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The inhomogeneity of high-reflectivity mirror coatings is a potential error source in the application of the
cavity ringdown technique. Here, the ringdown times for different transverse modes were recorded.
Together with the observed spatial distribution of these modes the ringdown times can be used to ap-
proximately locate the position of coating defects. A simple model based on a weighted sum of Hermite–
Gaussianmode functions is used to explain the experimental results. © 2014 Optical Society of America
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1. Introduction

The cavity ringdown (CRD) technique has been
widely applied in trace gas spectroscopy [1], spectros-
copy of very weak optical transitions [2], as well as
the characterization of low-loss optical coatings,
including high-reflection and antireflection coatings
[3–6]. Several commercial spectrometers are based
on the CRD technique and are sold for, e.g., trace
gas monitoring purposes and as research tools.
Compared to other high-sensitivity spectroscopic
techniques, the CRD technique has a number of
advantages, such as a rather simple and straight-
forward experimental setup, the intrinsic insensitiv-
ity to light source intensity fluctuations, and the
capability of measuring attenuation on an absolute
scale [7–10].

InCRD spectroscopy, the accurate determination of
cavity loss is based on the decay time measurement

of pulsed or continuous-wave laser light in a low-loss
optical cavity [11–14]. In past studies the limits of
the CRD technique have been discussed by many
authors, especially with regards to the accuracy of
the determination of the decay time. It appears to
be commonly accepted that cavities that are locked
to a single cavitymode provide the highest accuracies
for the optical loss measurements [14–16]. Simulta-
neous excitation of multiple cavity modes is known
to cause beating and with it a reduced CRD time
accuracy [13]. The many transverse modes that can
be found near a longitudinal mode resonance have
been observed to interconvert [17,18] and may gener-
ally exhibit different ringdown times in addition to
slightly different resonant frequencies [13]. Aside
from different resonant frequencies and optical losses
the different transverse and longitudinal cavity
modes typically also have different coupling efficien-
cies to the incoming laser modes.

Of particular importance to robust CRD measure-
ments is the spatial uniformity of the reflectivity of
the two (or more) mirrors. Since every transverse

1559-128X/14/132917-07$15.00/0
© 2014 Optical Society of America

1 May 2014 / Vol. 53, No. 13 / APPLIED OPTICS 2917

http://dx.doi.org/10.1364/AO.53.002917


mode samples a different area on the mirrors, the
differences of their respective ringdown times can
be associated with a spatial reflectivity distribution
function, which provides a measure for the inhomo-
geneity of the mirror coatings. Conversely, one can
use the differences in optical loss associated with
the respective transverse cavity modes to create a
“reflectivity map” of the mirrors–keeping in mind
that the contributions from the two mirrors cannot
be easily separated. Although of large historical
importance [3,19], the coating inhomogeneity of
high-reflectivity mirrors has rarely been investi-
gated, aside from several early studies [4] including
the first application of phase-shift CRD to the char-
acterization of mirror coatings by Herbelin et al. [3].

In this report, we examine the influence of coating
inhomogeneity on the CRD measurement. In par-
ticular, we use the ringdown times of different trans-
verse cavity modes to create a “reflectivity map” for
the mirrors. We show that one can synthesize a
reflectivity map from a sum of TEMm;n basis func-
tions or from the spatial intensity distributions asso-
ciated with each experimentally obtained transverse
cavity mode. This may be regarded as an analogy to
the synthesis of a waveform using a sum of weighted
Fourier components.

2. Theory

The transverse mode pattern of cavity modes in
a two-mirror cavity can be described either in a
Cartesian coordinate system or in a cylindrical coor-
dinate system. In the former case Hermite–Gaussian
transverse mode patterns and their linear combina-
tions give an adequate representation of the inten-
sity distribution inside a cavity. The normalized
Hermite–Gaussian functions of order m and n can
be described as [20–22]
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where Hm�x� and Hn�y� are Hermite polynomial
functions of order m and n, respectively, and w is
the beam waist of the lowest order mode. The inten-
sity distribution of each TEMm;n mode can be calcu-
lated from the Hermite–Gaussian basis functions

Im;n�x; y� � I0m;n�HGm�x��2�HGn�y��2: (2)

The normalization factors in Eq. (1) assure that for
each mode

1 �
Z

∞

x�−∞
HG�x�2dx �

Z
∞

y�−∞
HG�y�2dy: (3)

And therefore,
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Z
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Im;n�x; y�dxdy: (4)

In the analysis of the experimental data we scale the
spatially integrated intensity of each mode to the
same value, I0. Examples of calculated Im;n�x; y�
functions are given in Fig. 1.

We intend to obtain information about the mirror
coating’s homogeneity from a “reflectivity map.” The
transversemodes on each of themirrors can be added
incoherently and in the limiting case of a very large
number of transverse modes the sum of all their
intensities covers the mirror surface smoothly with
a maximum on the cavity axis:

Ī�x; y� �
PN;M

n;m�0 Im;n�x; y�
�N � 1��M � 1� : (5)

The size of the area that can be interrogated in this
manner depends on the size of the highest order
HG-mode, which is about 4w2�N � 1�1∕2�M � 1�1∕2
[22]. It is well-known that Hermite–Gaussian func-
tions form a complete basis set [22], and the interrog-
ation area as well as the spatial resolution can be
increased by including more modes in the analysis.

In a practical application the number of available
mode functions is finite. We used N � M � 6 for 49
TEM modes in the simulation and a total of 13 or 15
modes in the present experiments. As indicated in
Eq. (4), we give each mode the same weight.

When the mirror surface exhibits defects in the
coating, the reflectivity of each mode is reduced.
Figure 2(A) shows the location of a simulated defect
as the product, Ī�x; y� · R�x; y�, which is equivalent to
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Fig. 1. Simulated intensity distribution functions for a set of
Hermite–Gaussian transverse cavity modes.
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a Hadamard product Ī�x; y�∘R�x; y� if the image is dis-
cretized into pixels.

For each TEMm;n mode we define a weighting
factor that is calculated from the Hadamard product
of the reflectivity map, R�x; y� and the mode’s inten-
sity distribution:

cm;n � 1
I0

Z
∞

x;y�−∞
Im;n�x; y�∘R�x; y�dxdy: (6)

This weighting factor is close to unity, if the mode has
intensity nodes at the defect sites, and it can be
substantially less than unity when an intensity
maximum falls onto a defect site.

If the weighting factors have been obtained exper-
imentally, e.g., by using the ringdown times for
each mode, one can obtain an approximation of the
reflectivity map R0�x; y� [Fig. 2(C)] from the ratio of
the sum of weighted transverse mode functions
[Fig. 2(B)] to the finite sum of all available transverse
modes [Eq. (5)] [Fig. 2(A)]. We define this recon-
structed reflectivity map as

R0�x; y� �
PN;M

n;m�0 cm;nIm;n�x; y�
Ī�x; y��N � 1��M � 1�

�
PN;M

n;m�0 cm;nIm;n�x; y�PN;M
n;m�0 Im;n�x; y�

: (7)

Even if it was possible to record the weighting factor,
cm;n, and spatial distribution, Im;n�x; y�, of a very
large number of modes, the reconstructed reflectivity
map R0�x; y� cannot be identical to the actual reflec-
tivity map, R�x; y�, since the Hermite–Gaussian
modes all exhibit inversion symmetry and two
symmetry planes. This prevents the experimenter
from identifying the quadrant in which the defect is
located. Without including modes that break the
symmetry, the analysis can therefore provide no
more than an estimate of the inhomogeneity and
the reconstructed reflectivity map R0�x; y� cannot be
identical to R�x; y�. In practice, transverse modes are
not restricted exactly by the symmetry relationships

(see below) and the symmetry restrictions then no
longer apply.

Of course, the accuracy and resolution of the recon-
structed reflectivity map depends on the type of basis
functions and on their number �N � 1� × �M � 1�
that are included in the sum. The spatial resolution
of Hermite–Gaussian type modes is ultimately lim-
ited by the distance between nodes in IM;N�x; y�,
which may be approximated as δx � 2w∕M1∕2 and
δy � 2w∕N1∕2 [22].

In our experiment the optical loss of each mode is
calculated from the measurement of the CRD time,
τn;m,

Γn;m � 1 − exp
�
−

tRT
τn;m

�
; (8)

where the round trip time tRT � 2L∕c0 � 4 ns for our
60 cm cavity. The optical loss due to mirror contami-
nation is

ΔΓn;m � exp
�
−

tRT
τ0

�
− exp

�
−

tRT
τn;m

�
; (9)

where τ0 is the longest CRD time of any cavity mode,
i.e., it must be obtained with “clean” mirrors. The
weighting factors have been calculated as cm;n �
1 − kΔΓn;m, where the factor k provides the “contrast”
in the reflectivity map. The, somewhat arbitrary,
factor k � 250 in Fig. 2(C) ensures that there is an
acceptable dynamic range in the reflectivity map.
In the experiments below we found that the optical
loss due to contamination is typically less than
ΔΓn;m � 200 ppm and k was selected to rescale the
weighing factor to about cm;n � 0.5.

3. Experimental Apparatus

The CRD apparatus is shown in Fig. 3. A laser diode
with a central wavelength of 639.7 nm (∼12 mW,
WA-1500, EXFO) was coupled into the cavity, which
had an effective length of 60 cm and aperture of
Ø20 mm. The injection current of the laser was
controlled by an integrated circuit (WLD3243, Wave-
length Inc.) and could be switched off within about

(A) (C)(B) (D)

Fig. 2. Intensity distribution function assuming an incoherent sum of all transverse mode intensities functions. The sum includes all
Hermite–Gaussian basis functions of Fig. 1 with n, m � 0 to 6. (A) All 49 simulated Hermite–Gaussian functions each contain a small
defect, Ī�x; y�∘R�x; y�. The defect is in the center of the red circle. (B) Sum of all 49 simulated Hermite–Gaussian functions without a defect
but weighted according to the fraction by which each mode samples the defect,

PN;M
n;m�0 cm;nIm;n�x; y�. The differences to (A) are barely

visible. (C) Ratio between (A) and (B) showing the simulated reconstruction of the defect location, R0�x; y�, as described in Eq. (7).
The comparison with (A) shows that all modes sampling the defect (in the lower right maximum) are attenuated. (D) Difference between
(A) and (B) showing the simulated reconstruction of the defect location, R00�x; y�, as described in Eq. (10).
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80 ns. The collimated laser beam with a diameter of
∼3 mm was directed into a low-loss optical cavity. To
avoid retroreflection into the laser diode, an optical
isolator (IO-3D-633-VLP, OFR) was inserted into
the optical path. The cavity was composed of two
Ø25 mm supermirrors, which were made in-house.
The mirrors were mounted on two-dimensional
mechanical adjusters. The mirrors were all manufac-
tured in the same batch. On their superpolished sur-
face with the roughness of ∼1Å (RMS) (AFM3100,
Veeco) multilayer dielectric coatings were deposited
by ultralow loss ion beam sputtering. The central re-
flectivity wavelength and the bandwidth of the mir-
rors was determined to be ∼633 nm and ∼120 nm,
respectively, using a spectrometer (Lambda 950,
PerkinElmer). To collect the light transmitted from
the optical cavity, a Ø20 mm lens with 30 mm focal
length was placed before the high-speed photodetec-
tor (APD110A, Thorlabs). As shown below, the aver-
age reflectivity was determined from ringdown time
measurement. From the measured cavity loss of
about Γ � 150 ppm we calculate the average reflec-
tivity as R � 1 − Γ � 99.985%.

Unlike CRD spectrometers with high spectral
resolution, our experimental apparatus does not
require cavity length scanning or a laser wavelength
fine-tuning mechanism, since the laser is always in
resonance with several longitudinal cavity modes,
because its wide spectral linewidth (∼6 GHz, WA-
1500 and WA-650, EXFO) is much larger than the
free spectral range of the optical cavity (∼250 MHz).
The output signal of the detector was connected to
the A/D converter (CS320A, Cleverscope). To obtain
the decay signal with high signal-to-noise ratio, the
system controller set a threshold voltage to select
the ringdown transient. Once the amplitude of the
resonance signal transmitted from the optical cavity
exceeded this threshold, the decay signal was
captured and converted by the A/D converter. After
fitting the data in a microcomputer, which is also
included in the system controller, the cavity loss
was determined. To record the ringdown waveforms
of different transverse modes, the alignment of the
optical cavity was adjusted using two-dimensional
mechanical mirror adjustments, and the incident
angle and position of the laser were changed corre-
spondingly.

The bandwidth of the detector was about 50 MHz
and we cannot observe the transverse longitudinal
mode beating at about 250 MHz. Beating between
transverse modes was occasionally observed at

frequencies around 3 MHz, but those measurements
were discarded.

4. Experiments and Discussion

The performance of the CRD apparatus was tested
first using the TEM00 cavity mode. To protect the
high-reflectivity mirrors from air-borne contamina-
tion, the entire apparatus was placed under an air
filter and clean air flowed through the apparatus
during the measurement. As described above, decay
transients were captured and analyzed by fitting to
an exponential decay function. For the mode shown
in Fig. 4 the decay time and cavity loss were deter-
mined as 28.46 μs and 139.8 ppm, respectively. For
four transverse cavity modes three repeated
measurements were used to evaluate the stability
of the apparatus, and it was found that the standard
deviations of these measurements were between 0.3

Fig. 3. Sketch of the experimental CRD apparatus.

Table 1. Ringdown Times and Optical Loss
Associated with Seven Different Transverse

Cavity Modes for the Clean Cavity.a

τ∕μs Γ∕ppm

26.3(2) 152.4(1.2)
28.5(9) 139.8(4.3)
28.1(7) 142.6(3.7)
26.64(5) 150.1(0.33)
27.1 147.5
28.3 141.1
25.1 159.6

aFor the first four modes three
measurements were averaged and the
respective standard deviation is given in
brackets. The average ringdown time is
27.2(1.2) μs and the average loss is
147(8) ppm.
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Fig. 4. Cavity decay signal of the second mode in Table 1 and its
fit to a single exponential function giving τ0 � 28.46 μs and Γ �
139.8 ppm for one of the threemeasurements. After contamination
of the mirrors a shorter ringdown time τ0 � 16.34 μs and Γ �
244.4 ppm is obtained from the transient of the highlighted mode
in Fig. 6.
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and 1.0 ppm (Table 1) and the average ringdown
times were within 13 ppm from one another. The
ringdown measurements were then performed for
three more transverse modes. The average optical
loss associated with these modes was 147.3�
7.8 ppm. Together these measurements indicate that
all modes that were sampled experienced a similar
optical loss. Since the experimentally observed
modes are almost always linear combinations of
the Hermite–Gaussian basis functions an assign-
ment of the modes is complicated and was not
attempted.

Importantly, we do not observe evidence of mode
beating in the residual of Fig. 4B. Longitudinal mode
beating is expected to be present on a time scale that
cannot be resolved by our detection system (see
Section 3 above), and transverse mode beating can
be suppressed by careful alignment of the laser
with respect to the cavity axis. While alignment
cannot ensure that only a single transverse mode
is excited, the residuals indicate that mode beating
does not influence the accuracy of the ringdown time
measurement.

Subsequently, the air filter was stopped and the
cavity mirrors were exposed to ambient laboratory
air for several hours. In this case, the reflectivity
of the coatings deteriorated because the two mirror
surfaces had adsorbed small dust particles floating
in the air. We expected that both mirrors were con-
taminated to a similar extent. In Fig. 4, we show a
representative example of the decay of a transverse
mode obtained with contaminated mirrors. It is ap-
parent that this decay curve can also be described
with a single-exponential function, indicating that
the existence of coating inhomogeneities does not
distort the single exponential decay character of the
ringdown signal. To identify the location of contami-
nation on the mirrors quantitatively, 15 different
transverse modes of the optical cavity were excited
and their intensity distribution was captured to-
gether with their respective ringdown times (Fig. 5).
The optical loss was determined for each mode in two
to three measurements and the averages are in-
cluded in the figure. The average optical loss of all
modes has increased to 153.5� 13.3 ppm. The large
standard deviation indicates that the spread of
the optical loss has also increased when different
transverse modes are compared.

To determine the reflectivity map, R0�x; y�, all 15
images were converted using ImageJ software
(version 1.43, W. Rasband, National Institutes of
Health, USA) into grayscale images, rescaled to full
16-bit range and divided by 15. The images now all
have roughly the same average intensity, i.e., they
were normalized with respect to each other. A simple
sum of the normalized images produces Fig. 7(A).

Next, we generate a similar image using the same
normalized mode patterns but multiply each image
with a factor, cn;m, that was derived from the change
in the modes’ optical loss due to contamination, ΔΓ
[Eq. (9)]. We calculate the optical loss due to mirror

contamination by subtracting the lowest optical loss
observed for a mode of the “clean” cavity, Γ0 �
139.8 ppm. The 15 normalized images were multi-
plied with scaling factors that were calculated as c �
�1 − 10000ΔΓ� and were between 0.55 and 1.00. The
15 weighted images are then added to produce a
composite image [Fig. 7(B)]. As in Fig. 2 the ratio
of the sums of the normalized images and of the
weighted images provides the spatial distribution
of the reflectivity [Fig. 7(C)]. The ratio of two images
produces a lot of noise in the region where both im-
ages are dark. We therefore also show the difference
between the sum of the normalized images and the
sum of the weighted images in Fig 7(D):

R00�x; y� � Ī�x; y� −
PN;M

n;m�0 cm;nIm;n�x; y�
�N � 1��M � 1� : (10)

In Figs. 7(C) and 7(D) we observe the largest de-
crease in reflectivity due to contamination in a wide
spatial region near the center of the mirror. The
composite image in Fig. 7(D) provides a larger weight

163.6 170.8 141.0 142.7 159.0 

139.8 141.0 137.9 184.6 159.4 

158.3 141.4 164.8 169.4 146.6 

Fig. 5. Photographs of 15 different transverse cavity modes with
respective optical loss (in ppm) after exposure to ambient air.

171.2 165.6 258.2 259.8 153.8 

138.1 177.4 151.0 345.3 244.4 

 179.8 147.4 161.5  

Fig. 6. Photographs of 13 different transverse cavity modes with
respective optical loss (in ppm) after a spot was painted on one of
the mirrors.
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near regions of higher intensity and is more mean-
ingful. Clearly, the reflectivity distribution in
both images is not as distinct as the simulated dis-
tribution of Fig. 2, as may be expected. Of course,
without additional measurements it is not possible
to identify which of the two mirrors contributes to
the optical loss of a particular cavity mode.

The experiment was then repeated using a clean
cavity in which one of the mirrors had a small dot
(Ø 200–400 μm) painted near the center of the cavity
axis. A different set of 13 transverse cavity modes
was photographed and their optical loss was calcu-
lated from their respective average ringdown times
[Fig. 6]. As above, the normalized composite image
was obtained [Fig. 7(E)] and the weighted composite
image was generated [Fig. 7(F)] as above but with
k � 1000. The ratio between the two images
[Fig. 7(G)] does not give a very distinct reflectivity
map, but the difference between the two images
[Fig. 7(H)] now clearly shows a small region that
is responsible for the cavity loss. The dot painted
on the mirror only affects those cavity modes that
are sampling this region of the mirror. The optical
loss of these modes was as high as 345 ppm while
other cavity modes that do not sample this region
of the detector have an optical loss that is comparable
with that of a clean cavity (139.8 ppm).

The spatial resolution in this experiment is ulti-
mately given by the theoretical limit of about
δxδy � 4w2N−1∕2M−1∕2, but is here also limited by
the resolution of the images taken with the camera.
It is estimated to be in the range of several hundreds
of micrometers and comparable to the size of the dot.
A larger number of images would have also served to
provide a better spatial resolution.

More accurate results would have been obtained,
had it been possible to obtain the ringdown time of
every mode before and after contamination, but in

practice this is difficult, since the mode pattern
cannot be exactly reproduced in two independent
experimental runs. It was therefore necessary to
determine a common τ0 and Γ0 for all modes, limiting
the accuracy of the measurement.

Many of the excited cavity modes were not
Hermite–Gaussian modes, but rather a linear combi-
nation of a number of TEMm;n functions. This did not
seem to affect the results negatively but instead
helped break the symmetry of the composite image
and thereby aided in locating the “defect site” unam-
biguously. The model presented above also holds
when a number of TEM modes are excited simulta-
neously as long as their ringdown times are close to
each other.

5. Conclusion

In conclusion, the ringdown time measurements
together with a measured intensity distribution on
the mirror surfaces can give an indication where a
coating defect may be located on the mirrors. Even
if the precise location of the contamination is not
of great concern, such measurements can be used
to assure that the mirror is coated homogeneously.
A large extent of inhomogeneity results in a large
variation in ringdown times. The accuracy with
which the defect can be located is directly related
to the number of basis functions, i.e., the number
of transverse modes in the composite image. It was
apparent that the existence of coating inhomogene-
ities does not distort the decay signal, but only intro-
duces optical loss differences between various modes
of the ringdown cavity [23].

The work was sponsored by the National Natural
Science Foundation of China (61205157). HPL
acknowledges financial support by the Natural
Sciences and Engineering Research Council of
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(D)(C)

(F)

Fig. 7. Composite image obtained by adding normalized photographs of all transverse modes. (A) Sum of all modes shown in Fig. 5 after
background subtraction and normalizing their intensity. (B) Sum of the same modes after weighting each normalized image by a factor
dependent on the associated optical loss. (C) Ratio of (A) and (B). (D) Difference between (A) and (B). (E) Sum of all modes shown in Fig. 6
after background subtraction and normalizing their intensity. (F) Sum of the same modes after weighting each normalized image by a
factor dependent on the associated optical loss. (G) Ratio of (E) and (F). (H) Difference between (E) and (F).
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