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Abstract 

Mathematics is much more than a formal system of procedures and formulae; it is also a way of 

thinking built on creativity, precision, reasoning, and representation.  I present a model for 

framing the process of doing mathematics within a constructivist ideology, and I discuss two 

fundamental parts to this process: mathematical thinking and the design of undergraduate 

mathematics problems.  I highlight the mathematical content and the structuredness of the 

problem statement and I explain why the initial work of re-formulating an ill-structured problem 

is especially important in learning mathematics as a mental activity.  Furthermore, I propose three 

fundamental processes of mathematical thinking: Discovery (acts of creation), Structuring (acts of 

arranging), and Justification (acts of reflection).  In the empirical portion of the study, pairs of 

university students, initially characterized by certain affective variables, were observed working 

on carefully constructed problems.  Their physical and verbal actions, considered as proxies of 

their mental processes, were recorded and analyzed using a combination of qualitative and 

quantitative measurement.  The results of this research indicate that ill-structured problems 

provide opportunities for a concentration of Discovery and Structuring.  Though all of the 

identified processes of mathematical thinking were observed, students who are highly 

metacognitive appear to engage in more frequent and advanced mathematical thinking than their 

less metacognitive peers.  This study highlights pedagogical opportunities, for both highly 

metacognitive students as well as for those who demonstrate fewer metacognitive actions, arising 

from the activity of doing ill-structured problems.  The implications of this work are both 

theoretical, providing insight into the relationship between metacognition and student 

“performance,” and practical, by providing a simple tool for identifying processes of 

mathematical thinking.   

Keywords: mathematical thinking, mathematics education, problem design, ill-structured. 
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Chapter 1 

Introduction 

This thesis is about learning to think mathematically.  Undergraduate mathematics 

education is the increasing focus of international discussion because of its influence in other 

academic disciplines and industrial fields.  But what are the goals of an undergraduate 

mathematics education?  I will make the case that mathematical thinking is a priority of 

contemporary learning theories, and is of value to employers who seek creative and analytic 

problem solvers.  Problems are at the core of both doing mathematics and learning mathematics, 

and I propose that mathematical thinking can be learned best through carefully structured 

problems.  In this research I give a detailed account of the many types of mathematical thinking 

and a careful account of variables involved in the design of mathematics problems.  

Undergraduate students are observed working on carefully crafted problems and their 

mathematical thinking is observed and recorded.  An analysis of the data draws out connections 

between specific problem design variables and particular processes of mathematical thinking.   

Tall and Vinner (1981) explain that mathematics exists in two simultaneous states: as a 

formal system and as a mental activity.  The “discipline” of mathematics includes objects, 

relationships, procedures, and proofs, but also intelligent navigation though this system.  

Mathematics education, therefore, must include the teaching and learning of the existing formal 

system, but also provide opportunities to experience the equally fundamental mental activities 

practices by expert mathematics.  The mathematician-psychologist Richard Skemp pioneered the 

study of mathematics education as an academic discipline and strongly advocated a shift in 

mathematics education away from the product of mathematical thought toward the process of 

mathematical thinking (Skemp, 1971).  The aims of mathematics education, from this 

perspective, are to guide the student through a more and more advanced structure within the 
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formal system and through more and more advanced ways of thinking mathematically.  Learning 

mathematics means coupling structuring and manipulation within the formal system with ways of 

thinking that are creative, constructive, and reflective.  I present a review of literature surrounding 

the mental processes of mathematics in the upcoming chapter, and later characterize the different 

forms of mathematical thinking as Discovery, Structure, and Justification. 

In the review of literature I present the constructivist philosophy of education and explain 

how theoretical designs in the constructivist pedagogy of inquiry are specifically aimed at 

processes of mathematical thinking.  According to this philosophy, specifically crafted 

mathematics problems, taught within an enculturative environment, are at the heart of a rich 

mathematics education.  Enculturation in education describes a learning environment in which 

activities of the student resemble expert mathematicians’ activities, but at the level of the learner.  

The foundations of the philosophy of social constructivism are (1) academic discourse and (2) the 

creative cycle, which I present in greater detail in the next chapter.   

Creativity and reasoning are two vital processes of mathematical thinking.  From the 

social constructivist philosophy of mathematics education, creation and validation form the 

theoretical basis of knowledge formation.  Looking toward the context of mathematics in the 

classroom, “new mathematical knowledge” can be conceptualized from the perspective of the 

individual as well as within a social community.  For example, one student, in a class that I 

recently taught, discovered the concurrency of medians in a triangle.  Although a centuries-old 

piece of mathematical knowledge, the student herself, from her point of view, created this 

knowledge.  This feeling of ownership and discovery is perhaps the most rewarding experience in 

mathematics, and one that I believe should be a central goal in the classroom.  This act of creation 

may have initially involved curiosity, an intuitively “good” picture, some reference to symmetry, 

drawing, discarding, refinement, and then a climactic, but perhaps skeptical conjecture.  To my 

mind, this is doing mathematics, or thinking mathematically, as much as the justification of the 
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conjecture that followed.  The discipline of mathematics, from the social constructivist 

perspective, can be viewed as a binary cycle consisting of validation within the accepted 

framework and the creation of new mathematics.  Later I propose a model for mathematical 

knowledge creation that takes into account the themes discussed here.   

In school mathematics, textbook problems are the norm, and most undergraduate 

university learning takes place through textbook exercises.  I suggest that the knowledge created 

from these activities is largely of the formal system and very little of the rich, creative mental 

activity of mathematics.  I do not mean that doing exercises does not involve mathematical 

thinking, but rather that it limits the student to a somewhat narrow range of types of mathematical 

thinking – a range that does not include the most important types of mathematical thinking 

practiced by mathematicians.  Arguably, both a student’s mathematical knowledge and her 

conception of mathematics are shaped by the problems with which she struggles, the content, the 

presentation, and the social context in which the mathematics is being learned.  An undergraduate 

mathematics education built largely on the typically well-structured problems in most textbooks 

gives students an entirely incorrect view of what mathematics is (Lockhart, 2002).  On the other 

hand, an education that brings forward the process of mathematical thinking may integrate the 

formal system and the mental activity of mathematics, and engender a more cohesive conception 

of mathematics.  In this synthesized mathematics education, I allege, aesthetically pleasing, 

challenging, “good” problems, that seem worthy of debate and investigation, are central to the 

curriculum.  And a good problem may stay with a person long after the course has finished.  But 

facilitation aside, good problems are difficult to create, and the reality of that difficulty leads to a 

few crucial and pertinent pedagogical questions.   

What are the features of mathematics problems that promote rich mathematical thinking?  

Can we alter existing problems, such as textbook ones, so that they can be used to draw out richer 

mathematical thinking?  What do students’ psychological characteristics have to do with their 
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mathematical thinking?  In this thesis I investigate the proposal that that certain forms of 

mathematical thinking can be facilitated by posing ill-structured problems, a term that I will 

explain later, and that all students engage in mathematical thinking, albeit at different levels.  This 

examination requires the careful analysis of mathematics problems themselves.  In the review of 

literature around this topic, however, I have discovered that current research in undergraduate 

mathematics education seems to focus primarily on mathematical topics and facilitation.  There 

appears to be very little research about the design mathematics problems and tasks themselves, 

neither have I found any comprehensive body of work regarding the relationships between 

mathematics problems and mathematical thinking.  In the chapter that follows I present current 

problem design theories, and later I present a set of design variables of interest in this study and 

use these to analyze the mathematics problems used in this research. 

I carefully designed three ill-structured mathematics problems to use in this study to 

provide opportunities for specific and diverse kinds of mathematical thinking.  

Problem 1. Consider two spheres of different diameters.  Each sphere has a cylindrical core 
removed along a pole such that the height of the cylindrical void within each sphere 
is equal.  Which spherical object do you think has more volume, and why? 

Problem 2. For the 2011 Dodge Ram 2500 the consumer may choose from two tire sizes, one 
wider than the other.  The tire specifications are as follows. 

Option A: 245/70R17 
Option B: 265/70R17 

When referring to the purely geometrical data, to take a common example, 
195/55R16 would mean that the nominal width of the tire is approximately 195 mm 
at the widest point, the height of the side-wall of the tire is 55% of the width 
(107 mm in this example) and that the tire fits 16-inch-diameter (410 mm) wheels.  

With this information, which tire do you estimate would wear out first? 

Problem 3. In how many ways can you change one half-dollar? 

The intention was that these problems would be unfamiliar to the participants at the time of the 

study, but that neither the concepts nor possible solution procedures would be entirely unfamiliar.  
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The above are not well-structured problems, in part because no procedure is provided with which 

to solve them.  Further distinction between a problem which is ill-structured and one that is well-

structured will be made in a forthcoming section.   

This thesis is an investigation into the relationships between mathematics problems and 

the mathematical thinking that arises while doing certain kinds of problems.  To be clear, I do not 

talk about instructional practices or techniques at any length, but I will present a context in which 

we can visualize mathematical thinking being learned.  In the theoretical part of this research I 

present a characterization of the mental processes that make up the activity of thinking 

mathematically, and these are discussed with respect to the characteristics of mathematics 

problems.  In the experimental portion of this study I observe students doing ill-structured 

problems and I record their mental activity, both observed and self-reported.  This study was 

designed to answer the following questions. 

1.1 Research Questions 

1. What is a useful theoretical framework for identifying processes of mathematical 

thinking that have been highlighted in the literature? 

2. What is the relationship between mathematical thinking and problem design? 

a. What specific attributes of ill-structured problems occasion mathematical 

thinking?   

b. What are the relationships between problem attributes and thinking 

mathematically? 

3. Is there a relationship between a student’s affective variables and her/his mathematical 

thinking? 

a. What are students’ viewpoints of these problems and of their capacity to solve 

them?   

b. Is there any pattern to how different students experience different kinds of 

problems? 

4. What are the pedagogical implications of this research?  Can educators readily use this 

information in designing problems to teach mathematical thinking?  



 6 

Chapter 2 

Literature Review 

Fundamentally, we teach mathematics for two reasons: 

to familiarize students with well-known tools and techniques so that they might call upon these 
mathematical ideas to enrich their personal or professional lives, 

and, equally as important, 

to introduce a disciplined process of thinking mathematically about situations, which begins with 
curiosity and intuition, followed by critical, rational, precise, formal activity, and results in truth. 

These statements reflect my own experiences of learning mathematics (in large research- and 

teaching-centered universities), of teaching mathematics (from very basic to advanced levels, and 

including “at-risk” students), and my research in mathematics education (teaching, learning, 

curriculum, and assessment at the post-secondary level).  Yet, as I will demonstrate below, this is 

a point of view that I share with many other educators.  

This chapter begins with an overview of philosophies of mathematics and mathematics 

education that motivate the research displayed in this thesis.  The section that follows provides a 

discussion of the role of mathematics problems in undergraduate education through the 

perspective of these philosophies.  The discipline of mathematics is inextricably linked to the 

problems that permeate it, but these problems come in many forms.  In mathematics education, it 

is of particular interest that we develop a better understanding of the learning that takes place 

from exposure to different kinds of problems.  To address these issues, I discuss some existing 

theories of problem design in relation to learning goals of undergraduate education.  The process 

of “thinking mathematically” is one such prominent learning goal, and I present some existing 

literature on this subject, including a brief historical overview of its rise in popular consciousness, 

and some themes that have emerged.  The philosophies underlying the statements above, and 

which motivate this research into doing mathematics, teaching mathematics, and thinking 
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mathematically, are presented in this section.  For “to discuss the aims of education in the 

abstract, without locating them socially, is to commit the error of assuming universal agreement, 

that all persons or groups share the same aims for education” (Ernest, 1991, p126).   

2.1 Philosophies of Mathematics Education 

A single person may hold multiple perspectives of mathematics education throughout her 

life, and even at a single point in time.  The philosopher Paul Ernest, in his book The Philosophy 

of Mathematics Education (1991), sifted through the many existing points of view and identified 

three main ideological perspectives of mathematics education, the Utilitarian, the Purist, and the 

Social Change Ideology.  He then identifies five different social groups holding these views, 

aligning the Industrial Trainer and Technological Pragmatist with the Utilitarian ideology, the 

Old Humanists and Progressive Educators with the Purist ideology, and the Public Educator with 

the Social Change ideology.  I highlight three of these social groups that encompass the 

philosophies motivating this study in Figure 2.1, below.  

I shall discuss these perspectives in a historical context later, but even from the excerpts 

above it is possible to get a feeling for the many different viewpoints that exist, and how various 

combinations of these might make up a single individual’s outlook.  Both the Old Humanists and 

the Progressive Educators perceive mathematics a body objective knowledge whose foundations 

are reason, rigor, and beauty; this is an absolutist philosophy of mathematics.  Yet the focus of 

these two groups’ attention in education is different; the Old Humanists emphasize the formal 

structure of mathematics and of the Progressive Educators highlight the psychology of the 

learner.  
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Purist Ideology Social Change Ideology 

Old Humanists Progressive Educators Public Educators 

The aims of [the old humanists 
are] a concern with the 
transmission of mathematical 
knowledge, culture and values. 
The goal is to transmit pure 
mathematics per se, with an 
emphasis on the structure, 
conceptual level and rigour of the 
subject. The aim is to teach 
mathematics for its intrinsic value, 
as a central part of the human 
heritage, culture and intellectual 
achievement. This entails getting 
students to appreciate and value 
the beauty and aesthetic dimension 
of pure mathematics, through 
immersion in its study. A very 
important subsidiary aim is the 
education of future pure 
mathematicians, which introduces 
the element of élitism. (p181) 

The mathematical aim of the 
progressive educator is to 
contribute to the overall 
development of the growing 
human being, to develop the 
child’s creativity and self-
realization through the 
experience of learning 
mathematics. This involves two 
things. First, the development 
of the child as an autonomous 
inquirer and knower in 
mathematics. Second, the 
fostering of the child’s 
confidence, positive attitudes 
and self-esteem with regard to 
mathematics, and shielding the 
child from negative experiences 
which might undermine these 
attitudes. (p197) 

The aims of the public educator 
perspective are the development 
of democratic citizenship through 
critical thinking in mathematics. 
This involves empowering 
individuals to be confident solvers 
and posers of mathematical 
problems embedded in social 
contexts, and thus the 
understanding of the social 
institution of mathematics. At a 
deeper level, it involves assisting 
learners to become engaged in 
mathematical activity, which is 
embedded in the learner’s social 
and political context (Mellin-
Olsen, 1987). These aims stem 
from a desire to see mathematics 
education contribute to the 
furtherance of social justice for all 
in society. (p214) 

Figure 2.1. The aims of mathematics education from the perspective of different 

ideological groups, from Ernest’s Philosophy of Mathematics Education (1991). 

In contrast, the philosophy of education of the Social Change ideology places a great deal of 

emphasis on mathematical activity within a social environment, highlighting critical thinking over 

both formal structure and psychological issues.  This perspective is reflected in Skemp’s 

advocating for an emphasis on the process of mathematical thinking over the product of 

mathematical thought.  Furthermore, the philosophy of mathematics of this ideology is 

constructivist rather than absolutist.  The label Social Constructivism was proposed by Ernest 

(1991) as the philosophy of mathematics associated with the ideology of Social Change, and 

describes a philosophy of mathematics emphasizing both objective and subjective mathematical 

knowledge in a cycle of knowledge creation and justification immersed within a social 

community.  The name reflects the popular constructivist views surfacing in other disciplines, and 
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was realized as an attempt to unify other pre-existing views of mathematics and to incorporate 

philosophy, history, sociology and psychology under an overarching theory.  

2.1.1 Social constructivism.   

Constructivism is an educational theory that recognizes that an individual’s knowledge is 

created through interactions between his experience and ideas.  Social constructivism, the origins 

of which are largely attributed to Russian Lev Vygotsky (1896-1934) who framed individual 

learning within a social group, posits that an individual’s knowledge construction is strongly 

affected by interactions with others.  Knowledge is socially and culturally embedded.  “The most 

central claim of social constructivism is that no certain knowledge is possible, and in particular no 

certain knowledge of mathematics is possible” (Ernest, 1991, p91).  In other words, much of the 

sense of certainty derives from the assent of a mathematics community.  A radical constructivist 

viewpoint is that knowledge is created solely through an individual’s cognitive process, but this 

overlooks the importance of external recognition and validation of knowledge that transforms 

subjective knowledge into objective knowledge.  A radical social constructivist viewpoint holds 

that all knowledge is socially constructed and the natural world plays only a small role, but this 

undermines the individual student’s strong sense of discovery.  A moderate social constructivist 

viewpoint is that “knowledge construction can neither be understood as solely an individual 

cognitive process (radical constructivism) nor as fundamentally a social process (symbolic 

interactionism)” (Gordon, 2009, p48). 

Around the same time of Vygotsky’s work, the Swiss psychologist Jean Piaget (1896-

1980) presented his cognitive constructivist philosophy in which he described a child’s cognitive 

development as a universal process.  It was Piaget who formalized the theory of constructivism. 

We are reminded that although constructivist ideas have been present at least since the time of 

Plato, their development into a formal philosophy of education is still relatively recent (Gordon, 
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2009).  In fact, Piaget’s work did not become popular until the 1960s, and some of his critics 

helped to popularize Vygotsky’s theories in the late 1970s.  At that time arguments shifted away 

from nature, and toward nurture, citing the influence of environment on a person’s cognitive 

development, and the transition away from the developmental focus on the learner toward the 

more teacher-centered focus of the early 2000s is thought to be the result of this transformation.  

But even earlier, the changes stimulated by the social constructivism movement were revealed in 

changes to popular philosophy, research, and policy recommendations, for example the NCTM 

Standards of the 1990s, moved away from direct instruction toward a pedagogy emphasizing 

mathematical practices, in parallel with mathematical content.  

Increased emphasis is being placed not only on students' capacity to understand the substance of 
mathematics but also on their capacity to "do mathematics." In recent years, mathematics 
educators and philosophers have convincingly argued that full understanding of mathematics 
consists of more than knowledge of mathematical concepts, principles, and their structure (e.g., 
Lakatos, 1976; Kitcher, 1984; Schoenfeld, 1992). Complete understanding, they argue, includes 
the capacity to engage in the processes of mathematical thinking, in essence doing what makers 
and users of mathematics do: framing and solving problems, looking for patterns, making 
conjectures, examining constraints, making inferences from data, abstracting, inventing, 
explaining, justifying, challenging, and so on. Students should not view mathematics as a static, 
bounded system of facts, concepts, and procedures to be absorbed but, rather, as a dynamic 
process of "gathering, discovering and creating knowledge in the course of some activity having 
a purpose" (Romberg, 1992, p. 61).  (Stein, Grover, & Henningsen, 1996, p456, emphasis in 
original) 

Formulating problems, representing mathematical ideas with pictures or symbols, constraining, 

and conjecturing are all examples of creative mathematical practices.  Solving problems; 

explaining and proving; justifying and validating; constraining; explaining; and self-regulating, 

are also processes of mathematical thinking.  These mental activities are highlighted, alongside 

the formal system, by the pedagogy of inquiry.  Tishman & Perkins (1997) emphasize the 

pedagogical importance of this duality by explaining, “while point-blank instruction in concepts, 

strategies, and even terminology is helpful, deep and lasting impact calls for an enculturative 

approach” (p373).  From the perspective of social constructivism, one cannot learn mathematics 

without being immersed in these values and behaviors of the mathematical discipline.  This 
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enculturative approach, also described as cognitive apprenticeship, gained support into the 21st 

Century as “an attempt to change the scientific environment of the students to give them a new 

and more authentic relationship to knowledge that is more akin to that of experts” (Robert & 

Schwartzenberger, 1991, p139).  The terms “enculturative” and “authentic” both describe the 

educational process through which individuals learn the culture of an identified group through 

engaging in expert-like activities.  In mathematics, these activities include expanding one’s own 

mathematical knowledge through constructing problems and validating other mathematicians’ 

work, as well as solving individual problems.   

It is generally believed that authentic learning environments encourage students to 

engage in scientific inquiry and to result in more positive attitudes about science (DeHaan, 2005). 

The idea of “expert” or advanced thinking (known more broadly as critical thinking) is 
philosophically tied to the expectation of stronger understanding and performance through 
authentic experience, and university education is uniquely aimed at training expert thinkers.  
Therefore, doubt allows the learning process to begin; conviction permits active 
experimentation to continue. Lack of doubt causes complacency with the status quo, while lack 
of conviction results in fear and paralysis. Too much doubt erodes conviction; too much 
conviction eliminates doubt and its energy for exploring alternatives. (Srikantia & Pasmore, 
1996, p42) 

The struggle between uncertainty and intuition is the oxygen of mathematician-experts who live 

on the edge of their competence.  For educators, the task is to design problems within a particular 

sweet spot: not so easily accessible that they require little mental work, but also not defeatingly 

difficult.  Vygotsky recognized this and introduced the notion of a Zone of Proximal 

Development (ZPD), describing the space made up of tasks that a person can do with guidance – 

the region right between the tasks that a person can easily do herself, and those that she cannot 

do.  According to Bereiter and Scardamalia (1993), expert thinkers working at the edge of their 

competence, push against the outer limits of their ZPD, stretching it always larger; in 

mathematics, the “aha!” moment when a solution becomes clear is very often followed by a 

further inquiry into how to prove it, or how to extend it.  Many of the instructional techniques of 

the pedagogy of inquiry, discussed more fully below, are focused on perpetuating this cycle for 
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learners through carefully designed problems and guidance.  Obviously this kind of learning 

cannot be forced; the student must be willing to enter into a didactic contract (Brousseau, 1986) 

in order to begin to experiment with autonomy and to explore the edge of her capacity.  If she is 

willing, and the problem is appropriate (within her ZPD), then this is, according to Dewey (1933), 

the environment in which cognition grows.  

The mental activity of mathematics is gaining attention in mathematics education.  Social 

constructivism as a philosophy of mathematics education places an emphasis on mathematical 

thinking through two central processes. 

• The creative cycle - new mathematics is generated and subjected to the social 

system of validation by which new ideas are transformed into mathematical truths 

• Social discourse - a social group is comprised of the people in the educational 

setting (instructor, other mathematicians and educators, the student, and other 

students) and the medium through which ideas flow is academic writing, 

publication and discourse 

Teaching approaches that foster discourse, both among students and between students and 

teachers, have been connected to mathematics achievement (Olson, Cooper, & Lougheed, 2011), 

and recent research in science education and the cognition has largely agreed that learning is 

enhances through socially supported interactions akin to the collaboration of expert 

mathematicians (DeHaan, 2005). 

The enculturation of students as mathematical thinkers is fundamental to the philosophy 

of social constructivism, and therefore the social discourse should be like that of experts, though 

at the level of the students.  Furthermore, students should engage in the creation of new 

mathematics, where “new” is subjective, indicating “new to them.”  Education through 

enculturation is increasingly prevalent.  The past few decades have seen a push to create authentic 

mathematical experiences, for example, in science, technology, engineering, and mathematics 
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(STEM) education.  In the next section I introduce some pedagogical methods that have grown 

out of the social constructivist movement, which are aimed at the construction of knowledge 

within the social setting of the classroom. 

2.1.2 Inquiry-based learning: A practical approach to constructivism. 

Among the many voices of the constructivist movement, John Dewey (1859-1952) made 

a significant contribution with his pedagogy of inquiry, or experiential learning.  From this 

pedagogy, mathematics is recognized as a creative activity carried out within a rigid system.  

Educators, then, must design a learning environment requiring time for both freedom and 

exploration as well as for rigorous rationalization.  

Most reformers agree that "classrooms must be communities in which mathematical sense-
making of the kind we hope to have students develop is practiced" (Schoenfeld, 1992, p. 345). 
According to the Professional Standards for the Teaching of Mathematics (NCTM, 1990, 
classrooms should be environments in which students are encouraged to discuss their ideas with 
one another, where intellectual risk-taking is nurtured through respect and valuing of student 
thinking, and where sufficient time and encouragement is provided for exploration of 
mathematical ideas. (Stein, Grover, & Henningsen, 1996, p456) 

Enculturation, as an element of the social constructivist’s philosophy of mathematics education, is 

fundamental to the pedagogy of inquiry and is built upon the creative cycle and social, academic 

discourse.  On one level, social discourse among professional mathematicians takes place in peer-

reviewed academic journals, but it also exists on a more local level, between one mathematician 

and another.  In pedagogy of inquiry the discourse in the classroom must adhere to a similarly 

rigorous analysis and justification of the mathematics by peers, but at the level of the learner.  

Furthermore, the pedagogy of inquiry highlights the creative process of doing mathematics by 

emphasizing practices such as problem posing by the learner.  Thus teaching mathematics, as 

understood through social constructivism, is built upon the practice of guiding students through 

more and more advanced content within the formal system, as well as through more and more 

advanced practices, which are manifestations of thinking mathematically.   
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To facilitate the enculturation of creativity and social discourse the pedagogy of inquiry 

is built on two central ideas: a task, the investigation and resolution of messy, ill-structured, often 

interdisciplinary problems; and a tutor, a coach who facilitates learning and supports 

metacognitive development and who conducts a thorough debriefing at the conclusion of the 

learning experience.   

The student should acquire as much experience of independent work as possible.  But if he is 
left alone with his problem without any help or with insufficient help, he may make no progress 
at all.  If the teacher helps too much, nothing is left to the student.  The teacher should help, but 
not too much and not too little, so that the student shall have a reasonable share of the work. 
(Polya, 1945, emphasis in the original). 

Enculturation is also fundamental in the pedagogy of inquiry.  Learning takes place through 

authentic mathematical experiences that includes forming and solving problems, and engaging in 

advanced, creative thinking within a socially structured community.  The theoretical foundation 

of the overall educational experience has three main goals: questioning, critical thinking, and 

problem solving.   

Throughout the years interpretations of the ideas behind the pedagogy of inquiry have 

resulted in several pedagogical offshoots.  Problem-based learning (PBL) and inquiry-based 

learning (IBL) are terms used to describe two if the most popular, and very closely related, 

focused, experiential learning pedagogies.  As Barrows and Kelson (1995) describe them, the 

learning goals of PBL are to construct an extensive and flexible knowledge base; develop 

effective problem-solving skills; develop self-directed, lifelong learning skills; become effective 

collaborators; and become intrinsically motivated to learn.  The primary differences between IBL 

and PBL are in the role of the tutor, and the importance placed on reaching a solution.  In IBL the 

tutor provides information while encouraging higher-order thinking, while in PBL the tutor 

“supports the process and expects learners to make their thinking clear, but the tutor does not 

provide information related to the problem” (Savery, 2006, p16).  With respect to the problem’s 

solution, students in a PBL environment “develop a viable solution to a defined problem” 
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(Savery, 2006, p12), whereas from the IBL pedagogy, “the journey, not the destination, is the 

goal” (Pirie, 1987, p2).  In other words, where IBL activities focus on the creative/discovery acts 

of mathematical thinking, PBL pedagogy maintains a focus on the resolution/validation of 

solutions.  Although these pedagogies differ, both are constructivist views of learning that 

reference two important mathematical activities: exploratory and creative work, and work which 

is focused on an end result.  The subtle differences between IBL and PBL do not impact this 

research and so I will use the term IBL throughout this thesis to refer to the general pedagogy of 

inquiry within the constructivist philosophy.  I extend these ideas in a later chapter when I present 

a constructivist model of knowledge formation and interaction between the formal system and the 

mental activity of mathematics.   

Despite currently widespread agreement about active learning strategies such as IBL, 

social constructivist pedagogy has not been widely adopted (Handelsman, et al., 2004).  In order 

to be successful, teachers have to completely revolutionize their classrooms, must balance 

allowing student autonomy and maintaining order, and yet they rarely receive adequate support to 

do this and often feel resistance from their students and the school system (DeHaan, 2005; 

Savery, 2006; Thomas, 2000).  Weaknesses in the educational theory of inquiry no doubt 

contribute a great deal of instability to its reception; academic inconsistencies in terms and 

theories, for example, the ambiguity in the terms “performance” and “academic success,” have 

resulted in confusing research.  Kirschner, Sweller, and Clark (2006) claim that there is a lack of 

evidence for the effectiveness of IBL, but their analysis is based on the role of the tutor and fails 

to recognize the other central player in the pedagogy of inquiry: the task.  Inadequate research 

into the nature of the task is, according to some theories, the most debilitating cause for the 

meager success (Jonassen, 2000) of these methods. Nevertheless, the IBL movement continues to 

maintain vast anecdotal, and moderate scientific, support.   
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Students who are instructed in PBL environments have been shown to be more likely to use 
hypothesis-driven reasoning (Patel, Groen, & Norman, 1991, 1993) than were students taught in 
traditional classrooms and this reasoning has been connected to the transfer of reasoning 
strategies to unrelated problems and the genesis of more coherent explanations (Hmelo, 1998).   

Problem and task databanks are emerging, and research into both tasks and implementation 

continues to grow.  Many descriptions exist of the general nature of IBL tasks, but specific 

features are not well described.  In particular, what mathematics problems are appropriate for IBL 

environments?  How shall problems be designed or altered to align more closely with the IBL 

environment?  When students are engaged in inquiry tasks, what are the processes of 

mathematical thinking that arise and how are they are highlighted?  Though the school system has 

not traditionally supported this kind of activity, we can hope that as contemporary learning 

theories bring more light to the importance of tasks in mathematics education, more good work 

will be done to clarify and improve the pedagogy.  The present research is an attempt to add to 

the collective understanding of the relationships between task design and mathematical thinking. 

2.2 Mathematics Problems  

The NCTM Standards (1991, p25) define a “good” problem as one that “engages 

intellect, can be approached in more than one interesting way, [and] stimulates students to make 

connections and develop a coherent framework for mathematical ideas.”  However, the adjective 

“good” is dependent on “for what” as much as it is on “for whom.”  Good problems in industry 

are often quite different from good problems in academia.  Even within academia, a problem that 

is “good” to a practitioner is not necessarily “good” pedagogically, yet from the standpoint of 

cognitive apprenticeship, the first must necessarily inform the other.  In education, a mathematics 

problem is an object of directed mathematical learning.  Some problems arise from non-

mathematical situations in academic and non-academic settings: Model the population of a 

wildlife species over a period of time.  How long will it take for a pollutant to be flushed out of a 

lake system?  Other problems are created by mathematicians from mathematical situations: How 
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many ways can a polygon be partitioned into triangles whose vertices lie on the vertices of the 

original polygon?  Prove that SL(n, R) is a normal subgroup of GL(n, R).  Calculate the volume 

of liquid in a cylindrical-shaped barrel lying on its side.  What does a student learn from doing 

these kinds of typical undergraduate mathematics problems?  On the surface we can identify 

content: familiarizing students with exponential versus stochastic growth, flow via the calculus of 

differential equations, combinatorics and sequences, matrices and group theory, and the advanced 

geometric notion of infinite sums.  Furthermore, we might propose that students learn to “model,” 

“prove,” and “calculate” mathematical situations as indicated by the wording in each problem.  

But what, exactly, are the mental processes that are called upon to perform these activities?  

These are more difficult to pin down, as they seem to be based on very specific situations and 

particulars of the problem itself (e.g., wording, pictures, complexity).  In the wildlife population 

problem, asking questions – questions not only about births and deaths but about predators and 

environment – may be identified as critical thinking.  In the barrel problem, the goal is clearly to 

“calculate” the correct value, whereas there is no “right” answer to the population problem.  

Certainly these two very different problem states evoke very different kinds of thinking.  

Moreover, a solution to the polygon problem depends on an interpretation of mathematical 

vocabulary, in particular, recognition of the word “partition.”  It becomes apparent that, to pin 

down learning outcomes such as critical thinking, we need a way to distinguish between different 

kinds of problems and different variations within a problem, and, furthermore, a way to recognize 

fundamental processes of mathematical thinking.   

The word “problem” is very ambiguous.  Schoenfeld (1991, p9-18) observed that two 

contradictory meanings of the term are very succinctly provided in Webster’s dictionary: “In 

mathematics, anything required to be done,” and, “A question… that is perplexing or difficult.”  

That is, a problem can be either a simple order of business, or a complex challenge.  Although 

most of us feel completely comfortable using the term in either way, from an educational 
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standpoint there is a real pragmatic difference between the two.  In contrast, from the Oxford 

English Dictionary, I present the alternative definition: a doubtful or difficult question; a matter 

of inquiry, discussion, or thought; a question that exercises the mind.  This definition might 

describe any problem, not just a mathematics problem, but when we consider “disciplined 

thinking” as thinking that follows the habits and culture of a specific discipline, then we can align 

mathematics problem with “requiring intelligent, critical, mathematical thinking.”  Thus, we 

define a problem with respect to the mental activity of the problem solver.  But we must tread 

carefully here to make the distinction between  

• the act of analyzing and devising a plan by deciding what methods to use, and  

• the act of carrying out a prescribed procedure, 

for the mental activity involved in the first action is quite different from that of the second, and 

this particular distinction may land one presentation within a student’s ZPD, but the other outside.  

Note that these are not so much differences in the problem as differences in what the student is 

given, and this is an issue that will be discussed in greater detail in the following section.  “One 

also finds consistent recommendations for the exposure of students to meaningful and worthwhile 

mathematical tasks, tasks that are truly problematic for students rather than simply a disguised 

way to have them practice an already-demonstrated algorithm” (Stein, Grover, & Henningsen, 

1996, p456).  From this excerpt we see a problematic task styled as being one for which there is 

no prescribed technique, and this gives us a first characteristic with which to distinguish between 

problem types.  Stein, Grover, and Henningsen (1996) go on to describe other attributes of an 

authentically problematic task that invoke both features of the problem itself and mental actions 

of the problem-solver. 

In such tasks, students need to impose meaning and structure, make decisions about what to do 
and how to do it, and interpret the reasonableness of their actions and solutions. Such tasks are 
characterized by features such as having more than one solution strategy, as being able to be 
represented in multiple ways, and as demanding that students communicate and justify their 
procedures and understandings in written and/or oral form. (Stein, Grover, & Henningsen, 
1996, p456) 
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This discussion further reinforces the need for a method of clearly describing problems with 

reference to the representation of the problem and to the mental activity involved in solving the 

problem. 

2.2.1 Problem design. 

Perhaps the best way to present the core of a mathematical question to another person is 

to explain it orally.  But there comes a time when a problem must be written down. The written 

problem is ubiquitous in mathematics education; and yet, because of the variations in language, a 

single mathematical situation can be presented in infinitely many ways.  The kernel (Webb, 1979, 

p95) of a problem is the core mathematical idea at its heart.  However, there is much more to a 

problem than its kernel, for the effectiveness of a problem as a catalyst for mathematical activity 

is determined primarily by its presentation.  It is in the presentation that an idea is transformed 

into a problem.  And why is it important to consider the presentation of a problem statement?  

The way that a problem is presented affects not only how a person solves the immediate problem, 

but it influences that person’s conception of mathematics.   

The nature of tasks can potentially influence and structure the way students think and can serve 
to limit or to broaden their views of the subject matter with which they are engaged.  Students 
develop their sense of what it means to “do mathematics” their actual experiences with 
mathematics, and their primary opportunities to experience mathematics as a discipline are 
seated in the classroom activities in which they engage. (Henningsen & Stein, 1997, p525). 

Certain kinds of problems can provide a more representative picture of what mathematics is, 

including the formal system as well as the mental activity.  In order to get a better handle on the 

presentation of a problem, we turn to problem design theory.  

In the mid-1970s, Kilpatrick (1975) presented a framework of problem solving research 

variables that was later expanded by Goldin and McClintock in their Task Variables in 

Mathematical Problem Solving (1979), an impressively thorough refinement of (then-current) 

theoretical perspectives of the mathematical task.  This categorization initially involves a coarse 
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separation of independent and dependent variables, seen below, each of which is further broken 

down into subcategories. 

Independent variables  Dependent variables 

• The Subject – organismic variables; 
trait variables; instructional history 

• The Task – context; structure; format 
• The Situation – physical; 

psychological setting 

 • Product – achievement of a solution 
• Process – verbal and written work; use 

of equipment 
• Evaluation – the solver’s viewpoint 
• Concomitant – all others 

(Kilpatrick, 1975) 

The Task is the focus of our immediate interest, and every manner in which a problem might be 

varied or developed is placed into two sets of categories: the problem statement (Syntax, Content 

and Context) and the problem representation (Structure and Heuristic).  Both the problem 

statement and THE problem representation influence decision-making, metacognitive monitoring, 

and the degree of formality of a solution.  According to Kulm (1979, Figure 1.1), the problem 

statement primarily influences the problem solver’s initial understanding of the problem, whereas 

the problem representation has more influence on its implementation and product. 

Norman Webb (1979) asserts that Content and Structure are the “main essence of 

mathematics problems” (p77).  Instructional designers choose to provide or withhold certain 

problem components when constructing a problem statement, and these design choices are what 

allow for a single mathematical kernel to be presented in multiple ways.  I will use elements of 

these design categories later to describe the three problems in this study.  Webb (1979) identifies 

Content as the “mathematical substance” (p69) of a task, under which he describes four divisions: 

mathematical topic, field of application, semantics, and problem elements.  The first two 

subcategories do not come under scrutiny in this study, though we can loosely affiliate them with 

the “kernel” of the problem.  Semantics includes key words and mathematical vocabulary, along 

with the mathematical meaning of the words and phrases used in the problem statement, whereas 

problem elements are categorized as givens, operations, and goals.  I will describe each of these 

variables in greater detail when I present the methodology behind this study. 
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Where content, along with Syntax and Context, affects a student’s understanding of a 

problem (Kulm, 1979, Figure 1.1), structure variables, on the other hand, describe the 

mathematical properties of the representation of the kernel of the problem.  Goldin (1979) 

provides insight into the difference between the problem statement and problem representation by 

pointing out that examination of Syntax, Content, and Context variables may utilize linguistic 

methods, but the examination of Structure variables necessarily requires some form of 

mathematical analysis.  Furthermore, Goldin (1979) makes the case that “different problem 

solvers may formulate different representations from the same problem statement” (p103).   

Given a set of well-defined rules or operational procedures, a well-defined structure will be 
generated that is subject to formal analysis.  Furthermore, a mathematical problem translates 
into just such a system of rules of procedure, sometimes stated explicitly in the problem and 
sometimes to be understood from the mathematical framework within which the problem is 
presented.  This is the sense in which we interpret problem structure variables as task variables. 
(Goldin, 1979, p103, emphasis in original) 

Structure variables, according to Kulm (1979, Figure 1.1), are of interest during the processes of 

“Carrying out the Plan” and “Looking Back” (Polya’s, 1945), and, as we shall see later, these are 

akin to Schoenfeld’s (1985) stages of Implementation and Verification.   

Structure variables can be examined by utilizing state-space analysis.  This method 

closely resembles, for example, in Game Theory, a graph of all possible states (nodes) and moves 

between states (edges) representing a particular combinatorial game.  Just as in the analysis of a 

game, an increase in the number possible interpretations at each state of a problem gives rise to 

greater complexity; thus, as ambiguity within the initial problem statement increases – where 

meaning must be interpreted and decisions made – the complexity of the problem also greatly 

increases.   

When rules of procedure are subject to more than one interpretation, it is necessary to make 
explicit the possible interpretations, and these become part of the description of intrinsic 
problem structure.  (Goldin, 1979, p104, emphasis in original) 

In this way, structure is likened to the complexity of a problem, although, as we shall see later, the 

terms are not synonymous.  Funke (1991) describes complexity as “the number of issues, 
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functions, or variables involved in the problem; the degree of connectivity among those 

properties; the type of functional relationships among those properties; and the stability among 

the properties of the problem over time (from Jonassen, 2000, p67-68).  David Jonassen1 (1947-

2012), another leader in design theory, made significant gains for the instructional design 

community with his thoughtful and well-organized characterization of problem types.  Jonassen 

and Goldin both emphasize this relationship between complexity and structuredness, but Jonassen 

treats the two separately.  According to Jonassen (2000), complexity, domain-specificity, and 

structuredness are three variations of the nature of a problem.  Within the domain of 

mathematics, I present a discussion of structuredness below. 

2.2.2 Structuredness. 

The structuredness of a problem refers to characteristics of its presentation, and these are 

communicated through Content variables.  Key words, vocabulary, givens, operations, and goals 

are components of the mathematical content that an instructional designer chooses to provide or 

withhold, or to provide with some measure of ambiguity.  Thus, a problem can be described as ill-

structured or well-structured based on the clarity and completeness of these Content variables.  

The evident difference between an ill-structured and a well-structured problem is in the choices 

the problem solver is called-upon to make when solving the problem.   

Some problems ask for the application of given techniques.  There are also problems in 

which one must choose or devise techniques in order to solve them.  Take a further step back and 

we can imagine problems posed in which ideas and relationships must be created before they are 

investigated.  A spectrum of constraint can be recognized then – the fewer constraints that are 

imposed on a problem, the more “open” or free the problem becomes.  This does not only 

implicate the goal of the problem, as in open-ended problems, but a collective sense of ill-

                                                        
1 A great void has appeared with the loss of his experience and insight; he is missed.   
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structure throughout the problem representation and statement.  These ideas are discussed in 

detail below. 

I present Jonassen’s comparison of ill-structured and well-structured problems in Table 

2.1 below.  Ill-structuredness, as we can see, can come in many different forms.  It does not mean 

ill-defined, although this is included as a possible attribute.  But it also describes problems that 

are quite well-structured mathematical situations, for which the problem-solver needs to find 

representations, solution methods, and appropriately refined proof or reasoning.  While 

complexity is inherently related to the structuredness of a problem, Jonassen (2000) shows how 

the two might not overlap.   

Table 2.1. Distinctions between ill-structured and well-structured problems. 

Ill-structured problems Well-structured problems 

• Possess problem elements that are 
unknown or not known with any degree of 
confidence (Wood, 1983). 

• Possess multiple solutions, solution paths, 
or no solutions at all (Kitchner, 1983) 

• Possess multiple criteria for evaluating 
solutions, so there is uncertainty about 
which concepts, rules, and principles are 
necessary for the solution and how they 
are organized. 

• Often require learners to make judgements 
and express opinions or beliefs [thus are] 
uniquely human interpersonal activities 
(Meacham & Emont, 1989). 

• Present all elements of the problem to the 
learners. 

• Require the application of a limited 
number of regular and well-structured 
rules and principles that are organized in 
predictive and prescriptive ways. 

• Have knowable, comprehensible solutions 
where the relationship between decision 
choices and all problem states is known or 
probabilistic (Wood, 1983). 

 
 
 

(Jonassen, 2000, p67) 

It is easy to see how a problem might be both complex and ill-structured, or even how a problem 

might be complex and well-structured.  But it is also possible for a problem to be simple (not 

complex) and yet ill-structured.  A problem which is ill-structured may have parts that are well-

organized and well-structured, but necessarily features elements that require choices to be made.   

The phrase “open-ended” is used in contemporary literature to describe mathematics 

problems with multiple correct answers, and it is no doubt clear that open-ended problems are ill-

structured.  However, the term “ill-structured” describes a much larger set of problems.  For 
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example, an ill-structured problem might have a single correct answer that reflects the kernel of 

the problem, but have imprecise semantics or problem elements.  This is precisely the case for the 

following problem (Figure 2.2), which is a single mathematical idea written in two different 

ways.   

At their core both problems have the same kernel, and each establishes a clear goal.  At 

the same time, the solution procedure and heuristic are so very different in the two problems.  The 

well-structured problem (the exercise on the left) provides the opportunity for a student to 

practice calculating the volume of a specific kind of shape using a prescribed method.2  

Task. Suppose you make napkin rings by drilling 
holes with different diameters through two 
wooden balls (which also have different 
diameters). You discover that both napkin rings 
have the same height h, as shown in the figure. 

 
a. Guess which ring has more wood in it. 
b. Check your guess: use cylindrical shells 

to compute the volume of a napkin ring 
created by drilling a hole with radius r 
through the center of a sphere of radius R 
and express the answers in terms of h. 

Stewart’s Calculus (1995)  

 Task. Consider two spheres of different 
diameters.  Each sphere has a 
cylindrical core removed along a pole 
such that the height of the cylindrical 
void within each sphere is equal.  
Which spherical object do you think has 
more volume, and why? 

Figure 2.2. Two tasks with the same kernel. 

The ill-structured problem on the right, on the other hand, is much more mysterious: there is no 

picture or notation, so these must be created; and, significantly, there is no method.   

The presence or absence of a solution strategy, either provided explicitly or implied, is a 

primary distinction between ill-structured problems and mathematical exercises.  Pedagogically, 

an exercise is a “means to a focused end” (Schoenfeld, 1992, p14); it is a well-structured problem 

                                                        
2 And part (a) is a thinly veiled attempt at adding a little spice to the problem, though it’s pretty certain that 
no great thought will be put toward this activity.   
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having a clear purpose.  Ill-structured problems, on the contrary, do not come with an obvious or 

built-in solution method.  In the context of mathematics education, problems provide a means to a 

broad end, so that the educational goal of an ill-structured problem might be described as, 

“disciplined navigation from conjecture to conclusion.”  Learning mathematics necessarily 

includes doing exercises, to motivate further investigation, to practice new procedures, to develop 

new skills, or for the purpose of reinforcing certain actions so that they become habitual and do 

not take up valuable working memory.  Over time, this familiarity with well-known mathematical 

procedures gives the student an assorted toolbox with which she can construct a deeper 

understanding of a topic.  In this light, a mathematical exercise may be understood as a problem 

with a fairly simple state-space presentation: well-defined rules and strategies evokes a well-

defined structure.  Exercises are one educational tool among many other tools for learning and 

ultimately they must not be mistaken for the entirety of mathematical learning activities.  It is 

increasingly recognized in mathematics education that the degree of structuredness of a problem 

is linked with the presence or absence of advanced mathematical thinking.  

2.3 Mathematical Thinking 

Perhaps the most influential reflection on the nature of mathematical thinking is 

Poincaré’s rumination on his own mathematical process in Mathematical Creation, a lecture 

given at the Société de Psychologie in Paris in 1913.  At that time, Poincaré identified two stages 

of mathematical creativity, synthesis and analysis, which are summarized as follows. 

Synthesis begins with the conscious act of the initial phase to begin to put ideas together, 
followed by a more intuitive activity, in which subconscious interplay between concept images 
takes place, until a powerful resonance forces the newly linked concepts to erupt once more into 
consciousness. Analysis, on the other hand, is a much more cool and logical conscious activity 
which organizes the new ideas into logical form and refines them to give precise statements and 
deductions. (Tall, 1991, p15) 

Around the beginning of the 1900s, Helmholtz and Poincaré developed a refinement of these 

ideas, in particular of the phase of synthesis, as four stages of mathematical thought: 
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• Preparation 

• Incubation 

• Illumination 

• Verification (later conscious work, including “précising”) 

Hadamard (1945) added a reinterpretation and development of these earlier ideas with particular 

focus on the influence of intuition in mathematical invention and discovery.  It is this description 

of “discovery” that speaks to me: an initiatory period occurring within the sub- or fringe-

conscious in which ideas are first combined in every possible way and followed by a selection of 

those combinations of ideas which are most promising. 

In this same year Pólya (1945) laid bare the topic of problem solving heuristics with his 

uncannily insightful How to Solve It.  In this concise and direct piece of literature, problem 

solving consists of  

• understanding the problem, 

• devising a plan, 

• carrying out the plan, and 

• looking back. 

Only later did it become widely apparent that even though the explanations of problem solving 

thoughts and actions are refreshingly obvious to many practitioners, they are nearly impossible to 

impart to students using standard educational methods. 

Around the 1970s, mathematics education research, led by popular ideologies, veered 

toward pursuing investigations into the behavioral and psychological (esp. cognitive) structures 

involved in mathematical thinking.   Dieudonné, Skemp, Tall, and Vinner , for example, 

influenced by Piaget, Duroux, Dewey, and other psychologists and philosophers, contributed 

ideas such as relational understanding, epistemological obstacles, reflective abstraction, 

conceptual identities, and concept images.  This period was followed by a shift toward more 
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social and cultural aspects built largely upon the work of Vygotsky (1978) who conjectured that 

the dynamic of relationships played an important role in learning, and who introduced the 

distinction of tasks within and without a person’s ZPD and scaffolding between them.  Guy 

Brousseau made particularly powerful contributions including the concept of the didactic 

contract – “the teacher is obliged to teach and the pupil to learn” (Brousseau & Otte, 1991, p18) – 

a relationship, he theorized, that is influenced by other learners, the mathematical content, the 

classroom ethos, institutional forces, testing regimes, parental and community pressures, and so 

on.  In a recent review of the history of the field of mathematics education, Furinghetti, Matos, & 

Menghini (2013) suggest that the social turn of the collective eye around the 1980s includes a 

focus on the goals of a mathematics education, and one of the goals of mathematics education 

that emerges at this time is thinking mathematically. 

Recall the statement of Tall and Vinner (1981) that mathematics exists simultaneously in 

two states: as a formal system and as a mental activity.  Mathematical thinking resonates more 

with the mental activity than with the formal system of mathematics, but the two are not so easily 

separated; the formal system, which includes points, lines, and curves, space, change, roots, 

magnitude, procedure, and representation, is both the product and the medium of mathematical 

thinking.  To think mathematically is to ask questions about relationships between these ideas, 

and to reason through answers to these questions, thereby creating new mathematics, as well as to 

represent non-mathematical states and processes in this language of mathematics.  These 

discipline-specific activities are examples of the more general critical thinking, a topic of much 

discussion in education these days, which has been described as “deciding what to believe; 

deciding what to do; creating a new idea, a new object, or an artistic expression; making a 

prediction; and solving a non-routine problem” (Lewis & Smith, 1993, p136).   
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2.3.1 Processes and themes. 

Themes in mathematical thinking have surfaced over the years, some frequently, others 

following the currents of literature of interest to mathematicians.  The following list includes 

forms of mathematical thinking that have been discussed over the years. 

• Deductive, inductive, heuristic reasoning (Polya, 1945; Reber, Brun, & 

Mitterndorfer, 2008) 

• Rigor and precision (Edwards, Dubinsky, & McDonald, 2005) 

• Imposing and relaxing constraints (Kosheleva, Ceberio, & Kreinovich, 2010) 

• Guessing, questioning, and playing with ideas (Mason, Burton, & Stacey, 1982; 

Polya, 1945) 

• Abstracting and generalizing (Dreyfus, 1991; Mason, et al., 1982) 

• Structuring and symbolizing (Harel & Kaput, 1991; Rasmussen, Zandieh, King, & 

Teppo, 2005; Skemp, 1971) 

• Visualizing - mental and physical (Skemp, 1971; Tall, 1991) 

• Defining, classifying, and characterizing (Rasmussen, et al., 2005; Vinner, 1991) 

• Intuition, creativity, and “spontaneous poetic inspiration” (Beghetto & Kaufman, 

2009; Ervynck, 1991; Hadamard, 1945; Reber, et al., 2008) 

• Formalization and proof (Alibert & Thomas, 1991; Hanna, 1991; Harel & Sowder, 

2005; Mariotti, 2006) 

• Metacognition and monitoring one’s own work (Bass, 2011; Schoenfeld, 1985, 

1992) 

The next few sections provide a deeper look at three of these processes and some of the 

accompanying literature. 
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2.3.1.1 Metacognition. 

Metacognition is knowledge which is actively used in a strategic manner to ensure that a 

goal is met.  The type of metacognition that is most strongly identified in doing mathematics is 

self-regulation and monitoring, or the conscious control of one’s thoughts and actions.  Pintrich 

(2004) describes four areas, Cognition, Motivation/Affect, Behavior, and Context, for 

metacognitive self-regulation in learning.  Each of these, he explains, manifests as a unique 

activity in different phases of learning (Pintrich, 2004, Table 1), for example, cognition regulation 

in the phase of planning occurs as target goal setting.  Metacognition in mathematics includes 

activities such as  

• keeping track of one’s actions and using these observations to guide problem 

solving, including monitoring the time devoted to specific parts of a problem; and 

• making sure to understand a problem well, including assumptions, definitions, and 

constraints, before jumping into a solution. 

These processes are beneficial to any mathematical activity, but are all the more important when 

solving unfamiliar problems.  Throughout the process of solving an unfamiliar problem there is a 

deep sense of questioning and justifying that pervades the solution.  Because there is no readily 

available method of solution, the “attack” (Mason, Burton, & Stacey, 1982) or “planning” 

(Schoenfeld, 1985) is instigated by the student and is therefore always in question, and this leads 

to a greater frequency of metacognitive activity in which the student feels compelled to almost 

constantly monitor his process as well as his product, and this requires frequent assessment of his 

conceptual understanding of the problem.  Students become good problem-solvers by learning 

mathematical knowledge heuristically (e.g. Polya, 1945) and by learning to manage their own 

knowledge (Schoenfeld, 1985; Boaler, 1998).   These planning and monitoring skills, according 

to Schoenfeld (1985) can “make or break” a solution.   
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The shift to a more inquiry-oriented approach is built around authentic tasks, and critical 

and creative thinking.  Autonomy (related to intrinsic motivations) and self-regulation are two 

fundamentally important elements for cognitive growth, and for mathematical thinking, in an 

inquiry environment (Erickson, 1999; Ernest, 1991; Thomas, 2000).  Research in situated 

cognition and other fields supports the idea that learning is maximized through learning 

experiences which are authentic (Blumenfield, et al. 1991; Brown, Collins, & Duguid, 1989) 

because they provide students the opportunities to develop their metacognitive and self-regulatory 

capabilities.  Hong, Jonassen, & McGee found ill-structuredness to be precisely the problem 

attribute that requires students to engage in metacognition, and argumentation (as cited in 

Jonassen, 2000, p67), reinforcing an earlier recommendation from Tall’s compilation (1991, 

Section III: Research into the Teaching and Learning of Advanced Mathematical Thinking).  

Far too many teachers seem to consider that it is sufficient to present a clear exposition of the 
limit concept to enable the students to understand.  It is far more important that the students are 
made aware of the complexity of the notion and to reflect on their own ideas and 
epistemological obstacles. (Cornu, 1991, p165) 

Deriving from experience teaching limits, this excerpt suggests a link between the complexity of 

a proposed idea and a student’s reflection and metacognition.  Thomas (2000) expands on this 

connection between ill-structure and metacognition by explaining that constructivist tasks are ill-

structured, authentically messy problems “that ‘drive’ students to encounter (and struggle with) 

the central concepts and principles of a discipline” (p3).  He concludes that the purpose of such 

tasks is to develop a student’s motivation, expertise, autonomy and metacognition, and 

collaborative learning.  While the links between problem design and metacognition are not yet 

well-understood, Zan, Brown, Evans, & Hannula (2006) make note of studies in the context of 

neuroscience that highlight relationships between affect and decision-making, a fundamental 

process of solving ill-structured problems. 
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2.3.1.2 Re-formulating and problem-posing. 

A valuable complex cognitive activity highlighted by Simon is providing an ill-structured 

problem with the structure necessary to go forward (as cited in Jonassen, 2000, p67).  This re-

formulation of a problem is perhaps the most prominent activity undertaken when confronting an 

ill-structured problem, and can include any of the following: 

• Realizing the true form of objects and processes and precisely identifying the 

underlying structure or question (also known as discarding fluff) 

• Re-stating the problem in a way that sets-up for problem solving 

• Imposing constraints so that the problem has meaning 

These activities are fundamentally the same as the processes involved in problem-posing, 

and so the act of re-formulating a problem presents a way for students to learn and practice the 

skills of problem posing, such as questioning, constraining, being precise, and conjecturing, but 

on a smaller scale.  This activity might be described as scaffolding mathematical thinking.  From 

a philosophical view, Ernest (1991) shows both reason and romantic flair in the statement, “by 

reflecting on the nature of mathematics as a problem posing and solving activity, a problem 

posing pedagogy becomes emancipatory” (p305). Students who are instructed in an IBL 

environments have been shown to be more likely to include problem posing in the process of 

doing mathematics (Gallagher, Stepien, & Rosenthal, 1992) than were students taught in 

traditional classrooms. 

Re-formulation is a form of mathematical thinking that can arise while doing ill-

structured problems.  Jonassen (2000) discusses the mental activity of disambiguating important 

from irrelevant information with respect to problem design.  This kind of mathematical thinking 

may occur, for example, if a problem is presented with excess Content, or Context variables.  Re-

formulation is a matter of both the problem statement (Syntax, Content, and Context) and of the 

problem representation (Structure, Algorithms, and Strategies).  In a discussion of teaching 
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approximation, Artigue (1991) advocates for ill-structuredness in the name of possibility thinking 

(Craft, 2000, p3), or developing an ability to approach a problem from multiple perspectives. 

In avoiding difficulties of formalization and techniques of approximation, a real chasm is 
created between concept definition and concept image; in excessively emphasizing the 
algebraic approach through facile algorithmization, the possibilities of changing points of view, 
essential to the real practice of the mathematician, are reduced. (Artigue, 1991, p196) 

Thus we can see that the re-formulation of an ill-structured problem is an authentic mathematical 

practice. 

2.3.1.3 Creativity. 

Creativity in mathematics, sometimes referred to using Hadamard’s term, “discovery,” is 

recognized in both philosophies of the Public Educator and the Social Constructivist as playing a 

fundamental role in the cycle of mathematical thinking.  Ervynck (1991) describes creativity in 

mathematics as essentially “the ability to create mathematical objects, together with the discovery 

of their mutual relationships.”  In this sense, it can be argued that a focus on the genesis of new 

mathematical knowledge by the learner is the fundamental difference between a mathematics 

education embracing the process of thinking mathematically, and a “traditional” education 

dedicated primarily to the product of mathematical thought.   

Creativity can occur at all stages of mathematical work. The creative combination of 

intuitive and rational ideas, arising from an individual’s experience of the mathematical context, 

coalesces in the initial stages of work, to form possible conjectures about the solution to a 

problem.  As seen above, Poincaré referred to this activity as “synthesis” and it is included in the 

mathematical activity of “discovery” described by Hadamard.  Conjecture is, in essence, a 

creative, intuitive act, and Hmelo-Silver (2004) asserts that problems should “promote conjecture 

and argumentation” (p244).  Creative thinking also arises in the planning and development of 

solution procedures, and in the refinement and presentation of mathematical proof, both formal 

and informal. 
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Ervynck (1991) describes high levels of creativity in higher levels of mathematical 

activity, including the act of relating previously unrelated concepts, and the intelligent inspection 

of the problem content within a mental frame of mind that is “tuned to be able to resonate with 

underlying patterns that might fail to come to light in less refined circumstances” (p44).  He 

explains the development of mathematical creativity through a series of ordered stages beginning 

with the technical and practical application of rules and procedures, further reflective algorithmic 

activity, and then a series of less-constrained, non-algorithmic activities.  “In order that 

mathematical creativity should be activated, there is no need to have a formal theory at one’s 

disposal; the most active part of creativity acts at the intuitive level in a spirit of regeneration and 

renovation” (Ervynck, 1991, p44).   

2.3.2 Categories and models. 

Many educators, psychologists, and philosophers, and mathematicians, in addition of 

Poincare, have attempted to characterize the actions involved in doing mathematics, and the 

processes mathematical thinking.  Mason, Burton and Stacey’s 1982 book, Thinking 

Mathematically, reflects social- and goal-oriented approach to mathematics education when they 

identify learning to think mathematically as “a process by which we increase our understanding 

of the world and extend our choices.”  In this manual for learning to think mathematically they 

identify two pairs of fundamental mental processes, 

• specializing (trying special cases, and looking at examples), and  

• generalizing (looking for patterns and relationships); and  

• conjecturing (predicting relationships and results), and  

• convincing (finding and communicating reasons why something is true), 

and they note that a problem-solver will often alternate between these throughout the course of a 

solution.  The book also includes a chapter on how to monitor one’s own experience, which is a 
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main focus in the concurrent work of Alan Schoenfeld.  Schoenfeld identifies two major 

questions, “What does it mean to think mathematically?” and “How can we help students to do 

it?” as the impetus for his 1985 book Mathematical Problem Solving in which he analyzes 

mathematical thinking in problem solving.  The book is structured around the identification of 

four central themes which influence (and are influenced by) solving mathematics problems, later 

(Schoenfeld, 1995) developed into these five categories:  

• The knowledge base (facts, definitions, procedures; rules of discourse; and the 

capacity of long-term and working memory) 

• Problem solving strategies (heuristics) 

• Monitoring and control (one's awareness of comprehension and task performance, 

or metacognition) 

• Beliefs and affects 

• Practices (encultured activity, or the habits of disciplined sense-making) 

All five of these categories seem to me to be obviously relevant to the problem solving process, 

and I even find it possible to see how each one, from a certain perspective in turn, could be more 

influential than the others.   The fifth category, Practices, describes the disciplined thinking and 

resulting actions that take place while doing mathematics, and it is reasonable to identify this 

category with a good share of mathematical thinking.  Schoenfeld (1995) describes the third 

category in this list, Monitoring and control, as “resource allocation during cognitive activity and 

problem solving” (p57).  He goes on to say that this metacognitive self-regulation has long been 

seen as a mediator of knowledge: “it’s not just what you know; it’s how, when, and whether you 

use it” (p60).  The end of the 20th Century marks a period of refinement of mathematics education 

and attention is refocused on theory; it might be said that the subject of mathematical thinking at 

this crucial time becomes a field of study in its own right.   
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In 1992 Kilpatrick compiled a historical retrospective and published A History of 

Research in Mathematics Education in the first Handbook for Research in Mathematics Teaching 

and Learning, through the National Council of Teachers of Mathematics.  Two separate works 

that were published at the same time, in 1991, demonstrate this struggle of simultaneously 

describing and defining the field and showing the depth of detail of its components.  These two 

works are Advanced Mathematical Thinking, edited by David Tall, and Paul Ernest’s Philosophy 

of Mathematics Education.  Tall’s compilation seems somewhat scattered at times but he does a 

monumental job in organizing and summarizing the four main themes of the text: the psychology 

of, the nature of, cognitive theory of, and research into the teaching of advanced mathematical 

thinking.  Within the chapter on the nature of advanced mathematical thinking we see a number 

of very thoughtful discussions about specific thinking processes, such as representing, 

generalizing, creativity, intuition, and proof.  Ernest’s philosophical review, on the other hand, 

does a good job of presenting the main ideologies of mathematics education, tracing them back to 

philosophical perspectives of mathematics and the aims of a mathematics education, and 

exhibiting how they connect to pedagogical practices.  In particular, his work addressed one of 

the complaints of the field at that time – that the field was haphazard and not well connected to 

theory – by neatly presenting language and descriptions on which subsequent research has been 

built.  It was in this text that he made the case that a reconstruction of the global ideology toward 

a social-constructivist theory (away from the dominant absolutist philosophy of the day) could 

provide the structure needed to build a cohesive theory of mathematics education, one 

encompassing the dual aspects of mathematics – as a formal system and as a mental activity – as 

well as its history, sociology, and psychology.   

Mathematical thinking has been recognized in many forms, and is vital to the act of doing 

mathematics.  In the next chapter I shall present my own synthesis of these processes in three 

categories of mathematical thinking.  Before that, I end this chapter with a discussion of 
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undergraduate mathematics education that incorporates the philosophies discussed here with the 

instructional design elements of mathematics problems and thinking mathematically. 

2.4 Undergraduate Education 

Each of the above examples of mathematical thinking is at least as important as, for 

example, the rules of derivation and integration.  But although most of these topics have been 

discussed in the theoretical or practical context of mathematics education, I am not aware of any 

comprehensive work connecting the full spectrum of processes of mathematical thinking to 

specific attributes of problems used to teach undergraduate mathematics.   

Problems are the heart of all activity in undergraduate mathematics education.  It is 

important to recognize, however, that most of the current problems used are well-structured tasks 

– textbook exercises designed for students to practice techniques that are new to them.  “Instead 

of gaining a deep understanding of mathematical knowledge and the nature of mathematics, 

students in conventional classroom environments tend to learn inappropriate and 

counterproductive conceptualizations of the nature of mathematics” (Roh, 2003).  Such practical 

activities are essential to deepening an understanding of any discipline, but do not represent the 

full spectrum of mathematical activity.  If undergraduate mathematics education is to emphasize 

mathematical thinking in addition to formal objects and procedures, then, as we have seen in the 

literature above, instructional design theory supports the use of ill-structured problems in 

authentic learning environments.   

The shared goals of STEM education and IBL demonstrate a collective move toward 

more authentic, autonomous learning situations in mathematics education.  Nearly 20 years ago 

the United States’ National Science Education Standards (National Research Council, 1996) 

declared inquiry learning to be fundamental to science education.  

When engaging in inquiry, students describe objects and events, ask questions, construct 
explanations, test those explanations against current scientific knowledge, and communicate 
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their ideas to others. They identify their assumptions, use critical and logical thinking, and 
consider alternative explanations. In this way, students actively develop their understanding of 
science by combining scientific knowledge with reasoning and thinking skills. (NSES,  
1996, p2) 

However, DeHaan (2005) reports that despite recommendations from experts, very few students 

at the undergraduate level have these kinds of inquiry opportunities.   

Mathematics education has been a topic of great interest in both the education and the 

mathematics communities, but a focused interest in the undergraduate level of mathematics 

teaching and learning has only recently coalesced.  The Research in Undergraduate Mathematics 

Education (RUME) research community, which was originally formed in 1999 as a special 

interest group of the Mathematics Association of America, is a leader of this movement, and 

undergraduate mathematics education is now the subject of over 50 research journals.  Topics of 

interest to the RUME community span the typical areas of education research (curriculum, 

practices, and learning hurdles, to name a few).  

Many of the arguments that we have seen in this chapter propose an emphasis in 

undergraduate mathematics education on the difficulties, messiness, and complexities involved in 

the process of mathematical thinking rather than the tidy and well-packaged product of 

mathematical thought.  It is argued, in addition, that learning to think mathematically can be 

achieved through education by means of the careful use of ill-structured problems.  Evidence is 

accumulating that “instructional strategies in science that encourage undergraduates to become 

actively engaged in their own learning—i.e. scientific teaching—produce levels of understanding, 

knowledge retention and transfer that are greater than those resulting from traditional lecture/lab 

classes” (DeHaan, 2005, p253).  Scientific teaching and inquiry learning have in common the 

pedagogical practice of social academic discourse.  Inquiry is a learner-centered instructional 

approache with strong foundations in theory, in which problems provide the opportunities for 

more varied and robust mathematical thinking, with the proper guidance.  The re-formulation and 

development of problems, conjecturing, reasoning, and proving, are all practices of great value in 
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IBL and all are manifestations of advanced mathematical thinking.  Hmelo-Silver (2004) argues 

that within the context of mathematics as a social activity, discourse involving the negotiation of 

perception and truth must be explicitly included.  She references Koschmann et al., (1994) when 

she explains the importance of this cognitive process: 

As students generate hypotheses and defend them to others in their group, they publicly 
articulate their current state of understanding, enhancing knowledge construction and setting the 
stage for future learning. (Hmelo-Silver, 2004, p244) 

The promotion of discourse leads to the creative act of conjecturing and provides students with 

multiple perspectives of a problem.  Since the 1960s, explains DeHaan (2009), programs have 

been designed to “promote creativity and inventiveness” at all levels of education, though he goes 

on to say the most promising research has been conducted with young children.   

Creativity, problem-posing, and metacognitive monitoring are three processes of 

mathematical thinking that have been highlighted in undergraduate mathematics education 

literature and all three have been discussed in terms of the kinds of mathematics problems that are 

used to teach mathematics.  Ernest argues that problems, when carefully designed, can be the 

vehicles of mathematical creativity and discovery.  

Since the time of Euclid, or earlier, the emphasis in presentations of mathematics has been on 
deductive logic and its role in the justification of mathematical knowledge. This is one of the 
great achievements of mathematics. But the emphasis on theorems and proof, and in general on 
justification, has helped to buttress traditional absolutist views of mathematics. Recognition of 
the central place of problems and problem solving in mathematics reminds us of another 
tradition in the history of mathematics, one which emphasizes the context of discovery or 
creation. (Ernest, 1991, p290) 

Lectures and textbooks dominated by facts and algorithmic processing that make up traditional 

science education, argues DeHaan (2009), leads to the perception that mastery of the subject is 

equivalent to routine problem solving of textbook problems, and produces “pseudoexperts.”  

Instead, he explains, an inquiry environment has been shown to create “adaptive experts” who 

engage in problem finding, conceptual combination and idea generation, and who draw on their 
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knowledge to create or intelligently adapt strategies for solving unfamiliar and ill-structured 

problems.  

The activities described above reflect an enculturative approach.  Enculturation, at the 

heart of active and inquiry learning in the university classroom, is certainly not the norm, but this 

instructional design theory is gaining momentum.  Rasmussen & Kwon (2007) propose that 

instructional design at the undergraduate level capitalize on theories such as Realistic 

Mathematics Education (RME) in the K-12 literature.  In RME, explains Freudenthal (1991), 

learners organize key subject matter at one level and then produce new understanding at a higher 

level, a process referred to as mathematizing.  This is activity akin to re-formulating an ill-

structured problem, described earlier.  On the other hand, RME techniques are based on students’ 

experiences and on the mathematical practices that are to be developed, both of which are 

situation-specific.  University students arguably have broader experience than K-12 students, and, 

more significantly, it is not clear that the practical findings of RME research will readily apply to 

higher mathematics.  There has been some very powerful and important work surrounding 

mathematical thinking and problem design in undergraduate mathematics, but there is still much 

to learn in these areas.  Polya’s discussion of heuristic, Schoenfeld’s problem solving course, and 

Mason, Burton, and Stacey’s book, Thinking Mathematically, all do a very good job of 

chronicling thinking while doing mathematics.  Jonassen (2000) takes a focused look at the 

design of problems themselves and makes the case that students’ thinking processes and 

communication patterns when engaged in well-structured problems differ from their thinking and 

communication when doing ill-structured problems, and Weiss (2003) confirms that ill-structured 

problems allow ample opportunities for higher-order thinking.  Contemporary mathematics 

education research increasingly shows interest in both the topic of design/presentation of 

problems and of mathematical thinking at different levels and these ideas are slowly being taken 

up in undergraduate education (Handelsman, et al., 2004).   
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2.4.1 Affect and performance. 

Connections between affective variables and performance on mathematical tasks have 

been explored at length and to varying degrees of success (see, for example, McLeod’s (1992) 

research summary), with generally the expected the outcomes.  Students with higher and more 

intrinsic motivation (Middleton & Spanias, 1999; Tremblay, Gardner, & Heipel, 2000), more 

cohesive conceptions of mathematics (Liston & O’Donoghue, 2009), and higher self-efficacy 

(Wolters & Pintrich, 1998), appear to perform better than those with lower motivation, etc.  Some 

of these variables have been studied with respect to general education, while others are specific to 

the sciences or mathematics in particular. 

A significant amount to research into the relationships between student affect and 

performance has been conducted through the Motivated Strategies for Learning Questionnaire 

(MSLQ: Pintrich, Smith, Garcia, & McKeachie, 1991) and the Academic Motivation Scale 

(AMS: Vallerand, Blais, Brière, & Pelletier, 1989).	  	  The MSLQ, designed as a tool for measuring 

the motivation and self-regulated learning of undergraduates and college students, has been 

internationally used, and applied to constructivist education research with the following general 

results. 

Students who are able to engage in metacognitive self-monitoring and effort regulation, who 
view the academic task as having intrinsic interest and value, have high levels of self-efficacy, 
and who use appropriate learning strategies are shown to have higher average grades than 
students without these attributes and behaviors. (Credé and Phillips, 2011, p343) 

The AMS is a tool designed to measure different categories of intrinsic and extrinsic motivation 

in line with Deci and Ryan’s (1985) self-determination theory.  Studies using the AMS have 

found differences between students’ intrinsic and extrinsic motivation and their GPA and similar 

performance indicators (see Fairchild, Horst, Finney, & Barron, 2005; Komarraju, Karau, & 

Schmeck, 2009).  Pintrich (2011), however, cautions that “self-report questionnaires are not very 

good at capturing the actual events or on-going dynamic process of self-regulation (p401).   
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Performance on two contrasting categories, mechanical and conceptual mathematics 

problems, has also been investigated using the AMS (Matthews, Hoessler, Jonker, & Stockley, 

2013), and these findings suggest a more complicated relationship to motivation.  Specifically, 

better performance on conceptual problems was linked to one subcategory of motivation, intrinsic 

motivation to know, but not to other subcategories of intrinsic motivation.  We must, however, be 

careful when relating performance literature to outcomes such as mathematical thinking.  The 

terms “performance” and “success” can be used very broadly, but are most commonly measured 

by GPA and standard, procedure-based tests.  Middleton and Spanias (1999) reported that student 

performance depended on “achievement measures that use either multiple-choice tests or well-

defined problems” (p68).  More research is certainly advisable in the area of performance 

assessment, especially in the areas of mathematical thinking and ill-structured problems. 

There is currently limited cohesive work aimed at making sense of the connections 

between problem design and mathematical thinking, but there is growing support that ill-

structured problems occasion deep, lasting mathematical thinking (DeHaan, 2009).  With my 

work I attempt to inhabit this space and to begin to weave some stronger connections between 

problem design and mathematical thinking. 
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Chapter 3 

Theoretical Design 

 It is important to present the ideas collected in the Literature Review in a way that frames 

the present study.  In this chapter I combine the three topics that were discussed, (1) the 

conception of the dual nature of mathematics as a formal system and as a mental activity, (2) the 

public educator’s pedagogical philosophy which emphasizes the process of mathematical thinking 

alongside the product of mathematical thought, and (3) instructional design in inquiry learning 

which emphasizes ill-structured problems.  The first section of this chapter introduces a 

theoretical model of knowledge creation, from the social constructivist philosophy of 

mathematics education.  Following this, I portray a categorization for processes of mathematical 

thinking.  Next, I explain the design attributes of mathematics problems that I have chosen to 

highlight in this study, and the hypothesized connections between these attributes and the 

proposed categories of mathematical thinking.  

3.1 A Model of Mathematical Knowledge Creation 

As suggested by Vygotsky and Ernest, and described in the Literature Review, the 

creation of mathematics knowledge involves a constant interaction between the individual and the 

community.  Individuals construct mathematical objects and situations based on their own 

mathematical experiences, and then communicate these ideas, usually in written form, to the 

community.  In the professional world of mathematics this communication is often realized 

through published papers; in education the community may include teachers or peers and the 

communication of ideas can take on many different forms.  When these expressed mathematical 

ideas are validated and accepted by the community, then they become part of the collective body 

of mathematical knowledge.  The communicated results of this process can be referred to as the 
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“formal system of mathematics.”  Now consider the work involved in studying the formal system.  

The creation of new mathematical situations and relationships, by the individual, from the pool of 

existing mathematical knowledge, and the validation of these ideas, by the community, describe 

two intellectual processes that can be referred to as the “mental activity of mathematics.”  I 

present a model for the amalgam of these distinct yet simultaneous mathematical activities. 

 

Figure 3.1. Mathematical knowledge creation. 

Knowledge is created as ideas progress through a cycle of reading, creating, writing, and 

validating, all of which take place within a social community.  Written and communicated 

mathematical material comprises the formal system of mathematics, while the acts of creating and 

validating mathematical material are the mental activities of mathematics. 

3.2 Categorizing Mathematical Thinking Processes 

From the abundance of literature describing the different mental processes involved in 

doing mathematics, I have attempted to create a cohesive categorical structure of mathematical 

thinking; the three categories of this model are distinguished by cognitive function.  From 

Poincaré and Hadamard, I borrow the term discovery to describe subconscious acts in which 

thoughts arise and intelligent ideas are created.  The term structuring, from Selden and Selden 
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(2005), describes conscious acts of identifying and arranging mathematical ideas in workable 

forms.  Justification is the third category, describing cognitive and metacognitive acts of 

reflecting on work that has already been carried out.   

Discovery  Structuring  Justification 

• Intuition 
• Subconscious, 

intelligent ideas 
• New ideas and 

extensions 
• Abstracting 

 • Symbolizing objects 
and processes 

• Visualizing – mental 
imagery and physical 
pictures 

• Defining, classifying, 
characterizing 

• Constraining,  
• recognizing 

assumptions 

 • Assessment (local) of 
product: plausibility of 
results 

• Assessment (local) of 
process: argument 
justification 

• (Global) Verification  
• Refinement 
• Metacognition 

Acts of creation.  Acts of arranging.  Acts of reflection. 

 Figure 3.2. Three categories of Thinking Mathematically.  

This presentation provides a glimpse of categories, and the processes identified by each, that 

make up the mental activity of mathematics.  We will now delve more deeply into each of these 

categories in turn, and the relationships between them.  

3.2.1 Discovery. 

Discovery is an act of creation.  This is the process of mathematical thinking that is the 

most difficult to identify because the bulk of it occurs within the subconscious (Hadamard, 1945).  

However, we do get glimmers of these ideas in the words and manners used to express them; a 

jolt upright or a quick response can indicate that some brewing ideas have burst forth out of the 

cognitive stew, but just as indicative are the slow murmurings that seem to spill over into 

conscious recognition.  Discovery has been known under other guises.  Poincaré referred to this 

activity as Synthesis, and later, when Hadamard expanded on this discussion, he called it both 

Invention and Discovery.  My description of the term includes acts of creation as well, and so is 
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slightly broader than that of Hadamard’s.  It is more important to have a good feel for Discovery 

than to empirically define it, so I describe rather than explain it.  We must begin away from 

conscious thought, in the muddy realm of subconscious (or William James’ more alluring “fringe-

consciousness”).  Discovery has its roots here in this foggy space in the mind where ideas float 

about and sometimes collide and the term “discovery” embraces the emotion of this mental 

activity; a person embarks on an adventure into unknown territory, and though he has a general 

understanding of the terrain, he may be surprised by new ideas and observations along the way.  

Hadamard (1945) reminds us that the word cognition comes from the Latin cogito, meaning “to 

shake” and that the word intelligence is derived from intelligo which describes “selecting 

among.”  We get a glimpse of Discovery as the combination of thinking, shaking ideas together, 

and intelligence, selecting from among the multitude of combinations of ideas, those which are 

useful.  This immensely complex activity occurs completely outside conscious thought, for as 

soon as the mind turns a conscious eye to these promising combinations, we begin to analyze, and 

then we have moved beyond Discovery.  Now, this is not to say that analysis and Discovery do 

not combine forces.  They do!  And we shall explore how the two might occur in conjunction.  

But before we do so, let us consider a few acts of Discovery.   

3.2.1.1 Intuition. 

Intuition – a feeling of truth without reason – is a creative act of the subconscious 

(Ervynck, 1991) closely connected to our beliefs, our values, and more intimately our emotional 

sensibility.  Poincaré remarked, 

It may be surprising to see emotional sensibility invoked à propos of mathematical 
demonstrations which, it would seem, can interest only the intellect.  This would be to forget 
the feeling of mathematical beauty, of the harmony of numbers and forms, of geometric 
elegance.  This is a true esthetic feeling that all real mathematicians know, and surely it belongs 
to emotional sensibility. (As quoted in Hadamard, 1945, p31) 

Intuition influences concept formation through the emotional subconscious selection of ideas to 

bring to the surface of consciousness.  Poincaré concludes that “invention is choice” and “this 
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choice is imperatively governed by the sense of scientific beauty” (as cited in Hadamard, 1945, 

p31).  But intuition is an elusive character, and, while it plays a decisive role in our concept 

formation, we do not understand the process well.   

I will describe intuition in terms of acts of mathematical thinking, though I do not claim 

to provide clarity regarding the connection between intuition and concept formation.  In your first 

reading of Problem 2 in this study, for example, you might have immediately had some feelings, 

before any conscious deliberation, that a smaller tire would wear out before a larger one.  Or, 

while creating a mental image in Problem 1, you may have a feeling that your picture is too 

imprecise, but without a clear idea why.  On the other hand, you may have immediately had a 

clear picture of the objects in Problem 1 – a strong feeling that actually they have equal volume – 

but no idea how you would ever show it.  I present an anecdote of this last situation; I have, as 

recreation, proposed the napkin-ring problem to a number of people who are not trained as 

mathematicians.  On two separate occasions, I had an experience where a person asked, squinty-

eyed and hesitant, if the two objects were equal in volume.  These initial tentative, intuitive ideas 

can arise in the absence of quick, expert analysis.  These intuitive insights are the fuel of 

mathematical investigation.   

Intuition functions as a sieve by collecting and refining ideas labeled by our intelligence 

as useful or promising truths, which can then be consciously analyzed.  But our intuition does not 

always choose good ideas; as Hadamard (1945) reminds us, the “feeling of absolute certitude 

which accompanies the inspiration generally corresponds to reality; but it may happen that it has 

deceived us” (p56).  Early ideas and believed truths about a problem can be misleading.   

3.2.1.2 New ideas and extensions. 

The process of extending recognized ideas and relationships to new ideas can be another 

subconscious act of Discovery.  This might occur, for example, when reflecting on errant ideas at 
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the end of a problem, where a person is driven to ask, “I wonder if…”  These creative thoughts 

also arise often in the midst of working a problem, perhaps at a place when one feels stuck and is 

looking for alternative routes.  Such spontaneous acts of Discovery are newly nascent intuitive 

and intelligent mental objects that arise before any kind of analysis or conscious recognition.  

Weyl (1949) observed, “analogy, experience, and an intuition capable of integrating multifarious 

connections are our principle resources in this task [of mathematical creation]” (p24).  But the 

idea to abstract a relationship is Discovery only when the idea arises unbidden.  On the other 

hand, the decision to abstract may be a habit of mind carried out as the conscious application of a 

mathematical heuristic, and in this case the conscious activity is a different mental process 

altogether, one which involves reasoning, calculating, justifying, and a host of other conscious 

cognitive activities.  Once an idea has been noted, the mental activity is no longer subconscious – 

to recognize it consciously is to do something with it.  Enter: Structuring.  

3.2.2 Structuring. 

Different from the creative act of Discovery, Structuring is a rational, conscious, analytic 

act of arranging.  It is the creation of order and relationships; a conscious synthesis; a “fitting 

together” of parts.  It is creating and/or introducing specific mathematical structure to both non-

mathematical and mathematical situations (Selden & Selden, 2005).  Some examples of 

Structuring are  

• symbolic representation of both objects and processes, 

• visual representation by mental imagery and by physical pictures, 

• modeling, both inter- and intra- mathematical, 

• defining, classifying, and characterizing, 

• constraining, and  

• acknowledging and evaluating assumptions. 
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Because acts of Structuring are closely associated with mathematical procedure and procedure is 

at the center of contemporary mathematics instruction, Structuring is the most common form of 

mathematical thinking seen in schools.  In current mathematics education literature, much of this 

activity is associated with the term mathematizing.   

There is a strong linguistic component to the acts of Structuring.  Closer analysis may 

prove language to be the very element that distinguishes the conscious thinking that takes place in 

Structuring from the subconscious arrangement of ideas that occurs with Discovery.  As 

Vygotsky proposed, 

The true nature of concepts must be viewed in their inseparable connection to the image: “A 
real concept is an image of an objective thing in its complexity. Only when we recognize the 
thing in all its connection and relation, only when this diversity is synthesized in a word, in an 
integral image through the multitude of determinations, do we develop a concept.” (in Egan & 
Gajdamaschko, 2003, p18) 

Although this idea is made with respect to education in general, it is noticeable in the specific 

case of learning and understanding mathematical concepts.  In a later work, Egan (1997), 

interpreting Vygotsky’s theories on the development of higher mental functions, proposes that the 

mastery of language tools such as imagery and sign systems be recognized as part of the process 

of intellectual development.  Thus the creation and refinement of representative language systems 

used to communicate mathematical ideas is a fundamental process of learning critical, expert 

thinking. 

Referring back to Skemp, the product of the mental activity of Structuring can include 

visual (mental or physical) or symbolic (notation or relationships) mathematical representations 

of mathematical or non-mathematical situations, definitions, classifications or characterizations.  

However, the mental process of Structuring is often an adventure through a remarkably 

unstructured set of ideas.  In particular, it is necessary to distinguish between the existence of 

notation, diagrams, models, and so on, and the process of creating these structures.  The latter is a 

process of thinking mathematically while the former is a product of such thought.   
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We may begin to see Structuring and Discovery as being opposite in some sense – 

subconscious and conscious, broadening and refining, intuitive and rational.  However, this 

simplistic distinguishing is merely a way for us to begin to understand the differences between 

the two processes of thinking in order to then see how the two work together.  There are many 

ways in which the processes of Discovery and Structuring feed one another.  I believe two 

examples will sufficiently illustrate this partnership.  First we will look at beauty and pattern, a 

relationship often discussed in the mathematics education community. As we saw in Hadamard’s 

words above, our intuitive, intelligent thinking is influenced by a sense of beauty, from whence 

we develop ideas of relationships and structure; thus our desire to represent a situation 

symmetrically or cyclically is emotionally strong.  But our experience with mathematics creates a 

strong mental desire to do so as well because reflecting on these developed patterns often brings 

insight.  A second example to consider: constraining and generalizing are dichotomous acts of 

mathematical Structuring that can bring about the extension of immediate concepts to new ideas, 

an act of Discovery.  Constraining may even be necessary for the extension to new ideas.  To 

convolute this even more, it may occur that the idea to constrain or to generalize comes unbidden 

from the subconscious.  Thus Discovery begets Structuring begets Discovery, and so on. 

We can also distinguish between different levels of Structuring, sometimes highlighted 

by their relationship to Discovery.  The act of carrying out a procedure may involve some basic 

Structuring, while the introduction of a plan includes a seemingly more advanced expression of 

both Structuring and Discovery.  This is because the act of recognizing a method for solving a 

problem occurs alongside the act of developing a particular representation of the problem.  Think 

of computing the volume of a solid by integrating cylindrical shells: you must (re-)represent the 

solid, whether physically or mentally, as concentric cylinders.  This example shows that 

Structuring is not isolated, but has an effect on concurrent thinking processes and future actions.  

In fact, referring to Vygotsky’s concept formation, Berger (2005) explains that the mathematical 
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structures which are created from and imposed on a situation “not only facilitate activity but they 

define and shape inner processes” (p156).  Appreciably, the act of representing a situation, and 

the success of the representation, influences future ideas and acts of Discovery.  But before these 

concepts are regarded as good ideas, they need to be justified at different stages within a solution.  

The appropriateness of a chosen representation or level of constraint must be analyzed, for 

example, and this brings us to the third act of thinking mathematically: Justification. 

3.2.3 Justification. 

To justify is to reflect, and so Justification, as a categorical description, describes all 

incarnations of reflection in the mathematical process: assessing, checking, solidifying, proving, 

verifying, refining, formalizing, etc.  Justifying is a common theme in many texts describing 

doing mathematics. The topic arises briefly as verifying and précising in Hadamard’s book (1945, 

p56), takes a prominent place in Mason, Burton and Stacey’s manual as justifying and convincing 

(1982, Ch5), and is described in Schoenfeld’s work as local assessment, and verification.  The 

central place of proof in mathematical communication is a testament to the importance of 

justification, and it is included in the list of activities here.  Yet, the term “proof” does not define 

the category of Justification.  Consider “mathematical proof” as the communication of the 

product of mathematical thought.  Although a proof may describe a thinking process, it is not the 

process of mathematical thinking itself.  Hadamard (1945) reiterates an observation of Poincaré 

when he states, “it never happens […] that the unconscious work gives us the results of a 

somewhat long calculation already solved in its entirety” (p56).  He reminds us that Poincaré uses 

the term verify to describe the conscious activity of doing the necessary labor required to work 

out a solution in detail.   

Justifying is both a cognitive and a meta-cognitive process and therefore it can lay bare, 

more easily than some other processes, the real depth of understanding that occurs, or fails to 
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occur, in the learning process.  For a problem that is non-standard, which has no obvious method 

of solution, it is not easy, in general, to justify a solution.  That is, there is often no option of 

“plugging back in,” and answers must be carefully justified through a process that is neither 

straightforward nor obvious.  I will highlight three terms from the list of acts of Justification at 

the top of this section that capture three distinct processes of thinking mathematically.  The first, 

assessment, is a justification of local action, the second, verification, is a global account of the 

entire solution, and the third, refinement, is a careful review and presentation of the solution (or 

ideas if a solution has not been reached).  I will also discuss metacognition separately because 

this act of Justification, the active regulation of cognition, permeates and mediates all other 

mathematical thinking.  These four processes, which form a solid, practical base for mathematical 

thinking via Justification, are described in more detail below.   

3.2.3.1 Assessment. 

Assessment is a localized justification of either the process or the product of a line of 

thought.  For example, two students working on the same problem who are comparing each 

other’s work are making assessments – perhaps they have reached different conclusions and they 

are assessing the processes that each took to look for errors in calculation or reasoning.   

Assessment also can describe the act of reflecting on the state of a solution at any point during the 

problem solving process, for example, checking that the direction a solution is going is 

appropriate by referring back to the problem statement, and in this manifestation is a strongly 

metacognitive act.  Schoenfeld’s parsing of problem-solving activities, which we will see later, 

uses the phrase Local Assessment to describe “an evaluation of the current state of the solution at 

a microscopic level” (1985, p299).  Assessment can also occur alongside Structuring, as when we 

consider the appropriateness of a representation.  For example in Problem 1: Does the cylindrical 
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void have dimension outside the sphere?  Is it a cylinder sticking out of the sphere or a cylinder-

shaped absence in the sphere? 

Other examples of mathematical Assessment occur alongside acts of Structuring.  

Mathematical work sometimes involves the introduction of symbolic notation, which encodes a 

depth of meaning.  When working with these symbols it is often necessary to mentally unpack 

this structure to justify that the objects are being applied in an acceptable manner.  Re-reading a 

problem is an act of justifying a perception of the problem and the objects within and it often 

serves to develop a maturation of mental imagery, again cognitive acts of Structuring and 

Justification. 

3.2.3.2 Verification. 

I use this term in a narrower sense than that of Hadamard and Poincaré, closer to 

Schoenfeld’s (1985) description.  Here, Verification indicates the process of justifying a complete 

solution, after that solution has been reached with some conviction, and is a higher-order process 

than that of assessment. The problem-solving episode, Verification, according to Schoenfeld 

(1985), is associated with the following questions which subtly distinguish two types of 

verification:  

1. Does the problem solver review the solution?  

2. Is the solution tested in any way? If so, how?  

3. Is there any assessment of confidence in the result?   

• The first two questions point to verification of the formal elements of a solution, 

such as an appropriate point of view, calculation errors, or errors of logic.  The 

third question addresses the intuitive feeling about a solution.  

Intuition comes into play when justifying without explicit proof.  According to Reber 

(2008), we are more likely to believe something if it has been easy for us to process specific 
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mental content, yet it is believed that the perception of beauty also leads to intuitive judgments of 

truth.  From this philosophical stance, we are more likely to believe the truth about something 

exhibiting symmetry over something asymmetric.  For example, at a glance of the pictures 

below3, in the moments before we have calculated or concluded, we are more likely to see truth in 

the symmetrical representation. 

  
Figure 3.3. Truth in symmetry. 

The intuitive feeling of truth arising from a specifically structured representation is an example of 

the blending of acts of Discovery and Structuring.  

The credibility of a solution is rarely addressed in the classroom from this perspective, 

but it is my belief that a conscious recognition of the existence of feelings or intuitive sense of a 

solution is a natural precursor to mathematical thinking processes, in particular, generalization.  

These cognitive acts, I propose, can usher through, from subconscious to conscious, ideas and 

questions about new directions and related questions.  For example, in Problem 3 in this study, 

there are 49 ways to change 50 cents using quarters, dimes, nickels, and pennies, and we will see 

later, in the results of this study, questions arising from this latter sort of verification that have the 

potential to lead to new problems that are variations of this one.  When a problem is well-

structured, on the other hand, it is rarely necessary to invest an intuitive, emotional sense, perhaps 

because fewer decisions must be made in the course of solving the problem.  Further research into 

the connections between Justification and Discovery has great potential to shed some light on the 

connections between creativity and justification process of mathematical thinking. 

3.2.3.3 Refinement. 

                                                        
3 This is an example that I saw in passing in my reading which has stuck with me.  Unfortunately I have not 
been able to discover from whence it came.  Thank you, To Whom It May Concern. 
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Refinement, the third form of Justification that we will review, refers to the conscious act 

of precisely stating one’s results.  Poincaré called this activity précising, including it alongside 

verification in what he calls the “Later Conscious Work” of invention in the mathematical field, 

(as cited in Hadamard, 1945, p56).  Results that are to be refined do not need to be formal, 

completed solutions, but can be intuitive convictions or ideas about a solution that are stated 

precisely, and with rational support.  Sometimes these refined suspicions can be manifested as 

conjectures.  But these ideas are understood to be distinct from the initial Discovery-type intuitive 

ideas and convictions that have not been consciously reasoned through. 

Thus we come to the paradoxical-looking conclusion […] that this intervention of our will, i.e., 
of one of the highest faculties of our soul, happens in a rather mechanical part of the work, 
where it is in some way subordinated to the unconscious, though supervising it.  The second 
operation [précising] is inseparable from the first, from verification.  The conscious mind 
performs them both at the same time.  (Hadamard, 1945, p57) 

Refinement and Verification are two very different, but closely related, actions of the conscious 

mind.  At issue in the process of refinement is the form and presentation of the results, directed by 

questions such as, What assumptions can I make about my intended audience? What level of 

detail is required in the proof? What degree of formality is required in the presentation of this 

solution?   

A written mathematical proof, presented as such, is an example of the result of the 

process of refining.  Much has been done to understand the interesting topic of formal proof 

because of the pivotal role that it plays in the professional mathematics community: mathematical 

prowess is largely measured by the originality of ideas expressed in the form of written proof.  

But there are degrees of freedom in a formal proof that are not measured scientifically and these 

are largely matters of artistic communication.  

There is not one universally accepted form for presenting a solution to a mathematics 

problem.  For ill-structured problems, in particular, the notion of a “presentable solution” is more 

open-ended than for a well-structured problem.  Some problems are quite formal, such as those in 
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which the problem solver must prove a mathematical theorem, while others are much more 

informal, for example when answering questions like “Which do you think… and why?”  There is 

wide range of formality to a mathematics problem used for educational purposes, and these 

differences call for different solution formats such as a “proof” or a “good explanation” or a 

simple numeric answer.  In school mathematics, the wording of a problem statement can 

sometimes indicate the degree of formality to which the solution must be presented.  However, 

outside of school this is rarely the case.  In industry, problems often come messy and complex, 

but solutions must be brief and precise.  In professional mathematics, problems are often stated 

precisely and then proved within a structured format, and yet the aesthetic of this structure can 

vary to a great degree.  One chapters of Tall’s compilation on advanced mathematical thinking is 

dedicated entirely to the advanced mathematical thinking involved in mathematical proof, and it’s 

author, Gila Hanna (1991), explains that a mathematical proof should be a dynamic and cleverly 

efficient presentation of a somewhat personal nature.  Hanna goes on to say, “no proof is final, 

and indeed it is the essentially social process of negotiation of meaning” (p56) based on 

understanding and significance rather than on a rigid logical structure.  Proof, suggests Hanna, is 

a truly creative construction, and learning the art of proving is a dynamic process “in which 

students progress towards deeper level (sic.) of insight and skill” (p60).  As students’ reasoning 

skills are advancing through the careful construction of solution arguments, their creativity is also 

developed, for, according to Ernest (1991), such tasks “require creativity for their completion” 

(p293).   

Writing a refined solution involves a combination of many actions: selecting an 

appropriate perspective, reformulating and writing the solution in those terms, and the assessment 

of the solution on a global level.  However, the true flavor of a refined solution is also very 

personal; one’s own experiences with mathematics, reflected through one’s beliefs, act upon the 

subconscious mind to produce an individual understanding of issues such as “appropriate 
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perspective.”  Furthermore, the process of refining a solution takes into account the socially 

accepted presentation of the product of mathematical thought.  An enculturative approach to 

undergraduate mathematics education might identify the students in the class as the social 

community, and make it explicit that the validation of new mathematical knowledge occurs 

through acceptance, by the class, of an individual’s (or group’s) refined solution to a problem. 

The emphasis on formal proof of the 1960s has undergone a gradual transformation 

toward the constructivist philosophy of social validation and acceptance.  From this perspective, 

there is no final, formal presentation of a proof; mathematical proof is accepted if it is 

understandable, but it can always be improved or revised to “appeal to intuition, to pictures” 

(Hanna, 1991, p57).  Without clear guidance in this realm, students are likely to believe that “the 

manner of presentation – with its possible implication that full rigor is the ideal form – is the core 

of mathematical practice.  Thus competence in mathematics might readily be misperceived as 

synonymous with the ability to create the form, a rigorous proof” (Hanna, 1991, p60).   Students 

can be instructed, therefore, to appeal to understanding rather than formality, and this activity 

involves both cognitive and metacognitive mathematical thinking. 

3.2.3.4 Metacognition. 

As we have seen in the review of the literature, students with higher metacognitive 

awareness seem to be better problem-solvers, work more efficiently, be capable of adapting their 

learning processes, and remain more motivated to see a task to completion.  Metacognition is a 

critical process of deep thinking, and can be framed as the mediation of all types of mathematical 

thinking.  Rather than an act of formal mathematical justification, metacognition is the decision of 

whether or not to perform such a justification, and the monitoring of the progression of the 

problem.  Ill-structured problems provide a medium for advancing metacognitive Justification 

through the regulation of heuristic reasoning (problem-solving strategies) and the process of 
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identifying essential elements of both the front- (re-formulating) and back-ends (proof) of 

mathematic problems. 

Discovery, Structuring, and Justification are all three combined when one is 

reformulating a problem.  There first arises an idea to re-work the problem in a way that makes it 

clearer to the problem-solver, followed by the development of a new representation, influenced 

by anticipating what may be needed for a solution.  This action, then, is comprised of intuition, 

structuring, and monitoring.   

3.2.4 Summary. 

Thinking mathematically means to engage in multiple types of thinking, and advanced 

mathematical thinking is pushing the edge of one’s capacity.  Discovery, Structuring, Justification 

describe categories of some of the fundamental processes of thinking mathematically, where 

Discovery is a creative act, Structuring is arranging and ordering, and Justification is reflective.  

Naturally, thinking happens not along a single trajectory but in many directions at once, and often 

more than one idea is developing at any given time.  This means that thinking mathematically is 

to simultaneously engage in multiple types of thinking.  For example, the metacognitive process 

of monitoring and justifying one’s thoughts and actions folds back over other actions and guides 

the progression of mathematics.  As Mason (1982, p42) reminds us, “extending goes hand in hand 

with reflecting,” arising naturally from deeper understanding.  Developing these processes of 

mathematical thinking is an important goal in mathematics education as a way to balance the 

mental activity with the formal system of mathematics.   

Any refinement of an activity that is as rich as teaching/learning mathematics necessarily 

loses details, and I must be clear that the following model is neither the only nor the best way of 

categorizing mathematical thinking.  Nonetheless, with respect to the goals of a mathematics 
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education that I have identified, I hope that this framework provides educators and education 

researchers, as well as for students, a means for 

• discussing thinking, as we do formal procedures, 

• helping teachers and students to better understand the processes of thinking 

mathematically,  

• building a relatively simple educational tool for designing problems, and 

• helping teachers and students begin to make changes to their teaching and learning 

to reflect these aims and highlight these processes.   

We now look at the design of mathematics problems through this lens of categories of 

mathematical thinking as a path to reach this goal. 

3.3 Problem Design and Thinking Mathematically 

Content and Structure are both described at length in two chapters in Goldin & 

McClintock’s (1979) book.  Although every aspect of this (and Kilpatrick’s) categorization 

framework is tantalizingly interesting, I have chosen to focus on Content and Structure, which, 

according to Webb (1979), are the “main essence of mathematics problems” (p77).  I omit Syntax 

from this analysis for the sake of brevity and because I believe that this category does not 

significantly add to the discussion of mathematics problems at the undergraduate level of 

education.  I also exclude Heuristic processes so that they do not become the focus of the work, as 

they easily could.  Nevertheless, I do believe that there are interesting heuristic elements of this 

data that are worth analyzing.  Context is another category that I have chosen not to consider.  

Context and Heuristic have seen a great deal of attention lately, and Syntax and Context have 

both been shown to have some effect on student learning (see, for example, Barnett (1979) and 

Webb (1979), respectively).   



 59 

Webb (1979) declares Content to be the “mathematical substance” (p69) of a task, 

including the key words and vocabulary used, the given information and the goal, and the 

equipment available for use, and he describes four divisions under the Content category of design 

variables: (1) mathematical topic, (2) field of application, (3) semantics, and (4) problem 

elements.  In this study I take a rather holistic view of the first two subcategories, referring to 

them together as the “kernel” of the problem.  The third and fourth categories are also combined 

and discussed in more basic terms as “wording” and “pictures” in my analysis.  I keep track of 

semantics, which is the subcategory of Content variables that includes key words and 

mathematical vocabulary along with the mathematical meaning of the words and phrases used in 

the problem statement.  Subcategories of problem elements are givens, operations, and goals (See 

Webb, 1979, p93 for a list of goals) and in this analysis I take account of instances of all three and 

whether they are provided explicitly or implicitly.   

Along with Syntax and Context, Content affects a student’s understanding of a problem 

(Kulm, 1979, Figure 1.1), the mental activity of which is most closely aligned with the Reading 

and Analysis stages of Schoenfeld’s (1985) framework that is used in this study.  On the other 

hand, Structure variables are descriptive of the representation of the mathematical kernel in the 

problem.  In essence, the fundamental difference between a well- and an ill-structured problem is 

in the wording, and so the kernel of a problem can remain unchanged while the problem 

statement is molded to fit a situation.  We saw an example of this in the introduction to this thesis 

with the “napkin-ring” problem.  I define an ill-structured problem as one that is posed in such 

way that it requires re-formulation.  A well-structured problem, in contrast, does not.  It may be 

the case that the required re-formulation consists of the addition of further constraints or 

assumptions to ensure that the problem has just one correct answer, an activity which might be 

consistent with the way a mathematician would understand the adjective “ill-structured.”  In this 
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work I use the term “ill-structured” even more broadly to apply to problems that need substantial 

reformulation before a path to a solution becomes available.   

As I have discussed, re-formulating is a smaller-scale version of the fundamental 

mathematical activity of creating and posing problems, and thus, allows for creativity and 

autonomy.  These actions can involve mathematical thinking from all three categories of 

Discovery, Structuring, and Justification.  Re-formulation can bring about any combination of 

Discovery via insight, Structuring via constraints, and Justification via metacognitive control.  

The act of re-formulation inspired by the ill-structuredness of a problem can also elicit 

retrospective questions about relationships posed in the problem.  This is an inquiry that, as we 

will see in the chapters to come, can lead to Discovery-type realizations about altering 

relationships, perhaps via abstraction, and the creation of new, related problems.  For example, 

Problem 3 in our study asks about changing fifty cents but it does not mention the denominations 

of the coins to be used.  The unacknowledged assumptions might be to use the North American 

quarter, dime, nickel, and penny.4  But then again, this might be questioned. 

A constructivist task, analyzed using the framework of problem design, is ill-structured.  

Features of an inquiry task highlight connections between ill-structuredness and the difficulties, 

the messiness, and the complexities involved in the process of mathematical thinking rather than 

the tidy and well-packaged product of mathematical thought.  Just how might this mental 

development occur?  Let us examine the ill-structured task in terms of mathematical thinking 

processes.  In the following two sections I present, through an example, how the design of a 

problem statement can influence a student’s mathematical thinking.  The particular design 

elements that are highlighted are wording and pictures, both features of the problem’s Content, 

                                                        
4 Although that assumption might change in Canada which has now eliminated the penny. 
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and structuredness.  We shall consider, as an example, three different presentations – three 

different problems – created from a single mathematical kernel5. 

Presentation 1. Prove that a square can always be inscribed in a triangle. 

 

Presentation 2. A friend of mine says that if you draw her any triangle she 
can always draw a square in it in a certain way (so that one side of the 
square is on a side of the triangle and the opposite two vertices of the 
square are just touching the opposite two sides of the triangle).  Do you 
think she can really do this with any triangle? 

 

 
Presentation 3. Say what you see about the figure.  State all the properties of 

the figure that you are willing to accept. Then give a complete argument 
justifying why you believe your assertions to be correct. 

Figure 3.4. One problem presented in three ways. 

3.3.1 Wording. 

It is not difficult to see that cognitive activities can vary drastically from one 

manifestation of a problem to another, even when the two presentations are buuilt around a 

unique problem kernel.  We can already anticipate powerful differences in the process for solving 

each of the problem presentations above.  In the examples above, the kernel of the problem is a 

geometric situation: a square inscribed in a triangle.  Mathematically, the most precise way to put 

this is in Presentation 1.  However, the problem likely arose originally from a situation that is 

                                                        
5 This is a problem that Alan Schoenfeld has used in his mathematics problem solving course at UC 
Berkeley; interesting investigations into many aspects of the course are collected in two articles in one 
issue of CBMS edited by Schoenfeld, Kaput, & Dubinsky (1998). 
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more like what is seen in Presentation 3 – a picture first, then a conjecture.  This juxtaposition 

precisely models the difference between teaching the product of mathematical thought and 

teaching the process of mathematical thinking.  

Even simple words in the problem statement can significantly change the tone of the 

problem.  Presentation 1 is austere; it is a formal address requiring formal justification. 

Presentation 2 is friendly but feels almost too contrived and may not require enough structure; no 

justification is implicitly required (though it is difficult to imagine a situation in which reasons 

would not be given).  Presentation 3 is somewhere in between: a candid address.  Justification is 

explicitly required but needs perhaps only be semi-formal (the specific wording in the third 

presentation is from Fawcett, 1938, via Schoenfeld, 1992, p362).  The semantic content 

(Kilpatrick, 1975) of the problem sets the tone and stage for the task, conveys the goal 

information of the problem, and provides an initial trajectory for the course of the solution.   

Specific words, such as mathematical vocabulary, key-words, and goal information, are 

important semantic variables to consider when designing a problem statement.  Using the word 

“prove” brings an expectation of strict formality, while the phrase “observe, identify and support” 

requires more insight, creativity, and explicit proposals, but a less formal rational argument.  

Wording of the problem statement can give some direction to the problem-solver with respect to 

the degree of formality that is required in presenting the solution.  The subtleties of the problem 

statement indicate some restrictions or forms that the solution should take, but students often have 

difficulty deciding how much justification is enough: Must the solution include proof so that it 

can be verified?  Is this solution a number or relationship?  And when it is not made explicitly 

clear to a student what is required, or desired, in a solution, the uncertainty can be deeply 

unsettling.  In terms of assessment, the word “prove” may be used to evaluate a student’s 

understanding of the formal, logical structure of an argument or idea, while the phrase “observe, 

identify and support” might be used to assess a student’s capacities of observation and 
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mathematical insight, and of developing imagery and symbols that represent the problem.  Thus 

the semantics of the problem influences the kind of justification expected. 

Another specific element of the semantic content is the mathematical information that is 

provided in the problem.  In Presentation 1 the existence of a square is certain: the theorem has 

been stated, and being a theorem rather than a theory it is a mathematical fact (and probably one 

which is already well-known).  In Presentation 2 the essence of the problem is that the existence 

of this relationship is in question, and in Presentation 3 the idea of the existence must first arise 

subconsciously, and then proposed.     
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3.3.2 Pictures. 

In a discussion of the relationship between problem design and mathematical thinking, 

the issue of whether or not visual components are included in a problem engenders good 

examples.  When a problem is presented, including a picture with the problem can drastically 

change the cognitive processing of the problem.  The “unwillingness to stress the visual aspects 

of mathematics… is a serious impediment to students’ learning” (Eisenberg, 1991, p152).  There 

are two situations that come to mind in which the visual component of a problem has particular 

sway on the mathematical thinking of the problem-solver.   

A problem, that centers on some geometric/visual component, but is stated without a 

picture, requires the problem-solver to create and visualize that structure.  Initial visualization 

usually comes first in the form of mental imagery in these situations, whereas it is not so likely 

when the picture is given with square ABCD.  Relationships and objects are likely to be much 

more apparent when a problem statement includes (where possible) a representative picture 

(Presentation 3).  If, on the other hand, the pedagogical goal includes the construction of 

appropriate imagery (as in Presentation 1) or careful analysis of mathematical content 

(Presentation 2), the problem involves constructing meaning and clarity from a constrained 

problem space (in this case a representation given only by verbal description) and thus the 

mathematical thinking that is elicited is Structuring.   

A geometric picture such as that given in Presentation 3, can elicit myriad forms of 

mathematical thinking (sometimes with a bit of encouragement to investigate and justify).  At 

first reading it is not clear what is of interest in this picture, (dear reader, you will have to 

momentarily pretend you do not already know what the problem means to ask), yet a person 

would likely be quick to identify “a square in a triangle,” or, perhaps, “a rectangle…”  The 

mathematical thinking that many teachers holding some constructivist ideals would encourage 

from this observation is a critical reflection on that initial observation (Is it a square or a non-
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square rectangle?) a refinement into a more precise account of the mathematical objects and 

relationships that are observed and assumed (Because it is a quadrilateral which is inscribed, two 

vertices must lie on the same side of the triangle.) and of the questions being asked (Can this 

always happen in an arbitrary triangle?).  The essence of this activity is a curious, inquisitive 

mathematical inspection that leaves open great possibility for Discovery. 

A problem with a significant 
geometric element presented 

without a picture. 
 A picture presented without any 

content wording. 

   

Structuring  Discovery 

Figure 3.5. The visual task content variable influences mathematical thinking. 

Furthermore, interesting, related problems can arise from both situations.  In the second, the 

activity of generalizing can lead to questions such as: 

• What about a triangle in a square/rectangle/arbitrary quadrilateral? 

• What about another shape in a triangle?  Pentagon, hexagon…  

• Is the square the largest (area) rectangle that can be inscribed in a triangle? 

As a testament to the interrelatedness of these types of mathematical thinking, Problem 1 of this 

study is a geometric problem presented without a picture, and in the analysis of the problem 

sessions we will see a great deal of Structuring, and in addition, students asking Discovery-type 

questions that could lead to new, related problems.   

3.3.3 Summary. 

 The particular wording of the problem statement, the presentation of visual and symbolic 

content, and the overall structuredness of the problem have the possibility of influencing a 

student’s mathematical thinking.  If a problem is presented with no pictures, the mathematical 
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thinking that arises in all phases of engagement with the problem can include Discovery, 

Structuring, and Justification.  Likewise, all three processes of mathematical thinking might arise 

from a problem which is presented with little or no symbolic content, in which the mathematical 

content or vocabulary is vague, or which includes imprecise goal information. 

 
Figure 3.6. Connections between problem design elements and mathematical thinking. 

In the section that follows, the three problems that are used in this study are presented and 

analyzed with respect to of the proposed design elements, and the processes of mathematical 

thinking expected from the specific design attributes of each problem are also indicated.   
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Chapter 4 

Method 

The empirical portion of the study involved students working on ill-structured 

mathematics problems, and the mathematical thinking that arose during this activity.  The three 

problems used in this study are presented at the beginning of this chapter.  Each problem is 

analyzed with respect to the theoretical design presented in the previous chapter, specifically, the 

design elements and processes of mathematical thinking.  In the ensuing sections I introduce the 

participants and explain the methodologies and methods used in the practical portion of this 

research.  Students participated in an initial survey, and some were contacted to participate further 

in the study.  Volunteers were paired up to work on the mathematics problems, and then 

completed an exit survey.  The initial quantitative survey that makes up Phase I of the study, is 

explained first.  This is followed by a detailed explanation of the methods employed in Phase II, 

which is comprised of the qualitative Problem Sessions, and the quantitative Q study.  Approval 

from the General Research Board of Ethics was granted for this research (Appendix A). 

4.1 Analysis of the Three Problems 

I selected and crafted three problems to use in the empirical part of this study, each an ill-

structured mathematics problem in the spirit of inquiry.  However, as will be explained in the 

sections to come, the ill-structuredness is manifested in a different design variable in each of the 

three problems.  I outline the design attributes of each problem in turn, with particular emphasis 

on the wording and pictures of the problem statement.  These design variables are hypothesized to 

bring about certain forms of mathematical thinking, as described in the previous chapter.  The 

kernel of each ill-structured problem is discussed and then the connections between the wording 
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and pictures in the problem statement and the expected mathematical thinking processes are 

discussed. 

4.1.1 Problem 1. 

 

Problem 1 of the three problems presented in this study is the most difficult.  The 

Japanese mathematician, Seki Kōwa, named these shapes “arc rings” when he discussed the 

problem in the 17th century.  Known since the 1960s as the Napkin Ring Problem, it is a classic 

example of simple relationships providing surprising results. Without giving the solution away 

yet (for those of you who haven’t yet solved it), I will first discuss the reasons behind the 

representation and language of problem statement used in this study.   

The problem statement is intentionally vague so that the problem solver must decide on 

and impose constraints in order to solve a meaningful problem.  The geometric representation of 

the problem, which relies on the mental imagery evoked and the physical 2-dimensional 

representation of that 3-dimensional shape, sets the stage for an intuitive feeling for the volume 

followed by computation and verification.   

4.1.1.1 Wording. 

Attention must be made to the descriptive terms that are used in the problem statement, such 

as “sphere,” “diameter,” and “volume,” as well as “spherical void,” and “pole.”  We presuppose 

that students are familiar with these objects and relationships although they must take great care 

interpreting them.  The description “cylindrical core” is perhaps the most difficult to interpret: 

“cylindrical” refers to a shape which is different from a cylinder, but cylinder-like, and this shape 

Consider two spheres of different diameters.  Each sphere has a 
cylindrical core removed along a pole such that the height of the 
cylindrical void within each sphere is equal.  Which spherical object do 
you think has more volume, and why? 
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is a “core,” extending from the exterior of the sphere, through the middle, and out the other side.  

The shape that is to be removed is a cylinder with “caps” from the sphere.  The object that 

remains looks like a napkin ring or a bead.  Actually, I believe that napkin rings are uncommon in 

most homes these days, so the term “napkin ring” may not be familiar to many students.  One 

student in this study named the object a “bracelet.”  I deliberately do not use a descriptive term in 

the problem statement.  This is because using the term of a familiar object removes nearly all 

ambiguity about the object, which is the same as providing a picture.   

The kernel of this mathematics problem is to compare the mass, or volume, of two such 

objects.  Developing the initial picture for this object is the main pedagogical purpose of the 

problem.  The goal information provided in the problem statement is equivocal: it explicitly states 

that the solution requires justification but the semantics express a familiarity (“Which do you 

think… and why?”).  The problem solver might interpret this ambiguity in a variety of ways.  In 

Problem 1 in this study, the problem statement asks for a definitive answer as well as 

justification: “Which spherical object do you think has more volume, and why?”  A formal 

(symbolic) solution can be provided, given that the problem is interpreted so that it is well-

defined, however, the language “do you think” is informal and implies that a rational argument 

would be appropriate.  

Even after the problem has been set up correctly it is still quite difficult to get a good 

feeling for the relationship between the volumes of the objects in question.  In the larger sphere 

the cylindrical void is much wider than the empty center of the smaller sphere so in one sense the 

object is larger, but the arc-ring of the larger sphere is thinner than that of the smaller sphere so 

it’s a smaller thing taking up more space.   

4.1.1.2 Pictures. 
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There is exactly one intended interpretation of this problem.  The object in question can 

be made physically by drilling a hole through the center of a sphere and out the other side.  The 

height of the cylindrical void is measured between the two places that the boundaries of the 

sphere and the cylinder intersect.   

The problem is much clearer with the picture, but the pedagogical purpose is larger than 

solving an interesting problem: this vagueness necessitates a careful Structuring.  Rather than 

clearly demonstrating two related objects in a suspended state, the purpose of this presentation is 

to provide less structure so that vocabulary, constraints, relationships, and goals must all be taken 

into account for the initial creation of a worthwhile picture.  The problem, given in this 

representation, is primarily intended to evoke deep, dynamic Structuring.   

I am acutely interested in the different geometric interpretations that might arise, and in 

particular if students recognize (whether explicitly or intuitively) the requirements for a well-

defined, interesting problem.  For example, if the cylindrical object and the sphere do not 

intersect then the problem is not a well-defined, cohesive problem.  The problem solver must 

recognize that removing such a cylinder from inside a sphere, along a pole or otherwise, would 

not provide the basis for a meaningful problem, but would instead be an exercise in subtracting 

the volume of one from the other. 

The geometry of the objects is such that there is very little intuitive feeling about which 

might be larger, however other forms of Discovery are certainly likely to arise.  It is further 

possible that the problem solver will mentally compare the objects, subject to their constraints, 

creating a dynamic, mental image that can be analyzed for invariant or extreme relationships, and 

extended in other ways.  These are examples of possible acts of Discovery.  In all, the initial 

mental creation of the objects in question is a complex interweaving of Discovery, Structuring, 

and Justification.   
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4.1.2 Problem 2. 

One part of this problem is setting up the objects of interest: the objects themselves and 

relationships between the two.  The tires are (abstractly) cylinders and “one tire is wider and taller 

(larger radius) than the other” is all that is needed to answer the problem as it is stated.  Another 

part of the problem is modeling (mentally) the action of the tire’s rotation and contact with the 

road.   

This problem is contextually situated but the context gives it meaning.  Can we even 

recreate the full scope of the problem in a purely abstract environment?  This is a sophisticated 

idea at the heart of the problem as it would be used in an IBL setting; we can imagine the rotation 

of a cylinder easily enough, and even an infinitesimal point on the outside, but how to we 

translate “wear-and-tear” on that spot while taking into account the weight of the vehicle?  These 

questions are fundamentally modeling questions, and this problem is in essence a modeling 

problem.  From an educational standpoint we would like to see specific issues raised by a student 

solving this problem. 

• A recognition that the specific numbers provided are not important except as they 

provide a relationship between the two tires (one tire is both wider and taller than the 

other) 

For the 2011 Dodge Ram 2500 the consumer may choose from two tire sizes, one 
wider than the other.  The tire specifications are as follows. 

Option A: 245/70R17 
Option B: 265/70R17 

When referring to the purely geometrical data, to take a common example, 
195/55R16 would mean that the nominal width of the tire is approximately 195 mm 
at the widest point, the height of the side-wall of the tire is 55% of the width 
(107 mm in this example) and that the tire fits 16-inch-diameter (410 mm) wheels.  
 
With this information, which tire do you estimate would wear out first? 
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• A discussion or explicit identification of the core objects/relationships that are of 

interest in the problem (requiring a spatially dynamic mental picture of the object/s) 

• A guess or proposed solution(s) 

• A discussion or explicit account of the details that support the proposition(s), 

including the number of rotations per unit time, the distribution of weight on the tires, 

the pressure related to friction on the road, and an assumption that all other variables 

remain fixed 

Because the cognitive activity involves identifying and extracting the most important information 

from the problem and drawing conclusions with rational and/or technical justification, Discovery, 

Structuring, and Justification are all involved.   

4.1.2.1 Wording. 

The problem statement includes a lot of contextual vocabulary: “nominal width,” “side-

wall,” and “wheels” (also known as rims).  The numerical data that is given in the problem 

statement is not specifically important; the size and shape of the tires, in relation to one another, 

is the crucial information.  This information must be carefully identified and placed in order to 

correctly represent the objects in question.  This is not a necessarily difficult process, but it does 

require care and precision.  This is a mental act of Structuring. 

The modeling decisions that are made (which variables are significant and which can be 

ignored) and the dynamic action that must be visualized and analyzed mentally are all fruits of 

Discovery; they all come from intelligent realizations and intuitive feelings about motion and 

physical relationships.  Justification for the solution is not explicitly requested – the language 

used in the problem asks only to “estimate.”  For this reason the flavor of approach that is to be 

taken in the solution process is not clear – does a rational (informal logical) argument suffice or 

must the solution be based on some numerical (or at least somewhat formal) analysis?  We revisit 
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the many forms that a solution can take later on in our discussion of the problem sessions.  

Problem 2 asks only that the choice be made between the two options provided: “which tire do 

you estimate would wear out first?”  A formal solution is possible, but very complex, and is not 

expected of students at this level.  Instead, an informal rational solution is supported by the use of 

the word “estimate.”  

A different wording of the problem, requiring more precision, could be “estimate how 

much faster the one wears out,” wording which creates a problem of an entirely different feel.  

The wording of Problem 2 is a softer problem emphasizing the front-end of the modeling and an 

informal-rational justification of the conclusions.  The quantification “how much” of the alternate 

problem statement presents a much more technical problem, one which is no less interesting, but 

has a significantly different feel, and, hence, suggests very different pedagogical implications.  

But that is for another study.   

4.1.2.2 Pictures. 

No pictures are provided with this problem.  (Plus, it’s difficult to draw a static picture of 

motion.) However, doing this problem requires visualization.  Above all it requires the 

development of a spatially dynamic concept image which is justified using mathematical 

reasoning.  This information must be structured visually although a physical picture is not 

necessary, nor it (arguably) all that useful.  More important is the dynamic mental imagery that is 

created. 

What is of interest in the study is the visual Structuring that the subjects create and 

utilize: in particular the pictures that are drawn, what is visualized mentally, and the detail that is 

included in each.  Discovery and Justification also feature prominently in this problem as it is 

presented.   
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4.1.3 Problem 3. 

I came across this problem in DeFranco’s (1996) article on problem-solving expertise.  In 

the study the author observed that some novice mathematicians attempted to solve the problem 

using generating functions (though none completed the problem with that method) whereas the 

expert mathematicians determined the method of systematic itemization to be the most efficient 

and fairly quickly produced the correct solution.  DeFranco (1996) asserts that there is a right way 

to solve the problem: to fix the number of quarters (2, 1, and 0) and then to list and enumerate the 

remaining possibilities working from the larger to the smaller denominations (p200).  Although I 

agree that this method is an efficient than way to solve the problem, it is by no means the only 

“right” way.  And, of course, if the problem were altered so that the object was to find the number 

of ways to make change for $50.00, fifty dollars, the listing method would be inefficient with 

lower denominations.   

This problem is included in the study in order to take account of organization and 

efficiency, creative and unique approaches, and because it not only requires no visual structuring, 

but also evokes no intuitive feeling for the answer, and no algorithm (in the sense in which this is 

usually understood) will solve it.  The problem does not require advanced mathematics, although 

advanced techniques could be used to solve it; what is required is persistence and organization.  

The problem is simple and vague; on the other hand it has great potential to be constrained, by 

choosing specific denominations of coins, and generalized, by choosing an indeterminate amount 

to be changed. 

  

In how many ways can you change one half-dollar? 
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4.1.3.1 Wording. 

Syntax and semantics aside, the question is: How many different combinations of coins 

can you put together to make 50 cents?  The problem statement does not specify the 

denominations of coins to be used in making change.  It is easy to make implicit assumptions 

about the problem but these can be identified and easily modified.  Recognizing these 

assumptions, or consciously questioning the denomination of coins that are to be used, are actions 

of mathematical Discovery.  

The problem is stated in words even though the mathematical relationship can be 

expressed in a single algebraic equation, 25q + 10d + 5n + 1p = 50, and recognizing this 

relationship could be an act of Discovery as an alternative representation of the problem.  

Furthermore, no symbolic structure is given in the problem statement and it is likely that students 

will introduce symbolic language when doing this problem and that this Structuring has the 

potential to set the course of the solution.  The solution to Problem 3 is numerical and does not 

overtly require justification.  If the problem is solved by listing, the problem solver must develop 

some means of analysis to ensure that all of the possibilities have been exhausted.  This 

Justification of the process is implicit in the goal of the problem. 

4.1.3.2 Pictures. 

Although pictures are not overtly advantageous for this problem, it is possible to discuss 

closely related problems which can be represented geometrically.  As we will see in the chapters 

to come, some students did in fact evoke imagery while doing the problem. 

4.1.4 Summary. 

The Content design variables of a mathematics problem have an impact on the thinking 

that arises during the activities involved in working on the problem.  These design decisions 

affect the initial interpretation of the problem, any subsequent re-formulation of the ideas in the 
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problem, the choice of and methods for the solution path, and the final presentation of the 

solution.  The given information and goal information provided in the problem statements are 

summarized below.   

Table 4.1. Semantic and mathematical content of the three problems. 

  Problem 1 (spheres)  Problem 2 (tires)  Problem 3 (coins) 

Given Information: 
Wording 

 • “cylindrical core” 
• “spherical void” 

 
• No notation given 
• One object larger than 

other 

 • “nominal width” 
• “side-wall” 

 
• No picture 
• Extraneous content info 

given within context  
• One object larger than 

the other 

 • Making “change” 
• “one half-dollar” 
•  

No coin denominations 
specified 

• No notation given 

Given Information: 
Pictures 

 Geometric situation: picture 
withheld 

 Dynamic situation: (static) 
picture not at the core of 
problem 

 Algebraic: picture not 
appropriate 

Goal Information  Which do you think… and 
why? 

 Which do you estimate?  How many ways? 

Any refinement of an activity that is as rich as teaching/learning mathematics necessarily loses 

details, and I must be clear that the proposed model is neither the only way, nor necessarily the 

best way, to categorize mathematical thinking.  Nonetheless, with respect to the goals of a 

mathematics education that I have identified, I hope that this framework provides a means for  

• discussing thinking as comfortably as we now discuss formal procedures, 

• helping teachers and students to better understand the processes of thinking 

mathematically,  

• building a relatively simple educational tool for designing problems, and 

• implementing these insights, for both teachers and students. 

From the abundance of literature describing the different mental processes involved in doing 

mathematics I have attempted to create a cohesive categorical structure of mathematical thinking, 

and the three categories of this model are distinguished by cognitive function. 
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4.2 The Participants 

The subjects of this study were selected from students attending Queen’s University, a 

large public university in Ontario, Canada, in the Fall and Winter semesters of the 2011-2012 

school year.  Participants were drawn from a pool consisting of all students enrolled in any 

second-year mathematics course provided by the Department of Mathematics and Statistics, with 

the constraint that the student had completed at least one university calculus course.  Further 

selection criteria and methods are described below. 

4.3 Phase I: The Initial Survey 

Because certain attitudes and habits are generally associated with deeper learning and 

better performance, I believe that these same qualities may be connected to deeper mathematical 

thinking.  In Phase I of this research I designed a survey to collect information about students’ 

beliefs, attitudes, motivations, metacognition, study skills, and more.  The reasons for the initial 

survey were twofold: to sort students into categories associated with their expected mathematical 

performance, and to have a baseline of affective variables to which to refer after the problems 

were completed and students reflected again on their own activity.  The survey statements and 

questions are described in some detail here.   

One section of the survey addresses demographic information such as age, gender, and 

some school information for the purpose of being more familiar with these students and their 

mathematical backgrounds.  Another section of the survey is a psychological component designed 

to collect affective information.  There are several reliable tools for measuring affective variables 

such as motivations, attitudes, and learning strategies and their relationship to performance, 

usually measured by traditional methods such as GPA and grades.  However, most of these, 

including the MSLQ and the AMS, are designed for general learning in specific contexts.  Most 

of the questions in this section are adapted from the MSLQ and the AMS to address mathematics 
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learning specifically.  The format of the main part of the psychological component of the survey 

is a self-report questionnaire.  The topics that I chose to identify in this survey are of two kinds, 

(1) motivation and attitudes, and (2) learning strategies and study skills.  I have selected these 

affective categories because they have been theoretically and, in some cases, practically, linked to 

students’ performance through the MSLQ and the AMS.  These two groups are further broken-

down, as in the MSLQ, into the subcategories seen below. 

Motivation and Attitudes Learning Strategies and Study Skills 

• Intrinsic Goal Orientation 

• Extrinsic Goal Orientation 

• Task Value 

• Self-Efficacy for Learning and 

Performance 

• Rehearsal 

• Elaboration 

• Organization 

• Critical Thinking 

• Metacognitive Self-Regulation 

• Peer Learning 

Students were asked to rank, on a Likert-like scale of 1 (strongly disagree) to 5 (strongly agree), 

statements such as “The most satisfying thing for me in a mathematics course is trying to 

understand the content as thoroughly as possible” and, “I am studying mathematics in order to 

obtain a more prestigious job later on.”  These two statements are examples of intrinsic and 

extrinsic motivation items, respectively.   

There is one long-answer item included in this survey: “Think about the mathematics that 

you have done so far. What do you think mathematics is? Please be as detailed as you like.”  This 

is the first item of the survey and I borrowed it from a very interesting paper by Liston & 

O’Donoghue (2009) investigating relationships between mathematics students’ beliefs and affects 

and their performance.  The analysis of the responses to this question in this paper show that 

students have a spectrum of beliefs about what mathematics is, from “fragmented” – a set of rules 

and formulae – to “cohesive” – seeing the whole picture rather than just the constituent parts, and 
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that the latter is associated with a deep approach to learning.  I anticipated having some questions 

arise during the analysis of this research and I intended that the responses to this question could 

provide additional information about the students, beyond that which was being collected from 

the quantitative questionnaire section.  I did not plan to include stimulated recall, which is often 

used to clarify questions that arise during this kind of analysis, in my method because of time 

limitations; I chose not to ask students for more than the already generous 3 hours that they had 

already volunteered.  The full survey is provided in Appendix B. 

4.3.1 Procedure and results. 

The survey was sent out near the beginning of the 2011 Christmas holiday break, hosted 

on the StudentVoice survey site (now Campus Labs Baseline) through Queen’s University.  In 

total the survey was sent to 820 individuals and there were 361 responses (44% response rate).  

Of these, 236 responses were complete or nearly complete and were used as the data for the next 

participant selection process.  For each participant, numbered 1 through 236, I computed the sum 

of the values that each student assigned to the statements in the psychological portion of the 

survey (negative statements were reverse-coded).  Thus, a higher ranking of the statements 

generates a larger sum, which in turn is associated with better performance.  

 

Figure 4.1. The sum of the results from the two affective survey sections. 
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I used this combined score to distinguish between three groups of students from the pool of 236 

participants, Character Group I (CGI), Character Group II (CGII), and Character Group III 

(CGIII), associated with the variations in their expected mathematical performance.  CGIII is 

identified with higher intrinsic motivation, metacognition, and task value, for example, and so 

students in this group are expected to perform better than students in CGII and, in turn, those in 

CGI.  Later on, when discussing students’ viewpoints of the problems and of their own 

performance, I propose that the three Character Groups are associated with three distinct 

viewpoints.  

With the exception of an outlier, we can see in Figure 4.1 that the combined scores lie 

within a range of about 120 to 210.  In fact, a trend line sits just about horizontal at a combined 

score value of around 175.  From these data I identified the three character groups by dividing the 

number of participants into three roughly equal parts: 81 participants had combined scores under 

165, 81 had combined scores between 165 and 179, and 74 had combined scores over 179.  For 

the next phase of the study, I wanted to take a closer look at six students from each character 

group, for a total of three pairs in each group.  I needed students to volunteer their participation 

and I chose to contact around 30 participants from each group.  I sent out follow-up emails to the 

most extreme (CGI: x<155; CGIII: x>200), or in the case of CGII the most moderate (CGII: 

168<x<178), participants from these groups requesting their further participation.  It became 

necessary to expand the categories slightly to allow for the required number of participants in 

Phase 2 of the study.  The eighteen subjects who elected to participate in Phase 2 of the study are 

highlighted by bold squares in Figure 4.1.  In the end, the participants in CGIII had combined 

scores of greater than or equal to 199, those in CGII had scores between 154 and 165, on the low 

end of moderate, and those in CGI had scores between 120 and 143. 
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The students in each of these character groups are likely to have different attitudes and, 

this certainly seems to be the case from a few responses to the first question in the survey, “What 

do you think mathematics is”? 

[Q]uantifying events and manipulating numbers (Participant in CGI) 

A system of rules invented by humans.  The system is constantly being expanded and we are 
constantly finding new ways to 'play' with the system while following the rules that govern it. 
(Participant in CGII) 

Mathematics is the search for understanding. It is strongly artistic, scientific and philosophical. 
It is the abstraction of the essential forms of things, eliminating all unnecessary parts, in order 
to discover facts about them. All scientific disciplines are refinements of this quality: physics is 
the application of mathematical truths to the physical world, chemistry is the further application 
of physical laws to the study of matter, etc. Mathematics is the search for order and structure in 
a seemingly chaotic universe. (Participant in CGIII) 

These responses are from three of the eighteen students who participated in the second phase of 

this research, and whom we shall get to know better as we progress.  The next section explains 

the methodology and methods used in Phase II of this study in which students meet to do 

mathematics problems. 

4.4 Phase II: Problem Sessions 

Pairs of students agreed to meet together during a fifty-minute period.  I designated this 

specific length of time for ease of scheduling, as it is the length of a regular course time slot at the 

university.  During this time, the pairs were asked to work on a single mathematics problem 

together.  After they had finished, they were tasked with a structured reflection on the immediate 

problem, called a “Q sort,” to identify their “Viewpoint” of the problem.  This process was 

repeated at a later date, with the same pair but with a different problem.  Each Problem Session 

was followed-up a week later with a very brief questionnaire.  I expected that students would be 

able to reach a solution to each of the problems within 30 minutes, and so the problem sessions 

were allotted 30 of the 50 minutes, with the remaining 20 minutes set aside for the Q sort.  In the 

case that the Pair had not reached a solution within the first 30 minutes the students were to be 
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sent away and a second meeting scheduled in which the pair resumed their work on the problem.  

This provision was not necessary since all problems were finished within the allotted time.   

I intended to include six participants from each Character Group (three Session pairs 

from each of the three Character Groups, and two problem sessions for each Session pair for a 

total of eighteen Problem Sessions).  This did not work out entirely as planned; only four 

participants from Character Group I volunteered for Phase II of this research.  Six participants 

from Character Group II did volunteer, however, and I had a boon of eight volunteers from 

Character Group III.  To sum up, there were two, three, and four Problem Session pairs, from 

Character Groups I, II, and III, respectively.  Because each Problem Pair participated in doing 

two problems this part of the study included the intended eighteen Problem Sessions, however, 

they were somewhat unevenly distributed among the Character Groups.   

4.4.1 Mathematical thinking: Activities while doing the problems. 

The Problem Sessions were recorded by video, and these videos were analyzed to bring 

to light specific aspects of mathematical thinking.  In this section I discuss the methods that I 

have chosen to collect and parse the expressions of mathematical thinking in students’ paired 

problem sessions.  The totality of a student’s cognitive, psychological, social, and mathematical 

experiences comes to bear on the activity of solving a problem, and the videotaped session 

captures and suspends this momentous episode for our inspection.  Of course we’re not seeing the 

whole picture – there are intricacies of the human brain that will not show their colours here – but 

with students working in pairs we capture a vast deal more than we would with a solitary problem 

solver.  As Schoenfeld (1985) explains, there is dialogue between two students working together 

which would not exist in a single-person protocol, and that, within this paired structure, decisions 

are vocalized and “rationales for the decisions are made overt” (p281).  Still, he goes on to 

explain, the downside of this design is that sessions can be dominated by a single individual and 
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the comments of one person can change the course of the other’s thoughts.  These disadvantages 

do not undermine the present work but they do introduce a measure of caution. 

It is during the Problem Sessions that we observe actual manifestations of mathematical 

thinking.  Discovery is the most difficult thinking process to identify because it takes place 

entirely within the mind, however repercussions of this sort of thinking can be observed in overt 

vocal and physical actions.  Structuring is perhaps the most easily observable act of mathematical 

thinking because its essence is linguistic, rather than introspective.  Students use symbolic and 

visual language to communicate their ideas with one another, but as we shall see, these systems 

vary quite drastically between individuals.  Certain instances of Justification are obvious, 

particularly when such thoughts are explicitly stated.  Metacognitive self-monitoring, however, is 

an individual process and is rarely shared openly.  My goal, from the problem sessions, was to 

gather a well-rounded set of data that delineated between different groups of students and 

between the different problems.  I wanted to be able to compare the data in the two ways reflected 

in the following two questions:  

• (How) is a problem perceived differently by students from different Character 

Groups?  

• (How) does an individual student approach the two different problems differently 

based on the characteristics of each problem? 

The uneven distribution of volunteers was not expected to affect the overall results of the 

individual student’s experience of the two problems (Point 2, above) but it did have the potential 

to impact the comparison across Character Groups of the experiences of one problem (Point 1, 

above).  With these issues in mind, and because of time constraints, I chose to perform the 

qualitative analysis on a representative subset of the nine pairs.  I used the results of the Q sort to 

identify this subset, and I describe this process in detail in a forthcoming section.  I sought 

specifically to qualitatively analyze the smallest number of pairs, while retaining the existing 
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variability of Character Groups and Viewpoints.  Specifically, I selected pairs from all three 

Character Groups, and which represented every measured Viewpoint of each problem. 

The strength of the method of video-recording the problem sessions is that it eliminates 

the possibility of reflection on the subject’s part (what they believe they were thinking, believing, 

feeling) making it much less likely for their subjectivity to replace the actual event by its after-

the-fact reconstruction from memory.  At the same time, there is necessarily some data lost in the 

translation between the various stages of analysis which are, briefly, 

Brain → Words (Video) → Transcription → Coding → Portrait. 

Nonetheless, my work, as the researcher, is to devise a method of analysis that retains as much of 

the “important information” (in this case, thinking mathematically) as possible.  I am tasked to 

arrange these data in such a way that we see patterns emerge which enlighten our understanding 

of the phenomenon of students thinking mathematically while problem-solving.  Finally, I must 

guide you, the reader, through the individual problem sessions, highlighting this or that event, and 

developing a cohesive portrait that is descriptive but not exhausting. I use no particular method 

for this – it is the phase that is most afflicted with my personal viewpoint, and is therefore open to 

more severe scrutiny.  For the other stages of analysis, however, I have carefully selected and 

modified some tools that I think are the most appropriate and the most revealing methods to 

spotlight mathematical thinking.  Then it is sifted into categories.   

4.4.1.1 Video → Transcriptions 

Transcribing dialogue is a standard qualitative procedure used with video recordings of 

human subjects.  Transcriptions clarify and display the spoken language, often with precise time 

signatures.  Because I am not particularly adept at it, the act of transcribing added an unforeseen 

benefit; It was necessary to spend a lot of time with each video-recorded session and I became 

intimately familiar with each one of them.  I believe that this helped me later to parse the 
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activities more accurately because I could not only see the dialogue, but I could also recall the 

subtleties of mood and flow of the sessions. 

4.4.1.2 Transcription → Coding 

Schoenfeld’s (1985, p292-317) method for the “Macroscopic Analysis of Problem-

Solving Protocols” is the only coding scheme that I have found specifically tailored to analyzing 

problem solving sessions.  His method has been altered and applied to a number of studies over 

the years, for example, Arleback (2009) who provides suggestions for revisions to the analysis 

scheme.  My search for existing coding schemes for problem solving sessions was not an 

exhaustive one, partly because of time constraints, but also because I believe the current 

relevance of the following statement: 

“[T]he testing literature has offered few methods, whether for purposes of research or for use by 
teachers, of directly examining the procedures used by individuals as they attempt to solve 
problems.  Virtually all available examinations of problem-solving performance have used 
product measures rather than process measures.  That is, the tests they employ focus for the 
most part on assessing the correctness of the answers that students produce to problems rather 
than focusing on the procedures that the students use in trying to solve them.” (Schoenfeld, 
1985, p218) 

I use Schoenfeld’s protocol in its original form because the theoretical underpinnings of his 

method closely parallel mine.  Specifically, Schoenfeld’s method is designed to take account of 

metacognitive self-monitoring.   

Consider some examples of the absence of this kind of control: explorations which are 

allowed to meander at length so that the problem-solver loses sight of the original goal; ideas 

which are pursued without being curtailed even after their futility comes into question; and 

potentially useful ideas which are passed over for one reason or another.  From the observation 

that problem solving is almost guaranteed to fail without executive control, Schoenfeld devised a 

scheme of coding metacognitive action within a larger scheme that provides two complementary 

perspectives of the problem solving session.  
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The coding scheme has three parts: a Parsing, with supporting information in the form of 

answers to Related Questions, and a Time-Line Representation.  A parsing of the transcript 

partitions the intact session into coherent Episodes, each episode “a period of time during which 

an individual or problem-solving group is engaged in one large task or a closely related body of 

tasks in the service of the same goal” (Schoenfeld, 1985, p292).  Schoenfeld identifies five 

different types of problem-solving episodes: Reading, Analysis, Exploration, Planning, 

Implementation, and Verification.  Planning and Implementation are often regarded together 

because these activities so often occur simultaneously.  In addition, specific attention is paid to 

management behaviors, of three types in particular: New Information, Local Assessments, and 

Transition.  I provide a brief description below of each of these categories, sometimes 

paraphrasing, and sometimes quoting directly from Schoenfeld’s precise coding scheme, which is 

provided in complete form in Appendix C.   

Table 4.2. A brief description of problem session Episodes. 

Reading Reading the problem statement, or parts of the statement, aloud; silent 
reading and contemplation of the problem statement and conditions. 

Analysis An attempt is made to fully understand a problem, to select an appropriate 
perspective and reformulate the problem in those terms, and to introduce 
for consideration whatever principles or mechanisms might be appropriate. 

Exploration A broad tour through the problem space; a search for relevant information.  
Assessment and other monitoring are critical. 

Planning-
Implementation 

Devising a method and appropriate procedures to solve the problem.  
Carrying out the necessary work. 

Verification Assessment of the solution on a global level.   

New Information The presentation of new ideas or potential directions; the mention of 
potentially valuable heuristics (new processes, new approaches).   

Local 
Assessments 

An evaluation of the current state of the solution at a microscopic level. 

Transition The juncture between episodes: a solution path is being abandoned; where 
managerial decisions (or their absence) will make or break a solution.  

Note. It is unclear whether or not Verification is intended to include assessment of process; I 
make the assumption that it does. 
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These situations in which executive decision-making takes place can shape the evolution 

of a solution and, Schoenfeld posits, they may even play a role in shaping an individual’s problem 

solving process over time. 

I first watched each of the videos taking notes on anything that caught my attention, from 

interesting comments to questions about what the students were writing.  I itemized, in a very 

organic way, the various phases of the problem solving process that I perceived and with no 

thought to the coding scheme.  Next I transcribed the videos and then parsed the data from the 

transcriptions.  I then re-watched the videos and adjusted the parsing after I discovered that some 

natural elements of the momentum of the process were not represented by the transcriptions 

alone.  I made time-line representations from these second-incarnations of the parsing and then 

watched the videos for a third time, with the transcripts, parsings, and time-line figures before 

me, and made appropriate adjustments until (I think) I finally got them right. 

Schoenfeld assures us that the parsing into episodes is a fairly straightforward activity.  I 

agree in general, however the few difficulties that I did have are outlined as follows.  Firstly, 

distinguishing between analysis and exploration was not always obvious.  Schoenfeld explains 

the difference between these episodes (Schoenfeld, 1985, p298) as one of form and distance, 

where analysis is “generally well structured, sticking rather closely to the conditions or goals of 

the problem” and exploration is “less well structured and is further removed from the original 

problem.”  You can see, then, where the grey area is – an act such as doing an example of a 

related problem may be quite well-structured but removed from the immediate problem.  A 

second, major difficulty that I encountered was with the Verification episode.  At first glance this 

seems as if it might be the most straight-forward of the episodes but a closer look shows no 

distinction between verification of process and product.  Furthermore, in some of the sessions that 

I observed, the problem was completed in stages of smaller sub-problems.  It was not clear to me 

from the outline of the parsing protocol whether the assessment of each stage was to be coded as 
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a global or local assessment.  Thirdly, I found that the final refinement of a solution did not fit 

well under any of the given headings.  I made the decision to include this activity in Verification, 

though it could arguably be Implementation, or even a final Analysis of the entire process.  

Fourthly, I also had some hesitation in identifying the length of a transition.  It sometimes 

occurred in parsing that I could sense from the video a lull in the process but on further inspection 

of the transcription the transition appeared to be in a slightly different place – the exact place that 

the episode ended was different in written form from where it was in the observed session.  

Finally, on occasion I found it impossible to identify an item or period with a single episode (the 

possibility of this happening was amplified because subjects were doing the problems in pairs) 

because it happened that one person was analyzing while the other was implementing, for 

example.  As can be seen below, in Problem Session 3.23, Problem 2, I have identified multiple 

simultaneous stages. 

On the whole, notwithstanding these difficulties, the parsing of the sessions into episodes 

was illuminating, allowing us to make sense of the sessions by pulling out specific actions of the 

problem-solvers to investigate and compare.  The method also allows us, in a way that furthers 

the identification of mathematical thinking, to recoup some of the rhythm of human pacing that is 

lost in the transcription.  Before we get to these discussions, however, let me present an excerpt 

from the transcript and parsing of one problem session as an example of the transcription-parsing 

process.  In his book Schoenfeld provides a parsing independently from the transcript of a 

problem-solving session but I have chosen to combine the information into a single format.   

E15. PLANNING-‐
IMPLEMENT	  
-‐ATION	  
	  

(1	  minute)	  

	   83. A:	  Mhmm.	  	  I	  think	  so	  as	  well.	  	  Well,	  as	  long	  as	  you	  can	  set	  up	  an	  
integral,	  at	  least	  symbolically,	  to	  rigorously	  do	  this…	  	  So,	  like,	  
[11:50,	  writing]	  the	  wear-‐and-‐tear…	  So	  we	  integrate	  up	  to	  a	  time	  t,	  
let’s	  call	  it	  d-‐tau,	  and	  then	  inside	  we’re	  going	  to	  integrate	  over	  
the…	  two	  pi	  r,	  [inaudible]	  over	  the	  circumference	  of	  the	  tire	  and	  
also	  the	  uh…	  width	  of	  the	  tire.	  	  This	  function	  is	  going	  to	  just	  be,	  
like,	  omega…	  I	  don’t	  know…	  x	  dx	  dr.	  

S	  

	   	   84. B:	  [12:40]	  I	  see	  what	  you’re	  doing.	   	  
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E16. ANALYSIS	  
	  
(1	  ½	  minutes)	  
	  

	  

	  

	   	  

	   85. A:	  So	  if	  this	  is…	  Omega…	  aah,	  but	  see	  omega	  is…	  if	  omega	  is	  like	  
the	  sum	  function	  of	  friction	  and	  uh…	  gra-‐normal	  force,	  or	  
something.	  	  Then	  omega	  is	  going	  to	  be	  less	  for	  the	  larger	  tire,	  but	  
as	  you	  integrate	  over	  the	  whole	  surface	  area	  of	  the	  tire	  it	  will	  be	  
the	  same.	  	  So	  are	  we	  talking	  about	  like	  net	  wear-‐and-‐tear	  on	  the	  
whole	  tire,	  or	  just	  wear-‐and-‐tear	  on	  just	  individual	  parts	  of	  the	  
tire?	  

	  

	   86. B:	  Definitely	  net,	  right?	   	  
NI	   87. A:	  I	  don’t	  think	  it	  is	  net,	  you	  know?	  	  Like	  you…	  like	  say	  we	  had	  a	  

bridge	  that	  was,	  like,	  I	  don’t	  know,	  you	  could	  put	  100	  kilograms	  on	  
it	  before	  it	  collapses,	  and	  we	  have	  a…	  where	  was	  I	  going	  with	  this?	  
Or	  we	  have	  a	  bigger	  bridge	  that	  we	  can	  put	  50	  kilograms	  on,	  and	  it	  
doesn’t	  collapse,	  or	  something	  like	  that.	  	  Or	  better	  yet,	  

	  

	   88. B:	  Mm!	  	  Okay.	   	  
NI	   89. A:	  Like	  you	  fill	  a	  bowl	  with	  water	  and	  you	  want	  to	  get	  it	  up	  to	  the	  

brim,	  if	  you	  have	  a	  wider	  bowl	  that	  has	  the	  same	  height,	  and	  you	  
fill	  that	  with	  water,	  then	  it’s	  still	  not	  going	  to	  go	  over	  the	  rim.	  	  Like,	  
you	  don’t	  change	  the	  height…	  

	  

	   90. B:	  I	  think	  your	  first	  example	  I	  got	  –	  I	  understand,	  yeah.	   	  
E17. VERIFICATION	  
	  
(15	  seconds)	  

	   91. A:	  [14:05]	  Okay,	  okay,	  I	  think	  we’re…	  	  Are	  we	  going	  to	  go	  with	  the,	  
the	  bigger	  tire	  wearing	  out	  less	  quickly?	  

	  

	   92. B:	  Yea.	   	  
	   93. A:	  And	  the	  smaller	  tire	  wearing	  out	  first?	  	  Okay.	   	  
	   94. B:	  Yeah.	   	  
	   95. A:	  For	  all	  those	  various	  reasons	  that	  we	  came	  up	  with.	  	  I	  think	  

that’s	  good.	  
	  

	   96. B:	  Mhmm.	   	  
	   97. A:	  Alright.	   	  
	   98. B:	  Cool.	   	  
	   99. A:	  Are	  we	  done?	   	  
	   100. B:	  Yep.	   	  
	   101. A:	  I	  think	  we’re	  done.	  [14:18]	   	  

Figure 4.2. An excerpt from the parsed transcription of Problem Session 3.23 

Problem 2. 

Following my interpretation of the coding scheme, the reasons that the items of the dialog in 

Figure 4.2 are parsed in this way are given below. 

• E15. PLANNING-IMPLEMENTATION.  There is planning in suggesting the use 

of integrals.  The plan is carried out with, for example, the introduction of notation 

and in setting the bounds of integration.  

• E16. ANALYSIS.  It is not clear how to proceed with the integral and so the 

subjects go back to discussing the circumstances of the problem.  In particular they 

negotiate whether to consider measuring wear-and-tear as a comprehensive value 

(over the whole tire) or as infinitessimals.  In my parsing I have included Items 87 
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and 89 in this episode instead of labeling them as “Exploration,” as might be 

appropriate.  This is a good example of the subjectivity that can arise in the coding 

scheme.  My reason is that the introduction of analogy is being used to support a 

direct argument that has already been made instead of as a means of understanding 

the problem space with no specifically identified goal.  But there is no doubt that a 

new way of looking at the problem has been introduced, and so I label these items 

“New Information.” 

• E17. VERIFICATION.  Here the subjects agree upon a solution, very briefly 

mentioning the supporting arguments.   

The parsing provides a bridge between the transcription and the time-line representation.  In this 

grouping of the data the duration of each episode is carefully recorded leading to a striking 

representation of the Problem Session with respect to time in the time-line representation.  This 

translation presents a concise picture of the entire problem session which can be juxtaposed with 

other time-line figures, for example all problem sessions for Problem 1, or the two sessions done 

by a single Session pair.  I have chosen these methods because they allow us to identify how 

students navigate through a problem and the mathematical thinking that arises therein.  This stage 

of analysis completes, as Schoenfeld (1985, p296) puts it, the “reasonably objective” 

characterization of the problem sessions.  It is important to note that most of the raw data is lost in 

the parsing; only annotated flow is retained.  In presenting the results of the analysis of these 

problem sessions I include only the time-line figures with consistency.  The full transcript and 

parsing of each session can be found in Appendix D.   

4.4.1.3 Code → Portrait 

To provide a more readable account of the data I interpret the different levels of analysis into a 

readable account.  I hope that this summary captures a telescopic view of the core 
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feelings/characteristics of the session.  As mentioned before, I did not use any particular method 

for this, but instead tried to tell an organic story. 

4.4.2 Viewpoints: Students’ reflections on the problems and their activities. 

Q methodology is a quantitative method for studying peoples’ subjective viewpoints.  A 

common procedure in social science research is to collect personal responses to a situation or 

issue with a carefully designed survey.   Within the traditional framework, a person is seen to 

“contain” some amount of motivation, for example, at some identified time, and her responses to 

a set of questions or statements are measured using an external tool, not unlike a yardstick or 

thermometer.  McKeown has warned against this theoretical perspective, cautioning that “as in 

quantum theory, one cannot assume at the ‘subatomic,’ personal level an objective reality ‘which 

is the same to all men’” (1990, p6, quotations in original).  Q is an answer to this hermeneutical 

issue of objectively measuring subjective text; the methodology provides a basis for the science 

of subjectivity.   

Q methodology was invented to reveal the “patterns and meanings of natural expressions 

of self-reference” (McKeown, 1990, p2).  In most empirical studies there are at least two 

subjective “texts” involved: the participant’s and the researcher’s.  The researcher “does not deal 

directly with another person’s experience… but with subjective expressions about those 

experiences” (McKeown, 1990, p3).  Furthermore, the research subject’s opinions are considered 

to be interference in a traditional psychological study.  Q method, instead, illuminates subjectivity 

as the core issue to study as it “allows the researcher to understand and interpret [responses] 

without confounding them with external categories of theoretical reflection” (McKeown, 1990, in 

Abstract).  Thus the purpose of Q is to manifest the structure and form of subjectivity.  

Furthermore, in traditional social and psychological opinion studies, participants react to items 

individually but there is no real sense of the participant’s feeling toward the relationships between 



 92 

those items.   The Q method provides a way for participants to explicitly express their viewpoints 

as a series of inter-relational statements which are rank-sorted with respect to one another. 

The primary goal of the Q methodology study was to investigate students’ viewpoints of 

the problems that they had recently completed.  I selected this method with the intention of 

identifying common viewpoints of these problems and connecting those viewpoints to the 

Character Groups.  My intention was that this would be the third, retrospective addition to a broad 

narrative in which individual students’ beliefs and affects going into a problem affect their actions 

and mathematical thinking while doing the problem, which, in turn, influences their reflections on 

the problems and on their own process.  I use this study to address the following questions: 

• Are there common viewpoints among students within a Character Group? 

• Are viewpoints consistently different from one problem to another?  

• Has the student’s perception of her own metacognition, for example, changed after 

doing the problem? 

I hoped, additionally, that this method might lead to a simple and accurate way for instructors to 

analyze and select mathematics problems which elicit specific forms of mathematical thinking 

that are of value in at a particular time.  Finally, it was my intention that, if necessary, this method 

could shed some light on practices observed in the problem sessions. 

As was discussed, mathematics education research has shown that variables such as 

beliefs about mathematics, metacognitive actions, and motivations are related to performance.  

With the exception of a few insights, however, there is no overarching understanding of the 

importance of one variable over another, or whether any existing hierarchy is universal or 

situation-specific.  The Q study method is designed to address the issue of hierarchical 

subjectivity. 
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4.4.2.1 General explanation of the Q method. 

The procedure of Q methodology combines qualitative and quantitative methods and 

follows a well-defined sequence of steps.  The study is performed somewhat like a standard 

survey and analyzed using the common method of factor analysis.  First, an issue is identified and 

a population is selected.  The researcher compiles the full range of opinions held by the 

population about the issue (this has been referred to as the creative part of the methodology) and 

the opinions are sifted through (see Brown, 1993, for techniques) and reconstituted as viewpoints, 

usually two to four of them.  Perceptions, however, are subjective and can vary greatly among a 

population.  It is the priority of Q methodology to identify a set of pertinent variables which 

distinguish the viewpoints within the population.  From the identified population, a small group 

of participants, the P sample, is then selected to represent the viewpoints.  According to van Exel 

and de Graaf (2005), the P sample is not random: 4 to 5 persons defining each anticipated 

viewpoint are selected, for a total of 8 to 20 subjects.  The distinguishing variables are statements, 

usually written on cards, representing perceptions of the situation being examined.  These 

statements comprise the survey items, or Q sample.  The subjects sort the statements on a Likert-

like scale, distributing the variables across a predetermined (usually shallower than normal) 

curve.  The use of rank-sorting captures the idea that people think about ideas in relation to other 

ideas, rather than in isolation.  In essence, instead of giving a large number of people a small 

number of test items, a small number of people are given a large number of test items.   

The usual method for analyzing survey responses is Factor analysis.  With this tool, 

categories of correlated variables, called “factors,” arise which are uniquely determined by the 

data.  For example we might predict that the statements in each of the ten categories of the survey 

(task value, critical thinking, peer learning, and so on) would be strongly correlated.  Upon 

analysis we might then be presented with ten factors defined by these categories.  On the other 

hand, critical thinking may correlate strongly with metacognitive self-regulation so that both 
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would load onto the same factor.  This usual method is the one that is used in Q methodology but 

with a fundamental twist.  While typical factor analysis is concerned with the connections among 

variables across a sample of subjects, Q method investigates connections between subjects across 

a sample of variables.  Therefore, in Q methodology the independent and dependent variables are 

transposed.  The patterns of interest are correlations between people, and the resulting categories 

that emerge represent common constructions in the universe of discourse.  

Analysis of the data follows that of typical factor analysis, with the dependent and 

independent variables interchanged.  I used the statistical program PQMethod to perform the 

analysis.  This program was developed by John Atkinson at Kent State University in 1992 and is 

public domain.  PQMethod first computes intercorrelations among Q sorts.  Factoring is done by 

either centroid or principle components analysis, and then the data are subjected to analysis of 

variance – factors are either rotated by hand or using VARIMAX.  Further information about the 

particular tests used in this program can be found in the very clear and insightful discussion in 

Brown (1993). 

4.4.2.2 Specific methodological choices and methods undertaken in this study. 

While doing mathematics, students’ own perceptions of self, with respect to thinking and 

actions, interacts with their perception of mathematics and of mathematics problems.  The issue 

identified for the Q method study is undergraduate students’ reflections on their own actions 

while working on ill-structured mathematics problems.  To compile the Q sample in this study I 

drew upon many different resources; informally I collected opinions from both undergraduate and 

graduate students, from professors of mathematics with an interest in education, and I reviewed 

mathematics education literature on doing mathematics problems.  In addition, I reflected on the 

initial survey of this study, especially students’ conceptions of mathematics collected by the first 

survey item.  In Q methodology it is intended that the Q sample reflects a full range of opinions 
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about a particular issue (or subset of an issue) that may be held by the participants, and it is 

notable that the participants in this study are undergraduate students whereas the viewpoints 

collected come from a broader range of individuals.  While one could argue that my collection of 

opinions was unnecessarily generous, I believe that such a wide covering is warranted.  

Mathematical and technical language can be a barrier for students in communicating their 

thoughts and ideas.  Students might hold an opinion about aesthetics, for example, but not have 

the verbal or metacognitive sophistication to express it.  Input and experience from professional 

mathematicians and people immersed in the culture of mathematics are included to provide a 

broader coverage of opinions of the mathematics problems in question – opinions which might be 

held but not voiced.  I also drew on existing Q study literature; Wheeler and Montgomery (2009) 

investigated affective variables and mathematical performance and found that college students 

hold one of three distinct viewpoints: skeptical (students who believe that a person can only do 

well in mathematics if he has a good teacher), active (students who are not fond of mathematics 

but who believe that their hard work will pay off), and confident (students who have a positive 

attitude toward mathematics and their own capacity).   

From the analysis of existing opinions about students’ actions while working on ill-

structured problems I hypothesized three distinct factors, each aligning with one of the three 

Character Groups.  Borrowing from Wheeler and Montgomery’s study, I propose that the 

Character Groups identified in the initial survey will define three viewpoints: 

• CGI (skeptical): fragmented conception of mathematics, poor self-regulation, 

extrinsically or amotivated, not comfortable with reasoning capabilities, value seen 

only in connections outside mathematics.  Will prefer Problem 2. 

• CGII (active): rarely enjoys aesthetic nature of a problem, highly self-regulated, 

extrinsically motivated, confident with some reasoning capabilities but not others.  

Will prefer Problem 3. 
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• CGIII (immersed): enjoys aesthetic nature of a problem, highly self-regulated, 

intrinsically motivated, aware of metacognition, confident in reasoning 

capabilities, inquisitive.  Will prefer Problem 1. 

The set of 18 students, four, six, and eight participants from CGI, CGII, and CGIII, respectively, 

comprise the P sample, and this number of participants is within the range recommended by  

van Exel and de Graaf (2005). 

The Q statements themselves were drawn from a large pool of existing cognitive 

psychology studies and theories of mathematics education.  Most were adjusted from the MSLQ 

and the AMS, while some were created specifically for this study.  Some statements identify 

beliefs and affects while others look to processes of mathematical thinking such as monitoring 

and control, abstraction, and visualization.   

The statements in the MSLQ are organized into categories; I altered these when categorizing the 

Q statements used in this study.  The categorized Q sample can be seen in Table 4.3.  Each 

statement of the Q sample is coded as being neutral (N), or being associated with better (A) or 

poorer (Z) performance. 

Table 4.3. Q sample items organized by category. 

Enjoyment,  
Self-Efficacy, and 
Confidence 

1. I think this is an interesting problem. (N) 
2. I liked the simple elegance of the solution to this problem. (A) 
3. It made me feel good that I had mastered the techniques needed to solve 

such a seemingly difficult problem. (A) 
4. The statement of the problem was too vague – I wasn’t sure what I was 

supposed to do. (Z) 
5. The problem was too difficult. (Z) 
6. At first this problem seemed very difficult – I wasn’t sure I could solve it. 

(N) 
7. I could see that I was capable of solving this problem from the beginning 

even though I didn’t have a clear picture of how I would do it. (A) 
8. I was anxious about starting this problem. (Z) 
9. I’m not sure my process of solving the problem was right. (Z) 
10. I am confident of my solution to this problem. (A) 
11. I solved the problem but I don’t really understand the solution. (Z 
12. Doing this problem made me more confident of my mathematical abilities. 

(A) 
13. I don’t think I knew enough mathematics to do this problem well. (Z) 
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14. It was important to me to complete this problem to prove to myself that I 
could do it. (A) 

15. It’s important to me to be able to solve problems like these. (Z) 
16. I think that doing this problem was useful. (adapted from MSLQ: Tskv) 

(N) 
17. This problem challenged me. (N) 
18. I tried hard to solve this problem. (N) 
19. At first this problem seemed messy and complex. (N) 

Peer Learning 20. I enjoyed doing this problem with someone else. (N) 
21. I found it helpful to have someone to share ideas with. (N) 
22. I solved the problem with someone else but the collaboration was 

unbalanced. (N) 

Relatedness/Connections 
 

23. I can see connections between this problem and other mathematics that I 
have done. (N) 

24. I can see how knowing the mathematics in this problem is relevant outside 
mathematics. (N) 

25. I can see how being able to solve this problem is relevant outside 
mathematics. (N) 

26. Being able to do this problem is relevant to my life. (N) 

Monitoring and Control, 
Problem Solving 
Strategies 

27. I had some dead-ends but I went back to the beginning and started again. 
(A) 

28. I had to sit back and think about the bigger picture. (N) 
29. I found it helpful to think about specific cases or examples. (N) 
30. While doing this problem I focused on details. (N) 
31. I got stuck doing this problem and I didn’t have any ideas of how to move 

forward. (Z) 

Critical Thinking and 
Practices 
 

32. I have some ideas about how to generalize or abstract some parts of the 
problem. (A) 

33. I am inspired to think of new but related questions. (A) 
34. While solving this problem I was led to question the assumptions I had 

made. (N) 
35. Once I had a solution to this problem I considered any possible alternative 

solutions. (N) 
36. I probably won’t think about this problem again. (Z) 

Elaboration and 
Organization 

37. I was careful about organizing my work. (N) 
38. To understand this problem I really relied on good pictures. (N) 
39. It was difficult to draw appropriate pictures. (N) 

Some of these new categories are related to the psychological categories in the survey of Phase I 

of this research which collected students’ general reflections on their experiences engaging with 

mathematics, namely Self-Efficacy, Peer Learning, Critical Thinking, Elaboration and 

Organization.  Adjustments were made to include statements referring specifically to the task at 

hand – the immediately completed Problem Session.   
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Immediately after they finished working on a problem (and had reached a solution), I 

asked the students to individually express their experiences of the problem by rank-sorting this set 

of 39 statements.  The scale ranged from -4 strongly disagree to +4 strongly agree.  Students were 

seated at different tables in one room to complete their Q sort.  Each of the eighteen students 

worked on two problems for a total of 36 individual Q sorts.  I performed four different analyses 

of the data.  First, the data were partitioned into three sets, corresponding to Problems 1, 2, and 3, 

and analyzed separately.  In addition, all 36 Q sorts were analyzed as a complete set in order to 

tease out connections among the participants, irrespective of the differences in the mathematics 

problems themselves.  My hope was that this analysis would provide general insight into students 

doing unfamiliar mathematics problems.  I hypothesized that it could be easier to compare the 

results of the entire data set, rather than the more focused analysis, to previous findings in general 

mathematics and science education. 

Using PQMethod, the intercorrelations among Q sorts were computed and then subjected 

to a Principal Components analysis (PCA).  As recommended by the program, eight factors were 

initially retained and then “flagged” by the default program.  I confirmed these flags by hand and 

selected the relevant number of factors by referring to eigenvalues obtained in the analysis and 

applying the standard tests in factor analysis (VARIMAX, etc.).  The PQMethod program 

generates an extensive report which includes factor loadings, statement factor scores, 

discriminating statements for each of the factors and a list of consensus statements – those items 

which do not distinguish between factors. 

4.4.2.3 Selecting the problems sessions to be analyzed for mathematical thinking. 

Of the eighteen videos recorded, nine videos were selected to be analyzed.  This selection 

was based on the results of the Q Study, presented in the following Chapter, in which, briefly, the 

data are sorted into factors (“F#”) representing distinct viewpoints of the problem.  These nine 
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problem sessions were selected because (1) the subjects are strong representatives of a viewpoint, 

(2) each of Problems 1, 2, and 3 is represented by three separate videos, and, if possible, (3) both 

sessions for each session pair are included.  I identified the smallest number of videos satisfying 

these points, which are both of the sessions for Session pairs 2.13, 3.12, 3.13, and 3.23 and the 

session in which Session pair 1.12 is doing Problem 2.  The students in each pair, denoted A and 

B, are shown in Table 4.4 along with their individual factor loadings which denote the strength 

with which they represent a particular viewpoint.  The analysis of the Q study data and factors is 

described in detail later in the Results chapter.   

Table 4.4. Factor loadings of participants selected for analysis. 

  Session pair     
  1.12 2.13 3.12 3.13 3.23 

Problem 1 
F1   A(0.77), B(0.80) A(0.71)  
F2  A(0.78)    
F3  B(0.51)  B(0.82)  

Problem 2 
F1   A(0.79), B(0.62)   
F2     A(0.80), B(0.79) 
F3 A(0.83)     

Problem 3 
F1  A(0.76), B(0.81)  A(0.66)  
F2     A(0.58), B(0.72) 
F3    (0.87)  

I insert a technical note here.  There arose three distinct viewpoints (F1, F2, and F3, seen in  

Table 4.4) for each problem.  Each participant is linked more strongly to one viewpoint than to 

the others, and the strength of this link is identified by a factor value.  Note that the numbering of 

the viewpoints (factors) of each problem is in no way related, so that Problem 1- Factor 1 (P1F1) 

has no relationship to P2F1.  Conventionally strong loadings are 0.80 or greater but in the social 

sciences this connective strength is rarely seen, and moderate values of 0.40 to 0.70 are much 

more typical.  In light of this, the factor loadings observed in this study are quite high.  Although I 

did not have the time to review all eighteen videos that were recorded, I do hope that I will be 

able to analyze the remaining videos in the future.   
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Chapter 5 

Results 

This chapter contains the results from the empirical portion of this research, beginning 

with a brief analysis of the 18 students identified in Phase I of the study, the initial survey, who 

volunteered their further participation.  Next, the results from Phase II of the study are presented, 

and these results are of two kinds.  I first present the qualitative results of the analysis of 

mathematical thinking in the Problem Sessions.  This is followed by the quantitative results of the 

analysis of students’ viewpoints. 

5.1 The 18 Students 

In this section I present an overview of the 18 students selected to participate in Phase II 

of this research.  The overarching purpose for collecting the information in the survey was to 

select the set of students that would participate in Phase II.  I do not include an analysis of the 

results from all 236 responses to the initial survey, though these data may very well contain 

interesting information.  Here, instead, we consider the results from the psychological portion of 

the survey, with reference to the students’ intended university major.  Scores from each of the 

subcategories of affective variables, have been averaged and listed in Table 5.1, with negatively 

worded statements reverse-coded.  Subcategories of Motivation and Attitudes variables are 

Intrinsic Motivation (Intr), Extrinsic Motivation (Extr), Task value (Tskv), and Self-Efficacy 

(Slef); subcategories of the Learning Strategies and Study Skills are Rehearsal (Reh), Elaboration 

(Elab), Organization (Org), Peer Learning (Prlrn), Critical Thinking (Crit), and Metacognition 

(Mcg).  Note that in the procedure used to identify the Character Groups the Extrinsic Motivation 

scale was reverse-coded so that lower extrinsic motivation would align with better expected 
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performance.  In the analysis below, on the other hand, the results are not reverse-coded, and thus 

a score of 1.8 corresponds to low extrinsic motivation. 

Table 5.1. Selected survey data for the 18 participants. 

  Major Motivation and Attitudes  Learning Strategies and Study Skills 
 Participant  Intr Extr Tskv Slef  Reh Elab Org Prlrn Crit Mcg 

CGI 

1.12A Geology 2.3 2.5 3.3 2.5  3.8 3.0 4.0 1.3 2.2 2.4 
1.12B Engineering 2.5 2.5 3.8 1.8  1.8 3.0 3.5 2.0 1.0 2.2 
1.23A* Engineering 3.0 2.8 3.7 3.3  1.5 2.3 1.3 4.0 3.4 2.5 
1.23B Physics 3.0 3.0 3.7 2.3  1.8 3.8 3.0 2.7 2.6 2.8 

              

CGII 

2.12A Commerce 3.5 1.8 3.8 3.3  3.3 3.3 3.8 3.0 3.4 3.0 
2.12B Engineering 4.3 1.8 4.5 3.8  1.8 3.8 3.0 4.0 2.8 2.9 
2.13A Math/Stats 3.8 3.5 4.3 2.3  4.3 4.0 3.8 4.0 2.2 2.4 
2.13B* Health Sci 4.5 1.5 4.5 4.5  1.5 2.0 2.0 3.7 3.8 3.7 
2.23A Engineering 4.0 1.5 3.7 3.0  3.3 3.8 2.8 3.3 3.2 2.8 
2.23B* Engineering 3.5 3.0 4.2 3.5  2.3 3.8 4.3 3.0 2.8 3.4 

              

CGIII 

3.12A Engineering 5.0 2.0 5.0 4.5  3.0 4.0 4.5 4.7 4.4 3.8 
3.12B Math/Stats 5.0 2.8 4.5 3.8  2.0 4.5 5.0 4.7 4.0 4.2 
3.13A Physics 4.5 1.8 5.0 3.8  3.3 4.8 3.0 4.3 4.2 4.3 
3.13B Physics 4.3 2.3 4.7 5.0  3.0 4.8 4.5 3.3 4.6 4.3 
3.23A Math/Stats 4.3 2.0 5.0 4.8  4.0 4.3 3.8 5.0 4.8 3.7 
3.23B Chemistry 4.5 3.0 4.7 4.5  3.5 4.0 4.8 4.0 4.4 4.1 
3B.12A Math/Stats 4.8 3.8 4.7 5.0  3.3 4.0 4.8 3.7 4.0 3.8 
3B.12B Biochemistry 4.5 1.8 4.7 4.3  3.8 4.5 4.3 4.3 4.4 3.9 

Note. Items are reated on a scale of 1(strongly disagree) to 5 (strongly agree). Extreme items in each 
column are bold; asterisks indicate detected anomalies within a participant’s reported data with respect to 
the method of sorting these data. 

An initially prominent outcome of the category averages is that the assignment of students to 

Character Groups could have been performed using only the category of Metacognition with an 

almost equal outcome. That is, the lowest metacognition scores are all seen in CGI (with one 

exception) and the highest scores all in CGIII.  I find this interesting in light of the following 

results of a meta-analytic review of the MSLQ. 

Especially notable were the findings that specific learning approaches (e.g., rehearsal, 
elaboration, organization, and peer learning) were largely unrelated to academic performance 
while the theoretically more stable (i.e., less contextual) abilities and tendencies such as 
metacognitive self-regulation and effort regulation were most strongly related to academic 
performance. (Credé & Phillips, 2011, p341) 

In this report students’ performance is measured by GPA and grades in individual classes, yet the 

findings lend credibility to the hypothesis of this current study that positive affect will lead to 
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positive achievement as measured by instances and depth of mathematical thinking.  Intrinsic 

Motivation and Task Value also similarly distinguish, with only a few exceptions. 

Another result worth noting is that the average of the responses to the two motivation 

scales seem to diverge as we proceed from CGI through CGII and to CGIII; students in CGI have 

average intrinsic (M=2.7) and extrinsic (M=2.7) motivation, while the average in CGIII is very 

high for intrinsic (M=4.6) and very low for extrinsic (M=2.4) motivation. 

Self-reported grades in three courses, Calculus I, II and Linear Algebra, were collected 

and analyzed.  As we cautiously expected, the average reported grade in these three courses was 

lowest for CGI and highest for CGIII, ranging between a B (70%) and an A- (89%).  In university 

all 18 had taken Calculus I, all but two had taken Calculus II.  Fourteen out of the eighteen had 

taken Linear Algebra, and all but three had taken other mathematics courses.  All had taken 

calculus in high school.  Females and males were roughly equally (10/8) represented.  Thirteen of 

the eighteen students reported their intended major to be Mathematics and Statistics (n=4), 

Engineering (n=6), and Physics (n=3), with the remaining five from other sciences.  Five of the 

six engineering students appear in CGI and CGII while three of the four mathematics students are 

in CGIII. 

5.2 Problem Sessions  

In this chapter I present the results of the analysis of the problem sessions and I 

summarize these results in a short discussion of each session.  The primary analysis of these 

sessions follows Schoenfeld’s (1985) parsing scheme.  All nine problem sessions that were 

chosen for analysis are presented here, and the two sessions completed by a single session pair 

are displayed together (with the exception of Problem Session 1.12 for which only one session 

was analyzed).  I summarize each of the sessions and highlight what I think to be the most 

remarkable and telling aspects.   
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The parsing of the sessions into separate episodes of Reading, Analysis, Exploration, 

Planning, Implementation, and Verification provides insight into the problem sessions by 

providing the time-line figure, showing a simple and illuminating picture of cognitive and 

metacognitive activities within problem-solving stages.  Finally, many of the thinking processes 

which fall under mathematical thinking via Justification are identified in the parsing, as “-

Assessments” and episodes of Verification.  Those processes of Justification which do not appear, 

such as refinement, are identified verbally in the summary, as are occasions of mathematical 

thinking via Discovery and Structuring.   

The use of special notation is moderate in the following presentation of data, and the 

subsequent discussion. Appendix D contains the parsed transcriptions of each problem session.  

Elements of each transcription are itemized (e.g. “Item 12”), and episode numbers refer to 

elements of a parsing (e.g. “E1-E3”). Each episode of a parsing appears in the time-line figure as 

a block – a black rectangle – in chronological sequence.  Although the episodes are not numbered 

in these figures, they can be numbered quickly by observation.  Mathematical thinking in the 

form of Discovery and Structuring is identified in each time-line figure around the time that it 

occurs within the session using the letters D and S, respectively. 

5.2.1 Session Pair 1.12: Problem 2.	  

Although this Pair worked on both Problems 1 and 2 they were only included in further 

analysis for their work on Problem 2.  This session can be summarized as a somewhat superficial 

mathematical investigation but a fairly adept rational one. 

The first course of action (E1-E3) is a fairly intuitive solution process, one which is 

driven by the conditions of the problem, not the goals.  The subjects jump right into the solving of 

the problem by accounting for the details provided in the problem statement.  They quickly get a 

(spatial/geometric) feeling for the objects being analyzed by calculating the width and side-wall 
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height of each tire and Subject B, concluding that one tire is “thicker” than the other, proposes a 

solution: 

Um,	  I	  would	  assume	  that	  means	  it	  wears	  out	  less	  quickly…	  right?	  (1.12B	  P2,	  Item	  17)	  

This item is the first of three instances of Discovery that we see in this session, all from Subject 

B.  It is unclear how she has reached this conclusion, and I suggest that it is an entirely intuitive 

one, until we see an argument begin to grow in the following episode.  However, it also appears 

that Subject A had reached the same conclusion. 

Yeah.	  	  I	  mean	  it	  would	  seem	  that	  that	  one’s…	  if	  that	  one’s	  a	  thicker	  tire,	  then…	  (1.12B	  P2,	  Item	  
18)	  

The episode that follows (E4) presents an interesting interlude, bookended by re-readings of the 

problem statement, which could be said to be the core of this solution.  The episode is dominated 

by Subject B who analyzes, debates (though primarily as a monologue), and justifies the 

presented solution.  We can see Justification of the product (Item 19) and monitoring (Items 25-

30), and Structuring (Items 19-22).  The episode begins by suggesting that the width of the tire 

has no effect on the wear and then proceeds to attempt a convincing argument (I believe she is 

trying to convince herself as much as her partner) that the rotation of the tires is what will 

determine the wear.   

Yeah.	  	  Because	  it’s	  the…	  it’s	  not	  so	  much	  the…	  one	  sec	  [3:24,	  draws	  a	  tire	  on	  a	  rim].	  	  Because	  it	  
doesn’t	  really	  matter,	  like,	  how	  wide	  it	  is,	  right?	  	  It’s	  just	  the…	  the…	  a	  difference	  in	  width	  
[draws	  a	  front-‐view	  of	  a	  tire	  –	  a	  rectangle]	  isn’t	  really	  going	  to	  make	  it	  wear	  out	  faster,	  is	  it?	  
(1.12B	  P2,	  Item	  19)	  
	  
But	  it’s	  all,	  like,	  in	  contact	  with	  the	  same	  amount,	  right	  [indicates	  the	  bottom	  of	  each	  
rectangle]?	  	  So	  this	  is…	  going	  to	  wear	  at	  the	  same	  rate?	  	  Like,	  each	  little	  piece?	  	  So	  it	  just	  
matters	  if	  you	  have	  more	  [draws	  the	  side-‐view	  of	  this	  second,	  thicker,	  tire;	  in	  this	  second	  tire	  
the	  sidewall	  is	  pronouncedly	  larger	  than	  in	  the	  first,	  however	  the	  rims	  do	  not	  look	  to	  be	  the	  
same	  size	  as	  indicated	  in	  the	  problem.]	  like,	  a	  thicker	  [indicates	  the	  sidewall]…	  That’s	  what	  
they’re	  saying	  this	  is,	  right?	  	  Is	  that	  what	  they’re…?	  	  
(1.12B	  P2,	  Item	  23/25)	  
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In the second quote the subject is referring to infinitesimal parts, in this case patches, of the tire in 

contact with the road, a sophisticated technique of standard calculus, which she is using to expand 

the original idea that arose in the original Discovery; however she does not pursue the idea any 

further (more rigorously) than we see here.   

At this point we get a strong sense that great changes are taking place: the subjects have 

reached a rationally-derived conclusion but they do not seem to know what to do with it; the 

dialog, which was rapid and at times assertive, languishes and peters out.  Subject B opens the 

textbook, seemingly almost as a reflex, saying: 

So,	  I	  guess	  we’re	  supposed	  to	  use,	  like,	  integrals?	  (1.12B	  P2,	  Item	  31)	  

They laugh. 

This Exploration (E5) is short-lived but we see some processes of Justification, beginning 

with the statement above.  Subject B skims the items in the Table of Contents but she appears to 

be giving it only a cursory glance because at one point she amends her drawing and then goes 

back to her original work quite quickly.  After a few moments Subject B offers a suggestion that 

they begin to write out a solution, a first look at the refinement of a solution (Justification).  

However this process is interrupted by an idea: the second instance of Discovery (Item 34), 

rescuing them from inaction and propelling them forward (E6-E8) to a conclusion which 

satisfyingly supports their previous assessment of the problem. 

B:	  Or,	  are	  we…	  so	  I	  guess…	  um…	  does	  force	  make	  it	  wear	  out?	  	  Friction…	  hmmm.	  
A:	  Like,	  because,	  this	  is	  [indicates	  bottom	  of	  wider	  rectangle	  –	  where	  the	  tire	  makes	  contact	  

with	  the	  road]	  more	  surface	  than	  the	  other	  one?	  
B:	  Yeah.	  	  But	  like,	  that	  means,	  in	  each	  like,	  you	  know,	  unit	  [indicates	  infinitesimal	  parts	  of	  this	  

area]…	  	  
A:	  Yeah.	  
B:	  …	  there’s	  less,	  right,	  so	  I	  mean	  that’s	  gonna	  get,	  wear	  even	  less?	  
A:	  Oh,	  true,	  yeah.	  (1.12B	  P2,	  Item	  34-‐39)	  

Subject B spends the majority of Episode 6 formally writing out a complete solution while 

Subject A, seemingly haphazardly, looks though the textbook (it appears that he is looking at a 
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section involving finding volume of solids).  In the middle of this period of Justification via 

refinement Subject B stumbles on the topic of friction, the third instance of Discovery, but a short 

dialog with her partner (Items 45-51) reassures her (Justification of the product) that the outcome 

is not changed.   

 
Figure 5.1. Formal solution of 1.12B for Problem 2. 

A final instance of metacognitive Justification occurs within the last Episode of Verification: 

B:	  Okay.	  	  I	  think	  we	  –	  and	  I	  think	  we	  answered	  the	  right	  question.	  	  (1.12B	  P2,	  Item	  55)	  

This statement is confirmed when they re-read the problem statement. 

 
Figure 5.2. A time-line representation of Problem Session 1.12P2.  Overt signs of 

management activity are denoted by inverted triangles. Mathematical thinking in 

the form of Discovery (D) and Structuring (S) is identified. 
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5.2.1.1 Observation guide. 

Though the students have a feeling about the (correct) answer early on, they do not trust 

a rational solution to be mathematical.  The students laugh at the suggestion that they use 

integrals.  It may be that they sense that though in reality their solution is on the right track, in this 

Calculus World, where the rules are different, something particular is expected.  (Their laughter 

suggests a bit of resigned puzzlement at the strange requirements of a mathematics class.)  They 

close the book of reason and intuition and literally open a new one (the calculus textbook), 

beginning an entirely new solution process in which they try to solve the problem 

“mathematically.”  In the end, though, apart from Items 31 and 32 where there is some hesitation 

on this point, they don’t end up using integrals, or any mathematical procedure beyond rational 

analysis to justify their final solution and seem content to let a solution be determined entirely by 

logic.  We can see a disconnect between the students’ understanding of rational verification and 

what they understand to be rigorous verification.  We will discuss this topic later in light of an 

interesting article recently written by Hanna (2014). 

The collaboration appears to be quite unbalanced.  Subject B leads the solution process 

while Subject A seems to be along for the ride.  In fact Subject A passes the majority of the time 

affirming Subject B’s oration, agreeing often without having thought through an answer.  Only a 

few times do the two participants appear to work at an equally productive and mutual level.  At 

the same time, they do not appear to have radically different levels of understanding.  For 

example, in the discussion of friction (Items 44-49) Subject A makes a distinction between a total 

amount of friction and friction at a point.  Maybe with more time to digest the problem A would 

have been able to play a more active role?  It will be interesting to see if A’s and B’s viewpoints 

in the Q sort are similar or very different.   

The time spent writing out a complete solution appears to serve dually as a time for 

analysis and justification.  Subject B appears to use the time that she spends writing the solution 
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to think through the problem further, to solidify ideas for herself.  She even alters her perspective, 

grasping more of the problem/solution space, as a result of this writing.  That is, formalizing a 

solution provides time for reflection and assessment and is an activity undertaken for the dual 

purpose of presenting a formal solution and maturing one’s understanding, for if you can’t 

explain it to yourself, how can you explain it to others?  This interlude in the refinement of a 

solution in which questions of Justification arise is fairly common in this study. 

5.2.2 Session Pair 2.13.	  

5.2.2.1 Problem 1. 

This problems session is the briefest (four and a half minutes) of all the problem sessions 

in the study.  The first comment in the session, in which Subject B suggests that they divide the 

work up. 

I’ll	  take	  the	  one	  with	  the	  bigger	  diameter.	  (Item	  2),	  

This comment hints at the lack of understanding she continues to exhibit throughout the session.  

Subject A suggests that they begin the session by visualizing the two spherical objects, drawing 

the following picture. 

 
Figure 5.3. Visual representation of Problem 1 by Subject 2.13A. 

In this picture the “cylinders” are intended to be of equal height.  It also appears that she has 

made the cylinders to be of equal or similar diameter (maybe the ratio, radius of the sphere to the 

radius of the cylinder, is the same? Or perhaps that is too sophisticated).  Actually neither subject 

recognizes the two dimensions of the cylinder, seeming to forget about the radius (the sphere can 

be identified with only one quantity, the radius).  The dynamic relationship between the 



 110 

cylindrical core and the sphere in this problem, however, requires that all of these dimensions be 

taken into account. 

After a short time considering this physical manifestation of the objects Subject B 

suggests a solution by stating the obvious: 

How	  come	  it	  isn’t	  that?	  [Indicates	  the	  larger	  sphere.]…	  because	  the	  diameter	  is	  bigger.	  	  
(Item	  21)	  

The subjects spend just under one minute verifying (E3) this conclusion based on their 

assumptions, but they are not completely satisfied.  The end of the verification is marked by 

Subject A’s comment, 

Is	  there	  like	  a	  trick	  to	  it?	  (Item	  27)	  

Subject B repeats or revisits the comment four more times in fairly quick succession (Items 32, 

34, 36, and 39).  

Subject A resolutely attempts a reconceptualization of the problem beginning a new 

episode of Analysis (E4) by re-reading the problem.  She interprets “along a pole” in the problem 

statement:    

So	  that	  just	  means	  straight,	  I’m	  guessing.	  (A:	  Item	  28)	  

This re-reading seems cursory – neither student identifies anything new and so there is no new 

light shed on their understanding.  The two items at end of this episode give a glimpse into the 

differences in understanding between the students at this point.  Subject A is very skeptical, 

wondering if they have not missed something: 

I	  don’t	  know.	  	  Are	  we	  just	  not	  seeing	  it?	  	  I	  don’t	  know.	  (Item	  33)	  

Subject B, on the other hand, appears not to hold even a loose understanding of the relationships 

in the problem: 

They’re	  supposed	  to	  be	  equal.	  	  No,	  this	  one’s	  actually	  bigger.	  	  Maybe	  it’s	  a	  trick	  question.	  
(Item	  34)	  
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She makes multiple references to a “trick question” throughout the remainder of the problem 

session.  

The session is stalled without any new ideas and Subject A begins to write their solution.  

Refinement takes place in Items 35/37 but it is carried out without meaning.  They believe they 

have taken all the necessary steps (analyzed, re-analyzed, checked) and can now state a solution 

and are not aware that they are merely going through the motions of justification.  There is no 

final verification or “looking back” once the solution has been formalized.  This excerpt above 

points to an opportunity for teaching students metacognitive and critical thinking processes.   The 

analysis of a procedure, of the problem statement, and of the mathematical objects in question is 

highlighted here. 

 
Figure 5.4. A time-line representation of Problem Session 2.13P1.  Overt signs of 

management activity are denoted by inverted triangles. Mathematical thinking in 

the form of Discovery (D) and Structuring (S) is identified. 
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5.2.2.1.1 Observational guide. 

This pair does not appear to experience any periods of Discovery.  Of course each 

student has some concept image that is brought forth from reading the problem but their ideas 

about the problem are quite basic.  To set up a representation (Structuring) of the problem one 

must realize, from the phrase “of equal height,” that it is necessary to compare two objects, and 

Subject A understands immediately.  As evidenced by the following comment, on the other hand, 

Subject B does not understand this at first. 

I’ll	  take	  the	  one	  with	  the	  bigger	  diameter.	  (B:	  Item	  2),	  

This attempt to make the problem-solving process efficient betrays her total lack of understanding 

at this point of the basic structure of the problem.  Subject A has a better feeling for the work that 

need to be done.  She first draws the cylinder in the smaller of the two spheres so that it extends 

from the bottom to the center of the sphere.  After doing the same in the larger sphere, she 

corrects the drawing, realizing (Item 14) that she must make the cylinder shorter in order to have 

cylinders of equal height.  We can see that she hesitates just a moment here – indicating some 

intuitive nagging – but she does not realize that this is the place where her interpretation falls 

apart.  That is, this is a moment that invites Discovery because the cylinder she has drawn is of 

arbitrary height and should be explored further.  However, no consciously solidified ideas are 

manifested.  The student assesses her representation later, re-reading the problem (Item 28), and 

at this time she justifies the placement of the cylinder along a pole, but she fails again to consider 

the height.  In our terms Subject A progresses through the Structuring of the problem when there 

is a direct transfer of unambiguous language: “two spheres,” “cylindrical,” and “of equal height.”  

However, Structuring ends abruptly when the wording is ambiguous: Where “along a pole” are 

these cylinders placed? and, How long are they exactly?  Progress then requires interpretation 

(Discovery), or a dynamic visualization (Structuring) of a more advanced nature which we do not 

see in this session. 
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The subjects are uneasy with the problem and their solution.  Subject A does not trust 

their analysis and feels that they arrived at a solution too easily.  Actually, this is a good impulse.  

A more sophisticated student, or an instructor, would say that the way that the problem has been 

interpreted does not make for a good problem.  The “trick” that they are looking for, though not 

articulated as such, is really the interpretation of the question that will make it interesting and 

challenging.  It is debatable whether Subject B also feels this unease, or if she is merely reflecting 

the feelings of her partner. 

The problem solving is unsophisticated.  In Episode 3 there is the opportunity for the pair 

to re-assess their representation of the problem (the picture that they have drawn to represent the 

written description of the problem), but they do not exhibit the rational sophistication to inquire 

further.  They do not reconsider the picture.  They question only if they have missed something in 

planning and implementing their solution method and thus their assessment of their interpretation 

of the problem is only cursory.  They do, on the other hand, have in their possession an answer 

for their current conceptualization of the problem; and they cling to it.  Thus the opportunity, to 

reinvent their understanding of the problem, passes by without event and the problem solvers 

return to their previous solution.  (Maybe some answer is better than no answer at all, even if it is 

an answer to the wrong problem.)  This reflects some influence of the school policy of rewarding 

“partial points” to incorrect answers. 

The collaboration is unbalanced.  It becomes clear by Subject B’s comments and 

contributions to the solution process that she does not understand the problem.  She is, however, 

the one to first suggest a solution (which is the solution that they decide on in the end).  It may be 

that this comment created a distraction from more in-depth analysis of the problem itself.   
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5.2.2.2 Problem 3. 

The solution process is led by Subject A.  They develop a plan very early on to list the 

combinations beginning with “the biggest way you can do it” (Item 17), showing thought for the 

organization of cases.   

 
Figure 5.5. Subject 2.13A lists combinations of coins to change a half-dollar. 

While Subject B does make a few contributions, on the whole she displays a weak understanding 

of both the problem itself and the analytic process of solving the problem.  Subject A, on the 

other hand, seems tethered to implementing the chosen plan and the momentum pulls her forward 

with scarcely a moment of reflection.  It is not surprising, therefore, that the majority of the 

problem-solving process is spent implementing the solution (E3, E5, E7).  The items of local 

assessment in the problem session refer primarily to the length of time and skepticism about the 

process.  A typical such comment, made by Subject B, marks a shift from Implementation (E3) to 

Exploration (E4): 

Wow,	  there	  are	  a	  lot	  of	  ways.	  	  Are	  you	  sure	  there’s	  not	  an	  easier	  way	  to	  do	  this?	  	  Okay,	  next	  
there’s	  one	  quarter…	  (2.13B	  Problem	  3,	  Item	  40)	  

Subject  A responds,  

I	  don’t	  know…	  Can	  we	  draw,	  like,	  a	  diagram	  or	  something?	  (2.13A	  Problem	  3,	  Item	  41)	  

This comment seems to be a spontaneous insight and therefore an act of Discovery even though 

we immediately see that Subject A does not take her own suggestion seriously; she tells her 

partner to explore the diagram while she continues listing cases.  Subject B pursues this 

exploration only very briefly and so the act of Structuring is not advanced mathematical thinking.  

The picture seems to resemble the presentation of prime factors of a composite integer.   
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Figure 5.6. Subject 2.13B’s attempt to represent the decomposition of 50 cents as 

a diagram. 

This does not prove to be a fruitful line of inquiry so they return to implementing the original plan 

(E5) but it does set them up for some exploratory discussion at the end of the session.   

There is a natural point of assessment in the solution: Subject A introduces a 

metacognitive pause after all cases with one quarter have been listed.  At this point Subject B 

jumps in to offer the next steps as she sees them. 

Next	  thing	  is	  to	  split	  up	  the	  other	  side.	  	  This	  quarter…	  into…	  So	  now	  we	  don’t	  really	  have	  to	  
write	  it	  out,	  we	  just	  have	  to	  count	  it?	  	  (2.13B	  Problem	  3,	  Item	  71)	  

This suggestion shows how erroneous Subject B’s perception is.  She sees the two quarters as 

unique, one from the other, and so, since 50 cents is made from two quarters, if one wanted to 

count the ways to change 50 cents, one would hold one quarter fixed and make change for the 

other, then hold the second quarter fixed and make change for the first.  In essence it’s double the 

number of ways one can make change with one quarter.  She seems to accept the alternate 

procedure that Subject A outlines but it is unclear if there is any real shift in understanding.   

Over the course of the solution Subject A does not naturally use symbols to increase 

efficiency.  It is very late in the solution (Item 76) that she begins to streamline her writing by 

using symbols.  As we saw in Figure 5.5 above, she begins by listing cases using a mix of 

symbols and words; although we see more symbolic representation near the end of the solution 

process, she does not completely give over to symbols. 



 116 

 
Figure 5.7. Subject 2.13A lists combinations of coins to change a half-dollar. 

She realizes the inefficiency of writing some words but not others.   

After another minute the pair reaches a solution and they discover in their Verification 

(E6) that they have missed a few cases.  It is not entirely clear how they notice these, but they add 

them to the list (E7) and return to verifying the solution (E8).  It is here that Subject B makes an 

interesting comment: 

I	  think	  it’s	  meant	  to	  be	  fifty	  ways	  [laughing]…	  (2.13B	  Problem	  3,	  Item	  140)	  

Subject A treats the comment with a swift dismissal and writes the formal solution.  Subject B 

shows her lack of confidence with the solution by saying, 

Is	  she	  going	  to	  tell	  us	  if	  it’s	  correct	  or	  not?	  (2.13B	  Problem	  3,	  Item	  145)	  

They complete the problem in just over 17 minutes and spend another minute and a half 

discussing alternative solution methods.   

 
Figure 5.8. A time-line representation of Problem Session 2.13P3.  Overt signs of 

management activity are denoted by inverted triangles. Mathematical thinking in 

the form of Discovery (D) and Structuring (S) is identified. 
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One comment of Subject B is interesting because it shows that she possesses some 

intuitive grasp of form and structure even though her previous comments described the opposite: 

a shallow understanding.   

You	  can	  see	  it	  but	  you	  can’t	  actually	  show	  it.	  (2.13B	  Problem	  3,	  Item	  154)	  

She is explaining that although she can’t draw the representation she can get a glimpse – some 

mental imagery – of that decomposition.  It is interesting that she seemed to display a lack of 

commitment to solving the problem and at the same time held some intuition about an alternative 

representation of the problem that might have helped them to solve it more efficiently.  

Unfortunately she was not able to exercise the analytic process keenly enough to see that intuitive 

feeling through to a mathematical representation.  From their discussion it seems that both 

students believe that such a representation is possible, and if they could figure out how to show it, 

that it would be a much simpler way to present, and to solve, the problem.  

5.2.2.2.1 Observational guide. 

The session is precise and directed.  The solution method that the pair intuitively chooses 

is appropriate for the problem and is within their capacity.   

Subject A displayed uneasiness with symbolic representation, perhaps indicating that she 

is yet untrusting of mathematical abstraction.  Although her work became increasingly symbolic 

over the course of the solution process she did not completely give over to abstract representation.  

Nevertheless, the solution was written out quite quickly, perhaps indicating that Subject A has 

streamlined her own procedure – she writes fast and so does not need to rely on symbolic 

representation here.  The process would likely have been quicker had she used symbolic notation 

rather than writing out verbal descriptions, however it is arguable that this process was a 

cognitive construction that aided her understanding. 
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Subject B seems to be an unusual student.  As we saw in Problem 1, she tends to repeat 

phrases quite a number of times; here, Subject B asks, “Is there an easier way to do this?” (Item 

31) after which she refers periodically (Items 40, 56, 64, 66, 86) to an “easier way,” although she 

most likely means “more efficient” or at least “faster” rather than “easier.”  Also in Problem 3 

Subject B asks, “Why do they give us a textbook?” (2.13P3, Item 13) and then revisits this 

question four more times over the course of the session (Item 15, 56, 129, 161).  It may be an 

action that she has developed to simulate her contribution to collaborative work.  On the other 

hand, the accent with which the student speaks suggests that she did not grow up in the country in 

which the university is located, so language may be a barrier that we can’t account for here.  She 

also seems very unconfident in her mathematical skills. In both problem sessions she keeps going 

back to the textbook (P3) and that there must be a trick (P1).  Nonetheless, she does make some 

comments that indicate there is more going on in her thoughts than is verbalized. 

5.2.3 Session Pair 3.12. 

The two subjects come from different backgrounds: Subject A studies engineering and 

Subject B studies mathematics.  Differences in these programs may partially explain the 

differences in these students’ approaches to solving problems.  And they really are quite different 

in their approaches.  Subject A uses a technical, formal approach which is rooted in tangible 

action and although it is clear that she is more than capable of reasoning through an argument, she 

does not see a rational proof as “mathematical.”  She strongly believes in mathematics as a formal 

system, though we do get glimpses throughout the problem-solving process that she harbors a 

more cohesive conception of mathematics.  What is repeatedly apparent, especially in Problem 1, 

is Subject A’s well-developed heuristic ability – she introduces many different problem-solving 

strategies throughout the sessions.  Subject B is much more accepting of informal rational 

argument as a legitimate form of mathematical proof.  Her approach is so open-minded that she 
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sometimes loses touch with the concrete structure of the problem.  In Problem 1 especially, she 

considers too many possibilities and does not constrain her investigation to a cohesive problem. 

5.2.3.1 Problem 1.	  

The session begins with a lengthy Reading (E1) episode involving Structuring which ends with a 

proposition for the Plan and then a re-reading.  After this the students begin to Analyze (E2) the 

objects where their mathematical thinking remains predominantly focused on the visual structure 

of the objects (Figure 5.9).  The initial picture is a sphere with a smaller cylinder removed from 

its interior but throughout this episode their negotiation of the visual structure resolves into a 

dynamic image, first growing and shrinking the width of the cylinder, and then height and 

position of the cylinder along the sphere’s axis.  The thinking in this episode is very shrewd and it 

is very difficult to say with confidence if the things that are said are a result of ideas bubbling up 

out of the subconscious or if they are very rapid conscious analyses of the agreed-upon base 

object.  I make a choice here to identify Items 13, 14, and 17/19 because the thinking involved, as 

evidenced by these statements, appears to be insights about constraints.   

So	  you	  don’t	  know	  if	  this	  one	  goes	  all	  the	  way	  over…	  (3.12B	  Problem	  1,	  Item	  13)	  
	  
And	  we	  don’t	  know	  if	  goes	  right	  to	  the	  edge,	  either.	  (3.12A	  Problem	  1,	  Item	  14)	  
	  
So	  then	  it	  would	  also	  matter…	  if	  it	  was…	  the	  top	  or	  the	  middle,	  right?	  (3.12B	  Problem	  1,	  	  
Item	  17)	  

These statements, and indeed the entire episode, is rich with mathematical thinking in the form of 

Discovery and Structuring. 
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Figure 5.9. Visual representations of Problem 1 by Session pair 3.12.	  

This analysis is followed by a re-Reading (E3) of the problem and then a period of work 

in which the subjects analyze their attack.  I have labeled this activity Plan-Implement (E4) 

because there is a marked change from theoretical to practical activity including drawing explicit 

pictures, devising and analyzing examples, and creating formulaic expressions for these items.  In 

particular, in the first two items of this phase (below) there is a feeling of “getting down to 

business” which is apparent in the transcription but comes through much more strongly in the 

video.  Subject A’s statement is a summary of the structure that they have agreed-upon so far with 

a clear intent to go on from there (though she loses her thread). 

A:	  Okay,	  so	  if	  you	  imagine	  [draws	  spheres	  and	  cylinders	  that	  look	  much	  more	  like	  B’s	  pictures]	  
your	  picture…	  these	  heights	  are	  the	  same…	  diameter	  can	  change…	  maybe…	  we’re	  not	  really	  
sure.	  	  This	  is	  the	  height,	  h.	  	  I	  had	  something	  I	  wanted	  to	  do…	  [Reading]	  Consider…	  	  

B:	  I	  just	  think	  you	  don’t	  know.	  	  So	  I’m	  just	  going	  to	  make	  an	  example,	  right?	  	  So	  if	  I’ve	  got	  one	  
where	  the	  diameter	  is	  1,	  and	  one	  where	  the	  diameter	  is	  2	  and	  I	  have	  a	  sphere	  that’s…	  	  
(3.12	  Problem	  1,	  Item	  23-‐24)	  

Subject B’s statement too is an (heuristic) attempt to move forward by considering examples.   

The remainder of this episode is a pursuit of formulae and the computation, by each 

participant separately, of volume.  While they are both attaching symbols and values to their 

pictures they do this in different ways: Subject A makes a list with heading 

“variables/unknowns,” re-organizing the information that they have and don’t have, and matching 
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variables to her pictures.  This is the well-known problem-solving strategy of addressing “What is 

the unknown?” but it is also more: it is an intentional re-organization of ideas a strategy for 

getting un-stuck.  Meanwhile, Subject B scrutinizes her drawings and applies symbolic structure.  

In this part of the episode we can see that the students are thinking mathematically, working to 

understand (and Justify) the form (and Structure) of the objects in question. 

After a while the students check-in with each other (Items 38-45) to make sure that they are on 

the same track.  When Subject B explains her work her partner responds with an interesting 

comment: 

Mhmm.	  	  Yeah.	  	  Well,	  if	  we	  examine	  what	  happens	  at	  the	  extremes…	  um…	  (3.12A	  Problem	  1,	  
Item	  46)	  

Nothing comes of it immediately, but it is important to note of this comment because the idea, a 

Discovery floating just above the subconscious, flowers later.   

At this time, because the approach that the students had been working on has not 

produced a better understanding of the problem, the session transitions into another phase of 

Implementation (E5) beginning with the heuristic of examples: 

A:	  I’m	  going	  to	  try	  an	  example	  where	  –	  we’re	  in	  Engineering	  so	  I’m	  going	  to	  imagine	  that	  the	  
only	  way	  to	  take	  out	  a	  cylinder	  is	  to	  go	  right	  through…	  	  

B:	  You’re	  just	  boring	  a	  hole	  with	  a	  drill,	  right?	  (3.12	  Problem	  1,	  Item	  48-‐49)	  

With this reference to engineering the student is implying that she is going to consider only 

instances that are actually physically possible – like boring holes – and not hypothetical ones such 

as taking a cylinder out from the middle of an object or abstractly removing a large cylinder from 

a smaller sphere.  Item 48 is a practical attempt to re-conceptualize the problem which seems to 

arise as an undeveloped idea; therefore it is Discovery.  But the suggestion does not illuminate 

and the session loses some momentum.   

A new episode of Analysis (E6) begins with some very sophisticated thinking and a clear 

occasion of both Structuring and Discovery.   
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Could	  we	  make	  some	  conditions,	  um,	  so	  that	  we	  could…	  make	  a	  reasonable	  estimate?	  	  Like,	  
say,	  we	  could	  have	  one	  assumption	  that	  would	  say	  that	  the	  diameter	  of	  these	  is	  always	  the	  
same.	  (3.12A	  Problem	  1,	  Item	  59)	  

It is here that the previous comment about extremes (Item 46) begins to re-emerge and this idea 

sets up the work of the majority of the remaining session in which the problem is considered as 

the following dynamic system: Fix a sphere and remove a cylinder of height h from its interior.  

Now consider a second, larger sphere with a cylinder of height h removed from its interior such 

that the radius of this cylindrical void varies.  Is there a point in which the volume within the 

smaller sphere is greater than the volume within the larger sphere?  At this point it is an 

undeveloped idea, but her conceptualization becomes more refined over the course of the 

investigation into this idea.  In fact, Episodes E6-E11 comprise a problem-solving session within 

the larger session covering nearly all of the expected stages of problem solving, beginning with 

this statement.  Her partner clearly believes that this is not an appropriate pursuit:   

Yeah	  but	  that’s	  not	  what	  it	  says,	  so…	  we	  could	  do	  that	  but	  it	  doesn’t	  change	  how	  you	  answer	  
that	  [indicating	  the	  problem].	  (3.12B	  Problem	  1,	  Item	  60)	  

“Stick to the task!” she is saying, but Subject A pushes on.  In the middle of the analysis Subject 

B asks a question which is very typically mathematical, referring to the limits of accepted 

possibility: 

Can	  you	  have	  negative	  volume?	  	  Can	  you	  make	  your	  cylinder	  completely	  bigger	  than	  your	  
[sphere]	  or	  do	  you	  hit	  a	  boundary	  and	  it’s	  just	  zero	  volume?	  (3.12A	  Problem	  1,	  Item	  67)	  

This would be absurd as a question in the physical world but it is absolutely in the scope of 

mathematical consideration, and it shows how willing Subject B is to think in very abstract terms; 

it is an example of Discovery.   

There is transition here which includes a short episode of Reading (E7).  The subjects 

seem to turn inward to consider their own ideas.  Subject A makes a decision to disregard 

situations of negative volume and then she proceeds to Plan (E8) an approach from the different 
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(possible) cases.  This is another instance in which she re-organizes her knowledge of the 

problem as a heuristic strategy.  

I’m	  just	  trying	  to…	  simplify	  the	  problem.	  	  Make	  it…	  To	  eliminate	  cases	  that	  get	  us	  into	  a	  little	  
bit	  of	  a	  crazy,	  or	  more,	  um,	  theoretical	  world,	  I	  guess.	  (3.12A	  Problem	  1,	  Item	  73)	  

Here, the “theoretical world” that she is referring to is where things like negative volume (as they 

had just been discussing) exist.  But the session is swiftly losing momentum and she begins to 

grasp at straws: 

And	  then	  you	  had	  your…	  equations.	  	  Which	  I	  like.	  (3.12A	  Problem	  1,	  Item	  74)	  

This approach doesn’t pan out and they transition into a less-focused Exploration (E9).  The 

pursuit of this investigation seems to be drifting farther and farther off course; it seems like 

Subject A has a good feeling for what they can do but the way is clouded.  She suggests that they 

consider graphing the change in volume but this also peters out and she clings to the only 

concrete mathematical representation that she believes in: 

Then	  it	  says	  [reading]	  which	  one	  has	  more	  volume,	  and	  why?	  	  Why	  –	  because…	  Our	  equation.	  	  
Our	  equation	  will	  prove	  that	  it’s	  always	  true.	  (3.12A	  Problem	  1,	  Item	  81)	  

The equations will save us! 

But that’s not all she wrote.  In fact, her next comment marks a crescendo in this 

investigation of a problem-within-a-problem: 

Where	  would	  be	  the	  point	  where	  this	  one	  [indicating	  the	  larger	  sphere]	  would	  have	  less	  
volume?	  Because	  it’s	  easy	  to	  imagine	  where	  it	  has	  more	  volume.	  (3.12A	  Problem	  1,	  Item	  84)	  

This question is not Discovery-as-a-new-idea but Discovery as an extension of the problem which 

has finally crystallized into a new, well-formed problem, and it propels the investigation forward 

into Planning and Implementation (E10).  Though Subject A continues to work on this problem 

for over 8 minutes she does not reach a conclusion.   

The subjects pursue the question above in a technical way that soon gets them bogged 

down in calculations and unfortunately they lose track of the original interesting query.  The 
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investigation provides just a glimpse of clarity for Subject B (Items 101-109) but she seems to 

lose sight of it and the two students move into a period of individual Implementation (E11) and 

Exploration (E12).  Interestingly, while Subject A explores possibilities with the formulae that 

they have recently developed, Subject B’s activity is entirely different.  She spends the time 

organizing and re-writing her existing work.  This seems to be another example of re-collecting 

and organizing – that time of pause to collect one’s thoughts. 

When Subject A has exhausted her pursuit, the pair comes together to explore some 

pictures – the fruits of Subject B’s analysis (seen on the right in Figure 5.9).  The session is 

winding down now.  Neither subject seems to have the energy to continue to pursue this elusive 

problem and they transition into a retrospective Verification (E13) of both the original problem 

and the related problem.  Subject B reiterates the conclusion that she has retained throughout:  

Like,	  so,	  you	  can	  have	  different	  cases	  either	  way.	  	  So	  you	  don’t	  really	  know	  anything.	  	  Because	  
too	  many	  things	  are	  changing.	  	  The	  size	  of	  these	  can	  be	  changing	  towards	  each	  other,	  and	  the	  
size	  of	  the	  bore.	  (3.12B	  Problem	  1,	  Item	  127)	  

Subject A reasserts her related problem, which Subject B refutes, propelling the session into a 

long Exploration (E14) in which they revisit the visual Structuring of the objects.  

A:	  I	  guess	  I’m…	  kind	  of	  interested	  in	  the	  relationship	  of	  how	  volume,	  how	  quickly	  volume	  
changes	  with	  an	  increase	  in	  radius	  versus	  –	  in	  a	  cylinder	  –	  versus	  how	  quickly	  volume	  
changes,	  with	  respect	  to	  radius,	  in	  a	  sphere.	  

B:	  Well,	  that’s	  interesting,	  but	  it’s	  not	  the	  question,	  right?	  	  (3.12A	  Problem	  1,	  Item	  130-‐131)	  

The pair discusses the appropriateness of this dynamic investigation, they discuss limits (but only 

where the volume of the cylinder approaches zero or approaches the volume of the sphere) and 

they discuss the logistics of drilling.  They transition into the final act of Verification (E15) which 

has refinement at its core. 

So	  [writing]	  when	  you	  hold	  the	  radius	  of	  the	  bore	  constant,	  then	  we	  expect	  [reading]	  What’s	  it	  
say?,	  the	  larger	  object	  	  to	  have	  more	  volume.	  	  But	  if	  we	  don’t,	  and	  make	  radius	  of	  the	  bore	  
much	  much	  larger	  in	  the	  larger	  sphere,	  its	  volume	  can	  easily	  be	  less	  than	  the	  smaller	  sphere.	  
(3.12B	  Problem	  1,	  Item	  161)	  
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The culmination of their work is a very sophisticated mathematical insight into this problem, 

which is that there are only three possible answers: at one extreme the larger sphere has more 

volume, at the other extreme the smaller sphere has more volume, and thus there must be a point 

at which the two volumes are equal. 

In the end they have focused on three static representations of the objects, a void in the 

interior of a sphere, punched through one side, and running entirely through the sphere but they 

do not ever zero-in on the first case as the one worth investigating, nor do they seem to ever 

resolve the issue of the boundaries of the cylinder: does it stick out of the sphere?  Subject A has 

also considered a dynamic representation of the objects which Subject B has somewhat 

participated in.  Because of this broad interpretation of the problem space, the problem-solving 

session has a very exploratory overtone to it. 

The subjects have undoubtedly remained interested in the topic; we see this in the myriad 

comments and suggestions that arise during the problem solving session.  Although we don’t see 

an abundance of Discovery-type thinking, the ones we do see always grow into a major focus of 

activity.  These students invoke many problem-solving strategies (heuristics) to get them un-stuck 

including one particular parenthesis involving gathering and organizing the present knowledge.  

They also spend a lot of time drawing pictures and so much of their activity is thinking via 

Structuring. 
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Figure 5.10. A time-line representation of Problem Session 3.13P1.  Overt signs 

of management activity are denoted by inverted triangles. Mathematical thinking 

in the form of Discovery (D) and Structuring (S) is identified. 

Seen as a living organism, the problem session seems to pulsate, repeatedly growing 

bigger with information and understanding, and then solidifying and hardening.  One might 

consider the analogy of watching a time-lapse video of a tree growing through seasons and years: 

a Spring of nearly unchecked expansion and growth, some dying off of weak shoots and then a 

Summer of rumination, an Autumn of reality-checks and a purge of excess, and a Winter of 

reflection and justification, then Spring again.  Unfortunately, their continued broadening of the 

question keeps them in a thin but enduring fog. 

5.2.3.1.1 Observational guide. 

Problem Session 3.12 Problem 1 is a very interesting and rich problem-solving session.  

The students struggle with this problem for a very long time (just over 30 minutes) and remain 

engaged for the majority of the time, either silently analyzing, or implementing some plan.  I do 

not doubt that these students could have completed the problem quickly and correctly had they 

been given either a technique or a precise visual model.  So it is not their mechanical ability that 
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held them back but the inability to construct a well-structured problem.  On the other hand, 

because of the immense difficulty that they had and the keen interest in reaching a conclusion 

(motivation), they develop a number of interesting ideas throughout the course of the session, one 

of which is the seed of a new problem.   

The students seem to understand that the way that they have conceptualized the problem 

is not sufficient to reach a nice solution.  Subject B displays an intuitive sense of this early on 

while Subject A comes to it a bit later.  Their discomfort resolves itself quite differently here than 

what we saw in a similar situation in Problem Session 2.13.  These students show much more 

advanced thinking by repeatedly re-Structuring the problem through heuristic and metacognitive 

means and so there is a clear evolution of the geometric interpretation throughout the problem.  In 

Problem Session 2.13 there was no metamorphosis of the objects; but here, at first these students 

consider a single, static set of objects, then they discuss extending the picture to different degrees, 

and then Subject A takes these representations and attempts to combine them into a dynamic 

system. 

But, Subject A’s willingness to explore a broader space around the problem is different 

even from subject B’s approach, which is much more literal.  While the former suggests imposing 

constraints, taking cases, graphing the dynamic system, limits, and extremes, Subject B responds 

repeatedly that these suggestions veer too far from the goal of the immediate problem.  And this 

is where we see a major difference in the two students’ conceptualizations of the problem.  

Subject A emphasizes the “void” when she visualizes the cylindrical void (Item 71) and so if the 

bore goes clear through the sphere, the resulting object is that which was intended.  Subject B, 

however, from later work (for example, Item 118, 129) seems to conceptualize the cylinder as 

having substance and boundary (rather than void), for example when she asks if the object can 

have negative volume (Item 67).  In her pictures at the end we see that Subject B has not shaken 

this image – she keeps drawing a boundary extending out of the sphere – and it hinders her 
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mental imagery of the objects, and thus her solution.  The comment about the cylinder sticking 

out of the sphere is not a new idea in essence because they have already discussed pictures 

representing this construction.  The Discovery is in the realization of the situation in terms of 

volume.  

The problem is interpreted in a way that makes a solution nearly impossible.  The main 

difficulty that the students seemed to have was interpreting the geometry of the problem.  Their 

geometric representation of the objects in question does not constrain the situation enough to 

manifest a good, well-structured problem, and the result is more like an idea to explore.  The 

original picture that is drawn seems to lead the understanding of the problem, where a revisiting 

of the picture, or conceptualization of the problem, could have led to more solid results.  Data 

gathered subsequently shows that they believe the problem was poorly written rather than 

believing that their techniques fell short. 

The activity is more than problem-solving: it is doing mathematics.  Perhaps because they 

conceptualize the problem as they do, combined with their ease with thinking mathematically, the 

activity that arises during this problem session is much like that of a mathematician.  They 

discuss constraints (Item 11-15, 127), examples (Item 24, 48), extremes (Item 46), 

constraining/simplifying the problem by imposing conditions (Item 58-60, 71-73), and creating 

alternative visual representations (Item 113).  Throughout the session the students call upon 

multiple heuristic activities to propel their progression through rough spots.  When she comes 

upon an impasse, Subject B has a habit of re-organizing her knowledge of the problem.  This 

appears to both re-affirm her convictions and to allow the mind some time to assimilate ideas.  

Subject A asks two interesting questions, Items 84 and 130, seen above, in the course of the 

session, and although they do not pursue these questions, they have the potential to be developed 

into new, related problems.  
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The two subjects of this Session pair have very different styles.  Subject B spends the 

majority of her time visualizing the problem while Subject A is more action-focused.  Subject A 

suggests a plan as early as Item 9 even though they continue to discuss their initial interpretation 

of the problem through Item 23.  Subject B seems to be looking for one answer, while Subject A 

seems to believe that it’s okay to provide a solution that looks more like “if (conditions) then 

(result)” (Item 59, 60).  Subject B seems a bit exasperated by the problem while Subject A seems 

to want to employ a range of heuristics that she has in her repertoire to solve it.  In the end it 

seems like they are both unsatisfied with the outcome. 

They do their work separately and then come together to discuss it.  Session pair 3.12 

spends nearly the entire session creating a visual structure to represent the problem.  Subject B in 

particular focuses so intently on the specific terms of the objects in the problem that she nearly 

loses sight of the problem itself.  It seems that she gets caught in an abstract conceptualizations 

that she forgets that the objects themselves are only part of the entire undertaking.  She does not 

see that the problem, which is an investigation into the relationship between objects, is just as 

worthy of speculation and manipulation.  She sees that she must consider every possible 

interpretation of the objects but she does not consider every possible relationship or problem that 

could be interesting.  Some people are good at doing puzzles but that doesn’t make them good at 

making puzzles. 

5.2.3.2 Problem 2.	  

The session begins with the students reading the problem and taking a written and mental account 

of the parameters of the problem, and then verbally negotiating their ideas.  Once they get a 

feeling for the problem there is a discussion of factors that influence the problem situation: 

B:	  What	  do	  you	  think	  is	  going	  to	  cause	  the	  wear?	  
A:	  Um,	  this…	  contact	  patch?	  	  On	  the	  pavement?	  (3.12	  Problem	  2,	  Item	  9,	  10)	  
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This is the first hint that we get of the different problem solving approaches that these two 

participants bring to the session: Subject B steps back and identifies the fundamental question 

buried in the problem statement while Subject A delves into the pertinent mechanics of the 

situation.  Both statements show mathematical thinking and each is a different form of Discovery, 

the first is a reformulation of the problem while the second is an intuitive, intelligent insight.  The 

discussion that follows is an Analysis (E2) of the second statement and leads into a conjectured 

solution (Item 14) half-way through this episode.  The conjecture is tentative; while verification is 

inappropriate at this phase, the students immediately begin to probe the space around the 

fledgling idea by investigating the assumptions and connections that were got by intuition.  This 

process is a very advanced expression of Justification.  What is interesting here is the precisely 

directed metacognitive discussion of heuristics:  

A:	  And	  we’re	  assuming	  that	  the	  truck	  is	  the	  same	  and	  that	  the	  weight	  is	  not	  changing.	  
B:	  Those	  are	  big	  assumptions,	  aren’t	  they?	  
A:	  We	  have	  to	  make	  some	  assumptions.	  	  Or	  we’re	  going	  to	  go	  into	  Never	  Never	  Land	  (3.12	  

Problem	  2,	  Item	  18,	  19,	  20/22)	  

This statement marks a transition.  It feels almost like a new start to the problem.  They pushoff 

with new Reading (E3) and Analysis (E4) phases which are more directed and structured than the 

previous, more abstract phase, though they are not completely detailed.  The students discuss 

appropriate assumptions to make as well as the geometry of the tires (without precise numerical 

values) for a time.  Subject B offers an item of New Information: 

Is	  the	  width	  –	  the	  width	  isn’t	  going	  to	  actually	  affect	  the	  wear,	  right?	  	  It’s	  only	  going	  to	  be	  the	  
circumference?	  	  It’s	  how	  much…	  (3.12B	  Problem	  2,	  Item	  31)	  

This newly-formed idea/question is an act of Discovery and it seems to be an insight which 

inspires an avalanche of New Information: 

A:	  But	  the	  wider	  tire	  has	  more…	  grip.	  (3.12A	  Problem	  2,	  Item	  36)	  
B:	  That’s	  right.	  	  So	  there	  could	  be	  more	  downward…	  no…	  there’s	  less	  pressure.	  	  The	  wider	  your	  

tire,	  there’s	  less	  pressure…	  hitting	  the	  road.	  	  Does	  less	  pressure	  make	  less…	  (3.12B	  Problem	  
2,	  Item	  37)	  
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A:	  But	  then,	  a	  smaller…	  diameter	  means	  that,	  for	  the	  same	  distance	  travelled,	  the	  wheel	  is	  
rotating	  more	  times.	  (3.12A	  Problem	  2,	  Item	  38)	  

Each item here is a new idea emerging from the fringe-consciousness and immediately given 

voice; each is a Discovery.  These ideas culminate in another, more firm but yet unstable, 

assertion of a solution at the end of Episode 4.  After this deluge of information there is, 

understandably, a pause.  Subject B is satisfied with the solution, save some final discussion, but 

this verification is unresolved because, as we see in the transition (T4), Subject A is unsatisfied 

with the (to her mind) esoteric nature of the justification.  She embarks on a quest to examine 

(Implementation: E5) an example situation and the students work separately for some time.   

Subject B delves further into specifics by calculating some quantities alluded to in the 

problem.  She does not seem to think that this activity is necessary, but passes the time doing 

simple calculations which appears to allow an opportumity to ruminate.  After a (appropriate) 

length of time she seems to attempt to rein the problem back in by checking in with the progress 

of her partner: 

So	  what	  are	  you	  working	  on,	  anyway?	  	  Are	  you	  figuring	  out	  the	  diameter?	  (3.12B	  Problem	  2,	  
Item	  49)	  

Subject A explains: she is calculating the circumference of each tire so that she can calculate the 

rotations per unit distance.  But she adds, metacognitively checking up on her process, 

Am	  I	  going	  somewhere	  the	  problem’s	  not	  asking	  me?	  (3.12A	  Problem	  2,	  Item	  52)	  

Subject B tries to forcibly elicit an informal, rational proof from her partner (Verification: E6).   

B:	  So	  we	  have	  a	  wider	  tire	  with	  a	  larger	  diameter.	  	  Which	  one’s	  going	  to	  wear	  out	  faster?	  
A:	  I	  don’t	  want	  to	  throw	  out	  a	  guess,	  but	  I	  could.	  	  I’d	  say	  that	  the	  smaller	  one	  would	  wear	  out	  

faster.	  
B:	  Right,	  because	  it	  comes	  in	  contact	  with	  the	  road	  more	  times.	  (3.12	  Problem	  2,	  Item	  57-‐59)	  

Perhaps she believes that if her partner states her reasoning aloud, she will believe it strongly 

enough, and see this as a sufficient solution.  Although she is explicitly reluctant to hazard a 
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guess, Subject A somewhat begrudgingly agrees on the solution and rational verification, but she 

seems antsy to return to her previous work.   

A:	  So	  that’s	  the…	  our,	  um,	  physical	  feeling,	  based	  on	  what	  we	  know	  about	  physics.	  	  But	  I	  want	  
to	  try	  the…	  make	  it	  a	  little	  more	  mathematical.	  	  If	  I	  can.	  	  Numbers.	  	  

B:	  You	  can	  do	  that.	  	  I	  think	  this	  is	  mathematical,	  but…	  (3.12	  Problem	  2,	  Item	  60-‐61)	  
A:	  It’s	  just,	  like,	  I	  want	  to…	  put	  numbers	  on	  it…	  Or	  at	  least	  be	  able	  to	  compare	  them	  to	  say	  how	  

much	  more.	  	  I	  mean,	  they	  gave	  us	  these	  numbers,	  so,	  we	  may	  as	  well	  be	  able	  to	  tell	  them	  
something.	  

B:	  Look	  at	  that	  [reading],	  it	  says	  “estimate.”	  	  Isn’t	  that	  sweet?	  	  [Laughing]	  
A:	  But	  we	  have	  to	  proo	  –	  give	  some	  kind	  of	  back-‐up	  for	  why	  we’re	  estimating.	  	  Or,	  what	  we’re	  

estimating.	  (3.12	  Problem	  2,	  Item	  64-‐66)	  

This discourse is very telling of the perceived validity of different forms of proof.  It is the 

technical that convinces Subject A; she does not believe that a rational argument is sufficient 

proof.  Subject B, on the other hand, demonstrates a very different understanding of mathematics, 

one in which informal reasoning is a reliable practice.  This difference is further illuminated at the 

end of the next episode.  Subject B has begun to write (and narrate) a formal solution and Subject 

A has gone back to Implementing (E7) but her work is cut short by a comment that propels the 

session back into another episode of Analysis (E8).   

B:	  But	  also	  if	  it’s	  the	  same	  truck,	  there	  is	  more	  pressure.	  
A:	  [Emphasizing]	  How	  much	  more?	  
B:	  Doesn’t	  matter	  how	  much	  more.	  	  It’s	  just	  more	  –	  it’ll	  always	  be	  more	  because	  it’s	  the	  same	  

weight	  truck…	  (3.12	  Problem	  2,	  Item	  68-‐70)	  

Subject B introduces some analogy to illustrate the mechanics of the tire on the road and the 

session transitions into another episode of Verification (E9) in which the many proposed 

arguments are gathered and summarized, followed by a conversation (Exploration: E10) about 

specific kinds of tires (with specific shapes): mud and snow tires.  Subject A finally declares her 

intention to return to her earlier work and she transitions into another episode of Implementation 

(E11).  Subject B, at this point, is done.  She has, to her understanding, completed the problem.  

She writes a formal solution and waits another thirteen minutes for her partner.  Subject A passes 

nearly the same amount of time again that she has already spent in pursuit of this “more 
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mathematical” proof (E5, E7 and E11) in which she compares the rotations of the two tires.  She 

finally successfully affirms the solution for herself.   

  
a. Subject A. b. Subject B. 

Figure 5.11. Formal solution of Problem 2 in Session3.12. 

Although they have very different approaches, the pairing works well.  This is a very congenial 

problem session between two student-colleagues.  Each brings a very different perspective to the 

session: Subject A turns to examples and written representations much more than Subject B, who 

does not write much but appears to be reasoning and justifying within.  Subject A is very 

methodical and precise.  She organizes her written work nicely and is clear about what is known 

and given in the problem.  She also understands the importance of framing a question so that the 

problem is well-defined (Items 20-22).   
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a. Subject A’s work is ordered and tidy. b. Subject B’s work is free and exploratory. 

Figure 5.12. Examples of work on Problem 2 in Session 3.12. 

Subject B is a “big picture” person, gathering information and asking questions that get at the 

heart of the problem (e.g. Item 9).  She seems to use writing to enable her thought process, as 

does Subject A, but they do this in different ways.  Writing, for Subject A, helps guide her 

thoughts.  She collects information on the page and understanding follows.  For Subject B, on the 

other hand, it seems that her thoughts run amok and she uses writing to tether and solidify them, 

though this is not always achieved (Item 31-37).  She is sufficiently comfortable with a broad-

picture approach to notice nuances of the problem, such as the fact that the tire specification 

information includes three different unit/representations (Item 46).  The pair argue/negotiate 

fairly well, each explaining her perspective to the other.   

The main ideas of the problem arise fairly early on in the problem session and in rapid 

succession.  There are many expressions of Discovery, all within the early analysis of the 

problem, visual Structuring is heavy in the beginning, as well as Structuring through a discussion 

of constraints, and the many forms of Justification are present as well.  The students reach a very 
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informal, intuitive conclusion even before these ideas are all voiced, which is then re-affirmed 

after the new ideas have been considered.  Some more formal work follows and then the rational 

solution is agreed-upon for the third time but this time with the most conviction.  The rational 

proof is sufficient for one student, but the other feels the need for more (symbolic) formality. 

 
Figure 5.13. A time-line representation of Problem Session 3.12P2.  Overt signs 

of management activity are denoted by inverted triangles. Mathematical thinking 

in the form of Discovery (D) and Structuring (S) is identified. 

5.2.3.2.1 Observational guide. 

There is a struggle between the informal rational versus the formal.  These two are of 

very different minds about the issue of Justification and their different perceptions course through 

the session picking up the smaller arguments and analyses, through an agitated retrospective 

phase of verification.   Subject B, the informal rational, even raises her voice at one point, 

exacerbated that her partner won’t give way to reason, which has been supported over and over 

again.  Subject A sticks to her guns, though – she concedes that they have the solution, but she is 

almost uncontrollably urged on internally to complete her calculations which will formally 
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support the solution, obliged to “make it a little more mathematical,” by which we see that she 

means numerical.  But her pursuit is one-sided: she investigates only one of the many influential 

factors that have arisen.  In the end she feels better giving a formal partial solution than giving an 

informal complete solution. 

This is the most overt expression of the battle between the formal-symbolic system and 

the informal-rational mental activity that is seen in this study.  We have a glimpse of these 

differences in perspective from their responses to the question “What do you think mathematics 

is?” 

Subject	  A.	   numeric	  patterns	  and	  relationships	  that	  allow	  us	  to	  relate	  and	  answer	  numeric	  
and	  geometric	  questions	  in	  our	  world	  

	  
Subject	  B.	   Beauty.	  Truth.	  Pattern	  recognition.	  A	  system	  of	  problem	  solving	  where	  you	  

learn	  to	  recognize	  the	  relevant	  information	  and	  ignore	  the	  bias.	  A	  subject	  where	  grading	  is	  
fair,	  logical	  and	  systematic.	  

Subject A seems to see mathematics as an applied system where Subject B is more romantic 

(especially about grading). 

This is just the type of opportunistic situation to arise in a classroom because it is an 

open chasm of uncertainty that allows for an easy entry into a discussion of Justification: Does 

the situation require more precision even though it is not expressly required?  Is there benefit to 

more formality or less?  These questions might be answered very differently in a mathematics 

classroom and in an applied setting.  And the latter question leads into a very deep and 

meaningful issue of Structuring, and more precisely, of modeling: the weight or importance of 

one factor over another.  In this example, does the tire’s repetitive rotation have significantly 

more effect on the wear than the width?  And if so, is there some extreme place where the width 

of the tire becomes more important?  This last question is an example of a directed pedagogical 

motion toward advanced mathematical thinking in the form of Discovery toward generalizations 

and new, related ideas.   
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It is difficult to unequivocally separate the episodes.  Even in the different phases of 

Analysis, Exploration, and Verification there is an overtone of Implementation in which the 

solution moves forward toward an end.  These students spend much of their problem-solving 

checking-in with one another about their progress and so there is also an undercurrent of 

Justification.  I endeavored in the parsing to present coherent episodes under the title of the 

strongest activity therein and thus caution should be taken to read the time-line representation as a 

general description of activity.   

The progression is heavily metacognitive.  Frequent assessment and metacognition 

throughout the session drives the solution process so that most of the activity takes place within at 

least two solution stages at one time.  Not only do they continuously assess their current work, 

and interpretations of the information provided in the problem, but they often ask themselves and 

each other what is being done and if it is appropriate to do so.  The recurrence of the local 

assessments, of both the state of the solution and the state of the process makes it so that the 

subjects always know where the solution stands. 

The problem solvers work separately for much of the time but keep a dialog open.  The 

participants work in very different ways but they seem to have no problems understanding and 

working with the other’s process.  Some of the time discussing can be seen as an “airing of 

information” where feedback is not expected, though it would be welcomed.  They appear to 

transition smoothly between working together and working separately.  They both have ideas to 

explore on their own and when one finishes before the other she asks to be brought back in by 

asking the other to share what she is thinking/doing.   
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5.2.4 Session Pair 3.13.	  

If we don’t consider the last six minutes of P3, the two sessions look strikingly similar: Read, 

Plan, lengthy Implementation, very short verification (Figure 5.14).  P1 features a stage of 

Analyze after Read but there is no Analyze stage in P3.  The major difference in the episodes in 

highlighted by the shading of the time-lines which I have added to represent different topics of 

discussion within a single plan. 

The Problem 1 session is fairly concise and straight-forward, as would be expected from 

this particular interpretation of the problem:  the volume of the spherical object in question is 

obtained by subtracting the volume of a cylinder from the volume of a sphere.   

	  	  	   	  

Figure 5.14. A comparison of time-line figures of Sessions 3.13P1 and 3.23P3. 

5.2.4.1 Problem 1.	  

The students begin with a conversation about structure.  While Subject A is just forming a visual 

understanding, Subject B appears to immediately have a very good dynamic picture of the objects 

in question, and he sketches them as he describes them: 

Well,	  the	  height	  of	  both	  of	  them	  is	  equal.	  	  So	  it	  would	  be	  like	  this	  is	  one,	  and	  then	  if	  you	  have	  a	  
bigger	  one,	  then	  it	  would	  have	  to	  be	  taken	  like	  farther	  out	  so	  that	  you	  would	  have…	  (3.13B	  
Problem	  1,	  Item	  3)	  
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The speed with which this student presents a complete and accurate picture of the problem points 

to either an insightful act of mathematical Discovery, or that the problem has been seen before.  

 
Figure 5.15. Subject 3.13B’s picture representing the objects of Problem 1. 

A later comment (Item 9/11) appears to me to point to the former, and if this is indeed the case, it 

is very interesting how quickly the subjects focus-in on a relationship which is really the core of 

the structure of the problem, namely the relationship between the boundaries of the cylindrical 

void and the sphere.  Subject A follows the comment with an act of Structuring which begins the 

Analysis (E2) phase of the problem session: 

Does	  it	  have	  to	  like	  touch	  the	  surface	  of	  the	  sphere,	  or	  can	  it	  be	  contained	  within	  the	  sphere?	  
(Item	  4)	  

There ensues a brief discussion – Subject A questions the obligation for such a relationship and 

Subject B tries to defend his picture, though he does it poorly.  Subject A, remaining 

unconvinced, turns to the researcher for “clarification”; the researcher declines and the pair return 

to re-reading the problem statement.  What follows this is a profoundly insightful process of 

mathematical thinking of both Discovery and Structuring: 

B:	  I	  mean,	  I	  think	  it’s	  kind	  of	  like…	  like	  you	  could	  be	  anything	  if	  you,	  if	  you	  could	  do	  like,	  you	  
know,	  uh,	  it	  has	  to	  be	  that.	  

A:	  Yeah.	  
B:	  You	  know	  otherwise	  there’s	  almost	  like	  no	  question.	  
A:	  Well,	  I	  guess,	  but…	  assuming	  if,	  if	  that’s,	  that’s	  what	  it	  means,	  it’s…	  
B:	  Okay,	  I	  think	  we	  should	  assume	  it	  from	  that.	  
A:	  Okay.	  (3.13	  Problem	  1,	  Item	  9-‐14)	  

Subject B’s assertion resolves the issue and allows the session to proceed.   The Planning (E3) 

stage that follows is very vocal, with both participants contributing ideas.  They devise a 

symbolic structure here and explicitly agree on a plan.  It must be noted here that the method (the 
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volume of the sphere minus the volume of the cylinder) does not agree with the picture – this 

formula does not account for removing the “caps” – but this is a fact that neither subject notices.    

Subject B introduces notation and the symbolic structure that they use in their calculation. 

The Implementation (E4) episode is somewhat unstructured and very hasty.  The students 

dive right into calculating with the trigonometric formulae that they generated in the previous 

stage, working toward an expression of volume in terms of the radius of a sphere, r, and the 

height of the inscribed cylinder, h.  Coherent composite sub-episodes, Items 25-31, Items 43-49, 

and Items 50-61, indicated by the shaded areas of Figure 5.16, exhibit a skeletal similarity in 

which a step of the solution process is first made explicit (Planning), work is carried out 

(Implementation), and then the solution is verified (Local-Assessment).  Actually, the whole 

episode feels like running downhill trying not to fall face-forward.  The participants work 

individually, calculating and frequently checking-in with one another, and in this way they both 

arrive at the same solution, having both understood the solution method.  But there are a couple 

of important things that they do not pause to consider: (1) Their process is somewhat circuitous 

(beginning with the term h, replacing it, and then ending up with h again, and (2) It is not clear 

that the result of all of this calculating is a formula ! = !
!
!!! − !!!ℎ + !

!
!ℎ! makes sense 

geometrically.  This is an utter absence of metacognitive justification and control.  In fact, 

management activity is heavy throughout the stage of Implementation but only in the narrowest 

sense: the students frequently monitor their calculation process but they do not attempt to see 

these results in geometric terms, they do not ask “Why (exactly) are we doing this?”  Instead, 

upon arriving at the equation above, progress is directed toward the features of the equation itself: 

A:	  [sottovoce]	  What	  can	  we	  do	  here?	  
B:	  Well,	  this	  is	  a	  cubic	  so	  it,	  like,	  really	  increases.	  
A:	  Yeah,	  we	  should,	  maybe	  take	  the	  derivative	  here?	  	  So	  to	  see,	  with	  respect	  to	  r,	  whether	  V	  

increases	  or	  decreases,	  uh,	  as	  you	  increase	  r.	  	  So	  to	  do	  that…	  (3.13	  Problem	  1,	  Item	  48-‐50)	  
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Both subjects seem at ease with common calculus techniques but Subject A takes the lead here as 

they proceed to analyze the graph of a derivative of volume with respect to radius.  The final act 

of Discovery in this problem session occurs at this time when the students are contemplating their 

graph.  Subject B introduces New Information when he has the following realization, 

Wait,	  if	  the	  radius	  is	  less	  than	  half	  the	  height,	  does	  that	  even	  make	  sense?	  (3.13B	  Problem	  1,	  
Item	  65)	  

A result is soon agreed upon and the subjects begin to transition into Verification (E5) beginning 

with a formal review in Item 71 and a written refinement by Item 77 (Justification via 

refinement).  After this Subject A takes time to affirm the solution algebraically: 

We’ve	  done	  nothing	  algebraically	  questionable.	  	  And	  the	  derivative	  was	  correctly	  taken.	  	  
(3.13A	  Problem	  1,	  Item	  78,	  80).	  

However, the students do not connect this verification back to the initial issue of incidental 

boundaries – that is, there does not seem to be any purposeful attempt to visualize and verify the 

symbolic solution as it relates to the initial conceptualizations of the geometric objects. 

Overall this session appears to be a typical example of problem-solving6 by reasonably 

good students.   Structuring occurs primarily in the initial stages with a dynamic picture in the 

Reading and Analysis episodes and trigonometric symbolic structuring in Planning.  Both 

students exhibit processes of Discovery as they begin to understand the problem – Subject B 

shows an intuitive feeling for the structure of the objects, Subject A expresses an insight into 

assumptions, and Subject B shows strong conviction about the necessity of imposing constraints.  

Actually, they seem to almost race together, though collaboratively – one is leading, then the 

other is ahead – a sort of dance.  However, as has been noted and will be discussed further, there 

are a number of interesting circumstances of Justification that occur at the managerial level which 

are not overtly displayed in the time-line. 

                                                        
6 As proposed by Schoenfeld, the students proceed in an orderly fashion through the stages of problem-
solving. 
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Figure 5.16. A time-line representation of Problem Session 3.13P1.  Overt signs 

of management activity are denoted by inverted triangles.  Shaded areas indicate 

composite sub-episodes. Mathematical thinking in the form of Discovery (D) and 

Structuring (S) is identified. 

5.2.4.1.1 Observational guide. 

It is interesting to note at this point the responses of these two physics students to the initial 

survey question, “What do you think mathematics is?” 

Subject	  A.	   The	  vast	  applicability	  of	  mathematics,	  and	  this	  refers	  to	  its	  ability	  to	  describe,	  
analyze,	  and	  predict	  natural	  laws,	  seem	  to	  indicate	  that	  mathematics	  is	  the	  study	  of	  
structures	  which	  underlies	  the	  principles	  upon	  which	  the	  universe	  is	  constructed.	  The	  job	  of	  
professional	  mathematicians	  is	  to	  unravel	  the	  vocabulary	  and	  grammar	  of	  this	  language	  
through	  a	  sort	  of	  creative	  process	  that	  may	  draw	  inspiration	  from	  physical	  reality	  and/or	  
may	  be	  fabricated	  as	  a	  logical	  progression	  up	  a	  hierarchy	  of	  a	  set	  of	  rules.	  The	  job	  of	  the	  
scientist/engineer	  (in	  my	  case,	  the	  physicist)	  is	  to	  borrow	  and	  understand	  the	  pieces	  (i.e.	  
jargon)	  relevant	  to	  their	  field	  (usually	  but	  a	  small	  subset	  of	  the	  entire	  system)	  and	  to	  
employ	  them	  fittingly,	  the	  degree	  of	  this	  'understanding'	  being	  specific	  to	  the	  nature	  of	  the	  
line	  of	  work.	  

	  
Subject	  B.	   A	  systematic	  way	  of	  approaching	  problems,	  mostly	  related	  in	  some	  way	  to	  

quantities	  and	  numbers.	  
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In both views mathematics is a formal system of (convoluted) techniques which is to be used by 

other disciplines.  So it is not surprising that these physics students see mathematics as a service 

subject. 

There is a lack of metacognitive reflection.  Although these students are technically 

capable of carrying out the procedures that they introduce in this problem, there does not seem to 

be any deep analysis of their process or reflection on their progress.  This shows a lack of 

metacognitive behavior.  In standard courses where success is based primarily on technical 

proficiency, this combination is likely sufficient to succeed, and, indeed, both students report 

receiving A’s in their university mathematics courses.  Further, the thinking processes of 

Structuring occur only at the beginning of the session during the Reading, Analysis, and early 

Planning episodes, indicating that they have no reservations about the geometric representation 

that they have used, but also that they do not justify their model later while checking their work.  

In fact, in the (final) Verification episode the subjects justify only their calculations; their 

Justification does not include any though to the overall plan or process, nor do they re-assess their 

picture. 

The problem solvers work well together and both take a turn at leading.  They are fairly 

adept at negotiating the time spent on tasks and they work at a similar speed.  In addition they 

each bring crucial information to light that directs the solution: Subject B conceptualizes the 

parameters of the problem (Items 3-13), Subject A suggests they analyze the derivative (Item 50), 

and Subject B makes note of inconsistent assumptions that they then throw out (Item 65).  Subject 

B is faster than Subject A to complete sub-episodes.  At one point he has finished substituting 

specific data into the formula but Subject A has not and he seems to wait impatiently (Item 31-

32), and at another time he is ready to move on before A has resolved the current process for 

herself (Item 41-42).  A third time occurs at Item 60-61, although in this case, Subject A is 
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thinking ahead while Subject B is solidifying previous statements by writing them 

mathematically. 

The procedures undertaken in problem-solving are not well-rationalized.  Indeed, while 

considering the behavior of the graph of the derivative of volume with respect to radius did 

eventually lead to results, this technique is not the most efficient, nor is it the simplest.  Perhaps 

their choice of technique was influenced by their encultured practices – both are physics students 

– but if this is the case, and their knowledge base involves a depth of calculus techniques, I would 

assume that they would have considered calculating volume using “cylindrical shells” or discs, or 

some other integration of infinitesimals.  And as mentioned before, the Planning and 

Implementation stages are born of momentum rather than a rational account of the entire 

situation. 

5.2.4.2 Problem 3.	  

After reading the problem the students jump right into Planning (E2) their solution. 

So	  what’s	  the	  approach?	  Are	  we	  to…	  list	  it	  all	  out?	  (3.13A	  Problem3,	  Item	  6)	  

They agree to list cases beginning with the largest-valued coins and they begin their 

Implementation (E3) by separately exploring the organization and presentation of the cases.  

Though the work is neat, the thoughts are not well-organized and, as we see in Figure 5.17.   

	   	  
a. Subject 3.13A. b. Subject 3.13B. 

Figure 5.17. Different ways of listing cases by Participants in Session 3.13. 
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The cases are presented very differently by the participants.  Subject A plays with the different 

ways of making 15 with coins of value 1, 5, and 10.  The unusual way that Subject B initially 

presents his work, value expressed as a length, is discussed later.  This work is not Analysis 

because there is a clear understanding of the problem and what must be done; the subjects are 

exploring methods with which to efficiently list the cases that they know they must identify.  It is 

unclear what Subject A’s initial exploration would have yielded since she has only recorded three 

cases when Subject B suggests a re-formulation of the problem: 

What	  if	  you	  didn’t	  do	  it	  in	  cases?	  What	  if	  you	  did	  it	  by,	  like,	  solving	  like	  for	  the	  variables	  or	  
something?	  	  (3.13	  Problem	  3,	  Item	  11)	  

This is a good example of a spontaneous insightful idea, and so it is identified as Discovery.  The 

statement marks the beginning of a second episode of Planning (E4).  Subject B writes the 

algebraic equation (25a + 10b + 5c + 1d = 50), introducing notation and explicitly identifying the 

letters a, b, c, and d as the number of quarters, dimes, nickels, and pennies, respectively.  

Interestingly, the pair seems content to treat equation as a concise representation of the problem 

and nothing more.  Though Subject B has suggested that they solve the equation algebraically, 

they don’t actually change their plan.  Rather, the representation serves to organize the 

information in the problem; the cobwebs are cleared away to let in the light!  With this new 

formulation of the problem the students throw themselves back into listing cases (E5: 

Implementation) but each has their own way of organizing the information.  

For Subject A in particular the equation seems to put the problem into a form that not 

only clarifies but suggests a specific organization.  She launches forward making swift work of 

the solution and completes the majority of the problem (see Item 16) in about three minutes.  She 

notices early in this episode (Item 15) that the variable d is constrained by the other three 

variables which shows a good, deep understanding of this algebraic structure.  The original 

problem is reduced to combinations of nickels, dimes, and quarters, whose sum is less than or 
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equal to 50.  Although she achieves a complete solution quickly (about half-way through Episode 

4), she waits quite a while for her partner to complete his solution.  While he does so, the two 

explain their processes to each other and Subject B checks his work with his partner – acts of 

Justification seen in the Verification stage of the time-line in Figure 5.19 – and finally reaches the 

same conclusion, just about ten minutes later.   

The students briefly Verify (E6) the procedure discussing possible alternate methods of 

listing the information and Subject B begins to formalize the solution.  

B:	  Um,	  yeah,	  so	  I	  mean	  you	  can	  just	  say,	  like…	  I	  don’t	  know.	  	  I	  don’t	  know	  how	  you	  would	  write	  
this.	  	  

A:	  Yeah	  I,	  I’d…	  We	  just	  state	  the	  answer.	  	  Do	  we	  have	  to	  provide	  a	  solution	  to	  it?	  
B:	  Yeah,	  I	  think	  we	  should	  probably	  write	  a,	  a	  proper	  solution.	  
A:	  In	  a	  diagram.	  Okay.	  
B:	  But	  I	  think	  we	  can	  do	  it	  in	  a	  simpler	  way.	  	  Maybe	  by	  something	  like…	  (3.13	  Problem	  3,	  Item	  

57-‐61)	  

This discussion transitions them into a new episode of Verification (E7) in which Subject B 

spends five or six minutes formalizing.   

  
a. Working presentation. b. Formal presentation. 

Figure 5.18. Excerpts of written work for Problem 3 by 3.13B. 
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It appears that at this point (and likely much earlier) Subject A would have been content to state 

the answer and be done, however she politely allows her partner to proceed.  Although he spends 

over five minutes formalizing the solution, the result of Subject B’s refinement does not look very 

different from his work doing the problem.   

 
Figure 5.19. A time-line representation of Problem Session 3.13P3.  Overt signs 

of management activity are denoted by inverted triangles. Mathematical thinking 

in the form of Discovery (D) and Structuring (S) is identified. 

This session is neutral.  The students do not express any great difficulty, neither do they 

exhibit any real curiosity.  There is very little advanced mathematical thinking, especially in the 

form of Discovery, but also we see less frequent Justification here compared to most of the other 

sessions.  The only instance of Discovery is the re-formulation of the problem as an algebraic 

equation and Subject B immediately introduces symbolic structure to represent the idea.  These 

are the only two observed processes of thinking mathematically that are not acts of Justification 

and both occur in the Planning and very beginning of the Implementation stages.  The final act of 

refinement, which makes up the final episode of Verification, does not appear to effect any 

change on the solution or on the problem-solvers’ understanding.  By the definition of advanced-
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ness as “overcoming epistemological obstacles” (Harel & Sowder, 1995) this refinement is not an 

example of advanced mathematical thinking, nonetheless it is important to note that the impetus 

exists. 

5.2.4.2.1 Observational guide. 

The structure that Subject B presents is interesting.  The picture that he draws shows 

rectangular boxes of different lengths strung together so that every complete string of boxes is of 

length 50 (or 50¢), where the length of each box is equal to the value of the coin that is 

represents.  This shows a very interesting conceptual understanding: a geometric feeling for 

numerical values.  A connection can be seen between this representation and his earlier comment 

which is reminiscent of partitioning: Subject A suggests the word “cases” but B uses the words 

“divide into smaller sections” to explain his interpretation of the plan. 

Subject B’s method of listing possible combinations of coins is in the same vein as that of 

3.13A, and others, but his physical representation is quite unique – it is a very geometric way of 

visualizing the values of the individual coins, almost as if he sees the coin-change in the same 

way as a prime factorization.  In terms of cognitive process, the student uses symbols a, b, c, d 

instead of q, d, n, p which requires an additional act of translation.  At the very least this action 

shows that the student is unfamiliar with a greater sense of freedom in the way that mathematics 

can be done.  It could more fundamentally indicate an underlying conception of mathematics as 

an already existing formal system rather than one which is created and validated socially.  It is 

not very proactive.  In any case, this presentation is initially difficult to understand as an observer 

and I believe the list would be easier to accept (by one who is assessing the work) as a solution. 

There is very little advanced mathematical thinking in this session.  The single act of 

discovery, the introduction of the representative equation, is not reconsidered at the end of the 

session.  Subject A displays a maturing sophistication of mathematical insight when she makes 
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the observation that the number of pennies may be disregarded.  We will explore the viewpoints 

of these subjects in the upcoming Q Study with a particular eye to two topics: do they believe that 

they have understood the solution, and, do they believe they have had insight into extensions or 

abstractions of the problem? 

The subjects do not really collaborate.  Except for the initial analysis of the problem and 

the comment where notation is introduced, the subjects do not collaborate so much as they use 

one another to affirm their work.  The Pair frequently check in with each other assessing both the 

procedure and the current solution state.  Interestingly, Subject B doesn’t seem to notice that his 

partner has already calculated the entire set of individual possibilities in a very organized way.  

Instead, he seems to barrel ahead as if stopping might cause him to lose the capacity to complete 

the problem. 

Although Subject A had a complete solution in just under 10 minutes the pair do not stop 

together to consider the solution.  Most likely a combination of things account for this, including 

Subject A’s modesty and lack of assertion of the solution, as well as the fact that Subject B was 

on a roll and wanted to finish his own work.  Subject A did not stop him, but let him continue to 

work, sometimes jumping in to help.  She acted deferential, as if she was unsure of her work, 

though, in fact, she was confident of it.  Perhaps the bashfulness was a personal and not 

mathematical insecurity.  She seemed very confident of her process and solution.  In fact they 

both seem to believe in their own methods quite strongly – it is almost as if each believes his/her 

own method is more efficient or better in some way than the method of the other.  Because 

Subject A reaches a solution before Subject B it is plausible that her method is more efficient but 

Subject B does not appear to be willing to defer to hers, neither during his own process (after 

Subject A has finished) nor at the end of the problem when he is convinced that they must 

provide a descriptive solution instead of a declarative one.  He spends over five minutes at the 

end re-writing his solution nicely when it was not what the problem asked, and if it had been, 
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Subject A’s solution would have been more than sufficient.  Subject A seems to see that this 

process is redundant but she allows Subject B to proceed, and even helps him along the way, 

displaying the patience of a teacher or older sibling. 

5.2.5 Session Pair 3.23.	  

This pair has an interesting dynamic – the two participants are very different.  Subject A 

is an engineering major.  He is bold and quick where his partner is slow and cautious.  He 

explains his ideas fairly clearly, though he is not afraid to blurt out spontaneous ideas.  He is 

confident, easily using technical and mathematical terms, and he seems to be able to freely 

entertain multiple ideas and technical approaches, and to discard them just as easily.  Though he 

appears to recognize his intuitive and logical thoughts, he does not believe them to suffice as 

proof of a solution.  Subject B is a Chemistry major with a Mathematics minor.  He is quiet and 

contemplative.  He seems to have good ideas and feelings about the problems but has a difficult 

time expressing his thoughts coherently.  He is slow to release and slow to digest new ideas, 

though this may be in part because he is trying to process his own ideas alongside the ones that 

keep being posed by his ebullient partner.  Nonetheless, he has difficulty explaining his own 

thoughts and his sometimes insightful ideas are too elusive for him to pin down coherently.  

Though they have very different approaches, the pair works well together, and both contribute. 

Not only are their approaches different from one another, their work is also quite 

different than the work of other pairs in the study, and quite unlike the theoretical process of 

Read, Analyze, Plan, Implement, Verify put forward by Schoenfeld (1985) and used to analyze 

these data.  Actually, they seem to proceed through short, macrocosmic bursts of that process 

throughout their problem solving, so that their process looks more like the following. 
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Figure 5.20. The course of the solution process of Session pair 3.23. 

If not as strictly ordered, their problem-solving process seems to be rhythmic: management 

activity or new information which is presented for consideration resolves into analysis, planning, 

and implementation, followed by an assessment of the process and conclusions.  Indeed, both of 

problem sessions of Session Pair 3.23 are comprised of such repeated coherent episodes. 

5.2.5.1 Problem 2.	  

Problem 2 starts off with Structuring and a simultaneous agreement that the most notable 

item of information in the problem is a ratio comparing the two tires in question (Item 4-8).  

Subject A subsequently asks, 

So,	  what	  would	  decide	  how	  quickly	  a	  tire	  wears	  out?	  (3.23A	  Problem	  2,	  Item	  9)	  

This question is a reformulation of the problem which is one of the actions that we had hoped to 

see in this solution.  The act of reformulating is, of course, an act of Structuring, but it involves 

also a bit of each of Discovery and Justification, as we will discuss further.  This is immediately 

followed by two statements, one by each of the participants, which introduce two of the three 

topics discussed for the remainder of the session: 

A:	  …Because,	  I	  mean,	  the	  wider	  the	  tire	  the	  more	  it	  would	  just	  spread	  out	  the	  weight	  of	  the	  
vehicle,	  right?	  	  

B:	  Yeah,	  and	  if	  it’s…	  I	  guess…	  Are	  they	  the	  same	  height?	  	  Because…	  like…if	  it’s	  taller,	  right,	  does	  
it	  get,	  become	  wider	  when,	  uh,	  the	  weight	  is	  pushed	  down	  on	  there,	  as	  a	  tire?	  (3.23	  
Problem	  2,	  	  
Item	  9-‐10)	  

We might understand the second statement to mean that the student is wondering whether the 

width of a taller tire would bulge out more at the bottom under the truck’s weight than would be 
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the case for a smaller tire, thus adding even more width to the road contact than accounted for by 

the tire’s width without distortion by the truck’s weight.  Both statements show spontaneous 

insight into the problem and are therefore classified as items of Discovery.  Further, Item 10 

provides a glimpse that the students implicitly assume fixed conditions on the variables outside 

tire size, such as the weight of the vehicle.  These topics are discussed in episodes E2-E3, then 

again in E11-E13.  Armed with some variables to consider, the solution is still not readily 

apparent and so the Pair returns to the details of the problem (E3).  This time spent in mechanical 

computation seems to hold dual purpose: first, it is a gathering of further information to add to the 

already-held knowledge of the problem; and secondly, it serves as a time for rumination.  This 

phenomenon is observed in other problem sessions and so it is revisited it in the discussion that 

follows.  As presented in the literature, Hadamard (1945) discussed that it seems that doing 

something familiar such as calculating eases and relaxes the mind allowing spontaneous and 

intuitive connections to arise.  Indeed, just a few minutes later, after re-reading the problem 

statement (E4), 

Oh!	  	  But	  then	  again	  the…	  Yeah,	  I	  think	  that	  the	  surface	  of	  the	  bigger	  tire	  is	  going	  to	  be	  exposed	  
to	  the	  road	  less	  often.	  (3.23A	  Problem	  2,	  Item	  19)	  

This “Oh!” is a dead giveaway of Discovery, and indeed we can’t help but notice by the subject’s 

body language in the video that the exclamation is accompanied by a little start. Rotations of the 

tire became the primary topic of discussion throughout episodes E5-E9.  Note that these subjects 

have raised all four of the core elements that were identified in the introductory discussion of 

Problem 2. 

The Analysis (E5) of these core ideas is the beginning of a repeated practice, sort of a 

rhythm in their problem-solving process, in which they discuss general properties followed by 

how they relate to the specific entities in question.  Subject A attempts a symbolic representation 

in terms of these variables of the “wear-and-tear” on a tire (E6), though this does not produce a 
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symbolic result.  Actually, Item 23/25 is the first attempt to convert the rational argument to a 

formal-technical proof which is a major Structuring activity of mathematical thinking and is the 

next logical step in the modeling problem.  In pursuit of this activity, Subject A begins to 

introduce technical notions (e.g. ideal gas laws, tangential and angular velocity, an integral of 

speed with respect to time) which are discussed further in the Analysis of Episode 8.  Subject A 

summarizes the proposed conclusion and his partner summarizes the method (E7).   

This is a natural lull but the solution process is quickly resurrected by statements made by Subject 

A which are classic heuristic actions, borne on a metacognitive attempt to ground the solution, 

which push the session forward.  The first is an attempt at reformulation (E8); this is an attempt to 

picture the representative model differently using the same core variables: 

What	  would	  be	  another	  way	  to	  quantify	  the	  wear-‐and-‐tear	  on	  the	  tire,	  though?	  (3.23A	  
Problem	  2,	  Item	  31)	  

The result of this question is a fairly lengthy technical Analysis (E9) of rotational velocity.   

When this does not shed light, Subject A proposes that they consider a specific case: 

Or	  maybe	  we	  should	  just	  think	  like	  travelling	  a	  set	  distance.”	  (3.23A	  Problem	  2,	  Item	  53)	  	  

This may be a spontaneous mental act but because it is a heuristic insight rather than an idea 

about the inner-workings of the problem, it is not identified as Discovery.  These attempts to 

ground the discussion follow two coherent episodes of analyze-plan-implement-assess in which 

their arguments fail to satisfy them.  Instead of assisting the process, however, these attempts to 

represent the rational arguments by formal, symbolic relationships appear to confuse both 

participants.  This process, though it appears technically unfruitful, nonetheless leads Subject A to 

a conclusion (E10) which is a justification by rational argument. 

So,	  yeah,	  maybe	  it’s,	  maybe	  it’s	  just	  that	  simple.	  	  I	  feel	  that…	  and,	  and	  I	  want	  to	  say	  that	  the	  
smaller	  tire	  is	  definitely	  going	  to	  wear	  out	  first.	  	  And	  it	  seems	  to	  fit	  in	  with	  our	  many	  various	  
assumptions.	  	  (Items	  55,	  57)	  
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Subject B is not entirely convinced by the argument and so he resurrects his original idea but with 

slightly more detail: 

Does	  the	  bigger	  tire	  because	  it’s	  like	  wider	  does	  it	  receive…	  more	  wear-‐and-‐tear	  as	  it	  rotates	  
less?”	  (3.23B	  Problem	  2,	  Item	  58)	  	  

Subject B is grappling with a sophisticated argument here about the weight of the vehicle causing 

the surface of the smaller tire to spread out more on the road than the surface of the larger tire.  

The original New Information (argument) is proposed in Item 58 and then revisited in Items 68, 

78, and 85.  The question begins composite sub-episode (E11-12) and is the subject of the 

majority of the remaining discussion as it is repeatedly reexamined and discussed.  Subject A 

argues against the proposition but in the subsequent composite sub-episode considers the 

argument again (he had been gaining momentum verifying his argument of the previous concept 

and so he does not give his full attention to the new proposition until he does, marking the 

beginning of Episode 13).  Though the pair devotes good effort to make sense of this idea, neither 

subject is able to present a clear picture of his thoughts on the issue, or even a clear picture of the 

argument itself.  The absence of rational, intuitive understanding seems to make the idea too 

elusive to them and the pair eventually quietly drops it, falling back on the previously confirmed 

rational arguments which Subject B refers to as he re-states their conclusions (E14).  

Episodes E15-E17 all have an underlying feeling of Verification, or closure, as if the 

students have come to the end of the problem.  Indeed, it does seem that they have explored all of 

the parameters of the problem and have reached an acceptably rational conclusion, and that all 

they are missing is a formal summary of their arguments.  But Subject A believes they need more: 

Well,	  as	  long	  as	  you	  can	  set	  up	  an	  integral,	  at	  least	  symbolically,	  to	  rigorously	  do	  this…	  (3.23A	  
Problem	  2,	  Item	  83)	  

This statement shows that, at least to Subject A, an informal rational solution is not sufficient 

(rigorous) mathematical proof.  We can also see from this statement why the previous episodes of 

Verification have belonged to the coherent composite sub-episodes, and why Subject A has 
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continued his attempts at formal symbolic representation – he believes that the solution must be 

formally justified.  He re-attempts it (E15) unsuccessfully, re-Analyzes (E16), even presenting 

two analogies, but is not able to model the situation symbolically.  In the end, the pair give it up 

in favor of the rational arguments developed in the solution process (E17). 

 
Figure 5.21. A time-line representation of Problem Session 3.23P2.  Overt signs 

of management activity are denoted by inverted triangles. Mathematical thinking 

in the form of Discovery (D) and Structuring (S) is identified. 

5.2.5.1.1 Observational guide. 

A tension ensues between rational-informal and formal-technical justification.  The 

technical language (tangential and angular velocity, for example) and the ready use of the integral 

to describe the area of tire surface exposed to the road over time seem to give rise to more 

questions than answers and appear to confuse the participants more than the purely logical 

arguments; it draws the thoughts away from justification-by-reason and bogs the students own in 

details which distract from the bigger picture.  We might guess that Subject A pursues these 
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technical processes because he does not believe that a rational argument is sufficient as this is a 

viewpoint likely reinforced by studies in engineering.  This battle provides a prime opportunity to 

discuss the personal nature of presenting mathematical proof and just how much rigor is 

acceptable. 

Both subjects contribute significant ideas – insight which we identify with Discovery.  

The significant variables in this problem are identified by both subjects: Subject A suggests the 

distribution of weight on the tires and the rotations and Subject B has a different take on the 

weight distribution on the tires which is more closely connected to the friction of the tire on the 

road.  At first the two subjects hold different intuitive beliefs about the answer.  Subject B feels 

that the larger tire will wear out first and the duration of the solution process he struggles to 

overcome this intuition to comply with the logical arguments that develop.   

Subject A leads the discussion, but the participants seem to collaborate and neither is 

obviously more capable than the other.  Early on, in Item 10, Subject B notes that there is more 

contact between the road and the larger tire (we may picture this for a tire at rest); this 

observation is about the amount of area of the tire that is in contact with the road, but it is not 

immediately taken up in the discussion.  Soon after, in Item 19, Subject A brings up rotation, 

observing that a point on the larger tire will touch the road “less often” than a point on the smaller 

tire.  Subject B is not convinced, as evidenced by his response: “Really?”  I suggest that Subject 

B has confused “less often” with the concept of “less area.”  His confusion is not resolved 

because Subject A begins immediately to introduce technical representations such as tangential 

speed and integrals, and so Subject B is left feeling confused and unsure.  Subject A eventually 

considers the observation made by his partner in Item 68, nearly seven minutes later; it appears 

that he did not comprehend what B was suggesting until then.  This is a common group-dynamic 

in which one student leads an activity and the other is left with questions.  We shall see later what 
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these subjects have to say about the collaboration and about their respective viewpoints of their 

own understanding of the problem. 

Coherent composite episodes indicate ongoing Justification.  Mini-sessions consisting of 

Analysis, Planning/Implementation, and Verification of a single sub-topic are combined to make 

up the entire problem session.  These coherent composite episodes (E4-E7, E9-E10, E11-E12, 

and E13-E14) each exhibit a skeletal similarity in which a question or new idea is first proposed, 

some analysis or discussion ensues, and ideas and actions are justified.   

The visual representation of the problem is primarily mental and the symbolic 

representation is only attempted.  It is interesting to note the way that this pair draws a 

representative picture – as a cross section displaying a rectangular shape in which the white 

represents the tire rim and the black the tire sidewall. 

 
Figure 5.22. The entirety of written work for 3.23 Problem 2. 

This is the extent of the pictures that are drawn, where the majority of the imagery is mental.  

Subject A works throughout the session to model the situation symbolically.  He makes only very 

meager progress, though, in his attempt to write a “wear-and-tear” function.  The visual 



 158 

Structuring is discussed only in the initial Analysis phase, where the imagery is constructed.  

Symbolic Structuring appears to occur on the heels of every item of New Information, often a 

Discovery, until the final phases of the session.  The last process of thinking mathematically via 

Structuring is Subject A’s attempt to “set up an integral, at least symbolically, to rigorously do 

this.” 

All of the significant actions identified in the design analysis of this problem are seen in 

this session. 

• A recognition that the specific provided numbers do not matter, but that a 

relationship between the dimensions of the two tires (that one tire is both wider and 

taller than the other) is sufficient… and at the core of the problem 

• A discussion or explicit identification of the core objects/relationships that are of 

interest in the problem; this requires a spatially dynamic mental picture of the 

object/s 

• A guess or proposed solution(s) 

• A discussion or explicit account of the details that support the proposition(s), 

including  

o number of rotations per unit time, 

o the distribution of weight on the tires , 

o pressure related to friction on the road, and 

o an assumption that all other variables remain fixed 

However, the students present no formal solution nor do they seem to believe sufficiently in their 

conclusions without the support of a formally structured (symbolic) model. 
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5.2.5.2 Problem 3.	  

This is a highly collaborative session.  These subjects are obviously very comfortable 

working with each other, perhaps Subject A slightly more than B, and they work together on all 

aspects of the solution beginning with their understanding of the problem, through the planning 

stages, and sharing the work.  They seem to be equally capable of understanding the problem and 

their plan.  

After reading the problem, the pair jumps straight into Planning; Subject A shares the 

first insight (Discovery) when he suggests that the problem can be reformulated (Structuring) as 

an algebraic equation (Item 2).  He immediately writes the equation 0.01!! + 0.05!! + 0.10!! +

0.25!! = 0.5, while dictating following. 

So,	  uh,	  number	  of	  pennies	  times	  x_1	  plus	  the	  number	  nickels	  times	  x_2	  plus	  the	  number	  of	  
dimes	  plus…	  and	  then	  quarters,	  and	  I’m	  assuming	  we’re	  not	  dealing	  with	  half-‐dollar	  pieces.	  
(3.23A	  Problem	  3,	  Item	  4)	  	  

There are two things to note here.  First, the verbal description does not match what he is writing.  

For example he says “number of pennies times !!” while he is writing “0.01!!”; he means, of 

course, to define !! to be the number of pennies7.  Despite this discrepancy, the end result is not 

confused and the written equation is representative of the problem.  The second noteworthy 

feature of this statement, one which is very interesting, is the explicit assumption that they not 

include a half-dollar piece in their structuring of the problem.  While a bit cheeky on the surface, 

the statement reveals quite a sophisticated mathematical thought which we discuss in more detail 

later.  Whatever the outcome, this act of noticing and questioning the assumptions being made, 

whether implicit or explicit, is an inquisitive act of metacognitive control and of Structuring.  

Indeed, if the student were to pursue this line of thought further, he might come to the realization 

that the chosen coins, pennies, nickels, dimes, and quarters, are nearly as arbitrary as 50-cent 

                                                        
7 I recall reading something about this phenomenon in mathematics classrooms:  teachers often say one 
thing but write another and this can be profoundly confusing to students.   
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pieces, and he could extend the problem to consider n coins of different values, such as 4 and 7.  

With only a slight instructional nudge I believe these students could easily arrive at these 

extensions of the problem. 

At this point, just over two minutes in, the students are still Planning (E2), and this 

episode concludes with a heuristic thought, a strategy for solving algebraic problems:   

Hmm.	  	  So	  what…	  what	  other	  bounds	  can	  we	  put	  on	  this?	  (3.23A	  Problem	  3,	  Item	  8)	  

After this initial planning the pair begin to break the problem up into smaller tasks.  Despite 

similar capabilities, Subject A has an easier time communicating his ideas, naming and describing 

them mathematically.  We see this at the beginning of the next session when the pair begins to 

discuss how to list the cases: 

B:	  Well,	  we	  could	  –	  we	  have	  to	  –	  we	  could	  figure	  out	  first,	  like,	  the	  number	  of	  x’s	  –	  like,	  the	  –	  
for	  when	  x_1	  is,	  uh	  –	  like,	  when	  we’re	  only	  dealing	  with	  x_1’s,	  x_2’s,	  x_3’s	  –	  like…	  	  

A:	  Oh,	  so,	  like,	  fix	  three	  variables…	  (3.23	  Problem	  3,	  Item	  9-‐10)	  

It is not clear whether the first statement is spontaneous insight, and thus mathematical thinking 

via Discovery, or if it is a well-learned heuristic extension of the previous statement.  I am 

inclined to believe that it is the latter – that this student is well-versed in the methods for solving 

algebraic equations and that he recognizes this as an equation with four unknowns and that one 

way to solve it is to eliminate some of the variables by setting them equal to zero.  Subject A does 

not quite see what his partner is suggesting, or perhaps he does, but his language might also be 

misleading.  Nevertheless, they are on the same page going forward when they begin to 

Implement the plan by setting three variables equal to zero and computing the fourth.   

 
Figure 5.23. Subject A calculates cases in 3.23 Problem 3. 
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The remainder of the session is spent setting two, then one, then none of the variables equal to 

zero and listing the corresponding cases.  It is interesting to compare this method to the other 

sessions for Problem 3; in all of the sessions that are analyzed, the problem is solved by listing 

cases, but this session is slightly different because they list the cases in a different order.  It seems 

that the steps taken here are less efficient than in the other Problem 3 sessions. 

In the fourteen minutes of Planning-Implementation (E3) we see an increasingly efficient 

process of planning, calculation, and synthesis of cases within the larger problem.  This episode is 

made up of multiple composite sub-episodes similar to the problem-solving process that was 

observed in the Problem 2 session of the same participants.  These sub-episodes can be seen in 

the time-line representation as different shadings, and are decomposed in Table 5.2, below. 

Table 5.2. Sub-problems that make up Session 3.23 Problem 3. 

Sub-Episode Plan Implement Report Assess and Record 

Items 9-19 9-14 15-17 18-19 

Items 20-40 20-25, 27-29 26, 30 31-35 36-40 

Items 41-57 41-44 45 46-47, 55-57 48-54 

Items 58-76 58-62 63 64, 70-76 65-69 

Items 77-91 77-83 84-86 87-90 91 

Their procedure, in particular the assessment and recording of information, becomes more 

streamlined over the course of the solution process as their calculation becomes less hesitant and 

the written method of recording is restructured.  The tone of these sub-episodes changes from 

hesitant and questioning, to assertive and deliberate. 

The Pair reaches a solution fifteen minutes after the beginning of the session.  Subject A 

is quick to report the conclusion of their session to the researcher but Subject B is clearly not 

finished because he remarks, 

I	  wonder	  if	  that’s	  a	  coincidence	  that	  it’s	  only	  one	  less	  than	  half-‐a	  dollar.	  (3.23B	  Problem	  2,	  
Item	  98)	  
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Because I was in the room with these students as they were working on this problem I heard this 

comment.  I decided to suggest that they might want more time to discuss.  At this point the 

students asked me to verify their solution, which I did not do.  They decide to continue their 

discussion and the remaining three or so minutes is spent Verifying their procedure (E5) and 

Exploring (E6) this issue of coincidence, and then discussing how the problem could have been 

done differently, more efficiently, or in a more sophisticated manner.  It is in this concluding 

discussion that we see the most creative mathematical thinking, especially by Subject B: 

And	  we	  don’t	  know	  whether	  we	  –	  like,	  obviously	  there’s	  a	  set	  of	  points	  we	  have	  already,	  right?	  	  
Like,	  I	  mean,	  we	  could	  figure	  it	  all	  out	  –	  whether	  it’s	  finite,	  infinite,	  right?	  (3.23B	  Problem	  3,	  
Item	  119)	  

Though it’s not entirely clear, this shows that he might be playing with an idea of these cases 

being points in 4-space.  This problem has so much potential for teaching mathematical thinking!  

The problem provides opportunities for very gentle extensions as well as for more abstract 

formulation and solution methods, and this specific problem session shows how ready some 

students are to advance their mathematical thinking, with just a little instructional direction. 

 
Figure 5.24. A time-line representation of Problem Session 3.23P3.  Overt signs 

of management activity are denoted by inverted triangles. Mathematical thinking 

in the form of Discovery (D) and Structuring (S) is identified.	  
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5.2.5.2.1 Observational guide. 

Subject A appears to be capable of seeing a skeleton of the entire solution from start to 

finish.  The efficient division of tasks bespeaks insight and understanding beyond that which is 

required to solve the problem pedantically.  Subject A appears to possess a landscape view of the 

problem in which he grasps the not only the immediate task at hand, but the separation of tasks as 

sub-entities that can be manipulated individually and brought back together to meld with the other 

parts to create a clear picture of the land.   Subject B may well have a different picture. 

The session is composed of composite sub-episodes.  The students in this pair constantly 

monitor their work.  The kinds of management activities that occur include explicit affirmation of 

procedure to be done and division of tasks for efficiency.  There is frequent recapitulation of 

individual steps within a procedure as it occurs and Subject A leads the assessment of 

encapsulated portions of a procedure that have been immediately completed.  Though these items 

are separated from one another, together they make up a neat refinement of the solution. 

Okay.	  	  So	  we	  pick	  them	  all	  at	  zero,	  so	  that’s	  four	  solutions	  already,	  so	  yeah	  [writing	  out	  the	  
four	  solutions]	  x_1	  equals	  fifty;	  x_2	  equals	  ten;	  x_3	  equals	  five;	  and	  x_4	  equals	  two.	  	  So	  that’s	  
the	  way	  to	  change	  it	  with…	  uh,	  like	  only	  one	  coin.	  (3.23A	  Problem	  3,	  Item	  18)	  
	  
So	  then	  we	  can	  –	  how	  many	  of	  these	  are	  we	  going	  to	  need	  to	  do?	  	  Six.	  	  And	  we’ve	  taken	  care	  
of	  two	  already.	  (3.23A	  Problem	  3,	  Item	  40)	  
	  
So	  it	  would	  be	  all	  nonzero	  solutions	  here.	  	  So	  we’ve	  done…	  uh,	  x_1,	  x_2	  equal	  to	  zero,	  x_3,	  x_4	  
equal	  to	  zero,	  I	  just	  did	  x_2,	  x_4	  equal	  to	  zero,	  you’re	  doing	  x_1,	  x_3	  equal	  to	  zero?	  (3.23A	  
Problem	  3,	  Item	  54)	  
	  
So,	  how	  many	  solutions	  total	  do	  we	  have	  here?	  	  So	  we’ve	  got	  [A	  begins	  to	  write,	  on	  a	  new	  
piece	  of	  paper,	  an	  orderly,	  ordered	  list	  of	  solutions.]	  x_1	  equals	  fifty;	  x_2	  equals	  ten;	  x_3	  
equals	  five;	  and	  x_4	  equals	  two.	  	  So	  these	  are	  the	  solutions	  when	  we	  have	  3	  x_i	  equal	  to	  zero	  
[lists	  these	  four	  and	  groups	  them	  with	  a	  bracket	  on	  the	  right	  pointing	  to	  “3	  x_i	  =	  0”].	  (3.23A	  
Problem	  3,	  Item	  65)	  

All of the solutions to these sub-episodes are collected and logged throughout the solution 

process, either as they come available or after a few connected subgroups have been completed.   
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Structuring occurs in reformulating the problem as an algebraic equation, and the specific 

symbolic structure affects the solution process.  In fact, the initial Planning stage is the only time 

that we see Structuring in this problem session, though the initial structure and plan are reiterated 

at the beginning of every sub-episode.  What is interesting is what follows from this structure.  

The students solve the problem by addressing cases of this algebraic equation, and the symbolic 

algebraic structure – the symbols are subscripted variables – seems to lead the students’ thinking 

and their problem solving strategy.  Because it is a common mathematical practice to list 

subscripted variables as coordinates, it is not entirely surprising that this is how they are written 

in this session, and another fairly common mathematical practice is to consider permutations of 

these subscripts while looking at pairs and triads of variables.  Both characteristics of the notation 

are significant in this session, leading both heuristic decisions and setting the stage for ideas that 

could grow to be Discovery-like thoughts of extensions and abstractions.  As soon as Subject B 

suggests that they look at cases by holding some variables fixed, the plan is clear.  The planning 

that follows refers only to the division of labor and so it is the metacognitive rather than the 

Structuring type of mathematical thinking. 

Discovery processes of thinking mathematically only occur in the very beginning and end 

of the session.  In the beginning, in E2 (Planning), we see the idea about structure and the 

symbolic reformulation of the problem; in the end we see in E4 (Verification) an idea about the 

coincidence between two numbers and then E6 (Exploration) is an airing of ideas about alternate 

solution methods. 

The following section details the individual students’ viewpoints of these problems and 

of their own process while doing them.  Later, in the discussion of the Problem Sessions, we look 

at connections between problem attributes, mathematical thinking and students’ viewpoints of the 

problems.   
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5.3 Q Study 

Q methodology requires the data to be subjected to a factor analysis.  Factors are 

distinguished by a set of statements which are closely correlated.  In the report that follows, tables 

listing “Distinguishing Statements” show both the factor Q sort value (Q-SV) and the z-score  

(Z-SCR).  Each factor represents a distinct viewpoint of a mathematics problem.  At the front of 

each section I explain the specific data included in each set and we see the initial (unrotated) 

factor matrix representing the correlations between the variable and the initial 8 factors.  Next, I 

explain my reasoning for choosing the number of factors to retain, and then I present the resulting 

flagged factor loadings.  Shading in the factor loading tables delineates Problem Pairs.  The 

remainder of each section is comprised of reports of each factor, beginning with a narrative 

reflecting the ranked-order of the statements as they are associated with that factor.  The complete 

ranking (z-score and Q sort value) of the statements is provided in Appendix E.  Following this 

narrative is a table listing statements that significantly distinguish the viewpoint from the others.  

This is followed by a section in which I synthesize and interpret the results into a coherent 

portrait – an attempt to boil down the reported data into a digestible, recognizable depiction of a 

particular student with a distinct viewpoint of a problem.  Finally, we see a specific Q sort by one 

of the participants, one which is a good representative of this viewpoint.  The results are reported 

in four sections, corresponding to the four data sets that I analyzed.   

5.3.1 Problem 1. 

Twelve participants attempted Problem I: two from Character Group I, four from 

Character Group II, and six from Character Group III. 

The scree plot associated with the Principle Components analysis (unrotated factor matrix 

of 8 factors) does not have a defined “elbow.”  However, we see in Table 5.3 that three of the 

eigenvalues are greater than 1.0 with the fourth close to 1.0.  
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Table 5.3. Unrotated factor matrix for Problem 1. 

Factor 1 2 3 4 5 6 7 8 
Q sort         
1.12A.P1 0.4535  -0.5648  0.4761  0.4128  
1.12B.P1  0.6468 0.3391 0.4391 0.3133    
2.12A.P1  0.7883  -0.3519     
2.12B.P1 0.7807        
2.13A.P1  0.6826 0.371 -0.3618 0.3259    
2.13B.P1 0.4733 0.4489  0.331  0.6241   
3.12A.P1 0.5934  0.5223  -0.3469  0.42  
3.12B.P1 0.6414  0.477     0.4351 
3B12A.P1 0.7075  0.3194  0.3371    
3B12B.P1  0.4959 -0.4711 0.4051    0.3654 
3.13A.P1 0.8492        
3.13B.P1 0.7069 0.3183 -0.4129 -0.3057     
Eigenvalues 3.6084 2.1374 1.5841 0.9691 0.8243 0.7616 0.5583 0.5183 
% expl.Var. 30 18 13 8 7 6 5 4 

Note.  Loadings smaller than 0.3 are surpressed. 

Standard practice suggests that we extract three or four factors.  In the case of three factors we 

have 61% cumulative variance explained.  As the extraction of two factors yields only 48% 

explained variance, we choose to extract three factors for Problem 1.  After carrying out this 

procedure, we see that Factors 1 and 3 correlate moderately (0.36) whereas the correlations 

between the other two pairs are smaller than 0.1. 

Table 5.4. Factor loadings for Problem 1 with an X indicating a defining sort. 

Factor  1   2   3  
Q Sort          
1.12A.P1  0.0659   -0.3309   0.6419 X 
1.12B.P1  -0.0419   0.7483 X  -0.0714  
2.12A.P1  -0.1451   0.6846 X  0.3687  
2.12B.P1  0.6304 X  -0.3435   0.3855  
2.13A.P1  0.0667   0.7769 X  -0.0162  
2.13B.P1  0.2853   0.2959   0.5147 X 
3.12A.P1  0.7709 X  0.1824   -0.0285  
3.12B.P1  0.8039 X  0.0197   -0.034  
3B12A.P1  0.7745 X  -0.0791   0.1049  
3B12B.P1  -0.144   0.2184   0.6672 X 
3.13A.P1  0.7051 X  -0.1968   0.4373  
3.13B.P1  0.3162   0.0109   0.8194 X 
% expl. Var  25   17   19  
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As can be seen in Table 5.4, only one Problem Pair (3.12A and B) load together onto the same 

factor for Problem 1, and this is different from what we will observe in the other two problems.   

Character Group does not, as was hoped, define factors, though most participants from CGIII 

load onto Factor 1.  In fact, participants in CGIII load onto Factors 1 and 3 but never onto Factor 

2.  Good representatives of Factors 1, 2, and 3 are participants 3.12B, 2.13A, and 3.13B, 

respectively. 

The viewpoints associated with Problem 1 were quite varied.  However we do see a few 

items of consensus between participants.  Most significantly, all of the students got stuck and 

didn’t have ideas of how to move forward (31).  All of the students responded neutrally to the 

statement “This problem challenged me” (17), however there are differing accounts of how 

difficult the problem was.  Finally, none found it very helpful to collaborate (21), although some 

did in fact enjoy the collaboration.  Interestingly, everyone agreed that they were likely to think 

about the problem again (36).  

5.3.1.1 Factor 1. 

Viewpoint: Interested but skeptical; the problem is too difficult. 

Four of the five individuals that loaded onto this factor were of CGIII, the group 

originally identified as “immersed.”  In total, four of the six participants from CGIII loaded onto 

this factor, including both participants from Problem Session 3.12.  Partners of these CGIII 

subjects load onto Factor 3 or Factor 1 but never onto Factor 2.  The only participant not from 

CGIII that loaded onto this factor was from CGII, and this participant’s partner loaded onto 

Factor 2. 

It can be seen in Table 5.5 that the strongest statements describe Problem 1 as too 

difficult (5, z=1.56), though very interesting (1, z=1.00).  The problem statement was fairly clear 

and the students understood what they were supposed to do (4, z=-0.89), and the solution was 
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elegant (2, z=1.27).  The subjects found that the examples (29, z=1.56) and even pictures (38,  

z=-0.72) that they considered did not help them to really understand the problem.  It doesn’t 

cause any great shift in perceptions or understanding (34, z=-1.84; 28, z=-1.69) but it does lend 

itself to new related questions (33, z=0.73), maybe even generalizations (32, z=0.66).  It seems 

somewhat familiar (23, z=0.72), like a school problem – it’s not all that useful (16, z=-0.87), but 

more of an exercise.  The subjects were very organized (37, z=1.98) when solving it. 

The people with this viewpoint of Problem 1 were not confident from the start that they 

would be able to solve the problem (6, z=-1.34).  Indeed, at times they did get stuck and there 

were times when they didn’t know how to move forward (31, z=1.29). 

Although they were not at all confident that they possessed the mathematical tools to 

solve such a difficult problem (3, z=-1.96), doing the problem actually gave them some 

confidence in their mathematical abilities (12, z=0.89) – the mathematics that they did employ (or 

that they were able to call up from memory or apply) was indeed good, solid, well-organized 

mathematics that a person could be proud of.  They are confident in their solution process (9,  

z=-1.45) but wish that they had had the tools required to solve the problem well (13, z=0.90).   

Table 5.5. Distinguishing statements for Problem 1, Factor 1. 

No. Statement Q-SV Z-SCR 
37 I was careful about organizing my work. 4 1.98* 
5 The problem was too difficult. 4 1.56* 
12 Doing this problem made me more confident of my mathematical abilities. 2 0.89* 
20 I enjoyed doing this problem with someone else. 2 0.81* 
7 I could see that I was capable of solving this problem from the beginning even 

though I didn't have a clear picture of how I would do it. 
1 0.54* 

8 I was anxious about starting this problem. 1 0.32 
11 I solved the problem but I don't really understand the solution. 1 0.31* 
18 I tried hard to solve this problem. 0 -0.12* 
15 It's important to me to be able to solve problems like these. -1 -0.44* 
22 I solved the problem with someone else but the collaboration was unbalanced. -2 -1.34* 
34 While solving this problem I was led to question the assumptions I had made. -4 -1.84* 
Note.	  p < .05 ;  Asterisk (*) indicates significance at p < .01. 
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Mostly they wanted to solve the problem for their own gratification (14, z=1.31) which supports 

the viewpoint of seeing the problem as interesting but not all that useful. 

These students enjoyed collaborating on the problem (20, z=0.81) even though it wasn’t 

necessarily helpful (21, z=-0.29).  The collaboration, they felt, was pretty balanced (22, z=-1.34). 

What distinguishes this viewpoint from the others is that even though their work was 

organized, and they were actually a little surprised at the good quality (or at least quantity) of 

mathematics they could call up, the students recognize that they are not able to totally connect to 

the problem.  They cope with that by self-preservation.  They are not anxious, but they are 

unwilling to commit wholeheartedly to solving and are ambivalent about the solution, their 

understanding, their effort, and even about the importance of doing such problems.  They believe 

their lack of understanding results from the difficult nature of the problem rather than from any 

personal cognitive deficiencies.  We can see in Table 5.5 that all of the neutral (Q-SV= -1, 0, 1) 

statements are of the Enjoyment, Self-Efficacy, and Confidence type.   

Factor 1 is more closely correlated with Factor 3 (0.36) than with Factor 2 (-0.80), which 

is interesting when we consider that partners in CGIII loaded onto Factors 1 and 3 but never onto 

Factor 2.  Now consider the absolute value of the difference in z-scores; call this d(z).  The 

greatest differences in Factors 1 and 3 are mostly of a personal nature, as we will see.  The 

subjects of Factor 1 were organized while those of Factor 3 were not at all (d(z)=3.57).  Further, 

those of the viewpoint of Factor 3 did not see the problem as difficult (d(z)=2.56), and doing the 

problem actually made them less confident their abilities (d(z)=2.31).  They tried quite hard to 

solve the problem (d(z)=1.63), are confident in their solution (d(z)=1.79) and believe it to be 

fairly important to be able to solve such problems (d(z)=1.56).  The differences in Factors 1 and 2 

are of a different nature.  People in Factor 2 believe that doing problems like Problem 1 is very 

useful (d(z)=3.14) but had difficulty seeing any connections to other mathematics (23, d(z)=2.75) 

and they really didn’t understand the solution (11, d(z)=1.95). 
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Subject 3.12B is a good representative of this factor. 

 
Figure 5.25. Q sort for Problem 1 by participant 3.12B.  Distinguishing 

Statements are colored corresponding to their rank on the factor. 

5.3.1.2 Factor 3. 

Viewpoint: Confident and deliberating; the problem is very interesting. 

Participants from all three Character Groups loaded onto this factor.  Partners of 

participants in CGI and CGII loaded onto Factor 2 while partners of participants from CGIII 

loaded onto Factor 1. 

Problem 1, from this viewpoint, is a very interesting problem (1, z=2.28).  It is not at all 

too difficult (5, z=-1.00); one does not to be carefully organized to solve it (37, z=1.60) and it can 

be solved very generally without considering specific cases (29, z=-0.98).  The problem is 
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obviously connected to other problems that have been seen before (23, z=0.96) and leads to other 

related questions (33, z=1.36).  The solution was quite nice and elegant (2, z=0.83). 

People who hold this viewpoint are very confident of the work that they did on the 

problem.  These are students who really believe that they applied themselves (18, z=1.52) to the 

problem.  They feel strongly that they provided the correct solution (10, z=1.79), and they are 

sure that their solution process was correct (9, z=-0.84).  However, they do believe that they 

could have solved the problem in a better way, if only they had known the specific procedure (13, 

z=1.36).  This uncertainty is probably the reason that they don’t believe they understood the 

solution they provided (11, z=1.24); if they could verify the solution that they provided with a 

method that they know works, they would likely be much more satisfied.  While working they 

were very focused on the problem itself and so were not inspired to consider the problem within a 

more general setting (28, z=-1.25) nor did it really make them question any assumptions that they 

held 34, z=-0.75).  Doing the problem did not inspire any more confidence than they already had 

in their mathematical abilities (3, z=-1.35) however they did believe the problem to be at least 

mildly relevant to their own lives (26, z=0.60) and were somewhat inspired to solve the problem 

just to prove to themselves that they could do it (14, z=0.77). 

Table 5.6. Distinguishing statements for Problem 1, Factor 3. 

No. Statement Q-SV Z-SCR 
1 I think this is an interesting problem. 4 2.28* 
10 I am confident of my solution to this problem. 4 1.79* 
11 I solved the problem but I don't really understand the solution. 2 1.24* 
15 It's important to me to be able to solve problems like these. 2 1.12* 
26 Being able to do this problem is relevant to my life. 1 0.6 
32 I have some ideas about how to generalize or abstract. -1 -0.73* 
34 While solving this problem I was led to question the assumptions I had made. -1 -0.75* 
19 At first this problem seemed messy and complex. -2 -0.92 
5 The problem was too difficult. -2 -1.00* 
37 I was careful about organizing my work. -4 -1.60* 
Note.	  p < .05 ;  Asterisk (*) indicates significance at p < .01. 
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People holding this viewpoint didn’t find it particularly helpful to collaborate (21, z=-

0.87) and were ambivalent about the balance of (22, z=-0.23), and their enjoyment of (20, z=-

0.20), the collaboration. 

This is a viewpoint that might be held by someone who is only tenuously connected to 

the way mathematics is done in school; although the person may be interested, he remains outside 

the collaborative culture that currently pervades.  Students with this viewpoint may seem 

detached because they are methodical and slower to grasp a concept than their peers.  In any case 

they take a back seat to the collaborative problem solving process.  In this capacity, however, 

they are not hampered by procedural tasks and sometimes are capable of thinking in ways that are 

freer and more, shall we say, conceptual, or nuanced, than those that come when organizing a 

way of implementing some solution design.   

These people are confident that the problem was done right and that their solution is 

correct, but, as we have seen in the Problem Sessions, their participation is largely passive.  This 

means that they are confident in their partner’s capacity to do the necessary procedures, which 

they may have followed along and agreed with.  (Could they have completed the problem on their 

own, and if so, would solution have looked the same?)  This passive participation may explain 

why they don’t feel completely satisfied with the solution.  Another possible explanation however 

is more cognitive in nature, and speaks to an intuitive feeling for a geometric object.   This 

solution to this particular problem is very difficult to get a feel for geometrically, so one must 

trust in the calculations alone.  If understanding manifests through physical/geometric intuition, 

but there is a lack of sophistication with verbal or written proof, these students will notice the 

absence of intuitive insight gained. 

A good representative for Problem 1, Factor 3, is Subject 3.13B 
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Figure 5.26. Q sort for Problem 1 by participant 3.13B.  Distinguishing 

Statements are colored corresponding to their rank on the factor. 

5.3.1.3 Factor 2. 

Viewpoint: Fragmented and detached; the problem was good practice. 

One participant from CGI and two from CGII loaded onto this factor. 

In this viewpoint of Problem 1, doing the problem was definitely useful (16, z=2.27), perhaps in 

part because the mathematics is not at all familiar (23, z=-2.03), but only for school because 

being able to solve the problem is not all that relevant outside mathematics (25, z=-0.71).   

Although they were not at all sure that they would be able to solve the problem (7,  

z=-1.05), these people were not particularly anxious to start (8, z=-0.86).  They tried hard to solve 

it (18, z=1.56) but sometimes they got stuck and didn’t know what to do (31, z=0.74), sometimes 

starting over at the beginning (27, z=0.85).  It was the examples (29, z=0.80), not the pictures (38, 
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z=-1.17), that really made the problem understandable, and they are capable of seeing some ways 

to generalize the problem (32, z=0.87).   

People with this viewpoint of Problem 1 really did not understand the solution (11, 

z=2.27), and the solution that they provided is not at all simple or elegant (2, z=-0.85).  

Collaborating wasn’t helpful (21, z=-0.69), perhaps because it was unbalanced (22, z=0.48).  In 

any case, it was neither disagreeable nor enjoyable (20, z=-0.24). 

Table 5.7. Distinguishing statements for Problem 1, Factor 2. 

No. Statement Q-SV Z-SCR 
11 I solved the problem but I don't really understand the solution. 4 2.27* 
16 I think that doing this problem was useful. 4 2.27* 
27 I had some dead-ends but I went back to the beginning and started again. 2 0.85 
29 I found it helpful to think about specific cases or examples. 2 0.80* 
9 I'm not sure my process of solving the problem was right. 2 0.74* 
4 The statement of the problem was too vague. 1 0.46 
34 While solving this problem I was led to question the assumptions I had made. 1 0.40* 
6 At first this problem seemed very difficult.  I wasn't sure I could solve it. 1 0.30* 
37 I was careful about organizing my work. 0 0.03* 
5 The problem was too difficult. 0 0.01* 
13 I don't think I knew enough mathematics to do this problem well. -1 -0.26* 
33 I am inspired to think of new but related questions. -1 -0.28* 
28 I had to sit back and think about the bigger picture. -1 -0.37 
3 It made me feel good that I had mastered the techniques needed to solve such 

a seemingly difficult problem. 
-1 -0.41 

25 I can see how being able to solve this problem is relevant outside 
mathematics. 

-2 -0.71 

2 I liked the simple elegance of the solution to this problem. -2 -0.85* 
15 It's important to me to be able to solve problems like these. -3 -1.74* 
35 Once I had a solution to this problem I considered any possible alternative 

solutions. 
-4 -1.87* 

23 I can see connections between this problem and other mathematics that I have 
done. 

-4 -2.03* 

Note.	  p < .05 ;  Asterisk (*) indicates significance at p < .01.	  

The items that distinguish this viewpoint from the others suggest a fragmented 

conception (Liston & O’Donoghue, 2009) of mathematics.  These people’s experience of 

mathematics emphasize repetition and practice over careful consideration and effort from within.  

For them, mathematics isn’t fun or beautiful, but it is important.  Although they believe that it 

was useful to do the problem, they do not see how the problem is connected to other mathematics, 
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they did not understand the solution to the problem that they provided, nor did they think it 

important to solve such a problem.  

These students compartmentalize mathematics – for them, knowing mathematics is 

important for school, but it is not important for their life.  Doing a problem like this is useful 

because it can be added to the pile of “mathematics stuff” that they might need to draw on 

someday, maybe in a test.  Unfortunately this “stuff” is floating inside this nebulous realm of 

mathematics without a clearly defined path from one thing to another and they lack the 

experience to make these connections on a deep level.  This is demonstrated by the failure to 

interpret the solution, the final step of problem solving according to Polya (1945).  Participant 

2.13A is a good representative of this factor. 

 
Figure 5.27. Q sort for Problem 1 by participant 2.13A.  Distinguishing 

Statements are colored corresponding to their rank on the factor. 
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Pictures are fine but what really helps these people to understand a problem like this one is when 

they can get real, tangible numbers in there.  Then they can see what is actually true.  They don’t 

really have a good feeling of their own capacity prior to doing such a problem.  It is only after 

finding a solution (and I might extend this to include checking their answer with the “right” 

answer) that they have confirmation of their ability (or lack of ability).  They believe that there is 

a “right way” to solve the problem but that they didn’t do it the right way.   

As mentioned before, Factor 2 is quite different from the other factors, the greatest 

differences being as follows.  The people of Factor 2 see great usefulness in doing the problem, 

while to the others it is a lark.  Where those in Factor 2 perceived themselves as neither organized 

nor disorganized, Factor 1 was very organized, and Factor 3 not at all.  But the most profound 

difference, from the point of view of thinking mathematically, is the lack of ability to see 

connections to other mathematics exhibited by  

Factor 2, where those in Factors 1 and 3 could.   

5.3.2 Problem 2. 

Fourteen participants attempted Problem 2: two pairs from Character Group I, two pairs 

from Character Group II, and three pairs from Character Group III. 

From the results in   Furthermore, as is shown in Table 5.9, four of the seven pairs load 

together onto their factors.  We can immediately see a relationship between Factors 1 and 2; the 

Problem Pairs either load together onto one of the two factors or load one-on-each.  The two 

participants of Problem Pair 2.12 load together onto Factor 3 along with one participant from CGI 

whose partner does not load sufficiently strongly on any of the three factors.   

Table 5.8 we can see that four factors do not provide a distinctly diverse understanding of 

the viewpoints from that of a three-factor extraction.  Three factors are extracted, to provide 59% 

cumulative explained variance.  Furthermore, as is shown in Table 5.9, four of the seven pairs 
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load together onto their factors.  We can immediately see a relationship between Factors 1 and 2; 

the Problem Pairs either load together onto one of the two factors or load one-on-each.  The two 

participants of Problem Pair 2.12 load together onto Factor 3 along with one participant from CGI 

whose partner does not load sufficiently strongly on any of the three factors.   

Table 5.8. Unrotated factor matrix for Problem 2. 

Factor 1 2 3 4 5 6 7 8 
Q sort         
1.12A.P2 0.2381 0.609 0.5196 0.1963 0.079 -0.0848 0.2853 -0.2338 
1.12B.P2 0.5896 0.1376 0.2393 0.5848 -0.218 -0.1569 -0.2053 -0.2099 
1.23A.P2 0.6052 0.3023 -0.3057 -0.3162 -0.1037 0.1887 -0.2367 0.0071 
1.23B.P2 0.8472 -0.1367 -0.1 -0.3231 0.0694 -0.0991 0.1227 0.0153 
2.12A.P2 -0.0163 0.5771 0.5817 -0.1526 0.0872 0.4338 0.077 0.2068 
2.12B.P2 0.4913 0.5407 0.1221 -0.1962 -0.3857 -0.2315 -0.163 0.2416 
2.23A.P2 0.6985 -0.4555 0.2524 -0.0775 -0.203 -0.1778 0.0142 0.0385 
2.23B.P2 0.6812 -0.1611 0.0241 0.2427 -0.2424 0.2226 -0.0817 0.2426 
3.12A.P2 0.7552 -0.3421 0.1225 -0.1162 -0.1252 0.216 0.2515 -0.2217 
3.12B.P2 0.5303 -0.1704 0.3472 -0.4198 0.4074 -0.0592 -0.2713 -0.2421 
3B12A.P2 0.5486 0.2439 -0.0908 0.2997 0.614 -0.1199 -0.1888 0.2175 
3B12B.P2 0.3464 -0.6552 0.2398 0.2336 0.1883 0.0675 0.1677 0.2979 
3.23A.P2 0.5313 0.4095 -0.439 -0.0709 0.0935 -0.222 0.439 0.0962 
3.23B.P2 0.5889 0.1744 -0.5349 0.27 0.0649 0.3472 -0.0243 -0.2091 
Eigenvalues 4.5836 2.1917 1.5284 1.1237 0.9327 0.6391 0.6279 0.5573 
% expl.Var. 33 16 11 8 7 5 4 4 

Good representatives of Factors 1, 2, and 3, are participants 2.23A, 3.23A, and 1.12A, 

respectively. 

Table 5.9. Factor loadings for Problem 2 with an X indicating a defining sort. 

Factor  1   2   3  
Q sort          
1.12A.P2  0.0329   0.1041   0.828 X 
1.12B.P2  0.4468   0.3014   0.3652  
1.23A.P2  0.1555   0.7178 X  0.1081  
1.23B.P2  0.6584 X  0.5591   -0.0161  
2.12A.P2  -0.1115   -0.1153   0.8037 X 
2.12B.P2  0.1033   0.4847   0.5505 X 
2.23A.P2  0.8645 X  0.1059   -0.0235  
2.23B.P2  0.5985 X  0.3631   0.0231  
3.12A.P2  0.7922 X  0.2724   -0.0233  
3.12B.P2  0.6179 X  0.0616   0.2127  
3B12A.P2  0.2297   0.5232 X  0.2053  
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3B12B.P2  0.7139 X  -0.2053   -0.2343  
3.23A.P2  -0.0102   0.7978 X  0.0786  
3.23B.P2  0.1269   0.7917 X  -0.1426  
expl.Var.  24   21   14  

Very little consensus is seen in the viewpoints of Problem 2.  From every viewpoint it is 

somewhat of an interesting problem (1), albeit too difficult (5), and all of the participants believed 

that they were at least somewhat careful about organizing their work (37).  What seems to be the 

most interesting is the distinction made between knowing the mathematics and being able to solve 

the problem as relevant outside mathematics; all of the viewpoints agree somewhat that knowing 

the mathematics in the problem is not particularly relevant outside mathematics (24), but each 

viewpoint gives a different perspective on the relevance of being able to solve the problem (25).  

It is interesting how particular they are about the subtle differences between these two statements.  

5.3.2.1 Factor 2. 

Viewpoint: Confident and active; the problem is forgettable. 

Participants who loaded onto Factor 2 came primarily from Character Group III, with the 

exception of one from CG I.  One Problem Pair (CGIII) loaded together onto this factor and the 

partners of the other two  CGIII students share the viewpoint of Factor 1. 

Problem 2, from the perspective of these individuals, is interesting enough (1, z=0.94) 

that it makes you think of new, related questions (33, z=1.83).  Pictures were somewhat easy to 

draw (39, z=-0.48), which was good because their understanding of the problem partially came 

from a good visual representation (38, z=0.94), not from examples or cases (29, z=-0.49).  These 

individuals felt that they focused on details (30, z=1.16) instead of engaging in critical reflection 

(28, z=-1.48; 34, z=-0.82) but that they may have had some ideas about generalizing or 

abstracting the relationships or concepts in the problem (32, z=0.53). 

At the beginning the problem didn’t seem too difficult (6, z=-1.21) to these people; they 

were not anxious about starting it (8, z=-1.23) even though they were not at all sure that they 
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would be able to solve it (7, -1.57).  In the end it was not all that difficult (5, z=0.74) but they 

tried hard to solve it (18, z=1.82). 

These individuals were not discouraged by dead-ends (27, z=1.70) and are very confident 

that they did the problem the right way (9, z=-1.75).  Nonetheless they do not understand the 

solution (11, z=1.68).  Doing this problem wasn’t particularly encouraging (3, -1.43) or inspiring 

(12, -1.03) mathematically.  They believe that it was moderately useful (16, z=0.87) to do the 

problem; it’s somewhat relevant to their lives (26, z=0.88) even though it’s probably not relevant 

outside mathematics (24, z=-0.76; 25, z=-0.05).  

These people believe that the collaboration on the problem was unbalanced (22, z=1.09) 

and did not find it at all helpful (21, z=-1.22) to work with a partner.  They neither enjoyed nor 

detested collaborating (20, z=0.01).  In the end they probably won’t think about this problem 

again (36, z=0.69). 

Table 5.10. Distinguishing statements for Problem 2, Factor 2. 

No. Statement Q-SV Z-SCR 
33 I am inspired to think of new but related questions. 4 1.83* 
18 I tried hard to solve this problem. 4 1.82* 
11 I solved the problem but I don't really understand the solution. 3 1.68* 
22 I solved the problem with someone else but the collaboration was unbalanced. 2 1.09* 
36 I probably won't think about this problem again. 1 0.69* 
32 I have some ideas about how to generalize or abstract. 1 0.53* 
20 I enjoyed doing this problem with someone else. 0 0.01 
31 I got stuck doing this problem and I didn't have any ideas of how to move 

forward. 
0 -0.05 

25 I can see how being able to solve this problem is relevant outside 
mathematics. 

0 -0.05* 

39 It was difficult to draw appropriate pictures. -1 -0.48* 
29 I found it helpful to think about specific cases or examples. -1 -0.49* 
12 Doing this problem made me more confident of my mathematical abilities. -2 -1.03 
8 I was anxious about starting this problem. -3 -1.23* 
9 I'm not sure my process of solving the problem was right. -4 -1.75* 

This viewpoint is distinguished from the others in that the problem is seen as not unusual or 

particularly inspiring, although it does lend itself to extensions.  These people see themselves as 

sufficiently capable of doing mathematics, but not immersed in the culture.  They believe that 
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doing a problem like this is good practice and therefore good for their success in school (perhaps 

because this seems like a somewhat routine problem, especially for those in Engineering?). 

The weight of Statement 9 on this factor is interesting.  In fact, their whole take on the 

mathematics of the problem is interesting.  On the one hand they are quite detached, and this may 

be self-preserving: they are wary of their process, initially unsure of their capacity to solve the 

problem (low self-efficacy), and feel that they didn’t know enough math to do the problem well.   

In fact, doing the problem actually inspired somewhat less confidence than they had before.  One 

thing the students were adamantly confident about, however, and this was that their process of 

solving the problem was right.  This seems to indicate a viewpoint of the problem which is 

confident in the logical, rational arguments that support the solution, but less confidence in 

presenting this argument as a solution, and further, diminished confidence in mathematical ability 

because of the inability to formalize the argument.  

Subject 3.23A is a good representative of this factor.   
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Figure 5.28. Q sort for Problem 2 by participant 3.23A.  Distinguishing 

Statements are colored corresponding to their rank on the factor. 
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5.3.2.2 Factor 1. 

Viewpoint: Inquisitive but skeptical; the problem is challenging, but not useful. 

Three participants from CGIII, two from CGII and one from CGI loaded onto Factor 1.  

Participants either loaded together (one pair from each of CGII and CGIII) or loaded onto Factors 

1 and 2 (one pair from CGI and one pair from CGIII). 

Problem 2 really challenged the individuals of this viewpoint (17, z=1.37).  For example, 

when they got stuck they didn’t have any ideas of how to proceed (31, z=1.16).  Of all three 

viewpoints, this is the one in which the problem is perceived to be the most difficult (5, z=1.52). 

The problem was stated clearly (4, z=-0.83) and did not seem at first to be difficult (6, 

z=-1.01).  It was not difficult to draw appropriate pictures (39, z=-1.34), but one doesn’t need 

good pictures to understand the problem (38, z=-0.83) and considering examples was no help at 

all (29, z=-2.12).  In fact, these individuals gained some confidence (12, z=0.92) by doing the 

problem even though they were discouraged (3, z=-1.14) because they felt mathematically 

inadequate to do the problem well (13, z=1.67).  It was important to them to prove that they could 

do it (14, z=0.98).  They took care to do the problem in an organized manner (37, z=1.03) but still 

they don’t totally understand the solution (11, z=0.70).   

The problem didn’t inspire them to shift their understanding (34, z=-1.17) or consider the 

“bigger picture” (28, z=-1.60), but it is the kind of problem that makes you think outside the 

immediate task to consider generalizations or abstractions (32, z=1.41) and related questions (33, 

z=0.95).  According to this viewpoint, the problem is not entirely useful (16, z=-0.71).  Being 

able to solve it doesn’t really matter (15, z=0.27; 26, z=0.35) and it’s not at all obvious how being 

able to solve it could be important in the real world (25; z=-1.12).  

Participants enjoyed (20, z=0.87) collaborating and believe that although the 

collaboration was balanced (22, z=-1.12), they did not gain anything (21, z=-1.60) by 
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collaborating.  They’re not convinced that they won’t think about the problem again (36,  

z=-0.74). 

These people were very challenged by the problem and believe that they were 

mathematically unprepared to solve it well, a distinction from the other viewpoints of Problem 2.  

They believe that they did indeed solve the problem (which may have surprised them) giving 

them more confidence in their mathematical abilities.  Yet they don’t feel that they have mastered 

the mathematics required for the problem and they are pretty sure that a more sophisticated way 

of solving the problem exists.  This expression of unease is reflected in their feeling about their 

solution – they solved it, but they don’t really understand the solution.  Nonetheless, they are the 

only ones who had ideas about generalizing the problem.   

Table 5.11. Distinguishing statements for Problem 2, Factor 1. 

No. Statement Q-SV Z-
SCR 

13 I don't think I knew enough mathematics to do this problem well. 4 1.67* 
32 I have some ideas about how to generalize or abstract. 3 1.41* 
17 This problem challenged me. 3 1.37* 
14 It was important to me to complete this problem to prove to myself that I could do 

it. 
2 0.98* 

33 I am inspired to think of new but related questions. 2 0.95* 
12 Doing this problem made me more confident of my mathematical abilities. 2 0.92* 
20 I enjoyed doing this problem with someone else. 2 0.87* 
11 I solved the problem but I don't really understand the solution. 1 0.70* 
7 I could see that I was capable of solving this problem from the beginning even 

though I didn't have a clear picture of how I would do it. 
1 0.49* 

15 It's important to me to be able to solve problems like these. 0 0.27 
24 I can see how knowing the mathematics in this problem is relevant outside 

mathematics. 
0 -0.02 

30 While doing this problem I focused on details. 0 -0.08* 
27 I had some dead-ends but I went back to the beginning and started again. -1 -0.10* 
16 I think that doing this problem was useful. -1 -0.71* 
9 I'm not sure my process of solving the problem was right. -1 -0.79* 
38 To understand this problem I really relied on good pictures. -1 -0.82* 
25 I can see how being able to solve this problem is relevant outside mathematics. -2 -1.12* 
39 It was difficult to draw appropriate pictures. -3 -1.34* 
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These individuals are ambiguous about the relevance of the problem – they do not see how the 

capacity to solve it could be relevant outside mathematics.  It is not clear how they conceptualize 

the problem but they claim that it is not through pictures. 

Subject 3.12A is a good representative of this factor. 

 

Figure 5.29. Q sort for Problem 2 by participant 3.12A.  Distinguishing 

Statements are colored corresponding to their rank on the factor. 

The biggest differences (as before, let d(z) be the absolute value of the difference in z-

scores) between Factors 1 and 2 involve confidence and collaboration.  Those of the more active 

viewpoint of Factor 1 were somewhat confident that they could solve the problem from the first, 

while those of the more aloof viewpoint of Factor 2 didn’t believe that they were capable of 
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solving the problem (d(z)=2.05.  The more confident subjects believed that the collaboration in 

the problem-solving sessions was more balanced (d(z)=2.20).   

5.3.2.3 Factor 3. 

Viewpoint: Unconfident and uninterested; the problem is not important. 

The participants that loaded onto this factor are from CGI and CGII.  The pair from CGII 

loaded together. 

From this viewpoint, Problem 2 is totally unlike any other mathematics seen before (23, 

z=1.14).  It is a very interesting problem (1, z=1.14), but too difficult (5, 1.41) – the statement of 

the problem itself was too vague (4, z=1.09) and it was difficult to visualize (39, z=0.73).  These 

individuals really relied on good pictures to understand the problem (38, z=1.56) but did not find 

it at all helpful to consider examples (29, z=-2.00).  The problem stands alone – it’s not obvious 

to these individuals how it relates to other mathematics, they were not inspired to generalize or 

abstract (32, z=-1.71) the problem or to extend it (33, z=-0.82).   

At first the people holding this viewpoint were not entirely confident that they could 

solve the problem (6, z=0.85; 7, z=-0.87).  They believe that they were carefully organized (37, 

z=0.90) and really focused on details (30, z=1.72).  They worked hard on this problem (18, 

z=0.78); they got stuck a number of times and started again (27, z=1.06), but it often happened 

that they did not know how to move forward (31, z=0.90).  At the end there was no thought of 

considering other solutions (35, z=-2.02) even though they are not entirely confident that they did 

the problem right (9, z=0.74).  They don’t see the solution as “elegant” (2, z=-0.90).  Being able 

to solve problems such as these is not important to these individuals (15, z=-0.74).  Outside of 

mathematics, however, the capacity to solve such a problem must be useful (25, z=1.95) even if it 

is not clear how the mathematics involved would be relevant (24, z=-0.78). 
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According to this viewpoint the collaboration was balanced (22, z=-1.22) though not 

particularly enjoyable (20, z=-0.78).  They would not be surprised, however, to find themselves 

thinking about the problem again (36, z=-0.72). 

Table 5.12. Distinguishing statements for Problem 2, Factor 1. 

No. Statement Q-SV Z-SCR 
25 I can see how being able to solve this problem is relevant outside mathematics. 4 1.95* 
4 The statement of the problem was too vague. 2 1.09* 
6 At first this problem seemed very difficult - I wasn't sure I could solve it. 2 0.85* 
9 I'm not sure my process of solving the problem was right. 1 0.74* 
39 It was difficult to draw appropriate pictures. 1 0.73* 
3 It made me feel good that I had mastered the techniques needed to solve such a 

seemingly difficult problem. 
1 0.39* 

12 Doing this problem made me more confident of my mathematical abilities. 0 -0.12 
21 I found it helpful to have someone to share ideas with. 0 -0.20* 
11 I solved the problem but I don't really understand the solution. -1 -0.24* 
28 I had to sit back and think about the bigger picture. -1 -0.39* 
26 Being able to do this problem is relevant to my life. -1 -0.42 
20 I enjoyed doing this problem with someone else. -2 -0.78 
33 I am inspired to think of new but related questions. -2 -0.82* 
2 I liked the simple elegance of the solution to this problem. -2 -0.90* 
23 I can see connections between this problem and other mathematics that I have 

done. 
-3 -1.14* 

32 I have some ideas about how to generalize or abstract. -3 -1.71* 
35 Once I had a solution to this problem I considered any possible alternative 

solutions. 
-4 -2.02* 

These people seem to have a fragmented conception of mathematics, or at least of this 

problem.  To them the problem stands alone – it is not really like other math problems, and they 

aren’t able to see how it might be connected to other topics or generalized within the scope of the 

problem itself.  They are not at all inspired to think of new, related questions to extend the ideas 

in the problem, nor do they analyze the solution to the problem within a broader space.  It isn’t 

that they didn’t think themselves capable, or that doing the problem made them feel any worse 

about their capacity, but more that the problem had no effect on them whatsoever.  This 

viewpoint is distinguished from the others in that the problem seems to have no relevance 

mathematically even though they believe it is very useful to be able to solve it.  This points to a 

disconnect either in their understanding of the mathematics, or of how mathematics is used to 
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solve this problem.  It may be that they see this as more of a “practical” problem which would be 

solved by good sense only, or perhaps another perspective is that it’s something that would be 

good to know, and they would be satisfied by being provided with the information.  What is 

surprising is that the people holding this viewpoint also liked the problem much more than the 

others. 

Subject 1.12A is a good representative of this factor. 

 
Figure 5.30. Q sort for Problem 2 by participant 1.12A.  Distinguishing 

Statements are colored corresponding to their rank on the factor. 
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5.3.3 Problem 3. 

Problem 3 was done by five pairs: one pair from CGI, and two pairs from each of CGII 

and CGIII. 

Table 5.13. Unrotated factor matrix for Problem 3. 

Factor 1 2 3 4 5 6 7 8 
Q sort         
1.23A.P3 0.4918 0.7299       
1.23B.P3 0.6047 -0.3042  -0.5521     
2.13A.P3 0.7735       0.4563 
2.13B.P3 0.5573  -0.5238  0.5014    
2.23A.P3 0.8423        
2.23B.P3 0.741   0.3511 -0.4133    
3.13A.P3 0.8667        
3.13B.P3 0.482  0.6635 0.4134     
3.23A.P3 0.7252     0.554   
3.23B.P3 0.7405 0.3657     0.4066  
Eigenvalues 4.8328 1.0726 0.953 0.8747 0.6381 0.5155 0.413 0.335 
% expl.Var. 48 11 10 9 6 5 4 3 

Note.  Loadings smaller than 0.3 are surpressed. 

Most items load strongly onto a single factor which points to some general agreement, more on 

this problem than on the other problems.  Extracting one factor is unnecessary as well as 

uninteresting, and thus it might seem as though we should extract two factors from the data.  

However, the picture of the respondents’ viewpoints is much richer, and perhaps more revealing, 

when we consider three viewpoints.  Notably, Q statement 37, “I was careful about organizing my 

work,” which is of particular interest for Problem 3, is a consensus item when two factors are 

extracted, but plays a distinguishing role between the viewpoints when three factors are extracted.  

For three factors we see 69% variance explained. 

Half of the participants who did Problem 1 shared a single viewpoint (F1), including all 

of the participants from CGII.  The pair of participants from CGI loaded separately onto Factors 2 

and 3 while the participants from CGIII loaded onto all three factors.  Three of the five pairs load 
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together onto the same factor which is the most consistent loading of pairs that we see across the 

problems in the study. 

Table 5.14. Factor loadings for Problem 3 with X indicating a defining sort. 

Factor 1  2  3  
Q sort       
1.23A.P3 0.0433  0.8791 X -0.0399  
1.23B.P3 0.3679  0.1069  0.6088 X 
2.13A.P3 0.7609 X 0.2081  0.2906  
2.13B.P3 0.8077 X 0.0287  -0.0181  
2.23A.P3 0.6872 X 0.5493  0.1506  
2.23B.P3 0.5682 X 0.3016  0.3885  
3.13A.P3 0.6553 X 0.3271  0.4965  
3.13B.P3 0.0141  0.0947  0.8664 X 
3.23A.P3 0.2954  0.5844 X 0.4199  
3.23B.P3 0.2996  0.7217 X 0.2905  
% expl.Var. 28  22  19  

A preliminary glance at the results indicates consensus.  Indeed, of all three problems, 

there seems to be the strongest agreement about Problem 3.  Significantly, Problem 3 is believed 

to be an interesting problem (1) with an elegant solution (2).  It did not seem particularly difficult 

at first glance (6) and it wasn’t necessary to do any examples (29).  The problem did not inspire 

any real shift in understanding – no one was inspired to “sit back and think about the bigger 

picture” (28), or to “question the assumptions” they had made (34).  Although there were 

differing views of the usefulness of collaborating, everyone strongly agreed that the collaboration 

was balanced (22) but no one thought they would consider the problem again later (36). 

5.3.3.1 Factor 2. 

Viewpoint:  Confident and skeptical; the problem is an exercise. 

Three participants load onto Factor 2; they are one pair from CGIII, and one participant 

from CGI whose partner loads onto Factor 3. 

In this viewpoint, Problem 3 involves some very familiar mathematics (23, z=1.88).  The 

question itself was clear (19, z=-0.78) and easily understood (4, z=-1.34) and did not seem that it 
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would be difficult to solve (6, z=-1.28; 7, z=0.64; 19, z=-0.78).  Being able to solve the problem 

is probably useful to someone outside mathematics (25, z=0.96) but it is not at all useful to these 

individuals personally (16, z=-1.20); they did not feel they needed to prove to themselves that 

they were able to solve it (14, z=-1.74).  The problem is difficult to represent visually (39, 

z=1.18) and examples didn’t help to illuminate it (29, z=-1.23).  Nevertheless, it is an interesting 

problem that lends itself to extensions and related problems (33, z=1.16). 

The people holding this viewpoint are very confident with their solution (10, z=1.20) but 

are skeptical of their process (9, z=1.04); they found themselves stuck at least once with no ideas 

of how to proceed (31, z=0.78).  This leaves them uneasy and feeling unconfident about their 

mathematical capacity (3, z=-2.03; 13, z=0.91).   

Though it was mildly enjoyable (20, z=0.51) to work with someone else on this problem, 

they could have solved the problem just as well by themselves (21, z=-0.14).   

Table 5.15. Distinguishing statements for Problem 3, Factor 2. 

No. Statement Q-SV Z-SCR 
39 It was difficult to draw appropriate pictures. 3 1.18* 
9 I'm not sure my process of solving the problem was right. 2 1.04* 
25 I can see how being able to solve this problem is relevant outside mathematics. 2 0.96* 
37 I was careful about organizing my work. 1 0.59 
27 I had some dead-ends but I went back to the beginning and started again. 0 0.13 
5 The problem was too difficult. 0 0.00* 
11 I solved the problem but I don't really understand the solution. -1 -0.48 
16 I think that doing this problem was useful. -2 -1.20* 
4 The statement of the problem was too vague. -3 -1.34 
3 It made me feel good that I had mastered the techniques needed to solve such a 

seemingly difficult problem. 
-4 -2.03* 

We might take the perspective of Statements 39 (and 29) that doing the problem was a fairly 

straightforward algebraic exercise: pictures and examples were not useful.  According to this 

viewpoint there is probably a better way to solve this problem, and, although they provided a 

correct solution, they weren’t familiar with the “correct” way to solve this problem.  Although 
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being able to solve such a problem is not necessarily important to these people, they still feel bad 

about not knowing that technique. 

It is interesting that both Factors 1 and 2 show this sense of unease about the problem 

solving process.  Both seem to intuit that there is more happening than they are seeing but neither 

has the sophistication to confirm the suspicion or to alleviate the feeling by further investigation.  

I believe that those of Factor 2 would be more open to further pursuit, given careful direction, 

than those of Factor 1, if only because they see the problem as more relevant to their lives.  In the 

perspective of Factor 2 doing this problem was not at all useful, where the other factors did find it 

at least somewhat useful, but appropriate instruction could change that view. 

Subject 3.23B is a fairly good representative of Factor 2.   

 
Figure 5.31. Q sort for Problem 3 by participant 3.23B.  Distinguishing 

Statements are colored corresponding to their rank on the factor. 
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5.3.3.2 Factor 3. 

Viewpoint: Nonchalant; the problem is benign. 

Only two participants load onto Factor 3, Subjects 1.23B and 3.13B, whose partners load 

onto F2 and F1, respectively.   

From this viewpoint it was very enjoyable to collaborate on Problem 3 (20, z=1.78), and 

was a very well-balanced collaboration (22, z=-1.73), though not all that useful (21, z=-0.65). 

The people holding this viewpoint were quite confident that they saw some ways to 

generalize or abstract (32, z=1.91) the problem, and they recognized it as being mathematically 

similar to others that they had seen before (23, z=1.26).  According to them, the problem seemed 

pretty easy to solve at first (6, z=-1.19), and that proved to be true (5, z=-1.26) using good 

pictures (38, z=1.26); it wasn’t necessary to be organized (37, z=-1.03) or to look at examples 

(29, z=-1.33).  By no means did they feel the need to step back from the problem to consider the 

bigger picture (28, z=-1.91).  

Table 5.16. Distinguishing statements for Problem 3, Factor 3. 

No. Statement Q-
SV 

Z-
SCR 

32 I have some ideas about how to generalize or abstract. 4 1.91* 
20 I enjoyed doing this problem with someone else. 4 1.80* 
3 It made me feel good that I had mastered the techniques needed to solve such a 

seemingly difficult problem. 
2 0.84* 

14 It was important to me to complete this problem to prove to myself that I could do 
it. 

1 0.72* 

11 I solved the problem but I don't really understand the solution. 1 0.54 
4 The statement of the problem was too vague. 1 0.54* 
19 At first this problem seemed messy and complex. 1 0.42* 
33 I am inspired to think of new but related questions. 0 -0.12* 
25 I can see how being able to solve this problem is relevant outside mathematics. -1 -0.23* 
39 It was difficult to draw appropriate pictures. -1 -0.65 
24 I can see how knowing the mathematics in this problem is relevant outside 

mathematics. 
-2 -0.96 

37 I was careful about organizing my work. -2 -1.03* 
9 I'm not sure my process of solving the problem was right. -3 -1.19 
5 The problem was too difficult. -3 -1.26* 
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Although they are very confident that the problem was done correctly (9, z=-1.19; 10, z=1.31) 

they are not sure that they had sufficient mathematical knowledge to do it well (13, z=1.07) and 

they didn’t necessarily gain any mathematical confidence by doing the problem (12, z=-0.96).  

Nonetheless, what mathematics they did use they felt good about (3, z=0.84). 

For these students it is not clear how knowing how to do this problem would be relevant 

outside mathematics (24, z=-0.96) but these individuals believe it was fairly useful (16, z=0.84) 

and they wanted to prove to themselves that they could do it (14, z=0.84).   

Subject 3.13B is a good representative of Factor 3.  His person’s Q sort is seen in Figure 

5.32, below. 

 
Figure 5.32. Q sort for Problem 3 by participant 3.13B.  Distinguishing 

Statements are colored corresponding to their rank on the factor. 
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There are indications that these individuals are comfortable enough with their own 

capacity to solve Problem 3 that they are able to rise above the technicalities of the problem and 

this unhampered attitude allows them to ruminate on connections to other problems, other 

mathematics, and to their own capacity as mathematicians.  This reflection does not then extend 

to the formation of new problems, but instead may indicate more of an intangible but real feeling 

of ideas beyond the required task.  One interesting thing about this is that the two participants that 

loaded onto this factor come from seemingly disparate Character groups (CG I and CG III).  Two 

other participants in the study, both from Character Group II, partially loaded somewhat strongly 

onto this factor, but the dominant factor of each of these was at least 32% stronger (see 3.13A).   

5.3.3.3 Factor 1. 

Viewpoint: Active but reserved; the problem is not useful or important. 

All (four) of the participants from Character Group II load onto Factor 1, as well as one 

participant from CG III, whose partner loads onto Factor 3. 

From the perspective of this group, Problem 3 was surprisingly difficult (5, z=1.02), although it 

didn’t seem so at first (6, -1.12; 7, z=1.54) and it challenged them (17, z=0.85).  At the same time 

solving it was fairly straightforward (10, z=0.52), requiring mainly careful organization (37, 

z=1.33).  Though the problem doesn’t encourage one to engage in any deep reflection (28, z=-

1.83; 34, z=-1.70), it does pique the curiosity and brings to mind some extensions and related 

questions (33, z=1.14).   

Statement 39 can be interpreted in two ways: (1) “It was easy to draw pictures of coins,” and (2) 

“It was difficult to see how a picture was relevant.”  However, in light of the results of Statement 

38 (z=1.14) that indicate that pictures really helped these people to understand the problem, we 

assume the first meaning.  This is interesting because the problem is not obviously associated 

with visual representation (particularly in the way that it was solved in this study).    
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Collaborating was balanced, but it was not particularly helpful (20, z=0.15) to these 

students, nor was it enjoyable (21, z=-0.22). 

Table 5.17. Distinguishing statements for Problem 3, Factor 1. 

No. Statement Q-
SV 

Z-
SCR 

18 I tried hard to solve this problem. 4 1.69* 
7 I could see that I was capable of solving this problem from the beginning even 

though I didn't have a clear picture of how I would do it. 
4 1.54 

37 I was careful about organizing my work. 3 1.47 
11 I solved the problem but I don't really understand the solution. 3 1.33 
5 The problem was too difficult. 2 1.02* 
23 I can see connections between this problem and other mathematics that I have 

done. 
1 0.41 

12 Doing this problem made me more confident of my mathematical abilities. 1 0.34 
13 I don't think I knew enough mathematics to do this problem well. 0 -0.16* 
9 I'm not sure my process of solving the problem was right. -1 -0.28 
4 The statement of the problem was too vague. -1 -0.56 
3 It made me feel good that I had mastered the techniques needed to solve such a 

seemingly difficult problem. 
-2 -0.97* 

25 I can see how being able to solve this problem is relevant outside mathematics. -3 -1.27* 
39 It was difficult to draw appropriate pictures. -3 -1.51 

As can be interpreted from the distinguishing statements, these people’s initial 

assessment of Problem 3 was that it would be simple to solve.  Their assessment, upon reflection 

on the problem, is that it was actually quite difficult; however, we can likely take this statement 

(5) to mean that the problem was too long, rather than too difficult.  Nonetheless these students 

diligently applied themselves in a methodical and organized way and eventually were rewarded 

by a concise solution.  They were motivated to complete the problem but by something other than 

the satisfaction of their own capability.   

These students really felt challenged by this problem, which is in contrast with the other 

viewpoints.  Although they have some confidence in their solution, they admit that they don’t 

entirely understand it.  They suspect that the way in which they did the problem was not the most 

efficient way, and this bothers them.  In addition the coincidence of the answer being so close to 

the number that they began with makes them suspicious. 
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These students resonate closest with the category “Active.”  They are good students in 

the sense that they try hard but their effort is somewhat misdirected.  They don’t connect deeply 

to the material, although they often have an intuitive sense that there might be something more 

profound going on.  Unfortunately they either don’t have the intrinsic motivation the skill to 

pursue an undirected inquiry in that direction. 

Subject 2.13A, whose Q sort is seen below in Figure 5.33, is a good representative of 

Factor 1.  

 
Figure 5.33. Q sort for Problem 3 by participant 2.13A.  Distinguishing 

Statements are colored corresponding to their rank on the factor. 

As is apparent from the consensus among the viewpoints of Problem 3, the three factors 

are fairly strongly correlated.  In fact, F1 is nearly equally correlated with Factors 2 (0.49) and 3 

(0.41) but Factors 2 and 3 are more weakly connected (0.30), so that if we were to imagine them 
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as the vertices of a triangle, Factor 1 would occupy the vertex of the widest angle.  The most 

interesting distinction between the three viewpoints is in the perceived connections that are 

highlighted by statements of Relatedness (23, 24, 25, and 26).  An interpretation of the loadings 

of these four elements onto the three factors is provided in Table 5.18. In addition to relatedness, 

Factor 2 is distinguished from Factor 1 by some items of Elaboration – although people of both 

viewpoints used pictures to understand the problem, those of Factor 2 found it quite difficult to 

draw appropriate pictures. 

Table 5.18. An interpretation of the loadings of Statements 23-26 onto Factors for Problem 3. 

P3 F1 P3 F2 P3 F3 

It’s really not a useful problem to 
know how to do outside of 
mathematics.  I recognize the 
mathematics may be used outside of 
school but it’s not important to me. 

I have done mathematics like 
this before and it’s applicable to 
real situations, even though I 
probably won’t use it. 

The mathematics is related to 
stuff I’ve done before, but it’s 
not important stuff. 

 

5.3.4 All Three Problems Together. 

An indiscriminate analysis of the entire set of Q sorts was performed with an eye toward 

collecting a set of viewpoints of unfamiliar problems in general.  I will only give highlights of the 

results of this analysis because it did not add significantly to what we understand already from the 

previous work.  However, there is one item of interest that I feel I must include: Problem 2 is 

exceptional.  This result relies on the method of analysis which I explain below.  

The same PQ Method software was used to perform the analysis of this data set.  This 

program provided an unrotated factor matrix of all 36 Q sorts which, by default, showed loadings 

of individuals on eight factors.  The Kaiser rule requires that we extract those factors which have 

eigenvalues greater than 1.0.  All eight factors satisfied this condition so I was required to 

consider additional methodologies.  With eight factors 73% of the cumulative variance is 

explained, however this is not a refinement that is likely to yield any insight into the data.  In the 
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humanities the explained variance is commonly as low as 50-60%.  The graph of the eigenvalues 

associated with these eight factors (Figure 5.34) does not have a distinct “elbow” which, 

according to the Cattell test, can be used to determine the number of factors to extract.  However, 

the factor loadings more or less even out after the second factor which, arguably, suggests that we 

extract two, three, or four factors.   

 
Figure 5.34. The scree plot for the analysis of all Q Study data. 

In standard R factor analysis, according to T. W. Anderson and Rubin (1956), each factor 

retained must have at least three nonzero items loaded onto it.  However, this requirement has 

little meaning in Q since we are looking for distinct viewpoints, not common ones. 

In the absence of clarity from the standard tests we elect to perform various trials in 

which we retain five, four, three, and two factors, in sequence, and the results are compared and 

considered with respect to the theoretical design.  When the data are rotated with five factors 

chosen each factor has at least three items loaded onto it, however nine participants do not load 

onto any factor.  Explained variance is 60%.  Next, the data are rotated considering four factors.  

Only four participants do not load onto any factor and at least three items load onto each factor; 

explained variance is 53%.  When we consider three factors three participants do not load onto 

any factor and explained Variance is 48%.  This does not seem to be much of a change from the 
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presentation of four factors.  If only two factors are selected the explained variance is 40%.  The 

best possible fit seems to be the extraction of four factors. 

Table 5.19. Factor loadings for all three problems with an X indicating a defining sort. 

        Factor  1   2   3   4  
Q Sort             
1.12A.P1  0.017  

 -0.4119  
 0.4003  

 0.2634  
1.12B.P1  -0.0527  

 0.6209 X  0.0822  
 0.2102  

1.12A.P2  -0.0083   0.0715   0.0066   0.6719 X 
1.12B.P2  0.4425 X  0.2231   0.2494   0.2661  
1.23A.P2  0.306   -0.1168   0.3741   0.5549 X 
1.23B.P2  0.7125 X  0.1945   0.1958   0.2284  
1.23A.P3  0.1929  

 -0.7427 X  0.2627  
 0.3421  

1.23B.P3  0.4534 X  -0.0327  
 0.2991  

 -0.0942  
2.12A.P1  -0.0963  

 0.6188 X  0.5209  
 0.0432  

2.12B.P1  0.5366  
 -0.4808  

 0.1649  
 0.3371  

2.12A.P2  -0.1098   0.0694   -0.2296   0.5486 X 
2.12B.P2  0.1879   0.1325   0.0653   0.6622 X 
2.13A.P1  0.0406   0.6514 X  0.0828   0.1506  
2.13B.P1  0.3422   -0.0023   0.4742 X  -0.0643  
2.13A.P3  0.7003 X  0.0619  

 0.2922  
 -0.075  

2.13B.P3  0.2933  
 -0.0749  

 0.2465  
 0.2968  

2.23A.P2  0.8165 X  -0.0676  
 0.118  

 -0.0612  
2.23B.P2  0.6269 X  0.0989  

 0.2827  
 0.1361  

2.23A.P3  0.6443 X  -0.3933   0.2682   -0.0931  
2.23B.P3  0.7287 X  -0.0295   0.2879   0.0418  
3.12A.P1  0.7427 X  0.1008   0.0573   0.2463  
3.12B.P1  0.7771 X  0.0984   -0.2305   0.1074  
3.12A.P2  0.818 X  0.0354  

 0.131  
 0.0435  

3.12B.P2  0.5816 X  0.0619  
 -0.3339  

 0.2672  
3B12A.P1  0.5489 X  -0.2282  

 -0.0908  
 0.2806  

3B12B.P1  -0.0215  
 0.0312  

 0.5017 X  -0.0946  
3B12A.P2  0.3444   0.5264 X  0.1082   0.3228  
3B12B.P2  0.594 X  0.0202   0.0724   -0.4671  
3.13A.P1  0.7836 X  -0.3272   0.2887   -0.0783  
3.13B.P1  0.3522   -0.1304   0.762 X  0.1514  
3.13A.P3  0.8222 X  -0.1281  

 0.1706  
 0.0975  

3.13B.P3  0.2975  
 -0.0243  

 0.5514 X  -0.028  
3.23A.P2  0.0811  

 0.3295  
 0.5238  

 0.4095  
3.23B.P2  0.31  

 0.2824  
 0.5106 X  0.2338  

3.23A.P3  0.6029 X  -0.3138   0.2766   0.0472  
3.23B.P3  0.5952 X  -0.4209   0.2459   0.042  
% expl.Var.  26   9   10   8  
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CG I appears to load fairly evenly across Factors 1, 2, and 4.  Most participants from CG 

III load onto Factors 1 and 3.  Participants 1.23B, 2.23A and B, 3.12A and B, and 3.13A load 

onto Factor 1 consistently (for both problems completed), and participant 3.13B loads 

consistently onto Factor 3.  The other participants load onto different factors for different problem 

Q sorts.   

I have labeled each factor from an analysis similar to that of the individual problems 

above. 

Factor 1 – Confident, dedicated, social person doing surprisingly difficult problems.   

Factor 2 – Capable, hard-working person practicing mathematically useful problems. 

Factor 3 – Confident, capable, immersed people doing interesting, interconnected 

problems.   

(No participants from Character Group 1.) 

Factor 4 – Disconnected, unconfident people struggling with a difficult, applied 

problem.   

(No participants from Character Group III.  Only results from Problem 2.) 

The interesting result of this analysis is that Factor 4, the only one which is a somewhat negative 

viewpoint, is determined by data from a single problem: Problem 2.  The four students who 

determine this factor are Subjects 1.12A, 1.23A, and 2.12A and B.  None of our “highly 

metacognitive, intrinsically-motivated” students from CGIII held this perspective.  This seems to 

indicate that Problem 2 was the most difficult and the least rewarding of all three problems (three 

students had also done Problem 1 and one student had done Problem 3) for the students whom we 

see as moderately or poorly prepared for mathematical thinking and mathematical success. 

I can determine no obvious pattern in these students’ motivations and study skills from 

the initial survey results that might explain this result.  From the analysis of the Problem 

Sessions, however, we see that Subject 1.12A was “along for the ride” during Problem 2.  This is 
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the only one of the four from this factor who was studied further.  Additional research into this 

anomaly might show, and I speculate, that CGIII students had rational arguments which they 

believed in for Problem 2, where CGI and CGII students were less comfortable with their rational 

argument bring sufficient for a solution. 

5.3.5 Summary. 

Three distinct viewpoints of Problem 1 arise from the data in this study.    

• Interested but skeptical; the problem is too difficult (Factor 1) 

• Confident; the problem is very interesting (Factor 3) 

• Fragmented and detached; the problem was good practice (Factor 2) 

Problem 2 also inspired three viewpoints. 

• Confident and active; the problem is forgettable (Factor 2) 

• Inquisitive but skeptical; the problem is challenging, but not useful (Factor 1) 

• Unconfident and uninterested; the problem is not important (Factor 3) 

Finally, there are three viewpoints that were distinguished from Problem 3. 

• Confident and skeptical; the problem is an exercise (Factor 2) 

• Active but reserved; the problem is not useful or important (Factor 1) 

• Nonchalant; the problem is benign (Factor 3) 

Unfortunately, the results of this analysis are not what we had hoped to see with this Q study.  

Specifically, I had hypothesized that the three Character Groups would align with three factors, 

but this did not happen.  For Problem 3, all of the participants from CGII loaded onto Factor 1 but 

those from CGI and CGIII were split across all three factors.  For Problem 1, four of the six 

individuals in CGIII loaded onto Factor 1, but there was no more consistency than that.  For 

Problem 2, individuals were split across all three factors with more consistency between problem 

solving pairs than among Character Groups.   
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I had a fair understanding of this methodology when designing the study but it has 

matured with this experience.  I am confident that I could achieve more powerful results in the 

future, perhaps even using the same data, but I believe that my lack of experience resulted in a 

major shortcoming for the study.  Specifically, I believe that the two categories, viewpoint of self, 

and viewpoint of the problem, should have been treated alone in these initial investigations.  It is 

not unusual to have more than one categorical objective in the design of a Q study, however I 

believe that this particular study would have benefitted from keeping the two separate. 

Notwithstanding the difficulties in carrying out the method, it is fascinating to see that 

there is a semblance of consensus about the problems themselves.  This is in stark contrast to the 

distinctions between the self-reflective viewpoints, which vary widely for each problem.  Problem 

3 comes off as fairly benign, and not at all difficult or engaging.  On the other hand, most 

participants reported feeling strongly that it was an “interesting” problem.  Problem 2, whether 

challenging or not, is not seen as having lasting value.  Problem 1 is the only one that might be 

interpreted in a multitude of ways; nevertheless, we see piqued interest among all viewpoints and 

a sense that the interest will linger and the problem will be reconsidered in the future.  Though 

these results may not feel substantial on their own, they are useful in the discussion that follows.  

These viewpoints help to express a thorough picture of students’ mathematical thinking and 

behavior. 
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Chapter 6 

Mathematics Problems and Thinking Mathematically: 

A Discussion 

The past century has seen robust interest in, from a philosophical point of view, the 

absolute nature of mathematics, and from a psychological perspective, in the cognitive nature of 

mathematics.  Theories and perspectives from both schools of thought, combined with the steep 

rise in technology and science globally have driven an increasing interest in the teaching and 

learning of mathematics.  But the reality is that the Nature of Mathematics is a complex, 

convoluted topic with a tangled history, and one that continues to ignite debate.  One of the 

powerful ideas that have remained with me from my research is a conceptualization of 

mathematics by Tall and Vinner (1981) in the following statement.  

Mathematics exists in two simultaneous states: as a formal system and as a mental activity. 

This way of understanding mathematics has provided a foundation for the research in this 

dissertation.  In particular, we can immediately see from this conceptualization that any 

discussion of mathematics education in this context must take into account both of these states.  

The formal system, comprised of objects and processes, and patterns and relationships – the 

structure and the network that connects mathematics, must be considered alongside the mental 

acts, which involve curiosity and creativity, and reason and precision – the cognitive navigation 

of mathematical ideas.   

My goal for this chapter is to provide a careful discussion of the mental activities of 

students doing unfamiliar, ill-structured mathematics problems.  I will highlight the thinking that 

goes into doing each of the problems separately as well as the differences between the thinking of 

different students and pairs of students.  Discovery, Structuring, and Justification all arise in the 

students’ work and I will attempt to situate these mental acts in context and to highlight patterns 
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that arise.  The complete list of acts of Discovery and Structuring in Problems 1, 2, and 3 can be 

seen in the parsed Problem Sessions in Appendix D.  Justification activities are recorded in the 

parsing and timeline figures for each session.  With this work my intention is to help guide 

educators as we make decisions about problems to use and questions to ask to bring about rich 

mathematical learning experiences. 

Because the focus of this study is the thinking that happens throughout the course of a 

mathematical experience, I will not spend much time on the correctness of the solutions.  

Although a solution is a marker of understanding, it is by no means the best indicator of advanced 

mathematical thinking; as we know too well, a correct answer can arise from an incorrect method 

or the blind application of a procedure, and other times a process that shows deep understanding 

can lead to an incorrect solution because of a small error.  However, I would not be surprised if 

the solution is the first thing on everyone’s mind.  The solutions to Problems 1, 2, and 3 are 

shown in Appendix F with a brief summary of the solution given in each problem session.   

6.1 Problem 1 

6.1.1 Time-line and solutions. 

Of all the problems, students spent the most time in Analysis in Problem 1.  This also 

coincides with the greatest amount of Structuring observed in each of the problems.  It is not 

surprising that the problem solving stage of Analysis and the form of mathematical thinking 

identified as Structuring coincide when we consider the definition of Analysis: “an attempt is 

made to fully understand a problem, to select an appropriate perspective and reformulate the 

problem in those terms, and to introduce for consideration whatever principles or mechanisms 

might be appropriate.  The problem may be simplified or reformulated.”  Problem 1 was ill-

structured in the sense that it requires a careful initial set-up of the geometric structure from an 

ambiguous description so that the result is an interesting, solvable problem.  This initial work is 
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heavily dependent on both Structuring and Discovery.  As soon as the objects have been realized 

the problem becomes a well-structured geometry problem. 

The objects in this problem were interpreted in a different ways.  The students in Session 

3.13 imagined the problem as a sphere with an incidental cylinder removed, where the volume of 

the remaining spherical object is calculated by subtracting the volume of a cylinder from that of 

the sphere (they overlooked the “caps”).  The other two pairs imagined some version of a cylinder 

(or cylindrical object) of radius r removed from a sphere with radius R>r, such that the position 

of the cylinder is either completely contained within the sphere or could be “drilled out” of the 

sphere from one side, or through both sides.  The initial conceptualization of the objects and 

formation of the problem affected the course of the solution, which we get a glimpse of in the 

timelines of each session. 

	  	   	  	   	  

Figure 6.1. Comparing the time-line figures for Problem 1. 

The brevity of Session 2.13P1 is a testament to the nearly complete absence of advanced 

mathematical thinking.  This interpretation of the problem was too simplistic (thus not 

interesting) and resulted in a solution which was obvious and which required no work.  The other 

two timelines, on the other hand, reflect two very different sessions: one in which the problem 

becomes structured and solvable, and the other in which the re-formulations of the problem 

remain too ill-defined, or open, to be solvable.  The apparently frenetic activity of the second, 
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Session 3.12P1, is the result of never deciding on a set of constraints that form a good problem.  

The entire session is spent negotiating all possible interpretations of the problem statement.  In 

the remaining session, the students quickly decide on a geometric interpretation and then plan and 

execute a solution, albeit with one significant error.  No one reached the intended solution.   

6.1.2 Wording and pictures. 

The goal information that is given, “Which do you think… and why?” implies, in a 

familiar and informal manner, that the purpose of the problem is to compute and compare the 

volumes of two objects.  No exact volumes were given in the solution of any of the three 

sessions; instead, results were justified by comparison. 

The students read, draw, and then re-read the question in all three sessions.  The semantic 

content includes both key words and mathematical vocabulary, and the picture that is developed 

from this wording sets the stage for the rest of the problem.  In particular, how the statement, “a 

cylindrical core removed along a pole,” is interpreted makes the difference between an interesting 

problem (the one intended), one which is not interesting (i.e. two spheres of different sizes with a 

cylinder, C, removed from the interior of each), or a group of ideas that are related but which do 

not together form a problem (i.e. cylinders of any radius but fixed height).  All three 

interpretations are observed. 

Great attention is paid to drawing pictures in the initial moments of all of these sessions; 

however, there are wildly different levels of critique to the inquiries.  Examples of these activities 

are shown in Figure 6.2, below.  We can see that the students in both CGIII discuss the height and 

radius of the cylinder while the students in 2.13 fail to recognize the variability of the radius.  In 

fact, the students in Session 3.12 take care to consider all possible geometric manifestations that 

could be interpreted from the problem statement, while the students in Session 2.13 consider only 

one picture – their first impression.   



 207 

	  

	   	  	  	  	  	   	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  

A:	  Yeah.	  	  I’m	  going	  to	  
draw	  pictures…	  [Both	  
draw	  and	  read.	  	  A’s	  
picture	  is	  a	  bird’s-‐eye	  
view,	  while	  B’s	  is	  a	  
side	  view.]	  

B:	  So	  the	  part	  that’s	  missing	  only	  defines	  the	  
height	  though,	  right?	  	  It	  doesn’t	  say	  
anything	  about	  the	  diameter.	  […]	  So	  you	  
don’t	  know	  if	  this	  one	  goes	  all	  the	  way	  
over	  [Drawing	  the	  top	  of	  a	  larger	  cylinder	  
intersecting	  the	  surface	  of	  the	  sphere]	  or	  
if	  it	  meet,	  or	  with	  this	  one	  [?].	  

A:	  And	  we	  don’t	  know	  if	  goes	  right	  to	  the	  
edge,	  either	  [indicates	  the	  top	  pole	  of	  the	  
sphere].	  

B:	  So	  then	  it	  would	  also	  matter…	  
if	  it	  was	  the	  top	  or	  the	  
middle,	  right?	  

B:	  Because	  you’d	  be	  missing	  that	  
little	  bit	  [indicates	  the	  part	  of	  
the	  sphere	  that	  lies	  above	  the	  
cylinder]	  wouldn’t	  you?	  	  	  

Session	  3.12	  
	  

	  

A:	  But,	  uh,	  does	  it	  have	  to	  like	  touch	  the	  surface	  of	  the	  sphere,	  or	  
can	  it	  be	  contained	  within	  the	  sphere?	  	  It	  doesn’t	  specify…	  what	  
the	  diameter	  of	  this…	  circular	  face	  of	  the	  cylinder	  is.	  	  Or	  whether	  
it’s	  circular	  at	  all.	  

B:	  I	  think	  that	  along	  an	  axis	  that	  [laughing]	  I	  just	  think	  that	  along	  an	  
axis	  then	  that	  means	  like	  it	  has	  to	  be	  like	  touching	  [indicates	  
where	  shells	  of	  sphere	  and	  cylinder	  meet].	  

A:	  But	  the	  axis	  is	  arbitrarily	  chosen.	  	  Well,	  it’s	  a	  sphere	  so	  it’s,	  it’s	  
going	  to	  be	  spherically	  symmetric,	  so...	  	  	  I,	  I	  just	  don’t	  see	  why	  it	  
implies	  that	  the	  cylinder	  has	  to	  touch	  the	  sphere	  necessarily…	  
the	  outer	  surface,	  right,	  of	  the	  sphere,	  necessarily.	  	  Are	  we	  
allowed	  to	  ask	  questions?	  	  	  

B:	  Well,	  the	  height	  of	  both	  of	  them	  is	  
equal.	  	  So	  it	  would	  be	  like	  this	  is	  
one,	  and	  then	  if	  you	  have	  a	  bigger	  
one,	  then	  it	  would	  have	  to	  be	  
taken	  like	  farther	  out	  so	  that	  you	  
would	  have…	  

Session	  3.13	  
	  

	  

	  

	  

	   A:	  So,	  the	  spheres…	  And,	  like,	  whatever	  different	  diameters.	  
A:	  So	  each	  of	  them	  are	  going	  to	  have	  the	  same…	  [indicates	  a	  cylinder	  inside	  

each	  sphere].	  
A:	  Oh,	  it	  should	  be	  smaller.	  [She	  erases	  the	  top	  of	  the	  cylinder	  and	  redraws	  

it	  just	  below	  the	  center	  of	  the	  sphere.	  	  
A:	  So	  it’s	  like	  the	  same	  here?	  [She	  indicates	  the	  height	  of	  the	  intended	  

cylinder	  in	  the	  second	  sphere.]	  	  Sorry,	  I	  don’t	  draw	  so	  good.	  

	  

Session	  2.13.	  

Figure 6.2. Initial Structuring of Problem 1. 
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This first, and arguably most critical, part of Problem 1 involves a great deal of both the 

Discovery and Structuring processes of mathematical thinking, and these are intertwined 

throughout the problem.  This is the most overlap of Structuring and Discovery that is seen in the 

remainder of this, as well as the other, problems. 

6.1.3 Viewpoints. 

We see a particular form of mathematical thinking arise in the early Analysis stages of 

the problem sessions.  The statements have the feel of newly nascent ideas which have not yet 

been reasoned through and so they are of the kind of psychological Discovery discussed by 

Hadamard.  In the first dialog we can see the students negotiating the structure of the object from 

the terms provided in the problem statement.  They are exploring the constraints that are provided 

and making decisions about the implications of those constraints for the structure of the objects to 

be analyzed.  This is a process that professionals often navigate, not while creating their own 

problems for they usually understand well the structure of an object that they themselves are 

developing, but when reading other published work that is not immediately known to them.   

    

This is precisely the kind of thinking that is hypothesized to arise in the act of creating and 

negotiating structure from ill-structured problems.  Ideas are brought to light and weighed and a 

cohesive image begins to take form.  The initial conceptualization and refinement of those ideas 

in this particular problem requires Discovery and Structuring but reaching a solution balances on 

constraining the ill-structured problem to a precise mathematical relationship.  And this is a very 

sophisticated process. 

B:	  So	  you	  don’t	  know	  if	  this	  one	  goes	  all	  the	  way	  over	  
or	  if	  it	  meet,	  or	  with	  this	  one.	  

A:	  And	  we	  don’t	  know	  if	  goes	  right	  to	  the	  edge,	  
either.	  

B:	  So	  then	  it	  would	  also	  matter…	  if	  it	  was…	  the	  top	  or	  
the	  middle,	  right?	  (3.12	  P1)	  

B:	  Well,	  the	  height	  of	  both	  of	  them	  is	  
equal.	  	  So	  it	  would	  be	  like	  this	  one,	  
and	  then	  if	  you	  have	  a	  bigger	  one,	  
then	  it	  would	  have	  to	  be	  taken	  like	  
farther	  out	  so	  that	  you	  would	  have,	  
uh…	  (3.13	  P1)	  
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In Session 3.12P1 the students very thoroughly consider all possible geometric states that 

could be implied by the ill-structured problem statement.  But they do not constrain the problem 

space and their solution suffers for it.  Session 3.13 stands out because the students first negotiate 

the appropriateness of assumptions through a discussion of the mathematical vocabulary that is 

provided in the problem statement, and then they make decisions to impose constraints on the 

problem state in order to formulate an interesting and solvable problem.  It is not clear why 

Subject 3.13B sees the problem so clearly and so quickly in this way.  Familiarity is a possibility.  

Nonetheless, he is not able to provide believable rationale for his assertion that they must 

constrain the problem: 

	  

This is not a very articulate or convincing argument, but I believe that the mathematical thinking 

behind the statement is very highly advanced.  The student is saying that the problem would have 

too much variability without imposing the constraints that he is suggesting, and this lack of 

structure would render the situation mathematically meaningless (as a problem).  Moreover, he is 

demonstrating that he has a feeling for the sophisticated idea that variability of constraint can be 

actively imposed on a mathematical situation.  His assertion, at this point, is intuitive because he 

has not consciously thought it through well enough to clearly explain it.  However, this could 

become a deliberate and more advanced act of mathematical thinking with carefully directed 

learning. 

Intuition is the product of the concept images of the individual.  The more educated the 
individual in logical thinking, the more likely the individual’s concept imagery will resonate 
with a logical response. (Tall, 1991, p14). 

This intuitive awareness of structure in a mathematical problem also speaks to a metacognitive 

capacity, showing that he has an understanding of the role of choice in creating and doing 

mathematics.  This interpretation is speculative because we do not know precisely what the 

B:	  I	  mean,	  I	  think	  it’s	  kind	  of	  like…	  like	  you	  could	  be	  anything	  if	  you,	  
if	  you	  could	  do	  like,	  you	  know,	  uh,	  it	  has	  to	  be	  that.	  (3.13	  P1)	  
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student was thinking or what mathematical knowledge he possessed at this point in time.  

Nonetheless, his argument is solid enough to convince his partner to accept the constraint as an 

assumption. 

	  

This particular feature of Problem 1, the ill-structured nature which requires the imposition of 

constraint to formulate a cohesive, solvable problem, provides a wealth of pedagogical 

opportunity.  The conscious act of imposing constraints on a problem is counterintuitive until one 

considers that adding constraints decreases the number of possible solutions, thus making a 

problem easier to solve.  Villaverde, Kosheleva, and Ceberio (2012) recommend emphasizing this 

heuristic in mathematics education. 

The conscious act of constraining a mathematical situation is an issue of pedagogical 

interest in Problem 1 for Pair 3.12 as well as for Pair 3.13.  After a time, when these students are 

still no closer to reaching a solution (or a well-defined problem) Subject A begins to suggest 

constraining.  

	   	  

Unfortunately, her partner does not see constraining as an appropriate action to take here, and 

says as much.  Recalling these students’ responses to the question “What do you think 

mathematics is?” it does not seem that either student is fully aware of the significant role that the 

individual can play in the creation of mathematics. 

A:	  Well,	  I	  guess,	  but…	  assuming	  if,	  if	  that’s,	  that’s	  what	  it	  means,	  it’s…	  

B:	  Okay,	  I	  think	  we	  should	  assume	  it	  from	  that.	  (3.13	  P1)	  

A:	  Could	  we	  make	  some	  
conditions,	  um,	  so	  that	  we	  
could…	  make	  a	  reasonable	  
estimate?	  	  Like,	  say,	  we	  could	  
have	  one	  assumption	  that	  
would	  say	  that	  the	  diameter	  
of	  these	  is	  always	  the	  same.	  
(3.12	  P1)	  

A:	  I’m	  going	  to	  consider	  the	  useful	  	  
volume…	  which	  is	  what	  would	  be	  	  
possible...	  And	  assuming,	  um,	  	  
[writing].	  	  So	  we	  now	  eliminate	  	  
this	  case	  [indicating	  a	  cylinder	  	  
with	  larger	  radius	  or	  height	  larger	  	  
than	  the	  radius	  of	  the	  sphere.]	  	  
(3.12	  P1)	  	  
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The remainder of the cognitive acts of Discovery comes in the form of extensions of the 

problem to new ideas and potentially new problems.  These ideas are all in the very early stages 

of development and are never fully realized as cohesive units but they all show an enormous 

potential to create new and interesting mathematics problems.  In Problem 1 all three statements 

are made by the same individual. 

	  

Interestingly, Subject 3.12A held a fairly negative viewpoint of Problem 1 and did not believe 

that she had ideas of new, related questions. 

The students in both Session 3.12 and 3.13 have a good capacity for advanced 

mathematical thinking but we have recorded more mathematical thinking from the 3.12 pair.  The 

four students’ survey scores are almost identical except that the two from 3.12 are slightly more 

motivated (both intrinsic and extrinsic).  Three of the four hold the same viewpoint of the 

problem: Interested but skeptical; the problem is too difficult.  Subject 3.13B is confident and 

deliberating and finds the problem very interesting and is the only contributor of Discovery-type 

thinking in session 3.13P1. 

The greatest amount and depth of mathematical thinking that is seen comes from Session 

3.12 because they are strong students – highly motivated, strongly metacognitive, good learning 

skills – but also because they don’t immediately decide upon a plan and then implement and 

verify their solution.  This journey is an exploration and analysis of the problem state more than 

the implementation of any plan.  Nonetheless, I have encoded this activity as Implementation.  

A:	  Mhmm.	  	  Yeah.	  	  Well,	  if	  we	  examine	  what	  happens	  at	  the	  extremes…	  um…	  (3.12	  P1)	  

A:	  Could	  we	  make	  some	  conditions,	  um,	  so	  that	  we	  could…	  make	  a	  reasonable	  
estimate?	  	  Like,	  say,	  we	  could	  have	  one	  assumption	  that	  would	  say	  that	  the	  
diameter	  of	  these	  is	  always	  the	  same.	  (3.12	  P1)	  

A:	  Where	  would	  be	  the	  point	  where	  this	  one	  [indicating	  the	  larger	  sphere]	  would	  have	  
less	  volume?	  	  Because	  it’s	  easy	  to	  imagine	  where	  it	  has	  more	  volume.	  	  I	  guess	  
[looking	  at	  B’s	  paper]	  I	  think	  you	  examined	  a	  case…	  (3.12	  P1)	  
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This is because even though not all of it is procedural, the work that the students are doing is the 

real mathematical work of carrying out investigations from ideas. 

6.1.4 Summary. 

Students’ viewpoints of Problem 1 more closely followed Character Group lines than 

they did for the other problems.  Almost all of the students from CGIII believed that the problem 

was too difficult, but were interested in it nonetheless and although they were at first skeptical of 

their ability to solve the problem, they gained some confidence as they progressed.  Notably, after 

reaching a solution (or some version of a solution) they reflected that they had formed ideas for 

extending or generalizing the problem.  This view is in agreement with the actions of the students 

whose sessions were further analyzed.  On the other hand, they are not aware of questioning 

assumptions even though this happened in both CGIII sessions analyzed.  These students are 

technically capable and seem ready and willing to grow in cognitive and metacognitive ways 

given the opportunities to do so but they do not seem to have a critical awareness of important 

and fundamental acts of thinking mathematically. 

The pedagogical focus of Problem 1 is the creation or identification of an interesting (not 

trivial) and worthwhile (solvable) mathematical problem from an ill-structured problem 

statement.  This is achieved through constraining the ambiguity of the wording of the problem 

statement.  No picture was provided but enough syntactic information was given to re-create the 

problem.  Once the appropriate geometric representation is realized, the problem becomes a well-

structured geometry problem.  In the problem sessions of Problem 1 students discussed 

definitions, assumptions, considered possible interpretations of a mathematical configuration, and 

drew precise pictures.  The ill-structuredness of this problem caused confusion which inspired 

careful mathematical analysis and negotiation, but only in the CGIII students who appear to all be 
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at a place in their learning where they are ready for a pointed discussion on imposing constraints 

and problem formation. 

On the other hand, the students from CGII do not demonstrate an advanced level of 

mathematical thinking while doing Problem 1.  The two students are very different – one has very 

low metacognition but strong learning strategies, while the other is the opposite – and they hold 

very different viewpoints of this problem (and of themselves).  Neither, however, demonstrated 

the ability to clearly construct a rational and critical initial conceptualization of the problem.   

These students are not yet ready to discuss constraints and problem formation, but they could 

benefit greatly from some direction in the careful analysis of definitions and the space of possible 

(and extreme) cases – here, all possible geometric presentations. 

6.2 Problem 2 

I have identified two main parts to this problem: one part of this problem is getting a feel 

for the objects in question, and the other is an analysis of the dynamic motion.  Both activities 

take place in all of the problem sessions however, as we will see in the following discussion, the 

flavor of the CGI session is very different from the CGIII sessions.  No CGII session was 

analyzed. 

There is one distinct feature among all of these sessions: a belief is stated about the 

solution, followed by further analysis, then a conjecture is made based on a combination of 

intuitive feeling and reasoning, and this is followed by a calculated comment on the need to 

provide more formal proof: 

So,	  I	  guess	  we’re	  supposed	  to	  use	  like	  integrals?	  (1.12B.P2,	  Item	  31)	  
	  
So	  that’s	  the…	  our,	  um,	  physical	  feeling,	  based	  on	  what	  we	  know	  about	  physics.	  	  But	  I	  want	  to	  
try	  the…	  make	  it	  a	  little	  more	  mathematical.	  	  If	  I	  can.	  	  Numbers.	  (3.12A.P2,	  Item	  60)	  
	  
Well,	  as	  long	  as	  you	  can	  set	  up	  an	  integral,	  at	  least	  symbolically,	  to	  rigorously	  do	  this…	  
(3.23A.P2,	  Item	  83)	  
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6.2.1 Time-line and solution. 

Early in Session 1.12P2, Subject B assesses the problem and states, at the end of the first 

Implementation Episode, what she believes the answer could be.  This is followed by further 

analysis and more logical support, though the resulting conjecture is still somewhat intuitive.  The 

initial investigation is similar to that of the other two problem sessions, except that here the 

language is abbreviated and poorly descriptive.  The majority of the work on the problem is 

completed within the first four Episodes in about three minutes.  Although they believe it is 

necessary to do so, the students are not able to clearly and rationally transition their ideas into a 

more rigorous analysis, perhaps in part due to their poor mathematical vocabulary.  In the bulk of 

the remainder of the session (the Implementation/Verification block) Subject B writes out a 

solution while her partner leafs through the textbook provided.  The pair engages in one 

discussion in this time on the subject of friction which has the potential to be extended to a more 

analytic inspection of the dynamic problem.  

On the other hand, the two other sessions, both from Character Group III, are quite 

similar to one another, and are both very different from the CGI session.  As can be seen in the 

time-line comparison in Figure 6.3, the bulk of these two sessions is spent discussing rational 

justification for a solution, activity that comprises both Analysis and Implementation Episodes.  

	  	  	   	  	  	   	  

Figure 6.3. Comparing the time-line figures for Problem 2. 
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The beginning of both sessions is nearly identical: Read, Analyze, Read, Analyze.  The students 

display an early intuitive sense of the solution within these early stages, and they gain good 

rational support for these feelings through the next few Stages, primarily Implementation and 

further Analysis.  What is not apparent in these timelines is the focus of the activity in the two 

Implementation Stages.  Subject 3.12A delves into an example scenario, while Subject 3.23A 

attempts to abstractly represent the situation using integrals, but when this is not illuminating, he 

too considers an example (it is the same example in both cases: travelling a fixed distance).  Both 

pairs make an explicit conjecture: within the first Verification Episode of Session 3.12P2, and in 

the third Verification Stage of Session 3.23P2.   

In each of the three sessions the conjecture is immediately followed by, as we have seen 

above, a statement or question about further, formal proof.  This is not seen in the timeline figures 

because the conjectures are not made in the same kind of Episode in the three sessions; however 

in each case the statements mark the beginning of Implementation.   This issue of what is an 

“acceptable amount of justification” is a theme throughout all of the problems in this study.  In 

Problem 2 it is explicit: the last 13 minutes of Session 3.12P2 is Subject A’s continued pursuit for 

formal, symbolic justification as opposed to logical reasoning even after her partner has pointed 

out that the solution need only be an “estimate.”  We will pointedly consider this topic later. 

The difference between the two CGIII sessions which is apparent from the timeline 

figures is the back-and-forth of Session 3.23P2 and the time spent in Analysis.  The combination 

of the goal statement “Which do you estimate?” of the problem, and students’ perception that a 

“mathematically rigorous” solution is one that provides formal (symbolic) proof, seems to play a 

part in this.  The students, especially Subject A, see-saws between reasoning analytically and then 

looking for a more formal, symbolic representation of the analysis.  We get the sense that the 

back-and-forth between Analysis, Implementation, and Verification is essentially the 

metacognitive action of monitoring one’s work.  This breaking-down of the session into a series 
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of smaller sub-sessions appears to be a work-habit of this pair; we see a similar pattern in their 

Problem 3 session. 

All of the students reached a correct solution and each of the solutions was either 

formally stated or arrived at rationally – without formal/symbolic support.  It is interesting to note 

(and makes for a worthwhile assessment question) that what the students write down as a formal 

solution does not capture the bulk of their mathematical thinking.  This issue of writing a formal 

solution is prevalent enough to warrant its own discussion later. 

6.2.2 Wording and pictures. 

The goal information “Which tire do you estimate?” conveys informality and does not 

require explicit justification.  In all three sessions the students tried (at least perfunctorily) to 

provide more formal/symbolic proof but in every case the final solution was their (initially 

conjectured) rationally supported argument.   

There is a lot of contextual information in the problem but the students all seem to cope 

fairly well with translating and filtering the numeric information to the appropriate relationship 

between the two tires (or cylinders).  The reasoning that is presented is not unambiguous and I 

have done my best to interpret the vocalized and written communication.  As an example, 

consider the following statement from a solution to Problem 2. 	  

 
Figure 6.4. An excerpt from the solution to Problem 2 given by Subject 1.12A. 

It could be that Subject A is ill-familiar with the construction of a tire on a rim and believes the 

tire is solid rubber (through the thickness of the sidewall).  On the other hand, the student may 
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have intuited that a tire with larger radius would also have more circumference.  Nevertheless, we 

shall see that Session 1.12 has other shortcomings. 

	  

	  	  	  	  	   	  	  	  	  	  	  	  	   	  

B:	  Okay,	  and	  that	  tire	  [gets	  out	  her	  calculator]	  would	  
have	  height…	  

B:	  [Writing]	  Is…	  Okay.	  	  Is	  that	  the	  thinnest	  point?	  	  Or	  
that’s	  just	  the	  [inaudible]?	  

B:	  Okay.	  	  [Writing	  and	  organizing]	  	  It’s	  like	  the…	  
B:	  Okay,	  the	  sidewall,	  thickness,	  maybe?	  
B:	  Um,	  then	  if	  it’s…	  Okay,	  so	  we	  know	  they	  both	  have	  

to	  fit	  the	  same…	  	  

B:	  Yeah.	  	  Because	  it’s	  the…	  it’s	  not	  so	  much	  the…	  one	  sec	  
[drawing].	  	  Because	  it	  doesn’t	  really	  matter,	  like,	  how	  
wide	  it	  is,	  right?	  	  It’s	  just	  the…	  the…	  a	  difference	  in	  
width	  isn’t	  really	  going	  to	  make	  it	  wear	  out	  faster,	  is	  it?	  	  
It’s	  like	  that	  [indicates	  side-‐view	  of	  tire]?	  

B:	  But	  it’s	  all,	  like,	  in	  contact	  with	  the	  same	  amount,	  right	  
[indicates	  the	  bottom	  of	  each	  rectangle]?	  	  So	  this	  is…	  

Session	  1.12	  

	  	   	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	   	  

	  A:	  245…	  I	  think	  17	  is	  the	  
rim	  diameter…	  R	  
means	  it’s	  a	  radial	  
tire.	  	  Maybe	  we	  don’t	  
need	  to	  know.	  

B:	  So	  this	  one’s	  wider.	  
	  

	  A:	  [Writes	  out	  the	  
example	  data]	  So	  this	  
is	  width	  in	  millimeters	  
[labels	  each	  part	  of	  the	  
data	  in	  words]	  Height	  
of	  the	  side	  wall…	  

	  

A:	  So	  they’re	  both…	  the	  same…	  That’s	  got	  to	  be	  the	  
inside…	  	  

A:	  This	  17	  inches…	  it’s	  got	  to	  be,	  like,	  the	  outer	  diameter	  
of	  the	  rim…	  So	  we’re	  not	  running	  around	  with	  one-‐
foot	  outer-‐diameter-‐wheel	  on	  our	  cars?	  	  Because,	  you	  
know,	  small	  cars	  have	  a	  13-‐inch	  rim…	  So	  a	  truck	  
would	  have	  a	  17-‐inch	  rim.	  	  Maybe	  it	  doesn’t	  affect	  the	  
problem.	  Actually…	  Oh	  no,	  it	  does.	  

Session	  3.12	  

	  
	  

A:	  …	  is	  55%	  of	  the	  width,	  so,	  if	  you	  make	  the	  tire	  wider	  you	  also	  
make	  the…	  like…	  the	  cross	  section	  of	  the	  tire	  is	  going	  to	  be	  
[drawing]	  the	  same	  in	  both	  cases.	  	  The	  ratio	  of	  this,	  like,	  
rectangular	  bit	  [indicating	  small	  rectangle	  at	  the	  bottom].	  

B:	  Yeah,	  the	  height	  is	  the	  same	  proportion,	  right?	  
A:	  Right.	  	  The	  ratio	  of	  this	  to	  this	  is	  the	  same.	  	  	  

A:	  So	  this	  one	  is	  going	  to	  be	  170.	  	  This	  is	  the	  
height	  of	  the	  sidewall.	  	  So,	  like,	  this	  bit	  is	  
171.5	  to	  245	  [labeling	  the	  picture].	  	  And	  the	  
other	  one	  is	  going	  to	  be	  185.	  	  

Session	  3.23	  

Figure 6.5. Initial Structuring of Problem 2. 



 218 

The beginning stage of the problem is where the students form a solid understanding of the 

structure of the objects in question.  This is negotiated through sketches and an analysis of the 

numeric information provided in the problem statement.  The relationship that should be realized 

from this information is that one tire is both wider and taller than the other. 

As we might have expected, the students of Session 1.12P2 (CGI) first performed the 

precise numeric calculations to arrive at this relationship, while the students in both CGIII 

sessions used reason to estimate the relationship, then performed the calculations later.   

It is after the initial Structuring that the deeper mathematical work in the second part of 

this problem occurs.  Dynamic mental imagery (a rotating cylinder) is formed and analyzed 

alongside intelligent ideas about contact with a surface.  This interplay between mental imagery 

and mathematical form is fundamentally mathematical – the kind of work to which Schoenfeld 

(1995) refers as “practices.” 

6.2.3 Viewpoints. 

The first example of the difference between the CGI and the two CGIII sessions comes 

early on when the students are getting a feel for both the effect of structure on motion.  In both 

the CGIII sessions the students revise the problem to be one of identifying and analyzing the 

dynamic motion.   

    

The CGIII subjects’ capacity for seeing into the core of the problem shows sophisticated 

mathematical thinking.  This “chunking” of information is an example of expert thinking (Gobet, 

2005) in which clarity is achieved by decomposing the problem so that the mind can focus on 

smaller parts, and then extrapolate and connect the individual pieces.  Both statements above 

B:	  What	  do	  you	  think	  is	  going	  
to	  cause	  the	  wear?	  

A:	  Um,	  this…	  contact	  patch?	  	  
On	  the	  pavement.	  (3.12	  P2)	  

A:	  So,	  what	  would	  decide	  how	  quickly	  a	  tire	  
wears	  out?	  	  Because,	  I	  mean,	  the	  wider	  the	  
tire	  the	  more	  it	  would	  just	  spread	  out	  the	  
weight	  of	  the	  vehicle,	  right?	  (3.23	  P2)	  
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occur with no previous indication of rational thought, indicating a subconscious decision, 

influenced by the students’ metacognitive capacity, to reduce and refine the arguments into 

manageable chunks.  This is immediately followed by rational arguments of tire width/surface 

area and rotations. 

An acknowledgement of the assumptions that are made in a mathematical situation (in 

this case the invariance of the truck body and the distance travelled) is a poignant element of any 

work in mathematics, aligned with the more formal creation of axiomatic structure.  Assumptions 

are briefly mentioned in all three sessions but do not appear to play a significant role in the 

mathematical thinking in this problem.  In Sessions 1.12P2 and 3.23P2 the mention of 

assumptions seems more habitual than analytic. 

    

 

On the other hand, the students in Session 3.12P2 discuss the importance of constraining the 

problem.  The picture is similar to what we see in Problem 1 with Subject A making the point for 

constraint and Subject B questioning the appropriateness of this act.  Later these students carry on 

a lengthy discussion about the appropriateness of estimating, in their work and in the solution.  

Both of these are examples of strong metacognitive awareness. 

A:	  Do	  we	  need	  to	  assume	  
like	  ideal	  gas	  laws	  or	  
anything	  in	  this?	  (3.23	  P2)	  

A:	  And	  we’re	  assuming	  that	  the	  truck	  is	  the	  
same	  and	  that	  the	  weight	  is	  not	  changing.	  	  

B:	  Those	  are	  big	  assumptions,	  aren’t	  they?	  
A:	  We	  have	  to	  make	  some	  assumptions.	  	  	  
B:	  [Laughing]	  Okay.	  
A:	  Or	  we’re	  going	  to	  go	  into	  Never	  Never	  Land.	  
B:	  Oh,	  right,	  [reading]	  referring	  to	  the	  purely	  

geometrical	  data.	  	  I	  guess	  that	  means	  
everything	  else	  is	  fixed,	  right?	  (3.12	  P2)	  

(1.12B	  P2)	  
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In Problem 2 we are interested in the students’ ability to clearly imagine a dynamic 

mental picture and from it to realize two conceptual issues: rotations of the tire, and the weight 

distribution (which affects pressure/friction and the surface area of the tire in contact with the 

road).  This requires deep, sophisticated mathematical thinking of both Structuring and 

Discovery.  The following excerpts show some of the rational arguments from episodes of 

Analysis in all three sessions. 

    

	  

The impact of the statements from the two CGIII pairs, however, is felt more deeply in part 

because of the language that is used to express their thinking.  The above excerpt from Session 

1.12 and the beginning of that of Session 3.12 are discussions of the same topic – the effect of the 

width of the tire on its wear – though neither resolves here.  The deeper understanding by the 

CGIII students becomes more obvious as the sessions progress.  Pointedly, the students in 

Session 1.12P2 never touch upon the substantial point of rotations which leads us to believe that 

B:	  Is	  the	  width	  –	  the	  width	  isn’t	  going	  to	  actually	  
affect	  the	  wear,	  right?	  	  It’s	  only	  going	  to	  be	  the	  
circumference?	  	  It’s	  how	  much…	  	  

A:	  But	  the	  wider	  tire	  has	  more…	  grip.	  	  
B:	  That’s	  right.	  	  So	  there	  could	  be	  more	  

downward…	  no…	  there’s	  less	  pressure.	  	  The	  
wider	  your	  tire,	  there’s	  less	  pressure…	  hitting	  
the	  road.	  	  Does	  less	  pressure	  make	  less…	  

A:	  But	  then,	  a	  smaller…	  diameter	  means	  that,	  for	  
the	  same	  distance	  travelled,	  the	  wheel	  is	  
rotating	  more	  times.	  (3.12	  P2)	  

B:	  Yeah,	  and	  if	  it’s…	  I	  guess…	  Are	  they	  the	  
same	  height?	  	  Because…	  like…if	  it’s	  
taller,	  right,	  does	  it	  get,	  become	  wider	  
when,	  uh,	  the	  weight	  is	  pushed	  down	  on	  
there,	  as	  a	  tire?	  

A:	  If,	  um…	  if	  you	  take,	  like,	  the	  total	  wear-‐
and-‐tear	  on	  the	  tire.	  	  Oh!	  	  But	  then	  again	  
the…	  Yeah,	  I	  think	  that	  the	  surface	  of	  the	  
bigger	  tire	  is	  going	  to	  be	  exposed	  to	  the	  
road	  less	  often.	  (3.23	  P2)	  

B:	  Yeah.	  	  Because	  it’s	  the…	  it’s	  not	  so	  much	  the…	  one.	  	  Because	  it	  doesn’t	  really	  matter,	  
like,	  how	  wide	  it	  is,	  right?	  	  It’s	  just	  the…	  the…	  a	  difference	  in	  width…	  isn’t	  really	  
going	  to	  make	  it	  wear	  out	  faster,	  is	  it?	  	  It’s	  like	  that	  [indicates	  side-‐view].	  

A:	  Yeah,	  I	  can’t	  imagine	  it	  would.	  Um.	  
	  
B:	  But	  it’s	  all,	  like,	  in	  contact	  with	  the	  same	  amount,	  right	  [indicates	  the	  bottom	  of	  

each	  rectangle]?	  	  So	  this	  is	  […]	  going	  to	  wear	  at	  the	  same	  rate?	  	  Like,	  each	  little	  
piece?	  So	  it	  just	  matters	  if	  you	  have	  more…	  like,	  a	  thicker	  [indicates	  the	  sidewall]…	  
That’s	  what	  they’re	  saying	  this	  is,	  right?	  	  Is	  that	  what	  they’re…?	  (1.12	  P2)	  
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they never develop a clear mental visualization of the dynamic motions made by a larger and 

smaller tire. 

In every one of these sessions we see an initial guess and then after some rational analysis 

a more firm conjecture.  The development and presentation of conjecture is a topic discussed 

later. 

    

 

It is only in Session 1.12P2 that the initial guess comes as an act of Discovery – an intuitive 

guess.  In the other two sessions the Discovery comes alongside the rational negotiation of the 

problem state. 

After the solution is proposed comes an immediate response to prove the hypothesis 

formally.  Statements to this effect were presented at the beginning of this section.  In Session 

3.23P2 this activity occurred cyclically: ideas arose intuitively/sensibly, were evaluated 

rationally, and then the students (primarily Subject A) attempted to re-state these arguments 

symbolically (Justification in the form of metacognitive action and verification of Structuring).  

Subject 3.12B’s perception is the following:  If we can set-up the problem using an integral, then 

B:	  Um,	  I	  would	  assume	  that	  
means	  it	  wears	  out	  less	  
quickly…	  right?	  [Re-‐reads	  
question	  in	  problem]	  which	  
tire…	  	  

B:	  So,	  A	  would	  wear	  out	  first…	  is	  
what	  we’re	  assuming.	  (1.12	  P2)	  

A:	  So	  you’d	  think	  the	  bigger	  one	  would	  wear	  out	  faster…	  
Or,	  would	  wear	  out,	  um…	  like	  the	  smaller	  one	  would	  
wear	  out	  faster.	  	  

A:	  So,	  yeah,	  maybe	  it’s,	  maybe	  it’s	  just	  that	  simple.	  	  I	  feel	  
that…	  […]	  and,	  and	  I	  want	  to	  say	  that	  the	  smaller	  tire	  is	  
definitely	  going	  to	  wear	  out	  first.	  	  And	  it	  seems	  to	  fit	  in	  
with	  our	  many	  various	  assumptions.	  (3.23	  P2)	  

A:	  But	  then,	  a	  smaller…	  diameter	  means	  that,	  for	  the	  same	  distance	  
travelled,	  the	  wheel	  is	  rotating	  more	  times.	  

B:	  That’s	  right.	  	  So	  it’ll	  wear	  out	  faster.	  
A:	  So	  it’ll	  wear	  out	  faster.	  
B:	  Oh,	  and	  it	  should	  also	  wear	  out	  faster	  because	  the	  pressure	  is	  going	  to	  

be	  greater,	  right?	  
A:	  I	  don’t	  want	  to	  throw	  out	  a	  guess,	  but	  I	  could.	  	  I’d	  say	  that	  the	  smaller	  

one	  would	  wear	  out	  faster.	  
B:	  Right,	  because	  it	  comes	  in	  contact	  with	  the	  road	  more	  times.	  (3.12	  P2)	  
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we will know we are right – maybe the answer we get will not be completely correct, but at least 

the way that we have understood the problem is justified.  More to the point, her behavior 

suggests that she holds a perspective of “the nature of mathematics as a highly structured body of 

knowledge held together by the concept of logical precedence” (Hanna, 1991, p60).  We see the 

same thinking again in Subject 1.12B’s statement, “So, I guess we’re supposed to use like 

integrals?,” a somewhat offhand remark voiced a bit comically to which they both laugh.  But it’s 

also an attempt to feel-out the re-formulation of the problem in formal terms.  This student has 

learned to recognize a reasonable application of calculus (good!) but the comment “we’re 

supposed to” shows that she believes in accepting mathematical methods without a deeper belief 

in their truths.   

    

None of the students were able to achieve this formal representation.   But in their search 

for it, heuristic actions such as examples and analogous situations were considered. 

    

These are further acts of Structuring or, in the case of Session 2.12, ideas or realizations, thus 

Discovery.  In none of the sessions does this pursuit yield more formal proof of the proposed 

A:	  Or	  maybe	  we	  should	  just	  think	  like	  
travelling	  a	  set	  distance.	  	  Like	  if	  the	  cars	  
have	  to	  travel…	  a	  hundred	  kilometers,	  
then	  what’s…	  which	  tire	  is	  going	  to	  get	  
the	  most…	  wear-‐and-‐tear.	  	  So	  the	  
bigger	  tire	  will	  have	  less,	  like,	  rotations	  
to	  get	  there,	  so	  it’ll	  have	  less	  wear-‐and-‐
tear,	  right?	  (3.23	  P2)	  

[A	  creates	  and	  works	  on	  a	  specific	  scenario	  (maybe	  
a	  related	  problem)	  in	  which	  she	  calculates	  the	  
revolutions	  per	  unit	  distance	  for	  each	  tire.	  	  (3.12	  P2)	  

	  

B:	  I	  know,	  because	  when	  you’re	  four-‐
wheel-‐driving	  you’ll	  get	  stuck	  in	  the	  mud	  
faster	  with	  a	  narrower	  tire!	  	  	  

	  
A:	  Maybe	  that’s	  why	  –	  you	  want	  to	  cut	  in	  

to	  the	  snow,	  rather	  than	  float	  on	  top	  of	  
it.	  (3.12	  P2)	  

B:	  Would	  that,	  like…	  	  That	  increases	  friction,	  
doesn’t	  it?	  	  I	  just	  realized	  that.	  [Inaudible;	  sits	  
back	  for	  a	  moment	  then	  straightens	  up.]	  	  But	  I	  
guess	  that	  decreases	  how	  much	  gets	  worn	  
away.	  	  Like	  if	  I	  do	  this	  [picks	  up	  her	  calculator,	  
stands	  it	  up	  on	  its	  side,	  and	  pushes	  it	  across	  the	  
table].	  (1.12	  P2)	  
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conjecture.  Only Subject 3.12A reaches any additional formal justification, but her work it is not 

entirely worth it: she spends the bulk of 13 minutes at the end of the problem pursuing a partial 

solution via an example.  In the end, each solution is a restatement of the original conjecture, with 

formally stated rational support (1.12P2 and 3.12P2), or without (3.23P2). 

There are no apparent attempts to extend this problem to new, related problems.  

Interestingly, however, the strongest identifying Q statement of one of the three viewpoints of this 

problem is “I am inspired to think of new but related questions” (33, Factor 2 QSV=4), and the 

second strongest identifying statement of another viewpoint is “I have some ideas of how to 

generalize or abstract” (32, Factor 1 QSV=3).  All four CGIII students held one of these two 

viewpoints.  Both statements were strongly negative in the third viewpoint of this problem which 

was held by one of the CGI students (Subject 1.12B’s views did not align with any of the 

viewpoints for Problem 2).   

Both subjects in Session 3.23 held the viewpoint Confident and active; the problem is 

forgettable for Problem 2.  From their perspective they put a lot of effort into solving the 

problem.  Nonetheless, they saw the problem as moderately useful and only somewhat relevant to 

their lives.  Although neither believed he would revisit the problem again, it seems to have had 

some lasting impact on Subject B who claims to have thought about it multiple times after the 

session.  He recounts: 

I	  keep	  reconsidering	  what	  would	  be	  the	  most	  accurate	  way	  to	  describe	  the	  effect	  of	  road	  wear	  
on	  the	  tire	  (whether	  a	  function	  of	  surface	  area,	  pressure,	  etc.)	  and	  how	  to	  construct	  the	  
integral	  ! = !  !"	  representing	  net	  wear	  on	  the	  tire.	  	  I	  haven’t	  concluded	  anything,	  but	  I	  
keep	  reconsidering	  the	  premises	  &	  asking	  questions.	  (Subject	  3.23B,	  one	  week	  after	  the	  
Problem	  2	  session)	  

Subjects 3.12A and B together held the same viewpoint of the problem: Inquisitive but skeptical; 

the problem is challenging but not useful.  They saw the problem as more of a personal 

achievement than as a relevant bit of mathematics.  Both CGIII sessions appear to be fairly well 
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balanced.  Subject 3.23A makes more frequent verbal contribution in his session but his partner 

offers some insightful points, however both view the session as not well-balanced.   

These two viewpoints held by the CGIII students are much more similar to one another 

than to the view held by Subject 1.12A: Unconfident and uninterested; the problem is not 

important.  This viewpoint is consistent with the portrait of Subject 1.12A who reported very low 

Intrinsic Motivation and Task Value in the initial survey.  The viewpoints of both problems done 

by 1.12A are the ones that we would expect from such a student: unconfident, uncomfortable, and 

detached with a fragmented conception of mathematics.  Subject B leads the CGI session for 

Problem 2 and neither partner enjoys the collaboration.  Her affective variables measured by the 

initial survey were somewhat average within CGI, except for very low Self Efficacy, Critical 

Thinking, and Metacognition.  Although we were not able to identify this person’s reflections on 

the problem with the other viewpoints, her views after the problem (reflected in the Q sort) are 

consistent with this earlier portrait.  She does not strongly believe in her own ability or action.   

Despite seeing the problem as too difficult and either useless, unimportant, or forgettable, 

everyone found it interesting.  The students from CGIII felt less confident in their solution than 

did those from CGI.  My hypothesis is that the stronger students have a clearer idea of what (they 

believe) is solid mathematical proof or justification, and did not believe that they had provided 

such.	  

6.2.4 Summary. 

In Problem 2 the geometric picture is not as centrally important as it is in Problem 1, 

however the dynamic mental imagery of two rotating tires (one larger than the other) is a central 

act of Structuring in this problem that the sketches on paper do not capture.  In Problem 2 

students considered assumptions, discussed the known and unknown, and made sketches.   
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There seems to be a clear divide in Problem 2 between the work done by students in 

CGIII and Students in CGI.  The mathematical thinking in the two CGIII sessions was more 

careful and clearer and well-monitored than that of the CGI pair.  The viewpoints somewhat 

reflect this divide and might have further distinguished along these lines with more careful design 

of the Q study, but there is some consistency.  The problem is believed to be interesting but not 

mathematically useful.   

Jonassen (2000) might have characterized the design of Problem 2 as a Case-Analysis.  

He describes these as ill-structured problems with vaguely defined goals in which “little is known 

about how to solve the problem” and “there is no consensual agreement on what constitutes a 

good solution” (p79).  Some significant themes related to the design of the problem emerge from 

our analysis.  The problem has two parts: the representation of the objects, and the mental 

modeling of the action of the tire’s rotation and contact with a surface.  The first was 

accomplished fairly easily in all three sessions and both CGIII pairs explicitly identified the 

second with a pointed question aimed at the core of this work.  The Discovery-type thinking 

about this problem was much more clearly explained by the CGIII students who also spent much 

more time than the CGI pair discussing the Structuring of the dynamic motion.  Both students in 

CGI failed to recognize the significant effect of rotations on the tire’s wear.  In all three sessions 

we see an interesting pattern of thinking: an initial guess, reasoning and then a conjecture, 

followed by an immediate statement to the effect of the need for formal proof. 

We do not observe any thinking about possible extensions to the problem; however all of 

the CGIII students believed that they had had such ideas.  No new ideas emerge to be discussed 

that might be the seeds of future analysis, neither is there a moment at the end of any of these 

sessions in which the problem is reassessed as an entity.  Nonetheless, the problem very nicely 

sets the stage for further mathematical learning in the use of calculus to represent dynamic 

motion.  Students 3.12A, 3.23A and 3.23B seem ready for this. 
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6.3 Problem 3 

Problem 3 is a very different creature from the other two and we see correspondingly 

different results.  We observe much less mathematical thinking in the form of Discovery and 

Structuring in these problem sessions; Justification, on the other hand, appears to be roughly the 

same throughout all the sessions – both the length of the Verification episodes and the frequency 

of concurrent acts of assessment.  No session from Character Group I was analyzed.  Among the 

sessions that were analyzed there is a lot of consistency within the timelines, the mathematical 

thinking, and the viewpoints.  With no external tutoring, the problem was simple enough that all 

of the sessions reached a correct solution.  Furthermore, some thoughts and ideas arose which 

indicate that with the addition of careful directive, the problem could be extended in many 

directions to create a much richer and deeper mathematical learning experience. 

6.3.1 Time-line and solution. 

The timelines are all quite similar.  For Problem 3, the story of mental activity is quite different 

from Problems 1 and 2.  There is no interpretation of the problem statement itself, in any real 

mathematical sense, so that starting the problem does not perforce require any deep mathematical 

negotiation.  The result of this particular feature of the problem is seen in the absence of Analysis 

in all of the sessions.  The final episode of Problem Session 3.13P3, seen in the center of Figure 

6.6, represents the re-writing of the solution by one subject and is therefore, being an act of  

“précising” of the solution, a combination of Analysis, Implementation, and Verification.  

Furthermore, only arithmetic and an adequately organized execution are needed.  The time-line 

figures show that this problem was done in a similar manner by students from both character 

groups (CGII and CGIII) represented in this part of the study.  By far the most time is spent 

“attacking,” as John Mason puts it, the plan.  For Problem 3, the stage of Implementation 
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comprises by far the majority (58%, 79%, 79%) of Problem Sessions 2.13, 3.13, 3.23, 

respectively.  Everyone reached a (correct) solution.   

	  	  	   	  	  	   	  

Figure 6.6. Comparing the time-line figures for Problem 3. 

It is interesting to note here that two of the pairs, Sessions 2.13P3 and 3.23P3, carry out a 

post-solution Exploration, followed by a brief Verification stage.  These episodes are where 

students discuss alternative methods of finding the solution, and students in the latter Session 

mention the coincidence between the numbers 50 in the problem and 49 in the solution. 

6.3.2 Wording and pictures. 

In all three sessions we observe an initial comment about the objects in question: the 

word “coins” is mentioned (2.13P3, Item 5; 3.13P3, Item 4) as an affirmation of the general 

objects in question.  More explicitly, the comment, “… and I’m assuming we’re not dealing with 

half-dollar pieces” (3.23P3, Item 4), is actually quite insightful and contains the seed of a new, 

related question: “What if we did consider half-dollar pieces?” might be extended to “Or coins of 

different values?”   The coins used to make change are chosen in a way that is actually very un-

rigorous: chosen by familiarity and for the obvious property that they are not larger than 50 cents, 

and nothing more.  There is nothing inherently mathematical in the problem that would exclude 

using a 50-cent piece if we take the definition of “change” to mean an exchange of coins of total 

equal value. The reason that it is not identified as a possibility is because it is a trivial case in 

practice.  After all, even if there were a half-dollar coin, who would accept a half-dollar coin as 



 228 

change for a half-dollar coin?  In fact, the very word “change” suggests getting something 

different than what was given out.  However in mathematics the trivial case can be insignificant 

at worst, revealing at best, and is always considered.   

There is no (fundamental) visual component of this problem and therefore we did not 

expect to see much visual Structuring.  Surprisingly, there were spatial-visual representations in 

each one of the sessions for this problem.  One student initially conceptualizes the problem 

geometrically, as seen on the left hand side of Figure 6.7, below, while the verbal comments and 

preliminary tree diagram of another (Figure 6.7, middle) show that she has imagined the coins as 

amounts being divided in some sense.  A third student utilizes a diagrammatic organization for 

the solution (Figure 6.7, right).   

	   	   	  

3.13B	   2.13B	   3.13B	  

Figure 6.7. Unexpected pictures from Problem 3. 

These pictures are discussed in more detail in the following section.  Near the end of Session 3.23 

Subject A suggests something about “points,” indicating that she has some idea about a 

connection between the algebraic result and a geometric representation. 

The goal information included in the problem statement explicitly requires only a 

numeric answer.  One participant (3.13B) believed it necessary to provide more than a numeric 

answer (this is the lengthy final Verification stage that is seen in the timeline of Session 3.13P3 

resulting in the figure above, right).   

  



 229 

6.3.3 Viewpoints. 

Problem 3 is very different from Problems 1 and 2.  We observe, in all three of the 

sessions that were analyzed, symbolic representation being developed and used.   

Session 2.13P3 (led by Participant A) is not organized in a mathematical way.  There is 

no obvious system, at least at first, for listing the different combinations of coins.  Although the 

first combination (two quarters) is a logically good one, the list does not proceed in a 

mathematically organized, logically descending sequence (next on the list comes one quarter and 

five nickels rather than the expected quarter, two dimes, and a nickel).  On the other hand, at the 

end of the problem Subject A quickly notices two combinations that are missing, demonstrating 

that the list is more obviously organized to her than it seems to us. 

	  
A:	  So,	  25	  cents	  plus	  25	  cents.	  	  	  
A:	  And	  then…	  one	  quarter…	  […]	  And	  five…	  nickels,	  they’re	  called.	  [laughing]	  So,	  25	  plus	  

five	  plus	  five	  plus	  five	  plus	  five	  plus	  five	  [laughs]	  Okay.	  

Figure 6.8. Initial Structuring of Problem 3 in Session 2.13. 

Subject A leads the session and although she seems to only reluctantly use symbolic notation, she 

succeeds in reaching a solution in time.  This is in-line with her scores on the initial survey: 

average Organization, very high Rehearsal (memorization, etc), and very low Critical Thinking 

and Metacognition.   

The initial Structuring of Session 3.13P3 is different for each individual, each 

experimenting with “listing” and “cases” that they have discussed in their Planning.  The subjects 

embark at very different places.  This session gives a very clear example of how varied our 

concept image can be even for a problem or situation which may seem so different to others.   
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[Working	  separately.]	  
A	  begins	  to	  experiment	  with	  
breaking	  down	  15	  into	  integer	  
multiples	  of	  1,	  5,	  and	  10.	  	  	  

B	  displays	  coin	  amounts	  
geometrically	  as	  lengths.	  

Figure 6.9. Initial Structuring of Problem 3 in Session 3.13. 

It is important for students to have experiences in mathematics in which they find answers 

through their own paths.  Multiple entry points allow individuals the freedom to recognize and 

create structure that makes sense to them.  If a student is then able to reach a solution based on 

this personalized understanding, she experiences confidence in her solution, thereby increasing 

her autonomy. 

None of the pairs doing Problem 3 explicitly discussed the symbolic notation that they 

developed.  Neither did the choice of notation seem to help nor hinder the solutions.  In the two 

Character Group III sessions, however, students introduced a succinct re-formulation of the 

problem.  In both sessions the introduction of this isomorphic algebraic representation appears to 

advance the students’ understanding of the problem space and allow a solution to proceed 

methodically.  

	  

	  

B:	  What	  if	  you	  didn’t	  do	  it	  in	  cases?	  What	  if	  
you	  did	  it	  by,	  like,	  solving	  like	  for	  the	  
variables	  or	  something?	  I	  don’t	  know,	  
you	  know,	  like	  times	  the	  number	  of	  
quarters	  plus	  ten	  times	  the	  number	  of	  
dimes	  plus	  five	  times	  the	  number	  of	  
nickels	  plus	  the	  number	  of	  pennies.	  
(3.13)	  

	   A:	  Okay,	  so	  just…	  uh…	  We	  can	  set	  this	  up	  as	  an	  equation,	  
actually	  […]	  So,	  uh,	  [writing	  equation]	  number	  of	  
pennies	  times	  x_1	  plus	  the	  number	  nickels	  times	  x_2	  
plus	  the	  number	  of	  dimes	  plus…	  and	  then	  quarters,	  
and	  I’m	  assuming	  we’re	  not	  dealing	  with	  half-‐dollar	  
pieces.	  	  (3.23)	  

Figure 6.10. Restating Problem 3. 
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In Problem Session 3.13 the algebraic structure was not used to directly solve the problem, but 

rather served as a catalyst for the work that followed.  In Session 3.23, on the other hand, it was; 

combinations of variables were set to zero and the equation was solved for the remaining 

variables.  This re-formulation in both sessions seems to focus the mind and provide a symbolic 

organization, exemplifying the process of “advancing mathematical activity” via symbolizing 

described by Rasmussen, et al. (2005): 

[T]he need for notation and symbolism arises in part as a means to record reasoning and serves 
as an impetus to further students’ mathematical development.  In this way, symbolizing is less a 
process of detachment and more a process of creation and invention. (Rasmussen, et al., 2005, 
p57) 

Indeed, both narratives exemplify Discovery- and Structuring-type thinking when inspiration 

comes with the creation of structure.  Internalizing a mathematical idea is one step to creating 

structured mathematical knowledge and as soon as they have internalized and re-conceptualized 

the problem within a familiar and meaningful mathematical structure, the students seem to be 

able to get a good glimpse of how they will navigate the problem.  This process of reflective 

abstraction, developed by Piaget throughout the later part of the 20th century, is a very powerful 

psychological cycle of internalizing and coordinating actions on mathematical objects and 

processes and ultimately forming new objects.  In his inclusion in Tall’s (1991) compilation on 

advanced mathematical thinking, Dubinsky (1991) explains how reflective abstraction can be 

used to understand advanced mathematical thinking as a process built around the internalization 

of mathematical objects and processes.   

Subject 3.13A in particular transitions from a very exploratory mindset to a systematic, 

precise method in which she lists the possible combinations of coins.  The efficiency of this later 

system can be seen in the written work in Figure 6.11 (right), and this method gives her a solution 

in about 3 minutes. The notation itself seems to play a key role.  Her partner, on the other hand, 
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takes quite a bit longer to express a solution, and he displays his solution in a tree diagram 

(Figure 6.11, left). 

	  

	  

B:	  Oh,	  I	  was	  just	  doing	  a	  flow	  chart,	  so	  I	  had	  …	  if	  
you	  have	  a	  equals	  one,	  like,	  the	  options	  are,	  b	  
equals	  2,	  1,	  or	  zero,	  and	  then	  from	  there	  I	  
guess	  each	  of	  the	  cases	  for	  c	  and	  then…	  I	  circle	  
them	  when	  I	  get	  the	  full	  answer.	  	  If	  it	  sums	  up	  
to	  the	  right	  number.	  	  	  

A:	  So	  you’re	  listing	  all	  the	  possible	  cases,	  including	  
the	  d.	  

B:	  Yeah,	  I	  just	  go	  to	  the	  end	  so	  that	  it’s	  really	  clear	  
what…	  

A:	  Okay,	  okay.	  	  So	  I,	  um,	  what	  I’m	  doing	  is,	  uh,	  I’m	  
not	  really	  considering	  the	  d,	  I’m	  just	  doing	  a,	  b,	  
and	  c,	  because,	  as	  we	  said,	  d	  is	  completely	  
constrained	  by	  choices	  of	  a,	  b,	  and	  c,	  so	  the	  
possible	  choices	  for	  a	  are,	  obviously,	  0,	  1,	  or	  2.	  	  
For	  2	  there’s	  only	  one	  choice,	  uh,	  yeah,	  everything	  
else	  is	  determined.	  	  For	  1	  we	  have	  three	  choices	  of	  
b	  and	  for	  each	  we	  can	  list	  the	  respective	  choices	  
for	  c,	  and	  I	  think	  we	  just	  add	  them	  together,	  or	  
something.	  	  Probably	  not	  the	  quickest	  way	  of	  
doing	  it	  but	  I	  think	  it	  works.	  

Figure 6.11. Supplementary Structuring of Problem 3 in Session 3.13. 

A system of notation can also be cumbersome and make for redundancy, and we see this in 

Session 3.23P3.  The solution process is led by Subject A, who presents an unnecessarily 

elaborate method for listing combinations of coins as ordered sets. On the other hand, as is 

discussed later, this presentation of the combinations as ordered sets opens the door to related 

ideas and a potential extension of the problem. 

It is interesting to compare the survey results from these two students.  Both had average 

scores within CGIII but where Subject B had higher Metacognition, Subject A had higher Critical 
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Thinking.  The students’ actions reflect this relationship, with Subject A taking a more active role 

in planning and decision-making and Subject B asking more questions.  

	  

	  

	  

	  

A:	  Hmm.	  	  So	  what…	  what	  other	  bounds	  can	  
we	  put	  on	  this?	  	  So…	  

A:	  Okay.	  	  So	  we	  pick	  them	  all	  at	  zero,	  so	  
that’s	  four	  solutions	  already,	  so	  yeah	  
[writing]	  x_1	  equals	  fifty;	  x_2	  equals	  ten;	  
x_3	  equals	  five;	  and	  x_4	  equals	  two.	  	  So	  
that’s	  the	  way	  to	  change	  it	  with…	  uh,	  like	  
only	  one	  coin.	  

A:	  So	  if	  we	  set	  x_3,	  x_4	  equal	  to	  
zero	  we	  can	  solve	  for	  what	  
x_1	  and	  x_2	  can	  be.	  

	  

B:	  Okay,	  I’ll	  try	  [writing]	  
x_1	  equals	  zero	  and	  
x_2	  equals	  zero.	  

Figure 6.12. Supplementary Structuring of Problem 3 in Session 3.23. 

In both problems that this Pair worked on Subject B worked more slowly and wrote less than his 

partner who suggested lots of methods and ideas and was quick to try things and then to give 

them up.  Subject B took longer to develop a cohesive idea but also stuck with his ideas for 

longer, revisiting them now and again.   

At the end of this session Subject 3.23B raises the issue of his uncertainty about the coincidence 

between the numbers 50 and 49 of the problem and the solution.  This dialog, shown below, is 

brimming with hatchling ideas (coincidence, set of points that could be carefully nurtured by an 

expert educator.  Of course, if 50-cent pieces are allowed, then there are exactly 50 ways to 

change the 50-cent piece.  It truly is coincidental that this number is the same as the amount 

wanting to be changed, but it is a pleasant coincidence and the expert recognizes that 

mathematically it is neither here nor there.  On the other hand, this situation provides a rich 
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opportunity for discussion in the classroom: the very fact that this coincidence occurs can become 

a catalyst for further inquiry, vis., the act of asking questioning the coincidence, and the answer to 

this question is gotten by extending or altering the problem slightly.   

	  

The four participants in Sessions 2.13 and 3.13 held very different views of Problem 1 

but similar views of Problem 3.  This is an example of a broader theme – the three viewpoints of 

Problem 1 are divisive while those of Problem 3 have many similarities. 

6.3.4 Summary. 

Structuring in Problem 3 is more heavily symbolic, although we see glimmers of ideas in 

the form of geometric representation.  The problem is made more efficient with symbolic 

structure and an organized system for listing combinations of coins.  The organization of this 

system is uniquely important to the later Justification of the solution and so a problem-solver who 

is exhibiting advanced mathematical thinking would incorporate metacognitive thinking with the 

initial act of Structuring.  Of interest also is the recognition of assumptions: Which coins are to be 

used? What are their denominations?   Problem 3 brought out re-structuring of the problem 

B:	  I	  wonder	  if	  that’s	  a	  coincidence	  that	  it’s	  only	  one	  less	  than	  half-‐a	  dollar.	  
A:	  It’s	  weird	  that	  forty	  nine	  would	  be	  the	  answer,	  though.	  
B:	  Yeah.	  	  Like,	  because	  you’re	  counting…	  four	  things.	  	  Like,	  how	  many	  

different	  combinations	  of	  four	  things	  –	  but	  like	  these	  four	  things	  have	  
certain	  values	  to	  them,	  right?	  	  	  

B:	  But	  that	  has	  to	  have	  something	  to	  do	  with	  it.	  	  Uh,	  and	  the	  number	  of	  
combinations	  of	  things,	  there’s	  like	  a	  permute	  function,	  but	  that	  
depends	  on	  whether	  you’re	  	  

A:	  Whether	  you	  order	  them?	  
B:	  Order	  them,	  and/or,	  uh,	  take	  without	  replacement,	  	  
B:	  And	  we	  don’t	  know	  whether	  we	  –	  like,	  obviously	  there’s	  a	  set	  of	  points	  

we	  have	  already,	  right?	  	  Like,	  I	  mean,	  we	  could	  figure	  it	  all	  out	  –	  
whether	  it’s	  finite,	  infinite,	  right?	  

A:	  Could	  we	  set	  up	  a	  combinatorics	  question	  that	  would	  compute	  this	  
number	  a	  lot	  quicker?	  (3.23	  P3)	  
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statement although the problem was already understood.  Students re-framed the mathematical 

argument in a different form and created a symbolic language.   

Problem 3 is brief and therefore seems like it might be straight-forward.  In fact, the way 

that it is presented leaves much room for choice, for example in the interpretation (the coin 

system used to change the amount) and the creation of symbolic structure.  This is an example of 

the kind of mathematical thinking that is absent from doing problems which embody an 

abundance of structure.  In contrast, the problem could have been stated in a way that imposes 

more, for example, “How many ways can you change 50 cents using quarters, dimes, nickels, and 

pennies?”  It doesn’t seem like much of a change but think about this: Canada has taken pennies 

out of circulation.  Further, in the third problem session analyzed, the student who recorded all of 

the cases seemed to be quite uneasy about representing the coins or values in a completely 

abstract form (she wrote out the word “quarter” almost every time, and often “25¢” next to the 

words.  Her lack of ease is possibly what led her to missing a few cases, though she did include 

them in the end.   

Two of the pairs whose solutions were analyzed represented the problem in this way.  

This equation itself does not provide any obvious solutions to this particular problem, but it is a 

very nice way to succinctly represent the problem.  The greatest amount of agreement between 

the viewpoints is seen in this problem: the problem is interesting but not useful.  As a very broad 

take on the problem, this is similar to the students’ perceptions of Problem 2. 

I did not expect to see any geometric representation at all for this problem and seeing it 

expressed by two of the six students in the study gives me pause, particularly about the 

representation systems that arise while considering money.  These results could be a product of 

some elementary school representation, but could be, just as easily, a desire for a visual 

representation. 
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6.4 Unfamiliar, Ill-Structured Problems: A Review of the Three Problems Together 

Each of Discovery, Structuring, and Justification is observed in every problem-solving 

session that was analyzed in this study.  Students who reported having greater metacognition 

exhibit more advanced mathematical thinking than those with lower metacognitive capacity. 

The acts of Discovery that we have observed in these sessions are as follows. 

• Re-formulation of the problem statement, which may involve identifying the root of 

the problem separate from the details (Problems 2 and 3) 

• Intuition and insight about objects and relationships (realizing an isomorphic 

mathematical representation of the problem; forming a mental representation of an 

object or problem space; ideas or realizations about structure) (Problems 1, 2, and 3) 

• Newly-nascent ideas which have not yet been reasoned through (often identified as 

New Information, an item of Schoenfeld’s parsing described as the ‘ideas resulting 

from subconscious intelligent thinking processes’) (Problems 1, 2, and 3)  

• Extensions of the problem to new ideas and potentially new problems (Problems 1 

and 3)  

The flavor of Discovery that was most widespread throughout the problems is the kind described 

as intuitive, spontaneous ideas.  There were only a few instances of new, related problems, and 

only by highly metacognitive students. 

Considering the nature of the problems, it is not surprising that we also observe more 

Structuring in Problems 1 and 2 than we see in Problem 3.  Structuring themes arise in the 

Analysis, Planning, and Implementation stages and in some cases in the Reading phase.   

• Symbolizing 

• Constraints and assumptions implied by the problem 

• Constraints and assumptions imposed to get un-stuck 
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• Structuring via analogy 

• Via examples 

• Modeling 

• Vocabulary and mathematical language 

The initial Structuring, especially recognizing assumptions and imposing constraints, was the 

most crucial in the more ill-structured problems which required the problem-solver to provide 

structure where none was apparent.  Recognizing the need for such action is an act of Discovery 

which often accompanied this Structuring.  The initial Structuring in Problem 1 and 2 was much 

more diverse and impacting than that of Problem 3.   

Students express the most advanced Discovery and Structuring in the initial work of 

Problems 1 and 2.  A crude explanation for this is that these problems are more ill-structured than 

Problem 3.  A more thorough explanation follows. 

6.4.1 Initial work. 

The initial work on a mathematical problem is building an understanding, one which may 

be powerful enough to evoke a feeling for the solution.  For Polyá this is the just the first of four 

stages of problem solving.  But it can be argued that understanding a problem is at least as 

important as solving it because without understanding there is no problem to be solved.  At the 

very least, in the case of an exercise there is no meaning to a solution which has been reached 

without understanding.  For a problem, however, the initial work of understanding and building 

structure is essential to the whole of mathematical progress.    

Poincaré certainly saw it as so, reflecting that the lion’s share of his own work (and not 

coincidentally the most interesting to him psychologically and mathematically) in the 

mathematical process took place in the initial activity of building an intimate understanding of a 

problem.  The culmination of this initial work was a solution that he believed, based on a 
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combination of intuition and reasoning, to be true.  To his mind, the later conscious work of 

justifying this intuitive belief, the formal, procedural, symbolic, manipulation that is the focus of 

school mathematics, was the least exciting bit. 

The reasons that the initial work on a problem is so important, and the careful and varied 

mathematical thinking that is involved in this activity, are some of the most interesting results of 

this study.  Discovery and Structuring especially play prominent roles at this time.   

It is not surprising, given the earlier discussion of inquiry, that more time is spent initially 

reading and analyzing the problems which are more open in nature, and that the flavor of this 

activity is very different from that which is involved in carrying out more structured mathematical 

procedures which are the focus of most school problems.  For example we see significantly more 

mathematical thinking about constraints and assumptions – the Structuring of the problem – in the 

sessions of Problems 1 and 2.   

Some of the most important acts of thinking mathematically are acts of Reading and 

Analysis, and we see this in Schoenfeld’s (1989) earlier work where he shows, through this 

parsing method, that when solving problems, “expert” mathematicians spend much more time 

Reading and Analyzing than “novices,” and that they also spend more time engaged in these two 

stages than in any other problem-solving stage (e.g. Implementing, Verifying).  A review of 

Schoenfeld’s definition of the stages of problem solving (Appendix C) reminds us that Reading 

includes time spent ingesting the problem conditions and Analysis includes effort  

To fully understand a problem, to select an appropriate perspective and reformulate the 
problem in those terms, and to introduce for consideration whatever principles or mechanisms 
might be appropriate.  The problem may be simplified or reformulated.  (Schoenfeld, 1989. My 
emphases.) 

What I want to highlight here is that the “time spent ingesting the problem conditions” features 

actions of Structuring such as picturing objects or relationships, arranging pieces of information 

given in the problem statement, and forming a coherent understanding of the situation.  In 
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addition, selecting an “appropriate perspective,” “reformulating,” and “simplifying” are actions of 

Analysis which all involve Structuring via decisions about constraints and assumptions, 

definitions, and the identification of the mathematical core of a problem.   

6.4.1.1 Conceptualizing the objects and relationships of a problem, re-reading and 

recognizing assumptions. 

Metacognition influences the initial conceptualization.  Students with higher 

metacognitive capacity were quite a bit more careful and insightful in understanding and building 

the structure of the objects and relationships in a problem.   They were also more at ease seeing 

and exploring the possible interpretations of a problem.  It is not clear how metacognition is 

related to Discovery-type thoughts arising from mathematical work, but what students do with 

these ideas does appear to be influenced by their metacognitive capacity.  Mathematical thinking 

that is of interest during this time includes how assumptions are recognized and the range of 

exploration and justification of (all) possible interpretations of the problem statement. 

Pictures are a very powerful tool for understanding.  Visual Structuring (mental and 

pictorial) is a natural first step in understanding a problem.  Even in Problem 3, where pictures 

were not expected, the problem was sometimes initially conceptualized through pictures.  The 

initial conceptualization of objects in Problems 2 and 3 was not difficult for any of the students, 

however in Problem 2, framing a comprehensive picture of motion was easier for those with more 

metacognitive aptitude.  Despite this, students across the board had ambivalent views of their use 

of and the importance of pictures in problem solving.  This may be a reflection of the lack of 

emphasis on visualizing in mathematics education.   

Wording affects the initial visual and symbolic representation of the problem, and how 

this representation changes or does not change with new information is important to the eventual 

solution.  Re-reading the problem statement often occurs at the beginning of a problem.  This is 
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an attempt to better understand the terms of the problem, to check to make sure no mistakes were 

made in the initial interpretation of the problem, and to look for information that was overlooked.  

Re-reading invites the scrutiny of mathematical vocabulary – a closer look at definitions and 

descriptions.  It is also a time for recognizing and questioning assumptions.  This is a place where 

the problem-solver might use advanced mathematical thinking skills to start over from scratch, to 

revise her initial conceptualization, or to tailor or alter the problem.  It takes a particular mind-set 

to really stop, to erase the previously held assumptions, and to treat the problem as something that 

is being seen for the first time.  This sort of thinking is heavily metacognitive because it requires 

stepping back from the problem and from any momentum to better understand and guide future 

work.  The pair of weakly metacognitive students re-read Problem 1 but did not actively pause to 

re-consider their initial understanding.  A strongly metacognitive student referred back to the 

wording of the statement of Problem 2 to support her argument for the justification of the 

solution.   

The conscious accounting of assumptions is a fundamental mathematical act.  

Assumptions were mentioned in at least one problem session in each of Problems 1, 2, and 3.  As 

we have seen, in some cases this is only a passing comment where in others it is a significant 

debate.  Even highly metacognitive students may not be aware that they engage in this activity, 

however.  For example, Subjects 3.12 A and B and 3.13A debated assumptions in their work on 

Problem 1 but do not recognize that they did so. 

Instruction needs to emphasize the connections between wording in the problem 

statement and the formation of pictures.  This case is especially clear when we consider the 

unconfident, weakly-metacognitive problem-solver; not only does this person have difficulty 

reasoning through these connections, but also when he misses them his perception of the problem 

and of himself is negatively influenced.   
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Ill-structured problems make stark the relationship between wording and pictures.  

Guiding questions such as the following draw explicit attention to this in PBL situations.   

• Exactly what wording led to this representation/relationship? 

• What are the assumptions in this problem?  (Are they explicit in the problem 

statement or have you decided upon them?) 

• Is there any other possible interpretation? 

Schoenfeld cautions that at first it can be very difficult for students to change their usual habits of 

problem-solving processes, but that with maintained diligence these mathematical thinking 

behaviors become habitual. 

Assumptions, like axioms, are the foundation of a problem and are essential to its 

structure.  Recognizing assumptions is especially important in mathematics education because it 

can be the initial scaffolding for learning the activity of actively constraining, and then problem 

formulation.   

6.4.1.2 Constraining and re-formulating. 

Problems which are not well structured are more authentic than well-structured ones.  

That is, they are more like situations that arise in the real world, both outside and within 

mathematics.  A central theory of inquiry-based learning is that authentic problems provide a 

medium through which students learn the “ability to identify the problem and set parameters on 

the development of a solution” (Savery, 2006, p13).  Ill-structured mathematics problems require 

careful mathematical thinking not only to solve but also in their re-formulation.  Not only is this a 

critical skill to develop, but it is thought to increase a student’s motivation and investment in 

finding a solution (ibid.) and to promote the “important process of knowledge restructuring for 

the development of expertise” (Helle, Tynjala, & Olkinuora, 2006, p291).   
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But the “structuredness” of a problem can describe meaning or form, and it is important 

to distinguish between these.  The problems in our study are all ill-structured but in Problem 1 the 

question is, “What is this problem really getting at?”  In Problem 2 the question is, “What are the 

precise objects that we are working with here?.”  That is, for Problem 2, the meaning of the 

problem is well-understood and the initial formulation involves deciding the mathematical 

formulation that will produce a model approximating the real-life situation.  In contrast, for 

Problem 1, the form of the problem is well-understood, thus the initial formulation is determining 

the underlying relationships that are to be studied and considering alternative possibilities, a bit 

like trying to interpret a mathematical problem that is explained in non-mathematical language by 

a non-mathematician.  This is not to say that a problem can not involve both manifestations of ill-

structuredness, and indeed it is probably the case that both exist at some level in all problems. 

The re-formulation of a problem statement in order to get at the heart of the problem is an 

act of mathematical thinking.  It can be sparked by a feeling or an intuition of excess (too many 

variables or not enough constraint) followed by a conscious re-structuring.  The problem might be 

constrained, or re-stated, or revised.  All acts of re-formulation are based on the metacognitive 

action of looking-forward to what may be needed for a solution, thus it is comprised of part 

intuition, part structuring, and part monitoring.   

    

    

B:	  I	  mean,	  I	  think	  it’s	  kind	  of	  like…	  like	  you	  could	  be	  
anything	  if	  you,	  if	  you	  could	  do	  like,	  you	  know,	  uh,	  it	  
has	  to	  be	  that.	  	  

A:	  Well,	  I	  guess,	  but…	  assuming	  if,	  if	  that’s,	  that’s	  what	  it	  
means,	  it’s…	  

B:	  Okay,	  I	  think	  we	  should	  assume	  it	  from	  that.	  (3.13	  P1)	  

So	  my	  guess	  is	  that…	  they’re	  
asking	  us	  to	  calculate	  the	  
volume	  within	  the	  sphere	  
minus	  the	  volume	  of	  this	  
cylinder.	  	  That’s	  within	  the	  
sphere.	  (3.12A	  P1)	  

So,	  what	  would	  decide	  how	  quickly	  a	  
tire	  wears	  out?	  (3.23A	  P2)	  

Okay,	  so	  just…	  uh…	  We	  can	  set	  this	  up	  as	  
an	  equation,	  actually	  (3.23A	  P3)	  
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Re-formulation occurs in every problem but only in the CGIII sessions.   There is active 

constraining only in Problem 1.  In Problem 3 the re-formulation of the problem as an algebraic 

equation involves Discovery and Structuring together. 

I propose that gaining a conscious awareness of this process of re-conceptualizing and re-

formulating a problem is an important element of any mathematics education.  In addition, I 

believe that learning how to re-formulate a problem is an introductory lesson in learning how to 

create new mathematics problems.  Mariotti (2006) explains this fundamental relationship: 

The need to develop mathematical ideas in relation to arguments and provide effective 
argumentation that can become mathematical proof is strictly related to the potential 
congruence between conceptions and theorems: arguments produced to support one’s own 
conjecture must be compared with arguments that are acceptable, i.e. that are already stated and 
shared in the mathematics community that the individual has to participate in. (Mariotti, 2006, 
p198) 

The initial work on a mathematics problem involves building an understanding of a problem 

based on explicit definitions, assumptions, and mathematical relationships, and altering or re-

formulating the statement to better fit that understanding.  This activity is done in the name of 

finding a solution to the problem and so it often goes hand-in-hand with the construction of 

intuition and reasoning toward that solution.  Therefore this initial work is often followed by an 

intuitive guess or conjecture.   

6.4.2 Conjecturing. 

For a mathematician, conjecturing is an integral activity in both posing and solving 

problems8.  Conjecture, in mathematics, is often seen as the counterpart to proof, whence a 

problem is created through conjecturing and then put to rest via reasoning and proving.  When a 

directed solution procedure is provided, as in the case of an exercise, there is no need to pause 

and reflect on underlying mathematical structure, and no impetus to guess at an answer.  An ill-

                                                        
8 Indeed, in advanced mathematics a problem itself can be a conjecture, for example, the Twin Primes 
Conjecture. 
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structured problem invites conjecture more organically than an a well-structured one, for 

example, an exercise of the sort that is common in most textbooks, because it provides the 

possibility to develop an intuitive feeling for the objects and structure of a situation and that 

feeling is carried through and informs the development of a plan of attack, the justification of 

procedures, and the final confirmation and presentation of the solution.  Mariotti (2006) 

demonstrated that “when the phase of producing a conjecture had shown a rich production of 

arguments that aimed to support or reject a specific statement, it was possible to recognize an 

essential continuity between these arguments and the final proof” (p183).  Thus conjecturing is a 

powerful cognitive tool of mathematical thinking. 

When a problem is too ill-constrained (as in Session 3.12 of Problem 1) or too trivial (as 

in Session 2.13 of Problem 1) there is nothing on which to base a conjecture.  Even when the 

problem is well-formed (as in Session 3.13 of Problem 1) students may not state a conjecture 

even when, as in this case, there are only three possible solutions.  Some problems do not lend 

themselves to conjecturing, as in Problem 3, where there is no way to get any good feeling for the 

solution except perhaps to narrow it down to a probable range.  Problem 2, however, seems to be 

just the kind of problem to draw out conjecturing.  It is most likely the intuitive sense that one 

develops in the initial work of the understanding the problem that leads to the intuitive guess , just 

as a more abstract problem can be sensed by the more mathematically experienced person. 

6.4.3 The Solution. 

6.4.3.1 Refinement. 

Composing a precise and final presentation of the solution to a problem relies heavily on 

both a personal sense of understanding as well as on the audience receiving the solution.  This is a 

very personal act of affirmation, just as re-formulating a problem is a personal act of 

conceptualization.  To refine, or précise, a result one must organize and justify not only the 
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individual parts of the solution but also the procession of actions which together form a complete 

picture of the solution.  For this reason, it often includes the assumptions or axioms that shape the 

problem state.  Furthermore, it must reflect the goal information given in the problem statement.  

It is highly metacognitive for these reasons, and is an opportunity for reflection and rumination on 

the story that makes-up a solution to a problem.  

Many students carry out the act of précising in these problem sessions at many different levels of 

formality.  The refined solutions to Problem 1 paint the starkest difference between the Character 

Groups; consider the solutions from Session 2.13 and Session 3.12 below.   

	  

 

Figure 6.13. Refinement of the solution to Problem 1 in Session 3.12 (top) and 

Session 2.13. 

There is a précised solution to Problem 1 with both formal-symbolic and expository components 

presented in Session 3.13P1.  Subjects 3.12 A and B précise both problem sessions but for a 

difference of opinion in Problem 2 they separately provide solutions to this problem.  Subjects 
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3.13 A and B also present separate solutions to Problem 3; Subject B’s is a neater but nearly 

identical version of his earlier work which he explicitly describes as necessary, even though the 

goal information in the problem solicits a numeric answer with no justification.  Although I have 

no proof of this, it is almost as if he has not yet internalized the solution – he believes that the 

calculations are correct but the précising is a way to review and digest the work so that the ideas 

may be carefully cataloged to be used in the future.  Subject A does not formalize the solution, 

presumably because she believes her work to be sufficiently clear and unquestionable (and I 

agree).  The way that she lists can be understood immediately by the outside observer.  This is not 

the case for the solution in Session 2.13P3 or 3.23P3 (the first is not entirely well-organized and 

the second is unconventionally symbolized), although both are eventually understandable.  Pair 

3.23 does not present a final précised solution to Problem 2.    

Overall we observe more careful Justification from CGIII students (especially local 

assessment of process and product and verification) but this is not reflected in the final précising 

of the solution.  The separation by Character Group does not help us to see any patterns in these 

results, neither the viewpoints of the Q Study.  It is only reasonable to conclude from this widely 

varied display that focused attention to the final presentation of a solution is not a common 

activity of contemporary mathematics classrooms.  With the emphasis on proof and sense-making 

in today’s culture, this is an area worth improving. 

It is during the précising of a solution that the perception of mathematics as a formal system, 

which Skemp lamented, looms its ugly head.   

The slow elaboration of the idea of rigour, which had its climax at the end of the 

nineteenth century, has a counterpart in the development of the ever more complex relationship 

between two fundamental moments of the production of mathematical knowledge: the 

formulation of a conjecture, as the core of the production of knowledge, and the systematisation 

of such knowledge within a theoretical corpus. (Mariotti, 2006, p177) 
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Recall that in every session of Problem 2 there is a statement to this effect immediately 

following the conjecture by rational argument.  We are able to see the battle raging between the 

formal-symbolic system and the informal-rational mental activity of mathematics in the 

negotiations between Subjects 3.12A and 3.12B in the dialog below.  At this point in the problem 

the pair has agreed upon a rational solution, but Subject A is very reluctant to accept this as a 

proof, believing that she must verify the result symbolically: “put numbers on it”!  On the other 

hand, Subject B interprets the word “estimate” to indicate some relaxing of the formalities of 

proof.   

	  

Perhaps Subject A’s actions are the result of her background and experience as an engineering 

student, or perhaps they are influenced by a traditional education.  Whatever the reason, she does 

not rest until she has produced a solution that she feels is sufficiently rigorous – meaning the 

numerical data provided in the problem is included.   

This quest for formal-symbolic specificity has two interesting consequences.  First, she 

does provide a useful solution to the problem: an answer that not only qualifies, but quantifies the 

result.  On the other hand, the solution is incomplete because it is built only on rotations of a tire, 

disregarding the remaining influential factors that the pair has identified: the pressure of weight 

A:	  So	  that’s	  the…	  our,	  um,	  physical	  feeling,	  based	  on	  what	  we	  know	  about	  
physics.	  	  But	  I	  want	  to	  try	  the…	  make	  it	  a	  little	  more	  mathematical.	  	  If	  I	  
can.	  	  Numbers.	  

B:	  You	  can	  do	  that.	  	  I	  think	  this	  is	  mathematical,	  but…	  
A:	  [Laughing]	  It	  is,	  but…	  
B:	  [Laughing.]	  
A:	  It’s	  just,	  like,	  I	  want	  to…	  put	  numbers	  on	  it…	  Or	  at	  least	  be	  able	  to	  

compare	  them	  to	  say	  how	  much	  more.	  	  I	  mean,	  they	  gave	  us	  these	  
numbers,	  so,	  we	  may	  as	  well	  be	  able	  to	  tell	  them	  something.	  

B:	  Look	  at	  that	  [reading],	  it	  says	  “estimate.”	  	  Isn’t	  that	  sweet?	  	  [Laughing]	  
A:	  [Laughing]	  	  Yeah,	  maybe	  I	  should	  read	  the	  problem…	  But	  we	  have	  to	  

proo	  –	  give	  some	  kind	  of	  back-‐up	  for	  why	  we’re	  estimating.	  	  Or,	  what	  
we’re	  estimating.	  [Note:	  She	  doesn’t	  think	  the	  rational	  argument	  is	  
sufficient	  proof.]	  (3.12	  Problem	  2)	  
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and the width.  Thus her quest for precision has resulted in less accuracy.  Subjects A and B never 

do resolve their differences in opinion and in the end provide separate solutions to this problem.   

Subjects 3.23 A and B (though arguably more Subject A) rely heavily on symbolic 

representation in Problem 3 and try hard for the same in Problem 2.  Sometimes, as in Problem 2, 

this technical language seems to have the opposite effect on the solution than the one intended; it 

draws the thoughts away from justification-by-reason and bogs them down in details which 

distract from the bigger picture.   

This internalized need for symbolic justification arises again in 3.12 Problem 1. 

	  

The equations will save us!   

On the other hand, the students from Character Groups I and II do not appear to be so 

wholly devoted to formal-symbolic representation and justification, nor indeed to the rational.  

The CGIII students utilize the symbolic formal structure inherent to mathematics as much as they 

are able to, but not as much as they want to. 

These demonstrations show a (learned) conception that symbolic formality is more 

acceptable than informal rational argument, and that “mathematical” is equivalent to “formal.”  

Furthermore, formal proof is to be believed with or without a rational understanding – a 

perception that is reflected in the students’ confidence in their solutions.  This is a good 

opportunity for teaching.  A rationally conjectured solution can be the start of a discussion of 

proof, formality, and what is to be believed (and by whom).  Furthermore, a précised solution is a 

good place to assess understanding within the communal process of inquiry.  It is clear that many 

of these students are capable of creating a rational justification of a solution, but why do they 

Then	  it	  says	  [reading]	  which	  one	  has	  more	  volume,	  
and	  why?	  	  Why	  –	  because…	  Our	  equation.	  	  Our	  
equation	  will	  prove	  that	  it’s	  always	  true.	  (3.12A	  P1)	  
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believe it is not enough?  This is an argument for the de-emphasizing formality and algorithmic 

calculation in mathematics education. 

6.4.3.2 Confidence. 

Students seem to enjoy this work of doing complex problems.  No grades and open time 

likely change the experience, and the effect of their absence is not to be taken lightly.  Many 

students believed in their process of solving the problem (Q Stmt 9) but none are entirely 

confident in the solution (Q Stmt 10, 11).  Students in CGIII were more confident in their process 

than students in CG I and II.  They had much more confidence in their solution to Problem 3 but 

less and only ambivalent confidence about the solutions to Problems 1 and 2. The one exception 

is the pair from 3.13 P1 and I propose that these two felt entirely confident in their solution 

because they had found and justified it symbolically (albeit incorrectly).   

Table 6.1. Confidence in a solution. 

 9. I’m not sure my 
process of solving the 
problem was right. 

10. I am confident of my 
solution to this problem. 

11. I solved the problem but 
I don’t really understand 
the solution. 

1.12AP1 -1 
M=1.25 
SD=1.5 

+1 
M=1.25 
SD=1.26 

0 
M=2.75 
SD=1.89 

1.12BP1 +2 +1 +4 
2.13AP1 +2 0 +4 
2.13BP1 +2 +3 +3 
3.12AP1 -1 

M=-2.5 
SD=1.73 

-2 
M=0.75 
SD=3.2 

0 
M=0.75 
SD=0.96 

3.12BP1 -4 -2 0 
3.13AP1 -1 +4 +1 
3.13BP1 -4 +3 +2 
       
1.12AP2 +1 M=-0.5 

SD=2.12 
0 M=-0.5 

SD=0.71 
0 M=1 

SD=1.41 1.12BP2 -2 -1 +2 
3.12AP2 -1 

M=-2.75 
SD=1.5 

+1 
M=-0.25 
SD=1.5 

+1 
M=2 

SD=1.41 
3.12BP2 -2 -1 +1 
3.23AP2 -4 +1 +2 
3.23BP2 -4 -2 +4 
       
2.13AP3 -1 M=0 

SD=1.41 
-1 M=-0.5 

SD=0.71 
+2 M=2.5 

SD=0.71 2.13BP3 +1 0 +3 
3.13AP3 -2 

M=-1 
SD=1.15 

+2 
M=2.25 
SD=0.5 

+3 
M=0.75 
SD=1.71 

3.13BP3 -2 +2 +1 
3.23AP3 0 +3 0 
3.23BP3 0 +2 -1 
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All M=-1.05, 

SD=1.96 
 M=0.7, 

SD=1.79  M=1.56, 
SD=1.46  

It is believable that these students only lack the experience of rational justification, being used to 

checking their answers with a solution key.  Some students may develop the feeling for a good 

solution or an erroneous one on their own, through some (metacognitive) assimilation of their 

process, their feelings, and the agreement of their solution with the provided solutions.  But others 

do not believe solutions that they provide until they have checked them with the “right” answer.  

If they lack the skill to justify a solution to themselves, how are they to justify them to others?  It 

may be that a mathematical education which relies heavily on exercises results in the belief that a 

mathematical solution is a formally (symbolically) calculated result, and that a rational solution is 

not sufficient. 

Lack of confidence in a solution can be crippling but Sritkantia and Pasmore (1996) 

explain that having utter confidence in a solution will lead to stagnancy and a settling for the 

status-quo.  In fact, they claim that only with directed mathematical teaching does a person first 

hold their own complete conviction in a solution and then proceed beyond to consider 

alternatives.  On the other hand, the lack of confidence in a solution can inspire further analysis, 

and in some cases is the seed for asking new, related questions. 

6.4.4 New, related problems. 

Only a couple of individuals, Subjects 3.23B and 3.12A, demonstrate the esteemed act of 

mathematical thinking in which a problem is extended to new, related problems: in Problem 3, 

the numeric coincidence that there are 49 ways to change 50 cents; in Problem 1, the very 

complex notion of a dynamic system in which cylinders of equal height grow inside the 

respective spheres so that at first the volume in the larger sphere is greater and then at some point 

(at exactly what point?) the relationship changes and the volume in both spheres is equal.  The 
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real sophistication comes in the ways in which the cylindrical void changes (Growing taller at a 

constant rate? Growing wider at an equivalent rate? Growing wider so that the boundaries of the 

cylinders reach the boundaries of the spheres at precisely the same time?).  But the idea is there to 

be developed and the idea has arisen from the absence of a solution and from a lack of conviction, 

a feeling of doubt. 

To be clear, these observed discoveries are sometimes mere ideas about a direction to 

follow or glimpses of curiosity without follow-through, but others are fairly sophisticated, 

structured questions.  Interestingly, we see none of this kind of extension in Problem 2 even from 

the same students whose discoveries we observed in other sessions.  From a constructivist 

standpoint, the process of internalizing and then reproducing or reinventing a mathematical idea 

or theory is fundamentally equivalent to the process of understanding (Popper, 1977).  The 

constructivist educator wants to increase the frequency of this kind of thinking, but also to extend 

each action to more complete and coherent understanding.  Both can be accomplished with 

carefully designed pedagogies which emphasize Discovery and creation.  

6.4.5 Later reflective exploration and analysis. 

After a solution has been reached, and the work (from a certain perspective) is done, 

there sometimes occurs a period of reflection.  This time of “looking back,” which Polya (1945) 

discusses at length, is a fundamental part of the mathematical cycle of invention-justification for 

it is often the time when new ideas arise and spill forth creating new, related problems.  

Both Pairs 3.12 and 3.23 engaged in this metacognitive, reflective activity in each of their 

problem sessions.  In 3.23P2 this occurred not at the very end of the session, but just after their 

conjecture.  In Problem 3, Pairs 2.13 and 3.23 discuss the possibility of a different solution 

method.  This reflective exploration is not observed in Sessions 1.12P2, 2.13P1, 3.13P1 or 

3.13P3.  
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As was seen in the Literature Review, this reflective, metacognitive activity has been 

identified as being important for learning and understanding mathematics, and is rarely 

encouraged in traditional mathematics education.  In collaborative learning environments, 

however, this kind of advanced mathematical thinking can be encouraged through well-known 

directed questions and activities.  The following questions, with examples from Problem 3, are 

examples of advanced mathematical thinking.  

• Is this a coincidence? (Can be answered by extending the problem and comparing 

solutions – changing $.50 to $1.00) 

• Is there another method? (Can be answered by extending the problem in the same 

way and deciding if the current method is still reasonable; the listing method is now 

unreasonably long)  

• What are the assumptions? (Can be answered by changing coin denominations, and 

by the number of coins used to make change, for example $.04 and $.07) 

These activities are akin to the process of generalizing or abstracting which is how the expert 

mathematician follows-up a mathematical inquiry. 

6.4.6 Viewpoints. 

The Character Groups, which were based on students’ identification of their own beliefs 

and other affective variables related to academic success, are not an obviously accurate 

classification.  But this is not surprising because, as we have seen, “success” is measured in many 

ways.  If we measure success by the correctness of a solution, then everyone in this study does 

equally as well.  Nobody reached a correct solution (to the intended problem) in Problem 1, and 

everyone answered Problems 2 and 3 correctly.  Perhaps partial marks would have been awarded 

in some cases for Problems 1 and 2.   



 253 

The 18 problem sessions are hardly a representative sample and we must be cautious not 

to draw any general conclusions here.  Perhaps an oversight of mine was that the videos that were 

analyzed did not evenly represent the Character Groups (six were from CGIII, two were from 

CGII, and only one video was analyzed for CGI).  Recall that justification for choosing the 

specific sessions for further analysis was given by the Q Study methodology, however I did not 

take into account the eventuality of weak Q Study results.  It is possible that a different picture 

could emerge from the eventual analysis of the remaining nine videos from the study.   

Methodological issues aside, our goal was not to reaffirm the existing literature on 

affective variables and performance but to use this information as a crude measure of expected 

performance.  It turned out to be a very crude measure from the perspective of obtaining a correct 

solution.  On the other hand, from the point of view of thinking mathematically, the Character 

Groups are more or less in line with a holistic idea of success; the students in Character Group III 

performed better than those of CGI and CGII because their thinking was more varied and their 

ideas more advanced.   

This result comes from analysis of the connections among the characteristics of each 

population and the thoughts and actions that take place while doing a problem.  For example, in 

Problems 1 and 2 we see less variation and frequency of Episodes in the CGI and CGII sessions 

than we see from CGIII (a brief look at the time-line figures of these problems demonstrates this 

difference nicely).  This in itself does not reveal deeper thinking on the part of Character Group 

III, however a closer look at these time-lines shows more time spent in Analysis and re-Reading 

and re-Analyzing in the CGIII sessions.  More acts of Structuring and Discovery occur in these 

sessions, especially in the initial work of each, as well as more frequent local assessments of the 

process and progress of the work.  Furthermore, all of the Character Group III sessions of 

Problems 1 and 2 showed much greater metacognitive activity than those of Character Groups I 

and II.  The following metacognitive activity was recorded in CGIII:  
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• One comment assessing results versus expectations, followed by some directed 

attention 

• Some assessment of mathematical procedure that would need to be carried out to 

achieve a particular end (this occurs in all of the CGIII problem sessions, and only 

once otherwise, in Session 1.12P2, when the student suggests the use of integrals) 

• Assessment of thinking process and decisions that have the potential to change the 

course of the problem 

• Comments that indicate deep reflection on and awareness of the own process 

• Eloquent and descriptive reflections on the course of the problem and review of the 

solution 

Although the time-lines of Problem 3 do not follow this pattern, the students in both CGIII 

sessions re-phrase the problem algebraically which serves to sharpen their perception of the 

problem. 

Three of the four participants from Character Group III exhibited multiple acts of 

Discovery.   Just one instance of Discovery by a participant from Character Group II was 

recorded (2.13A, Problem 3) and from Character Group I three occasions of Discovery were 

recorded, all by Participant 1.12B.  This student reported very low self-efficacy, critical thinking, 

and metacognition in the initial survey, yet she led the session effectively.  It is a shame that this 

student’s view of her own capacity seems to be worse than her actual performance.  This pair was 

not rigorous in their investigation (only Problem 2 was analyzed for this pair),  

What I had hoped to accomplish with the Q Study was to show that CCGIII students had 

different viewpoints of the mathematical experience from CGI and CGII students so that I might 

be able to explain why it was that some students performed one way while others did not.  There 

is perhaps some naiveté in my hope of succeeding where others largely have not.  But I do 

believe that if we are to make headway in this direction it will come from a broad view of the 
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student and the learning environment, and this is precisely what I had hoped to provide with the 

dioramic study.   

The primary result that I expected was, while working on these problems, differences 

from one student to the next would be delineated by Character Group.  They were not.  At least, 

from the way that the Q Study was designed, the Character Group is not obviously linked to 

students’ performance.  I believe that this result comes largely from my own error in designing 

the study, and in particular from including statements about peer learning (Statements 20, 21, and 

22) which I borrowed from the MSLQ.  While this is an absolutely important variable to account 

for I do not believe that a person’s proclivity to work with others has very much to do with her 

mathematical thinking, and definitely does not have as much effect on her success as, say, her 

metacognitive actions.  The way that the Q study is designed is to treat all statements equally and 

to sort people into categories based on a likeness of responses to the statements.  In retrospect, it 

is clear that a study designed to capture the student’s viewpoint of the problem should not include 

statements about the student’s perception of the group-dynamic while solving the problem.   

Actually, it would be a fairly simple thing to remove these responses, and any others that 

are seen as contrary to the purpose of distinguishing between students’ viewpoints of the 

problems, and to re-analyze the remaining statistical data.  I hope that work can continue in this 

direction in the future.  The statements aimed at understanding nuances of the student’s 

enjoyment of the problem, his understanding of the placement of the problem within the system 

of education and the surrounding world, and the value of the problem as he sees it, all remain 

crucial to understanding problem solving and to developing and designing good problems.  

6.4.7 Summary. 

This study shows that the initial work of understanding and re-formulating a problem and 

making conjectures about the solution involves a great deal of mathematical thinking.  Discovery 
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and Structuring are especially prominent in this initial stage, though metacognition seems to also 

play an important role.  Further, there is a marked transition between this initial phase and the 

“later, conscious work,” as it is described by Poincaré and Hadamard, that follows. This can be 

seen in Problem 2 which, in comparison with Problems 1 and 3, lends itself more easily to a 

rational, intuitive feeling.  But the students all have difficulty carrying their rationally conjectured 

solution through to a more formal-symbolic justification.  I propose that more pedagogical 

diligence needs be directed toward connecting the intuitive-rational conclusions of the initial 

work and the logical-formal procedures of the later, conscious work.   Advanced mathematical 

thinking is necessary in the act of expressing intuitive understanding in a mathematical way. 

The move to more advanced mathematical thinking involves a difficult transition, from a 
position where concepts have an intuitive basis founded on experience to one where they are 
specified by formal definitions and their properties reconstructed through logical deductions. 
(Tall, 1992, p495) 

Ill-structuredness emphasizes the construction of intuitive, rational understanding of a 

mathematical situation. This process of invention and discovery goes hand-in-hand with realizing 

and actively creating mathematical structure to a desired end.   

A completely different set of acts of mathematical thinking is required in Problem 1 than 

is present in Problem 2, although we see again the processes of Discovery and Structuring 

prominently featured.  In this problem it is the act of translating mathematical vocabulary to a 

geometric problem which is both interesting and worthwhile.  This requires the student to become 

aware, as described by the constructivist, of the role of human decision-making and manipulation 

in the formulation of mathematics. 

It is my hypothesis that becoming aware of and practicing acts of mathematical thinking, such as 

constraining and conjecturing, which occur in large part in the initial work of understanding and 

formulating ill-structured problems, is an introduction to more advanced practices, such as 

extending results to new, related problems. 
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Intuition plays a large role in so many acts of thinking mathematically, and we see many 

examples of this in this study: re-formulating a problem, the concept imagery that arises from 

reading the problem statement, conjecturing and realizations, and the glimmers of ideas about 

extensions to new problems.  It is within the subconscious that ideas form to create a concept 

image and it is our intelligence that draws forth those ideas which have potential to make 

meaning out of a situation.  Intelligence matures through education, and so our capacity to 

mathematically Discover matures through exposure to problems which provide this directed 

education.   

Discovery cannot be produced only by chance, although chance is to some extent involved 
therein, any more than does the inevitable role of chance in artillery dispense with the necessity 
for the gunner to take aim, and to aim very precisely.  Discovery necessarily depends on 
preliminary and more or less intense action of the conscious. (Hadamard, 1945, p45-46) 

It is my hope that this research, which provides a view of students’ thinking through the 

statements that they express, provides a practical appreciation for both the design of problems and 

the role of the teacher/tutor recommended by the inquiry-based learning pedagogy.  The scope of 

this paper does not extend so far, but I will note that there seem to be promising ideas and 

insufficient organization around these topics, and I do believe that as the ideas and the field 

mature, a natural order will emerge and provide practical resources.  Guides for the kinds of 

questions to ask in an inquiry-based learning-type setting can be found in many different sources; 

Thomas (2000, Table 1) provides a list of many sources published before that time.   

The initial Structuring in a problem is a time of deep mathematical thinking.  Ideas and 

connections are sought out subconsciously, the meaning of mathematical vocabulary is 

deliberated, and decisions are made about the appropriateness of assumptions; symbols are 

introduced and given meaning, and pictures are drawn and imagined.  A problem-solver’s 

mathematical understanding is fairly clearly expressed through these cognitive actions of 

Structuring – building and arranging the mathematical essence of a situation.   
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Because metacognition is precisely the awareness of their own cognitive activity, it is not 

surprising that the students who self-reported the highest metacognitive capacity were also 

observed to perform the most frequent metacognitive acts.  All of the students seemed to engage 

in frequent Justification of their process and product, however it is possible to detect a difference 

in the depth of this Justification and that difference is roughly divided by metacognitive capacity.  

Nevertheless, all students express dissatisfaction with rational, informal argument and indicate a 

preference for, or perhaps more viscerally, a feeling that formal-symbolic proof is more 

believable and mathematically legitimate. 

In most of the problem sessions in this study a solution is précised and presented in a 

written format with justification.  Some of these presentations include an explicit recognition of 

assumptions while others do not.   

6.5 Teaching Mathematical Thinking through Ill-Structured Problems 

Ill-structured, carefully designed problems provide the occasions for more depth and 

breadth of advanced mathematical thinking.  These occasions in themselves give the better 

students in our classes more opportunities to explore and practice these forms of mathematical 

thinking.  For poorer students the occasion is not sufficient – these students require more 

guidance and direct instruction in recognizing and deepening these processes.  Nonetheless even 

they seem to have some of the bare framework, for example, re-reading and re-assessing the 

problem statement, reviewing assumptions, and creating symbolic and visual structure, on which 

to build a fuller mathematical practice.  The highly metacognitive students, on the other hand, 

also have room to grow and appear to be ready for more advanced instruction in mathematical 

thinking processes including the active decision-making and creative process of imposing 

constraints and designing new mathematical structure that is worth investigating.  Bringing 

awareness to the processes of mathematical thinking is essentially teaching metacognitive 
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awareness.  Students with better metacognition performed better than those with lower 

metacognitive capacity. 

Assessment based on the correctness of a solution or even on the mathematical procedure 

used to achieve a solution does not begin to account for the majority of mathematical thinking 

that takes place in the initial conceptualization of a problem.  This research details the differences 

between the mental activity and the formal system of mathematics in students’ work.  In brief, the 

students’ solutions for these problems were all basically the same, but mathematical thinking 

varied wildly. 

Wording and pictures had an effect on the students’ mathematical thinking.  Though 

Problem 1 was a geometry problem a picture was not included in the problem statement.  The 

interpretation and negotiation of the objects from the description of this geometry led to either the 

most sophisticated thinking, or the least.  This initial structuring was the most difficult part of the 

problem and brought out the most advanced thinking from the more metacognitive students, in 

particular the fundamentally mathematical activity of imposing constraints.  This occasion could 

clearly have benefitted from careful instruction.  The absence of a picture in Problem 2 did not 

seem to be a problem in any of the sessions but the goal information, “estimate,” was a point of 

contention.  The solutions that were given varied from explanations to one-word answers but in 

every session there was a sense that a rational justification was not sufficient.  This problem 

might be a good one to “hook” students (everyone thought it was an interesting problem) and then 

through the rational solution to develop a more formal representation of the dynamic motion. 

Typically, textbook exercises, by design, eliminate the stage of Analysis from problem-

solving because they provide the information needed to skip from Reading to Plan/Implement.  

Ill-structured problems provide more opportunities to engage in the initial work of 

conceptualizing, analyzing, re-reading for understanding, recognizing assumptions, re-

formulating and constraining a problem.  These activities all involve Discovery, Structuring, and 
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Justification and influence the conjectures made about a solution and the questions and extensions 

to the problem that are further posed. 
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Chapter 7 

Conclusions 

When most people think of doing mathematics what comes to mind is some variety of 

measuring or calculating according to specific rules and formulae.  Mathematicians and a 

selection of others hold an entirely different understanding that can be so vastly complex as to 

include elements of aesthetic value, intuition, and “spontaneous poetic inspirations”9, in addition 

to more traditionally formal processes such as characterization and logical proof.  These two 

divergent perspectives of mathematics broadly reflect our binary system in which mathematics 

exists simultaneously in two states: as a formal system and as a mental activity.  The purpose of 

this research is to support the idea that mathematics as a mental activity is at least as important to 

doing mathematics as the familiarization with the formal system and that this should be reflected 

in a mathematics education. 

The impetus behind this research comes from an observation by Richard Skemp’s (1971) 

that mathematics education needs focus on the process of mathematical thinking rather than on 

the product of mathematical thought.  The study addresses the theme of mathematical thinking, 

identifying it as a primary goal of postsecondary mathematics education, and examines problem 

design as fundamentally influencing the activity of learning to think mathematically. In this thesis 

I identify a framework for conceptualizing mathematical thinking which I use to observe and 

describe the mathematical thinking done by second year university students as they solve 

problems. 

Educational policy turns increasingly toward science, technology, engineering, and 

mathematics (STEM) fields, driving an attentive awareness of pedagogical design in these areas.  

There is keen interest in the preparedness of university graduates, driven by the private and 
                                                        
9 I can’t recall where I read it, but this a lovely description.  
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industrial sector, to contribute to a work environment requiring advanced and creative thinking 

skills.  Mathematics is an information science and therefore the mental activity of mathematics 

embodies this kind of thinking.  As more and more employment opportunities are created within 

this information era, thinking processes such as problem re-formulation, conjecturing and 

reasoning, metacognitive monitoring, clear communication, and reflective observation are 

increasingly what these new jobs demand.  Constructivist learning environments such as inquiry-

based learning are designed to advance these processes of thinking through the use of ill-

structured problems.  In this study, second-year university students were observed working in 

pairs on two of three problems that were ill-structured by design.  The general theoretical 

literature in mathematics education is inconclusive on the connections between problem design 

and mathematical thinking and this study sought to answer some questions about the relationship 

between ill-structured problems and different forms of mathematical thinking. 

7.1 Findings 

7.1.1 What is a useful theoretical framework for identifying processes of mathematical 

thinking that have been highlighted in the literature? 

This thesis offers a way to concisely conceptualize the many processes of mathematical 

thinking by presenting three major categories: Discovery (acts of creation), Structuring (acts of 

arranging), and Justification (acts of reflection).  Acts of Discovery are describes as those that 

arise from the subconscious and illuminate “truths” which may then be scrutinized rationally.  

Intuition, spontaneous ideas, and insight arise from the content of the problem at hand, and are 

the seeds of new, related questions and problems.  Structuring describes the conscious processes 

of creating mathematical structure through definitions, visualization, symbols, constraints, and 

characterization.  These processes of thinking can be as complex as mathematical modeling and 

as simple as acknowledging implicit assumptions.  Finally, the process of Justification includes 
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in-line local assessment, verification, the presentation of a final solution, and metacognitive 

monitoring throughout one’s work.  The product of the mental activity of justifying is a solution, 

perhaps a mathematical proof or a formalized answer, but the process is much more rich and 

diverse.  These processes of thinking mathematically, which are the focus of the research 

presented here, can be fostered in certain environments.   I offer this framework as a tool to 

teachers and researchers for identifying and discussing valuable mental acts of mathematics. 

7.1.2 What is the relationship between mathematical thinking and problem design? 

In this study I focused on the structuredness of problems as a key design element, and I 

highlight two variables: the wording of the problem statement, and the pictures which are or are 

not provided.  Ill-structured problems possess “elements that are unknown or not known with any 

degree of confidence, multiple solutions, solution paths, or no solutions at all, multiple criteria for 

evaluating solutions, [and] often require learners to make judgments and express personal 

opinions or beliefs” (Jonassen, 2000, p67).  In contrast to exercises and other well-structured 

tasks, it is generally believed that ill-structured problems bring about more varied and advanced 

thinking processes and generate a more authentically mathematical experience founded in the 

social validation of mathematical truth and ideas.  This research supports that tentatively 

established connection by identifying links between specific thinking processes and specific 

problem attributes.   

7.1.2.1 What specific attributes of ill-structured problems occasion mathematical thinking?   

All three mathematical thinking processes, Discovery, Structuring, and Justification, are 

seen in the problem sessions, but the frequency and substance of Discovery is the most 

inconsistent.  In only one of the problem sessions that were analyzed was there no instance of 

Discovery observed.  In this study we see Discovery and Structuring occuring in greatest 

concentration in the initial work of understanding a problem.  Conceptualizing objects and 
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relationships and recognizing assumptions are both primarily acts of Discovery, while 

constraining and re-formulating are conscious acts of Structuring which are influenced by 

Discovery and Justification, especially metacognitive monitoring.  Decisions are made here 

which turn the ill-structured problem into a well-structured one and these decisions include the 

assumption of constraints and axioms which set the initial trajectory for the problem. 

The solution to a mathematical problem is dependent on a set of assumptions or axioms 

which define the problem space.  Some students work well within these constraints and some are 

willing to impose further constrictions on the problem space in service to some rational or 

intuitive perspective on the situation and eventual solution.  We see some students in this study 

clearly recognizing assumptions given or implied in the problem presentation, and in some cases 

suggesting the imposition of further constraint on the problems.  Yet, there are other students who 

do not appear to be aware of this fundamentally mathematical activity, and in some cases this 

unawareness negatively affects their presentation of, and confidence in, their solutions.  Though 

mathematical thinking is observed in all of the problem sessions in this study, there are many 

different flavors of these mental processes. 

7.1.2.2 What are the relationships between problem attributes and thinking 

mathematically? 

Discovery and Structuring are concentrated during the initial work on an ill-structured 

problem.  The problem statement – the mathematical vocabulary and content, syntax, context, and 

pictures – describes the mathematical essence of a problem to some variable degree of precision.  

A problem which is posed in a way that makes it ill-structured requires a large amount of initial 

work.  The mathematical thinking that occurs during this stage is a combination of conscious 

Structuring (visualizing, representing, relating, constraining) and subconscious Discovery 

(intuitive choices, spontaneous ideas, recognizing assumptions).  This study shows many students 
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willing to engage in these mental activities but it also shows that those with greater metacognitive 

capacities are practicing more advanced mathematical thinking.  For example, a student may re-

read a problem statement superficially or critically.  Thus, the depth of these processes of 

Discovery and Structuring is modified by the students’ practices of Justification.  Ultimately, the 

activity of re-formulating a problem, which is necessitated by its ill-structuredness, provides 

opportunities for all students to advance their mathematical thinking.   

Conjecturing is rooted in Discovery.  Conjecturing, an organic and fundamental 

mathematical activity, can influence the process to a solution and its justification, and can also 

lead to the development of new, related problems (the holy grail of mathematics education: 

curiosity and conjecturing).  In this study we see many students posing conjectures which are 

based on a combination of intuition and rational argument, and this action is immediately 

followed by a conscious and directed search for more information and formal justification.  

Conjecturing is deeply rooted in subconscious Discovery and occurred in this study only for 

problems which had geometric elements about which students could develop an intuitive sense. 

Presenting a solution to an ill-structured problem requires Structuring and Justification.  

The elements of an ill-structured problem may be unknown or not clearly presented; on the other 

hand the goal information may be vague and require students to make judgments about the 

criteria for evaluating the solution.  Both scenarios call for conscious Structuring, and cognitive 

and metacognitive Justification but the goal information in the problem statement sets the course 

for the level of formality and support required in the formal presentation of the final solution.   

In the design of this study I identified wording and pictures as two attributes of the 

problem statement that can be adjusted in the design of a problem statement to make 

opportunities for specific kinds of thinking.  The results of this research demonstrate that 

ambiguous wording can occasion the conscious act of constraining while the absence of visual 

representation in a problem statement forces the development of mental and physical imagery.  
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Both acts of Structuring – constraining and visualizing – also involve Justification in the early 

part of a problem, which is then referred back to in the later implementation and verification of 

the solution.   

The verification of a solution is more or less the beginning of the end of a problem.  This 

is the time in which the student proves to himself that the process and product of the work has 

been sound and understandable.  Sometimes a solution will end here but in higher mathematics, 

and we see this in the study, students understand that a solution must be taken one step further: it 

must be presentable.  This is the stage that follows verification which we call précising, or 

formalizing, and it is where the student exports the mathematics from within his insular space to 

be subjected to social scrutiny.  The uncertainty surrounding the evaluation of a solution to an ill-

structured problem warrants clear communication amongst peers and in the final (written) 

presentation of a solution.  Translating one’s own work, especially rational and judgmental 

decisions, requires careful mathematical thinking, and the rational justification of a solution that 

is personal as well as logical is an authentic mathematical experience.  The presentation of the 

solution to an ill-structured problem is influenced by the confidence that one has in the entire 

enterprise and this study calls attention to students’ lack of confidence in rational justification of 

an argument. 

There is very little Discovery in Problem 3.  Fewer acts of Discovery were observed in 

the coin-change problem, than were seen in the other two.  Taken at face value, this problem 

appears to be well-structured because it has obvious basic elements and a knowable, 

comprehensible solution.  Furthermore, it can be solved in a familiar way by simply listing cases.  

Nevertheless, I characterize the problem as ill-structured because it has many possible solution 

paths, each of which depends on the set of coins and denominations that form the basic elements. 

I suggest that all of the students in this study perceived this problem in its most tacit presentation, 

and very little Discovery was elicited.  The greatest proportion of time spent in Implementation 
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was seen in the time-lines of this problem, and, once immersed in this Episode, students 

demonstrated very little tendency to alternate this activity with other stages of problem solving.  

This is different from what is seen in Problems 1 and 2 in which almost all of the sessions jump 

back and forth between all Episodes with much more frequency.  

7.1.3 Is there a pattern to the relationship between a student’s affective variables and 

her/his mathematical thinking? 

This study reveals that students with well-developed metacognition engage in more 

frequent, more varied, and more advanced mathematical thinking than their less metacognitive 

peers.  Specifically, students with higher metacognitive ability were capable of more advanced 

analysis, engaged in a wider range of Structuring processes, and experienced more intuitive and 

spontaneous ideas, especially on the heels of being stuck and working solo.  The weakly 

metacognitive students seem willing, but not familiar enough, to engage in multiple advanced 

thinking processes; they seem especially to have difficulty at the beginning of a problem 

deciphering mathematical vocabulary and recognizing assumptions, two acts of mathematical 

thinking that influence subsequent decisions and work.  Interestingly, these students seem to go 

through the motions of problem solving – reading, analyzing, and précising a solution – but 

without any real mental depth to the activity.  The highly metacognitive students have some 

difficulties too, but they arise from thinking of a different and deeper flavor; they easily translate 

the problem statement into a cohesive mathematical idea and they frequently identify existing or 

implied underlying assumptions, but we observe them debating the appropriateness of adding 

constraints to a problem, more justification of individual steps throughout the process of solving 

the problem, and a greater frequency of later reflective exploration and analysis. 

Other activities that were observed did not seem to conform to this separation by 

metacognitive capacity, including conjecturing and the précising or refinement of a solution.  The 
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latter of these is reflected in a general desire for and confidence in more formal, symbolic proof 

over the more informal, rational justification of a solution. 

7.1.3.1 What are students’ viewpoints of these problems and of their capacity to solve 

them?  Is there any pattern to how different students experience different kinds of 

problems? 

The students’ viewpoints of these problems are not distinguished, as had been hoped, by 

their identified beliefs and attributes.  Most students reported that they liked doing these problems 

and, with only a few exceptions, all of the students found the three problems interesting. 

There is some consensus among the viewpoints of two of the problems.  Problem 2 (tires) 

does not have lasting value for any of these students who see it as too difficult who had little 

confidence in their solutions.  The differences between the viewpoints of this problem seem to lie 

in the way that the students see their own actions, rather than in the way they see the problem 

itself.  Problem 3 (coins) is seen as somewhat benign – not too easy or difficult for anyone – and 

the viewpoints of this problem are perhaps the most consistent from person to person.   

It is in Problem 1 (spheres) that we see the most variation among viewpoints.  A few 

students with low metacognition and a fragmented conception of mathematics found the problem 

uninteresting.  Most students with high metacognition thought the problem was too difficult but 

quite enjoyed it anyway.   

I believe that the limited quality of these results is due more to a function of the 

methodological design than to the underlying psychological and cognitive actions of the students. 

7.1.4 What are the pedagogical implications of this research?  Can educators readily use 

this information in designing problems to teach mathematical thinking? 

None of the students in this study carried out a complete and correct solution to Problem 

1, even though it is a problem that can be solved using basic Calculus, a subject that all of these 
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students had “learned.”  This is a very clear indication that there are ample pedagogical 

opportunities in mathematics.  This is not news, of course, but the contribution of this study is an 

account of the connections between the problem attributes and students’ thinking, as well as to 

their psychological characteristics.  These results suggest instructional design changes and 

pedagogical issues related to thinking mathematically. 

Metacognition is related to more advanced mathematical thinking.  Categorizing students 

based on a large set of categories including motivations, attitudes, and learning strategies could 

have just as accurately been achieved by a single category: metacognition.  This supports 

previous findings that metacognition is a dominant affective variable of student learning.  Indeed, 

students with greater metacognitive awareness were observed engaging in more frequent and 

varied mathematical thinking.  This may make it easier for teachers to predict, with some fair 

degree of accuracy, certain qualities and capabilities of their students so that they can then tailor 

instruction to the readiness of the individual.  Specifically, students with lower metacognition 

may benefit from guidance on recognizing assumptions and interpreting mathematical vocabulary 

while those with higher metacognition may be ready for instruction on imposing constraints and 

on formulating new mathematical situations. 

Adjusting the structuredness of a problem can bring out advanced mathematical thinking.  

It is agreed that for a problem to be truly problematic it must not be given alongside any solution 

method.  This is one example among many of problem design choices that teachers can make to 

adjust the structuredness of a problem.  Further variations include the ambiguousness of the front 

matter and of the goal information provided in the problem statement, all of which place the final 

presentation of the problem along a spectrum of constraint, which has, on one side, exercises with 

a prescribed solution procedure, and on the other, open problems and mathematical notions.  

Furthermore, this research suggests that problems, in contrast to exercises, provide a twofold 
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benefit: not only do they give students a chance to practice the kinds of thinking that are truly 

involved in doing mathematics, but students find them interesting.   

The activity of providing structuring to a problem involves a variety of advanced 

mathematical thinking and is rich with pedagogical opportunity.  An ill-structured problem, for 

example, the way that Problem 1 (spheres) is written in this study as juxtaposed with the textbook 

version, provides many opportunities for learning to think mathematically.  Of course, some 

students are not sufficiently prepared for (up to) this, lacking either subject knowledge or problem 

solving strategies.  But what we see from this study is that many students are prepared and 

naturally, without prompting, exhibit mathematical thinking in ways that show potential for more 

advanced thinking, provided careful encouragement.  Examples of these activities are: 

recognizing assumptions; imposing constraints; developing visual and symbolic representations;  

guessing at objects or relationships; and, reformulating ideas as mathematics problems.   

A problem for which one can develop an intuitive mathematical sense provides an 

opportunity for conjecturing; conjecture needs be reinforced by justification.  The intuitive sense 

of a situation gives the problem-solver confidence and direction for a solution.  The focus of 

further work can be deciding on a level of formality and trying to reach it from the initial 

conjecture.  We see in this study that all students make a conjecture about the solution to Problem 

2 (tires).  Then, although modeling the situation in mathematical terms was not required, all of the 

students made at least a cursory attempt at this more formal justification.  Nevertheless, we see 

that they all have difficulty representing their informal-rational arguments and intuitive beliefs in 

formal-rational terms.   

Coincidence breeds enjoyment and leads to new inquiry.  Students’ viewpoints of 

Problem 3 (coins) provide an example:  although they see the problem as a typical mathematical 

exercise, most find it unequivocally interesting.  This cannot be explained only by the fact that 

they were all able to solve it, though confidence surely contributed to a positive attitude.  The 
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numeric value of the solution coincidentally related to the numeric amount in original problem.  

The fact that this is a coincidence is irrelevant – it is the essence of this fact that draws curiosity 

and enjoyment from students.  Furthermore, this is an opportunity for fostering the creation of 

new mathematics by exploring the perceived coincidence. 

Many activities that arise through ill-structured problems lead to the development of new 

mathematics.  Learning how to re-formulate a problem may be an introductory lesson in learning 

how to create new mathematics problems.  Guessing, conjecturing, heuristic activities such as 

constraining and considering special cases, analyzing perceived coincidence, and later, reflective 

observations can all lead to the development of new mathematics problems.  As we see in this 

study, some ideas arise but are undeveloped while others seem just under the surface.  This 

curiosity and creativity can be fostered with careful instruction. 

Students’ perceptions of a final, formalized solution are wildly varied.  Constructing a 

plausible, mathematical explanation that will be accepted by an identified community (in this 

case, mathematics teachers or peers) is difficult and this study shows that students have very little 

understanding or confidence with presenting formalized solutions.  A pedagogical approach of 

peer evaluation seems to be an easy way for students to gain practice and confidence in socially 

acceptable mathematical argument. 

7.2 Implications 

A great deal of undergraduate mathematics education research has been dedicated to 

heuristics in problem solving and to mathematical proof.  More recently, as we have seen in the 

literature, recommendations have been made for a focus of instruction and education research on 

elements of inquiry learning founded in constructivist philosophies.  Particular emphasis has been 

placed on ill-structured problems and discipline-authentic environments, and on creative 

processes of thinking mathematically such as problem-posing, conjecture, and modeling.  
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Jonassen (2000) has advocated for more research into the connections between problems and 

thinking processes.  My contribution to this field is connecting specific processes of mathematical 

thinking to carefully designed problems by showing that certain problem design variables 

occasion specific processes of thinking.  I highlight the wording, the visual component included 

or not included in the problem, and a problem’s structuredness.   

This study contributes to our understanding of mathematical creativity by highlighting 

the thinking that arises during the re-formulation of ill-structured problems.  I suggest that this 

activity is a possible way of scaffolding the activity of problem-posing.  In addition, this research 

shows that while formal and informal justification of mathematical ideas are essential parts of the 

process of doing mathematics, two vital processes of thinking mathematically, Discovery and 

Structuring, arise during the initial work on an ill-structured problem.  This study gives some 

indications of how that initial work, the conceptualization and re-formulation of an ill-structured 

problem, advances mathematical thinking.   

Increasing awareness of the mental activity of mathematics through a social constructivist 

philosophy may be an effective first step to teaching the process of mathematical thinking.  All 

students can benefit from a greater awareness of their own mental process, and an emphasis on 

the initial conceptualization and re-formulation of a problem may be one way to bring these 

processes into the collective awareness.  Ill-structured problems provide a good platform for this 

learning activity.  Creativity in mathematics begins with an awareness of and familiarity with 

one’s own personal influence on mathematical creation; this social constructivist message is 

reinforced in practice through inquiry-based activities.  Pólya advised, “if the learning of 

mathematics has anything to do with the discovery of mathematics, the student must be given 

some opportunity to do problems in which he first guesses and then proves some mathematical 

fact on an appropriate level” (in Schoenfeld, 1992, p17).  For example, one possible consequence 

of an ill-structured problem is that it can be difficult to tell the difference between a conjecture 
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and a solution.  A conjecture is a conclusion formed on the basis of incomplete information.  The 

lack of precision in an ill-structured problem provides no help to determine whether or not the 

information that is being called upon for a solution is complete.   

A carefully designed task can provide a context in which students can experience an 

authentic mathematical experience.  Stein, Grover, and Henningsen (1996) explain that the nature 

of “tasks used in mathematics classrooms highly influence the kinds of thinking processes in 

which students engage” (p462).  From the social constructivist point of view, making decisions 

about the completeness of a formalized solution (based on one’s own knowledge of the 

mathematical structure and on the socially-structured evaluation of the solution) is precisely the 

kind of authentic mathematical activity that is essential to learning and doing mathematics.  In 

addition, this research sheds some light on the topic of metacognition in mathematics education.  

While it has been shown that highly metacognitive students perform better than their weakly 

metacognitive counterparts, this study presents a framework through which we can understand 

this performance disparity as a function of processes of mathematical thinking.  When solving an 

ill-structured problem, the problem solver makes connections by scrutinizing relationships with a 

keen eye to conceptual understanding, and then makes decisions that can affect the course of the 

solution.  Decision-making is a powerfully autonomous and creative activity that requires the 

identification of mathematically important elements of a situation.   

We are entering into an information age in which “mind workers,” rather than production 

and service workers, are becoming the competitive, high-earning global workforce.  Workers 

contributing to the knowledge-based economy are critical, creative, self-led individuals who 

collect ideas, combine them in interesting ways to create new knowledge, and communicate 

clearly and efficiently.  Mathematics is a knowledge commodity; a mathematician manipulates 

and recombines existing mathematical knowledge in a way that adds value to that knowledge 

(Bereiter, & Scardamalia, 2005).  Because mathematics is the underlying language of technology 
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driving this transition to an information society, a global interest in mathematics education is also 

growing.  Interest is keen in educational goals such as curiosity and intuition that can be critically 

evaluated, a good sense for form and structure, metacognitive self-regulation, and ingenuity in 

problem solving (DeHaan, 2009).  That is, if we teach students to think like mathematicians – 

with precision, intuition, curiosity and stamina – then we will have done much more for the 

individual, and for the society, than if we had taught them, for example, to compute solutions to 

ordinary differential equations using well-known methods.  The use of ill-structured problems 

within an inquiry environment provides draws out these fundamental processes of mathematics, 

and the pedagogy of inquiry in mathematics education is growing more popular “because of the 

realization by industry and government leaders that this information age is for real” (Savery, 

2006, p17).   

7.3 Future Directions 

It is important to remember that good education must be led by a commitment to the 

universal sharing of knowledge rather than the assessment of learning.  Nevertheless, it is also 

imperative for educators to have tools to assess students’ learning.  This study emphasized the 

need for effective methods of assessing performance as defined by “thinking mathematically.”  

Current research connecting beliefs and affects to better performance are not reliable when we 

consider performance as mathematical thinking.  One particularly interesting result of this 

research warrants further investigation into connections between metacognition and different 

types of motivation and mathematical thinking.  The results of this study showed that students 

with low metacognition display average intrinsic and extrinsic motivation, but that these 

motivation scores diverge as metacognitive capacity increases; thus, students with high 

metacognition in this study were shown to have very high intrinsic and very low extrinsic 

motivation.  We also saw that this latter group engages in more Discovery than their peers.  A 
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careful study of metacognition, motivations, and other variables and their relationship to 

advanced mathematical thinking, especially Discovery, is due.   

Another major issue to which this research points is the creative formulation and re-

formulation of mathematics problems.  Presenting problems as ill-structured, or even poorly 

written, can prompt activities such as constraining and conjecturing which are cognitive elements 

of problem formulation.  Coincidences and paradoxes also provide ingress into developing new, 

related problems by prompting investigation into generalized situations.  Discovery, in particular, 

is a process of creative mathematical thinking and I propose that if a significant amount of 

Discovery arises at the beginning of a problem, the more likely it is that related Discovery will 

develop later, in the form of curiosity and the compulsion to extend results or ideas to new, 

related problems. 

Finally, an interesting future study might consider the mathematical thinking that arises 

from a single problem kernel manifested in multiple presentations.  Differences in thinking 

processes that arise from well-structured versus ill-structured problems would be of interest, in 

addition to varying the structuredness of (1) the mathematical content presented in the problem 

statement, and (2) the goal information of the problem.  This investigation could suggest ways to 

alter existing problems, such as those from a textbook, in ways that draw out mathematical 

thinking processes. 

7.4 Limitations 

One limitation of this study is the imbalance of problem sessions of highly metacognitive 

students to those of weakly metacognitive students.  It was never the intention to extend these 

results as a representation of the population, and so this is not a devastating limitation to the 

study.  Nevertheless, I would have preferred to analyze more work of the latter group in order to 

develop a greater understanding for advancing their mathematical thinking.   
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The reliability of the initial survey was not tested, though it was compiled (and modified) 

from various other validated measurements.  More limiting was the design of the Q study which 

did not illuminate students’ viewpoints of ill-structured problems well.  Additional, more detailed 

analysis of the existing data from the Q sorts (for example, removing the statements aimed at 

collaboration) could provide a better understanding of the two major topics of interest: students’ 

view of the problem and of self.  In the end, the pronouncement of metacognition as a sorting 

variable is an unforeseen strength of the study and the array of viewpoints within the 

metacognitive groups lends credibility to the items of consensus about each individual problem. 

The act of transcribing dialog does not accurately record the evolution of feeling and 

momentum throughout a session.  Furthermore, students’ discussion and written work is only a 

representation of their thinking.  For reasons of time-limitation I chose not to follow up these 

problem sessions with interviews.  These factors may have led to biased interpretation of the data. 
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Appendix B 

Initial Survey 

A Survey of Students’ Experiences Learning Mathematics 
 

This survey is part of a larger project exploring relationships between doing certain kinds of mathematics 

problems and thinking mathematically.  After completing this survey you may be contacted about 

participating in a follow-up study.  Participants in the follow-up study will be offered compensation.   

 

Name_________________ 

Email address___________________ 

 

I agree to be contacted for a follow-up to the study, and I understand that if I am, I have the right to decline 

the request.  (box to be checked.  If box not checked, and student tries to continue, show message “Please 

check the box indicating that you agree to be contacted at a later date about a follow-up study.  Remember, 

you can always decline to participate.”) 

 

 

Thank you for taking the survey!  Please answer the following question as accurately and in as much detail 

as you can.  

 

START HERE  

 

1. Think about the mathematics that you have done so far.  What do you think mathematics is?  
Please be as detailed as you like.  (open-ended, no limit) 

2. Did you take calculus in high school? (Y/N) 
3. In your last years of high school, what were your grades like in your math classes? (select all that 

apply: poor, fair, average, good, excellent) 
4. What mathematics courses have you completed in University?  And what grades did you get in 

those courses?  (<course>=<grade> “course” is a drop-down menu: Calculus I; Calculus II; Linear 
Algebra; Other (please explain). “grade” is a drop-down menu with A/A+ = 90-100%; A- = 80-
89%; B = 70-79%; C = 60-69%; D = 50-59%; Other (please explain)) 

5. What is your intended major? (drop-down box including: Biochemistry; Biology; Business; 
Chemistry; Commerce; Computer Sciences; Concurrent Education; Economics; Education; 
Engineering; Environmental Studies; Geography; Geological Sciences; Health Sciences; 
Humanities; Mathematics and Statistics; Physics; Psychology; Social Sciences) 

6. Female/Male 
7. Age 

 
The following questions ask about your motivation for and attitudes about mathematics.  Please answer as 
accurately as possible - there are no right or wrong answers.   



 292 

Please answer the following items and indicate on which end of the scale the statement represents your 
motivation and attitudes about mathematics: 

Strongly	  Disagree	   Disagree	   Neither	  	   Agree	   Strongly	  Agree	  
1	   2	   3	   4	   5	  

8. I think I will be able to use what I learn in mathematics in other courses.  
9. I study mathematics because of the pleasure and satisfaction I experience while learning new 

things. 
10. I am taking mathematics courses because I think that they will help me better prepare for the 

career I have chosen. 
11. It is important for me to learn the course material in a mathematics class. 
12. I believe I will receive an excellent grade in most mathematics courses.  
13. In mathematics, I prefer course material that arouses my curiosity, even if it is difficult to learn.  
14. The most important things for me is to prove to myself that I am capable of succeeding in a 

mathematics class. 
15. I am very interested in mathematics.  
16. I'm certain I can understand the most difficult material presented in the textbooks and course notes 

for a mathematics course.  
17. The most satisfying thing for me in a mathematics course is trying to understand the content as 

thoroughly as possible.  
18. I am studying mathematics in order to obtain a more prestigious job later on. 
19. I think the course material in a mathematics class is useful for me to learn.  
20. I'm confident I can learn the basic concepts taught in a mathematics course. 
21. When I have the opportunity in a mathematics class, I choose course assignments that I can learn 

from even if they don't guarantee a good grade. 
22. The most important thing for me right now is improving my overall grade point average, so my 

main concern in a mathematics class is getting a good grade.  
23. I like the subject matter of mathematics.  
24. I'm confident I can understand the most complex material presented by the instructor in a 

mathematics course.  
25. Understanding mathematics is very important to me.  

 
The following questions ask about your learning strategies and study skills for learning mathematics.  
Again, please answer as accurately as possible - there are no right or wrong answers.   
Please answer the following items and indicate on which end of the scale the statement represents your 
learning strategies and study skills in mathematics: 

Strongly	  Disagree	   Disagree	   Neither	  	   Agree	   Strongly	  Agree	  
1	   2	   3	   4	   5	  

26. I often find myself questioning things I hear or read in a mathematics course to decide if I find 
them convincing.  

27. When studying for mathematics, I make up questions to help focus my studying.  
28. When I study for mathematics, I practice saying the material to myself over and over.  
29. When I study for mathematics, I pull together information from different sources, such as lectures, 

the textbook, and assignments. 
30. When I study the textbook and course notes for a mathematics course, I outline the material to 

help me organize my thoughts. 
31. When I become confused about something I'm learning for a mathematics class, I go back and try 

to figure it out.  
32. During math class I often miss important points because I'm thinking of other things. (reverse 

coded)  
33. When a theory, interpretation, or conclusion is presented, I try to decide if there is good supporting 

evidence.  
34. When studying for mathematics, I often try to explain the material to a classmate or friend.  
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35. If course readings, such as the textbook or course notes, are difficult to understand, I change the 
way I read the material.  

36. When studying for mathematics, I read my class notes and the textbook over and over again. 
37. When studying for mathematics, I try to relate the material to what I already know.  
38. When I study for mathematics, I go through the textbook and my class notes and try to find the 

most important ideas.  
39. Before I study new course material thoroughly, I often skim it to see how it is organized.  
40. I ask myself questions to make sure I understand the material I have been studying in 

mathematics.  
41. I treat the course material as a starting point and try to develop my own ideas about it.  
42. I try to work with other students from mathematics class to complete the course assignments.  
43. I try to change the way I study in order to fit the course requirements and the instructor's teaching 

style.  
44. I memorize key words to remind me of important concepts in mathematics. 
45. When I study for mathematics, I write brief summaries of the main ideas from the textbook and 

my class notes. 
46. I make simple charts, diagrams, or tables to help me organize course material. 
47. I often find that I have been studying for a mathematics class but don't know what it was all about. 

(reverse coded)  
48. When studying for mathematics I try to think through a topic and decide what I am supposed to 

learn from it, rather than just reading it over.  
49. I try to play around with ideas of my own related to what I am learning in mathematics.  
50. When studying for mathematics, I often set aside time to discuss course material with a group of 

students from the class.  
51. When studying for a mathematics course I try to determine which concepts I don't understand 

well.  
52. I make lists of important items for a mathematics course and memorize the lists.  
53. I try to understand the material in mathematics by making connections between the textbook and 

the concepts from the lectures.  
54. When I study for mathematics, I go over my class notes and make an outline of important 

concepts.  
55. When I study for a mathematics class, I set goals for myself in order to direct my activities.  
56. If I get confused taking notes in class, I make sure I sort it out afterwards. 
57. Whenever I read or hear an assertion or conclusion in mathematics, I think about possible 

alternatives. 
 
These last few questions are about doing math problems. 
Please answer the following items and indicate on which end of the scale the statement represents how you 
do mathematics problems. 

Strongly	  Disagree	   Disagree	   Neither	  	   Agree	   Strongly	  Agree	  
1	   2	   3	   4	   5	  

58. I like doing problems if I’ve seen others like them before. 
59. I like problems that are new and that really challenge me. 
60. I like working on problems and solving them. 
61. I often don’t know if my answers are right. 
62. I like calculating more than figuring things out conceptually. 
63. I usually find it easy to adjust mathematical procedures needed to solve a problem. 
64. I prefer to check my answers in the book or with an instructor.   
65. I prefer to check my answers with friends. 
66. I prefer to check my answers on my own. 
67. I always make sure that my answer is justified. 

Thank you!  You may be contacted at a later date for a follow-up to this study.  
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Appendix C 

Problem-Solving Episodes and Associated Questions 

(Schoenfeld, 1985, Section 9.7, p297) 

READING 
The reading episode begins when a subject starts to read the problem statement aloud.  It includes time 
spent ingesting the problem conditions and continues through any silence that may follow the reading – 
silence that may include contemplation of the problem statement, the (non-vocal) rereading of the problem, 
or blank thoughts.  It continues as well through vocal rereadings and verbalizations of parts of the problem 
statement. 

The reading questions are 
R1. Have all the conditions of the problem been noted?  Were they noted explicitly, or implicitly? 
R2. Has the goal state been correctly noted?  Was it noted explicitly, or implicitly? 
R3. Is there an assessment of the current state of the problem solver’s knowledge relative to the 

problem-solving task (see “Transition”)? 

ANALYSIS 
If there is no apparent way to proceed after the problem has been read, the next (ideal) phase of a problem 
solution is analysis.  In analysis an attempt is made to fully understand a problem, to select an appropriate 
perspective and reformulate the problem in those terms, and to introduce for consideration whatever 
principles or mechanisms might be appropriate.  The problem may be simplified or reformulated.  Often 
analysis leads directly into plan development, in which case it serves as a transition.  Also, note that the 
analysis episode may be bypassed completely, as happens in schema-driven solutions where the individual 
already knows the relevant perspective and approach to take. 

Analysis questions are 
A1. What choice of perspective is made?  Is the choice made explicitly, or by default? 
A2. Are the actions driven by the conditions of the problem? (working forward) 
A3. Are the actions driven by the goals of the problem? (working backward) 
A4. Is a relationship sought between the conditions and goals of the problem? 
A5. Is the episode, as a whole, coherent?  In sum, (considering Questions A1-A4), are the actions 

taken by the problem solver reasonable?  Are there any further comments or observations that 
seem appropriate? 

EXPLORATION 
Both its structure and content serve to distinguish exploration from analysis.  Analysis is generally well 
structured, sticking rather closely to the conditions or goals of the problem.  Exploration, on the other hand, 
is less well structured and is further removed from the original problem.  It is a broad tour through the 
problem space, a search for relevant information than can be incorporated into the analysis-plan-
implementation sequence.  If one comes across new information during exploration, for example, one may 
well return to analysis in the hope of using that information to better understand the problem. 

In the exploration phase of problem solving, one may find a variety if problem-solving heuristics – the 
examination of related problems, the use of analogies, and so forth.  Ideally, exploration is not without 
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structure; there is a loose metric on the problem space (the perceived distance of objects under 
consideration from the original problem) that should serve to select items for consideration.  Precisely 
because exploration is weakly structured, both local and global assessments are critical here (see 
“Transition” as well).  An unchecked wild goose chase can lead to disaster, but so can the dismissal of a 
promising alternative. 

If new information arises during exploration, but is not used, or the examination of it is tentative, “fading in 
and fading out”, the coding scheme calls for delineating new information within the episode.  If, however, 
the problem solver decides to abandon one approach and start another, the coding scheme calls for closing 
the first episode, denoting (and examining) the transition, and opening another exploration episode. 

Exploration questions are 
E1. Is the episode condition driven?  Goal driven? 
E2. Is the action directed or focused? 
E3. Is there any monitoring of progress?  What are the consequences for the solution of the presence 

or absence of such monitoring? 
E4. Is the episode, as a whole, coherent?  In sum (considering Questions E1-E3), are the actions taken 

by the problem solver reasonable?  Are there any further observations or comments that seem 
appropriate? 

NEW INFORMATION AND LOCAL ASSESSMENTS 
New-information points include any items at which a previously unnoticed piece of information is obtained 
or recognized.  They also include the mention of potentially valuable heuristics (new processes, new 
approaches).  Local assessment is an evaluation of the current state of the solution at a microscopic level. 

New information and local assessment questions are 
N1. Does the problem solver assess the current state of his knowledge?  (Is it appropriate to do so?) 
N2. Does the problem solver assess the relevancy or utility of the new information?  (Is it 

appropriate?) 
N3. What are the consequences for the solution of these assessments, or the absence of them? 

PLANNING-IMPLEMENTATION 
Because the emphasis here is on questions at the control level, detailed issues regarding plan formation are 
not addressed.  The primary questions of concern here deal with whether or not the plan is well structured, 
whether the implementation of the plan is orderly, and whether there is monitoring or assessment of the 
process on the part of the problem solver (s), with feedback to planning and assessment at local and/or 
global levels.  Many of these judgments are subjective.  For example, the absence of any overt planning 
acts does not necessarily indicate the absence of a plan.  In fact, protocols of schema-driven solutions often 
proceed directly from the reading episode into the coherent and well-structured implementation of a 
nonverbalized plan.  Thus the latitude of the questions below; the scheme should apply to a range of 
circumstances, from schema-driven solutions to those in which the subject develops an appropriate plan or 
even comes upon one by accident. 

Planning-implementation questions are 
PI1. Is there evidence of planning at all?  Is the planning overt or must the presence of a plan be 

inferred from the purposefulness of the subject’s behavior? 
PI2. Is the plan relevant to the problem solution?  Is it appropriate?  Is it well-structured?   
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PI3. Does the subject assess the quality of the plan as to relevance, appropriateness, or structure?  If so, 
how do those assessments compare with the judgments in Question PI2? 

PI4. Does implementation follow the plan in a structured way? 
PI5. Is there an assessment of the implementation (especially if things go wrong) at the local or global 

level? 
PI6. What are the consequences for the solution of assessments if they occur, or of their absence if they 

do not? 

VERIFICATION 
The nature of the episode itself is obvious.   

Verification questions are 
V1. Does the problem solver review the solution? 
V2. Is the solution tested in any way?  If so, how? 
V3. Is there any assessment of confidence in the result? 

TRANSITION 
The juncture between episodes is, in most cases, where managerial decisions (or their absence) will make 
or break a solution.  Observe, however, that the presence or absence of assessment or other overt 
managerial behavior cannot necessarily be taken as being either good or bad for a solution.  In an expert’s 
solution of a routine problem, for example, the only actions one sees may be reading and implementation.  
This explains, in part, the contorted and subjective nature of what follows. 

Transition questions are 
T1. Is there an assessment of the current solution state?  Since a solution path is being abandoned, is 

there an attempt to salvage or store things that might have been valuable in it? 
T2. What are the local and global effects on the solution of the presence or absence of assessment as 

previous work is abandoned?  Is the action (or lack of action) taken by the problem solver 
appropriate or necessary? 

T3. Is there an assessment of the short- and/or long-term effects on the solution of taking the new 
direction, or does the subject simply jump into the new approach? 

T4. What are the local and global effects on the solution of the presence or absence of assessment as a 
new path is embarked upon?  Is the action there appropriate or necessary? 
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Appendix D 

Parsed Transcripts of Problem Sessions 
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Appendix E 

Q Study Factor Scores with Corresponding Ranks 

Problem	  1	  

	  

	  

	   	  

Factor Scores with Corresponding Ranks 
                                                                              Factors 
No.  Statement                                               No.          1          2          3 
  
  1  I think this is an interesting problem.                   1      1.00   6   0.52  10   2.28   1 
  2  I liked the simple elegance of the solution to this pr    2      1.27   5  -0.85  32   0.83  10 
  3  It made me feel good that I had mastered the technique    3     -1.96  39  -0.41  29  -1.35  37 
  4  The statement of the problem was too vague.               4     -0.89  32   0.46  13  -0.35  23 
  5  The problem was too difficult.                            5      1.56   2   0.01  19  -1.00  34 
  6  At first this problem seemed very difficult.  I wasn't    6     -1.34  33   0.30  15  -1.24  35 
  7  I could see that I was capable of solving this problem    7      0.54  13  -1.05  34  -0.66  27 
  8  I was anxious about starting this problem.                8      0.32  15  -0.86  33  -0.49  26 
  9  I'm not sure my process of solving the problem was rig    9     -1.45  35   0.74   9  -0.84  30 
 10  I am confident of my solution to this problem.           10      0.23  18  -0.11  20   1.79   2 
 11  I solved the problem but I don't really understand the   11      0.31  16   2.27   2   1.24   6 
 12  Doing this problem made me more confident of my mathem   12      0.89   8  -1.13  35  -1.42  38 
 13  I don't think I knew enough mathematics to do this pro   13      0.90   7  -0.26  25   1.36   5 
 14  It was important to me to complete this problem to pro   14      1.31   3   1.82   3   0.77  11 
 15  It's important to me to be able to solve problems like   15     -0.44  28  -1.74  37   1.12   8 
 16  I think that doing this problem was useful.              16     -0.87  31   2.27   2  -0.44  24 
 17  This problem challenged me.                              17      0.29  17  -0.21  22   0.30  15 
 18  I tried hard to solve this problem.                      18     -0.12  23   1.56   4   1.52   3 
 19  At first this problem seemed messy and complex.          19      0.05  21  -0.11  21  -0.92  32 
 20  I enjoyed doing this problem with someone else.          20      0.81   9  -0.24  23  -0.19  19 
 21  I found it helpful to have someone to share ideas with   21     -0.28  27  -0.69  30  -0.87  31 
 22  I solved the problem with someone else but the collabo   22     -1.34  34   0.48  12  -0.23  20 
 23  I can see connections between this problem and other m   23      0.72  11  -2.03  39   0.96   9 
 24  I can see how knowing the mathematics in this problem    24      0.21  20   0.02  18  -0.45  25 
 25  I can see how being able to solve this problem is rele   25      0.47  14  -0.71  31   0.05  17 
 26  Being able to do this problem is relevant to my life.    26     -0.10  22  -0.26  25   0.60  12 
 27  I had some dead-ends but I went back to the beginning    27     -0.12  24   0.85   6  -0.09  18 
 28  I had to sit back and think about the bigger picture.    28     -1.69  37  -0.37  28  -1.25  36 
 29  I found it helpful to think about specific cases or ex   29     -1.56  36   0.80   7  -0.98  33 
 30  While doing this problem I focused on details.           30      0.22  19   0.49  11   0.43  14 
 31  I got stuck doing this problem and I didn't have any i   31      1.29   4   0.76   8   1.20   7 
 32  I have some ideas about how to generalize or abstract.   32      0.66  12   0.87   5  -0.73  28 
 33  I am inspired to think of new but related questions.     33      0.73  10  -0.28  26   1.36   4 
 34  While solving this problem I was led to question the a   34     -1.84  38   0.40  14  -0.75  29 
 35  Once I had a solution to this problem I considered any   35     -0.21  25  -1.87  38   0.13  16 
 36  I probably won't think about this problem again.         36     -0.56  29  -0.32  27  -0.27  21 
 37  I was careful about organizing my work.                  37      1.98   1   0.03  17  -1.60  39 
 38  To understand this problem I really relied on good pic   38     -0.72  30  -1.17  36  -0.30  22 
 39  It was difficult to draw appropriate pictures.           39     -0.24  26   0.03  16   0.48  13 
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Problem	  2	  

	  

	  

	   	  

Factor Scores with Corresponding Ranks 
                                                                              Factors 
No.  Statement                                               No.          1          2          3 
  
  1  I think this is an interesting problem.                   1      0.57  13   0.94   8   1.14   5 
  2  I liked the simple elegance of the solution to this pr    2      0.58  12   0.47  14  -0.90  34 
  3  It made me feel good that I had mastered the technique    3     -1.14  34  -1.43  36   0.39  14 
  4  The statement of the problem was too vague.               4     -0.83  30  -0.41  24   1.09   6 
  5  The problem was too difficult.                            5      1.52   2   0.74  11   1.41   4 
  6  At first this problem seemed very difficult.  I wasn't    6     -1.02  31  -1.21  33   0.85  10 
  7  I could see that I was capable of solving this problem    7      0.49  16  -1.57  38  -0.87  33 
  8  I was anxious about starting this problem.                8      0.56  14  -1.23  35   0.07  18 
  9  I'm not sure my process of solving the problem was rig    9     -0.79  28  -1.75  39   0.74  12 
 10  I am confident of my solution to this problem.           10      0.46  17  -0.46  26  -0.08  19 
 11  I solved the problem but I don't really understand the   11      0.70  11   1.68   4  -0.24  24 
 12  Doing this problem made me more confident of my mathem   12      0.92   9  -1.03  32  -0.12  20 
 13  I don't think I knew enough mathematics to do this pro   13      1.67   1   0.28  16   0.12  16 
 14  It was important to me to complete this problem to pro   14      0.98   7  -0.54  29   0.08  17 
 15  It's important to me to be able to solve problems like   15      0.27  20  -0.46  25  -0.74  29 
 16  I think that doing this problem was useful.              16     -0.71  26   0.87  10   0.33  15 
 17  This problem challenged me.                              17      1.37   4  -0.14  22  -0.15  21 
 18  I tried hard to solve this problem.                      18      0.52  15   1.82   2   0.78  11 
 19  At first this problem seemed messy and complex.          19     -0.28  25   0.06  17  -0.24  23 
 20  I enjoyed doing this problem with someone else.          20      0.87  10   0.01  18  -0.78  31 
 21  I found it helpful to have someone to share ideas with   21     -1.60  37  -1.22  34  -0.20  22 
 22  I solved the problem with someone else but the collabo   22     -1.12  32   1.09   6  -1.22  36 
 23  I can see connections between this problem and other m   23      0.27  19  -0.07  21  -1.14  35 
 24  I can see how knowing the mathematics in this problem    24     -0.02  21  -0.76  30  -0.78  31 
 25  I can see how being able to solve this problem is rele   25     -1.12  33  -0.05  20   1.95   1 
 26  Being able to do this problem is relevant to my life.    26      0.35  18   0.88   9  -0.42  27 
 27  I had some dead-ends but I went back to the beginning    27     -0.10  24   1.70   3   1.06   7 
 28  I had to sit back and think about the bigger picture.    28     -1.60  38  -1.48  37  -0.39  26 
 29  I found it helpful to think about specific cases or ex   29     -2.12  39  -0.49  28  -1.99  38 
 30  While doing this problem I focused on details.           30     -0.08  23   1.16   5   1.72   2 
 31  I got stuck doing this problem and I didn't have any i   31      1.16   5  -0.05  19   0.90   9 
 32  I have some ideas about how to generalize or abstract.   32      1.41   3   0.53  13  -1.71  37 
 33  I am inspired to think of new but related questions.     33      0.95   8   1.83   1  -0.82  32 
 34  While solving this problem I was led to question the a   34     -1.17  35  -0.82  31  -0.29  25 
 35  Once I had a solution to this problem I considered any   35     -0.05  22  -0.40  23  -2.02  39 
 36  I probably won't think about this problem again.         36     -0.74  27   0.69  12  -0.72  28 
 37  I was careful about organizing my work.                  37      1.03   6   0.35  15   0.90   8 
 38  To understand this problem I really relied on good pic   38     -0.82  29   0.94   7   1.56   3 
 39  It was difficult to draw appropriate pictures.           39     -1.34  36  -0.48  27   0.73  13 
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Problem	  3	  

	  
  

Factor Scores with Corresponding Ranks 
                                                                              Factors 
No.  Statement                                               No.          1          2          3 
  
  1  I think this is an interesting problem.                   1      1.31   5   0.78  10   1.38   3 
  2  I liked the simple elegance of the solution to this pr    2      1.29   6   1.69   2   0.89   8 
  3  It made me feel good that I had mastered the technique    3     -0.97  31  -2.03  39   0.84  10 
  4  The statement of the problem was too vague.               4     -0.56  27  -1.34  36   0.54  15 
  5  The problem was too difficult.                            5      1.02   9   0.00  22  -1.26  36 
  6  At first this problem seemed very difficult.  I wasn't    6     -1.12  33  -1.28  34  -1.19  35 
  7  I could see that I was capable of solving this problem    7      1.54   2   0.64  13   0.00  19 
  8  I was anxious about starting this problem.                8     -0.60  28   0.32  16  -0.19  23 
  9  I'm not sure my process of solving the problem was rig    9     -0.28  25   1.04   6  -1.19  35 
 10  I am confident of my solution to this problem.           10      0.52  12   1.20   3   1.31   4 
 11  I solved the problem but I don't really understand the   11      1.33   4  -0.48  28   0.54  15 
 12  Doing this problem made me more confident of my mathem   12      0.34  16  -0.51  29  -0.96  32 
 13  I don't think I knew enough mathematics to do this pro   13     -0.16  23   0.91   8   1.07   7 
 14  It was important to me to complete this problem to pro   14     -1.23  34  -1.74  37   0.72  11 
 15  It's important to me to be able to solve problems like   15     -0.03  20   0.08  20  -0.12  22 
 16  I think that doing this problem was useful.              16      0.85  11  -1.20  32   0.84  10 
 17  This problem challenged me.                              17      0.85  10   0.10  19   0.35  17 
 18  I tried hard to solve this problem.                      18      1.69   1  -0.13  25   0.12  18 
 19  At first this problem seemed messy and complex.          19     -0.67  29  -0.78  30   0.42  16 
 20  I enjoyed doing this problem with someone else.          20      0.15  18   0.51  15   1.80   2 
 21  I found it helpful to have someone to share ideas with   21     -0.22  24  -0.14  26  -0.65  28 
 22  I solved the problem with someone else but the collabo   22     -1.60  37  -1.16  31  -1.73  38 
 23  I can see connections between this problem and other m   23      0.41  15   1.88   1   1.26   6 
 24  I can see how knowing the mathematics in this problem    24      0.46  13   0.00  24  -0.96  32 
 25  I can see how being able to solve this problem is rele   25     -1.27  35   0.96   7  -0.23  24 
 26  Being able to do this problem is relevant to my life.    26     -0.35  26   0.14  17  -0.65  28 
 27  I had some dead-ends but I went back to the beginning    27     -0.80  30   0.13  18  -0.77  29 
 28  I had to sit back and think about the bigger picture.    28     -1.83  39  -1.82  38  -1.91  39 
 29  I found it helpful to think about specific cases or ex   29     -1.06  32  -1.23  33  -1.33  37 
 30  While doing this problem I focused on details.           30     -0.15  22   0.00  24  -0.07  20 
 31  I got stuck doing this problem and I didn't have any i   31      0.43  14   0.78  10   0.65  12 
 32  I have some ideas about how to generalize or abstract.   32      0.21  17  -0.40  27   1.91   1 
 33  I am inspired to think of new but related questions.     33      1.14   7   1.16   5  -0.12  22 
 34  While solving this problem I was led to question the a   34     -1.70  38  -1.31  35  -0.96  32 
 35  Once I had a solution to this problem I considered any   35     -0.08  21   0.06  21  -0.47  25 
 36  I probably won't think about this problem again.         36      0.12  19   0.72  11   0.54  15 
 37  I was careful about organizing my work.                  37      1.47   3   0.59  14  -1.03  33 
 38  To understand this problem I really relied on good pic   38      1.04   8   0.69  12   1.26   6 
 39  It was difficult to draw appropriate pictures.           39     -1.51  36   1.18   4  -0.65  28 
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Appendix F 

Solutions to The Problems 

Problem 1 

Solution: Assuming the interpretation of the solid as the shaded arc-ring, as in the picture below, the two 

objects have equal volume.  Volume does not depend on the radius of the spheres, only on the height of the 

cylindrical void. 

 

Solutions provided by Problem Pairs: 

 

 
Problem Session 2.13 (Subject A) Problem Session 3.12 (Subject B) 

 

 
Problem Session 3.13 (Subject B) 
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Problem 2 
 
Solution: Option A, the smaller tire, wears out first, given that we accept some set of reasonable 
assumptions.  This is because it makes more revolutions per unit of time than the larger tire.  The difference 
in the number of revolutions of each tire has far more effect on the wear than the small change in width.   

 

Solutions provided by Problem Pairs: 

 
Problem Session 1.12 (Subject B) 

 
 

  

(Subject A) (Subject B) 
Problem Session 3.12 

 
 
Problem Session 3.23: The smaller tire wears out first.  (Only verbal answer provided.) 
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Problem 3 

Solution: 49.  There is a coincidence: the number 49 is close to the number 50, the value of a half-dollar in 

cents. 

 

Solutions provided by Problem Pairs: 

 

 
Problem Session 2.13 (Subject A) Problem Session 3.23 (Subject A) 

 

 

 
 

(Subject A) (Subject B) 

Problem Session 3.13 

 


