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Abstract
Various approaches of quantifying nondeterminism in nondeterministic finite automata (NFA) are considered.
We consider nondeterministic finite automata having finite tree width (ftw-NFA)
where the computation on any input string has a constant number of branches. We
give effective characterizations of ftw-NFAs and a tight bound for determinizing an
ftw-NFA A as a function of the tree width and the number of states of A. We introduce
a lower bound technique for ftw-NFAs.
We study the interrelationships between various measures of nondeterminism for
finite automata. We define the trace measure which is a new approach of quantifying
nondeterminism. The trace is defined in terms of the maximum product of the degrees
of nondeterministic choices in any computation. We establish upper and lower bounds
for the trace of an NFA in terms of its tree width.
It is known that an NFA with n states and branching k can be simulated by
a deterministic finite automaton with multiple initial states (MDFA) having k · n
states. We give a lower bound

k
1+log k

· n for the size blow-up of this conversion. We

also consider bounds for the number of states an MDFA needs to simulate a given
NFA of finite tree width.
i

We consider unary NFA employing limited nondeterminism. We show that for
unary regular languages, minimal ftw-NFAs can always be found in Chrobak normal
form. A similar property holds with respect to other measures of nondeterminism.
The latter observation is used to establish, for a given unary regular language, relationships between the sizes of minimal NFAs where the nondeterminism is limited in
various ways.
We study also the state complexity of language operations for unary NFAs with
limited nondeterminism. We consider the operations of concatenation, Kleene star,
and complement. We give upper bounds for the state complexity of these language
operations and lower bounds that are fairly close to the upper bounds. Finally, we
show that the branching measure (J. Goldstine, C. Kintala, D. Wotschke, Inf. and
Comput vol 86, 1990, 179-194) of a unary NFA is always either bounded by a constant
or has an exponential growth rate.
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Chapter 1
Introduction
Automata theory studies abstract computing devices or ‘machines’ as well as the
problems that we can solve with them. Many different types of such abstract computing devices have been proposed and studied since the 1930’s. Perhaps the most
well known among these computing devices are finite automata, pushdown automata,
and Turing machines. Finite automata, which will be the focus of this thesis, were
first introduced by Rabin and Scott [70].
Finite automata have been widely used in computer science. Some of the applications that they haven been used for are designing the behaviour of digital circuits,
scanning large bodies of text, verifying systems of all types that have a finite number
of distinct states (e.g. communication protocols, protocols for secure exchange of
information) and etc.
A crucial distinction among classes of automata is whether they are deterministic
or not. A computing device is deterministic if for any step in its computation there is
a unique choice for moving to the next step. On the other hand, a computing device
1
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is nondeterministic if there are computations which have more than one choice even if
the device is in the same configuration. For purposes of acceptance, a nondeterministic
device is viewed to choose the ‘correct’ next move at each step.
Nondeterminism plays a profound role in the theory of computation. It enhances
the power of some computational models, like pushdown automata. In others, such
as Turing machines and finite automata, nondeterminism does not enhance computational power but may increase efficiency. The relation between determinism and
nondeterminism can lead to questions about the difference between the computational
power of computational models operating with limited resources. Some of the most
interesting and hard problems in theoretical computer science arise from studying
nondeterminism. Few such examples are the famous P vs. NP, NP vs. co-NP, NP
vs. PP, and many others.
The area which studies the limitations of computational models with restrictions
on their resources is called computational complexity. Time complexity limits the
number of steps a Turing machine is allowed to make in its computation; normally
the upper bound on the number of steps is limited by a function on the input length.
A different approach of restricting the resources of a machine is to constrain the size
of the working area (space complexity). For Turing machines classifying the time
complexity of given problems is quite common. For finite automata a time measure
makes no sense, hence, we measure their succinctness (descriptional complexity). The
succinctness of nondeterministic finite automata is usually measured in the number
of states and we call this area state complexity [33].
During the last decades a major focus of research in automata theory has been
the descriptional complexity of finite automata. A first natural question of this area

3
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Figure 1.1: Two NFAs with n states each (for n = 8), such that every equivalent DFA
requires 2n − 1 states [55, 56].
is how many more states does a deterministic finite automaton (DFA) requires than a
nondeterministic finite automaton (NFA) which recognizes the same language? From
Meyer and Fischer [55] and Moore [56], we have that an NFA can be exponentially
more economical than a DFA. More precisely, for an n state NFA A, 2n − 1 states are
sufficient for an incomplete DFA that is equivalent to A. There are different examples
which show that the 2n −1 number of states is sometimes necessary [52, 55, 56]. Some
of the examples can be found in Figure 1.1 (form Meyer and Fischer on the right,
from Moore on the left).

1.1

Contributions of the thesis

This thesis focuses on limited nondeterminism of finite automata. The purpose of
this thesis is to investigate the difference between deterministic finite automata and
nondeterministic finite automata. The approach used in this thesis towards this goal
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is to quantify nondeterminism in finite automata. In this section we give a brief
description of the results we will present later in the thesis. For detailed definitions
of the terminology used in the next two sections the reader is referred to Chapter 3.
A succinct list of investigated topics in this thesis is:
• In Chapter 4, we study finite tree width NFAs.
• In Chapter 5, we introduce a new measure of nondeterminism and we compare
it with other measures of nondeterminism.
• In Chapter 6, we compare the state complexity of multiple entry DFAs with
finite branching NFAs and finite tree width NFAs.
• Finally, in Chapter 7, we study limited nondeterminism on unary NFAs.
In more details, in Chapter 4 we investigate the state complexity of NFAs having
finite tree width. Note that while a DFA equivalent to an n state unambiguous NFA
may need 2n − 1 states, the size blow-up of determinizing a finite tree width NFA is
clearly polynomial. We give a tight upper bound for the conversion as a function of
the size of an NFA and its tree width. More specifically, we will show that the trade
off of the state complexity between a finite tree width NFAs with DFAs is polynomial,
the degree of the polynomial is the degree of the tree width. We also give a family
of languages which require this polynomial trade off between finite tree width NFAs
and DFAs.
We show that an NFA A has finite tree width if and only if A can be subdivided
into deterministic components that are connected by the reachability relation in an
acyclic way. We introduce a separator set technique that gives considerably better
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lower bounds for the size of finite tree width automata than the known fooling set
and biclique edge-cover methods for general NFAs. However, even the separator set
technique is not powerful enough to handle, for example, the constructions we use
to give lower bounds for the state complexity of union and intersection of finite tree
width NFAs. Due to the inherent hardness of minimization of very restricted NFAs,
it can perhaps be expected that general techniques do not give optimal lower bounds
even for finite tree width NFAs.
We finish Chapter 4 by studying the state complexity of some binary operations
for NFAs with finite tree width. More specifically, we study the state complexity of
union, intersection, and concatenation. For the first two operations, upper bounds
and matching lower bounds are given. We also give an upper bound of concatenation
but we leave as an open problem of whether there are matching lower bounds.
In Chapter 5, we study the interrelationships of the different nondeterminism
measures from a descriptional complexity point of view. It is easy to see that the
branching measure and tree width are incomparable in the sense that there exist
NFAs with finite branching and infinite tree width while, on the other hand, there
exist NFAs where the branching is exponentially larger than the tree width. Due, in
part, to the above observation we consider here the worst-case variant of the branching
measure, which we call the trace measure. The trace of an input string is the largest
product of the degrees of nondeterministic choices used in a computation on that
string. We give upper and lower bounds for the trace of an NFA as a function of
its tree width. The bounds are optimal in the sense that they cannot, in general, be
improved. As a consequence we observe that the trace of an NFA is finite if and only
if its tree width is finite. We use the above observation to give a polynomial time
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algorithm for deciding if an NFA has finite trace. From the connection between trace
and tree with, the same algorithm decides whether an NFA has finite tree width.
We also study the growth rate of the trace function of an NFA. We show that
the growth rate of the trace measure of an NFA is either bounded by a constant or
it has an exponential growth. In the former case, we establish a maximum value for
this constant and we show that it is optimal, in the sense that there are automata
with finite trace reaching this value. We also give upper and lower bounds for the
size blow-up of converting NFAs with finite trace to DFAs.
In Chapter 6, our goal is to provide a lower bound for the size blow-up of converting
an NFA with finite branching to an MDFA. We construct NFAs An,k with n states
and branching k such that any MDFA recognizing the language of An,k needs at least
k
1+log k

·n states, i.e., the lower bound is within a factor of 1+log k of the upper bound.

The lower bound examples can be constructed for infinitely many values of n greater
than a constant c(k) depending on k.
We consider also the descriptional complexity of converting a finite tree width
NFA to an MDFA. We say that an NFA A has unique transition degree if all nondeterministic transitions of A have the same number of choices. A finite tree width
NFA with unique transition degree can be efficiently simulated by an MDFA using
a straightforward construction. For the size blow-up of converting general finite tree
width NFAs to an MDFA we get a better upper bound by using the observation of
Chapter 5 that an NFA with tree width t has branching at most 2t−1 and then relying
on previous results of the literature.
In Chapter 7 we study limited nondeterminism of NFAs for the restricted case of
NFAs recognizing unary languages. We divide this chapter in four main sections.
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In Section 7.1 we study cyclic unary languages and their relation to Chrobak
normal form NFAs. Cyclic languages are languages that show periodic behaviour,
more specifically, cyclic languages are recognized by a DFA consisting only of a cycle.
Chrobak normal form NFAs are NFAs recognizing unary languages such that their
states form a tail followed by disjoint cycles. Using observations on cyclic languages
we show that the size of the tail of minimal Chrobak normal form NFAs is unique for
given language.
In Section 7.2 we study the interrelationships of the different nondeterminism
measures for the special case of unary NFAs. We show that for a given k ∈ N and
a unary regular language, a minimal NFA with tree width k or trace k can always
be found in Chrobak normal form. An analogous result for unary NFAs with finite
ambiguity had been already known. The above normal form result is used to show
that the state complexity classes defined by bounded tree width and by bounded
trace, respectively, coincide in the case of unary regular languages and a similar
correspondence, with certain limitations, holds for state complexity classes of unary
regular languages defined by bounded ambiguity. The situation is different for the
branching measure. In contrast with the measures of tree width, trace and ambiguity,
it remains open whether unary NFAs with finite branching could have a normal form
with a simple nice structure.
Continuing the study of the state complexity of language operations of NFAs with
limited nondeterminism that we started in Chapter 4, we study in Section 7.3 the
state complexity of Boolean operations for unary NFAs with limited nondeterminism.
The bounds for union and intersection for languages recognized by finite tree width
NFAs over general alphabets coincide with the bounds for the unary case. We give
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new precise bounds for the state complexity of concatenation, Kleene star, and complement for unary NFAs with limited nondeterminism. These bounds are given as a
function of the sizes of the state minimal NFAs with limited nondeterminism and the
degree of their tree width, trace, or ambiguity. For most of these problems, we show
a connection with problems in number theory that are already well studied.
Finally, in Section 7.4 we study the growth rate of branching for unary NFAs. In
the literature it is known that the growth rate of the degree of ambiguity and of tree
width can be either constant, polynomial or exponentialand that the growth rate of
the trace measure is always either constant or exponential, as we see in Section 5.4.
As our main result in Section 7.4 we show that the branching function of a unary NFA
is either constant or grows exponentially. In the latter case we give a lower bound for
the exponential growth rate that depends only on the number of states. It remains
open whether for an NFA defined over an arbitrary alphabet that has unbounded
branching, the branching growth rate is always exponential.

1.2

Organization of the thesis

This thesis consists of four main chapters. We start with the preliminaries in Chapter 3 where we present the necessary definitions and background information that we
are going to use later. In Chapter 3 we recall and invent some definitions of concepts
that we will use in the thesis. Chapter 4 presents the results on finite tree width
NFAs [61, 64]. Chapter 5 presents results on the trace measure and its relation with
the tree width measure [62]. Chapter 6 continues the work of Kappes [47] on the
the relation of finite branching NFAs and MDFAs. Moreover, Chapter 6 examines

CHAPTER 1. INTRODUCTION

9

a similar relationship between finite tree width NFAs and MDFAs [63, 65]. Chapter 7 presents results on limited nondeterminism of unary NFAs. More specifically,
Section 7.1 studies cyclic languages and Chrobak normal form NFAs. Section 7.2
relates Chrobak normal form NFAs and limited nondeterminism of unary NFAs [67].
Section 7.3 presents results on the state complexity of unary language operations for
NFAs with limited nondeterminism [66]. Finally, Section 7.4 presents results on the
growth rate of branching of unary NFAs [67].

Chapter 2
Literature Review
In this chapter we review previous work on limited nondeterminism of finite automata
and summarize the contributions of the thesis. For detailed definitions of the terminology used in this chapter the reader is referred to Chapter 3.
In order to study more closely the trade-off between determinism and nondeterminism in finite automata, it seems appropriate to treat nondeterminism as one
more resource by quantifying it [48]. Different measures of nondeterminism have
been considered in the literature. The degree of ambiguity of an NFA refers to the
number of accepting computations on a given input [50, 71]. The guessing measure,
roughly, counts the number of advice bits used by an accepting computation on a
given input [26, 41]. The branching of an NFA is the product of the degrees of
nondeterministic choices on a best accepting computation [26, 48]. The tree width
measure (a.k.a. leaf size) [37, 41] counts the total number of computation paths corresponding to a given input. The advice measure [37, 41] counts the total number of
nondeterministic choices that a computation makes along its path. A similar measure is the M-advice [54, 48] which also counts the total number of nondeterministic
10
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choices that a best accepting computation makes along its path. A multiple entry
DFA (MDFA) [22, 34] allows the nondeterministic choice of the initial state and all
the other steps after choosing the initial state are deterministic.
The different measures of nondeterminism try to capture different aspects of nondeterminism in finite automata. Naturally, some measures are more related than
others. It is usually simpler to establish relations between the measures that are
related. By noticing that, it is natural to classify the different measures that we have
seen so far. One possible classification of the measures of nondeterminism could be
as follows:
1. Measures that are based on a ‘best’ accepting computation.
In this category there are the measures of guessing,branching, and M-advice.
2. Measures that are based on a ‘worst’ accepting computation.
The advice measure belongs to this category.
3. Measures that count only accepting computations.
In this category falls the ambiguity measure.
4. Measures that count all possible computation paths.
The tree width measure belongs to this category.
Having this classification in mind we can see why some relationships are easier to
establish. Let as take the relation between tree width and ambiguity. Both of them
count the number of possible paths in the computation tree. The difference between
them is that tree width counts all possible computations, on a given word, even the
ones which do not reach an accepting state or even the ones that the computation
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becomes blocked before reaching the end of the input. On the other hand, ambiguity
counts only the computations which reach an accepting state. Similarly, we can have
an intuition of which measures are more difficult to relate. Such an example is the
relation between branching and tree width. Branching measures nondeterminism that
occurs in a best computation, however, tree width counts the total nondeterminism
that occurs for given inputs. A relation between these measure seems even more
complicated if it exists since there are NFAs where for given inputs their tree width is
greater than their branching and for different inputs their branching is greater than
their tree width [60].

2.1

Descriptional complexity

Motivated by the exponential trade off between NFAs and DFAs we can pose a similar
question where we compare the sizes of NFAs where nondeterminism is limited in
different ways. The question is if we have an NFA A with limited nondeterminism
of type α (α can be ambiguity, branching, etc.) how many more states are sufficient
and necessary for an NFA with limited nondeterminism of a type β to recognize the
language recognized by A, L(A). Kintala and Wotschke [48] showed that converting
an NFA A with finite branching to a general NFA an exponential number of states are
sometimes necessary. More specifically they showed that there are finite branching
NFAs with n states such that every equivalent DFA requires at least 2n−1 states.
Similarly, there are also n-state unambiguous NFAs such that every equivalent DFA
requires 2n −1 states. Such an example is due to Leung [52] and is shown in Figure 2.1.

13
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Figure 2.1: An unambiguous n-state NFA (for n = 8) that every equivalent DFA
requires 2n − 1 states [52].
We can also consider what is the relation between the state complexity of NFAs
and DFAs in the case that we have a unary alphabet. Chrobak [12, 13] presented
an asymptotically tight bound. For an n-state unary NFA A, eΘ(

√

n·ln n)

states are

sufficient and necessary in the worst case for a DFA to accept L(A). The corresponding question of comparing the optimal sizes of an unambiguous NFA with a DFA for
unary alphabets was investigated recently by Okhotin in [58, 59]. He showed that
if A is an n-state unambiguous unary NFA, for n ≥ 1, then eΘ(

√
3

n·ln2 n)

states are

sufficient and necessary in the worst case for a DFA to accept L(A).
Multiple entry DFAs is another approach of restricting nondeterminism of NFAs.
A k-entry deterministic finite automaton is an MDFA with k initial states. Holzer,
Salomaa, and Yu showed in [34] that for every k-entry DFA M , with n states, there is

P
an equivalent DFA M 0 with at most ki=1 ni states. In the same paper they showed
that this bound can be tight. They gave a family of n-state MDFAs Mk,n , with k
initial states, such that every DFA recognizing the language L(Mk,n ) requires at least
Pk n
i=1 i states. Figure 2.2 depicts the automaton Mk,n for k = 3 and n = 4. Clearly
for a fixed number of initial states the above bound of Holzer et. al. is polynomial
where the degree of the polynomial depends on the number of initial states. On the
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Figure 2.2: The 3-entry deterministic finite automaton M3,4 .
other hand, earlier Veloso and Gill [79] had considered another type of MDFAs, these
MDFAs are DFAs where every state is an initial state. They showed that there are n
state MDFAs with n initial states where their equivalent DFAs require 2n − 1 states.
Kappes [47] gave a nice simulation based on modular arithmetic that allows an MDFA
to simulate an NFA A with branching k just by increasing the number of states of A
by a factor of k.
Kintala and Wotschke [48] gave a family of O(n2 )-state NFAs with limited advice
such that equivalent DFAs need 2n distinct states. In this result the advice function
is bounded by at most log(n) that is logarithmic to the size of the NFAs, that is,
the advice function depends only on the size of the NFA and not on the inputs. To
show this result, Kintala and Wotschke used finite languages. The relation between
the sizes of DFAs and NFAs for finite languages was first studied by Mandl [54].
Mandl showed that NFAs for finite languages can be exponentially more economical
than their equivalent DFAs. He showed that an n-state NFA A recognizing a finite
n

language has an equivalent DFA with roughly 2 2 states, and this number of states
is sometimes needed. Mandl’s results are over two letter alphabets. Later, Salomaa
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and Yu [72, 73] extended Mandl’s results for finite languages over arbitrary k-letter
alphabets. They show that, for any n-state NFA accepting a finite language over
an arbitrary k-letter alphabet, n, k > 1, there is an equivalent DFA of O(k n/(log k+l) )
states, and they showed that this bound is optimal in the worst case. Câmpeanu and
Ho [9] investigated the maximum state complexity of finite languages.

2.2

Decision problems

An important decision problem for deterministic or nondeterministic finite automata
deals with minimization: given a DFA (or an NFA) A, how hard it is to find the minimal automaton of the same type recognizing L(A). The answer to this question for
deterministic finite automata is given by the Myhill-Nerode relation and it is an easy
problem. Hopcroft [35] gave a more sophisticated algorithm for this problem with a
better time complexity. He showed that every DFA with n states can be converted
to a minimal equivalent DFA in O(n log n) time. Moreover, in the case of deterministic finite automata this minimal automaton is unique. But, the situation is not
equally simple in the case of nondeterministic finite automata. Figure 2.3 depicts two
minimal NFAs for the language {ab, ac, bc, ba, ca, cb}. This example is from [2]. Although these automata recognize the same language, there is no isomorphism between
them. Moreover, the problem of finding a minimal state nondeterministic automaton
equivalent to a given deterministic automaton is PSPACE-hard [46]. Câmpeanu et.
al. [11] have investigated under what conditions an NFA must have states that can
be merged.
Minimizing the number of states of a given automaton of a restricted form is also
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Figure 2.3: Two NFAs accepting the same language but there is no isomorphism
between them.
an interesting question that has been investigated in the literature. Holzer, Salomaa,
and Yu [34] considered the problem of finding a minimal `-entry MDFA equivalent to a
given k-entry MDFA (where ` and k are given as input) and showed that this problem
is PSPACE-complete. Malcher [53] showed that minimizing a k-entry MDFA for a
fixed k is NP-complete, this is true even if the MDFA has only two initial states. He
also showed that minimizing NFAs that have at most one nondeterministic step along
any accepting computation is also NP-complete. Jiang and Ravikumar [46] showed
that finding a minimal NFA equivalent to a given DFA is PSPACE-complete. They
showed also that minimizing unambiguous NFAs from a given DFA is NP-complete.
The problem of minimizing a unary NFA is NP-complete as it has been shown by
Hunt, Rosenkrantz, and Szymanski [42] and Stockmeyer and Meyer [76]. Recently,
Björklund and Martens [6, 7] studied the question of whether there are intermediate
models between DFAs and NFAs for which the minimization problem can be solved in
polynomial time as in the case of DFAs. Their results imply that a restricted model
of NFAs is unlikely to exist. They define a class of δNFAs that, roughly speaking,
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consists of NFAs with nondeterminism restricted as much as possible. They show
that the minimization problem for a given DFA to find the minimum NFA of a class
which uses at most as much nondeterminism as δNFAs is NP-hard.
Since the minimization problems of different classes of NFAs are hard, in order to
find whether a given NFA is minimal we cannot hope to do better than to have some
techniques which give us a lower bound on the number of states of NFAs for given
languages. We cannot expect these techniques to necessarily give optimal bounds.
Lower bounds for general NFAs are the fooling set techniques and the biclique edge
cover technique [5, 28, 23, 33, 36]. To the best of our knowledge, there are no similar
techniques for lower bounds on the number of states for NFAs with limited nondeterminism. We will introduce one such technique in Chapter 4 for NFAs with finite tree
width.

2.3

The growth rate of the measures of nondeterminism

A different way of studying limited nondeterminism is to study the growth rate of the
different measures of nondeterminism as a function of input length. The growth rate of
a measure of nondeterminism examines the difference in the degree of nondeterminism
as the size of the inputs increases. In [41], Hromković et. al. showed that the growth
rate of the advice measure is bounded by the size of the NFA or it is at least the
length of the input divided by the size of the NFA. Similarly, they showed that the
growth rate of the tree width is bounded by a constant, the size of the NFA to the
power of the size of the NFA, or it is at least the length of the input divided by the size

CHAPTER 2. LITERATURE REVIEW

18

of the NFA. They also showed that the growth rate of the tree width is bounded by
a polynomial with degree the size of the NFA or it is exponential. In the same paper,
they related the growth rates of advice, ambiguity, and tree width. They showed
that the growth rate of tree width is at most a constant factor of the product of the
growth rates of advice and ambiguity.
Much work has been done on the problem of how the size of an NFA representing a regular language depends on the degree of ambiguity of the NFA. Ravikumar
and Ibarra [71] first considered such a question. They studied five different classes
of NFAs with different amounts of ambiguity. They considered NFAs without any
nondeterminism (DFA), NFAs with ambiguity one (UFA), NFAs with finite amount
of ambiguity (FNA), NFAs with polynomial degree of ambiguity (PNA), and NFAs
with exponential degree of ambiguity (ENA). Their goal was to separate these classes:
two classes are separated if there is an n state NFA in one of them and every minimal
equivalent NFA from the other one needs exponentially more states than n. Their
work mainly concentrated in the special cases of NFAs that recognize bounded languages and unary languages. With these restrictions they showed that UFAs are
separated from DFAs and that FNAs are separated from UFAs. They also showed,
with the same restrictions, that PNAs cannot be separated from FNAs and that ENAs
cannot be separated from PNAs. For the case of general NFAs, they conjectured that
each of the above five classes is separated from its higher class. The results of the
two pairs that are separated for the special cases on the recognized languages carry
over for the general case. Later, Leung [49, 51] settled the comparison of ENAs with
PNAs. He showed that for all positive integers n, there is an NFA with n states such
that any equivalent polynomially ambiguous NFA requires 2n − 1 states. A few years
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later, Hromkovic and Schnitger [39, 40] settled the problem of separating PNAs with
FNAs, their solution is highly non-trivial and borrows techniques from the area of
communication complexity. Weber and Seidl [80] showed that the degree of ambiguity
n

of finitely ambiguous NFAs with n states is at most 5 2 · nn .

Chapter 3
Preliminaries
This chapter will give some basic background concerning finite automata. For further
details on finite automata and descriptional complexity, respectively, the reader is
referred to surveys by Shallit [74] and Yu [82], and the surveys by Goldstine et al. [25]
and Holzer and Kutrib [33].
The set of strings over a finite alphabet Σ is Σ∗ , the length of w ∈ Σ∗ is |w| and ε
is the empty string. The set of non-negative integers is denoted N. The cardinality of
a finite set S is #S. The number of leaves of a tree T is #leaves(T ). We typically use
<α ⊆ S × S (where α consists of one or more symbols) to denote an irreflexive partial
ordering, and denote s1 ≤α s2 if and only if s1 <α s2 or s1 = s2 , si ∈ S, i = 1, 2.
A nondeterministic finite automaton (NFA) is a 5-tuple A = (Q, Σ, δ, q0 , F ), where
Q is a finite set of states, Σ is a finite alphabet, δ : Q × Σ → 2Q is the transition
function, q0 ∈ Q is the start state and F ⊆ Q is the set of accepting states. The
function δ is extended in the usual way as a function Q × Σ∗ → 2Q and the language
recognized by A, denoted by L(A), consists of strings w ∈ Σ∗ such that δ(q0 , w) ∩ F 6=
20
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∅. We denote by A(q), where q ∈ Q, the NFA obtained from A that has q as its initial
state. Moreover, by the size of A we mean the number of states of A, size(A) = #Q.
We assume that an NFA A has no useless states, that is, for any state q of A, q is
reachable from the start state and some computation originating from q reaches a
final state. Moreover, for technical reasons we assume that we do not have the cases
where L(A) = ∅ or L(A) = {ε}.
Following the convention used by the overwhelming majority of the literature on
finite automata, we use an NFA model that allows only one initial state.
If δ is as above, we denote rel(δ) = {(q, a, p) | p ∈ δ(q, a), q, p ∈ Q, a ∈ Σ}.
We call rel(δ) as the transition relation of A. A transition of A is an element µ =
(q, a, p) ∈ rel(δ) The transition µ is nondeterministic if there exists p0 6= p such that
p0 ∈ δ(q, a) and otherwise µ is deterministic. The NFA A is deterministic (a DFA) if
all transitions of A are deterministic, this is equivalent to saying that for all q ∈ Q
and a ∈ Σ, #δ(q, a) ≤ 1. Note that we allow DFAs to have undefined transitions,
that is we allow the transition function to be incomplete (i.e. the transition function
is not defined for every state and every letter).
Note that we can specify an NFA either as a tuple (Q, Σ, δ, q0 , F ) or as (Q, Σ, rel(δ),
q0 , F ). In the former notation δ is a function with domain Q × Σ and when we want
to specify the transitions as a subset of Q × Σ × Q we write rel(δ). By the size of
A we mean the number of states of A, size(A) = #Q. The minimal size of a DFA
or an NFA recognizing a regular language L is called the (nondeterministic) state
complexity of L and denoted, respectively, sc(L) and nsc(L). Note that we allow
DFAs to be incomplete and, consequently, the deterministic state complexity of L
may differ by one from a definition using complete DFAs.
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If A = (Q, Σ, δ, q0 , F ) is an NFA (respectively, DFA), the triple (Q, Σ, δ) without
the start state and the set of accepting states is called a semi-NFA (respectively,
semi-DFA).
A deterministic finite automaton with multiple initial states (MDFA) [34, 47] is
a 5-tuple B = (Q, Σ, δ, I, F ) where Q is the set of states, Σ is the input alphabet,
δ is a partial function Q × Σ → Q, I ⊆ Q is a set of initial states and F is a set
of final states. The language recognized by B consists of strings w ∈ Σ∗ such that
δ(q, w) ∈ F for some q ∈ I.
A computation of an NFA A from state s1 to s2 is a sequence of transitions
(qi , ai , pi ), 1 ≤ i ≤ k, where qi+1 = pi , i = 1, . . . , k − 1, and s1 = q1 , s2 = pk . A cycle
of A is a computation from state s to the same state s. The underlying word of a
computation
(q1 , a1 , q2 )(q2 , a2 , q3 ) · · · (qm , am , qm+1 )
is a1 a2 · · · am . For x ∈ Σ∗ , compA (x) denotes the set of all computations of A with
underlying word x, starting from the initial state. We call a computation of A accepting if it starts from the initial state and it finishes at a final state. For x ∈ Σ∗ ,
acompA (x) denotes the set of all accepting computation of A with underlying word
x.
We say that the computations C and C 0 on word w are equivalent if C and C 0
begin in the same state and they both end in the same state.
In this thesis we deal with lower bounds for NFAs. Here we recall the fooling set
techniques [5, 23, 28]. These techniques are used to prove lower bounds of the size of
NFAs recognizing a given language.

CHAPTER 3. PRELIMINARIES

23

Proposition 1. Let L ⊆ Σ∗ be a regular language, and suppose there exists a set of
pairs P = {(xi , yi ) | 1 ≤ i ≤ n} such that:
(a) xi · yi ∈ L for 1 ≤ i ≤ n
(b) xi · yj ∈
/ L or xj · yi ∈
/ L for 1 ≤ i, j ≤ n and i 6= j
Then any NFA accepting L has at least n states.
Note that in the literature there are three different techniques; the fooling set,
the extended fooling set, and the biclique edge cover. The biclique edge cover is an
extension of the extended fooling set and the extended fooling set is an extension of
fooling set. Even if the biclique edge cover technique is a more powerful technique
it is not widely used, but instead the extended fooling set as we have stated in
Proposition 1. This is because most of the times the extended fooling set is sufficient
and the biclique edge cover is much more complicated to use. In this thesis we refer
to the extended fooling set just by the fooling set.

3.1

Unary NFAs

A special case of an NFA A = (Q, Σ, δ, q0 , F ) is when the alphabet Σ has a unique
letter. In this case we call the NFA A unary and we usually assume that Σ = {a}.
The minimal DFA for a unary language has a simple structure. It consists of a
sequence of states that we call the “tail” followed by a deterministic cycle. If the
language is finite, the minimal DFA consists only of its tail. If the minimal DFA for
a unary language L does not have a tail, then, we call L cyclic . A regular unary
language L is m-cyclic (for some m) if the minimal DFA for L consists of a single
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cycle. The m-cyclic unary language L, for some m ≥ 1, has the following property:
(∀i ≥ 0) ai ∈ L iff ai+m ∈ L.

Let L be a unary regular language. We say that n0 ∈ N is a preperiod of L if n0
is greater or equal than to the length of the tail of the minimal DFA for L. We say
that m ∈ N is a period of L if m is divided by the length of the cycle of the minimal
DFA for L. For the period m and preperiod n0 of a regular language L we have that
for all n > n0 , an ∈ L if and only if an+m ∈ L. Note that for a unary language
L with period m and preperiod n0 , for every numbers m0 , n00 such that m/m0 and
n00 ≥ n0 , the numbers m0 and n00 are also a period and a preperiod for the language
L respectively. We observe that 0 is a preperiod for a cyclic language.
A unary NFA A is in Chrobak normal form (CNF) if initially the states of A
form a ‘tail’ and later, at the end of the tail, followed nondeterministically by disjoint
cycles [12]. Note, that the only state with nondeterministic choices is the last state
of the tail. We can see an example of an NFA in Chrobak normal form in Figure 3.1.
Formally, the NFA M = (Q, Σ, δ, q0 , F ) is in Chrobak normal form if it has the
following properties:
1. Q = {q0 , . . . , qt−1 } ∪ C1 ∪ · · · ∪ Ck , where Ci = {pi,0 , pi,1 , . . . , pi,yi −1 } for i ∈
{1, . . . , k},
2. δ = {(qi , qi+1 ) | 0 ≤ i ≤ t − 2} ∪ {(qt−1 , pi,0 ) | 1 ≤ i ≤ k} ∪ {(pi,j , pi,j+1 ) | 1 ≤
i ≤ k, 1 ≤ j ≤ yi − 2} ∪ {(pi,yi−1 , pi,0 ) | 1 ≤ i ≤ k}.
Notice that Lemma 4.3 of [12] says that every unary NFA M , with n states, has
an equivalent unary NFA M 0 in Chrobak normal form, where the NFA M 0 has at
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Figure 3.1: An NFA in Chrobak normal form, recognizing the unary language over
the numbers {a1 , a2 } ∪ {a3x+2 | x ≥ 1} ∪ {a4x+2 | x ≥ 1} ∪ {a4x+3 | x ≥
1} ∪ {a2x | x ≥ 2}.
most n states participating in its cycles, and O(n2 ) states in its tail. The bound of
the size of the tail was later improved by Gawrychowski [20] who showed that the tail
of M 0 consists of at most n · (n − 1) states.
Note that if we have a Chrobak normal form NFA A, then the size of the tail of
A is a preperiod for L(A) and the least common multiple of the sizes of its cycles is
a period of L(A).
We will also use a more relaxed normal form for unary NFAs which we call a
semi-Chrobak normal form. Semi-Chrobak normal form NFA consists of a tail and
a finite number of disjoint cycles. The only nondeterministic transitions are from
the last state of the tail to the cycles, however, the difference to the usual Chrobak
normal form is that there may be more than one transition from the last state of the
tail to the same cycle. An example of a unary NFA in semi-Chrobak normal can be
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Figure 3.2: Two unary NFAs in Chrobak normal form and semi-Chrobak normal form
respectively.
found in Figure 3.2.
The below notion of simple normal form is from Jiang et al. [44] and it is a special
case of the Chrobak normal form [12, 44].
Definition. Let Σ = {a} and let (m1 , . . . , mk ) ∈ Nk . An NFA A over Σ is said to be
in (m1 , . . . , mk )-simple normal form if A consists of an initial state q0 and k disjoint
cycles Ci , where the length of Ci is mi , 1 ≤ i ≤ k. The initial state q0 is not part
of any of the cycles and from q0 there is a transition to one state of Ci , for each
1 ≤ i ≤ k.
An NFA is in k-simple normal form if it is in (m1 , . . . , mk )-simple normal form
for some positive integers m1 , . . . , mk , and it is in simple normal form if it is in
k-simple normal form for some k ≥ 1.
In the lower bound constructions of Section 4.4 we will use unary languages whose
unique minimal NFA is in k-simple normal form. For this purpose we introduce here
one more concept.
We say that a set of integers {m1 , . . . , mk }, mi ≥ 2, 1 ≤ i ≤ k, is relatively prime
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if, for all i 6= j, mi and mj do not have any common factor. We say that a set
{m1 , . . . , mk } ⊆ N is k-independent if all factors of mi , 1 ≤ i ≤ k, are greater than
k, and for any i 6= j, mi is not a multiple of mj . We use the name k-independent
although here k, as the cardinality of the set, is strictly speaking redundant. Note
that the definition implies that all the mi ’s are pairwise distinct and not equal to 1.
A k-independent set can have common factors. On the other hand, if {m1 , . . . , mk }
is relatively prime, this does not imply that the set is k-independent.
Lemma 1. Let {m1 , . . . , mk }, mi ≥ 2, be k-independent. Then for any 1 ≤ i1 < i2 <
· · · < ir ≤ k, r ≥ 2, mi1 + mi2 + · · · mir < lcm(mi1 , . . . , mir ).
We call a set {n1 , . . . , nk } ⊆ N division free if for all 1 ≤ i < j ≤ k, we have ni6 | nj
and nj6 | ni . In the literature, division free sets are sometimes called primitive sets. The
least common multiple of the numbers m1 , . . . , mk is denoted by lcm(m1 , . . . , mk ) and
we denote by lcm(S) to be lcm(m1 , . . . , mk ) for a finite set S = {m1 , . . . , mk } ⊆ N.
Moreover, for some integers m1 , . . . , mk we denote by gcd(m1 , . . . , mk ) to be their
greatest common divisor. Two numbers m, n are called co-prime when gcd(m, n) = 1.

3.2

Measures of Nondeterminism for NFAs

Unless otherwise mentioned, in this section A = (Q, Σ, δ, q0 , F ) denotes always an
NFA.

3.2.1

Computation trees

For q ∈ Q and w ∈ Σ∗ , the q-computation tree of A on w, TA,q,w , is a finite tree where
the nodes are labeled by elements of Q × (Σ ∪ {ε, \}). We define TA,q,w inductively
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by first setting TA,q,ε to consist of one node labeled by (q, ε). When w = au, a ∈ Σ,
u ∈ Σ∗ and δ(q, a) = ∅ we set TA,q,w to be the singleton tree where the only node is
labeled by (q, \). Then assuming δ(q, a) = {p1 , . . . , pm }, m ≥ 1, we define TA,q,w as
the tree where the root is labeled by (q, a) and the root has m children where the
subtree rooted at the ith child is TA,pi ,u , i = 1, . . . , m.
For our purposes the order of children of a node is not important and we can
assume that the elements of δ(q, a) are ordered by a fixed but arbitrary linear order.
Note that in TA,q,w every path from the root to a leaf has length at most |w| + 1.
If a computation accepts the word w then its path on the computation tree has
length of exactly |w| + 1. Some paths may have length less than |w| + 1 because the
corresponding computation of A may become blocked at a node labelled by a pair
(p, \) where the computation at that point reads the letter b ∈ Σ and δ(p, b) = ∅.
The tree TA,q0 ,w is called the computation tree of A on w and denoted simply as
TA,w . The NFA A accepts w if and only if TA,w contains a leaf labeled by an element
(q, ε), where q ∈ F . Note that a node label (q, ε) can occur in TA,w only after the
corresponding computation branch has consumed the entire string w.
We mostly refer to a node of a computation tree of A to be labeled simply by
an element q ∈ Q. This is taken to mean that the node is labeled by a pair (q, x)
where x ∈ Σ ∪ {ε, \} is arbitrary. Occasionally it is useful to specify also the alphabet
symbol used in the next computation step, and for this reason the formal definition
of computation trees includes the second components of the node labels.
Consider an arbitrary w ∈ Σ∗ and let col(TA,w ) be the tree obtained from the computation tree TA,w by “collapsing” all sequences of deterministic transitions. That is,
if TA,w has a node v1 labeled by state q1 and v1 has exactly one child v2 labeled by
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q2 , we replace the subtree rooted at v1 with the subtree rooted at v2 . This process
is continued until, in the resulting tree, all non-leaf nodes have more than one child.
Clearly the process does not change the number of leaves of the tree and the resulting
tree col(TA,w ) is well defined, i.e., the result does not depend on the order of performing the collapse operations. Note that if the computation of A on w is deterministic,
col(TA,w ) is a singleton tree where the only node is labeled by the last state occurring
in the computation. (This is the state A reaches at the end of w or some earlier state
where the computation of A becomes blocked.)

3.2.2

Limited nondeterminism

The tree width of an A on w ∈ Σ∗ , twA (w), is the number of leaves of the tree TA,w .
The tree width of A is defined as tw(A) = sup{twA (w) | w ∈ Σ∗ }. We say that A has
finite tree width if the values tw(A) are bounded by a constant and the supremum is
finite.
Note that twA (w) is simply the number of all (accepting and non-accepting)
branches in the computation tree of A on w. In the following, ftw-NFA (respectively, tw(k)-NFA) stands for a finite tree width NFA (respectively, an NFA having
tree width at most k, k ∈ N). The tree width of an NFA A is called the leaf size of A
from Hromkovic et. al. [41] and it is denoted as “computations(A)” from Björklund
and Martens [7]. The tree width measure can be viewed to be more restrictive than
the other nondeterminism measures for NFAs considered in the literature, with the
exception of the δNFAs of [7] that are a special case of tree width 2 NFAs.1
1

Note that the tree width of an NFA is unrelated to the notion of tree width as used in graph
theory.
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The ambiguity of an A on w, ambA (w), is the number of accepting leaves of the
tree TA,w . The ambiguity of A is defined as amb(A) = sup{ambA (w) | w ∈ Σ∗ }. We
say that A has finite ambiguity if the values amb(A) are bounded by a constant and
the supremum is finite. We say that an NFA is unambiguous if it has ambiguity one.

We recall the definition of advice of an NFA [37, 41], which is another nondeterministic measure for NFAs. Let A be an NFA and C be a computation of an
automaton A of a word w ∈ Σ∗ . We define adviceA (C) as the number of nondeterministic choices during the computation C, i.e., the number of nodes on the
computation C which have more than one successor. We define the advice of A of
a word w ∈ Σ∗ to be the maximum advice among all computations reading w, i.e.
adviceA (x) = max{adviceA (C) | C ∈ compA (x)}. The advice of A is defined as
advice(A) = sup{adviceA (x) | x ∈ Σ∗ }.
The branching of a transition (q, a, p) of an NFA A, denoted by βA ((q, a, p)), is
the number #δ(q, a) and the branching of a computation C, denoted by βA (C), is the
product of the branching of each transition in C. The branching of a word x ∈ L(A)
is the minimum branching among all accepting computations by reading the word x,
the branching of a word x is given by the formula
βA (x) = min{βA (C) | C ∈ acc compA (x)}
The branching of an NFA A, denoted by β(A), is the maximum branching of A on any
string, assuming this quantity is bounded. More details on the branching measure
can be found in Goldstine’s et al work [26].
We have also considered a worst-case variant of the above measure, so called trace,
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which we will give more details in Chapter 5. The trace of an NFA A on a string x
is the maximum branching among all computations reading the word x (accepting or
not). The trace of a word x is given by the formula
τA (x) = max{βA (C) | C ∈ compA (y), y is a prefix of x}
The prefixes of the word x are in the given formula to emphasize that we include
also computation reading only an initial part of the word x. The trace of an NFA A,
denoted by τ (A), is the maximum trace of A on any string, assuming this quantity
is bounded. Note that the definition of τA (x) uses all computations on prefixes of x,
while βA (x) was defined only based on accepting computations on the entire string x.
The reason is the βA is a best case measure while τA is a worst case measure. Thus, if
all computations of A are blocked before reaching the end of the string x we still want
to consider the branching that occurs on the corresponding prefix of x. On the other
hand, to avoid problematic cases of finding the branching of an NFA which does not
accept any word we do the convention that for every NFA A we have L(A) 6= ∅.
In some parts of this thesis, we will consider the growth rate of these measures,
that is, consider the functions on N defined by the measures when the argument is
the length of the input string. For example the growth rate of the tree width of an
NFA is a function with input a non-negative integer n which returns the maximum
tree width among all the words of length n. Then, we define the growth rate of the
measures of nondeterminism to be the functions from N to N:
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adviceA (n)

=

max{adviceA (x) | x ∈ Σn }

twA (n)

=

max{twA (x) | x ∈ Σn }

τA (n)

=

max{τA (x) | x ∈ Σn }

ambA (n)

=

max{ambA (x) | x ∈ Σ≤n }

βA (n)

=

max{βA (x) | x ∈ Σ≤n }

Note the difference between the definitions of the growth rates of advice, tree
width, and trace with the definition of the growth rates of ambiguity and branching.
In the latter case, the degree of nondeterminism depends of whether a computation
of a given word is accepting or not. The growth rates of ambiguity and branching are
guaranteed to be monotone by defining them in this way.
We will be mainly concerned with the state complexity of NFAs of given degree
of nondeterminism. Hence, we define the following notation, where sN F A is the set
of all NFAs, α is a measure of nondeterminism, and c a constant.
nscα≤c (L) = min {size(A) | L = L(A) and α(A) ≤ c}
A∈sN F A

Then, nsctw≤k (L) is the smallest number of states needed by an NFA of tree width
at most k to recognize the language L. In particular, nsctw≤1 (L) = sc(L) and
nsctw≤∞ (L) = nsc(L). Similarly, the number nscβ≤k (L) is the size of a smallest
NFA A such that L = L(A) and β(A) ≤ k. The number nscτ ≤k (L) is the smallest
number of states required by an automaton B such that τ (B) ≤ k. It is easy to see
that nscβ≤k (L) ≤ nscτ ≤k (L) by the definitions of the measures branching and trace.

Chapter 4
Nondeterministic tree width
The tree width of a word counts the total number of leaves of the computation tree of
the given word for an NFA. The tree width of an NFA is maximum tree width among
all possible input words. The tree width of an NFA A is called the leaf size of A from
Hromkovic et. al. [41] and it is denoted as “computations(A)” from Björklund and
Martens [7].
The tree width measure first appeared in the paper [41]. There, Hromkovič et al.
compared the tree width measure, which counts all possible leaves of the computation
tree, with ambiguity, which counts only the accepting leaves of the computation tree.
They showed that the tree width on a given input for an NFA is roughly at most the
product of the length of the input, the size of the NFA, and the ambiguity of the input.
Even though the tree width of an NFA is a natural way of limiting nondeterminism,
it has not been sufficiently studied in the literature.
In this chapter we study finite tree width NFAs and, in particular, we give exact
upper and lower bounds for the size blow-up involved in the determinization of finite
33
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tree width NFAs. The tree width measure can be viewed to be more restrictive than
the other nondeterminism measures for NFAs considered in the literature, with the
exception of the δNFAs [6, 7] that are a special case of tree width 2 NFAs. Note that
while a DFA equivalent to an n state unambiguous NFA may need 2n − 1 states [52],
the size blow-up of determinizing a constant tree width NFA is clearly polynomial.
We have results indicating that an NFA A has finite tree width if and only if A can
be subdivided into deterministic components that are connected by the reachability
relation in an acyclic way. This decomposition can be done in polynomial time. The
above decomposition results in a polynomial time algorithm for deciding whether an
arbitrary NFA has finite tree width.
An important goal of our work is to prove lower bounds for the size of a finite
tree width NFA recognizing a given regular language. We have introduced one such
technique based on separator sets. Due to the inherent hardness of minimization of
even very restricted NFAs [6], it cannot be expected that such techniques would give
optimal lower bounds even for the size of finite tree width NFAs. We will use these
techniques to prove lower bounds for the size blow-up of determinization of finite tree
width NFAs. We also want to compare the optimal sizes of NFAs of different finite
tree width for a given regular language.
In Section 4.4 we study the state complexity of union and intersection for languages
recognized by finite tree width NFAs over general alphabets. The lower bound constructions were given using unary regular languages. We also gave an upper bound
for the state complexity of concatenation of finite tree width NFAs over general alphabets. Finding a matching lower bound for the concatenation of binary languages (or
languages over a general alphabet) defined by NFAs with finite tree width has turned
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out to be a very hard problem, and the same applies to complementation. It can be
noted that, similarly, the operational state complexity of unambiguous NFAs over general alphabets is a hard problem: for complementation the only known upper bound
is 2n while the best known lower bound is n2−o(1) [59] and also the state complexity
of concatenation of unambiguous NFAs remains wide open. Later in Chapter 7, we
study the state complexity of concatenation, Kleene star, and complement for unary
NFAs with limited nondeterminism.

4.1

Finite Tree Width NFAs

In this section we study NFAs with finite tree width. Let us start by giving the
following definition.
Definition 1. We say that an NFA A has optimal tree width if L(A) is not recognized by any NFA B where size(B) ≤ size(A) and tw(B) ≤ tw(A) where one of
the inequalities is strict. We say that a regular language L has tree width k if L
has an optimal tw(k)-NFA A such that A has a minimal number of states among all
ftw-NFAs for L.
When A has optimal tree width, nsctw≤tw(A) (L(A)) = size(A). A language L having tree width k means, roughly speaking, that an NFA recognizing L can “make use
of” limited nondeterminism of tree width k, that is, the tree width k nondterminism
allows us to reduce the number of states, but any additional finite nondeterminism
would not allow a further reduction of the number of states. If L has tree width 1 this
means any ftw-NFA for L cannot be smaller than the minimal (incomplete) DFA.
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For a given NFA A, the tree width of the language L(A) can be determined
by a brute-force algorithm that checks all NFAs of size less than the size of the
minimal DFA for L(A). The problem of finding the tree width of a regular language
is intractable because it is known that minimizing bounded tree width NFAs is NPhard [6, 53].
Lemma 2. A regular language L has tree width k (k ≥ 1) if and only if L has a
tw(k)-NFA with optimal tree width and, for any ` > k, L does not have a tw(`)-NFA
with optimal tree width.
Proof. Assume that L is recognized by optimal tree width tw(k)-NFA A and any
tw(`)-NFA, ` > k, for L is not optimal. For the sake of contradiction, assume that
B be is a minimal ftw-NFA for L where size(B) < size(A). Since A is optimal,
tw(B) > k, and on the other hand, the second part of our assumption implies that
B is not optimal. Since B is size-minimal among all ftw-NFAs, the only possibility is
that there exists an NFA C with size(C) = size(B) and tw(C) < tw(B). Now again
size(C) < size(A), and reasoning as above we get an NFA D of the same size with
tw(D) < tw(C). Continuing in this way, the resulting NFA will eventually have tree
width smaller than or equal to tw(A), which produces a contradiction.
The “only if” direction follows directly from the definition of the tree width of a
regular language.

4.1.1

Characterizations of ftw-NFAs

An immediate observation is that if some cycle of an NFA A contains a nondeterministic transition, then the tree width of A on words that repeat the cycle cannot be
bounded. The following lemma expresses this observation.
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Lemma 3. If A is an ftw-NFA, then no cycle of A can contain a nondeterministic
transition.
Proof. Let us have the NFA A which contains a cycle S with a nondeterministic step.
Let w1 be the word that starting from the initial state reaches a state of q the cycle S
and let w be the word that loops the cycle S starting from the state a (and finishes at
the state q). Then, as the NFA A reads the word w1 wi the tree width of A increases
as i increases.
We want to show that the condition of Lemma 3 is also sufficient to guarantee
that an NFA has finite tree width. For this purpose we establish an upper bound for
the tree width of an NFA where no cycle contains a nondeterministic transition.
Theorem 1. Let A be an NFA with n states, with n ≥ 2, and no cycle contains a
nondeterministic transition, then
tw(A) ≤ 2n−2
Proof. Let A = (Q, Σ, δ, q0 , F ). We define an (irreflexive) partial order <A ⊆ Q × Q
by setting q1 <A q2 if and only if there is a computation path from q1 to q2 involving
a nondeterministic transition. Since no cycle of A has a nondeterministic transition
we know that <A is indeed a partial order.
Consider arbitrary w ∈ Σ∗ and let col(TA,w ) be the tree obtained from the computation tree TA,w by “collapsing” all sequences of deterministic transitions. That is,
if TA,w has a node v1 labeled by state q1 and v1 has exactly one child v2 labeled by
q2 , we replace the subtree rooted at v1 with the subtree rooted at v2 . This process
is continued until, in the resulting tree, all non-leaf nodes have more than one child.
Clearly the process does not change the number of leaves of the tree and the resulting
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tree col(TA,w ) is well defined, i.e., the result does not depend on the order of performing the collapse operations. Note that if the computation of A on w is deterministic,
col(TA,w ) is a singleton tree where the only node is labelled by the last state occurring
in the computation. (This is the state A reaches at the end of w or some earlier state
where the computation of A becomes blocked.)
For any two nodes u1 and u2 of col(TA,w ) labeled, respectively, by q1 and q2 , we
have
if u2 is a proper descendant of u1 , then q1 <A q2 .

(4.1)

The above means all nodes of a path of col(TA,w ) from the root to a leaf are labeled
by different states.
Now it is sufficient to prove that, for all w ∈ Σ∗ , the tree col(TA,w ) has at most
2n−2 leaves. We prove the claim using induction, however, due to technical reasons
the induction is not on the size of A but rather on the number of states labeling nodes
of a collapsed tree. For this purpose we define a more general notion of collapsed Qtree as a Q-labeled tree where each non-leaf node has at least two children labeled by
distinct states of Q that satisfies the condition (4.1). Here <A is viewed to be just an
arbitrary partial ordering on Q. Clearly, the tree col(TA,w ) obtained by collapsing the
computation tree of A is always a collapsed Q-tree in the general sense. The general
definition of collapsed Q-trees, as used in the below inductive argument, depends only
on Q and on a partial ordering on Q.
In the following we show that a collapsed S-tree has at most 2#S−2 leaves when
#S ≥ 2, and one leaf when S is a singleton set. We use induction on the cardinality
of S. When the set of node labels S has only one or two elements the property (4.1)
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implies that any collapsed S-tree has to be a singleton tree.
Consider a collapsed tree T0 where the set of node labels Stotal has cardinality
h ≥ 3 and we denote the associated partial ordering of Stotal as <A . Suppose that the
root of T0 is labeled with p0 ∈ Q, and, further, suppose that the root of T0 has m ≥ 2
immediate subtrees Ti , i = 1, . . . , m, where the root of Ti is labeled by pi ∈ Q.
Let Si ⊆ Q be the set of states labeling nodes of Ti , i = 1, . . . , m. Since <A is a
partial order, p0 6∈ Si , i = 1, . . . , m. Furthermore, for 1 ≤ i ≤ m,
if q labels a node of Ti below the root, then pi <A q.

(4.2)

First, if m = 2, we get the claim from the inductive hypothesis since both T1 and
T2 are collapsed Stotal − {p0 } trees. In the following we then consider the case where
m ≥ 3.
Since the partial order <A cannot contain cycles, the property (4.2) implies that
there exists pi such that pi is not in any of the sets Sj , j 6= i. Let T00 be the tree
obtained from T0 by “pruning” the subtree Ti . Since m ≥ 3, the root of T00 has at
least two children and hence T00 is a collapsed (Stotal − {pi })-tree. By the inductive
hypothesis the number of leaves of T00 is at most 2h−3 . On the other hand, Ti is a
collapsed (Stotal − {p0 })-trees and also has at most 2h−3 leaves. The set of leaves of
T0 consists of the leaves of T00 and the leaves of Ti .
From Lemma 3 and Theorem 1 we get a characterization of finite tree width NFAs.
Theorem 2. An NFA A has finite tree width if and only if no cycle of A contains
a nondeterministic transition. We can decide in polynomial time whether or not a
given NFA has finite tree width.

CHAPTER 4. NONDETERMINISTIC TREE WIDTH

40

The upper bound of Theorem 1 is tight as seen in the below example which gives
an n-state NFA having optimal tree width 2n−2 .
Example 1. Let n ≥ 2, Σ = {a, b} and A = (Q, Σ, δ, 1, {n}) where Q = {1, . . . , n}
and we define for i ∈ {1, . . . , n − 1}, δ(i, a) = {i + 1, i + 2, . . . , n}, δ(i, b) = {i + 1},
δ(n, a) = δ(n, b) = ∅.
Since L(A) ∩ b∗ = {bn−1 }, in any n-state NFA B = ({1, . . . , n}, Σ, γ, 1, FB ) for
the language L(A) there can be only one final state. Without loss of generality, we
can set FB = {n} and γ(i, b) = {i + 1}, 1 ≤ i ≤ n − 1. This determines uniquely all
b-transitions of B. Once the b-transitions are fixed, we observe that
(∀1 ≤ i < j ≤ n) : bi−1 abn−j ∈ L(B) ⇔ j ∈ γ(i, a).
The above means that B must be an isomorphic copy of A and, consequently, A has
optimal tree width. It is easy to calculate that tw(A) = 2n−2 . Furthermore, since A
is a minimal NFA for L(A) the tree width of the language L(A) is 2n−2 .
The above idea can be extended to show that an n-state NFA may have optimal
tree width k for any 1 ≤ k ≤ 2n−2 , that is, there are no “magic numbers” for finite
tree width. For an explanation of this term we refer the reader to [21].
Theorem 3. For every n ≥ 2 and 1 ≤ k ≤ 2n−2 there exists an n-state NFA over a
binary alphabet with optimal tree width k.
Proof. Choose Σ = {a, b}. The inductive argument uses the following idea. We recall
that the NFA An of Example 1 had tree width 2n−2 and, roughly speaking, An has
the property that by deleting the first j states (together with transitions originating
from them) gives an NFA isomorphic to An−j . Thus, by adding one additional state
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to An with nondeterministic a-transitions to some of the earlier states we get an NFA
with whose tree width can be expressed as a sum of values 2i , 0 ≤ i ≤ n − 2.
The claim holds when n = 2 because the NFA A2 from Example 1 has tree width
1. For the inductive step we make the following observations concerning the NFA An
as in Example 1. For 1 ≤ j < n, let Cj be the NFA obtained from An by omitting the
states n, . . . , j +1 and the transitions originating from them and making the state j to
be the start state. Now Cj is isomorphic to Aj and, thus, it follows that computations
on input an−j originating from a state 2 ≤ j < n of An have tree width exactly 2j−2 .
Now inductively assume that the claim holds with n = h, h ≥ 2, and consider
the case n = h + 1. We have to show that for every 1 ≤ k ≤ 2h−1 there exists an
(h + 1)-state NFA with optimal tree width k.
(i) Suppose that k ≤ 2h−2 . By the inductive assumption there exists an h-state
NFA Dk with tree width k. Let Dk0 be the (h + 1)-state NFA obtained from Dk by
adding a new start state h + 1 and a deterministic b-transition from h + 1 to the “old”
start state of Dk . Then the optimal tree width of Dk0 is again k.
(ii) Consider then the case k > 2h−2 . If k = 2h−1 we know that Ah+1 has optimal
tree width k. On the other hand, any number 2h−2 < k < 2h−1 can be expressed as
a sum
k = 2i0 + 2i1 + . . . + 2ir + 2h−2 , 0 ≤ i0 < i1 < · · · < ir ≤ h − 3, r ≥ 0.

(4.3)

Let Dk = ({1, . . . , h + 1}, Σ, η, h + 1, {1}) be the (h + 1)-state NFA obtained from
Ah by adding a new state h + 1 as the start state and where the restriction of η
to {1, . . . , h} coincides with the transition relation of Ah . The transitions of Dk
originating from the state h+1 are defined by setting η(h+1, b) = {h} and η(h+1, a) =
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Figure 4.1: The NFA D13 constructed by adding the state 6 to the NFA A5 .
{i0 + 2, i1 + 2, . . . , ir + 2, h}. The construction is illustrated in Figure 4.1.
By the construction of Dk we know that
r
X
tw(Dk ) = tw(Ah ) +
tw(Aij +2 ) = k,
j=0

where the second equality follows from (4.3). Exactly as in Example 1 it is verified
that any (h + 1)-state NFA recognizing the language L(Dk ) must be an isomorphic
copy of Dk and, hence, the optimal tree width of Dk is k.

4.1.2

Deterministic decompositions

An NFA A with finite tree width can be thought to consist of a finite number of
deterministic “components” that are connected by the reachability relation in an
acyclic way. This can be formalized as follows.
Definition 2. Let A = (Q, Σ, rel(δ), q0 , F ) be an NFA. Let Bi = (Pi , Σ, rel(γi )), Pi ⊆
Q, 1 ≤ i ≤ k, be a collection of semi-DFAs. We say that the tuple D = (B1 , . . . , Bk )
is a deterministic decomposition of A if the sets P1 , . . . , Pk form a partition of Q,
rel(γi ) is the restriction of rel(δ) to Pi × Σ × Pi , and every transition of A of the form
(p1 , a, p2 ) ∈ rel(δ), p1 , p2 ∈ Pi , a ∈ Σ, 1 ≤ i ≤ k is deterministic.
Note that the above definition says that the transitions of rel(γi ) have to be
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deterministic as transitions of the original NFA A, which is more restrictive than just
requiring that the transition relation rel(γi ) of each Bi is deterministic.
For a decomposition D = (B1 , . . . , Bk ) we can order the components by setting
Bi <D Bj , i 6= j, if some state of Bj is reachable in A from a state of Bi . We say that
the decomposition D = (B1 , . . . , Bk ) is acyclic if <D is a partial order.
An NFA A where no state q has a nondeterministic transition that is a self-loop on
q has always a trivial deterministic decomposition where each component consists of
a single state. The property of having an acyclic deterministic decomposition exactly
characterizes NFAs having finite tree width.
Theorem 4. An NFA A has finite tree width if and only if A has an acyclic deterministic decomposition.
Proof. Let A = (Q, Σ, rel(δ), q0 , F ) be an NFA and D = (B1 , . . . , Bk ) an acyclic
deterministic decomposition of A. Without loss of generality we can assume that
the component Bk is maximal with respect to the ordering <D , that is, any states of
Bi , 1 ≤ i < k, are not reachable from Bk . Let A0 be the NFA obtained from A by
deleting all states of Bk and transitions leading to them. Then D0 = (B1 , . . . , Bk−1 ) is
an acyclic deterministic decomposition of A0 and, by the silent inductive assumption,
A0 has finite tree width.
Consider arbitrary w ∈ Σ∗ . Now TA0 ,w is a supertree of TA,w consisting of all
branches of the computation of A until the point where the computation enters a
state of the maximal component Bk . We know that TA0 ,w has at most d leaves, for
some constant d, however, this observation does not directly give an upper bound for
the number of leaves of TA,w . Note that the computation represented by TA0 ,w can
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have arbitrarily long deterministic branches, and these branches are only required to
be deterministic as computations of A0 as opposed to as computations of A. Thus, at
least in principle from any place in a “deterministic branch” of TA0 ,w there may be,
in the tree TA,w , a nondeterministic branching to the component Bk .
Below we give an upper bound for the number of leaves of TA,w . Since, by the
inductive assumption, we know that A0 has finite tree width, we mainly need to worry
about the cases where some node of TA0 ,w has a nondeterministic transition to the
component Bk that was excluded from A0 .
Consider a situation where a node u of TA0 ,w is labeled by (q, a) and a node v
labeled (q, b), for some b ∈ Σ, occurs below the node u in TA0 ,w , that is, the state q
is part of a cycle in TA0 ,w . Now if A would contain a transition from state q on input
a into component Bk , this step would necessarily be nondeterministic since also the
NFA A0 (without the component Bk ) has a transition from state q on input a. The
situation is illustrated in Figure 4.2. Note that the tree TA0 ,w is obtained from TA,w
by pruning transitions into component Bk .
Let (p1 , b1 ) be the label of the successor of node u on the path from u to v. Since
the decomposition D0 is acyclic and u and v are both labeled by q, it follows that p1
must be in the same component Bi of D0 as q, for some 1 ≤ i ≤ k − 1. On the other
hand, since D is a deterministic decomposition of A, the transition (q, a, p1 ) inside
the component Bi must be deterministic also as a transition of A. This means that
A cannot have a nondeterministic transition from state q on input symbol a to the
component Bk .
Thus on any branch of TA0 ,w from the root to a leaf, a state q that allows a
nondeterministic transition to the component Bk can occur only once. Note that this
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Figure 4.2: A path in the computation tree TA0 ,w where state q occurs twice. The
dashed line indicates an impossible nondeterministic transition to a state
p2 in the component Bk .
refers only to nondeterministic transitions to Bk : it is possible that if the computation
of TA0 ,w becomes blocked at a node labeled (q, a), the computation of A can continue
with a (deterministic) transition to component Bk even though the same state q has
occurred in a predecessor node of TA0 ,w together with some other symbol of Σ.
Let d be the tree width of A0 , let h be the number of states of A0 , and let cnd be
the largest number of nondeterministic choices that A can make in one computation
step. Since TA0 ,w has at most d distinct branches we conclude that the number of
leaves of TA,w is upper bounded by d · h · cnd .
Conversely, let A = (Q, Σ, rel(δ), q0 , F ) be an NFA with finite tree width. For the
purpose of constructing an acyclic decomposition of A we define, for i ≥ 0,
Pi = {q ∈ Q | every computation of A from q0 to q
has at most i nondeterministic transitions },
and set Q0 = P0 , Qi = Pi − Pi−1 . The set Qi consists of states q ∈ Q such that the
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largest number of nondeterministic transitions in any computation chain from q0 to q
is exactly i. By Lemma 3 we know that in a computation following a nondeterministic
transition at state q, the same state q cannot repeat. This means that Qi = ∅, when
i ≥ #Q.
For each i ≥ 0 such that Qi 6= ∅, we define a semi-NFA Bi = (Qi , Σ, rel(γi ))
where rel(γi ) is the restriction of rel(δ) to Qi × Σ × Qi . In order to complete the
proof it is sufficient to verify that any transition (p1 , a, p2 ) of rel(γi ) is deterministic
as a transition of A. Suppose it is not. Since p1 ∈ Qi , there exists a computation
chain of A from q0 to p1 with i nondeterministic transitions. This means that there
is a computation chain from q0 to p2 with i + 1 nondeterministic transitions. This
contradicts the assumption p2 ∈ Qi and concludes the proof.

4.2

Converting Finite Tree Width NFAs to DFAs

When applying the subset construction to an NFA with tree width k, only sets of
states of size at most k can be reachable. This idea yields an upper bound for the
size blow-up of converting a tw(k)-NFA to a DFA. Below we extend the upper bound
construction to the case of converting a tw(k)-NFA to an NFA with tree width `,
1 ≤ ` ≤ k − 1.
Theorem 5. Let L be a regular language where nsctw≤k (L) = n for some k ≤ n − 1
and let 1 ≤ ` ≤ k − 1. Then,
nsctw≤` (L) ≤ 1 +

k−`+1
X 
i=1


n−1
i

Proof. Suppose that L is recognized by an NFA A = (Q, Σ, δ, q0 , F ) where #Q = n
and tw(A) = k.
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Let A0 = (Q0 , Σ, δ 0 , q0 , F 0 ) be the DFA obtained from A using the standard subset
construction [82]. Since the tree width of A is k, Q0 ⊆ 2Q contains only subsets of Q
with at most k states. We denote the set of subsets of Q of cardinality at most k as
2Q,≤k .
Let 1 ≤ m < k. Based on the DFA A0 we define an NFA Am = (2Q,≤m , Σ, γ, q0 , Fm ),
where Fm consists of sets in 2Q,≤m that have an element of F , and the nondeterministic transition relation γ is defined as follows. Consider B ∈ 2Q,≤m and b ∈ Σ. If
#δ 0 (B, b) ≤ m, we define γ(B, b) = δ 0 (B, b)(∈ 2Q,≤m ), that is, in this case the transition of Am on state B with input b is deterministic. (Here #δ 0 (B, b) refers to the size
of δ 0 (B, b) as a subset of Q.)
Consider then the case #δ 0 (B, b) > m. We choose a partition
δ 0 (B, b) = C1 ∪ · · · ∪ Ct−1 ∪ Ct , t ≥ 2,

(4.4)

where #Ci = m, 1 ≤ i ≤ t − 1 and #Ct ≤ m, and define γ(B, b) = {C1 , . . . , Ct−1 , Ct }.
For a given B ∈ 2Q,≤m and b ∈ Σ the partition of δ 0 (B, b) is fixed but arbitrary.
We claim that the tree width of Am is at most k − m + 1. Any computation
tree of Am is obtained from a computation tree of the original NFA A by combining
states labeling some leaves to a set of size at most m. Using induction on the length
of w ∈ Σ∗ it is easy to verify that if TAm ,w uses a nondeterministic transition, then
some node of TAm ,w is labeled by a set of cardinality exactly m. Note that the
nondeterministic transitions (4.4) always involve at least one set of size exactly m.
We know that TA,w has at most k leaves and TAm ,w is obtained from TA,w by
merging m branches into one (and possibly merging additional branches). This means
that if the tree width of Am is `, we have k − m + 1 ≥ `. Rewriting the previous
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equation we get k − ` + 1 ≥ m.
The above construction implies that the language L has a tree width ` NFA with
size at most
k−`+1
X 
i=1


n
.
i

This bound can be improved by observing that if the initial state q0 of A is contained
in some reachable subset having cardinality at least two, then A has a cycle involving
a nondeterministic transition which is impossible by Lemma 3. Thus, in the NFA
Am constructed above all reachable states of cardinality at least two are subsets of
Q − {q0 }. This yields the upper bound in the statement of the theorem.
Since an NFA has tree width one if and only if it is a DFA, we have:
Corollary 1. Let L be a regular language where nsctw≤k (L) = n for some k ≤ n − 1,
then
sc(L) ≤ 1 +


k 
X
n−1
j=1

j

A k-entry DFA [34, 47] (k ≥ 1) has a deterministic transition function but allows
k initial states. The computation of a k-entry DFA has at most k branches, however,
strictly speaking a k-entry DFA is not a special case of an ftw-NFA because, following
usual conventions, our NFA model allows only one initial state.
By using a modification of the worst-case construction due to Holzer et al. [34]
that converts a k-entry DFA to an ordinary DFA we show below that the upper bound
of Corollary 1 can be reached. We leave it as an open problem whether or not the
upper bound of Theorem 5 can be reached for all 1 ≤ ` < k.
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Theorem 6. For every 1 ≤ k ≤ n − 1 there exists an n-state NFA An,k such that
tw(An,k ) = k and
sc(L(An,k )) = 1 +


k 
X
n−1
j=1

j

Proof. The NFAs An,k are obtained from the k-entry DFAs used in the proof of
Lemma 3 of [34] by adding an initial state and transitions from the new initial state
that simulate the nondeterministic choice of the initial state in computations of the
k-entry DFA.
We define An,k = (Q, Σ, δ, q0 , F ) where Σ = {a, b}, Q = {q0 , q1 , . . . , qn−1 },


 {q0 , qn−1 } if k < n − 1;
F =

 {qn−1 }
if k = n − 1.
and the transitions of δ are defined by setting:
1. δ(qi , a) = {qi+1 }, 1 ≤ i < n − 1, δ(qn−1 , a) = {q1 },
2. δ(qi , b) = {qi }, 1 ≤ i < n − 1, δ(qn−1 , b) = {q1 },
3. δ(q0 , a) = {q2 , q3 , . . . , qk+1 } if k < n − 1, and δ(q0 , a) = {q1 , q2 , q3 , . . . , qn−1 } if
k = n − 1,
4. δ(q0 , b) = {q1 , q2 , . . . , qk } if k < n − 1, and δ(q0 , b) = {q1 , q2 , . . . , qn−2 } if k =
n − 1.
The NFA A5,3 is illustrated in Figure 4.3. Let B be the DFA obtained from An,k
using the subset construction. In order to establish the claim it is sufficient to show
that {q0 } and all subsets of {q1 , . . . , qn−1 } of size at most k are reachable and pairwise
inequivalent.
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q0
b
a

b, a
a, b

b
q1

a

b

q2

b, a

a

q4

q3
a

b

Figure 4.3: The NFA A5,3 having 5 states and tree width 3.
We note that the deterministic transitions of An,k are exactly as the transitions of
the k-entry DFA Mk,n−1 constructed in the proof of Lemma 3 of [34]. Furthermore,
the transitions from the initial state q0 simulate exactly the nondeterministic choice
of the initial state followed by a deterministic transition in Mk,n−1 . Thus, from
Lemma 3 of [34] we know that all subsets of {q1 , . . . , qn−1 } are reachable and pairwise
inequivalent.
To complete the proof, it is sufficient to show that {q0 } is not equivalent with a
set S ⊆ {q1 , . . . , qn−1 }, where 1 ≤ #S ≤ k. We recall that the construction assigns
q0 to be final if k < n − 1 and non-final otherwise.
1. Consider the case where k < n − 1. If qn−1 6∈ S, then S is not equivalent to {q0 }
because q0 ∈ F . On the other hand, if qn−1 ∈ S then q1 ∈ δ(S, a) which means
that δ(S, a) 6= δ(q0 , a), and, consequently, δ(S, a) and δ(q0 , a) are inequivalent
because we know that all subsets of {q1 , . . . , qn−1 } are pairwise inequivalent.
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2. Second, consider the case k = n − 1. If S = {q1 , . . . , qn−1 }, S is not equivalent
with {q0 } since q0 is not final. If S ( {q1 , . . . , qn−1 }, we note that δ(S, a) is a
strict subset of {q1 , . . . , qn−1 }, and hence it is not equivalent with δ(q0 , a).

Note that, in general, the finite tree width of an n-state NFA is bounded only by
2n−2 (Theorem 1), however, in cases where the tree width is greater than the number
of states, estimates for the size of an equivalent DFA analogous to Theorem 5 would
clearly not be useful.
To conclude this section, as a consequence of results and constructions due to
Goldstine et al. [26] and Leung [52] we observe that there exist also regular languages
where the unambiguous NFA to ftw-NFA conversion causes an exponential size blowup.
Proposition 2. For n ≥ 4, there exists an unambiguous NFA A with n states, for
any k ∈ N, such that
nsctw≤k (L(A)) = 2n−1
Proof. Let LLeung
, n ≥ 3, be the language having an n-state unambiguous NFA (UFA)
n
An used in Theorem 1 of [52]. From there we know that any incomplete DFA for LLeung
n
needs 2n − 1 states.
∗
As in Theorem 4.2 of [26] we now define Ln = ($LLeung
n−1 $) , n ≥ 4. The language

Ln has an n-state UFA. (It is easy to verify that the NFA constructed as in the proof
of Theorem 4.2 of [26] is unambiguous.)
As in Theorem 4.2 of [26] it is seen that any NFA B with finite branching for the
language Ln has at least 2n−1 states. Note that the construction of Theorem 4.2 of [26]
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b, a
a
b, a

b

a

b, a
a

Figure 4.4: A simple NFA recognizing the language (a + b)(a + b)∗ a such that it has
finite branching and infinite tree width.
relies only on the size of the minimal DFA for the original regular languages used to
define Ln , and exactly the same construction works when Ln is defined in terms of
LLeung
n−1 . The branching measure of an NFA B, βB , is not the same as tree width, but
it is immediate that any NFA with finite tree width has finite branching.
In the proof of Proposition 2 we used the fact every NFA with finite tree width has
finite branching. However, the converse is not always true. An example of an NFA
with finite branching and infinite tree width is given is Figure 4.4. In this example
every accepting word has branching 2 and the word an , for n ≥ 1, has tree width
n + 1.

4.3

Lower Bounds for the Size of ftw-NFAs

Recently Björklund and Martens [6] have shown that minimization is NP-hard for
any class of finite automata that contains the so called δNFAs, which are a restriction
of NFAs with tree width 2. Thus, in order to establish lower bounds for the size of
ftw-NFAs we need to rely on methods inspired by the fooling set techniques used for
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general NFAs [5, 23, 28, 33]. Naturally the lower bounds for NFAs given by the fooling
set or the bipartite dimension method apply also for ftw-NFAs, however, obviously
we want a method that gives stronger lower bounds by exploiting the fact that the
NFA has finite tree width.
Let S be a finite set. By an (S, k)-family of sets we mean a family C ⊆ 2S such
that all sets in C have cardinality at most k, and any two sets in C are incomparable
as subsets of S.
Lemma 4. Let S be a finite set of cardinality n and k ≤ n2 . If C is an (S, k)-family,

then #C ≤ nk . (Here #C is the number of sets in the family C.)
Proof. We define a partial ordering on (S, k)-families by setting C1 ≤S,k C2 if and only
if there is an injective function f : C1 → C2 such that for all P ∈ C1 , P ⊆ f (P ).
Note that the definition means that, for (S, k)-families Ci , i = 1, 2, C1 ≤S,k C2 if and
only if we can obtain the sets of C2 by adding elements of S to the sets of C1 , and
possibly adding further completely new subsets of S. In particular, this implies that
#C1 ≤ #C2 .
For j ≤ n, we denote by Fj the (S, j) family consisting of
j. Since k ≤

n
2

n
j



sets of size exactly

the following claim is not surprising but, for the sake of completeness,

we include a proof.
Claim 1. The unique maximal element in the ordering ≤S,k is Fk .
Inductively, we assume that the Claim 1 holds for all values 1 ≤ h < k, and then
for the value k prove:
Claim 2. For every (S, k)-family C such that some element P ∈ C has fewer than k
elements, there exists an (S, k)-family C1 such that C <S,k C1 .
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Note that Claim 2 implies that, by repeating the procedure, C can be “extended”
to an (S, k)-family where all sets have exactly k elements. This means then that Fk
has to be the unique maximal element of ≤S,k , i.e., Claim 1 holds with value k.
To prove Claim 2, consider an arbitrary (S, k)-family C where P0 ∈ C has fewer
than k elements.
1. If all elements of C have fewer than k elements, C is, in fact, an (S, k − 1)
family. Thus by the inductive assumption, C ≤S,k−1 Fk−1 . Every (S, k − 1)

n
< nk which implies that
family is also an (S, k)-family and, since k ≤ n2 , k−1
C ≤S,k Fk−1 <S,k Fk .
2. Consider then the case where C has a set P1 with exactly k elements. Since
#P0 < k and P0 6⊂ P1 , there exist two elements x1 , x2 ∈ P1 − P0 .
Let C 0 be the family obtained from C by replacing P0 with P00 = P0 ∪ {x1 }.
Clearly P00 cannot be included in any other set of C 0 (because P0 is not included
in any other set of C).
Now C 0 (and C) may contain sets Ri ( P00 , i = 1, . . . , r. We replace each of the
sets Ri by Ri0 = Ri ∪ {x2 } and denote the resulting family by C 00 . Note that Ri
has less than k elements and hence #Ri0 ≤ k. Again none of the sets Ri0 cannot
be contained in another set of C 00 , however, there may exist sets Ui,j ( Ri0 ,
j = 1, . . . , ui , ui ≥ 1, i ∈ {1, . . . , r}. Now since Ri0 6⊆ P1 , we can choose an
0
element y ∈ P1 − Ri0 . Now we replace each of the sets Ui,j by Ui,j
= Ui,j ∪ {y}.
0
0
As in the previous step we note that #Ui,j
≤ k and Ui,j
cannot be contained in
0
another set of the family, which means that P1 − Ui,j
6= ∅. If one of the other
0
0
, we extend it by an element of P1 − Ui,j
.
sets is strictly contained in Ui,j
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Each step of the process adds elements to some set of the original (S, k)-family,
which means that the process has to end after a finite number of steps with an
(S, k)-family Cf and C <S,k Cf .
This concludes the proof of Claim 2 and the inductive argument in the proof of

Claim 1. Now Claim 1 implies that any (S, k)-family can contain at most nk sets.
Definition 3. Let L be a regular language over Σ. We say that a finite set of strings
{u1 , . . . , ut }, ui ∈ Σ∗ , 1 ≤ i ≤ t, is a t-separator set for the language L if
(∀1 ≤ i, j ≤ t, i 6= j)(∃z ∈ Σ∗ ) ui z ∈ L and uj z 6∈ L.
Note that the above definition treats (i, j) as an ordered pair, and it is not sufficient
if z ∈ Σ∗ satisfies the corresponding condition where i and j are interchanged. On
the other hand, the condition of Definition 3 allows z to depend on the pair (i, j)
and, consequently, for a given regular language we can typically find a much larger
separator set than a fooling set; see Example 2.
Theorem 7. Suppose that a regular language L has a t-separator set {u1 , . . . , ut },
t ≥ 1. If L has a tw(k)-NFA A with n states, where k ≤ n2 , then
 
n
≥ t.
k
Proof. Let A = (Q, Σ, δ, q0 , F ) be an NFA with #Q = n and tw(A) = k. Define
Pi = δ(q0 , ui ), i = 1, . . . , t. Since A has tree width k, #Pi ≤ k. Consider 1 ≤ i, j ≤ t,
i 6= j, and suppose Pi ⊆ Pj . This means that, for any z ∈ Σ∗ , ui z ∈ L implies
uj z ∈ L. Thus the sets Pi , i = 1, . . . , t, have to be pairwise incomparable as subsets
of Q and the claim follows from Lemma 4.
We illustrate the use of t-separator sets with the following examples.
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Example 2. Consider the unary language Lm = {w ∈ a∗ | |w| 6≡ 0 (mod m)}, m ≥ 1.
The language Lm has a separator set {ε, a, a2 , . . . , am−1 }. According to Theorem 7, if

Lm has a tw(k)-NFA with n states where k ≤ n2 , we have the estimation nk ≥ m. This
is exponentially better than the lower bound obtained for the size of (general) NFAs
with the bipartite dimension method (Theorem 9 in [28]). Recall that the bipartite
dimension method is guaranteed to give at least as good bounds as (and often better
bounds than) the fooling set methods [28, 33].
However, also our bound does not coincide with the real lower bound except in the
case k = 1.
Example 3. For {m1 , . . . , mk } ⊆ N, k ≥ 1, we define
L{m1 ,...,mk } = {w ∈ a∗ | (∃1 ≤ j ≤ k) |w| ≡ 0 (mod mj )}.
When m1 , . . . , mk are pairwise relatively prime, we want to justify that {a1 , a2 , . . .,
Qk
Q
a i=1 mi } is a separator set. Let us take numbers x, y ∈ {0, 1, . . . , ki=1 mi − 1}, such
that x 6= y. Now let us have the sets
R = {mi | mi divides x − y} and S = {mi | mi does not divide x − y}
Moreover, let us have the numbers
Y
Y
MR =
mi and MS =
mi
mi ∈R

mi ∈S

Note that S 6= ∅. The Chinese remainder theorem gives us a number z such that
x+z ≡1

(mod MR ) and x + z ≡ 0

(mod MS )

Now we have y + z ≡ 1 (mod MR ) and y + z 6≡ 0 (mod mi ) for any mi ∈ S. Then,
we can conclude that ay+z is not in the language L{m1 ,...,mk } and the set {a1 , a2 , . . .,
a

Qk

i=1

mi

} is a separator set. Note that the set R could be empty and then we just
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choose z such that x + z ≡ 0(modMS ). Consequently, if L{m1 ,...,mk } has a tw(k)-NFA
A where k ≤

size(A)
,
2

we have

 Y
k
size(A)
≥
mi .
k
i=1

The above bound is not optimal. We will see in the next section that using ad
hoc methods under the above assumptions, and excluding the case where k = 2,
{m1 , m2 } = {2, 3}, the minimal finite tree width NFA for L{m1 ,...,mk } is unique and
consists of an initial state that is connected to k disjoint cycles of lengths m1 , . . . , mk .
P
This means that for any h ≥ k ≥ 2, nsctw≤h (L{m1 ,...,mk } ) = 1 + ki=1 mi .

4.4

Operational State Complexity

Much work has also been done in the area of state complexity of language operations and it still continues to be an area where many researchers are working. Yu,
Zhuang, and Salomaa systematically studied the deterministic state complexity of
language operations [81]. Holzer and Kutrib [30] studied the state complexity of basic operations on nondeterministic finite automata. Câmpeanu, Culik, Salomaa, and
Yu [8] studied the deterministic state complexity of some basic operations on finite
languages. Han and Salomaa [38] studied the state complexity of union and intersection of finite languages. Domaratzki [16] studied the deterministic state complexity
of propositional removals and later Goć, Salomaa, and the author [24] studied the
nondeterministic state complexity of the same operation. Câmpeanu, Salomaa, and
Yu [10] investigated the state complexity of shuffle of regular languages. For a more
detailed discussion we refer to the technical report of Gao et. al. [19].
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Union and intersection

We consider the union and intersection of languages recognized by a tw(k1 )-NFA and
a tw(k2 )-NFA. For union (respectively, intersection) we give a state complexity upper
bound in terms of a tw(k1 + k2 )-NFA (respectively, tw(k1 · k2 )-NFA), and almost
matching lower bounds.
Theorem 8. For regular languages Li and ki ≥ 1, i = 1, 2,
1. nsctw≤k1 +k2 (L1 ∪ L2 ) ≤ nsctw≤k1 (L1 ) + nsctw≤k2 (L2 ) + 1.
2. nsctw≤k1 ·k2 (L1 ∩ L2 ) ≤ nsctw≤k1 (L1 ) · nsctw≤k2 (L2 ).
Proof. Let Ai = (Qi , Σ, δi , q0,i , Fi ) be a tw(ki )-NFA recognizing Li , i = 1, 2.
1. Without loss of generality we assume that Q1 ∩ Q2 = ∅. We define B =
(P, Σ, γ, p0 , FB ) where P = Q1 ∪ Q2 ∪ {p0 }, p0 6∈ Q1 ∪ Q2 is a new state,


 F1 ∪ F2
if q0,i 6∈ Fi , i = 1, 2,
FB =

 F1 ∪ F2 ∪ {p0 } otherwise,
and for b ∈ Σ, q ∈ Qi , we set γ(q, b) = δi (q, b), i = 1, 2, and δ(p0 , b) =
δ1 (q0,1 , b) ∪ δ2 (q0,1 , b).
It is sufficient to verify that tw(B) ≤ k1 + k2 . Consider w = bw0 , where b ∈ Σ,
w ∈ Σ∗ . If δi (q0,i , b) = ∅, i = 1, 2, TB,w and TAi ,w , i = 1, 2, each are a singleton
tree and we are done. (The same holds in the case when w = ε.) If δ1 (q0,1 , b) 6= ∅
and δ2 (q0,2 , b) = ∅, the tree TB,w is obtained from TA1 ,w by changing the label
of the root.
Finally consider the case where δi (q0,i , b) 6= ∅, i = 1, 2. Now the sequence of
immediate subtrees of the root of TB,w consists of the immediate subtrees of the
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root of TA1 ,w and of TA2 ,w .1 This means that the number of leaves of TB,w is the
sum of the numbers of leaves of TA1 ,w and of TA2 ,w , respectively.
2. We define C = (Q1 × Q2 , Σ, γ, (q0,1 , q0,2 ), F1 × F2 ) where for b ∈ Σ, qi ∈ Qi ,
i = 1, 2, γ((q1 , q2 ), b) = δ1 (q1 , b) × δ(q2 , b).
Again it is sufficent to verify the claimed bound for the tree width: tw(C) ≤
k1 · k2 . We claim that for all w ∈ Σ∗ and qi ∈ Qi , i = 1, 2,
#leaves(TC,(q1 ,q2 ),w ) ≤ #leaves(TA1 ,q1 ,w ) · #leaves(TA2 ,q2 ,w ).

(4.5)

We prove the claim using induction on the length of w. When w = ε, TC,(q1 ,q2 ),ε ,
and TAi ,qi ,ε , i = 1, 2, each are a singleton tree.
Consider then w = bw0 , where b ∈ Σ, w ∈ Σ∗ . If δi (q1 , b) = ∅ or δi (q2 , b) = ∅,
TC,(q1 ,q2 ),w is a singleton tree and we are done. Hence, without loss of generality,
we can assume δi (qi , b) 6= ∅, i = 1, 2. Now the subtrees corresponding to the
children of the root of TC,(q1 ,q2 ),w are the trees TC,(p1 ,p2 ),w0 , pi ∈ δi (qi , b), i = 1, 2.
Thus, by the inductive assumption,
X
#leaves(TC,(q1 ,q2 ),w ) =

#leaves(TC,(p1 ,p2 ),w0 )

pi ∈δi (qi ,b),i=1,2

≤

X

#leaves(TA1 ,p1 ,w0 ) · #leaves(TA2 ,p2 ,w0 ).

pi ∈δi (qi ,b),i=1,2

Since the number of leaves of TAi ,qi ,w is equal to

P

pi ∈δi (qi ,b)

#leaves(TAi ,pi ,w0 ),

1 ≤ i ≤ 2, we have verified that (4.5) holds for the string w.

The proof of Theorem 8 uses the “natural” constructions, respectively, for the
1

Recall that for our purposes the order of children of a node is not important and we assume
that the elements of γ(p0 , b) have an arbitrary, but fixed, order.
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union and intersection of two NFAs. Note that the cross-product of a tw(k1 )-NFA
and a tw(k2 )-NFA, typically, has tree width considerably less than k1 · k2 , however, as
we will see, in the worst case the upper bound of Theorem 8 (ii) cannot be improved,
at least not by much.
Our lower bound constructions are based on languages of the form L{m1 ,...,mk }
considered in Example 3. When the integers mi , 1 ≤ i ≤ k, are pairwise relatively
prime, from Theorem 2.1 of Jiang et. al. [44] it follows easily that L{m1 ,...,mk } has a
minimal NFA in k-simple normal form. We will need a corresponding property also
under slightly less restrictive conditions.
Before establishing lower bounds for the size of ftw-NFAs for the unary languages
L{m1 ,...,mk } , we state the following lemma which follows from Lemma 3 using the observation that a unary NFA may exit a cycle only using a nondeterministic transition.
Lemma 5. Let A be an ftw-NFA over a unary alphabet, then no cycle C of A has
a transition exiting C and, in particular, no two cycles of A can share a state. Furthermore, if A has more than one cycle, then the start state of A cannot be part of
any cycle.
We will study unary ftw-NFAs more systematically in Chapter 7 and we will obtain
a more precise characterization of unary finite tree width NFAs.
Below we will show that, under certain assumptions on the numbers mi , the
language L{m1 ,...,mk } has a unique minimal ftw-NFA in k-simple normal form. More
generally, from Lemma 5 it follows that any unary regular language has a minimal
ftw-NFA (not necessarily unique) that is in Chrobak normal form [12, 44]. More
details on this will be in Chapter 7.
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Proposition 3. Let k ≥ 2. Assume that the set {m1 , . . . , mk }, mi ≥ 2, 1 ≤ i ≤ k, is
either an independent set of prime pairs or a relatively prime set. Then
nsctw≤k (L{m1 ,...,mk } ) = 1 +

k
X

mk .

i=1

Furthermore, assuming we exclude the case k = 2, {m1 , m2 } = {2, 3}, the language
L{m1 ,...,mk } has tree width k.
Proposition 3 follows from Theorem 28. A direct proof of Proposition 3 is given
in the Appendix.
Note that if a regular language L has tree width k, the maximum amount of
limited nondeterminism an NFA recognizing L can “make use of” is precisely k (see,
Definition 1). By relying on Proposition 3, in the following lemmas we give state
complexity lower bounds for the union and intersection of ftw-NFAs.
Theorem 9. For every ki , ni ∈ N, i = 1, 2, there exists regular languages Li of tree
width ki such that nsctw≤ki (Li ) ≥ ni and
nsctw≤k1 +k2 (L1 ∪ L2 ) ≥ nsctw≤k1 (L1 ) + nsctw≤k2 (L2 ) − 1.
Furthermore, L1 ∪ L2 has tree width k1 + k2 .
Proof. First consider the case k1 , k2 ≥ 2. Choose a set of relatively prime integers
{m1,i , m2,j | m1,i , m2,j ≥ 2, 1 ≤ i ≤ k1 , 1 ≤ j ≤ k2 },
where

Pkh

i=1

mh,i ≥ nh , h = 1, 2. Define Lh = L{mh,1 ,...,mh,kh } , h = 1, 2. Directly from

the definition of the languages L1 and L2 it follows that
L1 ∪ L2 = L{m1,1 ,...,m1,k1 ,m2,1 ,...,m2,k2 } .
Immediately from Proposition 3, we get that
nsctw≤k1 +k2 (L1 ∪ L2 ) = nsctw≤k1 (L1 ) + nsctw≤k2 (L2 ) − 1,

(4.6)
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and Li has tree width ki , i = 1, 2, as well as, L1 ∪ L2 has tree width k1 + k2 .
When k1 ≥ 2 and k2 = 1, the construction is the same but instead of (4.6) we get
nsctw≤k1 +1 (L1 ∪ L2 ) = nsctw≤k1 (L1 ) + nsctw≤1 (L2 ).
Finally, with k1 = k2 = 1, by choosing two relatively prime numbers mi ≥ ni ,
{m1 , m2 } =
6 {2, 3}, Li = L{mi } , i = 1, 2, we have nsctw≤2 (L1 ∪ L2 ) = nsctw≤1 (L1 ) +
nsctw≤1 (L2 ) + 1, and the language L1 ∪ L2 has tree width 2. Note that {m1 , m2 } =
{2, 3} is the one exception in Lemma 23, and the tree width of L{2,3} would be one.
Note that above since L1 ∪ L2 has tree width k1 + k2 , this means that for any
k < k1 + k2 , nsctw≤k (L1 ∪ L2 ) is strictly larger than nsctw≤k1 (L1 ) + nsctw≤k2 (L2 ) − 1.
Theorem 10. For every ki , ni ∈ N, i = 1, 2, there exist regular languages Li of tree
width ki such that nsctw≤ki (Li ) ≥ ni and
nsctw≤k1 ·k2 (L1 ∩ L2 ) ≥ (nsctw≤k1 (L1 ) − 1) · (nsctw≤k2 (L2 ) − 1) + 1.
Furthermore, L1 ∩ L2 has tree width k1 · k2 .
Proof. We begin by considering the case k1 , k2 ≥ 2. Let pi,j , 1 ≤ j ≤ ki , 1 ≤ i ≤ 2,
Pi
pi,j ≥ ni , i = 1, 2.
be distinct prime numbers, where kj=1
We define Li = L{pi,1 ,...,pi,ki } , i = 1, 2. By Proposition 3 we know that
nsctw≤ki (Li ) = 1 +

ki
X

pi,j , 1 ≤ i ≤ 2,

j=1

where the tree width of Li is ki . Define
P (k1 , k2 ) = {p1,j1 · p2,j2 | 1 ≤ ji ≤ ki , i = 1, 2}.
Here P (k1 , k2 ) is an independent set of prime pairs. Also we note that
L1 ∩ L2 = LP (k1 ,k2 ) .

(4.7)
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Now, again using Proposition 3, the tree width of L1 ∩ L2 is #P (k1 , k2 ) = k1 · k2 and
X
nsctw≤k1 ·k2 (L1 ∩ L2 ) = 1 +
p1,j1 · p2,j2 .
1≤j1 ≤k1 ,1≤j2 ≤k2

Comparing this with (4.7) we get that the inequality in the claim of the lemma holds
as an equality.
In the case where k1 ≥ 2 and k2 = 1, instead of (4.7), we have nsctw≤1 (L2 ) = p2,1
and, using Proposition 3, we get
nsctw≤k1 (L1 ∩ L2 ) = (nsctw≤k1 (L1 ) − 1) · nsctw≤1 (L2 ) + 1.
Finally, when k1 = k2 = 1, the inequality in the statement of the lemma holds due to
the well-known lower bound for the deterministic state complexity of intersection.
According to Theorem 9 and Theorem 10 the lower bound can be reached with
automata of arbitrarily large sizes. Especially in the case of intersection, it is not clear
whether the construction could be modified to always allow us to choose nsctw≤ki (Li )
to be exactly ni .
The lower bound for union differs only by a constant 2 compared to the upper
bound in Theorem 8 and for intersection that gap is larger. We conjecture that the
bounds of Theorem 8 are optimal for the NFA model (used here and in most of the
literature) that allows only a single initial state.
Remark 1. For an NFA model that allows multiple initial states, the upper bound
(in Theorem 8) for union would be changed to be nsctw≤k1 (L1 ) + nsctw≤k2 (L2 ), while
the upper bound for intersection would stay the same. For NFAs with multiple initial
states, the lower bound constructions of the proof of Theorem 9 and Theorem 10 will
exactly match the corresponding state complexity upper bounds that are modified from
Theorem 8 as described above.
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Concatenation

A general NFA recognizing the concatenation of an n1 and an n2 state NFA needs only
n1 +n2 states [29]. For ftw-NFAs the situation is not equally simple because, with only
limited nondeterminism available, the automaton is not able to guess when a string
which belongs to the first language ends. The following upper bound is inspired by the
construction originally used for deterministic state complexity of concatenation [82].
Note however that, with k = 1, the result of Theorem 11 does not coincide with the
deterministic state complexity of concatenation. This is because a tw(1)-NFA is an
incomplete DFA, and the well-known deterministic state complexity results [82] are
stated in terms of complete DFAs.
Theorem 11. For regular languages Li , i = 1, 2, and k ≥ 1,
nsctw≤k (L1 · L2 ) ≤ nsctw≤k (L1 ) · 2nsc(L2 ) + 2nsc(L2 )−1 − 1.
Proof. Let A = (Q, Σ, δA , q0 , FA ) be a tw(k)-NFA for L1 and B = (P, Σ, δB , p0 , FB )
an arbitrary NFA for L2 . Denote Q0 = Q ∪ {qdead } where qdead is a new state. In the
natural way we extend δB as a function 2P × Σ → 2P .
We define an NFA C = (R, Σ, γ, r0 , FC ) where R = Q0 × 2P , FC = {(q, X) | q ∈
Q0 , X ⊆ P, X ∩ FB 6= ∅},


 (q0 , ∅)
r0 =

 (q0 , {p0 })

if q0 6∈ FA ,
if q0 ∈ FA ,

and the transitions of γ are defined by setting for q ∈ Q, X ⊆ P and b ∈ Σ:


 {(q1 , δB (X, b) ∪ Zq ) | q1 ∈ δA (q, b)} if δA (q, b) 6= ∅,
1
γ((q, X), b) =

 {(qdead , δB (X, b))}
if δA (q, b) = ∅,
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where


 {p0 }
Zq =

 ∅

if q1 ∈ FA ,
if q1 ∈ Q − FA .

Furthermore, for X ⊆ P and b ∈ Σ we define γ((qdead , X), b) = {(qdead , δB (X, b))}.
The first component of the states of C directly simulates the nondeterministic
choice of A. The new state qdead is used in the first component if the transition of
A is undefined. The second component is a set of states of B and simulates the
computation on this set of states and, additionally, always when the first component
enters a final state of A the corresponding transition adds the initial state of B to the
second component. Similarly as in the classical construction for the concatenation of
two DFAs [82], it can be verified that C recognizes L(A) · L(B).
We note that with a fixed nondeterministic choice in the first component of states
of C, the transition in the second component is completely determined. For any
w ∈ Σ∗ , the tree TA,w has at most k branches, and it follows that the same holds for
the tree TC,w .
The state set of C, as defined above, contains (size(A) + 1) · 2size(B) elements.
We note that all elements (q, X) where q ∈ FA and p0 6∈ X cannot be reached in
computations of C. This allows us to reduce the size of C by 2size(B)−1 . Furthermore,
the NFA C does not need the state (qdead , ∅) and we get the upper bound claimed in
the statement of the lemma.
The bound of Theorem 11 is stated in terms of the nondeterministic state complexity of the second language L2 because the construction used in the proof would
result in the same bound even if L2 were recognized by an ftw-NFA. We do not have
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a lower bound construction that would be close to the upper bound of Theorem 11
for general values k ≥ 2.
Determining the worst-case state complexity of operations such as concatenation
and Kleene-star for ftw-NFAs remains open. For the Kleene-star operation it seems
that, in the worst-case, an ftw-NFA cannot be smaller than a DFA.
Note that using constructions inspired by [26], similar to the one used here in
Proposition 2, it is, in fact, possible to construct regular languages L such that any
ftw-NFA for L∗ cannot be smaller than a DFA. However, the construction, roughly
speaking, delimits the strings of L by end-markers, which makes it seem unsuitable
to be used in worst-case constructions for the state complexity of Kleene star (or
concatenation) where we, roughly speaking, need to make it hard for the NFA to
detect the end of a substring belonging to L.

Chapter 5
Worst Case Branching
By having different measures of nondeterminism a natural question arises: What
is the difference between these measures and how do they relate to one another?
Some measures count the total number of leaves of the computation tree, such as the
tree width, or the total number of accepting leaves of the computation tree, such as
the ambiguity, other measures are based on the amount of nondeterminism that we
encounter in the ‘best’ computation, such as branching. From these very different
ways of counting nondeterminism, it seems non trivial to relate different measures of
nondeterminism and there is not much work done in this direction in the literature.
Hromkovic et. al. [37, 41] study the relationship of advice and tree width. They
showed that the tree width is bounded by an exponential function of the advice measure and they give a few more equations on the relation between the tree width and
advice. One of the main results in this direction is that the tree width of minimal
NFAs is asymptotically at most the product of advice and ambiguity. Another interesting result is that there are cases where we have polynomial advice, exponential
tree width, and polynomial size, while every equivalent NFA with polynomial tree
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width or ambiguity needs an exponential number of states. Moreover, they show that
there are cases where as we decrease the ambiguity the number of states increases
exponentially. Goldstine et. al [27] study the relation between the measures of ambiguity and guessing. Firstly, they show that finite automata with constant or linear
guessing can be of all types of ambiguous automata (unambiguous, finite ambiguous,
polynomial ambigous, or exponential ambigous NFA). The interesting result of this
paper is that in the case of a non-constant but sublinear guessing, the automaton
must have an infinite degree of ambiguity.
To complement the existing work on different types of nondeterminism measures,
we propose the trace measure which is the product of the degrees of nondeterministic
choices on the computation path that maximizes this value. We show that trace and
tree width measures are closely related and we study the growth rate of the trace
measure as a function of the length on inputs. We show that the trace of an NFA
is finite if and only if its tree width is finite. We give upper and lower bounds for
the size blow-up of converting an NFA with finite trace to a DFA. We show that
the growth rate of trace of an NFA can either be bounded by a constant or it has
an exponential growth. In the former case, we establish a maximum value for this
constant and we show that it is optimal, in the sense that there are automata with
finite trace reaching this value. In the latter case, although the trace of an NFA is
exponential it is still bounded by an exponential function depending on the number
of nondeterministic steps that occur in a computation.
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Nondeterministic Trace

We consider a measure of nondeterminism that is, roughly speaking, a worst-case
variant of the branching measure [26]. We call this new measure, trace. Here we
present the definitions of the trace of an NFA.
We recall the definition of the branching of an NFA A as we have defined in
the preliminaries. The branching of a transition µ = (q, a, p) on the automaton A,
βA (µ), is the number of nondeterministic choices that A has on state q reading a, i.e.
#δ(q, a). The branching of a computation C = µ1 . . . µk of an NFA A is the product
of the branching of the transitions participating in C, i.e.
βA (C) = βA (µ1 ) · . . . · βA (µk )

Now we want to define the new measure, called trace. The trace for a transition or
a computation should be the same as branching, that is τA (µ) = βA (µ) and τA (C) =
βA (C) for every NFA A, transition µ, and computation C. The difference between
trace and branching appears when we define them for words. The trace of a word
x ∈ Σ∗ of an NFA A is the maximum branching among all computations reading x,
that is
τA (x) = max{βA (C) | C ∈ compA (y), y is a prefix of x}

Note that the trace of a word x can be given from any of its prefixes, we define
trace in this way to include also computations that read only an initial part of the
word x. The trace of any word x ∈ Σ∗ is at least 1, since ε is prefix of x and
δ(q0 , ε) = {q0 }.
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a

a
a

q0

q1

Figure 5.1: A state minimal NFA recognizing the language aa∗ .
The trace of an NFA A is defined as the maximal trace of any word. More formally,
we define the trace of an NFA A to be
τ (A) = sup{τA (x) | x ∈ Σ∗ }
We say that the trace of A is finite if the above value is bounded by a constant and the
supremum is finite. Note that it is possible that β(A) is finite while τ (A) is infinite
as illustrated in example of Figure 5.1. This example has branching 2 but infinite
trace.
Note that for an automaton A the branching of a word x is defined only when x is
in L(A). On the other hand the trace of a word w of an NFA is defined for all words
w in Σ∗ . Also note that we can define a similar worst-case measure with trace, where
it ranges over only accepting computations.

5.2

Relating Trace and other Measures of Nondeterminism

We want to compare the trace with other nondeterminism measures. The relationship
of trace and branching is obvious since the former is the worst-case variant of the
latter. In the following we establish relationships between the trace and the tree
width of an NFA. We start by showing that the tree width of an NFA for a word is
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always at most the trace of the NFA on the same word.
Theorem 12. For every NFA A = (Q, Σ, δ, q0 , F ) and for every word x ∈ Σ∗ , we
have twA (x) ≤ τA (x).
Proof. We prove this proposition by induction on the length of x. We want to prove
that for every state q and every word x, twA(q) (x) ≤ τA(q) (x).
The induction base is valid, twA(q) (a) = τA(q) (a) = #δ(q, a) for all states q ∈ Q
and all symbols a ∈ Σ ∪ {ε}.
Let us assume now that twA(q) (x) ≤ τA(q) (x) for every state q and for every word
x which has length at most n. Now, we want to show that twA(q) (ax) ≤ τA(q) (ax), for
every letter a ∈ Σ, for every state q ∈ Q, and for every word x which has length at
most n. If δ(q, a) = ∅, we have that twA(q) (ax) = τA(q) (ax) = 1, otherwise,
X
twA(q) (ax) =
twA(p) (x) ≤ #δ(q, a) · max twA(p) (x) ≤(ind.hyp.)
p∈δ(q,a)

p∈δ(q,a)

#δ(q, a) · max τA(p) (x) = τA(q) (ax).
p∈δ(q,a)

From the above proposition we have immediately the following results.
Corollary 2. For every NFA A, its tree width is at most its trace, i.e. for all NFA
A it holds tw(A) ≤ τ (A).
We have just seen that the tree width of an automaton is always bounded by
the trace of this automaton. Next we can ask whether conversely the trace is also
bounded by a function of the tree width. The following proposition gives a positive
answer to this question.
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Theorem 13. Let A = (Q, Σ, δ, q0 , F ) be an NFA. Then for every word x ∈ Σ∗ ,
τA (x) ≤ 2twA (x)−1
Proof. If the automaton A has only deterministic transitions (or no transitions at all)
from reading a word x ∈ Σ∗ , then we have that τA (x) ≤ 1 and = twA (x) = 1. Hence,
the proposition is true in that case.
Now, let us assume that A has at least one nondeterministic transition from
reading the word x ∈ Σ∗ . Then, the trace of A reading x would be the product of
the nondeterministic steps that occur in a computation of A on x. In other words we
have that,
τA (x) = Y1 · . . . · Yr

(5.1)

for some Yi ∈ {2, . . . , c}, where c = max({#δ(q, a) | q ∈ Q and a ∈ Σ}, and some
r ∈ N+ . Moreover, each time that a nondeterministic step occurs in a computation
of A on x, we know that each of these nondeterministic choices will add at least one
more leaf to the computation tree TA,x . From this observation we have the following
inequation;
1+

r
X

(Yi − 1) ≤ twA (x)

(5.2)

i=1

Since n ≤ 2n−1 for all n ∈ N, equation (5.1) gives us that τA (x) ≤ 2Y1 −1 · . . . · 2Yr −1 ,
which from inequation (5.2) we have τA (x) ≤ 2twA (x)−1 .
Corollary 3. Let A be an NFA, then τ (A) ≤ 2tw(A)−1 .
Since the branching of an NFA A is always at most its trace, we can conclude
the relation between branching and tree width for an NFA A, for all x ∈ Σ∗ , is
βA (x) ≤ 2twA (x)−1 . Then, we have the following proposition.
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Proposition 4. Let A be an NFA with finite tree width, then we have that
β(A) ≤ 2tw(A)−1
Naturally the question arises whether the bounds of Theorem 12 and Theorem 13
are the best possible. That is, whether there exist NFAs for which the inequalities
become an equality. Although one of the inequalities relating the trace and tree
width of an NFA is linear and the other is exponential, it turns out that these bounds
cannot, in general, be improved.
Theorem 14. For every positive integer n there exists an NFA Bn with n states such
that for infinite many x ∈ Σ∗ , we have
τBn (m) = twBn (m) and τBn (m) = βBn (m)
Furthermore, Bn can be chosen to be a minimal NFA for L(Bn ).
Proof. Let us have the NFA Bn = (Q, Σ, δ, 0, {0}), where Q = {0, 1, . . . , n − 1},
Σ = {a, b}, δ(i, a) = {(i + j) mod n | 1 ≤ j ≤ 2} and δ(i, b) = {(i + 1) mod n} for
i ∈ {0, 1, . . . , n − 1}. In Figure 5.2 we give an example of Bn for n = 5.
It is easy to see that τBn (am ) = βBn (am ) = 2m . Moreover, we notice that all the
states of Bn are symmetric in terms of their transitions. Each state has a deterministic
b-transition and exactly two a-transitions. Then, from induction on m we can easily
prove that twBn (am ) = 2m .
Theorem 15. For every n ∈ N+ there exists a minimal NFA Gn with n states such
that for infinite many x ∈ Σ∗ we have
τGn (m) = 2twGn (m)−1
Proof. Let us have the NFA Gn = (Q, Σ, δ, 0, {n − 1}), where Q = {0, 1, . . . , n − 1},
Σ = {a, b}, δ(0, a) = {0, 1}, δ(i, a) = {i + 1} for all 1 ≤ i ≤ n − 2, δ(0, b) =
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Figure 5.2: The minimal NFA B5 .
b, a

q0

a

q1

b, a
q2

b, a

q3

b, a

q4

b, a

q5

Figure 5.3: The NFA Gn for n = 6.
{0}, δ(i, b) = {i + 1} for all 2 ≤ i ≤ n − 2, and undefined otherwise. We give
the state diagram of automaton Gn in Figure 5.3. It is not difficult to see that
twGn (am ) = m + 1 and τGn (am ) = 2m for all m ≥ 1. Hence, for all m ≥ 1 we have
m )−1

that τGn (am ) = 2twGn (a

.

Now, for the minimality of the NFA Gn we use the fooling set technique for the
set {(ai , an−i−1 | 0 ≤ i ≤ n − 1}. Notice that for any two pairs (ai , an−i−1 ) and
(aj , an−j−1 ) such that i 6= j and 0 ≤ i, j ≤ n − 1 one of the words ai+n−j−1 or aj+n−i−1
has length less than n − 1, which means that this word cannot be in L(Gn ).
As an immediate result of Corollary 2 and Corollary 3, we have the following
theorem relating the tree width and trace of an NFA.
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Theorem 16. An NFA A has finite tree width if and only if A has finite trace.
Recall that the tree width of an NFA A is finite if and only if no cycle of A has a
nondeterministic transition.
Corollary 4. An NFA A has finite trace if and only if no cycle of A has a nondeterministic transition.
In Chapter 4, we have seen that for a given finite automaton A, with n states,
there is a polynomial time algorithm to find if A has a finite tree width or not, as we
have seen the same applies for the question if A has finite trace or not. Let us take a
better look at how fast such an algorithm could be. A trivial approach could be that
the algorithm searches for each state whether there is a cycle with a nondeterministic
transition. For this step the algorithm takes time O(n2 ) and doing it for all the states
would make the algorithm to have complexity O(n3 ). One could obtain an algorithm
with same time complexity by applying to all states of the NFA a standard graph
theoretic reachability algorithm [14, 15].
Algorithm 1. Start by placing an initial value of 1 for each state.
Repeat n times: For all states, check all the transition that this state can do, if there
is a nondeterministic transition find the values of these states and change the value
to the current state to be the maximum of these values plus one. In other words, for
all q ∈ Q set
value(q) = max max value(p) + 1.
a∈Σ p∈δ(q,a)

If as you do the passing from the states, no value is changing then stop and return
that the NFA has finite tree width and finite trace. If we reach the n-th repetition and
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still there are states which their values are changing, then return that the tree width
and trace are not finite.
For the correctness of the algorithm, we should remember the deterministic decomposition that we have seen in the Subsection 4.1.2. An automaton A has finite
tree width and trace if and only if it has an acyclic deterministic decomposition. If
this decomposition exists, then it has at most n components. If the automaton has
finite tree width and trace, the described algorithm should find these components,
each value will be a different component. However, if the automaton A do not have
finite tree width and trace, then there will be a cycle with a nondeterministic transition, which in other words, the algorithm will continue increasing the values of the
states of this cycle without stopping. Since, we have at most n components in the
deterministic decomposition, we know that if after n repetitions the algorithm has
not stopped yet, we know that it has reached to a loop.
Lastly, the close relation of tree width and trace gives us another result relating
ambiguity and trace.
Theorem 17. For n ≥ 4, there exists an unambiguous NFA A with n states such
that, for any k ∈ N, nscτ ≤k (L(A)) = 2n−1 .
Proof. In Proposition 2 we have seen that for all n ≥ 4, there exists an unambiguous
NFA A with n states such that for every NFA with finite tree width recognizing L(A)
has 2n−1 states. This proposition together with Corollary 2 implies the theorem.
Note here that in the proof of Proposition 2, we have already seen that a similar
result holds for branching. That is, there is an unambiguous NFA A, with n ≥ 4
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states, where for every NFA equivalent to A and finite branching has at least 2n−1
states.
Finally we present estimations of trace in terms of the advice function. As an
immediate result from the definitions we have that the advice of an NFA A is bounded
by its trace. That is, for every word x ∈ Σ∗ , we have adviceA (x) ≤ τA (x). In the
following theorem we also show that the trace is also bounded by the advice.
Theorem 18. Let A = (Q, Σ, δ, q0 , F ) be an NFA and let k = max{#δ(q, a) | q ∈
Q, a ∈ Σ}. Then, for every word x ∈ Σ∗ , we have
τA (x) ≤ k adviceA (x)
Moreover, for all k ∈ N and n ≥ k there exists an NFA B with n states where
the maximum number of nondeterministic choices in one step is k such that for all
x ∈ Σ∗ ,
τB (x) = k adviceB (x)
Proof. Let C be a computation of A. Then, the trace of C is the product of all
nondeterministic choices that A does along C. That is τA (C) = Y1 · . . . · Yr , where
r = adviceA (C) and Yi ∈ {2, . . . , k}. Then τA (C) ≤ k r , which in other words τA (C) ≤
k adviceA (C) .
Now for the lower bound example we extend the automaton Bn that we have
seen in the proof of Theorem 14, for n ≥ k, the NFA Bn,k = (Q, Σ, δ, 0, {0}), where
Q = {0, 1, . . . , n − 1}, Σ = {a, b}, δ(i, a) = {(i + j) mod n | 1 ≤ j ≤ k} and
δ(i, b) = {(i + 1) mod n} for i ∈ {0, 1, . . . , n − 1}. In Figure 5.2 there is an example
of Bn,k for n = 5 and k = 2.
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We notice here that the NFA Bn,k has only deterministic transition or nondeterministic transitions with exactly k choices.

Then, for each word x ∈ Σ∗ ,

τBn,k (x) = k adviceBn,k (x) .
Now we want to show that the NFA Bn,k is a unique minimal NFA for L(Bn,k ).
Firstly, from the fooling set {(bj , bn−j | 1 ≤ j ≤ n} we can see that any NFA for
L(Bn,k ) has at least n states. Let Dn = ({0, . . . , n − 1}, Σ, γ, 0, FDn ) be an NFA
recognizing L(Bn,k ). Since L(Bn,k ) ∩ b∗ = {bl | l = 0 mod n} there can be only one
final state in Dn , from ε ∈ L(Bn,k ), then FDn = {0}. Moreover, each state has exactly
one incoming b-transition and one outgoing b-transition. Without loss of generality,
we can set γ(i, b) = {i + 1} for 0 ≤ i ≤ n − 2 and γ(n − 1, b) = {0}. Once the
b-transitions are fixed we observe that (∀i, j ≥ 1)(1 ≤ (n − (i + j)) mod n ≤ k) :
bi abj ∈ L(Dn ) ⇔ (i + j) mod n ∈ γ(i mod n, a)
The above means that Dn must be an isomorphic copy of Bn,k .
Note here that the NFA Bn of Theorem 14 is a special case of NFA Bn,k , for k = 2,
of Theorem 18. Hence, the NFA Bn is also minimal.

5.3

Converting Finite Trace NFAs to DFAs

In Section 4.2, we have seen that when applying the subset construction to an NFA
with tree width k, only the sets with at most k states can be reached. The correspondence between trace and tree width gives the following upper bound for the size of a
DFA equivalent to a finite trace NFA.
Theorem 19. Let L be a regular language where sctracek (L) = n for some k ≤ n − 1,
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then
sc(L) ≤ 1 +


k 
X
n−1
j

j=1

Proof. Let the automaton A have trace k. By Corollary 2 we know that the tree
width of A is at most k. Now the inequality in the statement of the theorem follows
from Corollary 1.
Also based on results from Section 4.2, we get a matching lower bound for determining an NFA with finite trace k.
Theorem 20. For every 1 ≤ k ≤ n − 1 there exists an n-state NFA An,k such that
τ (An,k ) = k and
sc(L(An,k )) = 1 +


k 
X
n−1
j=1

j

Proof. Theorem 6 gives an NFA An,k with n states and tree width k such that the

P
minimal equivalent DFA needs 1 + kj=1 n−1
states. The NFA An,k makes only one
j
nondeterministic transition with k branches at the first transition. Hence, the trace
of An,k is equal to k.

5.4

Growth Rate of the Trace Function

We begin by investigating the growth rate of the trace function τA (n). Recall that,
for an NFA A, the function twA (n) is either constant, polynomial or exponential [41].
We show that the trace function is either bounded or grows exponentially.
Lemma 6. Let A be an NFA with n states such that the trace of A is unbounded.
Then for all m ∈ N:
m

τA (m) ≥ 2b n c
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Proof. From Corollary 4 the automaton A has cycles with nondeterministic transitions since its trace is unbounded.
Let q be the state where we enter a cycle which has a nondeterministic transition.
Let w1 be a shortest possible word which starting from the initial state, we can reach
state q in A. Let w2 be a shortest possible word which goes from state q to state
q. Then, we know that |w1 | < n and that |w2 | ≤ n. Hence, the trace of the word
w1 (w2 )l is at least 2l . Moreover, we have that

|w1 |+l·|w2 |
n

< 1 + l, which implies that

2|
b |w1 |+l·|w
c ≤ l.
n

It seems that the same result with Lemma 6 holds also for branching. However,
we haven’t been able to prove it and we leave it as open problem. In Section 7.4, we
partially solve this problem. We will show that the same result with Lemma 6 is also
true for branching of unary NFAs.
Open Problem: Is the growth rate of βA (m) exponential for all NFAs that have
unbounded branching?
In Section 5.2, we have seen a connection of finite trace with results on finite tree
width as they have been studied in Chapter 4. For example, an automaton A has
finite trace if and only if no cycle of A can contain a nondeterministic transition.
Moreover, we can decide in polynomial time whether or not a given NFA has finite
trace, immediate from Theorem 2. The proof of the following theorem is inspired by
the proof of Theorem 1, however, for a given NFA the upper bounds for the trace and
tree width, respectively, are different.
Theorem 21. Let A = (Q, Σ, δ, q0 , F ) be an NFA with finite trace and n states, then
τ (A) ≤ (n − 1)!
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Proof. Since the automaton A has finite trace, from Corollary 4, A can not have cycles
with a nondeterministic transition. Hence, we can define an irreflexive partial order
<A ⊆ Q × Q by setting q1 <A q2 if and only if there is a computation path from q1 to
q2 involving a nondeterministic transition. Since no cycle of A has a nondeterministic
transition we know that <A is indeed a partial order. For any two nodes u1 and u2
of col(TA,w ) labelled, respectively, by q1 and q2 , we have if u2 is a proper descendant
of u1 , then q1 <A q2 . Recall that col(TA,w ) is the collapsed tree corresponding to the
computation tree TA,w as defined in preliminaries.
Additionally, in each node, of the computation tree TA,w , we place a value, this
value is the trace of the given node for its state and the remaining input. Notice that
due to the way we create the collapsed tree, we do not lose any information about the
trace, that is, the trace associated with any node that is deleted from the collapsed
tree is the same as the trace associated with the closest ancestor of the node in TA,w
that is not deleted in the collapsed tree. It is sufficient to show that the value of the
root of col(TA,w ) is at most (n − 1)!.
Let w be a word with the maximum trace on A. We use induction on the size
of the collapsed tree col(TA,w ). If its size is one, then this means that the NFA A
is deterministic. Then the NFA A has trace 1, which is at most 0! as the theorem
claims. Now if its size is greater than one, this means that it is at least three since the
root has to have at least two children. States of the collapsed tree cannot re-appear,
otherwise we would have a cycle which contains a nondeterministic transition. Each
of the root’s children is a collapsed subtree containing at most n − 1 states. From
the induction hypothesis, the value of each child is at most (n − 2)!. Now the value
of the root would be the number of its children times the maximum value of any of
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the children. The root at one transition can go to at most all the states, with the
exception of itself, which in total is n − 1. In other words, the value of the root is at
most (n − 1) · (n − 2)!.
A natural question is then whether the bound given by Theorem 21 is the best
possible. By choosing A to be the NFA with state set {1, . . . , n}, a unary input
alphabet and transitions from each state i , 1 ≤ i ≤ n − 1, to the states i + 1, . . . , n,
it is immediate that A has finite trace (n − 1)!.
We note that, on the other hand, the trace of finite trace NFAs with n states
cannot have all different values between 1 and the upper bound (n − 1)!. This follows
from the simple observation that the trace of A (having n states) has to be a product
of integers belonging to {1, . . . , n} and there are always prime numbers between n + 1
and (n − 1)! when n ≥ 4.
The above differs from the situation with tree width. In Chapter 4, we have
observed that the tree width of an n state NFA can have all possible values from 1
to the upper bound 2n−2 .
As an immediate result of Theorem 21 and Lemma 6 we have the following theorem.
Theorem 22. For every NFA A with n states and for every natural number m, we
have about its trace;
1. τA (m) ≤ (n − 1)!, or
m

2. τA (m) ≥ 2b n c .

Chapter 6
Multiple Entry Deterministic
Finite Automata
A useful restricted version of NFAs is when we allow nondeterminism to occur only
at one point of a computation. Such a model of finite automaton is the so called
multiple entry finite automaton (MDFA). An MDFA has only one nondeterministic
step, this step is nondeterministically choosing the initial state, and after the initial
state every step of the automaton is deterministic.
MDFAs were first considered by Gill and Kou [22] where they assume that each
state of an automaton can potentially be the initial state of a computation. In this
paper basic properties of MDFAs were studied. Later Veloso and Gill [79] showed
that this type of MDFAs can be as economical as general NFAs, they show that
there are n state MDFAs where their equivalent DFAs require 2n − 1 states. Holzer,
Salomaa, and Yu [34] considered MDFAs which restrict the possible initial states.
They established many bounds concerning this type of MDFAs, one of these bounds
83
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is that a DFA requires at most polynomially more states than an MDFA where the
polynomial depends on the number of initial states. They give a family of languages
that reaches the above upper bound. For the special case of unary MDFAs (over an
alphabet with only one letter) they have given an incorrect bound for small enough
number of states. Polák [69] found this miscalculation and he gave a more general
upper bound which is the same as before for large enough number of states. He also
proved that the new bound cannot be improved. Finally, Kappes [47] has given a nice
simulation based on modular arithmetic that allows an MDFA to simulate an NFA
A with branching k just by increasing the number of states of A by a factor of k.
To complete the study of descriptional complexity comparisons between NFAs
with limited nondeterminism and MDFAs, our goal is to provide a lower bound for
the size blow-up of converting an NFA with finite branching to an MDFA. We have
considered a family of NFAs An,k with n states and branching k such that any MDFA
recognizing the language of An,k needs at least

k
1+log k

· n states, i.e., the lower bound

is within a factor of 1 + log k of the upper bound [47]. The lower bound examples can
be constructed for infinitely many values of n greater than a constant c(k) depending
on k.
We also want to compare MDFAs with NFAs with limited nondeterminism for
other measures of nondeterminism besides of branching. We have considered also the
descriptional complexity of converting a finite tree width NFA to an MDFA. We say
that an NFA A has unique transition degree if all nondeterministic transitions of A
have the same number of choices. A finite tree width NFA with unique transition
degree can be efficiently simulated by an MDFA using a straightforward construction.
For the size blow-up of converting general finite tree width NFAs to an MDFA we get
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a better upper bound by using the observation that an NFA with tree width t has
branching at most 2t−1 and then relying on the result of [47]. Similar comparisons
of MDFAs with NFAs with limited ambiguity, or other measure of nondeterminism,
have not been considered yet.

6.1

Converting an NFA with Finite Branching to
an MDFA

Kappes [47] has shown that an NFA with n states and branching k can be simulated
by a complete MDFA with n · k + 1 states. Our goal here is to provide a lower bound
for this conversion. The construction used in the proof of Lemma 4 of [47] produces an
MDFA with a dead state. Since our MDFA model allows the possibility of undefined
transitions, the result can be stated as follows.
Proposition 5. ([47]) An NFA with n states and branching k can be simulated by an
MDFA with k · n states and k initial states.
Let k, r ∈ N and Σ = {a, 1, 2, . . . , r}. Also choose r positive integers p1 , . . . , pr . In
our lower bound construction the pi ’s will be distinct primes, but for the time being
they can be any positive integers. We define
Lk,p1 ,...,pr = ((ap1 )∗ 1 ∪ . . . ∪ (apr )∗ r)k .

(6.1)

We will show in the following lemma that there is an NFA Bk,r recognizing
P
Lk,p1 ,...,pr with 2 + k ri=1 pi states. The NFA Bk,r will consist of k disjoint cycles
of a-transitions of length pi , for each i = 1, . . . , r, and additionally an initial and a
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final state. For j < k, after exiting the jth a-cycle of length pi on input symbol i the
NFA guesses a value 1 ≤ ` ≤ r and enters the (j + 1)st cycle of length p` .
Lemma 7. For k, r, p1 , . . . , pr ∈ N, the language Lk,p1 ,...,pr has an NFA Bk,r with
P
2 + k ri=1 pi states and branching rk .
Proof. Roughly speaking, the NFA Bk,r consists of k disjoint cycles on a-transitions
of length pi , for each i = 1, . . . , r. Additionally Bk,r has an initial state q0 and a final
state f . To keep the notations simple we give below the construction only for Bk,2 ,
i.e, we consider the special case r = 2. We denote a-cycles of length p1 (respectively,
p2 ) as C1 , . . . , Ck (respectively, D1 , . . . , Dk ). The construction for Bk,r , with general
values of r, is completely analogous.
We define Bk,2 = (Q, Σ, δ, q0 , {f }), Q = {q0 , f } ∪

Sk

i=1 (Ci

∪ Di ), where

Ci = {c0,i , . . . , cp1 −1,i }, Di = {d0,i , . . . , dp2 −1,i }, 1 ≤ i ≤ k.

The transitions of δ are defined by setting:
1. δ(cj,i , a) = cj+1,i , 0 ≤ j ≤ p1 − 2, δ(cp1 −1 , a) = c0,i , 1 ≤ i ≤ k,
2. δ(dj,i , a) = dj+1,i , 0 ≤ j ≤ p2 − 2, δ(dp2 −1 , a) = d0,i , 1 ≤ i ≤ k,
3. δ(c0,i , 1) = {c0,i+1 , d0,i+1 }, 1 ≤ i ≤ k − 1,
4. δ(d0,i , 2) = {c0,i+1 , d0,i+1 }, 1 ≤ i ≤ k − 1,
5. δ(c0,k , 1) = δ(d0,k ), 2) = f ,
6. δ(q0 , a) = {c1,1 , d1,1 }, δ(q0 , 1) = δ(q0 , 2) = {c0,2 , d0,2 }.
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Figure 6.1: The NFA B3,2 for the numbers p1 = 2 and p2 = 3 recognizing the language
((a2 )∗ 1 ∪ (a3 )∗ 2)3 .
In all cases not listed above, δ(q, b) is undefined for q ∈ Q, b ∈ Σ. For clarity, we
present the NFA B3,2 for the numbers p1 = 2 and p2 = 3 in Figure 6.1.
The computation of Bk,2 on an input string beginning with the symbol a nondeterministically enters the cycle C1 or D1 in “position 1”. If the first input symbol
is 1 or 2, the computation nondeterministically enters one of the cycles C2 or D2 in
“position 0”. Each cycle Ci (respectively, Di ) processes a number of a’s that is a multiple of p1 (respectively, of p2 ). The computation can exit cycle Ci from state c0,i on
input symbol 1 by nondeterministically entering cycle Ci+1 or Di+1 , and similarly the
computation exits cycle Di from state d0,i on input symbol 2 by nondeterministically
entering cycle Ci+1 or Di+1 , 1 ≤ i ≤ k −1. Note that there are no outgoing transitions
from cycle Ci (respectively, cycle Di ) on input symbol 2 (respectively, input symbol
1). The computation accepts by reading in state c0,k (respectively, d0,k ) the symbol
1 (respectively, the symbol 2).
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From the above discussion it is clear that L(Bk,2 ) = Lk,p1 ,p2 . The nondeterministic
choices occur when, at the start of the computation on input a we select cycle C1 or
D1 , and when exiting cycle Ci on input 1 or exiting cycle Di on input 2 and selecting
cycle Ci+1 or Di+1 , 1 ≤ i ≤ k − 1. Any accepting computation of Bk,2 on an input
string belonging to ((ap1 )+ 1 ∪ (ap2 )+ 2)k makes exactly k nondeterministic choices,
each with branching 2. Computations on inputs that begin with a symbol of {1, 2}
make k − 1 nondeterministic choices each with branching 2.
Above we have verified that the branching of the NFA Bk,2 is 2k . Analogously, for
r > 2, each nondeterministic step of Bk,r has branching r and, in the general case,
the branching of Bk,r is rk .
The following property which states that maximal substrings belonging to a∗ in
strings of Lk,p1 ,...,pr must have a length divisible by some of the pi ’s (1 ≤ i ≤ r) follows
directly from the definition of the language.
Lemma 8. Let Σ = Ω ∪ {a} and Ω = {1, . . . , r}. Denote w1 = u1 h1 az h2 u2 and
w2 = az h2 u2 , u1 , u2 ∈ Σ∗ , h1 , h2 ∈ Ω and z ≥ 0.
If w1 ∈ Lk,p1 ,...,pr (respectively, w2 ∈ Lk,p1 ,...,pr ), then z is a multiple of pi , for some
1 ≤ i ≤ r.
Next we present our main result which will be used as a basis of the lower bound
results. The below lemma establishes, under suitable assumptions on the integers pi ,
1 ≤ i ≤ r, a lower bound for the size of any MDFA recognizing Lk,p1 ,...,pr . While the
NFA Bk,r recognizes Lk,p1 ,...,pr by making k consecutive choices each with branching
r during the computation, we prove that if the nondeterminism has to occur at the
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start of the computation the number of states needs to be multiplied, roughly, by
rk−1
.
k

Theorem 23. Let k, r ∈ N and denote h =

rk −1
.
r−1

Let p1 , . . . , pr be distinct primes

such that
(∀1 ≤ j < ` ≤ r) pj · p` > 1 + h ·

r
X

pi .

(6.2)

i=1

We claim that any MDFA for the language Lk,p1 ,...,pr (as in (6.1)) needs at least
P
1 + h · ri=1 pi states. Furthermore, any MDFA for Lk,p1 ,...,pr with this number of
states needs at least rk initial states.
Since the proof of Theorem 23 is fairly long, we describe the rough idea of the
proof before we present its formal proof. Consider an MDFA Ak for the language
Lk,p1 ,...,pr . After the choice of the start state the computation of Ak is deterministic
and we consider the subDFAs of Ak that process symbols a occurring between two
consecutive symbols of {1, 2}. By the choice of the primes p1 (k), p2 (k), the cycle of
any subDFA can accept only strings of length that is a multiple of one of p1 (k) and
p2 (k). We consider arbitrary accepting computations of Ak on two strings w1 and
w2 having “large numbers of a’s” and where the r-th elements of {1, 2} are distinct,
1 ≤ r ≤ k. By relying on the determinism of the computation, it can be shown that
the computations on w1 and w2 before the rth element of {1, 2} cannot share the
same subDFA (or if they share one, the subDFA must be correspondingly larger).
The above yields the claimed lower bound for the size of Ak .
Proof. Recall that Ω = {1, . . . , r} and Σ = Ω ∪ {a}. In the following let Ak =
(Q, Σ, δ, Q0 , F ) be an arbitrary MDFA for the language Lk,p1 ,...,pr such that
r
X
Ak has at most 1 + h ·
pi states.
i=1

(6.3)
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Also, without loss of generality, we assume that Ak has no useless states.
By an a-subDFA of Ak , we mean a unary DFA D = (P, {a}, γ, p0 , FD ), where p0
is either an initial state of Q0 or a state with an incoming δ-transition on a symbol
of Ω, P consists of all states of Ak reachable from p0 with a-transitions (that is,
P = δ(p0 , a∗ )), γ contains the a-transitions of δ defined on P , and FD ⊆ P consists
of all states that have an outgoing δ-transition with a symbol of Ω. Intuitively, an
a-subDFA D consists of a “part” of Ak that processes some maximal substrings in a∗
that are delimited on both sides by symbols of Ω = {1, . . . , r} (or a maximal prefix
in a∗ that is followed by a symbol of Ω) and hence, by Lemma 8, and the assumption
that Ak does not have useless states
L(D) ⊆ (ap1 )∗ ∪ . . . ∪ (apr )∗ .

(6.4)

We say that an a-subDFA D has depth i (0 ≤ i ≤ k − 1) if the initial state of D,
in a computation of Ak , can be reached with a string having exactly i elements of Ω.
Since every string accepted by Ak must have exactly k elements of Ω (and Ak has no
useless states), it follows that the depth of each a-subDFA is unique.
Note that although the depth of an a-subDFA is unique, different a-subDFAs of
the same depth need not, in general, be disjoint. However, two a-subDFAs having
different depths cannot share states (this is again seen by relying on the assumption
that Ak has no useless states).
Recall that a unary DFA consists of a tail and a cycle [12]. If the DFA recognizes a
finite language, there is no cycle. We say that an a-subDFA D has type j, 1 ≤ j ≤ r,
if the length of the cycle of D is a multiple of pj . It is easy to see that each a-subDFA
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with a cycle containing a final state must have type j, for some 1 ≤ j ≤ r.
Consider an a-subDFA D. For states q and q 0 in the cycle of D, by the distance
from q to q 0 we mean the smallest integer x such that δ(q, ax ) = q 0 .
Claim 1. Let D be an a-subDFA of type j ∈ {1, . . . , r}.
1. The distance from one final state to another final state in the cycle of D is
always a multiple of pj .
2. The distance from one final state to another in the cycle of D is not a multiple
of pi , for any i 6= j.
Proof of Claim 1. Since D has type j, the length of the cycle of D is a multiple of
pj . By the assumption on the number of states of Ak (6.3) and the choice of the
primes (6.2), the length of the cycle of D cannot be a multiple of pi for any i 6= j.
Thus the length of the cycle is of the form c · pj , where c is not a multiple of any pi ,
i 6= j. Now if the length between consecutive final states in the cycle is not a multiple
of pj , this means that for some constants t and s where s is not a multiple of pj , the
DFA D accepts, for all x ≥ 0, strings of length
t + x · c · pj and t + s + x · c · pj .
Choose x1 such that z = t + x1 · c · pj is not a multiple of pi , for any 1 ≤ i ≤ r, i 6= j.
Hence, z must be a multiple of pj and consequently also t must be a multiple of pj .
Thus, since pj does not divide s, for all x2 ≥ x1 , t + s + x2 · c · pj is not a multiple of
pj .
Now by choosing x2 ≥ x1 such that t + s + x2 · c · pj is not a multiple of pi , for
any i 6= j, we get a string accepted by D whose length is not a multiple of any p` ,
1 ≤ ` ≤ r, contradicting (6.4).
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We have shown (i). The second part of the claim (ii) follows since by (6.2) and (6.3)
we know that the cycle of D has length less than pi · pj , for any i 6= j. This concludes
the proof of Claim 1.

/

Note that the statement of Claim 1 deals with final states appearing in the cycle
of an a-subDFA. In general, the distance between two final states in the tail or a final
state in the tail and another final state in the cycle need not be a multiple of one
of the primes pi (or, more precisely, we have not proved that such a property must
hold).
Claim 2. Let D be an a-subDFA of type j, 1 ≤ j ≤ r. If D accepts a string w of
length greater than pi · pj , where i 6= j, 1 ≤ i ≤ r, then the length of w must be a
multiple of pj .
Proof of Claim 2. By the assumption on the number of states of Ak and (6.2) we
know that the computation of the unary DFA D on w enters the cycle. As in the
proof of Claim 1 we observe that the length of the cycle of D is c · pj , where c is less
than any of the primes pt , t 6= j. It follows that D accepts all strings in a∗ having
length |w| + x · c · pj , x ≥ 0. Now if |w| were not a multiple of pj , this would imply
that D must accept strings whose length is not a multiple of any p` , 1 ≤ ` ≤ r, which
contradicts (6.4). This concludes the proof of Claim 2.

/

Next we define a set S such that accepting computations of Ak on strings of S
can be used to derive a lower bound for the size of Ak . Denote
Qr

uj = apj +

i=1

pi

, 1 ≤ j ≤ r.

The set S is defined to consist of the rk strings of the form:
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w(i1 , i2 , . . . , ik ) = ui1 · i1 · ui2 · i2 · · · uik · ik ,

i1 , . . . , ik ∈ Ω.

(6.5)

The substring uij ∈ a∗ , 1 ≤ j ≤ k, is called the jth component of w(i1 , . . . , ik ).
For w ∈ S, let C(w) be a fixed but arbitrary accepting computation of Ak on
w. Note that for w = w(i1 , . . . , ik ), in the computation C(w) the substring uij must
be processed by an a-subDFA of depth j − 1, 1 ≤ j ≤ k, and having type ij . The
second observation follows by Claim 2 since the length of uij is not a multiple of any
p` , where ` 6= ij .
Claim 3. Consider two k-tuples (i1 , . . . , ik ), (j1 , . . . , jk ) ∈ Ωk , and assume that
there exists z ∈ {1, . . . , k} such that iz 6= jz . Consider an index x < z.
We claim that in the computations
C1 = C(w(i1 , . . . , ik )) and C2 = C(w(j1 , . . . , jk ))
the subcomputations of the a-subDFA (of depth x − 1) processing the xth component
(respectively, uix and ujx ) cannot end in the same state.
Proof of Claim 3. For the sake of contradiction assume that in the computations C1
and C2 the processing of the components uix and ujx ends in the same state. This
implies that ix = jx . Note that otherwise components uix and ujx would need to be
followed by distinct symbols of `, m ∈ Ω. If a state in the cycle of some a-subDFA
would have an outgoing transition both on ` and on m, ` 6= m, this would cause Ak
to accept illegal strings because the cycle length cannot be a multiple of both p` and
of pm .
Also, without loss of generality we can assume that ix+1 = jx+1 , . . . , iz−1 = jz−1 ,
because if this is not the case we can simply replace z with the smallest index s
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greater than x such that is 6= js .
Since the transition function of the MDFA Ak is deterministic, it follows that the
computation C1 at the end of ui1 i1 · · · uiz−1 iz−1 is in the same state as the computation
C2 at the end of uj1 j1 · · · ujz−1 iz−1 . In particular, this means that C1 and C2 process
the zth component of their respective inputs (that is, uiz and ujz , respectively) using
the same a-subDFA D of depth z − 1 and let `, 1 ≤ ` ≤ r, be the type of D. Now
Q
we get a contradiction with Claim 2 since p` cannot divide both piz + ri=1 pi and
Q
/
pjz + ri=1 pi when iz 6= jz . This concludes the proof of Claim 3.
By the total cycle size of a-subDFAs of depth j and type i, 0 ≤ j ≤ k − 1,
1 ≤ i ≤ r, we mean the total number of states of Ak appearing in all the cycles of
a-subDFAs of depth j and type i. Note that two a-subDFAs of same depth and same
type may share a cycle and in this case the cycle is counted only once (since we want
a lower bound for the number of states of Ak ). By Claim 1 we know that the cycles
of a-subDFAs of different types must be disjoint.
Claim 4. The total cycle size of a-subDFAs of depth j, 0 ≤ j ≤ k − 1, and type
i, 1 ≤ i ≤ r, is at least rk−j−1 pi .
Proof of Claim 4. Consider the set Sj,i ⊆ S defined by
copies
z }| {
= {w(1, . . . , 1, i, xj+2 , . . . , xk ) | xj+2 , . . . , xk ∈ Ω}.
j

Sj,i

Above the notation for strings w(i1 , . . . , ik ) is as in (6.5). The set Sj,i has rk−j−1
elements. Let v1 , v2 ∈ Sj,i be distinct strings. By Claim 2, the computations C(v1 )
and C(v2 ) process the (j+1)st component of their respective input using an a-subDFA
of type i. In general, they may use the same a-subDFA but, by Claim 3, we know
that the computations of the a-subDFA must end in distinct final states in the cycle.
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Now suppose that for ` distinct substrings v1 , . . . , v` ∈ Sj,i the chosen computations C(v1 ), . . . , C(v` ) of Ak use the same a-subDFA D0 of depth j and type i. Each of
the computations C(v1 ), . . . , C(v` ) must “exit” the a-subDFA D0 through a different
final state in the cycle and, by Claim 1, the distance between any two final states of
the cycle of D0 must be a multiple of pi . Thus, the length of the cycle of D0 is at
least ` · pi . This means that the total cycle size of a-subDFAs of depth j and type i
is at least |Sj,i | · pi = rk−j−1 · pi .

/

By taking the sum of all values 0 ≤ j ≤ k − 1 and 1 ≤ i ≤ r, Claim 4 implies
P
that the total cycle size of the a-subDFAs is at least h · ri=1 pi . Additionally, Ak
needs (at least) one final state. Note that since strings of Lk,p1 ,...,pr cannot end with
the symbol a, none of the a-subDFAs can include a final state of Ak .
It remains to verify the claim concerning the number of initial states. Using the
notation (6.5) consider distinct strings w1 = w(`, i2 , . . . , ik ) and w2 = w(`0 , j2 , . . . , jk ),
`, i2 , . . . , ik , `0 , j2 , . . . , jk ∈ Ω. Again let C(wi ) be an (arbitrary but fixed) accepting
computation of Ak on wi , i = 1, 2.
First consider the possibility that ` = `0 and for some 2 ≤ x ≤ k, ix 6= jx .
By Claim 3, the subcomputations of C(w1 ) and C(w2 ) in the depth zero a-subDFA
cannot end in the same state. Since both w1 and w2 begin with the prefix u` · ` and
the only nondeterminism in the computations of Ak occurs in the choice of the initial
state, the computations C(w1 ) and C(w2 ) must begin in different initial states.
Second, when ` 6= `0 the first components have to be processed by a-subDFAs
of different type. Again we conclude that the computations C(w1 ) and C(w2 ) must
begin in different initial states.
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k

−1
It can be verified that the language Lk,p1 ,...,pr has an MDFA with 1 + rr−1

Pr

i=1

pi

states and rk initial states and, thus, the size lower bound of Theorem 23 cannot be
improved. An MDFA which recognizes the language L3,2,3 with 23 initial states is
given in Figure 6.2, note this MDFA is not state minimal as the primes 2 and 3 are
not big enough.
As a consequence of Lemma 7 and Theorem 23 we can now give a lower bound
for the size blow-up of converting an NFA with finite branching to an MDFA.
Theorem 24. For any h0 ∈ N we can choose h0 ≤ h < 2 · h0 and an infinite sequence
of values ni , i = 1, 2, . . . , such that there exists an NFA Ah,ni with branching h and
size ni and any MDFA equivalent to Ah,ni needs

h
1+log h

· ni states.

Proof. The language Lk,p1 ,p2 has an NFA of size 2 + k · (p1 + p2 ) and branching 2k ,
where we choose h0 ≤ 2k < 2 · h0 . Any sufficiently large two consecutive primes
(depending on k) satisfy the condition (6.2) in the statement of Theorem 23 and,
hence by the lemma, for such primes any MDFA for the language Lk,p1 ,p2 needs size
at least 1 + (2k − 1) · (p1 + p2 ).
For an NFA with branching h, the lower bound is within a factor of 1 + log h
from the upper bound of Proposition 5. Note that for the statement of Theorem 24,
Theorem 23 gives the best bound with the choice r = 2. We have stated Theorem 23
for general values of r because this will be useful in the next section (and the proof
is essentially the same for general r and the case r = 2)
Also it can be noted that the NFAs constructed in Lemma 7 are, in fact, unambiguous. This means that the statement of Theorem 24 holds with the additional
assumption that the NFAs Ah,ni are unambiguous.
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Figure 6.2: An MDFA recognizing the language ((a2 )∗ 1∪(a3 )∗ 2)3 with 23 initial states.
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6.2

Converting ftw-NFAs to MDFAs

We begin by considering a straightforward simulation of a finite tree width NFA by
an MDFA. After that, by relying on Proposition 5, we give a more general upper
bound for the size blow-up of converting ftw-NFAs to an MDFA.
For ftw-NFAs with unique transition degree already the upper bound given by the
straightforward construction of Lemma 9 is reasonably good. However, the straightforward construction does not give a good upper bound in the case of general ftwNFAs. This observation motivates the question of how much larger an ftw-NFA with
unique transition degree may need to be compared to a general ftw-NFA with the
same tree width.
In the following lemma we will claim that an NFA A with tree width t and transition degree r can be simulated by an MDFA B by guessing a sequence of elements of
S
i
[r] of length at most t−1. The states of B are elements of Q×X, where X = t−1
i=0 [r] ,
and always the last element of [r] in the second component of the state is used to
make the choice in a nondeterministic step of the simulated computation of A. In the
case where the transition degree of A is unique, we note that a computation of tree
t−r
c + 1 nondeterministic steps.
width t can go through at most b r−1

Lemma 9. Let A = (Q, Σ, δ, q0 , F ) be an NFA with n states and tree width t. Furthermore, assume that the transition degree of A is r. Then L(A) can be recognized
by an MDFA with h · n states and h initial states where h =

rt −1
.
r−1

Furthermore, if A has unique transition degree r then L(A) can be recognized by
an MDFA with h(r, t) · n states and h(r, t) initial states where


ru − 1
t−r
h(r, t) =
and u =
+ 1.
r−1
r−1

(6.6)
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Proof. Denote X =

St−1

i=0 [r]

i

. Here [r]i is the Cartesian product of i copies of [r] and

we denote [r]0 = {()}. We define the MDFA
B = (Q × X, Σ, γ, I, FB ),
where I = {(q0 , x) | x ∈ X}, FB = {(q, ()) | q ∈ F } and the transitions of γ are
defined as follows. Consider q ∈ Q, (i1 , . . . , iz−1 , iz ) ∈ X and b ∈ Σ where δ(q, b) =
{p1 , . . . , ps }, 0 ≤ s ≤ r, Recall that we assume that the sequence of nondeterministic
choices corresponding to δ(q, b) has an arbitrary, but fixed, linear ordering. Now
define



(pix , (i1 , . . . , ix−1 )) if s ≥ 2 and ix ≤ s,



γ(q, (i1 , . . . , ix−1 , ix )) =
(p1 , (i1 , . . . , ix−1 , ix )) if s = 1,




 undefined, if s = 0 or ix > s.

(6.7)

The first component of the state of B keeps track of the state of A. The computation
simulates deterministic steps of A (with s = 1 above) directly using the first component. When encountering a nondeterministic transition of A, the choice is determined
by the last element of the sequence of elements of [r] appearing as the second component of the state of B. Besides the choice of the initial state, the computation of
B is deterministic.
The second component of a state of B stores the sequence of nondeterministic
choices to be made in the remainder of the computation. Since twA = t, any sequence
of computation steps of A can include at most t − 1 nondeterministic steps. Thus,
any (accepting) computation of A can be simulated by B using an appropriate choice
of the initial state and L(A) ⊆ L(B). The other inclusion is immediate.
For the second part of the claim we note that if A has unique transition degree r
and tree width t, then if a computation of A goes through u nondeterministic steps
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we must have
r + (u − 1)(r − 1) ≤ t.
This means that in the above construction we can take X =

Su

i=0 [r]

i

where u =

t−r
b r−1
c + 1.

The languages used in the lower bound construction of Theorem 23 can be efficiently recognized using an NFA of unique transition degree r and this observation,
together with Lemma 9, yields a fairly tight worst-case bound for converting ftwNFAs with unique transition degree to MDFAs. In particular, recall that any NFA
with transition degree 2 necessarily has unique transition degree. Note that the lower
bound of the below proposition is within the multiplicative factor

1
k+1

from the upper

bound provided by Lemma 9 (and k depends only on the tree width and the transition
degree of the NFA and does not depend on the number of states).
Proposition 6. Let r, k, n0 ∈ N. Then for infinitely many n ≥ n0 there exists an
NFA An of size n having unique transition degree r and tree width t = r+(k−1)(r−1)
n
such that any MDFA recognizing the language L(A) needs more than h(r, t)· k+1
states.

(Here h(r, t) is as in (6.6).)
Proof. Choose distinct primes p1 , . . . , pr satisfying the assumption of Theorem 23
P
such that n = 2 + k · ri=1 pi ≥ n0 . (The choice of p1 , . . . , pr depends also on k.)
From the proof of Lemma 7 we know that the language Lk,p1 ,...,pr has an NFA Bk,r
of size n and unique transition degree r and it is easy to verify that the tree width of
Bk,r is t = r + (k − 1)(r − 1). Now by Theorem 23, any MDFA for Lk,p1 ,...,pr needs at
least
r

rk − 1 X
n
pi > h(r, t) ·
1+
r − 1 i=1
k+1
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states. The last inequality follows from the observation that, with t = r+(k−1)(r−1),
we have h(r, t) =

rk −1
.
r−1

On the other hand, when r > 2 and the NFA does not have unique transition
degree, we note that, in the construction of the MDFA B used in the proof of Lemma 9
many states of Q × X are useless because the corresponding sequences of X specify
a nondeterministic computation of tree width greater than t. For i ∈ [r], denote
f (i) = max{i − 1, 1} and define
Xr,t = {(i1 , . . . , ix ) | ij ∈ [r], 1 ≤ j ≤ x, 0 ≤ x < t, 1 +

x
X

f (iz ) ≤ t}.

z=1

Now it is easy to see that if a computation of B on input w consumes a sequence
(i1 , . . . , ix ) in the second component of the state, then the simulated computation of
P
A on the same input w has tree width at least 1 + xz=1 f (iz ) and thus sequences
where this value exceeds t are not needed. Note that, in the definition of the elements
of Xr,t , for an element 1 in a sequence (i1 , . . . , ix ) we also add 1 to the sum because a
value ix = 1 would correspond to a nondeterministic transition of branching at least
2.
When r = 2, the cardinality of Xr,t is 2t − 1 which yields the upper bound (6.6) in
the statement of Lemma 9. This is not surprising since an NFA with r = 2 necessarily
has a unique transition degree.
Lemma 10. In the special case r = 3 and t ≥ 3 we have
!
c
b t−1
t−1
t−1−x
2
X
X
X x
3x +
2x−j .
#X3,t =
j
t−1
x=0
j=0
x=b

2

c+1

Proof. We derive a formula for #X3,t , t ≥ 3. For each length 1 ≤ x ≤ t − 1, we count
P
the number of tuples (i1 , . . . , ix ), ij ∈ {1, 2, 3} such that 1 + xj=1 f (ij ) ≤ t, where
f (ij ) = max{ij − 1, 1}.
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When x ≤ b t−1
c, any x-tuple satisfies the inequality and hence the number of
2
tuples of length x in X3,t is 3x . When x = t − 1, a tuple satisfying the inequality
cannot have any occurences of the element 3 and hence the number of tuples of length
t − 1 is 2t−1 . When x = t − 2, the tuple can contain at most one 3 and the number of
tuples of length t−2 is 2t−2 +(t−2)2t−3 . When x = t−3, the tuple can contain at most
 t−4
 t−5
two 3’s and as the number of tuples of length t − 3 we get 2t−3 + t−3
2 + t−3
2 .
1
2
c + 1 we get the claimed
Continuing in this way downwards until the value x = b t−1
2
formula.
We do not have a formula for the cardinality of Xr,t for general values of r and
finding one seems to be a hard combinatorial question. Furthermore, even knowing
the cardinality of Xr,t would likely not yield an optimal upper bound for the size
blow-up of converting ftw-NFAs to MDFAs because the estimation in the definition
of the sets Xr,t still does not take into account that, naturally, in the sequences an
element ij (also when ij ≥ 2) may be used to specify a choice in a computation step
with branching strictly greater than ij .
We know from Proposition 6 that the construction of Lemma 9 gives a fairly good
upper bound for converting ftw-NFAs with unique transition degree to MDFAs. A
relevant question is then how much larger an ftw-NFA with unique transition degree
may need to be compared to a general NFA with same tree width. Naturally any NFA
A of transition degree r and size n has an equivalent NFA B with unique transition
degree r and size at most n + r − 2. Here B is obtained from A simply by adding,
for each transition with branching 2 ≤ h < r, transitions to r − h useless states, and
the same r − 2 new states can be used to “pad” all nondeterministic transitions. The
defect of this construction is that the tree width of B will be significantly larger than
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the tree width of A.
It can be noted that, in the case of NFAs with ε-transitions, it is easy to see that an
NFA A with n states and transition degree r has an equivalent NFA B with (r − 1) · n
states and (unique) transition degree 2 such that twA = twB . By adding ε-transitions
and new states the construction simply simulates a transition with branching at most
r by a tree structure of transitions with branching two, where all transitions after the
first one are ε-transitions. A similar straightforward conversion seems not possible
for NFAs without ε-transitions.
Open Problem: Consider an NFA A with n states, tree width t and transition degree
r. How many states are sufficient in the worst case for an NFA B recognizing L(A)
(i) if B is required to have tree width t and unique transition degree r, or, (ii) if B is
required to have transition degree 2 and tree width t.
The upper bound provided by Lemma 9 for the ftw-NFA–to–MDFA transformation is “bad” when the NFA does not have a unique transition degree and, as discussed
above, possible improvements of the estimation could lead to complicated combinatorial questions. For general ftw-NFAs we get a better estimation by relying on, for
a given NFA A, an upper bound for the branching of A in terms of the tree width of
A. Note that A having finite tree width implies that the branching of A is finite but
not vice versa. Also using an NFA with transition degree two it is easy to see that
the estimation of Proposition 4 cannot, in general, be improved.
Combining Proposition 4 with the efficient simulation of a finite branching NFA
with an MDFA (Proposition 5 due to Kappes [47]) we get an improved upper bound
for the size blow-up of converting an ftw-NFA A to an MDFA where we do not need
to require that A has a unique transition degree. The corresponding lower bound
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is implied by the languages of Theorem 23 and the lower bound is, roughly, within
a factor of twA of the upper bound. The results are summarized in the following
theorem.
Theorem 25. An NFA of size n and tree width t can be simulated by an MDFA of
size 2t−1 · n.
Let t ∈ N be arbitrary. For infinitely many positive integers ni , i = 1, 2, . . . , there
exists an NFA Ai of size ni and tree width t such that any MDFA recognizing the
language L(Ai ) needs at least

2t−1
t

· ni states.

Proof. Let A be an NFA of size n and tree width t. By Lemma 4 and Proposition 5,
A has an equivalent MDFA with 2t−1 · n states.
For the lower bound consider a language Lt−1,p1 ,p2 as in (6.1), where p1 · p2 >
1+(2t−1 −1)(p1 +p2 ). The NFA Bt−1,2 constructed for Lt,p1 ,p2 in the proof of Lemma 7
has tree width t and size nt,p1 ,p2 = 2 + (t − 1)(p1 + p2 ). From Theorem 23 we know
that if an MDFA of size m recognizes Lt,p1 ,p2 then
m ≥ 1 + (2t−1 − 1)(p1 + p2 ) >

2t−1
· nt,p1 ,p2 .
t

The claim follows since for a given tree width t any two consecutive sufficiently large
primes satisfy the required condition.

Chapter 7
Unary NFAs with Limited
Nondeterminism
A well studied restricted case of NFAs consists of automata over a one-letter input
alphabet, called unary NFAs. Unary NFAs are a very interesting special case of
general NFAs as it turned out that this particular case is essentially different from
the general case.
As we have already mentioned in the introduction the minimization of NFAs is
PSPACE-hard however the minimization of unary NFAs is NP-complete [42, 76].
Chrobak [12] showed that unary NFA to DFA size blow-up is superpolynomial and
subexponential. In the same paper Chrobak showed that every unary NFA can be
transformed into a simple form, the NFAs of this form are now called Chrobak normal
form NFAs. Chrobak also showed that every n state unary NFA can be transformed
into an equivalent O(n2 ) state Chrobak normal form NFA, later Gawrychowski [20]
showed that this transformation requires at most n2 states. Other authors have
105
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employed limited ambiguity on unary NFAs. Okhotin [59] has studied unambiguous
unary NFAs, van der Merwe et. al. [78] studied the symmetric difference of unary
NFAs with finite ambiguity, and Jiang et. al [45] showed that a minimal NFA with
limited ambiguity can always be found in Chrobak normal form. Another restricted
version of unary automata are the automata recognizing cyclic unary languages, these
automata have been studied by Jiang et. al [45] and Domaratzki et. al. [17].
State complexity of unary language operations has also been studied in the literature. Pighizzini and Shallit considered the deterministic state complexity of unary
language operations [68]. Nondeterministic state complexity of basic unary language
operations was investigated by Holzer and Kutrib [31]. Nicaud [57] studied the average state complexity of operations on unary automata.
Our first goal of this chapter is to study the interrelationships of the different measures of nondeterminism for the special case of unary NFAs. We see that for a minimal
NFA with limited degree of nondeterminism can always be found in Chrobak normal
form, except for the measures of branching and guessing. The above observation is
used to show that the state complexity classes defined by bounded tree width and
by bounded trace, respectively, coincide in the case of unary regular languages and
a similar correspondence, with certain limitations, holds for state complexity classes
of unary regular languages defined by bounded ambiguity. The situation is different
for the branching measure. In contrast with the measures of tree width, trace and
ambiguity, it remains open whether unary NFAs with finite branching could have a
normal form with a simple nice structure.
Our second goal of this Chapter is to study the state complexity of concatenation,
Kleene star, and complement for unary NFAs with limited nondeterminism. The
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measures of nondeterminism which are considered in this paper are tree width, ambiguity, and trace. We give an upper bound on the number of states required for the
concatenation of two languages for NFAs with limited nondeterminism. The required
number of states depends on the state complexity of the two given languages as well
as the degree of nondeterminism that we allow. We also study the state complexity of Kleene star for NFAs with limited nondeterminism, the difference here is that
the bounds do not depend on the allowed degree of nondeterminism. Finally, we
study the state complexity of complement for NFAs with limited nondeterminism.
We show that all the above bounds cannot be essentially improved, by giving lower
bound constructions that are fairly close to, but not exactly matching, the upper
bounds.
In the last section of this chapter we discuss the growth rate of branching in unary
NFAs. Related work has been done earlier for other nondeterminism measures. In [41]
it has been shown that the growth rate of the tree width measure is either bounded
by a constant or in between linear and polynomial, or otherwise exponential. From
different results in the literature [32, 43, 71, 80] we can fully characterize automata
with different ambiguity and we know that the growth rate of ambiguity can only be
bounded by a constant, by a polynomial, or to be exponential. In Chapter 5 we have
shown that the growth rate of trace bounded by a constant or it grows exponentially.
A long term goal of our work is to determine the possible growth rates of the branching
function for general NFAs (over arbitrary alphabets). The techniques we are using in
the unary case seem not applicable, at least not directly, to the case of general NFAs.

For simplicity we will always assume that the unary languages discussed in this
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chapter are over the unary alphabet {a}.

7.1

Cyclic Unary Languages and Chrobak Normal
Form NFAs

The period and preperiod of a regular language L are natural numbers m and n0 ,
respectively, where for all n ≥ n0 we have an ∈ L if and only if an+m ∈ L. If the
numbers m and n0 are a period and a preperiod for a unary language L, then every
multiple of m is a period of L and every number at least n0 is a preperiod of L. In
the rest of this section we will take a better look of the periods and the preperiods
of a unary language L. A subclass of unary languages, investigated in [45], are unary
languages where their preperiod is 0, or equivalently unary languages that can be
recognized by a DFA which consist of only one cycle. These languages are called
cyclic. If the period of a cyclic language L is m then the language L is called an
m-cyclic language. In this section we will study cyclic languages and the structure of
minimal Chrobak normal form NFAs for given unary languages.
Cyclic languages are first studied from Jiang et. al. [45], there they showed that
an m-cyclic language has a state minimal NFA M in one of two specific forms. They
show that each cyclic language has a minimal NFA that is a deterministic cycle or
it is a Chrobak normal form NFA with tail of size one. We will start by defining an
operation on unary languages.
Definition. Let L be a unary language and let k be a non-negative integer. Let ck (L)
to be the language {am ∈ a∗ | am+k ∈ L}.
From the above definition it is easy to see that for every unary regular language
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L, with preperiod k, the language ck (L) is cyclic. For every language L, we have
L = c0 (L). Moreover the period of the language L is the same as the period of the
language ck (L), for all k ≥ 0.
Theorem 26 ([45]). Let L be an m-cyclic language. Then, L has a minimal state
NFA M in one of the following forms:
a. The NFA M consists of a single cycle having m states.
b. The NFA M is in Chrobak normal form with only one state in its tail. Each
cycle’s length is a divisor of m.
We could wonder whether every minimal state NFA which recognizes a cyclic
language is as of Theorem 26. An example of a state minimal NFA for a cyclic unary
language that is not of the form of Theorem 26 is given in Figure 7.1.
Lemma 11. Let L be a cyclic language, k a non-negative integer, and M an NFA
recognizing L which is in one of the following forms:
a. The NFA M consists of a single cycle.
b. The NFA M is in Chrobak normal form with only one state in its tail.
Then, there is an NFA M 0 recognizing the language ck (L) such that it may differ from
the NFA M only at final states.
Proof. Let us have the NFA M = (Q, {a}, δ, q0 , F ) recognizing the cyclic language L
which is one of the forms above. Let us assume that the states c0 , . . . , ch form a cycle
of M of size h. Let us also assume that the state cz is a final state for 1 ≤ z ≤ h.
Then, we make the state c(z−k)

mod h

final in the place of cz .
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Figure 7.1: An NFA recognizing the language L = (a3 )∗ + a · (a6 )∗ + a2 · (a9 )∗ .
In the case that M is of the second form, we continuing similar for all the final
states of all the cycles of M . We get the NFA M 0 = (Q, {a}, δ, q0 , F 0 ) which recognizes
the language ck (L). The only state of M 0 that we left unclear is the initial state. The
initial state will be final in M 0 only if there is a cycle with states c0 , . . . , ch such that
c0 ∈ δ(q0 , a) and ch is final at M 0 .
It is not difficult to verify that the resulting NFA M 0 recognizes the language
ck (L), for every k that is at least 0.
Lemma 11 tells us that if we have a cyclic language L with period m, there always
are m non-isomorphic NFAs recognizing all the languages ck (L), for all k ≥ 0. These
NFAs have the same number of states, the same initial state, and the same transition
function. For every cyclic language L and number k, we have nsc(L) = nsc(ck (L)).
Corollary 5. Let L be a cyclic language and let M be a Chrobak normal form NFA
recognizing L with tail of size at least two. Then, the NFA M is not a state minimal
NFA for L.
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Proof. Let us assume that the Chrobak normal form NFA M has a tail of size k ≥ 2
and it is a state minimal NFA for L. Let us have the NFA M 0 which we construct form
the NFA M by just replacing the states of the tail with one state, the initial state of
M 0 . The transitions of this new state are as the transitions of the last state of the tail
of M . We note that the NFA M 0 recognizes the language ck−1 (L). From Lemma 11
we have that nsc(L) = nsc(ck−1 (L)), but size(M 0 ) < size(M ), contradiction.
Domaratzki et. al. [17] studied the uniqueness of minimal NFAs for cyclic languages. They note that there are trivial cases of non-uniqueness similar to Figure 7.2.
In Figure 7.2 there are two minimal NFAs for the language L = {ax ∈ a∗ | x ≡
1 mod 2, x ≡ 1 mod 3, or x ≡ 2 mod 3}. Domaratzki et. al. showed that we have
non-uniqueness of NFAs for cyclic languages in more complicated and interesting way
than the trivial cases. The non-trivial cases which they consider are to compare two
minimal NFAs; (A) one is a cycle (a DFA) and one Chrobak normal form NFA with
tail of size one, and (B) both NFAs are Chrobak normal form NFAs with tail of size
one. They showed that in the first case there is a connection to the Diophantine equation 1 =

1
Pk

i=1

mi

+ Qk 1 m , studied by Sylvester [77]. They showed that each solution
i=1

i

to this equation corresponds to two different minimal state NFAs of the first form.
Since, this equation has infinite many solutions, there are infinite many equivalent
NFAs of the form (A). They left the open problem of whether there are two different
equivalent minimal state NFAs as in the (B) case.
Let us call a unary cyclic language L atomic if there are no two cyclic languages
L1 6= L2 such that L1 ⊆ L and L2 ⊆ L. Each cyclic language L is of the form
L1 ∪ . . . ∪ Lk for some atomic languages Li , for 1 ≤ i ≤ k. Moreover, we can also
assume that Li * Lj for any two i 6= j and 1 ≤ i, j ≤ k. Let mi be the period of
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Figure 7.2: Two equivalent unary NFAs.
the atomic cyclic language Li , for all 1 ≤ i ≤ k. Let us define now π(n1 , . . . , nz ) to
be the set of all partitions of a set of some positive integers {n1 , . . . , nz } and we also
define the function
g(n1 , . . . , nz ) =

min

x∈π(n1 ,...,nz )

X

lcm(y)

y∈x

Then, we have for the cyclic language L that nsc(L) = g(m1 , . . . , mk ).
In the rest of this section we investigate the connection between NFAs for cyclic
languages and NFAs in Chrobak normal form. The tail of a minimal NFA in Chrobak
normal form depends on the minimum preperiod of the recognized language.
Lemma 12. Let L be a unary regular language and k its minimum preperiod, for
k ≥ 1. Then, the following are true:
a. If there is a state minimal NFA recognizing ck (L) which is in Chrobak normal form with tail of size one, then there is a positive integer n such that
nsc(ck (L)) = n + 1 if and only if a state-minimal NFA in Chrobak normal
form recognizing L has n + k states.
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b. If there is no state minimal NFA recognizing ck (L) which is in Chrobak normal form with tail of size one, then there is a positive integer n such that
nsc(ck (L)) = n if and only if a state-minimal NFA in Chrobak normal form
recognizing L has n + k states.
The difference between the cases in Lemma 12 comes from the different cases of
Theorem 26. The idea of Lemma 12 is that if the cyclic language ck (L) has a state
minimal NFA which is CNF with tail of size one, we can just ‘replace’ the state in the
tail of a tail of size k to have a minimal state CNF-NFA recognizing L. On the other
hand, if we have a state minimal NFA recognizing the cyclic language ck (L) which is
a DFA with its states form a cycle then we have to add k states for the tail of the
minimal CNF-NFA recognizing L. Now, let us give the proof of Lemma 12 in more
details.
Proof. From Theorem 26 we have that there is a minimal state NFA M recognizing
ck (L) such that it is deterministic and its states form a cycle, or there is an NFA
consisting of disjoint cycles plus one initial state. Let us have the case which the
NFA M is deterministic and let us have that nsc(ck (L)) = n. We construct the NFA
M 0 where we add k new states to the NFA M . The new states form a tail, where
the initial state of M 0 is the first state of the tail and the last state of the tail has a
transition to the initial state of M . The final states of M 0 remain the same as the
final states of M for the states that are in the cycle (old states). A new state is final
if it can be reached from a number t and at ∈ L. Then, we have L = L(M 0 ). The
NFA M 0 is in CNF and has n + k states, then every minimal state NFA in CNF for
L has at most n + k states.
Similar we work for the other case, where we have a minimal state NFA M in
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CNF with tail of size one. Let us have that nsc(ck (L)) = n + 1. We can construct
an NFA M 0 from the NFA by replacing the initial state of M with k new states. As
before, the new states form a tail and the first state of the tail is the initial state of
M 0 . The last state of the tail has transition to the previous state of each cycle than
the initial state of M has, that is if q0 (the initial state of M ) has a transition to the
state c1 of the cycle c0 , c1 , . . . , ch , then the last state of the tail has a transition that
goes to c0 . The final states remain the same for the states that come from M and
similar with before we set the final states for the tail. Again, we have L = L(M 0 ) and
the NFA M 0 is in CNF and has n + k states. Then, in this case, every minimal state
NFA in CNF for L has at most n + k states.
Now let us have that a minimal state NFA N in Chrobak normal form has n + k
states, where L = L(N ). Considering the size of the tail of N , we can see that it
cannot be less than k, otherwise the preperiod of L should be smaller than k. Hence,
the size of the tail of N is k. Then, we construct the NFA N 0 which is the NFA
N omitting the first k states, the initial state of N 0 is the state of the cycle that
the transition of the last state of the tail entering the cycle if N has only one cycle.
Otherwise, the initial state of N 0 is a new state that has the same transitions as the
last state of the tail of N . The final states of N 0 are those states that are final in N
as well (except the states that we have omitted). The initial state of N 0 is final if and
only if it has a transition to a state of a cycle such that there is a final state of this
cycle that has transition to the same state, i.e., let q0 be the initial state of N 0 , q0 is
final if and only if there is a final state q 6= q0 and state p such that p ∈ δN 0 (q0 , a) and
p ∈ δN 0 (q, a). We can easily see that ck (L) = L(N 0 ) and then we have nsc(ck (L)) ≤ n
if N has only one cycle and nsc(ck (L)) ≤ n + 1 if N has more than one cycle.
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Theorem 27. Let L be a unary regular language with preperiod k ≥ 1. Every state
minimal Chrobak normal form NFA, recognizing L, has a tail of size k.
Proof. Let A be a state minimal Chrobak normal form NFA for the language L. The
size of the tail of the NFA A cannot be less than k. Imagine that the tail of A is of
length t < k, then the NFA A0 constructed from the NFA A by deleting the tail (and
adding one new initial state if the number of cycles of the NFA A is more than one)
recognizes the language ct (L). In this case, the language ct (L) is a cyclic language
and the preperiod of L should be t which is smaller than k, contradiction.
Let us assume that the size of the tail of the state minimal CNF-NFA A is strictly
more than k, let t be the size of the tail of A for a t > k. Let n be the total number
of states participating in cycles, then size(A) = t + n. Consider the NFA A0 which
is constructed by deleting the states of the tail of A and adding a new state. The
initial state of A0 is the new state, and the transitions of the new state are the same
as the transitions of the last state of the tail of A. The final states of the cycles
of A0 remain final if they are in the NFA A (the initial state can be final or not,
we work as we have explained in a similar case earlier such that the language L(A0 )
to be cyclic). The NFA A0 has n + 1 states and it recognizes the cyclic language
ct (L). Then, from Theorem 26 and Lemma 11, we have that nsc(ck (L) ≤ n + 1.
Since k is the preperiod of L from Lemma 12, and by using the size of A, we have
that nsc(ck (L)) ≥ n + t − k + 1. We have assumed that t > k which we end in a
contradiction.
Theorem 27 tells us that for every unary language L with preperiod k, every state
minimal Chrobak normal form NFA for L has a tail of size k and by deleting its tail
we get a minimal NFA for the language ck (L). Moreover, we can construct easily a
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Chrobak normal form NFA for L if we have a minimal NFA for the language ck (L).

7.2

Finite Tree Width NFAs and Chrobak Normal
Form

For an NFA A in Chrobak normal form it is easy to determine the various nondeterminism measures of A.
Lemma 13. Let A be a Chrobak normal form NFA with k cycles. Then β(A) =
τ (A) = tw(A) = k.
Furthermore, if A is a minimal NFA for L(A) and m ≥ k, then
size(A) = nscβ≤m (L(A)) = nscτ ≤m (L(A)) = nsctw≤m (L(A)) = nsc(L(A)).
Proof. The first claim follows directly from the definition of Chrobak normal form.
If A is minimal, size(A) = nsc(L(A)) and the chain of equalities follows because for
any m ≥ k and ϕ ∈ {β, τ, tw}, nsc(L(A)) ≤ nscϕ≤m (L(A)) ≤ size(A).
The semi-Chrobak normal form is a less restrictive variant of the Chrobak normal
form. Lemma 14 shows that a semi-Chrobak NFA can be transformed to a Chrobak
normal form NFA of the same size. Semi-Chrobak normal form NFAs are very similar
to Chrobak normal form NFAs. We introduced this form here, as we use Lemma 14
to simplify the proof of Theorem 28.
Lemma 14. Every semi-Chrobak normal form NFA has an equivalent Chrobak normal form NFA of same size.
Proof. Let us first give the idea of the proof. A semi-Chrobak normal form NFA A
with tail T and cycles C1 , . . . , Ck can be transformed to a Chrobak normal form NFA
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B with the same tail T and cycles C1 , . . . , Ck . The NFA B has only one transition
from the last state of T to each cycle Ci and to compensate for the omitted transitions
we add new final states to the cycles. Now, let us construct the proof more formally.

Let the NFA A = (Q, δ, q0 , F ) to be in semi-Chrobak normal form. Let pz to be
the last state of the tail, all nondeterminism of A occurs at this state. Let Cij =
{c0 , c1 , . . . , cj−1 } to be the i-th cycle of A with j states and ch ∈ δ(ct ), where 0 ≤ t ≤
j − 1 and h = t + 1 mod j.
We will use the NFA A to construct the NFA B = (Q, δ 0 , q0 , F 0 ) which will be
in Chrobak normal form. The NFAs A and B have the same states. The transition
function δ 0 is the same as the transition function δ except for the state pz . If in the
NFA A there are more than one transitions which start from the state pz to a cycle
Cij , we want to collapse them into only one transition. Let us have two transitions
from the state pz to the cycle Cij . Let us assume that one transition goes to the state
c0 and the other one goes to a different state cr , for some r ∈ {1, 2, . . . , j − 1}. We
omit the transition from pz to cr and we add new final states as follows. If ch ∈ Cij is
a final state of A we make all states ct final where t ≡ h − r (mod j). We do similarly
for all the different final states and for all the different transitions that go at the same
cycle. The final states of B are all the final states of A plus all the states that became
final in the above procedure.
Chrobak showed in [12] that every unary NFA can be transformed into an equivalent NFA in Chrobak normal form. In general, this transformation adds some more
states, roughly O(n2 ). In the following lemma we show that we can transform any
NFA with finite tree width into an NFA in Chrobak normal form without requiring
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additional states.
Theorem 28. Let A be a unary n-state NFA with tree width k. Then there exists an
equivalent Chrobak normal form NFA B with at most n states and tree width k.
Proof. The idea of the proof is that since the NFA A has finite tree width, we can
divide its states into two groups. The states of the first group are the ones belonging
in a cycle of A and the second group has the rest. The first group can have only
disjoint cycles and its states can have only deterministic choices. We can replace the
states of the second group with a chain (the number of the new states is at most as
the number of states in the second group). The tail of the NFA B is made from the
new states and its cycles are the cycles of the NFA A. More details of the above idea
are given in the rest of the proof.
Consider an NFA A = (Q, δ, q0 , F ) with tree width k. Let C be a cycle of the NFA
A. Since A has finite tree width, there cannot be any transitions exiting C. Note that
any transition exiting the cycle C would be nondeterministic and then by repeating
the cycle C we would have strings with unbounded tree width. Then, we can divide
the set of states Q into two sets one initial part where there is nondeterminism and
no cycles, and the second part consists of a set of disjoint (deterministic) cycles. No
state of the first part is reachable from states in the second part.
Denote K1 the set of set of states of the first part that nondeterminism is allowed
and they form an acyclic graph and K2 consists of a set of disjoint deterministic cycles.
Let z + 1 be the number of states that there is in the longest path in K1 . Then, let us
define the set p0 = {q0 } and for 1 ≤ i ≤ z the sets pi = {q | q ∈ δ(p) and p ∈ pi−1 }.
Note here that the sets pi are subsets of K1 ∪ K2 , but they can not be subsets of only
the set K2 .
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Now, we will construct a semi-Chrobak normal form NFA B 0 = (U, δ 0 , p0 , F 0 ),
where U = {p0 , p1 , . . . , pz } ∪ K2 . A state pi , 0 ≤ i ≤ z, is in F 0 if and only if
pi contains a final state of A. A state of K2 is in F 0 if and only if it is a final
state of A. The transition function δ 0 is the same as δ for the states in K2 , for
the states pi , 0 ≤ i ≤ z − 1, we have δ 0 (pi ) = {pi+1 }, and finally the state pk goes
nondeterministically to all the cycles. Now, we have to explain how the state pk enters
each cycle.
We define the function d : K1 → 2{0,1,...,z} to be the distances of each state of
K1 from the initial state of the automaton A. For q ∈ K1 the set of distances of
q, d(q) ⊆ {0, . . . , z}, consists of all integers i ∈ N such that a computation of A
reaches the state q on an input of length i. Note that since states in K1 cannot be
reachable from a cycle, d(q) cannot contain elements greater than z. We also denote
Cij = {c0 , c1 , . . . , cj−1 } to be the i-th cycle of A with j states and ch ∈ δ(ct ), where
0 ≤ t ≤ j − 1 and h = t + 1 mod j. Now, let us assume that the state q of the NFA
A has a transition to the state c0 of the cycle Cij . Then, the state pz of the NFA B
has a transition to the states cm of the cycle Cij , for all l ∈ d(q), where m = z − l
mod j. Similarly, we add all the transitions of the state pz .
By the way we have constructed the NFA B 0 it is not difficult to verify that it
recognizes the same language with A. The details of this verification are left to the
reader. Here we do two observations. Firstly, the NFA B 0 has at most the same
number of states with the NFA A, the number z + 1 is less or equal to the cardinality
of K1 . The latter is that the computation tree of any word has the same number of
leaves at A and B 0 . Note that the automaton B 0 is in semi-Chrobak normal form.
From Lemma 14 the NFA B has the same size with the NFA B 0 and the tree width
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of B is at most the tree width of B 0 .
Theorem 28 speaks about NFAs with finite tree width, not about minimal automata. Sometimes we may use the minimality of an automaton so we want to
emphazise that it also holds for minimal automata. We do that with the following
corollary.
Corollary 6. For any unary regular language, a state minimal finite tree width NFA
is in Chrobak normal form.
Moreover, Theorem 28 suggests a better comparison between NFA with finite tree
width and a deterministic finite automaton with multiple initial states (MDFA) [22].
Recall that in Chapter 6 we have seen that the optimal size of an MDFA can be
exponentially larger than the size of a finite tree width NFA as a function of the
degree of its tree width. In the next corollary we show that this is not the case for
unary languages.
Corollary 7. Let B be an n-state unary NFA with tree width k ≥ 2. Then, there is
an MDFA B 0 equivalent with B such that it has at most k · n − 5 · (k − 1) states.
Proof. From Theorem 28 there exists an NFA A in Chrobak normal form such that
L(A) = L(B) and A has n states. Let t be the size of the tail of A. Then there is an
MDFA B 0 with k · t + (n − t) states. The MDFA B 0 consist of the cycles of A each
associated with its own copy of the tail of A, and its own initial state.
The function f (t) = k · t + (n − t) = (k − 1) · t + n increases as t increases. However,
in our case the maximum value for t is n − 5. This is because the numbers 2 and 3
are the smallest possible two distinct numbers greater than 1. Note, that if a cycle
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contains only one state then we don’t need to have any other cycles if it is a final
state, and we can omit it if it is not a final state.
Corollary 7 gives an upper bound on the size of MDFAs in terms of the size of
equivalent NFAs with finite tree width. The size of an MDFA can be linearly more
than the size of an equivalent finite tree width NFA. On the other hand, let us have
the regular language L, then every tw(k)-NFA recognizing L is of size at most one
plus the size of any MDFA recognizing L with k initial states. We cannot do better
than this, since there are languages that for which these quantities are equal. Such a
language is L = (ap1 )∗ + . . . + (apk )∗ , where the numbers pj are prime, for 1 ≤ j ≤ k.
In Chapter 5 we have seen that every NFA has finite tree width if and only if it
has finite trace. We have also seen there that the trace of an NFA can be as small as
its tree width, but the trace can also be exponentially larger than the tree width. In
the next corollary, we show that these two measures are equivalent for unary minimal
NFAs. Its proof comes from Theorem 28 and Lemma 13.
Corollary 8. For every unary regular language L and every natural number k, we
have the following equality,
nscτ ≤k (L) = nsctw≤k (L)
Moreover, there is an NFA A with tree width k and trace k such that L = L(A) and
size(A) = nscτ ≤k (L) = nsctw≤k (L).
Proof. Let A be a minimal NFA for the language L with finite tree width k. Then,
from Theorem 28 there exists a minimal NFA B in Chrobak normal form with finite
tree width k. Since the NFA B is in Chrobak normal form, it means that its trace is
also k.
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Figure 7.3: The NFA A is on the left, the NFA B is on the right.
Let A be a minimal NFA for the language L with finite trace k. From Corollary 2
there is a minimal NFA A0 for L with finite tree width at most k. As before, there is
a minimal NFA B with finite tree width k and finite trace k.
Corollary 8 compares minimal NFAs with finite tree width and NFAs with finite
trace. The corollary says that the size of a minimal NFA with tree width k is the
same as the size of a minimal NFA with trace k, and vice versa. The question here
is whether this is true comparing NFAs with finite branching with NFAs with finite
trace or finite tree width. This question seems more difficult since the branching and
tree width measures are not comparable, in general. For example take the automaton
A of Figure 7.3, then, for all m ∈ N, we have that twA (am ) = m + 1 and βA (am ) = 2.
For the automaton B of the same figure, for all m ∈ N, we have twB (am ) = m + 1
and βB (am ) = 2m . Both NFAs A and B are minimal for the language L = {ai ∈ a∗ |
i ≥ 1}. However, from Corollary 8 we have that for bounded branching and bounded
tree width we can show an inequality between nsctw≤k (L) and nscβ≤k (L). Since for
any NFA A, β(A) ≤ τ (A), as a consequence of Corollary 8 we have Corollary 9.
Corollary 9. For every unary regular language L and every natural number k, we
have that nscβ≤k (L) ≤ nsctw≤k (L)
In contrast to Corollary 8, the inequality for a unary language L, nscβ≤k (L) ≤
nsctw≤k (L) of Corollary 9 cannot be replaced by an equality. Let A be the unary NFA
depicted in Figure 7.4. On any accepted input, the NFA A needs to go through the
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Figure 7.4: A unary NFA recognizing the language a3 · (a2 + a3 )∗ .
first cycle at most two times and, hence, βA = 4. On the other hand, in Lemma 15
we will verify that any NFA with finite tree width for the language L(A) needs at
least 6 states. In this example the cycles have lengths 2 and 3 and the construction
can be readily extended for an NFA involving two cycles whose lengths are distinct
prime numbers.
Lemma 15. Let A be the unary NFA depicted in Figure 7.4 and k ∈ N. Then
nsctw≤k (L(A)) ≥ 6.
Proof. Let B = (Q, {a}, δ, q0 , F ) be an arbitrary NFA of finite tree width that recognizes L(A). For the sake of contradiction assume that B has at most 5 states.
Since the shortest string of L(A) has length 3, we know that an accepting state of
B is reached at the end of a chain of length 3 that goes through nonaccepting states,
that is, B has states q0 , q1 , q2 ∈ Q − F and q3 ∈ F where δ(qi , a) = qi+1 , i = 0, 1, 2,
and there are no ”short cuts” in the chain, i.e., a3 is the shortest string that reaches
q3 . Furthermore, no accepting state can be directly reached from q0 or q1 .
By the assumption on the size of B, it has only one additional state q4 . Since B
does not accept a4 , we know that δ(q3 , a) cannot contain an accepting state.
If q0 ∈ δ(q3 , a) (respectively, q1 ∈ δ(q3 , a) or q2 ∈ δ(q3 , a)) the cycle (q0 , q1 , q2 , q3 )
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(respectively, the cycle (q1 , q2 , q3 ) or the cycle (q2 , q3 )) cannot have any exiting transitions and hence B cannot accept the string a5 . Recall that a unary NFA with finite
tree width cannot have any transitions exiting a cycle (under the assumption that all
states are useful).
Thus, in all the above cases it follows that B cannot accept the string a5 (which is
in L(A)). The only remaining possibility is then q4 ∈ δ(q3 , a) and q4 ∈ Q − F because
B should not accept a4 . Again since a cycle of B cannot contain a nondeterministic
transition, there can be only one exiting transition from q4 and if δ(q4 , a) = {qi },
0 ≤ i ≤ 4, then the cycle (qi , qi+1 , . . . , q4 ) cannot have any exiting transitions. For
the choice δ(q4 , a) = {q4 }, we have that L(B) = {a3 }. For choices i ∈ {0, 1, . . . , 3}, it
is clear that B accepts all the strings of the form a3 · ak·(5−i) , for all k ∈ N. For all
these choices, we can find strings in L(A) but not in L(B).
Another consequence of Theorem 28 is a connection between finite tree width
NFAs and finitely ambiguous NFAs. Recall in Proposition 2 we have seen that the
size of a state minimal finite tree width NFA can be exponentially larger than the
size of an unambiguous equivalent NFA. The situation is different for unary NFAs,
the next theorem is similar with Theorem 28 for finite ambiguity.
Theorem 29 ([44]). Let A be a unary n-state NFA with ambiguity k. There is an
equivalent Chrobak normal form NFA B with at most n states and ambiguity k.
As a consequence of Theorem 28 and Theorem 29 we have that tree width and
ambiguity are similar measures of nondeterminism for unary NFAs. The similarity of
these two measures is stated in more detail in the following corollary.
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Corollary 10. Let A be a unary NFA with n states, for every k ≥

n
2

we have

nscamb≤k (L(A)) = nsctw≤k (L(A)).
Proof. For a unary NFA A with finite ambiguity or tree width and n states, we know
that there is an equivalent NFA B with n states in Chrobak normal form. Then the
maximum tree width (and ambiguity) of B is the number of its cycles. The NFA B
cannot have more than

n
2

The restriction k ≥

n
2

cycles.
in Corollary 10 is required because not all Chrobak normal

form NFAs have ambiguity as much as tree width. We can see such an example in
Figure 7.5, this unary NFA recognizes the language L = {ai ∈ a∗ | i ≡ 1 mod 4} ∪
{ai ∈ a∗ | i ≡ 0 mod 6 and i 6= 0}. Its ambiguity is 1 but its tree width is 2. Then,
for this language we have that nscamb≤1 (L) ≤ 11, but nsctw≤1 (L) = 12. However,
for the same language we have nscamb≤k (L) = nsctw≤k (L) for all k ≥ 2. Note that
the restriction k ≥

n
2

of Corollary 10 can probable be improved by applying a more

sophisticating argument.
Our final result for this section shows that there is a strict hierarchy for the state
complexity of NFA with finite tree width and respectively with finite trace.
Proposition 7. For any k ∈ N there exists a unary regular language L such that
nscτ ≤k+1 (L) < nscτ ≤k (L) and nsctw≤k+1 (L) < nsctw≤k (L).
Proof. By Corollary 8, it is sufficient to prove the second inequality dealing with tree
width. Let p1 < p2 < · · · < pk+1 be prime numbers and define L = (p1 )∗ ∪. . .∪(pk+1 )∗ .
P
It is immediate that L has an NFA of tree width k + 1 with size 1 + k+1
i=1 pi consisting
of an initial state and nondeterministic transitions into k + 1 disjoint cycles.
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Figure 7.5: A Chrobak normal form NFA with ambiguity different than tree width.
Let A be an arbitrary NFA for L with tree width k. Any unary NFA (where all
states are reachable) with finite tree width cannot have a transition that exits a cycle
and, hence, the NFA A can have at most k cycles. It is easy to verify that an NFA
recognizing the language L must have, for each 1 ≤ i ≤ k + 1, a cycle whose length is
P
divided by pi . This means that the number of states of A is at least p1 · p2 + k+1
i=3 pi
states.

7.3

State Complexity of Unary Language Operations

We present here some basic results on unary finite tree width NFAs that we will use
in the following subsections. Our state complexity bounds rely crucially on the fact
that a minimal finite tree width NFA can always be chosen to be in Chrobak normal
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form as we know from Theorem 28. Since, we are dealing with the sate complexity
of minimal Chrobak normal form NFAs, many of the issues can be transformed into
problems of number theory.
Lemma 16 ([3, 81]). Let m, n be two positive integers such that gcd(m, n) = 1.
(i) The largest integer that cannot be presented as c1 · m + c2 · n for any integers
c1 , c2 > 0 is m · n.
(ii) The largest integer that cannot be presented as c1 · m + c2 · n for any integers
c1 > 0 and c2 ≥ 0 is m · n − n.
(iii) The largest integer that cannot be presented as c1 · m + c2 · n for any integers
c1 , c2 ≥ 0 is m · n − m − n.
Note that the item (iii) of the previous lemma is the solution of the Frobenius
problem (coin problem) for N = 2. More details about the Frobenius problem can
be found, for example, in the paper by Aliev [1].
The next lemma shows that there is a unique minimal NFA in Chrobak normal
form for languages that accept all inputs after a point. In this case we have that the
NFA is deterministic.
Lemma 17. Let n be a positive integer and L a unary regular language such that
an ∈
/ L and for every m > n, am ∈ L. Then, the minimum Chrobak normal form
NFA recognizing the language L has a tail of size n + 1 and a single cycle of length
one.
Proof. From Theorem 28 we have that there is a unary NFA N Chrobak normal such
that L = L(N ) and size(N ) = nsctw≤k (L). Suppose that the size of the tail of N is
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r ≤ n. This means that any computation of N on input an reaches one of the cycles,
and (n + 1 − r)-th state of each cycle is non-accepting. Now if h is a common multiple
of the cycle lengths, an+h 6∈ L which contradicts our assumptions on L.

7.3.1

State complexity of concatenation

The main question of this subsection is to find the state complexity of the concatenation of two unary NFAs with limited nondeterminism. The state complexity of
concatenation for unary DFAs has been studied in [81], it has been shown that an
upper bound for the concatenation of an m state language with an n state language is
m · n, this bounds can be reached when gcd(m, n) = 1. We see in the following results
that the case of limited nondeterminism is similar to DFAs. Before we study the general case of concatenation, we give a technical result that gives an upper bound for
the size of a DFA equivalent to an NFA that consists of two cycles and additionally
transitions from the first cycle to the second cycle.
Let C1 and C2 be two cycles, possibly containing final states and both C1 and
C2 have a state that is specified as the first state. Then by merge(C1 , C2 ) we mean
the NFA where the state set consists of the union of C1 and C2 and includes the
transitions of the two cycles and additionally transitions from the final states of C1
to the second state of C2 . The initial state of merge(C1 , C2 ) is the first state of C1
and the final states are all states that were specified to be final in C1 and C2 . An
example of the NFA merge(C1 , C2 ) for two cycles C1 and C2 appears in Figure 7.6.
Lemma 18. Let C1 and C2 be two disjoint cycles, of sizes c1 and c2 respectively.
Then, there is a DFA recognizing L(merge(C1 , C2 )) such that:
i. The size of its tail is at most lcm(c1 , c2 ),
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Figure 7.6: On the left an NFA as a result of merging two cycles and on the right its
equivalent DFA.
ii. The size of its loop is at most c1 if c2 divides c1 , and at most gcd(c1 , c2 ), otherwise.
Proof. Let us divide the proof into three cases, we can have that c1 divides c2 , c2
divides c1 , and gcd(c1 , c2 ) < min{c1 , c2 }.
Let us assume that c1 divides c2 . We can divide the states of the cycle C2 into
c1 classes. Two states of C2 belong in the same class if their distance at the cycle
C2 is exactly c1 . After c2 steps the NFA merge(C1 , C2 ) can be nondeterministically
at one state of the cycle C1 and of some states of the cycle C2 , note here that if it
can be at a state q of the cycle C2 then it can also be at any state of the cycle C2
which is in the same class with q. Then, the loop of the minimum DFA B recognizing
L(merge(C1 , C2 )) is of size at most c1 and we reach this loop with at most c2 steps,
which means that the tail of the DFA B has length at most c2 .
Consider next the case where c2 divides c1 . Similar with the previous case, we
notice that by following the cycle C1 the NFA merge(C1 , C2 ) can be nondeterministically in one state of C1 and some states of the cycle C2 . Let w1 and w2 two unary
words such that both have length at least c1 and their length difference is exactly
c1 . Since c2 divides c1 , the NFA merge(C1 , C2 ) can potentially be at the same states
after reading the words w1 and w2 . In this case, the size of the loop of the minimum

CHAPTER 7. UNARY NFAS WITH LIMITED NONDETERMINISM

130

DFA B recognizing L(merge(C1 , C2 )) is at most c1 and the tail of the NFA B is at
most c1 .
The final case is when gcd(c1 , c2 ) < min{c1 , c2 }. Let c be the greatest common
divisor of c1 and c2 . Let us also have the numbers c01 and c02 such that c1 = c · c01 and
c2 = c · c02 . Note here that c01 and c02 are greater than 1 and they are co-primes. From
Lemma 16 we have that every integer greater than c01 · c02 − c01 − c02 can be written
in the form h1 · c01 + h2 · c02 , for h1 , h2 ≥ 0. Every number in L(merge(C1 , C2 )) can
be written in the form r + h1 · c · c01 + h2 · c · c02 , for some numbers h1 , h2 ≥ 0 and a
number 0 ≤ r ≤ c1 + c2 − 1. Then, the tail of the state-minimum DFA recognizing
L(merge(C1 , C2 )) is at most c · c01 · c02 and the size of its loop is at most c (the size of
its loop if it’s not c, it divides c).
The following technical lemma will be used in the proof of Theorem 30. The
lemma states the simple observation that in a Chrobak normal form NFA A we can
reduce the number of cycles as long as, for each cycle C of A, the new Chrobak normal
form NFA has a cycle whose length is a multiple of the length of C.
Lemma 19. Let A be a Chrobak normal form NFA with size of tail t and k cycles of
lengths c1 , . . . , ck , respectively. Let d1 , . . . , dm ∈ N be integers such that
(∀i)(1 ≤ i ≤ k =⇒ (∃`)(1 ≤ ` ≤ m =⇒ (ci divides d` )))
Then L(A) has a Chrobak normal form NFA with size of tail t and m cycles of lengths
d1 , . . . , dm , respectively.
Proof. We construct a Chobak normal form NFA B with m cycles of sizes d1 , . . . , dm
as follows. The tail of B is the same as the tail of A. Initially all states in the cycles
of B are set to be nonaccepting, and then we add final states to the cycles of B as
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follows. For each 1 ≤ i ≤ k do the following. Let the final states of the ith cycle of A
be i1 , . . . , iki , 0 ≤ ix ≤ ci −1, x = 1, . . . , ki . Choose 1 ≤ `i ≤ m such that ci divides d`i
and in the `i th cycle of B we set all states ix + y · ci , x = 1, . . . , ki , y = 0, . . . ,

d`i
ci

− 1,

to be final. Assuming we did not previously set any states of the `i th cycle of B
to be final, after this transformation the `i th cycle of B accepts exactly the strings
accepted in the ith cycle of A. If the transformation is applied more than once to a
particular cycle of B, this cycle accepts exactly the union of all strings accepted by
the corresponding cycles of A.
Now we are ready to prove the main results of this section.
Theorem 30. Let L1 and L2 be unary regular languages. Let k1 and k2 be positive
integers, k1 , k2 ≥ 2, such that nsctw≤(k1 −1) (L1 ) > nsctw≤k1 (L1 ) and nsctw≤(k2 −1) (L2 ) >
nsctw≤k2 (L2 ), then we have
nsctw≤min{k1 ,k2 } (L1 · L2 ) ≤
(nsctw≤k1 (L1 ) −

(k2 − 1) · (k2 + 2)
(k1 − 1) · (k1 + 2)
) · (nsctw≤k2 (L2 ) −
)
2
2

Proof. Before we give the formal proof we will first discuss the idea of the proof. Let
us have the two state-minimal NFAs A1 and A2 recognizing the languages L1 and L2
respectively, with tree width of k1 and k2 respectively. By Theorem 28, without loss
of generality, we can assume that the NFAs A1 and A2 are in Chrobak normal form
and from the assumptions of the theorem we have that A1 has exactly k1 cycles and
A2 has exactly k2 cycles. We will use the NFA A1 and the NFA A2 to construct a
new NFA C which recognizes the language L1 · L2 . This construction will happen
in steps, each step will use the fact that since we deal with unary languages we can
change the order between substrings of the strings in L1 · L2 . After using the NFAs
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A1 and A2 to construct the final Chrobak normal form NFA, we use observations on
the sizes of the tails and cycles of the NFAs A1 and A2 to determine the maximum
size the resulting NFA could have.
From the assumptions nsctw≤(k1 −1) (L1 ) > nsctw≤k1 (L1 ) and nsctw≤(k2 −1) (L2 ) >
nsctw≤k2 (L2 ) we have that A1 has exactly k1 cycles and A2 has exactly k2 cycles. Let
C1 , . . . , Ck1 (respectively, D1 , . . . , Dk2 ) be the cycles of A1 (respectively, A2 ). Let h be
the number of final states in cycles of A1 . Based on A1 and A2 , we now construct the
NFA B1 that recognizes the concatenation L1 ·L2 . The construction of B1 relies on the
observation that L1 · L2 consists of all unary strings whose length can be expressed as
a sum of the lengths of a string in L1 and in L2 . The NFA B1 has a tail whose length
is the sum of the length of the tail of A1 and of the length of the tail of A2 . At the
end of the tail, B1 has a nondeterministic transition with trace k1 · k2 into all NFAs
merge(Ci , Dj ), 1 ≤ i ≤ k1 , 1 ≤ j ≤ k2 . The final states in the tail of B1 are chosen
so that B1 accepts correctly all short strings and the final states in the subautomata
merge(Ci , Dj ) are specified according to the definition of the merge operation.
We can now further transform the NFA B1 . We construct an NFA B2 that is
obtained from B1 by replacing each sub-automaton merge(Ci , Dj ) by an equivalent
DFA. From a sub-automaton merge(Ci , Dj ) let the size of the cycle Ci be c1 and the
size of the cycle Dj be c2 . Let M to be the DFA which we replace the sub-automaton
merge(Ci , Dj ) with. From Lemma 18, we have that the tail of M is not greater
than

c1 ·c2
gcd(c1 ,c2 )

and its loop is of size at most max{c1 , gcd(c1 , c2 )}. The NFA B2 has

initially a tail and the last state of the tail has nondeterministic choices to unary
DFAs. We transform another time the NFA B2 to be in Chrobak normal form, the
resulting NFA is the NFA B3 . The only nondeterministic transition of B2 is at the
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state corresponding to the end of the tail of the NFA A2 , after that the NFA B2 goes
to some tail of states before it enters any cycle. We replace all these tails by a unique
tail with size equal to the maximum size among these chains. We connect the end of
this new tail to the cycles, to the state as previously entering the cycles. The NFA
B3 is in Chrobak normal form and it has k1 · k2 cycles.
The last transformation that we do to the NFA B3 is to reduce the number of
cycles. The ‘trick’ here is to notice that the size of each of the cycles of B3 divides
the sizes of one cycle of A1 . Let the cycles of A to be of sizes c1 , . . . , ck1 . Then, by
Lemma 19, B3 has an equivalent Chrobak normal form NFA B4 with tree width k1
and cycle sizes c1 , . . . , ck1 . Now, it remains only to give an upper bound on the size
of the final NFA
Let us assume that the size of the tail of Ai is ti and the cycles of Ai are
ci,1 , . . . , ci,ki , for i = 1, 2. The size of the tail of the NFA B4 is at most t1 + t2 − 1
c

·c

1,i 2,j
} and the total number of states participating at
+ max1≤i≤k1 max1≤j≤k2 { gcd(c
1,i ,c2,j )
P1
some cycle of the NFA B4 is at most kj=1
c1,j . Then, the size of the tail of B4 is at

most t1 + t2 − 1 + max1≤i≤k1 max1≤j≤k2 {c1,i · c2,j } and the size of the cycles of B4
is at most size(A1 ).
The size of a cycle ci,j is the total size of the NFA Ai subtracting the size of the
other cycles of Ai and the size of its tail, then we can replace the size of any cycle ci,j
Pi
with the number size(Ai ) − ti − kl=1/l6
=j ci,l . Then, the size of the NFA B4 is at most
Pk1
P2
max1≤i≤k1 {size(A1 ) − t1 − l=1/l6=i c1,l } · max1≤j≤k2 {size(A2 ) − t2 − kl=1/l6
=j c2,l } +
size(A1 ). Hence, the size of the NFA B4 is at most max1≤i≤k1 {size(A1 ) + 1 − t1 −
Pk1
Pk2
l=1/l6=i c1,l } · max1≤j≤k2 {size(A2 ) + 1 − t2 −
l=1/l6=j c2,l }, which the above number
P1
Pk2
is at most max1≤i≤k1 {size(A1 ) − kl=1/l6
=i c1,l } · max1≤j≤k2 {size(A2 ) −
l=1/l6=j c2,l }.
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We also note that all the cycles of A1 cannot divide any other cycle of A1 , the same
applies for A2 . In other words all cycles have size greater than 1 and are different
P
from each other, which means that the sum of k such cycles is at least k+1
i=2 i. Then,
P1
P2
we have that the size of B4 is at most (size(A1 ) − ki=2
i) · (size(A2 ) − ki=2
i).
Since the concatenation for unary languages is commutative L1 · L2 = L2 · L1 , the
above argument yields the exactly same upper bound for nsctw≤k2 (L1 · L2 ), and this
completes the proof.
The result of Theorem 30 also applies to the measures of ambiguity and trace
instead of tree width.
Corollary 11. Let L1 and L2 be unary regular languages and α ∈ {amb, τ }. Let k1
and k2 be positive integers, k1 , k2 ≥ 2, such that nscα≤(k1 −1) (L1 ) > nscα≤k1 (L1 ) and
nscα≤(k2 −1) (L2 ) > nscα≤k2 (L2 ), then we have
nscα≤min{k1 ,k2 } (L1 · L2 ) ≤
(nscα≤k1 (L1 ) −

(k2 − 1) · (k2 + 2)
(k1 − 1) · (k1 + 2)
) · (nscα≤k2 (L2 ) −
)
2
2

From the requirements of Theorem 30, we have that the languages that it deals
are infinite. Now, we will consider the case when one of them is finite (the case which
both of them are finite is trivial).
Theorem 31. Let L1 and L2 be unary regular languages and let L1 be finite. Let k
be a positive integer, k ≥ 2, such that nsctw≤(k−1) (L2 ) > nsctw≤k (L2 ), then we have
nsctw≤k (L1 · L2 ) ≤ sc(L1 ) + nsctw≤k (L2 ) − 1
Proof. Since the language L1 is finite and unary, the minimal NFA A1 recognizing it
consists of a chain of states without any cycles. Let A2 be a minimal state NFA in
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Chrobak normal form k with tree width. We construct an NFA A that recognizes
L1 · L2 . We get the NFA A by replacing the initial state of the Chrobak normal form
NFA A2 with the chain of states of the NFA A1 . The final states of A will be all the
final states of A2 as the last state of the chain of A1 is final. Additionally, the NFA
A has final states all the states that we get for all the final states of A1 .
Theorem 30 gives us what is the maximum value that a minimal NFA with finite
tree width (trace or ambiguity) can have depending on the sizes of two others minimal
NFAs with finite tree width, but their tree width is at least 2 for each. We will examine
the case where one of them is a deterministic automaton.
Theorem 32. Let L1 and L2 be unary regular languages and let L1 be infinite. Let
k be a positive integer, k ≥ 2, such that nsctw≤(k−1) (L2 ) > nsctw≤k (L2 ), then we have
sc(L1 · L2 ) ≤ sc(L1 ) · (nsctw≤k (L2 ) −

(k − 1) · (k + 2)
).
2

Proof. Let us have the state minimal DFA A1 and the state minimal NFA A2 with
tree width k recognizing the languages L1 and L2 respectively. From Theorem 28 we
can assume that the NFA A2 is in Chrobak normal form and from the assumption
nsctw≤(k2 −1) (L2 ) < nsctw≤k2 (L2 ) we have that A2 has exactly k cycles. Similar to the
proof of Theorem 30, we can construct a DFA B recognizing the language L1 · L2 .
Let us have that the size of the tail of A2 is t and the cycles of A2 are c1 , . . . , ck .
The size of the tail of the DFA B is at most t−1+max1≤i≤k {ci ·size(A1 )} and the size
of its loop is size(A1 ). The size of a cycle cj is the total size of the NFA A2 subtracting
the size of the other cycles of A2 and the size of its tail t, then we can replace the size
P
of any cycle cj with the number size(A2 ) − t − kl=1/l6=j cl . Then, the size of the DFA
P2
B is at most size(A1 ) · max1≤j≤k {size(A2 ) − t − kl=1/l6
=j c2,l } + size(A1 ). Hence, the
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P2
size of the DFA B is at most size(A1 ) · max1≤j≤k {size(A2 ) + 1 − t − kl=1/l6
=j c2,l },
P2
which the above number is at most size(A1 ) · max1≤j≤k {size(A2 ) − kl=1/l6
=j c2,l }.
We also note that all the cycles of A1 cannot divide any other cycle of A1 , the same
applies for A2 . In other words all cycles have size greater than 1 and are different
P
from each other, which means that the sum of k such cycles is at least k+1
i=2 i. Then,
P2
we have that the size of the DFA B is at most size(A1 ) · (size(A2 ) − ki=2
i).

Corollary 12. Let L1 and L2 be unary regular languages and let L1 be infinite. Let k
be a positive integer, k ≥ 2, such that nsctw≤(k−1) (L2 ) > nsctw≤k (L2 ), then for every
positive integer h we have
nsctw≤h (L1 · L2 ) ≤ sc(L1 ) · (nsctw≤k (L2 ) −

(k − 1) · (k + 2)
).
2

Note that a bound similar to that of Theorem 32 also holds the number nsctw≤k0 (L2 ·
L1 ). Since, the concatenation of unary languages is commutative, we have L1 · L2 =
L2 · L1 , which implies that nsctw≤k0 (L1 · L2 ) = nsctw≤k0 (L2 · L1 ).
As we have already discussed in the previous section, every unary NFA A with
limited ambiguity (or trace) there is an NFA B recognizing the language L(A) which
has at most size(A) states and the same ambiguity (or trace) with the NFA A. With
similar proofs of Theorem 30 and Theorem 32, these theorems also hold with tree
width replaced by ambiguity or trace.
The following two results show that the upper bound of Theorem 30 cannot be
essentially improved.
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Theorem 33. For any n0 ∈ N, there exists n1 , n2 ≥ n0 and regular languages Li ,
with nsctw≤ki (Li ) = ni and nsctw≤(ki −1) (Li ) > nsctw≤ki (Li ), i = 1, 2, such that
nsctw≤min{k1 ,k2 } (L1 · L2 ) ≥
(n1 − 2 · 3 · (k1 − 1) · (k1 + 10) · ln(k1 + 4)) · (n2 − 2 · 3 · (k2 − 1) · (k2 + 10) · ln(k2 + 4))
Proof. For some positive integers m1 , . . . , mk , for 2 ≤ k, let us have the language
Lm1 ,...,mk = am1 · (am1 )∗ + a · (am2 )∗ + . . . + a · (amk )∗ . Let us have the language
L1 = Lc11 ,...,c1k1 such that c1i = 2 · 3 · pi+4 where pj is the j-th prime number and
2 ≤ i ≤ k1 and c11 = 2 · p for p a prime greater than p(max{k1 ,k2 }+4) . Similar, we have
the language L2 = Lc21 ,...,c2k2 such that c2i = 2 · 3 · pi+4 for 2 ≤ i ≤ k2 and c21 = 3 · q
for q a prime greater than p(max{k1 ,k2 }+4) and different than p.
P1
There are NFAs with tree width k1 and k2 , respectively, with 1 + ki=1
c1i and
P2
1 + ki=1
c2i states recognizing the languages L1 and L2 . These NFAs are in Chrobak
normal form with 1 state at their tails and cycles of sizes c11 , . . . c1k1 and c21 , . . . c2k1 ,
Pi
cij for 1 ≤ i ≤ 2.
respectively. We argue now that nsctw≤ki (Li ) is at least 1 + kj=1
From Theorem 28, we can assume that every NFA A with tree with ki recognizing Li
is in Chrobak normal form and it has at most ki cycles. In the proof of Lemma 23
we have shown that for every 1 ≤ j ≤ ki the NFA A has a cycle C such that cij
divides the length of C. Note that can be more than one cij such that divide the
length of the same cycle C. In the case where more than one of the numbers cij divide
one of these cycles, we have that the size of this cycle is at least their least common
multiple. Since the numbers cij have a common multiple only the number 6, then
for any numbers dj , for 1 ≤ j ≤ l, such that 1 ≤ d1 < . . . < dl ≤ max{k1 , k2 }, we
P
Pi
have lj=1 cidj < lcm(cid1 , . . . , cidl )). Then, we have nsctw≤ki (Li ) = 1 + kj=1
cij for
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1 ≤ i ≤ 2.
We consider now the concatenation of L1 and L2 . We notice that the language
L1 ·L2 accept strings of lengths of four different forms; i) x·2·p+y ·3·q for x, y ≥ 1, ii)
x·2·p+y ·2·3·pi+4 +1 for x ≥ 1, y ≥ 0, and some 1 ≤ i ≤ k2 , iii) x·3·q +y ·2·3·pi+4 +1
for x ≥ 1, y ≥ 0, and some 1 ≤ i ≤ k1 , and finally iv) x · 2 · 3 · pj+4 + y · 2 · 3 · pi+4 + 2 for
x, y ≥ 0, some 1 ≤ i ≤ k2 and some 1 ≤ j ≤ k1 . We will argue now that the number
/ L1 · L2 . We know
2 · 3 · p · q cannot be written in any of these forms and then a2·3·p·q ∈
that gcd(2 · p, 3 · q) = 1 which from Lemma 16 we have that the number 2 · 3 · p · q is
not of the form i). Notice now that the number 2 · 3 · p · q is congruent to 0 modulo
6, however, all the numbers of the forms ii) - iv) are congruent to 1 modulo 6 and
congruent to 2 modulo 6, then the number 2 · 3 · p · q is not of the forms ii) - iv) either
and 2 · 3 · p · q ∈
/ L1 · L2 . Moreover, notice that any string with length greater than
2 · 3 · p · q is in L1 · L2 . From Lemma 17, we have that for every k ≥ 1, we have that
nsctw≤k (L1 · L2 ) = 2 · 3 · p · q. Which implies that nsctw≤min{k1 ,k2 } (L1 · L2 ) = 2 · 3 · p · q.
Using standard number theoretic estimations [3, 18], we can verify that ln n +
ln ln n−1 <

pn
n

< ln n+ln ln n, for n ≥ 6, which implies the bounds n·(ln(n·ln n)−1) <

pn < n · ln(n · ln n), for all n ≥ 6. By continuing with some calculations we have that
P i +4
P i +4
nsctw≤ki (Li ) − 2 · 3 · kj=6
j > nsctw≤ki (Li ) − 2 · 3 · kj=6
pj > nsctw≤ki (Li ) − 2 · 3 ·
P i +4
2 · ln(ki + 4) kj=6
j, for 1 ≤ i ≤ 2, we get the first bound by noticing that n ≥ 6
which means that ln n ≥

3
2

and ln(n ln n) ≥ 2 and for the second bound we notice

that ln n ≤ n. Since now we have that nsctw≤min{k1 ,k2 } (L1 · L2 ) = 2 · 3 · p · q and
P 1 +4
P 2 +4
2 · p = nsctw≤k1 (L1 ) − 1 − 2 · 3 · kj=6
pj and 3 · q = nsctw≤k1 (L1 ) − 1 − 2 · 3 · kj=6
pj ,
we have the claim of the theorem.
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Corollary 13. Let k1 , k2 , n0 ∈ N. There exists n1 , n2 > n0 and unary regular languages Li , i = 1, 2, such that nsctw≤ki (Li ) = ni , any minimal NFA for Li has tree
width at least ki and
nsctw≤min(k1 ,k2 ) (L1 · L2 ) = (nsctw≤k1 (L1 ) − Ω(k12 · log k1 )) · (nsctw≤k2 (L2 ) − Ω(k22 · log k2 ))
Note that similar statements of Theorem 33 also hold for finite ambiguity and
finite trace.
Corollary 14. For any n0 ∈ N and α ∈ {amb, τ }, there exists n1 , n2 ≥ n0 and regular
languages Li , with nscα≤ki (Li ) = ni and nscα≤(ki −1) (Li ) > nscα≤ki (Li ), i = 1, 2, such
that
nscα≤min{k1 ,k2 } (L1 · L2 ) ≥
(n1 − 2 · 3 · (k1 − 1) · (k1 + 10) · ln(k1 + 4)) · (n2 − 2 · 3 · (k2 − 1) · (k2 + 10) · ln(k2 + 4))
Theorem 33 gives a lower bound for state complexity of the concatenation of tree
width k1 and k2 unary NFAs that is fairly close to the upper bound of Theorem 30.
Next we observe that by choosing languages where the minimal NFA is, in fact, a DFA
we get a lower bound result that completely omits the minus terms in the lower bound
of Theorem 33. The constructions used for the proof of Theorem 34 is essentially the
same as the lower bound construction for unary DFAs. Thus, if only count the total
number of states, the absolute worst case of concatenation of finite tree width NFAs
is given by the deterministic case.
Theorem 34. For any n1 , n2 ∈ N, there exist unary regular languages Li with
sc(Li ) = ni , i = 1, 2, such that for any k ∈ N
nsctw≤k (L1 · L2 ) = n1 · n2 .
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Proof. Similar to the proof of Theorem 5.4 of [81], let us choose the languages L1 =
am−1 ·(am )∗ and L2 = an−1 ·(an )∗ , for some positive integers m, n such that gcd(m, n) =
1. Obviously, L1 and L2 can be accepted by an m-state DFA and n-state DFA,
respectively. We know that every NFA recognizing L1 (L2 ) needs at least m states (n
sates), we can use the fooling set {(aj , am−1−j ) | 0 ≤ j ≤ m − 1} ({(aj , an−1−j ) | 0 ≤
j ≤ n − 1}). Now, the language L1 · L2 = {ai | i = (m − 1) + (n − 1) + c · m + d · n for
some integers c, d ≥ 0}. Then from Lemma 16 we have that am·n−2 does not belong
in L1 · L2 , but we have that for every positive integer r > m · n − 2 that ar ∈ L1 · L2 .
Now, from Lemma 17 we have that every Chrobak normal form NFA recognizing
L1 · L2 needs m · n states and together with Theorem 28 with have the proof of the
theorem.
The statement of Theorem 34 holds also if we replace the tree width measure by
ambiguity or trace.
Corollary 15. For any n1 , n2 ∈ N, there exist unary regular languages Li with
sc(Li ) = ni , i = 1, 2, such that for any k ∈ N and α ∈ {amb, τ }
nscα≤k (L1 · L2 ) = n1 · n2 .

7.3.2

Kleene star

Let L be a unary language such that sc(L) = n. It is known that the deterministic
state complexity of Kleene star of L is at most (n − 1)2 + 1 and there are instances
where we cannot improve this bound [81]. We will show here that we can not do better
than the deterministic case when we have limited tree width (or trace, or ambiguity).
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Chrobak [12] showed that for every unary NFA A with n states, there is a unary
NFA A0 in Chrobak normal form with n states participating in cycles and O(n2 ) states
in its tail. For our purposes, we need a more accurate estimation on the size of the
tail, which is due to Gawrychowski [20].
Lemma 20 ([20]). For each unary NFA A with n states, there is a unary NFA A0
in Chrobak normal form with at most n states participating in cycles and with a tail
with at most n · (n − 1) states.
Now, we can continue with lower and upper bounds of the Kleene star.
Theorem 35. Let k be a positive integer and let L be a unary regular language. Then,
we have that
nsctw≤k (L∗ ) ≤ (nsctw≤k (L))2
Proof. Let us have a minimal NFA N for L with tree width k. For k = 1, we have
that nsctw≤k (L∗ ) ≤ (nsctw≤k (L) − 1)2 + 1 [81]. Next consider the case k ≥ 2. From
Theorem 28 we can assume that the NFA N is in Chrobak normal form. Now, let us
create the NFA N 0 which is the same as the NFA N plus we add transitions from all
the final states in cycles to the second state of its tail. We make the initial state a
final state, if it is not already. The NFA N 0 recognizes the language L∗ .
We transform the NFA N 0 in an equivalent NFA M in Chrobak normal form. By
Lemma 20 the NFA N 0 has at most n + n · (n − 1) states.
Corollary 16. Let k be a positive integer and let L be a unary regular language.
Then, we have that nscτ ≤k (L∗ ) ≤ (nsctw≤k (L))2 and nscamb≤k (L∗ ) ≤ (nsctw≤k (L))2
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Note that if a general unary NFA A has n states, L(A)∗ can be recognized by an
NFA with n + 1 states [31]. In the above proof we relied on Theorem 28 just in order
to save the one additional state.
In the next theorem, we show that the worst case of the state complexity of Kleene
star of NFAs with limited tree width coincides with the deterministic state complexity
of Kleene star. The proof of Theorem 36 is similar to the lower bound proof of the
Kleene star of DFAs [81].
Theorem 36. For every n ∈ N there exists a unary language L with sc(L) = n such
that for every k ∈ N,
nsctw≤k (L∗ ) = (n − 1)2 + 1
Proof. Let us have the language L = an−1 (an )∗ for a positive integer n ≥ 2. The DFA
A = ({0, 1, . . . , n − 1}, {a}, δ, 0, {n − 1}), with δ(i, a) = i + 1 mod n, recognizes L.
The language L∗ is {c1 · (n − 1) + c2 · n | c1 > 0, c2 ≥ 0}. From Lemma 16 we have
(n − 1) · n − n is not in L∗ and every number m > (n − 1) · n − n is in L∗ . From
Lemma 17 we have that any NFA in Chrobak normal form which recognizes L∗ has
at least (n − 1) · n − n + 2 states.
Corollary 17. For every n ∈ N there exists a unary language L with sc(L) = n such
that for every k ∈ N, nscτ ≤k (L∗ ) = nscamb≤k (L∗ ) = (n − 1)2 + 1.
Note that the worst case languages L used in the proof of Theorem 36 have the
property that any finite tree width NFA for L has at least the same size as the
minimal DFA. In fact, when A is a Chrobak normal form NFA, the largest integer
not in L(A)∗ can be approximated by solutions to a Frobenius problem defined in
terms of cycle sizes of A, and by relying on estimates for the size of solutions for
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the Frobenius problem [4] it is easy to see that the worst-case bound of Theorem 36
cannot be matched by any Chrobak normal form NFA with tree width greater than
one.
The worst-case example used for Theorem 36 is a regular language for which the
minimal NFA is a DFA. In fact, it is clear that the worst-case construction cannot be
matched by any NFA of tree width at least two. Consider a regular language L such
that the minimal NFA for L has tree width k. By Theorem 28 we know that L has a
minimal NFA A in Chrobak normal form with k cycles. Let t be the number of states
of A in the tail and let the cycle sizes be c1 , . . . , ck , thus size(A) = t + c1 + . . . + ck . Let
A have m final states and let f1 < f2 < · · · < fm be the lengths of the shortest words
that reach the m final states (m ≥ 2). Now the largest integer not in L∗ is the solution
to a modified Frobenius problem instance defined by integers f1 , . . . , fm , c1 , . . . , ck . By
the modified Frobenius problem we mean the requirement that some value f1 , . . . , fm
must occur in the sum at least once. We know that an upper bound for the Frobenius
number defined by integers a1 < a2 < · · · < aN is
1 p
· ( a1 a2 a3 (a1 + a2 + a3 ) − a1 − a2 − a3 ),
2
and an upper bound for the modified Frobenius problem is obtained from this formula
by adding f1 [4]. Since k ≥ 2 and at least two of the fi are greater than t, the upper
bounded yielded by this formula is less than (n − 1)2 + 1.

7.3.3

Boolean operations

The state complexity of union and intersection of NFAs with limited nondeterminism
has already been studied in Chapter 4. There, we considered finite tree width NFAs
over general alphabets, however, the lower bound constructions were given over a
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unary alphabet and hence the same state complexity results apply directly to unary
regular languages. The upper bounds remain the same as in Theorem 8, in the
following proposition we restate Theorem 8 for unary languages.
Proposition 8. For unary regular languages Li and ki ≥ 1, i = 1, 2,
1. nsctw≤k1 +k2 (L1 ∪ L2 ) ≤ nsctw≤k1 (L1 ) + nsctw≤k2 (L2 ) + 1.
2. nsctw≤k1 ·k2 (L1 ∩ L2 ) ≤ nsctw≤k1 (L1 ) · nsctw≤k2 (L2 ).
The statement of Proposition 8 could be replaced for NFAs with finite ambiguity
or trace instead of NFAs with finite tree width.
We have already seen from Theorem 9 and Theorem 10 that the bounds given in
Proposition 8 are optimal.
Proposition 9. For every ki , ni ∈ N, i = 1, 2, there exists unary regular languages
Li of tree width ki such that nsctw≤ki (Li ) ≥ ni and
nsctw≤k1 +k2 (L1 ∪ L2 ) ≥ nsctw≤k1 (L1 ) + nsctw≤k2 (L2 ) − 1
Furthermore, L1 ∪ L2 has tree width k1 + k2 .
Proposition 10. For every ki , ni ∈ N, i = 1, 2, there exist unary regular languages
Li of tree width ki such that nsctw≤ki (Li ) ≥ ni and
nsctw≤k1 ·k2 (L1 ∩ L2 ) ≥ (nsctw≤k1 (L1 ) − 1) · (nsctw≤k2 (L2 ) − 1) + 1
Furthermore, L1 ∩ L2 has tree width k1 · k2 .
We continue with the state complexity of complement of unary NFAs with limited
nondeterminism.
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Theorem 37. Let k1 be a positive integer and let L be a unary regular language.
Then, for every positive integer k2 ≥ 2 such that nsctw≤k2 (L) < nsctw≤k2 −1 (L), by
denoting nsctw≤k2 (L) = n, we have


Q k−1
Q k−1

n−1
2
2
 j=0
e
−
j)
·
(d n−1
j=1 (d k2 e + j) if k2 is odd,
k2
c
nsctw≤k1 (L ) ≤

Q k2
Q k2

n−1
 j=1
e
−
j)
·
if k2 is even.
(d n−1
j=1 (d k2 e + j)
k2
Proof. Let us have a state minimal NFA A with tree width k2 which recognizes L.
From Theorem 28, we can assume that A is in Chrobak normal form, with at most
k2 cycles. We know that the NFA A has exactly k2 cycles since nsctw≤k2 (L) <
nsctw≤k2 −1 (L). We determinize A, the tail will remain the same and now we have
a loop which is of the size at most of the product of sizes of the cycles of A. We
know that in the worst case the size of the tail is 1 and the sum of the cycles of
A is size(A) − 1. By analyzing the function f (x1 , . . . , xk2 ) = x1 · . . . · xk2 where
P2
2 ≤ xi ≤ size(A) − 1, 1 ≤ i ≤ k2 , and ki=1
xi = size(A) − 1, we have that the
maximum value for f is in the point where xi =

size(A)−1
k2

for all 1 ≤ i ≤ k2 .

Note here that the k2 cycles can not divide each other otherwise we could just omit
some of them, which implies that there are no two cycles with the same size. The sizes
of the cycles are positive integers and then we are searching for k2 distinct positive inP2
tegers that maximize the above function f (x1 , . . . , xk2 ) where ki=1
xi = nsctw≤k2 (L)−
1. The solution is given by the k2 distinct positive integers that are closer to the numQ k−1
Q k−1
nsc
(L)−1
nsc
(L)−1
nsc
(L)−1
2
2
(d tw≤kk22
(d tw≤kk22
ber tw≤kk22
. These numbers are j=0
e − j) · j=1
e+
k−1
k−1
Q 2 nsctw≤k2 (L)−1
Q 2 nsctw≤k2 (L)−1
j) when k2 is odd and j=1
(d
e − j) · j=1
(d
e + j) when k2 is
k2
k2
even.
Corollary 18. Let k1 be a positive integer, let L be a unary regular language, and
α ∈ {amb, τ }. Then, for every positive integer k2 ≥ 2 such that nscα≤k2 (L) <
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nscα≤k2 −1 (L), by denoting nscα≤k2 (L) = n, we have


Q k−1
Q k−1

n−1
2
2
 j=0
e
−
j)
·
(d n−1
j=1 (d k2 e + j)
k2
c
nscα≤k1 (L ) ≤

Q k2
Q k2

n−1
 j=1
e
−
j)
·
(d n−1
j=1 (d k2 e + j)
k2
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if k2 is odd,
if k2 is even.

The proof of Theorem 37 uses the fact that minimal unary NFAs with finite tree
width can be found in Chrobak normal form. The same applies for unary NFAs
with finite ambiguity or trace and, hence, the statement of Theorem 37 also holds by
replacing the tree width with ambiguity or trace.
In the following result we try to approach the upper bound given in Theorem 37.
Theorem 38. For every positive integer k there exists a constant n0 such that for
infinitely many values n ≥ n0 the following holds.
There exists a unary NFA A with tw(A) = k and size(A) = n such that any NFA
k−1 k
recognizing L(A)c has size at least ( n−k log
) .
k

Proof. We use a construction inspired by Theorem 7 of [31], with the difference that
now the tree width of the given NFA has to be fixed. Let p1 , . . . , pk be the first k
prime numbers. We choose m1 , . . . , mk such that for any i 6= j, 1 ≤ i, j ≤ k,
m

j
i
|pm
i − pj | ≤ k log k.

(7.1)

This is possible because the kth prime has size roughly k log k [3]. Now as in Theorem 7 of [31] choose
mk

m1

L = ((ap1 )∗ )c + . . . + ((apk )∗ )c .
Now L has an NFA B with n = 1+

Pk

i=1

i
pm
i states. Since the pi ’s are distinct primes,

Qk

Lc = (a
By (7.1), we have a

Qk

i=1

mi

pi

k−1 k
≥ ( n−k log
) .
k

i=1

mi

pi

)∗ .
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Corollary 19. For every positive integer k there exists a constant n0 such that for
infinitely many values n ≥ n0 the following holds.
There exists a unary NFA A with amb(A) = k (τ (A) = k) and size(A) = n such
k−1 k
) .
that any NFA recognizing L(A)c has size at least ( n−k log
k

There is a gap between the upper bound that we get from Theorem 37 and Theorem 38. On the upper bound of Theorem 37 we used the fact that all the cycles
of the minimum Chrobak normal form NFA are distinct numbers, however we know
that a stronger statement is true. We know that the sizes of the cycles do not divide
each other. We can even assume that the size of the cycles are co-primes since this
is the case when the least common multiple is maximized. Similarly, if we want to
improve the lower bound of Theorem 38 we need to find a set of co-primes that are
as close to each other as possible.

7.4

The Growth Rate of the Branching Measure
for Unary NFAs

In Section 5.4 we have studied the growth rate of the trace function for NFAs ove
general alphabets and determining the possible growth rate for the branching function
was left as an open problem. Here we consider the unary case of the growth rate of the
branching function. We show that the β-function of a unary NFA is either bounded
by a constant or grows exponentially.
Before we show our result on the growth rate of the β-function, we will give a
lemma which we are going to use in the proof of the main theorem of this section.
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It shows that every computation going through a deterministic cycle S can be transformed into an equivalent computation that repeats cycles outside of S at most a
fixed number of times.
For clarity before we state the first lemma we explain what exactly we mean with
a cycle. A cycle S of a unary NFA A = (Q, Σ, δ, q0 , F ) is a set of distinct states
p0 , . . . , pk−1 , for a number 1 ≤ k ≤ size(A) − 1, such that for all 0 ≤ i ≤ k − 2, we
have pi+1 ∈ δ(pi ) and p0 ∈ δ(pk−1 ). Then, the cycle S is of size k. We say that a
computation C of the NFA A passes from the cycle S when it reaches at a state pj ,
0 ≤ j ≤ k − 1, and following the transitions (pi , pi+1

mod k )

reaches again to the state

pj . The nember of loops of the cycle S is the number of appearances of pj minus 1
from the sequence described above.
Lemma 21. Let A be a unary NFA and consider a computation C of A that contains
a deterministic cycle S of length k. Then the computation C has an equivalent computation C 0 containing the deterministic cycle S, such that every state of A appearing
in C 0 and not in S appears at most k times.
Proof. Let A = (Q, Σ, q0 , F ) be a unary NFA and a computation C containing a
deterministic cycle S of length k.
Consider a state q appearing in C but not in the cycle S. Let us assume that the
state q appears at least k + 1 times in the computation C, notice here that since the
cycle S is deterministic if the computation C enters the cycle S then it stays inside
the cycle S.
Let di be the length of the computation until i-th occurrence of the state q in
the computation C, for i = 1, . . . , k + 1. Two of the di numbers must be in same
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congruence class modulo k. Then, the steps of the computation C between these two
occurrences of q can be shifted into the cycle S.
Continuing similar for all the states of A appearing in the computation C but not
in the cycle S, we end up with a computation C 0 , equivalent with the computation
C, such that every state before the cycle S appears at most k times.
For the proof of Theorem 39 Lemma 21 is sufficient. However, we can extend
Lemma 21 to be apply for computations that are passing through cycles that have
nondeterministic steps.
Proposition 11. Let A be a unary NFA and consider a computation C of A that
contains a cycle S of length k. Then the computation C has an equivalent computation
C 0 containing the cycle S, such that every state of A appearing in C 0 and not in S
appears at most k + 1 times.
Proof. Let A = (Q, Σ, δ, q0 , F ) be an NFA and C a computation containing a cycle
S of length k. Consider a state q appearing in C but not in the part of C that
loops the cycle S. Let us assume that the state q appears at least k + 2 times in the
computation C (but not in the part of C that loops the cycle S).
Let pi be the positions of the computation C which the i-th occurrence of the
state q appears, for i = 1, . . . , k + 2. Now let us consider the computation C1 which
we get by the computation C by omitting the states between the positions pj and
pj+1 such that the cycle S appears in the computation C between the positions pj
and pj+1 , for 1 ≤ j ≤ k + 1. We replace all the states between the two appearances
of q, at the positions pj and pj+1 , with the state q. We treat differently the special
cases where the cycle S appears before the position p1 or after the position pk+2 . In
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these two case the computation C1 is the same as the computation C. Note that
if the underlying word of the computation C is w then the underlying word of the
computation C1 is w1 which is w or it derives from w from deleting a substring which
reach state q by state q and passes from the cycle S.
Let di be the length of the computation until the i-th occurrence of the state q in
the computation C1 , for 1 ≤ i ≤ k + 1. Two of the di numbers must be in the same
congruence class modulo k, let pj1 and pj2 be these two positions. Then, the steps of
the computation C1 between the positions pj1 and pj2 can be shifted into the cycle
S at the computation C. We can do this since we know that the number of steps
between the positions pj1 and pj2 is multiple of k, let the number of these steps be
k · m for a positive integer m. Now, we can replace the states appearing between the
pj1 occurrence of q and the pj2 occurrence of q, with just the state q, let C2 be the
resulting computation. Now at the computation C2 we replace an occurrence of q at
random with the sequence of states that we omitted when we transform computation
C to the computation C1 , let C3 be the resulting computation. Finally, we add m
more loops of the cycle S. The resulting computation has the same length with C,
they both start and finish at the same states, and the resulting computation has less
appearances of the state q.
Continuing similar for all the states of A appearing in the computation C but not
in the cycle S, we end up with a computation C 0 , equivalent with the computation
C, such that every state not in the cycle S appears at most k + 1 times.
Recall that, by Lemma 20, any unary NFA with n states can be transformed into
a Chrobak normal form NFA with at most n states participating in cycles and with
a tail with at most n · (n − 1) states. Now, we are ready to give the main result of
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this section.
Theorem 39. Let A be a unary NFA with n states. Then either for every natural
number m, βA (m) ≤ nn·(n−1) , or for every natural number m > n · (n − 1),
b √ m˙

βA (m) ≥ 2

e

nlogn

c

Proof. Let A = (Q, {a}, δ, q0 , F ) be a unary NFA with n states. Let the sets SN and
SD be
SD

= {ai ∈ a∗ | ai is accepted by a computation that enters in a deterministic
cycle }

SN

= {ai ∈ a∗ | ai is accepted by a computation that does not enter in a
deterministic cycle }

We have that L(A) = SD ∪ SN , note here that the sets SD and SN do not need to be
disjoint. That is when there is an input i such that there is a computation C1 which
enter a deterministic cycle and there is also a computation C2 which does not enters
a deterministic cycle, both computations C1 and C2 accept the same input.
Let us have now the NFA D = (Q, {a}, δ, q0 , F 0 ) which is exactly like the NFA
A except the final states. The final states of D are the final states of A which
are in a deterministic cycle. Since, if a computation enters a deterministic cycle
cannot exit this cycle, we have that L(D) = SD . Similarly, we define the NFA
N = (Q, {a}, δ, q0 , F/F 0 ) which we get by the NFA A by changing the final states
appearing in deterministic cycles to non-final states. The NFA N recognizes the
language SN .
Since the unary languages SN and SD are regular, they both have a period and a
preperiod. From Lemma 20 there are unary NFAs N 0 and D0 in Chrobak normal form,
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respectively equivalent to the NFAs N and D, with tails of size at most n · (n − 1).
Then, the number n · (n − 1) is a preperiod for both of the sets SD and SN .
Now we are interested in the relationship between SD and SN after their preperiod
n · (n − 1). To simplify things, we denote S (k) = {x ∈ S | x > k}. Then, we are
(n·(n−1))

interested in the sets SN

(n·(n−1))

first case we have SN
(n·(n−1))

SD

(n·(n−1))

and SD
(n·(n−1))

⊆ SD

. Here we can have two cases, in the
(n·(n−1))

, and in the second case we have SN

\

6= ∅.
(n·(n−1))

In the former case, where SN

(n·(n−1))

⊆ SD

, we have that for every number k

in L(A) greater than n·(n−1) there is a computation Ck which enters a deterministic
cycle and accepts k. In this case we argue that for every m ∈ N, we have βA (m) ≤
nn·(n−1) . For every computation C with length at most n · (n − 1) the maximum
branching that C can have is nn·(n−1) . For any other accepting computation C with
length greater than n · (n − 1) there is an equivalent computation C 0 which enters in
a deterministic cycle. From Lemma 21, we can safely assume that the computation
C 0 enters a deterministic cycle and the number of states before this cycle is at most
(n)2
,
4

which implies that the branching of C 0 is at most nn·(n−1) .
(n·(n−1))

The latter case is a bit more complicated. In this case we have that SN
(n·(n−1))

SD

\

6= ∅ which means that there is an accepting computation C which does not

enter a deterministic cycle and there is not an equivalent computation with C such
that enters a deterministic cycle. In the rest of this proof we will argue that since the
computation C exists, there are infinitely many such computations and additionally
√

the distance between two consecutive computations is at most e

n·log n

.

From Lemma 20 both of the NFAs N 0 and D0 , which are in Chrobak normal form,
have disjoint cycles with the sum of sizes at most n. Consider the least common
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multiple of the sizes of the cycles of the NFAs N 0 and D0 combined, denote this least
common multiple by z. Then the number z is a period for both of the languages SD
and SN (which implies also the same for the language L(A)). To justify this, consider
that there is an accepting computation C1 which has finished in a final state q inside
of one of these cycles, call it S1 , in one of these NFAs (same argument applies to all
the cycles of N 0 and D0 ). From the definition of the number z the size of the cycle S1
divides z, then by continuing the computation C1 after it has reached state q for z
more steps, we end up again at the state q. This is true for all final states that are in
any cycle of these NFAs. Vice versa, if there is an accepting computation C2 greater
in length than n · (n − 1) + z, then it finishes at a final state p which appears in one of
these cycles, call it S2 . Considering the computation C20 which follows computation
C2 and stops exactly z steps before. The computation C2 is greater that n · (n − 1)
which implies that the computation C20 finishes also in the same cycle S2 . Since the
size of S2 divides z the computation C20 finishes at the state p as the computation C2 .
√

From the Landau’s function we know that z is at most e

n·log n

.

Since the number z is a period for the sets SN and SD and there is a number i in
(n·(n−1))

SN

(n·(n−1))

\SD

6= ∅, we have that for every integer m, such that i+m·z > n·(n−1),

the number i + m · z is in SN but not in SD . Since we know that z ≤ e
√

that for every e

n·log n

√

n·log n

we get

consecutive values (or even more frequently) we have an integer

in SN \ SD . The computation on such an integer has at least one nondeterministic
step (i.e. the transition function has a choice of at least 2) for every n steps of the
computation. We know that the β function is monotone, but we do not know if there
are numbers in SD between two consecutive numbers in SN \ SD . Hence, we have
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that for every number m > n · (n − 1) the function βA (m) is at least as the function

√


2 mn
if m ≡ 0 mod de n·log n e,
f (m) =


f (m − 1) otherwise .
b

It is easy to see that for every value m the function f (m) is at least 2

√ m
c
e n·log n

,

which implies that the branching βA (m) for every number m ≥ n · (n − 1) is at least
b

2

e

√ m
c
n·log n

.

From the proof of Theorem 39 we also have the following result.
Proposition 12. Let A be a unary NFA with n states. Then either for every natural
number m, βA (m) ≤ nn·(n−1) , or there are infinitely many numbers m such that
m

βA (m) ≤ 2 n

In Theorem 39 the values, given as a function of the number of states, are not
intended to be the best possible. With a more careful analysis, especially the constant
upper bound for βA (m) in the first case, nn·(n−1) , could be significantly improved. It
is somewhat less clear whether, in the second case, the factor e
can be improved.

√

n·log n

in the exponent

Chapter 8
Conclusion
In this thesis we have investigated the state complexity of NFAs with limited nondeterminism. There are many different directions of approaching limiting nondeterminism.
In this thesis we have focused on finite tree width NFAs, we have defined and studied a worst case branching measure, we have compared finite tree width NFAs with
MDFAs, as well as finite branching NFAs with MDFAs, and finally we have studied
unary NFAs with limited nondeterminism.
In Chapter 4, we presented the tree width measure. Even though tree width
is a basic and natural way of limiting nondeterminism, it has not been sufficiently
studied. We give matching upper and lower bounds on the finite tree width NFA
to DFA transformation. When the tree width of an NFA is finite, we give an upper
bound on the degree of tree width which depends on the size of the NFA. If f (n) is
the maximum finite tree width of NFAs of size n, we show for each integer j between
one and f (n) there exists an n state NFA with optimal tree width j. We define how
to decompose an NFA to DFA components and it turned out that an NFA has such
a DFA decomposition if and only if it has finite tree width. We also give a technique
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for proving lower bounds of the size of finite tree width NFAs for given languages.
In the same section, we also studied the state complexity a few language operations
for NFAs with finite tree width. We gave almost matching lower and upper bounds for
the state complexity of union and intersection. We also gave an upper bound for the
state complexity of concatenation of ftw-NFAs. These results have barely scratched
the surface of operational state complexity of ftw-NFAs and most questions in this
area remain to be answered.
In Chapter 5 we defined the trace measure, which is a worst case variant of the
branching measure. We studied the connection of finite trace NFAs and finite tree
width NFAs. We showed that an NFA has finite trace if and only if it has finite
tree width. However, the trace measure is always larger than the tree width, and
sometimes can be exponentially larger. The relation of the tree width and trace
measures, indirectly, also gives a relation between branching and tree width. Similar
questions that we have addressed in Chapter 4 for finite tree width NFAs are addressed
in Chapter 5 for finite trace NFAs. For example we give upper and lower bounds for
the transformation of finite trace NFAs to DFAs. Moreover, we give an upper bound
on the degree of trace for finite trace NFAs, this value depends only on the size of
the given NFA. We show that the growth rate of trace for all NFAs is bounded by
a constant or it grows exponentially. That is the relation of the trace of a given
NFA as a function of the length of any input. We conjecture that the same holds
for the growth rate of branching but do not have a complete proof for this claim. In
Chapter 7 we prove the above claim for the special case of unary NFAs.
A reasonable restriction of the degree of nondeterminism of an NFA is allowing
it to have only a unique nondeterministic step for every computation. In Chapter 6
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we studied a specific instance of this restriction, where the single nondeterministic
step is required to occur at the beginning of the computation, i.e., we considered
multiple entry DFAs. We compared the state complexity of finite branching NFAs
with MDFAs as well as we compared finite tree width NFAs with MDFAs. For an
NFA with branching k (respectively, tree width t) our lower bound for the worst
case size of an equivalent MDFA is within a fraction of 1 + log k (respectively, t) of
the known upper bound. The results for branching and tree width, respectively, are
comparable since the upper bound for the conversion is linear in the case of finite
branching and exponential in the case of finite tree width. For a possible improved
lower bound for the size of the MDFAs we would need to use languages other than
the ones used in Theorem 23 because, as observed after the lemma, the lower bound
actually gives the size of the minimal MDFA for these languages.
We used an ad-hoc proof to establish the lower bound for the size of MDFAs. A
topic for further research could be to find general lower bound techniques for the size
of MDFAs, in the spirit of the fooling set methods used for general NFAs [33, 74].
In order to prove lower bounds for the size of MDFAs equivalent to given finite tree
width (or finite branching) NFAs, we would need a more specialized technique. The
minimization of MDFAs is intractable [7, 53] and we cannot expect to have a technique
that always yields an optimal lower bound.
In Chapter 7 we have considered the state complexity of unary NFAs with limited nondeterminism. We started Chapter 7 by studying NFAs recognizing cyclic
languages and their connection to Chrobak normal form NFAs. We first show that
a minimal state NFA recognizing a cyclic language is a union of disjoint cycles plus
the initial state or it consist of just one cycle. We also showed that the length of the
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tail of a minimal state Chrobak normal form NFA depends only on the preperiod of
the language that the NFA recognizes. We proved that a minimal state ftw-NFA recognizing a unary language can be always found in Chrobak normal form. The same
applies for other measures of nondeterminism as well, such as the measures of trace,
advice, and ambiguity (for the ambiguity measure, it had been done already by Jiang
et. al. [45]). A minimal state finite branching unary NFA cannot be always found in
Chrobak normal form, it remains open whether there is a similar simple structure for
minimal finite branching unary NFAs.
Later, we studied the state complexity of Boolean language operations for unary
NFAs with limited nondeterminism. The operational state complexity bounds rely
essentially on the above mentioned results which guarantee that a minimal NFA with
limited nondeterminism can always be found in Chrobak normal form. Fairly close
upper and lower bounds have been given for the state complexity of these language
operations. The upper and lower bounds are roughly within the order of a logarithmic factor and further improvement on these bounds seems difficult as hard number
theoretical problems would need to be solved.
The main open question for the state complexity of unary language operations
for NFAs with limited nondeterminism is to determine reasonable upper and lower
bounds when the unary languages are defined using NFAs with finite branching. This
question is essentially different because there is no simple structure for minimal finite
branching unary NFAs.
As we have discussed in Chapter 5, an interesting question is whether or not
the growth rate of the branching measure is always bounded by a constant or grows
exponentially. In Chapter 7 we solved this problem for unary NFAs. We showed
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that the branching function of unary NFAs is either bounded by a constant or grows
exponentially. The techniques used for proving the above result seem not directly
applicable for solving the problem for general NFAs.
As outlined above, in the thesis we have developed various relationships between
different measures of nondeterminism for finite automata. Earlier work in this direction includes the papers from Hromkovič et al. [41] and Goldstine et al. [27].
Hromkovič et al. [41] have given upper and lower bounds for the tree width of an
NFA A in terms of the ambiguity of A and the number of advice bits required by A.
Goldstine et al. [27] have studied the relationships between the ambiguity of an NFA
A and the amount of guessing used by A.
In the context of state complexity, similar questions could (and should) be asked
for regular languages, as opposed to individual NFAs. In Chapter 6 we have addressed
this type of questions between MDFAs and NFAs with finite branching or finite tree
width. Except in the restricted case of MDFAs very little is known in this direction.
For example, it would be interesting to know, for a given regular language L, how
the optimal sizes of an NFA recognizing L, respectively, with advice measure k and
with tree width k 0 relate to each other. Similar questions can be asked also for other
combinations of the complexity measures. Note that from Proposition 2 we know that
there exist regular languages for which an unambiguous NFA can be exponentially
smaller than any ftw-NFA. On the other hand, the state complexity of converting an
ftw-NFA to an unambiguous NFA remains, to the best of our knowledge, open.
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Appendix A
A Different Proof of Proposition 3
The following auxiliary lemmas will be used to give a direct proof of Proposition 3
without using results from Chapter 7. This proof was the first proof given for Proposition 3. Before we start, we fix some notations.
We say that a set of integers {m1 , . . . , mk }, mi ≥ 2, 1 ≤ i ≤ k, is relatively
prime if, for all i 6= j, mi and mj do not have any common factor greater than one.
A set of integers P is said to be an independent set of prime pairs if we can write
P = {p1 · p2 | pi ∈ Pi , i = 1, 2}, for two sets of prime numbers P1 and P2 where
P1 ∩ P2 = ∅. Note that the elements of an independent set of prime pairs P are not
relatively prime, however, none of the elements of P is a multiple of another.
Lemma 22. Let P = {m1 , . . . , mr } be a set of independent prime-pairs. Then for
any 1 ≤ i1 < i2 < · · · < is ≤ r, s ≥ 2,
mi1 + mi2 + . . . + mis < lcm(mi1 , mi2 , . . . , mis ).
Proof. Suppose that each element of P is the product of two primes chosen from
disjoint sets Pi , i = 1, 2.
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Consider an arbitrary sequence of distinct elements of P , mi1 , mi2 , . . . , mis , s ≥ 2.
Denote by Rj ⊆ Pj , j = 1, 2, the set of primes that occur as a factor of some of the
elements of mi1 , mi2 , . . . , mis . Since s ≥ 2, we have #R1 > 1 or #R2 > 1. Due to
symmetry, assume #R2 > 1. Now we can write
X
mi1 + . . . + mis =
p · Sp ,
p∈R1

where Sp , for p ∈ R1 , is the sum of all elements t ∈ R2 such that p · t is in
Q
{mi1 , . . . , mis }. Since R2 consists of at least two primes, Sp < t∈R2 t. Thus,
X
Y
Y
Y
p) · (
t) ≤ (
p) · (
t) = lcm(mi1 , mi2 , . . . , mis ),
mi1 + . . . + mis < (
p∈R1

t∈R2

p∈R1

t∈R2

where the second inequality follows from the fact that R1 consists of distinct primes
(if R1 has only one element, we have equality), and the last equality follows from the
fact that R1 and R2 are disjoint sets of primes.
Lemma 23. Let k ≥ 2 and assume that the set {m1 , . . . , mk }, mi ≥ 2, 1 ≤ i ≤ k,
is either a set of independent prime pairs, or a relatively prime set that is not {2, 3}.
Then the minimal ftw-NFA for L{m1 ,...,mk } is unique (up to renaming of states) and
it is in (m1 , . . . , mk )-simple form.
Proof. We consider first the case where {m1 , . . . , mk } is an independent set of prime
pairs.
Clearly L{m1 ,...,mk } is recognized by an NFA A(m1 ,...,mk ) in (m1 , . . . , mk )-simple
normal form with an initial state q0 and disjoint cycles Ci , 1 ≤ i ≤ k, where Ci
consists of states qi,0 , . . . , qi,mi −1 , and qi,mi −1 is a final state. The a-transition of
A associates to the initial state q0 the set {q1,0 , . . . , qk,0 } and all other transitions of
A(m1 ,...,mk ) are deterministic.
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Now consider an arbitrary ftw-NFA B = (P, {a}, δ, p0 , F ) that recognizes L{m1 ,...,mk } .

Claim 1. For every 1 ≤ i ≤ k, B has a cycle C such that mi divides the length of C.
Proof. Assume that B does not have a cycle whose length is a multiple of m1 .
(Without loss of generality we can set i = 1.) Choose a prime number d0 greater
than the number of states of B. Consider an accepting computation of B on ad0 m1 .
This computation goes through a cycle C1 having length c1 .
This means that B accepts all words of the form az·c1 +d0 ·m1 , z ≥ 1. Since d0 · m1
does not divide c1 there are relatively prime numbers b1 ≥ 1 and b2 > 1 such that
c1 = b1 · gcd(c1 , d0 · m1 ) and d0 · m1 = b2 · gcd(c1 , d0 · m1 ).
Furthermore, we note that since d0 is a prime larger than the number of states of B,
we have
gcd(c1 , d0 · m1 ) = gcd(c1 , m1 ).
In particular, B accepts all words of the form agcd(c1 , m1 )·(b1 ·z+b2 ) , z ≥ 1. By Dirichlet’s
prime number theorem [75] there exist infinitely many prime numbers of the form
b1 · z + b2 , z ≥ 1. We choose z0 such that b1 · z0 + b2 is prime and it is greater than
any of the numbers m1 , . . . , mk .
Since agcd(c1 , m1 )·(b1 ·z0 +b2 ) is in L{m1 ,...,mk } , there exists mj , 1 ≤ j ≤ k such that mj
divides gcd(c1 , m1 ) · (b1 · z0 + b2 ). Since (b1 · z0 + b2 ) is a prime greater than mj , it
follows that mj divides gcd(c1 , m1 ).
Now we cannot have j = 1, because this would mean that, contrary to our original
assumption, m1 divides c1 . On the other hand, when j 6= 1, mj cannot divide m1
because m1 and mj are each the product of two primes and they share at most one
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Suppose now that B has a cycle C and for some 1 ≤ i1 < i2 < · · · < ir ≤ k,
r ≥ 2, the numbers mij , j = 1, . . . , r, divide the length of C. Since {m1 , . . . , mk } is
an independent set of prime pairs, Lemma 22 implies that the length of C must be
strictly greater than mi1 + . . . + mir . This implies that B cannot be state minimal
P
because the ftw-NFA A(m1 ,...,mk ) constructed above has exactly 1 + ki=1 mi states.
Here we are using also the fact that, by the second property of Lemma 5, the initial
state of B cannot be part of a cycle except in the case where B has only one cycle.
Note that if k = 1, B would consist of only one cycle.
Furthermore, by Lemma 5 no two cycles of B can share a state. Thus, we have
shown that (assuming B is minimal) B has to consist of an initial state qB,0 that
is not part of any cycle and k disjoint cycles C1 , . . . , Ck , where Ci has length mi ,
1 ≤ i ≤ k.
Now from the definition of the language L{m1 ,...,mk } it follows that the initial state
much be connected by exactly one transition to each of the cycles. Note that if, for
some i, qB,0 would have more than one transition to a cycle Ci of length mi , where
Ci has at least one final state, B would accept illegal strings.
The definition of the language L{m1 ,...,mk } now uniquely determines the choice of
final states. The initial state qB,0 is final and each cycle Ci must have exactly one
final state, which is the state “preceding” the target state of the transition from qB,0
to Ci .
We have established that a minimal ftw-NFA for L{m1 ,...,mk } is uniquely determined
and is, up to a renaming of the states, the NFA A(m1 ,...,mk ) .
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Above we have dealt with the case where {m1 , . . . , mk } is an independent set of
prime pairs. Exactly the same proof works in the case where the set {m1 , . . . , mk }
consists of relatively prime numbers because the statement of Lemma 22 holds trivially
in this case and, additionally, we have above used only the property that no mi can
divide mj when i 6= j, 1 ≤ i, j ≤ k. Note that we need to exclude the case k = 2,
{m1 , m2 } = {2, 3} because the minimal DFA for the language L{2,3} has the same size
as A(2,3) .
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