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Abstract
A practical engineering design problem is used to examine the over-conservativeness
of designs obtained using deterministic optimization with worst-case parameter assumptions and a safety factor. Additionally, an attempted application of reliabilitybased design optimization (RBDO) demonstrates the limits of RBDO for practical
problems. The design problem considered here is TESCO’s Internal Casing Drive
SystemTM (ICDS), which is used in feeding pipeline, or casing, into predrilled holes.
After developing a finite element model of the ICDS, experimental data is used to
successfully validate modeling methods and assumptions. The validated model is then
subjected to multiple analyses to determine an appropriate design configuration to
be used as the starting point for optimization. Worst-case, safety factor-based design
optimization (SFBDO) is then applied considering two and three design variables,
and is successful in increasing the critical load of the ICDS, Pcrit , by 35% and 45%,
respectively.
An efficient and recognized RBDO method, Sequential Optimization and Reliability Assessment, is selected for application to the design problem to determine an
optimum design based on reliability. Due to the optimization formulation, however,
SORA cannot be applied. The ICDS design problem represents a practical example
that demonstrates the difficulties and limits in applying RBDO to practical engineering design problems.
To evaluate the over-conservativeness of worst-case SFBDO, structural reliability
analysis is performed on the deterministic optimum designs. It is found that the
value of Pcrit for both the two and three variable optimum designs can be increased
by 53% while maintaining acceptable probability of failure, demonstrating the overconservativeness of the worst-case SFBDO.
Indexing terms: optimization, RBDO, structural reliability, safety factor, FEA
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Notation
Subscripts:
i

index

j

index

k

index

Overscripts:
l

design variable lower bound

u

design variable upper bound

A

pertaining to body A

B

pertaining to body B

Variables:
f

objective function

G

inequality constraint

H

equality constraint

x

design variable

X, y

random design variable

d

mean of random design variable

R

target reliability (Section 1.3)

F

hybrid objective function

dβ

reliability level
ix

x
s

calculated safety factor

Psf

probabilistic sufficiency factor

Pr

required reliability

µ

mean

ν∗

inverse MPP

β

reliability index

σ

standard deviation

Z

performance function

R

resistance of a structure (Section 1.4.1)

S

load on a structure

pf

probability of failure

Φ

standard normal distribution cumulative distribution function

Ω

current configuration of a body

γN

rate form equation for impenetrability

v

velocity

n

normal vector

ΓC

contact interface

Pcrit

critical load

σmax

maximum mandrel stress

SF

safety factor

Y

mandrel yield stress

RL

ramp length

θr

ramp angle

gap

gap design variable

f

coefficient of friction (later sections)

n

number of data in a set

m

number of intervals

e

theoretical frequency of a distribution

c

value of the χ2 distribution

α

significance level

f

degrees of freedom (Appendix B)

Chapter 1
Introduction
1.1

The Use of Safety Factors in Deterministic Design Optimization

The application of safety factors is a concept that has been taught and used in the
engineering profession for decades. The motivation for this design strategy is well understood; safety factors are put in place to compensate for assumptions made during
the analysis phase of design and prevent the occurrence of failure. For example, it
is desirable to prevent the maximum stress experienced by a structural component
from exceeding the yield strength of the material used. To help ensure that this is
the case, the engineer may apply a safety factor of two to the calculated maximum
stress. By designing the component to keep this product below yield, it is said to be
designed to withstand twice the anticipated loading. Furthermore, if a higher degree
of safety is desired, the designer can simply apply a higher safety factor. Similarly,
safety factors can be applied to loading conditions. In this case, the design is analyzed
using the maximum expected load multiplied by an appropriate factor. These two
alternative design strategies, ‘allowable stress’ and ‘limit state design’, respectively,
are the basis for codes and standards of practice in use around the world [1]. As such,
safety factors have been implemented into current design trends, such as the use of
computer simulation.

1
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With the advent of computer technology and the development of finite element analysis (FEA) software, the use of deterministic optimization in the design of a component
or system is becoming more commonplace. Optimization can be described by the following problem statement:
Minimize

f (x)

Subject to Gj (x) ≤ 0,
Hk (x) = 0,

j = 1, N

(1.1)

k = 1, M

xli ≤ xi ≤ xui , i = 1, DV
where f (x) is the objective, or cost, function, Gj (x) is an inequality constraint, Hk (x)
is an equality constraint, x is the vector of design variables subject to upper and lower
bounds, and N , M , and DV are the number of inequality constraints, equality constraints, and design variables, respectively. Optimization coupled with FEA allows
complex components or systems to be analyzed and iteratively modified to achieve an
optimum or ‘best’ design. Upon examining the optimization framework, the incorporation of safety factors into the process becomes relatively straight forward; they
are applied to the constraint functions, resulting in greater restrictions on potential
designs. This design approach will be referred to as Safety Factor-Based Design Optimization (SFBDO).
Although safety factors have proven to be a useful tool in engineering, they do not
indicate the true safety of a design. Depending on what simplifications and assumptions are made during analyses, a safety factor can have different meanings [2]. If two
companies design the same product using the same safety factor but different analysis
methods, the two designs could be very different in terms of true safety. Similarly,
a design with a safety factor of three may, in fact, have a lower true safety than a
design with a safety factor of two. As previously stated, safety factors are used to
compensate for assumptions and simplifications made during the analysis of a design.
This can include the assumption of static versus dynamic loading, actual load values
and material properties, and simplifications to component geometry. If a designer, for
whatever reason, is forced to make a number of assumptions in their analysis, they
will account for this through the use of a large safety factor. Therefore, it becomes
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apparent that the safety factor is not a direct application of safety to a design, but
instead is a crude estimate of the effect of accumulated errors in the analysis [2].
The utilization of FEA, and computer-aided engineering (CAE) methods in general,
has helped to reduce the assumptions made during design analyses. FEA and CAE
allow complex components and systems to be modeled and analyzed, either statically
or dynamically. However, despite these gains, assumptions do still exist, and safety
factors continue to be incorporated into analyses and optimization. An example of
one such assumption is a material’s yield strength. It is common knowledge that
material properties are statistically distributed. Since traditional analysis techniques
require the assumption of a single value, low-range estimates are often used. The
use of safety factors, coupled with extreme-value assumptions for simulation parameters, lead to a worst-case design scenario. Designs created using this method are
very conservative, since it is unlikely that the worst-case assumptions would occur
simultaneously. Therefore, this method can be unnecessarily restrictive on potential
designs, in addition to providing no indication of the true safety of the design. For
these reasons, design and optimization methods based on reliability are an active
topic of research.
It is important to note that experimental validation of computational models is crucial
to gaining confidence in any simulation results. Without validation, explicit results
from computer analyses are practically useless.

1.2

Reliability Based Design Optimization

Reliability analysis provides an alternative to traditional deterministic analysis methods by considering the randomness and uncertainties of various input parameters. For
example, instead of using a low-range estimate for a material’s yield strength, the distribution itself is considered. By directly considering uncertainties, a probability of
failure can be determined which is a clear indication of the true safety of a design.
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The design parameters can then be adjusted to achieve a target probability of failure,
or reliability. When optimization techniques are applied to assist in attaining the
desired reliability, the combination is called Reliability-Based Design Optimization
(RBDO).
The RBDO problem can be generally formulated as:
Minimize

f (d)

Subject to P (Gj (X) ≤ 0) ≥ Rj ,

j = 1, N

dli ≤ di ≤ dui , i = 1, ND;

(1.2)

Xk , k = 1, NR

where f and Gj are the objective and constraint functions, respectively, X is the random design vector, d is the mean of X, N is the number of probabilistic constraints,
ND is the number of design parameters, NR is the number of random parameters,
Rj is the desired reliability, and the probabilistic constraints are described by the
function Gj (X), where Gj (X) ≥ 0 indicates failure [3].
As shown in the RBDO problem statement, design reliability is achieved by satisfying the probabilistic constraints. For example, instead of constraining a design
to the maximum stress being less than the material’s yield, it is constrained to the
probability of the maximum stress exceeding yield less than some specified value,
say 0.1%. This value then represents the probability of failure, or reliability; in this
case, 1 out of every 1000 designs would fail. By taking into account uncertainties
in material properties, loading conditions, etc., RBDO allows an engineer to design
components or systems with meaningful levels of safety. This significant advantage
has led to RBDO being applied in a number of industries, including automotive [4],
micro-electro-mechanical systems [5], aircraft [6], and metal forming [7].
The main drawback of the traditional RBDO problem formulation is that it requires
a double-loop iteration process. The inner loop is required to perform uncertainty
analysis in order to assess satisfaction of the probabilistic constraint, while the outer
is the regular optimization loop to optimize the problem. This is shown in Figure 1.1.
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Figure 1.1: Double-loop RBDO process
The double-loop formulation means that the computational expense of solving RBDO
problems can be prohibitively high for practical engineering applications, especially
when the associated function evaluations are expensive or there are a large number of
probabilistic constraints [3, 8, 9]. For this reason, research in RBDO has been focused
on developing techniques to improve its efficiency.
One approach to improving RBDO efficiency is to address the inner loop. As mentioned, this loop is required to perform the uncertainty analysis by capturing the
probabilistic characteristics of the constraint function at the current design point.
One traditional method of accomplishing this is through Monte Carlo simulation
(MCS). In MCS, a number of deterministic analyses are performed around the design
point by varying the random parameters. Reliability is then determined by examining
the number of analyses that resulted in failure. Therefore, a large number of simulations are required to get an accurate estimate, especially in problems where a low
probability of failure is required. An alternative to this method, adaptive importance
sampling (AIS), has been proposed by Zou [10]. By efficiently exploring the failure
region, AIS was shown to have improved computational efficiency over MCS [10].
Another alternative method using simulation involves describing the failure region
using the response surface method (RSM). The response surface can be generated
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by conducting a smaller number of MCS analyses, and has been effectively used in
RBDO [11].
The other traditional method of performing the uncertainty analysis is using reliability analysis methods such as the first-order reliability method (FORM). The difficulty with using FORM arises from the need to perform optimization to determine
the most probable point of failure (MPP). In addition, the reliability index approach
(RIA), the most common approach using FORM, has been shown to be inefficient
and divergent for certain problems [9]. A similar MPP search method has been proposed by Du; however, it also suffers from the need to perform optimization [12]. In
1988, Lee and Kwak proposed a MPP search algorithm based on advanced first-order
second moment method as an alternative to RIA [13]. This approach was separately
re-developed in 1999 by Tu et al., and named the performance measure approach
(PMA) [14]. The PMA approach was shown to be more efficient than RIA for inactive constraints, and also resulted in a higher rate of convergence [14]. A similar
approach to PMA, called the most probable point of inverse reliability (MPPIR),
has been developed by Du and Chen [15]. Finally, in 2004, Qu and Haftka proposed
the use of a probabilistic sufficiency factor (PSF) method to treat the reliability constraints [16]. This was combined with the use of response surfaces to improve the
accuracy and convergence of RBDO [16].
Although the improvements made in uncertainty analysis methods have led to increased efficiency of RBDO, the nature of the double-loop formulation has proved to
be a limiting factor. This has led recent research in RBDO to focus on modifications to the problem definition. The most prominent approach has been to decouple
the traditional formulation to avoid the nested loops of optimization and uncertainty
analysis. These single-loop methods can then be combined with the improved uncertainty analysis methods to achieve significant gains in computational efficiency.
In this way, RBDO can be applied to more complex, real-world engineering problems. A review of a number of there RBDO methods, including new approaches to
the uncertainty analysis, problem definition, or both, can be found in the next section.
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The Development of Efficient RBDO Methods

In 2002, Kharmanda et al. proposed an RBDO method based on the simultaneous
solution of the reliability and optimization problems [17]. This was accomplished by
combining the deterministic and random spaces into a hybrid design space (HDS)
and reformulating the objective function to account for both the cost and reliability
aspects. The objective function was defined as:
F (x, y) = f (x) × dβ (x, y)

(1.3)

In this formulation, dβ represents the reliability level, which is subject to a constraint
maintaining it above a specified reliability. Additionally, the objective function is
represented by f (x) and the deterministic and random variable vectors by x and
y, respectively [17]. The solution of the hybrid problem leads to optimal values of
deterministic variables which correspond to the minimized cost, and coordinates of
a design point for random variables which correspond to the desired reliability of
the structure [17]. The efficiency of this approach was demonstrated by application
to a hook structure and comparison with classical RBDO, where it was found to
significantly reduce computational expense while maintaining equivalent results [17].
In 2006, the HDS method was revisited and revised to form the improved hybrid
method (IHM) [18]. In the new formulation, an additional design point is considered
and the objective function is calculated at the deterministic and random variable vectors separately, leading to a more global optimum search and greater improvements
of the objective function compared to the original method [18]. Drawbacks, however,
include the integration required to determined dβ and the additional computational
cost associated with evaluating the objective function twice in each iteration in IHM.
A method proposed by Youn et al. in 2004 involves utilizing PMA in conducting
the uncertainty analysis in the inner RBDO loop [19]. Additionally, an efficient MPP
search method was incorporated which combined advanced and conjugate mean-value
methods into a hybrid mean value (HMV) method. The use of the HMV method was
deemed valid as it had proven to be well suited for PMA due to its robustness and
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efficiency [19]. RBDO using PMA with HMV method was successfully applied to a
vehicle crashworthiness problem and showed good results in terms of satisfying the
target reliability while minimizing vehicle weight [19]. However, the proposed method
still uses a nested strategy of optimization and uncertainty analysis. Even with the
improved efficiency in the inner loop, the result was high computational cost, which
was compounded by the application to the complex crashworthiness problem. In order to feasibly apply the proposed method, RSM had to be employed. Although RSM
are useful in improving efficiency, they can often result in inaccurate solutions [10].
Another method developed in 2004 attempted to improve the efficiency of RBDO by
decoupling the optimization and uncertainty analysis. Developed by Du and Chen,
the sequential optimization and reliability assessment (SORA) method employs a
single-loop strategy with a serial of cycles of deterministic optimization and reliability assessment [20]. The flowchart of SORA is shown in Figure 1.2 as adapted from
[20].
In SORA, the reliability assessment is conducted after deterministic optimization to
evaluate the probabilistic constraints. If not satisfied, a shifting vector, s, is calculated based on information obtained from the reliability assessment. This is the key
to SORA, as s is used to shift the constraint boundaries toward the feasible region
for the subsequent deterministic optimization. The procedure is repeated until the
objective function converges and the probabilistic constraints are satisfied. The proposed method was applied to two design problems: vehicle crashworthiness and an
aircraft speed reducer. In each case, SORA was shown to significantly improve efficiency when compared to the traditional double-loop method [20]. The drawback of
SORA, however, is that due to the sequential cycles of optimization, it can be very
computationally expensive for complex problems.
The use of a probabilistic sufficiency factor is the key in an approach proposed by
Qu and Haftka in 2004 [16]. This factor is utilized in a reformulated probabilistic
constraint:
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(1.4)

where s is the calculated safety factor subject to deterministic and random variables,
Psf is the probabilistic sufficiency factor, and Pr is the required reliability. The purpose of Psf is to give a designer a more quantitative measure of resources needed to
satisfy the probabilistic constraints [16]. For example, a Psf of 0.8 indicates that the
target reliability can be reached by increasing the load capacity by 25%. The use of
this factor also has somewhat of a normalizing effect on the probabilistic constraint
value, since direct probability of failure often changes by several orders of magnitude
over narrow bands in the design space [16]. This promotes the use of RSM, which are
employed in this method, since high order polynomials and the necessary additional
calculations are not needed to approximate the response surface. In application to a
beam design problem, results showed suprior accuracy and accelerated convergence
compared to other methods that utilize RSM [16]. However, the proposed method
relies on MCS in determining the response surface, which is computationally expensive. An equivalent method was also proposed in 2004 by Venkataraman as a result
of work conducted in parallel Qu and Haftka [21].
Liang et. al proposed a single-loop RBDO method in 2004 that eliminates the need
for calculating the MPP [22]. This was accomplished by imposing the Karush-KuhnTucker optimality conditions of the reliability loops as equivalent deterministic equality constraints. This is an alternative to the traditional method used by SORA, where
MPP information is needed to update the constraints in the sequential optimization
loops. In this way, the RBDO problem is converted into an equivalent deterministic
optimization problem. Upon application to several examples, the proposed singleloop method was found to have the same accuracy as the traditional double-loop
method and efficiency almost equivalent to deterministic optimization [22].
In 2006, SORA was revisited by Agarwal and Renaud, who identified and attempted
to resolve an inherent problem with the method: that a true local optimum cannot
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be guaranteed [23]. This problem stems from the fact that SORA incorporates deterministic constraints which are updated based on reliability analysis of the preceding
design point. This update could be inaccurate because as the design variables are
varied, the MPP and corresponding shift applied to the deterministic constraints also
changes [23]. To address this problem, Agarwal and Renaud proposed the use of
postoptimality analysis to allow the MPP shift to be approximated linearly during
the deterministic optimization as the design variables are changed [23]. In this way,
the coupling of the traditional RBDO method is accounted for. The modified SORA
method was applied to test problems and found to produce the same solutions as
the double-loop method with significant improvements to efficiency [23]. However,
due to the additional computations required for the postoptimality analysis, the proposed method is more computationally expensive than SORA, which itself can be
prohibitively expensive if applied to large or complex problems.
Ba-abbad et al. also revisited the SORA approach in 2006 [24]. The proposed modification involves including the maximum allowable failure probabilities of the failure
modes in the design variable set. This allows the optimizer to determine the required
safety levels of the individual modes while satisfying a system level reliability constraint. The resulting optimal apportionment of reliability among the failure modes
was found to lead to better optimum designs without compromising system reliability
[24]. However, as with the previously described SORA modification, the improvements come at the cost of increased computational expense, making the proposed
method very expensive for large or complex problems.
Zou and Mahadevan proposed a new RBDO method in 2006 which uses a direct
decoupling approach that does not rely on FORM [25]. The goal of the proposed
method was to address accuracy issues encountered with FORM for highly nonlinear
reliability constraints. By not relying on FORM, this approach is able to use more accurate MCS-based methods, such as AIS, or second-order reliability methods (SORM)
for the reliability analysis. To improve efficiency, potentially active reliability constraints are identified and exclusively considered during the reliability analysis. In
application to a vehicle crashworthiness problem, the proposed method demonstrated
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that the use of AIS and SORM led to more accurate solutions than FORM [25]. However, this came at the expense of significantly increased computational cost.
A final method proposed in 2006, this time by Liao and Ha, involves combining
several existing techniques: SORA, RSM, and mean value method based optimization [26]. Named sequential optimization with mean value based reliability analysis
(SOMVRA), the goal of the approach was to achieve improved convergence compared to SORA. Slow convergence in SORA was identified as a result of driving the
initial deterministic optimization point to the constraint boundary [26]. To address
this, SOMVRA replaces the initial deterministic optimization with mean value based
RBDO. Additionally, the proposed method uses RSM to perform the reliability analysis to improve efficiency. In application to an industrial problem, SOMVRA proved
to be more efficient and effective than SORA [26]. However, limitations of SOMVRA,
as pointed out by the authors, included the difficulty in accurately applying RSM to
complex problems and the unsuitability of mean value based RBDO for highly nonlinear systems [26].
In 2007, Liang et al. proposed an RBDO method for system reliability similar to [24]
by considering the target values of the failure probabilities of system failure modes
as design variables [27]. The goal of this method was to address limitations caused
by the use of SORA in [24] by integrating the single-loop RBDO method proposed
in [22]. The resulting method was applied to an engine design problem, and found
to yield the same design solution as the SORA based approach but with increased
efficiency [27].
A new RBDO method for system reliability was proposed in 2008 by Aoues and
Chateauneuf [28]. This method utilizes an updating procedure which modifies the
target reliabilities of components while maintaining a target system reliability. As
with similar methods in [24] and [27], the goal was to avoid over-designed components by reducing the target reliabilities for components which have little influence
on overall system safety. The capabilities of the proposed method were successfully
demonstrated in the design of three different structures. A significant drawback,
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however, is the method’s use of the traditional double-loop RBDO formulation. In
addition, the updating procedure is included in a sequential scheme with double-loop
RBDO, making the proposed framework extremely computationally expensive.
Finally, a method proposed by Shan and Wang in 2008 involves converting the RBDO
problem into a simple, deterministic optimization constrained by reliable design space
(RDS) [29]. The RDS was identified using a simple approximation that fundamentally
changes the RBDO problem. This can be explained by first considering the equation
used in RBDO to relate the inverse MPP and the corresponding design point:
µνj = νj∗ + βdi σν2j qP

(∂gi /∂νj )∗

(1.5)

2
j (σνj (∂gi /∂νj ))∗

where µν is the mean design point, ν ∗ is the inverse MPP, β is the reliability index, σν is the design point standard deviation and g is the constraint function. By
reorganizing this equation and approximating the gradient by evaluating it at the
corresponding mean design point, the authors proposed:
νj∗ ≈ µνj − βdi σν2j qP

∂gi /∂µνj

j (σνj (∂gi /∂µνj

.

(1.6)

))2

This equation allows direct calculation of the inverse MPP ν ∗ at any design point µν ,
completely resolving the inner loop [29]. By formulating ν ∗ for each random variable
and evaluating the constraint equations at these points, a new boundary is formed
in which all design points are both feasible and reliable; this is referred to as RDS.
Therefore, the RBDO problem is converted into a standard optimization problem,
which can be directly solved using any optimization tool. Since the formulation of ν ∗
is relatively straightforward, the proposed method addresses issues in other RBDO
methods, including [20] and [22], that require special iterations or dedicated programs
[29]. In comparison to [20], [22], and traditional double-loop RBDO with PMA-based
reliability analysis using three design problems, the RDS method was found to be
more efficient for the same level of accuracy [29]. Furthermore, since the problem
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is converted to a deterministic optimization, its efficiency approaches that of nonprobabilistic optimization, the highest efficiency possible [29]. It should be noted,
however, that since the RDS method utilizes gradients in the formulation of each
ν ∗ , any random parameter which is not a design variable will require an additional
function evaluation, increasing the computational cost.

1.4

Structural Reliability Analysis

The application of RBDO can often be extremely difficult for many practical problems. This stems from the fact that RBDO relies on the reformulation of deterministic
constraints. Therefore, if a problem is solved deterministically in such a way that constraints are not directly applied in the optimization, the use of any of the methods
described in Section 1.3 becomes impossible. In this case, it is necessary to apply
reliability analysis methods such as FORM in order to evaluate the reliability of a
design. If incorporated into optimization, the result is a double-loop type RBDO
problem, which, as mentioned, leads to extremely high computational cost. Alternatively, reliability analysis can be performed on deterministic optimum designs in order
to assess their reliability and the effect of various uncertainties. A widely used reliability analysis method based on FORM, advanced first-order second moment method
(AFOSM), is described next.

1.4.1

Advanced First-Order Second Moment Method

The first step in evaluating the reliability of a structure involves determining the performance function which relates the relevant load and resistance parameters to the
performance criteria. For example, if the resistance of and load on a structure are
denoted by R and S, respectively, the performance function can be described as:
Z = R − S.

(1.7)
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Figure 1.3: Limit state concept

The failure surface or limit state can then be defined as Z = 0. This represents the
boundary between the safe and unsafe regions in the design space. Assuming that R
and S are two basic random variables, this is shown in Figure 1.3.
From Figure 1.3, it can be seen that failure occurs when Z < 0. Therefore, the probability of failure, pf , can be given by:
pf = P (R < S)
R∞
= 0 FR (s)fs (s)ds

(1.8)

where FR (s) and fS (s) are the cumulative distribution function (CDF) of R and probability distribution function (PDF) of S, respectively, evaluated at s. The difficulty in
solving Equation 1.8 comes from two factors: the distribution functions may not always be available explicitly or are difficult or impossible to obtain and the evaluation
of the integral can be difficult [30]. Therefore, approaches that incorporate analytical approximations are used to make the computations more simple. An approach
commonly used in structural reliability analysis is AFOSM, which is a FORM method.
In AFOSM, any random variables which are not normally distributed are first transformed to equivalent normal variables. Each variable is then converted to the reduced
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Figure 1.4: Safety index for nonlinear failure surface
coordinate system, which has zero mean and unit standard deviation. For a random
variable, X, with mean, µX , and standard deviation, σX , this is accomplished by:
X0 =

X − µX
σX

(1.9)

The safety index, β, is then defined as the minimum distance from the origin of the
reduced coordinate system to the failure surface. This is illustrated in Figure 1.4 as
adapted from [30].
As can be seen from Figure 1.4, the search for β can be defined as an optimization
problem with the objective of minimizing β while maintaining g(X0 ) = 0. To solve
this problem, AFOSM employs a Newton-Raphson type recursive algorithm in the
search for β [30]. The algorithm begins with a design point x0 ∗0 (usually at the mean
values of the random variables) which may not be on the failure surface g(X0 ) = 0,
but on a parallel line g(X0 ) = k. Gradients of the performance function with respect
to the random variables are then determined at the current design point, and used to
find the next design point, x0 ∗1 , using the following equation [30].
∗

x0 k+1 =

∇g(x0 ∗k )t x0 ∗k − g(x0 ∗k )
∗
∇g(x0 k )
0∗ 2
|∇g(x k )|

(1.10)
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Finally, the new design point is used to calculated the reliability index, β:
v
u n
uX
β = t (x0 ∗ )2

(1.11)

i=1

where n refers to the number of random parameters. This procedure is then repeated
until convergence of β is achieved. The probability of failure can then be calculated as:
pf = 1 − Φ(β)

(1.12)

where Φ(β) is the value of the standard normal distribution CDF at β. For more
information regarding AFOSM, the reader is directed to Chapter 7 in [30].

1.5

Thesis Outline

In the proposed research, worst-case SFBDO will be applied to a practical engineering
design problem. Then, the difficulty in applying RBDO to practical problems will be
demonstrated in an attempt to apply a method from Section 1.3. As an alternative to
RBDO, structural reliability analysis will be performed on the deterministic optimum
designs to evaluate their reliability and determine solutions based on an acceptable
probability of failure. Therefore, there are two objectives of the proposed research:
1) demonstrate the difficulty in applying RBDO to practical engineering design problems; and, 2) examine the over-conservativeness of worst-case SFBDO through the
application of structural reliability analysis to deterministic optimum designs.
This thesis begins with the description of a complex design problem provided by an
industry partner. This includes identification of the design objective, design space,
and required analysis. This is followed by model development and validation against
experimental data, a crucial step in computational analysis. The validated model
will then be used to select an initial design for optimization. The worst-case SFBDO
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problem will be formulated and applied, followed by selection and unsuccessful application of an RBDO method from Section 1.3. Next, AFOSM will be performed on the
optimum designs in order to analyze deterministic results in terms of reliability, and,
therefore, assess the over-conservativeness of worst-case SFBDO. Finally, conclusions
and recommendations for future work will be outlined.

Chapter 2
Industry Design Problem:
TESCO’s ICDSTM
TESCO Corporation is a global leader in the design, manufacture, and service of
technology-based solutions for the upstream energy industry. With offices in Calgary
and Houston, TESCO specializes in drilling solutions for the oil and gas industry.
The design problem to be considered in this research consists of TESCO’s Casing
Drive SystemTM , more specifically the 7” Internal Casing Drive SystemTM (ICDS).
The ICDS is used for vertically feeding pipeline, or casing, into predrilled holes. As
such, the ICDS supports the weight of the casing as it is lowered into the ground.
In addition, the ICDS applies torque in order to connect sections of casing. For the
purpose of this research, the second load case will be ignored.
The ICDS consists of two main components: a mandrel and grapples. The mandrel is the key structural component which supports the applied load. The grapples
are spaced evenly around the circumference of the mandrel, with the purpose of gripping the casing and transferring the load to the mandrel. The current ICDS utilizes
a 5 grapple configuration, and is shown in operation in Figure 2.1. Isometric and
section views can be seen in Figures 2.2 and 2.3, respectively. Note that the section
view is not symmetrical from top to bottom due to the odd number of grapples in
the current ICDS.
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Figure 2.1: Assembled ICDS in operation
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Figure 2.2: Isometric view of ICDS
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Figure 2.3: Section view of ICDS

Figure 2.4: Steps in the operation of the ICDS

As can be seen from Figure 2.3, the ICDS is assembled such that it fits inside the
casing. Also illustrated are two contact interfaces, a casing-grapple contact interface
(CGCI) and a mandrel-grapple contact interface (MGCI), the latter of which consists
of a number of inclined surfaces, or ramps. Loading of the system can be described
as follows: the ICDS is stabbed downward into a supported section of casing; the
grapples are actuated such that all components come into contact; the casing is lifted
by the ICDS, applying a downward vertical load to the grapples through the CGCI;
the geometry of the MGCI causes the grapples to attempt to expand radially; the attempted radial expansion increases the normal force at the CGCI, allowing the ICDS
to grip the casing and control its vertical motion. These steps are shown in Figure
2.4.
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Figure 2.5: Representation of forces on the ICDS contact interfaces
Additionally, it should be noted that the CGCI features a knurled surface on the
grapple to promote the gripping action, while the MGCI consists of machined surfaces which are lubricated in operation to promote sliding. A representation of the
forces acting on the system is shown in Figure 2.5. Pictures of the individual ICDS
components can be seen in Figures 2.6 to 2.9.
Due to the complexity of the ICDS, previous designs developed at TESCO were based
on experience and physical testing. Therefore, little is known about the stress distribution in the system components. This is particularly important for the mandrel,
as it supports the applied load through load transfer between the two contact interfaces and has been found through physical testing to be the critical component at
system failure, which is defined by plastic deformation. It is the goal of this research
to approach the design of the next generation ICDS from a new perspective based
on computer simulation and analysis. The objective in this case is to maximize the
failure load, Pcrit , where Pcrit is defined as the load at which the maximum stress in
the mandrel exceeds its yield strength. Modifications to be considered in the new
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Figure 2.6: Picture of mandrel from existing ICDS
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Figure 2.7: Close-up of mandrel showing machined surfaces

Figure 2.8: Picture of grapple from existing ICDS
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Figure 2.9: Close-up of grapple showing machined and knurled surfaces
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design include the number of grapples, the number of ramps, and the geometry of the
MGCI. It should be noted that the current ICDS design features 5 contact ramps on
the mandrel and grapples and a 5 grapple configuration. Since the system undergoes
primarily static loading and no plastic deformation is desired, a static stress analysis
and elastic material model will be utilized.
The approach to this practical engineering design problem will consist of a number of steps. First, a parametric model of the current ICDS design will be developed
and validated against experimental testing results. Due to the difficulty in handling
discrete variables in gradient-based optimization, different design configurations, employing different numbers of grapples and ramps, will be individually analyzed and
then compared to determine the ‘best’ configuration. The chosen configuration will
then be used as the starting point for optimization of the geometry of the MGCI
to maximize Pcrit considering a deterministic problem formulation, including a safety
factor, for the failure criteria stated above. Finally, after demonstrating the difficulty in applying RBDO, structural reliability analysis will be used to determine the
reliability of deterministic optimum designs.

Chapter 3
Finite Element Analysis and Model
Validation
As an industry partner, TESCO provided a number of documents to assist in the development of the computational model. For one, engineering drawings of the original
ICDS components were obtained in order to accurately model the existing design.
These drawings will not be included in this work due to a confidentiality agreement
between TESCO and the author. Additionally, TESCO provided a report detailing
results from experimental testing of the ICDS which was conducted by an outside
firm, C-FER Technologies. These results will be utilized in validating the FE model
and analyses, and although the report has also been omitted for the same reason,
relevant details will be presented to ensure completeness of this research.

3.1

A Brief Introduction to Contact Analysis

Since contact plays such an integral part in the analysis of the structural system
considered in this research, a short background on contact analysis will be presented
here. In general, contact problems are highly nonlinear and require significant computational time to solve. They present two major difficulties: the regions of contact
are generally unknown until the problem is run and if friction is accounted for, the
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laws and models to choose from are all nonlinear [31]. For these reasons, solution
convergence in contact problems is quite difficult.

3.1.1

Theoretical Background

Theoretically, the introduction of contact into a model involves adding the kinetic
and kinematic conditions on the contact interface to the governing equations for the
bodies in the model which are or may contact each other. The key condition to consider is the condition of impenetrability, or the condition that the two bodies cannot
interpenetrate. For a problem with two bodies, A and B, having current configurations denoted ΩA and ΩB , this can be stated mathematically as:
ΩA ∩ ΩB = 0

(3.1)

In other words, no overlap is allowed between the two bodies. This condition is highly
nonlinear for large displacement problems, and it is generally not possible to express
it in differential or algebraic equations using the displacements [32]. The problem
stems from the fact that it is not possible to anticipate exactly how the bodies will
contact for a random motion prior to solving the problem. For example, a certain
rotation would cause a point, P, on body B and a point, Q, on body A to come into
contact, while another rotation could cause point P to contact a different point on
body A. This means that the contact behaviour of point P with respect to the body
A cannot be expressed mathematically except in general terms like Equation 3.1 [32].
A more convenient method of expressing impenetrability is in rate or incremental
form in each stage of the process. This rate form is then applied only to the portions
of the bodies which are already in contact, or those points on the contact interface,
ΓC . It can be written as:
γN = vA · nA + vB · nB = (vA − vB ) · nA ≡ νNA − νNB ≤ 0 on ΓC

(3.2)
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Figure 3.1: Impenetrability condition for two surfaces

As can be seen in Equation 3.2, the impenetrability condition restricts the interpenetration rate for any two points on ΓC to be negative. This means that when two
bodies are in contact, they either must remain in contact (γN = 0) or they must move
apart (γN < 0). This is shown graphically with the contact surfaces separated for
clarity in Figure 3.1 [32].
When Equation 3.2 is satisfied for all points in contact, the impenetrability condition
is met exactly. However, since Equation 3.2 is only observed at discrete time intervals in numerical methods and can only be applied to points already in contact, it
is possible for points which are not in contact but very close together to interpenetrate. This introduces discontinuities in the velocity time histories: prior to contact
the normal velocities are not equal, whereas after contact has occurred the normal
velocity components must observe Equation 3.2. These discontinuities complicate the
time integration of the discrete equations [32]. In many numerical methods, a small
amount of interpenetration is allowed and Equation 3.2 will not be observed exactly.
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Contact Analysis in FEA

Finite element analysis programs utilize various constants to control the contact behaviour between components. In ANSYS, for example, several real constants and key
options (KEYOPTS) are used for this purpose. Two illustrative examples of these
constants are FKN and FTOLN, which define the normal contact stiffness and allowable penetration, respectively [31]. When two surfaces come into contact, FKN and
FTOLN control the contact behaviour by penalizing surface penetration above the allowable level defined by FTOLN according to the contact stiffness defined by FKN. To
obtain the most accurate solutions, the contact should behave as it would in the real
world, meaning surface penetration should approach zero. This would require high
stiffness values and tight tolerances to minimize penetration. This, however, leads to
ill-conditioning of the global stiffness matrix and convergence difficulties [31]. On the
other hand, lower stiffness values, which promote easier convergence, produce inaccurate solutions. Therefore, a balance must be achieved between a high enough stiffness
to ensure acceptably small penetration and high accuracy, and a low enough stiffness
to ensure good convergence behaviour [31]. It is not only this balance between accuracy and convergence that makes nonlinear contact analysis difficult, but the values
for the constants which control contact behaviour are not obvious. In many cases,
these values must be iterated many times in order to obtain a solution.

3.2

Modeling Procedure

Three-dimensional models of the system components were created using HyperMesh
v7.0 pre-processing FE software. HyperMesh is a powerful meshing tool compatible with most FEA solvers through the use of templates. The model solution and
post-processing for this research was to be conducted in ANSYS v11.0 FE software,
a powerful and well established solver for static problems. As such, the ANSYS template was applied in HyperMesh to establish compatibility between the two software
packages. The geometry for the mandrel and grapple models was based on engineering drawings provided by TESCO for parts 17863 and 80183011, respectively. Casing
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Figure 3.2: Parametrically modeled mandrel with different ramp dimensions
geometry was based on testing specifications outlined in the C-FER Technologies
report. Minor simplifications were made to the mandrel geometry along the inner
profile at the top and bottom sections where coupling to additional components (not
essential for inclusion in this research) occurs. Geometry simplifications were also
made to the top portion of the grapple, again where complex geometry results from
coupling to other components. Parametric modeling was utilized such that geometry
modifications could be made by changing variables representing various component
dimensions. This is demonstrated in Figure 3.2. In addition, the inherent cyclic symmetry of the system was utilized to reduce computational expense. An FE model of
the system geometry is shown in Figure 3.3. Note that the total length of the mandrel
is approximately 1350 mm.
The geometry shown in Figure 3.3 was meshed with tetrahedral elements. The use of
high-order SOLID 92 versus low-order SOLID 45 elements in ANSYS will be discussed
in the following section. The mesh was automatically generated by HyperMesh using
user-specified input values. These values allowed control of the overall mesh density
and the degree of mesh refinement in regions of high curvature to ensure conformity
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Figure 3.3: FE model of ICDS components utilizing symmetry
between the mesh and parent geometry. Although tetrahedral elements are traditionally less accurate than hexahedral elements, they were utilized in this research to
avoid extensive simplifications that would be required to generate a hexahedral mesh;
the use of tetrahedral elements allowed the creation of an FE model almost identical
to the actual component. Furthermore, the availability of experimental data allowed
modeling decisions to be validated. After mesh generation, the elements were copied,
mirrored, and equivalenced to create the full symmetric section shown in Figure 3.4
which consisted of approximately 100 000 elements.
Linear-elastic material properties were applied to the elements in all components since
the analyses are to only consider elastic deformation. Additionally, the use of nonlinear material properties would significantly increase computational expense. Values
for Young’s Modulus, Poisson’s ratio, and density were taken to be 205 GPA, 0.29,
and 7.85 × 10−6 kg/mm3 , respectively, which are typical values for steel (i.e. they remain relatively constant across all alloys) [33]. To model the interaction between the
components, contact and target elements were created on the two contact interfaces.
For the interface between the casing and grapple, a ‘rough’ contact, with an infinite
coefficient of friction, was assumed. This assumption stemmed from discussions with
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Figure 3.4: Meshed FE model of ICDS
TESCO where it was stated that testing results showed little strain in the casing in
the region of contact with the grapple, meaning there was negligible slippage of the
casing relative to the grapple. This behaviour can be attributed to the knurled outer
surface of the grapple. The contact interface between the grapple and mandrel assumed a coefficient of friction of 0.05 corresponding to lubricated steel-on-steel, as this
is the state of the system under operating conditions [34]. The choices for additional
contact parameters and ANSYS KEYOPTS were based on personal experience and
guidance from colleagues experienced in contact analysis in ANSYS. These choices
were kept constant through all analyses, and are outlined in Appendix A. It should
be noted that choices involve trade-offs between analysis accuracy and ease of convergence; in many cases, parameters are selected to simply obtain a result. Therefore,
validation of simulations involving contact is especially crucial.
Once contact had been defined, the model was exported from HyperMesh using the
aforementioned ANSYS template. This file was used as an input deck for running
analyses in ANSYS. This coupling of HyperMesh and ANSYS is shown in Figure
5.3 in Section 5.3. A command file was created for ANSYS which began by calling
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Figure 3.5: FE model with boundary conditions and applied loads in ANSYS
this input deck. The command file then generated the cyclic symmetry boundary
conditions and applied constraints to the model at the inner surface of the top of
the mandrel. This location corresponds to where the mandrel is threaded onto an
additional component of the ICDS. Finally, a vertical load was applied to the bottom
surface of the casing to represent uniaxial loading experienced in ICDS operation.
It should be noted that the weight of the modeled section of casing was assumed
negligible. The loaded model is shown in Figure 3.5.

3.3

Validation

Validation is a crucial step in the development of computational models and is necessary to establish confidence in analysis results. For the model considered in this
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research, loading and boundary conditions were applied such that they corresponded
to the testing set-up used by C-FER Technologies, which is consistent with the actual operation of the ICDS. This meant that performance assessment and validation
could be carried out with the same FE model. It also allowed a direct comparison of
results in order to validate geometry simplifications, modeling methods, and contact
definitions used in the construction of the FE model. A schematic of the C-FER test
set-up is shown in Figure 3.6.
C-FER conducted testing using a servo-hydraulically controlled load frame. As shown
in Figure 3.6, overall ICDS elongation and mandrel elongation were measured using
two linear potentiometers. Additionally, the tensile load was measured using a differential pressure transducer. Tests were started by applying an axial proof-load to
ensure engagement of the grapples. The load was then reduced to zero before being
reapplied and held for one minute. This procedure was repeated using increased loads
until a permanent elongation of 0.762 mm (0.030”) was observed after unloading. Results of the experimental testing for mandrel part 17863 are shown in Figure 3.7.
As shown in Figure 3.7, mandrel elongation was tracked as the load was increased to
the target value. To make a direct comparison to experimental results, it was decided
to apply a number of static loads to the FE model which corresponded to the test
loads applied in the experiment. The resulting mandrel elongation for an applied
load could then be compared to the peak displacement encountered in the experiment for that load. Since only elastic deformation is to be considered for this project,
loads up to the onset of yield, 6.228 × 106 N (1400 kip) as indicated in Figure 3.7,
were used for validation. The minimum load considered was 4.092 × 106 N (920 kip).
Therefore, a total of six individual loadings were used to validate the computational
model. It should be noted that the effects of unloading were assumed negligible and
not included in the computational analysis.
To investigate the use of high-order versus low-order elements, analyses using each
were conducted for each load. While the use of high-order elements is desirable since
they typically produce solutions with higher accuracy, they are significantly more
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Figure 3.6: Testing set-up used by C-FER Technologies [courtesy of TESCO]
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Figure 3.7: C-FER experimental results for mandrel elongation [courtesy of TESCO]
computationally expensive, especially in problems that require contact analysis. A
number of attempts were made to obtain results for a model containing all high-order
elements; however, multiple iterations of contact parameters were not successful in
producing a converged solution. Therefore, high-order results indicate analyses where
only the mandrel was meshed with high-order elements. The results of the validation procedure are listed in Table 3.1 and shown graphically in Figure 3.8. A clearer
representation of the result correlation can be seen in Figure 3.9, which overlays computational results with Figure 3.7. Note that results are presented in imperial units
to aid in the comparison with C-FER testing results.
As can be seen in Figures 3.8 and 3.9, the computational results correspond very
well to the experimental results. The average error for the low-order displacements
was found to be 6.81%, which is acceptable for nonlinear FEA. In addition, it can
be observed that the use of high-order elements for the mandrel did not significantly
alter the displacement result; in fact, the high-order results had larger error. This

920
1000
1120
1200
1320
1400

Load
(kip)
0.0710
0.0780
0.0885
0.0960
0.1065
0.1140

0.0780
0.0847
0.0949
0.1017
0.1119
0.1187

9.9
8.6
7.2
5.9
5.1
4.1

0.0790
0.0858
0.0962
0.1031
0.1134
0.1203

11.2
10.0
8.7
7.4
6.5
5.5

Table 3.1: Validation results for high-order and low-order elements
C-FER Experimental
ANSYS Low-Order
ANSYS High-Order
Displacement (in)
Displacement (in) Error (%) Displacement (in) Error (%)
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Figure 3.8: Plot of simulation and experimental results
behaviour is unusual; however, it was restricted to displacement results, as will be
shown next. An example displacement contour for the low-order results is shown in
Figure 3.10.
Model validation and the use of high-order versus low-order elements were investigated further by examining stress results, shown in Table 3.2.
As mentioned, yield in the experimental testing was first encountered at a tensile

Table 3.2: High and low order analysis stress results
Load Low-Order Maximum High-Order Maximum
(kip)
Stress (MPa)
Stress (MPa)
920
1000
1120
1200
1320
1400

985
1071
1200
1284
1417
1504

862
938
1053
1131
1246
1323
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Figure 3.9: Overlay of low-order validation and C-FER experimental results
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Figure 3.10: Displacement contour for low-order mandrel loaded to 1400 kip
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Figure 3.11: Stress distribution of high-order mandrel loaded to 1400 kip
load of 6.228 × 106 N (1400 kip). Mandrel manufacturing specifications provided by
TESCO define the minimum allowable yield strength as 1034 MPa. Therefore, highorder stress results in Table 3.2 indicate the onset of yield at around 4.982 × 106 N
(1120 kip). This discrepancy can likely be attributed to a combination of negligible
plastic deformation at this point due to the small volume of material above yield and
the likelihood that the mandrel tested by C-FER possessed a yield strength above the
minimum value of 1034 MPa. Therefore, it can be concluded that maximum stress
results for the high-order elements accurately describe the behaviour encountered in
the experimental testing. A stress contour of the high-order mandrel is shown in
Figure 3.11.
It should be noted that the location of maximum stress and the general stress distribution shown in Figure 3.11 were expected results, and can be attributed to deformation
of the mandrel causing the lower ramps to experience a lower portion of the total load.
This can be explained as follows: as the mandrel is loaded, the entire contact interface
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Figure 3.12: Stress concentration at applied boundary conditions
experiences the loading and is deformed. This causes the location of the ramps to
be somewhat fixed with respect to each other. Therefore, the topmost ramp must
support the majority of the load, and is the location of maximum stress, while successively lower ramps support less load and have lower associated stress values.
It should also be noted that a stress concentration was found at the head of the
mandrel upon further examination of both low-order and high-order stress results.
More specifically, the stress concentration is located at the edge of applied boundary
conditions, which is a typical phenomenon encountered in FEA. The fact that this
region of the mandrel was subject to geometry simplifications also lends to the appearance of a stress concentration. Since the high stresses in this region had no effect
on validation results, it was not considered in future analyses. The stress concentration is shown in Figure 3.12.
Although the general stress distribution in the low-order mandrel was found to be
almost identical to the high-order, it can be seen from Table 3.2 that the maximum
stress results are consistently higher. Also, it was found that the location of maximum
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Figure 3.13: Stress concentration present in low-order results
stress for low-order analyses differed from the high-order results; instead of below the
top ramp, maximum stress was found on the contact interface of the 4th ramp. The
stress distribution at this location was examined and it appears that either a singularity or stress concentration due to contact is present. A common FE technique for
examining such phenomena is a mesh convergence test, which can be found in the
next section. The low-order stress distribution is shown in Figure 3.13.
As can be seen in Figure 3.13, the region of highly stressed elements is quite small
and localized. Therefore, it can be reasoned that these elements would have a negligible effect on the bulk plastic deformation of the mandrel. For this reason, it was
concluded that the stress distribution at these locations would be neglected for the
comparison between the low-order and high-order stress results for model validation.
Instead, results are compared using values taken at the location of maximum stress
in the high-order model. This is shown in Table 3.3.
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Table 3.3: Stress comparison at location of maximum stress in high-order model
Load Low-Order Maximum High-Order Maximum
(kip)
Stress (MPa)
Stress (MPa)
920
1000
1120
1200
1320
1400

849
924
1037
1112
1227
1302

862
938
1053
1131
1246
1323

As can be seen in Table 3.3, at the location of maximum stress in the high-order
model, the low-order and high-order results match up very well. Therefore, it can
be concluded that low-order maximum stress results also accurately describe the behaviour encountered in the experimental testing.
Based on maximum stress and displacement results, both the low-order and highorder models appear to correspond very well to the experimental testing performed
by C-FER Technologies. Therefore, modelling methods and geometry simplifications
are valid and contact between components has been modelled to an acceptable level
of accuracy, regardless of element order.
Modelling the mandrel using high-order elements resulted in minimal changes to both
the displacement and stress results compared to the use of low-order elements. Since
the use of high-order elements approximately doubled simulation time (from 1.25 to
2.5 hours on a Windows desktop with an AMD Athlon 64 bit processor at 2.4 GHz
and 2 GB of RAM), it was decided that for future simulations, the use of a model
meshed entirely using low-order elements would be sufficient.

3.4

Convergence Test

In order to investigate the occurrence of singularities in the FE model and appropriately choose mesh size parameters, a convergence test was conducted which examined
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mandrel maximum stress, top ramp stress, and elongation in addition to simulation
solve time. Two mesh parameters were used to change the mesh density: element
size and minimum refinement size.
In HyperMesh, element size refers to the target element side length used to construct
the tetrahedral elements, while minimum refinement size refers to the minimum allowable element side length when meshing refinement options are activated. In order
to accurately model the complex geometry of the ICDS components, the use proximity
and use curvature meshing options were activated in HyperMesh. Proximity meshing
refines the mesh in areas where features are small and close together, while curvature
meshing refines the mesh in areas of high surface curvature [35]. In addition, the optimize meshing quality option was activated, which directs the automeshing algorithm
to spend more time trying to generate well-shaped elements [35]. The goal of these
meshing techniques was to ensure that the generated meshes conformed well to the
parent geometries.
By iterating values of element size and minimum refinement size, a number of FE
models were created with different mesh densities. To solve these models, one blade
of a six blade server running the SUSE Linux Enterprise Server v10 operating system and containing four 3.0 GHz dual-core Opteron processors and a minimum of
16 GB of RAM per blade was used. Additionally, an ANSYS Research License was
used to allow FEA on a server blade to be conducted using all four processors, significantly reducing simulation time compared to running FEA on the previously described
desktop. Since results have been strictly concerned with the mandrel, the simulation
results of interest were plotted against the number of elements created for the FE
model of the mandrel. These plots are shown in Figures 3.14, 3.15, and 3.16.
As can be seen in Figure 3.14, the mandrel top ramp stress appears to stay relatively
constant. On the other hand, mandrel maximum stress is quite oscillatory, and appears to diverge as the mesh is refined. Therefore, the stress concentration identified
in Section 3.3 was attributed to a singularity and was removed from consideration of
maximum stress for future analyses. This decision is further supported by the fact
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Figure 3.14: Mandrel maximum and top ramp stress convergence test results

Figure 3.15: Mandrel elongation convergence test results
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Figure 3.16: Simulation time convergence test results
that high stresses at this location have negligible effect on the bulk deformation of
the mandrel, and are therefore not representative of system failure.
Upon examining the results for mandrel elongation a similar behaviour to the top
ramp stress is evident; elongation values stayed relatively constant as the mesh density was changed. Although elongation is not considered in future analyses, this
result confirms the appropriateness of choices made for the mesh parameters during
the validation procedure, wherein the mandrel was composed of approximately 60
000 elements.
The expected trend of increased elements leading to increased simulation time is observed in Figure 3.16. Although the trend is not as monotonic as might be expected,
this can be explained by the fact that the element size and minimum refinement size
parameters affect the mesh in different ways. While minimum refinement size leads
to more, smaller elements, in this FE model these elements are generally restricted to
regions that require little additional computation time. On the other hand, element
size affects the entire model, leading to the creation of additional contact elements
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and the corresponding increase in computation time. Therefore, while a change to
minimum refinement size may lead to a larger increase in total elements, changes to
element size have a more significant effect on simulation time, leading to the nonmonotonic behaviour observed in Figure 3.16.
Based on convergence behaviour for mandrel top ramp stress, mandrel elongation,
and simulation time, values of 8 mm and 3 mm were chosen for element size and
minimum refinement size, respectively. In the above convergence tests, this corresponds to approximately 47 000 mandrel elements. Although the results could have
supported the choice of a coarser mesh, these were found to have fairly significant
deviations from the parent geometry in complex regions of the model. Since the effect of parametric design changes on the analysis was unknown, these deviations were
not desired due to the fact that they possibly influence results during optimization.
Therefore, the choices for mesh parameters are said to represent a coarse mesh that
maintains acceptable conformity to the parent geometry.

Chapter 4
Design Configuration Analyses
In order to investigate the effects of utilizing different numbers of ramps and grapples
in the ICDS design, analyses were conducted considering different design configurations. This procedure began with creating models which varied both the number of
ramps and grapples from 5 to 7. These values were chosen as it was believed that
they would provide an adequate representation of trends while requiring low computational expense. Additionally, since it can be reasoned that increasing the number
of ramps and grapples improves the distribution of load in the mandrel, it was logical
to examine configurations with more ramps and/or grapples than the existing design.
Due to the inherent geometry modifications required to create the different configuration models, it was necessary to carefully examine modeling procedures to ensure
that results reflected a fair comparison. More specifically, models were examined to
ensure that configuration changes did not unintentionally alter mandrel geometry.
One example of this is total mandrel length, which was maintained constant for all
configurations. This required decreasing individual ramp lengths for the 6 and 7 ramp
models, and ensured that increasing the number of ramps represented a configuration
change and not a change in overall mandrel dimensions.
Another example is the depth of the ramp profile on the mandrel. Initially, parametric relationships kept the distance from the central axis of the mandrel to the
bottom of the ramps constant. However, this resulted in ramp profiles that were cut
51
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Figure 4.1: Shorter ramps resulting in more mandrel material
Table 4.1: Maximum stress results for design configurations (MPa)

Ramps

Grapples
5
6
7
5 1302 1233

1187

7 1156 1126

1106

unnecessarily deep into the mandrel for shorter ramp lengths. Therefore, parametric
relationships were changed to maintain the top edge of the ramp profile a constant
distance from the central axis. In this way, shorter ramps result in shallower ramp
profiles, increasing the amount of material in the mandrel and, presumably, allowing
it to withstand higher loads. This concept is illustrated in Figure 4.1.
Finally, to maintain consistent size ratios between components, it was necessary to
decrease the width of the grapples as more were added to the system. This was a
reasonable requirement as increasing the number of grapples reduces the size of the
symmetric section and should reduce grapple size accordingly. Therefore, geometric
ratios considering grapple width were held constant between all configurations to ensure a fair comparison.
Once created, the models were analysed in ANSYS using an applied load of 6.228×106
N (1400 kip). Results of these analyses are shown in Table 4.1 and illustrated in Figure 4.2.
As can be seen from Figure 4.2, the best configuration in terms of reducing maximum
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Figure 4.2: Maximum stress trends for various design configurations
stress appears to be the 7 ramp, 7 grapple design. This corresponds to the expected
configuration trends stated at the outset. In terms of the initial 5 ramp, 5 grapple
design, maximum stress is reduced in the best configuration by 15%. Therefore, since
the lowest maximum stress is representative of the highest load capacity, the 7 ramp,
7 grapple design should be recommended for future simulations and optimization.
It is important to realize that additional factors should be considered in choosing
the best design configuration. Although the 7 ramp, 7 grapple design results in the
largest reduction of maximum stress, it can be concluded from Table 4.1 that it represents only 6.8% and 1.8% improvements over the 5 ramp, 7 grapple and 7 ramp, 6
grapple designs, respectively. Therefore, if these configurations have advantages over
the 7 ramp, 7 grapple design outside of the maximization of load capacity, they could
potentially be considered the best design configuration. In addition, the 7 ramp, 7
grapple design represents an extremity in the design configuration matrix. Therefore,
it is conceivable that further increases to the number of ramps and/or grapples would
result in greater improvements to the initial design.
Upon discussions with the industry partner, a number of additional design factors
were identified. One such factor is self-alignment of the ICDS, which is promoted
by odd numbers of grapples. Therefore, configurations consisting of odd number of
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grapples are preferred. Another factor is the area of the CGCI, as this affects contact
pressure and the amount of gripping force that can be applied to the casing. Finally,
the ability of the system to be utilized for multiple casing weights (inner diameters)
should be considered. This is related to ramp length, as longer ramps maintain contact area as the grapples expand radially for different casing weights.
To determine the best configuration, attention was first paid to the fact that the
7 ramp, 7 grapple design represents an extremity in the design matrix. Initially,
attempts were made to model a configuration incorporating more than 7 grapples.
However, due to the geometry of the ICDS, this proved to be impossible without completely redesigning the entire system. Although configurations of this type have been
designed at TESCO for different casing sizes (outer diameters), complete redesign of
the existing ICDS is outside of the scope of this research. Next, the use of 8 ramps
was considered; however, it was determined that restrictions to ramp lengths would
limit this design to few casing weights. This led research to focus on the existing 7
ramp models, and, since an odd number of grapples are desired, only the 5 and 7
grapple models were considered.
Ultimately, the final decision of which of these configurations represents the best
design was driven primarily by software and modeling limitations. Since it is vital for optimization models to be parametric, tests of stability for geometry changes
were conducted for each of the 7 ramp designs. These tests assessed the ability of
HyperMesh to create an FE model for various combinations of geometry variables.
Although the 7 grapple configuration represented the best design in terms of reduction of maximum stress, its parametric model was found to be extremely sensitive to
variable changes; HyperMesh would crash and fail to generate the FE model when
geometry was altered. A number of attempts were made to resolve this issue, but all
were unsuccessful. Since the 5 grapple model was found to be quite stable, it was
chosen as the best candidate for optimization. It should be noted that the 7 ramp,
7 grapple configuration represented a decrease in maximum stress of only 4.3% compared to the 7 ramp, 5 grapple design. Therefore, the choice of the 7 ramp, 5 grapple
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configuration for optimization is appropriate from the perspective of the analysis objective. Additionally, this problem was restricted to optimization models, and has no
effect on validation results.

Chapter 5
Safety Factor-Based Design
Optimization
5.1

Deterministic Optimization Problem Formulation

The analysis objective of this project is to determine the mandrel design which maximizes the load capacity of the ICDS. Failure in this case is defined by stresses exceeding yield in the mandrel, including the application of a safety factor of 1.5 (as specified
by TESCO). The design variables considered are those which define the contact interface between the mandrel and grapples: ramp length and ramp angle. Additionally,
a variable defining the gap between ramps in the mandrel will be considered. Introduction of this variable causes the ramps on the lower side to be engaged initially.
Then, as the load increases and elastic deformation of the mandrel occurs, the gap
closes and the upper ramps become engaged. This successive engagement creates a
more even stress distribution in the mandrel as it causes the highly stressed area seen
below the top ramp in previous analysis results to occur in multiple locations. The
optimization problem statement can now be formulated as:
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Pcrit = Max {P : σmax (P ) × SF ≤ Y }

Subject to RLl ≤ RL ≤ RLu

(5.1)

θrl ≤ θr ≤ θru
gapli ≤ gapi ≤ gapui ;

i = 1, NG

where Pcrit is the critical load, P is the load applied to the ICDS, σmax is the maximum
stress in the mandrel, Y is the yield stress of the mandrel material, SF is the applied
safety factor, RL is the ramp length, θr is the ramp angle, gap is the gap between
ramps, the superscripts l and u represent upper and lower bounds, respectively, and
NG is the number of gap values considered. Note that the definition of the safety
factor used in this problem is equivalent to:
SF =

Y
σmax

.

(5.2)

In the above formulation, σmax is calculated by analysis of the current design and is
a result of the magnitude of the applied load, P . Therefore, any P will return a value
for σmax . The limit imposed on values of P is defined by the requirement that the
product of σmax and SF be less than Y . The value of Pcrit for a design is then selected
as the maximum value of P which satisfies this requirement. In addition, geometry
constraints are applied to the design variables as the aforementioned upper and lower
bounds.
In order to determine the effect of gap variables on optimum solutions, two separate deterministic optimizations were conducted, one with a gap and one without.
Additionally, although it would seem most beneficial to include the gaps between all
ramps as variables, it was determined that the complexity of solving such a problem
is too high, preventing ANSYS from obtaining a converged solution. Therefore, only
one gap parameter was included as a design variable. Since it is impossible to assess
which gap parameter would have the most beneficial contribution to the optimum
solution prior to optimization, a single parameter was chosen. The chosen parameter
represents the gap between the fourth and fifth ramps, meaning that three ramps are
initially engaged, followed by all seven after a certain amount of elastic deformation.
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Since this approximately divides the mandrel into equal sections, it was deemed an
acceptable choice.

5.2

Design Variable Bounds and Initial Values

In applying upper and lower bounds to each design variable, geometric constraints
outlined by TESCO were considered. Specifically, increasing the total length of the
mandrel by more than 152.4 mm (6”) was not desired. Therefore, design variable
upper bounds were chosen to approximately correspond to this total mandrel length;
however, small overshoot with certain combinations of variables was permitted. For
RL, lower and upper bounds were selected as 42 mm and 66 mm, respectively. Values below 42 mm, which was used in the design configuration analyses, were not
considered since previous results indicate that increases to ramp length, and the corresponding increase in mandrel material, lead to improved designs. For θr , lower and
upper bounds of 6 ◦ and 14 ◦ were selected as they represent an adequate range of
values about the ramp angle in the existing ICDS design, 9 ◦ . Finally, lower and
upper bounds of 0 mm and 2 mm were chosen for gap. The upper bound in this case
was chosen to be lower than the expected total mandrel elongation to ensure that the
upper ramps come into contact.
As mentioned previously, HyperMesh failures were encountered when the software
attempted create successful FE models from parametric geometry input files. Although the 7 ramp, 5 grapple model was found to be quite stable, a complete check of
the design space was conducted to determine the ability of HyperMesh to successfully
handle design variable changes. The results of this check are shown in Figure 5.1. It
should be noted that this check involved only the RL and θr variables, as the gap
variable was found to have no effect on the ability of HyperMesh to generate an FE
model.
As can be seen from Figure 5.1, a large number of HyperMesh failures occurred,
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Figure 5.1: Check of HyperMesh design space, failures indicated by red X’s

Figure 5.2: Improved HyperMesh design space, failures indicated by red X’s
significantly reducing the feasible design space. To address this, the failure regions
were examined and geometry input files were revised such that HyperMesh was able
to successfully create an FE model. This procedure resulted in a series of geometry
input files which could be sequentially executed until a successful FE model was created. The improved design space is shown in Figure 5.2.
Although the design space shown in Figure 5.2 represents a significant improvement
upon the feasible region shown in Figure 5.1, a number of failures are still present.
Attempts were made to develop geometry input files that would allow HyperMesh
to successfully create the FE models in these regions, however, all were unsuccessful.
From these attempts, it was determined that a number of the failure points were
related, all caused by HyperMesh’s inability to handle a particular anomaly in the
ICDS geometry that only occurred at these points. Although infeasible regions in the
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design space from a modeling perspective are undesirable, they could not be avoided
in this case. Therefore, they were simply handled as infeasible design spaces within
the design variable bounds.
In selecting an initial design for optimization, the modeling design space in Figure
5.2 was taken into account. To allow the optimizer the greatest design freedom in
conducting sensitivity analyses, the initial design consisted of values for RL, θr , and
gap of 56 mm, 9 ◦ , and 0 mm, respectively. A value of 0 mm was chosen for gap as
it was unknown exactly what effect its implementation would have in relation to the
other design variables.

5.3

Deterministic Optimization Framework

In order to conduct optimization, it was necessary to integrate a number of software
packages, including the preprocessor, HyperMesh v7.0, the solver and post-processor,
ANSYS v11.0, and the optimizer, MATLAB v7.6.0. Furthermore, the determination
of Pcrit for a set of design variables is not a direct calculation. This led to the development of the framework shown in Figure 5.3.
As shown in Figure 5.3, optimization begins with an initial set of design variables
which are passed into MATLAB. Using the fmincon optimizer, which utilizes a sequential quadratic programming (SQP) scheme, the design variables are passed into
HyperMesh to create an FE model of the system. The root solver fzero is then called
to determine the load which corresponds to the root of:
f = σmax × SF − Y

(5.3)

This is accomplished by first specifying a load interval in which to search. These two
load values are passed into ANSYS, which returns σmax for solving Equation 5.3, and
a check is performed to ensure that the root does, in fact, exist within the specified
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Figure 5.3: Deterministic optimization framework
interval. The root solver then selectively uses bisection, interpolation, and secant
method to iterate the load, determine σmax , and find the root of Equation 5.3. Once
fzero has converged, the determined load represents Pcrit and is passed back into the
optimizer. Finally, the optimizer checks for convergence of Pcrit . If convergence has
occurred, an optimum design has been reached; if not, the optimizer perturbs the
design variables and begins the process again.
It should be noted that the proposed optimization framework relies on a strategy
of nested loops. This significantly increases computational time, as a number of
simulations are needed to determine Pcrit for each change to the design variables.
Furthermore, the use of contact analysis introduces nonlinearity into the FEA, increasing computation time even further. Finally, inclusion of gap in the optimization
creates a complex contact problem wherein surfaces which are not initially in contact come into contact as the solution progresses. This is quite difficult and time
consuming to solve, as a large number of iterations are required for the analysis to
successfully converge. For these three reasons, the computational expense of obtaining an optimum ICDS design is expected to be very high.
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It should also be noted that solving the proposed framework relies on separate convergence tolerances for the fmincon and fzero solvers. Since fzero is nested within
fmincon, it is vital that its convergence tolerance be more restrictive on Pcrit . Otherwise, it is possible that successive fzero calls with identical design variable values
could result in Pcrit values which differ more than the convergence tolerance applied
to fmincon.
To address the high computational expense, a powerful server was utilized in performing FEA. The server features 6 blades, each running the SUSE Linux Enterprise
Server v10 operating system and containing four 3.0 GHz dual-core Opteron processors and a minimum of 16 GB of RAM. The use of an ANSYS Research License
allows FEA on a server blade to be conducted using all four processors, significantly
reducing simulation time compared to running FEA on a high-powered desktop.

5.4

Convergence Criteria

When using fmincon, it is possible to apply a number of convergence criteria. To obtain a successfully converged optimization, careful consideration must be given in the
selection of these values. In this analysis, two convergence tolerances were specified,
TolFun and TolX. TolFun refers to the convergence tolerance applied to values of
the objective function. More specifically, successive changes to the objective function
less than TolFun will result in termination of the optimization. A value of 10 000 N
was chosen in this case, which represents approximately 0.25% of objective function
values. On the other hand, TolX refers to the convergence tolerance applied to the
design variables. More specifically, if successive changes to the design variables less
than TolX occur, the optimization will terminate. A value of 0.025 was chosen for
TolX, which represents a manufacturing tolerance of 0.025 mm (0.001”), which is
acceptable in practice.
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As mentioned in Section 5.3, the proposed framework relies also on convergence of
fzero. In fzero, a value for TolX is also specified, but takes on a different meaning.
In this case, TolX refers to the size of the interval which contains the root of the
function. A value of 0.001 was chosen for this analysis, as it was found through trial
runs to result in fzero solutions in the range of ±1.3 MPa. This range represents
a tighter relative tolerance than that applied to fmincon, satisfying the requirement
outlined in Section 5.3.

5.5
5.5.1

Deterministic Optimization Results
Two Design Variables

Optimization was first conducted considering only two design variables: ramp length
and ramp angle. Using the initial values and framework outlined in sections 5.2 and
5.3, successful convergence of the optimization was achieved after 7 iterations and
approximately 60.5 hr with an fmincon exit flag of 4. This corresponds to the magnitude of the search direction being smaller than 2*TolX. Optimization resulted in
a critical load of 4.555 × 106 N with values of 65.15 mm and 7.87 ◦ for RL and θr ,
respectively. The optimization history is shown in Figure 5.4.
Although the optimization did not terminate due to satisfaction of optimality conditions, the time history shown in Figure 5.4 is typical of convergence behaviour.
Critical loads (considering the application of a safety factor) for the existing and initial designs and the improvement accomplished by optimization are highlighted in
Table 5.1.
As can be seen in Table 5.1, the optimum design represents a significant improvement
over the existing 5 ramp, 5 grapple ICDS, and a small but notable improvement over
the initial design. Therefore, the majority of the total improvement in the objective
function was a result of the preliminary design work conducted in Chapter 4. This
can be made clearer if the design points are considered as sequential improvements
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Figure 5.4: Deterministic optimization history for two design variables

Table 5.1: Improvement of two variable optimum design on Pcrit
Pcrit (N)
Improvement (%)
Existing Design
(5 Ramp 5 Grapple)

3.372 × 106 → 4.555 × 106

35.1

Initial Design
4.218 × 106 → 4.555 × 106
(RL = 56 mm, θr = 9 ◦ )

8.1
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Figure 5.5: Design space navigation by optimizer
over the existing design. In this case, the initial design for optimization represents
a 25.1% improvement in Pcrit , while the optimum design improves it an additional
10.0%.
In order to investigate how the optimizer navigated the design space and, therefore, ascertain the effect of the design space reduction shown in Figure 5.2, design
points considered in the optimization were plotted within the design variable bounds.
This is shown in Figure 5.5.
As can be seen from Figure 5.5, the optimization was not affected by the modeling
failure regions. Therefore, the anomaly identified in Section 5.2 did not play a factor
in the optimum result. Another aspect of the optimization that was analysed to assess its success was the behaviour of the root solver, fzero. The fzero results for each
function evaluation are shown in Figure 5.6.
From Figure 5.6, it appears that the fzero results are normally distributed about the
desired result. To confirm this, the mean and standard deviation of the data were
first calculated and found to be 0.00 and 0.59, respectively. Next, a χ2 goodness-of-fit
test was conducted to determine the underlying distribution [30]. The results of this

CHAPTER 5. SAFETY FACTOR-BASED DESIGN OPTIMIZATION

66

Figure 5.6: Results of fzero for each optimization iteration
test concluded that a normal distribution was acceptable with a 5% significance level
(see Appendix B). Therefore, fzero results are normally distributed about a mean of
0.00, which corresponds to the desired result of the root solver. Furthermore, these
results can be used to calculate a 95% confidence interval about the mean, which was
found to be ±0.97 MPa. This range represents the range within which an fzero result
will occur, at 95% confidence. Therefore, the choice of convergence tolerance applied
to fzero as outlined in Section 5.4 is valid.
After a check of optimization behaviour, it can be concluded that the results obtained represent a true optimum solution to the two design variable deterministic
optimization problem. The optimum design consists of a ramp angle of 7.87 ◦ , a ramp
length of 65.15 mm and a critical load of 4.555 × 106 N. This design represents a
35.1% improvement over the existing ICDS design, and an 8.1% improvement over
the design used as a starting point for optimization.
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Figure 5.7: Deterministic optimization history for three design variables

5.5.2

Three Design Variables

After successfully optimizing the ICDS considering two design variables, a gap design
variable was added to the optimization formulation. Using the same initial values and
framework as in the previous section, the optimization terminated after 8 iterations
and approximately 176 hr. In this case, termination was not a result of convergence,
but instead occurred when a predefined maximum number of function evaluations
(MaxFunEvals) and iterations (MaxIter ) were reached. Optimization resulted in a
critical load of 4.894 × 106 N with values of 64.75 mm, 6.66 ◦ , and 1.42 mm for RL,
θr , and gap, respectively. The optimization history is shown in Figure 5.7.
Although the optimization did not terminate due to convergence, the time history
shown in Figure 5.7 is typical of convergence behaviour. The improvement of the
three design variable optimum solution over the existing and initial designs is highlighted in Table 5.2.
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Table 5.2: Improvement of three variable optimum design on Pcrit
Pcrit (N)
Improvement (%)
Existing Design
(5 Ramp 5 Grapple)

3.372 × 106 → 4.894 × 106

45.1

Initial Design
4.218 × 106 → 4.894 × 106
(RL = 56 mm, θr = 9 ◦ )

16.1

As can be seen in Table 5.2, the three variable optimum design represents significant
improvements over the existing and initial designs. Therefore, the total improvement
in the objective function can be attributed to both the preliminary design work conducted in Chapter 4 and the optimization process. This can be made clearer if the
design points are again considered as sequential improvements over the existing design. In this case, the initial design for optimization represents a 25.1% improvement
in Pcrit , while the optimum design improves it an additional 20.2%. This is a contrast
to the two variable optimum, which only improved upon the initial design by 10.0%
with respect to the existing ICDS. Therefore, the inclusion of a gap variable approximately doubled the effectiveness of the optimization. The effect of gap is evident in
the stress distribution of the optimum design as shown in Figure 5.8.
As can be seen in Figure 5.8, the inclusion of the gap variable has led to the region of
high stress present at the topmost ramp in previous analyses to occur at lower ramps
on the mandrel. The result is a more even stress distribution, which effectively lowers
the maximum stress and allows for higher loads to be applied before the onset of yield.
Since the three variable optimization navigated toward the same region of the design space, with respect to θr and RL, as the two variable optimization, a check of
design space navigation similar to that in Section 5.5.1 was deemed unnecessary. In
addition, an investigation into the behaviour of fzero and its potential influence on
the optimizer was already conducted in Section 5.5.1, and found to be a non-factor.
Therefore, based on the convergence behaviour shown in Figure 5.7, the results obtained represent a true optimum solution to the three design variable deterministic
optimization problem. The optimum design consists of a ramp angle of 7.87 ◦ , a
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Figure 5.8: Stress distribution of the three variable optimum design
ramp length of 65.15 mm, a gap between the fourth and fifth ramps of 1.424 mm,
and a critical load of 4.894 × 106 N. This design represents improvements of 45.1%,
16.1%, and 7.4% over the existing ICDS design, the design used as a starting point
for optimization, and the two variable optimum design, respectively.

Chapter 6
Reliability-Based Design
Optimization
6.1

Selection of an RBDO Method

In selecting an appropriate RBDO method from Section 1.3, two factors were considered: efficiency and effectiveness. While the desire for computational efficiency is
obvious, effectiveness is equally as important. This stems from the objective of the
research, which is to demonstrate difficulties in application of RBDO to a practical
design problem. Since the objective is application-oriented, it is vital that a wellestablished method, which has proven to be effective and accurate through numerous
studies, be employed. Additionally, it can be inferred that minimal problem development be required, as a thorough background in RBDO theory would not necessarily
be available in an industrial setting.
Consideration of these two factors led to the selection of SORA, as described in
Section 1.3 and shown in Figure 1.2, for application to the ICDS design problem.
While not as efficient as some of the methods proposed in Section 1.3, most notably
[22] and [29], SORA nevertheless improves greatly upon the efficiency of the traditional double-loop RBDO problem formulation. In addition, its effectiveness has been
proven through numerous RBDO studies and it serves as a basis for comparison in
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the continued development of new RBDO methods.
To assist in this research, SORA code was generously provided by Dr. Wei Chen
of Northwestern University.

6.2
6.2.1

Attempted Implementation of SORA
Identifying Sources of Uncertainty

Due to the high computational cost of RBDO, and reliability analysis methods in
general, two sources of uncertainty were considered for this research: the mandrel
yield stress, Y , and the MGCI coefficient of friction, f. Referring back to the deterministic problem formulation in Section 5.1, it can be seen that Y directly affects the
feasibility of a design, while f affects feasibility through its part in the calculation
of σmax . Furthermore, Y and f represent real unknowns in the manufacturing and
operation of the ICDS, respectively.
To determine distribution parameters for Y , a set of testing data was provided by
TESCO. Each data point in the set was obtained through tensile tests performed on
a material sample subjected to the same treatment conditions as the ICDS mandrel
being manufactured. Statistical analysis of this data was conducted as per the fzero
result analysis in Appendix B, and can be found in Appendix C. The results of the
analysis indicate that the yield stress is normally distributed at a 2.5% significance
level, with values of 1121.58 MPa and 30.50 MPa for the mean and standard deviation, respectively.
Due to the uniqueness of the ICDS design problem, relevant information on friction
distribution parameters was not available in the literature. Therefore, assumptions
for f were made based on the expected range of 0.05-0.11 for lubricated steel-on-steel
contact found in [34]. The underlying distribution was assumed to be normal with a
mean of 0.08. To examine the effect of the friction distribution parameters on this
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problem, different values for the standard deviation will be incorporated in analyses.

6.2.2

Difficulties in Problem Formulation

To aid in utilizing the SORA code from an application viewpoint, essentially using SORA as a ‘blackbox’ in performing RBDO, a SORA manual was provided by
Dr. Chen which outlined the structure necessary in creating the appropriate input
files for defining the specific RBDO problem. Upon review of this manual, a critical
issue inherent in the formulation of the ICDS optimization problem was discovered:
no direct constraints are applied in the optimization problem formulation. This is
evident in the deterministic problem formulation found in Section 5.1. In this formulation, the calculation of Pcrit is constrained by the relation between σmax and Y ,
however, this constraint is inherent in the calculation of Pcrit using fzero and is not a
true optimization constraint.
Since the application of SORA, and RBDO methods in general, relies on the reformulation of deterministic optimization constraints into probabilistic constraints, this
posed a crippling problem. Upon consultation with Dr. Sanghoon Lee, a researcher
in the field of RBDO, it was determined that due to the uniqueness and complexity
of the ICDS design problem, direct application of an RBDO method from Section
1.3 was not possible. Therefore, this design problem demonstrates the difficulty in
applying RBDO to practical engineering design problems.

Chapter 7
Structural Reliability Analysis
As mentioned in Section 1.4, assessment of the structural reliability of an ICDS design
can be accomplished through the use of reliability analysis methods. From an optimization standpoint, direct incorporation of reliability analysis leads to the traditional
double-loop RBDO problem. Since this can lead to extremely high computational expense, an alternative approach is used wherein the deterministic optimum designs are
assessed in terms of structural reliability. Therefore, an evaluation of worst-case SFBDO in terms of over-conservativeness can be conducted with respect to the results
of the reliability analysis.
To assess the reliability of the deterministic optimum designs, two methods will be
used. First, optimum values for the design variables, the corresponding Pcrit , and
the uncertainties described in Section 6.2.1 will be used to determine the probability of failure for the optimum design. Next, fzero will be conducted considering the
optimized design variables and uncertainties to determine the value of Pcrit which
corresponds to a target reliability. These methods will also be subjected to different
values for the friction distribution parameters to investigate the influence of friction
as a source of uncertainty. Finally, the degree of over-conservativeness in worst-case
SFBDO will be assessed through the probability of failure for the optimum design
and comparison between the deterministic and reliability-based values of Pcrit .
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Formulation of the AFOSM Algorithm

To evaluate the reliability of the optimum ICDS designs, an AFOSM algorithm with
equations specific to this problem was first developed. This began with the definition
of an appropriate limit state function as per Equation 1.7.
g(Y, f ) = Y − σmax (f )

(7.1)

In this equation, Y is the random yield stress of the mandrel material and σmax is the
maximum stress, which is a function of the random parameter friction, f . Assuming
a normal distribution for both random variables, they can be transformed to the reduced coordinate system as per Equation 1.9.
uY =

Y − µY
,
σY

uf =

f − µf
σf

(7.2)

For the initial design point, Y and f are set to their means, which results in setting
uY and uf equal to zero. To obtain the next design point, it is first necessary to obtain the gradients of Equation 7.1 with respect to uY and uf . For uY , this is found as:
∂g
∂g ∂Y
=
= σY .
∂uY
∂Y ∂uY

(7.3)

Therefore, the gradient of g with respect to uY is simply the standard deviation of
the assumed normal distribution of Y . For f , the process is not as direct:
∂g
∂g ∂f
∂g
=
=
σf
∂uf
∂f ∂uf
∂f

(7.4)

In this case, the gradient of g with respect to f cannot be taken directly from Equation 7.1. Instead, the design point uf is perturbed and finite difference method is
used considering value of the limit state function at the current and perturbed design
points.

CHAPTER 7. STRUCTURAL RELIABILITY ANALYSIS
g(uY , uf ) − g(uY , u0f )
∂g
=
∂f
uf − u0f

75

(7.5)

It should be noted that the evaluation of the limit state function at the design point
is equivalent to:
g(uY , uf ) = g(Y (uY ), f (uf )) = (uy × σY + µY ) − σmax (uf × σf + µf ).

(7.6)

The new design point can now be formulated as per Equation 1.10.

N ew



u 
Y

 uf 

σY × uY +
=








× uf − g(uY , uf )  σY 
2
 ∂g σf 
∂g
σ
+ (σY )2
∂f
∂f f
∂g
σ
∂f f

(7.7)

Finally, the new design point is used to calculate β as the distance from the origin to
the design point as per Equation 1.11.
q
β = u2Y + u2f

(7.8)

As mentioned in Section 1.4.1, the algorithm is repeated until convergence of β is
achieved. Then, the reliability of the ICDS design can be evaluated as per Equation
1.12

7.2

Reliability Analysis of Two Variable Optimum
Design

Using the procedure outlined in the previous section, the reliability of the two variable
optimum design was evaluated and found to have a β of 14.96. This corresponds to
a probability of failure of 6.54 × 10−51 %, which is essentially zero. To confirm convergence, the tolerance on β and value of the limit state function were checked and
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found to be 1.28 × 10−5 and −6.46 × 10−7 MPa, respectively. Since the convergence
tolerance applied to β was 0.01 and the desired value of the limit state function is 0,
successful convergence was achieved, taking approximately 1.75 hr.
The extremely high value of β can be explained by examining the design point, which
consisted of values of −14.96 and −0.18 for uY and uf , respectively. The maximum
stress due to the optimum value of Pcrit and uf was 665.28 MPa. To satisfy the limit
state function, this must be equal to the value of the random parameter Y . The value
of uy comes from the fact that the yield stress must be 14.96 standard deviations below the mean in order for the limit state function to be satisfied. This is extremely
unlikely, leading to the result of very low probability of failure.
To determine a more reasonable Pcrit , the two variable optimum ICDS design was
analysed using fzero to search for the load which corresponded to a target probability
of failure. This is represented by solving for the root of:
J = βtarget − βcurrent

(7.9)

where βcurrent is calculated using the procedure in Section 7.1. The target probability
of failure was set to 99.87%, which corresponded to a value for βtarget of 3.00. To
promote convergence, a tolerance of 0.01 was applied to both the reliability analysis
and fzero.
Solution to the Equation 7.9 yielded a critical load of 6.972 × 106 N and a reliability
index of 3.05, requiring approximately 7 hr of computation time. This corresponds
to a probability of failure of 0.11%. Therefore, the use of reliability analysis in the
determination of Pcrit led to an increase of 53.1% over the optimum value while maintaining an acceptable probability of failure.
To investigate the effect of friction as a source of uncertainty in the system, a different value of σf was incorporated into the analysis. The above results correspond
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to a value for σf of 0.0003. Next, a value of 0.005 was used in determining the reliability of the two variable optimum design. This resulted in a reliability index of
14.60 and a corresponding probability of failure of 1.40 × 10−48 %. The values for uY
and uf in this case were −2.78 and −14.33, respectively, and convergence required a
total of approximately 2.45 hr. Since introduction of a new value for σf had little effect on the reliability results, a determination of Pcrit for this value was not conducted.

7.3

Reliability Analysis of Three Variable Optimum Design

After conducting reliability analysis on the two variable optimum design, it was then
applied to the three variable design. This resulted in a value for β of 15.13, which
corresponds to a probability of failure of approximately zero, 4.79 × 10−52 %. Again,
the tolerance on β and the value of the limit state function at the optimum point
were checked and found to satisfy convergence with values of 0.001 and 0.037 MPA,
respectively. Total computation time for this analysis amounted to 5.5 hr.
As before, the high value of β can be explained by the examining the limit state
function at the design point. In this case, the maximum stress due to a uf of −0.038
was 659.94 MPa. Then, to satisfy a limit state value of 0.037, the value of Y would
have had to be 659.98 MPa. This corresponds to the value of −15.13 for uY , meaning
that the yield stress must be 15.13 standard deviations below its mean value. This
unlikely event is the source of the very low probability of failure.
To determine a more reasonable value of Pcrit for the three variable design, fzero
was applied as in the previous section to solve for the root of Equation 7.9. The
target reliability, reliability tolerance, and fzero tolerance were all set as before to
values of 3.00, 0.01, and 0.01, respectively. Solution to the problem required approximately 18 hr of computation time and resulted in values for Pcrit and β of 7.520 × 106
N and 3.23, respectively. This corresponds to a probability of failure of 0.06%. As
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before, the use of reliability analysis in the determination of Pcrit led to a significant
increase over the optimum value, in this case 53.3%, while maintaining an acceptable
probability of failure.
Finally, the effect of friction as a source of uncertainty was again investigated by
incorporating a different value of σf into the analysis. As in the previous section,
σf was changed from 0.0003 to 0.005. This resulted in a reliability index and corresponding probability of failure of 15.11 and 6.93 × 10−52 %, respectively, requiring a
total computation time of approximately 7 hr. As found previously, the introduction
of a new value for σf had little effect on the reliability results, and determination of
Pcrit for this value was not conducted.

7.4

Discussion of Reliability Results

In both the two and three variable optimum designs, low values of σmax at the optimum value for Pcrit can be attributed to the low value assumption for Y coupled
with the application of a safety factor. This is represented in the deterministic optimization problem formulation in Section 5.1 as the constraint applied in determining
Pcrit , and results in the extremely high values of β and low probabilities of failure that
were determined in the previous sections. The effect of the worst-case assumption
can be explained by considering the value of Y , 1034 MPa, used in the deterministic
optimization. Using the yield stress distribution parameters, the probability that the
actual yield stress will be at or below this value can be found by:


1034−µY
P (Y ≤ 1034) = Φ
σY

1034−1121.58
= Φ
30.50
= Φ(−2.87)
= 0.0021
Therefore, without including a safety factor in the deterministic optimization problem
and neglecting other sources of uncertainty, an optimum design using 1034 MPa for
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Table 7.1: Summary of two variable optimum design results
Solution Method
Pcrit (N)
Probability of Failure (%)
Worst-Case with
Safety Factor

4.555 × 106

0.00

Reliability Analysis
6.972 × 106
(AFOSM)

0.11

Table 7.2: Summary of three variable optimum design results
Solution Method
Pcrit (N)
Probability of Failure (%)
Worst-Case with
Safety Factor

4.894 × 106

0.00

Reliability Analysis
7.520 × 106
(AFOSM)

0.06

Y would have an inherent probability of failure of 0.21%, which is reasonable. However, by coupling the worst-case assumption with a safety factor, the probability of
failure is arbitrarily increased to values of 6.54 × 10−51 % and 4.79 × 10−52 %, which are
essentially zero, during the two and three variable optimizations, respectively. This
over-conversativeness of worst-case SFBDO is further demonstrated in the determination of a reliability-based value for Pcrit , which led to improvements of 53.1% and
53.3% while acheiving a target probabilities of failure of 99.89% and 99.94% for the
two and three variable optimum designs, respectively. These results are summarized
in Tables 7.1 and 7.2.
The computation times required for solving the reliability analysis represent a significant increase compared to the deterministic equivalent. For example, a single fzero
function call in the two variable deterministic optimization required approximately
1.5 hr, while the reliability-based fzero call required approximately 7 hr. This represents an increase in computation time of almost 500%. For the entire two variable
optimization process, this would lead to a required computation time in the range of
300 hr. Therefore, the assumption that application of structural reliability into the
optimization scheme would be infeasible is valid, as this would require performing,
essentially, double-loop RBDO.
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As demonstrated by the use of different values for σf , friction as a source of uncertainty appears to have little effect on reliability analysis results; the structural
reliability of the ICDS is driven primarily by the uncertainty in mandrel yield stress.
It can also be seen from Section 7.1 that the gradient of the limit state function
with respect to uY is constant. Therefore, it can be concluded that the choice of
design variables would have little influence on the reliability of the structure. If this
conclusion holds throughout the design space, it is conceivable that if RBDO were
applied to the problem, the optimum design would be very similar to that obtained
deterministically.

Chapter 8
Conclusions and Recommendations
8.1

Conclusions

As a result of this research, the following conclusions were reached:
• As outlined in Section 1.5, the first step in the proposed research was developing and validating an FE model of the complex structural system provided
by TESCO for analysis and optimization. Once modeled, a comparison of displacement results between simulation and experimental testing performed by
C-FER Technologies was made, resulting in an average error of 6.81% considering six static loads. Furthermore, stress behaviour was examined and, after
the elimination of singularities, found to be consistent with the behaviour reported by C-FER Technologies in terms of the onset of yield in the mandrel.
The consistency between computational results and experimental data led to
the conclusion that the FE model accurately represented the physical system,
meaning that methods and assumptions used during the modeling phase were
valid.

• After validating the FE model, a set of analyses was performed considering
different ICDS design configurations to establish what combination of ramps
and grapples would represent the best starting point for optimization. The
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numbers of ramps and grapples were not directly incorporated into the optimization procedure due to the difficulty of handling discrete design variables
in gradient-based optimization. It was found that increasing both the number
of ramps and grapples led to lower maximum stress. This result was expected
since increasing both design features leads to more evenly distributed loading of
the mandrel. Therefore, the analysed configuration consisting of 7 ramps and 7
grapples represented the best design.

• Based on trends and expected behaviour, it was believed that further increases
to both design parameters would lead to further improvements. Attempts to
do so, however, were unsuccessful due to geometry restrictions inherent in the
current design of the ICDS. Since a complete redesign of the system was outside
of the scope of this research, 7 ramps and 7 grapples represented the maximum
values for each feature. Although this resulted in the 7 ramp, 7 grapple configuration being the definitive choice of best design, significant instabilities were
discovered in this model when attempting to change the parametric geometry.
Since a stable parametric model is vital for optimization, the 7 ramp, 5 grapple
configuration was chosen as an alternative. This choice was validated by the
fact that the 7 ramp, 7 grapple configuration represented only a 4.3% improvement in terms of reduction of maximum stress.

• Worst-case SFBDO was performed by taking the FE model consisting of 7
ramps and 5 grapples as the initial design. Shown in Section 5.1, the objective
in the SFBDO problem formulation was to maximize the critical load, Pcrit , of
the structure, where Pcrit is determined as the maximum load which maintains
the product of maximum stress in the mandrel and a safety factor less than the
mandrel yield stress. Two separate optimizations were performed to assess the
effect of including a third design variable into the problem. This variable defined a gap between ramps on the mandrel, and was believed to promote greater
design improvement by successively engaging the ramps to create a more even
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stress distribution. However, inclusion of this variable led to increased computational cost, as more design variables require more computation and it created
a more complex contact problem.

• Optimization of the two variable design led to values of 65.15 mm, 7.87 ◦ , and
4.555 × 106 N for RL, θr , and Pcrit , respectively. A check of convergence behaviour confirmed that this solution represented a true optimum design, requiring a total computational time of approximately 60.5 hr. The optimum design
represents improvements over the initial and existing designs of 8.1% and 35.1%,
respectively. While the two variable optimum significantly improved upon the
existing ICDS design, results indicate that the majority of this improvement
came from the selection of the best design configuration. From a practical
viewpoint, it is likely that a more significant design improvement would be necessary to warrant the application of optimization to this problem. However,
SFBDO was successfully applied and a true optimum solution was obtained.

• Optimization of the three variable design was performed, resulting in values of
64.75 mm, 6.66 ◦ , 1.42 mm, and 4.894 × 106 N for RL, θr , gap, and Pcrit , respectively. Again, a check of convergence behaviour confirmed that this solution
represented a true optimum design, although this more complex problem required a total computational time of approximately 176 hr. The three variable
optimum design represents improvement over the initial and existing designs
of 16.1% and 45.1%, respectively. As can be seen from the results, the three
variable design problem was significantly more successful in improving upon the
initial 7 ramp, 5 grapple design. Considering the existing ICDS as a baseline,
selection of the best configuration improved Pcrit by 25.0%, while optimization
improved it an additional 20.1%. Although the three variable design problem required significantly more computational cost compared to the two design
variable problem, it was able to achieve double the design improvement, representing approximately the same improvement achieved by the configuration
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selection. Therefore, the high computational cost is justified. As before, SFBDO was successfully applied, resulting in a true optimum solution.

• To meet the first objective of this research, it was necessary to attempt to apply RBDO to the ICDS design problem. This involved selection of an RBDO
method from Section 1.3. The method chosen for implementation was SORA, as
it has been proven accurate and efficient through numerous studies and is well
established within the RBDO community. The requirement of reformulating
deterministic optimization constraints into probabilistic constraints, however,
posed a crippling problem: no direct constraints are applied in the deterministic problem formulation. It was determined through consultation with an expert
in the field of RBDO that direct application of a method from Section 1.3 to the
ICDS design problem was not possible. This demonstrated the difficulty in the
practical applicability of RBDO, as it is only possible for problems which can be
formulated in the necessary way. Since practical design problems often require
unique or complex solution methods, it can be concluded that the application
of efficient and advanced RBDO methods is limited.

• In order to meet the second objective of this research, it was necessary to analyze the deterministic optimum designs from the viewpoint of reliability. This
required application of structural reliability analysis methods to determine the
probability of failure of the worst-case SFBDO optimum designs. Using the
AFOSM algorithm in Section 7.1, analysis of the two variable optimum was
conducted first and found to have a probability of failure of essentially zero,
6.54 × 10−51 %. A value for Pcrit based on a target reliability of 99.87% was
then determined as 6.972 × 106 N, representing a 53.1% improvement over the
deterministic solution. Reliability analysis of the three variable optimum design yielded a similar probability of failure of 4.79 × 10−52 %. In this case, the
reliability based value for Pcrit was found to be 7.52 × 106 N, representing a
nearly equivalent improvement of 53.3% over the deterministic solution. Further analyses were conducted to investigate the effect of friction as a source of
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uncertainty, and it was determined that it had minimal effect on the structural
reliability results.

• The over-conservativeness of the deterministic results was explained by first examining the worst-case assumption for the mandrel yield stress, Y . Statistical
analysis determined that the probability of Y being less than or equal to the
value of 1034 MPa used in the deterministic optimization was 0.21%. Therefore,
a deterministic solution based solely on this value, without application of safety
factor and neglecting other sources of uncertainty, would have an inherent probability of failure of 0.21%. Incorporation of a safety factor, however, results in
arbitrarily decreasing the failure probabilities for both deterministic optimum
designs to the values stated above. Considering the problem formulation in
Section 5.1, this can be shown as:
σmax ≤

Y
.
SF

(8.1)

• By constraining the maximum stress to be far below a value already representative of high reliability, the feasible design space is reduced and a significantly
over-conservative design is obtained. In this case, worst-case SFBDO resulted
in values for Pcrit which were approximately 53% below those determined using
reasonable target reliabilities. This concept is illustrated in Figure 8.1.

• Two additional conclusions were reached through examination of reliability results. First, incorporation of reliability analysis into the deterministic optimization was expected to be very computationally expensive. This would essentially
result in a double-loop RBDO problem and, based on the computation time
required for individual analyses, would increase computational cost by approximately 500%. This conclusion further demonstrates the difficulties and limitations of applying RBDO to practical problems.

• Finally, friction as a source of uncertainty was found to have very little effect
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Figure 8.1: Design space reduction leading to over-conservative designs
on the reliability analysis results. Due to this and the fact that the random
parameter Y is unaffected by the choice of design variables, it is believed that
application of RBDO would yield very similar optimum designs to those that
were obtained deterministically.

8.2

Recommendations

In order to obtain further improvements in the ICDS design and improve the quality
of the reliability analysis, the following items should be addressed:

• Investigation into a new design scheme for the 7” ICDS which has the capability
of accommodating more grapples and ramps should be conducted. Current
ICDS designs for smaller casing sizes exist at TESCO which have this potential,
and their application to the 7” ICDS could lead to further design improvements.
Examples of such a design are shown in Figures 8.2, 8.3, and 8.4.
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Figure 8.2: Front view of grapple for 5.5” ICDS design scheme

Figure 8.3: Close up of grapple ramps

Figure 8.4: Mandrel used in 5.5” ICDS
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Figure 8.5: Potential fourth design variable
• It has been suggested by a colleague that the addition of a fourth design variable
for defining the contact interface could have a significant effect on the stress
distribution in the mandrel. This variable, identified as ‘X’, is shown in Figure
8.5. To investigate this, the parametric model of the ICDS should be modified
and a sensitivity analysis with respect to X conducted. If appropriate, this
variable could then be included in optimization to achieve further improvement
to Pcrit .

• As mentioned in Section 5.1, the choice of what location would be most appropriate for applying the gap design variable was based on engineering judgment.
In order to evaluate this decision, the three variable optimization could be performed again using a different location for gap, possibly resulting in a better
optimum design. In addition, multiple gap variables could be investigated to
determine if it is possible to obtain a converged solution for a certain combination. It is conceivable that inclusion of more of these design variables in the
optimization would also lead to further design improvement.

• To perform RBDO, the structural reliability analysis should be incorporated
into the current optimization framework. This essentially results in a doubleloop RBDO problem, and was deemed infeasible in the present research due to
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high computational cost. If performed in future work, a comparison between
SFBDO and RBDO optimum designs could be made, and the conclusion that
RBDO would lead to a very similar optimum for this design problem could be
tested.

• To improve the quality of reliability results, an analysis should be conducted of
the full ICDS with no assumption of symmetry. Then, an investigation into the
effect of different coefficients of friction on different contact interfaces could be
conducted. It is believed that this would lead to unsymmetrical loading, causing a bending moment to be applied to the mandrel and possibly increasing
the maximum stress. This would increase the influence of friction on structural
reliability, and possibly lead to a different optimum design.

• Another method to improve reliability results would be to obtain more information about the distributions of the uncertainty parameters. For one, obtaining
more data points for mandrel yield stress would allow calculation and application of more accurate distribution parameters. This would require further
collaboration with TESCO, and possibly involve obtaining results for other
ICDS mandrels which undergo the same treatment conditions as the 7” ICDS
mandrel. In addition, physical testing could be conducted to determine a more
appropriate choice for friction parameters. It is also recognized by the author
that the assumption of a normal distribution for friction may not be truly representative of the physical system. Instead, future work should focus on a more
appropriate distribution type, such as the Beta distribution.

• Finally, in the present research only two sources of uncertainty were considered.
Therefore, an investigation into additional random parameters would further
improve the quality of reliability results. An example of one such parameter is
machining tolerances, which would involve considering the design variables as
random parameters.
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Appendix A
Contact Parameter Values used in
Analysis
Casing-Grapple Contact Interface:
Default values used for all contact parameters. Non-default KEYOPTS selected as
follows:
KEYOPT(5) = 4
KEYOPT(9) = 1
KEYOPT(10) = 2
KEYOPT(12) = 1
Mandrel-Grapple Contact Interface:
Default values used for all contact parameters. Non-default KEYOPTS selected as
follows:
KEYOPT(5) = 4
KEYOPT(9) = 1
KEYOPT(10) = 2
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Appendix B
Goodness-of-Fit Test on fzero
Results
Note: the procedure for this test is taken from Example 5.2 in [30].
In the χ2 goodness-of-fit test, a set of n observed data is divided into m intervals.
The observed frequencies of data in each interval is then compared with the corresponding theoretical frequencies of an assumed distribution. The distribution will be
acceptable at significance level α if:
m
X
(ni − ei )2
i=1

ei

< c1−α,f

(B.1)

where the observed and theoretical frequencies for the ith interval are ni and ei , respectively, and c1−α,f is the value of the χ2 distribution with f degrees of freedom at
the cumulative distribution function of (1 − α). The degrees of freedom, f , is calculated as f = m − 1 − k, where k is the number of distribution parameters estimated
from the data. For normal distributions, k is 2 (mean and standard deviation). Consider the data in Table B.1.
From this data, the mean and standard deviation of the assumed normal distribution
can be found to be 0.00 MPa and 0.59 MPa, respectively. After dividing the data
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Table B.1: Values of fzero from two design variable deterministic optimization
Function
fzero
Function
fzero
Function
fzero
Evaluation (MPa) Evaluation (MPa) Evaluation (MPa)
1
-0.42
16
0.51
31
0.16
2
-0.65
17
-0.07
32
0.22
3
-0.37
18
-0.19
33
0.39
4
-0.14
19
0.84
34
0.12
5
-0.95
20
0.85
35
0.79
6
0.06
21
-0.06
36
0.37
7
-0.02
22
-0.44
37
-0.75
8
-0.96
23
1.01
38
-0.33
9
0.08
24
0.76
39
-1.02
10
-1.12
25
0.10
40
-0.15
11
0.16
26
-0.03
41
-0.01
12
0.96
27
-0.10
42
-0.51
13
1.29
28
-0.08
43
-0.84
14
0.26
29
-0.39
44
0.77
15
-0.51
30
-0.36
45
0.76
into intervals and counting the number of observations in each interval, the mean and
standard deviation are used to determine the theoretical frequencies. Finally, the
error in each interval is determined and summed as per Equation B.1. The results of
the test are shown in Table B.2.

Table B.2: χ2 test results for fzero data
fzero
Observed Freq. Theoretical Freq.
(MPa)
(ni )
(ei )

(ni −ei )2
ei

< −1
−1 → −0.5
−0.5 → 0
0 → 0.5
0.5 → 1
>1

2
7
16
10
8
2

2.065
6.922
13.527
13.518
6.909
2.059

0.002
0.001
0.452
0.916
0.172
0.002

Total

45

45

1.545
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A sample calculation for the theoretical frequencies is as follows:
e1 = P (E ≤ −1) × 45
!
−1 − 0.00
= Φ
× 45
0.59
= Φ(−1.69) × 45
= 0.046 × 45
= 2.065

In order to evaluate Equation B.1, the value of the χ2 distribution is needed. Since
the test is conducted at a 5% significance level that the degrees of freedom are 3,
the distribution must be evaluated at c1−0.05,3 . From Appendix 3 in [30], this corresponds to a value of 7.815. Since this is greater than the total error for the assumed
distribution, 1.545, the normal distribution is acceptable with a 5% significance level.

Appendix C
Statistical Analysis of Yield
Strength Data
The yield strength data provided by TESCO is shown in Table C.1.
From this data, the distribution parameters were determined for both normal and
lognormal distributions. These are shown in Table C.2.
After dividing the data into intervals and counting the number of observations in each
interval, the distribution parameters were used to determine the theoretical frequencies. Finally, the error in each interval was determined and summed as per Equation
B.1 in Appendix B. The results of the test are shown in Table C.3.
In order to evaluate Equation B.1, the value of the χ2 distribution is needed. Similar to Appendix B, the test is conducted at a 5% significance level; however, the
degrees of freedom in this case are 2. Therefore, the distribution must be evaluated
at c1−0.05,2 . From Appendix 3 in [30], this corresponds to a value of 5.991. As can
be seen from Table C.3, this is less than the total error for the assumed distribution.
Therefore, neither distribution is acceptable with a 5% significance level.
To determine the underlying distribution, the test was next conducted at a 2.5%
significance level. The χ2 distribution value in this case is 7.378. Since this is greater
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Table C.1: Yield strength data
Test Yield Strength (ksi)
1
166.54
2
160.63
3
166.00
4
166.54
5
161.13
6
160.00
7
164.18
8
164.18
9
167.00
10
154.47
11
162.80
12
154.26
13
167.00

Table C.2: Yield strength distribution parameters
Normal Distribution Lognormal Distribution
µ (ksi)
σ (ksi)
λ
ζ
162.67

4.42

5.091

0.027

Table C.3: χ2 test results for yield strength data
Yield Strength Observed Freq.
Theoretical Freq.
(ni −ei )2
ei
(ksi)
(ni )
(ei )
Normal Lognormal Normal Lognormal
< 150
150 → 155
155 → 160
160 → 165
> 165

0
2
1
5
5

0.027
0.511
3.009
5.561
3.891

0.019
0.487
3.079
5.569
3.846

0.027
4.335
1.342
0.057
0.316

0.019
4.704
1.404
0.058
0.346

Total

13

13

13

6.076

6.531
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than the total error for both distributions, both are acceptable with a 2.5% significance level. However, the total error for the normal distribution is less than that for
the lognormal distribution. Therefore, the underlying distrubtion is assumed to be
normal, which is acceptable at a 2.5% significance level. The corresponding distribution parameters, after conversion to SI units, are 1121.58 MPa and 30.50 MPa for the
mean and standard deviation, respectively.

