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Abstract

Singularities have been a long-standing problem in general relativity. In all other fields

of physics, singularities can be easily located and avoided; in general relativity, how-

ever, singularities have an impact on the creation of the manifold, but, by definition,

are not even part of real spacetime. Moreover, all singularities in general relativity

cannot be treated in the same manner; thus, the classification of singularities is es-

sential in order to understand them. One important class of singularities is curvature

singularities, which, in some cases, can be subclassified as central, shell focusing or

shell crossing singularities. We propose to further classify curvature singularities as

either gravitational or non-gravitational.

In general relativity, a curvature singularity is “located” where the scalar invari-

ants of the spacetime are undefined. The gradient field of a non-zero scalar invariant

can then be calculated, and the end points of the associated integral curves can be

determined. If integral curves are attracted to the singularity (that is, if they intersect

the singularity), then it is a gravitational singularity; if the integral curves avoid the

singularity, then it is a non-gravitational singularity.

We will test our method by analysing several different spacetimes representing

several different models. These will include Friedman-Lemâıtre-Robertson-Walker

spacetime (the background for cosmological models), Schwarzschild spacetime (the
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exterior solution to a spherically symmetric static object), self-similar Vaidya space-

time (null dust), self-similar Tolman-Bondi spacetime (dust), and non-self-similar

Vaidya spacetime (again, null dust); finally, we will perform a brief analysis on Kerr

spacetime (the exterior solution to a rotating black hole; this spacetime is not spheri-

cally symmetric). We find that in every case studied, the integral curves have specific

end points, therefore they can be used to classify a curvature singularity as gravita-

tional or non-gravitational.

In Friedman-Lemâıtre-Robertson-Walker and Schwarzschild spacetimes, we deter-

mined that the a(t) = 0 and r = 0 singularities, respectively, are gravitational singu-

larities. In Vaidya spacetime (both self-similar and non-self-similar), we find a central

singularity at {r = 0, w > 0} and a shell focusing singularity at {r = 0, w = 0}; in

Tolman-Bondi spacetime, we find a central singularity at {R > 0, χ = 1} and a shell

focusing singularity at {R = 0, T = 0}. In both of these cases, the central singularity

is a gravitational singularity and the shell focusing singularity is a non-gravitational

singularity. We also find that the shell focusing singularities in self-similar Vaidya and

Tolman-Bondi spacetimes are globally naked under certain conditions, whereas the

central singularities are never naked. Thus, we conclude that only non-gravitational

singularities have the possibility of being naked.

In summary, we can determine which singularities are gravitational and which are

non-gravitational by our method of examining the end points of the integral curves,

which are constructed from the gradient field of scalar invariants.
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Chapter 1

Introduction and Background

Gravity is one of the four fundamental forces in physics. Due to its long-range in-

fluence, a good understanding of gravity is imperative in order to understand the

universe in which we live. Sir Isaac Newton’s development of the laws of gravity

over three hundred years ago was a great foundation from which many revolutionary

concepts and theories were born.

At the beginning of the twentieth century, Albert Einstein began to conceptu-

ally revolutionise the way that we think about space, time and gravity. In 1905, he

published the Special Theory of Relativity, which abolished the concepts of simul-

taneity, instantaneous interactions, and fixed space and time. However, Einstein’s

revolution was not complete, and ten years later, he introduced the General Theory

of Relativity. This theory incorporated gravity, and it was shown how gravity could

warp the newly mathematically-unified spacetime. Although it is an elegant theory,

general relativity is often viewed as a difficult and incomprehensible theory, since it

goes against many ingrained and intuitive notions of motion, and since it requires

challenging mathematics (specifically, differential geometry) that are not familiar to
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CHAPTER 1. INTRODUCTION AND BACKGROUND 2

most physicists [1], [2].

One of the concepts that general relativity has altered from classical physics is

that of singularities (see Section 1.5 for details, definitions and references); briefly,

in general relativity, singularities help define the manifold, but by definition are not

part of the real spacetime. Even though singularities are not part of spacetime, their

influence on spacetime makes it vital to understand them. Moreover, we find that not

all singularities are the same, and they can be classified and subclassified based upon

their influence on the spacetime. One important and well studied type of singularity

is the curvature singularity; three possible subclassifications of this singularity are

central singularity, shell focusing singularity or shell crossing singularity. In this

thesis, we propose another classification of curvature singularities: gravitational and

non-gravitational. The method used to classify a singularity as gravitational or non-

gravitational will be mathematically explained at the end of Section 1.6.

This chapter will be devoted to briefly explaining certain aspects of general rela-

tivity that are directly relevant to this thesis. The reader should be aware that this

introduction is by no means comprehensive and is encouraged to refer to the given

references for more detail. We would like to explicitly point out Sections 1.5 and

1.6, which describe singularities and scalar invariants, respectively. The latter section

explains the method of how curvature singularities are detected and then mathe-

matically explains our method for determining whether or not it is a gravitational

singularity.

In Chapters 2 and 3, we will analyse two common spacetimes, Friedman-Lemâıtre-

Robertson-Walker and Schwarzschild spacetime. These spacetimes have been the

study of much research and each contains a well known singularity (a(t) = 0 and
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r = 0, respectively); these will be the perfect test cases for determining if a singularity

is gravitational or not. Moreover, Schwarzschild spacetime will be analysed in three

different coordinate systems showing that our method is coordinate independent;

this will also be done to show that the conclusions are more clear in some coordinate

systems than in others.

In Chapters 4 and 5, we will rigorously analyse self-similar Vaidya and Tolman-

Bondi spacetimes; these represent null dust and dust, respectively. Both spacetimes

will be analysed in their primary coordinate systems (Bondi and comoving coor-

dinates, respectively) and then reanalysed in “self-similar” coordinates; this latter

coordinate system will give a very clear description of the curvature singularities and

allow us to conclusively define it as gravitational or not.

In Chapter 6, we will rigorously analyse non-self-similar Vaidya spacetime. By

removing a symmetry from the spacetime, the mathematics involved becomes much

more difficult; by analysing this spacetime, we will be able to prove that our method

of classifying singularities as gravitational or not is not restricted to self-similar space-

times. In Chapter 7, we will discuss the difficulties of analysing a spacetime that is

not spherically symmetric. We will give a brief analysis of Kerr spacetime which

shows that our method appears to hold in this case as well. Lastly, the results will

be summarised in Chapter 8.

Throughout this thesis, the analysis will be restricted to four-dimensional space-

time; thus, all of the equations presented will be generalised to four-dimensions. Also,

the calculations will be presented in geometric units; thus, Newton’s Gravitational

Constant, G, and the speed of light, c, are set equal to one. Conceptually, this means

that all measurable quantities will be given in a unit of length.
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1.1 The Metric

In general relativity, physics occurs on a manifold, which is a space that is cov-

ered by coordinate patches; a special type of manifold is a spacetime, which is four-

dimensional and real. Although coordinates allow us to study the manifold, the only

structure defined by the manifold itself is that which is coordinate independent; thus,

the manifold does not distinguish intrinsically between coordinate systems [3].

In order to study a spacetime, a coordinate system must first be introduced. The

spacetime is then described by its metric, which is given by

ds2 = gαβdxαdxβ, (1.1)

where xα and xβ are the coordinates and gαβ (= gβα) is the metric tensor.

One of the simplest spacetimes is Minkowski space, which is given by

ds2 = −dt2 + dx2 + dy2 + dz2 (1.2)

in Cartesian coordinates, (t, x, y, z). Therefore, to get from (1.1) to Minkowski space,

(1.2), we set the coordinates xα = (t, x, y, z) and use the metric tensor

gαβ = diag(−1, 1, 1, 1). As a brief aside, summing the signs of the diagonal ele-

ments in a diagonalised matrix yields the signature of the metric; in this case, the

signature is +2.

Instead of introducing Cartesian coordinates onto the manifold, we could have

just as easily introduced another coordinate system. Therefore, we have the option of

initially changing the coordinate system, or, once a system is in place, we can make a

coordinate transformation from one system to another. For example, we can convert



CHAPTER 1. INTRODUCTION AND BACKGROUND 5

metric (1.2) from Cartesian coordinates to spherical coordinates by defining

x = r cos φ sin θ,

y = r sin φ sin θ,

z = r cos θ.

We can then rewrite Minkowski space in spherical coordinates, (t, r, θ, φ), where the

metric is given by

ds2 = −dt2 + dr2 + r2dθ2 + r2 sin2 θdφ2.

When dealing in spherical symmetry, it is often useful to define

dΩ2 ≡ dθ2 + sin2 θdφ2, (1.3)

where dΩ2 is the metric of a unit two-sphere. Thus, we can rewrite the metric as

ds2 = −dt2 + dr2 + r2dΩ2. (1.4)

When introducing a coordinate system onto a manifold, the coordinates are often

chosen to make use of any symmetries present (especially spherically symmetry);

therefore, the above transformation is not necessary. However, we will find that some

spacetimes have multiple representations that are useful to consider; thus, it is helpful

to see the coordinate transformation between the two systems.
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1.2 The Geodesic Equation

In flat space, the shortest distance between two points is a straight line; intuitively,

the same cannot be true in curved space. In curved space, a geodesic is the shortest

distance between two points, and the geodesic is considered to be a curve that “curves

as little as possible.” In his book, [1], Wald provides a succinct derivation of the

geodesic equation, which will be summarised here.

Mathematically, a geodesic is defined as a curve whose tangent vector, Tα, is

parallel propagated along itself; that is, Tα satisfies

Tα∇αT β = 0. (1.5)

We could have equally imposed the requirement

Tα∇αT β = fT β, (1.6)

where f is an arbitrary function on the curve. However, we can easily reparameterise

this curve so that (1.5) is satisfied instead; this can be done without loss of generality.

Any parameterisation that satisfies (1.5) is called an “affine parameter;” thus, Wald’s

definition requires that the geodesic be affinely parameterised.

Although (1.5) is useful, it is insightful if we can write the geodesic in terms of its

components. By mapping the curve onto xµ(t), the components of the geodesic in a

coordinate basis satisfy

dT µ

dt
+ Γµ

σνT
σT ν = 0, (1.7)

where t is an affine parameter and Γµ
σν is a Christoffel symbol of the second kind; a
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Christoffel symbol can be calculated directly from the metric and is defined as

Γµ
σν ≡

1

2
gρµ

(
∂gσρ

∂xν
+

∂gνρ

∂xσ
− ∂gσν

∂xρ

)
. (1.8)

In the coordinate basis, we know that

T µ =
dxµ

dt
, (1.9)

thus the geodesic equation, (1.7), takes the final form,

d2xµ

dt2
+ Γµ

σν
dxσ

dt

dxν

dt
= 0. (1.10)

We can see that the geodesic equation is actually four coupled, second order

ordinary differential equations. Thus, a unique solution exists for every set of initial

conditions, xµ and dxµ

dt
. Once we have solved for a geodesic, we can then determine

if it is spacelike, timelike or null, depending on whether TµT
µ > 0, < 0 or = 0,

respectively (if the signature of the metric is positive).

We note here that, although the geodesic equation has a simple form, it is often

very difficult to solve; only in the simplest cases with a high degree of symmetry can

a solution be determined analytically. In many cases, numerical techniques need to

be implemented, and even then, an answer is often challenging to calculate.



CHAPTER 1. INTRODUCTION AND BACKGROUND 8

1.3 The Einstein Equation and the Stress-Energy

Tensor

In 1915, Albert Einstein published his famous field equations, which related curvature

to the density of matter and energy. This equation, known as the Einstein Equation,

is given by

Rαβ −
1

2
gαβR = 8πTαβ + Λgαβ, (1.11)

where Rαβ is the Ricci curvature tensor, R ≡ Rγ
γ is the Ricci scalar, gαβ is the metric

tensor, Tαβ is the stress energy tensor, and Λ is the cosmological constant. For this

thesis, we will assume that Λ = 0; near the singularity, Λ has very little affect on the

spacetime since it is a term that affects the large-scale structure of spacetime. To

compact the equation, the Einstein curvature tensor, Gαβ, is defined as

Gαβ ≡ Rαβ −
1

2
gαβR,

thus, the Einstein Equation can be written, after raising an index, as

Gα
β = 8πTα

β. (1.12)

By the symmetry of the tensors, this equation comprises of ten coupled, nonlinear

partial differential equations. However, the covariant derivative of each side vanishes

identically, thus the Einstein Equation comprises of only six independent differential

equations [3].
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For a perfect fluid, the stress-energy tensor is given by

Tα
β = (ρ + p)uαuβ + pδα

β , (1.13)

where ρ is the energy-density of the fluid, p is the isotropic pressure (that is, the

pressure is the same in all spatial directions), uα is a timelike four-velocity of the

fluid, and δα
β is the Kronecker delta. If there is no pressure, then the stress-energy

tensor reduces to

Tα
β = ρuαuβ. (1.14)

This is the case for dust.

From the stress-energy tensor, the pressure and density of a spacetime can be

determined; often these have a functional form and thus impose constraints upon the

variables which they can depend. Further restrictions can be placed on the pressure

and density, depending on the conditions placed upon the spacetime. These conditions

are known as the energy conditions and are summarised below [4]:

Null Energy Condition ⇒ ρ + p ≥ 0,

Weak Energy Condition ⇒ ρ + p > 0, ρ ≥ 0,

Strong Energy Condition ⇒ ρ + p ≥ 0, ρ + 3p ≥ 0,

Dominant Energy Condition ⇒ ρ ≥ |p|, ρ ≥ 0.
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1.4 Killing Vectors and Symmetry

As briefly mentioned in Section 1.1, symmetries are present in spacetimes (for ex-

ample, spherical symmetry). Although spherical symmetry is apparent when it is

present, other symmetries are not so easy to distinguish. For example, a simple sym-

metry exist if the metric is independent of a coordinate (that is, there is a coordinate,

xα, such that xα → xα + constant leaves the metric unchanged); if there is such an

xα, then the vector ξβ = δβ
α lies in a direction in which the metric doesn’t change.

This vector is called a Killing vector (named after Wilhelm Killing) and is associated

with a direction of zero change [2].

Defining a Killing vector as above is a specific case. In general, a Killing vector,

ξα, is a vector that satisfies

Lξgαβ = ξβ;α + ξα;β = 0, (1.15)

where Lξ is the Lie differentiation along ξα. First, we see that if ξα is a Killing vector,

then ξα;β is antisymmetric. Next, we note that Killing vectors are not necessarily

constant vectors (as shown in the above discussion); for example, spherical symmetry

implies that

ξα
(1) = (0, 0, sin φ, cot θ cos φ), (1.16a)

ξα
(2) = (0, 0,− cos φ, cot θ sin φ), (1.16b)

in the coordinates (x0, x1, θ, φ), are both Killing vectors that are functions of the

coordinates [4].
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Up until now, the discussion has been concerning proper Killing vectors; however,

this discussion can be generalised to include two more cases. Thus, the general form

of (1.15) is

Lξgαβ = ξβ;α + ξα;β = 2Φgαβ. (1.17)

As above, ξα is a (proper) Killing vector if it satisfies (1.17) with Φ = 0. If

Φ = constant 6= 0, then ξα is a homothetic Killing vector; if Φ is a function of

the local coordinates, then ξα is a conformal Killing vector.

We have briefly discussed the symmetry from proper Killing vectors; however,

there is also symmetry associated with homothetic Killing vectors. If a spacetime

contains a homothetic Killing vector, then the spacetime is self-similar. We should

note that the converse is not true: Not all forms of self-similarity are homothetic

[5]. In this thesis, the only self-similarity that we are interested in is that which is

homothetic.

When possible, it is preferable to work with a spacetime that is self-similar since

the mathematics involved is simpler than for a non-self-similar spacetime. In [6],

Cahill and Taub define a spherically symmetric similarity solution as one that, under

the transformation

t = βt, r = βr, θ = θ, φ = φ, (1.18)

where β is a non-zero constant, satisfies

gµν(r, t) = gστ
∂xσ

∂xµ

∂xτ

∂xν =
1

β2
gµν(r, t), (1.19)

where both the barred and unbarred coordinates are comoving coordinates. Further,

using this transformation they define a dimensionless, self-similar variable, κ ≡ r/t;



CHAPTER 1. INTRODUCTION AND BACKGROUND 12

it is then simpler to consider all of the equations and calculations in terms of r

and κ rather than r and t. Lastly, the self-similar variable is invariant under scale

transformations; that is, κ = r/t = r/t.

1.5 Singularities

The problem of singularities in general relativity is a long-standing issue, and one

that is still being studied. Singularities in general relativity cannot be treated anal-

ogous to singularities in other fields, since in the other fields, a background manifold

(Minkowskian) is already in place on which calculations can be done; it is then a

simple matter to state the time and place of the singularity. In general relativity,

however, we are trying to solve for the structure of the manifold, and the singularities

describe the very field for which we are trying to solve [7]. Thus, the difficulty in

defining a singularity becomes apparent.

The task becomes even more difficult when we look at a manifold from a physical

point of view. The idea of an event on a manifold only makes physical sense if

the structure around it is defined. Thus, the metric tensor, gαβ, must be defined

everywhere on the manifold. Therefore, singularities must necessarily not be a part

of spacetime; thus, labelling the “time” and “place” of a singularity is meaningless

[1].

Even with the singularities removed from the spacetime, we are still left with the

difficulty of defining them. The most accepted definition of a singularity was put

forth by Geroch in 1968 [7]. His paper first discussed many possible methods and

their inadequacies before reaching the conclusion that the best method (which itself

is not without pitfalls) is that of geodesic completeness. Summarising his argument,
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he states that a spacetime, M, is timelike, null or spacelike complete if the affine

parameter on every timelike, null or spacelike geodesic, respectively, assumes arbi-

trarily large values; if a spacetime is timelike, null and spacelike complete, then it

is non-singular. Next, he defines a closed subset, C, of M, where M is a complete

spacetime as above. If there are any geodesics that pass from M− C into C, then

the spacetime, M−C, is incomplete; the type of incompleteness is dependent on the

type of geodesic that enters into the subset C [7]. These geodesics that enter C are

known as incomplete geodesics and can be defined independent of C: An incomplete

geodesic is one that is inextendable in at least one direction but has only a finite range

of affine parameter [1]. Thus, singularities are represented by “holes” (represented

by C in the above description) in the manifold, and they should be detectable by

incomplete geodesics.

Once a singularity is detected by an incomplete geodesic, it can be classified by the

use of tensors and their scalar invariants (see Section 1.6). A singularity is defined as

a “scalar polynomial curvature singularity” if a scalar invariant is unbounded on the

incomplete curve, a “parallelly propagated curvature singularity” if a component of

the Riemann tensor is unbounded but not the scalar invariant [3], or a “non-curvature

singularity” if the Reimann tensor and the scalar invariants are well-behaved along

the geodesic [1]. For this thesis, we are interested in the scalar polynomial curvature

singularities, which we will, for convenience, call curvature singularities.

It is possible to further classify singularities, based upon their affect on the mani-

fold; two well-studied curvature singularities are shell focusing singularities and shell

crossing singularities. A shell focusing singularity is a massless singularity that occurs

at the centre of a spherically symmetric collapsing configuration of dust, a perfect
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fluid or radiation shells [8], and could possibly be naked (for examples, see [8], [9] and

[10]). This is a serious, physical singularity that cannot be ignored since it represents

a breakdown in the manifold itself. If the singularity at the centre has mass, then it

is a central singularity. Central and shell focusing singularities occur at gθθ = 0.

A shell crossing singularity occurs when shells of matter implode such that faster

moving outer shells overtake the inner shells, and shells of matter pile up [8]; math-

ematically, in a spherically symmetric spacetime, this occurs when dgθθ

dr
= 0, gθθ 6= 0

and r > 0. Shell crossing singularities are generally not taken as serious physical

singularities since they are timelike, the frequency shift of light coming from them is

finite, and they have a finite surface density [11]. Thus, shell crossing singularities

indicate a breakdown in the model of Tα
β. Also, the fact that the singularity is time-

like may be a result of the assumption of symmetry imposed on the spacetime [12],

again reducing the singularity’s importance.

A less important type of singularity is a coordinate singularity. Unlike the previous

singularities, this singularity represents a breakdown in the coordinates, rather than

in the model or the manifold itself. One well known coordinate singularity is r = 2M

in Schwarzschild spacetime using Schwarzschild coordinates (see Chapter 3).

Lastly, we are interested in which of the above singularities are gravitational singu-

larities; that is, which singularities will attract particles. This is an important aspect

when considering the cosmic censorship conjecture since it refers only to gravitational

singularities [9]; the conjecture states that all singularities caused by gravitational col-

lapse are “hidden” (that is, they cannot be seen by distant observers; if a singularity

can be seen by a distant observer, then it is a “naked singularity”) [1]. We will use

the method described at the end of Section 1.6 to determine which singularities are
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gravitational and which are not.

1.6 Scalar Invariants

Scalar invariants are important in general relativity, and they have been the topic of

much discussion (for example, [13], [14], [15] and [16]). Of particular interest are the

scalar invariants of the Riemann tensor, Rαβγδ, which allow a coordinate invariant

characterisation of certain geometrical properties about the spacetimes [15].

The Riemann tensor is important since it can be constructed directly from the

components of the metric tensor (and their first and second derivatives). In this form,

the Riemann tensor is given by

Rα
βγδ = Γα

βδ,γ − Γα
βγ,δ + Γα

µγΓ
µ

βδ − Γα
µδΓ

µ
βγ. (1.20)

In the above equation, and throughout this thesis, the comma represents differentia-

tion (that is, ,α ≡ ∂
∂xα ), and, for completeness, a semi-colon represents the covariant

derivative (for example, fα;β ≡ fα,β−Γγ
αβfγ). In terms of other tensors, the Riemann

tensor can be written as

Rαβγδ = Cαβγδ + gα[γRδ]β − gβ[γRδ]α −
1

3
Rgα[γgδ]β. (1.21)

In this equation, square brackets represent antisymmetry (for example,

A[αβ] = 1
2
(Aαβ − Aβα)), and Cαβγδ is the Weyl tensor, which is the “trace-free part”

of the Riemann tensor [1]; the mathematical definition of the Weyl tensor comes from

solving (1.21). We can see that if Rαβ = 0, then Rαβγδ ≡ Cαβγδ.
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The Riemann tensor has been long studied, and it is well known that there are

fourteen independent second-order invariants associated with the it. Much atten-

tion has been directed towards creating these sets of invariants over the past several

decades (for example, Narlikar and Karmarkar, and Géhéniau and Debever) [15];

however, the first complete set was not created until 1991, which was published by

Carminati and McLenaghan [15]. Their set, published in spinor form, consists of six

real invariants and five complex invariants, which is equivalent to a set of sixteen real

invariants. In tensor form, their set can be broken into three groups: four invariants

of the Ricci tensor (note that Sαβ ≡ Rαβ − 1
4
Rgαβ is the trace-free Ricci tensor),

R ≡ Rα
α, (1.22a)

r1 ≡
1

4
Sα

βSβ
α, (1.22b)

r2 ≡ −
1

8
Sα

βSβ
γSγ

α, (1.22c)

r3 ≡
1

16
Sα

βSβ
γSγ

δSδ
α, (1.22d)

four invariants of the Weyl tensor and its dual (C∗
αβγδ ≡ 1

2

√
gεαβµνC

µν
γδ, where εαβµν

is the four-dimensional Levi-Cevita tensor and g is the determinant of the metric

tensor),

w1R ≡
1

8
CαβγδC

αβγδ, (1.22e)

w1I ≡
1

8
C∗

αβγδC
αβγδ, (1.22f)

w2R ≡ −
1

16
Cαβ

γδCγδ
µνCµν

αβ, (1.22g)

w2I ≡ −
1

16
C∗

αβ
γδCγδ

µνCµν
αβ, (1.22h)
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and eight mixed invariants,

m1R ≡
1

8
SαβSγδCαγδβ, (1.22i)

m1I ≡
1

8
SαβSγδC∗

αγδβ, (1.22j)

m2R ≡ m2a −m2b, (1.22k)

m2I ≡
1

8
SβγSµνC

∗
αβγδC

αµνδ, (1.22l)

m3 ≡ m2a + m2b, (1.22m)

m4 ≡ m4a + m4b, (1.22n)

m5R ≡ m5a + m5b, (1.22o)

m5I ≡ m5c + m5d, (1.22p)

where

m2a ≡
1

16
SγδSµνCαγδβCαµνβ, (1.23a)

m2b ≡
1

16
SγδSµνC

∗
αγδβC∗αµνβ, (1.23b)

m4a ≡ −
1

32
SαρSµνSγ

δCαγ
δβCβµνρ, (1.23c)

m4b ≡ −
1

32
SαρSµνSγ

δC
∗
αγ

δβC∗
βµνρ, (1.23d)

m5a ≡
1

32
SγδSµνCαρσβCαγδβCρµνσ, (1.23e)

m5b ≡
1

32
SγδSµνCαρσβC∗

αγδβC∗
ρµνσ, (1.23f)

m5c ≡
1

32
SγδSµνC∗αρσβCαγδβCρµνσ, (1.23g)

m5d ≡
1

32
SγδSµνC∗αρσβC∗

αγδβC∗
ρµνσ. (1.23h)
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In addition to this set, two more invariants were proposed by Zakhary and McIntosh

[17]:

m6R ≡
1

32
Cαβ

γδSα
µSµ

γSβ
νSν

δ, (1.24a)

m6I ≡
1

32
C∗αβ

γδSα
µSµ

γSβ
νSν

δ. (1.24b)

It quickly becomes apparent that two invariants that are commonly found in the

literature are missing from the above list: the Kretschmann scalar, K = RαβγδR
αβγδ,

and the square of the Ricci scalar, RicciSq = RαβRαβ; however, these invariants can

be easily calculated from the invariants in the above list [16].

For many spacetimes, many of the invariants, (1.22), reduce to zero. Thus, the

non-zero invariants will aid in describing the geometry of the spacetime. The impor-

tant feature that we are interested in is where the non-zero invariants are undefined;

this represents a curvature singularity (see Section 1.5) and is coordinate indepen-

dent. However, although this indicates the “location” of the singularity, it does not

provide any further details about the singularity.

In some cases, the curvature singularity can be classified as central, shell focusing

or shell crossing as defined in Section 1.5, but we are interested in classifying it as

gravitational or non-gravitational. To do this, we calculate the gradient field of a non-

zero invariant (note that the invariant may be zero locally). First, we must choose

a scalar invariant to analyse; for example, we will choose 8w1R, which is the Weyl

invariant, and is given by

C2 ≡ CαβγδC
αβγδ. (1.25)

Once we have a non-zero scalar invariant, we can define a gradient field that is simply
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given by the gradient of the scalar invariant, viz.,

kα = ∇αC2. (1.26)

By definition, the gradient field points in the direction of greatest change. Thus, it

is possible to use kα to classify singularities within the given spacetime, depending

on whether the integral curves constructed from the gradient field are “attracted to”

the singularity or if they “avoid” the singularity. In this thesis, we will prove that

characteristics of the gradient field near or at the singularity (where the invariant

approaches infinity) will define the singularity as gravitational or not. Specifically, if

the integral curves end on the singularity, then it is a gravitational singularity; if the

integral curves avoid the singularity, then it is a non-gravitational singularity. More-

over, we will show that gravitational singularities have mass whereas non-gravitational

singularities are massless.

All calculations of the scalar invariants and the gradient field will be carried out

using GRTensorII, with Maple 10 as the host programme. The analysis will be done

on the gradient field itself, but the field will be normalised before it is plotted; note

that this fails when both components of the gradient field are locally zero or locally

undefined. This normalisation is allowed since it does not affect the paths of the

integral curves and it is the paths that we are interested in. Moreover, Maple 10 will

only plot a few vectors in any given range if the field is not normalised, thus making

the plot visually useless.
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1.7 R- and T-Regions

In a 1964 paper by I.D. Novikov, [18], he derived the notion of R- and T -regions

of spacetime (see also [19] and [20] and articles accompanying these notes). This

original definition was restricted to spherical symmetry by means of a coordinate

transformation and was constructed with the intention of explaining the different

regions in Schwarzschild spacetime [21]. To begin, Novikov considered a spherically

symmetric spacetime,

ds2 = ds2
Σ + R2dΩ2, (1.27)

where R ≡ R(x1, x2) is the areal radius, and where x1, x2 are the coordinates on the

Lorentzian two-space Σ. He then considered the gradient of the areal radius, ∇αR, to

find regions where this gradient was spacelike, timelike or null, defining them as R-

regions, T -regions and the boundary, respectively. Defining the effective gravitational

mass to be m(x1, x2) (also known as the Misner-Sharp energy; m is invariably defined,

with the simplest form being m = 1
2
(gθθ)

3/2Rθφ
θφ, where Rθφ

θφ is the Riemann tensor;

see [22]), we find that Novikov’s coordinate definitions reduce to

R > 2m → R-region,

R = 2m → boundary,

R < 2m → T -region,

with respect to the event horizon at R = 2m.

To extend this definition into a more general case, we first define

V ≡ kαkα, (1.28)
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where kα is the gradient of a scalar invariant, for example, (1.26). We then have

V > 0 → R-region, therefore kα is spacelike

V = 0 → boundary, therefore kα is null

V < 0 → T -region, therefore kα is timelike

Thus, we have calculated an algorithmic, coordinate invariant definition of Novikov’s

R- and T -regions that reduces to his original definition in the stationary, spherically

symmetric case [21].



Chapter 2

Friedman-Lemâıtre-Robertson-

Walker Spacetime

The first spacetime that we will analyse is Friedman-Lemâıtre-Robertson-Walker

(FLRW) spacetime, which was derived based upon the assumptions of large scale

homogeneity and isotropy. Homogeneity states that at any given time, all spatial

components will look the same; spatial isotropy states that it is impossible to gener-

ate a geometrically preferred tangent vector orthogonal to tangents of timelike curves

(that is, there are no preferred directions) [1]. Moreover, from the Copernican prin-

ciple, this homogeneity and isotropy would be observed by every observer; therefore,

the FLRW universe is spherically symmetric about every point and there no one place

in the universe that is special [3]. Although these assumptions lead to an idealised

model, it is a natural model to assume based upon observational confirmation of

isotropy. Then, from the Bianchi identity, the discussion of homogeneity becomes

redundant if we are assuming isotropy [1]. Thus, based upon observational results,

it is reasonable to derive and use a homogeneous and isotropic model such as FLRW

22
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spacetime in large scale cosmological studies.

During the derivation of this spacetime, a variable, k, is introduced; to satisfy the

requirement of homogeneity, k must be a constant. Thus, without loss of generality,

we can define this constant as k = +1, 0, −1 [1]. This introduces three possible

geometries of FLRW spacetime: closed, flat, and open. These geometries become

obvious when the metric is written explicitly,

ds2 = −dt2 + a2(t)dr̃2 + a2(t)


sin2 r̃

r̃2

sinh2 r̃

 dΩ2, (2.1)

for a spatially closed, flat and open model, respectively; the coordinate system is

(t, r̃, θ, φ), and a(t) is the scale factor. From gθθ, we can clearly see the difference

between the three geometries; we also note that r̃ runs from zero to infinity for the

flat and open models but only from zero to 2π for the closed model.

It is cumbersome to have to write three separate metrics each time one wants to

use the FLRW spacetime; thus, the three models can be combined into a single metric

by the substitution

r =


sin r̃

r̃

sinh r̃

for closed, flat and open models respectively. Thus, a single FLRW metric can be

written in comoving coordinates, (t, r, θ, φ), viz.,

ds2 = −dt2 +
a2(t)

1− kr2
dr2 + a2(t)r2dΩ2, (2.2)
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where a(t) is the scale factor, and k = +1, 0, −1 describes a spatially closed, flat or

open universe, respectively.

The first thing we notice in (2.2) is that the only undefined point (that is, a

coordinate singularity) is for a closed model (k = +1) at r = 1. Next, we calculate the

scalar invariants as given in Section 1.6; we find that there are only two independent

invariants, the Ricci scalar and the first Ricci invariant. These are given by

R =
6

a2

(
k + ȧ2 + aä

)
(2.3)

and

r1 =
3

4a4

(
k + ȧ2 − aä

)2
, (2.4)

where a ≡ a(t), and the overdot represents differentiation with respect to t. We

should note that all other non-zero invariants can be calculated from these two. For

example, the Kretschmann scalar is given by [16]

K =
R2

6
+ 8r1 =

12

a4

(
k2 + 2kȧ2 + ȧ4 + a2ä2

)
. (2.5)

The interesting point here is that both invariants, (2.3) and (2.4) (and hence

(2.5)), are undefined only at a(t) = 0 (assuming that a is twice differentiable); thus

a(t) = 0 is a singularity in FLRW spacetime. In order to classify the singularity, we

will calculate the gradient field of both scalar invariants:

(lR)α = ∇αR =
6

a3

(
2kȧ + 2ȧ3 − aȧä− a2...a

)
δα
t (2.6)
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and

(lr1)
α = ∇αr1 =

3

2a5

(
k + ȧ2 − aä

) (
2kȧ− 3aȧä + a2...a + 2

...
a
)
δα
t . (2.7)

where δα
β is the Kronecker delta. In both cases, we see that the only non-zero compo-

nent of the gradient field is the t-component; thus, the integral curves are independent

of angle or (spatial) direction, r, which is expected since the FLRW model is isotropic.

Moreover, we find that these trajectories are the comoving flowlines that end on the

singularity (assuming that a is three times differentiable). Since the flowlines (or in-

tegral curves) end on the singularity, we can classify it as a gravitational singularity.

We should note that this singularity, known as the “Big Bang” singularity, is a naked

singularity and is one of the few exceptions to the cosmic censorship conjecture.

Therefore, we have shown that in FLRW spacetime, the integral curves end on

the gravitational singularity. In the following chapters, we will use the same method

to analyse spacetimes with more structure to determine if they contain gravitational

or non-gravitational singularities.



Chapter 3

Schwarzschild Spacetime

One of the first solutions to the Einstein Equations was calculated by Karl Schwarz-

schild in 1916. Schwarzschild was working with a draft copy of Einstein’s paper, and

surprised Einstein when he so quickly formulated the simple and elegant solution.

His solution corresponds to the exterior gravitational field of a static, spherically

symmetric body, and is one of the most important and well known exact solutions to

the Einstein Equations [3].

Over the years, many different forms of Schwarzschild spacetime have been formed,

all describing the same spacetime in a slightly different way. The most recognisable

form uses Schwarzschild coordinates; the issue with this coordinate system is that

metric has a division by zero at r = 2M . For this reason, the Schwarzschild solu-

tion of the Einstein Equations has been solved using other coordinates to avoid this

coordinate singularity. Two other coordinate systems that will be discussed here are

Israel coordinates [23] and the more familiar null Kruskal coordinates. Each coordi-

nate system gives a different representation of Schwarzschild spacetime, but we will

see that the process and results of locating a gravitational singularity are invariant

26
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to coordinate transformations.

3.1 Schwarzschild Coordinates

The most recognisable form of Schwarzschild spacetime is given in Schwarzschild

coordinates, (t, r, θ, φ); in this coordinate system, the metric is given by

ds2 = −
(

1− 2M

r

)
dt2 +

dr2(
1− 2M

r

) + r2dΩ2, (3.1)

where M , when compared to Newtonian theory, should be regarded as the gravita-

tional mass, as measured from infinity, of the body producing the field [3]. Also, we

can see that Schwarzschild spacetime is asymptotically flat as r →∞.

Once we have the metric, we can calculate the scalar invariants, (1.22). We find

that the Weyl invariant, C2 ≡ CαβγδC
αβγδ, is the only independent invariant and is

given by

C2 =
48M2

r6
. (3.2)

The associated gradient field of this invariant, kα = ∇αC2, is

kt = 0, (3.3a)

kr =
−25 · 32M2(r − 2M)

r8
, (3.3b)

kθ = kφ = 0, (3.3c)
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and the inner product of kα with itself is

V ≡ kαkα

=
210 · 34M4(r − 2M)

r15
. (3.4)

We first note that the Weyl invariant is undefined only for r = 0; however, the

metric, (3.1), is undefined at both r = 0 and r = 2M . Thus, the two “singularities,”

r = 0 and r = 2M , are different; specifically, the singularity at r = 0 is a curvature

singularity and the singularity at r = 2M is a coordinate singularity and is not

physical in Schwarzschild spacetime. Thus, Schwarzschild coordinates are defective

at r = 2M .

Even though the Schwarzschild coordinates are defective, we can still perform our

analysis on the spacetime; we will start by analysing the gradient field produced by

(3.3). First, we note that the gradient field represents lines of constant t and that the

field is undefined only for r = 0. Next, we find that the gradient field components

are all zero at r = 2M . Moreover, at r = 2M , V = 0, therefore the integral curves

constructed from the gradient field switch from spacelike (for r > 2M) to timelike (for

r < 2M) at this boundary. This is in agreement with Novikov’s R- and T -regions (see

Section 1.7); recall that he defined the regions based upon a spherically symmetric

metric with a boundary at r = 2M , such as this.

In Figure 3.1, we have plotted the kα gradient field for Schwarzschild spacetime

in Schwarzschild coordinates. The tan line represents the event horizon at r = 2M ,

and grey arrows represent the integral curves constructed from the kα gradient field;

the R- and T -regions have also been labelled.
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Figure 3.1: kα gradient field associated with the Schwarzschild metric; the tan line
represents the event horizon at r = 2M and the grey lines are the integral curves
constructed from the kα gradient field; R- and T -regions are labelled

3.2 Israel Coordinates

As stated above, the Schwarzschild solution using Schwarzschild coordinates is defec-

tive at r = 2M . For this reason, several other representations of the Schwarzschild

solution have been derived from the Einstein Equations, including one by Werner

Israel. Since his solution and Schwarzschild’s solution are different representations of
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the same spacetime, we can make a coordinate transformation from one system to

the other. To transform from Schwarzschild coordinates to Israel’s coordinate system,

(u, w, θ, φ), we make the following substitutions [23]:

r = 2M +
uw

4M
, (3.5a)

t = r − 2M ln
( u

2w

)
. (3.5b)

Then, the metric is given by

ds2 =
2w2

uw + 8M2
du2 + 2dudw +

(
8M2 + uw

4M

)2

dΩ2. (3.6)

From this representation of Schwarzschild spacetime, we find that the Weyl in-

variant is

C2 ≡ CαβγδC
αβγδ

=
2163M8

(uw + 8M2)6
, (3.7)

its gradient field, kα = ∇αC2, is

ku =
−21732M8u

(uw + 8M2)7
, (3.8a)

kw =
21732M8w(uw − 8M2)

(uw + 8M2)8
, (3.8b)

kθ = kφ = 0, (3.8c)
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and the inner product of kα with itself is

V ≡ kαkα

=
238 · 34M18uw

(uw + 8M2)15
. (3.9)

Again we see that the Weyl invariant is undefined only at uw = −8M2, or r = 0 in

Schwarzschild coordinates; since this singularity is the only singularity that is present

in the metric, (3.6), we have proved that these coordinates are not defective.

We are now interested in the behaviour of the gradient field; we first see that

it is undefined only at r = 0. Next, we see that it becomes identically zero only

at {u = 0, w = 0}, thus it is well-behaved everywhere else; at u or w = 0 (still

corresponding to r = 2M), there is still one non-zero component. Lastly, we see that

V = 0 at uw = 0, which corresponds to the change from an R-region to a T -region.

We will now define the instantaneous slope of the gradient field as

dw

du
=

kw

ku
=

w

−u

(uw − 8M2)

(uw + 8M2)
. (3.10)

This can be rewritten as a system of differential equation, viz.,

dw

dt
= −8M2w + w2u, (3.11a)

du

dt
= −8M2u− wu2, (3.11b)

where t is a parameter of the system. This system is classified as an almost linear

system of equations [24] and has a critical point at {u = 0, w = 0}. Solving the linear

counterpart to this system, we find that there is one repeated eigenvalue, −8M2, but
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two independent eigenvectors, thus all trajectories converge to the origin (this calcu-

lation can be seen in Appendix A, Section A.1). The origin is thus an asymptotically

stable proper node.

We now have a new and fully described representation of Schwarzschild spacetime.

There are several interesting aspects to this representation that we should note. First,

every point in the r-t plane corresponds to two points in the u-w plane, one for

w > 0 and one for w < 0. Second, the region uw < −8M2 can only be reached

for r < 0, so it will be disregarded. Third, the region between the singularity and

the event horizon is given by the regions in the second and fourth quadrants that

have uw > −8M2. Lastly, the region outside the event horizon is given by the entire

first and fourth quadrants. This can be graphically seen in Figure 3.2, where the

axes (tan) represent the event horizon at r = 2M , and the black curve represents

r = 0. Using this representation, it is clear that the trajectories terminate only on

the curvature singularities at uw = −8M2.

If we wish, we can effortlessly draw in the lines of constant r ≥ 0, which are given

by uw = βM2, where β ≥ −8 is a real constant. Likewise, we can draw in the lines

of constant t. From (3.5b), we see that the lines of constant t are the same as the

grey integral curves in the two quadrants with uw > 0. Without loss of generality, t

can be redefined as

t = r − 2M ln
(
sign(uw)

u

2w

)
, (3.12)

so that it is defined in all four quadrants. Now we find that t matches the grey integral

curves in all four quadrants. Thus, in Schwarzschild spacetime, we can actually define

the integral curves, kα = ∇αC2, as lines of constant time. We should note, though,

that t is undefined on the axes.
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Figure 3.2: kα gradient field associated with the Schwarzschild metric in Israel coor-
dinates; the u- and w-axes (tan) represent the event horizon at r = 2M , the black
curves at uw = −8M2 represent the singularity at r = 0 (here, M = 1), and the grey
curves represent the integral curves constructed from the kα gradient field; the region
with uw < −8M2 is associated with r < 0

3.3 Kruskal Coordinates

We have now seen two different representations of Schwarzschild spacetime; by analysing

Schwarzschild spacetime in Israel coordinates, it became clear that r = 2M is a co-

ordinate singularity whereas r = 0 is a curvature singularity. Since Israel coordinates

are not well known, we will now show that the same conclusions can be reached in
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the more popular null Kruskal coordinates, (u, v, θ, φ). Like Israel coordinates, the

singularity at r = 2M is located on the axes uv = 0; the singularity at r = 0 is now lo-

cated at uv = 1, and the metric does not become undefined at r = 2M . Schwarzschild

spacetime, in Kruskal coordinates, is given by

ds2 = −32M3

r
e−

r
2M dudv + r2dΩ2, (3.13)

where r ≡ r(u, v) is determined from

e
r

2M

( r

2M
− 1
)

= −uv, (3.14a)

or explicitly given as

r = 2M + 2MLambertW
(
−uv

e

)
, (3.14b)

where LambertW(x) is the LambertW function (see [25] for more on this function).

We note that the LambertW function is real for x ≥ −1/e, thus r is real for uv ≤ 1.

Since the manifold is real spacetime and does not contain complex components, we

disregard the region uv > 1.

In this coordinate system, we can once again calculate the Weyl invariant,

C2 ≡ CαβγδC
αβγδ

=
3

4M4
(
1 + LambertW

(
−uv

e

))6 , (3.15)
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its gradient field, kα = ∇αC2,

ku =
−9u

16M6
(
1 + LambertW

(
−uv

e

))7 , (3.16a)

kv =
−9v

16M6
(
1 + LambertW

(
−uv

e

))7 , (3.16b)

kθ = kφ = 0, (3.16c)

and the inner product of kα with itself,

V ≡ kαkα

=
81LambertW

(
−uv

e

)
16M10

(
1 + LambertW

(
−uv

e

))15 . (3.17)

From the Weyl invariant, we see that there is a curvature singularity at uv = 1,

which corresponds to r = 0; there are no coordinate singularities. Similar to the

representation in Israel coordinates, all components of the gradient field are zero only

for {u = 0, v = 0}, which is a critical point of the system (for completeness, this

critical point is an asymptotically stable proper node). On the axes V = 0, thus the

axes are the boundaries between the R- and T -regions.

The gradient field for Schwarzschild spacetime in Kruskal coordinates is shown

in Figure 3.3; in this figure, the axes (tan) represent r = 2M , the thick black curve

is the curvature singularity at r = 0 and the grey curves are the integral curves

constructed from the kα gradient field. We should note that one difference between

these coordinates and Israel coordinates is that the disregarded region here represents

complex r, whereas in the Israel coordinates, it represents r < 0.

Lastly, lines of constant r are given by uv = β ≤ 1, where β is a constant; the
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Figure 3.3: kα gradient field associated with the Schwarzschild metric in Kruskal
coordinates; the u- and v-axes (tan) represent the event horizon at r = 2M , the black
curves at uv = 1 represent the singularity at r = 0 (here, M = 1), and the grey lines
represent the integral curves constructed from the kα gradient field; the region uv > 1
is associated with a complex r

curves with β > 1 correspond to complex lines of constant r, therefore are disregarded.

Likewise, lines of constant t can also be constructed. These are given implicitly by

∓v

u
= e

t
2M , (3.18a)
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or explicitly by

t = 2M ln
∣∣∣∓v

u

∣∣∣ . (3.18b)

For the third time, we see that the curves of constant t match the integral curves, kα,

which again confirms that we can define the integral curves as lines of constant t in

Schwarzschild spacetime.

From our analysis, we can conclude that the integral curves of the gradient field

flow to and end on gravitational singularities. At this point, we explicitly state that,

when compared to Newtonian theory, there is a gravitational mass producing the field,

therefore this gravitational singularity has mass. Therefore, we have shown that, in

Schwarzschild spacetime using three different coordinate systems, integral curves are

attracted to gravitational singularities.



Chapter 4

Vaidya Spacetime (Linear Mass

Function) - Self-Similar Null Dust

Vaidya spacetime was first derived by P.C. Vaidya in 1951 (for original article, see

[26]). His derivation, which is an exact solution to the Einstein Equations, can be

written using either advanced time or retarded time, yielding the ingoing or outgo-

ing Vaidya metric, respectively; the ingoing metric describes collapsing null dust [27]

(see proof below), and the outgoing metric describes radiating spacetime [4]. Both

of these solutions, advanced and retarded time, include a mass function, which is a

function of time; this mass function makes Vaidya spacetime very useful to study

many different phenomena. With an appropriate choice of the mass function, one can

recover Minkowski or Schwarzschild spacetime; with other choices of the mass func-

tion, one can study many interesting properties, including shell focusing singularities

(for example, see [28]), naked singularities (for examples, see [29], [30] and [31]), and

self-similarity (for example, see [12], [32]). In [12], Henriksen and Patel studied naked

singularities in self-similar spacetimes by analysing null charts in several different

38
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coordinate systems. More recent studies of self-similar Vaidya spacetime have been

performed by Nolan and Waters ([33], [32]) and Nolan ([34], [35]) on the stability of

the Cauchy Horizon.

In this chapter, we will first choose a mass function that will make Vaidya space-

time self-similar. Then, a thorough analysis will be performed on Vaidya spacetime

in Bondi coordinates (with advanced time), concentrating on the special trajectories

and the gradient field and how these behave at the singularity; due to obscurities at

the origin of this coordinate system, the analysis will be repeated in “self-similar”

coordinates. Finally, a summary of our analysis on this spacetime will be presented.

4.1 Bondi Coordinates

The ingoing Vaidya metric, in Bondi coordinates, (w, r, θ, φ), is given by

ds2 = −
(

1− 2m(w)

r

)
dw2 + 2drdw + r2dΩ2, (4.1)

where w is the advanced time coordinate and m(w) is the “mass function,” which can

be defined as the effective gravitational mass [9]. We find that m(w) = 1
2
(gθθ)

3/2Rθφ
θφ,

as discussed at the beginning of Section 1.7; this is the Misner-Sharp mass, which is

equivalent to the amount of mass-energy inside a sphere of radius r at time w [36].

Since m(w) can be related to mass, the choice of the function considerably alters

the description of the spacetime. If we choose m(w) = 0, then we have Minkowski

spacetime; if we choose m(w) = constant, then we have Schwarzschild spacetime.

If m(w) is neither zero nor a constant, then we have collapsing shells and we must

consider the initial condition. A condition of m(0) = 0 means that the region where
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the singularity forms is initially flat and empty; a condition of m(0) 6= 0 means that

shells are collapsing onto an already existing object in a Schwarzschild spacetime [31].

Lastly, to satisfy the weak energy condition (see the end of Section 1.3), we require

m(w) > 0 and dm(w)
dw

> 0. If m(w) is non-decreasing, then shell crossing singularities

are avoided [30].

We next want to check the symmetry of this spacetime. We already see that it is

spherically symmetric, but we wish to see if there are other symmetries present; this

will be done by finding vectors, ξα, that will solve Killing’s equation, (1.17). We find

that there are no proper Killing vectors (that is, for Φ = 0 in (1.17)), which means

that the spacetime is not stationary. However, we find that for m(w) = µw,

ξα = Φ(w, r, 0, 0) (4.2)

satisfies Killing’s equation for Φ = constant 6= 0; thus, ξα is a homothetic Killing

vector (see Appendix B for proof). Since this is the only mass function that will

satisfy Killing’s equation for Φ = constant, Vaidya spacetime is self-similar only if

m(w) = µw.

Vaidya spacetime is generally referred to as representing null dust [4], which we

will now show. For the metric with an arbitrary mass function, the Einstein tensor

is given by

Gα
β =

2

r2

dm(w)

dw
δα
r δw

β . (4.3)

Thus, we see that all components are zero except for Gr
w. We can next define vα = δα

r ,

which is tangent to radial null geodesics [4]. From the Einstein Equations, (1.12), we



CHAPTER 4. VAIDYA SPACETIME (LINEAR MASS FUNCTION) 41

find that the stress-energy tensor is given by

Tα
β =

1

4πr2

dm(w)

dw
vαvβ, (4.4)

which has a similar form to (1.14), which represents dust. In (4.4), vα is a null vector

and, in (1.14), uα is tangent to the fluid flowlines. Thus we have “null dust,” which

is more of a slang term rather than an actual definition [4]; this is true for all mass

functions. For completeness, we state that the pressure is zero and that the density

of the dust is ρ = 1
4πr2

dm(w)
dw

, which is only undefined at r = 0, assuming that dm(w)
dw

is

finite.

Before we begin a rigorous analysis of this spacetime, we must first choose a mass

function. We will choose m(w) = 0 for w < 0 and m(w) = µw, where µ > 0 is

a constant, for w ≥ 0; for that reason, our analysis will be in the range w, r ≥ 0.

Thus, we are working with a spacetime that is representing spherically symmetric,

self-similar null dust.

To begin our analysis, we will first calculate the Weyl invariant, C2 ≡ CαβγδC
αβγδ,

which is the only independent non-zero invariant:

C2 =
48µ2w2

r6
. (4.5)

This invariant is undefined only at r = 0; therefore, r = 0 is a curvature singularity.

We see that the metric, (4.1), is singular only at this point, therefore the coordinates

are not defective. Moreover, r = 0 corresponds to gθθ = 0, therefore this is the central

singularity and could possibly be a shell focusing singularity; this will be discussed

after the calculation of the null geodesics.
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From the invariant, we can calculate the associated gradient field, kα = ∇αC2,

kw =
−25 · 32µ2w2

r7
, (4.6a)

kr =
25 · 3µ2w (6µw2 − 3wr + r2)

r8
, (4.6b)

kθ = kφ = 0, (4.6c)

and the inner product of kα with itself,

V ≡ kαkα

= −210 · 33µ4w3(6µw2 − 3wr + 2r2)

r15
. (4.7)

Now that we have the Weyl invariant and its gradient field, we can carry out a

full analysis to determine properties of the spacetime. First, we will look at the null

geodesics. From the metric, (4.1), if we set ds2 = 0, and θ, φ as constants, then

0 = 2drdw −
(

1− 2µw

r

)
dw2. (4.8)

To solve this, we will first write (4.8) as a system of linear equations, viz.,

dw

dt
= 2r, (4.9a)

dr

dt
= r − 2µw, (4.9b)

where et is an affine parameter [29]. From here, we can solve the system of differen-

tial equations to determine the equation of the null geodesic(s) (see Section A.2 in

Appendix A for the full solution). First we note that the lone critical point is at the
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origin of the system, {r = 0, w = 0}. Solving the associated characteristic equation

of (4.9), we determine that the eigenvalues are η = 1
2

(
1±

√
1− 16µ

)
. Thus, we see

that we have three different classes of eigenvalues depending on the value of µ. If

µ < 1/16, then we have two distinct eigenvalues that are both greater than zero;

therefore, all solutions of the system avoid the critical point, which is an unstable

nodal source. If µ = 1/16, then there is one repeated eigenvalue with one indepen-

dent eigenvector; therefore the origin is an unstable degenerate node [24]. If µ > 1/16,

there will be no real solutions; in this case, the eigenvalues will be complex, therefore

the critical point is an unstable spiral point. From the eigenvalues, we can determine

the solution to the system, (4.9), in terms of the affine parameter; however, we can

also determine the solution in terms of w and r, which is shown below. Thus, the

outgoing null geodesics are given by

w =
1±

√
1− 16µ

4µ
r. (4.10)

For completeness, there is a third solution to (4.8); it is the trivial solution of

w = constant. We note that the null geodesics defined in (4.10) (and the trivial

geodesic w = 0) are also homothetic Killing vectors.

From (4.10), we see that the homothetic null geodesics for µ ≤ 1/16 intersect

r = 0 only at w = 0; therefore, the singularity at {r = 0, w = 0} is naked for

µ ≤ 1/16. Next, we recall that m(w) = µw, so we have m = 0 at w = 0; therefore,

this singularity is also massless. Thus, the singularity at {r = 0, w = 0} is a shell

focusing singularity. In summary, there are two classifications of singularities at the

curvature singularity, r = 0: a shell focusing singularity at w = 0 and a central

singularity at w > 0.
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For the case where µ < 1/16, there are two nontrivial homothetic null geodesics.

The smaller of these (corresponding to the negative sign in (4.10)) is the first null

geodesic to escape from the singularity to future null infinity and is called the Cauchy

horizon; the larger geodesic (corresponding to the positive sign in (4.10)) is called a

similarity horizon [32].

Next, we will determine the R- and T - regions as defined in Section 1.7. The

boundary between these two regions is defined by V ≡ kαkα = 0 (see (4.7) for V ),

and occurs at

w = 0,
1±

√
1− 16

3
µ

4µ
r. (4.11)

We find that these boundary lines are also homothetic Killing vectors. By evaluating

V in each region, we show that between the two boundaries is an R-region (where

kα is spacelike), and between the boundaries and the axes is a T -region (where kα is

timelike); this is shown in Figure 4.1. As the two boundaries approach one another

(by increasing the value of µ), the R-region shrinks and ultimately disappears, leaving

kα to be timelike everywhere.

The last set of special trajectories to be determined are the homothetic trajectories

of kα (if there are any). We know that the homothetic trajectories follow curves of

w = βr, where β is a constant. Thus, we need to see if kα ever becomes linear and

passes through the origin. This can be calculated by solving

kw

kr
=

w

r
. (4.12)
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Figure 4.1: R- and T -regions of Vaidya spacetime with µ = 1/18; green represents
the V = 0 boundary lines; the integral curves, kα, constructed from the gradient field
are spacelike in R-regions and timelike in T -regions (see Section 1.7 for explanation)

Substituting (4.6) into (4.12) yields

−3wr

6µw2 − 3wr + r2
=

w

r
.

Solving for w yields

w = 0,
1±

√
1− 32

3
µ

4µ
r. (4.13)

We see that the nontrivial solution is defined in the real plane only for µ ≤ 3/32.

Thus, we have defined three special homothetic trajectories: homothetic null

geodesics, the boundary between R- and T -regions, and the homothetic trajecto-

ries of kα. However, from equations (4.10), (4.11), and (4.13), we see that each type
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of special trajectory is only real for a certain range of µ. Thus, the value of µ will

directly affect the description of spacetime. The number of special trajectories for

any given µ as a function of w
r

is shown in Figure 4.2 (red is the homothetic null

geodesic, blue is the homothetic trajectory of kα, and green is the boundary between

the R- and T -regions); this data is also depicted in Table 4.1 for all ranges f µ.
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Figure 4.2: w/r vs µ; this represents the number (and slope) of special curves for
any given µ; red represents homothetic null geodesics, blue represents homothetic
trajectories for kα, green represents V = 0 boundary lines

Equation (4.13) is the exact solution representing the homothetic trajectories of

kα, and there will be zero, one or two real homothetic trajectories of kα, depending on

the value of µ. Further, we know that, by definition, the integral curves constructed

from the gradient field will never cross one another, including the homothetic trajec-

tories of kα. Therefore, depending on the value µ, there will be one, two or three

groups of integral curves. In order to study the behaviour of these curves, we will
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Number of Number of kα Number of V = 0
Homothetic curves that are Boundary Lines

µ Null Geodesics Homothetic Trajectories
µ < 1/16 2 2 2
µ = 1/16 1 2 2

1/16 < µ < 3/32 0 2 2
µ = 3/32 0 1 2

3/32 < µ < 3/16 0 0 2
µ = 3/16 0 0 1
µ > 3/16 0 0 0

Table 4.1: Number and type of special homothetic trajectories for each given range
of µ in self-similar Vaidya spacetime

look at the instantaneous slope of the integral curves, which is given by dw
dr

= kw

kr .

This can then be written as a system of equations,

dw

dt
= −3r, (4.14a)

dr

dt
= 6µw − 3r +

r2

w
, (4.14b)

where t is a parameter of the system. Immediately, we see the difficulty with this

system. The r2

w
term in (4.14b) means that this system is neither linear nor almost

linear. As we approach the critical point at the origin, r2/w
||x|| → constant rather than

zero, as required for an almost linear system (see Appendix A for discussion of this

criteria; here, ||x|| ≡
√

w2 + r2). However, we can linearise this term by setting

w = r/h, where h is a constant. Thus, we now have a linear system of equations,

dw

dt
= −3r, (4.15a)

dr

dt
= 6µw − 3r + hr. (4.15b)



CHAPTER 4. VAIDYA SPACETIME (LINEAR MASS FUNCTION) 48

This new system differs from the original system, (4.14), but it is now in a form that we

can fully analyse. Moreover, both systems will yield the same graphical conclusions,

so the analysis of the linear system will allow us to understand the behaviour of the

integral curves in the nonlinear system. The full solution can be found in Section A.3

of Appendix A, but the results will be summarised below.

From the theory of differential equations, we know that the signs and number of

eigenvalues directly influence the solution [24]. For the system in (4.15), the eigenval-

ues are η = h−3
2

(
1±

√
1− 72

(h−3)2
µ
)
; we see that both eigenvalues will always have the

same sign. Let us choose h < 3, so that η will be negative (this is consistent with our

choice of w = r/h based upon (4.13)). We can then further define η1 < η2 < 0, where

η1 and η2 represent the positive and negative square root, respectively. With these

eigenvalues, and for µ < 3/32, the critical point at the origin is an asymptotically

stable node.

Once we have the eigenvalues, we can determine the corresponding eigenvectors

and then analyse the solution. If an integral curve starts on one of the eigenvectors,

then it will continue along the eigenvector directly towards the critical point at the

origin. If, however, an integral curve does not start on one of the eigenvectors, it

will tend towards both the origin and the eigenvector defined by the larger eigenvalue

[24]. This will be the case when we plot the kα gradient field for µ < 3/32 (that

is, for two distinct eigenvalues). Specifically, as the integral curves approach the

origin, they will flow away from the solution corresponding to the eigenvalue η1,

which corresponds to the lower homothetic trajectory, w = 1
4µ

(
1−

√
1− 32

3
µ
)

r, and

they will flow asymptotically towards the solution corresponding to the eigenvalue η2,

which corresponds to the upper homothetic trajectory, w = 1
4µ

(
1 +

√
1− 32

3
µ
)

r.
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Furthermore, since the integral curves flow away from the lower trajectory, η1, they

will flow towards r →∞ as w → 0; we specifically note that the integral curves never

intersect the r-axis (recall that w = 0 is a trivial homothetic trajectory of kα). If

there is only one eigenvalue, that is if η1 = η2, then the integral curves will approach

the origin asymptotic to the lone eigenvector.

The analysis of the gradient field with respect to the homothetic trajectories of

kα begins to show the picture of the spacetime. This picture can be completed

by analysing the instantaneous slope of the gradient field, kw

kr , at the axes and at

the remaining special trajectories. At r = 0, the slope is zero, thus the integral

curves intersect the w-axis horizontally. At the remaining special trajectories (the

homothetic null geodesics and the V = 0 boundary lines), the integral curves cross

them with a constant, finite and non-zero slope that is not equal to the slope of

the special trajectory under consideration. For completeness, the integral curves

cross the homothetic null geodesics and the V = 0 boundary lines with slopes of

3
20µ

(
1±

√
1− 16µ

)
and 3

4µ

(
1±

√
1− 16

3
µ
)
, respectfully.

Thus, we have explained what occurs in this spacetime. Visually, it can be seen

in Figure 4.3, where we choose µ = 1/18 (thus we have two of each of the special

trajectories); there are six other diagrams of interest, one for each group of µ-values,

but they will not be displayed here in the interest of saving space. In the following

figure, the red lines are the homothetic null geodesics (equation (4.10)), the green

lines divide the spacetime into R- and T -regions (equation (4.11)), the blue lines

are the homothetic trajectories of kα (equation (4.13)), and the grey curves are the

integral curves constructed from the kα gradient field.

Here we will make special note of the homothetic null geodesics (recall equation
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Figure 4.3: kα gradient field associated with the self-similar Vaidya metric for
µ = 1/18; red represents homothetic null geodesics, blue represents the homoth-
etic trajectories of kα, and green represents V = 0 boundary lines; grey represents
the integral curves constructed from the kα gradient field

(4.10)); we see that for µ < 1/16, there are two distinct geodesics, and they both

intersect the shell focusing singularity at {r = 0, w = 0}. These geodesics leave the

singularity and escape to the future null infinity (that is, {r → ∞, w → ∞}), thus

the singularity is globally naked. For the case where there is only one homothetic null

geodesic (µ = 1/16), the singularity is marginally naked. For the case with µ > 1/16,

there are no homothetic null geodesics and the singularity is censored and not visible

[32].

From this figure and the mathematical analysis, we see that the integral curves can

be divided into three groups for µ < 3/32: the curves that go from {r = 0, w > 0}
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to {r = 0, w = 0}, the curves that go from {r → ∞, w → ∞} to {r = 0, w = 0},

and the curves that go from {r → ∞, w → ∞} to {r → ∞, w → 0}. The integral

curves in the last group avoid the singularity completely, thus do not help in our

attempts to classify it. From the first group, we see that the integral curves start

at the central singularity, {r = 0, w > 0}, thus, this is a gravitational singularity.

Next, we see that these integral curves appear to converge upon the origin (the shell

focusing singularity), {r = 0, w = 0}, asymptotic to the upper homothetic trajectory

of kα. We also know that the integral curves from the second group converge upon

the origin, again asymptotic to the upper homothetic trajectory of kα. Thus, the

asymptotic nature of the integral curves near the origin makes it difficult to classify

the shell focusing singularity in this coordinate system.

With the exception of the the origin, {r = 0, w = 0}, we have a very clear

description of Vaidya spacetime. In Section 4.2, we will reanalyse Vaidya spacetime

using a new set of coordinates in order to clarify what is occurring at the origin (the

shell focusing singularity).

4.2 “Self-Similar” Coordinates

In Bondi coordinates, our description of Vaidya spacetime is obscured at the origin,

{r = 0, w = 0}. In order obtain a better understanding of what is happening here,

we will make a coordinate transformation. When choosing a new coordinate system,

we first recall that in Bondi coordinates, homothetic Killing vectors took the form

w/r = β, where β is a constant. Thus, we will introduce a new coordinate, κ, where

we define κ ≡ w/r; κ is dimensionless and “self-similar” since it is invariant under

scale changes w̄ = β1w and r̄ = β1r, for any constant β1. We can thus replace w with κ
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to introduce a “self-similar” coordinate system, (κ, r, θ, φ), as done in [6] for a general

spherically symmetric similarity solution. During this coordinate transformation, the

coordinates θ and φ are unchanged; the r-axis is also not changed since w = 0 means

κ = 0; the w-axis is now projected to κ → ∞ since r = 0. Lastly, the origin of the

Bondi coordinates, {r = 0, w = 0}, is mapped onto the entire κ-axis. Thus, we will

be better able to see what occurring at the origin in Bondi coordinate system.

In self-similar coordinates, the ingoing Vaidya metric with a linear mass function

is given by

ds2 = r2(2µκ− 1)dκ2 + 2r(2µκ2 − κ + 1)dκdr + κ(2µκ2 − κ + 2)dr2 + r2dΩ2. (4.16)

The spacetime still represents null dust and is still self-similar; the homothetic Killing

vector is now given by ξα = Φ(0, r, 0, 0).

In Bondi coordinates, all of the special trajectories took the form of w = βµr

where βµ is a constant. Thus, we can see that in the new coordinate system, the

special trajectories will take the form of κ = βµ, as will be shown below. We will

start by calculating the Weyl invariant, the only independent scalar invariant, in the

new coordinate system:

C2 ≡ CαβγδC
αβγδ

=
48µ2κ2

r4
. (4.17)
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The associated gradient field, kα = ∇αC2, is

kκ = −25 · 3µ2κ2 (6µκ2 − 3κ + 4)

r6
, (4.18a)

kr =
25 · 3µ2κ (6µκ2 − 3κ + 1)

r5
, (4.18b)

kθ = kφ = 0, (4.18c)

and the inner product of kα with itself is

V ≡ kαkα

= −210 · 33µ4κ3(6µκ2 − 3κ + 2)

r10
. (4.19)

To determine the homothetic null geodesics, we set θ, φ and κ to constants in the

metric (4.16); recall that by setting κ to a constant will ensure that we are dealing

with homothetic trajectories. Thus, we must solve grr = 0, which yields

κ = 0,
1±

√
1− 16µ

4µ
. (4.20)

Next, the boundary between the R- and T -regions is calculated. We determine that

the boundary, V = 0, is given by

κ = 0,
1±

√
1− 16

3
µ

4µ
. (4.21)

The last special trajectories that we want to calculate are the homothetic trajectories

of kα. Since the homothetic trajectories will be horizontal in the r-κ plane, they will
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occur when kκ = 0. Thus, the homothetic trajectories of kα are

κ = 0,
1±

√
1− 32

3
µ

4µ
. (4.22)

We once again have all of our special homothetic trajectories, and we see that

the number of special trajectories depends on µ in the same way as it did in Bondi

coordinates (see Figure 4.2 or Table 4.1). We can also clearly see that each nontrivial

special trajectory intersects the κ-axis at a different point.

In self-similar coordinate system, we will be able to more clearly see the path of the

integral curves near the shell focusing singularity (the κ-axis). In Bondi coordinates,

we mathematically proved that the origin was an asymptotically stable node, and

that the integral curves intersected the origin asymptotic to the upper homothetic

trajectory of kα. Since the entire κ-axis now represents the shell focusing singularity,

we will see how the transformation affected the classification of the critical point.

First, the gradient field can be represented as a system of differential equations, viz.,

dκ

dt
= −6µκ3 + 3κ2 − 4κ, (4.23a)

dr

dt
= 6µrκ2 − 3rκ + r, (4.23b)

where t is a parameter of the system. Next, we see that there are three, distinct crit-

ical points, rather than the right-hand side of (4.23) reducing to zero only for r = 0;

the three critical points are {r = 0, κ = 0} and {r = 0, κ = 1
4µ

(
1±

√
1− 32

3
µ
)
}.

We find that at each critical point, (4.23) represents an almost linear system. The
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critical points at the origin and at {r = 0, κ = 1
4µ

(
1−

√
1− 32

3
µ
)
} have two eigen-

values of opposite sign, therefore are unstable saddle points; thus, all the integral

curves avoid these critical points. The interesting critical point is at {r = 0, κ =

1
4µ

(
1 +

√
1− 32

3
µ
)
}, which is an asymptotically stable node. We find that at this

point, there is one solution that corresponds to the homothetic trajectory of kα and

a trivial solution that corresponds to the κ-axis. Since the homothetic trajectory of

kα corresponds to the larger eigenvalue, we know that, from the theory of differential

equations, all of the integral curves will converge to this critical point asymptotic

to this trajectory. A condensed analysis can be seen at the end of Section A.3 in

Appendix A.

This is the same conclusion that we reached in Bondi coordinates; in this coor-

dinate system, however, the results are more apparent. The interesting distinction

between the two systems is that the expansion of the origin in Bondi coordinates

(which was a critical point of the gradient field) created three critical points in the

self-similar coordinates rather then the entire κ-axis being equivalent to a critical

point. We can also conclusively state that the non-homothetic integral curves in-

tersect the κ-axis only at the point where the upper homothetic trajectory of kα

does.

Figure 4.4 graphically displays the concepts just discussed; we again choose

µ = 1/18 in order to obtain the maximum number of special trajectories. The red

lines represent the homothetic null geodesics, the blue lines represent the homothetic

trajectories of kα, the green lines represent the V = 0 boundary lines, and the grey

curves are the integral curves constructed from the kα gradient field.

From this figure, we can now clearly see what is occurring at the shell focusing
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Figure 4.4: kα gradient field associated with the self-similar Vaidya metric for
µ = 1/18 in r-κ coordinates; red represents null homothetic geodesics, blue repre-
sents homothetic trajectories of kα, and green represents V = 0 boundary lines; grey
represents the integral curves constructed from the kα gradient field

singularity, {r = 0, w = 0} (the κ-axis). First, we can clearly see that only certain

points on the κ-axis are intersected by the special trajectories; moreover, we see that

each special trajectory intersects the axis at a different point. Next, we see that all of
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the integral curves (except for the lower homothetic trajectory of kα) terminate on the

axis at one point; therefore, the curves essentially avoid the axis. This corresponds

to the integral curves avoiding the shell focusing singularity, therefore we can classify

the shell focusing singularity as a non-gravitational singularity. Converting this result

to Bondi coordinates, we can conclude that for self-similar Vaidya spacetime, there

is a non-gravitational singularity at {r = 0, w = 0} and a gravitational singularity

at {r = 0, w > 0} (this gravitational singularity was shown to exist using Bondi

coordinates).

Now that we see that there is both a gravitational and a non-gravitational sin-

gularity at r = 0, we can further discuss the singularity’s nakedness and the cosmic

censorship conjecture. First, self-similar, spherically symmetric spacetimes such as

the one studied in this chapter may be unphysical due to their high degree of sym-

metry; thus, although the the singularity is naked, it is possible that this case can

never physically exist [32]. Next, the cosmic censorship conjecture applies to gravi-

tational collapse [9], and we have shown that the naked shell focusing singularity is

non-gravitational; for completeness, the gravitational singularity at {r = 0, w > 0}

does not admit any null geodesics, therefore is not visible, which is in the spirit of the

conjecture. Therefore, it may be possible that no singularity (especially those with

mass) is ever visible.

The visibility of the singularity can also be discussed in terms of the stability

of the null geodesics, particularly the Cauchy horizon. For this discussion, we will

consider the case where there exists two separate null geodesics (that is, µ < 1/16), as

is considered by Nolan and Waters. Initially, it was thought that the Cauchy horizon
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(the smaller of the two homothetic null geodesics) would be a surface of infinite blue-

shift; further to this, Chandrasekhar and Hartle found that metric perturbations

became infinite at the Cauchy horizon. This meant that the horizon was unstable

and observers would not be allowed to cross it to view the singularity [32].

Recently, Nolan and Waters ([33], [32]) and Nolan ([34], [35]) began to further

investigate this instability of the Cauchy horizon. In their first paper, [33], they

studied the flux of scalar radiation impinging on the Cauchy horizon. They first

considered timelike geodesics, and found that at least some radial geodesics crossed

the horizon in finite time with a finite value of the unit tangent to an arbitrary timelike

geodesic. Next, they studied the flux of a scalar field, and found that any scalar field

that has a finite flux on the past null cone of the scaling origin, {r = 0, w = 0}, will

also have a finite flux on the Cauchy horizon. Therefore, this horizon is stable with

respect to scalar radiation, which contradicts the previous conceptions of an unstable

Cauchy horizon.

In their next paper, [32], Nolan and Waters tested the stability of the Cauchy

horizon under metric and matter perturbations. They created a nonspherical metric

perturbation, gαβ = g̃αβ + hαβ where the tilde represents the background quantities,

but were careful to make sure that the perturbation was gauge invariant, otherwise

one could simply make a transformation from the background metric to the perturbed

metric. The linearised Einstein Equations were then computed for the perturbed

spacetime and the result naturally decoupled into even and odd sectors; their paper

considered only the even sectors.

The spacetime that they considered was divided into three regions: a Minkowski

region (with advanced time coordinate w < 0), a Vaidya region (w > 0), and the
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boundary (w = 0). They then solved the perturbation equations in the first two

regions (satisfying their initial conditions) for the multipole mode number l ≥ 2, the

dipole mode number l = 1 and the spherically symmetric mode number l = 0; the

modes cannot be generically solved for l ≥ 0 since the l = 0, 1 modes have fewer

non-zero equations associated with them. For the multipole mode, Nolan and Waters

found that the full set of perturbations that is finite on r = 0 and on w = 0 evolve to

the Cauchy horizon and beyond without diverging; therefore, the Cauchy horizon is

stable under metric and matter perturbations. However, they also find that there is a

class of solutions which, although finite on the Cauchy horizon, diverge on the second

future similarity horizon. Similar results are obtained for modes l = 0, 1. Thus, they

conclude, there is no blue-sheet instability on the Cauchy horizon.

Nolan continued to research the stability of the Cauchy horizon and investigated

the propagation of a minimally coupled, massless scalar field [34]. He concluded that

this field remained finite as it impinged on the Cauchy horizon, and it only diverged at

the central singularity; this remained true for different measures of the multipole field.

He was also able to reach similar, but more limited results, for massive scalar fields.

Therefore, his results are interpreted as providing evidence that naked singularities

may be stable under perturbations of the background spacetime.

Continuing with his analysis of the stability of the Cauchy horizon, Nolan then

studied the odd-parity perturbations of the self-similar spacetime [35]. This paper is

a counterpart to [32], which studied the even perturbations; in the odd-parity case,

the mathematics are much more complicated. Once again, the mode l = 1 must be

treated separately from l ≥ 2 due to a reduction in the number of non-zero equations;

note that there is no odd parity l = 0 perturbation. In this paper, he once again
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finds that if a perturbation is initially finite, it remains finite as it impinges upon the

Cauchy horizon.

Therefore, under every test performed by Nolan and Waters, and Nolan, the

Cauchy horizon is stable. This result brings into question the cosmic censorship

conjecture; the naked singularity persists, and it would thus be possible for an observer

to cross the Cauchy horizon to see the singularity. Although this leaves the possibility

that the cosmic censorship hypothesis may not apply in all cases, Nolan and Waters

remind their readers that they were working with a spherically symmetric self-similar

spacetime and that their conclusion may arise from the high degree of symmetry;

their purpose was primarily to create a method to test the stability of horizons that

could be used to test horizons in more complicated spacetimes.

From this chapter, we have shown that the naked singularity is actually a non-

gravitational singularity, so even if it can be seen, the cosmic censorship conjec-

ture does not apply; again, the conjecture applies only to gravitational singularities.

Therefore, even if the Cauchy horizon is stable under perturbations as found by Nolan

and Waters, the spirit of the cosmic censorship conjecture may not be violated.

4.3 Conformal Diagrams

Vaidya spacetime has now been analysed using two different coordinate systems,

giving us two different views of the same spacetime (Figures 4.3 and 4.4). Both of

these figures show how the gradient field behaves in the spacetime near the special

trajectories and the axes; however, both figures show a finite range of r and w, rather

than the infinite ranges, 0 ≤ r < ∞ and 0 ≤ w < ∞, that is actually required to

globally analyse the spacetime. This situation can be corrected by redrawing the
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spacetime in a conformal diagram. Please see Appendix C for a description about

conformal diagrams and their construction.

In Figure 4.5, we have chosen µ < 1/16 (the exact value is of no consequence). The

thick red, blue and green lines represent the homothetic null geodesics, the homothetic

trajectories of kα and the V = 0 boundary lines, respectively. The thick black lines

represent the singularity at r = 0, and the grey curves represent the integral curves

constructed from the kα gradient field.

Figure 4.5: Conformal diagram for self-similar Vaidya spacetime with µ < 1/16; thick
black lines represent the r = 0 singularity, red represents homothetic null geodesics,
blue represents homothetic trajectories of kα, green represents V = 0 boundary lines;
grey represents the integral curves constructed from the kα gradient field

From the conformal diagram, there are several aspects that immediately become

obvious. First, we see that homothetic trajectories of kα and V = 0 boundaries are

spacelike. Next, we see that the integral curves have timelike, spacelike and null
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components. We also see that the homothetic null geodesics start at {r = 0, w = 0}

and end at the future infinity, I+, thus the shell focusing singularity is clearly naked.

The most important detail to note is the end points of the integral curves. Al-

though we have reached conclusions about them in previous sections of this chapter,

the conclusions become obvious when analysing this diagram. We can again clearly

see the three groups of integral curves: those that go from io to i− (these avoid the

{r = 0, w = 0} singularity, thus do not help classify it), those that run from io to

the upper left-hand corner, and those that run from {r = 0, w > 0} to the upper

left-hand corner.

We see that integral curves start at {r = 0, w > 0} (the central singularity),

therefore this is a gravitational singularity. We have also previously calculated that

the integral curves converge to the upper homothetic trajectory of kα, which explains

why the integral curves in the latter two groups converge to the upper left-hand corner

and avoid converging to the point of intersection between lower homothetic trajectory

and the w = 0 boundary. Thus, since the trajectories converge to the upper left-hand

corner, they must therefore avoid the {r = 0, w = 0} singularity. Therefore, the

shell focusing singularity at {r = 0, w = 0} is not a gravitational singularity. We

should also note that it is this shell focusing singularity that is naked; therefore,

in this spacetime, non-gravitational singularities may be naked, but gravitational

singularities are never naked.

In conclusion, in Vaidya spacetime, there are two types of singularities at r = 0:

a gravitational singularity for w > 0 and a non-gravitational singularity at w = 0.

This conformal diagram, as well as the gradient field plots in Figures 4.3 and 4.4

show a Vaidya spacetime for the maximum number of special trajectories. However,
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we have shown that the value of µ directly influences the number of special trajecto-

ries, thus the description of Vaidya spacetime (recall Table 4.1). Thus, there are seven

possible descriptions of Vaidya spacetime; a conformal diagram for each description

can be found in Appendix C, Section C.1.



Chapter 5

Tolman-Bondi Spacetime -

Self-Similar Dust

Tolman-Bondi spacetime represents the inhomogeneous collapse of dust [27] and is

part of a larger set of exact solutions to the Einstein Equations known as the Lemâıtre-

Tolman-Bondi solutions; these solutions represent spherically symmetric inhomoge-

neous dust and were initially and independently derived by Lemâıtre in 1933, Tolman

in 1934, and then re-derived by Bondi in 1947 [37] (for original articles, see [38], [39]

and [40] respectively). The general form of the Tolman-Bondi metric contains func-

tions that are coordinate dependent; therefore, like Vaidya spacetime, it can be used to

study many different scenarios, including shell crossing singularities (for example, see

[11] and [41]), naked singularities (for examples, see [42] and [43]), and self-similarity

(discussed in [42]).

Similarities between Tolman-Bondi spacetime and Vaidya spacetime immediately

become apparent; given the correct conditions, the spacetimes can be used to study

64
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dust, self-similarity, naked singularities, and shell crossing and/or shell focusing singu-

larities. Due to these similarities, many people have tried to relate the two spacetimes

(for example, [27], [30] and [44]); even though connections have been discovered, the

two spacetimes are still treated separately [27]. Although many similarities exist,

there are still several distinctions between the two spacetimes. For example, Tolman-

Bondi spacetime represents dust (see proof below), whereas we found that Vaidya

represents null dust; another difference is that Tolman-Bondi spacetime can be used

to model stars collapsing into black holes, whereas Vaidya spacetime is used to model

the evaporation of black holes (see [30] and references therein).

In this chapter, we will first describe the general form of the Tolman-Bondi metric

in comoving coordinates, before choosing appropriate functions to ensure that we are

working with self-similar dust. We will then perform a full analysis on the spacetime,

again concentrating on the special trajectories and the gradient field and how these

behave at the singularities. Once again, due to obscurities at the origin, the space-

time will be reanalysed using “self-similar” coordinates. Lastly, the results will be

summarised and there will be a brief comparison to self-similar Vaidya spacetime.

5.1 Comoving Coordinates

In comoving coordinates, (T, R, θ, φ), the general form of the Tolman-Bondi metric is

ds2 = −dT 2 +
r′2

1 + f(R)
dR2 + r2dΩ2, (5.1)

where r ≡ r(T, R), the prime represents a partial derivative with respect to R, and

f(R) is an arbitrary function [11]; the function, f(R), however, can be thought of as
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the binding energy per unit mass shell [30]. Further, r(T, R) must satisfy

(
∂r

∂T

)2

=
2M(R)

r
+ f(R), (5.2)

where M(R) is the effective gravitational mass within radius R [27]. For our anal-

ysis, we will set f(R) = 0 (which represents the marginally bound case [30]) and

M(R) = 2νR
9

, thus

r(T,R) = R

(√
ν

T

R
− 1

) 2
3

, (5.3)

where ν is a positive, non-zero constant; with this choice of r(T,R), our spacetime

will be self-similar, and we will be able to perform the calculations analytically.

As one final simplification before we begin our analysis, we will define

χ =
√

ν
T

R
, (5.4)

where, explicitly, χ ≡ χ(T, R). Since we will be working in the range R ≥ 0, if

χ < 0, then we necessarily have T < 0. When analysing an equation where this

substitution has been made, we need to be careful that our conclusions are not based

upon artefacts of the substitution; for example, the substitution could introduce a T

or R in the denominator of an equation, which could erroneously leads us to believe

that it is undefined at that point. Thus, all of the important equations will be shown

both in terms of χ and in terms of T and R.

The specific form of the Tolman-Bondi metric that we will analyse is given by

ds2 = −dT 2 +
(χ− 3)2

9(χ− 1)2/3
dR2 + R2(χ− 1)4/3dΩ2. (5.5)
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As stated above, this spacetime is self-similar; the homothetic Killing vector is

given by ξα = Φ(T,R, 0, 0), which was calculated in a similar approach as shown in

Appendix B. We note here that, from (5.4), lines in the R-T plane with the form

T = χ√
ν
R are homothetic Killing vectors for constant χ and constant ν > 0.

To confirm that this spacetime represents dust, we will calculate the components

of the Einstein tensor:

GT
T = − 4χ2

3T 2(χ− 1)(χ− 3)
, (5.6)

others = 0.

Choosing uα = δα
T , the stress-energy tensor, (1.13), yields T T

T = −ρ and

TR
R = T θ

θ = T φ
φ = p. Then, from (1.12), we have p = 0 and

ρ = − 1

8π
GT

T =
χ2

6πT 2(χ− 1)(χ− 3)
, (5.7a)

or explicitly in terms of T and R,

ρ =
1

6π(
√

νT −R)(
√

νT − 3R)
. (5.7b)

Therefore, this spacetime represents dust. Moreover, equation (5.7) puts constraints

on χ. We find that the density of dust is singular at χ = 1, 3 and is negative for

1 < χ < 3. It is thus interesting to note that with our choice of f(R) and M(R), we

have created an unacceptable region of Tolman-Bondi spacetime, since we do not want

to consider dust with negative density. One possible way to incorporate the negative

density region into our model is to introduce exotic particles; another method is to
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swap particle labels at the shell crossing singularity (which we will soon show exists

at χ = 3), but this violates the comoving assumption [11]. Thus, we will disregard

the region where the density of dust is negative, and study the two regions χ ≤ 1 and

χ ≥ 3.

We will now calculate the scalar invariants, (1.22), and find that there are two

independent non-zero invariants: R and w1R. For continuity with the previous chap-

ters, we will display and analyse the Weyl invariant, although the same conclusions

can be reached using the Ricci scalar, R. The Weyl invariant is given by

C2 ≡ CαβγδC
αβγδ

= 8w1R

=
256χ4

27T 4(χ− 1)4(χ− 3)2
(5.8)

=
256R2ν2

27(
√

νT −R)4(
√

νT − 3R)2
.

Its gradient field, kα = ∇αC2, is

kT =
512χ5(3χ− 7)

27T 5(χ− 1)5(χ− 3)3
, (5.9a)

kR =
512χ5(χ− 2)(χ + 3)

3
√

νT 5(χ− 1)13/3(χ− 3)5
, (5.9b)

kθ = kφ = 0, (5.9c)
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and the inner product of kα with itself is

V ≡ kαkα

=
218χ10

36νT 10 (χ− 1)31/3 (χ− 3)8

×
[
9χ5 + 9χ4 − 117χ3 − 9χ2 + 432χ− 324...

+ ν
(
−9χ4 + 96χ3 − 382χ2 + 672χ− 441

)
(χ− 1)1/3

]
. (5.10)

We see that the Weyl invariant, when expressed in terms of R and T , is undefined

at {R = 0, T = 0}. At this point, gθθ = 0, and from our choice of M(R) = 2νR
9

, we

see that M(0) = 0; therefore, {R = 0, T = 0} is a shell focusing singularity. Next, we

see that the Weyl invariant is also undefined for χ = 1, 3 with R > 0. If we consider

χ = 1, we see that gθθ = 0, therefore this is a central singularity. Next, if we consider

χ = 3, we see that dgθθ

dR
= 0, r 6= 0 and the density of dust diverges. Therefore this

is a shell crossing singularity. We note here that it is typically preferable to avoid

shell crossing singularities, since they represent a breakdown in the model, and in our

case, are partially responsible for the introduction of the region of dust with negative

density [11]. Therefore, unlike Vaidya spacetime, we are now analysing a spacetime

with three different types of curvature singularities.

In order to perform the analysis on the spacetime, we must choose which region

to analyse; recall that the spacetime was divided by a region of dust with negative

density. Our analysis will focus on the region χ ≤ 1, but we will summarise and

briefly discuss the results for χ ≥ 3. The analysis will begin by calculating and

analysing the special trajectories and kα gradient field. The first trajectories that we

will calculate are the homothetic null geodesics. From the metric (with ds2 = 0, and
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θ, φ = constant), we have (
dT

dR

)2

=
(χ− 3)2

9(χ− 1)2/3
. (5.11)

However, from (5.4), we know that

T =
χ√
ν
R. (5.12)

Therefore, if χ is a constant, we have

dT =
χ√
ν
dR,

dT

dR
=

χ√
ν
. (5.13)

If we equate (5.11) and the square of (5.13), then we can determine an equation for

ν in terms of χ,

ν =
9χ2(χ− 1)2/3

(χ− 3)2
, (5.14)

which can be seen graphically in Figure 5.1.

Thus, homothetic null geodesics will take the form of (5.12), where χ and ν

satisfy (5.14). From Figure 5.1, we see that for every choice of ν, there will be one

χ < 0 that will satisfy (5.14), thus there will always be one incoming homothetic

null geodesic. For the range 0 < χ < 1, there will be zero, one or two outgoing

homothetic null geodesics depending on the value of ν. The maximum value of ν

that will yield a homothetic null geodesic in this range is 0.407, which corresponds to

χ = 6− 3
√

3 ∼ 0.804.

Next, the homothetic trajectories of kα will be determined. The instantaneous
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Figure 5.1: χ vs ν curve for homothetic null geodesics in Tolman-Bondi spacetime;
points on this curve satisfy (5.14), thus when substituted into (5.12) give the equation
for the homothetic null geodesics.

slope of the integral curves in the gradient field is given by dT
dR

= kT

kR . Thus, we obtain

dT

dR
=

√
ν

9

(3χ− 7)(χ− 3)2

(χ− 2)(χ− 1)2/3(χ + 3)
. (5.15)

We can equate this to (5.13), the slope of a homothetic trajectory, to get ν in terms

of χ:

ν =
9χ(χ− 2)(χ− 1)2/3(χ + 3)

(3χ− 7)(χ− 3)2
. (5.16)

This relation is plotted in Figure 5.2 in blue. For comparison, we have included the

red curve representing the number of homothetic null geodesics.

From (5.16), we see that the right-hand side is zero or negative for −3 ≤ χ ≤ 0;

by definition, ν > 0, therefore there will never be a valid solution to (5.16) for this

range of χ. Next, we see that there is always one homothetic trajectory of kα in the
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Figure 5.2: χ vs ν curve for homothetic trajectories of kα (blue) and homothetic null
geodesics (red) in Tolman-Bondi spacetime; points on the blue curve satisfy (5.16),
thus when substituted into (5.12) give the equation for the homothetic trajectories of
kα.

range χ < 0 (or more specifically, χ < −3). In the region of 0 < χ < 1, there will be

zero, one or two homothetic trajectories of kα, depending on the value of ν; in this

range, the maximum value of ν that will produce a homothetic trajectory of kα is

ν ∼ 0.525 (which corresponds to χ ∼ 0.719).

Lastly, we determine the boundary line between R- and T -regions. For this metric,

we determine that V ≡ kαkα = 0 (see (5.10) for V ) when

ν =
9(χ− 2)2(χ− 1)2/3(χ + 3)2

(3χ− 7)2(χ− 3)2
, (5.17)

which is plotted in Figure 5.3 (green line).

From this figure, we see that the number of boundary lines per value of ν varies

differently than the number of homothetic null geodesics or homothetic trajectories
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Figure 5.3: χ vs ν curve for the number of V = 0 boundary lines (green), homothetic
trajectories of kα (blue) and homothetic null geodesics (red) in Tolman-Bondi space-
time; points on the green curve satisfy (5.17), thus when substituted into (5.12) give
the equation for the V = 0 boundary lines.

of kα. Depending on the value of ν, there will be one or two boundary lines in the

region χ < 0, and zero, one or two boundary lines in the range 0 < χ < 1. We note

specifically that, unlike the homothetic null geodesics and homothetic trajectories of

kα, χ = 0 does not correspond to ν = 0 for this curve.

In Figure 5.3, all of the χ vs ν curves are shown. We first note that, for ν > 0,

there is only one intersection point and that is between the boundary line and null

geodesic; for ν = 0.442, the two trajectories in the region χ < 0 are the same

(this corresponds to χ ∼ −0.686). Next, we note that given any value of ν, we

can determine the number of special trajectories, which has been summarised in

Table 5.1. To graphically determine the number of special trajectories, a horizontal

line is drawn at the chosen value of ν, and the number of intersections with each
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Number of Number of kα Number of V = 0
Homothetic curves that are Boundary Lines

ν Null Geodesics Homothetic Trajectories
0 < ν < 0.407 2 2 1

ν = 0.407 1 2 1
0.407 < ν < 0.525 0 2 1

ν = 0.525 0 1 1
0.525 < ν ≤ 0.735 0 0 1
0.735 < ν < 0.833 0 0 2

ν = 0.833 0 0 1
0.833 < ν 0 0 0

Table 5.1: Number and type of special trajectories in Tolman-Bondi spacetime for
each range of ν, given 0 < χ < 1.

curve will be the number of that type of special trajectory. Moreover, once we have

chosen ν, the slopes of the trajectories of the homothetic null geodesics, homothetic

lines of kα and the V = 0 boundary lines can be determined by numerically solving

for χ in equations (5.14), (5.16) and (5.17), respectively. The slope is then given by

χ√
ν
, and the equation for the line is given by T = χ√

ν
R.

Lastly, from Figure 5.3, we can determine if the homothetic trajectories are space-

like, timelike or null. An example of this can be seen in Figure 5.4, where we have

chosen ν = 0.25. We see that a horizontal line at ν = 0.25 intersects the curve

given by (5.14) at χ ∼ −0.510, 0.529, 0.954, thus, the homothetic null geodesics will

have slopes of −0.510√
0.25

, 0.529√
0.25

, and 0.954√
0.25

, respectively. If we were to choose χ such that

χ < −0.510 or 0.529 < χ < 0.954, then the homothetic trajectories are timelike; if

−0.510 < χ < 0.529 or χ > 0.954, then the homothetic trajectories are spacelike.

If we choose ν such that ν > 0.407, all of the homothetic trajectories in the range

0 < χ < 1 are spacelike.

We now have a full picture of the number of special homothetic trajectories for
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Figure 5.4: χ vs ν curve showing which homothetic vectors would be spacelike, time-
like or null given ν = 0.25

χ ≤ 1. As previously mentioned, the range χ ≥ 3 is also valid, thus, a similar

analysis can be done in this range. Figure 5.5 displays the number (and ultimately

the slope) of special trajectories in the range χ ≥ 3; note that the graph starts at

χ = 3 rather than χ = 0. Table 5.2 gives a numerical breakdown for the number of

special trajectories for any given range of ν.

The first thing to note between the two ranges of χ is that the special trajectories

exist for different ranges of ν. For ν < 13.51, no special trajectory exists in the

range of χ ≥ 3; the number and type of trajectories increase as ν increases. For

ν > 0.833, no special trajectory exists in the range 0 < χ ≤ 1; the number and type

of trajectories increase as ν decreases. Thus, for 0.833 < ν < 13.51, the only special

trajectories that exist are in the range χ < 0 (corresponding to T < 0). We should

also note that the trajectories begin to appear in the same order; that is, as you

decrease ν (from, say ν = 5) for 0 < χ ≤ 1, or as you increase ν (from, say ν = 5)
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Figure 5.5: χ vs ν curve for the number of V = 0 boundary lines (green), homoth-
etic trajectories of kα (blue) and homothetic null geodesics (red) in Tolman-Bondi
spacetime for the range χ > 3; note that the horizontal axis of the graph starts at
χ = 3

Number of Number of kα Number of V = 0
Homothetic curves that are Boundary Lines

ν Null Geodesics Homothetic Trajectories
78.97 < ν 2 2 2
ν = 78.97 1 2 2

33.53 < ν < 78.97 0 2 2
ν = 33.53 0 1 2

13.51 < ν < 33.53 0 0 2
ν = 13.51 0 0 1
ν < 13.51 0 0 0

Table 5.2: Number and type of special trajectories in Tolman-Bondi spacetime for
each range of ν, given χ > 3.
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for χ ≥ 3, the V = 0 boundary lines are the first to appear, then the homothetic

trajectories of kα, and then finally the homothetic null geodesics.

Now that we understand the relationship between ν and the number of special

homothetic trajectories for all valid ranges of χ, we can proceed with the analysis of

the gradient field, kα. We can first write the gradient field as system of equations

with respect to a parameter, t:

dT

dt
=
√

ν(3
√

νT − 7R)(
√

νT − 3R)2, (5.18a)

dR

dt
= 9R1/3(

√
νT −R)2/3(

√
νT − 2R)(

√
νT + 3R). (5.18b)

It is immediately apparent that these equations are neither linear, nor almost linear,

thus we cannot create a solution as described in Appendix A; however, we can clearly

see that a lone critical point exists at {R = 0, T = 0}. Even without a complete

solution, there is still much to learn by looking at the instantaneous slope of the

gradient field at specific locations; even more can be learned in Section 5.2 when we

reanalyse this spacetime in a different coordinate system.

Before we begin our analysis, we must choose a value for ν; we will choose

ν < 0.407 so that there is the maximum number of special trajectories in the re-

gion χ ≤ 1. We will now determine how the integral curves constructed from the

gradient field behave at the special trajectories and at the axes. We first find that

the integral curves cross the V = 0 boundary line and the homothetic null geodesics

with finite slopes and cross the R-axis with a constant slope of 7
6

√
ν. Next, as per

construction, the integral curves never intersect the homothetic trajectories of kα; at

best, they will run asymptotic to the trajectories as R → 0 or R → ∞. Third, as

an integral curve approaches the T -axis, the slope of the curve very quickly steepens,
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going as dT
dR
∝ sign(T )R−1/3; thus, all the integral curves intersect the T -axis only at

the shell focusing singularity, {R = 0, T = 0}.

Lastly, we are interested in how the integral curves interact with the singularities

at χ = 1, 3. As χ → 1−, dT
dR
→ +∞, thus the integral curves intersect this singularity

vertically. However, as χ → 3+, dT
dR
→ 0+, thus the integral curves intersect this

singularity horizontally. It is interesting to note that the integral curves intersect

both singularities with a different slope. Recall that, although both χ = 1, 3 make

the Weyl invariant undefined, they are both classified as different types of singularities;

however, in both cases, the integral curves intersect the singularity.

Figure 5.6 below depicts this mathematical description. In this figure, we have

chosen ν = 0.4 in order to have the maximum number of special trajectories. The ho-

mothetic null geodesics are shown in red, the homothetic trajectories of kα are shown

in blue, and the V = 0 boundary lines are shown in green. The curvature singularities

at χ = 1, 3 are black, and the grey curves are the integral curves constructed from

the kα gradient field.

Once we have the figure plotted, we can see that there appears to be two end points

for the integral curves that originate at the future null infinity,

{R → +∞, T → +∞}. One possible end point is the null past infinity,

{R → +∞, T → −∞}; the other end point appears to be the shell focusing sin-

gularity at the origin, {R = 0, T = 0}. However, the origin is mathematically

obscured since it is the end point for two singularities and (up to) three homothetic

trajectories of kα. Thus, we cannot yet reach any conclusion about this point.

More generally, we see that Figure 5.6 matches the mathematical description as

given above. However, there are several aspects that are difficult to see; this is a
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Figure 5.6: kα gradient field associated with the Tolman-Bondi metric for ν = 0.4;
red represents homothetic null geodesics, blue represents homothetic trajectories for
kα, green represents the V = 0 boundary lines, and grey represents integral curves
constructed from the kα gradient field; the region with no gradient field represents
the region of spacetime associated with the negative density of dust

limitation of both Maple 10 and of the spacetime itself. First, there are several

special trajectories that are piling up near the central singularity at χ = 1 (the lower

thick black line). From Figure 5.3, we see that the slopes of the special trajectories

near χ = 1 are all very similar if we choose ν small enough such that there is a

maximum number of each type of special trajectory; thus this pile up is unavoidable.



CHAPTER 5. TOLMAN-BONDI SPACETIME 80

The other obscurity of the graph is that it appears that the integral curves intersect

the T -axis; recall that the slope of the curves becomes infinite at the T -axis. The

steepening of the integral curves can be better seen in Figure 5.7, where we have

zoomed in on a small range of the graph near the T -axis. We can now see that as the

gradient field approaches R = 0, it steepens very rapidly. Over a short distance of R,

the integral curves quickly curve to run asymptotic to the axis and will only intersect

the axis at the shell focusing singularity, {R = 0, T = 0}.
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Figure 5.7: a small range of the kα gradient field near the T -axis associated with
the Tolman-Bondi metric for ν = 0.4; note the scale on the axes; left plot is a
demonstration of the region for T > 0 and the right plot is a demonstration of the
region for T < 0; in both cases, the integral curves will run asymptotic to the T -axis

We can also determine which regions of spacetime are R-regions and which are

T -regions; this can be seen in Figure 5.8. It is interesting to note that the integral

curves are always spacelike when they intersect the shell crossing singularity at χ = 3,

and are always timelike when they intersects the central singularity at χ = 1.
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Figure 5.8: kα gradient field associated with the Tolman-Bondi metric for ν = 0.4;
green represents V = 0 boundary lines, which divide the spacetime into R- and T -
regions

If we consider the region T > 0, we immediately note several similarities be-

tween this spacetime, Figure 5.6, and the plot constructed for Vaidya spacetime,

Figure 4.3; both were chosen to contain the maximum number of special trajectories.

The first interesting and important point to make is that the central singularities

({r = 0, w > 0} and {R > 0, χ = 1} for Vaidya and Tolman-Bondi spacetimes,

respectively) are always spacelike, and the integral curves are always timelike when

they intersect the singularity. Next, each plot contains two homothetic null geodesics

between two homothetic trajectories of kα, all of which are immersed in an R-region.

As µ or ν is increased, the homothetic null geodesics disappear before the homothetic

trajectories of kα. Also, the point of origin of any given integral curve, and the value

of µ or ν, will ultimately determine the end point of the curve; in both cases, the

possible end points are the origin or r, R → +∞.
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Although there are many similarities between the two spacetimes, there are also

several differences. The first important aspect to note is that in Tolman-Bondi space-

time, some of the integral curves cross the R-axis; in Vaidya spacetime, the integral

curves do not cross the r-axis (recall that this is by construction, since the r-axis is a

trivial homothetic trajectory of kα for all µ). Next, from the equations for the special

trajectories in Vaidya spacetime, we see that there are no special trajectories in the

region {r > 0, w < 0}, yet we can clearly see special trajectories in this quadrant for

Tolman-Bondi spacetime (the quadrant being {R > 0, T < 0}); recall, however, that

we defined m(w < 0) = 0 in our analysis of Vaidya spacetime, thus it is reasonable

to expect that there are no special trajectories in the flat space.

Lastly, we note that, like Vaidya spacetime, the shell focusing singularity in

Tolman-Bondi spacetime, {R = 0, T = 0}, is globally naked for only certain range of

the parameter, ν; as long as there is at least one outgoing homothetic null geodesic,

the singularity will be naked.

One final similarity between the two spacetimes is that the origin of the plots

is a critical point of the system of differential equations that describe the gradient

field. Moreover, this point is obscured since many curves and trajectories intersect

it; thus, it is difficult to understand what is happening there. In the next section, we

will attempt to clarify what is occurring at the origin by reanalysing Tolman-Bondi

spacetime in a different coordinate system.

5.2 “Self-Similar” Coordinates

In comoving coordinates, all of the special trajectories and many of the integral curves

converge to the origin of the R-T plane. Thus, our picture in comoving coordinates
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is obscured. By converting to a new coordinate system, we will be better able to

understand what is occurring at the origin.

In choosing our new coordinate system, we first recall that the forms of the func-

tions, f(R) and M(R), that we chose made Tolman-Bondi spacetime self-similar.

Next, Cahill and Taub, [6], define a self-similar variable as κ ≡ r/t, where κ is a

dimensionless parameter. We immediately note that we already have a variable of

similar form: χ. Thus, χ is a “self-similar” variable, and it is invariant under scale

changes T̄ = βT and R̄ = βR, for any constant β. We can thus make the transfor-

mation

T =
1√
ν
χR (5.19)

to remove T and introduce χ; therefore, χ is now a coordinate whereas it was a con-

stant in the comoving coordinate system. This will create a “self-similar” coordinate

system, (χ, R, θ, φ). We note that this transformation does not affect θ or φ, nor the

R-axis. We find that the transformation projects the T -axis to χ → ∞; lastly, the

origin in the R-T plane is mapped onto the entire χ-axis, thus we will better be able

to see what is happening at the shell focusing singularity, {R = 0, T = 0}.

In the self-similar coordinate system, the Tolman-Bondi metric, (5.5), is given by

ds2 = −R2

ν
dχ2 − 2χR

ν
dχdR +

(
(χ− 3)2

9(χ− 1)2/3
− χ2

ν

)
dR2 + R2(χ− 1)4/3dΩ2. (5.20)

This coordinate change has altered the shell focusing singularity, yet several other

properties of the spacetime remain the same. First, the spacetime is still self-similar;

the homothetic Killing vector is now ξα = Φ(0, R, 0, 0). Moreover, the central singu-

larity is still at χ = 1, the shell crossing singularity is still at χ = 3, and dust still
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has negative density in the range 1 < χ < 3.

As before, we find two independent, non-zero scalar invariants; thus, for continu-

ity, we will again choose to analyse the Weyl invariant, C2 ≡ CαβγδC
αβγδ, and the

associated gradient field, kα = ∇αC2. We will find many similarities to their counter-

parts in the comoving coordinates, but will again display them here for completeness.

The Weyl invariant is

C2 =
256ν4

27R4(χ− 1)4(χ− 3)2
, (5.21)

the gradient field is

kχ =
512ν2

(
−9χ4 + 63χ2 − 54χ + (χ− 1)1/3 (3νχ3 − 25νχ2 + 69νχ− 36ν)

)
27R6(χ− 1)16/3(χ− 3)5

,

(5.22a)

kr =
512ν2(χ− 2)(χ + 3)

3R5(χ− 1)13/3(χ− 3)5
, (5.22b)

kθ = kφ = 0, (5.22c)

and the inner product of kα with itself is

V ≡ kαkα

=
218ν4

36R10 (χ− 1)31/3 (χ− 3)8

×
[
9χ5 + 9χ4 − 117χ3 − 9χ2 + 432χ− 324...

+ ν
(
−9χ4 + 96χ3 − 382χ2 + 672χ− 441

)
(χ− 1)1/3

]
. (5.23)

We can immediately see one critical difference between the two coordinate systems:
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In this coordinate system, the Weyl invariant (and the Ricci scalar) is also undefined

at R = 0. This difference is expected since the transformation was constructed to

map the shell focusing singularity, {R = 0, T = 0}, onto an entire axis.

Next, we will recalculate all of the special trajectories; recall that all of the special

trajectories that we are interested in are homothetic Killing vectors and that all of the

homothetic Killing vectors in this coordinate system have the form χ = χ0, where χ0

is a constant. First, the homothetic null geodesics can be calculated from the metric,

(5.20), by setting χ, θ, φ = constant and ds2 = 0. Thus, we obtain

0 =

(
(χ− 3)2

9(χ− 1)2/3
− χ2

ν

)
dR2.

Since dR 6= 0, for this expression to be true, the polynomial inside the parentheses

must be zero. If we solve for ν, then we recover the same expression as we found

in the comoving coordinate system (that is, (5.14)). To determine the homothetic

trajectories of kα, we set kχ

kR = 0; solving for ν recovers (5.16). Lastly, solving for ν

when V ≡ kαkα = 0, we recover (5.17). Thus, all of the equations for the special

trajectories that were determined in the comoving system are valid here as well. In

this coordinate system, the form of the equation of a special trajectory is

χ = χ0, (5.24)

where χ0 is the constant χ that, for a given ν, solves (5.14), (5.16) or (5.17) depending

on whether we are calculating the homothetic null geodesic, the homothetic trajec-

tories of kα or the V = 0 boundary line, respectively. Thus, Tables 5.1 and 5.2, and

Figures 5.1 - 5.5 are all valid in this coordinate system.
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We now understand the form of the special trajectories in this coordinate system.

Next, we wish to analyse the gradient field and how its integral curves behave at

the special trajectories. To do this, it is helpful to look at the system of differential

equations created from the gradient field,

dχ

dt
= −9χ4 + 63χ2 − 54χ + (χ− 1)1/3

(
3νχ3 − 25νχ2 + 69νχ− 36ν

)
, (5.25a)

dR

dt
= 9R(χ + 3)(χ− 1)(χ− 2), (5.25b)

where t is a parameter of the system. Once again, we find that the system is

not linear, nor is it almost linear; thus we cannot find a solution as outlined in

Appendix A. We can, however, find critical points of the system, which are at

{
R = 0, ν =

9χ(χ− 2)(χ− 1)2/3(χ + 3)

(3χ− 7)(χ− 3)2

}
.

We immediately note that this expression for ν matches (5.16), which determined ν

and χ for homothetic trajectories of kα. Therefore, the critical points of the gradient

field are where the homothetic trajectories of kα intersect the χ-axis. Once again,

we see that there are distinct critical points on this axis, rather than the entire axis

being equivalent to a critical point.

Since an explicit solution to (5.25) cannot be found, we will look at the instan-

taneous slope of the gradient field,
dχ
dt
dR
dt

= dχ
dR

, as it approaches the axes and special

trajectories. First, we note that the slope is identically zero only on the homothetic

trajectories of kα; also, the integral curves of the gradient field never cross these tra-

jectories. Next, the slope is undefined for χ = −3, 1, 2 (where χ = 2 is in a range

that does not concern us). Since there is a singularity at χ = 1, the integral curves
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intersect it vertically. When the slope is finite and non-zero, it takes the form

dχ

dR
∝ ± 1

R
. (5.26)

From this, we can determine that as the integral curves approach R → +∞, the slope

tends towards 0±; as the integral curves approach R → 0+, the slope tends towards

±∞.

The slope of the integral curves, and their direction, is interesting and impor-

tant near the homothetic trajectories of kα and near R = 0 (and hence near the

critical points). For this analysis, we will choose ν < 0.407, so that in the range

0 < χ ≤ 1 there will be two homothetic Killing vectors, two homothetic null geodesics

and one V = 0 boundary line. First, we examine the slopes near the lower homo-

thetic trajectory of kα; we find that dχ
dR
→ 0∓ as the lower homothetic trajectory of

kα is approached from above and below, respectively, therefore the integral curves

flow away from this homothetic trajectory. Moreover, as they approach R = 0, we

find that the slope tends to ∓∞, thus the integral curves flow away from this critical

point. Repeating this procedure for the upper homothetic trajectory of kα, we find

that dχ
dR
→ 0± as the upper homothetic trajectory of kα is approached from above

and below, respectively, therefore the integral curves flow towards this homothetic

trajectory. Moreover, as they approach R = 0, we find that the slope tends to ±∞,

thus the integral curves flow towards this critical point. This leads to the important

conclusion that the integral curves converge at the upper critical point; the exceptions

are the integral curves that start identically on the lower homothetic trajectory of kα,

which converge at the lower critical point. Therefore, we can classify the upper criti-

cal point as an asymptotically stable node and the lower critical point as an unstable
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saddle point.

We now have an understanding of how the gradient field acts in the region

0 < χ ≤ 1 for Tolman-Bondi spacetime in self-similar coordinates; this is graphi-

cally represented in Figure 5.9, where we have chosen ν = 0.4 in order to have a

maximum number of special trajectories. In the figure, the black line at χ = 1 corre-

sponds to the central singularity at T = 1√
ν
R in the untransformed coordinates. The

red lines represent the homothetic null geodesics, the blue lines represent the homo-

thetic trajectories of kα, the green lines represent V = 0, and the grey represents the

integral curves constructed from the kα gradient field.

From Figure 5.9 and the accompanying mathematics, there is a lot to be de-

termined. First, from (5.14) and Figures 5.1 and 5.4, we see that any homothetic

trajectory that lies between the two homothetic null geodesics will be timelike; the

rest of the homothetic trajectories (except for the two red null geodesics) are space-

like. Thus, as long as there is at least one non-spacelike trajectory, the shell focusing

singularity (the χ-axis) is globally naked. We should note that this argument is valid

only for the shell focusing singularity and not the central singularity, {R > 0, χ = 1}.

We can see from the mathematics and graphical analysis that the central singularity

is never naked.

We can also determine where kα is timelike (T -region) or spacelike (R-region)

from the V = 0 boundaries. This is summarised in Figure 5.10.

Using comoving coordinates, we have already compared this spacetime to Vaidya

spacetime with a linear mass function. However, even more similarities can be seen

when comparing the spacetimes in their respective self-similar coordinates. The most

important aspect to consider is that the special trajectories in both cases intersect
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Figure 5.9: kα gradient field associated with the Tolman-Bondi metric for ν = 0.4 in
the R-χ plane; red represents homothetic null geodesics, blue represents homothetic
trajectories of kα, green represents the V = 0 boundary lines, grey represents the
integral curves constructed from the kα gradient field

the self-similar axis (κ-axis and χ-axis, respectively) at distinct points and that the

integral curves essential avoid the axis; all but one integral curve intersects the self-

similar axis at the point where the upper homothetic trajectory of kα intersects the
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Figure 5.10: kα gradient field associated with the Tolman-Bondi metric for ν = 0.4
in self-similar coordinates; green represents the V = 0 boundary lines, which divide
the spacetime into R- and T - regions

axis. Since the integral curves in this spacetime also avoid the shell focusing singu-

larity (the χ-axis), we can again conclude that it is a non-gravitational singularity.

Therefore, in both Vaidya and Tolman-Bondi spacetimes, the central singularity is

never globally naked and is a gravitational singularity. The shell focusing singularity

is a non-gravitational singularity and may be globally naked, given a small enough

value for the parameters µ and ν, respectively.

5.3 Conformal Diagrams

Tolman-Bondi spacetime has now been analysed using two different coordinate sys-

tems, giving us two different views of the same spacetime (Figures 5.6 and 5.9) for

χ < 1 and ν < 0.407; however, by the nature of these plots, we had to choose a
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finite range of T and R to display, rather than the entire range of −∞ < T < ∞

and 0 ≤ R < ∞. Thus, we can replot the spacetime using a conformal diagram that

will encompass the infinite range. Please see Appendix C for a description about

conformal diagrams and their construction.

Although a conformal diagram could encompass all of Tolman-Bondi spacetime

(both χ ≤ 1 and χ ≥ 3), we will break the diagrams into two distinct sets for simplic-

ity: χ ≤ 1 and χ ≥ 3 (see Appendix C, Section C.2 about how to combine these two

ranges into one diagram). The following diagrams, Figures 5.11 and 5.12, respectively

represent χ ≤ 1 and χ ≥ 3 for a maximum number of special trajectories (that is,

ν < 0.407 and ν > 78.97, respectively); the remaining diagrams for both regions and

all ranges of ν can be seen in Appendix C, Section C.2. In these figures, the thick red,

blue and green lines represent homothetic null geodesics (both ingoing and outgoing),

homothetic trajectories of kα, and the V = 0 boundary lines, respectively. The thick

black lines represent the singularities. The grey curves represent the integral curves

constructed from the kα gradient field.

When looking at Figure 5.11, we first see that the central singularity at χ = 1 is

spacelike, and that there is exactly one incoming null geodesic. We also see that there

are both spacelike and timelike homothetic trajectories of kα and V = 0 boundary

lines, depending on their location with respect to the incoming null geodesic. We

also see two homothetic null geodesics that start at the shell focusing singularity,

{R = 0, T = 0}, and end at the future infinity, I+, thus the singularity is clearly

naked.

The important aspects to this diagram are the origins and end points of the

integral curves. We can clearly see four distinct groups of curves: those that go from
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Figure 5.11: Conformal diagram for Tolman-Bondi spacetime with χ < 1 and
ν < 0.407; thick black lines represent singularities, red represents homothetic null
geodesics, blue represents homothetic trajectories of kα, green represents V = 0
boundary lines; grey represents the integral curves constructed from the kα gradient
field

R = 0 to i− (these avoid the shell focusing singularity, thus do not help to classify

it), those that go from io to i− (these avoid the shell focusing singularity, thus do not

help to classify it), those that go from io to the upper left-hand corner, and those

that run from χ = 1 to the upper left-hand corner.

We first note that integral curves intersect the χ = 1 singularity, thus it is a
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Figure 5.12: Conformal diagram for Tolman-Bondi spacetime with χ > 3 and
ν > 78.97; thick black lines represent singularities, red represents homothetic null
geodesics, blue represents homothetic trajectories of kα, green represents V = 0
boundary lines; grey represents the integral curves constructed from the kα gradient
field

gravitational singularity. Next, we see that these same curves end at the upper left-

hand corner; since these are not allowed to cross the homothetic trajectory of kα

by the theory of differential equations, they avoid the {R = 0, T = 0} singularity.

Next, the integral curves that start at io also converge to the upper homothetic

trajectory of kα by the theory of differential equations. Therefore, these curves, too,

avoid the {R = 0, T = 0} singularity. Therefore, no integral curves intersect the
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{R = 0, T = 0} singularity, therefore it is not a gravitational singularity. We should

also note that, like self-similar Vaidya spacetime, it is this shell focusing singularity

that is naked; therefore, in this spacetime, non-gravitational singularities may be

naked, but gravitational singularities are never naked.

In summary, in the Tolman-Bondi spacetime that we chose, there is a gravitational

singularity at χ = 1, or explicitly T = 1√
ν
R for T , R > 0, and a non-gravitational

singularity at {R = 0, T = 0}. We find that these are the same results as for Vaidya

spacetime: The shell focusing singularity is not a gravitational singularity.

Next, we look at Figure 5.12 representing the region χ ≥ 3. We see that after a

short analysis, we can again reach the same conclusions: The shell focusing singu-

larity at {R = 0, T = 0} is not a gravitational singularity. However, upon further

inspection, we see that this region contains interesting physics, but it is not a real

spacetime since there is no regular initial condition; in order for a real spacetime to

exist, we must be able to create a non-singular spacelike slice, which we see cannot

be done. Thus, given our choice for f(R) and M(R), the only physically acceptable

region of Tolman-Bondi spacetime is χ ≤ 1.



Chapter 6

Vaidya Spacetime (Quadratic Mass

Function) - Non-Self-Similar Null

Dust

In Chapters 4 and 5, we studied self-similar spacetimes and concluded that we could

use integral curves to classify a curvature singularity as a gravitational or a non-

gravitational singularity. In those chapters, we concluded that the central singularity

was a gravitational singularity and that the (massless) shell focusing singularity was

a non-gravitational singularity.

The next step in our analysis is to remove a symmetry and analyse a spacetime

that is not self-similar. The logical choice of spacetime would be Vaidya spacetime,

since, in Chapter 4, we have already completed a preliminary analysis on the metric

using a general mass function; in that chapter, we determined that Vaidya spacetime

represented null dust and that it was self-similar only for a linear mass function,

m(w) = µw.

95
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In this chapter, we will again analyse Vaidya spacetime, but this time we will use

a quadratic mass function, m(w) = µw2, where µ > 0 is a constant; if w < 0, we will

define m = 0. We will thus limit our analysis to the range w, r ≥ 0.

The analysis will begin in Bondi coordinates; as previous, we will concentrate on

the special trajectories and the gradient field. Since there are no homothetic Killing

vectors in this spacetime, there are no “special trajectories” as defined in the previous

two chapters. However, we still have trajectories in this spacetime that will be of

interest: the null geodesic, the “limiting” trajectory of kα and the V = 0 boundary;

these will be classified as the “special” trajectories for the remainder of this chapter.

We will also make note of the complexity of the calculations now that a symmetry

has been removed; in many cases, analytical solutions do not exist, therefore we

will be forced to use numerical techniques. Once our analysis in Bondi coordinates

is complete, we will repeat the analysis in “self-similar” coordinates to remove any

mathematical obscurities that exist at {r = 0, w = 0}.

6.1 Bondi Coordinates

In advanced Bondi coordinates, (w, r, θ, φ), with m(w) = µw2, the ingoing Vaidya

metric is given by

ds2 = −
(

1− 2µw2

r

)
dw2 + 2drdw + r2dΩ2. (6.1)

The first step in the analysis is to calculate the scalar invariants. We find that, as

in Chapter 4, the Weyl invariant, C2 ≡ CαβγδC
αβγδ, is the only independent invariant;
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it is given by

C2 =
48µ2w4

r6
. (6.2)

The associated gradient field, kα = ∇αC2, is

kw = −2532µ2w4

r7
, (6.3a)

kr =
253µ2w3(6µw3 − 3wr + 2r2)

r8
, (6.3b)

kθ = kφ = 0, (6.3c)

and the inner product of kα with itself is

V ≡ kαkα

= −21033µ4w7(6µw3 − 3wr + 4r2)

r15
. (6.4)

We see that the Weyl invariant and the gradient field are undefined only at r = 0,

thus this is the only singularity in this spacetime; as in Chapter 4, this curvature

singularity is the central singularity if w > 0 and is the shell focusing singularity if

w = 0. Next, we want to determine how the gradient field behaves in the r-w plane.

We start by defining the instantaneous slope as

kw

kr
=

dw

dr
=

−3wr

2r2 − 3wr + 6µw3
, (6.5)
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which can be rewritten as a system of equations, viz.,

dw

dt
= −3w, (6.6a)

dr

dt
= 2r − 3w + 6µ

w3

r
, (6.6b)

where t is a parameter of the system. We first note that the only critical point is at

{r = 0, w = 0}. Next, this system of differential equations is clearly not linear, but it

is an almost linear system of equations [24] (see Appendix A, Section A.4 for proof).

The corresponding linear system has two distinct eigenvalues, one that is positive and

one that is negative, and neither eigenvalue is dependent on µ. Thus, {r = 0, w = 0}

is an unstable saddle point; moreover, there is only one nontrivial solution that will

pass through the critical point, regardless of the value of µ > 0. This single solution,

associated with the choice of the positive eigenvalue, will be determined numerically

using dsolve,numeric in Maple 10.

This solution has a similar property to the homothetic trajectory of kα in the

self-similar spacetimes previously analysed: In all cases, the integral curves will flow

asymptotic to these solutions but will never cross them. Thus, by determining the

origin of an integral curve with respect to the homothetic trajectory or the trajectory

that we just calculated, we can determine the end point of the integral curve. Thus,

we will call this particular trajectory of kα the “limiting trajectory of kα,” or the

“limiting trajectory” for short.

The next trajectory to analyse is the null geodesic; again, this geodesic will not

be homothetic. To calculate the null geodesic, we set ds2 = 0 and θ, φ = constant
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in the metric, (6.1). Rearranging the equation yields

dw

dr
=

2

(1− 2µw2

r
)
. (6.7)

However, there is no nontrivial analytical solution to this equation. Rewriting (6.7)

as an autonomous system of two equations, we find

dw

dt
= 2r, (6.8a)

dr

dt
= r − 2µw2, (6.8b)

where et is an affine parameter [29]. From this, we see that only one critical point

exists, and that is again at {r = 0, w = 0}. However, this system is neither linear

nor almost linear, so we cannot immediately reach any conclusions about it. Once

we make the transformation presented in Section 6.2, we will determine that the

critical point is an unstable saddle point; this will be discussed in more detail in that

section. In this coordinate system, we see that (6.8) (and hence (6.7)) cannot be

solved analytically; we will again employ the dsolve,numeric option in Maple 10 to

calculate the null geodesic that passes through the origin, {r = 0, w = 0}.

The last trajectory to solve for is the boundary between the R- and T -regions,

which occurs when V = 0 (see (6.4) for V ). Unlike the previous special trajectories,

this equation can be solved analytically. Since this expression can be solved analyt-

ically, we will be able to place some restrictions on w and r. First, we see that the

trivial solution is w = 0. Next, if we solve for r, we find that

r =
3

8

(
1±

√
1− 32

3
µw

)
w. (6.9)
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Since we require r to be real, this stipulates that

w ≤ 3

32µ
. (6.10)

Likewise, by solving for w, we can place restrictions on r. We find that the solution

is

w =
r

6µu
+ u, (6.11)

where

u =
3

√√√√ r

3µ

(
−r ±

√
r

(
r − 1

24µ

))
. (6.12)

Since we require w to be real, this stipulates that

r ≤ 1

24µ
. (6.13)

From (6.10), (6.13), and the conclusions about the limiting trajectory and the null

geodesic, we find that the number of special trajectories is not dependent on µ. As we

can see with the V = 0 boundary, as we increase or decrease µ, the region in which

the special trajectory exists decreases or increases, respectively; numerically, we find

the same to be true for the other two special trajectories. Thus, in summary, for all

µ > 0, there will always be exactly one of each of the special trajectories.

Now that the special trajectories have been calculated, they can be plotted, as

seen in Figure 6.1. The navy blue curve represents the limiting trajectory, the red

curve represents the null geodesic and the green curve represents the V = 0 boundary

between the R- and T -regions. The grey curves represent the integral curves con-

structed from the kα gradient field. We arbitrarily chose the value of µ = 1/18 (to



CHAPTER 6. VAIDYA SPACETIME (QUADRATIC MASS FUNCTION) 101

match the value in Chapter 4); as discussed above, the value of µ will only scale the

figure, not add or remove curves.
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0.2 0.4 0.6 0.8 1 1.2 1.4

r
Figure 6.1: kα gradient field associated with the non-self- similar Vaidya spacetime
for µ = 1/18; red represents the null geodesic, navy blue represents the limiting
trajectory for kα, green represents V = 0 boundary lines; grey represents the integral
curves constructed from the kα gradient field
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Due to the difficulty of the mathematics, Figure 6.1 is very useful in further-

ing our analysis. From the figure, the path of the integral curves in the gradient

field is evident: they originate at {r = 0, w > 0}, and end either at the origin,

{r = 0, w = 0}, or run to {r → +∞, w → 0+}. The integral curves never cross

the limiting trajectory of kα, thus end point is determined by the curve’s origin with

respect to the limiting trajectory’s origin; for µ = 1/18, any integral curve starting

at {r = 0, w ≤ 3.5} will end at the origin whereas all other integral curves will run

to r → +∞. Moreover, we see that the integral curves that return to the origin avoid

the limiting trajectory and do not run asymptotic to it as they approach the origin;

this will become evident once we make the coordinate transformation in Section 6.2.

The next point of interest is that the special trajectories all intersect one another.

This never happened in self-similar Vaidya spacetime, and there was only a single

value of ν in our Tolman-Bondi spacetime for which two special trajectories (the

incoming null geodesic and a V = 0 boundary line) were represented by the same

trajectory.

As with the previous spacetimes, we can divide the spacetime into R- and T -

regions; this can be seen in Figure 6.2. In this case, we see that both R- and T -

regions always exist. Specifically, there is a finite R-region that decreases in size as µ

increases. This is consistent with our previous studies, however, in our previous cases,

the R-region disappeared completely, whereas here it will never completely disappear.

We now recall that in the previous cases, the shell focusing singularity was globally

naked for certain ranges of the parameter (for example, for µ ≤ 1/16 for self-similar

Vaidya spacetime). However, in this case, the null geodesic never approaches future
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Figure 6.2: kα gradient field associated with the non-self-similar Vaidya metric for
µ = 1/18; green represents the V = 0 boundary lines, which divides the spacetime
into R- and T -regions

infinity, {r →∞, w →∞}; thus, this case is never globally naked. We do note, how-

ever, that there are non-spacelike curves that intersect the origin; thus, this spacetime

is locally naked, but it is so for all µ.

All of the special trajectories for this case have been described above. However,

when looking at Figures 6.1 and 6.2, there appears to be another special trajectory

that is similar to a scaled up version of the boundary between the R- and T -regions;

this line is traced out in Figure 6.3 using two different scales.

Once the curve is added, it is clear that it represents the locus of points where

kr = 0. Although this curve appears important, it is in fact a coordinate effect and

has no real significance. In the figure with the larger range, it is possible to see

another such locus of points, located at kr = −kw; again this is a coordinate effect

only.
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Figure 6.3: kα gradient field associated with the non-self-similar Vaidya metric for
µ = 1/18; the orange curve represents the locus of points where kr = 0; this is a
coordinate effect with no real significance; the figure on the right has been scaled so
that the entire curve is visible

We have now completed our analysis of Vaidya spacetime with a quadratic mass

function in Bondi coordinates. However, once again, the picture at the shell focusing

singularity, {r = 0, w = 0}, is obscured; thus, it is difficult to reach general conclu-

sions about this point. Unlike the previous spacetimes, the analysis at this point has

the added difficult of being the end point for two numerically-derived trajectories.

Thus, we will introduce a coordinate transformation in the next section that will

clarify what is happening at the origin.

6.2 “Self-Similar” Coordinates

The study of Vaidya spacetime in Bondi coordinates is very useful and allows us to get

an understanding of a non-self-similar spacetime. However, like the previous space-

times studied, it is unclear what is happening at the origin. To better understand this
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point, and to add clarity to the special trajectories, we will implement a coordinate

transformation. Unlike the previous cases, the choice of the new coordinate system

is not obvious since this spacetime contains no self-similar variables, nor is there a

simple variable that we have been using to simplify our calculations.

In choosing a new coordinate system, we foremost require that the origin,

{r = 0, w = 0}, is expanded, preferably to cover an entire axis. Next, we would

like to change as few coordinates/variables as possible. We note that these two re-

quirements were upheld in both of our previous two cases, thus it would be logical to

again use a “self-similar” coordinate system as we have previously defined. We will

thus make the same coordinate transformation as in Chapter 4: κ = w/r. Thus, we

will remove w in favour of κ to get the coordinates, (κ, r, θ, φ). We strongly emphasise

that although κ is a self-similar variable, and we will be proceeding with our analysis

in “self-similar” coordinates, the spacetime itself is not self-similar.

When making the transformation, we could have chosen another similarity vari-

able, which takes the general form of κ = r/r0(t/t0)
−n [6]; thus, given our choice

of mass function, the logical choice would have been κ1 = w2/r. However, after a

brief analysis, we find that this spacetime is not as simple as the one that underwent

the transformation of κ = w/r. Therefore, our analysis will proceed in self-similar

coordinates, with κ = w/r.

In self-similar coordinates, the Vaidya metric with a quadratic mass function is

given by

ds2 = (2µκ2r3−r2)dκ2+2(2µκ3r2−κr+r)dκdr+(2µκ4r−κ2+2κ)dr2+r2dΩ2. (6.14)
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This form of the metric will allow us to better understand what is occurring at the ori-

gin in Bondi coordinates, as well as help us to better understand the special trajecto-

ries. We will note explicitly that the transformation has expanded

{r = 0, w = 0} onto the entire κ-axis and has left the r-axis unchanged; also θ

and φ have remained unchanged. However, although the transformation will allow

us to better determine what is happening as r, w → 0, the mathematics will still be

difficult and numerical methods will be required.

Once again, we will begin our analysis by calculating the scalar invariants. The

only independent invariant is the Weyl invariant, which is given by

C2 ≡ CαβγδC
αβγδ

=
48κ4µ2

r2
. (6.15)

The associated gradient field, kα = ∇αC2, is

kκ = −96κ4µ2 (6κ3r − 3κ + 5)

r4
, (6.16a)

kr =
96κ3µ2 (6κ3r − 3κ + 2)

r3
, (6.16b)

kθ = kφ = 0, (6.16c)

and the inner product of kα with itself is

V ≡ kαkα

= −21033µ4κ7(6µκ3r − 3κ + 4)

r6
. (6.17)

We again see that the only place that the Weyl invariant is undefined is at r = 0; this
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is the curvature singularity. From the coordinate transformation, we know that this

curvature singularity is also the shell focusing singularity.

Now that we have our new metric and our scalar invariant, we can again determine

all of the special trajectories and information about them. First, the instantaneous

slope of the integral curves is given by

dκ

dr
=

kκ

kr
=
−κ

r

(6µκ3r − 3κ + 5)

(6µκ3r − 3κ + 2)
, (6.18)

which can be written as a system of differential equations,

dκ

dt
= −κ(6µκ3r − 3κ + 5), (6.19a)

dr

dt
= r(6µκ3r − 3κ + 2), (6.19b)

where t is a parameter of the system. For this system, the critical points are

{r = 0, κ = 0} and {r = 0, κ = 5/3} for all µ. We find that, as in Bondi co-

ordinates, this system can be classified as almost linear. Completing an analysis on

the differential equations (see the end of Appendix A, Section A.4 for full analysis),

we find that both critical points are unstable saddle points, thus the integral curves

will avoid these points; the exceptions are the curves that start identically on the so-

lutions. At the critical point at {r = 0, κ = 0}, there are two trivial solutions: r = 0

and κ = 0; therefore, the integral curves will not cross the axes. At the critical point

at {r = 0, κ = 5/3}, there is one trivial solution (r = 0) and one nontrivial solution;

the latter must be determined numerically. Since the integral curves avoid the criti-

cal points and κ-axis completely, this corresponds to them avoiding the shell focusing

singularity; thus, at this point, we can conclude that the shell focusing singularity is
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not a gravitational singularity.

Now that we know how the integral curves behave near the critical points, we

can determine their entire path. The integral curves start at κ → ∞ (recall that

they previously started at r = 0, and that the transformation is κ = w/r) and end

at {r → 0+, κ → ∞} (if the starting point is between the κ-axis and the limiting

trajectory) or at {r →∞, κ → 0+} (otherwise). The exceptions are the curves that

identically follows the axes, and the integral curve that starts at κ → ∞ and ends

identically at {r = 0, κ = 5/3}. These conclusions are true for all µ.

Now that we have determined the limiting trajectory and analysed the gradient

field, we can calculate the remaining special trajectories. The next trajectory to calcu-

late is the null geodesic, where we will again be required to use numerical techniques.

In order to determine the null geodesic, we will set ds2 = 0, and θ, φ = constant in

(6.14); we thus need to solve

dκ

dr
=
−2gκr ±

√
4g2

κr − 4gκκgrr

2gκκ

, (6.20)

where gαβ is the metric tensor. Substituting the values into equation (6.20) yields

dκ

dr
=
−4µκ3r2 + 2κr − 2r ± 2r

2(2µκ2r3 − r2)
(6.21)

for r > 0. This can be rewritten as

dκ

dt
= −κ(2µκ2r − 1)− 1± 1, (6.22a)

dr

dt
= r(2µκ2r − 1), (6.22b)
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where t is a parameter of the system. This system has two critical points; however,

one is attributed to the plus sign and one to the negative. The critical points are

{r = 0, κ = 0} and {r = 0, κ = 2}, for the positive and negative root, respectively;

note that the values of the critical points are again independent of µ.

If we choose the positive root, then the critical point is at the origin, and (6.21)

reduces to

dκ

dr
= −κ

r
, (6.23)

which has an analytical solution of

r =
β

κ
, (6.24)

where β is a constant. We note that this corresponds to the trivial solution w = β in

Bondi coodinates, therefore we will disregard this solution.

The more interesting solution exists at {r = 0, κ = 2}. To complete the analysis

at this point we must first shift κ → κ + 2, so that the critical point is at the origin

in the κ-r plane. We now see that (6.22) is an almost linear system of differential

equations. Thus, we can reach conclusions about this critical point by looking at

the corresponding linear system (see Appendix A, Section A.5 for calculations). In

analysing the corresponding linear system, we find that it has two distinct eigenvalues,

±1. Since they are of opposite sign, this critical point is an unstable saddle point.

Moreover, in solving the linear system, we find that there is only one nontrivial

solution; the nontrivial null geodesic for the almost linear system has been calculated

numerically.
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The last special trajectory to calculate is the boundary between the R- and T -

regions. We find that the nontrivial solution to V = 0 (see (6.17) for V ) is

r =
3κ− 4

6µκ3
. (6.25)

We can easily determine that this boundary line intersects the κ-axis at κ = 4/3 for

all µ.

We now have all of our special trajectories; these, along with the gradient field

are displayed in Figure 6.4. The navy blue curve represents the limiting trajectory

of kα, the red curve represents the null geodesic, the green curve represents the

boundary between the R- and T -regions, and the grey lines represent the integral

curves constructed from kα gradient field. We arbitrarily chose the value of µ = 1/18;

once again, the value of µ will only scale the figure, not add or remove curves as

discussed above.

Using self-similar coordinates, we now have a complete picture of Vaidya spacetime

using a quadratic mass function; the limiting trajectory of kα and the null geodesic

were both calculated numerically, while we were able to acquire an analytical solution

for the V = 0 boundary line. Our first remark is that each of the special trajectories

intersects the κ-axis at a different point. Next, we see that the integral curves avoid

the axis completely; thus, as mathematically proven, the integral curves avoid the shell

focusing singularity. Therefore, the shell focusing singularity is not a gravitational

singularity. We now explicitly note that this is the same conclusion that we reached

when we analysed the self-similar spacetimes.

Lastly, this analysis allows us to determine which parts of the spacetime R- and

T -regions. These have been displayed in Figure 6.5 below. We again note that as µ
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Figure 6.4: kα gradient field associated with the non-self similar Vaidya metric for
µ = 1/18 in the r-κ plane; red represents the null geodesic, navy blue represents the
limiting trajectory for kα, green represents the V = 0 boundary lines; grey represents
the integral curves constructed from the kα gradient field

increases, the R-region will shrink, but will never disappear.

We must again note that when looking at Figures 6.4 and 6.5, there appears to

be another special trajectory. Again, this is the locus of points for kr = 0, which is

a coordinate effect and has no real significance. The locus of points can be seen in
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Figure 6.5: kα gradient field associated with the non-self-similar Vaidya metric for
µ = 1/18 the r-κ plane; green represents V = 0 boundary lines, which divides the
spacetime into R- and T -regions

orange in Figure 6.6 using two different scales.

6.3 Conformal Diagrams

Vaidya spacetime with a quadratic mass function has now been studied in two different

coordinate systems. We have seen that there are many differences between this non-

self-similar spacetime and the two self-similar spacetimes that we studied, yet in

all cases, we were able to reach the same conclusion: The integral curves of a scalar

invariant avoid non-gravitational singularities. For non-self-similar Vaidya spacetime,

this will become even more apparent in the conformal diagram, Figure 6.7. For this

spacetime, there is only one conformal diagram, and it is true for all µ > 0. Please
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Figure 6.6: kα gradient field associated with the non-self-similar Vaidya metric for
µ = 1/18 in the r-κ plane; the orange curve represents the locus of points where
kr = 0; this is a coordinate effect with no real significance; the figure on the right has
been scaled so that the entire curve is visible

see Appendix C for a description about conformal diagrams and their construction.

In Figure 6.7, the thick red, navy blue and green lines represent the null geodesics,

limiting trajectories of kα and the V = 0 boundary respectively. The dashed black

line represents a spacelike trajectory to show that {r = 0, w = 0} is not globally

naked, and the thick black lines represent the singularities. The grey curves represent

the integral curves constructed from the kα gradient field.

From the conformal diagram, we can easily verify the conclusions reached in this

chapter; we can also see similarities between this case and the self-similar cases anal-

ysed in Chapters 4 and 5. First, like the self-similar cases, the integral curves are

naturally divided into groups; here, the two groups are the curves that run from

{r = 0, w > 0} to i−, and the curves that run from {r = 0, w > 0} to the upper

left-hand corner. In both groups, the integral curves start at the central singularity,

{r = 0, w > 0}, therefore this is a gravitational singularity. However, the integral
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Figure 6.7: Conformal diagram for Vaidya spacetime with m(w) = µw2; thick black
lines represent singularities, red represents null geodesics, navy blue represents the
limiting trajectories of kα, and green represents the V = 0 boundary lines; the dashed
black line represents a spacelike trajectory, showing that w = r = 0 is not globally
naked; grey represents the integral curves constructed from the kα gradient field

curves in both groups avoid the shell focusing singularity at {r = 0, w = 0}; the

exception is the limiting trajectory (navy blue curve), but by the theory of differ-

ential equations, the remaining integral lines do not converge to the end point of

that curve. Thus, since the integral curves avoid the shell focusing singularity, it is a

non-gravitational singularity.



Chapter 7

Kerr Spacetime

In general relativity, it is preferable to work with spacetimes that have a high number

of symmetries. The primary reason for this is that it makes the calculations possible,

and the results can be succinctly presented. However, the drawback is that the

spacetimes may be unphysical. In the literature, the majority of the spacetimes

studied are spherically symmetric; also, the bulk of the articles regarding shell focusing

singularities are completed for self-similar spacetimes, even though there are only a

few self-similar solutions to the Einstein Equations [9]. Even though they represent

only a small number of solutions, self-similar spacetimes can offer remarkably rich

structure [29], as we have seen in Chapters 4 and 5.

In this thesis, all of the spacetimes that we have analysed have been spherically

symmetric. This allowed for the obvious centring out of a two-dimensional sub-

manifold, which we could easily analyse and graphically display on the page. The first

two spacetimes that we analysed, Friedman-Lemâıtre-Robertson-Walker (Chapter 2)

and Schwarzschild (Chapter 3), were relatively simple but did not contain any further

useful symmetries. The next two spacetimes we analysed, Vaidya spacetime with a

115
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linear mass function (Chapters 4) and Tolman-Bondi spacetime (Chapter 5), were

both self-similar; we found that the structure of the spacetimes was rich and varied

depending on the value of the parameter, µ and ν, respectively.

In Chapter 6, we analysed Vaidya spacetime that was not self-similar. We found

that our method for locating gravitational and non-gravitational singularities held,

but the calculations were challenging and analytical techniques failed us. Thus, we

have first-hand experience of the difficulties of working in a rich spacetime that is not

self-similar.

The next symmetry to remove is spherical symmetry. From a physical viewpoint,

this is a reasonable step since astronomical bodies are rotating, thus their exterior

solution should not be exactly spherically symmetric [3]. Although reasonable, we

can expect that the calculations will be difficult (if they are even possible), even if we

use computer algebra. The advent of computer algebra has made it possible to study

complicated models in general relativity, but we are still limited in that we cannot

obtain meaningful results if the model is too elaborate. We will now briefly show the

difficulties of analysing a non-spherically symmetric spacetime by presenting a brief

analysis of Kerr spacetime.

Kerr spacetime was found by Roy Kerr in 1963 (for original article, see [45]); how-

ever, instead of solving the Einstein Equations explicitly, he discovered a spacetime

that satisfied the equations. This family of solutions is the only known exact solution

for the Einstein Equations that could represent a stationary, axisymmetric, asymp-

totically flat field outside of a rotating massive object; moreover, this solution seems

to be the only possible exterior solution for a black hole [3].
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The Kerr metric, in Boyer-Lindquist coordinates, (t, r, θ, φ), is given by

ds2 =−
(

1− 2Mr

r2 + a2 cos2 θ

)
dt2 − 4Mra sin2 θ

r2 + a2 cos2 θ
dtdφ +

r2 + a2 cos2 θ

r2 − 2Mr + a2
dr2

+
(
r2 + a2 cos2 θ

)
dθ2 +

(
r2 + a2 +

2Mra2 sin2 θ

r2 + a2 cos2 θ

)
sin2 θdφ2, (7.1)

where M is the effective gravitational mass and a is the “Kerr parameter,” which

represents the spin of the black hole. This metric is invariant under the simultaneous

inversions of t and φ (that is, t → −t and φ → −φ); this is expected since inverting

time would mean that the object would spin in the opposite direction [3]. The metric

is also invariant under the transformation θ → θ + nπ, where n is an integer; thus

our range of analysis will be −∞ < r < +∞ and 0 ≤ θ < π.

The first step in the analysis is to calculate the scalar invariants, (1.22). Upon

calculating the invariants, we find that there are two independent scalar invariants,

which agrees with [46]; they are w1R and w1I . We will scale these invariants by a

factor of eight and define C2 ≡ 8w1R and C̄2 ≡ 8w1I . Therefore, the two independent

scalar invariants are given by

C2 ≡ CαβγδC
αβγδ

=
48M2 (r − a cos θ) (r + a cos θ)

(r2 + a2 cos2 θ)6

×
(
r2 − 4ar cos θ + a2 cos2 θ

) (
r2 + 4ar cos θ + a2 cos2 θ

)
(7.2)
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and

C̄2 ≡ C∗
αβγδC

αβγδ

=
96M2ra cos θ (3r2 − a2 cos2 θ) (r2 − 3a2 cos2 θ)

(r2 + a2 cos2 θ)6 , (7.3)

where Cαβγδ is the Weyl tensor and C∗
αβγδ is its dual. We first note that these invariants

intrinsically centre out the r-θ plane. Next, we see that they are both undefined only

at {r = 0, θ = π
2
}. By transforming into Kerr-Schild coordinates, it can be seen that

this singularity is a ring singularity (see [3] for discussion). Next, we see that there

will be geodesics that intersect {r = 0, θ 6= π
2
}; here, the curvature remains finite. We

can now make the structure of the spacetime more complicated by introducing two

copies of the manifold, identifying one copy with the “top side” of the ring and the

other copy with the “bottom side.” The manifolds can then be smoothly defined so

that every incomplete geodesic blows up only at the ring singularity; this guarantees

that the spacetime is inextendable. We note that passing through the ring singularity

from one copy of the manifold to the other corresponds to passing from a region where

r > 0 to a region where r < 0 [1].

Now that we have the scalar invariants, we can calculate their respective gradient
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fields, kα = ∇αC2 and k̄α = ∇αC̄2:

kt = 0, (7.4a)

kr = −288M2r (r2 − 2Mr + a2) (r6 − 21r4a2 cos2 θ + 35r2a4 cos4 θ − 7a6 cos6 θ)

(r2 + a2 cos2 θ)8 ,

(7.4b)

kθ =
288M2a2 sin θ cos θ (7r6 − 35r4a2 cos2 θ + 21r2a4 cos4 θ − a6 cos6 θ)

(r2 + a2 cos2 θ)8 , (7.4c)

kφ = 0, (7.4d)

and

k̄t = 0, (7.5a)

k̄r =
288M2a cos θ (r2 − 2Mr + a2)

(r2 + a2 cos2 θ)8

×
(
−7r6 + 35r4a2 cos2 θ − 21r2a4 cos4 θ + a6 cos6 θ

)
, (7.5b)

k̄θ =
288M2ra sin θ

(r2 + a2 cos2 θ)8

×
(
−r6 + 21r4a2 cos2 θ − 35r2a4 cos4 θ + 7a6 cos6 θ

)
, (7.5c)

k̄φ = 0. (7.5d)
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Next, we can calculate the inner products of kαkα and k̄αk̄α:

V ≡ kαkα

=
210 · 34M4

(r2 + a2 cos2 θ)15

× ( r16 − 2Mr15 + r14(a2 − 42a2 cos2 θ) + 84Mr13a2 cos2 θ...

+ 7r12(a2 + 66a2 cos2 θ)a2 cos2 θ − 1022Mr11a4 cos4 θ...

+ 7r10(3a2 − 142a2 cos2 θ)a4 cos4 θ + 2968Mr9a6 cos6 θ + 35r8a8 cos6 ...

− 3038Mr7a8 cos8 θ + 7r6(5a2 + 142a2 cos2 θ)a8 cos8 θ + 980Mr5a10 cos10 θ...

+ 21r4(a2 − 22a2 cos2 θ)a10 cos10 θ − 98Mr3a12 cos12 θ...

+ 7r2(a2 + 6a2 cos2 θ)a12 cos12 θ + (a2 − a2 cos2 θ)a14 cos14 θ ) (7.6)

and

V̄ ≡ k̄αk̄α

=
210 · 34M4

(r2 + a2 cos2 θ)15

× ( r14(1 + 48a2 cos2 θ)− 98Mr13a2 cos2 θ + 7r12(a2 − 64a2 cos2 θ)a2 cos2 θ...

+ 980Mr11a4 cos4 θ + 21r10(a2 + 48a2 cos2 θ)a4 cos4 θ − 3038Mr9a6 cos6 θ...

+ 35r8a8 cos6 θ + 2968Mr7a8 cos8 θ + 7r6(5a2 − 144a2 cos2 θ)a8 cos8 θ...

− 1022Mr5a10 cos10 θ + 7r4(3a2 + 64a2 cos2 θ)a10 cos10 θ + 84Mr3a12 cos12 θ...

+ r2(7a2 − 48a2 cos2 θ)a12 cos12 θ − 2Mra14 cos14 θ + a16 cos14 θ ) . (7.7)

In (7.4) and (7.5), we have again confirmed that the r-θ plane has been intrinsically

centred out. We also see that the integral curves and the inner products are undefined
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only at the curvature singularity, {r = 0, θ = π
2
}.

When looking at the metric, (7.1), we see that it is undefined at {r = 0, θ = π
2
}

and at r = M ±
√

M2 − a2; the former is the curvature singularity identified above,

but the latter is a coordinate singularity. Therefore, these coordinates are defective

at r = M ±
√

M2 − a2; however, if we wish to work only in the real plane, then

this statement is only true for a2 ≤ M2. Upon further examination, we find that

these coordinate singularities are of the same nature as the r = 2M singularity

in Schwarzschild spacetime [1]; in Kerr spacetime, r = M ±
√

M2 − a2 denote the

positions of the outer and inner horizons for the plus and minus sign, respectively [4].

For completeness, in Kerr spacetime, there is another interesting surface to consider:

the ergosphere. This occurs at gtt = 0, or explicitly at r = M ±
√

M2 − a2 cos2 θ; we

see that, like the horizons, real ergospheres only exist for a2 ≤ M2. From (7.4)-(7.7),

we see that the integral curves and inner products are well-behaved on these surfaces.

From the equations for the horizons and ergospheres, we see that the value of a

greatly affects the description of Kerr spacetime. If a = 0, then the black hole is not

rotating, and we recover Schwarzschild spacetime (Chapter 3); if a2 < M2, then there

are two horizons and two ergospheres; if a2 = M2, then the black hole is maximally

rotating and there is only one horizon, but still two ergospheres; if a2 > M2, then

there are no horizons or ergospheres and the coordinates are no longer defective.

Although the case for a2 > M2 is mathematically interesting, the spacetime that it

represents contains a naked singularity and no longer describes a black hole [1].

Even though a two-dimensional analysis is all that is required, we can see how

it would prove to be challenging from the length and degree of the gradient field

components. Using Maple 10, we can plot the gradient fields, but it would be useful
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to know something about the fields before we proceed. Thus, we can locate the

critical points by finding where kr = kθ = 0 and k̄r = k̄θ = 0, respectively. After a

brief analysis (numerical techniques are required), we see that there are a different

number of critical points depending on the value of a2/M2 and depending on which

gradient field is being studied. For the kα gradient field, there are 16, 12 and 6 critical

points for a2 < M2, a2 = M2 and a2 > M2, respectively, in the range −∞ < r < +∞,

0 ≤ θ < π; for the k̄α gradient field, there are 17, 12 and 7 critical points for a2 < M2,

a2 = M2 and a2 > M2, respectively, for the same range. In all plots, there is a critical

point at {r = 0, θ = π
2
}, and the critical points at {ri ≤ 0, θ = 0} have counterparts

at {|ri|, θ = 0}; the remaining critical points occur on the horizon(s).

We can also determine the R- and T -regions, where kα (k̄α) are spacelike or

timelike respectively; the boundary will occur at V = 0 (V̄ = 0). This was already

calculated by Lake, [47], although in his paper, he did not refer to them explicitly as

R- and T -regions. He determined that there were several lobes of T -regions for both

gradient fields (the background was an R-region) and that these regions decreased in

size for increasing a; see his Figures 4 and 8 for V = 0 and V̄ = 0 respectively. He

also found that there were no T -regions for a ≥ 1 or for r < 0 (independent of a).

When we remove spherical symmetry, we immediately see that the mathematics

become more challenging, even if we are still confined to two dimensions. However,

we also find that graphical representation and graphical interpretation become more

challenging as well. We have plotted the kα and k̄α gradient fields for a/M = 0.75,

a/M = 1 and a/M = 2 in Figures 7.1, 7.2 and 7.3, respectively; in each figure, the

top plot shows the kα gradient field and the bottom plot shows the k̄α gradient field.

In all figures, the tan lines represent the horizons, the maroon lines represent the
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ergospheres, and the grey curves represent the integral curves constructed from the

gradient fields; the navy blue lines represent the integral curves that pass through the

critical points.

When looking at these figures, we can see the large scale structure of the integral

curves for each range of a. We first see that the spacetime is symmetric about θ = π
2
,

but not about r = 0 (even in the case a2 > M2). Next, we note that, as per

construction, the integral curves do not cross the navy blue curves (these are the

integral curves that intersect the critical points); therefore, the spacetime is broken

into several distinct regions. For both gradient fields, the curves that start in the

region r < 0 intersect the curvature singularity, {r = 0, θ = π
2
}, for all a; this is also

true for r > 0 with a2 > M2. The cases with a2 ≤ M2 have a much more complicated

structure in the range r > 0, which is in part due to the presence of the horizons.

For all gradient fields, we are interested in the behaviour of the integral curves near

the singularity, which is obscured in Figure 7.1 (representing a2 < M2) and partially

obscured in Figure 7.2 (representing a2 = M2). In Figure 7.4 (Figure 7.5), we have

expanded the region around the θ-axis for a/M = 0.75 (a/M = 1), showing only the

range −0.34 ≤ r/M ≤ 0.34 (−1 ≤ r/M ≤ 1), where r/M = 0.34 (r/M = 1) is the

location of the inner horizon; this will allow us to see the structure of the integral

curves near the singularity. Once again, the top figure represents the kα gradient

field, and the bottom figure represents the k̄α gradient field.

Looking at the small scale structure of the integral curves, we see that all of the

integral curves intersect the curvature singularity, therefore we are led to believe that

it is a gravitational singularity. This is a reasonable conclusion since the singularity

in Schwarzschild spacetime was determined to be a gravitational singularity, and Kerr



CHAPTER 7. KERR SPACETIME 124

θ

0

0.5

1

1.5

2

2.5

3

 

–4 –3 –2 –1 1 2 3 4

r/M

θ

0

0.5

1

1.5

2

2.5

3

 

–4 –3 –2 –1 1 2 3 4

r/M

Figure 7.1: kα = ∇αC2 (top) and k̄α = ∇αC̄2 (bottom) gradient fields associated
with the Kerr metric with a/M = 0.75 in the r-θ plane; the tan lines represent the
horizons, the maroon curves represent the ergospheres and the grey curves represent
the integral curves constructed from the gradient fields; navy blue curves represent
the integral curves that pass through the critical points
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Figure 7.2: kα = ∇αC2 (top) and k̄α = ∇αC̄2 (bottom) gradient fields associated
with the Kerr metric with a/M = 1 in the r-θ plane; the tan line represents the
horizon, the maroon curves represent the ergospheres and the grey curves represent
the integral curves constructed from the gradient fields; navy blue curves represent
the integral curves that pass through the critical points
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Figure 7.3: kα = ∇αC2 (top) and k̄α = ∇αC̄2 (bottom) gradient fields associated
with the Kerr metric with a/M = 2 in the r-θ plane; the grey curves represent the
integral curves constructed from the gradient fields; navy blue curves represent the
integral curves that pass through the critical points
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Figure 7.4: kα = ∇αC2 (top) and k̄α = ∇αC̄2 (bottom) gradient fields near the sin-
gularity for the Kerr metric with a/M = 0.75 in the r-θ plane; the tan line represents
the inner horizon, the maroon curve represents the inner ergosphere and the grey
curves represent the integral curves constructed from the gradient fields; navy blue
curves represent the integral curves that pass through the critical points
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Figure 7.5: kα = ∇αC2 (top) and k̄α = ∇αC̄2 (bottom) gradient fields near the
singularity for the Kerr metric with a/M = 1 in the r-θ plane; the tan line represents
the horizon, the maroon curve represents the inner ergosphere and the grey curves
represent the integral curves constructed from the gradient fields; navy blue curves
represent the integral curves that pass through the critical points
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spacetime recovers Schwarzschild spacetime in the limit a2 = 0. However, this result

is not conclusive without a rigorous mathematical analysis.

From these figures, the difficulties in performing a graphical analysis become ap-

parent. Specifically, in the region near the θ-axis, Maple 10 fails to be able to draw

the integral curves due to the fine structure; we have therefore been forced to write

our own Maple code in order to map out these curves. Although this new code is

effective, the computational time is greatly increased, and, if the computer does not

use enough digits in the calculations, numerical oscillations may exist.

We have thus performed a preliminary analysis on a spacetime that is not spheri-

cally symmetric. We first note that our method of detecting gravitational singularities

appears to be valid. Next, we note that both a mathematical and graphical analysis

are quite challenging and that both analytical and numerical techniques begin to fail

us. Therefore, future work should be done on non-spherically symmetric spacetimes

in order to conclusively prove that this method of detecting gravitational singularities

is valid.



Chapter 8

Conclusion

Throughout this thesis, we have been analysing different spacetimes that represent

different models in order to determine if there is a method to distinguish between

gravitational and non-gravitational singularities. The spacetimes analysed in the

thesis were Friedman-Lemâıtre-Robertson-Walker, Schwarzschild, self-similar Vaidya,

self-similar Tolman-Bondi, non-self-similar Vaidya, and (briefly) Kerr spacetimes.

Our analysis of a spacetime began by finding the “location” of the curvature sin-

gularities; this was done by determining where the scalar invariants (for example,

C2 = CαβγδC
αβγδ) were undefined. Once we had the number and location of the

singularities, we further classified them (where possible) as central, shell focusing or

shell crossing singularities, based upon previous definitions. However, we were inter-

ested in classifying the curvature singularities as gravitational or non-gravitational.

In order to classify a curvature singularity as gravitational or not, we first defined

a gradient field that was given by the gradient of a scalar invariant (for example,

kα = ∇αC2). We then analysed the termination points of the integral curves created

from the gradient field. If the integral curves terminated on a singularity, then it was
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a gravitational singularity; if the integral curves avoided a singularity, then it was a

non-gravitational singularity. Moreover, we found that gravitational singularities had

mass, whereas non-gravitational singularities were massless.

In order to properly determine the behaviour of the integral curves, a full analysis

of each spacetime was completed (often in multiple coordinate systems); specifically,

we found and analysed the nature of all of the special trajectories present in the

spacetime. In Schwarzschild spacetime, the only special trajectory of interest was the

event horizon. In self-similar Viadya and self-similar Tolman-Bondi spacetimes, the

special trajectories were also homothetic Killing vectors; in these cases, the special

trajectories of interest were the homothetic null geodesics, the homothetic trajectories

of kα, and the V ≡ kαkα = 0 boundary lines (dividing a spacetime into R- and

T -regions). In both cases, the number and slopes of the special trajectories were

dependent on the value of the parameter of the spacetime, µ and ν, respectively. In

non-self-similar Vaidya spacetime, we were again able to calculate the null geodesic,

the limiting trajectory of kα and the V = 0 boundary line, but in this case, these

trajectories were not homothetic Killing vectors, and they existed for all values of

the parameter, µ. In Kerr spacetime, only a preliminary analysis was completed, but

we did calculate the horizons, ergospheres and the limiting trajectories of kα and k̄α

for all three ranges of a/M . Once this information was gathered and analysed, we

were better able to understand the behaviour of the integral curves and classify the

curvature singularities.

For the first two cases studied in this thesis, Friedman-Lemâıtre-Robertson-Walker

and Schwarzschild spacetimes, we found that the curvature singularities at a(t) = 0

and r = 0, respectively, were gravitational singularities since the integral curves
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terminated there. These were good test cases since both spacetimes have been well

studied, and the singularities are well understood.

Upon analysing self-similar Vaidya spacetime and self-similar Tolman-Bondi space-

time, which represented null dust and dust respectively, we found that the two

spacetimes were very similar and that the same general conclusions applied to both

spacetimes. First, the homothetic Killing vectors behaved in the same manner in

each spacetime and disappeared in the same order as the value of the parameter

was increased (for Tolman-Bondi spacetime, this was true for the range χ ≤ 1).

Next, we found that they each had a central singularity (at {r = 0, w > 0} and

{R > 0, χ = 1}, respectively), which we determined was a gravitational singularity;

in both cases, the integral curves intersected these singularities. Also, these singu-

larities were never naked. We also found that each spacetime had a shell focusing

singularity (at {r = 0, w = 0} and {R = 0, T = 0}, respectively) which was massless

(recall that the mass functions were m(w) = µw and M(R) = 2νR
9

, respectively); these

singularities were globally naked for small enough value of the parameter (µ ≤ 1/16

and ν ≤ 0.407, respectively). When these singularities were analysed in the pri-

mary coordinates of each spacetime (Bondi and comoving coordinates, respectively),

we found that they were mathematically obscured and difficult to classify; we then

transformed the metric to a self-similar coordinate system, where we concluded that

the integral curves avoided the shell focusing singularities. Therefore, the (massless)

shell focusing singularity is a non-gravitational singularity.

In Tolman-Bondi spacetime, there was an additional singularity; this was the shell

crossing singularity at {R > 0, χ = 3}. This singularity existed in our model due to

our choices of functions f(R) and M(R); moreover, we found that our Tolman-Bondi
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spacetime had a region where dust had negative density, which divided our spacetime

into three regions. The region χ ≤ 1 was rigorously analysed and compared to self-

similar Vaidya spacetime; the region 1 < χ < 3 was disregarded since dust had a

negative density; the region χ ≥ 3 was bordered by R = 0 and the shell crossing

singularity and was not a real spacetime since it was impossible to create a regular

initial condition. Thus, this latter region was mathematically interesting, but it was

non-physical.

When we studied non-self-similar Vaidya spacetime, we first noticed the increase

in difficulty of the required mathematics. In order to calculate the null geodesic

and the limiting trajectory of kα, we needed to use numerical techniques; although

these techniques are valid, it complicates the analysis. However, we were able to

locate a central singularity at {r = 0, w > 0} and a shell focusing singularity at

{r = 0, w = 0}. As in its self-similar counterpart, we determined that the central

singularity was a gravitational singularity and that the shell focusing singularity was

a non-gravitational singularity. One important difference between this spacetime and

its self-similar counterpart is that in this case, the shell focusing singularity is never

globally naked.

Lastly, we performed a brief analysis on the non-spherically symmetric Kerr space-

time; this analysis showed us that the mathematics involved would be quite challeng-

ing. Upon performing a graphical analysis of this spacetime, we found that many

integral curves terminated at the ring singularity, {r = 0, θ = π
2
}. Therefore, we

can again expect that this is a gravitational singularity; this is reasonable since Kerr

spacetime recovers Schwarzschild spacetime in the case a = 0, and we have already

proved that the singularity in Schwarzschild spacetime is a gravitational singularity.
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Thus, we have found that the integral curves of the gradient field calculated from

the scalar invariants terminate only on gravitational singularities. Therefore, this

method is valid in determining if a curvature singularity is a gravitational singularity

or a non-gravitational singularity.
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Appendix A

Solving Systems of Differential

Equations

General relativity is founded on differential geometry, thus it is impossible to avoid

differential equations. Although the required differential equations are often difficult

to solve - and indeed often only numerical solutions exist - a great deal can be learned

about a spacetime based upon the solutions to the differential equations.

In many cases, a system of differential equations must be solved rather than a

single equation (for example, the geodesic equation, (1.10)). Even in the cases where

a single equation must be solved, it is often useful to rewrite the equation as a system

of equations with respect to a parameter, t.

The simplest system of differential equations to solve is a first order, linear system,

viz.

x′ = Ax, (A.1)
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where x ≡ x(t) is an n-vector, A is a constant (and we assume real) n × n ma-

trix, and the prime represents differentiation with respect to the parameter, t. Con-

stant solutions of Ax = 0 are known as critical points; if A is nonsingular (that is,

det(A) 6= 0), then the only critical point of (A.1) is x = 0. The cases studied in this

thesis can all be related to this form.

If n = 1, then (A.1) reduces to

dx

dt
= ax, (A.2)

where the solution is x = ceat, where a and c are constants. Then, by analogy, we

can assume that the solution to (A.1) is

x = ζeηt, (A.3)

where η is a constant and ζ is a constant n-vector, both of which are to be determined.

If (A.3) is the solution to (A.1), then we can substitute the solution into the

equation to get

ηζeηt = Aζeηt,

which can be factored as

(A− ηI) ζ = 0, (A.4)

where I is the n × n identity matrix. Since we do not want the trivial solution of

ζ = 0, then we must have (A− ηI) = 0. This is solved by computing the determinant

of the matrix on the left hand side and solving for η, which are just the eigenvalues of

A. Once we have the eigenvalues, we can then solve for ζ, which are the associated
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eigenvectors of A. The general solution to (A.1) is then [24]

x = c1ζ
(1)eη1t + c2ζ

(2)eη2t + ... + cnζ
(n)eηnt. (A.5)

Once a solution to the system has been obtained, the system’s properties can

be analysed; the properties of interest are the type of critical point and its stability.

There are three types of critical points that will be discussed, nodes, saddle points and

spirals, with the former having many subtypes (for example, nodal sink/source and

proper/improper nodes). There are also three types of stability: stable, asymptoti-

cally stable, and unstable. A solution is stable if all solutions that start “sufficiently

close” to the critical point remain “close” to the critical point; a solution is asymp-

totically stable if all solutions that start “sufficiently close” to the critical point stay

“close” to the critical point and eventually converge upon it as t →∞; a solution is

unstable if is it not stable or asymptotically stable [24].

To determine the type and stability of the critical points, one must look at the

eigenvalues of the system. For this part of the analysis, let us assume that n = 2; that

is, we are dealing with a system of two linear equations. We then have four options for

the eigenvalues: both eigenvalues have the same sign, the eigenvalues have opposite

signs, both eigenvalues are equal, or both eigenvalues are complex.

For the case where both eigenvalues have the same sign, let choose the two eigen-

values such that η1 < η2 < 0 (a similar analysis can be completed for the case where

both eigenvalues are positive). Then, the general solution can be factored as

x = eη2t
(
c1ζ

(1)e(η1−η2)t + c2ζ
(2)
)

. (A.6)
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Since η1−η2 < 0, the term c1ζ
(1)e(η1−η2)t is negligible compared to c2ζ

(2) for sufficiently

large t. Thus, as t → ∞, the solution will tend towards both the critical point and

the line through ζ(2); the solution will follow the line through ζ(1) only if the solution

starts exactly on ζ(1). For this choice of eigenvalues, the critical point is called a

node or nodal sink, and it is asymptotically stable; for an example, see the point

{r = 0, κ = 7.37} in Figure 4.4. If the eigenvalues are both positive, the analysis is

similar, but we find that the critical point, which is again a node (or more specifically,

a nodal source), is unstable.

The second case is where the eigenvalues have different signs; let us choose

η2 < 0 < η1. If the solution starts exactly on an eigenvector, then the solution

will remain on that eigenvector for all t, and it will intersect the critical point. All

other solutions will avoid the critical point and tend towards the line determined by

ζ(1) corresponding to the positive eigenvalue, η1. In this case, the critical point is

unstable and is called a saddle point. For an example, see the point {r = 0, κ = 5/3}

in Figure 6.4.

The third case that we will study is where the two eigenvalues are equal,

η1 = η2 ≡ η. If there are two independent eigenvectors, then the solution is

x = c1ζ
(1)eηt + c2ζ

(2)eηt, (A.7a)

and the critical point is called a proper node; for an example, see the origin of

Figure 3.2. If there is only one independent eigenvector, then the solution is

x = c1ζe
ηt + c2

(
ζteηt +ψeηt

)
, (A.7b)
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where ψ is the generalised eigenvector associated with the repeated eigenvalue [24].

In this case, the c2ζte
ηt term is dominant for all t. Thus, all solutions approach the

critical point tangent to the line through the eigenvector. In this case, the critical

point is called an improper or degenerate node. For both the proper and improper

nodes, the critical point is asymptotically stable if η < 0 and is unstable if η > 0.

The last case that we will consider is when both eigenvalues are complex. In this

case, the eigenvalues typically have the form η = λr ± iλi, where λr and λi > 0 are

both real; here the critical point is a spiral point, and its stability depends on the

value of λr. If λr > 0, then the integral curves will spiral away from the critical point,

and the point is unstable (a spiral source); if λr < 0, then the integral curves will

spiral inwards to the critical point, and the point is asymptotically stable (a spiral

sink). The third possibility is that λr = 0; in this case, the integral curves spiral

around the critical point, and it is a stable centre.

Not all first order systems of equations are linear and can be written in the from

of (A.1). One set of nonlinear equations that are often of interest are linear systems

that become perturbed. In many cases, it is valid to study the corresponding linear

system to learn about the perturbed system. In these cases, we want the critical point

to be located at the origin; if the critical point is not at the origin, then, without loss

of generality, it is possible to make the substitution x̃→ x+const and then work with

the shifted system involving x̃. These perturbed systems are called Almost Linear

Systems and are written as

x′ = Ax + g(x), (A.8)

where g(x) are the nonlinear components to x′, and x = 0 is an isolated critical

point; an isolated critical point is one in which there are no other critical points in
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some small circle around it. Finally, for the system to be “almost linear” in the

neighbourhood of the critical point, it needs to satisfy the constraint

‖g(x)‖
‖x‖

→ 0 as x→ 0. (A.9)

In many cases, to determine if (A.9) is true, it is useful to make the substitution

||x|| ≡
√

x2
1 + x2

2 + ... + x2
n = r. This is a logical substitution since we are interested

in how the nonlinear components behave as we approach the critical point from any

direction; these perturbations must be negligible near the critical point in order for

us to analyse the linear system in place of the almost linear system.

Once again, it is the eigenvalues that dictate the solution. If the eigenvalues are

real and not equal, then the type and stability of the critical points of the almost

linear system is of the same kind as that of the corresponding linear system. If the

eigenvalues are equal or complex, then the type and stability of the critical points

will change in a predictable way, as described in Boyce and DiPrima [24].

A.1 Analysing the kα Gradient Field in

Schwarzschild Spacetime in Israel Coordinates

In Schwarzschild spacetime, in Israel coordinates, (see Section 3.2), the kα gradient

field can be written as

dw

dt
= −8M2w + w2u, (A.10a)

du

dt
= −8M2u− wu2, (A.10b)
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as in (3.11). We can clearly see that there is a critical point at {u = 0, w = 0}, and

we can also see that this system is nonlinear. Next, we rewrite the system in matrix

form to get  ẇ

u̇

 =

 −8M2 0

0 −8M2


 w

u

+

 uw2

−u2w

 , (A.11)

where the overdot represents differentiation with respect to t.

To prove that this is an almost linear system, we must determine the behaviour

of (A.9). Thus,

‖g(x)‖
‖x‖

=

√
u2w4 + u4w2

√
w2 + u2

=
uw
√

w2 + u2

√
w2 + u2

= uw
√

w2+r2→0−−−−−−→ 0.

Therefore, this system is almost linear. Solving the corresponding linear system, we

find that the eigenvalues are η1 = η2 = −8M2 and that there are two independent

(and arbitrary) eigenvectors. Thus, the origin is an asymptotically stable proper

node.
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A.2 Calculating the Null Geodesics in Self-Similar

Vaidya Spacetime

In self-similar Vaidya spacetime (see Chapter 4), the null geodesic(s) can be calculated

by solving

0 = 2drdw −
(

1− 2µw

r

)
dw2,

which can be rewritten as

dw

dr
=

2r

r − 2µw
. (A.12)

As shown in (4.9), we can write the geodesic as a system of linear equations,

dw

dt
= 2r, (A.13a)

dr

dt
= r − 2µw, (A.13b)

where et is an affine parameter [29]. We now see that there is only one critical point,

and that is at the origin, {r = 0, w = 0}. This system of equations can also be

written in matrix form,

 ẇ

ṙ

 =

 0 2

−2µ 1


 w

r

 , (A.14)

where the overdot represents differentiation with respect to t.
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To find the eigenvalues, we calculate the nontrivial solution to (A.4), viz.

∣∣∣∣∣∣∣
−η 2

−2µ 1− η

∣∣∣∣∣∣∣ = −η + η2 + 4µ = 0.

Therefore,

η =
1±

√
1− 16µ

2
, (A.15)

or explicitly

η1 =
1 +

√
1− 16µ

2
,

η2 =
1−

√
1− 16µ

2
.

Thus we see that the number of distinct eigenvalues depends directly on µ. If

µ < 1/16, then η1 > η2 > 0, and we have two distinct eigenvalues, therefore the

critical point at the origin is an unstable nodal source. If µ = 1/16, then η1 = η2 = 1
2
,

and we have one repeated eigenvalue (and only one eigenvector, ζ = (4
1)), therefore

the critical point is a degenerate node. If µ > 1/16, then η1, η2 ∈ C, and there will

be no homothetic null geodesics and the critical point is an unstable spiral point.

Finally, to solve the null geodesic, we must solve

 −η 2

−2µ 1− η


 w

r

 =

 0

0

 , (A.16)
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where η is defined in (A.15). Solving the equation from the second row yields

−2µw + (1− η)r = 0

w =
1− η

2µ
r

=
1− 1±

√
1−16µ
2

2µ
r

=
1∓

√
1− 16µ

4µ
r.

Note that this solution is not in the form of (A.5); however, for our analysis, we

want the special trajectories in terms of w and r, rather than with respect to the

parameter, t. Thus, this is a valid solution to (A.12). Lastly, since the order of the

plus/minus sign is optional in this case, we will rewrite the homothetic null geodesic

as

w =
1±

√
1− 16µ

4µ
r, (A.17)

which is real for 0 < µ ≤ 1/16. Note that we could have derived an equivalent

expression using the first row in (A.16) instead of the second.
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A.3 Analysing the kα Gradient Field in Self-Similar

Vaidya Spacetime

In self-similar Vaidya spacetime (see Chapter 4), the homothetic kα trajectories can

be written as

dw

dt
= −3r, (A.18a)

dr

dt
= 6µw − 3r +

r2

w
, (A.18b)

as in (4.14). From the r2

w
term in (A.18b), this system is clearly nonlinear; we will now

see if it is an almost linear system. The system (A.18) already satisfies the condition

that x = 0 is a critical point; the second condition that the system must meet is

(A.9). In testing this, we will make the substitutions r = a cos α and w = a sin α,

and see what happens as a → 0:

‖g(x)‖
‖x‖

=
r2

w√
w2 + r2

=
a2 cos2 α
a sin α

a

=
cos2 α

sin α
a→0−−→ constant 6= 0.

Since this is not zero, this system cannot be classified as almost linear. However,

we can linearise the system by making the substitution w = r/h, where h is a con-

stant, in the nonlinear term; the analysis of the linearised system will yield the same



APPENDIX A. SOLVING SYSTEMS OF DIFFERENTIAL EQUATIONS 150

graphical results as the nonlinear system. Thus, the linearised system is given by

dw

dt
= −3r, (A.19a)

dr

dt
= 6µw + (h− 3)r, (A.19b)

as in (4.15). This linear system of equations can be written as

 ẇ

ṙ

 =

 0 −3

6µ (h− 3)


 w

r

 , (A.20)

where the overdot represents differentiation with respect to t.

To find the eigenvalues, we calculate the nontrivial solution to (A.4), viz.

∣∣∣∣∣∣∣
−η −3

6µ (h− 3)− η

∣∣∣∣∣∣∣ = η2 − (h− 3)η + 18µ = 0.

Therefore,

η =
h− 3

2

(
1±

√
1− 72

(h− 3)2
µ

)
, (A.21)

or explicitly

η1 =
h− 3

2

(
1 +

√
1− 72

(h− 3)2
µ

)
,

η2 =
h− 3

2

(
1−

√
1− 72

(h− 3)2
µ

)
.

If we choose h < 3 (which is consistent with (4.13)), then both eigenvalues are always



APPENDIX A. SOLVING SYSTEMS OF DIFFERENTIAL EQUATIONS 151

negative and we have η1 < η2 < 0. The full solution for the linearised system is then

x = c1

 − 3
η1

1

 eη1t + c2

 − 3
η2

1

 eη2t

= eη2t

c1

 − 3
η1

1

 e(η1−η2)t + c2

 − 3
η2

1


 . (A.22)

Since η1 − η2 < 0, the solution will tend towards the solution through

(
− 3

η2
1

)
.

We see here that − 3
η1

< − 3
η2

, and we previously saw that 1
4µ

(
1−

√
1− 32

3
µ
)

<

1
4µ

(
1 +

√
1− 32

3
µ
)
. By comparison, the eigenvector

(
− 3

η2
1

)
corresponds to the ho-

mothetic kα trajectory w = 1
4µ

(
1 +

√
1− 32

3
µ
)

r, which is the upper trajectory in

Figure 4.3.

In summary, the origin here is an asymptotically stable node, and the solutions

will tend towards the upper homothetic kα trajectory, w = 1
4µ

(
1 +

√
1− 32

3
µ
)

r.

As stated in Section 4.2, the analysis of the gradient field can also be completed

in self-similar coordinates. In this coordinate system, we found that there were three

distinct critical points on the shell focusing singularity, the κ-axis. Here, we will

briefly show the analysis of the gradient field and how it behaves at each of the

critical points. First, the system of equations is

dκ

dt
= −6µκ3 + 3κ2 − 4κ, (A.23a)

dr

dt
= 6µrκ2 − 3rκ + r, (A.23b)

where t is a parameter of the system; the critical points are at {r = 0, κ = 0} and
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{r = 0, κ = 1
4µ

(
1±

√
1− 32

3
µ
)
}. For the critical point at the origin, the system,

(A.23), can be written in matrix form,

 κ̇

ṙ

 =

 −4 0

0 1


 κ

r

+

 −6µκ3 + 3κ2

6µrκ2 − 3rκ

 , (A.24)

where the overdot represents differentiation with respect to t. We see that this is

a system of almost linear equations, and condition (A.9) is satisfied. Moreover, the

eigenvalues of the corresponding linear system are −4 and 1, thus this critical point

is an unstable saddle point. Therefore no integral curve will end here (unless is starts

exactly on an axis). Note that this conclusion is independent of µ.

The more interesting solutions are the critical points where the homothetic tra-

jectories of kα intersect the κ-axis. In order to analyse these points, we must first

make the substitution κ → κ + 1
4µ

(
1±

√
1− 32

3
µ
)
. Then, the system of equations

can be written as κ̇

ṙ

 =

 −µ4
(
1±

√
1− 32

3
µ− 32

3
µ
)

0

0 −4µ5


 κ

r

+

 −8µ6κ3 − 6µ5κ2
(
1±

√
1− 32

3
µ
)

8µ6rκ2 ± 4µ5rκ
√

1− 32
3
µ

 . (A.25)

With the substitutions r = a cos α and κ = a sin α, it can be easily verified that

(A.9) is again satisfied. Thus, in order to classify the two critical points, we can

analyse the critical points of the corresponding linear system, whose eigenvalues are

−µ4
(
1±

√
1− 32

3
µ− 32

3
µ
)

and −4µ5. For the lower critical point (corresponding

to the negative sign in the substitutions), the eigenvalues have opposite signs, thus
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the critical point is an unstable saddle point; the integral curves will avoid this point

(unless it starts exactly on the homothetic trajectory of kα). For the upper critical

point (corresponding to the positive sign in the substitutions), both eigenvalues are

always negative, thus the critical point is an asymptotically stable node, thus integral

curves will converge to this critical point.

A.4 Analysing the kα Gradient Field in Non-Self-

Similar Vaidya Spacetime

In order to fully analyse non-self-similar Vaidya spacetime, we must first look at the

gradient field and, more specifically, its critical points.

The instantaneous slope of the gradient field, kw

kr , can be written as

dw

dr
=

−3wr

2r2 − 3wr + 6µw3
, (A.26)

which can be written as a system of equations,

dw

dt
= −3w (A.27a)

dr

dt
= 2r − 3w + 6µ

w3

r
, (A.27b)

where t is a parameter of the system. We immediately see that there is a lone critical

point at {r = 0, w = 0}. We can then rewrite this system in matrix form,

 ẇ

ṙ

 =

 −3 0

−3 2


 w

r

+

 0

6µw3

r

 , (A.28)
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where the overdot is a derivative with respect to t. This system now appears to be

an almost linear system of differential equations. To see if the requirement stated in

(A.9) is satisfied, we calculate

‖g(x)‖
‖x‖

=
6µw3

r√
w2 + r2

.

Since we are interested in the value as ‖x‖ → 0 (that is, a in a small region around

the critical point), we will make the substitutions r = a cos α and w = a sin α, and

see what happens as a → 0. Thus

‖g(x)‖
‖x‖

=
6µw3

r√
w2 + r2

=
6µa3 sin3 α

a cos α

a

= 6µa
sin3 α

cos α
a→0−−→ 0

as required. Therefore, equation (A.27) is almost linear.

For the linear counterpart to (A.27), the eigenvalues are 2 and −3, which dictates

that {r = 0, w = 0} is an unstable saddle point. Lastly, solving the linear system,

we find two solutions: a trivial solution corresponding to the eigenvalue −3 and an

eigenvector of (0
r), and a nontrivial solution corresponding to the eigenvalue of 2 and

an eigenvector of (5
3).

For completeness, we can rewrite the system of equations, (A.27), in self-similar
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coordinates,

dκ

dt
= −κ(6µκ3r − 3κ + 5), (A.29a)

dr

dt
= r(6µκ3r − 3κ + 2). (A.29b)

We can determine the two critical points to be {r = 0, κ = 0} and {r = 0, κ = 5/3}.

If we start with the critical point at {r = 0, κ = 0}, then the system can be written

as the almost linear system

 κ̇

ṙ

 =

 −5 0

0 2


 κ

r

+

 −6µκ4r + 3κ2

6µκ3r2 − 3κr

 , (A.30)

where the overdot represents differentiation with respect to t. With the substitutions

r = a cos α and κ = a sin α, it can be easily verified that (A.9) is satisfied. Thus,

we find that this system has the eigenvalues −5 and 2, thus the origin is an unstable

critical point; the eigenvectors are (0
r) and (κ

0).

If we consider the critical point at {r = 0, κ = 5/3}, then we must first make the

substitution κ → κ + 5/3 so that the critical point is now at the origin. The system

can then be written as the following almost linear system:

 κ̇

ṙ

 =

 5 −1250
27

µ

0 −3


 κ

r

+

 −6µκ4r − 40µκ3r − 100µκ2r − 1000
9

µκr + 3κ2

6µκ3r2 + 30µκ2r2 + 50µκr2 + 250
9

µr2 − 3κr

 . (A.31)

Again, with the substitutions r = a cos α and κ = a sin α, it can be easily verified
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that (A.9) is satisfied. We also find that the eigenvalues of the linear counterpart are

−3 and 5, thus this critical point is an unstable saddle point. Lastly, we find two

solutions to the linear counterpart: the trivial eigenvector, (0
r), corresponding to a

solution of κ = 0, and a nontrivial eigenvector (from the eigenvalue of −3),
( 625

108
µ

1

)
.

These conclusions are in agreement with our conclusions from the Bondi coor-

dinates. Here, however, we were able to study two critical points whereas only one

existed in the Bondi coordinates. Moreover, we showed that all critical points studied

were unstable saddle points, which is consistent with our conclusions.

A.5 Calculating the Null Geodesics in Non-Self-

Similar Vaidya Spacetime

In non-self-similar Vaidya spacetime (see Chapter 6), the null geodesic can be calcu-

lated by solving

dw

dt
= 2r, (A.32a)

dr

dt
= r − 2µw2, (A.32b)

where et is an affine parameter [29]. There is a critical point at {r = 0, w = 0},

and this system can be defined as almost linear. However, solving this will yield the

trivial answer of w = 0.

Thus, our analysis of the null geodesic will proceed in self-similar coordinates. We
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can write the autonomous system of equations as

dκ

dt
= −κ(2µκ2r − 1)− 1± 1, (A.33a)

dr

dt
= r(2µκ2r − 1). (A.33b)

We have already shown that the positive root in (A.33a) corresponds to a simple

solution, which corresponds to the trivial solution in Bondi coordinates. We will

thus concern ourselves with the negative root. This corresponds to a critical point

at {r = 0, κ = 2}. In order to analyse this, we will first make the substitution

κ → κ + 2. The system can then be written as

 κ̇

ṙ

 =

 1 −16µ

0 −1


 κ

r

+

 −2µκr(κ2 + 6κ + 12)

2µr2(κ + 2)2

 , (A.34)

where the critical point is now at {r = 0, κ = 0} and where the overdot represents

differentiation with respect to t.

To prove that equation (A.34) is almost linear, we need determine the behaviour

of ‖g(x)‖
‖x‖ near the critical point. To do this, we will make the substitutions r = a cos α
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and κ = a sin α. Thus

‖g(x)‖
‖x‖

=

√
4µ2κ2r2(κ2 + 6κ + 12)2 + 4µ2r4(κ + 2)4

√
κ2 + r2

=
2µr
√

κ2(κ2 + 6κ + 12)2 + rr(κ + 2)4

a

=
2µa cos α

√
a2 sin2 α(a2 sin2 α + 6a sin α + 12)2 + a2 cos2 α(a sin α + 2)4

a

=
2µa2 cos α

√
sin2 α(a2 sin2 α + 6a sin α + 12)2 + cos2 α(a sin α + 2)4

a

= 2µa cos α
√

sin2 α(a2 sin2 α + 6a sin α + 12)2 + cos2 α(a sin α + 2)4

a→0−−→ 0

as required. Therefore, equation (A.34) is almost linear. For the linear counterpart,

the eigenvalues are ±1, which dictates that {r = 0, κ = 2} is an unstable saddle

point. Once again, we find a trivial eigenvector, (κ
0), and a nontrivial eigenvector,(

8µ
1

)
(this is for the eigenvalue 1).



Appendix B

Homothetic Vectors in Vaidya

Spacetime

In advanced Bondi coordinates, (w, r, θ, φ), the ingoing Vaidya metric is

ds2 = −
(

1− 2m(w)

r

)
dw2 + 2drdw + r2dΩ2, (B.1)

where m(w) is an arbitrary mass function. In Chapters 4 and 6, we analysed the

spacetime for specific mass functions, but a preliminary analysis can be carried out

in general. For instance, the Weyl invariant in general is

C2 ≡ CαβγδC
αβγδ

=
48m(w)2

r6
, (B.2)

159
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and the non-zero component of the Einstein Equations is

Gr
w =

2dm(w)
dw

r2
. (B.3)

Likewise, we can also calculate the homothetic Killing vector in general, if it exists.

For a homothetic vector, ξα, to exist, it must satisfy Killing’s Equation, (1.17),

ξv;u + ξu;v = 2Φguv, (B.4)

where Φ is a constant. Since Vaidya spacetime is spherically symmetric, we are

interested to see if there is a homothetic vector with only r and w components. Thus,

let

ξα = (a(w, r), b(w, r), 0, 0) . (B.5)

Substituting (B.5) into (B.4) yields



2
(
ḃ− ȧ + 2mȧ

r
+ ṁa

r
− mb

r2

)
b′ − a′ + ȧ + 2ma′

r
0 0

b′ − a′ + ȧ + 2ma′

r
2a′ 0 0

0 0 2br 0

0 0 0 2br sin2 θ


, (B.6)

where an overdot represents ∂/∂w and a prime represents ∂/∂r. For (B.4) to be true,
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(B.6) must equal



−2Φ
(
1− 2m

r

)
2Φ 0 0

2Φ 0 0 0

0 0 2Φr2 0

0 0 0 2Φr2 sin2 θ


. (B.7)

To equate the above two matrices, we see that the following needs to be true:

b = Φr,

a′ = 0,

ȧ = Φ.

(B.8a)

From (B.8a), we can determine the form of the remaining unknowns:

b′ = Φ,

ḃ = 0,

a = Φw + β1,

(B.8b)

where β1 is a constant of integration. Substituting (B.8) into (B.6), we find that the

result exactly equals the matrix in (B.7), except for the ww component. Thus, we

need to equate these two components in order to determine the homothetic Killing

vector. Thus, equating the ww components, we have

−2

(
Φ− Φm + Φṁw + ṁβ1

r

)
= −2Φ

(
1− 2m

r

)
,
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which simplifies to

ṁ (wΦ + β1) = mΦ. (B.9)

The general solution of (B.9) is

m(w) = β2 (wΦ + β1) , (B.10)

where β2 is a constant of integration. Thus, for a homothetic Killing vector to exist

in Vaidya spacetime, the mass function must be linear with respect to w. Therefore,

a Vaidya spacetime satisfying this requirement will be self-similar.

For completeness, in Chapter 4, we set β1 = 0 and β2 · Φ = µ. The homothetic

vector is then given by ξα = Φ(w, r, 0, 0).



Appendix C

Conformal Diagrams

In general relativity, one is interested both in local and global structure. However,

it is seldom that the local structure can be scaled up to carry over to the global

structure. Thus, it would be useful to have a description of the entire spacetime,

both locally and globally. One can get a full description from the equations, but, in

many cases, the equations are complicated and a pictorial representation is helpful.

The first problem with trying to create a pictorial representation of a physical

spacetime, M, is that it is four-dimensional. Due to symmetries, there is often a two-

dimensional sub-manifold, N , that is intrinsically centred out; it is then sufficient

to display this sub-manifold. Even though we now have a two-dimensional plot, the

coordinates often run to infinity, as can be seen in many of the figures in this thesis

(for examples, Figures 3.1, 4.3, 5.6 and 6.1). Thus, to remove the infinities, we want to

transform our physical spacetime, M, with metric ds2, into an unphysical spacetime,

M̃, with metric ds̃2 via

ds̃2 = ω2ds2, (C.1)

163
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where ω ≡ ω(xα); note that ω(xα) is not globally zero. With this transformation,

infinities in M are now at finite points in M̃, and this occurs when ω = 0; thus,

ω = 0 is the boundary of our unphysical spacetime, M̃, and interior to the boundary

is represented by ω > 0. For every manifold, there is always a suitable function, ω,

even though, in general, we do not need to know what it is [48].

Now that the infinities are located at finite points, the entire sub-manifold can be

represented in a two-dimensional diagram; this figure is called a conformal diagram,

or Penrose-Carter diagram. Conformal diagram are a useful tools in general relativity,

thus have been the topic of many articles (for example, [48] and [49]) and have been

discussed in most general relativity textbooks (for example, [4] and [50]). Since a

conformal function, ω, cannot be explicitly found in general, we will continue our

discussion of the construction of conformal diagrams using Schwarzschild spacetime

as an example.

A typical transformation that is made is to first convert the coordinates of N , say

(t, r), into double null coordinates, say (u, v). Then we can make the transformations

ũ = tan−1 u and ṽ = tan−1 v. Thus, we can easily see how the infinities in u and v

are brought in to ũ, ṽ = ±π
2
; as per convention, the “axes” of ũ and ṽ are aligned

such that the infinities at ũ, ṽ = ±π
2

set at 45o from the vertical. The boundaries in

a conformal diagram are labelled by I±, such that

I+ = {(t, r) | t + r → +∞, t− r → finite},

I− = {(t, r) | t− r → −∞, t + r → finite},

for r → |r|. These represent the future null infinity (to where all outgoing null
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geodesics extend) and the past null infinity (from where all incoming null lines origi-

nate) for I+ and I−, respectively [50]. From this conformal transformation, the lines

representing past and future null infinities may meet, even though this is unphysi-

cal; likewise, these boundaries may join up with a singularity, which may be equally

unphysical. Thus, the corners of the diagrams are given labels, io, i± such that

io = {(t, r) | |r| → ∞, −∞ < t < +∞},

i+ = {(t, r) | t → +∞, 0 < r < ∞},

i− = {(t, r) | t → −∞, 0 < r < ∞},

for r → |r|. These points represent spacelike infinity and future (past) timelike infinity

for io and i+ (i−) respectively [50].

The boundaries are an important aspect to the conformal diagram; however, we

must also concern ourselves with other orbits of interest in the spacetime. The next

orbits to consider are the null Killing vector orbits; these, by convention are also

drawn at angles of 45o from the vertical. The last aspects to consider are the sin-

gularities; these are drawn horizontally (vertically) if they are spacelike (timelike).

These lines are typically labelled using the original coordinates from the untrans-

formed spacetime.

The next step in creating a conformal diagram is to divide the sub-manifold into

n + 1 blocks, where n is the number of null Killing orbits. The blocks are bounded

by null Killing vector orbits, by one null orbit and conformal infinities, or by a

null orbit and a singular line [48]. For example, in Schwarzschild spacetime (see

Chapter 3), there is one null Killing orbit, which is at r = 2M , thus there will be two
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unique blocks. The first block will be bounded by the singularity at r = 0 and the

null Killing orbit, and the second block will be bounded by the null Killing orbit and

the null infinities, as seen in Figure C.1.

Figure C.1: The individual blocks which will ultimately compose the conformal dia-
gram for Schwarzschild spacetime; thick black lines represent the r = 0 singularity,
and tan represents the event horizon at r = 2M .

Once we have the component blocks, we can “glue” them together at the “seams”

to maximally extend the spacetime. The blocks are combined together in all possible

ways along non-singular seams such that the Gaussian curvature is smooth (thus, a

block cannot be flipped and joined to itself, nor can it be joined at an infinity) [48].

In this case, we see that both blocks have a seam at r = 2M ; thus, the two blocks

are joined here. However, the spacetime can be maximally extended by flipping the

two blocks and joining them to themselves (note, however, that the flipped blocks are

still being joined to the opposite block). Therefore, we now have a full representation
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of Schwarzschild spacetime, as seen in Figure C.2.

Figure C.2: Conformal diagram for Schwarzschild spacetime; thick black lines rep-
resent the r = 0 singularity, and tan represents the event horizon at r = 2M ; grey
represents the integral curves constructed from the kα gradient field.

In this diagram, we can see how the blocks are glued together to maximally extend

the spacetime. During the extension of Schwarzschild spacetime, each block was

duplicated, thus, every point in the (t, r) plane of Schwarzschild spacetime has two

representations in the conformal diagram. This is not completely unexpected since we

already saw this occurrence during our transformation from Schwarzschild coordinates

to Israel coordinates (Section 3.2) and to null Kruskal coordinates (Section 3.3).

For completeness, we have included the lines of constant t in Figure C.2. As we

found in Chapter 3, these lines also represent the integral curves constructed from

the kα = ∇αC2 gradient field. Thus, in this conformal diagram, we can easily see the

conclusions reached in that chapter, namely that the integral curves end only at the

curvature singularity at r = 0.

Lastly, the angle of the orbits, or trajectories, with respect to the vertical tells
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us about the orbit or trajectory; trajectories that are at 45o are null, trajectories

at an angle less than 45o to the vertical are timelike, and trajectories at an angle

greater than 45o to the vertical are spacelike. Note that the exact path of the orbit

or trajectory in these diagrams is irrelevant; our only concerns are the end points

and whether the angle of the line is greater than, less than, or equal to 45o. Thus, in

Figure C.2, we can see that the lines of constant t have both timelike and spacelike

components; t = t0 is spacelike between the horizon and spatial infinity and is timelike

between the horizon and the r = 0 singularity.

In the following subsections, we display the conformal diagrams that were not

displayed throughout the thesis; recall that self-similar Vaidya spacetime and Tolman-

Bondi spacetime gave different descriptions of spacetime depending on the value of

µ and ν respectively. In the diagrams, the thick black lines represent singularities,

red lines represent homothetic null geodesics, blue lines represent the homothetic

trajectories of kα, green lines represent the V = 0 boundary lines, and the grey

curves represent the integral curves constructed from kα = ∇αC2 gradient field. Note

that both the blue and grey lines represent the integral curves; the only difference is

that the blue lines are also homothetic trajectories. The boundaries, for convenience,

will be labelled in the original coordinates and using the labelling system introduced

above.

C.1 Self-Similar Vaidya Spacetime

In Chapter 4, Vaidya spacetime was analysed using a linear mass function,

m(w) = µw, making it self-similar. There, we showed that the choice of µ directly

influenced the description of spacetime; we then analysed the spacetime in the range
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µ < 1/16 in order to have the maximum number of special trajectories. However,

as shown in Table 4.1, there are six additional ranges for µ ≥ 1/16, each with a

decreasing number of special trajectories. The conformal diagrams for each range are

shown in Figures C.3(a) through C.3(g). We note that the conformal diagrams and

boundaries for self-similar Vaidya spacetime were drawn and discussed in [10].

Upon studying the conformal diagrams, we find that regardless of the value of

µ, the same conclusion is reached as was reached in Chapter 4: The shell focusing

singularity at {r = 0, w = 0} is not a gravitational singularity.

Considering the other ranges of µ, we see that the integral curves in Figure C.3(b)

(µ = 1/16) behave the same way as the curves in Figure C.3(a) (µ < 1/16); this was

thoroughly discussed in Section 4.3. Moreover, with this conformal diagram, we can

clearly see that the shell focusing singularity is only marginally naked for µ = 1/16;

there is only one possible non-spacelike trajectory that leaves from this singularity

and goes to the future null infinity, I+. Once again, it is this non-gravitational, shell

focusing singularity that is naked, therefore no gravitational singularities are ever

naked.

In the remaining diagrams, Figures C.3(c) through C.3(g), the shell focusing sin-

gularity is not present in the diagrams; this is because the singularity is not naked.

Here, the corners represent spatial infinity, io, and not the shell focusing singularity,

thus the integral curves necessarily avoid the shell focusing singularity.

In summary, with the use of the conformal diagrams for all ranges of µ, the shell

focusing singularity in self-similar Vaidya spacetime is not a gravitational singularity.
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Figure C.3: (a)-(b): Conformal diagrams for Vaidya spacetime for µ ≤ 1/16; thick
black lines represent the r = 0 singularity, red represents homothetic null geodesics,
blue represents homothetic trajectories of kα, green represents the V = 0 boundary
lines; grey represents the integral curves constructed from the kα gradient field.
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Figure C.3: (c)-(g): Conformal diagrams for Vaidya spacetime for µ > 1/16; thick
black lines represent the r = 0 singularity, blue represents homothetic trajectories of
kα, green represents the V = 0 boundary lines; grey represents the integral curves
constructed from the kα gradient field.
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C.2 Tolman-Bondi Spacetime

Similar to Viadya spacetime, the description of Tolman-Bondi spacetime is heavily

dependant on the value of ν and χ. Tables 5.1 and 5.2 in Chapter 5 display the number

of special trajectories for each range of ν for 0 < χ ≤ 1 and χ ≥ 3, respectively.

Figure C.4(a)-(i) displays the conformal diagrams for each range of ν for χ ≤ 1;

Figure C.5(a)-(g) displays the conformal diagrams for each range of ν for χ ≥ 3.

We should note that the breakdown of diagrams in Figure C.4 does not exactly

match the breakdown given in Table 5.1; this is due to the fact that these dia-

grams cover χ ≤ 1 whereas Table 5.1 was restricted to 0 < χ ≤ 1. The first dif-

ference is that the range 0.407 < ν < 0.525 has three figures associated with it,

Figures C.4(c)-(e), not just one; in this range, the V = 0 boundary line in the range

χ < 0 (i.e. T < 0) switches from timelike to null to spacelike. Next, we note that

Figure C.4(g) encompasses both the range 0.525 < ν ≤ 0.735 and 0.735 < ν < 0.833,

even though Table 5.1 says that there is a different number of V = 0 boundary lines in

each region. For both ranges, there are two V = 0 boundary lines with slopes greater

than the slope of the incoming null geodesic, but in the first case, one slope is neg-

ative and one is positive, and in the second case, both slopes are positive. However,

these are equal up to a transformation, thus are represented by the same conformal

diagram.

For the range χ ≤ 1, we find that, once again, the same conclusions can be reached

for every ν: The shell focusing singularity is not a gravitational singularity.

For ν = 0.407 (shown in Figure C.4(b)), the same discussion can be used as for

ν < 0.407 (shown in Figure C.4(a)) in Section 5.3. For the remaining conformal dia-

grams, the shell focusing singularity is not present, so the integral curves necessarily
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avoid it. Moreover, we can see in every diagram that there is exactly one incoming null

geodesics and that the shell focusing singularity in Figure C.4(b) is only marginally

naked. In all cases, the gravitational singularities are never naked.

For the range χ ≥ 3, we once again find that the shell focusing singularity,

{R = 0, T = 0}, is not a gravitational singularity for all ν. Thus, once again, we

find that our method is valid in determining the which singularities are gravitational

and which are not.

As was mentioned in Section 5.3, we see that this region of χ contains interesting

physics and proves our method, but it is not a real spacetime. We find that regular

initial conditions exist for none of the ranges of ν; once again, in order for a real

spacetime to exist, we must be able to create a non-singular spacelike slice, which we

see cannot be done regardless of ν. Thus, given our choice for f(R) and M(R), the

only physically acceptable region of Tolman-Bondi spacetime is χ ≤ 1.

Since both ranges of χ contain interesting physics, we will briefly show how the two

sets of conformal diagrams could be merged. This is demonstrated in Figure C.6 where

we have chosen the range 0.833 < ν < 13.51. In a similar manner, Figure C.5(g) could

have been added to any diagram in Figure C.4 to represent all of spacetime; likewise,

Figure C.4(i) could have been added to any diagram in Figure C.5 to represent all of

spacetime.

This combined conformal diagram may be misleading. First, recall that the range

χ ≥ 3 is not a real spacetime due to the lack of regular initial conditions. Next, we

cannot travel from one region of χ to the other. Therefore, although it is physically

interesting, it does not represent a real spacetime.
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Figure C.4: (a)-(b): Conformal diagrams for Tolman-Bondi spacetime for ν ≤ 0.407
with χ ≤ 1; thick black lines represent the singularity, red represents homothetic null
geodesics, blue represents homothetic trajectories of kα, green represents the V = 0
boundary lines; grey represents the integral curves constructed from the kα gradient
field.
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Figure C.4: (c)-(f): Conformal diagrams for Tolman-Bondi spacetime for 0.407 < ν ≤
0.525 with χ ≤ 1; thick black lines represent the singularity, red represents homothetic
null geodesics, blue represents homothetic trajectories of kα, green represents the
V = 0 boundary lines; grey represents the integral curves constructed from the kα

gradient field.
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Figure C.4: (g)-(i): Conformal diagrams for Tolman-Bondi spacetime for ν > 0.525
with χ ≤ 1; thick black lines represent the singularity, red represents homothetic null
geodesics, blue represents homothetic trajectories of kα, green represents the V = 0
boundary lines; grey represents the integral curves constructed from the kα gradient
field.
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Figure C.5: (a)-(b): Conformal diagrams for Tolman-Bondi spacetime for ν ≥ 78.97
with χ ≥ 3; thick black lines represent the singularity, red represents homothetic null
geodesics, blue represents homothetic trajectories of kα, green represents the V = 0
boundary lines; grey represents the integral curves constructed from the kα gradient
field.
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Figure C.5: (c)-(g): Conformal diagrams for Tolman-Bondi spacetime for ν < 78.97
with χ ≥ 3; thick black lines represent the singularity, red represents homothetic null
geodesics, blue represents homothetic trajectories of kα, green represents the V = 0
boundary lines; grey represents the integral curves constructed from the kα gradient
field.
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Figure C.6: Conformal diagram for Tolman-Bondi spacetime for 0.833 < ν < 13.51
with 1 < χ and χ > 3; thick black lines represent the singularity, red represents
homothetic null geodesics, blue represents homothetic trajectories of kα, green repre-
sents the V = 0 boundary lines; grey represents the integral curves constructed from
the kα gradient field.


