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Abstract

Some baseline patient factors, such as biomarkers, are useful in predicting pa-
tients’ responses to a new therapy. Identification of such factors is important
in enhancing treatment outcomes, avoiding potentially toxic therapy that
is destined to fail and improving the cost-effectiveness of treatment. Many
of the biomarkers, such as gene expression, are measured on a continuous
scale. Threshold of biomarker is often needed to define sensitive subset for
making easy clinical decisions. A novel hierarchical Bayesian method is de-
veloped to make statistical inference simultaneously on the threshold and the
treatment effect restricted on the sensitive subset defined by the biomarker
threshold. In the proposed method, the threshold parameter is treated as a
random variable that takes values with certain probability distribution. The
observed data are used to estimate parameters in the prior distribution for
the threshold, so that the posterior is less dependent on the prior assump-
tion. The proposed Bayesian method is evaluated through simulation studies.
Compared to the existing approaches such as the profile likelihood method,
which makes inference about the threshold parameter using the bootstrap,
the proposed method provides better finite sample properties in term of the
coverage probability of 95% credible interval. The proposed method is also
applied to a clinical trial of prostate cancer with the serum prostatic acid
phosphatase (AP) biomarker.
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1. Introduction

Human diseases such as cancer are often heterogeneous in their proper-
ties. Consequently, different patients may respond differently to the same
treatment. In a randomized clinical trial evaluating a new treatment, after
primary analysis is performed on all patients in the trial, subset analyses
based on some pre-treatment characteristics of the patients are often con-
ducted to identify a subset of patients who may benefit more from the new
treatment than other patients. On the other hand, subset analysis can also
be useful to identify patients who may not benefit from a treatment, thus
makes it possible to avoid a potentially toxic therapy which is destined to fail.
For example, after a clinical trial conducted by NCIC Clinical Trials Group
showed that a new chemotherapy regimen (CEF) improved both the disease-
free and overall survivals compared to the classical chemotherapy regimen
(CMF) in pre-menopausal women with stage II breast cancer (Levine et al.,
2005), a subset analysis was performed and demonstrated that only patients
whose breast-cancer cells had amplification of a gene HER2 benefited from
the CEF treatment (Pritchard et al., 2006). Based on this analysis, it was rec-
ommended that patients without HER2 amplification could be treated with
the less toxic CMF regimen, whereas those with amplified HER2 should
receive the dose-intensive CEF treatment. An important aspect of subset
analysis is to study the treatment-biomarker interaction, in order to describe
the different responses to the treatment among the biomarker defined patient
subsets (Wang et al., 2007; Werft et al., 2012).

A biomarker is a baseline patient characteristic that affects a patient’s re-
sponse to the treatment, and is often measured on a continuous scale. For ex-
ample, in the study of a treatment for a specific type of cancer, the biomarker
could be the expression level of a particular gene. Several approaches have
been proposed to investigate the interaction between the treatment and a
continuous biomarker. Gray (1992) used splines in additive models for the
analysis of survival data under the proportional hazards assumption. Bonetti
and Gelber (2000) presented a subpopulation treatment effect pattern plot
(STEPP) to graphically assess treatment-biomarker interactions using the
Cox proportional hazards regression model. It is also possible to model
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the biomarker-treatment interaction in a continuous fashion. Royston and
Sauerbrei (2004) proposed a new approach to model interactions between
treatment and biomarker by using fractional polynomials (FP). Treating a
biomarker in a continuous fashion has the advantage of making use of all po-
tential information provided by the data (Royston et al., 2006). However, for
making medical and clinical decisions in practice, it is important to adopt a
threshold parameter to define clearly the subset of patients that may benefit
from a certain treatment, which is called the sensitive subset henceforth. The
threshold could be determined by a simple grid search method, in which the
threshold is obtained by the point yielding the smallest p-value in the interac-
tion tests across an arbitrary finite number of candidate points. Faraggi and
Simon (1996) suggested that this approach may overestimate the true treat-
ment effect in the subsets and proposed a two-fold cross-validation method
for estimating and testing the subset treatment effect. For sensitive subsets
defined on an interval with two threshold parameters, Wacholder et al. (2010)
developed a permutation test for the biomarker-treatment interaction. Jiang
et al. (2007) studied a single candidate biomarker scenario with an unknown
threshold parameter defining the sensitive subset. They focused primarily
on test procedures, and if the test detects a significant subset effect, they
proposed a grid searching approach similar to the profile likelihood method
to estimate the threshold that defines the sensitive subset. The theoretical
aspects of the profile likelihood method were studied by several authors (Jes-
persen, 1986; Luo and Boyett, 1997; Pons, 2003). However, the finite sample
properties of the profile likelihood approach have not been fully investigated
so far. In the paper of Jiang et al. (2007), the estimation problem was a sec-
ondary interest and the methods for point and interval estimation were not
assessed through simulation or evaluated for theoretical validity. It remains
an open research question to properly estimate the biomarker threshold that
defines sensitive patient subset and to estimate the treatment effect among
the patients in the sensitive subset.

In this paper, we consider a typical clinical trial situation with censored
survival outcome and a continuous biomarker and develop a hierarchical
Bayes method under the framework of the Cox proportional hazards model
(Cox, 1972). Other parametric or semi-parametric models, such as accelerate
life time models and proportional odds models can also be used. The hier-
archical Bayesian method simultaneously makes statistical inference on the
biomarker threshold defining the sensitive patient subset and the interaction
effect between the treatment and the biomarker. The proposed method is
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evaluated through Monte-Carlo simulations. The method is also applied to
a data set arising from a clinical trial on prostate cancer.

2. Hierarchical Bayes Model

Let Ti and Ci be respectively the potential failure and censoring times for
patient i in the study. Let δi = I(Ti < Ci) be a survival status indicator and
Xi = min(Ti, Ci) the observed failure or censoring time, whichever occurs
first. Let z1i = 1 be the treatment indicator taking value 0 or 1 if patient i is
assigned to control or new treatment group and z2i a continuous biomarker
variable. Given a threshold parameter c for the biomarker variable z2i, the
following proportional hazards model for the hazard function h(t) of the
survival time Ti can be used to assess the treatment effect on the subset
defined by the threshold,

h(t|z1i, z2i, c;β) = h0(t) exp{β1z1i + β2I(z2i > c) + β3z1iI(z2i > c)} (1)

where h0(t) is the baseline hazard function. With column vectors Zi(c) =
[z1i, I(z2i > c), z1iI(z2i > c)]′ and β = [β1, β2, β3]

′, we can express the above
model as h0(t) exp{Z ′

i(c)β}.
In the above model, c is an unknown threshold parameter that defines

the sensitive subset and we assume that only patients with z2i > c benefit
from the new treatment. Without loss of generality, we assume that z2i takes
values between 0 and 1 (0 < z2i < 1). For a general continuous biomarker
variable, we can apply an appropriate transformation so that the z2i are re-
scaled to the interval (0, 1). For example, if we apply the inverse function
of the empirical cumulative distribution function of {z2i}, then a threshold
parameter, say, c = 0.6, implies patients are sensitive to the treatment when
their biomarker measurements exceed the 60th percentile in the entire patient
population. The regression parameters β1, β2 and β3 model respectively the
overall (new) treatment effect, the biomarker main effect and the treatment-
biomarker interaction. The interest of the analysis lies mainly in determining
the threshold parameter c for defining the sensitive subset and in estimating
the size of the treatment effect β3 restricted on the sensitive subset. The
inference of this model cannot be handled as a typical regression problem in
the survival analysis framework. This is because the likelihood for the data
based on the model involves the unknown threshold parameter c.

In previous theoretical studies and applications(Jespersen, 1986; Luo and
Boyett, 1997; Pons, 2003), profile likelihood method was often applied for
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the inference of parameters in (1). For each given threshold parameter c, a
maximum partial likelihood estimate β̂c is obtained from model (1), and this
leads to a profile likelihood function

ℓp(c) = ℓ(β̂c, c), (2)

for parameter c. The profile likelihood (2) is then maximized to obtain the
estimate ĉmax for c. The maximum likelihood estimate β̂max for β can be
obtained from model (1) by plugging in ĉmax for c. Since the profile likeli-
hood function ℓp(c) is not differentiable, it is difficult to apply the classical
asymptotic theories directly for confidence intervals or hypothesis testing for
the threshold parameter c. As a consequence, it is often necessary to rely on
either bootstrap method (Pons, 2003) or model simulation (Luo and Boyett,
1997) for making statistical inference about c.

We will take a Bayesian approach for the statistical inference on both
the threshold parameter c and the regression coefficients β. We first assume
that the threshold parameter c has a prior distribution Beta(2, q) for a given
q > 1. That is, conditioning on the hyper-parameter q, the probability
density function (p.d.f.) of the threshold parameter c is given by

p1(c|q) ∝ q(q + 1)c(1− c)q−1. (3)

Since the mode of this p.d.f. is 1
q
, with q > 1, this prior is flexible enough to

accommodate any prior distribution in the family with its mode taking any
specific value in the interval (0,1).

When specifying the prior distribution for c in the hierarchical Bayes
model, instead of taking an arbitrary value for q, we assume a hyper-prior
distribution for q with a density function of the form,

p2(q) ∝
(q − 1)

q(q + 1)
, for q > 1. (4)

Furthermore, this density function allows us to simplify some distributional
calculation involved in the Gibbs sampling described below. It is also possible
to choose other prior distribution for q, for example, a noninformative prior
p2(q) ∝ 1 for q > 1. Our experience from the numerical simulations suggests
that the posterior distributions are all very similar for different choices of
prior distributions.

When there is some prior knowledge about the parameter β, we discuss
in Section 6 that it is possible to assume a multivariate normal proper prior
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for β. For simplicity in describing the algorithm, we assume henceforth
that β has a uniform improper prior distribution p(β) ∝ 1. For any given
0 < c < 1, the inference for the regression coefficients β can be based on the
Cox proportional hazards regression model, and the corresponding partial
likelihood function for β is given by,

p3(β|c) =
n∏

i=1

[
exp{Z ′

i(c)β}∑
j∈R(xi) exp{Z ′

j(c)β}

]δi
,

where the risk set R(t) is the index set of patients that are at risk of experi-
encing an event at time t. We focus on the partial likelihood approach for β
because it is well accepted and widely used in biomedical research and stud-
ies. An alternative modeling approach is to assume a parametric baseline
hazard function, for example, a piecewise constant hazard. Consequently,
given the observed data, the joint posterior distribution for β, c, q is

p(β, c, q|data) ∝ p1(c|q)p2(q)p3(β|c)

=
n∏

i=1

[
exp{Z ′

i(c)β}∑
j∈R(xi) exp{Z ′

j(c)β}

]δi
c(1− c)q−1(q − 1).

For any given 0 < c < 1, the posterior distribution is in fact the product of a
partial likelihood function for β and a Gamma probability density function
for q, with

lim
c→0

p(β, c, q|data) = lim
c→1

p(β, c, q|data) = 0.

Therefore, the posterior p(β, c, q|data) is a proper distribution even when
the improper priors are assumed for both q and β. Statistical inference on
the regression coefficient β and threshold parameter c can be made through
the corresponding marginal distributions for β and c defined respectively
as, p(β) =

∫
c,q p(β, c, q|data)dcdq and p(c) =

∫
β,q

p(β, c, q|data)dβdq. These
marginal posterior distributions involve, however, complex numerical inte-
grations and may be difficult to evaluate in application. In the following, we
propose a Markov Chain Monte Carlo (MCMC) approach with Gibbs Sam-
pling to obtain posterior samples from these marginal posterior distributions
(Geman and Geman, 1984). Statistical inference such as point estimation,
credible interval and hypothesis testing will be made based on these samples.

Specifically, for given initial values (β0, q0), we can sequentially draw
samples ck,βk, qk for k = 1, 2, . . . using the following algorithm in three steps.
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In the simulation study and application example, we take c0 = 0.5,β0 =
(0, 0, 0)′ and q0 = 2.

Step 1: Given the observed data and the parameters βk, qk from previous
iteration, the conditional distribution f(c|·) is

f1(c|βk, qk) ∝
n∏

i=1

[
exp{Z ′

i(c)βk}∑
j∈R(xi) exp{Z ′

j(c)βk}

]δi
c(1− c)qk−1. (5)

There is not a straightforward method to generate random samples from
(5) directly. We use the following Metropolis-Hasting algorithm (Metropolis
et al., 1953) to generate ck from distribution (5). Given current value ck, we
generate two uniformly distributed random variables u and uk ∼ unif(0, 1).
Let

α1 =
f1(uk|βk, qk)

f1(ck|βk, qk)
,

and

ck+1 =

{
uk if u < α1

ck otherwise
.

In this way, the MCMC sample ck+1 has p.d.f. f1(c|βk, qk). The conditional
distribution (5) suggests that with relative large sample size, the posterior
distribution of f1(c|βk, qk) relies mainly on the partial likelihood function
instead of the prior distribution Beta(2, qk).

Step 2: Given ck+1 and qk, the likelihood function for the regression coeffi-
cient β has the form of the partial likelihood,

f2(β|ck+1, qk) =
n∏

i=1

[
exp{Z ′

i(ck+1)β}∑
j∈R(xi) exp{Z ′

j(ck+1)β}

]δi
. (6)

Similar to Step 1, the Metropolis-Hasting algorithm can be applied again to
generate βk+1 from (6). The candidate vector β∗ is sampled from a multi-

variate normal distribution with mean β̂k+1 and variance covariance matrix

Σ̂k+1,
β∗ ∼ N(β̂k+1, Σ̂k+1),

where β̂k+1 is the maximum likelihood estimate of β given c = ck+1, and Σ̂k+1

is the corresponding variance-covariance matrix. Then we let βk+1 take the
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value β∗ with probability

α2 =
f2(β

∗|ck+1, qk)

f2(βk|ck+1, qk)
.

Step 3: Let v = q − 1 and λ = − log(1 − ck+1). We can express the
conditional distribution of q for given ck+1,βk+1 in terms of v and λ in the
form of f3(q|ck+1,βk+1) ∝ (q − 1)(1− ck+1)

(q−1) log( 1
1−ck+1

), that is

f3(v|ck+1,βk+1) ∝ v(1− ck+1)
v log(

1

1− ck+1

)

= λv exp{−λv}.
With this formulation, the parameter v has a Gamma distribution with a
shape parameter 2 and a scale parameter λ−1. In fact, the choice of the prior
distribution (4) for the hyper parameter q leads to this simple yet flexible
conditional distribution for v = q − 1 in this step. A random sample of vk+1

can easily be obtained using existing software such as rgamma() function in
R software package (R Development Core Team (2012), R: A language and
environment for statistical computing). We then take qk+1 = 1 + vk+1 to be
the (k + 1)st MCMC sample for the hyper parameter q.

For any initial value (β0, c0, q0), the Gibbs sampling algorithm can be
repeated to obtain a sequence of MCMC samples. Let B be the number of
burn-in steps so that the Markov Chain attains a stationary distribution after
B iterations. We can take {βk, ck, qk}B+R

k=B+1, the R MCMC samples after the
B steps of burn-in, as the samples from the marginal posterior distribution
of parameters β, c and q.

3. Statistical Inference for c and β

Based on the standard results for Markov Chain Monte Carlo methods
(Gilks et al., 1996), the posterior samples {βk, ck, qk}B+R

k=B+1 are used to make
statistical inference such as point and credible interval (C.I.) estimation and
hypotheses testing for the threshold parameter c, the regression coefficient
β.

3.1. Estimation
Typically, the sample means from the posterior MCMC samples

ĉ =
1

R

B+R∑
k=B+1

ck, (7)
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is taken as estimate for the expected values of c.
In addition to the point estimation, it is often of interest to build a

100(1−α)% confidence interval for the threshold parameter c. With Bayesian
method, it is straightforward to construct a 100(1 − α)% credible interval
(cL, cU) based on the posterior MCMC samples cL = max

(
u : 1

R

∑B+R
k=B+1 I{ck ≤ u} < α

2

)
cU = min

(
u : 1

R

∑B+R
k=B+1 I{ck ≤ u} > 1− α

2

) . (8)

Note that with the profile likelihood approach, likelihood function for the
threshold parameter c has an irregular form and it is much difficult to obtain
the confidence interval for c.

We propose two different methods for deriving point estimates and cred-
ible intervals for the regression coefficients β. The first method is called the
marginal method, which is similar to the point estimation (7) and credible
interval (8) procedures above for the threshold parameter c, based on the
marginal posterior samples βk.

In biomedical research, investigators often plug in the point estimate ĉ
into model (1), which leads to the regular Cox proportional hazards model
(1) with

h(t|z1i, z2i,β; ĉ) = h0(t) exp {β1z1i + β2I(z2i > ĉ) + β3z1iI(z2i > ĉ)} ,

to obtain the maximum likelihood estimate and the corresponding C.I. for
β. This provides the second method of dealing with β. We refer to this
method as the conditional method since the inference about β conditions on
c = ĉ. We are interested in studying the finite sample performance of the
conditional method because it is popular in application.

3.2. Hypothesis testing

We will investigate two different approaches, the marginal and the con-
ditional methods, for testing the hypotheses about β. The scenario of c = 0
or 1 and β2 = β3 = 0 is excluded due to model identifiability problems.

One objective of the marginal inference is to access the significance of the
regression coefficients β1, β2 and β3 across all possible values of the threshold
parameter 0 < c < 1. In the marginal method, the two-sided p-value for the
hypothesis H0 : βj = 0 versus H1 : βj ̸= 0, can be written as,

p = 2 ∗min

 1

R

B+R∑
k=B+1

I{βjk ≤ 0}, 1
R

B+R∑
k=B+1

I{βjk ≥ 0}

 ,
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for j = 1, 2, 3. Since the marginal test is based on the marginal posterior
distribution of β, it gives an overall assessment of the subset effect that takes
into account of the uncertainty of the threshold parameter c.

In the conditional method, given c = ĉ, p-values for the hypothesis H0j :
βj|ĉ = 0 versus H1j : βj|ĉ ̸= 0, j = 1, 2, 3, can be derived by plugging in the
posterior mean ĉ to model (1) as in Section 3.1. Asymptotic results for the
partial likelihood can be used to construct the conditional test for H0j.

The finite sample properties of the marginal and the conditional ap-
proaches will be evaluated through simulation studies in the following section.

4. Simulation Studies

We generate time to event data for n = 300 subjects using proportional
hazards model (1). Subjects are randomly assigned to either treatment
(z1i = 1) or control (z2i = 0) group, each with probability 0.5. Covariate
z2i follows a uniform (0, 1) distribution. Survival time Ti has an exponential
distribution with hazard function hi(t) = h0(t) exp(Ziβ), where h0(t) = 1
and Zi = (zi1, I{zi2 > c}, zi1I{zi2 > c}). Let Ci be random censoring time
generated from a uniform distribution Ci ∼ U(2, 5) and δi = I(Ti < Ci) be
the censoring indicator. The threshold parameter c takes values from 0.2
to 0.8 for different proportion of sub-population with treatment effect. We
focus on the subset defined effect and take the main treatment effect β1 = 0.
The main biomarker factor effect β2 takes values log(1.0) and log(1.5). The
regression coefficient β3 which describes the treatment effect within the sub-
population takes values log(1.0), log(1.5), log(2.5) and log(3.5). For each pa-
rameter combination, we replicate the simulation 500 times to assess the
finite sample properties of the proposed Bayesian methods. In each simula-
tion, we set the number of MCMC burn-in to be B = 2000 and the number
of MCMC sample to be R∗ = 10000. To reduce the auto correlation among
MCMC samples, we apply a thinning parameter of 2 to the Gibbs samples,
using only the B + 1, B + 3, . . . , B + R∗ − 1 Gibbs samples, which reduces
the number of MCMC samples for the posterior distribution to R = 5000.

The scenario of β2 = β3 = 0 is excluded due to the identifiability problem
(this is the scenario with no subset treatment effect, or equivalently, with c =
0 or 1). The scenarios of β2 = log(1.5) and β3 = log(1.5), log(2.5), log(3.5)
are also excluded because they are very similar to those of β2 = log(1.0) and
β3 = log(1.5), log(2.5), log(3.5). Since the definition of subset is symmetric,
results for the setting with cut-point c = 0.7 or 0.8 are quite similar to those
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with c = 0.3 or 0.2, respectively; therefore, only selected results for c = 0.7
and 0.8 (β2 = log(1.0) and β3 = log(1.5)) are presented.

To study the robustness of the Bayesian method, we further evaluate the
finite sample properties when the threshold model for the covariate z2 is
misspecified. Specifically, we take

f(z2) =


0 if 0 < z2 ≤ 0.4
4(z2 − 0.4) if 0.4 < z2 ≤ 0.65
1 if 0.65 < z2 < 1

and Z∗
i = [zi1, f(zi2), zi1f(zi2)], generate data from hazard function hi(t) =

h0(t) exp(Z
∗
i β), but still fit the data using model (1).

The upper panel of Table 1 summarizes the biases of the estimates for
parameters c and β (both marginal and conditional methods) when the model
is correctly specified. For the threshold parameter c, the absolute biases are
small in most of the settings that we consider. This confirms that ĉ is a
consistent estimate of c. In particular, for β2 = log(1.0), absolute bias for
ĉ reduces quickly when β3 increases. For example, when c = 0.5, when β3

changes from log(1.5) to log(3.5), the absolute bias for ĉ decreases 0.0115 to
0.0006. For β2 = log(1.5) and β3 = 0, we observe that ĉ has the smallest bias
when c = 0.5 and the bias increases when c deviates from 0.5.

When c = 0.2, β2 = log(1.0) and β3 = log(1.5), the bias for ĉ is relatively
large (bias = 0.1972). This is likely due to the relatively small sample size
(n=300) and a small subset effect (β3 = log(1.5)). Further simulation shows
that for the same parameter specification with different sample size n ranging
from 300 to 1200, the bias reduces quickly as the sample size increases (Figure
1).

When the biomarker z2 takes effect through the function f(z2) as speci-
fied above and the threshold model is misspecified, instead of reporting the
bias for ĉ (which does not exist), we report the average posterior mean of ĉ
from the 500 simulations. These average posterior means for the threshold
parameter c are all very close to 0.525, which is the medium point of the
function f(z2) (i.e. f(0.525) = 0.5).

In either the marginal method or the conditional method, biases for re-
gression coefficients β1, β2 and β3 are very small, even when the threshold
parameter c is not accurately estimated or when the threshold model is
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Table 1: Biases for the point estimates of parameters c, β1, β2 and β3: sample size n = 300,
exp(β1) = 1.0. The marginal method for β are based on marginal posterior samples while
the conditional method are based on the asymptotic results from the Cox proportional
hazards model, conditioning on c = ĉ. Results are based on 500 replications.
c eβ2 eβ3 Marginal Method Conditional Method

ĉ β̂1 β̂2 β̂3(MSE.) β̂1 β̂2 β̂3(MSE.)
hi(t) = h0(t) exp(Ziβ)

†

0.2 1.5 1.0 0.1238 0.0021 -0.0064 -0.0055(0.443) 0.0053 -0.0599 -0.0127(0.402)
0.3 1.5 1.0 0.0686 -0.0007 0.0132 0.0214(0.380) -0.0006 -0.0178 0.0117(0.350)
0.4 1.5 1.0 0.0347 0.0034 0.0214 -0.0111(0.377) -0.0007 0.0013 -0.0040(0.343)
0.5 1.5 1.0 0.0080 0.0117 0.0228 -0.0051(0.404) 0.0116 0.0103 -0.0096(0.338)
0.6 1.5 1.0 -0.0222 -0.0001 0.0286 -0.0130(0.421) 0.0033 0.0061 -0.0125(0.354)
0.7 1.5 1.0 -0.0674 0.0046 -0.0047 0.0150(0.471) -0.0011 -0.0324 0.0120(0.339)
0.8 1.5 1.0 -0.1319 -0.0058 -0.0290 -0.0030(0.512) -0.0025 -0.0690 -0.0097(0.389)
0.2 1.0 1.5 0.1972 0.0376 -0.0178 -0.0075(0.448) 0.1064 -0.0133 -0.0825(0.414)
0.2 1.0 2.5 0.0384 0.0168 0.0054 0.0035(0.524) 0.0440 -0.0045 -0.0318(0.582)
0.2 1.0 3.5 0.0072 0.0037 0.0121 0.0108(0.614) 0.0093 -0.0018 0.0033(0.687)
0.3 1.0 1.5 0.1280 0.0154 0.0055 0.0144(0.455) 0.0487 -0.0049 -0.0292(0.411)
0.3 1.0 2.5 0.0124 -0.0013 0.0009 0.0263(0.483) 0.0045 -0.0109 0.0178(0.531)
0.3 1.0 3.5 0.0034 -0.0036 -0.0023 0.0278(0.597) -0.0033 -0.0113 0.0258(0.668)
0.4 1.0 1.5 0.0687 0.0198 0.0199 -0.0025(0.462) 0.0288 0.0140 -0.0187(0.395)
0.4 1.0 2.5 0.0027 -0.0142 -0.0056 0.0216(0.461) -0.0102 -0.0101 0.0161(0.482)
0.4 1.0 3.5 -0.0008 -0.0139 -0.0072 0.0240(0.574) -0.0126 -0.0105 0.0199(0.621)
0.5 1.0 1.5 0.0115 0.0048 0.0110 0.0122(0.477) 0.0155 0.0153 -0.0121(0.401)
0.5 1.0 2.5 -0.0036 0.0047 0.0081 0.0040(0.477) 0.0066 0.0060 0.0008(0.525)
0.5 1.0 3.5 -0.0006 0.0105 0.0074 0.0039(0.586) 0.0101 0.0065 0.0030(0.668)
0.6 1.0 1.5 -0.0516 -0.0145 -0.0108 0.0412(0.468) -0.0042 -0.0023 0.0088(0.418)
0.6 1.0 2.5 -0.0073 -0.0054 -0.0099 0.0200(0.473) -0.0033 -0.0046 0.0114(0.515)
0.6 1.0 3.5 -0.0032 -0.0023 -0.0087 0.0198(0.579) -0.0018 -0.0054 0.0138(0.653)
hi(t) = h0(t) exp(Z

∗
i β)

†

Mean: ĉ∗

- 1.5 1.0 0.5184 -0.0022 0.0017 -0.0082(0.305) -0.0041 -0.0084 -0.0138(0.278)
- 1.0 1.5 0.5236 0.0027 -0.0007 -0.0034(0.349) 0.0018 0.0077 -0.0223(0.301)
- 1.0 2.5 0.5142 0.0175 0.0097 -0.0572(0.412) 0.0209 0.0082 -0.0693(0.475)
- 1.0 3.5 0.5187 0.0376 0.0059 -0.0966(0.537) 0.0406 0.0057 -0.1092(0.620)

†: Data are generated and analyzed based on this model with threshold c.
‡: Data are generated from this model, but analyzed based on (the misspecified)
model † with threshold c.
∗: Posterior sample mean for c when the threshold model is misspecified.
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Figure 1: Empirical absolute bias of the point estimate of the threshold parameter c as a
function of sample size n (c = 0.2, β1 = β2 = 0, β3 = log(1.5)). Results are based on 500
simulation replications.
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misspecified. This indicates that the proposed method provides unbiased
estimates for β, and the method is accurate and robust in the threshold esti-
mation, even with some model misspecifications. Both the marginal method
and the conditional method provide comparable mean squared error (MSE)
for regression coefficients β1, β2 (data not shown) and β3 (Table 1).

Table 2 shows the empirical coverage probabilities (C.P.) of the 95% credi-
ble intervals (C.I.) for threshold parameter c, regression coefficients β1, β2 and
β3 and the percentage of rejecting the null hypothesis β3 = 0. For the thresh-
old parameter c, the empirical coverage probabilities are close to the nominal
level of 95% in all settings of the simulation study, even in the settings where
the model has weak signal to obtain an accurate estimate for the threshold
parameter c itself. For example, for c = 0.2, β1 = log(1.0), β2 = log(1.0) and
β3 = log(1.5), while the posterior mean ĉ = 0.3972 has a large bias of 0.1972,
the 95% C.I. for threshold parameter c has a coverage probability of 93.6%.

The empirical C.P. of the 95% C.I.’s for regression coefficients β using
the marginal method are close to the nominal level of 95%. Under the null
hypothesis (H0) situations with β3 = 0, test sizes are all close to the nominal
level of 5%. Under the alternative hypothesis situations, for the sample size
of n = 300 with around 10% of censoring, the power of the tests exceeds 80%
when β3 ≥ log 2.5 in most settings.

For the conditional method, although the regression coefficients β can be
estimated with relatively small bias, we notice that for some of the βj’s the
empirical coverage probabilities are less than the 95% nominal level. Under
the null hypothesis of β3 = 0, the test sizes are between 7.2% and 10.8% for
the settings that we have considered. The empirical C.P. of the 95% C.I. vary
for different types of data generated with different model parameter combi-
nations, and are not always close to the 95% nominal level. For example,
when c = 0.2, β1 = β2 = 0 and β3 = log 1.5, the coverage probabilities of 95%
C.I. are 78.0%, 90.2% and 83.0% for parameters β1, β2 and β3, respectively.

The profile likelihood method estimates the threshold parameter c by
maximizing the profile likelihood function (2). Pons (2003) show that 1

n
(ĉ−c)

converges in distribution to a certain probability distribution F (c). However,
the explicit distribution function for F (c) is not known and bootstrap is often
necessary to construct the confidence interval for the threshold parameter
c. We further conduct numerical simulations to compare the finite sample
performance of the proposed MCMC approach and the profile likelihood
approach. The 95% C.I. for c is obtained using 500 bootstrap samples for
each simulated data. In Table 3, we present results for c = 0.2 and 0.5 only,
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Table 2: Empirical coverage probabilities for parameters c, β1, β2 and β3 with sample size
n = 300, exp(β1) = 1.0. The marginal method for β are based on marginal posterior
samples while the conditional method are based on the asymptotic results from the Cox
proportional hazards model, conditioning on c = ĉ. Results are based on 500 replications
c eβ2 eβ3 Marginal Method Conditional Method

ĉ β̂1 β̂2 β̂3 REJ%∗ β̂1 β̂2 β̂3 REJ%∗

hi(t) = h0(t) exp(Ziβ)
†

0.2 1.5 1.0 92.0 94.0 93.0 93.6 6.4 91.8 82.8 90.2 9.8
0.3 1.5 1.0 95.2 96.4 95.0 95.4 4.6 93.8 89.2 90.6 9.4
0.4 1.5 1.0 96.4 95.2 95.2 94.8 5.2 94.0 90.2 91.8 8.2
0.5 1.5 1.0 93.8 97.2 94.6 94.0 6.0 95.2 91.2 90.2 9.8
0.6 1.5 1.0 94.4 95.8 96.8 95.4 4.6 94.2 92.4 92.8 7.2
0.7 1.5 1.0 93.0 94.4 95.6 96.2 3.8 92.6 88.2 92.0 8.0
0.8 1.5 1.0 91.4 95.2 94.6 94.2 5.8 93.0 80.0 89.2 10.8
0.2 1.0 1.5 93.6 91.2 95.8 95.6 20.0 78.0 90.2 83.0 28.2
0.2 1.0 2.5 92.2 91.2 94.0 95.8 79.2 83.4 91.2 87.8 81.6
0.2 1.0 3.5 93.6 93.0 94.2 96.0 96.8 89.6 93.6 92.8 97.4
0.3 1.0 1.5 91.6 92.6 93.6 93.0 25.6 82.6 89.4 86.2 33.0
0.3 1.0 2.5 93.2 95.4 94.2 94.0 88.6 91.2 92.0 92.0 91.6
0.3 1.0 3.5 94.0 95.0 93.6 93.2 99.4 93.2 92.6 91.8 99.6
0.4 1.0 1.5 95.0 93.4 94.2 93.8 25.6 90.8 91.0 90.2 37.4
0.4 1.0 2.5 94.4 94.8 94.2 94.4 94.8 92.8 91.6 93.6 95.6
0.4 1.0 3.5 94.8 94.2 93.4 94.8 99.8 94.2 92.8 94.2 99.8
0.5 1.0 1.5 94.2 97.0 94.4 94.0 28.4 92.0 90.2 89.8 38.0
0.5 1.0 2.5 93.4 96.4 94.2 96.0 93.4 94.8 92.6 94.2 95.8
0.5 1.0 3.5 94.2 96.4 94.8 95.6 100 95.4 94.0 95.4 100
0.6 1.0 1.5 94.4 96.0 94.8 95.2 32.6 92.6 90.4 89.4 46.2
0.6 1.0 2.5 94.6 95.2 95.4 96.6 95.2 94.6 94.0 95.2 96.4
0.6 1.0 3.5 96.0 95.2 95.2 95.8 99.6 94.6 94.6 95.6 99.8
hi(t) = h0(t) exp(Z

∗
i β)

‡

C.I. for c∗∗

- 1.5 1.0 (0.28, 0.75) 95.4 95.0 93.6 6.4 93.2 90.2 90.0 10.0
- 1.0 1.5 (0.21, 0.83) 94.8 94.0 94.6 26.4 91.4 90.0 91.0 39.4
- 1.0 2.5 (0.40, 0.64) 93.2 94.0 95.2 89.4 90.2 93.6 91.4 91.8
- 1.0 3.5 (0.45, 0.59) 92.6 94.4 93.8 99.8 91.4 94.0 91.4 99.8

†: Data are generated and analyzed based on this model with threshold c.
‡: Data are generated from this model, but analyzed based on (the misspecified)
model † with threshold c.
∗: Percentage of rejected null hypothesis: H0 : β3 = 0.
∗∗: Average credible interval for c when the threshold model is misspecified.
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Table 3: Absolute bias and empirical coverage probability (C.P.) for profile likelihood
method with bootstrap 95% credible interval for β: n = 300, exp(β1) = 1.0. Results are
based on 500 replications
c eβ2 eβ3 Bias C.P.

ĉ β̂1 β̂2 β̂3 ĉ β̂3
†

β̂3
‡

0.2 1.0 1.5 0.1559 0.0034 0.0400 0.0365 95.8 95.2 79.6
0.2 1.0 2.5 0.0104 -0.0640 -0.0378 0.0927 97.0 92.6 92.0
0.2 1.0 3.5 -0.0052 -0.0530 -0.0285 0.0749 88.2 90.2 94.0
0.2 1.5 1.0 0.0734 0.0054 0.0640 -0.0227 97.8 94.2 78.2
0.2 1.5 1.5 0.0137 0.0014 0.0402 0.0101 94.2 93.2 90.4
0.2 1.5 2.5 -0.0068 -0.0057 0.0079 0.0199 81.4 88.2 92.0
0.2 1.5 3.5 -0.0049 0.0161 0.0210 -0.0023 77.4 89.2 95.6
0.5 1.0 1.5 -0.0043 -0.0218 0.0344 0.0611 98.6 92.0 80.0
0.5 1.0 2.5 -0.0068 -0.0214 0.0025 0.0532 91.6 88.0 92.0
0.5 1.0 3.5 -0.0085 -0.0235 0.0002 0.0380 85.0 89.4 93.8
0.5 1.5 1.0 0.0049 -0.0131 0.0631 0.0089 94.6 93.2 86.2
0.5 1.5 1.5 -0.0069 -0.0069 0.0393 0.0089 86.6 90.8 92.6
0.5 1.5 2.5 -0.0080 -0.0041 0.0185 0.0021 78.2 90.6 95.0
0.5 1.5 3.5 -0.0064 -0.0104 0.0154 0.0210 74.2 89.2 94.8

†: Based on the asymptotic method.
‡: Based the bootstrap method.

similar results are obtained for c = 0.3, 0.4, 0.6.
In term of point estimate, the profile likelihood method provides estimates

for the threshold parameter c and regression coefficient β with small bias
when there is a moderate to strong subset effect. The bias is relatively large
when there is a small subset treatment effect within a small subgroup of the
population. These point estimate performances are all very similar to the
proposed MCMC approach.

It is worth noting that the profile likelihood approach using the bootstrap
does not provide good coverage probability for the 95% C.I. compared to the
proposed Bayesian method. For example, when the subset treatment effect
is small (β3 = log 1.5), the empirical C.P. of the 95% C.I. for β3 is around
80% to 90%, even when half of the study population belong to the sensitive
subset (c = 0.5). For a strong subset effect of β3 = log 3.5, although the 95%
C.I. for β3 has a proper coverage probability, the empirical C.P. for the 95%
C.I. of parameter c goes as low as 74.2% (Table 3).
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Additional simulation studies with a uniform prior distribution for thresh-
old parameter c gave similar results (not shown). This suggests that the prior
distribution for c may not have a substantial impact on the posterior distri-
bution for both the regression coefficients β and the threshold parameter
c.

5. Application

We consider a clinical trial on prostate cancer conducted by the sec-
ond Veterans Adminstration Cooperative Urologic Research Group (Byar
and Corle, 1977; Andrews and Herzberg, 1985). In this trial, n = 505 pa-
tients with prostate cancer were randomly assigned to receive either placebo
(n0 = 128 patients) or diethylstilbestrol treatment (n1 = 377 patients). The
primary endpoint was overall survival, which is the time from randomiza-
tion to the time of death from any causes. Participants alive at the end of
the study were censored at the last recorded time of being alive. Log-rank
test shows no significant difference in survival time distributions between the
treatment and placebo groups (p-value = 0.41).

Previous studies (Byar and Corle, 1977; Jiang et al., 2007) suggested
that serum prostatic acid phosphatase (AP) is a predictive biomarker for
diethylstilbestrol treatment. In this paper, we will make inference about
the threshold parameter for the AP biomarker using the proposed Bayesian
method. We first applied an inverse empirical cumulative distribution func-
tion transformation to the AP variable so that it becomes a measurement
that is uniformly distributed between 0 and 1.

In the analysis with the proposed method, the threshold parameter c
converges quickly in about 500 to 1000 iterations. After B = 2000 burn-
in iterations, we further calculate an additional 300000 Gibbs samples for
c,β and q. Since the Metropolis Hasting algorithm is used to sample the
threshold parameter c, the MCMC sample may remain unchanged within
several iterations (Figure 2, upper panel). We apply a thinning parameter of
100 to obtain R = 3000 samples for the analysis (Figure 2, lower panel). The
first order auto correlation coefficient among the posterior samples of {ck}’s
reduces form 0.99 to 0.09 after thinning.

The results from the posterior distribution of c and β suggest that the
acid phosphatase (AP) variable can be used as a biomarker that defines a
significant subset treatment effect (Table 4). In the transformed scale of 0 to
1, the threshold parameter is estimated to be ĉ = 0.803 based on the posterior

17



0 500 1000 1500 2000

0.
5

0.
6

0.
7

0.
8

0.
9

Iteration

T
hr

es
ho

ld
 p

ar
am

et
er

 c

0 500 1000 1500 2000 2500 3000

0.
70

0.
75

0.
80

0.
85

0.
90

Iteration

T
hr

es
ho

ld
 p

ar
am

et
er

 c

Figure 2: Prostate cancer data: Trace plot for the MCMC samples of threshold parameter
c. Upper panel: The first 2000 iterations. Lower panel: The next 3000 iterations with a
thinning parameter of 100.
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Table 4: Prostate Cancer example: The acid phosphatase (AP) biomarker
Parameter Estimate S.E. 95% C. I. p-value (βj = 0)
c 0.803 0.036 0.745 0.871
Marginal Method
β1 -0.017 0.136 -0.279 0.258 0.8889
β2 1.267 0.290 0.692 1.827 <0.0001
β3 -0.851 0.321 -1.480 0.287 0.007

mean; the corresponding 95% C.I. is (0.684, 0.886). On the original scale of
the AP biomarker, the estimated threshold is ĉ∗ = 46 and the corresponding
95% C.I. is (27, 107). The estimated cutoff value is similar the cutoff of
36 obtained by Jiang (2007), while their estimated 95% C.I (9 to 170) is
wider than ours. This suggests that the treatment is effective on a subset of
the patients with AP > 46 (whose AP values rank among the upper 20%),
but not effective on the rest of the patients with AP ≤ 46. According to
the marginal method, the treatment main effect is not significant but the
main effect of the AP variable is highly significant. When detecting the
subset treatment effect, the marginal method gives a smaller p-value of 0.007
compared to the model without subset effect (p-value = 0.41).

To access the convergence of the MCMC procedure, the algorithm is re-
peated several times using different random seeds and initial values for c0,β0

and q0. They all provide similar results for both the threshold parameter c
and the regression coefficients β (data not shown). This suggests that the
proposed Bayesian method is robust to different initial conditions for this
example.

6. Discussion

In this paper, we propose a hierarchical Bayes model for biomarker defined
subset treatment effect for survival time data. We use a Beta distribution
Beta(2, q) as the prior for the threshold parameter c and estimate the dis-
tribution of the hyper-parameter q through the observed data. We take this
approach for the purpose of minimizing the impact of the prior assumption
on the posterior distribution for the parameter of interest. When estimating
the threshold parameter c, instead of a grid search like those applied in the
profile likelihood approach, we apply the Metropolis-Hasting algorithm to
sample c from the conditional distribution given β and q. This ensures that
the threshold parameter c can take any possible values instead of just some
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pre-specified grid points. Empirical results suggest that the Bayesian method
provides excellent finite sample results in term of bias and coverage proba-
bility for the threshold parameter c. The proposed method can be extended
to accommodate a continuous interaction effect by replacing I(z2 > c) with
a continuous function c(z2). It is also possible to take a proper prior distri-
bution for β, e.g. β ∼ N(β0,Σ0). The impact of θ0 and Σ0 on the posterior
distribution of β reduces as sample size n becomes larger.

We further provide two different methods for making statistical inference
for the subset treatment effect (that is, the regression coefficient β3). The
first approach, the marginal method, makes inference about β based on the
marginal distribution of the posterior distribution of β̂. By doing this, the
method accounts for the uncertainty in the estimation of the threshold pa-
rameter c when making statistical inference about the regression coefficient
β. Numerical simulation indicates that the marginal method provides a ro-
bust inference for the regression coefficients β in terms of finite sample bias
and empirical coverage probability for 95% credible interval, even when the
threshold parameter c is occasionally estimated with relatively large bias.

The second approach, the conditional method, is motivated by the typical
strategies used in the profile likelihood literature, which is very popular in
biomedical application. However, numerical simulation shows that the cov-
erage probabilities for the credible intervals are considerable lower than the
nominal level in many simulation settings. Overall, the conditional method,
though often used in the literature, are not as good as the marginal method.

For comparison, we further conduct numerical simulations for the pro-
file likelihood approach. Numerical results reveal that the corresponding
bootstrap method does not have good finite sample properties compared to
the hierarchical Bayes model for the C.I estimation. The credible intervals
obtained from the Bayesian method tend to have better coverage probabil-
ities than the bootstrap confidence intervals based on the profile likelihood
method.

We also investigate the finite sample properties of the proposed methods
when the threshold model is misspecified. The simulation study shows that
the Bayesian method approximates the true sensitive subset very well. It also
provides almost unbiased estimates and credible intervals with good coverage
probabilities for the regression coefficients β.

In this paper, we focus on subset treatment effects in clinical trials with
continuous outcomes, which can arise in studies on survival time after treat-
ment, improvement on quality of life measured on a continuous scale, etc..

20



The idea of the hierarchical Bayes model also applies to studies with cate-
gorical outcomes such as survival status (patients being alive or dead) at five
years after the treatment. The proposed method can be extended to gener-
alized linear models (McCullagh and Nelder, 1989) to handle the categorical
outcomes. The proposed methods can also be generalized to accommodate
multiple sensitive patient subsets, defined by intervals on biomarker values
with a number of threshold parameters. We implement the MCMC algorithm
for categorical outcome and survival outcome in WinBUGS and R software, re-
spectively. The source code is available from the first author upon request.
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