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Abstract 

 In the current thesis study it is intended to investigate the potential effect of the inert condensing 

agent (ICA) of n-hexane used in condensed mode operation on the solubility of ethylene in produced 

polyethylene (PE) and consequently the quality and rate of gas phase ethylene polymerization on 

supported catalyst under reactive conditions. This is the first time for such a study. Performing the set of 

designed polymerization reaction experiments using a lab-scale stirred-bed gas phase reactor, it is 

observed that the instantaneous rate of ethylene polymerization increases in the presence of n-hexane, 

thus supporting the initial speculation of the effect of n-hexane on the enhancement of the ethylene 

solubility in polymer known as “cosolubility” phenomenon. In order to have a better picture and 

understanding, the averaged instantaneous rate of polymerization in presence of n-hexane is normalized 

with the one without any n-hexane. Consequently, this helps to see that while the effect of n-hexane 

increases proportionally to its partial pressure in the gas phase composition, this effect is more 

pronounced at the initial steps during the course of polymerization. 

In the current thesis study for the first time, the Sanchez-Lacombe EOS as one of the most widely applied 

thermodynamic models in polymer industry is adapted and developed in order to study not only the 

solubility but also concentration of ethylene in polyethylene in the absence and presence of an inert 

condensing agent in order to quantify the speculated cosorption phenomenon under the reactive 

polymerization condition. By incorporating this thermodynamic model to describe the solubility of 

ethylene in polymer into a single particle model like Polymer Flow Model (PFM) to estimate the 

concentration and temperature gradient through a growing polymer particle, it is ultimately attempted to 

predict the effect of change in the process operating condition by addition of n-hexane as the ICA to the 

gas phase composition. 

Finally in the current thesis study, it is demonstrated how the thermal effect associated with the heat of 

sorption of ICAs can have a positive effect in terms of avoiding particle over-heating under certain 

circumstances like its temporary exposition to the defluidized regions inside a fluidized bed reactor (FBR) 

as a possible undesirable operating condition for this type of reactor set-ups.  
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1. Inroduction  

 The polymerization of ethylene on supported catalyst in gas phase fluidized bed reactors (FBRs) 

continues to be the predominant process for production of linear low density polyethylene (LLDPE) and 

also represents a considerable portion of the installed high density polyethylene (HDPE) plants 

worldwide. However, due to the highly exothermic nature of the polymerization, the rate of polymer 

production in these reactors can be severely limited by the rate at which the heat of the polymerization 

can be removed.  One means of increasing the capacity for heat removal, and thus obtaining higher 

production rates, is to use what is commonly referred to as condensed mode cooling.  In condensed mode 

operation, in addition to containing ethylene, nitrogen, hydrogen and eventually a comonomer, the gas 

phase feed stream of the FBR also contains an inert condensing agent (ICA) such as iso-pentane or n-

hexane. In this configuration, the feed stream is partially liquefied in an external heat exchanger by 

cooling it below the dew point of the heavier components and the liquefied portion of the feed stream is 

injected into the reactor in the form of small droplets.  The droplets of liquid then heat up and vaporize in 

the reactor.  In this manner the latent heat of vaporization is used to absorb a significant portion of the 

heat of reaction in the bottom part of the reactor, thereby making it possible to polymerize at higher rates 

than would be possible with a completely dry feed stream. 

While it is clear that evaporation of condensable components will ultimately help to control the 

temperature in the zones where these components are injected, the evaporation process will be relatively 

fast and it is unlikely that these components remain in the liquid state much more than few seconds.  In 

Chapter 3, it will be shown that the lifetime of a reasonably sized droplet would be on the order of a 

second in the reactor environment.  This means that the ICAs are present in the vapor phase for a much 

longer time than they are in the liquid phase.  Thus, it is interesting to ask whether or not their presence 

has any additional influence on the polymerization.  

In order to answer this question, one needs to think about how the reaction proceeds on the supported 

catalysts used in this type of reaction: the catalytic sites are deposited inside the pores of a highly porous 

solid, typically made of MgCl2 in the case of Ziegler-Natta catalysts or silica for metallocene or 

chromium-based catalysts.  The particles are injected into the reactor, where ethylene rapidly polymerizes 

in the pores.  The stress created by this initial polymerization causes the initial structure of the support to 

fragment and the particle is transformed into a polymer particle where the semi-crystalline polyethylene 

forms the continuous phase with the fragments of the support dispersed therein. The reaction continuous 

as monomer diffuses into the pores of the particle, sorbs in the polymer layer covering the active sites, 
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and then diffuses once more toward the active centers where it reacts. The continuous formation of 

polymer causes the particle to expand as the reaction proceeds.  As the polymer layer covering the active 

sites is essentially made of amorphous material, the rate of reaction will be determined by the 

concentration of monomer in the amorphous phase of the semi-crystalline PE. 

This profound importance of the sorption process during the gas phase polymerization has motivated 

many experimental studies in order to measure the solubility of the different species present in the gas 

phase composition by implementing different experimental methods in the course of last few decades. 

However, most of these measurements were conducted for the sorption of a single solute like ethylene in 

a polymer like polyethylene as a binary system, while as mentioned earlier, the feed stream of 

polyethylene FBR is a mixture of different components having different functionalities during the 

process. This implies that, for instance, the solubility of reactant ethylene in produced polyethylene in the 

reactor condition might actually differ from the values obtained from the binary sorption measurements of 

single ethylene solute in polyethylene. In fact, the presence of a heavier component in the gas phase 

composition is believed to enhance the solubility of lighter component of ethylene monomer in the 

polymer phase, which is referred to as “cosolubility” effect. A non-negligible cosolubility effect would in 

turn result in higher rate of polymerization thanks to the higher availability of ethylene at the active sites 

even if the cosolvent did not directly impact the behavior of the active sites. Thus the physical 

cosolubility phenomenon is obviously different from the well-known comonomer effect.  

In Chapter 4, the effect of n-hexane as one of the most commonly used inert condensing agents (ICA) on 

the solubility and more importantly concentration of ethylene in amorphous phase of polyethylene is 

explored using the equilibrium solubility data for the binary systems of ethylene-PE and n-hexane-PE, 

and the ternary system of ethylene-n-hexane-PE which are measured by implementing pressure-decay 

technique. The Sanchez-Lacombe EOS is one of the most widely applied and popular thermodynamic 

models in simulation of polymerization processes due to its excellent predictive capabilities and also 

relative mathematical simplicity compared to the other classes of thermodynamic models for the systems 

including a polymer component. As a result, in Chapter 4, for the first time to the best of our knowledge, 

the application of Sanchez-Lacombe EOS is extended from the binary system of ethylene-PE to the 

ternary system of ethylene-n-hexane-PE, in order to describe the change in concentration of ethylene in 

the amorphous phase of polyethylene in the absence and presence of n-hexane in the gas phase 

composition, respectively. Consequently, the predictive performance of Sanchez-Lacombe EOS in 

describing the solubility of ethylene and n-hexane in the ternary system of ethylene-n-hexane-PE is 

evaluated against the solubility set of data obtained experimentally. Finally, a method is proposed to have 
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the best fitting of Sanchez-Lacombe EOS prediction for the ethylene and n-hexane solubility to the 

experimental data simultaneously which would eventually lead to a more accurate estimation of ethylene 

concentration in the amorphous phase of PE. 

 

Regarding the related literature survey on sorption studies of mixture of solutes in polymer and 

cosolubility phenomenon, it can be deduced that the all of the academics studies available in open 

literature in this field aimed at quantifying the cosolubility effect during the sorption process of solutes in 

the polymer powder under non-reactive condition and in the equilibrium state. As a result, Chapter 5 

investigates the potential effect of the inert condensing agent of n-hexane used in condensed mode 

operation on the solubility of ethylene in produced polyethylene and consequently the quality and rate of 

gas phase ethylene polymerization on supported catalyst under reactive conditions, for the first time in 

this field. Performing the set of designed polymerization reaction experiments using a lab-scale stirred-

bed gas phase reactor, it is observed that the instantaneous rate of ethylene polymerization increases in the 

presence of n-hexane, thus supporting the initial speculation of the effect of n-hexane on the enhancement 

of the ethylene solubility in polymer. 

While the experimental studies in the lab-scale reactors provide extremely valuable insight and 

understanding about the expected kinetic and thermal behavior of the studied catalytic system in the 

commercial scale fluidized bed reactors, however, the reliable experimental studies of gas phase ethylene 

polymerization process with different gas phase compositions which induce different operating conditions 

are found to be very time consuming. As a result, being capable to predict how the quality and rate of gas 

phase ethylene polymerization would evolve upon imposing a change in the process operating condition, 

here by addition of an ICA to the gas phase composition, appears to be of profound importance and 

interest from practical point of view during the operation of a FBR. 

In order to achieve this level of predictive capability, at the first step, one needs to be able to describe the 

solubility behavior of ethylene in PE in the presence of the additional solute component of ICA by 

implementing the related experimental solubility data under equilibrium condition into the 

thermodynamic model like Sanchez-Lacombe EOS which is found to be capable to properly capture the 

speculated cosolubility phenomenon in the Chapter 4. By incorporating this thermodynamic model to 

describe the solubility of ethylene in polymer into a single particle model like Polymer Flow Model 

(PFM) to estimate the concentration and temperature gradient through a growing polymer particle, it is 

ultimately possible to theoretically predict the effect of change in the process operating condition by 

addition of an ICA to the gas phase composition.  
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It is found that at the later steps of polymerization, in which the growing polymer particle has reached its 

thermal stability and the solubility of solutes in the polymer phase are closer to the equilibrium condition, 

the prediction of the approach developed in the current study matches with the experimental rates of 

polymerization in an excellent manner of almost perfect fit. This remarkably good predictive capability 

originates from the reasonable estimation of the local concentration of reactant ethylene and local 

temperature inside the particle by the PFM model. In the case of local concentration, in combination with 

the adapted simplified diffusivity model, it demonstrates the outstanding predictive capability of the 

Sanchez-Lacombe model which has been developed and fitted to the experimentally obtained set of 

solubility data in the ternary system of ethylene-n-hexane-PE in order to describe the effect of n-hexane 

on the concentration of ethylene in the amorphous phase of polyethylene. However, the general modeling 

approach at its current development state appears to underestimate the rate of gas phase ethylene 

polymerization in the presence of n-hexane at initial steps during the course of polymerization. This 

discrepancy between the model prediction and experimentally obtained rates of polymerization on the 

effect of n-hexane is an indicator of some phenomena that are not captured appropriately in the developed 

model. These phenomena may include (but are not limited to) the evolution of morphology and porosity 

of catalyst/polymer particle during the polymerization reaction, and the quality and exact mechanism of 

processes of reactant sorption and diffusion in the absence and presence of ICA during the initial 

moments of polymerization in which the catalyst/polymer particle rapidly evolves in terms of its size, 

structure, and thermal behavior. 

Finally in Chapter 6, it is intended to demonstrate how the thermal effect associated with the heat of 

sorption of ICAs can have a positive effect in terms of avoiding particle over-heating under certain 

circumstances like its temporary exposition to the defluidized regions inside a FBR as a possible 

undesirable operating condition for this type of reactor set-ups. Simulated thermal behavior of the particle 

during transition period of its temporary exposition to the defluidized region demonstrated that the rate of 

increase in the particle temperature is lower in the presence of n-hexane; as the particle starts to heat up 

due to the accumulation of polymerization energy, part of this energy is consumed in order to partially 

desorb the condensable n-hexane solubilized in the particle leading to lower rate of particle temperature 

rise. As a result, it is concluded that the probability of the particle temperature to reach its fusion 

temperature and consequently the probability of the resultant polymer agglomerate formation due to the 

local defluidization inside the FBR becomes lower in the presence of condensable n-hexane. 
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2. Literature review 

2.1. Introduction to polyolefins 

2.1.1. General aspects 

Polyolefins include different types of polymers, however, in terms of production volume the most 

important are polyethylene (PE) and polypropylene (PP), and the variants of these two classes of 

polymers by addition of comonomers like 1-butene or 1-hexene. Polyethylene, the focus of the current 

thesis, is generally classified in three different families: high density polyethylene (HDPE), linear low 

density polyethylene (LLDPE), and low density polyethylene (LDPE). Figure 2.1 demonstrates the global 

consumption of polyolefins in 2009 and the share of each type of polyolefins in the global consumption 

worldwide. 

 

Figure 2.1. Global polyolefin consumption in 2009.[1] 

Despite the enormous market for polyolefins, the global consumption of this class of polymers is 

expected to grow over the next decade as presented in Figure 2.2. 

 

Figure 2.2. Polyolefins consumption growth (1995-2025).[1] 
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Polyolefins continue to hold a major portion of the market share of the commodity plastics worldwide. 

For instance, the market demand for LLDPE alone is expected to grow by 6.2 percent per year over the 

period to 2015.[1] This is in fact mainly due to their low production costs and tremendous range of 

achievable properties which can find a variety of applications in different sectors. Innovative materials 

with desirable properties for specific applications can be synthesized through state of the art tailoring of 

the microstructure of the polymer chains. New, more flexible processes are continuously being developed 

in order to produce polymers with specific properties to meet the requirements of different end-use 

products. In addition, due to the ever increasing demand for PE, there is a real economic driving force to 

increase the productivity and space-time yield in existing processes in order to expand production. Given 

the high exothermicity of ethylene polymerization reactions, heat removal is one of the main upper 

limitations on permissible production rates, so the use of techniques such condensed mode cooling is 

becoming more and more important. 

2.1.2. Processes for production of polyolefins 

Polyolefins are produced with different well-established processes in industry. Free radical 

polymerization (FRP) at high pressures is only used to produce LDPE as propylene decomposes before it 

can react under the necessary conditions. In the FRP process, the polymerization reaction is carried out in 

the pressure range of 1200-3500 bars and temperature range of 150-350 °C.[2] The high pressure free 

radical polymerization of ethylene is out of the scope of the current study and will not be discussed 

further here.  

In addition, olefins can be polymerized catalytically at lower temperature and pressures using transition 

metals. In this case, the catalytic polymerization of olefins is carried out in three main types of processes 

depending on the phase of the continuous medium in which the reaction takes place: solution, slurry, and 

gas phase.[3,102] 

In the solution process, the polymerization reaction is carried out at temperatures on the order of 170-250 

°C. This is in order to keep the polymer produced in solution, and, along with pressures on the order of 

40-60 bars, to maintain high specific reaction rates. 

In a slurry process, the solid catalyst and growing polymer particles are dispersed in a continuous phase 

composed of a hydrocarbon diluent such as iso-butane or heavier alkanes.  In the case of PP production 

the continuous phase can also be liquid propylene monomer. 

Finally, in the gas phase polymerization process, the catalyst and polymer particles are dispersed and in 

continuous motion inside the reactor by an agitator or a fluidizing gas flow depending on the reactor 
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configuration.[3]  In the case of PE, only fluidized bed reactors are used commercially, because of heat 

transfer limitations imposed by stirred bed reactors. 

All of these three types of processes for catalytic polymerization of olefins offer a range of advantages 

and limitations. The most appropriate reactor configuration to be used in or as a part of the process to 

produce the final polymeric product will be determined by many factors including (but are not limited to) 

economic constraints, process limitations (e.g. heat transfer), the production capacity of process, 

equipment and operating costs of process, the desired level of flexibility of process in producing different 

grades of polymer depending on the changes in the market demand, and finally the target properties of 

final polymeric material designed for the specific end-use product. 

The focus of the current study is the gas phase polymerization of ethylene on supported catalyst inside a 

fluidized bed reactor (FBR).  After a brief introduction to the types of catalyst used in these reactors, we 

will discuss them in greater detail. 

2.1.3. Catalysts for polymerization of olefins 

There are three major types of catalytic systems which are used for the polymerization of olefins: Ziegler-

Natta, metal oxides (commonly called Phillips catalysts), and metallocene catalysts. 

Ziegler-Natta catalysts generally consist of a transition metal salt of groups IV-VIII and a metal alkyl of 

group I-III which acts as the co-catalyst. The most commonly used transition metals are titanium and 

vanadium.[4] Upon exposition of the transition metal to the co-catalyst, the polymerization active sites are 

created in a two-step process involving alkylation and reduction of the transition metal centers. Ziegler-

Natta catalysts have evolved significantly since their first commercial use over sixty years ago: the first 

generation of Ziegler catalysts had a very low productivity of about 2 kg polymer/gr catalyst, today for its 

fifth generation, the productivity as high as 100 kg polymer/gr catalyst is achieved thanks to continuous 

improvements in catalyst chemistry and control of the evolution of particle morphology during the 

reaction.[4]  

Phillips catalysts are composed of chromium oxide (CrOx) or vanadium oxide (VOx) which is generally 

impregnated on a silica support.[5] The Phillips catalysts are activated in-situ by ethylene during the 

polymerization, and unlike Ziegler-Natta catalysts there is no need for a co-catalyst. However, this in-situ 

activation step causes a certain induction time during the polymerization. While the exact mechanism by 

which the active polymerization sites are being generated still remains unknown, it appears that the metal 

that forms the active sites for polymerization can exist in different oxidation states. 
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Metallocene catalysts are basically organometallic compounds which have one or two cyclopentadienyl 

rings or substituted cyclopentadienyl rings bound to a central transition metal atom.[6,7] For most of 

metallocene catalysts, an activator like methylaluminoxane (MAO) is required, although with the recent 

progress now it is also possible to use metallocene catalysts without MAO.[6,7] 

Both Ziegler-Natta and metallocene catalysts are used industrially in either supported (heterogeneous) or 

non-supported (homogenous as soluble in reaction medium) form, while the Phillips catalyst only exists 

in the supported form. The two most commonly used materials for catalyst supports are magnesium 

dichloride (MgCl2) and silica (SiO2).  

The presence of more than one type of active sites in heterogeneous Ziegler-Natta and Phillips catalysts 

results in a wide molecular weight distribution (MWD) and chemical composition distribution (CCD) of 

produced polymer with a polydispersity index between 4-10 for Ziegler-Natta catalyst and 15-30 for 

Phillips catalysts. On contrary, homogeneous Ziegler-Natta catalysts generally based on vanadium can 

make polymer with uniform microstructure. Finally, the metallocene catalyst in both homogeneous and 

heterogeneous form can produce polymers with properties that are considerably more uniform in 

comparison with those made with Phillips or heterogeneous Ziegler-Natta catalysts.  

In the current thesis study, the conventional Ziegler-Natta catalyst of TiCl4 supported on MgCl2 with 

triethylaluminium (TEA) as co-catalyst will be used as the catalytic system in the related experimental 

investigations during the gas phase ethylene polymerization. 

2.2. Gas phase ethylene polymerization on supported catalyst in fluidized bed reactors 

2.2.1. Process overview  

The polymerization of ethylene on supported catalysts in gas phase fluidized bed reactors (FBRs) 

continues to be the predominant process for production of linear low density polyethylene (LLDPE), and 

also represents a considerable portion of the installed high density polyethylene (HDPE) capacity 

worldwide. Figure 2.3 shows a schema of a typical continuous FBR for polymerization of ethylene on 

supported catalyst, and of the different levels of complexity that need to be considered. One injects a feed 

gas below the distributor plate which is specially designed to appropriately distribute the gas in the reactor 

zone. The gas rises through the bed, which is typically 10-15 m in height, in a more or less plug-flow-like 

manner. As it rises, it fluidizes and mixes the solid particles in the bed. The particle, or powder phase is a 

mixture of freshly injected catalysts or prepolymers plus the growing polymer particles. It circulates in the 

bed with a CSTR-like residence time distribution. The top of the reactor is wider than the main reaction 
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zone. This is to cause the velocity to drop and is intended to help prevent any fine particles from leaving 

the reactor.  

 

Figure 2.3. FBR and definition of different length scales corresponding to the different phenomena in the reactor. 

The full modelling of this process is very complex as many different phenomena are occurring at different 

length scales: (a) it is at the reactor scale (macro-scale) that one needs to be able to describe the reactor 

hydrodynamics in order to comprehend the phenomena related to the quality of mixing and the bed 

stability; (b) at the intermediate scale (meso-scale) we find phenomena related to the particle interactions 

and intra-particle transport phenomena; (c) finally, it is at the micro-scale that one needs to be able to 

accurately describe the phenomena related to the sorption of monomer(s) and other species from gas 

phase into polymer phase, their diffusion through the generated polymer phase to reach the active sites, 

and ultimately the chemistry and kinetics of polymerization at the active sites which have been created 

and immobilized on the surface of the catalyst support material. Obviously heat transfer in the case of this 

highly exothermic reaction occurs in the opposite direction. 

The focus of the current thesis is on the elucidation of the effect of changes in certain process conditions 

in a fluidized bed reactor that are associated with condensed mode cooling.  In other words, we will 

concentrate on the effect of changing the gas phase composition on the quality and rate of ethylene 

polymerization on supported catalysts. Consequently, we will be looking at how the polymerization 

proceeds in the particles, and thus at the phenomena related to the micro-scale at the particle and sub-

particle level as illustrated in Figure 2.3. 
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2.2.2. Single particle growth during gas phase ethylene polymerization on supported catalysts 

As has already been mentioned, the polymerization of ethylene in the process of interest takes place at the 

“active sites” which have been chemically created and immobilized on interior pore surfaces of an 

inorganic support. Upon introduction of the active catalyst particle into the reactor, ethylene molecules 

start to diffuse from the continuous, or bulk phase of the reactor, through the pores of the particle until 

they reach the active sites where the polymerization reaction takes place. As the polymerization proceeds, 

polymer starts to accumulate in the pores of the catalyst particle, leading to the build-up of stress locally. 

When this stress exceeds certain level, the initial catalyst particle undergoes a process referred as 

“fragmentation”. During the fragmentation process, the initial porous structure of the catalyst 

disintegrates into smaller fragments. However, the particle keeps its integrity thanks to the entangled 

network of produced polymers. The schematic 3D-cut presentation of the initial catalyst particle evolution 

during the course of the polymerization reaction with the characteristic diameter at each step is provided 

in Figure 2.4.   

 

Figure 2.4. Schematic representation of a single particle evolution 
during the course of ethylene polymerization on the supported catalyst. 

By completion of the fragmentation step, the active sites located on the fragments of initial catalyst 

support are completely surrounded by semi-crystalline polymer. As a result, the monomer species must 

diffuse through the macropores of the particle then be sorbed from the gas phase into the polymer phase. 

Once the monomer species are sorbed, they must diffuse through the polymer phase to reach the surface 
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of the catalyst fragment where the polymerization takes place. Since the polymerization reaction is 

exothermic, the heat produced at the active sites needed to be transferred the other way; through the 

polymer layer and structure of particles to the particle surface; and from the surface, through the boundary 

layer to the bulk phase, as presented in Figure 2.5. 

 

Figure 2.5. Conceptual representation of ethylene monomer sorption and diffusion in produced polymer and  
evacuation of released polymerization heat by convection mechanism from 

 a single polymer particle during gas phase ethylene polymerization on supported catalyst. 

This will result in the concentration and temperature gradient through the growing particle as depicted 

schematically in Figure 2.6. 

 

Figure 2.6. The schematic representation of (a) concentration and temperature gradient at the particle level and  
(b) catalyst fragment encapsulated by the produced amorphous and crystalline polymer at the sub-particle level. 
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2.2.3. Single particle modeling for the polymerization of olefins on supported catalysts 

In the last three decades, an enormous amount of effort has been directed towards modeling and 

understanding the physical and chemical phenomena which take place simultaneously during the process 

of olefin polymerization on the supported catalytic systems at the single particle level.[3] It is out of scope 

of main subject of current thesis study to explore the different single particle modeling approaches 

developed and designed to capture and describe specific physical and/or chemical phenomena during the 

course of heterogeneous olefin polymerization. However, a brief overview on the different classes of 

single particle models is presented hereunder.  In particular we will discuss the capabilities and limitations 

of the Polymer Flow Model, the single particle model which has been adapted for the purposes of the 

current thesis. 

In short, the single particle models proposed and developed during the course of last three decades can be 

classified into two major categories: particle morphology models and particle performance models. The 

main goal of morphology models[8-16] is to be able to describe the evolution of particle morphology during 

the course of polymerization beginning with the fragmentation step, and to be able to predict the 

morphology of final polymer particle under specific process condition utilizing specific type of catalytic 

system.  Performance models[17-23] are primarily aimed at simulating a specific process which takes place 

in a single polymer particle with a well-defined morphology. This process can be monomer diffusion in a 

growing particle during the polymerization, monomer degassing from the polymer particle after 

polymerization, or simply the sorption of monomer from gas phase into the polymer particle under the 

non-reactive condition.  Model outputs can be polymerization rates, molecular weight distributions, etc. 

The Polymer Flow Model (PFM) and Multi Grain Model (MGM) can be considered as the most 

commonly considered particle performance models. In the PFM model,[18] the single growing polymer 

particle is treated as a pseudo-homogeneous continuum through which the polymerization active sites are 

dispersed homogeneously. By assuming diffusion-controlled polymerization reaction within the particle, 

the model is able to predict the concentration gradient of reactant monomer and temperature gradient 

inside the growing particle at each moment during the course of polymerization. The MGM model[17] 

takes into account the heterogeneous nature of growing particle by assuming two levels of heat and mass 

transfer. The growing catalyst/polymer particle called macro-particle is assumed to be formed by 

agglomeration of micro-particles. Each micro-particle consists of a fragment of the original catalyst 

particle with all active sites on its external surface, surrounded by dead and living polymer chains. 

Monomer diffuses through the pores of the macro particles, adsorbs on the layer of polymer surrounding 
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the catalyst fragment in the micro-particles and diffuses through this layer to the active sites on the 

surface of the fragments, where polymerization eventually takes place. PFM and MGM models are 

schematically presented in Figure 2.7.  

 

Figure 2.7. Schematic representation of PFM and MGM models. 

PFM model is adapted in the current study in order to investigate the effect of local monomer 

concentration and temperature at the active sites dispersed inside the growing particle on the quality and 

rate of gas phase ethylene polymerization upon imposing a change in the process operating condition by 

varying the gas phase composition. This is due to the major capabilities of PFM model as explained 

before and considering its relative simplicity compared to the other single particle models available in the 

particle performance category. As a result, regarding the context of current thesis study, the use of a more 

complex single particle model is not justified. The polymer flow model (PFM) and the assumptions made 

explicitly or implicitly during its development and application will be provided in details in the 

corresponding section. 

2.3. Condensed mode operation of gas phase ethylene polymerization on supported 
catalyst in FBRs 

2.3.1. Introduction to condensed mode operation 

The process of gas phase ethylene polymerization on supported catalyst inside FBRs offers a range of 

advantages including lower operational cost and more flexibility in terms of producing different polymer 

grades compared to the other conventional processes. However, because of the exothermic nature of the 

polymerization reaction, the rate of the polymer production in these reactor set-ups is limited by the rate 
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at which the heat of the polymerization can be removed. Increasing the polymer production rate, without 

the capability to remove the associated heat release would result in a dramatic increase in the reactor 

temperature and consequently the polymer fusion, agglomeration, and finally the reactor shut down.[24] 

It is possible to increase the rate of heat removal from particles with the convection mechanism by 

increasing the gas superficial velocity. However, there is a limit for the increase of gas flow rate because 

of higher possibility of the entrainment of catalyst and polymer particles out of bed at higher gas flow 

rates.[25]  

One can also increase the heat capacity of the gas phase by changing its composition, which would lead to 

higher capacity of gas phase in order to evacuate the polymerization heat from the growing particles 

inside the bed. Certain commercial processes like Spherilene[102] use propane instead of N2 to achieve this. 

Obviously economic factors limit the degree to which we can do this in a real FBR. 

One can also use what is referred to as condensed mode operation.[25-32] In the condensed mode operation 

of ethylene polymerization in FBRs, the gas phase feed stream of the reactor contains not only ethylene, 

nitrogen, hydrogen and eventually a comonomer but also an inert condensing agent (ICA) such as iso-

pentane or n-hexane. In this configuration, as demonstrated schematically in Figure 2.8, the feed stream is 

partially liquefied in an external heat exchanger by cooling it below the dew point of the heavier 

components (inert and comonomers in the reactor). The vaporization of the liquid phase inside the reactor 

allows one to increase the amount of heat which can be removed from the reaction environment thanks to 

the associated latent heat of vaporization, providing the possibility to achieve higher space yield for the 

same reactor set-up and consequently higher production rate than is possible in “dry mode”. While it is 

clear that evaporation of condensable components will ultimately help to control the temperature in the 

zones where these components exist in liquid form, once they are vaporized these heavy components are 

still present in the gas phase of the reactor, and can continue to exert other influences in the reaction zone 

of the FBR.  

 

In order to be able to produce the condensate in the heat exchanger by cooling, the dew point of the 

recycle gas must be increased. There are different ways proposed in patents; like increasing the pressure 

or decreasing the percentage of non-condensable components in the stream, but the most importantly and 

widely used is to increase the percentage of condensable components in the recycle gas stream. The 

preferred inert condensable components are saturated C5 and C6.
[25-32] 
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Figure 2.8. Process overview of gas phase ethylene polymerization on supported catalyst inside FBR.  

2.3.2. Different configurations of condensed mode operation 

There are different methods for introducing the generated liquid phase to the FBR which has been 

described in a range of patents.[25-32] Despite all the differences in the proposed and practiced 

configurations in the related condensed mode patents for gas phase ethylene polymerization in FBR, all of 

these condensed mode configurations are designed and developed in a manner to meet the following 

requirements for the operation of the process: (a) the liquid phase should be vaporized quickly in the 

fluidized bed, (b) the liquid accumulation should be prevented because of the possibility of production of 

polymer agglomerates, (c) liquid should be introduced to the bed in a manner to have the minimum effect 

in the fluidization behavior and stable operation of the bed, and (d) the properties of the polymer product 

must be consistent during the condensed mode operation. In the following section, we will briefly take a 

closer look on the some of the important condensed mode patents which we believe to be the most 

commonly practiced ones in the industry. 

In the Union Carbide Patents,[25,31,32] the two phase stream obtained from cooling the recycle gas in the 

heat exchanger is directly fed to the bottom of the reactor as illustrated in Figure 2.9. In this design, a 

flow deflector is associated with entry conduit to provide upward and outward fluid flow path. This 

assures that the liquid and gas phases are well-mixed and the continuous suspension of entrained liquid in 

the gas stream. It is recommended in these patents that the weight fraction of condensed liquid not to 

exceed 20% wt of the recycle stream. 
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Figure 2.9. Reactor configuration for the condensed mode operation of gas phase ethylene polymerization in FBR  
in Union Carbide patents, adapted from Reference.[31] 

Exxon patents[29,30] applied on the preceding reactor configuration, attempt to determine the stable 

operating conditions of the fluidized bed reactor. For instance, it is recommended that the mole fraction of 

iso-pentane as the inert condensing agent (ICA) in the recycle gas stream should not exceed 15% 

otherwise it will lead to instability in the fluidization or even defluidization of the bed. These patents 

provide information about operational aspects of the condensed mode operation of polyethylene reactors, 

from gas phase composition to superficial gas velocity which will be used in upcoming theoretical 

discussions in the next chapter. 

A BP Patent[28] provides another possible configuration for the condensed mode where the liquid phase is 

separated from the gas phase after the heat exchanger and is injected into the bed as schematically 

depicted in Figure 2.10. The injection device can be an atomizer nozzle or liquid only nozzle. The 

atomizer nozzle is capable of producing smaller droplets. The injection means can be arranged to protrude 

substantially into the bed either vertically or horizontally. In order to have the fast vaporization, it is 

important to achieve good dispersion and penetration of liquid in the bed in this configuration.  
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Figure 2.10. Pilot reactor configuration for the condensed mode operation of gas phase ethylene polymerization in FBR  
in BP patent, adapted from Reference.[28] 

There are also other patents available in this field which mainly differ in the technique of separation and 

introduction of the liquid phase to the bed. The patent of Basell[27] introduces an innovative method of 

using the space below the distributor plate to serve as a “liquid-cyclone”. The liquid separated is then 

transported with an external pipe to the top of the reactor thanks to higher pressure at the bottom of the 

reactor without any need to additional pump. In another patent by Union Carbide,[26] the liquid phase is 

separated and injected directly into the peripheral region around the fluidized bed or onto the walls of the 

expanded section of the reactor to form a liquid film flowing down the wall of the reactor. This method is 

claimed to have less effect on the fluidization behavior of the bed.  

After looking at some of the important industrial patents, the related systematic studies that are available 

in the academic literature about condensed mode operation of gas phase polyolefin reactors or injection of 

a condensate into a FBR in general will be reviewed in the following section. This will eventually help us 

to analyze the current understanding in the academic literature about the different phenomena associated 

with the condensed mode operation of gas phase polyethylene reactors.  

2.3.3. Theoretical studies in the literature about condensed mode operation 

Despite the industrial attractiveness and numerous patents available in the field of condensed mode 

operation of polyolefin reactors, very few scholarly articles have been found in the open literature which 

addresses this subject for PE processes. We have therefore turned to experiences with other processes to 

begin our analysis. 

The group of Briens[33] studied the possibility of agglomeration in the fluidized bed of Fluid Catalytic 

Cracking (FCC) catalyst particles due to the presence of large droplets of different liquids by coupling 
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modeling and experimental analysis. Their model simply claims that there will be the possibility of 

agglomeration if “the liquid droplet per mass of particles is larger than the amount of liquid which 

vaporizes because of instantaneous heat conduction from particle to liquid plus particle pore filling 

liquid”. Yang et al.[34] had a similar target of analyzing the bed stability and compared the relative order of 

magnitude of the force related to interfacial tension between particles because of presence of liquid and 

drag force imposed to these particles because of fluidization.  In order to have a stable fluidization, the 

drag force should be larger than sticky interfacial force to avoid the possibility of agglomeration. 

Mirzaei et al.[35] and Utikar et al.[36] independently provided a reactor scale model for polyolefin fluidized 

bed reactor taking into account an “immediate” vaporization of introduced liquid into the bed during the 

condensed mode operation. Both of the models can be considered as an extension to the original model of 

McAuley et al.[24] These models all consider the reactor bed to be constituted from a bubble and an 

emulsion phase. The only modification in References[35,36] was to introduce additional terms in energy 

balance of each phase because of condensate vaporization.  

The research group of McAuley studied the heat exchanger unit of the condensed mode process in a series 

of papers.[37-39] Their analysis provides some interesting recommendations from a process point of view. 

For example, it has been found that in order to optimize the rate of heat removal, the makeup ethylene 

should be added after the heat exchanger unit while the makeup hexene as a condensable agent should be 

added before the heat exchanger. 

Hutchinson et al.[40] performed a modeling analysis in order to investigate the effect of condensed mode 

operation on the prevention of particle heat-up. Using a quasi-steady state assumption in which the heat of 

polymerization is removed by convection and evaporation, their simulation indicates that the condensed 

mode cooling has little effect on small particles which are more prone to overheating. 

The presented overview of the related academic studies for the condensed mode operation of gas phase 

polyolefin FBRs, reveals that the most of these studies are intended to analyze the phenomena related to 

macro-scale of the process including: the effect of presence of condensate on the stable operation of the 

FBR, the influence of vaporization of condensate on controlling the overall temperature of the FBR 

having higher productivity, and finally, the optimization study of the heat exchanger unit of the process in 

which the partial condensation of reactor feed stream takes place. 

On the other hand, in the appropriate operation of condensed mode polyethylene FBRs, the introduced 

liquefied portion of the feed stream is expected to vaporize fast in order to have minimum effect on the 

stable fluidization of the reactor.[25,28] Consequently, the inert condensable components will be present in 
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the vapor phase for a much longer time than they are in the liquid phase, in the reaction zone of a FBR. 

Thus, in order to develop a sound understanding about the condensed mode operation, we need to ask 

whether or not the presence of inert condensing agents (ICA) such as iso-pentane or n-hexane in the gas 

phase composition has any additional influence on the quality of polymerization. In order to answer this 

question, one needs to think about how the reaction proceeds on the supported catalysts used in this type 

of reaction at the single particle level. As presented in the previous section, the active sites located on the 

fragments of initial catalyst support are surrounded by the produced semi-crystalline polymer. Since the 

polymer layer immediately covering the active sites is essentially made of amorphous material,[41] the rate 

of reaction will be primarily determined by the concentration of monomer in the amorphous phase of the 

semi-crystalline PE. The profound importance of sorption process during the gas phase polymerization 

has inspired many experimental and modeling studies in this field in the course of last few decades in 

order to measure and describe the solubility of different species present in the gas phase composition.  

 

In the next section, we present a review of the successive improvements in measurement and modeling of 

the process of sorption of a gaseous solute in a polymeric material by time, while exploring the current 

understanding about the potential effect of the presence of an additional solute like n-hexane as ICA on 

the solubility of ethylene in the produced semi-crystalline polyethylene.  

2.4. Sorption process: from experimental measurements to modeling analyses 

2.4.1. Experimental methods for sorption measurements 

There are different experimental techniques[42,103] that can be used to measure the solubility of a gaseous 

solute in a polymer: (a) gravimetric techniques in which the weight of polymer sample is directly 

measured during the sorption process. In gravimetric methods, the sorption of a single solute or of a 

mixture of solutes is carried out by exposing a pre-weighed polymer sample to the gas phase in a well-

controlled manner and continuously monitoring its weight until the sorption equilibrium is achieved; (b) 

pressure-decay techniques in which the amount of the solute species sorbed into polymer phase is 

obtained from continuous measurement of pressure decrease in a vessel with constant volume containing 

the polymer sample and the known amount of gaseous solute;  (c) flow measurement methods such as 

inverse gas chromatography, in which the gas solubility in a polymer is interpreted from the measurement 

of partitioning of the penetrant between the mobile gas phase and the stationary polymer one; and (d) 

oscillating techniques in which the increase in mass of polymer sample due to the sorption of solute 

species is interpreted from the resonance characteristics of a vibrating support. Each of these experimental 
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methods possesses a number of advantages and limitations. Further details about methods of solubility 

measurement are not presented here; however, an interesting review about these methods with the recent 

advances in this field in order to acquire more precise measurement of solubility of solutes by coupling 

two different techniques like the pressure-decay method with the oscillating one is provided in details in 

Reference.[103] 

In the following sections we will review experimental studies on sorption measurement for a binary 

system of a gaseous solute and a polymer in general; however focus will be essentially on ethylene and 

polyethylene in particular. 

2.4.2. Sorption studies of a single solute in polymer  

To the best of our knowledge, Rogers et al.[43] were the first to study (in 1959) the sorption of thirteen 

common organic vapors in three different polyethylene samples with different density and crystallinity at 

temperatures between 0-25 °C by means of a quartz helix microbalance. In this study, it was confirmed 

that the crystalline phase of the polyethylene is physically impenetrable to the solute molecules. In other 

studies by this group,[43,44] it was observed that, at low pressures, the solubility of a given solute in the 

polymer phase follows Henry’s law. However, as the pressure of the solute increases, a higher amount of 

solute is solubilized in the polymer phase resulting in considerable plasticization of polymer chains. At 

this point, the solubility of the solute starts to increase exponentially with respect to its pressure and 

deviates significantly from the prediction of Henry’s law. For systems of several penetrants and 

polyethylene in which the solubility does not obey Henry’s law, Rogers et al.[44] proposed a correlation 

for dependency of solubility of solute to its concentration to be � = ��exp	(��), where S0 is the solubility 

coefficient from intercept at c=0 and σ is a constant characterizing the concentration dependency of the 

solubility. 

Similarly, Michaels and Bixler[45] confirmed that there is no solubility in the crystalline phase of 

polyethylene, even for small molecules like Helium. They attempted to describe the temperature 

dependency of the solubility constant over the range of 10-50 °C with an Arrhenius type of correlation. 

They also provided a predictive correlation for estimation of solubility constant of different gases based 

on the Lennard-Jones potential energy as the available parameters of the gases at the time.  

Li and Long[46] studied the solubility of different gases of nitrogen, methane, and ethylene at the pressures 

up to 100 bars, well above their critical pressure, with a quartz spring balance. In their study ethylene 

solubility was reported to increase exponentially with increasing pressure, while solubility of nitrogen and 
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methane increased asymptotically toward a saturation value. They also suggested that the deviation from 

the Henry’s law becomes considerable at pressure higher than the critical pressure of the solute gas.  

Stern et al.[47] studied the sorption data reported by several research groups implementing different 

experimental techniques. By analyzing these data, they discovered two common trends in all of them: 

first, in the limit of Henry’s law the solubility of solute increases with its critical temperature and second, 

the pressure at which the deviation from Henry’s law becomes considerable decreases as the critical 

temperature of solute increases. Based on the analyzed data, they proposed the following correlation for 

the temperature dependency of solubility of gases in the limit of Henry’s law:  

����� = −5.64 + 1.14(!" !⁄ )$  ( 2.1 ) 

in which T and Tc are the solubility measurement temperature and critical temperature of the solute, 

respectively. The solubility of the solute in the limit of Henry’s law is represented by S0[=]moles 

sorbed/(gr amorphous polymer.atm).  

In addition, they also proposed a useful correlation for the estimation of the pressure of the solute at 

which the deviation of solubility of solute from the prediction of Henry’s law becomes appreciable 

(defined as 5% of deviation), Ps: 

log(() ("⁄ ) = 3.025 − 3.5(!" !⁄ )  ( 2.2 ) 

in which Pc is the critical pressure of solute. 

Kulkarni and Stern[48] studied the diffusivity and solubility of CO2, CH4, C2H4, and C3H8 in the 

polyethylene. At temperatures between 5-35 °C and pressures up to 40 bars, the solubility of all of the 

penetrants obeyed the Henry’s law. Castro et al.[49] studied the solubility of n-butane, n-pentane, n-

hexane, and n-heptane vapors in polyethylene with an electrobalance. The temperature range in their 

study was from -15 to 45 °C, at pressures up to of 0.95 relative to the vapour pressure of the hydrocarbon 

at that temperature. The results were analyzed attempting to establish a unique expression to predict the 

solubility of these hydrocarbon vapors in spite of the remarkable deviation of the experimental results 

from the Henry’s law. 

In another comprehensive analysis, Hutchinson et al.[50] investigated the accuracy of the correlation 

proposed by Stern et al.[47] by analysing the sorption data available in the literature reported from different 

research groups and found these data consistent with predictive correlation of Stern. 
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The effect of the copolymer composition on the solubility of ethylene, propylene, and 1-butene have been 

investigated by Yoon et al.[51] using quartz spring balance. The Henry’s constant was found to be almost 

independent of the copolymer composition for ethylene and propylene while that of 1-butene showed a 

slight dependency on copolymer composition. As the continuation of their first work, Yoon et al.[52] found 

a strong dependency of the solubility of 1-hexene and 1-octene on the composition of the random 

ethylene/α-olefin copolymers. Jin et al.[53] measured the solubility of 1-hexene in LLDPE with a quartz 

spring balance at 50, 60, and 70 °C and pressures up to 0.4 bars. Their sorption data was fitted well to the 

prediction of Flory-Huggins theory with a constant interaction parameter χ. The measured solubility 

values for 1-hexene by Jin et al.[53] were consistent with the values reported in the earlier work of Yoon et 

al.[52] 

Moore et al.[54] measured the solubility of ethylene at temperatures between 30-90 °C and the pressures up 

to 35 bars in polyethylene and confirmed that it obeys Henry’s law in the range of studied pressure and 

temperature. The Henry’s coefficient was found to decrease by increasing the temperature and polymer 

crystallinity. Regarding that the solubility coefficient was expressed in terms of mass of solute sorbed per 

mass of amorphous phase polyethylene, the decrease in the solubility by increasing the crystallinity was 

ascribed to the crystallites effect which limits the maximum of swelling and sorption for the amorphous 

phase. Kiparissides et al.[55] studied the sorption of ethylene in polyethylene samples at 80 °C and at 

elevated pressures up to 60 atm. Their measurement also showed a decrease in the solubility with 

increasing temperature, as expected.  

While the wide range of the available solubility data acquired from the different experimental techniques 

provides a reliable base for evaluating and consequently implementing these data in the analyses related 

to the intrinsic activity of a catalytic system and reactor productivity, one must bear in mind that these 

measurements were conducted for sorption of a single solute like ethylene in a polymer like polyethylene 

as a binary system.  However, as mentioned earlier, the feed stream of polyethylene fluidized bed reactor 

contains not only ethylene but also α-olefins like 1-butene or 1-hexene as comonomer, saturated alkanes 

like iso-pentane or n-hexane as inert condensing agent (ICA), hydrogen as an agent to control the 

molecular weight distribution of the produced polymer and finally nitrogen as an inert. This implies that, 

for instance, the solubility of ethylene in produced polyethylene in the reactor condition might actually 

differ from the values obtained from the binary sorption measurements of single ethylene solute in 

polyethylene, depending on the composition of the feed stream to the reactor. 

In fact, it is extremely important to dispose of solubility measurements for a gas phase composed of a 

mixture of different solute components. The solubility measurements of a gas phase as mixture of solutes 
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in polymer would provide a valuable insight and understanding on how the solubility of a single gaseous 

solute in polymer is expected to evolve by introducing a second solute component to the gas phase 

composition. In the next section, we will look at the related sorption studies of a gas phase as a mixture of 

solutes in polymer in this field. This will eventually lead us to the main subject of the current thesis study 

as exploring the potential effect of the presence of inert condensing agents like n-hexane in the gas phase 

composition on the solubility and as a result quality and rate of gas phase ethylene polymerization on 

supported catalyst during the condensed mode operation of FBR. 

2.4.3. Sorption studies of mixture of solutes in polymer 

According to the experimental sorption studies of mixture of solutes in polymer, the presence of a heavier 

component in the gas phase composition is believed to enhance the solubility of lighter component of 

ethylene monomer in the polymer phase.  This increase in the solubility of one species due to the presence 

of another is referred to as the “cosolubility” effect.[46,51,54,57-65] This could be quite important since if there 

is a cosolubility effect, for instance of n-hexane on ethylene, one could expect to see a higher rate of 

polymerization in condensed mode than in dry mode due to the higher availability of ethylene at the 

active sites. This physical “cosolubility” phenomenon is obviously different from the well-known 

comonomer effect in which the rate of ethylene polymerization is boosted due to the modifications in the 

chemical nature of catalyst active sites in presence of comonomer molecules.[56] 

To the best of our knowledge, the first experimental study which partially addressed the cosolubility 

phenomenon was reported in 1968 by Robeson and Smith.[57] In this study, the permeation of mixtures of 

ethane and butane through a polyethylene film was investigated using a permeation cell apparatus. The 

permeability of both ethane and butane in semi-crystalline PE in the temperature range of 20-80 °C and at 

the mixture vapour pressure equal to the atmospheric pressure was found to increase by increasing the 

butane concentration in the gas phase mixture. However, the solubility of ethane was found to rise only at 

a lower temperature range of 20-30 °C as a result of the plasticizing effect of butane. This could be 

attributed to the fact that at lower temperature the natural mobility of the polymer chains are much less 

and as a result the plasticizing effect of more soluble component (butane) produces more pronounced 

effect at lower temperatures. This is in addition to the fact that higher amount of butane is solubilized in 

polymer at lower temperatures.  

Li and Long[46] measured the total solubility of methane-ethylene, methane-nitrogen, and ethylene-

nitrogen mixtures in PE. In all of the experiments, the overall solubility of gas phase mixture measured 

was found to be higher than the solubility expected by individual sorption measurement of each single 
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component and considering their partial pressure in the gas phase mixture. They explained this 

phenomenon by the plasticizing effect of more soluble component which raises the solubility of less 

soluble component in PE and consequently raises the total gas phase solubility. 

Yoon et al.[51] reported a similar trend in the gas phase mixture of ethylene-propylene. They also found 

that keeping constant total pressure and increasing partial pressure of more soluble component 

(propylene), the cosolubility effect becomes more pronounced. On contrary, they found that keeping 

partial pressure of more soluble component constant and raising the partial pressure of less soluble 

component of ethylene did not affect the difference between the solubility of gas phase mixture and the 

one predicted from the sorption measurements of individual gases. They concluded that this observation 

indicates that the solubility of propylene in PE is not affected by the partial pressure of ethylene in the gas 

phase mixture. 

McKenna[58] experimentally measured the cosolubility phenomenon in the gas phase as a mixture of 

ethylene and 1-butene being solubilized in polyethylene. Based on the experimental results, it was 

concluded that the presence of 1-butene did not affect the solubility behavior of ethylene in PE, but this 

was attributed to the very low partial pressure of 1-butene used in this set of experiments. 

Moore and Wanke reported some preliminary cosorption studies using an electro microbalance apparatus 

as an attempt to explore the counter effects of ethylene and 1-hexene on the solubility of each other in 

polyethylene.[54] In these experiments, the admission of olefins to the measurement chamber was 

performed sequentially rather than simultaneously due to the technical limitations as highlighted by 

authors; first 1-hexene is introduced to the measurement chamber in which the polymer sample is placed. 

After reaching the equilibrium condition, this is followed by introduction of ethylene. It is observed that 

by admission of ethylene, first the sample weight decreased very rapidly, which was attributed to the 

partial desorption of the 1-hexene from the sample. Subsequently, the measured weight started to increase 

by resorption of 1-hexene. This increase in weight of sample continued even after 70 hours when the 

measurement was stopped without reaching the equilibrium condition. While this set of experiments shed 

some light on the effect of complex interactions between olefin molecules on their solubility behavior in 

polymer phase, it could not totally succeed to capture the cosolubility phenomenon due to inability to 

reach the equilibrium condition for the ternary system of study. 

In order to explore the cosolubility phenomenon, Novak et al.[59] similarly performed sorption 

measurements by the gravimetric technique of suspension magnetic balance with the gas phase as a 

mixture of ethylene and the heavier component of 1-hexene. In their study, it was reported that the 
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solubility of gas phase as the mixture of solute components was less than the summation of the individual 

independent measured solubility of ethylene and 1-hexene at the same condition. Using modeling 

analysis, this observation was explained by claiming that the decrease in the solubility of 1-hexene due to 

the presence of ethylene (anti-solvent effect of ethylene) is larger than the increase in ethylene solubility 

in presence of 1-hexene (cosorption effect of 1-hexene). 

Finally, Yao et al.[60] investigated the effect of presence of iso-pentane and n-hexane as two major inert 

condensing agents (ICA) in the gas phase composition on the solubility of ethylene in polyethylene 

powder by using a pressure decay method. An enhancement in ethylene solubility in polyethylene was 

observed in the presence of both ICAs of iso-pentane and n-hexane in their study. 

Regarding the related literature survey on sorption studies of mixture of solutes in polymer and 

cosolubility phenomenon, it can be deduced that most of the academic studies available in the open 

literature in this field aimed at quantifying the cosolubility effect during the sorption process of solutes in 

the polymer powder under non-reactive conditions and in the equilibrium state. However, in the current 

thesis we wish to investigate the potential effect of an inert condensing agent on the solubility of ethylene 

under reactive conditions. Thus we will be obliged to use this equilibrium data for certain modeling 

studies, however in order to be more realistic, details about a series of designed experiments with the 

associated results in order to capture the speculated cosolubility phenomenon under the reactive 

conditions will be provided in the related Chapter 5.  

The experimental studies in lab-scale reactors used to investigate the effect of changes in the process 

operating conditions, for instance here by varying the gas phase composition during ethylene 

polymerization on a supported catalyst, provide extremely valuable insight and understanding about the 

expected kinetic and thermal behavior of the studied catalytic system in the commercial scale fluidized 

bed reactors while experiencing similar imposed changes in the operating condition of the process.  

Nevertheless, reliable experimental studies of gas phase ethylene polymerization process with different 

gas phase compositions which induce different operating conditions are very time consuming. As a result, 

we would like to be capable of predicting how the quality and rate of gas phase ethylene polymerization 

would evolve upon imposing a change in the process operating condition using a process model. 

In order to achieve this level of predictive capability, one needs first to be able to describe the cosolubility 

behavior by using an appropriate thermodynamic model which is capable to properly capture the 

equilibrium phenomenon. Then, incorporating this thermodynamic model in a single particle model like 
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the PFM to estimate the concentration and temperature gradient through a growing polymer particle 

should allow us to predict the effect of change in the process operating condition by addition of an ICA to 

the gas phase composition.   

In the next section, we will have a brief overview of the major thermodynamic models that are applied in 

the polymer industry in general and in the polyolefin sector in particular. The thermodynamic model 

which is adapted in the current thesis study in order to quantify the solubility behavior of ethylene in 

polyethylene in presence of the studied inert condensing agent is highlighted while the details about the 

development and application of this thermodynamic model is provided in Appendix A and Chapter 4, 

respectively. 

2.4.4. Thermodynamic models to describe the sorption equilibrium 

In the solubility studies for sorption of a single solute in polymer, it was demonstrated that the solubility 

of heavy components, especially at higher pressures, deviates significantly from the prediction of Henry’s 

law. In addition, Henry’s law is incapable of describing the solubility of a gas phase as a mixture of 

components in polymer.  It is therefore necessary to use a more advanced thermodynamic model for a 

more precise description of the sorption process.  

Generally, the advanced thermodynamic models for treating the phase equilibria of the solution can be 

classified into two major categories: (a) activity coefficient relations; and (b) equations of state. For the 

systems of solvent-polymer, equations of state (EOS) are preferred over the activity coefficient models[66] 

because the EOS can capture and describe the dependency of phase volume on pressure, which is of 

profound importance in estimating the solubility of solute and swelling degree of the polymer phase due 

to the sorption. As a result, the activity coefficient models are not presented here, however an interesting 

review about this category of the thermodynamic models is provided in Reference.[66]  

In this section, an overview of the equations of state (EOS) applied in the polymer industry will be 

presented. There are two major classes of thermodynamic equations of state which have been subject to 

substantial improvements over the course of last three decades, and currently have found a wide range of 

application fields in the polymer industry due to their excellent predictive capabilities: (a) perturbation 

theory models with the PC-SAFT model as its most recent and widely applied version; and (b) lattice 

models with Sanchez-Lacombe EOS as its most widely applied version.[67] 
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2.4.4.1. Perturbation theory models and PC-SAFT EOS  

In the perturbation theory, the main assumption is that the residual part of the Helmholtz energy of a 

system, Ares, as its difference from an ideal gas can be expressed as the summation of different 

contributions, whereas the main contribution is covered by the Helmholtz energy of a chosen reference 

system, Aref. Contributions to the Helmholtz energy that are not covered by the reference system are 

considered as perturbation terms, Apert: 

* = *+, + *-.) = *+, + *-./ + *0.-1  ( 2.3 ) 

For the small molecules, an appropriate reference system is the hard sphere system. In a hard sphere 

system, the molecules are assumed to be spheres of a fixed diameter, which do not have any attractive 

interactions. The hard-sphere system covers the repulsive interactions among the molecules that are 

considered to mainly contribute to the thermodynamic properties. However, the thermodynamic 

properties of real molecules can deviate from the reference system due to attractive interactions 

(dispersion), formation of hydrogen bonds (association), or non-spherical shape of molecules. These 

contributions are generally accepted to be independent of each other and therefore are accounted for by 

different perturbation terms. Depending on the type of the considered perturbation term and the 

expression used to describe, different thermodynamic models have been developed based on the 

perturbation theory.[68-73] 

Statistical Associating Fluid Theory (SAFT) was one of the first models derived from the idea of the 

perturbation theory.[68-71] A widely applied model of this family of models is the Perturbed Chain SAFT 

(PC-SAFT) model which was particularly developed to improve the modeling of systems including 

polymeric components.[72,73] The different versions of SAFT family have been applied widely in the 

polymer industry in order to describe the phenomena related to the phase equilibria. In particular, in the 

polyolefin sector, it has been implemented to study the phase diagrams in polymer-solvent systems which 

play an important role during the stable operation of solution and slurry polymerization processes.[74-80] In 

addition to describe the solubility of single solutes in polymer, the PC-SAFT model has been specifically 

extended to study the sorption behavior of gas phase as a mixture of ethylene and 1-hexene in LLDPE.[59] 

The detailed description of the models based on the perturbation theory including the different developed 

versions of SAFT family can be found in References[81,82] and will not be elucidated further here. 
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2.4.4.2. Lattice models and Sanchez-Lacombe EOS 

In the lattice models, it is assumed that the molecules have one or more segments and the partition 

function of the system can be calculated by counting the number of possible configurations when these 

segments are arranged in hypothetical cells, which resemble the crystal lattice of a solid. The 

thermodynamic properties can then be obtained by using formalism of statistical mechanics. The lattice 

can be considered to be compressible or incompressible. The incompressible lattices are generally used to 

model liquids at low pressures while the compressible lattices result in the equations of state based on 

lattice model like the lattice fluid theory of Sanchez and Lacombe.[83-85] The Sanchez-Lacombe EOS is 

similar and can be considered as the continuation of Flory-Huggins theory. The most important 

improvement is that Sanchez-Lacombe theory introduces holes into the hypothetical lattice to account for 

the variation in compressibility and consequently density.[83-85]  

The Sanchez-Lacombe model has been applied in the polyolefin industry in order to describe the phase 

diagrams of polymer-solvent systems[86-93] and also the solubility of different single solutes in 

polymer.[42,94-100] More recently, Bashir et al.[101] extended the Sanchez-Lacombe EOS to describe the 

solubility of a gas phase as a mixture of two solute components in the polyolefins. According to their 

analysis, it was found that the Sanchez-Lacombe EOS is capable of predicting the cosolubility 

phenomenon for the different systems which have been analyzed.  

In the current thesis study, and for the first time, the Sanchez-Lacombe EOS is adapted and developed to 

study not only the solubility but also concentration of ethylene in polyethylene in the absence and 

presence of an inert condensing agent in order to quantify the speculated cosorption phenomenon under 

the reactive polymerization condition. This is regarding the wide range of application of this 

thermodynamic model in order to describe the solubility of different solutes of interest in polyolefins 

which is originated from its excellent predictive capability and also relative simplicity compared to the 

other class of equations of state (EOS), e.g. PC-SAFT. The further details about the development and 

application of this thermodynamic model are provided in Appendix A and Chapter 4, respectively. 

2.5. Conclusion 

In the current chapter, it was intended to provide an introduction to the polyolefins as the category of 

polymers with the largest market share among other commodity plastics worldwide. The different 

commonly used catalytic systems and established processes in industry for polymerization of olefins have 

been briefly reviewed, while the gas phase ethylene polymerization on supported catalyst has been 
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elucidated in more detail as the focus of current thesis study. The different phenomena occurring 

simultaneously at different length scales during the gas phase ethylene polymerization in FBRs have been 

highlighted. The quality of a single catalyst particle growth from the time of its exposure to the reaction 

environment until its withdrawal from the reactor as a fully grown polymer particle was explained in 

details. This was followed by an overview on the modeling approaches developed in this field like PFM 

and MGM models in order to capture the physical and/or chemical phenomena occurring at the single 

particle level as the main interest of current thesis study. 

The process of gas phase ethylene polymerization on supported catalysts in FBRs offers a range of 

advantages. However, because of the exothermic nature of the polymerization reaction, the rate of the 

polymer production in these reactor set-ups is limited by the rate at which the heat of the polymerization 

can be removed. On the other hand, due to the ever-increasing demand for polyethylenes, there is a real 

economic driving force to increase the productivity and space time yield in the existing processes in order 

to expand the production. The condensed mode operation and its most important configurations have been 

introduced in this chapter as a commonly practiced method in industry in order to achieve higher 

productivity of gas phase ethylene polymerization in existing FBR set-ups. In the condensed mode 

operation of FBRs, an inert condensing agent(s) such as iso-pentane or n-hexane is added to the gas phase 

composition. As a result, the feed stream could be partially liquefied in an external heat exchanger by 

cooling it below the dew point of the gas phase mixture. By vaporization of the liquid phase inside the 

reactor higher amount of heat can be removed from the reaction environment thanks to the associated 

latent heat of vaporization, providing the possibility to achieve higher space yield for the same reactor set-

up.  

The presented review of the related academic studies for the condensed mode operation of gas phase 

polyolefin reactors revealed that most of these studies were intended to analyze the phenomena related to 

macro-scale of the process including the effect of the presence of condensate on the stable operation of 

FBR, the influence of vaporization of condensate on controlling the overall temperature of FBR, and so 

on. While it is clear that the evaporation of condensable components will ultimately help to control the 

temperature in the zones where these components exist in liquid form, once they are vaporized these inert 

condensing agents are still present in the gas phase of the reactor. Therefore, in order to develop a sound 

understanding about the condensed mode process, it is important to ask whether or not their presence has 

any additional influence. In order to able to answer this question, one needs to think about how the 

polymerization reaction proceeds on supported catalysts at the single particle scale (and not the macro-

scale) in this process. As presented in details in this chapter, during the gas phase polymerization of 
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ethylene on supported catalyst and by completion of the fragmentation process during the early stages, the 

active sites located on the fragments of the initial catalyst support are completely surrounded by the 

produced semi-crystalline polymer. Since the polymer layer immediately covering the active sites is 

essentially made of amorphous material, the quality and rate of polymerization reaction will be primarily 

determined by the solubility or in more accurate terms the concentration of monomer in the amorphous 

phase of the semi-crystalline polyethylene. According to the experimental sorption studies as presented in 

the current chapter, the presence of a heavier component is believed to enhance the solubility of the 

lighter component of ethylene monomer in the polymer which is referred to as “cosolubility” effect. 

Regarding the related literature survey on sorption studies of mixture of solutes in polymer and 

cosolubility phenomenon, it is deduced that most of the published academic studies in this field aimed at 

quantifying the cosolubility effect during the sorption process of solutes in the polymer powder under 

non-reactive conditions and in the equilibrium state. However, in the current thesis we wish to investigate 

the potential effect of an inert condensing agent on the solubility of ethylene under reactive conditions. 

Thus we will be obliged to use this equilibrium data for certain modeling studies, however in order to be 

more realistic, details about a series of designed experiments with the associated results in order to 

capture the speculated cosolubility phenomenon under the reactive conditions will be provided in the 

related Chapter 5.  

The experimental studies in lab-scale reactors used to investigate the effect of changes in the process 

operating conditions, for instance here by varying the gas phase composition during ethylene 

polymerization on a supported catalyst, provide extremely valuable insight and understanding about the 

expected kinetic and thermal behavior of the studied catalytic system in the commercial scale fluidized 

bed reactors while experiencing similar imposed changes in the operating condition of the process. 

Nevertheless, reliable experimental studies of gas phase ethylene polymerization process with different 

gas phase compositions which induce different operating conditions are very time consuming. As a result, 

we would like to be capable of predicting how the quality and rate of gas phase ethylene polymerization 

would evolve upon imposing a change in the process operating condition using a process model. 

In order to achieve this level of predictive capability, one needs first to be able to describe the cosolubility 

behavior by using an appropriate thermodynamic model which is capable to properly capture the 

equilibrium phenomenon. The Sanchez-Lacombe EOS is adapted for this purpose in the current study. 

Then, incorporating this thermodynamic model in a single particle model like the PFM to estimate the 

concentration and temperature gradient through a growing polymer particle should allow us to predict the 
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effect of change in the process operating condition by addition of an ICA to the gas phase composition 

during the condensed mode operation.  

After defining the framework of the current thesis study by reviewing the current understanding about 

condensed mode operation of gas phase ethylene polymerization on supported catalysts in FBRs and the 

related phenomena, we will start our study by analyzing the process of evaporation of liquefied portion of 

feed stream inside the FBR in the next chapter.  
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3. Liquid evaporation in condensed mode operation of gas phase ethylene 
polymerization on supported catalyst 

3.1. Introduction  

Introduction of liquid phase to the reactor after partial condensation of recycle gas is being practiced 

through different techniques in different patents discussed in Chapter 2. As a result, the reactor operating 

in condensed mode can be considered as a three phase system of gas phase, liquid phase, and solid 

particles coexisting simultaneously. Analysis of evaporation of liquid droplets in a system with this level 

of complexity is a demanding task which has not been addressed so far for the polyolefin fluidized bed 

reactors to the best of our knowledge. The purpose of this section is an effort to acquire a more clear 

insight about this process and to address some of the fundamental issues involved.  

Fortunately, the vaporization of liquid droplets in hot environment is not limited to the condensed mode 

operation of polyolefin reactors; a liquid feed is sprayed into a hot fluidized catalyst in a Fluid Catalytic 

Cracking (FCC) riser reactor, where vaporization of this liquid feed is a key step determining 

performance of the FCC process. “Gasification” of liquid droplets is also an important part during 

combustion of hydrocarbons. Thanks to these well established technologies of FCC and fuel combustion, 

there are extensive studies on liquid droplet vaporization in the literature.[1-3] It is out of scope of the main 

discussion of the current study to review all the related researches performed on liquid droplet 

vaporization in the FCC process and combustion literature; however, the common aspects of liquid 

droplet vaporization in the condensed mode operation of polyethylene reactors and FCC and combustion 

process is investigated here and described phenomenologically. The models developed for liquid droplet 

vaporization will be briefly reviewed. The most widely accepted model appears to be well-adapted to the 

conditions encountered in condensed mode operation of gas phase polyethylene reactors. This will assist 

us to explore the effects of some of the influencing and determining parameters during the droplet 

vaporization and to ultimately be able to estimate the time scale required for complete vaporization of 

liquid droplets introduced to the reactor during the continuous operation of gas phase ethylene 

polymerization on supported catalyst in an FBR. 

3.2. Phenomenological description of the process  

While operating in condensed mode, the condensed part of the recycled gas is introduced to the bed with 

different techniques.  Here, we focus on the two important techniques: the first method practiced in Union 
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Carbide patent, in which the liquid droplets are suspended in the gas phase stream and introduced to the 

reactor from the distributor plate at the bottom of the reactor and second BP patent, in which the liquid is 

injected into the fluidizing bed above the distributer plate through nozzles.  

Different scenarios for the liquid droplets introduced to a “hot’’ environment of fluidizing particles can be 

found in the literature. If the droplet is small enough there is a chance that it vaporizes “homogenously” 

before making any contact with the solid particles fluidizing in the bed. Otherwise, liquid-solid contact 

will be inevitable and we find “heterogeneous” evaporation. If the particles are much hotter than the 

liquid phase, an “elastic collision” between liquid droplet and solid particles is probable. In this case, the 

solid particle and liquid droplet are pushed away from each other once they collide because of local high 

vapour pressure generated from immediate vaporization of part of liquid droplet which contacts with hot 

solid surface. This phenomenon is known as the “Leidenfrost effect”. The Leidenfrost temperature is the 

temperature of the solid surface at which wetting of the solid surface is prevented by insulating vapour 

generated by continuous vaporization of the liquid droplet. This parameter is not well understood yet but 

in context of our analysis we can use the simple correlation to estimate it[4] in order to assess the 

possibility of existence of such an effect in condensed mode operation of polyethylene reactors: 

!2.+, = !)31 + 	150	(℃)  ( 3.1 ) 

where TLeid and Tsat are the Leidenfrost temperature and the saturation temperature of the liquid phase, 

expressed in °C. Here, the Leidenfrost temperature is only a function of system pressure which 

determines saturation temperature of the liquid phase.  

According to the data of patents, the gas phase and consequently the entrained liquid phase suspended in 

it are introduced to the bed at a temperature of approximately 50 °C. At the partial pressure of 

condensable components in the recycle gas equal to 4.5 and 2.3 bars for 1-butene and iso-pentane, 

respectively and assuming negligible pressure drop in the heat exchanger it is possible to estimate the gas 

phase dew point. This dew point can be treated as an estimation of the liquid saturation temperature in the 

reactor pressure. Note that, equation ( 3.1 ) is for pure materials, but considering it as dew point or bubble 

point for mixture of components does not make a difference in our final conclusion. It is in addition to 

difficulty to estimate the bubble point of the liquid phase because of lack of direct knowledge about its 

composition.  

The dew point of gas phase of composition mentioned above is estimated with K-value method to be 

equal to 77 °C. The details of the method could be found in reference.[5] The same order of magnitude 

(50-70 °C) for dew point of recycle gas having different composition (n-hexane instead of iso-pentane, for 
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instance) is reported in literature and patents. As a result, it can be concluded that the Leidenfrost effect 

does not exist during liquid-solid contact in the condensed mode operation of polyethylene reactors 

simply because the surface temperature of solid particles are far lower than the Leidenfrost temperature 

for this system (200-220 °C). 

Dismissing the possibility of elastic collision between liquid droplets and solid particles, the most 

probable scenario is that if solid particles collide with droplets, the droplets will be in the form of a liquid 

in contact with a solid particle, as schematically demonstrated in Figure 3.1. The liquid phase in contact 

with one particle may be distributed on two or more other particles before complete vaporization as they 

collide with each other during fluidization. Part of the liquid on one particle may also be separated from 

the particle because of shear force of gas flow resulting in another suspending droplet. This liquid droplet 

may collide again another particle before complete vaporization. Large droplets or “lumps” of liquid 

which will take longer time to evaporate may induce also agglomeration of particles and disturb the 

fluidization of the bed. This is one of the reasons that the conventional condensed mode operation is 

limited by the mole fraction of condensables that can be used in the gas phase composition. 

 

Figure 3.1. Schematic representation of vaporization process for liquefied portion of the recycle feed stream upon 
introduction into the gas phase polyethylene FBR during the condensed mode operation. 

In terms of temperature evolution, it is believed[6] that when a cold “isolated” droplet is introduced to a 

hot environment, the temperature of the droplet will first rise quickly because of heat transferred from 

surrounding hot gas phase to the droplet. The rate of temperature rise will then decrease as the 

temperature of droplet and consequently the rate of vaporization increases. Finally, the droplet will reach 

a steady state temperature in which the heat transferred by convection of hot gas phase is consumed for 
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vaporization of the droplet. This temperature is known as the wet-bulb temperature. However, for the 

droplet evaporation in the presence of solid particles this steady state temperature may differ from the 

wet-bulb temperature because of heat transferred from particles to droplet as they collide. 

3.3. Modeling droplet vaporization in presence of solid particles 

It is generally accepted that the evaporation of the liquid droplets injected into the reactor accounts for a 

large portion of heat removal in the condensed mode. Therefore, we need to understand where/how this 

takes place inside the reactor. Obviously, parameters like droplet size, size distribution, heat of 

vaporization and properties of solid particle phase (like solid flux inside bed, size distribution, and heat 

capacity) as well as eventual contact between these two phases will control the overall vaporization 

process of the liquid droplet in the presence of fluidizing solid particles. The quality of contact between 

droplets and particles also depends on the fluidization pattern of the bed and the method by which the 

droplets are introduced. Despite extensive experimental and modeling studies in FCC and combustion 

literature, to the best of our knowledge, there is no single modeling approach which captures effect of all 

the parameters influencing the droplet vaporization in the fluidized bed with a phenomenological 

description.  

There are interesting reviews such as Reference[1] on homogenous vaporization of liquid droplets (i.e. 

without presence of solid particles).  The d2-Law is the simplest modeling approach for vaporization of 

liquid droplets in a hot, stagnant environment. It can be shown that the droplet diameter, d, under this 

circumstance reduces by the following correlation 

�$ = ��$ −56  ( 3.2 ) 

where d0 is the initial droplet diameter and K is a constant as discussed by Law.[1] Law has also provided 

an interesting discussion about how the shear stress exerted by the gas flow on the surface of droplet 

induces recirculation motion within droplet which enhances transport rates and consequently vaporization 

rate. 

Nayak et al.[3] proposed an innovative model for evaporation of a droplet in the presence of solid particles 

which includes the effect of many of the parameters discussed above. However, it is based on the 

assumption that heat is transferred from a particle to a droplet during their contact, before they are pushed 

back because of generation of “specific volume” of vapour. According to our discussion about possibility 

of presence of such an effect (Leidenfrost effect), the applicability of this model for condensed mode 

operation of polyethylene reactors is dismissed.  
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Buchanan[2] has analyzed the vaporization of droplets in the presence of fluidizing particles to estimate 

the order of magnitude of time needed for droplet vaporization of different sizes. First the relative time 

scale for droplet heat up and vaporization is compared in case of homogenous vaporization of the droplet 

(i.e. without presence of solid particles). For the heterogeneous vaporization, two limiting cases have been 

considered: (a) fast heat transfer during “sticky” collision between droplet and particles; (b) elastic 

collisions between droplet and particles. As discussed previously, the elastic collision is not expected to 

occur in the condensed mode operation of ethylene polymerization. However, the vaporization time 

obtained in the case of elastic collision will be representative of upper limit of the vaporization time of 

droplet in presence of solid particles, while vaporization time assuming fast heat transfer between droplets 

and particles will be representative of lower limit of it. Here, the analysis of Buchanan is adapted for the 

condensed mode operation of polyethylene reactors. The predictive capabilities as well as limitation and 

drawbacks of this model will be discussed in more detail after model description and simulation results.  

3.3.1. Homogenous droplet heat up and vaporization 

In this method the lifetime of the cold droplet introduced to a hot environment is split to two overlapping 

periods. First, the droplet heats up rapidly with a small fraction of it being evaporated. In the second 

period, the droplet vaporizes at constant temperature, i.e. the wet-bulb temperature in our case. It is 

assumed that droplet composition is pure iso-pentane and gas phase is of composition given below at 80 

°C and 20 bars:  

Table 3-I. The gas phase composition in which iso-pentane droplet heats up and evaporates. 

   Component  mole fraction 

ethylene 0.5 
hydrogen 0.1 
nitrogen 0.25 

iso-pentane 0.15 
 

The properties of gas phase at 80 °C and 20 bars and liquid phase at 80 °C are given in Table 3-II. The 

methods of estimation of these properties are provided in detail in Appendix D.  
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Table 3-II. Properties of gas phase of composition mentioned above at 80 °C and 20 bars 
and liquid iso-pentane and polymer particles at 80 °C. 

Density 
 

  Liquid ρl 553.4 kg/m3 

Gas  ρg  21.8 kg/m3 

Particle ρpol 900 kg/m3 

  Heat capacity 
   Liquid Cp,l  2593.5 J/kg.K 

Gas  Cp,g 1734.7 J/kg.K 

Particle Cp,pol 2000 J/kg.K 

    Kinematic viscosity of gas ν  6.2 x 10-7 m2/sec  

Thermal conductivity of gas kc,g 3.1 x 10-2 J/m.sec.K   

Latent heat of              
vaporization of liquid 

∆Hv 292 kJ/kg   

∆Hv' 21076.6 kJ/kmol 

    
Diffusivity of iso-pentane         
in the gas phase 

Di-C5 5 x 10-7 m2/sec     

    Vapor pressure of iso-pentane Pvap   4.6 bar 
 

It is essential to have a reasonable estimate of the relative velocity of liquid droplet and surrounding gas 

phase (as the gas-liquid slip velocity) during the course of heating up and evaporation in our calculations. 

The gas-liquid slip velocity for the injection devices are reported ranging from 7-30 m/sec in the 

literature.[2] By considering the fact that liquid droplets are introduced to a slow moving environment of 

fluidizing particles where superficial gas velocity is in the order of 1 m/sec, the gas-liquid slip velocity of 

uslip=10 m/sec has been used through our analysis in this section, as a compromise. We could not find an 

indication about gas-liquid slip velocity in case of introduction of liquid droplets entrained in the gas 

phase in the literature nor patents. In order to avoid the possible confusion, it worth emphasizing that the 

droplet during its evaporation is most probable to experience different relative velocities with respect to 

gas phase. It will first be of relatively high slip velocity (30 m/sec typical for injection devices, and much 

higher in case of Union Carbide Patent in which the droplets are entrained and suspended in gas phase 

and introduced to bed through the holes. Considering the difference in “volumetric” size of two gas and 

liquid phases which pass through the holes, the relative gas-liquid (slip) velocity is expected to be much 

higher during its passage through the holes). However, it is logical to assume that droplets losing their 

momentum because of introduction to relatively dense fluidized bed environment will finally have 

relative gas-liquid (slip) velocity equal to superficial gas velocity in the bed of 1 m/sec. As a result, we 

use an averaged value of 10 m/sec during the course of its vaporization as a reasonable (but not accurate) 
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approximation. We will test the sensitivity of the calculations to the values of uslip for the estimation of the 

heterogeneous vaporization time. 

The droplet size distribution depends on the type of injection devices with average size being reported to 

be between 50-4000 µm.[10] On the other hand, in the case of introduction of liquid as entrained droplets 

in the gas phase, the holes of the distributor are of diameter of about one centimeter and maximum droplet 

size of diameter 5000 µm seems a reasonable approximation. As a result our analysis will cover droplet 

size distribution of 50-5000 µm. 

3.3.1.1. Wet-Bulb temperature 

In order to calculate the time scale for heat up and vaporization of droplet in the second step, it is essential 

to estimate the temperature of the droplet during the vaporization. In our analysis, it is estimated as the 

wet-bulb temperature. The wet-bulb temperature according to its definition is the steady state temperature 

reached by a liquid droplet evaporating into an unsaturated gas mixture. At this temperature the rate of 

heat transfer from the gas phase to the liquid will be equal to the rate of heat removal from droplet by 

evaporation:  

ℎ8!9 − !:; = �<8=.> − =?;	∆AB′  ( 3.3 ) 

where Tg and Tw are gas phase and wet-bulb temperature, respectively. Ceq and Cb are concentration of iso-

pentane in gas phase in equilibrium with liquid iso-pentane and concentration of iso-pentane in bulk gas 

phase, respectively. Ceq can be obtained from iso-pentane vapour pressure by: 

=.> = (B30C9!  ( 3.4 ) 

km, mass transfer coefficient for iso-pentane, and h, heat transfer coefficient, are obtained from the Ranz- 

Marshall correlations: 

�ℎ = �<�D = 2 + 0.6	CEF/$	��F/H  ( 3.5 ) 

IJ = ℎ��",9 = 2 + 0.6	CEF/$	(KF/H  ( 3.6 ) 

In equation ( 3.5 ), for estimation of mass transfer coefficient of iso-pentane, km, the dimensionless 

Sherwood number (Sh) is correlated to the dimensionless Reynolds number (Re) and dimensionless 

Schmidt number (Sc), in which d is the diameter of the droplet and D is the diffusivity of iso-pentane in 

the gas phase. Similarly, for estimation of heat transfer coefficient, h, in equation ( 3.6 ), the 
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dimensionless Nusselt number (Nu) is correlated to the dimensionless Reynolds number (Re) and the 

dimensionless Prandtl number (Pr), in which d is the diameter of the droplet and kc,g is the thermal 

conductivity of the gas phase. 

Considering gas phase temperature of 80 °C, the wet-bulb temperature as the temperature of the droplet 

during vaporization step is estimated to be 61 °C. 

3.3.1.2. Droplet heat up 

It can be shown that the governing equation during the heat up period of an isolated droplet is given by 

L �!�6 = !9 − !  ( 3.7 ) 

where  

L = 8MN�0,N�; 6ℎ⁄   ( 3.8 ) 

In this approach, a uniform temperature inside the droplet is assumed because of internal mixing effect of 

exerted shear stress applied by gas flow on the surface of the droplet. The heat transfer coefficient, h, can 

be estimated from conventional Ranz-Marshall correlation for heat transfer, equation ( 3.6 ). 

The solution to equation ( 3.7 ) is: 

6 = −L ln P !9 − !!9 − !�Q  ( 3.9 ) 

Tg and T0 are gas and initial droplet temperature, respectively. 

For the droplet heat up step, the time needed for initial droplet temperature of 50 °C to reach wet-bulb 

temperature of 61°C is calculated. The results are summarized in Table 3-III. 

Table 3-III. Estimation of time scale for iso-pentane droplets of 
 slip liquid-gas velocity uslip=10 m/sec to heat-up* and vaporize homogeneously. 

   Droplet size (µm) 50 100 300 1000 3000 5000 

   Heat-up time (sec) 5.0 x 10-4 1.5 x 10-3       7.8 x 10-3 4.9 x 10-2 2.6 x 10-1 5.5 x 10-1 

   Vaporization time (sec) 1.3 x 10-2 3.9 x 10-2 2.1 x 10-1 1.4 7.1 15.4 

   (*) heat up time from 50 to 61°C as the wet-bulb temperature 
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3.3.1.3. Droplet vaporization 

It is found empirically that the heat transfer coefficient from gas phase to a droplet decreases when there 

is a substantial vaporization from droplet. The physical explanation for this phenomenon is that “the 

vapors leaving the droplet tend to deflect the hot surrounding gases away from the droplet”.[2]  

As a result, in order to estimate the vaporization time, the heat transfer coefficient for vaporizing droplet 

as an effective heat transfer coefficient must be calculated as proposed by Renksizbulut:[7] 

IJ∗ = ℎ∗��",9 = IJ(1 + S)T  ( 3.10 ) 

where Nu is the conventional Nusselt number obtained from Ranz-Marshall correlation, h* and Nu* are 

the effective heat transfer coefficient and Nusselt number for droplet in the presence of vaporization. n is 

constant equal to 0.7  and B is given by: 

S = =0,98!9 − !;∆AB U1 + VWVXY  ( 3.11 ) 

Cp,g is heat capacity of gas phase, ∆Hv is the heat of vaporization of liquid. 
Z[Z\  is the ratio of heat 

transferred to the droplet by radiation to convection which can be assumed to be equal to zero in 

operational conditions of condensed mode polyethylene reactors. 

Assuming that all the heat transferred to the droplet is consumed for evaporation of the liquid from the 

droplet, it is possible to write the governing equation for evaporation as:  

∆ABMN �]�6 = −ℎ∗*(!9 − !)  ( 3.12 ) 

where V and A are droplet volume and surface area. T is the evaporation temperature of droplet which is 

estimated as wet-bulb temperature, as described before.  Substituting V and A in terms of droplet 

diameter, it is possible to rewrite equation ( 3.12 ) as:  

�(�)�6 = −2ℎ∗(!9 − !)∆ABMN   ( 3.13 ) 

Analytical solution for the equation ( 3.13 ) results in following correlation for vaporization time:  

6B30 =	− 			∆ABMN*′(!9 − !) ^ 2S′_ U13 (1 − `�H) − 32 (1 − `�$) + 3(1 − `�) − ln	( 1̀�)Ya  ( 3.14 ) 
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where A’ and B’ are clustered functions defined as: 

	*b = �",9
P1 +	=0,9(cdec)∆AB Q�.f  ( 3.15 ) 

S′ = 0.6	(KF/H g J2hi�.j  ( 3.16 ) 

and v0=1+B’r 0
0.5 in which ro is the initial droplet radius. 

The time needed for droplets of size between 50-5000 µm to vaporize homogeneously at slip gas-liquid 

velocity of uslip=10 m/sec are given in Table 3-III. By comparing the time scale for droplet heat up and 

vaporization, it can be concluded that the heat up time is negligible compared to vaporization step. As a 

result, in our discussion about heterogeneous droplet vaporization in the presence of solid particles we 

will focus on the vaporization step assuming that droplet reaches steady state temperature of vaporization 

instantaneously.  

3.3.2. Heterogeneous droplet vaporization 

In order to estimate the time scale for the vaporization of droplets in the presence of particles, Buchanan[2] 

considered two limit cases of heat transfer between droplets and particles. In the first limit, all of the heat 

possible from particles is transferred to droplet instantaneously. The formulation for this limit results in 

the following correlation for estimation of droplet vaporization time: 

�(�)�6 = −JM0kN(1 − l)=0,0kN8!0kN − !;2MN∆AB   ( 3.17 ) 

where ε is the bed porosity and we use the value of bed porosity at minimum fluidization of 0.5 as an 

estimation. It is assumed that particles (Tpol) in bed are at the same temperature of the gas phase (Tg) and 

cooled down immediately to the droplet vaporization temperature as they are collided. The first 

assumption is not valid especially for the small active polymer particles. However, the correction for this 

will only result in even shorter time scales for vaporization of droplets in this extreme limit. 

Consequently, it is decided to keep this assumption despite its obvious imperfections. Similar to 

homogeneous vaporization, the vaporization temperature of the droplet is estimated as wet-bulb 

temperature. The results for this lower limit of vaporization time are given in the following Table.  
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Table 3-IV. Estimation of time scale for iso-pentane droplets to vaporize heterogeneously. 

   Slip liquid-gas velocity uslip=10 m/sec 
        Droplet size (µm) 50 100 300 1000 3000 5000 

   Lower limit of 
         vaporization time (sec) 9.5 x 10-5 1.9 x 10-4 5.7 x 10-4 1.9 x 10-3 5.7 x 10-3 9.5 x 10-3 

          Higher limit of  
         vaporization time (sec) 2.4 x 10-3 6.8 x 10-3 3.6 x 10-2 2.2 x 10-1 1.1 2.4 

          Slip liquid-gas velocity uslip=1 m/sec 
        Droplet size (µm) 50 100 300 1000 3000 5000 

   Lower limit of 
         vaporization time (sec) 9.5 x 10-4 1.9 x 10-3 5.7 x 10-3 1.9 x 10-2 5.7 x 10-2 9.5 x 10-2 

          Higher limit of  
         vaporization time (sec) 9.7 x 10-3 2.8 x 10-2 1.5 x 10-1 9.5 x 10-1 5.0 10.8 

 

In the second limiting case, the collisions between droplet and particles are assumed to be elastic. This is 

intended to represent lower limit of heat transfer from particles to the droplets. Considering the observed 

trend[8,9] of decrease in heat transfer coefficient to immersed objects by dilution of fluidized bed, 

Buchanan proposed a correction for heat transfer coefficient for homogeneously vaporizing droplet  

(equation ( 3.14 )). In this correction the gas phase density ρg in Re number is replaced by gas-solid 

density, ρpol(1-ε). While not yet being validated, this correction is found to be consistent with the observed 

trends[8,9] in the literature. 

Taking this correction into account will result in similar equation for estimation of droplet vaporization 

time as equation ( 3.14 ), except that the cluster parameter of B’ (equation ( 3.16 )) will be replaced by B’’  

as:  

S′′ = S′mM0kN(1 − l)M9 nF/$  ( 3.18 ) 

This vaporization time is intended to be representative of higher limit of droplet vaporization time in the 

presence of solid particles. The results are provided in Table 3-IV. 

 

Considering the uncertainties about the estimation of gas-liquid slip velocity, the sensitivity of the 

calculated heterogeneous vaporization time (in both limits) for the uslip equal to 1 in addition to 10 m/sec 

has been calculated and provided in Table 3-IV for comparison purpose.  
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It should be noted that considering the uncertainties related to the heat transfer coefficients, estimation of 

slip velocity and actual droplet sizes in bed (as discussed before because of interactions between liquid 

droplets and solid particles), these time scales should be treated as a qualitative estimation. This approach 

also does not take into account the local hydrodynamics of the bed, the heat capacity of solid phase, 

possibility of distribution of liquid between particles and droplet surface deformation. 

 

However, assuming the real vaporization time to be between two limits of the heat transfer in the 

heterogeneous vaporization, it seems logical to conclude that for a droplet of as large as 5000 µm, it takes 

in the order of a second to be vaporized completely assuming uslip=10 m/sec and few seconds in case of 

uslip=1 m/sec.  

 

This conclusion is in agreement with the patents claim about necessity of “immediate” vaporization of the 

droplets in the order to avoid the agglomeration and consequently disturbing the fluidization of bed. 

However, the droplets of order of several millimetres appear to be too large and the droplets in the order 

of few hundred microns are more in favour of “immediate” vaporization. 

  

In other words, considering the lowest possible slip velocity of 1 m/sec equal to gas superficial velocity in 

the bed (obviously lower than the average slip gas-liquid velocity experienced by the droplets during the 

vaporization course) for the largest possible droplet, it takes few seconds for complete vaporization. This 

in turn implies that only the lower portion at the bottom of the FBR of 15 meters height becomes exposed 

to the introduced liquid. As a result, the latent heat of liquid evaporation enhances the rate of heat removal 

from the particles fluidizing only in this fraction of the bed. Consequently, it can be concluded that the 

vaporization of liquid droplets during the condensed mode operation will have only local effect on 

cooling the particles inside the fluidized bed reactor for gas phase ethylene polymerization on supported 

catalyst.  
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4. Thermodynamics of sorption equilibrium 

In the bibliography chapter, we briefly discussed the condensed mode operation of gas phase ethylene 

polymerization reactors and the fact that it allows one to achieve higher polymer production yield for the 

same reactor set-up than in dry mode. In the condensed mode, in addition to containing ethylene, 

nitrogen, hydrogen and eventually a comonomer (which can also be condensable), the gas phase feed 

stream of the FBR also contains an inert condensing agent (ICA) such as iso-pentane or n-hexane. In the 

most common configurations for condensed mode operation, the feed stream is partially liquefied in an 

external heat exchanger by cooling it below the dew point of the heavier components and the liquefied 

portion of the feed stream is injected into the reactor in the form of small droplets.  The droplets of liquid 

then heat up and vaporize in the reactor.  In this manner the latent heat of vaporization is used to absorb a 

significant portion of the heat of reaction in the bottom part of the reactor, thereby making it possible to 

polymerize at higher rates than would be possible with a completely dry feed stream. 

 

While it is clear that evaporation of condensable components will ultimately help to control the 

temperature in the zones where these components are injected, it was shown in Chapter 3 that the 

evaporation process will be relatively fast so it is unlikely that these components remain in the liquid state 

much more than few seconds.  In the previous chapter, we showed that the lifetime of a reasonably sized 

droplet of iso-pentane as ICA would be on the order of a second in the reactor environment, whereas it 

can take on the order of 15 to 30 seconds or more for the gas phase to leave the reactor.  This means that 

the ICAs are present in the vapor phase of FBR for a much longer time than they are in the liquid phase. 

Thus, in order to develop a sound understanding about the condensed mode operation, we need to ask 

whether or not the presence of ICAs in the gas phase has any additional influence on the quality of 

polymerization. 

 

In order to answer this question, one needs to think about how the reaction proceeds on the supported 

catalysts used in this type of reaction.  At the risk of oversimplifying the situation, the catalytic sites are 

deposited inside the pores of a highly porous solid.  The particles are injected into the reactor, where 

ethylene rapidly polymerizes in the pores.  The stress created in the confined space of the pores by this 

initial polymerization causes the initial structure of the support to fragment and the particle is transformed 

into a polymer particle where the semi-crystalline polyethylene forms the continuous phase with the 

fragments of the support dispersed therein.   The reaction continues as monomer diffuses into the pores of 

the particle, sorbs in the polymer layer covering the active sites, and then diffuses once more toward the 
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active centers where it reacts.  The continuous formation of polymer causes the particle to expand as the 

reaction proceeds.  As the polymer layer that immediately covers the active sites is essentially made of 

amorphous material, the rate of reaction will be determined by the concentration of monomer in the 

amorphous phase of the semi-crystalline PE and the rate at which the monomer diffuses through the 

polymer.  As a result, one needs to be able to quantify the solubility of ethylene in the amorphous phase 

of the polymer with an appropriate thermodynamic model in order to be able to develop a comprehensive 

understanding about the effect of process conditions on product quality and rate of polymerization.  

 

As discussed in the bibliography chapter, the importance of the sorption process during the gas phase 

polymerization has motivated many experimental studies that focus on measuring the solubility of the 

different species present in the gas phase composition. However, as discussed in Chapter 2 most of these 

measurements were conducted for the sorption of a single solute like ethylene in a polymer like 

polyethylene in the form of a binary system.  On the other hand, the feed stream to a real process will 

contain more than one component (upwards of 5 or 6 is not uncommon), and as discussed in the Chapter 

2, the presence of a heavier component in the gas phase composition is believed to enhance the solubility 

of lighter component of ethylene monomer in the polymer phase.  This is referred to as the “cosolubility” 

effect. A non-negligible cosolubility effect would in turn result in higher rate of polymerization thanks to 

the higher availability of ethylene at the active sites even if the heavier solvent was in principle 

chemically inert. 

 

In the current chapter, the effect of n-hexane as the inert condensing agent (ICA) on the solubility and 

more importantly concentration of ethylene in amorphous phase of polyethylene is explored using the 

equilibrium solubility data for the binary systems of ethylene-PE and n-hexane-PE, and the ternary 

system of ethylene-n-hexane-PE which are measured by implementing pressure-decay technique in the 

group of Yang in a series of papers.[1,2]  

 

As underlined in Chapter 2, the Sanchez-Lacombe EOS is one of the most commonly used 

thermodynamic models in the simulation of polymerization processes due to its excellent predictive 

capabilities, and also to its relative mathematical simplicity compared to the other classes of 

thermodynamic models for the systems including polymer component. In the current chapter, the 

application of Sanchez-Lacombe EOS is extended from the binary system of ethylene-PE to the ternary 

system of ethylene-n-hexane-PE, in order to describe the change in concentration of ethylene in the 

amorphous phase of polyethylene in the absence and presence of n-hexane in the gas phase composition, 

respectively.  The predictive performance of Sanchez-Lacombe EOS in describing the solubility of 
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ethylene and n-hexane in the ternary system of ethylene-n-hexane-PE is evaluated against the solubility 

data obtained experimentally.  Finally, a method is proposed to have the best fitting of Sanchez-Lacombe 

EOS prediction for the ethylene and n-hexane solubility to the experimental data simultaneously which 

would eventually lead to a more accurate estimation of ethylene concentration in the amorphous phase of 

PE. 

4.1. Sanchez-Lacombe equation of state 

The Sanchez-Lacombe (SL) EOS is                                                                                              

M̅$ + (p +	!p U�(1 − M̅) + q1 − 1Kr M̅Y = 0  ( 4.1 ) 

where !p, (p, ]p , and M̅ are the reduced temperature, pressure, volume, and density respectively which are 

defined as follows 

!p = ! !∗⁄ ,																																														!∗ = l∗ C9⁄   ( 4.2 ) (p = ( (∗⁄ ,																																														(∗ = l∗ `∗⁄   ( 4.3 ) M̅ = M M∗⁄ = 1 ]p⁄ = ]∗ ]⁄ ,																]∗ = I(K`∗)  and  M∗ = st/(K`∗)  ( 4.4 ) 

ε
* is the mer-mer interaction energy, `∗, is the closed packed molar volume of a mer, MW is molecular 

weight, N is number of molecules, r is the number of sites (mers) a molecule occupies in the lattice, and 

Rg is the universal gas constant. The parameters ε
*,u∗, and r are used to define T*, P*, and ρ* which are the 

characteristic temperature, pressure, and close-packed mass density.  

With a mixture of components, it is necessary to define combining rules for estimation of ε*mix, u<+v∗ , and 

rmix to be able to use the equation of state to calculate the properties of mixture. The “van der Waals” 

mixing rule is chosen and applied in our study. 

For characteristic closed-packed molar volume of a “mer” of the mixture, u<+v∗ , the so called “van der 

Waals” mixing rule is defined as 

`<+v∗ =∑ ∑ ϕ+ϕy`+y∗y+   ( 4.5 ) 

with 

`+y∗ = `++∗ + ỳy∗2 	81 − +y;  ( 4.6 ) 
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where nij corrects the deviation from the arithmetic mean and subscripts i and j are the components in the 

solution. The closed-packed volume fraction of the ith component at the limit of zero temperature or 

incompressible state, ϕ+ is defined as  

z+ = {+M+∗`+∗ |m {yMy∗ ỳ∗ny
}   ( 4.7 ) 

where ωi is the mass fraction of the component i in the mixture.  

The mixing rule for the characteristic interaction energy for the mixture is defined as  

l<+v∗ =
FB~��∗ ∑ ∑ ϕ+ϕyl+y∗ `+y∗y+   ( 4.8 ) 

with  

l+y∗ = 8l++∗ lyy∗ ;�.j(1 − �+y)  ( 4.9 ) 

where εii and εjj are the characteristic mer-mer interaction energies for components i and j, and kij  is a 

mixture parameter that accounts for specific binary interactions between components i and j. Finally, the 

mixing rule for the number of sites (mers) occupied by a molecule of the mixture, rmix, is given by 

1K<+v =|ϕ�Kyy
  ( 4.10 ) 

where r j is the number of sites occupied by molecule j in the lattice. 

In most of the applications used for Sanchez-Lacombe model, the only binary interaction parameter used 

for fitting the mixture experimental data to model is kij while nij assumed to be equal to zero. It will be the 

same for all of our related calculations and it is assumed nij=0 while kij  will be the experimentally adjusted 

parameter describing the interaction of two components.  

For calculation of sorption equilibrium for polymer-solvent system, the expression for chemical potential 

of component i in each phase of the mixture is also required given by following equation in SL EOS 

�+ = C9! �lnϕ� + g1 − r�r i� + ( 4.11 ) 

 K+ �−M̅ � $B∗ 8∑ ϕ�υ��∗ ε��∗ − ε∗∑ ϕ�υ��∗�y ; + ε∗� + Wdc�� �(1 − M̅)�(1 − M̅) + ��-� �M̅� + ��� 82∑ ϕ�υ��∗ − υ∗y ;�                     
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A brief overview about the procedure in order to derive the solubility and other properties of interest from 

Sanchez-Lacombe EOS is provided hereunder for the both binary and ternary systems. The detailed 

calculation steps for the calculation of the solubility and other properties of interest, for the both binary 

system of solute-polymer, and ternary system of solute(1)-solute(2)-polymer, are provided in Appendix 

A. For the sake of brevity, the reader is directly referred to this Appendix for detailed explanations.   

In order to derive the solubility of a single solute in polymer in binary system of solute-polymer, two non-

linear equations must be solved simultaneously. The first equation is the Sanchez-Lacombe EOS for the 

polymer phase, equation ( 4.1 ), and the second is the definition of thermodynamic equilibrium condition, 

i.e. that the chemical potential of each component is equal in all phases at the equilibrium state (�F0kN =�F93)). The simultaneous solution of these two non-linear equations allows us to obtain the two unknowns 

of these equations, i.e. the closed-packed volume fraction of solute in the polymer phase, ϕ1
pol, and the 

reduced density of polymer phase, M̅	0kN. The solubility of solute in polymer phase, the extent of swelling 

of the polymer phase, and the solute concentration in polymer phase are consequently derived from ϕ1
pol 

and M̅	0kN.  
Similarly, in the ternary system of solute(1)-solute(2)-polymer, three non-linear equations are required to 

be solved simultaneously; the Sanchez-Lacombe EOS for the polymer phase, and the equilibrium 

condition for two solute components  �F0kN = �F93) and �$0kN = �$93). The simultaneous solution of these 

three non-linear equations, allows us to obtain the closed-packed volume fractions of solute (1) and solute 

(2) in the polymer phase, ϕ1
pol and ϕ2

pol and the reduced density of polymer phase, M̅	0kN. Once again, the 

solubility of solutes in polymer phase, the extent of swelling of the polymer phase, and the solute 

concentration in polymer phase is consequently derived from ϕ1
pol, ϕ2

pol, and	M� 	0kN.  
4.2. Application of Sanchez-Lacombe EOS to binary systems 

In an initial step, we will identify the binary interaction parameters of kij of the Sanchez-Lacombe EOS 

required to describe the solubility of gaseous solute species of interest in the current study (i.e. ethylene 

and n-hexane) in binary systems of solute-polymer. The characteristic parameters used for the pure 

components in the current study are provided in Table 4-I. 
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Table 4-I. The characteristic parameters of Sanchez-Lacombe model for pure components. 

Component T*(K) P*(bar) ρ
*(kg/m3) Reference 

Ethylene 283 3395 680 [3] 
n-Hexane 476 2979.1 775 [4] 
LLDPE 653 4360 903 [3] 

 

The related sorption equilibrium data are extracted from the solubility measurements made using the 

pressure decay method presented by the group of Yang.[1] In the pressure decay method, the pressure 

decrease of solute(s) in a constant volume vessel containing the gas and polymer sample is continuously 

measured during the sorption process. The details of principles and operational aspects to acquire the 

solubility data using pressure decay method can be found elsewhere[5] and are not presented here. 

The measurement temperature and solute pressures of Yang’s data are in the range of typical gas phase 

ethylene polymerization in fluidized bed reactor. The measurement temperatures are in the range of 60-90 

°C, with ethylene pressures up to 20 bars and n-hexane pressures up to around 1 bar. The polyethylene 

sample used in the measurements with commercial grade name of DGM1820 is assumed to be LLDPE 

since its density was 920 kg/m3 and crystallinity on the order of 49%.[1] The same polymer grade of 

DGM1820 is used as the polyethylene sample in the cosolubility measurements in the ternary system of 

ethylene, n-hexane, and PE. 

The software of Plot Digitizer was used to extract the related solubility data from the associated figures in 

which the solubility of species in polymer are presented versus their pressure in the gas phase at specific 

temperatures in the paper.[1] In order to evaluate and minimize the possible generation of errors due to 

extraction of the data from the figures, the procedure of extracting the data was repeated twice. The mean 

absolute percentage of difference between two consecutive readings of solubility points from the figures 

i.e. ��[�e�[��[� � × 100 in which R1 and R2 represents first and second reading of solubility values for a 

specific point in the figure was calculated to be 0.16% and 0.17% for ethylene and n-hexane solubility 

data in polyethylene, respectively. This in turn indicates that the errors generated at the step of extraction 

of solubility data from figures are negligible and assures the reliability of acquired set of data. 

Once the solubility data were extracted, the Sanchez-Lacombe model was fitted to the data set by 

adjusting the binary interaction parameter, kij. This is done for solubility values at each temperature by 

minimizing the following objective function (O.F.) through adjustment of interaction parameter of kij 
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�. �.= 1I|m�"3N"+ − �.v0+�.v0+ n$�
+�F

 

 

 ( 4.12 ) 

in which Scalc and Sexp are the solubility values calculated from binary Sanchez-Lacombe model and 

experimental solubility values extracted, respectively. N is the number of solubility data points at each 

temperature.  

Figure 4.1 demonstrates the ethylene solubility as a function of its pressure at different temperatures. The 

solubility values are expressed in terms of gram of solute per gram of amorphous polymer while 

assuming the crystalline phase of polymer to be impenetrable to the solute species.[6,7] 

As expected, SL model can predict and describe the temperature and pressure dependency of ethylene in 

LLDPE very well. The average of absolute deviation percentage of model prediction from experimental 

data i.e. ������e�������� � × 100 is calculated to be 0.59%, 0.65%, 0.66%, and 0.46% at 60, 70, 80, and 90 °C, 

respectively. However, the ethylene-LLDPE binary interaction parameter calculated to provide the best fit 

of model prediction to experimental data is temperature-dependent. As provided in Figure 4.1, the kij 

value to give the best fitting is calculated to be �+y = −0.004,−0.014,−0.022, �� − 0.032 at 60, 70, 

80, and 90 °C, respectively. 
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Figure 4.1. Ethylene solubility in LLDPE with the solid lines representing the SL model prediction with binary interaction 

parameter of ��� = −�. ���,−�. ���, −�.�  , ¡¢£ − �. �¤  at 60, 70, 80, and 90 °C, respectively. 
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The solubility of n-hexane as a function of pressure at different temperatures is provided in Figure 4.2. 

Following the same procedure described for fitting the SL model to the experimental data, the SL model 

prediction is provided as the solid lines in the figure.  

As can be seen from the figure, the quality of fitting the SL model prediction to experimental data is not 

as good as for ethylene. The general pattern in all the measurement temperatures is that the SL model 

overestimates the solubility of n-hexane at lower pressures while underestimating the solubility values at 

higher pressures. The average of absolute deviation percentage of model prediction from experimental 

data, i.e. ������e�������� � × 100 is calculated to be 16.6%, 29.0%, 23.9%, and 33.7% at 70, 80, 85, and 90 °C, 

respectively. The n-hexane-LLDPE binary interaction parameter calculated to provide the best fit of 

model prediction to experimental data is also temperature-dependent. As provided in Figure 4.2, the kij 

value to give the best fitting is calculated to be �+y = 0.010, 0.020, 0.028, ��	0.038 at 70, 80, 85, and 

90 °C, respectively. 
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Figure 4.2. n-Hexane solubility in LLDPE with the solid lines representing the SL model prediction with binary 

interaction parameter of ��� = �. ���, �. � �, �. � ¥, ¡¢£	�. �¤¥ at 70, 80, 85, and 90 °C, respectively. 

While the errors in prediction of n-hexane solubility in LLDPE by Sanchez-Lacombe model cannot be 

considered to be negligible, the adjusted binary interaction parameters calculated to give the best fitting of 

SL model to the experimental data at each temperature will be used in the upcoming sections in order to 

analyze the sorption behavior of the solutes in polymer in the ternary system of ethylene-n-hexane-
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LLDPE. This is due to the fact that this is the only available data set which we could find in the open 

literature for solubility of ethylene in a constant specific grade of PE in the absence and presence of an 

ICA like n-hexane in corresponding binary and ternary systems, respectively.  

4.3. Application of Sanchez-Lacombe EOS to ternary systems 

In this section, the predictive capability of Sanchez-Lacombe EOS in order to describe the sorption 

behavior of solutes (ethylene and n-hexane) in polymer in the ternary system of ethylene-n-hexane-PE 

will be explored.   

Despite extensive experimental and modeling studies of the solubility of different species and 

corresponding polymer swelling due to the sorption, the impact of the cosolubility effect on the rate of 

polymerization of ethylene has not been addressed in the open literature, either in modeling or in 

experimental studies. 

Since the rate of ethylene polymerization is considered[8] to be of first order with respect to the ethylene 

concentration at the active sites, the “local” rate of polymerization inside the particle can be expressed as: 

C0kN.Nk". = �0=∗¦s§3<k-0¨.0kN.Nk".   ( 4.13 ) 

in which, kp, is the propagation rate constant and C* is the local concentration of the active sites on the 

specific catalyst fragment. More importantly, ¦s§3<k-0¨.0kN.Nk". , is the local concentration of ethylene in the 

amorphous phase of polymer surrounding the catalyst fragment, while the crystalline phase of polymer is 

considered to be impenetrable to the solute species as shown schematically in Figure 4.3. 

This in turn implies that in order to have a more realistic description of phenomena related to the sorption 

in the ternary system, one must be able to predict not only the ethylene mass sorbed to the polymer but 

also the increase in the volume of the polymer phase (polymer swelling) in the presence of the heavier 

component of n-hexane. This would provide a more accurate estimation of the change in the ethylene 

concentration in amorphous polymer surrounding the active sites and consequently the rate of 

polymerization.  
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Figure 4.3. Schematic representation of ethylene-polyethylene binary system (1) and ethylene-n-hexane-polyethylene 
ternary system (2) at the size scale corresponding to (a) particle level, (b) catalyst fragment surrounded by produced 

semi-crystalline polyethylene at sub-particle level, and (c) polymer chains being initiated from active sites immobilized on 
the surface of catalyst fragment. 

Fitting the Sanchez-Lacombe EOS to a ternary system can be challenging, especially in the face of a lack 

of extensive data for the system of interest.  Therefore, before fitting the model to the data that we have 

found, we will perform a study in order to identify which parameters are the most important in terms of 

model sensitivity, and that require careful estimation (and conversely which parameters can be treated as 

being of secondary importance). 

Following the parametric study, we will examine the predictive capability of Sanchez-Lacombe EOS 

using a set of experimentally obtained solubility data of ethylene and n-hexane in the ternary system of 

ethylene-n-hexane-PE provided by group of Yang.[2] 

4.4. Parametric study of Sanchez-Lacombe EOS  

In the following parametric studies, the primary objective is to explore the performance of Sanchez-

Lacombe model in describing the ternary systems which are generated by addition of the third component 
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of a solute (j) to the “known” binary system of solute (i)-polymer. In the ternary systems discussed below, 

component (1) and (2) represent the solute molecules of ethylene and n-hexane, respectively, while 

component (3) refers to the LLDPE polymer.  

In simple words, let us consider the “known” ethylene-LLDPE binary system in which the solubility of 

ethylene in LLDPE at specific equilibrium temperature and pressure is determined experimentally and 

described by Sanchez-Lacombe model through adjustment of binary interaction parameter of k13. It is our 

intention here to explore how Sanchez-Lacombe EOS predicts the evolution of ethylene solubility, 

polymer swelling, and concentration of ethylene in amorphous polymer upon addition of n-hexane in the 

created ternary system of ethylene-n-hexane-LLDPE. 

This analysis will be performed first on the effect of n-hexane on the ethylene solubility, having ethylene-

LLDPE as the “known” system and then followed by similar analysis on the effect of ethylene on the n-

hexane solubility, having n-hexane-LLDPE as the “known” system.  

Before moving on to these set of parametric studies, it must be emphasized that in these series of 

“idealistic” simulations, we will neglect the effect of polymer crystalline phase[9,10] on model predictions 

of the solubility of solutes in amorphous phase, the extent of swelling of amorphous polymer phase and 

consequently the ethylene concentration in the amorphous polymer phase. In fact, the crystalline phase is 

observed to play a more pronounced role at higher pressure of the solutes.[10] This is due to the fact that at 

the higher pressures, the crystalline phases dispersed in the polymer start to act as physical crosslinks  that 

limit the swelling of amorphous polymer phase. As a result, neglecting the effect of crystalline phase 

would lead to over-prediction of solubility at high-pressure limits of solutes. However, under the 

conditions typical of most gas phase polymerization reactions, the model retains its validity. This point 

will be elucidated further in the related section.  

4.4.1. Effect of n-hexane on ethylene-LLDPE as the “known” system 

In this section, first a parametric study is performed in the typical conditions for the gas phase ethylene 

polymerization. This is followed by a series of parametric studies investigating the effect of partial 

pressure of ethylene, gas-polymer equilibrium temperature, and more importantly the effect of n-hexane-

LLDPE binary interaction parameter of k23, on the trends predicted by Sanchez-Lacombe model.  

In the all of the following modeling analysis of the ternary systems, and as appears to have been done in 

the other ternary modeling studies available in literature,[11] the ethylene-n-hexane binary interaction 

parameter of k12 is assumed to be equal to zero. This indicates that the ethylene-n-hexane mixture is 

expected to behave as an ideal mixture. The validity of this assumption has been demonstrated in an 



67 

 

experimental vapor-liquid equilibrium study of a system of ethylene and 4-methyl-1-pentene, so it 

appears that for the ethylene-n-hexane binary system considered here this assumption is reasonable.[12]  

The ethylene-LLDPE interaction parameter of k13 was determined by fitting the SL model to the 

experimental data in the previous section.  This will provide us with the ethylene solubility in amorphous 

polyethylene, 8�F,3<;?+T3-©, expressed in 
9-	)kN.F9-	3<.0kN, extent of volume change of amorphous polymer, 

(1 + �t3<)?+T3-©, expressed in 
N+1	(3<.0kNª)kN.F)N+1	(3<.0kN) , and concentration of ethylene in amorphous polymer, 

8=F,3<;?+T3-©, expressed in 
<kN	)kN.FN+1	(3<.0kNª)kN.F) in the absence of n-hexane as the “base” case. 

Without any a priori knowledge about n-hexane solubility in PE and as a result n-hexane-LLDPE binary 

interaction parameter of k23, it is assumed to be equal to zero, while the effect of k23 on the trends 

predicted by model will be explored through parametric study. 

4.4.1.1. Parametric study at the typical condition for gas phase ethylene polymerization on supported 
catalyst 

Here, the effect of n-hexane on the ethylene solubility, amorphous polymer swelling, and ethylene 

concentration is investigated upon addition to the system containing 10 bars of ethylene in equilibrium 

with LLDPE at 80 °C (typical conditions for the gas phase ethylene polymerization on supported 

catalyst).  

In order to understand the sensitivity of the predictions of ethylene solubility and the other properties 

mentioned above to the presence of n-hexane, the following normalized functions are defined below. 

Normalized solubility, �F,3<Tk-<. : 

�F,3<Tk-<. =	 8�F,3<;1.-T3-©8�F,3<;?+T3-© ¦=§
q �K	«��. 1�K	�¬. ��r1.-T3-©
q �K	«��. 1�K	�¬. ��r?+T3-©

  ( 4.14 ) 

in which 8�F,3<;1.-T3-©is the ethylene solubility in the ternary system of ethylene-n-hexane-LLDPE 

while 8�F,3<;?+T3-©is the ethylene solubility in the “known” binary system of ethylene-LLDPE. 

Normalized volume,	]Tk-<. : 
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]Tk-<. = 81 + �tF$,3<;1.-T3-©(1 + �t3<)?+T3-© ¦=§ q
��6	(�¬. �� + «��. 1 + «��. 2)��6	(�¬. ��) r1.-T3-©
q��6	(�¬. �� + «��. 1)��6	(�¬. ��) r?+T3-©   ( 4.15 ) 

in which 81 + �tF$,3<;1.-T3-©represents the volume change of the amorphous phase of polymer due to 

sorption of ethylene and n-hexane solutes in the ternary system of ethylene-n-hexane-LLDPE, while 

(1 + �t3<)?+T3-©represents the volume change of the amorphous phase of polymer due to sorption of 

ethylene in the “known” binary system of ethylene-LLDPE. 

Normalized concentration of ethylene in amorphous phase of polymer, =F,3<Tk-<. : 

=F,3<Tk-<. = 8=F,3<;1.-T3-©8=F,3<;?+T3-© ¦=§
q ¬��	«��. 1��6	(�¬. �� + «��. 1 + «��. 2)r1.-T3-©

q ¬��	«��. 1��6	(�¬. �� + «��. 1)r?+T3-©
  ( 4.16 ) 

in which 8=F,3<;1.-T3-©is the concentration of ethylene in amorphous phase of polymer in the ternary 

system of ethylene-n-hexane-LLDPE, while 8=F,3<;?+T3-© is the concentration of ethylene in amorphous 

phase of polymer in the “known” binary system of ethylene-LLDPE. 

Normalized pressure of n-hexane, (Tk-<. : 
(Tk-<. = ((B30  ( 4.17 ) 

in which	( is n-hexane pressure and  (B30 is the vapor pressure of the n-hexane in the equilibrium 

temperature at which the ternary system is being studied. The vapor pressures of n-hexane at different 

temperatures of interest in the current study are summarized in Table 4-II. 

Table 4-II. The vapor pressure of n-hexane in the temperature range of interest. 

Temperature (°C) 70 80 90 

Vapor Pressure (bar) 1.05 1.42 1.89 

 

Figure 4.4 demonstrates the effect of the normalized partial pressure of n-hexane in the ternary system of 

ethylene-n-hexane-LLDPE, on the normalized solubility of ethylene in the amorphous phase of polymer 

(referred to as “normalized solubility” from now on), the normalized volume of the amorphous polymer 
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phase (referred to as “normalized volume” from now on), and the normalized concentration of ethylene in 

the amorphous phase of polymer (referred to as “normalized concentration” from now on). 

In this set of simulations, the ethylene-n-hexane interaction parameter is assumed to be �F$ = 0.0, as 

previously explained. The ethylene-LLDPE interaction parameter, k13, found by fitting SL model to the 

ethylene solubility data at 80 °C is	�FH = −0.022, and for now we will assume �$H = 0.0 without 

considering any a priori experimental knowledge about solubility of n-hexane.  
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Figure 4.4. A priori simulation on effect of n-hexane on the ethylene solubility, swelling of amorphous phase of LLDPE, 
and ethylene concentration in the amorphous phase of LLDPE at typical polymerization condition of 80 °C temperature 

and 10 bars of ethylene partial pressure.  

As can be seen from this figure, under these conditions the normalized solubility, normalized volume, and 

normalized concentration start to increase as a function of normalized partial pressure of n-hexane. In 

other words, according to the SL model, a higher partial pressure of n-hexane in the ternary system of 

ethylene-n-hexane-LLDPE is expected to result in higher solubility of ethylene in amorphous 

polyethylene, higher swelling of polymer’s amorphous phase, and eventually higher concentration of 

ethylene in the amorphous phase of polyethylene. 

The important aspect of the trend predicted by Sanchez-Lacombe model which needs to be emphasized 

here is that at each specific normalized pressure, the extent of increase in the normalized solubility of 

ethylene is higher than the extent of the increase in the normalized volume due to the sorption of n-hexane 

which results in a prediction of the increase in the normalized concentration, and as a result an 
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enhancement of the concentration of ethylene in the amorphous phase of polyethylene in the presence of 

n-hexane. However, since the normalized concentration is proportional to the ratio of normalized 

solubility to normalized volume (	=F,3<Tk-<.® ��,�~¯°±~.
²¯°±~. ), the extent of increase in the normalized concentration 

is much lower than the extent of increase in the normalized solubility due to presence of n-hexane. 

4.4.1.2. Parametric study of effect of partial pressure of ethylene 

In this section, the effect of partial pressure of ethylene at 80 °C on the magnitude of the predicted 

enhancement trend by Sanchez-Lacombe EOS in ethylene solubility, amorphous polyethylene swelling, 

and ethylene concentration in amorphous polyethylene in the ternary system of ethylene-n-hexane-

LLDPE is presented. As described in the previous section, the defined normalized functions of 

normalized solubility, normalized volume, and normalized concentration are used as the “measure of 

enhancement” in ethylene solubility, volume of amorphous polymer, and concentration of ethylene in 

amorphous polymer in the ternary system of ethylene-n-hexane-LLDPE, respectively. In these set of 

simulations, the partial pressure of ethylene is varied between the possible operational range of 5 to 15 

bars.  As in the previous set of simulations, the ethylene-n-hexane interaction parameter is assumed to 

be	�F$ = 0.0. The ethylene-LLDPE interaction parameter, k13, which is determined by fitting SL model to 

the ethylene solubility data at 80 °C is used as �FH = −0.022 while assuming �$H = 0.0 without 

considering any a priori experimental knowledge about solubility of n-hexane.  

In addition, the solubility of ethylene in amorphous polyethylene, 8�F,3<;?+T3-©, the extent of change in 

volume of amorphous polyethylene due to sorption, (1 + �t3<)?+T3-©, and the concentration of ethylene 

in the amorphous phase of PE, 8=F,3<;?+T3-©, at each pressure of ethylene at 80 °C which are predicted 

by Sanchez-Lacombe model for the “known” binary system of ethylene-LLDPE having the corresponding 

binary interaction parameter are summarized in Table 4-III. 

Table 4-III. Predicted solubility of ethylene, volume change of amorphous polymer, and concentration of ethylene in the 
amorphous phase of polyethylene by SL model at 80 °C and different ethylene pressures  

for the “known” ethylene-LLDPE system with kij = -0.022. 

Ethylene Pressure  5 10 15 bar 

8�F,3<;?+T3-© 0.0046 0.0092 0.0138 
q �K	«��. 1�K	�¬. ��r

?+T3-©
 

(1 + �t3<)?+T3-© 1.0076 1.0153 1.0230 
q��6	(�¬. �� + «��. 1)��6	(�¬. ��) r?+T3-© 

8=F,3<;?+T3-© 0.1343 0.2671 0.3982 
q ¬��	«��. 1��6	(�¬. �� + «��. 1)r

?+T3-©
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Figure 4.5, Figure 4.6, and Figure 4.7 demonstrate the predicted effect of partial pressure of ethylene on 

normalized solubility, normalized volume, and normalized concentration as a function of normalized 

pressure of n-hexane at 80 °C, respectively. An interesting pattern predicted by Sanchez-Lacombe model 

is revealed by comparing these three graphs. In all of these figures, the partial pressure of ethylene does 

not have any effect on the predicted magnitude of increase in normalized solubility, normalized volume, 

and normalized concentration due to presence of n-hexane, in the lower limit of normalized partial 

pressure of n-hexane up to about	(Tk-<. = 0.5. This in turn implies that in the lower limit of normalized 

partial pressure of n-hexane, the “level of enhancement” in ethylene solubility in the amorphous polymer, 

volume of amorphous phase, and concentration of ethylene in amorphous polyethylene due to presence of 

n-hexane is independent of the partial pressure of ethylene.  

As explained above, some caution must be taken in interpreting these simulation results for a normalized 

function as a measure to represent the level of change (here, enhancement) of a specific function while 

moving from binary to ternary system. According to equations ( 4.14 ) to ( 4.16 ), in order to calculate the 

absolute values of ethylene solubility, change of amorphous phase’s volume, and concentration of 

ethylene in amorphous phase in the ternary system of ethylene-n-hexane-LLDPE, the calculated 

normalized functions are needed to be multiplied by the corresponding values obtained experimentally for 

“known” binary system of ethylene-LLDPE, summarized in Table 4-III.  
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Figure 4.5. The prediction of Sanchez-Lacombe model on the effect of partial pressure of ethylene on the normalized 
solubility presented as a function of normalized pressure of n-hexane at 80 °C. The lines on the graph are to guide the eye. 
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Figure 4.6. The prediction of Sanchez-Lacombe model on the effect of partial pressure of ethylene on the normalized 
volume presented as a function of normalized pressure of n-hexane at 80 °C. The lines on the graph are to guide the eye. 
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Figure 4.7. The prediction of Sanchez-Lacombe model on the effect of partial pressure of ethylene on the normalized 
concentration presented as a function of normalized pressure of n-hexane at 80 °C. The lines on the graph are to guide the 

eye. 

However, at the higher limit of normalized pressure of n-hexane (above	(Tk-<. = 0.5), the normalized 

solubility and normalized volume predicted at each partial pressure of ethylene start to diverge one from 

the other. The maximum divergence of predicted normalized solubility at higher ethylene pressures of 10 
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and 15 bars with respect to the predicted normalized solubility at 5 bars ethylene is calculated to be about 

26% while the maximum divergence of predicted normalized volume at higher ethylene pressures of 10 

and 15 bars with respect to the predicted normalized volume at 5 bars ethylene is calculated to be about 

17%.  

By comparing Figure 4.5 and Figure 4.6, one can notice that the pattern of divergence of predicted 

normalized solubility and normalized volume at different partial pressures of ethylene are similar. It is 

because the change in the volume of the amorphous phase is directly related to the mass of solutes sorbed 

into it. For this reason, and since the normalized concentration is proportional to the ratio of normalized 

solubility to normalized volume (	=F,3<Tk-<.® ��,�~¯°±~.
²¯°±~. ), it can be seen in Figure 4.7 that the magnitude of 

increase in dimensionless concentration as a function of dimensionless pressure of n-hexane still remains 

approximately independent of partial pressure of ethylene in higher limit of normalized pressure of n-

hexane.  The maximum divergence of predicted normalized concentration at higher ethylene pressures of 

10 and 15 bars with respect to the predicted normalized concentration at 5 bars ethylene is calculated to 

be about 7%, which can be considered to be negligible.  

Similar trends are predicted by Sanchez-Lacombe model for the effect of partial pressure of ethylene on 

normalized solubility, normalized volume, and normalized concentration at 70 and 90 °C and are not 

presented here for the purpose of brevity. 

This set of parametric study on the effect of partial pressure of ethylene on the predicted level of 

enhancement in ethylene solubility, change in volume of amorphous phase and most importantly 

concentration of ethylene in amorphous polymer highlights the potential attractiveness of this category of 

equations of state from a practical point of view. Let us consider a gas phase fluidized bed reactor for 

ethylene polymerization at specific temperature (typically 80 °C) with specific catalytic system. Having 

an appropriate set of equilibrium data for solubility in binary and ternary system of interest, Sanchez-

Lacombe model can predict the level of enhancement in concentration of ethylene in the amorphous 

polyethylene surrounding the immobilized active sites (demonstrated in Figure 4.3) and consequently the 

enhancement in the reactor productivity upon introduction of n-hexane (or other ICA) to the reaction 

environment independent of the partial pressure of ethylene at which the reactor is operating. This claim 

of course is valid if we can neglect the potential effect of n-hexane on the morphology of particle, 

crystallinity degree of produced polyethylene and in short the mass transfer resistance through a growing 

particle. These points will be elucidated further in upcoming discussions in the next chapter, while it was 

intended here to provide a hint about the importance and necessity of current set of parametric study 

simulations in a larger context.  
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4.4.1.3. Parametric study of effect of equilibrium temperature 

In this section, the effect of equilibrium temperature on the magnitude of predicted enhancement trend by 

Sanchez-Lacombe EOS in ethylene solubility, amorphous polyethylene swelling, and ethylene 

concentration in amorphous polyethylene in the ternary system of ethylene-n-hexane-LLDPE is 

presented. In this set of simulations, the partial pressure of ethylene is 10 bars while the equilibrium 

temperature of gas-polymer system is varied between 70 to 90 °C, in a temperature range close to the 

typical operating condition of the gas phase ethylene polymerization on supported catalyst. Similar to 

previous parametric studies presented, ethylene-n-hexane mixture is assumed to behave ideally i.e. �F$ = 0.0 and no a priori knowledge about n-hexane solubility in polyethylene is considered by 

assuming	�$H = 0.0. However, the ethylene-LLDPE interaction parameter, k13, which has been 

determined by fitting the SL model to the experimental data in binary system, is used to be 	�FH =−0.014,−0.022, �� − 0.032 at each equilibrium temperature of 70, 80, and 90 °C, respectively.  

In addition, the solubility of ethylene in amorphous polyethylene, 8�F,3<;?+T3-©, the extent of change in 

volume of amorphous polyethylene due to sorption, (1 + �t3<)?+T3-©, and the concentration of ethylene 

in the amorphous phase of PE, 8=F,3<;?+T3-©, at each equilibrium temperature which are predicted by 

Sanchez-Lacombe model for the “known” binary system of ethylene-LLDPE in which pressure of 

ethylene is 10 bars are summarized in Table 4-IV having the corresponding binary interaction parameters 

at each temperature. 

Table 4-IV. Predicted solubility of ethylene, volume change of amorphous polymer, and concentration of ethylene in the 
amorphous phase of polyethylene by SL model at 10 bars of ethylene and different equilibrium temperatures of 70, 80, 90 

°C for the “known” ethylene-LLDPE system with  kij = -0.014, -0.022, -0.032  respectively. 

Temperature  70 80 90 °C 

8�F,3<;?+T3-© 0.0097 0.0092 0.0090 
q �K	«��. 1�K	�¬. ��r

?+T3-©
 

(1 + �t3<)?+T3-© 1.0159 1.0153 1.0151 
q��6	(�¬. �� + «��. 1)��6	(�¬. ��) r?+T3-© 

8=F,3<;?+T3-© 0.282 0.2671 0.2591 
q ¬��	«��. 1��6	(�¬. �� + «��. 1)r

?+T3-©
 

 

Figure 4.8, Figure 4.9, and Figure 4.10 demonstrate the predicted effect of gas-polymer equilibrium 

temperature on the normalized solubility, normalized volume, and normalized concentration as a function 

of normalized pressure of n-hexane, respectively, with partial pressure of ethylene equal to 10 bars in the 

ternary system of ethylene-n-hexane-LLDPE.  
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Figure 4.8. The prediction of Sanchez-Lacombe model on the effect of gas-polymer equilibrium temperature on the 
normalized solubility presented as a function of normalized pressure of n-hexane with partial pressure of ethylene equal 

to 10 bars in the ternary system of ethylene-n-hexane-LLDPE. The lines on the graph are to guide the eye. 
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Figure 4.9. The prediction of Sanchez-Lacombe model on the effect of gas-polymer equilibrium temperature on the 
normalized volume presented as a function of normalized pressure of n-hexane with partial pressure of ethylene equal to 

10 bars in the ternary system of ethylene-n-hexane-LLDPE. The lines on the graph are to guide the eye. 
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Figure 4.10. The prediction of Sanchez-Lacombe model on the effect of gas-polymer equilibrium temperature on the 
normalized concentration presented as a function of normalized pressure of n-hexane with partial pressure of ethylene 

equal to 10 bars in the ternary system of ethylene-n-hexane-LLDPE. The lines on the graph are to guide the eye. 

These last three Figures suggest that the temperature at which the gas-polymer system is in equilibrium 

does not affect the magnitude of enhancement in normalized solubility, normalized volume, and 

normalized concentration as a function of normalized pressure of n-hexane upon addition of this third 

component of n-hexane to the “known” binary system in the lower limit of normalized pressure of n-

hexane up to about (Tk-<. = 0.5. However, at higher limit of normalized pressure of n-hexane 

(above	(Tk-<. = 0.5), the Sanchez-Lacombe model predicts that the magnitude of enhancement in 

normalized solubility, normalized volume, and normalized concentration would decrease by increasing 

the temperature at which the gas-polymer system is in equilibrium. 

Similar trends are predicted with Sanchez-Lacombe model for the effect of equilibrium temperature for 

the ternary system of ethylene-n-hexane-LLDPE with partial pressure of ethylene equal to 5 and 15 bars 

and are not presented here for the brevity purpose.  

4.4.1.4. Parametric study of effect of n-hexane-LLDPE binary interaction parameter, k23 

In this section, the effect of n-hexane-LLDPE binary interaction parameter, k23, on the normalized 

solubility of ethylene in amorphous PE, normalized volume of amorphous phase of PE, and normalized 

concentration of ethylene in the amorphous polyethylene will be explored in the ternary system of 

ethylene-n-hexane-LLDPE. This set of simulations is performed at the equilibrium temperature of 80 °C 

with 10 bars of ethylene partial pressure. Similar to previous simulations, the ethylene-n-hexane 
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interaction parameter is assumed k12=0.0, while the ethylene-LLDPE interaction parameter obtained from 

fitting SL model to the experimental data at 80 °C is used k13=-0.022. 

While the binary interaction parameter, kij, between a solute (i) and a polymer (j) component in a binary 

or ternary system is generally perceived and used as the adjustable parameter in order to fit the Sanchez-

Lacombe model prediction to the experimental solubility data in a binary or ternary system (and it will be 

the same in our upcoming discussions), however, it would be useful here to briefly take a closer look on 

the conceptual meaning of this parameter in the context of Sanchez-Lacombe EOS. 

According to its definition, kij, represents the deviation of cross mer-mer interaction energy of component 

(i) and (j), l+y∗ , from the geometric mean of mer-mer interaction energy of component (i), l++∗ , and 

component (j), lyy∗ . While positive interaction parameter, kij, implies that l+y∗  is lower than the geometric 

mean of l++∗  and	lyy∗ .  Due to this weaker interaction energy with positive binary interaction parameter, the 

predicted solubility of solute (i) in polymer (j) will be lower than the case where the binary interaction 

parameter is equal to zero i.e. the system following the SL model ideally. On the other hand, negative 

interaction parameter implies that l+y∗  is higher than geometric mean of l++∗  and	lyy∗  and because of this 

stronger interaction energy with negative binary interaction parameter, the predicted solubility of solute 

(i) in polymer (j) will be higher than the case where the binary interaction parameter is equal to zero.  

It is intended in this section to explore the effect of n-hexane-LLDPE binary interaction parameter, k23, as 

a measure determining the solubility of n-hexane in the amorphous PE on the enhancement trend 

predicted for ethylene solubility in amorphous PE, volume of amorphous PE, and concentration of 

ethylene in amorphous PE in the ternary system of ethylene-n-hexane-LLDPE. The magnitude of the 

range in which the n-hexane-LLDPE binary interaction parameter, k23, is altered in these simulations is in 

the order of maximum magnitude required for fitting the SL model to the experimental solubility data of 

n-hexane in LLDPE in the previous section. As a result, the k23 is altered between -0.04 and +0.04. Figure 

4.11, Figure 4.12, and Figure 4.13 demonstrate the predicted effect of n-hexane-LLDPE binary interaction 

parameter, k23, on the normalized solubility of ethylene, normalized volume of amorphous phase, and 

normalized concentration of ethylene in amorphous PE presented as a function of normalized pressure of 

n-hexane in the ternary system of ethylene-n-hexane-LLDPE, respectively. 
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Figure 4.11. The prediction of Sanchez-Lacombe model on the effect of n-hexane-LLDPE binary interaction parameter, 
k23, on the normalized solubility of ethylene presented as a function of normalized pressure of n-hexane for the ternary 

system of ethylene-n-hexane-LLDPE at equilibrium temperature of 80 °C having 10 bars of partial pressure of ethylene. 
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Figure 4.12. The prediction of Sanchez-Lacombe model on the effect of n-hexane-LLDPE binary interaction parameter, 
k23, on the normalized volume of amorphous phase presented as a function of normalized pressure of n-hexane for the 

ternary system of ethylene-n-hexane-LLDPE at equilibrium temperature of 80 °C having 10 bars of pressure of ethylene. 



79 

 

0.00 0.25 0.50 0.75 1.00
0.0

0.5

1.0

1.5

2.0

2.5

3.0

N
or

m
al

iz
ed

 C
on

ce
nt

ra
tio

n 
(d

im
en

si
on

le
ss

)

Normalized Pressure of n-hexane (dimensionless)

 k
23

 = -0.04 

0.00 0.25 0.50 0.75 1.00
0.0

0.5

1.0

1.5

2.0

2.5

3.0

 k
23

 = 0.00

0.00 0.25 0.50 0.75 1.00
0.0

0.5

1.0

1.5

2.0

2.5

3.0

 k
23

 = 0.04

 

Figure 4.13. The prediction of Sanchez-Lacombe model on the effect of n-hexane-LLDPE binary interaction parameter, 
k23, on the normalized concentration of ethylene presented as a function of normalized pressure of n-hexane for the 

ternary system of ethylene-n-hexane-LLDPE at equilibrium temperature of 80 °C having 10 bars of pressure of ethylene. 

Regarding these figures and according to the Sanchez-Lacombe model predictions, as the n-hexane-

LLDPE binary interaction parameter, k23, decreases (i.e. as “assumed” solubility of n-hexane in 

amorphous phase of LLDPE increases) in the ternary system of ethylene-n-hexane-LLDPE, the solubility 

of ethylene in amorphous phase, volume of amorphous phase, and ethylene concentration in the 

amorphous phase also increase. 

In all of these three figures and at the binary interaction parameter k23=-0.04, we see an unexpected drop 

in normalized solubility, normalized volume , and normalized concentration when increasing the 

normalized partial pressure of n-hexane from 0.75 to 1. We do not have any explanation for this 

unexpected predicted trend by model. 

The important aspect of this set of simulations is that while regarding Figure 4.11 and Figure 4.12, the 

normalized solubility and normalized volume are very sensitive to the n-hexane-LLDPE binary 

interaction parameter, k23, the normalized concentration of ethylene shows much less sensitivity to this 

parameter. This is due to the fact that the normalized concentration of ethylene is proportional to the ratio 

of normalized solubility of ethylene to normalized volume (=F,3<Tk-<.® ��,�~¯°±~.
²¯°±~.).  

In short, this series of simulations help us to see that in the ternary system of ethylene-n-hexane-LLDPE, 

the solubility of ethylene in LLDPE is sensitive to the n-hexane-LLDPE binary interaction parameter 
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while the ethylene concentration shows less sensitivity to k23 compared to ethylene solubility. The 

importance of this finding will be highlighted again and emphasized later in the section related to the 

fitting the Sanchez-Lacombe model to the experimental solubility data of ethylene and n-hexane in 

LLDPE for the ternary system of ethylene-n-hexane-LLDPE.  

The same trends are predicted for ethylene-n-hexane-LLDPE ternary system at equilibrium temperature 

of 80 °C having ethylene partial pressure of 5 and 15 bars. In addition, another series of simulations are 

performed for this ternary system at equilibrium temperature of 70 and 90 °C with 10 bars of ethylene 

partial pressure which also lead to similar trends. The aforementioned series of simulation analyses are 

not presented here for the brevity purpose. 

4.4.2. Effect of ethylene on n-hexane-LLDPE as the “known” system 

In this section, first, the effect of addition of ethylene to n-hexane-LLDPE as the “known” binary system 

is explored through a parametric study of Sanchez-Lacombe model at the equilibrium temperature of 80 

°C as the typical temperature for the gas phase ethylene polymerization reactors.  Then, this is followed 

by series of parametric studies on the effect of equilibrium temperature, and also ethylene-LLDPE binary 

interaction parameter of k13, on the trends predicted by Sanchez-Lacombe model.  

Similar to the previous set of simulations, the ethylene-n-hexane binary interaction parameter of k12 is 

assumed to be equal to zero. The n-hexane-LLDPE binary interaction parameter of k23 has been already 

determined through fitting the SL model to the experimental data in the previous section. This will 

provide us with n-hexane solubility in amorphous polyethylene, 8�$,3<;?+T3-©, expressed in 
9-	)kN.$9-	3<.0kN in 

absence of ethylene as the “base” case. Without any a priori knowledge about ethylene solubility in PE 

and as a result ethylene-LLDPE binary interaction parameter of k13, it is assumed to be equal to zero, 

while the effect of k13 on the trends predicted by model will be explored through parametric study. 

4.4.2.1. Parametric study at the typical conditions for the gas phase ethylene polymerization on supported 
catalyst  

Here, the effect of addition of up to 20 bars of ethylene to the “known” n-hexane-LLDPE system with 

three different normalized partial pressure of n-hexane (Tk-<. = 0.25, 0.50, ��	0.75  is explored at 80 

°C as the typical condition for the gas phase ethylene polymerization on supported catalyst. 

In order to develop a better picture and as a result understanding of the predicted effect of ethylene on the 

solubility of n-hexane in LLDPE while transiting from n-hexane-LLDPE binary system to ethylene-n-

hexane-LLDPE ternary system, the following normalized function is defined below. 
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Normalized solubility of n-hexane, �$,3<Tk-<. : 

�$,3<Tk-<. =	 8�$,3<;1.-T3-©8�$,3<;?+T3-© ¦=§
q �K	«��. 2�K	�¬. ��r1.-T3-©
q �K	«��. 2�K	�¬. ��r?+T3-©

  ( 4.18 ) 

in which 8�$,3<;1.-T3-© is the n-hexane solubility in the ternary system of ethylene-n-hexane-LLDPE 

while 8�$,3<;?+T3-©is the n-hexane solubility in the “known” binary system of n-hexane-LLDPE.  

In this set of simulation, as mentioned earlier, ethylene-n-hexane binary interaction parameter, k12 and 

ethylene-LLDPE binary interaction parameter, k13 is assumed to be equal to zero while the n-hexane-

LLDPE binary interaction parameter obtained from fitting SL model to n-hexane solubility data at 80 °C 

is used as �$H = 0.020. 
Table 4-V summarizes the predicted solubility of n-hexane in LLDPE for the binary system of n-hexane-

LLDPE at 80 °C using SL model with binary interaction parameter of	�$H = 0.020. 

Table 4-V. The predicted solubility of n-hexane in LLDPE for the binary system of n-hexane-LLDPE at 80 °C using SL 

model with binary interaction parameter of k23 =0.020. 

(Tk-<. 0.25 0.5 0.75 dimensionless 

8�$,3<;?+T3-© 0.0281 0.0657 0.1214 
q �K	«��. 2�K	�¬. ��r

?+T3-©
 

 

Figure 4.14 demonstrates the predicted effect of addition of ethylene on the solubility of n-hexane by 

Sanchez-Lacombe EOS. The general trend is that the solubility of n-hexane starts to increase with partial 

pressure of ethylene (as unexpected co-solvency effect of ethylene) until it reaches a maxima in solubility 

of n-hexane. After this point, the solubility of n-hexane decreases by increasing the partial pressure of 

ethylene (anti-solvent effect of ethylene). The rate of initial increase and subsequent decrease in 

normalized solubility of n-hexane as a function of ethylene partial pressure slightly increases with the 

normalized partial pressure of n-hexane in the ternary system.  
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Figure 4.14. The predicted effect of addition of ethylene on the solubility of n-hexane by Sanchez-Lacombe EOS.  
The lines on the graph are to guide the eye. 

This set of predictions are obviously in contradiction with the experimental findings of Novak et al.[13] for 

the ternary system of ethylene-hexene-LLDPE and group of Yang[2] for the ternary system of ethylene-n-

hexane-LLDPE. The aforementioned experimental investigations have reported an anti-solvent effect of 

ethylene on the solubility of heavier solute component independent of partial pressure of ethylene in the 

ternary system. This in turn highlights the necessity for adjusting the binary interaction parameters of 

Sanchez-Lacombe EOS in order to be able to describe the solubility set of data acquired experimentally in 

the ternary system. We will explore this point in the upcoming section where the predictive capability of 

SL model is evaluated against experimental solubility data in the ternary system. 

4.4.2.2. Parametric study of effect of equilibrium temperature 

In this section, the effect of equilibrium temperature on the trends predicted by Sanchez-Lacombe model 

on the influence of partial pressure of ethylene on the solubility of n-hexane in LLDPE in the ternary 

system of ethylene-n-hexane-LLDPE is explored.  

In this set of simulations, the equilibrium temperature is varied between 70 to 90 °C, in a range close to 

the operational condition of gas phase ethylene polymerization reactors. The normalized partial pressure 

of n-hexane at each equilibrium temperature is assumed to be equal to 0.5 in the studied ternary system. 

Similar to the previous section, ethylene-n-hexane binary interaction parameter, k12 and ethylene-LLDPE 

binary interaction parameter, k13 is assumed to be equal to zero while the n-hexane-LLDPE binary 
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interaction parameter which has been obtained by fitting SL model to the experimental data is used as �$H = 0.010, 0.020, ��	0.038 at each equilibrium temperature of 70, 80, and 90 °C, respectively. 

Table 4-VI summarizes the predicted solubility of n-hexane in LLDPE for the binary system of n-hexane-

LLDPE with n-hexane normalized pressure of 0.5 at 70, 80, and 90 °C using SL model with 

corresponding binary interaction parameter at each temperature.  

Table 4-VI. The predicted solubility of n-hexane in LLDPE for the binary system of n-hexane-LLDPE with n-hexane 
normalized pressure of 0.5 at 70, 80, and 90 °C using Sanchez-Lacombe model with binary interaction parameter k23 = 

0.010, 0.020, and 0.038, respectively. 

Temperature 70 80 90 °C 

8�$,3<;?+T3-© 0.0815 0.0657 0.0394 
q �K	«��. 2�K	�¬. ��r

?+T3-©
 

 

Figure 4.15 demonstrates the effect of equilibrium temperature on the trend predicted by SL model on the 

influence of partial pressure of ethylene on the solubility of n-hexane in LLDPE in the ternary system of 

ethylene-n-hexane-LLDPE.  
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Figure 4.15. The predicted effect of equilibrium temperature on the influence of partial pressure of ethylene on the 
solubility of n-hexane in LLDPE in the ternary system of ethylene-n-hexane-LLDPE.  

The lines on the graph are to guide the eye. 
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It can be seen that as the temperature in which the ternary system is in equilibrium increases, the effect of 

ethylene on the solubility of n-hexane is attenuated. However, the trend for the dependency of n-hexane 

solubility to the partial pressure of ethylene remains the same; the solubility of n-hexane starts to increase 

with partial pressure of ethylene until it reaches a maxima in solubility of n-hexane. After this point the 

solubility of n-hexane decreases by increasing the partial pressure of ethylene. Similar trends are 

predicted for the effect of equilibrium temperature for the ternary system of ethylene-n-hexane-LLDPE in 

which the normalized partial pressure of n-hexane is equal to 0.25 and 0.75. The associated results of 

these simulations are not presented here for the brevity purpose. 

4.4.2.3. Parametric study of effect of ethylene-LLDPE binary interaction parameter, k13  

In this section, the predicted effect of ethylene-LLDPE binary interaction parameter, k13 on the solubility 

of n-hexane in LLDPE presented as a function of partial pressure of ethylene in the ternary system of 

ethylene-n-hexane-LLDPE is explored. This set of simulations with SL model is performed at the 

equilibrium temperature of 80 °C with normalized partial pressure of n-hexane equal to 0.5 in the ternary 

system. Similar to the previous set of simulations, the ethylene-n-hexane binary interaction parameter, k12 

is assumed to be equal to zero. The n-hexane-LLDPE binary interaction parameter, k23 which has been 

determined by fitting the SL model to the experimental data at 80 °C is used as	�$H = 0.020.  
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Figure 4.16. The predicted effect of ethylene-LLDPE binary interaction parameter, k13, on the normalized solubility of n-
hexane in LLDPE presented as a function of partial pressure of ethylene in the ternary system of ethylene-n-hexane-

LLDPE. The lines on the graph are to guide the eye. 
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The magnitude of the range in which ethylene-LLDPE binary interaction parameter, k13, is altered in these 

simulations is in the order of maximum magnitude required for fitting the SL model to the experimental 

solubility data of ethylene in LLDPE in the previous section. As a result, the k13 is altered between -0.04 

and +0.04. 

Figure 4.16 demonstrates the predicted effect of ethylene-LLDPE binary interaction parameter, k13, on the 

normalized solubility of n-hexane in LLDPE presented as a function of partial pressure of ethylene in the 

ternary system of ethylene-n-hexane-LLDPE. As one can see from this figure, as the ethylene-LLDPE 

binary interaction parameter, k13, decreases or alternatively, as the “assumed” solubility of ethylene in 

LLDPE increases in the ternary system of ethylene-n-hexane-LLDPE, the normalized solubility of n-

hexane in LLDPE also increases.  

However, the magnitude of the effect of changing the ethylene-LLDPE binary interaction parameter, k13, 

on the normalized solubility of n-hexane is very small and can be considered almost negligible in 

comparison with the predicted effect of n-hexane-LLDPE binary interaction parameter, k23, on the 

normalized solubility of ethylene provided in Figure 4.11 in the previous section. As a result, in the next 

section, where the predictive capability of Sanchez-Lacombe EOS is evaluated against experimental 

solubility data of ethylene and n-hexane in the ternary system of ethylene-n-hexane-LLDPE, the binary 

interaction of n-hexane-LLDPE, k23, is used as the adjustable parameter in order to obtain the best fitting 

of Sanchez-Lacombe model prediction to the experimental solubility values of both ethylene and n-

hexane which will lead to best estimation of ethylene concentration in the amorphous phase of PE using 

SL model. This is because as shown in our parametric study, in the ternary system of ethylene-n-hexane-

LLDPE, while the ethylene solubility is very sensitive to the n-hexane-LLDPE binary interaction 

parameter, k23, however, the n-hexane solubility shows much less (almost negligible) sensitivity to the 

ethylene-LLDPE binary interaction parameter, k13. This point will be elucidated and clarified further in 

the upcoming related section. 

Similar trends for the effect of ethylene-LLDPE binary interaction parameter, k13, on the normalized 

solubility of n-hexane in the ternary system of ethylene-n-hexane-LLDPE at different equilibrium 

temperature of 70 and 90 °C and with different normalized partial pressure of n-hexane equal to 0.25 and 

0.75 are predicted with Sanchez-Lacombe EOS and are not presented here for the sake of brevity. 
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4.5. Performance of Sanchez-Lacombe EOS in the ternary system  

In this section, first, the performance of the Sanchez-Lacombe EOS in describing the solubility of 

ethylene and n-hexane in the ternary system of ethylene-n-hexane-LLDPE is evaluated against the 

solubility set of data obtained experimentally using the pressure decay method.[2] This is followed by the 

discussion of a method to fit the SL EOS for the ternary system of ethylene-n-hexane-PE to the 

experimental solubility data through adjustment of n-hexane-LLDPE binary interaction parameter, k23. 

The optimized fitting of the SL model to the experimental data of both ethylene and n-hexane solubility in 

LLDPE simultaneously is of profound importance, as it will lead to a more accurate estimation of 

ethylene concentration in the amorphous phase of LLDPE. As highlighted earlier, the concentration of 

ethylene in the amorphous phase of polyethylene (not the solubility) controls the rate of gas phase 

ethylene polymerization on the supported catalyst. Using the available set of equilibrium solubility data 

for ethylene and n-hexane in LLDPE in ternary system, the performance of Sanchez-Lacombe EOS in 

prediction of enhancement in the ethylene concentration in the amorphous phase of polyethylene in 

presence of n-hexane, and as a result the rate of polymerization will be evaluated under reactive 

conditions (in Chapter 5).  This is the first time such a thermodynamic model has been tested in reactive 

conditions in the open literature. 

4.5.1. Evaluation of predictive capability of Sanchez-Lacombe EOS against experimental 
solubility data in the ternary system 

The binary interaction parameters of ethylene-LLDPE, k13, and n-hexane-LLDPE, k23, were determined in 

the previous section by fitting the SL EOS for binary systems of solute-polymer to the experimental data 

at different equilibrium temperatures. In this section, we will extend the model to a ternary system.  We 

will first test the quality of model predictions by implementing the obtained binary interaction parameter 

of k13 and k23 into Sanchez-Lacombe model for ternary systems of solute(1)-solute(2)-polymer, and 

comparing the results to the experimental solubility data of ethylene and n-hexane in the ternary system of 

ethylene-n-hexane-LLDPE (still assuming that  �F$ = 0.0).   

The procedure for evaluating the predictive capability of Sanchez-Lacombe EOS in the ternary system is 

illustrated schematically in Figure 4.17. 
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Figure 4.17. The schematic representation of the procedure for evaluation of predictive capability of Sanchez-Lacombe 
model in describing the solubility of the solutes in ternary system. 

The sorption equilibrium data for ethylene and n-hexane in the ternary system of ethylene-n-hexane-

LLDPE is extracted from the paper by group of Yang[2] in which the related sorption measurements are 

performed using the pressure-decay method. 

The solubility measurements were performed at three equilibrium temperature of 70, 80, and 90 °C in a 

range close to the operational temperature of gas phase ethylene polymerization reactors. At each 

equilibrium temperature, four series of solubility measurements were performed for total gas phase 

pressures (as a mixture of ethylene and n-hexane with different compositions) of 5, 10, 15, and 20 bars. 

The maximum partial pressure of n-hexane in the gas phase composition is about 0.9 bar in all of these 

sets of experiments. The polyethylene sample used in the solubility measurements of ternary system is the 

same as the one used previously in the binary systems with the commercial grade name of DGM1820. 

This is assumed to be LLDPE according to its density of 920 kg/m3 and crystallinity of 49%.  

The software of Plot Digitizer is used in order to extract the related solubility data from the associated 

figures in which the solubility of species in polymer are presented versus their partial pressure in the gas 

phase at specific temperatures in the paper.[2] In order to evaluate and minimize the possible generation of 
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errors due to extraction of the data from the figures, the procedure of extracting the data is repeated for 

the two times. The mean absolute percentage of difference between two consecutive readings of solubility 

points from the figures i.e. ��[�e�[��[� � × 100 in which R1 and R2 represents first and second reading of 

solubility values for a specific point in the figure is calculated to be 0.08% and 0.49% for ethylene and n-

hexane solubility data in polyethylene, respectively. This in turn indicates that the errors generated at the 

step of extraction of solubility data from the figures are negligible and assures the reliability of acquired 

set of data. 

Figure 4.18, Figure 4.19, and Figure 4.20 demonstrate the predictive capability of ternary Sanchez-

Lacombe model in order to describe the solubility of ethylene and n-hexane in LLDPE in the ternary 

system of ethylene-n-hexane-LLDPE at three measurement equilibrium temperatures of 70, 80, and 90 

°C, respectively. As previously mentioned, in the ternary Sanchez-Lacombe model, the ethylene-LLDPE 

binary interaction parameter, k13, and the n-hexane-LLDPE binary interaction parameter, k23, are obtained 

by fitting the binary Sanchez-Lacombe model to the experimental solubility data in the corresponding 

binary system of solute-polymer at each measurement equilibrium temperature, while k12 is assumed to be 

equal to zero. 

A short explanation about the observed solubility behavior of ethylene as a function of its partial pressure 

in the mixture might be useful here. Since the sorption measurements are performed at a constant pressure 

of gas phase at each equilibrium temperature, as the partial pressure of ethylene in the mixture decreases, 

the partial pressure of n-hexane was increased in order to keep the pressure of gas phase constant. The 

higher partial pressure of n-hexane, in turn, results in a greater enhancement of ethylene solubility in the 

polymer (see the parametric study above). As a result, we can see that as the partial pressure of ethylene 

in the gas phase mixture decreases, its solubility in LLDPE remains more or less the same or even slightly 

increases.  



89 

 

 

 

Figure 4.18. The solubility of n-hexane and ethylene in LLDPE in the ternary system of ethylene-n-hexane-LLDPE at 70 
°C with Ptot = 5, 10, 15, and 20 bars and its comparison with the prediction of the ternary Sanchez-Lacombe model with 

the corresponding binary interaction parameters of k12 = 0.00, k13 = -0.014, k23 = 0.010 at 70 °C. 
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Figure 4.19. The solubility of n-hexane and ethylene in LLDPE in the ternary system of ethylene-n-hexane-LLDPE at 80 
°C with Ptot = 5, 10, 15, and 20 bars and its comparison with the prediction of the ternary Sanchez-Lacombe model with 

the corresponding binary interaction parameters of k12 = 0.00, k13 = -0.022, k23 = 0.020 at 80 °C. 
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Figure 4.20. The solubility of n-hexane and ethylene in LLDPE in the ternary system of ethylene-n-hexane-LLDPE at 90 
°C with Ptot = 5, 10, 15, and 20 bars and its comparison with the prediction of the ternary Sanchez-Lacombe model with 

the corresponding binary interaction parameters of k12 = 0.00, k13 = -0.032, k23 = 0.038 at 90 °C. 
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As can be seen from Figure 4.18 to Figure 4.20, the prediction of ternary Sanchez-Lacombe model 

overestimates the solubility of both ethylene and n-hexane in comparison with the experimentally 

obtained solubility data in the ternary system of ethylene-n-hexane-LLDPE (except for ethylene solubility 

at 90 °C and Ptot = 5 bars).  However, as the temperature at which the system is in equilibrium increases, 

the quality of the model predictions increases for both ethylene and n-hexane compared to experimental 

data.  

4.5.2. Fitting the prediction of Sanchez-Lacombe EOS to the solubility of ethylene and n-hexane 
in the ternary system of ethylene-n-hexane-LLDPE 

As was demonstrated above, model predictions are very sensitive to the n-hexane-LLDPE binary 

interaction parameter, k23, but not at all to the value of the ethylene-LLDPE binary interaction parameter, 

k13. We therefore propose to use k23 as an adjustable parameter in order to fit the prediction of the ternary 

Sanchez-Lacombe model to the experimentally obtained solubility of ethylene and n-hexane in LLDPE, 

while keeping k13 constant at the value estimated for the binary system.  

It is important to note once again that having an accurate estimation of solubility of both ethylene and n-

hexane in the ternary system of ethylene-n-hexane-LLDPE is crucial in order to have an accurate 

estimation of ethylene concentration in the amorphous phase of polyethylene. This is because while the 

solubility of ethylene provide us with the mass (or number of moles) of ethylene sorbed in the amorphous 

phase of polyethylene, it is the solubility of n-hexane that controls the extent of swelling and 

consequently the volume of amorphous phase.  

Similar to fitting the binary SL model to the experimental data, it has been attempted to fit the ternary SL 

model to the experimentally obtained solubility data of both ethylene and n-hexane. This was done at 

each equilibrium temperature by minimizing the following objective function (O.F.) for solubility values 

of ethylene and n-hexane, through adjustment of n-hexane-LLDPE binary interaction parameter, k23, as 

previously explained. 

�. �.= 1I|m�"3N"+ − �.v0+�.v0+ n$�
+�F

 

 

 ( 4.19 ) 

in which Scalc and Sexp are the solubility values calculated from ternary Sanchez-Lacombe model and 

experimental solubility values extracted, respectively. N is the number of solubility data points at each 

temperature.  
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However, the objective functions defined for ethylene and n-hexane are not minimized at the same value 

for binary interaction parameter of k23. As a result, another criterion is required to be defined in order to 

determine the binary interaction parameter of k23 at each measurement equilibrium temperature which 

leads to an “optimized” estimation of both ethylene and n-hexane solubility and consequently the ethylene 

concentration in the amorphous phase of PE by the ternary SL model. 

This “optimized” simultaneous fitting of the ternary SL model to the experimentally obtained solubility 

values of ethylene and n-hexane is achieved by adjusting the n-hexane-LLDPE binary interaction 

parameter, k23, in a manner that it minimizes the objective function (O.F.) for n-hexane as defined in 

equation ( 4.19 ), while keeping the maximum error in estimation of ethylene solubility for all of the 

solubility points at each equilibrium temperature below 15%, in other words s�´ �������e���������� � × 100 <
15%. 

In order to meet the criterion defined to have the “optimized” fitting of the ternary SL model to the 

experimental data and as a result, more accurate estimation of ethylene concentration in the amorphous 

phase of PE, the n-hexane-LLDPE binary interaction parameter, k23, is needed to be adjusted from 0.010 

to 0.034 at 70 °C, from 0.020 to 0.030 at 80 °C, and from 0.038 to 0.046 at 90 °C. According to the better 

predictive capability of ternary Sanchez-Lacombe model at higher equilibrium temperatures which has 

been observed in the previous section, it is not surprising to find that the magnitude of required 

adjustment in the n-hexane-LLDPE binary interaction parameter, k23, in order to meet the defined 

criterion decreases by increasing the equilibrium temperature.  

Figure 4.21, Figure 4.22, and Figure 4.23 demonstrate the “optimized” fitting of the ternary Sanchez-

Lacombe model to the experimentally obtained solubility values of ethylene and n-hexane in the ternary 

system of ethylene-n-hexane-LLDPE at 70, 80, and 90 °C, respectively with the corresponding adjusted 

n-hexane-LLDPE binary interaction parameter, k23, at each measurement equilibrium temperature. 

The average of absolute deviation percentage of the ternary SL model prediction from experimental data 

i.e. ������e�������� � × 100 is calculated to be 6.5%, 4.4%, and 3.2% for ethylene and 30.5%, 8.5%, and 15.6% 

for n-hexane at each measurement equilibrium temperature of 70, 80, and 90 °C, respectively. This in turn 

indicates that except for lowest measurement equilibrium temperature of 70 °C in which the prediction of 

ternary SL model for n-hexane deviates considerably from the experimental values, the proposed method 

for “optimized” simultaneous fitting of the ternary SL model to the experimentally obtained solubility 

values of both ethylene and n-hexane provides an acceptable estimation for solubility of both solutes in 

polymer at equilibrium temperatures of 80 and 90 °C. As highlighted earlier, the ternary Sanchez-
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Lacombe model implementing the adjusted binary interaction parameter of k23 to provide optimized 

fitting of model to the available equilibrium solubility data of ethylene and n-hexane in LLDPE in the 

ternary system of ethylene-n-hexane-LLDPE will be used in order to estimate the effect of n-hexane on 

the magnitude of enhancement of ethylene concentration in the amorphous phase of polymer surrounding 

the catalyst active sites and consequently the rate of ethylene polymerization. This will be eventually 

compared with the observed effect of n-hexane on the rate of gas phase ethylene polymerization on 

supported catalyst performed with stirred-bed gas phase reactor, in the next chapter. 
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Figure 4.21. The solubility of n-hexane and ethylene in LLDPE in the ternary system of ethylene-n-hexane-LLDPE at 70 
°C with Ptot = 5, 10, 15, and 20 bars and its comparison with the prediction of the ternary Sanchez-Lacombe model with 

the corresponding binary interaction parameters of k12 = 0.00, k13 = -0.014, and adjusted k23 = 0.034 at 70 °C. 
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Figure 4.22. The solubility of n-hexane and ethylene in LLDPE in the ternary system of ethylene-n-hexane-LLDPE at 80 
°C with Ptot = 5, 10, 15, and 20 bars and its comparison with the prediction of the ternary Sanchez-Lacombe model with 

the corresponding binary interaction parameters of k12 = 0.00, k13 = -0.022, and adjusted k23 = 0.030 at 80 °C. 
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Figure 4.23. The solubility of n-hexane and ethylene in LLDPE in the ternary system of ethylene-n-hexane-LLDPE at 90 
°C with Ptot = 5, 10, 15, and 20 bars and its comparison with the prediction of the ternary Sanchez-Lacombe model with 

the corresponding binary interaction parameters of k12 = 0.00, k13 = -0.032, and adjusted k23 = 0.046 at 90 °C. 
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4.6. Conclusion  

The Sanchez-Lacombe EOS, one of the most commonly used thermodynamic models in the polymer 

field, was used to predict the solubility of ethylene, of n-hexane and of mixtures of the two in LLDPE.  

In an initial step, we looked at the capability of Sanchez-Lacombe EOS to describe the solubility of 

gaseous ethylene and n-hexane in polyethylene in binary solute-polymer systems through adjustment of 

the binary interaction parameter of model, kij. It is found that while the binary SL model can predict and 

describe the temperature and pressure dependency of ethylene in PE in an excellent manner, the quality of 

best fitting of the binary SL model prediction to the available set of experimental solubility data of n-

hexane was less satisfactory.  

Moving on to the ternary system and using a set of parametric studies, it is found that the ternary SL 

model predicts that the solubility of ethylene in PE, volume of amorphous phase of PE, and more 

importantly the concentration of ethylene in the amorphous phase of PE increase by increasing the partial 

pressure of n-hexane in the created ternary system of ethylene-n-hexane-PE. However, since the 

concentration of ethylene in the amorphous phase of polymer is proportional to the ratio of solubility of 

ethylene to volume of amorphous phase of PE, the extent of predicted enhancement in the ethylene 

concentration is much lower than the one for ethylene solubility.  

In addition, parametric studies revealed that according to the predictions of ternary Sanchez-Lacombe 

model and in the lower limit of normalized partial pressure of n-hexane up to about	(Tk-<. = 0.5 , the 

“level of enhancement” predicted for ethylene solubility in the amorphous polyethylene, volume of 

amorphous phase, and concentration of ethylene in the amorphous polyethylene due to presence of n-

hexane is independent of partial pressure of ethylene and also the temperature at which the ternary system 

is in equilibrium. 

More importantly, the parametric study also showed that in the ternary system of ethylene-n-hexane-

LLDPE, while the ethylene solubility is very sensitive to the n-hexane-LLDPE binary interaction 

parameter, k23, the n-hexane solubility shows much less (almost negligible) sensitivity to the ethylene-

LLDPE binary interaction parameter, k13. As a result, the binary interaction of n-hexane-LLDPE, k23, can 

be used as the adjustable parameter in order to obtain the best fitting of the ternary Sanchez-Lacombe 

model prediction to the experimental solubility values of both ethylene and n-hexane in the ternary 

system of ethylene-n-hexane-PE which will lead to the most accurate estimation of ethylene concentration 

in the amorphous phase of PE using SL model. 
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Following the set of parametric studies, the predictive capability of the ternary Sanchez-Lacombe EOS in 

describing the solubility of solutes in the ternary system from their available solubility data in the 

corresponding binary system was evaluated. It was shown that the prediction of the ternary Sanchez-

Lacombe model overestimates the solubility of both ethylene and n-hexane in comparison with the 

experimentally obtained solubility data in the ternary system of ethylene-n-hexane-LLDPE if the binary 

interaction parameters obtained from binary solubility data were used directly in the ternary model. A 

method was therefore proposed to have better fitting of the Sanchez-Lacombe EOS to the experimental 

data through adjustment of the n-hexane-LLDPE binary interaction parameter, k23.  A comparison of the 

predicted and measured solubilities revealed that the proposed method allows us to obtain reasonable 

values.  

The results from this chapter show that the optimized fitting of the SL model to the experimental data of 

both ethylene and n-hexane solubility in LLDPE simultaneously can be extremely important, as it will 

lead to a more accurate estimation of ethylene concentration in the amorphous phase of LLDPE using SL 

EOS. As highlighted earlier, the concentration of ethylene in the amorphous phase of polyethylene (not 

the solubility) controls the rate of gas phase ethylene polymerization on the supported catalyst. Using the 

available set of equilibrium solubility data for ethylene and n-hexane in LLDPE in ternary system, the 

performance of Sanchez-Lacombe EOS in prediction of enhancement in the ethylene concentration in the 

amorphous phase of polyethylene in presence of n-hexane and as a result the rate of polymerization will 

be eventually evaluated under reactive condition, for the first time in this field, against the set of 

heterogeneous ethylene polymerization experiments  performed using stirred-bed gas phase reactor which 

will be presented in the following chapter. 
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5. Modeling effect of n-hexane as ICA on the gas phase ethylene 

polymerization on supported catalyst  

In the previous chapter, we looked at the thermodynamics of sorption in binary systems (ethylene-PE and 

n-hexane-PE) and ternary systems (ethylene-n-hexane-PE) of interest representative of the condensed 

mode of operation of gas phase ethylene polymerizations, at equilibrium and under non-reactive 

conditions. In addition, the Sanchez-Lacombe EOS was used in order to describe experimental solubility 

data from the literature in binary and ternary systems through adjustment of the binary interaction 

parameters between components (i) and (j), kij.  It was found that the model parameters obtained in this 

manner allowed us to predict the solubility values in the available set of experimental data.  Furthermore, 

it was found that the ternary Sanchez-Lacombe model could also be used to predict the increase in the 

concentration of ethylene in the amorphous phase of PE as a function of the partial pressure of n-hexane 

in the gas phase composition. 

In the current chapter we will present an experimental study to quantify the effect of presence of n-hexane 

in the gas phase composition during the gas phase ethylene polymerization on the supported catalyst. The 

experimental study will then be followed by a comprehensive modeling analysis, in order to enhance our 

understanding and ultimately being able to predict the experimentally observed trends for the 

polymerization rate in presence of n-hexane.  

5.1. Experimental section 

5.1.1. Materials 

Ethylene with a minimum purity of 99.5% was obtained from Air Liquide (Paris, France) and was passed 

over purifying columns of zeolite and active carbon before use. Argon with a minimum purity of 99.5% 

(used to keep the reaction environment free of oxygen and other impurities) was obtained from Air 

Liquide and used as received.  Triethylaluminium (TEA) co-catalyst was obtained from Witco 

(Germany).  An in-house Zeigler-Natta catalyst (TiCl4 supported on MgCl2) was used as the catalytic 

system for the series of gas phase polymerizations in the current study. This catalyst was synthesized 

using a procedure developed in our laboratories and published elsewhere.[1]  NaCl with a range of particle 

size between 250 and 500 µm was obtained from Laurylab (France) and used as seedbed to disperse the 

catalyst particles. The salt was dried under vacuum four times, each time for 4 hours at 400 °C before use 

in order to eliminate all traces of water.  
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5.1.2. Experimental set-up and procedure 

The experimental set-up used in this study is demonstrated schematically in Figure 5.1. It consisted of a 

2.5 litre spherical stirred-bed gas phase reactor heated by circulating water in a jacket covering the 

external surface of the reactor. A pressure regulator controlled the pressure of ethylene in the reactor. The 

gas phase reactor was conditioned at 80 °C for at least 1 hour by 5 cycles of vacuum and consequent 

introduction of argon to the reactor. This was followed by introduction of 1 cm3 of 1M solution of TEA in 

heptane into the reactor for scavenging all the remaining traces of water while also acting as the co-

catalyst. The catalyst was introduced into the reactor with a catalyst injection cartridge having an inner 

volume of 100 cm3. The cartridge was filled with the catalyst diluted in the dried NaCl, and was 

pressurized with 10 bars of hydrogen as an agent to control the molecular weight of produced polymer 

chains and optionally chosen to push all the catalyst/salt mixture into the reaction environment.  Finally, 

the reaction was started by feeding the ethylene gas to the reactor while maintaining its pressure at the 

desired level of 7 or 12 bars during the polymerization reaction for 2 hours at the reaction temperature of 

80 °C. It must be mentioned that in all of the polymerization reactions, in addition to ethylene, 1 bar of 

argon as the inert and less than 0.4 bar of hydrogen (estimated from relative volume of reactor and 

catalyst injection cartridge) were present in the reaction environment. In order to stop the reaction, the 

reactor was degassed from ethylene while being cooled down by circulation of cold water in the external 

jacket.  

 

Figure 5.1. Schematic representation of the experimental set-up used to study gas phase ethylene polymerization on 
supported catalyst. 

In order to study the effect of n-hexane as ICA, after conditioning the reactor, first, at room temperature 

of 25 °C, a specific amount of liquid n-hexane was injected to bed. Then the reactor temperature was 
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raised to 80 °C assuring all n-hexane inside the reactor was vaporized. This was followed by catalyst 

injection and ethylene introduction, respectively. 

5.1.3. Experimental results 

Figure 5.2 demonstrates the effect of presence of n-hexane in the gas phase composition having partial 

pressure of 0.0 bar (Rp1), 0.3 bar (Rp2), 0.6 bar (Rp3), and 0.8 bar (Rp4) on the instantaneous rate of 

ethylene polymerization at 80 °C using supported catalyst with partial pressure of ethylene in the reactor 

environment, equal to (a)7 and (b)12 bars. Each polymerization reaction with 0.0, 0.3, 0.6, and 0.8 bar of 

n-hexane partial pressure was repeated at least three times.  These levels of n-hexane were chosen based 

on the range of quantities typically used in condensed mode operation. As can be seen in this figure, the 

instantaneous rate of ethylene polymerization increases in the presence of n-hexane, thus supporting the 

initial speculation of the effect of n-hexane on the enhancement of the ethylene solubility in polymer. 

 

 

 

 

 

 

Figure 5.2. Instantaneous rate of ethylene polymerization at 80 °C in presence of 0.0, 0.3, 0.6, and 0.8 bar of partial 
pressure of n-hexane in the reaction environment corresponding to Rp1, Rp2, Rp3, and Rp4 with partial pressure of ethylene 

in the reactor environment, equal to (a)7 and (b)12 bars. 

In order to have a better picture and understanding, the averaged instantaneous rate of polymerization in 

the presence of n-hexane is normalized with the one without any n-hexane and presented in Figure 5.3. 

Consequently, this helps us to see that while the effect of n-hexane increases proportionally to its partial 

pressure in the gas phase composition, this effect is more pronounced at the initial steps during the course 

of polymerization. 
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Figure 5.3. The averaged instantaneous rate of polymerization in presence of n-hexane normalized with the one without 
any n-hexane with partial pressure of ethylene in the reactor, equal to (a)7 and (b)12 bars. 

In addition, by comparing Figure 5.3 (a) and (b) for the effect of partial pressure of ethylene on the 

observed “enhancement” of the instantaneous rate of ethylene polymerization on supported catalyst in 

presence of n-hexane, it can be concluded that while the magnitude of the acceleration of the 

instantaneous rate of polymerization in presence of n-hexane is almost the same during the initial steps of 

polymerization with both of the partial pressures of ethylene equal to 7 and 12 bars, this influence (clearly 

due to cosolubility effect of n-hexane) appears to fade out more rapidly as a function of time during the 

polymerization with 7 bars of ethylene partial pressure in comparison with the polymerization by 12 bars 

of reactant ethylene.  

We have clearly shown here that the cosolubility effect of the heavier ICA (n-hexane) on the solubility, 

concentration, and consequently the rate of polymerization of lighter reactant ethylene can be quite 

significant.  To the best of our knowledge this is the first time this effect has been quantified under 

reactive conditions in an academic study. 

In the following section, we will present a more comprehensive description of the experimentally 

observed trends of the effect of n-hexane on the instantaneous rate of ethylene polymerization. This is 

achieved by providing a phenomenological description of the imposed change to the operational condition 

of the gas phase ethylene polymerization process on supported catalyst due to addition of n-hexane as 

ICA to the gas phase composition.  Finally, the capability of the developed phenomenological modeling 

approach to describe and predict the effect of imposed change on the process condition of the 

polymerization reaction by addition of n-hexane will be evaluated against the effect of n-hexane on the 

instantaneous rate of ethylene polymerization which has been observed experimentally under the reactive 

conditions.   
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5.2. Polymer Flow Model (PFM) 

Generally speaking, the local rate of ethylene polymerization inside a growing particle (Figure 5.4) is 

considered to be of first order with respect to the local ethylene concentration in the amorphous phase of 

polyethylene surrounding the active sites immobilized on the fragments of initial catalyst particle.  

C0kN.Nk". = �0=∗¦s§3<k-0¨.0kN.Nk".   ( 5.1 ) 

 

Figure 5.4. Schematic presentation of concept of local monomer concentration and local temperature inside a growing 
polymer particle. 

While the local concentration of ethylene is primarily determined by the equilibrium of sorption of 

monomer solutes from the gas phase to the polymer phase, it also depends on the effective (or overall) 

diffusivity of ethylene through the polymer particle as a measure indicating the rate of monomer supply 

for the polymerization reaction at the active sites. The effective monomer diffusivity through the particle 

would in turn depend on morphology of the polymer particle. For instance, this effective diffusivity is 

expected to be much larger in a porous polymer particle with large cracks compared to a non-porous 

compact polymer particle. 

In addition to the local concentration of reactant at the active sites, the instantaneous rate of 

polymerization obviously will also depend on the chemistry and kinetic behavior of catalytic system 

being used. While the kinetic behavior of the catalytic system is primarily designed and established 

during the preparation step of the catalyst, the activity of the polymerization active sites immobilized on 

the catalyst fragments will depend on the local temperature through the particle. For instance, for a 
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conventional catalyst system of Ziegler-Natta, while the propagation rate constant, kp, increases as a 

function of temperature, the concentration of active sites, C*, would decrease. 

As a result, in order to be able to predict the effect of change in the process condition (here, addition of n-

hexane as ICA to the gas phase composition) on the quality and rate of gas phase ethylene polymerization 

utilizing a specific type of supported catalyst system, not only it is necessary to be able to describe the 

change in the solubility behaviour of ethylene in the polymer, but it is also necessary to consider the 

change in the effective diffusivity of ethylene through the growing particle and also local temperature at 

the polymerization active sites dispersed inside the particle.  

In simple terms, the effect of changing the process operating condition from condition (1) to condition (2) 

on the instantaneous local rate of gas phase ethylene polymerization using a specific type of supported 

catalyst system, without affecting the chemical nature and functionality of polymerization active sites 

during this applied transition in the process condition can be described by 

8C0kN.Nk".;$8C0kN.Nk".;F =
·8�$, D$, !$Nk".;·8�F, DF, !FNk".;  ( 5.2 ) 

in which 8C0kN.Nk".;$ and 8C0kN.Nk".;F are the instantaneous local rate of ethylene polymerization in the process 

operating condition (2) and (1), respectively, while S, D, and  Tloc. representing the solubility of ethylene 

in polyethylene, the effective diffusivity of ethylene through the growing polymer particle, and the local 

temperature of the active site in the corresponding operating condition of the process, respectively. 

f is a function which correlates the local rate of ethylene polymerization at each instant during the course 

of polymerization reaction to the solubility of ethylene, the effective diffusivity of ethylene, and the local 

temperature at the polymerization active sites for the gas phase ethylene polymerization process utilizing 

a specific type of heterogeneous catalytic system.This in turn highlights the importance of adapting a 

single particle model in this study in order to be able to define such a function (f) which could properly 

reflect the effect of parameters dependent on the process condition i.e. S, D, and T on the instantaneous 

rate of gas phase ethylene polymerization in a growing polymer particle in a fluidized bed reactor. 

 

In Chapter 2, a brief overview of different classes of single particle models developed for processes of 

polyolefin’s production using heterogeneous catalyst was presented. In the current study, the Polymer 

Flow Model (PFM) has been adapted and used to serve for the aforementioned purpose. While relatively 

simplistic, the polymer flow model framework is the easiest to adapt for single particle models in this 
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field and will be presented in detail in the following section. For further discussions about the available 

single particle models developed in this field with their associated functionalities, advantages, and 

limitations, the reader is referred to the bibliography chapter and other references available in the 

literature. 

 In order to be able to provide a better description of Polymer Flow Model (PFM) and the 

assumptions made implicitly during its development, it would be helpful to take a brief closer look on the 

evolution of a real catalyst/polymer particle during its residence time inside the reactor, i.e. from 

introduction of fresh catalyst (or prepolymer) to the reaction environment to its withdrawal from the 

reactor as a fully grown particle, as provided in Figure 5.5. As discussed earlier, in this type of 

polymerization, the catalytic sites are deposited inside the pores of a highly porous mineral solid. The 

particles are injected into the reactor, where ethylene rapidly polymerizes in the pores.  The stress created 

by this initial polymerisation causes the initial structure of the support to fragment and the particle is 

transformed into a polymer particle where the semi-crystalline polyethylene forms the continuous phase 

with the fragments of the support dispersed therein.   The reaction continuous as monomer diffuses into 

the pores of the particle, sorbs in the polymer layer covering the active sites, and then diffuses once more 

toward the active centres where it reacts.  The continuous formation of polymer causes the particle to 

expand as the reaction proceeds. Without intending to go into further detail, it can be seen that in reality, a 

growing polymer particle at each moment after start of polymerization reaction can be considered to be 

constituted of at least three distinguished phases of catalyst fragments, produced polymer, and pores. The 

polymer phase, in turn, is composed of amorphous and crystalline phases.   

In the PFM model, the process of fragmentation of initial catalyst particle is considered to take place and 

be completed immediately after its exposure to the reaction environment. In addition, the growing 

polymer particle at each instant during the course of polymerization is assumed to constitute a spherical 

pseudo-homogeneous medium, through which the polymerization active sites are dispersed uniformly.  
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Figure 5.5. Comparative schematic representation of morphological evolution of a real catalyst/polymer particle during 
gas phase ethylene polymerization on supported catalyst with the one assumed by PFM.  

In order to describe the polymer particle growth during gas phase ethylene polymerization in presence of 

n-hexane as an ICA by PFM model, the two sets of mass balance equations for reactant ethylene and n-

hexane need to be solved simultaneously along with an energy balance equation for the growing polymer 

particle. The balances with the corresponding boundary and initial conditions in the spherical coordinates 

are provided below: 

5.2.1. Mass and energy balance equations 

5.2.1.1. Mass balance equation for ethylene as the reactant 

¸¦s§kB.F¸6 = 1KN$ ¸̧KN mDkB.FKN$ ¸
¦s§kB.F¸KN n − CB 

 

 ( 5.3 ) 

Boundary conditions 

¦s§kB.F =	 ¦s§kB..>.F					@			KN = CN  ( 5.4 ) 

¸¦s§kB.F¸KN = 0																				@			KN = 0  ( 5.5 ) 

Initial condition 

¦s§kB.F = 0																							@			6 = 0			��			0 ≤ KN ≤ CN  ( 5.6 ) 
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where ¦s§kB.F is overall ethylene concentration through the particle, ¦s§kB..>.F is the overall equilibrium 

concentration of ethylene in the particle, DkB.F is the overall ethylene diffusivity through the particle, and 

CB is the volumetric rate of ethylene monomer consumption.  

In all of the balance equations, 6 represents the time,  KN is radial position in the pseudo-homogeneous 

polymer particle and CN is the radius of the pseudo-homogeneous polymer particle at each time step 

during its growth. ¦s§kB..>.F is calculated by the following equation 

¦s§kB..>.F = ¦s§.>.F(1 − ») 
 

 ( 5.7 ) 

¦s§.>.F is the equilibrium concentration of ethylene in the total volume of polymer phase being 

constituted of  amorphous and crystalline phases, while ¦s§kB..>.F is the overall equilibrium concentration 

of ethylene in whole pseudo-homogenous particle considering its porosity, ». 
By considering the first boundary condition, the resistance to mass transfer through the boundary layer of 

the growing polymer particle is implicitly assumed to be negligible. This is found to be valid for catalyst 

systems having low to medium activity (as is the case in our study) with particles being fluidized in 

circumstances close to the ideal mixing in typical fluidized bed or stirred bed reactors.[2] 

The volumetric rate of ethylene polymerization, CB, is calculated by 

CB = C0kN m(1 − »)zH n  ( 5.8 ) 

 

in which, », is the particle porosity and z is the overall growth factor defined as  

z = C0K"31 
 

 ( 5.9 ) 

with C0 representing the equivalent radius of “polymer-only” particle at each time step without 

considering the existing particle porosity. K"31 is the radius of initial catalyst particle.  

C0kN is the local rate of ethylene polymerization at the surface of catalyst fragment 

C0kN = �0=∗¦s§kB.F 

 
 ( 5.10 ) 
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with �0 representing the propagation constant at the local particle temperature and =∗ being the local 

concentration of polymerization active sites. 

The temperature dependency of the propagation constant is described here by Arrhenius-type of 

correlation 

�0 = �0,-./Ee¼�WdqFce Fc±�½r 
 

 ( 5.11 ) 

in which �0,-./ is the propagation constant at the reference temperature,	!-./. ¾3 is the activation energy 

for propagation and C9 is the universal gas constant. ! represents the local temperature of active site in 

the polymer particle.  

The deactivation of catalyst active sites during the course of polymerization is considered in the model by 

=∗ = =F∗Ee¿À1 + =$∗  ( 5.12 ) 

where =F∗ and =$∗ are the constants determining the concentration of actives sites at the beginning of the 

reaction and  asymptotic value of the concentration of the polymerization sites which remain active by 

time, respectively. �, is the deactivation constant which determines the rate of deactivation of catalyst 

active sites and its temperature dependency is also described by Arrhenius-type of correlation 

�, = �,,-./Ee¼ÀWdqFce Fc±�½r  ( 5.13 ) 

in which �,,-./ is the deactivation constant at the reference temperature,	!-./. ¾, is the activation energy 

for the catalyst deactivation. 

�0, =F∗,	=$∗, and �, are the characteristic parameters determining the intrinsic activity and evolution of the 

kinetic behavior of active sites by time for specific catalyst system being studied.  

5.2.1.2. Mass balance equation for n-hexane as the inert condensing agent (ICA) 

¸¦s§kB.$¸6 = 1KN$ ¸̧KN mDkB.$KN$ ¸
¦s§kB.$¸KN n 

 
 ( 5.14 ) 

Boundary conditions 

¦s§kB.$ =	 ¦s§kB..>.$					@			KN = CN  ( 5.15 ) 
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¸¦s§kB.$¸KN = 0																				@			KN = 0  ( 5.16 ) 

Initial condition 

¦s§kB.$ = 0																							@			6 = 0			��			0 ≤ KN ≤ CN  ( 5.17 ) 

where ¦s§kB.$ is overall ICA concentration through the particle, ¦s§kB..>.$ is the overall equilibrium 

concentration of ICA in the particle, and DkB.$ is the overall ICA diffusivity through the particle. 

¦s§kB..>.$ is calculated by the following equation 

¦s§kB..>.$ = ¦s§.>.$(1 − ») 
 

 ( 5.18 ) 

¦s§.>.$ is the equilibrium concentration of the ICA in the total volume of polymer phase being 

constituted of  amorphous and crystalline phases, while ¦s§kB..>.$ is the overall equilibrium concentration 

of the ICA in whole pseudo-homogenous particle considering its porosity, ». 
5.2.1.3. Energy balance equation 

¸!̧6 = ®kB 1KN$ ¸̧KN ÁKN$ q¸!¸KNrÂ + m
−ΔAÄÅÆMkB=0,0kNnCB  ( 5.19 ) 

 

Boundary conditions 

−�",0 ¸!¸KN │W� = ℎ8!│W� − !?;					@			KN = CN 
 

 ( 5.20 ) 

¸!¸KN = 0																																																@			KN = 0  ( 5.21 ) 

Initial condition 

! = !? 																																																	@			6 = 0			��			0 ≤ KN ≤ CN  ( 5.22 ) 

where !, ®kB, ΔAÄÅÆ, MkB, and  =0,0kN representing the temperature, overall thermal diffusivity of the 

particle, enthalpy of ethylene polymerization, overall particle density, and heat capacity of polymer in the 

energy balance equation, while �",0, ℎ, and !? representing thermal conductivity of polymer, heat transfer 

coefficient, and reactor bulk temperature in the boundary and initial conditions. 
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The overall thermal diffusivity of the particle is given by 

®kB = �",0MkB=0,0kN 
 

 ( 5.23 ) 

and the overall particle density can be calculated from 

MkB = M0kN(1 − ») 
 

 ( 5.24 ) 

with M0kN representing the polymer phase density. 

The heat transfer coefficient, h, for the spherical polymer particle is calculated by Ranz-Marshall 

correlation given as 

IJ = 2 + 0.6CEF $⁄ (KF H⁄
 

 
 ( 5.25 ) 

in which  

IJ = ℎ�0�",9  

 
 ( 5.26 ) 

CE = M9J�0�  

 
 ( 5.27 ) 

(K = �=0,9�",9  

 
 ( 5.28 ) 

with  

�0 = 2CN 
 

 ( 5.29 ) 

In these correlations, IJ is Nusselt number, CE is Reynolds number, and (K is Prandtl number. �",9, M9, 

�, =0,9 represents thermal conductivity, density, viscosity, and heat capacity of gas phase and finally J is 

the superficial gas-particle velocity.  

At this point it should be noted that the effect of heat of sorption of heavy ICA component is not included 

in the energy balance equation presented here. In the Appendix C, the energy balance equation including 

the heat of sorption of ICA is developed and presented. The simulation results of PFM model for the 

growing particle under appropriate fluidization with ideal mixing reveal that the effect of heat of sorption 



114 

 

during the normal condition of the polymerization process is negligible and can be safely neglected. 

However, we will nevertheless take a closer look on the potential effect of heat of sorption of heavy 

components like ICAs on the thermal behavior of an active growing particle during its temporary 

exposition to the defluidized regions inside the FBR with poor heat transfer in Chapter 6. 

5.2.2. Numerical solution method for balance equations in PFM 

In order to be able to calculate the local concentration of solutes and the local temperature inside the 

growing particle at each moment during the course of polymerization, the set of mass and energy balance 

equations provided in the previous section must be solved simultaneously. This in turn imposes a problem 

of dynamic mass and heat transfer in the spherical coordinate with moving boundary condition which 

needs to be solved by applying an appropriate numerical method. 

The Nonstandard Finite Difference scheme (NSFD) is applied in the current study in order to solve the set 

of partial differential equations (PDE) obtained from mass and energy balances to calculate the evolution 

of solutes’ concentration and temperature as a function of time and radial position inside a growing 

particle.  

The concept of dynamic consistency constitutes the core underlying principle of this methodology. 

Letting a differential equation and/or its solutions have property P, the discretized form of equation is 

considered as dynamically consistent with the original differential equation, if it and/or its solutions also 

have property P. For many systems in engineering science, the dependent variables represent physical 

variables that cannot take negative values. For example, they may be concentration or absolute 

temperature. For such systems the property P is referred to “positivity”. As a result, in the dynamically 

consistent schemes with positivity condition, the nonnegative initial and/or boundary data will evolve into 

nonnegative solutions at later times.  

 

The main issue regarding the numerical solution for differential equations is the possibility of 

encountering numerical instabilities. Generally speaking, numerical instabilities are indicative of solutions 

to the discrete equations that do not correspond to any solution of the corresponding differential equation. 

One possible reason for this to occur is to have the finite difference scheme that does not satisfy some 

physical principal e.g. positivity on the solutions of PDEs.  In simple words, if the solutions of the PDEs 

are restricted to have nonnegative values, numerical instabilities would exist if the finite difference 

method allows negative values as its solution for nonnegative initial and/or boundary condition. 
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As a result, the main purpose of Nonstandard Finite Difference (NSFD) method is to construct a 

“dynamically consistent” scheme in order to avoid such numerical instabilities. In this method, the finite 

difference scheme for the studied model must be “designed” in a manner that it meets the requirement to 

be dynamically consistent to avoid the instability problems. This in turn implies that each differential 

equation has to be treated as a unique mathematical structure and as a result, must be discretized in a 

unique manner in this method. For instance, if one is dealing with a system model in which the positivity 

condition is valid for the dependent variable (i.e. negative value for this variable is physically 

meaningless), the finite difference scheme should be designed in a way that preserves this condition. 

A comprehensive presentation of this method is provided in Appendix B, where the applicability of 

Nonstandard Finite Difference scheme (NSFD) is extended for solving reaction-diffusion type of problem 

in spherical coordinates as the main interest of this project and the interested readers are referred to this 

appendix for further discussions about this methodology. 

 

In summary, by implementing the Nonstandard Finite Difference method (NSFD), the partial differential 

equations obtained from mass and energy balances for a growing particle can be solved numerically at 

each time step during the course of polymerization. This methodology leads to explicit solution schemes 

for concentration and temperature by applying the positivity preserving condition while providing a 

functional relationship between the time-step sizes and space-step sizes which ensures the scheme to be 

numerically stable.  

5.2.3. Computational steps of PFM 

The details of computational steps of Polymer Flow Model (PFM) in order to describe the growth of 

polymer particle during the course of polymerization are provided in Appendix C. An overview of these 

computational steps is provided in the following section hereunder, while referring to Appendix C for the 

detailed related discussions about each of these computational steps. 

In the notation used here, the superscript refers to time step while subscript refers to the number of the 

grid to which the physical property belongs to. For instance, !+y represents the temperature of ith grid at 

the jth time step. 

5.2.3.1. Grid generation 

At the beginning of each time step, j, including the beginning of the reaction at t=0, the particle is 

discretized into N radial shells having the same thickness as provided in Figure 5.6. 
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Figure 5.6. The discretization of normalized particle radius into N shells. 

The radius of the particle is normalized at each time step, by dividing the particle radius at that time step, 

CNy, to itself. In other words 

K� = CNyCNy = 1  ( 5.30 ) 

This is followed by calculation of radial position and volume of each grid in the normalized particle. By 

assuming homogeneous distribution of polymerization active sites through the growing polymer particle 

and, consequently in the normalized particle at each moment, the volume of catalyst dispersed in each 

grid is calculated accordingly. 

5.2.3.2. Grid growth 

In order to calculate the solute concentration and temperature in each grid i, at each time step j, the two 

mass balance equations and the energy balance equation are transformed into their dimensionless forms 

and then discretized according to the Nonstandard Finite Difference scheme (NSFD). This in turn leads to 

explicit expressions to calculate the concentration of solutes and temperature of each grid i, at each time 

step j.  
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After calculation of ethylene concentration and temperature at each grid of i inside the normalized 

polymer particle at the time step j from their values at the previous time step j-1, it is now possible to 

calculate the mass of polymer produced at ith grid, the total mass of polymer produced in the particle and 

as a result the instantaneous rate of ethylene polymerization during the jth time interval. In this manner, 

the radius of particle at the end of jth time step or beginning of j+1 th time step can be calculated while 

capturing the particle growth. 

5.2.3.3. Grid update and normalization 

After calculation of the particle radius at the end of time step j, CNyªF, the particle radius is normalized 

similar to the equation ( 5.30 ) as 

K� = CNyªFCNyªF = 1  ( 5.31 ) 

The normalized particle is discretized afterwards with the same method as previously explained.  

In order to calculate the dimensionless concentration and temperature gradients in the normalized particle 

during the next time step of j+1, and consequently to be able to estimate the instantaneous polymerization 

rate and the mass and volume of the polymer produced during the next time interval, the dimensionless 

mass and energy balance equations are updated, accordingly. 

After calculation of dimensionless concentration and temperature at each grid i and time step of j+1, the 

mass and volume of polymer produced during the next time interval and consequently the new particle 

radius is calculated as explained for the previous time step of j.  

The computational loop for grid normalization, growth, and update is schematically demonstrated in 

Figure 5.7. 



118 

 

 

Figure 5.7. The schematic representation of computational loop for grid normalization, growth, and update. 

The computational loop is repeated until the time reaches the residence time of the catalyst particle in the 

polymerization reaction environment, from the time of its exposure to the reactor until the time of its 

withdrawal from the reactor in the form of a fully grown polymer particle. 

The standard procedure to determine the appropriate number of grids, N, required in order to provide the 

most accurate estimation of concentration and temperature gradients through the assumed spherical 

particle is as follows: in a series of simulations, the number of grids are needed to be increased while 

calculating the concentration and temperature gradients inside the particle. The number of grids of N, in 

which the values of the calculated concentration and temperature gradients differ negligibly compared to 

the values obtained by simulation with N-1 grids, is chosen for the series of simulations. Because of lack 

of access to higher computational power than normal PC, the maximum number of grids that could be 

applied in our study was limited by the related required computational time as one simulation per day 

with number of grids N=5. The required computational time for the developed algorithm increased 

exponentially with the number of grids. As a result, the obtained concentration and temperature gradients 

with these series of simulations must be regarded as an approximation of real gradients. This issue can be 

obviously solved by utilizing a more powerful computational system which would allow implementing a 

higher number of grids with lower associated computational time. 
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5.2.4. Parameters of PFM: Estimation methods with associated assumptions 

In this section, the methodologies used to estimate the parameters of Polymer Flow Model have been 

introduced and described. In addition, the assumptions which have been made explicitly or implicitly 

during the estimation of these model parameters have been elucidated while the accuracy and potential 

effect of these assumptions in the performance of PFM model being discussed. 

5.2.4.1. Solubility  

In the previous chapter, the Sanchez-Lacombe EOS was developed to describe the solubility of gaseous 

solutes in the polymer for binary systems of solute-polymer and ternary systems of solute(1)-solute(2)-

polymer. The predictions of the Sanchez-Lacombe model are fitted to the available experimentally 

obtained solubility data of ethylene in the amorphous phase of LLDPE in the binary system of ethylene-

LLDPE and solubility of ethylene and n-hexane in the amorphous phase of LLDPE in the ternary system 

of ethylene-n-hexane-LLDPE, by adjusting the binary interaction parameters (kij) of model. 

By utilizing the fitted Sanchez-Lacombe model, it is then possible to estimate concentration of ethylene in 

the amorphous phase of polyethylene in the absence and presence of n-hexane in the gas phase 

composition in the corresponding binary and ternary systems, respectively, while the crystalline phase of 

polyethylene is considered to be impenetrable to the solute species. 

In order to be able to apply the experimentally obtained solubility data and the Sanchez-Lacombe model 

developed for binary and ternary systems and fitted to describe these set of available solubility data, the 

following set of assumptions and considerations are needed to be taken into account: 

• It has already been demonstrated phenomenologically and clarified that the local rate of 

polymerization inside a particle is determined by concentration of reactant ethylene in the 

amorphous phase of semi-crystalline polyethylene surrounding the active sites immobilized on 

the fragments of initial catalyst. However, the PFM considers the particle as a pseudo-

homogeneous medium and as a result, at the first step, it is needed to transform the equilibrium 

concentration of ethylene in the amorphous phase of polymer into the equilibrium concentration 

of ethylene in entire polymer phase including the crystalline phase of polyethylene. The 

calculation steps in order to transform the equilibrium concentration of ethylene in the amorphous 

phase into the equilibrium concentration of ethylene in the total polymer volume including its 

crystalline phase in the binary and ternary systems, ¦s§.>.F, are provided in the details in the 

Appendix A and skipped here for the sake of brevity. 
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At the next step and in order to calculate the overall equilibrium concentration of ethylene in the 

pseudo-homogeneous particle, ¦s§kB..>.F , which in reality it is constituted of polymer phase and 

pore phase (and negligible catalyst fragments dispersed within) with a porosity of », the 

equilibrium concentration of ethylene in polymer phase is transformed into overall equilibrium 

concentration of ethylene in the pseudo-homogeneous particle including its porosity according to 

the previously given equation of ( 5.7 ).  

All the discussion made here in order to be able to estimate the overall equilibrium concentration 

of ethylene in the pseudo-homogenous polymer particle assumed in the Polymer Flow Model is 

also valid for the other solute of n-hexane as the inert condensing agent. 

 

• The crystallinity of the produced HDPE polymer particle in all of the reaction conditions 

simulated is assumed to be constant, with the weight-based crystallinity equal to È = %60. In 

other words, it is assumed that the effect of the presence of n-hexane in the gas phase composition 

on the crystallinity of produced HDPE is not significant and can be considered to be negligible 

for the purpose of this modeling study.  

In addition to the fact that the value chosen for the weight-base crystallinity of HDPE is in the 

range of typical degree of crystallinity for the industrial HDPE grade of polyethylenes, it also 

represents the measured value for the crystallinity of HDPE polymer particles with DSC analysis 

that have been obtained from the gas phase ethylene polymerizations presented above, in the 

absence of any n-hexane as the base case of our modeling analysis.  

 

• As discussed earlier in Chapter 4, according to the provided crystallinity and density for the 

polymer sample on which the binary and ternary sorption measurements were performed by the 

group of Yang,[3,4] it was assumed that the polyethylene sample is LLDPE. Consequently, the 

experimentally obtained solubility of solutes of ethylene and n-hexane in the amorphous phase of 

polyethylene in the corresponding binary and ternary systems were described by Sanchez-

Lacombe EOS utilizing the characteristic SL model parameters (T*, P*, and ρ*) for LLDPE 

resulting in the acquired set of binary interaction parameters in order to have the best fitting of 

model prediction to the available experimental data. 

As a result, in all of the PFM simulations implementing the Sanchez-Lacombe model in order to 

describe the thermodynamics of sorption in the binary and ternary systems, it was assumed that 

the amorphous phase of HDPE polymer particles obtained in our set of polymerization 

experiments would exhibit thermodynamic behavior that is the same as that of the amorphous 

phase of LLDPE for which the model parameters have been estimated. In other words, the effect 
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of presence short chain branches due to the insertion of comonomer into the backbone of polymer 

chains is assumed to have a negligible effect on the solubility behavior of studied solutes in the 

amorphous phase of LLDPE (as the polymer for which the experimental solubility data is 

available) compared to HDPE with no short chain branches along its backbone structure (as the 

polymer being produced in our polymerization experiments). 

 

• The effect of polymer crystalline phase[5,6] on the solubility of solutes in the amorphous phase, the 

extent of swelling of the amorphous phase, and consequently the ethylene concentration in the 

amorphous polymer phase is neglected. In fact, the crystalline phase is observed to play a more 

pronounced role at higher pressure of the solutes than one finds in a typical FBR gas phase 

process.[6] It is due to the fact that at the higher pressures, the crystalline phases dispersed in the 

polymer would start to act as physical crosslinks that limit the swelling of amorphous polymer 

phase and consequently the amount of sorbed solutes in it. However, under the conditions 

considered here the model retains its validity. 

 

• In the solubility analysis, the role of other components present in the reaction environment i.e. 

argon and hydrogen are neglected. This is due to their low partial pressure and very low order of 

magnitude of solubility in polyethylene compared to ethylene. 

Following the procedure explained above, the overall equilibrium concentration of reactant ethylene and 

inert n-hexane in the pseudo-homogeneous particle of PFM model is estimated by Sanchez-Lacombe 

EOS in the binary system of ethylene-PE and ternary system of ethylene-n-hexane-PE at the equilibrium 

temperature of 80 °C (as the polymerization reaction temperature) with the corresponding binary 

interaction parameters of model in order to provide the best fitting of model prediction to the 

experimentally obtained solubility data in the binary and ternary systems at this temperature, as provided 

in the previous chapter.   

5.2.4.2. Diffusivity 

Estimation of the overall (or effective) diffusivity coefficient that could describe the process of diffusion 

of reactant ethylene through pseudo-homogeneous particle assumed by PFM model is of crucial 

importance in predicting the significance of mass transfer resistance through a growing polymer during 

the course of its polymerization.  

In reality, the diffusion of ethylene takes place concurrently through two different mechanisms in the 

growing polyethylene particle; in the first mechanism, ethylene diffuses through the macro-pores of 
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polymer particle. This diffusion in the gas phase continues through the network of available pores in the 

structure of the particle depending on its morphology at each instant during the course of polymerization. 

In the second mechanism, the ethylene has already been sorbed from the gas phase into the polymer phase 

and its diffusion takes place through the amorphous phase of polyethylene until it reaches the active sites 

immobilized on the surface of initial catalyst fragments where the polymerization reaction finally takes 

place. Knudsen diffusion, which takes place in very small pores on the order of tens of nanometers or 

less, is neglected in the current study. It is expected to make only a minor contribution to the overall 

diffusivity of pseudo-homogeneous particle after initial steps during the course of polymerization and by 

completion of fragmentation step which is assumed to take place instantaneously in PFM model. 

By considering a random distribution of pore phase in the structure of polymer particle, and despite its 

obvious discrepancy with the morphology of most of the real polymer particles obtained experimentally 

from different industrial processes, Kanellopoulos et al. suggested[7] the following correlation in order to 

estimate the overall diffusivity of ethylene,	DkB.F, through the pseudo-homogeneous particle assumed by 

PFM model: 

DkB.F = m »L/$nDF,9 + (1 − »)(1 + 3»)DF,0kN 
 

 ( 5.32 ) 

in which DF,9 and DF,0kN are the diffusivity of ethylene in the bulk gas phase and polymer phase, 

respectively. », the porosity, and L/, the tortuosity factor represent the morphological aspects of the 

particle in this proposed model. 

It must be mentioned that the first term on the right-hand side of equation ( 5.32 ) accounts for ethylene 

diffusion in the gas phase through pore phase of the particle while second term represents the ethylene 

diffusion through the polymer phase, as previously explained.  

Since the diffusivity of ethylene in the bulk of gas phase is about 3-4 orders of magnitude higher than its 

diffusivity through the semi-crystalline polyethylene, according to equation ( 5.32 ) and as expected 

logically, one needs to have a reasonable estimation of the porosity and morphological aspects of polymer 

particle and their evolution as a function of the reaction time in order to be able to have a precise 

prediction about the overall diffusivity of any penetrants, and consequently of the significance of mass 

transfer resistance through the polymer particle. 

The porosity of HDPE powder obtained from the set of gas phase ethylene polymerization experiments in 

the absence and presence of n-hexane was examined using the nitrogen adsorption porosimetry. The 
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results of this set of analysis reveal that the HDPE polymer particles produced both in the absence and 

presence of n-hexane have negligible porosity of less than 1%.  

In order to validate the compact morphology of the HDPE particles having negligible porosity, a set of 

polymer particles were cut and SEM analysis was performed on the obtained cross-section area of the 

polymer particles as provided in Figure 5.8. 

 

Figure 5.8. The morphology of cross-section area of HDPE particles produced  
in the presence of (a) 0.0, (b) 0.3, and (c) 0.6 bar of partial pressure of n-hexane.  

As can be seen from this figure, the HDPE polymer particles obtained in the absence and presence of n-

hexane demonstrate a very compact structure with negligible porosity, either as cracks on the surface of 

the particle or as a network of pore phase distributed through the volume of the particle (at the end of the 

experiments). While only individual particles are shown in these images, it has been verified that they are 

representative of the different powders. 

As a result, the porosity of the polymer particle was assumed to be zero, » = 0, as the characteristic of the 

catalyst system and the operating condition of gas phase process in which the polymer particle is being 

produced. Note that this simplification might lead to an underestimation of the diffusivity of ethylene 

during the early stages of the polymerization before the porosity is lost.  This is turn might produce an 

underestimation of the rate of polymerization. Nevertheless, if we invoke the hypothesis of negligible 

porosity, the overall diffusivity of ethylene in the pseudo-homogeneous particle presented in equation ( 

5.32 ) is simplified to  

DkB.F = DF,0kN 
 

 ( 5.33 ) 
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Ideally we would have a description of the evolution of the porosity, but time and experimental 

constraints on withdrawing samples from the reactor make this difficult.  Nevertheless, in the larger 

context of our modeling analysis using this simplification will still allow us to describe the effect of the 

addition of n-hexane as an ICA to the gas phase composition on rate of polymerization.  As a result, it 

does not impose any kind of restrictions for the application of the general modeling approach proposed 

and developed here in order to explore the effect of change in the operating condition of the 

polymerization process. 

Diffusion through semi-crystalline polyethylene 

The diffusion through semi-crystalline polymers is a very complex process which depends on many 

factors including the crystallinity of polymer, solubility of penetrant, mass fraction of absorbed penetrant, 

temperature, and as a result the extent of plasticization of polymer chains and swelling of polymer phase. 

An interesting review article targeting this subject is written by Hedenqvist and Gedde[8] and interested 

readers are referred to this reference for comprehensive related discussions.  

As mentioned earlier, the diffusion of solutes in semi-crystalline polymer takes place through its 

amorphous phase while the crystalline phase is impenetrable to almost all of the solutes. The presence of 

the crystalline phase dispersed throughout the semi-crystalline polymer would in turn lead to a reduced 

level of diffusivity of penetrants compared to the fully amorphous polymer for at least two reasons. First, 

it is due to the necessity for the penetrant molecules to bypass the crystallites through the amorphous 

phase which would result in the lengthening the diffusive pathway and second, it is because of 

considerable constraints imposed by the crystalline phase on the segmental mobility of the polymer chains 

and consequently the mobility of the penetrant molecules in the amorphous phase of the semi-crystalline 

polymer. 

Most of the diffusion models developed to describe the mass transfer have been developed first for fully 

amorphous polymers. These models have been applied subsequently to the semi-crystalline polymers with 

considering some correction factors. The same approach is adapted in the current analysis in order to 

estimate the diffusivity of ethylene in the semi-crystalline polyethylene and the effect of n-hexane on it. 

First, the diffusivity of ethylene in the fully permeable medium being composed of (a) amorphous 

polyethylene in the binary system of ethylene-polyethylene, and (b) amorphous polyethylene plus n-

hexane acting as local solvent in the ternary system of ethylene-n-hexane-polyethylene is calculated. The 

values obtained for diffusivity of ethylene in the “fully permeable” medium is subsequently corrected in 

order to reflect the semi-crystalline nature of HDPE, as discussed above. 
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In the current study, the diffusivity of ethylene through the semi-crystalline polyethylene is estimated by 

the correlation suggested by Michaels and Bixler:[9]  

DF,0kN = DF,3<.0kN®BTÉ   ( 5.34 ) 

in which DF,0kN and DF,3<.0kN represent the diffusivity of ethylene in the semi-crystalline polymer and the 

diffusivity of ethylene in the amorphous phase of polymer, respectively. ®B is the volume fraction of 

amorphous phase in the polymer; this parameter is calculated by the previously given assumption of 

weight-based crystallinity of È = %60 for the HDPE produced polymers. Please see Appendix A for the 

details of related calculations. É is the chain immobilization factor for the penetrant molecules of ethylene 

and finally n is a constant which for the HDPE polymer, Michaels and Bixler suggested the use of  = 1.5 in the equation ( 5.34 ).  

Michaels and Bixler relate the diffusivity of ethylene in the amorphous phase, DF,3<.0kN, and the 

immobilization factor, É, to a parameter termed the reduced molecular diameter of penetrant (�) which 

can be calculated from the true molecular diameter of penetrant (�) by the following equation: 

� = � − Êz 2⁄   ( 5.35 ) 

in which z is the free volume per unit –CH2– along the polymer chain axis, while Êz 2⁄  representing the 

mean unoccupied space between two polymer chain segments. A value of 0.9 Å is recommended for 

Êz 2⁄  in the reference.[9] The values for � are taken from Transport Phenomena by Bird et al.[10]  

The parameter of reduced diameter is used in the estimation of the parameters of interest as follows: 

� m10fDF,3<.0kN$j
�$ n = 3.66 − 1.32�  ( 5.36 ) 

�(É) = 0.079�$																®B ≤ 0.8  ( 5.37 ) 

In equation ( 5.36 ), DF,3<.0kN$j  represents the diffusivity of ethylene in the amorphous polyethylene at 25 

°C having the units of (cm2/sec) while � and � having the unit of Å.  The effect of the temperature on 

diffusivity through the amorphous polyethylene is expressed through an Arrhenius type of correlation 

DF,3<.0kN = DF,3<.0kN� E´8−¾Ì C9!⁄ ;  ( 5.38 ) 

with 
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¾Ì = 2.6 + 2.2�  ( 5.39 ) 

in which ¾Ì has the unit of (kcal/mol). 

The diffusivity of ethylene in the binary system of ethylene-PE is estimated with the correlation of 

Michaels and Bixler, as presented. While it is found that this correlation provides a reasonable estimate of 

diffusivity in semi-crystalline polymer as a function of penetrant size, polymer crystallinity, and 

temperature, it is not capable of predicting the enhancement in the diffusivity of ethylene resulting from 

polymer swelling or mixture effects in the ternary system of ethylene-n-hexane-PE.  

In the case of ethylene polymerization in the presence of n-hexane and regarding higher solubility of n-

hexane with respect to ethylene (more than two orders of magnitude), ethylene must diffuse through the 

amorphous polymer “phase” of polyethylene which is basically constituted of two “component”s: the 

component of amorphous polymer chains and the component of n-hexane solute acting also as local 

solvent.  

While the diffusion of both of the solutes of reactant ethylene and inert n-hexane takes place 

simultaneously during the continuous production of polymer in the particle, however, after initial steps of 

polymerization, the polymer particle becomes saturated with n-hexane due to its inert nature with respect 

to polymerization reaction. The accuracy of this assumption is validated with the PFM model. As a result, 

one can assume that ethylene is diffusing through a medium which is constituted of amorphous PE chains 

swollen and in equilibrium with n-hexane in the ternary system of ethylene-n-hexane-PE.  

Since the ethylene diffusivity in the liquid n-hexane as a solvent is found to be one order of magnitude 

higher than its diffusion in the amorphous polyethylene, it is entirely reasonable to expect that the order of 

magnitude for ethylene diffusivity in the amorphous polyethylene swollen by n-hexane to be in the range 

between its diffusivity through the medium composed of liquid n-hexane and the medium composed of 

amorphous polyethylene chains, as schematically demonstrated in Figure 5.9. The diffusivity of ethylene 

in this case will depend on the relative portion of each of the aforementioned components in constituting 

the fully permeable medium of solvent-swollen amorphous polymer.  
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Figure 5.9. Phenomenological description of expected diffusivity of ethylene 
through amorphous phase of polyethylene swollen by n-hexane. 

Regarding the complex nature of concurrent diffusion phenomenon of different solutes through semi-

crystalline polymer and in the absence of a reliable theoretical approach to accurately describe it, the 

simplified correlation suggested[11] for diffusion of component (1) in the mixture of components (1), (2), 

and (3) is adapted here as follows: 

For X1 small: 

DF,3<.0kN = 1Í$DF$ + ÍHDFH
  ( 5.40 ) 

in which component (1), (2), and (3) represent ethylene, n-hexane, and amorphous phase of polyethylene, 

respectively. Xi is the mole fraction of component i in the mixture. 

 DF,3<.0kN is the diffusivity of ethylene in amorphous phase of polyethylene swollen by n-hexane, DF$ is 

the diffusivity of ethylene through liquid n-hexane, and finally DFH is the diffusion of ethylene through 

amorphous polyethylene chains in the absence of n-hexane. The condition of small X1 holds true for 

application this correlation to our system regarding low solubility of ethylene. 

Xi in the equation ( 5.40 ) is estimated by the Sanchez-Lacombe EOS, as the mole fraction of  mers of 

component (i) occupying total mers (sites) of the model lattice in closed-packed state for the amorphous 

phase of polyethylene at each equilibrium condition. The details of related calculations are provided in 

Appendix A. DFH as the ethylene diffusivity in the amorphous polyethylene in the absence of n-hexane is 

calculated by the previously given equations of ( 5.36 ) and ( 5.38 ) and in the same manner.  
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DF$ as the diffusivity of ethylene in the liquid n-hexane as solvent is estimated by the Wilke-Chang 

method:[12] 

DF$ = 7.4 × 10eÎ(zst$)F $⁄ !�$]F�.Ï   ( 5.41 ) 

in which st$ is the molecular weight of solvent 2 (gr/mol), ! is the temperature (K), �$ is the viscosity 

of solvent 2 (cP), and ]F is the molar of solute 1 at its normal boiling temperature (cm3/mol). z represents 

a dimensionless association factor for solvent 2 which is equal to 1 for the unassociated solvents like n-

hexane. This correlation provides the diffusivity of ethylene in n-hexane,  DF$, in the unit of (cm2/sec). 

After calculation of DF,3<.0kN, it is implemented in equation ( 5.34 ) in order to estimate the diffusivity of 

ethylene  in the semi-crystalline polyethylene swollen by n-hexane in the ternary system of ethylene-n-

hexane-polyethylene. The diffusivity of n-hexane through the semi-crystalline HDPE in the ternary 

system of ethylene-n-hexane-PE is estimated by the Michaels and Bixler’s method as described through 

the equations ( 5.34 ) to ( 5.39 ), while assuming that the concurrent diffusion of ethylene has negligible 

effect on the diffusivity of n-hexane through the polymer.   

5.2.4.3. Catalytic system 

Characteristic size of initial catalyst particles 

Figure 5.10 demonstrates a SEM image of initial powder of Ziegler-Natta catalyst supported on MgCl2. 

As expected, the catalyst particles show a size distribution ranging from less than 10 µm up to more than 

100 µm.  



129 

 

 

Figure 5.10. SEM image of powder of Ziegler-Natta catalyst supported on MgCl2. 

In order to obtain an accurate distribution of catalyst particle size and as a result to have a more precise 

estimation about the characteristic size of the heterogeneous catalyst particles used in the process, the 

powder needs to be characterized with an advanced particle size analyzer device. In the lack of possibility 

to have access to such an analyzer and regarding the different SEM images of the catalyst powder like the 

one presented in Figure 5.10, the characteristic radius of 35 µm is considered as the approximate size for 

the average catalyst particle representing the catalyst powder being used in the gas phase polymerization 

of ethylene. 

While exploring the effect of different initial catalyst particle sizes on the significance of mass and heat 

transfer through the growing catalyst/polymer particle and consequently local and overall rate of 

polymerization would provide additional useful information about thermal and activity behavior of the 

catalytic system in general, however this is out of scope of the current study.  Here it is intended to 

investigate the effect of change in the process condition (here, by addition of n-hexane to the gas phase 

composition) on the quality and rate of gas phase ethylene polymerization utilizing a specific catalyst 

system with known kinetic and geometric characteristics. As a result, a reasonable approximation of the 

average diameter of catalyst particles as the characteristic size representing the catalyst powder being 

used in the polymerization reaction is sufficient for the aforementioned purpose in current analysis. 
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Kinetic parameters 

The kinetic parameters of	�0,-./, �,,-./, =F∗, and =$∗ are obtained by fitting the PFM model to the 

experimentally obtained instantaneous rate of polymerization as a function of time in the base cases of 

ethylene polymerization in the absence of n-hexane with partial pressure of ethylene equal to 7 and 12 

bars, respectively. These parameters are considered as the characteristic kinetic parameters of the catalytic 

system being used and as a result will remain the same in the following simulated reactions in order to 

explore the effect of n-hexane on the instantaneous rate of polymerization. Both of the activation energies 

of ¾3 and ¾, 	are assumed to be equal to 10 (kcal/mol) as the typical values reported in the literature for 

these parameters.[7] 

5.2.4.4. Polymer particle 

As discussed earlier, the polymer particle is assumed to have no porosity. The density of semi-crystalline 

polyethylene is calculated by Sanchez-Lacombe EOS (as provided in Appendix A) and is found to change 

slightly by the partial pressure of n-hexane in the gas phase composition. The thermal conductivity, �",0,  

and heat capacity of semi-crystalline polyethylene,	=0,0kN, is assumed  to be constant while considering 

the effect of solubilized n-hexane on these parameters to be negligible.  

5.2.4.5. Gas phase 

The gas phase is assumed to be composed of ethylene, n-hexane, and argon while neglecting the presence 

of hydrogen due to its negligible partial pressure compared to other components and total operating 

pressure. The methods used to estimate the gas phase properties of interest (i.e. viscosity, thermal 

conductivity, heat capacity, and density) as a function of gas phase composition are provided in details in 

Appendix D. An overview about the estimation methods of gas phase properties is provided in this 

section, hereunder. 

Viscosity of gas phase 

The viscosity of each component present in the gas phase composition is first calculated at its low 

pressure limit by an estimation method using the Lennard-Jones parameters.[10] The effect of pressure is 

then applied by the Reichenberg method[12] in order to estimate the viscosity of each component at the 

pressure corresponding to its partial pressure in the reactor. The gas phase viscosity as a mixture of pure 

components is finally calculated by the semi-empirical correlation suggested by Wilke.[10] 
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Thermal conductivity of gas phase 

First, the Roy and Thodos estimation technique[12] is employed in order to estimate the thermal 

conductivity of each component at its low pressure limit. The thermal conductivity of each component at 

the pressure corresponding to its partial pressure in the reactor is then calculated by the Stiel and Thodos 

method.[12] The thermal conductivity of gas phase as a mixture of pure components is calculated by an 

analogous method proposed by Wilke.[10]  

Heat capacity of gas phase 

The heat capacity of each component is first calculated by a correlation which is only a function of 

temperature.[12] The heat capacity of gas phase as a mixture of components is then calculated by 

considering the mole fraction of each component present in the gas phase composition. 

Density of gas phase 

Regarding that ethylene and argon constitute the major portion of the gas phase composition, the density 

of gas phase is estimated by safely assuming it to behave as the ideal gas. 

Relative velocity of gas-particle 

The spherical stirred-bed reactor, in which the gas phase ethylene polymerization reactions were 

performed, was operated with an agitation speed that provides the same order of magnitude for the 

relative velocity of gas-particles as the one for the fluidized bed reactors. As a result, the relative gas-

particle velocity is assumed to be J = 1	(¬ «E�⁄ ), which is in the typical range for relative gas-particle 

velocities in the industrial FBRs. 

5.2.4.6. Summary of parameters of PFM model 

All of the parameters described above and used in the PFM model in order to predict the effect of change 

in the operating condition of gas phase ethylene polymerization process on supported catalyst by addition 

of n-hexane as an inert condensing agent (ICA) are summarized in Table 5-I.  
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Table 5-I. Summary of parameters of PFM model. 

Process independent parameters    unit 
      

Tb 353.15 K ϵ 0.0 dimensionless 

Tref 313.15 K kc,p 0.20 J/m.sec.K 

Dov.2 1.74 × 10 -11 m2/sec Cp,pol 2000 J/kg.K 

C*
1 0.52 mol site/m3 cat -∆Hpol 107.6 × 10 3 J/mol 

C*
2 0.41 mol site/m3 cat -∆Hsorp,2 29.12 × 10 3 J/mol 

kd,ref 1.0 × 10 - 4  1/sec ρcat 2300 kg/m3 

Ea 4.2 × 10 4 J/mol rcat 35 × 10 - 6 m 

Ed 4.2 × 10 4 J/mol u 1.0 m/sec 

      
Process dependent parameters during polymerization by 7 bars ethylene   
      

kp,ref 180 m3 tot/mol site.sec    

      
  

7 bar Ethylene             
1 bar Argon 

7 bar Ethylene              
1 bar Argon              

0.3 bar n-Hexane 

7 bar Ethylene             
1 bar Argon              

0.6 bar n-Hexane 

7 bar Ethylene             
1 bar Argon          

0.8 bar n-Hexane 

unit 

      
Dov.1 1.45 × 10 -10 1.53 × 10 -10 1.59 × 10 -10 1.63 × 10 -10 m2/sec 

ρpol 920.4 915.7 910.2 905.7 kg/m3 

[M] eq.1 84.26 90.17 97.41 103.49 mol/m3 pol 

[M] eq.2 0.00 125.16 269.27 386.49 mol/m3 pol 

µ 1.29 × 10 - 5  1.25 × 10 - 5  1.21 × 10 - 5  1.19 × 10 - 5  kg/m.sec 

kc,g 2.59 × 10 - 2 2.53 × 10 - 2 2.48 × 10 - 2 2.45 × 10 - 2 J/m.sec.K 

Cp,g 1553.4 1589.1 1618.4 1635.2 J/kg.K 

ρg 8.0 8.9 9.8 10.4 kg/m3 

      
Process dependent parameters during polymerization by 12 bars ethylene   
      

kp,ref 150 m3 tot/mol site.sec    

      
  

12 bar Ethylene            
1 bar Argon 

12 bar Ethylene            
1 bar Argon              

0.3 bar n-Hexane 

12 bar Ethylene            
1 bar Argon              

0.6 bar n-Hexane 

12 bar Ethylene            
1 bar Argon                

0.8 bar n-Hexane 

unit 

      
Dov.1 1.45 × 10 -10 1.56 × 10 -10 1.62 × 10 -10 1.67 × 10 -10 m2/sec 

ρpol 919.1 914.5 908.9 904.1 kg/m3 

[M] eq.1 144.17 153.73 165.78 176.22 mol/m3 pol 

[M] eq.2 0.00 119.19 263.56 384.84 mol/m3 pol 

µ 1.25 × 10 - 5  1.23 × 10 - 5  1.21 × 10 - 5  1.19 × 10 - 5  kg/m.sec 

kc,g 2.66 × 10 - 2 2.62 × 10 - 2 2.58 × 10 - 2 2.56 × 10 - 2 J/m.sec.K 

Cp,g 1631.6 1649.8 1665.9 1675.5 J/kg.K 

ρg 12.8 13.7 14.6 15.2 kg/m3 
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5.2.5. PFM simulation results and discussion 

In this section, the predictive capability of the Polymer Flow Model developed based on the 

phenomenological description of the associated physical effects due to addition of n-hexane to the gas 

phase composition is evaluated against the experimental instantaneous rates of ethylene polymerization in 

the absence and presence of n-hexane, presented in the experimental section.  

As mentioned earlier, the kinetic parameters of the supported catalytic system i.e.	�0,-./, �,,-./, =F∗, and 

=$∗ are fitted to the instantaneous rate of polymerization for the base cases of gas phase ethylene 

polymerization with 7 and 12 bars of ethylene in the absence of n-hexane in the gas phase composition. 

These kinetic parameters, provided in Table 5-I, are considered as the characteristic of the catalytic 

system being used in the polymerization reactions and consequently remain constant during the PFM 

simulations in order to predict the effect of the presence of n-hexane on the instantaneous rate of ethylene 

polymerization.  

To the best of our knowledge, there are currently no papers in the open literature where one studies the 

effect of change in the process conditions of this type on rate of polymerization. Thus, the quality of the 

performance of this modeling analysis in predicting the effect of process condition can be regarded as an 

indicator of the reliability of this methodology while demonstrating the potential capability of the current 

general approach in order to be adapted and improved to serve as a process simulator for the gas phase 

ethylene polymerization reactors, in the absence of such a commercial software in this field. 

Figure 5.11 and Figure 5.12 demonstrate the prediction of PFM model for the effect of presence of n-

hexane in the gas phase composition on the instantaneous rate of gas phase ethylene polymerization with 

7 and 12 bars of ethylene partial pressure, respectively. Rp1, Rp2, Rp3, and Rp4 represent the instantaneous 

rate of ethylene polymerization in presence 0.0, 0.3, 0.6, and 0.8 bar of partial pressure of n-hexane in the 

gas phase composition. 
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Figure 5.11. Evaluation of predictive capability of PFM model for the effect of presence of n-hexane in the gas phase 
composition on the instantaneous rate of gas phase ethylene polymerization with 7 bars of ethylene partial pressure. 
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Figure 5.12. Evaluation of predictive capability of PFM model for the effect of presence of n-hexane in the gas phase 
composition on the instantaneous rate of gas phase ethylene polymerization with 12 bars of ethylene partial pressure. 
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As can be seen from both of these figures, the prediction of PFM model is in better agreement with the 

experimental rates of polymerization at a lower partial pressure of n-hexane in the gas phase.  As the 

partial pressure of n-hexane increases, the prediction of PFM model and experimental rates of 

polymerization start to converge later during the polymerization, and the model underpredicts the effect 

of n-hexane during the early phase of the reaction. However, one could notice that at later steps of 

polymerization, in which the growing polymer particle has reached to its thermal stability and the 

solubility of solutes in the polymer phase are closer to the equilibrium condition, the prediction of PFM 

model matches with the experimental rates of polymerization in an excellent manner of almost perfect fit.  

On the other hand, the model underestimates the observed boost in the rate of polymerization during the 

initial steps of polymerization. The reason for this discrepancy between model prediction and 

experimental observation can be attributed to the some of assumptions made during the development of 

PFM model, but most importantly to the assumption made about the porosity of polymer particle. 

Regarding the morphology of obtained HDPE particles and the porosimetry analysis performed on them, 

the porosity of growing catalyst/polymer particle is assumed to be zero during the whole time period of 

polymerization reaction. Since during the polymerization reaction, the initial porous catalyst particle 

undergoes through the fragmentation process and the final morphology of polymer particle is established 

by time during the course of polymerization, the assumption of zero porosity of particle does not seem to 

appropriately reflect the reality of the polymerization process. In a more porous catalyst/polymer particle 

during the initial steps of polymerization, less concentration gradient of ethylene would be expected 

resulting in higher rate of polymerization due to both higher local concentration of reactant and local 

temperature through the growing particle. This, in turn, can explain the higher boost observed during the 

initial steps of polymerization in the experimental results compared to the prediction of PFM model. 

As a result, in order to be able to have a more accurate prediction about the effect of operating condition 

of the polymerization process, one not only needs to be able to describe the morphology of the obtained 

polymer particles but also requires to have a reasonable estimation about the evolution of morphology and 

porosity of the growing catalyst/polymer particle during the course of polymerization. The exact 

determination of evolution of the catalyst/polymer particle morphology by time as the characteristic of the 

catalyst system and the process of polymerization can be quite challenging and would require advanced 

characterization techniques such as video-microscopy and micro-tomography. However, one could 

estimate the porosity evolution of the catalyst/polymer particle during the course of polymerization with 

ethylene only (as the base case), by stopping the reaction at certain time intervals during the course of 

polymerization and analyzing the porosity of acquired polymer powder.  



137 

 

Figure 5.13 (a) and (b), demonstrate the significance of predicted mass transfer resistance through the 

growing polymer particle assumed by PFM model and the effect of n-hexane as the ICA with partial 

pressure of 0.6 bar on it during polymerization with 7 and 12 bars of ethylene, respectively. 

 

 

 

 

 

 

Figure 5.13. The predicted concentration gradient through the growing polymer particle and the effect of n-hexane as the 
ICA on it during polymerization with (a)7 and (b)12 bars of ethylene, respectively. 

The concentration gradient of reactant ethylene is provided at 1, 10, and 100 minutes from beginning of 

the polymerization reaction. As expected, considering the polymer particle as a fully compact medium 

without any porosity has resulted in a significant mass transfer resistance through the particle. As the 

polymerization reaction proceeds, the active sites becomes dispersed and diluted in the produced 

polyethylene and consequently the volumetric rate of ethylene consumption in the particle decreases. 

This, in turn, results in the predicted attenuation in the significance of the concentration gradient of the 

reactant through the growing particle by time, as demonstrated in Figure 5.13. However, this figure 

allows us to visualize the concept of local ethylene concentration inside the growing polymer particle 

during the course of polymerization and demonstrates how the presence of n-hexane results in the 

enhancement of local ethylene concentration due to induced increase in both solubility and diffusivity of 

ethylene in the polymer particle. 

As explained in the section 5.2.3, in the standard procedure, the minimum number of grids required for 

numerical solution of the mass and energy balance equations in order to obtain accurate concentration and 

temperature gradients is determined by increasing the number of grids in solution; once the numerical 

solution becomes independent of the number of grids used, the corresponding number of grids can be 

considered as the minimum required number of grids. However, in the case of access to the limited 

computational power, the number of grids used in the current study is N=5, and as a result the 
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concentration and the temperature gradients predicted by PFM model must be considered as 

approximation of real gradients. Figure 5.14 demonstrates the effect of number of grids on the calculated 

concentration gradient through the particle after 1 minute from start of the polymerization reaction with 7 

bars of ethylene. As it can be seen from this figure, more significant concentration gradients are predicted 

by increasing the number of grids. However, considering that the concentration gradients are provided in 

a logarithmic scale, one can notice that by increasing the grid numbers the difference between calculated 

concentration gradients decreases and as expected the numerical solution is converging to a value which 

is independent of grid numbers, as explained previously. 
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Figure 5.14. The effect of number of grids on the calculated concentration gradient through the particle after 1 minute 

from start of the polymerization reaction with 7 bars of ethylene.   

Because of the significant predicted resistance to the reactant transfer in the compact polymer particle, the 

concentration of ethylene in radial positions inside the particle closer to the center is much lower 

compared to the surface. Consequently, the local rate of polymerization and associated heat generation is 

negligible in the center of particle compared to the particle surface. As a result, while the heat of 

polymerization is being removed from the particle surface by surrounding gas phase with the convective 

mechanism, however, simultaneously almost no heat is being generated in radial positions close to the 

center of particle. This has resulted in prediction of no temperature gradient with PFM model through the 

polymer particle under all the simulated circumstances for the mass transfer presented in Figure 5.13. 

With the local particle temperature in all radial positions being equal to 80.5 °C (slightly higher than the 

reactor bulk temperature) in all simulations, the related figure of local temperature inside the particle is 

skipped here for brevity and also lack of its necessity. 
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5.3. Conclusion  

In conclusion, we can evaluate the performance of the developed general approach in order to be able to 

predict the effect of change in the process condition, here by addition of n-hexane as the ICA, on the 

quality and rate of gas phase ethylene polymerization on supported catalyst. In fact, as has been discussed 

earlier, the local instantaneous rate of ethylene polymerization using a specific supported catalytic system, 

would depend on the local monomer concentration and local temperature at the active sites inside the 

growing particle. The local monomer concentration at the active sites, as a measure of monomer 

availability for the polymerization reaction, would in turn depend on its solubility in the polymer phase 

and diffusivity through the particle. In the current methodology, the PFM model is utilized to act as the 

platform in order to estimate the local concentration of monomer and local temperature at the active sites 

at each instant during the course of polymerization. This eventually has enabled us to predict the effect of 

change in the process condition by addition of n-hexane on the local and consequently the overall rate of 

gas phase ethylene polymerization using a supported catalytic system with known kinetic behavior in the 

absence of n-hexane. 

By comparing the PFM model prediction with the experimental results on the effect of n-hexane on the 

instantaneous rate of gas phase ethylene polymerization, it can be concluded that the current approach 

provides an excellent predictive capability on the effect of n-hexane on the instantaneous rate of ethylene 

polymerization during the later steps of polymerization. This is when the solubility of solutes can be 

considered to be very close to the equilibrium condition and the growing catalyst/polymer particle has 

reached its thermal stability. This remarkably good predictive capability originates from the reasonable 

estimation of the local concentration of reactant and local temperature inside the particle by the PFM 

model. In the case of local concentration, in combination with the adapted simplified diffusivity model, it 

demonstrates the outstanding predictive capability of the Sanchez-Lacombe model which has been 

developed and fitted to the experimentally obtained set of solubility data in the ternary system of 

ethylene-n-hexane-PE in order to describe the effect of n-hexane on the concentration of ethylene in the 

amorphous phase of polyethylene. 

Direct application of solubility data obtained experimentally under equilibrium condition for the binary 

system of ethylene-PE and the ternary system of ethylene-n-hexane-PE by implementing into the 

Sanchez-Lacombe EOS in order to describe the observed enhancement in the rate of ethylene 

polymerization in the presence of n-hexane under the reactive conditions during which the polymer 

particle is closer to the equilibrium state (both in terms of solubility and thermally) is a novel approach. 

This methodology is proposed, developed and applied successfully in the current study for the first time 

in this field while demonstrating the universal potential of this approach to be extended for description of 
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different process operational conditions, for instance, for predicting the effect of other commonly used 

ICAs on the polymerization rate. An overview of the systematic development of the phenomenological 

approach which is designed in order to be able to predict the effect of change in the process condition by 

addition of ICA of n-hexane on the rate of gas phase ethylene polymerization on supported catalyst is 

provided orderly in Figure 5.15 with the corresponding experimental and modeling steps. However, this 

general modeling approach at its current development state appears to underestimate the rate of gas phase 

ethylene polymerization in presence of n-hexane at initial steps during the course of polymerization. This 

discrepancy between the model prediction and experimentally obtained rates of polymerization on the 

effect of n-hexane is an indicator of some phenomena that are not captured appropriately in the developed 

model. These phenomena may include (but are not limited to) the evolution of morphology of the particle 

during the polymerization, and the quality and exact mechanism of processes of reactant sorption and 

diffusion in the absence and presence of ICA during the initial moments of polymerization in which the 

catalyst/polymer particle rapidly evolves in terms of its size, structure, and thermal behavior. This, in turn, 

implies the necessity for the improvement of current state of the general modeling approach proposed in 

order to have a more precise prediction of the effect of change in process condition by including a more 

accurate description of the evolution of the particle morphology and also quality of reactant diffusion and 

sorption in the catalyst/polymer particle by time during the course of polymerization.  

 

 

 

 

 

 

 

 

Figure 5.15. An overview of the phenomenological approach designed to predict the effect of change in the process 
condition by addition of ICA on the rate of gas phase ethylene polymerization. 
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6. The influence of the heat of sorption 

6.1. Inroduction 

In the present chapter, it is intended to demonstrate how the thermal effect associated with the 

heat of sorption of ICAs can have a positive effect in terms of avoiding particle over-heating under certain 

circumstances like its temporary exposition to the defluidized regions inside a FBR as a possible 

undesirable operating condition for this type of reactor set-up.  The Sanchez-Lacombe model will be used 

to describe the temperature dependency of the solubility of heavy condensable solute in the polyethylene 

at different pressures using a reliable set of thermodynamic data. Subsequently, this will be included in an 

energy balance for a simplified representation of a polymerizing particle in order to investigate the impact 

of absorbed ICA on the evolution of particle temperature in a FBR.  

6.2. Model development 

6.2.1. Heat of sorption  

The sorption process of a condensable solute in a polymer can be considered as a combination of two 

thermodynamic steps[1]: (1) condensation of the solute vapour to the liquid state occurs.  This is the 

opposite of the liquid vaporization process; (2) the dissolution of the liquefied solute in the polymer 

which involves enthalpy of mixing for a polymer-solute system. As a result, one can estimate the heat of 

sorption of a condensable solute in a polymer as summation of enthalpy of condensation of the solute and 

the enthalpy of solute-polymer mixing. For the system of condensable alkanes or alkenes and the 

polyolefins, the heat of mixing is smaller and negligible compared to the heat of condensation. 

Consequently, the heat release associated with sorption of condensable solute of a longer hydrocarbon 

molecule in a polyolefin is approximately equal to the heat of condensation. 

Different experimental techniques are available to measure the associated interaction heat for a solvent-

polymer system, including recently developed scanning transitiometry and titration calorimetry.[2,3]  The 

sorption heat can also be indirectly interpreted from the inverse gas chromatography method, and Tian et 

al.[4] have reported the sorption heat for a wide range of common solvent-polymer systems implementing 

this method. While the transitiometry and titration calorimetric method are promising methods, no data 
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relevant to the current study are available, so the values of the heat of sorption reported herein were those 

obtained using the inverse gas chromatography method.[4] 

6.2.2. Solubility data 

Experimental studies in this field have shown that the solubility of alkanes or α-olefins in polyolefins 

decreases as the temperature increases. In other words, as the temperature of a particle circulating in a 

reactor increases, the solute becomes more volatile and starts to desorb. The phenomenon of mass transfer 

of solute out of/into the polymer phase by increasing/decreasing the temperature at which the system is in 

equilibrium is referred to as desorption/resorption, respectively in this chapter.   

In order to investigate the relative importance of sorption heat of condensable components on the thermal 

behavior of growing polymer particles, n-hexane is chosen as the inert condensing agent for two reasons: 

(1) it has a higher solubility than shorter chain alkanes; and (2) it has a higher enthalpy of sorption per 

mole compared to the lighter condensable components such as 1-butene or n-pentane.  Thus, if there is a 

potential impact of the desorption/resorption process on particle temperature it will be most demonstrable 

with n-hexane.  

In the Chapter 4, it was demonstrated that the Sanchez-Lacombe EOS does provide a mediocre prediction 

for the set of solubility data for n-hexane as ICA presented by group of Yang.[5,6] However, it was shown 

that the prediction of SL model about the effect of n-hexane on the ethylene concentration in the 

amorphous phase of polymer is much less sensitive than ethylene solubility and polymer swelling to the 

“assumed” solubility of n-hexane or in other words the n-hexane-PE binary interaction parameter. This 

resulted in satisfactory predictions of enhancement in the rate of gas phase ethylene polymerization on 

supported catalyst in presence of n-hexane, presented in Chapter 5. 

It should be mentioned here that the role of commonly used α-olefin comonomers such as 1-butene and 1-

hexene have been extensively studied given their importance in the production of linear low density 

polyethylene (LLDPE).  Thus, more reliable solubility data reported in the literature for α-olefins in 

polyethylene is much more easily found than it is for saturated alkanes of the same length.[7-9] Meanwhile, 

it is reasonable to suppose that n-hexane and 1-hexene have a similar nature of interaction with segments 

of non-polar polyethylene chains. They are both constituted of linear hydrocarbon molecules of the same 

number of carbons with almost the same degree of non-polarity. This in turn implies that regarding the 

similar size, shape, and polarity of these solutes, it is possible to safely approximate the solubility of n-

hexane with available and more reliable set of data for solubility of 1-hexene for the purposes of this 

analysis. An experimental evidence to support further the validity of this assumption can be found in the 
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earlier sorption studies of Michaels et al.,[10] in which the solubility constant of Henry’s law for sorption 

of propane in polyethylene is reported to be about only 10% higher than the one for propene at 25 °C. As 

a result, regarding the mediocre fitting of SL model to the available solubility data of n-hexane, in the 

current modeling analysis the solubility of n-hexane in LLDPE and its temperature dependency is 

approximated with the more reliable set of data for 1-hexene in the literature.[7-9] While this assumption 

will slightly underestimate the n-hexane solubility in polyethylene (similar to the case of propane and 

propene), this induced error is neglected in the current modeling study in order to investigate ‘‘the order 

of magnitude’’ of the effect related to the sorption heat of ICA of n-hexane on the thermal behavior of 

growing particles. 

The Sanchez-Lacombe model is applied here in order to describe the temperature dependency of the 

solubility of 1-hexene in linear low density polyethylene at different pressures. The characteristic model 

parameters for each component of the system, taken from reference[7] are provided in Table 6-I. This 

parameter set was established using experimental data available in the literature[8,9] for the solubility of 

different olefinic solutes in polyolefins through adjustment of the binary interaction parameter.  

Table 6-I. Sanchez-Lacombe characteristic parameters for pure components.[7] 

Component T*(K) P*(bar) ρ
* (kg/m3) 

Ethylene 283 3395 680 
1-hexene 450 3252 814 
LLDPE 653 4360 903 

 

Figure 6.1 illustrates the temperature dependency of 1-hexene solubility in LLDPE as predicted by the 

Sanchez-Lacombe model. The variation of solubility with temperature is provided for two different 

pressures of 1-hexene (0.5 and 1 bar), and up to 130 °C (we will not simulate situations above this 

temperature as this is the approximate melting temperature for PE). It is important to note here that in the 

extension of the Sanchez-Lacombe model for prediction of 1-hexene solubility at the higher pressure of 1 

bar, the potential effect of the crystalline phase on the extent of polymer swelling and consequently the 

solubility has been neglected.  
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Figure 6.1. Temperature dependency of solubility of 1-hexene in LLDPE. 

For the needs of our simplified particle model (developed below) a rapid correlation of solubility as a 

function of temperature will suffice.  The method of least squares was used to fit the SL curves with the 

following type of function: 

�$,3< = *EeÐc  ( 6.1 ) 

in which S2,am is the solubility of 1-hexene in the amorphous phase of the LLDPE polymer and T is the 

temperature at which the gas-polymer system is in equilibrium. A and B are the pressure-dependent 

constants and are provided in Table 6-II with the corresponding r2-values for quality of the fitting. This 

correlation will be used in order to describe the temperature dependency of the solubility of the n-hexane 

in the following section in the development of energy balance model for simulating thermal behavior of 

active particles under different physical circumstances.  

Table 6-II. Fitted model parameters and corresponding r2-values for describing 
 temperature dependency of 1-hexene solubility in LLDPE at different pressures. 

Pressure(bar) A(gr/ gr am. pol) B(1/K) r2 

0.5 1342 0.029 0.9818 

1 2826.3 0.029 0.9853 
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6.2.3. Energy balance model for a single polymer particle  

The energy balance around a reacting polymer particle can be written: 

M0kN]0kN=0,0kN q�!0kN�6 r = �0=∗¦s§F]"318−∆A0kN; + ]0kN8−∆A)k-0,$; �¦s§$�6 − ℎ*0kN8!0kN − !?;  ( 6.2 ) 

The left side of the equation represents the rate of energy accumulation in the polymer particle. The terms 

on the right hand side are (in order): the rate of energy generation due to polymerization; the rate of heat 

release associated with the sorption of the condensable component in the polymer particle; and the rate of 

heat removal from the particle to the surrounding gas phase by convection. 

Since we are focusing on the relative importance of heat of sorption of the condensable component on the 

thermal behavior of polymer particles, the following simplifying assumptions are considered through the 

development of the current model: 

• The polymer particle is treated as a spherical non-porous object. 

• Mass and heat transfer resistances through the particle are neglected. 

• The particle size is assumed to be constant during the simulated transition periods (on the order of 

several seconds). 

• The effect of cosolubility phenomenon on the rate of polymerization is neglected and as a result 

its associated thermal effect is not included in the energy balance of the particle system.  

• The ethylene solubility in the amorphous phase of LLDPE for 10 bars of ethylene pressure and at 

80 °C is estimated using Sanchez-Lacombe EOS. In the energy balance, the term related to the 

ethylene sorption heat is neglected due to its lower solubility and lower sorption heat per mole 

compared to the heavier condensable component. Preliminary simulations (not shown here for the 

sake of brevity) revealed that the effect of the heat of sorption of ethylene on the thermal behavior 

of the particle is negligible and can be dismissed. In addition, in the term for heat generation due 

to ethylene polymerization, the temperature dependency of ethylene solubility is also neglected 

since it will not affect the model validity in exploring the influence of sorption heat of n-hexane 

on the thermal behavior of the polymer particles.  

The temperature dependency of the propagation constant is described here by an Arrhenius-type of 

correlation 

�0 = �0,-./Ee¼�Wdq Fc�°�e Fc±�½r  ( 6.3 ) 
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in which kp,ref is the propagation constant at the reference temperature, Tref.  Ea is the activation energy for 

propagation and Rg is the universal gas constant.  

The solubility values of the solutes in the amorphous polymer (gr/gr am. pol) were obtained using the 

Sanchez-Lacombe EOS and are translated to an average concentration over the entire polymer particle 

volume (mol/ m3 pol) by the following expressions:  

¦s§F = 1000(1 − È)M0kNstF �F,3<  ( 6.4 ) 

¦s§$ = 1000(1 − È)M0kNst$ �$,3<  ( 6.5 ) 

where χ is the weight-based crystallinity of the polymer particle.  

Equation ( 6.1 ) can be substituted into equation ( 6.5 ) in order to describe the temperature dependency of 

concentration of condensable component of n-hexane in the polymer particle: 

¦s§$ = 1000(1 − È)M0kNst$ *EeÐc�°�  ( 6.6 ) 

And consequently 

�¦s§$�6 = −1000(1 − È)M0kN*Sst$ EeÐc�°� m�!0kN�6 n  ( 6.7 ) 

It is important to underline the significance of the assumption implicitly made when we use equation ( 6.1 

) to describe the temperature dependency of the n-hexane concentration in the polymer particle, and the 

way this will influence the simulation results.  Recall that equation ( 6.1 ) is obtained from fitting the 

available reliable set of equilibrium solubility data. However, this correlation is being applied here in 

order to describe the solubility of the condensable in the particle which undergoes through thermal 

transition in non-equilibrium conditions. As a result, it is implicitly assumed that the solubility of n-

hexane in the polymer particle immediately reaches the equilibrium value corresponding to the particle 

temperature during each step of this thermal transition.  In other words, the desorption/resorption of the 

condensable component is assumed to take place promptly by increasing/decreasing the particle 

temperature while the dynamic of the associated thermal-induced mass transfer through the particle is 

being neglected. Hence, while the magnitude of the effect of sorption heat on the thermal behaviour of a 

growing particle can be considered to be reliable in slow transitions in which the particle is closer to its 

equilibrium state, caution must be taken in interpreting the simulated thermal behaviour under fast 
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transitions. Considering this point, the time scale involved in our simulations is in the order of several 

seconds to fractions of a minute while intending to avoid extremely fast impulsive transitions. 

By substituting equation ( 6.3 ) and ( 6.7 ) in equation ( 6.2 ), the energy balance of the particle system 

can be rewritten in the following form 

ÉF m�!0kN�6 n = É$Ee
¼�Wdq Fc�°�e Fc±�½r − ÉHEeÐc�°� m�!0kN�6 n − É_8!0kN − !?;  ( 6.8 ) 

in which β1, β2, β3, and β4 are clustered function defined as 

ÉF = M0kN]0kN=0,0kN  ( 6.9 ) É$ = �0,-./=∗¦s§F]"318−∆A0kN;  ( 6.10 ) 

ÉH = 1000]0kN8−∆A)k-0,$;*S(1 − È)M0kNst$   ( 6.11 ) 

É_ = ℎ*0kN  ( 6.12 ) 

Finally, in order to be able to numerically solve equation ( 6.8 ) to obtain the temperature evolution of the 

particle under different transition circumstances, it is rewritten as 

�!0kN�6 = É$Ee
¼�Wdq Fc�°�e Fc±�½r − É_8!0kN − !?;ÉF +ÉHEeÐc�°�   ( 6.13 ) 

A fourth-order Runge-Kutta method is applied here in order to solve the equation ( 6.13 ).  

A plethora of correlations for gas-solid mass and heat transfer coefficients can be found in the literature. 

Based on the earlier studies of Floyd et al.[11] we have chosen to use the Ranz-Marshall correlation for a 

single sphere in a fluid medium: 

IJ = 2 + 0.6CEF/$(KF/H  ( 6.14 ) 

where 

IJ = ℎ�0�",9  ( 6.15 ) 

CE = J�0h   ( 6.16 ) 
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(K = �=0,9�",9   ( 6.17 ) 

The gas phase properties with the other physical, kinetics, and thermal parameters used in this modeling 

study are summarized in Table 6-III. 

Table 6-III. The physical properties and model parameters 
 used in describing thermal behavior of single polymer particle. 

Polymer properties 

  

 

ρpol 900 kg/m3 

 

Cp,pol 2000 J/kg.K 

 

χ 0.4 dimensionless 

    Catalyst and kinetic parameters 

 

 

kp,ref 2.5-10 m3/mol sit.sec 

 

Tref 330 K 

 

Ea 42 kJ/mol 

 

C* 54 mol sit/m3cat 

 

rcat 15-35×10-6 m 

 

ρcat 2800 kg/m3 

    Gas phase properties 

  

 

Pr 0.763 dimensionless 

 

ν  1.22×10-6 m2/sec 

 

kc,g 2.69×10-2 J/m.s.K 

 

Tb 353.15 K 

 

MW1 28.05 gr/mol 

 

MW2 86.16 gr/mol 

    Enthalpy 

   

 

-∆Hpol 107.6 kJ/mol 

 

-∆Hsorp,2 29.12 kJ/mol 
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6.3. Simulation results and discussion 

6.3.1. Thermal behaviour of the particle by its exposure to the defluidized region inside FBR 

In the normal operation of the fluidized bed reactors, particles are suspended by the fluid and are 

continuously in motion relative to the other particles. However, under certain undesirable circumstances, 

localized non-uniform distribution of the gas can be observed in a part of the bed (due e.g. to channeling 

or dead spots), the flow may become insufficient to fluidize the particles, resulting in local defluidization. 

In this case, defluidization is defined here as the status of particles having substantially no motion relative 

to the other neighboring particles.  Regardless of the exact cause, a defluidized particle evolving in a zone 

with low particle-gas velocity will undergo heat-up since the energy generated from the polymerization 

cannot be removed appropriately by convection. If the particles overheat and melt, this will lead to local 

formation of polymer agglomerates, and an in extreme case would result in the bed collapse and reactor 

shut-down.  

Here we will simulate the thermal behavior of active growing particle which becomes exposed to the 

defluidized region in the bed. At t = 0, it is assumed the heat of polymerization is continuously removed 

from the particle by convection so its temperature is at steady state, i.e. g,c�°�,1 i = 0. Applying the steady-

state condition to the equation ( 6.13 ), the particle temperature at the initial condition is obtained by 

solving the resultant non-linear equation for Tpol. 

The exposure of the particle to the defluidized region is taken into account in the model by defining an 

arbitrary function, provided in equation ( 6.18 ), for the relative gas-particle velocity in which the velocity 

fluctuates by time.  

J = 1 − sin(6 2⁄ )  ( 6.18 ) 

Under these conditions, the relative gas-polymer velocity cycles from 1 m/s to 0 in about 3 seconds 

indicating the time period in which the particle becomes exposed to the defluidized region. In the next 3 

seconds, the relative velocity rises back from 0 to 1 m/s which implies the particle leaving the defluidized 

region and being in the region of having appropriate fluidization regime.  
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Figure 6.2. Simulated thermal behaviour of active polymer particle of the size rp=500 µm  

during its temporary exposition to the defluidized region inside the FBR. 

Figure 6.2 demonstrates the simulated thermal behavior of active particle of the size rp=500 µm 

originated from initial catalyst size of rcat=35 µm during the defined transition period of 6 seconds. This 

can be considered as the size of a fully grown particle in the FBR in typical industrial gas phase 

processes.  The kinetic parameters of polymerization used in this modeling study correspond to the 

productivity of 16 (kg PE/gr cat.h) which is also in the typical range for the productivity of industrial gas 

phase FBRs (see Table 6-III).  

As can be seen in this Figure, the particle starts to heat-up by its exposure to the defluidized region due to 

the accumulation of the released polymerization energy. The temperature rise continues until the particle 

starts to leave the defluidized region and the heat of polymerization starts to be removed from the particle 

by convection mechanism due to the relative movement of the particle with respect to its surrounding gas 

phase. The rate of increase in the particle temperature is lower in the presence of n-hexane; as the particle 

starts to heat up due to the accumulation of polymerization energy, part of this energy is consumed in 

order to partially desorb n-hexane solubilized in the particle leading to lower rate of particle temperature 

rise. At higher pressure of the condensable, the amount of solute solubilized in the polymer particle is 

higher. As demonstrated in Figure 6.1, this in turn implies that higher amount of condensable can be 

desorbed from the particle at higher pressure by increasing the equilibrium temperature of the system. As 

a result, the effect associated with the desorption of condensable solute on the thermal behavior of the 
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particle is stronger at higher pressure simply due to higher amount of solute available in the particle to be 

desorbed.  

Simulated thermal behavior of the particle during transition period of its temporary exposition to the 

defluidized region demonstrates that in the absence of n-hexane, the particle temperature reaches the 

approximate fusion temperature of the polyethylene (130 °C) due to its higher rate of heat-up, while for 

instance in the presence of 1 bar of n-hexane and under the same transition, the particle temperature 

remains at least 10 °C below the polymer fusion temperature.  As a result, it can be concluded that the 

probability of the particle temperature to reach its fusion temperature and consequently the probability of 

the resultant polymer agglomerate formation due to the local defluidization inside the FBR becomes 

lower in the presence of inert condensing agent of n-hexane.  

In this set of illustrative simulations, it was intended to demonstrate how the lower fluctuation in the 

particle temperature resulting from partial desorption of n-hexane as ICA would reduce the probability of 

particle melting and local agglomerate formation due to local defluidization inside the FBR. In the 

following part, we will take a closer look on the influence of different parameters like particle size, time 

scale for transition cycle and rate of polymerization on the induced effect of n-hexane on the thermal 

behavior of the growing particles. 

However, before moving on to these parametric studies and for the clarification purpose, it must be noted 

here that the size of initial catalyst particle dispersed in the polymer particle is different and smaller in 

most of upcoming parametric studies than the one presented in the demonstrative simulation of Figure 

6.2. There were two main reasons which obliged us to make the choice of going with smaller initial 

catalyst particle size and consequently lower rate of heat generation in the polymer particle in the series of 

parametric studies below: (1) non-convergence of solution in order to estimate the initial particle 

temperature from the resultant non-linear equation by imposing the steady state condition, i.e. g,c�°�,1 i =0 to equation ( 6.13 ), for large catalyst particles (rcat=35 µm, for instance) dispersed in small polymer 

particles (rp=150 µm, for instance); and (2) rapid rise of particle temperature during the transition period 

which would lead to unrealistically large values for the particle temperature in the case of large catalyst 

particles dispersed in the polymer particles. As a result, while having smaller initial catalyst particle size 

in the following section will decrease the rate of heat generation inside the growing particles and 

consequently attenuate the temperature fluctuation of the particles during the transition period, however, 

it will allow us to systematically analysis the influence of aforementioned parameters on the induced 

effect of n-hexane on the thermal behavior of the growing particles and to be able to track the related 

predicted trends during the transition period.  
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6.3.1.1. Size of polymer particle 

In this part, the thermal behavior of a polymer particle originating from initial catalyst size of rcat=15 µm 

upon its temporary exposition to the defluidized region during different steps of polymerization course 

which correspond to different polymer particle sizes will be investigated. Three particle sizes (rp) of 150, 

300, and 500 µm have been considered in this study in order to represent the polymer particle during 

initial steps of polymerization, average polymer particle size, and fully grown particle size, respectively. 

Similar to the previous example, the activity of the catalyst corresponds to 16 (kg PE/ gr cat.h) and the 

transition cycle takes place during 6 seconds.  

The simulation results provided in Figure 6.3, reveal that, as expected, the heat of (de)sorption plays a 

stronger role in keeping the temperature lower for the smallest polymer particles.  The difference between 

maximum temperature reached by the particle without n-hexane and in presence of 1 bar of n-hexane 

during the transition is about 1.3, 0.3, and 0.1 °C for the particle size (rp) of 150, 300, and 500 µm, 

respectively. 
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Figure 6.3. Simulated thermal behaviour of polymer particle during its temporary exposition to the defluidized region 

with size of rp equal to (a) 150, (b) 300, and (c) 500 µm. 

This is due to the fact that during the initial steps of polymerization, the concentration of polymerization 

active site per volume of the particle and as a result the volumetric rate of heat generation inside the 

particle is higher. As a result, the smaller particles are more sensitive to degradation in the heat transfer 

conditions in the bed, meaning the probability of particle overheating is higher under these circumstances 

for the smaller particles. Regarding higher thermal sensitivity of the smaller particles, these simulations 
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predict that the partial desorption of condensable n-hexane solved in polymer phase surrounding the 

active sites have more pronounced effect on the temperature fluctuation of the smaller particles during 

insufficient heat removal inside the FBR.  

This strongest potential effect of heat of sorption of n-hexane as ICA in decreasing the rate of overheating 

for smaller polymer particles upon insufficient heat removal inside the FBR during the initial steps of 

polymerization is of industrially profound importance. As mentioned earlier, these small active particles 

are more vulnerable to overheating which result in polymer melting, creating fouling and local polymer 

agglomerates inside the reactor. 

6.3.1.2. Activity of polymerization process 

In order to explore the effect of heat of sorption of n-hexane on the thermal behavior of polymer particles 

having different activities, a series of comparative simulations for polymer particle size of rp=500 µm 

originated from initial catalyst particle size of rcat=35 µm are performed for three polymerization 

activities corresponding to production of 16, 8, and 4 (kg PE/ gr cat.h) and are provided in Figure 6.4. 

These simulation results show that, as one would expect, the heat of sorption has a more pronounced 

effect on the thermal behavior of polymer particle having higher activity; the difference between 

maximum temperature reached by the particle without n-hexane and in presence of 1 bar of n-hexane 

during the transition cycle of 6 seconds as described before is about 11.0, 1.2, and 0.5 °C for the activity 

of 16, 8, and 4 (kg PE/ gr cat.h), respectively. 
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Figure 6.4. Simulated thermal behavior of particle size of rp=500 µm with activity corresponding to 
 production of (a) 16, (b) 8, and (c) 4 (kg PE/ gr cat.h). 

This predicted trend can be explained by the fact that the rate of energy accumulation inside the polymer 

particle with higher activity is faster during its temporary exposition to the defluidized region in bed with 

insufficient capability for heat removal. This in turn implies that the temperature of the more active 

particle rises faster while desorbing larger amount of condensable n-hexane solubilized in itself.  This 

leads to a more pronounced effect of heat of sorption for more active particle. 



158 

 

6.3.1.3. Time scale for temporary exposition of the particle to the defluidized region 

The thermal behavior of the particle size of rp=500 µm originating from initial catalyst size of  rcat=30 µm 

during three different times scales of 3, 6, and 12 seconds for cycle of its temporary exposition to the 

defluidized region in bed are provided in Figure 6.5. 
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Figure 6.5. Simulated thermal behavior of the particle size of rp=500 µm during  
three different time scales of (a) 3, (b) 6, and (c) 12 seconds. 

The heat of sorption has a more pronounced effect at longer time scales of being exposed to the 

defluidized region and insufficient heat removal; the difference between maximum temperature reached 

by the particle without n-hexane and in the presence of 1 bar of n-hexane is about 3.4, 1.7, and 1.0 °C 

during the transition cycle times of 12, 6, and 3 seconds, respectively. 

Insufficient heat removal from the growing particle during longer period of time would result in a higher 

rise in particle temperature, causing more n-hexane to desorb.  

6.3.2. Thermal behaviour of the particle by its exposure to different temperature of surrounding 
bulk gas phase 

A common practice in industry in order to keep the reactor temperature at desirable operation condition, 

is to cool the reactor feed stream in an external heat exchanger prior to its introduction to the bed. As a 

result, the heat of polymerization is removed from the reactor in the form of sensible heat of fluidizing 

gas phase stream which leaves the reaction environment from top of the reactor. Introduction of colder 

feed stream to the reactor will induce a temperature gradient through the height of the fluidized bed 

reactor. Using the thermocouples in different locations on the internal wall of the reactor, it is found that 

the gas phase temperature reaches to the desired operational bulk temperature of the reactor in less than 1 

meter above the distributor plate, resulting in the temperature profile as demonstrated in Figure 6.6.  
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Figure 6.6. The temperature profile within a typical fluidized bed reactor of the gas phase ethylene polymerization.[12] 

Consequently, a single growing particle which is fluidizing inside the reactor will spend a certain portion 

of its total residence time in the colder region at the bottom of the reactor. The exposure of the particle to 

the region with lower bulk temperature of surrounding gas phase will in turn affect its instantaneous rate 

of polymerization, quality of crystallization of the generated polymer chains and in short the consistency 

of the final polymer product. In fact, the velocity profile of the individual polymer particles in the 

fluidized bed reactor has been measured by a positron emission tracking technique.[12] In agreement with 

the related theoretical CFD studies, the results of these measurements demonstrate that there is an intense 

circulation loop of solid particles inside the reactor with an upstream flow in the center and a downstream 

flow at the periphery of the reactor, as schematically depicted in Figure 6.7. This circulation loop is 

generally considered as a single loop with a circulation velocity which is proportional to the fluidization 

velocity.   

 

Figure 6.7. Schematic representation of the circulation loop of polymer particles fluidizing inside the FBR. 
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Considering a single polymer particle fluidizing which is in continuous movement in the reactor and 

inside the aforementioned circulation loop, the bulk gas phase temperature experienced by this particle 

during its circulation can be considered to be as provided in Figure 6.8. 

 

Figure 6.8.The bulk gas phase temperature experienced by a single particle during its circulation inside the reactor. 

Obviously, the frequency at which the particle will meet the bottom of the reactor and the colder 

surrounding bulk gas phase will depend on the circulation velocity and consequently the reactor 

fluidization velocity. While advanced CFD studies and experimental analysis will be required for the 

accurate estimation of the time scale needed for a specific particle to complete a single circulation loop 

inside the reactor, however, in the current modeling analysis and in order to explore the effect of 

condensable component on the thermal behavior of a polymer particle during its exposure to the different 

bulk temperature of surrounding gas phase, the time scale required for the particle to do a single 

circulation inside the reactor is considered to be in the order of 20 seconds. The bed height of a 

commercial scale fluidized bed reactor can be on the order of 12 m, and the gas superficial velocity inside 

the reactor can be considered to be on the order of 1 m/sec.  It should take approximately 10 seconds for 

the particle to go up through the centre at constant temperature, and 10 seconds for its peripheral descent. 

The time during which the particle becomes exposed to the cold region at the bottom of the reactor can be 

estimated to be on the order of 2 seconds (see Figure 6.8). While attempting to provide a relatively 

realistic picture, it must be noted that the assumption about the rate of particle circulation inside the 

reactor will not affect the validity of current model in exploring the significance of the effect of sorption 

heat of condensable component on the particle thermal behavior as exposed to the different surrounding 

bulk temperatures. In addition, it is worth mentioning that the partial pressure of n-hexane in these series 

of simulations is considered to be 0.5 bar. This is in order to avoid the possibility of partial condensation 
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of n-hexane at the higher pressure of 1 bar (as the other choice) at the bottom of the reactor having local 

temperature close to 50 °C.  
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Figure 6.9. Simulated thermal behaviour of the polymer particle of the size rp=500 µm during its circulation inside FBR. 

Figure 6.9 demonstrates the simulated thermal behavior of the polymer particle of the size rp=500 µm 

during its circulation inside the bed. As can be seen in this figure, for the same extent of fluctuation in the 

surrounding bulk temperature, the magnitude of temperature fluctuation is smaller in the presence of 0.5 

bar of condensable n-hexane. By exposure of the particle to the colder environment, higher amount of n-

hexane can be sorbed into the polymer. Consequently, the heat released due to the sorption of the n-

hexane will reduce the rate at which particle temperature decreases (very slightly) when it is exposed to 

colder surrounding environment. Similarly, as the particle becomes surrounded by hotter bulk 

temperature, it starts to desorb part of condensable n-hexane which results in lower rate of increase in 

particle temperature. However, as can be seen in Figure 6.9, this effect does not appear to be significant 

and for the imposed fluctuation of 30 °C for the bulk temperature, the particle temperature fluctuates 

around 21.9 °C without any n-hexane while in presence of 0.5 bar of n-hexane it fluctuates around 20.4 

°C.  

In order to explore the effect of other parameters (like size of polymer particle, polymerization activity, 

and the time scale in which the particle becomes exposed to the colder region at the bottom of the reactor) 

on the significance of effect of heat of sorption, a parametric study is performed and summarized in Table 

6-IV.  
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Table 6-IV. Summary of parametric study on the effect of heat of sorption of n-hexane on the thermal behavior of 
particles during its temporary exposition to the colder region inside the FBR. 

Effect of Particle Size 

  rcat  15 µm 

 Activity 16 kg PE/ gr cat.h 

 Time scale 2 second 

      Temperature 

fluctuation with no 

n-hexane (°C) 

Temperature 

fluctuation with 0.5 

bar n-hexane (°C) 

Difference in fluctuation of 

particle temperature due to 

presence of n-hexane (°C) 

 

rp (µm) 

150 29.81 29.38 0.43 

300 24.76 23.52 1.24 

500 19.08 17.71 1.37 

    Effect of Activity 

  rcat  35 µm 

 rp  500 µm 

 Time scale 2 second 

      Temperature 

fluctuation with no 

n-hexane (°C) 

Temperature 

fluctuation with 0.5 

bar n-hexane (°C) 

Difference in fluctuation of 

particle temperature due to 

presence of n-hexane (°C) 

Activity  

(kg PE/ gr 

cat.h) 

16 21.89 20.41 1.48 

8 20.12 18.68 1.44 

4 19.47 18.07 1.4 

    Effect of Time Scale 

 rcat  30 µm 

 rp  500 µm 
 

Activity 16 kg PE/ gr cat.h 

      Temperature 

fluctuation with no 

n-hexane (°C) 

Temperature 

fluctuation with 0.5 

bar n-hexane (°C) 

Difference in fluctuation of 

particle temperature due to 

presence of n-hexane (°C) 

Time scale 

(second) 

2 20.51 19.04 1.47 

4 25.95 24.64 1.31 

8 29.58 28.67 0.91 
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As can be seen in this Table, the difference between fluctuation of particle temperature without n-hexane 

and in the presence of n-hexane under the aforementioned transition increases with the size of the particle. 

This can be explained by the solubilization of larger amount of n-hexane in larger particle upon its 

exposure to the colder region. In addition, the effect of heat of sorption on the fluctuation of particle 

temperature under the defined transition increases slightly by its activity. Finally, with longer time scale 

of being exposed to the colder region, the particle temperature fluctuation becomes closer to the imposed 

fluctuation in the bulk temperature while the effect of heat of sorption decreasing. 

Based on these results, it is reasonable to conclude that sorption heat of n-hexane has a minor effect in 

fluctuation of the particle temperature during its circulation inside FBR, which is induced from the 

fluctuation in the bulk gas phase temperature.  

6.4. Conclusion  

In the current study, the effect of the heat of sorption of n-hexane on the thermal behavior of growing 

polymer particles under different physical circumstances has been investigated. n-Hexane is an inert 

condensing agent that is present in the gas phase during condensed mode operation of gas phase ethylene 

polymerization. Simulated thermal behavior of the particle during transition period of its temporary 

exposition to the defluidized region demonstrated that the rate of increase in the particle temperature is 

lower in the presence of n-hexane; as the particle starts to heat up due to the accumulation of 

polymerization energy, part of this energy is consumed in order to partially desorb the condensable n-

hexane solubilized in the particle leading to lower rate of particle temperature rise. As a result, it is 

concluded that the probability of the particle temperature to reach its fusion temperature and consequently 

the probability of the resultant polymer agglomerate formation due to the local defluidization inside the 

FBR becomes lower in the presence of condensable n-hexane. In addition, using a parametric analysis, it 

is demonstrated that the effect of heat of sorption becomes more pronounced for polymer particles with 

higher activity during the initial steps of polymerization. On the other hand, it is observed that the heat of 

sorption of n-hexane has at most a minor effect on fluctuation of the particle temperature during its 

circulation inside FBR which has been induced from the fluctuation in the surrounding bulk gas phase 

temperature.  
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7. Significant contributions and perspectives 

7.1. Major contributions 

In the current thesis study, it was intended to investigate the potential effect of the inert condensing agent 

of n-hexane used in condensed mode operation on the solubility of ethylene in produced polyethylene and 

consequently the quality and rate of gas phase ethylene polymerization on supported catalyst under 

reactive conditions, for the first time in this field. Performing the set of designed polymerization reaction 

experiments using a lab-scale stirred-bed gas phase reactor, it is observed that the instantaneous rate of 

ethylene polymerization increases in the presence of n-hexane, thus supporting the initial speculation of 

the effect of n-hexane on the enhancement of the ethylene solubility in polymer. In order to have a better 

picture and understanding, the averaged instantaneous rate of polymerization in presence of n-hexane is 

normalized with the one without any n-hexane. Consequently, this helped to demonstrate that while the 

effect of n-hexane increases proportionally to its partial pressure in the gas phase composition, this effect 

is more pronounced at the initial steps during the course of polymerization. In addition, by comparing the 

effect of partial pressure of ethylene on the observed “enhancement” of the instantaneous rate of ethylene 

polymerization on supported catalyst in presence of n-hexane, it is concluded that while the magnitude of 

promotion in the instantaneous rate of polymerization in presence of n-hexane is almost the same during 

the initial steps of polymerization with both of the partial pressures of ethylene used equal to 7 and 12 

bars. However, this enhancement in rate of polymerization due to cosolubility effect of n-hexane appears 

to fade out more rapidly by time during the polymerization with 7 bars of ethylene partial pressure in 

comparison with the polymerization by 12 bars of reactant ethylene.  

The experimental studies in the lab-scale reactors to investigate the effect of changes in the process 

operating conditions for instance here by varying the gas phase composition during the ethylene 

polymerization on supported catalyst provide extremely valuable insight and understanding about the 

expected kinetic and thermal behavior of the studied catalytic system in the commercial scale fluidized 

bed reactors while experiencing similar imposed changes in the operating condition of the process. 

However, the reliable experimental studies of gas phase ethylene polymerization process with different 

gas phase compositions which induce different operating conditions are found to be very time consuming. 

As a result, being capable to predict how the quality and rate of gas phase ethylene polymerization would 

evolve upon imposing a change in the process operating condition, here by addition of an ICA to the gas 

phase composition, appears to be of profound importance and interest from practical point of view during 

the operation of a FBR. 
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In order to achieve this level of predictive capability, at the first step, one needs to be able to describe the 

solubility behavior of ethylene in PE in the presence of the additional solute component of ICA by 

implementing the related experimental solubility data under equilibrium condition into an appropriate 

thermodynamic model which is capable to properly capture the speculated cosolubility phenomenon. In 

the current thesis study for the first time, the Sanchez-Lacombe EOS as one of the most widely applied 

thermodynamic models in polymer industry is adapted and developed in order to study not only the 

solubility but also concentration of ethylene in polyethylene in the absence and presence of an inert 

condensing agent in order to quantify the speculated cosorption phenomenon under the reactive 

polymerization condition. By incorporating this thermodynamic model to describe the solubility of 

ethylene in polymer into a single particle model like PFM model to estimate the concentration and 

temperature gradient through a growing polymer particle, it is ultimately attempted to predict the effect of 

change in the process operating condition by addition of n-hexane as the ICA to the gas phase 

composition. 

Direct application of solubility data obtained experimentally under equilibrium condition for the binary 

system of ethylene-PE and the ternary system of ethylene-n-hexane-PE by implementing into the 

Sanchez-Lacombe EOS in order to describe the observed enhancement in the rate of ethylene 

polymerization in the presence of n-hexane under the reactive conditions is a novel approach. This 

methodology is proposed, developed and applied successfully in the current study for the first time in this 

field while demonstrating the universal potential of this approach to be extended for description of 

different process operational conditions, for instance, for predicting the effect of other commonly used 

ICAs on the polymerization rate. It is found that at the later steps of polymerization, in which the growing 

polymer particle has reached to its thermal stability and the solubility of solutes in the polymer phase are 

closer to the equilibrium condition, the prediction of the approach developed in the current study matches 

with the experimental rates of polymerization in an excellent manner of almost perfect fit. This 

remarkably good predictive capability is in fact originated from the reasonable estimation of the local 

concentration of reactant ethylene and local temperature inside the particle by the PFM model. In the case 

of local concentration, in combination with the adapted simplified diffusivity model, it demonstrates the 

outstanding predictive capability of the Sanchez-Lacombe model which has been developed and fitted to 

the experimentally obtained set of solubility data in the ternary system of ethylene-n-hexane-PE in order 

to describe the effect of n-hexane on the concentration of ethylene in the amorphous phase of 

polyethylene. However, the general modeling approach at its current development state appears to 

underestimate the rate of gas phase ethylene polymerization in presence of n-hexane at initial steps during 

the course of polymerization. This discrepancy between the model prediction and experimentally obtained 
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rates of polymerization on the effect of n-hexane is an indicator of some phenomena which are not 

captured appropriately in the developed model. These phenomena may include (but are not limited to) the 

evolution of morphology and porosity of catalyst/polymer particle during the polymerization reaction, and 

the quality and exact mechanism of processes of reactant sorption and diffusion in the absence and 

presence of ICA during the initial moments of polymerization in which the catalyst/polymer particle 

rapidly evolves in terms of its size, structure, and thermal behavior. 

Finally in the current thesis study, it is demonstrated how the thermal effect associated with the heat of 

sorption of ICAs can have a positive effect in terms of avoiding particle over-heating under certain 

circumstances like its temporary exposition to the defluidized regions inside a FBR as a possible 

undesirable operating condition for this type of reactor set-ups. Simulated thermal behavior of the particle 

during transition period of its temporary exposition to the defluidized region demonstrated that the rate of 

increase in the particle temperature is lower in the presence of n-hexane; as the particle starts to heat up 

due to the accumulation of polymerization energy, part of this energy is consumed in order to partially 

desorb the condensable n-hexane solubilized in the particle leading to lower rate of particle temperature 

rise. As a result, it is concluded that the probability of the particle temperature to reach its fusion 

temperature and consequently the probability of the resultant polymer agglomerate formation due to the 

local defluidization inside the FBR becomes lower in the presence of condensable n-hexane. 

7.2. Perspectives and future works 

The observed enhancement in the rate of gas phase ethylene polymerization on supported catalyst in 

presence of gaseous condensable component of n-hexane which is considered to be inert to the 

polymerization active sites is of profound importance in acquiring a more comprehensive understanding 

of the “comonomer” effect of α-olefins, in this case 1-hexene. Further polymerization reaction 

experiments can be designed in order to enhance our perception of the comonomer effect and the relative 

importance of physical effects (i.e. increase in solubility and diffusivity of ethylene in presence of heavier 

1-hexene comonomer) and chemical effects (i.e. modifications in the chemical nature of polymerization 

active sites) in boosting the rate of ethylene polymerization. This will be achieved by comparing the 

magnitude of enhancement in the rate of ethylene polymerization in presence of n-hexane and 1-hexene, 

respectively. 

In addition, the effect of other inert condensing agents applied in industry (like iso-pentane) on the rate of 

polymerization and properties of produced polymer can be explored in order to provide a better insight on 

the practical aspects related to the condensed mode operation of gas phase ethylene polymerization. 
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From modeling perspective, the level of complexity of physical and chemical phenomena which occur 

simultaneously during the ethylene polymerization on supported catalyst has already been highlighted. 

However, the general modeling approach which is developed for the first time in the current thesis study 

can be considered as the first step in moving toward simulator software for polyolefin processes in 

general and gas phase polyethylene process in particular with real practical functionalities. Such software 

can be applied in order to predict the change in process operating conditions on the quality and rate of 

polymerization and consequently the thermal behavior of growing polymer particles and the overall 

reactor. In order to reach to such a predictive capability for the simulator software, the general modeling 

approach developed here needs to be improved in two major aspects:  

(a) physical aspects: 

1. Since after the initial moments during the polymerization, the active sites are surrounded by 

the produced polymer, as a result an accurate description of solubility of all the species 

present in the reactor in the polymer is required. This can be achieved by implementing an 

appropriate thermodynamic model to describe the solubility of the gas phase as a mixture of 

two or more solute components which has been fitted to the corresponding solubility data in 

the equilibrium condition. 

2. A more precise description of the evolution of morphology and porosity of catalyst/polymer 

particle would be needed, especially during the initial steps of the polymerization in which 

the catalyst/polymer particle rapidly evolves in terms of its size, structure, and thermal 

behavior. 

 

(b) chemical aspects: 

A more accurate and comprehensive understanding of the effect of different active species 

present in the reactor environment on the intrinsic kinetic behavior at the active sites of catalytic 

system being used would also be of great importance in order to enhance the quality of the 

predicted trend upon imposing a change in process condition. 
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A. Sanchez-Lacombe EOS   
 

In this Appendix, using Sanchez-Lacombe equation of state, the details of mathematical 

formulation to derive the interested properties related to the sorption phenomenon is presented. The 

formulations for both of the binary and ternary systems are provided. 

Here, first we briefly describe the Sanchez-Lacombe equation of state and its parameters. After, the 

details of the calculations for binary and ternary systems are provided to derive the properties of interest. 

A.1. Description of Sanchez-Lacombe model 

The Sanchez-Lacombe (SL) EOS is                                                                                              

M̅$ + (p +	!p U�(1 − M̅) + q1 − 1Kr M̅Y = 0  ( A.1 ) 

where !p, (p, ]p , and M̅ are the reduced temperature, pressure, volume, and density respectively which are 

defined as follows 

!p = ! !∗⁄ ,																																														!∗ = l∗ C9⁄   ( A.2 ) (p = ( (∗⁄ ,																																														(∗ = l∗ `∗⁄   ( A.3 ) M̅ = M M∗⁄ = 1 ]p⁄ = ]∗ ]⁄ ,																]∗ = I(K`∗)  and  M∗ = st/(K`∗)  ( A.4 ) 

where ε* is the mer-mer interaction energy, `∗, is the closed packed molar volume of a mer, MW is 

molecular weight, N is number of molecules, r is the number of sites (mers) a molecule occupies in the 

lattice, and Rg is the universal gas constant. The parameters ε*,u∗, and r are used to define T*, P*, and ρ* 

which are the characteristic temperature, pressure, and close-packed mass density.  

With a mixture of components, it is necessary to define combining rules for estimation of ε*mix, u<+v∗ , and 

rmix to be able to use the equation of state to calculate the properties of mixture. The “van der Waals” 

mixing rule is chosen and applied in our study. 

For characteristic closed-packed molar volume of a “mer” of the mixture, u<+v∗ , the so called “van der 

Waals” mixing rule is defined as 

`<+v∗ =∑ ∑ ϕ+ϕy`+y∗y+   ( A.5 ) 

with 
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`+y∗ = `++∗ + ỳy∗2 	81 − +y;  ( A.6 ) 

where nij corrects the deviation from the arithmetic mean and subscripts i and j are the components in the 

solution. The closed-packed volume fraction of the ith component at the limit of zero temperature or 

incompressible state, ϕ+ is defined as  

z+ = {+M+∗`+∗ |m {yMy∗ ỳ∗ny
}   ( A.7 ) 

where ωi is the mass fraction of the component i in the mixture.  

The mixing rule for the characteristic interaction energy for the mixture is defined as  

l<+v∗ =
FB~��∗ ∑ ∑ ϕ+ϕyl+y∗ `+y∗y+   ( A.8 ) 

with  

l+y∗ = 8l++∗ lyy∗ ;�.j(1 − �+y)  ( A.9 ) 

where εii and εjj are the characteristic mer-mer interaction energies for components i and j, and kij  is a 

mixture parameter that accounts for specific binary interactions between components i and j. Finally, the 

mixing rule for the number of sites (mers) occupied by a molecule of the mixture, rmix, is given by 

1K<+v =|ϕ�Kyy
  ( A.10 ) 

where r j is the number of sites occupied by molecule j in the lattice. 

In most of the applications used for Sanchez-Lacombe model, the only binary interaction parameter used 

for fitting the mixture experimental data to model is kij while nij assumed to be equal to zero. It will be the 

same for all of our related calculations and it is assumed nij=0 while kij  will be the experimentally adjusted 

parameter describing the interaction of two components.  

For calculation of sorption equilibrium for polymer-solvent system, the expression for chemical potential 

of component i in each phase of the mixture is also required given by following equation in SL EOS 

�+ = C9! �lnϕ� + g1 − r�r i� + ( A.11 ) 
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 K+ �−M̅ � $B∗ 8∑ ϕ�υ��∗ ε��∗ − ε∗∑ ϕ�υ��∗�y ; + ε∗� + Wdc�� �(1 − M̅)�(1 − M̅) + ��-� �M̅� + ��� 82∑ ϕ�υ��∗ − υ∗y ;�                     
To avoid the possible confusion, it is useful here to give an explanation about the usage of the terms 

“component” and “phase”. Let’s consider a gas “phase” which is in contact and equilibrium with a 

polymer “phase”. It is possible for each of the “phases” to be constituted of different “components”. In 

the simple case of a binary mixture of volatile solute and polymer “components”, we will have two phases 

in equilibrium; gas “phase” which is constituted of only volatile solute component and polymer “phase” 

which is constituted of both polymer and solute “components”.  

In the notation used here, the superscript refers to the phase of property while subscript refers to the 

component which the property belongs to. For example, �+0kN, refers to the chemical potential of ith 

component in the polymer phase. 

The other point which needs clarification is that the sorption of solute species is assumed to take place 

only in the amorphous phase of the polymer, while the crystalline phase is assumed to be impenetrable to 

the solute species.  

A.2. Binary systems  

In the binary system described below, the subscript 1 refers to the solute component and subscript 

2 refers to the polymer component. The first objective is to calculate the extent of sorption of specific 

solute in equilibrium with the polymer at specific temperature and pressure (T, P). The solute and 

polymer characteristic parameters are T*1, P*1, ρ* 1 and T*2, P*2, and ρ*2 , respectively. The interaction 

parameter of k12 is taken from the available literature in which it is experimentally determined. The rest of 

the properties of interest are consequently determined from the extent of sorption, as described hereunder.  

 

At first step the reduced density of the gas phase, M̅93), is calculated. It is assumed that no 

polymer exists in the gas phase. As a result, the reduced density of gas phase will be equal to the reduced 

density of “pure” volatile component existing in the gas phase or in other wordsM̅93) = M̅F93).  
The reduced density of gas phase is found by solving the equation ( A.12 ), which can easily be obtained 

by rewriting equation ( 4.1 ). 

M̅F93) = 1 − exp	 m− (M̅F93))$!F� − (Fppp!F� − q1 − 1KFr M̅F93)n  ( A.12 ) 
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Next, the chemical potential of component 1 in the gas phase is determined. The chemical potential of a 

pure component in a phase can be easily calculated from equation ( 4.11 ) to be equal to: 

�F93) =	 KF Ó−M̅F93)lF∗ +	 C9!M̅F93) P(1 − M̅F93))�(1 − M̅F93)) + M̅F
93)
KF �M̅F93)Q + (uF∗M̅F93)Ô  ( A.13 ) 

The closed-packed volume fraction of solute in the polymer phase, ϕ1
pol, and the reduced density 

of polymer phase, M̅	0kN, are consequently obtained by simultaneous solution of the two following non-

linear equations. First equation is the Sanchez-Lacombe EOS for the polymer phase ( 4.1 ), and the 

second equation is obtained from the thermodynamic principle that the chemical potential of each 

components are equal in all phases at the equilibrium state. In other words, �F0kN = �F93).     
In order to write the Sanchez-Lacombe EOS for polymer phase, being constituted of two components, it is 

necessary to apply the mixing rules, as described before. 

For characteristic closed-packed molar volume of a “mer” of the polymer phase as a mixture of solute and 

polymer molecules, it is possible derive equation ( A.14 ), considering zF0kN + z$0kN = 1 and by 

expanding the equation ( 4.5 ) 

u<+v∗ 0kN = ®zF0kN + É  ( A.14 ) 

in which α and β are defined as  

® = uF∗−u$∗  ( A.14.1 ) É = u$∗  ( A.14.2 ) 

Similarly it is possible to derive equation ( A.15 ) for interaction energy of mixture “mer”s, starting from 

equation ( 4.8 ). 

l<+v∗ 0kN = *zF0kN$ + SzF0kN + =®zF0kN + É	   ( A.15 ) 

in which A, B, and C are clustered functions defined as 

* = lF∗uF∗ + l$∗u$∗ − lF$∗ (uF∗ + u$∗)  ( A.15.1 ) S = lF$∗ (uF∗ + u$∗) − 2l$∗u$∗  ( A.15.2 ) 

= = l$∗u$∗  ( A.15.3 ) 
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Finally using equation ( 4.10 ) and considering that r2>>r 1, it is possible to derive the equation ( A.16 ) 

for number of sites (mers) occupied by a molecule of the mixture 

1K<+v0kN = zF
0kN
KF   ( A.16 ) 

By combining equations ( A.14 ), ( A.15 ), and ( A.16 ) with ( 4.2 ) and ( 4.3 ), and substituting them into 

equation ( 4.1 ), the Sanchez-Lacombe EOS for polymer phase as a mixture of polymer and solute 

molecules are obtained, as equation ( A.17 ). The only unknown parameters in this equation are reduced 

density of polymer phase,M̅	0kN, and closed-packed volume fraction of solute molecules in the polymer 

phase, ϕ1
pol. 

M̅0kN$ + ( 8®zF0kN + É;$*zF0kN$ + SzF0kN + =
+ C9! ®zF0kN + É*zF0kN$ + SzF0kN + = Pln81 − M̅

0kN; + m1 − zF0kNKF n M̅0kNQ = 0 

 ( A.17 ) 

Similarly by combining ( A.14 ), ( A.15 ), and ( A.16 ) with ( 4.2 ) and ( 4.3 ) and substituting them into 

equation ( 4.11 ), the chemical potential of component 1 in the polymer phase is obtained which is equal 

to its chemical potential in the gas phase. As a result the second equation of ( A.18 ) is obtained in which 

M̅	0kN and ϕ1
pol are only unknowns. 

C9!Õ�zF0kN + 1 − zF0kNÖ +  ( A.18 ) 

KF ×−M̅0kN Ø $ÙÚ��°�ªÛÁgsbÚ��°� + I′i − mÝÚ��°��ªÐÚ��°�ªXÙÚ��°�ªÛ ngsbbÚ��°� +I′′iÂ + mÝÚ��°��ªÐÚ��°�ªXÙÚ��°�ªÛ nÞ +
Wdc���°� �81 − M̅0kN; ln81 − M̅0kN; + ���°�-� �M̅0kN� + ����°� q2 gsbbÚ��°� + I′′i − 8®zF0kN + É;rß − �F93) = 0    

in which, 

sb = uF∗lF∗ − uF$∗ lF$∗          ( A.18.1 ) Ib = uF$∗ lF$∗   ( A.18.2 ) 

sbb = uF∗ − uF$∗   ( A.18.3 ) 

I′b = uF$∗   ( A.18.4 ) 
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By simultaneous solution of equations ( A.17 ) and ( A.18 ), the reduced polymer phase density,M̅	0kN, and 

closed-packed volume fraction of solute molecules in the polymer phase, ϕ1
pol are obtained. All of the 

properties of interest related to the sorption phenomenon are calculated consequently from M̅	0kN and ϕ1
pol 

as explained below. 

A.2.1. Solubility in polymer 

According to equation ( 4.7 ), the mass fraction of solute in the amorphous polymer phase is calculated 

from  

{F,3< =
m zF0kN1 − zF0kNn

qM$∗u$∗MF∗uF∗r + m zF0kN1 − zF0kNn
¦=§ �K	«��. 1�K	(«��. 1 + �¬. ��)  ( A.19 ) 

The solubility of the solute species in the amorphous polymer phase can be calculated from 

�F,3< = {F,3<1 − {F,3< ¦=§ �K	«��. 1�K	�¬. ��  ( A.20 ) 

The extent of solubility in the total polymer (including amorphous and crystalline phases) can be 

calculated from 

�F,1k1 = �F,3<(1 − È)¦=§ 9-	)kN.F9-	(3<.0kNª"-©).0kN)     ( A.21 ) 

in which, χ, is the weight-based crystallinity of the polymer particle.  

A.2.2. Swelling of polymer 

In order to estimate the extent of swelling of amorphous polymer phase because of sorption of solute 

species, firstly, the initial density of the amorphous polymer at the same temperature and pressure is 

needed to be calculated. This is done by solving equation ( A.22 ) for reduced density of pure amorphous 

polymer similar to the equation ( A.12 ).  

M$ppp = 1 − exp	 m−M$ppp$!$ppp − ($
ppp!$ppp − M$pppn  ( A.22 ) 
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where, M$ppp, is the reduced amorphous polymer density. According to its definition, the amorphous polymer 

density will be equal to M$pppM$∗. 
On the other hand, in order to estimate the density of the polymer phase at equilibrium sorption (including 

solute and polymer components), the characteristic density of the polymer phase is defined as 

M∗ = 1
q{F,3<MF∗ r + q1 − {F,3<M$∗ r  ( A.23 ) 

and consequently the density of the amorphous polymer phase will be equal to M∗M̅	0kN . 
The extent of swelling of polymer amorphous phase can be obtained by simple mathematical 

manipulations to be equal to 

�t3< = M$∗M$ppp81 + �F,3<;M∗M̅	0kN − 1  ( A.24 ) 

M$∗M$ppp81 + �F,3<;M∗M̅	0kN ¦=§ ��6	(�¬. �� + «��. 1)��6	(�¬. ��)   ( A.24.1 ) 

 

The extent of total polymer swelling considering no solubility in the crystalline phase can be calculated to 

be equal to  

�t1k1 = È`" +
(1 − È)81 + �F,3<;M∗M̅	0kN
È`" + (1 − È)M$∗M$ppp

− 1  ( A.25 ) 
 

È "̀ + (1 − È)81 + �F,3<;M∗M̅	0kN
È "̀ + (1 − È)M$∗M$ppp

¦=§ ��6	(�¬. �� + �Kà«. �� + «��. 1)��6	(�¬. �� + �Kà«. ��)   ( A.25.1 ) 

in which, ̀ ", is the specific volume of fully crystalline polymer phase. For fully crystalline polyethylene 

`" = 0.001	¬H ��⁄ .	   
A.2.3. Concentration of solute species in the polymer phase 

The concentration of solute species in the amorphous phase of polymer can be easily calculated from 

=F,3< = á�,�~	�∗��	�°�âã� [=]
<kN	)kN.FN+1	(3<.0kNª)kN.F)  ( A.26 ) 
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in which, stF, is molecular weight of solute species 1 having unite of gr/mol. 

In order to estimate the concentration of species 1 in the whole polymer including amorphous and 

crystalline phase, first the volume-based crystallinity of polymer is calculated  

ÈB = È "̀È`" + (1 − È)M$∗M$ppp
¦=§ ��6	�Kà«. ����6	(�Kà«. �� + �¬. ��)  ( A.27 ) 

And the concentration of component 1 in total polymer phase can be estimated by  

=F,1k1 = 	=F,3<	 (1 + �t3<)(1 + �t1k1)	(1 − ÈB)¦=§ ¬��	«��. 1��6	(�¬. �� + �Kà«. �� + «��. 1)  ( A.28 ) 

A.2.4. The density change in the polymer particle due to the sorption 

According to the equation ( A.21 ), the ratio of mass of polymer particles after and before sorption is 

given by 

¬):kNN.T	0kN©<.-¬TkTe):kNN.T0kN©<.-
= 1 + �F,1k1¦=§�K	(«��. +�¬. �� + �Kà«. ��)�K	(�¬. �� + �Kà«. ��)   ( A.29 ) 

and according to the equation ( A.25 ), the ratio between volumes of swollen and non-swollen polymer 

particles will be given by 

]):kNN.T	0kN©<.-]TkTe):kNN.T0kN©<.-
= 1 + �t1k1¦=§ ��6	(«��. +�¬. �� + �Kà«. ��)��6	(�¬. �� + �Kà«. ��)   ( A.30 ) 

The change in the density of polymer particles (including amorphous and crystalline phases) due to the 

sorption is  

M"¨3T9. = �äå°���¯	�°�æ~�±�¯°¯çäå°���¯�°�æ~�±
− 1 =

~äå°���¯	�°�æ~�±èäå°���¯	�°�æ~�±~¯°¯çäå°���¯�°�æ~�±è¯°¯çäå°���¯�°�æ~�±
− 1 =

~äå°���¯	�°�æ~�±~¯°¯çäå°���¯�°�æ~�±èäå°���¯	�°�æ~�±è¯°¯çäå°���¯�°�æ~�±

− 1                                                   ( A.31 ) 

By substituting equation ( A.29 ) and ( A.30 ) into equation ( A.31 ), the change in the density of polymer 

particles (including amorphous and crystalline phases) due to the sorption will be given by 
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M"¨3T9. = 1 + �F,1k11 + �t1k1 − 1  ( A.32 ) 

A.3. Ternary systems 

In the ternary system described below, the subscript 1 and 2 refers to the solute molecules; 

component 1 is the lighter one in the gas phase. Subscript 3 refers to the polymer component. Here, the 

primary objective is to calculate the extent of solubility of solute components in the polymer phase, 

knowing the partial pressure of solute components (P1, P2) and total pressure of P = P1+P2 at specific 

temperature (T). All of the other properties of interest are calculated from the extent of solubility for 

solute components afterwards. 

The characteristic parameters of the solutes (1, 2) are T*1, P*1, ρ* 1 and T*2, P*2, ρ*2, respectively and for 

polymer component (3), the characteristic parameters are T*3, P*3, ρ*3. The pair interaction parameters of 

k12, k13, and k23 are taken from the available literature, in which they are determined experimentally. 

At first step, it is necessary to calculate the chemical potential of solutes 1 and 2 in the gas phase. These 

values will later be used in the equilibrium condition, in which the chemical potential of each of the 

components are equal in all phases. In other words, �F93) = �F0kN and �$93) = �$0kN . 
Knowing the partial pressure of component 1 and 2 in the gas phase at the specific temperature, the 

reduced density of each component in the gas phase is calculated by solving equation ( A.33 ) and ( A.34 

), respectively.  

M̅F93) = 1 − exp	 m− (M̅F93))$!F� − (Fppp!F� − q1 − 1KFr M̅F93)n  ( A.33 ) 

M̅$93) = 1 − exp	 m− (M̅$93))$!$ppp − ($ppp!$ppp − q1 − 1K$r M̅$93)n 
 ( A.34 ) 

 

The density of component 1 and 2 in the gas phase will be equal to  

MF93) = MF∗M̅F93)  ( A.35 ) M$93) = M$∗M̅$93)  ( A.36 ) 

At given volume of the gas phase mixture, the mass fraction of component 1 and 2 in the gas phase is 

given by 
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{F93) = MF93)MF93) + M$93)  ( A.37 ) 
 

{$93) = M$93)MF93) + M$93)  ( A.38 ) 
 

As a result, according to the equation ( 4.7 ), the closed packed volume fraction of components in the gas 

phase can be found by 

ϕFéêë =
8MF93) MF93) + M$93)⁄ ;ρF∗`F∗8MF93) MF93) + M$93)⁄ ;ρF∗`F∗ + 8M$93) MF93) + M$93)⁄ ;ρ$∗`$∗

  ( A.39 ) 

Assuming no polymer molecules in the gas phase, ϕ$éêë = 1 − ϕFéêë. 
The reduced gas phase density, M̅93), is calculated by solving equation ( A.40 ) 

M̅93) = 1 − exp	 m− M̅93)$!p93) − (p
93)
!p93) − q1 − 1K93)<+vr M̅93)n  ( A.40 ) 

in which 

!p93) = C9! ®zF93) + É*zF93)$ + SzF93) + =  ( A.40.1 ) 

(p93) = ( 8®zF93) + É;$*zF93)$ + SzF93) + =  ( A.40.2 ) 

1K93)<+v = zF
93)
KF + 81 − zF93);K$   ( A.40.3 ) 

The clustered function of α, β, A, B, and C are defined according to the equations ( A.14 ) and ( A.15 ). 

After calculation of closed-packed volume fraction of components in the gas phase (ϕFéêëand ϕ$éêë) and 

the reduced gas phase density (M̅93)), it is possible to calculate chemical potential of components 1 and 2 

in the gas phase from equations ( A.41 ) and ( A.42 ), respectively. 

�F93) = C9! U�zF93) + 	1 −	 KFK93)<+vY  ( A.41 ) 
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+	KF
íî
ï−M̅93) U 2u∗93)<+v g8zF93)uF∗lF∗ +z$93)uF$∗ lF$∗ ; − l∗93)<+v8zF93)uF∗ +z$93)uF$∗ ;i + l∗93)<+vY +C9!M̅93) U(1 − M̅93)) ln(1 − M̅93)) + M̅

93)
KF �M̅93)Y + (M̅93) Õ28zF93)uF∗ + z$93)uF$∗ ; − u∗93)<+vÖ ðñ

ò
 

�$93) = C9! U�z$93) + 	1 −	 K$K93)<+vY  ( A.42 ) 

+	K$
íî
ï−M̅93) U 2u∗93)<+v g8zF93)uF$∗ lF$∗ + z$93)u$∗l$∗; − l∗93)<+v8zF93)uF$∗ +z$93)u$∗;i + l∗93)<+vY +C9!M̅93) U(1 − M̅93)) ln(1 − M̅93)) + M̅

93)
K$ �M̅93)Y + (M̅93) Õ28zF93)uF$∗ + z$93)u$∗; − u∗93)<+vÖ ðñ

ò
 

in which u∗93)<+v and l∗93)<+v	are defined as  

u∗93)<+v = 	®zF93) + É  ( A.43 ) 

l∗93)<+v = *zF93)$ + SzF93) + =®zF93) + É	   ( A.44 ) 

The clustered function of α, β, A, B, and C are defined according to the equations ( A.14 ) and ( A.15 ).  

Similar to binary system described before, it is necessary to define the characteristic parameters for the 

polymer phase as the mixture of solute (1, 2) and polymer (3) components. By expanding equation ( 4.5 ) 

and considering zF0kN +z$0kN+	zH0kN = 1, the characteristic closed-packed molar volume of “mer” of 

polymer phase mixture can be written as 

u<+v∗ 0kN = �FzF0kN + �$z$0kN + �H  ( A.45 ) 

in which, 

Similarly, for the characteristic mer-mer interaction energy of polymer phase mixture, it is possible to 

obtain equation ( A.46 ) by expanding equation ( 4.8 ) 

l<+v∗ 0kN = *FzF0kN$ + *$z$0kN$ + *F$zF0kNz$0kN + SFzF0kN + S$z$0kN + =F�FzF0kN + �$z$0kN + �H   ( A.46 ) 

in which, 

�F = uF∗ − uH∗  ( A.45.1 ) �$ = u$∗ − uH∗  ( A.45.2 ) �H = uH∗  ( A.45.3 ) 
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*F = lF∗uF∗ + lH∗uH∗ − 2lFH∗ uFH∗   ( A.46.1 ) *$ = l$∗u$∗ + lH∗uH∗ − 2l$H∗ u$H∗   ( A.46.2 ) *F$ = 2(lF$∗ uF$∗ − lFH∗ uFH∗ − l$H∗ u$H∗ + lH∗uH∗)  ( A.46.3 ) SF = 2lFH∗ uFH∗ − 2lH∗uH∗  ( A.46.4 ) S$ = 2l$H∗ u$H∗ − 2lH∗uH∗  ( A.46.5 ) =F = lH∗uH∗  ( A.46.6 ) 

Finally the number of sites (mers) occupied in the lattice by a molecule of polymer phase mixture will be 

given by equation ( A.47 ) assuming r3>>r 1, r2. 

1K<+v0kN =
zF0kNKF + z$0kNK$   ( A.47 ) 

The Sanchez-Lacombe EOS for polymer phase is obtained by substituting equations ( A.45 ), ( A.46 ), 

and ( A.47 ) into the equation ( 4.1 ) as given by equation ( A.48 ) 

M̅0kN$ + ( 8�FzF0kN + �$z$0kN + �H;$*FzF0kN$ + *$z$0kN$ + *F$zF0kNz$0kN + SFzF0kN + S$z$0kN + =F  ( A.48 ) 

+C9! ó�Ú��°�ªó�Ú��°�ªóôÝ�Ú��°��ªÝ�Ú��°��ªÝ��Ú��°�Ú��°�ªÐ�Ú��°�ªÐ�Ú��°�ªX� U�81 − M̅0kN; + q1 − Ú��°�-� − Ú��°�-� r M̅0kNY = 0  

in which, reduced polymer phase density, M̅0kN, and closed packed volume fractions of solute components 

in the polymer phase, zF0kNand z$0kN are the only unknowns.  

The other two equations needed are provided by the thermodynamic rule for the equilibrium condition as 

mentioned earlier; i.e. �F93) = �F0kN and	�$93) = �$0kN. These equations are obtained by substituting 

equations ( A.45 ), ( A.46 ), and ( A.47 ) into equation ( 4.11 ). 

For component 1, the equilibrium condition is given by 

C9! P�zF0kN + 1 − KF mzF0kNKF +z$0kNK$ nQ  ( A.49 ) 

+	KF ×−M̅0kN Ø $ó�Ú��°�ªó�Ú��°�ªóô Á8õFzF0kN + õ$z$0kN + õH; −
mÝ�Ú��°��ªÝ�Ú��°��ªÝ��Ú��°�Ú��°�ªÐ�Ú��°�ªÐ�Ú��°�ªX�ó�Ú��°�ªó�Ú��°�ªóô n8�FzF0kN + �$z$0kN + �H;Â +
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	mÝ�Ú��°��ªÝ�Ú��°��ªÝ��Ú��°�Ú��°�ªÐ�Ú��°�ªÐ�Ú��°�ªX�ó�Ú��°�ªó�Ú��°�ªóô nÞ + Wdc���°� �81 − M̅0kN; ln81 − M̅0kN; + ���°�-� �M̅0kN� +
	 ����°� Õ28�FzF0kN + �$z$0kN + �H; − 8�FzF0kN + �$z$0kN + �H;Öß − �F93) = 0  

in which õF, õ$, õH, �F, �$, and �H		are clustered functions given by 

õF = uF∗lF∗ − uFH∗ lFH∗   ( A.49.1 ) õ$ = uF$∗ lF$∗ − uFH∗ lFH∗   ( A.49.2 ) õH = uFH∗ lFH∗   ( A.49.3 ) �F = uF∗ − uFH∗   ( A.49.4 ) �$ = uF$∗ − uFH∗   ( A.49.5 ) �H = uFH∗   ( A.49.6 ) 

and for component 2, the equilibrium condition is given by 

C9! P�z$0kN + 1 − K$ mzF0kNKF + z$0kNK$ nQ  ( A.50 ) 

+	K$ ×−M̅0kN Ø $ó�Ú��°�ªó�Ú��°�ªóô Á8AFzF0kN + A$z$0kN + AH; −
mÝ�Ú��°��ªÝ�Ú��°��ªÝ��Ú��°�Ú��°�ªÐ�Ú��°�ªÐ�Ú��°�ªX�ó�Ú��°�ªó�Ú��°�ªóô n8ℎFzF0kN + ℎ$z$0kN + ℎH;Â +
	mÝ�Ú��°��ªÝ�Ú��°��ªÝ��Ú��°�Ú��°�ªÐ�Ú��°�ªÐ�Ú��°�ªX�ó�Ú��°�ªó�Ú��°�ªóô nÞ + Wdc���°� �81 − M̅0kN; ln81 − M̅0kN; + ���°�-� �M̅0kN� +
	 ����°� Õ28ℎFzF0kN + ℎ$z$0kN + ℎH; − 8�FzF0kN + �$z$0kN + �H;Öß − �$93) = 0  

in which AF, A$, AH, ℎF, ℎ$, and ℎH		are clustered functions given by 

AF = uF$∗ lF$∗ − u$H∗ l$H∗   ( A.50.1 ) A$ = u$∗l$∗ − u$H∗ l$H∗   ( A.50.2 ) AH = u$H∗ l$H∗   ( A.50.3 ) ℎF = uF$∗ − u$H∗   ( A.50.4 ) ℎ$ = u$∗ − u$H∗   ( A.50.5 ) ℎH = u$H∗   ( A.50.6 ) 
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By simultaneous solution of three non-linear equations of ( A.48 ), ( A.49 ), and ( A.50 ), the unknown 

parameters of reduced polymer phase density,M̅0kN and the closed-packed volume fractions of solute 

components in the polymer phase, zF0kNand z$0kN are calculated. All of the properties of interest are 

consequently calculated from these parameters, as described hereunder.  

A.3.1. Solubility in polymer 

According to equation ( 4.7 ), the mass fraction of solute 1 and 2 in the amorphous phase of the polymer 

can be calculated from 

{F,3< = 1
1 + qM$∗u$∗MF∗uF∗r mz$

0kN
zF0kNn + qMH

∗uH∗MF∗uF∗r m1 − zF
0kN − z$0kNzF0kN n ¦=§

�K	«��. 1�K	(«��. 1 + «��. 2 + �¬. ��)  ( A.51 ) 

{$,3< = ØmM$∗u$∗MF∗uF∗nmz$
0kN
zF0kNnÞ{F,3<¦=§

�K	«��. 2�K	(«��. 1 + «��. 2 + �¬. ��)  ( A.52 ) 

And consequently 

{H,3< = 1 − {F,3< − {$,3<¦=§ �K	�¬. ���K	(«��. 1 + «��. 2 + �¬. ��)  ( A.53 ) 

The solubility of the species can simply be calculated by 

�F,3< = {F,3<{H,3< ¦=§	 �K	«��. 1�K	�¬. ��  ( A.54 ) 

�$,3< = {$,3<{H,3< ¦=§	 �K	«��. 2�K	�¬. ��  ( A.55 ) 

�F$,3< = {F,3< +{$,3<{H,3< ¦=§	�K	(«��. 1 + «��. 2)�K	�¬. ��   ( A.56 ) 

�F$,1k1 = �F$,3<(1 − È)¦=§ �K	(«��. 1 + «��. 2)�K	(�¬. �� + �Kà«. ��)  ( A.57 ) 

In addition, the mole fraction of  mers of component (i) occupying total mers (sites) of the model lattice in 

closed-packed state can be calculated as 

 

´+0kN =	z+0kN`+∗ |Ázy0kNỳ∗ Ây
ö ¦=§ ¬��E	¬EK	(�)¬��E	6�6��	¬EK«  ( A.58 ) 
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A.3.2. Swelling of polymer 

In order to estimate the extent of swelling of amorphous polymer phase because of sorption of solute 

species, firstly, the initial density of the amorphous polymer at the same temperature and pressure need to 

be calculated. This is done by solving equation ( A.59 ) for reduced density of pure amorphous polymer 

similar to the equation ( A.22 ).  

MHppp = 1 − exp	 m−MHppp$!Hppp − (H
ppp!Hppp − MHpppn  ( A.59 ) 

where, MHppp, is the reduced amorphous polymer density. According to its definition, the amorphous polymer 

density will be equal to MHpppMH∗. 
On the other hand, in order to estimate the density of the polymer phase at equilibrium sorption (including 

solute (1, 2) and polymer (3) components), the characteristic density of the polymer phase is defined as 

M∗ = 1
q{F,3<MF∗ r + q{$,3<M$∗ r + q{H,3<MH∗ r  ( A.60 ) 

and consequently the density of the amorphous polymer phase will be equal to M∗M̅	0kN . 
The extent of swelling of amorphous polymer phase due to the sorption of solute components (1, 2) can 

be obtained by simple mathematical manipulations to be equal to 

�tF$,3< = MH∗MHppp81 + �F,3< + �$,3<;M∗M̅	0kN − 1  ( A.61 ) 

MH∗MHppp81 + �F,3< + �$,3<;M∗M̅	0kN ¦=§ ��6	(�¬. �� + «��. 1 + «��. 2)��6	(�¬. ��)   ( A.61.1 ) 

The extent of total polymer swelling considering no solubility in the crystalline phase can be calculated to 

be equal to  

�tF$,1k1 = È`" +
(1 − È)81 + �F,3< + �$,3<;M∗M̅	0kN
È`" + (1 − È)MH∗MHppp

− 1  ( A.62 ) 

È "̀ + (1 − È)81 + �F,3< + �$,3<;M∗M̅	0kN
È`" + (1 − È)MH∗MHppp

¦=§ ��6	(�¬. �� + �Kà«. �� + «��. 1 + «��. 2)��6	(�¬. �� + �Kà«. ��)   ( A.62.1 ) 
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in which, ̀ ", is the specific volume of fully crystalline polymer phase. For fully crystalline polyethylene 

`" = 0.001	¬H ��⁄ .	   
A.3.3. Concentration of solute species in the polymer phase 

The concentration of solute (1) in the amorphous polymer phase can be easily calculated from 

=F,3< = á�,�~	�∗��	�°�âã� [=]
<kN	)kN.FN+1	(3<.0kNª)kN.Fª)kN.$)  ( A.63 ) 

in which, stF, is molecular weight of solute species 1 having unite of gr/mol. 

In order to estimate the concentration of species 1 in the whole polymer including amorphous and 

crystalline phase, first the volume-based crystallinity of polymer is calculated 

ÈB = È "̀È`" + (1 − È)MH∗MHppp
¦=§ ��6	�Kà«. ����6	(�Kà«. �� + �¬. ��)  ( A.64 ) 

And the concentration of component 1 in total polymer phase can be estimated by  

=F,1k1 = =F,3<	 (1 + �tF$,3<)81 + �tF$,1k1;	(1 − ÈB)¦=§ ¬��	«��. 1��6(�¬. �� + �Kà«. �� + «��. 1 + «��. 2)  ( A.65 ) 

A.3.4. The density change in the polymer particle due to the sorption 

According to the equation ( A.57 ), the ratio of mass of polymer particles after and before sorption is 

given by 

¬):kNN.T	0kN©<.-¬TkTe):kNN.T0kN©<.-
= 1 + �F$,1k1¦=§�K	(«��. 1 + «��. 2	 + �¬. �� + �Kà«. ��)�K	(�¬. �� + �Kà«. ��)   ( A.66 ) 

and according to the equation ( A.62 ), the ratio between volumes of swollen and non-swollen polymer 

particles will be given by 

]):kNN.T	0kN©<.-]TkTe):kNN.T0kN©<.-
= 1 + �tF$,1k1¦=§ ��6	(«��. 1 + «��. 2 + �¬. �� + �Kà«. ��)��6	(�¬. �� + �Kà«. ��)   ( A.67 ) 

The change in the density of polymer particles (including amorphous and crystalline phases) due to the 

sorption is, as previously given in equation ( A.68 ) 
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M"¨3T9. = �äå°���¯	�°�æ~�±�¯°¯çäå°���¯�°�æ~�±
− 1 =

~äå°���¯	�°�æ~�±èäå°���¯	�°�æ~�±~¯°¯çäå°���¯�°�æ~�±è¯°¯çäå°���¯�°�æ~�±
− 1 =

~äå°���¯	�°�æ~�±~¯°¯çäå°���¯�°�æ~�±èäå°���¯	�°�æ~�±è¯°¯çäå°���¯�°�æ~�±

− 1        ( A.68 ) 

By substituting equation ( A.66 ) and ( A.67 ) into equation ( A.68 ), the change in the density of polymer 

particles (including amorphous and crystalline phases) due to the sorption will be given by 

M"¨3T9. = Fª���,÷°÷Fª�ã��,÷°÷ − 1    ( A.69 ) 
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Appendix B 

 

 

Nonstandard Finite Difference Scheme 
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B. Nonstandard finite difference (NSFD) method 

Nonstandard finite difference (NSFD) method for the numerical integration of the differential 

equations, developed by Mickens,[1-4] currently has found a growing applicability in the different fields of 

science and applied science.[1] It is our intention in the current appendix, firstly, to provide a basic 

introduction to this method and subsequently to extend its applicability to a reaction-diffusion type of 

problem in spherical coordinates as the final form of Polymer Flow Model (PFM).  

B.1. NSFD method description 

The concept of “dynamic consistency” constitutes the core underlying principle of this 

methodology. Dynamic consistency is defined as follows; consider the differential equation  

�´�6 = ·(´, 6, ø)  ( B.1 ) 

                                  

where ø is the representative of parameters  defining the system modeled by equation ( B.1 ), while x and 

t are dependent and independent variables, respectively. Now, let a finite difference scheme for equation ( 

B.1 ) be 

´¿ªF = �(´¿ , 6¿ , ℎ, ø)  ( B.2 ) 

in which h is step-size for independent variable i.e. ℎ = ∆6.  
Letting the differential equation and/or its solutions have property P, the discrete model, equation ( B.2 ), 

is considered as dynamically consistent with equation ( B.1 ), if it and/or its solutions also has property P.  

 

For many systems in engineering science, the dependant variables represent physical variables that cannot 

take negative values for example they may be concentration or absolute temperature. For such systems the 

property P is referred to “positivity”. As a result, in the dynamically consistent schemes with positivity 

condition, the nonnegative initial and/or boundary data will evolve into nonnegative solutions at later 

times.  

The main issue regarding the numerical solution for differential equations is the possibility to 

encounter to the “numerical instabilities”. Numerical instabilities, in general, are indicative of solutions to 

the discrete equations which do not correspond to any solution of the corresponding differential equation. 

One possible mechanism for this to occur is to have the finite difference scheme that does not satisfy 

some physical principal e.g. positivity on the solutions of PDEs.  In simple words, if the solutions of the 
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PDEs are restricted to have nonnegative values, the numerical instabilities would exist if the finite 

difference method allows negative values as its solution for nonnegative initial and/or boundary 

condition. 

 

As a result, the main purpose of Nonstandard Finite Difference (NSFD) method is to construct a 

“dynamically consistent” scheme in order to avoid such numerical instabilities. In this method, the finite 

difference scheme for the studied model must be “designed” in a manner that it meets the requirement to 

be dynamically consistent to avoid the instability problems. This in turn implies that each differential 

equation has to be treated as a unique mathematical structure and as a result, must be discretized in a 

unique manner in this method. For instant, if one is dealing with a system model in which the positivity 

condition is valid for the dependent variable (i.e. negative value for this variable is physically 

meaningless), the finite difference scheme should be designed in a way that preserves this condition. 

Mickens[1-3] also has provided further basic rules for appropriate construction of nonstandard finite 

difference schemes which are skipped here for the brevity reason. For a more comprehensive presentation 

of this method, interested readers are referred to references [1-3]. Further clarification of this method will 

be achieved here as its applicability is extended for solving reaction-diffusion type of problem in 

spherical coordinates as the main interest of this project. 

B.2. Application of NSFD scheme to PFM 

 In order to dynamically calculate concentration gradient through a growing particle by PFM 

model, one must be able to solve the final form of mass balance in the spherical coordinates as provided 

in equation ( B.3 ): 

ùâùú = D gù�âù-� + $- ùâù- i − �s   ( B.3 ) 

with initial and boundary conditions 

L = 0:																								s = 0																			0 ≤ K ≤ 1  ( B.4 ) 

K = 0:																							 ,â,- = 0																		L ≥ 0   ( B.5 ) 

K = 1:																								s = 1																			L ≥ 0  ( B.6 ) 

 

                    

                                                                                                                  



192 

 

in which M, r, and τ correspond to dimensionless concentration, radius, and time respectively. In equation 

( B.3 ), D is a dimensionless constant proportional to the diffusivity of the species through the particle 

while k is also a dimensionless constant proportional to the rate constant for monomer consumption.  

A similar equation is obtained for energy balance in order to estimate the temperature gradient through a 

growing particle. However, the steps taken to construct the nonstandard finite difference scheme only for 

the mass balance equation are presented here for brevity purpose while similar principles are also being 

applied for energy balance equation. 

The discretization of the normalized particle to the grids of equal thickness, ∆K, at each step of the 

dimensionless time, τ, is represented in Figure B.1. The discrete forms for the first-order time and space 

derivative, and second-order space derivative are given, respectively, by the usual forward Euler and 

central difference representations: 

¸şL → s+
yªF −s+y∆L   ( B.7 ) 

ùâù- → â�þ�� eâ��∆-     ( B.8 ) 

ù�âù-� → â�þ�� e$â��ªâ�ç��
(∆-)�    ( B.9 ) 

s+y represents the dimensionless concentration at grid i and dimensionless time step j. 

 As a result the discrete form of the equation ( B.3 ) can be written as: 

s+yªF −s+y∆L = D Ás+ªFy − 2s+y +s+eFy(∆K)$ + 2K+s+ªF
y −s+y∆K Â − �s+yªF  ( B.10 ) 
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Figure B.1. discretization of  the normalized particle at each time step. 

It worth mentioning that the component �s in the equation ( B.3 ) is discretized as �s+yªFin equation ( 

B.10 ). This is referred to “non-local” discretization, which plays essential role to obtain dynamically 

consistent schemes and is frequently used in NSFD method. 

Rewriting equation ( B.10 ) will result in 

s+yªF −s+y = D∆L Ás+ªFy − 2s+y +s+eFy(∆K)$ + 2K+s+ªF
y −s+y∆K Â − �∆Ls+yªF  ( B.11 ) 

and rearranging the equation ( B.11 ) will lead to  

s+yªF(1 + �∆L) = s+ªFy q D∆L(∆K)$ + 2D∆LK+∆K r + s+eFy q D∆L(∆K)$r + s+y q1 − 2D∆L(∆K)$ − 2D∆LK+∆K r  ( B.12 ) 

and finally  

s+yªF = s+ªF
y q D∆L(∆K)$ + 2D∆LK+∆K r + s+eFy q D∆L(∆K)$r +s+y q1 − 2D∆L(∆K)$ − 2D∆LK+∆K r(1 + �∆L)   ( B.13 ) 
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At this point, the positivity condition can be applied to the scheme in order to meet the requirement to 

have a dynamically consistent system i.e. the nonnegative initial and/or boundary data to evolve into 

nonnegative solutions at later times or in other words s+y ≥ 0 ⇒ s+yªF ≥ 0.  

It is clear from equation ( B.13 ) that all of terms on the right hand side of the equation have nonnegative 

value expect for g1 − $Ì∆ú(∆-)� − $Ì∆ú-�∆- i which may accept negative value. As a result in order to have 

dynamically consistent scheme, the positivity condition must be applied to this term 

1 − 2D∆L(∆K)$ − 2D∆LK+∆K ≥ 0  ( B.14 ) 

which can be rewritten as 

2D∆L g F(∆-)� + F-�∆-i ≤ 1   ( B.15 ) 

and it can be finally rearranged in the form of 

∆L ≤ 1
2D q 1(∆K)$ + 1K+∆Kr

  ( B.16 ) 

However, it is possible to simplify the equation ( B.16 ) further. As the grid radius, r i, decreases the value 

of right hand side of inequality, i.e. 
F

$Ìq �(∆±)�ª �±�∆±r
,  also decreases. As a result, the value of right hand side 

of inequality will reach its minimum value at the “applied” grid with minimum radius. According to the 

Figure B.1, this corresponds to the grid 2, as the grid 1 is subject to the boundary condition of gùâù- iFy = 0 

or in other words sFy = s$y. For grid 2, as depicted in Figure B.1, K$ = ∆K, and consequently the 

functional inequality for the space and time steps can be simplified to 

∆L ≤ (∆K)$4D   ( B.17 ) 

 Now, it is possible to summarize what has been obtained in the current appendix. First, the 

nonstandard finite difference method for equation ( B.3 ) given by equation ( B.13 ) is a dynamically 

consistent or positivity preserving scheme, if the equation of ( B.17 ) holds true. Second, a functional 

inequality is found between the space and time step-sizes employing NSFD method, which ensures the 
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scheme to be numerically stable and finally, the overall developed scheme is explicit. This point can be 

easily seen by observing that s+yªFappears only on the left side of equation ( B.13 ). 
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C. Numerical solution to Polymer Flow Model (PFM) 
 

In this appendix, it is intended to provide the details of calculation steps which have been taken in 

order to be able to numerically solve the Polymer Flow Model. It is important to note that the Polymer 

Flow Model itself has not been explained in this appendix. However, where necessary the important 

assumptions or considerations associated to the different aspects of the model have been highlighted for 

the purpose of clarity which would also facilitate following the steps related to the development of 

numerical solution through the appendix. 

In the notation used in this appendix, the superscript refers to time step while subscript refers to the 

number of the grid to which the physical property belongs to. For instance, !+y represents the temperature 

of ith grid at the jth time step. 

In addition, the list of symbols used in this appendix with their brief definitions and units are provided at 

the end of the appendix.   

C.1. Grid generation 

 In the PFM model, the growing polymer particle is approximated with a pseudo-homogeneous 

spherical particle in which it is assumed that the polymerization active sites are dispersed homogeneously. 

At each time step during the numerical solution, the dimensionless normalized radius of the particle, K, is 

defined by dividing the particle radius at that time step, CNy, to itself. In other words 

K� = CNyCNy = 1  ( C.1 ) 

The normalized particle radius is discretized into N radial shells having the same thickness of ∆K, except 

for the first and Nth grid, as shown in Figure C.1. The thickness of first and Nth grid is considered to be 

∆-$ . Regarding Figure C.1, it can be written  

K = 	 q∆K2 r + (I − 2)(∆K) + q∆K2 r 

 
 ( C.2 ) 

and consequently  

K = (I − 1)(∆K) 
 

 ( C.3 ) 
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and as a result, the ∆K can be calculated from 

∆K = KI − 1 

 
 ( C.4 ) 

 

Figure C.1. The discretization of normalized particle radius into N shells. 

The radial position of each shell is given by 

K+ = (� − 1)(∆K) 
 

 ( C.5 ) 

The dimensionless volume of each grid is calculated by 

for 1st grid  

`F = 43� qΔK2 rH 

 
 ( C.6 ) 

from grid 2 to grid number N-1 

`+ = 43� ØmK+ + qΔK2 rnH − mK+ − qΔK2 rnHÞ 
 

 ( C.7 ) 

and for Nth grid  
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`� = 43� Ø1 − m1 − qΔK2 rnHÞ 
 

 ( C.8 ) 

Finally, the total dimensionless volume of the spherical particle will be equal to  

` = 43� 

 
 ( C.9 ) 

By assuming homogeneous distribution of the polymerization active sites immobilized on the surface of 

the initial catalyst fragments through the growing polymer particle and as a result the normalized particle, 

the volume of catalyst dispersed in each grid can be calculated from  

]"31+ = g`+̀i]"31 
 

 ( C.10 ) 

in which ]"31 is the volume of initial fresh catalyst particle calculated from 

]"31 = 43�K"31H  

 
 ( C.11 ) 

with K"31 being the radius of initial catalyst particle. 

C.2. Mass balance for reactant ethylene and development of its numerical solution 

C.2.1. Mass balance equation 

The mass balance for the reactant of ethylene in the PFM model is given by 

¸¦s§kB.F¸6 = 1KN$ ¸̧KN mDkB.FKN$ ¸
¦s§kB.F¸KN n − CB 

 

 ( C.12 ) 

with first boundary condition 

¦s§kB.F =	 ¦s§kB..>.F					@			KN = CN  ( C.13 ) 

while assuming no external mass transfer resistance through the boundary layer of the particle. 

second boundary condition is given by 

¸¦s§kB.F¸KN = 0					@			KN = 0  ( C.14 ) 
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and initial condition is provided by ¦s§kB.F = 0			@			6 = 0			��			0 ≤ KN ≤ CN  ( C.15 ) 

 

where ¦s§kB.F is overall ethylene concentration through the particle, ¦s§kB..>.F is the overall equilibrium 

concentration of ethylene in the particle, DkB.F is the overall ethylene diffusivity through the particle, and 

CB is the volumetric rate of ethylene monomer consumption.  

 

The volumetric rate of ethylene polymerization, CB, is calculated by 

CB = C0kN m(1 − »)zH n  ( C.16 ) 

 

in which, », is the particle porosity and z is the overall growth factor defined as  

z = C0K"31 
 

 ( C.17 ) 

with C0 representing the equivalent radius of “polymer-only” particle at each time step without 

considering the existing particle porosity. 

C0kN is the rate of polymerization at the catalyst particle surface given by 

C0kN = �0=∗¦s§kB.F 

 
 ( C.18 ) 

with �0 representing the propagation constant at the local particle temperature and =∗ being the local 

concentration of polymerization active sites. 

The temperature dependency of propagation constant is described here by Arrhenius-type of correlation 

�0 = �0,-./Ee¼�WdqFce Fc±�½r 
 

 ( C.19 ) 

in which �0,-./ is the propagation constant at the reference temperature,	!-./. ¾3 is the activation energy 

for propagation and C9 is the universal gas constant. ! represents the local temperature of active site in 

the polymer particle.  

The deactivation of catalyst active sites during the course of polymerization is considered in the model by 
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=∗ = =F∗Ee¿À1 + =$∗  ( C.20 ) 

which can be rewritten as 

=∗ = =�∗Ee¿À1 
 

 ( C.21 ) 

in which  =�∗ is a clustered function defined as 

=�∗ = =F∗ + =$∗E¿À1  ( C.22 ) 

where =�∗ is the concentration of active sites at the time zero as the catalyst particle being exposed to the 

reaction environment and �, is the deactivation constant. The temperature dependency of deactivation 

constant is also described by Arrhenius-type of correlation 

�, = �,,-./Ee¼ÀWdqFce Fc±�½r 
 

 ( C.23 ) 

in which �,,-./ is the deactivation constant at the reference temperature,	!-./. ¾, is the activation energy 

for the catalyst deactivation. 

By substituting equation ( C.23 ) in equation ( C.21 ), the concentration of active sites at each time step 

will be given by 

=∗ = =�∗Ee�¿À,±�½.
ç�À[dm��ç ��±�½n�1

 

 

 ( C.24 ) 

By substituting equations ( 5.11 ) and ( C.24 ) into equation ( 5.10 ), C0kN will be given by  

C0kN = m�0,-./Ee¼�WdqFce Fc±�½rn
�	

=�∗Ee�¿À,±�½.

ç�À[dm��ç ��±�½n�1
��
 ¦s§kB.F 

 

 ( C.25 ) 

and as a result the volumetric rate of ethylene polymerization, CB, is calculated by substituting equation ( 

C.25 ) into equation ( 5.8 ) to be 
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CB = m�0,-./Ee¼�WdqFce Fc±�½rn
�	

=�∗Ee�¿À,±�½.

ç�À[dm��ç ��±�½n�1
��
 ¦s§kB.F m(1 − »)zH n 

 

 ( C.26 ) 

Finally, the mass balance for reactant ethylene provided in equation ( 5.3 ) can be rewritten by 

substituting CB with equation ( C.26 )  

 

¸¦s§kB.F¸6 = 1KN$ ¸̧KN mDkB.FKN$ ¸
¦s§kB.F¸KN n

− m�0,-./Ee¼�WdqFce Fc±�½rn
�	

=�∗Ee�¿À,±�½.

ç�À[dm��ç ��±�½n�1
��
 ¦s§kB.F m(1 − »)zH n 

 

 ( C.27 ) 

C.2.2. Dimensionless form of mass balance equation 

In order to transform the mass balance equation of ( C.27 ) to a dimensionless form, the following 

dimensionless parameters are defined: 

(a) dimensionless ethylene concentration in the polymer particle 

 	
sF = ¦s§kB.F¦s§kB..>.F 

 

 ( C.28 ) 

in which  

¦s§kB..>.F = ¦s§.>.F(1 − ») 
 

 ( C.29 ) 

¦s§.>.F is the equilibrium concentration of ethylene in the polymer phase, while ¦s§kB..>.F is the overall 

equilibrium concentration of ethylene in whole pseudo-homogenous particle considering its porosity, ». 
(b) dimensionless time 

L = 66"¨3- 

 
 ( C.30 ) 
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in which L is the dimensionless time, 6 is the time (in seconds), and 6"¨3- is the constant representing the 

process characteristic time (in seconds). 

(c) dimensionless radial position 

K = KNCN 
 

 ( C.31 ) 

in which K is the dimensionless radial position inside the normalized pseudo-homogeneous polymer 

particle, KN is radial position in the pseudo-homogeneous polymer particle (in meter) and CN is the radius 

of the pseudo-homogeneous polymer particle at each time step during its growth (in meter). 

(d) dimensionless temperature 

!- = !!? 

 
 ( C.32 ) 

in which !- is the dimensionless temperature, ! is the temperature (in K), and !? is the bulk temperature 

(in K).  

(e) dimensionless reference temperature 

!-,-./ = !-./!?   ( C.33 ) 

in which !-,-./ is the dimensionless reference temperature, !-./ is the reference temperature (in K) , and 

!? is the bulk temperature (in K). 

By substituting the ¦s§kB.F, 6, KN, !, and !-./ with their dimensionless forms in the mass balance equation 

of ( C.27 ), the dimensionless form of mass balance equation is obtained: 

¸sF¸L = DF m¸$sF¸K$ + 2K ¸sF¸K n − �	Ee
¼�Wdc�q Fc±e Fc±,±�½rEe�8¿À,±�½	1���±;.

ç �À[d��m ��±ç ��±,±�½n�úsF 

 

 ( C.34 ) 

in which DF is the dimensionless diffusivity of ethylene defined as 

DF = DkB.F6"¨3-CN$  

 
 ( C.35 ) 

and � is the dimensionless rate coefficient for ethylene polymerization defined as  
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� = �0,-./=�∗6"¨3- m(1 − »)zH n 

 
 ( C.36 ) 

C.2.3. Discretization 

The dimensionless mass balance equation of ( C.34 ) is discretized applying the nonstandard finite 

difference scheme (NSFD) as described in the previous appendix. 

The discrete form of the first-order dimensionless time derivate is provided by the forward Euler 

representation, while the discrete forms of the first-order and second-order dimensionless space 

derivatives are given by forward Euler and central difference representations, respectively.  

sF+yªF −sF+yΔL� = DFy �msF+ªFy − 2sF+y +sF+eFy(ΔK)$ n + q2K+r msF+ªF
y −sF+y(ΔK) n�

−	�+y	Ee
¼�Wdc�Á Fc±��e

Fc±,±�½ÂE
e
�
		
8¿À,±�½	1���±;.ç

�À[d��� ��±��ç
��±,±�½�

�
��ú�sF+yªF 

 ( C.37 ) 

 

 in which DFy at each time step is given by 

DFy = DkB.F6"¨3-8CNy;$  

 

 ( C.38 ) 

and �+y at each time step is provided by 

 	
�+y = �0,-./=�∗+y6"¨3- m(1 − »)(zy)H n 

 

 ( C.39 ) 

in which  

=�∗+y = =F∗ + =$∗E�
		
8¿À,±�½	1���±;.ç

�À[d��� ��±��ç
��±,±�½�

�
��ú�

 

 ( C.40 ) 

and 
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zy = C0yK"31 
 

 ( C.41 ) 

By rearrangement of equation ( C.37 ), the dimensionless concentration of ethylene in the next time step 

of j+1 for each grid of i, sF+yªF, can be explicitly calculated from 

  ( C.42 ) 

sF+yªF =
sF+ªFy �mDFyΔL�(ΔK)$n + m2DF

yΔL�K+(ΔK) n�+sF+eFy mDFyΔL�(ΔK)$n +	sF+y �1 − m2DFyΔL�(ΔK)$ n − m2DF
yΔL�K+(ΔK) n�

1 + �+yΔL�	Ee
¼�Wdc�Á Fc±��e

Fc±,±�½ÂE
e
�
		
8¿À,±�½	1���±;.ç

�À[d��� ��±��ç
��±,±�½�

�
��ú�

 

For the grid i=N , the boundary condition stated in equation ( 5.4 ) will be applied as 

sF�yªF = 1  ( C.43 ) 

while for grid i=1, the boundary condition provided in equation ( 5.5 ) will be applied 

sFFyªF = sF$yªF  ( C.44 ) 

By applying the positivity condition to equation ( C.42 ) and in order to have numerically stable solution, 

the following mathematical inequality must be valid, as described in detail in the previous appendix 

1 − Á2DFyΔL�(ΔK)$ Â − Á2DF
yΔL�K+(ΔK) Â ≥ 0 

 

 ( C.45 ) 

This will result in determination of maximum dimensionless time step in order to have numerically stable 

solution as 

ΔL� ≤ (ΔK)$4DFy  

 

 ( C.46 ) 

By substituting equation ( C.38 ) for DFy into ( C.46 ), we will have  

ΔL� ≤ 8CNy;$(ΔK)$4DkB.F6"¨3-  

 

 ( C.47 ) 
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or it can be rewritten as 

ΔL�ê�,F� = 8CNy;$(ΔK)$4DkB.F6"¨3-  

 

 ( C.48 ) 

As can be seen from ( C.47 ), the maximum dimensionless time step to have stable numerical solution 

increases proportionally to the size of the particle. Consequently, as the polymer particle grows due to the 

accumulation of the produced polymer, the dimensionless time step allowed having stable solution also 

increases, resulting in faster calculation of the whole polymerization time period while demanding less 

computational time.  

C.3. Mass balance for inert condensing agent (ICA) and development of its numerical 
solution 

C.3.1. Mass balance equation 

The mass balance for inert condensing agent (ICA) is given by  

¸¦s§kB.$¸6 = 1KN$ ¸̧KN mDkB.$KN$ ¸
¦s§kB.$¸KN n 

 
 ( C.49 ) 

with first boundary condition 

¦s§kB.$ =	 ¦s§kB..>.$					@			KN = CN  ( C.50 ) 

while assuming no external mass transfer resistance through the boundary layer of the particle. 

second boundary condition is given by 

¸¦s§kB.$¸KN = 0					@			KN = 0  ( C.51 ) 

and initial condition is provided by 

¦s§kB.$ = 0			@			6 = 0			��			0 ≤ KN ≤ CN  ( C.52 ) 

 

where ¦s§kB.$ is overall ICA concentration through the particle, ¦s§kB..>.$ is the overall equilibrium 

concentration of ICA in the particle, and DkB.$ is the overall ICA diffusivity through the particle. 
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C.3.2. Dimensionless form of mass balance equation 

In order to transform the mass balance equation of ( 5.14 ) to a dimensionless form, the following 

dimensionless parameter is defined in addition to the ones defined in the previous section: 

(f) dimensionless ICA concentration in the polymer particle 

s$ = ¦s§kB.$¦s§kB..>.$ 

 
 ( C.53 ) 

in which  

¦s§kB..>.$ = ¦s§.>.$(1 − ») 
 

 ( C.54 ) 

¦s§.>.$ is the equilibrium concentration of ICA in the polymer phase, while ¦s§kB..>.$ is the overall 

equilibrium concentration of ICA in whole pseudo-homogenous particle considering its porosity, ». 
By substituting the ¦s§kB.$, 6, and KN with their dimensionless forms in the mass balance equation of ( 

5.14 ), the dimensionless form of mass balance equation is obtained: 

¸s$¸L = D$ m¸$s$¸K$ + 2K ¸s$¸K n 

 
 ( C.55 ) 

in which D$ is the dimensionless diffusivity of ICA in the polymer particle, defined as 

D$ = DkB.$6"¨3-CN$  

 
 ( C.56 ) 

C.3.3. Discretization 

The dimensionless mass balance equation of ( C.55 ) is discretized applying the nonstandard finite 

difference scheme (NSFD) as described in the previous appendix. 

The discrete form of the first-order dimensionless time derivate is provided by the forward Euler 

representation, while the discrete forms of the first-order and second-order dimensionless space 

derivatives are given by forward Euler and central difference representations, respectively.  
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s$+yªF −s$+yΔL� = D$y �ms$+ªFy − 2s$+y +s$+eFy(ΔK)$ n+ q2K+rms$+ªF
y −s$+y(ΔK) n�  ( C.57 ) 

in which  

D$y = DkB.$6"¨3-8CNy;$  

 

 ( C.58 ) 

By rearrangement of equation ( C.57 ), the dimensionless concentration of ICA in the next time step of 

j+1 for each grid of i, s$+yªF, can be explicitly calculated from 

  ( C.59 ) 

 

s$+yªF = s$+ªFy �ÁD$yΔL�(ΔK)$Â + Á2D$
yΔL�K+(ΔK) Â�+s$+eFy ÁD$yΔL�(ΔK)$Â +	s$+y �1 − Á2D$yΔL�(ΔK)$ Â − Á2D$

yΔL�K+(ΔK) Â� 

For the grid i=N , the boundary condition stated in equation ( 5.15 ) will be applied as 

s$�yªF = 1  ( C.60 ) 

while for grid i=1, the boundary condition provided in equation ( 5.16 ) will be applied 

s$FyªF = s$$yªF  ( C.61 ) 

By applying the positivity condition to equation ( C.59 ) and in order to have numerically stable solution, 

the following mathematical inequality must be valid, as described in detail in the previous appendix 

1 − Á2D$yΔL�(ΔK)$ Â − Á2D$
yΔL�K+(ΔK) Â ≥ 0 

 

 ( C.62 ) 

This will result in determination of maximum dimensionless time step in order to have numerically stable 

solution as 

ΔL� ≤ (ΔK)$4D$y  

 

 ( C.63 ) 

By substituting equation ( C.58 ) for D$y into ( C.63 ), we will have  
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ΔL� ≤ 8CNy;$(ΔK)$4DkB.$6"¨3-  

 

 ( C.64 ) 

or it can be rewritten as 

ΔL<3v,$y = 8CNy;$(ΔK)$4DkB.$6"¨3-  

 

 ( C.65 ) 

C.4. Energy balance and development of its numerical solution 

C.4.1. Energy balance equation 

The energy balance for a thin shell of pseudo-homogeneous polymer particle at each instant during the 

polymerization process, demonstrated in Figure C.2 , can be written as 

MkB]N=0,0kN ¸!̧6 = q−�",084�KN$; q¸!¸KNr│-�r − q−�",0(4�(KN + �KN)$) q¸!¸KNr│-�ª,-�r
+ 8−ΔAÄÅÆ;CB]N + 8−ΔAëÅ�Ä,$; ¸̧6 (¦s§kB.$]N) 

 

 ( C.66 ) 

in which MkB is the overall particle density given by 

MkB = M0kN(1 − ») 
 

 ( C.67 ) 

and ]N is the volume of the pseudo-homogeneous polymer shell including its porosity 

]N = ]0kN(1 − ») 
 

 ( C.68 ) 

with ]0kN being the volume of the polymer inside the shell. 

Regarding Figure C.2, ]N can also be written as  

]N = 4�KN$�KN 
 

 ( C.69 ) 
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In equation ( C.66 ), =0,0kN is the heat capacity of polymer particle, �",0 is the thermal conductivity of 

polymer particle, ΔAÄÅÆ is enthalpy of ethylene polymerization, and ΔAëÅ�Ä,$ representing enthalpy of 

sorption of ICA from gas phase into polymer phase.  

 

 

Figure C.2. The energy balance for a shell of pseudo-homogeneous polymer particle. 

Rearrangement of equation ( C.66 ) results in  

¸!̧6 = ®kB 1KN$ ¸̧KN ÁKN$ q¸!¸KNrÂ + m
−ΔAÄÅÆMkB=0,0kNnCB + m−ΔAëÅ�Ä,$MkB=0,0kN n 1]N ¸̧6 (¦s§kB.$]N) 

 

 ( C.70 ) 

®kB is the overall thermal diffusivity of the particle defined as 

®kB = �",0MkB=0,0kN 
 

 ( C.71 ) 

with first boundary condition 

−�",0 ¸!¸KN │W� = ℎ8!│W� − !?;					@			KN = CN 
 

 ( C.72 ) 

second boundary condition is given by 
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¸!¸KN = 0					@			KN = 0  ( C.73 ) 

and initial condition is provided by 

! = !? 			@			6 = 0			��			0 ≤ KN ≤ CN  ( C.74 ) 

C.4.2. Dimensionless form of energy balance equation 

By substituting the ¦s§kB.F, ¦s§kB.$, 6, KN, !, and !-./ with their dimensionless forms in the energy 

balance equation of ( 5.19 ), the dimensionless form of energy balance equation is obtained: 

  ( C.75 ) 

¸!-¸L = ® 1K$ ¸̧K qK$ ¸!-¸K r + É	Ee
¼�Wdc�q Fc±e Fc±,±�½rEe�8¿À,±�½	1���±;.

ç �À[d��m ��±ç ��±,±�½n�úsF + � 1]N ¸̧L (s$]N) 
which can also be written as 

  ( C.76 ) 

¸!-¸L = ® m¸
$!-¸K$ + 2K ¸!-¸K n + 	É	Ee

¼�Wdc�q Fc±e Fc±,±�½rEe�8¿À,±�½	1���±;.
ç �À[d��m ��±ç ��±,±�½n�úsF + � q¸s$¸L r

+ q�s$]N rq¸]N¸L r 

in which, ® is the dimensionless thermal diffusivity of the particle defined as 

® = ®kB6"¨3-CN$  

 
 ( C.77 ) 

É is a clustered function defined as 

É = 8−∆A0kN;�0,-./=�∗¦s§kB..>.F6"¨3-(1 − »)MkB=0,0kN!?zH  

 

 ( C.78 ) 

and finally the clustered function of � is provided by 

� = 8−∆A)k-0,$;¦s§kB..>.$MkB=0,0kN!?  

 

 ( C.79 ) 
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C.4.3. Discretization 

The dimensionless energy balance equation of ( C.76 ) is discretized applying the nonstandard finite 

difference scheme (NSFD) as described in the previous appendix. 

The discrete form of the first-order dimensionless time derivate is provided by the forward Euler 

representation, while the discrete forms of the first-order and second-order dimensionless space 

derivatives are given by forward Euler and central difference representations, respectively.  

  ( C.80 ) 

!-+yªF − !-+y∆Ly = ®y �m!-+ªFy − 2!-+y + !-+eFy(∆K)$ n + q2K+r m!-+ªF
y − !-+y(∆K) n�

+ É+y 	Ee
¼�Wdc�Á Fc±��e

Fc±,±�½ÂE
e
�
		
8¿À,±�½	1���±;.ç

�À[d��� ��±��ç
��±,±�½�

�
��ú�sF+y + � ms$+yªF −s$+y∆Ly n

+ m�s$+y]N+y nm
]N+yªF − ]N+y∆Ly n 

in which 

®y = ®kB6"¨3-8CNy;$  

 

 ( C.81 ) 

and 

É+y = 8−∆A0kN;�0,-./=�∗+y¦s§kB..>.F6"¨3-(1 − »)MkB=0,0kN!?(zy)H  

 

 ( C.82 ) 

By rearrangement of equation ( C.80 ), the dimensionless temperature in the next time step of j+1  for 

each grid of i, !-+yªF, can be explicitly calculated from 

  ( C.83 ) 
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!-+yªF = !-+ªFy Ám®y∆Ly(∆K)$n + m2®
y∆LyK+(∆K) nÂ + !-+eFy m®y∆Ly(∆K)$n + !-+y Á1 − m2®

y∆Ly(∆K)$ n − m2®
y∆LyK+(∆K) nÂ

+ É+y∆Ly 	Ee
¼�Wdc�Á Fc±��e

Fc±,±�½ÂE
e
�
		
8¿À,±�½	1���±;.ç

�À[d��� ��±��ç
��±,±�½�

�
��ú�sF+y + �8s$+yªF −s$+y;

+ �s$+y]N +y 8]N+yªF − ]N+y; 
By applying the positivity condition to equation ( C.83 ) and in order to have numerically stable solution, 

the following mathematical inequality must be valid, as described in detail in the previous appendix 

1 − m2®y∆Ly(∆K)$ n − m2®
y∆LyK+(∆K) n ≥ 0 

 
 ( C.84 ) 

This will result in determination of maximum dimensionless time step in order to have numerically stable 

solution as 

∆Ly ≤ (∆K)$4®y  

 
 ( C.85 ) 

By substituting equation ( C.81 ) for ®y into ( C.85 ), we will have  

∆Ly ≤ 8CNy;$(∆K)$4®kB6"¨3-  

 

 ( C.86 ) 

or it can be rewritten as 

∆L<3v,Hy = 8CNy;$(∆K)$4®kB6"¨3-  

 

 ( C.87 ) 

For the grid i=1, the boundary condition stated in equation ( 5.21 ) will be applied as 

!-FyªF = !-$yªF  ( C.88 ) 

and for grid i=N , the boundary condition stated in equation ( 5.20 ) can be written in dimensionless form 

as 

−�",0CN �!-�K │W� = ℎ8!-│W� − 1;  ( C.89 ) 
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which can be discretized as 

− �",08CNy;
!-�yªF − !-�eFy

(∆K) = ℎy8!-�yªF − 1; 
 

 ( C.90 ) 

and consequently !-�yªF can be calculated from 

!-�yªF =
1 + m �",0CNy	ℎy	∆Kn!-�eFy

1 + m �",0CNy	ℎy	∆Kn
 

 

 ( C.91 ) 

The heat transfer coefficient, h, for the spherical polymer particle is calculated by Ranz-Marshall 

correlation given as 

IJ = 2 + 0.6CEF $⁄ (KF H⁄
 

 
 ( C.92 ) 

in which  

IJ = ℎ�0�",9  

 
 ( C.93 ) 

CE = M9J�0�  

 
 ( C.94 ) 

(K = �=0,9�",9  

 
 ( C.95 ) 

with  

�0 = 2CN 
 

 ( C.96 ) 

In these correlations, IJ is Nusselt number, CE is Reynolds number, and (K is Prandtl number. �",9, M9, 

�, =0,9 represents thermal conductivity, density, viscosity, and heat capacity of gas phase and finally J is 

the superficial gas-particle velocity.  

As a result, one can calculate the heat transfer coefficient by 

ℎ = m�",92CNn82 + 0.6CEF $⁄ (KF H⁄ ;  ( C.97 ) 
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or at each time step by 

ℎy = Á�",92CNyÂg2 + 0.68CEy;
F $⁄ (KF H⁄ i 

 

 ( C.98 ) 

in which 

CEy = M9J82CNy;�  

 

 ( C.99 ) 

C.5. Polymer generation and particle growth 

Obviously, the two mass balance equations of ( 5.3 ) and ( 5.14 ) and the energy balance equation of ( 

C.66 ) are simultaneously being solved using the numerical method described in the previous sections. 

Consequently, the dimensionless time increment at each time step, ∆L�, must satisfy the positivity 

condition for all the three sets of equations, in order to have an overall numerically stable solution scheme 

. As a result, the ∆L� at each time step will be given by 

∆L� = Minimum gΔL�ê�,F� , ΔL<3v,$y , ∆L<3v,Hy i  ( C.100 ) 

After calculation of ethylene concentration and temperature at each grid of i inside the normalized 

polymer particle at time step j+1 from their values at previous time step j, it is possible to calculate the 

mass of polymer produced at ith grid during the dimensionless time step of ∆L� by 

  ( C.101 ) ¬0kN+yªF

= �0,-./ 	Ee ¼�Wdc�Á Fc±��e
Fc±,±�½Â	=�∗+yªFE

e
�
		
8¿À,±�½	1���±;.ç

�À[d��� ��±��ç
��±,±�½�

�
��ú�¦s§kB..>.FsF+yªF	stF	]"31+	6"¨3-ΔL� 

and as a result the total polymer mass produced during the dimensionless time interval of ∆L� is provided 

by 

¬0kN.1k1yªF =|¬0kN+yªF
�
+�F

 

 

 ( C.102 ) 
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while the instantaneous rate of polymerization is given by 

8C0kN+T);yªF = Á ¬0kN.1k1yªF
]"31	M"31	6"¨3-ΔL�Âq36001000r 

 

 ( C.103 ) 

having the unit of (gr pol/gr cat.hr). 

The volume of total polymer produced during the dimensionless time interval of ∆L� will be simply given 
by 

`0kN.1k1yªF =	 ¬0kN.1k1yªF
8M0kN × 1000;  ( C.104 ) 

regarding the units used and provided at the end of appendix. 

The total volume of polymer produced by the end of jth time step or in other words by completion of the 

dimensionless time interval of ∆L� can be calculated from 

]0kNyªF = ]0kNy + `0kN.1k1yªF   ( C.105 ) 

and similarly the total volume of the particle including its porosity by the end of jth time step, can be 
calculated from 

]1k1yªF = ]1k1y + `0kN.1k1yªF
(1 − »)  ( C.106 ) 

The volume of each grid, ]N+yªF, consequently can be calculated by 

]N+yªF = g`+̀i]1k1yªF  ( C.107 ) 

As a result, the equivalent radius of “polymer-only” particle without considering the existing particle 

porosity at the end of jth time step will be given by 

C0yªF = mq 34�r ]0kNyªFnF/H  ( C.108 ) 

and consequently 

zyªF = C0yªFK"31  

 
 ( C.109 ) 

Similarly, the particle radius at the end of jth time step 
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CNyªF = mq 34�r ]1k1yªFnF/H  ( C.110 ) 

C.6. Normalization of particle and update of dimensionless balance equations 

After calculation of the particle radius at the end of time step j, CNyªF, the normalized particle radius is 

obtained similar to the equation ( 5.30 ) as 

K� = CNyªFCNyªF = 1  ( C.111 ) 

the normalized particle is discretized afterwards with the same method explained through equations ( C.2 

) to ( C.5 ). 

In order to calculate the dimensionless concentration and temperature gradients in the normalized particle 

during the next time step of j+1, and consequently to be able to estimate the instantaneous polymerization 

rate and the mass and volume of the polymer produced during the next dimensionless time interval of 

ΔL�ªF, the dimensionless mass and energy balance equations need to be updated. 

Having the particle radius, CNyªF, and overall growth factor, zyªF, at the end of time step j or beginning of 

time step j+1: 

1. The dimensionless mass balance equation for ethylene of ( C.37 ) is updated by 

DFyªF = DkB.F6"¨3-8CNyªF;$  

 

 ( C.112 ) 

and  

�+yªF = �0,-./=�∗+yªF6"¨3- m (1 − »)(zyªF)Hn  ( C.113 ) 

with  

=�∗+yªF = =F∗ + =$∗E�
		
8¿À,±�½	1���±;.ç

�À[d��� ��±��þ�ç
��±,±�½�

�
��ú�þ�

 

 ( C.114 ) 
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2. The dimensionless mass balance equation for ICA of ( C.57 ) is updated by 

D$yªF = DkB.$6"¨3-8CNyªF;$  

 

 ( C.115 ) 

3. The dimensionless energy balance equation of ( C.80 ) is updated by 

®yªF = ®kB6"¨3-8CNyªF;$  

 

 ( C.116 ) 

and  

É+yªF = 8−∆A0kN;�0,-./=�∗+yªF¦s§kB..>.F6"¨3-(1 − »)MkB=0,0kN!?(zyªF)H  

 

 ( C.117 ) 

And for its boundary condition at the particle surface, the Reynolds number and heat transfer coefficient 
are updated by 

CEyªF = M9J82CNyªF;�  

 

 ( C.118 ) 

and  

ℎyªF = Á �",92CNyªFÂg2 + 0.68CEyªF;
F $⁄ (KF H⁄ i 

 

 ( C.119 ) 

4. The maximum dimensionless time intervals obtained from imposing the positivity condition to each 

of the updated balance equations are recalculated respectively by 

ΔL�ê�,F�ªF = 8CNyªF;$(ΔK)$4DkB.F6"¨3-  

 

 ( C.120 ) 

ΔL<3v,$yªF = 8CNyªF;$(ΔK)$4DkB.$6"¨3-  

 

 ( C.121 ) 

∆L<3v,HyªF = 8CNyªF;$(∆K)$4®kB6"¨3-   ( C.122 ) 
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and similar to the previous time step 

∆L�ªF = Minimum gΔL�ê�,F�ªF , ΔL<3v,$yªF , ∆L<3v,HyªF i  ( C.123 ) 

After calculation of dimensionless concentration and temperature at each grid i and time step of j+1, the 

mass and volume of polymer produced during the time interval of ∆L�ªF and consequently the new 

particle radius is calculated as explained for the previous time step of j.  

The computational loop for grid normalization, growth, and update is schematically demonstrated in 

Figure C.3. 

 

Figure C.3. The schematic representation of computational loop for grid normalization, growth, and update. 

The computational loop is repeated until the dimensionless time, Ly, reaches the dimensionless time for 

the polymerization reaction,L-.3"1, defined as  

L-.3"1 = 6-.3"16"¨3-   ( C.124 ) 

in which, 6-.3"1  is the residence time of the catalyst particle in the polymerization reaction environment, 

from the time of its exposure to the reactor until the time of its withdrawal from the reactor in the form of 

a fully grown polymer particle. 
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List of symbols  

C*  concentration of polymerization active sites, (mol site/m3 cat) 

C0
* concentration of polymerization active sites at time zero, (mol site/m3 cat) 

Cp,g heat capacity of gas phase, (J/kg.K) 

Cp,pol heat capacity of polymer, (J/kg.K) 

D1 dimensionless diffusivity of ethylene, (dimensionless) 

D2 dimensionless diffusivity of ICA, (dimensionless) 

Dov.1 overall diffusivity of ethylene through the polymer particle, (m2/sec) 

Dov.2 overall diffusivity of ICA through the polymer particle, (m2/sec) 

dp diameter of polymer particle, (m) 

Ea activation energy for propagation, (J/mol) 

Ed activation energy for catalyst deactivation, (J/mol) 

h heat transfer coefficient, (J/m2.sec.K)  

k dimensionless rate coefficient for ethylene polymerization, (dimensionless) 

kc,g thermal conductivity of gas phase, (J/m.sec.K) 

kc,p thermal conductivity of polymer, (J/m.sec.K) 

kd deactivation constant, (1/sec) 

kd,ref deactivation constant at reference temperature, (1/sec) 

kp propagation constant, (m3 tot/mol site.sec) 

kp,ref propagation constant at reference temperature, (m3 tot/mol site.sec) 

M1 dimensionless ethylene concentration in the polymer particle, (dimensionless) 

M2 dimensionless ICA concentration in the polymer particle, (dimensionless) 

[M] eq.1 equilibrium concentration of ethylene in the polymer phase, (mol/m3 pol) 

[M] eq.2 equilibrium concentration of ICA in the polymer phase, (mol/m3 pol) 

[M] ov.1 overall concentration of ethylene in the polymer particle, (mol/m3 tot) 

[M] ov.2 overall concentration of ICA in the polymer particle, (mol/m3 tot) 

[M] ov.eq.1 overall equilibrium concentration of ethylene in whole particle considering its porosity (mol/m3 tot) 

[M] ov.eq.2 overall equilibrium concentration of ICA in whole particle considering its porosity (mol/m3 tot) 

MW1 molecular weight of ethylene, (gr/mol) 

mpol mass of polymer produced, (gr) 

N number of grids, (dimensionless) 

Nu Nusselt number, (dimensionless) 
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Pr Prandtl number, (dimensionless) 

Re Reynolds number, (dimensionless) 

Rg universal gas constant, (J/mol.K) 

Rl particle radius, (m) 

Rp equivalent radius of “polymer-only” particle without considering porosity, (m) 

Rpol rate of polymerization at the catalyst particle surface, (mol/m3 cat.sec) 

Rpol
ins instantaneous rate of polymerization, (gr pol/gr cat.hr) 

Rv volumetric rate of ethylene polymerization inside growing polymer particle, (mol/m3 tot.sec) 

r dimensionless radial position, (dimensionless) 

rcat radius of initial catalyst particle, (m) 

r l radial position inside the spherical polymer particle, (m)  

T temperature, (K)  

Tb bulk temperature, (K) 

Tr dimensionless temperature, (dimensionless) 

Tref reference temperature, (K)  

Tr,ref dimensionless reference temperature, (dimensionless) 

t time, (sec) 

tchar characteristic time, (sec) 

treact polymerization reaction time, (sec)  

u gas-particle superficial velocity, (m/sec) 

Vcat  total catalyst volume, (m3) 

Vcat i volume of catalyst dispersed in grid i, (m3) 

Vpol volume of polymer, (m3) 

Vtot total particle volume including its porosity, (m3)  

ʋi dimensionless volume of grid i, (dimensionless) 

Greek letters 

α dimensionless thermal diffusivity of the particle, (dimensionless) 

αov  overall thermal diffusivity of the particle, (m2/sec) 

β dimensionless clustered function, (dimensionless) 

γ dimensionless clustered function, (dimensionless) 

∆Hpol enthalpy of ethylene polymerization, (J/mol)  
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∆Hsorp,2 enthalpy of sorption of ICA in the polymer phase, (J/mol) 

ϵ porosity of polymer particle, (dimensionless) 

µ gas phase viscosity, (kg/m.sec) 

ρcat catalyst density, (kg/m3) 

ρg gas phase density, (kg/m3) 

ρov overall particle density, (kg/m3) 

ρpol polymer density, (kg/m3)  

τ dimensionless time, (dimensionless) 

τreact dimensionless polymerization reaction time, (dimensionless) 

ϕ overall growth factor, (dimensionless)  
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D. Physical and Transport Properties 
 

In this appendix, the methods which have been used in order to estimate the physical and transport 

properties in different chapters of the thesis are provided. The details of these methods are available in the 

reference handbooks cited in this appendix. 

D.1. Calculation of gas phase viscosity 

Calculation of viscosity of pure components at low pressure  

First, the viscosity of the pure components of the gas phase in low pressure is calculated in terms of 

Lennard-Jones parameters  

�� = 2.6693 × 10ej 	√s!�$Ω�  ( D.1 ) 

where if T[=]K  and σ[=]Å , then the µ0[=]g/cm.s. The dimensionless quantity Ωµ is a slowly varying 

function of the dimensionless temperature ĸT/ε, of order of magnitude of unity.  This equation is a useful 

formula for computing viscosity of nonpolar gases at low pressure (and density) from tabulated values of 

the intermolecular force parameters σ and ε/ĸ.[1] 

Calculation of viscosity of pure components at reactor conditions 

The viscosity of each of components at reactor pressure, is obtained by Reichenberg method[2] from low 

pressure viscosity values obtained previously.  

In the Reichenberg method the ratio of the viscosity of the pure component at higher pressure to its low 

pressure value (µ/µ0) is obtained with following correlation 

��� = 1 + V *	(-H/$S(- +	(1 + =(-Ì)eF  ( D.2 ) 

where Pr is reduced pressure for each component, A, B, C, and D are different functions of Tr, reduced 

temperature of the component, and finally Q=1 for nonpolar materials. The error with this method is 

found to be in the order of few percent and the details of this method can be found in elsewhere[2]. 
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Estimation of the gas phase viscosity as a mixture of pure components 

After calculating the viscosity of each pure component at the reactor pressure and temperature, the 

viscosity of the gas phase of the reactor as a mixture of these components are estimated by the semi-

empirical correlation suggested by Wilke[1]. This method has been found to have an average deviation of 

2% from experimental measurements. The semi-empirical formula of Wilke is as follows 

�<+v = | ´Ù�Ù∑ ´ÛzÙÛÛ
�
Ù�F

  ( D.3 ) 

where the dimensionless quantity of zÙÛ is defined as 

zÙÛ = 1√8m1 +sÙsÛn
eF/$ Ø1 + m�Ù�Ûn

F/$ qsÛsÙr
F/_Þ$  ( D.4 ) 

N is the number of components in the mixture, xα is the mole fraction of component α, µα is the viscosity 

of pure component α at the system temperature and pressure, and Mα is the molecular weight of species α. 

D.2. Calculation of gas phase density and kinematic viscosity 

Mixture of gas is assumed as an ideal gas and the its density is estimated by  

M<+v = �â��Wdc    ( D.5 ) 

where Rg is the universal gas constant and Mav is the average molecular weight of the mixture of 

components in the gas phase.  

s3B = | ´Ù�
Ù�F

sÙ  ( D.6 ) 

Kinematic viscosity of the gas phase is obtained by dividing the viscosity by the density of the fluid 

h<+v = �<+vM<+v  ( D.7 ) 
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D.3. Calculation of thermal conductivity of gas phase                  

Calculation of thermal conductivity of pure components at low pressure 

Thermal conductivity of argon at low pressure is calculated directly with the empirical correlation[2] in the 

format of kc0 = A + BT + CT2 + DT3. 

For the rest of components, Roy and Thodos[2] estimation technique was employed. In this method a 

reduced thermal conductivity is defined as  

�"- = �"�Γ  ( D.8 ) 

in which Г is the reduced, inverse thermal conductivity and can be expressed as 

Γ = 210m!"sH
("_ n

F/Ï
  ( D.9 ) 

where Г[=] (W/(m.K))-1, Tc[=]K , M[=]g/mol , and Pc[=]bar . 

Reduced thermal conductivity on the other hand is calculated from 

�"- = (�"Γ)1- + (�"Γ)+T1  ( D.10 ) 

in which 

(�"Γ)1- = 8.757¦exp(0.0464!-) − exp(−0.2412!-)§  ( D.11 ) (�"Γ)+T1 = =·(!-)  ( D.12 ) 

Relations for f(Tr) for different type of materials i.e. saturated hydrocarbons, olefins, etc. are given in Ref. 

[2]. The constant C is specific for each component and it is estimated by a group contribution method.  

By calculating the reduced thermal conductivity, kcr, from equation ( D.10 ) and inverse thermal 

conductivity, Г, from equation ( D.9 ), the thermal conductivity of each component at low pressure, kc0, is 

obtained from equation ( D.8 ). 

Calculation of thermal conductivity of pure components at reactor conditions 

Stiel and Thodos[2] stablished excess thermal conductivity correlations to consider the effect of pressure in 

the calculation of thermal conductivity of each component as follows 
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(�" − �"�)Γ�"j = 1.22 × 10e$¦exp(0.535M-) − 1§							·�K		M- < 0.5  ( D.13 ) 

where kc and kc0 are the thermal conductivity of the component at high pressure and low pressures in the 

unit of W/(m.K), Zc is the critical compressibility of the component and ρr is the reduced density ρr=ρ/ρc. 

Parameter Г is defined in the equation ( D.9 ). 

Estimation of the thermal conductivity of gas phase as a mixture of pure components 

The thermal conductivity of gas phase as a mixture of pure components is estimated by an analogous 

method[1] to that previously provided for viscosity: 

�",<+v = | ´Ù�",Ù∑ ´ÛzÙÛÛ
�
Ù�F

  ( D.14 ) 

where coefficients zÙÛ  are identical to those appearing in the viscosity equation ( D.4 ). 

D.4. Calculation of specific heat capacity and thermal diffusivity of gas phase 

The heat capacity of each component in J/(mol.K) is provided in Properties of Gases and Liquids[2] with 

simple correlation in the format of  

=0,Ù = *Ù + SÙ! + =Ù!$ +	DÙ!H  ( D.15 ) 

where Aα, Bα, Cα, and Dα are constants specific for each of components, α. 

The heat capacity of gas phase as a mixture of pure components in J/(mol.K) are calculated by  

=0,<+v = | ´Ù=0,Ù�
Ù�F

  ( D.16 ) 

Finally, the unit of heat capacity of the gas phase is changed from J/(mol.K) to J/(kg.K) by following 

correlation 

=0,<+vg� ¿9.�� i�X�,~��g ~°�.!� iâ��( "d~°�) 	  ( D.17 ) 

Mav is the average molecular weight of the mixture defined in equation ( D.6 ). 
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Thermal diffusivity for gas phase, αmix, is calculated according to its definition 

®<+v = �",<+vM<+v=0,<+v  ( D.18 ) 

D.5. Calculation of diffusivity in gas phase mixture 

Calculation of diffusivity of component A in the binary mixture of A and B 

The diffusivity of component A in binary mixture of A and B is estimated by:[1] 

DÝÐ = 0.0018583	#!H q 1sÝ + 1sÐr 1�ÝÐ$ ΩÌ,ÝÐ  ( D.19 ) 

In the equation above, the units are DAB[=]cm 2/s, σAB[=]Å , T[=]K , and p[=]atm. The dimensionless 

quantity of ΩD,AB is a function of the dimensionless temperature ĸT/εAB. The parameters σAB and εAB are 

defined as: 

�ÝÐ = 12 (�Ý + �Ð)  ( D.20 ) 

lÝÐ = ÊlÝlÐ  ( D.21 ) 

Calculation of diffusivity of component A in gas phase mixture 

The diffusivity of component A in the gas phase as a mixture of different components is calculated by 

following correlation:[3] 

DÝ,<+v = 1 − ´Ý∑ ´+DÝ,+�+�Ð   ( D.22 ) 

where DA,i are the binary diffusivities of component A and component i, xA and xi are mole fraction of 

component A and component i in the gas phase.  

D.6. Estimation of liquid density 

It is estimated by the Hankison-Brobst-Thomson technique:[2] 

])]∗ = ]W(�) �1 − {�W�]W($)�  ( D.23 ) 
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]W(�) = 1 + �(1 − !-)FH + %(1 − !-)$H + �(1 − !-) + �(1 − !-)_H										0.25 < !- < 0.95  ( D.24 ) 

]W($) = ¦E + ·!- + �!-$ + ℎ!-H§ (!- − 1.00001)										0.25 < !- < 1.0⁄   ( D.25 ) 

Where a,b,c,d,e,f,g, and h are constants.[2] V* is a characteristic volume of a pure component generally 

within 1 to 4 percent of the critical volume and ωSRK is the acentric factor. The liquid density is obtained 

as MN = F²ä. 
D.7. Estimation of heat of vaporization 

Pitzer acentric factor correlation is used for this purpose. An analytical representation of this correlation is 

given by:[2] 

∆ABC!" = 7.08(1 − !-)�.Hj_ + 10.95{(1 − !-)�._jÏ  ( D.26 ) 

D.8. Estimation of heat capacity of liquid 

The Rowlinson modification to the corresponding states methods has been used for estimation of heat 

capacity of liquid:[2] 

=0N − =0�C = 1.45 + 0.45(1 − !-)eF + 0.25{Õ17.11 + 25.2(1 − !-)F/H!-eF + 1.742(1 − !-)eFÖ  ( D.27 ) 

where Cpl is the liquid heat capacity for a pure component and Cp
0 is the heat capacity for this component 

at gas phase at constant pressure as described before. 

D.9. Estimation of vapour pressure  

The vapour pressure of the components were estimated by the correlation given in Reference.[2] 

ln	((B0 (") = (1 − ´)eF(*´ + S´F.j + =´H + D´Ï)⁄   ( D.28 ) 

where A,B,C,and D are constants specific for each component and x is defined as ́= 1 − !-. 
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