclor 

effective solubility values weighted by the mole fraction of each Aroclor in the DNAPL. Since this is 

so, determining the weighting factors for a perfect fit amongst the various concentration vectors 

yields the perfect fit amongst the components in the DNAPL. We extend this observation to less 

than perfect fits, defining the best fit amongst the Aroclors to correspond to the best fit by aqueous 

concentration. 

Since the problem at hand is one of goodness-of-fit, one tempting choice of fit metric is the chi-

square statistic. The chi-square statistic is derived for probabilistic situations where a given 

experiment can, at random, be assigned to one of a finite number of bins. However, the situation at 

hand is plainly deterministic. There appears to be no physical basis for dividing the fitting error for 

any particular congener by its proportion in the test sample. In fact, from looking at a derivation of 
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the chi-square method, it becomes clear that this division comes from probabilistic assumptions 

about the distribution of a Gaussian variable, rather than any concerns directly related to goodness-

of-fit. So this metric is rejected. Although we shall find best fit aqueous concentrations of various 

congeners, we are actually aiming to solve for the molar ratios of the various Aroclors in the 

DNAPL. Analysis is much simplified if a straightforward least squares technique is used (essentially 

chi square without the divisor discussed above), and such a technique also allows for an intuitive 

understanding of the solution: it is the one that minimizes the true concentration from the fitted 

concentration in Euclidean space (each congener can be thought of as representing its own axis in 

Rn).  

It is worth noting that the particular “best fit” by least squares may not be the most accurate method 

of identifying a source Aroclor. There is no particular reason, apart from geometric analogy, why 

squares of concentration should be minimized, as opposed to some other power. Alternately, some 

entirely different rule might turn out to be optimal for identifying source Aroclors. Nevertheless, 

such comparison of methods is beyond the scope of this paper. Minimizing a sum of squares is a 

relatively common way of performing a best fit in orthogonal dimensions, and as such it is suitable 

for our purposes, so we shall again follow (Sather et al. 2001) in making the choice that the “best fit” 

x is the one that minimizes    .  However, as that paper’s authors noted, the technique they 

proposed for solving in a least squares sense was not guaranteed to converge to an optimal solution. 

It is important that it not be possible to attribute any misidentification on suboptimal performance of 

the fitting algorithm itself. So in the following section, we provide a rigorous algorithm that relies 

only on linear algebra and methods of quadratic programming to determine a global best fit among 

an arbitrary number of source Aroclors. 

We now turn to the problem of determining the solution vector x. It should be clear that the 

optimization task consists of selecting x so as to minimize the magnitude of r, in the least squares 

sense. We may write the square of the magnitude of r as: 
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where the superscript T represents transposition of a vector or matrix. In order to put this in the 

form of a typical quadratic programming problem, we can make simplifications. Noting that each of 

the terms in the last equality of (3) is a scalar (and thus unchanged under transposition), and defining 

the matrix Q = ATA we can define the function: 

 ,2

2

1T

2

1TT

2

1 rccAxcQxxf(x)   (4) 

Plainly, by minimizing the value of f(x), one simultaneously minimizes the value of ║r║. From 

elementary calculus it is seen that an unconstrained optimization problem must have its local minima 

occurring at locations where the gradient of f is zero. The expression for the gradient of (4) comes 

from (Boot 1964, 25): 

,cAQxf(x) T  (5) 

so the minima can only occur at locations where 

,cAAxA
TT   (6) 

From the fact that Q is the product of a matrix and its transpose, it follows that it is square and 

symmetric, with dimension equal to the number of columns, n, in A (we assume the number of 

distinct congeners whose concentration are recorded in vector c is greater than the number of 

Aroclors being fit). In addition, from the fact that all of the columns of A are linearly independent 

(each Aroclor has a unique congener profile), the rank of A is equal to n, also. Since rank (ATA) = 

rank (A) for all matrices, it follows that Q is an n by n matrix of rank n, and is thus invertible. 

Consequently, there is a unique x0 that represents the best least squares fit: 

  ,cAAAx
T1T

0


  (7) 
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This solution may be thought of as the projection of the observed concentration in the m-

dimensional congener space onto the n-dimensional Aroclor subspace (the span of the Aroclor 

concentration column vectors that comprise matrix A). 

However, the problem at hand is not quite the unconstrained optimization problem that was just 

solved. It is not physically possible to have negative amounts of any Aroclor, so there exist implicit 

non-negativity constraints on each xj in x. These are easily satisfied by simple trial and error as 

follows: 

1. Solve the unconstrained optimization problem as above. If all the xj are nonnegative, go no 

further; a satisfactory solution has been reached. Otherwise, conclude that at least one of 

the non-negativity constraints is actually an equality-to-zero constraint. This follows from 

the convexity of the function f in that there is only one critical point, and if that is outside 

the feasible domain, then the point in the domain that minimizes f must be on its 

boundary. 

2. To account for the non-presence of any given Aroclor, j, simply omit column j from matrix 

A, and xj from vector x, and then solve the new unconstrained problem as above. 

3. If solution from step 2 satisfies all inequality constraints, record its location and value. 

4. Repeatedly solve these new unconstrained problems for all possible combinations of 

Aroclors included and excluded. 

5. The values of xj for the combination with the smallest minimum value is the best fit. 

Naturally, since this algorithm is of exponential order in x, it would become unwieldy for situations 

where there are large numbers of Aroclors (or equivalents) to be fitted (2n-1 problems must be 

solved, in the worst case, where n is the number of Aroclors to be fitted). However, only a few 
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Aroclors were employed in large quantity in industry, and it is unlikely that one would be interested 

in fitting more than five Aroclors. 

The normalized projection error for any combination can be obtained via the following expression:  

2

2

c

cAx 
 (8) 

where the numerator is the mean square error of the best estimate solution, and the denominator is 

the mean square error of the trivial solution, x = 0. Naturally, this quantity is always bounded 

between zero and one, and it is a proxy for how well the fitting algorithm was able to “explain” the 

detected assortment of Aroclors. All else being equal, a smaller value represents a closer match 

between the observed quantities of the various congeners and those predicted by the best linear 

combination of the several Aroclors.  

Note also that this technique relies upon multiple independent measurements being available, one for 

each congener. If a single measurement, such as an isotope ratio, were relied upon instead, the 

problem would be under-specified, and unique Aroclor speciation would not be possible, even in 

theory. 

5.4 The physical setting 

In the following two examples, we will consider releases of Aroclors below the water table in a 

fractured sandstone aquifer. A schematic of the physical setting is shown in Figure 5-1.  Fractures are 

assumed to be parallel, evenly-spaced, equal aperture, and of infinite extent. Unidirectional 

groundwater flow occurs through the fractures at a constant velocity.  A PCB DNAPL source exists 

in the fractures at the upgradient boundary and dissolves into the flowing groundwater giving rise to 

an aqueous phase plume containing various congeners. Congener migration in the described 

groundwater system is subject to one dimensional advection and dispersion in the fractures only and 

one-dimensional diffusion into the rock matrix.  Diffusion into the rock matrix is perpendicular to 
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the fractures and subject to sorption.  Further details of the solute transport assumptions are 

provided in (Sudicky and Frind 1982).  The objective is to ascertain the composition of the DNAPL 

source given aqueous phase congener concentrations obtained from a downgradient monitoring well.   

 

Figure 5-1: Schematic of the physical setting for examples 1 and 2   

The parameters for the fractured subsurface regime are based on fractured sandstone detailed in 

(Lipson et al. 2005) and summarized in Table 5-1.  The entries presented in Table 5-1 represent 

average, field-measured values.  The fracture retardation coefficients were assumed to be unity, and 

the matrix retardation values (R’) in Table 5-2 were determined via the equations given in (Lipson et 

al. 2005). The free solution aqueous diffusion coefficients (D*) were determined by using a molar 

weight ratio method with D* for PCB 153 as the reference diffusion coefficient (Shatalov et al. 2003, 

255). This relationship derives from the well-known Wilke-Chang method (Wilke and Chang 1955). 

The D* values are multiplied by the tortuosity in Table 5-1 to arrive at effective diffusion coefficients 

for use in the transport model. 
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Table 5-1: Subsurface properties 

Groundwater velocity 8E-5 (m/s) 

Fracture aperture 1.4E-4 (m) 

Fracture spacing 1.42 (m) 

Fracture dispersivity 0.3 (m) 

Matrix porosity 0.077 

Matrix tortuosity 0.2 

Matrix dry bulk density 2.49 (g/cm3) 

Matrix fraction organic carbon 0.0036 

 

Table 5-2: PCB congener properties. Solubility (Wang et al. 2003) and Koc (Hansen et al. 
1999) obtained from listed sources 

IUPAC 
number 

Molar mass D* (m2/s) S (g/m3)  koc  R’ 

8 223.1 6.54E-10 7.740E-01 52481 6116 

18 257.54 6.08E-10 1.740E-01 61660 7185 

31 257.54 6.08E-10 1.700E-01 109648 12776 

33 257.54 6.08E-10 1.590E-01 120226 14008 

44 291.99 5.71E-10 3.590E-02 199526 23249 

52 291.99 5.71E-10 2.920E-02 158489 18467 

66 291.99 5.71E-10 6.840E-02 257040 29950 

70 291.99 5.71E-10 5.960E-02 251189 29268 

87 326.43 5.40E-10 7.140E-03 575440 67049 

99 326.43 5.40E-10 3.660E-03 457088 53257 

105 326.43 5.40E-10 9.860E-03 676083 78774 

118 326.43 5.40E-10 1.530E-02 537032 62573 

138 360.88 5.14E-10 1.504E-03 1548817 180460 

153 360.88 5.14E-10 1.168E-03 1148154 133777 

174 395.32 4.91E-10 1.016E-03 2454709 286009 

180 395.32 4.91E-10 2.864E-04 3388442 394802 

187 395.32 4.91E-10 5.847E-04 1905461 222014 
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5.5 Example 1: a single Aroclor source 

In this example the source is a mixture of a number of polychlorinated biphenyl congeners from a 

single Aroclor, and an attempt is made to identify the original Aroclor by analyzing the distribution 

of congeners at two hypothetical groundwater monitoring wells downgradient of the source.  

For the purposes of this example, we will assume that the source compound is Aroclor 1248. This 

particular Aroclor was chosen because it shares its congeners with both of the more common 

Aroclors 1242 and 1254, and so there is a two-sided misidentification risk, depending on which 

congeners arrive at the sampling well at which time. Also, since those latter compounds were more 

widely used in industry, they would potentially be first considered as more likely sources. 

5.5.1 Methodology and parameters 

The first step in the component analysis is, naturally, selecting the components (congeners) to be 

used in the fitting process. There is some discretion available in this task, but essentially one wants to 

choose components that are distinctive: represented in great amounts in one of the candidate 

Aroclors, but only sparingly in others. In this analysis, twelve indicator components (PCBs 8, 18, 31, 

33, 44, 52, 66, 70, 87, 99, 105, and 118) were selected, four of which were predominantly found in 

each of the Aroclors 1242, 1248, 1254. Table 5-3 has columns indicating the fraction, by mole, that 

each of the several marker congeners represents of the Aroclors, demonstrating that they represent a 

substantial fraction of only one Aroclor. The data is initially from (Frame et al. 1996), and converted 

from mass percentage to molar percentage by the present authors. 
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Table 5-3: Molar % of Aroclors considered in this paper represented by the chosen marker 
congeners 

IUPAC 
number 

Aroclor 
1242 

Aroclor 
1248 

Aroclor 
1254 

Aroclor 
1260 

8 8.36 1.05 0.08 0.07 

18 8.77 4.82 0.10 0.07 

31 7.54 5.69 0.14 0.05 

33 5.14 2.50 0.06 0.04 

44 3.22 6.24 0.75 0.04 

52 3.20 6.86 0.92 0.31 

66 3.07 5.77 3.97 0.03 

70 3.38 7.20 7.62 0.06 

87 0.37 1.28 3.40 0.47 

99 0.37 1.30 4.52 0.05 

105 0.38 1.42 7.36 0.25 

118 0.54 2.03 13.57 0.55 

138 0.08 0.30 5.38 6.77 

153 0.05 0.18 2.97 9.72 

174 0.00 0.00 0.11 4.68 

180 0.00 0.01 0.35 10.76 

187 0.00 0.00 0.07 5.10 

Since Raoult’s Law decrees that the equilibrium aqueous solubility of a species in a complex mixture 

is equal to the product of its pure phase solubility and its mole fraction (Banerjee 1984), all congeners 

(not just the twelve chosen as indicators) had to be included in the initial dissolution analysis. The 

components that were selected as indicators were included individually in the dissolution analysis — 

the rest were represented by smeared-solubility groups, which were made by grouping those non-

indicator congeners with similar solubilities. This was accomplished by grouping congeners with 

identical molar masses, since among PCB congeners, solubility decreases with molar mass. For these 

groupings, a mole-weighted average solubility was computed. Each of these groupings was treated as 

a single compound for the purposes of the dissolution analysis. Dissolution of the entrapped NAPL 

was modeled as in (Hansen and Kueper, 2007). This showed that there was no significant change in 
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NAPL composition over the first 4000 years using the groundwater velocity presented in Table 5-1. 

Naturally, this is much longer than the time span over which PCBs could conceivably have been in 

the subsurface, so it was decided to neglect changing source composition with time in response to 

congener dissolution and to adopt the step-input model of (Sudicky and Frind 1982) 

Each indicator component was modeled separately using (Sudicky and Frind 1982), its source 

concentration computed using Raoult’s law as discussed above. The initial relative concentrations 

determined for the congeners are given in Table 5-4.  Other relevant parameters used in the transport 

model are as summarized in Table 5-2. Once this analysis was performed, the results for all 

components were compiled, and for each distinct time-location pair the algorithm derived above was 

run to determine a best fit between the Aroclors 1242, 1248, and 1254.  

Table 5-4: Initial aqueous PCB congener concentrations (normalized)  

IUPAC 
number 

Example 1 Example 2 

8 170.81 2179.11 

18 176.27 514.43 

31 203.30 434.69 

33 83.54 276.14 

44 47.08 NA 

52 42.10 NA 

66 82.95 NA 

70 90.19 NA 

87 1.92 10.03 

99 1.00 5.99 

105 2.94 26.06 

118 6.53 74.19 

138 NA 6.08 

153 NA 4.92 

174 NA 1.61 

180 NA 1.05 

187 NA 1.00 
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Best fits of the marker congener concentrations were performed against the candidate Aroclors at 

distances from the source of 1, 5, 10, 20, and 50 meters, at quarter-century intervals over the first 200 

years of existence of the source. A fitting was also performed at an idealized quasi-steady state 

(assuming source composition remains unchanged). The results of the analysis, as seen in Figure 5-2, 

indicate the problems implicit in using a best fit approach in order to identify a source Aroclor (the 

quasi-steady state solution is denoted by the symbol “∞”). For all finite times examined, the best fit 

algorithm detected a significant fraction of Aroclor 1242, even though the source modeled consisted 

entirely of Aroclor 1248. Even worse, at the larger well distance (20 m from source, shown in Figure 

5-3), the algorithm identifies the primary component as being 1242 as long as 150 years after 

emplacement. This indicates that when it comes to making even qualitative identifying statements 

about the source, best fit (or worse, subjective) analysis is apt to yield the wrong answer.  The 

incorrect interpretations stem from the fact that the more hydrophobic congeners are more 

attenuated in the flow system as a result of diffusion and sorption in the rock matrix compared to the 

less hydrophobic congeners.  A similar effect would occur in porous media as a result of different 

amounts of sorption amongst the congeners. Equation (10) was used to tabulate normalized 

projection error data presented in Figure 5-4.   
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Figure 5-2: Example 1— percentage by Aroclor of best fit to simulated observation data at 10 
meters from source 

 

Figure 5-3: Example 1— percentage by Aroclor of best fit to simulated observation data at 
20 meters from source 
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Figure 5-4: Example 1 – normalized projection error for each calculated distribution 

Note also that in Figure 5-4, the 0 meter fitting is near-perfect. This is to be expected, as immediately 

adjacent to the source conditions are always steady state. Away from the source,  conditions 

approach steady state for all congeners as time passes, regardless of propagation speed. This 

eventually allows perfect fitting, as seen in the last columns of Figure 5-2 and Figure 5-3. This is also 

to be expected: steady state conditions in the context of one-dimensional flow are identical to those 

adjacent to the source, provided the source composition is unchanging. However, due to the 

differential (and slow) speeds of propagation, even over 100-200 years conditions do not become 

close enough to steady state at the remote monitoring wells for accurate identification and 

quantification. It also bears noting, with regard to the near-steady-state results, that in reality the mole 

fractions of the source NAPL will change with time as dissolution occurs, which is not accounted for 

in the analysis  However, because PCB congeners are highly insoluble, the time required to achieve 

apparent steady state concentrations at the monitoring wells is likely to be much less than the time 

required to deplete significant quantities of the congeners from the source NAPL. 
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5.6  Example 2: multiple source Aroclors  

In this example, another identification scenario is considered. Whereas Example 1 focused on one 

particular Aroclor, and the success of a fitting algorithm at identifying it, in this example we stipulate 

that the source mixture contains three Aroclors (1242, 1254 and 1260) with equal numbers of moles 

contributed by each. We look at how the mixture that is algebraically the best fit for the 

concentration data at a downgradient location compares with the composition of the actual source 

mixture. 

The methodology is exactly as described in the first example. However, because fitting was being 

performed among different Aroclors, a different set of marker congeners was selected. These were 

PCBs 8, 18, 31, 33, 87, 99, 105, 118, 138, 153, 174, 180, and 187. Their initial relative concentrations 

may be found in Table 5-4. Best fits to the concentrations of these congeners were performed at 

distances and time intervals that were the same as those in Example 1. 

Examination of Figure 5-5 through Figure 5-9 shows that the algebraic best fit method fares even 

more poorly at quantification than it did at identification in Example 1. The only occasion where it 

gives an even remotely reasonable result is when the sampling well is located a single meter from the 

source.  Again, we see that monitoring wells closer to the source approach near-steady-state 

conditions—required in order to achieve accurate source identification.  Of note is that examination 

of the normalized projection error results shown in Figure 5-10 shows that a relatively small value 

was obtained, even for demonstrably unrealistic fits. Additionally, it is worth noting that the 

erroneous estimates improve only very slowly, so waiting for data at the sampling well is not apt to 

be helpful. 
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Figure 5-5: Example 2— percentage by Aroclor of best fit to simulated observation data at 1 
meter from source 

 

Figure 5-6: Example 2— percentage by Aroclor of best fit to simulated observation data at 5 
meters from source  
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Figure 5-7: Example 2— percentage by Aroclor of best fit to simulated observation data at 
10 meters from source  

 

Figure 5-8: Example 2— percentage by Aroclor of best fit to simulated observation data at 
20 meters from source 
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Figure 5-9: Example 2— percentage by Aroclor of best fit to simulated observation data at 
50 meters from source  

 

Figure 5-10: Example 2 – normalized projection error for each calculated distribution 
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5.7 Joint discussion of the examples 

Two general observations can be made:  

1. Due to the very high sorption parameters of the congeners, sampling wells that are not 

close to the source may not yield any observations at all, and 

2. Although fitting results did improve over time, waiting for any feasible length of time did 

not cause the system to come sufficiently close to steady state for speciations to be 

accurate. 

In general, the method of best fit derived herein combined with the model results illustrate how 

profound the effects of preferential matrix sorption are, and how detrimental they are to any attempt 

to identify complex mixtures by fitting methods, on account of the large (and widely varying) degrees 

of sorption affinity displayed by the various PCB congeners. Furthermore, it is possible for 

normalized projection error numerical diagnostics to not raise any red flags, even when the estimated 

Aroclor distribution is quite inaccurate. The varying (but a priori unknown) residence times for 

different chemical species as they travel between the source and the detector location are such that 

they overwhelm what pattern there is in the source mixture. This naturally implies that attempting 

Aroclor identification by interpreting groundwater data is not apt to generate useful conclusions; the 

time to reach steady-state (where accurate fitting would be possible) is generally too long. It bears 

noting also that other complicating factors might also exist which would make identification still 

more difficult. Varying rates of biodegradation between congeners would make it so that the ratio of 

congener concentrations just outside the source NAPL are never reflected at the monitoring well, 

even at steady state.  Nonetheless, neglecting these sorts of effects has only made the job easier for 

the optimal fitting technique, and the fact that it becomes unreliable even at such short distances in 

the absence of such degradation only underscores how quickly fitting results would become unusable 

in real world situations. 
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A final note: in our steady-state fittings we benefited from the fact that dissolution is so slow that the 

composition of the NAPL source does not change appreciably over the time span of interest — the 

relative proportions of the various marker congeners in the source are unchanged over thousands of 

years, meaning a fitting method of the sort used is at least plausible. However, other multicomponent 

NAPL mixtures, such as mixtures of chlorinated solvents, may change composition relatively quickly, 

and there will be no well-defined ratios of components against which one may fit. In these sorts of 

situations, no identification approach that neglects some sort of explicit dissolution and transport 

modeling can be expected to work. 
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Chapter 6: Joint discussion and conclusions 

6.1 Major themes and conclusions 

The major manuscript-level results have been summarized in the conclusion sections of the 

manuscripts themselves, and will not be reiterated here. However, there are two major themes that 

emerge out of several of the manuscripts in this document which are worth discussing in the context 

of the thesis as a whole. 

6.1.1 A new model that enables forward plume modelling is 

derived for multicomponent NAPL contaminant sources 

The first three manuscripts (Chapters 2 through 4), though standing alone in terms of their 

contributions, have a common thread. Each deals with different aspects of the derivation of a 

coupled dissolution and transport approach for multicomponent NAPL in the subsurface. Chapter 2 

presents an exact analytic solution for the dissolution of a multicomponent NAPL. The analytic 

solution is an explicit expression for the time until a certain number of moles of any species remains 

in the NAPL. This directly yields the time until complete source depletion, and can be inverted to 

determine the concentrations of each chemical species adjacent to the NAPL for any given time. 

Chapter 3 begins from the assumption that the concentration as a function of time adjacent to the 

NAPL for each species,      , has been expanded as a Laguerre series (in time). It shows how, if a 

temporal Green’s function for a fixed location (i.e. a  breakthrough curve at that location for an 

instantaneous solute release) is also expanded as a Laguerre series, coefficients can be calculated for 

the Laguerre series of the breakthrough curve corresponding to the actual boundary condition. 

Chapter 4 begins by assembling the results of the previous chapters, and illustrating a technique that 

efficiently inverts the analytic solution of Chapter 2 at discrete points in time and uses those 

concentrations to estimate the Laguerre coefficients needed by the method (known as the Laguerre 

Expansion Method, or LEM) detailed in Chapter 3. Verification of the combined approach is also 
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given in that chapter. Source code of a Python implementation of the model is given in the 

Appendix. A schematic of the essential blocks in the scheme are given in Figure 6-1. 

 

Figure 6-1: Schematic overview of the new model development, with corresponding thesis 
chapters and other key references indicated.  

Although the model implemented in the Appendix is only for residual NAPL located in fractured 

bedrock, the conceptual model as shown in Figure 6-1 is more versatile than that. Visualized on an 

abstract level, the model has four stages, shown from left to right. Essentially, the user of the model 

specifies only the two items in the leftmost dashed rectangle, pertaining to the nature of the NAPL 

source (e.g. pooled or residual configurations), and subsurface geometry (e.g. discrete fractures, 

porous media, etc.). Processes after that point are automated and generate both breakthrough curves 

and concentration profiles, as desired. 

6.1.2 Rigorous inverse modeling is crucial for forensic purposes 

The two modelling studies collectively illustrate that if one wants to recover the relative 

concentrations near a multi-component NAPL, inverse modelling is required. The PCB study in 

Chapter 5 showed that even at a monitoring well within 5 meters of an Aroclor source zone, with 

constant-in-time source boundary conditions, the effect of differential sorption alone was enough to 

inhibit identification or quantitation of the source mixture by means of concentration ratios. 
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Similarly, in the case of creosote considered in Chapter 4, where concentration profiles are generated 

for a number of subsurface geometries, it is seen that the plume concentrations never appear to 

approximate plug flow. Since this is what would be required for species concentration ratios 

measured remotely from the source to be indicative of the composition of the source, again we may 

discard that technique. 

Clearly, then, in order to determine the composition of the source zone, an inverse model must be 

run, which demands that the actual structure of the subsurface be known. This is an important, if 

discouraging, negative result. Once the subsurface is parameterized, either directly or via statistics, 

then it may be possible to use regularization techniques to essentially run any dispersive process 

backwards in time, while enforcing reasonable results. Indeed, a way of accomplishing this which 

uses some of the original techniques developed in this thesis is sketched out at the end of this 

section. 

6.2 Directions for future work 

6.2.1 Improving model versatility and numerical performance 

As mentioned in a number of other places, the computer implementation devised for this thesis 

handles exactly one geometry: parallel, discrete, infinite-extent fractures. In the future, the same 

fundamental technique could be applied to the generation of a variety of different subsurface 

geometries, which would yield a more useful tool for screening calculations. In particular, allowing 

the analysis of dissolution of residual NAPL in porous media would be likely quite useful, as would 

handling finite extent sources, as in the inexact Domenico solution [1] that underlies USEPA 

screening tools such as Bioscreen and Biochlor. Other additions could include more realistic NAPL 

dissolution models which account for flow bypassing at late time (which may be particularly relevant 

in fractured environments [2]). In short, there are many ways the basic ideas embodied in the 

preceding manuscripts can be applied to more realistic handling of the NAPL boundary condition, as 

well as subsurface environments. 
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Improving the numerical performance would also lead to greater robustness in borderline cases 

where boundary conditions over a variety of timescales are observed for different species from the 

same source NAPL (as in Chapter 4). At present, numerical accuracy of the code is limited by the 

amount of memory required to compute the Laguerre series for the boundary condition, rather than 

the amount of execution time required for computation, as in typical numerical code. To compute 

the boundary condition as a Laguerre series, both the Laplace transform kernel      and also the 

boundary condition function       are discretized uniformly over (0,tmax), and the inner product of 

these two vectors is taken. In cases where       is zero over large intervals within (0,tmax), no sample 

points are needed in those intervals, yet a great deal of memory is required to resolve the near zero 

portions, since discretization points are evenly spaced. Further, since iterative refinement of the 

discretization spacing is used, with the spacing halved during every iteration (until a certain 

convergence threshold is reached for the value of the integral), the amount of memory required 

increases without bound    , where n is the number of iterations. A way to improve this would be 

to integrate portions of (0,tmax) in serial order. If on each iteration, the resolution were to be doubled 

as needed on two new intervals each of half the original length, sequentially (this is to say, the 

computations occur one after the other), it would be possible to ensure that the number of 

integration points in memory stayed fixed, while the memory requirements for storing past inner 

products instead increased linearly   . This would be a useful future enhancement which would 

improve performance, because there would essentially be no limit to the resolution that could be 

achieved on the boundary condition, regardless of the chosen scaling parameter 

6.2.2 Towards a Laguerre-based inversion technique 

A final follow-on direction, which may be the most promising of all, stems from the capacity of the 

forward technique developed in Chapter 3 to be run backwards. We recall that equation (23) in 

Chapter 3 is represented a lower triangular, diagonal matrix, which is invertible by means of back-

substitution. So it is possible to determine the coefficients of the Laguerre series for the boundary 
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condition from the coefficients for the breakthrough curve measured at a remote monitoring well, 

rather than the converse, which is the forward solution technique we have focussed on previously. 

We will see that this is numerically stable in a way that directly inverting the dispersion operator is 

not. It is well known that dispersion-type operators are smoothing, causing attenuation of high-

frequency fluctuations. Consequently, it follows that inverse dispersion operators are sharpening, and 

are numerically unstable when run backwards. 

It is possible to exploit two facts: that inversion of the matrix in (Ch. 3, eq. 23)  is most 

computationally stable for low-order Laguerre series coefficients, and that the low-order Laguerre 

functions have lower-frequency oscillations than higher-order terms. This means that the terms 

which capture the smooth, large-scale features of the breakthrough curves and the boundary 

condition (largely rejecting high frequency noise), also happily are largely immune to the dispersive 

instability.  

 

Figure 6-2: Sample boundary condition with superimposed sinusoidal oscillations. Time is 
on the horizontal axis, and concentration is on the vertical. 

To illustrate the fact that the smooth features of a parameter are captured by the low order Laguerre 

series terms, we should consider Figure 6-2, which contains two plots, a Gaussian-type curve (which 

may be thought of as representing concentration versus time at some location):              , 

and that same curve with superimposed sinusoidal oscillations:                           . 
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Consider now, the four plots of Figure 6-3, which represent Laguerre series expansions of the curve 

with superimposed high-frequency oscillations shown in Figure 6-2, with four different quantities of 

terms in their Laguerre series. We can observe a trend towards smoothness as the number of terms 

utilized goes downwards, with the 25 term Laguerre expansion being a good approximation for the 

curve without superimposed oscillation shown in Figure 6-2. 

  

  

Figure 6-3: Reconstruction of the boundary condition with superimposed oscillation using 
Laguerre series with four different quantities of terms (N). Time is on the horizontal axis, 
and concentration is on the vertical. 

In classical regularization techniques, such as Tikhonov regularization, one of the effects of the 

regularization constraints is usually to enforce smoothness. With truncated Laguerre series, we get 

smoothness as a side effect, which is good. Let us now consider the regularization performance of 

inverting the matrix (Ch. 3, 23) to generate a Laguerre series for the source history from the Laguerre 

series for a given breakthrough curve: 

To do so, we will generate an artificial Green’s function via a modified Ogata-Banks solution for an 

instantaneous release, shown in Figure 6-4, and then convolve it with the BC shown in Figure 6-2 to 

simulate a breakthrough curve shown in Figure 6-5.  
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Figure 6-4: Simulated Green’s function derived from inverting an Ogata-Banks-style 1D 
transport solution. Time is on the horizontal axis, and concentration is on the vertical. 

 

Figure 6-5: Breakthrough curve generated from convolution of Green’s function shown in 
Figure 6-4 and smooth boundary condition shown in Figure 6-2. Time is on the horizontal 
axis, and concentration is on the vertical. 

Two vectors consisting of the Laguerre coefficients for this breakthrough curve will be computed: 

one consisting of the first 200 coefficients, and one truncated to contain the first 20. These will then 

be used in conjunction with (Ch. 3, 23), employing successive substitution (since that matrix is 

triangular) to back-solve for two vectors (one of length 200, and one of length 20) representing 

approximations to the BC. Plots of the Laguerre series defined by these vectors are given in Figure 

6-6 and Figure 6-7, respectively. 
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Figure 6-6: Predicted BC from inversion of 200-term Laguerre series, with exact BC shown. 
Time is on the horizontal axis, and concentration is on the vertical. 

 

Figure 6-7: Predicted BC from inversion of 20-term Laguerre series. Time is on the 
horizontal axis, and concentration is on the vertical. 

The plot in Figure 6-6, generated by employing almost all the available information (200 terms 

worth) about the BTC is nonsensical. This may be taken as indicative of the numerical instability 

inherent in inverting (i.e. running through negative time) a system that contains dispersion. On the 

other hand, the predicted BC generated from the truncated BC (shown in Figure 6-7) is more or less 

indistinguishable from the real (smooth) BC shown in Figure 6-2. 

Thus, we have shown an example in which a Laguerre series technique regularizes an inverse 

transport problem, generating a smooth, stable approximation to the true solution. Naturally, this is 

not a rigorous mathematical analysis, but it is highly suggestive of the value of this technique. 
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6.3 Final comment 

Though most of the analytic transport models in wide use were developed decades ago, they remain 

relevant today for the insight they provide into the mechanics of new scenarios in hydrogeology, and 

are applicable to new applications. In particular, their ability to establish negative results, as in the 

Aroclor misidentification example shown previously, recommends them to present-day users. The 

software package developed as part of this work, allowing arbitrary time-varying boundary conditions 

to be used with analytic solutions that previously assumed constant-concentration BCs, will hopefully 

enable them to power new types of investigations, both of solute transport stemming from the 

weathering of NAPL, and of other scenarios. The applicability of the Laguerre series convolution 

method exploited by the software package to attack inverse transport problems (which are 

numerically unstable for on account of thermodynamics) also appears especially promising. 
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Appendix A: Source code and user’s guide 

Introduction 

One of the major contributions of this project was the development of the computer system, 

culminating in Chapter 4, for coupled dissolution and transport of multicomponent NAPL. This 

appendix contains a listing of the code implementing that system, as well as a brief guide to its use. 

The code consists of eight Python scripts which must reside in a single directory, whose path (which 

may be arbitrary) is specified by <path>. The scripts require a Python 2.x interpreter to be installed 

on the machine they are run on, and that the NumPy, SciPy, and Matplotlib modules also be installed 

in the Python installation. A particular bundled distribution, known as Python(x,y), which sets up all 

these modules automatically when it is installed is freely available on the internet. 

There are two top level scripts, Breakthrough.py and Profile.py, which are ordinarily called to 

generate breakthrough curves and concentration profiles, respectively. Also, there are two 

intermediate-level scripts, ordinarily called by the top level scripts, for generating Laguerre series 

expansions of the boundary condition (bcgen.py) and the Green’s function (impulsegen.py). 

These scripts may also be called directly for diagnostic and other purposes. The top level scripts 

generate on-screen plots, plus comma-separated data files. The intermediate scripts generate on-

screen plots only. These scripts depend on the problem to be analyzed being specified in text files 

contained in a subdirectory,  <definition directory>, of the directory that contains the scripts. 

<definition directory> must contain three files, each defining some aspect of the solution 

procedure, with the filenames _global.txt, _domain.txt, and _naplbody.txt.  

_global.txt defines parameters related to the numerical solution, including the number of terms to 

use and the scaling parameter to be used for the various Laguerre series. Other information included 

is the maximum time of interest and relative error upper bound (both for boundary condition 
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computation). Finally, only needed for Profile.py, a second (always smaller) scaling parameter is 

required for portions of concentration profiles near the origin and the  region of applicability for this 

smaller parameter must be supplied as a fraction of <largest Z>. 

_domain.txt begins with a code specifying the geometry (as implemented, only pfrac, indicating 

discrete parallel fractures, is included), followed by parameters necessary to specify the physical 

environment, each on a new line. Descriptions of the domain parameters are given in comments in 

the sample file listing below. 

_naplbody.txt contains an arbitrary number of lines, each either a comment (with the character # 

in the first column), or a comma-separated list of physicochemical parameters for a different species 

in the NAPL source. Each non-comment line must be contain, in order, the name of the compound, 

its solubility, free diffusion coefficient, first-order decay constant, molar mass, number of moles at 

time zero, and log Koc. 

The scripts may be called from a command prompt whose present working directory is <path>.  The 

syntax for invoking each of the files is shown below: 

python Breakthrough.py <definition directory> <Z location> 

python Profile.py <definition directory> <largest Z> <time> [<flag>] 

python bcgen <definition directory> 

python impulsegen.py <definition directory> <Z location> 

Where: 

<Z location> is the distance along the fracture form the contaminant source at which the 

Green’s function is to be computed. 

<largest Z> is the largest distance downgradient of the contaminant source that is to be 

included in the concentration profiles. 

<time> is the time at which a concentration profile is to be produced.  
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[<flag>] is an optional parameter. If it is positive, then coefficients that were computed 

for previous runs of Profile.py, at different times will be reused (if they exist). 

Otherwise, they will be computed afresh. 

The following sections contain samples of the three domain definition files (which were used for the 

verification in Chapter 4), as well as source code for all eight Python scripts. 

_global.txt [sample] 
300 # Number of Laguerre series terms used for all expansions. 

200.0 # Largest time of interest [years]. 

2.0 # Scaling parameter. (Will autoselect, if negative.) 

5.0e-5 # Numerical integration maximum relative error. 

0.1 # Fract. of largest Z in profile, under which Z is “small” 

0.5 # Special scaling parameter for small Zs 

_domain.txt [sample] 
pfrac 

2522.9 #v [m/year] 

1.4e-4 #2b [m] 

1.42 #2B [m] 

0.077 #theta 

0.2 #tau 

2.49 #bulk density [g/cc] 

0.0036 #f_oc 

0.3 #fracture dispersivity [m] 

_naplbody.txt [sample] 
#name, S [g/m3], D* [m2/yr], lambda [/yr], molar mass, moles, log Koc 

PCB-153, 1.17e-3, 1.62e-2, 0, 360.88, 100, 6.06 

PCB-18,  1.74e-1, 1.92e-2, 0, 257.54, 100, 4.79 

PCB-66,  6.84e-2, 1.80e-2, 0, 291.99, 100, 5.41 

Breakthrough.py 
from numpy import dot, linspace 

from matplotlib.pyplot import plot, xlabel, ylabel, xlim, ylim, show 

import impulsegen, bcgen, breakthrugen 

import sys 

import lagsuiteFFT as ls 

 

GRAPHSTEPS = 10000 

MAXITER = 10 

 

DIR = sys.argv[1] 

Z = float(sys.argv[2])     

 

FILE = open(DIR + "\\_global.txt", "r") 

NUMTERMS = int((FILE.readline().split("#"))[0]) 
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MAXTIME = float((FILE.readline().split("#"))[0]) 

T = float((FILE.readline().split("#"))[0]) 

DECOMPRELERR = float((FILE.readline().split("#"))[0]) 

FILE.close() 

if (T <= 0.0): 

    T = MAXTIME / NUMTERMS 

 

print "STEP 1: Generating boundary conditions" 

cl_BC, nb = bcgen.main(DIR, NUMTERMS, MAXTIME, T, DECOMPRELERR) 

 

print "\nSTEP 2: Generating impulse response" 

cl_impulse = impulsegen.main(DIR, NUMTERMS, MAXTIME, T, Z) 

 

print "\nSTEP 3: Generating breakthrough curve" 

da_result = breakthrugen.combine(cl_impulse, cl_BC) 

 

#generate output plot 

times = linspace(0, MAXTIME, GRAPHSTEPS) 

m = ls.gen_lag_matrix(NUMTERMS, times, T) 

m = m.transpose() 

 

#Get global data to regurgitate 

FILE = open(DIR + "\\_domain.txt", "r") 

type = FILE.readline().strip() 

if (type == "pfrac"): 

    v = float((FILE.readline().split("#"))[0]) 

    twob = float((FILE.readline().split("#"))[0]) 

    twoB = float((FILE.readline().split("#"))[0]) 

    theta = float((FILE.readline().split("#"))[0]) 

    tau = float((FILE.readline().split("#"))[0]) 

    rho_b = float((FILE.readline().split("#"))[0]) 

    f_oc = float((FILE.readline().split("#"))[0]) 

    alpha = float((FILE.readline().split("#"))[0]) 

FILE.close() 

 

#Generate the output file 

OUTFILE = open(DIR + "\\breakthrough z=" + str(Z) + ".txt",'w') 

print >>OUTFILE,"Profile @ Time, ",Z,"\n" 

 

print >>OUTFILE,",v, 2b, 2B, theta, tau, rho_b, f_oc, alpha" 

print >>OUTFILE,",",v,",",twob,",",twoB,",",theta,",",tau, 

",",rho_b,",",f_oc,",",alpha,"\n" 

 

print >>OUTFILE,"Time,", ",".join(str(n) for n in times) 

 

for comp in da_result: 

    output = dot(m, da_result[comp])  

    print >>OUTFILE,comp,", ",",".join(str(n) for n in output) 

    plot(times, output, 'k', label=comp) 

 

OUTFILE.close() 

 

xlabel('Time (years)') 

ylabel('Concentration') 

show() 

Profile.py 
import impulsegen, bcgen, breakthrugen 

import os, sys, pickle 

import scipy.interpolate as si 

import lagsuiteFFT 
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from numpy import array, dot, linspace 

from matplotlib.pyplot import plot, xlabel, ylabel, legend, show 

 

global max_time, T 

 

SOLNPTS = 30 

GRAPHSTEPS = 300 

 

DIR = sys.argv[1] 

MAXZ = float(sys.argv[2]) 

TIME = float(sys.argv[3]) 

if len(sys.argv) == 5: 

    FLAG = float(sys.argv[4]) 

else: 

    FLAG = -1 

 

FILE = open(DIR + "\\_global.txt", "r") 

NUMTERMS = int((FILE.readline().split("#"))[0]) 

MAXTIME = float((FILE.readline().split("#"))[0]) 

T = float((FILE.readline().split("#"))[0]) 

DECOMPRELERR = float((FILE.readline().split("#"))[0]) 

SMALLZFACT = float((FILE.readline().split("#"))[0]) 

SMALLT = float((FILE.readline().split("#"))[0]) 

 

FILE.close() 

if (T <= 0.0): 

    T = MAXTIME / NUMTERMS 

 

if TIME > MAXTIME: 

    raise "You have specified a time larger than the maximum time specified in 

_global.txt" 

 

dl_conc = {} 

d_mass = {} 

l_comps = [] 

l_z = [z ** 2 * MAXZ / (SOLNPTS - 1) ** 2 for z in range(SOLNPTS)] 

a_z = array(l_z) 

 

print "STEP 1: Partitioning early arrival from late arrival locations" 

cutoff_z = MAXZ * SMALLZFACT 

cutoff_t = MAXTIME * cutoff_z / MAXZ 

 

if SMALLT > 0: 

    print "SMALLT is", SMALLT 

    T_lo = SMALLT 

else: 

    T_lo = cutoff_t / NUMTERMS 

 

print "\nSTEP 2: Generating boundary condition for small Z" 

cl_BC_lo, nb = bcgen.main(DIR, NUMTERMS, MAXTIME, T_lo, DECOMPRELERR) 

 

for comp in cl_BC_lo.da_coeffs: 

    dl_conc[comp] = [] 

    l_comps.append(comp) 

 

print "\nSTEP 3: Generating boundary condition for large Z" 

cl_BC_hi, nb = bcgen.main(DIR, NUMTERMS, MAXTIME, T, DECOMPRELERR) 

 

print "\nSTEP 4: Generating exact concentrations at various locations" 

a_funcs_lo = lagsuiteFFT.gen_lag_matrix(NUMTERMS, array([TIME]), T_lo) 

a_funcs_hi = lagsuiteFFT.gen_lag_matrix(NUMTERMS, array([TIME]), T) 

 

a_zero_conc = nb.BC(TIME) 
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for z in l_z: 

    filepath = DIR + "\\kernel-z=" + str(z) + ".txt" 

    if z > cutoff_z: 

        cl_my_BC = cl_BC_hi 

        my_T = T 

        my_a_funcs = a_funcs_hi 

    else: 

        cl_my_BC = cl_BC_lo 

        my_T = T_lo 

        my_a_funcs = a_funcs_lo 

         

    if (FLAG > 0 and os.path.isfile(filepath)): 

        FILE = open(filepath, 'r') 

        cl_kernel = pickle.load(FILE) 

        FILE.close() 

        print "  Finished loading impulse response at z = " + str(z) 

    else: 

        cl_kernel = impulsegen.main(DIR, NUMTERMS, TIME, my_T, z) 

     

    if z > 0.0: 

        da_coeffs = breakthrugen.combine(cl_kernel, cl_my_BC) 

             

    for comp in l_comps: 

        if z > 0.0: 

            concentration = dot(da_coeffs[comp], my_a_funcs)[0] 

        else: 

            concentration = a_zero_conc[nb.d_comp[comp].index] 

        if concentration < 0.0: 

            concentration = 0.0 

        dl_conc[comp].append(concentration) 

        

 

print "\nSTEP 5: Fitting splines and plotting" 

d_splines = {} 

FILE = open(DIR + "\\_domain.txt", "r") 

type = FILE.readline().strip() 

if (type == "pfrac"): 

    v = float((FILE.readline().split("#"))[0]) 

    b = float((FILE.readline().split("#"))[0]) 

    B = float((FILE.readline().split("#"))[0]) 

    theta = float((FILE.readline().split("#"))[0]) 

    tau = float((FILE.readline().split("#"))[0]) 

    rho_b = float((FILE.readline().split("#"))[0]) 

    f_oc = float((FILE.readline().split("#"))[0]) 

    alpha = float((FILE.readline().split("#"))[0]) 

FILE.close() 

OUTFILE = open(DIR + "\\profile T=" + str(TIME) + ".txt",'w') 

print >>OUTFILE,"Profile @ Time, ",TIME,"\n" 

print >>OUTFILE,",v, b, B, theta, tau, rho_b, f_oc, alpha" 

print >>OUTFILE,",",v,",",b,",",B,",",theta,",",tau, 

",",rho_b,",",f_oc,",",alpha,"\n" 

 

print >>OUTFILE,"Location, ",",".join(str(n) for n in l_z),"\n" 

for comp in l_comps: 

    print >>OUTFILE,comp,", ",",".join(str(n) for n in dl_conc[comp]) 

    d_splines[comp] = si.UnivariateSpline(a_z, array(dl_conc[comp]), s=0) 

OUTFILE.close() 

       

#Generate output plot 

locations = linspace(0, MAXZ, GRAPHSTEPS) 

 

for comp in d_splines: 
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    output = d_splines[comp](locations) 

    plot(locations, output, label=comp) 

    plot(a_z, dl_conc[comp], 'k+') 

 

xlabel('Location (meters)') 

ylabel('Concentration') 

show() 

bcgen.py 
#IMPORTS 

from numpy import array, linspace, vstack, dot, log 

from matplotlib.pyplot import plot, xlabel, ylabel, xlim, ylim, legend, show 

import sys 

import lagsuiteFFT 

import naplbody 

import coeffclass 

import pickle 

 

#GLOBAL PARAMETERS 

GRAPHSTEPS = 30000 

MAXITER = 15 

 

#MAIN BODY 

def main(DIR, num_terms, specified_max_time, T, decomp_rel_err): 

    #read properties of the body 

    #name, solubility, D*, lamda, molar mass, moles 

    d_attrib = {} 

    FILE = open(DIR + "\\_naplbody.txt", "r") 

    for line in FILE.readlines(): 

        if (line != "" and line[0] != '#'): 

            l_line = line.split(",") 

            d_attrib[l_line[0].rstrip('\t')] = map(float, l_line[1:]) 

    FILE.close() 

 

    #insert into file reading, plus other stuff. 

    largest_time = 1.5 * specified_max_time 

     

    #read properties of the domain 

    FILE = open(DIR + "\\_domain.txt", "r") 

    type = FILE.readline().strip() 

    if (type == "pfrac"): 

        v = float((FILE.readline().split("#"))[0]) 

        b = float((FILE.readline().split("#"))[0])/2.0 

        B = float((FILE.readline().split("#"))[0])/2.0 

        theta = float((FILE.readline().split("#"))[0]) 

        tau = float((FILE.readline().split("#"))[0]) 

        nb = naplbody.NAPLBody("pfrac", largest_time, d_attrib, v, b, B, theta, 

tau) 

    else: 

        raise "unknown environment code" 

    FILE.close() 

 

     

    ls = lagsuiteFFT.LaguerreSuite(num_terms, largest_time, MAXITER, T) 

     

    #generate laguerre coefficients for boundary conditions 

    nb.la_coeffs = ls.decomp(nb.BC, decomp_rel_err) 

     

    #generate the laguerre functions at specified times 

    time = linspace(0, largest_time, GRAPHSTEPS) 

    funcs = ls.gen_lag_matrix(time) 
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    reconstructed_BC = dot(nb.la_coeffs, funcs) 

     

    direct_BC = nb.BC(time) 

    da_coeffs = {} 

    for comp in nb.d_comp: 

        da_coeffs[comp] = nb.la_coeffs[nb.d_comp[comp].index, :] 

    cl = coeffclass.CoeffListing(type, T, da_coeffs, specified_max_time) 

     

    if __name__ == "__main__": 

        dump_filename = DIR + "\\BC-T=" + str(T) + ".txt" 

        pickle.dump(cl, open(dump_filename, 'w')) 

        for comp in nb.d_comp: 

            #generate the plot of the true function, reconstruction 

            plot(time, reconstructed_BC[nb.d_comp[comp].index, :],'k:', 

label=comp) 

            plot(time, direct_BC[nb.d_comp[comp].index, :],'k') 

            #also assemble da_coeffs at the same time... 

            da_coeffs[comp] = nb.la_coeffs[nb.d_comp[comp].index, :] 

        xlabel('Time (years)') 

        ylabel('Concentration') 

        xlim((0.0, specified_max_time)) 

        show() 

         

    print "  Finished computing boundary conditions"  

    return cl, nb 

 

if __name__ == "__main__": 

    DIR = sys.argv[1]  #GET THIS FROM COMMAND LINE. 

     

    FILE = open(DIR + "\\_global.txt", "r") 

    NUMTERMS = int((FILE.readline().split("#"))[0]) 

    SPECIFIEDMAXTIME = float((FILE.readline().split("#"))[0]) 

    T = float((FILE.readline().split("#"))[0]) 

    DECOMPRELERR = float((FILE.readline().split("#"))[0]) 

    FILE.close() 

    if (T <= 0.0): 

        T = SPECIFIEDMAXTIME / NUMTERMS 

     

    main(DIR, NUMTERMS, SPECIFIEDMAXTIME, T, DECOMPRELERR) 

impulsegen.py   
#This script implements the Weeks method, and generates the kernel 

 

import math, cmath, sys 

from numpy import array, arange, dot, exp, linspace, fft, vstack 

from matplotlib.pyplot import plot, xlabel, ylabel, xlim, legend, show 

import lagsuiteFFT as ls 

import coeffclass 

import pickle 

 

#UTILITY ROUTINES 

def GiuntaCoeffFFT (s_func, N, T, r): 

    def psi(z): 

        return s_func((1 + z) / (2 * T * (1 - z))) / (T * (1 - z)) 

    rng = arange(0, N) 

    tmp = r * exp(rng * 2j * cmath.pi / N) 

    a_input = map(psi, tmp) 

    tmp = fft.fft(a_input) 

    a_output = tmp / r ** rng / N 

    return(a_output.real) 
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def WeeksCoeff(s_func, N, T): 

    return GiuntaCoeffFFT (s_func, N, T, 0.99) 

 

def my_tanh(x): 

    z = complex(x) 

    if (z.real > 100.0): 

        return 1 + 0j 

    elif (z.real < -100.0): 

        return - 1 + 0j 

    else: 

        return cmath.tanh(z) 

 

#MAIN BODY 

def main(DIR, mum_terms, max_time, T, z): 

    #read properties of the body 

    GRAPHSTEPS = 1000 

    #name, solubility, D*, lamda, molar mass, moles 

    d_attrib = {} 

    FILE = open(DIR + "\\_naplbody.txt", "r") 

    for line in FILE.readlines(): 

        if (line != "" and line[0] != '#'): 

            l_line = line.split(",") 

            if float(l_line[1] > 0.0): 

                d_attrib[l_line[0].rstrip('\t')] = map(float, l_line[1:]) 

            #!!!delete it if zero solubility 

    FILE.close() 

     

    #read properties of the domain 

    FILE = open(DIR + "\\_domain.txt", "r") 

    type = FILE.readline().strip() 

    if (type == "pfrac"): 

        v = float((FILE.readline().split("#"))[0]) 

        b = float((FILE.readline().split("#"))[0])/2.0 

        B = float((FILE.readline().split("#"))[0])/2.0 

        theta = float((FILE.readline().split("#"))[0]) 

        tau = float((FILE.readline().split("#"))[0]) 

        rho_b = float((FILE.readline().split("#"))[0]) 

        f_oc = float((FILE.readline().split("#"))[0]) 

        alpha = float((FILE.readline().split("#"))[0])  

         

        if __name__ == "__main__": 

            times = linspace(0, max_time, GRAPHSTEPS) 

            m = ls.gen_lag_matrix(mum_terms, times, T) 

            m = m.transpose() 

         

        R = 1 #we will assume this is unity   

        da_coeffs = {} 

        #IDEALLY COMPUTE MAX TIME 

        for comp in d_attrib: 

            Df = d_attrib[comp][1] + v * alpha 

            lamda = d_attrib[comp][2] 

            Rm = 1 + rho_b * f_oc / theta * 10 ** d_attrib[comp][5] 

            Dm = d_attrib[comp][1] * tau 

            nu = v / (2 * Df) 

            kappa2 = 4 * R * Df / v ** 2 

            sigma = math.sqrt(Rm / Dm) * (B - b) 

            A = b * R / theta / math.sqrt(Rm * Dm) 

         

            def dirac_trans(s): 

                return(cmath.exp(nu * z * (1 - cmath.sqrt(1 + kappa2 * 

(cmath.sqrt(s + lamda) / A * my_tanh(sigma * cmath.sqrt(s + lamda)) + (s + 

lamda)))))) 
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            green_coeffs = array(WeeksCoeff(dirac_trans, mum_terms, T)) 

            da_coeffs[comp] = green_coeffs 

            if __name__ == "__main__": 

                green_plot_values = dot(m, green_coeffs) 

                plot(times, green_plot_values, 'k',label=comp) 

         

        cl = coeffclass.CoeffListing(type, T, da_coeffs) 

        #generate name string 

        print "  Finished computing impulse response at z = " + str(z) 

        dump_filename = DIR + "\\kernel-z=" + str(z) + ".txt" 

        pickle.dump(cl, open(dump_filename, 'w')) 

         

        #only display plots if run as top level 

        if __name__ == "__main__": 

            xlabel('Time (years)') 

            ylabel('Concentration') 

            #xlim((0.0, 0.5)) 

            #legend() 

            show() 

        else: 

            return cl 

           

    else: 

        raise "unknown environment code" 

    FILE.close()  

     

if __name__ == "__main__": 

    DIR = sys.argv[1]  #GET THIS FROM COMMAND LINE. 

    Z = float(sys.argv[2]) 

     

    FILE = open(DIR + "\\_global.txt", "r") 

    NUMTERMS = int((FILE.readline().split("#"))[0]) 

    MAXTIME = float((FILE.readline().split("#"))[0]) 

    T = float((FILE.readline().split("#"))[0]) 

    FILE.close() 

    if (T <= 0.0): 

        T = MAXTIME / NUMTERMS 

     

    main(DIR, NUMTERMS, MAXTIME, T, Z) 

breakthrugen.py 
from numpy import dot, zeros 

 

def gen_B(b, T): 

    B = zeros((b.size, b.size)) 

    for l in range(b.size): 

        for m in range(l + 1): 

            if m == l: 

                B[l, m] = T * b[0] 

            elif m < l: 

                B[l, m] = T * (b[l - m] - b[l - m - 1]) 

    return B 

 

def combine(cl_kernel, cl_BC): 

    T = cl_kernel.T 

    if cl_BC.T != T: 

        raise "Mismatched scaling constants between impulse response and BC. 

Aborting." 

     

    da_result = {} 

    for comp in cl_kernel.da_coeffs: 
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        a = cl_BC.da_coeffs[comp] 

        B = gen_B(cl_kernel.da_coeffs[comp],T) 

        if B.shape[0] != a.size: 

            raise "WARNING: B matrix is wrong size. Aborting." 

        c = dot(B, a) 

        da_result[comp] = c 

     

    return da_result 

lagsuiteFFT.py 
from numpy import absolute, array, arange, dot, exp, fft, hstack, linspace, 

real, reshape, vstack 

import math 

 

def gen_lag_matrix(N, v_t, T): 

    #first row 

    m_new = map(exp, v_t / T * (-0.5)) 

    #second row 

    v_new = (1.0 - v_t / T) * map(exp, v_t / T * (-0.5)) 

    m_new = vstack((m_new, v_new)) 

    #generate subsequent rows iteratively 

    for n in range(2, N): 

        v_new = (2.0 * n - 1.0 - v_t / T) / n * m_new[n - 1, :] - (n - 1.0) / n 

* m_new[n - 2, :] 

        m_new = vstack((m_new, v_new)) 

    return(m_new) 

 

class LaguerreSuite: 

    def __init__(self, num_terms, tmax, maxiter, T): 

        self.num_terms = num_terms 

        self.tmax = tmax 

        self.maxiter = maxiter 

        self.T = T 

        self.r = 0.99 

        self.v_tnext = linspace(0, tmax, 200) 

        self.delta = self.v_tnext[1] - self.v_tnext[0] 

        self.v_times = array([]) 

        self.m_kernels = None 

         

        self.v_index = arange(num_terms) 

        self.v_z = self.r * exp(2.0j * math.pi * self.v_index / num_terms) 

        self.v_s = (1 + self.v_z) / (2 * self.T * (1 - self.v_z)) 

 

    # output: a matrix called whose n-th row corresponds to the n-th BC and  

    # whose m-th column is the m-th Laguerre coefficient of said BC  

    def gen_laplace_trans_vals(self, func, threshold, count=[0], 

oldcoeffs=array([])): 

        if self.m_kernels == None: 

            self.ml_expand() 

         

        if oldcoeffs.size == 0: 

            #no coeffs to compare with, so generate some 

            f = func(self.v_times) 

            coeffs = 1.0 * self.tmax / f.shape[1] * dot(f, 

self.m_kernels.transpose()) 

            return(self.gen_laplace_trans_vals(func, threshold, count=[1], 

oldcoeffs=coeffs)) 

        else: 

            # expand coefficient matrix" 

            self.ml_expand()  

            f = func(self.v_times) 
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            coeffs = 1.0 * self.tmax / f.shape[1] * dot(f, 

self.m_kernels.transpose()) 

                        

            tmp = absolute(oldcoeffs[1, :]) 

            sz_old = dot(tmp, tmp) 

            tmp = absolute(coeffs[1, :]) 

            sz_new = dot(tmp, tmp) 

            rel_err = absolute(sz_old - sz_new) / sz_new 

            print "  Iteration " + str(count[0]) + " relative error:", rel_err 

             

            if (rel_err > threshold): 

                if count[0] < self.maxiter: 

                    return(self.gen_laplace_trans_vals(func, threshold, 

count=[count[0] + 1], oldcoeffs=coeffs)) 

                else: 

                    raise Exception(), "Failed to converge: too many 

iterations" 

            oldcoeffs = coeffs 

            return(coeffs) 

         

    def decomp(self, func, threshold): 

        v_Q = self.gen_laplace_trans_vals(func, threshold) / (self.T * (1 - 

self.v_z)) 

        v_q = fft.fft(v_Q) / self.r ** self.v_index / self.num_terms 

        return real(v_q) 

   

    def gen_lag_matrix(self, t): 

        return gen_lag_matrix(self.num_terms, t, self.T)  

     

    def gen_kernel_matrix(self, v_t): 

        m_tmp = dot(reshape(self.v_s, (self.v_s.size, 1)), reshape(v_t, (1, 

v_t.size))) 

        return exp(-1.0 * m_tmp) 

 

    def ml_expand(self): 

        #initalize the first row 

        m_new = self.gen_kernel_matrix(self.v_tnext) 

         

        #append new time and Laguerre data 

        if self.m_kernels == None: 

            self.m_kernels = m_new 

            self.v_times = self.v_tnext 

        else: 

            self.m_kernels = hstack((self.m_kernels, m_new)) 

            self.v_times = hstack((self.v_times, self.v_tnext)) 

 

        #now, generate the next time interval -- looks like duplication 

        self.v_tnext = linspace(self.delta / 2.0, self.tmax - self.delta / 2.0, 

1.0 * self.tmax / self.delta) 

        self.delta *= 0.5 

naplbody.py 
from numpy import zeros, ones, dot, linspace, array 

import scipy.interpolate as si 

import math 

 

NRTHRESH = 1.0e-5 

 

class NAPLBody: 

    def __init__(self, type, max_time, *l_params): 
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        if (type == "pfrac"): 

            self.v = l_params[1] 

            self.b = l_params[2] 

            self.B = l_params[3] 

            self.theta = l_params[4] 

            self.tau = l_params[5] 

             

            self.d_comp = {} 

            self.la_coeffs = [] 

 

            self.M1_last = 0.5  

            self.moles_inert = 0.0                

             

            #initialize dictionary d_comp, find comp with smallest K                 

            count = 0 

            basis_K = None 

            for comp in l_params[0]: 

                self.d_comp[comp] = Component(type, l_params[0][comp], count, 

self) 

                curr_K = self.d_comp[comp].K 

                if (curr_K == 0.0): 

                    self.moles_inert += self.d_comp[comp].m_0 

                    del self.d_comp[comp] 

                else: 

                    if (curr_K > basis_K): 

                        basis_K = curr_K 

                        basis_idx = count 

                        basis_key = comp 

                    count += 1 

             

            #swap indexes so it is smallest K compound has index zero 

            for comp in self.d_comp: 

                if (self.d_comp[comp].index == 0): 

                    self.d_comp[comp].index = basis_idx 

            self.d_comp[basis_key].index = 0 

             

            self.a_A = zeros(count, float) 

            self.a_K = zeros(count, float) 

            self.a_m_0 = zeros(count, float) 

            self.a_S = zeros(count, float) 

            self.a_1 = ones(count, float) 

 

            for comp in self.d_comp: 

                idx = self.d_comp[comp].index 

                self.a_K[idx] = self.d_comp[comp].K 

                self.a_m_0[idx] = self.d_comp[comp].m_0 

                self.a_S[idx] = self.d_comp[comp].S 

             

            self.a_A = self.a_m_0 / self.a_K 

            self.K_1 = self.a_K[0] 

                 

            def BC(self, t): 

                #compute M1 

                K = dot(self.a_A, self.a_1) + t 

                if (t == 0.0): 

                    M1 = 1.0 

                else: 

                    M1 = self.newt_raph(K, self.M1_last, iter=[0]) 

                    self.M1_last = M1 

                a_m = self.a_m_0 * M1 ** (self.a_K / self.K_1) 

                #use Raoult's law to generate some concentration column vector 

                if (M1 <= 1.0e-30): 

                    self.M1_last = 1.0e-20 
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                total = dot(a_m, self.a_1) 

 

                if (total > 0.00): 

                    C = self.a_S * a_m / total 

                else: 

                    C = 0.0 * self.a_S 

                return (C) 

             

            # for each component, generate a new spline 

            times = linspace(0, max_time, 50000) 

            interp_vals = array(map(lambda t: BC(self, t), times)).transpose() 

            l_spline_BC = [] 

            for x in range(interp_vals.shape[0]): 

                l_spline_BC.append(si.interp1d(times, interp_vals[x, :])) 

             

            def spline_BC(self, v_t): 

                temp = array([f(v_t) for f in l_spline_BC]) 

                return temp 

             

            self.BC = lambda t: spline_BC(self, t) 

            return 

         

        else: 

            raise "unknown transport model signature (only pfrac allowed)" 

     

    def newt_raph(self, K, M1_old, iter=[0]): 

        if (iter[0] > 40): 

            print "failed to converge" 

            return M1_old 

        else: 

            a_B = M1_old ** (self.a_K / self.K_1) 

            numer = self.K_1 * dot(self.a_A, a_B) + self.moles_inert * 

math.log(M1_old) - self.K_1 * K 

            denom = dot(self.a_m_0, a_B) + self.moles_inert 

            M1_new = M1_old * (1 - numer / denom) 

            if (M1_new < 1.0e-20): 

                return 0.0 

            elif (M1_new > 1.0): 

                return 1.0 

            else: 

                if (abs(M1_new - M1_old) >= NRTHRESH): 

                    return self.newt_raph(K, M1_new, iter=[iter[0] + 1]) 

                else: 

                    return abs(M1_new) 

 

#name, solubility, D*, lamda, molar mass, moles 

class Component: 

    def __init__(self, type, l_comp_params, idx, c_naplbody): 

        self.S = l_comp_params[0] 

        self.D = l_comp_params[1] 

        self.lamda = l_comp_params[2] 

        self.mM = l_comp_params[3] 

        self.m_0 = l_comp_params[4] 

         

        if (type == "pfrac"): 

            #SHOULD BE NEGATIVE 

            self.K = (-1) * c_naplbody.v * 2 * c_naplbody.b * self.S / self.mM 

        else: 

            raise "unknown transport model signature (only pfrac allowed)" 

         

        self.index = idx 

        self.parent = c_naplbody 

        return 
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coeffclass.py 
class CoeffListing: 

     

    def __init__(self, model, T, da_coeffs, max_t=None): 

        self.model = model 

        self.T = T 

        self.max_t = max_t 

        self.da_coeffs = da_coeffs

 


