
CHARGE DENSITY WAVES AND ELECTRONIC NEMATICITY IN THE THREE BAND

MODEL OF CUPRATE SUPERCONDUCTORS

by

Sinan Bulut

A thesis submitted to the

Department of Physics, Engineering Physics & Astronomy

in conformity with the requirements for

the degree of Doctor of Philosophy

Queen’s University

Kingston, Ontario, Canada

September 2014

Copyright c© Sinan Bulut, 2014



Abstract

Cuprate superconductors exhibit very high critical temperatures, Tc, compared to those in the

conventional superconductors. The doping at which Tc is maximized is called optimal doping.

Below this level, in the underdoped region, cuprate superconductors exhibit not only high Tc

superconductivity, but also the celebrated pseudogap phase, a theory of which is still not estab-

lished. In the pseudogap region cuprates exhibit incommensurate charge orders and electronic

nematicity, which are the focus of this thesis. Borrowed from the liquid crystal terminology, ne-

maticity refers to the breaking of rotational symmetry in the electron degree of freedom where

charge densities are re-arranged within the unit cell. The aim of this thesis is to establish the

microscopic origin of charge orders in cuprates, and provide an explanation for some of the

anomalous properties in the pseudogap region.

Established by experiments, electronic nematicity originates from the inequivalency of the

two oxygen orbitals in the cuprate unit-cell. Using this hint, the instability towards nematic

charge orders was studied in the three-band model of cuprate superconductors, which explicitly

takes into account the oxygen orbitals. Using the generalized random phase approximation,

the nematic charge susceptibility was calculated, and it was found that the three-band model

has nematic instabilities driven by the Coulomb repulsion between densities at oxygen orbitals.

In the experimentally relevant doping range, the leading charge instability occurs as electronic

nematicity with a modulation in space whose periodicity incommensurate with the underlying

lattice. Such density modulations cause Fermi surface reconstructions, giving so-called Fermi

arcs and small Fermi surface pockets. These findings, as well as the doping dependence of
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the modulation wavevector, are consistent with experiments. There is some disagreement with

experiments as well: the modulation wavevector points along the diagonal of the Brillouin zone

as opposed to the zone axes, and its magnitude is about half of that measured experimentally.

Further improvement to the model is necessary to better match the experimental findings. A

thorough understanding of electronic nematicity and its interplay with other phases is necessary

to establish the theory of the pseudogap phase as well as that of the cuprate high-temperature

superconductivity.
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Chapter 1

Introduction & Literature Review

This thesis is about electronic instabilities in the so-called cuprate superconductors or “cuprates”

for short. This introduction, then, will start with some background information on cuprates, as

well as on the electronic nematicity which is the focus of this thesis. Afterwards, an overview

of the cuprate phase diagram will be discussed, and experimental findings closely related to the

research in this thesis will be reviewed. This will be followed by a focused review of theories

and models of charge instabilities in cuprates [60, 68, 70].

“Cuprate” is a generic name for a family of high-temperature superconducting materials

which become perfect conductors below a certain transition temperature. They were first dis-

covered in 1986 by Mueller & Bednorz[8]. Until then the highest superconducting temperature

was about 30K, a record which remained the same since the 1920s. With the discovery of cuprate

superconductors, the highest ever superconducting temperature became 165K.

Some prominent cuprate superconductors are YBa2Cu3O6+δ (YBCO), Bi2Sr2CaCuO8+δ and

Bi2Sr2CuO6+δ (BSCCO), La2−xSrxCuO4 (LSCO), and HgBa2CuO4+δ (HBCO). Their common

feature is the two-dimensional CuO2 planes in their structure. From angle-resolved photo-

emission spectroscopy (ARPES)[20] and transport[43, fig. 146] experiments, as well as from

band structure calculations[80, 63], it is established that cuprates are quasi two-dimensional
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Figure 1.1: (a) Unit cells of various cuprates. (b) The copper-oxide plane, which is the common
denominator of all cuprates.[7]

(2D) conductors, and the electronic properties mostly originate from the d and p orbitals in

CuO2 planes.

An important feature where the two-dimensionality of cuprates manifests is the Fermi sur-

face. In Figure (1.2), the Fermi surfaces of real cuprates are shown in the left and center panels.

Since energy bands hardly disperse along the z-direction, the Fermi surface is two-dimensional,

and measured in the kx-ky plane only. The Fermi surface of Tl2Ba2CuO6+δ is near circular,

while that of YBCO is more curved and also split due to the presence of two-CuO2 planes per

unit cell. It will prove to be useful, later on, to identify different parts of the Fermi surface by

using a terminology originating from the labelling of the superconducting state. In the right

panel, two-different kinds of Fermi surface regions are marked by solid ellipses. Indicated in red

are the so-called nodal parts of the Fermi surface which are located in the neighbourhood of the

zone diagonals. Similarly, indicated in black ellipses are the anti-nodal parts of the Fermi surface

which are located away from the zone diagonals.

In order to tune the electronic and magnetic properties, cuprates are doped in two ways.

In the first case, one species of atoms is substituted by another, as in LSCO where the La to

Sr ratio is modified to set the carrier density. In the second case, the oxygen content of the
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Figure 1.2: (left) Fermi surface of Tl2Ba2CuO6+δ as measured by ARPES (modified from [62]).
(center) YBCO Fermi surface [1]. Note that YBCO has two cuprate planes per unit-cell, causing
two Fermi surfaces. (right) Cartoon indicating nodal (red ellipse) and anti-nodal (black ellipse)
regions of the Fermi surface (indicated in red, blue, and black lines corresponding to different
fillings).

system is modified to adjust the filling. The undoped case corresponds to half-filling, and it is

customary to express the doping level relative to the undoped case. Upon hole doping, cuprates

exhibit a rich phase diagram as shown in Figure 1.3.

At zero doping (half-filling), Cu atoms in cuprates are in the 3d9 configuration. This means

that for every unit cell there is a half-filled d orbital, and it is these d orbitals that are believed

to govern the electronic properties at half filling. Since d orbitals have a small span in real

space and overlap little with neighbours, they form narrow bands. This results in strong intra-

orbital Coulomb repulsion relative to the bandwidth, and hence electrons are strongly correlated.

Strong Coulomb repulsion can have a dramatic effect in solids. In fact it turns a supposedly

metallic system into an insulator, as in LSCO which is an anti-ferromagnetic (AF) insulator at

zero doping as opposed to a half-filled metal as expected from band theory. Such an insulating

state is called a Mott insulator. In the presence of strong correlations, electrons are not mobile

as they avoid double occupation of a given orbital due to the big energy cost associated with

the local Coulomb repulsion U . Thus electrons turn into localized spins, in which case nearest-

neighbour electrons anti-align to minimize their energy, which leads to the anti-ferromagnetism.

This phase can persist up to high temperatures as shown in Figure 1.3.

3



Figure 1.3: A generic cuprate phase diagram [60] in the T vs hole-doping(x) plane. Near half
filling (x ∼ 0) the system is an antiferromagnetic Mott insulator. Upon increasing hole doping,
the system becomes a d-wave superconductor at low T . The associated critical temperature
Tc determines the dome-shaped SC phase boundary, the maximum of which marks the optimal
doping level. Centered around this doping level is the strange metal phase occuring at high T .
In this phase, the system deviates from Fermi liquid theory: the resistivity varies linearly as
a function of T and the quasiparticle coherence is lost. Below optimal doping, and at low to
intermediate T , the system is in the pseudogap phase where the Fermi surface exhibits pieces
or arcs disconnected at the antinodal regions where a “V”-shaped gap opens. At high-doping
levels, electron-electron interactions are less pronounced and the system becomes a Fermi liquid
with a well defined Fermi surface.
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With increasing hole doping, the antiferromagnetic insulator phase is destroyed and the

famous d-wave superconducting (SC) phase emerges. This phase occupies a big part of the

phase diagram at low temperatures. The border of the superconducting phase is indicated

by the critical temperature (Tc) line, shown in Figure 1.3. As a function of hole doping, Tc

first increases monotonically, and then reaches a maximum, marking this doping level as the

optimal doping. Beyond this, Tc decreases as a function of doping, and the superconducting

phase vanishes at large doping. Hence, the region of the superconducting phase is dubbed the

superconducting dome.

Cuprate superconductivity differs from conventional superconductivity in various ways. For

example, the gap function changes sign along the Fermi surface consistent with a so-called d-

wave symmetry, as opposed to the conventional s-wave (that is, isotropic) symmetry. The pairing

mechanism is also different: in cuprates, the attractive interaction between pairing particles is

believed to be mediated by spin-fluctuations as opposed to phonons.

At higher doping levels, cuprates become Fermi liquids (that is, good metals). In this phase,

the system exhibits a Fermi surface consistent with weakly interacting and long-lived quasi-

particles confined to two-dimensions. Away from half-filling (zero doping), the particles are less

likely to occupy the same orbital, and accordingly less likely to experience the strong intra-

orbital Coulomb repulsion. As a result, strong-correlations are less pronounced and the system

becomes a regular conductor.

Located right above the superconducting dome is the strange-metal phase confined in be-

tween two cross-over lines (dashed) expanding out from the superconducting dome. In this phase,

the resistivity is a linear function of T , as shown in Figure 1.4(a), as opposed to a quadratic one

expected from a metal or Fermi liquid[33, 72]. Furthermore, the quasi-particle lifetimes were

detected to be very short, hence the particles are not coherent [15] as shown in Figure 1.4(b).

Accordingly, the border between strange-metal and Fermi-liquid phases is indicated by the Tcoh

line (dashed) marking the points where the quasiparticle coherence is lost.

Last but certainly not least is the pseudogap (PG) phase located in between the strange-
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Figure 1.4: (a) In the strange metal region, resistivity is a linear function of T at low tem-
peratures (adapted from [33] with permission. Copyright 1987 American Physical Society).
(b) ARPES measurements in the overdoped region for various temperatures. The vertical axis
corresponds to intensity. Measurements were taken at the antinodal point indicated in Figure
1.6(a). Data is symmetrized about the Fermi energy and the temperature effects of the Fermi
function is removed [15]. In the overdoped region, as T is increased, the spectrum goes from a
narrow coherent peak to a wide incoherent one. Hence the system goes from a regular metal
to a strange metal. (c) As in (b) except at different dopings and constant T . As a function of
decreasing doping, the system goes from a good metal with a narrow peak (green) to the PG
phase with a “V”-shaped dip at the Fermi level (red). (d) The Fermi surface of cuprates as
measured by ARPES. In the PG phase, spectral weight at the Fermi level vanishes at certain
regions of the Brillouin zone giving Fermi arcs (bottom) as opposed to a full Fermi surface(top).
The first quandrant of the Brillouin zone is shown. Adapted from the figures in [23] based on
ARPES experiments.
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metal, antiferromagnet, and superconducting regions. This phase is characterized by a “V”-

shaped gap opening in the excitation spectrum at the Fermi energy as shown in Figure 1.4(c).

This gap is anisotropic in reciprocal space: as measured by ARPES experiments, the spectral

density disappears along the anti-nodal regions in the Brillouin zone, hence the system exhibits

disconnected Fermi arcs as opposed to a Fermi surface. This is shown in (d). The boundary of

the PG phase is indicated by the T ∗ line (dashed) shown in Figure 1.3. When the SC phase is

suppressed by an external magnetic field in the underdoped region, the PG phase extends all

the way to zero temperature.

Currently, the origin of the PG phase is not established. Whether or not the PG phase

corresponds to a broken symmetry phase is still under debate. Prominent candidates for the

mechanism behind the PG physics are spin fluctuations [48], pre-formed Cooper pairs [26], com-

peting orders [22, 24], orbital loop currents [71], orbital magnetism (d-density wave) [50, 13],

electronic nematicity [51] and fluctuating charge density waves [12]. The latter two are of partic-

ular interest in this thesis. Electronic nematicity (hereafter “nematicity”) was first discovered in

ruthenates (such as Sr3Ru2O7 [54]) and later on in pnictides (such as Ba1−xKxFe2As2 [16]) and

cuprate superconductors [51]. A simple example of nematicity is shown in Figure 1.5(a) where

the symbols represent the oxygen orbitals and copper atoms are not shown for convenience. In

any given unit cell, the density at the oxygen px orbital (Opx) differs from that at the oxygen

py orbital (Opy) as indicated by blue and red colors, corresponding to positive and negative

change in density. As a result, the fourfold rotational symmetry of the system is reduced to

twofold. The main difference between nematicity and a charge density wave (or charge stripe)

is that the latter breaks both rotational and translation symmetry as shown in (c). In other

words, a nematic phase is invariant under discrete translation by a lattice vector. While still

breaking the translation symmetry, a charge density wave can include a substantial intra-unit

cell component as shown in (b). This case will be dubbed “modulated nematic order” (MNO)

from now on. One should note that in its precise definition, modulations in (b) are not a true

nematic phase as the translation symmetry is broken. Associated with the electronic degree of

freedom, the examples shown in (a)-(c) fall into the category of charge orders (COs). In what
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follows, this term will be interchangeably used with “density modulations”.

The real space pattern of a charge order can be conveniently expressed by the concept of the

ordering wavevector. Denoted by q∗, this vector is inversely proportional to the periodicity in

real space since the real and reciprocal spaces are related by Fourier transformation. For a charge

order with periodicity r∗x along x-axis and r∗y along y-axis, the ordering wavevector becomes

q∗ = (qx, qy) = 2π(1/r∗x, 1/r
∗
y). Using this definition, it is instructive to identify the ordering

wavevector for the examples given in Figure 1.5. Since the nematic order shown in (a) is the same

in every unit cell, r∗x = r∗y = a0 where a0 is the unit cell length and set to 1 for convenience. Then,

q∗ = 2π(1/a0, 1/a0) = (0, 0) for the nematic order. In (b), the periodicity along x and y can be

counted as 20 and 12 unit cells respectively, then q∗ = 2π(1/20a0, 1/12a0) ∼ 2π(0.05, 0.08) for

the modulated nematic order. The periodicity in (c) is the same as in (b) by choice, hence q∗

in (c) is the same as in (b).

An important consequence of density modulations is the reconstruction of the Fermi surface.

In the broken-symmetry phase, particles are scattered between the momenta at the Fermi surface

connected by the ordering wavevector. Then, an energy level repulsion occurs at the connected

parts and the spectral weight shifts elsewhere. Thus, the Fermi surface is reconstructed. Some

examples of this are shown in Figure 1.6(a)-(e). Such a reconstruction can result in small

continuous Fermi surfaces or “pockets” [67]. Another route for a Fermi surface reconstruction is

the kind caused by the nematic order. Being an intra-unit cell order with q∗ = 0, nematic order

does not cause any level repulsion. Rather it introduces a difference between x and y directions

(i. e. anisotropy), which distorts the Fermi surface. If sufficiently strong, this distortion can turn

a closed Fermi surface into an open one as in a Pomeranchuk instability. An example of this is

shown in Figure 1.6(f).
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Figure 1.5: Charge modulations in a CuO2 plane calculated for a three-band model that includes
a copper and two oxygen orbitals. (a) Nematic and (b) modulated nematic density modulations.
Only modulations at oxygen orbitals are shown as those at copper atoms are negligible. The
modulation strength is given by the symbol size. Blue and red correspond to positive and
negative modulations, respectively, relative to the average density at the oxygen orbitals. (c)
Charge density wave modulations. Square symbols correspond to Cu atoms.

1.1 Experimental Evidence for Charge Order

Starting with the aim of understanding the electronic nematicity in cuprates, calculations in

this thesis yield not only electronic nematicity but more importantly an accompanying charge-

density wave. Therefore, the experimental evidence for these charge instabilities will be reviewed

below.

The tendency towards rotational symmetry breaking was first measured in LSCO in the early

1990s. In this material, such a phase occurs around the hole filling x = 1/8 in the underdoped

region, due to the so-called stripe phase where one dimensional conducting hole “rivers” are

sandwiched in between AF insulating channels [69]. A cartoon of the stripe phase is shown

in Figure 1.7. The properties of the stripe phenomena are well established experimentally

and theoretically[73]. A major difference between the stripe phase and modulated electronic

nematicity is that the former does not have any intra-unit cell signature. Other big differences

are that the stripe phase is magnetic and its ordering wavevector is inconsistent with the nematic

phase [9].

As of the early 2000s, charge instabilities were also detected in BSSCO [38, 40]. These
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Figure 1.6: (a) A generic cuprate Fermi surface [35]. (b-e) Some examples of Fermi surface
reconstructions due to charge order [67]. (b) Case of ordering wavevector Q = (π, π)/a0. Blue
and red correspond to hole- and electron-like Fermi pockets respectively. (c) Electron pockets
disappear when charge order is stronger. (d) The case of Q = (0.25, 0)× 2π/a0 with a slightly
distorted Fermi surface due to a nematic order. Grey lines correspond to the open Fermi sheets.
(e) As in (d) except Q = (0.33, 0) × 2π/a0. (f) Fermi surface distortion due to nematic order
with q = 0. Hence, x-y anisotropy due to the nematic order can turn a closed Fermi surface
(black) to an open one (red).

Figure 1.7: Cartoon of the stripe phase [11]. A uni-directional charge density wave is sandwiched
in between AF insulating regions.
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cuprates are subject to a substantial amount of disorder and as a result of this the detection of

charge order is a challenging task [19]. Scanning tunneling microscopy (STM) is the experiment

of choice in BSCCO because of the high surface quality. Early STM experiments gave either

uni-directional (Figure 1.8 (a-b)) or checkerboard charge-patterns with short range 4a0 (where

a0 is the unit-cell length) size domains [46]. Coexisting with these charge patterns, an intra-

unit cell electronic nematicity was found later on by Lawler et al. [51]. This phase involved

the inequivalency of oxygen px and py orbitals in every unit cell, and furthermore it became

significantly more pronounced at the pseudogap energy scale (Figure 1.8 (c)). The latter finding

was considered as the evidence that the PG originates from the electronic nematicity.

Very recently, STM measurements were performed in combination with resonant elastic

x-ray spectroscopy (REXS) and ARPES experiments on the same BSSCO samples [19, 17].

Being a bulk experiment, REXS measurements are not affected by surface effects, hence they

are complementary to the STM experiments. REXS experiments found a charge order which

developed right below T ∗. The wavevector was found to point along Cu-O bond directions

with magnitude q ∼ 0.25. To see the spectral signatures of this order, STM experiments were

performed and the obtained conductance maps were Fourier transformed to the momentum

space. Thus, at about the same wavevector as in REXS experiments, a charge feature in the

conductance was found to develop about 20meV above the Fermi level as shown in Figure 1.8(d)

at δ ∼ 0.27. This finding provided a simple explanation for why to date the signatures of

competing phases had not showed up in ARPES experiments: accessing the energies below the

Fermi level only, these experiments simply were not capable of detecting this charge order. The

fact that the charge feature showed up above the Fermi level was speculated to originate from

strong correlations. By combining (i) the Fermi surface data obtained by ARPES with (ii) a

phenomonogical calculation incorporating the experimentally measured PG self-energy, Comin et

al. [17] found that the magnitude of this charge order is consistent with a wavevector connecting

the ends of the opposite Fermi arcs as shown in (e). This phenomenological calculation implied

that the charge order is an instability of the pseudogap phase as opposed to being the origin

of it. However, this interpretation was challenged very recently by Harrison & Sebastian, who
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argued instead that the Fermi arcs and the magnitude of the charge order (CO) wavevector can

be explained by a charge density wave with (i) a wavevector connecting antinodal parts and (ii)

a short correlation length [35].

A lingering question in BSCCO research has been the connection, if any, between the intra-

unit cell nematicity and the incommensurate charge order. In early 2014, several experimental

studies addressed this question. Comin et al [18] used REXS to study transitions to Cu3d

orbitals from either Cu2px or Cu2py orbitals by adjusting the polarization of the incident light.

Based on the angular dependence of the ratio between intensities for different polarizations,

their calculations yielded that the charge order locally breaks the four-fold rotational symmetry.

Fujita et al. [30] measured, using STM, that the incommensurate charge order becomes weak as

a function of increasing hole doping and simultaneously the nematic order parameter gets more

and more disordered, and eventually both orders disappear at the same critical filling inside the

superconducting dome. This study, thus, highlighted the close connection between both charge

instabilities. Finally, Fujita et al [29] considered momentum space patterns associated with

three different intra-unit cell resolved charge order scenarios. Using STM, they measured the

atomically resolved tunneling current map and Fourier transformed it afterwards. Comparison

of theory and experiment gave that charge modulations in BSSCO correspond to real-space

modulations of intra-unit cell nematicity. Hence all these experiments point to the fact that

charge order in BSSCO is modulated electronic nematicity.

A tendency towards charge-order formation has also been observed in YBCO. As opposed

to BSCCO, these measurements were taken with experiments other than STM and ARPES,

since YBCO cannot be cleaved to give a nice surface as required for these experiments. As

shown in Figure 1.9, this charge order occurs in the doping range p ∼ 0.10 − 0.13, and it is

believed to cause the depression in the Tc line in the same doping range (one should compare

the superconducting dome in Figure 1.9 to that in 1.3).

In YBCO, the existence of electron pockets, as measured by (i) quantum oscillation exper-

iments in high magnetic fields and (ii) Hall measurements, provided the initial evidence for
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Figure 1.8: Charge modulations detected by STM in BSCCO. (a) Conductance map [38]. (b)
The so-called R-map [46], which is calculated from the conductance map and used to extract
detailed real-space information about charge modulations. The “+” symbol stands for Cu atom
locations. This measurement shows a small domain of charge order aligned with Cu-O bonds.
(c) Plot of nematic order parameter (red) based on the inequivalency of x and y oxygens as
a function of the scaled energy e = ω/∆1, where ∆1 is the pseudogap energy. The nematic
order parameter is significantly more pronounced (non-zero) at the PG energy scale (that is
when e = 1) [51]. A Cu-based order parameter (black) yields very small values about zero.
Hence, nematicity originates from oxygen orbitals, and has a connection with the PG physics.
(d) STM conductance map as a function of energy and y component of the momentum (δ).
Calculated by Fourier transforming real space conductance map to the momentum space, color
bar indicates the intensity. Right at the momentum where REXS peak is observed (δ ∼ 0.255),
a distinct peak is shown about 25mV above the Fermi level (dashed line) [19]. (e) The measured
(lower triangle) and the calculated ARPES spectrum [17]. The vertical axis and the color
bar respectively corresponds to ky and the intensity in arbitrary units. A phenomenological
calculation incorporating the experimentally measured pseudogap self-energy suggests that the
charge order wavevector connects the tips of the Fermi arcs (yellow dumbbell).
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Figure 1.9: Experimental phase diagram of YBCO [14]. The points in the phase diagram where
in-plane anisotropy develops when T is lowered as detected by (black square) Nernst effect and
(purple square) neutron scattering experiments. TH denotes the temperature where the carrier
sign detected by Hall experiment turns negative. (Red filled square) static charge order detected
by NMR experiments under magnetic fields. (filled circle) TCDW denotes the temperature at
which a fluctuating charge order sets in as detected by x-ray experiments.

ordering tendencies. This is because the fact that electron pockets are detected in a system with

a nominally hole-like Fermi surface means that the Fermi surface undergoes a reconstruction.

This is consistent with the formation of a charge order [67]. This picture was further supported

by Nernst effect measurements of in-plane anisotropy [21] pointing to a unidirectional charge

order, breaking the fourfold rotational symmetry. Similar results were also obtained in NMR [78]

and neutron scattering [37] experiments in the relevant doping range. But more importantly,

these experiments also showed no evidence towards spin-order formation, which hinted that the

observed phenomenon was something different than the LSCO stripes.

It was not until very recently that charge-only orders were conclusively measured in YBCO

by a new generation of X-ray experiments [32, 14]. These experiments established incommen-

surate charge order as a common feature of the cuprate phase diagram, and furthermore they

signaled a connection between charge-density waves and Fermi surface reconstruction as they

were performed at the same doping and magnetic field level as the quantum oscillation experi-

ments. The wavelength of the measured charge order was about 3.2a0, and it was aligned with

the Cu-O bond directions. The doping dependence of the order wavevector, albeit weak, was
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totally opposite to stripe behaviour: it decreased monotonically as a function of hole-doping.

This became the second hint for the new, non-stripe physics. In line with NMR experiments, X-

ray experiments also established the competition between the charge order and superconducting

phases, as revealed by temperature and field dependence of the charge order.

It is noteworthy in Figure 1.9 that the onset of the charge order is different for the X-ray

and NMR data. This is due to the time scale difference between these experiments. NMR

is believed to measure the static order. As opposed to this, X-ray experiments report the

onset of the charge order fluctuations, which look static in the femtosecond X-ray time scale.

The fluctuating nature of the charge order in X-ray experiments is reported to manifest in T

dependent correlation lengths [32]. This implies that the charge order domain sizes are smaller

than that of the sample. As a consequence of this, one currently cannot distinguish if the

detected X-ray response originates from multiple domains of a charge order modulated along

one axis (uniaxial) or a checkerboard order which is a superposition of two orthogonal uniaxial

orders (biaxial). Hence, there is an ambiguity as to the nature of the charge order. While

some NMR experiments proposed that charge order is uniaxial, in Section 4 it will be shown

this is not necessarily true. Another experiment that was believed to support this picture was

the Nernst effect, where the measured anisotropy could be easily explained by a uniaxial order.

However, such an anisotropy will average out for fluctuating domains of uniaxial orders pointing

in different axial orientations.

The relative scale of critical temperatures for charge orders and superconductivity is of

interest since it is an indicator of the relative strength of these orders. An important finding

of NMR experiments on YBCO is that, as shown in Figure 1.9, static charge order either

coincides or occurs right below the superconducting critical temperature. Fluctuating charge

order, however, extends well above Tc as measured in X-ray experiments as shown in the same

figure. The hierarchy of critical temperatures is a benchmark that needs to be met by the

theories, and as will be shown shortly many fail this test.

There are a few similarities between charge orders in YBCO and BSCCO. Both are aligned

15



with Cu-O bond directions, and their wavevectors are incommensurate with the underlying crys-

tal. As mentioned before, the charge order in BSCCO is recently established to be a modulated

nematic order, and there is some indication that this can be so in YBCO as well [18, 77]. Again

recently established in BSCCO is the emergence of the modulated nematic order at a critical

filling coinciding with a significant change in low-energy momentum space topology [30]. Simi-

larly, in YBCO, charge order and the changes in the Fermi surface topology were found to occur

in the same doping region [49], however, temperature scale for both phenomena appears to be

quite different. Therefore, it is currently not clear whether the charge orders in both materials

have the same microscopic origin.

Until very recently, it was not clear whether electron pockets measured in YBCO were a

material specific feature. However, this changed with the measurement of electron pockets in

HgBa2CuO4+δ (Hg1201), a material considered to be the simplest cuprate superconductor [6].

Not only this proved that electron pockets are a common feature of cuprates but also that it is

a specific property of a single CuO2 plane since Hg12012 is a single layered material. Currently,

it is not known if these pockets are caused by charge instabilities.

In conclusion, experiments point to charge-order aligned along Cu-O bond directions with

incommensurate ordering wavevectors. Also, in the same doping range, experiments find Fermi

surface reconstruction where the antinodal spectral weight disappear, as in the pseudogap. It

is currently not clear if charge order causes this pseudogap, or the charge order is an instability

within the underlying pseudogap state. Another important experimental finding is the intra-unit

cell nematicity measured in BSCCO cuprates. The connection of this to the anisotropy measured

in YBCO cuprates is not known. There is one clear result from the recent experiments in BSCCO

and YBCO cuprates: the detected charge order is different than the LSCO stripe phase.
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1.2 Review of Theoretical Studies of Electronic Nematicity, Charge

Density Waves, and the Emery Model

The origin of charge order and its relevance to the pseudogap phase, superconductivity, and

the Fermi surface reconstruction has been studied by many approaches. Theoretical studies of

charge order first started in the late 1990s [44] within the context of stripe phenomena. Later

on, it was determined that the stripe phenomena were part of the big picture of various kinds

of symmetry-breaking tendencies in cuprates [74].

Modulated nematic order (MNO) in the cuprates was mostly studied with single-band models

which aimed to capture the low energy physics of the cuprates. They do so either by reducing

the three-band model to an effective single-band model or more radically by taking into account

only a small number of important points at the Fermi surface, as in the spin-fermion models.

Incommensurate charge orders with broken rotational symmetry were first found by Metlitski

& Sachdev [59]. They studied the so-called spin-fermion model: a single-band model where

electrons interact through collective spin-fluctuation modes. Thus, the interaction between

electrons is an effective one and proportional to the dynamic spin susceptibility. This model

gave a modulated nematic instability in the form of a bond-density wave, which is the only way

that an electronic nematicity can emerge in a single band model. For CuO2 planes, a nematic

bond-order would imply inequivalent oxygen px and py orbitals. It was found that this order

is subleading to the d-wave superconductivity in contrast with the X-ray and the Hall effect

experiments which reported charge orders well above Tc. An antiferromagnetic quantum critical

point exists around 2% doping as shown in Figure 1.3. Located to the right of this point, hence

at higher dopings, the slow spin fluctuations are believed to cause superconductivity by acting

as effective interactions. Metlitski & Sachdev showed that this effective interaction can also

lead to a modulated bond-order. Near an anti-ferromagnetic critical point (i.e. instability), the

low energy physics is approximated by considering only the so-called “hot-spots”, which are

the points at the Fermi surface connected by the antiferromagnetic ordering vectors (±π,±π)
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Figure 1.10: Hot-spots (black dots)
are located at the Fermi surface
points connected by the AF ordering
vectors (±π,±π) (green vectors).
Hot spot fermions exhibit a bond-
order instability with wavevectors
indicated by red arrows. Adapted
from [66].

as shown in Figure 1.10. It is at these momenta that the spin fluctuations become critical

first. Also indicated in this figure in red are the wavevectors of the bond order phase, which

point along zone diagonals with small and incommensurate magnitude. Using the same model,

the same conclusions were reproduced by Efetov et al. [24], who also found that competing

superconducting and modulated nematic orders yield a gap in the vicinity of hot spots. At the

AF critical point, remarkably, the critical temperature of the both orders coincided in agreement

with NMR experiments. This study was later expanded by Meier et al. [57] by taking into

account the anti-nodal parts of the Fermi surface in addition to the usual eight hot-spots. They

showed that when thermal fluctuations or strong magnetic fields suppress the superconductivity

originating from the hot spots, the fluctuations of the superconducting order parameter can

mediate an interaction between electrons, causing the formation of another checkerboard order

modulation along the Cu-O bond directions. In the presence of a magnetic field, the near critical

spin-fermion model also yielded an H-T phase diagram very consistent with experiments [56].

Hence all spin Fermion models find that the leading bond density wave order has a small (� 2π)

and diagonal wavevectors connecting the hot spots. Furthermore, the leading bond order was

subleading to the superconducting phase. This, along with the magnitude and direction of the

ordering wavevector, is in contradiction with the experiments.

The single-band model was also studied within the standard random-phase approximation

(RPA) by Holder & Metzner [39]. In their model, they assumed an effective attractive interaction

and analyzed the interacting susceptibility within RPA. Provided that the interaction does not
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have a strong q dependence, they found that the leading instability is incommensurate with

wavevector magnitude and direction determined by the filling (as well as the Fermi surface

shape). In particular, for fillings corresponding to a hole-like Fermi surface as in Ref. [59], they

obtained the same small and diagonal ordering wavevectors, two of which are indicated in red

in Figure 1.10. Charge instabilities were also studied in the extended Hubbard model, a single

band model with local Coulomb interaction U and nearest-neighbour interaction V . Husemann

& Metzner [41] studied this model using the functional renormalisation group as the solution

method. At the weak coupling level and at T = 0, they found that the leading instabilities are

either antiferromagnet or superconductor depending on the model parameter values. The fact

that the modulated nematic order is subleading to the superconducting phase is in contradiction

with experiments. In general, the tendency towards the nematic density modulations were found

to be small. This study gave the same wavector direction and magnitude as the earlier RPA

study. In the case of the standard Hubbard model, an instability towards a local nematic order

was found by Fang et al. [27] by using the variational cluster approximation. Hence, these single

band calculations yield the same ordering wavevectors as in the spin-fermion models.

Recently, many researchers have performed broken-symmetry mean-field calculations to de-

termine the cuprate phase diagram. Sachdev & La Placa [65] studied the zero temperature

t-J-V model, where t, J , and V stand for electron hopping, exchange interaction, and density-

density interactions respectively. Their particular focus was on the wavevector of the leading

charge orders and their symmetries. Consistent with previous studies, they determined that the

leading and subleading charge instabilities’ wavevectors pointed along the zone diagonal and

zone axes respectively. This study was further expanded by Sau & Sachdev [66] where they

considered co-existing phases, non-zero temperatures, and the effects of magnetic fields. They

found that as T is lowered, the system enters a checker-board like MNO phase first, and at very

low temperatures the superconducting phase shows up. In between, they also find a competition

between both phases where they co-exist. Upon imposing a magnetic field in the superconduct-

ing phase, they further find that regions with MNO surrounded by the superconducting phase

emerge, which is in line with the experimental results [38, 79] except for the alignment of the
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ordering wavevector. A similar mean-field model was studied by Davis & Lee [22] who calcu-

lated the cuprate phase diagram and analyzed the coexistence of the spin density wave, charge

density wave, and superconductor phases to show how and where gaps on the Fermi surface

occur. Based on the Fermi surface picture for different scenarios, they argued that coexisting

and fluctuating order parameters can account for the pseudogap phase, and their coupling to the

quasiparticles located at the ungapped parts of the Fermi surface can lead to unusual features

like non-Fermi liquid behaviour. This proposed origin of the pseudogap phase was supported

shortly there after by a similar theoretical calculation by Hayward et al. [36].

Beyond the single-band case, charge instabilities were also searched for in a considerably

more general case of three-band Emery model. This model includes three-orbitals per unit cell:

Cud , Opx, and Opy, where electrons can hop between either p and d or p and p orbitals.

Furthermore, it takes into account nearest-neighbour intra- and inter-orbital interactions.

In the Emery model, charge ordering tendencies were previously explored by Littlewood [52]

using a generalized RPA. In this work, a charge instability involving the transfer of charges from

copper to oxygen atoms was found. This instability occurred when the renormalized oxygen

and copper orbital energy differences were small, thus it is not relevant to the calculations in

this thesis. The first signature of nematic ordering tendency in the Emery model was found by

Kivelson et al. [45] in the strong-coupling limit. Recently, this model was studied at the mean-

field level by Fischer & Kim [28]. Only homogeneous solutions were accessible in their method,

and accordingly they found an intra-unit-cell nematicity, driven by Coulomb repulsion between

charge densities at oxygen orbitals. Very recently, Maier et al. [55] studied the three-band model

with the functional renormalization group method at zero temperature. At the weak coupling

level, they found the antiferromagnet and superconductor phases however, a nematic instability

was not found, probably because the Coulomb repulsion between oxygen orbitals was not taken

into account in this study.

In summary, theoretical studies of cuprates consistently find that in the underdoped region

of the phase diagram relevant to experiments, the leading nematic order is an incommensurate

20



one with a small wavevector pointing along the zone diagonals. This is in contrast with the

experimental findings where the ordering wavevector points along the crystal axes. Furthermore,

many studies find that the modulated nematic order is subleading to the superconducting phase,

again in contrast with the experiments.

1.3 The Research Question

STM experiments in BSSCO pointed to an intra-unit cell nematic order where Opx and Opy

oxygens became inequivalent. Then, a natural starting point for the search for nematic insta-

bilities is the three band Emery model where these orbitals are taken into account explicitly.

Fischer & Kim [28] has already established one possible physical origin of intra-unit cell elec-

tronic nematicity. Considering the recent experimental results on cuprates, it is of great interest

whether the Emery three band model has an instability towards an incommensurate (or mod-

ulated) nematic order. If so, the relevance of this modulated nematic order to the experiments

needs to established by (i) studying magnitude, direction, and the doping dependence of the

ordering wavevector, and (ii) determining if it leads to a Fermi surface reconstruction and small

electron pockets. Hence, the focus of this thesis is the emergence of charge order in the Emery

model, and its relevance to experiments.
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Chapter 2

Derivation of interacting

susceptibility

Here, the multi-orbital charge susceptibility will be derived for a simple model of the cuprate

superconductors. In this derivation, electron-electron interactions will be taken into account

since they are a necessary ingredient for the rich physics found in this thesis and elsewhere.

To begin with, the Emery Hamiltonian will be described. The non-interacting part of this

Hamiltonian is a three-band tight-binding model, and that will be defined next, along with the

model parameters. Afterwards, the interacting part of the Hamiltonian will be discussed.

In this thesis an approximate solution scheme will be used to calculate certain properties

of interest, because the analytical or exact numerical solutions are not available for the Emery

model. This approximate method is an extended version of the famous random phase approxi-

mation, and it is based on the many-body Green function scheme. Explanation of this method

along with the derivation of the interacting charge susceptibility will be achieved in a few steps.

First, the linear response theory will be explained via the Kubo formula. In this process, the

charge susceptibility will be defined. Second, the charge susceptibility will be derived for the

non-interacting Hamiltonian. Third, the explicit form of the first and second order perturbation
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terms for the charge susceptibility of the interacting system will be analytically calculated. This

will facilitate the understanding of the infinite summation of the perturbation terms which will

yield the interacting charge susceptibility.

In what follows, h̄ is set to 1 for convenience.

2.1 Hamiltonian for Three-Band Model

The Emery model[25] for the cuprate planes will be examined in this section. First, the model

will be described qualitatively. Second, the non-interacting part of the Hamiltonian will be

discussed in detail in Section 2.1.1. This will be followed by the discussion of the interaction

part in Section 2.1.2.

Unit cells of several prominent cuprate materials are shown in Figure 1.1 (a). The two

dimensional copper-oxide (CuO2) plane shown in (b) is the common denominator for all cuprates.

Some cuprates like YBa2Cu3O7 (YBCO) have two CuO2 planes per unit cell, while others like

La2−xSrxCuO4 have only one. Electronic structure calculations[80, 63] on cuprates point to the

fact that the Fermi surface of these materials originates from the cuprate planes, and bands are

almost dispersionless along the kz-axis. These imply that the electron motion is mostly confined

to the CuO2 2D planes. These predictions are strongly supported by many experiments including

ARPES measurements[20]. As a result, the two-dimensional copper-oxide planes are considered

to be at the origin of the rich cuprate physics, including high-temperature superconductiviy, and

spin and charge orders.

Cuprate planes in different unit cells along z-direction hardly couple to each other as revealed

by the electronic anisotropy, thus the physical problem of many parallel CuO2 planes may reduce

to the problem of a single plane. Motivated by this, the Emery model assumes a single copper-

oxide plane, and takes into account three orbitals: two oxygen orbitals, labeled by Opx and Opy,

and a copper dx2−y2 orbital labeled by Cud. The corresponding unit cell is shown in Figure 2.1.

The parameters used in this model are defined as follows: tpd is the tunneling strength between
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Cud and Opx or Opy orbitals, tpp is the tunneling strength between Opx and Opy orbitals,

Ud and Up respectively are the intra-orbital interactions at d and p orbitals, Vpd is the inter-

orbital interactions between Cud and Opx or Opy orbitals, Vpp is the inter-orbital interactions

between Opx and Opy orbitals. In all calculations performed in this thesis, tpd = 1, and other

parameters are defined in units of tpd. Unless otherwise stated, the following parameter values

are used throughout this document: tpp = 0.5, Ud = 9, Up = 3, and Vpd = 1. These values are

consistent with other three-band calculations found in the literature[2]. Throughout this thesis,

the parameters T , Vpp, and filling are varied in search of phase boundaries.

The motivation for focusing on the parameter Vpp (along with the “natural parameters” T and

filling) originates from the intra-unit cell nematicity detected in STM experiments. Furthermore,

Vpp was previously shown to lead to nematicity [28]. In the presence of inter-orbital Coulomb

repulsion Vpp, two nearest neighbour Op orbitals are expected to have different particle densities

in order to reduce the energy associated with Vpp. Qualitatively, the energy cost goes like

Vppnxny where nx and ny are the densities at Opx and Opy orbitals respectively. Since total

density at Op orbitals are constant (that is nx + ny is constant), this energy will be minimized

when nx and ny are uneven.

The parameter values above are obtained from first-principles band structure calculations

[42]. By nature, these calculations include the effects of interactions at the single particle level.

Therefore, when calculating the interacting susceptibility later on, Hartree-Fock diagrams will

be neglected.

2.1.1 Non-Interacting Part

The non-interacting part of the Emery Hamiltonian is given by

Ĥ0 =
∑
iασ

εiαn̂iασ +
∑
iαjβσ

tiα,jβ ĉ
†
iασ ĉjβσ (2.1)
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Figure 2.1: The unit cell for the Emery model of a cuprate plane is indicated by the dashed box,
along with some nearest neighbouring orbitals. The nominal signs of the tunneling terms are
given by the sign of adjacent lobes in a bond, and shown explicitly in the diagram. All nearest
neighbour interaction terms are positive.

where i and j are unit cell labels, α and β are the orbital labels, σ is the spin label, εiα is

the orbital energy, n̂iασ is the number operator, tiαjβ is the tunneling matrix element between

orbitals iα and jβ, and ĉiασ and ĉ†iασ are annihilation and creation operators. Spin labels will

be suppressed for the remainder of this section.

Since the system is translationally invariant, Ĥ0 can be Fourier transformed to reciprocal

space giving

Ĥ0 =
∑
k

(
ĉ†kd ĉ

†
kx ĉ

†
ky

)
H0(k)


ĉkd

ĉkx

ĉky

 (2.2)

where c†kα and ckα are creation and annihilation operators for an electron with crystal momentum

k, and orbital α.

The explicit form of H0 can be derived as follows. First, one needs to define the Fourier
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transform pairs for the second quantized operators:

ĉiα =
1√
N

∑
k

eik·Riα ĉkα (2.3)

ĉkα =
1√
N

∑
i

e−ik·Riα ĉiα (2.4)

ĉ†iα =
1√
N

∑
k

e−ik·Riα ĉ†kα (2.5)

ĉ†kα =
1√
N

∑
i

eik·Riα ĉ†iα (2.6)

where N is the number of unit cells in the system, Riα = Ri + rα is the position vector of an

atom of type α in the ith unit cell (see Figure 2.2). Next, the three distinct H0 matrix elements

will be derived. The orbital energy term is Fourier transformed as follows:

∑
i

εdn̂id =
∑
i

εdĉ
†
idĉid (2.7)

= εd
1

N

∑
k,k′

ĉ†kdĉk′d
∑
i

eiRid·(k′−k)

︸ ︷︷ ︸
Nδk,k′

(2.8)

= εd
∑
k

ĉ†kdĉkd (2.9)

Therefore, H0,11 = εd, and the matrix elements H0,22 = H0,33 = εp are derived in the same way.

The matrix element associated with tunneling between Cud and Opx orbitals is

∑
ij

tid,jxĉ
†
idĉjx =

∑
ij

tid,jx
1

N

∑
k,k′

e−ikRideik
′·Rjx ĉ†kdĉk′x. (2.10)

In a translationally invariant system, the tunneling matrix element will not depend explicitly

on indices i and j. Instead it depends on their difference, that is tid,jx = tdx(Rj −Ri) = tdx(R)

where R ≡ Rj −Ri. Below, the substitution Rj = R + Ri will be made, which implies that
∑

j

26



becomes
∑

R. Thus

∑
ij

tid,jxĉ
†
idĉjx =

∑
R

tdx(R)
1

N

∑
k,k′

ĉ†kdĉk′xe
−ikrdeik

′·(R+rx)
∑
i

e−iRi·(k−k′)

︸ ︷︷ ︸
Nδk,k′

=
∑
k

ĉ†kdĉkx
∑
R

tdx(R)eik·(R+rx−rd)

︸ ︷︷ ︸
H0,12(k)

. (2.11)

Since only nearest neighbour p-d tunneling is considered, then one sees from Figure 2.1 that

only two terms contribute:

tdx(R) =


−tpd , R = 0

tpd , R = −ax̂

0 , otherwise

. (2.12)

Note that above tdx(R) is negative or positive depending on the specific bond. Using Equation

(2.12), one obtains

H0,12(k) = −tpdeik·(rx−rd) + tpde
ik·(−ax̂+rx−rd) (2.13)

= −2itpd sin(kxa/2) (2.14)

since rx − rd = (a/2)x̂. Similarly

H0,32(k) =
∑
R

tyx(R)eik
′·(R+rx−ry) (2.15)

= 4tpp sin(kxa/2) sin(kya/2) (2.16)
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Figure 2.2: Definition of the unit cell position Ri, the atomic position within a unit cell rα, and
atomic position Riα. Since Ri points to Cu atoms by definition, then rd = 0, rx = x̂/2, and
ry = ŷ/2.

since rx − ry = (a/2)(x̂− ŷ), and

tyx(R) =



tpp , R = 0

−tpp , R = −ax̂

−tpp , R = aŷ

tpp , R = −ax̂+ aŷ

0 , otherwise

. (2.17)

The rest of the H0 matrix elements are calculated similarly. As a result,

H0(k) =


εd −2itpdsx 2itpdsy

2itpdsx εpx 4tppsxsy

−2itpdsy 4tppsxsy εpy

 (2.18)

where εd, εx ,εy are the orbital energies, sx = sin(kxa/2), and sy = sin(kya/2). Note that from

now on, the bold-face notation will denote both matrices and vectors. Unless otherwise stated,

εd = 0, εx = εy = εd −∆CT where ∆CT = 2.5tpd is the charge transfer gap. For convenience, a

will be set to 1 for the remainder of this thesis.
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H0 can be expressed in purely real form by doing the following gauge transformation:

ĉkx → iĉkx (2.19)

ĉ†kx → −iĉ†kx (2.20)

ĉky → iĉky (2.21)

ĉ†ky → −iĉ†ky. (2.22)

This gives

H0(k) =


εd 2tpdsx −2tpdsy

2tpdsx εpx 4tppsxsy

−2tpdsy 4tppsxsy εpy

 . (2.23)

H0 is diagonalized to obtain the energy eigenvalues and eigenvectors:

S†(k)H0S(k) = Λ(k), (2.24)

where Λij(k) = δijEi(k) is the diagonal eigenvalue matrix yielding the energy bands, S is the

eigenvector matrix, and S† is the Hermitian conjugate of S.

2.1.2 Interacting Part

The interaction part of the Emery Hamiltonian is

V̂ =
1

2

∑
ijασβσ′

Viασjβσ′ n̂iασn̂jβσ′ . (2.25)
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where

Viασjβσ′ =



Vpd , if iα is nearest neighbour of jβ, αβ = xd, dx, yd, dy

Vpp , if iα is nearest Op neighbour of jβ, αβ = xy, yx

Udd , if iα = jβ, αβ = dd, σ 6= σ′

Upp , if iα = jβ, αβ = xx or yy, σ 6= σ′

.

(2.26)

Note that the spin constraints for Ud and Up are introduced to avoid self-interactions. In the

remainder of this section, orbital labels will denote both orbital and spin degrees of freedom.

In order to take advantage of translational invariance, V̂ will be Fourier transformed. Using

equations (2.3)-(2.6), one obtains

n̂iα = ĉ†iαĉiα =
1

N

∑
k,k′

ei(k
′−k)·Riα ĉ†kαĉk′α =

1

N

∑
k,q

eiq·Riα ĉ†kαĉk+q,α (2.27)

where q = k′ − k. Then, (2.27) is substituted in (2.25) giving

V̂ =
1

2

∑
ijαβ

Viαjβ
1

N

∑
k,q

eiq·Riα ĉ†kαĉk+q,α
1

N

∑
k′,q′

eiq
′·Rjβ ĉ†k′β ĉk′+q′,β (2.28)

=
1

2N2

∑
αβ

∑
R

Vαβ(R)
∑

kqk′q′

eiq·rα ĉ†kαĉk+q,αe
iq′·(R+rβ)ĉ†k′β ĉk′+q′,β

∑
i

ei(q+q′)·Ri

︸ ︷︷ ︸
Nδq′,−q

=
1

2N

∑
αβ

∑
k,k′,q

∑
R

e−iq·(R+rβ−rα)Vαβ(R)ĉ†kαĉk+q,αĉ
†
k′β ĉk′−q,β (2.29)

=
1

2N

∑
αβ

∑
k,k′,q

Vαβ(q)ĉ†kαĉk+q,αĉ
†
k′β ĉk′−q,β. (2.30)

where

Vαβ(q) =
∑
R

e−iq·(R+rβ−rα)Vαβ(R) . (2.31)

A more intuitive version of Equation (2.30) is

V̂ =
1

2

∑
αβ

∑
q

Vαβ(q)n̂α(q)n̂β(−q), (2.32)
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where n̂α(q) =
√
N
−1∑

k ĉ
†
kαĉk+q,α. It is evident from the above equation that Vαβ(q) is a

direct interaction between two electron densities. In Equation (2.30), one can shift the dummy

summation variable k′ → k′ + q and reorder the operators:

V̂ =
1

2N

∑
αβ

∑
k,k′,q

Vαβ(q)ĉk+q,αĉk′β ĉ
†
k′+q,β ĉ

†
kα. (2.33)

Furthermore, orbital labels in Equation (2.33) can be written for the general case, giving

V̂ =
1

2N

∑
αα′ββ′

∑
k,k′,q

Vαα′ββ′(q)ĉk+q,α′ ĉk′β′ ĉ
†
k′+q,β ĉ

†
kα . (2.34)

where Vαα′ββ′(q) = δα′αδβ′βVαβ(q). This generalized form will be used later on in susceptibility

derivations.

For future reference, Vαβ(q) will be explicitly calculated here. While there are nine possible

Vαβ terms, it will be sufficient to derive four distinct cases of these density-density interactions.

First, the px-d interaction matrix element will be calculated. Using Figure 2.1, one obtains

Vxd(R) =


Vpd if R = 0

Vpd if R = −x̂

0 else

. (2.35)

This combined with rx − rd = x̂/2 gives

Vxd(q) = e−iq·(0+x̂/2) + e−iq·(−x̂+x̂/2)

= Vpde
−iqx/2 + Vpde

iqx/2

= 2Vpd cos(qx/2) (2.36)

One can similarly obtain

Vyd(q) = 2Vpd cos(qy/2). (2.37)
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Second, the px-py pair case is calculated. For this case, rx − ry = (x̂ − ŷ)/2. The non-zero

contributions come from

Vxy(R) =



Vpp , R = 0

Vpp , R = −x̂

Vpp , R = −ŷ

Vpp , R = −x̂+ ŷ

. (2.38)

Hence,

Vxy(q) = 4Vpp cos(qx/2) cos(qy/2). (2.39)

At this point, it is worth emphasing that the interaction terms derived in Equations (2.36),(2.37),

and (2.39) are independent of the spin in line with Equation (2.26).

Third, the intra-d-orbital interaction term is calculated. For this term, rα − rβ = 0 and

R = 0. Then

Vdd(q) = Vdd(R = 0) = Ud. (2.40)

Similarly, one can calculate Vxx = Vyy = Up. Note that in Equation (2.40) and for similar terms,

the spin dependency indicated in Equation (2.26) is not taken into account. This will introduce

self-interactions of particles with themselves, which is unphysical. However, this spurious self-

interaction contribution will be canceled out later on in the calculation of the susceptibility.

This point will be further discussed in Section 2.4.

2.2 Green Function

The approximation method to be developed in the next section is based on the Green function

(GF) formalism. Therefore, some important GFs will be defined here. In this section, the related

discussion in the book by Rickayzen[64] will be closely followed.
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The single particle fermionic retarded GF is defined as

Gθγ(Ri −Rj , t− t′) = −i
〈
{ĉiθ(t), ĉ†jγ(t′)}

〉
θ(t− t′) (2.41)

where θ and γ are the combined orbital and spin labels, the subscripts i and j are the unit cell

labels, “{. . . , . . . }” denotes the anticommutator, the factor i is the complex constant, 〈. . .〉 ≡

Z−1Tr exp(−βĤ) with Z denoting the partition function, β denoting the inverse temperature,

and Ĥ denoting the the full Hamiltonian Ĥ0 + V̂ . Throughout this thesis, “non-interacting”

will mean that the V̂ term is dropped.

Calculations in this thesis are based on a perturbation theory built around the non-interacting

case. Therefore, the non-interacting single particle GF is written down (and expressed in mo-

mentum and energy space) as1

G0
θγ(k, ω) =

(
1

ω −H0(k)− i0+

)
θγ

=
∑
ν

S∗θνSγν
ω + µ− Eν(k) + i0+

, (2.42)

where superscript “0” stands for the non-interacting GF, matrix denominator implies a matrix

inverse, µ is the chemical potential, and 0+ is an infinitesimally small positive number ensuring

one has a retarded GF as opposed to an advanced one.

At finite temperatures, it is convenient to use the so-called thermal GF which also happens

to be useful in formulating approximations[64]. The thermal GF is defined in terms of the

imaginary time τ ≡ −it. In this case, the time dependent creation and annihilation operators

need to be explicitly defined as

c̃(τ) = ĉ(−iτ) = exp(Ĥτ)ĉ(0) exp(−Ĥτ) (2.43)

˜̄c(τ) = ĉ†(−iτ) = exp(Ĥτ)ĉ†(0) exp(−Ĥτ). (2.44)

1One should note that the non-interacting single-particle GF is not a function of temperature [64, p. 39].
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k1 + qk1

Figure 2.3: Labeling of the two-particle GF G2(1, 2; 3, 4). Note that k ≡ k, ζn and q ≡ q, ν` are
the combined momentum and energy labels.

Then, the single particle thermal GF is defined as

Gθγ(Ri −Rj , τ − τ ′) = −
〈
Tτ c̃iθ(τ)˜̄cjγ(τ ′)

〉
(2.45)

≡
〈
c̃iθ(τ)˜̄cjγ(τ ′)

〉
Θ(τ − τ ′)−

〈
˜̄cjγ(τ ′)c̃iθ(τ)

〉
Θ(τ ′ − τ) (2.46)

where Tτ is the time ordering operator. In order to manage the ever increasing number of

labels, the following short hand notation is introduced: 1 ≡ Riθτ and 2 ≡ Rjγτ
′. Thus, the

single-particle GF can be written as

G(1, 2) = −〈Tτ c̃(1)˜̄c(2)〉 . (2.47)

For the two-particle GF, this notation takes the form

G2(1, 2; 3, 4) = 〈Tτ c̃(1)c̃(2)̃̄c(4)˜̄c(3)〉 , (2.48)

where 1, 2, 3, 4 are arbitrary coordinates, and “;” is a separator for the labels associated with

annihilation and creation operators. Note that in this equation the order of the coordinates 3

and 4 on the left hand side (LHS) is reversed on the right hand side (RHS). It will often be

helpful to have a fully labeled two-particle GF diagram like the one shown in Figure 2.3. More

generally, the n-particle GF is

Gn(1, 2, . . . , n;n+ 1, n+ 2, . . . , 2n) = (−1)n 〈Tτ c̃(1)c̃(2) . . . c̃(n)˜̄c(2n) . . . ˜̄c(n+ 2)˜̄c(n+ 1)〉 .

(2.49)
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In the absence of two-body interactions, the many-particle GF can be expressed in terms of

single-particle GFs using the so-called Slater determinant:

G0
n(1, 2, . . . , n;n+ 1, n+ 2, . . . , 2n) (2.50)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

G0(1, n+ 1) G0(1, n+ 2) . . . G0(1, 2n)

G0(2, n+ 1) G0(2, n+ 2) . . . G0(2, 2n)

...
...

...
...

G0(n, n+ 1) G0(n, n+ 2) . . . G0(n, 2n)

∣∣∣∣∣∣∣∣∣∣∣∣∣
(2.51)

where G0
n denotes an n-particle non-interacting GF. As a simple example, G0

2 can be expressed

in terms of G0’s as

G0
2(1, 2; 3, 4) =

∣∣∣∣∣∣∣
G0(1, 3) G0(1, 4)

G0(2, 3) G0(2, 4)

∣∣∣∣∣∣∣ (2.52)

= G0(1, 3)G0(2, 4)−G0(2, 3)G0(3, 4). (2.53)

2.3 Kubo Formula

The Kubo formula gives the change in a property of a system due to a weak external perturbation.

Here it will be briefly discussed as it will allow one to derive the charge susceptibility.

Consider a perturbation of the form Ĥ ′(t) = −e∑jγ n̂jγφjγ(t) where −e is the electron

charge, and φjγ(t) is the perturbing potential coupling to the density at unit cell j and orbital

γ. For convenience, e is set to 1. The linear response of the charge density to this perturbation

is

δ〈n̂iθ〉 (t) = 〈n̂iθ〉 (t)− 〈n̂iθ〉0 (2.54)

=
∑
jγ

∫ ∞
−∞

χiθjγ(t, t′)φjγ(t′)dt′ (2.55)
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where 〈...〉0 stands for the average before the external perturbation is applied, and

χiθjγ(t, t′) = −i
〈
[n̂iθ(t), n̂jγ(t′)]

〉
θ(t− t′). (2.56)

In a translationally invariant system, χiθjγ(t, t′) = χθγ(Rθγ , t− t′) where

Rθγ = Riθ −Rjγ . (2.57)

Note that χθγ(R, t) is nothing but the charge susceptibility, which is the main focus of this

thesis. In order to take advantage of the translational and temporal invariance, the Kubo formula

will be Fourier transformed. First, the Fourier transform pairs need to be defined:

f(Riθ) =
1√
N

∑
q

eiq·Riθf(q) (2.58)

f(q) =
1√
N

∑
Riθ

e−iq·Riθf(Riθ). (2.59)

Afterwards, Equation (2.55) is Fourier transformed to reciprocal space by multiplying the LHS

and RHS by
√
N
−1∑

i e
iq·Riθ , and by plugging in the k-space definition of φjγ . The LHS trivially

yields

1√
N

∑
i

e−iq·Riθδ〈n̂iθ〉 (t) = δ〈n̂qθ〉 (t). (2.60)

The RHS gives

1√
N

∑
i

e−iq·RiθRHS =
1√
N

∑
i

e−iq·Riθ
∑
jγ

χθγ(Rθγ , t− t′)
1√
N

∑
q′

eiq
′·Rjγφγ(q′, t′)

=
1

N

∑
ijγq′

e−iq·Riθeiq
′·Rjγχθγ(Rθγ , t− t′)φγ(q′, t′)

=
∑
γ

∑
Rθγ

e−iq·Rθγχθγ(Rθγ , t− t′)φγ(q, t′) (2.61)

where the identity
∑

i e
i(q′−q)·Riθ = Nδq,q′ is used. Define the Fourier transform of the suscep-
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tibility as

χθγ(q, t− t′) ≡
∑
Rθγ

e−iq·Rθγχθγ(Rθγ , t− t′). (2.62)

Then, the RHS of Equation (2.61) yields
∑

γ χθγ(q, t − t′)φγ(q, t − t′). As a result the Fourier

transformed Equation (2.55) becomes

δ〈n̂qθ(t)〉 =
∑
γ

∫ ∞
−∞

χθγ(q, t− t′)φγ(q, t′)dt′. (2.63)

Next, χθγ(q, t− t′) will be calculated as it is central to the following discussions. First, the

k-space definitions of the number operators are plugged into Equation (2.56). This gives

χθγ(Rθγ , t− t′) = −i 1

N

∑
q′q′′

ei(q
′+q′′)·Rjγeiq

′·Rθγ
〈
[n̂q′θ(t), n̂q′′γ(t′)]

〉
Θ(t− t′) (2.64)

which is in turn plugged into Equation (2.62) yielding

χθγ(q, t− t′) =
−i
N

∑
q′q′′

ei(q
′+q′′)·Rjγ

∑
Rθγ

ei(q
′−q)·Rθγ

︸ ︷︷ ︸
Nδq′,q

〈
[n̂q′θ(t), n̂q′′γ(t′)]

〉
Θ(t− t′) (2.65)

= −i
∑
q′′

ei(q+q′′)·Rjγ
〈
[n̂qθ(t), n̂q′′γ(t′)]

〉
Θ(t− t′). (2.66)

Then, the LHS and RHS of this equation are summed over Rjγ for a constant γ. Hence

∑
Rjγ

χθγ(q, t− t′) = −i
∑
q′′

∑
Rjγ

ei(q+q′′)·Rjγ

︸ ︷︷ ︸
=Nδq′′,−q

〈
[n̂qθ(t), n̂q′′γ(t′)]

〉
Θ(t− t′). (2.67)

The left hand side trivially gives Nχθγ(q, t − t′) as χθγ(q, t − t′) is not a function of Rjγ .

Therefore, one obtains

χθγ(q, t− t′) = −i
〈
[n̂qθ(t), n̂−qγ(t′)]

〉
Θ(t− t′). (2.68)
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Note this is a single particle bosonic Green function, and it can be related to fermionic operators

by inserting the definition n̂qθ =
√
N
−1∑

k

ĉ†kθck+q,θ giving

χθγ(q, t− t′) =
−i
N

∑
k1k2

〈
[ĉ†k1θ

(t)ĉk1+q,θ(t), ĉ
†
k2γ

(t′)ĉk2−q,γ(t′)]
〉

Θ(t− t′) (2.69)

=
−i
N

∑
k1k2

〈
[ĉ†k1θ

(t)ĉk1+q,θ(t), ĉ
†
k2+q,γ(t′)ĉk2γ(t′)]

〉
Θ(t− t′) (2.70)

We can generalize this result for a perturbing field φγγ′(t) coupled to a generalized density

n̂qγγ′ =
√
N
−1∑

k ĉ
†
kγ ĉk+q,γ′ , so that the generalized perturbation is H ′ = −∑γγ′ φγγ′ n̂γγ′ .

This leads to

χθθ′γγ′(q, t− t′) =
−i
N

∑
k1k2

〈
[ĉ†k1θ

(t)ĉk1+q,θ′(t), ĉ
†
k2+q,γ(t′)ĉk2γ′(t

′)]
〉

Θ(t− t′). (2.71)

The temperature GF version of this equation is given as

χθθ′γγ′(q, τ) (2.72)

= −〈Tτ n̂qθ(τ)n̂−qγ(0)〉 (2.73)

=
−1

N

∑
k1k2

〈
Tτ ˜̄ck1θ(τ

+)c̃k1+q,θ′(τ)˜̄ck2+q,γ(0+)c̃k2γ′(0)
〉

(2.74)

=
−1

N

∑
kk′

〈
Tτ c̃k1+q,θ′(τ)c̃k2γ′(0)˜̄ck2+qγ(0+)˜̄ck1θ(τ

+)
〉

(2.75)

where Tτ is the time ordering operator, and 0+ and τ+ are numbers infinitesimally bigger than

zero and τ respectively. The expectation value on the right hand side is nothing but a two-

particle fermionic temperature GF to be denoted by G2. Taking this into account as well as

Fourier transforming time gives

χθθ′γγ′(q, ν`) =
1

N

∫ β

0
dτ eiν`τ

∑
k1k2

G2(k1+q θ
′τ,k2 γ

′0 ; k1θτ
+,k2 + qγ0+) , (2.76)

where ν` = 2`π/β is a bosonic Matsubara frequency. So far, the only approximation made is to
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assume that the perturbing field is weak, and therefore only the term linear in φγγ′ needs to be

kept.

In conclusion, it has been established that the susceptibility is nothing but a two-particle

GF, that is G2(1, 2; 3, 4). In the presence of interactions, there are no analytical and numerical

solutions to G2(1, 2; 3, 4) apart from trivial or small system cases. Therefore, the generalized

random phase approximation will be used to calculate the interacting G2(1, 2; 3, 4). Since, this

approximation is based on the many-body perturbation theory, this topic will be briefly discussed

next.

2.3.1 Perturbation Series for Two-Particle Green Function

For a two-particle GF, the perturbation series for the interaction is[64]

G2(1, 2; 3, 4)

=
∞∑
n=0

(−1)n
1

2nn!

∫ β

0
dτn
′τ ′′n . . . dτ1

′dτ ′′1 (2.77)

×
〈
Tτ ṼI(τ

′
n − τ ′′n) . . . ṼI(τ

′
1 − τ ′′1 )c̃I(1)c̃I(2)˜̄cI(4)˜̄cI(3)

〉
c

where 〈. . .〉c stands for the expectation value with respect to Ĥ0 for connected diagrams, and

subindex I stands for the interaction picture:

ṼI(τ) = S−1
0 Ṽ (τ)S0, (2.78)

S0 = e−H0τ , (2.79)

and

Ṽ (τ ′n − τ ′′n) = 1
2N

∑
αα′ββ′

∑
k′nk

′′
npn

δ(τ ′n − τ ′′n)Vαα′ββ′(pn)

×c̃k′n+pnα′(τ
′
n)c̃k′′nβ′(τ

′′
n)˜̄ck′′n+pnβ(τ ′′n+)˜̄ck′nα(τ ′n+)

(2.80)

is the nth interaction line in a given Feynman diagram. Note that Ṽ (τ ′n − τ ′′n) is equivalent to

Equation (2.34) with the exception that it is explicitly time dependent. The time dependence
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originates from the c̃ and ˜̄c operators which are evolving under Ĥ. The term δ(τ ′n− τ ′′n) is intro-

duced for convenience, and it ensures that the interaction is instantaneous as before (Equation

(2.34)).

The factor of 1/2nn! in Equation (2.77) serves to cancel the effects of the non-unique diagrams

originating from the permutation of internal labels. Note that there are n! ways to order n

interaction lines, for each of which there are two ways to assign vertex labels. The factor 1/2nn!

can be discarded if only unique diagrams are counted to begin with.

After plugging in equations (2.80), (2.79), and (2.78), one can express Equation (2.77) in

terms of the non-interacting many-particle GF[64]:

G2(1, 2; 3, 4)

=

∞∑
n=0

(−1)n
∫
D[1′, 1′′ . . . n′, n′′]

×δ(τ ′1 − τ ′′1 )Vα1α′1β1β
′
1
(p1) . . . δ(τ ′n − τ ′′n)Vαnα′nβnβ′n(pn)

×G0,uc
2n+2(1, 2, 1′, 1′′, . . . , n′, n′′; 3, 4, 1′+, 1

′′
+, . . . , n

′
+, n

′′
+) (2.81)

where (i) the superscript “uc” stands for unique and connected diagrams, (ii) G0,2n+2 stand for

the non-interacting 2n+2 particle GF, (iii) unprimed numbers stand for the external coordinates

1 ≡ k1+qθ′τ

2 ≡ k2γ
′0

3 ≡ k1θτ
+

4 ≡ k2+qγ0+,

(2.82)
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(iv) primed numbers stand for the internal coordinates

n′ ≡ k′n+pnα
′τ ′n

n′+ ≡ k′nατ
′
n+

n′′ ≡ k′′nβ
′τ ′′n

n′′+ ≡ k′′n+pnβτ
′′
n+,

(2.83)

and (v) ∫
D[1′, 1′′ . . . n′, n′′] =

n∏
j=1

∫ β

0
dτ ′jdτ

′′
j

1

N

∑
k′jk
′′
j pj

∑
αjα′jβjβ

′
j

 . (2.84)

The perturbation terms which are zeroth, first, and second order in Vαα′ββ′(p) will be ex-

plicitly derived in the following subsections. The purpose is to determine the Feynman rules

for the diagrams involving orbital, spin, and momentum labels. For a multi-orbital system, GF

calculations are complicated, and it is important that one fully familiarize oneself with a few of

the lowest order calculations.

2.3.2 Zeroth Order Approximation

The zeroth order approximation to G2 is obtained via Wick’s decoupling, yielding two terms.

After discarding the term corresponding to a disconnected diagram, one is left with

χ
(0)
θθ′γγ′(q, ν`) = − 1

N

∫ β

0
dτeiν`τ

∑
k1k2

G0(k1+qθ′τ ; k2γ0+)G0(k2+qγ′0; k1θτ
+). (2.85)

From now on, the superscript “(n)” to χθθ′γγ′ will mean nth order perturbation term for this

quantity. Equation (2.85) is nothing but the bare susceptibility, and for convenience it will be

relabeled as χ0
θθ′γγ′(q, ν`). In Equation (2.85), G0’s are zero unless they conserve momentum.

For example, the first G0 on the RHS imposes k1 + q = k2 for a non-zero contribution. Taking
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this into account, and transforming to energy space yields

χ0
θθ′γγ′(q, ν`) = − 1

Nβ

∑
n

∑
k

G0
θ′γ(k+q, ζn + ν`)G

0
γ′θ(k, ζn) (2.86)

where ζn = (2n + 1)π/β and ν` = 2`π/β are fermionic and bosonic Matsubara frequencies

respectively. It is convenient to denote combined momentum and energy labels by non-bold

labels:

q ≡ q, ν`

k ≡ k, ζn

k + q ≡ k + q, ζn + ν`.

(2.87)

In this notation ∑
k

≡ 1

N

∑
k

1

β

∑
n

. (2.88)

Then, the notationally simplified bare susceptibility becomes

χ0
θθ′γγ′(q) = −

∑
k

G0
θ′γ(k + q)G0

γ′θ(k) . (2.89)

A practical form of this equation is obtained after (i) the Matsubara summation over fermionic

frequencies followed by (ii) the analytical continuation of iν` to the real axis[64]

χ0
θθ′γγ′(q, ω) = − 1

N

∑
k,µν

Aγ
′θθ′γ
νµkq

f(Eν(k))− f(Eµ(k + q))

ω + Eν(k)− Eµ(k + q) + i0+
(2.90)

where

Aγ
′θθ′γ
νµkq = Sγ′ν(k)S∗θν(k)Sθ′µ(k + q)S∗γµ(k + q), (2.91)

and f(E) is the Fermi function. In Chapter 3, the properties of the bare susceptibility will be

analyzed in detail.
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2.3.3 First Order Approximation

The first order approximation to the interacting two-particle GF is given by the n = 1 term in

Equation (2.81):

G
(1)
2 (1, 2; 3, 4)

= (−1)1

∫
D[1′, 1′′]δ(τ ′1 − τ ′′1 )Vα1α′1β1β

′
1
(p1)

×G0,uc
4 (1, 2, 1′, 1′′; 3, 4, 1′+, 1

′′
+) (2.92)

= − 1

N

∑
α1α′1β1β

′
1

∑
k′1k
′′
1 p1

∫ β

0
dτ ′1dτ

′′
1 δ(τ

′
1 − τ ′′1 )Vα1α′1β1β

′
1
(p1)

×G0,uc
4 (1, 2,k′1+p1α

′
1τ
′
1,k
′′
1β
′τ ′′1 ; 3, 4,k′1ατ

′
1+,k

′′
1+p1βτ

′′
1+). (2.93)

The non-interacting four-particle GF is given by the determinant

G0
4(1, 2, 1′, 1′′; 3, 4, 1′+, 1

′′
+) (2.94)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

G0(1, 3) G0(1, 4) G0(1, 1′+) G0(1, 1′′+)

G0(2, 3) G0(2, 4) G0(2, 1′+) G0(2, 1′′+)

G0(1′, 3) G0(1′, 4) G0(1′, 1′+) G0(1′, 1′′+)

G0(1′′, 3) G0(1′′, 4) G0(1′′, 1′+) G0(1′′, 1′′+)

∣∣∣∣∣∣∣∣∣∣∣∣∣
. (2.95)

This yields twenty-four single-particle GF products. Once the products associated with the

disconnected diagrams are discarded, one is left with the following four unique terms:

G0(1, 1′+)G0(2, 1′′+)G0(1′, 3)G0(1′′, 4) (2.96)

−G0(1, 1′+)G0(2, 1′′+)G0(1′, 4)G0(1′′, 3) (2.97)

G0(1, 1′+)G0(2, 3)G0(1′, 4)G0(1′′, 1′′+) (2.98)

−G0(1, 1′+)G0(2, 3)G0(1′, 1′′+)G0(1′′, 4). (2.99)

The products in Equations (2.98) and (2.99) are associated with the diagrams Figure 2.4(a) and

(b) respectively. In these diagrams, the effect of interactions is to renormalize the non-interacting
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single-particle GFs. In this thesis, the parameters in H0 are already set to their renormalized

values, implying that the Hartree-Fock type of diagrams are already taken into account in an

indirect way. Therefore, these types of diagrams will be discarded from now on.

Equations (2.96) and (2.97) are associated with the direct and the exchange diagrams shown

in the left and right panels of Figure 2.5 respectively. A simple version of these is shown in

Figure 2.6 where many internal momentum summations have collapsed due to conservation of

the momentum.

Equation (2.96) gives the first order bubble diagram as

χ
(1,a)
θθ′γγ′(q, ν`) = − 1

N2

∫ β

0
eiτν`

∑
k1k2

∑
αα′ββ′

∫ β

0
dτ ′dτ ′′δ(τ ′ − τ ′′)Vαα′ββ′(q)

×G0
θ′α(k1 + q, τ − τ ′)G0

γ′β(k2,−τ ′′)G0
α′θ(k1, τ

′ − τ)G0
β′γ(k2 + q, τ ′′)

= −
∑
k1k2

∑
αα′ββ′

Vαα′ββ′(q)

×G0
θ′α(k1 + q)G0

γ′β(k2)G0
α′θ(k1)G0

β′γ(k2 + q) (2.100)

where the simplified notation given in Equation (2.87) is used. This equation can be written in

terms of the bare susceptibility, defined in Equation (2.89),

χ
(1,a)
θθ′γγ′(q) = −

∑
αα′ββ′

χ0
θθ′αα′(q)Vαα′ββ′(q)χ0

ββ′γγ′(q) . (2.101)

Similarly, Equation (2.97) gives the first order ladder diagram as

χ
(1,b)
θθ′γγ′(q, ν`) =

1

N2

∫ β

0
eiτν`

∑
k1k2

∑
αα′ββ′

∫ β

0
dτ ′dτ ′′δ(τ ′ − τ ′′)Vαα′ββ′(k1 − k2)

×G0
θ′α(k1 + q, τ − τ ′)G0

γ′β(k2,−τ ′′)

×G0
α′γ(k2 + q, τ ′)G0

β′θ(k1, τ
′′ − τ), (2.102)
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(a) (b)

Figure 2.4: Diagrams for the first order χθθ′γγ′(q) given in (a) Equation (2.98) and (b) Equation
(2.99).
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k2 + q

γ

1′
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Figure 2.5: First order diagrams with all external and internal indices: (Left) direct case and
(right) exchange case. Conservation of momentum will cause internal momentuma to collapse to
external ones as is shown in Figure 2.6. The direct and exchange terms originate, respectively,
from substitution of the Wick’s decouplings given in Equations (2.96) and (2.97) into the first
order term in Equation (2.93).

or

χ
(1,b)
θθ′γγ′(q, ν`) =

∑
k1k2

∑
αα′ββ′

G0
θ′α(k1 + q)G0

β′θ(k1)Vαα′ββ′(k1 − k2)G0
γ′β(k2)G0

α′γ(k2 + q) .(2.103)

First order contributions to susceptibility diagrams are shown in Figure 2.7.

It is observed that the bubble term χ(1,a) consists of simple matrix multiplications in the

orbital pair basis. This can be easily seen in Equation (2.101) when αα′ and ββ′ are considered,

respectively, as the row and column indices of Vαα′ββ′(q). The ladder term χ(1,b) is an integral

equation in k1 and k2, and does not have the simple matrix multiplication structure. Later on,

this will be seen to complicate the infinite summation of the perturbation terms. A final point
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Figure 2.6: First order diagrams after momentum conservation is imposed. (Left) direct case
and (right) exchange case.
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Figure 2.7: Diagrams for the first order contributions to χθθ′γγ′(q) given in (left) Equation
(2.101) and (right) Equation (2.103). Note that momentum labels stand for both momentum
and energy: k ≡ k, ζn, and q ≡ q, ν`.

regarding the first order contributions is their sign: while χ(1,a) has a negative factor, χ(1,b) does

not.

2.3.4 Second Order Approximation

In order to understand the infinite partial summation of diagrams containing ladders and bub-

bles, it will prove to be useful to write down the second order perturbation equations. Thus the

n = 2 contributions to Equation (2.77) will be considered here. As before, one starts by deter-

mining the Slater determinant for G0
6, and focuses on the connected diagrams containing ladders

and bubbles. Once the Hartree-Fock diagrams are discarded, there are four unique diagrams of
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this type left:

−G0(1, 1′+)G0(2, 2′′+)G0(1′, 3)G0(1′′, 2′+)G0(2′, 1′′+)G0(2′′, 4), (2.104)

−G0(1, 1′+)G0(2, 2′′+)G0(2′, 4)G0(2′′, 1′′+)G0(1′, 2′+)G0(1′′, 3), (2.105)

G0(1, 1′+)G0(1′, 3)G0(1′′, 2′+)G0(2′′, 1′′+)G0(2′, 4)G0(2, 2′′+) (2.106)

G0(1, 1′+)G0(2, 2′′+)G0(1′, 2′+)G0(1′′, 3)G0(2′, 1′′+)G0(2′′, 4) (2.107)

From (2.77), the second order contribution from Equation (2.104) is:

χ
(2,a)
θθ′γγ′(q) =

∑
α1α′1β1β

′
1

∑
α2α′2β2β

′
2

χ0
θθ′α1α′1

(q)Vα1α′1β1β
′
1
(q)χ0

β1β′1α2α′2
(q)Vα2α′2β2β

′
2
(q)χ0

β2β′2γγ
′(q)

(2.108)

This equation corresponds to the bubble diagram shown in Figure 2.8. The second order con-

tribution associated with Equation (2.105) is calculated similarly:

χ
(2,b)
θθ′γγ′(q) = −

∑
k1k2k′

∑
αα′ββ′

∑
α1β′1α

′
2β2

G0
γ′β(k2)G0

α′γ(k2 + q)Vα2α′ββ′2
(k′ − k2)

×G0
β′2β1

(k′)G0
α′1α2

(k′ + q)Vαα′1β1β′(k1 − k′)G0
θ′α(k1 + q)G0

β′θ(k1)

. (2.109)

This gives the second order ladder diagram shown in Figure 2.9. Equations (2.106) and (2.107)

are associated with the diagrams containing mixture of bubbles and ladders. The contribution

due to Equation (2.106) is

χ
(2,c)
θθ′γγ′(q) = −

∑
k2k′

∑
αα′ββ′

∑
α1β′1α

′
2β2

χ0
θθ′α1α′1

(q)Vα1α′1β1β
′
1
(q)

×G0
β′2β1

(k′)G0
β′1α2

(k′ + q)Vα2α′ββ′2
(k′ − k2)G0

γ′β(k2)G0
α′γ(k2 + q),

(2.110)
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the corresponding diagram of which is Figure 2.10(left), and the contribution from Equation

(2.107) is

χ
(2,d)
θθ′γγ′(q) = −

∑
k1k′

∑
αα′1β1β

′

∑
α2α′2β2β

′
2

G0
β′θ(k1)G0

θ′α(k1 + q)Vαα′1β′β1(k1 − k′)

×G0
α′2β1

(k′)G0
α′1α2

(k′ + q)Vα2α
′
2β2β

′
2
(q)χ0

β2β
′
2γγ
′(q),

(2.111)

the corresponding diagram of which is Figure 2.10(right).

As in the first order case, it is observed that the bubble-only term, χ(2,a), consists of simple

matrix multiplications, which is true for the bubble-only term of any order. This is significant

because such a matrix-multiplication form makes the infinite summation of the bubble-only dia-

grams quite simple. In contrast, the terms containing ladder diagrams, that is χ(2,b), χ(2,c), and

χ(2,d), involve integrals over momentum labels which cannot (yet) be written in the form of prod-

uct of independent integrals. In other words, in these terms integrations of different momenta

labels are coupled via the interaction function, and this complicates the infinite summation of

the perturbation series as indicated before.

In deriving Feynman rules, it is of interest if the second order terms have negative factors or

not. This will be determined next. Overall, χ(2,a) does not have negative factor. However when

expressed in terms of G0
αβ’s instead of χ0

αα′ββ ’s, it acquires the factor -1. For the same reason,

χ(2,c) and χ(2,d) exhibit negative factors, which go away when they are expressed in terms of

G0
αβ’s. χ(2,b) has a negative factor.

At this point, it is possible to state the Feynman rules for the susceptibility diagrams: (i)

there is a factor G0
α′α(k) for every continuous directed line, (ii) there is a factor −Vαα′ββ′(k) for

every interaction (dashed) line, (iii) there is a −1 factor for every loop formed by G0
α′α(k)-lines,

and (iv) the product of factors are summed or integrated over all internal labels.

This concludes the daunting task of studying lowest order diagrams for the multi-orbital

Emery model. Overall, through subsections 2.3.2 to 2.3.4, it is established that diagrams in-

volving ladders yield integral equations. Furthermore, the signs of the susceptibility diagrams
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Figure 2.8: Second order bubble diagram corresponding to Equation (2.108).
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Figure 2.9: Diagram corresponding Equation (2.109).

are exposed, and Feynman rules are determined.

2.4 Infinite Partial Summation of Bubble and Ladder Diagrams.

The goal here is to calculate the interacting susceptibility by summing an infinite series of the

type shown in Figure 2.11. This series contain bubble and ladder diagrams and neglects the

ones that renormalize the single-particle GF. As mentioned before, these are already accounted

for by using renormalized parameters in H0. In sections 2.3.2 through 2.3.4, a few lowest order

diagrams were studied in detail, and their explicit forms were exposed. What is being done

here is an infinite partial summation, and this will give an interacting susceptibility which is

approximated well beyond the perturbative approaches.
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Figure 2.10: Diagram corresponding (left) Equation (2.110) and (right) Equation (2.111).
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= + +

+ +

+ + ...

Figure 2.11: Infinite summation of unique bubble and ladder diagrams.

The interacting susceptibility depicted in Figure 2.11 can be written in a compact form, as

shown in Figure 2.12(a), in terms of the dressed interaction vertex Γ shown in (b) of the same

figure. Γ contains all the effects of the interactions (to infinite order) in the system, and in turn it

is defined by the effective interaction vertex Vρ containing ladder (exchange) and bubble (direct)

parts as shown in (c). It is evident by this compact definition that the problem of calculating

interacting charge susceptibility is equivalent to that of calculating Γ, explicit definition of which

will be given shortly.

If only bubble diagrams are considered, one can calculate Γ easily due to the simple matrix

form of such diagrams. However, because of the ladder diagrams, Γ has the form of coupled

integral equations for different momenta, and at first glance its calculation might seem like an

impossible task. The same calculational difficulty was also exposed in the second order pertur-

bation terms given equations (2.109)-(2.111). Thanks to the method described by Littlewood

et al. [53], calculation of Γ is possible in an elegant way.

Using this method, Γ will be calculated in three steps. First, an effective interaction vertex

will be defined. This enables one to treat bubble and ladder diagrams on equal footing. Second,

the effective interaction vertex and Γ will be expressed in a function basis that simplifies the

compact Γ equation (Figure 2.12(b)). Third, the resulting matrix equation will be solved for Γ.

Writing down a compact Dyson equation for bubble-only or ladder-only infinite diagram

series is a simple task. However, this is not the case when mixed diagrams are considered.
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Therefore, it is convenient to define an effective interaction vertex, denoted by Vρ, that generates

both direct and exchange diagrams. Vρ is shown in Figure 2.12(c), and is explicitly defined as

Vρ,αα′ββ′(k,k
′,q) = δα′αδβ′βVαβ(k′ − k)− 2δα′βδβ′αVαβ(q) (2.112)

where the first and second terms on the right hand side (RHS) correspond to the exchange (VX)

and direct (VD) interactions, for which the corresponding diagrams are indicated in the same

figure. The factor “2” for the direct term in this equation is due to the spin degree of freedom.

When substituted in Figure 2.12(b), VD alone yields bubble-only diagrams like the ones shown in

Figures 2.7(left) and 2.8. Similarly, VX alone yields the ladder-only diagrams shown in Figures

2.7(right) and 2.9. When it includes both, Vρ generates bubble-only and ladder-only diagrams

as well as their mixtures, as is shown in Figure 2.11. The explicit form of Vαβ(q) is given

through equations (2.35) to (2.40). Using these, Vαβ(k−k′) is simply calculated by substituting

q→ k− k′.

Using Vρ, the Dyson series gives a dressed interaction Γαα′ββ′ corresponding to Figure 2.12(b).

Explicitly,

Γαα′ββ′(k1,k2, q) = Vρ,αα′ββ′(k1,k2,q)

−
∑

k′β1α′1α2β′2

Vρ,αα′1β1β′(k1,k
′,q)

×G0
β′2β1

(k′)G0
α′1α2

(k′ + q)︸ ︷︷ ︸
≡Iβ1α′1α2β′2

(k′,q)

Γα2α
′ββ′2

(k′,k2, q). (2.113)

Provided the above equation can be re-arranged and solved for Γ, it can be used to calculate

the interacting susceptibility in the way shown in Figure 2.12(a). The corresponding equation

reads

χθθ′γγ′(q) = χ0
θθ′γγ′(q)

+
1

N2
k

∑
k1,k2

G0
β′θ(k1)G0

θ′α(k1 + q)Γαβ′βα′(k1,k2, q)G
0
γ′β(k2)G0

α′γ(k2 + q). (2.114)
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Figure 2.12: (a) Interacting susceptibility expressed in a compact form. The first term in
the RHS is the bare susceptibility. The second term accounts for all effects of the two-body
interactions in the susceptibility. (b) The effective interaction Γ defined in a compact and
recursive form. (c) The first order charge interaction vertex, Vρ, which is plugged into the Γ
equation to generate infinite perturbation series for the interacting susceptibility.

Therefore Γ is instrumental in calculating the interacting susceptibility.

In its current form, Equation (2.113) is not solvable. To overcome this obstacle, important

quantities will be expressed in a simple trigonometric function basis as described below. The

inspiration for this method originates from the explicit form of the exchange interaction function.

Consider the following example:

Vdx(k− k′) = 2Vpd cos(kx/2− k′x/2) (2.115)

= 2Vpd
[
cos(kx/2) cos(k′x/2) + sin(kx/2) sin(k′x/2)

]
. (2.116)

Define g1
αβ(k) = δαdδβx cos(kx/2) and g2

αβ(k) = δαdδβx sin(kx/2). Then one can write

Vdx(k− k′) =

2∑
i=1

gidx(k)Ṽ ii
X g

i
dx(k′), (2.117)

where Ṽ ii
X is a diagonal matrix with Ṽ 11

X = Ṽ 22
X = 2Vpd. The same idea can be applied to any
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other Vαβ(k−k′) by simply extending the giαβ function basis. Thus, one can write the following

general form for the exchange interaction function:

Vαβ(k′ − k) =
∑
i,j

giαβ(k)Ṽ ij
X g

j
αβ(k′), (2.118)

where Ṽij
X is the exchange interaction matrix in this function basis. From now on, the “tilde”

notation will be used for quantities in this basis, and the bold-face notation will be used to

denote matrices. It will prove to be useful to express the direct interaction in the same way.

For this purpose, one introduces the trivial basis functions: g9
αβ = δαdδβd, g

10
αβ = δαxδβx, and

g11
αβ = δαyδβy which are all independent of momentum. Thus

Vαβ(q) =
∑
i,j

giααṼ
ij
D (q)gjββ , (2.119)

where non-zero contributions come from i, j ∈ {9, 10, 11} by definition. In this equation, ṼD

denotes the direct interaction matrix in the function basis. Both ṼD(q) and ṼX are explicitly

defined in Appendix 4.9. Defined in the same Appendix are the giαβ(k) functions, which form a

19-element basis with the introduction of the above mentioned trivial basis elements. Next, the

effective interaction is expressed in the function basis as

Γαα′ββ′(k,k
′, q) =

∑
i,j

giαβ′(k)Γ̃ijρ (q)gjα′β(k′), (2.120)

where Γ̃ is the effective interaction matrix in the same basis. A final quantity that needs to be

defined in this basis is

Ṽρ ≡ ṼX − 2ṼD. (2.121)

Using the quantities Γ̃ and Ṽρ, the integral equation for Γ will be turned into a matrix

equation. For this purpose, equations (2.121) and (2.120) are plugged into Equation (2.113),
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and then the internal momentum k′ is integrated out to yield

∑
i,n

giαβ′(k1)Γ̃in(q)gnα′β(k2)

=
∑
i,n

giαβ′(k1)Ṽ in
ρ (q)gnα′β(k2) (2.122)

−
∑
i,j

∑
k′

∑
β1α′1α2β′2

giαβ′(k1)Ṽ ij
ρ (q)gj

α′1β1
(k′)Iα′1β1β′2α2

(k′, q)
∑
m,n

gmα2β′2
(k′)Γ̃mn(q)gnα′β(k2)

=
∑
i,n

gi(k1)αβ′ Ṽ
in
ρ (q)gnα′β(k2) (2.123)

−
∑
i,j,m,n

giαβ′(k1)Ṽ ij
ρ (q)Γ̃mn(q)gnα′β(k2)

1

N

∑
k′

∑
β1α′1α2β′2

gj
α′1β1

(k′)Iαβ′β1α′1(k′, q)gmα2β′2
(k′)

︸ ︷︷ ︸
−χ̃jm0 (q)

=
∑
i,n

giαβ′(k1)Ṽ in
ρ (q)gnα′β(k2) +

∑
i,n

∑
j,m

giαβ′(k1)Ṽ ij
ρ (q)χ̃jm0 (q)Γ̃mn(q)gnα′β(k2) (2.124)

where Iαα′ββ′(k
′, q) is defined in Equation (2.113). As a result, Equation (2.124) gives

Γ̃inρ (q) = Ṽ in
ρ (q) +

∑
j,m

Ṽ ij
ρ (q)χ̃jm0 (q)Γ̃mnρ (q), (2.125)

or in matrix notation

Γ̃ρ(q) = Ṽρ(q) + Ṽρ(q)χ̃χ0(q) Γ̃ρ(q). (2.126)

Therefore

Γ̃ρ(q) = [1− Ṽρ(q)χ̃χ0(q)]−1Ṽρ(q) . (2.127)

Hence, Γαα′ββ′ can be explicitly calculated through Equation (2.120), which is then plugged into
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the interacting susceptibility equation:

χθθ′γγ′(q) (2.128)

= χ0
θθ′γγ′(q) (2.129)

+
∑
ij

N−1
k

∑
k1

G0
β′θ(k1)G0

θ′α(k1 + q) giαβ′(k1)︸ ︷︷ ︸
Ai
θθ′ (q)

Γ̃ij(q)N−1
k

∑
k2

G0
γ′β(k2)G0

α′γ(k2 + q) gjα′β(k2).︸ ︷︷ ︸
Aj
γγ′ (q)

As a result

χθθ′γγ′(q) = χ0
θθ′γγ′(q) +

∑
ij

Aiθθ′(q)Γ̃
ij(q)Ajγγ′(q). (2.130)

In this thesis, the main focus is on the charge susceptibility which is obtained by setting θ′ = θ

and γ′ = γ in the above equation giving

χθγ(q, ω) = χ0
θγ(q, ω) +

∑
ij

Aiθθ(q, ω)Γ̃ijρ (q, ω)Ajγγ(q, ω), (2.131)

where ω and q dependence are shown explicitly.

Spin susceptibility

The cuprate phase diagram exhibits magnetic phases as well as charge orders. Therefore, for

completeness, the spin susceptibility will be derived here. This derivation parallels the previous

section, rendering a detailed explanation unnecessary.

As before, the starting point is the Kubo formula. A given perturbing magnetic field can

couple to three different spin operators: Ŝx, Ŝy, Ŝz or equivalently Ŝ+, Ŝ−, Ŝz. Define the local

magnetization operator at orbital θ in unit cell i as

m̂α
iθ =

geµB
h̄

Ŝαiθ (2.132)

where α takes on {+,−, z}, ge is the electron g-factor, and µB is the Bohr magneton. As before
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h̄ will be set to 1. Explicitly

Ŝziθ =
1

2

↑∑
u,v=↓

ĉ†iθuσ
z
uv ĉiθv =

1

2
(n̂iθ↑ − n̂iθ↓) (2.133)

Ŝ+
iθ =

1

2

↑∑
u,v=↓

ĉ†iθu(σxuv + iσyuv)ĉiθv = ĉ†iθ↑ĉiθ↓ (2.134)

Ŝ−iθ =
1

2

↑∑
u,v=↓

ĉ†iθu(σxuv − iσyuv)ĉiθv = ĉ†iθ↓ĉiθ↑ (2.135)

where σx, σy, and σz are Pauli matrices. Then the perturbation can be defined as Ĥ ′(t) =

geµB
∑

jγ Ŝ
α
jγ(t)hαjγ(t) where hαjγ(t) is the perturbing field coupling to the spin density at unit

cell j and orbital γ. The linear response of the local magnetization to this perturbation is

δ〈m̂α
iθ〉(t) = 〈m̂α

iθ〉(t)− 〈m̂α
iθ〉0 (2.136)

=
(geµB)2

4

∑
βjγ

∫ ∞
−∞

χαβiθjγ(t, t′)hβjγ(t′)dt′ (2.137)

where

χαβiθjγ(t, t′) = −i
〈

[Ŝαiθ(t), Ŝ
β
jγ(t′)]

〉
Θ(t− t′). (2.138)

Only the following spin susceptibilities are non-zero: χzz, χ+−, and χ−+ since the system is

not magnetic, and successive operation of Ŝ+ or Ŝ− would yield a spin imbalance. As usual,

Equation (2.138) is Fourier transformed to reciprocal space:

χαβθγ (q, t− t′) = −i
〈

[Ŝαqθ(t), Ŝ
β
−qγ(t′)]

〉
Θ(t− t′). (2.139)
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Explicitly,

χzzθγ(q, t− t′) =
−i
4

〈
[n̂qθ↑(t)− n̂qθ↓(t), n̂−qγ↑(t′)− n̂−qγ↓(t′)]

〉
Θ(t− t′) (2.140)

=
1

4

{
χθ↑γ↑(q, t− t′) + χθ↓γ↓(q, t− t′) (2.141)

−χθ↑γ↓(q, t− t′)− χθ↓γ↑(q, t− t′)
}
, (2.142)

where

χθσγσ′(q, t− t′) = −i
〈
[n̂qθσ(t), n̂−qγσ′(t

′)]
〉

Θ(t− t′) (2.143)

is the charge susceptibility with explicit spin labels. Thus, the spin susceptibility χzzθγ can be

calculated via charge susceptibilities. Here it has to be noted that purely ladder diagrams do

not contribute to χθσ1γσ2 for σ1 6= σ2 due to requirement of the conservation of spin.

In the same way, the so-called “transverse” spin susceptibility can be explicitly defined

χ+−
θγ (q, t− t′) (2.144)

=
−i
N

∑
k1k2

〈
[ĉ†k1θ↑(t)ĉk1+q,θ↓(t), ĉ

†
k2+q,γ↓(t

′)ĉk2γ↑(t
′)]
〉

Θ(t− t′)

As before, this equation is expressed in imaginary time τ , and Fourier transformed to energy

space giving

χ+−
θγ (q, ν`) (2.145)

=
−1

N

∫ β

0
eiν`τ

∑
kk′

〈
Tτ c̃k1+q,θ↓(τ)c̃k2γ↑(0)˜̄ck2+qγ↓(0

+)˜̄ck1θ↑(τ
+)
〉

(2.146)

=
1

N

∫ β

0
eiν`τ

∑
k1k2

G2(k1+q θ ↓ τ,k2 γ ↑ 0 ; k1θ ↑ τ+,k2 + qγ ↓ 0+). (2.147)

Since the directions ↑ and ↓ are arbitrary, χ+−
θγ = χ−+

θγ . From now on, χ+− will be renamed as χσ

where the superscript σ stands for the spin susceptibility. Using the equalities Sxiθ = (S+
iθ+S−iθ)/2

and Syiθ = i(S+
iθ − S−iθ)/2, one can show that χxxθγ (q, ν`) = χyyθγ(q, ν`) = χσθγ(q, ν`)/2.

A quick diagrammatic analysis of χσθγ which takes into account the spin and orbital labels in
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Equation (2.146) shows that, due to the conservation of spin, it is only purely ladder diagrams

that contribute to this susceptibility. Therefore, one defines an effective interaction vertex

consisting of the exchange interaction only. The corresponding matrix in the function basis is

defined as

Ṽσ = ṼX , (2.148)

where ṼX is defined by Equation (2.118). Using this, the dressed interaction vertex for the spin

susceptibility case can be calculated in the function basis as

Γ̃σ(q) = Ṽσ(q) + Ṽσ(q)χ̃χ0(q) Γ̃σ(q). (2.149)

As before, this is plugged into the Dyson equation in Figure 2.12(a) to yield the interacting spin

susceptibility

χσθγ(q, ω) = χσ0,θγ(q, ω) +
∑
ij

Aiθγ(q, ω)Γ̃ijσ (q, ω)Ajθγ(q, ω), (2.150)

where Aiαβ(q, ω) is the same as in Equation (2.129). The spin susceptibility will be further

discussed in Section 4.3.
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Chapter 3

Properties of the Bare Multiorbital

Charge Susceptibility

Properties of the bare susceptibility are solely determined by the band structure, and therefore

this important topic will be discussed first. Afterwards the static bare susceptibility will be

discussed in Section 3.2. Third, the dynamic susceptibility will be studied in Section 3.3 for the

q = 0 case. This will be followed next by a discussion of the non-zero q dynamic susceptibility

in Section 3.4.

3.1 Band Structures, Fermi Surfaces, and Orbital Characters

Energy bands, along with energy eigenvectors, determine the features of the bare susceptibility.

These topics will be discussed in this section, along with the closely related topics of the Fermi

surface, nesting, and orbital weights. In doing so, two cases will be considered: tpp = 0 and

tpp = 0.5, which are in units of tpd. The tpp = 0 case is somewhat unrealistic, however it is an

important limiting case, and it enables the understanding of the effects of tpp.

Energy bands are obtained from the eigenvalues of the non-interacting Hamiltonian given in
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Equation (2.23). The three-dimensional energy bands are best visualized when they are plotted

along high-symmetry cuts in momentum space as is shown in Figure 3.1. While the numerical

calculation of the bands is trivial, the derivation of a simple analytical form is also possible for

the tpp = 0 case:

E1,3(k) =
εd + εp

2
±

√
∆2
CT + 16t2pd(sin

2(kx/2) + sin2(ky/2))

2
(3.1)

E2 = εp

where ∆CT ≡ εd − εp is the charge transfer gap. It is striking that E2 exhibits no dispersion

and is fixed at the p-orbital energy. This implies that this band has purely Op orbital character.

Using Equation (3.1), the structure of the energy bands can be understood in more detail. For

this, studying the top band E3(k) will be sufficient since (i) the overall of shape of E1(k) is

the mirror image of E3(k), and (ii) E2(k) is trivially constant. For fillings of interest in this

thesis, the Fermi level is located in the band E3(k). Hence, E3(k) is the conduction band, and

understanding its shape will prove to be useful.

To start with, consider the shape of E3(k) along the cut (0, 0) to (π, 0), where ky =

0. For the moment, ∆CT , εd, and εp will be set to zero for convenience. Setting ky =

0 in Equation (3.1) gives E3(k) = 2tpd sin(kx/2). Similarly, along the cut (π, 0) to (π, π),

E3(k) = 2tpd

√
1 + sin2(ky/2). Finally, as the cut from (π, π) to (0, 0) satisfies kx = ky,

E3 = 2tpd sin(kx/2). The functional dependence of E3(k) along different cuts implies that

the top band will be flat near the points (0, 0), (π, π), and (0, π) since the derivative of E3(k)

goes to zero near these points. While the former two points are a band minimum or maximum,

the latter is a saddle point. By definition, such regions correspond to a van-Hove singularity.

Among these, (0, π) region is of particular interest since, there, the density of states diverges.

In Figure 3.1, the singularity at (0, π) is indicated by the green-dotted line. When the Fermi

level is at this energy, the corresponding hole filling is called the van-Hove filling and is denoted

by pvH . For tpp = 0, pvH corresponds to a half-filled conduction band, which equivalently
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Figure 3.1: Band structure for (solid line) tpp = 0 and (dashed line) tpp = 0.5. Vertical and
horizontal axes represent energy and momentum respectively. It is implicit in k values that the
unit-cell length is set to unity for convenience, that is a0 = 1. Note that εd − εx = ∆CT = 2.5.
As shown in this figure, the main effect of tpp is to change the band structure around (π, π). As a
result, the conduction bandwidth increases and the middle band gains dispersion around (π, π).
Note that εF is located at the zero of energy indicated by the dotted line. The regions near (π, 0)
or equivalent points where the top band becomes flat correspond to a diverging density of states,
that is van-Hove singularities. When εF crosses these flat band regions, the corresponding hole
filling will be denoted by pvH denoting the “van-Hove hole filling”. When εF is higher than the
dotted line, the hole filling, p, will be less than pvH . Oppositely, If εF is lower than the dotted
line, than p > pvH . ωa and ωc respectively stand for minimum and maximum transition energies
between the top and middle bands. Similarly, ωb and ωd respectively stand for minimum and
maximum transition energies between the top and the bottom bands. These transition energies
will be discussed in Section 3.3.2.
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corresponds to a total of five electrons per unit cell. Throughout this thesis, a narrow doping

range around pvH is studied.

Another property of interest, in general, regarding the top band is the bandwidth. The

minimum and the maximum of E3(k) occur respectively at k = (0, 0) and k = (π, π) due to the

sine functions in its formula. Then, the bandwidth is

E3(π, π)− E3(0, 0) =
1

2

√
∆2
CT + 32t2pd −

1

2
∆CT . (3.2)

Thus, in the limit ∆CT → 0, the bandwidth is 2
√

2tpd ≈ 2.8tpd. In the opposite limit ∆CT �

32t2pd, the bandwidth is 16t2pd/∆CT . Hence, in the limit ∆CT → ∞, the bandwidth goes to

zero. In this thesis, ∆CT is set to 2.5tpd, therefore the bandwidth is expected to be less than

but close to 2.8tpd. In accordance with this, it is observed in Figure 3.1 that the minimum and

the maximum of E3(k) are separated by a width of about 1.8tpd. When tpp is switched on,

the bandwidth increases by about 0.5tpd with biggest changes occurring around (π, π). This

is because the px-py tunnelling matrix element goes like sin(kx/2) sin(ky/2), and this term is

maximum around (π, π). The explicit form of this matrix element also explains why the band

structure is not affected by tpp along (0, 0) to (π, 0) and similar cuts. This is because one of the

sine functions is simply zero along these cuts, removing the effect of tpp.

Fermi Surface

An important property determined by the band structure is the Fermi surface. In Figure 3.2,

the Fermi surface for the tpp = 0 case is provided for three different fillings. It is conventional

in cuprates to define the hole fillings as p = 5− n, where n is the spin-summed electron filling.

When n = 5, the top band is half-filled, and the corresponding hole filling is p = 0. As is

mentioned before, this filling also corresponds to pvH , hence pvH = 0. However, one should note

that pvH depends on tpp, and it occurs at pvH = 0.177 for tpp = 0.5. The importance of pvH

originates from the fact that in cuprates charge density waves occur for fillings slightly below
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Figure 3.2: Fermi sur-
face of the three band
tight-binding model for
tpp = 0 and ∆CT = 2.5.
See Figure 3.3 for the
tpp = 0.5 case.

pvH , where the Fermi surface is said to be hole-like as will be explained shortly.

The Fermi surface topology changes as a function of hole filling. At fillings below pvH , the

Fermi surface has a rounded square shape closing around (π, π) and equivalent points. This

Fermi surface is said to be hole-like. Right at pvH , the Fermi surface becomes a perfect square

and touches the zone boundary. Along this Fermi surface, ky = ±kx ± π. When hole filling is

further increased, the Fermi surface closes around (0, 0) and thus becomes electron-like. As was

also the case for p < pvH , the Fermi surface has a rounded square shape.

In Figure 3.3, the Fermi surfaces are shown for the tpp = 0.5 case for which pvH = 0.177.

The evolution of the Fermi surface as a function of the hole filling is similar to the tpp = 0 case.

However, for non-zero tpp, the Fermi surface curvatures are enhanced near the zone diagonals.

In Figure 1.2, the Fermi surfaces of real cuprates are provided. There, they are strongly curved,

confirming that the tpp = 0.5 case is realistic. Later on, the shape of the Fermi surface will turn

out to determine many properties of the charge susceptibility.

A related point is the overall effect of hole filling on the Fermi surface. As is shown in Figure

3.2, it is mostly the anti-nodal parts of the Fermi surface affected by the increasing hole filling.

Another effect is that with increasing p the Fermi surface area shrinks as expected.
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Orbital Weight

The properties discussed so far have been solely about eigenenergies. Equally important in

susceptibility discussions are the eigenvectors of the Hamiltonian, which determine the so-called

orbital weights explicitly defined by

wνα(k) ≡ |Sαν(k)|2, (3.3)

where S(k) is the eigenvector matrix of H0(k), ν is the band index, and α ∈ {1, 2, 3} denotes

d, x, y orbitals respectively. For a given point in k-space, the orbital weight gives the contribution

from orbital type α to the eigenstate in band ν. The orbital with dominant weight determines

the character of the band at that point.

In Figure 3.4, orbital weights are plotted for each band. It is shown in the top panel

that the conduction band, E3(k), is dominated by the d-orbital weight, varying between 0.7-1.0.

Accordingly, the contributions from Op orbitals are small. As opposed to E3(k), the eigenvectors

of other bands are dominated by Op orbital weights. In fact, the Cud weight in E2(k) is zero

for tpp = 0. Along (0, π)-(0, 0), the px and py weights exhibit a mutually exclusive behaviour:

the former is zero for band-3 and band-1, while the latter is non-zero. Similarly, the py weight is

zero for band-2 along (0, π)-(0, 0), while the px weight is non-zero. A similar mutually exclusive

behaviour is also shown along (0, 0)-(π, 0). Overall, the effect of tpp is to modify the orbital
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(bottom) 1st band. Solid and dashed lines denote tpp = 0.0 and tpp = 0.5 cases respectively.
Note that wνα(k) is explicitly defined in Equation (3.3).
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weights near (π, π).

It is often the case that only the orbital weights at the Fermi level matter. This will be

particularly true in the upcoming static susceptibility discussions. The orbital weights at the

Fermi energy can be conveniently plotted using a directly related quantity called the spectral

function which is defined by

Nν(εF ,k)|ν=3 = |Sαν(k)|2 κ

(εF − Ekν)2 + κ2

∣∣∣∣
ν=3

= π|Sαν(k)|2δ(εF − Ekν)
∣∣
ν=3

, (3.4)

where κ is a Lorentzian delta broadening, and ν is set to 3 since εF is located in the conduction

band. The spectral weight at the Fermi energy is shown in Figure 3.5 for tpp = 0. In (a)

and (b), the Cud and total Op contributions to the conduction band are shown respectively.

The former dominate, making 75% of the spectral weight, while the total p contribution is

25%. Note that (a) and (b) have different color scales. Explicitly, w3
d(k) ≈ 0.75 and w3

x(k) +

w3
y(k) ≈ 0.25. It is shown in (a) and (b) that the Cud and the Op contributions don’t change

significantly as one moves along the Fermi surface. However, this changes when individual

oxygen contributions are calculated as is shown in (c) and (d). At the anti-nodal points near

(0,±π), the Opy orbitals account for the whole Op weight, so the contribution from Opx is

zero. The Opy contribution decreases as one moves from these k-points towards the nodes while

the Opx contribution increases from zero and becomes equal to the Opy one. As one further

moves along the Fermi surface from the nodal points to the anti-nodal points near (±π, 0), the

Opx contribution becomes maximum while the Opy contribution reduces to zero.

Orbital weights change very little as a function of filling: as the hole filling is increased from

pvH−0.1 to pvH+0.1, the Cud orbital weight decreases about 1%, from 75% to 74% for example,

at a given point on the Fermi surface while the total Op weight increases by the same amount.

This is also approximately true when tpp = 0.5.

The orbital weights for tpp = 0.5 are shown in Figure 3.6. As before, the Cud weight

dominates over the total oxygen weight despite the fact that the contribution of the latter,
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Figure 3.5: The orbital resolved spectral function at the Fermi energy for tpp = 0. (a) Cud , (b)
total p, (c) Opx , and (d) Opy . Note that the scale in (a) is different than in the other panels.
The spectral function is explicitly defined in Equation (3.4).

that is w3
x(k) + w3

y(k), is increased by 4% compared to the zero-tpp case. At pvH , the total

oxygen weight can be as big as 28%. Overall the Cud and total-Op weights exhibit considerable

dispersion at the Fermi surface as opposed to the previous case. While the Cud contribution

peaks near anti-nodal points, the Op contribution peaks at nodal points.

3.2 Zero Frequency Case: χ0(q, ω = 0)

Here, the limit1 ω = 0 of the bare susceptibility will be studied. It will be shown that the

susceptibilities are highly structured in q-space. The origin of these properties will be understood

by consideration of the non-interacting band structure, and the Fermi surface.

In the static limit, the bare susceptibility is purely real because the imaginary part of Equa-

1In the process, χ(q) will be calculated around q ∼ 0. Thus, effectively one is taking limq→0 limω→0. It turns
out the order of the limits matters[4].
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tion (2.90) is

lim
ω→0

Imχ0
θθ′γγ′(q, ω) = − 1

N

∑
k,µν

Aγ
′θθ′γ
νµkq δ(E

ν
k − Eµk+q)[f(Eνk)− f(Eµk+q], (3.5)

and whenever the delta function in the integrand is non-zero, requiring Eνk = Eµk+q, the thermal

factor f(Eνk)− f(Eµk+q) will be zero. As a result, only the real part of χ0 will be discussed here.

Furthermore, only four matrix elements χ0,dd, χ0,dx, χ0,xx, and χ0,xy need to be considered

since other matrix elements are related to these by symmetry operations as is discussed in

Appendix 4.9.

The static non-interacting charge susceptibility is given by

χρ0,θγ(q, 0) = − 1

N

∑
kν

Sγν(k)S∗γν(k + q)S∗θν(k)Sθν(k + q)
f(Eνk)− f(Eνk+q)

Eνk − Eνk+q

− 1

N

∑
kµ 6=ν

Sγν(k)S∗γµ(k + q)S∗θµ(k)Sθν(k + q)
f(Eνk)− f(Eµk+q)

Eνk − E
µ
k+q

(3.6)

where S(k) is the eigenvector matrix, and f(E) is the Fermi function. Note that the bare sus-

ceptibility is written in such a way that the first term on the right hand side (RHS) corresponds

to intra-band contributions while the second corresponds to inter-band contributions.
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Equation (3.6) can be further simplified by analyzing the behavior of the thermal factors.

For the moment, assume T = 0. Then f(E) = 1 if E < εF , or else f(E) = 0. This means the

thermal part of the integrand, f(E) − f(E′) is non-zero if and only if one of E or E′ is below

the Fermi level while the other is above. Considering that the Fermi level is located in the top

band, the non-zero contributions to the intra-band term will come from the conduction band

(µ = 3) only. A similar simplification occurs for the inter-band term such that the transitions

occur for the pairs

µ̄ν̄ ∈ {13, 23, 31, 32}. (3.7)

Then the simplified bare static susceptibility becomes

χρ0,θγ(q, 0) = − 1

N

∑
k

Sγ3(k)S∗γ3(k + q)S∗θ3(k)Sθ3(k + q)
f(E3

k)− f(E3
k+q)

E3
k − E3

k+q

− 1

N

∑
kµ̄ν̄

Sγν̄(k)S∗γµ̄(k + q)S∗θµ̄(k)Sθν̄(k + q)
f(E ν̄k)− f(Eµ̄k+q)

E ν̄k − E
µ̄
k+q

. (3.8)

It is of interest how this equation looks like specifically for diagonal matrix elements as they

make the most important contributions to the charge susceptibilities. As it turns out, the static

susceptibility equation takes a more intuitive form for the diagonal matrix elements:

χρ0,θθ(q, 0) = − 1

N

∑
k

w3
θ(k)w3

θ(k + q)
f(E3

k)− f(E3
k+q)

E3
k − E3

k+q

− 1

N

∑
kµ̄ν̄

Sθν̄(k)S∗θµ̄(k + q)S∗θµ̄(k)Sθν̄(k + q)
f(E ν̄k)− f(Eµ̄k+q)

E ν̄k − E
µ̄
k+q

. (3.9)

One can show that the intra-band term in this equation is considerably bigger than the

inter-band term. Assuming T = 0 for the moment, the thermal factors in Equation (3.9) are

f(E) − f(E′) = ±1 for non-zero contributions. This means that apart from the orbital weight

terms, the integrand is proportional to 1/(E − E′). Therefore, the biggest contributions to the

susceptibility will occur when ∆E ≡ E−E′ is as small as possible. The band structure given in

Figure 3.1 implies that |∆E| can be as small as zero for the intra-band term while |∆E| ≥ 3.5

for the inter-band term (as one of the energies has to be above the Fermi level). As a result,
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Figure 3.7: Intra-band contributions to (left) χ0,dd and (right) χ0,xx indicated as a percentage
of the total susceptibility. Despite that intra-band contrubitions to χ0,xx are not above 50% for
all q points, they give qualitatively the same q space structure as in the full calculation shown
in Figure 3.9. While the intra-band terms are used for the qualitative discussion of q space
structure of the susceptibilities, final calculations include both intra- and inter-band terms.

the intra-band contribution should be considerably bigger than the inter-band one. Therefore,

for qualitative purposes, equations (3.6) and (3.9) can be approximated by the intra-band term

only. In Figure 3.7, the intraband contribution to χ0,dd and χ0,xx are indicated as a percentage

of the total (i. e. intra plus inter-band) intensity. While χ0,dd mostly originates from the intra-

band terms, this is partially true for χ0,xx shown in the right panel. When compared to the full

calculation in Figure 3.9(c1), the intraband contribution to χ0,xx is shown to yield qualitatively

the same q space structure. As a result, the q-space structure of the susceptibilities can be

understood by considering only the intra-band terms.

An interesting limiting case is q → 0, which implies Eνk − Eνk+q → 0, so that the intra-

band contribution becomes proportional to the derivative of the Fermi function. Considering

that the derivative of the Fermi function is non-zero only at the Fermi surface, the intra-band

contribution is proportional to nothing but the orbital weight at the Fermi surface. In this limit
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the bare susceptibility can be approximated by the intra-band contribution as

lim
q→0

χρ0,θγ(q, 0) ≈
∑
k

w3
γ(k)w3

θ(k)f ′(E3
k) (3.10)

where f ′(E) = [−4kBT cosh(E/2kBT )2]−1. A further simplification can be made for χ0,dd. For

tpp = 0 , the Cud orbital weight is constant at the Fermi surface, which is also approximately

true for non-zero tpp. Therefore

lim
q→0

χρ0,dd(q, 0) ≈ (w3
d)

2
∑
k

f ′(E3
k) = (w3

d)
2N(εF ) (3.11)

where N(E) is the density of states at energy E. A similar expression can be derived for the

total Op susceptibility χ0,pp = χ0,xx(q, 0) + χ0,yy(q, 0) as well.

As a result, the intra-band terms will be used in discussing the qualitative properties of the

bare susceptibility, and in the limit q → 0, χ0,dd and χ0,pp can be simply calculated from the

orbital weights and density of states at the Fermi level.

Nesting

The simplifications that occurred in the q→ 0 limit can be made for the non-zero q case as well.

As before, the biggest contributions to χ come from the intra-band term, and among intra-band

terms, the ones satisfying E3
k ∼ E3

k+q will contribute the most. Let qc denote the wavevectors

connecting energy levels within kBT of εF , so that E3
k ∼ E3

k+qc
. Then, the static susceptibility

at these wavevectors is given by

χρ0,θγ(q, 0) ≈ − 1

N

∑
k

Sγ3(k)S∗γ3(k + qc)S
∗
θ3(k)Sθ3(k + qc)f

′(E3
k). (3.12)

For diagonal matrix elements this equation becomes

χρ0,θθ(qc, 0) ≈
∑
k

w3
θ(k)w3

θ(k + qc)f
′(E3

k). (3.13)
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Figure 3.8: A cartoon show-
ing qc vectors connecting
points on the Fermi surface.
While each blue vector con-
nects a single pair of points,
the red vector connects many
points, causing high intensi-
ties in the static susceptibil-
ity. Such vectors are called
nesting vectors.

As mentioned before, f ′(E) is non-zero only at the Fermi surface, and qc therefore corresponds

to any vector connecting one point on the Fermi surface to another. Compared to an arbitrary

vector q connecting a point below the Fermi surface to a point above, qc makes a considerably

bigger intra-band contribution to the static susceptibility. As a result, many features of the

static bare susceptibility are determined by wavevectors connecting points at the Fermi surface.

In Figure 3.8, examples of qc vectors are shown. There are many possible qc vectors, such

as the blue and red vectors shown in the figure. While a given blue vector connects only a few

points at the Fermi surface, the red vector connects considerably many more. Such vectors are

called nesting vectors, and they yield the highest intensity points in the static susceptibility plots.

Nesting vectors are of central importance to in this thesis.

tpp = 0 Case

Now that one is familiar with the bands, Fermi surfaces, orbital weights, and the static bare

susceptibility integrand, the structure of the χ0(q, 0) matrix elements can be analyzed. It is

useful at this point to briefly review the physical meaning of the charge susceptibility. From the

Kubo formula given in Equation (2.63), one obtains χθγ(q) = δnθ(q)/φγ(q). Thus the charge

susceptibility is the ratio of the response δnθ(q) in orbital θ with modulation length 2π/q to

a perturbation φγ(q) of orbital γ. Hence a high intensity point in χ0,θγ(q) means that for the
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same perturbation, one has a big change in the charge density in comparison to a low intensity

point.

In Figure 3.9, the four bare charge susceptibility matrix elements are shown for three hole

fillings: below pvH , at pvH , and above pvH . At first glance, one of the major features seen in these

plots is the overall absolute magnitudes of the matrix elements: χ0,dd ∼ 10χ0,dx, χ0,dx ∼ 3χ0,xx,

and χ0,xx ∼ 10χ0,xy. This qualitative comparison of the magnitudes shows that the matrix

elements involving the Cud orbital are big, and those involving x or y are small. This can be

understood from the fact that the major contributions to the static susceptibilities come from

the intra-band term calculated at a nesting vector, as given in Equations (3.13) and (3.12).

Then, the overall scale is determined by the orbital weights as follows.

For diagonal matrix elements, intensities at nesting vector points are given by Equation (3.13)

where it is shown that the weights of the individual orbitals determine the magnitudes. Qualita-

tive comparisons are possible by using the Fermi surface average of these orbital weights. This av-

erage is denoted by w̄α for a given orbital α. In Section 3.1, it was established that the Cud orbital

weight is approximately uniform along the Fermi surface simply yielding w̄d ≈ w3
d(k) ≈ 0.75.

While w3
x(k) can be as big as 0.25, the average value w̄x ≈ 0.12 is considerably less due the the

anisotropy. Then, χ0,dd/χ0,xx = (w̄d)
2/(w̄x)2 = 0.56/0.014 ≈ 40, which is in good agreement

with the expectations.

For the case of off-diagonal matrix elements, understanding the magnitudes is not straight-

forward without actually plotting the eigenvector matrix elements near the Fermi surface. For

simplicity, however, one can assume Sν3(k) ≈ √w̄ν for the moment. Then, χ0,dx/χ0,xx ≈

w̄dw̄x/(w̄x)2 = w̄d/w̄x = 6. Thus one qualitatively calculates that χ0,dx is intermediate to χ0,dd

and χ0,xx as anticipated even though the ratio χ0,dx/χ0,xx is double what one expects. Such

overestimation is an artifact of this crude calculation as the possibility of a negative Sν3(k) (and

a negative χ0,dx integrand) along the Fermi surface is ignored.

This qualitative argument (having limited value by nature), however, overestimates the off-

diagonal matrix element χ0,xy. This is because, as discussed in Section 3.1, (i) Opx and Opy or-
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Figure 3.9: Bare susceptibility for tpp = 0 at hole fillings (1st column) p = pvH − 0.1, (2nd
column) pvH , and (3rd column) pvH + 0.1. (a1) through (a3): χ0,dd, (b1) through (b3): χ0,dx,
(c1) through (c3): χ0,xx, (d1) through (d3): χ0,xy. In (a1), the letters A,B, and C denote for
the tip of the corresponding qc vectors shown in Figure 3.10.
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bital weights are distributed along different sections the Fermi surface and (ii) majority of these

weights occur away from the nodal regions. Thus, the otherwise high intensity associated with

nodal-nesting vectors is missed. Consequently, there is an order of magnitude difference between

the χ0,xy and χ0,xx matrix elements.

Another major feature shown in Figure 3.9 is that the diagonal matrix elements χ0,dd and

χ0,xx are positive for every q while the off-diagonal matrix elements are not. This can be simply

understood from the fact that the diagonal matrix elements are proportional to orbital weights

which are positive numbers. Physically, this means that whenever the electrostatic potential at

an orbital is raised, the density in that orbital will increase since the potential energy felt by

electrons (εθ) is decreased.

Next, the discussion will move on from general features to the detailed structure of individual

susceptibilities. To start with, χ0,dd(q) at a filling below pvH will be considered. The correspond-

ing plot is shown in Figure 3.9(a1). One striking feature in this plot is that it peaks around

(π, π). This is simply because the Fermi surface exhibits good nesting for this wavevector as is

shown by the red arrows in Figure 3.8. In 3.9(a1), one sees also arcs that extend from one end of

the Brillouin zone diagonal to the other. These can be understood by graphical consideration of

the qc vectors introduced previously. Consider the arc connecting points A, B, and C, for which

corresponding qC vectors are shown in Figure 3.10, along with the Fermi surface segments that

they are connecting. The head of qA can be continuously shifted from H to H ′ while the tail

is continuously shifted from T to T ′, and thus one arrives at qB. Then one continues shifting

the head from H ′ to H ′′ and the tail from T ′ to T ′′ to obtain qC . In this way, one can trace out

the arc shown in Figure 3.9(a1). The origin of other arcs can be determined in the same way.

Thus, the arcs in χ0(q, 0) originate from the shape of the Fermi surface2.

A related feature shown in (a1) is the four global peaks3 shown in black around the point

2In fact, these arcs can be rigorously derived by counting the number of pair of points at the Fermi surface
connected by a given vector q: H(q) =

∫
dk dθ k δ(εk − εkF )δ(εk+q − εkF ). It is instructive to calculate this

integral for a circular Fermi surface. One can show that the maximum of H(q), that is the arcs, occur when
q = ±2kF . Hence, the arcs originate from the opposite segments of the Fermi surface, and this explains the close
connection between the arcs and the Fermi surface shape.

3These peaks may not be visible on hard copy.
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Figure 3.10: Origin of
susceptibility arcs. Vec-
tors qA, qB, and qC are
associated with high-
intensity points with re-
spective labels shown in
Figure 3.9(a1).

(π, π). These peaks are located along the lines qx = π and qy = π. Each peak occurs where two

arcs intersect, and the intensities associated with two arcs add up as a result, yielding global

maxima slightly off from (π, π).

A final feature of χ0,dd that is worth discussing is the symmetry of this plot. The whole

susceptibility structure can be generated by applying symmetry operations to the triangle defined

by the points (0, 0), (π, 0), and (π, π). This can be understood by the expression of this matrix

element in terms of Green functions, whose symmetries are discussed in Appendix 4.9.

χ0,dd(q) =
−1

N

∑
k

G0
dd(kx, ky)G

0
dd(kx + qx, ky + qy) (3.14)

=
−1

N

∑
k

(−1)2G0
dd(kx,−ky)G0

dd(kx + qx,−ky − qy) (3.15)

(3.16)

Since ky ∈ [−π, π] and is summed over, one can redefine ky = −ky. Thus

χ0,dd(q) =
−1

N

∑
k

G0
dd(kx, ky)G

0
dd(kx + qx, ky − qy) (3.17)

= χ0,dd(qx,−qy). (3.18)

This means χ0,dd has the reflection symmetry qy → −qy. Similarly one can show that χ0,dd

is invariant under reflections with respect to the qx axis and the lines qy = qx and qy = −qx.
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Note that a combination of these reflection symmetries amounts to a rotation by 90◦ which is a

symmetry clearly seen in Figure 3.10(a).

Next, the discussion moves on to the analysis of the matrix element χ0,xx shown in Fig-

ure 3.9(c1). The previous argument regarding the susceptibility arcs still holds. However, the

comparison of χ0,xx against χ0,dd shows that the former appears to be lacking parts of arcs

present in the latter. Taking into account the explicit form of χ0,xx and χ0,dd given in Equa-

tion (3.13), it is concluded that the anisotropy of Opx spectral weight is the reason that arc

segments disappear. In Figure 3.5(c), it is shown that the Opx spectral weight has big values

only at Fermi surface pieces going from anti-nodal points near the y-axis to near nodal points.

Therefore, only the parts of the susceptibility arcs originating from these Fermi surface pieces

show up in the χ0,xx susceptibility. Due to the missing arc segments, χ0,xx exhibits a two-fold

rotational symmetry.

Through Figures 3.9(a1),(a2), and (a3), the evolution of the χ0,dd matrix element as a func-

tion of hole filling is shown. At the van-Hove filling, the arcs are located along the zone diagonals.

This is because, the Fermi surface for this filling is a perfect square, and therefore qc vectors

follow the qy = ±qx lines. These lines cross each other at q = (π, π), yielding a global maximum

which is about two times bigger than the pvH − 0.1 case due to the enhanced nesting at this

filling. As the filling is further increased to pvH +0.1, one obtains the same χ0,dd as the pvH−0.1

case. This is because, in both cases the Fermi surface shapes are the same, and therefore they

have the same set of qc vectors. Also considering the fact that the d-orbital weight is approxi-

mately constant at the Fermi surface, and has the same value for both fillings, one obtains the

same susceptibility as below pvH .

The susceptibility χ0,xy exhibits a filling dependence similar to χ0,dd as is shown in Figures

3.9(d1), (d2), and (d3). At pvH − 0.1, it exhibits a pair of arcs along each zone diagonal. While

the arcs have positive amplitude along the diagonal (qy = −qx + 2π) they turn negative along

the opposite diagonal (qy = qx). At pvH , the arc pairs merge along these diagonal lines. It is

clear at this filling that the xy susceptibility has to do with nodal parts of the Fermi surface
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since intensities at zone corners, which originate from anti-nodal parts, are negligible. As the

hole filling is further increased to pvH + 0.1, one obtains about the same susceptibility as the

pvH − 0.1 case.

χ0,xx exhibits different behaviour below and above pvH compared to the χ0,dd and χ0,xy. As

one goes from pvH − 0.1 to pvH , arc segments align along the diagonals, and hence the q-space

structure of χ0,xx looks very similar to χ0,dd at this filling. Significant modifications occur in

χ0,xx as the filling is increased to pvH + 0.1 where it appears to be rotated by 90◦ compared to

the pvH − 0.1 case. This can be qualitatively understood as follows. At pvH + 0.1, the Fermi

surface looks exactly like that at pvH − 0.1 when plotted in the zone kx, ky ∈ [0, 2π]. Then the

Opx spectral weight is maximum at the anti-nodal point near the qy-axis as opposed to qx: it

is as if the spectral weight shown in Figure 3.5(d) turns into that in (c) as one goes from below

pvH to above. As a result of this, the missing arc segments in case pvH −0.1 comprise the major

contributions in case pvH + 0.1. This is because the Opx orbital weight determines, according to

Equation (3.13), if a nesting vector qc will be visible as a high intensity point. In a similar way,

the anisotropy of p-orbital weights also determine the evolution of the many qualitative features

of χ0,dx as a function of filling.

In conclusion, the q-space structure of the static bare charge susceptibility originate from

the nesting vectors for the most part. The high intesity nesting arcs can be “turned on or off”

by the orbital weights, which is an effect only possible in multi orbital systems. Good nesting,

along with a big orbital weight, results in high intensities.

tpp = 0.5 Case

The most pronounced effect of the non-zero tpp is the absence of the symmetry observed between

susceptibilities at fillings below and above pvH . This is particularly true for χ0,dd: Figure 3.11(a1)

is nothing like (a3). This can be attributed to the fact that Fermi surfaces below and above pvH

are quite different and cannot be mapped onto each other by a simple shift in kx, ky variables.

This causes a difference in the qc vectors below and above pvH .
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Figure 3.11: tpp = 0.5 case. Bare susceptibility at hole fillings (1st column) p = pvH − 0.1, (2nd
column) pvH , and (3rd column) pvH + 0.1 with pvH = 0.177. (a1) through (a3): χ0,dd, (b1)
through (b3): χ0,dx, (c1) through (c3): χ0,xx, (d1) through (d3): χ0,xy.
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Another significant effect is the overall factor of two reduction in the magnitude of the χ0,dd

and χ0,dx matrix elements as seen in the comparison of Figure 3.11 to Figure 3.9. This reduction

is negligible for the other matrix elements. The reason for this change in the scale is the loss

of the good nesting near qc = (π, π) due to the enhanced Fermi surface curvature. This is

particularly obvious in (a3) where (π, π) corresponds to the lowest intensity in the whole zone.

The arcs in χ0,dd above pvH are noticeably straighter than those in (a1) or (a2). This implies

that the Fermi surface pieces that generate these arcs are quite parallel at this filling.

Earlier arguments on the structure of χ0,xx still hold: the arcs in this matrix element are

the same as those in χ0,dd however some segments vanish due to the anisotropy in Opx orbital

weight. In this matrix element, the local extrema near qc = (π, π) are located on the vertical

axis regardless of the filling which is unlike the tpp = 0 case where they switch from horizontal

to vertical alignment.

In conclusion, the static bare susceptibility is highly structured in q space. χ0,dd is by far

the largest matrix element peaking around q = (π, π). If it were to be enhanced by interactions,

it could lead to a commensurate charge order. However, in Section (4) it will be shown that this

will not be the case since the large local repulsion, U , in the Cud orbital will instead suppress

this matrix element.

3.3 Zero Momentum Case: χ0(q = 0, ω)

The dynamic susceptibility is a quantity which can be measured by experiments like resonant

inelastic x-ray spectroscopy (REXS) or Raman spectroscopy. Later on, the spectrum of the

nematic susceptibility will be calculated, and it will be important to establish which features

originate from interactions and which originate from the band structure. The latter contribution

is nothing but the dynamic bare susceptibility which will now be studied. Now that ω is non-

zero, the imaginary part of χ does not have to be zero. Therefore both real and imaginary parts

will be taken into account. Here, only positive ω values will be considered as the negative part

80



is related by the following symmetries as discussed in Appendix 4.9: Re[χ0(−ω)] = Re[χ0(ω)]

and Im[χ0(−ω)] = −Im[χ0(ω)].

At q = 0, the bare susceptibility from Equation (2.90) reads

χρ0,θγ(ω) = − 1

N

∑
k

w3
θ(k)w3

γ(k)
f(E3

k)− f(E3
k)

ω + E3
k − E3

k + i0+

− 1

N

∑
kµ̄ν̄

Sγν̄(k)S∗γµ̄(k)Sθµ̄(k)S∗θν̄(k)
f(E ν̄k)− f(Eµ̄k)

ω + E ν̄k − E
µ̄
k + i0+

, (3.19)

where the constrained labels µ̄ and ν̄ (defined in Equation (3.7)) imply that, as before, the inter

and intra-band transitions involving only the bottom two bands are neglected because T is much

less than the energy difference between εF and the bottom two bands. Note that the thermal

factor in the numerator of the first term f(E3
k) − f(E3

k) is zero, and therefore, the intra-band

term does not contribute for q = 0. Thus

χρ0,θγ(ω) = − 1

N

∑
kµ̄ν̄

Sγν̄(k)S∗γµ̄(k)Sθµ̄(k)S∗θν̄(k)
f(E ν̄k)− f(Eµ̄k)

ω + E ν̄k − E
µ̄
k + i0+

. (3.20)

It will turn out to be useful to have explicit forms of the real and imaginary parts of this equation:

Re[χρ0,θγ(ω)] = − 1

N

∑
kµ̄ν̄

Sγν̄(k)S∗γµ̄(k)Sθµ̄(k)S∗θν̄(k)
f(E ν̄k)− f(Eµ̄k)

ω + E ν̄k − E
µ̄
k

(3.21)

Im[χρ0,θγ(ω)] =
π

N

∑
kµ̄ν̄

Sγν̄(k)S∗γµ̄(k)Sθµ̄(k)S∗θν̄(k)

×
[
f(E ν̄k)− f(Eµ̄k)

]
δ(ω + E ν̄k − Eµ̄k), (3.22)

where the delta function is taken to be Lorentzian,

δ(ω + E ν̄k − Eµ̄k) =
1

π
lim
κ→0+

κ

(ω + E ν̄k − E
µ̄
k)2 + κ2

. (3.23)

For practical calculations, it is sufficient to pick a small value for κ somewhere in between 0.0001

to 0.05 (in units of tpd). The choice of κ depends on the k resolution and on kBT .
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For diagonal matrix elements, the real and imaginary parts can be written in a simple form:

Re[χρ0,θθ(ω)] = − 1

N

∑
kµ̄ν̄

wν̄θ (k)wµ̄θ (k)
f(E ν̄k)− f(Eµ̄k)

ω + E ν̄k − E
µ̄
k

(3.24)

Im[χρ0,θθ(ω)] =
π

N

∑
kµ̄ν̄

wν̄θ (k)wµ̄θ (k)[f(E ν̄k)− f(Eµ̄k)]δ(ω + E ν̄k − Eµ̄k). (3.25)

3.3.1 Atomic Limit Case

It is instructive to study the atomic limit case to better understand the behaviour of the dynamic

susceptibility. This limit is obtained when tpd and tpp are set to very small values such that

the tunneling matrix elements can be treated as perturbations to the orbital energy terms, i. e.

the diagonal of H0. To be specific, in this section tpd is set to 0.1, and also tpp is set to zero

for convenience. One should note that one cannot take tpd = 0 since in that case the charge

susceptibility matrix elements become zero4. Below, it is sufficient to study χ0,dd only as other

matrix elements yield qualitatively the same behavior.

In what follows, εF will be arbitrarily set such that εd > εF > εp where εp = εx = εy. Since

the energy eigenvalues are approximately non-dispersive and equal to the orbital energies, one

obtains

Re[χρ0,dd(ω)] =
z

ω −∆CT
− z

ω + ∆CT
(3.26)

Im[χρ0,dd(ω)] = zπδ(ω −∆CT )− zπδ(ω + ∆CT ) (3.27)

where ∆CT = εd − εp as before and z is a small number (<< 1) corresponding to the spectral

weight in the atomic limit5. Thus, the excitation poles occur at ω = ±∆CT as is shown in

4When tpd = 0, the bare Hamiltonian is a diagonal matrix with diagonal elements given by the orbital energies
εd, εx, and εy. As a result, the eigenvector matrix S becomes the identity matrix. This implies that the charge
susceptibility matrix elements are zero because µ̄ and ν̄ in Equations (3.21) and (3.22) cannot be equal by
definition.

5z can be explicitly calculated from Equations (3.21) or (3.22), and it consists of the summation of products
of S factors. S is an identity matrix when tpd = 0, however for tpd = 0.1 off-diagonal matrix elements become
non-zero yet remain very small, while the diagonals are approximately equal to one. It is these small off-diagonal
matrix elements that result in a small z.
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Figure 3.12: χ0,dd(ω) near the
atomic limit. For convenience
the spectral weight z in Equations
(3.26) and (3.27) is set to 1, how-
ever in reality z << 1, meaning
the actual intensities are an order
of magnitude or more smaller than
then what is shown here. Note that
poles occur at ω = ±∆CT = ±2.5,
and the broadening is κ = 0.04.
Other matrix elements of χ yield
qualitatively the same behaviour,
hence they are not shown in this
plot. The parameter values are
εF = −1.25, tpd = 0.1 and tpp = 0.

Figure 3.12. In this figure one sees that the real part is negative when |ω| < ∆CT and positive

otherwise, and it changes sign at each pole. The imaginary part does not change sign at the

poles, and it is positive when ω > 0 and negative when ω < 0.

The Fermi level determines the excitation poles via the factor f(E ν̄)− f(Eµ̄), requiring one

of the energies below εF and the other above for non-zero contributions. This factor becomes

f(εν̄) − f(εµ̄) in the atomic limit. For the general case εx 6= εy, εF can take on the following

two distinct values: (i) εd > εF > εx > εy and (ii) εd > εx > εF > εy where εx > εy is assumed

arbitrarily. Then, case (i) leads to atomic excitation poles at ω = ±∆dx or ±∆dy, while case (ii)

gives ω = ±∆dy or ±∆xy where ∆θγ = εθ − εγ .

As a result, the dynamic bare susceptibility exhibits well defined peaks at poles determined

by both the Fermi level and the energy differences between atomic orbitals.

3.3.2 Beyond the Atomic Limit

When tpd is fully turned on, the charge susceptibility matrix elements become non-zero. In

Figure 3.13, plots of the bare dynamic susceptibility matrix elements are shown for the tpp = 0
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case. For these plots, the Equations (3.21) and (3.22) or the simplified forms in Equations (3.24)

and (3.25) are used.

On the left, the imaginary parts of the matrix elements are shown for hole fillings (a1) below

pvH , (b1) at pvH , and (c1) above pvH . As expected, sharp peaks at the atomic levels turn into

broad structures, as shown in (a1). The fact that the atomic limit spectrum has one peak for

ω > 0, while the non-atomic case has two bands might seem inconsistent. However, this is not

the case because the bottom two energy bands merge into a single energy level in the atomic

limit, and therefore yield a single peak in the spectrum.

Comparison of (a1) and (a2) shows that locations of the zeros of the real parts occur in

between the band edges of the imaginary part. For example, the edges of the high energy band

in Im[χ0,dd] occur at ω ∼ 4.8 and 6.2 while the real part crosses zero and changes sign at ω ∼ 5.5.

As in the atomic limit case, this is a consequence of the Kramers-Kronig relationship between

imaginary and real parts.

An important feature is that all imaginary-part plots exhibit two distinct broad bands. Such

broad features are also called particle-hole continua as they are purely due to the states in the

continuous bands as opposed to excitonic peaks originating from interactions and occuring at

specific resonance frequencies. The spectrum below ω ∼ 3.5 is zero as shown in Figure 3.13. The

reason for this is that intra-band contributions, which occur at small ω, completely disappear

when q = 0. Thus the imaginary parts originate from inter-band transitions as given in Equation

(3.22). Then the lower edge of the inter-band contributions will be determined by the difference

between εF and the shortest direct (q = 0) transition. Using the band structure given in Figure

3.1, the direct transitions are determined to occur at E2(ka) for ka = (π, 0) (and equivalent

points), as well as at points located along (π, π) to (0, 0). Since εF is located at zero, and

E2(ka) ≈ −3.5. , the excitation energy ωa = εF − E2 = 3.5 gives the lower edge as expected.

This is indicated in Figure 3.1 by the arrow denoted by ωa. This result establishes that the

lower band originates from E2(k)→ E3(k) transitions. The maximum of such transitions occur

at kc = (π, π) giving ωc = E3(kc)−E2(kc) ≈ 0.7− (−3.6) = 4.3, marking the higher end of the
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Figure 3.13: Plots of the matrix elements of χ0(q = 0, ω) for parameters tpp = 0, T = 0.05,
κ = 0.02, and the system size 1024×1024. (left) Imaginary parts at fillings (a1)pvH−0.1, (b1)pvH ,
and (c1)pvH + 0.1. (right) Real parts at fillings (a2)pvH − 0.1, (b2)pvH , and (c2)pvH + 0.1. Note
that the Fermi level is not sharp due to the high temperature, therefore some features are
smeared out.
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lower band in Figure 3.13(a1). The fact that the χ0,dd and χ0,dx are zero in the energy range

[ωa, ωc] shows that E2(k) is entirely made up from Op orbitals.

At this point, it is clear that the rest of the spectrum originates from the only possible

inter-band transition remaining: from E1(k) to the Fermi level and above in the conduction

band. As shown in Figure 3.13, the lowest energy direct transition from E1 to a conduction

band point at the Fermi level occur at kb = (π, 0). Thus, the higher band starts at the energy

ωb = εF − E1(kb) ≈ 0− (−4.7) = 4.7. Similarly, the maximum possible E1(k) → E3(k) energy

occur near (π, π) giving ωd ≈ 0.7− (−5.5) = 6.2. ωd determines the higher end of the spectrum.

As mentioned above, the imaginary parts of χ0,xx and χ0,xy exhibit two bands, while χ0,dd and

χ0,dx exhibit only one. This can be simply understood by examining the orbital weights, w2
α(k),

in the whole Brillouin zone, as shown in Figure 3.4. For the moment, if one focuses on χ0,dd

and χ0,xx for tpp = 0, then the integrands of the diagonal matrix elements, defined in Equation

(3.25), are simply proportional to the respective orbital weights. It is shown in the centre part

of Figure 3.4 that w2
d(k) is zero everywhere. This shows that E2(k) does not hybridize with the

d-orbital for the tpp = 0 case. Since the integrand χ0,dd is proportional to w2
d(k)×w3

d(k) for the

transitions E2(k)→ E3(k), χ0,dd does not exhibit the lower band. Conversely, χ0,dd exhibits the

higher band as both w1
d(k) and w3

d(k) are non-zero. In every band, χ0,xx has a non-zero orbital

weight, therefore all inter-band transitions are possible, yielding two-broad peaks for this matrix

element. Properties of the χ0,dx and χ0,xy matrix elements can be understood in the same way

with the exception that their integrands are proportional to
√
wνα(k). Then it is no surprise

that the former exhibits one broad peak like χ0,dd, while the latter exhibits two broad peaks like

χ0,xx.

A final point regarding the imaginary parts of χ is the overall behaviour of intensities as a

function of hole filling. In Figure 3.14, the matrix elements are plotted at two different fillings:

pvH +0.1 and pvH−0.1. It is shown that only the lowest edges of the both bands are affected by

the filling. This is because only those edges, that is ωa and ωb in Figure 3.1, are dependent on

the Fermi level. The higher the hole filling, the lower the Fermi level and the lower the edges.
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Figure 3.14: The ef-
fect of filling on the
imaginary part of χ0(ω).
Colour code for matrix
elements are the same as
in Figure 3.13.

Another feature of interest in this figure is the sharp peak in the higher band for the hole

filling pvH + 0.1. This is due to the van-Hove singularity located near (π, 0). As p is increased,

the Fermi level crosses this singularity. Because the density of states diverges at the van-Hove

singularity, a large density of E1(k) → E3(k) transitions occurs at this energy, causing a peak

in the spectrum. This peak does not show up in the lower band which is easy to understand for

χ0,xx: w2
x(k) = 0 near (π, 0) as shown in Figure 3.4, yielding a zero integrand.

Next we turn to the real parts of χ given in Figure 3.13(a2), (b2), and (c2). As opposed to

the imaginary parts, the real parts are hard to analyze since the latter is related to the former by

an energy integral following the Kramer-Kronig’s relationship. Then, it is quite hard to connect

the features of the real part to the band structure and the orbital weights. It is sufficient to note

that zero-level crossings of the real parts are located approximately at the center of the bands

in the imaginary part. Furthermore, the peaks in the real part are located near the edges of the

broad features in the imaginary part.

So far, only the tpp = 0 case was considered. Then it is of interest how a realistic tpp

value modifies the imaginary susceptibilities. In Figure 3.15, the effects of tpp are shown for

p = pvH + 0.1 and tpp = 0.5. The main effect of tpp is to modify the band structure in a way

that the top band expands towards higher energies near (π, π) as shown in Figure 3.1. As a
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result of this, the maximum energy associated with E2 → E3 transitions, ωc, is increased to 5.7.

This means that ωc > ωb implying that the band of E2 → E3 transitions overlaps with that of

E1 → E3. These overlapping bands explain the multiple steps shown in the Im[χ0,xx] spectrum.

The modified band structure similarly increases the maximum energy of E1 → E3 transitions,

giving ωd ∼ 7.

While the modified ωd is explicitly seen in the xx and xy susceptibilities, this is not the case

for dd and dx. This can be understood by the analysis of the modified orbital weights, indicated

by dashed lines in Figure 3.4. In the bottom figure, it is shown that w1
d(k) decays to near

zero about mid-way along the cut (π, 0) to (π, π). Therefore, after exhibiting the sharp peak

at ωb, the Im[χ0,dd] intensity associated with E1 → E3 transitions will decay to very low values

very well before ωd. A non-zero tpp suppresses d-orbital-weight at the bottom band particularly

around (π, π). Furthermore, it introduces a d orbital character to the second band particularly

around (π, π). As a result of this, Im[χ0,dd] exhibits a broad peak associated with E2 → E3

transitions, extending from ωa = 3.5 to ωb ≈ 5.7. Similar arguments also apply to Im[χ0,dx].

3.4 χ0(q, ω)

When q is non-zero, the spectrum is modified by the addition of a low energy band. This low

energy feature originates from the intra-band contributions associated with the conduction band.

In this section, the original bare susceptibility given in Equation (2.90) is used for making the

plots as opposed to the simplified forms discussed in previous sections.

In Figure 3.16, the plot of Im[χ0(q0, ω)] is shown. For this calculation, the wavevector is

arbitrarily set to q0 = 2π(0.125, 0.125). As is expected, the new feature of the non-zero q

calculation is the low energy spectrum extending from zero frequency to ω ∼ 1. Overall, the

range of the low energy spectrum can be understood by linearizing the conduction band near

the Fermi level. For a point on the Fermi surface with momentum kF and for a small q, one
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Figure 3.16: Plot of the imaginary part of the dynamic bare susceptibility at wavevector q0 =
2π(0.125, 0.125). Note that the parameter values are: tpp = 0, p = pvH , T = 0.005, and
κ = 0.002.

can write

E3(kF + q) ≈ εF + ∇E3(k)|kF · q = εF + vF · q (3.28)

giving E3(kF +q)−E3(kF ) ≈ vF ·q. Hence the intraband transition energies in Equation (2.90)

satisfy ω ≈ vF · q. This means that the lowest energy excitations have ωmin = 0, when q is

perpendicular to vF , and the maximum is when q is parallel to vF , giving ωmax = vF q. Hence

the ωmax is linearly proportional to the magnitude of q. It is noteworthy that, as shown in the

inset, the imaginary parts go to zero at ω = 0, i. e. in the static limit, in accordance with the

proof given in Section 3.2.

3.5 Conclusion

In conclusion, the properties of the bare susceptibility are studied in this chapter for a multi-

orbital system. In the static limit, it is established that the q-space structure of χ0(q, 0) can

be understood from the Fermi surface shape, the nesting vectors, and the orbital weights. The
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maximum of response in a local susceptibility χ0,θθ(q, 0) is, in general, found to occur at or

near q = (π, π) depending on the hole filling. In the dynamic case, it is found that Im[χ0(q, ω)]

spectrum exhibits a high energy band(s) originating from the inter-band transitions and a low

energy band from the intra-band transitions in the conduction band. By linearizing the energy-

band at the Fermi level, it is determined that the lower edge of the low energy band occurs at

ω = 0, and the higher at ω = vF q. The latter means that the low energy band disappears as

q → 0.
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Chapter 4

Results & Discussion

It will be shown in this chapter that the Emery model is susceptible to nematic charge orders

driven by the Coulomb repulsion Vpp between densities at Op orbitals. In Section 4.1, charge

order parameters will be defined, and all possible charge orders within the three-band model will

be identified. The response of the system to external perturbations is given by the interacting

charge susceptibilities which will be discussed next. For completeness, the interacting spin

susceptibilities will be analyzed afterwards.

Once the basics are understood, the nematic charge susceptibility discussion will start at

Section 4.2. First, an example of numerical detection of a nematic instability will be given.

Using this, phase boundaries can be drawn. Two different phase diagrams will be considered:

Vpp vs p and T vs p. Both phase diagrams will be calculated for tpp = 0 and tpp = 0.5. Overall,

it will be shown that, depending on where one is in the parameter space, three different nematic

charge orders show up: (i) commensurate order with wavevector q = 0, and incommensurate

orders with (ii) diagonal or (iii) axial wavevector q∗. Afterwards, the reconstruction of the Fermi

surface due to these orders will be studied. This will be followed by the study of dynamical charge

susceptibilities. Finally, the three-band calculations in this thesis will be compared against (i)

the single-band calculations in the literature, and (ii) the recent experimental results.
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4.1 All Possible Charge Orders

Motivated by recent experimental findings, the focus of this thesis is on nematic instabilities in

the three band model. Therefore, the nematic susceptibility will be defined first. This will be

followed by the identification of all possible charge orders in the three-band model as they might

compete with the nematic instability.

By definition, a susceptibility is the expectation value of the derivative of an operator with

respect to the coupling field. Therefore, the charge susceptibility is given by

χαβ(q) =
∂nα(q)

∂φβ(q)
= −∂nα(q)

∂εβ(q)
(4.1)

where orbital energy εβ is the field coupling to the density operator n̂α. In this equation and

throughout the remainder of this section, ω-dependency of the quantities will be neglected for

simplicity. Since the orbital labels α and β can take on three different values (d,x and y),

the charge susceptibility is a 3-by-3 matrix, and therefore it can have three eigenvalues and

eigenvectors. This means that there can be three unique possible charge susceptibilities, which

are given by these eigenvalues. Accordingly, there will be three unique charge order parameters.

This can be shown explicitly as follows. The Kubo formula in Equation (2.63) gives


δnd(q)

δnx(q)

δny(q)

 = −


χdd(q) χdx(q) χdy(q)

χxd(q) χxx(q) χxy(q)

χyd(q) χyx(q) χyy(q)



δεd(q)

δεx(q)

δεy(q)

 (4.2)

where δnα is the change in density in orbital α, and δεα is a small change, or perturbation, in

the energy of orbital α. This equation can be written in a compact form:

δn(q) = −χχ(q) δεε(q). (4.3)

where δn(q) = [δnd(q), δnx(q), δny(q)]T , and δεε(q) = [δεd(q), δεx(q), δεy(q)]T . Define L as the

eigenvector matrix of χχ such that L−1χχL = χ̄χ where χ̄χij = δijχ̄ii is the diagonal eigenvalue
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matrix denoting distinct susceptibilities. Then, it is straightforward to show that

δO(q) = −χ̄χ(q) δεε′(q) (4.4)

where δεε′ = L−1δεε and

δO = L−1δn. (4.5)

Thus, χ̄ii is associated with charge order δOi due to the perturbation δε′i, and as before can be

explicitly defined by

χ̄ii(q) = −∂Oi(q)

∂ε′i(q)
(4.6)

where Oi(q) is the expectation value of the corresponding operator Ôi(q). Therefore, there can

be at most three unique charge orders associated with the three eigenvalues χ̄ii at a given q.

As opposed to the discussion above, O (and εε′) will not necessarily be defined in the eigen-

basis of χχ, rather it will be defined according to the physics of interest. In this thesis, the focus

is on electronic nematicity based on the inequivalency of Op orbitals, therefore one first defines

ÔN (q) = n̂x(q)− n̂y(q). (4.7)

where the subscript “N” stands for nematic. Hence, a non-zero 〈ÔN 〉 means that some density

has been transferred between Opx and Opy so that nx 6= ny. The remaining two Ô are defined

so that the basis is complete and χ̄ij is as much block diagonal as possible:

Ôρ(q) = n̂d(q) + n̂x(q) + n̂y(q) (4.8)

ÔCT (q) = n̂d(q)− n̂x(q)− n̂y(q) (4.9)

where Ôρ(q) is the total density order parameter, and ÔCT is the charge transfer order parameter

involving a transfer of charges from the Op orbitals to the Cud orbitals. Using these definitions,

one can identify in total six different charge orders falling into two categories: (i) intra unit-cell

(commensurate) orders with wavevector q = 0 and (ii) modulated (incommensurate) orders
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with momentum q 6= 0. It will be useful, later on, to write down the explicit form of the

susceptibilities associated with these order parameters:

χN = −δON
δε′N

= −δ(nx − ny)
δ(εx − εy)

= χxx + χyy − χxy − χyx (4.10)

χρ = −δOρ
δε′ρ

= −δ(nd + nx + ny)

δ(εd + εx + εy)

=
∑

α,β∈{d,x,y}

χαβ (4.11)

χCT = −δOCT
δε′CT

= −δ(nd − nx − ny)
δ(εd − εx − εy)

= χdd + χxx + χyy − (χdx + χxd + χdy + χyd) + χxy + χyx, (4.12)

where the q (and ω) dependency is dropped for the moment.

In Figure 4.1, cartoons of the charge density modulations associated with these possible

charge orders are given. This calculation is made by considering that the charge pattern in the

broken symmetry phase is associated with a single wavevector, denoted by q∗, at which point

χαβ(q∗) diverges. Then, the real space patterns are determined by a single q in the Fourier sum:

δnα(r) = δnα(q∗)eiq
∗·r + δnα(−q∗)e−iq

∗·r (4.13)

=
∑
β

2 cos(q∗ · r)χαβ(q∗)δεβ(q∗), (4.14)

since χαβ(q) and δεβ(q) are even functions of q at zero frequency. In Equation (4.14), the

perturbation δεε is chosen in accordance with the charge order of interest. For a nematic pertur-

bation, for example, one sets δεε = [δεd, δεx, δεy] = δε[0, 1,−1] where δε is a small number, for

example 0.01.

In (a), the commensurate charge density modulations due to a charge transfer perturbation

δεεCT = δε[1,−1,−1] are shown. Since q = 0, modulations are the same in every unit cell.

It is shown in (a) that densities at Op orbitals decrease (indicated by the red colour) while

those in Cud orbitals increase (indicated by solid black circle). One could equivalently set
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Figure 4.1: Cartoons of all possible charge orders in the three band model. The commensurate
(q = 0) orders are shown in the left column: (a) charge transfer, (c) nematic, and (e) total
density. Incommensurate (q 6= 0) orders are shown in the right column: (b) charge transfer,
(d) modulated nematic, and (f) total density. Note q is arbitrarily set to (0.04, 0.08) × 2π for
the incommensurate order calculations. Solid and empty black symbols stand for positive and
negative change in d-orbital charge density due to a perturbation. Red and blue symbols stand
for negative and positive change in charge densities at p orbitals. The size of the symbols is
proportional to the amount of change in the density although proportionality of Cud symbols
to Op symbols may not be realistic for illustration purposes. In (c) and (d), change in nd is not
shown as it is negligible.
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δεεCT = −δε[1,−1,−1] yielding an increase in nx and ny and a decrease in nd. Thus a charge

transfer order causes densities to shift between both Op orbitals and the Cud orbital. In (b),

the incommensurate (q 6= 0) case is shown, where densities are modulated in real space. One

should note that solid black symbols are surrounded by red ones while empty black symbols are

surrounded by blue ones. Hence, δnd has an opposite sign to δnx or δny as expected from a

charge transfer type perturbation.

In (c), the real space pattern due to a commensurate (q = 0) nematic perturbation is

shown. Note that δnd is not shown here as it is negligible. Thus for a nematic perturbation

the charge density shifts between Op orbitals, and Opx becomes inequivalent to Opy. This

means that a nematic transition reduces the rotational symmetry from 90◦ to 180◦. In (d), the

incommensurate case, dubbed modulated nematic order, is shown. One should keep in mind

that a q 6= 0 charge order is not nematic by the precise meaning of this term, rather it is a

charge density wave.

The commensurate and incommensurate total density order patterns are shown in (e) and

(f). The corresponding perturbation is δεερ = ±δε[1, 1, 1], which causes densities in all orbitals

to change the same way. Hence, in (e), black solid symbols are surrounded by blue ones meaning

densities in all orbitals has increased (or equivalently all densities have decreased). Note this

is the opposite of the pattern in (a) as expected. Similarly, in (f) solid black symbols are

surrounded by blue ones in a stripe pattern followed by another stripe where the empty circles

are surrounded by red symbols meaning density has decreased in every orbital within it. Again

this is the opposite of the pattern in (b).

For the parameter values used in this thesis, the nematic order emerges as the only instability.

The charge transfer instability was previously found in other studies [52, 53], however it occurs

for εd−εp ∼ 0 (that is ∆CT ∼ 0), Vpd ∼ 2, and p ∼ 0.20, therefore it is not relevant to the results

in this thesis. In Section 4.7, it will be shown that the total-density order (or amplitude-mode)

is not relevant either. Thus, the focus of this thesis is on the nematic instability.
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4.2 Interacting Charge Susceptibilities

As will be described later, the electronic nematicity phase is determined using the nematic

susceptibility χN . As given in Equation 4.10, χN is defined in terms of interacting charge

susceptibilities. Therefore, it will prove to be useful to have a basic understanding of how

interactions modify the bare charge susceptibility matrix elements.

In Figure 4.2 the interacting charge susceptibilities are plotted for hole fillings below, at

and above pvH for the case of tpp = 0.5. Note that, the non-interacting case is given in Figure

3.11. The progression of χdd through (a1)-(a3) is qualitatively the same as the non-interacting

case. However, its magnitude is about ten times less compared to the non-interacting case.

This is due to the local interaction Ud as follows. Since Ud � Up, Vpd, Vpp, one can treat the

latter parameters as zero for simplicity. Then, one can show that the interacting susceptibility

calculation in Equation (2.131) turns into the usual RPA equation, giving

χdd =
χ0,dd

1 + Udχ0,dd

. (4.15)

Since, Ud = 9 and χ0,dd ∼ 1 (from Fig. 3.11), one obtains χdd ≈ 0.1. Hence, a well known result

is obtained: local interactions suppress charge susceptibilities.

Similarly, the magnitude of χdx is reduced by an order of magnitude in the presence of large

Ud, as shown through (b1)-(b3). As opposed to χdd, the overall structure of χdx looks different

than the non-interacting case. It exhibits all the nesting arcs, and the extrema occur near (π, π)

as opposed to away from it. These qualitative differences are due to the fact that the interacting

susceptibility defined in Equation (2.131) contains matrix multiplications, and this means that

every other charge susceptibility matrix element contributes to χdx to some extent. Thus, the

effects of the anisotropy of Opx orbital weigths on χdx are less pronounced.

As shown in Figures (c1)-(c2), χxx too exhibits all the nesting arcs as in χdx. This is opposite

to the non-interacting case where some nesting arcs are “muted” due to the anisotropic Op orbital

weights along the Fermi surface. This is particularly prominent in (c1) and (c2). Strikingly, in
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Figure 4.2: Interacting charge susceptibility matrix elements: top to bottom: χdd, χdx, χxx, and
χxy. Left to right: pvH − 0.1, pvH , pvH + 0.1. The parameter values are: tpp = 0.5, T = 0.0005,
Ud = 9, Up = 3, Vpd = 1, and Vpp = 1.2.
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(c1), the extremum of χxx has shifted from (π, π) to a diagonal q near (0,0). As opposed to χdd

and χdx, the magnitude of χxx turns out to be enhanced in the presence of interactions: there

is a 33% enhancement for p < pvH , a five-fold enhancement at pvH , and a 10% enhancement

for p > pvH . One possible reason for this is that, due to the matrix multiplications, big matrix

elements χ0,dd and χ0,dx contribute to this susceptibility. This can only occur through non-

zero Vpp and Vpd interaction matrix elements. Hence, inter-orbital interaction matrix elements

cause small χ matrix elements to be amplified. In fact this enhancement is so big that that the

suppression due to the local interaction Up is outweighed. Considering that many Ṽρ matrix

elements have factors like cos(qx/2), particularly in the ṼD block, enhancements due to big

matrix elements are less pronounced away from (0, 0) particularly near (π, π) where cos(π/2) ∼ 0.

Enhancement due to interactions and the matrix effect is most significant in χxy: it is an

order of magnitude bigger than the non-interacting case as shown through figures (d1)-(d3). In

(d1) and (d2), χxy exhibit exactly the same extremal points as χxx: at a small and non-zero q

for p < pvH and at q = 0 at pvH .

In conclusion, properties of interacting susceptibilities originate from three things: (i) the lo-

cal interactions suppress diagonal charge susceptibilities, (ii) the matrix effect reduces anisotropies

in the q-space structure, and (iii) the small matrix elements are enhanced by Vpp and Vpd due

to coupling to big-matrix elements through matrix multiplications.

4.3 Interacting Spin Susceptibilities

For completeness, the interacting spin susceptibility will be studied in this section. The spin

susceptibility is discussed in Section 2.4, and is explicitly defined in Equation (2.150). It is

evident from this equation that χσ reduces to the bare susceptibility in the non-interacting

limit1. Therefore, the bare susceptibility plots in Figure 3.11 (and 3.9) are also valid for χσ in

the non-interacting limit.

1Apart from a constant factor due to spin summation.
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The spin susceptibility, χσθγ is shown in Figure 4.3. The model parameters are the same as

in Figure 4.2. At first glance, a striking feature of the spin susceptibility is that χσdd is negative

everywhere as shown in (a1) to (a3). One should note that this is unphysical since a local

susceptibility cannot be negative. The point is that χσdd has been enhanced as a function of

Ud and eventually diverged (and turned negative) beyond a critical value. This means that

the system has an instability towards the formation of magnetic moments on Cu atoms. As

unphysical as it is, the structure of the diverged χσdd will be analyzed below by using the fact

that the extremal points are given by the least negative values2.

As with χdd, the extrema of χσdd are located near (π, π). As opposed to χ0,dd, there are no

four global peaks near (π, π), instead the extrema is a mostly flat square with a maximum right

at (π, π). As the hole filling is further increased to pvH , one obtains the structure shown in (a2),

where the maximum is located right at the (π, π) point, which is a good nesting vector at this

filling as was established before. It is noteworthy at this filling that the shifting nesting arcs

created a high intensity point right at (0, 0). For p > pvH , the structure of χσdd looks very similar

to the charge counterpart as shown in (a3).

As opposed to χσdd, χ
σ
xx has not diverged: it is positive at all fillings as shown in (c1)-

(c2). The divergence condition Upχ
σ
0,xx ∼ 1 is not satisfied because (i) Up is not a big number

due to the real-space span of p orbitals, and also (ii) χ0,xx is a very small number. Hence

Upχ
σ
0,xx ∼ 0.20 << 1. The case p < pvH is shown in (c1). As opposed to the charge susceptibility

case shown in Figure 4.2(c1), the maximum of χσxx is not located just off the point q = 0, rather

it is near (π, π). At pvH , a high intensity develops right at q = 0 as before. Overall, at all

fillings, the extrema of χσxx are two q points located along qx = π and just off (π, π). This is

reminiscent of the bare susceptibility, however χσxx is enhanced slightly by interactions. While

this enhancement is bigger than the charge susceptibility case for above and below pvH , it is

significantly less at pvH when compared to Figure 4.2(c2).

2One can show this by plotting χσdd(q) vs Ud for two different wavevectors q1 and q2 such that χσdd(q1) >
χσdd(q2) when Ud is subcritical. Then whenever both χσdd(q1) and χσdd(q2) are negative, χσdd(q1) > χσdd(q2) is
satisfied. Hence, the least negative values give the extremal points in subcritical the χσdd.
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Figure 4.3: Interacting spin susceptibility matrix elements: top to bottom: χσdd, χ
σ
dx, χσxx, and

χσxy. (Left) pvH − 0.1, (center) pvH , (right) pvH + 0.1. Parameter values are the same as in
Figure 4.2.
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The other susceptibilities, χσdx and χσxy, do not exhibit new features when compared to the

bare susceptibility. χσdx appears to not be enhanced by ladder interactions. As opposed to this,

χσxy is enhanced by an order of magnitude or more as shown in (d1)-(d2). Interestingly, this

enhancement monotonically increases as filling is increased.

In conclusion, χσdd susceptibility may diverge before any other susceptibility including the

charge ones, and hence a spin-order associated with Cud orbitals can be the leading susceptibility

in the three-band Emery model. In that case, the nematic charge order, to be discussed shortly,

will be a sub-leading order.

4.4 Static Nematic Susceptibility

A nematic charge instability is numerically detected by calculating χN (q) and determining where

it diverges as a function of Vpp. For example, in Figure 4.4(a) the plot of χN (q) is shown. For

this plot, parameters are chosen so that the system is on the verge of a nematic phase transition.

This is, in fact, evident in the overall scale of the plot which is enhanced more than an order

of magnitude compared to the bare susceptibility. This is a signature of the diverging χN (q),

occurring at a specific wavevector denoted by q∗. In (a), this instability point, i.e. the peak, is

identified as q∗ ∼ 0.065(1, 1) × 2π as indicated by the arrow. In (b), the inverse of χN (q∗) is

plotted as a function of Vpp. Then, the nematic instability signaled by the diverging χN (q∗) is

located at the zero crossing in this figure. The corresponding Vpp value is called the critical Vpp,

denoted by V c
pp. As a result, Vpp drives the nematic charge instabilities.

The Vpp vs p phase diagram is drawn in Figure 4.5. The two cases tpp = 0 and tpp = 0.5 are

considered to understand the effects of this parameter on the nematic instability.

The phase diagram, calculated at tpp = 0, is shown in Figure 4.5(a). For small Vpp, the system

is isotropic, that is there is no nematic charge order. However, this changes as Vpp is increased,

and the system develops either a commensurate order (indicated in black) or an incommensurate

order (indicated in blue). The dotted line indicates the boundary of the subleading q = 0 order,
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Figure 4.4: The method of detecting a nematic instability (modified from [10]). (a) The q point
where χN (q) is about to diverge gives the order wavevector q∗ (arrow). (b) The point where
1/χ(q∗) crosses zero level as a function of Vpp gives the critical Vpp value [10].

though it is the leading orders indicated by solid lines that matter. It is striking that the

smallest V c
pp occurs at p = 0, which also happens to be the van-Hove filling, pvH , for this tpp

value. Shortly, it will be clear that this is not a coincidence. At pvH , the phase boundaries

of the commensurate and incommensurate orders coincide. Away from pvH , V c
pp increases and

the system enters the incommensurate phase (blue curve). For very low or very high p values,

however, the q = 0 order dominates the phase diagram instead3. The wavevector associated

with the incommensurate order points along the Brillouin zone axes, that is either q∗ = (q0, 0) or

q∗ = (0, q0). Thus q∗ is axial, and the corresponding order is called axial order. The behaviour

of the magnitude of q∗ as a function of p is shown in (b). At pvH it is zero, and away from

this filling |q∗| monotonically increases to values as big as 0.8 within the p range studied. The

magnitude 0.8 corresponds to about 13% of the zone width (2π), hence, q∗ is limited to a small

region near (0, 0) in reciprocal space.

The Vpp vs p phase diagram for the case tpp = 0.5, shown in Figure (4.6), exhibits a major

difference compared to the previous case: an incommensurate nematic order with q∗ pointing

along the zone diagonal. The corresponding phase boundary is indicated in red colour. Since

q∗ = q0(1, 1), this phase is called diagonal nematic charge order (or diagonal order in short).

As is shown in (a), diagonal order dominates the phase diagram below p = 0.177, which is pvH

3Very low p case is not shown in Figure 4.5.
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Figure 4.5: (a) Vpp vs p phase diagram for tpp = 0 [10]. For low Vpp, the system is isotropic. When
Vpp is sufficiently big, the system can be in either incommensurate nematic phase with axial-q∗

(blue line) or the commensurate nematic phase (black). Dotted line indicates the border of the
commensurate phase at fillings where incommensurate order diverges first as Vpp is increased.
(b) The magnitude of the order wavevector as a function of p. The parameter values are the
same as in Figure 4.2.
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Figure 4.6: The same Figure as in 4.5, except for tpp = 0.5 [10]. The leading nematic order
below pvH is an incommensurate one as before but with a diagonal wavevector.

for this tpp value. The diagonal order phase boundary joins that of the commensurate order at

pvH , and this is where the minimum V c
pp occurs as in tpp = 0 case. Immediately above pvH , the

system exhibits q = 0 nematic phase up to p = 0.19. Then, in the filling range p = 0.19− 0.21,

the incommensurate nematic order (INO) with axial q∗ is the leading phase, although its phase

boundary (blue line) is closely followed by the subleading commensurate order. Beyond p = 0.22,

the system exhibits the commensurate order only as before. The overall shape of the V c
pp curve

is qualitatively the same as before, however the phase boundaries are shifted towards higher V c
pp

values for this tpp value. In (b), the magnitude of the modulation wavevector is plotted as a

function of p. Within the plotting range, the maximum |q∗| can be as big as ∼ 1.12, and it

monotonically decreases to zero as p→ pvH . Above pvH , |q∗| is shown over the range where the

order is axial.

Next, the discussion moves on to the T vs p phase diagrams shown in Figures (4.7)(a) and
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(b), corresponding to the cases tpp = 0 and tpp = 0.5 respectively. In (a), the system is isotropic

at high temperatures. As T is lowered, the system can enter a nematic charge order phase for

a wide range of p values. Note that the size of the nematic phase boundary depends on Vpp,

which is set to 2.0 for this calculation. For the most part, the phase diagram is dominated by

the commensurate order, which is robust up to T ∼ 0.028. Away from pvH , the critical T for

the nematic order decreases. At the far ends of the “nematic dome”, a re-entrant behaviour is

observed. For example, near the left end of the dome the system exhibits the following phase

sequence as T is lowered: isotropic, nematic (q = 0), isotropic, and nematic (q 6= 0). The last

part of this sequence is clearly seen in the inset.

Dramatic changes occur when the T -p phase diagram is calculated for tpp = 0.5, which is

shown in Figure (4.7)(b). At sufficiently low T , the system can enter either the commensurate

or incommensurate nematic phases as before. For the current case however, the incommensurate

order below pvH is not limited to a small T and p range, rather it dominates the phase diagram

for fillings below pvH and it is as robust against thermal fluctuations as the commensurate

order. Above pvH , however, the commensurate order dominates the phase diagram as in tpp = 0

case. This phase slightly extentends to fillings below pvH , and beyond this point it subleads (as

indicated with a dashed line boundary) to the diagonal order. The nematic phase boundaries

change significantly as a function of Vpp. For Vpp = 2.2, the incommensurate order extends down

to p ∼ 0.08, while the commensurate order extends up to p ∼ 0.23.

4.5 Density Modulations

The Emery model exhibits two distinct nematic density modulations associated with two distinct

incommensurate orders: diagonal and axial.

As was discussed in Section 4.1, for a given q∗, −q∗ also has to contribute to the density

modulations so that one obtains a real δn. This symmetry is obvious in Figure 4.8 where the

case p < pvH is considered. Hence for any q∗ at which χN diverges, there is a −q∗ where χN
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Figure 4.7: T vs p phase diagram for (a) tpp = 0 and (b) tpp = 0.5 [10]. Solid curves indicate
the first (leading) instability to develop as T is lowered. The inset in (a) shows a zoom into
the lower left end of the nematic dome, and makes it clear that the axial order is the leading
instability in a narrow doping region.
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also diverges. More importantly, this plot shows that there are four equivalent q∗ points: two

along the zone diagonal and another two along the opposite diagonal. This is simply due to the

symmetry of the underlying lattice. In real materials, one set of q∗’s might be preferred over

the other (due to, for example, weakly broken tetragonal symmetry), therefore all possibilities

will be considered here.

Following the discussion in Section 4.1, the density modulations due to a nematic perturba-

tion can be visualized. To be specific, one calculates δn = χχ(q∗)δεε, where χχ(q∗) is the charge

susceptibility matrix calculated at the nematic instability point q∗, and δεε = δε[0, 1,−1]T is a

nematic perturbation with amplitude δε = 0.01.

Thus, all possible incommensurate nematic charge modulations in the three band model are

plotted in Figure 4.9 for tpp = 0.5. Two fillings are to be considered: p = 0.14 (p < pvH) for the

diagonal order and p = 0.20 (p > pvH) for the axial order. As before, the point size indicates the

magnitude of the modulations, and red and blue colors respectively indicate negative and positive

change in densities. In all plots in this figure, the modulations in Cu atoms are negligibly small.

In (a) and (b), the nematic density modulations associated, respectively, with q∗’s along zone

diagonal and opposite diagonal are shown. Such modulations are dubbed the uni-directional

order. For the axial case, uni-directional modulations are shown in (d) and (e) corresponding

to q∗’s along qx and qy axes respectively. As mentioned above, χN diverges at four equivalent

q∗ points. In that case, the density modulations are called bi-directional, and can be simply

calculated by adding up uni-directional modulations: superposition of (a) and (b) gives (c), and

that of (d) and (e) gives (f). As shown in (c) and (f), bi-directional order gives incommensurate

checkerboard density modulations with nematic character. In every case shown in Figure 4.9,

charge-transfer between Opx and Opy mostly occurs within the unit cell.
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Figure 4.8: All equivalent q∗ points near (0,0) where χN is about the diverge.

4.6 Fermi Surface Reconstruction

As discussed in Chapter 1, many experimental findings point towards a reconstructed Fermi

surface. Then, it is important to establish if the nematic charge orders found in this thesis alter

the Fermi surface in any way. For this purpose, a simple perturbative calculation will be made

below. In the broken symmetry phase, a nematic modulation in charge densities is associated

with a nematic modulation orbital energies given by δεx = −δεy = δε cos(q∗ · r). This will cause

scattering between particles with momenta connected by multiple integers of q∗, such as k and

k + q∗. The effects of these nematic scatterings will be calculated using an equation of motion

procedure discussed below.

Using the Liouvillian superoperator method [31], the single particle retarded Green function

can be expressed in the following form:

G(k, ω) = [(ω + iδ)1− L(k)]−1 (4.16)

where supercript “−1” is the matrix inverse, δ � 1 is a small broadenning parameter, 1 is the

110



Figure 4.9: Nematic density modulations associated with (left) diagonal and (right) axial orders
for tpp = 0.5, occuring at fillings p = 0.14 and p = 0.20 respectively [10]. The corresponding
q∗ values are given in Figure 4.6. The point size and color notation is the same as in Figure
4.1. Density modulations at Cu atoms are very small, so they are hardly visible. Bi-directional
modulations in (c) and (f) are obtained by adding the unidirectional modulations in (a,b) and
(d,e) respectively. The figure is taken from [10].
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identity matrix,

Lij(k) =
∑
n

〈{
Âi(ki) , L̂nÂj(kj)†

}〉
(4.17)

is the energy matrix, Âi(ki) is the ith operator in the single fermionic operators basis

ĉkd, ĉkx, ĉky, ĉk+q,d, . . . , ĉk+2q,d, . . . , (4.18)

and L̂ is the Liouvillian superoperator defined by

L̂A ≡ [Ĥ, A] = [Ĥ0, A] + [Ĥ ′, A]. (4.19)

One of the first order (n = 1) contributions to the energy matrix are:

Lij′(k) =
〈{
Âi(ki) ,

[
Ĥ0 + Ĥ ′ , ĉ†kβ

]}〉
(4.20)

=
〈{
Âi(ki) ,

[
Ĥ0 , ĉ

†
kβ

]}〉
+
〈{
Âi(ki) ,

[
Ĥ ′ , ĉ†kβ

]}〉
(4.21)

= L0
ij′(k) + L′ij′(k) (4.22)

where j′ ∈ 1, 2, 3. Since

[Ĥ0, ĉ
†
kβ] =

∑
γθ

tγθ(p)[ĉ†pγ ĉpθ, ĉ
†
kβ] (4.23)

=
∑
γθ

tγθ(p)δpkδθβ ĉ
†
pγ (4.24)

=
∑
γ

tγβ(k)ĉ†kγ (4.25)

one can simply calculate

L0
ij′(k) =

∑
γ

tγβ(k)〈{ĉkα, c†kγ}〉 = tαβ(k) (4.26)

for α ∈ d, x, y. Hence, L0
ij is nothing but the non-interacting Hamiltonian matrix H0(k) given
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in Equation 2.23. Consider a nematic perturbation of the following form:

Ĥ ′ =
∑
i

2 δε cos(q ·Ri)(n̂ix − n̂iy) = Ĥ ′x − Ĥ ′y, (4.27)

where δε is a small number. Thus, in a given unit-cell x and y energies differ by 4δε cos(q ·Ri)

imposing a rotational symmetry breaking, i.e nematicity. The real-space modulation of this

nematicity is determined by the modulation wavevector q. Using the followings

2 cos(q ·Ri) = exp(iq ·Ri) + exp(−iq ·Ri), (4.28)∑
i

n̂ixe
±iq·Ri = n̂x(±q) =

∑
p

ĉ†p±q,xĉpx, (4.29)

H ′ can be expressed in the momentum space:

Ĥ ′ = δε
∑
p

ĉ†p+q,xĉpx + ĉ†p−q,xĉpx − δε
∑
p

ĉ†p+q,y ĉpy + ĉ†p−q,y ĉpy (4.30)

Then one can calculate

[
Ĥ ′ , ĉ†kβ

]
= δεδβx(ĉ†k+q,x + ĉ†k−q,x)− δεδβy(ĉ†k+q,y + ĉ†k−q,y). (4.31)

Then contribution from H ′ to the energy matrix becomes:

L′ij′(k,q) = δε δβx

[〈
{Âi(ki), ĉ†k+q,x}

〉
+
〈
{Âi(ki), ĉ†k−q,x}

〉]
(4.32)

−δε δβy
[〈
{Âi(ki), ĉ†k+q,y}

〉
+
〈
{Âi(ki), ĉ†k−q,y}

〉]
. (4.33)

Similarly, the second order (n = 2) contributions to L′αβ can be calculated, however these

introduce small corrections, in the order of δε 2, to the first order terms, and therefore to a good

approximation L matrix can be calculated by the first order terms. Hence, it is sufficient to

consider the following basis:

ĉ†kd, ĉ
†
kx, ĉ

†
ky, ĉ

†
k+q,d, ĉ

†
k+q,x, ĉ

†
k+q,y, ĉ

†
k−q,d, ĉ

†
k−q,x, ĉ

†
k−q,y. (4.34)
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Thus, in this basis, the L(k) is a 9× 9 matrix, and explicitly given by:

L(k) =


H0(k) L′q∗ L′−q∗

L′q∗ H0(k + q∗) 0

L′−q∗ 0 H0(k− q∗)

 , (4.35)

where

L′±q∗ =


0 0 0

0 δε 0

0 0 −δε

 (4.36)

is the perturbing potential in matrix form, scattering particles to momenta k± q.

In order to visualize the effects of small nematic modulations, the spectral function calculated

at the Fermi surface will be used: N(k, ω) = − 1
π

∑3
i=1 ImGii(k, ω−εF ). This calculation is given

in Figure 4.10. The unperturbed Fermi surface is shown in black in (a) for filling p < pvH . In

this filling region, the dominant nematic order is an incommensurate one with a diagonal q∗. For

this wavevector, the Fermi surfaces associated with blocks H0(k± q∗) are shown in dashed red

lines in the same panel. Once H±q∗ is non-zero, a strong mixing and level repulsion occurs at

Fermi surface regions where the original (black-solid line) and shifted (red-dashed lines) overlap

or nest. As shown in (b), the spectral weight at the nested Fermi surface segments is significantly

reduced, yielding disconnected Fermi arcs.

The perturbation due to all q∗ wavevectors yield the kind of FS modifications shown in (c).

Thus superposition of both q∗ not only yields level repulsions and Fermi arcs as before, but

more significantly they give hole-like Fermi pockets at the antinodal points of the FS. Shown in

the inset is one of these pockets. The importance of this will be discussed further later on.

Next, the effect of an axial-nematic order will be discussed in Figures 4.10(d),(e), and (f).

Since this phase occurs above pvH , the corresponding Fermi surface is electron like, that is

centered around (0, 0), as shown in (d). Also shown in (d) are the shifted Fermi surfaces

associated with H0(k ± q∗). Thus overlapping parts of the regular and shifted Fermi surfaces
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occur at antinodal points. Accordingly, spectral weight is lost and Fermi arcs appear as shown

in (e) where the perturbation is calculated for one of the axial q∗ vectors. The reconstructed

Fermi surface for the bi-axial case is shown in (f). As opposed to (c), Fermi surface pockets are

not found for this case.

4.7 Dynamic Susceptibility

Dynamic susceptibility is a quantity measurable by experiments like REXS[32]. Since the ne-

matic instability studied in this thesis is a possible candidate for the charge orders measured in

experiments, then the spectrum of the dynamic nematic instability is of interest. As opposed to

the static (ω = 0) case, all distinct charge susceptibilities will be studied here because features

in the dynamic spectrum are not limited to nematic susceptibility. As established in Section 4.1,

the distinct susceptibilities are: charge transfer susceptibility (χCT ), total density susceptibility

(χρ), and the nematic susceptibility (χN ).

Upon perturbation by an electric field at frequency ω, the electron liquid oscillates at the

same frequency with a damping factor given by the width of the corresponding peak in Imχ(ω).

Hence a sharp peak corresponds to a long-lived oscillation or excitation while a broad peak

corresponds very short-lived one. Oscillations at each ω are independent of those at every other

frequency, therefore these oscillations are called modes. Different susceptibilities exhibit different

kinds of oscillations. The nematic charge mode corresponds to the oscillation of densities back

and forth between Opx and Opy orbitals. Similarly, the charge transfer modes correspond to

the oscillation of densities back and forth between Cud and Op orbitals. In the case of the total

density mode or amplitude mode, the density simultanously increases or decreases with time at

all orbitals.

The dynamic susceptibilities are plotted in Figure 4.11(a) for a fixed q and as a function of

frequency. This calculation is done for the parameter values T = 0.014 and p = 0.14, namely

at a temperature right above the transition temperature. The corresponding point is indicated
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Figure 4.10: (a) (solid) the Fermi surface of the non-interacting three-band model. (dashed)
The same FS shifted by diagonal ±q∗ vectors, highlighting the nesting areas. (b) As in (a), but
for axial q∗ vectors. Spectral function at εF as a function k for a reconstructed Fermi surface
due to (b,c) diagonal and (e,f) axial q∗. Unidirectional and bi-directional results are respectively
given in (b,e) and (c,f). In (c), the inset shows a contour of the reconstructed FS near (π, 0).
From Ref. [10]
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by the lower cross symbol in the T -p phase diagram shown in Figure 4.7(b). The wavevector

where χN diverges is q∗ = 0.081(1, 1)×2π for these parameter values. For comparison, the bare

dynamic susceptibilities are also plotted in 4.11(b).

As discussed in Sections 3.3 and 3.4, low energy and high energy features originate from intra-

band and inter-band transitions respectively. One striking feature regarding the low energy

continuum is that χN is considerably bigger than χCT and χρ for the most part. This is in

contrast with the bare-spectrum where χ0
N intensities are an order of magnitude or so smaller

than χ0
CT and χ0

ρ. This is because the major contribution to χ0
CT and χ0

ρ comes from χ0
dd, which

is significantly suppressed by the local repulsion Ud for the interacting case. By choice of the

parameters, the system is near a nematic transition, and accordingly ImχN exhibits a peak near

zero frequency. Right above the low-energy continuum, there are two coincident sharp resonance

peaks. These peaks are associated with ImχCT and Imχρ. This are identified as a zero-sound

mode[4], and it moves towards zero frequency as q→ 0.

The high energy particle-hole continuum is dominated by Imχ0
CT in the non-interacting limit.

As before, interactions suppress the intensities in the continuum for the most part, but more

importantly they introduce many resonant peaks to the spectrum. The highest energy peak

occurs in the charge transfer channel at ω = 5.5. This mode has significant damping as it

is located in the particle-hole continuum. Right below the continuum, excitonic sharp peaks

appear in all channels. The χCT and χρ peaks coincide at ω = 3.57, and slightly above these

the χN peak occurs at ω = 3.63. Furthermore, χN exhibits another resonance at ω = 3.1.

The dynamical response to an applied field can be decomposed into contributions from

different symmetry channels (also called irreducible representations) of the system under study.

Such contributions may be experimentally isolated using the direction and polarization of the

incident and scattered photons. Therefore, it is of interest to determine to which symmetry

channel charge susceptibilities belong to. Two symmetry channels of interest are A1g and B1g:

the former does not exhibit a sign-change under π/2 rotation while the latter does. When plotted

in these symmetry channels (not provided), the χCT and χρ peaks are determined to exhibit
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Figure 4.11: Imaginary part of dynamical susceptibilities plotted at filling p = 0.14 and
wavenumber q∗ = 0.08(1, 1) [10]. Black, green, and red lines correspond to nematic, charge-
transfer, and total-density susceptibilities respectively. (a) Dynamic susceptibilities for T = 0.14.
The corresponding point in parameter space is indicated by the lower cross symbol in Fig-
ure 4.7(b).

A1g symmetry while the χN peaks are determined to exhibit B1g symmetry.

The evolution of the low-energy spectrum as a function of temperature is given in Figure

4.12. The effect of T in the high-energy part is very small, and therefore is not shown. The

parameter values corresponding to these two plots are indicated in Figure 4.7(b) by “x” symbols.

In Figure 4.12(a), χN (q∗, ω) is shown. For comparison, χCT and χρ are also given in (b) and

(c) respectively. Near zero frequency, χN exhibits a peak which is significantly damped due to

the particle-hole continuum. As T is lowered, this peak moves further towards zero frequency

at which point the damping due to the continuum decays. Thus the peak gets sharper, and the

intensity increases significantly. Overall, T has a big effect on χN near the nematic transition.

In contrast to this, the effect of T on χCT and χρ is small for the current parameter values.

This is shown in (b) and (c). As T is lowered, both susceptibilities develop a shoulder at about
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Figure 4.12: The effect of T on the low energy spectrum for (a) nematic, (b) CT and (c) ρ
[10]. Parameters are the same as in Figure 4.11. The corresponding point in parameter space is
indicated by the lower cross symbol in Figure 4.7(b).

ω = 0.15 which does not move towards zero frequency.

4.8 Comparison to Single-Band Models

As discussed in Section 1, many theoretical studies of electronic nematicity use effective single

band models, which are assumed to capture the low energy physics of the three band model.

Charge ordering wavevectors found in these single-band studies [39] are very similar to the three-

band results discussed above. Both models find that the phase diagram is dominated by the

incommensurate nematic order. The corresponding wavevector q∗ is diagonal below pvH , and

axial above. Its magnitude decreases as the filling approaches pvH , at which point it becomes

zero. Exactly how these two different models give such similar ordering wavevectors will be

discussed below.

As is mentioned in Section 1, in the single-band tight-binding model nematicity emerges as

a bond-order type instability where for a given site the bond density along x, given by 〈ĉ†i+xĉi〉

differs from the that along y, given by 〈ĉ†i+y ĉi〉. Hence the 90◦ rotational symmetry is broken

by the electrons. Then the susceptibility associated with such a bond-order reads:

χ0
N1B(q) = − 1

N

∑
k

f(εk−q/2)− f(εk+q/2)

εk−q/2 − εk+q/2
(cos(kx)− cos(ky))

2 (4.37)
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which is the bare susceptibility with a weighting factor4. In the presence of interactions, the

bond order susceptibility is calculated within RPA: χN1B(q) = χ0
N1B(q)/(1 − g(q)χ0

N1B(q)),

where g(q) is an effective attractive interaction function with a weak q dependence. When g(q)

is sufficiently strong, χN1B will diverge at the high-intensity points first, signalling the nematic

instability.

In order to calculate χ0
N1B, the conduction band of the three-band model can be used as an

effective single band model. Thus, by simply setting εk = E3(k) in Equation (4.37), one obtains

χ0
N1B shown in Figure 4.13. As is discussed in Section 3, arcs in q-space originate from nesting

vectors. Dominated by the contributions from the d-orbital, the conduction band exhibits all

the nesting arcs since the d-orbital-weight is near isotropic along the Fermi surface. Then, as is

established in Chapter 3, the nesting arcs intersect at a small q along the zone diagonal when

p < pvH , causing the high-intensity peak shown in (a). On the other hand, for p > pvH they do

not intersect, and the high-intensity peaks near q ∼ 0 occur along the axes instead as shown in

(b).

The origin of the q∗ wavevectors in the three-band model is rather complicated, however a

qualitative discussion is possible after two simplifications. The first simplification is that only

the following three-by-three block of Ṽρ will be considered: Ṽ ij
ρ with i, j ∈ {9, 10, 11}. Hence,

one works in a reduced function basis, of which full form is indicated in Appendix 4.9. Being

equivalent to the usual RPA scheme, this simplification yields qualitatively the same results as

the full calculation for the charge susceptibilities [5]. Since the nematic instability is driven by

Vpp, other interaction matrix elements will be set to zero, which is the second simplification.

Hence, in the reduced basis:

Ṽρ =


0 0 0

0 0 V̄pp

0 V̄pp 0

 (4.38)

where V̄pp(q) = Vpp cos(qx/2) cos(qy/2). In this basis, χχ = χ0 + χ0[1 + Ṽρχ0]−1Ṽρχ0. Thus an

instability occurs when the eigenvalues of D = [1 + Ṽρχ̃0] becomes zero so that χχ diverges.

4Note that this weighting factor emphasizes k ∼ 0, π and equivalent points in k-space.
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Explicitly

D(q) =


1 0 0

V̄pp(q)χ0
dy(q) 1 V̄pp(q)χ0

yy(q)

V̄pp(q)χ0
dx(q) V̄pp(q)χ0

xx(q) 1

 , (4.39)

for which the smallest eigenvalue is 1− V̄ppχ0
e(q) where χ0

e =
√
χ0
xx(q)χ0

yy(q). This implies that:

(i) χ0
e(q) can be considered as the bare susceptibility associated with the charge instability, and

that (ii) as V̄pp is increased, the divergence will occur first at the maximum of χ0
e. In Figure

4.14(a) and (b), χ0
xx(q) and χ0

yy(q) are plotted for p < pvH at wavevectors near q ∼ 0. As

is established in Section 3, these matrix elements have different q-space structure, originating

from the anisotropy of the Ox and Oy orbital weights at the Fermi surface. Clearly, the q-points

where both χ0
xx and χ0

yy have high-intensity will yield the extremum in χ0
e. This occurs, for

p < pvH , where the nesting arc in χ0
xx overlaps with that in χ0

yy along the zone diagonal, as

shown in (c). For p > pvH , the χ0
xx arc shown in (d) does not cross the χ0

yy arc shown in (e).

Therefore the maxima of χ0
e occur along the zone axes as shown in (e). One should note the

similarity between Figure 4.14(c) and Figure 4.13(a), and between Figure 4.14(f) and Figure

4.13(b).

In conclusion, the similarity in the nesting vectors between three band and one-band results

is due to three reasons. First, the lowest eigenvalue of D(q) introduces a divergence condition as

in the single band case. Second, the corresponding susceptibility, χ0
e(q), has the same features

as χ0
N1B unlike its constituents χxx and χyy. Third, it is ultimately the nesting vectors that

determine the q-space structure of χ0
N1B(q) and χ0

e(q), and therefore the shape of the Fermi

surface becomes the common denominator for the similar physics in seemingly different models.

In the strong interaction limit, one-band and three-band models can be approximately re-

duced to the so-called effective t-J model, which is a single-band model without strong local

interaction. Connected to this is the t-J-V model which was recently studied by many to ex-

plain the cuprate physics. Such studies[65, 66] have found, for p < pvH , similar incommensurate

orders, subleading to a superconducting phase, along with other possible orders connecting the
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Figure 4.13: Plots of χ0
N1B(q) for (a) p < pvH and (b) p > pvH [10].

so called ’hot spots’ in the Fermi surface.

4.9 Comparison to Experiments

In this section, the results on the three-band Emery model obtained in this thesis will be com-

pared with experiments on various cuprate systems. Charge density waves are experimentally

detected in the so-called underdoped region of the cuprate phase diagram where materials have

a hole-like Fermi surface. Such a Fermi surface is obtained for p < pvH in the three-band model,

therefore this doping region will be the focus below.

Three-band model calculations in this thesis yield an incommensurate CDW with doping

dependent q∗ with nematic character. Initial experimental evidence for charge-only orders

(as opposed to the stripe phenomena in LSCO) in cuprates came from STM measurements.

Checkerboard density modulations were measured in Bi2Sr2CaCu2O8+δ (Bi2212) [47] and in

Ca2−xNxCO2Cl2 [34] where the modulation wavevector was found to be weakly doping depen-

dent. However in a different material, Bi2−yPbySr2−zLazCuO6+x [76], STM measurements found

a significant doping dependence for the checkerboard modulation wavevector which decreased

from ∼ 1.40/a0 for an overdoped sample to ∼ 1.01/a0 for an optimally doped sample. A fur-

ther study of Bi2212 with STM [51] also yielded electronic nematicity within every unit-cell,
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Figure 4.14: Plots of (a),(d) χ0
xx, (b),(e) χ0

yy, and (c),(f) χ0
e. p > pvH in (a)-(c), and p > pvH in

(d)-(f). From Ref. [10]
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where x and y oxygens were found to be inequivalent. Later on, charge density waves were

also detected in YBCO establishing the trend of the charge ordering tendencies in cuprates.

NMR studies [78] on ortho-II YBCO found a charge-order with a commensurate modulation

wavevector q∗ = 0.25 × 2π/a0. At about the same doping level, X-ray experiments on YBCO

[14, 32] reported that the modulation wavevector is incommensurate, q∗ ∼ 0.32× 2π/a0. While

Ghiringelli et al. [32] didn’t detect any doping dependence, Blackburn et al. [9] found a 10% de-

crease from 0.33 to 0.31 in the modulation wavevector as the hole doping increased from 0.10 to

0.14. The calculations in this thesis capture the universal charge ordering tendencies in cuprates.

The calculated doping dependence of q∗ is consistent with STM and X-ray measurements, and

the magnitude of q∗ seems closer to those found in the STM measurements than YBCO, which

is three times or so bigger than the predictions.

In the underdoped region, the Emery-model gives a wavevector pointing along zone diagonals,

which is the opposite of the experimental results. In Bi2201 [76], wavevectors are found to point

along axial directions. Similarly, in ortho-II YBCO, the incommensurate charge order was found

to be unidirectional and along the b axis [9].

The unidirectional nature of q∗ in ortho-II YBCO was key in explaining an apparent discrep-

ancy between NMR and YBCO measurements as follows. In the ortho-II phase, NMR signal

from certain planar Cu atoms split into two distinct lines as the charge order sets-in below the

ordering T . An incommensurate q∗, like the one found in YBCO experiments, is expected to

give a continuous distribution of the line shape as opposed to the bimodal splitting detected in

NMR[78]. It was very recently indicated that an incommensurate order will yield a bi-modal

distribution as long as it is uni-directional [9]. This can be explained by plotting the normal-

ized histograms of charge-density modulations at both Cud and Op as shown in Figure 4.15.

In (a), the histogram for the unidirectional case is shown: both Cud and Op orbitals exhibit

double peak structure however modulations in Op orbitals are about five times bigger than Cud

since nematic charge transfer occurs mainly between Op orbitals. For the bi-directional case

shown in (b), the histograms exhibit a single peak structure as opposed to two. As a result,
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Figure 4.15: Rescaled histogram of charge density modulations in the incommensurate nematic
state.[10]. (a) Uni-directional and (b) bi-directional cases with diagonal wavevector. The in-
commensurate order with axial wavevector yields similar histograms.

a unidirectional MNO can account for a double peak structure measured in NMR experiments

[78].

As the hole doping is increased beyond the ortho-II phase, x-ray experiments measure charge

modulations in YBCO exhibiting wavevectors along both a and b directions [32, 14, 9]. Experi-

mentally it is not clear yet if the bi-directional order is due to separate domains of uni-directional

charge orders or due to a checker-board order. The clarification of this will require a better un-

derstanding of NMR experiments [79].

Considering all these experimental results, three-band calculations seem to to conflict with

experiments in that, for a hole-like FS, the order wavevector points along the zone diagonal

as opposed to the axial directions. This property is found to be robust against variation in

parameters tpp and ∆CT . Melikyan and Norman pointed to the momentum dependence of

the interaction matrix as one way to obtain axial wavevectors [58]. Including longer range

interactions and hence more functions in the basis might turn the diagonal order axial. Another

way to resolve this discrepancy might be to fully customize the three band model for the YBCO

material, and hence obtain a very realistic YBCO Fermi surface.

Very recently, combined STM, ARPES, and RIXS measurement on Bi2201 by Comin et al.

[17] found a charge order originating from a Fermi arc instability, yielding large and axial q∗

wavectors connecting the so called ‘hot spots’ on the Fermi surface. Therefore, an alternative

explanation for the conflict with the experiments might be that the findings in this thesis point
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to a different physics than that measured by experiments. In fact, it was very recently pointed

out by Park et al. [61] that the nematic instability found here might be responsible for the so

called ‘giant phonon anomaly’ observed in cuprates.

A final point that will be compared against experiments is the Fermi surface in the presence

of the incommensurate charge order. As discussed in Section 4.6, the level repulsion at the Fermi

surface points connected by the diagonal q∗ gave Fermi arcs. This is qualitatively consistent with

the photo-emission experiments on cuprates [67]. Another Fermi surface feature captured in the

three-band model is the existence of small electron-like hole pockets at (π, 0) and (0, π) points.

This is remarkable because the existence of such pockets were measured in Hall measurements

but more importantly in quantum-oscillation experiments[67]. The latter experiments were

predominantly performed on YBCO where the Fermi surface pockets were found to occupy

about 2% of the Brillouin zone [67]. Very recently, quantum oscillations were also measured in

HgBa2CuO4 (Hg1201) by Barisic et al. [6] yielding a similar pocket size of 3% at the doping

p = 0.09. This experiment is very significant because Hg1201 contains a single CuO2 plane

per unit cell as opposed to the bi-layer system YBCO. Therefore, small Fermi pockets in the

underdoped region might be a common property of cuprates. To sum up, the Fermi arcs and

small Fermi pockets found in the three-band model is consistent with experiments. The size of

the pockets will probably depend on the magnitude of q∗. In the case of MNO with axial q∗,

Fermi pockets are not found, then it is of interest how this is possible in real materials.
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Conclusion

In conclusion, the nematic charge instabilities are studied in the three-band model of the cuprate

superconductors using the charge susceptibilities calculated within the generalized RPA approx-

imation at the weak coupling level. For realistic model parameters, the model is found to be

unstable towards electronic nematicity for a wide range of hole filling and at sufficiently low T .

The phase diagram above pvH is dominated by the commensurate nematic order, while the re-

gion below pvH is dominated by the incommensurate (modulated) nematic order, both of which

are driven by the density-density interactions between oxygen orbitals. In the experimentally

relevant doping range, the modulated nematic order causes Fermi surface reconstruction, and

gives (i) Fermi arcs as measured in ARPES experiments and (ii) small electron Fermi pockets

as measured in quantum-oscillation experiments. Hence, it is a strong candidate as the physical

origin of related anomalous properties in the underdoped region. While the doping dependence

of the ordering wavevector agrees with the experiments, other aspects of it do not: (i) the mag-

nitude is small compared to the measurements in YBCO cuprates, and (ii) the direction is along

the zone diagonal as opposed to the zone axes. In other words, the direction and magnitude of

the ordering wavevector is inconsistent with the experiments.

This discrepancy was resolved in a follow up calculation [3] that is not part of this thesis. This

calculation involved two improvements over the calculations in this thesis. The first improvement

was to take into account the effects of the Cu4s orbitals. Despite being 6.5 eV above the Cud

energy level, this orbital significantly modifies the Emery model [75, 1]. To be specific, the Cu4s

orbital renormalizes both the Op orbital energies and the tunneling matrix elements between
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Op orbitals. Thus it adds more curvature to the Fermi surface, making it more realistic, and

also it yields less anisotropic Op spectral weights at the Fermi surface.

The second improvement was to re-evaluate the starting point of the calculation as follows.

Calculations in this thesis started with the assumption of a nice, near circular Fermi surface,

which was later reconstructed by the modulated nematic order. This yielded Fermi arcs which

are experimentally observed in the pseudogap region. Another possibility, however, is that the

pseudo-gapped Fermi surface, that is Fermi arcs, is the starting point (as in the recent Comin

et al. calculation [17]) from which a modulated nematic order might emerge.

In the follow up calculation, the Fermi arcs instead originated from the antiferromagnetic

fluctuations in the underlying normal system. Such fluctuations have been previously incorpo-

rated in many theoretical calculations [59, 57]. Antiferromagnetic fluctuations become slow at

low T [37], and thus can appear static in the electronic time scale. Hence, they can be included

in theoretical calculations in a static fashion. As in charge orders, a magnetic order too causes

a Fermi surface reconstruction. It was found in Ref. [3] that the system with the reconstructed

Fermi surface still yields q∗ along the zone diagonal. However, when the magnetic order is

sufficiently strong, q∗ instead points along the axial directions, and its magnitude quantitatively

matches that of the experiments at many doping levels.

In the near future, it will be of great interest to study the interplay of modulated nematicity

and the superconductivity. As is mentioned before, many recent theoretical calculations were not

able to capture the correct hierarchy of critical temperature for these phases. Whether the three

band model is capable of doing so is an important question. Another important question is about

the experimentally measured competition between the modulated nematic and superconducting

phases. Currently, the nature of this competition is not understood.

A thorough understanding of the modulated electronic nematicity can shed light on the

complete theory of the cuprate superconductivity.
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Vignolle, Guichuan Yu, Jérôme Béard, Xudong Zhao, Cyril Proust, and Martin Greven.

Universal quantum oscillations in the underdoped cuprate superconductors. Nature Physics,

9(12):761–764, November 2013.

129
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[48] B. Kyung, S. S. Kancharla, D. Sénéchal, and Tremblay. Pseudogap induced by short-range

spin correlations in a doped mott insulator. Physical Review B, 73(16):165114+, April

2006.

134
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A Function Basis

The function basis reads:

g1
αβ(k) = g12

βα(k) = δαdδβx cos(kx/2) (40)

g2
αβ(k) = g13

βα(k) = δαdδβx sin(kx/2) (41)

g3
αβ(k) = g14

βα(k) = δαdδβy cos(ky/2) (42)

g4
αβ(k) = g15

βα(k) = δαdδβy sin(ky/2) (43)

g5
αβ(k) = g16

βα(k) = δαxδβy cos(kx/2) cos(ky/2) (44)

g6
αβ(k) = g17

βα(k) = δαxδβy cos(kx/2) sin(ky/2) (45)

g7
αβ(k) = g18

βα(k) = δαxδβy sin(kx/2) cos(ky/2) (46)

g8
αβ(k) = g19

βα(k) = δαxδβy sin(kx/2) sin(ky/2) (47)

g9
αβ = δαdδβd (48)

g10
αβ = δαxδβx (49)

g11
αβ = δαyδβy. (50)
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In this basis, exchange and direct interactions can expressed as follows.

Ṽ ij
X =

2Vpdδij for i ∈ {1 . . . 4, 12 . . . 15}

2Vppδij for i ∈ {5 . . . 8, 16 . . . 19}

Udδij for i = 9

Upδij for i = 10, 11

(51)

and

Ṽ IJ
D (q) =


Ud 2Vpd cos(qx/2) 2Vpd cos(qy/2)

2Vpd cos(qx/2) Up 4Vpp cos(qx/2) cos(qy/2)

2Vpd cos(qy/2) 4Vpp cos(qx/2) cos(qy/2) Up


where I, J ∈ {9, 10, 11}. Note VD is zero everywhere except the charge block, and it is a function

of the external momentum only.
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B Symmetries of χ0

The symmetry properties of χ0 constitute checks for the numerical calculations in this thesis.

Furthermore, they enable one to save time by calculating and discussing the necessary content

only as follows.

First, it will be shown below that χ exhibits time-reversal symmetry. Thus, it becomes

sufficient to calculate and discuss χ only for positive ω. Second, it will also be shown that

χ exhibits inversion and reflection symmetries. As a result, it is sufficient to calculate χ for

one-eighth of the Brillouin zone (although it is in general calculated for the full zone in this

thesis).

In Chapters 3 and 4, properties of the charge susceptibility matrix elements are discussed.

For a three-orbital system, the χ matrix consists of nine elements. As a result of the reflection

symmetries, calculating and studying only four of them will be adequate.

Inversion and time-reversal

The first symmetries that will be discussed are the inversion and time reversal symmetries. This

derivation will be performed for the charge susceptibility case only, however the derivation will

also be valid for the spin susceptibility case. One starts with the definition of χ0 in Equation
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(2.89), and substitutes ω with −ω:

χθγ(q,−ω) =− 1

N

∑
k,µν

Sγν(k)S∗θν(k)Sθµ(k + q)S∗γµ(k + q)
f(Eνk)− f(Eµk+q)

−ω + Eνk − E
µ
k+q + i0+

(52)

=− 1

N

∑
k,µν

Sγν(k)S∗θν(k)Sθµ(k + q)S∗γµ(k + q)
f(Eµk+q)− f(Eνk)

ω + Eµk+q − Eνk − i0+

Dummy variable switches k→ k− q and µ↔ ν give

χθγ(q,−ω) = − 1

N

∑
k,µν

Sγµ(k− q)S∗θµ(k− q)Sθν(k)S∗γν(k)
f(Eνk)− f(Eµk−q)

ω + Eνk − E
µ
k−q − i0+

For negative q values, the above equation gives:

χθγ(−q,−ω) = − 1

N

∑
k,µν

Sγµ(k + q)S∗θµ(k + q)Sθν(k)S∗γν(k)
f(Eνk)− f(Eµk+q)

ω + Eνk − E
µ
k+q − i0+

.

The S matrix element products in Equation (52) are equal to those in the above equation due

to the fact that (i) S is real for the Hamiltonian parameters used in this thesis, and that (ii) the

dummy orbital labels µ and ν are summed over. Therefore, one obtains

Imχ0,θγ(q, ω) = −Imχ0,θγ(−q,−ω) (53)

Reχ0,θγ(q, ω) = Reχ0,θγ(−q,−ω). (54)

Equal matrix elements

Below, it will be shown that many matrix elements are equal to each other. The starting point

for this is non-interacting Green’s function. In what follows, one sets ω = 0 for convenience

however the conclusions derived here will be applicable to any ω.

G0
ij(k) = (H0

−1(k))ij =
1

|H0(k)|Cji(k) (55)
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where | . . . | is the determinant, C is the cofactor matrix of H0 which is explicitly given by

C(k) = CT (k) =


ε2p − T 2

pp −(εpTx + TyTpp) εpTy + TxTpp

−(εpTx + TyTpp) εdεp − T 2
y −(εdTpp + TxTy)

εpTy + TxTpp −(εdTpp + TxTy) εdεp − T 2
x

 (56)

where Tpp = −4tpp sin(kx/2) sin(ky/2), Tx = 2tpd sin(kx/2), and Ty = −2tpd sin(ky/2). Since C

is a symmetric matrix, so is G0. Using this property it can be explicity shown that

χ0,dx(q) = − 1

N

∑
kµν

G0
dx(k + q)G0

xd(k) (57)

= − 1

N

∑
kµν

G0
xd(k + q)G0

dx(k) (58)

= χ0,xd(q). (59)

Similarly one can derive χ0,xy(q) = χ0,yx(q), and χ0,dy(q) = χ0,yd(q).

Reflection symmetry

Here, it will be shown that certain matrix elements are related by the reflection symmetry with

respect to qx = qy line.

Using Equation (56), one observes that C21 becomes C31 when Tx switched with Ty. This

switch is equivalent to replacing kx with ky labels. This means cofactor matrix has the reflection

symmetry with respect to kx = ky line, and so does G0. In other words C(kx, ky) = C(ky, kx)

implying G0(kx, ky) = G0(ky, kx). Thus

χ0,dx(qx, qy) = − 1

N

∑
kµν

G0
dx(kx + qx, ky + qy)G

0
xd(kx, ky) (60)

= − 1

N

∑
kµν

G0
dy(ky + qy, kx + ky)G

0
yd(ky, kx) (61)

= χ0,dy(qy, qx). (62)
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Similary, one can derive

χ0,xx(qx, qy) = χ0,yy(qy, qx) (63)

χ0,xd(qx, qy) = χ0,yd(qy, qx). (64)

Unique χ0 matrix elements

Above it is established that there are four unique bare susceptibility matrix elements: χ0,dd,

χ0,dy, χ0,xx, and χ0,xy. The rest of the matrix elements are either equal to these or they are

releated with a symmetry operation.
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