
MIMU sensors for joint kinematic estimation:

anatomical landmarking and frame correction

by

Jonathan Harris Rogers

A thesis submitted to the

Department of Mechanical and Materials Engineering

in conformity with the requirements for

the degree of Master of Applied Science

Queen’s University

Kingston, Ontario, Canada

August 2016

Copyright c⃝ Jonathan Harris Rogers, 2016



Abstract

The ability to capture human motion allows researchers to evaluate an individuals

gait. Gait can be measured in different ways, from camera-based systems to Mag-

netic and Inertial Measurement Units (MIMU). The former uses cameras to track

positional information of photo-reflective markers, while the latter uses accelerome-

ters, gyroscopes, and magnetometers to measure segment orientation. Both systems

can be used to measure joint kinematics, but the results vary because of their differ-

ences in anatomical calibrations. The objective of this thesis was to study potential

solutions for reducing joint angle discrepancies between MIMU and camera-based

systems. The first study worked to correct the anatomical frame differences between

MIMU and camera-based systems via the joint angles of both systems. This study

looked at full lower body correction versus correcting a single joint. Single joint

correction showed slightly better alignment of both systems, but does not take into

account that body segments are generally affected by more than one joint. The sec-

ond study explores the possibility of anatomical landmarking using a single camera

and a pointer apparatus. Results showed anatomical landmark position could be de-

termined using a single camera, as the anatomical landmarks found from this study

and a camera-based system showed similar results. This thesis worked on providing a

novel way for obtaining anatomical landmarks with a single point-and-shoot camera,
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as well aligning anatomical frames between MIMUs and camera-based systems using

joint angles.
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Chapter 1

Introduction

1.1 Motivation

The study of human kinematics using motion capture devices are utilized primarily

for the examination of injuries, rehabilitation, and gait analysis [1, 2]. For the pur-

pose of this study Gait analysis was defined as the study of repetitive patterns of

human motion and the application of metric parameters to these patterns [3]. These

metrics are represented numerically, such as joint angle waveforms, contact forces and

moments on selected body segments and joints [4, 5]. The ability to use quantitative

metric parameters to analyze gait gives researchers the ability to study an individ-

ual’s regular locomotion and its limitations [6]. Subjects analyzed with additional

demands on their bodies, such as survivors of stroke, cerebral palsy, and sports in-

juries, researchers in the field can understand the specific irregularities in their gait

patterns [7, 8, 9]. Popular motion capture technologies used to capture human mo-

tion include camera-based motion capture, via photogrammetry, and Magnetic and
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Inertial Measurement Units (MIMU). Unfortunately, these devices obtain metric in-

formation via different anatomical calibration protocols and procedures, giving the

possibility of incompatible results [10]. Its necessary to study MIMU and camera-

based motion capture systems in order to identify the differences in their results. An

understanding of protocol differences can assist researchers and clinicians to compare

between modalities.

1.2 Literature Review

Camera-based systems are considered the most widely used system for capturing

human kinematics [11]. Camera-based systems ability to capture accurate data of

human motion allows it to serve as a baseline for evaluating other motion capture

methods [12]. The benefits of camera-based motion capture systems include high

reliability and accuracy. However, they require large dedicated laboratories to achieve

a constant line of sight with tracking markers, and trained technicians are typically

needed to operate them [13].

MIMU systems have been developed as an alternative to camera-based systems [14].

MIMUs contain a gyroscope, an accelerometer, and a magnetometer, which combine

to measure its orientation [15, 16]. Two MIMUs attached distal and proximal to a

joint, are able to track the joint angles in three dimensions [17]. However, MIMUs

have distinct shortcomings. First, two MIMUs lack the ability to relate to a common

global frame of reference [18]. As such, its necessary to align two MIMUs with a

common global reference frame in order to calculate joint angles. Secondly, MIMUs

do not have the ability to measure the position of an anatomical joint relative to itself
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[19]. Anatomical calibration must be used in order to give two MIMUs surrounding a

joint axes a relationship [20, 21, 22]. Only through this relationship, are MIMUs able

to extract joint angles. Easily identifiable bony prominences known as anatomical

landmarks can be used to help anatomically calibrate MIMU systems [4, 19]. The

calibration must be repeatable for each subject, as each will have different anatomy

and relationships between anatomical landmarks (AL) [23].

Although anatomical calibration is necessary, there’s no standardized method [18].

With multiple methods to calculate joints angles for MIMUs, camera-based systems

are needed as a reference baseline for understanding the differences between joint

angle outputs of MIMU systems [24, 25]. Comparing both systems can be used to

help find differences in the anatomical frames (AF) of each MIMU and camera-based

systems. Using an anatomical calibration that can compare protocols between both

camera-based and MIMU systems can help identify dissimilarity in joint angles. This

study analyzes the differences in joint angle outputs of each system in order to align

joint angle differences of MIMU systems. The current study aims to develop a new

method of anatomical calibration of MIMU systems that can be directly compared

to camera-based systems.

1.3 Objectives

The objective of this thesis was to understand the affect different anatomical frames

has on two different systems joint angles and to establish a similar camera-based

method for obtaining anatomical landmarks that will be used on MIMUs. Two studies

were performed to achieve this main objective.
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1.3.1 Anatomical Frame Alignment Based on Multiple Joint Angles

A comparative evaluation of joint angles was undertaken between camera-based mo-

tion capture and MIMU sensors. In order to determine the anatomical frame dif-

ferences, a numerical procedure was developed using joint angles. This study was

an extension of [26, 27] focusing on anatomical frame alignment with joint angles

from a single joint. Both studies are compared, while also identifying differences in

anatomical frames between systems using joint angles.

1.3.2 Anatomical Landmarking with a Single Point-and-Shoot Camera

A new single camera-based landmarking method was developed to extract anatom-

ical landmark information that has the ability to be fed into MIMU sensors. Cam-

era calibration was used to obtain specific metric information such as rotation and

translation from a checkerboard calibration square to a camera. The rotation and

translation were then used to locate anatomical landmarks via a pointer apparatus.

Experiments were performed to determine the accuracy of the anatomical calibration,

using camera-based motion capture as a baseline.

1.4 Scope

This thesis was written in the manuscript format and the organization of the thesis

follows as such. Chapter 2 demonstrates the alignment of anatomical frames using

joint angles from MIMUs and camera-based systems. This chapter further explored

aligning the anatomical frames of a single joint compared to aligning the anatomical
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frames of multiple joints simultaneously. Chapter 3 illustrated a new anatomical

landmarking method via a point and shoot camera and a pointer apparatus. Chapter

4 summarized the results, recommendations, and future directions.
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Chapter 2

Alignment of Anatomical Frame Variation on

Lower Body Joint Angles in MIMU Systems

Chapter Summary

Magnetic and Inertial Measurement Units (MIMU) are a widely used alternative to

camera-based motion capture systems. They excel at measuring kinematics at a lower

cost, and offer the additional benefit of portability. MIMUs do not directly measure

positions, however, which necessitates the use of an anatomical calibration proce-

dure for meaningful joint kinematics. Anatomical calibration creates a relationship

of a segment’s anatomical frame (AF) to the MIMU sensor attached to that seg-

ment. Consequently, different anatomical calibration protocols between systems lead

to discrepancies in joint angles. Furthermore, comparisons between camera-based

systems and MIMUs become difficult because each generally uses different AF defi-

nitions which is the largest source of differences in obtaining joint angles. To solve

this problem and make joint angles from different systems/protocols comparable, a

numerical procedure was developed to determine AF differences and align the AFs.
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In contrast to previous methods that align the AF of a single joint at a time, this

study looks at multiples joints and multiple body segments simultaneously Multiple

joint alignment allows to eliminate the error caused by AFs being associated with

multiple joints, giving different alignment parameters for each single joint alignment.

Lower limb joint angle data from 30 walking trials were used to validate the proposed

multiple joint AF alignment procedure. The single joint alignment procedure showed

better correlation between the two systems, but the multiple joint procedure gave a

single set of AF alignment parameters. It is recommended when aligning two systems

joint angles to use the multiple joint alignment procedure for lower limb joint angle

data.
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2.1 Introduction

Camera-based motion tracking, a commonly used method for obtaining quantitative

information in human movement, can measure gait events (i.e. toe off and heel strike),

body segment positions, and joint kinematics [1, 5, 28, 29]. Tracking position data,

such as anatomical landmarks (AL), are used to determine the anatomical frame (AF)

for a given segment, that is, the orientation and position of that body segment with

respect to a global coordinate system [30]. Using a cluster of attached markers, the

AF of a given segment can be tracked continuously through a technical frame (TF).

The combined AFs and TFs for two adjacent segments can be used to determine the

relative movement between the two segments. This motion is quantified as joint or

Euler angles [31].

Although positioning markers on anatomical landmarks (ALs) is done by trained

technicians, there still exists a varying degree of uncertainty in the identified ALs

[32]. Moreover, the differences between subjects - such as height, weight, and posture

- also cause inaccuracies in locating landmarks. Errors in palpating ALs lead to

inaccurate AFs, and eventually propagate to joint angles. Previous studies showed

that the inaccuracies in palpating landmarks can lead to joint angle error as great as

four to six degrees in the hip, knee, and ankle [33, 34]. As such, without a reliably

consistent way of locating ALs, it is difficult to compare joint angles obtained from

different studies in camera-based systems.

Magnetic and Inertial Measurement Units (MIMUs) use a different method to cal-

culate joint angles, offering an alternative to camera-based systems . Each MIMU

contains a tri-axial accelerometer, a tri-axial gyroscope, and a magnetometer [35].
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The accelerometer measures the linear acceleration of the MIMU, whilst the gyro-

scope measures the angular velocity [36]. The magnetometer measures the magnetic

field about the sensor, allowing for the alignment of the horizontal plane of the MIMU

with magnetic north of the earth.

A MIMU uses all three sensors to estimate its own orientation. Its initial orientation,

or inertial frame of reference, is calculated from the accelerometer and magnetome-

ter and used as the global coordinate frame. The orientation of the MIMU during

movement is then estimated with respect to the established global coordinate frame.

A filter, typically a Kalman filter, is used to fuse measurements produced by each of

three sensors - the accelerometer, gyroscope, and magnetometer - in order to obtain

the MIMUs orientation [37].

MIMUs offer a number of benefits such as portability, relatively inexpensive compared

to camera-based systems, and a small form factor that can be used in environments

out of a laboratory. MIMUs also have several challenges that need to be overcome in

order to reach similar accuracy to that of camera-based systems.

Two MIMUs, one distal and one proximal to a joint, are required to calculate joint

angle. However, a MIMU only has the ability to measure its relative orientation from

its initial coordinate frame, and not from a common global reference frame [38, 39].

Since each MIMUs global coordinate frame is only relative to that MIMU, a common

reference frame is therefore needed.

Another challenge associated with using MIMUs for human motion analysis is that

they cannot locate anatomical landmarks. Each MIMU must therefore be aligned

using an anatomical calibration procedure [16]. Anatomical calibration allows for
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the transformation from the anatomical frame of a fixed body segment directly to

the MIMUs global reference frame [40]. Several calibration techniques are currently

being used to this end (e.g. functional calibration [39], anatomical calibration with a

special apparatus [41], and a camera-based calibration procedure [42]).

Several problems independent of MIMUs can also lead to errors in obtaining joint

angles. For example, MIMUs suffer from integration drift of the gyroscopic sensors

[16].As measurement time increases, the output of the gyroscope tends to drift leading

to errors in joint angles. The gravitational vector of the accelerometers can be used

to help correct this drift [13]. The magnetometer can also be used to correct drift by

providing stability in the horizontal place by using the earths magnetic field, similar

to that of a compass [13]. Magnetometers, however, are affected by nearby ferro-

magnetic materials, which can therefore also affect outputs. The magnetometers and

accelerometers can be used together to calculate drift-free outputs for the gyroscope.

MIMUs also suffer from soft-tissue movement of body segments relative to the sensors

[13]. MIMUs must be secured rigidly to minimize this form of error.

Each MIMU and camera-based system has errors independent of its system, but the

largest difference between measurements comes from their respective methods for ob-

taining AFs. The discrepancy between the AFs of two different systems is directly

related to the joint angle differences [39, 43]. However, the direct comparison is

less meaningful when the two systems don’t share the same AF definitions, which is

mostly the case. Typically, camera-based systems and MIMUs use different anatom-

ical calibration protocols and methods for AF identification, resulting in measurable
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differences between the AFs of the same segment. To compare joint angle data be-

tween two different systems or protocols , therefore, a method is needed to correct

align the influence of AF differences on joint angles.

An analytical relationship has been developed to link the AF misalignment para-

maters and joint angle differences between two separate systems [26]. With this

relationship, the anatomical frame discrepancies can be determined from joint an-

gle differences. This eliminates the disagreements in AF coordinates between both

systems, finding the misalignment of AFs to correct for joint angle inequalities.

A previous study used this relationship and developed a method to align AFs between

two different systems in a single joint setting [27]. This study, however, didnt take

into account that the AFs of body segments, distal and proximal to a joint of interest,

also affect other adjacent joints. For example, the knee joint connects to two body

segments - the femur and tibia - whilst the ankle also uses the tibia in calculating

ankle joint angle. In the single joint approach [27], the AF of the tibia can be aligned

corrected either based on the knee joint angle or the ankle joint angle. However,

although the AF of the tibia is a fixed and invariant quantity, the amount of AF

alignment determined from the knee joint angle and from the ankle joint angle may

be different, thereby producing inconsistent AF alignment parameters.

To address this fundamental omission in the previous study [27], multiple body seg-

ments and joints are considered simultaneously during AF alignment and a new AF

alignment method is developed. Validation was performed with lower limb joint angle

data collected during walking, using both a camera-based and a MIMU system.
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2.2 Methods

2.2.1 Multiple-Joint Anatomical Alignment

Joint angles in a camera-based system are calculated based on two frames of reference:

anatomical and technical. Each reference frame was created from vectors determined

from marker positions measured in the global space. In order to create a frame of

reference, the vectors must be orthogonal to each other; the newly created frame can

then be used as either an anatomical or a technical frame. A calibration matrix is

typically determined in order to relate these two frames. Using a knee joint as exam-

ple, two calibration matrices - one for the thigh segment and one for tibia segment -

are determined to relate the anatomical frame and the associate technical frame as

follows,

TSmSf = [TSf ]
T [TSm] (2.1)

TFmFf = [TFf ]
T [TFm] (2.2)

where TSf and TSm represent the tibia fixed anatomical and moving technical frames

respectively. TFf and TFm represent the femur fixed anatomical and moving technical

frames respectively. TSmSf and TFmFf are the invariant calibration matrices, relating

the fixed and moving frames of the tibia and femur.

The anatomical frames allow two segments to be related, but they are not directly

tracked during motion. Instead, these frames are captured at static condition during

anatomical calibration. In contrast, technical frames, TSm(t) and TFm(t), are tracked
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during motion. With the technical frames, anatomical frames can be related through

the invariant calibration matrices (2.1) and (2.2),

TSf (t) = [TSm(t)][TSmSf ] (2.3)

TFf (t) = [TFm(t)][TFmFf ] (2.4)

where TSf (t) and TFf (t) represent the poses of the technical frames with respect

to time during motion. The two matrices in (2.3) and (2.4) are multiplied by each

other to get the transformation matrix between anatomical frames, allowing for the

anatomical joint angle calculation,

TFfSf (t) = [TFf (t)]
T [TSf (t)] (2.5)

where TFfSf (t) represents the joint angle transformation matrix of the joint in ques-

tion..

Three Euler angles can be extracted from (2.5), which are flexion/extension (γ),

abduction/adduction (α), and internal/external rotation (β).

MIMU joint angles are calculated differently, and they need a special apparatus or

functional movement relating the sensor measurement frames to the AFs of the seg-

ments. MIMUs will typically use a different protocol than a camera-based system.

The resulting dissimilarity in AF definition leads to differences in joint angles, which

makes joint angle comparison between two systems less meaningful. As such, instead

of directly comparing AFs of the same segment between systems, the difference in
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Figure 2.1: Anatomical frame differences in the femur, tibia, and foot including MIMUs.
The nominal anatomical frames are in black, and the red axes represent the
alternative anatomical frames.

each system’s AF can be represented as a time-invariant rotation matrix (or Euler

angles).

Using the knee once again as example, two sets of anatomical frames from two dif-

ferent systems (one for the femur and one for the tibia) are shown (Fig. 2.1). When

comparing the two systems, one set of AFs, RCFa
and RCTa

, are considered as the

nominal AF for the camera-based system. The other two AFs, RIFa
and RITa

, are the

alternative AF for the MIMU system. With the AFs, each system calculates joint an-

gles based on their respective protocols (flexion/extension (γ), abduction/adduction

(α), and internal/external rotation (β)). The joint angle differences between the

MIMU and camera-based systems are then calculated as
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(γ̂, α̂, β̂) = (γI − γC , αI − αC , βI − βC) (2.6)

where the subscript I represents MIMU and C represents the camera-based system.

The joint angle differences are directly related to the AF differences between systems

and the AF differences would be quantified as invariant rotation matrices between

the associated AFs,

RCFaIFa
= RCFa

RIFa
(2.7)

RCTaITa
= RCTa

RITa
(2.8)

The equations (2.7) and (2.8) allow for extraction of Euler angles as the differences be-

tween each pair of AFs. The extraction depends on the Cardan sequence of rotations

being used [5, 31].

Each AF has three orthogonal axes, and each joint angle uses two AFs. Therefore,

for each joint, there will be six AF difference variables between the two systems, and

the AF misalignment parameters can be represented as a vector δ̄, where

δ̄ = (δAX , δAY , δAZ , δBX , δBY , δBZ) (2.9)

For the knee, the subscript A would represent the AF of the femur, and B would

represent the AF of the tibia. Similarly, these can be further used to represent other

joints such as the ankle and hip. AF differences in Equation (2.9) ) are the main
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source for the joint angle differences observed between the two systems. The joint

angle differences have been analytically represented with the AF misalignment, δ̄,

and the nominal joint angles, (α, β, γ) [26],


γ̂

α̂

β̂

 =


−sin γ sinα

cosα

sinα cos γ

cosα
−1 − sin β

cosα
0

cos β

cosα

− cos γ − sin γ 0 cos β 0 sin β

sin γ

cosα
− cos γ

cosα
0

sinα sin β

cosα
1 −cos β sinα

cosα





δFx

δFy

δFz

δTx

δTy

δTz


(2.10)

In practice, the AF misalignment parameters δ̄ are not known, which leads to the

use of joint angles from both systems to discover the AF differences δ̄.When the joint

angles from both systems are available, a reverse procedure based on least squares

can be used to solve equation 2.10 and find the parameters δ̄. After finding the AF

misalignment parameters, the joint angle differences due to AF differences can be

aligned. An AF alignment procedure has been successfully implemented and verified

in [27]. The results demonstrated that the method worked for determining the AF

misalignment parameters and aligning joint angle differences for a single joint.

The problem associated with single-joint based AF misalignment alignment method

[27] is that the AF of a body segment is sometimes used for calculating two joint

angles (i.e., the AF of the femur is used for both the knee joint and the hip joint). In

the single joint AF alignment concept, the AF misalignment parameters of a segment
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could be determined either from the joint angle proximal or distal to the same seg-

ment. For example, the AF misalignment parameters of the femur could be estimated

using either the hip joint angle data or the knee joint angle data. However, the AF

misalignment parameters obtained from these two joints most likely will be different

due to numerical error in calculation. Consequently, the single-joint based AF align-

ment method will lead to inconsistent AF differences, which contradicts the fact that

the AF misalignment between two systems is a unique, time-invariant quantity.

To overcome the problem in the single joint AF alignment and obtain unique AF mis-

alignment parameters for a given segment, a new method needs to be developed that

simultaneously corrects the AF misalignment of all segments based on all available

joint angles. Considering the four segments (pelvis, femur, tibia, and foot) involved

in calculating lower limb joint angles, there will be twelve misalignment parameters,

δ̄ = (δPx , δPy , δPz , δFx , δFy , δFz , δTx , δTy , δTz , δOx , δOy , δOz) (2.11)

where δP∗ are misalignment parameters for the pelvis segment, δF∗ are for the femur segment,

δT∗ are for the tibia segment and δO∗ are for the foot segment.

As with Equation 2.10, the joint angle differences for each joint are directly related to its

nominal joint angles and the AF differences between the two body segments that form that

joint. The relationship of the joint angle differences for the three joints (γ̂h, α̂h, β̂h, γ̂k,

α̂k, β̂k, γ̂a, α̂a, β̂a) and the 12 AF misalignment parameters of the lower limb segments are

summarized in Table 2.1. For each of the nine joint angles, the total joint angle difference

is the sum of the 12 values in the associated columns. Each non-zero term in Table 2.1 are

a function of the nominal joint angles and the associated AF misalignment parameter. For
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Table 2.1: Total alignment matrix for three joints (hip, knee and ankle): γ̂h, α̂h, β̂h, γ̂k,

α̂k, β̂k, γ̂a, α̂a, β̂a are the joint angle differences for the hip, knee, and ankle
respectively. δPx , δPy , δPz , δFx , δFy , δFz , δTx , δTy , δTz , δOx , δOy and δOz are the
12 AF misalignment parameters for the for lower limb segments: pelvis, thigh,
tibia and foot. γh, αh, βh, γk, αk, βk, γa, αa, βa are the nominal joint angles
from the camera based system. The joint angle differences are related to the
12 AF misalignment parameters and 9 nominal joint angles analytically (The
relationship is derived in [26]).

Segment Axis γ̂h (F/E) α̂h (A/A) β̂h (I/E) γ̂k (F/E) α̂k (A/A) β̂k (I/E) γ̂a (F/E) α̂a (A/A) β̂a (I/E)

Pelvis(P) x −δPx

sin γh sinαh

cosαh
−δPxcos γh δPx

sin γh
cosαh

0 0 0 0 0 0

y δPy

sinαh cos γh
cosαh

-δPy sin γh −δPy

cos γh
cosαh

0 0 0 0 0 0

z −δPz 0 0 0 0 0 0 0 0

Femur(F) x −δFx

sinβh

cosαh
δFx cosβh δFx

sinαh sinβh

cosαh
−δFx

sin γk sinαk

cosαk
−δFxcos γk δFx

sin γk
cosαk

0 0 0

y 0 0 δFy δFy

sinαk cos γk
cosαk

-δFy sin γk −δFy

cos γk
cosαk

0 0 0

z δFz

cosβh

cosαh
δFz sinβh −δFz

cosβh sinαh

cosαh
−δFz 0 0 0 0 0

Tibia(T) x 0 0 0 −δTx

sinβk

cosαk
δTx cosβk δTx

sinαk sinβk

cosαk
−δTx

sin γa sinαa

cosαa
−δTxcos γa δTx

sin γa
cosαa

y 0 0 0 0 0 δTy δTy

sinαa cos γa
cosαa

-δTy sin γa −δTy

cos γa
cosαa

z 0 0 0 δTz

cosβk

cosαk
δTz sinβk −δTz

cosβk sinαk

cosαk
−δTz 0 0

Foot(O) x 0 0 0 0 0 0 −δOx

sinβa

cosαa
δOx cosβa δOx

sinαa sinβa

cosαa
y 0 0 0 0 0 0 0 0 δOy

z 0 0 0 0 0 0 δOz

cosβa

cosαa
δOz sinβa −δTz

cosβa sinαa

cosαa

example, the hip flexion/extension angle difference γ̂h are the summation of the 12 terms

in the first column (5 nonzero terms),

γ̂h = −sin γh sinαh

cosαh
δPx +

sinαh cos γh
cosαh

δPy − δPz −
sinβh
cosαh

δFx +
cosβh
cosαh

δFz (2.12)

Each of the 5 terms relates to an AF misalignment parameter of the pelvis or femur segment.

For each of the remaining 8 columns, the associated joint angle difference can also be

represented in a similar way as Equation 2.12. The nine error equations can be rewritten

in a matrix form

e = Mδ̄ (2.13)
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where e are vectors of nine joint angle differences and M is a 9× 12 matrix with functions

of nominal joint angles as shown in Table 2.1.

When the joint angles from the two systems are known, the joint angle differences e can be

calculated by subtracting the joint angles between each system. With known nominal joint

angles, the matrix M can be calculated based on Table 2.1. The unknown AF misalignment

parameter δ̄ can be solved from Equation 2.13.

Nine joint angle differences from three joints over n samples collected in a trial are organized

as a 9n column vector

e(i) =



γIh(i)− γCh(i) 0 ≤ i < n

αIh(i)− αCh(i) n ≤ i < 2n

βIh(i)− βCh(i) 2n ≤ i < 3n

γIk(i)− γCk(i) 3n ≤ i < 4n

αIk(i)− αCk(i) 4n ≤ i < 5n

βIk(i)− βCk(i) 5n ≤ i < 6n

γIa(i)− γCa(i) 6n ≤ i < 7n

αIa(i)− αCa(i) 7n ≤ i < 8n

βIa(i)− βCa(i) 8n ≤ i < 9n

(2.14)

where h, k, and a represent the hip, knee, and ankle respectively. .

Solving 2.13 is thus equivalent to solving the following minimization problem,

Σ9n
i=1[(e(i)− δPxfPx(i)− δPyfPy(i)− δPzfPz(i)− δFxfFx(i)− δFyfFy(i)− δFzfFz(i)

− δTxfTx(i)− δTyfTy(i)− δTzfTz(i)− δOxfOx(i)− δOyfOy(i)− δOzfOz(i))
2] (2.15)
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where e(i) represents the joint angle difference between the two systems (Equation 2.14).

δ∗ is the AF misalignment parameter in a given axis for a specific segment, and f represents

the corresponding row vectors in Table 2.1. For example, δPx is the X-axis AF misalignment

parameter of the pelvis and fPx depends on the nominal joint angles,

fPx = −sin γh sinαh

cosαh
(2.16)

The product of δPx and fPx reflects the contribution of total joint angle difference in the

flexion/extension axis due to the x-axis AF misalignment of the pelvis segment. After

rearrangement, the unknown AF misalignment parameters, δ̄, can be solved analytically.

Once the twelve AF misalignment parameters are determined, the associated joint angle

differences between the two systems at each time instant can be calculated using Equation

2.12. Then, the nine joint angles for the MIMUs can be aligned based on the calculated

joint angle differences. This AF alignment procedure was implemented in MATLAB.

2.2.2 Validation of Multi-Joint AF Alignment Method

Before this studies procedure to the single joint AF alignment method [27], the validity

of the multi-joint AF alignment method was tested using joint angles obtained from a

camera-based system with two known sets of AF definitions.

The validation experiment involved a single subject walking at their normal gait. Anatom-

ical landmarks were placed correctly, or as closely as possible, on the anatomical features

of the subject. After markers were arranged from ankle to pelvis, a separate set of markers

was positioned slightly off the correct anatomical landmark locations (Figure 2.2). This

second set of markers were used to calculate the alternative AFs. Once all markers were

in place, the subject was asked to walk normally in the capture volume three times while
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raw global spatial marker data was captured using a camera-based motion capture system

(Qualisys). The AF differences between body segments around the knee joint (for example)

are quantified as rotation matrices, as shown in equations (2.7) and (2.8). This can be

further applied to other segments to get the differences between the associated AF pairs.

Alternative joint angles can then be calculated by multiplying these rotation matrices,

R
F̃ T̃

= RT
F F̃

RFTRT T̃
(2.17)

where RFT is the rotation matrix between two segments obtained with one set of nominal

AF definition. R
F̃ T̃

is the rotation matrix between two segments with the alternative AF

definition. RFF̃ and R
T T̃

represent the rotation matrices between two sets of AFs for the

femur and tibia segment and they are measured with the system.

Equation (2.17) was used to calculate the joint angles for the alternative AF definition from

the nominal AF definition. Joint angles derived from both AFs were used to validate the

multi-joint AF alignment method. For the proposed multi-joint AF alignment method to be

effective, it needed to result in minimal differences between the corrected joint waveforms

and the nominal joint angles after AF alignment. To validate the difference, the grand mean

joint angle differences over three trials were calculated.

The single joint AF alignment method was also applied separately to the hip, knee, and

ankle joint angle data in order to determine the misalignment parameter δ̄ differences for the

same segment using different joint angles. The AF misalignment parameters of the femur

segment were calculated from the hip and the knee, and the AF misalignment alignment

parameters of the tibia segment were obtained from the knee and the ankle. The two sets

of AF misalignment parameters were subsequently compared to determine the degree of

consistency in estimating AF misalignment parameters from different joint angles.
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1

2

1

2

Figure 2.2: Two sets of anatomical landmarks for a knee joint: Two dimensional image of
the knee with markers on the knee (Skin and Subcutaneous tissue is not shown).
Errors occur when palpating landmarks by two technicians. Markers (labeled 1)
show one technician marking the condyles of the knee whilst Markers (labeled
2) show a separate technician marking the knee. The differences in landmarks
will create two anatomical frames with different attitude.

2.2.3 Walking Experiment Validation

A comparison of the single- and multi-joint AF alignment methods between the camera-

based system and the MIMU system was conducted on joint angle data during walking. Data

was taken from a previous study [43], in which an Optitrack 3020 system (Northern Digital

Inc., Canada) was used as the camera-based system, whilst MIMU system for kinematic data
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was tracked by Xsens MVN Biomech (Xsens Technologies, Netherlands). Xsens MIMUs

were placed according to the recommended manual, which involved Velcro to secure the

sensors properly. Only lower body sensors were used to find the lower body joint angles i.e.

pelvis to foot.

Subjects were asked to stand in a static position with arms in a neutral position beside the

body. Each subject was then asked to do a functional movement such as a squat, which

allowed the system to find the sensor orientation with the segments joint centers [13]. Joint

position and rotation was updated using a Kalman filter, reducing the drift and uncertainty

of sensor noise and soft tissue related errors. Optitrack markers were placed on the ALs of

the body to establish the AFs of each segment. Both the MIMU and camera-based systems

were sampled at a rate of 100Hz. Protocols for each established a unique AF according to

their individual anatomical calibration procedures.

Ten healthy subjects were asked to walk at their normal speed; three trials were taken

for each subject for a total of thirty trials using each system. Joint angle waveforms were

synchronized for each gait cycle starting with the heel strike. Additional detail for the data

collection can be found in [43].

For comparison, the mean joint angle difference was calculated from the difference between

the corrected MIMU joint angle and the associated joint angle from the camera-based

system. For each joint, the mean difference (MD) was calculated for each trial and subject,
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MD(γ) =
1

N

N∑
i=1

|γI(i)− γC(i)| (2.18)

MD(α) =
1

N

N∑
i=1

|αI(i)− αC(i)| (2.19)

MD(β) =
1

N

N∑
i=1

|βI(i)− βC(i)| (2.20)

where N was the number of samples in each trial. The standard deviation (SD) was also

calculated

SD(γ) =

√√√√ 1

N

N∑
i=1

|γI(i)− γC(i)|2 (2.21)

SD(α) =

√√√√ 1

N

N∑
i=1

|αI(i)− αC(i)|2 (2.22)

SD(β) =

√√√√ 1

N

N∑
i=1

|βI(i)− βC(i)|2 (2.23)

To further quantify the difference between two methods, a waveform comparison method

[44] was also used. Coefficient of Multiple Correlation (CMC) values were calculated to find

the overall similarity while also taking into account differences in offsets, gain, etc.

CMC =

√√√√√√√√1−

G∑
g=1

[
P∑

p=1

F∑
f=1

(θgp(f)− θ̄gf )
2/GFg(P − 1)]

G∑
g=1

[
P∑

p=1

F∑
f=1

(θgp(f)− θ̄g)2/G(PFg − 1)]

(2.24)

where θ̄gf was quantified as the mean joint angle at frame f between the two systems.



2.3. RESULTS AND DISCUSSION 25

θ̄g was the grand mean of the gait cycle among the two methods. P was the number of

measurement systems, F was the total number of frames or data points, and lastly G was

the amount of gait cycles per trial, for the case being used G = 1.

θ̄gf =
1

p

P∑
p=1

θgpf (2.25)

θ̄g =
1

2F

P∑
p=1

F∑
f=1

Ygpf (2.26)

θgpf was the joint angle being analyzed (flexion/extension, abduction/adduction, inter-

nal/external rotation).

Based on [44] a CMC agreement value correspond to the following: 0.75-0.84 value was

considered good waveform agreement, 0.85-0.94 was very good, with 0.95-1 was excellent.

2.3 Results and Discussion

2.3.1 Validation of Multi-joint AF alignment

With two sets of landmarks (Fig. 2.2), the camera-based systems output lower-limb joint

angles and the joint angle discrepancies originated from the AF definition differences. Mean

joint angle differences between the two AF sets over a gait cycle for hip, knee, and ankle

are shown in 2.3. For some rotation axes, the difference in joint angles is as large as 15

degrees before the AF misalignment alignment. However, the joint angle differences for

all three joints are approaching zero after AF misalignment alignment, demonstrating the

effectiveness of the proposed multi-joint AF alignment method. This also indicates that AF

differences due to alternative landmarks are the main source for the joint angle discrepancy

and could be corrected using the proposed method.
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Figure 2.3: Mean joint angle difference before and after the multi-joint AF aligned.
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To show the necessity of the multi-joint AF alignment, the single-joint AF alignment (Li,

2014) has also been applied to each joint (hip, knee and ankle) separately. The AF mis-

alignment parameters of the thigh segment, δFx, δFy, δFz, obtained from hip joint angles

and knee joint angles, are different (Table 2.2). Similarly, the AF misalignment parameters

of the tibia segment, δTx, δTy, δTz, calculated from knee and ankle joint angles, are also

different (Table 2.2).

The AF misalignment of a segment was purposely created by identifying the anatomical

landmarks differently, which caused the associated joint angle discrepancies in the proximal

and distal joints of the segment. Theoretically, according to the single-joint AF alignment

method, using either the proximal or the distal joint angle data should result in the same

AF misalignment parameters. However, the estimated AF misalignment parameters from

the two joint angles are different. This discrepancy highlights the necessity of using the

multi-joint AF alignment method for a consistent AF alignment.

Table 2.2: AF single joint misalignment: Parameters for the femur and tibia segments from
the single joint AF alignment method.

Misalignment Hip Knee Ankle Error

δFx -1.66 -2.87 NaN 1.21
δFy 4.54 3.17 NaN 1.36
δFz -7.77 -6.26 NaN 1.51

δTx NaN 4.98 6.22 1.25
δTy NaN 2.11 -1.85 3.96
δTz NaN -21.87 -25.24 3.37

2.3.2 Walking Experimental Results

Walking experiment results also indicate that the multi-joint AF alignment method is ef-

fective in correcting joint angle differences between two different motion capture systems.

The method shows considerable joint angle alignment, especially for abduction/adduction
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and internal/external rotation angles. A sample joint angle waveform during one gait cycle

is shown in Figure 2.5. The corrected joint angles from both the single joint AF alignment

method and the multi-joint AF alignment method have better agreements with the camera

measured joint angles than the original joint angles from the MIMU system without AF

alignment.

Mean differences for the original MIMU system, single-joint AF alignment, and multi-joint

AF alignment, were also compared (Fig. 2.4). The mean differences from the multi-joint

AF alignment method are slightly higher than those from the single-joint AF alignment

method. The knee abduction/adduction angle exhibits the largest difference, but it is less

than two degrees.

To further validate the waveform similarity of the two AF alignment methods over the

original joint angles from the MIMU system, the calculated CMC values are listed in Table

2.3. The CMC values are improved significantly from the original joint angles for both

the single joint AF alignment and the multi-joint AF alignment method. Compared with

the flexion/extension joint axis, the waveform similarity in the abduction/adduction axis

and the internal/external rotation axis achieved larger improvements with all CMC values

falling in the good or very good range.

The single joint AF alignment method slightly outperforms the multi-joint AF alignment

method for abduction/adduction joint angles. The differences are likely due to the new

constraints introduced to the multi-joint AF alignment method. The femur segment AF is

constrained by the hip and knee joint, while the tibia segment AF is constrained by the knee

and ankle joint. In the single joint AF alignment method, six unknown AF misalignment

parameters (three for the proximal and three for the distal segment) are corrected with

three joint angle measurements (flexion/extension, abduction/adduction, internal/external

rotation). In contrast, the multi-joint AF alignment method needs to estimate 12 AF
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Figure 2.4: The grand mean difference and standard deviation of joint angle differences
under three conditions. 1) the difference between the nominal joint angles from
the camera-based system and the original joint angles from XSens system; 2) the
difference between the nominal joint angles from the camera-based system and
the joint angles after single-joint AF alignment; and 3) the difference between
the nominal joint angles from the camera-based system and the joint angles
after multi-joint AF alignment.



2.3. RESULTS AND DISCUSSION 30

0 10 20 30 40 50 60 70 80 90 100
−40

−20

0

20

40
Hip Flex/Ext

Percent of Gait Cycle

D
e
g
re
e
s

0 10 20 30 40 50 60 70 80 90 100
−20

−10

0

10
Hip Abd/Add 

Percent of Gait Cycle

D
e
g
re
e
s

0 10 20 30 40 50 60 70 80 90 100
−20

−10

0

10
Hip Int/Ext 

Percent of Gait Cycle

D
e
g
re
e
s

 

 

Optical

Xsens

Multi−Corrected

Single−Corrected

0 10 20 30 40 50 60 70 80 90 100
−50

0

50

100

Percent of Gait Cycle

D
e
g
re
e
s

Knee Flex/Ext

0 10 20 30 40 50 60 70 80 90 100
−5

0

5

10

Percent of Gait Cycle

D
e
g
re
e
s

Knee Abd/Add 

0 10 20 30 40 50 60 70 80 90 100
−40

−20

0

20

Percent of Gait Cycle

D
e
g
re
e
s

Knee Int/Ext 

 

 

Optical

Xsens

Multi−Corrected

Single−Corrected

0 10 20 30 40 50 60 70 80 90 100
−20

−10

0

10

20
Ankle Flex/Ext

Percent of Gait Cycle

D
e
g
re
e
s

0 10 20 30 40 50 60 70 80 90 100
−10

−5

0

5

10
Ankle Abd/Add 

Percent of Gait Cycle

D
e
g
re
e
s

0 10 20 30 40 50 60 70 80 90 100
−20

−10

0

10

20
Ankle Int/Ext 

Percent of Gait Cycle

D
e
g
re
e
s

 

 

Optical

Xsens

Multi−Corrected

Single−Corrected

Figure 2.5: Joint angle waveforms showing the differences between multiple setups. Setups
include the nominal joint angles from the camera-based system, the original joint
angles from the XSens system, joint angles after the single-joint AF alignment,
and joint angles after the multi-joint AF alignment.
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misalignment parameters (three for each segment of pelvis, femur, tibia, and foot) with

nine joint angles (three for each joint of hip, knee, and ankle). These extra constraints

cause the multi-joint AF alignment method to have less joint angle correlation than the

single joint AF alignment. However, the multi-joint AF alignment method considers all

the joint together and finds a unique set of AF misalignment parameters for each segment.

In the single AF alignment method, the misalignment parameters for a segment can be

determined using either joint angles proximal to the segment or joint angles distal to the

segment. These two sets of misalignment parameters are different, which contradicts the

uniqueness of the anatomical frames for each segment. Therefore, the AF misalignment

parameters obtained from the single joint AF alignment method were not realistic even

though they achieved better joint angle alignment performance.

Table 2.3: CMC value comparison for hip, knee, and ankle. Mean and standard deviation
of CMC values for the nominal joint angles, the original joint angles from XSens
system, joint angles after single-joint AF alignment, and joint angles after multi-
joint AF alignment.

Joint Axis Original Single Joint Alignment Multiple Joint Alignment

Hip Flex/Ext 0.93 (0.04) 0.99 (0.01) 0.98 (0.02)
Add/Abd 0.86 (0.12) 0.97 (0.04) 0.88 (0.09)

Int/Ext Rotation 0.64 (0.29) 0.95 (0.04) 0.90 (0.09)

Knee Flex/Ext 0.97 (0.03) 1.00 (0.00) 1.00 (0.00)
Add/Abd 0.47 (0.19) 0.85 (0.18) 0.71 (0.26)

Int/Ext Rotation 0.74 (0.17) 0.97 (0.03) 0.94 (0.05)

Ankle Flex/Ext 0.95 (0.05) 1.00 (0.01) 0.99 (0.01)
Add/Abd 0.74 (0.17) 0.96 (0.03) 0.82 (0.21)

Int/Ext Rotation 0.76 (0.24) 0.95 (0.05) 0.92 (0.07)

2.4 Conclusion

This study provides a new multi-joint AF alignment method that aligns anatomical frames

of multiple segments simultaneously based on joint angle data. This approach is different
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from the single joint AF alignment method [27], which only corrects AFs of two segments

each time. Although the new method has a slightly larger error, it still correlates the two

systems joint angles dramatically when compared to that of the original MIMU joint angles.

The main merit of the new method is that it can achieve a consistent set of AF misalignment

parameters for each segment. It is recommended that the multi-joint AF alignment method

be used instead of the single joint alignment method, when comparing joint angles from

two different systems or data collection protocols. The AF alignment method aligns the

anatomical frames of two different systems, but this does not require that the systems

being compared are camera-based and MIMU. The method developed here applies to any

two systems that can establish joint angles, and will successfully align one reference system

to an alternate system. From the joint angle waveforms it is hard to understand truly which

system contains error. From this study, the camera-based system was used as the reference

system because of its extensive application in the human motion capture field. Therefore,

the AF alignment between systems should be seen as correcting the AF misalignment to

the reference system. The misalignment must not be seen as a system error but rather

as the difference between each systems anatomical calibrations. After AF alignment, any

additional differences in the joint angles waveforms for either system are considered errors

internally to the system, such as anatomical landmarking errors in optical systems or the

gyroscopic integration drift of the MIMUs. Since the anatomical calibration procedure for

MIMUs is different from that of camera-based systems, it is hard to understand what the

AF alignment truly means. In order to get an understanding of the differences in anatomical

calibration procedures, MIMUs anatomical calibration should be similar to that of camera-

based systems. The anatomical calibration an be done with a point-and-shoot camera and

a pointer apparatus to locate anatomical landmarks that can be used to create anatomical

frames. The procedure above is discussed extensively in Chapter 3.
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Chapter 3

Localizing Anatomical Landmarks with a single

point-and-shoot camera

Chapter Summary

Camera-based systems use anatomical landmarks to obtain anatomical frames embedded

to body segments. Unfortunately, MIMUs cannot measure position relative to anatomical

landmarks. This study used a single point-and-shoot camera to identify anatomical land-

marks to body segments. Camera calibration techniques are used to find the rotation and

translation from a body segment to a anatomical landmark. Two calibration squares are

used where one is attached to a body segment called the global calibration square and the

other attached to a pointer apparatus called the pointer calibration square. The pointer

apparatus calibration square was attached to a digitizing pointer that must be calibrated

to find the rotation and translation data necessary for anatomical landmarks. Four points

with a set translation away from the global calibration square are then transformed into

the pointer calibration square coordinate system. This allowed to find the translation of

the pointer apparatus from the pointer calibration square origin to the tip of the apparatus.

After the apparatus was calibrated, it can be used to find the translation of an anatomical
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landmark to the global calibration square attached to a body segment. To further confirm

the accuracy of the procedure, the apparatus was tested on a saw bone as well as a human

subject to locate anatomical landmarks. These trials were compared to the camera-based

system Qualisys. Future work involves feeding the relevant information directly into the

MIMU and testing the accuracy and improvement joint angle accuracy through motion.
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3.1 Introduction

In recent years, different methods have been developed to align anatomical frames to MIMUs

global coordinate. A joint angle estimation method has been developed by Favre et al,

which tracks MIMU orientation of two MIMUs and aligns the MIMUs using simple leg

movements [18, 45]. To calculate joint angles, Favre’s study used the gravitational vector of

the accelerometer to obtain a common fixed reference frame for MIMUs at a static standing

position. Using a dynamic movement, such as hip abduction/adduction, they were able to

locate the anatomical frames surrounding a joint. They compared the information from the

static and dynamic frames to get a common frame of reference for the MIMUs. Cutti et al,

used functional movements such as flexing and extending the knee to obtain the direction of

the knee flexion/extension axis [39]. They then used static positions to establish anatomical

frames by assuming the angles of each joint to be at neutral position i.e. joint angles are all

zero. Lastly, Bisi et al used a digital camera, an anatomical pointing stick, and a calibration

pattern to find the orientation of a synthetic femur, to help align a single MIMU [42]. Bisi’s

study utilizes camera calibration to obtain 3D geometry of anatomical landmarks and a

MIMU, both relative to a global coordinate system. Bisi’s method lacks mobility, as the

anatomical pointing stick must be attached directly to the camera, requiring both to be

simultaneously moved in order to properly locate anatomical landmarks. Lack of portability

of Bisi’s setup gave a small field of view for capturing both anatomical landmarks and the

MIMU.

Camera calibration is a versatile algorithm that can be used with any point-and-shoot cam-

era. It’s methodology for obtaining the 3D geometry of an object and the internal camera

parameters, made it an accurate alternative for anatomically calibrating MIMUs. External

camera parameters, rotation and translation from a camera to a planar calibration square,
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can be used to help locate the translation and rotation of an MIMU relative to an anatom-

ical landmark. Anatomical landmarks, can then be used to construct an anatomical frame

[46]. Camera calibration, a procedure based on the pin-hole camera model, which represents

a 3D scene/point in a 2D image [47, 48]. Calibrating a camera requires a basic point-and-

shoot digital camera and planar pattern such as a checkerboard. For more information on

Camera Calibration refer to Appendix A.

A digital point-and-shoot camera and a planar calibration square was used to validate

the feasibility of camera calibration technique to anatomically calibrating MIMUs. Ro-

tation and transition outputted from camera calibration can measure position relative to

an MIMU. This study investigated the possibility of combining camera calibration directly

with MIMUs.

3.2 Locating Anatomical Landmarks with a Pointer Apparatus

MIMU and camera-based systems both can output joint angles, they lack the ability to

directly compare their anatomical calibration protocols. In order to establish a comparative

technique, anatomical calibration methods for both systems must be similar. This section

explores the protocol of locating anatomical landmarks as well as calibrating a specific

pointer apparatus for obtaining the location of anatomical landmarks (AL).

3.2.1 Anatomical Landmarking for Body Segments

In order to measure joint angles, MIMU systems need to be associated with anatomical

frames. This involved establishing anatomical frames to each body segment adjacent to

a joint of interest. Anatomical landmarks (AL) are necessary in order to establish an

anatomical frame with a similar protocol to that of a camera-based systems. ALs are located
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Figure 3.1: Anatomical landmarking using Camera Calibration. Two calibration squares,
one affixed to the pointing apparatus (PCS) and the other attached rigidly to the
body segment (GCS). Rotation and translation of the PCS to CCS are given
as [Rp | tp]. The rotation and translation of the GCS to the CCS are given
as [RI | tI ]. [Rp | tp] and [RI | tI ] are determined from camera calibration.
Translation of anatomical landmark to body segment (GCS) are labeled as ta
and translation of anatomical landmark to PCS are labeled as tf .

by manually palpitating these bony protrusions. With vectors between ALs, anatomical

frames are established and can be used to calculate joint angles.

Camera calibration, a useful technique in determining ALs for body segments, can be used to

determine anatomical frames. Locating ALs requires feeding extrinsic information to body

segments shown in Figure 3.1. Extrinsic information contains the rotation and translation

from a coordinate system such as the global coordinate system (GCS) to a camera coordinate
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system (CCS). The GCS was affixed to the calibration square located on a body segment

such as the femur which gives the rotation and translation from the GCS to the CCS,

[RI | tI ], solved from camera calibration. To relate ALs to the associated body segment,

a pointer apparatus was designed to locate ALs in the CCS. The pointer apparatus was

made of a digitizing pointer normally used for multiple camera motion capture and a pointer

calibration square (PCS) attached to the pointer apparatus. A rotation and translation from

the PCS to the CCS [RP | tP ], was solved using camera calibration shown in Figure 3.1.

Both calibration squares were identical in width/height and were calibrated simultaneously.

The calibration squares used were identical allowed to establish the transformation of the

PCS and GCS using the CCS of a single camera. By establishing the translation of ALs

relative to the PCS (tf ), it was then transformed into the GCS (ta), the translation from

the AL to the GCS. The translation ta can be solved as follows,

tC = tP +RP tf (3.1)

ta = R−1
I (tC − TI) (3.2)

Rotation matrices and translation vectors [RI | tI ] and [RP | tP ] in Figure 3.1 was solved

from camera calibration and the details are explained in Appendix A. The procedure was

repeated for multiple images to capture the field of view of the static camera where the

pointer apparatus is moved in multiple orientations pointing to the same anatomical land-

mark to get an accurate estimate for ta. Each image solved for ta at different orientations

where the mean answer for all images can then be used as the translation from the body

segment to an anatomical landmark. This procedure can be repeated for as many ALs that

are needed to construct an anatomical frame. Flowchart of the procedure shown in Figure
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t
a

Figure 3.2: Flowchart for locating anatomical landmarks. Multiple images where the
pointer apparatus is directed to the same anatomical landmark at different
orientations to capture majority of the field of view are used. Images are in-
putted and camera parameters are initialized based on camera calibration cri-
teria. Intrinsic parameters inherent to the camera are solved i.e. focal length,
principal point, and distortion terms which can be used to confirm the accuracy
of the calibration. Extrinsic parameters are used to solve for the location of the
anatomical landmark relative to the calibration square attached to the body
segment. The protocol used for camera calibration can be found in Appendix
A.

3.2 can be used to locate multiple anatomical landmarks. These landmarks can further be

used to establish anatomical frames for MIMUs before calculating joint angles.

3.2.2 Pointer Apparatus Calibration

Before the pointer apparatus can be used, a separate calibration must be performed. This

involved finding the translation vector (tf ) from the tip of the apparatus to the PCS. This

was done by introducing a new calibration square as the GCS while using the pointer

apparatus shown in Figure 3.3. The rotation and translation between the PCS and GCS

was solved through the common CCS.

In order to calibrate the pointer apparatus, 4 points were set at known coordinates in the
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GCS. All points are contained on the same plane as the GCS. Assuming the X-Y coordinate

of each point to be in parallel with the X-Y axis of the GCS.
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Figure 3.3: Pointer apparatus calibration. tf represents the translation from the origin of
the pointer calibration square (PCS) to the point. Four points each with a
known translation from the origin of the calibration square (GCS) shown in red
with X and Y coordinates shown. The euclidean distance of each point relative
to the GCS are: 1 - 80mm, 2 - 100mm, 3 - 150mm, and 4 - 150mm.

Let the translation from the point being analyzed to the GCS e called ta, where ta was the

translation vector from a selected point to the calibration square. The translation ta needs

to be transformed into the CCS.

tC = tI +RIta (3.3)
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where tI and RI are the translation and rotation from the GCS to the CCS determined from

camera calibration, and tC the translation vector of ta in the CCS. tC was then transformed

into the PCS.

tf = R−1
P (tC − tP ) (3.4)

where tP and RP are the translation and rotation from the PCS to the CCS determined from

camera calibration, and tf the translation vector of the point in the PCS. The procedure

was performed for each point with multiple images (I) to sufficiently cover the field of view

of the static camera similar to the flowchart in Figure 3.2. tf was then averaged for all

images. The mean tf was then averaged over four points (k) to find the translation from

tip to the PCS,

tmean
f =

1

4I

4∑
k=1

I∑
i=1

tf (i, k) (3.5)

where tmean
f are used to estimate the translation vector of the tip to the PCS. The true

answer for the pointer translation tmean
f is not known, but the euclidean distance could be

measured with a laser scanner. The estimated euclidean distance |tmean
f | can be compared

directly with the measured euclidean distance to determine the accuracy of tmean
f .

3.2.3 Pointer Apparatus Validation using Spot Check

The pointer apparatus needs to be validated before being applied to locate ALs for the

body segment calibration square. Error sources such as insufficient amount of images,

calibration squares taken at incompatible viewing angles (> 45 degrees), or too large of a

viewing distance for the resolution of the camera can cause an undesired pointer apparatus



3.2. LOCATING ANATOMICAL LANDMARKS WITH A POINTER
APPARATUS 42

calibration. To validate the accuracy of the translation vector (tf ), spot checks with three

newly randomized points with known coordinates (ta) is performed Figure 3.4. For each

point, this involves solving for ta with equations (3.1) and (3.2). ta can then be averaged

for all images (I) where the pointer apparatus is rotated in multiple orientations for a single

point to capture majority of the field of view.

tmean
a =

1

I

I∑
i=1

ta(i) (3.6)

where tmean
a is the mean projected answer for a select point, it can be compared to the

measured translation and euclidean distance for that selected point. This procedure is

repeated for each of the three points.

If the pointer apparatus calibration doesn’t reach desired accuracy the apparatus can be

re-calibrated. A higher quality camera and a closer viewing distance will help give a higher

accuracy. If the field of view isn’t properly captured the camera must be re-calibrated. The

apparatus only needs to be calibrated once unless any defects or changes in the apparatus

occur.
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Figure 3.4: Pointer apparatus validation. tf represents the translation from the origin of
the pointer calibration square (PCS) to the point. Three points each with
translation (ta) from the origin of the calibration square (GCS) shown in red.
The euclidean distance of each point relative to the GCS are: 1 - 42mm, 2 -
70mm, and 3 - 21mm. With a solved tf , the projected ta can be validated with
the measured solutions.

3.3 Experimental Validation

Validating the protocol was necessary to demonstrate the feasibility of the methodology.

This involves validating the camera calibration procedure, the accuracy of the pointer ap-

paratus, and the protocol itself. Camera calibration was validated by testing the intrin-

sic/extrinsic parameters as well as showing the feasibility of using two calibration squares

at the same time. The pointer apparatus validation involved spot checks and calculating

the error. Lastly, to validate the protocol a saw bone was used to locate the translation of

ALs to a body segment. A human subject was also used to determine the affects of locating

ALs with the presence of soft tissue.



3.3. EXPERIMENTAL VALIDATION 44

3.3.1 Validation of Camera Calibration

For details of the camera calibration procedure, refer to Appendix A. In order to validate

camera calibration algorithm, two tests are performed. These tests are: a reprojection error

test and a two square calibration test. Reprojection error tests the geometric difference be-

tween the projected corner translation from camera calibration procedure and the measured

corner translation solved from corner detection. Reprojection error typically can be per-

formed for all camera calibration techniques to insure sufficient accuracy of the intrinsic and

extrinsic parameters. Let subscript p represents projected solutions from camera calibration

and subscript m represent the measured solution. The data from saw bone experiment was

used as an example for the reprojection error test. The reprojection error e(i) of all corners

on a calibration square for a given image (i) was calculated as,

e(i) =

√√√√ 1

N

N∑
n=1

(mp(n)−mm(n))2 (3.7)

e(i) are the reprojection errors, mp are the projected corners, and mm are the measured

corners. N is the number of corners contained on a calibration square. Where i = 1. . .I

are the number of number of images used in a calibration (I = 40). The mean reprojection

error of all images was not calculated as each image must show sufficient accuracy to ensure

accurate extrinsic parameters. If the reprojection error of an image was higher than 1 pixel,

than calibration was repeated with different images [49].

The procedure of this study required the protocol to find the rotation and translation

between two calibration squares and the feasibility of calibrating two squares simultaneously.

By setting two calibration squares at a predetermined translation and rotation shown in

Figure 3.5, the error between the projected translation and rotation solved from camera
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calibration and the measured rotation and translation can be calculated. Both squares

were calibrated simultaneously where the translation and rotation from the squares to the

CCS are determined through camera calibration.

T1 =

R1 t1

0 1

 (3.8)

T2 =

R2 t2

0 1

 (3.9)

where T1 are the first calibration square transformation matrices containing the rotation

(R1) and translation (t1) from the calibration square of T1 to the CCS. T2 are the second

calibration square transformation matrices which also contains the rotation (R2) and trans-

lation of (t2) to the CCS. The translation and rotation from one square to the other was

calculated through matrix multiplication as shown,

[Td] = [T2]
−1[T1] (3.10)

Td are the resulting rotation and translation matrices between the two squares calibration

squares. Three validations were performed (l = 1 . . . 3): (1) two calibration squares were

set parallel to each other, (2) 45 degrees between each other, (3) perpendicular from one

another. In each validation (l), the rotation and translation can be checked against the

measured values,

ϕRMSE(l) =

√√√√1

I

I∑
i=1

(ϕp(i)− ϕm)2 (3.11)
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θRMSE(l) =

√√√√1

I

I∑
i=1

(θp(i)− θm)2 (3.12)

γRMSE(l) =

√√√√1

I

I∑
i=1

(γp(i)− γm)2 (3.13)

where ϕ, θ, and γ represents rotation about the z, y, and x axes respectively from T1 to T2.

The root mean square error (RMSE) of each rotation can be calculated from the projected

rotation (p) and the measured rotation (m). The number of images used in the validation

was I = 12. The error is calculated per image, and the mean error for all images can be

calculated. RMSE of the translation is calculated similarly as above,

tRMSE(l) =

√√√√1

I

I∑
i=1

(tp(i)− tm)2 (3.14)
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Figure 3.5: Validating two calibration squares. Two calibration squares with a set Z-axis
rotation of 45 degrees and a translation of 70mm.
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where tRMSE(l) represents the RMSE of the translation from T1 to T2. tp represents the

projected translation and tm represents the measured translation. The error is calculated

per image, and the mean error for all images can also be calculated.

3.3.2 Validating the Accuracy of the Pointer Apparatus

Section 2.2.2 explained how to calculate the translation of the pointer apparatus, but the

error between the measured translation and projected translation must be sought. The ap-

paratus translation error was determined by comparing the measured translation vector tmf

and the mean projected solution of the pointer apparatus tpf solved from camera calibration.

Since measuring the 3D translation tmf vector was difficult, the scalar euclidean distance

|tmf | is measured with a laser scanner. The projected euclidean distance of the PCS to the

apparatus tip |tpf | calculated as well. The measured euclidean distance was compared with

the projected euclidean distance from camera calibration.

tRMSE
f =

√√√√1

I

I∑
i=1

(|tpf (i)| − |tmf |)2 (3.15)

where tRMSE
f are the RMSE values of the translation |tf |. The accuracy of vector trans-

lation of pointer apparatus tpf was further validated through spot checks (Section 2.2.3).

The difference between the measured translation tma and the projected translation tpa was

determined,

tRMSE
a =

√√√√1

I

I∑
i=1

(tpa(i)− tma )2 (3.16)

tRMSE
a is the RMSE of the translation ta. I = 10 was the amount of images used for
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determining tpa and tpf .

3.3.3 Locating Anatomical Landmarks on a Saw Bone

A saw bone pilot test was done to instrument the accuracy of the pointer apparatus protocol

in comparison with the Qualisys motion capture system [50]. Two calibration squares of

33x55mm were used as they are smaller than a typical MIMU. Nikon camera with a Nikkor

VR 10-30mm f/3.5-5.6 lens (3872x2592 pixel resolution) was used for capturing images.

The camera was rigidly attached to a tri-pod at a desired orientation and the camera stays

in the selected orientation during calibration. The procedural setup is shown in Figure 3.6.

A marker cluster was attached to the saw bone with a known distance from the origin of

the body segment global calibration square to the markers. The markers themselves have

a translation that needed to be added to find ta in Qualisys. Furthermore, cluster markers

stick off the calibration plane for Qualisys’ measurement. They must be subtracted so

the markers are in-line with the calibration square plane. Three ALs are sought in this

experiment: the lateral condyle (LC) of the femur, the medial condyle (MC) of the femur,

and the greater trochanter (GT) of the femur. The translation ta was calculated using 20

images for each anatomical landmark in both Qualisys and the proposed protocol. To assess

the error in the protocol, a Bland-Altman plot is used. Bland-Altman plots determine the

agreement between two different measures using the average difference between a 95 percent

confidence interval or called the limits of agreement [51]. Each point gives the mean of two

measures vs. difference between the two measures represented in equation (3.17),

tpq = (
tqa + tpa

2
, tqa − tpa) (3.17)

where tqa are the translations of the anatomical landmark calculated by Qualisys, tpa are the
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Figure 3.6: Experimental set-up of the saw bone test. Pointer calibration square (PCS) was
used to find ta relative to the body segment global calibration square (GCS)
attached to the saw-bone. The Greater Trochanter (GT) was located using the
pointer apparatus

projected translations of the anatomical landmark calculated from the proposed protocol.

tpq are the measurements that can be plotted in a Bland-Altman graph. This was repeated

for as many as i images taken. It should be noted that the scalar euclidean distance of both

tqa and tpa was compared for each anatomical landmark when using Bland-Altman plots.

3.3.4 Locating Anatomical Landmarks on a Human Subject

Testing on a human subject was done to show the accuracy of the protocol including soft

tissue. Three calibration squares of 33x55mm were used, attached to the femur, the shank,
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and the apparatus shown in Figure 3.7. The camera used was a Nikon with a Nikkor VR

10-30mm f/3.5-5.6 lens. The camera has a 3872x2592 pixel resolution. The camera was

setup in a desired orientation to capture each three calibration squares simultaneously with

no movement required.

A single image contains three calibration squares, where each was calibrated simultaneously

to find the translation ta for both the femur and tibia. The lateral condyle was used as the

anatomical landmark, to find the translation for each of the femur and shank segment. As

with the saw-bone study, the data was compared to Qualisys. The number of images used

to locate the anatomical landmark was I = 20. A Bland-Altman plot was used as well to

compare the data from Qualisys and the proposed protocol. The Bland-Altman plot was

used for the human subject study.
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Figure 3.7: Experimental set-up of the human subject study. Pointer calibration square
(PCS) was used to find ta relative to the body segment calibration squares
attached to the the femur and tibia. Example used shows the Lateral Condyle
(LC) being located using the pointer apparatus
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3.4 Results

3.4.1 Camera Calibration Validation

Camera calibration also provides the internal camera parameters including focal length and

principal point. For the Nikkor VR 10-30mm f/3.5-5.6. the focal lengths and principal

points are,

α = 3839.7 β = 3847.6 u0 = 1862.6 v0 = 1287.9
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Figure 3.8: The reprojection error of the calibration squares from the saw-bone test. The
root mean square error for each calibration square are shown as a point for each
image. Each points number represents the image number in the calibration.
The root mean square error (RMSE) are shown in the u and v directions of the
ICS. 40 images were used in this test.
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Table 3.1: Translation between origins of two calibration squares. The measured transla-
tion is compared with the projected translation from camera calibration. Parallel
squares represent 0 degree rotation about the Z-axis, 45 Degrees squares repre-
sents rotation 45 degrees about the Z-axis, and Perpendicular squares represents
rotation 90 degrees about the Z-axis. A total of 12 images were used where all
translation estimates are in mm.

Image Parallel Squares 45 Degree Squares Perpendicular Squares

1 67.95 69.74 70.42
2 68.54 70.42 71.61
3 68.37 70.13 70.26
4 68.60 75.30 71.00
5 68.19 70.39 70.55
6 68.18 70.43 74.38
7 67.11 72.11 71.46
8 68.13 72.33 70.23
9 68.20 72.66 70.36
10 67.94 72.66 70.15
11 67.88 70.00 70.21
12 67.52 70.34 70.36

Mean Projected Answer 68.01 71.35 71.90
Mean Measured Answer 68 70 70
RMSE 0.40 2.07 1.50
Standard Deviation (SD) 0.42 1.63 1.20

where all answers are in the units of pixels. α and β show good comparative values, and the

principal point location are close to the center of the 3872x2592 image. Internal parameters

must show these attributes in order to confirm a good calibration.

The reprojection error tests takes the measured translation of a corner from the corner

detector and finds the difference in the projected corner. A reprojection error test from

the saw-bone test is shown in Figure 3.8. The results show sufficiently low error, which

indicates the intrinsic and extrinsic parameters are accurate in the calibration.

Finding the translation and rotation between two calibration squares was a necessary cal-

culation to determine the feasibility of using two calibration squares simultaneously. By

calculating the projected rotation and translation between two squares, the measured ro-

tation and translation can be compared to it. The accuracy and error in translation and
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Table 3.2: Rotation difference between two calibration squares. The measured rotation
are compared to the projected answers from camera calibration. ϕ represents
rotation about the z-axis, θ represents rotation about the y-axis, and γ represents
rotation about the x-axis. 12 images in total were used.

Parallel Squares 45 Degree Squares Perpendicular Squares

Image ϕ (z) θ (y) γ (x) ϕ (z) θ (y) γ (x) ϕ (z) θ (y) γ (x)

1 0.10 -0.97 0.97 44.96 0.50 -0.50 89.81 1.65 -1.65
2 0.12 -0.06 0.06 45.30 -0.07 0.07 90.14 0.03 -0.03
3 0.20 0.58 -0.58 44.81 0.65 -0.65 90.40 0.56 -0.56
4 -0.08 0.45 -0.45 44.57 -0.90 0.90 90.43 0.85 -0.85
5 0.02 0.34 -0.34 44.75 -0.78 0.78 90.04 -0.51 0.51
6 -0.06 0.40 -0.40 44.86 -1.23 1.23 90.04 -1.43 1.43
7 0.10 -0.50 0.50 45.01 -0.11 0.11 89.48 -0.93 0.93
8 0.15 0.04 -0.04 44.77 0.88 -0.88 89.63 -0.18 0.18
9 0.22 0.88 -0.88 45.71 0.60 -0.60 89.40 -1.19 1.19
10 0.15 1.15 -1.15 44.62 -0.51 0.51 89.91 0.40 -0.40
11 0.01 0.34 -0.34 44.56 1.56 -1.56 90.20 0.80 -0.80
12 0.07 -0.05 0.05 44.99 0.69 -0.69 89.64 -1.20 1.20

Mean Projected Answer 0.08 0.22 -0.22 44.91 0.11 -0.11 89.93 0.03 -0.03
Mean Measured Answer 0 0 0 45 0 0 90 0 0
RMSE 0.125 0.59 0.59 0.33 0.81 0.81 0.34 0.94 0.94
Standard Deviation (SD) 0.1 0.58 0.58 0.33 0.84 0.84 0.34 0.98 0.98

rotation is shown in Table 3.1 and 3.2 respectively. The projected and measured translations

and rotations showed similar values with low RMSE and SD.

3.4.2 Pointer Apparatus Validation

The pointer apparatus validation required finding both the translation tf from the PCS to

the tip and the error in tf . The translation tf and euclidean distance |tf | in mm are com-

pared in Table 3.3. The scalar euclidean distance |tf | showed very small error comparison

between the projected and measured answers.

Three newly randomized points were then used to determine the accuracy of tf , by back

calculating and solving for ta. Results from the spot check test are shown graphically
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Table 3.3: Pointer apparatus translation calibration table for tf : Four points from P1 to P4
around a calibration square are used to determine the translation and euclidean
distance of the apparatus solving for tf . This includes the average translation
from 10 images, as well as the average euclidean distance in total from the four
points. Ten images were used to calibrate for each point. All measurements are
in mm.

Point X (mm) Y (mm) Z (mm) Distance (|tf |(mm))

tP1
f 34.92 197.70 11.21 201.08
tP2
f 37.29 199.32 12.34 203.15
tP3
f 37.32 198.45 11.99 202.28
tP4
f 38.29 195.74 11.02 199.76

Mean Projected Answer (tpf ) 36.95 197.80 11.64 201.55

Mean Measured Answer (tmf ) N/A N/A N/A 201.25
tRMSE
f N/A N/A N/A 1.32
Standard Deviation (SD) 1.43 1.52 0.63 1.48

in Figure 3.9. This shows visually how much standard deviation their can be between

projected translations. The same data was shown numerically in Table 3.4. All three points

are contained on the plane of the calibration square, meaning each point should have a zero

coordinate in Z-direction. The standard deviation was high between points which can cause

lower precision. Any point higher or lower than zero for the Z-axis is considered as error.
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Figure 3.9: Pointer apparatus parameter spot check ta. The translation for three newly
randomized points, with shown measured translation tpa. 10 measurements for
each point tma were used to get an accurate estimate.

Table 3.4: Pointer apparatus parameter comparison ta. Three points around a calibration
square are used to determine the translation and euclidean distance of the ap-
paratus solving for ta. This includes the average translation from 10 images, as
well as the average euclidean distance in total from the four points. tpa is the
mean projected point for 10 images, tma is the measured point. Thirty images
total were used to calibrate all three points.

Point Point Number X (mm) Y (mm) Z (mm) Distance (mm)

tpa

1

33.86 -23.00 -2.57 40.60
tma 32.85 -25.08 0 41.33
tRMSE
a 2.76 5.24 5.70 3.42
tSD
a 2.86 5.07 5.37 3.6

tpa

2

-25.31 25.11 2.55 35.74
tma -24.49 22.15 0 33.03
tRMSE
a 4.86 4.60 6.10 4.77
tSD
a 5.05 3.71 4.84 3.44

tpa

3

56.84 57.27 1.75 80.71
tma 54.85 57.37 0 79.37
tRMSE
a 3.33 4.60 5.14 3.24
tSD
a 2.81 4.85 5.09 2.97
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3.4.3 Locating Anatomical Landmarks on a Saw Bone

Three anatomical landmarks were measured relative to the body segment calibration square

to find the translation ta in both Qualisys and camera calibration. Bland-Altman plot is

shown in Figure 3.10. It should be noted that the euclidean distance of both tqa and tpa is

compared. The mean difference between both system was close to zero. The limits of agree-

ment for each anatomical landmark are: lateral epicondyle (7.3,−9.5), medial epicondyle

(5.9,−6.6), greater trochanter (6.9,-6.6).

3.4.4 Locating Anatomical Landmarks on a Human Subject

One anatomical landmark was measured relative to two body segment calibration squares

attached to a human subject on the femur and tibia. The data from this protocol and

camera-based system Qualisys is compared using a Bland-Altman plot shown in Figure 3.11.

The limits of agreement for the lateral epicondyle are: tibia (8.1,−15), femur (14,−23).

Higher error was bvshown in the human subject compared to the saw bone which is likely

caused by soft tissue.
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Figure 3.10: Bland-Altman plot for each anatomical landmark on the saw-bone. 20 images
were used where the difference of the means for camera calibration vs Qualisys
is shown with 95% limits of agreement. The anatomical landmarks include the
greater trochanter, the medial condyle, and the lateral condyle.
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Figure 3.11: Bland-Altman plot for each anatomical landmark on the saw-bone. 20 images
were used where the difference of the means for camera calibration vs Qualisys
is shown with 95% limits of agreement. The anatomical landmark used is the
lateral condyle of the knee.
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3.5 Discussion

3.5.1 Evaluation of Study

The main goal of this study was to find a robust methodology to anatomically calibrate

MIMUs via anatomical landmarks. A single point-and-shoot camera was used to obtain

anatomical landmark information relative to a body segment. The pointer apparatus was

compact, inexpensive, and portable for use outdoors and in laboratories. The protocol

was not considered time consuming, with the highest allocation of time spent locating the

calibration squares corners using corner detection. Each image takes about 10 seconds

to locate the four outermost corners of a calibration square to establish a homography.

The rest of the corners are found instantaneously afterwards. If 40 images are used in

total it can take up to 6-7 minutes in total. Calibration of the extrinsic and intrinsic

parameters was instantaneous and requires no prior knowledge of camera calibration to

run. After calibration, the extrinsic parameters can be used to calculate the translation of

each anatomical landmark.

Validating camera calibration showed the feasibility of getting sufficiently accurate intrinsic

and extrinsic parameters. A reprojection error test allowed to confirm the accuracy between

the measured translation of corners and the projected translation of corners. Sufficient

accuracy of camera calibration required having lower than one pixel error for each image as

shown in Figure 3.8. The reprojection error should be repeated for all tests to confirm an

accurate calibration has taken place. The ability to obtain the extrinsic parameters between

two calibration squares simultaneously was necessary for the protocol. Validation results

are shown in Tables 3.1 and 3.2 with the standard deviation (SD) and root mean square

error (RMSE). The SD is the dispersion of the data points from the mean projected answer

and where the RMSE is the residual distance of the projected point to the true answer. In
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a perfect study the SD and RMSE would be the same which correlates to no bias. In Tables

3.1 and 3.2, the RMSE and SD showed similar values and this correlates to little or no bias

of the mean.

When calibrating the pointer apparatus, the translation tf must show sufficient accuracy for

obtaining anatomical landmarks. Four points are used to reach a more desirable accuracy

for tf even with a higher standard deviation of the mean. Table 3.3 showed good euclidean

distance values of |tf | compared to the laser scanner results for each point. Table 3.3

also showed comparable SD and RMSE values resulting in little to no bias of the mean. To

confirm the translation of tf , back-calculating for a solved ta enables to confirm the accuracy

of the apparatus. Three points were used to compare the projected and measured translation

of ta, showing the values of SD and RMSE in Table 3.4. The projected translation even with

a high standard deviation can be shown comparatively accurate to the measured translation.

The SD and RMSE showed similar values with some deviation between each other which

corresponds to minor bias of the mean. A visual representation of the projected translation

and measured translation of ta results are shown in Figure 3.9.

Although the accuracy of the protocol was tested, its important to compare it to an already

validated system. Camera-based motion capture was used as a comparison method for this

study, but does not mean that the errors between the systems speak for what the true

translation of the body segment to the anatomical landmark is. Bland-Altman plots were

recommended when using two systems of which one is the most popular and the other is

a proposed alternative with similar accuracy [51]. The saw bone test shown in Figure 3.10

showed the comparison of both systems using the mean difference vs the average mean for

each anatomical landmark. The bias for each anatomical landmark was shown to be under

or around one mm, showing good accuracy for the euclidean distance between systems. The

results showed larger limits of agreement between 6-9mm which can be interpreted as less
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than desirable results, but since a higher standard deviation was expected from the spot

check tests, larger limits of agreement was an anticipated and acceptable result. There

seemed to be a minor trend of points that are further from the mean have a higher mean

difference between systems. This likely meant there is larger error between the systems

as points drift further from the bias. The interpretation from the Bland-Altman plots

showed promise in retrieving anatomical landmarks for MIMUs with a single point-and-

shoot camera.

Bland-Altman plots were used for a human subject as well but showed less desirable results

compared to the saw bone test in Figure 3.11. The bias showed insufficient accuracy between

systems with larger limits of agreement. The reasoning was likely from soft-tissue interfering

with the true location of the anatomical landmark. This caused larger than desired error

for individual images which is shown in Figure 3.11. Additional testing of the protocol on

human subjects is needed in order before implementation.

3.5.2 Comparison of Studies

Bisi et al proposed a new anatomical calibration procedure, which is similar to the current

protocol [42]. Both studies used a point-and-shoot camera and a pointer apparatus to

potentially anatomically calibrate MIMUs. Bisi et al attached their pointer apparatus

directly to the camera, reducing the mobility of the calibration as both the apparatus and

camera must be operated in unison. This concurrent study used the pointer apparatus

separately from the camera, which allowed to operate the pointer apparatus as its own

device. This enabled a larger field of view to be captured, as the camera can be used at

further. Internal camera parameters were shown to be accurate. The principal points were

shown as close of the middle of the image, and each of the focal lengths had similar values

which agrees with this study. Bisi’s study achieved 0.6 ± 0.5 mm of error in predicting the
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euclidean distance translation of landmarks to the body segment calibration square on the

saw bone (|ta|), while this study received approximately 0.67 ± 0.77 of error in predicting

the euclidean distance translation of landmarks to the body segment calibration square

on the saw bone (|ta|). The error from both studies was similar, but this study shows a

slightly higher standard deviation. Higher standard deviation may come from errors such

as the precision of locating the same anatomical landmark over multiple images. Overall

this studies protocol compared similarly to Bisi et al, while adding increased mobility of

the pointer apparatus for easier calibration.

3.5.3 Limitations, Potential Improvements, and Final Remarks

There are some limitations that have affected this study and can be improved upon. Error

was expected on the Z-axis of the calibration square because of the lack of depth outside

of the calibrate plane. As well taking individual images it can take up to 10 minutes to get

enough data to calibrate a single anatomical landmark. This process could be sped up if a

video of the scene is taken and the calibration squares are moved in different orientations.

The photo reflective markers used for obtaining Qualisys’ data is as well a limitation. The

markers themselves have a translation that needs to be added to find ta which can cause

external errors. Furthermore, markers diameter as well stick off the plane for Qualisys’

measurement. They must be subtracted so the markers are in-line with the calibration

square plane which can increase the error between Qualisys and this studies protocol.

There are a few potential improvements for the procedure, materials, and equipment. Since

a single camera has no depth measurement and can only sense rotation and translation from

a camera to the plane of the calibration square, a stereo camera might be the next step to

achieving higher accuracy. Since the camera cannot be moved once calibration has been

started, adding a stereo camera can increase accuracy and give depth measurements with
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only minor changes in the protocol. The technician must locate the AL for each image at

the exact same position, any change of location can cause slightly higher error each time. A

device that attaches to anatomical landmark marker and the pointer apparatus to help keep

the same position throughout would achieve higher accuracy and potentially lower human

error. As well, removing ta values that clearly deviate from the mean value (outliers) could

help find the true translation of the anatomical landmarks. Additionally research needs to

be done in achieving an optimal amount of images for calibration.

The proposed anatomical landmarking procedure has the ability to become a low-cost al-

ternative for calibrating MIMU sensors. At this starting stage of research, the results are

promising in obtaining anatomical landmarks without soft tissue. Accuracy of obtaining

anatomical landmarks on a human subject must be improved in order to take the research

to the next level. This study serves as an essential step into obtaining clinically relevant

data outside of a laboratory environment with high accuracy.
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Chapter 4

Conclusion

4.1 Main Conclusion

MIMUs are implemented with the prospect of being used in non-laboratory environments.

MIMU systems are an inexpensive, portable motion tracking alternative that can capture

joint angles similarly to camera-based systems. Although they can capture joint angles,

MIMUs are anatomically calibrated differently to that of camera-based systems. Many

studies seek to obtain accurate joint angles for MIMU systems but fail achieve consistent

results between MIMU and camera-based systems. This thesis establishes ways to reduce

joint angle discrepancies between MIMUs and camera-based systems.

Chapter 2 compares MIMU and camera-based systems joint angles to establish the differ-

ences in anatomical frames to align joint angle discrepancies. The differences in protocols

between MIMU and camera-based systems makes directly comparing anatomical frames

unattainable. Previous studies have analyzed a single joint at time, aligning the anatomical

frame difference between two systems. Since most body segments are constrained by mul-

tiple joints a lower body anatomical alignment must be established. Results showed that

using multiple joints put extra constraints on the system, lowering the accuracy in joint
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angle alignment. Although the CMC values for multiple joint correction were lower, the

main errors were in the abduction/adduction axis of the hip, knee, and ankle joints. The

protocol of this study shows that joint angles between MIMU systems have poor correlation

before anatomical frame correction. Using multiple joint anatomical correction decreases

the joint angle discrepancies between system while establishing a consistent set of anatom-

ical frames for each joint. Therefore, the AF misalignment parameters obtained from the

single joint AF alignment method were not realistic even it achieved better joint angle

alignment. Overall, Chapter 2 showed an algorithm to correct anatomical frame differences

between two systems, eliminating the discrepancies between two sets of joint angles. The

algorithm can be applied to any two sets of joint angles from different systems to align from

one set to the other.

Chapter 3 establishes an anatomical calibration technique using a single-camera that can ex-

tract translational and rotational data for anatomical landmarks for body segments. These

rotational and translation estimates were compared with camera-based system Qualisys.

Results showed the ability for obtaining the translation of anatomical landmarks to body

segments on a saw bone with good accuracy, but with a higher standard deviation between

images. For finding the translation of anatomical landmarks on a human subject more

testing will be required as soft tissue may interfere with the results. The protocol enables

the use of a portable pointer apparatus that can establish anatomical information similarly

to camera-based systems. This relatively inexpensive tool will lead to measuring joint an-

gles using MIMUs out of laboratory with consistent results as compared to camera-based

systems.

Both studies work to ensure the goal of improving the accuracy and correlation between

MIMU and camera-based systems. By following each studies protocol, the possibility of

using MIMUs as an alternative system has the ability to become a reality.
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4.2 Future Work

Future research will be required in order to reduce joint angle discrepancies between MIMU

and camera-based systems, which includes:

• Improving the camera calibration accuracy in obtaining anatomical landmarks for

MIMUs on human subjects.

• Constructing anatomical frames for MIMUs to calculate joint angles. Invovling find-

ing the difference in orientation between the MIMU and the calibration square, then

establishing the anatomical frame constructed from anatomical landmarks trans-

formed into the orientation of the MIMU.

• The MIMU system XSens has poor correlation with the camera-based system Op-

titrack, leading to larger error. Using either an MIMU system with better initial

correlation or a camera-based system with better initial correlation can increase the

accuracy of the multiple joint anatomical frame correction.

MIMU systems for gait analysis has plenty of advantages, but falls short in accuracy compar-

atively to camera-based systems. This thesis worked to establish the discrepancies between

systems, working towards correcting and understanding the differences between each sys-

tem. The data collected leads to understanding the differences in gait for out of laboratory

environments.
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Appendix A

Camera Calibration Theory

A.1 Camera Calibration: Introduction

Camera calibration methods were first contrived during World War I, to correct distor-

tion and improve the accuracies of camera instrumentation for mapping and surveying via

aircraft [52]. Improved accuracy was reached by being able to appropriately calibrate the

focal length, as well as attaining an accurate principal point with reduced distortion er-

rors. Camera calibration took many technological improvements including camera lenses,

manufacturing technology, and high speed computers, to achieve the accuracy it has today.

Currently, camera calibration is necessary in computer vision, for measuring 3D geometry

with the possibility of real-time estimate of an object’s translational and rotational geometry

relative to a camera [53].

Camera calibration process outputs two important metric parameters, intrinsic (or internal)

and extrinsic (or external). Intrinsic parameters are specific to a camera [10]. These includes

focal length, principal point, skew and distortion. Focal length is a distance measurement

corresponding to the center of camera lens to the image sensor. It is measured in millimeters

or pixels, which is important in calculating distance from the scene to the image. Principal
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point is specified as a point where the camera coordinate system (CCS), a local coordinate

frame, intersects with the image plane. Principal point is a translation vector measured in

pixels from the coordinate system of an image, to the image center. Principal point has two

parameters, one for the x-coordinate, the other for the y-coordinate. Skew is a coefficient of

linear distortion, which is generally ignored in modern day cameras. Distortion, an updated

metric of modeling errors in a camera, consists of coefficients of linear, radial, and tangential

distortion, with linear being negligible. Distortion, depending on the camera calibration

method, has multiple terms, with the first being the most influential. The parameters

above make up the intrinsic variables and together are called the intrinsic parameter matrix.

Extrinsic parameters are specific to the scene in the corresponding image [10]. If the image

being analyzed is a planar checkerboard pattern/calibration square, a coordinate system

can be established at one of the outer corners of the calibration pattern. The translation

and rotation from the CCS to the planar checkerboard pattern are the extrinsic parameters.

Extrinsic parameters are image dependent, where intrinsic parameters are not.

Camera calibration involves two main steps with the first approximating the extrinsic and

intrinsic parameters. The second step is to use an iterative method to refine the estimation

of each parameter [10, 46]. Initial parameter estimation was typically done linearly, without

iterations. This resulted in fast calculations, but suffered with lower accuracy as camera

distortion is not considered in the linear model. With the improvement of computational

power, iterative solutions have been used for all camera calibration procedures today.

There are several techniques for camera calibration, each with it’s merits and drawbacks

[10, 54]. Three of the most influential and most used camera calibration procedures are ana-

lyzed, each using a non-linear iterative methods. ‘Versatile Camera Calibration Technique’

developed by Tsai, was a revolutionary method for calibrating off-the-shelf cameras [55, 56].

Tsai’s method aims to be autonomous, accurate, efficient, and versatile. Tsai’s method is a
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two-step technique, involving a linear optimization to initially compute parameters, mainly

intrinsic, and a second step for updating these parameters iteratively. It benefits from it’s

first step as it almost guarantees a convergent solution by initially approximating the so-

lution with a small degree of error. The drawbacks of Tsai’s method are its complicated

algorithm, and the requirement of initial parameters from the camera manufacturers. Based

on Tsai’s work, a new flexible camera calibration technique was proposed by Zhang [49, 57].

This method aimed to simplify the camera calibration procedure, and speed up calibration

with high accuracy and efficiency. It worked to simplify Tsai’s procedure by making the

assumption that the Z-axis of the coordinate system attached to the calibration square was

perpendicular to the plane itself. Therefore, each point on the grid would be at Z = 0.

Zhang’s method uses a closed-form solution to initialize intrinsic and extrinsic parameters.

Iteration is based on minimizing the distance between the true position of the calibration

square corners and the solution solved from the camera parameters. Heikkila and Kannala

proposed a geometric camera calibration method similar to Zhang’s calibration. It’s iter-

ative procedure is similar as to minimize the distance between the true solution and the

iterated solution contrived from the extrinsic and intrinsic parameters [58, 59, 60].

A.2 Camera Calibration: Basics

Camera calibration has two main stages: to convert from image pixel coordinate system

(ICS) to the 3D global coordinate system (GCS) of the image scene and to obtain the

intrinsic and extrinsic parameters of a camera. The GCS can be affixed to a calibration

square where as the ICS is affixed to an image. Converting from ICS to GCS involves a

couple of intermediate steps. First, GCS is converted to a CCS involving a rotation and

translation from the former to the latter. The rotation and translation are the extrinsic

parameters. Let R be a 3×3 rotation matrix and t be a 3×1 translation matrix. For
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simplicity, let [R | t] represent a 3×4 a combined translation and rotation matrix, i.e. the

extrinsic matrix. Intrinsic parameters allow to transform the CCS to ICS. Letting the focal

length be f , the principal points be u0 and v0 for the u and v directions respectively in ICS,

and the skew parameter is γ.
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Figure A.1: Camera calibration coordinate transformation. Visual interpretation of the
conversion from a global coordinate system (GCS) to an image coordinate sys-
tem (ICS). Distortion step is not included in visualization. Model is based on
the pin-hole camera, this is an approximation of the real camera model

K =


f γ u0

0 f v0

0 0 1

 (A.1)

Converting from GCS to ICS allows conversion from mm to pixels, but currently focal

length’s units are in mm. Focal length needs to be converted to pixels which is done by
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using the conversion constants mu and mv in the u and v direction of ICS. In general it

is assumed that pixels are not equal in width and length. The opposite is true in most

cases, thus making the pixel conversion identical constants for both the u and v direction.

Nevertheless, let mu and mv convert focal length from mm to pixels. This will effectively

change (A.1) into,

K =


fmu γ u0

0 fmv v0

0 0 1

 =


α γ u0

0 β v0

0 0 1

 (A.2)

where α and β represent the new focal lengths in the u and v directions of the ICS. Com-

bining both the intrinsic matrix and the extrinsic matrix, the ICS can be converted to the

GCS. Let a 2D homogenous point be denoted by m = [u, v, 1]T in ICS and a 3D homogenous

point be denoted by M = [X,Y, Z, 1]T in GCS. These homogenous points can be found on

the corners of a calibration square. Each calibration square corner can be found in ICS by

measuring them via a corner detector for m, as well the GCS for M can be found by mea-

suring with a ruler. This is further explained in the corner detector section. Homogenous

coordinates allow to represent all affine transformations as simple matrix multiplication.

m = K

[
R | t

]
M (A.3)

where equation (A.3) is called the calibration matrix. Figure A.1 depicts the steps visually

from GCS to ICS. The GCS of the system is attached to the planar calibration square. For

example if the calibration square is an 8x8 checkerboard pattern the origin of the GCS can

be assumed to be at one of the furthest corners of the calibration square. Each corner on the

checkerboard pattern is assumed to be on the plane of the checkerboard. This assumption
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means that all corners contained on the pattern have a Z coordinate of 0. Denoting the ith

column of the rotation matrix R as ri. This gives,

m = K

[
r1 r2 ��r3 t

]


X

Y

��Z

1


(A.4)

where r3 would cancel out with when Z = 0 giving,

m = K

[
r1 r2 t

]

X

Y

1

 = H


X

Y

1

 (A.5)

H = K [ r1 r2 t ] represents the homography, a 3x3 matrix. By definition a homography is

all corners on the image calibration square and the real world calibration square surface can

be represented by a homography matrix. Requiring either the camera or the planar surface

to be stationary throughout camera calibration, but not both. This effectively establishes a

relationship between the real world calibration plane and image of the planar surface shown

in Figure A.2. For convenience, let M now be equal to M = [X,Y, 1]T .
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Figure A.2: Visualization of a homography. Visual interpretation of a homography from
a global coordinate system calibration square to an image coordinate system
calibration square.

A.3 Camera Calibration: Corner Detection

A planar calibration squares contains a distinct checkerboard pattern that can easily be

recognized by corner detector programs. The corners of the calibration square in the GCS

with a ruler, the distance relative to the GCS origin can be simply measured. The corners

of the calibration square in the ICS also need to be measured. Once both the corners of

the calibration square are measured in the ICS and GCS the homography of the systems

(A.10) can be solved. In order to implement to solve for the corners in the ICS, a corner

detector is used to find the translation relative to the ICS origin.

A Harris corner detector is a mathematical procedure for detecting distinct corners of an

image, such as the corners of a calibration square [61]. A corner detector finds image

intensity values, which are changes in pixel intensity values in gray-scale within a windowed

function. By shifting the window in all directions, a corner should have significant and large

change in pixel intensity for all directions in the ICS. No significant change in intensity

represents a flat region. Significant change in only the u-axis or v-axis in the ICS but not

both represents an edge. The mathematical expression for the detector is as such [61],

E(u, v) = Σx,yw(x, y)[I(x+ u, y + v)− I(x, y)]2 (A.6)
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where (x, y) represents points in the ICS, and (u, v) represent shifts ±1 pixel about a point

at (x, y). w(x, y) represents the window function at position (x, y), I(x+u, y+v) represents

the image intensity at shifted positions around (x, y), and I(x, y) is the image intensity at

the point (x, y). Distinct change in the intensity will represent in a large E, which represent

regions of interest such as a corner. Using first order approximation, equation (A.6), can

be re-written in matrix notation.

E(u, v) = [u, v]M

u
v

 (A.7)

where M is,

M = Σx,yw(x, y)

 I2x IxIy

IxIy I2y

 (A.8)

M is a 2x2 matrix computed from image intensity derivatives Ix and Iy in the u and v

direction. The image intensity derivative is differing set of points that start at the middle

of the selected window and shift around the window. Essentially large values of Ix and Iy

represent changes in image intensity in the u and v directions. The eigenvalues of M can be

representative of a corner. Let λ1 and λ2 be the eigenvalues of M . When the eigenvalues of

M are comparatively large E will increase in all directions around that point. To represent

a corner numerically,

R = det(M)− k[trace(M)]2 (A.9)

where k is a constant which is empirically determined between 0.04-0.06. R a numerical
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Figure A.3: Graphical interpretation of locating corners: Showing as the (x, y) point ap-
proaches a corner where R > 0. If not, R ≤ 0, as is the case if the (x, y) point
is at an edge or a region of no interest i.e. a flat region. The corner has the
largest R in a pre-determined window

representation for finding corners and is derived from the eigenvalues of M . The largest

R in a window function will be the corner. R increases as both λ1 and λ2 increase which

represents a corner. If only one of the eigenvalues ofM are large, than the detector has found

an edge. This is shown graphically in Figure A.3. For this study a gaussian window as well

as a rectangular window were used. To decrease the length of the corner detection process,

the four outer corners of a calibration squared can be used to construct a homography. The

homography can in turn be used to initialize a guess for where the rest of the corners are

located. To limit the amount of corners found via corner detection, the largest R within a

specified region can be calculated. This specified region can be contained within a certain

pixel width and height to narrow the search of finding the corner. For example, if there

are 64 corners in a calibration square their should be 64 windows where inside there are 64

corners.

Figure A.4 shows the corners of a solved calibration square at points (x,y) on the calibration

square.
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Figure A.4: Calibration square with detected corners: Showing the corners detected in red
and the windows for each corner in blue

A.4 Camera Calibration: Initialize and Iterate

At this point in camera calibration, it is possible to locate all corners of the calibration

square for each image in the GCS and ICS i.e. M and m. The calibration requires initial

estimations of the intrinsic and extrinsic parameters. Multiple images are needed in order

to solve for camera parameters with precision, accuracy, and reliability. Therefore, multiple

images are needed with a static camera in order to accurately obtain intrinsic and extrinsic

parameters.

Extrinsic parameters must be estimated to start the iterated portion of the calibration.

Extrinsic parameters are image dependent meaning each image has its own homography.

The homography can be used to estimate the extrinsic parameters of each image. It can be

solved from the 2D ICS and the 3D GCS corners of the calibration square through non-linear

least squares. In order to solve for the intrinsic and extrinsic parameters the homography
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first must be solved as such,

L





X1 Y1 Z1 0 0 0 −u1X1 −u1Y1 −u1Z1

0 0 0 X1 Y1 Z1 −v1X1 −v1Y1 −v1Z1

X2 Y2 Z2 0 0 0 −u2X2 −u2Y2 −u2Z2

0 0 0 X2 Y2 Z2 −v2X2 −v2Y2 −v2Z2

...

...

XN YN ZN 0 0 0 −uNXN −uNYN −uNZN

0 0 0 XN YN ZN −vNXN −vNYN −vNZN



h = 0 (A.10)

where h = [hT1 , h
T
2 , h

T
3 ]

T , and h1, h2, and h3 are the row vectors of the homography. M =

[X,Y, Z] represents the corners in GCS and m = [u, v] represent the corners in ICS. The

left side of equation (A.10) can be specified by the variable L, where L is a 2Nx9 and N

is the amount of corners contained on the calibration square. H can be solved through

singular value decomposition, and its solution is associated with the eigenvector that has

the smallest eigenvalue. This can be repeated for each i images. Normalizing H allows to

avoid singularity issues with each homography.

Hnorm =
H

norm(H)
(A.11)

The homography can then be extracted as a rotation matrix, from GCS to CCS,
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r1 =
h1

norm(h1)
, r2 =

h2

norm(h2)
, r3 = h1 × h2 (A.12)

where h1, h2, and h3 are the column vectors of the normalized homography.

R =

[
r1 r2 r3

]
(A.13)

where r1, r2, and r3 are column vectors of the rotation matrix, these must be turned into

rodrigues rotation vector then back into a 3x3 rotation matrix [62]. The translation vector

can be estimated from the third homography

t = h3 (A.14)

The camera or calibration square must be static in order to give extrinsic parameters a

common coordinate system. Therefore each extrinsic has a relationship.

The intrinsic variables generally are easier to initialize as a couple of assumptions can be

made. Skew (γ) in the case for this study, and most studies is zero. Principal point (u0, v0)

can be estimated at image center, considering that the ICS is at the upper left corner of

the image shown in Figure A.1. Focal length can be initially estimated from vanishing

points of an image. A vanishing point is at the point where two lines or vectors intersect.

The calibration square homography of each image contains the vectors of where each corner

would intersect into vanishing points. Four vanishing points can be found, two direct vertical

and horizontal vanishing points and two diagonal vanishing points [63]. They can be directly

extracted from the 3x3 homography, H, where the homography contains vectors where all

points converge vertically and horizontally.
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Vh = Hj1, Vv = Hj2, Vda =
(Hj1 +Hj2)

2
, Vdb =

(Hj1 −Hj2)

2
(A.15)

where, Hj1 and Hj2 represent the column vector of the first and second column of the

homography matrix H. V represents the vanishing points in the horizontal h, vertical v,

and diagonal da and db. These matrices are image dependent, which requires to find the

vanishing points of each individual image.

A =



Vh11Vv11 Vh21Vv21

Vda11Vdb11 Vda21Vdb21

...
...

Vh1i
Vv1i Vh2iVv2i

Vda1iVdb1i Vda2iVdb2i


b =



Vh31Vv31

Vda31Vdb31

...

Vh3i
Vv3i

Vda3iVdb3i


(A.16)

where, 1, 2, and 3 represent the rows of each Vh, Vv, Vda, Vdb vanishing point vectors. Let I

represents the amount of images being calibrated, where A would be a 2i × 2 matrix, and

b would be a 2I × 1. They are place holder matrices used to find the focal length,

F =

√
| 1

(A′A)−1A′ ∗ b
| (A.17)

where F is a 1×2 vector representing the focal length, in pixels and each item represents

the focal length in the u and v directions of the ICS

α = F (1) β = F (2) (A.18)

These terms represent the intrinsic matrix K.
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The intrinsic matrix (K) is now initialized, but distortion is required in order to approximate

any errors in the iterated solution. Distortion is useful, as errors are associate with the pin-

hole camera model. To avoid changing assumptions made by pin-hole cameras, distortion is

added to compensate the errors that may occur. Distortion, is not mandatory to initialize.

Now that all extrinsic and intrinsic parameters have been initialized and estimated, their will

be errors in all calculations and it requires any error to be minimized. This is done by taking

the true solution via corner detection of the planar square and the approximated solution

from the intrinsic and extrinsic parameters and repeatedly minimizing the error between

them. Levenberg-Marquadt is used to solve the non-linear least square problem [64]. The

usefulness of the algorithm is in its ability to find the appropriate solution even if the

initialization of each parameter is inaccurate from the true solution. The initialization still

must have some precision, as it must find the global minima and not the local minima. The

Levenberg-Marquadt algorithm is an iterative process like most minimization algorithms.

Firstly, iterating to a solution requires projecting the initial estimate of intrinsic and ex-

trinsic parameters to where they expect the corners of the calibration square will be in

ICS. Real world M in mm must be converted to the CCS using the initialized extrinsic

parameters. Each image must be projected separately, as extrinsic parameters are image

dependent.

Mc = M ×R+ t (A.19)

where Mc = [Xc, Yc, Zc]
T is corners of the calibration square converted to the CCS. R is

the rotation matrix for an image from GCS to CCS and t is the translation matrix. The

camera coordinate system must be converted to a 2D coordinates as the ICS is in 2D.
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uc =
Xc

Zc
vc =

Yc
Zc

(A.20)

where uc and vc are located in the CCS, let mc = [uc, vc]
T .

Distortion terms allow to correct any imperfections that the camera parameters may contain.

For the case of this study distortion has five terms, three radial and two tangential. Radial

distortion can be modeled as,

kd = 1 + k1d+ k2d
2 + k3d

3 (A.21)

where kd represents radial distortion, and k1 to k3 represents the radial distortion terms.

d =
√

u2c + v2c , where uc and vc contain each corner of the calibration square, going from 1

to N. Since all distortion is not radial, tangential distortion must be estimated as well.

td =

2p1ucvc + p2(d+ 2u2c)

p1(d+ 2v2c ) + p2ucvc

 (A.22)

where p1 and p2 are the tangential distortion terms, and td represents radial distortion.

Distortion must then be incorporated into the estimate for each corner contained on the

calibration square,

md = mckd + td (A.23)

where md are the corners of the calibration square with include distortion parameters. Since

skew is not considered it again can be ignored in the iteration. The 2D coordinates now

must be converted to pixels, this can be done with principal point and focal lengths as such,
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m = md

α
β

+

u0
v0

 (A.24)

M can be transformed to m for each I image for all N corners. This is transformed into

ICS, where it can be compared to the true corners calculated in the corner detection.

ϵ =

I∑
i=1

N∑
n=1

mT −mI (A.25)

where ϵ is the sum of the error between mT , the true position of the calibration square

corners, and mI the iterated position of the calibration square corners. To simplify mI , it

is considered a function of the parameters α, β, γ, u0, v0, k1, k2, k3, p1, p2, t and R. Let this

be a vectorized parameter called P , and let the function be f(P ). f is the function between

equations (A.19) and (A.24).

ϵ =

I∑
i=1

N∑
n=1

mT − f(P ) (A.26)

The Levenberg-Marquadt uses Jacobian Matrices which give the first-order partial deriva-

tive of a vector which in this case is the 2D image pixel points being estimated. Therefore

the Jacobian would include all parameters that are included in P ,

J =
δf

δP
(A.27)

It can be assumed that f is linear at a selected iteration of P . Let the iteration go from

τ = 1 . . . τmax, where τmax is the max amount of iterations.
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f(Pτ +∆τ ) = f(Pτ ) + Jτ∆τ (A.28)

where ∆τ represents the change in the parameters to minimize the error. Trying to minimize,

∥ϵτ + Jτ∆τ∥ (A.29)

Levenberg-Marquadt is a blend of two algorithms, Gauss-Newton and gradient descent. To

solve for ∆τ ,

(JT
τ Jτ + λτQ)∆τ = −JT ϵ (A.30)

where, lambda is a step function, initially set at λ = 10−3, and Q is an identity matrix of

size equal to the amount of parameters being iterated. When error decreases occur divide

λ by 10, if error increases multiply λ by 10. Consider the parameters to be divided into

block format such that the intrinsic and extrinsic parameters are separate. Let A equal

the intrinsic parameters first partial derivative, and B equal the extrinsic parameters first

partial derivative. Giving the Jacobian the notation J = [A | B]. This simplifies equation

(A.30) to,

∆τ =

−AT ϵ

−BT ϵ


τATA ATB

BTA BTB


τ

+ λQ

(A.31)

The Jacobian matrix is a sparse matrix, greatly speeding up the rate of calculations when
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multiple images are used. Parameters can be updated with new values,

Pτ+1 = ∆τ + Pτ (A.32)

Updated parameter terms can then be back into f(P ), and the error can be re-calculated.

Once either τmax is reached or the error is sufficiently low, iteration will stop and the desired

parameters are achieved.


