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Abstract 
Inertial measurement units (IMUs) are a popular option for human movement 

analysis. The untethered, self-contained nature of IMUs overcomes many limitations of 

conventional measurement systems. The potential of IMU systems makes it worthwhile 

to pursue clinical and research use. However, IMUs have not proven to be sufficiently 

reliable or valid. Two barriers facing IMU-based joint kinematics are: (i) the misaligned, 

unique reference frames of each IMU in the system, hindering joint angle calculation, 

and (ii) anatomical calibration accuracy and reproducibility, hindering the anatomical 

relevance of joint angles. A comparison of available methods would help to understand 

and overcome the current barriers preventing IMU use. The present thesis aimed to 

provide these comparisons.  

Several methods have been proposed to align coordinate frames. Three methods 

were compared mathematically and experimentally. The equivalency of all methods was 

proved mathematically. Experimentally, all three methods were equivalent (<2° 

different) in two applications relevant to biomechanics (finding a common IMU 

reference frame and comparing the IMU orientation to a marker-based orientation).  

Several methods have also been proposed to find anatomically relevant axes of 

the lower limb body segments. The joint angles from five methods were compared using 

the joint angles of a marker-based method as reference. The methods were used for the 

hip, knee and ankle joint, if they were applicable. The joint angles from three of the 

methods were similar, while two methods had some joint angles that differed, primarily 

by a bias. The two dissimilar methods relied on static-normalization, which caused the 

errors, particularly in the transverse plane angles. Drift (degradation of IMU accuracy 

over time) between trials was the problem affecting the static-normalization, so it was 

the IMU sensor fusion and not the method itself that was the cause of dissimilarity. 

Further research is required to recommend one method for future use.  
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Overall, current methods performed similarly in both methodological options, 

suggesting that current research is reaching a plateau in improvements. Further research 

in reliability and agreement is required to understand the strengths, weaknesses and 

fields of improvement required for research and clinical use of IMUs in human 

movement analysis. 
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1.1  Introduction 
Quantification of human movement is a popular field of biomechanics research 

that has been widely applied to the evaluation of gait pathology, mechanisms of injury 

and enhancement of performance. Gait is used as the motion of interest since it is 

necessary for daily living, readily observable and cyclic in nature. Several gait features 

are quantified using a motion capture system, categorized into: spatial-temporal 

parameters (e.g. step length, stride time), kinematic parameters (e.g. segment and joint 

angles), kinetic parameters (e.g. joint forces and moments), and electromyography. Of 

these, the description of motion quantified using kinematics is a crucial component in 

understanding the functional limitations and capabilities of an individual, and is the 

most visible of the gait features. Lower limb angular kinematics, specifically, can be used 

for characterizing gait and assessing the abnormality of an individual’s gait (Davis, 

1988). 

Camera-based systems are the most common motion capture tool currently used 

for quantifying angular kinematics. These systems are found in dedicated laboratories 

that utilize infrared cameras to measure the instantaneous position of infrared-reflective 

markers placed on the surface of the human body (Cappozzo et al., 2005). The reliability 

and validity of these systems has been researched extensively to support their use as a 

clinical tool (Simon, 2004). However, there are several drawbacks to these systems, such 

as the requirements of an expensive and large dedicated space, accurate and repeatable 

marker placement, and line of sight (Kyrarini et al., 2015). 

In order to overcome these restrictions on gait analysis, the use of wearable 

inertial measurement unit (IMU) systems have gained popularity (Cereatti et al., 2015). 

An IMU consists of a tri-axial rate gyroscope and accelerometer, sometimes combined 

with a magnetometer, in which case it can be called a magneto-inertial measurement 
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unit (M-IMU). The key advantages of IMUs are the: self-contained nature of the 

measurement independent of space or location, portability.  

IMUs are able to measure 3D orientation when attached to the body segment of 

interest (Cereatti et al., 2015; Lambrecht & Del-Ama, 2014). Each IMU’s orientation is 

given with respect to its initial orientation, so that they do not share a common reference 

frame (Luinge & Veltink, 2005; Picerno et al., 2011). Therefore, to calculate the relative 

orientation between two IMUs a coordinate frame alignment is required (finding R_REF 

in Figure 1.1).  

 
Figure 1.1: Coordinate frames in an IMU-based joint angle calculation. Two IMUs 
(black boxes) each measure orientation with respect to separate, unique reference frames 
(R_ORIENTPROX and R_ORIENTDIST). The reference frames are related by R_REF. If they 
are placed on either side of the knee joint, the joint angle can be calculated. For the joint 
angle to be clinically meaningful, each IMU is related to an anatomical frame by an 
invariant transformation (R_ANATPROX and R_ANATDIST). 

The relative orientation of the IMUs surrounding a joint may not have clinical 

meaning. The process of relating the IMU’s orientation to the anatomically relevant 

frames of each segment (anatomical frames) is known as anatomical calibration. Many 

anatomical calibrations (finding R_ANATPROX and R_ANATDIST in Figure 1.1) using 

https://www2.aofoundation.org/

R_ANATPROX

R_ANATDIST

R_ORIENTDIST

R_ORIENTPROX

R_REF
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IMUs have been published over the last decade (Seel et al., 2014), giving researchers 

many options.  

To validate the IMU-based joint angles, camera-based systems have been used as 

a suitable reference standard (Luinge et al., 2007). Coordinate frame alignment is not only 

used for finding a common reference frame, as mentioned above, but also to enable a 

meaningful comparison between systems for validation purposes. Many coordinate 

frame alignment methods have been published over the last three decades, so 

researchers have many options to choose from (Shah et al., 2012). 

1.2  Problem Statement 
A recent review of IMUs in human movement analysis concluded that IMUs are 

not yet suitable for clinical gait analysis (Cereatti et al., 2015). Two barriers highlighted 

were: (i) the increased errors in relative orientation estimation due to misaligned 

reference frames (Lebel et al., 2013; Palermo, Rossi, Patanè, et al., 2014; Picerno et al., 

2011), and (ii) the inaccurate joint kinematics, mainly due to ineffective anatomical 

calibrations (as reviewed in Cuesta-Vargas et al., 2010).  

Coordinate frame alignment methods have been used to overcome the first 

barrier. Taffoni & Piervirgili adopted their solution from the robotics community that 

has been around for three decades (Shah et al., 2012; Taffoni & Piervirgili, 2011). Newer 

coordinate frame alignment methods in biomechanics have been developed, for both 

applications: (a) finding a common reference frame for IMU-based joint kinematics 

(Favre et al., 2008; Jakob et al., 2013; Taffoni & Piervirgili, 2011) and (b) for comparisons 

to a camera-based system (Baak et al., 2012; Chardonnens et al., 2012; Faber et al., 2013; 

Favre et al., 2010; Ferrari et al., 2010; Kelly et al., 2014; Luinge & Veltink, 2005; 

Madgwick, 2010; Sessa et al., 2012). However recent methods have not been compared, 

mathematically or experimentally, to the wealth of literature in the robotics community 

(as reviewed in Shah et al. 2012). 



Chapter 1 INTRODUCTION 

 5 

 Regarding the second barrier, the authors give an overview of available 

anatomical calibrations, required for anatomically-relevant IMU-based joint angles 

(Favre et al., 2009; Palermo et al., 2014; Picerno et al., 2008; Seel et al., 2014). They suggest 

a balanced solution, between simplicity and reproducibility but do not compare the 

available methods. 

1.3  Objectives 
Objective (1): To compare available coordinate frame alignment methods, mathematically 

and experimentally. This was the topic of Chapter 3. 

Objective (2): To compare lower limb joint angles from IMU-based and camera-based 

systems. This was the topic of Chapter 4. 

1.4  Thesis Organization 
Chapter 2 provides a brief overview of each system’s orientation estimation, and 

the general procedure for obtaining the joint kinematics of interest. Chapter 3 

demonstrates the mathematical and experimental equivalence of previously published 

coordinate frame alignment methods. These methods were required in Chapter 4. In 

Chapter 4, the similarity of IMU-based joint angles, computed using previously 

published anatomical calibration protocols, was evaluated and presented. The IMU-

based joint angles were compared to a marker-based motion capture system as 

reference. Finally, Chapter 5 highlights conclusions, limitations and future work.  
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2.1  Introduction 
The reconstruction of human movement is based on the same fundamental steps 

whether using marker-based or IMU-based motion capture systems (Figure 2.1). These 

were described in a recent review of IMU-based joint kinematics literature (Cereatti et 

al., 2015). 

 
Figure 2.1: Fundamental steps before human movement analysis (Cereatti et al., 2015). 

1) Biomechanical model definition – defining the degrees of freedom of each joint 

connecting rigid bodies and the anatomically relevant axes (i.e. anatomical frames) of 

the rigid bodies. Each of these is shown Figure 2.1 for the three lower limb joints. Only 

the shank and thigh anatomical frames are shown. 
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2) Measurement of body segment motion – the absolute orientation of the local 

coordinate systems1 associated with each body segment is expressed with respect to a 

reference coordinate system at each time instant of motion. The relative orientation 

estimation between the local frames of two body segments is made possible if each local 

frame is expressed with respect to a common reference frame. The thigh and shank local 

frames measured with respect to a global frame are shown in Figure 2.1. 

3) Anatomical calibration – The measured local frame is not necessarily 

anatomically meaningful, so a registration to the defined biomechanical model is 

required for intra- and inter-subject repeatability and, more importantly, clinical 

interpretation. Anatomically relevant axes from ‘anatomical calibrations’ (e.g. a static 

reference posture, a functional uniaxial motion, or anatomical landmark palpation) are 

used to define an anatomical frame. The time-invariant transformation between the 

measured local frame and anatomical frame is then found. This invariant transformation 

is depicted in Figure 2.1 for the thigh and shank. 

Some background theory is provided here regarding the three steps. Step 2) is 

covered first, followed by steps 1) and 3) since they are related. Finally, the general 

procedure to calculate segment and joint angles is described. Before we proceed, the 

mathematical definitions used in the rest of the thesis are discussed.  

2.2  Mathematical Definitions  
There are many ambiguities in rotation matrix representation, so decisions on the 

chosen convention are outlined first. All rotation matrices in this thesis have the basis 

vectors (i.e. unit vectors along each local frame axis) as columns and define right-handed 

                                                
1 “Frame” will be used synonymously with “coordinate system”. 
2 “Hand-eye” is the term borrowed from the robotics community, where the end effector of a robot is 
known as the ‘hand’ and a camera placed on the hand is known as the ‘eye’. Finding the transformation 
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coordinate frames. For rotation matrices, the transpose, ! !, is the same as the inverse 

of the matrix.  

In our notation, the left superscript (GLOBAL) is the global frame, while the right 

subscript (LOCAL) is the local frame, which is tracked over time. The rotation matrix, 

!!"#$!(!)!!"#$%" , can be interpreted in two equivalent ways: (1) it transforms a column 

vector from the local frame, !!!"!"#(!)  to the global frame, !!!"#$%"  by pre-multiplication 

of the rotation matrix ( !!!"#$%" = !!"#$!(!)!!"#$%" !!!"#$!(!) ), or (2) it represents the 

orientation of the local frame (attached to a rigid body) with respect to the global frame. 

For relating this work to existing literature, it should be noted that other names for the 

‘global’ frame are: ‘fixed’, ‘world’, ‘inertial’ or ‘reference’ frame. Other names for the 

‘local’ frame are: ‘moving’ or ‘target’ frame, and have a time-variant orientation, 

expressed as “(t)”, where t denotes each time instant. If the rotation matrix is invariant, 

the “(t)” subscript and superscript are removed. 

There are two ways to interpret a transformation with regards to the coordinate 

frame and a vector in that frame. Displacement between two vectors “in space at one 

moment in time” or one vector “over a discrete time interval with or without motion in 

space”) can be seen as a passive transformation or an active transformation (see Figure 2.2). 

In a passive transformation, change is seen as change of the coordinate frame, while the 

vector remains fixed. For example, the change of the x- and y- axes to the x’- and y’- axes 

in Figure 2.2 results in new coordinates for the vector, !!! !!  and !!! !! . Conversely, in an 

active transformation, change is seen as change of the vector, while the coordinate frame 

remains fixed. For example, !!!  is changed to !!! ′ in Figure 2.2, resulting in the same new 

coordinates, !!! !!  and !!! !! . It is easy to convince oneself that the transformation seen as an 

active transformation is equal to the inverse of the same transformation seen as a passive 

transformation (as seen by the direction of the curved arrow or “transformation” in 

Figure 2.2).  
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Figure 2.2: Active vs. Passive interpretation of transformations. Passive is used in this 
thesis. In the active interpretation, the displacement is seen as a new vector ( !!! !!) in the 
same coordinate system. In contrast, in the passive interpretation the same vector ( !!! ) is 
given new coordinates in a displaced coordinate frame (the ‘prime’ axes on the right). 
The rotation in the active interpretation can be seen as the inverse (negative direction) 
rotation in a passive interpretation, expressed as a curved arrow. Either interpretation 
results in the same “prime” coordinates ( !!! !!  and !!! !! ), regardless of the interpretation.  

In this thesis, rotations were viewed as passive transformations. That is, the 

frame rotates while the vector remains fixed. In this interpretation, the local frame 

changes over time, while the global vector and global frame remain constant, regardless 

of time instant or spatial displacement. For example, Figure 2.3 demonstrates a marker-

based system tracking a local “CLUST” frame over time, !!"#$%(!)!!"#  and !!"#$%(!!!)!!"# . 

The global vector, !!!"# , remains unchanged over the two time instances (t and t+1), 

while the local vector changes from !!!"#$%(!)  to !!!"#$%(!!!) , as the local frame changes. 

This interpretation is used for both types of vector displacements, mentioned in brackets 

above: in time (shown in Figure 2.3) and in space.  
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Figure 2.3: Rotation matrix interpretation. Our interpretation of motion over time, 
involving a fixed global frame and vector, and a moving local frame and vector. The 
vector shown is a position vector; however any variable can be used (for instance 
angular velocity). 

Care should be taken to ensure the same convention is used before comparing 

equations between studies. In theory, any coordinate frame in the system can use any 

interpretation, and the interpretation can change based on the type of displacement 

(time or space). This allows for many different combinations (moving local frame, fixed 

local vector, moving global vector etc.). Other interpretations (Appendix 2A) found in 

literature lead to different rotation matrices that are related to the one used here by 

either a similarity transformation or an inverse (e.g. the present notation compared to 

Chardonnens et al. 2012). 

The final convention decision discussed is the orientation representation. Each 

motion capture system measures the orientation of the local frame over time, with 

respect to a global frame. The orientation is described as rotation matrices in this study, 

as opposed to other representations such as Euler angles, quaternions, and axis-angles. 
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For completeness, all representations are described in Appendix 2A. Each system (IMU-

based or marker-based) estimates orientation differently, as described below.  

2.3  IMU-based Orientation estimation 
In IMU-based systems, each IMU is attached to a rigid body to record 3D 

acceleration and angular velocity over time. The IMUs used in motion capture are 

strapdown systems (Groves, 2015). This means the inertial sensors are rigidly mounted to 

the rigid body that it is measuring, so the output quantities are measured in the 

embedded local frame instead of the global frame. Specifically, the acceleration and 

angular velocity vectors are each measured with respect to the IMU’s local frame, !!!"# . 

The 3D local frame is made up of the sensitivity axes that are created by mounting three 

mutually perpendicular accelerometers or gyroscopes. These measurements are used to 

estimate the orientation of the local IMU frame with respect to a reference frame (Figure 

2.4). The reference frame is typically measured in the local frame, using the initial 

orientation as a datum (Luinge & Veltink, 2005).  

The rate gyroscope (i.e. indicates rate of change rather than orientation) measures 

three-dimensional angular velocity, which can be used to estimate the orientation using 

numerical integration. However an accumulation of error over time, known as sensor 

orientation drift, prevents long-term independent use of gyroscopes in orientation 

estimation (Favre et al., 2008). This drift is due to motion-related causes as well as 

temperature-related causes (Groves, 2015).  

The accelerometer measures linear acceleration in three dimensions, and can be 

used as an inclinometer for ‘leveling’ (i.e. to measure an angle with respect to gravity) to 

reduce drift, but only during movement conditions with no acceleration. If the IMU is in 

a dynamic condition, there is no trivial way to decompose the measured acceleration 

into gravitational and inertial components (Groves, 2015).  
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By combining accelerometers and gyroscopes, sensor fusion algorithms have 

been used to exploit each sensor’s advantages to output orientation. The rigid body 

orientation, !!"#(!)!!"#  (no position) can be found using a variety of techniques, however 

the most popular are Kalman filters (Luinge & Veltink, 2005) or complementary filters 

(Bergamini et al., 2014; Madgwick, 2010). According to Groves (2015), there are fixed, 

temperature, run-to-run and in-run variation components to the overall orientation 

error. The fixed and temperature dependent contributions are always present, and 

compensated in the laboratory calibration. The run-to-run variation contributes a 

different amount of error each time the IMU is used, but is constant in that run. The in-

run contribution changes slowly during the run (drift). The latter two errors can only be 

corrected using post-processing. The contributors to the latter two error sources are: 

motion-independent biases (measuring non-zero motion when stationary), motion-

dependent scale-factor error (departure from input-output gradient), cross-coupling 

error (misaligned axes results in crosstalk), and random noise (Groves, 2015). No post-

processing, however, was performed in the present work to reduce IMU orientation 

error. 

The reference frame’s vertical axis is defined by gravity. The horizontal axes are 

commonly defined using magnetic north in a M-IMU to estimate an earth-based coordinate 

system. The horizontal axes of an IMU reference frame are estimated differently and 

arbitrarily, unrelated to magnetic north. Therefore, in this thesis, the global frame was 

called the IMU reference coordinate system. When finding the reference coordinate system, 

there is no unique sensor orientation solution for a given static measurement. Rate 

gyroscopes only measure the change in orientation, not orientation itself, and 

accelerometers cannot measure orientation in the horizontal plane. Instead, there is an 

infinite amount of orientation solutions in the horizontal plane rotated about the gravity 

vector. The IMUs of this study utilize assumed initial conditions (i.e. assume a unity 

quaternion) of the rate gyroscope, providing only a partial orientation until the IMU 
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begins moving (Madgwick, 2010). Unlike other motion capture systems, this means each 

IMU estimates its own reference frame, not aligned to the reference frames of other 

IMUs. This shortcoming has been highlighted as a major reason preventing IMUs from 

being used to calculate joint angles (Bergamini et al., 2014; Lebel et al., 2013, 2015; 

Picerno et al., 2011). Misaligned reference frames are discussed in detail in Chapter 3. 

The IMU system’s orientation is shown mathematically and schematically in 

Figure 2.4.  

 Mathematical Definition: 

 !!!"# = !!"#(!)!!"# !!!"!(!)    (1) 
 Schematic:  

 

  
Figure 2.4: IMU Orientation. The local frame of an IMU expressed in the reference 
frame defined by gravity and an arbitrary initial heading angle that slowly drifts over 
time. The transformation relating the two frames can be interpreted as the IMU frame's 
orientation with respect to the reference frame. It can also be interpreted as the 
transformation of a local vector to a vector in the reference frame. The former 
interpretation is depicted. 

2.3.1 Error Viewed as Motion of the Reference Frame 

Error in the orientation estimation of a coordinate system can be equivalently 

viewed as: i) reference frame motion or ii) local frame motion. In the present study, the 

error in the IMU orientation estimation is considered motion of the IMU’s reference 

frame even though global frames are normally viewed as fixed. This perspective was 

also chosen in (Faber et al., 2013). This allows the IMU’s local frame to be seen as 

REF 1

LAB

IMU 1

CLUST 1

!!"#(!)!!"#  
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unchanging with respect to a marker cluster, to which it is physically attached, and all 

the error can be combined into a change of the invisible gravity-based reference frame 

(REF) over time. Another motivation for this perspective is that the global frame’s 

orientation is given with respect to the IMU’s local frame, contrary to conventional 

devices.  

A ground truth estimate of orientation, particularly of joint angles, is not widely 

available, so validating IMU-based results must be accomplished another way. We 

followed the path of previous work and compared the IMU-based motion capture 

system to a marker-based system as reference. What follows is a brief review of how the 

marker-based systems work. 

2.4  Marker-based Orientation 
estimation 
In marker-based systems, reflective markers are attached to the rigid body and 

cameras record their positions over time. The 3D position of each marker is measured as 

a vector in the global frame, !!!"# , as seen in Figure 2.3. The two coordinate frames used 

are shown without vectors (for the remainder of the thesis) in Figure 2.5, analogous to 

the IMU system in Figure 2.4. The global frame in the marker-based system is known as 

the laboratory coordinate system - LAB, and is defined by the user using a calibration 

procedure (Cappozzo et al., 2005). By defining each limb’s biomechanical model as a 

rigid body from joint to joint, depicted in Step (1) of Figure 2.1, the segment-fixed 

coordinate system can be created using three or more non-collinear tracking markers 

(Cappozzo, 1984). A rigid plate (attached to the rigid body) can be used to hold all the 

tracking markers, and is thereby known as a marker cluster. The cluster coordinate system - 

CLUST (sometimes referred to as a technical frame in literature (Cappozzo et al., 2005)) is 

easier to mount and may be more accurate than using tracking markers that are not part 

of a cluster (Cappozzo et al., 1995; Collins et al., 2009; Żuk & Pezowicz, 2015). 
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Orientation of the CLUST frame with respect to the LAB, !!"#$%!!"# , is found either using 

a triad method or linear least squares optimal method on the tracking markers at each 

point in time (Cappozzo et al., 2005). The triad method was used in this thesis since 

fewer markers allowed for a better fit on the IMU casing. 

The reader is directed to other literature for in-depth descriptions of orientation 

error in marker-derived measurements, for instance (Cappozzo et al., 2005) and 

references therein. 

 Mathematical Definition: 

 !!!"# = !!"#$%(!)!!"# !!!"#$%(!)    (2) 
 Schematic:  

 

 
Figure 2.5: Marker-based Orientation. The local frame of a marker cluster expressed in 
the laboratory frame defined by a common L-frame procedure. The transformation 
relating the two frames can be interpreted as the cluster frame's orientation with respect 
to the laboratory frame. It can also be interpreted as the transformation of a local vector 
to a vector in the laboratory frame. 

The orientation estimation (Step (2) of Figure 2.1) from each of these systems is 

then used to measure joint angles (which require Steps (1) and (3) of Figure 2.1).  

2.5  3D Joint Angles 
The relevant coordinate systems and transformations used in a marker-based 

joint angle calculation are shown in Figure 2.6. When estimating 3D segment and joint 

angles, the measured local frame from each segment ( !!"#$!!"#$(!)!!"#$%"  and 

!!"#$!!"#$(!)!!"#$%" ) must be associated with the body segment it is rigidly attached to. 

REF 1

LAB

IMU 1

CLUST 1
!!"#$%(!)!!"#  
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Cluster and IMU fixation to the body is important to ensure that the relative motion of 

the measured local frame on the segment surface with respect to the underlying bone is 

minimized.  

Once this is ensured, the biomechanical model definition must be estimated 

using anatomical calibration or joint constraints (Step (3) in Figure 2.1). This step is 

required because the measured local frame’s axes may be physiologically meaningless, 

and must be aligned with anatomical planes of the segment or joint. Anatomical 

calibration can be categorized into the following methods: static reference postures, 

functional motions, and landmark palpation. These are discussed in detail in Chapter 4. 

Regardless of the method employed, a time-invariant transformation is estimated 

between the anatomical frame and measured local frame. This is repeated for each 

segment ( !!"!!!"#$!!"#$!!"#$  and !!"!!!"#$!!"#$!!"#$ ), as shown in Figure 2.6. This 

transformation is used in any other movement trials performed during the experiment 

to find the anatomical frame’s orientation with respect to the global frame over time, 

!!"!#(!)!!"#$%" , based on the following derivation. 
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 Starting with the definition of each known rotation matrix, at each frame (t):  
   
 !!!"#$%" = !!"#$!(!)!!"#$%" !!!"#$!(!)   
   
 !!!"#$!(!) = !!"!#!!"#$! !!!"!#(!)   
   
 Note that !!"#$!!!"!#  is invariant. 

Then rearranging each to isolate !!!"#$!(!) : 
 

   
 !!"#$! !!!"#$%" ! !!!"#$%" = !!!"#$!(!)   
   
 !!"!#!!"#$! !!!"!#(!) = !!!"#$!(!)   
   
 Finally, equating them and solving for !!!"#$%" :  
   
 !!!"#$%" = !!"#$! !!!"#$%" !!"!#!!"#$! !!!"!#(!)   
   
 !!"!#(!)!!"#$%" = !!"#$!(!)!!"#$%" ! !!"!#!!"#$!    (3) 
   

 This transformation, !!"!#(!)!!"#$%" , is the segment orientation (for generality, 

the subscripts denoting the segment used in Figure 2.6 were excluded), and can be 

expressed using the Euler angle parameterization for meaningful interpretation.  
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Figure 2.6: Marker-based joint angle frames. Coordinate systems involved in a joint 
angle calculation using a marker-based system. The matrix multiplication used can be 
found in the text. 

The goal of kinematic analysis is most commonly joint angles, which come from 

the joint orientation matrix. The joint orientation matrix,! !!"!!!"#$(!)!!"!!!"#$(!)  (shown 

in Figure 2.6), is defined as the relative transformation between segment coordinate 

systems immediately proximal and distal to the joint. In this thesis, the convention 

chosen is distal with respect to proximal (i.e. proximal is ‘fixed’ or ‘reference’ coordinate 

system). Continuing the derivation above, both proximal and distal segment orientation 

matrices are shown: 

https://www2.aofoundation.org/

!!"#$!!"#$(!)!!"#$%"  
!!"!#!"#$!!"#$!!"#$  

!!"!#!"#$!!"#$!!"#$  

Joint Orientation Matrix: 
 

!!"!!!!"#(!)!!"!!!"#$(!)  

!!"#$!!"#$(!)!!"#$%"  
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 !!!"#$%" = !!"!!!!"# !!!"#$%" !!!"!!!"#$(!)   
   
 !!!"#$%" = !!"!!!"#$ !!!"#$%" !!!"!!!"#$(!)   
   
 Setting them equal, since !!!"#$%" = !!!"#$%"   
   
 !!"�!!"#$ !!!"#$%" !!!"!!!"#$(!) = !!"!!!"#$ !!!"#$%" !!!"!!!"#$(!)   
   
 !!!"!!!"#$(!) = !!"!!!"#$ !!!"#$%" ! !!"!!!"�! !!!"#$%" !!!"!!!"#$(!)   
   
 The defining the joint orientation matrix:  
   
 !!"!!!"#$(!)!!"!!!"#$(!) = !!"!!!"#$ !!!"#$%" ! !!"!!!"#$(!)!!"#$%"    (4) 
   

The Euler (or more specifically, Cardan) angle representation is used for a more 

intuitive interpretation of the joint orientation. Each Euler angle describes the amount of 

rotation in one plane. Figure 2.7 shows each Euler angle for the knee. The rotation in the 

sagittal plane is given by the !!"#!$%&'$ angle, the frontal plane is given by the 

!!""#$%&'( angle, and the transverse plane is given by the !!"#$%"&'!!"# angle. The 

Euler angles (!,!!,!!) have subscripts (EXTENSION, ADDUCTION, INTERNAL-ROT) 

describing the positive knee joint angle in each plane, as an example. The ankle joint has 

different names for each planar rotation. The three consecutive Euler angles are about 

non-orthogonal axes based on a chosen sequence. The Euler sequence used in the present 

work was chosen based on the amount of motion in each plane (Grood & Suntay, 1983; 

Wu et al., 2002), with the axis experiencing the greatest range of motion chosen to be 

first in the sequence. Thus, all lower limb joint angles are decomposed based on the 

following sequence of planes: sagittal, frontal, transverse. The axes are based on the 

thigh and shank segment anatomical frames (see (Grood & Suntay, 1983) for more 

information). The flexion axis of the thigh segment is used, since the sagittal plane is first 

in the chosen sequence (EXTENSION in Figure 2.7). The cranial axis of the shank is 

used, since the transverse plane is last in the sequence (INTERNAL-ROT in Figure 2.7). 

The ‘floating’ axis is orthogonal to the other two axes (ADDUCTION in Figure 2.7). 
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Figure 2.7: Euler angle representation of joint angle. The joint orientation matrix is the 
relative orientation between the distal and proximal anatomical frames. This matrix is 
decomposed into three Euler angles for clinically meaningful joint angles, commonly 
used in biomechanics (Grood & Suntay, 1983). The clinical interpretation is based on the 
Euler angles describing rotations about the defined anatomical frame axes. Only the 
ADDUCTION Euler angle is not about a defined anatomical axis. 

The equations used to obtain the Euler angles from the rotation matrix are shown 

below, using the knee subscripts from Figure 2.7 as an example. This step is detailed in 

Appendix 2A, however the resulting decomposition is shown here. !!"#!$ is the joint 

orientation matrix ( !!"!!!"#$(!)!!"!!!"#$(!) ) to be decomposed into three Euler angles. 

The subscripts of !!"#!$ are components of the 3x3 matrix (e.g. !!"#!!!,! refers to the 

value in the 2nd row and 3rd column of !!"#!$): 

!!"#!$%&'$ 

!!""!"#$%& 

!!"#$%"&'!!"# 
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!!"#!$%&'$ = !"!#2 −!!"#!$!,!,!!"#!$!,!  
 

!!""#$%&'( = !"!#2 !!"#!$!,!, !!"#!$!,!
!
+ !!"#!!!,!

!
 

 
!!"#$%"&'!!"# = !"!#2(−!!"#!$!,!,!!"#!$!,!)  

 
Since convention usually reports flexion as positive, the negative angle from the 

knee sagittal plane rotation, !!"#!$%&'$, is used in the remaining portion of the thesis, 

since !!"#$%&' = −!!"#!$%&'$. This is only required for the knee, since the hip and ankle 

joints have positive flexion rotations in the sagittal plane, according to the right hand 

rule about the lateral axis. The term ‘joint angles’ refers to these Euler angles. 

Finally, note that the above joint orientation matrix equation cannot be used by 

IMU systems. The issue that affects all IMU systems is that each IMU in the system has a 

unique reference frame. For example, Figure 2.8 portrays an IMU setup analogous to 

Figure 2.6 for the marker system. In Figure 2.8, all transformations are the same as the 

marker system in Figure 2.6, except each IMU’s orientation is given with respect to its 

unique reference frame (e.g. !!"#$!!"#$(!)!!"!!"#$ ).  
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Figure 2.8: IMU-based joint angle frames. Coordinate systems involved in a joint angle 
calculation using an IMU-based system. The major difference is the misaligned reference 
frames. 

Thus an IMU reference frame alignment matrix, !!"!!"#$!!"!!"#$ , is required 

wherever the two reference frames are involved in an equation. The alignment matrix 

aligns the reference frame of one IMU to another. An example modification (highlighted 

grey) to the equation of the joint orientation matrix calculation to accommodate IMUs is: 

 !!"!!!"#$(!)!!"!!!"#$(!) =
!!"!!!"#$ !!!"!!"#$ ! !!"!!"#$!!"!!"#$ !!"!!!"#$(!)!!"!!"#$    

(5) 

   
This alignment matrix ( !!"!!"#$!!"!!"#$ ) is found using the coordinate frame 

alignment techniques described in Chapter 3. 

https://www2.aofoundation.org/

!!"#$!!"#$(!)!!"!!"#$  
!!"!#!"#$(!)!!"#$!!"#$(!)  

!!"!#!"#$(!)!!"#$!!"#$(!)  

!!"#$!!"#$(!)!!"!!"#$  

!!"!!"#$(!)!!"!!"#$(!)  

!!"!!!"#$(!)!!"!!!"#$(!)  
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3.1  Introduction 
The objective of coordinate frame alignment is to spatially align both the local and 

global frames of two separate orientation-measuring systems (or sensors) that measure 

orientation data. This “alignment” describes a coordinate transform between both the 

global and local frames of each system (or sensor) (Groves, 2015). It may not be intuitive 

why two alignment transformations, both local and global, are required for a valid 

comparison. For clarity, two cases (A and B) are described highlighting the need for each 

alignment separately. These are visually demonstrated in Figure 3.1. We wish to 

measure the orientation of the rigid body, represented by the brown blocks. The local 

frames that we are measuring are shown as 3D green blocks. The global frames are 

shown as yellow cones, portraying our ‘viewpoint’. The “result” is shown in the box 

beneath each cone, as ‘what is seen from the viewpoint’. The goal is to align the results 

in each box. If we know the relative orientation (i.e. alignment) between the viewpoints 

or the green blocks then we can predict or explain the difference in the “result”. Case (A) 

describes the need for a global frame alignment, while case (B) describes the need for a 

local frame alignment. To clarify, in (A) the global reference frames from each system 

must be aligned, since the same rigid body (i.e. local frame) seen from two different 

perspectives (i.e. misaligned global frames) will not give the same coordinates. In (B), a 

second alignment is required for the local frames of each system. The orientations of two 

local frames give different coordinates if they are misaligned, even though they are on 

the same rigid body and are viewed from the same perspective (i.e. global frame). 



Chapter 3 COORDINATE FRAME ALIGNMENT 

 26 

 
Figure 3.1: Motivation for Coordinate Frame Alignment. Separating the two unknown 
transformations clearly shows the motivation for coordinate frame alignment. The green 
block is considered the local frame. The yellow cone designates the viewpoint, or global 
frame. The 2D projection of what is “seen” by the global frame is shown at the bottom as 
the “result”. Case A demonstrates the need for a global frame alignment since two 
“results” are found that differ in each viewpoint. Case B demonstrates the need for a 
local frame alignment since two “results” are found from the same viewpoint when by 
two misaligned local frames describe the rigid body’s orientation (shown as two green 
blocks on one rigid body). 

Coordinate frame alignment is pertinent to IMU-based movement analysis. IMUs 

are a popular alternative to established motion capture systems, such as a camera 

system, for measuring human movement. An IMU consists of a tri-axial accelerometer 

and gyroscope, which are combined using a sensor fusion algorithm to output 3D 

orientation. The local frame of an IMU is made up of the gyroscope or accelerometer’s 

three mutually orthogonal sensor axes. Commonly, the user defines the global frame, or 

reference frame, as the initial orientation of the IMU’s local frame (Luinge & Veltink, 

2005). Therefore each IMU has its own reference frame. 

When using IMUs, two applications in a human movement context require 

coordinate frame alignment. Coordinate frame alignment is required for application (1): 

inter-system alignment, when two systems are compared for validation or integrated (i.e. 

continuously using one system to aid the other, as in Favre et al. (2010)). Coordinate 

frame alignment is also required for application (2): IMU intra-system alignment, when 

the relative transformation between two IMUs is required, for example in a joint angle 
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calculation. Both of these applications are simultaneously present in IMU validation 

studies when comparing the IMU joint angles to a camera-based system’s joint angles. 

Figure 3.2 shows an example setup involving both IMU and camera systems in a human 

movement context. An IMU-cluster assembly is attached to each body segment 

surrounding the joint of interest. Each IMU outputs orientation with respect to its own 

reference frame. In this example, we have two IMUs, and therefore have two reference 

frames (REF 1 and REF 2). The camera system outputs all cluster orientations with 

respect to the laboratory coordinate frame (LAB). 

 

 
  

Figure 3.2: Two applications relevant to movement analysis. The blue system 
represents the camera-based motion capture system, while the red set of coordinate 
frames symbolizes the IMU system. Each IMU has its own REF frame. Shows the 
problem introduced by comparing two independent systems that do not share a 
coordinate system (application (1) in the text) and a second problem IMUs have due to 
differing reference frames (application (2) in the text). 
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Considering application (2), a main challenge facing widespread IMU use is 

aligning multiple reference frames to obtain a common reference frame for the purpose 

of joint kinematics (Camomilla & Bergamini, 2014; Lebel et al., 2013, 2015; Picerno et al., 

2011). That is, finding the transformation between REF 1 and REF 2 in Figure 3.2 to 

calculate joint angles. This is not an issue in camera-based motion capture systems that 

measure all marker trajectories with respect to a common LAB frame. IMU intra-system 

coordinate frame alignment has been used to address this reference frame alignment 

problem for IMU-based joint angles (Favre et al., 2008; Taffoni & Piervirgili, 2011). 

Considering application (1), evaluating IMU orientation estimation against a 

reference system has been the topic of several studies. Previous experiments have tested 

IMU accuracy against robots (El-Gohary & McNames, 2015) or gimbals (Brennan et al., 

2011; Lebel et al., 2013), which provide very precise orientation estimation as reference. 

Results indicate orientation errors (RMS) of about 3° between the ‘ground truth’ and the 

IMU orientation estimates. Despite the usefulness of precise mechanical comparisons, 

“in-vivo” experiments (i.e. estimating orientation on the human body) are of greater 

interest since they have a more direct link to clinical applications. To test the IMUs 

during the same motions as a typical gait experiment, another measurement system 

must be used. One widespread option is a camera system, which tracks the position of 

reflective markers and is able to measure the orientation of a group of three or more 

non-collinear markers, known as a ‘cluster’ (Cappozzo et al., 2005). The assessment of 

both static and dynamic IMU orientation accuracy on the human body using camera 

systems has been reviewed elsewhere (Cuesta-Vargas et al., 2010). Typical findings were 

close to the mechanical comparisons, around 5° error. However, results varied across 

studies (even up to 25° of orientation error), and were site and task specific, making it 

difficult to generalize findings. A recent paper put forth guidelines to limit sources of 

error in 3D IMU orientation estimation (Bergamini et al., 2014). Guideline D in that 

paper recommended coordinate frame alignment when comparing IMUs to a reference 
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measurement system, such as a camera system. They stressed that, for the inter-system 

comparison to be meaningful, alignment of both the local and global frames is required, 

since neither the local or global frames from each system match (cases A and B in Figure 

3.1). 

The simplest method to solve the coordinate frame alignment problem is to 

physically align the local frames, manually placing the markers on the IMU casing 

(Goodvin et al., 2006), or aligning the IMU casing to the LAB global (Skogstad et al., 

2011; Tang et al., 2014). Although easy to implement, there are uncertainties in the 

orientation of the sensors’ axes (i.e. local frame) with respect to the outer casing (Faber et 

al., 2013). The next most direct solution is to use the marker system to measure the axes 

of the global or local frame of the IMU system. For example, in one study designated 

landmarks on the IMU casing were measured in the laboratory frame (Favre et al., 2010). 

Then the manufacturer-provided transformation between the actual IMU axes and the 

casing (as defined by designated landmarks) was used to measure the IMU axes in the 

laboratory frame. The limitations of this method are that the manufacturer does not 

always provide this transformation and the method is restricted to position-measuring 

systems only. An alternative example of a direct method was used by Madgwick (2011), 

where the Earth-based global frame was measured in the laboratory global frame using 

a compass and pendulum outfitted with markers. However, this is only applicable to 

magneto-IMUs (M-IMUs), which measure magnetic north.  

To overcome “direct” measurement limitations, more general solutions have 

been proposed. These rely on an alignment motion to obtain orientation data from a single 

rigid body, measured simultaneously using each system or each IMU (depending on the 

application) to solve the coordinate frame alignment problem. The same underlying 

rigid body motion is measured from the perspective of each local frame (each system or 

IMU) while they are attached together. An alignment motion is performed before or 
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after a human movement experiment to find the alignment transformation. This 

invariant alignment is then applied ad hoc to the human movement trials.  

Some solutions using an alignment motion apply assumptions to simplify the 

problem. For example, some authors assume a common global vertical axis between the 

frames in each system or IMU. Therefore, the frames only differ by a 1D planar rotation 

about the vertical axis. To find this 1D rotation, different ‘alignment motions’ were used: 

a uniaxial rotation about a horizontal axis (Favre et al., 2008) or two static postures 

(Faber et al., 2013; Luinge & Veltink, 2005).  

To avoid the common global vertical axis assumption Jakob et al. (2013) used 

both a static posture and a uniaxial rotation. Faber et al. (2013) also suggested a more 

general technique, to avoid unnecessary assumptions. They referred to Chardonnens et 

al. (2012), which used a 3D alignment motion to find the coordinate frame alignment 

matrix between a marker cluster and an IMU. A similar method, proposed in the 

Appendix of de Vries et al. (2009), also used a 3D alignment motion to align the marker 

and IMU systems for the purpose of validation. Several human movement experiments 

using IMUs (Baak et al., 2012; Cutti et al., 2008; Fantozzi et al., 2015; Ferrari et al., 2010; 

Kim, 2012; Taffoni & Piervirgili, 2011) adopted a method of coordinate frame alignment 

known as ‘hand-eye calibration’2 from the robotics community (see 'hand-eye calibration' 

review in Shah et al. 2012). The hand-eye calibration solutions also use a 3D alignment 

motion, however the other two methods (Chardonnens et al., 2012; de Vries et al., 2009) 

made no mention of the extensive hand-eye literature. At first glance, these three 

solutions all appear to be fundamentally the same, since they all depend on a very 

similar alignment motion. Knowing the differences between solutions would benefit 

                                                
2 “Hand-eye” is the term borrowed from the robotics community, where the end effector of a robot is 
known as the ‘hand’ and a camera placed on the hand is known as the ‘eye’. Finding the transformation 
between them is a ‘hand-eye calibration’. 
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researchers performing experiments in either of the two applications apparent in Figure 

3.2. 

In the present study, four general solutions to align IMUs were chosen from the 

biomechanics literature. Of the four, two of the chosen solutions are versions of the 

hand-eye calibration solution, reducing our list to three different solutions:  

(1) LLS-Gyro. The simple linear least squares (LLS) solution of the angular 

velocity from two orientation sensors (de Vries et al., 2009)  

(2) NLS-GyroAngle. The Levenberg-Marquardt nonlinear least squares (NLS) 

optimization method of the “gyroscopic angle” described in (Chardonnens et al., 2012), 

 (3) Hand-eye calibration. Taken from the robotics community (Shah, 2013; Tsai & 

Lenz, 1989), and recently applied to IMUs in motion analysis. Several solutions have 

been developed. The solutions have been grouped into two categories (AX=YB and 

AX=XB) in a previous review (Shah et al., 2012). Classic Hand-eye calibration (Tsai & Lenz, 

1989) from the AX=XB category and Shah Hand-eye calibration (Shah, 2013) from AX=YB 

were chosen as representatives of each category. In summary, two different hand-eye 

calibration solutions were chosen. 

The aim of the present work was twofold: (i) to determine theoretical differences 

between the four coordinate frame alignment solutions using a mathematical 

comparison (ii) to determine experimental differences between three of the four 

solutions using both relevant applications: inter-system and IMU intra-system. The 

Classic Hand-eye calibration was not included in the experiment because it has already 

been shown to be experimentally equivalent to the Shah Hand-eye calibration (Shah, 2013).  
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3.2  Mathematical Equivalency of 
Coordinate Frame Alignment 
Methods 
The mathematical analysis begins with a description of the coordinate frame 

alignment problem in Section 3.2.1. The solutions have been divided into two categories, 

AX=YB and AX=XB, in accordance with previous hand-eye literature (Shah et al., 2012). 

A flowchart is provided in Figure 3.3, categorizing the solutions. These categories were 

explained in Section 3.2.2. Next, in Section 3.2.3, the one AX=YB solution (Shah Hand-eye 

Calibration) was derived. In Section 3.2.4, the problem was reformulated to the AX=XB 

category, which finds Y separately (Section 3.2.8). Then the three AX=XB solutions were 

derived in Sections 3.2.5 to 3.2.7. Following the derivations, a mathematical analysis 

demonstrated the theoretical equivalence of all four solutions (Section 3.2.9). 
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**The Classic Hand-Eye solution is only in the mathematical portion and not in the 
experimental portion of the equivalency analysis. 

Figure 3.3: Analysis Flowchart. Flowchart of the coordinate frame alignment analysis in 
the present work. Two applications in biomechanics were the focus, both requiring an 
alignment motion to solve the unknown alignment transformations. Solutions can be 
grouped into two categories, with representative solutions chosen from previous 
literature: Shah Hand-Eye (Shah, 2013), LLS-Gyro (de Vries et al., 2009), NLS-GyroAng 
(Chardonnens et al., 2012), and Classic Hand-eye (Tsai & Lenz, 1989) solutions. 
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3.2.1 Problem Setup (AX=YB) 

A comparison between the IMU and camera systems (inter-system) is shown in 

Figure 3.4. The other application (IMU intra-system) follows the same derivation. In the 

bottom half of Figure 3.4, the black arrows symbolize transformations that are invariant 

over time and space. Specifically, the global frames (LAB and REF) are invariant by 

definition (ignoring error), so the unknown transformation between them, !!"#!!"# , is 

also invariant. The local frames (CLUST and IMU) are physically attached together, 

related by the unknown invariant transformation, !!"#!!"#$% . The other transformations, 

!!"#$%(!)!!"#  and !!"#(!)!!"# , are computed for each time point, based on the measured 

values from the camera system and IMU system, respectively. 
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Figure 3.4: Coordinate Frame Alignment for Two Systems. Problem introduced by 
comparing two independent systems that do not share a coordinate system. In the 
bottom box, is a schematic involving the coordinate frames involved in the problem. 
Only one IMU and cluster are shown. The blue system represents the camera-based 
motion capture system (for one cluster), while the red set of coordinate frames 
symbolizes the inertial system (for one IMU). The colour arrows are measured, time-
variant rotation matrices. The black arrows are time-invariant, and unknown, to be 
solved using coordinate frame alignment.  

REF 1

LAB

CLUST 1

IMU 1

!!"#!!"#  

!!"#$%(!)!!"#  

!!"#!!"#$%  

!!"#(!)!!"#  

LAB 

REF 1 
IMU-

Cluster 1 

IMU-
Cluster 2 

REF 2 



Chapter 3 COORDINATE FRAME ALIGNMENT 

 36 

The kinematic system in the bottom of Figure 3.4, with two unknowns 

( !!"#!!"#$%  and !!"#!!"# ), is solvable since it is a closed kinematic loop. Therefore the 

successive multiplication of all the coordinate frame transformations equals identity. 

Three or more equations (time instances) are required to solve the system of equations 

for the two unknown matrices if there is any noise in the estimate (Shah, 2013).  

3.2.2 Overview of the Four Solutions 

The four solutions to the coordinate frame alignment problem shown in Figure 

3.5 can be grouped into two categories, using notation from hand-eye calibration 

literature (Shah et al., 2012): (1) AX=YB and (2) AX=XB. In both categories, “X” 

( !!"#!!"#$%  in our notation) and “Y” ( !!"#!!"# ) are the unknown invariant 

transformations for the local and global frames, respectively. “Y” is absent from the 

second category, but can be solved sequentially (detailed in Section 3.2.8). Caution must 

be used interpreting the “A” and “B” transformation matrices, which mean different 

things in each category. Category 1, represented by the equation AX=YB, uses the 

measured orientations for “A” ( !!"#$%(!)!!"# , from the camera system) and “B” 

( !!"#(!)!!"# , from the IMU system). Category 2, denoted by AX=XB, replaces the 

measured rotation matrices with the differential orientation between two time instants for 

“A” ( ∆!!"#$%(!)!!"#$%(!!∆!) ) and “B” ( ∆!!"#(!)!!"#(!!∆!) ). A summary of inputs and 

outputs for each solution is described in Figure 3.5. The marker system always inputs 

orientation data (from the alignment motion), while the gyroscope data from the IMU 

system is required by some solutions. The outputs depend on the category, either 

simultaneously solving for X and Y (Category 1) or just solving for X (Category 2). 
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**The Classic Hand-Eye solution is only in the mathematical portion and not in the 
experimental portion of the equivalency analysis. 

Figure 3.5: Summary of solutions in each category. This provides details about the 
“Solutions” section in Figure 3.3, also labeled “Solutions” here. There was one solution 
included from Category 1 (AX=YB) that solves for two unknowns (X and Y) as an 
“Output”. There were three solutions included from Category 2 (AX=XB) that solve for 
one unknown (X) as the “Output”. The “Inputs” are either gyroscope values or 
orientation values. Two of the solutions use the IMU gyroscope (Gyro) input, while one 
in each category uses the IMU orientation directly.  

3.2.3 Solution 1: Shah Hand-Eye Calibration (Shah, 2013) 

An example of the Category 1 solutions (top of Figure 3.5), solving the system for 

both unknowns, is described first. This method concurrently solves for both alignment 

transformation matrices: between the global frames (Y) and local frames (X) of the 

marker and IMU systems. It is of the form AX=YB in hand-eye calibration literature 

(Shah et al., 2012), shown below in the notation described in Chapter 2. The rotation 

Category 1: AX=YB

Category 2: AX=XB

Gyro

Orientation

Orientation

Orientation

Orientation

Shah  
Hand-Eye

LLS-Gyro

NLS-GyroAng

**Classic Hand-Eye

REF 1

LAB

CLUST 1

IMU 1

REF 1

LAB

CLUST 1

IMU 1

Y
X

X

INPUTS

INPUTS OUTPUTSOLUTIONS

OUTPUTSSOLUTION

B

A

B

A



Chapter 3 COORDINATE FRAME ALIGNMENT 

 38 

matrix, !!"#$%(!)!!"# , is measured from the camera system, while !!"#(!)!!"#  is measured 

from the IMU over time, during the alignment motion (REF is defined from the initial 

orientation of the IMU). The unknowns are !!"#!!"#$%  and !!"#!!"# : 

 AX = YB  
   
 R!"#$%(!)!!"# R!"#!!"#$% = R!"#!!"# R!"#(!)!!"#  (1)  

 

Each side of Equation (1) represents the IMU’s orientation in the camera’s 

laboratory frame, R!"#(!)!!"# . As shown in the schematic in Figure 3.4, the rotations form 

a closed loop. If the measurements have any noise, a least squares solution is necessary 

to solve for the unknowns, !!"#!!"#$%  and !!"#!!"# , since the system is over-constrained 

when multiple time instants are used. The solution minimizes the sum of least squares 

of Equation (1), based on some form of linearization.  

The Kronecker product linearization from (Shah, 2013) is used here. The original 

authors compared their method to other hand-eye calibration methods. The method was 

shown to be accurate, as well as easier to implement. The Kronecker product matrix 

enables a convenient representation of equations, in which the unknowns are matrices, 

for fast linear equation solving. The Kronecker product, ⨂, is explained in Appendix 3A. 

The final solution is the singular value decomposition (SVD) of the sum of the Kronecker 

product between !!"#$%(!)!!"#  and !!"#(!)!!"# , over all time instants. Reproduced in 

Equation (2) from the original (Shah, 2013), the coordinate frame alignment problem is 

reduced to solving: 

 
u, s, v = SVD R!"#(!)!!"# ⨂ R!"#$%(!)!!"#

!

!!!
 (2) 

   
Where t=1…N is the number of time instances in the alignment motion. The left 

singular value, u, can be used to find !!"#!!"#$%  (X), while the right, v, contains the 
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elements of !!"#!!"#  (Y). The result should be re-orthogonalized (due to noise) to ensure 

proper rotation matrices, as described in Appendix 3B.  

3.2.4 Differential Problem Reformulation (AX=XB) 

Traditionally, solutions to the alignment problem were solved using the second 

category (cf. bottom of Figure 3.5), separating the alignment of global frames from the 

alignment of local frames into two sequential steps. A differential transformation, 

∆!!"#$!(!)!!"#$!(!!∆!) , is defined between time instances of the prescribed alignment 

movement. It is used to limit the problem to a single unknown alignment matrix, 

!!"#!!"#$% , between local frames of each system. This is useful for IMU applications since 

all measurements are only expressed in the local frame. The new kinematic loop is 

shown in Figure 3.6. 
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Figure 3.6: Differential Coordinate Frame Alignment. Reformulated problem 
comparing a cluster and IMU. This category uses the invariant transformation between 
local frames of each system (black arrows) and bypasses the global frames. Using 
multiple time instances (two are shown) allows a relative differential transformation to be 
computed (coloured arrows) that are used as A and B in AX=XB. 

The matrix equation represented by the above schematic is: 

 AX = XB  
   
 ∆R!"#$%(!)!!"#$%(!!∆!) R!"#!!"#$% = R!"#!!"#$% ∆R!"#(!)!!"#(!!∆!)   (3) 

 

This is the classic formulation AX=XB, seen in hand-eye calibration literature 

(Shah et al., 2012). Note the absence of the alignment transformation between global 

frames (“Y” or !!"#!!"# ). Heuristically, Category 2 is based on the fact that the 

differential motion of a rigid body is the same, even though it is seen from different 

viewpoints (i.e. different local frames). Specifically, each side of Equation (3) represents 
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an estimate of the transformation from the IMU frame at the ! + !" instance to the 

CLUST frame at the ! instance (see Figure 3.6). This equation has been solved using 

either non-linear optimization or linearization to optimally fit all noisy motion samples 

in a least squares sense. Most solutions involve closed-form linearized methods. 

All solutions use the differential transformation. In this study, a differential 

transformation is defined as a transformation of a local vector from a previous time instant 

to the next, as in Janota et al. (2015). The camera system is shown, though an analogous 

equation for the IMU system is required in the Classic Hand-eye method (see Inputs in 

top of Figure 3.5). The differential transformation in the camera system is: 

∆R!"#$%(!)!!"#$%(!!∆!) = R!"#$% !!∆!!!"# ! R!"#$%(!)!!"#  (4) 
  

The differential transformation is used to find the angular velocity (ω), required 

for two solutions. Angular velocity was defined as positive in the counter-clockwise 

direction, rotating the local frame from ! to ! + ∆!. The vector was expressed in the local 

frame coordinates of each system, since this definition is most similar to the native 

output of the gyroscopes in the IMU. The angular velocity is found from the differential 

transformation using the following definition, derived in the Appendix 3C: 

 
ω = nϕ

Δt  
(5) 

   
Where ω is the 3x1 angular velocity vector, ! is the 3x1 rotation axis (sometimes 

referred to as helical axis) of the differential transformation (found using the equations in 

Appendix 2A), and ! is the corresponding rotation angle of that matrix. Equation (5) can 

be used to solve for angular velocity in the local frame, !!!"#$% ! , using the rotation axis 

and angle, [ !!!"#$%(!) , !!!"#$%(!) ] from ∆R!"#$%(!)!!"#$%(!!∆!) . Equation (5) also provides an 

intuitive understanding of angular velocity as the change in angle, !, over time, !", in 

the direction of the rotation axis, !. 
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Three solutions from Category 2 (bottom of Figure 3.5) were derived from the 

differential transformation or angular velocity: (2) LLS-Gyro: using linear least squares of 

the gyroscope output (de Vries et al., 2009), (3) NLS-GyroAng: non-linear optimization of 

the “gyroscopic angle” (Chardonnens et al., 2012), and (4) Classic Hand-eye: linear least 

squares of the axis-angle representation of orientation (Tsai & Lenz, 1989).  

Solutions 2 and 3, LLS-Gyro and NLS-GyroAng, both use the IMU gyroscope 

directly as an input (see Inputs in the bottom of Figure 3.5), and are therefore discussed 

first. 

3.2.5 Solution 2: LLS-Gyro (de Vries et al., 2009) 

The local alignment matrix, !!"#!!"#$% , transforms a vector from one local frame 

to another, and can be used to relate the local angular velocity vectors: 

 R!"#!!"#$% ω!!"# ! = ω!!"#$%(!)  (6) 
   

The LLS-Gyro solution used this equation to solve for R!"#!!"#$% . The best fit 

solution was found using linear least squares by the pseudo-inverse function (pinv), as 

seen in (de Vries et al., 2009): 

 R!"#!!"#$% = ω!!"#$% ! ∗ pinv( ω!!"# ! ) (7) 
   

3.2.6 Solution 3: NLS-GyroAng (Chardonnens et al., 2012) 

The NLS-GyroAng solution used the “gyroscopic angle”, !!!"#$!(!) , presented in 

(Chardonnens et al., 2012), which is the numerical time-integral of the angular velocity, 

!!!"#$! ! . The easiest numerical integration, the Euler method (rectangular rule), was 

implemented though Simpson’s rule or Runge-Kutta integration could be used, 

especially if velocity is not constant between time instants: 
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θ!!"#$! ! = Δt ∗ ω!!"#$!(!)
!

!!!
 

(8) 

  
where !" is the sampling period, and ! is the time sample. Note that the 

gyroscopic angle, θ!!"#$! ! , is a 3D vector. 

The gyroscopic angle was chosen in (Chardonnens et al., 2012) due to its superior 

signal-to-noise ratio. This angle differs from absolute orientation, since it is given in the 

coordinates of each subsequent time frame, LOCAL(t), and not from the same reference 

frame (REF) at each time instant. The theoretical result should still be equivalent to the 

angular velocity method despite the integration. The gyroscopic angle vector’s direction 

at each time instant is unchanged, so the transformation to be solved between them is 

also unchanged: 

R!"#!!"#$% θ!!"# ! = θ!!"#$%(!)  (9) 
  

To extend the problem to non-linear optimization, Chardonnens et al. (2012) also 

introduced a gyroscopic error model, with a sensitivity matrix, ∆!, and offset, !: 

 R!"#!!"#$% I − ∆S!!"# θ!!"# ! − B!!"# = θ!!"#$%(!)  (10) 

   
The unknowns can be solved using any non-linear optimization method. The 

Levenberg-Marquardt method used by the original authors was chosen. Optimizing a 

rotation matrix may affect it’s orthogonality, so caution must be taken or another 

representation should be optimized, such as quaternions (Diebel, 2006), as used here. 

The conversion between rotation matrices and quaternions is shown in Appendix 2A. 

3.2.7 Solution 4: Classic Hand-Eye Calibration (Tsai & 
Lenz, 1989) 

The Classic Hand-Eye solution does not directly use the IMU’s gyroscope output. 

It is a closed form solution based on the rotation matrices of each system (Tsai & Lenz, 

1989). To understand the problem better, the AX=XB form in Equation (3) can be 

rearranged: 
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 A = XBX!  
   
 ∆R!"#$%(!)!!"#$%(!!∆!) = R!"#!!"#$% ∆R!"#(!)!!"#(!!∆!) R!"#!!"#$% !  (11) 
   

This is a “similarity transformation” since !!!"!!"#$%  and its inverse is on each 

side of the middle matrix on the right hand side of the equation. This means the IMU 

and cluster differential transformations, ∆!!"#(!)!!"#(!!∆!)  and ∆!!"#$%(!)!!"#$%(!!∆!)  

respectively, are describing the same underlying motion, just “viewed” from different 

perspectives. Physically, that motion is a rotation about a helical axis seen from each 

local frame. Since two different viewpoints are used, an alignment is required to obtain 

the same helical axis direction from each view (Case (A) in Figure 3.1). However the 

amount of rotation about that axis is frame independent. This means both rotation 

matrices (representing each frame) have the same eigenvalues, as briefly proven in 

Appendix 3D, leading to the solution of Equation (11).  

Relating the proof found in Appendix 3D to Equation (11): 

The eigenvector, !!!"#(!) , of ∆!!"#(!)!!"#(!!∆!)  is related to the eigenvector, 

!!!"#$%(!) , of ∆!!"#$%(!)!!"#$%(!!∆!) , by the similarity transformation !!"#!!"#$% , such that: 

 λ R!"#!!"#$% n!!"#(!) = λ n!!"#$%(!)  (12) 
   

Recall the largest eigenvalue of a rotation matrix is 1 (! = 1), corresponding to an 

eigenvector that is the axis of the axis-angle formulation. 

 R!"#!!"#$% n!!"#(!) = n!!"#$%(!)   (13) 
   

Instead of solving Equation (13) using the pseudo-inverse, as in the LLS-Gyro 

solution, the authors exploit further geometric properties (Fassi & Legnani, 2005). First, 

they represent the unknown alignment matrix, !!"#!!"#$% , as an axis and angle: 

[ !!"#!!"#$% , !!"#!!"#$% ]. The rotation angle, !!"#!!"#$% , was found using geometric 

properties (see (Tsai & Lenz, 1989) for details). The rotation axis, !!"#!!"#$% , was found 

from: 
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 n!!"#(!) + n!!"#$%(!) !×! n!"#!!"#$% = n!!"#(!) − n!!"#$%(!)   (14) 
   

A linear least squares technique was performed on multiple equations (at each 

time instant) to solve for !!"#!!"#$% . Note in practice, the skew-symmetric matrix was 

used instead of the cross product. The result, [ !!"#!!"#$% ,! !!"#!!"#$% ], was converted back 

to a matrix representation, !!"#!!"#$% , as the final step. 

3.2.8 Completing Solutions 2 to 4 (Finding Y)  

Finally for all methods in Category 2 (AX=XB), the global alignment matrix, “Y” 

from AX=YB, is required to complete the solutions. There are two ways to continue the 

solution to completion: either use the Category 2 solutions to solve for Y, or use the 

estimated X to calculate Y by ‘closing the loop’. The first way uses the same local vectors 

used in the local frame alignment, such as !!!"#(!) ,  but transforms them to the global 

frame, !!!"#(!) , before using the same process above for Category 2 solutions (Baak et al., 

2012). This method was not implemented. Alternatively, the second way is to rearrange 

the kinematic loop, AX=YB, to solve for the alignment matrix between global frames (Y) 

at each time instant, and then find the average orientation matrix across time instants: 

 !" = !" 
!!"#$%(!)!!"# !!"#!!"#$% = !!"#!!"# !!"#(!)!!"#  

 

 

 !"!! = !  
 !!"#$%(!)!!"# !!"#!!"#$% !!"# !!!"# ! = !�!"!!"#  

 
 

 !"# !!"#$%(!)!!"# !!"#!!"#$% !!"# !!!"# ! = !!"#!!"#  (15) 

   
Averaging a matrix is not as trivial as averaging scalar values, so the method 

based on singular value decomposition (Sharf et al., 2010) is shown in the Appendix 3E. 

The local-to-local, !!"#!!"#$% , and global-to-global, !!"#!!"# , alignment 

transformations can thus be solved using all the representative alignment methods 

described above, using the same alignment motion data. A summary of the equations 

used in the next section, is provided in Table 3.1. 
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Table 3.1: Summary of Coordinate Frame Alignment solutions. The equations used by 
each solution to solve for the unknown alignment transformation are shown here. 

Solution Equation to solve How it was solved 
Shah Hand-eye 

Calibration 
(Shah, 2013) 

Equation (1): 
R!"#$%(!)!!"# R!"#!!"#$%

= R!"#!!"# R!"#(!)!!"#  

Solved after converting to a 
Kronecker product using the 

SVD (Equation (2)) 

LLS-Gyro 
(de Vries et al., 2009) 

Equation (6): 
R!"#!!"#$% ω!!"# ! = ω!!"#$% !  

Solved directly using the 
pseudo-inverse (Equation (7)) 

NLS-GyroAng 
(Chardonnens et al., 

2012) 

Equation (9): 
R!!"!!"#$% θ!!"# ! = θ!!"#$% !  

Solved after inputting a 
gyroscopic error model using 

non-linear optimization 
(Equation (10)) 

Classic Hand-eye 
Calibration 

(Tsai & Lenz, 1989) 

Equation (13): 
R!"#!!"#$% n!!"#(!) = n!!"#$%(!)  

Solved after exploiting 
geometrical properties using a 

least squares technique 
(Equation (14)) 

   

3.2.9 Mathematical Equivalency  

A unifying view can be constructed for all the solutions. First, the Classic Hand-

eye and Shah Hand-eye solutions will be shown to be mathematically equivalent. 

Secondly, we will show the equivalence of the Classic Hand-eye solution and the LLS-

Gyro solution. Finally, we will discuss the equivalence of the LLS-Gyro solution and the 

NLS-GyroAng solution. This process suffices to show that all solutions are equivalent. 

Relating Category 2 and Category 1 solutions is trivial. The Shah Hand-eye 

solution (Shah, 2013) from Category 1 does not use the differential orientation, and 

therefore solves a different kinematic chain than the Category 2 solutions (see Figure 3.4 

vs. Figure 3.6). Thus, two time instants are required to relate the Categories: 
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 Two instants of !" = !" (Equation (1)):  
   
 R!"#$%(!)!!"# R!"#!!"#$% = R!"#!!"# R!"#(!)!!"#   
   
 R!"#$%(!!∆!)!!"# R!"#!!"#$% = R!"#!!"# R!"#(!!∆!)!!"#   
   
 Solve for Y ( !!"#!!!" ) of one instant and substitute in the other:  
   
 R!"#$%(!)!!"# R!"#!!"#$%

= R!"#$%(!!∆!)!!"# R!"#!!"#$% R!"# !!∆!!!"# ! R!"#(!)!!"#  

 

   
 Rearrange to !" = !" form:  
   
 R!"#$% !!∆!!!"# ! R!"#$%(!)!!"# R!"#!!"#$%

= R!"#!!"#$% R!"# !!∆!!!"# ! R!"#(!)!!"#  

 

   
 Sub in A and B of Category 2: !" = !" (Equation (4))  
   
 ∆R!"#$%(!)!!"#$%(!!∆!) R!"#!!"#$% = R!"#!!"#$% ∆R!"#(!)!!"#(!!∆!)   
   
 This is equivalent to one instant of !" = !" (Equation (3))  
   

Thus the hand-eye solutions from each Category are mathematically equivalent. 

Some authors even use an identical model for each Category (Shah et al., 2012). Since the 

Classic Hand-eye solution was experimentally compared to the Shah Hand-eye solution in 

(Shah, 2013), only the Shah Hand-eye solution is included the present work’s experiment.  

After demonstrating the equivalence of the Shah and Classic Hand-eye solutions, 

the LLS-Gyro and Classic Hand-eye solutions was analyzed. 

To explicitly relate the LLS-Gyro and Classic Hand-eye solutions: 
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 First start with the Classic Hand-eye Equation (13):  
   
 R!"#!!"#$% n!!"#(!) = n!!"#$%(!)   
   
 Rearrange Equation (5):  
   
 

n = ω
ϕ ∗ ∆t!!  

 

   
 Substitute n!!"#(!)  and n!!"#$%(!) :  
   
 R!"#!!"#$% !!!"# !

!!!"#(!) ∗∆!!! =
!!!"#$% !

!!!"#$%(!) ∗∆!!!   (16) 

   
 Note that the rotation angles from each system are equal, ϕ!!"#(!) = ϕ!!"#$%(!) , 

due to a property of similar matrices, since they are attached to the same 
rigid body. This property is derived in Appendix 3D. Also, ∆t is the same for 

each system since the sampling frequency is the same. Thus, the 
denominators cancel: 

 

   
 R!"#!!"#$% ω!!"# ! = ω!!"#$% !   
   
 This is equivalent to Equation (6) for LLS-Gyro.  
   

The above proof shows that the two solutions are equivalent except for 

measurement error. Specifically, the measurement error is from the different IMU 

angular velocity computations in each solution. 

Finally, the NLS-GyroAng solution integrates the angular velocity (Equation (8)), 

and adds in a gyroscopic error model, however that does not change the equivalency to 

the other solutions, since the direction of the vectors remains the same (Equation (9)). 

Thus the three Category 2 solutions are all equivalent. 

The validation experiment aims to confirm the mathematical equivalency of the 

three solutions (final step in the flowchart, Figure 3.3). As mentioned, two applications 

are tested: Orientation between the IMU and camera system is compared, as well as 

between two IMUs. To author’s knowledge, this is the first time both applications were 

examined in the same conditions.  
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3.3  Experimental Equivalency of 
Alignment Methods  
The orientation estimates of two IMUs rigidly attached to the same rigid body 

were compared after applying intra-system coordinate frame alignment. A marker cluster 

was rigidly attached to each IMU, and the orientation estimates from each system were 

also compared after inter-system coordinate frame alignment. These two comparisons 

tested the equivalency of the three coordinate frame alignment solutions described 

above for finding the local and global frame alignment. The three solutions were: (1) The 

Shah Hand-Eye - (Shah, 2013), shown in Equation (2). (2) The LLS-Gyro - (de Vries et al., 

2009), shown in Equation (7). (3) The NLS-GyroAng - (Chardonnens et al., 2012) in 

Equation (10) using the Levenberg-Marquardt optimization. 

3.3.1 Instrumentation  

Two wireless IMUs (x-IMU, x-io Technologies, UK) were used. The 

manufacturers report orientation estimation accuracy within 3 degrees during dynamic 

motion. Eleven cameras (Qualisys, Oqus, US) were used to capture the 3D position 

trajectories of three reflective markers on each cluster. The marker clusters were rigidly 

attached to the IMUs using double-sided tape, to create an IMU-cluster assembly (see 

Figure 3.7). The experiment was performed in eight different trials. 

3.3.2 Temporal Offset Alignment 

All data, from the IMU and cameras, were recorded at 128 Hz, chosen from a 

limited list of sampling rates available to the IMU. It was assumed there was no 

significant variation in this sampling rate over time for each IMU (Mair et al., 2011). The 

two systems were temporally synchronized using a trigger at the beginning of each trial. 

A phase shift was applied to compensate for time delay between acquisition and data 

reception (Olson, 2010; Sessa et al., 2012). The cross correlation of each system’s 
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differential orientation’s rotation angle was used to find the phase shift required 

(Ackerman et al., 2013). The phase shift was applied to all IMU signals before the 

coordinate frame alignment. Finally, the phase shifts were visually confirmed and 

corrected if necessary. 

3.3.3 Alignment motion 

Using mathematical theory, previous authors outlined criteria for the motion 

data required for an accurate alignment (Tsai & Lenz, 1989) (de Vries et al., 2009) 

(Chardonnens et al., 2012). Therefore, before or after recording the movement trials of 

interest in a typical experiment, an additional alignment motion with sufficient rotation in 

all three dimensions is required. The motion data used as input to each of the coordinate 

frame alignment methods had to meet the criteria, most importantly: (1) the data must 

equally cover the 3D space by orientations with non-parallel rotation axes, and (2) there 

must be enough time instants captured (> 3 frames). 

To satisfy these requirements, all the IMU-cluster assemblies were attached to a 

cube, placed on a single-axis manual turntable. This ‘alignment device’ (top of Figure 

3.7) had no ferromagnetic components. The cube was rotated on a different face (and 

therefore IMU axis) after two rotations about each axis, as seen in the bottom of Figure 

3.7. The velocity varied across the motion, but during the axial rotation, was around 250 

deg/s. The effect of velocity varies with the IMU hardware and software as well as the 

speed and direction of motion, making it difficult to predict the error introduced by the 

motion (Lebel et al., 2013). This should not affect the comparison between methods. 
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Figure 3.7: Alignment Device and Motion. Top: Alignment device consists of a cube 
(Styrofoam covered with tape) and uni-axial manual turntable (wood). Three faces can 
hold two IMU-cluster assemblies each, for up to six IMUs at once, though only two are 
shown. Bottom: Two IMU-cluster assemblies (on top of the cube) are rotated twice about 
three orthogonal axes. The cube is rotated such that a different axis points vertical after 
every two rotations. 

3.3.4 Data Processing 

The data collected from the alignment movement included: (i) orientation from 

each IMU, !!"#(!)!!"# , and cluster, !!"#$%(!)!!"# , and (ii) Angular velocity, ω!!"# ! , from 

the gyroscope of each IMU (see INPUTS in Figure 3.5 to see which solutions used which 

data). The orientation data of each IMU and cluster was used directly as an input to the 

Shah Hand-Eye solution; however further processing was required for the LLS-Gyro and 

NLS-GyroAng solutions. Refer to Table 3.1 for the equations used by the three solutions. 

First, the differential transformation, ∆!!"#$%(!)!!"#$%(!!∆!) ,  in the camera system 

from one time instant to the next was calculated using Equation (4) for each IMU-cluster 
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assembly. Next, the axis and angle, n!!"#$% ! , ϕ!!"#$% ! , of the differential 

transformation was found using equations in Appendix 2A. The angular velocity, 

ω!!"#$% ! , was then computed using Equation (5). The angular velocity from each system 

was used directly in the LLS-Gyro solution. Finally, the gyroscopic angles, θ!!"# !  and 

θ!!"#$% ! , were computed from each system’s angular velocity to be used in the NLS-

GyroAng solution.  

 Once the input data was processed, three alignment problems were solved: (i) 

between one IMU and cluster, (ii) between a second IMU and cluster, and (iii) between 

the two IMUs. These comprised the two applications of coordinate frame alignment 

relevant to IMU-based human movement (based on the setup in Figure 3.2). Each 

problem had two alignment matrices to solve (local and global), resulting in six. All 

three solutions were applied to each problem, resulting in three sets of the six alignment 

matrices. The six alignment matrices estimated using each solution were: the first inter-

system local, !!"#!!!"#$%! , and global, !!"#!!!"# , alignment matrices, the second inter-

system local, !!"#!!!"#$%! , and global, !!"#!!!"# , alignment matrices, and finally the IMU 

intra-system local, !!"#!!!"#! , and global, !!"#!!!"#! , alignment matrices. 

All data analysis and statistics were performed in Matlab (Student Version 2013a, 

Mathworks Inc., Natick, MA). 
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3.3.5 Equivalency Analysis of Coordinate Frame 
Alignment Solutions 

To assess the performance of the alignment solutions in estimating the eighteen 

alignment matrices (3 problems x 2 frames x 3 solutions), two steps were used. In the 

absence of a ground truth alignment, the accuracy of each solution had to be evaluated 

in other ways. Both qualitative and quantitative assessments were used. 

First, the qualitative assessment was performed. The ability of each alignment 

matrix to transform a local vector from one frame to another was visually confirmed (i.e. 

!!"#!!!"#!  transforms a local vector from IMU1 to IMU2 according to θ!!"!! ! =

!!"#!!!"#! θ!!"!! ! ). The 3x1 gyroscopic angle vector was chosen due to its superior 

signal-to-noise ratio (Chardonnens et al., 2012). For interpretation, the gyroscopic angle 

changes when the IMU-cluster assembly is rotated about that axis (otherwise it is 

flat/plateaued). Only one alignment matrix was displayed here, solved using all three 

solutions (3 solutions x 1 alignment matrix x 1 problem = 3 aligned gyroscopic angle 

vector waveforms, !!"#!!!"#! θ!!"!! ! , compared to 1 unaligned, θ!!"!! ! , and 1 aligned, 

θ!!"!! ! , waveform).  

Since interpretation of the gyroscopic angle vector is limited, further analysis was 

used to compare the alignment solutions. The quantitative assessment relied on the 

kinematic loop (AX=YB) to simultaneously test both alignment matrices (X and Y) of 

each problem. If the equation is rearranged (! = !"!!!!) an error rotation matrix, !!"", 

can be defined for all three alignment problems (two inter-system, !!"!!"! and !!"!!"!, 

and one IMU intra-system, !!"!!!). Any deviation from the identity, I, is error in 

alignment: 
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 !!"" = !"!!!!  
   
 !!"!!! = !!"#!!!"#! !!"#! !!!"#! !!"#! !!!"#! ! ! !!"#! !!!"#! ! (17) 
   
 !!"!!"! = !!"#!!!"# !!"#! !!!"#! !!"#!!!"#$!! ! !!"#$%! !!!"# !  (18) 
   
 !!"!!"! = !!"#!!!"# !!"#! !!!"#! !!"#!!!"#$!! ! !!"#$%! !!!"# !  (19) 
   

Three estimates of !!"!!!, !!"!!"!, and !!"!!"! were solved for, using each of the 

three solutions (3 problems x 3 solutions = 9 error rotation matrices).  

IMUs suffer from drift mainly about the vertical axis. Thus it was useful to 

decompose the error into two components (Bergamini et al., 2014): !!""!"#$%&' (i.e. error 

in the rotation about the global frame’s vertical axis) and !!""!""#"$%& (i.e. error in the 

other two dimensions of orientation). The error matrix, !!"", was decomposed into the 

two orientation components by first being converted to Euler angles. The vertical axis 

had to be the first in the Euler sequence chosen (Faber et al., 2013). Secondly, the 

elementary rotation matrices, !! ,!! ,!! were calculated from each Euler angle. Finally, 

the heading error matrix was computed from the vertical axis’ elementary rotation 

matrix, !!""!"#$%&' = !!. The attitude error matrix was computed by multiplying the 

other two elementary rotation matrices, !!""!""#"$%& = !!!! (Bergamini et al., 2014). This 

decomposition was performed on all three error rotation matrices, !!"!!!, !!"!!"!, and 

!!"!!"!, for each solution (3 problems x 2 components x 3 solutions = 18 decomposed 

error rotation matrices). 

Unfortunately, rotation matrices are hard to compare. Thus, to quantify the 

difference between aligned and target orientations, the rotation angle (from the axis-angle 

representation) was used to represent the 3D error rotation matrices. The heading error 

rotation angle, !!(!)!"#$%&' and attitude error rotation angle, !!(!)!"!"!#$%, were 

computed at each time instant of the alignment trial from !!""!"#$%&' and !!""!""#"$%&, 
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respectively, using equations in Appendix 2A. This simple measure of orientation 

similarity (Bergamini et al., 2014; Koning et al., 2012) facilitated a comparison of 

alignment methods. This scalar metric was applied to the intra-system comparison (2 

components x 3 solutions of !!"!!! = 6 error rotation angles) and the two inter-system 

comparisons (2 components x 3 solutions of !!"!!"!, and !!"!!"! = 12 error rotation 

angles).  

3.3.6 Statistics 

A root mean square (RMS) metric to evaluate results was chosen, based on 

(Bergamini et al., 2014). The RMS of both the heading and attitude error rotation angles 

was taken across the alignment motion trial for each alignment solution (2 components x 

3 solutions x 3 problems = 18 RMS values). The average across both inter-system tests 

(one per IMU-cluster assembly) was then found (reducing to 2 components x 3 solutions 

x 2 applications = 12 RMS values). These comparisons correspond to the two 

applications of coordinate frame alignment in biomechanics (Figure 3.3). Finally, the 

average result over eight trials was calculated, with the uncertainty across trials 

represented as standard error of the mean (SE).  

After confirming normality, two one-way repeated measures ANOVAs were 

used to separately test the effect of the alignment method on both the attitude and 

heading RMS results. If significant differences are found, pairwise comparisons were 

analyzed using the Holm-Sidak post hoc test for statistical significance at a 5% 

significance level. A practical significance threshold was also chosen to be 2°, since 

values that small have been deemed to be too small to require explicit consideration 

during data interpretation (McGinley et al., 2009). 
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3.4  Results 
The gyroscopic angle IMU intra-system local alignments from each of the three 

alignment solutions were superimposed in Figure 3.8. Figure 3.8 is a simple example to 

demonstrate that the alignment between IMU frames performed as expected, and all 

alignment solutions behaved similarly. The gyroscopic angle however, does not have 

intuitive meaning so further interpretation is limited. 

 
Figure 3.8: Demonstrating the effect of coordinate frame alignment. The gyroscopic 
angle of IMU2 during the alignment motion (green dot-dash) is aligned to the 
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gyroscopic angle of IMU1 (blue), which is the target. The alignment involves rotation 
about each axis (X,Y,Z) of the IMU, which can be seen as slanted portions in each axis: 
first about the X, then the Z, then the Y. There is some delay between rotations (flat 
portions in all axes). All three solutions (dashed lines: red, teal, magenta) appear to be 
aligned well to the target line (blue). One portion has been magnified to show the 
closeness of the solutions to the target and to each other. The values are not important to 
the demonstration. 

To compare the alignment methods, the approach used in Bergamini et al. (2014) 

to compare sensor fusion algorithms was adopted. The RMS values of the error rotation 

angles of each application, IMU intra-system (top) and average inter-system (bottom), 

are shown for heading (left) and attitude (right) rotation angles in Figure 3.9, averaged 

across N=8 trials. The inter-system alignment was averaged across both IMU-cluster 

assemblies. 

 
Figure 3.9: Error Between Methods. RMS values of the error rotation angle, averaged 
across N=8 days. The top plot is between the two IMUs. The bottom is averaged across 
two IMU-cluster assemblies. The inter-system alignment (bottom) was less accurate. 
Error bars are standard error of the mean. Asterisks and lines connect solutions that are 
significantly different (p<0.05 using post-hoc analysis) for each orientation component. 
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Since the accelerometer can help prevent drift in attitude, it was expected that the 

heading error would be greater. Contrary to expectations, all methods had similar 

results for both heading and attitude errors. The IMU intra-system results (top) were the 

best, as expected, since system spatiotemporal differences were not a factor. The inter-

system alignment also performed the worst in terms of repeatability across days, as seen 

by the standard error estimates.  

A significant effect of the ‘alignment method’ factor was observed in both 

applications. The IMU intra-system test had a significant difference in the attitude error 

only (F=10.95,p=0.001). The inter-system test had significant differences in both heading 

(F=12.08,p=0.007) and attitude (F=31.61,p<0.0001) errors.  

Post hoc pairwise comparisons for each orientation component of each test found 

significant differences between methods (Figure 3.9). In the IMU intra-system test, only 

the attitude error was significantly different between the Shah Hand-Eye and NLS-

GyroAng solutions (0.2° mean difference, p=0.005). The average inter-system test had 

statistically significant differences as well. A significant difference was found in heading 

errors from the Shah Hand-Eye and NLS-GyroAng (0.6° mean difference, p=0.002). 

Significantly different attitude errors were also found between the Shah Hand-Eye and 

both the LLS-Gyro (1.6° mean difference, p=0.0007) and the NLS-GyroAng solutions (1.2° 

mean difference, p=0.0002). These are less than the threshold value chosen (2°) for 

practical significance. It can therefore be concluded that, as expected, all alignment 

methods are practically equivalent. 

3.5  Discussion and Conclusions 
The aim of the present work was to compare three coordinate frame alignment 

solutions used in biomechanics literature to show their mathematical and experimental 

equivalence. The mathematical equivalence was demonstrated in Section 3.2.9, followed 

by experimental validation. The experiment revealed statistically significant differences 
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between methods in aligning systems or IMUs. However, these differences were smaller 

than our criteria for practical significance. These findings should be kept in mind when 

choosing an alignment method for one of two applications: validating IMU orientation 

estimation as has been the focus of many recent studies (Bergamini et al., 2014; Lebel et 

al., 2013, 2015; Pasciuto et al., 2015; Sabatini, 2011), or using IMUs for relative orientation 

estimates in joint angle estimation (Favre et al., 2008; Ferrari et al., 2010; Taffoni & 

Piervirgili, 2011).  

3.5.1 Method Comparison 

The methods were shown to be mathematically equivalent, however the Shah 

Hand-Eye solution does have some practical advantages. It can be used by any 

orientation-measuring system, and there is a wealth of literature over the past two 

decades supporting it (as reviewed in Shah et al., 2012). For our purposes, it was 

advantageous since it could find the local and global alignment matrices simultaneously 

without having to compute a differential transformation between time instants or 

having to average rotation matrices. Another advantage of the hand-eye solutions is that 

they use the orientation from each system, instead of the gyroscope of the IMU, which 

may not measure the same underlying property as the rotation matrix-derived angular 

velocity. Thus, the Shah Hand-Eye solution (Shah, 2013) is recommended for future use. 

The main disadvantage is that it relies on the IMU sensor fusion for orientation 

estimation, instead of using the gyroscope output directly.  

3.5.2 Comparison to Literature 

The equivalency results shown here used the same orientation accuracy 

assessment as (Bergamini et al., 2014). The inter-system RMS results (Figure 3.9) are 

comparable to results in that study, based on the bar plots. This supports the validity of 

the present study’s results, since their study used the sensor fusion algorithm 

(Madgwick, 2011a) used here. Bergamini et al. (2014) also implemented the NLS-
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GyroAng alignment method with some modifications, making the comparison 

meaningful. In addition, the motions in both studies were about all three axes, at 

reasonable speed. There were, however, some key differences between studies that limit 

comparison of results. In that study, the motion was long in duration. The present study 

only looked at an alignment motion, which was only about 25s, so better results were 

expected. In Lebel et al. (2015), trials up to 30s resulted in absolute orientation errors 

(inter-system) up to 2.0° and relative orientation errors (intra-system) around 5.0°. These 

correspond well with the present work, considering that larger errors were expected in 

the present work, since coordinate frame alignment methods were used, adding error to 

the comparison. One potential cause of the poor inter-system results is that a 

magnetometer was not used in the present study. However based on the results of 

Bergamini (2014), the magnetometer would not have had any effect on attitude errors, 

and its effect on heading errors would be very small due to the short duration of the 

experiment. Their study viewed error as orientation estimation error, disregarding any 

contribution from the alignment solution error. It is difficult to separate these sources of 

error, since alignment is required to compare IMU orientation to a camera system. Error 

decomposition is suggested for future research.  

The inter-system comparison performed worse than the IMU intra-system 

comparison, possibly due to the temporal misalignment between systems (Sessa et al., 

2012). Although the offset time delay was fixed, the sampling rate differences were not. 

The present study’s results can be compared to the original alignment method studies, 

though different metrics were used, making comparisons difficult. The NLS-GyroAng 

solution (Chardonnens et al., 2012) was assessed using the amplitude of rotation, and 

they found RMS values of 1.06°. Their study examined synthetic data and compared 

results to a ground truth alignment, limiting comparisons to this study. The present 
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study includes error in both local and global alignment transformations, so larger errors 

were expected.  

3.5.3 Implications and Limitations 

A primary goal of IMU orientation estimation in the human movement context is 

the ability to obtain joint angles. Reference frame alignment is required for IMUs and for 

comparisons with a camera system as reference. The present study found that three 

available alignment methods equivalently aligned the coordinate frames in each test: 

between IMU reference frames and between camera and IMU systems. Unfortunately, 

IMUs drift over time, so the alignment may become invalid between trials if the 

experiment is long in duration (Favre et al., 2008). If the coordinate frame alignment 

methods are used in gait analysis, the IMU drift must be sufficiently compensated. 

However, the IMU intra-system alignment cannot be repeated between trials, since it 

would require the IMUs to be taken off the subject, violating the invariant sensor-to-

body transformation required for anatomical calibration. An updateable alignment is 

suggested if the pelvis IMU is not required, using a method such as (Favre et al., 2008) or 

(Taffoni & Piervirgili, 2011). Otherwise, using the alignment method at the beginning 

and end of the experiment can provide a way of compensating for the drift (Brennan et 

al., 2011). Multiple trials were not shown in the present study to test whether or not the 

alignment remains valid during an entire gait analysis protocol. 

The solutions can be improved by including a data selection step before 

inputting the alignment motion data into the algorithm (Mair et al., 2011; Schmidt & 

Niemann, 2008). This data selection step was proposed for hand-eye calibration 

solutions using continuous data capture during the alignment motion. Continuous data 

results in small rotations between subsequent time instances. The magnitude of the 

rotation between time instances is a critical factor affecting the accuracy and robustness 

of hand-eye calibration (Tsai & Lenz, 1989). The angular velocity methods are also not 
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reliable when the displacement between time instants chosen is not large enough, as 

noted in instantaneous helical axis literature (Stokdijk et al., 1999; Woltring, 1991). 

Therefore, using the temporal order of the data (subsequent time instances) is not ideal, 

since the sampling rate is so high, so the differential orientation may not be well 

conditioned (e.g. high signal-to-noise ratio). In the present work, some portions of the 

alignment motion may have been too slow or lack any motion at all between frames, 

particularly transitions between rotation directions (notice delay between slanted 

portions in different axes of Figure 3.8). In the unmodified solutions used here, these are 

given an equal weight as all other portions of the alignment motion. This should be 

improved using the methods in (Mair et al., 2011; Schmidt & Niemann, 2008).  

Spatiotemporal alignment to enable a fair comparison between systems with a 

systematic time delay seems to be a new and growing field, as evidenced by the growing 

number of recent publications (Ackerman et al., 2013; Kelly et al., 2014; Mair et al., 2011; 

Olson, 2010; Sessa et al., 2012). All of these papers highlight the insensitivity of previous 

coordinate frame alignment methods to temporal alignment caused by time delay, 

random changes in rate, and missed data. It is possible that error in temporal alignment 

has been interpreted as spatial misalignment. The temporal problem is present in 

comparing IMUs to cameras. In this study, different computers, with asynchronous 

clocks, were used. The use of two computers was motivated by the limits of Bluetooth 

data transfer. Even if only one computer was used, IMUs usually only provide a 

software timestamp, meaning there is a delay between data acquisition and reception 

(Sessa et al., 2012). Using the terminology from (Sivrikaya & Yener, 2004), the problem 

can be broken down into two errors: an offset (“synchronization” error) and a difference 

in sampling rate (“drift” – the offset becomes a function of time (Olson, 2010)). In the 

present work, only a temporal offset was compensated for. Rate differences between 

systems or sensors were ignored, since correcting it is non-trivial. Future work should 

facilitate temporal alignment of IMUs, as suggested by (Olson, 2010). 
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In conclusion, the difference between alignment methods was practically 

insignificant, as expected since they are mathematically equivalent. The Shah Hand-Eye 

solution (Shah, 2013) is recommended for future use in system comparison between 

IMUs and camera systems as well as for use between IMU reference frames to obtain 

joint angles. During an alignment motion setup such as the one shown here, these two 

applications can be solved simultaneously. In addition, the alignment motion can be 

used as a spot check, as recommended by (Cereatti et al., 2015), to estimate the error in 

the relative orientation between pairs of IMUs, while they are rigidly attached together. 

IMU absolute and relative orientation accuracy has been studied elsewhere, though 

more research is required to understand the sources of error before it will be considered 

a viable option for clinical biomechanics. We hope that the present study’s results 

facilitate future IMU evaluations in comparison to established camera systems as 

reference. This will help development in IMU-based joint angle error research, based on 

a growing body of established “best practice” guidelines (Bergamini et al., 2014; 

Camomilla & Bergamini, 2014).  
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4.1  Introduction 
 Human movement analysis is important in many applications for quantifying 

motion in order to understand it and improve performance. Marker-based systems are 

an established “standard” for quantitative 3D human movement analysis that track the 

3D position of reflective markers (Cappozzo et al., 2005). These systems have been 

widely used in research to measure angular kinematics. Despite widespread use, their 

clinical application is still limited, mainly because marker-based systems are expensive, 

data capture and processing is time consuming, and they require large dedicated 

laboratories that subjects adapt to (Lambrecht & Del-Ama, 2014).  

Inertial measurement units (IMUs) are an appealing alternative capable of 

measuring joint kinematics for movement analysis, without many of the limitations of 

the marker system (Fong & Chan, 2010; Luinge & Veltink, 2005). The ability to perform 

self-contained, untethered motion capture outside of the lab is the most compelling 

capability. A second promising aspect of IMU-based gait analysis is the simplicity and 

low cost, enabling larger subject pools and faster data collections (Robertson et al., 2004; 

Simon, 2004). 

IMUs consist of an accelerometer and a rate gyroscope. The gyroscope measures 

angular velocity, which can be numerically integrated to obtain angular displacement 

(i.e. orientation). Any error in the orientation estimate accumulates over time, due to an 

effect known as ‘drift’. An accelerometer measures linear acceleration and can be used in 

quasi-static conditions to ‘level’ the IMU (i.e. find the axis aligned with gravity) and 

greatly reduce orientation drift, except about the vertical axis (Groves, 2015). To 

compensate for drift about the vertical axis, a magnetometer is commonly used to 

provide a second known, non-vertical, non-drifting axis. When combined with the 

accelerometer and gyroscope, the unit is called a magneto-inertial measurement unit (M-
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IMU)3. M-IMUs provide almost drift-free 3D orientation estimation, however many 

studies have highlighted the difficulties of using a magnetometer in practice, due to non-

uniform magnetic environments (de Vries et al. 2009; Roetenberg & Luinge 2005; 

Palermo et al. 2014). IMUs (without the magnetometer) can be used in these 

environments, but experiment duration is limited by drift. Despite this limitation, IMUs 

have been widely used in the human movement context (Cooper et al., 2009; Favre et al., 

2008; Luinge & Veltink, 2005; Tadano et al., 2013).  

In the present work, the 3D orientation of the IMU is represented as a rotation 

matrix describing the orientation of the local frame embedded in the IMU with respect 

to a reference frame. The reference frame is generally defined as the initial orientation of 

the IMU at the beginning of the experiment. When using more than one IMU, each IMU 

measures orientation with respect to its own unique reference frame. This is important 

because a common reference frame is required to compute the relative orientation 

between two IMUs around a joint, which provides a 3D joint angle estimate. Since each 

IMU measures orientation with respect to its own reference frame, a coordinate frame 

alignment is required to mathematically align the reference frames between IMUs (Favre 

et al., 2008; Shah, 2013). These coordinate frames are shown for the knee joint in Figure 

4.1. One IMU is placed on each body segment surrounding the knee joint. Each IMU 

provides an orientation estimate (R_ORIENTPROX and R_ORIENTDIST) with respect to its 

own reference frame. The reference frames are related to each other by R_REF.  

                                                
3 Other names for a M-IMU not used in this paper are: attitude and heading reference system (AHRS), 
magnetic, angular rate and gravity (MARG) sensors, or inertial and magnetic measurement systems 
(IMMS). 
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Figure 4.1: IMU Coordinate Systems. Multiple IMUs estimate orientation with respect 
to different reference frames. Thus coordinate frame alignment is required to find the 
time-invariant transformation between reference frames (R_REF, black arrow). The 
anatomical frames (R_ANAT) are also required, estimated in each IMU frame (blue 
arrows). The time-variant orientations (R_ORIENT, red dashed arrows) are used to 
compute the joint angle from the distal anatomical frame (bottom blue frame) with 
respect to the proximal anatomical frame (top blue frame). The arrow representing the 
joint angle transformation is not shown, since it is computed by successive 
transformations of those shown. 

The relative orientation of the segments surrounding a joint should be related to 

the anatomy to enable inter-subject comparisons and clinical interpretation. Each 

measured local coordinate frame must be related or aligned to the anatomical axes of the 

human body segment it is rigidly attached to. In Figure 4.1, the thigh IMU’s orientation 

is related to the thigh anatomical frame by R_ANATPROX, and the analogous 

transformations are found for the shank (distal) segment. The two anatomical frames are 

used to find the joint orientation matrix. Estimating the anatomical axes of each segment 

is a two-part process: first a biomechanical model must be chosen, and then an anatomical 

calibration is performed (Cereatti et al., 2015). To find the anatomical axes using marker-

based systems methods have been recommended that rely on anatomical landmarks to 

https://www2.aofoundation.org/

R_ANATPROX

R_ANATDIST

R_ORIENTDIST

R_ORIENTPROX

R_REF
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directly relate the axes to the bone (Wu et al., 2002). Unfortunately, these anatomical 

calibrations rely on position information of the landmarks, and therefore cannot be 

directly used by IMUs. 

In recent years, many techniques have been proposed to estimate anatomical 

axes in the IMU’s local frame (i.e. find the axes of R_ANATPROX or R_ANATDIST in 

Figure 4.1) using anatomical calibration without anatomical landmark position data 

(Favre et al. 2009; Cutti et al. 2010; Seel et al. 2014; Lambrecht & Del-Ama 2014; Cereatti 

et al. 2015; Palermo et al. 2014; O’Donovan & Kamnik 2007). These calibrations are 

categorized into manual mounting, static postures, functional motions, arbitrary 

motions and additional devices (Table 4.1). Many methods combine categories. Some 

examples of functional motions and static postures are shown in Figure 4.2. 

 
Figure 4.2: Examples of anatomical calibrations. Previous anatomical calibrations for 
various lower limb segments using functional motions (left 3 photos from Seel et al., 
(2014)) and static postures (right, image from Palermo et al. (2014)). 

For each segment, most calibrations find two anatomical axes to define a plane, 

and then use a Gram-Schmidt cross product process to obtain three mutually 

perpendicular axes. Thus, the invariant transformation of an anatomical frame with 

respect to each IMU’s local frame is computed (R_ANATPROX or R_ANATDIST in Figure 

4.1). Finally, the complete 3D orientation estimates of the anatomical frames with respect 

to a common reference coordinate system are used to calculate the joint kinematics 
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during motion. The joint orientation matrix calculation requires all the transformations 

in Figure 4.1, following the transformation ‘arrows’ from R_ANATDIST to R_ANATPROX 

using matrix multiplication (Robertson et al., 2004): 

R_KNEE! = ! [R_ANATPROX]![R_ORIENTPROX]![R_REF][R_ORIENTDIST][R_ANATDIST] 
 

Table 4.1 describes some assumptions and limitations known from previous 

literature affecting each anatomical calibration category. The joint angle accuracy from 

some of these anatomical calibrations will be the subject of the present work. 

Table 4.1: Categories of anatomical calibrations. Assumptions and limitations in 
anatomical frame definitions found by anatomical calibrations in literature. Citations are 
provided for upper and lower limb segments. Sometimes a combination of techniques is 
used, where the citation is repeated in two places. 

Anatomical  
Calibration 

Citations Assumptions Limitations 

Manual  
Mount 

Lower: (Cutti et al., 2010; Favre et 
al., 2006; Liu et al., 2009) 
 
Upper: (Bouvier et al., 2015) 

Sensor Axes = 
Anatomical 
Axes 

Time consuming and difficult to 
align the invisible axes on a non-
planar surface (Seel et al., 2014) 
 
Ignored in the literature (Bouvier 
et al., 2015; Cutti et al., 2008) 

Static  
Posture 

Lower: (Lambrecht & Del-Ama 
2014; Palermo et al. 2014; Cutti et 
al. 2010; Favre et al. 2008; Tadano 
et al. 2013; Vargas et al. 2014) 
 
Upper: (Bouvier et al., 2015; de 
Vries et al., 2010) 

Gravity = 
Anatomical 
Axis 

Simplistic assumption (Cereatti et 
al., 2015) 

Functional  
Motion 

Lower: (Cutti et al., 2010; Favre et 
al., 2009; O’Donovan & Kamnik, 
2007; Roetenberg et al., 2009) 
 
Upper: (Bouvier et al., 2015; Cutti 
et al., 2008; de Vries et al., 2010; 
Kim et al., 2013; Luinge et al., 2007) 

Uni-axial 
Rotation = 
Anatomical 
Axis 

Motion-based axis may not be the 
same across motions and loading 
conditions (Marin et al., 2003; 
Picerno et al., 2008) 
 
Motion performance limits 
accuracy (Cereatti et al., 2015) 

Arbitrary  
Motion/Kin
ematic 
Constraints 

Lower: (Cooper et al., 2009; Lin & 
Kulić, 2012; Roetenberg et al., 2009; 
Seel et al., 2014) 
 
Upper: (Roetenberg et al., 2009; 
Zhou et al., 2008) 

Hinge/Saddle
/Spheroidal 
Joint 

Limited by model assumptions 
(Seel et al., 2014) 

Additional  
Devices 

Lower: (Bisi et al., 2015; Picerno et 
al., 2008; Tadano et al., 2013) 
 
Upper: N/A 

Superficial 
ALs = 
Anatomical 
Axes 

Restricts portability (Palermo et al. 
2014) 
 
Limited to certain joints 

    
Anatomical calibrations for IMU-based lower-limb joint kinematics have been 

compared to marker-based joint angles (or a similar system) for validation in all of the 

studies cited in Table 4.1. However, results vary and it is difficult to compare between 

studies due to methodological differences, such as: different marker models, different 
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IMU systems, different number or population of subjects, and different error metrics 

used. To the author’s knowledge, anatomical calibrations for IMU-based lower-limb 

joint kinematics have not been compared to each other before. This will benefit 

researchers asking which anatomical calibration is should be used? As well as to what extent 

do joint angles change due to different anatomical calibrations? 

The present study compares IMU-based models for lower limb joint angle 

estimation. Five different IMU-based anatomical calibrations found in literature 

(O’Donovan & Kamnik 2007; Favre et al. 2009; Cutti et al. 2010; Lambrecht & Del-Ama 

2014; Palermo et al. 2014) were replicated and assessed concurrently against a marker-

based anatomical calibration.  

4.2  Methods 
Eight subjects (4 male, 4 female, 22 ± 3 years old, weight 74 ± 7 kg, height 176 ± 8 

cm) were chosen as a convenience sample for the study. Before collecting data, all 

subjects signed an informed consent approved by the General Research Ethics Board at 

Queen’s University. Only those with no history of gait pathology were recruited.  

The subjects performed two walking trials at a self-selected speed (1.5 +/- 0.2 

m/s) across a 7m straight path over six force plates (AMTI, Watertown, MA) capturing 

at least one stride. Only one stride of one walking trial was analyzed for each subject. 

The joint angles for the hip, knee and ankle joints of the right leg were computed.  

4.2.1 Camera System Joint Angles 

Eleven cameras (Qualisys, Oqus, US) were used to capture the 3D position 

trajectories of 16 reflective markers attached directly to the body. The markers (shown 

red in Figure 4.3) were placed on the ASIS and PSIS landmarks (4 markers), right knee 

epicondyles (2), right ankle malleoli (2), the insertion of the Achilles tendon, the first and 

fifth metatarsals and the gap between the second and third metatarsal on both the right 

and left feet (8). The left foot was used only to detect gait events through Visual 3D (C-
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motion Inc., Germantown, MD) from the six force plates along the walkway. In addition, 

marker clusters were attached to each of the IMU cases to track each body segment (4 

clusters, 3 green markers each, shown in Figure 4.3). This was to ensure the same skin 

motion artifact affects each system, and because marker clusters have been shown to be 

an accurate marker model (Cappozzo et al., 1995; Collins et al., 2009; Żuk & Pezowicz, 

2015). The marker trajectories were smoothed at 6 Hz and gaps due to marker occlusion 

were filled using cubic spline interpolation. 

 
Figure 4.3: Marker Set. Marker set used for the pelvis and right leg anatomical 
coordinate frames. Red markers are anatomical landmarks, palpated by the operator. 
Green markers are tracking markers on the IMU casing. The grey bands are elastic 
wraps holding the IMU-cluster assembly. Markers on the left foot were only used in gait 
event detection. 

The following anatomical frame definitions were used from trajectories captured 

during a neutral static standing posture. The axes were normalized to be unit vectors set 

as the columns of each segment’s rotation matrix with respect to the laboratory frame. 

The axes definitions and order of the Gram-Schmidt process is described in Table 4.2: 
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Table 4.2: Camera-based Anatomical Frames. Anatomical Frame definitions in the 
marker-based motion capture system. The order of solving the axes in the Gram-
Schmidt process differs for each segment, as shown in each cell below as (#). 

Segment X-axis (Lateral) Y-axis (Anterior) Z-axis (Cranial) 

Pelvis (1) Left to right ASIS (3) Cross product of X 
and Z axes 

(2) Cross product of X-
axis and a vector from 
the midpoint of the PSIS 
to the midpoint of the 
ASIS markers 

Thigh (3) Cross product of Y-
axis and Z-axis 

(2) Cross product of Z-
axis and vector from 
medial epicondyle to 
lateral 

(1*) Midpoint of the 
epicondyles to the hip 
joint center estimation 
from anthropometric 
data (Bell et al., 1989) 

Shank (3) Cross product of Y-
axis and Z-axis 

(2) Cross product of Z-
axis and vector from 
medial malleoli to 
lateral 

(1) Midpoint of malleoli 
to midpoint of 
epicondyles 

Foot (1) Cross-product of Y-
axis and Z-axis  

(2) Heel to marker 
midpoint of 1st and 5th 
metatarsals. 

(3) Cross product of 
vector from 1st to 5th 
metatarsal and Y-axis 

*Reasons for keeping the long axis instead of the epicondylar axis: Lateral axis is hard to find, also it is 
prone to error due to small distance between markers. 
 

4.2.2 IMU System    

Four wireless IMUs (x-IMU, x-io Technologies, UK) were placed on the subject’s 

pelvis (between the PSIS landmarks), right thigh, shank and foot. The pelvis IMU was 

oriented so that its long axis pointed vertically. The shank IMU was visually aligned 

with the sagittal plane as described in the Cutti model (Cutti et al., 2010). The thigh and 

shank IMUs were attached using elastic wraps. The pelvis IMU used an inelastic strap 

and the foot IMU was attached to the running shoe using tape. Athletic tape was then 

wrapped around each IMU-cluster assembly to ensure rigid fixation (see Figure 4.4).  

The IMU cases were 3D printed (weight 49g, dimensions 57x38x21 mm), based 

on the manufacturer’s CAD model. The only addition was a belt slot to enable 

attachment to the subject. 
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Figure 4.4: IMU Experimental Setup. Subject with four IMUs, each attached to a marker 
cluster. The units are placed on the foot, shank, thigh and pelvis/lower back. Wires for 
the trigger are connected to the IMUs’ analogue pins. 

Only the gyroscopes and accelerometers of the IMUs were used to estimate 

orientation from the proprietary sensor fusion algorithm (Madgwick, 2011a). Since the 

author’s lab has a ferromagnetic sub-floor, large magnetic distortions were present. 

Therefore, the magnetometer was avoided in this study. According to the 

manufacturer’s instructions, experience, and previous protocols in IMU research 

(Bergamini et al., 2014; Lebel et al., 2013), the following steps were performed prior to 

the subject arriving. The sensor fusion algorithm of each IMU was “Initialized”, forcing 

a steady state, and the sensors were warmed up (rotated about each axis intermittently) 

for 20 minutes. At the beginning of the experiment, the IMUs were visually aligned on a 

flat surface and separately “Tared”, defining the ‘datum orientation’ used as the 

reference frame for each IMU. The least drift-sensitive axis was vertical during the Tare, 

to minimize drift in the orientation between trials. After trial and error, the least drift-

sensitive axis was chosen to be any axis that would not undergo the most motion when 

placed on the body. Best performance was attained when all IMUs were Tared with the 

same axis vertical. 
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Table 4.3A specifies each model used. Two static postures and multiple 

functional motions were captured according to the five calibrations examined. Some 

models, such as Cutti 2010 and Favre 2009, required static normalization, marked in Table 

4.3A. Note that only two models are applicable to the hip, four are applicable to the knee 

and three are applicable to the ankle. The calibrations are described in Table 4.3B. 

Table 4.3A: IMU-based anatomical calibrations replicated in the present study. The 
calibration used by each protocol is shown, as well as the applicable joints. The static 
postures (STATIC) and functional motions (FUNC) are distinguished by the subscripts. 
If a mounting assumption (MOUNT) was used, the segment was designated by the 
subscript (e.g. for an IMU mounted in a special way to the pelvis: MOUNTPELV). 

 Hip Knee Ankle 
Palermo 
2014 

STATICSTAND + 
STATICLAY 

STATICSTAND + 
STATICLAY 

STATICSTAND + 
STATICLAY 

Favre 2009 N/A *FUNCKneeFE + 
FUNCKneeAA N/A 

Lambrecht 
2014 N/A STATICSTAND + 

FUNCHipFE N/A 
O’Donovan 
2007 N/A N/A FUNCKneeFE + 

FUNCAnkleIE 
Cutti 2010 *STATICSTAND + 

MOUNTPELV 

FUNCKneeFE + 
STATICSTAND + 
MOUNTSHANK 

*STATICSTAND + 
MOUNTSHANK 

*uses static-normalization: joint angles transformed such that the ‘zero-angle’ is defined 
when the orientation of the segments match the neutral static standing posture 
 

Table 4.3B: Descriptions of calibration postures and motions used. All static trials 
were 5s long, and each functional motion was performed 5 times. 

Calibration Definition 

STATICSTAND Neutral standing posture, knees extended, feet pointing forward shoulder 
width apart 

STATICLAY Similar to STATICSTAND but inclined while seated at the edge of a plinth 

FUNCKneeFE 

Favre: Seated passive motion roughly between 45° and 80° 
 

O’Donovan: Seated active motion avoiding range of motion limits. Foot is 
positioned with respect to shank such that the medio-lateral axes are the 

same, and minimal motion occurs at the ankle joint during the calibration. 
Uses instantaneous helical axis instead of gyroscope output. 

 
Cutti: Standing active motion up to 70°. Uses instantaneous helical axis 

instead of gyroscope output. 
FUNCKneeAA Seated passive motion realized at the hip joint 

FUNCHipFE 
Standing motion keeping the foot pointed forward, avoiding the range of 

motion limits. Knee remains extended such that the same axis is found in both 
the thigh and shank 

FUNCAnkleIE 
Rotation about the entire straight leg roughly 180°, realized at the hip, keeping 
heel and toe parallel to the ground. Uses instantaneous helical axis instead of 

gyroscope output. 
MOUNT IMU axis manually aligned with the vertical (PELV) or lateral (SHANK) axis 
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The thorax IMU was excluded, so the Cutti model was adapted to use the pelvis 

IMU instead. In the original, the only information needed from the thorax IMU was 

another axis in the sagittal plane (in addition to the gravity vector), which was instead 

defined using the pelvis IMU axis. It should not be a detrimental change since the pelvis 

IMU was carefully placed such that one axis was in the sagittal plane. The protocols 

were performed as closely as possible to the original designs, except in IMU placement. 

IMU placement was based on the Cutti model, since the other models did not have 

specific mounting assumptions. This should not affect the performance of the other 

calibrations. 

4.2.3 Temporal Synchronization    

For a meaningful comparison of orientation, the systems must be temporally 

synchronized. All data from the IMUs, cameras and force plates, were recorded at 128 

Hz, and it was assumed that each IMU has a stable internal sample rate (Mair et al., 

2011). All systems (camera, force-plates and IMU) were temporally synchronized using a 

trigger to start the Qualisys data capture, which was measured using the analog pins of 

each IMU. After correcting for the trigger, another phase shift was applied to correct the 

time delay due to a combination of: asynchronous computer clocks, time delay between 

acquisition and data reception, and data jams (Kelly et al., 2014; Olson, 2010; Sessa et al., 

2012). The second phase shift was found using cross correlation of the rotation angle 

(Mair et al., 2011). Rate differences were ignored, as well as dropped data packets from 

sending too much information via Bluetooth (Ackerman et al., 2013).  

4.2.4 Coordinate Frame Alignment    

A common reference frame between the IMUs surrounding each joint was 

required for joint kinematics (R_REF in Figure 4.1). A coordinate frame alignment 

method was used to align the reference frames of each IMU (Shah, 2013). This problem 

was discussed in detail in Chapter 3. Once the subject performed all the calibration 
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motions and walking trials, the IMUs were removed. The invariant transformations 

between reference frames were found using data from an alignment motion, rotating the 

IMU-cluster assemblies about three orthogonal axes to cover the rotational space 

(Chardonnens et al., 2012). The invariant transformations were then applied to each 

trial’s orientation estimates to align the reference frames of each IMU surrounding a 

joint. IMU drift was not compensated, so the alignment accuracy deteriorated over time. 

4.2.5 Data Analysis 

In each measurement system, joint angles were constructed as the relative 

transformation of the distal segment to the proximal segment’s anatomical frame. The 

direction cosine matrix was parameterized as Euler angles based on a sequence 

corresponding to sagittal-frontal-transversal angles for all three joints. All joint angles 

were time-normalized as a percentage of the gait cycle from heel strike to heel strike of 

the right foot (T=100 points). Data processing was performed off-line by a custom 

routine with Matlab (2013a Mathworks Inc. Natick, MA). 

Joint angles were calculated using each IMU model and the marker model. The 

goal of the present study was to compare the joint angles from different IMU models. 

Up to four models were concurrently applied to one joint (Table 4.3). It can be 

challenging to compare these IMU models concurrently, so the marker calibration was 

used as a reference to make these comparisons. The error metrics in (Favre et al., 2009) 

were adopted: separating the comparison into accuracy (bias) and precision (SDDIFF) 

metrics. The standard error of each metric (SEBIAS and SESD) is a measure of the 

repeatability of the metric across subjects. To clarify, the bias quantifies the mean 

difference between joint angles from each IMU model and the marker model. The SDDIFF 

quantifies how much the difference varies (about the mean) across the gait cycle. These 

metrics were chosen over other metrics (e.g. RMSE) because they separate the offset and 

are more appropriate when the error is expected to follow a normal distribution. For 
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completeness, the present study’s results were compared to original studies using each 

of the original studies’ error metrics (Appendix 4A).  

To obtain the above two error metrics, the following steps were performed for 

each joint angle, j=1…J (J=9, 3 joints x 3 planes), for each IMU calibration, i=1…I, and for 

each subject, n=1…N (N=8). The number of applicable IMU calibrations,!!!, varies for 

each joint according to Table 4.3A (!!,!,!=2 for the hip, !!,!,!=4 for the knee, !!,!,!=3 for 

the ankle). For the marker calibration, m is used instead of i. Accordingly; the IMU-based 

joint angle waveform is made up of a scalar joint angle at each time instant t, ! ! !"#. 

Analogously, the marker-based joint angle waveform is ! ! !"#. The comparison of one 

subject’s hip FE angle is used as an example:  
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 First, the joint angle waveforms were computed for each IMU model of the hip for 
one subject (j=1, i={1,2}, n=1): ! ! !!!. The marker model’s joint angle waveform, 
! ! !!!, was also computed. Each waveform was time-normalized across the gait 

cycle (t=1… T=100 points).  

 

   
 Secondly, the difference waveform, !(!)!!!, was computed by comparing each IMU 

joint angle waveform and marker joint angle waveform. There are two IMU models 
for the hip (Table 4.3A): 

 

   
 !(!)!!! = !(!)!!! − !(!)!!!!

!!!           (IMU model 1)  
 !(!)!"! = !(!)!"! − !(!)!!!!

!!!           (IMU model 2)  
   
 Thirdly, the two scalar metrics were computed for each IMU model:  
   
 !"#$!!! = !

! !(!)!!!!
!!!   

!"#$!"! = !
! !(!)!"!!

!!!   

 

   
 

!!!"##!!! =
!

!!! !(!)!!! − !"#$!!! !!
!!!   

!!!"##!"! =
!

!!! ! ! !"! − !"#$!"! !!
!!!   

 

   
 This is repeated for each subject (N=8) to create vectors of each metric: !"#$!" and 

!!!"##!". These vectors are used in two separate ways: (i) as inputs to the ANOVA 
and post-hoc statistical tests (ii) the average and standard error of each metric is 

computed from these vectors.  

 

   
 The process is performed for each joint angle (J=9), using the applicable IMU 

models according to Table 4.3A (!!,!,!=2 for the hip, !!,!,!=4 for the knee, !!,!,!=3 for 
the ankle). The overall process is shown using mathematical notation, where 

∀!∈ 1,… , !  means ‘for each j from 1… J do whatever follows: 

 

   
 !(!)!"# = ∀! !∈ 1,… , ! !∀! !∈ 1,… , !! !∀!!∈ 1,… ,! ! !(!)!"# − !(!)!"#!

!!!    
   
 The difference and joint angle waveforms were both plotted. 

Then the two scalar metrics were found: 
 

   
 !"#$!"# = ∀! !∈ 1,… , ! !∀! !∈ 1,… , !! !∀!!∈ 1,… ,! !!! !(!)!"#!

!!!    
   
 

!!!"##!"# = ∀! !∈ 1,… , ! !∀! !∈ 1,… , !! !∀!!∈ 1,… ,! !
!!! !(!)!"# − !"#$!"#

!!
!!!   

 

   
A one-way repeated measures ANOVA was used on both the !"#$!" and !!!"##!" 

metrics (note the missing n index: vectors include all subjects, N=8) to assess the 

significance of the ‘model/calibration’ factor for each joint angle, j. If a significant result 
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in either metric was found, a Holm-Sidak post-hoc analysis was performed for multiple 

pairwise comparisons between the IMU models. A 5% significance level was desired. 

For all IMU models, the average metric across subjects was tabulated. This 

enabled the computation of an average difference between IMU models if they were 

statistically significant. 

4.3  Results 
Five IMU-based anatomical calibrations were compared to a marker-based 

anatomical calibration as a reference. Figure 4.5 displays the joint angles (!(!)!"# and 

!(!)!"#) of one gait cycle of a representative subject (n=1) during walking. Figure 4.6 

shows the difference waveforms (!(!)!"#), between each IMU model and the marker 

model for all subjects (N=8, thin lines), and the average (thick line) for each joint angle.
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Figure 4.5: Joint angles of one subject. Joint angles of one subject during w

alking using the IM
U

 system
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Figure 4.6: D

ifference plot. D
ifference in low
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b joint angles for one w

alking trial, betw
een each IM
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arker 
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ith the average as a thick solid line. Each m
odel is a different 

colour. Tw
o asterisks, **, denote statistically significant differences in bias betw
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The average bias and SDDIFF across subjects are shown in Table 4.4 for the difference 

between the joint angles derived from each IMU model and the marker model. The IMU 

models were then compared column-wise (in Table 4.4). 

Table 4.4: Error Metrics between each IMU model. Similarity metric values between each 
IMU model and the marker model, quantified using the mean difference and standard 
deviation of the difference. The standard error of the mean is included to assess the precision 
of the mean estimate, after averaging across subjects. The values of each metric were 
compared (by subtraction) across columns to assess IMU model similarity. Two asterisks (**) 
denote statistically significant differences between IMU model biases. One asterisks (*) 
denotes differences in SDDIFF. 

 bias  [deg] 
(SEBIAS) 

SDDIFF [deg] 
(SESD) 

Joint angle P2014 C2010 L2014 O2007 F2009 P2014 C2010 L2014 O2007 F2009 

Hip FE 
-11.6 
(1.6) 

-10.7 
(1.7) 

   1.3 
(0.2) 

1.3 
(0.2) 

   

Hip AA 2.1 
(1.0) 

2.0 
(1.0) N/A N/A N/A 1.6 

(0.3) 
1.7 

(0.3) N/A N/A N/A 

Hip IE 
** 

-0.4 
(1.9) 

-14.0 
(2.5) 

   1.8 
(0.2) 

1.8 
(0.3) 

   

Knee FE 
** 

3.0 
(1.7) 

2.3 
(2.3) 

3.1 
(1.8) 

 6.5 
(2.3) 

2.8 
(0.4) 

3.1 
(0.5) 

2.9 
(0.3) 

 3.4 
(0.4) 

Knee AA 
**/* 

0.7 
(1.2) 

-7.4 
(3.4) 

2.8 
(1.5) N/A -9.1 

(2.1) 
2.9 

(0.3) 
5.0 

(1.2) 
3.6 

(1.0) N/A 5.9 
(0.9) 

Knee IE 
* 

11.5 
(2.4) 

23.2 
(9.6) 

12.9 
(2.0) 

 27.8 
(2.5) 

3.2 
(0.3) 

6.0 
(0.8) 

3.0 
(0.3) 

 4.5 
(0.6) 

Ankle DP 4.4 
(1.7) 

5.8 
(1.9) 

 4.5 
(3.0) 

 2.8 
(0.5) 

2.9 
(0.5) 

 2.9 
(0.5) 

 

Ankle IV -9.3 
(1.8) 

-10.9 
(1.8) N/A -8.6 

(2.9) N/A 5.4 
(1.1) 

5.4 
(0.9) N/A 5.5 

(1.0) N/A 

Ankle IE 
** 

7.1 
(4.2) 

-70.0 
(29.2) 

 3.7 
(4.3) 

 2.9 
(0.3) 

3.1 
(0.4) 

 2.9 
(0.4) 

 

 

The values in Table 4.4 describe how similar the joint angles are between each of the 

IMU models and the marker-based model chosen in this study. The bias  values were large in 

the hip FE, knee IE, and ankle IV and IE angles. Bias was the main dissimilarity between 

systems. For the comparison between IMU models, each joint will be examined separately. 

Hip   Only two IMU models, Palermo (P2014) and Cutti (C2010), were applicable to 

the hip joint angles. The only statistically significant difference was in hip IE, where large bias 

differences were observed between the P2014 and C2010 models (13.6° average difference, 

p=0.004, α=0.05). No statistically significant differences were found in the other hip joint 

angles’ accuracy or precision (SDDIFF).  
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Knee   Four IMU models were applicable to the knee: Palermo (P2014), Cutti (C2010), 

Lambrecht (L2014) and Favre (F2009). A statistically significant difference was found in 

‘model’ factor of the bias in the knee FE (F(3,21)=5.55,p=0.006) and AA (F(3,21)=7.99,p=0.001) 

angles. In the post hoc test, statistically significant bias differences were found in the knee AA 

angle between the F2009 and P2014 (9.8° difference, p=0.004) and F2009 and L2014 (11.9° 

difference, p=0.002) models. No individual pairwise comparisons of the knee FE angle were 

statistically significant. This is likely due to the relatively poor repeatability between subjects, 

seen in the SEBIAS values.  

The ANOVA revealed that the ‘model’ had a statistically significant effect on the 

SDDIFF of the knee AA (F(3,21)=5.53,p=0.006) and IE (F(3,21)=6.71,p=0.002) angles. The 

dissimilarity of the knee AA angle between F2009 and P2014 (3.0° difference, p=0.002) and the 

knee IE angle between C2010 and L2014 (3.0° difference, p=0.008) were statistically significant 

according to the post hoc analysis. The precision of the difference waveform is clearly different 

between these models in the knee AA and IE angles (Figure 4.6).  

Ankle Three IMU models, Palermo (P2014), Cutti (C2010), and O’Donovan (O2009), 

were applicable to the ankle joint angles. The ‘model’ factor only had a statistically significant 

effect on ankle IE bias (F(2,14)=7.19,p=0.007). No individual pairwise comparisons of the 

ankle IE angle biases were statistically significant. The C2010 model, however was clearly 

different from the others, with a 70° bias compared to the camera model. This was more than 

60° greater than the biases found in the other two IMU models (see Table 4.4). No pairwise 

comparison of the ankle IE angle was statistically significant because the Cutti model varied 

so much across subjects (SEBIAS = 29.2°). In fact, compared to the other joint angles, ankle IE 

bias had the worst inter-subject repeatability across all three IMU models. No statistically 

significant differences were found in ankle joint angle precision, as quantified by SDDIFF.  
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4.4  Discussion 
This study aimed at comparing anatomical calibrations for the IMU-based estimation 

of lower-limb joint angles. The joint angles obtained using five IMU-based models from 

literature were compared. For each joint angle, two similarity metrics were used to compare 

IMU models: accuracy, quantified as the mean difference (bias), and precision, quantified as the 

variation of that difference across the waveform (SDDIFF). Recall, the “difference” is between 

each IMU model- and the marker model-derived joint angles. The influence of different 

models and calibrations on joint angle estimation was assessed. 

This present work demonstrated that the main dissimilarity between IMU models was 

caused by inaccuracy (bias differences), not imprecision (SDDIFF differences). The accuracy (bias) 

metric varied across joint angles. About half of the nine joint angles (hip IE, ankle IE and the 

knee FE and AA angles) had significantly different biases due to different IMU models, even 

up to 70°. All other joint angles had similar biases regardless of the IMU model used. The 

precision (SDDIFF) of all joint angles was very similar across all five IMU models, even in the 

two angles that were statistically different (difference in SDDIFF between IMU models ≤ 3.0°). 

Dissimilarities were caused by either (i) biomechanical model differences or (ii) static-

normalization due to IMU drift. Considering their ease of implementation, the Palermo 

calibration (Palermo et al. 2014) is the least involved for both the operator and the subject, 

which gives it an advantage over the other calibrations. 

Bias differences were expected simply due to different anatomical frame definitions 

(Bouvier et al., 2015), particularly in the predominant joint angle, FE (van den Noort et al., 

2014). A second cause, affecting the IE bias was the static-normalization of the joint angles. 

Cutti’s model static-normalized the hip and ankle angles, while Favre’s model had a static-

normalized knee joint angle. This “characteristic” (Table 4.3A) differentiated these two 

models from the other IMU models, causing statistically significant differences. The hip and 

ankle IE angles from the Cutti model had statistically significant large biases, even up to 70°, 
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when compared to the other IMU models. The Favre model resulted in statistically significant 

large biases in the knee AA angle compared to two IMU models, as well generally worse knee 

angle results (Table 4.4). Like the accuracy differences, the statistically significant precision 

differences, though small, were either associated with the Cutti or Favre models. The three 

other IMU models, not involving static-normalization, were similar to each other even if they 

were not similar to the marker model. If reference frame drift caused by static-normalization 

is the main source of IE bias error, it is not the fault of the anatomical model, but the IMU 

hardware and software.  

Static-normalization is a post-processing technique that defines the ‘zero 

configuration’ (Cereatti et al., 2015) of a joint angle, by making the joint angle equal zero 

whenever the surrounding segments are aligned with the static neutral posture. The matrix 

transformation used for static-normalization requires a common reference frame, not only 

between segments but also between the static and walking trials (Hagemeister et al., 2011; 

Robertson et al., 2004). Thus, any IMU drift about the vertical axis between trials directly 

affected the normalized joint angle. This would particularly affect the IE angle because it is 

most aligned with the vertical axis that drift affects. For completeness, joint angles of every 

subject with (Figure A2) and without (Figure A1) static-normalization are provided in 

Appendix 4C. The difficulty in estimating angles in the transverse plane (IE angles) related to 

drift has been noted previously (Palermo et al. 2014). In a non-ferromagnetic environment, M-

IMUs are likely to reduce this drift-related error, particularly improving in the transverse joint 

angles. 

Concerning the hip joint, both Palermo and Cutti models poorly estimated the hip FE 

angle. Specifically, the main contributor to the FE angle bias was the difference between the 

cranial axes of the pelvis and thigh anatomical frames estimated by the IMU and marker 

models. The Palermo and Cutti models assume that a vertical axis (direction of gravity) is 

equal to the anatomical axis of both segments. This explains why the two IMU models 

resulted in similar FE angles. The bias seen in Table 4.4 is due to the marker model’s non-
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vertical cranial pelvis axis. The marker model’s pelvis is typically tilted up to 20° compared to 

the cranial axis of the thigh segment (Kadaba et al., 1990), corresponding to the difference 

found here. This was also the reason given in van den Noort et al. (2013). The hip IE angle 

was dissimilar between the two IMU models. The hip IE bias between the two IMU models 

was either caused by static normalization or anatomical frame differences. An IE bias in all 

joints has been noticed in other studies involving the Cutti model, even using a 

magnetometer, but not to this magnitude (Ferrari et al., 2010; van den Noort et al., 2013). If the 

Palermo model is also static-normalized, it is within a few degrees of the Cutti model (Figure 

A2 in Appendix 4C), suggesting that the main cause of IE bias is inter-trial drift of the pelvis’ 

compared to the thigh’s reference frame about the vertical axis.  

Concerning the knee joint, according to “kinematic crosstalk” literature, if the knee FE 

axis is not properly estimated, some of the flexion motion is detected as motion in the other 

two planes (Kadaba et al., 1990). Specifically, crosstalk was expected to cause imprecision in the 

knee AA angle and inaccuracy in the knee IE angle (Baudet et al., 2014). The SDDIFF for the knee 

AA and the bias for knee IE in Table 4.4 were both significant, supporting the crosstalk 

literature. The Cutti model had a large bias in the knee IE angle, without static-normalization 

(Table 4.4). The predominant cause of knee joint crosstalk is an error in the transverse 

orientation of the thigh or shank segment frame, though FE and AA errors also contribute 

(Desailly, 2014). The shank anatomical frame of the Cutti model uses precise mounting 

assumptions to define the FE axis (Cutti et al., 2010). This may lead to the large knee IE angle 

bias found. The Favre model uses static-normalization for the knee joint angle. Any rotation 

of the anatomical frame about the vertical axis (i.e. transverse plane) caused by IMU drift, 

resulted in crosstalk. The Favre model had the clearest evidence of crosstalk, however when 

the marker model was static-normalized, it matched quite well (see Figure A2 in Appendix 

4C). This suggests that the shank anatomical frame’s FE axis in either model was not aligned 

to the knee’s true functional axis during standing, since static-normalization removes the 

thigh anatomical frame definition (Favre et al., 2009). This was unexpected since the Favre 
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model relies on a passive FE motion to define the FE axis. It is possible, if this error was not 

due to drift, that the inexperience of the operator led to the poor results, since the success of 

passive motions is operator-dependent. The IE bias in the Favre model was much larger than 

the original study, suggesting that there was more drift or poor anatomical frame estimation 

in the present work. The drift due to static normalization may have come from more trials in 

the present work (much longer than the ‘few minutes’ supported by (Favre et al., 2009)) or 

worse sensor fusion performance. 

 Concerning the ankle joint, as in the hip, the very large ankle IE bias from the Cutti 

model is either due to the anatomical frame definition or the drift-based error related to static-

normalization. When the other IMU models were static-normalized (see Figure A2 in 

Appendix 4C), they were very similar to the Cutti model. Thus, static-normalization is likely 

the cause of IE bias, as in the hip angle. 

The model proposed by Palermo (Palermo et al. 2014) performed well compared to the 

other IMU models. It was within 3° of the marker model in all but the ankle joint, hip FE and 

knee IE angles. The repeatability of the Palermo calibration across subjects was among the 

best across all joint angles for both metrics (SEBIAS and SESD). This calibration was also the 

fastest to perform, involved no functional motions, operators or mounting assumptions. 

Further it provided all three lower limb joint angles. The MAV results from Palermo were 

similar to those in the present study (Appendix 4A), supporting the robustness of the 

technique, despite the sources of difference between studies. A potential improvement is to 

use a mean knee flexion axis. This adaption may circumvent the difficulty to maintain the 

sagittal plane in both standing and inclined conditions. Another disadvantage is the simplistic 

assumption that the anatomical axes are vertical during standing, which may not be as true in 

patient populations in particular (van den Noort et al., 2013). These practical advantages must 

be taken into consideration when researchers choose an IMU-based model and calibration.  

The recent comparison of upper limb IMU models (Bouvier et al., 2015) questioned the 

usefulness of a comparison to a marker model, termed ‘trueness’. Firstly, they noted that 



Chapter 4 IMU-derived Anatomical Calibrations for Lower-Limb Joint Angles 

 88 

‘trueness’ does not indicate which system is more accurate in terms of the ground truth. The 

error attributed to the IMU includes the error from both IMU and marker systems (Favre et 

al., 2009). Thus, the accuracy results found between each IMU model and the marker model 

are specific to the present study. Although the extent of joint angle difference due to 

anatomical calibrations was quantified, only trends can be generalized to other studies with 

similar populations, operators, marker models, and IMU hardware and software. Secondly, 

the implications from ‘trueness’ tests are limited, since even marker models have varying 

‘trueness’ (Ferrari et al., 2008; Żuk & Pezowicz, 2015). In spite of this many marker models are 

used extensively. Thus, other criteria (i.e. those that enable the extensive use of marker 

models) should be the goal of future studies in validation. 

For validation, inter-session reproducibility has been highlighted as the key criterion, 

which was not undertaken in the present study (Bouvier et al., 2015). Better method-

comparison study designs have also been recommended elsewhere, based on a good 

understanding of reliability and agreement (de Vet et al., 2006; Kottner et al., 2011). The 

present study should help researchers move forward from the preliminary ‘trueness’ tests 

used previously and presented here. Future research should focus on more rigorous reliability 

and reproducibility testing of IMU-based joint angles (e.g. intra-protocol agreement across 

operators and sessions), first on a normal population, and then in patient populations. This 

has already been done for the upper limb (Parel et al., 2014; van den Noort et al., 2014).  

In summary, all IMU models were compared to the same marker model, so that their 

influences on joint angles were comparable. One question put forward at the start was: Which 

anatomical calibration should be used? This could not be definitively answered by the present 

work, though some contributions were made. It was found that most IMU models resulted in 

similar joint angle differences, when compared to the marker-based model. Therefore the 

easiest calibration to perform (Palermo) was highlighted due to practical advantages. 

Inaccuracy (different biases) and not imprecision (different variations across the gait cycle) 

was the main difference between IMU models. This difference was attributed to one of two 
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identified causes: (i) different knee anatomical frame definitions causing crosstalk and (ii) 

static-normalization causing knee crosstalk and hip and ankle IE biases. Models involving 

static-normalization performed very poorly in IE estimation without the magnetometer. Other 

details, such as the population under consideration will help researchers answer the question, 

as well as reliability and agreement testing (Seel et al., 2014; van den Noort et al., 2013). A 

standard protocol should be developed to help increase clinical and research use of IMUs 

(Vargas et al., 2014). 
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5.1  Conclusions 
The ultimate goal of this thesis was to compare current options open to 

researchers using IMUs in human movement analysis. Specifically, it aimed to help 

researchers make protocol decisions regarding anatomical calibration and coordinate 

frame alignment. Researchers should converge on which options work best, since data 

sharing and comparisons are impossible if the experiments are fundamentally different. 

This will help develop IMU systems for use in clinical and research applications. 

The first objective was to compare three available coordinate frame alignment 

methods. They were shown to be equivalent, mathematically and experimentally. The 

most generally applicable method, the hand-eye calibration (Shah, 2013), was 

recommended for future use. This makes decisions regarding this factor easy for 

researchers, since it can be used in a wide variety of applications.  

The second objective was to compare joint angles from five IMU anatomical 

calibrations using a marker calibration as reference (Chapter 4). Most of the examined 

anatomical calibrations resulted in joint angles that were similarly ‘close’ to the reference 

marker system, as expected. The difference was mainly due to mean difference, and not 

variation of that difference over the waveform, in agreement with a comparison between 

marker models (Ferrari et al., 2008). Joint angle dissimilarities found in the knee joint’s 

non-predominant axes of some models were explained by the difference in definitions of 

anatomical frames. Dissimilar transverse plane angles in all joints were particularly 

sensitive to calibration choice. The transversal errors were attributed to static-

normalization and were expected to improve if magnetometers were used since the 

primary cause was sensor drift. The simplest calibration to perform was highlighted, 

since all calibrations resulted in similar joint angles. It had the least operator 

involvement and can be used for all three joint angles without the mounting 

assumptions or functional motions used in other models (Palermo et al., 2014). When 
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selecting a calibration protocol, it is important to consider the assumptions inherent in 

the biomechanical model, as well as the population under consideration (van den Noort 

et al., 2013).  

It was concluded that current options in coordinate frame alignment and 

anatomical calibration do not differ much in performance. No method greatly out-

performed the others, so the recommended methods were based on generality and ease 

of implementation. IMU-based joint angles may not be ready for clinical use, but 

methods developed thus far to obtain those joint angles are quite similar. This suggests 

that either the hardware or software must be improved since all available methods seem 

to have the same limiting factors on performance. A lack of anatomical calibration 

standards for IMUs is one cause that limits the clinical application of IMUs (Vargas et 

al., 2014). Also, lack of reliability and agreement testing is another limitation (Bouvier et 

al., 2015). The present study will help motivate researchers to determine the needed 

calibration standards.  

5.2  Limitations 
The present study simply used the sensor fusion algorithm that was part of the 

acquisition software, without recommended movement-specific tuning (Lebel et al., 

2015) or gyroscope offset removal (Camomilla & Bergamini, 2014). Using the IMU 

algorithm limited the meaning and generalizability of some of the results for researchers 

using magnetometers. This is especially evident in the poor transverse plane joint angles 

in Chapter 4, using anatomical calibrations designed with magnetometers. This was 

especially relevant since the experiment involved more trials than some gait analysis 

protocols. 

Using independent IMUs in a system caused several problems. Wireless data 

transfer via Bluetooth (instead of Wi-Fi) of multiple IMUs to the same computer limited 

the sampling frequency possible. The limited data transfer also affected the temporal 
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synchronization. The temporal synchronization of IMU systems, both between IMUs 

and between the IMU and camera system, could be improved to correct for rate 

differences, instead of the offset time delay correction alone, as done in this thesis 

(Ackerman et al., 2013; Mair et al., 2011; Sessa et al., 2012). Systems designed for human 

movement, such as Xsens are suggested, to avoid the many troubleshooting problems 

encountered, as well as to provide spatiotemporally synchronized IMUs. All companies 

should improve upon temporal and spatial IMU synchronization to facilitate 

widespread use among researchers (Skog et al., 2014). Also, the present study had to use 

wiring between each IMU and a cable to the external trigger, which is undesirable. 

Future systems should be wireless to avoid getting in the way of 3D motion. Sensor 

attachment could be improved, using smaller IMUs, or casing that is rounded to the 

contours of the body. The pelvis and foot IMUs were particularly difficult to rigidly 

attach to the body. 

In terms of the statistical testing employed, a Holm-Sidak post-hoc comparison 

was performed in each experiment. Type II errors (failure to reject the null hypothesis 

that models are the same) are increased in a post hoc analysis, which only corrects for 

type I errors, so other pairwise comparisons may be significant (p<0.05) if the correction 

was too conservative. Bayesian models have been developed for the simultaneous 

comparison of several methods, avoiding multiple pairwise comparisons (Schluter, 

2009). 

Finally, the conclusions from Chapter 4 regarding the similarity of anatomical 

calibrations cannot be separated from the specific protocol and population in the present 

work. Comparing the ‘closeness to reference’ of each IMU model is intrinsically 

dependent on the marker model chosen in this study. Since a bias is expected when 

using different models, it is difficult to determine whether the difference is ‘bad’ without 

a ground truth estimate.  
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5.3  Future Work 
Three error sources have been identified in recent IMU-based joint kinematics 

literature (Cereatti et al., 2015): (1) Dynamic orientation accuracy, compared to a camera 

system, has been highlighted as a major area for improvement (Bergamini et al., 2014; 

Lebel et al., 2013, 2015). (2) Finding a common reference frame has also been targeted as 

a major problem (Lebel et al., 2013; Picerno et al., 2011). (3) Finally, anatomical 

calibration has been identified as a needed area of research, especially with patient 

populations (van den Noort et al., 2013). Future research should focus on identifying 

and quantifying each of these sources of error as they are introduced into a joint angle 

calculation. This would build on work that focused on IMU orientation estimation errors 

without joint angles (Bergamini et al., 2014; Lebel et al., 2013, 2015; Pasciuto et al., 2015). 

In terms of the first error source listed above: direction, amplitude and speed of motion, 

the motion’s 3D distribution, and duration have all been identified as factors influencing 

dynamic IMU orientation estimation accuracy (Pasciuto et al., 2015). Sensor drift is a 

major contributor to all three sources of error, and sensor fusion techniques have not 

been able to deal with them sufficiently for human movement analysis. Future work is 

needed to improve sensor fusion algorithms. In Chapter 4, it was suggested that static-

normalization was a major source of IE joint angle error due to the drift from imperfect 

sensor fusion. This suggestion could be confirmed in future research using IMUs with 

and without magnetometers. 

Decomposing the error into known sources (e.g. anatomical calibration, dynamic 

orientation estimation, misaligned reference frames, coordinate frame alignment 

between systems) and quantifying their propagation into joint angle estimation is an 

important next step in identifying specific areas of improvement to support further use 

of IMUs. It has been recommended that alignment methods be used in future IMU 

studies when decomposing errors (Camomilla & Bergamini, 2014). In Chapter 3, 
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although the coordinate alignment methods were shown to be equivalent, the adequacy 

of the alignment error introduced by coordinate frame alignment was not assessed. It 

was beyond the scope to assess whether they were good enough for either application 

discussed: finding a common IMU reference frame or comparing orientation between 

systems. This may be a topic of future research. In Chapter 4, the sources of joint angle 

dissimilarity were identified but the decomposed error was not quantified. This is the 

next step from the present thesis, which gives the tools to decompose and test the error 

using coordinate frame alignment and various anatomical calibrations for joint angles.  

Once the accuracy is adequate, precision should be the goal, assessing inter-trial, 

inter-session repeatability and agreement, as well as the ability to detect changes 

between populations (reliability) (de Vet et al., 2006; Kottner et al., 2011; Parel et al., 

2014). Even marker models differ in joint angle accuracy, by an even poorer ‘closeness to 

reference’ than the IMU-based joint angles shown here (Ferrari et al., 2008; Żuk & 

Pezowicz, 2015). If ‘closeness to reference’ is the goal, IMU models should be adapted to 

match marker models using position-based anatomical frames (Bisi et al., 2015; Picerno 

et al., 2008), or the marker model should be adapted to match the IMU model (Favre et 

al., 2009). This is not the goal however, so ‘trueness’ is not the current limitation to IMU 

usage in clinical and research applications. Many marker models are acceptable to 

researchers regardless of their ‘closeness’ to each other (i.e ‘trueness’) because their 

precision and reliability have been experimentally verified (Bouvier et al., 2015). Future 

novel procedure proposals for IMU anatomical calibration should test more than this 

preliminary ‘closeness to reference’ since it is clear that almost all IMU-based joint 

angles are within the differences found between marker models, especially in the 

predominant joint angles (Palermo et al. 2014; Favre et al. 2009; Zhang & Novak 2013; 

Ferrari et al. 2010; Cuesta-Vargas 2010). Agreement study design has been lacking (de 

Vet et al., 2006), and should be the focus of future studies. This has already been done 

for upper limbs (Parel et al., 2014; van den Noort et al., 2014). Newer statistical testing is 
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suggested in the future for more valid joint angle assessment. Statistical methods have 

improved for continuous data and should be implemented in future studies comparing 

systems, instead of the classical RMS, mean and SD metrics used in the present work 

(Pataky et al., 2015).  

IMUs have great potential for unrestricted and untethered human movement 

analysis in any environment. Several methodological options have become available, 

and certain best practices are starting to develop. Work thus far has reached a point 

where several proposed methods are being limited to similar results. To overcome these 

limitations, research is required to make IMU-based joint angle estimation more accurate 

and precise for clinical and research use.
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Appendices (By Chapter Number) 
Appendix(2A Rotation(&(its(coordinate(

representations(
Orientation can be expressed in many different ways. There are four main 

representations: Direction-cosine matrix, Euler/Cardan Angles, Axis-Angle and 

Quaternion. For information, the reader is referred to (Diebel, 2006). All mathematical 

representations describe a rigid body as 3 relative orthogonal coordinate axes (local 

frame) with respect to a fixed reference coordinate system (global frame). 

Direction-Cosine Matrices   The direction-cosine matrix is also known as a 

rotation matrix. A rotation matrix is a mathematical form of expressing the orientation of 

a reference system. At the same time, it mathematically transforms a vector from one 

reference system to another (changing perspective or viewpoint).  

The direction-cosine method defines each axis of the local frame in the global 

frame, by explicitly defining the three coordinates of the endpoint of each unit vector, 

expressed in the global frame. Each column contains the components of the unit vectors 

along the local frames’ axes (in this thesis). These are seen as the projection, or dot/inner 

product of each local unit vector onto all three global frame axes. 

Rotation matrix interpretation is subject to many ambiguities that must be 

clarified in order to correctly interpret them. Some are listed below: 

Alias (passive) vs. Alibi (active) transformations: Passive interpretation is that the rotation 

matrix moves the frame, while active interpretation moves the vector or 

“point” (see Figure 2.2). So the passive interpretation keeps the same point, 

and describes it in another perspective or frame, while the active 

interpretation transforms the point to another point in the same frame.  

We choose: Passive interpretation 

To change: Invert each matrix and the order of successive rotations. 
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Intrinsic vs. Extrinsic rotations: Similar to above, intrinsic interpretation is transforming 

the frame, while extrinsic is transforming each coordinate axis. In the Euler 

sequence (discussed later), intrinsic is each successive rotation about the 

moving coordinate frame, while extrinsic is each successive rotation about 

the fixed frame. 

We choose: Intrinsic interpretation 

To change: Invert each matrix and the order of successive rotations. 

Moving with respect to fixed or vice-versa: Transform a vector from the local frame to the 

global or vice-versa.  

We choose: Moving w.r.t global  

To change: Invert each matrix and the order of successive rotations. 

Column vs. Row vectors: if the vector is a row vector or column vector.  

We choose: Column  

To change: Invert each matrix and the order of successive rotations. 

Right-handed vs. left-handed coordinate systems: The coordinate systems are defined in a 

right-handed sense (ie. if thumb of the right hand is in direction of the x-

axes, the fingers rotate from the y-axis to the z-axis. If the thumb is in the 

direction of the y-axis, the fingers rotate from the z- to the x-axis). Also, they 

are known as counter-clockwise rotator matrices. 

We choose: Right-handed  

To change: Invert each matrix and the order of successive rotations. 

Note rotation matrices have several special properties: 

Orthogonal: Inverse is equal to transpose 

Determinant: equal to 1 

Eigenvalues: {1, cos ! + !"!# ! , cos ! − !"!# ! } 

No singularities (because it is not a minimal representation) 
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Compositions of rotations are brought about by multiplication of the matrices. The order 

can be derived using a point described in the global and local frames, based on the 

choices made for unambiguous interpretation. For example, the orientation of two 

IMUs, over each frame, (t), can be represented by the rotation matrix transforming a 

vector from one frame to another: 

!!!"# = !!"#!(!)!!"# !!!"#!(!)  
!!!"# = !!"#!(!)!!"# !!!"#!(!)  

 
Since we are using column vectors, right-handed coordinate systems, local-to-global 

conventions. Since we are using a passive interpretation: 

!!!"# = !!!"#  
 
Thus, equating the two equations above, and solving for a transformation between them: 

!!"#!(!)!!"# !!!"#!(!) = !!"#!(!)!!"# !!!"#!(!)  
!!!"#!(!) = !�!"! !!!"# ! !!"#!(!)!!"# !!!"#!(!)  

 
Notice that if a matrix is pre-multiplied on one side of the equation, it’s inverse or 

transpose is pre-multiplied when brought over to the other side of the equation. 

 
Euler/Cardan Angles (Roll-Pitch-Yaw Angles)   A parameterization of the 

rotation matrix is the representation using three independent angles about three 

orthogonal axes (if each axis is different, they are more accurately referred to as 

“Cardan” angles). Since any rotation can be described as three successive rotations about 

each axis, this is another representation that is intuitive since it is easy to visualize 

rotation about each physical axis. Another advantage is that it is a minimal 

representation (three degrees of freedom requires only three components). The problem 

is that the parameters are sequence dependent, and are not vectors (so no subtracting or 

averaging should be done despite common practice violating these rules (Michaud et al., 

2012; Pierrynowski & Ball, 2009)). Another problem is that they are badly conditioned, 

and have singularities (since it’s a minimal interpretation, no sequence can represent all 
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orientations without singularities), depending on the sequence, when the second angle 

nears 90 degrees or the first and third angle near 180 degrees. This is why they are 

introduced only for small angles. They have been widely used in joint kinematics 

described next. 

Euler Angles for Joint Kinematics   The direction-cosine matrix is not intuitive 

or interpretable, especially for clinicians. So Euler angles are used to represent the joint 

angle. Each Euler angle is about a different anatomical axis, and the sequence 

determines which axis and which segment it is from. 

The anatomical axes are defined arbitrarily such that: the X-axis is the sagittal 

plane normal axis, the Y-axis is the frontal plane normal axis, and the Z-axis is the 

transverse plane normal axis. The Euler (more accurately, “Cardan”) angle sequence was 

chosen such that the first angle in the sequence is flexion/extension, the second is 

ab/adduction and the third is the internal/external rotation axis. The order is significant 

because changing the sequence results in different magnitudes for each angle.  

The motivation behind this sequence is three-fold. (1) The anatomy of the knee 

lends itself to this sequence, since the flexion axis is attached to the femur, whereas the 

internal rotation axis is associated with the tibia (see Figure 2.7). (2) Secondly, this 

sequence has been adopted extensively in previous literature, due to the definition of 

ab/adduction as movement away from the sagittal plane (Cole et al., 1993). (3) Thirdly, 

it is best to have the angle that moves through the greatest range of motion first in the 

sequence. This is due to sensitivity, since the value of the first rotation angle does not 

affect the error (so the first angle should be about the axis that is found most accurately 

(Ramakrishnan & Kadaba, 1991)). Also, the second angle should not approach 90 

degrees, to avoid singularities during the motion (it has been shown that the errors of 

the first and third angle are sensitive to the second angle’s magnitude near singularities 

(Page et al., 2014) – this may support having the least range of motion be the second 

angle instead of the third (Woltring, 1994)). The second angle also shouldn’t be trusted 
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since it has no physical relationship to either segment’s anatomical frame (‘floating 

axis’).  

The proximal anatomical frame is chosen to be the fixed coordinate system, while 

the distal anatomical frame is chosen to be the moving coordinate system. Note that an 

intrinsic interpretation is used, so that each subsequent angle in the sequence is about 

the axis of the ‘moving’ coordinate system. This means the first axis is attached to the 

proximal segment, while the final axis is attached to the distal segment. Also each angle 

is positive according to a right-handed coordinate system. 

Defining the elementary rotation of ! about the X-axis (note ! = !"#, ! = !"#): 
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! = !" !! + −!" !! 
! = !" !! + !" !! 

!
!
!

=
1 0 0
0 !" −!"
0 !" !"

!′
!′
!′

 

 
Where  

 

!! ! =
1 0 0
0 !" −!"
0 !" !"

 

 
Similarly for the other axes: 

 

!!(!) =
!" 0 !"
0 1 0
−!" 0 !"

 

 

!! ! =
!" −!" 0
!" !" 0
0 0 1

 

 
!!"#!$ = !! ! !! ! !! !  

 

!!"#!$ =
!" ∗ !" −!" ∗ !" !"

!" ∗ !" + !" ∗ !" ∗ !" !" ∗ !" − !" ∗ !" ∗ !" −!"#$
!! ∗ !" − !" ∗ !" ∗ !" !" ∗ !" + !"! ∗ !" ∗ !" !"!#

 

 
Which can be decomposed by inspection (recall cos! ! + sin! ! = 1): 

 
!!"#!$%&'$ = !"!#2 −!!"#!$!,!,!!"#!$!,!  

 

!!""#$%&'( = !"!#2 �!"#!$!,!, !!"#!$!,!
!
+ !!"#!$!,!

!
 

 
!!"#$%"&'!!"# = !"!#2(−!!"#!$!,!,!!"#!$!,!)  

 
These three angles describe the knee joint motion during the motion. 

 
Axis-Angle (Helical Axis, Screw Axis, Twists)   Euler and Chasles’ Theorems 

state that any orientation or rotation can be described by rotation about some axis. 

Sometimes the rotation axis, !, is multiplied by the rotation angle, ! for a representation 

in vector form. It is unique due to the unit vector constraint – though there are two 

equivalent axis/angles for each orientation (if the axis is parallel but in the opposite 
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direction). The multiplication of the axis by the scalar angle gives the rotation vector 

(Woltring, 1994), as an alternative to Euler angles. 

To map the axis-angle to the rotation matrix, the following equation from 

Rodrigues can be used: 

 ! = ! + !"# ! ! + ! − !"# ! !!  (6) 

 
! =

! ! !
! ! !
! ! !

 
 

 
! =

! −!! !!
!! ! −!!
−!! !! !

 
 

   

The rotation axis (eigenvector) can be derived from a rotation matrix using either 

of the equations below, as the inverse mapping: 

 ! = !!!!
!!"#!(!) or ! = !

! ! + !! − !"#(!)!  (7) 

   
Where ! is taken as the column from ! with the maximum magnitude, normalized. The 

first equation is better, due to numerical errors, for angles greater than 45 degrees, while 

the latter is better for angles less than 45 degrees (Spoor & Veldpaus, 1980). 

The rotation angle can be found using: 

 
! = !"#$ !"#$% ! − !

!  
(8) 

   
Unit Quaternions   Hamilton introduced quaternions, which is a way to combine 

the axis and angle representation into a four-vector so that algebra can be performed on 

it. Quaternions and the axis-angle representation are the smallest number of parameters 

possible to avoid singularities. The disadvantage is bad conditioning when the angle 

approaches 0 or 180 degrees. The convention used here is: 

 ! = [!!,!!,!!,!!] (9) 
   

Where !! is the scalar component, and the others are the vector components. In 

literature and code, the scalar part is sometimes listed last, so caution must be taken to 
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keep consistent definitions. These can be found using the axis-angle representation 

above: 

 ! = [!"#! !! , !"#! !! !] (10) 

   
The rotation matrix can be found from the quaternion using the inverse of 

(Madgwick, 2011b): 

 
! =

!!! + !!! − ! !(!!!! − !!!!) !(!!!! + !!!!)
!(!!!! + !!!!) !!! + !!! − ! !(!!!! − !!!!)
!(!!!! − !!!!) !(!!!! + !!!!) !!! + !!! − !

 
(11) 

   
Representation Mapping   To go from one representation to another, the 

ambiguities discussed must be kept in mind before blindly using an equation found in 

literature. For instance, the quaternion-to-rotation matrix equation in one paper 

(Madgwick, 2011b) relies on a few convention choices: row vectors, global-to-local, 

right-handed, intrinsic, passive and quaternions defined with a negative vector 

component. Since we changed three of these (an odd number), the inverse is required to 

correct the conversion matrix.  

Appendix(2B Normalized(Joint(Angle(Derivation(
A static-normalized joint angle is a common way to represent joint angles in 

literature, where the joint angle is set to zero whenever both segments surrounding the 

joint are aligned with static neutral posture orientation of those segments. This was 

identified as a key distinguishing factor in Chapter 4. 

The conceptual steps to do this are:  

(1) Pick a frame to align to during the static reference posture (proximal, distal or 

global) and get the transformation between all other frames the chosen frame,  

(2) Apply that transformation (found in the static trial) to all the frames not 

chosen in step (1) in the walking motion through time, 
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(3) Get the joint orientation matrix using the chosen frame (from (1)) during the 

walking motion over time and the normalized frame (the output of (2)) as inputs. The 

joint orientation matrix is of the format ( !"#$ ! !"#$ ). 

The full derivation is shown using anatomical frames in the walking and static 

trials. The mathematical definitions are: 

!!!"# = !!"!#!!!"#(!)!!"# !!!"!#!!!"#(!)  
!!!"# = !!"!#!!!"!(!)!!"# !!!"!#!!!"!(!)  

!!!"# = !!"!#!!!"#(!"#"$%)!!"# !!!"!"!!!"#(!"#"$%)  
!!!"# = !!"!#!!!"!(!"#"$%)!!"# !!!"!#!!!"!(!"#"$%)  

 
The conceptual steps above (there are other possible derivations) were used: 

(1) Choose the frame to align to during static: Proximal 

Knowing the global vector ( !!!"# ) is equal, to align the distal frame to the 

proximal: 

!!!"!#!!!"!(!"#"$%) = !!"!#!!!"#(!"#"$%)!!"# ! !!"!#!!!"#(!"#"!")!!"# !!!"!#!!!"#(!"#"$%)  
 

(2) Apply that transformation to all distal frames through time 

This is equivalent to mathematically equating the local vectors of the distal 

segment coordinate system over time. This mathematical ‘convenience’ allows one to 

apply the transformation from the static distal frame to the moving distal frame (as if 

they were collinear), effectively ‘containing’ all the motion in the change of the proximal 

frame over time in the motion of the distal frame: 

!!�!"#!!!"#(!) = !!!"!#!!!"#(!"#"$%)  
!!!"!#!!!"!(!"#"$%) = !!"!#!!!"!(!"#"$%)!!"# !

!!"!#!!!"#(!"#"$%)!!"# !!"!#!!!"#(�)!!"# ! !!!"#  
Note that the non-changing local vectors was an option discussed in the topic of 

active and passive interpretations of rotation matrices at the end of Section 2.2. Thus the 

proof requires a ‘switch of interpretation’ for convenience. 

(3) Get the joint orientation matrix 
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Again, knowing the global vector ( !!!"# ) is equal, the next step is to ‘align’ or find 

the transformation from the distal frame to the proximal (ie. calculate the joint 

orientation matrix). Recall the distal segment has been normalized so the vector, 

!!!"!#!!!"#(!"#"$%) , can be thought of as !!!"!#!"#$%!!"#(!"#"$%) : 

!!!"!#!"#$%!!"#(!"#"$%)

= !!"!"!!!"!(!"#"$%)!!"# !
!!"!#!!!"#(!"#"$%)!!"# !!"!#!!!"#(!)!!"# ! !!"!#!!!"!(!)!!"# !!!"!#!!!"!(!)  

 
Therefore the inverse of this is required to define the normalized joint angle: 

!!!"!#!!!"!(!)

= !!"!#!!!"!(!)!!"# !
!!"!#!!!"#(!)!!"# !!"!#!!!"#(!"#"$%)!!"# ! !!"!#!!!"!(!"#"$%)!!"# !!!"!#!"#$%!!"#(!"#"$%)  

 
Note, for easier understanding, that this equivalent to: 

!!"#$%!&& ! = !!"## ! !!"## !"#"$% ! 
 

!!!"!#!!!"!(!) = !!"#$%!&& ! !!�!"#!"#$%!!"#(!"#"$%)  
 

The second definition of the normalized joint orientation matrix is found by 

aligning to the distal frame: 

Choose the frame to align to during static: Distal 

Knowing the global vector ( !!!"# ) is equal, to align the proximal frame to the 

distal (ie. the inverse joint orientation matrix): 

!!!"!#!!!"#(!"#"$%) = !!"!#!!!"#(!"#"$%)!!"# ! !!"!#!!!"!(!"#"$%)!!"# !!!"!#!!!"!(!"#"$%)  
 

Apply that transformation to all proximal frames through time 

 Mathematically, this alignment is derived similarly to the previous method: 

!!!"!#!!!"!(!) = !!!"!#!!!"!(!"#"$%)  
!!!"!#!!!"!(!"#"$%) = !!"!#!!!"#(!"#"$%)!!"# ! !!"!#!!!"!(!"#"$%)!!"# !!"!#!!!"!(!)!!"# !

!!!"#  
 

(3) Get the joint orientation matrix 

Again, knowing the global vector ( !!!"# ) is equal, the next step is to ‘align’ the 

distal frame to the proximal (ie. calculate the joint orientation matrix). Recall the 
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proximal segment has been normalized so the vector, !!!"!#!!!"!(!"#"$%) , can be thought of 

as !!!"!#!"#$%!!"!(!"#"$%) : 

!!!"!#!"#$%!!"!(!"#"$%)

= !!"!#!!!"#(!"#"$%)!!"# ! !!"!#!!!"!(!"#"$%)!!"# !!"!#!!!"!(!)!!"# !
!!"!#!!!"#(!)!!"# !!!"!#!!!"#(!)  

 
Therefore no inverse is necessary. Note, for easier understanding, that this 

equivalent to: 

!!"#$%!&& ! = !!"## !"#"$% ! !!"## !  
 

!!�!"#!"#$%!!"!(!"#"$%) = !!"#$%!&& ! !!!"!#!!!"#(!)  
 

The third definition (shown) of the normalized joint orientation matrix is found 

by aligning to the global frame: 

Choose the frame to align to during static: Global 

To align the proximal and distal frames to the global, their definitions are 

sufficient 

!!!"# = !!"!#!!!"#(!"#"$%)!!"# !!!"!#!!!"#(!"#"$%)  
!!!"# = !!"!#!!!"!(!"#"$%)!!"# !!!"!#!!!"!(!"#"$%)  

 
Apply that transformation to all proximal and distal frames through time 

Mathematically, this alignment is derived similarly to the previous methods: 

!!!"!#!!!"!(!) = !!!"!#!!!"!(!"#"$%)  
!!!"# = !!"!#!!!"!(!"#"$%)!!"# !!"!#!!!"!(!)!!"# !

!!!"#  
 

!!!"!!"!#$ = !!!"#"$%!!"!!"!#$  
!!!"# = !!"!#!!!�!(!"#"$%)!!"# !!"!#!!!"#(!)!!"# ! !!!"#  

 
(3) Get the joint orientation matrix 

Again, knowing the global vector ( !!!"# ) is equal, the next step is to ‘align’ the 

distal frame to the proximal (ie. calculate the joint orientation matrix). Recall the !!!"# , 

associated with each segment can be termed !!!"#$!### : 
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!!"!#!!!"!(!)!!"# !!"!#!!!"!(!"#"$%)!!"#!!"#"$% !
!!!"#$!!"#$

= !!"!#!!!"#(!)!!"# !!"!#!!!"#(!"#"$%)!!"# ! !!!"#$!!"#$  
!!!"#$!!"#$

= !!"!#!!!"!(!"#"$%)!!"# !!"!#!!!"!(!)!!"# !
!!"!#!!!"#(!)!!"# !!"!#!!!"#(!"#"$%)!!"# ! !!!"#$!!"#$  

Therefore no inverse is necessary. Note, for easier understanding, that this 

equivalent to: 

!!"#$%!&& ! = !!"#$ !"#"!" !!"## ! !!"#$ !"#"$% ! 
 

!!!"#$!!"#$ = !!"#$%!&& ! !!!"#$!!"#$  
 

This can also be thought of as a transformation of the non-normalized joint 

orientation matrix so it is ‘viewed’ from the LAB instead of the proximal segment.  

One way to relate all the methods is to realize the same four terms are used, just 

the order is interchangeable (as expected from any closed kinematic loop), moving the 

last term to the front: 

Method 1: !!"�!"#$$ ! = !!"#$ ! ! !!"#$ ! !!"#$ !"#"$% ! !!"#$ !"#"$%  
 
Order change: !!"#$ !"#"$% ! !!"#$%!&& ! = !!"#$ ! ! !!"#$ ! R!"#! !"#"$% ! 

 
Method 3: !!"#$%!&& ! = !!"#$ !"#"$% !!"#$ ! ! !!"#$ ! !!"#$ !"#"$% ! 

 
Order change: !!"#$ !"#"$% !!"#$%!&& ! = !!"#$ !"#"$% !!"#$ ! ! !!"#$ !  

 
Method 2: !!"#$%!&& ! = !!"#$ !"#"$% ! !!"#$ !"#"$% !!"#$ ! ! !!"#$ !  

 
Order change: !!"#$ ! ! !!"#$!"## ! = !!"#$ !"#"$% ! !!"#$ !"#"$% !!"#$ ! ! 

 
Method 4 (not derived):  

 
!!"#$%!&& ! = !!"#$ ! !!"#$ !"#"$% ! !!"#$ !"#"$% !!"#$ ! !  

 
The choice of which normalization to use depends on how best to interpret the 

results for that joint (e.g. Method 4 is not easy to interpret). (Cole et al., 1993) highlighted 

the need for a standardized definition of the zero angle (defined by joint angle 

normalization) in order for better joint angle interpretation across studies. Also, each 

method is seems more or less ‘fitting’ depending on the initial orientation of the 
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segments, or the angles during motion (with respect to clinical interpretation). This was 

shown in a study of shoulder anatomical frames (Hagemeister et al., 2011) by the greater 

inter-subject ROM variability between methods from shoulder motions. 

Method 2, aligning the proximal segment coordinate system to the distal 

segment during the static reference posture, was used because it was used by (Favre et 

al., 2009). Therefore, only that method was derived for IMUs. 

Appendix(3A Kronecker(Product(
The Kronecker product is a method of fast linear equation solving when the 

equations involve matrices. The information here is limited to only properties and 

definitions used in the present text. Consider two matrices, A and B with m rows and n 

columns. Their Kronecker product is defined as: 

!⨂! =
!!!! ⋯ !!!!
⋮ ⋱ ⋮

!!!! ⋯ !!"!
 

 
A related definition is the vectorization of a matrix (ie. stacking the columns): 

!"#(!) =

!!!
⋮!!!
!!!
⋮

!!"

 

 
Recalling the common linear matrix equations associated with Kronecker 

products seen in Lemma 4.3.1 of Horn and Johnson (Horn & Johnson, 1991): 

 
!"# = ! for an unknown X 

!"#(!"#) = !"#(!) 
!"# !"# = !"# ! = !!⨂! !"#(!) 

 
This property is used in the Shah Hand-eye Calibration solution (Shah, 2013) 

described in Section 0. 

Appendix(3B Re@orthogonalizing(a(matrix((Sharf*et*al.,*
2010)(
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The solution requires rigid transformation matrices and that the rotation angle 

(about the axis) of each system’s transformation is the same (they have the same 

eigenvalues). If the matrix is not a rotation matrix, an approximation, based on SVD, can 

be used to normalize it.  

 !!"#$! = ! ∗ !′   (12)  

where !, !,! = !"# !!"!!!"#!!  
 

Appendix(3C Angular(Velocity�s(Relationship(to(the(
Axis@angle(Orientation(Representation(

To find the angular velocity, the linear velocity of !!!"#$%(!!!!)  was defined two 

different ways. First the definition of the differential orientation will be rewritten with 

vectors: 

!!!"#$%(!!!") = ∆R!"#$%(!)!!"#$%(!!∆!) !!!"#$%(!)  (20) 
  

First by differentiation of Equation (20): 

 !!!"#$%(!!!") = !"!"#$%(!)!!"#$%(!!!") !!!"#$%(!) + !"!"#$%(!)!!"#$%(!!!") !!!"#$%(!)   (21) 

The vector !!!"#$%(!)  was viewed as invariant (therefore !!!"#$%(!) = 0), so all 

displacement over time is from a fixed point. Also, the second definition of the linear 

velocity is shown based on angular velocity, !: 

 !!!"#$%(!!!") = !"!"#$%(!)!!"#$%(!!!") !!!"#$%(!) = !× !!!"#$%(!!!")   (22) 

Subbing in for !!!"#$%(!!!!)  using Equation (20), and switching to skew-

symmetric matrix, ! ×, instead of the cross-product: 

 !"!"#$%(!)!!"#$%(!!!") !!!"#$%(!) = ! × !"!"#$%(!)!!"#$%(!!!") !!!"#$%(!)   (23) 

Since the vectors are equal on either side of the equation, they can be removed to 

solve for the angular velocity matrix: 

 !"!"#$%(!)!!"#$%(!!!") !"!"#$% !!!"#$% !!!" ! = ! ×  (24) 

The equation above is a common theoretical definition for the angular velocity of 

a rigid body (Zatsiorsky, 1998), however it cannot be solved from discrete orientation 
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data since the derivative (function) is unknown. One way to solve it is by assuming a 

constant angular velocity between time instants. With this assumption, the equation can 

be classified as an ordinary differential equation, described as a first order, time 

invariant linear equation. It can be rewritten in the standard form below: 

 !"!"#$%(!)!!"#$%(!!!") − ! × !"!"#$% !!!"#$% !!!� = !  (25) 

There are multiple ways to solve these equations, however for simplicity, the 

particular and homogeneous solutions were found sequentially. First the particular 

solution, which requires a constant value of Δ!!"#$% !!!"#$% !!!! , was guessed, such that 

it satisfies the equation. The only solution seems to be Δ!!"#$% !!!"#$% !!!! = 0. 

Secondly, the homogeneous solution is found by satisfying the equation substituting by 

a function for Δ!!"#$% !!!"#$% !!!! . The exponential function and its derivative have the 

same term, which makes it a good choice, so Δ!!"#$% !!!"#$% !!!! = ! ! ×!!. Therefore 

the total solution is: 

 !"!"#$% !!!"#$% !!!" = ! + ! ! ×!"  (26) 

Since the direction of ! is the axis of rotation, !, and the magnitude is the angle 

of rotation, !, the angular velocity can be found by rearranging: 

 ! ×!" = ! ×!  (27) 

Therefore, we can get angular velocity from the local differential transformation, 

Δ!!"#$% !!!"#$% !!!! , by representing the transformation matrix as a rotation axis and 

angle: 

 !"!"#$% !!!�!"# !!!" = ! ! ×!" = ! ! ×!  (28) 

   

Getting the rotation axis (eigenvector) from a rotation matrix can be done using 

either of the two equations below: 
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 ! = !!!!
!!"#!(!) or � = !

! ! + !! − !"#(!)!  (29) 

   
where ! is taken as the column from ! with the maximum magnitude, 

normalized. The first equation is better, due to numerical errors, for angles greater than 

45 degrees, while the latter is better for angles less than 45 degrees (Spoor & Veldpaus, 

1980).  

The rotation angle can be found using: 

 ! = !"#$ !"#$% ! !!
!   (30) 

   
The rotation axis and angle of the differential transformation matrix can be used 

to determine the local-to-local transformation between two systems, !!"#!!!"#$% . 

Appendix(3D Eigenvalue(and(Eigenvector(Properties(
of(Similar(Matrices(Proof(

To get it into the same form as above, the standard eigenvector definition must 

go through some steps: 

!" = !" 
 

where x is the eigenvector of A (a column vector) 

A is a matrix 

! is the eigenvalue of A (a scalar)  

Adding matrix C, and forming a similarity transformation form: 

!"# = !"# 
!"#$ = !"# 

!"!!! !" = !"# 
!"!!! ! = !"# 

 
It can be seen that ! is the eigenvector and ! is the eigenvalue for !"!!!, where 

! = !", is the product of the eigenvector of A (i.e. x), and the matrix C. 

Relating the proof to the current problem: 
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!"!!! = !!"#!!"#$% ∆!!"#(!)!!"#(!!∆!) !!"#!!"#$% ! 
!"!!! = ∆!!"#$%(!)!!"#$%(!!∆!)  

 
So y is the eigenvector of the camera-based technical frame orientation:  

! = !!!"#$%(!)  
 

Also, seen above is that: 

! = ∆!!"#(!)!!"#(!!∆!)  
! = !!"#!!!"#$%  

 
So the eigenvector of A, or the inertial sensor-based local frame orientation is x: 

! = !!!!"(!)  
 

Finally, subbing in for the equation: 

!"# = !" 
 

 ! !!"#!!"#$% !!!"#(!) = ! !!!"#$%(!)   
Recall the largest eigenvalue of a rotation matrix is 1 (! = 1), corresponding to an 

eigenvector that is the axis of the axis-angle formulation (same is true for IMU). 

 !!"#!!"#$% !!!"#(!) = !!!"#$%(!)   

Appendix(3E Averaging(rotation(matrices((
Averaging a matrix is not as simple as averaging each element over time. The 

average rotation matrix can be found using multiple methods, divided into Riemannian 

and Euclidean methods, in (Sharf et al., 2010). The method implemented uses the SVD of 

the non-weighted arithmetic sum: 

 
 !, !,! = !"#(!! + !!)  

!!"# = !" 
 
Matrix-based averaging is required because there is a fundamental flaw in 

arithmetically averaging Euler Angles, due to falsely assuming the angles are 

independent and that the distance is Euclidean (Pierrynowski & Ball, 2009). 

Appendix(4A Error(Metric(comparison(to(original(
studies(
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Table A1: MAV and RMSE metrics of original studies. Each protocol is separately 
compared to the marker-derived joint angle using these metrics. Practical differences 
between this study and the originals should be kept in mind, specifically this study uses 
IMUs, not M-IMUs. Reference data provided by the original papers. (Ferrari et al., 2010) 
reports just 1 subject, with 14 trials, (Palermo et al., 2014) used 10 subjects and M-IMUs. 
(O’Donovan & Kamnik, 2007) used M-IMUs and only 1 subject’s median values are 
reported here. 

Subject Mean MAV (SD) 
“Accuracy”(“Precision”) 

Subject Mean 
RMSE 

MODEL Cutti, 2010 Palermo, 2014 O’Donovan, 2007 

Source of 
Data 

Present 
Study 

(Ferrari 
et al., 
2010) 

Present 
Study 

2014*read 
off graph 

Present 
Study 

2007 

Hip FE 11.0(4.3) 5.2 11.6(4.6) 9.3 -- -- 
Hip AA 3.2(1.5) 2.8 2.9(2.0) 4.6 -- -- 
Hip IE 14.1(7.0) 2.4 4.3(3.2) 9.2 -- -- 
Knee FE 5.7(3.4) 3.6 5.0(2.6) 3.2 -- -- 
Knee AA 10.4(6.6) -- 3.4(1.5) -- -- -- 
Knee IE 30.2(17.4) -- 11.5(6.7) -- -- -- 
Ankle DP 7.3(3.5) 1.4 6.0(2.9) 8.0 8.1 0.56 
Ankle IV 11.1(5.0) 10.0 9.8(4.7) 3.2 11.4 4.1 
Ankle IE 97.4(39.4) 11.8 11.8(6.1) 11.0 11.6 2.2 
 

Table A2: Comparison to (Favre et al., 2009). The agreement of joint angles calculated 
using Favre's model compared to the marker system results. The mean difference and 
standard deviation of the difference are shown, with reference to the original paper. 
Note the IMU model is static-normalized, while the marker model is not, so the 
comparison is imperfect. (Favre et al., 2009) used 8 subjects and IMUs (as in the present 
work), but reported normalized joint angle and they used the (Hagemeister & Parent, 
2005) marker AF definitions (functional and postural), relying on static-normalization. 

Knee Angle Mean Offset (SD) 
“Accuracy” 

Mean SDDIFF (SD) 
“Precision” 

Favre’s Model Present 
Study 

2009 Present 
Study  

2009 

FE  6.5 (6.6) 8.1 (0) 3.4 (1.1) 1.3 (0.5) 
AA 9.1 (5.9) 6.2 (0.2) 5.9 (2.6) 2.0 (0.6) 
IE 27.8 (7.0) 4.0 (0.1) 4.5 (1.8) 2.0 (0.9) 
     

The differences found between joint angles from protocols performed in this 

study compared to the originals may be due to a variety of factors. These include: 

different operators, different marker-based anatomical calibrations, different IMU 

placement, M-IMU not used in the present study, different IMUs and sensor fusion 

algorithms, subject differences, and the number of gait cycles analyzed. Added to the 

subject and operator variability was also the run-to-run variation of IMUs reported to 
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affect the performance of the IMU differently each time it is used (Groves, 2015). Also, 

there was variation caused by the use of different IMUs, hardware and software. 

Appendix(4B Error(Metric(for(static@normalized(joint(
angles(

Table A3: Static-Normalized Metrics Agreement between static-normalized joint angles 
of each system. 

 bias SDDIFF 
Normalized 
Joint angle P2014 C2010 L2014 O2007 F2009 P2014 C2010 L2014 O2007 F2009 

Hip FE -2.2 -2.2    4.3 2.7    

Hip AA -2.8 -0.6 N/A N/A N/A 8.8 3.9 N/A N/A N/A 

Hip IE 
** -14.1 -14.8    3.4 3.0    

Knee FE 
** 3.1 2.3 2.7  6.6 5.4 6.0 5.9  5.6 

Knee AA 
**/* 0.1 3.4 2.5 N/A -4.1 7.5 6.4 7.3 N/A 9.8 

Knee IE 
* 13.9 14.4 14.7  13.9 6.4 7.2 6.1  6.8 

Ankle DP 0.6 1.8  -4.5  5.4 5.4  5.3  

Ankle IV -1.3 -2.5 N/A 3.3 N/A 10.6 10.6 N/A 10.6 N/A 

Ankle IE 
** -62.0 -61.8  -61.7  5.5 5.8  5.2  
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Appendix(4C Joint(angles(&
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Figure A

1: Joint angles of all subjects, using each IM
U
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Figure A

2: Static-norm
alized joint angles of all subjects using each IM

U
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