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Abstract

In this thesis we examine the methodology of modelling the Milky Way using stellar

streams. Using the orbit-fitting method we show that combining constraints from the

Sagittarius stream with a suite of other photometric and kinematic observations of the

Milky Way suggests a triaxial dark matter halo with axis ratios 3.3±0.7 and 2.7±0.4

where the short axis is pointed near the Sun-Galactic center line and the intermedi-

ate axis is perpendicular to the disk. Additionally, this combination of constraints

reduces the uncertainty in the spherically averaged mass profile by a factor of two.

Through the use of mock data we show that the combination of stellar streams with

suites of other, non-stream, observations is necessary to obtain the best constraints

on Galactic parameters. Suites of constraints that do not include streams lead to de-

generacies in the inferred halo parameters, which the addition of a GD-1-like stream

reduces. Promisingly ,the combination of two streams provides similar improvements

in the inferred halo parameters as a single long stream. In addition to these studies

we explore the orbit-fitting and the streakline methods of modelling stellar streams.

We find that the difference between streams and the orbit of the progenitor causes

the orbit-fitting method to fail to recover the generative model in most test cases.

The streakline method of Varghese et al. (2011) and Küpper et al. (2012) is a great

improvement on the orbit-fitting method, but it also fails to recover quantities like
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the local circular speed for streams generated from particularly massive progenitors.

Based on these results, we develop a modification of the streakline method called the

distribution method. This method accounts for the stripping of stream stars at the

approximate location of the inner and outer Lagrange points with different Galactic

velocities than the progenitor. It provides a marginal improvement on the streakline

method and consistently recovers the circular speed at the location of the observer.

The distribution method holds a great deal of promise for future studies of the Milky

Way involving stellar streams.

ii



Acknowledgments

Thank you to everyone at Queen’s for their support and friendship through the years.
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Chapter 1

Introduction

The Milky Way (hereafter MW) is the most studied galaxy in the Universe. It is our

home and the foundation of our understanding of the Universe. The MW is a spiral

galaxy containing a central bulge, a thin and thick disk, a stellar halo, and a dark

matter (DM) halo. The surface brightness of the bulge shows it to be ’boxy’ (Binney

& Merrifield, 1998). The disk (both thick and thin) is barred with multiple spiral

arms. The arms are not tightly wound so the Galaxy has a Hubble classification of

SBc (Gerhard, 2002). The MW also has a population of orbiting globular clusters

and satellite galaxies, including the Large and Small Magellanic Clouds, and the

Sagittarius (Sgr) dwarf (discovered by Ibata et al. (1997)).

However, there are many questions about the MW that are yet unanswered. For

instance, we have detected a number of satellite galaxies, but there may be a popula-

tion of undetected satellites. It is not clear what is the total number of MW satellites

or how they are distributed about the Galaxy. Similarly, we know that there is a DM

halo but we do not know its shape or density profile. Nor do we know the precise

value of the local DM density or the total mass of the DM halo.
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CHAPTER 1. INTRODUCTION 2

These questions, and others like them, are important, not just for understanding

the MW, but for understanding the Universe as a whole. For instance, hierarchical

clustering states that DM halos form by the accretion and merging of smaller sub-halos

over time. Simulations of galaxy formation in this scenario predict that DM halos are

not spherical (Franx et al., 1991; Warren et al., 1992; Jing & Suto, 2002; Allgood et al.,

2006). A better description is that the halo densities are triaxial (having three axes of

symmetry). This is an approximation, and baryons are expected to make the shapes

more spherical (Dubinski, 1994; Kazantzidis et al., 2004; Debattista et al., 2008), but

DM halos should retain have some degree of triaxiality. However, determining the

shape of DM halos from direct observations is very difficult. The measurement of the

MW’s DM halo shape will help to confirm or confront this prediction of structure

formation.

Another prediction of hierarchical clustering is the presence of both luminous and

DM substructure within the larger halo (Franx et al., 1991; Warren et al., 1992; Jing &

Suto, 2002; Allgood et al., 2006). There are many examples of luminous substructure

within the MW. For instance, the Galaxy has a population of satellite dwarf galaxies

and contains multiple stellar streams.

Stellar streams are interesting one-dimensional objects formed by the tidal dis-

ruption of an accreting satellite galaxy or globular cluster. Since these objects are

extended, the portions closer to the Galactic Center experience large gravitational

forces than those at the further edge. In the progenitor’s frame of reference, stars are

accelerated away from its center until they are no longer bound to it. These stripped

stars leave the progenitor through the inner and outer Lagrange points and form

a leading and trailing stream that can be used to probe the Galactic potential. A
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Figure 1.1: A quick sketch of tidal stripping. As an extended progenitor orbits the
host galaxy, the gravitational acceleration on one side of the object is larger than
on the other side. This difference generates a tidal force that strips stars from the
inner and outer Lagrange points. These stars evolve on orbits that are similar to the
progenitor, creating one-dimensional streams.

sketch of this process is shown in Figure 1.1. The precise morphology of the resulting

streams depends on the host galaxy structure, the progenitor’s structure, and the

orbit of the progenitor within the host potential.

Lagrange points are places where, in a rotating coordinate frame, the derivative of

the effective potential from the host and progenitor equals zero. These are equilibrium

positions so particles located at a Lagrange point with zero velocity will stay at that

Lagrange point. By definition the effective potential is Φeff (x) = Φ(x) − 1
2
|Ω × x|2,

where Ω is the rotation of the coordinate system. Approximating the host-satellite
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system as two point particles in a circular orbit gives a rotation of

Ω =

√
G(Mhost +msat)

R3
, (1.1)

where R is their separation. In this case the effective potential is

Φeff (x) = −G
[

Mhost

|x− xsat|
+

msat

|x− xsat|
+
Mhost +msat

2R3
(x2 + y2)

]
, (1.2)

where xsat is the distance of the satellite to the center of mass. Due to the ratio

of msat/Mhost, xsat ≈ R. The first Lagrange point is located between the host and

satellite at xsat − rj. It is also called the inner Lagrange point and the radius rj is

called the Hill radius or Jacobi radius or Roche radius. The outer Lagrange point

is approximately located at xsat + rj. In the point particle approximation the Hill

radius is

rj =

(
msat

3Mhost

)1/3

R . (1.3)

It is worth noting that this calculation only holds for two point particles and that

the Lagrange points are only stationary for a circular orbit. However it remains a

good approximation for extended objects and can be used to estimate the location

where stream stars are stripped from the progenitor. Since stream stars are stripped

at the inner and outer Lagrange points their orbits have slightly different energies

than that of the progenitor. Over time these orbits place the stream stars along a

roughly one-dimensional track.

An example of stream formation is shown in Figure 1.2. This figure shows the

results for five different simulations of stream formation in a spherical isochrone po-

tential. The full details of the simulations are given in Section 5.3. In each simulation

the one dimensional nature of stellar streams is apparent. As the progenitor mass

increases the extent and dispersion of the stream increases. Additionally each stream
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Figure 1.2: A snapshot of five different streams formed by the tidal stripping. Each
plot is labeled by the mass of the progenitor. The large black point is the Galactic
center and the red point is the location of an observer. The stream particles are
colored according to their Galactic energy (that is Galactic potential plus kinetic
energy) going from red at the lowest energies to blue at the highest energies. The
details of the simulations are provided in Section 5.3

shows an energy profile with the lowest energy particles located at the tip of the

leading stream to the highest energy particles at the tip of the trailing stream.

The Sgr stream was the first stellar stream observed in the MW (Ibata et al.,

1997) and remains the most prominent known stream. Currently there are about a

dozen different observed streams (see Sanders & Binney (2013) for a review), and,

with the advent of new observing facilities like the Gaia space telescope (Perryman

et al., 2001), many more are sure to be found. They have been used to probe the DM

halo of the MW since their discovery.

The structure of a stellar stream is dominated by the host potential and the orbit
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of the progenitor (which is also determined by the host potential). To be sure, the

internal structure of the progenitor plays a role in determining the morphology and

kinematics of a stream, but it is not as important as the structure of the host, provided

that the satellite mass is significantly smaller than the host mass. A satellite mass a

thousand times smaller than the host mass gives a Hill radius that is one tenth of the

distance between the center of the host and the satellite. However, most satellite’s

in the MW that have observed streams have masses that are well over ten thousand

times smaller than the MW mass interior to their orbit. Since the host dominates

stream formation, one can generate mock streams in a variety of different MW models

and compare them to the observed stream.

There are a variety of different methods for modelling streams, but there is a

general methodology that has been used in studies of the MW using stellar streams

(see for example Law et al. (2009); Law & Majewski (2010); Ibata et al. (2013); Vera-

Ciro & Helmi (2013)). A MW model is chosen and the majority of its parameters are

fixed to some preferred values. Then a model stream is generated using a particular

stream modelling method. The model stream is then compared to the observed stream

(as most studies only fit a single stream) using some likelihood function. The best

MW model is found by performing some type of search of the free parameters.

In this work we examine the methodology of using streams in MW modelling in

great detail. We focus on four main areas; using more physically motivated MW mod-

els, searching the full model parameter space, incorporating a suite of observational

constraints, and stream modelling methods.

Chapter 2 reviews the key concepts and techniques of MW modelling and stream

modelling. It presents a suite of MW observations and observed stellar streams. It
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also briefly reviews various attempts at modelling the MW, both with and without

stellar streams.

Chapter 3 discusses modelling the MW using the Sgr stream. It improves on

studies using the Sgr stream like Law et al. (2009) and Law & Majewski (2010)

by using a more physically motivated model with a triaxial density rather than a

potential, exploring a larger parameter space and searching that space using Bayesian

statistics, and incorporating a large suite of other Galactic observations as constraints

on the model.

Chapter 4 presents a framework for incorporating stellar streams into a larger

suite of observational constraints through the study of mock data. It demonstrates

the effect of exploring the full model parameter space rather than fixing many of the

parameters. Most studies of the MW that consider triaxial halos, including the study

performed in Chapter 3, assume that two of the halo’s symmetry axes lie in the plane

of the disk. Chapter 4 also shows that this assumption of a disk-halo alignment may

lead to the inference of unphysical models. Finally, it explores the advantages of using

longer streams or multiple streams when modelling the MW.

Chapter 5 explores position-velocity space stream modelling algorithms. This

work tests the biases that arise from fitting both a single stream and multiple streams

using the orbit-fitting method. We then test the streakline method on streams gen-

erated from progenitors of varying mass. Finally we develop a phenomenologically

motivated modification of the streakline method. Chapter 6 presents a discussion of

the findings of this thesis and future work.
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Chapter 2

Literature Review

In this chapter we provide a review of studies that have modeled the MW with

and without stellar streams. There are three general elements to these studies; the

Galactic model (i.e. the general method of describing the bulge, disk, and halo), the

set of observations used, and the method of comparing models to observations. We

begin by reviewing each of these elements before proceeding to review studies that

attempt to model the MW.

Section 2.1 discusses how a MWmodel may be compared to data. We present both

maximum likelihood and Bayesian methods as well as Markov Chain Monte Carlo

(MCMC) sampling. Section 2.2 presents a suite of observations that may be used to

model the MW. It includes many commonly used data sets but it is not exhaustive.

In addition, this section provides a brief review of observed stellar streams. Section

2.3 discusses different models for the Galactic bulge, disk, and halo while Section 2.4

explores different stream modelling techniques. Finally Sections 2.5 and 2.6 review

studies that have modeled the MW without and with stellar streams respectively.

10
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2.1 Comparing Models to Data

A Galactic model is a mathematical representation of the MW. It may consist of

a combination of functions governed by a set of parameters or a non-parametric

representation (see Ibata et al. (2013) for an example of a numerically defined halo).

The general model should be distinguished from a particular parameterization of that

model. This leads to two different questions when modelling the MW; what is the

best parameterization of some model and what is the best overall model.

Most studies of the MW only attempt to answer the first question as there are

usually many models that can fit the data equally well. As a result most studies

use the phrase ’best-fitting model’ to mean the best-fitting parameterization of a

particular MW model rather than the best overall description of the MW. With some

few exceptions we will adopt this definition of the ’best-fitting model’ for the duration

of this work.

Regardless of whether one is attempting to find the best parameterization of a

model or comparing two different models, it is necessary to have a method of com-

paring model parameterizations to observations in order to find the best-fitting model.

This is most often done using a maximum likelihood method or Bayesian statistics.

A maximum likelihood method attempts to search the free parameters of a model

to find the maximum of the likelihood function, L(D|Θ) whereD is the observed data

and Θ is the parameterization vector (a vector made of the specific parameters in

each dimension) of the model M . Bayesian statistics connects the likelihood function

to the probability of those parameters being true, p(Θ|D, I) where I represents prior

information on the parameters.
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2.1.1 Maximum Likelihood

The likelihood function is the probability of drawing the set of data points from the

a particular model parameterization. In this notation Di is an individual data point

and Θ is the parameterization vector for the model, M .

Each individual data point has an associated error, σi. If the errors are Gaussian,

the likelihood of a particular data point being drawn from the model is

L(Di|Θ) =
1√
2πσ2

i

e
− (Di−Mi)

2

2σ2
i , (2.1)

where Mi is a mock observation generated from the model parameterized by Θ. It

is worth noting that model observation may also have an uncertainty. In such a

case, the uncertainty in Eq. 2.1 should be replaced by the combined error term,

σ2
i = σ2

D,i + σ2
M,i. The total likelihood is

L(D|Θ) = ΠiL(Di|Θ) . (2.2)

Maximum likelihood methods attempt to find the set of parameters that maximize

Eq. 2.2. Finding likelihood peak is not trivial as most Galactic models have a large

number of parameters and there is no simple connection between these parameters and

the likelihood of the data. The simplest method of finding the maximum likelihood

is to search a grid of possible model parameterizations. However, the number of

likelihood calls increases exponentially with the number of dimensions searched. This

means that grid searches of models with a large dimensionality must fix the majority

of the parameters to some preferred values and only search some parameters. Other

methods of searching for the maximum likelihood include simplex methods (see Press

et al. (1992)) and MCMC techniques. Simplex methods work by takingN+1 points in

phase-space (whereN is the model dimensionality) and through a process of geometric
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reflection, expansion, and contraction, shrinks the geometric figure about the (possible

local) maximum. MCMC techniques are described in Sec. 2.1.3.

2.1.2 Bayesian Statistics

Bayesian statistics uses probability theory to connect the likelihood function with

some prior probabilities on the model parameters to the probability that the model

parameters are correct. Using Bayes theorem one can find the posterior distribution

function (PDF) for a model’s parameters and compare the probability of different

models. To explain how Bayesian statistics works we will begin with a few basics of

probability theory.

In probability theory p(A|B) is the probability that A is true given the truth of

B. Similarly, p(A,B|C) is the probability that both A and B are true given C and

p(A|B,C) is the probability that A is true given the truth of both B and C. In this

context, the likelihoods discussed in the previous section are the probability that the

observed data was produced by a model with parameters Θ.

The product rule in probability theory states that

p(A,B|C) = p(A|C)p(B|A,C) = p(B|C)p(A|B,C) . (2.3)

A derivation of the product rule from ’truth’ tables can be found in Gregory (2005).

Rearranging the product rule gives

p(A|B,C) = p(B|C)p(B|A,C)
p(A|C)

, (2.4)

which is the functional form of Bayes theorem.

In terms of the likelihood, Bayes theorem is

p(Θ|D, I) =
p(Θ|I)L(D|Θ, I)

p(D|I)
, (2.5)
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where p(Θ|I) (called the prior or priors) is the prior probability that Θ is correct and

p(D, I) is often called the evidence. Priors represent the current state of knowledge

about a system. If there is no little to know knowledge they may be uniform in

linear or logarithmic space, but, if some other measurements have estimated Θ, that

measurement may be included in the priors. While the likelihood function gives the

probability that the data is produced by a model with parameters Θ, p(Θ, I) is the

probability that the model described by Θ is true given the data and the priors.

Bayesian statistics can be used to estimate the parameters of some model or to

compare the probabilities of different models. When estimating parameters, p(D|I)

acts as a normalization factor so that∫
p(Θ|D, I)dΘ = 1. (2.6)

When different models are being compared, the probability of a particular model

is

p(Mi|D, I) =

∫
p(Θ|D, I)dΘ , (2.7)

and
n∑

i=1

p(Mi|D, I) = 1 . (2.8)

The probability of a particular parameter Θi can be found by integrating over, or

marginalizing, over all other parameters. One can rewrite Θ as (Θi,Θj) where Θj

are all non Θi parameters. In this notation, marginalization is written as

p(Θi|D, I) =

∫
p(Θi,Θj|D, I)dΘj . (2.9)

Marginalization plays an important role in science as often times there are only a

few parameters that we wish to explore but there are many other parameters that are

known imperfectly. For example, a study may only be interested in the Galactic halo
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parameters, but the model will include the location and peculiar motion of the Sun

as free nuisance parameters. After the full PDF is calculated, the halo parameters

can be found by marginalizing the solar parameters.

Bayesian statistics can be used to calculate the mean and dispersion of the inferred

model parameters. The first step is to marginalize of all other parameters. The

moments of the PDF of Θ are found by

〈Θn〉 =

∫
dΘΘnp(Θ|D, I) . (2.10)

The first moment, 〈Θ〉, is the mean of the distribution, and, if the PDF is a Gaussian,

its dispersion is calculated by

σ2
Θ = 〈Θ2〉 − 〈Θ〉2 . (2.11)

2.1.3 MCMC

Often times it is not feasible perform a grid search of the free parameters in a model,

let alone perform a full integration to recover the PDF. As the dimensionality of

the problem increases, the number of calculations required increases exponentially.

MCMC algorithms provide a much more computationally efficient method of sampling

the PDF for large dimensionality.

An MCMC algorithm samples a PDF in a straightforward manner that depends

only on the previous MCMC step. The general structure of these algorithms is:

1. A proposal, Y is randomly generated based on the current state, Θi.

2. The proposal probability, p(Y|D, I), is calculated .

3. The probability of the proposal is compared to the probability of the current

state, p(Θi|D, I).
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4. The proposal is accepted as the Θi+1 state according to some transition kernel

that depends on the two probabilities. If it is not accepted then Θi+1 = Θi.

The most common MCMC algorithm is the Metropolis-Hastings algorithm. In

this algorithm, the proposal is chosen from the proposal distribution q(Y|Θi). This

is usually a Gaussian about θi. Then the Metropolis ratio is calculated. This ratio is

given by

r =
p(Y|D)

p(Θ|D)

q(Θi|Y )

q(Y|Θi)
, (2.12)

where we have dropped the I’s for simpler notation. The proposal is accepted as

the next step with a probability equal to r. The left-hand panel of Figure 2.1 shows

a cartoon picture of the random walk of the Metropolis-Hastings algorithm for a

two-dimensional problem.
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Figure 2.1: A comparison of the Metropolis-Hastings and SM MCMC algorithms.
The gray regions shows the target PDF. The blue stars show points on the chain
(Metropolis-Hastings) or the current location of the walkers (SM). The yellow stars
show the location of the current proposal. The left panel shows the random walk
of the Metropolis-Hastings algorithm. The right panel shows the selection of the
proposal along a line connecting the current state of two walkers.

The Metropolis-Hastings algorithm requires that q(Y|Θ) be tuned for the par-

ticular problem being explored. If it only allows for small jumps it will take many

likelihood calls to sample the PDF. Conversely, if the jumps are too large, the pro-

posal will often be located in very low likelihood areas and will rarely be accepted. A

separate tuning of the jumping rule is required for each parameter in order to obtain

an efficient exploration of a model’s phase space.

The Stretch-Move (SM) algorithm developed by Goodman & Weare (2010) is an
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affine invariant MCMC algorithm that requires very little tuning. Affine invariance

means that the algorithm performs the same under affine transformations. These

transformations include rotations, translations, and scalings. In this algorithm the

chain is generated from an ensemble (that is a collection) of ’walkers’, Θj that are

initially distributed randomly throughout the model parameter space. The structure

of the SM MCMC algorithm is

1. Given the current state of the j’th walker select the current state of a second

walker, k. If k > j then use Θk,i. Otherwise the k’th walker will have advanced

to the i+ 1 state so use Θk,i+1.

2. Draw a line connecting the two walkers and choose a proposal by stretching

along this line. Goodman & Weare (2010) suggest that the length of this stretch

be drawn from a square-root distribution given by

g(Z) =


1
Z

if z ∈
[
1
a
, a
]
,

0 otherwise,

(2.13)

where a is an adjustable parameter.

3. Calculate the proposal probability.

4. Accept the proposal with a probability given by

r = Zn−1 p(Y|D)

p(Θj,i|D)
. (2.14)

The right-hand panel of Figure 2.1 shows a sketch of the SM MCMC algorithm.

The SM MCMC algorithm is attractive as it has only a single tunable parameter,

a. Secondly, it deals with complicated PDF structures as easily as a simple PDF. For
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instance, the SM MCMC algorithm has the same ease sampling a PDF given by

p(x, y) ∝ e
− (x2+y2+xy)

2σ2
xσ2

y (2.15)

that produces a tilted ellipsoid as one given by

p(x, y) ∝ e
−x2+y2

2σ2
xσ2

y (2.16)

that produces a circle. Finally, it tends to sample the PDF with fewer likelihood calls

than the Metropolis-Hastings algorithm. One reason for this is that, near convergence,

the current state of the SM walkers roughly traces out the target PDF. Therefore,

the proposals are effectively drawn from the PDF itself.

The EMCEE MCMC algorithm developed by Foreman-Mackey et al. (2012), is

a parallel version of the SM algorithm. It splits the ensemble of walkers into two

complementary ensembles. A walker in the first ensemble will select its proposal

partner from the second ensemble and vice versa. The work performed in Chapter

3 uses the SM algorithm, while all subsequent work uses our own implementation of

the EMCEE algorithm.

A common difficulty with both the Metropolis-Hastings and SM MCMC algo-

rithms is dealing with multiple peaks and getting stuck in false minima. Gregory

(2005) provides two methods that can be used to modify an MCMC algorithm to

deal with these issues; simulated annealing and parallel tempering. In simulated

annealing the likelihood is replaced with

L(D|Θ, β) = L(D|Θ)β , (2.17)

where β functions as a temperature. Smaller values of β give flatter distributions that

can be more easily transversed by a MCMC algorithm. In simulated annealing, β is

initialized to some small value and slowly increased to β = 1. This allows algorithm
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to find likely areas and settle into the most likely peak without being trapped in a

false minima. The algorithm must continue to run at β = 1 for much longer than the

time it took to increase β in order to fully sample this peak.

Parallel tempering is similar to simulated annealing in that the likelihood is re-

placed with Eq. 2.17. Instead of increasing β, a number of different chains are

initialized with a variety of values of β between 0 and 1. Each chain samples the

PDF using its particular likelihood but every so often a swap is proposed between

chains of different temperatures. This swap is accepted with probability

r =
L(D|Θi, βj)L(D|Θj, βi)

L(D|Θi, βi)L(D|Θj, βj)
, (2.18)

where i 6= j. The lower β chains have a greater freedom of movement and sample a

larger region of parameter space. If the β = 1 chain is trapped in a false maxima,

a swap with a lower β chain located at the true maxima will be accepted but if the

β = 1 is at the true maxima a swap to a false peak is extremely unlikely.

2.2 Galactic Observations

2.2.1 Non-stream Observations

There are a variety of different observations of the MW that can be used to constrain

models. These include the local circular speed, surface density, and vertical force, the

Oort constants, the inner and outer rotation curves, the bulge line-of-sight velocity

dispersion (LOSVD) and surface brightness, and the total mass within 100 kpc. This

section will present measurements of these quantities.

Reid et al. (2009) used observations of masers throughout the disk from the Very

Long Baseline radio array to infer a local circular speed of 254± 16 km s−1 (the Sun
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is located at R0 ≈ 8 kpc). Bovy et al. (2009) performed a Bayesian analysis on these

observations plus the proper motion of Sgr A∗ to find that vc (Ro) = 244± 13 km s−1.

The Oort constants describe the shape of circular speed curve in the local neigh-

borhood. Feast & Whitelock (1997) found that A = 14.8 ± 0.8 km s−1kpc−1 and

B = −12.4 ± 0.6 km s−1kpc−1. The local disk surface density has been measured

by Flynn & Fuchs (1994) to be Σd = 49 ± 9 M� pc−3. Kuijken & Gilmore (1991)

measured the local vertical force as |Kz(1.1 kpc)| = (2πG) 71±6 M�pc
−2. This value

is similar to the measurement of Holmberg & Flynn (2004) who used K Giants from

the Hipparcos catalog (ESA, 1997) found |Kz(1.1 kpc)| = (2πG) 74± 6 M�pc
−2. It

is worth noting that the local vertical force at 1.1 kpc is really the total local mass

surface density within 1.1 kpc. This includes dark matter while the local surface

density does not.

Binney & Merrifield (1998) give values for the velocity ellipsoid for both the thin

and thick disk. Their data is from Edvardsson et al. (1993) who observed an extensive

sample of F and G disk dwarfs. For the thin disk they found the local ellipsoid to

be (〈vφ〉, σR, σφ, σz) = (−6, 34, 21, 18) km s−1. The ellipsoid consists of the three

velocity dispersions and the asymmetric drift, 〈vφ〉. Asymmetric drift is the lag of

the mean rotational velocity relative to the local standard of rest. This quantity

increases as the random motions increase. For the thick disk, the local ellipsoid is

(−36, 61, 58, 39) km s−1.

The MW’s rotation curve is often divided into an inner and outer portion with

respect to the Sun. The inner rotation curve is characterized by the terminal velocity,

which is the peak velocity along a particular line-of-sight. Malhotra (1995) used 21

cm data to find the terminal velocity for a variety of lines-of-sight.
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The outer rotation curve is more difficult to model due to the non-circular motions

and greater uncertainty in the distances. The observed velocity, vlsr, can be related

to the circular speed at some radius by

W (R) =
Ro

R
vc(R)− vc(Ro) =

vlsr
cos b cos l

. (2.19)

Brand & Blitz (1993) provide a set of vlsr observations using H II regions and Demers

& Battinelli (2007) provides a similar set of vlsr observations using Carbon stars.

In addition to these observations of the inner and outer rotation curves, Xue et

al. (2008) used observations of 2401 halo blue horizontal branch stars from the Sloan

Digital Sky Survey (hereafter called SDSS from York et al. (2000)) Data Release 6

(Adelman-McCarthy et al., 2008) to construct a total rotation curve of the Galaxy.

They used the line-of-sight velocities of these stars to construct the velocity dispersion,

σlos and estimate the escape velocity, vesc. Their work assumes that the system is

spherical and either isotropic or has an anisotropy of β = 1− σ2
t /σ

2
r = 0.37 where σt

and σr are the tangential and radial velocity dispersions. They then compared the

data to simulations to recover the rotation curve.

Tremaine et al. (2002) compiled observations of the bulge LOSVD from a variety of

sources using a variety of different tracers. (Binney et al., 1997) observed the infrared

surface brightness profile of the Galactic bulge from −40◦ to 40◦ using COBE-DIRBE

data.

One estimate for the mass of the Galaxy within 100 kpc was presented in Dehnen

& Binney (1998). They based their constraint on the study of satellite kinematics

found in Kochanek (1996), the local escape speed, the timing of the local group, and

modelling of the Magellanic Clouds and stream performed by Lin, Jones, & Klemola

(1995). Combining all these, Dehnen & Binney (1998) found M(r < 100 kpc) =
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(7± 2.5)× 1011 M�.

2.2.2 Observed Stellar Streams

There are roughly a dozen observed streams that range in size from only a few degrees

to spanning the entire sky. Sanders & Binney (2013) contains an excellent summary

of these streams. Here we present a similar summary of observed stellar streams and

the data sets that can be used to constrain Galactic models.

The Sagittarius (Sgr) stream is the most well-known and studied stellar stream. It

was discovered by Ibata et al. (1997) and spans over 300◦ on the sky. Majewski et al.

(2003) mapped the stream using the angular position, radial velocity, and distances

of M Giants. Belokurov et al. (2006) used SDSS observations to trace out the leading

stream while Koposov et al. (2013) used SDSS observations to trace out the trailing

stream. The Sgr stream has a rather complicated structure and is difficult to model.

Fellhauer et al. (2006) showed that there is an apparent bifurcation in the stream,

but Koposov et al. (2012) showed that this bifurcation may be a different stream

altogether. Peñarrubia et al. (2010) demonstrated that the structure of the stream

itself depends on the structure of the progenitor as well as the host. Moreover Zhao

(2004) demonstrated that the orbit of Sgr is unlikely unless the dwarf is particularly

massive or if it fell in with a group (see their Figure 6). All of these facets make

the Sgr stream difficult to study and no work to date has been able to fit all these

observations of the stream.

The Orphan stream was discovered by independently by Grillmair (2006) and

Belokurov et al. (2007). Its angular extent is ∼ 50◦. Newberg et al. (2010) presented

a set of SDSS observations of the stream’s angular potion, radial velocity, and distance
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that they used to model the MW.

The GD-1 stream, named after its discoverers Grillmair & Dionatos (2006), spans

63◦ on the sky. However, it is significantly closer than the Orphan stream meaning

that its angular extent about the Galactic center is much smaller than Orphan’s.

Koposov et al. (2010) used SDSS observations and Bayesian statistics to make 6D

measurements of the stream

The Anticenter stream, discovered by Grillmair (2006b), extends over ∼ 65◦. The

streams is located ∼ 9 kcp from the Sun, and, while being near the Monoceros Ring, is

not associated with that structure. Recently, Carlin et al. (2010) utilized a maximum

likelihood technique with WIYN telescope to obtain a 6D phase space point of the

stream.

Belokurov et al. (2006b) and Grillmair & Johnson (2006) discovered a 45◦ stream

associated with NGC 5466. Both groups discovered the stream using SDSS data.

The Palomar 5 (Pal 5) stream was discovered by Odenkirchen et al. (209). It

extends 22◦ on the sky (Grillmair & Dionatos, 2006b) and is associated with the Pal

5 globular cluster.

The Aquarius stream was discovered by Williams et al. (2011). They used RAVE

data (the RAdial Velocity Experiment developed in Steinmetz et al. (2006)). The

stream extends over ∼ 45◦ on the sky. They were able to select 15 candidate stream

members from the RAVE data set with angular positions and radial velocities.

Recently, Martin et al. (2014) examined the Pan-Andromeda Archaeological Sur-

vey (PAndAS) (McConnachie et al., 2009) for substructure in the MW. They dis-

covered the PAndAS MW stream, which extends ∼ 1 − 2◦ on the sky. Under their

assumption that it is located at a heliocentric distance of 17kpc this translates to
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300− 640 pc. They were also able to find radial velocities for some stream candidate

stars from previous DEIMOS/Keck observations (Ibata et al., 2005; Chapman et al.,

2006; Collins et al., 2006).

The Triangulum stream (discovered by Bonaca et al. (2012) using SDSS data) is

clearly visible in the PAndAS footprint (Martin et al., 2014). It extends over 12◦ on

the sky and is has a heliocentric distance of ∼ 26 kpc.

The Cetus stream was discovered by Newberg et al. (2009). It is located ∼ 34 kpc

from the Sun and extends over 24◦ on the sky. The angular location of the stream

intersects the Sgr stream.

Grillmair (2009) discovered four different streams using SDSS data. They are the

Acheron, Cocytos, Lethe, and Styx streams. The Acheron stream and Styx streams

each cover ∼ 60◦ while the Cocytos stream and Lethe streams cover ∼ 80◦ on the

sky.

2.3 Galactic Models

Models of the MW consist of a mathematical description of the Galaxy that can

be used to match observations and infer useful quantities. Most consist of analytic

density-potential pairs for the bulge, disk, and halo. Some models also include the

central super-massive black hole as a point particle. However it is possible to describe

the Galaxy of some of its components using a numerical model (see Ibata et al. (2013)

for an example). For instance, a numerical halo model might consist of a number of

independent density points at various radii. The overall density profile would then

be constructed by interpolated between these discrete points.

There are a wide variety of possible functions that can be used to describe each
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component of the Galaxy. This section presents common density-potential pairs for

the bulge, disk, and halo. In addition, it discusses how triaxiality may be incorporated

into halo (or bulge) functions.

2.3.1 Bulge

Some common density-potential pairs used to describe the Galactic bulge are the

Hernquist model, the Jaffe model, and the Sérsic model. The Hernquist bulge, devel-

oped by Hernquist (1990), has a potential given by

Φ(r) = − Mb

r + rb
(2.20)

whereMb is the mass of the bulge and rb is its scale length. The corresponding density

is

ρ(r) =
1

4πG

Mb

(r + rb)3
. (2.21)

This expression allows for rapid calculations of the bulge’s contributions to the Galaxy.

A similar bulge density-potential pair is the Jaffe model (Jaffe, 1983). The Jaffe

model’s potential is

Φ(r) = − Mb

Rb

ln

(
r

r +Rb

)
, (2.22)

where Mb and Rb are the bulge mass and scale radius. The corresponding density is

ρ(r) =
1

4πG

MbR
2
b

r2(r +Rb)2
. (2.23)

The surface brightness of observed galactic bulges tend to follow a Sérsic profile:

I(R) = Iee
−bn(R/Re)1/n−1 , (2.24)

where Ie and Re are the scale brightness and effective radius, n determines how the

brightness falls off and bn is a constant such that the effective radius contains half
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the light of the source. The density that produces a Sérsic surface brightness profile

is (Prugniel & Simien, 1997; Terzić & Graham, 2005)

ρb(r) =
σ2
bC(n)

4πGR2
e

(
r

Re

)−p

e−b(r/Re)1/n , (2.25)

where p = 1− 0.6097/n+ 0.05563/n2 and C(n) = nbn(p−2)Γ(n(2− p)).

The Sérsic potential, found in Terzić & Graham (2005), is

Φ(r) = − 4πGL1(r) +
L2(r)

r
, (2.26)

where

L1(r) = ρbρR
2
enb

n(p−2)Γ

[
n(2− p), b

(
r

Re

)1/n
]
, (2.27)

L2(r) = ρbρR
3
enb

n(p−3)

{
γ [n(3− p)]− Γ

[
n(3− p), b

(
r

Re

)1/n
]}

, (2.28)

ρ =

(
r

Re

)p

eb(r/Re)1/n , (2.29)

γ[a] is a gamma function and Γ[a, b] is an incomplete gamma function.

Observations show that the bulge has a complicated structure, including a bar.

Bissantz & Gerhard (2002) used COBE/DIRBE observations to develop a triaxial

model of the bulge. McMillan (2011) generated an axisymmetric approximation of

their model which has a density of

ρ(r) =
ρb,0

1 + rt/rh
e
− rt

rcut , (2.30)

where rcut is a truncation radius and rt is a flattened radius.

Zhao (1996) proposed a different bulge model based on COBE observations. This

model has a complicated density given by

ρb(r) = ρb,0

[
s1.85a e−sa + e−

s2b
2

]
, (2.31)
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where

s2a =
q2b (x

2 + y2) + z2

z2b
, (2.32)

s2b =

[(
x

xb

)2

+

(
y

yb

)2
]2

+

(
z

zb

)2

, (2.33)

and xb ,yb, zb, qb, and ρb,0 are model parameters and (x, y, z) are aligned with the

principle axes of the bulge. The first term is an oblate spheroidal nucleus with a steep

power-law fall-off, while the second term is a bar with an intrinsically boxy shape.

2.3.2 Disk

Two common disk models are the Miyamoto-Nagai (MN) disk and the exponential

disk. The MN disk (Miyamoto & Nagai, 1975) is a completely analytic potential-

density pair that can describe both a bulge, a disk, or a combination of the two. The

potential in cylindrical coordinates is given by

Φ(R, z) =
GMd√

R2 + (a+
√
z2 + b2)2

, (2.34)

where Md is the mass and, when a � b, a and b are the disk scale length and scale

height respectively. The corresponding density is given by

ρ(R, z) =

(
b2Md

4π

)
aR2 + (a+ 3

√
a2 + b2)(a+

√
z2 + b2)2

[R2 + (a+
√
z2 + b2)2]5/2(z2 + b2)3/2

. (2.35)

The MN disk is attractive for Galactic models due to its analytic nature. However,

observations of actual disks show that their surface density is given by

Σ(R) = Σ0e
−R/Rd , (2.36)

where Σ0 and Rd are the scale surface density and scale length respectively. An

exponential surface density can be obtained if the disk thickness is an exponential or
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if the disk density is

ρ(R, z) =
Md

4πR2
dzd

e
− R

Rd sech2

(
z

zd

)
, (2.37)

where Md is the disk mass and zd is the disk scale height.

A disk is a highly flattened system, making the calculation of the potential non-

trivial. One method to get the potential is to solve the Poisson equation via spherical

harmonics, but this requires the calculation of large l terms. A simpler method

for calculating the potential was developed by Kuijken & Dubinski (1995). First, a

completely analytic ’fake’ disk density-potential pair, (ρfd, Φfd), is constructed such

that ρd = ρfd + ρr and Φd = Φfd + Φr where ρr and Φr are the residuals. The

functional form of the fake disk is chosen to account for the higher order moments

from the thinness of the disk. The residual potential can be calculated from the

residual density by solving Poisson’s equation using spherical harmonics using only

low order moments. The total potential is simply the sum of the fake disk potential

plus the residual disk potential.

The ’fake’ disk potential used in this work is

Φfd(r, z) =
Mdzd
4πR2

d

e−r/RD ln cosh(z/zd)erfc (ft(r)) , (2.38)

where r is the spherical radius. The truncation factor, ft, is given by

ft(r) =
r −Rout√
2δRout

(2.39)

where Rout and δRout are a truncation radius and truncation thickness respectively.

The fake disk density is given by

ρfd(r, z) =
Mdzd
4πR2

d

e−r/RD (f2 ln cosh(z/zd)+

2f1(tanh(z/zd) + ln cosh(z/zd)) + fz−2
d sech2(z/zd)

)
,

(2.40)
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where

f2 =
0.5erfc(ft)

R2
d

+
e−f2

t

√
2πδRout

(
2

Rd

+
r −Rout

δR2
out

)
, (2.41)

f1 =
1

r

(
0.5erfc(ft)

Rd

+
e−f2

t

√
2πδRout

)
, (2.42)

and

f = 0.5erfc(ft) . (2.43)

For all models considered in this work, the fake density-potential pair accounts for

approximately all moments with l > 2. This means that the residual potential can be

calculated from the residual density using only the spherical harmonics up to l = 2.

If greater accuracy is needed, the number of moments can be increased at the cost of

a slower computational speed.

2.3.3 Halo

There are a number of common halo models. The first is the logarithmic halo. This

model is attractive as it is computationally simple and provides a flat rotation curve.

Its potential is given by

Φh(r) = v2c ln
(
r2 + r2h

)
, (2.44)

where vc and rh are the scale velocity and radius respectively. The density that

produces a logarithmic halo is

ρh(r) =
v2c

2πG(r2 + r2h)
2
. (2.45)
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Navarro, Frenk & White (1995) found that DM halos in cosmological simulations

were well fit with a density profile given by

ρh(r) =
ρ0

(r/rh)(1 + r/rh)2
, (2.46)

where ρ0 and rh are the scale density and length respectively. This model, called the

NFW model, has a potential of

Φh(r) = − 4πGρ0r
2
h ln(1 + r/rh)

r/rh
. (2.47)

The Burkert model (Burkert, 1996) is similar to the NFW model. In this model

the density is given by

ρh(r) =
ρ0

(1 + r/rh)(1 + (r/rh)2
, (2.48)

where ρ0 is a scale density and rh is a scale length.

A generalization of the NFW density is the double power law model. The density

of this model is given by

ρh(r) =
ρ0

(r/rh)α(1 + r/rh)β−α
. (2.49)

When α = 1 and β = 3, Eq. 2.49 reduces to the NFW density. When α = 2 and

β = 4, it reduces to the Jaffe model and α =, 1 β = 4 gives the Hernquist model.

For the most part, models that use a double power law model calculate the potential

using spherical harmonics.

Merritt et al. (2005) found that an Einasto model (Einasto, 1965) provides better

fits than the NFW model to the halo densities found in cosmological simulations. The

Einasto density is

ρh(r) = ρ0e
− 2

α
((r/rh)

α−1) , (2.50)

where ρ0 and rh are the scale density and length respectively, while α controls the
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logarithmic slope of the halo. In this work, we do not use the analytic expression

for the Einasto potential. Instead we use the homeoid theorem (see Sec. 2.3.4) to

calculate the potential for a triaxial Einasto halo.

2.3.4 Non-Sphericity

Cosmological simulations such as Frenk (1988), Franx, Illingworth, & de Zeeuw

(1991), Warren et al. (1992), Jing & Suto (2002), and Allgood et al. (2006) have

shown that DM halos are not spherical. Rather, the density of these halos are triax-

ial and their principle axes may be misaligned, as defined by the Euler angles, with

the embedded disk. Triaxial halos can be described replacing r in the various halo

equations with rt

rt = RΛr , (2.51)

where Λ = diag (1, A−1, B−1) and R is a rotation matrix. The rotation matrix can

be calculated from the appropriate Euler angles. If the triaxiality is included in

the potential, the corresponding density can be found by taking the appropriate

derivatives. It is worth noting that simulations predict triaxial densities not potentials

and that the density calculated from a triaxial halo is peanut-shaped. If the halo

potential is extremely triaxial then the corresponding density may be negative in

some locations.

Calculating the potential for a triaxial density is a more complicated task. The

homeoid theorem (Binney & Tremaine, 2008) gives the potential for any triaxial

density as

Φ(x) = −πGa2a3
a1

∫ ∞

0

dτ
ψ(∞)− ψ(m)√

(τ + a21)(τ + a22)(τ + a23)
, (2.52)
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where the ai are the axis ratios,

m2 = a21

3∑
i=1

x2i
a2i + τ

(2.53)

is similar to the square of the ellipsoidal radius, and

ψ(m) =

∫ m2

0

dm2ρ(m2) (2.54)

is an auxiliary function. For simplicity we set a1 = 1, a2 = A, and a3 = B

We define four common cases of triaxiality:

1. The flattened potential. In this case rt replaces r in the potential function, A = 1,

and the rotation matrix is the identity matrix. This creates an axisymmetric

potential that can be either oblate or prolate.

2. A restricted triaxial potential. As before, rt replaces r in the potential function.

In this case the rotation matrix is given by

R =


cos θ sin θ 0

− sin θ cos θ 0

0 0 1

 , (2.55)

and we set A ≥ 1. This means that A is the larger planar axis while B is the

ratio of the perpendicular axis to the smaller planar axis and θ is the angle

between the Sun-GC line and the smaller planar axis.

3. A restricted triaxial density. In this case rt replaces r in the density function and

the potential is calculated from the homeoid theorem. The rotation matrix and

definitions of A, B, and θ are the same as for the restricted triaxial potential.

4. A free triaxial density. In this case we set A ≥ 1 ≥ B the rotation matrix
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becomes

R =


c1c2 −s1c2 s2

s1c3 + c1s2s3 c1c3 − s1s2s3 −c2s3

s1s3 − c1s2c3 c1s3 + s1s2c3 c2c3

 (2.56)

where c = cos, s = sin, and the subscripts 1, 2, 3 correspond to the Euler angles,

θ, φ, and ψ. This particular Euler matrix corresponds to rotations about the Z

axis, then about the new Y axis, and finally about the new X axis.

2.4 Stellar Streams Modelling Methods

There are a variety of different methods of modelling stellar streams. These range from

the simplistic orbit-fitting technique to full N-body simulations. Simplistic techniques

tend to be computationally efficient, while more complicated techniques tend to better

reproduce the actual physics of stellar streams. We will discuss some of the stream

modelling methods here and show how they address the physics of stream formation.

The simplest and most straightforward method of stream modelling is the orbit-

fitting technique. This method assumes that the stream traces out the orbit of the

progenitor in a fixed potential. The stream is modeled by placing a progenitor par-

ticle somewhere within a fixed host potential. This particle is evolved forwards and

backwards in time. Pseudo-observations of the calculated orbit are compared to the

positions and velocities of stars along the stream to determine the model’s likelihood.

This technique only accounts for the structure of the host galaxy and the orbit of the

progenitor. It is worth noting that the precise location of the progenitor is not neces-

sary, only that a point on the progenitor’s orbit is specified. However, this technique

can lead to biases in the inferred Galactic parameters (Sanders & Binney, 2013).
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In reality stream stars are stripped from the progenitor at the inner and outer

Lagrange points. The streakline technique (Varghese et al., 2011; Küpper et al.,

2012) uses this idea to model the stream. A particle is placed at the current location

of the progenitor and evolved backwards in time in the host potential. At constant

time intervals tracer particles are placed at the approximate location of the inner and

outer Lagrange points using r
′
= r ± δr where r is the location of the progenitor

δr = 2.88

(
Msat

3Mint

)1/3

r, (2.57)

where Msat is the mass of the progenitor and Mint is the mass of the host interior

to the progenitor’s position at that time step. Other than the pre-factor of 2.88,

which was found by empirical testing in Varghese et al. (2011), δr is simply the Hill

radius. The tracer particles are initialized with the same velocity as the progenitor

at that time step. They are then evolved from these positions to the present time.

Their current positions generate the model stream, which can then be compared to

the actual stream observations. The streakline method accounts for the host galaxy,

the progenitor orbital parameters, and how the stream stars are stripped from the

progenitor.

The orbit-rewinder method developed in Price-Whelan & Johnston (2013) takes

the current location of stream stars and evolves them backwards in time. At each

step, the distance between the stars and the progenitor is computed. If the stars

are close enough to the progenitor in 6-D phase space, they are added to progenitor

particle. In the correct potential, all the stars will be added to the progenitor.

Sanders & Binney (2013) developed a stream fitting technique that considers the

stream in action-angle space, (J, θ). A star which is stripped from the progenitor has a

constant action J and an angle that increases with some frequencyΩ = ∂H/∂J where
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H is the Hamiltonian for that star. When the difference between the progenitor’s

action is small, the frequencies of the stream star are

Ω = Ω0 +D·∆J , (2.58)

where D is Hessian defined by

Dij(J) =
∂2H

∂Ji∂Jj
, (2.59)

In a stream the Hessian must be dominated by a single eigenvalue, λ1, and a single

eiganvector, ê1. Both the angles and the frequencies must lie along the same line.

The action-angle method works by calculating the actions, angles and frequencies of

stream stars in some test potential. Then one can calculate the principle angle and

frequency eigenvectors. In the best-fitting or true potential the product of êθ1· êΩ1 will

be a maximum. The action-angle technique requires that the full 6-D phase space

information of the stream is known and can be transformed into actions, angles and

frequencies. It takes into account the host potential, the orbit of the stream, and the

details of how the stars are stripped in action-angle space. Interestingly, it does not

require that the progenitor of the stream be known as it lies on the same line as the

rest of the stream.

Another stream modeling method is the action-frequency method of Bovy (2014).

In action-angle space, a stripped star receives an offset from the progenitor’s actions

and angles. This leads to an offset in the stripped stars frequency. As the stripped

stars evolve the action offset remains constant while the angle offset increases linearly

according to the frequency offset. Stellar streams are relatively simple structures in

frequency-angle space owing to the domination of the frequency Hessian by a single

eigenvalue. The frequency-angle method works by generating tidal debris at various

time steps using frequency and angle offsets. This debris is then linearly evolved to
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the present time in frequency-angle phase space. This method is analogous to the

streakline method, except it models the stream in frequency-angle phase space rather

than position-velocity space. One can then convert the final frequency-angle stream

to position-velocity space and compare it to observations of actual streams.

Peñarrubia et al. (2012) introduced the minimum entropy method for modelling

the Galaxy using stellar streams. The entropy is defined as

H = −
∫
dεf(ε) ln[f(ε)] , (2.60)

where ε = −E + Φ∞ is the relative energy and f(ε) is the energy distribution of the

system. If the distribution function ρ(E, r) is separable and the energy distribution is

differentiable then the measured entropy, H̃, in some potential is related to the true

entropy by

H̃ = H +
σ2
Φ

2σ2
ε

, (2.61)

where σ2
Φ = 〈δΦ2〉 − 〈δΦ〉2, δΦ is the bias from the possibly incorrect potential, and

σ−2
ε =

∫
dεf(ε)

[
f

′
(ε)

f(ε)

]2
, (2.62)

where f
′
(ε) = ∂f(ε)/∂ε. It is clear that any bias in the potential leads to an increase

in the measured entropy. Therefore, one can find the true Galactic potential by

minimizing the calculated entropy. This technique, like other techniques in action-

angle space, requires 6D phase space measurements of the streams.

Recently Sanderson et al. (2014) developed a new technique for inferring Galactic

parameters from stellar streams and other debris. This technique also takes ad-

vantage of the action-space behavior of stellar streams. In the true potential, each

stream will cluster in action space. They measure the degree of clustering with the
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Kullback-Leibler divergence (Kullback & Leibler, 1951). This statistic compares dif-

ferent probability distributions, p(x) and q(x) by

DKL(p : q) =

∫
p(x) log

p(x)

q(x)
dx . (2.63)

When p = q the statistic becomes zero, and gets larger the more p differs from q. In

the correct potential stars from streams, and other stellar debris, will make distinct

tight clusters in action space. MaximizingD corresponds to maximizing the clustering

in action space and can be used to determine the Galactic potential. This technique

does not require that the streams be identified a priori as stars from different streams

will naturally populate different clusters.

2.5 Modelling without streams

There have been many attempts to model the MW. Dehnen & Binney (1998) modeled

the MW using a suite of observational constraints. They model the disk using three

exponential disks (think, thick, and one for the interstellar medium) and a flattened

double-power law for the bulge and halo are given by

ρh(r) =
ρ0

(m/rb)α(1 +m/rb)β−α
e

−m2

r2tr , (2.64)

where m2 = R2 + z2/q2z , rb is the scale radius, ρb is the scale density, and rtr is the

truncation radius. Four of the bulge parameters are fixed to α = γ = 1.8, qz = 0.6,

rb = 1 kpc, and rtr = 1.9 kpc. They constrain their models using observations

from Malhotra (1995) for the inner rotation curve, observations from Brand & Blitz

(1993) for the outer rotation curve, the Feast & Whitelock (1997) Oort constant

measurements, the mass at 100 kpc based on Kochanek (1996) and Lin, Jones, &

Klemola (1995), the local vertical force and surface density from Kuijken & Gilmore
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(1991), and measurements of the velocity dispersion in Baade’s window from Rich

(1988) and Terndrup, Sadler, & Rich (1995). They tested a number of different

models but found that the mass distribution was ill determined as good fits were

obtained for each model.

Widrow & Dubinski (2005) used a similar suite of observational constraints to

constrain the MW. Their model consisted of a Hernquist bulge, an exponential disk,

an NFW halo, and a SMBH. The suite of constraints includes the local circular speed

from Reid et al. (1999), the local surface density and vertical velocity from Kuijken &

Gilmore (1991), the Oort constants from Feast & Whitelock (1997), the local velocity

ellipsoid from Binney & Merrifield (1998) and Edvardsson et al. (1993), the inner

rotation curve from Malhotra (1995), the outer rotation curve from Brand & Blitz

(1993), the bulge surface brightness from Binney et al. (1997), the bulge LOSVD

from Tremaine et al. (2002), and the mass within 100 kpc from Dehnen & Binney

(1998) based on Kochanek (1996) and Lin, Jones, & Klemola (1995). They used

a χ2 minimization technique to search though nine free parameters to find models

of the MW. Widrow et al. (2008) updated this work, using a Sérsic bulge and a

double power law halo with an outer slope of three. They searched the parameter

space using Bayesian statistics with Metropolis-Hastings MCMC algorithm. They

found σb = 272+25
−25 km s−1, rb = 0.640.09−0.09 kpc, n = 1.32+0.32

−0.33, (M/L)b = 0.60+0.07
−0.06,

Md = 4.1+0.53
−0.5 × 1010 M�, Rd = 2.8+0.23

−0.22 kpc, zd = 0.36+0.04
−0.04 kpc, (M/L)d = 0.96+0.1

−0.09,

σh = 330+35
−35 km s−1,rh = 13.612.2−9.0 kpc , α = 0.810.39−0.39, R0 = 7.94+0.2

−0.2 kpc, and

σR0 = 119+13
−13 km s−1.

Catena & Ullio (2010) modeled the MW using a similar approach as Widrow et

al. (2008). They constrain the model using the the terminal velocities from Malhotra
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(1995), VLBI measurements of star forming regions from Reid et al. (2009) to con-

strain the local standard of rest, the Kuijken & Gilmore (1991) constraints on the

local surface density and vertical force, the mass within 50 kpc from Sakamoto et

al. (2010), the mass within 100 kpc from Caldwell & Ostriker (1981), and the Xue

et al. (2008) BHB dataset to constrain outer velocity dispersion. They also include

constraints on the difference of the Oort constants, A−B based on Reid et al. (2009),

and on the sum of the Oort constants, A + B, based on Fuchs et al. (2009). Their

MW model consists of the Zhao (1996) bulge, an exponential disk, and either a spher-

ical NFW, Einasto or Burkert halo. As with Widrow et al. (2008), they explore the

parameter space using Bayesian statistics, though, it should be noted that their total

likelihood is the sum of the reduced χ2’s for each type of observational constraint.

Catena & Ullio (2012) used the results of Catena & Ullio (2010) to characterize the

local DM velocity dispersion. The key results of the two papers are that the inferred

local DM density is ρDM(R0) = 0.39± 0.03 GeV cm3 and, averaging over the three

halo models, the velocity dispersion is σv ≈ 290± 6 km s−1.

Recently McMillan (2011) modeled the MW using a double exponential disk (with

exponential scale heights as well), a NFW halo, and an axisymmetric bulge based on

Bissantz & Gerhard (2002). As with Widrow et al. (2008), McMillan (2011) used a

variety of different observational constraints for their model. These include terminal

velocities from Malhotra (1995), vertical force observations from Kuijken & Gilmore

(1991), the mass with 50 kpc from Wilkinson & Evans (1999), and constraints on

v�/R0 using maser measurements from Reid et al. (2009), Rygl et al. (2010), and

Sato et al. (2010). They sample the model the parameter space using Bayesian

statistics and find the mean and standard deviations of their 8 free parameters are
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Rd,thin = 3.0 ± 0.22 kpc, Rthick = 3.29 ± 0.56 kpc, Σd,thin = 741 ± 123 M� pc−2,

Σthick = 238 ± 110 M� pc−2, ρb0 = 95.5 ± 6.9 M� pc−3, rh = 18.0 ± 4.3 kpc, ρh,0 =

0.012± 0.006 M� pc−3 and R0 = 8.29± 0.16 kpc.

2.6 Modelling the MW using stellar streams

Since the first discovery of stellar streams there have been attempts to use them to

model the MW. In this subsection we will briefly review some of these attempts.

Ibata et al. (2001) attempted to fit the MW using the Sgr stream. They modeled

the stream using N-body simulations in a MW model consisting of the Dehnen &

Binney (1998) bulge, disk, and either a flattened double power law halo with α = 0,

β = 2, and rh = 3 kpc, or a flattened NFW halo with rh = 20 kpc. They found that

the halo was not particularly oblate, ruling out models with qz < 0.7.

Helmi (2004) studied the Sgr stream using N-body simulations as well. Their

MW model consisted of a Hernquist bulge, a MN disk, and a flattened logarithmic

halo. This model is based on Johnston et al. (1995). The model parameters are

Mb = 3.43× 1010 M�, c = 0.7 kpc, Md = 1.0× 1011 M�, a = 6.5 kpc, b = 0.26 kpc,

d = 12 kpc, σh = 131.5 km s−1. Many studies of stellar streams use some form of this

model, which will hereafter be known as the Johnston model. Helmi (2004) attempted

to fit observations of Sgr stream M giants (see Majewski et al. (2003)) using N-body

simulations for a variety of different halo flattening from qz = 0.8 to qz = 1.25. They

find that the data for the trailing stream was best fit by prolate halo.

Mart́ınez-Delgado et al. (2004) observed the Northern Sgr stream using the Isaac

Newton Telescope at Roche de la Muchachos Observatory. They compared these

observations to an N-body simulation of the MW + Sgr system. Their MW model
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consists of a spheroid (comprising the bulge and stellar halo), an exponential disk,

and oblate exponential halo:

ρh =
Mh

8πb3q2
e−m/b , (2.65)

where Mh is the halo mass, b is the scale length, q is the flattening, and m2 =

R2 + z2/q2. They find that the spheroid and DM halo have potential flattenings of

q = 0.85.

Johnston et al. (2005) also used the Sgr stream to model the MW. As with Helmi

(2004), they used the Johnston MW model with σh = 114 km s−1. In this study the

MW is treated as a smooth potential while Sgr is made of 105 self-gravitating particles

which are evolved in this potential. They examine the orbital plane precession of the

Sgr stream between the leading and trailing arms and compare it to the results of

their simulations for a variety of halo flattening. They find that the best-fitting halos

are mildly oblate with potential flattening of q = 0.90− 0.95.

Fellhauer et al. (2006) examined the bifurcation of the Sgr stream in SDSS data.

They model the MW either using the Johnston model or models from Dehnen &

Binney (1998). They find that the bifurcation can only be reproduced in models with

potential flattening of 0.92 ≤ q ≤ 0.97.

Law et al. (2009) performed the first fit of the MW using the Sgr stream with

a restricted triaxial halo. They use the Johnston model and set σh such that the

vlsr = 220 km s−1. Rather than perform a limited number of N-body simulations,

they modeled the stream using the orbit-fitting algorithm and explored an extensive

grid of halo shape and orientations. Their favored model had isopotential axis ratios

of 1.5 : 1.25 : 1. with the short axis aligned near the Sun-GC line. Law & Majewski

(2010) refined this work by modelling the stream using N-body simulations. Once
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again they performed a grid search of the halo shape parameters, although the grid

parameter space was smaller and more refined than in Law et al. (2009). They found

the best-fitting isopotential axis ratios were 1.28 : 1.26 : 1 with the short axis nearly

aligned with the Sun-GC line and the intermediate axis lying perpendicular to the

disk.

More recently Ibata et al. (2013) modeled the DM halo of the MW using the

Sgr stream. They fixed the non-halo components to the model of Dehnen & Binney

(1998) and modeled the halo non-parametrically. It consists of a spherical density at

10 kpc and 60 kpc with inner and outer slopes beyond those points of −1 and −3

and 8 other density points logarithmically spaced between 10 and 60 kpc connected

by a spline fit. They fit the Sgr stream using the streakline method and explored the

parameter space using Bayesian statistics. They found a good fit to the stream for

a rotation curve that rises initially to ≈ 220 km s−1 around the Sun, falls down to

≈ 180 km s−1 at 20 kpc and then rises smoothly to ≈ 300 km s−1 at 50 kpc (see their

Figure 4).

Additionally Vera-Ciro & Helmi (2013) modeled the MW using the Sgr stream.

They fit the stream using the orbit-fitting technique and use a version of the John-

ston model for the MW. They used the logarithmic halo, but designed it so that its

triaxiality varied with radius. They found that the halo is axisymmetric near the

disk (r < 10 kpc) and asymptotically approaches the halo found by Law & Majewski

(2010). However, when they include the LMC the inferred outer halo axis ratios are

1.25 : 1.1 : 1.

There are a number of other studies that have attempted to model the MW

using streams other than the Sgr stream. For instance Grillmair & Dionatos (2006b)
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successfully found an orbit for the GD-1 stream using the orbit-fitting technique and

a spherical DM halo. Willet et al. (2009) attempted to find an orbit for the GD-1

stream. They used the Johnston model with an axisymmetric halo and fit the stream

using the orbit-fitting method. They found an acceptable orbit but were unable to

constrain the halo shape. Koposov et al. (2010) obtained 6-D phase information for

the stream. They modeled the MW either as an axisymmetric logarithmic halo or

using the Johnston model with a flattened halo. Using the halo alone they find a

potential flattening of q = 0.87+0.12
−0.03, which may be due to the influence of the disk.

When the disk is included and the uncertainties in its parameters explored they are

unable to find robust constraints on the halo shape.

Newberg et al. (2010) attempted to find the orbit of the Orphan stream in a variety

of MW models. They fit the stream using the orbit-fitting method and study seven

different test cases. Ultimately, their best-fitting model was the Johnston model with

σh = 74 ± 24 km s−1. However, the other six models provided acceptable fits to the

data as well and could not be ruled out.

Lux et al. (2012) used the NGC 5466 stream to probe the MW. They used the

Johnston MW model with either a restricted triaxial logarithmic or NFW halo. Ob-

servations of the NGC 5466 stream show deviations from a smooth orbit. Lux et

al. (2012) finds that only orbits in oblate or triaxial potentials can reproduce these

deviations.
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3.1 Abstract

We present a mass model for the Milky Way, which is fit to observations of the

Sagittarius stream together with constraints derived from a wide range of photometric

and kinematic data. The model comprises a Sérsic bulge, an exponential disk, and an

Einasto halo. Our Bayesian analysis is accomplished using an affine-invariant Markov

chain Monte Carlo algorithm. We find that the best-fit dark matter halo is triaxial

with axis ratios of 3.3±0.7 and 2.7±0.4 and with the short axis approximately aligned

with the Sun-Galactic centre line. Our results are consistent with those presented in

Law and Majewski (2010). Such a strongly aspherical halo is disfavoured by the

standard cold dark matter scenario for structure formation.

3.2 Introduction

It is a prediction of the hierarchical clustering scenario, borne out by N-body simu-

lations, that dark matter halos are triaxial (see, for example, Frenk (1988), Franx,

Illingworth, & de Zeeuw (1991), Warren et al. (1992), Jing & Suto (2002), and All-

good et al. (2006)). To be sure, baryons will alter the shapes of halos, presumably

making them more spherical (Dubinski, 1994; Kazantzidis et al., 2004; Debattista et

al., 2008). Nevertheless, halo triaxiality is expected to be a feature of our Universe

if structure formation proceeds according to the standard model. Unfortunately, the

shapes of dark matter halos are extremely difficult to determine by direct observa-

tions.

Tidal debris from the Milky Way’s satellite galaxies provide a potentially pow-

erful probe of the Galactic gravitational potential with the tidal stream from the
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Sagittarius dwarf spheroidal galaxy (Sgr dSph) the most prominent example. In the

years following the discovery of the Sgr dSph (Ibata et al., 1997) numerous surveys

have produced an all-sky panorama of the Sgr system (see Majewski et al. (2003)

and references therein). The observed positions and velocities of stars in the stream

are compared with theoretical predictions for a range of triaxial halo models. The

underlying assumption is that the kinematics of the stream is determined primarily

by the Galactic potential, and only to a lesser extent, by the structure of the progen-

itor. Examples of studies that attempted to use the Sgr system in this way include

Ibata et al. (2001), Helmi (2004), Mart́ınez-Delgado et al. (2004), Johnston, Law, &

Majewski (2005), and Fellhauer et al. (2006).

Majewski et al. (2003) presented an all-sky map of the Sgr system in M-giant

stars in which candidate Sgr stars were selected from the 2MASS catalog using their

color, magnitude, and angular position. The result was a kinematic snapshot of both

leading and trailing streams. Belokurov et al. (2006) provided a more refined map of

the stream using the SDSS. Recently Law, Majewski, & Johnston (2009) and Law &

Majewski (2010) (hereafter LMJ09 and LM10, respectively) used both of these data

sets to argue that the Milky Way’s halo is triaxial. LMJ09 compared single particle

orbits to the projected positions of the SDSS fields and radial velocities of the M

giants. Their best-fit model has isopotential axis ratios of q1,Φ = 1.5 and qz,Φ = 1.25

with the halo’s intermediate axis pointing toward the North Galactic pole and its

minor axis roughly aligned with the line that connects the Sun and the Galactic

centre (GC). LM10 carried out a similar analysis, but modeled Sagittarius as an N-

body system rather than a single particle. Their favored halo model is nearly oblate

with q1,Φ ' qz,Φ ' 1.4 where again the minor axis of the halo lies in the disk plane
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nearly along the Sun-GC line.

The LMJ09 and LM10 results present a challenge for the standard cold dark

matter model of structure formation. In general, a halo’s gravitational potential will

be more spherical than its mass distribution; the isodensity and isopotential axis

ratios of an axisymmetric system (qρ and qΦ respectively) roughly satisfy the relation

qρ ' 3 (qΦ − 1)+1, at least in the outer parts of the halo (Binney & Tremaine, 2008).

Thus, the mass distribution that corresponds to the LM10 potential is approximately

oblate with axis ratios ' 2.2. Since the formation of the Galactic disk is expected to

make the halo more symmetric in the disk plane the axis ratios of the proto-galaxy are

likely even larger. Allgood et al. (2006) presented a comprehensive analysis of dark

halo shapes based on high-resolution dissipationless simulations. They found that the

mean major-to-minor isodensity axis ratio for Galaxy-sized halos was qρ ' 1.7 with a

dispersion of σq ' 0.3. Moreover their halos, and those of earlier studies, tended more

toward prolate-triaxial than oblate-triaxial (that is triaxial with one axis significantly

smaller than the other two). The effect baryons have on a halo’s shape was studied

by Dubinski (1994); Kazantzidis et al. (2004); Debattista et al. (2008) and others. In

general baryons tend to make the halos more spherical, particularly in the innermost

regions. The axis ratios of the proto-galaxy should therefore be even larger than those

observed today. The implication is that the Galactic halo favoured by the LMJ09 and

LM10 analyses is an outlier within the context of the standard cosmological paradigm.

A secondary issue concerns the shapes of the isodensity contours themselves.

LMJ09 and LM10 assume triaxial isopotential contours, which imply peanut-shaped
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isodensity contours (see, for example, Binney & Tremaine (2008)). By contrast, tri-

axiality in simulations is almost always measured in terms of the density and peanut-

shaped contours are rarely seen.

These considerations motivated us to reexamine constraints on the dark halo from

the Sgr stream. We carry out the modeling exercise within the Bayesian statistical

framework and are therefore able to calculate the probability distribution function

(PDF) for the structural parameters of the halo and quantify the model uncertainties.

Previous analyses focused on the shape parameters of the halo (the axis ratios and

the Euler angles that define the halo’s orientation). The general practice has been

to fix the structural parameters of the bulge, disk, and spherically-averaged halo

and allow the halo shape parameters to vary while trying to fit kinematic data for

stars along the Sgr stream. Typically, only the most rudimentary constraints on the

Galaxy’s structure are included. For example, in the LMJ09 and LM10 analyses (see,

also Johnston et al. (2005)) the model is designed so that the circular speed at the

position of the Sun is vc ' 220 km s−1. As discussed below, the disk and bulge in this

model appear to be too large (by factors of 2-3) to be consistent with a number of

observational constraints.

In this paper, we consider a general disk-bulge-halo model for the Milky Way and

allow the key structural parameters for all three components to vary simultaneously.

The likelihood function includes not only the stream constraints, but observational

constraints from the line-of-sight velocity dispersion (LOSVD) and surface brightness

profiles for the bulge, the vertical force and surface density in the solar neighborhood,

the Oort constants, the circular speed curve, and the mass at large Galactocentric

radii.
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At first glance, our parameter space has expanded to an unwieldy level. (Our

model has twenty-eight free parameters!). However, by using a Markov chain Monte

Carlo (MCMC) algorithm we are able to efficiently estimate the PDF for the full multi-

dimensional parameter space. In this paper, we employ the affine-invariant ’Stretch-

Move’ ensemble sampler of Goodman & Weare (2010) (see also Foreman-Mackey et

al. (2012)). Since our MCMC analysis requires a large number of “likelihood calls”

we are precluded from modeling Sgr as a full N-body system. We therefore follow

LMJ09 and model Sgr and the associated tidal stream as a single particle that orbits

in the fixed gravitational potential of the Milky Way. The stream likelihood function

is calculated by comparing the phase space coordinates from the M giant and SDSS

observations (namely, the angular positions and line-of-sight velocities) with points

along model orbits.

In Section 3.3 we use Bayesian inference and our MCMC algorithm to reanalyze

the M giant and SDSS data within the context of the Galactic model from LMJ09 and

LM10. We also consider an alternative model in which the isodensity contours (rather

than isopotential contours) of the halo are triaxial. In Section 3.4 we introduce a more

general model for the density-potential pair of the Galaxy as well as the observational

constraints that enter our analysis. We present our main results in Section 3.5. Our

analysis points to a similarly triaxial model as the one found in LM10 though the

disk-halo decomposition of the mass distribution is quite different. We conclude in

Section 3.6 with a summary of our key results.
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3.3 Halo triaxiality from the Sagittarius stream

via Bayesian inference

We begin this section with brief summaries of the Galactic model used in LMJ09 and

LM10, the observational constraints from the Sgr stream, and the affine-invariant

ensemble sampler deployed in our analysis. We then present results from two separate

MCMC runs. The first closely follows LMJ09 in that the isopotential contours are

assumed to be triaxial ellipsoids and certain model parameters, namely the present-

day distance to the Sgr dSph and the thickness and intrinsic dispersion of the stream

are kept fixed. In the second run, the isodensity contours are assumed to be triaxial

and the aforementioned parameters are allowed to vary.

3.3.1 Galactic model

The Galactic model used by LMJ09 and LM10 comprises a Hernquist bulge (Hern-

quist, 1990), a Miyamoto-Nagai disk (Miyamoto & Nagai, 1975), and a logarithmic

halo (see, for example, Binney & Tremaine (2008)). The contributions to the gravi-

tational potential for each of these components are given by

Φb(r) = − GMb

r + c
, (3.1)

Φd(R, z) = − GMd√
R2 + (a+

√
z2 + b2)2

, (3.2)

Φh(rt) = σ2
h ln(r

2
t + d2) . (3.3)

where (x, y, z) are the usual right-handed Cartesian coordinates with the z-axis

oriented along the symmetry axis of the disk and the Sun located on the x-axis,
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R = (x2 + y2)
1/2

, and r = (R2 + z2)
1/2

. We also define a triaxial coordinate sys-

tem for the halo with coordinates rt = (xt, yt, zt). Following LMJ09, we fix the

zt-axis to be along the symmetry axis of the disk and write rt = RΛΦr where

ΛΦ = diag
(
1, A−1

Φ , B−1
Φ

)
and

R =


cos θ sin θ 0

− sin θ cos θ 0

0 0 1

 . (3.4)

In this section, we follow LMJ09 (see also Johnston et al. (1999) and Law, Johnston,

& Majewski (2010)) and fix the structural parameters of the disk, bulge, and halo

potentials to the following values: Mb = 3.43 × 1010M�, c = 0.7 kpc, Md = 1.0 ×

1011M�, a = 6.5 kpc, b = 0.26 kpc, and d = 12kpc. The halo scale velocity, σh, is

adjusted so that the local circular speed is 220 km s−1. We refer to this model as the

LJM model.

3.3.2 Observational constraints from the Sgr dSph and stream

The Sgr system roughly lies in a single plane, which has been identified as the orbital

plane of the Sgr dSph. To a good approximation, this plane contains the Sun and

is defined by the orbital pole (lp, bp) = (273.8◦,−14.5◦) (LM10 and Johnston et al.

(2005)). The Sgr dSph itself is located at (lSgr, bSgr) = (5.6◦,−14.2◦).

Ibata et al. (1997) found that the stars observed in the central regions of the

Sgr dSph have a mean radial velocity of 171 ± 1 km s−1, which is nearly the same

as the radial velocity of M54, a globular cluster usually identified with the center of

the Sgr dSph. Note that this velocity has been converted to the Galactic Standard

of Rest (GSR), a reference frame centered on the Sun but at rest relative to the
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Galactic center. The conversion from heliocentric velocities to the GSR depends

on the circular speed at the position of the Sun and the Sun’s peculiar velocity

(U�, V�, W�). In Ibata et al. (1997) as well as LMJ09 and LM10, the circular speed

of the Sun is assumed to be 220 km s−1. We return to this assumption in Section

3.4. The heliocentric proper motion of the Sgr dSph has been measured by Pryor,

Piatek, & Olsweski (2007) using archival Hubble Space Telescope (HST) data as

(µl, µb) = (−2.615± 0.22, 1.87± 0.19)mas yr−1. The heliocentric distance to the

Sgr dSph DSgr has been estimated by a various methods and is found to lie in the

range from 22− 28.4 kpc (see Table 2 of Kunder & Chaboyer (2009)).

3.3.3 Likelihood function and posterior probability distribu-

tion

For simplicity we use the so-called Sagittarius spherical coordinate system (d, λ, β)

defined by Majewski et al. (2003) where d is the heliocentric radial coordinate and

λ and β are angular coordinates. The Sgr dSph is located at λ = β = 0◦ while

the stream approximately follows the β = 0◦ great circle with λ increasing along the

trailing portion of the stream and β increasing toward the orbital pole. Following

LMJ09, we assume that the Sgr dSph can be modeled as a point mass and that the

leading and trailing portions of the stream follow, respectively, the future and past

segments of its orbit. The model orbit is then compared with the radial velocity

and angular position measurements of M giants from Majewski et al. (2003) and

the angular position measurements from the SDSS study of Belokurov et al. (2006).

This method ignores the internal structure and dynamical evolution of the progenitor

and stream. N-body simulations allow one to explore these effects but their use
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is unfeasible in the present analysis where 500K likelihood calls are required. (See

however Varghese et al. (2011) who discuss a promising approach in which a family

of kinematic orbits are used to model the “thick” tidal stream.)

For the “i’th” data point, we determine the position along the orbit with the

same λi and, in so doing, arrive at model predictions for the line-of-sight velocity

vM (λi) and the angular position βM(λi). The likelihood function, or equivalently, the

probability of the data given the model M , is then

p (D|M) =

Nβ∏
i=1

1

(2π)1/2 σβ,i
exp

[
−(βM (λi)− βi)

2

2σ2
β,i

]

×
Nv∏
i=1

1

(2π)1/2 σv,i
exp

[
−(vM (λi)− vi)

2

2σ2
v,i

]
. (3.5)

The first term on the right-hand side involves a product over all M giants in the

Majewski et al. (2003) data set as well as the SDSS Sgr stream fields from Belokurov

et al. (2006) whereas the second term involves only the M giants. The parameters σβ

are meant to account for both observational uncertainties and the intrinsic thickness of

the Sgr stream. Likewise, the σv are meant to account for observational uncertainties

in the line-of-sight velocity and the intrinsic dispersion.

Our aim is to calculate the posterior probability function (PDF) of the model,

which is given by Baye’s theorem,

p(M |D, I) = p(M |I)p(D|M)

p(D|I)
, (3.6)

where I represents prior information and P (M |I) is the prior probability on the model

M. The term p(D|I), often referred to as the evidence, is essentially a normalization

factor and does not enter our calculations.

In general, M is specified by NP parameters and therefore P (M |D, I) is an NP -

dimensional function. In order to efficiently map this multi-dimensional function
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we use the Stretch-Move (SM) MCMC algorithm from Goodman & Weare (2010).

All MCMC algorithms require a proposal distribution or sampler to generate the

chain of points in parameter space. If the different model parameters have different

scales or are strongly correlated, then it can be extremely difficult to choose an

effective sampler. And a poorly chosen sampler leads to poor convergence of the

chain. The SM-MCMC algorithm employs an ensemble of NW “walkers” where NW >

NP . The proposal distribution for a given walker is determined by the other walkers

(rather than by the user). By design, the algorithm is invariant under linear re-

parameterizations of the model parameters (i.e., affine invariant) and the difficulties

of choosing a sampler are avoided.

3.3.4 LMJ09 revisited

We next reexamine the Majewski et al. (2003) and Belokurov et al. (2006) data sets

within the context of the Galactic model described above and model assumptions

that are similar to those used in LMJ09. The free parameters are the axis ratios AΦ

and BΦ, the angular position θ of the xt-axis in the xt − yt plane and the two proper

motion components of the Sgr dSph. Following LMJ09, we fix DSgr and line-of-sight

velocity for the Sgr dSph to be 28 kpc and 171 km s−1 (GSR), respectively. We also

follow LMJ09 and set σβ,i = 1.9◦ and σv,i = 12 km s−1.

We assume uniform priors in log(A) and log(B) since the axis ratios 1 : 0.5 and

1 : 2 are effectively equivalent. To avoid degeneracies, we restrict A to be greater

than unity. The prior for θ is assumed to be uniform between 0◦ and 180◦. Finally,

we assume that the prior probability on the components of the proper motion are

uniform across a range that includes both the best-fit values from LM10 and values
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observed by Pryor et al. (2007).

We fit the stream using our SM-MCMC algorithm with 100 walkers and 5000

steps. Here and throughout this work we discard the first 1000 steps, i.e., the burn-in

segment of the chain. The marginalized PDFs for AΦ, BΦ, and θ in this run (referred

to as the triaxial potential or TP run) are shown in Figure 3.1 while a summary is

provided in Table 3.1. Interestingly, the most likely shape from the Bayesian analysis

is closer to the results of LM10 than the results from LMJ09. The implication is that

the parameter search algorithm is at least as important as whether the Sgr dSph is

modeled as an N-body system or a point particle.

Figure 3.1: Marginalized PDFs for AΦ, BΦ, and θ from the MCMC run described
in Section 3.3.4 (TP). Contours enclose 68%, 95%, and 99% of the probability in
either the AΦ − BΦ or AΦ − θ planes (left and right panels, respectively). The black
points indicate models from the MCMC run that lie outside the 99% contour. The
stars show the best-fit parameters from LMJ09 (red) and LM10 (blue). The diagonal,
horizontal, and vertical lines in the left-hand panel are for reference. Models along the
diagonal line have AΦ = BΦ and are axisymmetric with the symmetry axis coincident
with the xt axis. Along the upper portion of this line the models are oblate. Models
along the horizontal AΦ = 1 line are axisymmetric with the symmetry axis coincident
with the z-axis (i.e., the symmetry axis of the disk.)
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AΦ BΦ Aρ Bρ θ

LMJ09 1.5 1.25 (2.5) (1.75) 0◦

LM10 1.4 1.4 (2.2) (2.2) −7◦

TP 1.49 1.34 (2.48) (2.03) −9◦

TD (1.49) (1.38) 2.48 2.15 −11◦

Table 3.1: Axis ratios and angle θ for the LMJ09, LM10 analyses and
TP and TD runs as described in Section 3.3. Parenthesis denote axis
ratios that are calculated using the expression Aρ = 3 (AΦ − 1) + 1 or
its inverse.

3.3.5 Triaxial density

By design, isopotential surfaces in the halo model described by Equation 3.3 are triax-

ial whereas the isodensity surfaces are not. Indeed, when A and B differ significantly

from 1, as in the best-fit models of LMJ09 and LM10, isodensity surfaces become

peanut-shaped (see Fig. 2.9 of Binney & Tremaine (2008)). In simulations, the shape

of dark matter halos is inferred by measuring the axis ratios of isodensity surfaces

assuming that these are the surfaces that are triaxial. With these issues in mind, we

consider an alternative model in which the halo density is given by

ρh(R, z) = ρh
(
r2t
) σ2

h

2πG

r2 + 3d2

(r2t + d2)
2 (3.7)

where rt ≡ RΛρr with Λρ = diag
(
1, A−1

ρ , B−1
ρ

)
. Note that in the spherical limit,

r = rt and Equations 3.7 and 3.3 describe equivalent models.

The force and potential are calculated from Equation 3.7 via the homeoid theorem

(Binney & Tremaine, 2008). The potential for any triaxial density is given by

Φ(x) = −πGa2a3
a1

∫ ∞

0

dτ
ψ(∞)− ψ(m)√

(τ + a21)(τ + a22)(τ + a23)
, (3.8)

where the ai are the axis ratios,

m2 = a21

3∑
i=1

x2i
a2i + τ

(3.9)
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is similar to the square of the ellipsoidal radius, and

ψ(m) =

∫ m2

0

dm2ρ(m2) , (3.10)

is an auxiliary function. In our models a1 = 1, a2 = Aρ, and a3 = Bρ.

We consider a Galactic model in which Equation 3.7 rather than Equation 3.3

describes the halo. We also allow DSgr to vary within the range of measured values

compiled by Kunder & Chaboyer (2009). To be precise, we assume a uniform prior for

DSgr between 22 kpc and 28.5 kpc. Law et al. (2010) found that the effect of varying

DSgr was degenerate with other parameters, particularly the distance Ro of the Sun

to the Galactic center. We therefore include Ro as a model parameter and assume

a Gaussian prior centered on 8.2 kpc with 1-σ width of 0.4 kpc (Bovy, Hogg, & Rix,

2009). We also include a prior probability for the proper motion based on the HST

analysis of Pryor et al. (2007). Finally, we replace σβ,i and σv,i in Equation 3.5 with

the free parameters εβ,j and εv, where j = MG for the Majewski et al. (2003) M

giants and SDSS for the Belokurov et al. (2006) SDSS fields. That is, we model the

stream thickness in both angular position and line-of-sight velocity. To summarize,

our model now includes five additional parameters, DSgr, Ro, εMG, εSDSS, and εv.

The marginalized PDFs for Aρ, Bρ, and θ are shown in Figure 3.2 (referred to as

the triaxial density or TD run). We also compare the best-fit values with those from

the previous analysis and with the results from LMJ09 and LMJ10. To do so, we use

the relation Aρ = 3 (AΦ − 1) + 1 from Binney & Tremaine (2008). Once again, we

find that the Sgr stream favours a strongly oblate-triaxial halo with isodensity axis

ratios that are greater than 2 and with the symmetry axis closely aligned with the

Sun-GC line. The uncertainty in the axis ratios is greater, by about a factor of three,

for this run.
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Figure 3.2: The PDFs for Aρ, Bρ and θ for TD as described in Section 3.3.5 (upper
panels) and TP (lower panels). For the upper panels, AΦ is transformed to Aρ using
the expression Aρ = 3 (AΦ − 1) + 1 and likewise for B. The contours, black points,
and symbols are the same as in Figure 3.1.

In Figure 3.3, we show the marginalized PDF in the DSgr − Ro plane. The con-

straint on Ro comes almost entirely from the prior, while our fit to the stream data

favours the upper range of observed values for the distance to the Sgr dSph.



CHAPTER 3. PAPER I 67

Figure 3.3: The marginalized PDF in the Ro−DSgr from TD. The contours and black
points are the same as Figure 3.1. The blue star shows the values assumed by LMJ09
and LM10.

In Figure 3.4, we show the marginalized PDF for the components of the proper

motion, µl and µb. Evidently, the PDFs are inconsistent with measurements by Pryor

et al. (2007) at about the 2σ-level but are consistent with the favoured values obtained

in LMJ09 and LM10. Tension between the model and observed values for the proper

motion may indicate a problem with the model assumptions (e.g., interpretation of

the streams as direct tracers of the orbit) though clearly a more refined measurement

of µl and µb is required.
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Figure 3.4: The PDF in the µl − µb plane. The contours and black points are the
same as Figure 3.1. The black cross shows the results from the Pryor et al. (2007)
analysis. The blue star is the value favoured by LM10.

3.4 Toward a more realistic Milky Way model

3.4.1 An updated Galactic model

The model described by Equations 1-3 is attractive in large part because of its sim-

plicity since the potential, force, and density can all be expressed in terms of analytic

functions. However, this model does not represent our current understanding of the

azimuthally-averaged structure of spiral galaxies. For example, Andredakis, Peletier,

& Balcells (1995) showed that bulges of spiral galaxies could be best fit by the Sérsic
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law. Furthermore, since the classic paper by Freeman (1970), it has become stan-

dard practice to model the luminosity profile of disks as an exponential. Finally, the

spherically-averaged density profile of dark matter halos is described extremely well

by the Einasto profile (Merritt et al., 2006). Therefore we consider a Milky Way

model with these three components. We assume that the bulge and disk have con-

stant (but different) mass-to-light ratios. The density that produces a Sérsic surface

brightness profile is (Prugniel & Simien, 1997; Terzić & Graham, 2005)

ρb(r) = ρb0

(
r

Re

)−p

e−b(r/Re)1/n , (3.11)

where p = 1 − 0.6097/n + 0.05563/n2, n is the Sérsic index and b = b(n) is chosen

so that the radius Re encloses half the total projected mass. For simplicity, we

parameterize the bulge by the scale velocity

σb ≡
(
4πnbn(p−2)Γ (n (2− p))R2

eρb0
)1/2

(3.12)

rather than ρb0.

We assume that the disk density is exponential in the radial direction (the Freeman

Law) and has a sech2 structure in the vertical direction:

ρd (R, z) =
Md

4πR2
dzd

e−R/Rd sech2 (z/zd) (3.13)

where Md, Rd, and zd are the mass, radial scale length, and vertical scale height

for the disk, respectively. The disk potential is calculated using the technique of

Kuijken & Dubinski (1995). An analytic ’fake’ disk density-potential pair, (ρfd, Φfd)

is constructed so that ρd = ρfd + ρr and Φd = Φfd +Φr where (ρr, Φr) is the density-

potential pair of the residual. The fake disk is designed to account for the high-order

moments of the disk potential. The full potential is calculated by solving the Poisson

equation using a spherical harmonics expansion and iterative scheme.
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The density distribution for our halo model is given by

ρh(rt) = ρ0e
− 2

α
((rt/rh)

α−1) (3.14)

where rt is the triaxial radius, ρ0 is a scale density, rh is the scale radius, and α

controls the logarithmic slope of the density profile. The potential for this triaxial

density is calculated via Equation 3.8.

To be sure this model represents an approximation to the mass distribution and

gravitational potential of the Galaxy. The model disk and bulge are axisymmetric

whereas the actual bulge is triaxial and the disk contains a bar. It is reasonable to ask

whether these non-axisymmetric structures could mimic the effects of a triaxial halo.

We note that at pericenter the Sgr dSph is ∼ 20 kpc from the Galactic center whereas

the bulge triaxiality and the bar are properties of the inner few kpc. At pericenter,

the disk and bulge contribute ∼ 25% and 10% respectively to the gravitational force.

Furthermore, the components of the potential associated with the bar and bulge

triaxiality are quadruple (or higher order) terms, which fall off significantly faster

than the leading monopole term. We therefore conclude that the triaxiality of the

bulge and the presence of a bar will have little effect on the orbit of the Sgr dSph and

its stream.

3.4.2 Observational constraints

Our analysis combines kinematic and photometric observations that constrain the

structure of the Milky Way across five orders of magnitude in radius. Apart from

the constraints due to the Sgr stream, the observations we consider are similar to

those found in (Dehnen & Binney, 1998; Widrow & Dubinski, 2005; Widrow, Pym, &

Dubinski, 2008) with some notable exceptions. The starting point is a generalization
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of Equation 3.5 to

p(D|Θ) =

Nobs∏
i=1

Ni∏
j

1

2πσi,j
e

(Mi,j−Oi,j)
2

2σ2
i,j , (3.15)

where the index i runs over the different types of observational constraints (e.g. stream

angular position and radial velocity) while the index j runs over individual data points

of a particular type of observation. The model prediction is M , the observation, O,

and is the associated error, σ.

The stream constraints are as before with one proviso: Since we are treating the

Sun’s motion relative to the Galactic centre as a free parameter, we cannot use the

GSR radial velocities for the M giants as published in Majewski et al. (2003) but

must use the (observed) heliocentric velocities and convert to the GSR using the

model values for vc(Ro), U�, V�, and W�.

For the innermost region of the Galaxy, we use the compilation of bulge LOSVD

measurements found in Tremaine et al. (2002), with the restriction that r ≥ 4 pc to

avoid complications from the central black hole. In addition, we adjust the dispersion

downwards by a factor of 1.07 to account for the non-spherical nature of the bulge.

We also use the surface brightness profile at infrared wavelengths from the COBE-

DIRBE observations (Binney, Gerhard, & Spergel, 1997). These observations extend

from −40◦ to 40◦ in Galactic longitude and allow us to probe the structure of both

the bulge and disk. Of course, our model must now include mass-to-light ratios for

the bulge and disk.

We include a number of “local” or solar neighborhood constraints in our analysis.

Recently Reid et al. (2009) used Very Long Baseline radio observations to determine

trigonometric parallaxes and proper motions for masers throughout the Milky Way’s

disk. These measurements were then used to infer a circular speed at the position
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of the Sun of 254 ± 16 km s−1, a value 15% higher than the one assumed in LMJ09

and LM10. The Reid et al. (2009) results were scrutinized by Bovy et al. (2009)

who carried out a Bayesian analysis of the maser data and also incorporated proper

motion measurements of Sgr A∗. For our analysis, we adopt the Bovy et al. (2009)

value: vc (Ro) = 244± 13 km s−1.

The shape of the circular speed curve in the solar neighborhood is described by

the Oort constants. We adopt the constraints A = 14.8 ± 0.8 km s−1kpc−1 and

B = −12.4 ± 0.6 km s−1kpc−1 from Feast & Whitelock (1997). We use the disk

surface density measurement of Σd = 49 ± 9 M� pc−3 from Flynn & Fuchs (1994)

and the vertical force measurement of |Kz(1.1 kpc)| = (2πG) 71± 6 M�pc
−2 , from

Kuijken & Gilmore (1991). These values are in good agreement with similar studies

(see, for example, Holmberg & Flynn (2004)).

Observations of the Galactic circular speed curve are typically divided into mea-

surements inside and outside the solar circle. The inner rotation curve is usually pre-

sented in terms of the terminal velocity, which is defined as the peak velocity along a

particular line-of-sight defined by the Galactic coordinates b = 0 and l where |l| < π/2.

If we assume that the Galaxy is axisymmetric, then vterm = vc (R)− vc (Ro) sin l. We

use data from Malhotra (1995) with the restriction that sin l ≥ 0.3 so as to avoid

distortions due to the bar. The outer rotation curve requires a more in depth discus-

sion. The circular speed vc(R) is related to the observed line-of-sight velocity vlsr of

a kinematic tracer in the disk through the expression

W (R) =
Ro

R
vc(R)− vc(Ro) =

vlsr
cos b cos l

. (3.16)

We use observations of HII regions and reflection nebulae from Brand & Blitz (1993)

and Carbon stars from Demers & Battinelli (2007) with the restriction that l ≤ 155◦
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or l ≥ 205◦, d ≥ 1 kpc, and W ≤ 0 so as to avoid complications due to non-

circular motions. The errors in the measurements are propagated to errors in W .

Additionally, ’noise’ parameters for d and vlsr are added in quadrature to the quoted

errors to account for the potential for unknown systematic errors. That is, the velocity

error for the j’th data point is σ2
v = σ2

v,m + ε2u where σv,m is the measured error (the

i subscript has been suppressed) and εu is the noise parameter. Similarly, we have

σ2
d = σ2

d,m + d2ε2d. Note that we allow for different noise parameters for the Brand &

Blitz (1993) and Demers & Battinelli (2007) data sets.

Finally, we follow Dehnen & Binney (1998) and useM(r < 100 kpc) = (7±2.5)×

1011 M� as a constraint on the mass of the Milky Way at large Galactocentric radii.

This constraint is based on the study of satellite kinematics by Kochanek (1996), the

locally determined ’escape’ speed, and the timing of the local group. It is also based

on modelling of the Magellanic Clouds and stream by Lin, Jones, & Klemola (1995).

The large error in M (r < 100 kpc) reflects the potential for large systematic errors.

In principle, the Sgr system should be able to constrain the mass distribution of the

Milky Way in the 30− 100 kpc range.

3.5 Results

We now present results based on the constraints described in the preceding Section.

As before we use the SM-MCMC algorithm with 100 walkers and 5000 steps. Our

model is described by twenty-eight free parameters: nine structural parameters for

the disk, bulge and halo, mass-to-light ratios for the bulge and disk, two axis ratios

and an orientation angle for the triaxial halo, the distance of the Sun to the Galactic

center and its motion relative to the local standard of rest, the heliocentric distance
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to the Sgr dSph and its proper motion, and seven “noise” parameters. The initial

angular position and heliocentric velocity of the Sgr dSph are held fixed. Our priors

for the disk scale length and scale height are based on Jurić et al. (2008) while our

priors for the Sun’s peculiar velocity are based on values from Binney & Merrifield

(1998).

In Table 3.2 we present a summary of the statistics for the model parameters. In

particular, we give the mean and variance of the marginalized PDF for each param-

eter. For convenience, we also list the prior used for each parameter.

3.5.1 General properties of the Galaxy

Table 3.3 presents a summary of the statistics for the observables based on our MCMC

analysis. For comparison, we include the predictions from the LJM model. We see

that our analysis favors a somewhat lower value for the circular speed than advo-

cated by Bovy et al. (2009) though the discrepancy is only at the 1.5σ-level. More

importantly, our model is consistent with estimates for both the disk surface density

and vertical force in the solar neighborhood in contrast with the LJM model, which

predicts values that are too high, implying that their disk mass is too large.

In Figure 3.5 we show the LOSVD measurements from Tremaine et al. (2002)

and the inferred values from the model. Our model does a good job in matching the

general value for the dispersion profile though the data show a clear peak at 200 pc

and decline for larger radii whereas the model dispersion profile is relatively flat. The

implication is that the simple Sérsic-Prugniel & Simion model may be inadequate for

the inner-most regions of the bulge. We see that the LJM model predicts LOSVD’s

that are 1.5-2 times higher than the measured velocities, which implies that their
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Θ 〈Θ〉 Var (Θ)1/2 Prior Lower Limit Upper Limit
n 1.77 0.37 uniform 0.6 4.
σb 314 23 log 100. 500.
re,b 0.60 0.07 log 0.1 2.
M/Lb 0.69 0.20 uniform 0.4 2.
M/Ld 1.09 0.08 uniform 0.4 2.
Md 5.2× 1010 0.5× 1010 log 1.8× 1010 7.0× 1011

ρ0 1.4× 10−3 0.4× 10−3 log 2× 10−3 7× 10−3

re,h 11.1 1.3 log 2 35
α 0.23 0.07 uniform 0 0.5
A 3.58 0.45 log 1 5
B 2.58 0.25 log 0.2 5
θ -5.4◦ 1.4◦ uniform −90◦ 90◦

d 25. 1. uniform 22 28.5
εd,B 0.42 0.05 log 0.01 0.7
εv,B 3.7 1.4 log 1 60
εd,D 0.49 0.03 log 0.01 0.7
εv,D 53. 14. log 1 60
εMG 6.9 0.5 uniform 1 20
εSDSS 3.0 1.3 uniform 1 20
εu 33. 18. uniform 1 40

Prior Width Mean
Re.d 2.80 0.12 Gaussian 1. 3.5
Ze,d 0.48 0.08 Gaussian 0.06 0.3
U� -9.8 0.04 Gaussian 0.4 -10.0
V� -5.6 0.7 Gaussian 0.6 -5.25
W� 7.3 0.4 Gaussian 0.4 7.2
Ro 8.4 0.2 Gaussian 0.4 8.2
µl -2.39 0.16 Gaussian 0.22 -2.61
µb 1.91 0.13 Gaussian 0.19 1.87

Table 3.2: Statistical summary of results from the MCMC run de-
scribed in Section 3.5. Column 1 — parameter; column 2 — mean
value; column 3 — variance; column 4 — type of prior used. Columns
5 and 6 give the lower and upper bounds for prior in the case of either
a uniform or log prior and the width and mean for the case where
the prior is a Gaussian. The units are km s−1, kpc, M�, M� pc−3,
mas yr−1 for velocity, distance, mass, density, and proper motions re-
spectively.
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Observation Observed LJM This Work
vc (km s−1) 244± 13 220 225± 4

Oort A ( km s−1 kpc−1) 14± 0.8 13.0 14.4± 0.3
Oort B ( km s−1 kpc−1) −12.4± 0.6 −14.5 −12.6± 0.4

Σd ( M�pc
−2) 49± 9 95 49± 4

(2πG)−1 |Kz(1.1 kpc)| ( M�pc
−2) 71± 6 100.1 75± 5

M(r < 100 kpc) (1011 M�) 7± 2.5 7.96 6.99± 0.63

Table 3.3: Mean values for observables from the LJM model and this
work.

bulge mass is 2-4 times to high.

Figure 3.5: Velocity dispersion profile as a function of projected radius. The thin
blue line shows the velocity dispersion averaged over the chain. The shaded region
gives the 68% credible region. The red dashed curve is the prediction for the LJM
model. The black points are from Tremaine et al. (2002).

The surface brightness toward the bulge is shown in Figure 3.6. Both our model

and the LJM model do an acceptable job in fitting the data. The inner rotation curve
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is shown in Figure 3.7 and again, an acceptable fit is obtained. Note that the LJM

prediction rises more steeply at small |l| as compared with our model and reaches a

peak circular speed that is higher by a factor of 1.5.

Figure 3.6: Surface brightness as a function l. The thin lines and shaded regions are
the average and 68% credible regions for the total surface brightness (blue), the bulge
(red) and the disk (green). The dashed red curve is prediction for the LJM model.



CHAPTER 3. PAPER I 78

Figure 3.7: Terminal velocity as a function of sin l. The thin blue line and shaded
region are the average and 68% credible region, respectively while the dashed red
curve shows the prediction for the LMJ model. The black points are the data from
Malhotra (1995).

We show the outer rotation curve in Figure 3.8. In contrast with the inner regions

of the Galaxy, the LJMmodel and ours have a very similar shape. This point is further

illustrated in Figure 3.9 where we show the full circular speed curve across a wide range

in radii. For comparison, we also show the Xue et al. (2008) rotation curve, though

this data was not used in our analysis. The LJM model and ours yield remarkably

similar circular speed curves even though the bulge-disk-halo decomposition of vc is

very different. We note that the peak contribution to vc from the bulge is nearly

twice that for our best-fit model, a result echoed in Figure 3.5 The peak contribution

to vc from the disk is roughly the same in the LJM model as in our best-fit model,

though in the LJM model, the peak occurs at R=10 kpc whereas in ours, it occurs
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at about 5-6 kpc. Recall that for an exponential disk, the peak in vc is at 2.2 disk

scale lengths, so the implication is that the LJM disk has an effective scale length of

5 kpc, which is roughly a factor of two larger than the standard values for the Milky

Way.

Figure 3.8: Outer rotation curve as a function of projected radius R. The curves are
as in Figure 5. The black points are from Brand & Blitz (1993) and the red points
are from Demers & Battinelli (2007).
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Figure 3.9: Composite circular speed curve as a function of radius. Lines and shaded
regions show the average and 68% credible regions (upper panel) for the total circular
speed curve (blue) and the contributions from the bulge (red), disk (green), and halo
(magenta). The solid curves (lower panel) are the prediction from the LJM model.
Black points are from Xue et al. (2008). These points are not used in the fit but are
shown as a consistency check.

3.5.2 The Sgr stream and halo triaxiality

In Figure 3.10 we show the angular position β and heliocentric velocity vr of stars

that are presumed to be members of the Sgr stream. A few comments are in order.

First, the M-giant data is considerably noisier than the SDSS fields though the latter
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only covers a portion of the leading arm of the Sgr stream. In Table 3.2, the stream-

thickness (or noise) parameters are εMG = 6.9◦ and εSDSS = 3◦. Thus, the analysis

accounts for the intrinsic scatter in the M-giant data by choosing a larger noise pa-

rameter. This choice has the effect of reducing the weight the individual M-giant data

points as compared with the SDSS fields in the likelihood calculation.
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Figure 3.10: Angular position and line-of-sight velocity as a function of position along
the stream. The upper panel shows the angular position perpendicular to the stream,
β, as a function of angular position along the stream, λ. The lower panel shows
the heliocentric radial velocity, vr, as a function of λ. The thin blue line, shaded
region, and dashed curve are as in Figure 5. The black points are the 2MASS M
giants while the red stars are the Belokurov et al. (2006) SDSS fields. The red dashed
line is the predictions for the best-fit model of LMJ09. While the LM10 should be
considered superior to the LMJ09 model, it produces the fit to the data using an
N-body representation of the dwarf rather than the single particle approximation.
Since we also use the single particle approximation, it is more appropriate to show
that comparison.

The PDFs for Aρ, Bρ, and θ are shown in Figure 3.11. The inferred shape is still

roughly oblate with the short axis nearly aligned with the Sun-GC line. In fact, the
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preferred model is more strongly aspherical; the best-fit values for Aρ and Bρ are even

larger than were found in the analysis presented in Section 3.3. Note however that

the uncertainties in these values is larger than before.

Figure 3.11: Marginalized PDFs for Aρ, Bρ, and θ for the model introduced in Section
3.5. Contours, points and symbols are the same as those used in Figure 3.1.

Regardless of the model or the suite of constraints, the Sagittarius stream consis-

tently points to a halo model that is oblate-triaxial with the short axis of the halo

approximately coincident with the Sun-GC line. What properties of the Sgr stream

drive the fit of the halo in this direction? In Figure 3.12 we show the isodensity con-

tours for the total Milky Way model in the β = 0 plane. Also shown are the principle

axes of the halo projected on to this plane. Finally, we show positions of the M giant

and SDSS fields along the stream. Roughly speaking, the stream (and presumably,

the orbit of the Sgr dSph) are elongated parallel to the plane of the disk. In general,

if isopotential surfaces in a particular plane are ellipses, then at least some of the

particle orbits in that plane will be elongated perpendicular to the long axis of the

potential. Thus, current observations of the Sgr stream may require a halo that is
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elongated perpendicular to the plane of the Galactic disk, as found in LMJ09, LM10

and in the present work.
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Figure 3.12: Total Milky Way density and the Sgr stream in the β = 0 plane. The
green, blue, and red stars show the location of the Sun, GC, and Sgr dwarf respec-
tively. The black points show the Sgr stream M Giants and the yellow points show
the SDSS fields from Belokurov et al. (2006). The dashed curve shows the orbit of
the dwarf in the Milky Way model with the parameters equal to the expectation
values from Table 3.2. The solid blue, red, and black lines show the A, B, and 1 axes
respectively.

3.5.3 Mass distribution

The Sgr stream inhabits the region of the Galaxy between 20-60 kpc, which is roughly

where the gravitational potential transitions from disk-dominated to halo-dominated.

The stream therefore has the potential to help break the disk-halo degeneracy and

constrain the mass distribution beyond the disk. To explore this point, we re-analyze
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the model without the Sgr stream constraint. The result for the cumulative mass

profile is shown in Figure 3.13. We see that uncertainties in the mass at r = 100 kpc

are reduced from 0.3 dex to 0.1 dex by including the Sgr stream,.

Figure 3.13: Cumulative mass profile as a function of spherical radius r. Solid lines
and shaded regions show the average values 68% credible region for the total (blue)
and the separate contribution of the bulge (red), disk (green), and halo (magenta).
The dashed red line shows the predictions of the LJM model. The upper panel shows
M(r) with the full suite of constraints, include the data for the Sgr Stream. The
lower panel shows M(r) when the stream data is not used.

As noted above, and illustrated in Figure 3.13, the mass distribution for our

model and for the LJM model are very similar though the mass decomposition are

very different. In particular, the disk and bulge masses for our model are lower in our

models by factor of 2-4.
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3.6 Conclusions

We have performed a Bayesian analysis designed to model Milky Way that incor-

porates data for the Sgr stream together with a broader suite of observational con-

straints. Our analysis allows us to not only infer the shape of the dark matter halo,

but also its spherically-averaged mass distribution. We find that our Bayesian ap-

proach, which uses single-particle orbits, yields results for the shape parameters of

the halo that are consistent with the N-body-based approach of LM10. Moreover, the

Sgr stream reduces the uncertainty in the Milky Way mass profile by a factor of ∼ 2.

Our analysis has not resolved the central question posed by LMJ09 and LM10:

Why does the Sgr stream appear to favour such a strongly triaxial halo? As discussed

in the introduction, triaxial halo models favoured by LMJ09, LM10, and this work

are outliers in the distribution of halo shapes predicted by the standard Λ-CDM

cosmology. While the Galactic halo may indeed have this shape, we caution the

reader that these analyses make use of a single stream. One should be suspicious that

the halo model shares the same approximate orientation as the orbital plane of the

Sgr stream.

In principle, the use of multiple stellar streams with different orbital planes can

improve the situation. Indeed, the GD-1, Orphan, and Monoceros streams have been

already been extensively studied and, in some cases, used to constrain Milky Way

models (see, for example Koposov et al. (2010); Newberg et al. (2010); Peñarrubia et

al. (2005)). As discussed in Koposov et al. (2010), the GD-1 stream is a particular

attractive feature since it is extremely narrow and therefore has a simple internal

structure as compared with the Sgr stream. However, the GD-1 and Orphan streams

cover a significantly smaller angular extent than the Sgr stream and therefore may
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have limited value in constraining the potential.

The tidal debris of satellite galaxies may, in fact, provide other less direct clues

about halo triaxiality. N-body simulations by Rojas-Niño et al. (2012) (see also

Peñarrubia, Walker, & Gilmore (2009)) suggest that the morphology of tidal debris

depends on the shape of the host galaxy’s halo and in particular, the degree to which

it departs from spherical symmetry.

The results presented in this work and in LMJ09 and LM10 provide a tantalizing,

if not unsettling picture of the Galactic halo. Clearly, further analysis and more data

are required to establish what the shape of the dark halo is. Advances will likely come

from a combination of improved modelling techniques, detailed N-body simulations

and new data from the the next generation of surveys, such as Gaia (Perryman, 2002)

and LSST (Ivezic et al., 2008).
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comments and suggestions. LMW acknowledges the financial support of the Natural

Sciences and Engineering Research Council of Canada through the Discovery Grant
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4.1 Abstract

We develop a framework for modelling the Milky Way using stellar streams and a wide

range of photometric and kinematic observations. Through the use of mock data we

demonstrate that a standard suite of Galactic observations leads to degeneracies in

the inferred halo parameters. We then incorporate a GD-1-like stream into this suite

using the orbit-fitting technique and show that the streams reduces the uncertainties

in these parameters provided all observations are fit simultaneously. We also explore

how the assumption of a disk-halo alignment can lead unphysical models. Our results

may explain why some studies based on the Sagittarius stream find that the halo’s

intermediate axis is parallel to the disk spin axis even though such a configuration is

highly unstable. Finally we show that both longer streams and multiple streams lead

to improvements in our ability to infer the shape of our dark halo.

4.2 Introduction

In principle, a detailed model of the Milky Way’s (MW) gravitational potential can

be used to infer the shape and structure of the Galaxy’s dark matter (DM) halo. The

implications of such a determination range from dark matter detection to cosmological

structure formation to galaxy evolution in the present-day Universe.

In any attempt to infer Galactic structure from data it is necessary to specify the

space of Galactic models under consideration, M , the data, D, and the means by

which one compares the two. The latter is often expressed in terms of a likelihood

function, p(D|M). In Bayesian statistics, one also specifies a prior probability on the

model and then inverts the likelihood function to obtain the probability of the model
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given the data, p(M |D).

Galaxy models are fraught with degeneracies, particularly when the set of obser-

vational constraints are limited. For example, models of external galaxies that are

constrained by the rotation curve and surface brightness profile are plagued by the

disk-halo degeneracy. These data are found in the plane of the disk making them

insensitive to the halo shape and structure, thereby allowing one to trade off the disk

and halo when fitting the predicted circular speed (see Courteau et al. (2013) and

references therein). The disk-halo degeneracy leads to uncertainties in the local DM

density and the stability of the disk against the formation of a bar or spiral structure.

In principle model degeneracies can be broken by combining different types of

observations that sample different regions of the Galaxy. Stellar streams are a par-

ticularly promising and relatively new class of Galactic observations. These roughly

one-dimensional stellar features are presumably formed when stars are stripped from

dwarf galaxies by the tidal field of the host. They are located throughout the halo at

a variety of radii which allows them to probe the shape and structure of the halo itself

and break degeneracies like the disk-halo degeneracy. The Sagittarius (Sgr) stream

is perhaps the most prominent example of a stellar stream and has been mapped

over ∼ 300◦ across the sky. Soon after its discovery (Ibata et al., 1997) astronomers

began modelling the MW using the stream in an effort to infer the Galactic potential.

Some early examples include Ibata et al. (2001), Helmi (2004), Mart́ınez-Delgado et

al. (2004), Johnston, Law, & Majewski (2005), and Fellhauer et al. (2006).

Recently Law et al. (2009) utilized the Sgr stream to model the MW. Their Galac-

tic model consists of a Hernquist bulge, a Miyamota-Nagai disk, and a triaxial log-

arithmic. The halo was oriented so that one of its symmetry axes coincides with
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the spin axis of the disk and is characterized by five parameters: the scale length,

the scale velocity, the axis ratios of the halo potential, and the orientation angle of

the disk-plane symmetry axes. Of these parameters, Law et al. (2009) only explored

the axis ratios and orientation. The halo scale length, as well as the bulge and disk

parameters, are fixed to preferred values based on previous work (Law et al., 2010).

The halo scale velocity was adjusted so that the circular speed remains constant.

The Sgr stream data used in their fit consisted of the M giant survey from Majewski

et al. (2003) and Sloan Digital Sky Survey (SDSS) observations from Belokurov et

al. (2006). The stream itself was modeled under the assumption that it traces the

orbit of a single particle in a fixed potential (the orbit-fitting technique). Through

a grid search of their three free parameters they found that a favored model with

isopotential axis ratios of 1.5 : 1.25 : 1.

Law & Majewski (2010) refined the work of Law et al. (2009) by using N-body

methods to model formation of the stream. They found that the dark halo had

isopotential axis ratios of 1.28 : 1.26 : 1 with the intermediate axis perpendicular to

the Galactic disk and the short axis roughly along the Sun-Galactic Center line. Deg

& Widrow (2013), using a different Galactic model, performed a Bayesian analysis

of the Sgr stream and a suite of other observational constraints and found the halo

to have isodensity axis ratios of 3.3 ± 0.7 : 2.7 ± 0.4 : 1 with almost the same

orientation. However, Ibata et al. (2013) used the streak-line method (Varghese et

al., 2011; Küpper et al., 2012) for the stream model and found that they could fit the

stream observations using a Galactic model with a spherical, non-parametric halo.

Additionally, Vera-Ciro & Helmi (2013) used a similar model to Law et al. (2009) but

allowed the halo shape to change with radius. They found results similar to Law &
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Majewski (2010), but, when they included the effect of the Large Magellanic Cloud

on the stream, the inferred halo shape was only mildly triaxial.

The Sgr stream is particularly difficult to model. It is dynamically hot and has

a complicated structure. Belokurov et al. (2014) recently showed that the trailing

arm has a different apocenter than the leading arm. Peñarrubia et al. (2010) has

shown that the stream structure depends on the progenitor’s structure as well as

the MW. Moreover, Zhoa (2004) has shown that the orbit of Sgr is unlikely unless

it is particularly massive or fell in with a group. As such, its orbital properties are

likely quite complex and difficult to model. Finally, the stream shows an apparent

bifurcation in both the leading and trailing arms Fellhauer et al. (2006). It is unclear

whether this bifurcation is due to the formation of the stream, from some secondary

companion, or whether it is a completely different stream altogether (Koposov et al.,

2012). No study has yet been able to fit all these observations.

A number of studies have used other observed streams to model the MW. Willet et

al. (2009) found an orbit fit for the GD-1 stream (discovered by Grillmair & Dionatos

(2006)) but were unable to derive a constraint on the halo shape. However, Koposov

et al. (2010) obtained 6-D phase space information on the stream. Using the orbit

fitting technique with this data, they found the total potential to be oblate with the

short axis perpendicular to the disk. They note that this flattening may be mostly

due to the disk. When they include the disk mass uncertainties they were unable

to find robust constraints on the halo flattening. Newberg et al. (2010) modeled the

Orphan stream (independently discovered by Grillmair (2006) and Belokurov et al.

(2007)) using the orbit-fitting technique, but found that a longer stream is needed to

distinguish between a variety of different MW models as many of their model orbits
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diverged significantly past the edge of the data. Lux et al. (2012) fit orbits for the NGC

5466 stream (discovered by Belokurov et al. (2006b); Grillmair & Johnson (2006))

in a variety of Galactic models. They found that only orbits in oblate or triaxial

potentials produce deviations in the angular position that mark turning points in the

orbit. There are hints that such kinks are present in the stream data, suggesting a

non-spherical halo. Grillmair & Dionatos (2006b) attempted to find orbits for the

Palomar 5 (Pal 5) stream (discovered by Odenkirchen et al. (209))and found that a

spherical halo fit the data reasonably well. From this sample of studies, it is clear that

MW models generated using stellar streams vary greatly. These variations are due to

differences in three key elements of the analysis: the space of models examined, the

data used as constraints, and the method for modeling the stream.

Today there are roughly a dozen known Galactic streams (see Sanders & Binney

(2013) for a summary). The launch of Gaia (Perryman et al., 2001) will surely lead to

the discovery of new streams and improvements in the observational constraints from

known streams. With Gaia in mind, we set out to carefully examine how streams

can be combined with other Galactic observations to break some of the existing

degeneracies in the halo structure and shape parameters. We utilize mock data for

this examination and model streams using the orbit-fitting technique. This allows

us to sidestep the issue of how best to model streams and focus on issues relating

to the space of Galactic models, the data used to constrain those models, and the

construction the likelihood function.

This study is complementary to the recent work of Lux et al. (2013). They explore

the biases that arise in the inferred halo shape due to the use of the orbit-fitting

technique on realistic streams using mock data. Both our work and Lux et al. (2013)
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use Markov Chain Monte Carlo (MCMC) techniques to explore a parameter space,

but we utilize non-stream constraints and explore a substantially larger parameter

space.

We begin in Section 4.3 by describing a three-component MW model. In Section

4.4 we present a suite of Galactic observations that constrain the model. We also

describe our procedure for generating mock data for a MW-like galaxy. In Section

4.5 we examine some of the degeneracies that are found in the model parameters

when we fit only the suite of standard constraints, as well as where those constraints

arise. In Section 4.6 we present the stream observations, stream fitting algorithm,

and mock data. In Section 4.7 we show that streams observations must be combined

all other constraints simultaneously to get the best constraints possible for the halo

shape. We then demonstrate how the potentially erroneous assumption of a disk-halo

alignment, can affect the inferred parameters. We finish Section 4.7 by examining

the halo shape and orientation when a GD-1-like stream is combined with the full

suite of constraints and the full model parameter space is explored. In Section 4.8

we show how the use of either a longer stream or multiple streams provide leads to

improvements in our ability to infer the shape of the dark halo.

4.3 Galactic Model

We model the Galactic density as a Sérsic bulge, an exponential disk, and a triax-

ial Einasto halo (Einasto, 1965). An alternative and popular approach is to model

the Galactic potential in terms of analytic functions (some examples include Law &

Majewski (2010), Vera-Ciro & Helmi (2013) and Newberg et al. (2010)). It is com-

putationally simpler to calculate forces from an analytic potential than it is to obtain
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the force by integrating the density. However, cosmological simulations suggest that

it is the halo density rather than the potential that is triaxial (Frenk, 1988; Franx,

Illingworth, & de Zeeuw, 1991; Warren et al., 1992; Jing & Suto, 2002; Allgood et

al., 2006). Indeed a triaxial potential can lead to peanut shaped densities, and, in

extreme cases, negative values for the density (Binney & Tremaine, 2008). For this

reason we model the Galaxy using density functions.

The bulge density that generates a Sérsic profile in projection is (Prugniel &

Simien, 1997; Terzić & Graham, 2005)

ρb(r) =
σ2
bC(n)

4πGR2
e

(
r

Re

)−p

e−b(r/Re)1/n , (4.1)

where n is the Sérsic index, p = 1−0.6097/n+0.05563/n2, C(n) = nbn(p−2)Γ(n(2−p)),

and b = b(n) is chosen so that the radius Re encloses half the total projected mass.

An analytic expression for the associated potential can be found in Terzić & Graham

(2005)

The disk density is

ρd (R, z) =
Md

4πR2
dzd

e−R/Rd sech2 (z/zd) (4.2)

whereMd, Rd, and zd, are the disk mass, radial scale length, and vertical scale height.

The Einasto halo density (Einasto, 1965; Merritt et al., 2005) is

ρh(rt) = ρ0e
− 2

α
((rt/rh)

α−1) , (4.3)

where, ρ0, rh, and α are the halo scale density, scale radius, and a parameter to control

the logarithmic slope respectively. The triaxial radius, rt, in component notation, is

tt,i = Ri,jΛj,krk, (4.4)

where Λ is a diagonal matrix with elements (1, A,B) where A ≥ 1 ≥ B and R

is an Euler rotational matrix made of consecutive rotations about the Z, Y , and
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X axes. This set up means that A is the major/intermediate axis ratio, B is the

minor/intermediate axis ratio, and the first two Euler angles give the angular position

of the intermediate axis. In our analysis we simply use logarithmic priors for A and

B.

The potential for the halo is found using the homeoid theorem (see Binney &

Tremaine (2008)). When the coordinate axes are aligned with the symmetry axes,

the halo potential is

Φ(x) = −πGa2a3
a1

∫ ∞

0

dτ
ψ(∞)− ψ(m)√

(τ + a21)(τ + a22)(τ + a23)
(4.5)

where ai are the axis ratios,

m2 = a21

3∑
i=1

x2i
a2i + τ

(4.6)

is similar to the square of the ellipsoidal radius, and

ψ(m) =

∫ m2

0

dm2ρ(m2) (4.7)

is an auxiliary function. From the definition of the halo shape a1 = 1, a2 = A, and

a3 = B.

The disk potential is found using the technique of Kuijken & Dubinski (1995).

An analytic ’fake’ disk density-potential pair, (ρfd, Φfd) is constructed so that ρd =

ρfd+ρr and Φd = Φfd+Φr where (ρr, Φr) is the density-potential pair of the residual.

The fake disk is designed to account for the high-order moments that arise due to the

thinness of the disk. The Poisson equation is solved via spherical harmonics up to

l = 2 for Φr in an iterative scheme and summed with the analytic fake disk potential.



CHAPTER 4. PAPER II 101

4.4 The Likelihood Function, Observational Con-

straints, and Mock Data

In this section we present the likelihood function that is used to evaluate a particular

model. We then discuss the various non-stream observations used for constraining

the Galactic model as well as the generation of mock data.

4.4.1 The Likelihood Function

Bayesian statistics provides a method for calculating the probability of a particular

model given some data. From Bayes theorem, the model’s probability, called the

posterior is

p(M |D, I) = p(M |I)p(D|M)

p(D|I)
, (4.8)

where I represents prior information, p(M |I) is the prior probability on the model

M , and p(D|M) is the likelihood of the data given the model. The term p(D|I), often

referred to as the evidence, is essentially a normalization factor and does not enter

our calculations.

The prior probability is simply the product of the prior probabilities for each free

parameter. Similarly, the likelihood is the product of the likelihood for each individual

data point, regardless of the type of data, i.e. angular position, radial velocity, etc.

We assume that all errors are Gaussian so that the likelihood of any given data point

is simply

p(Di,j|M) =
1√
2πσ2

i,j

e

Mi,j−Di,j

2σ2
i,j , (4.9)

where the Di,j is the i’th data point of the j’th type of observational constraint, σi,j
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is the corresponding error, and Mi,j is the model prediction.

In order to fully map out the posterior distribution function (PDF) of the large

parameter space we utilize the EMCEE algorithm from Foreman-Mackey et al. (2012).

This Markov Chain Monte Carlo (MCMC) scheme is based on the Stretch-Move affine

invariant algorithm found in Goodman & Weare (2010) and scales particularly well

with the number of parameters. The chain is comprised of an ensamble of ’walkers’

that explore the parameter space. The proposal for a given walker is generated in

two steps. First, a second walker is randomly chosen. Then a line in parameter space

is drawn connecting the current state of the two walkers. Finally a random number

is selected from a square-root distribution to determine the length along the line one

’stretches’ to select the proposal.

We modify the EMCEE algorithm in two ways. Firstly we account for the fact that

the Euler angles are essentially the product of a sphere with a circle. We describe the

modification needed to deal with this non-trivial topology in the Appendix. Secondly,

we include simulated annealing for stream constraints (Gregory, 2005). We found that

the stream constraints often contained a number of false minima and the chain became

stuck. Simulated annealing slowly cools the stream likelihood, which allows the chain

to avoid being trapped by these false minima. If we define the likelihood of some type

of observation as Lj =
∑

i ln(p(Di,j|M)) then, with annealing, the likelihood is

L =
suite∑
j

Lj + β(t)
streams∑

j

Lj , (4.10)

where β(t) is the annealing temperature. The total likelihood is p(D|M) = eL. We

slowly increase β from 10−4 to 1 in logarithmic intervals over 1000 MCMC steps. The

simulated annealing closely resembles the parallel tempering found in Varghese et al.

(2011).
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4.4.2 Observational Constraints

In this work we use the suite of non-stream constraints found in Deg & Widrow

(2013), which followed the work of Widrow et al. (2008) and Dehnen & Binney (1998),

and comprises observations of the Oort constants, the local circular speed, the local

surface density and vertical force, the inner and outer rotation curves, the bulge

surface brightness and line-of-sight velocity dispersion, and the total mass within 100

kpc.

Briefly, Reid et al. (2009) used Very Long Baseline radio observations to determine

trigonometric parallaxes and proper motions for masers throughout the Milky Way’s

disk. Bovy et al. (2009) reanalyzed these in conjunction with the proper motion of Sgr

A∗ to find a circular speed of vc (Ro) = 244± 13 km s−1. For the Oort constants, we use

A = 14.8±0.8 km s−1kpc−1 andB = −12.4±0.6 km s−1kpc−1 from Feast &Whitelock

(1997). We use the disk surface density measurement of Σd = 49 ± 9 M� pc−3

from Flynn & Fuchs (1994) and the vertical force measurement of |Kz(1.1 kpc)| =

(2πG) 71±6 M�pc
−2 , from Kuijken & Gilmore (1991), which are in good agreement

with similar studies (see, for example, Holmberg & Flynn (2004)). We will point out

that the observations of the surface density are made with a ’rotation curve’ prior

that is equivalent to assuming a spherical halo. However, this study uses mock data

self-consistently generated from a non-spherical model so any issues related to this

prior are avoided.

For the bulge LOSVD we use the compilation of observations found in Tremaine et

al. (2002) with the restriction that r ≥ 4 pc to avoid complications from the central

black hole. Additionally, we adjust the dispersion upwards by a factor of 1.07 to

account for the non-sphericity of the bulge. For the surface brightness profile we use
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the infrared COBE-DIRBE observations (Binney, Gerhard, & Spergel, 1997).

As is typical, we break the rotation curve constraints into an inner and outer

portion. For the inner rotation we fit the peak velocities along particular lines-of

sight. If the potential is axisymmetric the peak velocity is related to the circular

speed by vterm = vc (R) − vc (Ro) sin l. This approximation still holds for a triaxial

model as the axisymmetric disk and bulge components dominate the potential of the

inner disk. The data used is from Malhotra (1995) with the restriction that sin l ≥ 0.3

so as to avoid distortions due to the bar.

The outer rotation curve is slightly more complicated. The line-of-sight velocity,

vlsr, is related to the circular speed in the expression

W (R) =
Ro

R
vc(R)− vc(Ro) =

vlsr
cos b cos l

. (4.11)

The data used consists of vlsr observations of HII regions and reflection nebulae from

Brand & Blitz (1993) and Carbon stars from Demers & Battinelli (2007). In order to

avoid complications due to non-circular motions the data is restricted to l ≤ 155◦ or

l ≥ 205◦, d ≥ 1 kpc, andW ≤ 0. Additional ’noise’ parameters are added to d and vlsr

to account for any unknown systematics. Therefore the error for the j’th data point is

Σ2
u,d = σ2

u,d+ ε
2
u,d where σ is the observed error, ε is the noise parameter, and the u or

d subscripts are for the distance and velocity respectively. Since the systematics may

be different between the two data sets we use two sets of noise parameters. These

calculated errors are then propagated through to errors in W .

4.4.3 Mock Data

The mock data is generated from a model that is designed to resemble the MW. To

get a generative MW-like model we start by selecting a reasonable halo shape. Figure
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1 of Allgood et al. (2006) shows that halos with masses ' 1012 M� typically have a

minor to major axis ratio of ≈ 0.60 ± 0.02. Therefore we set the generative model’s

axis ratios to A = 1.25 and B = 0.75. We also set the orientation so that the disk

and halo are misaligned. The generative Euler angles are (45◦, 30◦, 10◦) which sets

the halo’s intermediate axis to be 45◦ from the Sun-Galactic Center line with a 30◦

inclination.

The rest of the parameters for the generative model are found by analyzing the

suite of non-stream observations. The halo shape is fixed to that of the generative

model and we run the EMCEE algorithm to sample the remaining parameter space.

The model with the largest posterior is then selected to be the generative model.

After rounding the results, the generative model’s parameters are set to n = 1, σb =

225 km s−1, Re = 0.8 kpc,Md = 3.7×1010 M�, Rd = 2.7 kpc, zd = 0.25 kpc,M/Lb =

0.55, M/Ld = 0.8, ρ0 = 2.325×10−3 M� pc
−3, rh = 15 kpc, and α = 0.2. In addition

to Galactic model’s parameters, we also fit the Sun’s location and peculiar velocity and

find the peak at R0 = 8 kpc, (u�, v�, w�) = (−10 km s−1,−5.45 km s−1, 7.0 km s−1).

The procedure for generating mock data is similar to the procedure for calculating

the likelihood. Just like the likelihood, we begin by calculating the model predictions

for each observation. Then we add an error term from the Gaussian corresponding

to the observed error. This gives a mock data set with the same dispersion as the

actual data.

4.5 Standard Suite Exploration

In this section we explore degeneracies in the halo model that arise in the absence

of stream constraints. We begin by analyzing the mock data with the halo shape
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fixed to that of the generative model. The left panel of Figure 4.1 shows the resulting

PDF for the halo scale length and density. There is a clear degeneracy in these

two parameters with the shape of the PDF being primarily determined by the local

vertical force constraint. As shown in the middle and right panels of Figure 4.1, the

vertical force remains approximately constant as one follows the ρ0,h − rh ridge seen

in the left panel.



CHAPTER 4. PAPER II 107

20 40 60
rh  (kpc)

3.5

3.0

2.5

lo
g[

ρ
0,
h
(M

⊙p
c−

3
)]

55

65

75

Σ
1.
1 (

M
⊙ 

pc
−2

)

55 65 75
Σ1.1 (M⊙ pc−2 ) 

Figure 4.1: PDFs of the halo scale density, halo scale length, and local vertical force,
Σ1.1 where Σ1.1 = |Kz(1.1kpc)|/2πG. The lower left panel shows the relation between
the halo scale density and scale length, the upper left panel shows the local vertical
force and the scale length, and the lower right panel shows the local vertical force
and scale density. The red and blue contour lines are the one and two sigma limits
of the PDFs. The green star indicates the value of the generative parameter and the
data constraint.
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A second, complementary analysis is to fix the various Galactic parameters while

allowing the shape parameter (A,B, θ, φ, ψ) to vary. This approach is very similar to

the approach used in many stream studies like Law & Majewski (2010), Vera-Ciro &

Helmi (2013). and Koposov et al. (2010). The PDF for the axis ratios of this analysis

are shown in the lower left panel of Figure 4.2. This panel shows that both A and

B are poorly constrained by the model, with the 1σ confidence interval on A ranging

from 1 to ' 2.5 and B ranging from ' 0.4 to 1. Since the axis ratios are logarithmic,

these two ranges are roughly equal. While some of the inferred models are clearly

unphysical, they still fit the suite of observational constraints that are considered.

The upper left and lower right panels show that once again, the local vertical force

remains constant with either parameter.
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Figure 4.2: PDFs of the halo axis ratios and local vertical force. The lower left panel
shows the relation between the A and B, the upper left panel shows the local vertical
force and B, and the lower right panel shows the local vertical force and A. The
contours, green stars, and Σ1.1 are as in Figure 4.1.
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4.6 Stream Modelling and Data

In this section we discuss the orbit-fitting technique for modelling stellar streams and

the production of mock streams of an arbitrary angular size. The mock data are

motivated by observations of the GD-1 and Orphan streams.

4.6.1 The Orbit-Fitting Technique

The orbit-fitting technique is based on the approximation that stellar streams trace

the orbit of a particle in a fixed potential. In reality, the kinematics and morphology

of the stream depends on the evolving tidal field of the host galaxy and the orbit and

internal structure of the progenitor. The stream stars are stripped from the progenitor

at the inner and outer Lagrange points leading to an offset between the orbit and the

stream as well as a difference between the progenitor’s orbital energy and the stream

star’s energy. Therefore using the orbit-fitting technique will introduce biases in the

inferred quantities for real streams (Lux et al., 2013; Sanders & Binney, 2013). N-

body simulations are required to truly capture the full richness of the stream physics.

However, for an MCMC-based parameter estimation scheme, such simulations are

prohibitively expensive in terms of CPU time. There are a variety of other methods

for modelling streams, including, but not limited to, the streak-line method (Varghese

et al., 2011; Küpper et al., 2012) and the action-angle technique (Sanders & Binney,

2013), but they introduce additional model parameters and computational challenges.

In this study we generate mock data that lies along the orbit and avoid the issue of

biases due to the use of the orbit-fitting technique.

When using the orbit-fitting technique, one calculates the orbit of a ’progenitor’

particle in the fixed potential. If the stream’s actual progenitor is known the particle
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is placed at it’s location. Otherwise, it is placed in the middle of the observed stream.

The ’progenitor’ particle has six-phase space coordinates that should be included as

free model parameters. In practice, streams often have a thin enough angular thick-

ness that one can fix the progenitor’s position on the sky with no loss of generality.

Comparing the orbit to the stream data is fairly straightforward. First the orbital

point that has the shortest angular distance on the sky to a given data point is found.

This is not a trivial step as it requires a search of all calculated orbital points and

an interpolation between those points that are closest to the data point. Once the

appropriate orbital point is found, either its angular position, radial velocity, distance,

or proper motions are compared to the data point using Eq. 3.2.

We also model the ’thickness’ of the stream in each phase-space coordinate by

replacing the observed errors with free parameters. These ’thickness’ parameters

represent the convolution of the observed error with the angular stream thickness,

the internal velocity dispersion, and the spread in distances to the Sun.

4.6.2 Stream Mock Data

As discussed in the introduction there are about a dozen currently known streams.

The most well-known is the Sgr stream. Its thickness and internal structure make the

use of the orbit-fitting technique for the stream model problematic. Instead we use

the the GD-1 and Orphan streams. These streams are both long and thin, covering

∼ 70◦ and ∼ 60◦ of the sky respectively.

Koposov et al. (2010) provides observations of the full 6-D phase space for the

GD-1 stream. We will use those observations as a basis for mock GD-1-like streams.
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Similarly, we will use the observations of the Orphan’s stream angular position, ra-

dial velocity, and distance from Newberg et al. (2010) to generate mock Orphan-like

streams.

The mock streams themselves are made from the orbit of a progenitor particle

in the generative potential. The orbit is calculated and the mock data are found by

adding the appropriate Gaussian error from the real data. For the angular position,

the error is found perpendicularly to the orbit. Unlike the other mock data, which is

observed at the same location as the real data, the mock stream data is spaced evenly

along the orbit for an arbitrary angular size. However, the number of data points and

type of observations are identical to the real data. The only difference is the length

of the stream and the even spacing of the data.

4.7 Halo Shape From a Stellar Stream

We begin by considering the case where the Galactic parameters are known and

the stream data alone is used to constrain the halo shape parameters. All other

parameters are fixed to the generative value, except for the halo scale density, which

is adjust to keep the local circular speed equal to the generative model’s value of

207 km s−1. This case, while unrealistic, closely follows the procedure used in Law &

Majewski (2010).

The inferred shape and orientation PDFs for this analysis are shown in the first

three panels of the left-hand column of Figure 4.3. Both the inferred shape and

orientation of the halo are highly degenerate. These poor constraints are due to the

freedom of halo orientation. Since the progenitor location is fixed, the fit to the mock

stream can be approximated as a fit to the force at the progenitor. The PDF of
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this force compared to the latitude of the intermediate axis is shown in the bottom

left-hand panel of Figure 4.3. This panel shows that the force at GD-1 is almost as

tightly constrained as the measurement of the local vertical force. Therefore, as long

as the projection of the halo axes at some orientation provides roughly the same force

at the progenitor location, the model will provide an acceptable fit to the stream

data.

The second column of Figure 4.3 shows the results where the constraints from

the stream are combined with the non-stream constraints (excluding the circular

speed). The improvement in the inferred shape constraints is remarkable. While

the constraints on the force at GD-1 have decreased by only ≈ 20% compared to

the stream alone, the constraints on A and B have have decreased to ∼ 1− 1.8 and

∼ 0.55−1, which are roughly equivalent in terms of the logarithmic priors. Evidently,

the additional Galactic observations rule out many of the other models that fit the

GD-1 stream.

It is worth comparing these results for mock data to the results of Koposov et

al. (2010) for the actual GD-1 stream. They were able to find a constraint on the

total flattening of the potential, but, when the uncertainty in the disk mass was

considered, the constraints on the halo shape were quite poor. The right-hand panel

of Figure 4.3 seems to contradict this conclusion. However, we are still fixing all the

disk parameters and we are using many other observational constraints that were not

considered in Koposov et al. (2010). It is more appropriate to compare the left-hand

column of Figure 4.3 to their results. While a direct comparison is difficult, both our

results and their Figure 18 show very poor constraints on the halo shape. It seems

that the uncertainty introduced by the halo orientation affects the inferred shape in a
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Figure 4.3: The inferred shape, orientation and force at the GD-1 progenitor particle’s
location PDFs. In this figure ΣGD1 = |F |(GD-1)/2πG. The first column uses only the
stream information. The second column uses both the stream and non-stream data
simultaneously. The first row shows the inferred shape. A is the major/intermediate
axis ratio and B is the minor/intermediate ratio. The second row shows the location
of the intermediate axis in angular coordinates centered on the Galactic Center with
the Sun at along the (0◦, 0◦) line. The third row shows the location of the major
axis in that same coordinate system. The minor axis lies perpendicular to the major
and intermediate axes. The bottom row shows the total force at the GD-1 progenitor
compared to the latitude of the inferred intermediate axis. The units of the force are
M� pc−2. The green and contours are as in Figure 4.1. Each row uses the same
color map limits to highlight the differences between the use of the different sets of
constraints. Additionally the bottom three rows have had the pole and anti-pole
points stacked together as they are equivalent. The dashed black lines in the Aitoff
plots are at longitudes of (−90◦, 0◦, 90◦) and latitudes of (−45◦, 0◦, 45◦).
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similar manner as the uncertainty in the disk mass. However, it must be remembered

that they are analyzing a stream while we are analyzing mock data generated from

an orbit, which may also account for some of the differences in the quality of the

inferences.

The PDFs for the GD-1-like stream plus the Galactic constraints represent a

best-case scenario for stream modelling. The stream is traced by the orbit of a single

particle and the majority of the Galactic parameters are known. Yet both A and

B are still uncertain at the ±50% level. The stream has significantly improved the

constraints on the halo shape, but, when the halo orientation is allowed to vary, the

uncertainties in the shape parameters are still quite large.

In reality the precise values of the various MW model parameters are not known

and it is certainly possible that the use of incorrect values for the fixed model pa-

rameters may introduce systematic errors in the parameters of interest. To illustrate

this point, let us consider a common assumption in studies of stellar streams: that

the disk and halo are aligned. To that end, we re-analyze our mock data, which

were constructed from a model where the minor axis of the halo is the closest to the

disk’s spin axis but differs from the spin axis by 30◦, under this assumption. In this

re-analysis we allow all the parameters to vary except two of the Euler angles, forcing

one of the halo symmetry axes to be parallel to the disk spin axis. We fit all the

observational constraints, including the circular speed and the GD-1-like stream. For

simplicity, we replace A and B with A
′
and B

′
where A

′
is the ratio of the larger axis

in the plane of the disk to the smaller axis in the plane of the disk and B
′
is the ratio

of the axis parallel to the disk spin axis to the smallest axis in the plane of the disk.

The value of the smallest axis in the plane of the disk is set to one. Therefore, A
′
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can refer to either the major or intermediate axis and B
′
can be the major, minor,

or intermediate axis.

The PDF for A
′
and B

′
is shown in Figure 4.4. Any model with B

′
< 1 has the

minor axis parallel to the disk spin axis while any model with B
′
> A

′
has the major

axis parallel to the disk spin axis. Figure 4.4 shows that our analysis overwhelmingly

prefers models with the intermediate axis parallel to the disk spin axis. This disagrees

with the generative model, which has the minor axis closest to the disk spin axis.

The result from this analysis may resolve a discrepancy in the literature about

the Sgr stream. Both Law & Majewski (2010) and Deg & Widrow (2013) considered

triaxial halos and assumed that the disk and halo were aligned. Using the Sgr stream,

both studies found the intermediate axis of the halo was parallel to the disk spin axis.

However, simulations by Debattista et al. (2013) show that such an alignment is

unstable. Our results suggest that the alignment found by Law & Majewski (2010)

and Deg & Widrow (2013) may be due to the assumption of that the disk and halo

are aligned. We also note that this discrepancy may be caused by other assumptions

in Law & Majewski (2010) and Deg & Widrow (2013). For instance, Vera-Ciro &

Helmi (2013) showed fit the Sgr stream using a halo where the triaxiality varies with

radius. Alternatively, Ibata et al. (2013) used a non-parametric spherical halo to fit

the Sgr stream. Neither of these studies have results that disagree with Debattista

et al. (2013). Furthermore, no study of the Sgr stream has been able to fit all the

known Sgr data, including the bifurcation.

In order to avoid confusion and systematics that may arise due to incorrect as-

sumptions about the model parameters, one should allow all the model parameters

to vary according to their priors while fitting all possible observational constraints
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Figure 4.4: The inferred shape using the 70◦ GD-1 stream and the standard suite of
constraints. In this analysis all parameters are allowed to vary with the exception that
one axis lies perpendicular to the disk and the other two are in the plane of the disk.
A

′
is ratio of the larger to the smaller disk axes. B
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is the ratio of the perpendicular

axis to the smaller disk axis. The contours are the same as in Figure 4.1. The dashed
lines separate the parameter space into regions where the perpendicular axis is the
minor axis (B

′
< 1) and where the perpendicular axis is the major axis (B
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Figure 4.5: The inferred shape and orientation PDFs using the 70◦ GD-1 stream and
the standard suite of constraints and allowing all parameters to vary. The contours
and green stars are as in Figure 4.1 and the Aitoff axes are as in Figure 4.3.

simultaneously. Figure 4.5 shows the results for an analysis where we follow such a

procedure. These PDFs are marginally smaller than the for the suite of constraints

alone and significantly smaller than for the GD-1 stream alone. In both of those cases

the Galactic parameters were fixed, while in this case the parameters are completely

free. When one considers the increased freedom, the improvement, whether marginal

or significant, over an analysis with the Galactic parameters fixed reinforces the point

of Figure 4.3. Constraints from stellar streams should be incorporated into a larger

suite of Galactic constraints when modelling the MW.

As expected, the PDFs for the shape and orientation have increased in size relative

to the second column of Figure 4.3. The 1 σ limits on A and B are now ∼ 1− 2 and

∼ 0.4− 1 compared to Figure 4.3’s limits ∼ 1− 1.8 and ∼ 0.55− 1. The area of the

1 σ shape contours in second column of Figure 4.3 is ≈ 60% of those in Figure 4.5.

Nonetheless the contours of Figure 4.5 represent what can realistically be achieved in

a best case scenario with a GD-1-like stream using the orbit-fitting method.
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4.8 Long Streams and Multiple Streams

Further observations may provide avenues to break the degeneracies in the shape

parameters found in Figure 4.5. Firstly, one could use a single longer stellar stream in

the model constraints. The longer stream should improve the constraints by reducing

the number of possible orbits that fit the data as many of the orbits that fit a shorter

stream diverge rapidly past the edge of the data.

To explore how much can be gained with an extended stream we generated a

180◦ GD-1-like stream. Combining that stream with the suite of other constraints we

repeat the analysis of Section 4.7. The resulting shape PDFs are shown in Figure 4.6.

In this case the 1 σ limits on A and B have been reduced to ' 1− 1.5 and ' 0.65− 1

respectively. This gives an area for the shape contours that is ≈ 35% of the area seen

in Figure 4.5. The shape contours for the 180◦ stream where the full parameter space

is explored are roughly equal to the inference with a 70◦ where only the shape and

orientation parameters are explored.
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Figure 4.6: The inferred shape and orientation PDFs using the 180◦ GD-1 stream and
the standard suite of constraints and allowing all parameters to vary. The contours
and green stars are as in Figure 4.1 and the Aitoff axes are as in Figure 4.3.
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A second idea to remove some of the degeneracies present in the model parameters

is simply to utilize multiple stellar streams simultaneously. As a proof-of-concept, let

us consider the 70◦ GD-1-like stream used previously and a 60◦ Orphan-like stream.

Before combining the constraints from the two streams, we analyzed the Orphan-like

stream together with the Galactic constraints. As with the GD-1 stream, we fix the

angular position of the progenitor particle to the middle of the mock stream while

varying the other four phase-space coordinates. The shape and orientation PDFs for

that analysis are shown in Figure 4.7. In this case the constraints on the shape and

orientation are worse than those for GD-1. However, it should be noted that the

mock data for the Orphan-like stream contains significantly fewer data points that

the GD-1-like stream and does not include proper motions.
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Figure 4.7: The inferred shape and orientation PDFs using the 60◦ Orphan-like stream
and the standard suite of constraints and allowing all parameters to vary. The con-
tours and green stars are as in Figure 4.1 and the Aitoff axes are as in Figure 4.3.

The PDFs for the combination of the two streams are shown in Figure 4.8. The

shape contours have improved from those of Figure 4.4, while the orientation contours

appear to be slightly worse. Here the absolute 1 σ limits on A and B are ' 1 − 1.6
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Figure 4.8: The inferred shape and orientation PDFs using the 70◦ GD-1 and the 60◦

Orphan streams and the standard suite of constraints and allowing all parameters to
vary. The contours and green stars are as in Figure 4.1 and the Aitoff axes are as in
Figure 4.3.

and ' 0.5− 1 respectively. Additionally, the PDF contains a ridge that reduces the

area of the 1 σ contours. Ultimately, area contained in axis ratio contours for two

streams is equivalent to the area for a single 180◦ long GD-1-like stream.

4.9 Conclusions

In this work we have examined how stellar streams can be used to remove some

of the degeneracies found in MW models. In our view one of the main takeaway

points of this study is that in modelling the MW, one should apply Galactic and

stream constraints simultaneously while exploring the full parameter space. Figure

4.3 clearly shows that the full suite of Galactic observations, which include local

measurements of the vertical force, circular speed, and Oort constants provide useful

information on the halo shape. A comparison of Figure 4.5 and Figure 4.3 shows that

the standard practice whereby one fixes the structural parameters of the disk, bulge,
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and spherically-averaged halo while fitting the axis ratios and orientation of the halo

may lead one to over-estimate the extent to which stream observations constrain the

shape of the dark halo.

A second lesson is one should avoid restrictive model assumptions such as an

alignment between the symmetry axis of the disk and one of the symmetry axes

of the halo. Indeed, it appears that it is precisely this assumption that lead Law

& Majewski (2010) and Deg & Widrow (2013) to the unphysically unstable model

wherein the disk sits in the plane defined by the major and minor axis (Debattista

et al., 2013). When we relax the assumption of disk-halo alignment and fully explore

the parameter space we are able to recover the shape and orientation of the halo with

uncertainties on the order of ' 50%. In this respect, our paper complements that of

Ibata et al. (2013), where the lesson is that models that assume a particular form for

the spherically-averaged halo density profile may be too restrictive.

The third point of this paper is that the use of extended streams or multiple

streams improve the constraints on the halo shape significantly. However, our analysis

of mock data suggests that, at best, combining observation of the GD-1 stream with

the Orphan stream and other Galactic observations, cannot constrain the halo shape

to better than ' 25%.

A large portion of this uncertainty arises from our consideration of the halo ori-

entation. A single, short stream is mostly sensitive to the projection of the halo onto

the stream. This lack of sensitivity to the total halo gives a great deal of freedom

to its axis ratios. As the stream size increases, or as more streams are considered,

a greater portion of the Galaxy is explored, giving more sensitivity to the total halo

and reducing the uncertainty in the halo parameters. Related to this point, recent
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studies suggest that streams containing turning points are particularly sensitive the

halo shape (Varghese et al., 2011; Lux et al., 2012). In this work we only considered

mock GD-1 and Orphan streams which do not contain such turning points. Other,

shorter, streams like Pal 5 and NGC 5466 may be more promising than our results

suggest if turning points in the streams are found.

These results suggest that the path to improved inferences of the halo structure

is to fit all available streams and other Galactic observations simultaneously. There

remains, however, the issue that the map from gravitational potential to stream is not

as simply as the orbit-fitting technique deployed in this paper. How one explores the

full range of Galactic models while properly accounting for stream dynamics remains

an outstanding challenge.

Nonetheless, the central points of this work remains true regardless of the stream

modelling technique. Stellar streams provide powerful probes of the Galactic struc-

ture, but they must be combined with a suite of other observational constraints to

reach their full potential. It is necessary to fully explore the model parameter space

as model degeneracies may cause errors in the inferred quantities depending on the

assumed quantities. Finally, the degeneracies in the model parameters can be reduced

through the use of extended streams or multiple streams, yielding better models of

the MW.
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4.11 Appendix: EMCEE on a Sphere

Our Galactic model has three Euler angles and triaxial symmetry. The first two Euler

angles specify the angular position of the intermediate axis. Therefore, when the

EMCEE algorithm stretches between two walkers it should be along the great circle

connecting the two intermediate axes. Additionally, the triaxial symmetry introduces

a number of degeneracies in the Euler angles. Since the pole and anti-pole of an axis

provide identical models, the stretch should be along the shortest arc connecting the

pole or anti-pole of the second walker’s intermediate axis to the first walker axis.

To achieve this, we modify the EMCEE algorithm in a straightforward manner.

For a given pair of walkers, the location of the intermediate axes on a sphere are

found. These two points are then rotated to a coordinate system, (λ
′
, β

′
), that has

one of the points at β
′
= 90◦. In this coordinate system, the great circle connecting

the two points has a constant λ
′
so the stretch is only in β

′
. If the second walker has

β
′
> 0 then the stretch is between those two points. Otherwise, we replace the second
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point with its anti-pole for the stretch. The proposal is then generated along the arc

connecting the appropriate pair of points and rotated back to the original coordinate

system to give the proposal Euler angles. This technique removes the degeneracies in

the first two Euler angles and stretches along the great circle between two points on

a sphere.



Chapter 5

Stream Modelling

Chapter 4 has demonstrated the necessity of exploring the full parameter space of

available models when studying the MW using stellar streams. This parameter space

is large so the stream modelling method must be both accurate and efficient. The

orbit-fitting method used in Chapters 3 and 4 is the most computationally efficient

stream modelling method. However, it is necessary to examine its accuracy, and, if it’s

not accurate enough for realistic streams, to find a more accurate stream modelling

method.

Stellar streams are generated by stripping stars from an extended progenitor.

Therefore stream stars will have orbits that differ from the orbit of the progenitor.

The difference between these orbits will depend on both the host galaxy and the

structure of the progenitor. Sanders & Binney (2013) showed that in action-angle

space the frequency vector of the progenitor, δΘ/t, is, in general, misaligned from

the principle eigenvector of the stream and this misalignment is mass independent.

As a result, streams will generally not trace the orbit of the progenitor, even if the

progenitor mass is small. Therefore, the use of the orbit-fitting method may introduce

130
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significant errors in the inferred Galactic parameters. However, the size of the errors

in the inferred quantities has yet to be explored.

Given the discrepancy between streams and orbits, an alternative stream-modelling

method may be required. An intriguing possibility is the streakline method of Vargh-

ese et al. (2011); Küpper et al. (2012) (see Section 2.4 for a description). This method

accounts for the fact that stream stars are stripped from the inner and outer Lagrange

points. It is reasonably efficient and may be accurate for low mass progenitors. At

higher masses the accuracy of the method will likely decrease as the streakline method

does not account for the internal kinematics of the progenitor.

In Section 5.1 we confirm that significant errors are found in the inferred halo

parameters using mock data from Küpper et al. (2014); Gaia Challenge Wiki (2013).

This mock data is generated from the tidal disruption of a Pal-5-like progenitor in

a MW-like potential. In Section 5.2 we find that the errors in the inferred halo

parameters are stochastic by analyzing a set of ten different streams. We go on to

demonstrate that the simultaneously fitting all ten streams still leads to significant

errors in the inferred halo parameters. These two sections show that the orbit-fitting

method is not accurate enough for use in MW studies. Section 5.3 explores the

accuracy of the streakline method. Finally, Section 5.4 begins to explore a possible

modification of the streakline method that may work for more massive progenitors.

5.1 Orbit-fitting a Pal 5-like stream

Küpper et al. (2014) prepared a mock Pal-5-like stream for the first Gaia Challenge

workshop. The mock data, found at the Gaia Challenge Wiki (2013), was designed

as a challenge for various stream modelling methods. The goal of this challenge is to
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infer the Galactic potential given a Pal-5-like stream observed with either no errors,

expected Gaia errors, or Gaia errors with improved radial velocity errors. The set of

data without errors provides an excellent test for the orbit-fitting method.

In detail, the progenitor of the stream consists of 6.5 × 104 stars drawn from a

Plummer profile with a half-mass radius of 19 pc and an initial mass of 3.1×104 M�.

The cluster itself was generated using McLuster (Küpper et al., 2011), which is a

program for generating star clusters, and evolved using the NBODY6 code (Aarseth,

1999) for 4 Gyr in a MW-like potential. The host potential consists of a Jaffe bulge,

a MN disk, and a flattened NFW halo where the flattening is in the potential. The

generative model parameters are Mh = 1.81 × 1012 M�, Rh = 32.3 kpc, qz = 0.814,

Md = 1.00 × 1011 M�, a = 6.50 kpc, b = 0.260 kpc, Mb = 3.40 × 1010 M�, and

Rb = 0.700 kpc.

Figure 5.1 shows a random subset of 100 particles from the mock Pal 5 stream

chosen as the mock data for testing the orbit-fitting method. This subset does not

include instrumental error so the thickness or dispersion of the stream in any partic-

ular phase-space observations is intrinsic to the stream itself. It is worth noting that

the subset consists of both stream and progenitor particles.

For simplicity, all possible observations are fit with the Galactic parameters fixed

to the generative values except for the halo scale mass and flattening. However, the

progenitor’s six phase-space coordinates and the stream’s five phase-space dispersions

are also free parameters. The 15 free parameters are sampled using the EMCEE

algorithm. The ensemble consists of 200 walkers running for 3000 steps with simulated

annealing turned on for the first 1000 steps. The priors for the Galactic parameters

and dispersions are logarithmic while the progenitor parameters have uniform priors.



CHAPTER 5. STREAM MODELLING 133

30 10 10 30

40
45

b

30 10 10 30

75
50
25

v r

30 10 10 30
15

20

25

d

30 10 10 30

6
5
4

µ
l

30 10 10 30
l

2
0
2

µ
b

Figure 5.1: The subset of Pal 5 mock data that is used for testing different stream
modelling methods. The units of b are degrees, vr are km s−1, d are kpc, and the
proper motions are in mas yr−1. The open red circle indicates the location of the
progenitor.
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Figure 5.2: The inferred halo mass and halo flattening PDFs for the Pal 5 subset.
The contours and star are as in Fig. 4.1.

Figure 5.2 shows the PDF of the halo mass and flattening parameters. In this

case, the peak of the PDF is over two sigma away from the generative model. This

discrepancy agrees with the point made by Sanders & Binney (2013); orbit-fitting

can lead to errors in the inferred halo parameters even for cold streams generated by

low-mass progenitors.

It is worthwhile to re-analyze the data set using fewer phase-space observations.



CHAPTER 5. STREAM MODELLING 135

These re-analyses provide an improved picture of the failure of the orbit-fitting algo-

rithm. To that end we perform five more analyses of the mock data. Each analysis

uses the angular positions of the stars. The first analysis also includes radial ve-

locities, the second includes proper motions, the third includes distances, the fourth

includes both radial velocities and distances, and the fifth includes proper motions

and distances. Figure 5.3 shows the resulting PDFs. These plots extend to the limits

on the priors so Figure 5.2 is replotted in the lower-right panel for reference.

Figure 5.3 shows that each combination of phase-space observations infers a similar

flattening but different halo masses. The analysis using angular positions and dis-

tances shows a double peak within the 68% contours. Since the leading and trailing

streams are stripped from different Lagrange points, the semi-major axis of the orbit

that best fits the leading stream will be different than that of the trailing stream.

The difference in semi-major axes between the leading and trailing streams is the

most likely cause of this double peak. The 1 σ contour for the analysis using angular

positions and radial velocities covers an area that is ≈ 40 times larger than the 1 σ

contour using all the observations. The area of the 1 σ contours for the analyses using

the distances or proper motions are smaller, but they are still > 10 times larger than

the analysis using the complete set of observations.

There are two possible causes for the shrinking of the PDFs; the additional data

points strengthen the likelihood or the additional phase-space observations provide

better constraints on the location of the progenitor. To determine the actual cause,

Figure 5.4 shows the PDFs for a similar set of studies that fix the progenitor’s po-

sition to that of the generative model. It appears that when the progenitor is fixed
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Figure 5.3: The inferred halo mass and halo flattening PDFs for different combina-
tions of the phase-space observations of the Pal 5 mock data subset. The upper left
panel uses angular position and radial velocity, the upper right panel using angular
position and proper motions, the middle left panel uses angular position and dis-
tances, the middle right panel uses all observations except proper motions, the lower
left panel uses all observations except radial velocities, and the lower right panel is a
replotting of Fig. 5.2. The contours and star are as in Fig. 4.1.
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to the generative values, the area of the halo parameter PDFs remains roughly con-

stant. Therefore the PDF shrinking observed in Figure 5.3 is due to the additional

phase-space observations providing tighter constraints on the initial location of the

progenitor.

5.2 Orbit-fitting many streams simultaneously

Chapter 4 discussed the idea of fitting multiple streams simultaneously but the results

of Section 5.1 demonstrated that the orbit-fitting method leads to errors in the inferred

halo parameters. It is not clear whether these biases are systematic or stochastic. If

they are stochastic it may be that the combination of many different streams might

average out the bias from any individual stream. In that case, with enough streams,

the orbit-fitting method will recover the generative model, albeit with an additional

contribution to the uncertainty.

Sanderson et al. (2014) generated a set of 153 mock streams in a spherical halo.

These streams provide an excellent test for fitting many streams simultaneously. The

generative model is a spherical isochrone potential, which is given by

Φh(r) = − M

Rh +
√
r2 +R2

h

. (5.1)

In this case the scale mass is M = 2.7× 1012 M� and the scale length is Rh = 8 kpc.

This gives a circular speed of 419 km s−1 at r = 8 kpc. Each of the progenitors is

generated from a spherical Plummer model with a variety of initial masses and scale

lengths.

Figure 5.5 shows the angular positions of a subset of 10 streams selected from

the full set of 153 streams. It is worth noting that many of these streams contain
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Figure 5.4: The inferred halo mass and halo flattening PDFs for different combina-
tions of the phase-space observations of the Pal 5 mock data subset using a fixed
progenitor. The panels, contours and stars are as in Fig. 5.3.
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multiple wraps. Before fitting the 10 streams simultaneously, each stream is analyzed

individually. These analyses will help determine whether the errors are biased in a

particular direction or if they are stochastic. In each study, there are two free Galactic

parameters, M and Rh, as well as the six progenitor phase-space coordinates and five

stream dispersions. We use the EMCEE algorithm with 600 walkers for 104 steps and

include simulated annealing over the first 1000 steps.

Figure 5.6 shows the inferred mass-scale radius PDFs for each stream. One of the

ten streams recovers the generative model, but this seems to be a lucky coincidence.

Four streams show evidence of a secondary peak. Two streams infer similar models,

but the inferred mass is over a dex larger than that of the generative model. The

other eight models tend to infer masses lower than the generative model, but they do

lie within half a dex of the target mass. Regardless, this result shows that the orbit-

fitting algorithm fails for single streams. The inferred errors seem to be stochastic

as far as the scale length is concerned, but the size of the discrepancy between the

inferred PDFs and the generative model makes it doubtful that the combination of

the ten streams will accurately recover the generative model.

Figure 5.7 shows the PDF resulting from fitting all ten streams simultaneously.

Since each stream has 11 free parameters, this analysis has 112 free parameters. The

analysis is performed with 600 walkers for 4000 steps with annealing over the first 1000

steps. As suggested by the results shown in Figure 5.6, the orbit-fitting algorithm

fails when fitting many streams. What is perhaps somewhat surprising is that the

location of the PDF is not the average of the ten individual stream PDFs. This may

be explained by the complicated phase-space of the model. There is no guarantee

that the PDFs for any individual stream is Gaussian out to many sigma. There may
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Figure 5.5: The angular position is Galactocentric coordinates for a subset of 10
streams from the Sanderson et al. (2014) data set. Each color (black, blue, red,
green, magenta, brown, purple, orange, yellow, and cyan) represents a different stream
(numbers 2, 3, 5, 14, 24, 38, 40, 53, 62, and 129 from original set respectively).
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Figure 5.6: The inferred scale mass and radius PDFs for the subset of 10 streams
using orbit-fitting. The solid and dashed contours enclose 68% and 95% of the models
respectively. The colors are the same as Fig. 5.5.
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Figure 5.7: The inferred scale mass and radius PDFs using all 10 streams simultane-
ously. The solid and dashed contours enclose 68% and 95% of the models respectively.

be many minima per PDF. Therefore the product of the ten PDFs may peak in an

unexpected location.

5.3 The streakline method

The previous two sections make it clear that a different stream modelling method is

required for studies of the MW. One possible technique that has been used by Ibata et
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al. (2013) is the streakline method. It accounts for the location where tidal stripping

occurs and places stream particles on different orbits than the progenitor. Therefore

the streakline method should be significantly more accurate than the orbit-fitting

method.

As detailed in Chapter 2, the streakline method works by evolving a progenitor

particle backwards in time. At regular time intervals, tracer particles are released

from the approximate location of the inner and outer Lagrange points with the same

velocity as the progenitor. In detail, the tracer particles are initialized at the same

angular position about the Galactic center with a radial distance of rtrace = r ± δr

where r is the radial distance of the progenitor and δr is the radial shift. The radial

shift is

δr = 2.88

(
Msat

3Mint

)1/3

r (5.2)

where Msat is the mass of the progenitor, Mint is the mass of the host interior to the

progenitor’s position at that time step, and the 2.88 pre-factor was found by empirical

testing in Varghese et al. (2011).

There are two potential disadvantages to the streakline method. Unlike the orbit-

fitting method, it requires knowledge of the current location of the progenitor rather

than some point along the stream. Additionally, it requires the progenitor mass and

the infall time. The infall time is the length of time over which the tidal stripping

occurs. In terms of the streakline method it corresponds to the length of the back-

wards integration of the progenitor’s orbit. Secondly, the streakline method does not

allow for interpolation between various stream points in the likelihood function. The

differing orbits that make up the stream particles cause some particle’s released at

later times to overtake those released earlier times creating small spiral structure’s in
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the model stream (see Figure 3 of Ibata et al. (2013)). As such, interpolating between

model points to find a point that is closest to some data point is very difficult.

The first potential disadvantage is really a feature of the streakline method. These

additional parameters can be used infer the location and some internal properties of

the progenitor. There are two possible solutions to the second problem. One solution

is to generate many stream particles and simply select the particle that is closest to

the data point in phase-space for the likelihood function. The second solution is to

modify the likelihood function to calculate the probability of the data point being

drawn from the entire mock stream.

A stream point, in position-velocity space, can be described by its angular position,

radial velocity, heliocentric distance, and proper motions. The likelihood that any

one of these quantities is drawn from a particular model point is

L(Di,k|Mj,k, I) =
1√

2πσi,k
e
−

(Di,k−Mj,k)2

2σi,k , (5.3)

where i is the stream point index, j is the stream model point index, and k is the

particular type of observational constraint. It is worth noting the σi,k are really drawn

from an error matrix that we are assuming is diagonal in these coordinates. Given

this assumption, the likelihood that all observations of a data point are drawn from

the j’th model point is

L(Di|Mj, I) = Πn
k=1L(Di,k|Mj,k, I) , (5.4)

where n is the number of different types of observations. The likelihood that the data

point is drawn from the entire model stream is then

L(Di|M, I) =

NM∑
j=1

L(Di|Mj, I) , (5.5)
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where NM is the number of model points, which gives a total likelihood of

L(D|M, I) = ΠN
i=1L(Di|M, I) , (5.6)

where N is the number of data points. This work utilizes this modification of the

streakline method.

Since the streakline method is designed for cold streams generated from low-mass

progenitors, it should recover the generative model using the Pal 5 mock data from

Section 5.1. To that end, we fit the data using 150 walkers for 4000 steps. As with the

orbit-fitting technique, there are two free model parameters,Mh and qz, six progenitor

phase space coordinates, and five dispersion parameters that are fit. In addition, we

fit the streakline satellite mass parameter, msat, but we keep the infall time parameter

fixed to 5 Gyr. This is slightly larger than the actual infall time of 4 Gyr to ensure

that model streams have enough time to extend to the full angular length of the

data. The halo mass and flattening PDFs shown in Figure 5.8 demonstrate that

the streakline method recovers the generative model. Interestingly the PDFs show a

double peak.

It is not clear that the streakline method will be equally successful when streams

are generated from more massive progenitors. At a certain point the internal kine-

matics of the progenitor will become important to the resulting stream morphology.

To test the possible mass-dependence of the streakline method a set of five progenitors

with masses ranging from from ≈ 105 M� to 109 M� were generated using GalactICS

(Widrow & Dubinski, 2005; Widrow et al., 2008). One progenitor was generated

using a truncated NFW halo with σh = 50 km s−1, rh = 0.1 kpc, rtrunc = 2 kpc,

and δrtrunc = 0.5 kpc with 5 × 104 particles. This progenitor has a mass equal to

1.199× 108 M�. The other four progenitors were made by scaling the initial particle
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Figure 5.8: The inferred halo mass and halo flattening PDFs for the Pal 5 subset
using the streakline method. The contours and star are as in Fig. 4.1.
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masses, radii, and velocities using the virial theorem. If m
′
i = Ami and r

′
i = Bri, then

the setting the new velocities to v
′
i =

√
A/Bvi will keep the system in virial equilib-

rium. The four satellites have (A,B) = (0.1, 0.5), (0.01, 0.4), (0.001, 0.3), (10, 1.5)

respectively.

To create mock streams, each progenitor is placed in the same isochrone potential

used in Section 5.2. They are all initialized at (x, y, z) = (23 kpc, 32 kpc, 15 kpc)

with velocities (vx, vyvz) = (−280 km s−1, 172 km s−1,−129 km s−1) and evolved for

1 Gyr using the DNC N-body code (developed by Stiff, Widrow, & Frieman (2001)

from the Dehnen algorithm (Dehnen, 2001)). This results in five streams that only

differ in the internal structure of the progenitor, allowing for a controlled test of how

the streakline method depends on particle mass. One hundred points are chosen from

each stream to create mock data sets; 50 from the leading portion and 50 from the

trailing portion. The angular position of these points are shown in Figure 5.9.

Each stream is analyzed using the streakline method with 160 walkers for 8000

steps with a fixed infall time of 1 Gyr. Figure 5.10 shows the resulting halo mass and

scale length PDFs. In this plot, only the analysis of the 107 M� stream recovers the

generative model within the 1 σ contours.

The 105 and 108 M� analyses have the generative model just outside their 2 σ

contours. Neither the 106 or the 109 M� analyses recover the generative model.

However, the three lowest mass streams lie on a similar mass-scale radius relation.

The 108 M� is nearly on the same relation, but has a slightly increase mass. As

shown in Figure 5.11, this relation gives models with roughly the same local circular

speed. However, neither the analysis of the 108 and 109 M� streams recover the

generative model’s circular speed.
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Figure 5.9: The angular position of stream points used for testing the streakline
method with different progenitor masses. The red star indicates the location of the
progenitor. The black, blue, red, green, and magenta points correspond to progenitors
with masses of ≈ 109 M�, ≈ 108 M�, ≈ 107 M�, ≈ 106 M�, and ≈ 105 M� respec-
tively. It is important to note that the gap in the ≈ 109 M� stream near l = 90◦

is not due to the end of the stream. Rather, it is near pericenter and there are few
stream particles located in that region. The 109 M� stream actually extends over
360◦ on the sky and the leading and trailing streams overlap near l = 180◦.
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Figure 5.10: The halo mass and scale length PDFs for the streakline method mass
tests. The mass is in units of 1012 M�. The solid and dashed contours are as in
Figure 5.6 while the colors are as in Figure 5.9.
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Figure 5.11: The local circular speed PDFs for the streakline method mass tests. The
black vertical dashed line shows the generative model The histogram colors are as in
Figure 5.9.
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5.4 The distribution method

The streakline method is significantly more accurate than the orbit fitting method.

In three of the test cases it recovered the local circular speed and, in general, inferred

a halo model that is closer to the generative model than the test cases for the orbit-

fitting method. However, it only recovered the generative model within 1 σ for a

single case. Moreover it was unable to recover the local circular speed for the highest

mass progenitor. A possible reason for this failure is that the streakline method does

not fully account for the internal kinematics of the progenitor.

The streakline method initializes tidally stripped particles at the location of the

inner and outer Lagrange points with the same velocity as the progenitor itself. In

reality the stripped particles will have some motion relative to the progenitor’s center-

of-mass. This velocity, while usually small relative to the progenitor’s orbital velocity,

will affect the difference between the stream orbits and the progenitor’s orbit. To

illustrate this point we have taken the 108 M� progenitor used in the previous section

and initialized it in the same isochrone potential at (x, y, z) = (23 kpc, 32 kpc, 0 kpc)

with a velocity of (vx, vy, vz) = (−280 km s−1, 172 km s−1, 0 km s−1). It was then

evolved for 1 Gyr. Figure 5.12 shows a snapshot of the simulation at 0.95 Gyr (the

leading stream is is near apocenter at 1 Gyr and forms a cloud).

This simulation allows for a detailed examination of the disruption of the progen-

itor and formation of the stream. Before performing this examination, the particles

are divided between the stream and the progenitor. Every 0.01 Gyr the progenitor’s

center of mass and velocity is calculated using only progenitor particles, and all co-

ordinates are shifted to this frame of reference. Then the potential of all progenitor
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Figure 5.12: A snapshot of a stream formed by the tidal stripping of the 108 M�
progenitor. The particles are colored according to their Galactic energy (i.e. not
including the N-body potential term). The large red star indicates the location of the
progenitor.
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particles due to the other progenitor particles is calculated. If the kinetic plus po-

tential energy of a particular particle is greater than zero it has been stripped and

belongs to the stream and is not used in future calculations of the progenitor.

Figure 5.13 shows the energies of all stream particles in the Galactic frame. It

neglects the effects of self-gravity so E = Φ(r) + K and assumes that the stream

particle energies are conserved. The resulting distribution appears to be a doubly

peaked Gaussian, where the peaks are located at ±δE from the progenitor’s energy.

The process of separating stream from progenitor particles gives the time at which

a particular stream particle is stripped to within 0.01 Gyr. This allows for a com-

parison between the stripped particle’s kinetic and potential energy and the progen-

itor’s kinetic and potential energy at the time of stripping. Figure 5.14 shows shift

in potential and kinetic energies from the progenitor for all stream particles where

δKi = Kprog(ts,i) − Ki(ts,i), δΦi = Φprog(ts,i) − Φi(ts,i), and ts,i is the time when

the i’th particle is stripped from the progenitor. It is clear that δKi and δΦi are

anti-correlated and the thickness of the relation in the leading and trailing streams

gives rise to the double-peaked energy distribution. The cause of the structure in the

positive δΦ portion of the stream is unclear.

The combination of Figures 5.13 and 5.14 gives a clear picture of how particles are

stripped from the progenitor. They have a shift in energy drawn approximately from a

Gaussian distribution, and depending on whether the particles ended up in the leading

or trailing streams, the total energy is increased or decreased by this shift. Particles

that have an increased potential energy are stripped from a distribution about the

outer Lagrange point, but they have a lower kinetic energy than the progenitor.

The kinetic energy term is dominated by the velocity parallel to the progenitor.
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Figure 5.13: The specific Galactic energy of tidally stripped particles. The dashed
black line indicates the orbital energy of the progenitor. The units of energy are
(100 km s−1)2.
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Figure 5.14: The change in the specific potential and kinetic energies of stripped
particles relative to the progenitor. The units of energy are (100 km s−1)2.
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Therefore, significant decreases in kinetic energy arise due stripped particles having

a smaller orbital velocity than the progenitor. As a result stars stripped from the

outer Lagrange point form the trailing stream. Similarly, stars stripped from the

inner Lagrange point have velocities larger than the progenitor and form the leading

stream. Both situations require the stripped stars to be moving on retrograde orbits.

These ideas can be used to modify the streakline method to the distribution

method. As with the streakline method a progenitor particle is evolved backwards

in time and tracer particles are released at regular intervals to generate the mock

stream. The approximate inner and outer Lagrange points are also calculated as

in the streakline method. However, rather than placing the particles at the precise

Lagrange points, their radial shift is drawn from a Gaussian distribution centered

at 0.8δr with a width of 0.2δr that is truncated at zero. The center and width of

this distribution was chosen based on empirical testing. At the same time a target

energy shift is selected from a Gaussian distribution centered on δE with a width of

σE. Again, this distribution is truncated so that the absolute energy shift is greater

than zero. The leading stream is given the decreasing radial shift and energy and the

trailing stream particles have an increased radial shift and total energy.

The total energy of a stripped particle is

Epart = Φpart +Kpart = Eprog + Eshift . (5.7)

The radial shift determines Φpart and the energy shift determines Epart. Once the

radial and energy shifts are drawn Kpart is straightforward to calculate. Then a

velocity is drawn from a Gaussian distribution about the circular speed for a point

particle centered at zero with a width of 0.75vc(rshift). This is set to be the velocity

perpendicular to both the radial and tangential directions of the orbit. In this test
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case that corresponds to vz. This velocity shift is necessary to attain the stream

thickness. As with the radial shift, the width of this distribution has been chosen

based on empirical tests. Finally the velocity tangential to the orbit is set so that

0.5(v2tan + v2z) = Kpart. Once a tracer particle’s position and velocity is set it is

evolved to the present time to generate the model stream. Since there are a number

of draws from Gaussian distributions, in this algorithm multiple pairs of particles can

be released at a time.

The distribution method is tested by applying it to both the mass tests used for

the streakline method and the ten streams used to test the orbit fitting method.

Figure 5.15 shows the results for the fit to the mass tests. This figure is very similar

to Figure 5.10. In this case both the 107 and 106 M� streams recover the generative

model and the 109 M� does not lie on the same mass-scale radius relationship.

Figure 5.16 shows the inferred local circular speed. Again, there are similarities to

Figure 5.11, but, unlike the streakline method, the distribution method recovers the

generative model’s circular speed within 2 σ for the 108 and 109 M� streams. These

results show an improvement, albeit only a marginal one, over the results using the

streakline method.

Applying the distribution method to the ten streams selected from Sanderson et

al. (2014) gives the mass-scale radius PDFs shown in Figure 5.17 and inferred local

circular speeds shown in Figure 5.18. All the mass-scale radius PDFs lie on a common

relationship and all streams recover the local circular speed to within 3 σ.

It is worth comparing these results to the same analysis using the streakline

method (Figures 5.19 and 5.20). The streakline method shows a similar family of

models, but two streams do not land on that family. For the streakline method, this
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Figure 5.15: The halo mass and scale length PDFs for the distribution method mass
tests. The solid and dashed contours are as in Figure 5.6 while the colors are as in
Figure 5.9.
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Figure 5.16: The local circular speed PDFs for the distribution method mass tests.
The black vertical dashed line shows the generative model The histogram colors are
as in Figure 5.5.
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Figure 5.17: The inferred scale mass and radius PDFs for the subset of 10 streams
from Sanderson et al. (2014) using the distribution method. Solid and dashed contours
enclose 68% and 95% of the models respectively. The colors are the same as Fig. 5.5.
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Figure 5.18: The local circular speed PDFs for the Sanderson et al. (2014) streams
using the distribution method. The black vertical dashed line shows the generative
model The histogram colors are as in Figure 5.5.
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family consists of the local circular speed and the two streams that are not in the

family of models do not recover the generative model. Interestingly, the streakline

method gives more precise estimates for the circular speed, but it is not quite as

accurate in recovering the generative model.

Figure 5.21 shows the inferred mass profiles for the streakline fits and Figure

5.22 shows the profiles for the distribution method. As with the circular speed, the

streakline method provides more precise measurements of the mass profile than the

distribution method. However, it does not recover the generative model as accurately

as the distribution method. These plots show that, despite the lack of precision, the

distribution method provides a better (that is a more accurate) recovery of physical

quantities than the streakline method. As such, it should be preferred in future

studies of the Milky Way.

Nonetheless, the distribution method needs more work. It does not recover the

parameters of the generative model. At this point it is not clear what causes the failure

of the distribution method. One possibility is that the method ignores the effect of

mass loss. For many streams, the mass loss may be quite large (greater than 50% over

the infall time) and will affect the resulting stream morphology. Another possibility is

that the distribution method assumes that progenitor is constantly experiencing tidal

stripping. This may be true for some streams, but other streams experience tidal

stripping as a shock near pericenter. A third possibility is that the two parameters

of the isochrone model are degenerate for the mass profile. Figure 5.22 shows that,

regardless of the model parameters, each stream recovers the generative model’s mass

profile. However, if these parameters are truly degenerate one would expect the

inferred models to include larger portions of this track and include the generative
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Figure 5.19: The inferred scale mass and radius PDFs for the subset of 10 streams
from Sanderson et al. (2014) using the streakline method. Contours are as in Figure
5.6 and colors are as in Fig. 5.5.
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Figure 5.20: The local circular speed PDFs for the Sanderson et al. (2014) streams
using the streakline method. The black vertical dashed line shows the generative
model The histogram colors are as in Figure 5.5.
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Figure 5.21: The inferred mass profile for the Sanderson et al. (2014) streams using the
streakline method. The upper panel shows the mass profile in units of 1012 M� while
the bottom panel shows the residuals. The dashed black curve shows the generative
model values. Solid curves show the average inferred mass profile while the shaded
regions enclose the 68% credible regions. The colors are as in Figure 5.5.
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Figure 5.22: The inferred mass profile for the Sanderson et al. (2014) streams using
the distribution method. The upper panel shows the mass profile in units of 1012 M�
while the bottom panel shows the residuals. Lines and contours are as in Figure 5.21
and the colors are as in Figure 5.5.
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model.

The distribution method needs further development. Currently the velocity shift

of stream stars relative to the progenitor is based on the δE and σE parameters. An

alternative would be to determine the velocity shift from the escape speed at the

stripping radii. As a result both the shifts and kinetic and potential energy would

ultimately be determined by the progenitor’s mass.

The distribution method does not recover the generative model in many of our

tests. However, it does recover interesting Galactic quantities like the local circular

speed and mass profile. Both the streakline and distribution methods are significant

improvements on the orbit-fitting method and are fairly computationally efficient.

The distribution method also provides a marginal improvement over the streakline

method at the cost of additional model parameters, δE and σE. Based on these

results, the distribution method is a promising, albeit not fully developed, candidate

for use in future studies of the MW involving stellar streams.
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Chapter 6

Discussion and Conclusions

This work has examined the methodology of constraining the MW using stellar

streams. Stellar streams are powerful probes of the Galactic halo and can greatly

improve estimates of Galactic quantities including the halo shape and Galactic mass

profile. However, it is important to carefully model the streams and to include many

different types of observational constraints in the MW model.

Chapter 3 attempted to model the MW using the Sgr stream, the local circular

speed, surface density, and vertical force, the Oort constants, the inner and outer

rotation curves, the bulge surface brightness and LOSVD, and the mass within 100

kpc. This study uses a physically motivated Galactic model with a restricted triaxial

density. The resulting model has axis ratios of 3.58 ± 0.45 : 2.58 ± 0.25 : 1 with the

minor axis pointed nearly along the Sun-GC line and the intermediate axis perpendic-

ular to the disk. Despite the increased number of constraints and explored parameter

space, this inferred shapes is similar to the shape found by Law & Majewski (2010).

It is important to note that this work uses orbit-fitting and does not include a pos-

sible disk-halo misalignment. Nonetheless, it was found that the inclusion of the Sgr

169



CHAPTER 6. DISCUSSION AND CONCLUSIONS 170

stream improved estimates of the spherically averaged mass profile by a factor of ∼ 2.

Chapter 4 examined the use of stellar streams in MW modelling in greater detail.

It found that it is necessary to combine stream observations with other Galactic

observations in order to obtain informative constraints on the halo shape. It is also

necessary to explore the full model parameter space. In addition, it is possible that

the shape found in both Chapter 3 and Law & Majewski (2010) may be due to

the assumption of a disk-halo alignment. Promisingly, a single long stream or the

combination of two shorter streams provide roughly equal constraints on the Galactic

halo.

Finally, Chapter 5 examined the modelling of stellar streams using mock data. It

found that the orbit-fitting method did not recover the generative model for either

individual streams or the combination of many streams. The streakline method per-

formed significantly better than the orbit-fitting method and was able to recover the

local circular speed for three of the test cases. However, as the mass of the progenitor

increases, the streakline method becomes a less accurate model for stellar streams.

The distribution method was designed as a modification of the streakline method to

better match the energy distribution of streams. It provides a marginal improvement

to the streakline method and is a promising method for future studies of the MW.

The overall point of this work is that fully unlocking the power of stellar streams

as probes of the MW requires a great deal of work. Future studies of the MW should

include both streams and other observational constraints. They must explore the full

model parameter space and utilize a stream modelling method that is both efficient

and accurate. If these three key elements are included, future studies will be able

to give new insights into the structure of the MW and help to confirm or confront



CHAPTER 6. DISCUSSION AND CONCLUSIONS 171

theories of structure formation. Stellar streams are indeed powerful probes of the

Galaxy. They currently are the most sensitive probes of the halo shape, and, by

pinning down the outer halo profile, they can even constrain the local DM density.

The next step towards these goals is to continue to develop the distribution

method. At the moment it is based on the observed energy distribution. However, this

distribution is really a result of the progenitor’s internal velocity dispersion. There-

fore the algorithm may be modified to use the velocity dispersion as a parameter

rather than δE. Using the velocity dispersion would also connect the velocity shifts

to the radial shifts through the progenitor’s mass parameter.

In addition, a greater understanding of the scale mass-scale radius relation seen

in Figure 5.17 is needed. It must be determined whether this relationship is specific

to the isochrone model or whether it is caused by the stream modelling method.

If it is caused by the isochrone model, then it is necessary to determine why the

isochrone model gives PDFs that do not include the generative model. If it is due to

the modelling method, it is necessary to develop a method that does not have this

weakness.

Nonetheless, the current version of the distribution method is able to recover the

physical quantities of the model; the local circular speed and the overall mass profile.

It is the best of the three orbit-fitting methods tested in this work. And, unlike many

of the other, untested stream modelling methods, it does not require 6-D phase space

measurements of the stream. It can be applied as is to any and all of the observed

MW stellar streams. Therefore, it is a promising method for future studies of the

MW.

In the future, the MW should be modeled using as many observed streams as
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possible using the best available stream modelling method. There are roughly a

dozen known streams at the time of this writing but the pace of stream discovery is

increasing. With new observing facilities like Gaia, the population of stellar streams

will increase significantly. It is possible to combine these streams with other Galactic

observations to create a very informative MW model.

In this work we have developed the methodology necessary to make this type of a

MW model. We have developed a framework for combining stellar streams with other

observational constraints. We have shown that the use of multiple streams combined

with a suite of other observations leads to the most informative MW models. Finally

we have developed a stream modelling method that is efficient and accurate for a

variety of progenitor masses. Putting this together will yield a model for the MW

which gives the most realistic and accurate estimates of the DM halo shape, the

rotation curve, and other quantities of interest.
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