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Abstract

In this dissertation, I apply optimization methods and game theory to address three

problems in technology and revenue management. In the first essay, I analyze how

brand commitment and product failure impact a firm’s upgrade strategy in the pres-

ence of a stochastically evolving technological frontier. The essay explores the optimal

timing of upgrades across a variety of market parameters and establishes the mar-

ket conditions in which firms should invest in brand commitment to lengthen the

product upgrade cycle. The model also demonstrates that firms with high brand

commitment must balance the benefits of pent-up demand with potential loss due to

product failure. The second and third essay focus on the allocation of resources and

products in the presence of demand uncertainty and consumer behavior, respectively.

In the second essay, I develop a methodology to approximate the value of capacity

in the network airline revenue management problem. The value of capacity is used

to control the sale of products to consumers requesting products over a finite time

horizon. The advantage of this methodology is the scalability, which we demonstrate

by solving for capacity values on an industrial sized network. In the third essay, I

study a consumer-to-consumer exchange market. I prove that there exists market

conditions where the equilibrium prices allow a unique opitmal allocation of products

amongst participants.
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Chapter 1

Introduction

The research in this dissertation addresses three important problems in technology

and revenue management. In the first study, I analyze the impact of branding on

the timing of a firm’s optimal product upgrade strategy in industries where mar-

ket demand for a durable product is influenced by the stochastic improvements of

technology. Formulating the timing of product upgrade releases as a Markov De-

cision Process, I prove that the optimal upgrade strategy can be characterized by

threshold policy either based on pent-up demand for a future product release or the

technological lag of the product. The research demonstrates that brand commitment

offers substantial profit improvements over the lifecycle of the product in industries

characterized by fast pace of technology, high upgrade costs, or small incremental

market growth. The research also explores the market conditions in which invest-

ing in raising brand commitment is profitable. Unexpectedly, investments in raising

brand commitment are most valuable among firms with an existing high degree of

brand commitment.

The model is generalized to account for the possibility that a new product may fail

to meet consumer expectations due to unforeseen manufacturing, design, or supply
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chain issues. When considering potential for product failure, a threshold policy on

pent-up demand remains optimal, while a technology lag-based threshold policy is

generally sub-optimal. Thus, for markets where branding is an important determi-

nant of consumer purchasing behavior, an upgrade policy constructed on threshold

values of pent-up demand is a more robust approach to managing product upgrades.

Analysis of the model demonstrates that product failure has a marginal impact on

the upgrade strategy of firms with low degrees of brand commitment. Conversely,

product failure has a significant impact on upgrade frequency for firms with high

degrees of brand commitment, since such firms have to balance the advantages of

pent-up demand with potential loss of sales. Research implications are discussed in

the context of the premium smartphone market.

In the second study, I analyze a network capacity control problem, in which con-

sumers purchase products based on various combinations of resources. This creates a

stochastic demand for a fixed set of perishable resources over a large network. My re-

search addresses the intractable nature of the problem by generating time-dependent

bid prices to approximate the value of each resource. The methodology is derived

directly from the network revenue management optimal control problem by intro-

ducing two approximations. The first approximation uses an affine functional form

to represent the value function and time-dependent bid prices. The second approx-

imation reduces the number of variables and constraints in the problem through an

implicit treatment of the reservation control policy. The most significant contribu-

tion of this methodology is the use of splines and second-order cone programming to

reduce the infinite collection of constraints to a finite set, in order to produce efficient

time-dependent bid prices. The spline representation of bid prices allows the number
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of variables to depend solely on the number of resources, as opposed to the size of the

planning horizon. The resulting model is an approximate second-order cone program

(ASOCP).

The ASOCP is tested against the state of the art discrete time-dependent bid price

policy over randomly generated networks. The run-time of discrete time dynamic bid

prices is shown to increase dramatically as the capacity levels across the network

increase in variability. On the other hand, the ASOCP algorithm timing is robust to

variation in capacity, which implies that the methodology is applicable to situations

with frequent updating. The ASOCP is subsequently tested against re-optimized

deterministic bid price policies on randomly generated and industrial airline networks.

The ASOCP generates higher revenue compared to the re-optimized static bid price,

thus demonstrating the practicality and scalability of the methodology.

In the third study, I develop an approach to modeling a general exchange market

with an arbitrary number of participants and products. The model features quantity

competition among participants, who are differentiated by product preference and

price sensitivities to available products. In order to maximize surplus, participants

in the exchange market decide which products to buy and sell. Using linear com-

plementarity theory, the research shows that the solution for an arbitrary number of

participants trading an arbitrary number of products is always feasible. I prove that

there exists special cases where the quantity of goods traded is unique. The generality

of the setup may allow future research to incorporate the model into a larger supply

chain framework with secondary markets applications.
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Chapter 2

Timing Product Upgrades with Stochastic

Technological Advancements, Brand Commitment,

and Pent-Up Demand

2.1. Introduction

When firms time releases of next generation products, they need to account for the

effects of uncertainty in advancements of component technology on the demand.

Shorter intervals between upgrades enable firms to capture incremental demand at

a higher cost. Longer intervals risk missed sales if customers opt to purchase prod-

ucts with improved technology from competitors. A variety of models have been

proposed to optimize the timing of upgrades in this setting ([9]; [36]; [43]; [15]; [45]).

We contribute to this literature by incorporating branding and product failure into a

decision model for timing upgrades. We demonstrate that consumers’ willingness to

wait given a technology lag and willingness to purchase given a product failure drives

the optimal upgrade strategy. Since these behaviors have opposite effects on upgrade

frequencies, understanding consumer dynamics is essential for successfully executing
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a product upgrade strategy.

In mass consumer markets for technological products, customers have a predis-

position for purchasing a particular brand. This preference may result from a firm’s

reputation for quality, advertising, social influence, research or a prior experience with

other products offered by the firm. The strength of this preference may differ widely

within a firm’s customer base and across different firms within a common market.

Customers may have a small positive bias towards one brand that may dissipate if

a competing product has the slightest edge in terms of performance. Thus, if the

consumer does not purchase a product due to technology performance lag, she will

prefer an outside option over purchasing from the firm. On the other hand, consumers

may have a deeply held commitment to purchasing a firm’s product. In industries

where the evolution of technology occurs at a rapid pace, consumers anticipate that

preferred firms will at some point release an upgraded product. If a firm’s product

performance lags leading edge products, committed customers will wait for an upcom-

ing product release from their preferred brand. This is particularly true in situations

where consumers strongly identify with the brand’s image ([18]; [23]).

In this paper, we characterize the strength of a firm’s brand commitment as the

willingness of consumers to wait for future product releases rather than leave the firm’s

market. High brand commitment can significantly mitigate the rate at which firm’s

sales erode due to a gap in technology between their incumbent product and more

advanced competitive offerings, since consumers wait for the release of the upgraded

product. The number of consumers who have delayed purchasing in anticipation of a

future product release is the firm’s pent-up demand for the next generation product.

Over time consumers who had postponed their purchases may lose patience, in which
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case they will opt to purchase from a competitor. Thus, pent-up demand for the

future product release is a dynamic process that initially increases with the gap in

technology. However, pent-up demand contracts if the time between upgrades is

sufficiently long such that the number of committed customers exiting the market

exceeds those entering.

Smartphones provide one of the most compelling examples of how the dynamics of

upgrades for a mass technology product are influenced by branding. This industry has

been singled out as having the most rapid pace of product upgrades due to the high

rate of technological innovation. Consequently, to remain competitive, firms must

frequently upgrade their products to keep pace with advancements of components

suppliers of memory, CPU, modems, displays, camera modules, GPS, batteries and

sensors (see Online Appendix A.2). Nevertheless, smartphone vendors differ widely in

their pace of model releases and the extent to which an incumbent product can remain

competitive despite the release of numerous models from competitors equipped with

leading-edge technology.

International smartphone sales are currently dominated by Apple and Samsung,

which have divergent strategies in terms of their upgrade frequency. Samsung re-

leases multiple upgrades of their premium smartphones throughout the year in order

to capture incremental demand associated with improvements in technology ([71]).

Conversely, Apple adheres to a schedule of releasing an upgrade of their iPhone ap-

proximately every 12 months. Although Apple generally experiences a decline in

market share towards the latter stages of their product release cycle, longer dura-

tion between model releases allow the company to accumulate pent-up demand from

committed consumers ([40]). For firms with less brand commitment, falling behind
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in technology leads to lost sales that are not recaptured with the release of a new

model ([31]; [29]). While the strong commitment of Apple’s iPhone customer base

can be partly attributed to network effects and switching costs, empirical evidence

suggests that branding plays the most important role in attracting Apple’s commit-

ted customer base. For example, sales data shows that the aggregation of pent-up

demand for new product launches occurs even in countries where the iPhone becomes

available for the first time and where other Apple products have few inroads ([39]).

Although pent-up demand significantly impacts the profitability of upgrades, research

on upgrade strategies has yet to analytically establish the connection between brand

commitment and technological advancement. There is a similar gap in knowledge

among business analysts. For example, despite the proven success of Apple’s product

strategy in the past, many analysts were skeptical about whether the company could

afford to wait a year between the release of the iPhone 5 in September 2012 and the

iPhone 5s in the Fall of 2013. During this period, Apple experienced declining sales

due to the vast number of premium smartphones with state of the art technology

launched by competitors such as Samsung, LG and HTC (see Online Appendix A.2).

Nevertheless, when Apple released the iPhone 5s in September of 2013, it sold close

to 9 million phones globally in the opening weekend. Apple was able to regain their

cumulative market share of approximately 45% of US smartphones in 2013 despite

the drop in sales over several months prior to the 5s product launch ([13]; [28]).

High brand commitment enables the firm to execute an upgrade strategy that

reduces launch costs without an excessive loss of sales due to the aggregation of pent-

up demand. However, if there is an unanticipated failed product launch due to a

product defect, firms with high levels of pent-up demand are at greater risk of suffering
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a disproportionate loss in their profit. This problem is prevalent when stochastic

improvements in the technology of several components complicate the design and

production process of state of the art products. The probability of a failed product

launch also tends to increase in relation to the size of the upgrade that the firm is

performing in terms of technological advancements ([10]; [54]).

The inherent risk associated with the aggregation of pent-up demand in the smart-

phone industry is vividly illustrated by the downfall of Blackberry and Nokia. Both

firms went from market leaders to laggards in a short timeframe. Blackberry, in par-

ticular, had one of the highest measures of brand commitment in the industry which

enabled it to aggregate significant demand for their future release of a smartphone

with a functional web browser. The product was delayed for over two years and

by the time it came out most of their customers had defected. Solidifying Black-

berry’s downfall was their decision to release a touch screen model (the Blackberry

Z10) despite the fact that Blackberry’s remaining pent-up demand was comprised of

customers who wanted a phone with the company’s proprietary QWERTY keyboard

([57]). Similarly, Nokia’s overestimation of brand value to consumers and succession

of product failures are credited as major reasons for the firm’s rapid collapse ([61]).

The objective of this paper is to analyze the influence of brand commitment on

the frequency and profitability of product upgrades. We establish the existence of a

state-dependent threshold based on the level of pent-up demand, which determines

whether upgrading is optimal in the current period. We prove that this threshold is

monotonically nonincreasing in the lag in technology between the incumbent product

and the leading-edge. Thus, we can construct a threshold policy in terms of the

technology lag similar to the policies described in the literature ([9]; [36]; [43]; [15]).
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We extend the baseline model to examine how the upgrade decision is affected by the

risk of launching a failed product. Product failures result in a portion of customers,

comprised of pent-up demand and new arrivals, who do not buy the product due to

the product’s suboptimal performance. We demonstrate that the optimal upgrade

strategy maintains a threshold policy on pent-up demand, but a threshold policy

based on the lag in technology is not guaranteed to be optimal. For markets where

branding is an important determinant of consumer purchasing behavior, this suggests

that an upgrade policy constructed on critical values of pent-up demand is a more

robust approach to managing product upgrades compared to a policy based solely on

the gap in technology.

Extensive numerical experiments demonstrate how this model performs under a

variety of industry and firm-specific conditions related to the pace of technology,

market growth, and cost of upgrades. The results highlight that brand commitment

offers substantial profit improvements in industries characterized by either a fast pace

of technology, high upgrade costs, or low incremental market growth. We also use the

model to assess how an investment to increase brand commitment by a fixed amount

will impact a firm’s profit. Unexpectedly, when a firm can make a set investment

to raise their level of brand commitment by a fixed amount, these investments are

most valuable if the degree of brand commitment is already high. We show that the

risk of failed product launches has a greater impact on the expected profit of firms

with higher levels of brand commitment. For such firms, the risk of failures increases

the frequency of upgrades, since the firm has to balance the advantages of pent-up

demand with the potential sales loss due to failed products.

The remainder of this paper is organized as follows. §2 provides an overview of



2.2. RELATED LITERATURE 10

how our research contributes to the relevant literature. §3 describes the modeling

assumptions and develops the firm’s decision model. §4 discusses the optimality

of the threshold policies based on pent-up demand and technology. §5 provides a

detailed analysis of how the model performs under various industry and firm-specific

conditions, highlighting managerial insights into the product upgrade problem. §6

extends the model to account for the possibility of a failed product launch. Finally,

§7 provides a discussion on the main findings of the paper and directions for future

research. All mathematical proofs can be found in Online Appendix A.1.

2.2. Related Literature

There is a vast body of literature on defining and measuring the relationship between

branding and customer purchasing intentions. A common perception in technology

industries is that the purchase decisions of customers are more influenced by the rela-

tive value proposition of competing products rather than factors related to branding.

However, research shows that brand preference has a very powerful and enduring

influence on consumers both prior to and after they purchase a technology product.

Prior to the purchase, consumers place a higher premium on positive information

about the product of their preferred brand while minimizing the importance of neg-

ative information ([53]). Likewise, after the purchase, consumers are much more

likely to be satisfied with their choice and less likely to suffer buyer’s remorse if they

purchased a product from their preferred brand ([17]).

Brand preference is reinforced by factors related to brand identity, network ef-

fects, or switching costs that deepen consumer commitment to purchasing products

from their preferred brand ([67]). With respect to consumer electronics, empirical
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studies and consumer surveys show that brand identification and switching costs be-

come increasingly important determinants of purchase intent as a product category

matures ([32]). Cross-cultural studies have shown that this is particularly true in the

case of smartphones even when competing brands release new models with novel or

significantly enhanced technology ([39]).

The literature on brand commitment’s role in moderating purchase intent given

a product failure is fairly divided. [4] shows that consumers with brand commitment

have a bias which cause them to downplay negative product reviews. Whereas the

experiments conducted by [56] show that a product failure will have greater impact

on the probability of purchase for firms with high brand commitment. In particular,

high brand commitment leads consumer to develop stronger attitudinal ties to the

firm and to have greater expectations. We add to the literature by considering the role

of commitment leading to pent-up demand within the context of product upgrades.

To date there are no models on the timing of product upgrades that consider

factors related to branding or the aggregation of pent-up demand in the decision

process. Most models focus on a firm’s trade-off between performance and time to

market. This trade-off was first explored by [19] for a fixed sales window based on

market size potential, competitive offerings, and the pace of product improvements.

[50] extend this research for a firm that introduces multiple generations of a product

over a finite selling horizon in order to maintain or improve market share. [59] con-

sider the problem in terms of an industry’s clockspeed based on a firm’s input costs

related to product development, production, and inventory. In the aforementioned

models, the advancement of technology is deterministic and market demand is inde-

pendent of the level of technology. Thus, these models are not necessarily applicable



2.2. RELATED LITERATURE 12

to the upgrade problem for firms in industries where market potential increases due

to stochastic improvements in technology driven by component suppliers.

[9], [36], [43], [15], and [45] all study the timing of upgrades with exogenous

stochastic technology improvements. [9] study the timing of technology adoption over

an infinite time horizon. Given a fixed cost of technology adoption, they demonstrate

that a firm should adopt the state of the art technology once the lag in technology

exceeds a threshold value. [15] extend [9] to investigate the adoption of two com-

plementary technologies over time. Their model analyzes the interaction between

co-dependent technologies, and focuses on situations where an increase in the lag of

one technology leads to an upgrade in the dependent technology. In both models,

profit is a linear function of the technology levels, implying that profit is strictly

improving in a firm’s incumbent technology level. These models are most applica-

ble to manufacturing firms that adopt new technology in order to reduce the cost of

production, rather than industries where the performance of products increases with

technology.

Our formulation and assumptions are closely related to [36] and [43]. Similar

to [36], the firm’s optimization problem is structured as a Markov decision problem

where the firm makes a binary decision between launching and delaying the next

generation product release. Although the research by [36] has the added benefit of

incorporating demand diffusion, their model is only applicable to a monopolistic envi-

ronment where technology always increases the firm’s potential market. Thus, delays

in product upgrade result in discounted rather than lost sales. [43] consider a decision

model from the perspective of a follower firm in a duopoly. The follower firm makes

their upgrade decision in response to a market leader, given the assumption that the
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follower firm’s demand rate depends on the performance gap between their own and

the market leader’s technology levels. The presence of the market leader is compa-

rable to the outside option embedded in our model with respect to the impact of a

lag in technology on demand. However, similar to [19], [50], and[59] market demand

in Liu and Ozer (2009) is independent of technology improvements and technology

improvements only cause erosion in the firm’s market share. Thus, beyond the inclu-

sion of branding and product failure, our formulation of the problem differs from [36]

and [43] because technological advancement can result in both incremental market

growth as well as attrition in the firm’s market potential.

[45] analyze the decision of whether to pre-announce launch dates for the next

generation product, or simply release upgrades on the go, in the presence of strate-

gic customers. The results show that when facing strategic customers, firms should

alternate between minor and major product upgrades. Furthermore, the firm should

announce that there will be a long duration between the minor and major upgrade.

The intuition behind the strategy is that the entire market will purchase after a ma-

jor release. However, the firm must guarantee that there will be a sufficient duration

between upgrades in order to incentivize the market to purchase the product with

minor improvements. The stochastic advancement of technology encourages the en-

tire market to re-purchase the product, but does not bring new consumers to the

market. Thus, the model is most applicable to industries where the entire consumer

base would consider purchasing the first generation product. Indeed, [45] show that

if technology improvement is slow and prices are high, the firm will release a single

generation and exit the market after the entire consumer base purchases the product.

As mentioned, an important contribution of this research is to explore how the



2.3. MODEL DESCRIPTION 14

risk of a failed product launch impacts product upgrades. Although firms purchase

most of their new technology from component suppliers, they are often faced with

significant design, production and supply chain challenges related to the integration,

manufacturing and distribution of a new product ([69]; [51]). This problem is par-

ticularly prevalent in consumer technology industries where the launch of each new

product is extensively scrutinized by a plethora of online technical and consumer ori-

ented review sites in terms of performance metrics and product flaws. To date, other

than documenting the scope of the problem, no research has analyzed how the risk of

a failed product launch impacts the frequency and profitability of product upgrades.

2.3. Model Description

Consider a firm selling a single product comprised of component-based technology in

discrete periods over a finite planning horizon. The component technology is supplied

by third party vendors and advances stochastically over time, increasing the market

potential for the firm. The firm sells the product at a fixed profit margin, in an

environment which is sufficiently competitive such that there is always at least one

competing product released with leading-edge component technology. At the start

of each period, the firm decides whether to continue selling the incumbent product

or to release the next generation product equipped with the leading-edge component

technology. To focus the model on the timing of upgrades and avoid issues related to

product rollover strategies, we make the common assumption that the firm upgrades

the product to include leading-edge componentry and withdraws the old product from

the market ([36]; [15]; [45]). To optimally time the upgrade decision, the firm must

consider how the aggregation of pent-up demand due to brand commitment mediates
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the relationship between sales, the costs of the upgrade, and the potential attrition

in the firm’s customer base.

At a given technology level, a segment of the overall market has a preference for

the firm based on factors related to branding such as marketing, reputation for qual-

ity, and complementary product network effects. This segment is commonly known as

the firm’s serviceable market. In each period, consumers from the firm’s serviceable

market look to purchase the firm’s product with a baseline level of component tech-

nology. If the firm’s product lags the leading-edge in a given period, then not all of

the consumer arrivals will result in sales. Consumers who do not buy a product may

delay their purchase to the next period rather than leave the market. If the firm has

a high degree of brand commitment, these consumers are more likely to delay their

purchase decision to the next period. Consequently, firms with brand commitment

can build pent-up demand for a future product, while continuing to sell a product

based on older technology. However, the firm can also experience erosion in the aggre-

gation of pent-up demand, as a portion of the customers who have been waiting may

exhaust their patience and leave the firm’s market. Similar to the no purchase option

in [41], consumers leaving the firm’s serviceable market is interpreted as consumers

purchasing a product with more advanced technology from a competitor.

2.3.1 Modeling Assumptions

At the start of period t, the level of pent-up demand is dt, the firm’s remaining

serviceable market size is nt, and the firm’s product has a technological lag of zt

relative to the capabilities of the leading-edge. These parameters form the state

components observed by the firm and are restricted to the set of nonnegative numbers.
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In each period the portion of the remaining serviceable market nt that arrives looking

to purchase a product is a(nt). The number of arrivals who purchase the product in

period t is dependent upon the firm’s incumbent level of technology relative to the

leading-edge. Given a technological lag zt, the proportion of arrivals that purchase

a product in period t is ρ(zt). We make the following assumptions on the consumer

arrivals and sales process.

Assumption 1 (Arrivals and Sales). For market size nt and technology lag zt, the

total number of sales in period t is a(nt)ρ(zt). The proportion of total arrivals a(nt)

is nondecreasing in the market size nt with da(nt)
dnt
≤ 1 and a(0) = 0. The proportion

of arrivals that purchase, ρ(zt), is nonnegative, nonincreasing in technology lag zt,

and if there is no lag in technology, ρ(0) = 1.

Assumption 1 states that if the market size increases, then an additional consumer

in the market at period t will not result in more than one additional consumer entering

the market in period t. In a period where the firm’s product contains the leading-

edge technology (i.e., zt = 0), all consumers that enter the market purchase the firm’s

product. If zt > 0, then a(nt)ρ̄(zt) consumers, where ρ̄(zt) = 1−ρ(zt), look to purchase

from the firm in period t, but do not buy. A portion of the consumers who do not

purchase the product may delay leaving the market in favor of a competing product

to see if the firm releases a product upgrade in the next period. The proportion of

consumers who delay their purchasing decision depends on the degree of the firm’s

brand commitment, which is represented by the parameter θ ∈ [0, 1]. If the firm

has perfect brand commitment, then θ = 1 and consumers who did not purchase the

incumbent product wait for the upgrade rather than leave the market. If the firm

has no brand commitment, then θ = 0, and consumers never postpone their purchase
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decisions in hopes for an upgraded product in the future. If θ ∈ (0, 1), then the

consumers have a certain willingness to wait for the firm to upgrade to leading-edge

technology. If consumers delay their purchasing decisions, they will only buy the

product from the firm once the firm provides an upgrade.

Assumption 2 (Pent-Up Demand). If in period t the firm does not release a product

upgrade with technology lag zt, servicable market nt, and dt consumers who delayed

their purchase in period t−1, then the number of consumers who delay their purchas-

ing decisions in period t is θ(dt + a(nt)ρ̄(zt)). If the firm upgrades in period t, then

dt consumers purchase the new product in period t and there is no pent-up demand

at the end of the period, since a(nt)ρ̄(zt) = 0.

Finally, once the firm realizes their sales and future pent-up demand, component

vendors announce the technological progress made over the course of the period. The

advancement of component technology is represented by the random variable ξ, where

the advancement of technology increases the serviceable market of the firm.

Assumption 3 (Technological Progress). The advancements of technology over time

are statistically independent and identically distributed as a nonnegative integer ran-

dom variable ξ with a finite expectation, i.e. E[ξ] <∞. An advancement of technol-

ogy ξ results in an incremental market growth of g(ξ), where g(ξ) is nonnegative and

nondecreasing in ξ.

2.3.2 Firm’s Optimal Control Problem

The decision of whether or not to release the next generation product is represented

by the binary decision variable xt. If xt = 1, then the firm continues to sell the

incumbent product. If xt = 0, then the firm launches the next generation product,
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pays fixed launch cost K, which incorporates various activities related to switching

to a new product, such as withdrawing older generation products from the market,

distributing and restocking the new product, marketing and rebranding, as well as

costs related to sales, support and administration.

From the description of the modeling framework and the assumptions, the state

dynamics proceed as follows. If the firm invests in an upgrade, then there will be no

pent-up demand in the following period, since the pent-up demand dt and new arrivals

a(nt) all purchase the product. By Assumption 2, if the firm does not upgrade, pent-

up demand will be θ(dt + a(nt)ρ̄(zt)). If the firm has a technology lag of zt at the

start of period t and ξ is the stochastic increase in technological capability at the end

of period t, then the firm’s technology level at the start of period t + 1 is ξ if the

firm releases the next generation product in period t and zt + ξ otherwise. The firm’s

serviceable market at the start of period t+1 is nt−a(nt)+g(ξ). Given that the firm

earns profit π for each sale and future sales are discounted by δ ∈ [0, 1), the firm’s

optimization problem in period t is

Vt(dt, nt, zt) = max
xt∈{0,1}

{
πa(nt)ρ(zt) +

(
1− xt

)(
π
(
dt + a(nt)ρ̄(zt)

)
−K

)
+ δE

[
Vt+1(xtθ(dt + a(nt)ρ̄(zt)), nt − a(nt) + g(ξ), xtzt + ξ)

]}
,

(2.3.1)

where without loss of generality VT+1(dT+1, nT+1, zT+1) = 0, for all dT+1, nT+1 ∈ R+

and zT+1 ∈ Z+.
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2.4. Pent-Up Demand and the Optimal Upgrade Policy

Although the optimal upgrade policy is often characterized in terms of the firm’s

technology level relative to the frontier, we develop an alternative threshold policy

based on pent-up demand. The policy states that it is optimal to introduce the next

generation product once the firm has built up a sufficient level of delayed demand

among their committed consumers. Before characterizing the optimal policy, we

remark on the monotonicity properties of the state dynamics and the profit-to-go

with respect to pent-up demand.

Lemma 1. For two system states that evolve under the same sequence of technological

advancements, if n1
t0
≤ n2

t0
then n1

t ≤ n2
t for all t ∈ {t0, . . . , T}. If the two system

states also have the same upgrade decisions, then

• for system states (d1
t0
, n1

t0
, zt0) and (d2

t0
, n2

t0
, zt0), if d1

t0
≤ d2

t0
and n1

t0
≤ n2

t0
, then

d1
t ≤ d2

t for all t ∈ {t0, . . . , T}, and

• for system states (dt0 , nt0 , z
1
t0

) and (dt0 , nt0 , z
2
t0

), if z1
t0
≤ z2

t0
, then z1

t ≤ z2
t for all

t ∈ {t0, . . . , T}.

The monotonicity property of the state dynamics implies that under the same

realization of technology, if two firms have the same product introduction timing,

then the firm with greater pent-up demand or better technology will maintain their

advantage until both firms upgrade their products, whereas the firm with greater

market potential will maintain the advantage until time T . In addition, the lemma

establishes that the advantage resulting from greater pent-up demand and market

potential is nonincreasing with time.
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Proposition 1. The profit-to-go Vt(dt, nt, zt) is increasing in the state component dt

and nt and is nonincreasing in state component zt.

To develop the intuition of the monotonicity of the profit-to-go function with

respect to pent-up demand, we define market loss as the number of consumers who

leave the market without purchasing from the firm. All else equal, if two firms with

different levels of pent-up demand experience the same consumer arrival pattern, the

proportions of new arrivals that result in sales and market loss will be the same

for both firms. This implies that the firms will proceed to build up or lose the

same amount of pent-up demand from consumer arrivals over the remaining planning

horizon. The monotonicity with respect to pent-up demands holds because the size of

the firm’s pent-up demand does not impact the future behavior of arrivals. Therefore,

greater pent-up demand simply implies that the firm has more opportunities for sales,

which increases the profit-to-go.

Proposition 2. If for fixed nt, and zt there are two systems with pent-up demands d1
t

and d2
t respectively, where d1

t ≤ d2
t , then Vt(d

2
t , nt, zt) ≤ Vt(d

1
t , nt, zt) + π(d2

t − d1
t ).

Proposition 2 utilizes the results from Lemma 1 to bound the difference in the

profit-to-go. The tightness of the bound depends on the upgrade strategy of the firm.

Given that for both firms the loss of consumers in the serviceable market is the same,

the firm with the demand advantage (either from a greater market size or more pent-

up demand) will not be able to accumulate more demand going forward. Thus, the

longer the firm with the demand advantage waits to upgrade the product, the greater

their potential to lose consumers to competitors. If the firms never upgrade, then the

pent-up demand advantage is never utilized, and both firms achieve equal profits.

We now demonstrate that pent-up demand can be utilized to determine whether
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it is optimal to upgrade the product at time t. The policy states that for each pair

(nt, zt), there exists a threshold level of pent-up demand D∗t (nt, zt), which dictates

the firm’s upgrade decision. It is optimal for the firm to introduce (delay) the next

generation product if and only if the pent-up demand is above (below) the value

D∗t (nt, zt).

Proposition 3. There exists a threshold D∗t (nt, zt) such that it is optimal to upgrade

the product if and only if the pent-up demand d ≥ D∗t (nt, zt).

The threshold policy provided by Proposition 3 defines a set of switching curves

based on pent-up demand over the state space {nt, zt}. Since the optimal policy is

to upgrade when d ≥ D∗t (nt, zt), if the level of pent-up demand is exactly at or above

the plotted value, then it is optimal for the firm to invest in an upgrade. The next

proposition demonstrates monotonicity of the threshold policy in zt.

Proposition 4. For a fixed value of nt, the optimal threshold value D∗t (nt, zt) is non-

increasing in the technology lag zt.

Proposition 4 demonstrates that the threshold value D∗t (nt, zt) is nonincreasing

in technology lag zt. This implies that as the technology lag grows, there is greater

pressure on the firm to upgrade their product, and that at smaller technology lags,

firms require a large amount of aggregate delayed demand to warrant an upgrade.

The monotonic behavior of the threshold policy implies that the optimal policy can

alternatively be expressed as thresholds in the lag of technology Z∗t (dt, nt) .

Corollary 1. An equivalent threshold policy can be constructed using Z∗t (dt, nt) where

it is optimal to upgrade the product if and only if the technology lag z ≥ Z∗t (dt, nt).
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2.5. Experiments for Baseline Model

In this section, we present the results from our numerical experiments. For consis-

tency with the literature, the experiments utilize the same functional form for the

market growth and technological advancement as [36]. The advancement of compo-

nent technology in each period is binary, improving by 1 unit with probability λ and

remaining the same with probability 1−λ. Therefore, λ ∈ [0, 1] represents the pace of

technological advancement. The firm’s potential market size grows linearly with the

advancement of technology. Given an existing market size of nt, the market size in the

following period is nt+1 = nt+ηξ. The parameter η represents the incremental growth

in the firm’s serviceable market due to an increase in technology. The market arrival

process for a serviceable market size of nt is a(nt) = αnt and the erosion in sales due

to a technology lag is ρ(zt) = e−γzt , where α ∈ [0, 1] and γ ≥ 0. The parameter α

captures the speed at which consumers from the serviceable market look to purchase

a product, while the parameter γ is consumer sensitivity to a lag in technology.

Since the level of pent-up demand and the market potential is continuous, inter-

polation is used to discretize the values for the future state dynamics. Define the

Df (dt, nt, zt) and N f (nt) as the floor function of pent-up demand D(dt, nt, zt)) =

Table 2.1: Baseline Parameters

α γ λ δ η π K N0 T
0.4 0.4 0.8 0.9 5 1 2.5 20 50
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θ
(
dt + a(nt)s̄(zt)

)
and market potential N(nt) = nt − a(nt) + g(ξ), and define

Dc(dt, nt, zt) =


dD(dt, nt, zt)e D(dt, nt, zt) > Df (dt, nt, zt)

dD(dt, nt, zt)e+ 1 D(dt, nt, zt) = Df (dt, nt, zt), and

N c(nt) =


dN(nt)e N(nt) > N f (nt)

dN(nt)e+ 1 N(nt) = N f (nt).

For non-integer values of D and N , if the probabilities of being in the states Di

and N j for i, j ∈ {f, c} are given respectively by qfD(dt, nt, zt) = Dc(dt, nt, zt) −

D(dt, nt, zt), q
c
D(dt, nt, zt) = D(dt, nt, zt) − Df (dt, nt, zt), q

f
N(nt) = N c(nt) − N(nt),

qcN(nt) = N(nt)−N f (nt), then the approximate dynamic program of (2.3.1) is

Vt(dt, nt, zt) = max

(
It(dt, nt, zt),Wt(dt, nt, zt)

)
,

It(dt, nt, zt) = π
(
d+ a(nt)

)
−K + δ

∑
ξ∈{0,1}

p(ξ)
∑

j∈{c,f}

qjN(m, zr, zr)Vt+1(0, N j(nt), ξ), and

Wt(dt, nt, zt) = πa(nt)s(zt)

+ δ
∑

ξ∈{0,1}

p(ξ)
∑

i,j∈{c,f}

qiD(dt, nt, zt)q
j
N(nt)Vt+1(Di(dt, nt, zt), N

j(nt), zt + ξ).

To explore the impact of the various parameters in the models, we solve the

approximate dynamic program over a planning horizon of 50 periods. The exper-

iments considered the parameter set α ∈ {0.2, 0.3, . . . , 0.6}, γ ∈ {0.2, 0.3, . . . , 0.6},

η ∈ {3, 4, 5, 6, 7}, K ∈ {2, 3, 4, 5}, and θ ∈ {0, 0.1, . . . , 1}, with the remaining baseline

parameter values given by Table 2.1. For each problem instance, 1000 simulations

were generated in order to track the average number of upgrades over the planning
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Figure 2.1: Comparative statistics for various degrees of brand commitment and pace
of technological improvement.

(a) Upgrade Frequency (b) Expected Profit

horizon. Each simulation started in the state (0, N0, 0) and was executed using the

SHARCNET serial throughput cluster Kraken. Intuitively the experiments demon-

strated that greater brand commitment leads to less upgrades, greater sales from

pent-up demand, and thus greater profit. To understand the market conditions where

brand commitment has the greatest influence, we provide a sensitivity analysis on the

model’s parameters.

Impact of the Pace of Technology. Figure 2.1 (a) displays a breakdown

of the average number of upgrades over the planning horizon with respect to λ ∈

{0.1, 0.3, . . . , 0.9} and brand commitment averaged across the market scenario val-

ues. The figure shows that the average number of upgrades is correlated with the

advancement of technology at each level of brand commitment. As the speed of

technology increases, firms upgrade more frequently to prevent erosion in sales and

capture incremental market growth associated with the advancement of technology.

Since the difference in the vertical bars between various degrees of brand commit-

ment increases with λ, this implies that at higher brand commitment, the frequency

of upgrades over the planning horizon is less influenced by the pace of technology. As
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Figure 2.2: Comparative statistics for various degrees of brand commitment and pace
of technological improvement at high launch cost and low incremental
market growth.

(a) Upgrade Frequency (b) Expected Profit

expected, Figure 2.1 (b) shows that less frequent upgrades due to the pace of technol-

ogy is correlated with increasing levels of profit. The figure also demonstrates that

firms are typically more profitable when technology improvements are faster, even in

the absence of brand commitment.

Although figure 2.1 shows that firms with greater brand commitment upgrade less

over the planning horizon than firms with lower brand commitment, and that profits

improve with faster paces of technology, these results do not necessarily hold in all

test instances. Figure 2.2 shows that firms with low brand commitment may upgrade

less frequently than firms with high brand commitment and may experience a decline

in profit due to a faster pace of technology when market growth is low (η = 3) and

upgrade costs are high (k = 4). These results demonstrate that market growth and

launch cost have a significant influence over both upgrade frequency and profitability.

Since brand commitment has a greater influence at faster paces of technology, the

pace of technology for the analysis of market growth and launch cost is restricted to

the set λ ∈ {0.6, 0.7, . . . , 1}.
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Figure 2.3: Comparative statistics for various degrees of brand commitment and in-
cremental market growth.

(a) Upgrade Frequency (b) Expected Profit

Impact of Incremental Market Growth. A greater level of incremental mar-

ket growth η over the planning horizon increases the market potential due to the

advancement of technology but also creates the potential for lost sales if a firm con-

tinues to sell an incumbent product with older technology. As can be seen in Figure 2.3

(a), as η rises, the frequency of upgrades for firms with lower brand commitment in-

creases at a faster rate than for those with higher brand commitment. If a firm has

sufficiently high levels of brand commitment, in the absence of an upgrade, it can

maintain their market potential by aggregating pent-up demand. On the other hand,

firms with low to moderate brand commitment must rely on more frequent upgrades

to achieve these objectives. A higher market growth factor will increase profits for all

firms irrespective of their level of brand commitment. Thus, we study the expected

profit ratio of a firm with brand commitment level θ relative to a firm with no brand

commitment. Figure 2.3 (b) shows that a slower market growth factor increases the

comparative profit ratio of firms with higher brand commitment relative to a firm

with no brand commitment. Indeed, although firms with no brand commitment have

to upgrade more frequently due to sales erosion, they only capture modest gains in
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Figure 2.4: Comparative statistics for various degrees of brand commitment and
launch costs.

(a) Upgrade Frequency (b) Last Upgrade Relative
to Planning Horizon

incremental sales associated with the demand for the new technology. Therefore, in-

creases in η favor a frequent upgrade strategy, which is why the expected profit ratio

for firms with high brand commitment decreases.

As observed by [3], there are diminishing returns in the functionality of products

from incremental advancements in technology as the market matures. Thus, the in-

cremental market growth related to technology will tend to decrease as the market

reaches maturity. Based on the results in Figure 2.3 (b), we infer that brand com-

mitment becomes increasingly important to a firm’s profitability in a mature market,

since such markets are characterized by diminishing values of η.

Impact of Launch Cost. We explore how the cost of the product launch im-

pacts the frequency of upgrades as well as when a firm’s last upgrade occurs over the

planning horizon specified in the model. Figure 2.4 (a) shows the average number

of upgrades for different launch costs at various levels of brand commitment. As ex-

pected, the number of upgrades is inversely related to the costs of the product launch

for all firms. However, the variability in the frequency of upgrades between firms
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with different levels of brand commitment shrinks as the launch costs increase. This

finding may be misleading when considered in isolation because firms with low level of

brand commitment stop upgrading long before the end of the planning horizon. When

Figures 2.4 (a) and (b) are examined together, they show that as the variability in

upgrade frequency between firms with different levels of commitment contracts with

the increase in launch costs, the corresponding variability in when the last upgrade

occurs expands. These results indicate that as the launch cost increases, firms with

less brand commitment are unable to continue launching products, and are no longer

viable in the market. On the other hand, when faced with high launch costs, firms

with high brand commitment accumulate significant levels of pent-up demand, which

reduces their frequency of upgrade but at the same time enables them to remain

viable in the market throughout the planning horizon. This explains why the vari-

ability in profits between firms with different levels of brand commitment, displayed

in Figure 2.5, increases dramatically in relation to the launch cost. Taken together,

Figures 2.4 and 2.5 show that when the launch cost of upgrades is disproportionally

high relative to profits, only firms with high levels of brand commitment are able to

upgrade profitably throughout the lifecycle of the product in fast paced industries.

Figure 2.5 also suggest that a competitive advantage in the launch cost of one firm

over another can be offset by an increase in brand commitment. For example, a firm

with 80% brand commitment and a launch cost of 10 earns the same amount of profit

as a firm with 20% brand commitment and a launch cost of 5. These findings may

explain why the firms that are long-term survivors in markets for technology-intensive

products are not always the lowest-cost producers, but often include firms with well

established brands ([16]). They also raise the issue of whether firms can profit from



2.5. EXPERIMENTS FOR BASELINE MODEL 29

Figure 2.5: Profit plots for various degrees of brand commitment and launch costs.

(a) Expected Profit (b) Expected Profit Relative
to No Brand Commitment

Figure 2.6: Expected profit improvement from an investment in raising brand com-
mitment.

(a) 10% Increase in Brand Commitment (b) 15% Increase in Brand Commitment

investing in brand commitment at the expense of increasing their launch cost.

Investments in Brand Commitment. Firms are often faced with the decision

of whether to increase the level of brand commitment by improving the post-sales

customer experience through investments associated with developing or launching

the product. Such investments include improving the quality of product finishings,

making the product more user friendly, or enhancing the after sales customer support

infrastructure ([27]; [72]). Figure 2.6, plots the profit improvement from increasing the
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upgrade costs by a fixed amount to raise brand commitment by a fixed percentage.

For the purpose of this example, we consider the profit from a $1 investment to

raise brand commitment by 10% and 15% relative to the firm’s profit level without

investment for a spectrum of launch costs. Contrary to what a manager might expect,

Figure 2.6 shows that the outcome from these investments is a function of a firm’s

baseline level of brand commitment: only firms which already have high baseline

levels of brand commitment are likely to profit from such investments. For example,

at a 15% increase in brand commitment, the investment is almost never profitable for

a firm below 40% commitment. By comparison when commitment is 80%, firms will

accrue profits from the investment for most of the launch costs analyzed.

In the absence of the model, managers might expect that firms with low to mod-

erate brand commitment would benefit more from these investments than firms that

already have high levels of brand commitment. An explanation for this unexpected

finding is that in an industry where markets for incumbent products erode quickly

due to stochastic increases in technology, it takes high levels of pent-up demand to

decrease the frequency of upgrades in a meaningful way. Therefore, for firms with low

to moderate levels of brand commitment, minimizing the costs of the upgrade would

be a preferable strategy to one which incrementally increases brand commitment but

at higher costs. Conversely, for firms with high levels of brand commitment which

already benefit from a reduction in the frequency of upgrades, minimizing lost sales

due to market erosion over the longer sales window for an incumbent product would

be more beneficial, even if it adds to the cost of product launches.
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2.6. Product Failure and Investments in Brand Commitment

In industries for mass consumer technology products, failed product launches are a

frequent occurrence. This is particularly true in the current sales environment, where

product reviews from professional and social online media sites are disseminated to

consumers, often before products are launched ([14]). For technology products that

integrate multiple components from different vendors, a firm’s risk of a failed product

launch varies throughout the product’s lifecycle. The risk of a failure can escalate

with the size of the upgrade in terms of complexity and variation of the componentry

([63]; [49]). For example, a product upgrade that involves integrating many new chips

with smaller process nodes scales dramatically in terms of complexity.

The magnitude of a product failure influences the degree of lost sales associated

with the product launch. For example, a malfunctioning sensor in a multi-attribute

product may have a modest impact on sales, whereas a defective battery could result

in a much steeper loss of sales. Therefore, the firm’s upgrade strategy, which dictates

the potential market size for a product release, and the potential of a failure, which

can vary in magnitude, influence the firm’s expected profit from an upgrade. The

issue of how a firm’s upgrade strategy influences the profit loss from a failed product

launch has not been explored in the literature. In this section of the paper, we explore

this issue and determine how a possibility of a failed product impacts the threshold

policy of the upgrade decision.

To incorporate the degree of product failure, the state space of the model is

expanded to include the indicator ft which takes on an integer value in the set

{0, 1, . . . , F}. The probability that an arriving consumer considers purchasing from

the brand is denoted by p(ft). The probability p(ft) is decreasing in ft, where p(0) = 1
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and p(F ) ≥ 0. If the firm launches a product upgrade which obtains a failure level of

ft0 = j, then the sales in period t0 will be p(j)
(
dt0 + a(nt0)

)
. If the next upgrade is

at time τ , then the sales and pent-up demand in each period t ∈ {t0 + 1, . . . , τ} will

be p(j)a(nt)ρ(zt) and θ
(
d + p(j)a(nt)ρ̄(zt)

)
respectively. The likelihood and degree

of a product failure is stochastic and can be dependent on the lag in technology. An

“innovative” versus “incremental” product improvement has inherent risk in success-

fully launching the product. Although the upgrade is based on component technology,

firms have to integrate the component technology into the existing product architec-

ture. In addition, there is a potential for manufacturing issues or disruptions in the

supply chain which can lead to product failure. The probability of a product failure of

degree j is qj(zt), where
∑

j qj(zt) = 1 for all zt ∈ Z+. Thus, the firm’s optimization

problem is

Vt(dt, ft, nt, zt) = max{It(dt, ft, nt, zt),Wt(dt, ft, nt, zt)} (2.6.1)

It(dt, ft, nt, zt) =
F∑
j=0

qj(zt)

(
πp(j)

(
dt + a(nt)

)
−K

+ δE
[
Vt+1(0, j, nt − a(nt) + g(ξ), ξ)

])
(2.6.2)

Wt(dt, ft, nt, zt) = πp(ft)a(nt)ρ(zt)

+ δE
[
Vt+1(θ(dt + p(ft)a(nt)ρ̄(zt)), ft, nt − a(nt) + g(ξ), zt + ξ)

]
,

(2.6.3)

where without loss of generality VT+1(dT+1, fT+1, nT+1, zT+1) = 0, for all dT+1, nT+1 ∈

R+ and fT+1, zT+1 ∈ Z+.

The potential for releasing a failed product implies that the threshold results

(Proposition 3, Proposition 4, and Corollary 1) established for the baseline model
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Figure 2.7: State-dependent threshold policy with potential for a product failure

may not hold. The following result demonstrates that the upgrade policy can still be

characterized as a state-dependent threshold policy based on pent-up demand, where

it is optimal to upgrade if and only if d ≥ D(ft, nt, zt).

Proposition 5. The optimal policy (2.6.1)-(2.6.3) is to upgrade if and only if d ≥

D(ft, nt, zt).

An interesting property of the optimal policy given the potential for a product fail-

ure is that the optimal threshold value D(ft, nt, zt) is not guaranteed to be monotoni-

cally nonincreasing in zt. We demonstrate the failure of a technology based threshold

policy by constructing a simple example.

Example 1. Consider the parameters and functional forms F = 1, K = 0.75, π = 1,

p(1) = 0.1, q0(zt) = 2/(2 + zt), ρ(zt) = 1/(1 + zt), and a(nt) = nt. The parameters

imply that a product is either a hit (a failure of degree 0) or a miss (a failure of degree

1). The probability of a failure of degree 1 is 1−q0(zt) and the probability of purchase

given a miss is p(1). Consider a firm in the last stage of the planning horizon, where

the incumbent product was a hit, i.e. t = T and fT = 0. Figure ??, which plots the

state dependent threshold policy D∗T (0, nT , zT ) for various levels of nT and zT , clearly
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demonstrates that the threshold values are not monotonically nonincreasing in zT .

Since the pent-up demand threshold value is not monotonically nonincreasing in

zt, a single technology lag threshold upgrade policy may not exist. The presence

of multiple technology threshold values reveals that the structure of the profit-to-go

function is more complex in the presence of product failures. For high regions of

technology lag, a firm may want to continue accumulating pent-up demand instead of

releasing an upgrade. Although the lag in technology continues to grow, the firm may

be able to increase the level of pent-up demand, making an upgrade profitable once

again. This can provide incentive for firms to further delay product upgrades, raising

the optimal pent-up demand threshold values. On the other hand, if there is a sub-

stantial risk associated with long durations between upgrades, then product failures

may force firms to release their upgrades more frequently. Therefore, we extend the

experiments from section 2.5 to investigate the influence of product failures in com-

bination with brand commitment on the frequency and profitability of upgrades. We

set F = 1 so that the firm either releases a product which is a hit or the firm releases

a product which is a failure from the perspective of the consumer. The probability

of purchase for a failed product is p(1) = β̄, where β̄ ∈ [0, 1]. The functional form

for the probability that a product is a failure is taken as q1(zt) = 1 − e−φzt . Given

that brand commitment has a greater impact at faster technology speeds, at higher

costs, and faster sales erosion we shifted some baseline parameters to the values in

Table 2.2.

Table 2.2: Experiments with Failure Parameters

α γ λ δ η π K N0 T
0.4 0.6 0.9 0.9 6 1 6 20 50
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Figure 2.8: Upgrade frequency and profit loss across brand commitment and proba-
bility of purchase given a failure.

(a) Upgrade Frequency (b) Expected Profit Loss Ratio

Figure 2.8 (a) displays the upgrade frequency due to the risk of releasing a failed

product for different levels of brand commitment. Note that β = 1 is equivalent to

the baseline model where there is no risk of failure. Several important observations

are discernible from Figure 2.8 (a). Firms are forced to upgrade more frequently as

the probability of purchase given a failure decreases (lower β). Furthermore, this

effect becomes more pronounced as the level of brand commitment increases. As

the magnitude of product failures escalates, the changes in frequency is marginal at

low degrees of brand commitment, whereas, at high levels of brand commitment, fre-

quency increases substantially. The reasons for this are two fold. First, firms increase

the risk of having a failed product by delaying the upgrade. Second, firms that delay

an upgrade to aggregate pent-up demand are at risk of suffering disproportionately

from lost sales. Thus, the optimal upgrade policy for firms with high brand commit-

ment balances the benefits of pent-up demand with the losses due to product failures.

Figure 2.8(b) shows the profit loss ratio, which is the expected profit at β as a per-

centage of the expected profit with no risk of failure, across different values of brand

commitment and probability of purchase. Since firms with high brand commitment
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Figure 2.9: Expected profit relative to no brand commitment at different launch costs
and probability of purchase.

(a) β = 0.9 (b) β = 0.1

have to upgrade more frequently compared to the baseline model, as β increases, the

losses due to product failures increase substantially for firms with higher levels of

brand commitment.

Figure 2.9 examines the relative benefit of brand commitment defined as the ratio

of the expected profit for θ ∈ {0.5, 0.6, 0.7, 0.8, 0.9} to the expected profit of a firm

with no brand commitment at high (β = 0.9) and low (β = 0.1) probabilities of

purchase. These graphs show that the relative benefits of brand commitment with

respect to increasing the launch cost become less pronounced as the magnitude of

the impact of a product failure increases, i.e. as β decreases. At the same time, the

peak values of the relative profit ratios shifts in the direction towards lower costs.

Although at high costs, firms with high brand commitment still enjoy a profit advan-

tage over firms with no commitment, this does not hold for firms with low-moderate

commitment levels. This is evident from the example of K = 14 and β = 0.1, where

firms with commitment levels between 0.5 and 0.7 earn marginal profit improvements

over firms without any brand commitment. In industries where a product failure

leads to a large proportion of consumers to exit the firm’s market, investments in
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brand commitment are less valuable. This is an important insight given that brand

commitment could be seen as a tool to buffer the potential loss of consumers due to

a failed product.

The profit loss associated with an upgrade strategy based on aggregating pent-up

demand is highly sensitive to the probability of purchase. Since brands with higher

levels of commitment have higher expectations from their consumers, a lower proba-

bility of purchase due to a product failure is likely to be greater for firms with high

commitment ([56]). In addition, these findings represent a best case scenario for losses

due to a product failure, since the model assumes that the firm is able to relaunch a

successful upgrade in the following period. Furthermore, the model assumes that a

product failure does not result in the firm losing commitment from future consumers.

In reality, a failed product launch has a negative impact on a company’s reputation

and will hurt the firm’s level of brand commitment going forward. Thus, the results

underestimates the expected profit loss for firms with high brand commitment.

In terms of the smartphone industry, Blackberry is a compelling example of the

risk that a firm with high brand commitment faces by having a failed product launch

in the presence of significant pent-up demand. By comparison, LG, which releases

multiple smartphone models throughout the year and does not count on a committed

customer base, experienced a number of disappointing product launches in 2012.

This only impacted their sales for that calendar year and had little effect on their

sales for product launches in successive years. To date Apple has managed to avoid

disappointing product launches with the iPhone, although the viral spread of the

Bendgate rumor associated with the launch of the iPhone 6+ is a potent reminder of

how quickly news on a product flaw can spread through social media sites. Fortunately
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for Apple, they were able to effectively counter the rumor through social media and

third party reviews which demonstrated that the iPhone 6+ did not bend from regular

use.

2.7. Conclusion and Future Research

The primary contribution of this research is to analyze the impact of brand commit-

ment and product failure on the timing and profitability of product upgrades. We

demonstrate that a firm’s optimal upgrade policy is based on a threshold value of

pent-up demand, which is monotonically nonincreasing in relation to the lag in tech-

nology. We conduct extensive experiments to show how the model performs under

various firm and industry related conditions. The results lead to important man-

agerial insights regarding the impact of pace of technology, market growth, launch

costs and investments in brand commitment on the timing of upgrades and a firm’s

profits. We extend the baseline model to examine how the possibility of a failed

product launch impacts the results based on a firm’s level of brand commitment. The

potential of a failure changes the structure of the optimal policy, and shows that a

threshold policy based on pent-up demand is more robust than a policy based on a

critical value in the lag in technology. We show that incorporating the risk of a failed

product launch drastically alters the upgrade strategy and profits for firms with high

brand commitment.

There are several avenues for future research related to our formulation of the

upgrade problem in terms of brand commitment and of pent-up demand. The ag-

gregation of pent-up demand has important implications for inventory procurement
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in terms of volume discounts and predictability of customer arrivals. Factoring im-

proved economies of scale into the decision process may provide further insights into

the benefits of accumulating pent-up demand prior to a product launch. These effects

may help to explain why those firms which build-up high levels of pent-up demand

for a product launch often enjoy much higher margins than the firms that upgrade

more frequently.

Another avenue of research is to explore how the emergence of secondary mar-

kets impacts the upgrade decision for firms with high brand commitment. Recently,

there has been a great deal of interest in the role that secondary markets play in

incentivizing previous customers to purchase upgrades by enabling them to monetize

the residual value of their previous purchases. Firms with high brand commitment

are likely to be the main beneficiaries of this trend since their customers are more

likely to repurchase their products. Although brand commitment lengthens the du-

ration between upgrades, firms with higher rates of brand commitment may have

more incentive to accelerate their product cycles to maximize repurchases from their

customer base. Therefore, to the extent that this trend becomes more prevalent, it

may impact the dynamics of the timing of product upgrades.

Finally, this work could benefit from more precise data on how quickly firms in

fast paced technology industries can recover from a failed product launch and how

it impacts brand commitment on a go forward basis. While there are some general

assumptions and theoretical models about how a failed product launch impacts brand

commitment and vice versa, there is little in the way of empirical research that in-

vestigates the issue systematically. The importance of this issue will only grow as

the pace of technology and product complexity continues to accelerate in consumer
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electronics and other related industries.
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Chapter 3

Scalable Dynamic Bid Prices for Network Revenue

Management in Continuous Time

3.1. Introduction

Stochastic network capacity control problems are characterized by customers arriving

at random instances in time requesting products, which require different combinations

of perishable resources. The most common application of network capacity control

problems in revenue management (RM) is the control of reservations for airline tickets.

In the airline RM problem, the single-leg flights correspond to the perishable resources

and the available origin-destination (OD) itineraries comprise the set of products.

Airlines can maximize their revenue by determining whether or not to accept an

itinerary request. Given sufficient resources, the optimal policy for an airline is to

accept a booking request for an itinerary if its fare is greater than the opportunity

cost of required resources. The opportunity cost of each flight depends on the number

of available seats in the network and the remaining time in each flight’s booking

horizon. Although the optimal controls can theoretically be found using the Bellman

equation, even for a modest sized airline network the problem suffers from the curse
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of dimensionality.

The intractability of the airline RM problem has lead to an extensive literature

proposing various heuristics and approximate solutions. One fundamental approach

is to derive bid prices, which approximate the value of each resource, using a deter-

ministic linear program (LP). The resulting control policy is to sell the itinerary if

its fare is greater than the sum of the bid prices of seats on flights in the requested

itinerary. The shortcoming of the bid price policy based on the LP is that the bid

prices are static over the booking horizon. Thus, the bid prices do not adjust as the

system evolves until the LP is re-optimized using the updated capacity levels.

[1] proposed an alternative bid price approach, the dynamic linear program (DLP),

by modeling the revenue function with an affine approximation in order to obtain

time-dependent bid prices. [1] derived the DLP directly from the Bellman’s equa-

tion, developed appropriate bounds on the performance of the method, demonstrated

structural properties, and proposed a solution approach based on column genera-

tion. However, approximating the revenue function and generating time-dependent

bid prices remains difficult for large networks due to the number of variables and

constraints in the DLP problem. Network models that generate dynamic (time or

capacity dependent) bid prices have become an active area of RM research, since

[1]’s seminal paper. Research on dynamic bid prices extends existing formulations

to incorporate other aspects of RM or provides novel computational approaches to

improve performance.

[65] decomposed itinerary request decision by flight leg using Lagrangian relax-

ation to create capacity-dependent bid prices. [38] subsequently extended this model
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by also incorporating time-dependence into the inventory-sensitive bid prices. Ex-

tensions of existing models include [73], who integrated [44]’s customer choice based

linear program into [1]’s initial model and [37], who incorporated customer choice

behavior into their Lagrangian relaxation time-sensitive bid prices model. [48] formu-

lated an inventory-sensitive bid price model with customer choice and demonstrated

that their model encapsulates the choice based linear programs by [73], [37], and [44].

Since we focus strictly on time-dependent bid prices, the phrases ‘dynamic bid prices’

and ‘time-dependent bid prices’ are used interchangeably throughout this paper.

Both [64] and [68] present new methods for producing time-dependent bid prices,

recognizing that the number of variables and constraints as well as the column gen-

eration procedure prevent the DLP from being implemented in practice. [64] showed

that the column generation problem for the dual to [1]’s DLP can be solved in poly-

nomial time by using a minimum cost network flow problem. Using the network flow

structure, they were able to reduce the number of constraints from exponential to

linear in the number of flight legs. [68] use a Dantzig-Wolfe reformulation to provide

the same reduction found in [64]. [68] also develop a novel dynamic disaggregation

algorithm to solve the reduced programs, utilizing the fact that bid prices only change

towards the end of the booking horizon.

Although network RM problems are traditionally modeled based on discrete time,

in reality, customer arrivals occur in continuous time. As [11] point out in their

overview of RM and pricing, continuous time models of RM problems are more ap-

propriate than their discrete counterparts given the growth of e-commerce and the

Internet. Bitran and Caldentey’s observation could not be more relevant for network
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RM in the current business environment as exemplified by travel websites such as Ex-

pedia, Priceline, Travelocity and Orbitz which attract over 7.5 millions people each

day.

While continuous time formulations are used extensively in dynamic pricing re-

search, only [5] have used a continuous time framework to obtain and study bid prices

in the network RM setting. Akan and Ata highlight that the non-optimality of classi-

cal bid-price controls stems from discreteness and implement a generalized bid price

control, which combines bid-prices with a capacity usage limit process to determine

how much of the demand rate to accept. Using a nonnegative stochastic process

to characterize bid prices, they demonstrated that the optimal generalized bid price

process forms a martingale. While Akan and Ata’s model is not readily applicable for

solving large-scale problems, their model is general and provides several important

theoretical insights into the structure of bid prices. Rather than representing the bid

prices as stochastic processes, our model (like [1]) utilizes an affine functional form

to approximate the value function and develop bid prices. Working in continuous

time diminishes the impact of time on the number of variables and the number of

constraints, which helps address the shortcomings of previous approaches regarding

the problem size. The challenge with the continuous time formulation is replacing

the infinite collection of constraints with a finite set and selecting a finite-dimensional

family of functions to approximate the bid prices. Applying properties from the op-

timality conditions of the problem, we construct a scalable computational procedure

by representing the derivatives of the bid price functions with cubic splines and refor-

mulating the problem as a second-order cone program. The cubic splines allow the

number of the bid price variables to be independent of the size of the booking horizon
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making it scalable to larger networks.

Our numerical experiments demonstrate that the revenue benefits from discrete

time dynamic bid prices dissipate in a continuous time setting as the problem scale in-

creases. In comparison, by developing an approach from continuous time, our method

is able to maintain revenue improvements over an LP bid price policy that is updated

several thousands of times as the network size increases. By implementing our method

on the Porter Airlines network, which consists of 182 flight legs, 2196 products, and 70

seats on each flight, we establish that our continuous time formulation can generate

effective time-dependent bid prices on an industrial scale.

The remainder of the paper is organized as follows. In §3.2, we introduce notation,

formally define the network RM problem and present the Hamilton-Jacobi-Bellman

conditions, which serves as a starting point for our model. In §3.3, we derive our bid

price approach directly from the optimal control problem of the network RM problem

by introducing two approximations into the problem. The first approximation intro-

duces approximation of the value function using time-dependent bid prices and the

second reduces the number of variables and constraints in the problem by an implicit

treatment of the accept/reject controls. We establish the optimality conditions and

structural properties for the approximate optimal control problem in §3.4. In §3.5m

we use the established properties to select a finite-dimensional family of functions of

time that can approximate the derivatives of bid prices and reduce the infinite collec-

tion of constraints to a finite set. The resulting model is an approximate second-order

cone program. Three sets of numerical experiments illustrating our model’s effective-

ness are presented in §3.6. The first two sets of experiments compare discrete and



3.2. NETWORK REVENUE MANAGEMENT PROBLEM IN
CONTINUOUS TIME 46

continuous dynamic bid prices against LP bid prices over a randomly generated net-

work in continuous time. The third set of experiments computes bid prices from

our solution method over the Porter Airlines network to demonstrate the potential

of our method’s performance in an industrial setting. Finally, in §3.7, we provide a

brief summary and directions for future research. Please see Online Appendix B.1 for

proofs.

3.2. Network Revenue Management Problem in Continuous Time

The capacity control approach to network RM can be described as follows. Consider

a firm which has m perishable resources with capacities ci, i ∈ I ≡ {1, . . . ,m} which

expire at time T . The firm uses these resources to offer n products during the time

interval [0, T ]. The price of each product j ∈ J ≡ {1, . . . , n} is fixed at pj, and

demands for the products are described by a collection of independent (possibly non-

homogeneous) Poisson processes with continuous intensities λj,t. One unit of demand

for product j ∈ J requires ai,j units of resource i ∈ I. We assume that the entries

of A = ‖ai,j‖ are 0 or 1 and that of c = (c1, . . . , cm)′ are positive integers. In this

case, column Aj of A is an incidence vector of resources required by product j. The

described capacity and demand structure is a common assumption in RM models for

such applications as airline and hotel RM.

In particular, it is still a common practice among airlines to fix prices p =

(p1, . . . , pn)′ and only control whether a particular product is offered at a given time

within the selling horizon. Thus, the capacity control process uj,t, j ∈ J at time

t, specifies whether to accept (uj,t = 1) or reject (uj,t = 0) an incoming demand

request for product j. Let Nt = (N1,t, . . . , Nn,t)
′ be a vector of Poisson processes with
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intensities (u1,tλ1,t, . . . , un,tλn,t) modulated by the controls. Let U be the class of all

non-anticipating control processes ut = (u1,t, . . . , un,t)
′ which satisfy

∫ T

0

AdNt ≤ c (a.s.) (3.2.1)

and uj,t ∈ {0, 1}, j ∈ J , t ∈ [0, T ]. The expected total revenue of policy π ∈ U is

V π(c, 0) = Eπ

[∫ T

0

p′dNs

]

The capacity control problem is to find a policy π∗ which attains V ∗(c, 0) = supπ∈U V
π(c, 0).

The optimal policy for this intensity control problem is of Markovian form and Theo-

rem VII.1 of [12] provides sufficient Hamilton-Jacobi-Bellman (HJB) conditions. Let

r = (r1, . . . , rm) be the vector of remaining capacities, and rt = c − ANt be the

remaining capacity process. Constraints (3.2.1) are equivalent to the condition that

Aut ≤ rt holds almost surely. Let U(r) = {u ∈ {0, 1}n : Au ≤ r}, and V ∗(r, t) be

the value function, i.e. the optimal expected total revenue given capacities r at time

t ≤ T . Then the HJB conditions are given by the following differential equations

∂

∂t
V ∗(r, t) + max

u∈U(r)

{∑
j∈J

λj,tuj
[
pj −

(
V ∗(r, t)− V ∗(r− Aj, t)

)]}
= 0, (3.2.2)

for all t ∈ [0, T ] and r ∈ R = {r ∈ Zm+ : r ≤ c}, with the boundary conditions

V ∗(r, T ) = 0, ∀ r ∈ R, and (3.2.3)

V ∗(0, t) = 0, ∀ t ∈ [0, T ]. (3.2.4)

We observe that the maximum in (3.2.2) gives the optimal controls of the threshold
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form

u∗j(r, t) =

 1, if pj ≥ V ∗(r, t)− V ∗(r− Aj, t),

0, otherwise.
(3.2.5)

The policy implies that given sufficient resources it is optimal to fulfill the demand

request as long as the revenue received from this request is greater than the opportu-

nity cost of the required resources in terms of the expected revenues from future sales.

On substituting optimal controls (3.2.5) into (3.2.2), we get differential equations of

the form

∂

∂t
V ∗(r, t) +

∑
j∈J :Aj≤r

λj,t max
{
pj −

(
V ∗(r, t)− V ∗(r− Aj, t)

)
, 0
}

= 0. (3.2.6)

This a system of ordinary differential equations for V ∗(·, t) (treated as an |R|-dimensional

vector) with continuous dependence on t and Lipschitz-continuous on V ∗(·, t). A

known result from the theory of differential equations (see Corollary 2.4.5 of [66])

implies that there exists a unique solution, in the Sobolev space W 1,1[0, T ]. The

functions in this space are almost everywhere differentiable on [0, T ], Lebesgue in-

tegrable along with their derivatives (belong to L1[0, T ]), and equal to the integrals

of their derivatives (absolutely continuous). The norm in W 1,1[0, T ] is the sum of

L1[0, T ] norms (the integral of the absolute value) of the function and its derivative.

Unfortunately, the exact solution of (3.2.6) cannot be computed in most practical

problems because of the extremely high number of dimensions of V ∗(·, t). In the next

section, we discuss approximations to V ∗(r, t) which can be obtained with reasonable

computational effort.
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3.3. Approximate Optimal Control Problem

We start by contrasting our approach to approximating the network capacity control

problem with that of [1], who starts with a discrete time version of the problem where

it is assumed that the time unit is sufficiently small for
∑

j∈J λj,t ≤ 1 to hold and

for the intensities λj,t to be interpreted as probabilities of booking request arrivals in

period t. A discrete time analogue of (3.2.2) is

V DT (r, t) = V DT (r, t+1)+ max
u∈U(r)

{ ∑
j∈J :Aj≤r

λj,tuj
[
pj−

(
V DT (r, t+1)−V DT (r−Aj, t+1)

)]}
,

∀ t = 0, . . . , T − 1, r ∈ R,

with the boundary conditions of the same form as (3.2.3)-(3.2.4). The discrete time

HJB conditions can be equivalently restated as a linear program of the form

min Ṽ DT (c, 0)

s.t. Ṽ DT (r, t) ≥ Ṽ DT (r, t+ 1) +
∑

j∈J :Aj≤r

λj,tuj
[
pj −

(
Ṽ DT (r, t+ 1)− Ṽ DT (r− Aj, t+ 1)

)]
,

∀ t = 0, . . . , T − 1, r ∈ R,u ∈ U(r)

Ṽ DT (r, T ) = 0, ∀ r ∈ R,

Ṽ DT (0, t) = 0, ∀ t = 1, . . . , T − 1,

where Ṽ DT (r, t)’s are the variables. This linear program is still intractable for in-

stances of realistic size because of the extremely large number of variables. There-

fore, [1] restricts the values of these variables to a subspace represented by a linear

combination of a certain collection of basis functions. A particularly tractable case is
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provided by the linear function of the capacity vector Ṽ DT (r, t) = v0,t +
∑

i∈I vi,tri.

The values vi,t have an appealing interpretation of the dynamic bid prices. A dynamic

control policy resulting from this representation reduces to accepting a booking re-

quest if and only if its fare pj is greater or equal to the sum of bid prices of the

required resources
∑

i∈Aj vi,t at the time t of the request arrival. With a slight abuse

of notation, i ∈ Aj represents all resources used by product j.

Our approach differs from that of [1] by the use of continuous time methods in

approximating the value function as well as the use of a different starting point –

equation (3.2.6) rather than (3.2.2). Consider a variational problem of the form

min Ṽ (c, 0) (3.3.1)

s.t.
∂

∂t
Ṽ (r, t) +

∑
j∈J :Aj≤r

λj,t max
{
pj − (Ṽ (r, t)− Ṽ (r− Aj, t)), 0

}
≤ 0, (3.3.2)

a.e. t ∈ [0, T ], ∀ r ∈ R,

Ṽ (r, T ) = 0, ∀ r ∈ R, (3.3.3)

and trajectories Ṽ (·, t) in the space W 1,1[0, T ], where “a.e.” stands for “almost every-

where” in the Lebesgue measure. Constraint (3.3.2) is a differential inequality that

limits the derivatives of Ṽ (·, t) from above. Constraints (3.3.2)-(3.3.3) used with r = 0

imply that Ṽ (0, t) ≥ 0 for all t ∈ [0, T ]. This removes the need to explicitly impose

the equivalent of boundary condition (3.2.4) in the variational problem. Intuitively,

the value of Ṽ (c, 0) is the smallest when all inequalities are satisfied as equalities. As

the result, the optimal value of Ṽ (c, 0) is equal to V ∗(c, 0). The proof of the following

formal statement is straightforward:

Lemma 2. V ∗(·, t) is the optimal solution to (3.3.1)-(3.3.3).
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The idea of the proof is to observe that V ∗(·, 0) is a feasible trajectory for (3.3.1)-

(3.3.3), and any feasible solution to (3.3.1)-(3.3.3) has a property Ṽ (r, t) ≥ V ∗(r, t)

for all r ∈ R and t ∈ [0, T ].

We now consider a restriction of the problem (3.3.1)-(3.3.3), where:

1. The feasible trajectories are restricted to a subspace represented as

Ṽ (r, t) = v0,t +
∑
i∈I

vi,tri.

2. The max operator is approximated from above by the following lemma (the

proof is immediate):

Lemma 3. For any g, 1
2

(
(g2 + ε2)

1
2 + g

)
→ max{g, 0} from above uniformly as ε→ 0.

Moreover,

0 ≤ 1

2

(
(g2 + ε2)

1
2 + g

)
−max{g, 0} ≤ ε

2

where the upper bound is attained for g = 0.

Constraint (3.3.2) uses terms of the form max{gj,t, 0} where

gj,t = pj −
(
Ṽ (r, t)− Ṽ (r− Aj, t)

)
= pj −

∑
i∈Aj

vi,t

represents a profit estimate from product j based on the bid prices at time t. We

replace max{gj,t, 0} with the expression

M ε
j (vt) =

1

2

{([
pj −

∑
i∈Aj

vi,t

]2

+ ε2
) 1

2
+ pj −

∑
i∈Aj

vi,t

}
,

which approximates it from above within ε
2
. The resulting approximate optimal
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control problem (AOCP) is

min v0,0 +
∑
i∈I

vi,0ci (3.3.4)

s.t. v̇0,t +
∑
i∈I

riv̇i,t +
∑

j∈J :Aj≤r

λj,tM
ε
j (vt) ≤ 0, a.e. t ∈ [0, T ], ∀r ∈ R, (3.3.5)

vi,T = 0, ∀ i ∈ I ∪ {0}. (3.3.6)

Since AOCP results from restricting the feasible set of the problem (3.3.1)-(3.3.3), we

conclude the following:

Lemma 4. The optimal value of AOCP is an upper bound for V ∗(c, 0).

Although AOCP belongs to the general class of control problems for unbounded

differential inclusions, we are able to derive rather simple optimality conditions for it

using results of [46]. The inclusion is unbounded since v̇i,t on a feasible state trajectory

can be arbitrarily low.

3.4. Optimality Conditions for AOCP

For convenience, we let the function of t, vt and v̇t representing the left-hand-side

of (3.3.5) be denoted as fr(t,vt, v̇t) and its last term, which does not depend on

v̇t, as f 0
r (t,vt). Because of its additive structure, f 0

r (t,vt) can be expressed as

f 0
r (t,vt) =

∑
j∈J :Aj≤r λj,tM

ε
j (vt). We use this representation to make the statement

of the optimality conditions more compact:

Theorem 1. If v∗t = (v∗i,t, i ∈ I ∪ {0}) is an optimal bid price trajectory for the

problem (3.3.4)-(3.3.6), then there exist an adjoint trajectory zt = (zi,t, i ∈ I ∪ {0})

and multipliers µr,t ≥ 0, r ∈ R for almost all t such that the adjoint differential
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inclusion (the Euler-Lagrange inclusion) holds for almost all t:

ż0,t = 0, (3.4.1)

żi,t =
∑
r∈R

µr,t
∑

j:Aj≤r,i∈Aj

λj,t
∂M ε

j

∂vi,t
(v∗t ), i ∈ I, (3.4.2)

z0,t =
∑
r∈R

µr,t, (3.4.3)

zi,t =
∑
r∈R

µr,tri, i ∈ I, (3.4.4)

µr,t = 0, r 6∈ Bt, (3.4.5)

where Bt = {r ∈ R : fr(t,v
∗
t , v̇

∗
t ) = 0} is the set of active constraints in (3.3.5); the

Weierstrass-Pontryagin maximum condition holds for almost all t:

∑
i∈I∪{0}

zi,tv̇
∗
i,t = max

∑
i∈I∪{0}

zi,twi (3.4.6)

s.t. w0 +
∑
i∈I

riwi + f 0
r (t,v∗t ) ≤ 0, r ∈ R; (3.4.7)

and the transversality condition holds

z0,0 = 1, (3.4.8)

zi,0 = ci, i ∈ I. (3.4.9)

Moreover, collection {µr,t, r ∈ R} is an optimal solution to the dual of the LP

problem in (3.4.6)-(3.4.7).

The optimality conditions of Theorem 1 are essential for further analysis of the

optimal solution to AOCP. In particular, we obtain the following monotonic property:
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Corollary 2. The adjoint trajectory has the following properties: z0,t is constant and

equals 1, i.e.

z0,t =
∑
r∈R

µr,t = 1,

and żi,t ≤ 0, i ∈ I for almost all t with a strict inequality unless zi,t = 0.

The second property asserted in Corollary 2 means that zi,t, i ∈ I is strictly de-

creasing unless it is zero. This corollary also suggests an interpretation to the adjoint

variables zi,t and multipliers µr,t. Since µr,t are nonnegative and add to 1 they can

be interpreted as probability distribution over all possible capacity vectors. Strictly

positive µr,t’s identify active constraints, and their values represent relative contribu-

tions of the corresponding constraints to the optimal objective value. Value of zi,t is

the expected value of the ith component of the capacity vector over this distribution.

Additional insights are revealed from the form of adjoint equation (3.4.2). From the

proof of Corollary 2, we see that the value of −∂Mε
j

∂vi,t
(vt) is zero for i 6∈ Aj, identical

for i ∈ Aj and belongs to the interval [0, 1]. Moreover, it approximates an indicator

function of the event that the revenue from product j exceed the sum of bid prices

of resources in Aj. Since the latter is the acceptance rule for demand requests, the

negative of the inner summation in (3.4.2) approximates the intensity of utilization of

resource i when capacities are given by r. Therefore, żi,t decreases approximately at

the rate of expected intensity of resource i utilization where the expectation is with

respect to probability mass µr,t. According to a general control-theoretic interpre-

tation, adjoint variables play the role of shadow prices by measuring the impact on

the value function of a unit change in the state variables on the optimal trajectory

of the system. Applying this general interpretation to our problem, we conclude that

zi,t measures, on the optimal bid-price trajectory, the impact of a unit change in bid
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price vi,t on the value of the upper bound. Corollary 2 and equation (3.4.2) imply

that this impact is strictly decreasing at the expected rate of resource utilization un-

til it reaches zero and stays constant after that. The second result is a monotonicity

property of the bid prices:

Corollary 3. The optimal bid price trajectory of AOCP is decreasing and nonnegative

in every component v∗i,t, i ∈ I ∪ {0}. Moreover, bid price vi,t, i ∈ I remains constant

from time 0 until t′i such that zi,t′i = 1.

In addition to the managerial implication that dynamic bid prices produced by

the continuous time model decrease over time, this result reveals that each bid price

remains constant for some period of time starting from the beginning of the plan-

ning horizon. The length of these intervals is determined from the adjoint variables.

Corollary 3 also suggests a way to eliminate a bulk of constraints from the problem.

Consider any decreasing bid price trajectory vt. Observe that f 0
r+ei

(t,vt) = f 0
r′(t,vt)

whenever the set of depleted resources in r and r′ is the same. If r′ ≥ r we have

fr+ei(t,vt, v̇t) ≥ fr′(t,vt, v̇t) because v̇t ≤ 0 and v̇t enters into these functions with

nonnegative coefficients. This immediately implies the following

Corollary 4. If we modify the problem (3.3.4)-(3.3.6) by adding a constraint that

all state components vi,t, i ∈ I ∪ {0} are decreasing and removing all constraints

in (3.3.5) corresponding to r which have some component greater than 1, then the

resulting problem has the same optimal solution as (3.3.4)-(3.3.6).

The resulting reduced set of constraints is indexed by the set R̄ = {r ∈ R :

ri ≤ 1, i ∈ I}. We refer to the modified AOCP problem where a feasible bid price

trajectory is constrained to be monotone and the constraint index set R is replaced

by R̄ as AOCPM.
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Corollaries 2-4 parallel findings in [1]. The interpretation of µr,t from Corollary 2

as a probability distribution is analogous to the interpretation of the dual variables

in the DLP as state action probabilities. The monotonicity property of the time-

dependent bid prices from Corollary 3 was established for DLP in Theorem 2 of [1].

One advantage of the continuous time formulation that transpires in Corollary 3 is a

relatively easy-to-prove property of constant bid prices at the beginning of the plan-

ning horizon. The motivation for adding the monotonicity constraints in Corollary

4 stems from [1]’s numerical experiments, which demonstrated that these additional

constraints vastly improve the solution speed of the problem. In addition, [1] proves

that the objective value of the DLP is bounded from above by the static LP. We show

that AOCP has a similar property up to an additive term which is proportional to the

accuracy ε of approximation for the max operator. The static LP is a problem which

maximizes the total expected revenues from all products subject to the constraints

that the expected sales are less than the expected demand, and that the network has

sufficient capacity. If Yj is the expected number of seats sold for product j then the

static LP is

V LP (c, 0) = max
Y

∑
j

pjYj (3.4.10)

s.t.
∑
j:i∈Aj

Yj ≤ ci, ∀ i ∈ I (3.4.11)

0 ≤ Yj ≤
∫ T

0

λj,tdt, ∀ j ∈ J . (3.4.12)

The following proposition is established by constructing a feasible solution to the

static LP problem (3.4.10)-(3.4.12) from an optimal solution to AOCP.
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Proposition 6. An optimal solution to AOCP yields a feasible solution to the standard

LP and its value is bounded from above by V LP (c, 0) + ε
2

∫ T
0

∑
j∈J λj,tdt.

The proposition shows that the bound on V ∗(c, 0) becomes no worse than V LP (c, 0)

as ε goes to zero. From the proof, it is also evident that the actual bound provided

by AOCP may be even better. However, the main advantage of AOCP is not in the

bound it provides but in the continuous time computational approaches to finding

dynamic bid prices.

Remark 1. The theorems and lemmas presented in this section assume the existence

of an optimal solution to AOCP. Augmenting AOCP with a lower bound constraint

on v̇i,t, i ∈ I ∪ 0 places it into a general class of the optimal control problems P

discussed in §2.6 of [66]. Proposition 2.6.2 in [66] states that P has a minimizer.

With the additional bound on v̇i,t, i ∈ I ∪ 0, all assumptions of Proposition 2.6.2 [66]

are satisfied and consequently, there exists an optimal solution. For this bounded

AOCP, the Euler-Lagrange inclusion is similar to that of Theorem 1 except (3.4.3)

and (3.4.4) become respectively:

z0,t =
∑
r∈R

µr,t − ξ0,t

zi,t =
∑
r∈R

µr,tri − ξi,t, i ∈ I,

where ξi,t ≥ 0 play the role of Lagrange multipliers for the boundary constraints.

The modified optimality conditions can be used to establish structural results for the

bounded AOCP. The choice of the lower bound on v̇i,t should not a priori exclude any

vertices of the constraint set (3.4.7). One such option is v̇i,t ≥ −f 0
e (t,0) (where e is

the m-dimensional vector of ones). No vertex is excluded because f 0
e (t,0) ≥ f 0

r (t,v)
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for any v ≥ 0, r ∈ R.

3.5. Finite-Dimensional Computational Strategies for AOCP

In this section we discuss finite-dimensional computational strategies for solving

AOCP. There are several key points that need to be taken into account. First, we

need to select an appropriate family of functions of time that can approximate fea-

sible state trajectories vt, t ∈ [0, T ] of the AOCP. This family must be described by

a finite number of parameters. Second, we need to devise a constraint generation

strategy that permits us to replace an infinite collection of constraints in differential

inclusion (3.3.5) with a finite set. The two points are related, because the continuity

and differentiability properties of functions in the family may affect the number of

constraints that have to be explicitly considered. The nature of relation follows from

constraints (3.3.5) that involve both the bid price trajectory and its derivative. In-

deed, if a bid price trajectory satisfies constraints (3.3.5) only for a given finite number

of time points, then the continuity of the trajectory and its derivative permits us to

reduce constraint violations for other time points. The proposed computational strat-

egy addresses both of these points and leads to a finite-dimensional linear program

with second-order cone constraints.

3.5.1 Reduction to a Finite-Dimensional Problem

Bid-price trajectories vt, t ∈ [0, T ] of the AOCP belong to the normed space W 1,1[0, T ]

of a.e. differentiable functions. Since constraints of AOCP involve both vt and its

derivative v̇t, we need to develop a computationally tractable representation for either

object. It is sufficient to start with the derivative. Indeed, if v̇t is approximated in
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terms of L1-norm within a sufficiently small tolerance by an integrable function v̇At ,

then vt is approximated by vAt = −
∫ T
t

v̇At dt within a small tolerance in the stronger

pointwise sense (L∞-norm). The objective function for the approximate problem is:

vA0,0 +
∑
i∈I

vAi,0ci. (3.5.1)

We recall that any function in L1[0, T ] can be approximated by a twice continuously

differentiable function (see, for example, Theorem 2.16 from [42] claiming a stronger

result about approximation by infinitely differentiable functions). Within the class of

such functions, we focus on the cubic splines:

v̇Ai,t = −
3∑
l=0

aki,l

(
t− tk

tk+1 − tk

)l
, ∀ t ∈ [tk, tk+1], (3.5.2)

where tk, k ∈ K ≡ {1, . . . , K} is a collection of appropriate knot points and aki,l,

l ∈ L ≡ {0, . . . , 3} are the coefficients of the spline on the interval [tk, tk+1) for

resource i ∈ I. Continuity of this approximation and its derivatives is ensured by the

constraints:

ak+1
i,0 =

3∑
l=0

aki,l, (3.5.3)

1

tk+2 − tk+1

ak+1
i,1 =

3∑
l=1

l

tk+1 − tk
aki,l, (3.5.4)

2

(tk+2 − tk+1)2
ak+1
i,2 =

3∑
l=2

l(l − 1)

(tk+1 − tk)2
aki,l, (3.5.5)
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that apply to every k = 1, . . . , K − 1 and i ∈ I. The value of vAi,t is found as the

integral of (3.5.2) on the interval [t, T ]

vAi,t = −
∫ T

t

v̇Ai,tdt (3.5.6)

which is a linear expression of the variables aki,l, k ∈ K, l ∈ L.

Since we already know that AOCP is equivalent to AOCPM, it makes sense to

restrict v̇Ai,t to be nonpositive or, equivalently, the cubic spline represented by aki,l’s

to be nonnegative. To enforce nonnegativity of the cubic splines, we use a method

that was recently employed by [6] in the context of statistical estimation of the arrival

rate using cubic splines. Applying the characterization of nonnegative functions in

Tchebysheff systems (see [34]) to cubic splines over a finite set, Alizadeh et al. enforce

nonnegativity using semidefinite matrices. For each spline component index k ∈

K and i ∈ I, we use Theorem 1 of [6] claiming that the necessary and sufficient

conditions for nonnegativity of cubic polynomial
∑3

l=0 a
k
i,l

(
t−tk

tk+1−tk

)l
are provided by

the following representation of the coefficients:

aki,0 = yki,0, (3.5.7)

aki,1 = 2yki,1 + xki,0 − yki,0, (3.5.8)

aki,2 = yki,2 + 2xki,1 − 2yki,1, (3.5.9)

aki,3 = xki,2 − yki,2, (3.5.10)

xki,0 + xki,2
2

≥

√√√√(xki,0 − xki,2
2

)2

+ (xki,1)2, (3.5.11)

yki,0 + yki,2
2

≥

√√√√(yki,0 − yki,2
2

)2

+ (yki,1)2. (3.5.12)
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Constraints (3.5.11)-(3.5.12) are equivalent to restricting matricesXk
i =

 xki,0 xki,1

xki,1 xki,2


and Y k

i =

 yki,0 yki,1

yki,1 yki,2

 to being positive semidefinite. This type of constraint is well

studied in the area of optimization known as semidefinite programming (SDP). To-

gether, constraints (3.5.3)-(3.5.12) enforce monotonicity of bid prices.

In a practical implementation, variables aki,l can be eliminated by substituting

representation (3.5.7)-(3.5.10) into (3.5.2) and (3.5.6). In fact, for each i ∈ I ∪ 0 and

time interval [tk, tk+1] only six variables are needed to represent dynamic bid price vAi,t.

The number of variables is effectively independent of time and depends on the number

of resources and knot points. Moreover, after the substitution, the monotonicity of

bid price vAi,t on the entire interval [tk, tk+1] is enforced by just two constraints (3.5.11)-

(3.5.12). Given that the proposed approximation of the derivative v̇At requires a finite

number of variables and the objective of AOCPM is linear, our problem reduces to

a semi-infinite optimization problem (SIP). There are several standard approaches

for solving SIP (see [47] for a recent review). Here, we construct a finite problem by

restricting constraint collection (3.3.5) to a set of grid-points T ⊂ [0, T ]. We provide

a discussion on the resulting error bound of limiting the SIP to a set T consisting of

Nk evenly spaced grid-points over [tk, tk+1], k ∈ K in the following section. The error

bound can be used to check the approximation accuracy after solving for the spline

coefficients through the ASOCP. In the subsequent development, we assume that T

contains the set of spline knot points tk, k ∈ K and tK+1 = T .

We complete the construction of the approximate problem by observing that con-

straints (3.3.5) restricted to t ∈ T can be converted to a second-order conic constraints
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by introducing variables gj,t and hj,t, j ∈ J , t ∈ T such that

hj,t ≥
√
g2
j,t + ε2, (3.5.13)

gj,t = pj −
∑
i∈Aj

vAi,t. (3.5.14)

Constraints (3.5.11), (3.5.12), and (3.5.13) equivalently require that the vectors

(
xi,0 + xi,2

2
,
xi,0 − xi,2

2
, xi,1

)
,

(
yi,0 + yi,2

2
,
yi,0 − yi,2

2
, yi,1

)
, and

(
hj,t, gj,t, ε

)

belong to the three-dimensional second-order (Lorentz) cone. Each constraint of the

form (3.3.5) is replaced by

v̇A0,t +
∑
i∈I

riv̇
A
i,t +

∑
j∈J :Aj≤r

λj,t
1

2
(hj,t + gj,t) ≤ 0 (3.5.15)

for each t ∈ T and r ∈ R̄. The maximum slack (equivalently, the minimum violation)

in this constraint is obtained when hj,t is as small as possible, forcing the equality

in (3.5.13).

The resulting approximate SOCP problem (ASOCP) is to minimize the linear

objective (3.5.1) with respect to the variables Xk
i , Y k

i , aki,l, v̇
A
i,t, v

A
i,t, gj,t and hj,t where

the indices range over the sets i ∈ I ∪ {0}, j ∈ J , t ∈ T , k ∈ K, l ∈ L subject to

the spline representation constraints (3.5.2)-(3.5.10) for the trajectory and its deriva-

tive, the second-order cone constraints (3.5.11)-(3.5.13), as well as (3.5.14) and the

modified differential inclusion constraints (3.5.15). All of the constraints in ASOCP,

except those of the conic types, are linear. Although we use the SOCP representation

to impose nonnegativity on the derivatives of the spline representation of the bid



3.5. FINITE-DIMENSIONAL COMPUTATIONAL STRATEGIES FOR
AOCP 63

price trajectory, nonnegativity could have been enforced using B-Splines. However,

as discussed by [6], B-Splines enforce constraints that are tighter than functional non-

negativity, potentially reducing the accuracy of approximation. ASOCP belongs to a

very well studied class of SDP/SOCP problems (see, for example, [70, 7]), and there

are efficient software packages that can solve fairly large-scale instances. A potential

inefficiency in application of these solvers to ASOCP is the number of constraints

in (3.5.15). Indeed, there is a constraint for every time instance in T and every

capacity vector in R̄. We can keep the size of T fairly small, but the cardinality

of R̄ is exponential in the number of resources: |R̄| = 2m. Fortunately, we do not

need all of these constraints to obtain highly effective dynamic bid prices. Next, we

discuss a constraint generation procedure that can efficiently sample elements of R̄

corresponding to the most violated constraints.

3.5.2 Grid Size Selection

In this section we apply the convergence results on the error between the semi-infinite

optimization problem (SIP) and discretized program presented in [60] to select an

efficient grid size T for the ASOCP. The results demonstrate that T is determined by

the order of magnitude of the derivatives of the bid prices as well as the parameter

ε. Before proceeding to the discussion on the grid size selection, we summarize the

main theorem and assumptions from [60].
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Convergence for discretization of a semi-infinite program

The SIP is defined as

min f(x)

s.t. x ∈ F = {x ∈ Rn|g(x, y) ≤ 0, y ∈ Y },

where f and g are real valued functions and Y is a compact infinite index set in Rm.

Given a finite grid Yd, where Yd ⊂ Y , the discretized problem of SIP is SIP(Yd):

min f(x)

s.t. x ∈ F (Yd) = {x ∈ Rn|g(x, y) ≤ 0, y ∈ Yd},

The fineness of the grid in Yd is measured by the distance of its largest mesh, i.e.

d = maxy∈Y minŷ∈Yd ||ŷ− y||. Consider the following assumptions on the structure of

g, Y , and Yd.

1. There is a neighborhood Ū of x̄ such that the function ∂2g(x,y)
∂y2

is continuous on

Ū × Y .

2. The index set Y ⊂ Rm is compact, nonempty and given as a finite set of

inequalities Y = {y ∈ Rm|ζi(y) ≤ 0, i ∈ I}, where ζi is two times continuously

differentiable with respect to y.

3. The Mangasarian Fromovitz Constraint Qualification (MFCQ) holds for Y .

This implies that for any ȳ ∈ Y with the active index set I(ȳ) := {i ∈ I|ζi(ȳ) =

0} there exists a vector η̄ = η(ȳ) such that ∂ζi(ȳ)
∂y

η̄ < 0, i ∈ I(ȳ).
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4. The grid Yd is chosen such that for all d, maxy∈Sl minŷ∈Yd∩Sl ||ŷ − y|| ≤ d ∀l =

1, ..., k, where Sl is a subset of Y defined as {y ∈ Y |ζi = 0} and Sl ∩ Y 6= ∅, l =

0, ..., k.

Since there exists ŷd ∈ Sl ∪ Yd such that ||ŷd − y|| ≤ d, if assumptions 1-5 hold, then

Theorem 1 of [60] states that for some L > 0, a set of multipliers χ, and small d:

max
y∈Y

g(xd, y) ≤ 1

2
(yd − ŷd)T

(
∂2g(xd, yd)

∂y2
−
∑
i∈Il

χd,i
∂2ηi(yd)

∂y2

)
(yd − ŷd) + o(||yd − ŷd||2)

≤ L||yd − ŷd||2

≤ Ld2

Discretization Error of the ASOCP

Recall that by introducing the spline approximation of the derivative v̇At , the AOCPM

reduces to a SIP with the objective to minimize (3.5.1) subject to constraints (3.5.2)-

(3.5.12) and (3.3.5). In this section we present a bound on discretizing time to a set of

grid-points T and in the next section we provide a bound on the error for restricting

the set of capacity vectors. The potential unboundedness of v̇At prevents us from

selecting the grid-points T a priori and guaranteeing a pre-specified error tolerance.

However, we can use the results of [60] to evaluate the discretization error of a given

solution to the ASOCP.

Consider the bid-price trajectory vMt , which is the solution to problem (3.5.1)-

(3.5.12) and (3.3.5) restricted to t ∈ T , and its associated spline coefficients aki ,

k ∈ K. The set T has Nk evenly spaced grid-points over each interval [tk, tk+1], so

the fineness of the discretization over mesh k is measured by dk = 1
Nk

. Using aki , we
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define

v̇Bi,k =
3∑
l=0

|aki,l|, v̈Bi,k =
3∑
l=1

|aki,l|
l

tk+1 − tk
,

...
v Bi,k =

3∑
l=2

|aki,l|
l(l − 1)

(tk+1 − tk)2
,

which act as bounds on the absolute value of the first, second, and third derivative of

the bid price trajectory vMi,t , t ∈ [tk, tk+1]. Defining the bound on the absolute values

of λt,j and its first and second derivatives over each spline interval by λBj,k, λ̇
B
j,k, and

λ̈Bj,k, we claim

Proposition 7. If vMt is the bid price trajectory for the discretized SIP with grid-points

T and vA∗ is the optimal bid price trajectory to the SIP, then

V M(c, 0) ≤ V A∗(c, 0) +
K∑
k=1

Lkd
2
k,

where

Lk =
1

2

[ ∑
i∈I∪{0}

...
v Bi,k

+
∑
j∈J

(
λBj,k

∑
i∈Aj

((
v̇Bi,k
)2

2ε
− v̈Bi,k

)
+ 2λ̇Bj,k

∑
i∈Aj

v̇Bi,k + λ̈Bj,kpj

)]
. (3.5.16)

Given that the arrival rates are well behaved functions without sudden change

or discontinuities, the terms containing the derivatives of λ will be small. This im-

plies that the size of T that guarantees minimal violation of the constraint is mostly

dependent upon the second derivative of M ε
j . Furthermore, the value of 2ε is signif-

icantly smaller than the mesh size tk+1 − tk for any k, so
v̇2i,t
2ε

is the dominant term

bounding the size of d2

dt2

(
fr(t,v

M
t , v̇

M
t )
)
. The presence of ε in the denominator of M̈
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presents an interesting computational trade-off. Increasing ε improves the accuracy

of the approximation, while also inducing a larger value of L, implying that higher

levels of accuracy will require more computation time.

The proposition demonstrates that with a fine grid the error from the discretiza-

tion is sufficiently small. The advantage of expressing (3.5.16) in terms of the spline

intervals is that the different values of d can be set for each interval. Given that

bid prices are fairly stationary over the majority of the booking horizon, the value

of L is typically very low for most spline meshes. Consequently, a dense grid is only

necessary towards the end of the booking horizon, where there is significant changes

in the bid prices.

3.5.3 Constraint Generation Procedure

The proposed constraint-sampling algorithm works with a subset of constraints in (3.5.15)

and maintains this subset as a collection of lists of capacity vectors Rt ⊆ R̄, t ∈ T .

We refer to this relaxation of ASOCP as the Master problem, its optimal value as

V R(c, 0) and the corresponding bid-price trajectory as vRt . In each iteration, the

algorithm finds the most violated constraint of the form (3.5.15). Within a one di-

mensional search over t ∈ T , the algorithm fixes v̇Rt and vRt at their current values

and solves the binary optimization problem

max
r∈{0,1}m

v̇R0,t +
∑
i∈I

riv̇
R
i,t +

∑
j∈J

λj,tM
ε
j (v

R
t )
∏
i∈Aj

ri. (3.5.17)

The value of this objective is equal to the left-hand-side of (3.5.15) assuming that

the corresponding constraints of the form (3.5.13) are tight. Since M ε
j (v

R
t ) > 0, we

can substitute a new variable qj for
∏

i∈Aj ri and enforce qj =
∏

i∈Aj ri through linear
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constraints which results in the following linear programming problem

πRt = max
q,r

v̇R0,t +
∑
i∈I

riv̇
R
i,t +

∑
j∈J

qjλj,tM
ε
j (v

R
t ) (3.5.18)

s.t. qj ≤ ri, j ∈ J , i ∈ Aj, (3.5.19)

0 ≤ qj ≤ 1, j ∈ J , (3.5.20)

0 ≤ ri ≤ 1, i ∈ I. (3.5.21)

Constraints (3.5.19)-(3.5.21) in the row generation problem are equivalent to the

constraints in a fixed cost selection problem, which has an integral optimal solution

([55]). Thus, it follows

Proposition 8. The linear programming problem (3.5.18)-(3.5.21) is equivalent to the

binary optimization problem (3.5.17) and has a binary optimal solution (i.e., all qj’s

and ri’s are at their bounds).

The following proposition shows that the problem of finding the most violated

constraint in (3.5.15) for each t ∈ T can be solved in polynomial time using lin-

ear programming. The row generation problem (3.5.18)-(3.5.21) has an advantage

of comparative simplicity because it automatically enforces qj =
∏

i∈Aj ri at opti-

mality and replaces an explicit consideration of acceptance decisions u by means of

approximation M ε
j (v

R
t ).

The termination condition of the algorithm is based on the error measure obtained

from solving the ASOCP with constraint set Rt, t ∈ T . In particular, we use a

nonnegative cubic spline πA with knot points tk, k ∈ K. The error is found by

minimizing the function E0 = minπA
∫ T

0
πAτ dτ subject to spline and nonnegativity

constraints of the same form as (3.5.3)-(3.5.5) and (3.5.7)-(3.5.12), respectively, in
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addition to the constraint πAt ≥ max(πRt , 0), ∀t ∈ T , which ensures that the spline

bounds the true violations from above (please see Online Appendix B.1 for the full

formulation of this problem). We let Et = minπA
∫ T
t
πAτ dτ . The algorithm proceeds

as follows:

1. Initialize sets Rt to singletons consisting of a vector of all ones for tk, ∀k ∈ K

and to empty sets for other t ∈ T . (Other initialization rules are possible.)

2. Solve the Master problem corresponding to constraints indexed by r ∈ Rt, t ∈ T

to find V R(c, 0) and the corresponding bid-price trajectory vRt .

3. For each t ∈ T , find the maximum violation πRt by solving (3.5.18)-(3.5.21) for

the Master bid-price trajectory vRt obtained in step 2. Let rRt , t ∈ T be the

violation-maximizing capacity vectors.

4. Find the error measure E0 corresponding to the best spline representation πAt of

the approximation error corresponding to πRt . Stop if E0

V R(c,0)
≤ Ω where Ω > 0

is a given tolerance parameter. Otherwise proceed to step 5.

5. Let t∗ = argmaxt∈T π
R
t be the time corresponding to the most violated con-

straint. Add the capacity vector rRt∗ at t∗ to Rt∗ and proceed to step 2.

Given the Master trajectory we now consider a modified bid-price trajectory vMt such

that vM0,t = vR0,t + Et, v
M
i,t = vRi,t, i ∈ I.

Proposition 9. On termination of the algorithm, the modified bid-price trajectory vMt

is feasible for ASOCP, and, consequently, E0

V R(c,0)
≤ Ω ensures that this trajectory is

within Ω fraction of the optimal solution to ASOCP.
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Figure 3.1: ASOCP bid prices trajectories for a 4 resource network.
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The initialization step 1 depends on the number and placement of the knot points.

The best approach to handling the selection of knot points would be to model the

knot points as variables. However, introducing these additional variables creates a

highly nonlinear and non-convex optimization problem. Considering the scale of the

problems we are trying to solve, this method does not seem appropriate. A practical

approach would be to simply adjust the knot points in order to obtain the best

performance in terms of expected revenue. We took this approach when constructing

our experiments. Another heuristic would be to simulate the arrival process and bid

price updates using the dual variables from the LP at various points throughout the

booking horizon, selecting the knot points so that the splines can better approximate

the expected behavior of the bid prices. The number of knot points can be chosen

to balance the computational time with the accuracy of the approximation. The

numerical experiments with the proposed computational strategy show that a choice

of 3 or 4 knot points is sufficient for achieving effective bid prices.

Figure 3.1 graphs the bid prices produced by the algorithm for a four resource
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network with K = {0, 0.8, 0.9, 1} and Ω = 0.05. Similar to [1] and in accordance

to the discussion in §4, we find that the bid prices remain fairly steady before de-

creasing at the end of the booking horizon. However, compared to the dynamic bid

prices illustrated in [1], the ASOCP bid prices have a smoother shape because, by

construction, they are differentiable functions of time.

3.6. Numerical Experiments

In this section we present the results from three sets of numerical experiments. The

experiments compared the performance of various bid price control policies used to

make accept/reject decisions for a simulated stream of customers. The purpose of

these experiments were to provide empirical answers to the following questions:

1. How do discrete time dynamic bid prices compare to continuous time dynamic

bid prices in a continuous time setting?

2. How do continuous time dynamic bid prices perform in comparison to LP bid

prices that are re-optimized a sufficient number of times?

3. Are continuous time dynamic bid prices scalable to industrial sized networks?

The first two questions were analyzed using network structures similar to the

problem instances in [1]. Each spoke had flights traveling to and from the hub, which

departed at the end of the booking horizon. In the cases where there were more than

one hub, each hub had flights that travel to and from the other hub(s). These flights

made up the network’s resources. If H was the number of hubs in the network and

L was the number of spokes, then the total number of resources in the network was

the sum of the number of hub-spoke legs and the number of hub-hub legs. Thus, the
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network had m = 2HL + H(H − 1) single-leg flights. The set of products for each

network included all possible OD itineraries. Both high fare and low fare tickets were

offered for each OD pair. The load factor was calculated as the expected demand

for seats over all itinerary divided by the capacity of the network and was equal to∫ T
0

∑
j λj,tAjdt/cm. The main difference between our experiments and [1]’s was that

time was continuous and scaled to the interval [0, 1].

The third set of experiments utilized the Porter Airlines’ schedule to create an in-

dustrial scale network. Porter Airlines is a regional airline based in Toronto, Canada,

with hubs in Toronto, Montreal, Ottawa, and Halifax. The airline provides “short

haul” flights to cities in Ontario, Quebec, and Atlantic Canada, as well as cities in the

United States, including daily flights to Boston, Newark, and Chicago. Since Porter’s

business model emphasizes service, speed, and convenience for business and leisure

travellers, the airline offers frequent flights between major Canadian and US cities,

flying up to 20 times daily from Toronto to Ottawa and 11 times daily from Toronto

to Newark-New York. The experiments over the Porter Airlines network demonstrate

the potential of the ASOCP as a solution method for problems of industrial size.

All solution methods for each set of experiments were executed through SHAR-

CNET, a high performance Canadian research computing consortium. The first set

of experiments was run on the SHARCNET serial throughput cluster Kraken us-

ing single threaded AMD Opteron 2.2 GHz processors. The second and third sets

of experiments, which have larger networks and re-optimization, were run on the

SHARCNET serial throughput cluster ORCA using 8 threaded Intel Xeon 2.7 GHz

processors. For further details on the experimental design and additional documen-

tation of the results please see Online Appendix B.2.
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Table 3.1: Revenue and run-time in seconds for fixed bid price experiments.

Upper Average Revenue Average Run-Time
κ Bound LP DD ASOCP LP DD ASOCP
1 4524 3587 3791 3963 0.0005 0.0195 0.4145
2 9227 7551 7812 8289 0.0003 0.0093 0.4421
3 23323 19503 20075 21488 0.0005 0.0085 0.4992
4 46812 39495 40360 43512 0.0003 0.0130 0.5311
5 93790 79501 81320 87731 0.0008 0.0143 0.5645

3.6.1 Fixed Bid Price Experiments

The first set of experiments examines whether discrete time dynamic bid prices pro-

vide a suitable control policy when customer arrivals occur in continuous time. To

analyze this question, fixed bid price control policies from the LP, DLP, and ASOCP

were used to generate revenues from a simulated stream of customers modeled by a

Poisson process. We chose to use the dynamic disaggregation (DD) approach to solve

the DLP, since the approach represents state of the art computational efficiency for

dynamic bid prices. The numerical experiments in [68] demonstrated that the DD

is the fastest method for producing dynamic bid prices in discrete time. The DD

approach produces time-dependent bid prices by solving the LP and adding variables

and constraints simultaneously to the problem until optimality is obtained. Since the

DLP bid prices are constant for the majority of the booking horizon, the dynamics of

the bid prices are captured entirely by the columns and rows added in the constraint

generation procedure. For brevity, we refer the reader to §3 of [68] for a complete

description of the DD algorithm and optimization problems. To approximate the

Poisson process in discrete time, we set the probability of an arrival, ρ, to 0.8 produc-

ing a discrete booking horizon of λ
ρ

periods. For reference, [1] fixed the probability of

an arrival at 0.8 in his experiments and [68] fixed the probability of an arrival to 0.9
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in their experiments. For computing the ASOCP we set K = {0, 0.8, 0.9, 1}, Nk = 50,

and Ω = 0.05. The knot points were selected in this manner to capture the majority

of the variation at the end of the booking horizon (see Figure 3.1). The initial set

of time-capacity vector pairs before starting the constraint generation procedure was

one available seat for each resource at each knot point. For all problem instance

ε = 0.0001.

The bid price policies were tested on a 1 hub 3 spoke (6 resources and 24 products)

network. Similar to [21] and [30] the problems were scaled by the parameter κ, such

that the capacity was c = κc0 and the expected arrivals were λ = κλ0. The expected

arrivals and capacity had a base values of λ0 = 40 customers and c0 = 6 seats per

flight, which corresponded to a load factor of 1.678. The problems were varied by

scale factors κ ∈ {1, 2, 5, 10, 20}. The demand for each OD pair was stationary. The

probability that an itinerary request was for a low-fare (high-fare) class ticket was

0.75 (0.25). The prices for low fare products were randomly drawn from the set

[20, 50] with equal probability. The high fare products were priced at five times the

corresponding low fare. Each pair of network parameters was simulated 1000 times.

The experiments only considered fixed bid price controls, implying that each method

was solved at t = 0 and the resulting bid prices were used to make product acceptance

decisions for the entire booking horizon.

Table 3.1 reports the upper bound on the revenue, the simulated revenues for

each bid price policy, and the average run-times for fixed bid price experiments. The

objective value of the DD was selected as the upper bound, since DD provides a

tighter upper bound compared to the LP. For each network, the ASOCP generated

the highest revenue, capturing between 87.6-93.5% of the upper bound, while the
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Table 3.2: Run-time in seconds for fixed bid price experiments with asymmetric ca-
pacities.

ν = 1 ν = 2 ν = 3 ν = 4
κ DD ASOCP DD ASOCP DD ASOCP DD ASOCP
1 0.0208 0.4986 0.0333 0.5024 0.2054 0.5986 0.9509 0.8887
2 0.0405 0.5353 0.0657 0.5321 0.3028 0.5493 2.5630 0.5983
3 0.0621 0.6010 0.0784 0.5941 1.4724 0.6045 9.7771 0.6031
4 0.0838 0.6792 0.1276 0.6410 2.1020 0.6543 17.8454 0.6814
5 0.1178 0.6541 0.1557 0.7169 1.8977 0.6995 33.8710 0.6697

Table 3.3: Revenue for fixed bid price experiments with asymmetric capacities.

ν = 1 ν = 2 ν = 3 ν = 4
κ DD ASOCP DD ASOCP DD ASOCP DD ASOCP
1 3786 3926 3767 3869 3674 3761 3501 3563
2 7726 8230 7728 8154 7541 7878 7420 7703
3 20189 21579 20212 21359 19609 20489 19424 20348
4 40351 43370 40509 42732 39977 42064 38790 41015
5 81760 87685 82187 86438 81028 84841 77502 81978

LP and DD captured 79.2-84.8% and 83.8-86.7% of the upper bound, respectively.

Although the ASOCP generates greater revenue relative to the DD when arrivals are

in continuous time, the run-time of the DD is considerable faster. The ASOCP’s

average run-time across the various scale factors ranged within 20-60 times the run-

time of the DD. From the standpoint of a fixed bid price policy, the DD offers a

compromise relative to the LP and ASOCP in terms of the revenue versus run-time

performance tradeoff. There is a distinct revenue improvement relative to the LP,

with a run substantial run-time improvement relative to the ASOCP.

To account for the stochastic nature of demand and capacity consumption, airlines

update capacity vectors and re-optimize bid prices periodically throughout the book-

ing horizon. Consequently, when airlines solve for the optimal bid prices, the capacity

of each resources is unlikely to be balanced. For either the DD or ASOCP to be a
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functional solution method for dynamic bid prices, the run-times should not change

significantly when the available capacities across resources vary. To test the DD and

ASOCP performance given asymmetric capacities, the first set of experiments was

re-simulated with randomized capacities such that

∑
i∈I

ci = 6κc0 and ci ∈ [κ(c0 − ν), . . . , κ(c0 + ν)], ∀i ∈ I. (3.6.1)

The parameter ν controls variability in the capacity vectors. For ν ∈ {1, 2, 3, 4}, each

set of demands, prices, and arrival paths was simulated for 10 randomized capacity

vectors satisfying condition (3.6.1).

Table 3.2 reports the average run-times for the DD and ASOCP across the different

values of ν and κ. For each value of κ, the average DD run-time appears to increase

substantially. The run-times for ν = 4 increase with κ and range between 45 − 187

times the run-times for ν = 1. On the other hand, the ASOCP run-times for ν = 4

are 1.003 − 1.782 times the run-times for ν = 1. These distinct behaviors results

from the structure of dynamic bid prices and substantial differences in computing

methodology. Theorem 2 of [1] states that the value of the bid price for a given

resource is static from the start of the booking horizon until a critical time where

the bid price becomes dynamic. As the capacity vectors increase in variability, select

flight legs become scarcer at the start of the horizon. Bookings for these resources

have a greater impact on the dynamics of the bid price, resulting in the critical times

occurring earlier in the booking horizon as ν increases. Therefore, as the capacity

vectors increase in variability, the DD requires adding a greater number of rows and

columns before the algorithm terminates. On the other hand, the ASOCP considers

the entire booking horizon using the spline approximation regardless of the capacity
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vector. Thus, there is little impact on the algorithm’s timing and it is fairly robust to

variation in capacity. Finally, despite the dramatic increase in run-time for the DD,

Table 3.3 shows that the average revenue is still less than the revenue generated by

the ASOCP. Since the run-times increase as the variability in the starting capacity

grows, we conclude that the DD is at a disadvantage for situations with frequent

updating and unbalanced capacities, when arrivals occur in continuous times.

3.6.2 Bid Price Experiments with Updates

In a study comparing the behavior of LP heuristics, [30] provide theoretical results

that advocate using LP bid prices over the asymptotically optimal booking limit

heuristics, provided that the LP is resolved sufficiently frequently. For the ASOCP to

have value as a bid price solution method, it must be able to provide higher revenues

than the LP bid price control that is updated sufficiently often throughout the booking

horizon. To ensure adequate updating, we re-optimized the LP at uniformly spaced

intervals as many times as the expected number of arrivals over the course of the

booking horizon. On the other hand, we limited the number of optimization updates

for the ASOCP to 10 (also at evenly spaced intervals) in order to keep the run-time

for both bid price controls at a similar order of magnitude. The experiments establish

that the ASOCP provides an effective bid price policy and demonstrates the value of

time-dependent bid price compared to static bid prices that are updated repeatedly.

Since K = {0, 0.8, 0.9, 1}, with each update, the middle knot points were scaled so

that they represented 80% and 90% of the remaining booking horizon.

The experiment networks consisted of H ∈ {1, 2, 3} hubs connected to L = 3

spokes. The initial capacity for each single-leg flight was c = 150. The arrival rates
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Table 3.4: Revenue and run-time in seconds for multi-hub network with updates.

Network Load Upper Average Revenue Unused Capacity Total Run-Time
{h,m, n} Factor Bound LP ASOCP LP ASOCP LP ASOCP
{1,6,24} 1.636 57534 55728 56879 62.89 65.77 0.132 2.144

1.796 62136 59988 61485 58.48 62.10 0.149 1.988
1.969 66250 64225 65880 37.04 41.28 0.162 2.081

{2,14,112} 1.558 94207 92391 93305 334.30 338.56 0.378 6.199
1.789 98634 97072 97997 294.78 299.66 0.420 6.525
1.975 107561 105042 105947 263.73 274.47 0.457 6.891

{3,24,264} 1.478 142088 139936 141066 437.33 447.11 0.962 54.394
1.602 150922 147440 148839 350.85 362.07 1.032 54.976
1.737 157033 154100 155662 360.93 372.02 1.4979 52.687

λ were varied in order to produce different load factors. For the one hub experiments

λ ∈ {1000, 1100, 1200}, for the two hub experiments λ ∈ {1600, 1800, 2000}, and

for the three hub experiments λ ∈ {2400, 2600, 2800}. Each network was simulated

500 times with the bid price policies facing identical customer arrivals modeled by a

Poisson process with the same parameters as described in §3.6.1.

Similar to the fixed bid price experiments in §3.6.1, we evaluated the performance

of the ASOCP by benchmarking revenues against the LP. The average revenues and

the upper bound as well as the run-times and remaining inventory are listed in Ta-

ble 3.4. The percentage of the revenue generated by the LP relative to the LP bound

ranged from 96.5% to 98.5%, with an average of 97.6%, while the revenue percentage

for the ASOCP ranged from 98.4% to 99.4%, with an average of 99.1%. The low

performance gap is due to the asymptotic optimality of the LP Bound; however, the

ASOCP is still able to provide a revenue boost compared to LP bid prices. Under a

direct comparison of bid price policy performance, the ASOCP provided an average

improvement from 0.81% to 2.58% (1.01% across the entire set). Although the to-

tal run-time was 25 times larger on average, with the LP being updated 1000-2800
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times, the solution time for each network was under a minute, which is reasonable

considering the revenue improvements. The experiments also show that ASOCP can

achieve good performance with limited updating, unlike the LP, which requires fre-

quent re-optimization. Another interesting observation is that the LP had a higher

utilization of resources for each network. This implies that a significant amount of

the ASOCP revenue improvement stems from denying product requests in favor of

reserving capacity for more profitable itineraries.

3.6.3 Porter Airlines Network

We simulated bid prices using the ASOCP and LP over an entire day in Porter’s net-

work, which consisted of 182 single-leg flights and 1098 possible itineraries. Table 3.5

provides a list of Porter’s single-leg flights and their frequency of service on December

1, 2011. We consider the network with one fare class and two fare classes for each

itinerary. Similar to §3.6.1 and §3.6.2, the booking horizon was scaled to the interval

[0, 1] and time was continuous. The capacity of each flight was 70 seats, coinciding

with Porter’s fleet of Bombardier Q400 aircraft and the expected demand over the

entire network for both the single and two-fare cases was given by λ = 12000. The

LP and ASOCP optimization problems were optimized φ ∈ Φ ≡ {5, 10, 20, 35} times

at uniform intervals over the booking horizon. The Porter network was simulated 200

times, with randomly sampled expected demand and price for each itinerary.

The demand for a product j was determined using a random variable, ψj, which

was uniform on the interval [0,m]. The corresponding probability for itinerary j, con-

ditional on an arrival, was ψj/
∑

j∈J ψj. For the Porter Airline experiments, product

demand was described by a probability φj that the product requested was product j,



3.6. NUMERICAL EXPERIMENTS 80

Table 3.5: List of single-leg flights for Porter Airlines network (December 1st, 2011).

Departure City Arrival City Number of Flights
Boston (BOS) Toronto (YTZ) 7

Chicago (MDW) Toronto (YTZ) 6
Halifax (YHZ) Montreal (YUL) 2
Halifax (YHZ) Ottawa (YOW) 5
Halifax (YHZ) St John’s (YYT) 4

Moncton (YQM) Toronto (YTZ) 1
Montreal (YUL) Halifax (YHZ) 2
Montreal (YUL) Toronto (YTZ) 18
Newark (EWR) Toronto (YTZ) 11
Ottawa (YOW) Halifax (YHZ) 5
Ottawa (YOW) Moncton (YQM) 1
Ottawa (YOW) Toronto (YTZ) 20

Quebec City (YQB) Toronto (YTZ) 3
Sault Ste Marie (YAM) Toronto (YTZ) 3

St John’s (YYT) Halifax (YHZ) 4
Sudbury (YSB) Toronto (YTZ) 3

Thunder Bay (YQT) Toronto (YTZ) 5
Toronto (YTZ) Boston (BOS) 7
Toronto (YTZ) Chicago (MDW) 6
Toronto (YTZ) Montreal (YUL) 18
Toronto (YTZ) Newark (EWR) 11
Toronto (YTZ) Ottawa (YOW) 20
Toronto (YTZ) Quebec City (YQB) 3
Toronto (YTZ) Sault Ste Marie (YAM) 3
Toronto (YTZ) Sudbury (YSB) 3
Toronto (YTZ) Thunder Bay (YQT) 5
Toronto (YTZ) Windsor (YSG) 3
Windsor (YSG) Toronto (YTZ) 3
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Table 3.6: Average revenue, unused capacity, and run-time in seconds per optimiza-
tion for the Porter Airlines experiments.

Revenue Unused Capacity Run-time
Fare Classes φ LP ASOCP LP ASOCP LP ASOCP

1 5 1044910 1080080 3153.11 2707.22 0.0048 11.852
10 1065150 1080120 2922.04 2714.89 0.0042 18.638
20 1074400 1080130 2814.73 2717.42 0.0044 16.216
35 1077800 1080750 2777.49 2710.88 0.0045 17.821

2 5 2901300 2916650 3575.41 3174.25 0.0048 14.356
10 2919470 2927040 3389.88 3053.13 0.0049 20.449
20 2928510 2939570 3300.1 3208.57 0.0047 19.225
35 2931960 2942420 3261.59 3215.68 0.0048 23.383

conditional on an arrival. The probabilities are found using weights, ψj, which were

uniform random variables between [M j,M j], influenced by the frequency of flights

between an OD pair and the time of day the flight leaves. M j, was determined by the

ratio of the number of flights between each OD pair to the average number of flights

between each OD pair, γj, and was equaled to α1 − β1
√
γ
j
. M j was dictated by the

flight’s time of day and equaled to α1 +β1δ
2
j , where δj was the absolute time difference

from 2:00 pm and the takeoff time of flight j. The probability of a request being for

product j was given by φj = ψj/
∑

j∈J ψj. The price for each product was determined

by a uniform random variable between [N j, N j]. N j was determined by the number of

flights and was equaled to α2− β2γj. N j was determined by the number of single-leg

flights that product j required,
∑

i∈I aij, and was equaled to α2 + β2
2

∑
i∈I aij. For

the Porter network, the parameters used were α1 = 10, β1 = 1
2
, α2 = 200, and β2 = 4.

In addition, the set of knot points was reduced to K = {0, 0.8, 1} and the set T

was increased to include 100 time points evenly spaced between adjacent knot points.

Once again, the knot points were appropriately scaled with each re-optimization.

Table 3.6 compares the revenues, unused capacity, and run-time for the LP and
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ASOCP bid price controls. For both one fare and two fare class problems, the ASOCP

produced higher revenues than the LP bid price for each φ ∈ Φ. In addition, for a sin-

gle fare class, the ASOCP-based policy with φ = 5 generated more revenue than each

LP-based policy. The improvement offered by the ASOCP ranged between 0.27-3.37%

and 0.26-0.53% for the one and two-fare class problems, respectively. The ASOCP

also utilized more capacity in comparison to the LP in each experiment. Interestingly,

this is inconsistent with the capacity utilization for the randomly generated network

experiments. Although the ASOCP run-times are several orders of magnitude greater

than the LP run-times, we argue that the ASOCP is a promising approach for solving

large-scale capacity control problems. Airlines have access to superior computational

power through industrial server farms and work stations, which would increase the

optimization speed for computing ASOCP bid prices. On the other hand, airlines

are restricted in the number of times that they can re-optimize bid prices. Bid price

controls involve extensive scenario analysis and constant monitoring, often leaving

bid prices to be computed overnight ([62]). If the booking horizon represents a ten-

week period and optimization occur overnight, then the values of φ ∈ {5, 10, 20, 35}

corresponds to re-optimizing the bid prices once every two weeks, once a week, twice

a week, and every other day, respectively, over the ten-week period. From this per-

spective, on the nights when the airline updated the bid prices, the average run-time,

regardless of the number of fare classes was under 25 seconds. Finally, SOCP solvers

have not evolved to the same extent as LP solvers in terms of solution speed. As SOCP

solvers mature, the ASOCP will become even more viable as a solution method for

computing bid prices for industrial networks.
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3.7. Conclusion and Future Research

In this article we construct a bid price control policy starting from a continuous

time network RM framework. After substituting the optimal control policy into

the HJB equation and reformulating it as a differential inclusion, we introduce two

approximations into the inclusion to establish the AOCP. Using the monotonicity of

the bid prices, approximation theory is used to develop the ASOCP, which makes the

number of variables independent of the time horizon. Finally, we employ an efficient

constraint generation procedure allowing the ASOCP to produce time-dependent bid

prices by considering only a select number of time-capacity vectors. The numerical

experiments highlight the effectiveness of the proposed approach in generating bid

prices as well as its scalability by solving problems on an industrial sized network.

Future research could extend the ASOCP structure to incorporate customer choice. It

would also be interesting to combine ASOCP with robust optimization to incorporate

uncertainty in the arrival rates. The ASOCP not only has the potential to improve

revenues for large airlines, but its methodology can be applied to other areas of RM

and large-scale approximate optimal control problems.
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Chapter 4

Uniqueness in a Multi-Product Non-Cooperative

Consumer-to-Consumer Market

4.1. Introduction

With the growth of e-commerce, consumer-to-consumer (C2C) markets have become

an increasingly important platform for consumers to purchase and sell commodities.

Websites such as eBay, Taobao, Craigslist, Kijiji, and Stub-Hub offer classified and

online auctions allowing consumers to exchange goods worldwide. The estimated

value of goods traded in C2C markets has grown from $30 billion in 2003 to over $80

billion in 2010. The continued growth of global C2C sales in the last decade has largely

been driven by the Chinese e-tailing (online retailing) industry. E-tailing sales, which

include both business-to-consumer (B2C) and C2C markets, totalled $120 billion in

2011 and sales have since grown to an estimated $190 billion. Although the e-tailing

figures account for both B2C and C2C trading, more than 70% of sales in 2012 were

attributed to C2C transactions. With China’s economic rise, growth in consumer

culture, and sizeable online population, e-tailing sales are forecasted to reach $420-

$600 billion by 2020. The global growth in C2C trading implies that exchange markets
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will have a significant impact on the retailing and business environment.1

Although there is a vast literature on general exchange markets, pioneered by [8],

the majority of existing research focuses on complete markets within a general equilib-

rium framework. Since operational and strategic decisions, as well as consumers pur-

chasing decisions, are often made within the context of an industry-specific business

environment (as opposed to within the context of the entire economy), we consider

the exchange of substitutable products within an incomplete market. We develop

a model for a general multi-product exchange market where consumers, constrained

by their endowed product set, decide which products to buy and sell in a C2C mar-

ket. The objective of our research is to connect C2C markets with a general theory of

oligopoly competition between firms offering a variety of differentiated products. C2C

trading has become more prevalent and is emerging in a variety of new markets. By

providing a general framework of C2C trading, we hope to expand secondary market

research applications.

The tradition of the oligopoly literature is to model demand using a represen-

tative consumer who has a quadratic utility function for the differentiated products

that exist in the market ([35]). Quadratic utility is analytically tractable, and with

fairly unrestrictive assumptions on the utility parameters, is often sufficient to guar-

antee a unique outcome for the oligopoly equilibrium (see [25]; [2]; [35]). We follow

the quadratic utility approach; however, due to the nature of C2C exchanges, we

introduce m different representative consumers. The consumers are differentiated by

their willingness to pay and their price sensitivity for the substitutable goods and

vary in terms of the population size that they represent. With the exception of [20],

1Revenues from the Chinese e-tailing business are taken from [22].
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the representative consumer approach has always been restricted to a single con-

sumer comprising the entire market. Since [20] operates under the assumption that

each consumer group has the same preference for goods and is differentiated only by

their respective incomes, our model of multiple representative consumers is a novel

contribution, which simplifies the analysis of multi-product environments including

secondary markets. The quadratic utility assumption leads consumers to have linear

demand for goods and controls the number of products consumers are willing to sell.

Equilibrium is established when goods demanded equals goods supplied at market

clearing prices.

As [33] discuss, modeling multi-product oligopolies is complicated by interdepen-

dence between product demand and prices, in addition to differentiation amongst

products produced by competing firms. For example, linear demand may lead to

regions of prices that yield negative demand values for products, while potentially in-

flating the demand for a substitute to an arbitrarily high level. [58] demonstrate that

reformulating the multi-product linear demand as a linear complementarity problem

(LCP) allows the demand function to be properly constructed over the entire set of

non-negative prices. This approach was utilized by [24], who reduce the LCP to a

linear program, and by [26] in the study of sequential Bertrand supply chains.

To ensure that the goods supplied in equilibrium do not exceed the quantity

owned by the seller, our model utilizes a LCP formulation similar to [58], [24], and

[26]. Unfortunately, the assumptions of the representative consumers’ quadratic util-

ity is insufficient to guarantee uniqueness or even existence of the equilibrium solution.

A similar complication arises in [26], due to the presence of multiple retailers in the

supply chain optimizing their wholesale prices. However, in the case where consumers
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have symmetric demand sensitivities, the equilibrium quantities traded and the mar-

ket clearing price are shown to be unique. For the asymmetric demand sensitivities,

we remark on conditions that ensure the uniqueness of the solution is maintained.

4.2. Characterizing Consumers

Consider a population of m types of heterogeneous consumers, where each group

i ∈ I ≡ {1 . . .m} has size ki. There are n types of durable heterogeneous prod-

ucts, which are gross-substitutes, owned by members of the population. A consumer

group i is characterized by product preference and the consumer’s willingness to pay

for preferred products. These parameters that characterize taste are fixed for each

consumer group i, regardless of the population size. In any given period, the total

number of products j ∈ J ≡ {1, ..., n} owned by a population group is denoted by

the vector qi. The combination of qi and utility parameters ãi and B̃i define the

utility of consumer group i.

To develop the intuition behind our approach, we start by examining the utility

earned by the typical individual within a consumer group i. The value provided by

each product is assumed to be a linear function dependent on the type and quantity

of other products owned by the average consumer segment. If the total number of

products owned by the group is qi, then the average consumer owns qi/ki. The value

provided by each product to a type i consumer endowed with quantity qi/ki is

vij(qi) = ãij −
1

2ki
B̃ijqi.

Since the average consumer owns quantity qi/ki, the individual utility for the average
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consumer i is

ũi(qi) =

(
qi
ki

)T(
ãi −

1

2ki
B̃iqi

)
. (4.2.1)

To calculate the total utility for the consumer segment i, the individual utility (4.2.1)

is multiplied by the population size. The total utility of the representative consumer

group i owning product quantities qi is the quadratic expression

ui(qi) = qTi

(
ãi −

1

2ki
B̃iqi

)
(4.2.2)

The vector ãi = ||ãij|| is interpreted as a person of type i willingness to pay for each

product j provided that the customer owns no products. The matrix B̃i = ||b̃ijj′||, is

the decrease in the willingness to pay for products j as quantity of good j′ increases.

Each representative consumer’s willingness to pay is assumed to be positive for all

products. Similarly, B̃i is assumed to be positive definite for all i. The assumption on

B̃i implies that the utility function (4.2.2) is strictly concave for each representative

consumer.

The objective of the representative consumer i is to maximize the surplus

CSi(qi) = qTi
(
ãi −

1

2ki
B̃iqi

)
− pqi, (4.2.3)

given a set of prices for each product p. Differentiating (4.2.3) provides the optimal

quantities

qi = kiB̃
−1
i

(
ãi − p

)
.



4.3. CONSUMER-TO-CONSUMER EXCHANGE MARKET 89

Introducing the parameters Bi = B̃−1
i and ai = Biãi, the optimal quantities are

expressed as

qi = ki
(
ai −Bp

)
.

The interpretations of vector ai and matrix Bi are the product preference for any

consumer in group i when prices are zero and the demand sensitivities to changes in

price. Notice that the vector Biãi is the per person demand for products and Bi is

the per person price elasticity of demand. Both of these values are independent of the

population size of the group, implying that a characterization i is uniquely defined

by individual product preference and sensitivities. Since, B̃i is positive definite, the

diagonals of Bi are strictly positive. Matrices Bi are also assumed to be strictly row

and column diagonally dominant, i.e.

bijj >
∑
j 6=j′
|bijj′|, ∀(i, j)

bijj >
∑
j 6=j′
|bij′j|, ∀(i, j).

As [26] discuss, the literature modeling gross substitute markets often employ this

assumption, since it is intuitive and likely to hold in most applications.

4.3. Consumer-To-Consumer Exchange Market

To develop the intuition for the model, we begin by separating the decisions of the

representative consumer to buy and sell products within the C2C market. Define the

variables xsi as the number of units of each products available for trade by customer
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group i and xdi as the demand for each product by customer group i given a price

vector p.

Consumer type i’s equilibrium quantities for any product after the transaction

period is

q̂i = qi + xdi − xsi . (4.3.1)

Substituting (4.3.1) into (4.2.2), the representative consumer with preference i earns

surplus

CSi =
(
qi + xdi − xsi

)T(
ãi − 1

2ki
B̃i

(
qi + xdi − xsi

))
(4.3.2)

−p(xdi − xsi ).

Since consumers cannot sell more than what they own and cannot sell negative

values, supply is restricted by the constraints

0 ≤ xsi ≤ qi. (4.3.3)

Similarly, demand is nonnegative, so the representative consumer decisions are con-

strained by

0 ≤ xdi . (4.3.4)

Given that the objective of each representative consumer is to maximize (4.3.2)

such that each consumer group satisfies (4.3.3) and (4.3.4), the Lagrangian for each
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consumer group is given by:

L = CSi(xi,x) + sTi xsi + sTi
(
qi − xsi

)
+ dTi xdi .

The variables s and d are multipliers on the constraints enforcing nonnegativity on

the supply and demand variables for each consumer group, while s is a multiplier on

the upper bound for each consumer’s product supply.

The market supply and market demand for each product is

S(p) =
∑
i∈I

xsi and D(p) =
∑
i∈I

xdi .

Since the quantity of goods for sale is limited by consumer supply, the market clearing

conditions occurs at the price where market supply is equal to the demand for each

product. This implies for any initial allocations of products q ∈ <mn+ , the transfer of

goods between consumer groups is given by solving the complementarity problem:

xdi − xsi = ai −Bi(p + di)− qi ∀i ∈ I

xdi − xsi = ai −Bi(p− di − si + si)− qi ∀i ∈ I

0 ≤ si ⊥ xsi ≥ 0 ∀i ∈ I

0 ≤ si ⊥ qi − xsi ≥ 0 ∀i ∈ I

0 ≤ di ⊥ xdi ≥ 0 ∀i ∈ I∑
i∈I

xsi =
∑
i∈I

xdi .

Lemma 5. The supply of product j by consumer i is increasing in price, quantities of

product held, and product preference. The demand for product j by consumer i is
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decreasing in price, quantities of product held, and increasing in product preference.

Under the assumption that there is no opportunity for arbitrage, then in equilib-

rium no consumer will buy and sell the same product. This implies that the following

complementarity condition will always be satisfied in equilibrium

0 ≤ xsi ⊥ xdi ≥ 0.

Thus, for simplicity we let the variable xi = xdi − xsi be the joint supply and demand

of consumer i. In this case each consumer groups is trying to maximize their surplus

CSi(x) = max
xi

(
xi + qi

)T(
ãi −

1

2ki
B̃i

(
xi + qi

))
− xTi p

s.t. xi + qi ≥ 0.

Proposition 10. For any given price p, the optimal quantity decisions for consumer

segment i is uniquely determined by the complementarity problem

0 ≤ si ⊥ xi = ki
(
ai −Bi

(
p− si

))
− qi ≥ 0.

For compactness, define āi = kiai, B̄i = kiBi, ¯̄a =
∑

i āi,
¯̄B =

∑
i B̄i, and

¯̄q =
∑

i qi. With market clearing conditions, the equilibrium solution can be found
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by solving the complementarity problem:

āi − B̄i

(
p− si

)
− xi − qi = 0, ∀i ∈ I (4.3.5)

0 ≤ si ⊥ xi + qi ≥ 0, ∀i ∈ I (4.3.6)∑
i∈I

xi = 0. (4.3.7)

Corollary 5. Consider a market defined by ai, Bi, quantities qi and population size

ki for i ∈ {1, . . . ,m}. For a given set of multipliers s = [s1, s2, . . . , sm]T > 0, the

equilibrium price is given by

p = ¯̄B−1
(
¯̄a− ¯̄q +

∑
i

B̄isi
)

(4.3.8)

Corollary 6. If ¯̄q > 0, then in equilibrium the following complementarity condition

holds,

m∏
i=1

sij = 0, ∀j ∈ J .

4.4. Uniqueness for Correlated Demand Elasticities

We demonstrate the uniqueness of the solution to the exchange market for the case

of correlated demand cross-elasticities. Defining B as the market demand sensitivity

to prices, consumers are differentiated by their relative sensitivity parameter γi > 0,

such that Bi = γiB for all i. Consumer groups are further differentiated by their

product preference ai, their population size ki, and the existing products currently

owned qi. With the correlated demand elasticities, B̄i = γ̄iB, where γ̄i = γiki.
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For convenience we introduce the normalization parameters γ̂i = γ̄i/
∑

i′ γ̄i′ and the

parameter âi = (1/γi)a. Before proceeding with the statements on uniqueness, it is

convenient to reformulate the mixed LCP (4.3.5)-(4.3.7) into a standard LCP. Define

the block vectors

w =

[
x1 + q1 x2 + q2 . . . xm + qm

]T
(4.4.1)

r =

[
ā1 − γ̂1

(
¯̄a− ¯̄q

)
ā2 − γ̂2

(
¯̄a− ¯̄q

)
. . . ām − γ̂m

(
¯̄a− ¯̄q

)]T
,

and the block matrix

M =



γ̄1B− γ̄1γ̂1B −γ̄1γ̂2B · · · −γ̄1γ̂mB

−γ̄2γ̂1B γ̄2B− γ̄2γ̂2B · · · −γ̄2γ̂mB

...
...

. . .
...

−γ̄mγ̂1B −γ̄mγ̂2B · · · γ̄mB− γ̄mγ̂mB


.

Lemma 6. Finding a vector s which solves the LCP

w = r + Ms (4.4.2)

0 ≤ w ⊥ s ≥ 0 (4.4.3)

is equivalent to solving problem (4.3.5)-(4.3.7) with uniform demand.
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Proof. Substituting (4.3.8) into (4.3.5) and defining wi = xi + qi

wi = āi − B̄i
¯̄B−1

(
¯̄a− ¯̄q

)
+ B̄i

(
si −

∑
i′

¯̄B−1B̄i′si′

)
= āi − γ̂i

(
¯̄a− ¯̄q

)
+ γ̄iB

(
si −

∑
i′

γ̂i′si′

)
. (4.4.4)

Amalgamating (4.4.4) for all i leads to (4.4.2) and the complementarity condition (4.4.3)

follows from substituting (4.4.1) into (4.3.6).

Lemma 7. The complementarity problem (4.4.2)-(4.4.3) is feasible.

Proof. By definition, the LCP is feasible if and only if there exists vector ŝ ≥ 0 such

that w ≥ 0. Rearranging (4.4.4) and emphasizing that w is a direct function of

multipliers s, it follows that

wi(s) = āi − γ̂i¯̄a + kiB

(
si −

∑
i′

γ̂i′si′

)
+ γ̂i ¯̄q

= āi − γ̂i
(∑

i′

ki′ai′

)
+ kiB

(
si −

∑
i′

γ̂i′si′

)
+ γ̂i ¯̄q

= γ̄i

(
âi + Bsi −

∑
i′

γ̂i′ âi′ −B
∑
i′

γ̂i′si′

)
+ γ̂i ¯̄q

= γ̄i

(
âi + Bsi −

∑
i′

γ̂i′

(
âi′ + Bsi′

))
+ γ̂i ¯̄q (4.4.5)

It is apparent that if there exists a vector s̃ ≥ 0 such that (4.4.5) is nonnegative for

all i when ¯̄q = 0, then the LCP will be feasible for any ¯̄q ∈ <n+. Consider a vector

ˆ̂a = [ˆ̂aj] such that ˆ̂aj ≥ maxi âij for all j and set s̃i = B−1
(
ˆ̂a − âi

)
for all i. The

vector ŝi is nonnegative since B−1 = B̃, which is positive definite, and
(
â− ai

)
≥ 0.
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This implies that for any ¯̄q ∈ <n+ and for all i

wi(s̃) ≥ γ̄i

(
âi + Bs̃i −

∑
i′

γ̂i′

(
âi′ + Bs̃i′

))
= γ̄i

(
ˆ̂a−

∑
i′

γ̂i′ ˆ̂a

)
= 0.

Thus, there exists a vector s ≥ 0 such that w ≥ 0 and the LCP is feasible.

Lemma 8. The matrix M is symmetric positive semi-definite.

Proof. If a symmetric matrix is diagonally dominant with positive diagonal elements,

then the matrix is positive semi-definite. Noting that B has positive diagonals, the

sums of the off diagonals are equal the diagonal element of in each row, and γ̂ikj =

kik̂j, the matrix M is symmetric positive semi-definite.

Remark 2. By Definition 3.4.6 in [52], a matrix M̃ ∈ <n×n where all the principal

minors are non-negative, is column adequate if the determinant of M̃αα = 0 for each

α ⊆ {1, . . . , n}. The matrix is defined as adequate if the matrix and its transpose are

both column adequate. Observing that any symmetric positive semi-definite matrix

is adequate, M belongs to the class of matrices that are also adequate.

Proposition 11. The complementarity problem (4.3.5)-(4.3.7) has a unique solution

of the quantities traded x∗ in the exchange market.

Proof. From Corollary 3.5.6 of [52], if M ∈ <mn×mn is adequate and r ∈ <mn is

arbitrary, then if the LCP is feasible, there exist a unique vector w∗ and a vector s

satisfying

w∗ = r + Ms ≥ 0, s ≥ 0, w∗T s = 0,
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with no guarantees that the vector s is unique. If s̄ and ŝ are two solutions to the LCP,

then w∗ = r + Ms̄ = r + Mŝ = w∗. Since M is adequate, as explained in Remark 2

and Lemma 7 shows that the LCP is feasible, there is a unique solution x∗ = w∗ − q

which produces the equilibrium quantities traded in the exchange market.

Although the M matrix belongs to a class which only guarantees w-uniqueness,

the following proposition shows that the special structure of the problem leads to an

equilibrium solution that is entirely unique.

Proposition 12. If ¯̄q > 0, then there is a unique set of market prices p∗, which

correspond to an equilibrium solution x∗.

Proof. The null space of M is any vector u ∈ <mn that solves Mu = 0. Defining the

matrices Γ = diag(B̄1, B̄2, . . . , B̄m) and

M̃ =



I− γ̂1I −γ̂2I · · · −γ̂mI

−γ̂1I I− γ̂2I · · · −γ̂mI

...
...

. . .
...

−γ̂1I −γ̂2I · · · I− γ̂mI


,

we can express the matrix M as ΓM̃. From the invertibility of Γ, the null space

is simplified to Null(M) ≡ {u ∈ <mn : M̃u = 0}. Consider an m-block vector

u = [u1 u2 · · · um], where ui ∈ <n. If u is in the null space of M, then ui =
∑

i γ̂iui

for all i ∈ I. This implies that u1 = u2 = · · · = um, and that any vector in the null

space must have the same value for each product entry across all consumers.

Consider any two solutions s̃ and ŝ to the LCP such that r + Ms̃ = r + Mŝ = w∗.



4.5. CONCLUSION 98

It follows that there exists a vector ũ ∈ Null(M) such that

ŝ = s̃ + ũ. (4.4.6)

Given a unique solution w∗ from the result of trading, for each product j ∈ J there

exists at least one consumer i such that w∗ij > 0, implying that there is at least

one variable s̃ij = 0 and ŝij = 0 for each j ∈ J . Since ũ must have the same

entry ũij equalled to some ũj for all consumer groups i, the only Null space that can

satisfy (4.4.6) is ũ = 0. Thus, s̃ = ŝ equals the unique solution s∗. From Corollary 5,

it follows that prices are unique and equal to

p∗ = ¯̄B−1
(
¯̄a− ¯̄q +

∑
i

B̄is
∗
i

)
.

4.5. Conclusion

This paper develops an exchange market for an arbitrary number of products and

consumer types and establishes conditions that guarantee a unique equilibrium. The

generality of the setup can allow future research to incorporate the model into a larger

framework with secondary markets applications. For example, models that involve

dynamics in consumer behaviour or consumer demographics will impact consumer

preferences for products, which in turn lead to exchanges in C2C markets. Although

the problem is configured for consumers, adjustment to the framework could allow the

traders can be interpreted as firms participating in B2B exchanges. This would further

broadens the applications to models involving trade within commodity markets and
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the movement of goods through supply chains.
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Chapter 5

Summary and Conclusions

5.1. Summary

The first essay analyzes the impact of branding on the frequency and profitability

of a firm’s upgrade strategy. We formulate the timing of product upgrade releases

as a Markov Decision Process and prove that the optimal upgrade strategy can be

characterized by a threshold policy based on either pent-up demand for a future

product release or the lag in technology of the incumbent product. The model is then

generalized to account for the possibility that new products may not meet consumer

expectations due to unforeseen manufacturing, design, or supply chain issues. When

accounting for the potential of a product failure, a threshold policy based on pent-up

demand remains optimal, whereas a technology based threshold policy is shown to

be sub-optimal. Numerical experiments are utilized to examine market conditions in

which the firm should invest in raising brand commitment. We also study how the

optimal upgrade decision and the influence of branding changes with the potential of

releasing a product failure.

The second essay develops an approximate optimal control problem to produce
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time-dependent bid prices for the airline network revenue management problem. The

main contributions of our paper are the analysis of time-dependent bid prices in

continuous time and the use of splines to modify the problem into an approximate

second-order cone program (ASOCP). The spline representation of bid prices permits

the number of variables to depend solely on the number of resources and not on

the size of the selling window. The advantage of this framework is the ASOCP’s

scalability, which we demonstrate by solving for bid prices on an industrial sized

network. The numerical experiments highlight the ASOCP’s ability to solve industrial

sized problems in seconds.

The third essay develops a general multi-product exchange market for gross sub-

stitute products, using multiple representative consumers who are endowed with an

initial collection of products. The consumers are differentiated by their relative pop-

ulation size, as well as by their preference and willingness to pay for products. The

consumers maximize surplus by participating in the exchange market deciding the

quantity of products to purchase and sell. Under the assumption that consumers

have correlated demand sensitivities to price, the quantity of products traded and

the equilibrium prices is proven to be unique.

5.2. Future Work

My future research looks to expand the scope of these three models by incorpo-

rating additional factors faced by firms into the decision models. With regards to

technology management, the aggregation of demand for a future product release has

important implications for inventory procurement, in terms of volume discounts and

greater certainty on customer demand. Factoring improved economies of scale into
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the decision-making process may provide further insights into the benefits of accumu-

lating demand in anticipation of a future product launch at the expense of present

eroding sales.

In terms of the network capacity control problem, the scalability of the ASOCP

approach implies that the model will lend itself to efficiently solving bid prices with

consumer choice. The inclusion of consumer behavior in the model will make the

ASOCP applicable to other areas of revenue management, where consumer preference

for products is an important component of the optimal control policy.

The exchange market can be applied to housing markets within a city and utilized

to analyze sustainability issues in urban environments. There are environmental con-

sequences resulting from a discrepancy between a city’s housing stock and the dwelling

needs of the population. This discrepancy can occur due to long-term changes in fam-

ily demographics, combined with policies that promote the construction of a surplus

of specific dwelling units. Thus a city’s existing housing stock and long-term demo-

graphic trend datasets to the exchange model, in order to enhance the understanding

of residential development policies on sustainable urban development. The model can

be expanded to optimize public policy with regards to the built environment in order

to minimize commuting.

My long-term objectives is to integrate components of the three approaches into

unified models to address emergent problems in the areas of technology and revenue

management. For example, I plan to develop a model to optimize product transitions

in response to shifts in technology and consumer preferences. Further, I plan to

analyze how product transitions strategies change, given the presence of a secondary

market. The increasing ability of consumers to monetize the residual value of earlier
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generations of a product through online exchange markets should have a significant

impact on the rate of technology adoption and the upgrade strategy of firms. My

research in this emerging area will be primarily focused on developing a model that

provides insight into allocation strategies over time, in response to shifts in consumer

preferences for technological products with overlapping features.



BIBLIOGRAPHY 104

Bibliography

[1] D. Adelman. Dynamic bid-prices in revenue management. Operations Research,

55(4):647–661, 2007.

[2] Elodie Adida and Victor DeMiguel. Supply chain competition with multiple

manufacturers and retailers. Operations Research, 59(1):156–172, 2011.

[3] Ron Adner and Daniel Levinthal. Demand heterogeneity and technology evo-

lution: implications for product and process innovation. Management Science,

47(5):611–628, 2001.

[4] Rohini Ahluwalia, Robert E Burnkrant, and H Rao Unnava. Consumer response

to negative publicity: the moderating role of commitment. Journal of marketing

research, 37(2):203–214, 2000.

[5] M. Akan and B. Ata. Bid-price controls for network revenue management: Mar-

tingale characterization of optimal bid prices. Mathematics of Operations Re-

search, 34(4):912–936, 2009.

[6] F. Alizadeh, J. Eckstein, N. Noyan, and G. Rudolf. Arrival rate approximation

by nonnegative cubic splines. Operations Research, 56(1):140–156, 2008.



BIBLIOGRAPHY 105

[7] F. Alizadeh and D. Goldfarb. Second-order cone programming. Math. Program-

ming, 95(1):3–51, 2003.

[8] Kenneth J Arrow and Gerard Debreu. Existence of an equilibrium for a competi-

tive economy. Econometrica: Journal of the Econometric Society, pages 265–290,

1954.

[9] Yves Balcer and Steven A. Lippman. Technological expectations and adoption

of improved technology. Journal of Economic Theory, 34(2):292–318, 1984.

[10] Sreekumar R. Bhaskaran and Karthik Ramachandran. Managing technology

selection and development risk in competitive environments. Production and

Operations Management, 20(4):541–555, 2011.
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Appendix A

Timing Product Upgrades with Stochastic

Technological Advancements, Brand Commitment,

and Product Failure

A.1. Technical Appendix

Proof of Lemma 1

To show the monotonicity in the state component nt, assume that n1
t < n2

t for some

t ∈ {t0 + 1, . . . T}. Independent of the upgrade decision, n1
t+1 = n1

t − a(n1
t ) + g(ξ) ≤

n2
t − a(n2

t ) + g(ξ) = n2
t+1, where the inequality follows form the inductive assumption

and the fact that da(nt)
dnt

≤ 1. To show the monotonicity in the state component dt

for systems (d1
t0
, n1

t0
, zt0) and (d2

t0
, n2

t0
, zt0), consider a policy where both firms make

product upgrades in the same periods. In period t0, the levels of pent-up demand for

systems 1 and 2 are d1
t0

and d2
t0

, respectively. Since d1
t0
≤ d2

t0
, assume that d1

t ≤ d2
t

holds for some t ∈ {t0, . . . , T}. Thus, in period t + 1, if the firm does not upgrade

d1
t+1 = θ

(
d1
t +a(n1

t )ρ̄(zt)
)
≤ θ
(
d2
t +a(n2

t )ρ̄(zt)
)

= d2
t+1, where the inequality holds due

to the inductive assumption, the fact that the dynamics of nt and zt are independent
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of pent-up demand, and that n1
t ≤ n2

t for all time t. If the firm upgrades in period t

then d1
t+1 = d2

t+1 = 0 and the result d1
t+1 = θa(n1

t )ρ̄(zt) ≤ θa(n2
t )ρ̄(zt) = d2

t+1 holds.

This implies that d1
t ≤ d2

t over the interval t ∈ {t0, . . . , T + 1}. The same inductive

reasoning is applicable to prove that z1
t ≤ z2

t , for all t ∈ {t0, . . . , T + 1}. In period t

make the inductive assumption that z1
t ≤ z2

t . If the firms do not upgrade in period

t + 1, then z1
t+1 = z1

t + ξt ≤ z2
t + ξt = z2

t+1. If the firm’s do upgrade in period t + 1,

then z1
t+1 = ξt = z2

t+1 and the result trivially holds.

Proof of Proposition 1

In period t0, consider technology lag zt0 , serviceable market n1
t0

and n2
t0

= n1
t0

+ εn,

and the delayed demands d1
t0

and d2
t0

, where d2
t0

= d1
t0

+ εd, for εn, εd ≥ 0. We compare

the two system states (d1
t0
, n1

t0
, zt0) and (d2

t0
, n2

t0
, zt0) denoted by superscripts 1 and

2, where both systems experience the same sample path of technology advancement.

Let µ̃1 denote the optimal upgrade policy for a system starting with state d1
t0

and

suppose that the policy of system 2 is to mimic the decisions produced by µ̃1 under

each realization of technology advancement. Let V 1
t0,µ̃1

and V 2
t0,µ̃1

be random variables

representing the present value of profit at t0 for a given realization under the upgrade

policy µ̃1 for systems 1 and 2. Define x̄t as the binary decision by firm 1 to upgrade,

where x̄t = 1 indicates that the firm releases an upgrade in period t. If we consider
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such a sample path of technological advancement, then

V 1
t0,µ̃1

=
T∑
t=t0

δt−t0
[
πa(n1

t )ρ(zt) + x̄t

(
π
(
a(n1

τ )ρ̄(zt) + d1
τ

)
−K

)]

≤
T∑
t=t0

δt−t0
[
πa(n2

t )ρ(zt) + x̄t

(
π
(
a(n2

τ )ρ̄(zt) + d2
τ

)
−K

)]
= V 2

t0,µ̃1

where the inequality follows from the state dynamics described by Lemma 1. Since

n1
t ≤ n2

t for all t the profit from arrivals is always such that πa(n1
t ) ≤ πa(n2

t ) and

since d1
t ≤ d2

t for all n1
t ≤ n2

t , the profit from delayed demand is greater or equal for

the firm with the initial larger market or the initial greater delayed demand. Since

µ̃1 is optimal for system 1 but suboptimal for system 2, Vt0(d
1
t0
, nt0 , zt0) = E[V 1

t0,µ̃1
] ≤

E[V 2
t0,µ̃1

] ≤ V 2
t0

(d2
t0
, nt0 , zt0) and monotonicity on d and n holds. A similar argument

can be constructed for technology lag zt using a mimicking policy argument, where

the firm with a smaller technology lag copies the upgrade decision of the firm with

a greater technology lag. First, the firm with a greater technology lag will lose more

sales between between t0 and the time of the first upgrade or the end of the planning

horizon if there is no upgrade. Second, the sales resulting from greater pent-up

demand due to a greater technology lag occur after the corresponding sales for the

firm with a smaller technology lag and contribute less to present value of the profit.

Third, after the first upgrade each firm will have the same profit level going forward

since the state dynamics on serviceable market and pent-up demand are independent

of the technology lag.
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Proof of Proposition 2

Again consider two systems, system 1 with starting state (d1
t0
, nt0 , zt0) and system 2

with starting state (d2
t0
, nt0 , zt0), that experience the same sample path of technological

advancement. Define the optimal introduction policy for system 2 as µ̃2, the random

variable τ as the time of the first product upgrade since t0 under policy µ̃2, and f(K)

as is the total cost under policy µ̃2. Under µ̃2 and a sample path of technology,

Π̃i
t is the profit in period t ≥ t0 for system i. Let system 1’s upgrade policy be

µ̃2. i.e. system 1 mimics the upgrade strategy of system 2 irrespective of the state

components. Denote ∆dt = d2
t − d1

t , Lemma 1 implies that 0 ≤ ∆dt+1 = θ
(
∆dt

)
≤

∆dt, ∀t ∈ {t0, . . . , T}. Since the systems have the same starting states in terms

of nt and zt, it is clear that 0 ≤ ∆dt ≤ ∆dt0 for all t ≥ t0. Let V 1
t0,µ̃2

and V 2
t0,µ̃2

be

random variables representing the present value of profit at t0 using policy µ̃2. Given

that Π̃1
τ = Π̃2

τ − π∆dτ and Π̃1
t = Π̃2

t for all t 6= τ ,

V 2
µ̃2,t0

=
τ−1∑
t=t0

δt−t0Π̃2
t + δτ−t0Π̃2

τ +
T∑

t=τ+1

δt−t0Π̃2
t − f(K)

=
τ−1∑
t=t0

δt−t0Π̃1
t + δτ−t0

(
Π̃1
τ + π∆dτ

)
+

T∑
t=τ+1

δt−t0Π̃1
t − f(K)

≤ V 1
µ̃2,t0

+ π∆dt0

Since the policy µ̃2 was optimal for System 2 and potentially suboptimal for System

1, the inequality Vt0(d
2
t0
, nt0 , zt0) ≤ Vt0(d

1
t0
, nt0 , zt0) + π(d2

t0
− d1

t0
) holds.
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Proof of Proposition 3

For states (dt, nt, zt) if the firm invests in a product upgrade in period t, then the

firm’s profit-to-go is

It(dt, nt, zt) = π
(
dt + a(nt)

)
−K + δE

[
Vt+1(0, nt − a(nt) + g(ξ), ξ)

]
(A.1.1)

If the firm does not upgrade the product, then the firm’s profit-to-go is

Wt(dt, nt, zt) = πa(nt)ρ(zt) + δE
[
Vt+1(θ(dt + a(nt)ρ̄(zt)), nt − a(nt) + g(ξ), zt + ξ)

]
(A.1.2)

The proposition holds true if at each time t, ∂
∂d

(
It(dt, nt, zt) − Wt(dt, nt, zt)

)
> 0

almost everywhere in d for all nt and zt, since the marginal benefit of investing in

the next product introduction would be increasing as the number of consumers with

delayed decisions increases. Therefore, monotonicity in d would imply that if the firm

would delay an upgrade at d̃, then the firm would delay the upgrade for any pent-up

demand d ≤ d̃.

Indeed, for any feasible tuple (dt, nt, zt) in period t, if the firm upgrades in the

current period, then the pent-up demand in period t+ 1 is 0. Thus, dt does not affect

the future expectation of the profit-to-go given an upgrade, and ∂
∂dt
It(dt, nt, zt) = π

for any value of dt. Consequently, the condition that ∂
∂dt
Wt(dt, nt, zt) < π is sufficient

to prove monotonicity in d, which we demonstrate by induction.

Using the condition VT+1(dT+1, nT+1, zT+1) = 0 for all (dT+1, nT+1, zT+1), the

profit-to-go given the decision to wait is WT (dT , nT , zT ) = πa(nT )ρ(zT ), which triv-

ially implies that ∂
∂dT

WT (dT , nT , zT ) < π. Assume for some t < T that ∂
∂dt
Wt(dt, nt, zt) <
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π. Since, Vt(dt, nt, zt) = max
(
It(dt, nt, zt),Wt(dt, nt, zt)

)
, based on the inductive as-

sumption on the ∂
∂dt
Wt(dt, nt, zt) < π, the fact that ∂

∂dt
It(dt, nt, zt) = π, and the

continuity of both functions, there exists at most one point d̃ (a set of measure

zero), where It(dt, nt, zt) = Wt(dt, nt, zt). Defining the point where It(dt, nt, zt) =

Wt(dt, nt, zt) as D∗t (nt, zt), implies that it is optimal for the firm to delay the upgrade

for dt < D∗t (nt, zt) and for the firm to upgrade at dt > D∗t (nt, zt). This implies that

∂
∂dt
Vt(dt, nt, zt) < π for dt < D∗t (nt, zt) and ∂

∂dt
Vt(dt, nt, zt) = π for dt ≥ D∗t (nt, zt),

and thus ∂
∂dt
Vt(dt, nt, zt) ≤ π almost everywhere for all dt. Let the probability of an

increase of ξ in the performance of leading-edge technology occur with probability

λ(ξ), where
∑

ξ λ(ξ) = 1. Since

Wt−1(dt−1, nt−1, zt−1) = πa(nt−1)ρ(zt−1)

+ δ
∑
ξ

λ(ξ)Vt−1(θ
(
dt−1 + a(nt−1)ρ̄(zt−1)

)
, nt−1 − a(nt−1) + g(ξ), zt−1 + ξ)

it follows that Wt−1(dt−1, nt−1, zt−1) is piecewise differentiable with a finite number of

points of non-differentiability. Thus, using the chain rule,

∂Wt−1(dt−1, nt−1, zt−1)

∂dt−1

= δθ
∑
ξ

λ(ξ)
∂Vt(θ

(
dt−1 + a(nt−1)ρ̄(zt−1)

)
, nt−1 − a(nt−1) + g(ξ), zt−1 + ξ)

∂dt

≤ δθ
∑
ξ

λ(ξ)π = δθπ

which combined with the fact that δ ∈ [0, 1) implies that ∂
∂d
Wt−1(dt, nt, zt) < π.

Therefore the induction holds and there exists a threshold value D∗t (nt, zt), which

determines the optimal upgrade policy in any period t.
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Proof of Proposition 4

We begin by proving monotonicity of the threshold in zt. Demonstrating ∆ztD
∗
t (nt, zt) ≤

0 is equivalent to showing that ∆ztWt(dt, nt, zt) = Wt(dt, nt, zt+1)−Wt(dt, nt, zt) ≤ 0,

since ∆ztIt(dt, nt, zt) = It(dt, nt, zt + 1) − It(dt, nt, zt) = 0. Using the condition

VT+1(dT+1, nT+1, zT+1) = 0 for all (dT+1, nT+1, zT+1), given the decision to wait in pe-

riod T , ∆zTWT (dT , nT , zT ) = πa(nT )(ρ(zT+1)−ρ(zT )) ≤ 0, since sales are nonincreas-

ing in the technological lag (Assumption 1), implying that ∆zTVT (dT , nT , zT ) ≤ 0.

Assume that ∆ztWt(dt, nt, zt) ≤ 0 for some t ≤ T , which in turn implies that

∆ztVt(dt, nt, zt) ≤ 0. SinceWt−1(dt−1, nt−1, zt−1) = πa(nt−1)ρ(zt−1)+δ
∑

ξ λ(ξ)Vt(dt, nt, zt+

ξ) and π(a(nt−1)ρ(zt−1 + 1) − a(nt−1)ρ(zt−1)) ≤ 0, using the inductive assumption,

∆zt−1Wt−1(dt−1, nt−1, zt−1) ≤ 0.

Proof of Proposition 5

The proof for an optimal policy of upgrading if and only if d ≥ D(ft, nt, zt) follows the

same logic as the proof for Proposition 3. The marginal value of pent-up demand for

the upgrade decision is ∂
∂dt
It(dt, ft, nt, zt) = π

∑
j qj(zt)p(j) for any value of dt, so the

condition that ∂
∂dt
Wt(dt, ft, nt, zt) < π

∑
j qj(zt)p(j) is sufficient to prove monotonicity

in d. Using ∂
∂dt
WT+1(dT+1, fT+1, nT+1, zT+1) = 0 provides the inductive assumption

that ∂
∂dt
Wt(dt, ft, nt, zt) ≤ π

∑
T+1 qT+1(zt)p(T + 1) which using the argument that

there exists at most one point d̃ (a set of measure zero) where It(dt, ft, nt, zt) =

Wt(dt, ft, nt, zt) implies that ∂
∂dt
Vt(dt, ft, nt, zt) ≤ π

∑
j qj(zt)p(j). Since dt = θ

(
dt−1 +
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p(ft−1)a(nt−1)ρ̄(zt−1)
)
, by the chain rule,

∂

∂dt−1

Wt−1(dt−1, ft−1, nt−1, zt−1) = δθ
∑
ξ

λ(ξ)
∂

∂dt
Vt(dt, ft, nt(ξ), zt(ξ))

≤ δπ
∑
j

qj(zt)p(j) < π
∑
j

qj(zt)p(j),

which completes the induction.

A.2. Premium Smartphone and Features

This appendix provides an overview of the timing and specifications of premium

Android smartphones released by Samsung (Sam.), Motorola (Mot.), LG, HTC and

Sony from October 2011 to September 2013 through one or more of the following

US carriers: AT&T; T-Mobile; Sprint; and/or Verizon in direct competition to the

iPhone. Each smartphone included in the list has front and rear cameras, 4G LTE

support, and was initially priced at or above $199 from at least one of the above

carriers based on a two year contract. Data was compiled from OEM and carrier

websites.
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Appendix B

Scalable Dynamic Bid Prices for Network Revenue

Management in Continuous Time

B.1. Technical Appendix - Network Revenue Management

General Optimality Conditions for Control of Differential Inclusions

Here, we summarize optimality conditions for the optimal control problem (P) in [46].

Our problem is a special case. To streamline application and analysis, we somewhat

reduce the generality and omit all technical conditions which become trivial. The

problem is to find an absolutely continuous function y : [0, T ]→ Rk (typically referred

to as an arc) which solves:

min γ(y(0)) (B.1.1)

s.t. ẏ(t) ∈ F (t, y(t)) a.e. t ∈ [0, T ] (B.1.2)

y(T ) ∈ S. (B.1.3)
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This formulation uses notation ẏ(t) for the derivative of y(t). In our special case, the

objective γ(·) is linear and F (t, y), S are nonempty, closed and convex. Multifunc-

tion F (t, y) is given as an intersection of a finite number of linear constraints whose

coefficients are Lipschitz-continuous functions of time. This implies that all required

technical conditions are satisfied.

The statement of necessary optimality conditions (Theorem 4.3) uses the Hamil-

tonian function defined as

H(t, y, z) = sup{〈z, d〉 : d ∈ F (t, y)}, (B.1.4)

where 〈z, d〉 denotes the inner product of z, d ∈ Rk. Suppose that an arc y∗ solves the

problem above. Then there exists a scalar z0 ∈ {0, 1} and a function z : [0, T ]→ Rk

of bounded variation, not both zero, such that for almost all t ∈ [0, T ], one has

(a) the Hamiltonian inclusion

(−ż(t), ẏ∗(t)) ∈ ∂̄H(t, y∗(t), z(t)),

where ∂̄ represents Clark’s generalized gradient,

(b) the Euler-Lagrange inclusion

ż(t) ∈ co{z′ : (z′, z(t)) ∈ NgphF (t,·)(y
∗(t), ẏ∗(t))},

where gphF (t, ·) denotes the graph of F (t, ·), and N denotes a normal cone
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(c) the Weierstrass-Pontryagin maximum condition

〈z(t), ẏ∗(t)〉 = max{〈z(t), y′〉 : y′ ∈ F (t, y∗(t))}.

The adjoint arc also satisfies

(d) the transversality inclusion

z(0) ∈ z0∂γ(y∗(0)),

z(T ) ∈ −NS(y∗(T )).

Proof of Theorem 1

Suppose that z0 = 1. We start with the transversality condition (d). Since the

objective function γ(·) given by (3.3.4) is linear and its subdifferential set consists

of a single element (its gradient), the first condition of (d) leads to the boundary

conditions of the form (3.4.8)-(3.4.9).

To obtain the adjoint differential inclusion, we observe that the state inclusion (3.3.5)

is obtained as an intersection of a set of continuously differentiable convex constraints,

and it satisfies Slater’s condition. Therefore, the convexification operation in (b) (the

Euler-Lagrange inclusion) is redundant, and it takes a simplified form

(żt, zt) ∈ NgphF (t,·)(v
∗
t , v̇

∗
t ).

The normal cone to the graph of F (t, ·) at v∗t , v̇
∗
t is characterized as a finitely gen-

erated cone spanned by the gradients of active inequalities at v∗t , v̇
∗
t . We associate a
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nonnegative multiplier µr,t with each constraint. Multipliers of inactive constraints

are equal to 0, which leads to condition (3.4.5). Other conditions (3.4.1)-(3.4.4) are

obtained immediately by calculating the gradient of fr(t,vt, v̇t) with respect to vt

and v̇t. Conditions (3.4.1), (3.4.2), (3.4.3) and (3.4.4) match the gradient compo-

nents ∂fr
∂v0,t

, ∂fr
∂vi,t

, ∂fr
∂v̇0,t

and ∂fr
∂v̇i,t

, respectively.

The Weierstrass-Pontryagin maximum condition (3.4.6)-(3.4.7) is a direct appli-

cation of the general condition (c). General condition (a) is redundant.

To rule out the case of z0 = 0, we observe that this implies µr,t = 0 for all r, t

(from (3.4.3)) and, therefore, zi,t = 0 for all i, t. However, the scalar z0 and the

adjoint trajectory cannot be both zero – a contradiction.

The last observation in the theorem is a direct consequence of the fact that µr,t ≥ 0,

for all r ∈ R and conditions (3.4.3)-(3.4.5). In particular, nonnegativity of µr,t’s

and (3.4.3)-(3.4.4) means dual feasibility and (3.4.5) is a complimentary slackness

condition.

Proof of Corollary 2

Optimality conditions (3.4.8), (3.4.1) and (3.4.3) immediately imply the first part of

the statement. Moreover, it follows that at least one of µr,t is nonzero and, therefore,

the corresponding constraint in (3.3.5) is active. From (3.4.4) it follows that if zi,t > 0

then there is at least one r such that ri > 0 for which µr,t > 0. Also, it is elementary

to check that

∂M ε
j

∂vi,t
=


0, i 6∈ Aj,

−1
2

 pj−
∑
i′∈Aj

vi′,t([
pj−

∑
i′∈Aj

vi′,t

]2
+ε2
) 1

2
+ 1

 , i ∈ Aj.
(B.1.5)
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From (B.1.5), it is immediate that −1 <
∂Mε

j

∂vi,t
< 0, i ∈ Aj. Thus, for all r 6= 0, we

have

∂f 0
r

∂vi,t
(v∗t ) =

∑
j:Aj≤r,i∈Aj

λj,t
∂M ε

j

∂vi,t
(v∗t ) < 0.

Since (3.4.2) represents the weighted sum of ∂f0r
∂vi,t

’s with µr,t’s a weights, it follows

that żi,t < 0 unless µr,t = 0 for all r such that ri > 0. The latter means that żi,t = 0

and is only possible if zi,t = 0.

Proof of Corollary 3

Consider any i ∈ I. Since zi,t is strictly decreasing for almost all t except when

zi,t = 0, it is true that zi,t < ci for any t > 0. Since ri ≤ ci for all r ∈ R, optimality

condition (3.4.4) implies that for each t there exists r such that ri < ci and µr,t > 0.

This can only occur if the constraint corresponding to r is active. Thus, we have

v̇∗0,t + riv̇
∗
i,t +

∑
i′∈I\{i}

ri′ v̇
∗
i′,t + f 0

r (t,v∗t ) = 0.

At the same time, ri + 1 ≤ ci. Therefore, we have

v̇∗0,t + (ri + 1)v̇∗i,t +
∑

i′∈I\{i}

ri′ v̇
∗
i′,t + f 0

r+ei
(t,v∗t ) ≤ 0,

where ei is the ith unit vector. It follows that

v̇∗i,t ≤ f 0
r (t,v∗t )− f 0

r+ei
(t,v∗t )
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Since f 0
r+ei

(t,v∗t ) ≥ f 0
r (t,v∗t ) it follows that v̇∗i,t ≤ 0. Nonnegativity follows from the

boundary condition v∗i,T = 0 in conjunction with monotonicity.

For i = 0, the statement is obtained immediately from (3.3.5) with r = 0 and the

boundary condition v∗0,T = 0.

We also observe that the optimal solution to (3.4.6)-(3.4.7) cannot have wi < 0

if zi,t > 1. Indeed, if this were true, we could construct another feasible solution w′

where w′0 = w0 + wi and w′i = 0 with a strictly higher value (because z0,t(w0 + wi) >

z0,tw0 +zi,twi). The new solution is indeed feasible because all constraints with ri > 1

are less restrictive than the ones with ri = 1, and the left-hand-sides of constraints

with ri = 1 have the same value at w and w′. Moreover, since v̇∗t is an optimal solution

to (3.4.6)-(3.4.7), it must have v̇∗i,t = 0. According to Corollary 2, adjoint variable zi,t

is strictly decreasing when positive, and, from the transversality condition (3.4.8), we

know that it starts at ci ≥ 1. Thus, v∗i,t remains constant on an interval [0, t′i] such

that zi,t′i = 1.

Proof of Proposition 6

Let the optimal bid price trajectory of AOCP be v∗i,t, i ∈ I ∪ {0}. Let the corre-

sponding adjoint trajectory zi,t and multipliers µr,t be as described in Theorem 1. We

construct a solution to the static LP so that

Yj =

∫ T

0

∑
r:Aj≤r

λj,tµr,t
1

2

 pj −
∑

i′∈Aj vi′,t([
pj −

∑
i′∈Aj vi′,t

]2
+ ε2

) 1
2

+ 1

 dt, j ∈ J . (B.1.6)

First, we show that (B.1.6) defines a feasible solution to the static LP. Recall that,
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according to (B.1.5), we have

∂M ε
j

∂vi,t
(v∗t ) = −1

2

 pj −
∑

i′∈Aj v
∗
i′,t([

pj −
∑

i′∈Aj v
∗
i′,t

]2
+ ε2

) 1
2

+ 1

 ,

for each for i ∈ Aj. Thus, Yj’s satisfy constraints (3.4.11) because

∑
j:i∈Aj

Yj = −
∫ T

0

∑
r∈R

µr,t

∑
j:i∈Aj ,Aj≤r

λj,t
∂M ε

j

∂vi,t
(v∗t )dt

= −
∫ T

0

żi,tdt, ∀ i ∈ Aj

= zi,0 − zi,T ≤ ci, ∀ i ∈ Aj.

The last inequality holds because zi,0 = ci by (3.4.9) and zi,t ≥ 0 for any t due

to (3.4.4). Yj’s also satisfy constraints (3.4.12), because −1 <
∂Mε

j

∂vi,t
(v∗t ) ≤ 0 and,

therefore,

0 ≤ Yj ≤
∫ T

0

∑
r:Aj≤r

µr,tλj,tdt ≤
∫ T

0

λj,tdt.

It remains to relate the value of the objective function (3.4.10) at Yj’s defined by (B.1.6)

to the optimal value of AOCP. Multiply (3.3.5) by µr,t, sum over all r and integrate

over t to get ∫ T

0

∑
r∈R

µr,t

(
v̇∗0,t +

∑
i∈I

riv̇
∗
i,t + f 0

r (t,v∗t )

)
dt = 0.

The equality holds because of (3.4.5). The first part of this integral can be expressed
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in terms of zi,t’s using (3.4.3)-(3.4.4) and integrated by parts to obtain

∫ T

0

∑
r∈R

µr,t

(
v̇∗0,t +

∑
i∈I

riv̇
∗
i,t

)
dt =

∫ T

0

∑
i∈I∪{0}

zi,tv̇
∗
i,tdt

=
∑

i∈I∪{0}

zi,tv
∗
i,t

∣∣∣T
0
−
∫ T

0

∑
i∈I∪{0}

żi,tv
∗
i,tdt

= −
(
v∗0,0 +

∑
i∈I

civ
∗
i,0

)
−
∫ T

0

∑
i∈I

żi,tv
∗
i,tdt,

where the last equality holds because of (3.3.6), (3.4.1) and (3.4.8)-(3.4.9). It follows

that we can express the AOCP optimal objective value as

v∗0,0 +
∑
i∈I

civ
∗
i,0 =

∫ T

0

∑
r∈R

µr,tf
0
r (t,v∗t )dt−

∫ T

0

∑
i∈I

żi,tv
∗
i,tdt

=

∫ T

0

∑
r∈R

µr,t

∑
j∈J :Aj≤r

λj,t

(
M ε

j (v
∗
t )−

∑
i∈I

v∗i,t
∂M ε

j

∂vi,t
(v∗t )

)
dt

For each j we can write

M ε
j (v

∗
t )−

∑
i∈I

v∗i,t
∂M ε

j

∂vi,t
(v∗t ) =

1

2

{([
pj −

∑
i∈Aj

v∗i,t

]2

+ ε2
) 1

2
+ pj −

∑
i∈Aj

v∗i,t

+
∑

i∈Aj
v∗i,t

(
pj −

∑
i∈Aj v

∗
i,t([

pj −
∑

i∈Aj v
∗
i,t

]2
+ ε2

) 1
2

+ 1

)}

=
1

2

{
pj
[
pj −

∑
i∈Aj v

∗
i,t

]
+ ε2([

pj −
∑

i∈Aj v
∗
i,t

]2
+ ε2

) 1
2

+ pj

}

=
pj
2

{
pj −

∑
i∈Aj v

∗
i,t([

pj −
∑

i∈Aj v
∗
i,t

]2
+ ε2

) 1
2

+ 1

}

+
1

2

ε2([
pj −

∑
i∈Aj v

∗
i,t

]2
+ ε2

) 1
2
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The last term in this expression is bounded by ε
2
. Therefore,

v∗0,0 +
∑
i∈I

civ
∗
i,0 ≤

∫ T

0

∑
r∈R

µr,t

∑
j∈J :Aj≤r

λj,t

pj
2

{
pj −

∑
i∈Aj v

∗
i,t([

pj −
∑

i∈Aj v
∗
i,t

]2
+ ε2

) 1
2

+ 1

}
+
ε

2

 dt
≤

∑
j∈J

pjYj +
ε

2

∫ T

0

∑
j∈J

λj,tdt.

The optimal value of the static LP is V LP (c, 0) ≥
∑

j∈J pjYj. The claim of the

proposition follows.

Proof of Proposition 7

We use the results of [60] to demonstrate that the discretization error over each

spline piece is bounded by Lkd
2
k. The first step of the proof is to demonstrate that

problem (3.5.1)-(3.5.12) and (3.3.5) satisfies the assumptions from [60] outlined above.

Fortunately, our SIP is a simplified case of the general SIP because our infinite index

set is one dimensional over [0, T ]. Assumption 1 implies that g is Lipschitz continuous

near the solution x̄ with respect to Y . Since (3.3.5) is continuously differentiable,

Assumption 1 is satisfied. The inequalities in Assumption 2 for our problem can be

expressed as ζ1(t) = t−T ≤ 0 and ζ2(t) = −t ≤ 0. The derivatives of the inequalities

are ∂ζ1
∂t

= 1 and ∂ζ2
∂t

= −1, so they satisfy the MFCQ condition (Assumption 3) that

∂ζi(ȳ)
∂y

η < 0, i ∈ I(ȳ) with η(ȳ|ζ1(ȳ) = 0) < 0 and η(ȳ|ζ2(ȳ) = 0) > 0. The sets Sl

represents the boundaries to the infinite set of constraints, since Y and Sl ∩ Y 6= ∅.

Since we include t = 0 and t = T in our set T , as well as the set of spline knot points

tk, k ∈ K, our problem satisfies Assumption 4. This implies that all assumptions are

satisfied.

Using the fact that all assumptions are satisfied, there exists ||t̂d − t|| ≤ d and
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∂2η1
∂t2

= ∂2η2
∂t2

= 0, for some value L

fr(t,v
M
t , v̇

M
t ) ≤ 1

2

d2

dt2
(
fr(t,v

M
t , v̇

M
t )
)
d2 ≤ Ld2,

where, for r ∈ R and t ∈ [0, T ],

d2

dt2
(
fr(t,v

M
t , v̇

M
t )
)

=
...
vM0,t +

∑
i∈I

ri
...
vMi,t +

∑
j∈J :Aj≤r

∂2
(
λj,tM

ε
j (v

M
t )
)

∂t2
.

To bound d2

dt2

(
fr(t,v

M
t , v̇

M
t )
)

for any r ∈ R by L, we first substitute the spline pa-

rameters aki,l of the discretized SIP into the first three derivatives of the bid prices.

For i ∈ I ∪ {0} and t ∈ [tk + tk+1],

−v̇Mi,t =
3∑
l=0

aki,l

(
t− tk

tk+1 − tk

)l
, −v̈Mi,t =

3∑
l=1

aki,l
l(t− tk)l−1

(tk+1 − tk)l
, −...

vMi,t =
3∑
l=2

aki,l
l(l − 1)(t− tk)l−2

(tk+1 − tk)l
.

This implies that the derivatives of the bid prices are bounded as follows:

|v̇Mi,t | ≤
3∑
l=0

|aki,l|, |v̈Mi,t | ≤
3∑
l=1

|aki,l|
l

tk+1 − tk
, |...vMi,t | ≤

3∑
l=2

|aki,l|
l(l − 1)

(tk+1 − tk)2
,

which by definitions is equivalent to v̇Bi,k, v̈
B
i,k, and

...
v Bi,k. For some product j ∈ J such

that Aj ≤ r,

∂2
(
λj,tM

ε
j (v

M
t )
)

∂t2
= λt,j

d2

dt2
(
M ε

j (v
M
t )
)

+ 2λ̇t,j
d

dt

(
M ε

j (v
M
t )
)

+M ε
j (v

M
t )λ̈t,j.
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We can now bound each of the M terms as follows:

M ε
j (v

M
t ) ≤ pj

d

dt

(
M ε

j (v
M
t )
)

=
−
∑

i∈Aj v̇
M
i,t

2

(
pj −

∑
i∈Aj v

M
i,t√

(pj −
∑

i∈Aj v
M
i,t )

2 + ε2
+ 1

)
≤ −

∑
i∈Aj

v̇Mi,t

d2

dt2
(
M ε

j (v
M
t )
)

=

∑
i∈Aj

(
v̇Mi,t
)2

2

(
(pj −

∑
i∈Aj v

M
i,t )

2 + ε2 −
(
pj −

∑
i∈Aj v

M
i,t

)2
)

((
pj −

∑
i∈Aj v

M
i,t

)2
+ ε2

)3/2

−
∑

i∈Aj v̈
M
i,t

2

(
pj −

∑
i∈Aj v

M
i,t√

(pj −
∑

i∈Aj v
M
i,t )

2 + ε2
+ 1

)
≤

∑
i∈Aj

(
v̇Mi,t
)2

2ε
−
∑
i∈Aj

v̈Mi,t .

Since we have expressed the terms of d2

dt2

(
fr(t,v

M
t , v̇

M
t )
)

in terms of spline coeffi-

cients, the bound L and mesh distance d can be varied over each mesh interval

[tk, tk+1]. Given that the absolute values of λt,j and its first and second derivatives

over each spline interval are bounded by λBj,k, λ̇
B
j,k, and λ̈Bj,k, then we can bound

1
2
d2

dt2

(
fr(t,v

M
t , v̇

M
t )
)

over each interval k ∈ K by

Lk =
1

2

[ ∑
i∈I∪{0}

...
v Bi,k +

∑
j∈J

(
λBj,k

∑
i∈Aj

((
v̇Bi,k
)2

2ε
− v̈Bi,k

)
+ 2λ̇Bj,k

∑
i∈Aj

v̇Bi,k + λ̈Bj,kpj

)]
.

Note that the value Lk corresponds to the resource vector where the airline has

sufficient capacity available to fulfill all product requests, since this vector of r will

lead to the largest possible absolute value of d2

dt2

(
fr(t,v

M
t , v̇

M
t )
)
. Since fr(t,v

M
t , v̇

M
t ) ≤

1
2
d2

dt2

(
fr(t,v

M
t , v̇

M
t )
)
d2 ≤ Lkd

2
k, for all t ∈ [tk, tk+1], it follows that

V M(c, 0) ≤ V A∗(c, 0) +
K∑
k=1

Lkd
2
k,
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Proof of Proposition 9

Consider a Master bid-price trajectory vRt = {vR0 ,vR1 , . . . ,vRm} and the corresponding

violations πRt . To bound the error over the entire booking horizon we approximate

πRt with the following spline

πAt =
3∑
l=0

bki,l

(
t− tk

tk+1 − tk

)l
,∀ t ∈ [tk, tk+1],

where tk, k ∈ K ≡ {1, . . . , K} is the same collection of knot points as used in the

ASOCP. The continuity of this approximation and its derivatives is ensured by the

constraints:

bk+1
i,0 =

3∑
l=0

bki,l,

1

tk+2 − tk+1

bk+1
i,1 =

3∑
l=1

l

tk+1 − tk
bki,l,

2

(tk+2 − tk+1)2
bk+1
i,2 =

3∑
l=2

l(l − 1)

(tk+1 − tk)2
bki,l,
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which apply to every k = 1, . . . , K − 1 and i ∈ I. We ensure that this approximation

is nonnegative upper bound on πRt we also include the constraints

πAt ≥ max(π∗t , 0)

bki,0 = yki,0,

bki,1 = 2yki,1 + xki,0 − yki,0,

bki,2 = yki,2 + 2xki,1 − 2yki,1,

bki,3 = xki,2 − yki,2,(
xi,0 + xi,2

2

)2

≥
(
xi,0 − xi,2

2

)2

+ x2
i,1,(

yi,0 + yi,2
2

)2

≥
(
yi,0 − yi,2

2

)2

+ y2
i,1.

The total error from time t to the end of the booking horizon, Et, is found by inte-

grating πAt over the interval [t, T ]. Thus, the objective is to find a minimum upper

bound on the approximation of the violation of (3.5.15)

E0 = min
πA

∫ T

t=0

πAt dt.

If πAt is a solution to the error spline approximation problem, then for all r ∈ Rt

and t ∈ T the following constraint holds:

v̇R0,t − πAt +
∑
i∈I

riv̇
R
i,t +

∑
j∈J :Aj≤r

λj,t
1

2
(hj,t + gj,t) ≤ 0.

Let v̇M0,t = v̇R0,t − πAt for all t ∈ T and v̇Mi,t = v̇Ri,t for all i ∈ I and t ∈ T . The feasible

values of vMi,t can be found by integrating over [t, T ]. At time t, vMi,t is trivially equal
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to vRi,t for all i ∈ I and

vM0,t = −
∫ T

t

(v̇R0,t − πAt )dt

= vR0,t + Et.

The bid-price trajectory vMt is feasible for ASOCP and provides an upper bound on

its optimal value

V M = vR0,0 + E0 +
∑
i∈I

vRi,0ci = V R(c, 0) + E0,

This bound ensures that the current solution based on Rt, t ∈ T is within fraction Ω

of the optimal solution if E0

V R(c,0)
≤ Ω.

B.2. Numerical Experiments

The standard errors for comparing the fixed bid price controls of the LP, DD, and

ASOCP for the fixed bid price experiments are Table B.1. The networks are indexed

by the scaling parameter κ and by the variability in the initial capacity vector u.

Tables B.2 reports the run-time for the master and row problem for the ASOCP

in the fixed bid price experiments. The standard errors and ASOCP run-times for

the multi-hub experiments with updating are presented in Table B.3. The networks

are identified by lowest to highest load factor at each number of hubs. Table B.4

shows the standard errors and total run-time, rather than the average run-time per

optimization, for the master and row problems across the porter network.
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