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Abstract 

 In recent decades, the field of rock engineering has seen an increased use of numerical 

modelling tools to aid in the analysis and design of underground excavations. Although complex 

numerical methods have been developed to explicitly capture the discontinuum mechanical 

processes which dominate rock and rockmass deformation, continuum methods represent a viable 

alternative due to their relative advantages in model runtimes and parametric simplicity. This 

thesis aims to advance the state-of-art and state-practice techniques for continuum models and to 

demonstrate their ability to replicate behaviours observed in-situ. 

 With recent advances in the understanding of rockmass strength, it is the post-yield 

phenomenon of rock dilatancy which has remained the domain of greatest uncertainty in 

constitutive models. Particularly in the case of brittle rockmasses, where deformation is 

dominated by crack extension and dilation, the post-yield evolution of dilatancy in parallel with 

strength parameters can have a very significant impact on progressive failure processes. By 

improving our understanding of this evolution, continuum models for brittle rock can be 

improved. 

 In the case of weaker rockmasses which can be adequately represented using a 

conventional strain-softening approach, an existing model for dilatancy can be applied. As is 

shown in this thesis, the use of a constant dilation angle to approximate the dilatant behaviour of 

the rockmass in this case is appropriate; accordingly, parameter selection guidelines are 

presented. In the case of brittle rockmasses, a mobilized dilation angle model which incorporates 

the strain and confinement dependencies of dilatancy is required. 

 Through an analysis of laboratory testing data, a new model for the dilation angle is 

developed. Then, using five case studies (both from the literature and novel to this thesis), the 

applicability of the model to in-situ rockmass behaviour is demonstrated. Finally, the implications 

of these model results for understanding support-rockmass interaction and strainbursting 

phenomena are discussed. 
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Chapter 1 

Introduction 

1.1 Purpose of Study 

 Rock engineering, at its most basic level, consists of three undertakings: data collection, 

data analysis, and design. Traditionally, empirical design methodologies have bridged the gap 

between data and design decisions, effectively limiting the need for detailed analysis of the 

mechanical behaviour of rockmasses. Although often effective, such methodologies can lead to 

arbitrary conservatism, and, more troubling, can be used outside of the general framework for 

which they were developed and calibrated. 

 Recently, numerical methods have become increasingly popular tools to analyze 

rockmass behaviour. Computer programs which represent rockmasses as continua and 

discontinua can be used to predict loads and displacements in rock structures and support or 

reinforcement systems, or to verify hypotheses about observed behaviour (back analysis). 

Although these tools are no longer restricted to research applications, models used in the study of 

civil and mining geotechnical structures are sometimes limited in their complexity (i.e. elastic 

models for stress prediction). This is largely due to questions about the validity of more complex 

models; such models introduce increased uncertainty due to the large number of parameters 

required to define them. 

 It has been noted that the use of inadequate material models is one of largest limiting 

factors in numerical analyses (Lade, 1993; Carter et al., 2008). Aside from several aspects of 

rockmass behaviour that remain generally unaccounted for (time-dependency of stress-strain 

response, thermo-hydro-mechanical coupling of deformation and fracture procedures, the 

influence of microstructure/heterogeneity, and macroscopic anisotropy), even constitutive models 

for (approximately) homogenous and isotropic rockmasses are imperfect.  
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 With respect to material models for implementation in numerical analyses, it is the 

behaviour of brittle materials after yield or fracture that presents the greatest challenge to 

researchers and engineers. Because of the influence of increasingly large discontinuum features, 

the validity of conventional plasticity models decreases as failing materials approach their 

residual state. The volumetric expansion which occurs from the onset of yield through to the 

attainment of equilibrium has significant implications for the development of fracture zones 

around excavations and for the magnitude of displacements observed. 

 This study aims to address many of the issues associated with existing post-yield models 

for rockmasses. Particular attention is paid to the issues associated with modelling brittle 

behaviour. Ultimately, the author hopes that this study will provide an incremental step forward 

in terms of replicating rockmass behaviour for the purpose of predictive analyses using existing 

numerical tools. In particular, this study is focused on the behaviour of rockmasses around deep 

excavations where failure is driven by high stresses. 

1.2 Significance of Failure Mode 

 In the broadest sense, instability in underground excavation can be classified as 

structurally controlled gravity driven failure or strength controlled stress driven failure 

(Diederichs, 1999). Gravity driven failure tends to occur at shallow depths, either by the sliding 

of strong, intact blocks of rock along discontinuities, or the ravelling of loose material away from 

the excavation walls/roof in the case of heavily structured weak rocks. Stress driven failure tends 

to occur in deeper excavations, where the in-situ stress magnitudes are greater (Hoek, 2007). This 

work is concerned with stress driven failure, particularly in relatively strong rockmasses. 

 When stresses around an excavation are large enough to induce rockmass failure, 

different types of failure behaviour can be observed in different geological conditions. Of 

particular importance in determining what type of behaviour is encountered are the in-situ stress 

magnitudes and the rockmass structure/quality. It is of utmost importance to appropriately predict 
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rockmass behaviour in an excavation setting when performing a site characterization, as opposed 

to relying solely on intact rock strength measurements and traditional rockmass quality 

classification. As a result, rock behaviour matrices such as those developed by Hoek et al. (1995), 

Kaiser et al. (2000), and Stille and Palmstrom (2008) have seen increasing use in recent years 

(Kaiser et al., 2010). Figure 1-1 illustrates typical failure modes under high stress for three 

different classes of rockmass structure. 

 

Figure 1-1 - Examples of failure modes as a function of Rock Mass Rating (RMR) for a high 

ratio of the maximum in-situ stress to the unconfined compressive strength (from Hoek et 

al., 1995). 

 In Figure 1-1 above, the indicator of rockmass structure used is the Rock Mass Rating 

(RMR) (Bieniawski, 1973; 1976). Both the RMR and Q (Barton et al., 1974; 1977) rating systems 

tend to be effective for rockmasses in the mid-range of the classification scale, but are not well 

suited to highly structured and unstructured rockmasses. This is particularly true at high stresses, 

where failure is not necessarily controlled by the movement of discrete blocks (Carter et al., 

2008). 

 Under high stress, it is heavily structured rockmasses which most closely approximate the 

conventional shear failure model. Indeed, weak rockmasses can exhibit squeezing through 
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complete shear failure, where movement occurs primarily along pre-existing structures with 

minimal volumetric expansion (Aydan et al., 1996) (see Figure 1-2). Sparsely structured brittle 

rockmasses, although they deform through tensile fracture as opposed to shear mechanisms, can 

be modelled as continua using an appropriate strength model (Hajiabdolmajid et al., 2002; Bobet, 

2010) (see Figure 1-3); such rockmasses exhibit relatively large amounts of volumetric 

expansion, since their deformation occurs primarily through crack growth. 

 

Figure 1-2 - Example of severe squeezing observed during excavation in heavily structured 

rockmasses (photo courtesy R. Guevara). 
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Figure 1-3 - Example of spalling at an excavation face in a sparsely jointed rockmass 

(fractures present are stress-induced) (photo courtesy M. Diederichs). 

 The most complex failures in stressed ground are typically observed in rockmasses which 

have significant pre-existing structures (i.e. persistent but widely spaced). In these cases, the 

interaction of brittle fracturing processes must be evaluated with explicit consideration of the 

main structures which are present. An example is shown in Figure 1-4, where the accumulation of 

stress-induced fractures terminating at a joint surface led to a rock burst. 
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Figure 1-4 - Example of a rock burst induced by stress fracturing and natural 

jointing (photo courtesy M Diederichs)

1.3 Thesis Objectives 

This thesis aims to provide insight into how the material models used for continuum 

numerical analyses can influence the results of such analyses and thus the consequent design 

decisions. Specific objectives are outlined below: 

 Critically review existing approaches for modelling material behaviour around

excavations and their strengths/limitations within the framework of commonly used

numerical analysis tools.

 Delineate a methodology for the determination of relevant material parameters from

laboratory based investigations. This includes the demonstration of how these parameters

correlate to documented in-situ behaviour of relatively intact rockmasses.
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 Develop a model for the dilation of brittle rocks during the development of fractures.

This includes both a conceptual framework for brittle dilatancy and a mathematical

model to be applied in numerical modelling applications.

 Investigate the limitations of continuum models in replicating the behaviour of

rockmasses which undergo substantial fracturing and dilatancy such that they would

conventionally be considered a discontinuum in their residual state.

1.4 Thesis Scope 

With these objectives in mind, the scope of this thesis includes the following: 

 Completing a review of existing theories and tools used to analyze the behaviour of rocks

and rockmasses under stress.

 Assessing the similarities and differences in the plasticity models used to predict the yield

and deformation of rockmasses which deform through continuum shear and brittle

fracturing mechanisms.

 Analyzing laboratory testing data for a wide variety of rock types and assessing trends as

they relate to geologically relevant characteristics.

 Applying the developments of this thesis to multiple case studies to demonstrate their

applicability and implications for practical engineering analyses.

It should be noted that this work is focused on the use of continuum modelling tools to

replicate and predict rockmass behaviour for excavation applications. 

1.5 Thesis Outline 

This thesis has been prepared in accordance with the requirements outlined by the School 

of Graduate Studies at Queen’s University, Kingston, Ontario. It consists of ten Chapters, which 

are outlined below. All references are presented at the end of this thesis. 
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 Chapter 1 provides a brief discussion on failure modes of rockmasses under high stress 

and how they relate to rockmass structure and their treatment in numerical models. 

 Chapter 2 consists primarily of a review of the theory of plasticity as applied to 

continuum modelling for rock engineering applications. This includes a description of common 

numerical modelling tools used for rock engineering, as well as a discussion of the way in which 

dilatancy in treated in continuum models. Modelling results from a preliminary investigation of 

different software programs are also presented.  

 Chapter 3 reviews the current understanding of brittle rock failure and deformation. Some 

theoretical considerations with respect to brittle dilatancy are presented, and these are compared 

to a mobilized dilation angle model for brittle rock. 

 Chapter 4 focuses on the dilatancy of strain-softening rockmasses which deform through 

shearing mechanisms. An investigation is performed comparing a mobilized dilation angle model 

to a constant dilation angle. Based on a statistical analysis of data obtained using a symmetrical 

solution for displacements around an excavation, parameter selection recommendations are made. 

An investigation of the assumptions inherent in the symmetrical solution using numerical 

methods is also presented. 

 Chapter 5 presents a set of compression test data collected as part of this thesis is 

presented; using this data set, a generally applicable analysis methodology to determine strength 

and dilation parameters is outlined.  

 Chapter 6 presents a newly developed model for the confining stress and plastic strain 

dependencies of the dilation angle in brittle rocks. Data from the literature are compared to the 

model, and its characteristics are discussed. 

 Chapter 7 demonstrates the ability of the model developed in Chapter 6 to replicate the 

observed behaviour of brittle rockmasses in-situ. This is achieved by revisiting three case studies 

previously examined in the literature using different approaches. 
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 Chapter 8 presents a case study from a highly stressed mine shaft located in the 

southwestern United States. The study progresses from rockmass characterization using 

laboratory testing data to model optimization to illustrate the use of laboratory data in 

constraining rockmass parameters. The issues of bifurcation and model non-uniqueness are 

addressed.  

 Chapter 9 presents a monitoring and modelling program implemented at Vale’s 

Creighton Mine in Sudbury, Canada. The monitoring program is outlined, laboratory testing 

results are presented, and a three-dimensional model is developed for the mine level being 

investigated. The implications of the results for modelling of severe rock damage are discussed. 

 Chapter 10 provides a discussion of the overall findings of the thesis, as well as a 

summary of the contributions made through this research. 

 Appendices A,B, and C present plots of the data obtained from compression testing of 

carbonate rocks (as discussed in Chapter 5), MATLAB code used in the processing of laboratory 

data, and FLAC/ FLAC
3D

 code used for modelling excavation case studies, respectively.  
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Chapter 2 

Numerical Representations of Rock Behaviour
1
 

2.1 Fundamentals of Plasticity Theory 

 To conduct a numerical analysis in the field of rock engineering, a constitutive model 

must be formulated. A constitutive model is simply a mathematical relationship between stress 

and strain. In its most general form, a constitutive model is a relationship of the form 

        ̇  ̇      (2-1) 

where ε and σ are the strain and stress tensors, and  ̇ and  ̇ are increments of these tensors (Desai 

and Siridiwane, 1991). 

 Most constitutive laws are written in their incremental forms. Assuming that the 

constitutive equations are homogeneous in time, the derivatives of strain and strain can be 

replaced by their increments, such that 

                (2-2) 

where Cijkl is referred to as the constitutive matrix or tensor (Desai and Siridiwane, 1991). This 

equation is presented in tensor notation. 

 In the context of plasticity theory, this requires the definition of three distinct components 

(after Owen and Hinton, 1980): (1) a stress/strain relation for elastic conditions; (2) a yield 

criterion which establishes which stress states correspond to elastic conditions, which correspond 

to plastic conditions, and which cannot be sustained by the material of interest; (3) a stress/strain 

relation for plastic conditions. Broadly speaking, our understanding of each of these components 

is poorer than that of the previous. This is partly due to the increasing behavioural complexity 

                                                      

1
 This chapter contains some of the results presented at the 2012 RockEng Symposium with the following 

citation: Walton, G. and Diederichs, M.S. 2012. Comparison of practical modelling methodologies for 

considering strain weakening and dilation as part of geomechanical analysis. RockEng 2012 Symp., 

Edmonton, Canada. 10 pages. 
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that is encountered at larger strains (i.e. during/past yield) and also to an increasing sensitivity of 

the observed behaviour to the system’s boundary conditions (Diederichs, 1999). 

 One main issue with the concepts of yield and plasticity are that they do not describe the 

behaviour of brittle rocks; as noted by Hammah and Carvalho (2008), the term “yielding”, which 

refers to the onset of plastic flow, is often misused to describe the phenomenon of brittle fracture. 

More than metals or soils, rocks can be extremely brittle in that they are incapable of undergoing 

significant plastic strains before fracturing (i.e. fracture occurs almost immediately following 

yield) (Lubliner, 1990).  

 For the purpose of this Chapter, the term yield is used in place of fracture or failure, since 

this mimics the convention in numerical modelling tools of utilizing plasticity theory to 

approximate the behaviour of geomaterials. For now, this somewhat ambiguous, more general 

concept of “yield” can be thought of as a critical stress state (on the yield surface in principal 

stress space) which cannot be exceeded (i.e. no stress states outside the yield surface can exist). 

 The purpose of this Chapter is to provide a review of plasticity theory and discuss some 

of its limitations with respect to applications in Geomechanics. The math developed in this 

Chapter will simultaneously be shown in tensor notation and, in some cases, the component 

equations will be presented in parallel to illustrate the relationships more clearly. For a further 

reference on tensor notation, readers should consult Hill (1950) or Desai and Siridiwane (1991). It 

should be noted that, unless otherwise specified, the math developed in this Chapter is for an 

isotropic, homogenous material that can be described by rate-independent plasticity (viscoplastic 

effects are not considered). Coupling of mechanical behaviour with thermal or hydrogeological 

conditions is also not considered. Of these assumptions, perhaps the most significant for deep 

excavations are the effects of anisotropy and heterogeneity, which can be explicitly incorporated 

into numerical models (see Section 2.2). 
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2.1.1 Elastic Behaviour 

 The most common model for elastic deformation of geomaterials is a linear elastic model. 

This model is traditionally referred to as simply “elastic”. This model assumes that the elastic 

behaviour of the material is independent of temperature and is governed by the equation 

 
    

  

    
 (2-3) 

where W = W(εij) is called the strain-energy function (per unit volume) (Lubliner, 1990). 

 To relate stress more directly to strain, the generalized Hooke’s law is used: 

              (2-4) 

where Cijkl is a matrix of elastic constants called the stiffness tensor. This tensor of rank 4 has 81 

components and relates the nine component stress tensor to the nine component strain tensor. Cijkl 

is symmetric, however, with respect to the index pairs ij and kl, meaning that the number of 

independent components is 36, not 81 (Lubliner, 1990). 

 If we consider the material as a homogenous whole, then only six components of stress 

and strain are independent, since 

         (2-5) 

and 

         (2-6) 

 Using this information, it is quite common to write equation (2-4) in matrix form, where 

the 3x3x3x3 stiffness tensor is collapsed to a 6x6 matrix (only 36 independent components) and 

the stress and strain tensors are collapsed into 6x1 vectors (Winterstein, 1990). 

 Based on further matrix symmetry conditions (Cijkl = Cklij), the number of independent 

tensor components in Cijkl is reduced to 21. For the case of general anisotropy, this is the number 

of elastic constants required to fully describe linear elastic behaviour. Increasing material 

symmetry (in contrast to matrix symmetry) can further reduce the number of independent 

constants (Lubliner, 1990). In order of decreasing number of independent elastic constants, some 
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common symmetry systems are: triclinic (21), orthorhombic (9), transversely isotropic (5), and 

isotropic (2) (Winterstein, 1990). At a macroscopic (rockmass) scale, the two most relevant types 

of symmetry (in the absence of significant jointing) are transverse isotropy and isotropy.  

Transversely isotropic materials are those which have an infinite-fold symmetry axis and an 

infinite number of 2-fold symmetry axes perpendicular to it; in other words, they have one 

preferential direction of anisotropy (see Figure 2-1 for an example); the elastic behaviour of such 

media is fully described by five independent constant (Winterstein, 1990). Most metamorphic and 

sedimentary rocks can be considered transversely isotropic media, whereas igneous rocks tend to 

be closer to isotropic (Kwasniewski, 1993). 

 

Figure 2-1 - Photo showing a transversely isotropic medium, with approximately isotropic 

behaviour expected within horizontal planes (photo from Horseshoe Canyon near Calgary, 

AB). 

 For an isotropic medium, only two distinct elastic constants are required to completely 

define Cijkl. Commonly used elastic constants for isotropic media are Young’s Modulus (E), 

Poisson’s Ration (ν), the Bulk Modulus (K), the Shear Modulus (G), and Lame’s Parameter (λ). 

The elastic stiffness tensor can be written using any combination of two of these constants. In 

terms of Lame’s Parameter and the Shear Modulus, we can write 
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 (2-7) 

Although it is common for numerical analysis programs to assume linear elastic behaviour, the 

true stress-strain curve observed in laboratory testing of rocks tends to be somewhat non-linear at 

the onset of loading and just prior to the attainment of peak strength (see Figure 2-2). The initial 

non-linear portion of the curve corresponds to the closure of pre-existing microcracks which often 

form either during core extraction (unloading) or transport; this portion of the curve is generally 

disregarded for the purposes of modelling in-situ behaviour, as the pre-existing microcracks 

present in the samples likely do not reflect the in-situ state of the rock matrix. The second non-

linear segment prior to peak strength corresponds to strain-hardening effects seen in intact rocks 

which fail through brittle mechanisms – this is discussed further in Chapter 4. 

 

Figure 2-2 - Example of a typical stress-strain curve (data are for a Carrara Marble sample 

tested at 1 MPa confining pressure). 
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2.1.2 Yield Criteria 

 In numerical models, yield criteria are used to define the limits of what stress conditions a 

material is capable of sustaining. Such criteria are defined by a function of the form 

                     (2-8) 

where α, β, and γ are the direction cosines of the three principal stresses (σ1, σ2, σ3). For isotropic 

materials, equation (2-8) simplifies to 

               (2-9) 

(Desai and Siridiwane, 1991). 

 Equation (2-9) represents a surface in principal stress space. Stress states such that f < 0 

lie below the yield surface and correspond to a region where elastic behaviour is observed. Stress 

states such that f = 0 lie on the yield surface and correspond to a region where plastic flow is 

observed. Stress states such that f > 0 are unstable and cannot be sustained by plastic material 

(Lubliner, 1990). 

 It is necessary to represent the yield surface in principal stress space, since actual yielding 

is not affected by the choice of axes; yield criteria of the form shown in equation (2-9) are 

invariant with respect to the choice of axes (Jaeger, 1969). It should be noted that only functions 

that are symmetrical in the three principal stresses are permissible as yield criteria (Hill, 1950). 

To force this latest condition, yield criteria are often written as invariants of the stress tensor: 

               (2-10) 

where 

              (2-11) 

 
   

 

 
       

 

 
       (2-12) 

 
   

 

 
          

 

 
       (2-13) 

(Desai and Siridiwane, 1991). 
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 Several observations have been made with respect to the properties of yield criteria, both 

in general and for rock materials in particular. Some of these observations are summarized below: 

 Criteria that predict equal strengths in compression and tension may be valid for 

materials that yield in true plastic shear, but not those that fracture (Jaeger, 1969). 

 Empirical evidence suggests that the strength criterion for rock should be a triangular, 

monotonically curved surface with smoothly rounded corners (Lade, 1993). 

 The yield locus should be concave towards the origin at all points (Hill, 1950). 

2.1.2.1 Commonly Used Yield Criteria 

 Yield criteria for plastic solids have been proposed since the 18
th
 century, when Coulomb 

proposed a criterion intended to describe the mechanical behaviour of soils. Subsequent work by 

Tresca, Saint-Venant, Levy, and von Mises led to the development of various parts of the theory 

of plasticity, including several other yield criteria. With the exception of Coulomb’s criterion, 

many of the yield criteria defined during the development of plasticity theory were developed for 

metals; for example, the criteria of Tresca is based on experiments involving the punching and 

extrusion of metals (Hill, 1950). 

 Two simple criteria are those of Tresca and von Mises. These criteria, developed for 

metals, are based on the concept that yielding occurs as a function of deviatoric stress only. As 

such, their yield functions are independent of J1: 

            (2-14) 

 In other words, the Tresca and von Mises criteria predict no increase in strength with 

increasing hydrostatic stress (Hill, 1950). As such, these criteria are only valid for materials 

which are purely cohesive (in a Mohr-Coulomb sense) such as saturated clays. 

 The Tresca criterion can be written in the form of equation (2-14), but it is actually much 

simpler to express it in terms of the principal stresses: 
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                (2-15) 

 To effectively express the von Mises criterion, we must define another invariant of the 

stress tensor: 

 
    

 

 
       

 

 
       (2-16) 

where s is the deviatoric stress tensor given by 

           
   

 
    (2-17) 

σmm•δij represents the summation of the diagonal elements of the stress tensor 

 In other words, the deviatoric stress tensor is equal to the stress tensor with the average of 

the diagonal elements (also the average of the three principal stresses) subtracted from the 

diagonal elements (Desai and Siridiwane, 1991). 

 In terms of J2D, von Mises criterion can be expressed as 

        (2-18) 

where k is a material constant (Hill, 1950). 

 The Tresca and von Mises criteria predict the same yield strength for a uniaxial state of 

stress, but different strengths for any other state of stress (the Tresca strength is always less than 

or equal to the von Mises strength). In 3D stress space, the Tresca criterion appears as a 

hexagonal prism, whereas the von Mises criterion appears as a cylinder. Figure 2-3 and Figure 

2-4 below show the Tresca and von Mises yield surfaces in principal stress space. 
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Figure 2-3 - Tresca (prismatic) and von Mises (cylindrical) yield surfaces in principal stress 

space. 

 

Figure 2-4 - Tresca (hexagonal) and von Mises (circular) yield surfaces viewed in the Π-

plane (cut perpendicular to the hydrostatic axis). 
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 The Tresca and von Mises yield criteria are insufficient to describe the behaviour of most 

geological materials, which typically display strengths that are extremely sensitive to confining 

stress (Lubliner, 1990). Two of the most prominent yield criteria which capture this behaviour are 

the Coulomb (widely referred to as Mohr-Coulomb) and Drucker-Prager criteria. 

 The Mohr-Coulomb (M-C) criterion suggests that shear strength on any potential failure 

surface increases linearly with an increase in normal stress acting on that surface: 

                  (2-19) 

 In the above equation, τ is the shear stress acting on the failure plane, c is the cohesion of 

the material, σn is the normal stress acting on the failure plane, and ϕ is the angle of internal 

friction. In principal stress space, the Mohr-Coulomb criterion can be expressed as 

                               (2-20) 

(Desai and Siridiwane, 1991). 

 Like the Tresca criterion, the Mohr-Coulomb criterion is independent of the intermediate 

principal stress, which gives the yield surface sharp corners. Analogous to the smoothly curved 

von Mises surface which circumscribes the Tresca yield surface, the smoothly curved yield 

surface of the Drucker-Prager criterion circumscribes the Mohr-Coulomb yield surface. The 

Drucker-Prager criterion, which is a generalization of the Mohr-Coulomb criterion to account for 

the effects of all principal stresses, can be expressed as 

 √          (2-21) 

where α and k are confinement dependent and independent material strength constants, 

respectively (Desai and Siridiwane, 1991). 

 Note the link between equations (2-18) and (2-21). The Drucker-Prager strength for any 

stress state is essentially equivalent to the von Mises strength at the same stress state, plus an 

added component of strength which increases linearly as a function of the hydrostatic stress. 
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Figure 2-5 shows the Drucker-Prager and Mohr-Coulomb criteria plotted in principal stress space 

with the Von Mises and Tresca criteria also shown for reference. 

 

Figure 2-5 - Drucker-Prager and Von Mises (top) and Mohr-Coulomb and Tresca (bottom) 

yield criteria, plotted in principal stress space (Zienkiewicz et al., 1975). 
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 The equivalent Drucker-Prager strength parameters, α and k, can be determined from the 

Mohr-Coulomb strength parameters according to the following equations, if the Mohr-Coulomb 

parameters were determined from conventional uniaxial and triaxial compression tests: 

 
  

       

√           
 (2-22) 

 
  

         

√           
 (2-23) 

 If the Mohr-Coulomb parameters were determined under plane strain conditions, then the 

following equations must be used: 

 
  

      

√           
 (2-24) 

 
  

  

√           
 (2-25) 

(Desai and Siridiwane, 1991). 

 Data have shown that for intact rock, the yield surface is shaped as a pointed bullet with 

smoothly rounded triangular cross-sections (Hoek and Brown, 1980; Lade, 1993). In other words, 

the increase in strength with increasing hydrostatic stress is non-linear: at higher hydrostatic 

stresses, the effect of an incremental increase in hydrostatic stress is less significant than at lower 

hydrostatic stresses. 

 One criterion which captures this observed phenomenon is the Hoek-Brown (H-B) 

criterion (Hoek and Brown, 1980). The original criterion was developed based on laboratory test 

data and was designed to be used for confined hard rock conditions surrounding underground 

excavations (Hoek and Marinos, 2007). The equation of the H-B failure surface is 

 
         √  

  

   
   (2-26) 
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where UCS is the intact uniaxial compressive strength, m is a frictional constant (often referred to 

as mi), and s is a material constant which takes on a maximum value of 1 for intact rock (Hoek et 

al., 2002). The shape of the H-B failure surface is shown in Figure 2-6. 

 

Figure 2-6 – Hoek-Brown yield criterion plotted in principal stress space (Shah, 1992). 

 Since its introduction, the H-B criterion has been modified several times to fit new 

applications. Papers published in 1988 and 1992 included modifications for the application of the 

H-B criterion to slope stability problems and problems involving weak rockmasses, respectively. 

The introduction and development of the Geological Strength Index (GSI) for the strength 
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estimation of rockmasses is one of the most significant modifications to the criterion to date. The 

GSI of a rockmass is a quantity based on the structural characteristics of a rockmass and the 

surface conditions of structures which can be determined on the field and used to provide an 

estimate of rockmass strength (Hoek, 2007). 

 The Generalized Hoek-Brown (GH-B) criterion for jointed rockmasses has a similar yield 

surface definition as the one shown in equation (2-26): 

              
  

   
     (2-27) 

where mb is a reduced value of the constant m from equation (2-26), 

 
       

(
       
      

)
 (2-28) 

and s and a are rockmass properties determined based on GSI according to the equations 

 
   

(
       
    

)
 (2-29) 

 
  

 

 
 

 

 
                  (2-30) 

 In equations (2-28) and (2-29), the term D is a qualitatively assigned value based on the 

degree of disturbance the rockmass has been subjected to by blast-induced damage and stress 

relaxation. It assumes a minimum value of 0 for undisturbed rockmasses and a maximum value of 

1 for very disturbed rockmasses (Hoek et al., 2002). 

 Detailed work has been done by a number of authors to modify the GSI system and GH-

B criterion to make it applicable to wide number of scenarios. For example, a paper by Marinos 

and Hoek (2000) introduced a new GSI chart to aid in the determination of GSI values for 

tectonically deformed heterogeneous sedimentary rockmasses (“flysch”). One other important 

addition to the original criterion is a standardized procedure for determining equivalent Mohr-

Coulomb strength parameters for a given set of H-B strength parameters and an expected range of 

stresses based on application (Hoek et al., 2002). 
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 It should be noted that the two of the most commonly used yield criteria in rock 

engineering (Mohr-Coulomb and H-B/GH-B) are independent of the intermediate principal stress. 

Although several researchers have developed three-dimensional yield criteria, it appears that the 

influence of intermediate principal stress is minimal in most cases, and will be assumed to be 

negligible for this study; in the opinion of the author, there is no compelling evidence that the 

added complexity of a general three-dimensional yield criterion is warranted for practical 

applications (Diederichs, 1999; Cai, 2008). 

2.1.3 Plastic Strains and Dilation 

 Idealized plastic (ductile) deformation is thought to be a macroscopic expression of slip 

on specific crystallographic planes in response to shear stress. In many rocks, however, brittle 

mechanisms (such as fracturing between distinct grains and the opening and closing of cracks) 

control the observed post-yield stress-strain response. Although rocks are typically considered 

brittle relative to soils and metals, they are also not as quick to fracture as some other brittle 

solids, such as glass or cast iron.  

 Under appropriate loading conditions, some rocks do have stress-strain curves that appear 

similar to those of plastic solids, even if the mechanisms causing the deformation are different. 

Within clay rich materials this deformation occurs through mobility of particles within the clay-

water matrix. In weak rocks, pseudo-plastic behaviour can involve many mechanisms including 

but not limited to microfracturing, intra- and inter-granular slip, internal rotation and grain 

separation (Lubliner, 1990; Diederichs, 1999). 

 This Section addresses the third component of the elasto-plastic constitutive model – a 

stress-strain relationship for yielding (“plastic”) material (f = 0). The most basic equation of rate 

independent plastic flow can be written as  

   ̇ 
 

  ̇    (2-31) 
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where   ̇ 
 

 is the plastic strain tensor increment,  ̇ is a scalar multiplier, and     is referred to as the 

flow rule. Note that the total strain tensor is assumed to be taken as the sum of the elastic and 

plastic strain components (Lubliner, 1990). 

 For non-plastic stress states (i.e. f < 0), the scalar multiplier,  ̇, is simply zero (no plastic 

strains are incurred). To define  ̇ for plastic stress states (f = 0), we must first define a variable, H, 

called the hardening parameter. 

 The hardening parameter is inversely related to the rate of change of the yield function as 

a function of a set of internal variables which track the deformational history of the material. In 

other words, at a given point on yield surface (f = 0) as a material strain-hardens and the surface 

expands, the stress state will now lie inside the yield surface (f < 0), so the rate of change of f is 

negative, and H > 0. For strain-softening behaviour, H < 0. For perfectly plastic behaviour, H = 0 

(Lubliner, 1990). 

 Based on this definition of H, we can define  ̇ for f = 0 as 

 
 ̇  

 

 

  

    
 ̇   (2-32) 

 Note that equation (2-32) is not valid for perfectly plastic materials (H = 0). In this case, 

 ̇ retains its null definition for f < 0 and takes on an indeterminate positive quantity when f = 0 

and the stress state is constant (Lubliner, 1990). 

 The only part of the plastic flow equation that still must be defined is the flow rule. It is 

assumed that there exists a function g such that 

 
    

  

    
 (2-33) 

where g is referred to as the “plastic potential” (Lubliner, 1990).  

 We can now write, assuming that the constitutive equations are homogenous in time, and 

given equations (2-31), (2-32), and (2-33), that 
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  ̇

  

    
 (2-34) 

 It has long been thought that the plastic potential, g, is somehow associated with the yield 

function, f. Hill (1950) argues for this relation based on considerations of glide-systems in 

polycrystalline materials undergoing plastic strain. Although he suggests that there is a 

relationship, Hill (1950) notes the lack of a theoretically defined relationship that should apply to 

any given material.  

 Despite the fact that geomaterials tend to deform due to mechanisms different from those 

that the theory of plasticity was based on, it is also commonly assumed that there is a relationship 

between g and f for all geomaterials. In particular, the plastic potential is generally taken to be of 

the exact same form as the yield function, with a material parameter that governs dilation (to be 

discussed) replacing the frictional strength parameter (ϕ – Mohr-Coulomb, m – Hoek-Brown). 

The dilational parameters are taken to replace the frictional parameters because these are the 

parameters that influence the slope of the yield and plastic potential surfaces; through equation 

(2-34), we can determine that it is only the slope of the plastic potential is relevant to the 

determination of plastic strains. For purely cohesional materials which have a strength criterion 

that is independent of hydrostatic stress (Tresca, von Mises), the plastic potential is taken to be 

exactly equal to the yield criteria. 

 Materials that have the property g = f, regardless of whether f is independent of 

hydrostatic stress or not, have an associated flow rule. Such materials are said to exhibit 

“normality” (Lubliner, 1990). The concept of normality (which is a consequence of an associated 

flow rule) has specific implications with respect to the mathematical theory of plasticity, some of 

which are discussed below (Hill, 1950). 

 An important concept in plasticity theory is that of Drucker’s postulate (Drucker, 1949; 

1951; 1957). Drucker suggested that for strain-hardening behaviour (with perfectly plastic 

behaviour as a limiting case), the work done by an external agency during an incremental 
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application of load is greater than zero and that the work done over the course of the course of an 

entire loading-unloading cycle is non-negative. The second clause of this postulate captures the 

behaviour of a perfectly plastic material being incrementally loaded and unloaded to and from a 

plastic state and flowing without consuming or releasing energy. Drucker’s postulate can be 

expressed mathematically as Drucker’s inequality: 

         
 

   (2-35) 

(Lubliner, 1990). 

 A simpler interpretation of Drucker’s postulate (not considering work) is that the plastic 

strain rate cannot oppose the stress rate. Again, this only applies for strain-hardening and 

perfectly plastic behaviour. For strain-weakening behaviour, this does not apply – the plastic 

strain rate remains positive during weakening, but the stress rate is negative. The corresponding 

energy interpretation of strain-weakening behaviour must be then that negative work is done 

during strain-weakening; this is intuitively satisfying, as strain-weakening in rocks is often 

accompanied by processes which release energy, such as the generation of acoustic emissions and 

frictional losses at varying scales. 

 A more general postulate, which can apply to strain-hardening, perfectly plastic, and 

strain-weakening materials, is the Maximum-Dissipation postulate. To consider the mathematical 

formulation of the Maximum-Dissipation postulate, we will represent the symmetric stress and 

strain tensors as 6x1 vectors (shown in bold). For    being any elastic stress state, then 

         ̇    (2-36) 

(Lubliner, 1990). 

 Figure 2-7 below illustrates how equation (2-36) leads to the requirement that the yield 

surface must be convex (concave towards the origin). In Figure 2-7 there is no possible strain 

vector orientation that will have a non-negative inner product with all potential stress vectors 
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      . Three potential strain vectors are shown, with each opposing the direction of at least 

one of the stress vectors shown. 

 

Figure 2-7 - Two dimensional representation of a concave yield surface segment, showing 

that it is in disagreement with equation (2-36). 

 A stricter condition imposed by the requirement that equation (2-36) be valid for all 

possible cases of    is that the vector  ̇  must be directed along the outward normal to the yield 

surface at  . This condition is known as the normality rule. Figure 2-8 shows a simple two 

dimensional representation of the relationship between the normality rule and equation (2-36). 
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Figure 2-8 - Two dimensional representation of the normality rule. 

 Equations (2-31) and (2-33) require that the plastic strain rate vector,  ̇ , points 

perpendicular to the plastic potential g, since it is proportional to its gradient in stress-space. For 

the normality rule to be satisfied, then we must have g = f (an associated flow rule). This 

relationship is the theoretical argument for an associated flow rule. The converse of this statement 

is that where non-associated flow rules are appropriate (which is the case for many geomaterials), 

the Maximum-Dissipation principle does not apply (de Souza Neto et al., 2008). 

2.1.3.1 Dilation in Classical Plasticity Theory 

 Dilation has many connotations in rock engineering. Most generally, it refers to the 

volumetric expansion of a yielding rock or rockmass. Dilation can be associated with strong and 

weak rock, continuum and discontinuum behaviour, and isotropic or structure controlled 
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movement. In all of these cases, it is critical to understand the importance of dilational processes. 

In an excavation setting, these processes control how much convergence is experienced, and how 

the rockmass interacts with support as it deforms. 

 With respect to plasticity theory, the strictest definition of dilation is the post-yield 

(continuum) expansion of a material (i.e. a negative plastic volumetric strain rate, for a 

contraction positive convention). Volumetric strain is given by the trace of the strain tensor, 

which is equivalent to 

             (2-37) 

 (Lubliner, 1990). 

 Dilation is measured using one of three main experimental approaches, as outlined by 

Paterson and Wong (2005): 

 A specimen can be enclosed in a dilatometer, where volumetric strain is found by 

measuring displacement of a fluid surrounding the sample. 

 For sufficiently permeable rocks, volumetric strain can be determined by the amount of 

fluid moving in or out of a saturated sample as deformation occurs; it should be noted 

that this method is generally not applicable in the case of hard rocks, because of the 

permeability requirement. 

 Small volumetric strains can be obtained based on measure longitudinal and lateral 

strains in the sample determined using electric resistance strain gauges. 

 It has been common in the literature to represent the dilational behaviour of geomaterials 

on a plot of volumetric strain versus maximum (compressive) principal strain (axial strain, in a 

conventional triaxial test). The simplest model for the dilation of rocks is represented by two 

linear segments on such a plot, as shown in Figure 2-9: one elastic, and one plastic. The constant 

slope in the elastic phase can be related to the Poisson’s Ratio of the material. The constant slope 
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in the plastic phase can be related to a plastic potential, g (which in this case has a constant 

gradient). 

 

Figure 2-9 - Simple model for rock volumetric strain as might be implemented in numerical 

codes. 

 Figure 2-9 illustrates the significance of the plastic potential function used to represent 

the plastic behaviour of a given material. In the plastic flow equation (2-34), since  ̇ is simply a 

scalar multiplier, it is the stress gradient of g which determines the relative partitioning of plastic 

strains into different tensor components. It is in this way that g the governs plastic dilation by 

controlling the relative amounts of contraction (maximum principal strain) and expansion 

(minimum principal strain). It should be noted that this ratio is influenced by the current stress at 

any instant in time (or any computational step, in a numerical code), but not by the stress 

increment (Hill, 1950). 

 With respect to volumetric strain and dilation, the concept of an associated flow rule as 

discussed above has great significance. An associated flow rule corresponds to zero energy 

dissipation during plastic flow. A non-associated flow can correspond to two scenarios: the 

creation of energy by the material being deformed when resulting volumetric strains are larger 

than those in the associated flow rule case, or the dissipation of energy when resulting volumetric 

strains are smaller than those in the associated flow rule (Vermeer and de Borst, 1984). As such, 
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an associated flow rule can be thought of as generating the maximum possible volumetric strain 

during plastic flow, and the minimum possible plastic volumetric strain is zero (constant volume 

flow). 

 Based on the concept that energy must be dissipated during plastic flow, as well as a 

large amount of experimental evidence, several authors (Roscoe, 1970; Price and Farmer, 1979; 

Vermeer and de Borst, 1984; Chandler, 1985; Jaeger and Ryder, 2002) have effectively argued 

that non-associated flow rules should be used for most geomaterials. As mentioned above, the 

theory of associated plasticity was developed for metals with no frictional strength; in the case of 

purely cohesional materials, the zero dilation and maximum dilation (associated) flow rules are 

co-incident. Today it is widely accepted that a flow rule that produces non-zero dilation, but less 

than that of an associated flow rule, should be used to describe the behaviour of most rocks. 

2.1.3.1.1 Plastic Dilation of Mohr-Coulomb Materials 

 Some of the concepts described above will now be illustrated in a more concrete sense 

for materials that are described by one of the more commonly used yield criteria in the field of 

geotechnical engineering – the Mohr-Coulomb criterion. 

 In keeping with the assumption that plastic potential function, g, takes the same form as 

the yield function, f, the plastic potential for Mohr-Coulomb materials is often defined as 

                                        (2-38) 

where ψ, the dilation angle, has effectively taken the place of the friction angle, ϕ, in equation 

(2-20). When ψ = ϕ, f = g, the given material has an associated flow rule. 

 Based on equation (2-33), we can now conclude that for a set of tensor axes aligned with 

the principal stresses, what the components of the flow rule, hij, are: 

 
    

  

   
          (2-39) 
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           (2-40) 

     
  

    
    for all other ij (2-41) 

 The above is valid for plane strain conditions. In other scenarios, the expression must be 

modified. For example, for triaxial tests where σ2 = σ3, one obtains 

 
        

         

 
 (2-42) 

 It can be seen, based on equation (2-34), that the ratio of minor and major principal 

plastic strain rates will be given by the ratio of h11 and h33 as defined in equations (2-39) and 

(2-40): 

   ̇
 

  ̇
   

        

        
 (2-43) 

 Note that the quantity on the right side of equation (2-43) is sometimes defined as 

 
   

        

        
 (2-44) 

 The equivalent expression to equation (2-43) in terms of the volumetric strain rate (for 

plane strain conditions) is 

   ̇
 

  ̇
   

       

        
 (2-45) 

 Based on the above relationships, we can address the concepts of dilation and strain in 

relation to values of the dilation angle. A dilation angle of ψ = 0
o
 corresponds to a minimum 

principal plastic strain which has the same magnitude as the maximum principal plastic strain and 

an opposing sign, corresponding to zero plastic volumetric strain. A dilation angle ψ > 0
o
 

corresponds to -  ̇
 

/  ̇
 

 > 1, and -  ̇
 

/  ̇
 

 > 0. Figure 2-10 below illustrates examples of different 

plastic potential functions and the corresponding  ̇  vectors for a given yield function. 
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Figure 2-10 - Two dimensional representation of different plastic potential functions 

(dashed lines) and the corresponding plastic strain vectors (arrows). The images represent 

the following (clockwise from the top left): ψ > ϕ, ψ = ϕ (associated flow rule), ψ = 0, 0 < ψ < 

ϕ. 

 As stated earlier, 0
o
 ≤ ψ ≤ ϕ is expected for most materials under most conditions. For the 

practical determination of ψ in the absence of available data, several recommendations have been 

made. Vermeer and de Borst (1984) suggested that ψ ≤ ϕ – 20
o
 put a more specific constraint on 

values of dilation angle for geomaterials. Others have suggested that the value of dilation angle 

should be related to the decrease in strength that occurs after peak strength is attained (i.e. strong, 

brittle rocks dilate more than weak, ductile rocks). Hoek and Brown (1997) suggested that typical 

values for “very good quality”, “average quality”, or “very poor quality” rock are ϕ/4, ϕ/8, and 0
o
. 
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 With respect to commonly used constitutive models for rock, it is the opinion of the 

author that dilation angle is the most effective parameter to represent the dilational (volumetric 

strain) behaviour of geomaterials. This is opposed to the dilation parameter, md, which is part of 

the basic Hoek-Brown constitutive model (see Section 2.1.3.1.2). The most pertinent reasons why 

the author believes dilation angle is the best way to represent dilation are given below: 

 The dilation angle describes the plastic potential (and by extension the entire plastic 

stress-strain relation) in one parameter. This is favourable over other flow rules which 

either have more than one dilation parameter, or are confounded by the relationship of the 

dilation parameter with the rest of the flow rule. 

 The dilation angle has a relatively simple and intuitive relationship to the portioning of 

plastic strains (as per equation (2-43)) and plastic volumetric strain (as per equation 

(2-45)). 

 Research publications on dilation of geomaterials all discuss the behaviour in terms of 

dilation angle, from Vermeer and de Borst (1984) up to some of the recent work that is 

discussed in Section 2.1.3.2. 

 More complex dilational behaviour, characterized by a non-linear relationship between 

  
 
 and   

 
 and other factors such as confinement dependency, can be represented by a 

non-constant dilation angle, ψ = ψ(σij,εij). 

 Dilation angle can be easily determined from volumetric strain data collected during 

standard compression testing (see Chapter 3). Based on this, dilation angle can be studied 

with relative ease, allowing more complex models for dilation ψ = ψ(σij,εij) to be 

developed. 

2.1.3.1.2 Plastic Dilation of Hoek-Brown Materials 

 The plastic potential for Hoek-Brown materials is assumed to be 
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     (2-46) 

where md has effectively taken the place of mb in equation (2-27). When md = mb, f = g, the 

material has an associated flow rule. 

 Now, we can conclude that for a set of tensor axes aligned with the principal stresses, 

what the components of the flow rule, hij, are, based on equation (2-33): 

 
    

  

   
   (2-47) 

 
    

  

   
           

  

   
       (2-48) 

     
  

    
    for all other ij (2-49) 

 Here, the ratio of minimum principal plastic strain to maximum principal plastic strain 

takes a more complicated form than in equation (2-43): 

   ̇
 

  ̇
   (         

  

   
      ) (2-50) 

 Again, equation (2-50) applies to plane strain conditions only. 

 Based on equation (2-50), we can see that for md = 0,   ̇
 

 and   ̇
 
 are equal and opposite, 

which coincides with a state of constant volume plastic flow. For a maximum value of md = mb, 

we have a maximum ratio of   ̇
 
 to   ̇

 
, corresponding to maximum plastic volumetric strain rate. 

 Equation (2-50) also illustrates the biggest issue with the basic Hoek-Brown plastic 

potential: the partitioning of plastic strains into   
 
 and   

 
 components depends on more than just 

the dilation parameter, md. In other words, two materials modelled with the same md, but different 

values of s, a, or σci could display very different dilational behaviours. Based on this (and the 

other factors listed above in Section 2.1.3.1.1), it is recommended by the author that when using a 

Hoek-Brown constitutive model, md values should be compared to equivalent values of ψ for a 

given set of H-B strength parameters and represented this way in papers/reports to improve 
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transparency of communication. Equivalent values of ψ can be determined based on md using the 

same relation as ϕ has to mb, given by Hoek et al. (2002). 

 One minor benefit of the Hoek-Brown plastic potential is that it implicitly acknowledges 

that dilational behaviour varies as a function of confining stress. Intuitively, this is satisfying, 

since one would expect that it is more difficult for a material to expand when it is experiencing a 

compressive stress in the direction(s) it would naturally expand in. The equivalent dilation angle 

depends on confining stress, much in the same way that the equivalent Mohr-Coulomb friction 

angle for a given set of Hoek-Brown strength parameters varies based on confining stress. This is 

illustrated in Figure 2-11. Note that for higher confining stresses, the effective dilation angle is 

smaller than for lower confining stresses. This means that the  ̇  
 

 vector points more in the    

direction, indicating a lower amount of expansion in the    direction, and consequently a lower 

plastic volumetric strain rate. 
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Figure 2-11 - Two dimensional representation of Hoek-Brown plastic potential function and 

corresponding plastic strain vectors for different confining stress states. 

2.1.3.2 Mobilized Dilation 

 Based on various analyses, numerous authors have concluded that a constant dilation 

angle is insufficient to describe the volumetric strain response of geomaterials observed in 

laboratory testing and surrounding excavations. A more general model for dilation must be used: 

              (2-51) 

where    is a tensor of internal variables which, in general, could represent any number of 

properties of the dilating system. It is thought that the plastic strain history, as represented by 

some function of the plastic strain tensor,    
 

, is appropriate to replace     in equation (2-51). 
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 In keeping with recent research on the topic of rock dilation (Alejano and Alonso, 2005; 

Zhao and Cai, 2010a), it is assumed in this study that the dilation angle does not depend on the 

hydrostatic component of the stress tensor   , but rather only on the minor principal stress (σ3). 

This is consistent with observations made by Kwasniewski (1993) in the study of jointed rocks, 

and it is assumed that such observations apply to smaller scale fractures as well. For dilating 

natural joints, it is not strictly true that σ3 is the most significant in determining dilatancy, but 

rather the component of stress that is perpendicular to the fracture orientation. In the case of 

induced fractures, assuming no major stress rotation, we can conclude that fractures will 

preferentially form/propagate perpendicular to σ3, making this the critical stress for the 

determination of dilatant behaviour; this applies in the case of both laboratory testing and 

excavations. 

 An early model which takes into account this evolution of dilation angle with continued 

strain (or strain-mobilization) was proposed for soils by Rowe (1971) (as presented by Vermeer 

and de Borst, 1984): 

 
        

                

                 
 

(2-52) 

 In this equation, ψ
*
 and ϕ

*
 refer to the mobilized dilation and friction angles at a specific 

point in the strain history, and ϕcv refers to the friction angle at the point when volume-preserving 

plastic flow has been achieved. Detournay (1986) proposed an alternative mobilized model for 

rock based on the exponential decay of the ratio of minor to major principal plastic strains. In 

considering such models where the plastic stress/strain relationship is dependent on the straining 

history of the material (i.e. the damage incurred, in the case of brittle rocks), careful consideration 

must be given to quantification of a parameter which can be used to represent the strain history. 
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2.1.3.2.1 Quantifying Accumulated Strain in Plastic Models 

 It is well understood that as a rock deforms and accumulates damage, its material 

properties change as a function of this damage. Despite this necessity for damage to be reliably 

quantified in the formulation of a constitutive model, there is no generally agreed upon plastic 

parameter, η, which can be used as a controlling variable for the post-yield change in material 

properties of rock (Alejano and Alonso, 2005; Zhao and Cai, 2010a). 

 One common approach is to select the plastic parameter to be a function of internal 

variables, in particular the plastic shear strain: 

        
 
   

 
 (2-53) 

 As an alternative to this approach, an incremental plastic parameter can be used which is 

based on plastic strain increments. The most common definition for such a parameter is 

 

 ̇  √
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(2-54) 

(Vermeer and de Borst, 1984). 

 In the commonly used finite-difference codes FLAC and FLAC
3D

 by Itasca, the 

incremental plastic parameter is defined as 
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 (2-55) 

where 
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) (2-56) 

(Itasca, 2011). 

 Through the relationship 

    
 
       

 
 (2-57) 

it can be shown that equation (2-55) reduces to 
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 (2-58) 

where 

 
   

            

            
 (2-59) 

(Alonso et al., 2003). 

 When the dilation angle is a constant, we can relate the two plastic parameters, e
ps

 and γ
p
 

at any point during plastic deformation through a constant: 

                   (2-60) 

 For ψ = 0
o
, we can combine equations (2-58), (2-59), and (2-60) to see that 

 
    

 

 
    (2-61) 

 To find the value of the constant relating the two plastic parameters in the limiting case of 

ψ = 90
o
, we see that 
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    (2-65) 

 For a more realistic upper limit on a constant dilation angle value (ψ = 45
o
), we find 

 
    

 

    
    (2-66) 

 If the dilation angle is a function of the plastic parameter, however, the determination of 

the value of e
ps

 for a given value of γ
p
 becomes more complex: 
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 (2-67) 

 In practice, when using numerical models with a mobilized dilation angle model, Alejano 

and Alonso (2005) have found that the errors introduced by the use of equation (2-61) are 

minimal. In this thesis, the plastic shear strain is used as the plastic parameter controlling the 

evolution of the dilation angle (equation (2-53)). 

2.1.3.2.2 Recently Developed Models for Mobilized Dilation 

 Over the past few decades, several newer models for rock dilatancy have been developed 

with a greater focus on implementation in numerical codes. 

 Ofoegbu and Curran (1992) proposed an alternative post-yield formulation based on an 

analysis of laboratory testing completed on a Norite from the Creighton Mine in Sudbury, 

Canada. Although this model for rock dilatancy appears appropriate for the Norite it was 

developed based on, its large number of parameters makes it practical implementation 

prohibitively complex.  

 Cundall et al. (2003) have proposed a flow rule model which accounts for the 

confinement dependency of post-yield rock dilation, but ignores any damage dependency. A key 

shortcoming of this model is that the effective confinement sensitivity of the model contradicts 

experimental and theoretical findings, in that it predicts a greater degree of confinement 

sensitivity at high confinement than at low confinement (Diederichs, 1999; Alejano and Alonso, 

2005). 

 Based on an analysis of laboratory testing data and the preliminary work of Detournay 

(1986), Alejano and Alonso (2005) proposed a post-peak dilation decay model for application to 

strain-softening rockmasses. This model assumes a linear elastic volumetric strain response until 

peak strength is attained. Following the onset of plastic deformation, their model predicts that 

dilation angle starts at a peak value, and then decays as a function of maximum plastic shear 
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strain. The decay of dilation angle with increasing straining is intuitively satisfying, since without 

a decay, the model would predict a volumetric strain approaching -∞ (infinite expansion). 

 The dilation angle model of Alejano and Alonso (2005) is expressed mathematically by 

the following equations: 

             
            

 (2-68) 

 
      

     

           
      

   

      
 (2-69) 

where      is a material parameter which determines the rate of decay of dilation angle as a 

function of maximum plastic shear strain and    is the unconfined compressive strength of the 

material. Smaller values of      correspond to a faster decay of dilation angle. Examples of values 

of      (in mstrain) are 19.7, 54.3, 55.9, 61.0, and 92.6 for coal, silty sandstone, Portland 

limestone, sandstone, and mudstone, respectively (Alejano and Alonso, 2005). 

 The main positive attribute of this dilation angle model, from a practical perspective, is 

that it only requires one parameter (i.e. no more parameters are required than in the constant 

dilation angle, non-associated flow case). The peak dilation angle as defined by equation (3-3) 

depends only on commonly used parameters (friction angle and intact UCS) and confining stress. 

The parameter      is required to define the shape of the decay of dilation angle from its peak 

value following yield. 

 Examining equation (2-69), we can see that the peak dilation angle is directly 

proportional to the friction angle, and is equal to friction angle (associated flow rule) for the case 

of zero confining stress. This is reasonable, based on the notion that before excessive damage and 

macroscopic fracturing has reduced the direct relevance of classical plasticity theory, there should 

be a relationship between the friction angle and the dilation angle. 

 The decay of the dilation angle with respect to strain results in a volumetric strain – axial 

strain profile quite different from that shown in Figure 2-9, but similar to what is observed in 
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laboratory testing results (see Figure 2-12). Note that the main deviation between actual data and 

the model occurs near yield. 

 

Figure 2-12 - Comparison of typical laboratory test data (top) and the Alejano and Alonso 

(2005) model (bottom). 

 A key feature of the Alejano and Alonso (2005) model is that it ignores the post-yield 

hardening phase that occurs for many geomaterials prior to the attainment of peak strength. By 

defining yield as being coincident with peak strength, the Alejano and Alonso (2005) model 

implicitly limits its applicability to rocks and rockmasses which show perfectly plastic or strain-

softening post-peak behaviour; such materials can effectively be modelled using a classical 

approach, with confinement dependent and independent strength components (friction and 

cohesion, in a Mohr-Coulomb sense) acting simultaneously. For brittle materials, where cohesion 

is lost as friction is mobilized, the Alejano and Alonso (2005) model does not apply, since peak 

strength cannot realistically be used to approximate yield (Barton and Pandey, 2011). Also, Zhao 

and Cai (2010a) and Arzua and Alejano (2013) have since demonstrated that equation (2-69) of 
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the Alejano and Alonso (2005) model underestimates the peak dilation angle for brittle crystalline 

rocks. 

 Building on the experimental work of Alejano and Alonso (2005), Zhao and Cai (2010a) 

have proposed a dilation angle model which accurately captures the full profile of the dilation 

angle starting at the crack damage stress (CD) in brittle rocks. This model is most applicable to 

brittle rocks, and as such is discussed further in Chapter 3, Chapter 5, and Chapter 6. 

2.2 Numerical Methods 

 Numerical models are commonly used in the process of data analysis prior to, during, and 

following the construction of excavations. These models allow for the solution of complex 

systems of equations which in turn can be used to predict the evolution of stresses and strains in 

geomaterials over the course of an excavation sequence. Since they are based on fundamental 

principles of mechanics and material models, they are more broadly applicable than empirically 

based analysis methods. In other words, numerical analyses are not as limited to a specific class 

of geology and/or application as many empirical systems can be. Numerical analysis methods 

also have an advantage over analytical methods in that analytical methods can only be used for a 

very limited range of conditions which are defined by a set of assumptions used in their 

development (i.e. isotropy, homogeneity, hydrostatic stresses, perfectly plastic constitutive 

model, excavation geometry, etc.) (Bobet, 2010). 

 In analytical models, the system is continuous, has an infinite number of degrees of 

freedom, and is governed by a differential equation. Numerical models function on the principle 

of dividing the model domain into discrete components, thus limiting the system to have a finite 

number of degrees of freedom. Each component in the model must satisfy the governing 

differential equations and also continuity conditions associated with its neighbours (Jing, 2003). 

 An important feature of numerical models is that they are extremely reliable in solving 

the conceptualization of a practical problem as it is entered into the relevant analysis program. 
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The most difficult part of creating a numerical model is translating a practical problem into a set 

of representative model inputs, and understanding how to relate the calculated model outputs 

back to realistic behaviour. The process of determining representative inputs (in particular 

constitutive models and the relevant parameters) is generally quite difficult, and if performed 

incorrectly, can render a given model useless. Even in relatively simple cases, the interpretation 

of model outputs is still heavily dependent on experience and expertise (Jing and Hudson, 2002; 

Carter et al., 2000; Bobet, 2010). Although this Section will touch on the mathematics and 

computing algorithms used in numerical analyses, these topics are generally well developed in 

other texts. Instead, focus will be placed on their strengths and weaknesses with respect to the 

study of geomechanical systems, and in particular their treatment of post-peak behaviour. Also, 

greater emphasis will be placed on continuum methods than discontinuum methods given the 

focus of the research presented in this thesis. 

2.2.1 Continuum Methods 

 Some of the oldest and most commonly used numerical methods rely on the assumption 

that materials behave as a continuum. This assumption results in the restriction that materials 

cannot be broken or torn into pieces. This means that all material points remain in the same 

neighbourhood of points throughout the entire deformation process. Another interpretation is that 

the displacement field in a continuum model must be continuous (Jing, 2003). 

 As noted by Jing (2003), all systems are discontinuous at some scale. The distinction 

between continua and discontinua in general is quite uncertain, and depends on the judgement of 

the scale at which a continuum can approximate observed behaviours. Depending on the 

information that is desired, a given material can often be modelled as a continuum or 

discontinuum. 

 Continuum models are more commonly used than discontinuum models in rock 

engineering (even when they are not necessarily appropriate). The existing experience base in the 
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geotechnical community with respect to modelling rock masses as continua is a major driver of 

this phenomenon, although there is an increasing recognition of the inability of continuum models 

to accurately reflect certain behaviours observed in the field, such as the macroscopic separation 

of fractured blocks under high stress (Bobet, 2010). Based on the existing preference for 

continuum modelling in practice, one approach to mitigating this weakness is to develop methods 

for defining an equivalent continuum to the true discontinuum behaviour that is observed. 

 Continuum models are most appropriate for rockmasses which are massive or sparsely 

fractured, and failure is not expected to be structurally controlled (for example, such models are 

not inherently suited to model gravity driven wedge fallout). Highly structured rock tends to have 

sufficient freedom of movement along small scale discontinuities that it can be represented as a 

pseudo-continuum. Only rocks with structures such that movement/failure is dominated by 

moderately spaced discontinuities between relatively strong or rigid blocks cannot be modelled in 

some way by a continuum. These concepts are illustrated below in Figure 2-13. 
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Figure 2-13 - Different types of rockmass structure and their appropriate representation in 

numerical models (Bobet, 2010). 

Common types of continuum modelling methods are the Finite Element Method (FEM), the 

Finite Difference Method (FDM) and the Boundary Element Method (BEM). Because BEM 

codes are typically used for purely elastic analyses, only FEM and FDM are discussed here (Jing, 

2003). 
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2.2.1.1 The Finite Element Method (FEM) 

 The Finite Element Method has emerged as perhaps the most prominent method of 

continuum analysis in engineering applications (Jing, 2003; Bobet, 2010; Carter et al., 2000). 

Some examples of FEM programs are ABAQUS (Hibbit, Karlson and Sorensen, Inc.), 

PENTAGON-2D and -3D (Emerald Soft), Phase
2
 (Rocscience), and PLAXIS (Plaxis BV) (Bobet, 

2010). 

2.2.1.1.1 Implementation 

 The following description of FEM is based on the texts of Beer and Watson (1992) and 

Owen and Hinton (1980); the reader is referred to these texts for further details. Figure 2-14 

shows the basic workflow of an FEM program in solving a problem (based on Beer and Watson, 

1992). 

 

Figure 2-14 - Flow chart depicting the basic steps involved in the implementation of the 

Finite Element Method. 

 Many methods exist for the discretization of the problem domain into finite elements 

(where each element has a simple geometry). Many geomechanical analyses using FEM can be 

highly dependent on the discretization used, particularly in the case of highly brittle materials. 

Elements can exist in any Cartesian space of dimension equal to or greater than their own 

dimension. In the case of Phase
2
, two-dimensional (2D) elements are used in a 2D space to 

discretize the problem domain. Lower dimension elements can also be used (i.e. 1D rockbolt 

elements). 

 Since variables are only defined at the nodes of each element, it is important to define 

how these vary between nodes. In the case of 2D elements in a plane, shape functions are used to 
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define the variations of physical quantities within an element. At a position defined by local co-

ordinates (ξ,η) within the element, the value of a quantity, q, at that point can be written as 

          ∑          
 

 

 (2-70) 

where Nn(ξ,η) is the shape function evaluated for a single node, n, in the element, e, which is 

being considered, and qn
e
 is the value of the quantity of interest at node n in element e. The 

simplest form of shape function for a triangular element, as is often used in Phase
2
, is a plane; 

each physical variable is assumed to vary linearly in each direction, and the values of variables 

within each element are taken to be an average of the nodal quantities weighted by how relatively 

close the nodes are to the point of interest. Once quantities are determined based in the local 

reference frame of the element, (ξ,η), they can be mapped back to the global system of 

coordinates. 

 To define the stiffness matrix of an individual element, we must first define the 

relationship between displacements (which are used in calculations) and strains (which are used 

in deformation theory) inside the element. These quantities are related by a matrix, B
e
. Because 

the displacements within an element depend on the displacements at the nodes through Nn(ξ,η) 

and the strains within an element are the partial derivatives of the displacements, we can conclude 

that B
e
 is defined as a matrix of partial derivatives of the shape function. This matrix has size m x 

n where m is the number of strain components considered (three for a 2D analysis) and n is the 

number of element nodes multiplied by the number of independent partial derivatives (i.e. six for 

three noded triangular elements in a 2D space). If we define u
e
 as a vector containing all of the 

nodal displacements, then we have an equation for the strain in an element: 

          (2-71) 

 Provided that the constitutive matrix, D, which relates stresses to strains is symmetric, the 

stiffness matrix of an element is symmetric and is given by 
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   ∫        

(2-72) 

 In practice, K
e
 is a square matrix filled with submatrices; for a triangular element, e1, 
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]

  

 

(2-73) 

where each kij is a 2 x 2 matrix given as 

       
        (2-74) 

 In equation (2-74) Bi and Bj are the 3 x 2 submatricies of B
e
 corresponding to the i

th
 and 

j
th
 nodes. A is the element area and t is the element thickness. Recall that D is a constitutive 

matrix (3 x 3 in 2D); for elastic plane strain problems in an isotropic medium, 

 

    
 

           
[

     
     

  
 

 
      

] 

(2-75) 

 The global stiffness matrix is obtained from the elemental K
e
 matrices simply by addition. 

First the elemental stiffness matrices must be put into a global reference frame. An example for 

the simple three element mesh follows (refer to Figure 2-15). 

 

Figure 2-15 - Simple three element mesh with global node numbers labelled. 
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 With respect to the global reference frame, the elemental stiffness matrices for e
1
, e

2
, and 

e
3
 can be written as follows: 

 

    

[
 
 
 
 
   

   

   

 
 

   

   

   

 
 

   

   

   

 
 

 
 
 
 
 

 
 
 
 
 ]
 
 
 
 

 (2-76) 

 

    

[
 
 
 
 
 
 
 
 
 

 
   

   

   

 

 
   

   

   

 

 
   

   

   

 

 
 
 
 
 ]
 
 
 
 

 (2-77) 

 

    

[
 
 
 
 
 
 
 
 
 

 
 
 
 
 

 
 

   

   

   

 
 

   

   

   

 
 

   

   

   ]
 
 
 
 

 (2-78) 

 Note that the individual element matrices have zeros filling all rows and columns 

corresponding to global element indices to which they are not connected. 

 Now we can write 

     ∑   

 

 (2-79) 

which yields a symmetric, sparse matrix with entries near the diagonal. 

 The next step in a FEM analysis is to solve the equilibrium equation. The equilibrium 

condition is derived based on the principle of minimum potential energy. The equilibrium 

condition is given as 

        (2-80) 

where K is the global stiffness matrix, u is the vector of nodal displacements, and F is the vector 

of applied nodal forces. This system of equations can be solved, based on known forces or 

displacements (i.e. boundary conditions), usually using the method of Gaussian elimination. 

 For systems with non-linear behaviour (i.e. materials with an elastoplastic constitutive 

model), the stiffness matrix becomes dependent on displacements; since displacements are not 
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known until after a solution is obtained, the system of equations is solved incrementally, where 

displacements are updated after each solution step. In this case, the equilibrium condition is given 

at a specific increment of “time” as  

           (2-81) 

where 
t
F is the vector of externally applied nodal forces and 

t
R is the vector of nodal forces 

corresponding to internal stresses (both at time t). The increments of “time” typically correspond 

to a load step (i.e. a calculation step completed for a partial magnitude of external loading). 

Equation (2-81) must be satisfied within a specified tolerance for each load step before 

incrementing the load further. 

 Assuming that the solution for a given model state, t, is known, and the solution at t + Δt 

is required. At t + Δt, we have 

                 (2-82) 

where 

                 (2-83) 

 Here, 
Δt

R corresponds to the increment in nodal point forces corresponding to the stress 

increment experienced over the interval Δt. It can be calculated from 

              (2-84) 

where 
t
K is a tangential stiffness matrix at time t and 

Δt
u is the increment in displacements 

corresponding to the increment in load associated with the interval Δt. 

 Now we can write, based on equations (2-82), (2-83), and (2-84), 

                    (2-85) 

and 

                           (approximately) (2-86) 

 Because we are using 
t
K to calculate 

Δt
R, but 

t
K is changing over the course of the 

increment Δt, the solution can be subject to significant errors, depending on the size of the 
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increment (smaller increments will always be more accurate, but more computationally 

intensive). To minimize error, an iterative solution method is often utilized within in each 

time/load step. Using an iterative solution method, incremental displacements are added each 

step, and equilibrium at iteration i is always tested based on the values of 
t+Δt

R and 
t
K iteration i-1. 

This procedure is known as the Newton-Raphson procedure. 

 In these analyses, we know that D, as in equation (2-75) corresponds to a matrix of elastic 

constants for elastic states (f < 0). We have yet to specify what the constitutive matrix is defined 

as for plastic states, however. In particular, the issue of the lack of a practical definition of the 

plastic multiplier,  ̇, in equation (2-34) has not been addressed. 

 We know that during yielding, the relationship between total strain and stress is given by 

the sum of the elastic and plastic strain increments 

 
          ̇

  

  
 (2-87) 

 We also know that for the case of plastic flow, the stress state remains on the yield 

surface (f = 0), such that df = 0. Considering the definition of df in terms of stresses, we have 

 
    

  

  

 

      (2-88) 

 Using the conditions represented in equations (2-87) and (2-88),  ̇ can be eliminated from 

the system by re-writing the system as 

          (2-89) 

where 

 

       
  

  

  

  

 

  (
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 (2-90) 

 Now we can say that D in equation (2-74) is given by equation (2-75) (or a similar matrix 

of elastic constants) for f < 0 and by Dep as defined in equation (2-90) for f = 0. 
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 All calculations in an FEM analysis initially are performed using elastic material 

properties. Because of this, it is possible that the state of stress in an element can be moved 

outside the failure envelope (such that f > 0). In these cases, the stress states must be updated 

based on the theory of plastic flow to arrive at a final equilibrium state which corresponds to a 

valid stress condition (f < 0). The main classes of stress updating methods are the forward Euler 

method and the stress update by return mapping method. The return mapping method is generally 

preferred; although more complex than the forward Euler method, it is more consistent with the 

Newton-Raphson procedure, and is relatively robust, even for large load steps (Clausen and 

Damkilde, 2008). 

 The procedure operates by calculating the elastic stress increment, then calculating the 

necessary plastic corrector stress vector is required to return the stresses to an acceptable state (f = 

0). This concept is illustrated in Figure 2-16. 
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Figure 2-16 - Illustration of the return mapping method for elastoplastic calculations in 

FEM models. σ
A
 is the initial stress state, σ

B
 is the stress state following the elastic increment 

in stress, and σ
C
 is the final stress state after correction; Δσ

e
 is the change in stress predicted 

based on elastic behaviour, Δσ
p
 is the plastic corrector stress required to return the stress 

state to the yield surface, and Δσ is the observed change in stress state over the load 

increment. The case of an associated flow rule is shown, with the plastic corrector stress 

vector oriented normal to the yield surface (from Clausen and Damkilde, 2008). 

 Methods for the practical determination of the plastic corrector stress Δσ
p
 vary, but the 

constant feature is that Δσ
p
 must be perpendicular to the plastic potential function (and in the case 

of an associated flow rule, the yield function as well). Once Δσ
p
 has been determined, the 

corresponding plastic strains can be calculated based on equation (2-89). These plastic strains are 

added to the elastic strains corresponding to Δσ (as shown in Figure 2-16) to determine the total 

strains incurred over the load step. The final stress state of the load step is given by σ
C
. 
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2.2.1.1.2 Strengths and Limitations 

 As mentioned above, the Finite Element Method is the most popular method of numerical 

analysis for geotechnical design. This is because of a number of strong features of the method, 

outlined as follows (Carter et al., 2000; Jing, 2003): 

 It is flexible in terms of handling heterogeneity and anisotropy. Heterogeneity is only 

modelled at a macro-scale through the definition of zones of distinct material properties. 

Simple cases of anisotropy can be modelled through the modification of the elemental 

stiffness matrices. 

 Staged models can capture the evolution of a system over time, including the modelling 

of excavation sequences and support installation. 

 Extensive practical experience with FEM codes has been developed in the geotechnical 

community, making the method relatively accessible. 

Several disadvantages of FEM exist as well: 

 The discretization of the problem domain can cause problems in terms of memory usage. 

Because some constitutive models cause extreme mesh dependency of the model 

response, obtaining an optimal discretization may be difficult, and may result in a 

computationally intensive model to run. 

 The need to store large matrix systems increases memory requirements relative to other 

modelling methods. 

 Sophisticated algorithms are needed to implement strain-softening constitutive models. 

 Discrete fractures are difficult to model accurately. 

 The final disadvantage of FEM mentioned above has been a topic of research since the 

late 1960s. Extensive work by a number of researchers resulted in the development of a “joint 

elements” which can be implemented in FEM codes. An example is the “Goodman joint 

element”, developed by Goodman et al. (1968). This joint element is rectangular with zero 
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thickness and is defined by four nodes. This formulation assumes that shear and normal 

displacements of either side of the joint are related to the applied forces through a joint element 

stiffness matrix, which is in turn defined by shear stiffness and normal stiffness parameters. This 

formulation, based on continuum assumptions and a linear force-displacement relation, is only 

useful for modelling small scale displacements – large scale sliding, opening, and detachment of 

the joint faces cannot be replicated accurately. These shortcomings, along with the inability of 

fracture growth to be modelled in FEM, make the inability to replicate fracture-controlled 

behaviour the greatest weakness of FEM (Jing, 2003). 

2.2.1.2 The Finite Difference Method (FDM) 

 The Finite Difference Method was the first numerical method used to approximate 

solutions to complicated partial differential equations (Jing, 2003). The differences between FEM 

and FDM are subtle, and are generally more a matter of habit than of some fundamental 

difference in the nature of the methods themselves (Itasca, 2011): 

 Finite difference meshes originally were required to be square grids, whereas FEM 

meshes could be composed of irregular polyhedral. The development of the Finite 

Volume Method (FVM), which is considered a subset of FDM, allowed FDM codes to 

become as flexible as FEM codes with respect to heterogeneity and mesh generation. 

 In FDM, quantities are not defined inside the elements, whereas FEM formulations use 

shape functions within elements as part of the minimization of error/energy terms in the 

solution. 

 FEM programs typically use an implicit solution method, which assembles a global 

system of equations, which it solves simultaneously to find equilibrium. FDM programs 

typically use an explicit (i.e. dynamic or time marching) solution method which resolves 

the finite difference equations repeatedly over the course of many time steps. 
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 For practical purposes, the selection of a FDM over FEM is similar to the selection of one 

FEM code over another – it is a matter of preference. The two methods ultimately solve the same 

system of equations. Individual preferences may exist amongst companies or researchers based 

on solution method efficiency, ease of use, or flexibility. 

 The most common FDM programs in Geomechanics are FLAC and FLAC
3D

 (ITASCA 

Consulting Group, Inc.) (Bobet, 2010). Although referred to as FDM programs, these codes 

actually use an FVM solution, allowing them to handle irregular mesh geometries. 

2.2.1.2.1 Implementation 

This Section will provide background on FDM in the context of an explicit solution 

method (as is used in FLAC). An explicit solution means that a fictional (arbitrary) time 

increment is used to step through different displacement/force states based on known derivative 

values and constitutive relations. This method of solving the dynamic equations of motion has 

several benefits. In particular, the numerical scheme will remain stable even when the physical 

system being modelled becomes unstable (Itasca, 2011). 

An important feature of the solution method is that unlike in FEM, it is relatively easy to 

update nodal coordinates at each time-step. When FLAC is run in large-strain mode, the 

incremental displacements are added to the grid coordinates such that each new calculation step is 

based on an updated problem geometry. 

For each time step, the procedure begins by invoking Newton’s second law, which 

governs how the existing stresses and forces are translated into velocities and displacements over 

the given time increment and then uses the user defined constitutive relations to determine what 

new stresses correspond to the strains incurred. This process, which is repeated for many time 

steps (typically tens of thousands), is illustrated below in Figure 2-17. 
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Figure 2-17 - FLAC solution workflow (Itasca, 2011). 

A key feature of this solution methodology is that for each calculation, the known values 

are assumed to be constant. This assumption is valid, since the time increment used for the 

calculations is so small that perturbations in stresses over the course of a time step cannot 

physically pass from one element to another over the course of the increment (Itasca, 2011). 

The FLAC implementation uses a sub-discretization which breaks each quadrilateral 

element into two pairs of overlaid constant-strain triangular elements. Strains and stresses are 

calculated over sub-elements (where derivatives are approximated by finite differences) and 

displacements and forces are calculated for nodes. 

The fundamental mathematics for the finite difference method that follow were laid out 

by Wilkins (1964), and are summarized by Itasca (2011) in their “Theory and Background” 

manual for FLAC. 

The generalized equation of motion that the FLAC formulation is based on is given by 
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     (2-91) 

where vi is the velocity in a given direction, xj is a coordinate direction, σij is a component of the 

stress tensor, and gi is a component of the body forces (gravity).  

FLAC’s calculations of motion are in terms of forces and displacements. Once the sum of 

the forces at a given node, Fi, is known, new velocities can be calculated based on old velocities 

and a new acceleration, derived from the forces. Note that the velocities, vi, used to calculate the 

displacements at time t are denoted as vi
Δt-t/2

. We can now write the finite difference equivalent of 

equation (2-91): 

 
  

         
       ∑  

   

 
 (2-92) 

Knowing the updated velocities, the updated displacements can be calculated: 

   
       

    
         (2-93) 

Based on the updated velocity field, the strain rates are determined: 

 
  ̇  

 

 
(
   

   
 

   

   
) (2-94) 

In the case of large-strain mode, the finite rotation of a zone over the course of a time 

step must also be considered. This rotation is given by 

 
 ̇   

 

 
(
   

   
 

   

   
) (2-95) 

Now, the updated stresses can be determined based on the strain rates as defined in 

Equations (2-94) and (2-95). First, stresses are adjusted based on the finite rotation stress (if 

calculations are performed in large-strain mode): 

    
    

 
    

  (             )   (2-96) 

Next the stress adjustment necessary based on the constitutive relation is made. Recall the 

definition of a constitutive equation as represented by Equation (2-1). In more general terms, if 

we consider Equation (2-2) in terms of finite differences, we can write 
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                (2-97) 

Equivalently, 

             ̇    (2-98) 

It is this change in stress, Δσij, that is applied to update the existing stress field in the 

model. This can be calculated based on the known strain rate from Equation (2-94), the fixed time 

step, Δt, and the appropriate constitutive matrix as discussed in Section 2.2.1.1.1 (i.e. elastic, 

plastic, etc.). Therefore, the stress state at time step t + Δt is given by 

    
        

    
 
      (2-99) 

where Δσij is given by Equation (2-98). 

The final step of the calculation loop (or initial, in the case of deriving initial forces from 

boundary conditions) is to determine the nodal forces present in the model at a given time step. 

The force exerted on a given node by an element is determined based on the mean of the stresses 

in the two pairs of constant-strain triangular sub-elements. The equation for the force contribution 

of one element to one node is 

 
   

 

 
∑       (2-100) 

where the above sum is taken over all 4 triangular sub elements, nj are the normals to the sides of 

the quadrilateral which touch the node in question, and S is the relevant side length. 

Calculations continue until the model reaches a stable equilibrium (often defined in terms 

of a threshold of unbalanced forces in the model). As stated above, this procedure is numerically 

stable for both static and dynamic problems. For static problems, some measure of damping must 

be introduced into the numerical system to provide static solutions, otherwise system inertia 

would favour dynamic motion, based on an undampened equation of motion (Equation (2-91)).  

Velocity-proportional damping is used in standard dynamic relaxation methods. Another 

approach to damping is an adaptive global damping algorithm, as described by Cundall (1982). In 

this case, viscous damping forces, equivalent to a grounded dashpot at each nodal point, are 
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adjusted based on a variable viscosity constant such that the power absorbed by damping is a 

constant proportion relative to the rate of change of kinetic energy in the system being modelled. 

The method used by FLAC is local non-viscous damping (Itasca, 2011). 

 Local damping is incorporated into the numerical calculation scheme by modifying 

Equation (2-93). Instead, the following is used: 

 
  

         
       (∑  

       )
  

  
 (2-101) 

In the above equation, mn is a fictitious nodal mass (described in the FLAC manual) and 

the damping force is given by 

        |∑  
 |       

        (2-102) 

where α is a constant controlling the degree of damping (default 0.8). Based on this definition, the 

direction of the damping force is set such that energy is always dissipated. 

FLAC also can use a variation on local damping called combined damping, which is 

more appropriate for systems where the steady-state solution includes significant uniform motion 

(i.e. creep). This method is not discussed, as this type of damping is not relevant for the types of 

excavation models considered in this thesis. 

The mathematical formulation of FDM in FLAC
3D

 is not discussed here, although the 

principles behind the method are very similar. 

2.2.1.2.2 Strengths and Limitations 

 As mentioned above, the differences between FDM and FEM are not always clear and 

rigid. Since both use similar, continuum based solution approaches, FEM and FDM share many 

similar strengths and limitations (see Section 2.2.1.1.2). Some commonly cited strengths of FDM 

relative to FEM are (Carter et al., 2000; Jing, 2003 ; Itasca, 2011): 
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 The mapping of non-linear behaviour (i.e. plasticity) is simply performed by the 

straightforward solving of equations, rather than through the use of complex return 

mapping algorithms as discussed for FEM. 

 The explicit solution method avoids the need to assemble massive matrices. 

 Large displacements/strains are easily accommodated. 

 The fictional time variable can, in some cases, be calibrated to have some relevant 

meaning in terms of how physical systems evolve in real time. 

 The computational scheme can model dynamic problems and physical instability. 

 With respect to FLAC and FLAC
3D

 in particular, one of the greatest strengths relative to 

other numerical codes is the existence of the embedded programming language, FISH, 

which allows users to define new variables and functions. This language, although less 

intuitive for some users than graphically based user interfaces, adds significant flexibility 

to the program, such as allowing users to define their own constitutive models. 

Some disadvantages of FDM include: 

 FDM is relatively inefficient at solving linear systems (i.e. elasticity problems). 

 For static problems, the equilibrium solution is a function of the damping method and 

parameters used; it also assumes that the user’s judgement of “convergence” is adequate 

(as based on factors such as unbalanced forces, the velocity field, etc.). 

2.2.2 Discontinuum Methods 

 Discontinuum models are generally created using Discrete Element Methods (Bobet, 

2010). These methods are defined as those which allow finite displacements and rotations of 

discrete bodies, including detachment, and automatically recognize new contacts between bodies 

during calculations (Cundall and Hart, 1992). The first of these methods was the Distinct Element 

Method, which was introduced by Cundall (1971). This is the main type of code used in rock 
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engineering applications, and it is commonly referred to as the Discrete Element Method (DEM), 

of which it is a sub-category (Jing, 2003). 

 The main difference between discontinuum methods and continuum methods is that 

contact patterns between distinct components, as delineated by discontinuities, can change with 

the deformation process (Jing, 2003). 

 Discrete Element Methods need to address three key issues (Bobet, 2010): 

 The representation of contacts between blocks. 

 The representation of the materials defining the blocks. 

 The detection and updating of contacts during the solution process. 

There are three main types of DEM (Jing, 2003): 

 Those that model the movement of deformable blocks using an explicit (time domain) 

solution method; these usually use the finite volume method (FVM) to solve for strain 

within blocks. 

 Those that model the movement of deformable blocks using an implicit solution method; 

these usually use the finite element method (FEM) to solve for strain within blocks. 

 Those that model the movement of rigid blocks using an explicit method to solve for 

system equilibrium. 

 Discontinuum modelling tools have many different applications; generally, they are more 

appropriate than continuum models when movement is governed in large part by the geometry 

and physical properties of existing joints and fractures. At a small scale, DEM is used to develop 

theories related to the interaction between particles and between particles and fluids. More 

broadly, DEM models are used to link discrete and continuum numerical models such that 

particle scale information can be related to constitutive relations and boundary conditions for use 

in continuum models (Yu, 2004). 
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2.2.2.1 The Distinct Element Method 

 The distinct element represents the type of DEM which uses an explicit solution method 

and a Finite Volume formulation for strain within blocks (Carter et al., 2000). This is the most 

common type of DEM (Anandaraja, 1993). Examples of Distinct Element Method programs are 

EDEM (DEM Solutions), UDEC, and 3DEC (ITASCA Consulting Group, Inc.) (Bobet, 2010). 

2.2.2.1.1 Implementation 

 In three-dimensions (3D), blocks are represented by convex polyhedral which are 

composed of planar faces. In 2D, blocks are represented by arbitrary polygons (can be convex or 

concave). At the time of block generation, the contacts between all blocks are defined. Internal 

FVM discretization is used to split each block into a series of constant strain tetrahedra (3D) or 

triangles (2D) (Jing, 2003). 

 Once the system of blocks is defined in a Distinct Element model, the explicit process 

used to solve for equilibrium is very similar to that used in FDM/FVM codes; unknown kinematic 

and dynamic variables are solved at several incremental time steps until equilibrium is reached 

(Anandaraja, 1993). The general workflow of one time step in a Distinct Element Method 

solution can be seen below in Figure 2-18. 
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Figure 2-18 - Basic sequence of calculations at block contacts in an explicit DEM time step 

(after Anandaraja, 1993). 

 A large strain Lagrangian formulation can be used for the internal deformation of blocks 

(i.e. grid locations update during the solution process). Typically, displacements within blocks 

vary linearly, and faces of polyhedral (3D) and edges of polygons (2D) remain planar and linear, 

respectively (Jing, 2003). 

 Inter-block normal and shear forces originate as a consequence of relative displacements 

at a contact. Often these forces are calculated using a penalty method where their magnitudes are 

related to the relative displacements between the two blocks considered through the shear and 

normal stiffness of the discontinuity which connects them. These forces can be expressed as 

   
       

       
           

     (2-103) 

   
       

       
           

     (2-104) 

where the subscripts n and s represent normal and shear quantities, respectively, k represents a 

linear elastic stiffness, and Ac is the contact area between the two blocks being considered. The 

third term in each of these equations represents a velocity and stiffness proportional damping 
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term (β is a proportionality constant), which has many formulations different than the one shown 

above (Bobet, 2010). This idealized model for contact forces is represented in Figure 2-19. 

 

Figure 2-19 - Model for contacts between blocks based on the shear and normal stiffness 

values (Ks and Kn). The terms Cs and Cn represent damping terms (Bobet, 2010). 

 The shear force given by Equation (2-104) is kept below a maximum value as defined by 

a Mohr-Coulomb strength function (Bobet, 2010).  

 The application of Newton’s law to determine accelerations and the integration of 

accelerations to determine velocities are typically performed together in one step. These 

equations are applied to the centroids of rigid blocks, or to the grid points in the FVM mesh of 

deformable blocks: 

 
  

         
       ∑  

   

 
 (2-105) 

 
  

         
       ∑  

   

 
 (2-106) 

where Mi are the moments applied, and I is the moment of inertia. In the case of deformable 

blocks, the forces are determined based on the internal stresses which are derived from the 

displacement field, as in FDM; for grid points on the boundaries of blocks, the contact forces are 

also considered (Jing, 2003). 
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 Finally (or initially, in the case of model setup), the contact patterns must be determined; 

old contacts which no longer exist must be deleted, and new contacts must be recognized. Contact 

detection algorithms identify contacts based on the smallest distance between two blocks, and 

define a contact based on whether this distance lies within a certain tolerance or not. It is typical 

for such an algorithm to define contact type, maximum gap along the contact, and the unit normal 

vector to a tangential plane along which sliding can occur for each existing contact. The different 

possible contact types are vertex-to-vertex, vertex-to-edge, edge-to-edge (2D) and vertex-to-

vertex, vertex-to-edge, vertex-to-face, edge-to-edge, edge-to-face, face-to-face (3D) (Jing, 2003). 

 It is numerically possible in some cases, depending on the magnitudes of the forces 

present in a system and the time step used, that two blocks may displace such that they overlap. 

Although small overlaps may be acceptable as an approximation of block deformation, if the 

overlap becomes excessive, remedial measures, such as increasing the normal stiffness of block 

contacts, may need to be taken (Jing, 2003). 

2.2.2.1.2 Strengths and Limitations 

 As compared with other solid mechanics modelling methods, DEM has several 

advantages (Chuhan et al., 1997): 

 DEM models large numbers of fractures well. 

 DEM can accurately model both slip and separation of joints. 

 Explicit solution methods can be used to solve non-linear dynamic problems. 

 Some of the drawbacks associated with the technique include (Carter et al., 2000; Jing, 

2003; Bobet, 2010): 

 Establishing model geometry can be difficult, particularly for 3D analyses. 

 Accurately representing in-situ block systems in the model can be quite difficult in 

Geomechanics, particularly given limited data and statistically based methods of fracture 

system generation. 
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 Run-times for 3D analyses can be prohibitive. 

 The determination of representative input parameters to which the model results are 

extremely sensitive, such as joint stiffness, can be extremely difficult. 

 2D analyses are often not accurate in representing behaviour which is controlled by 3D 

geometries (i.e. the assumption of infinite fracture length is more critical in 2D DEM than 

the assumption of plane strain conditions in 2D continuum models). 

2.2.2.1.3 The Bonded Particle Method (BPM) 

 The bonded particle method is a derivative of DEM which is used to model the grain 

scale interactions of granular and particular materials. In the field of rock mechanics, it has been 

used extensively to develop models for rock damage by a number of authors (i.e. Blair and Cook, 

1992; Diederichs, 1999; Ghazvinian, 2010). The most commonly used Bonded Particle Method 

program in Geomechanics is PFC by Itasca (Bobet, 2010). 

 The principle of the method is effectively identical to that described in Section 2.2.2.1.1. 

The main differences are that particles are typically assumed to be rigid and can be regular (i.e. 

circular/spherical or elliptical/ellipsoidal) or irregular (general polygons/polyhedral) (Jing, 2003). 

The implications of the assumption of rigidity of individual grains is important, in that it 

corresponds to the assumption that macroscopically visible deformations in granular materials are 

primarily a function of inter-granular, not intra-granular deformations. The rigid particles interact 

with each other through their contacts (i.e. springs and frictional forces). Tensile and shear cracks 

can occur between particles when the strength of the contact is exceeded (Bobet, 2010).  

2.2.2.2 Discontinuous Deformation Analysis (DDA) 

 DDA is representative of an implicit solution Discrete Element Method. In this case, 

rather than treating blocks separately, the total potential energy of the system is minimized to find 

an equilibrium solution (Bobet, 2010). The total energy of the system is a function of several 
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different mechanisms, such as external loads, block deformation, kinematic and strain energy of 

the blocks, and dissipated (irreversible) energy (Jing, 2003). 

 DDA is analogous to FEM in continuum modelling, and actually uses an FEM 

mesh/procedure to solve for the deformations internal to blocks. As in FEM, the minimization of 

total system energy is achieved by the assembly and solution of a global system of equations 

(Jing, 2003). 

 In DDA, no tension and no overlap of blocks are allowed. These restraints are imposed 

by the addition and removal of very stiff springs between elements during an iteration process 

corresponding to one load increment. These stiff springs lock two elements together and prevent 

overlap; the lock is removed if a critical tensile threshold is released, thus allowing blocks to 

separate (Bobet, 2010). 

 Some comparisons between DEM (explicit solution) and DDA (implicit solution) are 

given below in Table 2-1. 

Table 2-1 - Comparisons between DEM and DDA (after Bobet, 2010). 

DEM DDA 

Stresses and forces are unknowns Displacements are unknowns 

Explicit (time stepping) solution Implicit (matrix) solution 

  

2.2.2.2.1 Strengths and Limitations 

 DDA shares the same major limitations as explicit-solution DEM, but enjoys a few 

relative advantages (Jing, 2003): 

 Equilibrium can be solved using larger time steps without introducing numerical 

instability. 

 Closed-form integrations can be used for element and block stiffness matrices. 

 Existing FEM code can easily be converted to DDA codes. 
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 For quasi-static problems, equilibrium can be reached without a large number of 

iterations. 

2.2.3 Hybrid Modelling Approaches 

 Since the development of individual methods such as FEM, DEM and the Boundary 

Element Method (BEM – not discussed herein as it is most appropriate for elastic problems), 

several hybrid numerical methods using components of multiple methods have been proposed. 

The most common types of hybrid models are BEM/FEM, DEM/BEM, and FEM/DEM. In these 

models, the BEM is most commonly used for simulating far-field rocks as an elastic continuum, 

whereas the FEM and/or DEM capture the more complex non-linear and discontinuity controlled 

behaviour that often exists in the region of interest (Jing, 2003). 

 One of the biggest limitations of conventional numerical modelling tools for 

geomechanical applications is the inability of these codes to properly model the entire loading 

and failure process. In particular, the inability of classical codes to capture the transition from 

continuum to discontinuum behaviour accurately is problematic (Mahabadi et al., 2010). The 

FEM/DEM hybrid model, as described by Munjiza (2004), overcomes this limitation, and as such 

is a valuable tool for the study of materials where the formation and behaviour of fractures is 

critical to the overall system behaviour, as in the case of excavations in brittle rock. 

2.2.3.1 FEM/DEM Hybrid Codes 

 The FEM/DEM method is very similar to the Distinct Element Method in that it models 

the behaviour of discrete blocks can deform internally. The key difference is that models can 

replicate the formation of new fractures, not just the behaviour of systems as governed by pre-

existing fractures. 

 The importance of contact behaviour in these models tends to dominate system behaviour 

leading to a strongly non-linear deformation response. As a result, FEM/DEM codes generally 

necessitate the use of an explicit time integration solution scheme based on a centered difference 
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method (Pine et al., 2007; Azevedo and Lemos, 2006). In this sense, the practical distinction 

between the terminology of “FEM/DEM” or “FDM/DEM” is somewhat fuzzy, if one considers 

the explicit/implicit solution method as the main difference between most FEM and FDM codes. 

The use of fracture mechanics principles in the continuum portion of FEM/DEM models allows 

the process of brittle fracture to be accurately replicated in numerical models (Elmo and Stead, 

2009; Vyazmenski et al., 2010). FEM/DEM models have been validated against testing data in 

some studies (e.g. Klerck, 2000; Klerck et al., 2004) and have used to model various processes in 

the field of Geomechanics as illustrated in Figure 2-20, Figure 2-21, Figure 2-22, and Figure 

2-23. 

 

Figure 2-20 - Simulated Brazilian test using FEM/DEM (Mahabadi et al., 2010). 
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Figure 2-21 - Simulation of  pillar failure using FEM/DEM. Fracture evolution over time 

(above) and principal stress vectors (bottom) are shown (Elmo and Stead, 2009). 

 

Figure 2-22 - Development of fractures at the Randa Slide, Switzerland, as simulation in 

ELFEN FEM/DEM code (Eberhardt et al., 2004). 



 

75 

 

 

Figure 2-23 - Simulation of fracture development within a block with various intermediate 

principal stresses using FEM/DEM. σ2 increases to the right (Cai, 2008). 

 Several FEM/DEM codes exist, including Y (Munjiza et al., 1999), VGW (Munjiza and 

Latham, 2004), and ELFEN (Rockfield Software Ltd., 2014). At the moment, ELFEN is the only 

commercially available FEM/DEM code (Vyazmensky et al., 2009). ELFEN is a 2D and 3D 

package which has been increasingly used for rock mechanics applications (Elmo and Stead, 

2009). 

 A description of the general principles of FEM/DEM follows here. Munjiza (2004) 

provides a comprehensive review of the techniques employed in FEM/DEM analyses, and 

descriptions of the method relevant to ELFEN in particular can be found in Klerck (2000), Owen 

et al. (2004), and Pine et al. (2007). 

 Several key features are required for an effective computational implementation of 

FEM/DEM codes (Owen et al., 2004): 

 Definition of fracture criteria and propagation mechanisms, together with mesh adaptivity 

 Detection procedures for monitoring contacts between large numbers of discrete elements 

 Interaction laws for contact pair behaviour 

 Parallel implementation of the solution algorithm 

 The first of these is the major defining feature of FEM/DEM codes. The middle features 

are covered by the Distinct Element section of the hybrid code (as briefly discussed in Section 
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2.2.2.1.1). The last feature stems from the extreme computational expense required by 

FEM/DEM codes, due to the number of complex algorithms employed. These include (Munjiza, 

2004): 

 Contact detection and interaction 

 Finite strain plasticity 

 Temporal discretization and integration 

 Fracture and re-meshing 

 Application specific features, such as visualization tools 

 As mentioned above, the continuum and discontinuum behaviours of FEM/DEM are 

based relatively closely on their independent modelling tool counterparts, respectively. The 

transition between these behaviours is the key defining feature of such codes. 

 Approaches for handling fracture and fragmentation include global approaches, local 

approaches, smeared crack models, and single crack models (Munjiza, 2006). ELFEN uses a 

smeared crack model where fracture development is based on a continuum mechanics failure 

criterion. In this sense, the fracture model does not explicitly consider micromechanical 

processes, but rather produces a representative average global response (Pine et al., 2007). 

 The full development of a smeared crack in a continuum portion of the model is detected 

based on rock damage/softening characteristics. Once the crack is developed, a discrete crack is 

inserted in the appropriate direction and the appropriate contact conditions are applied to the 

crack faces. Failure is based on Mode I (tensional) opening. Shear failures can be represented by 

the development of many tensile cracks interacting in a shear geometry. Different yield 

conditions are used for tensile crack opening under compressive and tensile stress conditions 

(Pine et al., 2007). 

 Fractures are inserted perpendicular to the direction of least compressive stress (as shown 

on the left side of Figure 2-24). In ELFEN, these fractures are allowed to develop within a given 
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mesh element, requiring the re-meshing of the remaining continuum (as shown in the middle of 

Figure 2-24). If the default intra-element fracturing results in the generation of elements with 

poor aspect ratios (i.e. slivers), either local adaptive mesh refinement is used, or the crack is 

snapped to the favourably oriented existing element side, forming an inter-element crack (as 

shown on the right side of Figure 2-24). This procedure has been successfully extended to fully 

3D problems, with the caveat that inter-element fracturing is always employed (Pine et al., 2007). 

 

Figure 2-24 - Fracture development in ELFEN. Arrows show the direction of least 

compressive stress. From left to right, the images show the preferred fracture orientation, 

the resulting intra-element crack that is generated, and the resulting inter-element crack 

that is generated due to the poor mesh geometry resulting from intra-element cracking 

(Pine et al., 2007). 

2.2.3.1.1 Strengths and Limitations 

 The main strength of hybrid codes is their ability to replicate both continuum and 

discontinuum phases of rockmass deformation. The main limitation of such codes is that run-

times for large scale simulations can be prohibitive, even in the case of some 2D analyses; this is 

particularly true in cases where adaptive re-meshing is required. 

2.3 Preliminary Investigation of Post-Yield Response in Continuum Models 

2.3.1 Instability and Localization in Continuum Models 

 Following the first onset of yield, modelling results are very sensitive to the post-peak 

constitutive model used. Phenomena such as bifurcation (the splitting of the stress-strain curve for 

different zones within a material) and localization of stresses and strains are observed following 
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yield both in laboratory tests and numerical models. These topics have been studied in detail, 

starting with a series of papers by Hill in the 1950s and followed by many others, particularly in 

the 1970s and 1980s (Hobbs et al., 1990). 

 An important concept in deformation theory is the concept of stability. Stability is 

defined as the property of maintaining an infinitesimally small deformation for an infinitesimally 

small perturbation in the deformation (Hill, 1959). One classically accepted condition for 

numerical stability is expressed in equation (2-35) (Drucker’s Postulate). As discussed in Section 

2.1.3, this suggests that strain-weakening materials are unstable following yield. There has 

historically been a tendency to assume that strain-weakening is a necessary condition for material 

instability, but Hobbs et al. (1990) have shown that strain-hardening materials (and, in the limit, 

perfectly plastic materials) can also display instability in the case when these materials display a 

non-associated flow rule. Based on this conclusion and the fact that almost all geomaterials either 

lose load bearing capacity following yield, display a non-associated flow rule, or both, then it is 

expected that most geomaterials should display some degree of instability. This instability often 

manifests itself through the localization of stresses and strains within shear bands. In laboratory 

specimen tests at low to moderate confining stresses, these zones of localization often rupture, 

forming discrete shear fractures. 

 Hobbs et al. (1990) also note that following the onset of yield, material softening, and 

stress/strain localization in test samples, kinematic constraints offered by the sample jacket and/or 

by platen frictions can cause the observed system behaviour to be strain-hardening, despite the 

inherent material softening. 

 Several authors have studied the phenomenon of shear band formation and localization in 

numerical models (Hobbs and Ord, 1989; de Borst, 1988). These models have been successful in 

replicating some of the behaviours observed in laboratory specimens, particularly for soil 

materials.  
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 In the case of strong rock, it is interesting to compare the types of localization behaviour 

observed in continuum models to those seen in to real tests. In laboratory tests, the nature of the 

localization depends on the grain scale heterogeneities of the sample, and localization manifests 

itself as the formation of a few major discrete fractures. In continuum numerical tests, the 

material is often modelled as completely homogeneous, so the onset of localization is based on 

numerical factors (such as mesh size/geometry and the nature of the algorithm for handling 

weakening). Also, in numerical tests, multiple bands of localization tend to form instead of a few 

key areas. This kind of behaviour is more representative of true shear failure as opposed to 

formation of a failure plane due to the accumulation of brittle fractures. 

 With these considerations in mind, several simulated laboratory compression tests were 

run using Phase
2
 and FLAC

3D
 to investigate the capability of these programs (and their 

implicit/explicit solution methods) to reliably model post-yield behaviour. The results of these 

tests are presented in the Sections which follow. 

2.3.2 Post-Yield Behaviour in Phase
2
 (2D Implicit Solution FEM) 

 Several simulated uniaxial compression tests were performed in Phase
2
 version 8.0 with 

the goal of understanding how post-peak behaviour develops in the FEM code, as well as the 

sensitivity of the simulations to dilation angle. Several key parameters were changed in the 

models: 

 Dilation angle – values were tested from 0
o
 to ϕ. 

 Residual strength – perfectly plastic and strain-weakening models were considered; note 

that Phase
2
 cannot model gradual strain-weakening, but rather uses an elastic-brittle-

plastic strength model to reduce strength post-peak. 

 Model geometry – to simulate the cylindrical shape of actual rock test samples, 

axisymmetric models were used; some biaxial models were considered to evaluate the 

difference in model response as a function of geometry. 
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 Material properties similar to that of the Cobourg Limestone were used for all tests 

(Perras, 2009). The original parameters were for a Hoek-Brown (H-B), elastic-brittle-plastic 

model of the limestone. To allow the use of a simplified one parameter Mohr-Coulomb flow rule, 

the H-B strength parameters were converted to equivalent M-C parameters based on the equations 

provided by Hoek et al. (2002). The material properties used in the models are given below in 

Table 2-2. Note that for the perfectly plastic models, residual parameters were set equal to peak 

parameters.  

Table 2-2 - Material properties used in simulated compression tests 

 Strength Parameter Peak Value Residual Value 

Hoek-Brown 

Parameters 

m 4.914 2.710 

s 0.0622 0.0226 

a 0.501 0.501 

Equivalent M-C 

Parameters (0 MPa 

Confinement) 

T (MPa) 1.01 0.67 

C (MPa) 3.02 1.89 

ϕ 56.22 54.9 

Elastic Parameters 

Density (MN/m
3
) 0.027 - 

E (MPa) 22700 - 

ν 0.17 - 

 

 For each residual strength type, three different dilation angles were tested. A non-dilatant 

(ψ = 0
o
) flow rule, a flow rule based on Hoek and Brown (1997) (ψ = ϕ/8 for an average quality 

rock mass) and an associated flow rule (ψ = ϕ). 

 The standard model consisted of a cylindrical core 54 mm in diameter and 135 mm in 

height. This model was generated using a rectangle 27 mm wide and 135 mm high with an 

axisymmetric boundary condition (zero horizontal displacement) along the plane of symmetry 

(x = 0). For the biaxial models, an infinitely long rectangular prism with the same width and 

height as the cylinder was used. 

 The outer boundary of the core was either left free or set to have an applied load of 

10 MPa perpendicular to the boundary, depending on the desired confining stress. The bottom of 

the sample was set to have zero vertical displacement. Although this is not completely accurate, 
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the effects of compression on the lower steel platen in a physical test are typically negligible 

relative to the deformation of the test sample. The center of the base of the sample was fixed at 

(0,0) to avoid numerical instabilities that could arise if all of the nodes along the bottom of the 

sample were free to move horizontally. 

 To ensure numerical stability, the simulated compression test was set to be strain-

controlled. A uniform downward displacement was applied as a boundary condition at the top of 

the sample. This displacement was set to increase linearly with stage number. The magnitude of 

the displacement was selected such that yield would occur at stage 11. The models were set to 

have 51 stages, effectively simulating the post-peak deformation for plastic axial strains up to 

four times the maximum elastic axial strain. 

 A fine, six noded triangular mesh was used to discretize the model. Figure 2-25 below 

shows the mesh used. 
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Figure 2-25 - Meshed core model in Phase
2
. The left boundary of the model is the axis of 

symmetry. 
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 According to plasticity theory, the expected volumetric strain response of the constant 

dilation angle models consists of two linear portions of contraction, then expansion, as shown in 

Figure 2-9. In general, deviations from linear plastic expansion portion of the curve are due to 

localization effects; these effects are caused by strain weakening and non-associated flow rules, 

but, as was found over the course of Phase
2
 modelling, their severity and geometry can be 

influenced by other factors as well. For each model, plots of volumetric strain versus axial strain 

were produced for several individual elements within the model (“point estimates”) and for the 

overall model (“bulk estimates”). With increasing severity of localization, there tends to be a 

wider variability in the observed profiles for individual point estimates and a wider deviation of 

the bulk estimate from the theoretical straight line plasticity curve as defined by Equation (2-45). 

 Most of the models used in this study used an axisymmetric solution method. Biaxial 

models, were also run, however, for the purpose of comparison. These models provided insight 

into a few key differences between biaxial and axisymmetric models: 

 For low dilation angles, strain localization occurs at large strains in all models except 

those using biaxial strain conditions and a perfectly plastic model for yield. 

 For high dilation angles, the volumetric strain – axial strain relationship was more ideally 

linear in most biaxial models. 

In general, the biaxial models were slightly less susceptible to localization than the axisymmetric 

models, although the larger difference was in the localization geometries. As can be seen in 

Figure 2-26, the axisymmetric model is incapable of forming through-going shears bands, but 

rather forms conical strain concentrations. It is suspected that this kinematic incompatibility of 

the model geometry to replicate observed behaviour may have some effect on how volumetric 

strains are resolved in the model, although this effect remains uncertain. 
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Figure 2-26 – Contours of maximum shear strain showing strain localization bands in an 

axisymmetric model (left), an axisymmetric model mirrored next to itself (center), and a 

biaxial model (right). 

 Dilation angle has multiple effects on the modelling results observed. The first is that for 

higher dilation angles, localization is minimized. Even for an elastic-brittle-plastic strength 

model, the amount of localization observed is relatively small. Figure 2-27 and Figure 2-28 

illustrate some of the differences between the models run with zero dilation and with an 

associated flow rule. Localization occurs in the test with zero dilation after approximately 1.5 

times the yield strain. For tests with a dilation angle equal to ϕ/8, the onset of localization 

occurred after approximately 2 times the yield strain. No localization is observed in the tests with 

an associated flow rule, even for high plastic strains and an elastic-brittle-plastic strength model. 

The apparent increased level of localization of the perfectly plastic material relative to the elastic-
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brittle plastic model for zero dilation is not representative of a general trend, but rather a function 

of the sampling points chosen. 

 

Figure 2-27 - Volumetric strain profile for simulated axisymmetric UCS tests with ψ = 0
o
; 

“plastic” models have a perfectly plastic strength model, whereas the other models use an 

elastic-brittle-plastic strength model. 
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Figure 2-28 - Volumetric strain profile for simulated axisymmetric UCS tests with ψ = ϕ; 

“plastic” models have a perfectly plastic strength model, whereas the other models use an 

elastic-brittle-plastic strength model. 

 The second effect of the dilation angle is to influence the angle of inclination of the strain 

localization bands. For frictionless materials, such as classical metals, it was observed that the 

angle of shear bands with respect to the minimum principal axis of stress is 45
o
; for frictional 

materials, this angle increases (Hobbs et al., 1990). Vardoulakis (1980) found that for granular 

materials, this angle was given by 

 
      

 

 
      (2-107) 
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 Based on Equation (2-107), we can see that an increasing dilation angle should increase 

the angle of inclination of the localization bands. This is consistent with observations made in the 

simulated UCS tests, as shown in Table 2-3. 

Table 2-3 - Effect of dilation angle on shear band inclination. 

Dilation Angle Theoretical θ (Equation (2-107)) Observed θ 

0
o
 59

o
 60

o
 

ϕ/8 ≈ 7
o
 61

o
 61

o
 

ϕ ≈ 55
o
 72.5

o
 72

o
 

 

 Note again that the bands of localization observed in the higher dilation angle models 

were increasingly subdued with respect to magnitude. This is consistent with the observations of 

Hobbs and Ord (1989), who found that shear bands were more diffuse for higher dilation angles. 

 The influence using of an elastic-brittle-plastic instead of a perfectly plastic model for 

post-peak strength was observed to be relatively minor. Although in some cases, the elastic-brittle 

plastic models appeared to have some influence of the degree of localization occurring, generally 

even small dilation angles could suppress much of the localization effect. 

2.3.3 Post-Yield Behaviour in FLAC
3D

 (Explicit Solution FDM) 

 Because of the explicit solution method used, complex post-yield mobilization of strength 

and dilation parameters is often more easily implemented in FDM codes. For example, the 

FLAC
3D

 “table” function, which is used to define the how different constitutive parameters vary 

as a function of strain following yield, can also be used to control how ψ varies with strain. This 

function can effectively be used to control the decay of dilation angle according to the 

relationships postulated by Alejano and Alonso (2005) or Zhao and Cai (2010a, 2010b). In 

FLAC
3D

, when using the GH-B constitutive model, the dilation model of Cundall et al. (2003) is 

automatically selected. This requires the user to input a constant volume confining stress, at 

which no dilation occurs. For zero confinement, an associated flow rule is used (i.e. g = f). For 

confinements between these values, the flow rule is linearly interpolated. For values of σ1 ≤ 0, a 
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radial flow rule (such that the plastic strain increment always points radially outward from the 

origin) is used.  

 Although both of these features exist, no unified model for capturing both the 

confinement and plastic strain dependencies of dilation is built-in to FLAC. In FISH, many 

researchers have explicitly implemented mobilized dilation angle models in FLAC using a Mohr-

Coulomb constitutive model with a modified plastic potential (Alejano and Alonso, 2005; Zhao 

and Cai, 2010a, 2010b). 

 The constant dilation axisymmetric UCS tests using the M-C strength model that were 

run in Phase
2
 were replicated in FLAC

3D
. These models allow comparison of dilational response 

in an explicit solution model with true 3D geometry to that of an implicit solution model with 

axisymmetric geometry.  

 The same general trends with respect to localization were observed in the FLAC
3D

 

models. Strain localization occurred in the FLAC
3D

 models, and in many cases earlier than in the 

Phase
2
 models. As in Phase

2
, localization was suppressed by both increasing dilation angle and 

confining stress. Example queries of volumetric strain from a FLAC
3D

 model are shown in Figure 

2-29. When strain localization did occur, its geometry was more representative of the expected 

behaviour than either of the Phase
2
 model geometries – strain was concentrated in a few key shear 

bands, as shown in Figure 2-30. 
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Figure 2-29 - A comparison of the average volumetric strain and the volumetric strains of 

individual zones within the FLAC
3D

 model. These results are for a perfectly-plastic strength 

model. 
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Figure 2-30 - Localization of volumetric strain within a FLAC
3D

 model. The geometry of 

strain concentrations is more realistic than those seen in the 2D FEM model results. 

2.3.4 Implications of Strain Localization on Modelling Excavation Behaviour 

 As can be seen from the above investigation, the tendency for strain localization to occur 

in numerical models post-yield is quite prominent. The associated questions of how actual 

(physical) strain localization mechanisms scale from the laboratory scale to in-situ and how 
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significant the influence of numerical localization on modelling results are remain unanswered. In 

the following Chapters, these questions are addressed to a limited extent as they apply to the 

methods demonstrated in this thesis. Chapter 5 and Chapter 6 address the use of laboratory data to 

characterize in-situ rockmass behaviour, and Chapter 7 and Chapter 8 discuss strain-localization 

in-situ as it relates to the case studies presented.  
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Chapter 3 

Brittle Rock Failure and its Implications for Modelling Dilatancy
2
 

 For the purposes of this thesis, the term “brittle” refers to the property of rocks to fail 

through tensile fracturing when subjected to a compressive stress field. This is not to be confused 

with an elastic-brittle-plastic strength model, which describes a sharp drop in strength as a 

consequence of shear failure. 

 The propensity of brittle materials to fail through tensile fracture in a compressive stress 

field is described in detail by Griffith’s theory of rupture (Griffith, 1924). A commonly used 

parameter to describe the brittleness of a rock is the ratio of the uniaxial compressive strength to 

its uniaxial tensile strength; higher compressive/tensile strength ratios correspond to increasingly 

brittle behaviour. This is reasonable, as materials with relatively low strength ratios would be 

expected to yield through compressive mechanisms (shear) under compressive load before 

sufficient tensile stress concentrations could develop to induce tensile fracture; it is the resistance 

of brittle materials to release energy through shear that allows tensile mechanisms to dominate the 

failure process. 

 Cai (2010) showed that the Hoek-Brown strength parameter, mi, is approximately equal 

to the compressive/tensile strength ratio. As such, this parameter has also been used as a measure 

of rock brittleness. A typical minimum strength ratio for sparsely jointed rockmasses to be 

classified as “brittle” is around 15-20, although in some cases massive rockmasses with strength 

ratios as low as 10 can exhibit brittle behaviour. 

                                                      

2
 This chapter contains some of the results presented at the 2014 Eurock conference under the following 

citation: Walton, G., Diederichs, M.S., Arzua, J. 2014 A detailed look at pre-peak dilatancy in a granite – 

determining “plastic” strains from laboratory test data. Eurock 2014. Vigo, Spain. 6 pages. 
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 The brittle failure process in rock is controlled by the onset and accumulation of grain-

scale damage, both in laboratory and excavation settings. The following Sections outline the 

current understanding of how damage occurs in brittle rocks in both of these cases. 

3.1 Damage in Intact Rock 

 The current understanding of rock damage has been developed over the past few decades 

from observations made in laboratory testing, numerical models, and back analysis of excavation 

behaviour. This Section will discuss how damage develops as understood based on laboratory 

tests (both real and numerically simulated). The following Section (3.2) discusses how damage in 

brittle rocks manifests itself in an excavation setting. 

 Rock damage and failure mechanisms depend significantly on the ratios of the major and 

minor principal stresses (Diederichs, 1999): 

 In direct tension, a rock splits suddenly and catastrophically in an approximately planar 

surface roughly perpendicular to the applied tensile stress. As noted by Cai (2010), once 

the crack initiation stress is reached in a purely tensile stress field, the new cracks are 

allowed to grow in a rapid and unstable fashion. 

 At near zero confining stress, samples fail in the form of extensile axial fractures and 

high angle shear fractures that are generated when extensile fractures coalesce. 

 With increasing confining stress, the development of axial fractures is less pronounced, 

and samples fail through the formation of a moderate angle shear zone. This shear zone is 

composed of short and closely spaced extension cracks, as shown below in Figure 3-1. 

 At extremely high confining stresses, true shear fracture development dominates yield 

behaviour. 
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Figure 3-1 - Granite test sample failed through macroscopic shear as a result of closely 

spaced extension cracks; note the vertically oriented cracks along the shear surface (Martin 

and Chandler, 1994). 

In biaxial and triaxial cases, when cracks are closed (i.e. flaws along grain contacts), the initiation 

of failure is given by Griffith theory as 

 

 √                   √  
  

  
           (3-1) 
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 In equation (3-1), μ is the coefficient of friction on the crack face, σc is the critical 

macroscopic compressive stress perpendicular to the crack that is required to close it, and α’ is a 

function of Poisson’s ratio (ν) and the axial ratios of the crack. For a penny shaped crack, 

α’ = 2(2- ν), and for a biaxial case, α’ = 4. For unconfined stress conditions and reasonable values 

for the material constants in equation (3-1), this model of failure predicts a compressive strength 

in the range of 6σt to 10σt (Paterson and Wong, 2005). In typical brittle rocks, we see uniaxial 

compressive/tensile strength ratios much greater than this (up to above 30 in the case of 

extremely brittle rocks). Cai (2010) pointed out that this is because the Griffith relationship as 

shown in equation (3-1) defines stress states at which failure starts, not at which macroscopic 

failure is observed in laboratory conditions. The process which occurs at these stress conditions is 

referred to crack initiation (CI) (Diederichs and Martin, 2010). When the Murell failure criterion 

(which is an extension of Griffith’s theory) for crack initiation in rocks is considered, the 

compressive to tensile strength ratio (CI/σt) is predicted to be 12 (Murell, 1963). Which value is 

most accurate is somewhat undecided – Cai (2010) suggests a ratio of 8 be used when estimating 

tensile strength from CI, but also states the observed ratio in most rocks is greater than 8. 

 Following Griffith’s work, several authors studied the underlying mechanisms of rock 

dilatancy and failure outside a strict plasticity framework. Brace et al. (1966) and Jaeger and 

Cook (1969) noted that rock dilation initiates prior to the initiation of significant shearing, and 

suggested that this initial dilative phase is associated with the formation of axial extension cracks. 

Cook (1970) confirmed that the tendency of rock samples to dilate under compression was a true 

volumetric property of the material rather than an influence of testing systems used. Tapponnier 

and Brace (1976) confirmed the validity of the extension cracking model for rock dilatancy based 

on Scanning Electron Microscope work on samples of the Westerly Granite. 

 Diederichs (1999) also demonstrated that such tensile crack dominated failures can occur 

for a positive (compressive) confining stress. Using a bonded contact model (PFC) to simulate a 
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compressive test, he showed that rock heterogeneity at the grain scale introduces internal tensile 

stress zones even for a macroscopically compressive stress field. It was also demonstrated that for 

larger axial stress magnitudes, the variability in internal stress states increased. As the ratio of 

axial stress to macroscopic confining stress increases, the proportion of a given volume of rock 

experiencing a local tensile σ3 increases. This ultimately results in unstable crack propagation and 

failure. 

 CI is a function of the nature and density of internal flaws and heterogeneity within a 

material. Increasing heterogeneity tends to lead to more localized tension, and tends to reduce CI 

(Diederichs, 2007). Another general trend is that the ratio of CI to UCS tends to increase with 

decreasing grain size. Some authors have tried to suggest guidelines for estimating CI based on 

UCS, but because of both variability in testing systems (which influences UCS) and material 

heterogeneity (which influences CI), there have been  quite a significant number of conflicting 

suggestions (for unconfined loading): 

 1/3 to 1/2 of UCS (Lajtai and Dzik 1996; Pestman and Van Munster 1996) 

 1/3 to 2/3 of UCS (Cai, 2010) 

 Lower bound of 1/5 UCS - Granite (Read and Martin, 1996) 

 3/10 to 1/2 of UCS (Diederichs, 1999) 

 Several authors have concluded that the confinement dependency of CI is minimal; much 

like in the unconfined case, there is no consensus on a universal degree of confinement 

dependency. It should be noted that in general the assumption that CI is sensitive to σ3 (not the 

full hydrostatic component of stress) is valid (Diederichs, 1999). Martin (1997) suggested a 

constant deviatoric stress criterion for CI in the Lac du Bonnet granite. The general form of 

criteria that have been proposed for CI is 

                        (3-2) 
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For a constant deviatoric stress criterion, B = 1. In general, Diederichs (1999, 2007) suggests that 

1.5-2.5 is reasonable for B. Also, values of B in this range are consistent with those determined 

based the frictional sliding model of McClintock and Walsh (1963) and reasonable inter-grain 

friction angle values (Diederichs, 2007). 

 During stable crack growth, there is equilibrium between the external load and crack 

length (Hoek and Bieniawski, 1965; Glucklich and Cohen, 1968). Stable growth continues for 

increasing compressive stresses up until a critical point, the crack damage stress (CD), where 

individual cracks begin to interact. At this point, any further crack propagation is unstable, and 

any increased strength above this level (as is seen in UCS testing) is a function of features of the 

system, such as geometry, and not an indication of any material parameter (Diederichs, 2007). 

Based on the mechanistic model, described above, it has become widely accepted that CD 

corresponds to an upper bound for long term rock strength (Bieniawski, 1967; Martin et al, 1999; 

Diederichs, 2007; Cai, 2010). 

 An important feature of brittle failure through tensile fracturing is that the growth of the 

tensile fractures is extremely sensitive to confining stresses. Very small tensile σ3 values can 

result in catastrophic crack propagation, whereas very small compressive σ3 values can result in 

crack stabilization at relatively small crack lengths (Diederichs, 1999). This extreme confinement 

dependency is illustrated below in Figure 3-2 (based on test data) and Figure 3-3 (based on the 

mathematical model of Ashby and Hallam, 1986). 
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Figure 3-2 - Dependence of crack length on confining stress (Cai, 2010 after Hoek, 1965). 
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Figure 3-3 - Ratio of wing crack length to initial Griffith crack length as a function of the 

macroscopic stress state; this illustration is for a given Griffith crack length, sliding crack 

friction angle (phi) and mode one critical stress intensity factor (KIC) (Diederichs, 1999). 

 Martin (1993) showed that although CI does not change regardless of the cumulative 

amount of damage that a rock sample incurs from crack propagation, CD decreases dramatically; 
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this was determined based on cyclic testing of laboratory samples. The implication is that a 

rockmass which has passed the CD threshold can be thought to have permanently lost a portion of 

its strength. In the limit (i.e. an extremely long exposure to load), the strength of a rockmass 

should very gradually drop to CI (Diederichs and Martin, 2010). Note that the drop in strength 

associated with cumulative damage is also confinement dependent, with the drop being less 

significant at higher confining stresses (Read and Martin, 1996). 

3.1.1 Determination of Damage Parameters from Laboratory Testing Data 

 There has been a recent effort in the rock mechanics community to standardize the 

terminology and testing procedures associated with damage in brittle rocks. Accepted definitions 

are presented below (Diederichs and Martin, 2010). 

 CI represents the stress level at which grain scale cracks begin to nucleate within the 

sample. At stress levels below this threshold, there is no new damage induced. CI can be 

determined from laboratory testing data in three ways (Ghazvinian, 2010; Diederichs and Martin, 

2010): 

 Based on a plot of the logarithm of the number of cumulative acoustic emissions verses 

the logarithm of axial stress, CI is defined as the first stress where the rate of crack 

emissions suddenly increases with a small change in load. 

 Based on a plot of volumetric strain versus axial strain, CI is defined as the stress at 

which the first point of non-linearity occurs (i.e. the peak of a plot of crack volumetric 

strain versus stress). 

 Based on a plot of inverse tangential stiffness versus axial stress, CI is defined as the 

stress corresponding to the inflection point in the curve. 

 CD represents the stress level at which unstable crack propagation initiates. This 

corresponds to the yield stress as observed in laboratory tests. CD can be determined from 
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laboratory testing data using similar techniques to those described for CI (Ghazvinian, 2010; 

Diederichs and Martin, 2010): 

 Based on a plot of the logarithm of the number of cumulative acoustic emissions verses 

the logarithm of axial stress, CD is defined as the stress at which the second change in 

slope occurs. 

 Based on a plot of axial stress versus axial strain, CD is defined as the stress at which the 

curve becomes non-linear following the linear elastic phase of deformation; for 

unconfined tests, this is coincident with the point of volumetric strain reversal. 

 Based on a plot of inverse tangential stiffness versus axial stress, CD is defined as the 

stress corresponding to the next stress after CI at which there is a clearly change in slope. 

 These different methods of determining CI and CD provide variable results, have unique 

sources of error associated with them, and can be somewhat subjective. To date, no universally 

accepted guideline for the determination of these damage parameters exits, although Ghazvinian 

(2010) suggests that the acoustic emission based methods are the most repeatable and reliable. 

3.2 Damage, Spalling and Dilatancy in Excavations 

 In an underground setting, the growth of microscopic damage as a result of excavation 

induced stress changes results in the formation of macroscopic spalling fractures around 

excavation boundaries. Spalling is a stress-induced mode of failure usually associated with deep 

mining operations in rockmasses that are generally described as sparsely fractured or massive 

(Martin, 1997). Carter et al. (2008) suggest that spalling is the dominant mode of failure for 

strong rockmasses with high GSI values (above 60 for more brittle rocks, above 80 for less brittle 

rocks). Spalling fractures are tensile in nature and form parallel to excavation boundaries (parallel 

to tangential stress concentrations). The spalling process can be violent, or not, time dependent, or 

not, and involve significant fracture opening, or not (Diederichs, 2007). 
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 It has been shown that the damage initiation stress, CI, is the in-situ strength of brittle 

rocks in low confinement. Although CI is relatively insensitive to confining stress, crack 

propagation which leads to the development of spalling fractures, is highly sensitive to 

confinement. In particular, near an excavation boundary, the upper bound strength (CD) reduces 

to CI because there is nothing to prevent the propagation of cracks (such as geometric restrictions 

or confining stress). Other mechanisms work to promote crack propagation near excavation 

boundaries such as scale effects related to the inclusion of weak links in a large volume and the 

exchange of strain energy between the rock volume and propagating surfaces (Diederichs, 1999). 

 Although spalling tends to occur immediately following the point at which the maximum 

compressive stress reaches CI for unconfined conditions, at higher confining stresses, higher σ1 

values are required to cause spalling following the attainment of CI. The stress levels required for 

spalling to occur following crack initiation are determined by a line in principal stress space 

called the spalling limit. For stresses above this line, spalling will occur as long as CI has been 

reached. The spalling limit is defined by a constant ratio of σ1/σ3. In heterogeneous rock types, 

this ratio is often < 10, but can be > 10 for homogenous rocks. At very high confinements, the 

spalling limit line lies above the Hoek-Brown shear strength envelope defined by laboratory 

based CD measurements. As a result, shear behaviour is observed in-situ at these high 

confinements (Diederichs, 1999; 2007; Kaiser et al., 2010). 

3.2.1 Lessons Learned from the AECL Mine-By Experiment 

 One of the most detailed studies of the development of brittle failure in underground 

excavations was that of the Atomic Energy Canada Limited (AECL) mine-by test tunnel. A 46 m 

long, 3.5 m diameter tunnel was excavated using a non-explosive technique from the 

Underground Research Laboratory in Pinawa, Manitoba. The excavation was made at 420 m 

depth in the sparsely fractured Lac du Bonnet Granite batholith. State-of-the-art geomechanical 

and geophysical instrumentation as well as numerical modelling tools were used to study and 
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document the development of damage and ultimately spalling failure in the granite as the 

excavation progressed (Read and Martin, 1996). 

 A high horizontal to vertical in-situ stress ratio led to the development of spalling on the 

roof and floor of the excavation. As damaged rock was removed, the failure propagated further 

into the rock until stable notches were formed on both the roof and the floor of the excavation 

(see Figure 3-4) (Read and Martin, 1996). This type of notch development is typical in brittle 

materials under moderate confining stresses (maximum tangential stresses around the excavation 

boundary slightly higher than CI) (Martin et al., 2001). The area of the notch represents where the 

damage-induced loss of cohesion caused by the separation of the intact rock material into slabs by 

spalling is at a maximum (full cohesion loss). Outside this region, the rockmass remains relatively 

undamaged; the implication of this observation is that support that extends outside the notch 

region should be anchored in strong, stable material (Martin, 1997).  
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Figure 3-4 - Mine-by tunnel showing fully developed notches in the roof and floor (Read 

and Martin, 1996). 

 The development of spalling fractures was observed immediately as the excavation face 

was advanced. The entire spalling process and the development of the notches occurred within 

about two diameters of the advancing tunnel face. As the process progressed, special care was 

taken to collect loose material from underneath the wire mesh in the roof, which was installed for 

operational safety; this was done to ensure that the presence of the loose material did not inhibit 

the development of the notch (Martin, 1997). Had the loose material not been removed, as the 
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rock behind this material dilated, the loose material held in place by the support would have 

provided an effective feedback confining pressure. Such a feedback process ultimately results in a 

shallower depth of spalling failure, but a wider notch extent at the excavation boundary (Carter et 

al., 2008). 

 The process of spalling development is a complex three-dimensional process driven by a 

stress path which cannot be easily replicated in a laboratory setting or numerical models (Martin, 

1997). Figure 3-5 illustrates the difference between the stress path experienced in-situ and those 

experienced in conventional laboratory tests. 

 

Figure 3-5 - Illustration of the stress path experienced by at point at the center of the notch 

region on the excavation boundary for different points of face advanced; the stress paths 

used in conventional laboratory testing are also shown for comparison (Read and Martin, 

1996). 
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 Damage initiates in the rock ahead of the face of the excavation (point B in Figure 3-5) as 

flaws are exploited in an area of increasing tangential stress. Localized dilatant shearing and grain 

corner crushing occurs at the grain scale in a small zone at the center of the notch zone on the 

excavation boundary. Next, thin slabs form from tensile fracturing, shearing, splitting, and 

buckling. At this point, macroscopic voids begin to form between slabs, leading to behaviour 

dominated dilation and volume increase of the damaged rockmass. Finally, if fractures fully form 

between slabs, the slabs are no longer part of the rockmass (unless held in place by support) and 

can fall from the excavation periphery. As stated above, the loss of this loose material eventually 

leads to the formation of a stable v-shaped notch on the side of the excavation (Read and Martin, 

1996). This process is summarized below in Figure 3-6. Examples of this process observed in the 

mine-by test tunnel are shown in Figure 3-7, Figure 3-8, and Figure 3-9. 
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Figure 3-6 - Progressive stages of notch formation as observed in the AECL mine-by test 

tunnel (Read and Martin, 1996). 
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Figure 3-7 - Transitional behaviour observed in stage II-III of notch development in the 

AECL mine-by test tunnel (after Read, 2004). 

 

Figure 3-8 - Single slab showing grain scale fracturing (transitional behaviour, stage III) 

(Read and Martin, 1996). 
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Figure 3-9 - Small scale buckling of a slab on the flank of the notch at the AECL mine-by 

test tunnel – stage III (Read and Martin, 1996). 

3.2.2 Further Conceptual Advances in Understanding Brittle Failure 

 Beyond the formation of small notches, the same brittle spalling processes can have large 

scale implications, particularly under very high stress conditions where spalling failure affects a 

larger portion of the excavation surface. Of particular interest is the convergence that is 

associated with the failure of brittle rock under high stress. Once the rockmass is damaged, it is 

effectively composed of a number of irregular blocks; based on the geometry of these blocks and 

the ways in which they interact under stress, the rockmass volume increases as convergence 

occurs and an increasing amount of free space forms between blocks. This process is referred to 

by some as bulking. The author prefers to use the term “geometric dilation”, given the significant 

influence of individual block geometries on the ultimate increase in rockmass volume. Geometric 

dilation is very sensitive to confinement pressure, and can be significantly suppressed relative to 
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the unconfined case through the use of early support (Kaiser et al., 1996; Kaiser et al., 2010). 

Note that this cannot occur in the case where loose blocks are removed from interacting with the 

rockmass as in the case of the mine-by test tunnel experiment. Figure 3-10 illustrates a case of 

geometric dilation. Note that although the damaged rockmass depicted is composed of a number 

of discrete blocks, the overall behaviour of the system is still relatively ductile in contrast to the 

brittle fracturing occurring locally within the rockmass. In effect, the use of support is 

maintaining the rockmass as a pseudo-continuum. 

 

Figure 3-10 - Brittle schist at LaRonde mine, Quebec, Canada. A deformed tunnel wall with 

mesh and split-set support is shown on the left. On the right, an area is shown where 

rehabilitation efforts have been unsuccessful in stopping geometric dilation which has 

already initiated. 

 The practical implications of this process are significant with respect to ground control. 

Once the geometric dilation process has initiated, construction difficulties such as installing bolts 

in the fractured rock, grouting, stabilizing ravelling rock behind a TBM, and setting ribs on 

irregular surfaces can cause delays and increase costs (Kaiser et al., 2010). Kaiser et al. (1996; 

2010) suggest that the main function of support used in brittle failing ground is to minimize the 

effect of such processes. Although they note that the theoretical support pressures required to 
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suppress the propagation of spalling fractures at depth are greater than those offered by 

conventional support types, it is suggested by the author that it is the prevention of fracture 

dilation, not fracture growth which is required to minimize the effects of geometric dilation. 

3.3 Modelling Brittle Failure in Continuum Models 

3.3.1 Issues with Classical Strength Models 

 Classical strength models from plasticity theory are based on the shear failure observed in 

metals and soils. Although such models are appropriate for weaker rockmasses which also fail in 

shear, brittle rocks which fail due to tensile cracking cannot be described by such models. As 

noted by Paterson and Wong (2005), it cannot be assumed that one failure criterion will apply to 

more than one failure mode, unless the underlying physical mechanisms are the same. 

 Another key issue with commonly used failure criteria is the way in which strength 

parameters are determined. Common practice is for Mohr-Coulomb or Hoek-Brown strength 

parameters to be determined from several UCS tests, some triaxial compression tests, and 

Brazilian indirect tensile tests. Although the indirect method of obtaining tensile strength has 

many issues, the concept of rock strength in tension is well understood and has an important 

physical relevance – rocks are characterized by a high compressive to tensile strength ratio, and 

as such tend to fail in tension (Paterson and Wong, 2005). It is the determination of strength in 

compression (which depends on tensile processes at low confinement) that presents a major issue 

in terms of how strength properties are fundamentally defined. 

 One major factor which influences rock strength is scale; larger samples will tend to have 

more structures, defects, heterogeneity, etc., and consequently lower strengths. This scale effect 

has been well documented by Hoek (2007), and has been in some way accounted for by the 

introduction of GSI and the Generalized Hoek-Brown strength criterion. Aside from this scale 

effect, there are many other test procedure based factors which influence the compressive strength 

value obtained in a laboratory test (Lade, 1993): 
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 Specimen shape – standard sample height to width ratios in excess of 2.5:1 (ISRM, 1979) 

tend to promote failure by the formation of through-going shear rupture zones 

(Diederichs, 1999). 

 Platen friction – as a sample expands laterally, platen friction creates confinement; this 

effect also works to promote localized shear failure (Peng, 1971). 

 Rate of loading – strength decreases with decreasing rate of loading (strain rate, in a 

strain controlled test). 

 Stiffness of the testing machine – the way in which strain rate is controlled influences the 

measured stress-strain-strength behaviour of rocks, especially in the softening (post-peak) 

portion of the stress-strain curve for brittle rocks. 

 Because so many factors influence compressive strength measurements made in a 

laboratory setting, strength parameters such as the unconfined compressive strength cannot be 

taken as material parameters related to the processes of failure in brittle rocks; instead they are 

more artefacts of the testing methodology used in their determination. As noted by Diederichs 

(2003), brittle spalling failure is prevented due to testing geometry, and the strength values 

obtained are an artefact of system-dependent strain-hardening up to peak strength. This idea has 

led to the development of newer models for strength in brittle rocks, based on observations of 

how damage evolves in rocks to eventually lead to failure. 

3.3.2 The Cohesion-Weakening-Friction-Strengthening Model 

 The brittle failure process, which is controlled by the accumulation of tensile damage, 

cannot be replicated using conventional shear based strength criteria. Attempts to predict either 

the onset of brittle failure or the maximum depth of brittle failure using such criteria have been 

unsuccessful (Pelli et al., 1991; Martin, 1997; Castro et al., 1995; Martin et al, 1999). 

Conventional plastic modelling approaches (i.e. the M-C or H-B criteria) tend to predict a smaller 

depth of spall failure than is observed and an incorrect failure zone shape (Martin et al., 1998). 
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 An early approach to modelling brittle failure involved using iterative elastic analyses, 

where “failed” material is removed after each iteration. This change in excavation geometry then 

alters the stress distribution such that a new zone of failed material is produced. The process is 

not self-stabilizing, however, and tends to over-predict the depth of brittle failure by a factor of 2 

to 3 (Martin, 1997; Martin et al, 1999). 

 Hoek et al. (1995) suggested the use of an elastic-brittle-plastic strength model with 

greatly reduced H-B parameters for the residual strength. As noted by Martin et al (1999), 

however, the results obtained using this method are highly sensitive to the somewhat arbitrary 

selection of the residual strength parameters. 

 To obtain model results which approached those observed in-situ using a Hoek-Brown 

strength model, unconventionally low values of the strength parameter m (near zero) had to be 

used, as well as a UCS around 0.4 of the predicted laboratory value (Pelli et al., 1991; Martin et 

al., 1999, Hoek et al., 1995). Such observations are consistent with the model for rock damage 

developed throughout the 1990s. As noted by Diederichs (1999), the use of a low m value is 

consistent with the extensile mode of spalling damage. 

 Martin et al (1999) proposed a mechanistic argument explaining the inability of 

conventional strength models to predict brittle behaviour: the Mohr-Coulomb and Hoek-Brown 

failure criteria implicitly assume that cohesive and friction strength components as mobilized 

simultaneously, but this is not true in the case of brittle failure. Brittle strength is almost entirely 

cohesional until damage initiates. When shear begins to occur along grain boundaries, cohesion is 

lost and the frictional component of strength is mobilized. It should be noted that cohesion can 

reduce to a very low residual value before peak frictional strength is attained. Based on studies of 

the Lac du Bonnet Granite, Martin and Chandler (1994) found that more than 50% of initial 

cohesion was lost prior to the full mobilization of frictional strength. They also noted that after 

reaching a peak value (around 63
o
 for the Lac du Bonnet Granite), the friction angle gradually 
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decreases to a residual value. These conclusions are consistent with a model originally conceived 

based on studies of clay (Schmertmann and Osterberg, 1960). 

 Hajiabdolmajid et al. (2002) formalized the cohesion-weakening-friction-strengthening 

(CWFS) model for brittle failure in rocks (see Figure 3-11). This strength model can be easily 

implemented based on a Mohr-Coulomb yield function with modified parameters. Some key 

assumptions implicit in the common use of the CWFS model include the following: 

 The decline in friction to a lowered residual state following its initial mobilization can be 

ignored (back analyses of the mine-by test tunnel in the Lac du Bonnet Granite have used 

a mobilized friction angle somewhere between the “peak” and “residual” values specified 

by Martin and Chandler (1994)) (Diederichs, 2007; Zhao et al., 2010). 

 The changes in strength parameters from their initial values to their final values can be 

adequately represented by a linear model. 

 Brittle failures occur at sufficiently small confining stresses that the curvature in the yield 

surface that develops as it mobilizes from the CI envelope to the residual envelope can be 

ignored. 

The common use of these assumptions leaves three parameters which must be defined: 

 Initial cohesion, residual cohesion, and a value of plastic shear strain at which residual 

cohesion is reached. 

 Initial friction angle, mobilized friction angle, and a value of plastic shear strain at which 

the peak friction angle is reached. 

 Initial tensile strength, residual tensile strength, and a value of plastic shear strain at 

which residual tensile strength is reached. 
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Figure 3-11 - Basic CWFS model for brittle strength mobilization. 

 The initial parameters are set to correspond to initial yield (CI in-situ, CD in laboratory 

compression tests), and the residual parameters correspond to the final strength state of the 

damaged material.  

 One of the benefits of the CWFS model is that it can easily be implemented in FLAC (2D 

or 3D) using the “table” function. By entering the above parameters into cohesion, friction, and 

tension strength tables, the different strength components can be defined for all post-yield (post-

damage) states. To allow a strength model based on damage mechanics to be implemented in a 

Finite-Element environment using a Hoek-Brown constitutive model, Diederichs (2007) 

developed the concept of Damage Initiation Spalling Limit (DISL) parameters. The DISL model 

has been successfully implemented in the Finite-Element code Phase
2
 to replicate the failure zone 

observed around the mine-by test tunnel in the Lac du Bonnet Granite. This model is based on a 

set of “peak” parameters defined by the crack initiation threshold of the rock and a set of 

“residual” parameters representing the spalling limit. This model is functionally equivalent to a 

CWFS model with all strength parameters achieving their residual state immediately following 

yield. 
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 Although there is no recommended way of determining the parameters for a CWFS 

strength model, the following observations are made based on the back analyses discussed above 

and the work of Martin and Chandler (1994) and Martin (1997). Note that these general rules are 

also consistent with the back analyses of Edelbro (2009). 

 The initial cohesion value must be chosen in coordination with the initial friction angle 

such that the predicted compressive strength at zero confinement is equal to the crack 

initiation threshold; for a zero friction angle, cinitial = CI/2. 

 The residual cohesion value should be between zero and approximately CI/6. 

 The initial friction angle should be very close to (or equal to) zero (although it can be as 

high as 20
o
 in some cases). 

 The peak friction angle should be somewhere near the residual friction angle that would 

be used for a standard shear strength model determined based on laboratory testing. 

 The initial tension strength should be assigned an appropriate value based on available 

laboratory testing data (either from direct tensile tests or properly calibrated indirect 

tests). 

 The residual tensile strength should be zero (or very slightly higher than zero). 

 The plastic strain at which cohesion and tension reach their residual states should be the 

same. 

 The plastic shear strain at which friction reaches its peak value should be greater than or 

equal to the plastic shear strain at which cohesion reaches its residual value. 

 Based on the available database of laboratory testing data and back-analysed case studies, 

it appears that the final strength state is achieved at maximum plastic shear strain values 

between 0% and 1%. 

 Using an analysis of means (ANOM) and analysis of variances (ANOVA), Zhao et al. 

(2010) determined the sensitivity of the failure zone response (maximum depth of failure and 
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angle of failure, which is representative of the size of the trace of the failure zone on the 

excavation) to the different strength parameters listed above. Their investigation did not involve 

varying the values associated with the rockmass tensional strength. Based on this analysis, the 

most important parameters for determining the depth of brittle failure are the initial and residual 

cohesion values as well as the peak friction value. The most important parameters for determining 

the angle of failure are the initial cohesion, the peak friction, and to a lesser extent the plastic 

shear strain value at which peak friction is attained. A key insight from this work is that the 

parameters which have the greatest uncertainty (the plastic strains at which residual cohesion and 

peak friction are reached) are less significant in determining the outcome of a given model than 

the more easily selected initial cohesion and peak friction. 

3.3.3 Dilatancy and the CWFS Model 

 Building on the experimental work of Alejano and Alonso (2005), Zhao and Cai (2010a) 

have proposed a dilation angle model which accurately captures the pre-peak increase in dilation 

angle starting at the crack damage stress (CD) in brittle rocks. The key difference between this 

model and that of Alejano and Alonso (2005) is that it uses the more accurate definition of CD as 

yield for laboratory conditions. 

 A key assumption associated with the use of this model is that the onset of dilation 

observed at CD in laboratory tests occurs at crack initiation (CI) in-situ. This corresponds to the 

findings of Diederichs (1999), who suggests that at low confinement in-situ, CD is approximately 

equal to CI. The consequence is a leftward shift of their laboratory-derived model with respect to 

the controlling plastic strain parameter, γ
p
, such that for modelling in-situ deformation the dilation 

angle starts with a value of 0
o
 at yield (CI); this convention is also adopted by Chandler (2013). 

Modelling work by Zhao et al. (2010) has shown that this model is able to accurately reproduce 

in-situ displacement measurements at and behind an excavation wall. 

 In this model, the dilation angle is given as a function of plastic shear strain, γ
p
, by 
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 (3-3) 

 (Zhao and Cai, 2010a). 

 In equation (3-3), a, b, and c are fit coefficients determined for specific materials based 

on test data. The parameters a, b, and c are specific to a given level of confining pressure; each 

can be calculated for a confining pressure of interest using other empirically determined 

relationships, and its own set of sub-parameters (a1, a2, a3, b1, b2, b3, c1, c2, c3) (Zhao and Cai, 

2010a). This model produces a peak dilation angle roughly equal to the peak friction angle for 

zero confining stress, which is consistent with observations made by Alejano and Alonso (Zhao 

and Cai, 2010b). 

 The key limitation of this model is that the number of parameters is relatively prohibitive 

(nine parameters define ψ uniquely for a set of σ3, γ
p
 conditions). In addition, the influence of 

each parameter on the curve is non-unique, which makes the subtleties of the model more 

difficult to understand. This second limitation is particularly problematic in cases where data are 

limited in one particular part of a test (typically at small plastic shear strains); in this case, the 

lack of data can lead to non-uniqueness in all of the observed parameters. 

3.4 Brittle Dilatancy – Theoretical Considerations 

 To understand dilatancy in brittle rocks, we must consider the fundamental definitions of 

the relevant stress thresholds (see Diederichs and Martin, 2010) and their implications for strains. 

Lajtai (1998) noted that once dilation has initiated due to axial microcracking (i.e. at stresses 

greater than CI), permanent straining is only recorded in the lateral direction (i.e. ε3
p
 < 0 for a 

contraction positive convention, ε1
p
 = 0) (see also Martin, 1997; Diederichs, 2003; Diederichs and 

Martin, 2010). Martin (1997) suggested that CD corresponded to the point of reversal of the 

volumetric strain curve, although Diederichs (2003) showed that a more generally appropriate 

strain indicator was the point of non-linearity of the axial stress – axial strain curve (i.e. ε
p

1 = 0 
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prior to CD and ε
p
1 > 0 after CD) (Diederichs and Martin, 2010). These strain relationships are 

illustrated in Figure 3-12. 

 

Figure 3-12 – Schematic of key stress thresholds as shown by stress-strain relationships. 

 When applying a plasticity model to brittle rocks, it is difficult to reconcile the fact that 

permanent straining (i.e. plasticity) initiates at different stresses in different directions, although 

CD can generally be thought of as the more appropriate “yield” strength for brittle rocks 

(Diederichs, 1999; Diederichs and Martin, 2010). In practice, this definition does not result in 

large inaccuracies since CD and CI are often co-incident in-situ, and also since ε3
p
, although non-

zero, is generally quite small between CI and CD. 

 When determining the dilation angle from triaxial tests, one can use the formulation of 

Vermeer and de Borst (1984), which is valid for any set of boundary conditions: 

 
       

  ̇
 

    ̇
 
   ̇

  (3-4) 

 Between CI and CD, we have ε3
p
 < 0, ε1

p
 = 0. Equivalently, εv

p
 < 0, ε1

p
 = 0 (with the 

increments of these quantities obeying the same inequalities). With these conditions in mind, we 

find that the only value of ψ which will satisfy equation (3-4) at stresses between CI and CD is 
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90
o
. Immediately past CD, because of the curvature observed in the CD – UCS strengthening 

portion of stress –strain curves, we can conclude that 

     

   
 
   (3-5) 

or 

     
   

 
   (3-6) 

Since 

      
 
   

  (3-7) 

      
 
 

  

 
 (3-8) 

we must have  

     
 

   
 
   (3-9) 

 In other words,   ̇
 

 increases monotonically from CD to UCS. With   ̇
 
 no longer equal to 

zero and increasing, the value of        (and therefore  ) must decrease relatively rapidly from 

its pre-CD peak at a small level of strain following CD. 

 Although the definition of ψ = 90
o
 for axial cracking may seem implausible at first, one 

must remember that the plastic potential (and thus ψ) controls only the directionality of inelastic 

deformation, and not the magnitude. In this case, it corresponds to inelastic lateral straining 

without any associated inelastic axial straining; in other words, no   
 
 is required to generate an 

increment of   
 

. This is seen in-situ, where dilatant spalling can occur where excavation-parallel 

cracks open with only elastic deformation occurring tangentially along the excavation boundary. 

In the literature, this concept is supported by the experimental results of Kwasniewski and 

Rodriguez-Oitaben (2012), who found variable instantaneous dilation angle values ranging from 

50
o
 to 90

o
 at small strains immediately following CD in UCS test data collected for a sandstone. 
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 The concept of ψ = 90
o
 raises several practical and theoretical issues. One such issue is 

that in plasticity formulations for numerical models, rather than generating a finite increment of 

  
 
 with no associated increment of   

 
, ψ = 90

o
 corresponds to infinite increments of   

 
 for very 

small increments of   
 
 (and thus serious numerical instability). Another issue, which is discussed 

below, is the consideration of energy balances during the brittle deformation process. 

 Vermeer and de Borst (1984) argued on an energetic basis that the dilation angle should 

be less than the friction angle (ψ < ϕ). This corresponds to a positive plastic dissipation (i.e. 

energy lost during shearing), whereas ψ = ϕ corresponds to no energy loss during plastic “flow”, 

and ψ > ϕ corresponds to the “generation” of energy. Indeed, the concept of energy loss during 

shear deformation (particularly due to frictional sliding) is intuitively satisfying. For brittle 

materials, however, it is conceivable that energy could be released into the system (not truly 

generated) by the opening of isolated cracks under high stress as they transition to a new, more 

stable equilibrium (Diederichs, 1999). The overall energy balance can be maintained so long as 

the energy released by cracking (associated with ε
p
) is less than or equal to the energy absorbed 

by elastic deformation (associated with ε
e
) (Hesebeck, 2000). Locally around an opening crack, 

one can consider that the energy released by the opening of the crack is absorbed by the elastic 

compression of the rock on either side of the crack. During weakening (i.e. once axial cracks 

coalesce into a localized plane for pseudo-shear deformation), there is a portion of energy lost to 

dilation during shearing which is proportional to the volumetric strain rate, in addition to the 

portion of energy lost to friction (Gerogiannopoulos and Brown, 1978). 

3.5 A Closer Look at Pre-Peak Dilatancy and the Determination of “Plastic” Strains 

from Laboratory Test Data 

 The concept of ψ = 90
o
 is fundamentally at odds with the model of Zhao and Cai (2010a), 

which is based on the concept that initially, ψ = 0
o
 at yield (CD). This concept is consistent with 

the irrecoverable strains determined from loading-unloading cycles which have been presented in 
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the literature, but is clearly at odds with plastic strains as calculated based on the definitions of 

brittle cracking. For reference, the volumetric and axial strains associated with each of the models 

are shown in Figure 3-13. 

 

Figure 3-13 - Schematic showing a typical volumetric strain - axial strain curve for a 

laboratory compression test sample. Also shown are two different models for the plastic 

strain components (the dashed curve corresponds to ψinitial = 0
o
 and the dotted curve 

corresponds to ψinitial = 90
o
). 

 To determine which is more appropriate, a detailed examination of pre-peak strains was 

carried out. This study examines two highly cycled samples (BMG1 and BMG2) of the coarse-

grained Blanco Mera white granite (see Arzua and Alejano, 2013 for more information on this 

rock). The two samples have been tested under uniaxial conditions and triaxial conditions with σ2 

= σ3 = 0.2 MPa. A very low confining pressure was used for the triaxial test, since confinement 

effects are not the focus of this study; the triaxial test was instead performed to obtain data using 

an alternative strain measurement method to that used in the uniaxial test. 
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 For the uniaxial test, axial strains were measured using linear variable differential 

transformers (LDVTs) and radial strains were measured at two diametrically opposed points. For 

the triaxial test, axial strains were measured using LVDTs, and the lateral expansion of the 

sample was recorded based on the volume of fluid that was required to leave the triaxial cell in 

order to maintain the target confinement of 0.2 MPa. Further details on the testing apparatus used 

are provided by Arzua and Alejano (2013). 

3.5.1 Determining Irrecoverable Strains from Loading-Unloading Cycles 

 A common method for obtaining plastic strains from laboratory test data is to use 

loading-unloading cycles, where the strains measured at each unloading point are considered to 

be plastic (Medhurst, 1996; Alejano and Alonso, 2005; Zhao and Cai, 2010a). Typically, only a 

few cycles (5-10) are obtained over the full course of post-peak deformation, and interpretations 

are made based on this data (as in Figure 3-13). For this study, over 20 cycles were employed in 

the pre-peak region alone, with each cycle starting at a stress approximately 4 MPa higher than 

the previous cycle. The raw data obtained for one of the test samples can be seen in Figure 3-14. 
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Figure 3-14 - Axial stress - axial strain (top) and volumetric strain - axial strain (bottom) 

curves shown for sample BMG1 (cycles have been removed from the left image for clarity). 

Unloading points are highlighted, and the inset figure on the left shows the variability in the 

unloading stresses for each cycle. 

 The variability in the “unloading” stresses shown in Figure 3-14 suggests that the strains 

recovered from such unloading points may not be purely plastic. Indeed, it appears that in some 

cases, a significant amount of elastic strain may remain. Another issue, which is less immediately 

clear, is the potential for the closure of pre-existing cracks to induce non-plastic irrecoverable 

strains prior to yield. 
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3.5.1.1 Accounting for Non-Zero Stresses in the “Unloaded” State 

 As can be seen in Figure 2, it is very difficult to obtain identical unloading stresses on 

every cycle. Indeed, the stresses could be made more uniform by utilizing ever-slower loading 

rates, but even so, it is not possible to achieve a state of zero axial stress during testing without 

risking shifting the sample or sensors, or otherwise adversely affecting the data. 

 To remove any remnant elastic component of the unloading strains as a result of the non-

zero unloading stress, a correction was applied to the data. The tangent slopes of both the axial 

stress – axial strain curve and the volumetric strain – axial strain curve were calculated using the 

unloading points and the subsequent data points. Based on these tangent slopes, the corrected 

points were calculated as follows: 

                   (3-10) 

 
     

   

                            
 (3-11) 

                                                        (3-12) 

 An example of the original and corrected data is shown in Figure 3-15 for the purposes of 

comparison. Only the unloading data following CI are shown, and the approximate location of 

CD with respect to the corrected unloading points is shown for reference. 



 

126 

 

 

Figure 3-15 - Original and Corrected unloading points shown for sample BMG1, with the 

approximate onset of crack damage with respect to the correct points indicated by a star. 

3.5.1.2 Mechanistic Considerations 

 In the “pre-peak” phase of deformation, the magnitudes of the “plastic” strain increments 

are very small, meaning that the data can be significantly influenced by a number of deleterious 

factors. For the purposes of this study, “plastic strains” are considered to be those irrecoverable 

strains associated with brittle cracking mechanisms following the onset of yield. The total strains 

measured during testing can be considered to be the sum of many factors, including these plastic 

strains: 

                (3-13) 

where ϵ is a measurement error term, and the elastic strains (ε
e
) and irrecoverable strains (ε

I
) can 

be further decomposed: 
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         (3-14) 

            (3-15) 

 In the above equations,   
         are the elastic strains corresponding to the standard 

elastic constants,    
         are the additional elastic strains corresponding to changes in the 

elastic moduli during deformation,    are the plastic strains associated with brittle cracking, and 

     are irrecoverable strains associated with crack closure. 

 As mentioned above, plastic radial strains begin as a function of distributed crack 

initiation following the achievement of the crack initiation stress (CI), and are extensional in 

nature (see Figure 3-16). Plastic axial strains initiate following yield (CD) as a function of grain 

boundary slip during unstable cracking (Diederichs, 1999). 

 

Figure 3-16 - Irrecoverable radial and axial strains from corrected unloading points for 

sample BMG1. 

 As is implied by equation (3-15), it is assumed for the purposes of this study that the only 

systematic cause for irrecoverable strains besides crack growth is crack closure. Many samples 
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incur some degree of damage prior to testing, either due to poor handling, atmospheric effects, or 

stress relaxation upon being removed from their original loading. When axial loading is applied 

to a sample, the existing cracks which are sub-horizontal close at very low stresses. This 

phenomenon leads to a concave-up curvature at the beginning of the stress-strain curve, with the 

sample becoming increasingly stiff as the number of available cracks for closure diminishes.  

 It is suggested here that any irrecoverable axial strains observed prior to CD are 

associated with the locking of asperities of these pre-existing cracks. At higher peak stresses prior 

to unloading, it is expected that more cracks should lock, although a particular crack could 

theoretically be locked or unlocked during different unloading cycles. This hypothesis is 

supported by Figure 3-17, where the irrecoverable axial strains are plotted against the 

corresponding axial stress at the initiation of the corresponding cycle. Here, it can be seen that 

although there is an increase in the rate of irrecoverable strain accumulation following CD due to 

cracking mechanisms, there exists a clear linear trend prior to CD which likely corresponds to 

crack closure. 
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Figure 3-17 - Irrecoverable axial strains from corrected unloading points of the BMG1 

sample as a function of axial stress at the beginning of the corresponding unloading cycle. 

 Using the equation of this line of best fit, each unloading point can be further corrected to 

remove the “expected” crack closure influence on the data. An important assumption was made in 

this study, which is that the linear trend corresponding to the closure of horizontal cracks extends 

beyond the onset of unstable axial cracking (CD) up to the peak strength. 

3.5.2 Calculating Plastic Strains Using Elastic Moduli 

 An alternative methodology for obtaining plastic strains is to subtract calculated elastic 

strains from the total strains. When using this method, any influence of deformation prior to CD 

can be removed by adopting the convention that no plastic strains exist prior to yield. Based on 

this definition, the plastic strains corresponding to each data point are 

   
 
                     (3-16) 

   
 
                       (3-17) 
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 (3-18) 

 One major issue noted with this methodology is that it does not account for the effect of 

evolving elastic parameters on the calculated plastic strains (   
         in equation (3-14)). 

Although an inspection of the apparent elastic moduli corresponding to the unloading cycles 

found minimal systematic decrease in the elastic stiffness of the Blanco Mera Granite prior to 

peak strength, the Poisson’s ratio was found to increase dramatically from its initial value to the 

value corresponding to the last cycle. An apparent Poisson’s ratio value was calculated for each 

cycle based on the average slopes of lines connecting the corrected unloading point to the start 

point and to the end point of the cycle. For sample BMG1, the corresponding Poisson’s ratio 

values are shown in Figure 3-18, as are interpolated values corresponding to each of the other 

data points. 

 

Figure 3-18 – Calculated (dots) and interpolated (lines) Poisson's ratio values for sample 

BMG1. 
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 With a known Poisson’s ratio value corresponding to each data point, plastic strains could 

be recalculated based on equations (3-16), (3-17), and (3-18), therefore addressing the issue noted 

above.  

3.5.3 Results 

 The plastic strains calculated corresponding to the elastic strain calculation method (using 

both constant and variable Poisson’s ratio) and based on the loading-unloading cycles (including 

a correction for irrecoverable crack closure strains) can be seen in Figure 3-19. 
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Figure 3-19 - Plastic strains for BMG1 (top) and BMG2 (bottom) as determined using three 

different methodologies. 
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 As is shown in Figure 3-19, the cycle data corresponding to the uniaxial test (BMG1) are 

quite inconclusive in helping to determine the exact nature of the dilation angle’s pre-peak 

evolution. In both cases, however, the calculation method using variable Poisson’s ratio resulted 

in a curve shape closer to that as predicted by Zhao and Cai (2010a). This also appears to be 

consistent with the results shown by the corrected cycle data for the triaxial test (BMG2). 

 The dilation angles calculated from these curves (using equation (3-4)) are plotted versus 

plastic shear strain (γ
p
 = ε1

p
 – ε3

p
) in Figure 3-20. It can be seen that the overall dilation angle 

trend for both samples is similar. The results for different calculation methods are also largely 

similar, with the constant Poisson’s ratio calculation favouring slightly higher dilation angle 

values overall. In each case, the dilation angle appears to reach its peak value roughly around 2 

mstrain of plastic shear strain – following this point, the different calculation methods yield 

almost identical results. 
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Figure 3-20 - Instantaneous dilation angle values for BMG1 (left) and BMG2 (right) as 

determined using the plastic strains shown in Figure 3-19. 
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3.5.4 Model Sensitivity to Pre-Peak Dilatancy 

 Although the initial ψ = 0
o
 model used by Zhao and Cai (2010a) appears to be most 

appropriate for capturing dilatancy as observed in laboratory tests, one must consider the 

complications associated with its incorporation into numerical modelling activities. Not only is 

the dilation model itself complex due to its treatment of the initial dilatancy, but to obtain the 

necessary data to define the model, many tests must be performed with a large number of cycles. 

These cycles are necessary either to directly calculate the dilation angle, or to define the evolution 

of the Poisson’s ratio. Such complexity may be justifiable, depending on the degree of accuracy 

required for numerical modelling outputs. 

 Based on these practical considerations, it was of interest to explore the sensitivity of 

numerical model results to the treatment of the dilation angle initially following yield. A basic 

model was generated in FLAC, with rock properties selected to be roughly representative of the 

Blanco Mera Granite (see Arzua and Alejano, 2013). Assuming a roughly intact rockmass in-situ, 

a cohesion-weakening-friction-strengthening yield criterion was adopted. The stresses used, as 

well as the material strength properties and elastic moduli are provided in Table 3-1. The mesh 

used and the yield distribution corresponding to the properties in Table 3-1 are shown in Figure 

3-21. Note that all values of γ
p
 are presented as defined above, and have been converted from the 

FLAC plastic shear strain variable, e
ps

, according to the relation e
ps

 = γ
p
/2 (Alejano and Alonso, 

2005). 

Table 3-1 – FLAC model parameters for sensitivity analysis. 

Peak 

Cohesion 

(MPa) 

Plastic Shear 

Strain to 

Cohesion Loss 

(mstrain) 

Residual 

Cohesion 

(MPa) 

Initial 

(“Peak”) 

Friction Angle 

(o) 

Plastic Shear 

Strain to Friction 

Mobilization 

(mstrain) 

Mobilized 

(“Residual”) 

Friction 

Angle 

(o) 

Young’s 

Modulus 

(GPa) 

Poisson’s 

Ratio 

Vertical 

Stress 

σv = σ3 

(MPa) 

Horizontal 

Stress 

σH = σ1 

(MPa) 

30 6 1 10 6 60 35 0.16 21 42 
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Figure 3-21 - FLAC mesh with excavation dimension and yield region shown. 

 18 models were run, each employing a different model for the dilation angle. Three 

different initial dilation angles were used (ψinitial = 88
o
, ψinitial = ϕpeak = 60

o
, ψinitial = 0

o
) in 

combination with six different plastic shear strains to at the transition to dilation angle decay (γm 

= 0.5 mstrain, γm = 1 mstrain, γm = 1.5 mstrain, γm = 2 mstrain, γm = 3 mstrain, γm = 5 mstrain). 

The dilation model combination ψinitial = 0
o
 and γm = 5 mstrain resulted in a different yield depth 

being produced in the FLAC model, and as such the results corresponding to this parameter 

combination were discarded. The dilation angle models utilized are illustrated in Figure 3-22. 
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Figure 3-22 - Dilation angle models used in the sensitivity analysis. 

 As expected, the maximum observed excavation displacement of 25.0 mm (or 0.5 % 

strain) corresponds to the model with ψinitial = 88
o
 and γm = 5 mstrain. The displacement values for 

the other models have all been normalized to this value, and the normalized results are shown in 

Figure 3-23. 
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Figure 3-23 - Results of sensitivity analysis showing influence of initial dilation angle model 

on excavation displacements. 

 The most important result here is to note that for low values of γm (roughly less than or 

equal to 2 mstrain), the influence of the initial dilation angle on the excavation displacements is 

relatively minimal. This is particularly relevant for crystalline rocks, which appear to reach the 

decay phase of dilatancy at relatively small plastic shear strain values (quartzite – Zhao and Cai, 

2010a; Lac du Bonnet granite – Zhao et al., 2010a; Blanco Mera Granite – this study). 

 It should be noted that none of these models considered variable elastic parameters. If a 

Poisson’s ratio which increased with plastic shear strain was utilized in combination with the 

ψinitial = 0
o
 dilation model, the total displacements observed should be closer to those obtained 

with a constant Poisson’s ratio and a higher initial dilation angle.  

 A simple test was performed to evaluate this effect. In FLAC, a FISH function was 

developed to update the Poisson’s ratio of each element following yield. At yield, the value was 

set to change from the initial elastic value of 0.16 to 0.3, and then linearly rise as a function of 

plastic shear strain to a maximum of 0.43 at γ
p
 = 5 mstrain. Trial and error found that the use of 
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Poisson’s ratio values greater than 0.43 had the potential to lead to numerical instability, since the 

bulk modulus approaches infinity as the Poisson’s ratio approaches 0.5. Using the dilation 

parameters ψinitial = 0
o
 and γm = 2 mstrain, a wall convergence of 25.4 mm was obtained using the 

variable Poisson’s ratio model, whereas the constant Poisson’s ratio model resulted in a wall 

convergence of only 21.8 mm. 

 Admittedly, this sensitivity analysis only considers one set of material parameters and 

one set of field stresses. It is expected that the discrepancies observed between the different initial 

dilation angle models should be greater for models with less yield, in which case more complex 

models may be required. 

3.5.5 Conclusions 

 From examining the pre-peak data collected for the Blanco Mera granite samples in 

detail, it is clear that there are a number of factors influencing the loading-unloading cycle data 

prior to peak strength which may ultimately influence the interpretation of dilation angle results. 

Despite the multiple sources of uncertainty associated with the final plastic strain curves obtained, 

it appears that dilatancy model of Zhao and Cai (2010a) may still be appropriate.  

 The results of the sensitivity analysis suggest that for models where the transition from 

the initial dilation angle into the decay phase of the dilation angle occurs at small plastic shear 

strains, it may be preferable to use a simplified dilation angle model ignoring the complexity of 

the dilation angle’s initial rise. This is particularly relevant considering that the model of Zhao 

and Cai (2010a) is implicitly based an evolution of the Poisson’s ratio which cannot be captured 

in continuum models. Simple changes to the Zhao and Cai model (2010a), such as extending the 

decay portion of the curve back to yield could serve to both simplify the model and to provide a 

more realistic and more conservative estimate of rock dilatancy. These considerations are taken 

into account in Chapter 6, where a new model for dilatancy is proposed. This Chapter also 
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contains a further discussion of pre-peak dilatancy and its mechanistic implications based on a 

larger database. 
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Chapter 4 

Dilation and Post-peak Behaviour Inputs for Practical Engineering 

Analysis
3
 

4.1 Introduction 

4.1.1 Material Models in Rock Engineering 

 In conventional rock engineering, it is common to analyze rockmass behaviour using 

continuum numerical methods, such as the Finite-Element-Method (FEM) and the Finite-

Difference-Method (FDM). The use of these tools requires that the extreme complexity of a real 

rockmass (anisotropy, heterogeneity, discrete structures, etc.) be simplified in such a way that it 

can be described by a constitutive model for an equivalent material and a few parameter values. 

For practical design applications, elasto-plastic constitutive models are often utilized for rocks 

and rockmasses; these require a stress/strain relationship for elastic behaviour, a yield locus 

which defines what stress states can be sustained in a given material, and a stress/strain 

relationship for plastic stress states on the yield locus. It has been stated that it is these material 

models, not the numerical methods themselves that are one of the greatest limiting factors in 

numerical analyses for rock engineering (Lade, 1993; Carter et al., 2008). For rocks, it is the 

stress/strain relationship for plastic stress states which is the least well understood; post-yield 

behaviour (specifically dilation) is the focus of this study. Rather than attempt to provide a 

comprehensive model for post-yield behaviour which accounts for its many complexities, this 

study aims to provide a parameter selection methodology for practical use with common 

engineering modelling software. 

                                                      

3
 A version of this Chapter has been published with the following citation: Walton, G. and Diederichs, M.S. 

Dilation and post-peak behaviour inputs for practical engineering analysis. Geotechnical and Geological 

Engineering. DOI 10.1007/s10706-014-9816-x. 
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4.1.2 Dilation in Plasticity Theory 

 Idealized plastic (ductile) deformation is thought to be a macroscopic expression of slip 

on specific crystallographic planes in response to shear stress. Within clay rich materials this 

deformation occurs through mobility of particles within the clay-water matrix. In weak rocks, 

pseudo-plastic behaviour can involve many mechanisms including but not limited to 

microfracturing, intra- and inter-granular slip, internal rotation and grain separation. Classical 

plasticity theory is limited in its capacity to describe post-yield strain for geomaterials which 

involve dilating fractures between distinct grains, and the opening and closing of macroscopic 

cracks (Lubliner, 1990). There is a range of rock and rockmass behaviour, however, where 

plasticity-based analysis can give adequate representation of behaviour for practical engineering 

purposes. This paper will explore and define that range. For plastic behaviour, the way that 

stresses and strains are resolved depends on the gradient of a material’s plastic potential with 

respect to the stress tensor. A plastic potential is a function of stress which is commonly assumed 

to be linear for a Coulomb (popularly known as Mohr-Coulomb) yield model in two dimensions. 

In this case, the simplest possible plastic potential is governed by just one constant parameter – 

the dilation angle. The dilation angle, ψ, uniquely determines the ratio of plastic strain increments 

(and therefore continuum volumetric expansion) according to the following equation for plane 

strain deformation (after Roscoe, 1970): 

   ̇
 

  ̇
   

        

        
 (4-1) 

 Note that because the ratio in the above equation is widely used, it has been defined as its 

own term: 

 
   

        

        
 (4-2) 

 In some of the early work on the plasticity of soils, it was proposed that the flow rule 

should always be perpendicular to the yield locus, f(σij). This “normality rule” was adopted to 
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ensure stability and uniqueness of solutions obtained using plasticity theory (Prager, 1949; 

Drucker, 1949, 1951, 1957). A consequence of this rule was that the plastic potential should equal 

the yield function with ψ = ϕ (where ϕ is the friction angle). As the study of soil and rock 

plasticity progressed, it was noted by many that the adoption of normality (also known as an 

associated flow rule) was inappropriate for granular materials which dissipate energy through 

frictional mechanisms, and tended to overpredict observed volumetric strains (Roscoe, 1970; 

Price and Farmer, 1979; Vermeer and de Borst, 1984; Chandler, 1985).  

4.1.3 Mobilized Dilation Angle Models 

 Based on numerous analyses, numerous authors have concluded that a constant dilation 

angle (and constant Kψ) is insufficient to describe the volumetric strain response of geomaterials 

observed in laboratory testing and in excavations (Detournay, 1986; Cundall et al., 2003; Alejano 

and Alonso, 2005; Zhao and Cai, 2010a). A more general model for dilation must be used: 

         
   (4-3) 

where I1 is the first invariant of the stress tensor and    is the maximum plastic shear strain, 

       
    

 
 (4-4) 

 The dilation angle data used to develop models taking the form of equation (4-3) can be 

obtained from available strain data through an equation proposed by Vermeer and de Borst 

(1984): 

 
       

  ̇
 

    ̇
    ̇

  (4-5) 

 In the studies referenced above, the confining or minimum principal stress, σ3, is used as 

a proxy for I1 in equations taking the form of equation (4-3). 

 To summarize, there is a complex relationship between dilation angle and plastic shear 

strain, in that the dilation angle influences the amount of plastic shear strain incurred by a system 
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through equation (4-1), but the evolution of plastic shear strain directly influences the evolution 

of dilation angle through equation (4-3). 

 A characteristic evolution of volumetric strain as observed in laboratory compression 

testing is shown in Figure 4-1 (Alejano and Alonso, 2005; Zhao and Cai, 2010a). Here, the plastic 

shear strain dependency of dilation is illustrated by the non-linearity of the volumetric strain 

curve after yield. Note that this figure only shows the response for one level of confining stress. 

The effect of increasing confining stress on dilation is to delay the onset of unstable cracking and 

greatly decrease the initial slope of the post-yield portion of the volumetric strain curve (Yuan 

and Harrison, 2004). 
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Figure 4-1 – Typical differential stress versus axial strain (top) and volumetric strain versus 

axial strain (bottom) curves obtained from laboratory sample testing (after Zhao and Cai, 

2010a). 

 Figure 4-1 also illustrates the mechanisms controlling sample behaviour at moderate 

confining stress (see Diederichs, 1999; Martin, 1997; Diederichs, 2003; Zhao and Cai, 2010a). 

Elastic volume loss occurs until A. Between A and B, stable crack growth begins to counteract 

elastic volume loss. Point B, a point in the test coincident with the onset of non-linear axial strain 

(Diederichs 2003) or a reversal in the sign of the volumetric strain increment (Martin 1997), 

corresponds to the crack damage threshold of a sample. After this threshold, accelerating crack 

generation leads to acceleration in the rate of dilation. Near the peak strength (point C) a 
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maximum rate of dilation is attained.  After peak strength has been attained, the dilation rate 

decays to zero with additional strain. Following pervasive fracture development, there is no 

mechanism to indefinitely continue the process of rock dilation (Zhao and Cai, 2010a).  

Definitions of the key stress levels CI (A) and CD (B) are given by Ghazvinian et al. (2012). 

 When considering the trends in Figure 4-1, it should be noted that it has not been 

definitively determined whether or not the trends in post-yield behaviour observed in laboratory 

testing should be used in the development of constitutive models for in-situ rock and rockmass 

behaviour. Beyond the yield point, the behaviour observed in laboratory testing becomes 

increasingly dependent on the characteristics of the loading system and the development of 

localized fracture and shear zones. As such, flow rules developed based on laboratory testing data 

should be used with caution. 

 By analyzing available post-peak triaxial test data for sedimentary rocks including coal, 

mudstone, sandstone, and limestone, Alejano and Alonso (2005) created a dilation angle model 

based on that of Detournay (1986). It assumes a linear elastic volumetric strain response until 

peak strength is attained. Following the onset of plastic deformation, their model predicts that the 

dilation angle starts at a peak value, and then decays as a function of maximum plastic shear 

strain. The decay of the dilation angle with increasing strain is intuitively satisfying, since without 

a decay, the model would predict a volumetric strain approaching -∞ (infinite expansion).  

 The dilation angle model of Alejano and Alonso (2005) is expressed mathematically by 

the following equations: 

      
     

           
      

  

      
 

 

(4-6) 

            
            

 (4-7) 

where      is a material parameter which determines the rate of decay of dilation angle as a 

function of maximum plastic shear strain, and    is the uniaxial compressive strength of the 
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material. Smaller values of      correspond to a faster decay of dilation angle (and lower values 

of volumetric strain at equilibrium). Examples of values of      (in mstrain) are shown in Table 

4-1 (based on laboratory data from Alejano and Alonso, 2005, and Arzua and Alejano, 2013). 

Figure 4-2 shows some of the more extreme decay curves (as fit to laboratory data by Alejano 

and Alonso (2005)), as well as one set of granite data corresponding to the higher end of the 

decay parameter range cited for this rock type in Table 4-1 (Arzua and Alejano, 2013). In Figure 

4-2, the decay coefficient of the exponential curve fits corresponds to 1/     as per equation (4-7). 

The data for this figure were obtained by using irrecoverable strains from unloading cycles in 

equation (4-3); for further information on these data, consult Alejano and Alonso (2005) and 

Arzua and Alejano (2013). 

Table 4-1 – Representative values of γ
p,*

 (in mstrain) as determined from post-peak testing 

results (sedimentary rock data from Alejano and Alsonso (2005); the value for granite is 

based on data from Arzua and Alejano, 2013). 

Coal 
Silty 

Sandstone 

Portland 

Limestone 
Sandstone Mudstone Granite 

19.7 54.3 55.9 61.0 92.6 45-60 
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Figure 4-2 – Exponential decay curve fits as determined for mudstone and coal by Alejano 

and Alonso (2005) as well as for a set of granite data from Arzua and Alejano (2013). 

 Note that the granite data in Figure 4-2 shows considerable variability over the course of 

plastic deformation. This is likely due to that fact that localization of fracture generation and 

dilation tends to be more extreme in heterogeneous, coarse-grained crystalline rocks than in rocks 

such as mudstone and coal. In spite of this scatter, an approximate range of      values for coarse-

grained granite has been provided to give a general idea of how the rate of dilation decays for 

crystalline rock as compared to sedimentary rocks. 

 The main positive attribute of this dilation angle model, from a practical perspective, is 

that it only requires one parameter (i.e. no more parameters are required than in the case where a 

constant dilation angle and non-associated flow rule are used). The peak dilation angle as defined 

by equation (4-6) depends only on commonly used parameters (friction angle and UCS) and 

confining stress. The parameter      is required to define the shape of the decay of dilation angle 

from its peak value following yield. Aside from the fact that the use of this parameter more 
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accurately describes dilative behaviour than a constant dilation angle, it is also useful in that it 

can be determined from laboratory testing data; it is obtained from post-peak data by fitting a best 

fit exponential decay curve to a plot of (Kψ – 1)/(Kψ,peak – 1) versus γ
p
. 

 Recently, Zhao and Cai (2010a, 2010b) have also developed their own dilation angle 

model. Unlike the model of Alejano and Alonso (2005), which assumes that dilation drops from a 

peak value as plastic shear strain is incurred, the model developed by Zhao and Cai (2010a) 

accounts for the brief increase in dilation rate that immediately follows the onset of crack 

damage. 

4.1.4 Dilatancy in Continuum Models 

 The selection of a dilation model for implementation in numerical models remains a 

significant problem in rock engineering practice. Although the use of a mobilized dilation angle 

for numerical modelling purposes is more physically realistic than the use of a constant dilation 

angle, commonly used numerical packages often only allow for the input of a constant value. 

Similarly, elasto-plastic solutions used as part of the convergence confinement method (i.e. 

Carranza-Torres and Fairhurst, 1999) are based on a constant dilation angle formulation. 

Initially, an associated flow rule (ψ = ϕ) was suggested in the early days of plasticity theory. This 

has since been shown to be primarily valid for materials where ψ = ϕ = 0
o
, and plastic 

deformation occurs through shear controlled, volume-preserving plastic “flow” (Lubliner, 1990; 

Vermeer and de Borst, 1984). For materials with a non-zero friction angle, Vermeer and de Borst 

(1984) suggested that ψ ≤ ϕ – 20
o
 be used as a guideline for most geomaterials. This 

recommendation, however, is still rather unspecific and was developed based on triaxial tests 

performed at high confining stresses which are not representative of those encountered in 

excavation settings. Hoek and Brown (1997) suggested typical values of dilation angle for various 

rockmass qualities (higher dilation angles for stronger rockmasses). Although these estimates 

provide a guideline for parameter selection, they lack rigour and general applicability. 



 

150 

 

 The connection between numerical models for dilation and data established by the 

emerging concept of mobilized dilation provides a useful starting point for examining how to 

improve our models of dilation in excavation scenarios. To use mobilized dilation, one must first 

be comfortable that the mobilized dilation model selected (in this case, that of Alejano and 

Alonso (2005)) is appropriate for the material of interest. It must also be assumed that the dilatant 

behaviour of rockmasses takes the same form as the dilatant behaviour of intact samples. 

 Something that has not yet been demonstrated is the value added of a mobilized dilation 

model as compared to a constant dilation angle model. The author suggests that for many cases of 

continuum behaviour, results obtained using constant dilation angles may provide a very good 

approximation of those obtained using a mobilized dilation model. This concept is investigated 

further in the following Sections. 

4.2 Methodology 

4.2.1 Connecting Numerical Models to Reality 

 To find which constant dilation angles are appropriate to approximate the mobilized 

dilation model for different scenarios, the use of a solution for displacements in the plastic zone 

surrounding an excavation under uniform stress has been used (see Figure 4-3). By comparing the 

results obtained using mobilized and constant dilation angle models, recommendations can be 

made on the selection of constant dilation angles for numerical models. 
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Figure 4-3 – Diagram illustrating the model used to calculate plastic zone displacements. 

 Using a constant dilation angle based on a mobilized dilation angle requires the 

consideration of many logical steps to be connected to physical reality; potential sources of error 

are associated with each of these steps. This connection and the associated errors are illustrated in 

Figure 4-4. This study is concerned with quantifying the last three: how well “best fit” constant 

dilation results fit mobilized dilation results through the entire plastic zone, how well the constant 

dilation models predict mobilized dilation wall convergences, and how accurately the “best fit” 

constant dilation angle can be estimated. 
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Figure 4-4 – Flow chart showing steps used to connect a constant dilation angle prediction 

methodology to true rockmass behaviour, and the associated sources of error. Highlighted 

boxes indicate the focus of this study. 

4.2.2 Displacements Around Excavations (Considering Mobilized Dilation) 

 Several analytical solutions exist for stresses and displacements around excavations given 

a set of simplifying assumptions. Since these assumptions are rarely all valid, these analytical 

solutions have limited use in practical applications, but can still be used both as approximations to 

true in-situ rockmass behavior and as tools to evaluate the sensitivity of rock systems to various 

model parameters. The main differences between existing analytical solutions in the literature are 

choices of strength models (i.e. Hoek-Brown or Mohr-Coulomb), flow rules, choices of boundary 

conditions, or other assumptions (i.e. method for calculation of elastic strains in the plastic zone) 

(Reed, 1986; Park and Kim, 2006).  

 To investigate the influence of a mobilized dilation angle in an excavation setting for a 

variety of material parameters, a symmetrical solution for displacements was developed for this 

case. The solution described assumes that in-situ rockmass dilation is governed by plasticity 

theory with a mobilized dilation angle, as per equations (4-1), (4-6), and (4-7). It has been 

developed by the author based on the solutions of Reed (1986) and Park and Kim (2006). Like 

these solutions, it is valid for a circular excavation geometry and plane strain conditions in an 

infinite uniform medium with perfectly plastic or elastic-brittle-plastic strength under uniform 

stress conditions (general strain-softening material behaviour cannot be modelled using this 
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solution). Since mobilized dilation has no influence on the displacements in the elastic zone, only 

displacements in the plastic zone have been considered in this study. The derivation of the 

solution used is given in the appendix to this Chapter.  

 Because of the mobilized dilation angle, the equilibrium condition is represented by an 

implicit differential equation: 

             
 

 
           (4-8) 

where r is the distance from the center of the tunnel to a point of interest and u represents the 

displacement field around the tunnel. 

 This equation is implicit because of the complex relationship between the dilation angle 

and plastic shear strain, as shown in equations (4-3) and (4-5). As a consequence, equation (4-8) 

cannot be solved by analytical techniques. Instead, the differential equation is numerically solved, 

in this case, using MATLAB (v 7.10.0). Obtaining the solution requires very little computational 

effort and takes milliseconds to solve for the plastic zone variables. 

 The solution of the implicit differential equation in MATLAB (v 7.10.0) is an iterative 

process which starts at the plastic radius and moves inwards towards the excavation boundary. 

 The initial conditions for r, u, and u’ are required inputs. The boundary condition for r is 

simply R. The boundary condition for u is calculated as the elastic strain at the elasto-plastic 

transition boundary: 

      
   

 
     ̅  (4-9) 

where pi is the internal pressure,  ̅ depends on the in-situ stresses and the rock strength (see the 

appendix to this Chapter), and E and v are elastic constants. 

 The boundary condition for u’ is estimated initially based on u(R) and a value of u 

calculated based on elastic theory at a very small, finite distance away from the elasto-plastic 
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transition boundary. This estimate is then refined to find an initial condition for u’ which is 

consistent with the differential equation and the other initial conditions. 

4.2.3 Comparing Mobilized Dilation to Constant Dilation 

 Initially, the above displacement model (equation (4-8) with Kψ given by equations (4-6) 

and (4-7)) was used to check the shape of plastic zone convergence profiles relative to those 

produced by constant dilation angles for a few specific parameter cases. The result for one such 

case (with material parameters given in Table 4-2 and po = 30 MPa) is shown in Figure 4-5. 

These properties might be observed in weak/tectonized schist (Hoek and Brown, 1997). 

Table 4-2 – Material properties for one rockmass used to test different dilatancy models. 

The γ
p,* 

value used has been selected to correspond to a moderate value of the decay 

constant, based on those cited by Alejano and Alonso (2005). 

Property Value 

E 9000 MPa 

ν 0.25 

c 3.5 MPa 

ϕ 33
o
 

cr 2.5 MPa 

ϕr 30
o
 

γ
p,* 

0.05 
 



 

155 

 

 

Figure 4-5 – Displacement profiles in the plastic zone for different dilation angle models; 

results are shown for a rockmass with properties as given in Table 4-2 subjected to a 

uniform stress of 30 MPa. The “confinement dependent dilation angle model” is insensitive 

to γ
p
, and corresponds to an effective γ

p,*
 value of ∞. 

 In this case, displacements drop significantly from those achieved using an associated 

flow rule when accounting for the confinement dependency of dilation (i.e. dilation angle given 

by equation (4-6) with Kψ = Kψ-peak for all γ
p
). Displacement levels are further reduced by 

accounting for the plastic strain decay of dilation angle in the full mobilized model (i.e. equations 

(4-6) and (4-7)). 

 It can be readily seen that the shape of the convergence profile for the mobilized dilation 

angle is not significantly different from those obtained using constant dilation angles. Based on 

this, it appears that an appropriate “best fit” constant dilation angle could replicate the mobilized 
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dilation angle model profile with reasonable accuracy. Such a “best fit” constant value was 

determined by minimizing the sums of the squared point to point differences between the 

mobilized dilation and constant dilation displacement profiles. In this case, the value was found to 

be about ψ ≈ 
ϕ
/5. The difference between the best fit dilation angle and the mobilized dilation 

angle normalized convergence profiles is shown in Figure 4-6. The difference is negative near 

the excavation wall (r/a ≈ 1) and positive for r/a > ~1.1 (i.e. the best fit dilation angle 

underestimates wall displacements and overestimates displacements away from the wall). This 

kind of shape is consistent with the expectation that dilatancy should be more pronounced in the 

lower confinement environment that exists near the excavation wall for the mobilized dilation 

angle model. This slight underestimation of the wall displacement when using a best fit constant 

dilation angle has been found to occur for most (but not all) parameter combinations. Note the 

magnitude of the discrepancy however. In fact the error at the wall is 3.8% of the wall 

displacement predicted by the mobilized dilation angle model. Away from the excavation wall, 

the error is even smaller. This corresponds to a fit with a root-mean-squared-error of 0.0061, or 

10.8% of the tunnel wall convergence as predicted by the mobilized dilation model.  
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Figure 4-6 – Differences in convergence estimates depending on the dilation angle model 

used for the rockmass with properties in Table 4-2. Convergence estimates produced by the 

mobilized dilation angle model, as calculated by the symmetrical solution, were subtracted 

from the constant dilation angle estimates (also from the symmetrical solution) to obtain the 

differences. 

4.3 Model Results 

 Rather than analyze results for a number of input parameters in great detail as above, a 

statistical analysis was performed. The goal was to investigate the influence of various standard 

model parameters (i.e. strength and stress) on the displacements obtained using a mobilized 

dilation angle model. By solving equation (4-8) with multiple input parameter combinations, the 

influence of each input could be correlated to output values of interest, such as wall convergence, 

best fit dilation angle, and a measure of the quality of the constant dilation angle approximation. 
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4.3.1 Parameters Tested 

 For each model parameter, a range of values was selected at evenly spaced increments to 

cover the parameter space of interest. The following rockmass parameter values were used: 

 Peak and residual cohesion (c, cr) – 0.5 MPa to 7.5 MPa, in 1 MPa increments 

 Peak and residual friction angle (ϕ, ϕr) – 16
o
 to 44

o
, in 4

o
 increments 

 Rockmass Young’s Modulus (E) – 1000 MPa, 4000 MPa, 10000 MPa 

 Internal (support) pressure (pi) – 0 MPa, 0.15 MPa, 0.5 MPa, 1.5 MPa 

 Uniform stress magnitude (po) – 10 MPa, 20 MPa, 30 MPa 

 Dilation decay parameter (γ
p,*

) – 5, 10, 25, 45, 65, 100 (mstrain) 

 The internal pressure values correspond to the range of expected pressures that could be 

generated by common support elements (bolts, shotcrete, steel arches, concrete liners). The in-situ 

stress magnitudes were meant to represent conditions that might be experienced over a reasonable 

range of depths where stress driven failure would be expected to occur. The dilation decay 

parameter values were selected to be biased towards the lower end of reasonable values (based on 

those cited by Alejano and Alonso (2005)); this was both because of the potential for rockmasses 

to have smaller parameter values than intact rock, and also because preliminary investigations 

found the convergence results to be most sensitive to parameter changes at low values.  

 Wall displacement magnitudes, best fit constant dilation angles, and various measures of 

fit quality were generated by solving equation (4-8) for all parameter combinations, with the 

exception of cases where the residual cohesion or friction angle was greater than the peak 

cohesion or friction angle (strain-hardening). Following this, data corresponding to extreme 

modulus ratio values (E/UCS less than 175 and greater than 825) were removed to avoid an 

erroneous influence. These lower and upper limits on modulus ratio values were selected based 

on the data of Hoek and Diederichs (2006). 
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 It should be noted that Poisson’s ratio was not selected as a parameter for analysis. This 

is because preliminary analysis showed that for a variety of strength, stress, and dilation decay 

parameter combinations, the effect of varying Poisson’s ratio on the best fit dilation angle was 

minimal (i.e. less than 1% of the peak friction angle for Poisson’s ratio values between 0.15 and 

0.35). A value of 0.25 was selected for the purposes of this analysis. 

4.3.2 Quality of the Constant Dilation Angle Approximation 

 One objective of the analysis described above was to determine the range of parameter 

combinations for which displacement results using a constant dilation angle provide a good 

approximation to those obtained using equations (4-6) and (4-7) (mobilized dilation) for practical 

engineering calculations. The number used to represent the quality of the displacement profile 

approximation was the normalized root-mean-squared-error of the profile (NRMSE). This value 

was calculated by taking the root-mean of the point to point squared differences between the 

constant and mobilized dilation angle displacement profiles, and normalizing by the maximum 

displacement obtained using the mobilized dilation model (umob).  

 The resulting NMRSE distribution for all remaining parameter combinations is shown in 

Figure 4-7. 95% of the constant dilation angle fits have root-mean-squared errors less than 9.8% 

of the corresponding value of umob. To give this number some context, a histogram showing the 

distribution of normalized displacement error at the tunnel is also presented in Figure 4-7. 95% of 

the wall displacement estimates obtained using a best fit constant dilation angle lie between 

96.2% and 101.4% of the corresponding displacement obtained using mobilized dilation. Based 

on these data, the author concludes that in most of the cases examined, the use of a constant 

dilation angle can produce results which appropriately capture the displacements predicted by a 

mobilized dilation model.  
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Figure 4-7 – Distribution of normalized root-mean-squared-errors of constant dilation 

angle displacement profile fits for filtered data (left) and distribution of normalized errors 

of constant dilation angle wall displacement estimates for filtered data (right); extreme 

modulus ratios and strength drops have been removed in both cases. 
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4.3.3 Best Fit Dilation Angle Parameter Sensitivities 

 To account for the strong influence of friction angle on dilation angle as reflected in the 

model of Alejano and Alonso (2005), the best fit constant dilation angles obtained from the 

models have been normalized by the peak friction angle, and are thus expressed as a ratio (ψ/ϕ). 

 Hoek and Brown (1997) suggested that dilation angle tended to increase with increasing 

rockmass strength. Given that confinement stress is a key determining factor in influencing 

dilation of rocks and rockmasses (as reflected by equation (4-6)), it is not surprising that the mean 

in-situ stress magnitude should have an influence on the appropriate best fit dilation angle. Based 

on the trends observed in the best fit dilation angle data, it appears that in general, strength and 

stress are not as important factors as the ratio of the rockmass strength to the maximum stress 

experienced by the rockmass (i.e. the elastic tangential stress at the boundary). This ratio, in 

effect, controls the size of the yield zone, and consequently the average confining stress 

experienced by the yielding portion of the rockmass. At all confining pressures and dilation decay 

parameter values, a strong relationship was observed between the strength/stress ratio and the best 

fit dilation angle. One example is illustrated in Figure 4-8; to obtain the confidence limits for the 

dilation angle, the 2.5
th
 and 97.5

th
 percentiles of data within small strength/stress bins were 

plotted, along with the median value. 
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Figure 4-8 – Relationship between strength/stress ratio and best fit dilation angle for one 

value of the dilation decay parameter (γ
p,*

 = 45 mstrain). Variation in results due to other 

parameters is relatively minor and has been treated as stochastic in nature. The median 

values and 95% confidence limits are shown. A 10 point moving average filter was applied 

to smooth the data. 

 In Figure 4-8, the model results for very low strength to stress ratios correspond to 

dilation angles that are small in magnitude, and slightly negative. In a general sense, this is 

consistent with the conventional wisdom that very poor quality rockmasses should have a dilation 

angle of 0
o
 (Hoek and Brown, 1997). In-situ, these small negative values could correspond to the 

closure of pore space in weathered or softened zones following yield due to increases in the major 

principal stress and relatively small decreases in the minor principal stress away from an 

excavation in a very large plastic zone. The validity of this concept is uncertain, however. As 

suggested by Vermeer and de Borst (1984), where the calculated value of ψ is negative, a dilation 

angle of ψ = 0
o
 should be adopted. 
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 Not surprisingly, the dilation decay parameter has a relatively significant influence on the 

best fit dilation angle. As such, it is important that further work be conducted to refine estimates 

of this parameter for various rock types, and to investigate the assumptions discussed above about 

parameter values for rockmasses. Figure 4-9 shows the distribution of data for various dilation 

decay parameter values. Note that the best fit dilation angle is most sensitive to this parameter for 

values below approximately γ
p,*

 = 45 mstrain. 

 

Figure 4-9 – Boxplots showing distribution of best fit dilation angles obtained for all 

parameter combinations with constant dilation decay parameters. Note the non-linearity of 

the x-axis. 

4.4 Selection of Dilation Angle for Numerical Models 

 The goal of this study has been to produce practical recommendations on how to select a 

dilation angle for simplified numerical model input based on other parameters that can be 

obtained from site investigation and laboratory testing. Based on the analysis above, a regression 

was performed. Key parameters were included in the regression, and a cubic polynomial was 

considered. Based on this initial regression, important terms were identified and were used for a 
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refined regression. These terms are shown in Table 4-3. In this table, σcrm represents the 

unconfined compressive strength of the rockmass. 

Table 4-3 – Terms retained for refined regression for best fit constant dilation angle. 

(σcrm / po)
3 (σcrm / po)

2 (σcrm / po) γ
p,* 2 γ

p,* γ
p,* 

(σcrm / po) Δc (σcrm / po) γ
p,*

 (pi / po) 

 

 The fit quality was found to vary for different levels of strength / stress ratio, so 

individual regressions were performed in increments of 0.1 of this ratio. At higher strengths, large 

variability in the best fit dilation angle results were noted for cases with lower values of the 

dilation decay parameter; this variability is illustrated in Figure 4-10. The effect of this variability 

on the quality of the regression was judged by the author to be most significant for cases with γ
p,*

 

< 25 mstrain and σcrm / po > 0.7, so these data were not included in the final regression.  

 

Figure 4-10 – Influence of dilation decay parameter on best fit dilation angle variability at 

high strength/stress ratios. A narrow range of strength/stress ratios is shown to isolate the 

effect of the decay parameter on result variability. For γ
p,*

 < 25 mstrain (circled boxplots), 

the variability in the data is too large from the regression analysis results to be meaningful. 
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 The final regression results were contoured in terms of the two most important 

parameters (strength / stress ratio and dilation decay parameter), and the results are shown in 

Figure 4-11. This chart allows one to obtain an initial estimate of ψ/ϕ based on two parameters 

which are relatively simple to determine. To use the rockmass strength and in-situ stress 

magnitude is standard practice in geomechanical modelling. As mentioned above, the dilation 

decay parameter (γ
p,*

) can be obtained from post-peak data by fitting an exponential decay curve 

to a plot of (Kψ – 1)/(Kψ,peak – 1) versus γ
p
. Where post-peak data are not available, a starting 

estimate between 50 – 70 mstrain may be reasonable. For rocks with a decay parameter above 50 

mstrain, this estimate is a good approximation, since the dilative behaviour is relatively 

insensitive to parameter values in this range. It should also be noting that for rocks with γ
p,*

 < 50 

mstrain, picking a value in the range 50 – 70 mstrain will yield a conservative estimate 

(overestimate) of the expected displacements.  
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Figure 4-11 – Contours of best fit constant dilation angle (expressed as the ratio ψ/ϕ) shown 

as a function of the strength/stress ratio and the dilation decay parameter. Cases with a 

high strength/stress ratio and a low dilation decay parameter value are not included, since 

these cases have a wide range of variability. Representative rock types are shown near their 

dilation decay parameter values. 

 For moderate values of the dilation decay parameter (i.e. 50 – 70 mstrain), the fit shown 

in Figure 4-11 can be approximated by a linear equation:  

  

 
                    (4-10) 

where σe_t is the elastic tangential wall stress (as predicted by the Kirsch solution, for example). 

This equation fits well for most (rockmass strength)/(in-situ stress) values, although it does begin 

to  underestimate the best fit dilation angle at high (>0.9) Strength/Stress values. 

 The other two key parameters that were identified were the peak-residual rockmass 

cohesion drop and the support pressure. It is recommended that a base dilation angle can be 

selected from Figure 4-11 (or equation (4-10)) based on strength, stress, and dilation decay 

parameter estimates or values determined from laboratory testing, and then modified by adding 
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the increments in equations (4-11) and (4-12) if an appreciable peak-residual cohesion drop 

and/or support pressure are expected.  

 To account for cohesion drop, use the appropriate constant (δ1) in Table 4-4 (selected 

based on the value of Strength / Stress) in the following equation: 

 
 
 

 
                      (4-11) 

where Δc is the difference between peak and residual rockmass cohesion (in MPa). 

Table 4-4 – Constants used to account for the effect of cohesion drop on dilation angle. 

σcrm / σe_t 0.0-0.2 0.2-0.3 0.3-0.4 0.4-0.5 0.5-0.7 0.7-1.0 

δ1 0 -0.076 -0.060 -0.046 -0.034 -0.020 

 

 To account for any consistent support pressure, use the appropriate constant (δ2) in Table 

4-5 (selected based on the value of Strength / Stress) in the following equation: 

 
 
 

 
                     (4-12) 

with γ
p,*

 in units of mstrain. 

Table 4-5 – Constants used to account for the effect of support pressure on dilation angle. 

σcrm / σe_t 0.0-0.6 0.6-0.7 0.7-0.8 0.8-0.9 0.9-1.0 

δ2 0 -0.0240 -0.0308 -0.0400 -0.0756 

 

 At lower strength / stress ratios, the influence of these parameters on the regression 

quality was very small (including them in the regression reduced the 95 % confidence error 

estimates by less than 0.007, which is ~ 1% of the final error estimates). Also, these parameters 

had lower values, making their influence on the ultimate dilation angle estimates minimal. As a 

result, in cases where the recommended constant value is “0”, the parameter was not included in 

the regression. 
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 The quality of the regression is quite satisfactory. Based on error variance estimates, the 

95% confidence +/- error related to the fit was calculated for the various strength ranges. These 

error estimates are shown in Figure 4-12. 

 

Figure 4-12 – Estimates of 95% confidence +/- error associated with the best fit dilation 

angle predictions shown in Figure 4-11. 

 To summarize, the best fit constant dilation angle can most generally be estimated as 

 
    ([

 

 
]
 

                                  
 )  (4-13) 

where [ψ/ϕ]b represents a baseline estimate obtained either from Figure 4-11 or equation (4-10), 

σcrm can be calculated as 

 
     

          

          
  (4-14) 

and for a circular tunnel, the maximum value of σe_t according to the Kirsch solution is 

                    (4-15) 

or simply 
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                     (4-16) 

for hydrostatic conditions. 

4.5 The Constant Dilation Angle Approximation for Near-Hydrostatic Stresses and 

Near-Circular Excavations 

 A key limitation of the methodology proposed above for dilation angle estimation is that 

is based on data generated solely for hydrostatic in-situ stress conditions, elastic-brittle-plastic 

strength profiles, and circular excavation geometries. This Section investigates how significant 

the influence of changing these factors is on dilative behaviour, and whether a constant dilation 

angle approximation may still be appropriate in these cases. 

 To determine the best fit constant dilation angle for general geometry, strength, and stress 

conditions, a numerical solution was implemented using the 2D finite-difference code, FLAC 7.0, 

by Itasca. 

4.5.1 Determining Best Fit Constant Dilation Angle Using Finite-Difference Models 

 To determine the best fit constant dilation angle in FLAC for a given parameter set, 

fitting errors were minimized using a Golden search procedure (Brent, 1973). First, the mobilized 

dilation model of Alejano and Alonso (2005) is implemented in the FLAC coding language, 

FISH, and the model is run to equilibrium. Next, the extent of the plastic zone above the crown of 

the tunnel is determined by looping through the zones directly above the crown until a zone in the 

elastic state is found. The displacements of each gridpoint within the plastic zone (not including 

the gridpoint on the elastic-plastic boundary) are stored in an array which is then saved to a file 

outside FLAC. The memory is then cleared, and identical models are run using intermediate 

dilation angles between two upper and lower bound estimates set by the user (ϕ and 0
o
 by 

default); the relevant displacements for both are saved to external files as they are determined. 

The displacements for each constant angle model are compared to the mobilized model results, 

and an estimate of the root-mean-squared-error is produced. The upper and lower bounds are then 
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modified such that the bound with the dilation angle closer to the one that produced the higher 

error model is changed. This process is repeated either for an arbitrary number of iterations, or 

until a user specified tolerance is achieved. 

4.5.2 Best Fit Dilation Angle Sensitivity to Stress Conditions 

 Five different rockmass parameter sets were tested in this study. The properties of each of 

these rockmasses are given below in Table 4-6. For each of the rockmass parameter sets tested, 

the best fit dilation angle was determined for stress conditions such that the strength to elastic 

tangential boundary stress was 0.1, 0.3, 0.5, 0.7, and 0.9. 

Table 4-6 – Rockmass properties used for the sensitivity analysis. Note that as per the 

findings of Alejano and Alonso (2005), e
ps,

* = γ
p,
*/2 was entered as the relevant decay 

parameter based on FLAC’s definition of shear strain. 

Property RM 1 RM 2 RM 3 RM 4 RM 5 
E (MPa) 1400 3000 5000 9000 5000 

ν 0.25 0.25 0.25 0.25 0.25 

c (MPa) 0.5 2 3.5 5 3.5 

cr (MPa) 0.5 2 2 3 2 

ϕ (
o
) 24 27 30 35 30 

ϕr (
o
) 24 27 27 30 27 

γ
p,*

 (mstrain) 60 60 60 60 30 

T (MPa) 0.128 0.544 1.010 1.601 1.010 

Tr (MPa) 0.128 0.544 0.544 0.866 0.544 

σcrm (MPa) 

(from c,ϕ) 
1.54 6.53 12.12 19.21 12.12 

 

 For each of these cases, the horizontal and vertical stresses were varied to achieve 

different k values (0.5, 0.8, 1, 1.25, 1.5, 2) while keeping the tangential stress at the crown 

constant. As is illustrated in Figure 4-13, higher average stresses were used (and therefore more 

yield was induced) in lower k value models. Although the overall amount of yield is increased in 

lower k value cases, because the elastic tangential stresses at the roof are the same in all cases, the 

depth of yield directly above the roof is approximately equal.  
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Figure 4-13 – Schematics for a high k value (left) and low k value (right). Note that both 

cases have the same elastic tangential stress at the excavation crown (and therefore similar 

depths of yield), despite the discrepancy in overall stress magnitude and yield zone size. 

 The results for k > 1 (based on roof displacements) can be generalized to wall 

displacements for k < 1. As such, the results are presented not as a function of the horizontal / 

vertical stress ratio, but as a function of the in-situ boundary parallel / in-situ boundary 

perpendicular stress ratio. Here, this is defined as the stress concentration factor, χ, which is 

greater than 1 in areas where the excavation boundary is parallel to the maximum principal stress 

and is less than 1 in areas where the excavation boundary is perpendicular to the maximum 

principal stress. 

 In total, the best fit constant dilation angle was determined for 135 different FLAC 

models. In addition, measures of error were determined; these are tabulated and explained in 

Table 4-7. 
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Table 4-7 – Measures of error investigated. 

Error Measure Description / Significance 

RMSE1 
The root-mean-squared-error obtained when using the best fit dilation angle 

for a given case 

RMSE2 

The root-mean-squared-error of a model with equivalent parameters, but 

with hydrostatic in-situ stresses (when using the hydrostatic best fit dilation 

angle)  

RMSE1/RMSE2 
This ratio is representative of how much more error exists in a case with 

stress anisotropy than in a hydrostatic stress case 
 

 One of the key findings of the modelling was that for χ values greater than ~0.8, the best 

fit dilation angles for cases with the same elastic tangential boundary stress are approximately 

equal. For cases where the χ at the location of interest is smaller than 0.8, the best fit dilation 

angle is much smaller than in other cases, and much more variable. These trends are shown in 

Figure 4-14; note that this figure shows the data collected for all parameter cases, although 

anomalous cases associated with very small plastic zones (only one or two grid zones) have been 

removed. No further trends found between the ratio of ψBF to ψBF_HYDRO and any other material 

parameters; also, this ratio was found to be independent of the value of ψBF_HYDRO itself. 
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Figure 4-14 – Best fit ψ (ψBF) relative to the best fit ψ for the equivalent hydrostatic stress 

case (ψBF_HYRDO) plotted as a function of the χ stress ratio. Note that in most cases for χ ≥ 0.8, 

ψBF ≈ ψBF_HYRDO. 

 With the best fit dilation angle for a general stress now better constrained, the validity of 

the constant dilation angle approximation can be considered. Figure 4-15 shows the error ratio 

RMSE1/RMSE2 as defined in Table 4-7. This data demonstrates that as the anisotropy of the in-

situ stress increases, the constant dilation angle approximation becomes less valid. The absolute 

cutoff for the use of this approximation depends on the acceptable level of error as determined by 

individual users, but the author suggests that for χ values above 1.5, the level of error may 

become prohibitive. 
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Figure 4-15 – A measure of how much error is associated with the use of a constant dilation 

angle approximation (as opposed to a mobilized dilation angle model) relative to the error 

associated with this approximation for hydrostatic stresses. 

4.5.3 Best Fit Dilation Angle Sensitivity to Rate of Strength Loss 

 The second limitation of the methodology above is the influence of post-yield weakening 

rate on the effective dilative behaviour of rockmasses. This is because the symmetrical solution 

for displacements used is only valid for elastic-brittle-plastic and perfectly plastic post-yield 

strength behaviours. 

 In addition to the elastic-brittle-plastic case tested above, three weakening rates were 

tested. Following yield, the friction angle, cohesion, and tensile strength of the rockmass being 

modelled were all decreased linearly as a function of plastic shear strain. Figure 4-16 shows the 

different post-yield strength profiles tested. These different weakening rates were tested for 

various stress conditions using both the RM 3 and RM 5 material properties (Table 4-6) to 
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determine if there is any combined influence between the dilation decay parameter (γ
p,*

) and the 

rate of strength loss in determining dilational behaviour. 

 

Figure 4-16 – Approximate post-yield strength profiles used to test the influence of 

weakening rate on dilation. 

 The results for this investigation are shown below in Figure 4-17. It was found that there 

appears to be no systematic influence of weakening rate on the best fit dilation angle. The quality 

of the constant dilation approximations were close to being the same as in the elastic-brittle-

plastic case (with the exception of some of the χ = 0.8 cases). The practical implication here is 

that the validity of the best fit dilation angle methodology is not significantly influenced by the 

post-yield weakening rate. 
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Figure 4-17 – Percent difference between best fit dilation angle for a variety of general 

weakening cases and the elastic-brittle-plastic case (top) and the relative quality of the 

constant dilation approximation for the general weakening case as compared to the elastic-

brittle-plastic case (bottom). 
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4.5.4 Best Fit Dilation Angle Sensitivity to Excavation Geometry 

 A horseshoe geometry was selected for comparison with the circular geometry both 

because of its prevalence, but also because it has the potential to show changes in behaviour at 

corners and along flat edges, allowing it to give some indication of how approximately square 

openings might respond. 

 The parameters for RM 3 were used with rockmass strength to tangential stress ratio of 

0.3. χ values of 0.8, 1, 1.25, and 1.5 were tested (0.5 and 2 were omitted based on the findings 

above), and in each case, the best fit dilation angle was determined for plastic displacements 

along a line outwards from the roof, the wall, a bottom corner of the excavation, and the middle 

of the excavation floor. In the case of the bottom corner, the χ values were assumed to be the 

same as the floor, which were assumed to be the same as the roof (i.e. χ was set equal to the 

horizontal to vertical stress ratio, k, in these cases). 

 The results from this part of the investigation are presented in Figure 4-18. The roof 

results show that, for the horseshoe tunnel, there is a tendency for the wall dilation angles to be 

slightly smaller than expected based on a circular case and the opposite is true for the floor 

dilation angles. The dilation angles in the corner are relatively varied over the various k values for 

which they were determined.  

 Figure 4-18 also shows that for all of the χ values tested, the constant dilation fit for the 

roof of the horseshoe tunnel has approximately the same RMSE value as the circular tunnel case. 

It can be seen that with the exception of the low χ case, the constant dilation approximation is 

roughly equally as valid for the horseshoe geometry as for the circular geometry. 
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Figure 4-18 – Percent difference between the best fit dilation angle for non-circular and 

circular geometries (top) and the relative quality of the constant dilation approximation for 

the non-circular case relative to the circular case (bottom). 
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4.6 Example of the Methodology as Applied to Real Data 

 To test the validity of the constant dilation angle selection methodology, FLAC models 

were compared to extensometer measurements recorded for a deep mine shaft. The shaft is 

situated in an extensional environment (σH/σV < 1). Based on stress measurements and geological 

considerations, the magnitudes and directions of the horizontal in-situ stresses were determined to 

be as shown in Figure 4-19. The vertical (out-of-plane) stress corresponding to the weight of 

overburden is approximately 32 MPa. 

 

Figure 4-19 – Illustration of extensometer locations and stress model for the mine shaft. 

 Initially, elastic models were run to determine the rockmass Young’s modulus values 

required to achieve elastic strains (away from the excavation) matching those observed in the 

extensometers. The best fitting Young’s modulus values were found to be 18 GPa for EXT1 and 

24 GPa for EXT2. This kind of discrepancy is physically possible, given the large range of intact 

Young’s modulus values obtained from laboratory testing (35 GPa to 65 GPa excluding outliers). 

The discrepancy between the back analysed rockmass modulus values is also consistent with the 
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large scale of the excavation (10 m diameter) and the significant heterogeneity of rockmass 

quality observed at the excavation scale (GSI ranges from 40 – 80 in the layer of interest). 

Poisson’s ratio was assumed to be 0.25. 

 Next, strength parameters were determined through iterative adjustment until the 

inflection points in the model displacements matched those in the extensometer records. The 

rockmass in question consists of a hydrothermally altered matrix supported conglomerate with 

clasts derived from a number of primary lithologies, including feldspar porphyry, diabase, 

quartzite, and limestone. Given the types of clasts present and a relatively high median GSI (65), 

the behaviour of the unit was expected to be relatively brittle (Hoek and Brown, 1997; Carter et 

al., 2008). A strain softening Mohr-Coulomb model was selected, with residual strength being 

reached after 0.1% of plastic shear strain (e
ps

 in FLAC). The strength parameters determined are 

shown in Table 4-8. 

Table 4-8 – Strain-softening strength parameters used to replicate the observed elastic-

plastic transition as seen in both EXT1 and EXT2. 

Peak Cohesion (MPa) 
Residual Cohesion 

(MPa) 

Peak Friction Angle 

(
o
) 

Residual Friction 

Angle (
o
) 

6.5 1.7 46 40 

 

 Two models were run using these parameters: one with a representative constant dilation 

angle for the rockmass near EXT1 and one with a representative constant dilation angle for the 

rockmass near EXT2. The steps for determining the dilation angle parameter value to use are 

outlined below in the context of the determination of the value to be used for analysis of the rock 

at the location of EXT2: 

 Determine the value of σe_t for the area of interest (for EXT2, σe_t ≈ 53 MPa). 

 Determine the value of σcrm (based on back analysis, σcrm ≈ 32 MPa in this case). 

 Using equation (4-10) or Figure 4-11, determine an initial [ψ/ϕ]b ratio (0.5 for EXT2). 
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 Using equation (4-11) and the constants from Table 4-4, reduce the ratio based on any 

expected post-peak cohesion loss (given the σcrm / σe_t of 0.6 for EXT2, the appropriate δ1 

from Table 4-4 is -0.034; using equation (4-11) with the cohesion drop of 4.8 MPa as 

shown in Table 4-8, we find that the ψ/ϕ ratio should be reduced by approximately 0.09, 

which leads to a new value of 0.41). 

 Using equation (4-12) and the constants from Table 4-5, reduce the ratio based on 

expected influences of support pressure (only a thin shotcrete liner was present in this 

case study, and its effect on dilation during shearing deformation was considered 

negligible). 

 Multiply the final ratio value by the peak friction angle to obtain the constant dilation 

angle estimate (in this case, 0.41·46
o
 yields a dilation angle of approximately 19

o
 for the 

rockmass in the area of EXT2). 

 Using the same methodology, the appropriate best fit dilation angle for the rockmass in 

the area of EXT1 was estimated to be approximately 32
o
. 

 The results obtained using the dilation angles selected using the methodology presented 

in this paper are presented in Figure 4-20. Here it can be seen that the dilation angles selected 

using the proposed methodology provide much more realistic displacement estimates than those 

obtained using ψ = ϕ/6 (determined based on the recommendations of Hoek and Brown, 1997). 
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Figure 4-20 – Finite-difference model results (using the proposed dilation angle selection 

methodology) as compared to in situ deformation measurements from EXT1 (top) and 

EXT2 (bottom). 
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4.7 Conclusions 

 In this paper, a symmetrical solution for displacements around a circular excavation has 

been presented. This solution has then been used to investigate the influence of mobilized dilation 

on displacements in the plastic zone around an excavation. Data were generated for a large 

number of parameter combinations, and the results were analyzed statistically to draw 

conclusions on how dilational behaviour can best be approximated using tools and constitutive 

models which are accessible to the average practitioner. 

 The most important finding of this work is that in many cases, depending on the level of 

accuracy needed, constant dilation angles can generate model results that closely reproduce those 

obtained with a mobilized dilation angle model. As shown in Figure 4-7, the differences between 

constant dilation angle displacement profiles and mobilized dilation angle displacement profiles 

are relatively small at all locations in the plastic zone, with errors in convergence estimates at the 

excavation wall within a few percent of the value predicted by the mobilized model. 

 By using estimates of the rockmass strength to in-situ stress ratio and the dilation decay 

parameter, an appropriate constant dilation angle can be selected using Figure 4-11. This dilation 

angle can be further modified based on the constants in Table 4-4 and Table 4-5 to account for 

any peak-residual rockmass cohesion drop, and any internal pressure that will be exerted by 

support installed in the excavation. 

 It was determined that the use of a constant dilation angle is appropriate for cases of 

relatively low stress anisotropy (i.e. k near 1), and is more appropriate for modelling 

displacements in zones of higher stress concentration (χ > 1). The effect of weakening rate on the 

dilational behaviour was found to be minimal. Although changes in this parameter did induce 

some minor changes in the best fit dilation angle (particularly for χ < 1), no key trends were 

identified, and the author believes that, within the limits of this analysis, the variability induced is 

sufficiently small to be neglected for practical purposes. Some effects of geometry were also 



 

184 

 

investigated as part of this study. In particular, it was found that the dilational behaviour at 

corners was highly variable with respect to changes in the in-situ stress field. 

 In the absence of significant weakening effects or large support pressures (relative to the 

in-situ stress magnitudes), a preliminary dilation angle can be set as ψ/ϕ = (σcrm / σe_t) – 0.1. The 

methodology should not be used for χ < 0.8 or χ > 1.5, as both the quality of the constant dilation 

approximation and the validity of the parameter selection methodology worsen outside these 

bounds. Based on the degree of variability observed in the study, and the methodology prediction 

error shown above, it is suggested that for general use of the best fit constant dilation angle 

selection methodology, a range of +/- 0.15∙ϕ be applied to the estimate. It is suspected by the 

author that using ψPredicted + 0.15∙ϕ should provide a conservative estimate for displacements in 

most cases.  

4.8 Appendix to Chapter 4 – Calculation of Plastic Zone Displacements 

 In the following calculations, a is the tunnel radius, r is the distance from the center of 

the tunnel to a point of interest, R is the plastic radius, po is the uniform in-situ stress magnitude, 

and pi is the internal pressure applied to the tunnel wall. 

 The stresses in the plastic zone (a ≤ r ≤ R) are given in equations (4-17) and (4-18) 

(Reed, 1986): 
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cr and ϕr are the residual Mohr-Coulomb cohesion and friction strength parameter values. 

 The plastic zone radius is calculated as 
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where 

 ̅  
                            

    
 

(4-23) 

c and ϕ are the peak Mohr-Coulomb cohesion and friction strength parameter values. 

 The equilibrium condition for this system is captured by the differential equation 

  

  
   

 

 
      

(4-24) 

where f(r) is a function related to the elastic strains in the plastic zone and u is a function of r and 

represents the displacement field in the plastic zone. Note also that 

   
  

  
 

(4-25) 

   
 

 
 

(4-26) 

 In the case of a constant dilation angle, this equation takes the form u’ = h(r,u), which is a 

linear differential equation that can be analytically solved through integration. In the case of a 

mobilized dilation angle, the solution deviates from the published solutions, in that 

          
   (4-27) 

 The radial (confining) stress,   , is a function of r, but a definition of the maximum 

plastic shear strain still must be formed in terms of the system variables that are being used. As 

stated above, this quantity is the difference of the major and minor principal plastic strains. 

Knowing the equations for the total principal strain components in the plastic zone from 

equations (4-25) and (4-26), and that 
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it can be concluded that 
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(4-29) 

 Based on equations (4-6), (4-7), (4-29), and (4-29), it can be determined that 

              (4-30) 

 Using the elastic stress-strain relationship with the consideration of initial uniform 

stresses, the elastic strains in the plastic zone (εr
e
(r) and εθ

e
(r)) can be calculated. Also, based on 

this relationship, f(r) from equation (4-24) can be determined (Reed, 1986; Park and Kim, 2006): 
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where 

         
                   

              ̅      (4-32) 

                                (4-33) 

and C depends on the boundary condition selected. One common assumption is that C = 0 (used 

in this work) (Reed, 1986). 
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Chapter 5 

A laboratory-testing based study on the strength, deformability, and 

dilatancy of carbonate rocks at low confinement 
4
 

5.1 Introduction 

 In the field of geomechanics, developing an improved understanding of the behaviour of 

carbonate rocks is of interest for a number of reasons. Not only do carbonate rocks form 

economic petroleum reservoirs in many parts of the world, but they also are of interest for 

infrastructure projects. Some examples of projects involving excavation in carbonate rocks 

include the Lötschberg base tunnel in Europe and the deep geological repository (DGR) for 

nuclear waste currently going through the licencing process in Canada (Loew et al., 2000; 

NWMO, 2013; Diederichs et al., 2013). 

 By understanding the reaction of different rock types to loading and unloading, it is 

possible to predict and even control the behaviour of rocks for engineering projects (i.e. through 

hydraulic fracturing in the petroleum industry or through the use of support in excavations). A 

classical approach to studying rock behaviour is to investigate the stress-strain relations of a 

cylindrical sample tested under compressive conditions. Based largely on these types of tests, 

many authors have contributed significantly to a general understanding of the strength and elastic 

deformability of many different rock types (Wawersik and Fairhurst, 1970; Crouch, 1970; Price 

and Farmer, 1979). Following the attainment of peak strength, however, most tests do not 

continue to significantly larger strains. Because of the relative scarcity of data in the post-peak 

region as well as the  increased behavioural complexities and system dependencies at large 

                                                      

4
 A version of this Chapter has been published with the following citation: Walton, G., Arzua, J., Alejano, 

L.R., Diederichs, M.S. 2014. A laboratory-testing based study on the strength, deformability, and dilatancy 

of carbonate rocks at low confinement. Rock Mech. And Rock Eng. DOI 10.1007/s00603-014-0631-8 
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strains, our understanding of this component of rock behaviour remains relatively poor 

(Diederichs, 1999; 2003). 

 Advances in testing techniques, starting in the 1960s and 1970s, have led to a significant 

increase in the general capabilities of the rock mechanics community to perform post-peak 

compression tests (Rummel and Fairhurst, 1970; Wawersik and Brace, 1971; Hudson et al., 

1971). Since this time, many authors have published work focussed specifically on post-peak 

testing results (Elliot and Brown, 1985; Cipullo et al., 1985; Medhurst, 1996; Arzúa and Alejano, 

2013). 

 The goal of this study is to investigate the differences in the elastic, strength, and post-

peak properties between three different carbonate rocks using uniaxial and triaxial compression 

tests, and to relate these differences to the geological characteristics of the materials. A total of 75 

tests were conducted, with loading-unloading cycles both used to ensure stability of the system 

during loading and also to help constrain the evolution of irrecoverable strains. The results are 

examined within a plasticity framework, which assumes that the observed behaviour of the 

laboratory specimens after peak strength has some relevance to material behaviour observed in 

other systems (e.g. in-situ underground). 

 This approach is at odds with the belief of some laboratory researchers who suggest that 

post-peak behaviour measured in a triaxial test cannot be modelled and interpreted in terms of 

constitutive equations because of the occurrence of bifurcation and strain localization phenomena. 

This line of thinking correctly includes the assertion that post-peak behaviour is influenced by the 

nature of the strain localization and the location and orientation of stress-induced fractures (Sture 

and Ko, 1978; Read and Hegemeier, 1984; Labuz and Biolzi, 1991; Vardoulakis and Sulem, 

1995; Besuelle and Rudnicki, 2004; Riedel and Labuz, 2007). The author is aware of the fact that 

these phenomena take place at all scales, from the microscopic – where the boundaries of mineral 

grains slide over each other producing micro fissures and micro-shear stress – to the large-scale – 



 

189 

 

where they result in the creation of faults and joint sets observable in rockmasses (Archambault et 

al., 1993). However, it is relevant to put forward that Varas et al. (2005) developed a series of 

tunnel models excavated in strain-softening materials and analysed them by means of a Finite 

Difference Modelling code where bifurcation and localization were clearly observed. The results 

of these simulations were compared with self-similar results, to show that the effects of these 

phenomena were not significant when they were considered in a large enough spatial scale, as is 

the case for tunnels. 

 The author proposes that the overall strength and deformation of the samples 

(incorporating localized fracture zones and areas of lightly damage or undamaged rock) can be a 

useful tool to study post-peak behaviour at a variety of scales; this approach is consistent with 

several studies investigating rock and rockmass behaviour in the laboratory and in-situ (Martin, 

1997; Hajiabdolmajid et al., 2002; Alejano and Alonso, 2005; Zhao and Cai, 2010a; Zhao et al., 

2010; Arzúa and Alejano, 2013). It is the hope of the author that continuing to improve the 

existing database of post-peak tests will encourage the development of increasingly accurate and 

manageable models for complex rock behaviour. 

5.2 Rocks Investigated 

 The rocks used for this study were selected both because of their relative uniformity, and 

because of the differences in their petrologic properties. Micro-scale photos of these rocks 

showing the differences in their grain structures can be seen in Figure 5-1. 
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Figure 5-1 – Grain structures of Indiana Limestone (top), Carrara Marble (middle), and 

Toral de Los Vados Limestone (bottom). 
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5.2.1 Indiana Limestone 

 Indiana Limestone is a Mississippian aged carbonate rock (323-347 Ma), and can be 

classified as a grainstone, based on Dunham’s classification (Hill, 2013; Dunham, 1962). Because 

of its extremely uniform grain size and structure and resistance to deterioration under 

environmental extremes, it has been widely used as a building stone. Indiana Limestone is quite 

pure, consisting of at least 97% CaCO3 with small amounts (1.2%) of MgCO3 (Hill, 2013). Grain 

sizes range from approximately 0.3 mm to 0.5 mm. Indiana limestone is by far the most porous of 

the rocks studied in this work, with porosities generally in the range from 12% to 20% (Vajdova 

et al., 2004). The samples tested were determined to have a mean density of 2.31 g/cm
3
 with a 

standard deviation of 0.01 g/cm
3
. 

 Because of its wide usage and its uniform behaviour, Indiana Limestone has been widely 

studied in the literature. Some previous studies have focussed on brittle failure mechanisms in 

Indiana Limestone (Wawersik and Fairhurst, 1970; Robinson, 1959; Zheng et al., 1989), tensile 

fracturing (Hoagland et al., 1973; Peck et al., 1985), poroelastic properties (Hart and Wang, 

1995), fracture toughness (Schmidt and Huddle, 1977), and compaction (Vajdova et al., 2004; Ji 

et al., 2012). 

5.2.2 Carrara Marble 

 Carrara Marble is a metamorphic rock of Triassic age (201-252 Ma) formed from the 

metamorphism of an ancient carbonate shelf. There are several varieties of Carrara marble 

depending on the purity of the marble and the prevalence of microstructures in the rock. One such 

variety was used by Michelangelo for his masterpiece, “David”. 

 The white Carrara Marble used in this study is 100% calcite (Howarth and Rowlands, 

1987). Grain sizes of Carrara marble of 0.1 mm (Edmond and Paterson, 1972), 0.23 mm (Fredrich 

et al., 1990), and 0.3 mm (Howarth and Rowlands, 1987) have been reported in the literature. 

Most grains in the samples used for this study are closest to approximately 0.1 mm in size. The 
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porosity of Carrara marble is very low, in the range of 0.7% (Fredrich et al., 1990) to 1.1% 

(Edmond and Paterson, 1972). The samples tested were determined to have a mean density of 

2.70 g/cm
3
 with a standard deviation of 0.01 g/cm

3
. 

 Previous studies on Carrara Marble have focussed on the brittle-ductile transition of 

sedimentary and/or carbonate rocks at moderate to high confining pressures and/or temperatures 

(Edmond and Paterson, 1972; Turner et al., 1954; Griggs et al., 1960; Mogi, 1966; Fredrich et al., 

1989; Ord, 1991). Other studies have used Carrara Marble to study the influence of grain size on 

rock yield (Howarth and Rowlands, 1987; Fredrich et al., 1989; Olsson, 1974). 

5.2.3 Toral de Los Vados Limestone 

 The Toral de los Vados limestone corresponds to Cambrian strata (485-541 Ma) found in 

the western area of the province of León (NW-Spain). It is found in a sedimentary series of mid-

Cambrian age that has locally suffered low degree metamorphism, so some of the original 

mudstones and limestones have become slates and marbles. In situ, this limestone presents tabular 

bedding, also showing fine laminations and local dolomitic levels. Various high stress periods 

over the geological history of the area have fissured the rock. During the alpine orogeny some re-

crystallization has occurred, which is apparent in the form of re-crystallized calcite veins. This re-

crystallization has overprinted most primary sedimentary structures that existed within the rock. 

 Observed grains present an average size of 0.01 mm. The texture is granoblastic to 

aphanitic. A granoblastic texture describes equigranular crystals which adopt a polygonal 

morphology, often seen in the products of thermal metamorphism. The term aphanitic describes 

fine-grained rocks in which all crystals, other than phenocrysts, cannot be seen with the naked 

eye. The rock is quite heterogeneous showing local sulphide veining. Chemical analyses showed 

not only calcite (principal mineral), but also moderate levels of dolomite (15-25 %) and also 

small quantities of quartz and silicates (5-10 %).   
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5.3 Test Methods 

5.3.1 Test Setup 

 For each rock type, compression tests were carried out under uniaxial conditions and 

triaxial conditions with confining pressures of 1 MPa, 2 MPa, 4 MPa, 6 MPa, 8 MPa, 10 MPa, 

and 12 MPa. These confining pressures were selected based on their relevance for near 

excavation conditions, and also because of the upper limit pressure of 20 MPa of the hydraulic 

system. The numbers of samples tested at each confining pressure are shown in Table 5-1. 

Samples were drilled with a nominal diameter of 54 mm and a length of 100 mm from large block 

samples extracted from near surface quarries. 

Table 5-1 – Number of tests performed at each confining pressure. 

Confining Pressure (MPa) 0 1 2 4 6 8 10 12 

Indiana Limestone 10 3 3 3 3 3 3 3 

Carrara Marble 6 3 3 3 3 2 2 2 

Toral de Los Vados Limestone 5 0 3 3 3 2 2 2 
 

 Axial loading was applied using a standard 200-tonne hydraulic press at a rate of 

0.5 kN/s. To minimize errors arising from imperfect sample shapes, steel ball-and-socket joints 

were used with the platens at both the top and bottom of the samples. To obtain reliable post-peak 

results, unloading-reloading cycles were performed for each test after the attainment of peak 

strength as required. These cycles helped avoid sudden strength loss, which can lead to unreliable 

(underestimated) weakening rates based on the stiffness contrast between the press and the 

sample and the strain velocity of the press. 

 In the unconfined tests, axial strains were measured using linear variable differential 

transformers (LVDTs) attached to the lower press platen. Radial strains were measured by an 

apparatus which recorded the expansion of the sample at two diametrically opposite points on the 

specimen. Although it is preferable to measure radial strain with a chain (which provides more 

homogeneous results over the entire sample circumference), such a measurement device was 
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difficult to adapt to the test system being used. Strain gauges were not considered for use, given 

their inability to measure large strains (as experienced in the post-peak deformation stage) and 

their susceptibility to be significantly influenced by strain-localization phenomena. 

 Triaxial tests were conducted using a Hoek cell with a rubber sample sleeve. For these 

tests, the axial strain measurements were averaged over four LVDTs. Radial strains were 

calculated based on measured lateral volumetric contraction/expansion. This volumetric 

contraction/expansion was measured directly based on the amount of fluid that was needed to be 

introduced/removed from the triaxial cell to maintain the servo-controlled confining pressure due 

to lateral contraction/dilation during testing. This method of measuring volumetric strains 

originated with Crouch (1970) and has since been modified and applied by Cipullo et al. (1985), 

Wawersik (1975), Singh (1997), Medhurst and Brown (1998), and others. Because the measured 

values obtained using this method represent the overall sample deformation (i.e. they are not 

disproportionately influenced by strain localization), the strain measurements for the triaxial tests 

are considered to be more reliable than those obtained for the unconfined tests. Figure 5-2 shows 

a typical triaxial test setup. 
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Figure 5-2 – Illustration of triaxial test setup showing the press (left) and the servo-

controlled hydraulic system used for pressurizing the Hoek cell (right). 

5.3.2 Data Analysis 

 Based on the measured loads and displacements, as well as known specimen dimensions, 

axial stresses, axial strains, and radial strains were recorded for the unconfined tests, and axial 

stresses, axial strains, confining stresses, and cell fluid volume changes were recorded for the 

triaxial tests. In the case of the unconfined tests, the calculation of volumetric strains was 

performed according to the relation: 

           (5-1) 

where εv is the volumetric strain, ε1 is the axial strain, and ε3 is the radial strain. 

 In the case of the triaxial tests, the equipment measures only the amount of fluid 

displaced into or out of the Hoek cell; it therefore does not measure the volumetric strain of the 

specimen itself, but a displaced fluid volume caused by lateral expansion. This measurement can 

be said to correspond to the lateral component of volumetric strain. In this case, the total 

volumetric strain was calculated according the following equation (Farmer, 1983): 
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[         ] (5-2) 

where V is the initial sample volume, f is the compressibility factor for the hydraulic fluid 

(assumed to be 1 for water), ∆Vf is the displaced fluid volume, l is the sample axial displacement, 

and r is the specimen radius. 

 With all of the relevant stresses and strains available, Young’s modulus values were 

calculated as the slope of the linear segment of the axial stress – axial strain curve for each test, 

roughly between 30% and 65% of the peak strength. Poisson’s ratio values were calculated over 

the portion of the axial stress – radial strain curve, which is linear between approximately 20% 

and 40% of the peak strength. The difference between these ranges of calculation corresponds to 

the discrepancy between the onset of inelastic lateral and axial strains during testing, with the 

former corresponding to crack initiation and the later corresponding to the start of unstable crack 

propagation (Lajtai, 1998; Diederichs and Martin, 2010). 

 For each loading-unloading cycle performed in a given test, multiple pieces of 

information were recorded. Of particular interest were the irrecoverable axial and volumetric 

strains in the unloaded state; if such strains are considered to be purely plastic in nature, then the 

differences in strains between consecutive unloading states can be used to calculate the 

instantaneous dilation angle, ψ (Vermeer and de Borst, 1984): 

 
       (

   
         

) (5-3) 

 Also, by calculating the slopes of the linear portions of axial stress – axial strain curves 

immediately following an unloading point, the evolution of the elastic parameter, Young’s 

modulus, can be tracked as a function of continuing strain. For each cycle, the re-loading Young’s 

modulus was taken as the 70
th
 percentile of the point to point instantaneous stiffness values on the 

re-loading part of the curve. 
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 Also of interest was the evolution of the strength of the rocks over the course of the tests. 

To better study this, the upper strength envelope of each stress-strain curve was separated from 

the data corresponding to loading unloading cycles (Figure 5-3). Using simple linear interpolation 

over a set of regularly spaced points in strain-space, the strengths of different samples could be 

compared at any strain achieved during the course of the testing. 
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Figure 5-3 – Original cycled data (top) and upper strength envelope with cycles removed 

(bottom) for a single Carrara Marble test sample. 

 When using a plasticity model to describe rock, it is important that an appropriate 

definition of yield is adopted to properly constrain the onset of plastic behaviour. For this study, 
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the crack damage stress (CD) has been adopted as the yield point, as per the definition of 

Diederichs and Martin (2010). This yield point corresponding to the onset of unstable cracking in 

a test specimen is defined as the start of non-linearity in the axial stress – axial strain curve, 

which coincides with the volumetric strain reversal point under unconfined conditions (Brace et 

al., 1966; Martin, 1997; Diederichs, 2003; Diederichs et al., 2004). For each sample, CD was 

manually picked based on the axial stress – axial strain curve, a smoothed point to point tangent 

modulus plot, and the volumetric strain – axial strain curve (see Figure 5-4). 
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Figure 5-4 – Example of data used to select the crack damage stress (CD) for each test 

sample; axial stress – axial strain (top), smoothed point to point tangent modulus (middle), 

and volumetric strain – axial strain (bottom) plots are shown. 
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 Another consideration when working with plasticity models for rock is the appropriate 

quantification of accumulated damage following yield. This is typically achieved by using a 

measure of plastic strain. One common approach is to select the plastic parameter to be a function 

of internal variables, in particular the plastic shear strain: 

      |  
 
   

 
| (5-4) 

 As an alternative to this approach, an incremental plastic parameter can be used which is 

based on plastic strain increments. One definition for such a parameter is 
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(Vermeer and de Borst, 1984). 

 In the commonly used finite-difference codes FLAC and FLAC
3D

, the incremental plastic 

parameter is defined as 
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where 
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) (5-7) 

(Itasca, 2011). 

 When the dilation angle is assumed to be a constant, it can be shown that the cumulative 

plastic parameter (e
ps

) is directly proportional to the plastic shear strain (γ
p
). The constant of 

proportionality varies between 1/2 and 1/√3, depending on whether the dilation angle is closer to 

0
o
 or 90

o
, respectively (after Alonso et al. (2003)). In practice, when using numerical models with 

a non-constant (mobilized) dilation angle model, Alejano and Alonso (2005) have found that 

dividing γ
p
 by 2 to obtain e

ps
 introduces minimal errors into the plastic strain calculations. In this 

study, γ
p
 is used as the plastic parameter representing accumulated damage and strain. 



 

202 

 

5.4 Interpretation of Results 

 An interesting range of behaviours can be observed in the three rock types studied. The 

average stress-strain curves can be seen in Figure 5-5; these curves show the average upper limit 

stress of all the tests performed with the same confining stress at a given strain. Typical failure 

mechanisms of each rock type at low and high confinements are illustrated in Figure 5-6. 
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Figure 5-5 – Average stress-strain curves obtained for the carbonate rocks tested with 

different confining stresses listed. 
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Figure 5-6 – Typical failure mechanisms in Indiana Limestone (top left), Carrara Marble 

(top right), and Toral de Los Vados Limestone (bottom left). The inset figure (bottom right) 

shows grain scale conjugate shearing occurring in the Carrara Marble. The confining 

stresses at which the samples were tested are shown at the top of the figure. 

 During the first stages of a loading, a number of inelastic mechanisms take place locally 

within the specimen, but the overall observed behaviour is reasonably elastic. Similarly, a number 

of complex mechanisms take place during the post-peak stage including crack coalescence and 

shear-band localization. The variability associated with these post-peak mechanisms, however, 
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appears to be relatively minor compared to the overall trends in the data as can be seen in Figure 

5-7. Analogous results are derived from tests on this and the other rocks at different confinement 

levels. As such, the author believes that averaged curves shown in Figure 5-5 are representative 

of a repeatable trend of rock response. 
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Figure 5-7 – Variability in axial stress – axial strain (left) and axial strain – volumetric 

strain (right) curves for three specimens of Indiana Limestone tested at 1 MPa confining 

pressure. Unloading-reloading cycles have been removed for observation. 
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 The Indiana Limestone was observed to display brittle behaviour at low confinements, 

but transitioned to relatively ductile behaviour over a small range of confining pressures. This is 

likely associated with the relatively high porosity and low strength of the limestone. The brittle-

ductile transition typically occurs at lower confining stresses for rocks which display lower 

strengths, and the critical confining stress is typically lower for carbonate rocks than other rock 

types, particularly those with a higher porosity (Mogi, 1966). At low confinements, the limestone 

failed through axial cracking, or in shear, with the shear fracture appearing to have formed 

through the coalescence of small, axially oriented cracks. At higher confinements, the failure 

occurs over a wider shear zone (see). 

 The Carrara Marble, in contrast, is relatively ductile, even at unconfined conditions. In 

many cases, the marble displays perfectly plastic behaviour for small intervals of strain before 

experiencing a sudden, but relatively small drop in strength. The kind of behaviour can be 

observed in Figure 5-5, particularly at higher confining pressures where the strengths have been 

averaged over fewer tests. Because of the marble’s ductility, greater strains typically occurred 

when testing the marble than the other rock types. This observation is consistent with other 

studies in the literature, which note that Carrara Marble deforms in a stable, ductile manner 

(Fredrich et al., 1990) and that crystalline calcite can initiate ductile deformation mechanisms at 

relatively low temperatures and pressures (Turner et al., 1954; Griggs et al., 1960). At low 

confinements, the marble failed in shear, sometimes with axial cracks being present as well. At 

higher confinements, the deformation occurred through localized grain-scale shearing in a wide 

shear band (see Figure 5-6). 

 The Toral de los Vados Limestone was the strongest and most brittle of the three rocks 

tested, likely because of its low porosity grain structure, and the imperfections and 

heterogeneities present in the samples. At low confinements, this rock failed primarily through 

axial cracking, with the cracks connected laterally by fractures along sub-horizontal planes of 
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weakness. At higher confinements, shear failure across structures was more prominent (see 

Figure 5-6). 

 Unfortunately, because of the brittleness of the Toral de los Vados Limestone, it was very 

difficult to control the failure of the samples and achieve a stable transition from peak to residual 

strength. This can be seen in Figure 5-5 through the similarity of the weakening portions of the 

stress-strain curves for this rock type; unlike the others, which weaken more gradually with 

increasing confinement, the Toral de los Vados Limestone rate of weakening is the same at all 

confinements. This suggests that the rate of strength loss observed is a function of the hydraulic 

press velocity, and not of the rock itself. Although the stress-strain relationships during the 

strength loss portion of the tests cannot be considered reliable for this rock type, the axial-radial 

strain relationships should still be representative. It also should be noted that after the period of 

strength loss, once the press could control stable loading-unloading cycles, the stress-strain 

relationships shown by these cycles are once again representative. 

 The relative ductility of the Carrara Marble when compared to the Indiana Limestone can 

be seen by plotting the drop modulus (calculated based on the data in Figure 5-5 as the slope of 

the curve from peak strength to the onset of residual strength) versus confining pressure (see 

Figure 5-8). Both curves display a roughly logarithmic trend, with the Carrara Marble samples 

having drop moduli significantly lower in magnitude than the Indiana Limestone samples. The 

drop moduli corresponding to the Toral de Los Vados Limestone curves are in the range of -35 

GPa to -40 GPa. These numbers are not representative of the rock because of the aforementioned 

difficulties in capturing stress-strain relationships during extremely brittle strength loss; however, 

they can be thought of as a lower bound on the magnitude of the drop modulus. 
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Figure 5-8 – Average drop modulus values for Indiana Limestone and Carrara Marble. 

5.4.1 Strength 

 For each sample, the yield strength (CD), ultimate strength, and residual strength were 

recorded. Two strength models were fit to each of these strength envelopes using least squares 

regression. The models used are the linear Coulomb (also known as Mohr-Coulomb) criterion and 

the curved Hoek-Brown criterion (Hoek et al., 2002): 
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 (5-9) 

where c is the cohesion, ϕ is the friction angle, UCS is the uniaxial compressive strength, m, s, 

and a are material constants. For intact rock, the parameter values for s and a are fixed (s = 1 and 

a = 0.5). For the residual strength data, Hoek-Brown envelopes were determined by fixing “UCS” 

as the uniaxial compressive strength as fit to the peak data, and m, s, and a were allowed to vary 

independently from each other. The raw data and the resulting fits are plotted in Figure 5-9, and 
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the material constants obtained from the strength fits can be seen in Table 5-2. In general, the 

strength results are consistent with those in the literature (Carrara Marble Peak UCS = 93.6 MPa 

(Howarth and Rowlands, 1987); Indiana Limestone Peak UCS = 56.9 MPa (Cargill and Shakoor, 

1990); Indiana Limestone Peak m = 5.5 (Ramamurthy, 2001)). 
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Figure 5-9 – Strength data and least-squares (Mohr-Coulomb) (M-C) and Hoek-Brown (H-

B) fits for the carbonate rocks tested. 
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Table 5-2 – Strength fit data. *Hoek-Brown fits to residual strength data performed using 

fixed UCS values from peak strength fits, and independent m, s, and a parameters. 

    
UCS 

(MPa) 
m s a 

phi 

(degrees) 
c (MPa) 

Indiana 

Limestone 

CD 53.2 2.0 1.0 0.5 18.2 19.3 

Peak 62.6 7.1 1.0 0.5 35.8 16.2 

Residual* 62.6 6.5 0.010 0.67 48.4 1.2 

Carrara Marble 

CD 83.4 3.3 1.0 0.5 25.3 26.5 

Peak 94.3 5.5 1.0 0.5 33.2 25.6 

Residual* 94.3 4.4 0.004 0.66 46.2 1.3 

Toral de Los 

Vados Limestone 

CD 103.3 12.3 1.0 0.5 45.5 21.3 

Peak 116.8 21.8 1.0 0.5 53.2 19.8 

Residual* 116.8 4.2 0.021 0.59 46.2 3.1 

 

 For the CD and Peak envelopes, the Coulomb criterion appears to represent the observed 

strength data as well as the Hoek-Brown criterion, over the range of confining pressures tested. 

The residual strength data show greater curvature for all three rocks, and the Hoek-Brown fit 

correspondingly provides a better representation of the data. Observing the residual strength data, 

it can be clearly seen that for the Indiana Limestone and Carrara Marble, peak frictional strength 

is mobilized at some point after the attainment of peak strength (residual strength data has a 

higher slope with respect to confinement than the peak strength data); this is consistent with the 

findings of Martin (1997), who found that peak friction was mobilized after the attainment of 

peak stress in laboratory tests performed on the Lac du Bonnet Granite. 

 It is of interest to the author to understand the different components of rock strength not 

just at the yield (CD), peak, and residual points, but over a range of plastic strains. By developing 

a model for cohesion loss and friction mobilization over the course of deformation, brittle failure 

can be more accurately modelled (Schmertmann and Osterberg, 1960; Martin, 1997; 

Hajiabdolmajid et al., 2002). 

 Based on the difference in fit parameters for each of the rock types at CD, Peak, and 

Residual strength, the full evolution of the confinement insensitive (cohesive) and confinement 
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dependent (frictional) components of the sample strength were investigated. As noted in Section 

5.3.2, the first portion of this process was to remove the loading-unloading cycles from the data 

so that only the upper bound stress data remained (see Figure 5-3). Next, plastic components of 

the principal strains were calculated by removing calculated elastic strains: 

   
 
         (5-10) 

   
 
           (5-11) 

where   
 

 and   
 
 are the plastic components of the principal strains,    and    are the principal 

strains, E is the Young’s Modulus, and v is the Poisson’s ratio. Note that since we are ultimately 

interested in plastic strain increments post-yield, the constant elastic axial extension induced by 

the confining pressure has been disregarded in equation (5-10). 

 Using these plastic strains, equation (5-4), and the convention that γ
p
 = 0 at CD (as 

adopted by Zhao and Cai (2010a) and Chandler (2013)), plastic shear strain values were 

calculated (the theoretical foundation for this convention is explained by Diederichs and Martin 

(2010)). Coulomb strength parameters could then be determined at regularly spaced intervals of 

plastic shear strain using the strength values for each test. The resulting cohesion-weakening-

friction-strengthening (CWFS) profile can be seen in Figure 5-10. The fit quality of the individual 

Coulomb envelopes is generally quite good, with R
2
 values generally falling above 0.8. Some 

lower values occur in the weakening region of the tests where the rate of strength loss of any 

individual sample is relatively variable. Note that the data for the Toral de Los Vados Limestone 

are not presented in Figure 5-10 due to the potential for errors in the stress-strain relationships 

during the weakening portion of the tests; this is due to the high stiffness of the Limestone 

relative to that of the press, meaning that the relationships between axial stress and strain 

measurements are representative of the press velocity rather than the material behaviour during 

the initial post-peak phase. 
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Figure 5-10 – Cohesion-weakening-friction-strengthening (CWFS) strength evolution 

profiles for the carbonate rocks tested. Cohesion values are normalized to the peak cohesion 

(at CD). 
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 For the Indiana Limestone, the friction angle is mobilized at roughly the same level of 

strain as the cohesion reaches its residual value, which is consistent with the observations of 

Martin (1997). For the more ductile Carrara marble, however, the peak friction angle is achieved 

prior to the full loss of cohesion; not surprisingly, this cohesion loss is achieved at a much higher 

plastic strain than for the Indiana Limestone.  

5.4.2 Deformability 

 The Young’s Modulus and Poisson’s ratio values obtained from the linear portions of the 

axial stress – axial strain and axial stress – radial strain curves (initial loading) were found to 

show limited variability. The calculated Poisson’s ratio values are shown in Table 5-3. 
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Table 5-3 – Poisson’s ratio data. 

Test # Indiana Limestone Carrara Marble TdLV Limestone 

1 0.12 0.12 0.06 

2 0.09 0.15 0.10 

3 0.12 0.16 0.09 

4 0.17 0.16 0.08 

5 0.12 0.17 0.09 

6 0.14 0.12 0.15 

7 0.11 0.21 0.15 

8 0.13 0.17 0.20 

9 0.17 0.16 0.14 

10 0.15 0.20 0.18 

11 0.18 0.21 0.17 

12 0.18 0.18 0.17 

13 0.16 0.18 0.18 

14 0.17 0.13 0.20 

15 0.15 0.19 0.16 

16 0.16 0.17 0.16 

17 0.17 0.19 0.15 

18 0.17 0.18 0.18 

19 0.17 0.19 0.18 

20 0.15 0.17 0.17 

21 0.15 0.17 - 

22 0.21 0.20 - 

23 0.18 0.16 - 

24 0.20 0.15 - 

25 0.16 - - 

26 0.18 - - 

27 0.20 - - 

28 0.17 - - 

29 0.21 - - 

30 0.16 - - 

31 0.17 - - 

Mean 0.16 0.17 0.15 

Standard Deviation 0.028 0.024 0.041 

 

 The Young’s Modulus values vary slightly with confinement. The more homogeneous 

Indiana Limestone and Carrara Marble displayed a linear relationship, while the Toral de Los 

Vados Limestone showed a more complex relationship with confining pressure, namely a 
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relatively low value with no confinement and a more or less constant relationship when confined. 

Although it would be reasonable to model the Young’s Modulus of this rock using two distinct 

values, a slightly more complex model can capture not only the distinction between uniaxial and 

triaxial conditions, but also any further trend at higher confinements (see Figure 5-11). Such 

behaviour was also observed in the highly heterogeneous Blanco Mera Granite (Arzúa and 

Alejano, 2013), and can be fit using a logarithmic model: 

               (5-12) 

where λ is a coefficient, and E1 is the model Young’s Modulus at σ3 = 1 MPa. To address the 

issue of the lack of definition of the natural logarithm at σ3 = 0 MPa, the function can simply be 

transitioned into a tangent linear section wherever the tangent ray of the log function intersects 

the known uniaxial modulus. 
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Figure 5-11 – Variations in Young’s Modulus as a function of confinement, with a linear 

model shown for the Indiana Limestone (top) and Carrara Marble (middle), and a 

logarithmic model shown for the Toral de Los Vados Limestone (bottom). 
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 It is interesting to note that both for the carbonates tested in this study and the granites 

studied by Arzúa and Alejano (2013), the linear model for Young’s Modulus values tends to 

apply to the slightly weaker rocks with more homogeneous grain structures, whereas the more 

complex logarithmic model applies to the stronger rocks with more heterogeneous grain 

structures. With this in mind, in the case of the more complex logarithmic model, the rapid 

increase in stiffness over the first few MPa of confinement can be explained by a transition from 

localized elastic deformation in softer parts of the sample to more homogenous deformation. The 

relevant model parameters for the proposed Young’s modulus models can be seen in Table 5-4. 

Table 5-4 – Young’s modulus model information. 

  
Young's Modulus at 

σ3 = 0 (GPa) 

Linear Fit 

Slope 

Logarithm 

Coefficient 

Logarithm Constant 

Term (GPa) 
R

2
 

Indiana Limestone 24.6 0.18 - - 0.38 

Carrara Marble 45.3 0.55 - - 0.55 

Toral de Los Vados 

Limestone 
40.6 - 3.42 49.5 0.63 

 

 Although state-of-practice numerical modelling often does not account for the evolution 

of Young’s Modulus over the course of plastic deformation, the author believes that this may be 

important in accurately replicating in-situ displacements in such models. Corkum et al. (2012) 

have had moderate success using such a methodology in replicating large scale displacements in 

highly stressed excavations.  

 Martin and Chandler (1994) demonstrated in the case of the Lac du Bonnet Granite that 

the Young’s Modulus of rock can decrease by up to 60% over the course of deformation. To 

record the degradation of the elastic sample stiffness, a similar methodology was employed in this 

study. For each loading-unloading cycle performed, the slope of the linear re-loading portion of 

the cycle was recorded as the instantaneous Young’s Modulus, and this was associated to a plastic 

shear strain value obtained from the irrecoverable strains recorded at the unloading state for that 
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cycle. These cycle stiffness values (Ecycle) were then normalized to the sample Young’s Modulus. 

The data obtained are shown in Figure 5-12, together with a best fit logarithmic model. Note that 

the data can be considered reliable, since the stress-strain relationships are derived from stable, 

post-weakening loading-unloading cycles. All of the logarithmic models shown have logarithmic 

coefficients of -0.128, -0.152, and -0.132, respectively, for the Indiana Limestone, Carrara 

Marble, and Toral de Los Vados Limestone.  
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Figure 5-12 – Evolution of Young’s Modulus over the course of straining with logarithmic 

fits shown. 
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 The initial values of Ecycle which are greater than the specimen moduli are considered by 

the author to be a function of crack closure effects prior to CD. Indeed, very small values of γ
p
 

determined based on irrecoverable strains may be related to crack closure, and therefore not 

plastic (in the sense that they are not at all associated with yield processes) (see Walton et al., 

2014c). One mechanism which could explain such a phenomenon is the locking of asperities of 

pre-existing cracks or voids which close during initial loading. Upon unloading, such cracks may 

not re-open, leading to an apparent irrecoverable axial strain (and therefore non-zero γ
p
 prior to 

CD); the locking of these cracks would also lead to a relative stiffening of the sample, which is 

observed in the pre-CD cycled axial stress – axial strain data. The anomalous data at higher 

plastic strains are associated with extremely rapid cycles that only contained a few data points, 

making the calculated slopes less reliable. 

 In Figure 5-12, the observed trends can either be approximated using a bilinear model or 

a logarithmic model. Even so, there is a large amount of variability in the data. Some of this 

variability can be explained based on variability in confining stress, as Figure 5-12 shows the data 

collected at all confining stresses. In the case of all three rock types, the residual Young’s 

Modulus (at which the curve flattens) was found to vary based on confinement. Although this 

dependency is relatively minor in the case of the Indiana Limestone, a notable difference can be 

seen in the data obtained from samples tested at 2 MPa and 6 MPa for the Toral de Los Vados 

Limestone (see Figure 5-13). The effect is most notable for the Carrara Marble, where the 

difference in the residual moduli for 0 MPa and 12 MPa samples is approximately 30% of the 

initial modulus. 
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Figure 5-13 – Young’s Modulus evolution at different confining stresses for the carbonate 

rocks tested; note that a 5-point moving average filter was applied to the data to enhance 

the visibility of data trends. 
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5.4.3 Dilatancy 

5.4.3.1 Model of Zhao and Cai (2010a) 

 The dilation angle data obtained based on the loading-unloading cycles were found to 

show a trend similar to that of the model proposed by Zhao and Cai (2010a) for laboratory 

specimen dilatancy: 

 
  

  (     
      

)

   
 (5-13) 

 One set of parameters were fit to all data obtained at each confining pressure for each 

rock type using least-squares regression. These parameters are shown in Table 5-5, and some of 

the corresponding curves are shown with the raw data in Figure 5-14. A comparison of the 

dilation angle data for low confining stress between various rock types is given in Figure 5-15. 
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Table 5-5 - Mobilized dilation angle fit parameters for the rocks tested (Zhao and Cai, 

2010a model). 

Indiana Limestone 

σ3 a b c R
2
 

0 - - - - 

1 34.5 202.118 0.636 0.70 

2 15.4 107.626 0.441 0.17 

4 37.2 14.117 1.577 0.88 

6 22.9 31.485 0.739 0.50 

8 15.7 465.418 0.678 0.42 

10 11.0 38.833 0.482 0.23 

12 9.0 322.301 0.770 0.27 

Carrara Marble 

σ3 a b c R
2
 

0 50.8 44.909 0.007 0.95 

1 50.2 16.823 0.285 0.79 

2 56.8 8.578 0.428 0.72 

4 45.2 14.659 0.306 0.92 

6 43.8 12.372 0.459 0.81 

8 39.1 18.694 0.626 0.83 

10 35.0 19.095 0.333 0.96 

12 31.1 63.938 0.328 0.90 

Toral de Los Vados Limestone 

σ3 a b c R
2
 

0 - - - - 

1 - - - - 

2 34.0 100.540 0.189 0.70 

4 31.2 101.169 0.281 0.72 

6 32.2 101.167 0.304 0.42 

8 26.6 101.913 0.268 0.52 

10 39.7 100.060 0.471 0.88 

12 43.4 97.192 0.798 0.86 
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Figure 5-14 – Representative data sets and corresponding models for the dilation angle of 

the carbonate rocks tested; note the differences in the axes for each plot. 
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Figure 5-15 – Variations in the mobilized dilation angle for the three carbonate rocks 

studied as compared to crystalline rocks (top) and sedimentary rocks (bottom) (after Arzua 

and Alejano, 2013 and Arzua et al., 2014, with data from Zhao and Cai, 2010a). 
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 Unfortunately, due to a relative lack of data at low plastic shear strain values, many of the 

parameters obtained cannot be considered particularly reliable. One such example can be seen in 

Figure 5-14; in the case of the Toral de Los Vados Limestone samples tested at σ3 = 12 MPa, only 

three data points are present prior to γ
p
 = 15 mstrain. Because these points are all at relatively 

high dilatancy angle, the fit produces a higher peak dilation angle than the better constrained fit 

for σ3 = 2 MPa. Such a fit is considered unrepresentative by the author.  

 It also should be noted that the b values shown in Table 5-5 for the Indiana Limestone 

and the Toral de Los Vados Limestone are anomalously high when compared to values 

previously quoted by Zhao and Cai (2010a). This is likely due to a combination of factors: the 

relatively early mobilization of dilatancy following yield of the limestones, the lack of data to 

constrain the dilation curve at small plastic strains (particularly for the Toral de Los Vados 

limestone), and the relative insensitivity of the Zhao and Cai (2010a) model to changes in b when 

b is large. Together, these factors mean that from both a least-squares fitting perspective and a 

practical perspective, the distinction between b values (for example b = 30 and b = 100) is limited 

in the analysed cases. 

 The main advantage of the Zhao and Cai (2010a) model over others is its ability to fit 

observed data at a wide variety of confining pressures and over a large range of strains. Unlike 

the Alejano and Alonso (2005), the model of Zhao and Cai (2010a) includes the interval between 

CD and peak strength, where unloading data show an increase in the dilation angle from 0
o
 to a 

maximum value.  

 The main disadvantage of this model is its complexity, with three parameters (a,b,c) 

required to define the evolution of the dilation angle with respect to strain for a given confining 

stress. Each of these parameters can be further decomposed to account for their variability with 

respect to confinement, leading to a 9-parameter model (a1,a2,a3. b1,b2,b3. c1,c2,c3). These nine 

parameters that define the full dilation angle model for each rock type have been calculated 
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according to the method of Zhao and Cai (2010a) and are presented in Table 5-6. Note that given 

the lack of constraints on the “lower bound” dilation angle, given by a1, the least-squares value of 

this parameter was found to be zero for all three rock types. 

Table 5-6 – Parameters defining full mobilized dilation angle model. 

 
a1 a2 a3 b1 b2 b3 c1 c2 c3 

Indiana Limestone 0 39.6 8.7 26.5 451 1.079 0.55063 0.01120 1.00666 

Carrara Marble 0 52.1 26.1 16.2 29 0.261 0.02326 0.18812 0.50429 

Toral de Los Vados 

Limestone 
0 36.6 29.6 97.2 225 0.991 0.00084 0.18094 0.23864 

 

5.4.3.2  Simplified Model for Peak Dilation and Dilation Decay 

 When using the Zhao and Cai (2010a) model, there are often not enough data in the first 

few mstrain of deformation to properly constrain the whole model. The number of parameters 

combined with the complexity of each parameter’s influence on the model makes it difficult to 

relate these parameters to physical mechanisms.  In the interest of exploring the differences in 

dilation mechanisms between the studied rock types further, the author has focused on the decay 

of the dilation angle. Rather than grouping the dilation angle values for all tests at a given 

confining pressure together, a simple exponential decay model was fit to the post-peak plastic 

strain data for each sample (where sufficient data existed):  

                             (5-14) 

 The peak dilation angle values and decay coefficient values corresponding to this model 

were recorded, and these are plotted in Figure 5-16 and Figure 5-17, respectively. The peak 

dilation angles have been normalized based on the peak friction angle of each rock type (not 

necessarily the friction angle corresponding to the peak strength envelope).  
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Figure 5-16 – Normalized peak dilation angles as a function of confinement. Values of ψPeak 

were determined for individual samples, and values of ϕPeak were determined for each rock 

type based on the Coulomb fit to the full data sets. 

 

Figure 5-17 – Exponential decay coefficients for the post-peak portion of dilation angle 

data. 
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 For all three rock types, the average peak dilation angle under uniaxial conditions is 

approximately equal to the peak friction angle. This supports the hypothesis proposed by Alejano 

and Alonso (2005) that, for modelling purposes, the peak dilation angle can be set equal to the 

friction angle at unconfined conditions. The values of ψPeak/ϕPeak > 1 at unconfined conditions are 

related to the fact that ψPeak values were determined for individual tests, whereas a single ϕPeak 

was obtained for each rock type based on a model fit to all of the available data. As such, 

variability in the frictional strength of individual samples was not accounted for in the 

normalization of the peak dilation angle, nor was the slight influence of confining stress on the 

friction angle over the small range of confinements tested. 

 From uniaxial to triaxial conditions, there is a sharp decrease in the peak dilation angle, 

which is followed by a gradual continued decrease with further increases in confinement. The 

initial drop in the peak dilation is greater for the more brittle limestones than for the marble; this 

observation can be explained by significance of the transition from failure through axial cracking 

to pseudo-shear in these rocks. 

 The rate of decay of the dilation angle during straining shows a general tendency to 

increase with confining pressure, with the most marked difference being between uniaxial 

conditions (almost no decay) and triaxial conditions. The exception to this trend is the Indiana 

Limestone, which shows an increase in the decay rate from 0 MPa to 4 MPa, and then a decrease 

at higher confinements. It is suggested by the author that this decrease could be associated with 

the change in failure mechanisms towards increasingly ductile shear.  

 At the brittle-ductile transition, the failure can be considered truly plastic, and a constant 

dilation angle as a function of strain is likely to be appropriate; by further increasing the confining 

pressure, this dilation angle value should eventually be reduced to 0
o
 (the critical state) (Vermeer 

and de Borst, 1984). To achieve a constant dilation angle at the brittle-ductile transition, however, 

the dilation decay rate must eventually tend to zero as confinement increases. In Figure 5-17, the 
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decrease in the Indiana Limestone dilation decay rate (which begins above 4 MPa of confining 

stress) may be the start of this trend. 

5.5 Summary and Conclusions 

 Uniaxial and triaxial compression tests were conducted with the goal of studying the 

constitutive behaviour of three carbonate rocks within a plasticity framework. A total of 75 tests 

were conducted, with loading-unloading cycles both used to ensure stability of the system during 

loading and also to help constrain the evolution of irrecoverable strains (see Table 5-7 for a 

summary of the results). 

Table 5-7 – Summary of results. 

 
Porosity 

(%) 

Density 

(g/cm
3
) 

Young’s Modulus 

at σ3 = 0 

(GPa) 

Drop 

Modulus at 

σ3 = 0 (GPa) 

UCS 

(MPa) 
mi 

Confinement 

Dependency of 

Dilatancy 

Indiana Limestone 12-20 2.31 24.6 ~ -40 GPa 62.6 7.1 Strong 

Carrara Marble 0.7-1.1 2.70 45.3 -18 GPa 94.3 5.5 Moderate 

Toral de Los Vados 

Limestone 
Unknown 2.71 40.6 < -40 GPa 116.8 21.8 Strong 

 

 The Carrara Marble was found to be the most ductile of the three rocks tested, with shear 

failure modes being prominent even in uniaxial conditions; because of this, very large strains 

could be attained. By contrast, the heterogeneous Toral de Los Vados Limestone was found to be 

extremely brittle, and failed by axial cracking and opening along sub-horizontal grain-scale 

structures. The Indiana limestone showed the greatest variability in its behaviour, with failure 

under uniaxial conditions being extremely brittle, whereas failure at even modest confinements 

tended to be controlled by more ductile shear. 

 Crack damage (CD), peak stress, and residual strength envelopes were determined for 

each of the rocks. Upon finding that the residual friction angle of the Indiana Limestone and 

Carrara Marble are higher than the friction angle at peak strength, the evolution of the Coulomb 

strength parameters were determined as a function of plastic shear strain. All three rocks were 
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found to fit a cohesion-weakening-friction-strengthening (CWFS) model. The Toral de Los 

Vados Limestone was found to lose its cohesion at relatively small strains, and also began to lose 

frictional strength immediately following the attainment of the peak friction angle. 

 The sample stiffness values were found to increase as a linear function of confinement for 

the homogenous Indiana Limestone and Carrara Marble, but the Toral de Los Vados Limestone 

displayed a significant (non-linear) increase in stiffness when changing from uniaxial to triaxial 

loading conditions. The evolution of the sample stiffness as a function of plastic strain was also 

recorded. The rocks displayed a sharp decrease in sample stiffness following shortly after CD, 

which eventually reached a roughly constant residual value. This residual value was found to 

increase slightly with increasing confinement, although this trend was only particularly 

significant for the Carrara Marble. 

 Dilation angle values were calculated as a function of plastic strain, where sufficient post-

yield data existed. These data were found to fit reasonably well with the model of Zhao and Cai 

(2010a) in most cases, although a lack of data constraints at small plastic strains led to erroneous 

results in some cases. As an alternative way to consider the dilation data, the post-peak decay 

portions of the dilation angle data sets were studied using a simpler exponential model. Based on 

this analysis, the peak dilation angle was found to decrease with increasing confinement, and the 

rate of dilation angle decay with continued strain was found to increase with increasing 

confinement. Both of these factors lead to decreased overall volumetric expansion post-yield, 

with the greatest difference in behaviour being noted between uniaxial and triaxial conditions. 
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Chapter 6 

A New Model for the Dilation of Brittle Rocks Based on Laboratory 

Compression Test Data with Separate Treatment of Dilatancy 

Mobilization and Decay
5
 

6.1 Introduction 

 Understanding the expected strength and post-yield behaviour of a rockmass is of critical 

importance in the design of any excavation. In highly stressed ground, both the depth of yield and 

the amount of deformation can have significant implications, especially for support design. In 

particular, the expected depth of yield can guide decisions on the volume of rock material which 

must be reinforced, and information about the distribution of strains in the rockmass allows for 

the prediction of support loads (Kaiser et al., 1996). 

 Continuum numerical models based in plasticity theory are a commonly used tool for 

engineering analysis of rockmass behaviour. Such models require a detailed knowledge of 

rockmass material parameters. The determination of such parameters based on available data 

(most commonly laboratory compression testing) is an ongoing challenge in the field of rock 

engineering. 

6.1.1 Laboratory-Based Plasticity Models for Brittle Rock Behaviour 

 Broadly speaking, the goal of this study is to investigate the post-peak behaviour of 

brittle rocks using a plasticity theory framework and data obtained from laboratory compression 

testing. By contrast, there are many researchers who suggest that post-peak behaviour observed in 

the laboratory cannot be appropriately considered through the use of plastic constitutive models. 

                                                      

5
 A version of this Chapter has been submitted to Geotechnical and Geological Engineering with the 

following authors and title: Walton, G. and Diederichs, M.S. A new model for the dilation of brittle rocks based 

on laboratory compression test data with separate treatment of dilatancy mobilization and decay. 
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Such researchers correctly note that post-peak behaviour is influenced by the nature of bifurcation 

phenomena and the location and orientation of stress-induced fractures (Sture and Ko, 1978; Read 

and Hegemeier, 1984; Labuz and Biolzi, 1991; Vardoulakis and Sulem, 1995; Busuelle and 

Rudnicki, 2004; Riedel and Labuz, 2007). 

 Despite the undoubted influence of bifurcation phenomena on rock and rockmass 

behaviour, the author proposes that the overall strength and deformation of laboratory samples 

(incorporating the influence of localized fracture zones and shear bands) can still be used to 

adequately simulate post-peak behaviour at a variety of scales for practical engineering 

application. This follows the argument of Archambault et al. (1993) who described the 

development of strain localization at all scales (from grain-scale deformation to the development 

of rockmass-scale structures such as faults and joint sets); since these phenomena are scaleable, it 

is not unreasonable to expect that the average parameters obtained from the study of a 

representative elementary volume (in this case, a laboratory sample) could be related to the larger 

scale behavior of intact or impersistently jointed rockmasses for practical analysis. This view is 

consistent with the approaches adopted in many studies investigating post-peak behaviour 

(Detournay, 1986; Alejano and Alonso, 2005; Zhao and Cai, 2010a; Arzua and Alejano, 2014; 

Walton et al., 2014a; Arzua et al., 2014). Even if model parameters derived from laboratory tests 

require some calibration to be applied to in-situ rockmasses, it appears that the laboratory-based 

models themselves (Martin, 1997; Diederichs, 2003; Alejano and Alonso, 2005; Zhao and Cai, 

2010a) can be appropriate for in-situ use, as they have been fit to data from samples of different 

sizes, samples with different failure modes (i.e. pure axial cracking versus pseudo-shear) (Zhao 

and Cai, 2010a; Arzua and Alejano, 2013; Walton et al., 2014a), and artificially jointed 

laboratory samples (Arzua et al., 2014). Several authors have demonstrated how back-analyses of 

data from in-situ case studies can be used to calibrate laboratory parameters for use in-situ, often 
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with minimal adjustment (Hajiabdolmajid et al., 2002; Diederichs et al., 2004; Zhao et al., 2010a; 

Walton et al., 2014b). 

 Lastly, the author acknowledges that when studying brittle rocks, several alternative 

models to plasticity theory are used (most notably damage mechanics) (Costin, 1985; Kawamoto 

et al., 1988; Ashby and Sammis, 1990). The plasticity approach, however, has been shown to be 

quite successful in replicating observed rock and rockmass behaviour, both at the laboratory scale 

and in-situ (Martin, 1997; Hajiabdolmajid et al., 2002; Diederichs, 2007; Edelbro, 2009; Zhao et 

al., 2010a; Walton et al., 2014b). 

6.1.2 Rock Dilatancy 

 The concept of a dilation angle, ψ (see Hill (1950)), was introduced to soil mechanicians 

by Hansen (1958). This parameter, previously used to define the plastic stress/strain relationship 

of metals, defines the degree to which a shear band increases in volume during slip. The value of 

this parameter can obtained from experimental strain data through an equation given by Vermeer 

and de Borst (1984), which is valid for plane strain and triaxial compression: 

 
       

  ̇
 

    ̇
 
   ̇

  (6-1) 

where   ̇
 

 and   ̇
 
 are the volumetric and major principal plastic strain increments (compression 

positive). 

 Through much research on the fundamental mechanisms of rock dilatancy (Brace et al., 

1966; Jaeger and Cook, 1969; Cook, 1970; Roscoe, 1970; Tappoinnier and Brace, 1976; Price 

and Farmer, 1979; Vermeer and de Borst, 1984; Chandler, 1985), a general understanding was 

developed that this phenomenon is sensitive to confining pressure. Also, it is well understood that 

as a rock deforms and accumulates damage, its material properties change as function of this 

damage. The change in strength parameters over the course of the deformational process is 

observed in both strain-weakening rocks and in brittle rocks. It has also been long recognized that 
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there is a state dependency of the post-yield dilational properties of geomaterials (Schmertmann 

and Osterberg, 1960; Rowe, 1971; Detournay, 1986; Alejano and Alonso, 2005). Despite this 

necessity for damage to be reliably quantified in the formulation of a constitutive model, there is 

no generally agreed upon definition for the plastic parameter, η, which can be used as a 

controlling variable for the post-yield change in material properties of rock (Alejano and Alonso, 

2005; Zhao and Cai, 2010a). 

 One common approach is to select the plastic parameter to be function of internal 

variables, in particular the plastic shear strain: 

        
 
   

 
 (6-2) 

 Using this definition of the plastic shear, the dilation angle of geomaterials can be 

described by models of the following form: 

         
   

(6-3) 

While much research has been carried out dealing with the complexities of post-yield 

behaviour, most constitutive models used in practical rock engineering today still rely on a 

constant dilation angle or a similar parameter to control the post-yield stress-strain relationship. 

The model proposed in this paper aims to remedy this gap. 

6.1.3 Existing Yield and Dilatancy Models 

 Because the treatment of dilatancy in a plastic model controls the evolution of the plastic 

component of strains following yield, this aspect of rock behaviour cannot be considered in 

isolation from the coupled evolution of strength as plastic shear strain accumulates in a rock or 

rockmass. Indeed, experimentally derived models for rock dilation are tied to a particular 

definition of yield. In the case of relatively brittle rock behaviour, two different approaches are 

commonly adopted (see Figure 6-1). 
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Figure 6-1 – Comparison of conventional (strain-weakening) and cohesion-weakening-

friction-strengthening (CWFS) plasticity models for brittle rock behaviour including (a) the 

definition of yield in laboratory testing, (b) the evolution of strength parameters over the 

course of deformation, (c) the peak and residual strength envelopes, and (d) trends in the 

dilation angle (starting from yield). 
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 A conventional strain-weakening model for rock behaviour adopts the peak shear 

strength from laboratory testing as the yield strength for intact rock. Following yield, cohesion 

and friction components of strength decay together from their peak values to lower, residual 

values. With respect to dilatancy, the dilation angle is at a maximum at or near yield, and then 

decays towards zero as the plastic shear strain increases. 

 By contrast, a cohesion-weakening-friction-strengthening (CWFS) model uses an 

alternative definition of yield. This model defines yield as the point of non-linearity on an axial 

stress – axial strain curve (known as the “Crack Damage Stress” or “CD”) (Diederichs and 

Martin, 2010); before this point, only minor lateral inelastic strains exist, but following this point 

significant inelastic strains develop in both the lateral and axial directions (Lajtai, 1998). This 

yield threshold corresponds to the onset of unstable cracking. In laboratory testing, this typically 

occurs at 60%-90% of the peak stress, and at a higher stress than the onset of stable cracking 

(known as the “Crack Initiation Stress” or CI) (Diederichs and Martin, 2010; Perras and 

Diederichs, 2014). It should be noted that the stress and strain delay between CI and CD observed 

in laboratory tests is partially a function of sample boundary conditions and specimen-platen 

interface effects imposed by standard compression tests, and that CI and CD can be coincident in-

situ for low confinement conditions (Diederichs, 2003). In the CWFS model, cohesion decreases 

following yield (CD), but friction is mobilized from a small initial value to a larger peak value 

(typically 45
o
 to 65

o
) (Kaiser et al., 2000; Diederichs, 2003; Diederichs, 2007; Edelbro, 2009). 

With respect to dilatancy, the dilation angle is mobilized from a small initial value to a maximum 

value before decaying towards zero with further plastic shear strain (Zhao and Cai, 2010a). 

Several authors have demonstrated that a CWFS strength model is appropriate for modelling very 

brittle rockmass in-situ (Hajiabdolmajid et al., 2002; Diederichs, 2007; Edelbro, 2009; Zhao and 

Cai, 2010a). Whether a strain-weakening or CWFS model is more appropriate depends on the 
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rockmass structure and the compressive/tensile strength ratio of the intact rock matrix (see Carter 

et al. (2008) for rough guidelines on model selection). 

 Based on an analysis of laboratory testing data and the preliminary work of Detournay 

(1986), Alejano and Alonso (2005) proposed a post-peak dilation decay model for application to 

strain-weakening rockmasses. This one parameter model’s simplicity makes it an attractive option 

for such rockmasses, where there is limited pre-peak dilation. Walton and Diederichs (2014a) 

have since found that where the implementation of such a mobilized dilation angle model is 

difficult, reasonable results can be obtained through the appropriate selection of a representative 

constant dilation angle. 

 The Alejano and Alonso (2005) model has two main limitations. First, it was developed 

solely for sedimentary rocks; as will be shown later in this study, the peak dilation angle 

formulation proposed by Alejano and Alonso is inappropriate for crystalline rocks. Second, it is 

limited to rocks which can be effectively modelled using a strain-weakening model for strength, 

since it does not consider the initial mobilization phase of dilatancy which initiates at CD (prior to 

peak strength).  

 Zhao and Cai (2010a) have developed a model for the dilation angle which is applicable 

to rockmasses for which a CWFS model is appropriate. This model adopts CD as the definition of 

yield, and incorporates the mobilization phase of dilatancy. Despite its proven ability to replicate 

observed trends in laboratory data for many different rock types, it has some limitations which 

should be noted. First, the model requires nine parameters to define, the physical meanings of 

which are not fully clear; these factors make it very difficult to modify the model or examine it in 

the context of other geomechanical parameters. Second, all of the model parameters affect, to 

various degrees, all aspects of the model shape; the practical implication of this fact is that similar 

qualities of data-model agreement can be achieved using very different parameter combinations, 

particularly if data are limited prior to the mobilization of peak dilatancy. 
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 Building on the work of Alejano and Alonso (2005) and Zhao and Cai (2010a), the author 

has endeavoured to develop an improved model for the dilation angle which can be used in 

conjunction with a CWFS to replicate the observed behaviour of brittle rocks and rockmasses. In 

this study, the development of such a model is presented. Its key strengths are its relatively small 

number of unique parameters (as low as four, depending on the rock type concerned) and its 

segmentation, meaning that the mobilization and decay phases of dilatancy are treated separately. 

The segmentation of the model allows for the detailed study of each parameter’s influence on the 

model, as well as its correlation with other geological and/or geomechanical parameters. By 

incorporating this model into calibrated numerical analyses of in-situ case studies, an improved 

understanding of rockmass behaviour can be developed (see, for example, Hajiabdolmajid et al., 

2002; Zhao et al., 2010a; Walton et al., 2014b).  

6.1.4 Rock Types Studied 

 In an effort to demonstrate the generality of the proposed model, the author has 

considered available laboratory testing data for a wide variety of rocks. The investigation started 

with the data presented by Zhao and Cai (2010a) for mudstone, coal, silty sandstone, weak and 

strong sandstones (SS), seatearth, and Witwatersrand quartzite. These data were taken from the 

paper in the form of (γ
p
,ψ) pairs, as presented. The author also studied data for the medium-

grained Blanco Mera granite and coarse-grained Vilachan granite first presented by Arzua and 

Alejano (2013) and carbonate rocks (Indiana clastic limestone, Toral de Los Vados (TdLV) 

crystalline limestone, and Carrara marble) presented by Walton et al. (2014a). The author also 

had access to a set of data for a heterogeneous diabase unit from the Southwestern United States. 

This rock is a fine-grained, low porosity igneous rock with carbonate and sulphide lineaments. 
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6.2 Analysis of Laboratory Data to Obtain Dilation Angle Estimates 

6.2.1 Methodology 

 To obtain instantaneous dilation angle values from laboratory test data, axial and 

volumetric plastic strain increments are required for use in equation (6-1). Two major approaches 

exist to estimate plastic strains throughout a test (these are examined in detail by Walton et al. 

(2014c)). The first approach uses the irrecoverable strains recorded at unloading points during 

cycled testing as an approximation for plastic strains; this is the approach adopted by (Alejano 

and Alonso, 2005; Zhao and Cai, 2010a; Arzua and Alejano, 2013; Walton et al., 2014a). The 

second approach uses elasticity theory and the definitions of CI and CD of Diederichs and Martin 

(2010) to calculate plastic strains. In this latter approach, all strain measurements are decomposed 

into their elastic and plastic components: 

        
     

 
 

(6-4) 

where εij, εij
e
, and εij

p
 represent the strain tensor and its elastic and plastic components, 

respectively. The plastic strains can then be calculated using the following equations:  
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 (6-7) 

 In equations (6-5) and (6-6), the final terms represent the elastic strain components, and 

the middle terms are correction factors to ensure that the plastic axial strain is equal to zero at CD 

and plastic lateral strain is equal to zero at CI to satisfy the definitions of Diederichs and Martin 

(2010), even if some slight crack-closure non-linearity is experienced at the start of the test. 

Individual point-point estimates of ψ can then be calculated using equation (6-1) and the plastic 
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shear strain at each point can be calculated using equation (6-2). These values were then shifted, 

such that 

   
          

           
   

(6-8) 

to satisfy the condition of yield (γ
p
 = 0) at CD as in Zhao and Cai (2010a) and Chandler (2013). 

 Where the original stress-strain data were available to the author, the second approach 

described above has been used to obtain the instantaneous dilation angle values for analysis. The 

main advantage of this approach is that sufficient data can be collected to allow an individual 

model to be fit to each sample, thus allowing the variability in the model parameters to be 

observed. In contrast, the number of dilation angle estimates obtained based on loading-unloading 

cycles are limited based on the number of cycles used, meaning that data must be aggregated 

from multiple samples to accumulate sufficient data for reliable model fitting to be performed. 

The general procedure for model parameter determination is summarized as follows: 

 Obtain instantaneous dilation angle data (for individual samples where sufficient data is 

available, otherwise aggregated by confining stress) 

 Fit a least-squares set of model parameters to each data set (either one set of parameters 

per sample or per confining stress) 

 Examine the trends in the model parameters obtained for each rock type as a function of 

confining stress 

6.2.2 Considerations on Data Reliability 

 Some of the calculations discussed above have the potential to introduce some errors into 

the data. For example, the strain decomposition method for calculating plastic strains is 

dependent on the quality of the user-defined CI and CD values. In particular, the selection of CD 

is important, since this defines the yield point for the sample, and therefore the plastic shear strain 

values. Another issue with the calculation method is the use of constant elastic parameters (E and 
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ν). The most significant impact is immediately following CD, where the significant increase in ν 

relative to the assumed constant value due to inelastic crack opening effects can result in 

overestimation of the dilation angle (as per equations (6-1), (6-5), (6-6), and (6-7)). Following the 

attainment of peak strength, samples may experience a significant decrease in their Young’s 

Modulus (Martin and Chandler, 1994; Walton et al., 2014a), and this has the potential to create a 

slight underestimation of the dilation angle in this area (as per equations (6-1), (6-5), (6-6), and 

(6-7)). Overall, the results of Walton et al. (2014c) suggest that the overall significance of these 

effects is relatively small, and that particularly for modelling exercises where constant ν and E are 

used, this calculation method should be appropriate. 

 One limitation of laboratory data analysis is its ability to accurately capture the trends in 

dilatancy that occur between yield (CD) and the full mobilization of peak dilatancy. When using 

loading-unloading cycles to estimate the dilation angle, it is sometimes difficult to obtain 

sufficient data coverage in this mobilization range. This is a particular problem in the case of the 

Zhao and Cai (2010a) model for dilatancy, where parameters obtained from post-mobilization 

data inherently influence the pre-mobilization portion of the model. When calculating 

instantaneous dilation angles using the strain decomposition method outlined in equations (6-5), 

(6-6), and (6-7), data in the first few mstrain of plastic shear strain following yield are often quite 

noisy; as a consequence, in rocks where peak dilatancy is achieved soon after yield, it can be 

difficult to properly constrain the model in this region. 

 With respect to repeatability, it must be kept in mind that when studying post-peak 

dilatancy, it is critical that the technique used to monitor lateral strains records an averaged strain 

value for the sample, rather than at a specific location on the sample. These techniques (such as 

monitoring of displaced fluid from a triaxial cell as used by Arzua and Alejano (2013), Walton et 

al. (2014a), and Arzua et al. (2014)) minimize the potential for bifurcation events to dominate the 

measured response, and instead provide a homogenized whole-sample measure of deformation 
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which is more appropriate for the purposes of study within a plasticity framework; Walton et al. 

(2014a) illustrate the relative uniformity of the volumetric strain data obtained using this method. 

6.3 A New Model for Rock Dilation 

 The dilation angle model which has been developed in this study treats the pre-

mobilization, peak, and post-mobilization dilation phases separately (see Figure 6-2). This allows 

each parameter to uniquely define one portion of the overall dilation curve. Overall, the model is 

defined by four to seven parameters, depending on how a user prefers to define the peak dilation 

angle and the post-mobilization decay of the dilation angle. These parameters are given in Table 

6-1. 

 

Figure 6-2 – A typical dilation angle profile obtained from a triaxial test (data shown are for 

a Moura coal sample tested at σ3 = 3 MPa) (data after Zhao and Cai (2010a) – originally 

from Medhurst (1996)). 
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Table 6-1 – Parameters defining the proposed dilation angle model. 

Parameter Definition 

α0 Determines the curvature of the pre-mobilization portion of the curve for σ3 = 0 

α’ Determines how the pre-mobilization curvature changes as a function of σ3 

γm Defines the plastic shear strain at which peak dilation is achieved 

β0 Defines the sensitivity of ψPeak to σ3 at low confinement 

β’ Defines the sensitivity of ψPeak to σ3 at high confinement 

γ0 Defines the decay rate of the dilation angle post-mobilization for zero confinement 

γ’
 

Defines the decay rate of the dilation angle post-mobilization for non-zero 

confinement 

  

 Mathematically, the dilation angle model can be defined using the following piecewise 

function: 
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where UCS is the uniaxial compressive strength of the rock. The dilation angle model for 

      is similar to that proposed by Alejano and Alonso (2005), and the peak dilation angle 

function for sedimentary rocks is identical. 
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 Figure 6-3 shows the model fit to data for a variety of rock types (calculated using 

loading-unloading cycles), with the Zhao and Cai (2010a) model shown for comparison. Note 

that in this figure, data sets with a well constrained pre-mobilization portion of the curve are 

shown. For the remainder of the data analysed, where original stress and strain data were 

available, the dilation angle data used for parameter determination was calculated from the raw 

stress-strain data using equations (6-5), (6-6), and (6-7), and not from loading-unloading cycles 

for the reasons described in Section 6.2.1.  

 

Figure 6-3 – Comparison of the model presented in this paper with the model of Zhao and 

Cai (2010a) for data (loading-unloading cycles) from: (a) Witerwatersrand quartzite 

(Crouch, 1970); (b) mudstone (Farmer, 1983); (c) weak sandstone (Hassani et al., 1984); (d) 

Carrara marble (Walton et al., 2014a). 

 Section 6.4 addresses some mechanistic considerations prompted from the shape of the 

dilation angle model as well as the variability observed immediately following yield when using 
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equations (6-5), (6-6), and (6-7) to obtain dilation angle data. Section 6.5 discusses each portion 

of the model in detail, as well as providing some suggestions for parameter selection. 

6.4 Mechanistic Interpretation 

 In formulating a model for the dilatancy of rock, it is important to give consideration to 

the mechanisms which cause the observed phenomena. In the case of brittle cracking in 

laboratory specimens at low confinement, the grain-based modelling of Diederichs (2003) can 

provide some guidance in the interpretation of mobilization and decay trends of dilatancy. 

Rock dilatancy in laboratory specimens can be split into several phases. Dilatancy first initiates 

between CI and CD, where random axial or sub-vertical cracking occurs. In this phase, the 

dilation angle is very high, but only very small amounts of plastic strain are incurred (the author 

found that typical values of γ
p
 from CI to CD were on the order of 0.1 mstrain); this is why, for 

practical purposes, the deformation phase between CI and CD need not be considered in plasticity 

models. To understand how such a phenomenon can occur, one must consider a fundamental 

definition of plasticity theory. 

 In plasticity theory, plastic strains increments are determined according to the following 

equation: 

     
   ̇      

(6-13) 

where hij is the flow rule, which in the case of a Mohr-Coulomb formulation depends only on ψ, 

and  ̇ is the plastic multiplier, which depends on the plastic potential, the yield function, and the 

elastic deformability tensor (after Lubliner (1990)). In the case of axial cracking from CI to CD, 

despite the high dilation angle, the value of the plastic multiplier is relatively low, leading to 

small plastic strains.  

 Following the attainment of CD, unstable cracking initiates. This includes the growth of 

axial cracks, the formation of new grain boundary cracks, and ultimately the coalescence of 
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cracks into a pseudo-shear plane (Diederichs, 1999). The author suggests that between CD and 

the initiation of dilation angle decay, two distinct phases of deformation can be observed in the 

dilation angle data. Immediately following CD (within ~1 mstrain of plastic shear strain), 

instantaneous dilation angle values are highly variable, ranging from 0
o
 to 90

o
; the author 

hypothesizes that this corresponds to micro mode-switching between axial and grain boundary 

cracking. In this phase, the high dilation angle events are associated with a different type of yield 

than the low dilation angle events, meaning that the effective plastic multipliers for these events 

are different. As such, the lower dilation angle events may result in as much or more plastic strain 

than the higher dilation angle events. After some straining past CD, when the cracks coalesce into 

a pseudo-shear plane, the dilation angle becomes much less variable, and mobilizes to a 

maximum shear dilatancy value. Finally, as straining continues, shearing destroys asperities; this 

reduces the potential for dilatancy during shear slip, and consequently causes the dilation angle to 

decay. In these later phases, the failure mechanism is consistent (pseudo-shear), and as such, 

limited variability is expected in the value of the plastic multiplier, especially once residual 

cohesion and peak friction are attained. As such, the dilation angle is the primary control on strain 

magnitudes in these phases. Figure 6-4 provides an illustration of this mechanistic model as it 

relates to a set of data for an Indiana limestone sample (plastic strains obtained through strain 

decomposition, not loading-unloading cycles). The same overall shearing-induced trend can be 

seen in data presented in Figure 6-3 as well is in Zhao and Cai (2010a) and Walton et al. (2014a); 

note that these data do not show significant variability in the initial deformation stage, since they 

were calculated based on data from a limited number of loading-unloading cycles, whereas the 

data presented by Kwasniewski and Rodriguez-Oitaben (2012) and Walton et al. (2014c) for 

unconfined conditions do, as they were calculated from raw strain measurements based on 

elasticity theory (see Section 6.2.1). 
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Figure 6-4 – (a) Mechanistic interpretation of the evolution of dilatancy in a laboratory 

sample starting from CD; (b) example data from Indiana limestone showing correlation 

with the mechanistic model; (c) influence of different deformation modes on the overall 

plastic deformation of the sample. 

 In Figure 6-4c, the data set from Figure 6-4b is presented to allow the interpretation of 

the relationship between the dilation angle and the plastic multiplier in the pre-mobilization phase 
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of dilatancy. For each instantaneous dilation angle in this phase, the corresponding plastic shear 

strain increment was determined. Generally speaking, a higher plastic shear strain increment 

should correspond to a larger plastic multiplier, and therefore have a more significant influence 

on the final, overall volumetric strain evolution of the sample. The data in Figure 6-4c are 

consistent with the hypotheses presented above, particularly that high dilation angle cracking 

events at stresses very near CD do not necessarily have a significant influence on the overall 

behaviour of the sample. For the initial phase of highly variable dilation angles, the total plastic 

shear strain (sum of the increments) corresponding to dilation angles greater than 40
o
 was found 

to be 0.17 mstrain, whereas the value for dilation angles less than 40
o
 was found to be 0.31 

mstrain. Once shear dilatancy begins to mobilize and macroscopic deformation initiates, the 

plastic shear strain increments increase, despite the relatively low dilation angles associated with 

this deformation. 

With respect to the proposed model, the main implication of this finding is that using a dilation 

angle model which starts from 0
o
 at γ

p
 = 0 is an appropriate representation of the observed 

deformation trends. In cases where shear dilatancy is fully mobilized immediately following the 

initial variability in the dilation angle, the selection of α = 0 or γm = 0 should be appropriate. 

6.5 Proposed Model Sensitivity to Confinement 

6.5.1 Pre-Mobilization Dilation 

 The pre-peak model for dilation was developed based on an examination of the dilation 

angle over the normalized domain and range γ
p

norm ϵ [0,1], ψnorm ϵ [0,1], where γ
p

norm = γ
p
/γm and 

ψnorm = ψ/ψpeak. Normalizing the values results in the removal of any effects beyond the curvature 

of the pre-peak dilation function on the fit, and it also constrains the function to be required to 

pass through the point (1,1). 

 In this pre-mobilization domain, a logarithmic function was found to fit laboratory data 

very well. The key issue with this formulation is that the logarithm function is undefined for input 
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values of 0. The author proposes that such an issue can be overcome by transitioning from a 

logarithmic function to a tangent linear function where the tangent ray intercepts the origin. This 

condition is satisfied where the two functions are equal, 

    
    

           
    

  
(6-14) 

and where the slope of the line equals the slope of the natural logarithm, 

 
    

 

  
    

 
(6-15) 

 Solving these equations, the point of tangency can be found as 

   
                

(6-16) 

 Equations (6-14) and (6-15) form the basis of the first portion of the piecewise function 

given in equation (6-9). Figure 6-5 shows typical data for a Carrara marble sample in the 

normalized domain and range, as well as a variety of model shapes for different values of α. 

 

Figure 6-5 – Example of pre-peak data for a sample of Carrara marble with models shown 

for several α (pre-mobilization curvature) values. 
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 Because the parameter α is not influenced by the plastic shear strain at which peak 

dilation is mobilized (γm), it cannot be thought of as controlling how “quickly” peak dilation is 

attained. Rather, it is a measure of how uniform the rate of mobilization is. In the extreme 

(limiting) cases of this parameter, the dilation angle rises instantaneously to a value just below 

ψpeak and remains there until γm (α = 0), or the rate of dilation angle mobilization is constant with 

respect to plastic shear strain, and the pre-peak mobilization takes the form of a straight line until 

ψpeak (α = 1). As can be seen from equation (6-16), for greater values of α, the tangent line 

function makes up a larger portion of the pre-peak curve (see Figure 6-5). 

 In some cases, the amount or quality of available pre-mobilization data precludes the 

accurate determination of the pre-mobilization parameter, α. In this case, the user of the data has 

options. If the plastic shear strain at which peak dilation is mobilized (γm) can be reasonably 

identified, the use of the value α = 0 will provide a conservative representation of the dilation 

angle in the pre-mobilization portion of the curve, setting ψ = ψpeak in this region. Alternatively, 

peak dilation can be assumed to be mobilized immediately at CD (γm = 0), providing a similar, 

conservative result.  

 Qualitatively, the nature of the pre-mobilization curvature of the dilation angle tends to 

vary as a function of confinement. In particular, the pre-mobilization segment tends to becoming 

increasingly linear (increased α) at higher confinements; this can be seen from the data in Figure 

6-3. To constrain this trend, all α values obtained from data sets with sufficient data in the pre-

mobilization region were plotted as a function of the applied confining stress (see Figure 6-6).  
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Figure 6-6 – Values of the pre-mobilization parameter, α, for various different rock types. 

The dotted black line corresponding to α = 0.1 + 0.01·σ3 represents a reasonable lower 

bound estimate for this parameter. 

 For all of the different rock types, a roughly linear trend can be seen. It should be noted 

that this linear trend may only be valid at low confinements where failure mechanisms are brittle 

or semi-brittle. For these low confinement conditions, however, equation (6-10) appears to 

provide a good approximation to the observed behaviour. Considering that lower values of α will 

always be more conservative (will lead to a higher average dilation angle), the data suggests that 

conservative estimate for α can generally be obtained using α0 = 0.1 and α’ = 0.01 in this 

equation. The only rock type shown which deviates significantly from the lower bound is the 

Indiana Limestone; this deviation is likely related to the relatively high porosity of the rock, and 

its tendency towards more ductile failure at relatively low confinements Walton et al. (2014a). 

6.5.2 Peak Dilation 

 There are two main components which define peak dilatancy: the peak dilation angle 

itself (ψPeak) and the plastic shear strain at which it is mobilized (γm). It has been suggested by 
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many authors that ψPeak should be a function of confining stress, such that it is greater at low 

confinement than at high confinement (Detournay, 1986; Alejano and Alonso, 2005; Zhao and 

Cai, 2010a). Alejano and Alonso (2005) were able to fit a function to the peak dilation angle data 

for several sedimentary rocks (sandstone, silty sandstone, Portland limestone, coal, and 

mudstone) without the creation of any new parameters: 
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) (6-17) 

 Although the assumption associated with this equation that ψPeak = ϕPeak at σ3 = 0 been 

found to be consistent with data for many rock types, Zhao and Cai (2010a) and Arzua and 

Alejano (2013) have found that equation (6-17) tends to over-predict the sensitivity of the peak 

dilation angle to confining stress for crystalline rocks, including granite and quartzite, thus 

resulting in an underprediction of ψPeak at high confinement. 

 The weakness of the Alejano and Alonso (2005) model for peak dilation of crystalline 

rocks is not in its general logarithmic shape. Indeed, the author has found that a logarithmic 

model of the form 

      

     
  

 
          (6-18) 

fits the data from all of the rock types extremely well. Again, to deal with the issue that σ3 = 0 

MPa is not within the domain of equation (6-18), a tangent linear segment with the equation 

      

     
   

  

                
   (6-19) 

was adopted for all σ3 satisfying the condition 

                       (6-20) 
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 The resulting model for peak dilation is controlled by two parameters, β0 and β
’
, which 

roughly control the influence of confinement on peak dilatancy at low and high confinements, 

respectively; the sensitivity of the model to these parameters is illustrated in Figure 6-7. 

 

Figure 6-7 – Variation in peak dilation angle model shape as a function of model 

parameters. 
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 The model for peak dilatancy which is described by equations (6-18), (6-19), and (6-20) 

was found both to fit data for sedimentary rocks for which the Alejano and Alonso (2005) model 

is also appropriate (Figure 6-8) as well as for crystalline rocks (Figure 6-9). For sedimentary 

rocks, the author proposes the continued use of the Alejano and Alonso (2005) model for ψPeak 

given its relative simplicity. 
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Figure 6-8 – Proposed model fits (solid lines) to peak dilation angles for rock types which fit 

the Alejano and Alonso (2005) model (dashed lines). 
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Figure 6-9 – Proposed model fits (solid lines) to peak dilation angles for rock types which do 

not fit the Alejano and Alonso (2005) model (dashed lines). 

 One important feature of the data to be noted is that for rock types where multiple values 

are available for each confining pressure, there is a significant spread in the peak dilation angles, 
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particularly for more heterogeneous rocks such as the diabase and the Toral de Los Vados 

Limestone. Inspection of this data also confirms that the crystalline rocks generally have higher 

peak dilation angles than sedimentary rocks under confined conditions, relative to their respective 

friction angles. 

 To quantify the relative quality of the fit proposed in this study with that of the Alejano 

and Alonso (2005) model, the root-mean-squared-error (RMSE) of each model was calculated: 
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 (6-21) 

 Because of the greater number of parameters defining the model proposed in this study, 

this model was found to fit the observed data better than the Alejano and Alonso (2005) model in 

all cases. In certain cases, the relative benefit of using the more complex model is minimal, as the 

difference between the RMSE for the two models is minimal. As can been seen from Figure 6-10, 

the Alejano and Alonso (2005) model best fits those rocks which have a β0 parameter less than 

0.7 (sedimentary rocks), meaning a relatively large drop in the peak dilation angle at low 

confinements. As the β0 parameter for a rock increases, there is a corresponding increase in the 

error of the Alejano and Alonso (2005) model. 
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Figure 6-10 – Fit quality of the Alejano and Alonso (2005) peak dilation model as a function 

of the peak dilation parameter, β0; the fit quality is represented as the RMSE difference 

between their model (RMSEA-A) and the proposed model (RMSEW-D). 

 It is important to consider what sets the different rocks apart in their peak dilation 

response, besides the clear division between the behaviour of sedimentary and crystalline rocks. It 

appears that a major factor in determining the low confinement response of the peak dilation 

angle (and therefore β0) may be porosity. Indeed, all of the sedimentary rocks studied are 

expected to have higher porosities by nature of their genesis. The granites and the quartzite are 

expected to have the lowest porosity, whereas the marble and the diabase (due to its disturbed, 

heterogeneous nature) should have an intermediate porosity. Although the absolute porosity 

values of all of these rocks are unknown, qualitatively these observations suggest that as porosity 

decreases, β0 increases, and the Alejano and Alonso (2005) model for peak dilation becomes less 

valid. Mechanistically, this interpretation is reasonable: non-porous rocks have greater geometric 

constraints on grain-scale movements, which forces dilatancy at all confinements, whereas grains 
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in porous rocks have more freedom of movement to deform into pore spaces, thus reducing 

dilatancy once a lateral boundary condition is applied. 

 The second important component of defining peak dilatancy is to define the plastic shear 

strain at which it is mobilized, γm. In general, it appears that there is no particular dependency of 

this parameter on confining stress, as can be seen from the examples in Figure 6-3. 

 Since no coherent trends with respect to confining stress could be determined, variations 

in γm are considered random in nature. For each rock type where the γm could be reasonably 

constrained, the minimum, median, and maximum values of this parameter have been determined, 

and are shown in Figure 6-11. One interesting trend in this data is that the more brittle rocks 

studied tend to have lower values of γm. 

 

Figure 6-11 – Plastic shear strains to dilation mobilization (γm) for a variety of rock types; 

minimum (left bar), median (o), and maximum (right bar) observed values shown, as are 

number of data points considered for each rock type (“n”). 

 In practice, constraining γm to a single value for all confinements simplifies the dilation 

model greatly without reducing the ability of the model to accurately represent observed data. 

Once a reasonable estimate of γm has been obtained, fitting to determine other model parameters 

can be performed given the constraint of a fixed value of γm. In this manner, the model for each 

confinement can be optimized to minimize errors. For the data illustrated in Figure 6-3, the 
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median value of γm has been determined for each rock type, and then the fitting has been re-

performed, fixing this value of γm for all confinements. As can be seen in Figure 6-12, this 

constraint does not significantly decrease the quality of the model fit to the data. 

 

Figure 6-12 – Comparison of the proposed model as fit to individual sample data with the 

model using a fixed γm at all confinements for data from: (a) Witerwatersrand quartzite 

(Crouch, 1970); (b) mudstone (Farmer, 1983); (c) weak sandstone (Hassani et al., 1984); (d) 

Carrara marble (Walton et al., 2014a). 

6.5.3 Post-Mobilization Dilation 

 Following the attainment of peak dilatancy, the dilation angle gradually decays towards a 

value of zero; this phenomenon has been acknowledged in both the models of Alejano and 

Alonso (2005) and Zhao and Cai (2010a). In this study, a simple exponential decay model as 

defined by equation (6-9) for γ
p
 ≥ γm was found to fit the observed data quite well. The parameter 
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which defines the rate of decay of the dilation angle (γ
*
) shows some interesting trends as a 

function of the confining stress. Alejano and Alonso (2005) suggested that this parameter could 

be treated as a constant, whereas the model of Zhao and Cai (2010a) implies that the rate of decay 

should increase modestly as a function of confining stress through their equation for the 

parameter “c”. 

 In examining the data obtained for the γ
*
 parameter, the author found that the results 

obtained for uniaxial tests were significantly different from those obtained for triaxial tests. In 

particular, a large number of the uniaxial tests analyzed for the Blanco Mera and Vilachan 

Granites, Indiana and Toral de Los Vados limestones, and the Carrara marble all showed almost 

no decay of the dilation angle over the range of plastic shear strains tested. 

 These uniaxial tests had values of the decay parameter ranging from several hundred to 

effectively infinity; it should be noted that sensitivity of the decay curve to γ
*
 drops as γ

*
 

increases, meaning the practical difference between these values is in fact relatively small. Not all 

uniaxial test data showed no decay, with some tests having values closer to those seen in triaxial 

tests (values below 100 mstrain). This can most simply be attributed to the highly variable nature 

of rock failure as observed in uniaxial testing. Since, for basic modelling purposes, this variability 

can be not be fully represented, it is recommended that a high value of γ
*
 be adopted for uniaxial 

conditions (i.e. γ0 ≈ 200 mstrain). Using higher values of this parameter will always result in a 

higher average dilation angle, and therefore a more conservative estimation of ground 

movements. For modelling applications, when applying this parameter to rock under “zero” 

confinement, it may be desirable to apply γ0 to material with σ3 less than some small, critical 

value to account for numerical uncertainty in the calculated confinements for individual zones. 

The author suggests that a transition to “non-zero” confinement in the range of 200 kPa to 

500 kPa may be appropriate. 
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 Under triaxial conditions, the data for γ
*
 showed no consistent trend as a function of 

confinement. Therefore, it is the belief of the author that additional complexity is likely not 

necessary to adequately capture post-mobilization behaviour. For modelling applications, the 

value of γ
*
 needs only to accurately reflect the behaviour of rock which is yielding, and which 

undergoes significant strain such that the decay portion of the dilation curve impacts the model 

result. As such, when selecting an overall representative value of γ
’
 to be used as γ

*
 for triaxial 

conditions, the median value observed at low confinement conditions is recommended. If future 

studies determine particular trends in this parameter as a function of confinement for specific rock 

types, this can easily be incorporated into the model through a modification of equation (6-11), as 

required. 

 For all of the rock types studied, the range of dilation decay parameter values determined 

for triaxial conditions are shown in Figure 6-13. In considering this figure, the general trend that 

more brittle rocks tend to have lower values of γ
’
 than more ductile / strain-weakening rocks can 

be seen. 

 

Figure 6-13 – Dilation decay coefficients (γ
’
) for a variety of rock types; minimum (left bar), 

median (o), and maximum (right bar) observed values shown, as are number of data points 

considered for each rock type (“n”). 
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6.5.4 Mechanistic Changes with Increasing Confinement 

 As confinement increases and deformation mechanisms become increasingly ductile, the 

overall volumetric strain associated with failure decreases. Correspondingly, there are changes in 

all aspects of the dilation angles evolution post-yield. Figure 6-14 shows a simplified schematic 

view of how the dilation angle varies with confining stress, and how this relates to the primary 

deformation mechanism. Confining stress values were based on observed trends in data. For 

higher confinement cases, data for mudstone (Farmer, 1983) and Indiana limestone (Walton et al., 

2014a) were used to estimate rough confining stresses, along with the findings of Mogi (1966) on 

the brittle-ductile transition in rock. Note that the dilation angle model as presented in this study 

is most appropriate for lower confining stresses (i.e. σ3/σ1_MAX less than approximately 10). This is 

particularly true of the post-mobilization portion of the curve, which ignores the inevitable 

increase in γ
’
 at high confinements (required to obtain a constant dilation angle for ductile failure) 

by using a constant parameter value. 

 

Figure 6-14 – Typical dilation angle evolution at various confining stresses, with dominant 

deformation mechanisms on the right. 
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6.6 Summary and Conclusions 

 All of the model parameters determined for the various rock types studied are displayed 

in Table 6-2, and Table 6-3 summarizes the findings on each of the individual parameters. 

Table 6-2 – Summary of dilation model parameters for rocks studied. A “-” indicates that 

insufficient data existed to properly constrain the parameter of interest. 

Rock Type α0 α'
 γm 

(mstrain) 
β0 β' 

γ0 

(mstrain) 

γ' 

(mstrain) 

Granite – Vilachan - - 1.0 0.97 0.041 200 19 

Granite – Blanco Mera - - 1.0 0.97 0.054 200 26 

Witwatersrand Quartzite 0.03 0.014 2.6 1.11 0.136 100 26 

Diabase 0.13 0.010 1.6 0.88 0.135 - 28 

Carrara Marble 0.18 0.003 6.5 0.83 0.090 300 17 

Toral de Los Vados Limestone - - 1.0 0.69 0.126 300 40 

Indiana Limestone 0.17 0.045 1.4 0.59 0.117 200 19 

Coal - - 1.0 0.59 0.181 120 25 

Mudstone 0.08 0.033 20.5 0.64 0.127 280 82 

Sandstone (Strong) - - - 0.68 0.142 110 92 

Sandstone (Weak) - - 6.1 0.62 0.189 50 26 

Seatearth - - 4.4 0.68 0.218 200 71 

Silty Sandstone - - - 0.67 0.141 140 94 

 

Table 6-3 – Summary of findings for each model parameter. 

Parameter Influence 
Determination from 

Laboratory Data 

Determination without 

Laboratory Data 

α0 
Pre-mobilization 

curvature 

Intercept of linear fit 

to α vs σ3 

Initial estimate = 0.1 - lower 

values are more conservative 

α' 

Pre-mobilization 

curvature - σ3 

sensitivity 

Slope of linear fit to 

α vs σ3 

Initial estimate = 0.01 - lower 

values are more conservative 

γm 
Plastic shear strain at 

ψPeak 

Representative value 

from multiple tests 

1-2 mstrain for brittle rocks, 

variable for others 

β0 
Sensitivity of ψPeak to 

σ3 at low confinement 

Constant term in 

natural log fit for 

ψPeak 

Initial estimate = 1 for crystalline 

rocks - higher values are more 

conservative 

β' 

Sensitivity of ψPeak to 

σ3 at high 

confinement 

Multiplier in natural 

log fit for ψPeak 

Initial estimate = 0.1 - lower 

values are more conservative 

γ0 
Decay rate at zero 

confinement 

Representative value 

from UCS tests 

200 mstrain is roughly 

representative 

γ' 
Decay rate at non-

zero confinement 

Median value for low 

confinements 

Between 20 mstrain and 100 

mstrain (lower for brittle rocks) - 

higher values are more 

conservative 
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 The proposed model appears to fit the data from a wide number of rock types very well. 

The main advantage of this model is its flexibility in allowing users to customize the model as 

desired based on the level of detail required. Since each parameter defines an independent portion 

of the model curve, the model can easily be either simplified or expanded. For example, if future 

studies find a relationship between γm and other material parameters or state variables, this could 

be readily incorporated. Alternatively, if a particular user of the model prefers the use of a 

function to define the subtle changes in γ
*
 with confinement (as in the case of the Zhao and Cai 

(2010a) model), this can be implemented simply by modifying equation (6-11). With respect to 

simplifying the model, one clear simplification is written into equation (6-12) – for sedimentary 

rocks, the peak dilation angle can be determined using the equation of Alejano and Alonso 

(2005), thus eliminating β0 and β
’
 from the model. Similarly, if the details of the pre-mobilization 

curve are unimportant, α0 = α
’
 = 0 or γm = 0 can be defined. 

 Ultimately, the applicability of models such as the one proposed in this study depends on 

their ability to accurately replicate rockmass behaviour in-situ. To ensure that representative 

model parameters are used for the numerical models of in-situ rockmasses, a parameter 

calibration can be performed using available in-situ measurements such as displacements 

recorded using extensometers during excavation advance (Walton et al., 2014b). 
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Chapter 7 

Verification of a laboratory-based dilation model for in-situ conditions 

using continuum models
6
 

7.1 Introduction 

 Recently, numerical methods have become increasingly popular tools to analyze 

rockmass behaviour. Computer programs which represent rockmasses as continua and 

discontinua can be used to predict loads and displacements in rock structures and support or 

reinforcement systems or to verify hypotheses about observed behaviour (back analysis). 

Although these tools are no longer restricted to research applications, models used in the study of 

civil and mine geotechnical structures are often limited in their complexity (i.e. elastic models for 

stress prediction). This is largely due to questions about the validity of more complex models. In 

fact, the use of inadequate material models is one of largest limiting factors in numerical analyses 

(Lade, 1993; Carter et al.., 2008). 

 Continuum models are more commonly used than discontinuum models in rock 

engineering (even when they are not necessarily appropriate). The existing experience base in the 

geotechnical community with respect to modelling rock masses as continua is a major driver of 

this phenomenon (Bobet, 2010). Although rapidly evolving discontinuum and hybrid 

continuum/discontinuum modelling tools provide a valuable alternative to continuum models for 

some applications (see Jing, 2003 and Bobet, 2010), it is important to continue to improve 

constitutive models for use in continuum models given their relative accessibility and ease of use. 

                                                      

6
 A version of this Chapter has been published with the following citation: Walton, G., Diederichs, M.S., 

Alejano, L.R., and Arzua, J. 2014. Verification of a lab-based dilation model for in-situ conditions using 

continuum models. J. Rock Mech. and Geotech. Eng. DOI 10.1016/j.jrmge.2014.09.004 
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 One area of particular historical deficiency in terms of constitutive models for rocks and 

rockmasses is their post-yield volumetric response to continued deformation. Correspondingly, 

the tendency of rockmasses to dilate following yield has been a topic of increased research 

recently. Understanding this phenomenon may be integral in allowing for the accurate prediction 

of yield and ground movement; this is particularly true of more brittle rocks, which tend to dilate 

most significantly (Hoek and Brown, 1997). 

 In this study, different approaches for modelling dilative behaviour are reviewed, and 

then used in a back analysis of extensometer data from the Donkin-Morien Tunnel (Nova Scotia, 

Canada). One dilation model in particular is then applied to further case studies to illustrate its 

ability to successfully replicate displacements measured in-situ. 

7.2 Models for Rock Dilation 

 The tendency of rocks to expand under compression was first shown to be a true material 

property (rather than an influence of the testing system) by Cook (1970). Although the underlying 

mechanisms for this phenomenon are fundamentally brittle (see Brace et al. (1966) and Jaeger 

and Cook (1969)), different formulations based on plasticity theory have been developed over the 

years in an attempt to properly capture the macroscopic stress-strain behaviour of rocks. 

 For a Mohr-Coulomb solid, the ratios of plastic strain components are controlled by the 

dilation angle, ψ. This parameter uniquely defines the stress gradient of the plastic potential 

function, which is in turn directly proportional to the plastic strain tensor for a material at yield. 

The connection to volumetric strain can be seen through the general definition of the dilation 

angle in terms of plastic strain increments (Vermeer and de Borst, 1984): 

 
       

  ̇
 

    ̇
 
   ̇

  
(7-1) 

or, equivalently, 
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 (7-2) 

where   ̇
 

 and   ̇
 
 are the volumetric and major principal plastic strain increments, respectively. 

 Early work on the post-yield deformation of plastic solids led to the concept of an 

associated flow, which requires the plastic potential surface to be coincident with the yield 

surface in stress space (in this case, the friction angle, ϕ, is equal to ψ). In this case, the plastic 

dissipation (energy loss) associated with post-yield deformation is zero. As the study of soil and 

rock plasticity progressed, it was noted by many that the adoption of an associated flow rule was 

inappropriate for granular materials which dissipate energy through frictional mechanisms 

(Roscoe, 1970; Price and Farmer, 1979; Vermeer and de Borst, 1984; Chandler, 1985). More 

recently, a number of authors have noted that for such materials, it is necessary not only to use a 

non-associated flow rule, but also to use a dilation angle which depends on confining stress and is 

mobilized as damage accumulates in the rock; note that “damage” is commonly quantified in 

terms of the maximum plastic shear strain, γ
p
, taken as the difference between the major and 

minor principal plastic strain components. 

7.2.1 Mobilized Dilation Models 

 In the study of soil mechanics, there were early attempts to tie the mobilization of the 

dilation angle to the mobilization of friction over the course of deformation (see Rowe, 1971). 

Detournay (1986) extended this mobilized dilation concept to rockmasses based on theoretical 

considerations, although his model for the dilation angle was independent of any change in the 

friction angle. Work by Ofoegbu and Curran (1992) represents one of the first mobilized dilation 

models which was developed based on the study of laboratory test data and accounts for both the 

confining stress and accumulated strain dependencies of rock dilatancy. Cundall et al. (2003) also 

proposed a model for post-yield dilatancy, although theirs was based solely on theoretical 

considerations. 
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 The model proposed by Alejano and Alonso (2005) represented a major advancement in 

the study of rock dilatancy, both in that it was shown to fit data from a wide number of 

lithologies, and in that it requires only one parameter to define the dilation angle for all (σ3,γ
p
) 

conditions. In this model, the initial dilation angle following yield is taken to be the peak dilation 

angle, which is a function of the confining stress. As deformation continues, the dilation angle 

gradually decays from its peak value. Typical volumetric strain – axial strain plots as obtained 

from laboratory compression tests are shown in Figure 7-1, both for a material following the 

Alejano and Alonso (2005) model for dilation (AA), and for a material with a constant dilation 

angle. 

 

Figure 7-1 – Volumetric strain – axial strain curves for the Alejano and Alonso (2005) 

dilation angle model (top) and a constant dilation angle (bottom) (after Walton and 

Diederichs, 2013). 
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 Based on a statistical analysis of in-situ displacements predicted using the AA model for 

dilation and a variety of strength and stiffness parameters, Walton and Diederichs (2014a) 

concluded that in many cases (particularly for near hydrostatic stresses), results obtained using 

the AA model can be approximated using a constant dilation angle. For preliminary models, they 

suggested a constant dilation angle value of  

                                 
(7-3) 

where σcrm is the rockmass strength at unconfined conditions, and σe_t is the elastic tangential wall 

stress, which, for a circular tunnel, has a maximum value of 

                   
(7-4) 

 The AA model has two major limitations. The first is that it was developed based solely 

on a selection of sedimentary rock data, and it has since been shown that the confinement-

dependency of the peak dilation angle as predicted by their model is too large for crystalline rocks 

(Zhao and Cai, 2010a; Arzua and Alejano, 2013; Walton and Diederichs, 2014b). The second is 

that the model is based on the assumption that yield in-situ is coincident with peak strength as 

observed in laboratory tests. Although this assumption may be true for certain weaker 

rockmasses, for rockmasses which deform through brittle fracturing processes, a different 

definition of yield must be used (Martin, 1997; Diederichs, 1999; Diederichs and Martin, 2010). 

 In contrast to that of Alejano and Alonso (2005), the dilation angle model of Zhao and 

Cai (2010a) defines the onset of unstable cracking (CD) as yield (which is consistent with the 

conclusions of Diederichs and Martin (2010) for brittle rocks). The model of Walton and 

Diederichs (2014b) (W-D) uses this same definition for yield, and obtains similar model fit 

qualities using a lower overall number of parameters. 
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7.2.1.1 The Walton-Diederichs (2014b) Dilation Model 

 Like the Zhao and Cai (2010a) model, the W-D model begins with a dilation angle of 0
o
, 

then mobilizes dilation to a peak value before initiating a gradual decay as predicted by the AA 

model. Although some dilatancy caused by crack opening can be observed, it is the dilatancy 

which mobilizes due to shear deformation of cracks that controls the major volume changes 

observed in laboratory tests. By fitting this model to data obtained from laboratory compression 

testing, the parameters necessary to define the model can be obtained for a given rock type. 

Figure 7-2 illustrates the different phases of dilation as well as the confinement dependency 

incorporated into the W-D model. The equations of the W-D model and descriptions of the 

parameters are provided in the following paragraph. 
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)   )                          

                               

 (7-5) 

Table 7-1 summarizes the terms presented in equation (7-5). 

Table 7-1 – Descriptions of terms from equation (7-5).  

Symbol Name Significance 

α Pre-mobilization parameter Controls initial model curvature 

ψPeak Peak dilation angle Maximum value of ψ for all γ
p
 

γm Mobilization strain γ
p
 at which ψPeak is obtained 

γ* Decay parameter Controls post-mobilization decay rate 

γ
p
 Maximum plastic shear strain Independent state variable 
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Figure 7-2 – Different phases of post-yield dilatancy as seen in triaxial test data for coal 

(top) and confinement dependency of the peak dilation angle (ψPeak) for Carrara Marble 

(bottom) (after Walton and Diederichs, 2014b). 
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 The pre-mobilization parameter (α) controls the curvature of the model up to the peak 

dilation angle. A value of 1 corresponds to a linear increase, whereas a value of 0 corresponds to 

an immediate rise to the peak dilation angle which remains constant for the pre-mobilization 

phase. This parameter increases linearly with confinement, and can be broken down into its slope 

(α’) and its intercept (α0): 

              (7-6) 

 The plastic shear strain to peak dilation mobilization (γm) has not been shown to have any 

consistent dependency on confining stress, but the peak dilation angle itself (ψPeak) can be defined 

for all confinements as a function of two parameters 
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 (7-7) 

where β0 controls the confinement dependency at low confinements (σ3 < ~2-3 MPa) and β’ 

controls the confinement dependency at higher confinements (σ3 > ~2-3 MPa). Note that for 

sedimentary rocks, β0 and β’ need not be defined, as the AA model for peak dilation can be used. 

 The post-mobilization decay parameter (γ
*
) defines the amount of straining past γm 

required to reduce the dilation angle to 1/e (37%) of its initial value. This parameter tends to 

decrease slightly with increased confining stress, although both Alejano and Alonso (2005) and 

Walton and Diederichs (2014b) suggest that for practical purposes, the post-mobilization decay 

rate can be considered similar regardless of confining pressure. Under uniaxial test conditions, 

however, there was a tendency for the decay parameter to be significantly higher (less decay) than 

under triaxial test conditions. Although the influence of confinement on this parameter is likely a 

smooth function of confining stress, a lack of testing data at very low confinements (below 0.5 
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MPa) precluded the definition of a continuous function to capture this change. As such, they 

defined two unique decay parameters: γ0 for unconfined conditions and γ’ for confined conditions 

(equation (7-8)). Whether this distinction is necessary for modelling in-situ dilatancy is uncertain. 

 
     {

              

              
 (7-8) 

 With respect to typical values, Walton and Diederichs (2014b) found that more brittle 

rocks tended to have lower values of α, γm¸ and γ
*
, and higher values of ψPeak at all confinements 

(due primarily to higher β0 values). Figure 7-3 shows a comparison of dilation models fit to 

quartzite and mudstone data from the literature, for comparison. The parameters associated with 

these models are provided in Table 7-2. Note that the dilation angle model parameters only 

control the dilation angle mobilization relative to its peak value at unconfined conditions; the 

absolute value of this peak is equal to the peak friction angle, which in this case is 73
o
 for the 

quartzite data and 46
o
 for the mudstone data. 



 

278 

 

 

Figure 7-3 – W-D dilation angle model results for Witwatersrand quartzite (top) and 

mudstone (bottom) with confining stresses and parameter values shown; fit parameters 

from Walton and Diederichs (2014b) were determined using quartzite data from Crouch 

(1970) and mudstone data from Farmer (1983). 
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Table 7-2 – Parameters used to generate the dilation angle model curves shown in Figure 

7-3. 

Quartzite 

α0 α' 
γm 

β0 β' 
γ0 γ' 

(mstr) (mstr) (mstr) 

0.03 0.014 2.6 1.11 0.136 100 26 

 

Mudstone 

α0 α' 
γm 

β0 β' 
γ0 γ' 

(mstr) (mstr) (mstr) 

0.08 0.033 20.5 0.64 0.127 280 82 

 

2.2 Application of Laboratory-Based Models for Modelling In-Situ Behaviour 

 As is the case in many rock mechanics studies, the greatest challenge with respect to 

understanding rock dilation is determining to what degree the behaviours observed in the 

laboratory truly reflect the mechanisms which control in-situ damage and deformation. Some 

have pointed out the difficulties associated with modelling the dilation of spalling fractures 

around underground openings (Kaiser et al., 2010). The main issue in this case is that when 

cracks first begin to form and propagate, almost all of the irrecoverable strain is towards the 

excavation opening, corresponding to a dilation angle of 90
o
. The author suggests, however, that 

similarly to the initial yield observed in laboratory tests, the initial post-yield fracture opening in-

situ may be insignificant, and that cases where highly dilatant spalling is observed involve a 

notable shear component of deformation along macroscopic fractures. The examples of non-

dilatant spalling shown in Figure 7-4 are consistent with an in-situ dilation angle that rises from 

0
o
 to a peak dilation angle after some small degree of shear movement along fracture planes. The 

results of Zhao et al. (2010a) further support the extension of laboratory-based dilatancy models 

to use for in-situ brittle behaviour; by modelling a mine-by experiment in a massive granitic 

rockmass using a mobilized dilation model, they were able to accurately reproduce displacements 

as observed in-situ. To further demonstrate the applicability of laboratory-based dilation angle 
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models for the purposes of modelling in-situ brittle deformation, back analyses have been 

performed based on data available from the literature.  

Figure 7-4 – Examples of non-dilatant spalling observed in-situ – (a) excavation-parallel 

fracturing in a TBM tunnel (b) a sequence of fractures in a highly stressed mine drift. 

7.3 Comparison of Modelling Approaches 

An access tunnel for the Donkin-Morien coal mine in Cape Breton Island, Nova Scotia, 

Canada was driven by a shielded LOVAT M-300 TBM from January, 1984 to December, 1984. 

The maximum depth of the tunnel was 200 m below the seabed. Monitoring data for this tunnel 

originally analyzed by Pelli et al. (1991) using elastic models have been re-analyzed to 

demonstrate the ability of different modelling approaches to replicate observed displacements in-

situ. The extensometer data collected at chainage 2996 were selected for analysis given the 

quality of the data and the lack of any geological interfaces near the apparent boundary of the 

yield zone. At this location, the tunnel was excavated in an interbedded siltstone-mudstone unit. 

A tunnel cross-section is shown in Figure 7-5, with the principal stress directions and magnitudes 

interpreted by Pelli et al. (1991) illustrated. 
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Figure 7-5 – Donkin-Morien tunnel at study location (chainage 2996) with Finite-Difference 

mesh near excavation shown. 

 Laboratory testing results showed UCS values between 15 MPa and 63 MPa with a mean 

of 36 MPa for the interbedded siltstone-mudstone unit and values between 14 MPa and 69 MPa 

with a mean of 54 MPa for the siltstone unit. Young’s modulus values varied between 4 GPa and 

15 GPa with a mean of 9 GPa for the interbedded siltstone-mudstone unit and between 4.5 GPa 

and 25 GPa with a mean of 11.3 GPa for the siltstone unit (Yuen et al., 1987). The siltstone and 

interbedded siltstone-mudstone units appear to behave almost identically in-situ, as the 
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extensometer results recorded in interbedded siltstone-sandstone and siltstone units at chainage 

3205 were almost identical to those recorded at chainage 2996 in the interbedded siltstone-

mudstone unit. 

 Elastic back analyses by Pelli et al. (1991) estimated a lower bound rockmass modulus of 

1.65 GPa for the interbedded siltstone-mudstone based on the data from chainage 2996 and a 

rockmass modulus for the siltstone of 5.6 GPa based on the data from chainage 3205. Based on 

the mean siltstone-mudstone laboratory stiffness (9 GPa), a geological strength index (GSI) of 80 

(Corkum et al., 2012), and the empirical relationship of Hoek and Diederichs (2006), a rockmass 

modulus of 7.9 GPa would be predicted. Based on this, it appears that 1.65 GPa is far too low. 

For this study, a moderate estimate for the rockmass modulus of 5.6 GPa has been used. This 

value was selected based on the similarity of the observed deformations in siltstone and siltstone-

mudstone units. 

 Extensometers were installed immediately behind the tunnel face. Pelli et al. (1991) 

concluded that at chainage 2996, only elastic deformation had occurred ahead of the face. 

Preliminary elastic models run by the author predicted a total elastic crown deformation of 1.75 

mm. It is reasonable to assume that ~30% of this deformation (~0.5 mm) would have occurred 

prior to the extensometer installation (Steindorfer, 1998; Vlachopoulos and Diederichs, 2009). 

For the purposes of this study, any elastic deformation which occurred prior to the installation is 

ignored, given its negligible magnitude relative to the measured total displacements. 

 With respect to support, a wire mesh was used to retain loosened rock fragments 

immediately behind the TBM shield. The remainder of the support was away from the tunnel 

face, and was found to have no significant effect on the deformational behaviour of the ground 

(Pelli et al., 1991). 

 At chainage 2996, the depth of yield was estimated to be 1.9 m (Corkum et al., 2012). 

The additional observation of a 60
o
 arc of loosening and spalling in the crown allows for a 
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reasonable constraint on the size and shape of the yield zone to be established. In the absence of 

additional displacement measurements at this chainage, this information is critical in establishing 

a physically realistic back analysis result. 

 Two sets of material models were tested – strain-weakening (simultaneous loss of 

cohesion and friction after yield) with the AA model for dilation, and cohesion-weakening-

friction-strengthening (CWFS) with the W-D model for dilation. Constant dilation angle models 

were also run for the purposes of comparison, and to validate the parameter selection 

methodology proposed by Walton and Diederichs (2014a). Modelling was performed using the 

finite difference program, FLAC 7.0 (Itasca, 2011). The mesh used consisted of a radial square 

mesh, with 16 cm sides (4.2% of the tunnel radius) at the excavation boundary. All models were 

run using a Young’s modulus of 5.6 GPa, and a Poisson’s ratio of 0.25 based on the extensive 

back analyses of Pelli et al. (1991) described above. 

7.3.1 Strain Weakening 

 Initial Mohr-Coulomb strength parameters were estimated based on the mean UCS value 

of 36 MPa (Yuen et al., 1987), the rockmass GSI of 80 (Corkum et al., 2012), an estimated mi 

value of 8 (Gomez-Hernandez, 2001), and the proposed rockmass strength estimation method of 

Hoek et al. (2002). Although the author acknowledges that the rockmass strength estimation 

method of Hoek et al. (2002) has not been thoroughly validated, in the absence of further 

information, it can serve as a starting point for back analyses. To achieve the desired depth and 

width of yield, these parameters had to be adjusted, such that the peak cohesion was slightly 

lower and the peak friction angle was slightly higher than those predicted according to Hoek et al. 

(2002). Given the apparent brittleness of the in-situ failure observed, the majority of the drop in 

strength was constrained to occur in the cohesion component of strength. The dilation decay 

parameter required to define the AA dilation model for the siltstone-mudstone unit was estimated 

based on the data for mudstone and silty sandstone provided by Alejano and Alonso (2005) and 
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Walton and Diederichs (2014b). The final back analysed material parameters are shown in Table 

7-3. Note that the plastic shear definition used by FLAC (e
ps

) is approximately equal to γ
p
/2 for 

practical purposes (Alejano and Alonso, 2005; Itasca, 2011). 

Table 7-3 – Back analysed strain-weakening material parameters for the interbedded 

siltstone-mudstone unit at chainage 2996 of the Donkin-Morien tunnel. 

Peak Cohesion – c 2.5 MPa 

Peak Friction Angle - ϕ 40
o
 

Plastic shear strain (e
ps

) to residual strength 2 mstrain 

Residual Cohesion – cr 0.4 MPa 

Residual Friction Angle – ϕr 35
o
 

Dilation Decay Parameter – e
ps,*

 40 mstrain 

 

 Given the peak rockmass strength represented by the parameters in Table 7-3 (unconfined 

rockmass strength of 10.7 MPa) and the predicted elastic tangential wall stress at the tunnel 

crown (3·σH – σV = 25 MPa), the preliminary best fit constant dilation angle predicted by the 

methodology of Walton and Diederichs (2014a) is ψBF = 40
o
 x ((10.7 / 25) – 0.1) = 13.2

o
. The 

modelling results obtained using the above parameters both with the AA and constant dilation 

angle models are shown in Figure 7-6. 
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Figure 7-6 – Strain-weakening results compared to in-situ extensometer data when using 

the AA dilation angle model (top) and a best-estimate constant dilation angle (bottom). 
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 Figure 7-6 clearly shows that the strain-weakening model is unable to fully capture the 

behaviour of the in-situ rockmass, either with a constant or mobilized dilation angle model. 

Indeed, the issue is not the dilation angle model used, but the definition of yield. As has been 

noted by many authors, where deformation occurs through brittle spalling, peak friction and peak 

cohesion must be mobilized at different stages of yield to achieve reasonable predictions of in-

situ failure (Hajiabdolmajid et al., 2002; Diederichs, 2007; Edelbro, 2009; Barton and Pandey, 

2011). Another interesting result shown in Figure 7-6 is that, for preliminary modelling purposes, 

the results obtained using the constant dilation angle selection methodology of Walton and 

Diederichs (2014a) do provide a reasonable approximation to those obtained using the AA model. 

In particular, the constant dilation angle model tends to overpredict the slope of the displacement 

profile near the edge of the yield zone (where the mobilized dilation angle is lower) and 

underpredict the slope of the displacement profile near the excavation wall (where the mobilized 

dilation angle is higher). 

7.3.2 Cohesion-Weakening-Friction-Strengthening (CWFS) 

 In contrast to the strain-weakening strength model, the CWFS model begins with 

cohesion at its peak value, but the friction angle at a low value (usually between 0
o
 and 15

o
) 

(Diederichs, 2007); as cohesion drops with continued deformation, the friction angle is eventually 

mobilized to its peak value (Hajiabdolmajid et al., 2002). 

 To start, the initial friction angle was set to 10
o
 to be within the acceptable range defined 

by Diederichs (2003). Next, the peak cohesion was set such that the unconfined crack initiation 

strength would be equal to 15.1 MPa (= 0.42·UCS – best fit relationship for sedimentary rocks 

from Perras and Diederichs, 2014); ultimately, this crack initiation strength was found to be too 

high, and was subsequently reduced in further modelling. With respect to the peak (final) friction 

angle, it is reasonable to assume that it is equal to the peak dilation angle under unconfined 

conditions (Alejano and Alonso, 2005; Zhao et al., 2010; Walton and Diederichs, 2014b); based 
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on the data for silty sandstone and mudstone data from Farmer (1983), a value of 45
o
 was deemed 

reasonable for the siltstone-mudstone unit. This corresponds to a lower bound estimate of the 

spalling limit for residual strength – σ1/σ3 ≈ 6 versus the range of 10 to 20 suggested for 

crystalline rocks (Kaiser et al., 2000; Diederichs, 2003). Residual cohesion was initially set as 

0.1·cPeak, and ultimately lowered to achieve the desired yield zone size. With respect to the 

parameters used for the W-D dilation model, reasonable values were tested based on available 

data for silty-sandstone and mudstone. Because the peak dilation angle for sedimentary rocks can 

be accurately predicted using the peak yield strength based on the findings of Alejano and Alonso 

(2005), no values β0 or β’ were required. The final back analysed material parameters are shown 

in Table 7-4; note that the parameters γm, γ0, and γ’ have been replaced with e
ps

m, e
ps

0, and e
ps

’ in 

this table to reflect the difference between the plastic shear strain definition adopted by Walton 

and Diederichs (2014b) and that used in FLAC (γ
p
/2 ≈ e

ps
) (Alejano and Alonso, 2005; Itasca, 

2011). 

Table 7-4 – Back analysed CWFS material parameters for the interbedded siltstone-

mudstone unit at chainage 2996 of the Donkin-Morien tunnel. 

Peak Cohesion – c 4.5 MPa 

Initial Friction Angle – ϕi 12
o
 

Plastic shear strain (e
ps

) to residual cohesion and peak friction 2.5 mstrain 

Residual Cohesion – cr 0.1 MPa 

Peak Friction Angle – ϕp 45
o
 

α0 0.05 

α' 0.03 

e
ps

 m 2.5 mstrain 

e
ps

0 40 mstrain 

e
ps

 ' 40 mstrain 

 

 For the purpose of comparison, a constant dilation angle model was also run, with ψBF = 

15.5
o
 (as based on the method of Walton and Diederichs (2014a)). The results of the models run 

with both the mobilized and constant dilation angles are shown in Figure 7-7. 
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Figure 7-7 - CWFS results compared to in-situ extensometer data when using the W-D 

dilation angle model (top) and a best-estimate constant dilation angle (bottom). 
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 The results obtained using the mobilized dilation angle model show a good agreement to 

the in-situ deformation measurements. There is a relatively high degree of error in the fit between 

0.8 m and 1.7 m from the excavation, because the model is unable to capture the non-increasing 

nature of the displacement profile slope in this region (this is discussed further in Section 7.5). 

Even these errors, however, are relatively small (<15% of the measured displacement). The 

constant dilation angle model again provides a decent result, although in this case the mobilized 

dilation angle model is clearly preferable. For the purposes of comparison, the yield zones 

obtained using the strain-weakening and CWFS strength models are shown in Figure 7-8. Note 

that in the CWFS case, the observations on the depth and extent of yield are accurately 

reproduced (as well as the displacement measurements). 

 

Figure 7-8 – Contours of plastic shear strain (e
ps

 in mstrain) obtained using strain-

weakening strength model with AA dilation model (left) and CWFS strength model with W-

D dilation model (right). 

7.3.2.1 Sensitivity Analysis for Dilation Model Parameters 

 To illustrate the influence of each of dilation model parameters on the model 

displacements, each parameter was individually varied from the best fit CWFS model to an 

extreme value (or extreme high/low values). The results of this sensitivity analysis can be seen in 

Figure 7-9. No results are shown for variation of α’, since varying this parameter was found to 

have minimal effect on the model displacements. This is likely because of a combined low 
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sensitivity of the model to α, since the high plastic strains at equilibrium mean the majority of the 

deformation occurred post-mobilization, and also due to low range of confining stresses in the 

yield zone (0 MPa – 5 MPa). 

 

Figure 7-9 – Sensitivity of model results to different dilation model parameters; in each 

case, the model parameters were kept the same as those of the best fit model (see Table 7-4) 

with the exception of the parameter(s) specified in the legend. 

 Although the model has an overall low sensitivity to the value of α, significant changes to 

the parameter do have an effect on the resulting displacements, particularly away from the 

excavation wall, where less total deformation occurs, and therefore the pre-mobilization dilation 

phase has a relatively significant influence on displacements. The values tested for α0 (0 and 0.25) 
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appear to represent practical lower and upper bounds for this parameter based on the data 

presented by Walton and Diederichs (2014b). 

 The AA peak dilation predictions for the siltstone-mudstone layer were found to 

correspond approximately to W-D peak dilation parameter values of β0 = 0.5 and β’ = 0.2. Since 

these appear to be nearly lower and upper bound values for these parameters, respectively, the 

opposite extreme for each parameter was tested. Using a β0 of 1 (typical for a crystalline rock) 

resulted in an extremely large increase in model displacements, corresponding to a significant 

increase in the peak dilation angle at the low confinement levels present in the yield zone. This 

result is not physically meaningful, however, as a rock with a high value of β0 would tend to be 

much stronger, and therefore experience less yielding for the same stress conditions. The change 

to β’ also increased model displacements, although its influence was much less significant. 

With respect to the plastic strain to peak dilation mobilization, changing this parameter 

effectively changes the weighting of how much of the deformation occurs prior to and following 

the mobilization of peak dilation. Because of the large strains predicted in this case, the model 

result was not very sensitive to this parameter, although lowering it did increase displacements 

away from the excavation wall (peak dilation angle attained further into the rockmass) and 

increasing it increased displacements near the excavation wall (peak dilation angle mobilized 

later, meaning less post-mobilization strain to cause dilation angle decay). 

 Relative to the baseline values of e
ps

0 = e
ps

 ' = 40 mstrain, cases with these values taking 

lower and higher values were tested, as well as one case with the decay parameter for unconfined 

conditions (e
ps

0) taking on a higher value than the decay parameter for confined conditions (e
ps

 '). 

Changes to these parameters only had a significant influence near the excavation wall, where 

significant post-mobilization straining occurs. In particular, lower values of e
ps

0 and e
ps

 ' result in 

a reduction of the model displacements at the excavation wall, whereas the opposite is true for 

higher values of these parameters. The increased value of e
ps

0 only had an influence on the 
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displacements in zones nearest the excavation wall, where the rock was deemed to be under 

effectively unconfined conditions (σ3 < 200 kPa). 

7.4 Case Studies from the Couer D’Alene Mining District 

 Mining is the primary industry in the Couer d’Alene district in northern Idaho. This 

region is the home to several significant lead, zinc, and silver deposits. Mineralization in the 

region typically occurs in the form of galena-sphalerite and tetrahedrite veins in a sequence of 

Proterozoic rocks belonging to the Belt Supergroup (Fleck et al., 2002). To further illustrate the 

applicability of the proposed model for brittle rock dilatancy, data from two mine shafts 

constructed in the region were used for the purposes of back analysis. 

7.4.1 Lucky Friday Mine – Silver Shaft 

 First, the Silver Shaft from Hecla Mining Company’s Lucky Friday just East of Wallace, 

Idaho was considered. In particular, extensometer records originally presented by Barton and 

Bakhtar (1983) are analysed. These instruments were installed at a depth of 1582 m in the shaft. 

According to the stress model of Whyatt et al. (1995), the major and intermediate principal 

stresses are thought to be 110.4 MPa and 66.4 MPa, and oriented NW-SE and NE-SW, 

respectively; the minimum principal stress is sub-vertical and is approximately equal to the 

overburden weight in magnitude (42.7 MPa, assuming a density of 2700 kg/m
3
) (Barton and 

Bakhtar, 1983; Pariseau et al., 1992; Whyatt et al., 1995). The shaft was excavated in a weakly 

foliated quartzite unit, with the foliation oriented NW-SE (parallel to the major principal stress) 

and having a near vertical dip. The shaft and the relative locations of the extensometers studied 

are shown in Figure 7-10. 
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Figure 7-10 – Silver shaft stress and instrumentation geometry (EXT 1 and EXT 2). 

 Back analysis by Barton and Bakhtar (1983) based on the elastic deformation seen in the 

data from EXT 2 suggested a Young’s modulus on the order of 20.7 GPa to 27.6 GPa. 

Unfortunately, this back analysis was based on assumptions about the stress field which are 

inconsistent with the model of Whyatt et al. (1995), suggesting that their rockmass modulus range 

is too low. Borehole deformation tests by Patricio and Beus (1976) and USBM (1980) using a 

CSM cell led to small scale modulus estimates for the bedded quartzite in the range of 48.3 GPa 

to 75.8 GPa. If we consider the upper end of this range representative of the intact quartzite, we 

can estimate the rockmass modulus as approximately 55.5 GPa using the method of Hoek and 

Diederichs (2006) and the GSI value of 70 suggested by Gomez-Hernandez (2001). This value is 
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close to the lower-bound rockmass modulus estimated based on the borehole deformation tests, so 

can be considered reasonable as a starting estimate. 

 To refine the rockmass modulus estimate, the deformations recorded by EXT 2 (deemed 

purely elastic) were matched using elastic FLAC models. First, however, the measurements 

required a correction to account for elastic displacements which occurred prior to instrument 

installation. As in the case of the Donkin-Morien tunnel, the instruments were installed at the 

face, so it can be assumed that 30% of the elastic deformation occurred prior to instrument 

installation. To add this missing deformation to measurements, first a quadratic function was fit to 

the extensometer measurements. The measurement from the anchor nearest to the excavation wall 

was ignored due to its anomalous nature; this anomaly could be due either to an instrumentation 

problem, or a locally anomalous set of rock properties as discussed by Pelli et al. (1991). The 

quadratic fit to the remainder of the data was then considered to represent 70% of the elastic 

deformation profile. Correspondingly, 3/7 of the fit value was added to the original measurement 

at each anchor to obtain the corrected data. Using a Poisson’s ratio of 0.25 (after Barton and 

Bakhtar (1983)), a Young’s modulus value of 52 GPa was found to provide an optimal fit to the 

EXT 2 data. The data correction process and elastic back analysis result are illustrated in Figure 

7-11. 
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Figure 7-11 – Correction of extensometer data to account for missed elastic deformation 

ahead of the shaft face (top) and elastic back analysis result for EXT 2 using E = 52 GPa 

(bottom). 
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 EXT 1 showed significant displacement when compared with EXT 2, indicating a 

relatively large yield zone on the SW side of the shaft. Support was installed after displacements 

measurements had stabilized, and so its effect is neglected. Unfortunately, no data was available 

within the 1 m of rock closest to the shaft wall, and further from the wall, there is relatively poor 

constraint on the exact extent of the yield zone. A starting estimate of CI (the crack initiation 

stress) for unconfined conditions was obtained by taking 0.47·UCS, where the UCS was reported 

as 125 MPa by Gomez-Hernandez (2001) (Perras and Diederichs, 2014). Dilation parameters 

were estimated based on the properties of other crystalline, brittle rocks studied by Walton and 

Diederichs (2014b). The final back analyzed parameters are shown in Table 7-5. Although the 

model produced using these parameters predicts some minor yield on the NW side of the shaft 

which is not seen in EXT 2, it is likely that there may be some strength anisotropy due to the 

foliation; it is expected that the strength perpendicular to the foliation (at the position of EXT 2) 

might be slightly higher than what is reflected by the parameters shown in Table 7-5. It is 

assumed that the actual lack of yield in-situ at the NW side of the shaft relative to the minor yield 

predicted by the model has a negligible effect on the observed displacements on the SW side of 

the shaft. The final model displacements are compared to those measured by EXT 1 in Figure 

7-12. 
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Table 7-5 - Back analysed CWFS material parameters for the foliated quartzite present at 

1582 m depth in the Silver Shaft. 

Peak Cohesion – c 35 MPa 

Initial Friction Angle – ϕi 0
o
 

Plastic shear strain (e
ps

) to residual cohesion 1 mstrain 

Plastic shear strain (e
ps

) to peak friction 2 mstrain 

Residual Cohesion – cr 0.8 MPa 

Peak Friction Angle – ϕp 55
o
 

α0 0.05 

α' 0.01 

β0 1 

β' 0.1 

e
ps

 m 0.5 mstrain 

e
ps

0 7.5 mstrain 

e
ps

 ' 7.5 mstrain 

 

 

Figure 7-12 – Back analysis model results for the Silver Shaft EXT 1 data when using a 

mobilized dilation angle model. 

7.4.2 Caladay Shaft 

 The Caladay Shaft (at Callahan Mining Corp.’s Calladay Mine) is located less than 1 km 

west of the center of Wallace, Idaho, and approximately 10 km West of the Lucky Friday Mine. 
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The shaft is rectangular in shape, and was excavated to a depth of 6,300 ft (1920 m) below 

surface in virgin ground. Instrumentation was installed at a depth of 5,950 ft (1814 m) below 

surface in the same weakly foliated quartzite unit (of the Revett formation) as found in the Silver 

Shaft of the Lucky Friday mine (Whyatt et al., 1995). Extensometers installed on the NW and SE 

sides of the shaft were installed perpendicular to the strike of the quartzite bedding, and 

experienced significant inelastic deformation (Whyatt and Beus, 1987).  Given the proximity of 

the Caladay Shaft to the Lucky Friday, it was assumed that the stress model developed by Whyatt 

et al. (1995) for the latter could be applied to the former; using this model, one obtains stress 

estimates of σ1 = 126.9 MPa, σ2 = 76.1 MPa, and σ3 = 49.0 MPa. Timber supports were installed 

in the shaft approximately 25 ft (7.6 m) behind the face of the shaft; given this distance and the 

relative softness of the support, its effect on the measured displacements was considered 

negligible (Whyatt and Beus, 1987). Figure 7-13 shows the orientation of the shaft, bedding, 

instruments, and stresses at the site of interest. 
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Figure 7-13 – Caladay shaft stress and instrumentation geometry (EXT 1 and EXT 2). 

 Because of the similarity in the geological conditions at the Caladay and Silver Shafts, 

the back analysis properties derived from the Silver Shaft case study were used as a starting point. 

These parameters resulted in a slight underestimation of the depth of yield, so the strength was 

gradually increased until a good fit to the observed data was obtained. The final set of parameters 

was equivalent to those shown in Table 7-5, except with the peak cohesion value changed from 

35 MPa to 40 MPa, and the residual cohesion value changed from 0.8 MPa to 1 MPa. This degree 

of minor variation in back analysed strength is reasonable, given the level of variability expected 

across the region, and could be attributed to a difference in bedding characteristics, such as 

spacing or degree of healing. The obtained model results are compared to the extensometer 

records in Figure 7-14. The data for both EXT 1 and EXT 2 are presented together, because for 
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the type of homogeneous model used in this study, the results for two diametrically opposed 

measurement lines are equivalent. The fact the model result lies within the range of displacements 

recorded on both extensometers indicates that it has captured the overall behavioural trend of the 

rockmass, and that the back analysed parameters used for the Caladay and Silver Shafts are 

reasonable. The actual discrepancies in the measurements recorded by EXT 1 and EXT 2 could 

be due to geologically controlled variability in any of the geotechnical model parameters used, 

but to capture this degree of variability in a model is impractical given the relative scarcity of data 

that is available for routine geomechanical investigations. 

 

Figure 7-14 – Back analysis model results for the Caladay Shaft extensometer data when 

using a mobilized dilation angle model. 

7.5 Strain Localization In-Situ 

 The progressive fracture of a brittle rockmass in-situ was first comprehensively 

documented by Martin (1993), in the case of the Lac du Bonnet Granite at Atomic Energy of 

Canada Ltd.’s underground research laboratory in Manitoba, Canada. Part of his thesis describes 
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the formation of a notch in the roof of an excavation as being driven by the gradual formation and 

removal of individual rock slabs separated by spalling fractures. In the case where fractured 

material is retained, either by a support system or by virtue of the system geometry (i.e. slabs 

present in the shaft wall not loosened by gravitational loading), the distribution of fractures and 

ground movement may not be completely regular. 

7.5.1 Evidence of Irregular Strain Localization In-Situ 

 Continuum numerical models tend to predict smooth displacement profiles, with the 

slope of the profile increasing regularly towards the excavation boundary. This, however, is not 

always the case in displacements recorded by extensometers. Figure 7-15 shows three 

extensometer records from different case studies, all with some indication of irregular fracture 

dilation within the yield zone. 
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Figure 7-15 – Extensometer data from the Donkin-Morien tunnel (top), the Silver Shaft 

(middle), and a mine shaft in Arizona (bottom); areas where the displacement profile slope 

is not regularly increasing are circled. 
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7.5.2 Modelling Brittle Strain Localization 

 A potential explanation for the irregular strain distributions measured in-situ was found in 

performing a back analysis of extensometer data from a deep mine shaft in Arizona (bottom of 

Figure 7-15). Although the use of a standard mesh size resulted in a regular displacement profile, 

with a very fine mesh, strain localized into three areas: a thin skin of damage around the 

excavation boundary, a small notch which extends slightly deeper into the rock, and a broader arc 

of strain just beyond the first notch. In between the notch and the arc, an elastic portion of rock is 

present. The elastic portion of the rock as predicted by the finely meshed finite-difference model 

corresponds well to the area of reduced displacement in the extensometer data (see Figure 7-16).  
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Figure 7-16 – Arizona mine shaft case study: extremely fine mesh used to model strain 

localization (top), contours of plastic shear strain with extensometer location indicated 

(middle), and comparison of model results and extensometer data (bottom). 
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 In-situ, the tendency of strain and fracture dilation to localize into distinct areas within 

the rockmass is likely to be a function of both the resistance of the rock matrix to fracturing as 

well as the location and orientation of anomalously weak or strong structures. In a finite-

difference model, the strain localization depends on the interplay between different strength 

components (cohesion and friction) as they evolve, as well as the characteristics of the mesh used 

(Varas et al., 2005). Although numerical modelling results were capable of replicating observed 

displacements in the case of the Arizona mine shaft illustrated in Figure 7-16, because of the 

number of factors involved and the great degree of uncertainty associated with the influence of 

distinct structures on fracture evolution in a rockmass, it is not reasonable to expect that this type 

of strain localization can be accurately modelled in general. Instead, it is preferable to obtain 

generally representative results from back analyses, such as those shown in Sections 7.3 and 7.4. 

7.6 Conclusions 

 Using several case studies, the ability of an appropriate mobilized dilation model 

combined with a CWFS strength model to accurately replicate observed brittle deformation in-

situ has been demonstrated. Although there is still uncertainty associated with exact parameter 

values obtained from the back analyses performed due to the relative lack of in-situ data available 

for any one case study, the applicability of the mobilized dilation angle is clear. 

 It appears that the range of parameter values obtained from laboratory-testing results are 

appropriate for modelling brittle rockmasses in-situ; this is consistent with the concept that for 

sparsely structured rockmasses, the structure present has limited influence on the overall yield 

process (Hajiabdolmajid et al., 2002; Diederichs, 2007; Carter et al., 2008). One key deviation 

from the laboratory results is that it appears that it may be possible to represent the dilation decay 

parameter (γ
*
 or e

ps *
) by a single value in-situ, rather than using separate values for uniaxial and 

triaxial conditions. This requires further verification, however, particularly for cases with high 

data density near the excavation wall. 
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 In the absence of a well-defined guideline for parameter selection during the user-

controlled iterative back analysis process, input values were varied according to the degree of 

uncertainty associated with each parameter. As is shown by the sensitivity analysis presented in 

Section 7.3.2.1, changes in individual parameters from the back analysed solution do not provide 

an improved model-data fit. Although the parameter sets obtained have not been objectively 

confirmed to be global optima, they do represent reasonable solutions given the available data 

constraints. Despite the fact that the parameter solutions may be non-unique, the existence of 

solutions for multiple cases confirms the appropriateness of the constitutive model used for rocks 

which deform through brittle processes. 

 Although the actual brittle failure process involves irregular strain localization, it is 

difficult to accurately capture this behaviour through the use of continuum models. Even with the 

use of extremely fine meshes, the number of factors involved in both the numerical and physical 

bifurcation during yield makes any numerical result indicating an irregular yield zone potentially 

suspect. The main conclusion of this study is that even if bifurcation does occur in-situ, the 

overall behaviour of the rockmass (as recorded by extensometer measurements) can still be 

captured reasonably well for practical purposes using a mobilized dilation model, even if the 

details of strain localization are not fully resolved due to mesh size constraints. 
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Chapter 8 

A mine shaft case study on the accurate prediction of yield and 

displacements in stressed ground using laboratory-derived material 

properties
7
 

8.1 Introduction 

 In the field of rock mechanics, numerical models have seen increasing use in recent 

years. Sophisticated discontinuum and hybrid continuum/discontinuum codes have shown 

significant promise in replicating observed behaviours in rocks and rockmasses (Diederichs, 

2003; Eberhardt et al., 2004; Cai, 2008; Elmo and Stead, 2009; Mahabadi et al., 2010). Still, in 

cases where there is no significant influence of discrete structures on the failure mode of a 

rockmass, continuum models can provide useful information about stress and strain distributions 

induced by various loading conditions (Jing, 2003; Hoek, 2007; Diederichs, 2007). Because of 

their relative simplicity and ease of implementation, these models are still used in practical 

engineering analyses today. 

 For excavations in stressed ground, elastic continuum models can provide useful 

information about stress re-distribution and highlight potentially problematic areas. 2D and 3D 

elastic models produced using various approaches (such as the Boundary Element Method 

(BEM), Finite Element Method (FEM), and Finite Difference Method (FDM)) are commonly 

used in preliminary investigations for the design of underground works (Jing and Hudson, 2002). 

In the realm of continuum models, plasticity theory provides a practical alternative to linear 

elastic behaviour. 

                                                      

7
 A version of this Chapter has been submitted to Tunnelling and Underground Space and Technology with 

the following authors and title: Walton, G. and Diederichs, M.S. A mine shaft case study on the accurate 

prediction of yield and displacements in stressed ground using laboratory-derived material properties. 
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 Numerically defining the behaviour of a rock or rockmass in a plasticity context requires 

the definition of three distinct components: (1) a stress/strain relation for elastic conditions; (2) a 

yield criterion which establishes which stress states correspond to elastic conditions, which 

correspond to plastic conditions, and which cannot be sustained by the material of interest; (3) a 

stress/strain relation for plastic conditions (Lubliner, 1990). Broadly speaking, our understanding 

of the last component is poorer than that of the first two. This is partly due to the increasing 

behavioural complexity that is encountered at larger strains (i.e. during/past yield) and also to an 

increasing sensitivity of the observed behaviour to the system’s boundary conditions (Diederichs, 

2003; Diederichs et al., 2004). 

 Much research was conducted in the 1990s into the accurate prediction of the yield of 

rocks and rockmasses. Work by Hoek et al. (1998, 2002) and Marinos and Hoek (2000) focussed 

on the strength of rockmasses where deformation is controlled by shear slip along pervasive pre-

existing structures. In parallel work by Martin and Chandler (1994), Martin (1997), and 

Diederichs (1999) provided increased insight into the mechanisms underlying the fracture and 

yield of intact rock and sparsely fractured rockmasses. Since then, the cohesion-weakening-

friction-strengthening (CWFS) and damage-initiation-spalling-limit (DISL) strength models for 

intact rock have been shown to accurately represent rock yield observed in highly stressed 

excavations (Hajiabdolmajid et al., 2002; Diederichs, 2007; Edelbro, 2009; Zhao et al., 2010). 

 With respect to the post-yield stress/strain relationship for rocks, recent developments 

have resulted in a number of alternative models. In particular, many of these models focus on 

alternative formulations for the dilation angle, ψ, which uniquely controls post-yield deformation 

in Mohr-Coulomb plasticity (Hill, 1950). Based on work focussed primarily on soils and rocks 

under significant confinement, Vermeer and de Borst (1984) suggested that the use of a constant 

dilation angle less than the friction angle is appropriate for general use. Since then, Detournay 

(1986) and Cundall et al. (2003) have proposed models accounting for the dependencies of post-
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yield dilatancy on accumulated damage and confining stress, respectively. Alejano and Alonso 

(2005) proposed a model for strain-weakening rocks which accounts for both of these factors, and 

Walton and Diederichs (2014a) showed that for approximately circular excavations under 

approximately hydrostatic stresses, a constant dilation angle can provide results which 

approximate those obtained using this model. Zhao and Cai (2010a) proposed a model for brittle 

rocks, and demonstrated its ability to replicate observed displacements in-situ using a back 

analysis (Zhao et al., 2010). Walton and Diederichs (2014b) have since developed an alternative 

model for brittle rocks, which requires a smaller number of parameters to define (hereafter 

referred to as the “W-D model”). 

 Post-yield dilation of rocks can control the evolution of yield zones in numerical models, 

and also directly controls the equilibrium displacements obtained. As such, it is of great 

importance that models for rock dilation are properly validated against in-situ data. Once a 

methodology for modelling brittle rock failure in a plasticity framework is formalized, it can 

serve as a useful tool for the design of underground works and support systems within a wider 

design program. 

 In this study, strength and post-yield dilatancy models from the literature are used in a 

continuum model to obtain rockmass yield patterns and displacements around a mine shaft (10 m 

diameter) in stressed ground. By using material parameters derived from standard uniaxial and 

triaxial compression tests, the author hopes to demonstrate the capability of existing 

characterization and modelling capabilities with respect to predicting in-situ rockmass behaviour. 

It should be noted that all of the data used in this study was collected as a part of normal mining 

operations prior to any research considerations, meaning that the procedure used could be easily 

applied to practical problems. 
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8.2 Rock and Rockmass Data 

 In the area of the mine shaft being modelled, the rock type is a matrix supported 

conglomerate, which has a propylitic alteration. The clasts vary in shape from subangular to 

rounded, and are commonly 1 cm – 3 cm large (although they can be as large as 10 cm in 

diameter in some cases). They are derived from a number of different primary lithologies, 

including feldspar porphyry, diabase, quartzite, and limestone. As can be seen in Figure 8-1, this 

unit is highly variable. 

 

Figure 8-1 – Examples of two different end-members of conglomerate grain structure in 

laboratory testing samples. 
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8.2.1 Geotechnical Properties 

 As would be expected from an examination of Figure 8-1, the geotechnical properties of 

the conglomerate unit are highly variable. This is particularly true at low confining stresses, 

where failure is dominated by extensile cracking; in this case, the locations of particularly 

strong/weak clasts and orientations of veins can have a significant influence on the stress/strain 

behaviour of a laboratory sample (Lan et al., 2010; Ghazvinian et al., 2013). What must be 

considered is that although the sample scale heterogeneities are large enough to result in 

significant variability in the data, the overall average behaviour observed in the laboratory should 

still be relevant to the behaviour of a rockmass. This is because anomalously strong/weak 

heterogeneities at the cm-scale are not expected to govern the material behaviour at the 

excavation scale. 

 With respect to the Young’s modulus (see Figure 8-2), a confined value of ~60 GPa 

appears reasonable, although the stiffness at lower confinement is expected to be significantly 

lower (Arzua and Alejano, 2013; Walton et al., 2014a). For lower confining stresses expected 

near an excavation (i.e. σ3 < 10 MPa), a value between 40 GPa and 50 GPa may be more 

representative. The Poisson’s ratio is relatively consistent, with a mean value near 0.2-0.25 for 

most confining stresses, with greater variability observed at low confinement. 

 The strength properties of the conglomerate were determined using least-squares linear 

regression (Mohr-Coulomb model) and least-squares regression with a Hoek-Brown model. The 

Mohr-Coulomb parameters are c = 18.5 MPa and ϕ = 50
o
, and the Hoek-Brown parameters are 

UCS = 94.7 MPa and mi = 24.8 (see Figure 8-2). 
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Figure 8-2 – (a) Young’s modulus, (b) Poisson’s ratio, and (c) peak strength data for 

conglomerate with least-squares Mohr-Coulomb (solid line) and Hoek-Brown (dashed line) 

strength models fit to the data. 
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 Given the relatively high value of mi for the conglomerate, as well as the relatively high 

GSI value (discussed below), it was determined that a spalling model for yield would be most 

appropriate for the rockmass of interest, based on the guidelines of Carter et al. (2008). Several 

authors have concluded that the cohesion-weakening-friction-strengthening (CWFS) model of 

strength mobilization is appropriate for such cases (see Section 8.1). To define such a CWFS 

strength model for the conglomerate, information on the crack initiation (CI) and crack damage 

(CD) stresses is required.  

 CD is defined by the onset of non-linearity in the axial stress-strain curve, and 

corresponds to the unstable growth and interaction of individual microcracks in a rock volume. In 

laboratory tests, CD is the point of yield, and the ultimate strength limit for long-term testing 

(Martin, 1997). CI is the boundary condition independent stress level at which extensile 

microcracks begin to form; in-situ, where there are no constraints on the extension of excavation-

parallel cracks, the yield strength of the rock (CD) reduces to CI (Diederichs, 2007; Ghazvinian et 

al., 2012). For CWFS models of brittle failure, understanding CI is critical for the definition of 

the initial yield criterion. Determining CD for each sample is also important, since this defines 

yield, and therefore a zero plastic strain datum which all post-yield parameters can be compared 

against (Walton et al., 2014a). Figure 8-3 and Figure 8-4 show examples of the determination of 

CI and CD using the reversal point of calculated crack volumetric strain and the point of non-

linearity of the axial stress-strain graph, respectively (Diederichs and Martin, 2010). 
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Figure 8-3 – Example of CI determination for a conglomerate sample. 
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Figure 8-4 – Example of CD determination for a conglomerate sample. Note that because 

this sample was tested under triaxial conditions, CD is not coincident with the volumetric 

strain reversal point (Diederichs, 2003). 

 The resulting CI and CD data are shown with linear Mohr-Coulomb fits in Figure 8-5. 

The Mohr-Coulomb parameters for these thresholds are c = 11.6 MPa, ϕ = 16
o
 (CI) and c = 33.0 

MPa, ϕ = 27
o
 (CD), respectively. Although CD, like the peak strength, shows severe variability 

due to the influence of grain-scale heterogeneities, CI shows a relatively uniform trend as a 

function of confinement; as previously stated, this is the damage threshold that is most relevant to 

the onset of yield in-situ. 
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Figure 8-5 – (a) CI and (b) CD data for conglomerate samples, with least-squares linear 

Mohr-Coulomb fits shown. 

 To define fully define the CWFS strength model, 4 other parameters are required: the 

residual cohesion, the mobilized friction, and the plastic strains at which these values are attained. 

To obtain these parameters, Mohr-Coulomb fits were made to post-yield stress values at a number 

of plastic strains. The independent parameter used to quantify plastic strain in this case was 

selected as the maximum plastic shear strain, 
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(8-1) 

as is consistent with the literature (Alejano and Alonso, 2005; Zhao and Cai, 2010a; Walton et al., 

2014a). The resulting strength profile is compared in Figure 8-6 to a typical bi-linear 

implementation of the CWFS strength model in a numerical model. 
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Figure 8-6 – (a) Schematic of typical CWFS strength evolution as approximated in 

numerical models and (b) observed post-yield evolution of cohesion (circles) and friction 

angle (squares) as a function of plastic shear strain from laboratory tests with overall trends 

shown (solid lines) as well as approximate upper and lower bound trends (dashed lines); 

results are normalized to maximum values. 
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 It can be seen from Figure 8-6 that the residual cohesion and mobilized friction values are 

obtained at γ
p
 ≈ 2.5 mstrain. The relative lack of friction angle decay following the attainment of 

full friction mobilization supports the use of a simplified model with a constant friction angle 

following mobilization. In considering the evolution of cohesion, the apparent residual cohesion 

value (~0.4·cmax) is very high. This is due to the fact that the full range of data (up to 30 MPa 

confining stresses) had to be used for the Mohr-Coulomb linear fitting at each plastic shear strain, 

since only a limited number of lower confinement tests had post-peak data available at higher 

plastic shear strains. The issue is that unlike in the case of the peak strength envelope (Figure 

8-2), a single linear fit cannot approximate the curvature of the residual strength envelope. Using 

the example of strength data from γ
p
 ≈ 4.0 mstrain, Figure 8-7 shows that there is a very 

significant difference in the apparent unconfined strength depending on the range of confinements 

considered for the fit, and therefore a significant difference in the corresponding apparent 

cohesions. By fitting a Hoek-Brown strength envelope, the equivalent Mohr-Coulomb parameters 

could be determined using the equations of Hoek et al. (2002); based on these equivalent 

parameters, the unconfined residual cohesion is in the range of approximately 0.2 MPa – 0.8 

MPa, depending on the range of  σ3 values considered (in this case, σ3_MAX ≈ 0.5 – 10 MPa). These 

cohesion values are on the order of 0.006·cmax to 0.02·cmax, which is consistent with the values 

used by Diederichs (2007) and Edelbro (2009) for modelling in-situ yield of brittle rock. 
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Figure 8-7 – Strength data for γ
p
 = 4 mstrain with several strength models shown. 

 For those samples which were sufficiently strained to achieve a constant residual 

strength, these values were recorded. The Mohr-Coulomb fit to the residual strength data 

corresponds to a friction angle of ϕr = 40
o
 (see Figure 8-8a). To unload from the residual state, the 

confining pressure was gradually lowered, allowing σ1 to decrease while maintaining a state of 

yield (based on the servo-control of the testing frame). Using this method, a residual yield locus 

of σ3-σ1 points could be determined for an individual sample, allowing the determination of a 

residual friction angle.  
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Figure 8-8 – (a) Final residual strength data and (b) individual sample residual friction 

angle values with least-squares linear fits shown. 

 The residual friction angle data are shown in Figure 8-8b. The residual friction angle data 

for individual samples show larger residual friction angles on the order of ϕr ≈ 50
o
 or higher at 

lower confining stresses. Even at higher confining stresses, the residual friction angles obtained 

for individual samples appear to be high relative to that obtained using the raw residual strength 



 

322 

 

data. Considering all of the data available, the author believes that a single post-yield mobilized 

friction angle value of 50
o
 should be appropriate to capture the yield of the rock at low 

confinement. 

 In any study of in-situ rock behaviour, it is difficult to determine how intact rock 

parameters should be scaled to account for the presence of rockmass structure. In the area of 

interest, the rockmass has a GSI ranging from ~65-75, corresponding to a blocky rockmass with 

good discontinuity condition (Hoek et al., 2013) – see Figure 8-9. When considering the GSI of 

the rockmass as shown in Figure 8-9, the welded clast-matrix boundaries must be visually 

excluded from the evaluation of the blockiness of the rockmass.   

 

Figure 8-9 – Conglomerate rockmass at study location. 

 Based on the brittleness of the conglomerate, and the relatively high GSI of the rockmass, 

it is assumed that the influence of natural fractures on the yield and dilational behaviour of the 

rockmass is minimal (Carter et al., 2008). Failure can therefore be modelled using a CWFS 
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strength model, and a dilation model starting from yield (and not peak strength) (i.e. Zhao and 

Cai, 2010a or Walton and Diederichs, 2014b). The potential effect of fractures on rockmass 

stiffness, however, should be accounted for, and can be predicted using the methodology of Hoek 

and Diederichs (2006). According to their formulation, an intact modulus of Ei = 40 GPa and a 

GSI of 65, the rockmass modulus is expected to be approximately Erm = 25 GPa. 

8.2.2 Post-Yield Dilatancy 

 To determine the dilation angle at various plastic shear strains for each sample, the 

methodology outlined by Walton et al. (2014b) and Walton and Diederichs (2014b) was utilized 

to calculate the plastic components of axial and volumetric strains measured during testing. Given 

the high data density used, a 50 point moving average filter was required to suppress noise in the 

plastic strain curves. Based on these smoothed strain curves, equation (8-2) was used to calculate 

the instantaneous dilation angle for each strain increment (Vermeer and deBorst, 1984): 

 
       

   
 

     
 
    

  
(8-2) 

 For each sample where sufficient post-yield data existed, a best fit dilation curve was fit 

to the data using the W-D model; for reference, the equations of this model have been included in 

the appendix to this Chapter. For an individual sample, the relevant model parameters are: 

 α – controls the shape of the dilation angle curve (as a function of plastic shear 

strain) prior to the attainment of the peak dilation angle. 

 γm – plastic shear strain at which peak dilation angle is attained. 

 ψPeak – dilation angle at the initiation of the exponential decay of the dilation 

angle. 

 γ
*
 - controls the rate at which the dilation angle decays with increasing strain 

following the attainment of peak dilatancy. 
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 Some examples of dilation angle data and the corresponding model fits are shown in 

Figure 8-10. In general, the model fits the data quite well. One weakness of the model is that is 

cannot capture a behaviour observed in some samples where the dilation angle drops rapidly from 

a large value and then transitions to exponential decay at very small strains (see Walton and 

Diederichs (2014b) for a mechanistic interpretation of this trend). In this case, the pre-

mobilization parameter, α, is set equal to 0, which results in a constant value of ψ = ψPeak for γ
p
 < 

γm.  



 

325 

 

 

Figure 8-10 – Dilation angle data from three conglomerate samples tested at different 

confining stresses, with W-D model fit included; note the different x-axis ranges. 
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 The α values determined for different tests are shown in Figure 8-11. The data do not 

follow a linear trend, contrary to the prediction of Walton and Diederichs (2014b) (see Figure 

8-11a). The author attributes this to the variability of the conglomerate, and note that over the full 

range of confinements tested, the alpha values fall within a relatively small range. Disregarding 

some of the outlying high α values, the author has selected representative values for the 

parameters α0 and α
’
as defined in equation (8-3): 

              (8-3) 

 The line corresponding to α0 = 0 and α
’
 = 0.003 is shown in Figure 8-11b. Note that by 

selecting the parameters to be more representative of the lower bound of the data, the author has 

chosen a more conservative dilatancy model (higher average dilation). In any case, for a brittle 

rock with a relatively small pre-mobilization phase, modelling results are not expected to be 

particularly sensitive to the values of α0 and α
’
 (Walton et al., 2014b).  
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Figure 8-11 – (a) Linear trends in the pre-mobilization parameter, α, for a variety of rocks 

and (b) data for the conglomerate unit; the line indicates the model selected by the author 

(outliers ignored). 

 The dilation mobilization parameter, γm, is typically variable from sample to sample, with 

no particular trend with respect to confining stress. Despite its variability, however, the use of a 

single value for this parameter does not significantly limit the ability of the model to match 
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observed data (Walton and Diederichs, 2014b). Based on the data shown in Figure 8-12a, the 

author has selected γm = 2 mstrain as representative. 

 

Figure 8-12 – (a) Dilation mobilization parameter, γm, as determined for individual samples 

and (b) normalized peak dilation angle as a function of confining pressure with the W-D 

model (solid line) and Alejano and Alonso (2005) model (dashed line) shown. 

 The peak dilation angle data show a general logarithmic decay trend with increasing 

confinement. After normalizing the dilation angle by the maximum friction angle (ϕPeak), the 

confinement sensitivity model could be fit to the data. The data, model fit, and an alternative 
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model for peak dilatancy (Alejano and Alonso, 2005) can be seen in Figure 8-12b. Although the 

Alejano and Alonso (2005) model for peak dilatancy has been shown to be a wide range of 

sedimentary rocks, it does not appear appropriate in this case. Geologically speaking, this may be 

because of a significant influence of crystalline clasts on the failure mode and/or because of 

hydrothermal alteration effects on the matrix material. The W-D model, however, appears to fit 

the data quite well. 

 Walton and Diederichs (2014b) showed for a variety of rock types that the decay 

parameter is at a maximum for unconfined conditions and then reduces to an approximately 

constant value at higher confining stresses. As such, the decay can be represented by two unique 

parameters: γ0 for unconfined conditions and γ
’
 for confined conditions. Based on the data in 

Figure 8-13, a value of γ
’
 = 40 mstrain has been selected. In the absence of any data available into 

the post-peak dilation decay phase at unconfined conditions, γ0 = 100 mstrain was used, as this 

corresponds to the maximum value observed in the triaxial data; this value is also roughly 

consistent with the values reported for other types by Walton and Diederichs (2014b). 
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Figure 8-13 – Dilation decay parameter, γ*, as determined for individual samples; the 

dashed line indicates the value selected for use in numerical modelling. 

8.2.3 Extensometer Data 

 Two extensometers were installed in the shaft at the location of interest (1172 m depth) 

during construction. These instruments were installed immediately above the face (within one 

meter). This means that any deformation associated with the advance of the face towards the 

measurement location prior to installation is not captured in the data. If the rockmass deformed 

through plastic squeezing mechanisms, a longitudinal displacement profile could simply be used 

to estimate the amount of deformation which occurred prior to the installation of the 

extensometers (Vlachopoulos and Diederichs, 2009). Unfortunately, this type of methodology is 

not necessarily applicable to the deformation of brittle rocks. 

 Based on the observations of Read and Martin (1996) at Atomic Energy of Canada Ltd.’s 

mine-by experiment in the Lac du Bonnet granite, it can be reasonably assumed that no 

significant cracking or yield took place prior to the installation of the extensometers. In other 
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words, only a small component of elastic deformation occurring ahead of the face was missed by 

the extensometers. Based on ground reaction curves for elastic deformation, it can be assumed 

that only ~70% of the elastic deformation was recorded (Steindorfer, 1998; Vlachopoulos and 

Diederichs, 2009). To correct the data to include the remainder of the elastic deformation, the 

following procedure was employed for each extensometer: 

 A linear segment was fit to the elastic portion of the extensometer displacement-distance 

plot. 

 This linear segment was extended to the excavation wall to estimate the elastic 

component of the measurement displacement. 

 The remaining 30% of elastic deformation was added to the measured displacements (~1 

mm at the excavation wall for both instruments, 0 mm at the anchor, and a linearly 

interpolated value in between). 

The raw extensometer data, the best fit lines for elastic displacements, and the corrected 

extensometer data can be seen in Figure 8-14. 
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Figure 8-14 – Raw extensometer data with lines of best fit for elastic deformation and 

corrected data. 
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8.3 Finite Difference Modelling 

8.3.1 Analysis Using Laboratory Properties 

 In an attempt to replicate the process of initial predictive modelling (i.e. prior to the 

attainment of any monitoring data for parameter calibration), a finite difference model was 

developed in FLAC 7.0 based on the material parameters derived from the laboratory testing 

results (Itasca Consulting Group, 2011). The mesh used for the model is shown in Figure 8-15; 

note that the zones at the excavation boundary in the standard mesh have a side length of 

approximately 25 cm. 

 

Figure 8-15 – Full finite-difference grid used to model mine shaft (top left) and zoomed view 

of excavation area (top right); zoomed views of alternative coarse (bottom left) and fine 

(bottom right) meshes used to test the sensitivity of the result to discretization are also 

shown. 
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 The zone of interest for this study (as depicted in Figure 8-9) is located in a vertical shaft 

at a depth of 1172 m. Based on the weight of the overburden, the vertical stress (out-of-plane in 

the finite difference model) is estimated to be 30 MPa. Based on an investigation of stresses near 

the shaft, the maximum and minimum horizontal stresses at 1172 m depth are estimated to be 26 

MPa and 21 MPa, respectively, with the maximum principal stress oriented approximately NNE-

SSW. A schematic of the shaft with the principal stresses and the extensometers shown for 

reference is provided in Figure 8-16. 

 

Figure 8-16 – Illustration of extensometer locations and stress model for mine shaft at 1172 

m depth. 

 The material properties used for the model (see Section 8.2) are summarized in Table 8-1. 

Figure 8-17 illustrates the evolving strength and dilation models used. Note that in the dilation 

properties, a value of 0.001 is used for α0 rather than 0 to avoid division by zero in the FISH 

implementation of the dilation model. 
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Table 8-1 – Properties for conglomerate rockmass used for finite-difference modelling. 

Strength & Stiffness 

Parameters 

Post-Yield (Dilation) 

Parameters 

E (MPa) 25 α0 0.001 

ν 0.25 α
'
 0.003 

cPeak 

(MPa) 
11.6 

γm 

(mstrain) 
2 

cRes (MPa) 0.8 β0 0.945 

γ
p
 to cRes 

(mstrain) 
3 β

'
 0.13 

ϕInitial (
o
) 16 

γ0 

(mstrain) 
100 

ϕMob (
o
) 50 

γ
'
 

(mstrain) 
40 

γ
p
 to ϕMob 

(mstrain) 
3 - - 
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Figure 8-17 – Cohesion-weakening-friction-strengthening strength model (top) and dilation 

angle model (bottom) used for the conglomerate rockmass in-situ. 

 For the purposes of implementing mobilized strength and dilatancy models in FLAC, a 

conversion from the plastic shear strain definition used here (γ
p
) to the of the program (e

ps
) was 

required. The conversion was performed using 
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 (8-4) 

which is valid for materials with ψ = 0
o
, and a reasonable approximation for materials with ψ ≠ 0

o
 

(Alejano and Alonso, 2005; Walton and Diederichs, 2014b). 

 One final feature which was incorporated into the model is the influence of support on 

the shaft response. The shaft support consists of a 50 mm shotcrete liner installed just behind the 

face. In FLAC, the shotcrete was modelled as a normal pressure applied to the excavation 

boundary immediately following excavation. To determine the pressure applied by the shotcrete, 

it must be noted that almost all of the deformation observed by the extensometers occurred over 

the first three days, when the shaft advanced ~12 m past the extensometer location. According to 

the relationships proposed by Hoek (1999), the maximum pressure produced by 50 mm shotcrete 

liner in a 10 m diameter excavation after three days of curing is approximately 100 kPa. 

Considering that this is the maximum support pressure, it is likely that in the area of EXT1 where 

ground movements are smaller, the reaction pressure applied by the liner may be slightly less than 

100 kPa. Because of the uncertainty associated with the influence of the support, models were run 

using no support pressure, 50 kPa of pressure, 100 kPa and 200 kPa of pressure. The 

displacement results from the FLAC models are shown in Figure 8-18 with the extensometer 

data. 
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Figure 8-18 – Displacement profiles from finite difference models using different 

representations of shotcrete influence. Results from the location of EXT1 are shown on top, 

and results from the location of EXT2 are shown on the bottom; full views over the length 

of extensometer data are on the left, and expanded views of the plastic zone are shown on 

the right. Extensometer data points are included for reference. 

 The effect of the internal pressure on the model result is to reduce the amount of 

displacement in the plastic zone (the influence on the elastic displacements is negligible). With 

respect to the dilation model, this is due most significantly to the corresponding decrease in the 

peak dilation angle, as well as a decreased influence of the more gradual post-mobilization 

dilation decay at unconfined conditions. 

 For shotcrete pressures of 50 kPa and 100 kPa, the finite difference models predicted 

displacements very close to those observed at all anchor points on EXT1 (within 0.5 mm at all 
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points). In the case of EXT2, the model with a shotcrete pressure of 100 kPa provides a good fit 

to the measured displacements. The notable exceptions are in the case of the anchor at the 

excavation wall, and 1.5 m from the excavation wall, where the discrepancy between the model 

and the observed values is on the order of ~20%. Given the levels of uncertainty associated with 

some of the parameters used and the lack of any calibration, the finite difference model still 

provides a good preliminary representation of the shaft behaviour at the location of EXT2. Based 

on the ability of the material parameters to accurately predict the rockmass behaviour at two 

independent locations, it appears that the variability in the bulk rockmass parameters is indeed 

less influenced by grain-scale features than the variability observed in the laboratory.  

 An interesting consideration is the distribution of the dilation angle around the excavation 

once equilibrium is achieved. Around the outer rim of the plastic zone, a low dilation angle area 

exists. The highest dilation angles exist just inside the plastic zone, where peak dilation has just 

been mobilized; this is where the last phase of crack growth and crack opening occurred. Close to 

the excavation, the dilation angle is relatively small, since significant straining has occurred, and 

the rockmass is already fractured/damaged in this area. To illustrate these trends and the 

relationship between the dilation angle and its controlling parameters (plastic shear strain and 

confining stress), profiles of these values have been plotted along the same line as EXT2 (Figure 

8-19). 
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Figure 8-19 – Profiles of dilation angle (top) and its controlling parameters – plastic shear 

strain (middle) and confining stress (bottom) – along the EXT2 line, as shown in the inset 

image (pi = 100 kPa). 
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8.3.2 Sensitivity of Results to Finite Difference Grid Used 

 All plastic models with a non-associated flow rule or post-yield weakening suffer from 

some form of bifurcation following material yield (de Borst, 1988). Bifurcation is particularly an 

issue for brittle materials, where sudden cohesion loss can lead to the unpredictable spread of 

yield. 

 It has long been understood that bifurcation in frictional materials is both a function of 

frictional and dilational properties (Vardoulakis, 1980). Although the relatively high dilatancy 

values utilized in this study should improve the material stability to some extent, there is still 

expected to be a notable mesh dependency of the solution obtained (Hobbs and Ord, 1989; de 

Borst, 1988). To evaluate how significantly the modelling results vary based on the problem 

discretization, models were run using the baseline material parameters and three different grid 

sizes. In addition to the original grid (~25 cm zone side length), a denser mesh (~12.5 cm zone 

side length) and a coarser mesh (~50 cm zone side length) were tested (as shown in Figure 8-15). 

 The mesh sensitivity analysis results (Figure 8-20) show that overall, the model results 

are not especially sensitive to the mesh size used. One key exception is that, in the case of EXT1, 

the coarse mesh is too large relative to the small yield zone size. Because of this, the size of the 

yield zone at the extensometer location can only be represented as either 50 cm or 100 cm 

(instead of the more appropriate 75 cm predicted by the denser meshes).  
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Figure 8-20 – Mesh size influence on model displacements at EXT1 (top) and EXT2 

(bottom) locations. 

 In the case of EXT2, all three mesh sizes yield similar results, with the exception of the 

area between 1 m and 2 m from the excavation wall. In this zone, the dense mesh predicts a 

greater displacement than the coarser meshes, while matching the displacements on either side. 

The irregular increase in displacements observed in the dense mesh model for EXT2 is caused by 

the bifurcation which determined the development of the yield envelope around the excavation. In 

the case of the model with the denser mesh, rather than developing a uniform yield zone and 

uniform strain field, isolated zones between the inner yield area and the final yield envelope were 

allowed to remain in an elastic state. As a consequence, there is an intermediate zone where less 

strain has occurred (see Figure 8-21). Because the repeatability of this result is questionable, it 
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cannot be concluded that this feature is representative of the physical mechanism occurring in-

situ. Even so, the fact that the irregularity in the dense mesh displacement profile almost perfectly 

matches the measured displacements in that region suggests that the bifurcation observed in this 

model has some physical meaning. 

 

Figure 8-21 – Contours of total shear strain at the location of EXT2 for the dense mesh 

model; the black line indicates the extensometer location, and the black circles indicate the 

measurement points. 

 Anomalous features aside, the mesh sensitivity analysis showed that the difference in the 

overall displacement profile character between the moderate and dense meshes is negligible. As 

such, the computationally more efficient moderate mesh (~1/18 model runtime) is used for all 

following analyses. 

8.3.3 Back Analysis to Optimize Rockmass Parameters 

 A more typical approach to the analysis of rockmass behaviour than the predictive 

method applied above is to perform a back analysis. Such analyses determine representative 

material parameters by finding those which lead to numerical modelling results (i.e. 
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displacements) as close as possible to measurements taken in-situ (Gioda and Sakurai, 1987). 

Such analyses are useful when using observational design methods, where the response of 

geomaterials to various loading conditions is measured and evaluated during construction to 

allow for the refinement of design parameters (Lunardi, 2008; OEGG, 2010). With respect to 

tunnelling problems, because of the complexities of stress/strain analysis for general conditions, 

the application of local and global optimization methods to tunnelling problems have been largely 

limited to solutions assuming linear elastic behaviour (Sakurai and Takeuchi, 1983; Gioda and 

Sakurai, 1987; Jeon and Yang, 2004); such an approach, although not without its uses, can 

typically only be used to match closure measurement at the excavation walls, and ignores 

mechanistic complexities.  

 Recent back analysis studies using global optimization methods have shown promise in 

cases with a plastic constitutive model where 4-6 parameters are considered (depending on 

whether or not stresses are allowed to vary) (Vardakos, 2007; Vardakos and Gutierrez, 2012). 

 These studies, however, have considered non-dilatant, non-brittle materials. In the case of 

non-linear analyses where mobilized dilation angle models are employed, the implementation of 

global optimization tools can become prohibitively time consuming. In any case, such an analysis 

is not guaranteed to produce meaningful results for this study because of the limited amount of 

data available and the potential for non-negligible errors to influence in-situ measurements. 

For the mine shaft example, a back analysis has been performed using a manual parameter 

iteration methodology to solve for optimal material parameters. Given the small number of data 

points available, rather than use a rigorous definition of what constitutes the “best fitting” results, 

the author simply attempted to minimize the average distance from the finite difference modelling 

results to each of the extensometer measurement points. To simplify the analysis, the baseline 

stress model was assumed to be correct, and was not adjusted during the back analysis. Similarly, 

a consistent internal pressure of pi = 100 kPa was used. Generally speaking, the trial and error 
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procedure attempted to constrain the elastic parameters by fitting the model to the data further 

from the excavation wall, then to constrain the strength parameters by matching the inflection 

point of the displacement curve, and finally to constrain the dilation parameter by matching the 

shape of the near-excavation response.  

 Models were run with different sets of material properties to examine each of the 

extensometer locations separately; the author believes that some degree of rockmass parameter 

variability is reasonable around the shaft extent, given the variability of the laboratory properties 

and the size of the shaft. The material properties selected for each of the extensometer locations 

are shown in Table 8-2, and the corresponding model results are shown in Figure 8-22. 

Table 8-2 – Material properties from “best fitting” models obtained through back analysis 

of EXT1 data (left) and EXT2 data (right). 

EXT1 EXT2 

Strength & Stiffness 

Parameters 

Post-Yield (Dilation) 

Parameters 

Strength & Stiffness 

Parameters 

Post-Yield (Dilation) 

Parameters 

E (MPa) 25 α0 0.001 E (MPa) 18 α0 0.15 

ν 0.2 α
'
 0.003 ν 0.25 α

'
 0.003 

cPeak 

(MPa) 
11.6 

γm 

(mstrain) 
2 

cPeak 

(MPa) 
11.6 

γm 

(mstrain) 
2 

cRes (MPa) 1.25 β0 0.945 
cRes 

(MPa) 
1.25 β0 0.85 

γ
p
 to cRes 

(mstrain) 
3 β

'
 0.13 

γ
p
 to cRes 

(mstrain) 
3 β

'
 0.13 

ϕInitial (
o
) 16 

γ0 
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Figure 8-22 – Comparison of models produced based on laboratory parameters (“Predictive 

Model” – solid line) and back analysis (dashed line) for EXT1 (top) and EXT2 (bottom). 

The results of the back analysis are interesting in many respects: 

 The material parameters obtained from the back analysis of the EXT1 data are very 

similar to the baseline parameters. This is not surprising, since the fit produced using the 

baseline parameters was already very good. 

 One key difference between the baseline parameters and the back analysis parameters for 

the EXT2 location is the lower Young’s modulus value (18 GPa) required to fit the 

elastic portion of the extensometer data. The rockmass may truly be softer in this area of 

the shaft, and/or there may be an underestimation of the in-situ stress magnitude in the 
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direction of EXT2. It is also possible that the proportion of elastic deformations which 

occurred prior to the installation of EXT2 was overestimated. 

 The material parameters obtained from the separate back analyses of each set of 

extensometer data produced are very similar, suggesting that the rockmass variability is 

limited. 

 Both sets of back analysis parameters have lower values of γ0 and γ
’
 than originally 

predicted. This implies that the decay of dilatancy post-mobilization in-situ may be more 

rapid than in laboratory tests; such a possibility is consistent with the data presented by 

Alejano and Alonso (2005), which show that there may be a slight increase in the dilation 

decay rate of coal as sample size increases. 

8.4 Non-uniqueness in Plasticity Models 

 The physical system which is encapsulated by an underground excavation can be 

simplified to a general equation: 

            (8-5) 

where d represents the data collected (commonly displacement or closure measurements), m is a 

set of parameters which define the physical model (material parameters and boundary 

conditions), G is an operator, which relates the model parameters to outputs (in this case, the 

equations of motion and plastic constitutive relations), and η represents all sources of error.  

 Each finite-difference model run represents a forward model, where d is predicted based 

on known or estimated characteristics of m. When performing a back analysis, one attempts to 

solve the inverse problem, where m is determined, given d. In the case of stresses and strains 

around an excavation, because G is complex, an iterative approach must be taken to determine m, 

such as the trial and error methodology described above (Aster et al., 2012). 
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 If we conceptualize equation (8-5) as a system of equations, where d is a vector, with 

each element corresponding to a single displacement measurement at a point, we can characterize 

the problem of interest. For the brittle model employed in this study, the total number of material 

parameters employed (ignoring boundary conditions as model parameters) is 15; this includes 

elastic, strength, and post-yield parameters. If we model the rockmass as homogeneous (all 15 

parameters are equivalent at the EXT1 and EXT2 locations), then we have a total of 12 data 

points; the key disadvantage of this strategy is that we introduce potentially significant errors into 

our model. The alternative is to allow the parameters to differ at each location. In this case, we 

have two systems of equations, each with 6 data points and 15 parameters. In either case, this 

problem is underdetermined, meaning that there are multiple solutions for m which may fit d 

equally well, even if η = 0. This is problematic, since in reality, η is non-negligible because of 

measurement errors, computational errors, and, perhaps most significantly, errors in the 

constitutive models employed. 

 To demonstrate the issue of non-uniqueness in plasticity models, additional back analyses 

were carried out. In these analyses, two alternative dilation models (see Figure 8-23) to the W-D 

model were used. For both of these alternative models, rather than explicitly defining a 

confinement dependency of the dilation angle, independent strain-base dilation angle functions 

were defined for low confinement zones (“inner material” – within 75 cm of the excavation) and 

moderate to high confinement zones (“outer material” – greater than 75 cm from the excavation).  
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Figure 8-23 – Alternative dilation angle models 1 (left) and 2 (right). 

 These models, along with the in-situ stresses and support pressure, were held constant, 

while the elastic and strength parameters were allowed to vary separately at each of the 

extensometer locations. The displacement results for each of the alternative dilation models are 

compared to the back analysis results obtained using the W-D model in Figure 8-24. 
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Figure 8-24 – Model displacements obtained using different dilation angle models. 

 The results show that reasonable fit qualities can be obtained using all three different 

dilation models. Because of this non-uniqueness, we cannot conclude from the back analyses 

alone that any single set of model parameters is correct. However, in this case the back analysis 

parameters obtained using the W-D dilation model are preferable, both because it requires less 

parameters than the type of piecewise function depicted in Figure 8-23, and because it more 

closely matches the laboratory data. 

 The material parameters corresponding to each of the model runs are shown in Table 8-3. 

Also included in Table 8-3 are various measures of the quality of the model displacements when 

compared to the measured displacements. For reference, the root-mean-squared-error (RMSE) is 

calculated as 
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 The relative error measures are the difference between the model and the measurement, 

expressed as a percentage of the measurement. 

Table 8-3 – Material properties and measures of model error for various model runs. 

Parameter 

EXT1 EXT2 

Baseline 

(Predicted) 

Back Analysis Baseline 

(Predicted) 

Back Analysis 

W-D Alt 1 Alt 2 W-D Alt 1 Alt 2 

E (MPa) 25 25 28.5 26 25 18 22 18 

ν 0.25 0.2 0.2 0.2 0.25 0.25 0.25 0.2 

cPeak (MPa) 11.6 11.6 11 12.6 11.6 11.6 13 14 

cRes (MPa) 0.8 1.25 0.5 1 0.8 1.25 0.5 1.2 

γ
p
 to cRes 

(mstrain) 
3 3 2 2 3 3 2 2 

ϕInitial (
o
) 16 16 10 15 16 16 10 10 

ϕMob (
o
) 50 45 50 50 50 45 50 50 

γ
p
 to ϕMob 

(mstrain) 
3 3 4 4 3 3 4 4 

RMSE (%) 11.5 13.0 12.7 11.5 23.9 10.0 16.4 14.6 

Maximum 

Relative Error 

(%) 

19.2 16.0 21.2 9.4 27.2 13.6 6.4 28.0 

Average 

Relative Error 

(%) 

10.0 10.8 11.3 10.4 22.2 9.8 13.2 12.6 

Average 

Absolute Error 

(mm) 

0.2 0.3 0.3 0.3 1.5 0.8 0.7 1.2 

  

 To address the issue of non-uniqueness in plasticity models, there are limited options. 

The most obvious is to increase the amount of in-situ data collected. Although favourable from a 

scientific standpoint, this is often impractical. A second alternative is to reduce the number of 

model parameters such that it is less than the number of data points. An example of this is the use 
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of a linear elastic constitutive model in place of plastic model with mobilized dilatancy. The clear 

downside of these simplified models, as can be seen in the study of Sakurai and Takeuchi (1983), 

is that they fail to accurately fit all observed data. 

 Clearly, a balance must be achieved between model simplicity and result accuracy. 

Exactly where this balance exists is application specific. Perhaps the best method for limiting 

non-uniqueness while maintaining sufficient model complexity, however, is to use a priori 

knowledge from laboratory testing. As our understanding of property scaling, our laboratory 

testing capabilities, and our constitutive models all improve, laboratory-based investigations 

provide an increasingly viable option not only for constraining back analyses, but also for 

predictive modelling exercises. 

8.5 Summary and Conclusions 

 This study has focussed on modelling the post-yield behaviour of a heterogeneous 

conglomerate rockmass in a stressed mine shaft at depth. An initial investigation of laboratory 

data provided information on the strength, stiffness, and dilation parameters of the intact 

conglomerate, all of which were found to be highly variable. Because of a relatively high mi and 

GSI values for the rockmass, a brittle (CWFS) strength model was adopted, as was a mobilized 

dilatancy model. 

 A two dimensional model of the mine shaft at 1172 m depth was produced using FLAC, 

a finite difference program (Itasca Consulting Group, 2011). Representative material parameters 

were selected based solely on information available from the preliminary laboratory and field 

observations. Modelling results matched deformations measured using borehole extensometers 

very well at both instrument locations, indicating that the average laboratory parameters are 

representative of the in-situ parameters, and that the in-situ variability is negligible when 

compared to that observed in the laboratory. 
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 Back analysis to optimize the model result fits to the extensometer measurements showed 

that the rockmass stiffness may be lower than predicted using the method of Hoek and Diederichs 

(2006) in one area of the shaft, or the NW-SE oriented component of the in-situ stresses may be 

underestimated. The back analyzed results showed an excellent match to the observed 

deformations, with the average error considering both extensometers being 10.3%. This verifies 

that the W-D dilation model can be used to effectively simulate in-situ strain fields. With respect 

to the dilation model, the most significant finding was that the use of lower values than expected 

for the decay parameters, γ0 and γ
’
, was necessary to obtain an optimal fit to the data. This 

indicates that the appropriate in-situ decay parameters may be lower than observed in the 

laboratory. Also, the fact that optimal values of γ0 and γ
’
 are equal suggests that a simplification to 

the W-D dilation model (γ0 = γ
’
) could be used without a significant loss of result accuracy. 

 The investigation of model non-uniqueness indicated that a variety of dilation angle 

models can be used to accurately replicate observed in-situ displacements. These findings provide 

some insight into the limitations of numerical back analysis to obtain plasticity model parameters. 

In particular, one must be careful not to over-emphasize the significance of a good fit obtained 

using back analysis. With this in mind, the key strength of the W-D dilation model is that it is 

consistent both with the data obtained in-situ, which incorporates all of the complexities of a 

shaft-scale rockmass, and at the laboratory scale, where model parameters are better constrained. 

8.6 Appendix to Chapter 8 – Equations of the W-D Dilation Model 

 The following piecewise function (with parameters explained in Table 8-4) defines the 

W-D dilation angle model for all confining stress and plastic shear strain conditions (Walton and 

Diederichs, 2014b): 
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Table 8-4 – Parameters defining the W-D dilation model (Walton and Diederichs, 2014b). 

Parameter Definition 

α0 Determines the curvature of the pre-mobilization portion of the curve for σ3 = 0 

α’ Determines how the pre-mobilization curvature changes as a function of σ3 

γm Defines the plastic shear strain at which peak dilation is achieved 

β0 Defines the sensitivity of ψPeak to σ3 at low confinement 

β’ Defines the sensitivity of ψPeak to σ3 at high confinement 

γ0 Defines the decay rate of the dilation angle post-mobilization for zero confinement 

γ’
 

Defines the decay rate of the dilation angle post-mobilization for non-zero 

confinement 
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Chapter 9 

A Pillar Monitoring and Back Analysis Experiment at 2.4 km Depth in 

the Creighton Mine, Sudbury, Canada
8
 

9.1 Introduction 

 As part of mining operations in highly stressed ground, monitoring changes in rockmass 

behaviour throughout the mining process provides important information to ground control 

personnel. In particular, the use of Multi-Point-Borehole-Extensometers (MPBXs) can allow for 

the estimation of depth of yield/fracturing and the assessment of the effects of mining-induced 

stress changes. The differences in rockmass movement throughout a pillar and over time can also 

be correlated with numerical modelling results to help develop and improve an understanding of 

stress conditions as well as rockmass strength and deformation parameters. 

 Over the past few decades, the global mining industry has seen a significant increase in 

the use of numerical modelling tools for geotechnical risk mapping and mine planning 

applications. One of the first uses of numerical modelling for mining applications was elastic 

stress analysis, a tool that remains in use today (Hoek et al., 1995; Brady and Brown 2004; 

Malek, 2009). Plastic constitutive models (continuum) are applied in mining analysis, both to 

capture non-linear behaviour with respect to stress re-distribution and to directly model depth of 

yield (Arndt et al., 2007; Cepuritis et al., 2010). Newer modelling approaches such as the 

synthetic rock mass (SRM) approach (Mas Ivars et al., 2011) and hybrid continuum/discontinuum 

(Bobet, 2010; Elmo and Stead, 2009) which are being developed also have potential applications 

in mining. 

                                                      

8
 A version of this Chapter has been prepared for submission to the International Journal of Rock 

Mechanics and Mining Sciences with the following authors and title: Walton, G., Diederichs, M.S., 

Punkkinen, A., and Whitemore, J. A Pillar Monitoring and Back Analysis Experiment at 2.4 km Depth in 

the Creighton Mine. 
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With recent advances in the modelling of brittle failure (Martin, 1997; Diederichs, 1999; 

Hajiabdolmajid et al., 2002; Diederichs 2007), the greatest degree of uncertainty with respect to 

non-linear continuum models for brittle rockmasses now lies in the post-yield domain. In 

particular, the relative proportions of shear and volumetric deformation post-yield (controlled by 

the dilation angle, ψ, for a Mohr-Coulomb constitutive model) can have a significant impact on 

the development of yield and ground movement patterns. Understanding and accurately 

modelling post-yield dilatancy can improve stress models, help predict ground displacements and 

support loads, and allow for a better understanding of strain burst mechanisms. 

 Although several different approaches exist for the treatment of post-yield dilatancy in 

rocks which involve a direct modification of the plastic potential function, more recently 

researchers have tended to define mobilized functions for ψ within a Mohr-Coulomb framework 

(Ofoegbu 1992; Cundall et al., 2003; Alejano and Alonso, 2005; Zhao and Cai, 2010a; Walton 

and Diederichs, 2014b). Of these dilation models, the method of Walton and Diederichs (2014b) 

is proposed as the most appropriate for the modelling of brittle dilatancy, given its ability to fit 

data for a wide range of rock types using a relatively small number of unique parameters; also, its 

applicability to in-situ rockmasses has been demonstrated using several case studies (Walton et 

al., 2014b). 

 In this study, a monitoring program in the Creighton Mine is presented; the results of this 

program are then compared against a numerical model developed using a plasticity approach and 

a mobilized dilation angle mode. The mechanisms of deformation within the pillar are then 

interpreted based on a calibrated model. 

9.2 Creighton Mine 

 The Creighton Mine in Sudbury, Canada is one of the ten deepest mines in the world with 

mining at 7910 ft (2.4 km) and development extending to depths below 8000 ft (2.5 km). The 

mine lies at the southern edge of the Sudbury Igneous Complex (SIC) (see Figure 9-1), which 
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consists of a sequence of fractionally crystallized igneous rocks dated at 1,850 million years. The 

lithological units in the complex are a Norite (stratigraphically lowest), a Quartz Gabbro, and a 

Granophyre (stratigraphically highest) (Card et al., 1984; Krogh et al., 1984).  

 The Main Orebody at Creighton Mine consists of Nickel-Copper mineralization along the 

contact between the lower SIC unit (felsic norite) and the Huronian footwall rocks underlying the 

SIC. Since the start of mining at the turn of the 20
th
 century, multiple additional orebodies have 

been identified at the mine (Vale, 2013). 

 The area of interest for this study is the 461 orebody. This orebody consists of sulphides 

hosted in a brecciated granite/gabbro unit of footwall rocks. The predominant lithologies are 

sheared and recrystallized plutonic granites. This orebody approaches the 400 orebody near its 

top (see Figure 9-2). It is bounded on the Southeast by a steeply dipping shear zone, which is 

highly seismically active (Vale, 2013). 
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Figure 9-1 – Geological setting of the Creighton Mine (after Malek, 2009). 
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Figure 9-2 – Simplified cross-section of the Creighton Mine geology (after Malek, 2009). 

9.2.1 Study Area 

 The 7910 ft level (2.4 km depth) was selected for study because of the highly stressed 

ground conditions in the area. On this level, 10 drifts extend from a footwall drift into the 461 

orebody. A level layout can be seen in Figure 9-3. 
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Figure 9-3 – Planned layout for 7910 level, with a star indicating the monitoring experiment 

location and rectangles showing the areas of production during the monitoring period. 

 The granite in this area is relatively massive to moderately jointed, with up to three sub-

vertical joint sets with spacing on the order of one meter, and a fourth more widely spaced joint 

set, making the rockmass blocky in some areas. The RQD of the rockmass is near 100%, and the 

RMR value generally varies between 62 and 75, although it is locally higher in some areas. In the 

area of the monitoring experiment, the rockmass has minimal structure, and the joint surfaces are 

tight/healed; the rockmass GSI is approximately 75 to 85. 

 Because of the high stresses at depth, there are risks of severe stress-induced damage and 

some strain-bursting. This is particularly seen in the form of overbreak, shoulder bulking, and 

yield in pillar noses (see Figure 9-4 for examples). To minimize risk in permanent openings, a 
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combination of dynamic support (yielding friction bolts) and static support (rebar, shotcrete, and 

mesh) have been utilized in this part of the mine. 

 

Figure 9-4 – Examples of stress induced failure observed on or near the 7910 level prior to 

start of the experiment, including overbreak (top and middle bottom), borehole breakout in 

VRM blast holes (bottom left) and pillar nose shotcrete cracking (bottom right). 
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9.2.1.1 Mining Sequence 

 On the 7910 level, the development headings were advanced in a roughly triangular 

shape for the purposes of stress management, with the middle drift advancing first. The exception 

is that the 6300 drift was advanced significantly beyond the 6330 drift to allow for the installation 

of instrumentation. Following the installation of instrumentation, the 6307 stope (12.5 m x 17.5 m 

x 25 m) was excavated (Dec 2013) prior to the continued advancement of the 6330 drift. 

Following the advancement of the 6330 drift (Jan and Feb 2014), drift development continued on 

either side of the level relatively far from the installed instrumentation (still ongoing as of late 

2014). In March and April 2014, the 6287 stope (11.25 m x 21.25 m x 25 m) was excavated, and 

in June and July 2014, the 6336 stope (12.5 m x 32 m x 25 m) was excavated. 

9.2.1.2 Mining Method 

 The mining method used for stope production was slot and slash, a modified vertical 

retreat method designed to effectively increase the amount of ore recovered with each blast. 165 

mm holes were detonated with electronic detonators to optimize blast initiation accuracy and 

timing. The first to be mined, 6307 stope, was excavated in three lifts employing a 1.2 m diameter 

raise bore hole as a free face void reamed to within 3 m of the top of the stope. For the 6287 and 

6336 stopes, the void was created by blasting raises designed at 10.2 m
2
 and 8.2 m

2
 respectively 

to within approximately 10.5 m from the top of each stope. The 6287 void was created in three 

consecutive blasts and the stope slashed to the final 10.5 m “crown” height in a single blast. In 

each case, voids for the final slash were then created within the crown blast itself. This is 

engineered through the excavation of the slot with sufficient removal time of the raise material 

prior to initiation of the final slash itself. The 6336 Stope blast sequence was adjusted slightly: the 

raise void was initially created in two blasts, followed by two “body” slashes and the final crown.  
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9.3 Monitoring Program 

 In November 2013, six MPBXs were installed in the sill pillar between the 6300 drift and 

the 6330 drift. The installation was performed from the 6300 drift prior to the excavation of the 

6330 drift. The purpose of these extensometers was to record deformations associated with the 

development of the 6330 drift as well as the effect of production on the level. The extensometers 

were placed roughly halfway in between the footwall drift and the planned extent of mining. This 

location was selected to minimize the amount of out of plane effects expected at the monitoring 

location, and to position the instruments as close as possible to the production stopes without 

positioning them in the ore. At the time of installation, the face of the 5 m diameter 6330 drift 

was approximately 7.5 meters from the nearest extensometer location. 

 Two clusters of three extensometers each were used with the goal of simulating two high 

resolution extensometers with 18 measuring anchors each (as opposed to 6 anchors per physical 

extensometer). The clusters were spaced such that there would be one full mine-by round 

between them (2.5 m round length). The individual extensometers within each cluster were 

spaced approximately 0.5 m apart to minimize interactions between the installation holes. The 

geometry of the extensometer clusters is illustrated in Figure 9-5. 
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Figure 9-5 – LiDAR scan of extensometer installation location (top) and corresponding 

schematic illustrating instrument layout with instrument numbers shown above the 

rightmost anchors (bottom); black circles indicate the individual measuring anchor 

locations for each of the instruments. 

9.3.1 Results and Interpretation 

 Unfortunately, extensometers 1,2,5, and 6 were lost due to blasting induced electrical 

damage, leadwire damage, and grout failure during mining operations before data could be 

collected. The extensometer data collected for extensometers 3 and 4, however, still provide 

valuable insight into the behaviour of the sill pillar. It should be noted that the redundancy 

inherent in the extensometer array design shown in Figure 9-5 allowed the author to ensure that 
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interpretations could still be made even in the case of data loss. In this sense, the 3 x 6 anchor 

design (as compared to a single 18 anchor extensometer) is optimal for high priority monitoring 

areas, as it ensures both redundancy against instrument damage (which is very common in areas 

with high mining activity) and allows for high resolution deformation monitoring in the case that 

all instruments remain fully operational. 

 To convert the data from their raw measurements to a displacement, a reference point 

was required. Since the entire pillar was expected to move and deform during mining, no 

stationary reference anchor was available; instead, the center of the pillar was taken as the 

reference, meaning that the change in the measurements at the center of the pillar was subtracted 

from the changes observed in the other measurements over time. As such, the obtained 

displacements are all relative to the motion of the center of the pillar. The relative displacements 

obtained from extensometers 3 and 4 are shown in Figure 9-6. 



 

366 

 

 

Figure 9-6 – Displacements obtained from extensometers 3 (top) and 4 (bottom) with anchor 

locations relative to the pillar center (in meters) marked at the right of each data set. 

Interpolated results in areas of missing data indicated by dotted lines. Note the correlations 

between ground movement and mining activities (vertical dashed lines). 
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 In Figure 9-6, a number of mining activities are reported. “Mine-by” refers to the date at 

which the face of the advancing 6330 drift passed the extensometer. “6287 Crown” refers to the 

final crown blast in the 6287 stope (prior blasts in this stope are not shown, given their apparent 

lack of significant influence on the measured displacements). The “6336 Raise Blast” is one of 

the two blasts used to excavate a vertical hole near the center of the stope to create a free surface 

for future blasts. “6336 Blast 1”, “6336 Blast 2”, and “6336 Crown” represent the three blasts 

taken in the 6336 stope. 

 In observing the extensometer data, one must be aware that extensometer 3 (EXT3) hole, 

which is located closer to the ore-body, contains significant (~15%) sulphide mineralization. 

Although this type of geological variability is not practical to include in numerical models, it 

should be considered in the interpretation of the data. 

 EXT3 shows some minor motion prior to the excavation of the 6330 drift due to the 

relative motion of the center of the pillar towards the 6307 stope upon its excavation as compared 

to the anchors further from the stope; EXT4 is further from the stopes (closer to the footwall 

drift), and shows no such motion. Both extensometers initially respond significantly to the mine-

by of the 6330 drift (note that this occurs at a different time for each extensometer). Following 

this, a significant increase in ground motion is initiated following the completion of the 6287 

stope at the location of EXT4. EXT3 shows no motion associated with the completion of the 6278 

stope, but rather remains in a meta-stable state until a relatively small amount of excavation (in 

the form of the 6336 Raise Blast) re-initiates ground motion. One potential explanation for this 

effect is that the presence of sulphides within the granitic matrix temporarily arrest tensile crack 

extension at low confinements, locally increasing the rockmass strength above its minimum value 

(CI). 

 Following this point, EXT4 shows a gradual ground response to continued excavation, 

whereas EXT3, which is located much closer to the 6336 stope, responds to the mining of this 
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stope with much more significant amounts of deformation. Note that following the removal of the 

6336 stope, the displacement observed 2.15 m from the pillar center on EXT3 is greater than that 

observed 2.45 m from the pillar center on EXT4. Also of interest is the fact that following the 

removal of the 6336 stope crown, the displacement of the 2.95 m anchor on EXT3 actually 

overtakes that of the 3.55 m anchor. This corresponds to compression of the material between 

2.95 m and 3.55 m from the center of the pillar. A likely explanation for this is that the previously 

fractured and dilated material in this region is undergoing contraction as fracturing further within 

the pillar pushes this material against the relatively stiff shotcrete liner.  

9.4 Geomechanical Characterization 

 Because of the relatively massive nature of the granites on the 7910 level, appropriately 

interpreted intact rock properties as determined from laboratory testing data can be considered 

relatively representative of the overall rockmass (Kaiser et al., 2000; Carter et al., 2008). 

Laboratory data were available from a testing campaign performed at the CANMET Natural 

Resources Canada Laboratory in Ottawa, including uniaxial, triaxial, and indirect Brazilian 

tensile tests (tensile results corrected according to the findings of Perras and Diederichs (2014)). 

A preliminary examination of the data found that all of the various granitic rocks (shown in 

Figure 9-7) display similar geomechanical characteristics, so these data were analyzed together.  
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Figure 9-7 – Granitoid footwall rocks from Creighton mine. 

 Two alternate fits for the Hoek-Brown (1980) strength envelope to the full data set are 

shown in Figure 9-8. The first fitting method includes tensile, uniaxial, and triaxial data. Because 

this fit appears to underestimate the uniaxial and triaxial strength of the rock, a second fit has 

been applied only to the uniaxial and triaxial data, and a tension cutoff has been applied (as per 

Hoek and Martin, 2014); the use of a tension cutoff in this case is consistent with the findings of 

Fairhurst (1964), Ramsey and Chester (2004), and Bobich (2005). The model parameters for both 

fits are shown in Table 9-1. 
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Figure 9-8 – Hoek-Brown strength fits to uniaxial, triaxial, and corrected indirect tensile 

test results (top) and logarithmic fit to Young’s modulus as a function of confining stress 

(bottom). 

Table 9-1 – Hoek-Brown intact strength parameters for Creighton granite 

Parameter Fit to All Data Fit to Compression Data 

UCS (MPa) 181.0 220.8 

mi 20.9 17.1 

σt (MPa) -8.7 -9.0 (cutoff equal to mean value) 

 

 In addition to the peak strength values, the Young’s Modulus (taken as the tangent 

stiffness at 50% of peak strength) was recorded (see Figure 9-8). A minor confinement 
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dependency of the Young’s Modulus was noted, with average values ranging from 52.7 GPa at 

unconfined conditions to 79.7 GPa at σ3 = 60 MPa. As is suggested by Arzua et al. (2014) and 

Walton et al. (2014a), the confinement dependency observed in some brittle rocks can be 

captured by a logarithmic function which transitions to a linear segment where the tangent to the 

log function passes through the mean stiffness at unconfined conditions. Mathematically, this can 

be represented as 
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where Eo is the mean stiffness at unconfined conditioned conditions, and ω’ and ωo are fitting 

parameters determined to be 13.91 and 29.31, respectively, for the Creighton granite. The average 

Poisson’s ratio (taken as the slope of the initial linear lateral strain segment prior to the onset of 

cracking) was found to be 0.1. 

 For the purpose of modelling in-situ brittle failure, it is of interest to understand the in-

situ yield stress, which, at its lower bound, corresponds to the crack-initiation stress (CI) as 

observed in laboratory tests (Diederichs and Martin, 2010; Ghazvinian et al., 2012). For the 

uniaxial test data available, CI was determined as the point of non-linearity in the axial stress – 

lateral strain curve (see Figure 9-9). This methodology is consistent with the observations of 

Lajtai (1998) and Diederichs et al. (2004). Based on this approach, CI was found to vary between 

~80 MPa and ~95 MPa. 
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Figure 9-9 – Selection of CI based on lateral strain non-linearity; the vertical dashed line 

represents CI. 

 Because the curvature of the axial stress – lateral strain curves is more gradual in the 

triaxial test data, reliable CI values could not be reliably determined for the rest of the data. A 

previous back analysis performed based on in-situ damage observations at the Creighton Mine, 

however, estimates that CI can modelled as approximately σ1 = 90 MPa + 1.4σ3 or σ1 – σ3 = 100 

MPa (Diederichs, 2003). The slopes of these lines correspond to friction angles of approximately 

10
o
 and 0

o
, respectively. This level of confinement dependence for CI is consistent with the back 

analysis parameters used by Edelbro (2009) to model the brittle failure of a number of granites in 

Scandinavia. 

9.4.1 Post-Yield Dilatancy 

 In addition to strength and stiffness, post-yield dilatancy parameters can also be 

determined from laboratory compression test data. For each test, the instantaneous dilation angle 

was determined using the following equation: 
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(9-2) 

where   ̇
 

 represents the plastic volumetric strain increment,   ̇
 

 represents the major principal 

plastic strain increment, and these plastic strain components were determined by subtracting the 

elastic component of strain from the total measurements (see Walton and Diederichs (2014b) for 

more details on the calculation methodology employed). 

 Next, the dilation angle model of Walton and Diederichs (2014b) was fit to the dilation 

angle data for each test (see Appendix A for the mathematical definition of the model). Examples 

of typical data and model fits for the Creighton data set can be seen in Figure 9-10. 
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Figure 9-10 – Examples of instantaneous dilation angle measurements for granitoid samples 

tested at 0 MPa (top) and 20 MPa (bottom) confining stress; note that the influence of the 

noise near 2 mstrain of plastic shear strain in the uniaxial test data on the overall model fit 

is negligible. 

 The curvature prior to the attainment of the peak dilation angle in each of the models 

shown in Figure 9-10 is governed by a “Pre-Mobilization Parameter”, α. This parameter varies 

from 0 to 1, and is typically lower (steeper initial model rise) for failures initiating with 

widespread crack opening. When plotting the values of this parameter against confining stress, a 

linear trend can be seen (see Figure 9-11a). 
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Figure 9-11 – Dilation parameters plotted as a function of confining stress. In (b) and (d), 

the dilation mobilization parameter and dilation decay parameters are plotted as the mean 

value with error bars corresponding to one standard deviation. 

 In the model of Walton and Diederichs (2014b), the transition from dilation angle 

mobilization to dilation angle is controlled by two parameters – the dilation mobilization 

parameter (γm) and the peak dilation angle (ψPeak). For a variety of rock types, Walton and 

Diederichs (2014b) found that dilation mobilization parameter shows no systematic variation as a 

function of confining stress. Although an apparent increase in the parameter with the confinement 

is present in the data presented in Figure 9-11b, any trend present is relatively small compared to 

the variability in the data; as such, a constant value of γm was adopted for the Creighton granite.  

 The peak dilation angle (see Figure 9-11c) decreases notably as a function of confining 

stress. At unconfined conditions, the peak dilation angle is approximately equal to the peak 
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friction angle (Alejano and Alonso, 2005; Zhao et al., 2010; Arzua and Alejano, 2013; Walton 

and Diederichs, 2014b). Under confined conditions, the peak dilation angle can be modelled by a 

linear-logarithmic transition function defined by two parameters (β0 and β’) in the case of 

crystalline rock (Walton and Diederichs, 2014b). 

 The post-mobilization decay of the dilation angle can be modelled using an exponential 

function defined by the dilation decay parameter (γ
*
). Similarly to the dilation mobilization 

parameter, the dilation decay parameter can be adequately modelled through the selection of a 

single representative parameter value, as trends in the data as a function of confinement tend to be 

small relatively to the variability of the data (see Figure 9-11d). 

9.5 Finite Difference Modelling 

 The finite-difference program FLAC
3D

 4.00.89 was used to model the evolution of 

stresses and strains in the study area over the course of the mining sequence. An octree mesh was 

used, with the results for each cube-shaped zone corresponding to the average of several 

tetrahedral sub-zones (Itasca Consulting Group, 2009). 

9.5.1 Modelling Philosophy 

 The goal of modelling the pillar was both to evaluate how well a plasticity-based 

continuum modelling result can match observed in-situ rockmass behaviour, and to provide a 

framework for future continuum modelling activities at Creighton and other mines where stress-

induced brittle yield is prominent. In particular, this study utilizes a cohesion-weakening-friction-

strengthening model with a mobilized dilation angle (Schmertmann and Osterberg, 1960; 

Hajiabdolmajid et al., 2002). 

 To determine how well the model results match the observed extensometer deformations, 

one must consider what defines an adequate model. To allow the model to be useful for future 

predictions of ground behaviour, the model displacements should match the extensometers 

reasonably well at all stages in the mining sequence. A direct measure of displacement error (such 
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as the root-mean-squared-difference between model and data for all anchors at all measurement 

times) is not appropriate for the evaluation of model quality, as minimizing this quantity may 

require the use of improbable material parameters and/or may force the model to fit data which 

are not representative of the overall pillar behaviour. This issue of appropriately incorporating 

different types of data (i.e. displacement measurements, laboratory data, stress measurements) 

into a quantitative evaluation of model quality remains unresolved in the literature. It is for this 

reason that the author prefers a manual back analysis approach for model calibration with a 

qualitative assessment of model quality used to guide decisions on the iteration of parameters. 

The manual back analysis strategy utilized in this study is as follows: 

 Adjust elastic parameters and in-situ stresses within reasonable bounds based on existing 

information until a satisfactory model-data agreement is achieved. 

 Adjust initial cohesion and friction angle values until the point in the mining sequence at 

which plastic deformations initiate at each anchor location roughly matches the observed 

response. 

 Calibrate the post-yield strength and dilation parameters, making the most significant 

changes to the parameters which are associated with the greatest degree of uncertainty. 

o Final cohesion and final friction must be determined together with the plastic 

shear strains at which these final values are achieved, since brittle rock yield is a 

progressive process; relative amounts of plastic strain at different locations 

within the pillar can guide choices on whether cohesion or friction values require 

more significant alteration. 

o The “expected” dilation angle model as determined from laboratory testing is 

used as the baseline for the calibration; a significant error in the dilation angle 

model selection (such as a constant value of 0
o
, or an associated flow rule – ψ = 

ϕMax) can influence the progression of brittle yield within the model, so poorly 
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constrained dilation model parameters are also allowed to vary with the strength 

parameters. 

 In performing such a back analysis, it is reasonable that one could be concerned about the 

relative complexity of the constitutive models used for modelling brittle yield as compared to the 

amount of data available. Although there are only a total of 12 displacement monitoring points 

within the pillar and they all measure the same component of rockmass displacement (horizontal 

and perpendicular to pillar axis), each of these points contains information about displacement at 

a large number of times. Considering that there are at least 5 significant excavation stages as 

shown in extensometer data (Figure 9-7), this raises the effective number of data points to 60. 

Even if only half of these points can be considered to provide independent information, the 

number of available data points is greater than the number of parameters used in very 

complicated constitutive models. From this perspective, the parameters of the numerical model 

can be considered to be over-determined, meaning that the number of data points exceeds the 

number of model parameters (Aster et al., 2012). 

 Finally, it should be acknowledged that there are significant sources of error which limit 

the ability of the numerical model to replicate the observed rockmass behaviour with complete 

accuracy. This must be kept in mind when performing and/or evaluating any back analysis, 

particularly in cases involving complex material behaviour and excavation geometries. Some of 

the complexities not accounted for by the FLAC
3D

 model employed are: 

 Geometric Inaccuracies – the octree mesh used does not exactly conform to the true as-

built shape of the drifts and stopes, meaning skin effects which may influence the near-

wall deformation are not accounted for and that stope influences on stress redistribution 

will not be perfectly accurate. 

 Constitutive Simplifications – the use of linear approximations for what are potentially 

curved trends, both in principal space and in the evolution of strength parameters as a 
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function of strain, limits the accuracy of the model results. It is also likely that near the 

end of the monitoring experiment (when deformations near the drift wall increase 

significantly), there may be some stiffness degradation of the rockmass which is not 

explicitly modelled here. 

 Geological heterogeneity – the presence of locally heterogeneous mineralogical 

concentrations (particularly the increased presence of sulphides along the EXT3 

alignment) have the potential to cause locally anomalous variations in strength and 

dilatancy in the rockmass. 

 Influence of Rockmass Structure – although the Creighton granite at the study site is 

relatively massive, the local influence of discrete structures with a critical 

strength/orientation/persistence may cause anomalous deformation in certain areas. 

 Stress Perturbations – the presence of large-scale shear zones near the 7910 level is likely 

to have some influence on the macroscopic stress condition relative to other areas of the 

mine; as such, the stress model selected can only be considered as appropriate for the 

7910 level and not for the entire mine. 

 Influence of Support – the primary influence of the support is to maintain a degree of 

cohesion in the rockmass following the initiation of cracking, such that the overall 

rockmass motion can be approximated by a continuum; any assumptions inherent in the 

representation of the support within the model beyond this effect (or lack thereof) can 

influence the accuracy of predicted displacements. 

 Errors in Extensometer Positioning – care was taken to precisely position the 

extensometers in their boreholes on site according to the design in Figure 9-6; even so, 

slight variations in the anchor positions relative to the design positions (as sampled from 

the model) and/or slight angular deviations from a horizontal borehole orientation could 

lead to apparent errors in the model-data fit. 
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 Behavioural/Constitutive Complexities – the true deformation of the rockmass is likely to 

be influenced by hydrological and thermal factors, and is time dependent; features 

associated with behaviour not incorporated into the constitutive model used cannot be 

accurately captured by the numerical model (consider, for example, the metastable lack 

of deformation of EXT3 following the final blast in the 6287 stope). 

9.5.2 Mesh and Boundary Conditions 

 An octree mesh with variable density was used in the FLAC
3D

 model. In the sill pillar 

being monitored, the zones have a side length of 31.25 cm. The zones then become coarser by a 

factor of two outward from the study area, up until the outermost portion of the grid where zones 

have 10 m side lengths. All of the existing mine workings in the lower portion of the mine (below 

the 7500 level) have been grouped separately in the mesh. The mesh setup is illustrated in Figure 

9-12. 
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Figure 9-12 – FLAC
3D

 mesh setup used to model pillar behaviour on the 7910 level. 

 A fixed displacement condition was applied to the external model boundaries. These 

boundaries are 220 m, 160 m, and 70 m from the nearest mine workings in the x, y, and z 

directions, respectively. These distances were selected based on the relative dimensions of each 

of the stopes and the magnitudes of the in-situ stresses in these directions. 
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 In-situ stress measurements in the Creighton mine have recorded major principal stresses 

as high as 114.1 MPa in the E-W direction (measured using a CSIRO hollow-inclusion cell at the 

6600 level). Based on a review of historical stress models for the mine, in-situ stresses were 

scaled proportionally to depth to obtain corresponding stress estimates for the study area; the 

results are summarized in Table 9-2. All of the stress models suggest that, in the lower part of the 

mine, σ1 is oriented approximately E-W, σ2 is oriented approximately N-S, and σ3 is oriented 

approximately vertically. 

Table 9-2 – Stresses at 7910 level based on historical stress models for Creighton mine. 

Area for which model 

was developed 

Proportional stresses 

on 7910 level Comments Reference 

σ1 σ2 σ3 

6600 ft – 7200 ft 85.9 56.9 51.1 From stress measurements Vale, 2013 

7100 ft 110.3 88.0 70.2 From stress measurements Mercer, 1999 

Mine-wide 133.3 89.9 65.9 

Based on a data set with only 

two measurements below 

1000 m depth 

Malek, 2009 

Mine-wide 119.8 83.2 66.6 
Based on numerical model 

calibration to seismic data 

Itasca Consulting 

Canada Inc., 2013 

9.5.3 Sequencing 

 The excavation sequencing in the FLAC
3D

 model has been designed to closely match the 

as-built sequence described briefly in Section 9.2.1.1. Following an initialization of the boundary 

conditions, all of the mine workings external to the 7910 level present at the start of the 

monitoring project are excavated in the model, and the remaining zones are allowed to settle 

elastically. Next, the 7910 level development drifts are excavated in a sequence directly matching 

the as-built sequence. The model is not necessarily solved each time a blast round is taken, 

however; for smaller (development) excavation activities relatively far from the monitoring site, 

several physical excavation steps are represented by one model solution step. For blast rounds 

taken near the monitoring site, however, only one or two rounds are incorporated into each 

solution step (for the mine-by of 6330, the model is solved after each 2.5 m advance, 

corresponding to a single blast round). The model is also solved each time any production blast 
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occurs in the stopes. The model has 47 solution steps for the 7910 level in total. Figure 9-13 

illustrates the progression of development and production on the 7910 level. 

 

Figure 9-13 – Major sequence stages in the FLAC
3D

 model (7910 level) from top left to 

bottom right: extensometer installation; pre-mine-by excavation state; post-mine-by 

excavation state; completion of 6287 stope; start of production in 6336 stope; final 

excavation stage (after completion of 6336 stope). 
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9.5.4 Elastic Calibration 

 For preliminary modelling purposes, the mine-wide stress model of Itasca Consulting 

Canada Inc. (2013) was applied to the 7910 level (σ3 = 67 MPa, σ2 = 83 MPa, and σ1 = 120 MPa). 

The average laboratory-derived Poisson’s ratio value (0.1) was adopted as the rockmass Poisson’s 

ratio, and the lower bound (unconfined) laboratory-derived Young’s modulus value (53 GPa) was 

initially adopted as the rockmass Young’s modulus. The ore rockmass, which is more structured 

than the granitic rockmass, was assigned a stiffness of 40 GPa (corresponding to a GSI of 70 and 

an intact stiffness of 55) and a Poisson’s ratio of 0.25 GPa (Hoek and Diederichs, 2006; Ofoegbu 

and Curran, 1989). Using these parameters, when horizontal displacements were sampled from 

the FLAC
3D

 model in the extensometer locations, these displacements induced by the mine-by 

were found to be significantly larger than the corresponding measured displacements. 

 Further models confirmed that the mine-by displacements were not particularly sensitive 

to the Poisson’s ratio value used, since the displacements were due primarily to unloading in the 

direction of σ1 (parallel to the extensometers) and not to a significant increase in pillar loading, so 

this parameter was maintained unchanged. Next, the Young’s modulus was examined in greater 

detail. In particular, it was hypothesized that the significant confinement dependence of the 

laboratory-derived values could be due to unloading damage incurred by samples during core 

extraction; it should be noted that the core was extracted from below 6000 ft depth, and that 

visible unloading damage (disking) during core extraction has been reported in this area of the 

Creighton mine. If this is the case, then an intact modulus of ~80 GPa (the average of the high 

confinement values from laboratory testing) likely reflects the modulus of the intact material in-

situ. Given the relative lack of structure in the rockmass at the study location, the visually 

observable tightness of the joints, and the likelihood of significant joint overclosure due to high 

in-situ stresses and temperatures, it is suggested that the rockmass modulus is equal to the intact 

modulus (Barton, 2007).  
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 Using a Young’s modulus of 80 GPa and the same stress model, the elastic model was re-

run, but the results still showed a general trend towards predicting larger displacements than were 

measured (see Figure 9-14). To further reduce the model displacements, the stress model needed 

to be changed. Given the relatively wide range in stress predictions for the 7910 level as 

determined from different models developed using different methods, this is not surprising. The 

presence of larger scale shear zones within the broader mine area provide an explanation for why 

the stress field does not necessarily change uniformly throughout the mine. 

 Several different stress models were tested in an attempt to calibrate the elastic model to 

the elastic displacements observed in the extensometer data. The consistent feature of these 

models was a σ1 lower than the baseline value (required to lower the model displacements below 

the baseline result). Since the results of the elastic calibration were not found to depend as 

significantly on the values of σ2 and σ3, these parameters were not as well constrained by the 

model result. To ensure reasonable values, these stress magnitudes were compared against the 

ranges of values suggested by other authors (as described in Section 9.5.2), as were their ratios 

with the σ1. In all cases, the stress orientations were kept constant, as were the elastic parameters 

for the ore rockmass. 
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Figure 9-14 – Elastic model results using Erm = 80 GPa and two alternative stress 

models – σ3 = 67 MPa, σ2 = 83 MPa, and σ1 = 120 MPa (high stresses) and σ3 = 60 

MPa, σ2 = 72 MPa, and σ1 = 96 MPa (low stresses). 
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 The best fitting elastic model was found to correspond to the following stress 

magnitudes: σ3 = 60 MPa, σ2 = 72 MPa, σ1 = 96 MPa. This stress model provided elastic model 

displacement results which, overall, matched the observed displacements quite well (see Figure 

9-14), and these stress magnitudes fall within the range of plausible values proposed in Section 

9.5.2 (see Figure 9-15).  

 EXT4 shows a particularly good model-data fit, with anchors 4-6 (furthest from the wall 

of 6330) matching almost exactly, anchors 2 and 3 showing a very slight (~0.2 mm) 

overestimation of displacements in the model, and anchor 1 (closest to the wall) showing a very 

slight underestimation of displacements in the model. Unfortunately, following the first mine-by 

blast which passed EXT3, it is missing some data which corresponds to a significant portion of 

the elastic response; generally, however, it can be seen that the model-data agreement is 

reasonable. Anchors 4-6 (near the middle of the pillar) all show slightly too much displacement in 

the model, whereas anchors 1 and 2 (closest to the wall) show slightly too little. The additional 

displacement observed near the wall in both sets of extensometer data could be due to some small 

component of inelastic (fracturing-induced) displacement associated with the mine-by; more 

generally, the slight cases of data-model misfit could be related to inaccuracies in the stress model 

(magnitudes or directions), heterogeneity within the rockmass (particularly in the case of EXT3, 

which contains a significant proportion of sulphide minerals), or geometric inaccuracies. 
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Figure 9-15 – Best fit stress magnitudes from the calibrated elastic model as compared to 

the values determined from historical models, and rough bounding area (dashed lines). 

9.5.5 Modelling Brittle Pillar Behaviour 

 To optimize model run-times, the model was focussed on accurately replicating the 

behaviour of the pillar being monitored. Within 2.5 m of each side of the pillar, the most complex 

constitutive model was applied (cohesion-weakening-friction-strengthening with mobilized 

dilation). In a 150 m (E-W) by 100 m (N-S) by 40 m (vertical) region centered on the pillar, the 

host rock was modelled as a cohesion-weakening-friction-strengthening (CWFS) rockmass with 

no dilatancy (the sensitivity of the monitoring pillar response to the dilatancy of the surrounding 

rockmass was found to be minimal). Beyond this range, the host rock was modelled as elastic. 

The sulphide ore body was treated as perfectly plastic with material parameters taken from 

Ofoegbu and Curran (1989) and an internal report (Vale, 2013); the main influence of the plastic 

model chosen for the sulphides was to limit the amount of stress which could be held by the ore 

(relative to an elastic model). 

 In modelling pillar strength, it has been suggested that simple shear strength or brittle 

cracking strength criterion is insufficient to describe full range of yielding behaviours observed 

throughout a pillar due to the wide range of confining stress conditions across its extent. As an 

alternative, some have proposed an “s-shaped” or “tri-linear” strength criterion to capture this 
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behaviour (Kaiser and Kim, 2008; Kaiser et al., 2011). In this case, however, it is proposed that 

modelling the crack-dominated yield processes with a CWFS model is sufficient. To understand 

why this is a reasonable proposal, one must consider the relative strength of the rockmass against 

shearing and cracking mechanisms at the upper range of confinements within the pillar.  

 Preliminary elastic models showed an upper bound confining stress within the pillar core 

of approximately 40 MPa. Based on Figure 9-8, one can conclude that the shear strength of the 

granites should be around 450 MPa – 500 MPa, whereas using a spalling limit of σ1/σ3 = 10 (ϕ = 

55
o
), the strength of granite would be only 400 MPa; note that the spalling limit suggestion is 

consistent with the findings of Diederichs (2003) and the back analysed parameters determined 

by Edelbro (2009) for Scandinavian granites. Since the spalling strength is still below the shear 

strength even at the highest expected confinement within the pillar, cracking is expected to be the 

dominant mode of yield throughout the pillar. Although this may seem counterintuitive, this 

conclusion is consistent with the relatively significant amounts of extensional strain recorded at 

the center of the pillar by EXT3 (2 mm extension over the middle 1.5 m of pillar width as of July 

2014). 

9.5.5.1 Model Calibration 

 Initial strength and dilation parameters for modelling were selected based primarily on 

the laboratory data analysis presented in Section 9.4. To optimize the fit between the model and 

the extensometer data, these material parameters were iteratively adjusted by the author; 

parameters which were poorly constrained were generally varied over wider ranges. The potential 

influence of support on rockmass behaviour was also tested by running models where support 

was represented using a constant normal stress. As per the recommendations of Hoek (1999), the 

bolt and mesh support installed immediately following excavation was assigned an effective 

support pressure of 200 kPa and the nominally 7.5 cm thick shotcrete lining installed prior to the 

excavation of the 6287 stope was assigned an effective support pressure of 1.5 MPa. The 
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influence of excavation geometry was also included by treating the drift being monitored (6330) 

either as a square (the design profile) or a square with rounded corners (in this case with a 

rounding radius of 2.95 m). 

 In total, approximately 1600 different model cases were tested. Since the evaluation of 

model-data fit is qualitative and the sources of error in the model formulation are non-trivial, 

rather than determine an individual best fitting set of model parameters, ranges of parameters 

were identified which tended to provide reasonable model approximations to the observed data. 

The pre-mobilization and peak dilation parameters were kept constant since these parameters 

were well constrained by the laboratory testing results, and the overall model results were found 

to be relatively insensitive to small variations in these parameters. Note that a single value was 

used for the unconfined and confined dilation decay parameters, as the installation of support 

immediately following excavation ensures that the entire rockmass is somewhat confined. 

 The range of model parameters tested as well as the optimal parameter ranges as 

determined by back analysis can be found in Table 9-3. The shear strain parameters are 

represented in terms of the plastic shear strain definition used by FLAC
3D

 (e
ps

) (Itasca Consulting 

Group, 2009). For practical purposes, e
ps

 ≈ γ
p
/2 where γ

p
 is the maximum shear strain reported for 

laboratory test results as in Section 9.4 (Alejano and Alonso, 2005). 
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Table 9-3 – A summary of parameters varied, the range of values tested, and optimal 

parameter value ranges as determined through iterative back analysis.  

Parameter Range Tested Optimal 

Range 

Peak Cohesion – cp (MPa) 42 – 55 53 – 55 

Residual Cohesion – cr (MPa) 0.5 – 15 4 – 7 

Initial Friction Angle – ϕi (
o
) 0 – 10 ~ 0 

Mobilized Friction Angle – ϕm (
o
) 38 – 60 42 – 46 

Plastic Shear Strain to cr – e
ps

c 0.001 – 0.0025 0.002 – 0.0025 

Plastic Shear Strain to ϕm – e
ps

ϕ 0.001 – 0.0055 0.004 – 0.0055 

Pre-Mobilization Parameter – α0 0.001 0.001 

Pre-Mobilization Confinement Dependence – α’ 0.0038 0.0038 

Dilation Mobilization Plastic Shear Strain – e
ps

m  0.001 – 0.0025 0.001 – 0.0015 

Low Confinement Peak Dilation Parameter – β0 1.1 1.1 

High Confinement Peak Dilation Parameter – β’ 0.14 0.14 

Dilation Decay Parameter – e
ps*

 0.005 – 0.02 0.005 – 0.01 

 

 Generally speaking, the optimal parameter ranges are consistent with available laboratory 

test data and other case studies on granitic rocks, both at Creighton mine and elsewhere 

(Diederichs, 2003; Hajiabdolmajid et al., 2002; Edelbro, 2009). The main exception is the peak 

cohesion value, which corresponds to a CI value of 106 – 110 MPa rather than the 100 MPa 

proposed by Diederichs (2003) and the 95 MPa determined from laboratory testing. Aside from 

rockmass variability, the most likely explanation for this apparent deviation from the expected 

parameter range is that CI is represents a long-term, lower bound strength. With fracturing 

initiating as early as two months after excavation and several factors potentially slowing crack 

growth (support pressures, sulphide veins), it is not unreasonable to expect that the observed in-

situ strength should be above this lower bound. 

 Examples of some of the best results obtained using both the square and rounded 

excavation geometries are shown in Figure 9-16. The parameters used for each of these models 

are summarized in Table 9-4. 
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Figure 9-16 – Comparison of high quality model results obtained using rounded and square 

excavation corners for the 6330 drift (see Table 9-4 for a list of the material parameters 

used). 
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Table 9-4 – Parameters for models shown in Figure 9-16. 

Parameter 
Rounded Model 

Value 

Square 

Model Value 

Peak Cohesion – cp (MPa) 55 55 

Residual Cohesion – cr (MPa) 4.5 7 

Initial Friction Angle – ϕi (
o
) 0 0 

Mobilized Friction Angle – ϕm (
o
) 44 44 

Plastic Shear Strain to cr – e
ps

c 0.002 0.0025 

Plastic Shear Strain to ϕm – e
ps

ϕ 0.004 0.0055 

Pre-Mobilization Parameter – α0 0.001 0.001 

Pre-Mobilization Confinement Dependence – α’ 0.0038 0.0038 

Dilation Mobilization Plastic Shear Strain – e
ps

m 0.001 0.0015 

Low Confinement Peak Dilation Parameter – β0 1.1 1.1 

High Confinement Peak Dilation Parameter – β’ 0.14 0.14 

Dilation Decay Parameter – e
ps*

 0.005 0.01 

 

 Even in these “optimal” models, the model displacements still show some significant 

deviation from the recorded data, particularly in the case of the outermost anchors of EXT3. The 

biggest cause of these discrepancies is the time-dependent nature of the ground displacement. 

Although the FLAC
3D

 model steps to equilibrium at each solution stage, the true rockmass can 

exist in a state of metastable equilibrium for some time. Because of this, the model tends to over 

predict displacements for EXT3 in the initial stages of yield, although the final displacements are 

generally representative.  

 Even though the displacement profiles show a significant degree of misfit, the times at 

which each of the anchor positions deviate from elastic behaviour are relatively consistent in the 

data and model for both extensometers (particularly in the case of the model with rounded drift 

corners). Figure 9-17 shows the date of initial yield as a function of the position within the pillar 

at the locations of EXT3 and EXT4 both for the model with rounded drift corners as shown in 

Figure 9-16 and as interpreted from the extensometer readings. The interpreted dates of initial 

yield from the extensometer data are presented as ranges, since it is difficult to constrain with 

certainty where a given displacement profile deviates from elastic behaviour, particularly in cases 

where displacements are small. 
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Figure 9-17 – Progression of yield through the pillar over time. Circles represent the yield 

time in the FLAC
3D

 model and vertical lines represent the credible ranges of yield times as 

interpreted from the extensometer data; red corresponds to EXT3 and black corresponds to 

EXT4. 

 Overall, the models which incorporated support and a slightly rounded excavation 

geometry for the 6330 drift tended to produce better results. For the purposes of direct 

comparison, the parameters used to obtain the optimal rounded geometry result presented in 

Figure 9-16 have been used to run models with both the square and rounded geometries, both 

when including the support pressure in the model and when ignoring the support pressure. These 

results are shown in Figure 9-18. 
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Figure 9-18 – Examples of the influence of excavation geometry and the inclusion of support 

pressures on the modelled response. All models shown correspond to the optimal parameter 

set for the model with rounded excavation corners as shown in Table 9-4. 

 As can be seen from Figure 9-18, the primary influence of support is to delay the onset of 

yield and decrease the total displacement near the pillar edges. The choice of a square or rounded 

excavation does not have as significant an effect on the onset of yield, although the use of a 

square drift in the model tends to result in a relative increase in the modelled near-excavation 



 

396 

 

displacements. Beyond the rounding of the excavation corners, these results give a sense of the 

sensitivity of the results to excavation profile undulations not incorporated into the model.  

Given that these factors (support and geometry) are a clear short-coming in the model 

representation of the physical reality in the mine, it is not surprising that some of the areas of 

poorest data-model fit are correlated with the areas in which they have the greatest influence 

(primarily the EXT3 near-wall anchors). Rather than conclude that the model is invalidated 

because none of the displacement profiles shown in Figure 9-18 correspond exactly to the 

measured ground response, however, it should simply be noted that the exact determination of 

near-wall displacements using the model is beyond its capabilities. The fact that different aspects 

of the various models shown in Figure 9-18 match different portions of the observed data actually 

supports the selected constitutive model and its parameters, since misfits between data and model 

displacement can be easily explained in large part by variability in support and geometry effects. 

9.5.5.2 The Influence of Dilatancy on Pillar Yield 

 For less brittle material models, the strength parameters selected and the dilation angle 

model used to define the flow rule are relatively independent in terms of their influence on the 

model. In the case of brittle rock modelled using a CWFS strength model, however, the dilation 

model selected can have a significant influence on the initiation and propagation of yield within a 

model. To illustrate this, two models have been run using constant dilation angles rather than the 

more accurate mobilized dilation angle model; one of these uses a constant value of 0
o
 

(corresponds to zero inelastic volumetric strain) and the other uses a constant value of 25
o
 

(estimated as optimal for this case using the methodology of Walton and Diederichs (2014a)). 

These results are shown in Figure 9-19. 
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Figure 9-19 – Comparison of modelling results when using the mobilized dilation model of 

Walton and Diederichs (2014b) and a best estimate of a reasonable constant dilation angle 

(top) and a comparison of modelling results for dilatant and non-dilatant cases (bottom). All 

models shown correspond to the optimal parameter set for the model with rounded 

excavation corners as shown in Table 9-4 (with the mobilized dilation parameters replaced 

by a single constant dilation angle in the non-mobilized cases). 

 Despite being developed for strain-weakening rocks under hydrostatic stress, the constant 

dilation angle selection methodology of Walton and Diederichs (2014a) appears to have provided 

a final result which is reasonably consistent with that obtained using a mobilized dilation angle 

model. Still, the use of a constant dilation angle is merely an approximation, and the use of a 

poorly selected constant dilation angle can have extreme impacts on modelling results as shown 

in the lower portion of Figure 9-19 which presents the model displacements obtained when using 
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a constant value of 0
o
. In this case, the lack of dilatancy means that no dilation-induced 

confinement increase occurs in the center of the pillar upon the initiation of yield. As a result, 

yield localizes near the center of the pillar where the vertical stress is greatest and the confining 

stress is not particularly large. The result is a model which predicts yield in the pillar center too 

early. The lack of dilatancy in the lower confinement edges of the pillar means that the predicted 

displacements at the pillar wall are much lower than those observed in reality.  

9.5.5.3 Linking Continuum Models to Progressive Pillar Yield Mechanisms 

 As demonstrated in the previous Section, the yield process depends on the dilation model 

selected for the rockmass through its influence on the development of confining stresses (which 

in turn suppress further dilation). The yield process also depends significantly on how the 

cohesion and friction strength components change as inelastic strain accumulates within the 

rockmass. Through the results from the best case calibrated FLAC
3D

 model, the author aims to 

demonstrate that these factors tend to combine to cause relatively low pillar yield strengths, but 

relatively high ultimate pillar strengths. 

 Some of the first signs of significant yield on the 7910 level in Creighton mine can be 

observed in the pillar nose (see Figure 9-4 and Figure 9-20). As is shown in the FLAC
3D

 model, 

following the excavation of the 6306 stope, a large fracture zone develops around the nose of the 

pillar about 1 – 2.5 m from the excavation walls. In the ~1 m of the pillar closest to the 

excavation, the rock is in an elastic state, but is pushed outward by the dilating fracture zone; this 

“baggage” must be supported to maintain confining pressures and pillar integrity (Kaiser et al., 

1996). Between the fracture zone extents, the dilating material increases the confining stresses in 

the rockmass, which in turn allow the stresses shed from the fracture zone to be channelled 

through the core of the pillar nose. 

 Following the mine-by of both the 6300 and 6330 drifts (14 Mar 2014), minimal yield 

exists within the pillar (with the exception of the pillar nose, some minor fracturing in the corners, 
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and some minor damage associated with the concentrations of stress on the advancing drift faces 

during mine-by). Following the completion of production in the 6287 stope (24 Apr 2014), the 

confining stress in the pillar is relatively low (the surrounding drifts have fully mined by), and 

large vertical stresses become concentrated within the pillar. One arm of the pillar nose fracture 

zone begins to extend northward (towards the stopes), and a new fracture zone develops near the 

stopes. 

 During the excavation of the 6336 stope (5 Jun 2014 to 11 Jul 2014), the fracture zones 

extend along the drift axis, and the associated dilation builds confinement in the pillar center as 

vertical stresses increase as well. In the final model state, the core of the pillar is just initiating 

yield, with the fracture zones on either side of the core having just reached their state of residual 

cohesion. 
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Figure 9-20 – Evolution of stresses, cohesion, and dilation over the course of mining; the 

perspective view shown looks down on a horizontal slice through the center of the pillar 

with two vertical sections shown at the longitudinal positions of EXT3 (further from the 

viewpoint) and EXT4 (closer to the viewpoint). Note that areas which have yielded are 

indicated by cohesion and dilation angle values which have deviated from their baseline 

values. 

 Since the evolution of stresses and material parameters are intricately related, the stress 

paths of several points within the pillar model were sampled. In particular, zones were sampled in 
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the pillar center and outer fracturing zone at longitudinal positions corresponding to the pillar 

nose core and the positions of EXT3 and EXT4. The stress state at each “point” was 

approximated by taking the average of the stresses at each of the surrounding eight zones. The 

sampling locations (with respect to the final model cohesion distribution) and the corresponding 

stress paths are shown in Figure 9-21. 

 

Figure 9-21 – (a) Horizontal slice through the center of the pillar with contours of cohesion 

and stress sampling locations shown (symbols indicating sampling locations correspond to 

the symbols used to plot the stress paths); the orebody was modelled as a perfectly plastic 

Hoek-Brown material (it has zero “cohesion”) (b) stress paths for points sampled in the 

lateral fracture zone (c) stress paths for points sampled in the pillar core. 



 

402 

 

 All of the stress paths sampled show a consistent trend. As mining progresses, the 

confining stress decreases (unloading) and the major principal stress increases. Next, as yield 

begins to develop in the pillar, the process of dilatancy contributes to a buildup of confining stress 

in the pillar, and the pillar takes on additional vertical load as well. This phenomenon is 

consistent with early PFC models of pillar yield (Diederichs, 2002).  

 The confinement buildup is not uniform, however. In areas between the dilatant zone and 

a free face, the increase in confinement is negligible (as the corresponding baggage is free to 

displace away from the fracture zone). In the center of the pillar, which is bounded by dilating 

fracture zones, the confinement increase is greatest as the pillar core undergoes contraction 

relative to the surrounding rock. This can be seen in Figure 9-21c, where the maximum 

confinement increase in the pillar core confining stress during yield is on the order of 40 MPa. In 

the lateral fracture zone (Figure 9-21b), the confinement increase is less significant, with 

increases on the order of 20 MPa. 

 An important fact to keep in mind while viewing Figure 9-21 is that following the onset 

of yield, the drop in stresses below the crack initiation threshold does not represent a return to an 

elastic state. Instead, the yield surface is evolving as the rock accumulates inelastic strain, and the 

stress path is bound to follow this surface as yielding continues (see Figure 9-22). Since the 

residual value of cohesion is attained prior to the full mobilization of friction (e
ps

c < e
ps

ϕ), the rock 

strength decreases in the early stages of yield, even at very high confining stresses. It is the 

confinement increase due to dilation which therefore allows the pillar to continue holding large 

vertical stresses, not an immediate strengthening. This process is illustrated for the stress path in 

pillar core at the longitudinal location of EXT4 in Figure 9-22c; note that the instantaneous yield 

surfaces shown are calculated directly from instantaneous cohesion and friction values sampled 

from the FLAC
3D

 model. 
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Figure 9-22 – (a) CWFS strength model used; (b) influence of progressive plastic strain on 

the evolution of the yield surface; (c) evolution of stresses and yield in the pillar core at the 

EXT4 position. 

 In reality, the change in strength components with ongoing inelastic strain is likely more 

complex than the model adopted in this study. For example, laboratory data suggest that the 

change in strength with inelastic strain is not exactly linear, as is often assumed in CWFS models 

(Hajiabdolmajid et al., 2002; Zhao et al., 2010; Walton et al., 2014b). Also, it stands to reason 
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that at higher confinements as rock deformation becomes increasingly ductile, the mobilization of 

friction and loss of cohesion should occur at increasingly similar rates; this can be seen in 

laboratory testing results for the relatively ductile and homogeneous Indiana Limestone and 

Carrara Marble (Walton et al., 2014a). Nonetheless, this case study suggests that the confining 

stress at which this effect becomes significant appears to be much larger than those encountered 

in even the highest stress excavation applications. Although the author acknowledges the 

existence of some uncertainty and non-uniqueness in the calibrated material parameters 

determined for the Creighton granite, it should be noted that in all 1600 of the parameter cases 

tested, a relatively high ratio of e
ps

ϕ/e
ps

m (> 1.75) was necessary to allow the model to capture the 

yield which develops in the pillar core later in the mining sequence; with more rapid 

mobilizations of frictional strength, the pillar core would not yield in the model. 

 Not only is this delay between cohesion loss and friction mobilization consistent with the 

work of Hajiabdolmajid et al. (2002), but it also has the potential to explain evidence of damage 

in the rockmass at Brunswick mine at high confinements away from excavation boundaries. 

Diederichs et al. (2002) concluded from elastic modelling and microseismic data that significant 

damage was occurring at confinements on the order of 30% - 70% of the unconfined CI with 

major principal stresses near (above and below) the confined CI threshold. These stresses are 

similar to some of the yielding stress paths illustrated in Figure 9-21. 

 The stress paths for the pillar nose as shown in Figure 9-21 both share an interesting 

feature. Following the attainment of a maximum confining stress during yield, they both show a 

turning point after which the confining stress begins to drop. The exact behaviour following this 

turning point differs in the core versus the lateral fracture zone, since the confining stresses (and 

therefore yield surface evolution) are different.  

 The turning point corresponds to a point in time where the location being sampled begins 

to dilate more significantly than the surrounding zones. As it dilates, it “sheds” some of its 
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confining stress into surrounding zones. This can be seen by considering the evolution of 

confinement at a given location as it relates to the relative volumetric strains in that same location 

and surrounding locations. This phenomenon is illustrated in Figure 9-23, which shows that in the 

pillar nose core, the initial confining stress increase corresponds to a phase where the surrounding 

zones are dilating significantly more than the sampled zones; once the rate of volumetric strain in 

the sampled zones overtakes that of the surrounding zones, the confining stress begins to decrease 

again. Figure 9-23 also illustrates the likely trend in the pillar nose core stress path upon further 

loading, based on a forward model in which all remaining stopes were excavated. 
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Figure 9-23 – (a) Stress path in the pillar nose core, with yield surface evolution illustrated 

and a likely future stress path illustrated (b) evolution of confinement in the pillar nose core 

over time (c) the difference between dilatant volumetric strains in the zones surrounding the 

sampled zones and the sampled zones. 
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9.5.5.4 Discussion 

 Perhaps the most significant practical implication of the model development procedure 

illustrated in this work is that such models can be used to aid in support design: displacement 

predictions can be compared against support capacities; the temporal progression of yield can be 

used to better constrain the appropriate times for the installation of various support elements; 

predicted depths of yield can aid in the determination of support element lengths. 

 Based on the above results, it is clear that the mobilization of dilatancy acts in parallel 

with the mobilization of strength components to control not only the deformation of the pillar, but 

also the stress path at each location within the pillar. Although the staggered nature of the 

dilatancy-cohesion-friction effects tends to result in ongoing yield at stresses below the crack 

initiation threshold, the ultimate result is a relatively stable yield process. The risk of instability 

may increase with future mining, as confining stresses drop due to pillar core dilation and vertical 

stresses increase. If the friction angle becomes fully mobilized and the stresses on the pillar 

continue to increase further, the inability of an already damaged rockmass to move upwards along 

the yield surface through dilation-induced confinement increases could result in an overstressed 

condition to develop in the pillar. 

 From this perspective, pillar failure can be avoided in one of two ways: 

 The pillar, by virtue of its mechanical properties, geometry, and the external loads 

imposed, does not reach its final state of friction mobilization. 

 Displacement-limiting support increases the overall effect of dilation-induced 

confinement generation, preventing the final yield state from being achieved despite large 

external loads. 

 Without support, pillar failure is significantly more likely, as the gradual degradation of 

the baggage zones will lead to a corresponding degradation in the confinement within the pillar 

core (such degradation may not necessarily lead to pillar failure, depending on the stresses and 
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material properties involved). In this sense, the function of support in the design of stressed 

excavations is not simply to directly add confinement to the rockmass, but to maintain the 

“continuum” integrity of the rockmass such that it can develop its own confinement. 

9.6 Conclusions 

 This paper demonstrates a methodology for the integrated characterization of rockmass 

behaviour using laboratory data, in-situ monitoring data, and three-dimensional numerical 

modelling. Through studying the type of calibrated continuum model presented for this case study 

and using it for forward modelling, geotechnical risk can be better understood.  

 In the development of the numerical model, the direct applicability of appropriate 

parameters from laboratory data to in-situ rockmass parameters was demonstrated. Using a 

manually-controlled iterative back analysis strategy, a set of model parameters which capture the 

progressive evolution of yield in the pillar and the associated displacements were obtained. Most 

importantly, the significant influence of dilatancy on the overall failure process of the system was 

illustrated. 

9.7 Appendix to Chapter 9 – Equations of the W-D Dilation Model 

 The following piecewise function (with parameters explained in Table 9-5) defines the 

W-D dilation angle model for all confining stress and plastic shear strain conditions (Walton and 

Diederichs, 2014b): 
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Table 9-5 – Parameters defining the W-D dilation model (Walton and Diederichs, 2014b). 

Parameter Definition 

α0 Determines the curvature of the pre-mobilization portion of the curve for σ3 = 0 

α’ Determines how the pre-mobilization curvature changes as a function of σ3 

γm Defines the plastic shear strain at which peak dilation is achieved 

β0 Defines the sensitivity of ψPeak to σ3 at low confinement 

β’ Defines the sensitivity of ψPeak to σ3 at high confinement 

γ0 Defines the decay rate of the dilation angle post-mobilization for zero confinement 

γ’
 

Defines the decay rate of the dilation angle post-mobilization for non-zero 

confinement 
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Chapter 10 

Discussion and Conclusions 

10.1 Discussion 

10.1.1 Modelling Dilation for Different Failure Modes 

 In highly structured rockmasses under high stress, deformation is dominated by shear slip 

along pre-existing weakness planes. In these cases, as the amount of structure increases and the 

frictional strength of the structures decrease, the rockmass strength decreases and the deformation 

mode increasingly approximates true plastic shear (Hoek and Brown, 1997). In the extreme case 

of squeezing rockmasses, the ubiquitous presence of weak shear planes allows for plastic 

deformation with almost no dilatancy. Indeed, the condition that no plastic volume change occurs 

is sometimes included in the definition for squeezing rockmasses (Aydan et al., 1996). This lack 

of dilation can be explained by the ability of shear planes to accommodate shear displacement on 

adjacent structures without requiring fracture opening. An example of a squeezing rockmass is 

provided in Figure 10-1. 
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Figure 10-1 - Weak graphitic phyllite at the Yacambu Quibor Tunnel (top left – image 

courtesy M. Diederichs), squeezing observed in the tunnel (bottom – image courtesy E. 

Hoek), and an illustration of how small elastic displacements at the elastic-plastic boundary 

(dashed line) can result in large convergence values without any plastic dilation (top right). 
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 For more controlled shearing rockmasses with less structure and smaller yield zones, 

slightly more dilation is expected. This is the result of the lack of sufficient internal kinematic 

degrees of freedom to converge without minor dilation on some structures. This kind of 

mechanistic interpretation is consistent with the constant dilation angle selection model proposed 

in Chapter 4 as well as the dilation angle selection recommendations of Hoek and Brown (1997). 

The parameter selection model implies an inverse relationship between plastic zone size and the 

dilation angle itself, which is also consistent with the common use of lower parameter values; for 

cases where a larger dilation angle is more appropriate, the error associated with using a lower 

value is less significant. 

 With respect to the baseline model used to develop the constant dilation selection method 

in Chapter 4 (Alejano and Alonso, 2005), it should be noted that this model assumes that 

dilatancy initiates at peak strength with the peak dilation angle mobilized immediately. This is 

consistent with the model for joint dilatancy of Barton and Choubey (1977), but not with the 

crack development based models presented by Zhao and Cai (2010a) and in this work. Therefore, 

one might expect that the model of Alejano and Alonso (2005) should apply to structured 

rockmasses both in the sense that deformation is controlled primarily through joint shear, and also 

that such rockmasses, unlike brittle rock, can be reasonably modelled using a strength 

formulation which considers peak strength (and not CD) as the yield strength. Also, it is 

promising that the peak dilation angle values for artificially jointed laboratory samples presented 

by Arzua et al. (2013) are so much lower than peak friction angle of the same sample at low 

confinements; this feature is consistent with the Alejano and Alonso (2005) dilation model. Like 

any laboratory-based model, however, this conceptualization of dilation for structured rockmasses 

requires extensive verification for in-situ conditions.  

 With this is mind, the preliminary modelling results presented in Chapter 7 suggest that 

even for transitional behaviours (shear and fracturing) in moderately structured rockmasses the 
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constant dilation angle selection methodology provides decent results. The more mechanistically 

correct mobilized dilation model proposed in Chapter 6, however, provides better displacement 

predictions (see Chapter 7 and Chapter 9), can be determined directly from laboratory testing 

data, and allows for the variations in dilative behaviour over the course of deformation to be 

better understood. This model accounts for mobilization of extensile fracture dilation during 

minor shear displacements both in-situ and in laboratory tests. Examples of this type of behaviour 

are shown in Figure 10-2. 

 

Figure 10-2 - Examples of brittle fracturing behaviour captured by the proposed dilation 

model: extensile fracture opening during pre-mobilization dilatancy (top left); sheared 

spalling zone past peak dilatancy (top middle); laboratory sample near mobilization of peak 

dilatancy (top right); severe spalling near peak dilatancy (bottom left); slab formation 

during pre-mobilization dilatancy (bottom right) (images courtesy M. Diederichs). 
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10.1.2 Advances in Modelling Mobilized Dilation 

 The fundamental strength of the proposed dilation model is that it treats the different 

phases of dilatancy separately. In this way, the model for each phase can be modified as needed 

for specific conditions, and uncertainties associated with each part of the curve influence only a 

limited number of parameters. Also because of this, it can be used in conjunction with a CWFS 

strength model (γm ≥ 0) or strain-softening model (since it is effectively equivalent to Alejano and 

Alonso (2005) model for γm = 0). 

 Although the pre-peak dilation model appears to fit the vast majority of laboratory test 

data examined extremely well, it is still very difficult to obtain reliable data in this region, 

particularly for tests performed at low confining stresses. By using the method of calculated 

plastic strains described in Section 3.5.2, an increased data density in this region can be easily 

obtained. The high variability in deformation modes in the early phases of dilatancy, however, 

combined with the low magnitudes of the plastic strains relative to the accuracy and precision of 

the measurements can lead to a wide dispersion in the data. For many of the rock types studied, it 

appears that the value of α under unconfined conditions (α0) should be set near zero. 

 The proposed model for the peak dilation angle appears to be broadly applicable to a 

wide variety of rock types (as shown in Chapter 6). Unfortunately, the formulation used requires 

two parameters (β’ and β0), unlike the model of Alejano and Alonso (2005) for sedimentary 

rocks, which requires none. It is possible that in the future, it may be possible to determine a 

simplification of the peak dilation angle model which is based on other known material 

parameters; for example, a correlation between β0 and mi is presented in Figure 10-3.  
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Figure 10-3 - Comparison of peak dilation parameter (β0) and mi values for the rock types 

examined in Chapter 6. 

 Despite the variability observed in the dilation mobilization parameter, γm, for practical 

modelling purposes, it appears that taking a median value of the entire data set provides 

reasonable modelling outcomes. 

 The post-mobilization decay of the dilation angle is captured reasonably well by the 

exponential decay model for most test results. It does appear, however, that for the limited range 

of confining stresses over which rockmasses could reasonably be expected to undergo sufficient 

damage such that the decay phase of dilation has a significant influence on rockmass behaviour, 

there is minimal variation in the decay parameter. Under in-situ conditions, the analyses 

performed in Chapter 7, Chapter 8, and Chapter 9 suggest that even minimal pressures exerted by 

basic support systems are sufficient to influence dilation decay such that the simplification γ0 = γ
’
 

can be used for in-situ behaviour. 
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10.1.3 Modelling Stable Discontinuum Dilation in Brittle Rocks 

 When using numerical models to simulate rock behaviour (particularly post-yield 

behaviour), it is important to consider the limitations of the methods used. The work presented in 

this thesis has focused primarily on the application of continuum models. For brittle, sparsely 

structured rockmasses, the use of continuum models has been shown to be capable of accurately 

replicating observed in-situ behaviours. As discontinuum features grow within the rockmass, 

however, from microcracks to spalling fractures, one must consider the question of at what point 

the continuum approximation becomes invalid. Prior to considering this question further, it must 

be stipulated that movements of fractured slabs or blocks under gravitational loading cannot be 

considered representative of the constitutive behaviour. 

 Kaiser et al. (2000) separate ground dilation into three components: (1) dilation due to 

fracture growth, (2) shear along fractures, and (3) growth of voids between fractured blocks. The 

first two have been shown to be accurately captured by the proposed dilation model (small to 

moderate ground movements). In fact, the applicability of the laboratory derived model for in-situ 

conditions supports the hypothesis that the initial formation of spalling fractures may not be 

inherently very dilational, and that instead shear movements along fractures lead to much of the 

observed volume change. Some examples of non-dilational fracture occurrences can be seen in 

Figure 7-4. 

 The third phase of dilatancy corresponds to geometric dilation, where dilatancy becomes 

heavily influenced by the growth of voids between geometrically incompatible blocks moving 

past each other (Kaiser, 2005). Empirical evidence suggests that this phase of dilatancy shows the 

greatest sensitivity to confining stress (even at the kPa level), to a degree not fully reflected by the 

proposed dilation angle model (Kaiser et al., 2000; Corkum et al., 2012). Kaiser et al. (2010) 

suggest that no form of a conventional flow rule (i.e. no dilation angle model) can be used to 

accurately capture this phase of dilation which is more influenced by discontinuum features. 
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 Although the physical fracture mechanism causing the formation of damaged blocks is 

not shear-based, the movement of the blocks involves significant shear. In fact, as long as strain 

boundary is imposed on the excavation wall (i.e. any non-zero support pressure), the overall 

rockmass, once primary fracturing is complete, behaves in a relatively ductile manner (recall 

Figure 3-10). Once the rockmass consists of fractured blocks, it is argued that it can in fact be 

modelled as a coarse, confined gravel using continuum methods. The residual state of a CWFS 

strength model and the proposed dilation angle model (post-mobilization decay) are both 

relatively consistent with the general constitutive behaviour of gravel (Shoefield and Wroth, 

1968; Leshchinsky and Ling, 2013; Tatsuoka et al., 2013). One component which has not been 

addressed thus far, however, is the significant decrease in rockmass stiffness associated with the 

accumulation of fractures. 

10.1.3.1 Stiffness Degradation As a Means to Model Heavily Damaged Rockmasses Using 

Continuum Methods 

 Corkum et al. (2012) proposed a preliminary stiffness degradation model with the goal of 

representing large scale displacements associated with geometric dilation in a continuum model. 

This model was of the form E = ERM (INITIAL) · f(σ1/σ3), were E is the degraded stiffness, ERM (INITIAL) 

is the initial rockmass modulus, and f(σ1/σ3) is a line which decreases from 1 to a residual value 

(ER) at some critical stress ratio, (σ1/σ3)CRIT. In the models presented, Corkum et al. (2012) used a 

value of ER/ ERM (INITIAL) = 0.1 and set (σ1/σ3)CRIT such that most of the yielded zone had E = ER. 

These models showed some promise of being capable of replicating larger scale displacements 

(radial strains greater than 1%), although there are some mechanistic issues with the form of the 

proposed model. In particular, it is thought that the model overestimates the stiffness degradation, 

since it is unlikely that the yielded rock away from the wall (up to 1.5 radii from the tunnel 

centerline) would have stiffness as low as 10% of the undamaged rockmass stiffness. Another 
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issue (related to the overestimation of stiffness degradation) is that a mobilized dilation model 

was not used, and in fact it appears that a constant volume flow rule (ψ = 0
o
) may have been used. 

 In developing a new approach for modelling stiffness degradation, it is important to 

consider both the damage (strain) and stress dependencies of the process. In looking at the 

compression testing results for carbonate rocks (Chapter 5) as well as similar results for granite 

(Martin and Chandler, 1994), it can be seen that as plastic strain accumulates, there is a curved 

(approximately logarithmic) decrease in laboratory sample stiffness which can be approximated 

by a bi-linear function (linear decrease to flat residual value). In the carbonate samples, the 

residual stiffness was typically between 0.3·Ei (for zero confinement) and 0.6·Ei (higher 

confinements and lower confinements for the anomalously porous Indiana Limestone). Although 

some confinement dependency can be seen, it is suspected that the relative scarcity of data for 

uniaxial tests combined with the presence of spurious confining factors (such as platen friction) 

lead to an overestimation of the residual modulus under true unconfined conditions. Indeed, in 

considering the confinement dependency of gravel stiffness, there is a significant confinement 

dependency, particularly at low confinements (on the order of kPa) that is not reflected in the 

laboratory test results (Tatsuoka et al., 2013). 

 Based on the model of Tatsuoka et al. (2013) for gravel stiffness, the following 

confinement dependent stiffness model for damaged rock is proposed: 
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In equation (10-1), EDEG is the degraded rockmass stiffness, Emin is a minimum stiffness value for 

an unconfined and severely damaged rockmass, E(γ
p
) is the maximum damaged stiffness under 

confined conditions, (σ1+ σ3)/2 is the mean stress, and ((σ1+ σ3)/2)CRIT is the critical mean stress at 

which the EDEG is equal to E(γ
p
). To prevent unrealistically high stiffness values from being used 

for areas under high stress, the maximum value of EDEG can be set as E(γ
p
). 
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 An example of a potential function for E(γ
p
) is illustrated in Figure 10-4. In this 

representation, the initial undamaged estimate of rockmass stiffness (ERM) is kept as the stiffness 

for the initial stages of deformation, since it is not expected that the initial fracture growth with 

limited dilation would have a significant influence on the overall stiffness of the rockmass. 

Ultimately, the confined stiffness degrades to a residual value (ERES α Ei, where the constant of 

proportionality is on the order of 0.3 to 0.6). Given the lack of apparent stiffness degradation in 

the case studies examined in this thesis, it appears likely that in-situ, the degree of damage 

required to decrease the rockmass stiffness to a residual value (γ
p

RES) may be quite large. 

 

Figure 10-4 - Example function for E(γ
p
). 

 Although the application of stiffness degradation approach has not been necessary to 

achieve satisfactory modelling outcomes for the case studies examined in this thesis, the concepts 

presented in this Section may prove useful in future studies where areas with significant 

geometric dilation are considered. 
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10.1.4 Implications for Understanding Rockburst Mechanisms 

 Kaiser et al. (2000) define three different types of violent rockbursts: (1) falls of ground 

under seismically enhanced gravitational forces, (2) ejection of marginally stable rock triggered 

by a remote seismic event, and (3) self-initiated rockbursts, where stored energy in the yielding 

rock is suddenly converted to kinetic energy. The research presented in this thesis can provide 

some ideas about rockburst mechanisms and how to determine where rockburst risks are greatest. 

 Ultimately, for a given element of rock to burst, it requires both the capacity to store 

energy and to release it in an unstable manner. Diederichs (2007) suggested the use of UCS as a 

measure of energy storage capability and the Hoek-Brown parameter, mi, as a measure of 

brittleness.  

 With respect to energy storage, the use of UCS is effectively a proxy for stiffness and CI 

(both of which are strongly correlated with UCS) (Hoek and Diederichs, 2006; Diederichs, 2007; 

Ghazvinian et al. 2012). The energy stored elastically prior to yield is given by the area under the 

stress-strain curve up to yield, or CI·E/2 in-situ. In the fact, mi is also correlated with UCS and E, 

as can be seen in Figure 10-5. 
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Figure 10-5 - Correlation between UCS and mi (left) and E and mi (right) for the rock types 

examined in Chapter 6. 

 In terms of energy release, Diederichs (2007) uses mi as a measure of the potential for 

violent energy release. A higher value of mi will always correspond to a higher equivalent value 
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of the friction angle, and the dilation angle is directly proportional to the friction angle (as per the 

findings of Chapter 6). The importance of the dilation angle for energy release is discussed in 

Section 3.4: higher dilation angles correspond to a lower capacity to dissipate energy during 

yield, and dilation angles greater than the friction angle correspond to a net inelastic release of 

energy. Before and shortly after CD in laboratory tests, the sample is able to accommodate the 

release of energy associated with isolated high dilation angle deformation increments through 

corresponding elastic compression; the same may not be true in-situ. 

 mi is connected to the dilation angle not just through the proportionality of ψ to ϕ, but 

also indirectly through a correlation with the peak dilation parameter, β0. As can be seen in Figure 

10-3, rocks with a higher mi tend to have higher β0 values, which means that they maintain high 

ratios of ψPeak/ϕPeak even at relatively high confining stresses. With high values of ϕPeak and 

ψPeak/ϕPeak at moderate confining stresses, the potential for significant dilatancy extends further 

into the rockmass where stored energy is higher (both because of increased stiffness and strength 

under confined conditions). In the future, rather than examine rockburst potential by simply 

considering the elastic stress distribution around an excavation, it may be more beneficial in 

future to investigate CI·E/2 and ψPeak in inelastic models. 

 With these concepts in mind, the following sequence for rockburst initiation (in the 

absence of major structural influences) is proposed: 

1. Fracturing progresses deep into the rockmass, but fractures do not dilate significantly due 

to the stress conditions (particularly possible if stiff support, such as thick shotcrete liner, 

apply a large confining pressure at the excavation wall at small displacements). 

2. Because of the relative lack of dilatancy mobilization (and the corresponding partial 

retention of rockmass cohesion), high stresses are maintained throughout the yield zone. 

3. Near the edge of the yield zone, a change in stresses (either caused by dynamic loading, 

nearby mining, or gradual relaxation) causes some fractures to dilate. 
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4. The corresponding local drop in confinement causes yield to spread into the highly 

stressed elastic zone. 

5. A relatively high dilation angle is mobilized as yield initiates; locally, the dilation angle 

associated with crack growth exceeds the friction angle, releasing energy. 

6. Because of the damaged state of the adjacent rock, the energy cannot be absorbed 

elastically, and is instead released violently. 

7. The dynamic energy released by the rockburst source travels through the yield zone, 

ejecting rock and dilating the pre-existing fractures during movement. 

Based on this model, several factors (beyond the geomechanical parameters CI, E, and β0) may 

contribute the rockburst likelihood: 

 Support type and pressure – early installation of stiff support may prevent initial stable 

energy release. 

 In-situ stress path – sudden changes in stress state can trigger dilation mobilization in 

previously stable ground. 

 Fabric, rockmass structure, and grain heterogeneity – these factors may influence the 

spacing of fractures as well as the potential for high energy dilation localization 

 A schematic diagram and some example images are provided in Figure 10-6. 
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Figure 10-6 - Schematic diagram for rockburst initiation (top left) with examples of low-

dilation spalling (top right and bottom left) and a rockburst zone (bottom right) (photos 

courtesy M. Diederichs). 

 The model described above relates to the development of rockbursts early in the 

deformation and loading process. Another mechanism altogether likely applies to late-stage 

mining pillar bursts: in this case, dilation (confinement generation), cohesion, and friction 

components of a fully yielded pillar in a residual state have already been mobilized (i.e. no 

potential to develop further strength in the pillar core exists); when nearby mining activities 

channel stresses through the pillar, the inability of the yielded rockmass to accept the 
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corresponding strain energy through stable deformation and further strength mobilization results 

in the violent release of material. In this case, the use of appropriate dilation and strength models 

allows for a more accurate prediction of the development of pillar yield and stress paths (as in 

Chapter 9), and can serve as an added tool in rockburst hazard assessment. 

10.2 Summary of Conclusions 

 The following represent the most significant conclusions drawn from this thesis: 

 In moderately to heavily structured rockmasses where deformation occurs primarily 

along pre-existing weakness planes, a constant dilation angle related to the rockmass 

strength to in-situ stress ratio may provide reasonable displacement results in numerical 

models; the use of a constant dilation angle introduces increasingly large errors for cases 

with high stress anisotropy and/or irregular excavation geometry. 

 For cases where a constant dilation angle approximation is appropriate, an estimate of the 

appropriate dilation angle value for use in numerical models can be obtained using either 

equation (4-10) in the case where support pressure and post-yield strength degradation 

effects are minimal or, more generally, equation (4-13). 

 Dilation angle can be determined from laboratory testing results either using 

irrecoverable strains or calculated plastic strains; the use of calculated plastic strains 

ignores the potential influence of changing elastic moduli over the course of deformation, 

but allows for increased data density and understanding of variability in dilation 

parameters. 

 Early dilatancy in yielding brittle rock is highly variable both in terms of dilation angle 

and strain magnitude due to microscopic deformation mode switching; in terms of overall 

deformation, however, shear movement along and across extensile fractures is required to 

mobilize significant dilatancy. 
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 Dilation angle data obtained from laboratory compression tests can be represented well 

using a reasonable number of material parameters with the model proposed in Chapter 6. 

 The flexible nature of the proposed dilation angle model allows it to be applied to a wide 

variety of rock types (including those which deform through brittle fracturing and 

pseudo-plastic shear) through minor modifications of the model parameters. 

 A mobilized dilation angle model can be used with a brittle (CWFS) strength model in 

numerical models to accurately replicate observed in-situ displacements. 

 A manual iterative back-analysis approach has been presented which has been 

successfully used in the analysis of in-situ extensometer data. 

 Post-yield strength and dilation parameters derived from laboratory tests can be used in 

excavation-scale numerical simulations to obtain reasonably accurate predictions of 

rockmass yield and displacement (in some cases). 

 The relative lack of numerical model sensitivity to the dilation model parameters over the 

reasonable range of expected values as demonstrated in Chapter 7 suggests that simply 

using the mobilized dilation angle model developed in Chapter 6 can provide reasonable 

results even if some minor errors are made in dilation parameter estimation. Indeed, 

simply using an appropriate dilation model form (regardless of the exact parameter values 

used) appears to provide a significant advance over existing constant dilation angle 

selection methodologies. The parameter which must be selected with the greatest care 

appears to be β0, and this parameter can be easily determined from laboratory testing data 

or estimated using correlations with other geotechnical parameters such as the one shown 

in Figure 10-3. 

 Using an appropriate constitutive approach, the yield and dilatancy of mine pillars 

subjected to a complex stress path can be successfully represented using continuum 

models. 
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 The influence of dilatancy on the post-yield stress path in brittle rocks is significant; a 

major function of support in brittle rock is to promote dilation-induced increases in 

confining stress by forcing the rockmass to deform as a pseudo-continuum by effectively 

imposing a limited strain boundary condition on the excavation. 

10.3 Recommendations for Future Work 

 In terms of laboratory testing, there are two further studies which could be performed to 

enhance the contributions of this thesis. First, the matter of anisotropy has not been addressed in 

this work; by testing foliated rocks with different angles between the loading direction and the 

foliation, the sensitivity of each dilation model parameter to this variable could be evaluated. 

Second, although the use of laboratory-based dilation model parameters to obtain satisfactory 

results for excavation models implies a minimal scale effect on these parameters, compression 

tests should be performed on samples of different sizes to more rigorously evaluate scale effects 

in the post-yield domain. 

 With respect to the proposed dilation angle model, the dilation mobilization parameter, 

γm, is associated with the greatest degree of uncertainty. In particular, the cause of the extreme 

variability observed in this parameter from the test results provided in Chapter 6, Chapter 8, and 

Chapter 9 is unknown. Such variability has not been discussed in previous studies. Alejano and 

Alonso (2005) developed their model assuming an initial mobilization of peak dilatancy, thus 

ignoring this consideration. Zhao and Cai (2010a) do not illustrate any variability as a function of 

their calculation methodology: the use of limited loading-unloading cycle data density leads to 

smoothed secant dilation angle estimates, as well as limiting the amount of data constraint 

available in the pre-mobilization phase; perhaps most significantly, the data for each confinement 

were compiled for model fitting, meaning the variability between individual tests cannot be 

distinguished. 
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 Both in this study and in the homogenized results of Zhao and Cai (2010a), it is not 

possible to discern a consistent trend in the mobilization parameter as a function of confining 

stress. In some cases, however, it is clear that there is a definite distinction between the values of 

this parameter under unconfined and confined conditions (consider the mobilization parameter 

values presented in Figure 9-11, for example). The lower group of values (below 1 mstrain) 

typically correspond to samples with significant axial cracking that quickly transition from high 

dilation angle values into an exponential decay without significant build-up of low-angle shears. 

The upper group corresponds to a more gradual mobilization of shear dilatancy through a 

combination of initial shear and cracking deformation modes. In this group, the parameter values 

are typically much more dispersed, the causes of which are unknown. Through the examination of 

a wider database and/or re-analysis of existing data, it may be possible in the future to better 

constrain the controls on γm (both geological and boundary-condition dependent) and to define a 

function to capture observed trends as a function of confining stress. 

 The variation in the decay parameter as a function of confining stress may also be a topic 

of interest for future research. In examining the results for a number of rock types, it was found 

that generally the decay rate increased (the decay parameter decreased) as a function of confining 

pressure. The trend was inconsistent, however, with some rock types displaying a linear 

character, others displaying a logarithmic character, and others still displaying no significant 

trend. As such, it has been left to others to define appropriate functions for the decay parameter as 

required for specific applications. 

 With respect to the applicability of the modelling approaches adopted in this thesis, great 

success in both back-analysis and predictive modelling has been demonstrated. In the field of 

Geomechanics where system responses are highly variable and scale-dependent, however, it is 

necessary to apply analysis techniques to a wide range of case studies to truly understand their 



 

429 

 

strengths and weaknesses. It is for this reason that the author encourages other researchers to 

further test the proposed modelling approaches. 

 Certain parameters remain a source of significant uncertainty with respect to the 

implementation of a CWFS approach with mobilized dilation. In particular, the author believes 

that because of significant boundary condition dependencies, the residual cohesion and 

cohesion/friction mobilization strain values determined from laboratory tests cannot, in general, 

be directly applied for the purposes of modelling the development of in-situ yield. Future research 

on scale effects relating to these parameters using laboratory testing and numerical approaches is 

encouraged. 

 Based on the calibrated pillar model developed in Chapter 9, it may be of interest to 

perform further studies on pillar degradation using continuum models. This could include an 

investigation of the influence of pillar geometry on the post-yield. Ultimately, it would be 

desirable to determine under what conditions geometric dilation dominates and continuum 

models are unable to replicate observed yield-displacement behaviour of brittle rockmasses in-

situ (based on a data set collected from a long term experiment). This thesis has already 

demonstrated the ability of a combined dilation-cohesion-friction mobilization approach to 

replicate large strains previously thought to be beyond the capabilities of continuum approaches 

to model. To push the applicability of the continuum approach further to apply to rockmasses 

which undergo even larger displacements, a stiffness degradation model (similar to that proposed 

in Section 10.1.3.1) will likely need to be tested in conjunction with the approach applied in this 

thesis. 
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10.4 Contributions 

10.4.1 Thesis-Related Publications 

10.4.1.1 Journal Articles – Published 

Walton, G. and Diederichs, M.S. Dilation and post-peak behaviour inputs for practical 

engineering analysis. Geotechnical and Geological Engineering. DOI 10.1007/s10706-

014-9816-x 

Walton, G., Arzua, J., Alejano, L.R., Diederichs, M.S. 2014. A laboratory-testing based study on 

the strength, deformability, and dilatancy of carbonate rocks at low confinement. Rock 

Mech. And Rock Eng. DOI 10.1007/s00603-014-0631-8 

Walton, G., Diederichs, M.S., Alejano, L.R., and Arzua, J. Verification of a lab-based dilation 

model for in-situ conditions using continuum models. J. Rock Mech. and Geotech. Eng. 

DOI 10.1016/j.jrmge.2014.09.004 

10.4.1.2 Journal Articles – Submitted 

Walton, G. and Diederichs, M.S. A new model for the dilation of brittle rocks based on 

laboratory compression test data with separate treatment of dilatancy mobilization and 

decay. Geotechnical and Geological Engineering. GEGE-D-14-00212. Submitted 19 

October 2014. 

Walton, G. and Diederichs, M.S. A mine shaft case study on the accurate prediction of yield and 

displacements in stressed ground using lab-derived material properties. Tunnelling and 

Underground Space Technology. TUST-D-14-00338. Submitted 6 October 2014. 

10.4.1.3 Journal Articles – In Prep 

Walton, G., Diederichs, M.S., Punkkinen, A., and Whitmore, J. A Pillar Monitoring and Back 

Analysis Experiment at 2.4 km Depth in the Creighton Mine. 

10.4.1.4 Refereed Conference Papers 

Walton, G., and Diederichs, M.S. 2015 Applications for continuum modelling of brittle rock 

fracture with a focus on dilatancy during failure. ISRM Congress 2015. Montreal, 

Quebec. 11 pages. Full paper submitted 1 September 2014. 

Walton, G., Diederichs, M.S., Arzua, J. 2014 A detailed look at pre-peak dilatancy in a granite – 

determining “plastic” strains from laboratory test data. Eurock 2014. Vigo, Spain. 6 

pages. 

Walton, G. and Diederichs, M.S. 2013. The Practical Modelling of Dilation in Excavations with 

a Focus on Continuum Shearing Behaviour. World Tunnel Congress 2013. Geneva, 

Switzerland. 8 pages. 

Walton, G. and Diederichs, M.S. 2012. Modelling dilation of brittle rockmasses: approaches, 

issues, and next steps. 46
th
 U.S. Rock Mech. / Geomech. Symp., Chicago. Paper 413. 10 

pages. 

Walton, G. and Diederichs, M.S. 2012. Comparison of practical modelling methodologies for 

considering strain weakening and dilation as part of geomechanical analysis. RockEng 

2012 Symp., Edmonton, Canada. 10 pages.  
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Underground Space Tech, 43, 336-349. DOI 10.1016/j.tust.2014.05.014 

Arzua, J., Alejano, L., Walton, G. 2014. Strength and dilation on jointed granitic samples during 

servo-controlled triaxial tests – a potential analogue for rock masses at the lab scale. Int. 
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Appendix A 

Raw Data for Laboratory Tests on Carbonate Rocks 

 This appendix contains the axial stress – axial strain and volumetric strain – axial strain 

curves recorded for all uniaxial and triaxial compression tests performed by the author at the 

University of Vigo in Vigo, Spain during June 2013. Image titles indicate the rock type (“CM” = 

Carrara Marble; “IBL” = Indiana Limestone; “TdLV” = Toral de Los Vados Limestone), the 

sample number, and the confining stress used; titles with no confining stress specified correspond 

to uniaxial tests. 

 For each image, the top two plots show axial stress – axial strain curves and the bottom 

two plots show volumetric strain – axial strain curves. The left-hand curves are the raw data, and 

the right-hand curves are the filtered data used for the calculation of plastic strains (as per the 

methodology outlined in Chapter 5). Filtered points include those corresponding to loading-

unloading cycles, those corresponding to anomalous confining stresses (typically during periods 

of rapid volume increase), and those after complete sample failure. The semi-automated filtering 

routine implemented in MATLAB is illustrated in Appendix B. 
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Appendix B 

Selected MATLAB Code 

Symmetrical Solution for Displacements Around a Circular Excavation Under 

Uniform Loading 

function [r u] = 

AnalyticalSoln(ro,p,q,E,v,c,phi,cr,phir,gps,dilcase,multiplier,BCcase) 

  
% Unit Conversion 

  
phi = phi*pi/180; 
phir = phir*pi/180; 

  
% Define Constants 

  
Kphir = (1+sin(phir))/(1-sin(phir)); 
Kphi = (1+sin(phi))/(1-sin(phi)); 

  
sigc = 2.*c.*cos(phi)/(1-sin(phi)); 
sigcr = 2.*cr.*cos(phir)/(1-sin(phir)); 

  
pbar = (2*q-sigc)/(Kphi+1); 
pprime = sigcr/(Kphir-1); 

  
% Define Plastic Zone Boundary Conditions 

  
rbar = ro*(abs(pbar+pprime)./(p+pprime)).^(1./(Kphir-1)); 
ubar = (1+v)/E*(rbar*(q-pbar)); 

  
% Define Stresses 

  
sigr = @(r) (p+pprime)*(r/ro).^(Kphir-1)-pprime; 
sigt = @(r) Kphir*(p+pprime)*(r/ro).^(Kphir-1)-pprime; 

  
% Define Elastic Strains - Case 3 from Park and Kim, 2005 

  
erelastic = @(r) (1+v)/E*((1-v)*sigr(r)-v*sigt(r)-(1-2*v)*q); 
etelastic = @(r) (1+v)/E*((1-v)*sigt(r)-v*sigr(r)-(1-2*v)*q); 

  
% Define Maximum Shear Strain 

  
gamma = @(r,u,up) abs((up-erelastic(r))-(u./r-etelastic(r))); 

  
% Define Dilation Angle 

  
if(dilcase == 1) 

     
    psi = phir*multiplier; 
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    Kpsi = @(r,u,up) (1+sin(psi))/(1-sin(psi)); 

     
elseif(dilcase == 2) 

     
    psipeak = @(r) 

max(phi,phir)/(1+log10(sigc))*log10(sigc./(sigr(r)+0.1)); 

     
    Kpsip = @(r) (1+sin(psipeak(r)))/(1-sin(psipeak(r))); 

     
    Kpsi = @(r,u,up) Kpsip(r); 

     
else 

     
    psipeak = @(r) 

max(phi,phir)/(1+log10(sigc))*log10(sigc./(sigr(r)+0.1)); 

     
    Kpsip = @(r) (1+sin(psipeak(r)))/(1-sin(psipeak(r))); 

     
    Kpsi = @(r,u,up) 1 + (Kpsip(r)-1)*exp(-(gamma(r,u,up))/gps); 

     
end 

  
% Define Elastic-Plastic Boundary Consistency Condition 

  
if(BCcase == 1) 

     
    C = @(r,u,up) 0; 

     
else 

  
    C = @(r,u,up) (Kpsi(r,u,up)*(1-v)-v)*(sigc-sigcr); 

  
end 
  

% Define Differential Equation 

 
B = @(r,u,up) C(r,u,up) - (1-2*v)*(1+Kpsi(r,u,up))*(q+pprime); 

  
A = @(r,u,up) ((1+Kphir*Kpsi(r,u,up))*(1-v)-

(Kphir+Kpsi(r,u,up))*v)*(pbar+pprime); 

  
diffeq = @(r,u,up) (1+v)/E*(A(r,u,up)*(r/rbar)^(Kphir-1)+B(r,u,up)) - 

Kpsi(r,u,up)*u/r - up; 
  

% Estimate Initial Condition For Spatial Derivative of Displacement 

 
up0 = (1+v)/E*(((1-v)*sigr(1.0000001*rbar)-v*sigt(1.0000001*rbar)-(1-

2*v)*q)-((1-v)*sigr(ro)-v*sigt(ro)-(1-2*v)*q))/(0.0000001*rbar); 
  

% Determine Consistent Initial Conditions 
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[ubar up0] = decic(diffeq,rbar,ubar,1,up0,0); 
% Define Solution Domain 

  
tspan = linspace(rbar,ro); 
  

% Solve Equation 

 
[r u] = ode15i(diffeq,tspan,ubar,up0); 
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Sample of Code for University of Vigo Laboratory Test Data Analysis 

% MASTER SCRIPT 
 

names = 

{'CM1','CM2','CM3','CM4','CM5','CM6','CM7_1MPa','CM8_1MPa','CM9_1MPa','

CM10_2MPa','CM11_2MPa','CM12_2MPa','CM13_4MPa','CM14_4MPa','CM15_4MPa',

'CM16_6MPa','CM17_6MPa','CM18_6MPa','CM19_8MPa','CM20_8MPa','CM21_10MPa

','CM22_10MPa','CM23_12MPa','CM24_12MPa'}; % Cell array containing 

names (without file type) of all data files for processing 

  
sheets = {'data'}; % Sheet name for sheet containing data 

  
Evsheets = 0; % Sheet name for sheet containing pre-selected elastic 

moduli (enter 0 to select in MATLAB) 

  
Evcol = 0; % Enter column containing pre-selected elastic moduli (enter 

0 to pick in MATLAB) 

  
Erow = 33; % Row of Young's modulus 

  
vrow = 35; % Row of Poisson's ratio 

  
F0r = 4; % Row of initial force value 
F0c = 9; % Column of initial force value 

  
Ar = 4; % Row of sample area 
Ac = 5; % Column of sample area 

  
astraincol = 24; % Column of astrain values 
vstraincol = 25; % Column of vstrain values 
astresscol = 27; % Column of astress values 
cstresscol = 0; % Column of cstress values - set to 0 for UCS tests 

  
startfile = 1; % First file in the list of names to process 
endfile = 24; % Last file in the list of names to process 

  
filtnum = 5; % Enter the number of points to use for moving average 

convolutions 

  
damagetol = 0.5; % Enter the tolerance for CI and CD selections 

 
% Loop Over All Listed Files 

  
for(i = startfile:endfile); 
     

    % Pull out information for file of interest 
     

    name = names{i}; 

     
    if(length(sheets) > 1) 

         
        sheet = sheets{i}; 
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    else 

         
        sheet = sheets; 

         
    end 

     
    if(length(Evsheets) > 1) 

         
        Evsheet = Evsheets{i}; 

         
    else 

         
        Evsheet = Evsheets; 

         
    end 

     
% Call Functions 

     
    [astrain vstrain astress cstress astrainI vstrainI astrainIcorr 

vstrainIcorr Ecycs vcycs Estat vstat Etanvals vvals E v residual 

startinds endinds CI CD conf] = 

dataprocessing(name,sheet,Evsheet,Evcol,Erow,vrow,astraincol,vstraincol

,astresscol,cstresscol,filtnum,F0r,F0c,Ar,Ac,damagetol); 

 
    [gammap, gammapmid, vstrainp, astrainp, dilang, gammapCD] = 

plasticcalcs(astrain,vstrain,astress,E,v,CI,CD,conf,damagetol) 

 
end 

 
% DATA PROCESSING FUNCTION 

 

function [astrain vstrain astress cstress astrainI vstrainI 

astrainIcorr vstrainIcorr Ecycs vcycs Estat vstat Etanvals vvals E v 

residual startinds endinds CI CD conf] = 

dataprocessing(name,sheet,Evsheet,Evcol,Erow,vrow,astraincol,vstraincol

,astresscol,cstresscol,largescreen,filtnum,AE,Eprop,F0r,F0c,Ar,Ac,damag

etol) 

  
% Read in data 

  
rawdata = xlsread(strcat(name,'.xlsx'),char(sheet)); 

 
% Read in Young's modulus and Poisson's ratio if available 

  
if(Evcol ~= 0) 

     
    if(length(char(sheet)) == length(char(Evsheet))) % If length of 

data and results sheet names are the same, check if they are the same 

or not 

         
        if(char(sheet) ~= char(Evsheet)) 
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            Evdata = xlsread(strcat(name,'.xlsx'),char(Evsheet)); 

             
            E = Evdata(Erow,Evcol); 

             
            v = Evdata(vrow,Evcol); 

             
        else 

             
            E = rawdata(Erow,Evcol); 

             
            v = rawdata(vrow,Evcol); 

             
        end 

         
    else 

         
        Evdata = xlsread(strcat(name,'.xlsx'),char(Evsheet)); 

         
        E = Evdata(Erow,Evcol); 

         
        v = Evdata(vrow,Evcol); 

         
    end 

     
end 

 
% Read in relevant columns 

  
astrain = rawdata(not(isnan(rawdata(:,astraincol))),astraincol); 

  
vstrain = rawdata(not(isnan(rawdata(:,vstraincol))),vstraincol); 

  
astress = rawdata(not(isnan(rawdata(:,astresscol))),astresscol); 

  
% Remove extra values if header columns have been grabbed 

  
if(length(astrain)>1024) 

     
    astrain = astrain((length(astrain)-1024+1):end); 

     
end 

  
if(length(vstrain)>1024) 

     
    vstrain = vstrain((length(vstrain)-1024+1):end); 

     
end 

  
if(length(astress)>1024) 
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    astress = astress((length(astress)-1024+1):end); 

     
end 

  
% If the test is triaxial, read in the confining stress values 

  
if(cstresscol ~= 0) 

     
    cstress = rawdata(not(isnan(rawdata(:,cstresscol))),cstresscol); 

     
else 

     
    cstress = zeros(length(astrain),1); 

     
end 

 
[Peak IPeak] = max(astress); % Find peak stress and corresponding index 

 

if(Evcol == 0) 

     
    h = plot(astrain(1:IPeak),astress(1:IPeak),'.'); % Plot axial 

stress vs axial strain 

     
    [strains Estresses] = ginput(2); % Collect user input points for 

calculation of E 

     
    % Find nearest point to the user input 

     
    Estresstol = 0.1; 

     
    Estraintol = 0.001; 

     
    Einds1 = find(abs(astress-Estresses(1)) < Estresstol and 

abs(astrain-strains(1)) < Estraintol); 

     
    Einds2 = find(abs(astress-Estresses(2)) < Estresstol and 

abs(astrain-strains(2)) < Estraintol); 

     
    % If no points fall within tolerance, iteratively increase 

tolerance until a point is found 

     
    while(isempty(Einds1))  

         
        Estresstol = Estresstol + 0.1; 

         
        Estraintol = Estraintol + 0.001; 

         
        Einds1 = find(abs(astress-Estresses(1)) < Estresstol and 

abs(astrain-strains(1)) < Estraintol); 

         
    end 
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    stresstol = 0.1; 

     
    straintol = 0.001; 

     
    while(isempty(Einds2)) 

         
        Estresstol = Estresstol + 0.1; 

         
        Estraintol = Estraintol + 0.001; 

         
        Einds2 = find(abs(astress-Estresses(2)) < Estresstol and 

abs(astrain-strains(2)) < Estraintol); 

         
    end 

     
    % If multiple points were found for each user pick, take the middle 

point 

     
    Eind1 = round(median(Einds1)); 

     
    Eind2 = round(median(Einds2)); 

     
    strains = [astrain(Eind1) astrain(Eind2)]; 

     
    Estresses = [astress(Eind1) astress(Eind2)]; 

     
    E = (Estresses(2)-Estresses(1))/(strains(2)-strains(1)); % 

Calculation of Young's Modulus 

     
    close all 

     
    vok = 0; % Set flag for user approval of Poisson's ratio value 

     
    while(vok == 0) % While user wishes to re-pick 

         
        h = plot((vstrain(1:round(0.8*IPeak))-

astrain(1:round(0.8*IPeak)))/2,astress(1:round(0.8*IPeak)),'.'); % Plot 

axial stress versus lateral strain 

         
        [lstrainsin stresses] = ginput(2); % Collect user inputs for 

the calculation of v 

         
        % Find nearest point to the user input (and corresponding axial 

strain) 

         
        stresstol = 0.1; 

         
        straintol = 0.0001; 

         
        inds1 = find(abs(astress-stresses(1)) < stresstol and 

abs((vstrain-astrain)/2-lstrainsin(1)) < straintol); 
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        inds2 = find(abs(astress-stresses(2)) < stresstol and 

abs((vstrain-astrain)/2-lstrainsin(2)) < straintol); 

         
        % If no points fall within tolerance, iteratively increase 

tolerance until a point is found 

         
        while(isempty(inds1)) 

             
            stresstol = stresstol + 0.1; 

             
            straintol = straintol + 0.0001; 

             
            inds1 = find(abs(astress-stresses(1)) < stresstol and 

abs((vstrain-astrain)/2-lstrainsin(1)) < straintol); 

             
        end 

         
        stresstol = 0.1; 

         
        straintol = 0.001; 

         
        while(isempty(inds2)) 

             
            stresstol = stresstol + 0.1; 

             
            straintol = straintol + 0.0001; 

             
            inds2 = find(abs(astress-stresses(2)) < stresstol and 

abs((vstrain-astrain)/2-lstrainsin(2)) < straintol); 

             
        end 

         
        % If multiple points were found for each user pick, take the 

middle point 

         
        ind1 = round(median(inds1)); 

         
        ind2 = round(median(inds2)); 

         
        astrains = [astrain(ind1) astrain(ind2)]; 

         
        lstrainvals = (vstrain-astrain)/2; 

         
        lstrains = [lstrainvals(ind1) lstrainvals(ind2)]; 

         
        v = -(lstrains(2)-lstrains(1))/(astrains(2)-astrains(1)); % 

Calculation of v 

         
        % Plotting of E and v selection 

         
        close all 
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        h = figure(1); 
        set(gca,'FontSize',24) 
        plot(astrain(1:IPeak),astress(1:IPeak),'.','MarkerSize',14) 
        hold on 
        plot(strains,Estresses,'r','LineWidth',6) 
        xlabel('Axial Strain (mstrain)','FontSize',24) 
        ylabel('Axial Stress (MPa)','FontSize',24) 

         
        h = figure(2); 

         
        set(gca,'FontSize',24) 
        plot(lstrainvals(1:IPeak),astress(1:IPeak),'.','MarkerSize',14) 
        hold on 
        plot(lstrains,stresses,'r','LineWidth',6) 
        xlabel('Lateral Strain (mstrain)','FontSize',24) 
        ylabel('Axial Stress (MPa)','FontSize',24) 

         
        vok = input(sprintf('\nPress enter to continue, or enter 0 to 

reselect v (v = %0.3f)\n\n',v)); % Check if user is satisfied with 

Poisson's ratio selected 

         
        close all 

         
    end 

     
end 

 
% Find confining stress of test 

  
if(cstresscol == 0) % Uniaxial test case 

     
    conf = 0;  

     
else % Triaxial test case 

     
    conf = median(cstress(1:IPeak)); 

     
end 

  
% Correction for non-zero intial loads 

  
if(F0r ~= 0 andand F0c ~= 0 andand Ar ~= 0 andand Ac ~= 0) 

     
    F0 = rawdata(F0r,F0c); % Determine initial force 
    A = rawdata(Ar,Ac); % Determine sample cross-sectional area 

     
    P0 = F0/A*1000; % Calculate initial pressure 

     
end 

  
% Save initial strain and stress data 
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astrainold = astrain; 
vstrainold = vstrain; 
astressold = astress; 
cstressold = cstress; 

  
if(exist('P0','var')) % If a non-zero initial pressure exists 

     
    shiftgood = 0; % Set flag for user confirmation of data shift 

quality 

     
    user_val = 5; % Set initial guess for Young's Modulus percentile to 

use as initial modulus 

     
    while(shiftgood == 0) % While user is dissatisfied with correction 

quality 

         
        % Re-initialize strain and stress vectors 

         
        astrain = astrainold; 
        vstrain = vstrainold; 
        cstress = cstressold; 
        astress = astressold; 

         
        [Peak IPeak] = max(astress); % Determine peak stress and index 

         
        logical = astress < P0 and (1:1024)' < IPeak; % Determine 

uncorrected stress values that are below P0 (will be below 2*P0 after 

correction) 

         
        stressshift = astress(2:end); % Generate shifted vector of 

stresses 

         
        strainshift = astrain(2:end); % Generate shifted vector of 

axial strains 

         
        vshift = vstrain(2:end); % Generate shifted vector of 

volumetric strains 

         
        Eearly = (stressshift(logical(1:(end-1)))-

astress(logical(1:(end-1))))./(strainshift(logical(1:(end-1)))-

astrain(logical(1:(end-1)))); % Find tangent moduli for early data 

points 

         
        Einitial = prctile(Eearly,user_val); % Pick "initial" modulus 

         
        if(Einitial == 0 || isnan(Einitial) || isempty(Einitial)) % If 

initial modulus pick is bad 

             
            Einitial = min(Eearly(not(isnan(Eearly)) and Eearly ~= 0)); 

% Take the minimum numeric non-zero early tangent modulus value 

             
        end 
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        strainslopesearly = (vshift(logical(1:(end-1)))-

vstrain(logical(1:(end-1))))./(strainshift(logical(1:(end-1)))-

astrain(logical(1:(end-1)))); % Find early vstrain-astrain slopes 

         
        strainslopeinitial = prctile(strainslopesearly,70); % Pick 

"initial" volumetric strain - axial strain slope 

         
        deltastrain = P0/Einitial; % Calculate axial strain offset 

         
        deltavstrain = strainslopeinitial*deltastrain; % Calculate 

volumetric strain offset 

         
        astrain = [0; astrain+deltastrain]; % Apply shift to axial 

strain data 

         
        vstrain = [0; vstrain+deltavstrain]; % Apply shift to 

volumetric strain data 

         
        astress = [0; astress+P0]; % Apply shift to axial stress data 

         
        cstress = [cstress(1); cstress]; % Add buffer to confining 

stress data so that length vector parity is conserved 

         
        % Plot shift results 

         
        close all 

         
        set(gca,'FontSize',24) 
        plot(astrain(1:IPeak),astress(1:IPeak),'.','MarkerSize',14) 
        hold on 
        plot(astrain(1),astress(1),'.r','MarkerSize',14) 
        xlabel('Axial Strain (mstrain)','FontSize',24) 
        ylabel('Axial Stress (MPa)','FontSize',24) 

         
        user_val = input('\nPress enter to continue or enter a new 

percentile value for the early Youngs Modulus calculation\n\n'); % If 

the axial stress - axial strain graph shift appears unrealstic, process 

parameters can be tweaked 

         
        if(isempty(user_val)) 

             
            shiftgood = 1; 

             
        end 

         
    end 

     
end 

  
% Save data values pre-filtering 

  
astrainold = astrain; 
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vstrainold = vstrain; 

  
astressold = astress; 

  
cstressold = cstress; 

  
% Call filtering function 

  
[astrain vstrain astress cstress astrainI vstrainI Ecycs vcycs 

startpoints endpoints residual] = 

datafiltering(name,astrain,vstrain,astress,cstress,conf,E); 

  
% Find indicies of unloading points in old data 

  
unloadinds = zeros(size(astrainI,1),1); 

  
for(i = 1:length(astrainI)) 

     
    unloadinds(i) = find(abs(astrainold-astrainI(i)) < 0.0005 and 

abs(vstrainold-vstrainI(i)) < 0.0005); 

     
end 

  
[Peak IPeak] = max(astress); % Find peak stress and corresponding index 

  
slopes = (astress(2:IPeak)-astress(1:(IPeak-1)))./(astrain(2:IPeak)-

astrain(1:(IPeak-1))); % Find the tangent modulus values up to peak 

  
smoothslopes = conv(slopes,[1/filtnum 1/filtnum 1/filtnum 1/filtnum 

1/filtnum],'valid'); % Apply a moving average to the tangent modulus 

values 

  
% Plot axial stress - axial strain, smoothed tangent modulus to peak, 

and volumetric strain - axial strain for selection of CD 

  
close all 

  
h = figure(1); 

  
subplot(3,1,1) 
plot(astrain(1:IPeak),astress(1:IPeak)) 
xlim([0 astrain(IPeak)]) 
subplot(3,1,2) 
plot(astrain(((filtnum-1)/2+2):(IPeak-(filtnum-1)/2)),smoothslopes) 
xlim([0 astrain(IPeak)]) 
subplot(3,1,3) 
plot(astrain(1:IPeak),vstrain(1:IPeak)) 
xlim([0 astrain(IPeak)]) 

  
% Print volumetric strain and tangent modulus reversal points for user 
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[C I] = max(vstrain); 

  
fprintf('\nVolumetric Strain Reversal At %0.3f, %0.1f 

\n',astrain(I),astress(I)); 

  
[C I] = max(slopes); 

  
fprintf('\nTangent Modulus Reversal At %0.3f, %0.1f 

\n',astrain(I),astress(I)); 

  
CD = input('\nEnter Approximate CD (in MPa)\n\n'); % Prompt user for CD 

selection based on strain data 

  
% Determine index for CD 

  
diff = abs(astress - CD); 

  
logical = diff < damagetol; 

  
indicies = find(logical); 

  
I = min(indicies); 

  
ICD = I; 

  
astrainCD = astrain(ICD); 

  
close all 

  
e1diff = astrain(ICD) - astress(ICD)/E; % Calculate the offset between 

the actual and theoretical axial strains at CD 

  
e1e = astress/E+e1diff; % Calculate the elastic axial strain with a 

correction for non-linear pre-CD (crack closure) effects 

  
e3e = (conf-v*(astress+conf))/E; % Calculate the elastic lateral strain 

  
eve = e1e + 2*e3e; % Calculate the elastic volumetric strain 

  
cvs = vstrain-eve; % Calculate crack volumetric strain 

  
[C I] = max(cvs); % Determine the point of maxmimum crack volumetric 

strain 

  
% Plot axial stress - axial strain and crack volumetric strain - axial 

strain for selection of CI 

  
h = figure(1); 
subplot(2,1,1) 
plot(astrain(1:IPeak),astress(1:IPeak)) 
xlim([0 astrain(IPeak)]) 
subplot(2,1,2) 
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plot(astrain(1:IPeak),cvs(1:IPeak),'.') 
xlim([0 astrain(IPeak)]) 

  
% Print crack volumetric strain reversal point for user 

  
fprintf('\nCrack Volumetric Strain Reversal At %0.3f, %0.1f 

\n\n',astrain(I),astress(I)); 

  
CI = input('Enter Approximate CI (in MPa)\n\n'); % Prompt user for CD 

selection based on strain data 

 
% DATA FILTERING FUNCTION 

 
function [astrain vstrain astress cstress astrainI vstrainI Ecycs vcycs 

startpoints endpoints residual] = 

datafiltering(name,astrain,vstrain,astress,cstress,conf,E) 

  
% Save original data values 

  
astrainold = astrain; 
vstrainold = vstrain; 
astressold = astress; 
cstressold = cstress; 

  
confbad = 1; % Initialize confinement filtering flag 

  
abstol = 0.2; % Set absolute tolerance (MPa) for confining stress 

deviation from median 

  
reltol = 0.1; % Set relative tolerance for confining stress deviation 

from median 

  
% Filter anomalous confinement points 

  
if(max(cstress) > 0) % Ignore if test is uniaxial 

     
    while(confbad == 1) % While user is disatisfied with filtering 

result 

         
        % Re-initialize stress and strain values 

         
        astrain = astrainold; 
        vstrain = vstrainold; 
        astress = astressold; 
        cstress = cstressold; 

         
        logical = abs(cstress - conf) < abstol and abs(cstress - conf) 

< reltol*conf; % Find points with acceptable confining stresses 

         
        % Remove bad data points 

         
        astrain = astrainold(logical); 
        vstrain = vstrainold(logical); 
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        astress = astressold(logical); 
        cstress = cstressold(logical); 

         
        % Plot filtered and unfiltered data points for user comparison 

         
        h = figure(1); 
        subplot(2,2,1) 
        plot(astrainold,vstrainold,'.') 
        subplot(2,2,2) 
        plot(astrain,vstrain,'.') 
        subplot(2,2,3) 
        plot(astrainold,astressold,'.') 
        subplot(2,2,4) 
        plot(astrain,astress,'.') 

         
        h = figure(2); 
        subplot(1,2,1) 
        plot(astrainold,cstressold,'.'); 
        subplot(1,2,2) 
        plot(astrain,cstress,'.'); 

         
        confbad = input('\nEnter 1 to change the Sigma_3 filtering 

parameters\n\n'); % Give user the option to redo filtering 

         
        if(confbad == 1) % If user wants to redo filtering, prompt for 

updated filtering parameters 

             
            abstol = input('\nPlease enter an absolute tolerance for 

Sigma_3\n\n'); 

             
            reltol = input('\nPlease enter a relative tolerance for 

Sigma_3 (%)\n\n'); 

             
        end 

         
    end 

     
end 

  
% Finding unloading points 

  
plot(astrain,astress) % Plot raw axial stress - axial strain data 

  
[ulx uly] = ginput(); % Accept user input for polygon defining 

acceptable unloading region 

  
if(isempty(ulx) || isempty(uly)) % Autmatic picking of acceptable 

unloading strains and stresses (no restrictions) 

     
    ulx = 0; % Any strain greater than zero 

     
    uly = 12; % Any stress less than 12 MPa 
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end 

  
ulx = [-5; ulx(1)-0.0000000001; ulx; max(astrain)]; % Define x co-

ordinates of complete polygon based on user input 

  
uly = [-1000; -1000; uly; uly(end)]; % Define y co-ordinates of 

complete polygon based on user input 

  
yi = interp1(ulx,uly,astrain); % Define a maximum unloading stress for 

each axial strain point based on th user defined polygon 

  
close all 

  
astressshift = astress(2:end); % Create a shifted axial stress vector 

  
astressdiff = astressshift - astress(1:(end-1)); % Create a vector of 

stress increments 

  
logical = (sign(astressdiff(1:end-1)) == -1 and 

sign(astressdiff(2:end)) == 1) | (sign(astressdiff(1:end-1)) == -1 and 

sign(astressdiff(2:end)) == 0); % Find the indicies where the astresses 

go from decreasing to increasing 

  
logicalwindow = astress < yi; % Find the indicies where the axial 

stresses are inside the user defined polygon 

  
unloading = [0; logical; 0] and logicalwindow; % Find the indicies of 

the unloading points 

  
astrainI = astrain(unloading); % Pull out irrecoverable axial strain 

data 
astressI = astress(unloading); % Pull out irrecoverable axial stress 

data 
vstrainI = vstrain(unloading); % Pull out irrecoverable volumetric 

strain data 

  
% Call cycle removal function 

  
[startpoints endpoints astrain vstrain astress cstress Ecycs vcycs] = 

removecycles(astrain,vstrain,astress,cstress,astrainI,vstrainI,astressI

,E); 

  
% Determine residual strength 

  
residastr = []; 

  
while(isempty(residastr)) 

     
    residastr = input('\nPlease input the axial strain at which 

residual strength is achieved\n\n'); % Prompt user to select axial 

strain range for residual strength selection 

     
end 



 

512 

 

  
% Take the median of all points past the user defined onset of 

consistent residual strength 

  
Iresid = find(astrain > residastr); 

  
Iresid = Iresid(1); 

  
residual = median(astress(Iresid:end)); 

  
% Manual removal of points 

  
datafilter = 1; % Initialize data filtering flag 

  
while(datafilter == 1) % While user wishes to continue filtering data 

     
    % Plot data 

     
    h = figure(1); 
    plot(astrain,astress,'.') 

     
    [x y] = ginput(); % Prompt user to click the lower left and upper 

right corners of a window of data to remove 

     
    if(isempty(x)) % If user presses enter, filtering will end 

         
        datafilter = 0; 

         
    end 

     
    if(length(x) == 2) % If user enters two corners, filter all points 

within the selected box 

         
        logical = astrain > x(1) and astrain < x(2) and astress < y(1) 

and astress > y(2); 

         
        astrain = astrain(not(logical)); 
        astress = astress(not(logical)); 
        vstrain = vstrain(not(logical)); 
        cstress = cstress(not(logical)); 

         
    end 

     
    close all 

     
end 

  
% Plot data 

  
h = figure(1); 
plot(astrain,astress,'.') 
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astraincutoff = input('\nPress enter to continue or input an axial 

strain cutoff (in mstrain)\n\n'); % Prompt user to select an axial 

strain value after which data are unreliable 

  
% Remove data points past user defined axial strain cutoff 

  
if(not(isempty(astraincutoff))) 

     
    astrain = astrain(astrain < astraincutoff); 
    astress = astress(astrain < astraincutoff); 
    vstrain = vstrain(astrain < astraincutoff); 
    cstress = cstress(astrain < astraincutoff); 

     
end 

 
% CYCLE REMOVAL FUNCTION 

 
function [startpoints endpoints astrain vstrain astress cstress Ecycs 

vcycs] = 

removecycles(astrain,vstrain,astress,cstress,astrainI,vstrainI,astressI

,E) 

  
% Initialize values 

  
Eprop = 8; % Define acceptable proportion of Young's Modulus for 

testing data flattening at end of post-peak cycle 

  
Ecycs = []; % Initialize matrix for re-loading Young's Modulus values 

  
vcycs = []; % Initialize matrix for re-loading Poisson's ratio values 

  
savenext = 0; % Initialize flag for end of one cycle being the start of 

the next cycle 

  
% Initialize vectors for results (cycle starts and ends) 

  
startpoints = zeros(length(astrainI),3);  
endpoints = zeros(length(astrainI),3); 

  
% Define new vectors of stresses and strains to be modified 

  
astrainfilt = astrain; 
vstrainfilt = vstrain; 
astressfilt = astress; 
cstressfilt = cstress; 

  
pickboundaries = 1; % Initialize flag for  

  
while(pickboundaries == 1) 

     
    % Plot data 

     
    h = figure(1); 
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    plot(astrain,astress,'.') 

     
    [ulx uly] = ginput(); % User selects points on the graph to define 

a lower bound line (stress) for the end of all cycles 

     
    if(isempty(ulx) || isempty(uly)) % Set no constraints if the user 

picks no values 

         
        ulx = 0; 

         
        uly = 0; 

         
    end 

     
    ulx = [-5; ulx; max(astrain)]; % Complete boundary line x co-

ordinates 

     
    uly = [uly(1); uly; uly(end)]; % Complete boundary line y co-

ordinates 

     
    if(length(ulx)==length(unique(ulx))) % Force redo if there are two 

equal x values selected (since this causes problems for interpolation) 

         
        pickboundaries = 0; 

         
    end 

     
    close all 

     
end 

  
yi = interp1(ulx,uly,astrain); % Determine a lower point stress value 

for cycle ends at each axial strain 

  
backcycle = 0; % Initialize flag for checking whether or not a cycle 

ends at a lower axial strain than that of its start point 

  
% Loop through all astrains 

  
for(i = 1:length(astrainI)) 

     
    % Overwrite output with filtered results from last iteration 

     
    astrain = astrainfilt; 
    vstrain = vstrainfilt; 
    astress = astressfilt; 
    cstress = cstressfilt; 

     
    % Find index of current cycle unloading point and the next 

unloading point 
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    index = find(abs(astrain-astrainI(i))<0.0005 and abs(vstrain-

vstrainI(i))<0.0005); 

     
    if(i < length(astrainI)) 

         
        next_index = find(abs(astrain-astrainI(i+1))<0.0005 and 

abs(vstrain-vstrainI(i+1))<0.0005); 

         
    else 

         
        next_index = length(astrain)-1; 

         
    end 

     
    [Peak IPeak] = max(astress); % Find peak and the corresponding 

index 

     
    if(index < IPeak) % For cycles pre-peak 

         
        [C startind] = max(astress(1:index)); % Cycle starts at the 

maximum stress prior to the unloading point 

         
        higherstresses = find(astress > astress(startind)); % Find 

indicies of all stresses higher than the start of the cycle 

         
        endind = higherstresses(1); % Cycle ends at the next point 

which is at a higher stress 

         
        if(endind > next_index) % If the end of the cycle occurs later 

than the next unloading point 

             
            [C endind] = max(astress(index:next_index)); % Find the 

maximum stress between the two cycles 

             
            endind = endind+index-1; % Correct the index to account for 

the smaller length of the astress(index:next_index) vector 

             
        end 

         
        % Define which points are part of the cycle 

         
        cycleinds = (startind+1):(endind-1); 

         
        astresscycle = astress(cycleinds); 
        astraincycle = astrain(cycleinds); 
        vstraincycle = vstrain(cycleinds); 
        rstraincycle = (vstraincycle-astraincycle)/2; 

         
        stresscshift = astresscycle(2:end); 
        straincshift = astraincycle(2:end); 
        rstrcshift = rstraincycle(2:end); 
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        % Calculate tangent moduli for cycle points 

         
        Etancyc = (stresscshift-astresscycle(1:(end-

1)))./(straincshift-astraincycle(1:(end-1))); 
        vtancyc = -(rstrcshift-rstraincycle(1:(end-1)))./(straincshift-

astraincycle(1:(end-1))); 

         
        % Record cycle moduli values 

         
        Ecyc10 = prctile(Etancyc,10); 
        Ecyc20 = prctile(Etancyc,20); 
        Ecyc60 = prctile(Etancyc,60); 
        Ecyc70 = prctile(Etancyc,70); 
        Ecyc80 = prctile(Etancyc,80); 
        vcyc25 = prctile(vtancyc,25); 
        vcyc30 = prctile(vtancyc,30); 
        vcyc40 = prctile(vtancyc,40); 
        vcyc50 = prctile(vtancyc,50); 
        vcyc1 = -(rstraincycle(end)-rstraincycle(index-

startind))/(astraincycle(end)-astraincycle(index-startind)); 
        vcyc2 = -(rstraincycle(index-startind)-

rstraincycle(1))/(astraincycle(index-startind)-astraincycle(1)); 

         
        Evals = [Ecyc10 Ecyc20 Ecyc60 Ecyc70 Ecyc80]; 
        vvals = [vcyc1 vcyc2 vcyc25 vcyc30 vcyc40 vcyc50]; 

         
        % Record cycle start and end points 

         
        startpoints(i,:) = [astrain(startind) astress(startind) 

vstrain(startind)]; 
        endpoints(i,:) = [astrain(endind) astress(endind) 

vstrain(endind)]; 

         
        % Remove cycle points 

         
        astrainfilt(cycleinds) = []; 
        vstrainfilt(cycleinds) = []; 
        astressfilt(cycleinds) = []; 
        cstressfilt(cycleinds) = []; 
        yi(cycleinds) = []; 

         
    else % If it is a post-peak cycle 

         
        if(not(exist('endstress','var'))) % If this is the first post-

peak cycle 

             
            endstress = Peak; % Set the previous "end of cycle" stress 

to be equal to peak stress 

             
        end 

         
        newind = index; % Start looking at the unloading point 
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        % Calculate starting values for parameters of interest 

         
        % Stress difference with immediate neighbour and for next two 

points 

         
        deltasig = astress(newind)-astress(newind-1); 
        deltasig2 = astress(newind-1)-astress(newind-2); 

         
        % Tangent modulus with immediate neighbour and for next two 

points 

         
        Etanone = (astress(newind)-astress(newind-1))/(astrain(newind)-

astrain(newind-1)); 
        Etantwo = (astress(newind-1)-astress(newind-

2))/(astrain(newind-1)-astrain(newind-2)); 

         
        % Change in strain with immediate neighbour and for next two 

points 

         
        deltastr = astrain(newind)-astrain(newind-1); 
        deltastr2 = astrain(newind-1)-astrain(newind-2); 

         
        % Check if the first point is the start of the cycle 

         
        logical = astress(index) > yi(index) andand ((sign(deltastr)==1 

andand sign(deltastr)==1 andand Etanone > -E/2 andand Etantwo > -E/2)); 

% Start of cycle if the stress is above the user defined limit AND 

strains are increasing AND both calculated tangent moduli are not 

strongly negative 

         
        % Loop backwards along the curve until a suitable starting 

point is found 

         
        while(not(logical)) % While the start hasn't been found 

             
            newind = newind - 1; % Move backwards along the curve 

             
            % Re-calculate parameters of interest 

             
            deltasig = astress(newind)-astress(newind-1); 
            deltasig2 = astress(newind-1)-astress(newind-2); 

             
            Etanone = (astress(newind)-astress(newind-

1))/(astrain(newind)-astrain(newind-1)); 
            Etantwo = (astress(newind-1)-astress(newind-

2))/(astrain(newind-1)-astrain(newind-2)); 

             
            deltastr = astrain(newind)-astrain(newind-1); 
            deltastr2 = astrain(newind-1)-astrain(newind-2); 

             
            % Must be above the user-inputted curve AND have a shallow 

negative slope or be a special case (cycles starting at lower astrains 

than the end of the previous cycle) 
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            logical = astress(newind) > yi(newind) andand 

((sign(deltastr)==1 andand sign(deltastr)==1 andand Etanone > -E/2 

andand Etantwo > -E/2) || (backcycle == 1 andand astress(newind) == 

endstress)); 

             
            if(astress(newind) == endstress) % Force finding the start 

of the cycle if you reach the end of the last cycle 

                 
                logical = 1; 

                 
            end 

             
        end 

         
        startind = newind;  

         
        backcycle = 0; % Reset the special case check 

         
        cand_end = 0; % Initialize  

         
        candidate = index; % Sart looking for the endpoint at the 

unloading point 

         
        % Calculate the tangent modulus 

         
        Etanone = (astress(candidate+1)-

astress(candidate))/(astrain(candidate+1)-astrain(candidate)); 

         
        % Check if the first point is the end of the cycle 

         
        logical = astress(candidate) > yi(index) andand 

((astrain(candidate) > astrain(startind) andand Etanone < E/Eprop) || 

((astress(candidate+1)-astress(candidate))<0 andand 

(astress(candidate+2)-astress(candidate+1)<0)) || (astress(candidate+2) 

- astress(candidate)) < -0.75*astress(candidate)); % End of cycle if 

the point is above the user defined limit AND ((the strain is greater 

than at the start of the cycle AND the slope is shallow) OR (the stress 

values have started to decrease consistently) OR (the axial stress in 

about to drop significantly)) 

         
        % Move forward along the curve until a suitable end point is 

found 

         
        while(not(logical)) 

             
            candidate = candidate+1; % Move forward along the curve 

             
            Etanone = (astress(candidate+1)-

astress(candidate))/(astrain(candidate+1)-astrain(candidate)); % 

Calculate the tangent modulus 
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            % Must be above the user-inputted curve AND have a higher 

astrain than the start of the cycle (and a suitably shallow slope) or 

be consistently or rapidly decreasing in stress (starting a new cycle) 

             
            logical = astress(candidate) > yi(candidate) andand 

((astrain(candidate) > astrain(startind) andand Etanone < E/Eprop) || 

((astress(candidate+1)-astress(candidate))<0 andand 

(astress(candidate+2)-astress(candidate+1))<0) || (astress(candidate+2) 

- astress(candidate)) < -0.75*astress(candidate)); 

             
            if(candidate > next_index) % Trigger an end if you have 

passed the next unloading point 

                 
                logical = 1; 

                 
                [dummy candidate] = max(astress(index:next_index)); 

                 
                candidate = candidate + index - 1; 

                 
                cand_end = 1; % Flag that you have reached the next 

unloading point 

                 
            end 

             
            if(candidate > length(astrain)-3) % Trigger an end if you 

are near the end of the dataset 

                 
                logical = 1; 

                 
            end 

             
        end 

         
        endind = candidate-1; % Go back one point to avoid losing data 

in the shallow slope case 

         
        if(astress(candidate+1)-astress(candidate)<0 andand 

astress(candidate+2)-astress(candidate+1)<0 || cand_end == 1) 

             
            endind = candidate; % If it is the start of a cycle, be 

sure to pick this point exactly 

             
        elseif(sign(Etanone)==1 andand astress(candidate+2) - 

astress(candidate) < -0.75*astress(candidate)) 

             
            endind = candidate+1; % In the case of a rapid drop, it is 

calculated using two points separation (so take the middle point) 

             
        end 

         
        if(astrain(endind) < astrain(startind)) 
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            backcycle = 1; % Record if the end of the cycle occurs 

before the beginning in terms of astrain (special case) 

             
        end 

         
        % Pull out cycle information 

         
        endstress = astress(endind); 

         
        cycleinds = startind:endind; 

         
        astresscycle = astress(cycleinds); 
        astraincycle = astrain(cycleinds); 
        vstraincycle = vstrain(cycleinds); 
        rstraincycle = (vstraincycle-astraincycle)/2; 

         
        stresscshift = astresscycle(2:end); 
        straincshift = astraincycle(2:end); 
        rstrcshift = rstraincycle(2:end); 

         
        Etancyc = (stresscshift-astresscycle(1:(end-

1)))./(straincshift-astraincycle(1:(end-1))); 
        vtancyc = -(rstrcshift-rstraincycle(1:(end-1)))./(straincshift-

astraincycle(1:(end-1))); 

         
        Ecyc10 = prctile(Etancyc,10); 
        Ecyc20 = prctile(Etancyc,20); 
        Ecyc60 = prctile(Etancyc,60); 
        Ecyc70 = prctile(Etancyc,70); 
        Ecyc80 = prctile(Etancyc,80); 
        vcyc25 = prctile(vtancyc,25); 
        vcyc30 = prctile(vtancyc,30); 
        vcyc40 = prctile(vtancyc,40); 
        vcyc50 = prctile(vtancyc,50); 
        vcyc1 = -(rstraincycle(end)-rstraincycle(index-

startind))/(astraincycle(end)-astraincycle(index-startind)); 
        vcyc2 = -(rstraincycle(index-startind)-

rstraincycle(1))/(astraincycle(index-startind)-astraincycle(1)); 

         
        Evals = [Ecyc10 Ecyc20 Ecyc60 Ecyc70 Ecyc80]; 
        vvals = [vcyc1 vcyc2 vcyc25 vcyc30 vcyc40 vcyc50]; 

         
        if((astress(candidate+1)-astress(candidate)<0 andand 

astress(candidate+2)-astress(candidate+1)<0) || astress(candidate+2) - 

astress(candidate) < -0.75*astress(candidate) || cand_end == 1) % In 

the case of the end being the start of a new cycle, don't delete this 

point (first "if" statement) 

             
            startpoints(i,:) = [astrain(startind) astress(startind) 

vstrain(startind)]; 
            endpoints(i,:) = [astrain(endind) astress(endind) 

vstrain(endind)]; 

             
            astrainfilt((startind+1):(endind-1)) = []; 
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            vstrainfilt((startind+1):(endind-1)) = []; 
            astressfilt((startind+1):(endind-1)) = []; 
            cstressfilt((startind+1):(endind-1)) = []; 
            yi((startind+1):(endind-1)) = []; 

             
            savenext = 1; 

             
        else % Otherwise, this last point can be removed (already 

accounted for by the "endind = candidate - 1") 

             
            if(savenext == 1) % If the end of the last cycle was the 

start of a new cycle, don't delete this starting point 

                 
                startpoints(i,:) = [astrain(startind) astress(startind) 

vstrain(startind)]; 
                endpoints(i,:) = [astrain(endind+1) astress(endind+1) 

vstrain(endind+1)]; 

                 
                astrainfilt((startind+1):(endind)) = []; 
                vstrainfilt((startind+1):(endind)) = []; 
                astressfilt((startind+1):(endind)) = []; 
                cstressfilt((startind+1):(endind)) = []; 
                yi((startind+1):(endind)) = []; 

                 
            else 

                 
                startpoints(i,:) = [astrain(startind) astress(startind) 

vstrain(startind)]; 
                endpoints(i,:) = [astrain(endind+1) astress(endind+1) 

vstrain(endind+1)]; 

                 
                astrainfilt((startind):endind) = []; 
                vstrainfilt((startind):endind) = []; 
                astressfilt((startind):endind) = []; 
                cstressfilt((startind):endind) = []; 
                yi((startind):(endind)) = []; 

                 
            end 

             
            savenext = 0; % Reset the "savenext" tracker 

             
        end 

         
    end 

     
    % Plot this cycle update 

     
    h = figure(1); 

     
    plot(astrainfilt,astressfilt,'.') 
    hold on 
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plot(astrain(startind:endind),astress(startind:endind),'r','LineWidth',

2) 
    plot(astrainI(i),astressI(i),'.r','Markersize',14) 
    plot(startpoints(i,1),startpoints(i,2),'.g','Markersize',14) 
    plot(endpoints(i,1),endpoints(i,2),'.m','MarkerSize',14) 
    hold off 

     
    % Allow for manual intervention 

     
    isok = input('\nPress enter to continue, or enter [astrain_start 

astress_start astrain_end astress_end]\nto overwrite the selected start 

and end points\n\nYou can also enter "1" to move the start of the cycle 

forward 1 data point\n\n'); 

     
    close all 

     
    if(isok == 1) %If the user enters "1", move the startpoint forward 

by one 

         
        astrainfilt = astrain; 
        vstrainfilt = vstrain; 
        astressfilt = astress; 
        cstressfilt = cstress; 

         
        startpoints(i,:) = [astrain(startind) astress(startind) 

vstrain(startind)]; 
        endpoints(i,:) = [astrain(endind+1) astress(endind+1) 

vstrain(endind+1)]; 

         
        startind = startind+1; 

         
        astrainfilt((startind):(endind)) = []; 
        vstrainfilt((startind):(endind)) = []; 
        astressfilt((startind):(endind)) = []; 
        cstressfilt((startind):(endind)) = []; 
        yi((startind):(endind)) = []; 

         
        h = figure(1); 

         
        plot(astrainfilt,astressfilt,'.') 
        hold on 
        

plot(astrain(startind:endind),astress(startind:endind),'r','LineWidth',

2) 
        plot(astrainI(i),astressI(i),'.r','Markersize',14) 
        plot(startpoints(i,1),startpoints(i,2),'.g','Markersize',14) 
        plot(endpoints(i,1),endpoints(i,2),'.m','MarkerSize',14) 
        hold off 

         
        isok = input('\nPress enter to continue, or enter 

[astrain_start astress_start astrain_end astress_end]\nto overwrite the 

selected start and end points\n\n'); 
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        close all 

         
    end 

     
    while(length(isok) == 4) % If the user manually enters start and 

end points, use these instead 

         
        startind = find(abs(astrain-isok(1))<0.0005 and abs(astress-

isok(5))<0.0005); 

         
        endind = find(abs(astrain-isok(3))<0.0005 and abs(astress-

isok(4))<0.0005); 

         
        cycleinds = startind:endind; 

         
        astresscycle = astress(cycleinds); 
        astraincycle = astrain(cycleinds); 
        vstraincycle = vstrain(cycleinds); 
        rstraincycle = (vstraincycle-astraincycle)/2; 

         
        stresscshift = astresscycle(2:end); 
        straincshift = astraincycle(2:end); 
        rstrcshift = rstraincycle(2:end); 

         
        Etancyc = (stresscshift-astresscycle(1:(end-

1)))./(straincshift-astraincycle(1:(end-1))); 
        vtancyc = -(rstrcshift-rstraincycle(1:(end-1)))./(straincshift-

astraincycle(1:(end-1))); 

         
        Ecyc10 = prctile(Etancyc,10); 
        Ecyc20 = prctile(Etancyc,20); 
        Ecyc60 = prctile(Etancyc,60); 
        Ecyc70 = prctile(Etancyc,70); 
        Ecyc80 = prctile(Etancyc,80); 
        vcyc25 = prctile(vtancyc,25); 
        vcyc30 = prctile(vtancyc,30); 
        vcyc40 = prctile(vtancyc,40); 
        vcyc50 = prctile(vtancyc,50); 
        vcyc1 = -(rstraincycle(end)-rstraincycle(index-

startind))/(astraincycle(end)-astraincycle(index-startind)); 
        vcyc2 = -(rstraincycle(index-startind)-

rstraincycle(1))/(astraincycle(index-startind)-astraincycle(1)); 

         
        Evals = [Ecyc10 Ecyc20 Ecyc60 Ecyc70 Ecyc80]; 
        vvals = [vcyc1 vcyc2 vcyc25 vcyc30 vcyc40 vcyc50]; 

         
        close all 

         
        h = figure(1); 

         
        plot(astrainfilt,astressfilt,'.') 
        hold on 
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plot(astrain(startind:endind),astress(startind:endind),'r','LineWidth',

2) 
        plot(astrainI(i),astressI(i),'.r','Markersize',14) 
        plot(startpoints(i,1),startpoints(i,2),'.g','Markersize',14) 
        plot(endpoints(i,1),endpoints(i,2),'.m','MarkerSize',14) 
        hold off 

         
        isok = input('\nPress enter to continue, or enter 

[astrain_start astress_start astrain_end astress_end]\nto overwrite the 

selected start and end points\n\n'); 

         
        close all 

         
        startpoints(i,:) = [astrain(startind-1) astress(startind-1) 

vstrain(startind-1)]; 
        endpoints(i,:) = [astrain(endind+1) astress(endind+1) 

vstrain(endind+1)]; 

         
        astrainfilt((startind):endind) = []; 
        vstrainfilt((startind):endind) = []; 
        astressfilt((startind):endind) = []; 
        cstressfilt((startind):endind) = []; 
        yi((startind):(endind)) = []; 

         
    end 

     
    % Update outputs 

     
    Ecycs = [Ecycs; Evals]; 
    vcycs = [vcycs; vvals]; 

     
end 

  
% Update strain outputs for final cycle 

  
astrain = astrainfilt; 
vstrain = vstrainfilt; 
astress = astressfilt; 
cstress = cstressfilt; 

 
% PLASTIC STRAIN AND DILATION CALCULATION  

 
function [gammap, gammapmid, vstrainp, astrainp, dilang, gammapCD] = 

plasticcalcs(astrain,vstrain,astress,E,v,CI,CD,conf,damagetol) 

  
diff = abs(astress - CD); % Compare stresses to the user-defined pick 

for CD 

  
logical = diff < damagetol; % Determine which points are close to CD 

  
indicies = find(logical); % Find the indicies of the points close to CD 
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I = min(indicies); % If there are two or three indicies within the 

tolerance, pick the lowest one 

  
ICD = I; % Define the index of CD (ICD) 

  
e1diff = astrain(ICD) - astress(ICD)/E; % Calculate the offset between 

the actual and theoretical axial strains at CD 

  
e1e = astress/E+e1diff; % Calculate the elastic axial strain with a 

correction for non-linear pre-CD (crack closure) effects 

  
e3e = (conf-v*(astress+conf))/E; % Calculate the elastic lateral strain 

  
diff = abs(astress - CI); % Compare stresses to the user-defined pick 

for CI 

  
logical = diff < tol; % Determine which points are close to CI 

  
indicies = find(logical); % Find the indicies of the points close to CI 

  
I = min(indicies); % If there are two or three indicies within the 

tolerance, pick the lowest one 

  
ICI = I; % Define the index of CI (ICI) 

  
eve = e1e + 2*e3e; % Calculate the elastic volumetric strain 

  
cvs = vstrain-eve; % Calculate the crack volumetric strain 

  
evdiff = abs(cvs(ICI)); % Calculate the crack volumetric strain at CI 

  
evecorr = eve+evdiff; % Correct the elastic volumetric strain to 

account for non-zero crack volumetric strain at CI 

  
astrainp = astrain-e1e; % Calculate the plastic axial strain 

  
astrainp(1:ICD) = zeros(1,length(ICD)); % Define plastic axial strain 

prior to CD as 0 

  
vstrainp = vstrain-evecorr; % Calculate the plastic volumetric strain 

  
vstrainp(1:ICI) = zeros(1,length(ICI)); % Define plastic volumetric 

strain prior to CI as 0 

  
e3p = 0.5*(vstrainp-astrainp); % Calculate the plastic lateral strain 

  
gammap = astrainp-e3p; % Calculate the plastic shear strain 

  
gammapCD = gammap(ICD); % Find the plastic shear strain at CD (all 

values to be shifted by this amount) 
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astrainshift = [astrainp(2:end); NaN]; % Define an offset vector of 

plastic axial strains 

  
vstrainshift = [vstrainp(2:end); NaN]; % Define an offset vector of 

plastic volumetric strains 

  
deltavstrain = vstrainshift - vstrainp; % Define a vector of plastic 

volumetric strain increments 

  
deltaastrain = astrainshift - astrainp; % Define a vector of plastic 

axial strain increments 

  
gammapmid = conv(gammap,[0.5 0.5],'valid'); % Define the mid-points of 

each data increment in terms of plastic shear strain 

  
dilang = asind(deltavstrain./(-2*deltaastrain+deltavstrain))'; % 

Calculate the instantaneous dilation angle values 

 

% STRESS ANALYSIS CODE 

 
% Define filenames 

  
names = 

{'CM1','CM2','CM3','CM4','CM5','CM6','CM7_1MPa','CM8_1MPa','CM9_1MPa','

CM10_2MPa','CM11_2MPa','CM12_2MPa','CM13_4MPa','CM14_4MPa','CM15_4MPa',

'CM16_6MPa','CM17_6MPa','CM18_6MPa','CM19_8MPa','CM20_8MPa','CM21_10MPa

','CM22_10MPa','CM23_12MPa','CM24_12MPa'}; % Cell array containing 

names (without file type) of all data files for processing 

  
% Load preference of maximum plastic shear strain for analysis 

  
load('maxgammap.mat') 

  
% Load data for all files 

  
for(i = 1:length(names)) 

     
    name = names{i}; 

     
    CD mat_files 
    CD plastic_strains 

     
    load(strcat(name,'_plastic_strains.mat')) 

     
    CD .. 
    CD .. 

     
    xx = linspace(0,maxgammap); % Create a regularly spaced vector of 

100 plastic shear strain values 

     
    [vals inds1 inds2] = unique(gammap); % Isolate the unique values of 

plastic shear strain for interpolation purposes 
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    yi = interp1(vals,astress(inds1),xx); % Interpolate axial stress 

values over the regularly spaced plastic shear strain range 

     
    yi_results = [yi_results; yi]; % Add this to a matrix storing 

stress values for all samples 

     
end 

  
Kphi = zeros(1,100); % Initialize Mohr-Coulomb slope result matrix 

  
int = zeros(1,100); % Initialize Mohr-Coulomb intercept result matrix 

  
r2CWFS = zeros(1,100); % Initialize r2 matrix 

  
numconfs = zeros(1,100); % Initialize matrix to store number of 

confinements used for the fit at a given plastic shear strain 

  
numpoints = zeros(1,100); % Initialize matrix to store number of valid 

points used for the fit at a given plastic shear strain 

  
for(i = 1:100) 

         
    xdat = confvals'; % "confvals" is a previously defined vector of 

the confining stresses (in MPa) for each of the tests being analyzed 

     
    if(i == 1) % For the first test, use a previously defined value of 

CD for the starting strength (at 0 plastic shear strain) 

         
        ydat = CICD(:,2); 

         
    else % Otherwise, use the appropriate interpolated value 

         
        ydat = yi_results(:,i); 

         
    end 

     
    A = [xdat(not(isnan(ydat))) ones(nnz(not(isnan(ydat))),1)]; % Build 

a linear matrix 

     
    params = A\ydat(not(isnan(ydat))); % Solve the least-squares linear 

system 

     
    % Record the Mohr-Coulomb fit parameters 

     
    Kphi(i) = params(1); 

     
    int(i) = params(2); 

     
    SStot = sum((ydat(not(isnan(ydat))) - 

mean(ydat(not(isnan(ydat))))).^2); 

     
    SSerr = sum((ydat(not(isnan(ydat)))-A*params).^2); 
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    r2CWFS(i) = 1-(SSerr/SStot); 

     
    numpoints(i) = nnz(not(isnan(ydat))); 

     
    numconfs(i) = length(unique(xdat(not(isnan(ydat))))); 

     
    end 

     
end 
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Dilation Model Fitting Functions 

 
% DILATION MODEL FITTING FUNCTION 

  
function [out_1 out_2 ss_err1 ss_err2] = dil_model_fit(gp,dil) 

  
plot(gp,dil,'.','MarkerSize',20) % Plot dilation angle against plastic 

shear strain 

  
[x y] = ginput(2); % User picks one point to define a lower strain 

limit for analysis (i.e. to eliminate noise near gamma_p = 0) and an 

estimate of the peak dilation angle location 

  
hold all 

  
% Define data in the pre-mobilization region (after noise but before 

peak) 

  
gp_pre = gp(gp < x(2) and gp > x(1)); 
dil_pre = dil(gp < x(2) and gp > x(1)); 

  
% Define data in the post-mobilization region 

  
gp_post = gp(gp > x(2)); 
dil_post = dil(gp > x(2)); 

  
% Normalize pre-mobilization data 

  
gp_pre_norm = gp_pre./max(gp_pre); 
dil_pre_norm = dil_pre./max(dil_pre); 

  
f = @(alpha) pre_peak_fit(gp_pre_norm,dil_pre_norm,alpha); % Define the 

pre-mobilization objective function 

  
alpha_man = fminsearch(f,0.5); % Solve for alpha to minimize the pre-

mobilization error 

  
gamma_m_man = x(2); % Pull out user estimated gamma_m 

  
peak_dil_man = y(2); % Pull out user estimated peak dilation angle 

  
gp_post = gp_post - gamma_m_man; % Calculate plastic shear strain after 

mobilization 

  
f = @(gs) post_peak_fit(gp_post,dil_post,peak_dil_man,gs); % Define the 

post-mobilization objective function 

  
gamma_star_man = fminsearch(f,50); % Solve for gamma^* to minimize the 

post-mobilization error 
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out_1 = [alpha_man gamma_m_man peak_dil_man gamma_star_man]; % Define 

the vector of fitting parameter based on the user selected peak 

dilation angle 

  
ss_err1 = 

calcerr(gp(gp>x(1)),dil(gp>x(1)),alpha_man,gamma_m_man,peak_dil_man,gam

ma_star_man); % Calculate the sum of the squared errors for the model 

based on the user peak dilation estimate 

  
dil_model_plot(out_1,max(gp)) % Plot the result 

  
g = @(v) calcerr(gp(gp>x(1)),dil(gp>x(1)),v(1),v(2),v(3),v(4)); % 

Define the objective function for the fully automated fit 

  
out_2 = fminsearch(g,out_1); % Solve for all parameters to minimize the 

model error 

  
ss_err2 = 

calcerr(gp(gp>x(1)),dil(gp>x(1)),out_2(1),out_2(2),out_2(3),out_2(4)); 

% Calculate the sum of the square errors for the automated model pick 

  
dil_model_plot(out_2,max(gp)) % Plot the result 

 
% PRE-MOBILIZATION FITTING FUNCTION 

 
function sserr = pre_peak_fit(xnorm,ynorm,alpha) 

  
xcrit = exp((alpha-1)/alpha); % Calculate the linear-logarithmic 

transition point 

  
slope = alpha./xcrit; % Calculate the linear component slope 

  
ysynth = zeros(1,length(ynorm)); % Initialize the result vector 

  
logical = xnorm < xcrit; % Find x values on the linear segment 

  
ysynth(1:nnz(logical)) = xnorm(logical).*slope; % Calculate linear 

segment y values 

  
ysynth((nnz(logical)+1):end) = alpha*log(xnorm(not(logical)))+1; % 

Calculate logarithmic segment y values 

  
sserr = sum(abs(ynorm-ysynth)); % Calculate the sum of the squared 

errors 

 
% POST-MOBILIZATION FITTING FUNCTION 

 
function sserr = post_peak_fit(xdata,ydata,peak_dil_man,gamma_star) 

  
synthy = peak_dil_man*exp(-xdata./gamma_star); % Define the synthetic y 

values 
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sserr = sum(abs(ydata-synthy')); % Calculate the sum of the squared 

errors 

 
% ERROR CALCULATION / MODEL FITTING FUNCTION  

 
function sserr = calcerr(gp,dil,alpha,gamma_m,peak_dil,gamma_star) 

  
out = [alpha gamma_m peak_dil gamma_star]; % Define the parameter 

vector 

  
synthy = zeros(1,length(gp)); % Initialize the model y value vector 

  
xbound_one = out(2)*exp((out(1)-1)/out(1)); % Calculate the linear-

logarithmic pre-mobilization transition point 

  
xbound_two = out(2); % Isolate gamma_m 

  
synthy(gp < xbound_one) = out(1)*gp(gp < 

xbound_one)*out(3)/exp((out(1)-1)/out(1))/out(2); % Calculate linear 

pre-mobilization y-values 

  
synthy(gp > xbound_one and gp < xbound_two) = out(3)*(out(1)*log(gp(gp 

> xbound_one and gp < xbound_two)/out(2))+1); % Calculate logarithmic 

pre-mobilization y-values 

  
synthy(gp > xbound_two) = out(3)*exp(-(gp(gp > xbound_two)-

out(2))/out(4)); % Calculate post-mobilization y values 

  
sserr = sum(abs(dil-synthy).^2); % Calculate the sum of the squared 

errors 

 
% MODEL PLOTTING FUNCTION  

 
function dil_model_plot(out,max_x) 

  
synthx = linspace(0,max_x,1000); % Define a vector x values 

  
synthy = zeros(1,length(synthx)); % Initialize a vector of y values 

  
xbound_one = out(2)*exp((out(1)-1)/out(1)); % Calculate the linear-

logarithmic pre-mobilization transition point 

  
xbound_two = out(2); % Isolate gamma_m 

  
synthy(synthx < xbound_one) = out(1)*synthx(synthx < 

xbound_one)*out(3)/exp((out(1)-1)/out(1))/out(2); % Calculate linear 

pre-mobilization y-values 

  
synthy(synthx > xbound_one and synthx < xbound_two) = 

out(3)*(out(1)*log(synthx(synthx > xbound_one and synthx < 

xbound_two)/out(2))+1); % Calculate logarithmic pre-mobilization y-

values 
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synthy(synthx > xbound_two) = out(3)*exp(-(synthx(synthx > xbound_two)-

out(2))/out(4)); % Calculate post-mobilization y values 

  
plot(synthx,synthy) % Plot the model 

 

% PEAK DILATION FITTING FUNCTION 

 

function [vopt sserr] = fit_peak_vals(x,y) 

  
% Find and eliminate non-numeric data pairs 

  
logical = not(isnan(x)); 

  
x = x(logical); 

  
y = y(logical); 

  
f = @(v) peak_func(x,y,v); % Define the objective function 

  
vopt = fminsearch(f,[0.5 1]); % Find optimal parameters by minimizing 

the error 

  
sserr = peak_func(x,y,vopt); % Calculate the sum of the squared errors 

 
% PEAK DILATION FUNCTION 

 
function sserr = peak_func(x,y,v) 

  
xcrit = exp(-((1-v(1)-v(2))/v(1))); % Calculate the linear-logarithmic 

transition point 

  
xlin = x(x<xcrit); % Isolate x values in the linear segment 

  
ylin = y(x<xcrit); % Isolate y values in the linear segment 

  
m = v(1)./xcrit; % Calculate the slope of the linear segment 

  
ysyn_lin = 1-m*xlin; % Calculate model values for the linear segment 

  
xlog = x(x>=xcrit); % Isolate x values in the logarithmic segment 

  
ylog = y(x>=xcrit); % Isolate y values in the logarithmic segment 

  
ysyn_log = v(2)-v(1)*log(xlog); % Calculate model values for the 

logarithmic segment 

  
sserr = sum((ysyn_lin-ylin).^2)+sum((ysyn_log-ylog).^2); % Calculate 

the sum of the squared errors 
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Appendix C 

FLAC/FLAC
3D

/FISH Routines 

FLAC Modelling – Constant Dilation vs. Alejano & Alonso (2005) 

Master Script – Defines rockmass parameters and stress, then runs model 

call 'C:\Users\Administrator\Desktop\FLAC2D\RM1.dat' 

 

define stress_input 

horstress = -15.40e6 ;horizontal stress magnitude (Pa) 

k_rat = 0.5  ;in-situ stress ratio (horizontal/vertical) 

hydro_bf_dil = 1.664 ;hydrostatic best-fit dilation angle 

other_bf_dil = 0.5 ;best-fit dilation angle for testing 

end 

stress_input 

 

call 'C:\Users\Administrator\Desktop\FLAC2D\main_mod_repeat.dat' 

call 'C:\Users\Administrator\Desktop\FLAC2D\info_write_MOD.dat' ;Used to output data in 

ASCII format 

RM1.dat – Script to define rockmass parameters 

new   ;Start new model 

 

set large ;Set to large strain mode 

set echo off  ;Turn command display off 

call 'C:\Users\Administrator\Desktop\FLAC2D\gengrid.dat' ;Generates grid 

 

define variable_input  ;Material parameter input 

fricresid = 24 

fricpeak = 24 

cohresid = 0.5e6 

cohpeak = 0.5e6 

E_mod = 1.4e9 

poissons = 0.25 

tens_str = 0.128e6 

tens_resid = 0.128e6 

eps = 0.03 

tol = 0.01 

 

;Input of lower and upper bounds for the dilation angle search algorithm 

lb_dil_guess = 0 

ub_dil_guess = fricpeak 

end 

gengrid.dat – Script to generate the finite difference grid 
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config 

grid 164,44 

gen -15.0,-15.0 -15.0,0.0 -2.0,0.0 -1.4142135,-1.4142135 ratio 0.9615385,1.0 i=1,45 j=1,13 

gen -15.0,-15.0 -1.4142135,-1.4142135 0.0,-2.0 0.0,-15.0 ratio 1.0,0.9615385 i=46,58 j=1,45 

gen 0.0,-15.0 0.0,-2.0 1.4142135,-1.4142135 15.0,-15.0 ratio 1.0,0.9615385 i=58,70 j=1,45 

gen 1.4142135,-1.4142135 2.0,0.0 15.0,0.0 15.0,-15.0 ratio 1.04,1.0 i=71,115 j=1,13 

gen -1.4142135,-1.4142135 -1.0,-1.0 0.0,-1.0 0.0,-2.0 i=122,128 j=1,7 

gen 0.0,-2.0 0.0,-1.0 1.0,-1.0 1.4142135,-1.4142135 i=128,134 j=1,7 

gen -1.4142135,-1.4142135 -2.0,0.0 -1.0,0.0 -1.0,-1.0 i=116,122 j=7,13 

gen 1.0,-1.0 1.0,0.0 2.0,0.0 1.4142135,-1.4142135  i=134,140 j=7,13 

gen -1.0,-1.0 -1.0,0.0 0.0,0.0 0.0,-1.0 i=122,128 j=7,13 

gen 0.0,-1.0 0.0,0.0 1.0,0.0 1.0,-1.0 i=128,134 j=7,13 

gen -15.0,0.0 -15.0,15.0 -1.4142135,1.4142135 -2.0,0.0 ratio 0.9615385,1.0 i=1,45 j=13,25 

gen -2.0,0.0 -1.4142135,1.4142135 -1.0,1.0 -1.0,0.0 i=116,122 j=13,19 

gen -1.0,0.0 -1.0,1.0 0.0,1.0 0.0,0.0 i=122,128 j=13,19 

gen 0.0,0.0 0.0,1.0 1.0,1.0 1.0,0.0 i=128,134 j=13,19 

gen 1.0,0.0 1.0,1.0 1.4142135,1.4142135 2.0,0.0 i=134,140 j=13,19 

gen 2.0,0.0 1.4142135,1.4142135 15.0,15.0 15.0,0.0 ratio 1.04,1.0 i=71,115 j=13,25 

gen -1.0,1.0 -1.4142135,1.4142135 0.0,2.0 0.0,1.0 i=122,128 j=19,25 

gen 0.0,1.0 0.0,2.0 1.4142135,1.4142135 1.0,1.0 i=128,134 j=19,25 

gen -1.4142135,1.4142135 -15.0,15.0 0.0,15.0 0.0,2.0 ratio 1.0,1.04 i=141,153 j=1,45 

gen 0.0,2.0 0.0,15.0 15.0,15.0 1.4142135,1.4142135 ratio 1.0,1.04 i=153,165 j=1,45 

gen col 45,2 -1.5004601 -1.3158681 -1.5867066 -1.2175229 -1.6593788 -1.1087613 -1.7320508 

&  

-0.9999999 -1.7899051 -0.8826834 -1.8477592 -0.76536685 -1.8898056 -0.64150244 -

1.9318519 & 

-0.517638 -1.9573709 -0.3893452 -1.9828899 -0.26105237 -1.9914451 -0.13052619  

gen row 47,45 -1.3158681 -1.5004601 -1.2175229 -1.5867066 -1.1087613 -1.6593788 -

0.9999999 & 

-1.7320508 -0.8826834 -1.7899051 -0.76536685 -1.8477592 -0.64150244 -1.8898056 -0.517638 

& 

-1.9318519 -0.3893452 -1.9573709 -0.26105237 -1.9828899 -0.13052619 -1.9914451  

gen row 59,45 0.1305262 -1.9914448 0.2610524 -1.9828898 0.38934523 -1.9573708 0.5176381 

& 

-1.9318516 0.6415025 -1.8898053 0.7653669 -1.847759 0.88268346 -1.7899048 1.0 & 

-1.7320508 1.1087614 -1.6593788 1.2175229 -1.5867066 1.3158681 -1.5004601  

gen col 71,2 1.5004601 -1.3158681 1.5867066 -1.2175229 1.6593788 -1.1087613 1.7320508 & 

-0.9999999 1.7899051 -0.8826834 1.8477592 -0.76536685 1.8898056 -0.64150244 1.9318519 & 

-0.517638 1.9573709 -0.3893452 1.9828899 -0.26105237 1.9914451 -0.13052619  

gen row 123,1 -1.2175229 -1.5867066 -0.9999999 -1.7320508 -0.76536685 -1.8477592 -

0.517638 & 

-1.9318519 -0.26105237 -1.9828899  

gen row 129,1 0.2610524 -1.9828898 0.5176381 -1.9318516 0.7653669 -1.847759 1.0 -

1.7320508 & 1.2175229 -1.5867066  

gen col 116,8 -1.5867066 -1.2175229 -1.7320508 -0.9999999 -1.8477592 -0.76536685 -

1.9318519 & 

-0.517638 -1.9828899 -0.26105237  

gen col 140,8 1.5867066 -1.2175229 1.7320508 -0.9999999 1.8477592 -0.76536685 1.9318519 

& 

-0.517638 1.9828899 -0.26105237  
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gen col 45,14 -1.9914448 0.1305262 -1.9828898 0.2610524 -1.9573708 0.38934523 -1.9318516 

& 0.5176381 -1.8898053 0.6415025 -1.847759 0.7653669 -1.7899048 0.88268346 -1.7320508 

1.0 & 

-1.6593788 1.1087614 -1.5867066 1.2175229 -1.5004601 1.3158681  

gen col 116,14 -1.9828898 0.2610524 -1.9318516 0.5176381 -1.847759 0.7653669 -1.7320508 

1.0 & 

-1.5867066 1.2175229  

gen col 140,14 1.9828898 0.2610524 1.9318516 0.5176381 1.847759 0.7653669 1.7320508 1.0 

& 1.5867066 1.2175229  

gen col 71,14 1.9914448 0.1305262 1.9828898 0.2610524 1.9573708 0.38934523 1.9318516 & 

0.5176381 1.8898053 0.6415025 1.847759 0.7653669 1.7899048 0.88268346 1.7320508 1.0 & 

1.6593788 1.1087614 1.5867066 1.2175229 1.5004601 1.3158681  

gen row 123,25 -1.2175229 1.5867066 -0.9999999 1.7320508 -0.76536685 1.8477592 -0.517638 

& 1.9318519 -0.26105237 1.9828899  

gen row 129,25 0.2610524 1.9828898 0.5176381 1.9318516 0.7653669 1.847759 1.0 1.7320508 

& 1.2175229 1.5867066  

gen row 142,1 -1.3158681 1.5004601 -1.2175229 1.5867066 -1.1087613 1.6593788 -0.9999999 

& 1.7320508 -0.8826834 1.7899051 -0.76536685 1.8477592 -0.64150244 1.8898056 -0.517638 

& 1.9318519 -0.3893452 1.9573709 -0.26105237 1.9828899 -0.13052619 1.9914451  

gen row 154,1 0.1305262 1.9914448 0.2610524 1.9828898 0.38934523 1.9573708 0.5176381 & 

1.9318516 0.6415025 1.8898053 0.7653669 1.847759 0.88268346 1.7899048 1.0 1.7320508 & 

1.1087614 1.6593788 1.2175229 1.5867066 1.3158681 1.5004601  

gen bilinear ratio 0.9615385,1.0 i=1,45 j=1,13  

gen bilinear ratio 1.0,0.9615385 i=46,58 j=1,45  

gen bilinear ratio 1.0,0.9615385 i=58,70 j=1,45  

gen bilinear ratio 1.04,1.0 i=71,115 j=1,13  

gen bilinear i=122,128 j=1,7  

gen bilinear i=128,134 j=1,7  

gen bilinear i=116,122 j=7,13  

gen bilinear i=134,140 j=7,13 

gen bilinear ratio 0.9615385,1.0 i=1,45 j=13,25 

gen bilinear i=116,122 j=13,19  

gen bilinear i=134,140 j=13,19  

gen bilinear ratio 1.04,1.0 i=71,115 j=13,25  

gen bilinear i=122,128 j=19,25  

gen bilinear i=128,134 j=19,25  

gen bilinear ratio 1.0,1.04 i=141,153 j=1,45  

gen bilinear ratio 1.0,1.04 i=153,165 j=1,45  

model elastic i=1,44 j=1,12  

model elastic i=46,57 j=1,44  

model elastic i=58,69 j=1,44  

model elastic i=71,114 j=1,12  

model elastic i=122,127 j=1,6  

model elastic i=128,133 j=1,6  

model elastic i=116,121 j=7,12  

model elastic i=134,139 j=7,12  

model elastic i=122,127 j=7,12  

model elastic i=128,133 j=7,12  

model elastic i=1,44 j=13,24  

model elastic i=116,121 j=13,18  
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model elastic i=122,127 j=13,18  

model elastic i=128,133 j=13,18  

model elastic i=134,139 j=13,18  

model elastic i=71,114 j=13,24  

model elastic i=122,127 j=19,24  

model elastic i=128,133 j=19,24  

model elastic i=141,152 j=1,44  

model elastic i=153,164 j=1,44  

attach aside from 116,13 to 116,7 bside from 45,13 to 45,1  

attach aside from 46,45 to 46,1 bside from 45,1 to 1,1  

attach aside from 128,1 to 122,1 bside from 58,45 to 46,45  

attach aside from 128,1 to 134,1 bside from 58,45 to 70,45  

attach aside from 71,1 to 115,1 bside from 70,45 to 70,1  

attach aside from 140,13 to 140,7 bside from 71,13 to 71,1  

attach aside from 122,7 to 116,7 bside from 122,7 to 122,1  

attach aside from 134,7 to 140,7 bside from 134,7 to 134,1  

attach aside from 141,1 to 141,45 bside from 45,25 to 1,25  

attach aside from 116,13 to 116,19 bside from 45,13 to 45,25  

attach aside from 122,19 to 122,25 bside from 122,19 to 116,19  

attach aside from 134,19 to 134,25 bside from 134,19 to 140,19  

attach aside from 71,13 to 71,25 bside from 140,13 to 140,19  

attach aside from 165,1 to 165,45 bside from 71,25 to 115,25  

attach aside from 153,1 to 141,1 bside from 128,25 to 122,25  

attach aside from 153,1 to 165,1 bside from 128,25 to 134,25  

mark i=45 j=1,13  

mark i=46,58 j=45  

mark i=58,70 j=45  

mark i=71 j=1,13  

mark i=122,128 j=1  

mark i=128,134 j=1  

mark i=116 j=7,13  

mark i=140 j=7,13  

mark i=45 j=13,25  

mark i=116 j=13,19  

mark i=140 j=13,19  

mark i=71 j=13,25  

mark i=122,128 j=25  

mark i=128,134 j=25  

mark i=141,153 j=1  

mark i=153,165 j=1 

 

main_mod_repeat.dat – Main running script 

variable_input  ;Define parameters 

 

define filename   ;Define filename for recording results 

filename = 'mobresults.dat' 

array k_rat_rmse_in(1,1) ;variable (array form) for error i/o  

end 
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call 'C:\Users\Administrator\Desktop\FLAC2D\starting_script.dat' ;Assigns model parameters 

call 'C:\Users\Administrator\Desktop\FLAC2D\excavate_solve_mod.dat'  ;Excavates 

tunnel and steps to equilibrium using the Alejano and Alonso (2005) dilation model 

call 'C:\Users\Administrator\Desktop\FLAC2D\youtput.dat'  ;Determines yield zone depth 

and samples yield zone displacements 

 

define save_mob  ;Function which stores yield zone displacements and yield zone depth in 

one file and the array length in another file 

array ar_length(1,1) 

ar_length(1,1) = endval 

status = close 

status = open(filename,1,0) 

status = write(yresults,endval) 

status = close 

status = open('array_length.dat',1,0) 

status = write(ar_length,1) 

status = close 

end 

save_mob 

 

new 

restore pre_solve.sav  ;Restore model state from prior to stepping in “excavate_solve_mod.dat” 

call 'C:\Users\Administrator\Desktop\FLAC2D\find_bf_dil3.dat' ;Call the function which 

implements the golden search fitting algorithm 

 

;Determine the rmse associated with using the best fit dilation angle determined for equivalent 

hydrostatic conditions in FLAC 

prop dilation hydro_bf_dil notnull ;Use dilation angle as determined for equivalent hydrostatic 

conditions in FLAC 

 

solve ;Run model to calculate displacements 

 

define find_rmse ;Function determines the root-mean-squared-error of the displacements from the 

constant dilation model relative to those from the Alejano and Alonso (2005) model 

 array rmse_out_array(1,1) 

 yresults  ;function defined in “youtput.dat” 

 loop i(1,endval) 

 constvals(1,i) = yresults(1,i) 

 contribution = (constvals(1,i)-mobvals(1,i))^2 

 out_val = out_val + contribution 

 end_loop 

 out_val = out_val/endval 

 out_val = sqrt(out_val) 

 rmse_out_array(1,1) = out_val 

 

end 
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find_rmse 

 

define rmse_out  ;Writes root-mean-squared-error value to a file 

status = close 

status = open('k_rat_rmse.dat',1,0) 

status = write(rmse_out_array,1) 

status = close 

end 

rmse_out 

 

restore pre_solve.sav  ;Restore model state from prior to stepping  

 

;Determine the rmse associated with using the best fit dilation angle determined based on the 

methodology developed from the symmetrical solution 

 

call 'C:\Users\Administrator\Desktop\FLAC2D\find_bf_dil3.dat' ;Call the function which 

implements the golden search fitting algorithm 

prop dilation other_bf_dil notnull ;Use dilation angle as determined from the symmetrical 

solution 

 

solve ;Run model to calculate displacements 

find_rmse 

rmse_out 

 

;Calculate best fit dilation angle using Golden Search Algorithm 

restore pre_solve.sav ;Restore model state from prior to stepping  

call 'C:\Users\Administrator\Desktop\FLAC2D\find_bf_dil3.dat' ;Call the function which 

implements the golden search fitting algorithm 

bf_dil_start1 ;Calculate rmse associated with 3rd point dilation estimate  - function 

defined in “find_bf_dil3.dat” 

upper_out ;Write rmse result for upper dilation estimate - function defined in 

“find_bf_dil3.dat” 

 

restore pre_solve.sav ;Restore model state from prior to stepping  

call 'C:\Users\Administrator\Desktop\FLAC2D\find_bf_dil3.dat' ;Call the function which 

implements the golden search fitting algorithm 

upper_in ;Read rmse result for upper dilation estimate - function defined in 

“find_bf_dil3.dat” 

bf_dil_start2 ;Calculate rmse associated with 2nd point dilation estimate- function 

defined in “find_bf_dil3.dat” 

lower_out ;Write rmse result for lower dilation estimate 

 

restore pre_solve.sav ;Restore model state from prior to stepping  

call 'C:\Users\Administrator\Desktop\FLAC2D\find_bf_dil3.dat' ;Call the function which 

implements the golden search fitting algorithm 

lower_in ;Read rmse result for lower dilation estimate 



 

539 

 

upper_in ;Read rmse result for upper dilation estimate 

 

;Define functions which read in the rmse for the two different constant dilation cases previously 

tested 

 

define rmse_in 

status = close 

status = open('k_rat_rmse.dat',0,0) 

status = read(k_rat_rmse_in,1) 

status = close 

end 

 

define rmse_in2 

array k_rat_rmse_in2(1,1) 

status = close 

status = open('k_rat_rmse2.dat',0,0) 

status = read(k_rat_rmse_in2,1) 

status = close 

end 

 

save pre_min.sav ;Save the state of the model prior to fitting 

 

; Run twenty one iterations of the golden search algorithm 

call 'C:\Users\Administrator\Desktop\FLAC2D\five_iterations.dat' 

call 'C:\Users\Administrator\Desktop\FLAC2D\five_iterations.dat' 

call 'C:\Users\Administrator\Desktop\FLAC2D\five_iterations.dat' 

call 'C:\Users\Administrator\Desktop\FLAC2D\five_iterations.dat' 

one_iteration 

 

;Read in the rmse results from the originally tested dilation cases 

rmse_in  

rmse_in2 

 

define output_print ;Define a function which displays the minimization results in FLAC 

k_rat_rmse = k_rat_rmse_in(1,1) 

k_rat_rmse2 = k_rat_rmse_in2(1,1) 

 

msg4 = 'rmse using hydro BF dil:  '+string(k_rat_rmse/mobvals(1,1)) 

msg5 = 'rmse using other BF dil:  '+string(k_rat_rmse2/mobvals(1,1)) 

 

rmsemain = rmse/mobvals(1,1) 

rmsehydro = k_rat_rmse/mobvals(1,1) 

rmseother = k_rat_rmse2/mobvals(1,1) 

 

dum1 = out(msg1) 

dum2 = out(msg2) 

dum3 = out(msg3) 

dum4 = out(msg4) 

dum5 = out(msg5) 

end 
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output_print 

starting_script.dat – Script which assigns properties and boundary conditions 

;Assign material properties 

define mod_calc  ;Calculate bulk and shear moduli based on Young's modulus and Poisson's ratio 

values 

bulkval = E_mod/(3*(1-2*poissons)) 

shearval = E_mod/(2*(1+poissons)) 

end 

mod_calc 

 

group 'User:Average Rock' region 60 32 

group 'User:Average Rock' region 78 4 

group 'User:Average Rock' region 20 10 

group 'User:Average Rock' region 152 22 

group 'User:Average Rock' region 125 16 

model ss notnull group 'User:Average Rock' 

 

prop density=2700.0 bulk= bulkval shear= shearval cohesion= cohpeak friction= fricpeak 

dilation= 0 tension= tens_str notnull group 'User:Average Rock' 

table 1 0,cohpeak 0,cohresid 

table 2 0,fricpeak 0,fricresid 

table 3 0,tens_str 0,tens_resid 

property ctable=1 ftable=2 ttable = 3 group 'User:Average Rock' 

 

;Assign boundary conditions 

fix  x y i 1 j 1 25 

fix  x y i 46 70 j 1 

fix  x y i 115 j 1 25 

fix  x y i 141 165 j 45 

 

define vertstress 

vertstress = horstress/k_rat 

end 

 

initial syy vertstress region 83 12 

initial syy vertstress region 34 7 

initial syy vertstress region 149 18 

initial syy vertstress region 61 17 

initial syy vertstress region 130 12 

initial sxx horstress region 130 12 

initial sxx horstress region 80 9 

initial sxx horstress region 22 11 

initial sxx horstress region 61 28 

initial sxx horstress region 152 17 

initial szz horstress region 38 16 

initial szz horstress region 60 23 

initial szz horstress region 100 3 

initial szz horstress region 148 12 

initial szz horstress region 120 10 
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hist unbal 

excavate_solve_mod.dat – Script which excavates the tunnel, calls the mobilized dilation 

model, and steps to equilibrium 

step 500 ;Step to initialize stresses 

 

;Excavate 

model null region 127 10  

group 'null' region 127 10  

group delete 'null' 

 

;Call mobilized dilation model 

call 'C:\Users\Administrator\Desktop\FLAC2D\Alejano Dilation\DIL1_mod.FIS' 

 

;Define necessary parameters for Alejano and Alonso (2005) model 

define dilmodel_parameters 

hb_scval = 2*cohpeak*cos(fricpeak*degrad)/(1-sin(fricpeak*degrad)) 

end 

dilmodel_parameters 

 

set hb_sc = hb_scval 

set eps_st = eps 

 

save pre_solve.sav ;Save the pre-stepped state of the model 

 

set ns = 10 ;Set the property update increment to 10 steps 

set nsup = 500 ;Step for 500 property update increments 

 

save basemodel.sav ;Save result as solved using Alejano and Alonso (2005) model 

 

supsolve ;Solve using mobilized dilation model - function defined in “DIL1_Mod.fis” 

DIL1_mod.fis – Script which steps to equilibrium while update the dilation angle 

define cfi ;Defines function which updates dilation angle property in constant vs. A&A model 

   loop i (1,izones) 

      loop j (1,jzones) 

;Calculate effective stresses in the element 

        effsxx = sxx(i,j)  + pp(i,j) 

         effsyy = syy(i,j)  + pp(i,j) 

         effszz = szz(i,j)  + pp(i,j) 

     ;Determine minimum principal stress 

        temp1=-0.5*(effsxx+effsyy) 

         temp2=sqrt(sxy(i,j)^2+0.25*(effsxx-effsyy)^2) 

         s3=min(temp1-temp2,-effszz) 

    ;Determine the co-ordinates of the closest element on the excavation boundary 

     if i < 45 

      icrit = 44 
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     jcrit = j 

     else 

      if i < 70 

       icrit = i 

       jcrit = 44 

     else 

       if i < 115 

       icrit = 71 

        jcrit = j 

       else 

       icrit = i 

        jcrit = 1 

       end_if 

      end_if 

     end_if 

     ;Determine the effective stresses in the boundary-adjacent element 

         effsxx = (sxx(icrit,jcrit)  + pp(icrit,jcrit)) 

        effsyy = (syy(icrit,jcrit)  + pp(icrit,jcrit)) 

         effszz = (szz(icrit,jcrit)  + pp(icrit,jcrit)) 

         temp1=-0.5*(effsxx+effsyy) 

         temp2=sqrt((sxy(icrit,jcrit))^2+0.25*(effsxx-effsyy)^2) 

         const_to_sub=min(temp1-temp2,-effszz) 

   s3 = s3 - const_to_sub ;For the purposes of calculating dilation angle, 

correct all confining stresses such that the boundary adjacent element has zero effective stress 

 

     ;For tensile minimum principal stresses, set s3 = 0 

     if s3<0.0 then 

            s3=0.0 

         end_if 

  ;Calculate the peak dilation angle 

             psi_peak=(friction(i,j)/(1+log(hb_sc/1e6)))*log(hb_sc/(s3+1e5)) 

                      pseno=sin(psi_peak*degrad) 

                          if pseno=1 then 

                             pseno=0.999 

                          end_if 

                      kpsi_peak=(1+pseno)/(1-pseno) 

  ;Calculate the dilation angle 

             kpsi=1+((kpsi_peak-1)*2.7182^(-((e_plastic(i,j)/eps_st)))) 

            sin_psi=(kpsi-1)/(kpsi+1)                                                                               

             model_psi=atan(sin_psi/(sqrt(1-(sin_psi^2))))/degrad 

          dilation(i,j)=model_psi ;Assign the dilation angle value to the model 

       end_loop 

   end_loop 

end 

 

def supstep 

    cfi  ;Update the dilation angle 

   if ns=0 then ;Set the step number to five if no step number is specified 

       ns=5 

    end_if 
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    command  ;Run the specified number of steps and print the increment number 

        step ns 

        print k 

    end_command 

end 

 

def supsolve ;Define a function which steps until the specified number of property update 

increments has been completed 

 loop k (1,nsup) 

     supstep 

 end_loop 

end 

youtput.dat – Script which records plastic zone size and plastic zone displacements 

define youtput 

 switch = 0 ;Set flag which records previous zone state 

 loop j (1,48) ;Step outwards from tunnel boundary 

 

  if state(153,j) = 0 ;If the state isn't plastic 

   if switch = 1 ;If the previous state wasn't plastic, record the edge of the 

plastic zone as two zones back and end the loop 

    endval = j-2 

    j = 48 

   end_if 

   

   switch = 1 ;Set flag to indicate elastic state has previously been recorded 

  else ;If the state is plastic, make no changes (record zone state as plastic in 

variable "switch") 

   switch = 0 

  end_if 

 end_loop 

end 

youtput 

 

define yresults ;Define function which stores vertical displacements directly above tunnel crown 

in the array "yresults" within the plastic zone 

 array yresults(1,endval) 

 loop j (1,endval) 

  yresults(1,j) = -ydisp(153,j) 

 end_loop 

end 

find_bf_dil3.dat – Script which implements the Golden Search Algorithm 

define data_read1 ;Define a function which reads in the length of the plastic zone information 

array 

 status = open('array_length.dat',0,0) 

 array ar_length(1,1) 

 status = read(ar_length,1) 

 status = close 



 

544 

 

 endval = ar_length(1,1) 

end 

data_read1 

 

define data_read2 ;Define a function which reads the plastic zone information array 

 status = open(filename,0,0) 

 array mobvals(1,endval) 

 status = read(mobvals,endval) 

 status = close 

end 

data_read2 

 

define dummy ;Initialize the dilation angle value to put into the algorithm as 0 

 in_val = 0 

end 

dummy 

 

define yresults ;Define function which stores vertical displacements directly above tunnel crown 

in the array "yresults" 

 array yresults(1,endval) 

 loop j (1,endval) 

  yresults(1,j) = -ydisp(153,j) 

 end_loop 

end 

 

define minimizer_setup ;Define a function which prepares variables for golden search 

 gr = (sqrt(5)-1)/2 ;Define golden ratio term 

 width = ub_dil_guess - lb_dil_guess ;Define range of current search window 

 out2 = ub_dil_guess-gr*width ;Define 2nd dilation angle value based on the golden ratio 

term 

 out3 = lb_dil_guess+gr*width ;Define 3rd dilation angle value based on the golden ratio 

term 

  

 ;Define arrays to record results 

 array rmse_results(1,1) 

 array upperarray(1,1) 

 array lowerarray(1,1) 

 array outarray(1,4) 

 array constvals(1,endval) 

  

 ;Record initial lower and upper bounds and 1st and 4th dilation angle values 

 out1 = lb_dil_guess 

 out4 = ub_dil_guess 

end 

minimizer_setup 

 

define filename  

filename = 'rmse.dat' 

end 
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define bf_dil_start1 ;Define function which runs model using 3rd dilation value and records result 

 in_val = out3 

 command 

  prop dilation in_val notnull 

  solve 

 end_command 

 out_val = 0 

 yresults 

 loop i(1,endval) 

  constvals(1,i) = yresults(1,i) 

  contribution = (constvals(1,i)-mobvals(1,i))^2 

  out_val = out_val + contribution 

 end_loop 

 out_val = out_val/endval 

 out_val = sqrt(out_val) 

 rmse = out_val 

 upper = rmse 

end 

 

define bf_dil_start2 ;Define function which runs model using 2nd dilation value and records 

result 

 in_val = out2 

 command 

  prop dilation in_val notnull 

  solve 

 end_command 

 out_val = 0 

 yresults 

 loop i(1,endval) 

  constvals(1,i) = yresults(1,i) 

  contribution = (constvals(1,i)-mobvals(1,i))^2 

  out_val = out_val + contribution 

 end_loop 

 out_val = out_val/endval 

 out_val = sqrt(out_val) 

 rmse = out_val 

 lower = rmse 

end 

 

define one_iteration ;Define function which runs one iteration of the golden search algorithm 

 if upper > lower ;If the error associated with the 3rd dilation angle value is higher than that 

of the 2nd - Make the 3rd value now the upper bound, replace the 3rd value with the 2nd, 

and recalculate a new 2nd value based on the new window width and the golden ratio term 

   out4 = out3 

out3 = out2 

 width = out4-out1 

 out2 = out4-gr*width 

 upper = lower 

 in_val = out2 

   command ;Update the model and run with the new dilation angle 
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    prop dilation in_val notnull  

    solve 

   end_command 

   out_val = 0 

   yresults 

   loop i(1,endval) 

    constvals(1,i) = yresults(1,i) 

    contribution = (constvals(1,i)-mobvals(1,i))^2 

    out_val = out_val + contribution 

   end_loop 

   out_val = out_val/endval 

   out_val = sqrt(out_val) 

   rmse = out_val 

   lower = rmse ;Record new rmse result 

  else ;If the error associated with the 2nd dilation angle value is equal to or greater than 

that of the 3rd - Make the second value now the lower bound, replace the 2nd value with 

the 3rd, and recalculate a new 3rd value based on the new window width and the golden 

ratio term 

   out1 = out2 

   out2 = out3 

   width = out4-out1 

   out3 = out1+width*gr 

   lower = upper 

   in_val = out3 

   command ;Update the model and run with the new dilation angle 

    prop dilation in_val notnull 

    solve 

   end_command 

   out_val = 0 

   yresults 

   loop i(1,endval) 

    constvals(1,i) = yresults(1,i) 

    contribution = (constvals(1,i)-mobvals(1,i))^2 

    out_val = out_val + contribution 

   end_loop 

   out_val = out_val/endval 

   out_val = sqrt(out_val) 

   rmse = out_val 

   upper = rmse ;Record new rmse result 

  end_if 

 

  ;Output 

  msg1 = 'rmse:  '+string(rmse/mobvals(1,1)) 

  msg2 = 'dilation - low:  '+string(out2) 

  msg3 = 'dilation - high:  '+string(out3) 

  dum1 = out(msg1) 

  dum2 = out(msg2) 

  dum3 = out(msg3) 

end 

 



 

547 

 

define upper_out ;Define function which outputs the rmse associated with the 3rd dilation value 

status = close 

status = open('upperval.dat',1,0) 

upperarray(1,1) = upper 

status = write(upperarray,1) 

status = close 

end 

 

define lower_out ;Define function which outputs the rmse associated with the 2nd dilation value 

status = close 

status = open('lowerval.dat',1,0) 

lowerarray(1,1) = lower 

status = write(lowerarray,1) 

status = close 

end 

 

define upper_in ;Define function which inputs the rmse associated with the previous 3rd dilation 

value 

status = close 

status = open('upperval.dat',0,0) 

status = read(upperarray,1) 

status = close 

upper = upperarray(1,1) 

end 

 

define lower_in ;Define function which inputs the rmse associated with the previous 2nd dilation 

value 

status = close 

status = open('lowerval.dat',0,0) 

status = read(lowerarray,1) 

status = close 

lower = lowerarray(1,1) 

end 

 

define dil_vals_out ;Define function which outputs the current four dilation values 

status = close 

status = open('outvals.dat',1,0) 

outarray(1,1) = out1 

outarray(1,2) = out2 

outarray(1,3) = out3 

outarray(1,4) = out4 

status = write(outarray,4) 

status = close 

end 

 

define dil_vals_in ;Define function which inputs the previous four dilation values 

status = close 

status = open('outvals.dat',0,0) 

status = read(outarray,4) 

status = close 
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out1 = outarray(1,1) 

out2 = outarray(1,2) 

out3 = outarray(1,3) 

out4 = outarray(1,4) 

end 

Sample of repeated code from “five_iterations.dat” – used to run a signle iteration of the 

golden search algorithm as defined in “find_bf_dil3.dat” 

one_iteration ;Run one iteration of the golden search algorithm 

 

;Output relevant solution parameters 

dil_vals_out 

upper_out 

lower_out 

 

restore pre_min.sav ;Reset the FLAC model state 

;Input relevant solution parameters 

dil_vals_in 

upper_in 

lower_in 

info_write_MOD.dat – Script to write output to text files 

hist out2 

hist out3 

hist rmsemain 

hist rmsehydro 

hist rmseother 

hist endval 

 

step 10 

 

set hisfile BFDIL_MOD.his 

hist write 2 vs 3 

set hisfile rmsemain_MOD.his 

hist write 4 

set hisfile rmsehydro_MOD.his 

hist write 5 

set hisfile rmseother_MOD.his 

hist write 6 

set hisfile endval_MOD.his 

hist write 7  
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FLAC Modelling – Single Excavation Example: Shaft Case Study 

Master Script – Defines rockmass parameters and stress, then runs model 

restore WTC_Setup.sav ;Load the appropriate mesh configuration with fixed boundaries 

set fish safe off 
 

;Assign a group to the mesh 

group 'User:KVS-PRO' region 53 19 

group 'User:KVS-PRO' region 102 61 

group 'User:KVS-PRO' region 160 22 

group 'User:KVS-PRO' region 268 16 

group 'User:KVS-PRO' region 225 13 

 

define str_props ;Define strength property values 

cohpeak = 11.6e6 

fr_peak = 50 

fr_init = 16 

cohresid = 0.8e6 

hb_sc = 2*cohpeak*cos(fr_init*degrad)/(1-sin(fr_init*degrad)) 

end 

str_props 

 

define mod_calc ;Define elastic moduli 

E_mod = 25e9 

poissons = 0.25 

bulkval = E_mod/(3*(1-2*poissons)) 

shearval = E_mod/(2*(1+poissons)) 

end 

mod_calc 

 

;Assign material properties to the entire mesh 

model ss notnull group 'User:KVS-PRO' 

prop density=2700.0 bulk=bulkval shear=shearval notnull group 'User:KVS-PRO' 

prop cohesion=cohpeak friction=fr_init notnull group 'User:KVS-PRO' 

prop dilation=0 tension=135000.0 notnull group 'User:KVS-PRO' 

table 1 0,cohpeak 0.0015,cohresid 

table 2 0,fr_init 0.0015,fr_peak 

property ctable=1 ftable=2 group 'User:KVS-PRO' 

 

call W_D_Dilation.fis ;Call the mobilized dilation model 

 

;Define mobilized dilation model parameters 

set ns = 10 

set nsup = 1000 

set scrit = 2e5 

set beta_0 = 0.945 

set beta_p = 0.13 

set gamma_0 = 0.05 

set gamma_p = 0.02 
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set alpha_0 = 0.001 

set alpha_p = 0.003 

set gamma_m = 0.001 

 

save pre_ex.sav ;Save the pre-excavation state of the model 

 

;Initialize in-situ stresses 

initial sxx -2.48e7 

initial syy -2.23e7 

initial sxy 2.2e6 

initial szz -3.0e7 

 

step 500 ;Initialize in-situ stresses 

 

;Excavate the shaft 

model null region 223 13  

group 'null' region 223 13  

group delete 'null' 

 

;Apply support pressure to the excavation in the form of a normal stress 

apply nstress -100e3 from 82,81 to 130,81 

apply nstress -100e3 from 131,1 to 131,49 

apply nstress -100e3 from 81,1 to 81,49 

apply nstress -100e3 from 285,1 to 237,1 

 

call newhist.dat ;Call a script which defines history parameters to be recorded 

 

supsolve ;Step the model to equilibrium 

 

;Write history results to ASCII files and save FLAC model state 

set hisfile disp2.his 

hist write 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 

33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 

 

set hisfile dil2.his 

hist write 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 

78 79 80 81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 

 

set hisfile eps2.his 

hist write 96 97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112 113 114 115 116 

117 118 119 120 121 122 123 124 125 126 127 128 129 130 131 132 133 134 135 136 137 138 

139 140 141 

 

set hisfile sig_min2.his 

hist write 142 143 144 145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160 161 

162 163 164 165 166 167 168 169 170 171 172 173 174 175 176 177 178 179 180 181 182 183 

184 185 186 187 

 

save model_2.sav 
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;Repeat the above with rotated stresses to simulate an alternate extensometer position using the 

same history lines 

new 

restore pre_ex.sav 

 

;Initialize in-situ stresses 

initial sxx -2.23e7 

initial syy -2.48e7 

initial sxy -2.2e6 

initial szz -3.0e7 

 

step 500 

 

model null region 223 13  

group 'null' region 223 13  

group delete 'null' 

 

apply nstress -100e3 from 82,81 to 130,81 

apply nstress -100e3 from 131,1 to 131,49 

apply nstress -100e3 from 81,1 to 81,49 

apply nstress -100e3 from 285,1 to 237,1 

 

call newhist.dat 

 

supsolve 

 

set hisfile disp3.his 

hist write 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 

33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 

 

set hisfile dil3.his 

hist write 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 

78 79 80 81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 

 

set hisfile eps3.his 

hist write 96 97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112 113 114 115 116 

117 118 119 120 121 122 123 124 125 126 127 128 129 130 131 132 133 134 135 136 137 138 

139 140 141 

 

set hisfile sig_min3.his 

hist write 142 143 144 145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160 161 

162 163 164 165 166 167 168 169 170 171 172 173 174 175 176 177 178 179 180 181 182 183 

184 185 186 187 

 

set hisfile flac.his 

 

save model_3.sav 
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W_D_Dilation.fis – Script used to implement the Walton-Diederichs Dilation Model (2D) 

; VARIABLES 

; hb_sc -> Peak strength at unconfined conditions 

; fr_peak -> Maximum friction angle 

; scrit -> Critical confining stress for decay parameter switch 

; beta_0 -> Peak dilation parameter 

; beta_p -> Peak dilation parameter 

; gamma_0 -> Unconfined decay parameter 

; gamma_p -> Confined decay parameter 

; alpha_0 -> Unconfined pre-peak parameter 

; alpha_p -> Pre-peak confinement factor 

; gamma_m -> Peak mobilization parameter 

 

define cfi  ;Defines function which updates dilation angle property in Excavation Models 

   loop i (1,izones) 

      loop j (1,jzones) 

     ;Calculate effective stresses in the element 

         effsxx = sxx(i,j)  + pp(i,j) 

         effsyy = syy(i,j)  + pp(i,j) 

         effszz = szz(i,j)  + pp(i,j) 

     ;Determine the minimum principal stress 

         temp1=-0.5*(effsxx+effsyy) 

         temp2=sqrt(sxy(i,j)^2+0.25*(effsxx-effsyy)^2) 

         s3=min(temp1-temp2,-effszz) 

     ;For tensile minimum principal stresses, set s3 = 0 

    if s3<0.0 then 

            s3=0.0 

         end_if 

  ;Calculate the peak dilation angle 

   if beta_0 = 0 

               psi_peak=(fr_peak/(1+log(hb_sc/1e6)))*log(hb_sc/(s3+1e5)) 

   else 

    if s3/1e6 < exp(-((1-beta_0-beta_p)/beta_p)) 

psi_peak = fr_peak*(1-beta_p*s3/1e6/exp(-((1-beta_0-

 beta_p)/beta_p))) 

    else 

     psi_peak = fr_peak*(beta_0-    

      beta_p*log(s3/1e6)/log(exp(1))) 

    end_if 

   end_if 

   if psi_peak < 0 

    psi_peak = 0 

   end_if 

  ;Calculate the dilation angle 

  if s3 < scrit 

   gamma_s = gamma_0   

  else  

   gamma_s = gamma_p 

  end_if 

  alpha = alpha_0 + alpha_p*s3/1e6 
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  if e_plastic(i,j) = 0 

   model_psi = 0 

  else 

   if e_plastic(i,j) < gamma_m*exp((alpha-1)/alpha) 

model_psi = alpha*e_plastic(i,j)*psi_peak/(exp((alpha-

 1)/alpha)*gamma_m) 

   else 

    if e_plastic(i,j) < gamma_m 

model_psi = psi_peak*(alpha* 

 log(e_plastic(i,j)/gamma_m) 

 /log(exp(1))+1) 

     else 

      model_psi = psi_peak*exp(-(e_plastic(i,j)- 

        gamma_m)/gamma_s) 

     end_if 

    end_if 

   end_if 

   dilation(i,j)=model_psi ;Assign the dilation angle value to the model 

        end_loop 

    end_loop 

end 

 

define supstep 

    cfi ;Update the dilation angle 

    if ns=0 then ;Set the step number to five if no step number is specified 

       ns=5 

 end_if 

    command ;Run the specified number of steps and print the increment number 

        step ns 

        print k 

    end_command 

end 

 

def supsolve ;Define a function which steps until the specified number of property update 

incremenets has been completed 

 loop k (1,nsup) 

     supstep 

 end_loop 

end 
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FLAC
3D

 Modelling – Creighton Mine 

Master Script – Defines rockmass parameters and stress, then runs model 

set fish safe off 

def set_params 

;Mesh parameters 

x_max = 500 

y_max = 400 

z_max = 200 

nx_max = -390 

ny_max = -400 

nz_max = -110 

out_size = 10 

x4 = 280 

y4 = 240 

z4 = 130 

nx4 = -x4 

ny4 = -y4 

nz4 = -z4 

;Window for recording histories 

gpxl = -2.51 

gpxu = 5.01 

gpyl = -2.51 

gpyu = 6.01 

gpzl = -0.01 

gpzu = 0.01 

;Boundaries for WD Dilation Model 

lengthar = 100000 

xlower = -5 

xupper = 7.5 

ylower = -25 

yupper = 12.5 

zlower = -5 

zupper = 5 

;Boundaries for plastic model 

lxpl = -100 

uxpl = 50 

lypl = -40 

uypl = 60 

lzpl = -20 

uzpl = 20 

 

;Stresses 

_sxx = -96e6 

_sxy = 0 

_sxz = 0 

_syy = -72e6 

_syz = 0 

_szz = -60e6 
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;Material properties 

;ORE - Ei = 55, GSI = 70 

_Eore = 40.304e9 

_vore = 0.25 

densore = 4000 

;GRANITE 

densrock = 2700 

isplastic = 1 

_E = 80e9 

_v = 0.1 

cohpeak = 55e6 

fr_peak = 44 

fr_init = 0 

cohresid = 4e6 

fr_mob = 0.004 

coh_mob = 0.002 

tens_peak = 8e6 

tens_resid = 0.1e6 

tens_mob = 0.001 

WD_Dil = 1 

scrit = 2e5 

beta_0 = 1.1 

beta_p = 0.1394 

gamma_0 = 0.005 

gamma_p = 0.005 

alpha_0 = 0.001 

alpha_p = 0.0038 

gamma_m = 0.001 

hb_sc = 2*cohpeak*cos(fr_init*degrad)/(1-sin(fr_init*degrad)) 

bulkval = _E/(3*(1-2*_v)) 

shearval = _E/(2*(1+_v)) 

bulkore = _Eore/(3*(1-2*_vore)) 

shearore = _Eore/(2*(1+_vore)) 

;Maximum number of excavation steps 

nrounds = 200 

;Stepping parameters 

ns = 10 

unbaltol = 1e-5 

end 

set_params 

 

impgrid "Densify_2.flac3d" ;Import Grid 

attach face 

 

hist unbal 

set gravity 9.8 

set small 

call "zonefind.dat" ;Identify the zones which will have their dilation angle updated 

call "W_D_Dilation_3D.dat" ;Initialize the dilation angle update function 
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call "props.dat" ;Assign elastic material properties 

call "boundary.dat" ;Assign boundaries conditions 

save prestep.sav 

 

solve ;Step model to equilibrium 

save pre_stope.sav 

 

;Excavate all mine workings external to the 7910 level 

model null range group 'group19'  

model null range group 'group20' 

model null range group 'group21' 

model null range group 'group22' 

model null range group 'group23' 

model null range group 'group24' 

model null range group 'group25' 

model null range group 'group26' 

model null range group 'group27' 

model null range group 'group28' 

model null range group 'group29' 

model null range group 'group30' 

solve 

save other_levels.sav 

hist reset 

 

def otherparams 

 yieldore = 1 ;Define whether the ore is elastic or H-B plastic 

 driftrad = 2.95 ;Define the curvature of the 6330 drift 

 support = 1 ;Define whether or not a support pressure is applied 

 dilval = 25 ;Define the baseline constant dilation angle 

end 

otherparams 

 

call "plasticprops.dat" ;Assign plastic material properties 

;Remove previously excavated material re-created during the plastic property assignment 

model null range group 'group19'  

model null range group 'group20' 

model null range group 'group21' 

model null range group 'group22' 

model null range group 'group23' 

model null range group 'group24' 

model null range group 'group25' 

model null range group 'group26' 

model null range group 'group27' 

model null range group 'group28' 

model null range group 'group29' 

model null range group 'group30' 

 

;Add histories 

hist add ratio 

call "disphists.dat" ;Record x-displacement history throughout the pillar 
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hist add ratio 

call "sequencing.dat" ;Read in the text file containing sequencing information 

call "excavate_solve.dat" ;Excavate, solve, and save model results 

 

;Output displacement results at the extensometer locations 

hist dump 1136 1139 1142 1145 1148 1151 1154 1157 1160 1163 1166 1169 1172 1175 1178 

1181 1184 1187 1190 1193 1196 1199 1202 1205 1208 file disps_b1.his 

hist dump 1 file disps_b1.his 

hist dump 2036 2039 2042 2045 2048 2051 2054 2057 2060 2063 2066 2069 2072 2075 2078 

2081 2084 2087 2090 2093 2096 2099 2102 2105 2108 file disps_f1.his 

hist dump 1 file disps_f1.his 

zonefind.dat – Script to identify zones for variable dilation 

define zonefind 

local i = zone_head 

count = 1 

array result(1,lengthar) 

array pointar(1,lengthar) 

loop while i # null 

 xval = xcomp(z_cen(i)) 

 yval = ycomp(z_cen(i)) 

 zval = zcomp(z_cen(i)) 

 if xval > xlower 

  if xval < xupper 

   if yval > ylower 

    if yval < yupper 

     if zval > zlower 

      if zval < zupper 

       result(1,count) = z_id(i) 

       pointar(1,count) = i 

       count = count + 1 

      end_if 

     end_if 

    end_if 

   end_if 

  end_if 

 end_if 

 i = z_next(i) 

end_loop 

numWDzones = count 

end 

zonefind 

W_D_Dilation_3D.dat – Script to implement the Walton-Diederichs Dilation Model (3D) 

; VARIABLES 

; hb_sc -> Peak strength at unconfined conditions 

; fr_peak -> Maximum friction angle 

; ns -> Number of steps between dilation angle updates 

; unbaltol -> Unbalanced forces threshold for stopping stepping 
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; scrit -> Critical confining stress for decay parameter switch 

; beta_0 -> Peak dilation parameter 

; beta_p -> Peak dilation parameter 

; gamma_0 -> Unconfined decay parameter 

; gamma_p -> Confined decay parameter 

; alpha_0 -> Unconfined pre-peak parameter 

; alpha_p -> Pre-peak confinement factor 

; gamma_m -> Peak mobilization parameter 

 

def dil_update 

 modeltype = 'strainsoftening' ;Only try to update zones of this type 

 k = 1 

 loop while k < numWDzones ;Loop over all zones identified by zonefind.dat 

  idnum = result(1,k) 

  pointval = pointar(1,k) 

  if z_model(pointval) = modeltype 

   eps = z_prop(pointval,'es_plastic') ;Determine plastic shear strain 

   s3=-z_sig3(pointval) ;Determine confining stress 

   if s3<0.0 then 

    s3=0.0 

   end_if 

   if beta_0 = 0 ;Use Alejano and Alonso model if beta_0 = 0 

    psi_peak=(fr_peak/(1+log(hb_sc/1e6)))*log(hb_sc/(s3+1e5)) 

   else ;Otherwise calculate peak dilation angle 

    if s3/1e6 < exp(-((1-beta_0-beta_p)/beta_p)) 

     psi_peak = fr_peak*(1-beta_p*s3/1e6/exp(-((1-  

    beta_0-beta_p)/beta_p))) 

    else 

      psi_peak = fr_peak*(beta_0-    

       beta_p*log(s3/1e6)/log(exp(1))) 

    end_if 

   end_if 

   if psi_peak < 0 ;Reject negative peak dilation angle values 

    psi_peak = 0 

   end_if 

   if s3 < scrit ;Determine which decay parameter to use 

    gamma_s = gamma_0  

   else 

    gamma_s = gamma_p 

   end_if 

   alpha = alpha_0 + alpha_p*s3/1e6 ;Calculate alpha value 

   if eps = 0 

    model_psi = 0 

   else ;Calculate dilation angle based on peak value and strain 

    if eps < gamma_m*exp((alpha-1)/alpha) 

     model_psi = alpha*eps*psi_peak/(exp((alpha- 

 1)/alpha)*gamma_m) 

    else 

     if eps < gamma_m 

      model_psi = psi_peak*(alpha* 
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        log(eps/gamma_m) 

        /log(exp(1))+1) 

     else 

      model_psi = psi_peak*exp(-(eps-  

        gamma_m)/gamma_s) 

     end_if 

    end_if 

   end_if 

   z_prop(pointval, 'dilation') = model_psi ;Assign value to zone 

  end_if 

  k = k+1 

 end_loop 

end 

 

def supstep ;Basic stepping function 

 dil_update ;Update dilation 

 if ns=0 then ;Ensure number of steps between updates is defined 

  ns=10 

 end_if 

 unbalrat = mech_ratio ;Extract unbalanced forces ratio 

 command ;Step model and print details about stepping 

  step ns 

  print stepcount 

  print unbalrat 

 end_command 

end 

 

def supsolve ;Function to run stepping until equilibrium is reached 

 stepcount = ns*2+1 

 supstep 

 supstep 

 loop while mech_ratio > unbaltol 

  supstep 

  stepcount = stepcount+ns 

 end_loop 

end 

props.dat – Script to assign elastic propties 

;Assign all zones the elastic properties of the granite 

model mech elastic 

prop density = densrock bulk=bulkval shear=shearval 

 

;Overwrite properties in the ore zones with the ore rock elastic parameters 

prop density = densore bulk=bulkore shear=shearore range group 'group1' 

prop density = densore bulk=bulkore shear=shearore range group 'group2' 

prop density = densore bulk=bulkore shear=shearore range group 'group3' 

prop density = densore bulk=bulkore shear=shearore range group 'group4' 

prop density = densore bulk=bulkore shear=shearore range group 'group5' 

prop density = densore bulk=bulkore shear=shearore range group 'group6' 

prop density = densore bulk=bulkore shear=shearore range group 'group7' 
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prop density = densore bulk=bulkore shear=shearore range group 'group8' 

prop density = densore bulk=bulkore shear=shearore range group 'group9' 

prop density = densore bulk=bulkore shear=shearore range group 'group10' 

prop density = densore bulk=bulkore shear=shearore range group 'group11' 

prop density = densore bulk=bulkore shear=shearore range group 'group12' 

prop density = densore bulk=bulkore shear=shearore range group 'group13' 

prop density = densore bulk=bulkore shear=shearore range group 'group14' 

prop density = densore bulk=bulkore shear=shearore range group 'group15' 

prop density = densore bulk=bulkore shear=shearore range group 'group16' 

prop density = densore bulk=bulkore shear=shearore range group 'group17' 

prop density = densore bulk=bulkore shear=shearore range group 'group18' 

boundary.dat – Script to apply boundary conditions 

fix xvel 0 range x nx_max 

fix yvel 0 range x nx_max 

fix zvel 0 range x nx_max 

fix xvel 0 range y ny_max 

fix yvel 0 range y ny_max 

fix zvel 0 range y ny_max 

fix xvel 0 range x x_max 

fix yvel 0 range x x_max 

fix zvel 0 range x x_max 

fix xvel 0 range y y_max 

fix yvel 0 range y y_max 

fix zvel 0 range y y_max 

fix xvel 0 range z nz_max 

fix yvel 0 range z nz_max 

fix zvel 0 range z nz_max 

fix xvel 0 range z z_max 

fix yvel 0 range z z_max 

fix zvel 0 range z z_max 

 

initial sxx _sxx 

initial sxy _sxy 

initial sxz _sxz 

initial syy _syy 

initial syz _syz 

initial szz _szz 

plasticprops.dat – Script to assign plastic properties to the designated zone 

def plasticprops 

 if isplastic = 1 

  command ;Apply granite properties to all zones within a defined range 

   model mech strainsoftening range x lxpl uxpl y lypl uypl z lzpl uzpl 

   prop density = densrock bulk=bulkval shear=shearval range lxpl uxpl  

    y lypl uypl z lzpl uzpl 

   prop cohesion = cohpeak friction = fr_init range x lxpl uxpl y lypl uypl  

    z lzpl uzpl 
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   prop dilation = dilval tension = tens_peak range x lxpl uxpl y lypl uypl  

    z lzpl uzpl 

   table 1 0,cohpeak coh_mob,cohresid 

   table 2 0,fr_init fr_mob,fr_peak 

   table 3 0,tens_peak tens_mob,tens_resid 

   prop ctable=1 ftable=2 ttable=3 range x lxpl uxpl y lypl uypl z lzpl uzpl 

  end_command 

   

if yieldore = 1 ;If the ore is designated as a perfectly plastic H-B material 

   command ;Assign H-B paramters to the ore 

    model mech hoekbrown range group 'group1' 

    model mech hoekbrown range group 'group2' 

    model mech hoekbrown range group 'group3' 

    model mech hoekbrown range group 'group4' 

    model mech hoekbrown range group 'group5' 

    model mech hoekbrown range group 'group6' 

    model mech hoekbrown range group 'group7' 

    model mech hoekbrown range group 'group8' 

    model mech hoekbrown range group 'group9' 

    model mech hoekbrown range group 'group10' 

    model mech hoekbrown range group 'group11' 

    model mech hoekbrown range group 'group12' 

    model mech hoekbrown range group 'group13' 

    model mech hoekbrown range group 'group14' 

    model mech hoekbrown range group 'group15' 

    model mech hoekbrown range group 'group16' 

    model mech hoekbrown range group 'group17' 

    model mech hoekbrown range group 'group18' 

    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group1' 

    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group2' 

    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group3' 

    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group4' 

    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group5' 

    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group6'   

    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group7' 

    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group8' 

    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group9' 

    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group10' 

    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group11' 
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    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group12' 

    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group13' 

    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group14' 

    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group15' 

    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group16' 

    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group17' 

    prop hba = 0.501 hbs = 0.06 hbmb = 7 hbsigci = 130e6   

     hbs3cv = 260e6 range group 'group18' 

   end_command 

  else 

   command ;Otherwise, assign an elastic model to the ore zones 

    model mech elastic range group 'group1' 

    model mech elastic range group 'group2' 

    model mech elastic range group 'group3' 

    model mech elastic range group 'group4' 

    model mech elastic range group 'group5' 

    model mech elastic range group 'group6' 

    model mech elastic range group 'group7' 

    model mech elastic range group 'group8' 

    model mech elastic range group 'group9' 

    model mech elastic range group 'group10' 

    model mech elastic range group 'group11' 

    model mech elastic range group 'group12' 

    model mech elastic range group 'group13' 

    model mech elastic range group 'group14' 

    model mech elastic range group 'group15' 

    model mech elastic range group 'group16' 

    model mech elastic range group 'group17' 

    model mech elastic range group 'group18' 

   end_command 

  end_if 

  command ;Overwrite elastic parameters with correct values in ore zones 

   prop density = densore bulk=bulkore shear=shearore range   

     group 'group1' 

   prop density = densore bulk=bulkore shear=shearore range   

     group 'group2'     

   prop density = densore bulk=bulkore shear=shearore range   

     group 'group3' 

   prop density = densore bulk=bulkore shear=shearore range   

     group 'group4' 

   prop density = densore bulk=bulkore shear=shearore range   

     group 'group5' 

   prop density = densore bulk=bulkore shear=shearore range   

     group 'group6' 
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   prop density = densore bulk=bulkore shear=shearore range   

     group 'group7' 

   prop density = densore bulk=bulkore shear=shearore range   

     group 'group8' 

   prop density = densore bulk=bulkore shear=shearore range   

     group 'group9' 

   prop density = densore bulk=bulkore shear=shearore range   

     group 'group10' 

   prop density = densore bulk=bulkore shear=shearore range   

     group 'group11' 

   prop density = densore bulk=bulkore shear=shearore range   

     group 'group12' 

   prop density = densore bulk=bulkore shear=shearore range   

     group 'group13' 

   prop density = densore bulk=bulkore shear=shearore range   

     group 'group14' 

   prop density = densore bulk=bulkore shear=shearore range   

     group 'group15' 

   prop density = densore bulk=bulkore shear=shearore range   

     group 'group16' 

   prop density = densore bulk=bulkore shear=shearore range   

     group 'group17' 

   prop density = densore bulk=bulkore shear=shearore range   

     group 'group18' 

  end_command 

 end_if 

end 

plasticprops 

disphists.dat – Script to add history points for x-displacements 

define gpfind 

 local i = gp_head 

 count = 1 

 array gpxvals(1,lengthar) 

 array gpyvals(1,lengthar) 

 array gpzvals(1,lengthar) 

 loop while i # null 

  xval = xcomp(gp_pos(i)) 

  yval = ycomp(gp_pos(i)) 

  zval = zcomp(gp_pos(i)) 

 if xval > gpxl 

 if xval < gpxu 

  if yval > gpyl 

   if yval < gpyu 

    if zval > gpzl 

     if zval < gpzu 

      command 

       history add gp xdisp xval yval zval 

       history add gp ydisp xval yval zval 

       history add gp zdisp xval yval zval 
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      end_command 

      gpxvals(1,count) = xval 

      gpyvals(1,count) = yval 

      gpzvals(1,count) = zval 

      count = count + 1 

     end_if 

    end_if 

   end_if 

  end_if 

 end_if 

 end_if 

 i = gp_next(i) 

 end_loop 

end 

gpfind 

sequencing.dat – Script for reading in sequencing information 

def set_sequence 

 array seq_ar(nrounds) 

 dummy1=open('sequence.txt',0,1) 

 dummy=read(seq_ar,nrounds) 

 dummy=close 

end 

set_sequence 

excavate_solve.dat – Script to excavate and step model according to the sequence file 

def excavate_solve 

p_i = 0 

solvenum = 1 

mem12 = 22.5 

mem11 = 22.5 

 

loop i (1,nrounds) ;Loop over the number of excavation steps specified in the master  

    script 

 

;Parse the information from the sequencing file 

driftnum = parse(seq_ar(i),1) 

distnum = parse(seq_ar(i),2) 

timenum = parse(seq_ar(i),3) 

solvenow = parse(seq_ar(i),4) 

 

if driftnum > 0 ;then the excavation step is for a drift, not a stope 

 if driftnum < 11 ;then use the standard formulation for drift position 

  finishy = -25+distnum 

  startx = -82.5+(driftnum-1)*12.5 

  finishx = -77.5+(driftnum-1)*12.5 

 

  if driftnum < 5 ;account for the bend in the footwall drift 

   deltay = 0.375*(-40.1-startx) 
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   starty = -22.5+deltay 

  else 

   if driftnum = 10 

    starty = -2.5 

   else 

    starty = -25 

   end_if 

  end_if 

  cylstart = vector(7.5,starty,0) 

  cylend = vector(7.5,finishy,0) 

 

  if driftnum = 8 ;if the 6330 drift is being excavated, round the  

    corners 

   command 

    model mech null range x startx finishx y starty  

     finishy  z -2.6 2.6  cyl end1 cylstart end2 

     cylend radius driftrad 

   end_command 

  else ;otherwise, excavate a square drift 

   command 

    model mech null range x startx finishx y starty  

     finishy  z -2.6 2.6 

   end_command 

  end_if 

 

  if support = 1 ;apply support 

   if driftnum = 7 

    if timenum < 142 ;prior to shotcrete installation 

     p_i = -2e5 ;bolt and screen pressure 

    else 

     p_i = -1.5e6 ;shotcrete pressure 

    end_if 

    command ;apply support pressure 

     apply nstress p_i range x -7.51 -2.49 y  

      -20 finishy z -2.51 2.51 

    end_command 

   end_if 

   if driftnum = 8 

    if timenum < 142 ;prior to shotcrete installation 

     p_i = -2e5 ;bolt and screen pressure 

    else 

     p_i = -1.5e6 ;shotcrete pressure 

    end_if 

    command ;apply support pressure 

     apply nstress p_i range x 5 10 y -20  

      finishy z -2.6 2.6 cyl end1  

      cylstart end2 cylend radius  

      driftrad 

    end_command 

   end_if 
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  end_if 

 else 

  if driftnum = 11 ;case of the E-W connector between drifts 9 and 

     10 

   startx = mem11 

   finishx = 22.5+distnum 

   sdymin = -11 + 0.65*(distnum) 

   sdymax = -5 + 0.65*(distnum) 

   mem11 = finishx 

   command 

    model mech null range x startx finishx y sdymin 

     sdymax z -2.6 2.6 

   end_command 

  else 

   if driftnum = 12 ;case of the footwall drift 

    startx = 22.5-distnum 

    finishx = mem12 

    fdymin = -25.1 

    fdymax = -19.9 

    if startx < -40.1 

     deltay = 0.375*(-40.1-startx) 

     fdymin = fdymin+deltay 

     fdymax = fdymax+deltay 

    end_if 

    mem12 = startx 

    command 

     model mech null range x startx finishx y 

      fdymin  fdymax  z -2.6 2.6 

    end_command 

   end_if 

  end_if 

 end_if 

else ;stopes  

 if driftnum = -8 ;6306 stope 

  if distnum = 1 

   command 

    model mech null range group 'group8' z -2.5 5 

    model mech null range x -23.75 -11.25 y 30 47.5 

     z -2.5 5 

   end_command 

  else 

   if distnum = 2 

    command 

     model mech null range group 'group8' z  

      -2.5 15 

     model mech null range x -23.75 -11.25 y 

      30 47.5  z -2.5 15 

    end_command 

   else 

    command 
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     model mech null range group 'group8' z  

      -2.5 25 

     model mech null range x -23.75 -11.25 y 

      30 47.5  z -2.5 25 

    end_command 

   end_if 

  end_if 

 end_if 

 

 if driftnum = -6 ;6287 stope 

  if distnum = 1 

   command 

    model mech null range group 'group6' z -2.5 2.5 

   end_command 

  else 

   if distnum = 2 

    command 

     model mech null range group 'group6' x  

      -31 -28 y 28 31  z -2.5 10 

    end_command 

   else 

    if distnum = 3 

     command 

      model mech null range group  

       'group6' x -31 -28  y 28  

       31 z -2.5 15 

     end_command 

     else 

     if distnum = 4 

      command 

       model mech null range  

        group 'group6' z 

        -2.5 15 

      end_command 

     else 

      command 

       model mech null range  

        group 'group6' 

      end_command 

     end_if 

    end_if 

   end_if 

  end_if 

 end_if 

 

 if driftnum = -10 ;6336 stope 

  if distnum = 1 

   command 

    model mech null range x -11.25 1.25 y 20 52 z  

     -2.5 2.5 
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    model mech null range x -6.5 -3.5 y 33.5 36.5 z  

     -2.5 10 

   end_command 

  else 

   if distnum = 2 

    command 

     model mech null range x -6.5 -3.5 y 33.5 

      36.5 z -2.5 15 

    end_command 

   else 

    if distnum = 3 

     command 

      model mech null range x -11.25  

       1.25 y 20 35 z -2.5 15 

     end_command 

    else 

     if distnum = 4 

      command 

       model mech null range  

        x -11.25 1.25 y  

        35 52 z -2.5 15 

      end_command 

     else 

      command 

       model mech null range  

        x -11.25 1.25 y  

        20 52 z -2.5 25 

      end_command 

     end_if 

    end_if 

   end_if 

  end_if 

 end_if 

end_if 

 

if timenum < 2 ;if prior to extensometer installation 

 command ;re-initialize model displacements to zero 

  ini xdis 0 

  ini ydis 0 

  ini zdis 0 

 end_command 

end_if 

 

if driftnum # 0 ;if something was just excavated 

 if solvenow = 1 then ; it is a solution stage 

  if WD_Dil = 1 then ;solve with or without mobilized dilation 

   supsolve 

  else 

   command 

    solve 
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   end_command 

  end_if 

 

  filename = 'file'+string(solvenum) ;determine filename for  

       saving results 

  solvenum = solvenum + 1 ;iterate the solution number 

 end_if 

end_if 

end_loop 

end 

excavate_solve 


