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Abstract
The main purpose of this thesis is to explore the synergies that exist between multiplatform geodetic data. Focus is placed on gravity and topography datasets which are obtained
from satellite, airborne and terrestrial platforms. The assessment of uncertainties in these datasets
is of prime importance in order to identify useful fusion algorithms and models. Today, geodetic
satellite and airborne missions are often incorporated as part of observational survey campaigns
and produce spatially homogeneous coverage of the Earth’s gravity field and topography.
However, the accuracy of the data and the spatial resolution are often inferior compared to data
acquired through conventional terrestrial survey methods. Thus, terrestrially-based
measurements remain a valuable source of information. In this thesis, fusion of gravity data
involves combination schemes, in the measurement domain, of gravity data acquired from
satellite, airborne and terrestrial means. The resulting fused gravity-field models are of
importance in the fields of geodesy and geophysics, as they enable centimeter-level geoid
modeling (essential for accurate GPS-leveling) and improved modeling of the Earth’s crust and
lithosphere (important for better understanding geodynamic processes), and aid geological
interpretation (important for exploration geophysics).
Uncertainty estimation is twofold and focused on estimating elevation errors in satellitebased digital elevation models (DEMs) and system measurement errors in airborne light
detection and ranging (LiDAR) surveys. The quality of topographic information is useful for
reliable quantitative analyses in applications such as hydrology, flood and inundation modeling
and multi-temporal topographic elevation comparisons (e.g., erosion monitoring, rockslides and
landslides).
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The main results of this research include (i) the determination of the relevance of airborne
gravity data to fused multi-platform gravity-field models, (ii) the investigation of the role of
ground control points for the quality assessment of DEMs, and (iii) the impact of a refined
stochastic model for airborne LiDAR measurements in practical applications.
Overall, this research provides a much needed guide on the challenges of working with
multi-platform geodetic data measurements and the benefit of identifying the synergies between
satellite, airborne and terrestrial platforms, leading to improved fused gravity field models and
improved uncertainty estimations of topographic data.
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Chapter 1
Introduction
1.1 Motivation
Geodetic data can be acquired using satellite, airborne and terrestrial platforms. This
thesis focuses on geodetic data associated with the Earth’s gravity field and the Earth’s
topography.
Terrestrial gravity is typically measured using absolute and relative gravimeters.
Absolute gravimeters measure the entire magnitude of the Earth’s gravity field at a specific
location, while relative gravimeters measure the difference in gravity between two locations.
Relative gravimetric measurements are converted to absolute values provided absolute gravity is
known in one of the two locations. Relative gravimeters are commonly used in gravity surveys,
as they are less expensive and less time consuming than absolute gravity surveys. Terrestrial
gravity data are often acquired through “spot gravity” measurements on land and through
shipborne surveys in marine environments. Such gravity measurements are utilized to develop
high resolution models of the Earth’s gravity field. Airborne gravity surveys use scalar, vector
and gradiometric techniques at altitudes of 0.5-11 km to produce gravity field models that cover
the medium to short wavelengths of the Earth’s gravity field (40-330 km). Since 2000, dedicated
gravity satellite missions have enabled the spatially homogeneous coverage of the Earth’s gravity
field (for long and medium wavelengths of >160 km) using satellite-to-satellite tracking, and
gradiometric and altimetric (over ocean) techniques. By acquiring gravity data from multiple
platforms (i.e., terrestrial, airborne and satellite) and combining the relevant information through
fusion algorithms in the measurement domain, the advantages of each acquisition method can be
exploited while offsetting some of the disadvantages. Specifically, low-frequency systematic
1

errors present in existing terrestrial gravity databases are reduced or eliminated, while terrestrial
data offer high resolution gravity information that is not observed from satellite or airborne
means. The fusion of multi-platform gravity-field information leads to better overall gravity-field
models. Improved gravity-field information can enhance modeling of the Earth’s crust and
lithosphere, contributing to a better understanding of geodynamic processes, as well as improve
geological interpretation for geophysical exploration. Additionally, this can improve geoid
modeling, which is essential for accurate Global Positioning System (GPS)-leveling techniques.
A summary of these observational tools is provided in Figure 1.
In this thesis gravity measurements are utilized from the Gravity-field and steady-Ocean
Circulation Explorer (GOCE) satellite mission, the airborne gravity data from the Gravity for the
Redefinition of the American Vertical Datum (GRAV-D) project, and by terrestrial means from
the National Geodetic Survey (NGS) gravity database. The spatial homogeneity of satellite and
airborne data is utilized to overcome limitations in existing terrestrial gravity datasets, such as
low-frequency systematic errors and data gaps in inaccessible areas. Improvement of fused
models relies on the acquisition of airborne gravity data, and therefore determining the locations
where additional airborne gravity information results in notable contributions to fused models is
paramount.
Today terrestrial topographic information is derived from ground surveys using total
stations, leveling, stereo images, Light Detection And Ranging (LiDAR) and Interferometric
Synthetic Aperture Radar (InSAR). The output of total station and leveling techniques is threedimensional (3D) position and elevation information, respectively, at discrete locations with high
elevation accuracy (sub-cm level). Terrestrial stereo imaging, LiDAR and InSAR techniques,
produce 3D position information (scattered or gridded) with local coverage (few hundred
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meters), often expressed as very high resolution (sub-meter level) Digital Elevation Models
(DEMs) of high elevation accuracy (sub-cm level). Topographic information from airborne
platforms is acquired using LiDAR, InSAR and stereo-imaging techniques at altitudes of 0.5-5
km, producing high resolution (1-5 m) DEMs with decimeter level accuracy for regional
coverage (few kms). Satellite missions (at altitudes of 230-705 km) using stereo images and
InSAR techniques, yield spatially homogeneous global DEMs of coarser resolution (few tens of
meters) and elevation accuracy at the few meters level. The acquisition of topographic data from
multiple platforms enables quality assessment among the various datasets. Terrestrially-acquired
elevation data are often used as ground control information to determine the quality of airborne
and satellite derived-DEMs. Investigations into the synergies that exist between similar data
acquired from various platforms may lead to improved overall topographic information and more
importantly quality assessments. This is an important endeavor as more and more data are
collected and we are often left with significant uncertainties associated with (and in some cases,
we are misguided about) the accuracy of the information. Figure 1 shows a summary of
techniques for acquiring topographic information from terrestrial, airborne and satellite
platforms.
In this thesis, topographic data from satellite-based DEMs, namely, from the Advanced
Space-borne Thermal Emission and Reflection Radiometer (ASTER) and Shuttle Radar and
Topography Mission (SRTM), as well as the regional Canadian DEM (CDEM) are used. Ground
Control Points (GCPs) defined using GPS techniques are also used. Airborne and terrestrial
LiDAR data over an urban region provide the datasets for the stochastic model assessment of
point-cloud data. Uncertainty assessment in this research is defined as the estimation of elevation
errors in satellite-based DEMs and system measurement errors of airborne LiDAR surveys.
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Topographic elevation uncertainty stems from a number of parameters including, but not limited
to, the acquisition platform, the measurement system used (e.g., InSAR, LiDAR or stereo
images), target-surface signal interaction, and data-processing procedures. Uncertainty of
satellite-based DEMs can be determined using GCPs defined using independent surveys. The
spatial coverage of GCPs is important as sub-optimal coverage may lead to optimistic measures
of DEM accuracy. Airborne LiDAR uncertainty is often estimated through error propagation of
the stochastic model of LiDAR system measurements. Hence, reliable stochastic model
information is required in order to estimate reliable point-cloud uncertainties. An improved
estimation of the quality of topographic information will provide the basis for studying how
other datasets interact with topographic error in applications relying on various heterogeneous
data, such as hydrology and flood and inundation modeling. The latter will open the door for
further research and improvement of engineering practices related to these topics. Furthermore,
an improved estimation of topographic information quality is important for multi-temporal
topographic elevation comparisons (e.g., erosion monitoring, rockslides and landslides) in order
to separate between actual surface displacements and data noise. Finally, an improved
understanding of the error components affecting the accuracy of topographic elevations can lead
to improved overall topographic surveying practices.
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Figure 1-1: Summary of satellite, airborne and terrestrial platforms used to collect information
about the Earth’s gravity field and the Earth’s topography.

1.2 Thesis Objectives
The overall goal of this thesis is to explore the synergies that exist between multiplatform (satellite, airborne and terrestrial) geodetic data. Focus is placed on gravity and
topography datasets. Specifically, the objectives are itemized as follows:


Develop and evaluate fused gravity-field models that exploit multi-platform gravity-field
datasets



Develop and evaluate an approach for improving uncertainty assessments of satellite-only
digital elevation models



Develop and evaluate a technique for improving the stochastic model for airborne LiDAR
point-cloud data
5

In essence the role of gravity-data fusion and uncertainty estimation goes hand-in-hand
with identifying the advantages and disadvantages of multi-platform geodetic data. For gravityfield data fusion this is linked with identifying the strongest spectral bands of gravity-field
datasets to develop fused gravity models improved in long and medium wavelengths of the
Earth’s gravity-field. For topographic uncertainty assessments this is associated with utilizing
terrestrial information to supplement uncertainty estimation procedures and algorithms for
airborne-and satellite-derived topographic information. In contemporary surveys, collecting a
sufficient quantity of geodetic data is often not an obstacle. However, knowledge of the actual
quality of the data introduces challenges for practical applications. Hence, this research uses the
‘quantity’ of multi-platform data and pauses to identify ‘quality’ issues and ways to identify and
ultimately overcome them.

1.3 Original Contributions
This research has resulted in a number of original contributions to the field of geodesy.
The development of a general scheme facilitates the fusion of multi-platform gravity-field
datasets and can be applied in any part of the world for improving gravity-field information at
long and medium wavelengths. The study on airborne gravity measurements and their role on
supplementing satellite and terrestrial measurements in fused gravity models serves as an
important guideline for setting data collection campaign priorities and improving overall
planning of airborne surveys. Another contribution involves the investigation of the appropriate
ground control point locations for external quality assessments of DEMs, which provides
important considerations for planning future GPS kinematic acquisition used in the
calibration/validation campaigns. The stochastic model refinement of airborne LiDAR data
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uncertainty presents new insights regarding the contribution of system measurements to the
point-cloud error budget, which can be used for targeting future advancements in order to
improve point-cloud accuracy and our interpretation of point-cloud uncertainty. Finally, a greater
understanding of the impact of refined airborne LiDAR data uncertainty in practical applications
is achieved via the refinement of the stochastic model.

1.4 Thesis Outline
This thesis consists of seven chapters. Chapter 2 provides the necessary background
information regarding the acquisition of geodetic data from multi-platform surveys. More
specifically, this includes a description of gravity and topographic observations acquired from
satellite, airborne and terrestrial platforms. Chapter 3 presents the general methodologies
implemented throughout this thesis. Specifically, the data-fusion technique developed for the
multi-platform gravity data using 2D wavelet decomposition methods is outlined. Additionally,
the estimation of topographic elevation uncertainties for satellite-derived DEMs and airborne
LiDAR surveys is discussed. In Chapter 4, numerical results from the implementation of the
gravity-data fusion for case studies in parts of Canada and the USA are presented. Chapter 5
presents the results of the assessment of DEM uncertainty from GPS survey data (with a
numerical case study in western Canada). In Chapter 6, the results related to the refinement of
the stochastic model for airborne LiDAR point-cloud data for a case study in Texas are provided.
Two simulations related to coastal inundation and surface displacement are discussed to
highlight the impact of refined stochastic information. Finally, Chapter 7 summarizes the main
conclusions of this research and recommendations for future work. Appendix A includes a
description of code developed for this research work.
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Chapter 2
Description of Multi-Platform Geodetic Data
An overview of the geodetic data acquisition methods using satellite, airborne and
terrestrial platforms is presented in this chapter. The discussion focuses on the datasets for the
Earth’s gravity field and topography. The chapter is divided in two main sections. The first
section discusses the gravity-field data and the second section discusses elevation/topography
data.

2.1 Gravity-Field Data
2.1.1 Satellite-Derived Gravity Field
The Gravity-field and steady-Ocean Circulation Explorer (GOCE) mission is the most
recent dedicated gravity satellite mission. GOCE was launched in March of 2009 and ended its
operation in November of 2013. The altitude of the satellite was about 260 km, enabling the
study of the Earth’s gravity field at low-to-medium wavelengths (>160 km). In order to maintain
this orbit GOCE used an ion propulsion electric engine that compensated for decay loses. It was
the first satellite to use satellite gradiometry for determining second derivatives of the
gravitational potential. Through gradiometry, non-gravitational effects (existing in the
accelerometer measurements) are eliminated, while overcoming the issue of gravity-field signal
attenuation with altitude, leading to satellite-based gravity models with high accuracy and spatial
resolution (Rummel, et al., 2002). The satellite was also equipped with the electrostatic gravity
gradiometer used to determine the medium wavelengths of the gravity field. Furthermore, GOCE
mapped the Earth’s gravity field using GPS to track the position of the satellite (satellite-to-
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satellite tracking in high and low orbits). These data were used to determine the orbit and retrieve
the long-wavelength part of the gravity-field. The mission determined gravity-field anomalies
with an accuracy of 1 mGal and geoid heights with an accuracy of 1-2 cm for wavelengths up to
160 km (Yi and Rummel, 2014).
The outcomes of this satellite gravity mission are geopotential models of the Earth’s
gravity field, provided as spherical harmonic expansion series, which can be used to compute
gravity-related quantities. In this research free-air gravity anomalies are sought. They can be
computed as follows (Heiskanen and Moritz, 1967):
300

𝛥𝑔𝐹𝐴

𝑛

𝐺𝑀
𝑎 𝑛
̅ cos 𝑚𝜆̅ + 𝑆𝑛𝑚
̅ sin 𝑚𝜆̅)𝑃̅𝑛𝑚 cos𝜃̅
= 2 ∑ ( ) (𝑛 − 1) ∑ (𝐶𝑛𝑚
𝑟̅
𝑟̅
𝑛=2

(2-1)

𝑚=0

where 𝛥𝑔𝐹𝐴 is the free-air gravity anomaly in m·s-2; G is the gravitational constant in m3·kg-1·s-2;
M is the mass of the Earth in kg; a is the semi-major axis of the reference ellipsoid in meters
̅ and 𝑆𝑛𝑚
̅ are the fully normalized
based on the World Geodetic System of 1984 (WGS84); 𝐶𝑛𝑚
unitless coefficients of the disturbing potential; n and m are the degree and order of the harmonic
coefficients, up to 300 degree for the Direct R5 GOCE model (DIRR5) used herein (Bruinsma et
al., 2013); 𝑃̅𝑛𝑚 is the fully normalized associated Legendre function; 𝑟̅ is the geocentric distance
in meters; and 𝜃̅ and 𝜆̅ the geocentric co-latitude and longitude in degrees, respectively.
It should be noted that other satellite-based gravity-field missions exist (CHAMP and
GRACE preceded GOCE), but were not used herein. GOCE-based gravity-field models were
preferred here as they outperform the static models derived using CHAMP and GRACE, in terms
of spatial resolution and accuracy of the Earth’s gravity field.
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2.1.2 Airborne-Derived Gravity Field
Airborne gravity surveys offer regional (few tens to a few hundreds of km) and
homogeneous coverage for determining the medium (330-110 km) and short wavelengths (11040 km) of the gravity field. In airborne gravity, the following two issues are important in order to
obtain reliable gravity measurements (Schwarz and Li, 1997; Torge and Müller, 2012): (a)
sensor orientation or stabilization, and (b) separation of gravitational and non-gravitational
acceleration. The first problem is often solved using Strap-down Inertial Navigation System
(SINS) or stabilized platforms. The solution to the second problem becomes possible by
differencing the output of two accelerometers (gravity gradiometry) or by differencing the
specific force measured from an accelerometer and the output of a system that provides the
aircraft’s motion. Current airborne systems utilize Differential GPS (DGPS) techniques to
determine the aircraft’s motion.
The following classification is generally used for airborne gravity surveys (Schwarz and
Li, 1997): (i) scalar gravimetry, (ii) vector gravimetry (iii) gravity gradiometry. In this thesis, the
airborne data originate from the GRAV-D project (Smith et al., 2007), which uses a scalar
system with a gyro stabilized platform system. Scalar systems generally have a very low drift
rate and therefore can be used for long-wavelength gravity mapping required in gravity-field
modeling for geodetic purposes. The shortest detectable wavelengths are dependent on flight
velocity, the dynamic range of the gravity sensor, and the platform period. In general, an
accuracy of a few mGals can be achieved related to a wavelength resolution of a few kilometers
(Torge and Müller, 2012). The airborne gravity data were acquired at flight altitudes of 6 km and
11 km with a 10 km spacing. Gravity values are provided at flight altitude. Therefore, the gravity
values are downward-continued to the geoid using a 2nd order free-air correction, as it was found
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to provide sufficient results for achieving the research goals. Other common methods that can be
used to downward continue airborne gravity data include least-squares co-location, Fast Fourier
Transform and inverse Poisson’s method.
The free-air anomalies are estimated as follows (Heiskanen and Moritz, 1967):
𝛥𝑔𝐹𝐴 = 𝑔 + 𝛿𝑔𝐹𝐴 − 𝛾0

(2-2)

where 𝛥𝑔𝐹𝐴 is the free-air gravity anomaly in m·s-2; 𝑔 is the observed full-field gravity value at
the measurement elevation in m·s-2; 𝛿𝑔𝐹𝐴 is the free-air correction in m·s-2; and 𝛾0 is the normal
gravity in m·s-2 at the computation point location. The normal gravity 𝛾0 is computed by the
Somigliana formula:

𝛾0 =

𝑎𝛾𝑎 cos 2 𝜑 + 𝑏𝛾𝑏 sin2 𝜑
√(𝑎 cos 𝜑)2 + (𝑏 sin 𝜑)2

(2-3)

where 𝑎 and 𝑏 are the semi-major and semi-minor axis of the reference ellipsoid (WGS84);
respectively in meters; 𝛾𝑎 is the normal gravity at the equator m·s-2; 𝛾𝑏 is the normal gravity at
the poles m·s-2; and 𝜑 is the latitude in degrees.
The 2nd order free-air correction is estimated using the following equation, with respect to
WGS84 (Heiskanen and Moritz, 1967):

𝛿𝑔𝐹𝐴 = −

𝜕𝛾
1 𝜕 2𝛾 2
𝛨−
𝐻
𝜕𝛨
2 𝜕𝐻 2

(2-4)

𝜕𝛾

where H is the orthometric height in m; 𝜕𝛨 is the first partial derivative of normal gravity with
𝜕2 𝛾

respect to orthometric heights (first order term) in m·s-2/m; and 𝜕𝐻 2 is the second partial
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derivative of normal gravity with respect to orthometric heights (second-order term) in m·s-2/m².
The first-and second-order terms in Equation (2-4) are given by:
𝜕𝛾
2
= −2𝛾0 𝐽0 − 2𝜔𝑒𝑎𝑟𝑡ℎ
𝜕𝐻

(2-5)

𝜕 2𝛾
𝛾0
=6 2
2
𝜕𝐻
𝑎

(2-6)

where 𝜔𝑒𝑎𝑟𝑡ℎ is the angular velocity of the Earth in rad·s-1; and 𝐽0 is the mean curvature of
WGS84 in m-1, given by the following equation:
1
1
1
𝐽0 = (
+
)
2 𝑀𝑐𝑢𝑟𝑣 𝑁𝑐𝑢𝑟𝑣

(2-7)

where 𝑀𝑐𝑢𝑟𝑣 is the meridional radius of curvature in m-1; and 𝑁𝑐𝑢𝑟𝑣 is the radius of curvature in
the prime vertical (also called normal radius of curvature) in m-1.
Free-air gravity anomalies calculated using Equations (2-2) through (2-7) are used to
create gridded free-air gravity anomalies necessary for the multi-platform gravity data fusion
(see Section 3.1.2).

2.1.3 Terrestrially Derived Gravity Field
Terrestrial gravity measurements for the determination of the Earth’s gravity field are
made on the Earth’s surface (land surveys) and the ocean’s surface (shipborne surveys).
Terrestrial surveys are highly accurate, but their data coverage is often heterogeneous with data
gaps in mountainous regions, dense vegetation, and near-shore or open-ocean areas. Land
surveys produce gravity observations at discrete locations with accuracy at the level of ~10
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μGals (Torge and Müller, 2012). Shipborne surveys are realized on moving platforms (as with
the airborne case) and they are an order of magnitude less accurate than land surveys i.e., few
mGals.
Depending on the region of interest, terrestrial gravity databases may consist of data from
gravity surveys conducted decades ago by different organizations. The majority of the land data
are “spot gravity” observations. These are observations at unmarked points on the ground with
the position and height values being interpolated from topographic maps (Saleh et al., 2013).
These data are often contaminated by various systematic and random errors. The major sources
of systematic errors in terrestrial gravity data are (Heck, 1990): (i) inconsistencies in the gravity
datums, (ii) inconsistencies in vertical and horizontal positioning, (iii) errors induced by using
different types of height systems, and (iv) errors induced by a simplified free-air reduction
formula.
Terrestrial (land and marine) gravity information (free-air anomalies) used in this thesis
are retrieved from the NGS and Natural Resources Canada (NRCan) databases. Their coverage is
inhomogeneous with variable spatial data coverage/density and data gaps in inaccessible areas.
Their precision ranges between 0.01 and 0.1 mGal for land observations, while marine
observation precision is at the 1-3 mGal level (Huang et al., 2008). However, the aforementioned
error sources have introduced biases into the computed free-air anomaly values, affecting their
accuracy. These biases range from hundreds to thousands of kilometers with a magnitude of a
few mGals, affecting the long and medium wavelengths of the gravity field (Huang et al., 2008).
The high frequency error of these inconsistencies is less important, as it is on average ~2 mGal
with the exception of mountainous regions where it can reach ~5 mGal (Saleh et al., 2013).
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2.2 Topographic Data
2.2.1 Satellite-Derived DEMs
Satellite-derived topographic data have high spatial coverage producing global and
regional DEMs. However, horizontal resolution and elevation accuracy are low compared to
other means (airborne and terrestrial). Elevation information from satellite means can be derived
by (i) optical images used in stereo configuration and (ii) Interferometric Synthetic Aperture
Radar (InSAR). Optical images have the disadvantage of requiring a cloud-free line-of-sight and
sufficient light conditions; but provide higher resolution than radar images. Radar images are
independent of cloud conditions (except during heavy rainfall), but mountainous areas can be
difficult to map due to steep slopes facing away from the radar (shadowing) or towards the radar
(foreshortening or layover) (Jacobsen, 2004).
In December 1999, the Advanced Space-borne Thermal Emission and Reflection
Radiometer (ASTER) mission (Abrams et al., 2002) was launched, producing two global DEMs
using stereo image pairs. The ASTER multi-spectral imager covers a wide spectral region with
14 bands from the visible to the thermal infrared. The nadir and backward-looking near-infrared
telescopes are used to provide stereo coverage with a ground spatial resolution of 15m. The
along-track acquisition mode generates stereo-pairs acquired within a few seconds time
difference, under similar environmental and lighting conditions. This allows for DEM generation
using automated image matching techniques (Fujisada, 1994). The accuracy of ASTER-derived
DEMs depends on the quality (accuracy and spatial distribution) of the ground control
information (used for geo-referencing), base-to-height ratio and the image matching performance
(Toutin, 2008). The base-to-height ratio, in general, should be closer to unity, in order to enable
high elevation accuracy. For ASTER it is 0.6, which theoretically yields elevation accuracies of
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±12-25 m (Welch et al., 1998). The latest ASTER DEM, called ASTER Global DEM version 2
(GDEM2) is a surface model, with a grid spacing of 1″ × 1″ (30 m × 30 m at the equator). The
reference system for latitude and longitude coordinates is WGS84, and the orthometric heights
are referenced with respect to the Earth geopotential model of 1996 (EGM96) geoid (Lemoine et
al., 1998). GDEM2 may have data missing in areas under constant cloud cover, which wherever
possible are replaced by other DEM sources (ASTER GDEM Validation Team, 2009). The
vertical accuracy of GDEM2 is estimated to be about ±13 m, with a horizontal resolution
estimated at 2.4″ (72 m) and geolocation error of about 0.11″ to west and 0.20″ to south
(Tachikawa et al., 2011a). Geolocation errors can increase vertical errors in sloped surfaces and
is discussed in more detail in Section 3.4.
Another space-borne mission is the Shuttle Radar and Topography Mission (SRTM)
launched in February 2000, which used a synthetic aperture radar system to collect
interferometric data during an 11-day mission resulting in a global DEM available in 2005 (Farr
et al., 2007; Rodriguez et al., 2006). Two C-band radar (5.6 cm wavelength) datasets were
collected at the same time from two antennas separated by a fixed distance. An X- band radar
(3.1 cm) was also included as an experimental demonstration. A C-band DEM provides higher
canopy penetration due to its larger radar wavelength; however, for the same reason its
elevations are less accurate than an X-band DEM (see e.g., Hoffmann and Walter 2006). The
two radar images from the two antennas are acquired simultaneously. Hence, any phase from
surface backscatter will be the same in both images and the phase difference between each image
point will correspond to the path difference between the two measurements of the point.
Assuming that the interferometric baseline is known, the height of points on the ground can be
determined (Farr et al., 2007). The greatest errors in SRTM are associated with targets consisting
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of steep topography and very smooth sandy surfaces with low signal-to-noise ratio. The
remaining SRTM error consists of three parts (Farr et al., 2007): (i) the-long wavelength
component due to residual baseline roll-angle errors, as the baseline position is affected by the
SRTM’s attitude maneuvers, (ii) medium-to short-wavelength random errors, and (iii) phase
random errors at the shortest scales due to interference of the radar signal with the target surface
(speckle noise) or instrument thermal noise. The latest DEM version, called SRTM1v3, is a
surface model and is available on a 1″ × 1″ (30 m × 30 m at the equator) grid. Latitude and
longitude coordinates are with respect to WGS84 and the orthometric heights are with respect to
the EGM96 geoid. SRTM DEMs contain several voids due to shadowing, foreshortening and
layover and smooth areas, such as smooth water or sand. SRTM validation shows that elevation
errors are expected to be lower than 9 m for North America (90% confidence level), with a
horizontal resolution of 45 m and a geolocation error of 13 m (90% confidence level) (Rodriguez
et al., 2005).
Another dataset, comprised of various heterogeneous data of which satellite imagery is
one, is the Canadian Digital Elevation Data (CDED) (NRCan, 2013). CDED are extracted from
the hypsographic and hydrographic (contours of land and marine elevations, respectively)
elements of the national topographic database at the scale of 1:50 000, various scaled positional
data acquired by the provinces and territories, or satellite imagery. The Canadian DEM (CDEM)
is a terrain model, and the base resolution of the model is 0.75″ × 0.75″ (23 m × 16 m in
Canada). Vertical and horizontal accuracy depends on the original map from which the data were
scanned. The reference system for latitude and longitude is the North American Datum 1983
Canadian Spatial Reference System (NAD83(CSRS)), and the orthometric heights are referenced
with respect to the Canadian Geodetic Vertical Datum of 1928 (CGVD28).

16

A summary of the characteristics for each DEM is provided in Table 2-1. GDEM2 and
SRTM1v3, as surface models, represent the Earth’s surface including all agglomerates (natural
and anthropogenic), while CDEM, as terrain model, represents the bare ground surface (e.g.,
excluding vegetation, etc.).

Table 2-1: DEM characteristics for SRTM1v3, GDEM2 and CDEM.

Vertical
datum
Horizontal
datum
Grid spacing
(arc-sec)

ASTER GDEM2

SRTM1v3

CDEM

EGM96

EGM96

CGVD28

WGS84

WGS84

NAD83 (CSRS)

1×1

1×1

0.75 × 0.75

Data

Visible to

acquisition

infrared

method

(Stereo-images)

Representing
Surface

Surface

InSAR- C band

Surface

Hypsographic elements
(1:50000), CDED

Terrain

In order to have all height comparisons with respect to a common reference surface (i.e.,
WGS84/EGM96) for consistency, the CDEM coordinates were converted from NAD83(CSRS)
to WGS84 ellipsoid and from CGVD28 to EGM96 geoid. The different heights and
transformation steps are illustrated in Figure 2-1. First, the geoid heights with respect to
CGVD28 are subtracted from the orthometric heights of CDEM to retrieve the ellipsoidal heights
with respect to NAD83 (CSRS) (step 1 in Figure 2-1). Then latitude, longitude and ellipsoidal
heights are transformed to WGS84(G873) using a Helmert transformation (step 2 in Figure 2-1).
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Finally, the orthometric heights with respect to EGM96 are computed by subtracting the EGM96
geoid heights from the transformed ellipsoidal heights (step 3 in Figure 2-1).

Figure 2-1: Height transformation steps from CGVD28 to EGM96 for CDEM elevations.

2.2.2 Airborne LiDAR-Derived Topography
Airborne LiDAR is carried out from fixed-wing aircraft, a helicopter or an unmanned
aerial vehicle for regional-scale mapping (typical extent of a few kms). The basic components of
an airborne laser scanner are (Figure 2-2): (i) Scanner assembly (laser scanner), (ii) GPS, and
(iii) Inertial Navigation System (INS). These are mounted on a moving platform and the airborne
laser scanner system is aided by a GPS ground station, which serves as a reference station for
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DGPS processing. The range from the laser sensor to the target and the laser beam directions
(encoder angle) are measured. The 3D coordinates of the target points can be derived using the
measured range and encoder angle after determining the laser scanner position and orientation, as
well as the mounting parameters related to the LiDAR components.
The output of airborne LiDAR surveys is the 3D geometric information of points on the
ground, and intensity information of the backscattered signal. The 3D target points are measured
at scattered locations with point densities of about 10-20 points/m2, and are referred to as 3D
point clouds. The intensity information can be useful for land cover classification. In this thesis,
only the geometric information is utilized, which is related to the topographic uncertainty
problem. DEMs can be generated from 3D point clouds, as they offer a convenient data structure
for computer implementation. However, DEM representation may lose high resolution
information in areas with high point-cloud density, while grid cells with no LiDAR points have
to be interpolated, introducing interpolation errors. In cases where a terrain model is required,
non-terrain points are removed from the point cloud through filtering (see, e.g., Meng et al.,
2010).

Three coordinate systems are involved in airborne LiDAR. These are (Figure 2-2):


The mapping frame (m-frame), defined by the grid east, north and up axes (often
representing a national coordinate system)



The body frame (b-frame), realized by the triad of accelerometers within an INS



The sensor frame (s-frame), defined by the principal axes of the laser scanner
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Figure 2-2: Coordinate systems and basic components in airborne LiDAR (based on Vosselman
and Mass, 2010).

The geo-referencing equation for deriving the LiDAR ground coordinates is given as
follows (Skaloud and Lichti, 2006; Vosselman and Mass, 2010):

𝒓𝑚
𝑝 (𝑡)

=

𝒓𝑚
𝑏 (𝑡)

+

𝑏
𝑹𝑚
𝑏 (𝑡)𝑹𝑠

[𝒓𝑏𝑠

−𝜌(𝑡) cos 𝜃(𝑡)
+
0
]
−𝜌(𝑡) sin 𝜃(𝑡)

(2-8)

where 𝒓𝑚
𝑝 (𝑡) contains the 3D coordinates of the target point in the m-frame at time t, expressed
as easting (Eair), northing (Nair) and ellipsoidal height (hair); 𝒓𝑚
𝑏 (𝑡) contains the coordinates of
the INS center in the m-frame at time t, derived from the GPS/INS integration and expressed as
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easting (Efl), northing (Nfl) and ellipsoidal height (hfl) at flight altitude; term 𝑹𝑚
𝑏 (𝑡) is the
orientation matrix in radians from the b-frame to the m-frame parameterized by roll (r), pitch (p)
and yaw (y) observations at time t, derived from the GPS/INS integration; term 𝑹𝑏𝑠 represents the
rotation matrix relating the b-frame and s-frame, defined by the bore-sight angles roll (ω), pitch
(φ) and yaw (κ); term 𝒓𝑏𝑠 is the vector between the b-frame and s-frame measurement centers
(lever-arm offsets); ρ(t) is the range between the laser firing point and the target point at time t
and θ(t) is the encoder angle in radians at time t.
Airborne LiDAR point-cloud coordinates are affected by random and systematic errors
inherent in the LiDAR system measurements and mounting parameters (see Figure 2-3). The
systematic errors originate from biases in the mounting parameters that relate the various system
components (e.g., bore-sight angles and level-arm offsets) and biases in the system
measurements (e.g., GPS/INS, encoder angles and laser ranges). Modeling parameters of
systematic errors can be determined through laboratory calibration performed by the system
manufacturer. However, these parameters might be biased and/or not stable over time. Therefore,
in-flight calibration methods are adopted to refine such parameters (Morin, 2002; Skaloud and
Lichti, 2006; Kersting et al., 2012). Random errors in airborne LiDAR measurements stem from
the precision of the system’s measurements, namely the GPS, INS, laser range and encoder
angles (see Figure 2-3). In real application cases, residual or un-modelled systematic errors
remain in the point-cloud data, which corrupt the random error estimation results.
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Figure 2-3: Systematic and random error sources in airborne LiDAR point clouds.

Uncertainty of airborne LiDAR point clouds is often estimated through error propagation
of the LiDAR system measurement errors (e.g., Glennie, 2007; Schaer et al., 2007). This relies
on stochastic model information, which is often provided as quoted values by system
manufacturers or GPS/INS navigation software. Such stochastic information, in general,
describes the internal consistency of measurements which may vary from actual performance.
Therefore, a refinement of the existing stochastic model is necessary for reliable estimation of
point-cloud uncertainty. This research focuses on random errors inherent in the airborne LiDAR
measurements, in order to improve their associated stochastic model. This leads to reliable pointcloud uncertainty estimation (in terms of random errors), which is further tested here to assess its
impact for practical applications (see Chapter 6). The sources of random errors in airborne
LiDAR data (i.e., GPS, INS, laser range and encoder angle) are discussed in the following
paragraphs.
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Trajectory positioning errors
Trajectory positioning errors are related with the errors of the kinematic GPS positioning.
The accuracies are on the order of 1 cm+1 ppm for horizontal coordinates and 2 cm+1 ppm for
the vertical (Glennie, 2007; Torge and Müller, 2012). However, actual performance may vary
and is mainly controlled by the satellite configuration and signal observability (i.e. block of
signal, number of satellites in view etc.), as well as the accuracy of the GPS observables. The
errors of the observables include orbit, satellite and receiver clock drift, atmospheric effects,
multipath and receiver noise.

Trajectory orientation errors
In inertial navigation, accelerometer and gyroscope measurements are used to track the
position and orientation of an object relative to a known starting point, orientation, and velocity.
INS typically contain three orthogonal rate-gyroscopes and three orthogonal accelerometers,
measuring angular velocity and linear acceleration, respectively. INS provides a very high
relative accuracy, but its main drawback is the degradation of absolute accuracy with time in
stand-alone mode, as no external updating measurements are available. The benefits of GPS/INS
integration are (Noureldin et al., 2013): (i) the INS position and velocity help the GPS receiver to
detect carrier-phase cycle slips and bridge signal outages, and (ii) GPS exhibits high long-term
stability and is utilized to compensate the INS drifting errors. In most off-the-shelf systems,
tactical-grade INS are used due to their smaller size and their better cost-performance ratio.
Typical tactical-grade INS attitude performance with GPS aiding ranges from 0.005°-0.04° for
roll and pitch angles, and 0.008°-0.1° for yaw angle (Vosselman and Mass, 2010).
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Scanner measurement errors
For pulse range systems the range accuracy depends on how accurately the time
difference between the laser pulse being emitted and returned can be determined, which is
normally a function of the internal accuracy of the clock that measures the time-of-flight of the
laser pulse (Baltsavias, 1999). Currently, ranges can be measured with 1-2 cm of accuracy. The
angular measurement errors depend on (Glennie, 2007): (i) the angular resolution of the laserscanner angle encoder, and (ii) uncertainty due to beam divergence; the latter error source being
more significant. The divergence of the laser beam introduces uncertainty in locality of the actual
point of a range measurement. The instrument will record the apparent position of the point
along the centerline of the emitted beam. However, the actual position location is uncertain and
could be anywhere within the beam’s footprint. This effect is modeled assuming circular beam
cross-section and uniform probability regarding the angular position of the range measurement
within the cross-section (Lichti et al., 2005; Lichti and Gordon, 2004). Therefore, the uncertainty
due to beam divergence can be quantified as equal to one-quarter of the laser beam’s diameter in
angular units, i.e., at the 1σ level. Typical angular uncertainties in airborne LiDAR systems range
from 0.0024°-0.04°, depending on the sensor type (Vosselman and Maas, 2010). Scanner range
and encoder angle performance also degrade with varying incidence angles (e.g., Schaer et al.,
2007). This is not investigated here as encountered incidence angles are <20º, while laser scanner
errors start to increase significantly for incidence angles >60º (Glennie and Lichti, 2010).

The airborne LiDAR data for this thesis were collected with an Optech Gemini mapping
system with a near-infrared laser scanner. The LiDAR system was operated from a fixed-wing
aircraft at an altitude of 500 m, acquiring point-cloud data from 20 flight lines. Position and

24

orientation were achieved using an Applanix POS AVTM 510 system, which employs a tightly
coupled GPS/INS integration. The product specifications state post-processed positional
accuracy of 0.05-0.3 m and absolute orientation accuracy of 0.005° for roll and pitch, and 0.008°
for yaw angles. However, test flights conducted from Optech Inc. have shown that trajectory
position accuracies are typically less than 5cm (~1.5 cm for horizontal and ~2 cm for vertical
coordinate components) (Boba et al., 2008). The relative orientation accuracy in the POS AV
system is a function of the gyro-random walk noise and gyro-drift, specified as <0.01 deg/√hour
and 0.1 deg/hour, respectively. For the scanner range accuracy a typical value of 2 cm was
employed, while the encoder-angle uncertainty was estimated from the manufacturer’s angular
resolution (0.001°) and beam divergence (0.3 mrad). Hence, the total angular error of the encoder
angle is 0.0044° (see also Glennie, 2007).

2.2.3 Terrestrially Derived Topography
For the past 15-20 years, terrestrial laser scanners (terrestrial LiDAR) have been regarded
as a common 3D data-acquisition method producing high-density point clouds (up to 1-2
thousand points/m2) with high accuracy (<1 cm) for local-scale mapping (typical extent of few
hundreds of meters). Terrestrial laser scanners measure the range from the laser sensor to the
target as well as the orientation of the laser beam by encoders with respect to a horizontal and a
vertical direction (see Figure 2-4). Ranges are measured using time-of-flight and phase
measurement systems. Range accuracies for phase-measurements systems are about 1-3mm with
a maximum range of 20-200 m, while time-of-flight terrestrial systems have a maximum range
of 250-6000 m with range accuracy levels of 3-15 mm. Typical values for angular precision are
of the order of 0.04 mrad, which corresponds to a horizontal error of 4 mm at 100 m range
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(Vosselman and Mass, 2010). The geo-referencing equation for terrestrial LiDAR ground
coordinates is given as follows (ibid.):
𝑚
𝑚 𝑠
𝒓𝑚
𝑝 = 𝒓𝑠 + 𝑹𝑠 𝒓𝑝

(2-9)

where 𝒓𝑚
𝑝 contains the 3D coordinates of the target point p in the m-frame, expressed as easting
(𝐸𝑡𝑒𝑟 ), northing (𝑁𝑡𝑒𝑟 ) and ellipsoidal height (ℎ𝑡𝑒𝑟 ); 𝒓𝑚
𝑠 is the translation vector from the s-frame
to the m-frame; term 𝑹𝑚
𝑠 is the rotation matrix in radians from the s-frame to the m-frame; and
term 𝒓𝑝𝑠 is the position vector of the target point expressed in the s-frame.

Figure 2-4: Coordinate systems and basic components in terrestrial LiDAR (based on Lichti et
al., 2005).
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Terrestrial LiDAR is used here to assess the vertical accuracy of airborne LiDAR point
clouds from independent means, as well as supplement the airborne LiDAR stochastic model
refinement procedure (see Chapters 3 and 6).
GPS is also used to produce accurate elevations with respect to a reference ellipsoid at
discrete locations. In this research, the data are used as ground control information for external
and independent accuracy assessments of satellite-and airborne-derived DEMs. The two types of
GPS data used in this thesis are (i) GPS-on-benchmarks (BMs) and (ii) kinematic methods. The
first category relies on static GPS measurements on national network benchmarks, using relative
(rapid static) techniques with 3 mm+0.5 ppm/horizontal and 5 mm+0.5 ppm/vertical for
baselines of 20 km (Torge and Müller, 2012). The advantage of this method is the high
achievable accuracy, however the limited number of available BMs in some national vertical
networks (such as in Canada) yields an insufficient number of control points for widespread
DEM assessments. The second category contains techniques such as Real Time Kinematic
(RTK) and Precise Point Positioning (PPP). RTK methods have an achievable accuracy of 1
cm+1 ppm/horizontal and 2 cm+1 ppm/vertical. PPP provides precise position information using
a single GPS receiver, combining precise satellite orbit and clock information calculated from a
global network. PPP requires long initialization times (~30 min) to achieve maximum
performance. In kinematic mode, PPP can achieve accuracies at the sub-decimeter level
(Anquela et al., 2012), which is sufficient to assess the accuracy of satellite-only-DEMs. The
advantage of kinematic methods is that they produce a large number of control points. However,
their spatial coverage is sub-optimal, as the survey path often follows road networks, acquiring
GPS heights along limited and possibly non-representative profiles.
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To ensure consistency for comparisons, the horizontal and vertical coordinates of DEMs
and GCPs should refer to the same datums. Horizontal coordinates of DEMs and GPS GCPs,
used herein are all relative to the WGS84 ellipsoid. The GPS derived ellipsoidal heights are
converted to orthometric heights using the geoid model used by the DEMs, i.e., EGM96 (step 3
in Figure 2-1).

2.3 Summary
Table 2-2 summarizes the missions and data used in this thesis. Satellite gravity
information is obtained from the GOCE mission, while satellite topographic information is
derived from global and regional DEMs generated using InSAR and imaging techniques. These
are SRTM1v3, GDEM2 and CDEM. Airborne gravity and topography data are derived from the
GRAV-D project and LiDAR campaigns, respectively. Finally, terrestrial gravity is provided
from land and marine gravity surveys, and terrestrial topography is derived from LiDAR and
GPS methods.

Table 2-2: Summary of multi-platform and geodetic data in this thesis.
Satellite

Airborne

SRTM1v3
Topography

LiDAR

GDEM2

LiDAR

CDEM
Gravity field

GOCE

Terrestrial

GPs-on-BMs
GPS-PPP

GRAV-D
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Land and marine

Chapter 3
Description of Geodetic Data Fusion and Uncertainty Estimation
Techniques
Chapter three describes the general methodologies implemented in this thesis. The
theoretical background of the wavelet multi-resolution analysis and the wavelet fusion of multiplatform gravity-field datasets are outlined. This is related to the objective of developing fused
gravity models that exploit multi-platform gravity datasets. Furthermore, the uncertainty
estimation of topographic information derived from airborne LiDAR, through Variance
Component Estimation (VCE) and satellite-only DEMs using GCPs are presented. The former is
related to the objective of refining the stochastic model of airborne LiDAR point clouds. The
latter is related to the objective of improving the uncertainty assessment of satellite-only DEMs.
Additionally, an interpolation approach based on Projection Onto Convex Sets (POCS) is
presented for the case of filling data gaps in GPS profiles.

3.1 Gravity Data Fusion
The availability of multiple resolution datasets of the Earth’s gravity field has
necessitated a multi-resolution representation. This can be achieved through the use of spherical
harmonics or conventional fast Fourier transforms (Schwarz et al., 1990; Pavlis et al., 2012).
However, in these methods, the errors associated with the gravity data will also affect adjacent
areas in terms of the coefficients for the spherical harmonic expansion or in terms of finding the
true frequency of the signal using Fourier transforms. In the spatial domain this means that, areas
where gravity data are of poor quality may affect areas where gravity data are of high quality;
hence, degrading fused gravity-field models at locations where high-quality gravity-field
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information is available. Two-dimensional (2D) wavelet transforms have emerged as a powerful
image-fusion tool for a number of scientific fields due to their localization properties (Pajares
and De La Cruz, 2004). These localization properties provide better means for understanding
how each platform contributes to the fused gravity-field models, as areas of poor gravity-data
quality will not affect adjacent areas (both in the frequency and spatial domains), For this reason
the application of 2D wavelet decomposition for gravity data fusion is explored in this research.

3.1.1 Wavelet Multi-Resolution Analysis
Wavelets offer a means for modeling localized signals and allow for a direct connection
between the spatial and frequency domains. This is realized by convolving an input signal with
high-pass and low-pass filters to extract high-and low-resolution features of the signal itself. The
filters are obtained from the scaling (i.e., dilation and contraction) and shift (i.e., translation
through space) of a base wavelet function. This convolution essentially identifies the similarities
between the wavelet function and the input signal. The calculated wavelet coefficients
correspond to the closeness of the input signal with the wavelet at a certain scale. The base
wavelet functions that are used in the transformation process are derived from one main function,
called the mother wavelet. Although the wavelet transform can be computed through a
continuous wavelet transform, in practical applications there will be redundant information,
because the wavelet coefficients will be calculated for every possible scale. Hence, the Discrete
Wavelet Transform (DWT) is preferred here for the implementation of the wavelet transform in
the gravity-field data fusion. The DWT coefficients are sampled from the continuous wavelet
transform on a dyadic sequence (i.e., samples of scale on a sequence of ratio 2) (Daubechies,
1992).
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Figure 3-1 is often used to illustrate how space and frequency resolutions are connected
in the wavelet transform. For a gravity-field dataset, the boxes in Figure 3-1 correspond to values
of the wavelet transform in the space-frequency plane. It has to be noted that, despite the change
of the widths and heights of the boxes, all boxes have the same area in the space-frequency
plane. This means that although boxes have an equal part of the space-frequency plane, their
space and frequency resolution varies. Hence, low gravity-field frequencies, where the height of
the boxes is shorter, will have a better frequency resolution; however, the width of the boxes
becomes longer meaning that the space resolution is poor. On the contrary, for high gravity-field
frequencies the width of the boxes becomes smaller and space resolution increases; however, the
heights of the boxes increase and high-frequency resolution becomes poorer.

Figure 3-1: Discrete wavelet transform.

Multi-Resolution Analysis (MRA) utilizes the above concept to analyze a signal at
different frequencies with different resolutions. A MRA is desired in the gravity data fusion in
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order to decompose the input gravity signals in various spatial resolutions and locate their
strongest spectral bands for the gravity data fusion (see results in Chapter 4). The wavelet scaling
function 𝜑(𝑥), which is used to compute the approximation or low-pass wavelet coefficients is
given by the following equation (see Burrus et al., 1998 for detailed formulations):
𝜑(𝑥) = √2 ∑ ℎ𝑘 𝜑(2𝑥 − 𝑘)

(3-1)

𝑘∈𝛧

where {ℎ𝑘 } ∈ 𝑙 2 (𝑍) are the approximation or low-pass wavelet coefficients; k is an integer index
for the scale of the scaling function; x denotes distance; and √2 maintains the norm of the scaling
factor by a factor of two. The mother wavelet function 𝜓(𝑥) which is used to compute the
detailed or high-pass coefficients is given as follows:
𝜓(𝑥) = √2 ∑ 𝑔𝑘 𝜓(2𝑥 − 𝑘)

(3-2)

𝑘∈𝛧

where {𝑔𝑘 } ∈ 𝑙 2 (𝑍) are the detailed or high-pass wavelet coefficients; and k is integer index for
the scale of the wavelet function. The analysis or decomposition of a one-dimensional signal
𝑓(𝑥) for any wavelet scale (λ) is performed as:
𝑓(𝑥) = ∑ 𝑐𝐴𝑘𝜆 𝜑𝜆,𝑘 (𝑥) + ∑ ∑ 𝑐𝐷𝑘𝜆 𝜓𝜆,𝑘 (𝑥)
𝑘∈𝑍

(3-3)

𝜆∈𝑍 𝑘∈𝑍

where 𝑐𝐴𝑘𝜆 and 𝑐𝐷𝑘𝜆 are approximation and detailed wavelet coefficients at a scale λ. The
approximation and detail coefficients 𝑐𝐴𝑘𝜆 , 𝑐𝐷𝑘𝜆 can be computed as follows:
𝑐𝐴𝑘𝜆 = ∑ ℎ𝑙−2𝑘 𝑐𝐴𝑙𝜆−1

(3-4)

𝑙∈𝑍

𝑐𝐷𝑘𝜆 = ∑ 𝑔𝑙−2𝑘 𝑐𝐴𝑙𝜆−1
𝑙∈𝑍

where 𝑙 is an integer index for the low-pass and high-pass filter coefficients.
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(3-5)

For the 2D wavelet transform the Mallat algorithm will go through a tensor product of
two different directional one-dimensional wavelet transforms (Mallat, 1998):
𝜑(𝑥, 𝑦) = 𝜑(𝑥)𝜑(𝑦)

(3-6)

𝜓𝐻 (𝑥, 𝑦) = 𝜓(𝑥)𝜑(𝑦)

(3-7)

𝜓 𝑉 (𝑥, 𝑦) = 𝜑(𝑥)𝜓(𝑦)

(3-8)

𝜓 𝐷 (𝑥, 𝑦) = 𝜓(𝑥)𝜓(𝑦)

(3-9)

The output of this procedure (Equations (3-6) to (3-9)), at a wavelet scale λ, is four sets of
wavelet coefficients with typically small values (i.e., close to zero), namely the approximation
coefficents (𝑐𝐴𝜆 ), and horizontal, ( 𝑐𝐷 𝜆,𝐻 ), vertical, (𝑐𝐷 𝜆,𝑉 ), and diagonal (𝑐𝐷 𝜆,𝐷 ) detail
coefficents. These are utilized in the gravity data fusion and soft-thresholding in the following
sections.

3.1.2 Wavelet-Based Gravity-Data Fusion
To apply the wavelet-based data fusion, the input data should be gridded. A bi-linear
interpolation is used here, with a small grid spacing of 20″ × 20″ (about 0.5 km × 0.5 km) to
accommodate the high spatial resolution of terrestrial gravity datasets. The decomposition of the
gridded gravity datasets generates a set of approximation and detailed coefficients for each
dataset. A wavelet-based fusion scheme was developed in this thesis and used in Chapter 4. This
is outlined in Figure 3-2. First, the three gridded free-air anomaly models (satellite, airborne,
terrestrial) are decomposed up to level 10 (560 km in this study), thus a set of approximation and
𝐻,𝑉,𝐷
detail coefficients are computed for each dataset (𝑐𝐴(·) and 𝑐𝐷(·)
in Figure 3-2). To fuse the

various gravity datasets the weighted average of the detail coefficients was used along with the
following fusion rules (see Pajares and De La Cruz, 2004 for an overview):
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The fused model approximation coefficients at level 10 are derived completely from the
satellite model (long wavelength information).



The fused model detail coefficients for each wavelet level (1 to 10) are derived via (a)
weighted average of the input models or (b) from one of the input models (based on their
spectral strength)

Case (a) above, is used in wavelet levels where the spectral strength of input models overlap.
Case (b) is used in wavelet levels where only one model is expected to have reliable gravity
information (e.g., terrestrial or satellite data for short or long wavelengths, respectively). A
weighted average scheme was selected, as it is used in many relevant geodetic-modeling
problems and enables comparison of fusion scenarios with other fusion techniques such as
gravity-field modeling using spherical harmonics. The mathematical representation of the
weighted average (case (b)) at wavelet scale 𝜆 for the detail wavelet coefficients is given as:
𝜆 (𝐻,𝑉,𝐷)

𝜆 (𝐻,𝑉,𝐷)
𝑐𝐷𝑓𝑢𝑠𝑒𝑑

=

𝑐𝑊𝑖 𝑐𝐷𝑖

𝜆 (𝐻,𝑉,𝐷)

+ 𝑐𝑊𝑗 𝑐𝐷𝑗

𝑐𝑊𝑖 + 𝑐𝑊𝑗

𝑖, 𝑗 = 𝑆𝑎𝑡, 𝐴𝑖𝑟, 𝑇𝑒𝑟

(3-10)

where 𝑐𝑊(∙) are the weights of the detail wavelet coefficients of the input gridded datasets (i.e.,
satellite, airborne and terrestrial), with values from 0 to 100 and sum of 100.
The fused gravity model is derived from the inverse DWT, performed to the fused detail
𝐻,𝑉,𝐷
and satellite approximation coefficients (𝑐𝐷𝑓𝑢𝑠𝑒𝑑
and 𝑐𝐴𝑆𝑎𝑡 in Figure 3-2). Evaluation of the

derived model is conducted by comparing with additional available datasets or models. Results
of this comparison indicate whether the fused model is an improvement (observed from the
mean, μ, and standard deviation, σ) or the process should be repeated using updated fusion rules
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(i.e., change the relative weights). A description of code developed for the implementation of the
gravity data fusion is provided in Appendix A.

Figure 3-2: Flowchart showing the developed gravity data fusion scheme using 2D wavelet
decomposition (with evaluation steps in blue).

The correspondence between wavelet level and grid spacing of the gravity-field datasets
used here is shown in Table 3-1. Note that this depends on the gridding step of the input models
that is used herein (i.e., 0.5 km) and will change for other gridding steps according to the dyadic
sequence of the DWT. Moreover, the spectral bands where each dataset is expected to have its
strongest signal are presented in Table 3-1. Fifth generation GOCE models in general can cover
wavelengths up to 130-140 km (harmonic expansion of 280-300), while the strongest spectral
bands of airborne gravity derived from the GRAV-D project is around 70-280 km (Smith et al.,
2013). Due to their long-wavelength errors, terrestrial data are not preferred for wavelengths
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larger than 140 km, and so their contribution is limited to medium and short wavelengths (<140
km).

Table 3-1: Strongest spectral bands of satellite, airborne and terrestrial data.
Wavelet

Grid spacing at

Level

wavelet level (km)

10

560

Satellite (GOCE)

-

-

9

280

Satellite (GOCE)

Airborne

-

8

140

Satellite (GOCE)

Airborne

Terrestrial

7

70

-

Airborne

Terrestrial

<6

<35

-

-

Terrestrial

Gravity dataset/model

The overlap between datasets for some spectral bands is apparent in Table 3-1. However,
the level of contribution of satellite and airborne data to the fused gravity model should first be
investigated in order to take into account the strongest spectral content of each dataset. This is
studied in detail (in Chapter 4) in order to better understand the conditions where airborne and
satellite data can contribute to fused models.
The next step is to decide which wavelet family will be used for the decomposition of the
initial signals. The selection of mother wavelets takes into account that in order to perform a
multi-resolution analysis using Mallat’s algorithm, the wavelet low-pass and high-pass filters
must be orthogonal and finite (compact support). For this reason, the wavelet families tested in
this thesis were Daubechies (orders from 2-16), Symlets (orders from 2-16), and Coiflets (orders
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from 1-5). The variation in first-order statistics did not affect any conclusions regarding the role
of airborne gravity in the study areas. The analysis showed that the best results (via lower μ and
σ) are obtained using the 4th order Daubechies wavelet (see Daubechies 1992 for details).

3.1.3 Soft Thresholding
Signal de-noising approaches can be categorized to (see Motwani et al., 2004 for details):
(i) spatial domain and (ii) transform domain. A de-noising based on wavelet decomposition
(transform domain approach) is followed in this thesis for consistency with the fusion algorithm,
as thresholding is a common processing tool in wavelet MRA. The reasons for thresholding the
wavelet coefficients are primarily the removal of noise and outliers and data compression. The
standard options of thresholding the wavelet coefficients are hard and soft-thresholding. The first
is mostly used for matrix compression while the second is used for de-noising signals. In this
thesis the soft thresholding method will be applied, as it is useful for high frequency (<5 km)
noise reduction in the terrestrial gravity datasets. These frequencies are not covered from satellite
and airborne means, hence de-noising can aid in amplifying gravity signals at these frequencies
(see Chapter 4). The soft thresholding function at scale λ is given as (Donoho, 1995):
̂ 𝜆 = sign(𝑐𝐷 𝜆 )(|𝑐𝐷 𝜆 | − 𝛿′)
𝑐𝐷

(3-11)

̂ 𝜆 is the vector of estimated detail coefficients used in the reconstruction process; and 𝛿′
where 𝑐𝐷
is the threshold applied to the detail coefficients, which is given by (Donoho, 1995):

𝛿′ =

𝛿√2log(𝑑𝑖𝑚1 × 𝑑𝑖𝑚2 )
0.6745

37

(3-12)

where 𝛿 is the absolute median of the detail wavelet coefficients; 𝑑𝑖𝑚1 , 𝑑𝑖𝑚2 are the two
dimensions of the matrix containing the detailed wavelet coefficients; and 0.6745 is a value
obtained from Gaussian calibration, assuming that the wavelet coefficients follow a normal
distribution (Donoho and Johnstone, 1994).

3.2 Airborne LiDAR Stochastic Model Refinement
This section deals with the refinement of the stochastic model associated with the
airborne LiDAR system measurements. Such stochastic information is often utilized to estimate
point-cloud uncertainty through error propagation. For an airborne LiDAR target point j the
associated uncertainty is estimated as:
𝐂𝐸𝑎𝑖𝑟 ,𝑁𝑎𝑖𝑟 ,ℎ𝑎𝑖𝑟 = 𝐁𝑗 𝐂𝑗 𝐁𝑗𝑇

(3-13)

where 𝐂𝐸𝑎𝑖𝑟 ,𝑁𝑎𝑖𝑟 ,ℎ𝑎𝑖𝑟 is 3×3 covariance (CV) matrix for a single airborne LiDAR point j;
𝐁𝑗 = [𝐁𝐸𝑓𝑙 𝐁𝑁𝑓𝑙 𝐁ℎ𝑓𝑙 𝐁𝑟 𝐁𝑝 𝐁𝑦 𝐁𝜌 𝐁𝜃 𝐁𝜔 𝐁𝜑 𝐁𝜅 ] is the 3×11 design matrix of partial derivatives of
the geo-referencing Equation (2-8) taken with respect to the 8 LiDAR system measurements (𝐸𝑓𝑙 ,
𝑁𝑓𝑙 , ℎ𝑓𝑙 , 𝑟, 𝑝, 𝑦, 𝜌 and 𝜃) and 3 bore-sight angles (ω, φ, κ) for a point j; and
2

𝐂𝑗 = 𝑑𝑖𝑎𝑔[𝜎𝐸2𝑓𝑙 𝜎𝑁2𝑓𝑙 𝜎ℎ2𝑓𝑙 𝜎𝑟2 𝜎𝑝2 𝜎𝑦2 𝜎𝜌2 𝜎𝜃 𝜎𝜔2 𝜎𝜑2 𝜎𝜅2 ] is a 11×11 diagonal covariance matrix with the
variances of the 8 LiDAR system measurements and 3 bore-sight angles for a point j. Note that
for the airborne LiDAR system used herein the lever-arm offsets are zero.
Equation (3-13) shows that point-cloud uncertainty estimation relies on variance
information associated with the LiDAR system measurement and bore-sight angle variances.
Currently variance information is based on GPS/INS navigation output and systemmanufacturer-quoted values, however such approaches can be sub-optimal, as actual
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performance may vary in practical scenarios. Variance Component Estimation (VCE) is a
statistical tool that can be used for the refinement of stochastic information of geodetic
observations (albeit not exclusively). For instance, it is used in terrestrial LiDAR for improving
the relative weights among observations in self-calibration procedures (see Chow et al., 2013). In
this research, VCE is used to refine the initial stochastic information of airborne LiDAR system
measurements in order to improve point-cloud uncertainty estimation (numerical results are
provided in Chapter 6). This directly relates to the objective of refining the stochastic model of
airborne LiDAR point clouds, as stated in Chapter 1.
Numerous algorithms for VCE have been developed over the years. It has been shown
that, under the common assumption of normally distributed random errors, these methods
provide identical results (Teunissen and Amiri-Simkooei, 2008; Junhuan et al., 2011). For this
reason the MInimum Norm Quadratic Unbiased Estimation (MINQUE) method is selected
herein (see Rao, 1971; Rao and Kleffe, 1988). The implementation of this method to the
assessment of airborne LiDAR is novel and is approached in two ways, namely (i) based on the
airborne LiDAR self-calibration functional model and (ii) based on independent elevation
information derived from terrestrial LiDAR. The latter approach is used here for comparison
purposes and to assess the bore-sight angle variances.

3.2.1 Self-Calibration Approach
Figure 3-3 shows the flowchart for refining the airborne LiDAR stochastic information in
the self-calibration approach. Self-calibration approaches are used in airborne LiDAR for
estimating calibration parameters (e.g., bore-sight angles, scanner range bias and encoder angle
polynomial coefficients). The self-calibration approach followed here is based on conditioning
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the geo-referenced target points to lie on the surface of planes such as building rooftops and
parking lots (for details see Skaloud and Lichti, 2006). Input information for the refinement of
the stochastic model is the three positions and the three orientation estimates from the GPS/INS
system, range and encoder angle measurements from the LiDAR system (8 system
measurements per point), as well as their associated cofactor matrices (see Figure 3-3).

Figure 3-3: Flowchart showing the airborne LiDAR stochastic model refinement, using the selfcalibration approach.

The observation equation for a target point j lying on a surface plane is given as (Skaloud
and Lichti, 2006):
𝑗

𝑗

𝑗

𝑤𝑗 = 𝑠1 𝐸𝑎𝑖𝑟 + 𝑠2 𝑁𝑎𝑖𝑟 + 𝑠3 ℎ𝑎𝑖𝑟 + 𝑠4 = 0
𝑗

𝑗

(3-14)

𝑗

where 𝑤𝑗 is the misclosure for a target point j, 𝐸𝑎𝑖𝑟 , 𝑁𝑎𝑖𝑟 and ℎ𝑎𝑖𝑟 are the easting, northing and
ellipsoidal height coordinates of a point calculated using the airborne LiDAR geo-referencing
40

equation (Equation (2-8)); 𝑠1 , 𝑠2 and 𝑠3 are the direction cosines of the plane’s normal vector;
and 𝑠4 is the negative orthogonal distance between the plane and the coordinate system’s origin.
Note that the direction cosines must satisfy the following unit length constraint 𝑠12 + 𝑠22 + 𝑠32 −
1 = 0.
Next the parameters of the surface planes are estimated together with the calibration
parameters (i.e., bore-sight angles and first- and second-order polynomial coefficients modeling
encoder angle errors) in a combined adjustment. This is implemented using the Gauss-Helmert
model as follows:
𝐀1 𝐱1 + 𝐀 2 𝐱 2 + 𝐁𝐯 + 𝐰 = 𝟎,

𝐸{𝐯} = 𝟎

(3-15)

where 𝐀1 and 𝐀 2 are m×u1 and m×u2 design matrices of the partial derivatives of Equation (3-14)
taken with respect to (1) the calibration parameters and (2) the plane parameters; 𝐱1 and 𝐱 2 are
the u1×1 and u2×1 corresponding parameter unknowns for the calibration parameters and plane
parameters; in this thesis the calibration parameters are the three bore-sight angles and first- and
second-order polynomial coefficients modeling encoder angle errors; B is the m×8p design
matrix of partial derivatives of Equation (3-14) taken with respect to the LiDAR system
measurements 𝚩 = [𝐁𝐸𝑓𝑙 𝐁𝑁𝑓𝑙 𝐁ℎ𝑓𝑙 𝐁𝑟 𝐁𝑝 𝐁𝑦 𝐁𝜌 𝐁𝜃 ]; w is the m×1 misclosure vector; and 𝐯 is the
8p×1 vector of residuals given as 𝐯 = [𝐯𝐸𝑓𝑙 𝐯𝑁𝑓𝑙 𝐯ℎ𝑓𝑙 𝐯𝑟 𝐯𝑝 𝐯𝑦 𝐯𝜌 𝐯𝜃 ]𝑇 .
For the combined adjustment step shown in Figure 3-3, the stochastic model associated
with the airborne LiDAR system measurements is given as follows:
8

𝐂𝑤 =

8

∑ 𝜎𝑖2 𝐐𝑤−(·)
𝑖=1

= ∑ 𝜎𝑖2 𝐁𝑖 𝐐𝑖 𝐁𝑖𝑇
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𝑖=1

(3-16)

where 𝐂𝑤 is the propagated CV matrix of the airborne LiDAR system measurements for the selfcalibration approach with size m×m; 𝐐𝑖 is the p×p cofactor matrix of the system measurement
component with i=𝐸𝑓𝑙 , 𝑁𝑓𝑙 , ℎ𝑓𝑙 , 𝑟, 𝑝, 𝑦, 𝜌 and 𝜃; 𝐐𝑤−(·) is its propagation to the space of the
observation equation (Equation (3-14)); and 𝜎𝑖2 is the unknown variance component associated
with the measurement component i.
The outputs of the self-calibration combined adjustment are the bore-sight angles of the
airborne LiDAR system, which are important for ensuring high point-cloud accuracy. In the next
step the VCE takes place to refine the stochastic model of Equation (3-16), according to the
MINQUE algorithm (Figure 3-3). Equation (3-16) shows that for the airborne LiDAR case up to
8 variance components can be estimated, namely for the GPS unit: 𝜎𝐸2𝑓𝑙 , 𝜎𝑁2𝑓𝑙 , 𝜎ℎ2𝑓𝑙 ; for the INS
unit: 𝜎𝑟2 , 𝜎𝑝2 , 𝜎𝑦2 ; and for the scanner unit: 𝜎𝜌2 , 𝜎𝜃2 . However, several grouping scenarios are
derived for the variance components. This is tested in order to determine the appropriate
parametrization of the airborne LiDAR CV matrix. Numerical results of grouping scenarios are
presented in Chapter 6. The outputs of the VCE are the scaled variances of the airborne LiDAR
system measurements (Figure 3-3), which are used as input in Equation (3-13) to improve pointcloud uncertainty estimation. A description of the VCE code implemented using the selfcalibration approach is provided in Appendix A.
Initial estimates for the unknown variance components must be provided, as they are
embedded in 𝐂𝑤 which is used to calculate the MINQUE solution. For this reason, an iterative
approach is followed, known as iterative MINQUE (IMINQUE). Initial estimates for the
IMINQUE approach are discussed in detail in Chapter 6. The iteration procedure stops when the
variance factor estimates converge to unity. This is checked by comparing the difference
between successive estimates, and convergence is achieved when their difference is less than a
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pre-specified small value. A value of 0.0001 is selected, often used in VCE implementations.
The final values for the estimated variance components are computed from the product of the
successive estimates.
The main drawback of the IMINQUE method is that it may lead to negative variance
components. Reasons for this outcome can be an incorrect stochastic model and an insufficient
number of observations (low redundancy). The latter is not an issue here due to the voluminous
number of airborne LiDAR observations. Therefore, good initial CV information is important in
this thesis to ensure a successful VCE implementation. However, the availability of GPS/INS
CV information is often limited to diagonal matrices, neglecting time correlations between
successive GPS/INS observations. These simplifications may compromise the MINQUE
algorithm. Simulated correlations are tested in Chapter 6 to determine the effects of neglecting
correlations.
For LiDAR systems, the size of the CV matrices can be very large as tens or hundreds of
thousands of observations might be used in the self-calibration process. In order to overcome this
issue, a random subset of 1000 points is used (see IMINQUE step in Figure 3-3), which was
found adequate (in terms of redundancy) for the VCE. The final variance factors are estimated by
averaging 30 random runs, while the variability of the variance components can be estimated by
computing their standard deviations.

3.2.2 Independent Elevation Approach
A second VCE method is evaluated based on reference ground control elevations, called
herein the independent elevation approach. This is done in order to (i) compare the variance
component results from the two approaches and to (ii) estimate the variance component
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associated with the bore-sight angles. The latter is important in order to assess the impact of
bore-sight angle uncertainty on the overall point-cloud uncertainty. Both airborne and terrestrial
LiDAR provide scattered point clouds; therefore, to achieve a correspondence between the two
systems the terrestrial point-cloud is gridded with a 10 cm grid interval, and the terrestrial
LiDAR elevations are bi-linearly interpolated onto the airborne LiDAR locations. A rule of one
point per grid cell was used to decide the terrestrial data grid step (Liu, 2008), although tests with
5 cm and 15 cm grid intervals did not alter results.
Figure 3-4 shows the flowchart for refining the airborne LiDAR stochastic model using
the independent elevation approach. The input information is the airborne LiDAR system
measurements that correspond to the ellipsoidal height coordinate, the airborne LiDAR boresight angles (𝜔, 𝜑 and 𝜅), the ellipsoidal height derived from terrestrial LiDAR, as well as their
associated cofactor matrices. This approach is based on the elevation differences derived from
the two LiDAR systems, with an offset parameter (μ) as an unknown (Equation (3-17)).
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Figure 3-4: Flowchart showing the airborne LiDAR stochastic model refinement, using the
independent elevation approach.

The observation equation for a point j in the independent elevation approach is given as:
𝑗

𝑗

𝑙𝑗 = ℎ𝑎𝑖𝑟 − ℎ𝑡𝑒𝑟 = 0

(3-17)

𝑗

where ℎ𝑡𝑒𝑟 is the ellipsoidal height of point j derived from gridded terrestrial LiDAR data, which
𝑗

is interpolated onto the airborne LiDAR locations; ℎ𝑎𝑖𝑟 is the ellipsoidal height of point j
derived from airborne LiDAR; and 𝑙𝑗 is their residual height difference.
The functional model associated with Equation (3-17) is the Gauss-Markov model given
as follows:
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𝒍 = 𝐀𝜇 + 𝐁𝐯,

𝐸{𝐯} = 𝟎

(3-18)

where 𝒍 is the m×1 ellipsoidal height misclosure vector; 𝐀 is the m×1 design matrix with values
of ones; 𝐁 is the m×9p design matrix with 𝚩 = [𝐁ℎ𝑓𝑙 𝐁𝑟 𝐁𝑝 𝐁𝜌 𝐁𝜃 𝐁𝜔 𝐁𝜑 𝐁𝜅 𝐁ℎ𝑡𝑒𝑟 ]; and 𝐯 is the
9p×1 vector of residuals with 𝐯 = [𝐯ℎ𝑓𝑙 𝐯𝑟 𝐯𝑝 𝐯𝜌 𝐯𝜃 𝐯𝜔 𝐯𝜑 𝐯𝜅 𝐯ℎ𝑡𝑒𝑟 ]𝑇 .
The stochastic model of interest is given as:
9

𝐂𝑙 =

9

∑ 𝜎𝑖2 𝐐𝑙−(𝑖)
𝑖=1

= ∑ 𝜎𝑖2 𝐁𝑖 𝐐𝑖 𝐁𝑖𝑇

(3-19)

𝑖=1

where 𝐂𝑙 is the associated propagated CV matrix of LiDAR measurements in the independent
elevation approach; 𝐐𝑖 is the cofactor matrix of the LiDAR measurement component with i= ℎ𝑓𝑙 ,
𝑟, 𝑝, 𝜌, 𝜃, 𝜔, 𝜑, 𝜅 and ℎ𝑡𝑒𝑟 ; and 𝐐𝑙−(·) is its propagation to the space of the observation equation
(Equation (3-17)).
The output of the least-squares adjustment in Equation (3-18) is an offset parameter
between airborne and terrestrial LiDAR ellipsoidal heights. Next the VCE takes place to refine
the stochastic model associated airborne LiDAR ellipsoidal heights. Equation (3-19) shows that
in the independent elevation approach up to 9 variance components can be estimated. Eight
variance components can be estimated for airborne LiDAR, namely for the GPS unit 𝜎ℎ2𝑓𝑙 , for the
INS unit: 𝜎𝑟2 and 𝜎𝑝2 ; for the scanner unit: 𝜎𝜌2 and 𝜎𝜃2 ; and for the bore-sight roll, pitch and yaw
angles: 𝜎𝜔2 , 𝜎𝜑2 and 𝜎𝜅2 , respectively. A variance component for the terrestrial LiDAR ellipsoidal
height errors can also be estimated, i.e., 𝜎ℎ2𝑡𝑒𝑟 . The outputs of the independent elevation approach
are scaled variances for airborne LiDAR system measurements, as well as scaled variances for
the bore-sight angle errors. Note that, in this approach, variance components modeling horizontal
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errors (i.e., GPS easting and northing, and INS yaw) do not contribute to the error budget. The
bore-sight angle variances are utilized along with the estimated variances from the selfcalibration approach to refine the uncertainty estimation of the airborne LiDAR point cloud. A
description of the code developed for the independent elevation approach is provided in
Appendix A.

3.3 Projection Onto Convex Sets
There are often data gaps in kinematic GPS surveys caused by loss of signal (e.g. caused
by tunnels, bridges and tall buildings in urban areas, radio frequency interference and
atmospheric disturbances) or removal of poor quality points (low signal to noise ratio as in
forested areas or high multipath regions). In Chapter 5 where the GPS data are used for assessing
the uncertainty of DEMs, the POCS method is used to fill the data gaps (Menke, 1991). This is a
new application area for this technique and therefore the algorithm is presented herein. This
iterative method is based on finding an unknown function that satisfies certain sets that are
derived beforehand from known properties and known data points of the function. The solution
of the aforementioned problem is essentially searching for the region in which all properties are
valid, i.e. the intersection of these sets in the function space. Figure 3-5 illustrates this concept,
where every point in the function space corresponds to a different function. These functions are
grouped into sets sharing a common property, as indicated by the closed curves. A point of
intersection of the sets is found by starting with an initial assumption of the function, and then
sequentially projecting it onto the surfaces of the sets (dashed path). POCS accuracy depends on
initial estimates, as an infinite number of solutions can satisfy the sets. In this thesis initial
information is provided from a linear interpolation, providing good initial estimates for the
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POCS implementation. The sets used in this thesis, which are relevant to the interpolation
problem, are derived using points with known GPS profile heights. These are the following (see
also Figure 3-5):


The GPS profile is projected to have specified heights at specific locations.



The GPS profile is bounded by maximum and minimum height values. If the GPS
heights exceed these bounds they are projected by redefining their values to the upper
and lower bounds.



The GPS profile is known to have a certain mean value. If the mean is different, the GPS
heights are projected by subtracting out their mean and adding the desired mean.



The GPS profile is known to have a certain frequency spectrum. The amplitude of the
Fourier spectrum is projected, at points where it exceeds the amplitude defined by the
known data.

Figure 3-5: Illustration of Projection Onto Convex Sets (POCS) concept (based on Menke,
1991).
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Convergence is achieved when the difference of the predicted heights between iterations
is smaller than a user-specified criterion, which in this study was empirically selected to be at
least one order of magnitude smaller than the expected interpolation accuracy. The code for
POCS implementation is described in Appendix A.

3.4 DEM Uncertainty Estimation
The quality of DEMs is, in general, determined through independent ground control
information represented by an overall Root Mean Square (RMS) value. To better understand
DEM quality, the parameters that affect the spatial distribution of DEM errors are often
examined. Typical tested parameters are elevation, land cover type, topographic relief, slope and
aspect (Jing et al., 2013; Rexer and Hirt 2014; Tachikawa et al., 2011b). This is achieved through
height differences computed from GCPs. In this thesis these are derived from GPS observations,
hence the orthometric height differences are estimated as follows:
𝛥𝐻 = 𝐻 𝐷𝐸𝑀 − ℎ𝐺𝐶𝑃 − 𝑁 𝐷𝐸𝑀 = 𝐻 𝐷𝐸𝑀 − 𝐻 𝐺𝐶𝑃

(3-20)

where 𝛥𝐻 is the orthometric height difference; 𝐻 𝐷𝐸𝑀 is the DEM interpolated orthometric height
onto the GCP location; and ℎ𝐺𝐶𝑃 is the ellipsoidal height of the GCP; 𝑁 𝐷𝐸𝑀 is the geoid
undulation estimated from the geoid model used by the DEM; and 𝐻 𝐺𝐶𝑃 is the orthometric height
of the GCP.
The height differences acquired from Equation (3-20) are referred to as absolute height
differences, as ℎ𝐺𝐶𝑃 in many cases can be considered free of error. Similarly, if two DEMs on
the same region are available they could be differenced creating relative height comparisons:
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𝛥𝐻 𝑟𝑒𝑙 = 𝐻𝐷𝐸𝑀1 − 𝐻𝐷𝐸𝑀2

(3-21)

where 𝛥𝐻 𝑟𝑒𝑙 is the relative orthometric height difference between two DEMs, with superscripts
𝐷𝐸𝑀1 and 𝐷𝐸𝑀2 . Note that the two DEMs must be referenced with respect to the same
horizontal and vertical datum as explained in Chapter 2. In this thesis all comparisons are made
with respect to WGS84/EGM96.
Independently of the platform used, studies focused on detailed accounts of DEM errors
have led to a general understanding that DEM error budgets consists of the following:


Sampling error is the most significant error component of the DEM error budget as it
defines the accuracy level of DEMs. Its magnitude depends on the performance of the
measurement system used (e.g., radar versus optical images). Target surface interaction
with system measurements can degrade sampling errors, hence increasing DEM errors
(e.g., vegetated versus open ground or flat versus mountainous terrain) (see Crosetto,
2002; Carabajal and Harding, 2006; Rexer and Hirt, 2014).



The vertical error introduced due to horizontal errors on sloped surfaces (apparent
vertical error from a user’s prospective) (Hodgson and Bresnahan, 2004). The maximum
additional elevation error occurs when the horizontal displacement is perpendicular to the
surface’s contour line.



Information Loss (IL), which is the approximation of the Earth’s surface with a finite grid
and varies with data resolution, interpolation method used and surface variability (Huang,
2000). This error can become an important error component in DEMs as grid spacing and
surface variability increase.
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Geoid model errors on the DEM grid points used in ellipsoidal to orthometric height
conversion. In global DEMs, truncated integer-valued geoid heights are applied
introducing a discretization error of up to 1m to DEMs (Braun and Fotopoulos, 2007).



Interpolation method error to estimate elevations at desired locations (e.g. GCP
locations). For instance, bi-cubic can be more accurate than bi-linear interpolation up to
20% in RMS (Shi et al., 2005).

The spatial distribution of DEM errors is affected by a number of factors (outlined
above). Therefore, the location of GCPs is important as it is suspected that sub-optimal cases
may lead to overly optimistic or pessimistic measures of DEM uncertainty assessment. For
instance, GPS profiles derived from kinematic methods are limited to roads, selectively avoiding
rugged terrain (e.g., Rodriguez et al., 2006). This thesis addresses the issue of appropriate GCP
locations in order to improve uncertainty assessments of satellite-only digital elevation models.
The important parameters affecting the spatial distribution of DEM errors are investigated and
this information is utilized to improve the selection of GCPs from GPS surveys with numerical
results presented in Chapter 5.

3.5 Summary
In this chapter all of the theoretical methodologies implemented in later chapters were
presented. Specifically, the developed approach for the gravity data fusion, using a wavelet
multi-resolution scheme, was presented; utilizing the approximate and detail coefficients of
satellite, airborne and terrestrial free-air gravity anomalies. Numerical results for this fusion
model are provided in Chapter 4. The current knowledge regarding the error budget of satellite
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DEMs was presented and considerations for improving DEM uncertainty assessments were
discussed. The implementation scheme of POCS for filling GPS data gaps was also provided.
Numerical results for improving satellite-only DEM uncertainty assessments are provided in
Chapter 5. The procedure adopted for refining the airborne LiDAR stochastic model through
VCE was described. Two different approaches were presented, namely the airborne LiDAR selfcalibration and independent elevation information. Numerical results for the refinement of
airborne LiDAR stochastic model are presented in Chapter 6.
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Chapter 4
Results for the Fusion of Gravity Data
This chapter presents the numerical results of the fused gravity-field models using freeair anomalies acquired from satellite, airborne and terrestrial platforms for regional case studies
in Canada and the USA. A key contribution highlighted in this chapter is the utility of the
derived scheme to identify where (in geospatial terms) airborne gravity data are redundant and
where airborne gravity data are needed to enhance the overall fused gravity-field models.

4.1 Description of Case Studies
The fused gravity model consisting of multi-platform data as described in Chapter 3 is
implemented to assess the contribution (if any) of airborne gravity data to the overall fused
model. The airborne gravity datasets for six regions are evaluated for this thesis, including (i) the
northern US, (ii) the northeastern US (iii) the eastern US, (iv) the western US, (v) the southern
US and (vi) eastern Alaska (see red boxes in Figure 4-1). A list of the states encompassed by
each region is given in Table 4-1. This description is noted because gravity data collection
campaigns are often executed on a regional (state-by-state) basis. The airborne gravity datasets
used here are part of the GRAV-D project (Section 2.1.2). Terrestrial free-air anomalies (land
and marine) from the NGS gravity database are depicted with blue dots in Figure 4-1 (Section
2.1.3). It should be noted that the aforementioned figure also shows the Canadian gravity
datasets (obtained from NRCan). The long-wavelength information for the fusion schemes was
retrieved from the fifth-generation satellite model DIRR5 (Bruinsma et al., 2013) of the GOCE
mission.

53

Figure 4-1: Terrestrial gravity datasets in the US and Canada; red boxes show areas with colocated satellite, airborne and terrestrial data; green boxes show selected sub-areas.

Table 4-1: States encompassed for each study area and abbreviation used.
Region

States included

Abbreviation
Northern US

Michigan, N. Indiana, E. Wisconsin, N.E. Illinois, N.W. Ohio

Northeastern

N.E. Ohio, Pennsylvania, N. New Jersey, New York, Vermont, New

US

Hampshire, Massachusetts, Connecticut, Rhode Island, S.E. Maine

Eastern US
Western US
Southern US

Virginia, E. South Carolina, Maryland, Delaware, S. New Jersey, S.E
Pennsylvania
N. California and S.W. Oregon
S.E. Texas, S. Louisiana, S. Mississippi, N.W. Florida, sea areas north of the
Gulf of Mexico

Eastern Alaska Eastern Alaska
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The variability of the gravity field (defined here as the standard deviation of the terrestrial
free-air anomalies), the terrestrial data density (defined as the number of terrestrial data points
per km²), and the spatial extent of the study area (in km) are provided in Table 4-2. A variety of
gravity-field-variability cases (i.e., 18 mGal to 46 mGal) are assessed. In these case studies and
for the thesis herein, a gravity-field variability of ~20 mGal is considered low, while a variability
of ~40 mGal is considered high. Terrestrial data-point densities in most regions are high (> 0.10
points/km²). For this thesis terrestrial data density of less than 0.04 points/km² is considered low,
while a density of 0.10 points/km² is high.

Table 4-2: Regional and data characteristics of the six study areas.
Variability of
Region

Terrestrial data density

gravity Field (mGal) (points/km²)

Extent, (km)

Northern US

18

0.12

550 × 450

Northeastern US

24

0.10

660 × 960

Eastern US

22

0.17

660 × 450

Western US

38

0.14

600 × 400

Western US sub-area

31

0.11

110 × 80

Southern US

21

0.17

600 × 1100

Eastern Alaska

44

0.02

900 × 300

Eastern Alaska sub-area
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0.06

220 × 100

Terrestrial gravity data density in eastern Alaska for land-only areas is 0.02 points/km²
and there are several data gaps. For this reason, a sub-area is selected (green rectangular box in
Figure 4-1) to aid with the assessment of the contribution of satellite models and airborne data in
areas where there is a reasonably high spatial distribution of terrestrial data (0.06 points/km²). In
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the western US, a sub-area is selected (green rectangular box in Figure 4-1) to assess the
contribution of airborne data in less variable areas i.e., where the standard deviation of the freeair anomalies is 31 mGal (Table 4-2). This sub-area depicts an intermediate gravity-field
variability with respect to the northeastern US (variability of 24 mGal) and the western US
(variability of 38 mGal).
The fused gravity-field models were restricted to land-only areas, as airborne gravity data
are mostly located on land. An exception to this is the analysis for the southern US region where
comparisons are also made over the Gulf of Mexico.
For full-field (i.e., long, medium and short wavelength) comparisons of the fused models,
the Earth Geopotential Model of 2008 (EGM08) was used (Pavlis et al., 2012). EGM08
assimilates the same terrestrial dataset as free-air gravity anomalies and therefore all short
wavelength comparisons will be relative to EGM08. In land areas of sparse terrestrial gravity
information, EGM08 uses synthetic gravity anomalies (estimated using topographic information)
to fill data gaps. This means that EGM08 can be used for comparisons in eastern Alaska, where
there are large data gaps. Comparisons using the original terrestrial data were also conducted to
show the difference between the fused models and the terrestrially-derived gridded datasets. In
the southern US, the latest satellite altimetry based gravity model, the Denmark Technical
University 2010 (DTU10) model is used. DTU10 is available on a 1´×1´ grid and on land it
coincides with EGM08 (Andersen et al., 2010). In order to independently validate the fused
models, free-air gravity anomalies were estimated from the absolute gravity values of the Geoid
Slope Validation Survey of 2011 (GSVS11) in the southern US (cyan line in Figure 4-1). The
GSVS11 line consists of 218 control points with absolute gravity values between the cities of
Austin and Rockpoint, Texas (see Smith et al., 2013).
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4.2 Results of Soft Thresholding De-Noising
A soft thresholding algorithm was applied to the wavelet detail levels to remove highfrequency noise from the terrestrial data as described in Section 3.1.3. Reduced σ values were
observed when thresholding the fused model up to level 3 (<5 km) with respect to GSVS11.
Based on this finding, thresholding at higher levels was not implemented in order to avoid oversmoothing of the gravity field. Table 4-3 shows the comparisons before and after the
implementation of the de-noising algorithm to the terrestrial gridded dataset with respect to
EGM08/DTU10. The comparison with the original terrestrial dataset is also provided.

Table 4-3: Mean (μ) and standard deviations (σ) before and after de-noising (units: mGal).
EGM08/DTU10-Terrestrial Grid

Terrestrial original- Terrestrial Grid

comparison, (μ) σ

comparison, (μ) σ

Before

After

Before

After

de-noising

de-noising

de-noising

de-noising

Northern US

(0.45) 1.85

(0.45) 1.75

(0.00) 0.25

(0.01) 1.00

Northeastern US

(4.81) 7.20

(4.81) 7.00

(-0.02) 0.30

(-0.05) 1.74

Eastern US

(0.90) 4.18

(0.90) 4.00

(0.03) 0.35

(0.01) 1.55

Western US

(4.85) 18.21

(4.83) 17.90

(-0.05) 0.60

(-0.28) 4.10

Southern US

(-0.23) 2.75

(-0.23) 2.68

(0.00) 0.23

(0.00) 0.75

Eastern Alaska

(20.43) 36.56

(20.89) 36.54

(-0.02) 0.50

(-0.19) 1.60

Region

Results show that the reduction in σ with respect to EGM08 is ~ 0.1-0.3 mGal. The effect
in σ with respect to the initial gridded terrestrial dataset is about 1-1.5 mGal with the exception
of the western US where the effect is much higher at 4mGal. These results are in agreement with
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existing noise in the NGS gravity database (Section 2.1.3). The results also demonstrate the
impact of high-frequency errors in the terrestrial data on the ‘fused’ gravity field, at frequencies
that cannot be resolved from satellite or airborne platforms.

4.3 Fusion Scenarios for the Gravity Models
The relative weights for the fusion of satellite, airborne and terrestrial data are derived
following the scheme outlined in Section 3.1.2, and using EGM08/DTU10 and the GSVS11 line
in the southern US as references. Figure 4-2 depicts the change in σ values for the fused models
based on the relative weights applied for the airborne data in levels 7 and 8. Note that in Figure
4-2, the σ values were reduced to their mean for the fused models to make comparisons between
the six regions possible. The desired outcome of this graph is to find the point where the airborne
data improves the fused models. A black rectangular box in Figure 4-2 depicts the minima for
the six regions.
For most regions, the minimum point is located for relative weights of 30% to 35% and
in the case of the western US, the relative weight of 50% is optimal. In eastern Alaska, the
airborne dataset is used in levels 8 and 7 with 100% contribution, as it improves the model in
these levels when compared to EGM08. Table 4-4 summarizes the fusion scenarios. Fused
models without airborne data were also estimated to highlight the contribution brought by
airborne data. In these models the airborne data are replaced by DIRR5 or the terrestrial gridded
datasets.
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Figure 4-2: Change in σ for various airborne relative weights at levels 7 and 8 for the six
regions. The σ values are reduced to their means to enable comparisons in the six regions.

Table 4-4: Fusion scenarios of satellite, airborne and terrestrial gravity data for the study areas.
Region

Satellite

Airborne

Northern US

Levels 10-9

30% at level 8

Levels 10-9,

30% at level 8,

70% at level 7,

70% level 8

30% at level 7

Levels <6

35% at level 8

Levels <7

Northeastern US

Eastern US

Levels 10-9,
65% level 8

Western US

Levels 10-8

50% at level 7

Southern US

Levels 10-9

35% at level 8

Eastern Alaska

Levels 10-9

Levels 8-7
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Terrestrial
70% at level 8,
Levels <7

50% at level 7,
Levels <6
65% at level 8,
Levels <7
levels <6

4.4 Evaluating the Impact of Gravity-Field Variability on Fused Models
To evaluate how gravity-field variability affects the contribution of satellite and airborne
gravity data on fused models, comparisons with the gridded terrestrial data (full-field) are made.
This provides insights on how the fused models alter the gravity field observed by existed
terrestrial means.
In the northern US, the inclusion of satellite and airborne data has a minimal effect on the
fused gravity models. Specifically, the inclusion of DIRR5 creates small gravity differences
ranging up to ±2 mGal (Figure 4-3a), and the inclusion of airborne data results in gravity
differences between the fused model and the gridded terrestrial dataset to increase to ±5 mGal
(Figure 4-3b). Full-field comparisons of the gridded terrestrial data and the fused models (with
and without airborne data) with EGM08 show deviations in σ on the order of 0.1 mGal. A small
bias of 0.45 mGal in the terrestrial data with respect to EGM08 is removed in the fused models.

Figure 4-3: Northern US, gravity differences between the fused and gridded terrestrial dataset
(mGal) caused by the inclusion of a DIRR5 in levels 10-9; b DIRR5 in levels 10-9 and airborne
data in level 8 with 30% relative weighting with respect to terrestrial data.
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In the eastern US, airborne data also have a small contribution, as the gravity differences,
of both fused models, from the gridded terrestrial dataset range from 10 mGal to -5 mGal. This
upper difference of 10mGal is seen at the north-western corners of Figures 4-4a and 4-4b.
Unfortunately, airborne data are not available in these regions, which would allow for further
investigations. For the remaining areas in the eastern US, the gravity differences are very small
±2 mGal. Full-field comparisons with EGM08 show improvements from the inclusion of satellite
data at the 0.3 mGal level and the inclusion of airborne data reduces σ values by another 0.1
mGal (i.e., 3.70 mGal and 3.60 mGal with and without airborne data, respectively). A bias of 0.9
mGal in the terrestrial data with respect to EGM08 is removed in the fused models.

Figure 4-4: Eastern US, gravity differences between the fused and gridded terrestrial dataset
(mGal) caused by the inclusion of a DIRR5 in levels 10-8; b DIRR5 in levels 10-9 and airborne
data in level 8 with 35% relative weighting with respect to satellite data.

In the southern US, the models with and without airborne are similar as observed in
Figure 4-5 from the gravity differences of the fused models when compared with the initial
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gridded terrestrial dataset. The inclusion of DIRR5 creates small gravity differences up to ±2
mGal (Figure 4-5a). The inclusion of airborne data results in gravity differences between the
fused model and the gridded terrestrial dataset to increase to ±5 mGal (Figure 4-5b). The small
differences between the two fused models demonstrate the minimal contribution of airborne data
in this region. Full-field differences when airborne data are included are at the level of 0.1 mGal
when compared to GSVS11 and 0.2 mGal when compared to DTU10, i.e., 1.20 mGal versus
1.11 mGal when compared to GSVS11 and 2.75 mGal versus 2.56 mGal when compared to
DTU10. This level of improvement when compared with the GSVS11 ‘validation’ line is similar
to the results obtained in Smith et al., (2013). Despite the low level of gravity-field improvement,
airborne gravity in this area had an important impact on geodetic applications, as it improved
geoid modeling to the cm level (ibid.). Besides the low variability of the gravity field, the
airborne dataset is acquired at a higher altitude than the other study areas (11 km versus 6 km),
which reduces the contribution of airborne gravity as gravity signals are further attenuated.

Figure 4-5: Southern US, gravity differences between the fused and gridded terrestrial dataset
(mGal) caused by the inclusion of a DIRR5 in levels 10-9; b DIRR5 in levels 10-9 and airborne
data in level 8 with 35% relative weighting with respect to terrestrial data.
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In the northeastern US, the fused models with and without airborne data have in general
positive deviations up to 20 mGal (Figure 4-6). The inclusion of airborne data at level 7, with
30% relative weights with respect to the terrestrial data, cause medium to short-wavelength
differences (~70 km wavelengths), providing better visualization of the medium-wavelength
systematic errors in the gridded terrestrial dataset. Full-field differences are slightly larger at 0.2
mGal with respect to EGM08 (i.e., 6.40 mGal without airborne data versus 6.20 mGal with
airborne data). However, the inclusion of satellite and airborne data in this area results in the
removal of long-wavelength systematic errors of the terrestrial data which materializes as a 4.81
mGal bias with respect to EGM08 and is essentially reduced to zero.

Figure 4-6: Northeastern US, gravity differences between the fused and gridded terrestrial
dataset (mGal) caused by the inclusion of a DIRR5 in levels 10-8; b DIRR5 in levels 10-9 and
airborne data in level 8 with 30% relative weighting with respect to DIRR5 and in level 7 with
30% relative weighting with respect to terrestrial data.

In the western US, the inclusion of DIRR5 causes gravity differences of ±15 mGal, from
the gridded terrestrial dataset (Figure 4-7a). The inclusion of airborne data in level 7 increases
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the level of these differences to +25 mGal (Figure 4-7b). The circled regions show areas of large
deviation between the fused model with airborne data and the gridded terrestrial dataset. These
regions may be seen by DIRR5 too, but not clearly enough, as DIRR5 contributes up to level 8.
This shows that the inclusion of airborne data to the fused gravity-field model is particularly
important in regions such as the western US, which present high gravity-field variability. Fullfield differences when airborne data are included are slightly larger (0.4 mGal) with respect to
EGM08. Also, a bias of 4.85 mGal with respect to EGM08 is dramatically reduced to be
statistically insignificant. Although the western US is an area with higher gravity-field
variability, the contribution of the airborne data, in terms of σ, is at the sub-mGal level, which is
not statistically meaningful. This can be attributed to the large terrestrial data density (0.14
points/km²).

Figure 4-7: Western US, gravity differences between the fused and gridded terrestrial dataset
(mGal) caused by the inclusion of a DIRR5 in levels 10-8; b DIRR5 in levels 10-8 and airborne
data in level 7 with 50% relative weighting with respect to terrestrial data.
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In the Alaskan case study, the contribution of satellite models and airborne data in long
and medium wavelengths is more significant. A comparison of the fused models with the initial
gridded terrestrial dataset reveals the areas where large deviations occur (Figure 4-8).
Specifically, large gravity differences in the circled regions in Figure 4-8b correlate with regions
with little or no terrestrial data and therefore the satellite and airborne data fill these gaps up to
level 7 (70 km grid spacing), improving the overall accuracy and resolution of the gravity model.
Full-field comparisons with EGM08 show that the inclusion of DIRR5 reduces σ values from
36.56 mGal to 30 mGal. Additionally, the mean difference is significantly reduced from 20.4
mGal to 2.7 mGal. When airborne data are also used in levels 8-7 the μ reduces to 1 mGal and
the σ to 26.0 mGal.

Figure 4-8: Eastern Alaska, gravity differences between the fused and gridded terrestrial dataset
(mGal) caused by the inclusion of a DIRR5 in levels 10-8; b DIRR5 in levels 10-9 and airborne
data in level 8-7.
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The numerical results of the aforementioned case studies demonstrate the value of a
wavelet-based approach for regional gravity-field studies through the fusion of satellite, airborne
and terrestrial gravity datasets. This is evident through the improvement in the long and medium
wavelengths of gravity models as well as in the reduction of long-wavelength systematic errors
present in the terrestrial datasets. The results also reveal that areas with low gravity-field
variability see little improvement from the inclusion of airborne gravity data (see Figure 4-9).
However, in areas with higher gravity-field variability, airborne data create larger gravity
differences when compared to the gridded terrestrial datasets and are useful in filling terrestrial
data gaps (Figure 4-9). While the results presented herein are for specific case studies, the
procedure can be applied in any part of the world to assess the value in the fused model and
potentially the requirement for additional airborne campaigns. Practical applications that could
benefit from such medium-and long-wavelength gravity-field improvements are geoid modeling
and modeling of the Earth’s crust and lithosphere.

Figure 4-9: Summary of airborne gravity data contribution to fused gravity-field models for the
six study areas.
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4.5 Evaluating the Impact of Terrestrial Data Density on Fused Models
In order to assess how the spatial distribution and quantity of the terrestrial gravity data
(referred to herein as terrestrial data density) affects the quality of the fused gravity-field model,
several terrestrial gridded datasets were created with successively fewer data points. The
reduction was applied with 5% intervals, and 1% intervals for percentages from 1% to 5%. The
reduced gridded terrestrial datasets were compared with the original terrestrial dataset and
EGM08 and the results reveal the rate and level of deterioration in the six study areas (Figure 410 and Figure 4-11). Results indicate that the deterioration rate of gridded terrestrial datasets is
higher in highly variable gravity areas (eastern Alaska, western US) than in less variable ones
(northeastern, eastern, northern and southern US). For instance, in Figure 4-10 the northern US
remains around the 1mGal level even when the density has been reduced from 0.12 points/km² to
0.06 points/km² i.e., 50% reduction. On the contrary, in more variable areas like the western US,
any reduction in terrestrial data densities creates large deviations in the terrestrial gravity models.
For instance, the 1mGal level is exceeded even at the first reduced gravity gridded dataset
(terrestrial data were reduced by 5%).
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Figure 4-10: Terrestrial gravity gridded datasets deterioration in standard deviation (σ) based on
various densities of terrestrial data used for the six study areas, with respect to the original
terrestrial data.

Figure 4-11: Terrestrial gravity gridded datasets deterioration in standard deviation (σ) based on
various densities of terrestrial data used for the six study areas, with respect to EGM08.
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An interesting analysis can be conducted at this point in order to estimate under which
conditions the airborne gravity data provides a notable contribution to the overall gravity-field
model (in the presence of multi-scale terrestrial and satellite information). By fusing the various
reduced gridded terrestrial datasets with airborne and satellite models and comparing the results
with DTU10 in southern US and EGM08 for all other areas, a notable trend is observed in the
calculated standard deviations. Figure 4-12 shows the reduction in σ of the fused models when
DIRR5 is fused with the reduced gridded terrestrial datasets. Results indicate that in areas with
low gravity-field variability the contribution of DIRR5 does not change with the terrestrial data
densities (northern, southern, eastern and northeastern US), while in more variable areas such as
the western US and eastern Alaska higher rates of σ differences are observed for densities less
than 0.04 poitns/km².

Figure 4-12: Fused models difference in standard deviation (σ) due to the inclusion of DIRR5
for various terrestrial data densities used in the six study areas.
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Figure 4-13 shows the extra change that the airborne data brings to the fused models
when fused with the reduced gridded terrestrial datasets. Specifically, it is observed that in areas
with low gravity-field variability (i.e., northern, eastern, and southern US) airborne data have
limited contribution and remains at the 0.2-0.3 mGal level. The northeastern US area is slightly
more variable (σ of the gravity field 2-6 mGal larger) and for densities less than 0.06 ponts/km²,
a larger difference in σ is noticed reaching 0.6-0.7 mGal for densities of less than 0.01
points/km². The sub-area in the western US shows that in regions with gravity-field variability of
~ <31 mGal the airborne data contribution will be at the sub-mGal level regardless of the
terrestrial data density. However, in more variable areas such as the western US and eastern
Alaska (gravity-field variability of 38 mGal and 46 mGal, respectively), the airborne data
difference in σ starts at the 0.5 mGal level and depending on density increases up to 2-3 mGal.
Thus, in more variable regions airborne data will have greater impact.

Figure 4-13: Fused models differences in standard deviation (σ) due to the inclusion of airborne
data for various terrestrial data densities used in the six study areas.
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In addition to the terrestrial gravity density and the gravity variability of a region, another
important factor that affects the contribution pattern of airborne gravity data in the study areas is
fight altitude. Though a thorough analysis on flight altitude is not feasible based on the available
airborne gravity data over the examined areas, it is expected that lower flight altitudes will
enhance the contribution of airborne data. On the contrary, higher flight altitudes of the airborne
data will reduce the airborne data contribution.
The cumulative knowledge gained through this detailed numerical assessment in the
study regions results in a ‘predictive’ capability for other areas and is discussed in the following
section.

4.6 Prediction of Gravity-Field Contribution from Airborne Gravity
To identify areas of notable airborne data contributions to fused gravity models, subregions in Canada and the US were defined based on the associated gravity-field and terrestrialdata-density characteristics. Gravity-field variability and terrestrial-data densities were estimated
in windows of 2° × 2°, using the existing terrestrial gravity-field information. Figure 4-14 shows
the terrestrial-data densities for low-variability territories (<30 mGal). The majority of the US
regions have high terrestrial-data densities of about 0.10 points/km², therefore airborne data
contributions will be limited to ~ 0.2 mGal. In contrast, western Alaska and most Canadian
regions have very low data densities of about 0.01 points/km². In these areas, airborne data is
expected to contribute on the order of 0.7 mGal level (generally less than 1mGal).
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Figure 4-14: Prediction of airborne data contribution in the gravity field based on terrestrial data
densities for areas with low gravity-field variability (<30mGal).

Figure 4-15 shows the terrestrial data densities for territories with high gravity-field
variability (>30 mGal). Western US territories are characterized by high terrestrial data densities
of about 0.08-0.10 points/km², therefore airborne data contribution is expected to ~ 0.4 mGal. On
the contrary, in eastern Alaska and eastern Canada terrestrial data densities are very low at the
0.01-0.02 points/km² level. Therefore, in such regions airborne gravity data are expected to have
the largest contribution at ~1-3 mGal.

72

Figure 4-15: Prediction of airborne data contribution in the gravity field based on terrestrial data
densities for areas with high gravity-field variability (>30mGal).

Taking into consideration the results of terrestrial gravity gridded dataset deterioration
when data densities are reduced, the opportunity for densifying the Canadian terrestrial gravity
network is further investigated. Based on the results in Figure 4-11, increasing terrestrial data
densities from 0.015 points/km² to 0.04 points/km² (a factor of 2.5) can improve terrestrial
gravity gridded datasets by up to 4mGal in highly variable regions (See Table 4-5). In lowvariability regions a densification from 0.02 points/km² to 0.04 points/km² (a factor of 2) can
improve terrestrial gravity gridded datasets by up to 1.3 mGal in (See Table 4-5). Therefore, in
Canada, a densification of the existing terrestrial gravity database to 0.04 points/km² would be
necessary in order to achieve greater gravity-field improvements than the inclusion of airborne
gravity data.
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Table 4-5: Prediction of terrestrial data contribution in the Canadian gravity field.
Low variability areas

High variability areas

Density

Expected

Densification Expected

Densification

(points/km²)

improvement

factor

improvement

factor

0.02

-

<1 mGal

1.3

0.03

<1.0 mGal

1.5

<3 mGal

2

0.04

<1.3 mGal

2.0

<4 mGal

2.5

0.05

<1.5 mGal

2.5

<5 mGal

3.3

4.7 Summary
The numerical results presented in this chapter demonstrate the utility of the 2D wavelet
decomposition scheme implemented for the fused gravity-field model. In particular, it was used
to identify (using case studies in Canada and the US) the regions where airborne gravity
measurements provide notable contributions to fused gravity-field models. The variability of the
gravity field and the terrestrial data density were found to be important factors controlling the
expected contribution of airborne data in fused gravity models, i.e., sub-mGal field contributions
in low-variability regions (<30 mGal variability) even in low terrestrial data densities (0.01
points/km²) and 0.5-3 mGal contribution depending on terrestrial data density in highly variable
areas (> 30 mGal). Prediction results show that the Alaskan territories and Canadian Rockies
present highly variable gravity field and low terrestrial data densities (contribution up to 3
mGal). In general, in the US, small contributions are expected (0.2 mGal-0.4 mGal) due to the
existing high terrestrial data density. These results can aid in setting geodetic priorities and
improving overall airborne surveys and planning in the future.
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Chapter 5
Results of Digital Elevation Model Uncertainty Assessment
This chapter addresses the objective of improving satellite-only DEM uncertainty
assessment using ground control information. A direct result of this analysis is the investigation
of the appropriate locations for terrestrially derived ground control points used in validation and
calibration surveys. Part of the analysis also involves identifying the optimal scheme for filling
data gaps in existing validation data sets.

5.1 Study Area and Datasets
Numerical studies for this chapter are focused on a region in western Canada between
Calgary and Vancouver along the TransCanada Highway. The route passes through the Interior
Plains of Alberta, the Rocky Mountains Interior Plateau of British Columbia, and the Coast
Mountains of British Columbia, giving the opportunity to assess DEMs in areas over smooth and
complex terrain. Two GPS profiles (from Calgary to Vancouver and from Vancouver to Calgary
following the TransCanada Highway), which are part of the global calibration and validation
campaign of the TanDEM-X mission (see Kosmann et al., 2010) were collected from June 21 to
July 1, 2009 using a LEIAT1203+GNSS GPS antenna mounted on a car (see red and blue lines
in Figure 5-1). PPP initialization was performed by setting the GPS antenna on points of known
coordinates for 30 min. The RINEX files were processed using the NRCan online processing
system, and the resulting PPP profiles have an approximate spatial resolution of 10 m between
observations along the profiles. All GPS coordinates are geo-referenced to the International
Terrestrial Reference Frame of 2005 (ITRF2005). In addition to the profiles along the roadways,
602 GPS-on-BMs are located in the 330 km by 700 km surrounding area (see green triangles in
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Figure 5-1). Approximately 50% of these points are located in urban Vancouver and the
remaining points are scattered throughout western Canada. All coordinates of the GPS-on-BMs
were consistently transformed to refer to ITRF2005.
The DEMs used are the ASTER GDEM2, the SRTM1v3 and CDEM discussed in detail
in Section 2.2.1. Surface models represent the Earth’s surface including all agglomerates (natural
and anthropogenic), while terrain models represent the bare ground surface (e.g., excluding
vegetation, etc.). Therefore, height comparisons of surface models with ground data will show
biases with magnitudes depending on the level of signal penetration through canopy or snow
(Braun and Fotopoulos 2007). These effects impact GDEM2 and SRTM1v3, while CDEM
represents a terrain model.

Figure 5-1: GPS profiles from Calgary to Vancouver (red) and from Vancouver to Calgary
(blue) and the GPS-on-BMs (green triangles). Note: a shift in latitude applied to blue line for
visualization.
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The GPS ground control information used in the thesis were assumed free of error as the
ellipsoidal height accuracy is better than ±20 cm for the two profiles (given in term of postprocessed variances), which is 25-50 times less than the achievable accuracy of the global and
regional DEMs. Of note are several data gaps (circled in white in Figure 5-1), that originated
from poor clock-offset estimation of the GPS receiver. This resulted in poor estimation of
ellipsoidal heights (σ levels of 0.5-4 m); hence, these points were removed from the GPS profiles
to avoid compromising height comparisons between GPS profiles and DEMs. In future profile
data acquisitions GPS/INS integration would be beneficial for overcoming such quality issues.
The following section includes the results of using POCS (described in Section 3.3) for filling
these data gaps.

5.2 Filling Data Gaps Using Projection Onto Convex Sets
Data gaps (~ 80 km) in the Calgary-Vancouver GPS profile are filled using the POCS
approach. POCS was tested using the complete Vancouver-Calgary profile. Table 5-1 shows the
results of POCS, splines, cubic and linear interpolations for filling data gaps along the GPS
profile. Various case studies were conducted successively reducing the quantity of data from
50% to 1.5% using random selection. Spatially, this refers to an average spacing of GPS points
increasing from 10m (original dataset) up to 20 m, 40 m, 80 m, 320 m and 640 m.
Results show POCS achieved RMS values ranging from 1.5 to 4 times lower than other
interpolation methods (Table 5-1). Of note is the reconstruction of the GPS profile with 12.5% of
the original observation set with an accuracy of approximately 30 cm.
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Table 5-1: RMS values of known versus interpolated heights of POCS for various percentages
of data used. The RMS ratio between POCS and spline, cubic and linear interpolations is also
shown.
Points with known

RMS (m)

RMS ratio

elevation (%)

POCS

Spline/POCS Cubic/POCS Linear/POCS

50

0.03

1.89

2.38

3.06

25

0.11

1.54

1.83

2.65

12.5

0.33

2.02

3.30

3.98

6

0.83

2.30

2.54

3.02

3

1.29

2.69

2.86

3.18

1.5

2.57

3.90

3.71

3.80

POCS was applied in the gapped profile. The sets for the POCS implementation were
modeled using the complete Vancouver-Calgary profile, where the spectrum of the profile in
gapped regions is estimated using all available points of the complete profile, while sets of
minimum, maximum and mean values were calculated every 100 m. The predicted heights were
compared with GDEM2, SRTM1v3 and CDEM, where similar statistics with the complete
profile are retrieved (deviation of 0.1 m in RMS). Results indicate the usefulness of POCS in
filling GPS profile data gaps, as first-order statistics are preserved for all three DEMs when using
the predicted profile.

5.3 Interpolation Error
Interpolation error is introduced when computing the DEM orthometric heights at the
locations with GPS-derived coordinates (see also Section 3.4). Three different interpolation
methods were tested: (a) bi-cubic, (b) bi-linear, (c) nearest-neighbor. Results indicate that bi78

cubic interpolation was found to be marginally better (by up to 2%) than bi-linear or nearestneighbor interpolation. After examining the elevation of neighboring points, it was found that
DEMs have similar neighboring elevations. As a result, a bi-cubic interpolator will produce
similar results with a bi-linear or NN method. These results indicate that the interpolation
method introduced negligible effects in the height comparisons between DEMs and GCPs.

5.4 Effects of Terrain Slope and Vegetation Cover on Height Error
Height comparisons with respect to slope were estimated, to investigate the effect of
terrain variability. Figure 5-2 shows that RMS values of the height differences between the DEM
and GPS profiles for all three DEMs linearly increase with increasing terrain slopes.

Figure 5-2: RMS (m) of height differences between DEMs and GPS profiles based on
topographic slope (degrees).
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MODerate-resolution Imaging Spectroradiometer (MODIS) Vegetation Continuous
Fields (VCF) data were used to assess the height-difference performance with respect to percent
of tree-cover (DiMiceli et al., 2011). SRTM1v3 and GDEM2 show a variation of their mean
height differences depending on tree-cover percentages (Figure 5-3). For SRTM1v3, mean
values of height differences between profile GCPs and the DEM values linearly increase with
tree-cover. As a result, positive biases in highly tree-covered areas are observed (e.g. 4-6 m for
tree-cover of 50%-70%). GDEM2 mean values are expected to be higher than SRTM1v3, as
GDEM2 measures elevations at the canopy top, while the SRTM partially penetrates canopies
measuring lower elevations (Braun and Fotopoulos 2007; Carabajal and Harding 2006). This
difference in penetration should theoretically result in higher GDEM2 elevations than SRTM1v3.
However, this is not evident in Figure 5-3. Specifically, in areas with less than 40% tree-cover
GDEM2 presents negative mean values, indicating that GDEM2 presents a real bias. This is a
result of the GDEM2 vertical adjustment, in order to remove a negative bias of 5m in GDEM
version 1 to achieve a better global fit (Tachikawa et al., 2011a). CDEM is a terrain model and
independent of tree-cover.
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Figure 5-3: Mean height differences between DEMs and GPS profiles in relation with
Vegetation Continuous Fields percentages (VCF); total number of GCPs is 150 000 in a 280 km²
area.

5.5 GDEM2 Height Error Versus Stack Number
A linear relationship between slope and Stack Number (SN) was found for GDEM2. SN
refers to the number of stereo-pairs that are stacked and averaged to estimate the elevation at
each grid point and is relevant for GDEM2. In general, the stack number is a good indicator of
height errors, as low SN (fewer than 10) corresponds to low accuracy (Tachikawa et al., 2011b).
Figure 5-4a shows the relationship between the GDEM2 height difference with respect to GPS
data and SN. Results suggest that RMS error is large for less than 5 SNs, and for more than 15
SNs improvements are small. The average number of stacks decreases with increasing slope
(Figure-4b), which results in larger RMS values in GDEM2.
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Figure 5-4: a RMS error of GDEM2 versus stack number (SN), estimated using the GPS
profiles as reference; b average stack number (SN) of GDEM2 based on slope.

5.6 Selection of Representative Data Subsets
Figure 5-5a shows the distribution of terrain slopes existing in western Canada derived
from SRTM1v3, and the distribution of slopes at the locations of the profile points. Likewise,
Figure 5-6a shows the distribution of tree-covers existing in western Canada based on the
MODIS VCF data, and the distribution of tree-covers at the locations of the profile points. From
these figures we deduce that the profile data are not representative of the terrain slopes above 20°
and the tree-covers above 50%. To create representative profiles 30 randomly-selected profile
subsets (representing 10% of the initial dataset) are derived. The selection of the subset points is
based on the histogram-bin frequencies of SRTM1v3 and MODIS VCF, as shown in Figures 55a and 5-6a. The stacked slope and tree-cover histograms of the 30 representative subsets are
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shown in Figures 5-5b and 5-6b, respectively. It is evident that the 30 profile subsets are
representative of the terrain slopes and tree-covers existing in western Canada.
To numerically quantify the similarity of the histograms in Figures 5-5 and 5-6, the
Euclidean distance (in terms of percentages) of the histogram bins is used. The Euclidean metric
is unbounded and takes values ≥ 0, with shorter distances representing higher similarity of
histograms and vice versa. Figure 5-7 shows that for Euclidean distances of <5% the variation in
RMS is at the 0.2 m level for the three DEMs. Hence, histogram agreements of better than 5%
are sought in this thesis. For the slope histograms of Figure 5-5a the Euclidean distance of the
histogram-bins is 18%, while in Figure 5-5b the slope histograms have Euclidean distance of 3%.
The corresponding values for the MODIS VCF histograms are 24% (Figure 5-6a) and ~3%
(Figure 5-6b). The smaller Euclidean distances for both slopes and MODIS VCF quantitatively
show that the 30 profile subsets agree better with histograms of terrain slopes and tree-covers in
western Canada than the initial profile.

Figure 5-5: Histograms of slope from SRTM1v3 and the profile data; a profile slopes are
derived from the entire profile; b 30 representative subsets are used for the profile data.
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Figure 5-6: Histograms of vegetation continuous fields percentages (VCF) for western Canada
and the profile data; a profile VCF are derived from the entire profile; b 30 representative
subsets are used for the profile data.

Figure 5-7: RMS (m) of height differences in relation with the Euclidean distance (%) of slopehistogram bins.

The SN parameter was neglected, as its addition created gaps in the three histograms,
particularly for tree-cover percentages over 50% and slopes over 20°. This is not expected to
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have a great effect on the profile data, as the initial profile data have a relatively good
representation of the SNs observed in the study area with an Euclidean distance of 8% between
profile and GDEM2 SN histograms (Figure 5-8a).

Figure 5-8: Histograms of stack number (SN) for GDEM2; a profile points; b GPS-on-BMs.

The GPS-on-BMs have a good representation in Vancouver (Figure 5-9a), however they
do not have a good representation in high slopes for the remaining area (Figure 5-9b). Also, in
Vancouver their points are mostly located in low tree-cover areas (Figure 5-10a), while a better
agreement is observed for remaining area (Figure 5-10b). Furthermore, their points are located
on areas with over 10 SNs (Figure 5-8b). GPS-on-BMs have limited data points in high slopes
therefore a similar procedure was not followed.
Based on this analysis, it is expected that height comparisons with GPS-on-BMs, while
independent, will be overly optimistic particularly in mountainous or densely vegetated regions.
This limitation can be overcome by using the representative datasets derived herein.
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Figure 5-9: Histograms of slope from SRTM1v3 and the GPS-on-BMs; a Vancouver area; b
Rest of area.

Figure 5-10: Histograms of vegetation continuous fields percentages (VCF) for western Canada
and the GPS-on-BMs; a Vancouver area; b Rest of area.

5.7 Height Comparison
All height comparisons refer to the GCP data used in the study area. Data outliers (~1.5%
of the dataset) were removed using a conventional threshold (3RMS) which corresponded to
points located on bridges (70%) and in areas of abrupt changes in terrain such as cliffs (30%).
The outliers associated with bridges and cliffs are in general observed in all DEMs and in similar
locations. Also, outliers in CDEM were found in the Rocky Mountains for longitudes of -116.3º
to -115.8º. Figure 5-11 shows elevation data along that region from the Calgary to Vancouver
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profile. While the SRTM1v3 and GDEM2 agree with the GPS data, CDEM (blue line) shows
significant biases.

Figure 5-11: Height profiles in a Rocky Mountain region along the Calgary-Vancouver profile.

The height differences between DEMs and GCPs are shown in Table 5-2. The profile
height differences are computed from the average of 30 representative profile subsets. The
original profile results are shown in brackets. Optimistic RMS values are on the order of 1-2 m
below those obtained using the representative (in terms of slope and vegetation cover) subsets.
The results also demonstrate the better overall performance of SRTM1v3 compared to CDEM
(1.5 times) and GDEM2 (2 times). Results for comparisons of the SRTM and GDEM2 DEMs in
other parts of the world support this conclusion (see Rexer and Hirt 2014 for Australia, and
Tachikawa et al. 2011b for USA).
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Table 5-2: Statistics of the height differences for SRTM1v3, GDEM2 and CDEM from 30
profile subsets (units: m).
GPS Source

max

min

μ

σ

RMS

Profile data

44.9

-45.0

1.2

±12.9

12.9 (11.6)

GPS on BMs (Vancouver)

21.7

-15.0

-0.3

±5.9

5.9

GPS on BMs (Rest of data)

29.0

32.0

-3.4

±8.8

9.4

Profile data

24.9

-24.5

3.4

±5.6

6.6 (4.6)

GPS on BMs (Vancouver)

6.8

-9.6

1.3

±2.3

2.7

GPS on BMs (Rest of data)

21.3

-20.5

-0.1

±5.4

5.4

Profile data

35.0

-34.8

3.0

±8.6

9.1 (7.8)

GPS on BMs (Vancouver)

12.0

-12.9

1.8

±3.4

3.9

GPS on BMs (Rest of data)

34.2

-28.8

1.8

±8.4

8.6

DEM

GDEM2

SRTM1v3

CDEM

Relative height comparisons between DEMs (see Section 3.4) confirm that the resampled
GPS profiles are representative for the study area. The RMS values in Table 3 can be propagated
to estimate the expected RMS differences between the DEMs within 0.3 m. In contrast, when the
GPS-on-BMs and initial profile comparisons are used, there is a mismatch of up to 2-3 m in
RMS values.

5.8 Regional Analysis
The study area is divided into 5 sub-regions based on terrain variability (Figure 5-12).
Figures 5-13 and 5-14 show the good agreement of the 30 stacked representative subsets with the
slope and tree-cover histograms in the 5 sub-regions. This agreement, in terms of Euclidean
distances of the histogram bins, is estimated to be 2-8%, from 12-40% initially.
To quantify IL (described in Section 3.4), the grid spacing of the three DEMs is
progressively reduced by increments of 30 m and RMS values are estimated using the PPP
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profile data. In regions 1 and 5 where the terrain is relatively flat, no change in RMS with
decreasing grid resolution was observed and thus IL is zero. In regions 2, 3 and 4, RMS values
increase with decreasing grid resolution (Figure 5-15) and IL is quantified through a leastsquares fit. IL ranges from 2.5-4.5 m in these regions, which translates to 10-20% effect on the
estimated RMS for the three DEMs (Table 5-3). This indicates that in areas with high
topographic variability, IL is an important error source. Furthermore, to quantify the apparent
vertical error effect (described in Section 3.4), a simulation based on the slope histograms of the
5 regions was performed. The simulation assumes that the direction of horizontal displacement is
uniformly distributed between latitude and longitude directions. Based on the horizontal errors of
the DEMs (described in Section 2.2.1), it was found that this effect accounts up to 8% of the
DEM error budget for SRTM1V3 and 5% for CDEM in regions 2 and 4, while for GDEM2 this
is negligible (<1%). The resampling of the profile points considering representativeness for
slope and tree-cover increased mean and RMS values by a few meters in regions 2, 3 and 4.

Figure 5-12: Sub-regions selected based on slope; the Vancouver – Calgary profile is also
shown (black line).
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Figure 5-13: Histograms of slope from SRTM1v3 and profile data with 30 representative
subsets.

90

Figure 5-14: Histograms of vegetation continuous fields percentages (VCF) and profile data
with 30 representative subsets.
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Table 5-3: Statistics of height differences for SRTM1v3, GDEM2 and CDEM before and after
(in brackets) selecting representative profile points. The IL effect is shown for a horizontal
resolution of 45 m for SRTM1v3 and for 75 m for GDEM2 and CDEM (units: m).
DEM

GDEM2

SRTM1v3

CDEM

μ

RMS

(μ before)

(RMS before)

1

1.5 (2.3)

5.9 (5.4)

0

0

2

6.8 (4.4)

14.2 (11.3)

4.5

10

3

3.0 (-0.2)

13.3 (12.7)

2.5

5

4

0.1 (-3.7)

13.4 (12.6)

4.0

10

5

-3.5 (-2.6)

5.9 (5.4)

0

0

1

1.9 (1.4)

3.5 (3.5)

0

0

2

4.5 (2.1)

7.4 (4.7)

2.7

13

3

4.0 (2.0)

6.4 (4.6)

1.5

5

4

4.0 (2.4)

7.0 (5.0)

2.4

12

5

-2.7 (-2.9)

4.5 (4.1)

0

0

1

2.0 (1.4)

3.3 (3.1)

0

0

2

3.9 (3.1)

10.1 (6.4)

4.5

20

3

3.5 (4.6)

8.3 (6.8)

2.5

10

4

5.2 (4.9)

10.0 (9.2)

4.0

16

5

0.6 (0.3)

3.8 (3.6)

0

0

Region

92

IL effect

IL/RMS
(%)

Figure 5-15: RMS increase with grid spacing for GDEM2, SRTM1v3 and CDEM.

5.9 Summary
The synergies between satellite-only DEMs and GCPs were explored in a study case in
western Canada, in order to improve the uncertainty assessment of satellite-only DEMs from
GCPs. Results show that terrain slope and tree-cover are important parameters affecting the
spatial distribution of DEM errors. This information was utilized in order to improve the
selection of GCPs, which leads to improved DEM assessment. Specifically, results indicate that
non-representative profile points lead to overly optimistic statistics on the order of a few meters.
This was further highlighted through a sub-regional analysis. Therefore, planning of future GPS
kinematic profile acquisition for DEM calibration/validation, should be selected based on the
region’s terrain and vegetation characteristics (e.g., in terms of terrain slope and tree-cover
percentages, respectively). The effect of information loss in DEM uncertainty was shown to
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account for 10-20% of the error budget. Finally, the POCS technique was successfully used to
fill data gaps in the provided kinematic profile.
As the resolution and accuracy of satellite-derived DEM increases, their role in numerous
applications such as hydrology, geodesy, engineering and geophysics will be prevalent.
Therefore, estimation of the DEM error budget from independent validation datasets becomes
more pragmatic. Hence, the significance of identifying where GCPs should be located for future
satellite DEM validation also increases.
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Chapter 6
Results of Airborne LiDAR Uncertainty Estimation
This chapter presents the numerical results for computing realistic point-cloud
uncertainty estimates for airborne LiDAR datasets. Focus is placed on system measurement
random errors, which are often utilized, through error propagation, for uncertainty estimation of
airborne LiDAR surveys. A refined estimation of the stochastic model associated with these
errors is important for numerous applications. Simulated case studies at the end of this chapter
demonstrate the impact of stochastic-model refinement for two practical applications, namely
coastal inundation modeling and surface displacement assessments. In the former, stochastic
information is of importance in order to depict uncertainty in inundation extents caused by the
inherent uncertainty of the airborne LiDAR point-cloud. In the latter, stochastic information is
utilized for setting noise threshold and distinguishing between noise and actual displacement in
multi-temporal topographic comparisons.

6.1 Description of Study Region
Numerical studies for this chapter are focused on the main campus of the University of
Houston (1 km × 1 km area extent). The types of encountered target surfaces are buildings,
vegetation, trees, and parking lots (see Figure 6-1). Both airborne and terrestrial LiDAR pointcloud data are used (see Section 2.2.2 for data description). In order to perform the airborne
LiDAR self-calibration (Section 3.2.1), point-cloud data located in twenty surface planes with
variable slopes (up to 20°) and aspects (30°-200°) were defined and shown in Figure 6-1. The red
box depicts the sub-region with co-located terrestrial and airborne LiDAR data. These data are
utilized for the implementation of the independent elevation approach (Section 3.2.2). Such
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target surfaces aid in the assessment of random errors in LiDAR system measurements, which
can be compromised from laser scanner penetration errors in vegetated regions. It should be
noted that in the independent elevation approach a constant offset (47 cm) in the vertical
direction between the two datasets was removed from the height differences in order to avoid
compromising the VCE.

Figure 6-1: Airborne LiDAR derived planes (blue) with variable aspects and slopes in the
study area; the red box shows the area with co-located terrestrial LiDAR datasets (orthophoto
source: US Geological Survey, Oct. 2014).
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6.2 Initial Covariance Information
A-priori CV information for the flight trajectory position coordinates and orientation
angles (derived from GPS/INS) on the airborne system were obtained from the output of the
navigation software, in terms of single variance values; hence, take the form of a diagonal CV
matrix. The initial values for the laser range and angle were obtained from the manufacturerquoted specifications. The GPS easting and northing accuracies were very optimistic (0.04 mm)
and therefore a more realistic scaled initial accuracy was used (1 cm). Furthermore, the INS
accuracies where also found to be very optimistic (0.0006° for roll and pitch and 0.002° for yaw)
and therefore the Applanix POS AVTM 510 product specification were used (i.e., 0.005° for roll
and pitch, and 0.008° for yaw). For the scanner range accuracy a typical value of 2 cm was
employed. The encoder angle uncertainty was estimated from the manufacturer’s angular
resolution (0.001°) and beam divergence (0.3 mrad), with the total angular error of the encoder
angle being 0.0044° (Glennie, 2007). A summary of the initial standard deviation values used to
populate the a-priori covariance matrix are given in Table 6-1.

Table 6-1: Initial average accuracies of airborne LiDAR system measurements.
𝜎𝐸𝑓𝑙

𝜎𝑁𝑓𝑙

𝜎ℎ𝑓𝑙

𝜎𝑟

𝜎𝑝

𝜎𝑦

𝜎𝜌

𝜎𝜃

Units

(cm)

(cm)

(cm)

(deg.)

(deg.)

(deg.)

(cm)

(deg.)

Average σ

1.0

1.0

2.8

0.005

0.005

0.008

2.0

0.0044

In the general case, diagonal CV matrices can be assumed for the laser scanner range and
angle measurements. Ideally, the initial CV matrices for the GPS/INS measurements should be
block-structured, reflecting the time correlation between successive GPS/INS measurements.
However, this is not the case here; therefore a simulation of GPS/INS correlations was
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performed. The GPS/INS correlations are usually modelled by Gauss-Markov or Gaussian
functions. The Gaussian function is given as:
𝜌𝑐𝑐 (𝑡, 𝑡 + 𝛥𝑡) = 𝑒

−(

𝛥𝑡 2
)
𝑇

(6-1)

where 𝜌𝑐𝑐 (𝑡, 𝛥𝑡) is the correlation coefficient between two points of the airborne LiDAR point
cloud acquired in time 𝑡 and time 𝑡 + 𝛥𝑡, respectively; 𝛥𝑡 is the time difference between two
points of the point-cloud within the same flight line; and T is the bias variation correlation time.
The Gauss-Markov correlation function is given as:
𝛥𝑡

𝜌𝑐𝑐 (𝑡, 𝑡 + 𝛥𝑡) = 𝑒 −( 𝑇 )

(6-2)

Utilizing the initial accuracies of the GPS and INS components from Table 6-1 the CV elements
can be computed as (e.g., for ℎ𝑓𝑙 ):
𝜎ℎ𝑓𝑙𝑡 ,ℎ𝑓𝑙

𝑡+𝛥𝑡

= 𝜌𝑐𝑐 (𝑡, 𝑡 + 𝛥𝑡)𝜎ℎ𝑓𝑙𝑡 𝜎ℎ𝑓𝑙𝑡+𝛥𝑡

(6-3)

The same approach is followed for simulating the CV elements for the remaining GPS and INS
components (i.e., 𝐸𝑓𝑙 , 𝑁𝑓𝑙 , 𝑟, 𝑝, 𝑦).
Investigations into the type of GPS/INS time correlations show that the GPS
measurements follow a Gauss-Markov correlation sequence, while the INS measurements follow
a Gaussian sequence (see Figure 6-2 for GPS and Figure 6-3 for INS). Average correlation times
were calculated using the correlation times found from each flight line. Similar values are found
for the GPS/INS components i.e., 1.5 seconds for the GPS and 1 second for the INS. Hence,
block-structured CV matrices are derived for the three GPS and three INS components. This is
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important for ensuring that good initial estimates are used for the stochastic model (as per
Section 3.2.1).

Figure 6-2: GPS unit auto-correlation (blue dots) and Gauss-Markov curves (red curves); a GPS
easting; b GPS northing; c GPS ellipsoidal height.

Figure 6-3: INS unit auto-correlation (blue dots) and Gaussian curves (red curves); a INS roll; b
INS pitch; c INS yaw.
99

6.3 Results of Variance Component Estimation
In this section variance components are estimated using the self-calibration approach
(Section 3.2.1). The following results demonstrate the impact of the parameterization of the
covariance matrix, which varies depending on the grouping of the errors and consequently the
number of variance components to be estimated. In Section 6.3.4 the results from the
independent elevation approach (Section 3.2.2) are also discussed.

6.3.1 Scenario A - Three Variance Components
Scenario A separates the LiDAR system measurements into three components based on
their measurement unit i.e., GPS, INS, and scanner. This assumes that common variances exist
between the measurements within each unit. The unknown variance components for the self2
calibration approach are: (i) a variance component for the GPS unit (𝜎𝐺𝑃𝑆
), (ii) a variance
2
2
component for the INS unit (𝜎𝐼𝑁𝑆
), and (iii) variance component for the scanner unit (𝜎𝑆𝐶
).

Therefore, the stochastic model of Equation (3-16) for the self-calibration becomes:
2
𝐂𝑤 = 𝜎𝐺𝑃𝑆
(𝐐𝑤−(𝐸𝑓𝑙 ) + 𝐐𝑤−(𝑁𝑓𝑙) + 𝐐𝑤−(ℎ𝑓𝑙) )
2
+ 𝜎𝐼𝑁𝑆
(𝐐𝑤−(𝑟) + 𝐐𝑤−(𝑝) + 𝐐𝑤−(𝑦) )

(6-4)

2
+ 𝜎𝑆𝐶
(𝐐𝑤−(𝜌) + 𝐐𝑤−(𝜃) )

Table 6-2 shows the estimated variance components for the three measurement units. The
2
GPS variance component is found smaller than unity (i.e., 𝜎̂𝐺𝑃𝑆
= 0.52), which shows that the

initial variance information was pessimistic of the actual GPS performance. The INS variance
2
component is found close to unity (i.e., 𝜎̂𝐼𝑁𝑆
= 0.90) showing an agreement with manufacturer
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2
accuracy specifications. In contrast, a component of 𝜎̂𝑆𝐶
=5.20 for the scanner unit is found. This

can originate either from the laser range or the encoder angle performance, which is investigated
in the following section (Section 6.3.2). The solution shows good stability as the same variance
components are retrieved when the initial CV matrices are scaled by 100.

Table 6-2: Estimated variance components for scenario A; self-calibration approach.
2
𝜎̂𝐺𝑃𝑆

2
𝜎̂𝐼𝑁𝑆

2
𝜎̂𝑆𝐶

Full CV

0.52

0.90

5.20

σ (30 samples)

0.14

0.26

0.24

6.3.2 Scenario B - Four Variance Components
In this scenario the scanner unit component is divided into the range and angle
components, as the two measurements are of different type. Hence, the stochastic of Equation (316) for the self-calibration approach becomes:
2
𝐂𝑤 = 𝜎𝐺𝑃𝑆
(𝐐𝑤−(𝐸𝑓𝑙) + 𝐐𝑤−(𝑁𝑓𝑙) + 𝐐𝑤−(ℎ𝑓𝑙 ) )

+

2
𝜎𝐼𝑁𝑆
(𝐐𝑤−(𝑟)

+ 𝐐𝑤−(𝑝) + 𝐐𝑤−(𝑦) ) +

𝜎𝜌2 𝐐𝑤−(𝜌)

+

𝜎𝜃2 𝐐𝑤−(𝜃)

(6-5)

For the angle component a value of 𝜎̂𝜃2 =1.20 was found, while the variance component of
the range remained at the same level i.e., 𝜎̂𝜌2 =5.32 (Table 6-3). Therefore, grouping the two
measurements will falsely increase the estimated uncertainty of the scanner angle. Hence, the
four variance component composition is preferred than the three-variance-component one. The
solution shows good stability as even when the initial CV matrices are scaled by 100 the same
variance components are retrieved.
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Table 6-3: Estimated variance components for scenario B; self-calibration approach.
2
𝜎̂𝐺𝑃𝑆

2
𝜎̂𝐼𝑁𝑆

𝜎̂𝜌2

𝜎̂𝜃2

Full CV

0.45

0.87

5.32

1.20

σ (30 samples)

0.10

0.16

0.31

0.41

6.3.3 Scenario C - Six Variance Components
In the last scenario examined, 6 variance components are sought in the self-calibration
approach. The additional variance components are related with the separate treatment of vertical
and horizontal components of the GPS and INS associated errors. Therefore, the GPS unit
2
variance components are: 𝜎𝐸,𝑁
, which contains the easting and northing GPS measurements,
𝑓𝑙
2
and 𝜎ℎ2𝑓𝑙 , which contains the GPS ellipsoidal height. The INS unit variance components are 𝜎𝑟,𝑝
,

which contains the roll and pitch measurements, and 𝜎𝑦2 , which contains the yaw measurements.
The stochastic of Equation (3-16) for the self-calibration approach becomes:
2
2
𝐂𝑤 = 𝜎𝐸,𝑁
(𝐐𝑤−(𝐸𝑓𝑙 ) + 𝐐𝑤−(𝑁𝑓𝑙) ) + 𝜎ℎ2𝑓𝑙 𝐐𝑤−(ℎ𝑓𝑙 ) + 𝜎𝑟,𝑝
(𝐐𝑤−(𝑟) + 𝐐𝑤−(𝑝) )
𝑓𝑙

+

𝜎𝑦2 𝐐𝑤−(𝑦)

+

𝜎𝜌2 𝐐𝑤−(𝜌)

+

𝜎𝜃2 𝐐𝑤−(𝜃)

(6-6)

Results in Table 6-4 show that variance components, with vertical error effects on the
airborne LiDAR point cloud, have similar values with the ones estimated from scenario B. The
2
estimated values for GPS easting and northing (i.e., 𝜎̂𝐸,𝑁
=1.63), and INS yaw (i.e., 𝜎̂𝑦2 =1.40)
𝑓𝑙

have high σ values (see Table 6-4), suggesting that their estimation is associated with higher
uncertainty than vertical components. This is attributed to the limitation of airborne LiDAR
calibration approaches to detect horizontal error effects, as reliably as, vertical error effects (e.g.,
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Skaloud and Lichti, 2006). Given the fact that GPS easting and northing, and INS roll and pitch
errors are expected to have a similar behavior, further expansion of the stochastic model has little
use.

Table 6-4: Estimated variance components for scenario C; self-calibration approach.
2
𝜎̂𝐸,𝑁
𝑓𝑙

𝜎̂ℎ2𝑓𝑙

2
𝜎̂𝑟,𝑝

𝜎̂𝑦2

𝜎̂𝜌2

𝜎̂𝜃2

Full CV

1.63

0.43

0.85

1.40

5.25

1.22

σ (30 samples)

1.73

0.13

0.32

1.23

0.23

0.33

6.3.4 Results of the Independent Elevation Approach
For the independent elevation approach, bore-sight angles and terrestrial LiDAR height
uncertainties also contribute to the stochastic model (see Section 3.2.2). Incorporating their
effects, in general, led to negative variances. A reason for this outcome can be a co-dependency
of the bore-sight and INS angles, as their errors have similar impact on the point-cloud
coordinates. Their effect is calculated by constraining the GPS/INS and scanner components,
which are calculated from the self-calibration approach. For the three bore-sight angles this was
𝜎𝜔,𝜑,𝜅 =0.007° and for ellipsoidal heights this was 𝜎ℎ𝑡𝑒𝑟 =0.6 cm. This shows the utility of
combining the two approaches, as the error estimation of the bore-sight angles is also refined.
Next the bore-sight angles and terrestrial LiDAR height components were kept constant through
a constrained VCE (see Teunissen and Amiri-Simkooei, 2008 for constrained VCE algorithms).
The stochastic model of Equation (3-19) for the independent elevation approach becomes:
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2
𝐂𝑙 = 𝜎ℎ2𝑓𝑙 𝐐𝑙−(ℎ𝑓𝑙 ) + 𝜎𝑟,𝑝
(𝐐𝑙−(𝑟) + 𝐐𝑙−(𝑝) ) + 𝜎𝜌2 𝐐𝑙−(𝜌) + 𝜎𝜃2 𝐐𝑙−(𝜃) + 𝐐𝑙−(𝜔)

(6-7)
+ 𝐐𝑙−(𝜑) + 𝐐𝑙−(𝜅) + 𝐐𝑙−(ℎ𝑡𝑒𝑟 )

2
where, 𝜎𝑟,𝑝
is the variance component associated with the INS roll and pitch measurements.

Note in Equation (6-7) that the GPS and INS measurements with horizontal error effects
(i.e., GPS easting and northing, and INS yaw) do not contribute to the error budget in the
independent elevation approach. Table 6-5 shows the estimated variance components for this
approach. The same conclusion with the self-calibration is drawn for the laser range and encoder
angle, i.e., that the two LiDAR measurements should be modeled separately. In general, similar
values are found from the two estimation approaches (see Tables 6-4 and 6-5).

Table 6-5: Estimated variance components for scenario B, independent elevation approach.
𝜎̂ℎ2𝑓𝑙

2
𝜎̂𝑟,𝑝

𝜎̂𝜌2

𝜎̂𝜃2

Full CV

0.38

1.25

4.93

1.53

σ (30 samples)

0.14

0.74

0.31

0.81

This section investigated the composition and number of variance components for the
airborne LiDAR VCE. The desired grouping scenario incorporates 6 variance components
(scenario C). This scenario makes a distinction of GPS and INS measurements with horizontal
and vertical effects on the point-cloud coordinates. This is desired as aircraft motion, GPS
constellation changes during data acquisition and significant cycle slips or loss of lock can affect
their internal consistency. Furthermore, scenario C uses different components for the scanner
range and angle, which is important as their variance components were found to be very
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different. The effect of the bore-sight angles was also estimated independently from the
independent elevation approach utilizing terrestrial LiDAR data. This is useful in order to have a
thorough budget estimation of airborne LiDAR errors (see Section 6.4).

6.4 Estimation of Airborne LiDAR Point-Cloud Uncertainty
In this section, the initial and refined LiDAR system variances are propagated on the
point-cloud (Equation (3-13)) to estimate their impact on point-cloud uncertainty, as well as their
impact on the error budget contribution of each measurement component. The estimated
uncertainty, from error propagation, should agree with “real” uncertainties estimated from
ground control information. A RMS value of 5.4 cm was estimated from the height differences
between airborne and terrestrial LiDAR for the co-located areas depicted in Figure 6-1. Table 66 shows the first-order statistics of propagated point-cloud uncertainty when using initial and
refined CV matrices (from scenario B and C of the self-calibration approach). Scenario B yielded
similar uncertainty estimations with scenario C, despite grouping LiDAR measurements with
vertical and horizontal error effect. A mean uncertainty of 3.6 cm is found using the initial CV
matrices for vertical errors (bold values in Table 6-6). This implies optimistic uncertainty
estimation when using initial CV information, and a deviation of 1.8 cm or 35% from the “real”
accuracy estimation. Of note is the better agreement of scenario B and C with the “real”
accuracy. Deviation is only 0.1 cm from both estimation scenarios which is insignificant.
Horizontal uncertainty, derived from the scaled CV information, is also found to be 35% larger
than initial values. Overall, these results show that the scaled CV matrices provide a more
realistic measure of accuracy for airborne LiDAR ellipsoidal heights, compared to the optimistic
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initial values. Such a CV scaling can be crucial for applications where topographic uncertainty is
important. This is discussed in Section 6.5

Table 6-6: Statistics of point-cloud uncertainty before and after VCE using the selfcalibration approach (units: cm).
Coordinates in

Min

Max

μ

σ

Easting

4.0

17.6

6.1

2.6

Northing

4.0

20.9

7.4

3.5

Ell. height

3.2

7.6

3.6

0.5

Easting

6.7

27.8

9.8

4.2

Northing

6.6

31.1

10.9

4.9

Ell. height

4.9

11.5

5.3

0.7

Easting

6.8

28.4

9.9

4.3

Northing

6.7

31.0

11.0

4.8

Ell. height

4.9

11.5

5.3

0.7

m-frame
Initial
accuracies

Scenario B

Scenario C

The initial and scaled error contributions in terms of percentages, using scenario C of the
self-calibration approach, are shown in Figure 6-4. Results reflect the high accuracy of the
GPS/INS integration as their effect is limited to the 20-30% level for horizontal and vertical
coordinates. Regarding horizontal errors the dominant error is found to be the bore-sight angles
(effect of 50-70%). In general the role of the bore-sight angle on the error budget will depend on
the bore-sight calibration procedure and plane geometry used in the bore-sight calibration. The
INS also has a significant contribution of 20-30%. In terms of ellipsoidal height uncertainty, the
dominant error source for ellipsoidal heights is found to be the scanner range, which accounts for
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70% of the total height error. This outcome can be attributed to the range-finder offset which is
not treated with the functional model that has been employed (see Skaloud and Lichti, 2006).

Figure 6-4: Initial and refined error contribution using scenario C of the self-calibration
approach.

Figure 6-4 provides new insights in the airborne LiDAR error budget, as in existing
literature horizontal errors are dominated by the INS errors (see Glennie, 2007; Joerg et al.,
2012), while here it is found to have a limited effect. Furthermore, vertical errors are
predominately caused by GPS/INS errors and scanner range errors (ibid.), however here the
scanner range errors were found to dominate.
Results presented in this section are relevant to the specific test dataset. Stochastic model
refinements and error contribution of system measurements to point-cloud errors, are expected to
vary for different survey campaigns depending on laser-target-surface interaction (e.g., incidence
angle, vegetated versus non-vegetated targets), and GPS/INS performance.
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6.5 Impact of Refined LiDAR Uncertainty Estimation
The refined uncertainty estimation computed above was found to be at the few
centimeters level. The question arises as to if there are any practical applications where this
refined estimation would have an impact. Figure 6-6 provides a summary of various applications
in the geosciences that utilize airborne LiDAR data. The horizontal axis represents the spatial
extent of regions of interest and the vertical axis represents height difference (in meters) for
surface displacement applications (e.g., erosion, rockslides and landslides) and encountered
water level (in meters) for flooding and coastal inundation applications. An improved estimation
of airborne LiDAR errors will have little use in applications with large spatial extent and large
height differences or water levels (e.g., rural flood modeling, basin erosion, or large scale
landslides), as cm-level of noise is negligible in such cases. However, such noise levels can
become important in cases where vertical differences and water levels are relatively small (<2 m)
and with spatial extents at the 0.2-1 km level. These can be coastal inundation and urban flood
modeling (<1 m), and small events (<2 m) of coastal erosion, rockslides and landslides (black
box in Figure 6-5).
To illustrate the impact of a refined stochastic model two different application cases are
examined through numerical simulations below.
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Figure 6-5: Applications that utilize airborne LiDAR data. The black box depicts the region
where refined airborne LiDAR stochastic information is important.

6.5.1 Coastal Inundation Mapping
Coastal inundation can originate from tidal events, storm surges and sea level rise, and
has a great impact on coastal zones with relatively smooth terrain (few meters of elevation
variability) (Gesch, 2012). Such conditions require topographic accuracies on the order of a few
centimeters, as the uncertainty of topographic information can affect inundation zone/boundary
estimates leading to incorrect conclusions of affected areas and ultimately poorly informed
decisions regarding inundation risk assessment management. Airborne LiDAR DEMs are often
used in the estimation of inundation zones. Zones of uncertainty are estimated at the 95%
confidence level to depict the maximum and minimum inundation extents. This is estimated as
±1.96×RMS in practical applications (Schmid et al., 2013).
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A simulated smooth topography (slopes of <5°) was created with a grid spacing of 1 m
and a maximum orthometric height of 2 m (Figure 6-6). For the inundation simulations, water
levels of 0.2 m, 0.4 m, 0.6 m, 0.8 m and 1 m are used. These water levels were chosen
considering that for water levels larger than 1m, centimeter accuracy will have negligible impact.
Hydrological connectivity is modeled with an eight-side rule where i.e., a grid cell is flooded if
any of its cardinal and diagonal directions are connected to a flooded grid cell. Topographic
uncertainty is estimated through error propagation (Equation (3-13)), using the initial and refined
stochastic models found for the airborne survey in this research (i.e., 3.6 cm and 5.3 cm). It
should be noted that the inundation mapping process is also affected by errors stemming from
water level estimation, flow propagation processes, subsidence or uplift processes and influence
of anthropogenic activities on coastal landscape (Schmid et al., 2013). The stochastic-model
refinements affect topographic elevations which are the fundamental layer of data used in flood
and inundation mapping; thus additional error sources are assumed negligible for the simulation
case-studies herein.
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Figure 6-6: Simulated topography for inundation modeling; Horizontal datum is with respect to
the southwest corner and vertical datum is with respect to the minimum height of the simulated
topography.

Figure 6-7 depicts the minimum and maximum inundation extents (95% confidence
level) associated with the initial and refined stochastic models for 0.4 m water level. Minimum
inundation extents differ by 12%, but small deviations are generally seen (Figure 6-7a). In
contrast, a profound difference can be seen in Figure 6-7b for the maximum inundation extents
when using the two stochastic models (30% difference in inundation extent), as small changes in
stochastic information become important to overcome small topographic barriers.
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Figure 6-7: Uncertainty zones estimated for 0.4 m water level from initial (blue) and refined
(red) stochastic models; a minimum inundation extent; b maximum inundation extent. Square
boxes depict simulated houses with size 10 m × 10 m.

Furthermore, 30 simulations were performed using similar random topographies for each
of the water levels tested herein. Topographies in all cases have elevations that range from 0 to 2
m. The average difference between initial and refined inundation extents is 25% for 0.2 m, 17%
for 0.4 m, 15% for 0.6 m, 8% for 0.8 m, and 5% for 1 m. These results show that refined airborne
LiDAR uncertainty is important for low water levels (0.2 m-0.6 m), which can have important
implications in risk assessment and management. This can be important in areas with similar
coastal topographic characteristics such as the southern and eastern US (e.g., Texas, Louisiana,
Florida, South and North Carolina) (see Strauss et al., 2012; Tebaldi et al., 2012), and eastern
Canada (e.g., Nova Scotia, New Brunswick, and Prince Edward Island) (e.g., Webster et al.,
2010).
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6.5.2 Surface Displacement Estimation
The second simulation case-study deals with surface displacement (e.g., landslides or
rockslides). Two simulated airborne LiDAR datasets are used to estimate the change in area of
influence and mobilized volume for two epochs. Vertical displacements are typically estimated
by calculating the height differences between the two LiDAR-derived DEMs and applying a
threshold to the height differences (e.g., Lato et al., 2015). This threshold is used to remove
vertical displacements due to the noise inherent in the DEMs. The value of threshold depends on
the level of noise in the datasets and typically is estimated at the 95% confidence level as
follows:

2
2
𝜎𝛥𝐷𝐸𝑀 = 1.96 × √𝜎𝐷𝐸𝑀1
+ 𝜎𝐷𝐸𝑀2

(6-8)

where 𝜎𝛥𝐷𝐸𝑀 is the standard deviation at 95% confidence level of the height differences between
2
2
two DEMs acquired in two epochs; 𝜎𝐷𝐸𝑀1
is the DEM elevation variance at epoch 1; and 𝜎𝐷𝐸𝑀2

is the DEM elevation variance at epoch 2.
It should be noted that in real application-cases terrain models are used. The filtering
process, that is used to remove non-terrain points, further introduces uncertainties in the height
differences. These additional uncertainties are not assessed in this thesis and are assumed
negligible for the simulation cases herein.
Surface displacements typically occur on surfaces with slopes between 10°-60°, therefore
in the DEM elevation variances in Equation (6-8), the effect of apparent vertical error (see
Section 3.2.3) due to horizontal errors should be added. The effect of the apparent vertical error
on airborne LiDAR point clouds is greater than satellite-only DEMs, as in airborne LiDAR
horizontal errors are in general two times larger than vertical errors. Through simulations, the
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following empirical equation is estimated that relates slope, horizontal error and apparent vertical
error:
̅̅̅̅̅̅̅ × 𝜎ℎ𝑜𝑟𝑧
𝜎𝐴𝑉𝐸 = 0.015 × 𝑠𝑙𝑜𝑝𝑒

(6-9)

̅̅̅̅̅̅̅ is the mean topographic slope in degrees;
where 𝜎𝐴𝑉𝐸 is the apparent vertical error in m; 𝑠𝑙𝑜𝑝𝑒
and 𝜎ℎ𝑜𝑟𝑧 is the horizontal LiDAR error in m. The coefficient of determination for Equation (610) is 0.99. Equation (6-9) assumes that direction of horizontal displacement is uniformly
distributed between easting and northing directions and that slope is uniformly distributed (slope
range 0°-60°).
The simulated topography for this case is shown in Figure 6-8, and two DEMs with 1 m
grid spacing are created. The applied surface displacement (±1 m) is shown in Figure 6-9. The
magnitude of the topographic slope is 30°, and the effect of the apparent vertical error increased
initial ellipsoidal height uncertainties to 8.3 cm and refined ones to 12.5 cm. This shows that the
apparent vertical error will have a higher impact than actual vertical errors in the LiDAR
coordinates. Using Equation (6-8) the threshold for the DEMs with initial uncertainty is 23cm,
while for the DEMs with refined uncertainty this is 35 cm. This means that initial uncertainties
will falsely detect noise as actual displacement, and calculated areas of influence and mobilized
volumes will be larger than the ones that are calculated using the refined stochastic information.
Figure 6-10 shows the detected zones of loss and gain for initial and refined uncertainties. Zones
of loss and gain estimated using initial uncertainties are larger by 35% from refined ones, while
calculated volume is larger by 20%. This emphasizes the importance of reliable LiDAR
uncertainty estimation in small events of surface displacements.
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Thirty simulations were performed using random topographies and vertical displacements
up to ±1 m, ±2 m, ±3 m, ±4 m. Table 6-7 and Table 6-8 show that as the topographic slope
increases from 10° (shallow slope) to 60° (steep slope) the difference in estimated area of
influence and volume increases as well. This occurs due to the apparent vertical errors that
increase with increasing slopes. Another important factor is the expected vertical displacement
which affects the estimated area of influence and volume. From Table 6-7 and Table 6-8 it can
be seen that as the vertical displacement increases, the differences in estimated area and volume
decrease. This shows that the greater the amount of material that is mobilized the less the
significance of airborne LiDAR accuracy. Hence, reliable uncertainty estimation of airborne
LiDAR data becomes important at topographic slopes >20° and for vertical displacements of <2
m. In such cases refined uncertainty decreased estimations of areas of influence and mobilized
volumes by 10-40% than when using the initial uncertainty (Tables 6-7 and 6-8).
A refined stochastic model can be used in practical applications for determining
appropriate noise thresholds in vertical displacements, as they are observed from multi-temporal
LiDAR surveys. This can be further used as guide for determining the suitability of airborne
LiDAR performance in retrieving reliable volume and area estimations. The major advantage of
a refined stochastic model lays in assisting the appropriate instrument selection (e.g., terrestrial
LiDAR, photogrammetry or airborne LiDAR) depending on the topography of the examined
study area in geotechnical and geological applications.
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Figure 6-8: Simulated topography for surface displacement. Horizontal datum is with respect to
the southwest corner and vertical datum is with respect to the minimum height of the simulated
topography.

Figure 6-9: Simulated surface displacement between the two simulated DEMs acquired in
different epochs.
116

Figure 6-10: Extent of surface displacement observed from the initial (blue) and refined
topographic uncertainties (red).

Table 6-7: Difference (%) in area of influence between initial and refined LiDAR uncertainty.
Percentages are calculated as refined/initial. Initial area is approximately 130,000 m².
Topographic

Applied vertical displacement (m)

slope (°)

±1

±2

±3

±4

10

21

11

7

6

20

25

14

10

8

30

33

20

13

10

40

38

25

17

13

50

42

30

23

17

60

47

33

26

20
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Table 6-8: Difference (%) in mobilized volume between initial and refined LiDAR uncertainty.
Percentages are calculated as refined/initial. Initial volumes are 4200 m³, 8400 m³, 130000 m³,
175000 m³ for ±1m, ±2m, ±3m, ±4m vertical displacements, respectively.
Topographic

Applied vertical displacement (m)

slope (°)

±1

±2

±3

±4

10

8

3

2

1

20

12

7

3

2

30

18

8

4

2

40

25

12

6

4

50

28

14

10

5

60

35

17

12

7

6.6 Summary
The numerical results presented in this chapter demonstrate the impact of a
refined/improved stochastic model for the point-cloud data obtained via airborne LiDAR. Initial
stochastic information typically provided for LiDAR surveys was found to be optimistic by 35%
for the horizontal and vertical coordinates, while the scaled stochastic model agreed with the
“real” airborne LiDAR uncertainty (estimated via independent terrestrial means). The
contribution of each airborne LiDAR system measurement to the total error budget (in terms of
percentages) showed that bore-sight errors dominate horizontal error uncertainty, while the
scanner range errors were found to dominate vertical errors. The composition of the CV matrix
used to represent the stochastic information for the airborne LiDAR system provides some
insights that can be used to target future advancements for improving the overall point-cloud
accuracy and more importantly our interpretation of the data and its applicability.
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The role of refined LiDAR uncertainty estimation was highlighted for two simulation
cases, namely coastal inundation mapping and surface displacement assessment. A refined
stochastic model is important for small water levels of 0.2-0.6 m, with inundation extents
varying about 10-25% from initial ones. This can be important for reliably depicting potentially
affected areas and risk assessment and management. In the case of surface displacement
assessment, analysis with various simulated vertical displacements showed that refined
uncertainty estimation is important for events with >20° slope and <2 m vertical displacements.
Specifically, refined uncertainty decreased estimations of areas of influence and mobilized
volumes by 10-40% relative to estimates based on the initial uncertainty. This can be used as a
guide for determining the suitability of airborne LiDAR for reliable estimates of area of
influence and mobilized volume.
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Chapter 7
Conclusions and Recommendations
Today, gravity and topography datasets are acquired from satellite, airborne and
terrestrial platforms at different spatial resolutions, coverage, and data accuracy. Each platform
offers benefits, but also introduces challenges in terms of data quality. Therefore, it is of prime
importance to identify quality issues in multi-platform datasets and ways to overcome or mitigate
them, in order to apply correct geodetic data (and source(s) of data) to particular applications.
Hence, the goal of this thesis was to explore the synergies that exist between geodetic data
acquired from satellite, airborne and terrestrial platforms. A summary of the main conclusions
resulting from this research is provided below. The chapter ends with a discussion on
recommendations for future work.

7.1 Conclusions
While there are numerous types of geodetic data prominently used for various
applications in engineering and geosciences, this research focused on the two most common,
namely the Earth’s gravity field and topography information. The following paragraphs discuss
the major conclusions drawn from this research.
The first objective outlined for this research was to develop fused gravity-field models
that exploit multi-platform datasets. Gravity data fusion involved the fusion of satellite, airborne
and terrestrial free-air anomalies in the measurement domain. The main conclusions that can be
drawn regarding this part of the thesis are:
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Wavelet decomposition is a useful tool that facilitates the fusion of multi-platform gravity
datasets. The fusion of terrestrial gravity data with satellite and airborne data improved
long and medium wavelengths (>70 km) of fused gravity models. Furthermore, the softthresholding de-noising improved short-wavelength (<5 km) gravity information.



The variability of the gravity field and terrestrial data density are important factors in
determining the contribution of airborne data in a fused gravity model. Results show that
in highly variable areas that are more dependent upon terrestrial data density, airborne
gravity can provide notable contributions. Specifically, depending on terrestrial data
density, airborne data contribution ranges from ~0.5 mGal up to 3 mGal. In contrast, in
areas of low gravity-field variability, airborne data have limited impact (~0.5 mGal) even
at very low terrestrial data densities (i.e., 0.01-0.02 points/km²).
The utility of these results was tested in numerous ‘prediction’ scenarios set-up to assess

the impact and role of airborne gravity data to fused models. In general, results show that due to
the high terrestrial data density in the US, small contributions are expected (0.2 mGal-0.4 mGal),
except for the Alaskan territories where terrestrial data densities are low and data gaps exist (1-3
mGal). On the other hand, terrestrial data densities in Canada are very low (about 0.01-0.02
points/km²). Therefore, even in areas of low gravity-field variability, the inclusion of airborne
data to the multi-platform fused gravity model proves to be more significant (~0.7 mGal).
The second objective of this research sought to improve our overall understanding of
satellite-only DEM uncertainties. Results using one regional and two global DEMs and GPSderived ground control points revealed the important parameters that affect the spatial
distribution of errors for DEMs in western Canada. That is, land cover affects the mean values in
surface models (SRTM1v3 and GDEM2), and terrain variability in terms of slope affects all
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three DEMs evaluated. In addition, the GDEM2 studies revealed a relationship between stack
number and terrain slope (which increases RMS values). All of this information was utilized in
order to improve the selection of locations for GCPs and hence improve DEM quality
assessments. Results indicate that the use of non-representative GCPs leads to overly optimistic
statistics on the order of a few meters in RMS. Information loss was shown to account for 1020% of the DEM error budget. Information loss assessment can be important for practical
surveys, in particular related to deciphering the appropriate DEM grid interval.
The third objective focused on the stochastic model for airborne LiDAR point-cloud data.
Although numerous studies have been conducted on the overall error budget for LiDAR data,
past work has concentrated on the quantity of data and the ease of collection rather than
understanding the quality of data. In this research, the IMINQUE algorithm was used to build
realistic stochastic model information for LiDAR-system measurements. Initial stochastic
information was found to be optimistic by 35% for both horizontal coordinates (easting and
northing) and ellipsoidal heights, while the scaled stochastic model agreed with the “real”
airborne LiDAR uncertainty (derived from comparisons with terrestrial LiDAR). The scaled CV
matrices provided insights on the effect of each measurement unit in the airborne LiDAR error
budget. Results show that bore-sight errors dominate horizontal error uncertainty of point-cloud
coordinates (i.e., 50-70% contribution for easting and northing coordinates), while scanner range
errors were found to dominate vertical errors (70% error contribution). The INS also has a
significant contribution of 20-30% for horizontal coordinate components. It should be noted that
these results are specific to the test dataset and additional tests should be considered in the future.
Practical applications that involve challenging vertical accuracy requirements include
urban flood modeling, coastal inundation mapping (water levels of <1 m), and small events (<2
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m) of coastal erosion, rockslides and landslides. Two simulated case studies were used to
highlight the role of the refined LiDAR uncertainty estimates, namely coastal inundation
mapping and surface displacement assessment. Results show that refined uncertainty can affect
estimates of extent of inundation by 10-25% at small water levels (0.2-0.6 m). Potential study
areas in North America, where refined airborne LiDAR uncertainty can become important, are
located in the southern and eastern US and eastern Canada, and in low lying areas along rivers in
the US and Canada. In the case of surface-displacement assessment, results show that refined
uncertainty estimation can decrease areas of influence and mobilized volumes by about 10-40%
(for >20° topographic slopes and <2 m vertical displacements). Such topographic case scenarios
may be encountered in practical applications, however this depends on the specific site
conditions.

7.2 Recommendations for Future Work
The topic of ‘estimating uncertainties and fusion of multi-platform geodetic data’
encompasses a number of areas that can be pursued from the research point of view. The
following list summarizes some of the key recommendations to be pursued in future work:


The wavelet-based data fusion can be expanded to include other geodetic parameters such
as geoid modeling in order to assess its usefulness in view of the global goal for a 1 cm
accurate geoid. The impact of airborne gravity on the geoid can be assessed using similar
approaches and will lead to an improved understanding of the role of airborne gravity in
an era of multi-platform datasets.



Continuation of dedicated satellite gravity missions such as the GRACE Follow-On, are
expected to further enhance our knowledge at long and medium wavelengths of the
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gravity-field, hence the wavelet-based fusion scheme can be applied to assess the impact
on fused gravity-field models. To this day, because details of the mission specification
are not available, the potential impact on gravity-field determination cannot be discussed
further.


The conclusions in this thesis regarding the error budget of airborne LiDAR are based on
one survey campaign on an urban (built) landscape. Using the methodology presented,
various airborne LiDAR surveys should also be assessed to validate and generalize our
understanding of the role of system measurements and bore-sight angles in the LiDAR
error budget. It is recommended that additional test areas encompass regions with
variable target compositions such as vegetation and other natural and anthropogenic
agglomerates.



Newer satellite missions such as the TanDEM-X begin to provide previously unattainable
DEM quality, thus improving and expanding our geodetic observational platforms. This
intensifies the need for paying attention to data quality, in order to maximize their benefit
to engineering and geoscientific applications.

7.3 Contributions
7.3.1 Journal Articles: Submitted
Bolkas, D., Fotopoulos, G., and Braun, A. In review. Comparison and fusion of satellite,
airborne and terrestrial field data using wavelet decomposition. Journal of Surveying
Engineering.
Bolkas, D., Fotopoulos, G., Braun, A and Tziavos, I. N. In review. Assessing digital elevation
model uncertainty using GPS survey data. Journal of Surveying Engineering.
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7.3.2 Journal Article: In Prep
Bolkas, D., Fotopoulos, G., and Braun, A. Assessment of airborne gravity data contribution to
fused gravity field models.
Bolkas, D., Fotopoulos, G., and Glennie, C. Uncertainty estimation of airborne LiDAR point
cloud data.

7.3.3 Additional Journal Articles
Bolkas, D., Fotopoulos, G., and Sideris, M. G. (2012). Referencing regional geoid-based vertical
datums to national tide gauge networks. Journal of Geodetic Science, 2(4), 363-369.
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Appendix A
Summary of Developed Code
Wavelet based fused gravity model estimation:
Fused_model_SF.m
Purpose: Decomposes satellite, airborne and terrestrial gravity datasets up to wavelet level 10
using a 2D wavelet decomposition scheme and creates a wavelet based gravity fused model
(section 3.1). Applies a soft thresholding to the terrestrial data for wavelet levels 1-3 using the
function SF_thres.m.
Input: 2D matrices of satellite, airborne and terrestrial gridded datasets, wavelet method, relative
weights for airborne data in wavelet levels 8, 7 and 6.
Output: 2D matrix of fused gravity model.

Projection onto convex sets interpolation:
POCS.m
Purpose: Implements a 1D POCS interpolation to profile datasets (section 3.3). Uses function
stats_sets.m to estimate the maximum, minimum and mean sets, function Spectra_set.m to
estimate the Fourier spectra set and fourier.m to get the amplitudes of the input profile data.
Input: A vector of known profile heights and their associated profile distances, a vector that
contains known and initial estimates of gapped heights and their associated profile distances, a
vector with values of 0 or 1 for the points with known heights, and user options regarding the
calculation of the POCS sets.
Output: A vector that contains the known and interpolated profile heights and their associated
profile distances, and a vector of RMS differences between successive estimates of POCS.
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Selection of representative ground control points:
Point_selection.m
Purpose: Creates a representative selection of GCPs for DEM uncertainty assessment based on
the slope and tree cover histograms of the studied region.
Input: DEM latitude, longitude, elevation, slope and tree cover; GCP latitude, longitude,
elevation, slope and tree cover; the number of points the user wants to keep for the new
selection.
Output: a representative point selection of GCPs i.e., GCP latitude, longitude, elevation, slope
and tree cover.

Variance component estimation – self-calibration approach:
vc3.m, vc4.m and vc6.m
Purpose: Performs the variance component estimation in airborne LiDAR using the selfcalibration approach (see section 3.2.1 for mathematical model and Chapter 6 for grouping
scenarios) with 3, 4 and 6 variance components respectively. Uses functions CV_construct.m to
create the covariance matrices necessary for the variance component estimation and
sigma_estimate.m to estimate the final variance components.
Input: GPS, INS and scanner system measurements, their associated variances and an option for
simulated GPS/INS correlations.
Output: variance components for the 3, 4 and 6 variance component cases.
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Variance component estimation – independent elevation approach:
Independent_vcConstraint.m
Purpose: Performs constrained variance component estimation, to estimation the bore-sight angle
and terrestrial LiDAR variance components, constraining the airborne LiDAR GPS ellipsoidal
height, INS roll and pitch, and scanner range and encoder angle variance components. Uses the
independent elevations approach described in section 3.2.2. Uses the function grid_TLS.m to grid
the terrestrial LiDAR data and interpolate the terrestrial LiDAR ellipsoidal heights onto the
airborne LiDAR point cloud locations, functions CV_construct.m to create the covariance
matrices necessary for the variance component estimation and sigma_estimate.m to estimate the
final variance components.
Input: GPS, INS and scanner system measurements, their associated variances, co-located
terrestrial LiDAR point clouds, option for simulated GPS/INS correlations, and variances for the
bore-sight angles and terrestrial LiDAR ellipsoidal heights.
Output: variance components for airborne LiDAR bore-sight angles and terrestrial LiDAR
ellipsoidal heights.

Independent_vc4.m
Purpose: Performs constrained variance component estimation, to estimate airborne LiDAR
variance components, constraining the bore-sight angles and terrestrial LiDAR ellipsoidal
heights variances. Uses the independent elevations approach described in section 3.2.2. Uses the
function grid_TLS.m to grid the terrestrial LiDAR data and interpolate the terrestrial LiDAR
ellipsoidal heights onto the airborne LiDAR point cloud locations, functions CV_construct.m to
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create the covariance matrices necessary for the variance component estimation and
sigma_estimate.m to estimate the final variance components.

Input: GPS, INS and scanner system measurements and their associated variances, co-located
terrestrial LiDAR point clouds, option for simulated GPS/INS correlations, and variances for the
bore-sight angles and terrestrial LiDAR ellipsoidal heights.
Output: variance components for airborne LiDAR GPS ellipsoidal height, INS roll and pitch, and
scanner range and encoder angle.
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