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Abstract

A subfilter-scale (SFS) stress model is developed for large-eddy simulations (LES) and

is tested on various benchmark problems in both wall-resolved and wall-modelled LES.

The basic ingredients of the proposed model are the model length-scale, and the model

parameter. The model length-scale is defined as a fraction of the integral scale of the flow,

decoupled from the grid. The portion of the resolved scales (LES resolution) appears as a

user-defined model parameter, an advantage that the user decides the LES resolution.

The model parameter is determined based on a measure of LES resolution, the SFS ac-

tivity. The user decides a value for the SFS activity (based on the affordable computational

budget and expected accuracy), and the model parameter is calculated dynamically. De-

pending on how the SFS activity is enforced, two SFS models are proposed. In one approach

the user assigns the global (volume averaged) contribution of SFS to the transport (global

model), while in the second model (local model), SFS activity is decided locally (locally

averaged). The models are tested on isotropic turbulence, channel flow, backward-facing

step and separating boundary layer.

In wall-resolved LES, both global and local models perform quite accurately. Due to

their near-wall behaviour, they result in accurate prediction of the flow on coarse grids. The

backward-facing step also highlights the advantage of decoupling the model length-scale

from the mesh. Despite the sharply refined grid near the step, the proposed SFS models

yield a smooth, while physically consistent filter-width distribution, which minimizes errors
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when grid discontinuity is present.

Finally the model application is extended to wall-modelled LES and is tested on channel

flow and separating boundary layer. Given the coarse resolution used in wall-modelled LES,

near the wall most of the eddies become SFS and SFS activity is required to be locally

increased. The results are in very good agreement with the data for the channel. Errors in

the prediction of separation and reattachment are observed in the separated flow, that are

somewhat improved with some modifications to the wall-layer model.
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+ DNS (Hoyas & Jiménez, 2006). . . . . . . . . . . . . . . . . . . . . . . . . 63

3.13 Profiles of (a) subfilter-scale eddy viscosity, (b) estimated integral scale Lest;

(c) ratio Lest/h and (d) ratio CkLest/Csh; channel flow, Reτ = 950 and Ck =

0.007. 48×65×48 grid points; 64×97×64; 128×129×128;

192× 193× 192 grid points. . . . . . . . . . . . . . . . . . . . . . . . 64

3.14 Profiles of plane-averaged SFS activity measures, defined in (3.26). (a) s̃ε;

(b) s̃τ . 48×65×48 grid points; 64×97×64; 128×129×128;

192×193×192 grid points. The thin dotted line shows the target value. 67

3.15 Measures of subfilter-scale activity; channel flow, Reτ = 950. (a) sε; (b) sτ

(c) suv. Line: 48 × 65 × 48 grid points; line with symbols: 128 × 129 × 128

grid points. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.16 Profiles of (a) mean velocity and (b) urms; for Reτ = 950. Ck = 0.005;

Ck = 0.007; Ck = 0.009; Ck = 0.012. 128 × 129 × 128 grid

points. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.17 Profiles of (a,c) mean velocity and (b,d) urms for Reτ = 950. Present

model, Ck = 0.007; dynamic eddy-viscosity model; + DNS (Hoyas &
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Chapter 1

Introduction

1.1 Background and Motivation

Turbulent flows are characterized by the interaction between eddies with a broad range of

scales, extending from large ones comparable to the characteristic length of the flow (integral

length-scale) to small ones, corresponding to the Kolmogorov length-scale η (Pope, 2000),

where the viscous dissipation occurs. Experimental measurements and numerical techniques

for solving the equations of motion (conservation of mass and momentum) are the available

tools for studying turbulent flows.

Numerical studies of turbulent flows can be performed by discretising the equations and

solving them on a number of computational cells (grid) and under specified boundary and

initial conditions. Since no information should be lost about the flow eddies, a grid resolution

with cell sizes in the order of the Kolmogorov length-scale and a time step sufficiently small

to capture the time evolution of the smallest eddy is required; this approach is known as

Direct Numerical Simulation (DNS). DNS is mainly used as a research tool to understand

the details of turbulence, or for evaluation and calibration of turbulence models, and not for

the analysis and design in engineering applications where multiple simulations are required

for parametric studies. An alternative approach is large-eddy simulation (LES). Based
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on Kolmogorov’s hypothesis of local isotropy at high Reynolds number, the small eddies

(smaller than a portion of the integral length-scale) lose their dependence on the geometry

and boundary conditions and only depend on the dissipation rate, ε, and kinematic viscosity,

ν, (Pope, 2000). This hypothesis implies that generally, large eddies are anisotropic and are

affected by the boundary conditions of the flow; thus, they can be resolved, while the rest can

be modelled. The separation of the scales of turbulence can be achieved by using a filtering

operation (Leonard, 1975). Filtering the governing equations of the fluid flow (conservation

of mass, momentum, scalar etc.) yields the equations governing the dynamics of the resolved

scales. The characteristic length of the filtering operation, the filter width ∆ (also called

“turbulence resolution length-scale” by Pope (2000)) defines the size of the smallest eddies

retained in the calculation. The nonlinear interaction between different scales of turbulence

does not allow the dynamics of the unresolved (subfilter) field to be fully separated from

the resolved one. Consequently, the filtered momentum equation contains the contribution

of unresolved eddies to the resolved field, which acts as additional stress terms, known as

subfilter-scale (SFS) or residual stresses. Several models are available in the literature for

parameterizing these stresses; the most commonly used ones are of eddy viscosity type:

the contribution of the unresolved scales to the resolved momentum transport, the residual

stresses, is given by:

τij −
δij
3
τkk = −2νTSij (1.1)

τij are the residual stresses and Sij is the resolved strain-rate tensor 1/2(∂ui/∂xj+∂uj/∂xi),

in terms of partial derivatives of the spatially filtered velocity field ui. The eddy viscosity

νT is defined as the product of a length scale and a velocity scale, and the former is taken

to be proportional to the filter width. In most commonly used models the velocity scale

is also related to the filter width; the Smagorinsky-Lilly model (Smagorinsky, 1963; Lilly,

1967) and all its variants (Germano et al., 1991; Meneveau et al., 1996) are in this category.
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Therefore, the filter width plays an important role in modeling the dynamics of the subfilter

eddies which, in turn, affect the resolved field.

The concept of LES, filtering and filter width implies a rationale in turbulence: the

filter width has to be a length-scale that is linked to the turbulence physics. Although

the filter width represents in theory a physical quantity, in conventional LES it is set to

be proportional to the grid size h, i.e., ∆ = nh, where n is typically chosen equal to 1

or 2 (McMillan & Ferziger, 1979). In that case the term “subgrid” is used, rather than

“subfilter”, due to the association of the resolved/unresolved scales partition to the grid

size. If the mesh is Cartesian and anisotropic, an appropriate average is used to determine

h, usually either algebraic or geometric:

h = (hxhyhz)
1/3 or h = (h2

x + h2
y + h2

z)
1/2 (1.2)

where hx, hy and hz are the grid spacings in the three coordinate directions. By this

definition of the filter width, the grid size dictates the size of the smallest resolved eddy in

each location in the domain. This, however, carries several disadvantages:

(a) As the grid is refined, smaller scales are resolved (since the filter width also decreases).

With this choice, further grid refinement decreases the subfilter-scale contribution and

the solution departs from an LES towards DNS, altering LES from a physical model to

a numerical procedure (Pope, 2004). It is important to note that the primary reason

to carry out LES in the first place is the infeasible cost of a true DNS. Thus, such a

departure towards DNS indeed leads to complex interactions between numerical and

modelling errors (Meyers et al., 2003; Meyers & Sagaut, 2007), rather than a well con-

verged DNS. As a result, grid convergence is never reached and the smallest resolved

eddies are always contaminated with numerical error. Furthermore, the resulting statis-

tics due to the complex interactions between the numerical and modelling errors, can

not be compared in a consistent manner during grid refinement (Meyers & Sagaut,
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2007). Recently, some studies of grid convergence have been performed by maintaining

∆ fixed while decreasing h (Vreman et al., 1996; Gullbrand, 2001; Geurts & Fröhlich,

2002; Lund, 2003; Meyers et al., 2003; Bose et al., 2010). These studies will be reviewed

in the next section.

(b) Relating the filter width to the grid changes the filter width from a physical param-

eter to a grid- and geometry-dependent one. This choice may be a feasible option if

the geometry is simple and a priori information is available about the flow and the

distribution of turbulence scales. Then the user’s skill is required to generate a locally

refined grid in the regions where small scales emerge. However, this local refinement

is not straightforward for complex configurations in which the prediction of flow be-

haviour is not trivial. Even in simple geometries such as a plane channel flow with

non-uniform grid distribution, depending on the relation between the filter width (rep-

resenting the integral length-scales) and the grid (geometric or algebraic averaging as in

(1.2)), different near wall behaviours are observed for the variation of the filter width.

(c) Even if the regions that require local refinement are detectable through Adaptive Mesh

Refinement (AMR) algorithms, local grid clustering leads to discontinuous grid topolo-

gies. This results in sharp gradients in the eddy viscosity that can lead to aliasing

errors. Vanella et al. (2008), for instance, observed these discontinuities when local

refinement was used. These discontinuities may cause numerical instabilities, and do

not always reflect the flow physics – a refined treatment would require explicit account-

ing of commutator errors associated with strongly varying filter widths (van der Bos &

Geurts, 2005). Thus, a filter-width related to the grid, makes LES an incomplete model;

a model whose behaviour varies, for the same physics, by changing the grid topology;

the models formulated in the RANS (Reynolds-Averaged Navier Stokes) context are

complete, by contrast.

The above issues give rise to two questions:
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1. What is the best alternative to detach the filter width from the grid?

2. Can this approach yield more accurate (or as accurate) solutions than the common

grid-based approach?

These questions are the foundation of this thesis. In the next section, the previous works

that have addressed and resolved some of the issues raised above are outlined. First, those

that attempt to reach a high resolution LES through assigning a fixed ∆, and refining the

grid (i.e. grid independence in LES). These are categorized into implicit and explicit LES.

Then, previous work that relate the filter width to a prescribed length-scale are reviewed;

an attempt to detach the filter width from a numerical/artificial quantity.

1.2 Literature Review

1.2.1 Grid independence in implicit LES

The most commonly used LES models are of implicit type. The “implicit” attribute indi-

cates that the advective term is written as ∂(uiuj)/∂xj , and the residual stresses are defined

as τij = uiuj − uiuj . With this formulation, no explicit filtering operation is performed on

the momentum equation, and the filter function is not defined explicitly. The effect of fil-

tering appears in the solution through changing the magnitude of the eddy viscosity that

ultimately affects the portion of the resolved eddies. Most commonly used LES models are

under this category, such as the Smagorinsky-Lilly model and its derivatives (Smagorinsky,

1963; Lilly, 1967; Germano et al., 1991; Meneveau et al., 1996), Vreman’s model and its

variants (Vreman et al., 1994; You & Moin, 2007).

McMillan & Ferziger (1979) were the first to study the relationship between filter width

and grid size, to come up with an optimal ratio ∆/h. They compared LES using different

eddy viscosity models using direct numerical simulation. Homogeneous isotropic turbulence

was chosen as the test case, and a spectral method and a fourth-order finite difference
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method were used as the space differencing schemes. Various filter-width to grid-size ratios

were tested, to find an optimum value that yields the most accurate result compared to

DNS. It was found that the optimum value falls within n = ∆/h = 2 − 4. Ghosal (1996)

discusses the effect of the filter width on modelling and aliasing errors, and concludes that,

if second-order accurate differencing schemes are used, ∆ = 8h is required to decrease

the numerical discretisation errors to negligible levels, relative to the contribution of the

subfilter model to the fluxes; only if higher-order schemes are employed smaller values of

n can be used. Geurts & Fröhlich (2001) studied a temporal mixing layer using a fourth-

order accurate finite-volume scheme with the Smagorinsky model (Smagorinsky, 1963). By

keeping the filter width ∆ constant while refining the grid, grid independence of the mean

and fluctuating components was achieved for ∆/h = 2 − 3; however the authors believed

that a ratio of 6 is required to remove completely the numerical error from the solution.

The energy spectra computed with ∆ constant while refining the grid indicated that, at

coarse resolution, numerical contamination of the low wavenumbers (large scales) can be

observed. This contamination of large scales with the numerical error was also confirmed by

Geurts & Fröhlich (2002) who used a constant filter-width-to-grid ratio, ∆/h, and performed

grid refinement in a turbulent mixing layer. A comprehensive error-landscape study was

presented by Meyers et al. (2003) and Meyers et al. (2005) for homogeneous, isotropic,

decaying turbulence using a fourth-order differencing scheme. In this approach, simulations

with a wide range of grid resolutions N , combined with different filter-width sizes ∆ are

carried out, and the error (based on a turbulence parameter of interest) is quantified given

the available DNS data-base ending up with a landscape of error as a function of grid

resolution and filter width. It was shown that an optimal value of ∆/h depends on the spatial

resolution and the subfilter model adopted. A side-result after such an error-landscape

analysis is the identification of an ‘optimal refinement’ strategy which specifies the optimal

model parameter as a function of resolution. In agreement with Geurts & Fröhlich (2001),

∆/h = 3 was found to yield grid convergence in the first and second-order statistics.
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1.2.2 Grid independence in explicit LES

An alternative to implicit LES which in the recent years has attracted researchers in LES

community, is explicit LES in which the advective term is explicitly filtered, ∂(uiuj)/∂xj ,

and the residual stresses are redefined as τij = uiuj − uiuj . With this formulation, a

filtering operation must be performed explicitly on the advective term; this implies that a

filter function (and a filter width) must be defined explicitly.

Lund (2003) performed two-dimensional explicit filtering in a second-order central finite-

difference code and performed a grid refinement study; the filter width was set as a constant

value equal to the coarsest mesh and refining the grid led the filter-width-to-grid ratio to

increase from 1 to 3. A sharp spectral cutoff filter was used as the explicit filter. The

results were compared with a case in which ∆/h was constant (implicit-filtered LES). The

dynamic Smagorinsky model (Germano et al., 1991) was used as the subfilter-scale model

to parametrize the residual stresses for both explicit and implicit filtered cases. The aim

of this study was to remove the numerical error from the smallest resolved eddies and

study the effect of the explicit filtering. The results revealed that the implicitly filtered

simulations gave better agreement with the DNS data. No grid convergence was achieved

by refining the grid while increasing ∆/h in the explicitly filtered case. Lund believed that

the improvement of the result when no explicit filtering is used, is due to the inclusion of

more eddies of smaller sizes, though contaminated by the numerical error.

Gullbrand (2001) also studied plane channel flow using a fourth-order finite difference

scheme with a three-dimensional explicit filter; dynamic Smagorinsky model(Germano et al.,

1991) and mixed model(Bardina et al., 1980; Zang et al., 1993) were the two subfilter-scale

models used. The discrete filters were based on the commutative filters proposed by Vasilyev

et al. (1998). Two grid resolutions were used, and the (constant) filter width was propor-

tional to the coarse grid size; this allowed the filter function and filter width to remain

unchanged during grid refinement. The difference in the first and second-order statistics
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between the two grid resolutions was minimal; however, the mean velocity, Reynolds stress

profiles, and the energy spectra indicated that convergence toward filtered DNS was not

achieved. The three-dimensional filtering operation gave significantly different results, com-

pared with the two-dimensional one used by Lund (2003). Gullbrand (2003) extended this

work by using a finer grid resolution. The filter width was twice and four times the grid size

in the coarse and fine cases, respectively. Better grid convergence of the mean velocity and

Reynolds stresses was obtained, but significant difference with the filtered DNS still existed.

The author attributed the difference to the deficiencies in the subfilter models used.

Bose et al. (2010) carried out a systematic study of explicit filtering using the same setup

as Gullbrand (2003). Instead of using several subfilter scale models, only the dynamic model

(Germano et al., 1991) was used, but several Reynolds numbers were considered. Successful

grid convergence of the mean velocity profile, Reynolds stresses and energy spectra was

achieved. Study of flow structures indicated no change in the size of the structures by

refining the grid. However, when implicit-filtered LES was used for the same case showed

the inclusion of smaller scales and at the same time, small numerical noise in the quality of

large scales when the grid was refined.

An additional advantage of explicit filtering is found in calculations in which grid dis-

continuities are present. Piomelli et al. (2006) studied the effect of grid (and consequently

filter width) discontinuities parallel and normal to the mean advection direction in a chan-

nel using a fixed-coefficient Smagorinsky model and the Lagrangian dynamic Smagorinsky

model (Meneveau et al., 1996). The calculations used implicit filtering, and a code that

used an unstructured mesh. It was observed that a grid discontinuity normal to the mean

advection generates more errors than the one that is parallel. These errors include aliasing

error and a decrease of the resolved Reynolds stresses, which none of the eddy viscosity

models was able to resolve.

A follow-up study was carried out by Vanella et al. (2008), who studied the effect of grid

discontinuity in isotropic homogeneous decaying turbulence in both implicitly and explicitly
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filtered LES. A specified convective velocity was used to advect turbulent structures in the

streamwise direction (similar to the grid turbulence). The grid discontinuity was normal

to the imposed convective velocity; both fine-to-coarse and coarse-to-fine grid interfaces

were used. For the coarse-to-fine case, a gradual change in the flow parameters across the

interface was observed while for the fine-to-coarse case, aliasing resulted in energy pile-up

in the small scales near the interface. Explicit filtering and decoupling the filter width from

the grid were possible options that decreased the negative effects of grid discontinuities.

Bose et al. (2011) extended the explicit filtering method to unstructured meshes by

defining the filtering implicitly through the solution of an elliptic equation, as suggested by

Germano (1986a,b):

φ− ∂

∂xj

(
p
∂φ

∂xj

)
= φ (1.3)

where p = p(x) is related to the filter width, and p → 0 as x → ∞ when non-periodic

boundary conditions are used. The filtering operation defined in (1.3) commutes with dif-

ferentiation to O
(
∆2
)

if a general non-uniform function p(x) is used, and commutes exactly

with differentiation if p = const. Bose (2012) demonstrated the second order behaviour of

(1.3) and, referring to van der Bos & Geurts (2005), argued that this error is almost one

order of magnitude smaller than the modelling error. This filter was applied on a rectan-

gular duct using the dynamic mixed eddy-viscosity model (Bose & Moin, 2010), and was

extended to a three dimensional diffuser (Bose, 2012); the simulations were performed us-

ing two grid levels and the filter width function p(x) was set to be 1.8 times the local grid

size. Bose et al. (2011) used a local grid refinement strategy based on a measure of local

turbulence resolution (percentage of the resolved turbulent kinetic energy), as suggested by

Pope (2004).

Note that, in all the studies reviewed so far, filter-width was an artificial input parameter

assigned by the user. In general the solution of LES, is a function of the grid size and filter

width. All the studies reviewed so far, both in the context of implicit and explicit LES,
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attempted to remove the solution dependence on the grid size but the grid-independent

solution still varies by varying the assigned filter-width; thus, the issues addressed regarding

an incomplete LES in items (b,c) in Section 1.1, remain unresolved. The possible solution

is to link the filter width to a physics based model length-scale such that the resulting filter-

width in each problem is only assigned by the particular physics. Below previous studies

that attempted to propose such a physics based length-scale are reviewed.

1.2.3 Physics-based filter-width prescriptions

In several studies a physical length-scale was proposed as filter width. Mason & Callen

(1986) modified the Smagorinsky model for channel flow based on the following defined

integral length-scale:

νsgs = `2(y)
∣∣S∣∣ (1.4)

1

`(y)
=

1

`o
+

1

κ(y + yo)
+

1

κ(2δ − y + yo)
(1.5)

where κ is the von Kàrmàn constant, δ is the channel half-width, and yo is the roughness

length of the surface. When y → 0, `(y) ∼ κ(y + yo) consistent with Prandtl’s mixing-

length model. As y → δ, `(y) ∼ `o, a constant filter-width in the interior of the channel.

`o was varied between 0.02δ and 0.06δ. A strong dependence of the results on lo was

observed on a fixed mesh. A threshold was found for `o above, which no eddy was resolved,

and another one below which sustainable resolved eddies emerged. Although this length-

scale was independent of the grid size, it was only tested on a channel flow. The authors

attempted to achieve grid-converged solution by fixing `o and refining the grid; however

results of turbulent Reynolds stresses, energy spectra and near-wall streaks indicated that

grid convergence was not achieved.

Tsubokura (2001) introduced a modified dynamic eddy-viscosity model to minimize the

dependence of the model on test filtering. The new model was based on a filter width

10



adjusted by the flow parameters:

νsgs = CKsgs
∣∣S∣∣−1

(1.6)

whereKsgs was defined as subgrid-scale turbulent kinetic energy calculated from the smallest

resolved scales,
∣∣S∣∣ was the magnitude of the resolved strain-rate tensor and C was the model

parameter calculated dynamically using Germano’s identity (Germano, 1990). Equating this

with an analogous Smagorinsky type eddy viscosity model yields a filter width proportional

to K1/2
sgs

∣∣S∣∣−1
.

Girimaji and co-workers proposed the Partially-Averaged Navier-Stokes (PANS) equa-

tions (Girimaji et al., 2006; Girimaji, 2006), which is a model that bridges the Reynolds-

Averaged Navier-Stokes (RANS) equations to DNS. In addition to the averaged continuity

and momentum conservation equations, a turbulence model (the K − ε model based on

turbulent kinetic-energy and dissipation rate) is used, and two parameters are introduced,

fk and fε, which measure the amount of turbulent kinetic energy (TKE) and dissipation

that are expected to be modelled. Generally, fε is set to unity, while fk determines the

state of the model. The formulation of RANS models of eddy viscosity type is based on a

velocity scale (K1/2) and a length-scale (here K3/2/ε), considered as the model length-scale.

By default, when fk = 1 the implicit length-scale of the model filters out all the turbulence

scales and the model behaves as a RANS model; by decreasing fk the model length-scale

decreases accordingly and portion of the eddies are resolved by the grid (model behaves as

an LES). The values of fk used by Girimaji et al. (2006), ranging between 0.4 and 1, are

much higher than what would be expected in LES (where the subfilter scales typically carry

a much lower fraction of the energy).

Menter & Egorov (2005, 2006, 2010) corrected the K−L two equation model, originally

proposed by Rotta (1970), which was solving for turbulent kinetic energy K, and a length-

scale L. Rotta (1970) defined L proportional to the sum of the diagonal elements of the
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two-point velocity correlation tensor, and derived a transport equation for L. The original

equation for L was not applicable, as it was not satisfying the logarithmic law of the wall in

attached boundary layer flows. Menter & Egorov (2005, 2006, 2010) modified the transport

equation based on the arguments that they made about the behaviour of the production

term in the logarithmic layer of an attached boundary layer. This modification made the

K − L model predictions superior than the conventional Reynolds-Averaged Navier Stokes

(RANS) models (K − ε, K − ω,...). The standard RANS model, implicitly produces a

length-scale at the size of the thickness of the shear layer and average out all turbulent

fluctuations while the proposed K−L model yields a finite length-scale, which varies locally

and resolves the scales larger than the determining length-scale L. Application of the model

to the problem of a circular cylinder in a cross flow demonstrated that the resulting length-

scale filters out all the turbulent fluctuations in the attached boundary layer (RANS mode),

while in massive separation, the length-scale allows the grid to resolve the large energetic

eddies (LES mode). This behaviour is similar to the Detached Eddy Simulation (DES)

model by Spalart et al. (1997) with the difference that the model is grid and geometry

independent.

Piomelli & Geurts (2010, 2011) introduced a residual-stress model for implicit filtered

LES in which an estimation for the integral length-scale was introduced. This length-scale

was defined based on the resolved turbulent kinetic energy Kres, and the magnitude of the

resolved vorticity Ωres =
(
ΩiΩi

)1/2
(i.e. Lres = K1/2

res /Ωres). The proposed model was an

eddy-viscosity model, in which the filter width was a fraction of the defined length-scale. The

model coefficient was adjusted based on an error minimization technique using Successive

Inverse Polynomial Interpolation (SIPI) by Geurts & Meyers (2006). The model was applied

to turbulent channel flow in a range of Reynolds; the results were in quite good agreement

with the DNS data and additionally as the grid was refined, the filter width demonstrated

independence from grid resolution and remained unchanged. Ultimately grid convergence

was reached in the first and second order statistics. A problem with this model, which led
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to its abandonment, is the fact that, since the vorticity is strongly dependent on the small,

unresolved scales, as the Reynolds number increases, most of the vorticity is carried out by

the subfilter-scales. Therefore, approximating the total vorticity based on the resolved field

only is flawed with error which eventually over predicts the correct integral length-scale. In

Chapter 3 this shortcoming associated with Lres is discussed based on theoretical grounds.

1.3 Objectives

The primary objective of this research is to propose a subfilter model that possesses the

following properties:

� It is formulated based on a model length-scale that is directly linked to the local

turbulence quantities. Thus, length scale is independent of numerical elements such

as spatial discretization method and computational grid.

� It yields a solution with the minimum possible error, given affordable computational

cost. A solution that is more accurate (or as accurate) than other commonly used

LES models without requiring any extra computational cost.

� It is robust and is applicable to any problem that possesses geometric complexities

and any Reynolds number. It is easy to implement in unstructured codes, or codes

that use local grid refinement.

The first challenge is to find the appropriate approximation of the integral length-scale by

pursuing what was proposed by Piomelli & Geurts (2011). Then, the next challenge is to

find the appropriate size of the filter width relative to the defined length-scale. A strategy

is necessary to guarantee that with the affordable computational budget the numerical

error in the resolved field is minimal; at the same time the solution contains the smallest

possible modelling error. Having ∆ much smaller than the integral length-scale requires

DNS resolution and inherently a high computational cost; on the other hand assigning the
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filter width in the order of the integral scale leads to very coarse LES resolution and may

suffer from modelling error. The final challenge is implementation of the length-scale in a

subfilter-scale model that is robust while having a high level of accuracy.

1.4 Thesis Outline

The present thesis consists of six chapters. First, a general introduction and a systematic

literature review was presented in this chapter, outlining the previous studies conducted

relevant to subfilter scale modelling in LES. Based on the presented articles, various short-

comings associated with SFS modelling were addressed which form the basic framework

of this thesis to propose a new SFS model that resolves the raised deficiencies. In Chap-

ter 2, problem formulation including the discretization schemes and solution algorithms

are described. Formulation of the subfilter-scale model is presented in Chapters 3 to 5 in a

step-by-step manner; as we move forward through this dissertation, the model formulation is

evolved further. In Chapter 3, the primary objective is the appropriate model length-scale,

detached from the grid, that at the same time can represent the integral length-scale of the

flow consistent with the turbulence physics. The proposed length-scale is implemented in

an eddy viscosity formulation to build-up the first SFS model. Some promising results are

obtained by application of the proposed model to turbulent plane channel flow and homoge-

neous isotropic turbulence. In Chapter 4, further key improvements are added to the model

to formulate the second SFS model; the improvements make the model applicable to high

Reynolds number and complex problems. The proposed model is applied to plane chan-

nel flow and backward-facing step which demonstrate the model robustness and accuracy

compared to other commonly used SFS models. Chapter 5 extends the model application

to wall-modelled LES; the proposed model improves the near-wall behaviour (compared to

other SFS models), in the region where LES resolution is poor. Finally, in Chapter 6, the

results of this study are summarized. Concluding remarks and recommendations for future
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work are also made.
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Chapter 2

Problem Formulation

2.1 Introduction

In this study the conservation of mass and momentum equations are solved for an in-

compressible fluid. These equations are discretized numerically on a Cartesian grid using

the finite-difference approach. Four benchmark problems are considered for testing the

subfilter-scale models, and are depicted in Figure 2.1: homogeneous isotropic turbulence

(HIT), plane channel flow, backward-facing step (BFS) and separating boundary layer under

Adverse Pressure-Gradient (APG). First, the governing equations are introduced. Detailed

description of the proposed subfilter-scale model is postponed to the next three chapters

as this dissertation, indeed is evolved around the development of the propsoed SFS model.

Here, other subfilter-scale models are presented against which the proposed SFS model is

compared. After explaining the discretization scheme along with the solution algorithm,

the problem setup for each benchmark case is described in more detail.
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Figure 2.1: Benchmark problems on which model evaluations are carried out. (a) Homo-
geneous Isotropic Turbulence (HIT) with the domain size 2π3; (b) plane channel flow with
channel half-heigh (δ) as the characteristic length-scale; (c) backward-facing step (BFS)
with step heigh (hs) as the characteristic length-scale; (d) separating boundary layer.
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2.2 Governing Equations

The conservation of mass and momentum equations for an unsteady, incompressible flow of

a Newtonian fluid are:

∂ui
∂xi

= 0 (2.1)

∂ui
∂t

+
∂(uiuj)

∂xj
= − ∂p

∂xi
+ 2

∂

∂xj

[
1

Rec
Sij

]
+ Fi (2.2)

where Sij = (∂ui/∂xj + ∂uj/∂xi)/2 is the strain-rate tensor. Note that (2.1) and (2.2) are

the conservative form of the continuity and momentum equations which are the ones used

for discretization as will be discussed momentarily. Throughout, summation convention

over repeated indices is adopted. xi (or x, y and z) are the coordinate directions, and ui

(or u, v and w) the velocity components. Fi is a forcing function used to drive the flow or

generate a statistically stationary flow field, which depends on the problem and is described

for each case independently. In the above equations the velocity ui and coordinate xi are

normalized by a characteristic velocity (Uc) and a characteristic length (Lc), respectively.

Pressure, p, is normalized by
(
ρ U2

c

)
where ρ is the fluid density and time t is normalized by

the characteristic time Lc/Uc. By this normalization the characteristic Reynolds number

Rec = UcLc/ν appears in (2.2) where ν is the kinematic viscosity of the fluid.

In LES, filtering operation separates the flow into the resolved (filtered) and unresolved

(subfilter) scales. The filtering operation is defined as (Leonard, 1975):

f(x) =

∫
Ω
f(x′)G(x,x′; ∆)dx′ (2.3)

where f(x) is the filtered function, G(x,x′; ∆) is the filter and ∆ is the filter width. The

integration is extended to the entire domain Ω. The filtering operation decomposes any flow

parameter into resolved and unresolved (or residual) fields, respectively f and f ′, such that

f = f + f ′. Applying the filtering operation (we assume that filtering and differentiation
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commute), to (2.1) and (2.2) yields:

∂ui
∂xi

= 0 (2.4)

∂ui
∂t

+
∂(uiuj)

∂xj
= − ∂p

∂xi
+ 2

∂

∂xj

[
1

Rec
Sij

]
− ∂τij
∂xj

+ Fi (2.5)

The filtered product uiuj is replaced by the product of the filtered quantities uiuj and the

difference of these two terms appears through the subfilter-scale stresses, τij = uiuj − uiuj .

Since τij is unclosed, it must be expressed in terms of the resolved quantities. In this

work, τij will be called “subfilter-scale (SFS)” stress (rather than subgrid-scale stress) to

emphasize its independence from the grid.

The subfilter-scale model that is proposed in the next chapters and all the other models

used for comparison are of eddy viscosity type. The eddy viscosity assumption is based

on relating the anisotropic portion of the residual stress tensor (τaij = τij − δijτkk/3), to

the anisotropic resolved strain-rate tensor (S
a
ij = Sij − δijSkk/3) through a variable eddy

viscosity (νT ):

τaij = −2νTS
a
ij (2.6)

where Sij = (∂ui/∂xj + ∂uj/∂xi) /2, and, due to the solenoidal nature of the incompressible

flow (2.4), S
a
ij = Sij . Substituting for τij = −2νTS

a
ij + δijτkk/3, the filtered momentum

equation will be reformulated into the following form:

∂ui
∂t

+
∂(uiuj)

∂xj
= − ∂p

′

∂xi
+ 2

∂

∂xj

[
νtotSij

]
+ Fi (2.7)

where νtot = 1/Rec+νT , is the total viscosity and p′ = p+δijτkk/3, is the modified pressure

term that has absorbed the isotropic portion of the residual stress tensor.

All the models considered in this work differ only in the formulation of νT . In this study

the two common subfilter-scale models that are used for comparison are the plane-averaged

dynamic Smagorinsky model of Germano et al. (1991) with Lilly’s modification (Lilly, 1992)
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and the Lagrangian-averaged dynamic Smagorinsky model of Meneveau et al. (1996). Below

the formulation of these models is presented.

2.2.1 Dynamic Smagorinsky Model

The dynamic Smagorinsky model is based on the Smagorinsky model (Smagorinsky, 1963)

which formulates the eddy viscosity as the product of a velocity scale and a length scale:

νT = (Cm∆)2
∣∣S∣∣ (2.8)

where ∆ is the filter-width adopted as the corresponding length-scale and
∣∣S∣∣ =

(
2SijSij

)1/2
is the magnitude of the resolved strain-rate tensor. In common LES simulations ∆ is

adjusted proportional to the algebraic or geometric average of the local grid size (1.2).

Here, the geometric average is adopted with the proportionality constant of unity (∆ =

[hxhyhz]
1/3). In the original Smagorinsky model (Smagorinsky, 1963), Cm is constant. Lilly

(1967), by considering homogeneous isotropic turbulence and assuming that the filter-width

falls within the inertial subrange could justify eddy viscosity hypothesis for characterizing

subfilter stresses and found Cm ' 0.17 when a sharp spectral filter was used for filtering

(note that using a different filter function yields a slightly different optimum Cm). However,

using a constant Cm for wall bounded flows yields an undesirable non-zero eddy viscosity

and thus, νT must be accompanied by a damping function (Van Driest, 1956). Such an ad-

hoc adjustment becomes more challenging when the original Smagorinsky model is applied

to the complex non-equilibrium flows.

The dynamic Smagorinsky model (Germano et al., 1991) removes the need for any ad-

hoc modifications by sampling the turbulent stresses from a band of smallest resolved scales

and extrapolating that information to parametrize the subfilter-scale stresses. For this

purpose, in addition to the grid filter defined in (2.3), an extra filtering operation (called

test filtering) with filter width (∆̂ = α∆, α > 1) larger than the grid filter width is carried
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out on the momentum equation (2.2). The test filter can be assumed as a hypothetical

simulation performed on a coarser mesh. Thus, we end up with two residual stresses, one

corresponding to filtering at the grid scale (known as subgrid-scale) and the other one at

the test filter scale (known as subtest-scale):

τij = uiuj − uiuj , Tij = ûiuj − ûiûj (2.9)

where (...) and (̂...) denote filtering at scale ∆ and α∆ with τij and Tij representing the

subgrid and subtest-scale stresses respectively. Please note that although performing the

test filtering by definition yields Tij = ûiuj − ûiûj , since the test filter width is larger than

the grid filter, Tij can be reformulated as in (2.9).

The foundation for extrapolating the information from the smallest resolved scales is

Germano’s identity (Germano, 1992),

Lij = Tij − τ̂ij = ûiuj − ûiûj (2.10)

Lij can be regarded as the stresses imposed by the scales that are intermediate between

the grid and test filter widths; this quantity can be directly calculated from an LES sim-

ulation whose output is the filtered velocity at the grid scale, ui. To obtain the model

parameter Cm, Germano et al. (1991) implicitly assumed similarity between subgrid and

subtest stresses and parametrized both of them using eddy-viscosity hypothesis with the

same model parameter:

τij = −2C2
m (∆)2

∣∣S∣∣Sij +
1

3
δijτkk (2.11)

Tij = −2C2
m (α∆)2

∣∣∣Ŝ∣∣∣ Ŝij +
1

3
δijTkk (2.12)
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Substituting (2.11) and (2.12) into (2.10), yields:

Lij −
1

3
δijLkk = −2C2

mMij (2.13)

where

Mij =
[
(α∆)2

∣∣∣Ŝ∣∣∣ Ŝij −∆2
∣̂∣S∣∣Sij] (2.14)

Note that in (2.13), Cm is assumed to have weak variations over homogeneous spatial

directions such that it can be taken out of the filtering operation. Equation (2.13) rep-

resents six equations with two unknowns: Cm and Lkk. Satisfaction of the six equations

simultaneously is not possible and instead the error between the left and right hand side

of (2.13) was attempted to be minimized through least-squares minimization (Lilly, 1992;

Meneveau et al., 1996):

eij = Lij −
1

3
δijLkk + 2C2

mMij ,
∂ (eijeij)

∂C2
m

= 0 (2.15)

The advantages of the least-squares minimization are first, Lkk will be dropped off from

the equation and second, it results in only one algebraic equation based on Cm,

C2
m = −1

2

LijMij

MpqMpg
(2.16)

The above expression represents the local dynamic model which was found to yield a highly

variable eddy viscosity with a significant portion of negative values. Germano et al. (1991)

circumvented this issue by averaging the expression for C2
m over homogeneous directions.

Thus, the nominator and denominator of (2.16) are averaged over the homogeneous di-

rections (e.g. plane averaging for channel flow). This formulation that is noted as plane-

averaged dynamic model with Lilly’s modification is a well-established robust model that

is used as a scale to measure the accuracy of newly developed LES models, in particular in
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applications where homogeneous directions exist. In this thesis the proposed SFS model in

the following chapters, is compared against this model in plane channel flow.

To remove the constraint due to homogeneous directions, Meneveau et al. (1996) pro-

posed to perform minimization of (2.15) over the trajectory of particle paths; this was based

on an earlier observation that turbulence energy cascade is more apparent when viewed in

a Lagrangian frame (Meneveau & Lund, 1994). Thus, they postulated that the model co-

efficient Cm(x, t) corresponding to point x at time t depends on the history of the particle

whose trajectory passes through x at time t. Consider a particle located at x and at time

t; its location at earlier time t′ < t can be found through the following reverse integration:

z(t′) = x−
∫ t′

t
u(z(t′′), t′′)dt′′ (2.17)

Meneveau et al. (1996) defined the error in the Lagrangian coordinate:

eij(z, t
′) = Lij(z, t

′) + 2C2
m(x, t)Mij(z, t

′) (2.18)

and attempted to optimize Cm(x, t) based on minimizing eij(z, t
′) over the history of the

particle path that is located at x at time t. Thus, the collected error that needed to be

minimized (in a least-squares sense) is:

E =

∫ t

−∞
eij(z, t

′)eij(z, t
′)W (t− t′)dt′ (2.19)

where W (t− t′) is a weighting function that controls the memory of history and puts more

emphasis on the events closer to time t. Minimizing E with respect to C2
m, one obtains:

C2
m = −1

2

JLM
JMM

(2.20)
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where

JLM =

∫ t

−∞
LijMij(z, t

′)W (t− t′)dt′ (2.21)

JMM =

∫ t

−∞
MpqMpq(z, t

′)W (t− t′)dt′ (2.22)

Meneveau et al. (1996) used an exponential weighting function of the form W (t − t′) =

T−1 exp [−(t− t′)/T ], and transformed the above two integral equations into two relaxation

transport equations:

DJLM
Dt

=
∂JLM
∂t

+ u.∇JLM =
1

T
(LijMij − JLM ) (2.23)

DJMM

Dt
=

∂JMM

∂t
+ u.∇JMM =

1

T
(MijMij − JMM ) (2.24)

where T is the characteristic time scale of the averaging operation which determines the

extent over which the information is collected. Discretizing the above two equations using

an explicit Euler scheme gives:

J n+1
LM = H

{
εLijM

n+1
ij (x) + (1− ε)J nLM (x− un∆t)

}
(2.25)

J n+1
MM = H

{
εMijM

n+1
ij (x) + (1− ε)J nMM (x− un∆t)

}
(2.26)

where

ε =
∆t/Tn

1 + ∆t/Tn
, Tn = 1.5∆ (−8J nLMJ nMM )−1/8 (2.27)

and H is a ramp function (H(χ) = χ if χ ≥ 0, and zero otherwise). The superscript

n corresponds to the time-step number . To update JLM and JMM , their values at the

previous location of the particle , J nLM (x− un∆t) ,J nMM (x− un∆t), is required which

might not coincide with the grid points. Therefore, multilinear interpolation is used to

approximate their previous values.
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2.3 Time-advancement

The fractional step method (Chorin, 1968; Kim & Moin, 1985) was used to integrate the

governing equations (2.4) and (2.7) in time. To update the divergence-free velocity at

the next time-step (un+1
i ), first the velocity field is predicted (denoted by u∗i ) from the

momentum equation including all the terms using the velocity and pressure from the current

time-step, n. For homogeneous isotropic turbulence the explicit three-step, second-order

Runge-Kutta time-advancement is used for all the terms. For channel flow, backward-facing

step and separating boundary layer, all the terms are advanced with Runge-Kutta scheme

except the normal diffusion term for which second-order Crank-Nicolson time advancement

scheme is used. Thus for the latter three cases the prediction step contains all the terms

below except the one highlighted in blue (circled term) and instead it appears as highlighted

red terms (boxed terms). For HIT, however, all the terms excluding the highlighted red

terms (boxed terms) are used, which instead appear as the highlighted blue term (circled

term).

(
1− bk(rk)∆t

∂

∂y

[
νntot

∂

∂y

] )
u∗i = uni

+∆t

[
gk(rk)F

n
i + zk(rk)F

n−1
i + bk(rk)

∂

∂y

[
νntot

∂uni
∂y

]
− 2bk(rk)

∂p′n

∂xi

]
(2.28)

where

Fni = −
∂uni u

n
j

∂xj
+

∂

∂x

[
νntot

∂uni
∂x

]
+

∂

∂z

[
νntot

∂uni
∂z

]
+

∂

∂y

[
νntot

∂uni
∂y

]
+

∂

∂xj

[
νntot

∂unj
∂xi

]
(2.29)

Since a three-step Runge-Kutta time-advancement scheme is used for all the terms on the

right hand side of (2.28), three sub-steps are used. The index rk in (2.28) varies from 1 to
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3 and the coefficients gk(rk), zk(rk) and bk(rk) have the following values,

gk =

[
8

15
,

5

12
,

3

4

]
, zk =

[
0, −17

60
, − 5

12

]
, bk =

[
4

15
,

1

15
,

1

6

]
(2.30)

Second-order central differencing scheme is used for all the spatial derivatives in the

equations above. After the prediction step in each sub step, the Poisson equation is solved

∂2φn+1

∂xj∂xj
=

1

2bk(rk)∆t

∂u∗i
∂xi

(2.31)

where φ is a scalar used to project the predicted velocity onto a divergence-free space. The

Poisson solver for channel flow and homogeneous isotropic turbulence uses Fourier expan-

sions in the streamwise and spanwise directions; for each wavenumber pair the resulting

tridiagonal matrix is inverted. For the separating boundary layer due to non-periodicity

in the streamwise direction though a uniform grid distribution, fast Fourier transform and

fast cosine transform are performed in the spanwise and streamwise directions, respectively;

then a tridiagonal direct solver is used for each wavenumber. For the backward-facing step

a Fourier expansion is performed in the spanwise direction only and, for each wavenumber,

a penta-diagonal matrix is inverted directly using cyclic reduction (Sweet, 1974).

By solving (2.31) for φn+1 the velocity field is corrected to satisfy the divergence-free

condition,

un+1
i = u∗i − 2bk(rk)∆t

∂φn+1

∂xi
(2.32)

The modified pressure at the new time-step is:

p′n+1 = p′n + φn+1 (2.33)
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Figure 2.2: The staggered-grid arrangement. The u, v and pressure cells are indicated with
red, blue and grey respectively.

2.4 Spatial Discretization

As was mentioned earlier the central differencing scheme was used for the spatial gradient

terms. The staggered grid arrangement in 2D space is shown in Figure 2.2. The pressure

and scalar variables are located at the centre of the grid cell while the velocity vector

variables are located at the cell-face centres. xc(i) is the node in the middle of x(i) and

x(i− 1), and yc(j) between y(j) and y(j − 1). Therefore,

xc(i) =
x(i) + x(i− 1)

2
(2.34)

yc(j) =
y(j) + y(j − 1)

2
(2.35)

Note that i and j indicate the grid indices in a discretized space (not to be confused with

the Cartesian tensor indices).

For the convective terms, a volume-weighting conservative method by Ham et al. (2002)

was used to interpolate the velocity field and evaluate the derivates of nonlinear terms on

a staggered grid arrangement. Based on this method to interpolate the variable φ(i, j, k)

located at the cell centre xc(i), onto the cell face x(i), two possible choices for averaging
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are as follows:

φ
x′ |i,j,k,n =

[xc(i+ 1)− x(i)]φn(i+ 1, j, k) + [x(i)− xc(i)]φn(i, j, k)

xc(i+ 1)− xc(i)
(2.36)

φ
x|i,j,k,n =

φn(i+ 1, j, k) + φn(i, j, k)

2
(2.37)

where φ
x′

and φ
x

are two interpolation schemes for evaluating the average of φ depending

on whether it is located staggered or cell-centred, with respect to the shifted cell. When the

momentum equations are discretized, depending on the corresponding component for which

momentum is solved, discretization must be carried out over the shifted cell that places that

component at the cell centre (for instance, the shaded red colour cell for the u−velocity in

Figure 2.2). Accordingly, the other components (v and w), will be staggered with respect

to the shifted imaginary cell. In this case, for the component that is located at the cell-

centre the cell-centre interpolation is used (φ
x
) while for the other two components that

are staggered, the staggered interpolation which can be thought of as a volume-weighted

average is adopted (φ
x′

). Therefore the convection terms in the xi−momentum equation

are calculated as,

∂

∂xj
(uiuj) '

δui
xuj

x′

δxj
(2.38)

where δ denotes discrete differencing and summation is applied for repeating subscript. The

code with the implemented time-advancement and discretization schemes is parallelized

based on Message Passing Interface (MPI) protocol, and has been validated in a variety of

applications (Keating et al., 2004a,b; Keating & Piomelli, 2006).

2.5 Problem setup and Boundary conditions

As was discussed before, in this study the models are tested on three physical configurations:

homogeneous isotropic turbulence, plane channel flow and backward facing step. Below the
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corresponding boundary conditions and problem setup for each case are described sepa-

rately. However, details about the grid size and arrangement in addition to the domain size

will be postponed to Chapters 3 to 5 where each application is considered for model testing.

2.5.1 Homogeneous isotropic turbulence

Setting up homogeneous isotropic turbulence (Figure 2.1(a)) is quite straightforward. A

box of size 2π×2π×2π with periodic boundary condition in all three directions is simulated.

Here the characteristic length Lc and velocity Uc are assigned as unity based on the chosen

domain size and the forcing field. However, in the next two chapters the Reynolds number

is reported based on the integral length-scale and turbulent kinetic energy which their

quantification will be discussed with more details. To produce sustained turbulence, the

linear forcing method proposed by Rosales & Meneveau (2005) was used. In this method the

forcing term Fi = Aui is applied to the momentum equation where A is the proportionality

constant.

To gain a physical intuition about this forcing term, if we derive the equation governing

the resolved turbulent kinetic energy Kres = u′iu
′
i/2, under statistically steady state and by

averaging the equation with respect to volume and time 〈...〉, the following relation for A

will be obtained:

A =

〈
2 (ν + νT )SijSij

〉
〈uiui〉

(2.39)

In homogeneous isotropic turbulence, due to the absence of the mean velocity and shear

ui = u′i and Sij = s′ij , where s′ij is the fluctuating part of the resolved strain-rate tensor.

Thus, numerator of (2.39) represents the total dissipation rate εtot (viscous and residual),

while the denominator is twice the resolved turbulent kinetic energy 2〈Kres〉.

Thus, adding Aui as a force term to the momentum equation is analogous to counter-

balancing the energy dissipation, with the injection of energy production by amount 2A〈Kres〉.
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2.5.2 Plane channel flow

For plane channel flow (Figure 2.1(b)), periodic boundary conditions were applied both in

the spanwise and streamwise directions. No-slip boundary condition was applied on the top

and bottom boundaries. The characteristic length and velocity are channel half-height δ

and the average velocity Ub, respectively. To impose the desired flowrate, the force term

Fi = δ1ifp is imposed which drives the flow in the streamwise direction; fp is the mean

pressure-gradient, adjusted based on the deviation of the calculated flowrate (Qcal) at each

time step from the target one (Qtgt) according to the following equation.

fnp = fn−1
p +

[
2
Qncal −Qtgt

∆t
−
Qn−1

cal −Qtgt

∆t

]
(2.40)

2.5.3 Backward facing step

For the backward-facing step (Figure 2.1(c)), periodic boundary conditions were imposed

in the spanwise direction. The characteristic length and velocity are the step height hs

and the average inflow velocity Ui before the step. To generate a fully developed turbulent

channel inflow, the velocity field at a location within the inflow duct is recycled to the inlet

plane. At the outlet, a convective outflow boundary condition (Orlanski, 1976) was used.

To implement the step, an immersed boundary method with direct forcing is used (Fadlun

et al., 2000).

2.5.4 Separating boundary layer

For the separating boundary layer (Figure 2.1(d)), periodic boundary conditions were ap-

plied in the spanwise direction. Figure 2.3 sketches the imposed free-stream boundary

conditions for this problem. The characteristic length is the boundary layer displacement
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Figure 2.3: Schematic diagram for the boundary conditions imposed on the separating
boundary layer.

thickness at a reference location, xo, downstream, defined as:

δ∗o =

∫ ∞
0

(
1− 〈u〉

Uo

)
dy (2.41)

where 〈u〉 is the averaged (over time and spanwise direction) velocity profile at xo, Uo is

the free-stream velocity at xo taken as the characteristic velocity for this case. The inflow

profile was generated following the recycling/rescaling technique proposed by Lund et al.

(1998). The velocity profile located at xo is rescaled and recycled to the inlet.

To obtain the boundary layer separation at the bottom wall, a suction-blowing velocity

profile is imposed as the top boundary condition. To this aim the v−component of velocity

is assigned (here as a sinusoidal profile); the detailed discription of this profile is postponed

to Chapter 5. Then the u− and w−components are calculated by enforcing the zero vor-

ticity condition at the top boundary. Therefore, top boundary condition for each velocity

component is as follow:

V∞(x) =

 a sin
(

2π
[
x−x1
x2−x1

])
, x1 ≤ x ≤ x2

0 , x < x1 or x > x2

(2.42)

∂U∞
∂y

=
∂V∞
∂x

,
∂W∞
∂y

= 0 (2.43)

A convective boundary condition (Orlanski, 1976) was used at the outlet.
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The dimensions of the computational domain along with the flow condition and bound-

ary conditions will be explained further with more details in Chapters 3 to 5 when the

models are tested in each benchmark case independently.
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Chapter 3

Global Model

3.1 Introduction

As was explained in Chapter 1, two subfilter scale (SFS) models are developed in this thesis;

their foundation is a model length-scale (filter width) associated with the integral length-

scale of the flow. The main objective of this chapter consists in formulation of the proposed

length-scale, and using it in the first SFS model. First, an estimation for the integral length-

scale of the flow is proposed based on which the filter width (hence the model length-scale)

is determined. The inherent error within the approximation is quantified through the theo-

retical arguments and numerical experiments, including homogeneous isotropic turbulence

(HIT) and channel flow.

A technique to determine the resulting model parameter is proposed, based on an as-

signed turbulence resolution by the user (subfilter-scale activity). To accelerate the opti-

mization of the model parameter, successive inverse polynomial interpolation (Geurts &

Meyers, 2006) is used. Since this model is based on a global estimate of the integral length-

scale, it is named “global ILSA (Integral Length Scale Approximation) model”. Global

ILSA is applied to channel flow at Reynolds numbers up to Reτ = 2, 000 (based on channel

half-width and friction velocity uτ ) to reveal some of its features. Application of global ILSA
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to backward-facing step is postponed to next chapter, where it is compared with the second

model, called “local ILSA”. Some concluding remarks will be presented in Section 3.4.

3.2 Subfilter-scale model

The two main elements of the first model are the model length-scale and the model param-

eter. In this section the formlation of the proposed model length-scale is presented. The

length-scale is used to assign the filter width in the well-known eddy viscosity approach.

Nevertheless, the proposed length-scale is extendable to other categories of subfilter-scale

models, in particular it can be used as a basis for assigning the grid-independent filter width

in explicit filtered LES (Gullbrand, 2003; Bose et al., 2010).

The residual stresses are parametrized using the eddy viscosity approach as in (1.1).

The eddy viscosity is formulated following Smagorinsky (Smagorinsky, 1963) eddy viscosity

approach as follow:

νsfs = `2
∣∣S∣∣ = (Cm∆)2

∣∣S∣∣ (3.1)

where
∣∣S∣∣ is the magnitude of the resolved strain-rate tensor. ` is traditionally known as

Smagorinsky length-scale (analogous to the mixing length (Pope, 2000)), which through

the model parameter Cm is proportional to the filter width ∆. In the original Smagorinsky

eddy viscosity formulation, ∆ is proportional to the local grid size and Cm is constant,

assigned as an input by the user and sometimes accompanied by a damping function (near

the wall). The most commonly used dynamic Smagorinsky model (Germano et al., 1991),

dynamically calculates Cm on a local basis based on extrapolating information from a band

of smallest resolved eddies; the filter width is still assigned proportional to the local grid

size. Here the traditional eddy-viscosity formulation is modified and the filter width is

re-expressed as a fraction of the local integral length-scale of the flow, L, with the aim to

remove the shortcomings associated with the grid-based filter width discussed in Chapter

1. The emphasis in this section is on the formulation and justification of L as an accurate
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representative of the large scales of the flow. There are several prescriptions in the literature

for the integral length-scale as were reviewed in Chapter 1, however, each suffer from a

deficiency that harms their robustness for implementation in complex flows. Here it is

attempted to propose a formulation for L that can be used as a basis for assigning the filter

width in all flow problems.

The integral length-scale is formulated following the route that was initially established

by Piomelli & Geurts (2010, 2011). They proposed an estimation of the integral length-

scale based on the common prescriptions in the Reynolds-Averaged Navier-Stokes (RANS)

community; an integral length-scale that is mainly defined as a product of a velocity and

a time scale (Speziale, 1991). In RANS models the velocity scale is mostly assigned based

on square root of Turbulent Kinetic Energy (TKE), K = u′iu
′
i/2 (where prime denotes the

fluctuating field), and the time scale is a combination of K and another quantity which

differs depending on the particular RANS model. For instance, in K − ε model (Hanjalic

& Launder, 1972) the dissipation of TKE (denoted as ε) is adopted, or in K − ω model

(Wilcox, 1993), the specific dissipation-rate or pseudo-vorticity (ω) is used.

Piomelli & Geurts (2010, 2011) proposed the length-scale as a combination of TKE and

vorticity:

Lest =
〈Kres〉1/2

〈Ωres〉
(3.2)

where Kres = u′iu
′
i/2 is the TKE of the resolved field (where u′i = ui − 〈ui〉 is the resolved

fluctuating velocity). Ωres =
(
ΩiΩi

)1/2
is the magnitude of the resolved vorticity where Ωi =

εijk∂uj/∂xk is the vorticity vector of the resolved field and εijk is the permutation symbol.

Note that the calculated vorticity includes both the mean and fluctuating field to ensure

that as the flow tends towards laminarization, the integral scale and ultimately the eddy

viscosity approach zero. Also due to the integral nature of Lest, an appropriate averaging,

〈...〉, was necessary which will be discussed further in this and the next chapter. The model

length-scale ` in the eddy viscosity formulation (3.1) was related to the abovementioned
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length-scale, and the model gave some promising results both in channel flow, and temporal

mixing layer. Grid independence was reached during grid refinement, and the model behaved

more accurately, in particular on coarse grids, compared to other commonly used models.

The resulting eddy-viscosity yielded the asymptotic vanishing behaviour proportional to y2

near the wall, close to the correct one, y3(Germano et al., 1991; Piomelli, 1993).

The main shortcoming affecting (3.2), was its loss of accuracy, from theoretical perspec-

tive, as Reynolds number increased. At high Reynolds numbers the integral length-scale

in (3.2) becomes less accurate as an approximation of the integral length-scale because the

vorticity is affected by the small scales and Ωres is not a good approximation for the to-

tal vorticity. To demonstrate this deviation more clearly, the spectra of TKE (E(k)) and

vorticity (k2E(k)) are shown in Figure 3.1 for homogeneous isotropic turbulence (HIT) at

low and high Reynolds numbers; the simulation details are explained momentarily. It is

observed that the large eddies (low wavenumbers) are the most energetic ones and TKE is

mostly carried by the large scales, whereas it is the small dissipative scales that carry most

of the enstrophy (vorticity), and as the Reynolds number increases, the maximum vorticity

is shifted further towards smaller scales. Lets assume that the cutoff wavenumber is placed

at Kc ' 10 for the high Reynolds number. Then the estimated length-scale based on (3.2),

highly overestimates the correct value.

Here an alternative formulation is presented for Lest, that takes into account the small

scales contribution to the integral scale. The new formulation is:

Lest =
〈Kres〉3/2

〈εtot〉
(3.3)

where Kres is the resolved TKE, similar to the previous formulation in (3.2), and

εtot = 2 (ν + νsfs) s
′
ijs
′
ij (3.4)
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Figure 3.1: Spectra of TKE (a), and enstrophy (vorticity) (b), at ReL = 250 ( ) and
ReL = 4, 490 ( ).

is the dissipation rate of total TKE. ν is the kinematic viscosity and s′ij = Sij −〈Sij〉 is the

fluctuating part of the resolved strain-rate tensor. Note that in this new formulation, εtot

takes into account the dissipation rate carried out by both resolved (2νs′ijs
′
ij), and subfilter

(2νsfss
′
ijs
′
ij) eddies. Then the filter width in (3.1) can be represented as a fraction of the

local integral length-scale:

∆ = C∆Lest (3.5)

where C∆ < 1 is the proportionality constant whose value will be discussed in the results

section. With this new formulation it is expected that Lest can more accurately represent

the integral scale of the flow regardless of the Reynolds number; although Kres ignores the

portion of the TKE within SFS, it is expected that this removed portion has marginal

contribution to the total TKE as it is mostly due to large, resolved scales. To evaluate

this argument more quantitatively, first a theoretical investigation is carried out and then

the theoretical findings are validated numerically using homogeneous isotropic turbulence

(HIT).
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For the theoretical analysis, a model spectrum (Pope, 2000) is considered:

E(k) = Cε2/3k−5/3fL(kL)fη(kη) (3.6)

fL(kL) =

 kL(
(kL)2 + 6.78

)1/2


11/3

(3.7)

fη(kη) = exp
{
−5.2

[(
(kη)4 + 0.404

)1/4]}
(3.8)

where C = 1.5 is the Kolmogorov constant and k is the wavenumber. The model spectrum

makes it possible to directly calculate TKE and dissipation rate, whether resolved or the

SFS portions through the following integrations:

〈Ksfs〉 =

∫ +∞

0
E(k)dk︸ ︷︷ ︸
〈Ktot〉

−
∫ Kc

0
E(k)dk︸ ︷︷ ︸
〈Kres〉

(3.9)

〈εsfs〉 = 2ν

∫ +∞

0
k2E(k)dk︸ ︷︷ ︸
〈εtot〉

− 2ν

∫ Kc

0
k2E(k)dk︸ ︷︷ ︸
〈εres〉

, (3.10)

In this analysis a spectral cut-off filter with the cut-off wavenumber Kc = π/∆ =

π/ (C∆L) is considered for filtering operation. The two variables in this analysis are the

Reynolds number and the filter width (hence, C∆). For each Re and C∆, the above two

integrations are carried out and the following three different length-scales are calculated:

Lex = 〈Ktot〉3/2/〈εtot〉; Lest = 〈Kres〉3/2/〈εtot〉; Lres = 〈Kres〉3/2/〈εres〉, (3.11)

where Lex is the exact value of the dissipation length-scale; Lres is the length-scale calculated

based on the resolved field only, analogous to (3.2) and Lest is the approximated integral

length-scale represented in (3.3).

Three values of filter width ∆ = C∆Lex with C∆ = 0.005, 0.01, 0.02 where chosen and for
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each C∆ the above three length scales were evaluated for 102 ≤ ReL ≤ 106; ReL is defined

based on Lex and 〈Ktot〉1/2 as the length and velocity scales, respectively. Figure 3.2 shows

the two ratios Lres/Lex and Lest/Lex as a function of ReL. The argument regarding the

inherent error in Lres can be clearly observed in this figure; the level of over-estimation in

Lres grows with Reynolds number and its departure from the exact value occurs earlier by

increasing C∆ to the point where for ReL > 104 the integral length-scale is grossly over-

estimated by Lres. On the other hand, the ratio Lest/Lex is quite insensitive with respect

to the Reynolds number and is marginally less than unity. The small error in Lest is due

to Kres which, for the highest chosen C∆ is lower than the total TKE by less than 10%.

Therefore from this analysis it is observed that Lest significantly improves the prediction

of the integral length-scale compared to the choice proposed by Piomelli & Geurts (2010,

2011). Note that using Ωres in (3.2) is analogous to εres in Lres. The great improvement

observed in Lest is due to the inclusion of the dissipation rate carried by SFS; although

the modelling assumption still persists in (3.3), removing the systematic error associated

with neglecting the SFS dissipation is a major improvement compared to (3.2) proposed

by Piomelli & Geurts (2010, 2011). Henceforth, (3.3) is regarded as the formulation for

Lest and is called Integral Length-Scale Approximation (ILSA). The accuracy of ILSA both

from theoretical perspective and in terms of performance compared with other models will

be demonstrated momentarily.

Relating the filter width to Lest (∆ = C∆Lest), and implementing in eddy viscosity

formlation we have:

νsfs = (CmC∆Lest)
2
∣∣S∣∣ = (CkLest)

2
∣∣S∣∣ (3.12)

where Ck = CmC∆ appears as the model parameter encompassing both the eddy viscos-

ity model coefficient, Cm, and the fraction of the integral length-scale, C∆. Note that,
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substituting Lest into (3.12) results in an implicit equation for νsfs:

νsfs = C2
k

〈Kres〉3

〈2 (ν + νsfs) s
′
ijs
′
ij〉2

∣∣S∣∣ (3.13)

this issue is resolved by calculating the dissipation in the right-hand-side at the previous

time step.

Given that, Cm is a physical parameter whose optimum value depends on the particular

physics, changing Ck in fact changes C∆ implying that Ck is a turbulence resolution param-

eter; using a small value of Ck corresponds to a small filter width and thus resolving most of

the energy spectrum which must be accompanied by a fine grid resolution (high computa-

tional cost). On the other hand, a large Ck only resolves the large eddies and a coarse grid

resolution might be sufficient for that purpose (low computational cost). However, using a

large value of Ck, the user may pay for the penalty due to modelling error.

To provide a more clear picture about modelling error in addition to turbulence resolu-

tion, two measures of subfilter-scale activity are constructed:

sk =
〈Ksfs〉
〈Ktot〉

, sε =
〈εsfs〉
〈εtot〉

(3.14)
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sk quantifies the percentage of TKE contained within SFS and sε measures the percentage of

the dissipation rate carried out by SFS. sε was previously introduced by Geurts & Fröhlich

(2002) and will be used in this study to assign Ck, explained in the results section. The two

measures of SFS activity were calculated using the model spectrum for 0 ≤ C∆ ≤ 0.1 and

102 ≤ ReL ≤ 106 and the results are plotted in Figure 3.3. First, the argument regarding

the pile up of dissipation rate in the subfilter eddies can be clearly seen in Figure 3.3(b).

For a constant C∆, as the Reynolds number increases sε approaches unity, implying that at

high Reynolds numbers almost 100% of the dissipation rate is carried out by SFS. At the

very high Reynolds number, regardless of the choice of C∆, sε is almost unity. On the other

hand considering sk, it is more correlated with C∆ than Reynolds number. As the Reynolds

number increases, sk variation becomes small and eventually reaches an asymptotic value

for each C∆. In the range of Reynolds numbers and C∆ considered, most of the TKE

(>90%) resides in the large scales and thus Lest can be reconstructed accurately.

Figure 3.3 also provides useful information for assigning the model coefficient based

on the required turbulence resolution. One can fix the turbulence resolution either based

on the dissipation rate or TKE and obtain the appropriate C∆. This is consistent with

the “adaptive LES” approach proposed by Pope (2004). However, Figure 3.3 presents the

turbulence resolution based on C∆ and the values reported are based on model spectrum

which inherently contain the assumptions of homogeneity and isotropy. The SFS eddy-

viscosity presented in (3.12) requires Ck to be determined and is intended to be applied in

complex problems that violate the model spectrum assumptions. Therefore, it is necessary

to find an alternative technique to obtain Ck based on an assigned level of SFS activity.

This will be discussed in the results section.

The ILSA eddy-viscosity model presented in (3.12) has several interesting properties.

First, the model length-scale adapts itself to the local state of the flow; rather than de-

pendence on the grid topology, the size of the filter width varies following the flow physics.

Such property minimizes numerical errors due to grid-discontinuity in complex cases. This
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Figure 3.3: Contours of the ratio of (a) sub-filter energy to total energy, 〈Ksfs〉/〈Ktot〉,
and (b) sub-filter dissipation to total dissipation 〈εsfs〉/〈εtot〉 as a function of ReL and the
coefficient C∆.

44



behaviour will be demonstrated in the next chapter when the model is applied to backward-

facing step (BFS). Second, the fact that the filter width does not depend on the grid but

only the local integral length-scale makes the grid convergence study quite straightforward.

Once the grid can resolve well the local integral length-scale of the flow, the filter width

becomes constant and grid convergence can be reached when the ratio ∆/h reaches a satis-

factory value. Alternatively, grid convergence can be judged through monitoring a quantity

of interest during grid refinement. Finally, using the proposed length-scale yields superior

results in unstructured grid topologies; to avoid commutation and aliasing errors due to

grid discontinuity, a smooth filter width independent of the grid is expected to yield more

accurate results (Sullivan et al., 1996; Vanella et al., 2008). In the next chapter this prop-

erty of ILSA will be demonstrated in BFS, where despite having a sharply refined grid near

the step edge, the filter width stays invariant to this change.

Since Lest is an average (in Reynolds sense) quantity, both Kres and εtot are accompa-

nied by an averaging operation (denoted as 〈...〉 in (3.3)). In problems where homogeneous

directions exist (channel, temporal mixing layer, etc.), spatial averaging over homogeneous

coordinates can be adopted. However, in complex problems with no directions of homogene-

ity, time is the only feasible averaging coordinate; time averaging over Lagrangian particle

paths (Meneveau et al., 1996), is a potential choice. In this Chapter due to the presence of

homogeneous directions, spatial and time averaging are performed to calculate Lest. In the

next chapter, it will be demonstrated that time can be used as the only averaging dimension.

To investigate the near-wall behaviour of the eddy viscosity, it is written as:

νsfs ∝
K3

(ν + νsfs)2|s′|4
, (3.15)

where |s′| =
(

2s′ijs
′
ij

)1/2
. Near the wall, since u ∝ y ⇒ K3 ∝ y6, while |s′| ∝ const.. Thus,

the behaviour of the denominator in (3.15), depends on the balance between ν and νsfs.

At low Reynolds numbers where νsfs � ν, νsfs ∝ K3 ∝ y6 near the wall. On the other
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hand as Re → ∞ where ν � νsfs, ν
3
sfs ∝ K3 ∝ y6, or νsfs ∝ y2. In both cases the eddy

viscosity vanishes at the wall. Although this behaviour differs than the correct y3 vanishing

behaviour (Germano et al., 1991), it will be demonstrated that the rapid growth in the

eddy viscosity is a positive feature when the model is applied on wall bounded flows; on

coarse grids, the large eddy viscosity counterbalances the lack of momentum due to poorly

resolved eddies and adds to model accuracy.

3.3 Results

In the results section first a strategy for assigning the model parameter Ck based on a

measure of SFS activity is presented (Subsection 3.3.1), followed by the application of the

new subfilter-scale model on two benchmark problems: homogeneous isotropic turbulence

(HIT) at low and high Reynolds numbers, and turbulent channel flow up to Reτ = 2, 000

(Subsections 3.3.2 and 3.3.3). The results demonstrate the findings obtained from theoret-

ical analysis in addition to the model properties as a subfilter-scale model discussed above.

Finally, Subsection 3.3.4 is devoted to the comparison between the new model and other

commonly used models in the literature in terms of accuracy and computational cost.

3.3.1 Determination of Ck

There are various ways to determine the model parameter Ck. As was discussed previously,

Ck through its relation with C∆ assigns the LES resolution. Therefore, considering the

computational budget, one may assign Ck such that the filtered field can be properly resolved

by the affordable grid resolution. Then, the sufficiency of the resolution can be judged

during grid refinement by studying the variation of the statistics with respect to the grid.

An alternative approach is to optimize Ck based on the available experimental, theoretical or

direct numerical simulation data. In this approach optimization can be performed following

the “multi-objective optimization” technique proposed by Meyers et al. (2006, 2007) in
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which Ck is optimized based on minimizing simulation error simultaneously, in several flow

properties. Piomelli & Geurts (2010, 2011) for instance, used the skin-friction coefficient

Cf = 2τw/(ρU
2
b ) (where τw is the wall shear stress, ρ is the density and Ub is the average

velocity) to obtain Ck; they used Dean’s empirical relation (Dean, 1978) as the reference

for Cf . The major drawback in this approach is its self-consistency, as the optimized Ck

for a specific parameter changes during grid refinement due to the complex error dynamics

in LES (Meyers & Sagaut, 2007).

A more robust approach which follows the notion of “adaptive LES” by Pope (2004),

is to use a measure of simulation resolution (SFS activity), and optimize Ck based on a

target user-defined value. The appropriate value for SFS activity, which will be discussed

throughout this thesis, depends on the expected LES resolution and available computational

budget. This approach does not require any external reference data and is applicable to

any complex problem. In this study two measures of SFS contribution to transport are

proposed. The first one is based on the portion of the dissipation rate carried out by the

subfilter eddies (sε), introduced in (3.14) which through eddy viscosity assumption, it will

be formulated as:

sε =
〈εsfs〉

〈εsfs〉+ 〈εν〉
=

〈2νsfsSijSij〉
〈2(ν + νsfs)SijSij〉

(3.16)

The above formulation for sε was initially proposed by Geurts & Fröhlich (2002), for

error analysis in LES. Geurts & Fröhlich (2002) and Meyers et al. (2003) observed that for

large filter width to grid ratios, sε mainly varies with the filter width. Thus, it is expected

that sε has minimal change once the integral scale and consequently the filter width are

well-resolved. An averaging operation, 〈...〉, is introduced in (3.16) to quantify the ensemble

effect of subfilter motions; here, averaging is performed over the entire domain and time.

Different choices of averaging have different implications; for instance, by volume and time

averaging in (3.16), sε demonstrates the portion of the dissipation rate that is carried out

by the subfilter eddies throughout the volume on a statistically long period of time. With
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this choice of averaging, sε becomes a single number for each simulation. Thus, given the

value of sε there must be only one optimum Ck that could return the assigned sε. Since the

nature of this model is based on the global contribution of subfilter scales (throughout the

volume and time), global ILSA is the name that is attributed to this model. In the next

chapter averaging is extended into more local alternatives which leads to a new formulation

of ILSA.

The second measure of SFS activity is based on the contribution of SFS to the turbulent

stresses (〈u′iu′j〉). Since in the eddy-viscosity assumption only the anisotropic portion of

the subfilter stresses is modelled (1.1), calculating the total stress requires the knowledge

of isotropic subfilter stress (hence Ksfs), which can not be explicitly calculated in the eddy

viscosity approach. Therefore, this measure is formulated based on anisotropic resolved and

SFS stresses. On the other hand, to make the measure coordinate invariant, an invariant of

the stress tensor must be considered. Given that the first invariant of anisotropic portion of

turbulent stress-tensor is identically zero, the simplest form would be the second invariant

formulated as follow:

sτ =

[ 〈τaijτaij〉
〈(Ralm + τalm)(Ralm + τalm)〉

]1/2

. (3.17)

where

Raij = u′iu
′
j − δij

u′ku
′
k

3
; τaij = τij − δij

τkk
3
, (3.18)

u′i = ui−〈ui〉hd,t is the fluctuating part of the resolved velocity field, obtained by subtracting

the mean (averaged over homogeneous directions or time) from instantaneous velocity field.

Although a physical perception for the assigned value of sτ is hard to grasp, in Chapter 4

and Appendix A, an extensive study is carried out on the physical notion of sτ , and it will

be demonstrated that sτ is correlated with SFS activity based on TKE (sk).

Note that the main objective in this chapter is first to validate the proposed length-

scale (ILSA) as the correct estimation of the integral scale of the flow and second, to
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demonstrate that using the SFS model that adopts ILSA as the model length-scale, yields

accuracy while removing the grid-convergence issue in LES. Then in the next chapter, the

emphasis will be more on the proper choice of SFS activity. Therefore in this chapter

due to the previous use of sε as the measure of SFS activity (Geurts & Fröhlich, 2002;

Meyers et al., 2003), determination of Ck is mainly performed using sε as the SFS activity.

Nevertheless, SFS activity based on other measures is also reported during this chapter but

a more extensive discussion on the appropriate measure along with the appropriate range

for model application is postponed to the next chapter.

sε (or sτ ) can be thought of as a LES resolution parameter. Once a value for sε (or

sτ ) is decided by the user, a series of optimization simulations can be conducted on the

coarse grid to obtain the corresponding value of Ck that yields the desired SFS activity.

Then the production simulation can be performed using the optimized Ck on the fine grid.

The values of sε or sτ may be thought of as user-defined resolution parameters, decided

based on the affordable computational cost; with a large value for these quantities, the Ck

obtained will be large, and grid convergence can be reached on a coarse grid. On the other

hand, assigning a small value for sε (or sτ ) which yields a small Ck may require a fine

grid resolution and high computational expense for grid convergence. In the limit of sε (or

sτ ) approaching zero, the SFS contribution becomes zero (no filtering) and DNS will be

recovered when the grid becomes sufficiently fine.

To obtain the optimum value of Ck on the coarse grid, based on the required SFS

activity, rather than running several simulations, the error minimization technique proposed

by Geurts & Meyers (2006) is followed. This technique, which is known as “Successive

Inverse Polynomial Interpolation” (SIPI), is based on consecutive parabolic interpolations

for minimizing a loss function of Ck; the loss function (φ) is defined as the absolute difference

between a target quantity and the LES prediction of the same quantity. Geurts & Meyers

(2006) used this method in homogeneous isotropic turbulence to optimize the Smagorinsky

(Smagorinsky, 1963) model parameter, Cs, by minimizing the loss function defined as the
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absolute error between the TKE obtained from the filtered DNS data and the corresponding

LES simulation. In this technique after deciding the loss function, three initial simulations

are performed using three values of Ck; the values must be chosen such that they bracket the

valley of φ. To this aim, one simulation is performed at Ck = 0 corresponding to a coarse

DNS where the numerical error is dominant and the other one at a fairly large Ck to ensure

that the modelling error is large. The third value can be assigned as the intermediate of

the others. The loss function for each simulation is evaluated and a parabola is constructed

by the three points; the resulting parabola must have upward concavity, otherwise a larger

value of Ck for bracketing the valley of φ is necessary. From the interpolated parabola if its

minimum is not within satisfactory limit, the value of Ck that yields its minimum is used to

run a new simulation and the corresponding value of φ is evaluated. The next parabola is

formed by the three pairs of (Ck, φ(Ck)), one of which is the newest optimized Ck along with

the two nearest points with the consideration of having upward concavity in the resulting

parabola. If the resulting minimum is not satisfactory, this procedure is repeated. With this

method the optimum Ck can be most likely found with less than six simulations. Since SIPI

is performed on much coarser grids compared to the production runs, the computational

overhead is marginal; for instance, for channel flow at Reτ = 950 this overhead was found

to be less than 5%. Moreover by defining φ based on sε (or sτ ), since the integral scales

(and hence the filter width) can be resolved reasonably well on coarse grids, the optimized

Ck from coarse grid is expected to yield the SFS activity close to the target value in the

production run.

The successful application of SIPI is demonstrated in Figure 3.4 for channel flow using

global ILSA at Reτ = 950. The coarse grid resolution for optimization is 48 × 65 × 48

grid points; details of the simulation parameters is postponed to Subsection 3.3.3. The loss

function is defined based on sε as follow:

φs % = 100× |sε − stgt|2 (3.19)
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Figure 3.4: SIPI optimization for plane channel flow at Reτ = 950 with sub-filter activity
sε as quantity to be optimised with target value stgt = 0.23 and grid 48 × 65 × 48. (a)
Error optimization based on SIPI; the first polynomial has been constructed using points
(i), (ii), (iii) ( ); the second using (ii), (iii), (iv) ( ). (b) Error obtained from nine
simulations with varying values of Ck.

where stgt is the target SFS activity chosen to be 0.23, for this test case. In Subsection 3.3.3

an appropriate range of sε (and sτ ) will be explained. The first round of optimization is

performed by three values of Ck: (i) Ck = 0.000, (ii) Ck = 0.009 and (iii) Ck = 0.0045. After

running the coarse grid calculations using these values and evaluating the corresponding

φs%, the first interpolating parabola is constructed (red solid line in Figure 3.4(a)) which

yields its minimum at Ck = 0.007. The fourth simulation is performed using this optimized

Ck (point (iv)) and after evaluating the corresponding φs%, the second round of optimization

is repeated between points (ii), (iii) and (iv). Likewise, the second interpolating parabola

has minimum located at Ck = 0.007, indicating that this optimum Ck corresponds to the

target SFS activity. Thus, only four simulations were sufficient to optimize Ck using SIPI.

Explicit optimization of Ck by running nine simulations (Figure3.4(b)) results in the same

optimum Ck, demonstrating the efficiency of SIPI.

As mentioned, global ILSA is formulated based on volume and time averaging for as-

signing the SFS activity (in (3.16) or (3.17)). This choice requires Ck as a constant value

in each simulation. In Chapter 4, the model is further extended to include a more localized

determination of Ck, and is applied into more complex local formulations (local ILSA) with

more challenging test cases.
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3.3.2 Forced homogeneous isotropic turbulence

The study of forced homogeneous isotropic turbulence (HIT) is carried out at low and high

Reynolds numbers ReL = 250 and 4, 490, (based on Lest and 〈Kres〉1/2). The domain is a

2π× 2π× 2π triply periodic box and the grid is uniformly distributed in all three directions

using several resolutions, discussed momentarily. To sustain turbulence and prevent HIT

from decaying, an isotropic forcing field (Fi = Aui), following Rosales & Meneveau (2005),

is added to the momentum equations (2.7). The forcing coefficient was A = 0.1333 and

0.1667 at the low and high Reynolds numbers, respectively. These simulation parameters

are adjusted for comparison with the available DNS data (cases 2b and 7 in Rosales &

Meneveau (2005)).

An initial solenoidal velocity field with random phases is generated with the following

energy spectrum:

ET (k) =
16√
π/2

u2
ok

4

k5
o

exp

(
−2k2

k2
o

)
, (3.20)

where uo = 1 is the root-mean square (rms) of initial velocity and ko is the wavenumber at

which the peak of ET occurs.

As was discussed in Subsection 2.5.1, assessing the forced HIT from energy balance

point of view in an integral form, the balance between production and dissipation can be

presented in terms of A as in (2.39). Given the definition for Lest in (3.3), the energy

balance can be re-expressed into the following form:

A =
〈εtot〉
〈2Kres〉

⇒ Lest =
〈Kres〉1/2

2A
(3.21)

where 〈...〉 corresponds to the averaging throughout the volume and for a sufficiently long

period of time. In the reference DNS simulations since Kres = Ktot, Lest = Lex; for the

two cases considered Lex ' 2.05 and 2.48 at low and high Reynolds numbers, respectively.
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These reference values provide a useful measure for quantifying the error, inherent in the

resulting Lest obtained from application of global ILSA.

At ReL = 250, two SFS activities were chosen, stgt = 0.15 and stgt = 0.3. Note that

the SFS activity is quantified based on the dissipation rate as in (3.16); the higher SFS

activity is a more challenging case for model accuracy, since a wider range of eddies must

be modelled. Four grid resolutions were considered at this Reynolds number: 323, 643, 1283

and 1923. To obtain Ck, SIPI optimization was carried out on the coarsest resolution, which

found the optimized Ck in five simulations. The corresponding Ck was 0.006 and 0.010 for

the low and high SFS activities, respectively.

Figure 3.5 compares the energy spectra ET (k), with the reference DNS of Rosales &

Meneveau (2005) at ReL = 250. Evaluating the grid convergence based on the energy

spectra indicates that, for the low SFS activity, grid convergence is reached with 643 grid

points while, for the high SFS activity, convergence requires coarser grid with 323 points.

This is consistent with the earlier numerical experiments by Geurts & Fröhlich (2002) and

Meyers et al. (2003), in which they observed earlier grid convergence when larger filter

width was adopted. The larger filter width and thus the higher contribution of SFS model

is also apparent in the cases with higher SFS activity (Figure 3.5(b)). These cases show an

attenuation of the energy spectra at high wavenumbers; note that the DNS data are not

filtered to demonstrate the effect of the filter width in LES more clearly.

Figure 3.6(a) shows the variation of the predicted Lest with the grid. Using both Ck

values, the estimated length-scale is over predicted on the coarse grid and as the grid is

refined, it asymptotically approaches 2.00 the expected value from the DNS data. This

validates the theoretical finding regarding the marginal difference between Lest and Lex

when the SFS activity is reasonably low, appropriate for well-resolved LES. An estimated

filter-width to the grid-size ratio is shown in Figure 3.6(b). The filter width ∆ can not be

determined explicitly using ILSA model; therefore to obtain an estimate of the filter-width

to the grid size ratio ∆/h, the model coefficient Cm is estimated by the Smagorinsky model
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Figure 3.5: Total energy spectra at grid resolutions 323, 643, 1283 and
1923. (a) stgt = 0.15 and Ck = 0.006; (b) stgt = 0.3 and Ck = 0.010. •: DNS (Rosales &

Meneveau, 2005).

coefficient Cs taken to be 0.17, the optimum value for HIT (Lilly, 1967). Then the ratio

CkLest/Csh becomes an analogue to ∆/h. On the coarse grid with 323 grid points, this ratio

is close to unity with both Ck values. Thus, it appears that on the coarsest mesh the level of

over-estimation in Lest depends on the mesh resolution such that the effective filter-width

becomes nearly equal to the mesh size. Such behaviour is also observed in channel flow

simulations, shown momentarily. As the grid becomes finer and ∆/h > 2.0 the estimated

length-scale predicts the exact value reasonably accurate, and grid convergence is reached,

which corresponds to 1283 and 643 grid points for low and high Ck values, respectively.

In Figure 3.7, the flow structures are identified by plotting the iso-surfaces of the second

invariant of the velocity-gradient tensor, Q (Hunt et al., 1988; Dubief & Delcayre, 2000):

Q = −1

2

∂ui
∂xj

∂uj
∂xi

. (3.22)

the structures are obtained in the case with ReL = 250 and stgt = 0.30, which yields

Ck = 0.010 as the model coefficient. The very coarse grid with 323 grid points is incapable

54



h

C
k
L

e
st
 /

 C
sh

0.04 0.08 0.12 0.16

2

4

6

8

(b)

L
e
st

1.5

2

2.5

3

(a)

Figure 3.6: Variation of Lest (a) and an approximated filter-width to the grid-size ratio
CkLest/Csh (b) with grid resolution for HIT at ReL = 250. Ck = 0.006 ( ); Ck = 0.010
( ). The symbols indicate the four resolutions 323, 643, 1283, 1923.

of capturing the structures; as the grid becomes finer to 643, the large structures begin to

be captured. Once the grid resolution is doubled to 1283, the structures are sharper and

better defined, and a wider range of scales is captured. Since global ILSA yields a filter

width that does not change with the grid (after some point), further refinement from 1283

to 1923 grid points does not alter the details and resolution of structures. The results from

the lower SFS activity simulations (not shown), demonstrate the same behaviour in the

evolution of the resolved structures during grid refinement with the difference that due to

the smaller filter width, smaller structures appear in the solution.

At high Reynolds number ReL = 4, 490, global ILSA was applied using two SFS activi-

ties: stgt = 0.44 and stgt = 0.84, corresponding to Ck = 0.0015 and 0.006. Similarly to the

low Reynolds number HIT, the higher SFS activity is a more challenging case.

The energy spectra at ReL = 4, 490 are compared with DNS in Figure 3.8. As expected,

using a lower SFS activity requires a finer grid resolution for convergence; with stgt = 0.84,

grid convergence is reached at 1283 grid points, while for stgt = 0.44 a finer resolution (1923

grid points) is required for convergence.

To compare the numerical findings with theory it is necessary to note that the filter
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Figure 3.7: Iso-surfaces of Q = 5.00 for Ck = 0.010. (a) 323 points; (b) 643 points; (c) 1283

points; (d) 1923 points.
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Figure 3.8: Total energy spectra at grid resolutions 643, 1283, 1923 and
2563. ReL = 4, 490. (a): sε,tgt = 0.84 and Ck = 0.006. (b): sε,tgt = 0.44 and

Ck = 0.0015. •: DNS (Rosales & Meneveau, 2005).

function in global ILSA is undetermined while the analysis using model spectrum was

carried out using the spectral cutoff filter function. Therefore, comparison is possible only

in an approximate manner. Considering ReL = 4, 490 in Figure 3.3(b), stgt = 0.84 and

0.44 correspond to C∆ ' 0.04 and 0.016, respectively. Therefore for the high and low SFS

activities, the filter width is about 25 to 60 times smaller than the integral length-scale;

the corresponding cutoff wavenumber is Kc = π/∆ ' 31 and 77 for the high and low SFS

activities, respectively (shown as vertical dashed lines in Figure 3.8). The energy content

of scales larger than 2∆, is properly resolved using the two SFS activities; obviously for

the smaller SFS activity a wider range of scales is captured due to the smaller filter width.

Near the cutoff wavenumber, the energy spectra decay and occur more rapidly with higher

SFS activity due to the high level of SFS dissipation. To obtain an estimate of dissipation

level, it can be compared with an analogous LES simulation using the Smagorinsky eddy-

viscosity model (Smagorinsky, 1963) in which the filter-width is the same is the grid size
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(i.e. ∆smag = h):

νsmag = (Csh)2|S|, (3.23)

with Cs = 0.17. The ratio of the SFS dissipation produced by global ILSA over the one

by Smagorinsky model is (CkLest/Csh)2. Considering the converged resolution with 1923

grid points, the Smagorinsky filter width will be ∆smag = h = 2π/192 = 0.033. Also the

estimated length-scale at this Reynolds number is Lest ' 2.55. For the case with stgt = 0.44,

Ck = 0.0015 and the estimated dissipation rate is about half of the one from Smagorinsky

model. However with stgt = 0.84 where Ck = 0.006, the dissipation rate will be about eight

times larger than Smagorinsky model.

The case with the SFS activity stgt = 0.84 is quite a challenging case for SFS models.

Considering Figure 3.3 at ReL = 4, 490, this case corresponds to C∆ ' 0.04 which yields

SFS activity based on TKE, sk ' 0.1; hence the total TKE is under-predicted by 10% in

this case. To assess the significance of this error in determination of L, three additional

calculations were performed. In the first one Lest in the eddy viscosity formulation in

(3.12) was replaced by Lex obtained from DNS. In the second one instead of Kres, the total

TKE, Ktot from DNS was substituted in the definition for Lest in (3.3). Finally, Ktot was

reconstructed by recovering Ksfs from Yoshizawa’s modelling assumption (Yoshizawa, 1986):

Ksfs = 0.0886(C∆Lest)
2|S|2, (3.24)

and the predicted Ktot was substituted in the definition for Lest (numerator of (3.3)). The

four calculations did not differ by more than 2%, indicating that neglecting the SFS contri-

bution to the TKE should not give significant errors when the SFSs are responsible for less

than 10% of the total TKE.

The numerical experiments carried out on HIT highlight a key feature of global ILSA.

The fact that the model coefficient Ck is a user-defined parameter, determined by the level

of assigned SFS activity. Using a larger value for sε, a wider range of scales is unresolved and
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the modelling contribution increases, but a coarser grid resolution is sufficient to resolve the

scales in the order of the larger filter width. The computational savings obtained, using a

larger SFS activity however, may be accompanied by modelling errors. The proposed global

ILSA is formulated to be applied as a well-resolved LES model, by ensuring that most of

the TKE is resolved and Lest is well reconstructed. In the numerical studies performed on

HIT, all results were quite accurate compared to the DNS data as in all cases the energy

content of SFS did not surpass 10% of the total TKE.

3.3.3 Plane channel flow

Global ILSA was studied on plane channel flow at Reτ = 950 and 2, 000 (based on the

friction velocity uτ =
√
τw/ρ where τw is the wall stress, and channel half-height δ). The

domain size is 6δ× 2δ× 3δ in the streamwise, wall-normal and spanwise directions, respec-

tively; periodic boundary conditions were applied in the streamwise and spanwise directions,

and no-slip conditions to the top and bottom boundaries.

At Reτ = 950, a target value of stgt = 0.23 was chosen and the loss function was defined

as in (3.19); model sensitivity to stgt will be assessed momentarily. SIPI was performed using

48×65×48 grid points, which gave the optimized Ck = 0.007, after four simulations; Figure

3.4 demonstrates the SIPI procedure for this case. Finer grid calculations were carried

out using the optimized Ck; Figure 3.9 shows the resulting mean and rms velocities and

compares them with the reference DNS data (Hoyas & Jiménez, 2006). Grid-convergence in

the mean velocity is already reached in the coarsest grid resolution (48×65×48 grid points)

with quite good agreement with the reference DNS. The rms velocity profiles, however,

require a finer resolution (128×129×128 grid points) for convergence and accurate prediction

of DNS data. The coarse grid resolution (48 × 65 × 48), corresponds to ∆x+ ' 119 and

∆z+ ' 60 in wall units (∆+ = ∆uτ/ν); such resolution is too coarse to accurately resolve the

evolution of the energetic quasi-streamwise eddies near the wall, and correct prediction of

the turbulence relies on these eddies. Thus, such an accurate prediction of the mean velocity
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Figure 3.9: Turbulence statistics for Reτ = 950 and Ck = 0.007. (a) Mean velocity; (b)
urms; (c) vrms; (d) wrms. 48× 65× 48 grid points; 64× 97× 64 grid points;
128× 129× 128 grid points; 192× 193× 192 grid points; + DNS (Hoyas & Jiménez,
2006).

at this resolution is not expected from a common SFS model. Additionally, to ensure that

such an accurate behaviour is not the result of error cancellation due to the particular

grid aspect-ratio (Meyers & Sagaut, 2007), the aspect ratio was changed by running two

other coarse calculations: 48 × 65 × 64 and 64 × 65 × 48 grid points (Figure 3.10); as is

seen despite changing the aspect ratio, the model preserves its accuracy. This interesting

feature of global ILSA will be explored more in depth by further assessment of its near-wall

behaviour.

Figure 3.11 shows contours of the streamwise velocity fluctuations at Reτ = 950 near

the wall, where the wall-layer streaks are present. Consistent with what was argued about
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Figure 3.10: Turbulence statistics with coarse grids for Reτ = 950 and Ck = 0.007. (a)
Mean velocity; (b) urms. 48× 65× 48 grid points; 48× 65× 64 grid points;
64× 65× 48 grid points; + DNS (Hoyas & Jiménez, 2006).

the coarse simulation, the near wall region is not well-resolved at this resolution. As the

grid becomes finer, the near wall resolution is improved and finer scales are captured to

the point that at 128× 129× 128 grid points, the simulation becomes well-resolved; at this

resolution the integral scale (hence ∆) is well approximated. Thus, further refinement to

192× 193× 192 grid points, does not add to the details of the flow and minimal difference

is seen compared to 128 × 129 × 128 grid points. The grid convergence in the u−velocity

fluctuations is consistent with the convergence in urms profiles shown in Figure 3.9(b)

Global ILSA was applied to a higher Reynolds number, Reτ = 2, 000 shown in Fig-

ure 3.12. SIPI optimization was performed with 64 × 97 × 64 grid points, with the target

SFS activity stgt = 0.23, the same value used at lower Reynolds number. The optimized

model parameter was found to be Ck = 0.005 which was used for the finer grid calculations;

as the grid becomes finer, agreement with the DNS is improved. The lower value of Ck

at higher Reynolds number for the same target value of sε is in agreement with the model

spectrum analysis shown in Figure 3.3(b), that results in smaller filter width.

Profiles of some quantities related to the SFS model are shown in Figure 3.13 for

Reτ = 950. The ratio of the eddy viscosity to the kinematic viscosity (Figure 3.13(a))

shows sensitivity to the grid up to 128 × 129 × 128 grid points. However, such sensitivity
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Figure 3.11: Contours of u−velocity fluctuations at y+ = 11 superposed on the underlying
grid; Reτ = 950 and Ck = 0.007. (a) 48 × 65 × 48, (b) 64 × 97 × 64, (c) 128 × 129 × 128,
and (d) 192× 193× 192 grid points.

is significantly smaller than what is expected from Smagorinsky model, in which the eddy

viscosity is proportional to (hxhyhz)
2/3; given that, the grid is refined up to four times (in

each direction) from the coarsest to the finest case, the Smagorinsky eddy-viscosity would

decrease by a factor of 16. In global ILSA, however, the eddy viscosity decreases by approx-

imately 33% through the grid-refinement procedure; between the two finest resolutions, the

change in the eddy viscosity is negligible while the grid is refined by 50% between these two

cases, and they can be considered grid-converged. The near-wall variation of νsfs yields the

asymptotic y6 vanishing behaviour, steeper than the theoretical y3 variation.

The variation of Lest with the grid size is shown in Figure 3.13(b). Grid convergence in

Lest is reached when the turbulence fluctuations (Figure 3.9) are properly resolved, which

takes place with 128×129×128 grid points; at this resolution the rms velocities and hence

Kres are predicted accurately. The integral length-scale increases rapidly up to y+ ' 10

where the near wall streaks appear in the buffer region (Figure 3.11), then the growth
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Figure 3.12: Turbulence statistics for Reτ = 2, 000 and Ck = 0.005. (a) Mean velocity;
(b) urms; (c) vrms; (d) wrms. 64 × 97 × 64 grid points; 128 × 129 × 128 grid
points; 192× 193× 192 grid points; 256× 257× 256 grid points; + DNS (Hoyas
& Jiménez, 2006).
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Figure 3.13: Profiles of (a) subfilter-scale eddy viscosity, (b) estimated integral scale Lest;
(c) ratio Lest/h and (d) ratio CkLest/Csh; channel flow, Reτ = 950 and Ck = 0.007.
48× 65× 48 grid points; 64× 97× 64; 128× 129× 128; 192× 193× 192 grid
points.

rate decreases and Lest varies gradually up to the channel core. At the channel core, the

estimated integral length-scale is of the same order as the channel half-height δ, the expected

size of eddies in that region. Also the mixing-length `m = 〈−u′v′〉1/2/ |dU/dy| is about 0.4δ

in the core of the channel, close to the value predicted by Lest. In Figure 3.13(c) the

proper resolution for resolving Lest is quantified through the ratio Lest/h; in the buffer layer

(y+ ' 10) the integral scale is properly by 10 grid points while near the channel core the

the integral scale is resolved by 20 points. Note that the resolution requirement is mainly

dictated by the near wall eddies (in the buffer layer), which have a smaller size.

The filter with to grid size ratio based on the formulation in ILSA is:

∆

h
=
C∆Lest

h
(3.25)

which requires C∆ to be determined. Note that ILSA is implemented in the context of

implicit LES through eddy-viscosity assumption as in (3.12) and the corresponding model

parameter Ck = CmC∆, absorbs both the fraction of the integral scale C∆, and the eddy
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viscosity model coefficient Cm (which can be considered as the proportionality constant for

the time-scale). Thus, explicit determination of the filter width ∆ = C∆Lest is impossible

in this formulation. One approximation is to predict C∆ from the model spectrum analysis

(Figure 3.3), given the value of ReL and the assigned sε; this method is valid within the

constraint of homogeneity and isotropy, which appear to be a reasonable assumption near

the channel core. At Reτ = 950, the Reynolds number ReL, based on the integral length-

scale Lest and turbulence intensity 〈Kres〉1/2 is approximately 800 in the channel centre; in

the converged resolution the SFS activity based on the dissipation rate is sε ' 0.17. Con-

sidering Figure 3.3(b) the corresponding C∆ that yields this SFS activity at this Reynolds

number is approximately 0.06, a filter width that is about 15 times smaller than the local

integral length-scale. Since in the converged resolution Lest/h ' 20 − 30, the estimated

filter to grid ratio is ∆/h ' 1.5− 2.0.

An alternative estimation of ∆/h is the one shown in Figure 3.13(d). The model param-

eter Cm in the eddy-viscosity formulation (3.12) is replaced by the Smagorinsky coefficient

Cs = 0.1, for channel flow. Then the ratio CkLest/Csh becomes an analogue of ∆/h and

is approximately 1.5− 2.0 in the converged resolution; note that such a filter-width to the

grid-size ratio appeared to be the appropriate ratio for convergence in the HIT calculations

(Figure 3.6). Studies of Geurts & Fröhlich (2001, 2002); Meyers et al. (2003) all indicate

that proper ∆/h ratio to obtain grid-convergence depends on the particular physics, order

of discretization and the turbulence quantity of interest. Figure 3.13(d) shows that with the

adopted second-order discretization scheme, grid convergence in the first and second-order

statistics is reached when ∆/h ' 2.0. Furthermore in agreement with what was seen in HIT

calculations, on the coarsest grid (with 48×65×48 grid points) the level of over-estimation

in Lest is such that ∆/h ' 1.0 (Figure 3.13(d)).

Using volume and time averaging for sε, the desired SFS activity is enforced in a global

sense. In a channel flow as we move across the channel, the size of the eddies varies from

small streak-like vortices near the wall towards more isotropic large eddies in the channel
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core, and the actual SFS activity changes. This is shown in Figure 3.14 for channel flow at

Reτ = 950. A surrogate of sε that quantifies the SFS activity in a more local manner is

plotted in this Figure. This local measure is formulated as follow

s̃ε =
〈εsfs〉xzt
〈εtot〉xzt

× sε∫ h
0
〈εsfs〉xzt
〈εtot〉xztdy

(3.26)

where 〈...〉xzt represents averaging over time and x − z plane. s̃ε is analogous to sε, but

measures the SFS activity locally through plane and time averaging; this is a reasonable

averaging choice to sample out the local SFS activity in channel flow. The second argument

on the right side of (3.26) ensures that the average of s̃ε across the channel yields sε. The

alternative measure of SFS activity based on turbulent stress, s̃τ , is also included, and

calculated locally as in (3.26). On the coarse grid, the local value of the SFS activity away

from the wall (where the local variation in the eddy size becomes small), is close to the

assigned global value of SFS activity. As the grid becomes finer the resulting SFS activity

becomes smaller than the assigned target value; this is due to the improved resolution and

increase in the contribution of the resolved eddies up to the point that the integral scale

becomes properly resolved and grid-convergence is reached. Near the wall, for y < 0.1− 0.2

(where y+ < 100−200) a substantial increase is observed in the SFS activity; such increase

is more apparent in s̃τ which represents the SFS contribution to the momentum transport.

There is a significant over-shoot in the s̃τ profile in the coarse grid, which compensates for

the insufficient resolution to resolve the near wall eddies; as the grid is refined towards the

converged resolution and the energetic near-wall eddies become well-resolved (Figure 3.11),

this over-shoot decreases proportionately. Figure 3.14, brings up some important points,

which establish the route towards further development of this model. The fact that in

non-homogeneous flows the integral length-scale varies locally, requires assigning the SFS

activity in a more local manner.

In Figure 3.15 various measures of SFS activity are compared against each other for
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Figure 3.14: Profiles of plane-averaged SFS activity measures, defined in (3.26). (a) s̃ε;
(b) s̃τ . 48 × 65 × 48 grid points; 64 × 97 × 64; 128 × 129 × 128;
192× 193× 192 grid points. The thin dotted line shows the target value.

channel flow at Reτ = 950. In addition to sε and sτ introduced in (3.16) and (3.17), below

an additional measure of SFS activity is introduced:

suv =

〈
2νsfsS12

〉〈
−u′v′ + 2νsfsS12

〉 (3.27)

suv quantifies the percentage of SFS contribution to shear stress. Although this quantity is

not generally applicable to complex problems, due to its coordinate dependence, it provides

useful information in channel flow where the flow is driven in the streamwise direction.

Figure 3.15 shows that for values of sε between zero to 40%, contribution of SFS to the

shear stress is less than 10%; re-expressing this in terms of sτ , this contribution is less than

5%. Although this value for sτ appears to be low, in Chapter 4 and Appendix A it will be

demonstrated that this choice is equivalent to modeling about 20% of TKE, a reasonable

range for a well-resolved LES.

Sensitivity of the model results with respect to the choice of Ck is shown in Figure 3.16 for

channel flow at Reτ = 950. For this assessment the converged resolution at 128× 129× 128

grid points is chosen; Ck was varied from 0.005 to 0.012, resulting in variation of SFS
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Figure 3.15: Measures of subfilter-scale activity; channel flow, Reτ = 950. (a) sε; (b) sτ (c)
suv. Line: 48× 65× 48 grid points; line with symbols: 128× 129× 128 grid points.
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Figure 3.16: Profiles of (a) mean velocity and (b) urms; for Reτ = 950. Ck = 0.005;
Ck = 0.007; Ck = 0.009; Ck = 0.012. 128× 129× 128 grid points.

activity based on the dissipation rate from 10 to 33%. Results indicate that values of sε

between 10 to 25%, yield marginal variations in the mean and rms velocity profiles. As the

SFS activity is increased to over 30%, error appears as a thickening of the buffer region; in

particular, the maximum peak in urms velocity is shifted from y+ ' 15 to 30 (the inset in

Figure 3.16(b)). Due to the increased level of eddy viscosity and extra diffusion, the peak

region of urms becomes wider. Nevertheless, the resulting mean velocity and turbulent

fluctuations for this range of Ck are in quite good agreement with the DNS data.
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3.3.4 Comparison with other models and cost considerations

In this section global ILSA is compared with the dynamic Smagorinsky model (Germano

et al., 1991) with Lilly’s modification (Lilly, 1992), described in Section 2.2.1, which is

among the most commonly used LES models. The test case considered is channel flow

at Reτ = 950; for the dynamic model plane averaging is adopted. The grid filter width

is equal to the local grid size, h, and the test filter width is
√

6h. For global ILSA the

model parameter was Ck = 0.007, which corresponds to SFS activity between 23 to 17%

(Figure 3.15). Comparison was performed at a coarse (48 × 65 × 48 grid points) and

fine (128 × 129 × 128 grid points) resolution. Figure 3.17 shows the comparison of the

mean and urms velocity profiles. On the coarse grid, as was previously described, global

ILSA surprisingly yields a mean velocity in a very good agreement with the DNS, while

the dynamic model over-predicts the log-law intercept, as the wall shear-stress is under-

predicted by 12% ( this also appears as the overshoot in the peak in the urms profile). As

the grid is refined to 128 × 129 × 128 grid points, both models yield the same accuracy in

the mean and urms velocity profiles in close agreement with the DNS data.

To understand the higher accuracy observed in global ILSA compared to the dynamic

model, the resulting eddy viscosity and the shear stress profiles are plotted in Figure 3.18;

the eddy viscosity is normalized by the kinematic viscosity and the shear stress is in wall

units (normalized by u2
τ ). On the coarse grid, global ILSA gives an eddy viscosity signifi-

cantly higher than the one by the dynamic model (about 12 times higher at y+ ' 11). Such

a high eddy viscosity leads to substantial increase in the contribution of SFS, in particular in

the viscous and buffer regions. In the buffer region where the quasi streamwise vortices are

important, the coarse grid is insufficient to properly resolve these eddies (Figure 3.11(a)),

and the increased SFS contribution compensates for these under-resolved structures. Fig-

ure 3.18(b) explains the higher accuracy of global ILSA from the stress balance point of

view. On the coarse grid, the resolved stress generated by global ILSA and the dynamic
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Figure 3.17: Profiles of (a,c) mean velocity and (b,d) urms for Reτ = 950. Present
model, Ck = 0.007; dynamic eddy-viscosity model; + DNS (Hoyas & Jiménez, 2006).
(a,b): 48× 65× 48 grid points; (c,d): 128× 129× 128 grid points.
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Figure 3.18: Profiles of (a,c) eddy viscosity and (b,d) shear stress; channel flow, Reτ = 950.
Present model, Ck = 0.007; dynamic eddy-viscosity model; • K − ω turbulence

model (Wilcox, 1998). (a,b): 48× 65× 48 grid points. (c,d): 128× 129× 128 grid points.
For the shear stress figures: lines: resolved stress; lines with squares: subfilter-scale stress;
lines with circles: total Reynolds stress.

model are different by about 30% in the buffer layer, however, the SFS stress resulting from

global ILSA is about an order of magnitude higher than the one by the dynamic model.

Ultimately, the total Reynolds stress obtained from global ILSA is about two times higher

than the dynamic model. Thus, to close the momentum balance, the mean velocity-gradient

in the buffer region is required to be higher with the dynamic model, leading to the over-

prediction of the log-law intercept. Once the resolution is refined to 128 × 129 × 128 grid

points, the total stress profiles resulting from both models become similar, and yield the

same mean velocity profiles with close agreement with the DNS data.

The lower accuracy observed in the dynamic model on the coarse mesh is common

among most of the subfilter-scale models. SFS models usually require to resolve the near-

wall quasi-streamwise eddies to predict accurately well the wall-shear stress and, hence,

the mean velocity. These eddies contain most of the momentum and energy in the wall

layer; thus accurate prediction of the mean flow relies on either resolving these eddies, or

reconstructing their missing momentum through modelling (as is done in RANS models).
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One the coarse grid global ILSA appears to behave as a RANS model in the viscous and

buffer regions, switching back to LES away from the wall. Studying the turbulent viscosity

obtained from a separate RANS simulation with the K − ω turbulence model (Wilcox,

1998), for the same channel flow case (Figure 3.18(a)), validates this conjecture. On the

coarse mesh, global ILSA yields an eddy viscosity that grows in a similar way to the RANS

turbulent viscosity up to y+ ' 10; then gradually decreases and approaches the eddy

viscosity produced by the dynamic model. Interestingly on the fine grid (128 × 129 × 128

grid points), when the resolution is sufficient to resolve the wall layer, global ILSA behaves

as a subfilter-scale LES model all across the channel, and allows the grid to resolve the near

wall streaks.

Computational cost is an essential aspect of each turbulence model that requires atten-

tion during model development. To compare the cost of different models quantitatively,

channel flow at Reτ = 950 was considered. Calculations were performed on 8, 2.52 GHz

Sparc64 VII processors with simulation time of 10δ/uτ . Details of computational time are

listed in Tables 3.1 and 3.2. For global ILSA (Table 3.1), the overhead SIPI optimization

simulations do not need more than 5 or 6 calculations and are carried out on a much coarser

grid than the production simulation; thus, they require only 4% of the total cost.

On the fine mesh, considered as the production simulation (Table 3.2), the computational

cost of global ILSA is only 6% more than the Smagorinsky model, whereas the dynamic

model is 20% more expensive than global ILSA. Including the cost of the precursor simu-

lations, global ILSA is only marginally more expensive than the Smagorinsky model, and

less costly than the dynamic model. The extra computational cost in the dynamic model

is due to the repeated filtering operations. Note that, in this study the momentum equa-

tions are advanced with a very efficient solution algorithm. The Poisson equation is solved

using a direct solver and requires only a fraction of the total CPU time per time-step. In

other codes in which less efficient solvers are used, in particular in complex geometries, the

Poisson solver may take a large portion of the CPU time to the point that the cost of SFS
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Table 3.1: Simulation cost for channel flow at Reτ ' 1, 000 using global ILSA on 8 proces-
sors.

Simulation Average Average CPU Total CPU
time-step per time-step

5 coarse grid 0.0250 0.044 s 0.67 hrs
(48× 65× 48)

128× 129× 128 0.0056 0.641 s 15.23 hrs

Total 15.90 hrs

Table 3.2: Simulation cost for channel flow at Reτ ' 1, 000 using 8 processors and other
commonly used models.

Simulation Average Average CPU Total CPU
time-step per time-step

No model 0.0047 0.559 s 14.78 hrs

Smagorinsky 0.0055 0.598 s 14.32 hrs

Global ILSA 0.0056 0.641 s 15.23 hrs

Dynamic 0.0056 0.754 s 18.15 hrs

calculations becomes negligible; in that situation the cost of SFS is of no concern.

3.4 Conclusions

In this chapter a new length-scale for representing the local integral-scale of the flow was

presented. The proposed length-scale was formulated for the purpose of removing the short-

comings associated with grid-based LES models, based on the resolved turbulent kinetic

energy (TKE) and the dissipation rate of total TKE (sum of resolved and subfilter-scale).

This formulation of the integral length-scale follows the common approach in RANS mod-

elling, and was called “Integral Length-scale Approximation” (ILSA). Rather than relating

the filter width to the local grid size, it was assigned as a fraction of the defined length-scale.

The relative size of the filter width compared to the local length-scale appeared as a model

parameter Ck.

The model coefficient Ck that appears as an LES resolution parameter is determined
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based on an assigned contribution of subfilter-scales to the resolved field known as SFS

activity (Geurts & Fröhlich, 2001). This contribution was quantified based on the percentage

of total dissipation rate carried out by SFS (sε), or based on the portion of turbulent

stress imposed by SFS to the momentum transport (sτ ). After assigning a value for SFS

activity, Ck was optimized on a coarse grid using an error minimization technique, known

as Successive Inverse Polynomial Interpolation (SIPI), that requires no more than 5 or 6

simulations to determine Ck. In this initial formulation the specified amount of turbulence

resolution is global (integrated over the computational domain), thus requiring a single

value, constant Ck throughout the domain. This formulation was named “global ILSA”.

Note that the model parameter Ck is not determined based on physical justifications,

as is the case for Smagorinsky-Lilly model (Smagorinsky, 1963; Lilly, 1967). In fact, since

Ck is proportional to the relative size of the filter width (Ck ∝ ∆/L), it acts as a resolution

parameter assigned by the user. By assigning a large value for SFS activity, which yields

a relatively large Ck, the size of the effective filter-width in the solution becomes large

and obviously a narrow portion of eddies’ spectrum is resolved. This choice, however, is

computationally efficient due to the coarse resolution requirement for resolving the larger

eddies only. On the contrary, by using a small SFS activity, which leads to a small filter

width, a finer grid resolution is required to properly resolve the wider band of energy

spectrum in exchange for smaller errors. This response of the model with respect to the

choice of SFS activity was studied numerically using homogeneous isotropic turbulence

(HIT) and channel flow by varying the SFS activity between 15 to 84% based on the

dissipation rate. In practice, the level of SFS activity can be adjusted based on the available

computational budget. This approach provides a systematic algorithmic framework for

optimizing the model parameters based on the available computational resources or the

desired level of resolved flow scales.

The proposed eddy viscosity model, νsfs, is grid independent by definition. In practice,

when marginally coarse grids are used, the resolved TKE might be slightly under-predicted
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and νsfs yield some dependence on the grid; eventually once the resolved TKE is grid con-

verged the eddy viscosity reaches the grid-independent state. Such a mild grid dependence

in νsfs on coarse grids, however, is significantly smaller than the grid-based subfilter-scale

models. The fact that the integral length-scale depends on the resolved TKE, which can

be predicted reasonably well even on coarse grids, plays a favourable role in this, and also

makes it possible to evaluate Ck on coarse grids with good accuracy. The proposed model

is computationally very efficient. Since νsfs does not change with the grid after some point,

performing grid refinement study is quite straightforward, whereas with grid-based models,

grid refinement asymptotically decreases the filter width and changes the simulation into

DNS.

Global ILSA was applied to homogeneous isotropic turbulence (HIT) and plane channel

flow. The model accuracy was as good or better than other commonly used subfilter-scale

models, in wall-bounded flows. One positive outcome of associating the filter width to the

integral length-scale was the appearance of a hybrid RANS/LES behaviour on coarse grids.

The model behaves as a RANS model near the wall in the region where the grid lacks

sufficient resolution to resolve the near-wall, momentum carrying eddies. The outcome of

this behaviour is accurate prediction of flow statistics on the coarse grids compared to other

subfilter-scale models. On the properly fine gird, however, the model acts as a subfilter-scale

LES model.

In the next chapter, further improvements will be applied. A more localized formulation

is presented, in which the coefficient Ck is not everywhere constant. The improved model

is applicable to high Reynolds number problems with no direction of homogeneity.
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Chapter 4

Local Model

4.1 Introduction

In Chapter 3 the key element of ILSA which was the length-scale for assigning the filter

width was formulated. The approximation for the integral length-scale was justified through

the theory of turbulence and numerical experiments. Subsequently, by adopting the pro-

posed model length-scale, a new SFS eddy-viscosity was formulated. The model parameter

Ck, was determined based on an assigned percentage of the contribution of subfilter eddies

to the transport which could be quantified through various measures. In the initial for-

mulation Ck was constant everywhere as the subfilter-scale activity was quantified globally

(throughout the computational domain and time). Ck was optimized through several pre-

liminary coarse-grid calculations using the subfilter activity based on the dissipation rate,

sε. This formulation of the model, in which the overall, integrated contribution of the SFS

to the transport was used to set the constant, was referred to as the “global ILSA” model.

Further key improvements are needed to make the ILSA model applicable to complex

problems. For instance, as Re→∞, the relative contribution of the SFS to the dissipation

asymptotically approaches unity (Figure 3.3(b)). Using sε to determine Ck would cause

loss of sensitivity to the SFS activity, in this limit. Secondly, setting the integral of the SFS
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contribution to a single pre-specified value may not be the best choice in flows with strong

inhomogeneities: in those cases, the SFS contribution may be excessive in some regions

(for instance, in thin shear layers), while in other regions the flow can be over-resolved,

and correspondingly the SFS contribution would be low. Third, alternative methods of

determining Ck, that do not require additional calculations, would be beneficial; adjusting

Ck to the local state of the flow may be particularly useful in cases in which large-scale

unsteadiness may change the state of the turbulence to first order (oscillating flows in the

transitional state, for instance).

In this chapter the ILSA model is modified to make it more universally applicable to com-

plex problems and address three key issues with the global ILSA formulation: (i) sensitivity

at high Re, (ii) suitability for non-homogeneous flows and (iii) computational efficiency. In

particular, an alternative measure of SFS activity is adopted, based on the contribution of

the SFS directly to the turbulent stresses, instead of indirectly via dissipation. Furthermore,

a desired level of SFS activity is enforced on a local basis. This provides better control over

model activity, more suitable for flows that contain non-equilibrium effects. Finally, the

model coefficient (which is not constant any longer) is calculated dynamically during the

simulation, removing the need for preliminary simulations, and better matching the SFS

model to the local state of the flow. The new model will be called “local ILSA”.

In the following, the local implementation of the ILSA model is introduced. The rela-

tionship between the chosen measure of SFS activity and more intuitive quantities (such

as the SFS contribution to the turbulent kinetic energy or to the momentum transport)

is discussed at some length. Then the proposed model is applied to plane channel flow at

Reτ = 1, 000 and 2, 000 and flow over a backward-facing step (BFS). Finally, the robustness

of the model for implementation in complex problems in which the only feasible averaging

coordinate is time will be demonstrated, followed by some concluding remarks.
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4.2 Subfilter-scale Model

In the ILSA model, the eddy viscosity, given by,

νsfs = (CkLest)
2
∣∣S∣∣ (4.1)

is used to parametrize the residual stresses:

τaij = τij −
δij
3
τkk = −2νsfsSij , (4.2)

the integral length-scale is estimated from

Lest =
〈Kres〉3/2

〈εtot〉
; (4.3)

Kres = u′iu
′
i/2 (where u′i are the fluctuations of the resolved field) is the turbulent kinetic

energy of the resolved scales and εtot = 2 (ν + νsfs) s
′
ijs
′
ij (s′ij is the fluctuating part of the

resolved strain-rate tensor) is the total dissipation rate by the resolved (εν = 2νs′ijs
′
ij) and

subfilter eddies (εsfs = 2νsfss
′
ijs
′
ij). Both Kres and εtot are calculated locally and instanta-

neously. However, since Lest is an integral quantity representing the size of an ensemble of

eddies, an averaging operation, 〈...〉, is used in (4.3) to define it. In flows where directions

of homogeneity exist, averaging can be performed over those directions; this results in Lest

that varies in the non-homogeneous directions (and time) only. Time averaging can also be

used, and its application will be discussed in the results section.

Using (4.3) to define Lest, the filter width is

∆ = C∆Lest (4.4)

the exact value of the filter width, in practice, is not necessary, as the constant C∆ is

subsumed into Ck. To determine the parameter Ck, the measure of SFS activity based on
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the contribution of SFS to turbulent stresses is used, introduced in Chapter 3:

sτ =

[ 〈τaijτaij〉
〈(τamn +Ramn) (τamn +Ramn)〉

]1/2

(4.5)

where

Raij = u′iu
′
j − δij

u′ku
′
k

3
; τaij = τij − δij

τkk
3
, (4.6)

are the anisotropic parts of the resolved and subfilter stresses. The fact that sτ is formulated

based on the invariant of turbulent stresses, the contribution of SFS to momentum (in each

direction), is lumped into a single number and assigning sτ a certain value, does not clearly

demonstrate what percentage of turbulent stresses in each direction is carried by SFS.

Therefore finding any possible relation between sτ and other more easy to grasp measures

of SFS activity will be helpful in better understanding the values assigned for sτ . In this

section and in the results part, we attempt to find such possible correlation between sτ and

other measures of SFS activity that are easier to grasp such as contribution of SFS to TKE

or turbulent shear-stress.

SFS contribution to the turbulent kinetic energy can be represented as,

sk =
〈Ksfs〉
〈Ktot〉

, Ktot =
1

2
u′ku

′
k =

Kres︷ ︸︸ ︷
u′ku

′
k

2
+

Ksfs︷︸︸︷
τkk
2

(4.7)

This choice is, however, unfeasible within the present modelling assumption, due to the fact

that the SFS TKE, Ksfs, is unknown, since only the anisotropic part of the SFS stresses is

modelled. In models in which this quantity is known (scale-similar (Bardina et al., 1980) or

one-equation models (Yoshizawa & Horiuti, 1985; Ghosal et al., 1995), for instance) using

sk might be more desirable.

The relationship between sτ and sk can be estimated, under the assumptions of high
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Figure 4.1: Ratio sτ/sk against C∆ at different Reynolds numbers for homogeneous isotropic
turbulence. ReL = 250 ( ), ReL = 4, 490 ( ) and ReL = 1010 ( ) obtained from
model spectrum.

Reynolds number, eddy viscosity hypothesis and Gaussian behaviour of fourth-order mo-

ments of the velocity field, by using a model spectrum (Pope, 2000). The analysis is reported

in Appendix A, and its results are shown in Figure 4.1. For large Reynolds numbers, both

sτ and sk become independent of Reynolds number and vary with C∆ only, and the ratio

sτ/sk has a value of the order of 0.25-0.35 for 0.025 < C∆ < 0.12 (a realistic range, cor-

responding to a filter width that is 1/40 to 1/8 of the integral length scale). This value

is only an indication, since in more complex applications the Reynolds number is finite,

other effects (shear, for instance) are important, and sτ/sk takes different values, as will be

shown.

In addition to the theoretical analysis, three direct numerical simulations (DNS) were

carried out; two of which were forced homogeneous isotropic turbulence (HIT) at ReL = 250

and 4, 490 (based on 〈Ktot〉1/2, and L = 〈Ktot〉3/2/〈εtot〉). The DNS data was obtained using

256 × 256 × 256 and 512 × 512 × 512 grid points (at the low and high Reynolds numbers,

respectively) to discretize a triply periodic box with dimensions 2π in each direction. The

results compared well with data in the literature (Rosales & Meneveau, 2005) (not shown).

The cutoff wavenumber was defined as Kc = π/C∆L, the DNS data was filtered using a
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three-dimensional box filter of width ∆ = C∆L and the ratio sτ/sk was computed. The

lower bound for C∆ is restricted by the grid resolution, with a filter width encompassing

three cells (∆min = 3h) and its upper bound is assigned based on a filter width that yields

sk ' 0.2− 0.25, the limit for a well-resolved LES. The results are also shown in Figure 4.1.

At low Reynolds number (ReL = 250), sτ and sk are close to each other and sτ/sk ' 1.0.

As the Reynolds number is increased to ReL = 4, 490, sτ becomes a fraction of sk with

sτ/sk ' 0.5 at large enough C∆.

Analysis was also extended to the DNS of channel flow at Reτ = 395 (based on channel

half-height δ and friction velocity uτ ). DNS was performed using 512 × 256 × 512 grid

points to discretize a domain of size 8δ × 2δ × 4δ, and first- and second-order statistics

compared well with the data in the literature (Moser et al., 1999). Filtering was carried out

at each y−level using a two-dimensional square filter of width ∆ = n∆x where n = 3, 5, 7

and ∆x is the streamwise grid size. Since the integral scale varies across the channel, so

does ReL = L〈Ktot〉1/2/ν (where 〈Ktot〉 is the plane-averaged TKE across the channel); ReL,

Figure 4.2(a), is comparable to the low-Reynolds-number homogeneous isotropic turbulence

simulation; C∆ = ∆/L also changes, Figure 4.2(b); near the wall, in the shear-dominated

region, it reaches values close to one, indicating that even the integral scale of turbulence

is only marginally resolved; in this situation, the role of the SFS model becomes critical,

even if many of the assumptions on which SFS models rest (the filter width is in the inertial

range, the unresolved scales carry most of the energy) are not strictly satisfied. Figure

4.2(c) shows the profiles of the ratio sτ/sk. Away from the wall (y ≥ 0.2) where shear

is small, the results are consistent with those of the low-Reynolds-number homogeneous

isotropic turbulence simulation, while near the wall, where the shear stress becomes large,

this ratio exceeds one.

To summarize, it is concluded that sτ is a legitimate surrogate for sk, the fraction of TKE

provided by the unresolved scales. In the absence of shear, in the limit of large Reynolds

number, and with the filter width in the inertial region of the spectrum, sk ' 4sτ , whereas
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Figure 4.2: Channel flow at Reτ = 395. (a) ReL = L〈Ktot〉1/2/ν. (b) C∆. (c) sτ/sk.
∆ = 3∆x, ∆ = 5∆x, ∆ = 7∆x.

in high-shear regions sk ' sτ . If we require that the resolved scales contribute more than

80% of the TKE (a reasonable value for a well-resolved LES), we should expect sτ < 0.05.

This value is consistent with the results of the numerical tests, as will be shown later.

The second modification made to the ILSA model consists in the localization of the

model coefficient. As was discussed above, appropriate LES resolution is satisfied by main-

taining sτ below a threshold value. However, proper quantification of SFS activity relies on

scale homogeneity and thus consistency in the shape of the energy spectrum. In a channel

flow for instance, scale homogeneity exists in each plane parallel to the wall while in a

complex flow problem, time can be considered as the scale-homogeneous dimension. In the

original formulation, the SFS activity was averaged over the entire computational domain

and time, and the model coefficient Ck derived from this procedure was everywhere con-

stant (“global ILSA”). When global ILSA is applied to channel flow, since the enforced SFS

activity is an integral quantity, the SFS activity values that result from each wall-parallel
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plane differ from each other and are either smaller or larger than the global enforced value

(Figure 3.14). A more general target of SFS activity could be averaged locally, over homoge-

neous directions only, and/or over time. This new formulation is named “local ILSA”; local

enforcement of the desired SFS activity requires Ck to be computed locally as well. The

“local” attribute changes its implication depending on the choice of averaging; if averaging

is carried out over xz− planes, for instance, then Ck is local with respect to y coordinate

and time, wheres for averaging over time the model yields local Ck as a function of x, y, z.

Note that, calculating Ck instantaneously and thus removing the averaging operation

from (4.5) and (4.3) is not consistent with the model assumptions that require the esti-

mation of the integral length scale, which is an average quantity; it will be shown in the

results section that instantaneous calculation of Ck leads to an error in the integral scale.

Performing integration over the homogeneous directions of the flow (if any) and over time

appears sensible. In the flows examined in this paper, plane channel and backward facing

step, homogeneous directions exist: x and z for the channel, z only for the backward-facing

step. Averaging can also be performed in time, over a window whose length should be

proportional to the integral time-scale, either at a fixed point in Eulerian space, or follow-

ing a Lagrangian approach similar to that of Meneveau et al. (1996). Most of the results

shown in the following were obtained using spatial averaging over homogeneous directions.

In Section 4.3.3 temporal averaging in discussed, and the insensitivity of the model to the

type of averaging (spatial or temporal) will be demonstrated.

Figure 4.3 shows the difference between the global and local ILSA approaches observed

from the calculation of a plane channel flow at Reτ = 1, 000 to be discussed in the next

Section. With the global formulation, the use of a constant Ck over the entire channel

resulted in a significantly larger contribution of the SFS to the transport in the near wall

region. A constant Ck also implies that the ratio of the filter width to the local integral-scale

is constant throughout the channel; the size of the turbulent eddies and the shape of the

spectrum, however, are significantly different between the near-wall and the outer regions of
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Figure 4.3: Model coefficient and SFS activity with local and global averaging. (a) Model
coefficient Ck; (b) SFS activity measure sτ . Global averaging; local averaging.
Channel flow, Reτ = 1, 000, 48× 64× 48 grid points.

the flow, and one would expect that the filter width would need to account for this. Using

a local formulation (averaging is only performed in the xz−plane, in this case), forces the

SFS activity to have the assigned value at each y−level, resulting in a uniform distribution

of sτ , and a nonuniform distribution of Ck across the channel. This results in a physically

consistent behaviour of Ck, which becomes larger as the wall is approached. In the viscous

sublayer (y+ < 10) the coefficient increases: this is due to the fact that the grid is not

fine enough to resolve the smaller eddies present in that region, so that all the transport

becomes due to unresolved eddies; this issue will be discussed in more detail later.

The present approach has an additional benefit: the fact that Ck can be calculated

directly, without the a priori calculations used in Chapter 3. If (4.2) and (4.1) are used in

(4.5), a quadratic equation results for Ck:

X1

[
1− (1/sτ )2

]
C4
k −X2C

2
k + X3 = 0 (4.8)

where

X1 = 〈2L4
est

∣∣S∣∣4〉, X2 = 〈4L2
est

∣∣S∣∣SijRaij〉, X3 = 〈RamnRamn〉. (4.9)

Equation (4.8) can be solved, at each time step, for each y =const. plane (for the channel)
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Table 4.1: Summary of plane-channel flow simulations.

Reτ = 1,000 Reτ = 2,000
Grid Model Grid Model

48× 65× 48 Local ILSA, sτ = 0.020 64× 97× 64 Local ILSA, sτ = 0.022
48× 65× 48 Local ILSA, sτ = 0.022 128× 129× 128 Local ILSA, sτ = 0.022
64× 97× 64 Local ILSA, sτ = 0.020 192× 193× 192 Local ILSA, sτ = 0.022
64× 97× 64 Local ILSA, sτ = 0.022 256× 257× 256 Local ILSA, sτ = 0.022
128× 129× 128 Local ILSA, sτ = 0.020 192× 193× 192 Local ILSA, sτ = 0.010
128× 129× 128 Local ILSA, sτ = 0.022 192× 193× 192 Local ILSA, sτ = 0.030
192× 193× 192 Local ILSA, sτ = 0.022 192× 193× 192 Dynamic model
128× 129× 128 Local ILSA, sτ = 0.010
128× 129× 128 Local ILSA, sτ = 0.030
48× 65× 48 Global ILSA, sτ = 0.020
64× 97× 64 Global ILSA, sτ = 0.020
128× 129× 128 Global ILSA, sτ = 0.020
48× 65× 48 Dynamic model
64× 97× 64 Dynamic model
128× 129× 128 Dynamic model

or at each point in the xy−plane (for the backward-facing step). The only positive root is

used in the model.

4.3 Results

The localized ILSA model was applied to plane channel flow, at fairly high Reynolds numbers

(Reτ = 1, 000 and 2,000, where the Reynolds number is based on the friction velocity uτ and

the channel half-height δ) and to a backward-facing step (BFS) at Rec = 28, 000 (based on

the mean centreline velocity of the inflow channel, Uc and the step height, hs). In addition

to the comparison with DNS and experimental data, the response of the model to grid

refinement, and its behaviour in the near-wall region will be stressed. Also a comparison

will be carried out between local and global ILSA and the dynamic eddy viscosity model

Germano et al. (1991).
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Figure 4.4: Mean velocity and streamwise root-mean-square velocity fluctuations profiles.
(a,b) Reτ = 1, 000 with 128×129×128 grid points; (c,d) Reτ = 2, 000 with 192×193×192
grid points. sτ = 0.010; sτ = 0.022; sτ = 0.030; + DNS Hoyas & Jiménez
(2006).

4.3.1 Plane Channel Flow

Local ILSA was applied to study channel flow at Reτ = 1, 000 and 2,000. The domain size

is 6δ × 2δ × 3δ with periodic boundary condition applied in the streamwise and spanwise

directions and no-slip condition at the top and bottom boundaries. Simulations were carried

out with both the local and the global ILSA model (with various target values for the SFS

activity measure), as well as with the plane-averaged dynamic model to create a well-known

point of comparison (Table 4.1).

First, the effect of the SFS activity threshold is examined. In Figure 4.4 the results

obtained with sτ = 0.01, 0.022 and 0.03 are compared. The grid was chosen based on
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the grid convergence study to be discussed momentarily. Given the expected relationship

between sτ and sk, the percentage of TKE in the unresolved scales, these values would

correspond to well-resolved simulations with between 88% (in the channel centre) and 95%

(near the wall) of the energy being resolved. The agreement with the DNS data is generally

very good. For sτ = 0.03 the model is more dissipative, the buffer layer becomes thicker and

the logarithmic layer in the velocity profile is shifted upward. Conversely, when the SFS do

not contribute enough, the wall stress is overpredicted and the logarithmic layer is shifted

downwards (Figure 4.4(a,c)). The error in the prediction of the skin-friction coefficient

is −10% and −2% for sτ = 0.03 (at the lower and higher Reτ , respectively), and 2% for

sτ = 0.01. Both the peak value of streamwise root-mean-square (rms) fluctuations and its

location are predicted well in all cases. The thickening of the buffer layer, however, can be

observed by zooming into the region near the peak streamwise rms fluctuations (the insets

in Figure 4.4(b,d)), which show a sharper peak for lower values of sτ .

Another measure of SFS activity is the percentage of Reynolds shear stress supported

by the unresolved scales, defined in (3.27) and represented below:

suv =
〈τauv〉

〈u′v′ + τauv〉
. (4.10)

suv is not generally applicable because it is not frame-invariant, but it yields useful in-

formation, in this case, on the level of resolution implied by the three chosen values of

sτ .

Figure 4.5 compares the value of suv for the three simulations shown above, and compares

it with the analogous quantity, obtained from a simulation with the dynamic eddy viscosity

model Germano et al. (1991). First, as expected, the SFS stress increases as sτ increases.

Outside of the wall layer, suv ' sτ ; in the viscous sublayer, with the ILSA model, the SFS

scales contribute increasingly to the momentum flux, and the wall value of suv approaches

unity. The behaviour of the ILSA model is due to the fact that near the wall the integral
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Figure 4.5: Contribution of SFS to the streamwise momentum flux in channel flow at
Reτ = 2, 000; 192 × 193 × 192 grid points. (a) τuv; (b) suv. sτ = 0.010;
sτ = 0.022; sτ = 0.030; dynamic model Germano et al. (1991).

scale increases linearly, while the grid is refined only in the wall-normal direction; thus,

the unresolved scales should contribute most (or all) of the momentum transport. Note

that, increasing suv towards unity does not harm the grid-independent nature of local ILSA

but also makes the model preserve this property near the wall; when Ck is increasing near

the wall, the implicit filter width assigned by local ILSA increases (i.e. model approaches

towards RANS) and in that case a coarse grid is sufficient to resolve the filtered scales. It

is noticed that the thickening of the buffer layer mentioned above is associated with large

values of suv that persist through the buffer layer. By contrast, the shear stress predicted by

the dynamic model is much lower, and near the wall the SFS contribution to the momentum

flux approaches a smaller value, close to 0.2, because the filter width is proportional to the

grid size, and the eddy viscosity decreases too rapidly.

Next the grid resolution requirements are considered. Simulations were performed for

both Reτ = 1, 000 and 2, 000 using the value of sτ = 0.022 that was found to yield the

most accurate results. Figure 4.6 shows the results at Reτ = 2, 000. Both the mean and

rms velocities reach grid convergence. For the mean velocity 128 × 129 × 128 grid points

are required, while the rms velocities need 192 × 193 × 192 grid points to become grid-

independent. At Reτ = 1, 000 earlier grid convergence was reached for the mean using

64×97×64, and for the rms fluctuations using 128×129×128 points. Accurate prediction

of the mean velocity on the coarse grid using local ILSA, was also observed in global ILSA
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Figure 4.6: Turbulence statistics at Reτ = 2, 000 using local ILSA and sτ = 0.022. (a)
Mean velocity; (b) urms; (c) vrms; (d) wrms all normalized by uτ . 64 × 97 × 64;

128× 129× 128; 192× 193× 192; 256× 257× 256 grid points; + DNS (Hoyas
& Jiménez, 2006).
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Figure 4.7: Profiles of (a,b) normalized SFS eddy-viscosity νsfs/ν; (c,d) Ck at Reτ = 1, 000.
48× 65× 48; 64× 97× 64; 128× 129× 128; 192× 193× 192.

(Chapter 3). This is an additional advantage of these two models explained momentarily

through further study on their near wall behaviour.

The variation across the channel of the eddy viscosity and Ck is shown in Figure 4.7.

At Reτ = 1, 000 the eddy viscosity and Ck become grid-independent when 128× 129× 128

grid points are used, similarly to the second-order statistics. In local ILSA, as seen in

Figure 4.7(b), the asymptotic behaviour of the eddy viscosity near the wall is proportional

to y2, not far from the required y3 behaviour. This is an improvement over the global ILSA

model, in which the near-wall behaviour of the eddy viscosity is proportional to y6 when

νsfs � ν, and to y2 only if νsfs � ν. The difference between the two models is due to the

fact that in global ILSA Ck is spatially constant, and νsfs ∝ L2
est. In the localized model Ck

is allowed to vary. To explain the near-wall behaviour, (4.5) can be rewritten in the form:

(
1− 1/s2

τ

)
〈τaijτaij〉 − 2/s2

τ 〈Raijτaij〉 − 〈RaijRaij〉 = 0; (4.11)

substituting (4.2) and (4.6) for τaij and Raij , expanding ui as a Taylor series of y and retaining
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only the leading-order terms, we obtain:

aν2
sfs + bνsfsy

2 + cy4 = 0 (4.12)

where a, b and c are independent of y. The above equation is only satisfied if νsfs ∝ y2. The

near-wall behaviour of νsfs implies that Ck ∝ y−2; this behaviour can also be observed in

Figure 4.7(d). It is concluded that formulating sτ locally not only gives better control of

the SFS activity, but also improves the near-wall behaviour of the eddy viscosity, compared

to the global ILSA.

Considering other choices for controlling the LES resolution locally, it appears that sτ

is the “right” choice that not only is Reynolds number independent but also improves the

near-wall behaviour. If we use a constant Ck (as was the case in the previous chapter),

it is equivalent to set ∆ a constant fraction of the local integral length-scale. With this

choice suv approaches zero as the wall is approached and on the other hand SFS activity

can not be controlled locally (Figure 3.14). If we use sε as the local resolution parameter,

the eddy viscosity does not vanish as the wall is approached and it becomes proportional

to the kinematic viscosity ν, which requires a damping function. Furthermore sε is not an

appropriate measure of SFS activity at high Reynolds numbers.

If we consider the near-wall behaviour of suv presented in (4.10), it can be represented

as follow:

suv(y) =
τuv(y)

ay3 + τuv(y)
(4.13)

the resolved shear-stress vanishes proportional to y3 near the wall. The near-wall behaviour

of τuv(y) = −2νsfsSuv depends on the near wall behaviour of νsfs. The correct near-wall

behaviour of suv is the one that approaches unity. This requires νsfs ∝ yα which α < 3. On

the other hand we require α > 0 for vanishing eddy-viscosity. Using sτ as the SFS activity

yields α = 2.0 which satisfies this criteria. However, by using constant Ck or dynamic

Smagorinsky model, α ≥ 3.
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Figure 4.9: urms (a) and vrms (b) profiles; Reτ = 1, 000. Legends and grid resolutions are
consistent with Figure 4.8. For clarity data are shown up to y = 0.5.
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Figure 4.10: SFS parameters at Reτ = 1, 000. Dynamic model (Germano et al., 1991);
local ILSA, sτ = 0.02; global ILSA, sτ = 0.02. (a,c) 48 × 65 × 48 and (b,d)

128× 129× 128 grid points. (a,b) ratio of subfilter eddy-viscosity over kinematic viscosity;
(c,d) suv.

The local and global ILSA models were also compared with the dynamic eddy-viscosity

model (Germano et al., 1991). Figures 4.8 and 4.9 show the mean and rms velocity profiles

at different grid resolutions, respectively. Coarse DNS simulations without an explicit SFS

term were also added, to quantify the explicit model contribution.

In Chapter 3 we observed higher accuracy in global ILSA compared to the dynamic

model on coarse grids; local ILSA preserves this property, in particular in the mean veloc-

ity. The favourable behaviour of the ILSA model on a coarse grid is due to its near-wall

behaviour, shown in Figure 4.10(a,b). Near the wall the eddy viscosity increases more

rapidly compared to the dynamic model so that, on the coarse grid the eddy viscosity in

the buffer layer is 4 − 8 times larger than the one produced by the dynamic model. Such

high model activity compensates for the lack of momentum transport due to under-resolved

eddies on a coarse grid. It is easy to show that near the wall suv ∝ y−1 for the local ILSA

model, ∝ y−1 or y0 for the global ILSA model, at high or low Re, respectively, and ∝ y0

for the dynamic model. These behaviours can be observed in Figure 4.10(c,d).

The effect of the model contribution to transport can also be observed from Figures 4.8
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and 4.9. On the coarse and intermediate grids the mean velocity and streamwise fluctuations

are predicted more accurately when the model is used; the mean velocity is more sensitive

than the rms fluctuations to the model. Note that the results are grid-converged on the

intermediate grid, and the fine one is excessively refined. When the fine grid is used, the rms

fluctuations obtained by the coarse DNS are in very close agreement with the LES, while

the mean velocity (and the wall stress) are predicted less accurately. Also, both simulations

that use SFS models have a more reliable grid-convergence behaviour than the coarse DNS.

The coarse DNS, in fact, gives reasonably good agreement with the data at 64 × 97 × 64

grid points, but, as the resolution is doubled, errors appear in the wall shear stress and

hence in the logarithmic region intercept. Such behaviour was previously addressed in the

literature (Meyers & Sagaut, 2007; Rasam et al., 2011); Meyers & Sagaut (2007) using an

energy-conserving code, observed that under-resolved DNS predicts the wall friction and

the mean velocity accurately at a certain resolution but this accuracy may disappear once

the grid is refined. This illustrates complex error behaviour at coarse resolution, which is

not in the fully asymptotic regime yet.

The computational cost of the models is summarized in Table 4.2; all the simulations

were run at Reτ = 1, 000 using 128×129×128 grid points for 10δ/uτ on 8, 2.52 GHz Sparc64

VII processors. The difference between the global and local ILSA models is marginal, while

the dynamic model Germano et al. (1991) is approximately 20% more expensive, due to the

extra filtering operations. The cost of the ILSA models is only 6% higher than that of the

Smagorinsky model.

4.3.2 Backward-Facing Step

The backward-facing step (BFS) is a canonical benchmark test case for turbulence models;

it includes flow separation and reattachment, recirculation and flow acceleration. To assess

local ILSA and its accuracy compared to other models in a geometry more complex than

the plane channel tested so far, calculations of the backward-facing step were performed
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Table 4.2: Simulation cost for channel flow at Reτ = 1, 000 using 128 × 129 × 128 grid
points.

Model Average CPU per Total CPU
time-step time-step (sec) (hrs)

Smagorinsky 0.0055 1.065 10.55
Global ILSA, sτ = 0.02 0.0056 1.142 11.1
Local ILSA, sτ = 0.02 0.0056 1.151 11.19
Dynamic Germano et al. (1991) 0.0056 1.374 13.35

in conditions matching the experiment of Vogel & Eaton (1985). The Reynolds number is

Rec = 28, 000, based on the mean centerline velocity of the inflow channel, Uc and the step

height, hs. Figure 4.11 shows the domain size and grid arrangement; the origin is placed

at the bottom edge of the step. The height of the inflow channel is 4hs and the expansion

ratio is 1.25; the spanwise width is W = 3hs. To generate a fully developed turbulent

channel inflow, the velocity field at x = −5hs was recycled to the inlet plane at x = −32hs;

thus the inflow length is Lch = 27hs, 13.5 times the inflow channel half-height. The mean

and rms velocity profiles in the inlet channel were in agreement with those obtained from

simulations of periodic channel flow. At the outlet, a convective outflow boundary condition

(Orlanski, 1976) was used. The length of the expanded duct is Lout = 20hs, which was also

used in previous LES simulations (Keating et al., 2004b; You & Moin, 2009). To ensure the

adequacy of Lout, a longer domain with Lout = 30hs was also used; the flow statistics at

x = 19hs showed very little difference.

Figure 4.11 highlights the clustering of grid points at the step edge and near the walls.

The models were tested on three grids, summarized in Table 4.3; coarse (256 × 100 × 64),

intermediate (384 × 150 × 96) and fine (512 × 200 × 128). Following You & Moin (2009),

wall units were calculated using the friction velocity at the outlet. Also since the domain of

interest is x/hs < 10, the adequacy of the streamwise grid size is assessed within this range

only. The intermediate resolution was adopted in previous studies of this problem (Keating

et al., 2004b; You & Moin, 2009). Here, also a coarser and a finer level is considered for a
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Figure 4.11: Grid size and arrangement for the backward-facing step (BFS) calculations
using the coarse grid 256×100×64. Grid size distributions ∆x/hs and ∆y/hs are normalized
by the step height hs.

Table 4.3: Summary of grid resolutions for backward-facing step (BFS). Grid sizes are
normalized by the friction velocity at the outlet uτ (x/hs = 20)

Grid Level Nx ×Ny ×Nz ∆x+(x/hs < 10) ∆y+ ∆z+

Coarse 256× 100× 64 42.8− 244.2 0.9− 122.3 33.5
Intermediate 384× 150× 96 28.7− 163.4 0.6− 80.4 21.5
Fine 512× 200× 128 19.3− 109.1 0.4− 54.2 14.3

more extensive comparison. The local ILSA model used sτ = 0.022, and the averaging was

performed in the spanwise direction only.

The accuracy of local ILSA was assessed through comparison with the Lagrangian dy-

namic model (Meneveau et al., 1996) and the experimental data (Vogel & Eaton, 1985); the

mean velocity is shown in Figure 4.12 and the streamwise turbulence intensity in Figure

4.13. The ILSA model is slightly more accurate than the dynamic model on the coarsest

grid in the mean velocity (after the flow reattachment) and Reynolds shear stress (within

the circulation bubble). The Reynolds shear stress is also compared in Figure 4.14 (note

that the SFS shear stress, τ12, was added to the resolved one, 〈u′v′〉); experimental data

was not available for the Reynolds shear stress at the locations considered.

Calculations with no model were also performed. On the coarse and grid-converged

meshes, the coarse DNS results in significant errors in the mean velocity, especially in the
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Figure 4.12: Mean velocity normalized by the centerline velocity at the inlet duct at the
locations specified downstream of the step. (a) Coarse, 256 × 100 × 64; (b) Intermediate,
384×150×96; (c) Fine, 512×200×128. local ILSA with sτ = 0.022; no model;

Lagrangian dynamic model (Meneveau et al., 1996); • Experiment (Vogel & Eaton,
1985).
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inlet duct. The grid resolutions, locations and legends are the same as Figure 4.12.
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prediction of the reattachhment point (Figure 4.12). Even on the fine mesh some differences

with the LES and experimental data persist. The error in the rms fluctuations is similar,

while that in the Reynolds shear stress (Figure 4.14) is higher when no model is used.

Global ILSA was also tested on the coarse resolution, using Ck = 0.0075 and 0.013,

values that yield sτ up to 0.03 in the first case, up to 0.05 in the second (the distribution of

sτ is, of course, non-uniform. The results are also in good agreement with the experimental

data (not shown) and the case with the higher constant is only slightly less accurate.

In Section 4.3.1 it was shown that 0.01 ≤ sτ ≤ 0.03 yields accurate results compared

to the DNS data for channel flow. Such a sensitivity of the statistics was also assessed for

backward-facing step (Figure 4.15). For this test case, the difference in the resulting mean

and rms velocity profiles is marginal for 0.015 ≤ sτ ≤ 0.03, and is in close agreement with

the experimental data.

Figure 4.16 shows the distributions of Lest and Ck. The critical feature of ILSA, is the
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Figure 4.16: SFS parameters for backward-facing step using local ILSA on the coarse reso-
lution (256× 100× 64). (a) Lest/hs; (b) Ck.

adaption of Lest to the local state of the flow. Near the edge of the step where small scale

structures emerge, Lest decreases in size; then after the separation, where the flow structures

start growing in size, Lest grows again. The dynamic variation of the model parameter is

an additional property of local ILSA. After the separation region where Lest is growing, Ck

decreases to maintain a constant value of the SFS activity.

The fact that the model length scale is based on the flow physics rather than on the

grid is a major advantage in this problem, in which severe grid refinements are required to

resolve appropriately the inviscid instability of the shear layer. Figure 4.17 compares the

eddy viscosity obtained using ILSA with that used in the dynamic model, which, because

of its strong dependence on the grid size, is sharply reduced near the step. ILSA, on the

other hand, gives a smoother distribution of νsfs, since the length scale does not reflect the

grid size but the turbulence properties only. The fact that the grid is refined does not,

in this case, imply that, locally, finer scales are present. Because of the convective nature

of this flow, the eddies present at a point in the separated shear layers are not generated

locally, but advected from upstream. The decrease in eddy viscosity, not accompanied

by an increase in the range of turbulent eddies present, is liable to result in errors of the

type described by Vanella et al. (2008) even when the mesh is not discontinuous. In more

complex applications with sudden grid refinement, the discontinuity in the eddy viscosity
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Figure 4.17: SFS eddy-viscosity for backward-facing step using coarse resolution (256 ×
100 × 64). (a) Lagrangian dynamic model (Meneveau et al., 1996). (b) Local ILSA with
sτ = 0.022; (c) eddy viscosity across the backward-facing step at x/hs = 10; local
ILSA with sτ = 0.022; lagrangian dynamic model. (d) Grid-size distribution across the
backward-facing step.

would also lead to aliasing and commutation errors in the resolved scales (Vanella et al.,

2008).

4.3.3 Effects of Temporal Averaging

Local ILSA is formulated based on the integral scale, which relies on averaging the tur-

bulence quantities (Pope, 2000); in general, time-averaging over an appropriate averaging

period can be adopted in the simulations. However, in the problems on which ILSA was

tested, due to the existence of homogeneous directions, spatial averaging was used to eval-

uate the model parameters. The benefit of spatial averaging (especially for the channel, in

which averaging is performed in both streamwise and spanwise directions) lies in the fact

that several large eddies are included, resulting in fairly smooth TKE and total dissipation,

thereby reducing numerical discretisation error effects in addition to faster convergence in
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model parameters. In complex problems in which no homogeneous direction exists, time is

the only feasible averaging dimension as far as the evaluation of the SFS model is concerned.

In this Section, the effect of time averaging is studied in detail. For a proper understanding

it is important that one distinguishes clearly the standard long-time averaging needed to

evaluate averaged properties during post-processing, from the weighted time-averaging over

much shorter time intervals, (here denoted as Tavg) used to calculate the model parameters

yielding the SFS flux in the simulation.

As part of the SFS model evaluation, it is determined how sensitive the results are

to Tavg. Using a large value of Tavg, the model might need a long transient before the

simulations reach a statistically steady state; the flow may then adjust slowly to the model,

and the total computational time might be increased substantially. On the other hand by

using a small Tavg, error may appear in the long time-averaged mean and rms quantities

due to the deviation of the SFS parameters from their integral nature. In this Section the

response of the model predictions when only temporal averaging is performed is examined,

as part of the SFS model flux evaluation.

A general formulation is considered, in which the average is performed over all previous

times with an exponential weighting function:

〈φ〉(t) =
1

Tavg

∫ t

−∞
φ(t′) exp[−(t− t′)/Tavg]dt′ (4.14)

where Tavg is the characteristic time scale of the averaging operation. This can be conve-

niently formulated, numerically, as:

〈φ〉n+1 = εφn+1 + (1− ε) 〈φ〉n; ε =
∆t

∆t+ Tavg
(4.15)

where ∆t is the time-step. For Tavg → 0 this yields an instantaneous quantity (no averaging)

while for Tavg →∞ the standard Reynolds average is recovered.
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Equation (4.15) is used to evaluate all the averaged quantities in (4.3), and the model

response to variations in Tavg was studied in both channel flow and backward-facing step.

For channel flow, we focused on Reτ = 1, 000 using 128 × 129 × 128 grid points with

sτ = 0.022. The characteristic time Tavg was based on the large-eddy turnover time, δ/uτ ,

and was varied from 0.0025 to 5 times δ/uτ . Simulations were performed starting from a

converged velocity field (the same in all cases) obtained from a previous simulation using

local ILSA with plane-averaging, initializing the eddy viscosity using the Smagorinsky model

(Smagorinsky, 1963); time histories at three points, located at y+ = 12, 50 and 800, were

recorded. Data were collected every 5 time steps (∆t was about 2.5× 10−4δ/uτ ); to assess

the convergence of the data in a consistent manner, cumulative averaging was carried out:

〈φ〉cuml(t) =
1

t

∫ t

0
φ(t′)dt′. (4.16)

Note that, cumulative averaging yields a delayed convergence of the sample, compared to

averaging over a finite window, due to the effects of the initial transient. However, here

this choice was used on purpose to assess how fast the initial transient is removed from the

averaged quantities by changing Tavg.

Results for the streamwise velocity, Reynolds shear stress and eddy viscosity in the

channel are shown in Figure 4.18 at y+ = 12 and 50; the behaviour at y+ = 800 was

similar to that observed at y+ = 50. Due to the initialization from a developed velocity

field, first-order statistics were found to converge earlier (after about 20δ/uτ ), than second-

order statistics and eddy viscosity. Local ILSA yields simultaneous convergence of turbulent

fluctuations and SFS parameters, regardless of the choice of Tavg. For Tavg = 1.0δ/uτ −

2.0δ/uτ , after a transient of approximately 30δ/uτ , both the eddy viscosity and Reynolds

shear-stress stabilize near the average value obtained using spatial averaging. The choice

of Tavg = 5.0δ/uτ requires a longer time for convergence due to the memory of the initial

transient, which is felt for a longer period. Overall, for values of Tavg within the range
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Figure 4.18: History of u velocity (a,b), Reynolds shear stress Ruv (c,d) and eddy viscosity
(e,f) for channel flow at y+ = 12 (a,c,e) and y+ = 50 (b,d,f). Tavg = 5.0δ/uτ ,
Tavg = 2.0δ/uτ , Tavg = 1.0δ/uτ . The straight horizontal line is the converged value
from plane averaging.

106



1.0δ/uτ − 5.0δ/uτ , the converged values are the same as the plane-averaged data.

The effect of Tavg on the converged statistics is studied further in Figures 4.19 and

4.20. Except for the case with the smallest characteristic time, Tavg = 0.0025δ/uτ , the

eddy viscosity is insensitive to the choice of Tavg (Figure 4.19), as are the velocity statistics

(Figure 4.20). The smallest averaging time used reflects an almost instantaneous field,

since it corresponds to averaging over nine or ten timesteps only; when the averaging time

becomes a small fraction of the integral time-scale, the averaged quantities approach the

instantaneous ones and thus the predicted fluctuating field (i.e., φ′ = φ − 〈φ〉) approaches

zero, which ultimately under-predicts the eddy viscosity. The fact that the eddy viscosity

does not change as long as Tavg is of the order of a large-eddy turnover time indicates that

time averaging can be performed in flows without homogeneous directions. It should also be

noted that the time required for the SFS quantities to converge is similar to that required

by all the other statistics, and the computational overhead is limited.

The same study was extended to the backward-facing step, which is more representative

of flows with large scale unsteadiness, since the recirculation bubble oscillates at a fairly low

frequency (Simpson, 1989). The case with sτ = 0.022 was considered using 384× 150× 96

grid points. The shedding period of the separated shear layer τs, was used as the integral

time scale of the flow, and is estimated as τs = XR/Ub, where XR is the separation length

and Ub is the bulk inflow velocity (Spazzini et al., 2001). The time history of SFS parameters

was recorded at six points, as Tavg was varied from 1 to 5τs. Tavg = 0.1τs was also tested

but, as in the channel, the use of nearly instantaneous data affected adversely the results,

and is not shown. Similar to the channel flow, simulations were initiated from a converged

velocity field with Smagorinsky eddy-viscosity as the initial condition for νsfs .

Figure 4.21 shows the location of the monitoring points and the history of the solution

at two representative points (points (2) and (4)), one near the shear layer and the other

one within the separation bubble. The second one can be expected to yield the slowest

convergence, since it is not in an advection-dominated region, and the oscillations of the
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+

+

+
+

+

+

+

+

+

+

+

+
+

+
+
+

+
+
+
+
++++++ ++++ + + +++++++++++

y

u
rm

s

0 0.2 0.4 0.6 0.8 1
0

1

2

3

(b)
+ + ++

+
+

+

+

+

+

+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

y
+

U
+

10
0

10
1

10
2

10
3

0

5

10

15

20

25

(a)

+

+

+

+

+
+
+
+
+
++++ +

+
+
++++++++++

0 0.02 0.04 0.06
1

2

3

Figure 4.20: Mean streamwise velocity (a) and urms (b) for channel flow at Reτ = 1, 000
with sτ = 0.022 using 128× 129× 128 grid points. Legends are the same as Figure 4.19.
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separation bubble are expected to affect the convergence of the statistics. According to

Simpson (1989), the size of the separation bubble oscillates (“flapping motion”) with a

period that is about an order of magnitude larger than τs.

In Figure 4.21 the cumulative-averaged statistics are plotted. At point (2) convergence

of the results is insensitive to the choice of Tavg and occurs at approximately 50τs. It can be

conjectured that evolution of the flow at this point is mainly dependent on the time scale

of the inflow channel; the range of Tavg = 5.0τs−1.0τs is equivalent to about 0.75 to 0.15 of

the large eddy turn-over time of the inflow duct. According to the channel flow analysis this

is the range within which fast convergence is reached and at the same time the averaged

quantities can accurately yield the integral parameters.

As expected, point (4) in the recirculation bubble converges more slowly, especially for

Tavg = 5τs. However for Tavg = 1.0τs − 2.0τs, convergence is reached in approximately

t = 50τs to 20τs. Within the recirculation bubble the time scale of the flow is mainly

dictated by the oscillation period of the bubble; therefore the choice of Tavg = 1.0τs might

be thought to be too low as an averaging window, however, this is equivalent to about 0.1

of the local integral time scale and, according to the channel flow analysis, this averaging

time gives adequate results for the integral quantities. If the results are averaged over a

finite time window (of the order of the integral time-scale), rather than using cumulative

averages, convergence is reached in about 10τs − 20τs (not shown here).

For reference, for the production simulation of backward-facing step starting from a

coarse simulation data, it takes about 15τs for the first-order statistics to converge, while

the data shown for backward-facing step in the previous Section were averaged over a time

of about 75τs. Since the analysis here indicates that little simulation time is required (over

that required for turbulence statistics) for the convergence of the SFS quantities required in

the model, it can be concluded that time-averaging in the ILSA model would not increase

the computational cost appreciably.

Sensitivity of the statistics to Tavg is shown in Figure 4.22. All the turbulence statistics
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collapse, except for Tavg = 0.1τs, which presents a slight under-prediction in the mean

velocity near the reattachment point, due to the eddy viscosity which is under-predicted

by about 50% in that region. The choice of Tavg = 0.1τs corresponds to 0.01 of the local

time scale within the recirculation bubble, equivalent to a nearly instantaneous calculation

of SFS parameters and causing a rise in the modeling error.

In summary, the analysis conducted here demonstrates that local ILSA can be applied

to complex problems using time as the only averaging dimension. With a time averaging

period in the order of the integral time-scale of the flow, convergence of the SFS parameters

is reached as fast as the flow field itself, and at the same time sufficient sampling period is

provided for accurate reconstruction of integral quantities that are used in the SFS model.

4.4 Conclusions

In this Chapter two main modifications were added to ILSA: first, an alternative measure of

subfilter activity, sτ , was adopted, more robust to increases in the Reynolds number. This

quantity measures the contribution of the subfilter scales (SFS) to the second invariant

of the Reynolds stress tensor. This quantity is related to the percentage of turbulent

kinetic energy carried by the SFS, and the ratio between the two can be calculated for

homogeneous isotropic turbulence at high Reynolds number. For low Reynolds numbers,

and in the presence of shear, the relationship is harder to quantify, but the ratio remains of

order one.

A second improvement was carried out by making the model more responsive to the

local dynamics of the flow. In the original ILSA model, the model coefficient, Ck was a

constant, assigned in such a way to maintain a desired value of the SFS activity measure

chosen. In the new formulation called “local ILSA”, Ck is calculated dynamically, at each

time-step, to satisfy the desired SFS activity locally, using either local spatial averaging,

or time averaging. This modification has an additional advantage in that it improves the
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Figure 4.21: History of streamwise mean velocity (a,b), Reynolds shear-stress (c,d) and
eddy viscosity (e,f) for backward facing step with sτ = 0.022 using 384 × 150 × 96 grid
points at points (2) (a,c,e) and (4) (b,d,f). Tavg = 5.0τs, Tavg = 2.0τs,
Tavg = 1.0τs. The straight horizontal line is the converged value from line averaging.
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Figure 4.22: Mean streamwise (a) and urms (b) velocities normalized by the centerline
velocity at the inlet duct. Locations are the same as Figure 4.12. Tavg = 5.0τs,
Tavg = 2.0τs, Tavg = 1.0τs, Tavg = 0.1τs. (•) line-averaged.

near-wall asymptotic behaviour of the model.

Application of local ILSA to channel flow indicated that sτ ≤ 0.03 yields an accurate

solution. Values of sτ above this range cause the SFS shear-stress to carry more than 50% of

the Reynolds stress in the buffer layer, causing increase in the modelling error. The model

is at least as accurate, in channel flow, as the dynamic model (Germano et al., 1991) at a

substantially reduced cost. On coarse or marginal meshes, the model is significantly more

accurate, due to its better behaviour near the wall.

Local ILSA was also applied to flow over a backward-facing step (BFS). Results indicated

that ILSA adapts itself to the local state of the flow, varying consistently with the size

of the turbulent eddies. Furthermore, better control over local SFS activity resulted in

higher accuracy of local ILSA compared to the dynamic model on coarse grids. Finally,

the distribution of the eddy viscosity demonstrated that, due to the minimal sensitivity of

ILSA to the grid topology, local ILSA results in a smooth distribution of the eddy viscosity

independent of the local grid size, whereas the grid-based nature of the dynamic model
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yields sharp variations of the eddy viscosity in the refined-grid region. The smooth, while

physically consistent, model length-scale produced by the ILSA model makes it a suitable

choice for complex geometries with unstructured grid in which sudden grid refinement might

lead to rise in the error if a grid-based filter-width would be adopted (Geurts & Fröhlich,

2001; Geurts, 2006).

In all models in use presently, the user must provide a parameter that contains a certain

degree of arbitrariness. In the Smagorinsky model, for instance, the choice is made of having

∆ ∝ h (the proportionality constant and the exact definition of ∆ are also somewhat

arbitrary, as discussed in Chapter 1). The model constant is then calculated based on

homogenous isotropic turbulence theory, and modified to account for shear, solid walls etc.

In the dynamic model, the definition of the filter-width (∆ ∝ h) is still an arbitrary choice,

as is the ratio between test and grid filter. The model coefficient, however, is determined

according to the dynamic procedure (which also has some degree of arbitrariness, caused

by the type of averaging adopted). In the models based on the Integral Length-Scale

Approximation the main choice the user must make is the expected cost of the calculation,

measured by the SFS activity measure, in this case sτ . The smaller this number, the higher

the cost of the simulation, as finer grids are required to resolve the smaller filter width

associated with low values of the SFS activity measure. Once this choice has been made,

the model coefficient is determined, and the grid can be refined to achieve grid convergence.

In a sense, ILSA models make the role of the computational cost of the calculation, and its

relationship to the expected accuracy, explicit.
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Chapter 5

Application to wall-modelled LES

5.1 Introduction

The previous two chapters were devoted to the development of ILSA ending up with two

subfilter-scale models: global (Chapter 3) and local (Chapter 4) ILSA. Both models demon-

strated good accuracy, even on coarse grids, and a more physical distribution of the filter

width that reflects the flow physics, independent of the grid topology. Local ILSA had

the additional advantage that it yields the desired SFS activity locally, rather than being

integrated over the entire domain.

Use of wall-resolving LES is feasible up to a certain Reynolds number. In wall-bounded

turbulent flows, the most energetic eddies near the wall (in the inner layer) make the

computational cost of wall-resolved LES prohibitively large, in particular at high Reynolds

numbers (Piomelli & Balaras, 2002). To make the computational cost reasonable, the inner

layer must be modelled while the outer layer is resolved. To this end, a coarse grid only

capable of resolving the outer flow scales is used, that implicitly filters out all the information

within the inner layer. Then, the loss of momentum (wall shear-stress), due to the removed

inner layer, is recovered by using a wall model. Most of the wall-layer models consider the

inner layer in a Reynolds averaged sense; given that the grid is coarse, it can only represent
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Figure 5.1: Different approaches in wall-modelled LES. (a) Integral approach; (b) zonal
approach with embedded grid, (Two-Layer Model, TLM); (c) zonal approach with single
grid, (hybrid RANS/LES).

an ensemble of near-wall eddies.

Wall-layer models can be categorized into integral or zonal approaches (Figure 5.1). In

the integral approach the velocity from the LES is used as the input, and the wall shear-

stress is predicted by solving some equations of integral form (Figure 5.1(a)). The simplest

model of this kind is the log-law (Deardorff, 1970; Schumann, 1975; Piomelli et al., 1989),

best suited for high Reynolds number, attached, boundary layers. There are more complex

models of this kind that take into account the non-equilibrium effects (Hoffmann & Benocci,

1995; Wang & Moin, 2002; Yang et al., 2015).

In the second category of wall-layer models, the zonal approach, RANS-like equations

are explicitly solved in the inner layer. In one category known as Two-Layer Model (TLM),

(Balaras & Benocci, 1994; Balaras et al., 1996), shown in Figure 5.1(b), information from

LES is used to solve the RANS equations on an embedded grid and the predicted wall

shear-stress is fed back to the LES. TLM was tested in many applications (Balaras et al.,

1996; Cabot & Moin, 2000; Diurno et al., 2001; Kawai & Larsson, 2013; Park & Moin, 2014).

In the second category of zonal approach (Figure 5.1(c)), governing equations are solved on

a single grid but the domain is implicitly divided into RANS and LES regions by changing

the nature of the turbulence model (Spalart et al., 1997; Girimaji et al., 2006; Menter &
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Egorov, 2010).

In most applications of wall-modelled LES (WMLES) of the first two types, the natural

choice for the point where inner-layer RANS and outer-layer LES are matched is the first

grid point off the wall (as in Figure 5.1(a,b)). This choice, however, is not appropriate,

since the velocity field near the wall is poorly resolved due to the coarse grid. This issue

was first addressed by Cabot & Moin (2000); then, Kawai & Larsson (2012) through scale

analysis, showed that the first grid point, is necessarily unresolved, even with the perfect

wall model. Given the validity of the wall model anywhere within the inner layer, the user

may choose the height of the matching point (hwm) based on the flow physics, away from

the first grid point off the wall. With this technique, the LES velocity that is injected to

the wall-layer model corresponds to the N th grid point off the wall; the appropriate value

of N may depend on the discretization scheme. This approach was adopted in follow-up

studies (Kawai & Larsson, 2013; Park & Moin, 2014; Yang et al., 2015).

The main objective of this chapter is to take the advantage of local ILSA in allowing the

user to specify the local turbulence resolution and extend the model application to WMLES.

Given that in WMLES, the flow resolution near the wall is relatively poor, using a grid-

based LES model may not sufficiently support the momentum carried by SFS; ultimately

errors appear in the flow field (Cabot & Moin, 2000). The aim of this study is to tackle

the resolution issue near the wall through locally increasing the SFS activity. Two wall-

layer models are used in this study: (1) the law of the wall with the approximate wall

boundary condition (Schumann, 1975; Balaras et al., 1995) and (2) the Two-Layer Model

(Balaras et al., 1996). Following Kawai & Larsson (2012), the wall model edge is placed

some distance away from the first grid point off the wall.

This chapter starts with the concept and implementation of WMLES along with detailed

description of the two wall-layer models used. Then, the proposed modification for local

ILSA is presented. Finally, the proposed model is applied to channel flow for 2, 000 ≤ Reτ ≤

50, 000 and high Reynolds number separating boundary layer; the model performance is also
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compared with the dynamic eddy-viscosity model (Germano et al., 1991).

5.2 Wall-Layer Models

Wall-layer models are numerically implemented in a finite difference or finite volume ap-

proach by replacing the no-slip condition with direct assignment of the wall stress. At each

time-step after updating the velocity, the velocity and pressure at the inner-outer interface,

y = hwm, are assigned as boundary condition to the wall-layer model, which returns the

corresponding wall shear-stress as the output; the wall stress is then used as wall boundary

condition for the LES.

5.2.1 Wall Stress Based on Law of the Wall

This type of wall stress model is best suited for attached flows at high Reynolds numbers.

Here the approach by Schumann (1975) is used, but following Kawai & Larsson (2012), the

edge of the wall model is placed away from the first grid point. Applying this model to

attached boundary layer (where hwm is usually placed in the log-layer), forces the mean

velocity at the edge of the wall-layer model to collapse on the log law, and any error

that appears in the solution is associated with either numerical or modelling error in the

SFS model. However, this wall-layer model behaves accurately for high Reynolds number

attached boundary-layers.

In this method the horizontal velocity magnitude, Uwm =
[
u(x, hwm, z)

2 + w(x, hwm, z)
2
]1/2

at the edge of the wall-layer model, hwm, is extracted from the LES solution and is averaged

(over time or space if possible). An initial value for uτ is obtained by the simple approxima-

tion uτ '
√
ν 〈Uwm〉 /hwm. If h+

wm = hwmuτ/ν is less than 12, no-slip boundary condition is

applied at the bottom boundary. Otherwise LES solution is fitted to the log-law by solving:

〈Uwm〉
uτ

=
1

κ
ln (hwmuτ/ν) +B (5.1)
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where 〈Uwm〉 is the averaged horizontal velocity magnitude at the matching location hwm,

uτ =
√
〈τw〉/ρ is the friction velocity (whose value is the solution of the above equation); τw

is the wall shear-stress and ρ is the density, ν is the kinematic viscosity, κ = 0.41 is the von

Kármán’s constant, and B = 5.0 is the log law intercept for smooth wall. In each time-step

after calculating 〈Uwm〉, the corresponding uτ that fits the log law at y = hwm is calculated

by solving (5.1) using an iterative Newton-Raphson procedure. Then uτ is used to assign the

wall shear-stress as the wall boundary condition for the streamwise and spanwise velocity

components. Following Schumann (1975) the instantaneous wall shear-stress is correlated

with the instantaneous velocity at the matching location as follows:

τ12(x, 0, z) =
〈τw〉
〈Uwm〉

u(x, hwm, z) (5.2)

τ32(x, 0, z) =
〈τw〉
〈Uwm〉

w(x, hwm, z) (5.3)

In channel flow simulations hwm is placed in the log-layer and log-law is used as the wall

boundary condition in all cases. However, in the separating boundary layer hwm might fall

into the viscous sublayer (during separation) and law of the wall may switch into the no-slip

condition.

5.2.2 Wall Stress Based on the Two-layer Model

In the two-layer model (TLM), originally proposed by Balaras et al. (1996), the inner layer

is assumed to behave as a thin boundary layer driven by the outer LES simulation. When

the thin-layer approximation is applied to the conservation of mass and momentum through

order of magnitude analysis, the wall-normal momentum equation is simplified into:

∂p′

∂y
= 0⇒ p′ = p′(x, z) (5.4)
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(At each x, z, the modified pressure is constant all across the layer). The wall-parallel

momentum equations used is:

∂ũi
∂t

+
∂ũiũj
∂xj

= −1

ρ

∂p̃
′
wm

∂xi
+

∂

∂y

[(
1

Rec
+ νt

)
∂ũi
∂y

]
, i = 1, 3 (5.5)

the normal diffusion term is the dominant term compared to the streamwise and spanwise

components. The (̃...) denotes an additional filtering operation discussed below. p̃
′
wm(x, z)

denotes the modified pressure at the edge of the thin layer. Note that, j = 1, 2, 3 to

preserve all the advective terms. Equation (5.5) is solved from y = 0 to hwm for the ũ and

w̃ components, independently. No-slip condition is imposed at y = 0; at the top boundary

of the wall layer (y = hwm), u,w and p′ from LES at y = hwm are imposed as the top

boundary condition. After updating ũ and w̃ by advancing (5.5), the unknown normal

velocity ṽ is obtained by imposing mass conservation in the inner layer.

Note that the velocity and modified pressure that result from LES are filtered, denoted

by (̃...), before being imposed as the top boundary to the two-layer equations. When

the matching location is placed at a fixed distance away from the wall, the velocity and

pressure that are imposed on the wall-layer model might contain a high level of fluctuations,

in particular if the edge of the wall model is placed in the resolved LES zone, whereas the

imposed velocity and pressure signals at y = hwm should be ensemble averaged. This can

violate the requirement of TLM equations that the inner layer be RANS like, and errors

will appear in the wall model. To tackle this issue, an extra filtering operation may be

used to ensure that the imposed information to the wall-layer model is smooth. Previous

works have also applied the extra filtering to the wall-layer model, for instance, Cabot &

Moin (2000) solved the TLM equations on an embedded grid that was twice as coarse as

the outer LES grid (in both streamwise and spanwise directions). Yang et al. (2015) time-

filtered the LES velocity and pressure, before imposing it to the wall-layer model; the time

scale for turbulent diffusion across the wall-layer, Twall = hwm/(κuτ ), was used for time
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filtering. Here, the velocity and modified pressure obtained from the outer LES at y = hwm

are filtered using a two-dimensional square filter (for channel flow) or a one-dimensional

line filter (for separating boundary layer); filter width is denoted by ∆tlm. The top-hat

filtering is carried out by local averaging over three (∆tlm = 3∆x) or five (∆tlm = 5∆x)

cells (neighbouring and the central cells). In the Results section the effect of this filtering

is studied further.

Figure 5.2 demonstrates the numerical implementation of TLM for a 2D example with a

staggered grid arrangement; in addition to the outer LES grid (Figure 5.2(a)), an embedded

grid is generated (Figure 5.2(b)), on which the TLM equations are advanced. The wall

parallel grid spacing in the embedded grid is maintained the same as the outer one, while

the wall-normal grid is refined. The outer LES velocity components (u and w) and modified

pressure at y = hwm are filtered, and fed to the embedded grid; after advancing the TLM

equations, the wall-shear stress components (τ12 and τ32) obtained from the embedded grid

are fed back to the LES as a bottom boundary condition.

In the inner layer, the spatial discretization scheme is second-order central, and the time

advancement scheme is second-order Adams-Bashforth for all the terms except the normal

diffusion term for which second-order Crank-Nicolson scheme is used.

Due to the RANS-like behaviour in the wall-layer, the TLM equations use a RANS eddy-

viscosity formulation. Here two models are used: (1) the algebraic mixing-length model and

(2) the Spalart-Allmaras (SA) model (Spalart & Allmaras, 1992). The mixing-length model,

due to its simplicity, is commonly used in TLM simulations (Balaras et al., 1996; Cabot &

Moin, 2000; Kawai & Larsson, 2013; Park & Moin, 2014). However, when non-equilibrium

effects are present, the mixing-length model may not perform accurately. In this study, the

wall-modelled LES will be eventually applied to a high-Reynolds-number boundary layer

undergoing massive separation; therefore, the more advanced SA turbulence model is also

used, and improvement in the results will be demonstrated.

121



p(h
wm
)

x(i)

h
wm

u(h
wm
)

(a)

 

h
wm

x(i)
12 (b)

Filtered

Figure 5.2: Implementation of Two-Layer Model (TLM) on a staggered grid. (a) outer
LES simulation; (b) embedded grid on which TLM equations are solved. u−velocity (red
arrows); v−velocity (blue arrows); pressure (black bullets). Hollowed symbols indicate the
embedded grid variables and the filled symbols correspond to the outer LES grid.

Mixing-length Model

The mixing-length model is formulated as:

νt = (κwmy)2
∣∣∣S̃∣∣∣ D̂, D̂(y+) = 1− exp

(
−y+/A+

)3
(5.6)

where κwm denotes a modified von Kármán’s constant discussed momentarily. D̂ is Van Dri-

est (1956) damping function to decrease the value of the eddy viscosity near the wall, and

A+ = 25. The symbol (̂...) is used, to differentiate this function from the damping ratio

introduced later in (5.17).

The modified von Kármán’s constant, κwm, was calculated following the dynamic model

proposed by Park & Moin (2014). In spite of filtering the velocity at the matching height,

the filtered field still possesses some level of fluctuations and consequently there is some

resolved stress present in the inner layer. Park & Moin (2014) proposed to optimize κwm

by least-squares minimization of error between the total Reynolds stress (resolved + mod-

elled), resulting from the wall-modelled simulation and the one obtained from a hypothetical

RANS-like simulation in which all the Reynolds stress is parametrized using the standard
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mixing-length model. Formulating this approach we have:

εij =

(
−2νt〈S̃ij〉+

1

3
δij〈τwmkk 〉+ 〈ũ′iũ

′
j〉
)

︸ ︷︷ ︸
TLM stress

−
(
−2ν∗t 〈S̃ij〉+

1

3
δij〈τRANS

kk 〉
)

︸ ︷︷ ︸
RANS stress

, ε = εijεij (5.7)

where εij is the error tensor and ε is its second invariant. Park & Moin (2014) carried out

the error minimization on average basis (denoted by 〈...〉), proposing to average the terms

in (5.7) over time with an averaging period equal to the integral time-scale of the flow. This

appears an appropriate averaging window based on the analysis performed in Section 4.3.3.

Therefore, following the previous chapter the averaged quantities are calculated based on

the following averaging described in Section 4.3.3:

〈φ〉n+1 =

[
∆t

∆t+ Tavg

]
φn+1 +

(
1−

[
∆t

∆t+ Tavg

])
〈φ〉n (5.8)

where φ is the parameter to be averaged, ∆t is the time-step and Tavg is the averaging

period taken as δ/uτ for the channel flow (where δ and uτ are channel half height and

friction velocity, respectively), and flow through time Lx/U∞ for the separating boundary-

layer (where Lx and U∞ are the domain length and free-stream velocity, respectively).

S̃ij = 1/2
(
∂ũi/∂xj + ∂ũj/∂xi

)
is the filtered strain-rate tensor and ũ

′
i = ũi − 〈ũi〉 is the

fluctuating part of the filtered velocity. τwmkk and τRANS
kk denote the trace of the residual

stress tensors corresponding to the wall-layer and RANS, respectively; these terms disappear

during error minimization. ν∗t = (κy)2
∣∣∣S̃∣∣∣ D̂ is the RANS eddy-viscosity with standard

κ = 0.41.

Minimizing ε with respect to νt, we have:

∂ε

∂νt
= 0⇒ νt = ν∗t +

〈ũ′iũ
′
j〉〈S̃ij〉

2〈S̃pq〉〈S̃pq〉
(5.9)
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re-expressing the above relation in terms of κwm, we have:

κ2
wm = κ2 +

 〈ũ′iũ′j〉〈S̃ij〉
2〈S̃pq〉〈S̃pq〉

 1

y2
∣∣∣S̃∣∣∣ D̂(y+)

 (5.10)

In channel flow simulations, on average, the only non-zero element of 〈S̃ij〉 is 〈S̃12〉, and

the above relation will be simplified into:

κ2
wm = κ2 +

[
〈ũ′ṽ′〉
〈dũ/dy〉

] 1

y2
∣∣∣S̃∣∣∣ D̂(y+)

 (5.11)

given that 〈ũ′ṽ′〉〈dũ/dy〉 ≤ 0 in channel flow, κwm ≤ κ. However, for separating boundary

layer, other elements of 〈S̃ij〉 will be non-zero and the correction term on the right hand side

of (5.10) may be either negative or positive. Therefore, to ensure that κwm ≤ κ in forward

flow direction, the following modified version of the mixing-length model is also tested.

νt = ν∗t − sign (u)

∣∣∣∣∣∣ 〈ũ
′
iũ
′
j〉〈S̃ij〉

2〈S̃pq〉〈S̃pq〉

∣∣∣∣∣∣ (5.12)

where |...| denotes the absolute value. The above relation is no different than (5.9) in

attached boundary layer. It will be shown that in separating boundary layer, the mean

flow features including the mean velocity and separation bubble are almost identical when

either (5.9) or (5.12) are used in the wall layer.

Spalart-Allmaras Model

The second eddy-viscosity model used in (5.5) is the Spalart-Allmaras model (Spalart &

Allmaras, 1992). The model is based on a transport equation for the quantity ν̂ which is
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related to the eddy viscosity νt:

∂ν̂

∂t
+
∂(ũj ν̂)

∂xj
= cb1 [1− ft2] Ω̂ν̂

+
1

σ

[
∂

∂y

[
(ν + ν̂)

∂ν̂

∂y

]
+ cb2

(
∂ν̂

∂y

)2
]
−
[
cw1fw −

cb1
κ2
ft2

] [ ν̂
y

]2

(5.13)

where,

νt = ν̂fv1, fv1 =
χ3

χ3 + c3
w1

, χ = ν̂/ν

Ω̂ = Ω̃ +
ν̂

κ2y2
fv2, fv2 = 1− χ

1 + χfv1

fw = g

[
1 + c6

w3

g6 + c6
w3

]1/6

, g = r + cw2

(
r6 − r

)
, r =

ν̂

Ω̂κ2y2

ft2 = ct3 exp
(
−ct4χ2

)
Ω̃ is the magnitude of the vorticity. Note that, the two layer approximation is also applied

to (5.13) by removing the diffusion components parallel to the wall. The constants are:

cb1 = 0.135, σ = 2/3, cb2 = 0.622, κ = 0.41

cw1 = cb1/κ
2 + (1 + cb2) /σ, cw2 = 0.3, cw3 = 2.0

cv1 = 7.1, ct1 = 1.0, ct2 = 2.0, ct3 = 1.2, ct4 = 0.5

A Central differencing scheme is used for spatial discretization of (5.13) also. For time

integration, the second-order Adams-Bashforth scheme is used for the convective terms

(second term on the left hand side of (5.13)), while for the right hand side of (5.13), the

non-linear terms for ν̂ are first linearized by explicitly using its value from the previous

time-step and then the linearized term is advanced in time using implicit Euler scheme.

At the bottom wall, ν̂ is set to zero while at the edge of the wall-layer model a suitable

value for ν̂ must be specified. This boundary condition is adjusted through coupling the
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inner-layer with the outer flow, through minimizing the error between the total stresses at

the edge of the wall model in an approach similar to Cabot & Moin (2000):

εij =

〈
−2νsfsSij +

1

3
δijτkk + u′iu

′
j

〉out

y=hwm

−
〈
−2νtS̃ij +

1

3
δij τ̃kk + ũ

′
iũ
′
j

〉in

y=hwm

(5.14)

Note that Spalart-Allmaras is formulated to operate as a RANS model and through nu-

merical experiments it was observed that the results become numerically unstable if the

turbulent stresses are matched instantaneously. This is due to the highly spatial and tem-

poral varying νt that results from instantaneous matching the stresses and is used as the top

boundary-condition. The main source of instability was found to be due to the wall-normal

diffusion term ((∂ν̃/∂y)2). Therefore, to remove the instability time averaging according to

(5.8) was performed with the averaging periods the same as those used for the mixing-length

model. By least-squares minimization of εij based on νt, the following relation is obtained:

νt =
〈S̃ij〉in

(
〈−2νsfsSij + u′iu

′
j〉out − 〈ũ′iũ

′
j〉in

)
−2〈S̃mn〉in〈S̃mn〉in

(5.15)

Diurno et al. (2001) assigned the top boundary condition by equating νt = νsfs at the

edge of the wall model by assuming that the velocity and its gradient is continuous on

statistical basis. However, as it will be shown in the results section this choice is not

feasible when the wall model edge is placed in the resolved LES region where νsfs is an LES

eddy-viscosity while νt must be a RANS like eddy-viscosity, much larger than νsfs.

5.3 Subfilter-scale Model

The subfilter-scale model is local ILSA with two modifications for application to wall-

modelled LES. The first modification is the numerical implementation of the SFS param-

eters. To calculate the SFS parameters at the first grid point off the wall, information is
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Figure 5.3: Schematic diagram for interpolating the SFS parameters. Red and blue arrows
indicate u− and v−components, respectively.

extrapolated from the upper cells as the velocity value at the ghost cell is unphysical.

Figure 5.3 is useful to clarify this modification; the procedure used in our code is ex-

plained for a 2D case. The ingredients of the SFS model (e.g. Kres, εtot, Sij etc.), are formed

by velocity ui, and velocity-gradient tensor ∂ui/∂xj , which must be interpolated at the cell

centre. For instance, in 2D the required interpolated variables are:

ui = {u, v} , ∂ui
∂xj

=

{
∂u

∂x
,
∂u

∂y
,
∂v

∂x
,
∂v

∂y

}
(5.16)

In the wall-resolving LES where the flow is resolved down to the wall, the cell-centred

variables are calculated by linear or bilinear interpolation of the variables located at cell
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faces or cell edges as follows:

uC =
1

2
(uE + uW ) , vC =

1

2
(vN + vS)

∂u

∂x

∣∣∣∣
C

=
uE − uW

x(i)− x(i− 1)
,

∂u

∂y

∣∣∣∣
C

=
1

4

[
∂u

∂y

∣∣∣∣
NW

+
∂u

∂y

∣∣∣∣
NE

+
∂u

∂y

∣∣∣∣
SW

+
∂u

∂y

∣∣∣∣
SE

]
∂v

∂y

∣∣∣∣
C

=
vN − vS
y(1)− y(0)

,
∂v

∂x

∣∣∣∣
C

=
1

4

[
∂v

∂x

∣∣∣∣
NW

+
∂v

∂x

∣∣∣∣
NE

+
∂v

∂x

∣∣∣∣
SW

+
∂v

∂x

∣∣∣∣
SE

]

In wall-modelled LES, however, the interpolations highlighted as blue (boxed), cause

error to the first grid cell off the wall, due to the ghost cells where the velocity is assigned to

match the desired wall stress, and is unphysical. To remove the error, extrapolations from

the upper cells are used instead. Thus we have:

vC = vN +

[
yc(1)− y(1)

y(1)− y(2)

]
(vN − vNN )

∂u

∂y

∣∣∣∣
C

=
1

2

[
∂u

∂y

∣∣∣∣
NE

+
∂u

∂y

∣∣∣∣
NW

]
+

1

2

[
yc(1)− y(1)

y(1)− y(2)

] [
∂u

∂y

∣∣∣∣
NE

+
∂u

∂y

∣∣∣∣
NW

− ∂u

∂y

∣∣∣∣
NNE

− ∂u

∂y

∣∣∣∣
NNW

]
∂v

∂y

∣∣∣∣
C

=
vNN − vN
y(2)− y(1)

+

[
yc(1)− yc(2)

yc(2)− yc(3)

] [
vNN − vN
y(2)− y(1)

− vNNN − vNN
y(3)− y(2)

]
∂v

∂x

∣∣∣∣
C

=
1

2

[
∂v

∂x

∣∣∣∣
NE

+
∂v

∂x

∣∣∣∣
NW

]
+

1

2

[
yc(1)− y(1)

y(1)− y(2)

] [
∂v

∂x

∣∣∣∣
NE

+
∂v

∂x

∣∣∣∣
NW

− ∂v

∂x

∣∣∣∣
NNE

− ∂v

∂x

∣∣∣∣
NNW

]

The second modification is to increase the SFS activity near the wall, where the grid

resolution is insufficient. In wall-modelled LES, the grid size is usually a fixed portion of the

outer integral-scale, δ. As the wall is approached the size of the energetic eddies decreases;

consequently as we move closer to the wall, the grid becomes comparable to the local eddy

size. Therefore a region appears near the wall where the flow is poorly resolved and a

significant portion of the scales fall into SFS; thus the subfilter-scales must have a higher

contribution to transport near the wall.

Local ILSA through its full control over local SFS activity, provides this possibility to

adjust locally the SFS contribution based on the available resolution. The SFS activity can
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Figure 5.4: Variation of sτ (y) according to (5.17) with D = 0.0018.

be increased, near the wall to a value larger than what is used in well-resolved LES; as we

move further away from the wall, the grid becomes capable of resolving the energetic scales

and the SFS activity is gradually decreased towards a value suitable for LES. The following

relation for sτ is proposed to apply this modification:

sτ (y) = sin
τ +

1− sin
τ

y/D + 1.0
(5.17)

Figure 5.4 plots the distribution of sτ according to (5.17). D is a damping ratio which

determines the width of the hyperbola (W ' 100D); in the results section a relation for D

will be proposed. When y = 0, sτ = 1.0 and all the scales are modelled. On the other hand

when y → ∞, sτ reaches the asymptote, sin
τ . Thus, this modification forces the model to

behave as RANS at the wall, where all the scales are SFS. As we move away from the wall

the model contribution decreases through decreasing sτ . The value of sin
τ = 0.02 is chosen

throughout this study, as the value of SFS activity in the well-resolved region, based on the

findings from Chapter 4. However, other choices of sin
τ within the range 0.01 ≤ sin

τ ≤ 0.03

made marginal difference in the results.

5.4 Results

In this section first the modified local ILSA is applied to channel flow using law of the wall

as the wall model, and an optimal relationship is proposed for D in (5.17). The robustness
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of the optimal D is demonstrated at both low and high Reynolds numbers using various

grid resolutions. Then the model accuracy is compared against the commonly used dynamic

Smagorinsky model (Germano et al., 1991). Finally, local ILSA is coupled with the two

layer model and is applied to channel flow and separating boundary layer.

5.4.1 Channel Flow Using Log-law

Initially a systematic study is conducted on channel flow with log-law as the wall model;

the advantage of using log-law for high Reynolds number attached boundary layer, is to

place the mean velocity on the log layer at the matching height hwm (thus removing any

potential error due to the wall model), and any deviation seen in the mean flow field

at other heights is attributed to either numerical or modelling errors. For channel flow

Reτ = 2, 000 (based on the friction velocity uτ and channel half-height δ), and the domain

size of Lx × Ly × Lz = 6δ × 2δ × 3δ is selected. The grid is uniform in all three directions

with fixed resolution ∆x+ ' ∆z+ ' 95 in the streamwise and spanwise directions. Only the

number of grid points in the wall-normal direction was varied. For each resolution several

values of D are tested. The left hand side of Table 5.1 summarizes all the calculations

carried out for this study. Periodic boundary conditions are applied in the streamwise and

spanwise directions and log law at the top and bottom boundaries. The edge of the wall-

layer model is placed at hwm = 0.1δ, equivalent to h+
wm = 200 in wall units. Although this

parametric study was limited to Reτ = 2, 000 with fixed wall-parallel grid spacings, it will

be demonstrated that the optimized D is quite robust for application to other Reynolds

numbers and grid resolutions.

Figure 5.5 shows the mean velocity and the enforced sτ for the channel flow at Reτ =

2, 000. The region below y = hwm is “the poor resolution” region where the error appears in

the mean velocity. For all the values of D, the results above the matching point are nearly

the same and the optimum value of D that correctly predicts the mean velocity below the

matching point is of no concern. The region below the matching point acts like a buffer
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Table 5.1: Summary of plane-channel flow simulations using log-law as the wall model. For
local ILSA sf

τ = 0.02 in (5.17), for all calculations.

Reτ = 2,000 Reτ = 50,000
Grid Model Grid Model

128× 20× 64 Local ILSA, D = 0.0000 128× 80× 64 Local ILSA, D in (5.18)
128× 20× 64 Local ILSA, D = 0.0011 128× 80× 64 Dynamic Model
128× 20× 64 Local ILSA, D = 0.0022 256× 160× 128 Local ILSA, D in (5.18)
128× 20× 64 Local ILSA, D = 0.0044 256× 160× 128 Dynamic Model
128× 40× 64 Local ILSA, D = 0.0000
128× 40× 64 Local ILSA, D = 0.0011
128× 40× 64 Local ILSA, D = 0.0022
128× 40× 64 Local ILSA, D = 0.0044
128× 80× 64 Local ILSA, D = 0.0000
128× 80× 64 Local ILSA, D = 0.0011
128× 80× 64 Local ILSA, D = 0.0022
128× 80× 64 Local ILSA, D = 0.0044

region that bridges between the RANS-like inner layer and the outer LES region; thus,

it should not be considered the solution of LES. However, in this particular problem the

resolution in wall units is relatively fine for a wall-modelled LES. Later it will be shown at

Reτ = 50, 000 that, if the resolution is coarse and sufficient SFS activity is not enforced at

the matching point, errors appear in the mean velocity for y > hwm.

Increasing D increases the width of hyperbola and causes sτ to reach its asymptotic

value further away from the wall. Therefore in Figure 5.5, as the resolution in the wall-

normal direction becomes coarser the larger value of D yields better agreement with the

DNS data due to increasing the SFS activity. On the other hand, increasing D above a

certain limit is accompanied by modelling error. Thus, there must be an optimal value that

can reconstruct the correct SFS momentum. Considering Figure 5.5, in all the calculations

the optimal D corresponds to the case at which sτ at the first grid point falls between

0.10 − 0.15 (approximately 0.12). Imposing this constraint to (5.17) the following relation
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Figure 5.5: Channel flow simulations with local ILSA at Reτ = 2, 000 using log-law as the
wall model at various grid resolutions. (a,c,e) mean velocity; (b,d,f) sτ . (a,b) 128 × 20 ×
64,(c,d) 128× 40× 64, (e,f) 128× 80× 64. D → 0 ( ); D = 0.0011 ( ); D = 0.0022
( ); D = 0.0044 ( ); DNS data (Hoyas & Jiménez, 2006) (+). The dashed vertical
line demonstrates the matching height hwm.
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for D will be obtained:

0.12 = sin
τ +

1− sin
τ

yc(1)/D + 1.0
⇒ D = yc(1)

[
0.12− sin

τ

1− 0.12

]
(5.18)

The value of sτ = 0.12 at the first grid point appears to be relatively low, to force the

model to behave as RANS. Indeed the model does not operate in the fully RANS mode at

the first grid point; it will be shown momentarily that the resolved stresses are non-zero.

However, the contribution of SFS activity is substantially larger than in a well-resolved LES.

Study of suv = 〈u′v′〉/〈u′v′+τuv〉, shown momentarily, indicates that 30% of Reynolds shear-

stress is supported by SFS. Also, if the first grid point is placed far away from the wall,

where the flow is fairly homogeneous and isotropic, according to Appendix A, sτ ' 0.1

corresponds to sk ' 0.4, a turbulence resolution that is much coarser than a well-resolved

LES.

To evaluate the robustness of the modified local ILSA, calculations were extended to

Reτ = 50, 000 using coarse (128 × 80 × 64) and fine (256 × 160 × 128) resolutions. The

edge of the wall-layer model was placed at hwm = 0.05δ, equivalent to h+
wm = 2, 500; with

this choice the LES velocity is imposed to the wall model after two (coarse resolution) and

four (fine resolution) grid points off the wall. Calculations using the dynamic Smagorinsky

model (Germano et al., 1991) were also performed to compare against local ILSA. The right

hand side of Table 5.1 lists the calculations performed at this Reynolds number and the

corresponding results are summarized in Figures 5.6 and 5.7.

In the mean velocity, the dynamic model under-predicts the slope dU+/dy+, when the

grid is coarse (Figure 5.6( a)). Local ILSA yields an accurate prediction of the mean velocity

with both coarse and fine resolutions. The error in the dynamic model on the coarse grid can

be related to the insufficient SFS activity near the matching point (Figure 5.6(b)) which is

about 50% lower than local ILSA. The difference in SFS activity is more pronounced when

contribution of SFS to Reynolds shear stress is considered (Figure 5.7). At the matching
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Figure 5.6: Channel flow simulations with several subfilter-scale models at Reτ = 50, 000
using log-law as the wall model with (a,b) 128 × 80 × 64 and (c,d) 256 × 160 × 128 grid
points. (a,c) mean velocity; (b,d). Local ILSA with optimum D based on (5.18) ( );
Dynamic Smagorinsky model(Germano et al., 1991) ( ).

y

s u
v

0 0.1 0.2 0.3
0

0.1

0.2

0.3

0.4

0.5

(b)

s u
v

0 0.1 0.2 0.3
0

0.1

0.2

0.3

0.4

0.5

(a)

Figure 5.7: SFS activity suv at Reτ = 50, 000 using log-law as the wall model with (a)
128× 80× 64 and (b) 256× 160× 128 grid points. Legends are consistent with Figure 5.6.

134



point on the coarse grid (Figure 5.7(a)), suv by local ILSA is about three times larger than

the one resulting from the dynamic model.

Note that in local ILSA, the user assigns the SFS activity, while in the dynamic model

the SFS activity is an output. As the grid becomes finer, the matching point falls into

a finer resolution; at this height, sτ ' 0.03 an indication of well-resolved LES. The SFS

activity resulting from the dynamic model becomes nearly the same as local ILSA at the

matching point, and the correct slope is predicted with both models.

The interesting property of local ILSA is the invariance of its accuracy with respect

to the placement of hwm. Using an SFS model that is mainly formulated to perform in

wall-resolved LES (as is the case for the dynamic model), requires hwm to be placed in the

region where the flow is properly resolved, which is not a trivial choice in complex problems.

However, with local ILSA the user has more freedom in placing the wall model edge.

5.4.2 Channel Flow using the Two-layer Approach

After the study of the proposed SFS model with the log-law, two-layer model (TLM) was

used due to its better performance in non-equilibrium flows and the fact that it provides

details about the inner layer. To demonstrate better the significance of filtering discussed

in Section 5.2.2 channel flow simulations at Reτ = 2, 000 were performed using 128×80×64

grid points uniformly distributed; the inner-layer grid resolution was the same as the outer

LES in the streamwise and spanwise directions and for the wall-normal direction, 60 grid

points with hyperbolic distribution were used to ensure that the first inner layer grid is

placed at y+ < 1. The SFS model was the local ILSA model with the modification defined

in (5.17) and the optimum D based on (5.18). The mixing-length eddy viscosity (5.9), and

SA model were used for TLM. Table 5.2 summarizes all the channel flow simulations.

The first five calculations on the left hand side were performed to study the filtering.

Their results are shown in Figure 5.8. Considering the mean velocity, no filtering operation

(Figure 5.8(a,b)) results in about 16% under-prediction of the mean velocity at the matching
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Table 5.2: Summary of plane-channel flow simulations using TLM as the wall model. Local
ILSA with sf

τ = 0.02 and optimum D according to (5.18) was used for all calculations. ML
indicates mixing length and SA indicates Spalart-Allmaras model.

Reτ = 2,000 Reτ = 50,000
Grid TLM TLM Grid TLM TLM

Filter Model Filter Model

128× 80× 64 ∆+
tlm = 0 ML 128× 80× 64 ∆+

tlm = 0 ML
128× 80× 64 ∆+

tlm ' 7, 030, (∆tlm = 3∆x) ML

128× 80× 64 ∆+
tlm = 0, no ∂p̃

′
/∂z ML 256× 160× 128 ∆+

tlm ' 5, 860, (∆tlm = 5∆x) ML
128× 80× 64 ∆+

tlm ' 281, (∆tlm = 3∆x) ML
128× 80× 64 ∆+

tlm ' 469, (∆tlm = 5∆x) ML
128× 80× 64 ∆+

tlm ' 656, (∆tlm = 7∆x) ML

64× 40× 32 ∆+
tlm ' 562, (∆tlm = 3∆x) ML

128× 80× 64 ∆+
tlm ' 7, 030, (∆tlm = 3∆x) SA

128× 80× 64 ∆+
tlm ' 656, (∆tlm = 7∆x) SA

64× 40× 32 ∆+
tlm ' 562, (∆tlm = 3∆x) SA

height, due to the error in the inner-layer velocity. This error is not removed despite the

dynamic calculation of κwm according to (5.10); the κwm value, compared to the standard

0.41, is unexpectedly small.

It is conjectured that the source of error is mainly due to enforcing pressure gradient

(∂p′wm/∂xi in (5.5)) from the outer LES at y = hwm, which according to (5.5), carries the

same level of fluctuations as the LES, all across the wall layer. To justify this argument,

another calculation was carried out in which no filtering operation was performed and

additionally, the spanwise modified pressure gradient (∂p′wm/∂z) was removed from the

TLM equations in (5.5). In a Reynolds-averaged sense, this term must be zero in channel

flow. As shown in Figure 5.8(a), removing this term leads to error removal.

Figure 5.8(b,c) shows the cases in which the filtering operation is performed. The

filter width was varied from three to seven cells. Some error is still seen in the case with

∆tlm = 3∆x, corresponding to ∆+
tlm ' 281; however as the size of the filter width is

increased to ∆tlm = 5∆x, corresponding to ∆+
tlm ' 469 good agreement with DNS is
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Figure 5.8: Channel flow simulations with 128× 80× 64 grid points at Reτ = 2, 000, using
TLM (Balaras et al., 1996) as the wall-layer model and local ILSA as the SFS model. (a,c)
mean velocity in wall units; (b,d) κwm/0.41, the modified von Kàrmàn constant in the inner
layer. (a,b) cases without filtering: ∆tlm = 0 ( ), ∆tlm = 0, no ∂p̃/∂z ( ). (c,d)
cases with filtering; ∆tlm = 3∆x ( ), ∆tlm = 5∆x ( ), ∆tlm = 7∆x ( ). DNS
(Hoyas & Jiménez, 2006) (+). Dashed lines and solid lines indicate the inner layer and
outer LES velocity profiles, respectively.
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obtained. The error is removed due to smoothing out all the terms, including the imposed

pressure gradient. Linear variation of κwm is consistent with what was reported by Park &

Moin (2014) for turbulent channel flow.

Calculations were carried out at a coarser grid resolution at Reτ = 2, 000 (Figure 5.9)

and high Reynolds number at Reτ = 50, 000 (Figure 5.10). In Figure 5.9, which shows the

calculations at Reτ = 2, 000, results were compared against the reference DNS data (Hoyas

& Jiménez, 2006) and wall-resolved LES; using both mixing length and SA model yield

good agreement with the wall-resolved LES both in the mean and urms velocity profiles.

Considering the urms profiles (Figure 5.9(b)), at the first grid point the wall-modelled

values are nearly the same as the DNS and resolved LES ones. Thus, at the first grid point

resolved scales contribute to the turbulent stresses and the optimal value of sτ ' 0.12 is of

no surprise, given the presence of turbulent fluctuations at the first grid point.

At Reτ = 50, 000 (Figure 5.10), two grid resolutions (128 × 80 × 64, 256 × 160 × 128

grid points) were tested. The matching height was placed at hwm = 0.05, equivalent to

h+
wm = 2, 500 in wall units. For the inner layer, due to the high Reynolds number, 128 grid

points with hyperbolic refinement (to ensure that y+ < 1) were used in the wall-normal

direction. Despite the coarse resolution in wall units (1, 000 < (∆x+,∆z+) < 2, 000),

performing no filtering resulted in errors in the wall-layer model (Figure 5.10(a)). For the

coarse grid, filtering the LES data by ∆tlm = 3∆x (equivalent to ∆+
tlm ' 7, 030) resulted

in correct prediction of law of the wall, using both mixing length and SA models. κwm

with the mixing length model (not shown) was about 80% of the standard value near the

matching height; considering (5.6), νt ∝ κ2
wm in the wall-layer model, implying that about

65% of the total shear stress is modelled and the rest is resolved. For the fine resolution

(Figure 5.10(b)), based on the results obtained from the coarse grid calculations, a filter

width of ∆tlm = 5∆x equivalent to ∆+
tlm ' 5, 860 was chosen using mixing-length model

which yields accurate results. Therefore, by having a filter width of ∆+
tlm ≥ 5, 000 both grid

resolutions using both mixing length and SA models yield mean velocity profiles in good
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Figure 5.9: Channel flow simulations at Reτ = 2, 000 using TLM (Balaras et al., 1996) as
the wall-layer model and local ILSA as the SFS model. (a) mean velocity in wall units; (b)
urms profiles. Lower curves are 64× 40× 32 grid points with ∆+

tlm ' 562; upper curves are
128 × 80 × 64 grid points with ∆+

tlm ' 656; inner layer velocity (dashed lines), outer LES
velocity (solid lines). WMLES using mixing-length model ( ) and SA model ( ).
192× 193× 192 grid points, wall-resolved LES ( ); DNS (Hoyas & Jiménez, 2006) (•).

agreement with the law of the wall. Moreover, the velocity defect is predicted reasonably

well at y+ ' 10, 000 (y ' 0.2δ) (Pope, 2000).

In Figure 5.11; the eddy viscosity distribution for local ILSA with wall model at Reτ =

2, 000, is compared to the one obtained from wall-resolved LES and the RANS type eddy-

viscosity corresponding to the TLM equations; both the mixing length and SA models

yield the same eddy viscosity distribution near the wall. At the first LES grid point off

the wall, the eddy viscosity resulting from local ILSA is close to the RANS eddy viscosity.

As we move further away from the wall, the eddy viscosity decreases and approaches the

wall-resolved LES eddy viscosity. The same eddy viscosity behaviour was also observed

at Reτ = 50, 0000 (not shown). Although the eddy viscosity at the first grid-point is

close to the RANS eddy viscosity, the flow resolution differs from the RANS regime, given

the presence of turbulent fluctuations and an SFS activity smaller than unity. The same

characteristic was also observed when global ILSA was used for wall-resolved LES on a

coarse grid (Chapter 3). Despite resulting in a RANS-like eddy viscosity in the viscous
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Figure 5.10: Mean velocity in wall units for channel flow at Reτ = 50, 000 using TLM
(Balaras et al., 1996) as the wall-layer model and local ILSA as the SFS model. (a) 128×
80× 64 grid points; ∆tlm = 0 with mixing-length model ( ), ∆tlm = 3∆x with mixing-
length model ( ), ∆tlm = 3∆x with SA model ( ). (b) 256× 160× 128 grid points;
∆tlm = 5∆x with mixing-length model ( ). Outer LES (solid lines) and wall-layer model
(dashed lines). Vertical dashed line is the matching height hwm.
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Figure 5.11: Profiles of sτ (a) and eddy viscosity (b) at Reτ = 2, 000. The dashed line in
(b) indicates the TLM eddy viscosity νt. 64 × 40 × 32 grid points using SA model for νt
( ); 128 × 80 × 64 grid points using mixing-length model for νt ( ); wall-resolved
LES with 192× 193× 192 grid points ( ). Vertical dashed line indicates the matching
height hwm.

and buffer regions (Figure 3.18(a)), the resolved turbulent stresses are non-zero in those

regions (Figure 3.9), and the local SFS activity based on turbulent stresses is about 5%

(Figure 3.14(b)). This region, in which the eddy viscosity is in the order of RANS eddy-

viscosity while turbulent fluctuations still persist in the flow simulation, also appears when

zonal hybrid RANS/LES models are used, noted as grey zone (Deck, 2005; Fröhlich & von

Terzi, 2008).

Comparing the value of the RANS eddy-viscosity with the one from LES at the matching

point in Figure 5.11, it is seen that the choice of νt = νsfs for SA model, leads to significant

under-prediction of the RANS eddy viscosity, while the proposal made in (5.15) yields a

reasonably RANS-like eddy viscosity at the matching point.

In summary, the results obtained from application of modified local ILSA to channel

flow were in quite good agreement with the reference data and law of the wall. Moreover the

solution accuracy was seen to be nearly invariant to the choice of the TLM eddy viscosity,

either based on mixing length or SA model. In the next section application of WMLES is

extended to high-Reynolds-number boundary layer undergoing massive separation.
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5.4.3 Separating Boundary Layer

A Separating boundary layer under Adverse Pressure Gradient (APG) followed by a Favourable

Pressure Gradient (FPG) was studied as a test case for evaluating the SFS model in the

WMLES. The reference experimental data for this study is the high-Reynolds-number sep-

arating boundary layer by Patrick (1987). To the author’s knowledge, this is the only avail-

able experimental study in the literature in which the boundary layer is at high Reynolds

number (Reτ = uτδo/ν ' 4, 000 based on the incoming boundary layer thickness and fric-

tion velocity), and undergoes separation.

Figure 5.12 compares the problem setup in the reference experiment (Patrick, 1987) with

the current simulation setup. In the experiment, the flow separation is caused by passing the

boundary layer through a diverging-converging duct with suction from the diverging side.

Despite having boundary layers formed at the top and bottom walls of the duct, according

to Patrick (1987), these layers do not meet and an inviscid core of thickness about half of

the inlet duct-height exists between these two layers.

For the simulation, rather than placing a diverging-converging top wall (due to the

Cartesian code used), a portion of the duct geometry from a specific height (htop) in the

inviscid core is removed; instead, the velocity profile at y = htop is imposed as the top

boundary condition. This is a common technique for generating this flow configuration

with a Cartesian code (Na & Moin, 1998a,b; Raiesi et al., 2011).

LES Computational Setup

The computational domain size is Lx × Ly × Lz = 550 × 50 × 30; the reference location

is placed at xo = 216.4; the reference displacement thickness (δ∗o = 1.2), and the reference

velocity (Uo = 1) at this location are used as the characteristic length and velocity scales,

respectively. The computational domain normalized by these scales is Lx/δ
∗
o × Ly/δ

∗
o ×

Lz/δ
∗
o = 458 × 42 × 25. The selected height for this computation is close to the height of
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Figure 5.12: Flow configuration for separating boundary layer. top, experimental setup by
Patrick (1987) and bottom the current simulation setup. Note that the configuration for
the experiment is inverted compared to the simulation.

the wind tunnel duct at the diverging/converging section (Hexp/δ
∗
o ' 44). Using a larger

computational height requires a stronger suction/blowing which amplifies the numerical

instability, discussed momentarily.

The Reynolds number matched with experiment at the reference location is Reδ∗ =

δ∗oUo/ν = 14, 355. The corresponding Reynolds number based on the momentum thickness

is Reθ = θUo/ν = 11, 100. This Reynolds number is about 37 times higher than the one

used in the DNS simulation by Na & Moin (1998a,b), and about 7 times higher than the

wall-resolved LES by Raiesi et al. (2011). The resolution for the outer LES used in this

study is Nx × Ny × Nz = 896 × 200 × 64 uniformly distributed in all three directions. In

wall units of the reference point, this resolution is: ∆x+ ' 225,∆y+ ' 90,∆z+ ' 170.

The top boundary condition for the v−component of velocity is a Dirichlet boundary
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Figure 5.13: Optimized top boundary condition and the resulting wall pressure coefficient
obtained from RANS Spalart-Allmaras simulations. (a) top boundary condition for the
v−component of velocity; (b) wall pressure coefficient Cp; RANS simulation ( ), refer-
ence experiment of Patrick (1987) (•).

condition and the other components are obtained by enforcing the zero vorticity condi-

tion. Unfortunately, no explicit information was available about the velocity profile at

the equivalent height of computational space; instead, the v−component velocity was ob-

tained by running several RANS calculations using the Spalart-Allmaras model to match

the wall pressure coefficient to the one from experiment. Figure 5.13 shows the imposed

v−velocity profile at the top boundary in addition to the wall pressure coefficient. Note that,

x∗ = (x− xo)/δ∗o is the non-dimensionalized coordinate and the wall pressure-coefficient is

defined as:

Cp =
pw(x∗)− pref

1/2ρU2
o

(5.19)

where pw(x∗) is the wall pressure value at x∗, pref is the reference wall pressure at x∗ = 39.5;

in the experiment the first pressure tap was placed at this location.

One challenge when this boundary condition is applied is preserving the inviscid char-

acteristic of the flow prior to the bottom wall separating boundary layer. The top v−profile

has a sharp slope at x∗ ' 127 when it changes its direction. Despite imposing the zero-

vorticity condition at the top boundary, this flow is prone to numerical perturbations to
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become unstable. Using central differencing near the top boundary caused the instability

and divergence of the solution. The amplitude of the suction/blowing velocity is extremely

high, and a locally very fine grid is required to remove the numerical perturbations; refine-

ment by two to three times in all three directions did not resolve the problem. Further

refinement is computationally infeasible given that WMLES is expected to save computa-

tional time. Instead, the numerical scheme was switched into first order upwind differencing,

within a distance of ∆y/δ∗o = 8 from the top wall (20% of the domain) in a hyperbolic man-

ner. Other alternative dissipative schemes which preserve the second order accuracy in that

region were also tested including QUICK (Leonard, 1979), QUICKEST (Leonard, 1988)

and CUBISTA (Alves et al., 2003). Each of these methods either failed in convergence or

resulted in generation of turbulence from the inflection point that distorted the bottom-wall

boundary layer.

The boundary condition for the u− and w−components was obtained by imposing the

zero vorticity condition. The inlet velocity was generated through the recycling/rescaling

technique (Lund et al., 1998). A domain study on the appropriate recycling length, showed

that a length of twenty times of the inflow boundary-layer thickness (δin), was the proper

length. The recycling plane corresponding to this length is located at x∗ = −30.67. con-

vective boundary condition (Orlanski, 1976) was used at the outlet. The reader may refer

to Chapter 2, Subsection 2.5.4 for detailed description of the boundary conditions.

Two LES models were used: Local ILSA with the sτ distribution according to (5.17)

and (5.18), and dynamic Smagorinsky model with Lagrangian averaging (Meneveau et al.,

1996).

Wall Model Setup

The edge of the wall-layer model was placed at hwm/Ly = 0.02, four outer-LES computa-

tional cells off the wall. For the inner wall-layer, both law of the wall and two-layer model

where used. For TLM, 60 grid points in wall normal direction, non-uniformly distributed,
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Table 5.3: Summary of separating boundary layer calculations using different wall models.
Local ILSA corresponds to sf

τ = 0.02 and D according to (5.18) and dynamic Smagorinsky
indicates Lagrangian dynamic model (Meneveau et al., 1996).

Case LES model inner-layer model legend colour

1 local ILSA mixing length (5.9) ( )
2 local ILSA modified mixing length (5.12) ( )
3 local ILSA Spalart-Allmaras ( )
4 local ILSA law of the wall ( )

5 dynamic Smagorinsky mixing length (5.9) ( )
6 dynamic Smagorinsky modified mixing length (5.12) ( )
7 dynamic Smagorinsky Spalart-Allmaras ( )
8 dynamic Smagorinsky law of the wall ( )

were used to ensure that y+
o < 1 at the reference location. The LES velocity and modified

pressure were line-filtered, with a width ∆tlm = 5∆z, equivalent to ∆+
tlm ' 840, prior to

injection to the wall layer; this size of the filter width was chosen based on the appropri-

ate filter size obtained from channel flow simulations. For the inlet and outlet sections

of the wall layer, since the flow is mainly driven by the outer LES velocity and pressure,

and to ease the numerical implementation a Neumann boundary condition was used. Both

mixing-length and SA model were tested as the eddy viscosity models for the wall-layer.

The total number of computational cells used for this study is about 15 million. As an

estimate, to carry out the same study with wall-resolved LES, if we take ∆x+ ' 30,∆z+ '

20 and ensure ∆y+
min < 1 for this domain size the required resolution is Nx × Ny × Nz '

6700 × 400 × 540, equivalent to about 1.5 billion computational cells; thus only 1% of the

computational cells required for wall-resolved LES is used for WMLES.

Results

Table 5.3 summarizes the calculations carried out for separating boundary layer. Different

combinations of outer LES models and wall-layer models are used.

The resulting mean and rms velocity profiles are compared with the experimental data

at the reference location in Figure 5.14. Comparing local ILSA (a,b,c) with the dynamic
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model (d,e,f), both models predict the mean velocity quite accurately with all the wall

models tested; this is also in agreement with channel flow simulations that showed minimal

difference between different wall models. The dynamic model has an over-prediction in

the mean velocity below the matching point that should not be considered as part of the

solution, as was discussed before.

Considering the urms profiles (Figure 5.14(b,e)), local ILSA gives a slightly better predic-

tion for 0.2 ≤ y/δo ≤ 0.8 than the dynamic model. However, such a difference is relatively

marginal (about 5%). The resulting eddy-viscosity shown in Figure 5.14(c,f) has mini-

mal sensitivity with respect to the wall model and only depends on the outer LES model.

By local ILSA through the proposed modification (5.17), the eddy viscosity starts from a

large value near the wall (where the grid resolution is not sufficient), and as we move away

from the wall it decreases and eventually becomes small near the boundary layer edge.

Lagrangian dynamic model, however, yields a small eddy viscosity near the wall (while a

large value is required), and increases away from the wall reaching its peak value near the

entrainment zone.

The velocity profiles at different locations along the separating boundary layer are com-

pared in Figure 5.15. Comparing local ILSA (Figure 5.15(a,c)) with the dynamic model

(Figure 5.15(b,d)), indicates that overall local ILSA has a better performance than the dy-

namic model. Using various wall-layer models with the dynamic model, has minimal effect

on the mean velocity profiles, however, with local ILSA various wall-layer models result in

different mean flow behaviours. It is seen that difference between law of the wall and the

mixing-length model is marginal while by using SA model, flow behaviour is improved up to

the separation core. After the flow reattachment the difference between different wall-layer

models is small.

In Figure 5.16, the mixing-length model (5.9) and its modified form (5.12) are com-

pared with each other using both local ILSA and dynamic model for the outer LES region.
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Figure 5.14: Mean velocity in wall units (a,d), urms profiles (b,e), and eddy viscosity over
kinematic viscosity (c,f) at the reference location xo. δo is the boundary layer thickness
at xo. (a,b,c) Local ILSA is the outer SFS model combined with: mixing-length ( ),
Spalart-Allmaras ( ) and law of the wall ( ). (d,e,f) Dynamic model is the outer
SFS model combined with: mixing-length ( ), Spalart-Allmaras ( ) and law of the
wall ( ); reference experiment of Patrick (1987) (•).
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Figure 5.15: Mean velocity profiles at several identified locations along the separating
boundary layer using local ILSA (a,c) and dynamic model (b,d) in the outer LES region.
Legends are consistent with those in Figure 5.14.
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Figure 5.16: Mean velocity profiles at several identified locations along the separating
boundary layer using local ILSA (a,c) and dynamic model (b,d) in the outer LES region.
Lines are the mixing length model (5.9), lines with symbols are the modified mixing length
model (5.12).

Comparison demonstrates the minimal difference in the mean velocity profiles. The rea-

son can be explained by further studying the inner layer flow field and the resulting eddy

viscosity (Figure 5.17). As was noted from comparing the mean velocity profiles, different

wall models mainly affect the separation point and the flow behaviour up to the core of

the separation bubble. After the flow reattachment, different wall models result in almost

identical mean velocity profiles. Considering the modified von Kármán’s constant resulting

from (5.9) or (5.12), the difference between these two formulations appears after the flow

separation where the mean flow becomes nearly insensitive to the wall model. Near the sep-

aration point the two mixing-length formulations yield the same κwm distributions which

result in the same mean flow behaviours.

To further quantify the effect of different LES and wall models in the results, the size

of the separation bubble (based on length and height) was quantified for each case and the

results are summarized in Table 5.4. The length of the separation bubble is quantified based

on the location were the outer LES velocity (in the streamwise direction) at the matching

point changes its sign; identification of the separation point based on wall shear-stress is

150



Figure 5.17: Contours of the modified von Kármán’s constant (κwm) and mean flow stream-
lines in the inner layer using (a,b) local ILSA and, (c,d) dynamic model for LES. (a,c) mix-
ing length model (5.9) is used for the inner layer, and (b,d) modified mixing-length model
(5.12) is used for inner layer.

not accurate for the reason explained momentarily. The height of the separation core was

identified based on the height at which both 〈u〉 and 〈v〉 approach zero, simultaneously.

The error is quantified by comparing with the reported values from the experimental data

(Patrick, 1987). Results show that with the dynamic model the size of the separation

bubble is grossly under-predicted and changing the wall model does not improve the results

substantially. However, with local ILSA by using the SA model in the wall-layer, the error

in the size of the separation bubble is decreased to 7%. Considering the fact that 99% of

the computational grid has been saved with wall-modelled LES, such an error appears to

be quite satisfactory.

To further study the differences observed in the mean velocity and separation bubble,

profiles of skin-friction coefficient, Cf , are shown in Figure 5.18. The experimental data

for Cf was not available, however, the separation and reattachment points were reported,

and are indicated as vertical dashed lines in Figure 5.18. These points correspond to the
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Table 5.4: Summary of error in the length (Ls) and height (Hs) of the separation bubble
using different combinations of LES and wall models.

L
s

H
s

Case LES model inner-layer model %error in Ls/δ
∗
o %error in Hs/δ

∗
o

1 local ILSA mixing length 36% 33%
2 local ILSA Spalart-Allmaras 7% 6%
3 local ILSA law of the wall 16% 20%

4 dynamic Smagorinsky mixing length 88% 91%
5 dynamic Smagorinsky Spalart-Allmaras 88% 91%
6 dynamic Smagorinsky law of the wall 61% 48%

locations where Cf changes its sign. Surprisingly when the dynamic model is used, the

predicted separation point based on Cf is close to the experimental data, while considering

the size of the separation bubble (quantified based on the change in the sign of 〈u〉 in the

outer LES), separation takes places at a farther distance downstream. Same contradiction

is also seen with local ILSA combined with the mixing-length model. However, when law of

the wall is used with both the dynamic model and local ILSA, the separation point based

on either Cf or outer LES velocity is predicted at the same location.

Such a contradiction in identifying the separation point can be explained by studying

the inner layer field in Figure 5.19 which demonstrates that separation takes place with the

dynamic model but does not propagate to the outer LES region. It is seen that a small

circulation bubble is formed in the inner layer at x∗ ' 100. This secondary flow is also

formed when local ILSA is used with mixing length as the wall model; in this case local

ILSA improves the resulting flow behaviour by generating the massive flow separation in

the outer LES region, but due to the formation of secondary motion, the larger separation

occurs later which ultimately affects the flow reversal in the outer LES region. When local

ILSA is combined with SA model in the wall layer, the fictitious secondary flow disappears
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Figure 5.18: Mean friction coefficient Cf = τw/(1/2ρU
2
o ) along the separating boundary

layer. (a) local ILSA as the LES model; (b) Lagrangian dynamic model as the SFS model.
Legends are consistent with those in Figure 5.14. The vertical dashed lines indicate the
separated and reattached locations in the reference experiment (Patrick, 1987).

and the massive separation occurs earlier with a larger size, which leads to better prediction

of flow reversal in the outer LES region (Figure 5.15, red lines). In this case, the point at

which Cf changes its sign, with the one at which flow reversal takes place in the outer

region, both occur simultaneously at x∗ ' 95.

It was observed that overall, local ILSA gave a better prediction of mean flow charac-

teristics, including the mean velocity and separation bubble, than the dynamic model. In

Figure 5.20, SFS eddy viscosity distribution of local ILSA and dynamic model both using

mixing length are compared together; only these two cases are presented as changing the

wall model had marginal difference on the outer LES eddy viscosity distribution. The near

wall modification in local ILSA results in a large eddy viscosity while the dynamic model

yields a small eddy viscosity near the wall. Away from the wall, the difference between

local ILSA and dynamic model appears when the separation takes place, in particular in

the reattachment region where local ILSA yields an eddy viscosity about five times larger
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Figure 5.19: Contours of the mean streamwise velocity and mean flow streamlines in the
inner layer using (a,b) local ILSA and, (c,d) dynamic model for LES. (a,c) mixing length
model is used for the inner layer, and (b,d) SA model is used for inner layer.

than the one resulted from the dynamic model. For the attached boundary layer flow, the

level of accuracy was nearly the same between local ILSA and dynamic model, given that

the edge of the wall model was placed in the well-resolved LES region. In that situation

the proposed modification in local ILSA only altered the mean velocity below the matching

point which does not count as the solution of LES. However, when the flow undergoes sep-

aration the proposed modification results in better flow behaviour near the wall which also

affects the performance of the wall layer model (compare SA model performance when local

ILSA is used instead of the dynamic model). Note that placing the edge of the wall layer

model in the resolved LES region is not a trivial task when separation takes place and the

matching location might fall into the under-resolved region; in that situation the proposed

modification in local ILSA becomes effective in taking into account the large portion of

scales that have become SFS.
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Figure 5.20: Ratio of SFS eddy viscosity over kinematic viscosity for outer LES using (a)
dynamic model and (b) local ILSA for LES, both using mixing-length model for inner layer.
(c) the eddy viscosity with local ILSA ( ) and dynamic model ( ) are compared at
different locations along the boundary layer.

5.5 Conclusions

In this Chapter application of ILSA was extended to wall-modelled LES (WMLES) by

adopting two wall-layer models: law of the wall and the two-layer approach by Balaras

et al. (1995). Given the coarse grid resolution used in WMLES, which ultimately yields a

poor resolution flow-field near the wall, to avoid any potential error imposed to the wall-layer

model, following Kawai & Larsson (2012) the wall model edge was placed some distance

away from the first grid point off the wall.

In application to WMLES, local ILSA has a favourable behaviour due to its local control

over the SFS activity. Near the wall, with a coarse grid-resolution (in the order of outer layer

flow structures), a large portion of scales become SFS. Thus, to account for the unresolved

scales near the wall, SFS activity (sτ ) requires to be increased locally. To this aim rather

than enforcing a constant uniform SFS activity in local ILSA (as was the choice for well-

resolved LES), an empirical relation was proposed which was increasing sτ near the wall.
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By this choice, the size of the filter width is implicitly increased near the wall where the

resolution is poor.

Local ILSA provides this degree of freedom for the user to adjust locally the LES res-

olution (through SFS activity) based on the available grid resolution. In grid-based SFS

models such as the dynamic model (Germano et al., 1991), the user has no control over

the turbulence resolution and in fact the grid resolution dictates the level of SFS activity.

Application of the dynamic model on channel flow revealed that the resulting SFS activity,

near the wall is insufficiently small, close to a well-resolved LES value. As a result, if the

edge of the wall-layer model is placed in the region where LES is not properly resolved,

errors appear in the solution. With local ILSA and the proposed modification, however,

accurate solution is obtained regardless of the location where the wall model edge is placed.

This is a superior property in particular in complex applications, where the well-resolved

LES region can not be identified trivially.

Comparing local ILSA with the dynamic model for separated flow, it had a relatively

more accurate behaviour due to a higher eddy viscosity in the LES region. Since the LES

information is passed to the wall-layer model at the matching point, the better behaviour

of local ILSA resulted in an improved inner-layer solution. In addition to the improvement

in the SFS eddy-viscosity, the RANS-like eddy viscosity used in the TLM required some

modification. Spalart-Allmaras (SA) model was adopted as the inner-layer eddy-viscosity

with a proposed dynamic method to enclose the top boundary-condition through the balance

between inner and outer turbulent stresses. Application to channel flow and separating

boundary layer, showed that for attached boundary layer both mixing-length and SA models

are equally accurate. However, when the flow undergoes separation, SA model yields a

better performance.
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Chapter 6

Summary and Conclusions

In this dissertation a new subfilter-scale (SFS) stress model was formulated and developed,

for application to both wall-resolved and wall-modelled LES. The model was tested on sev-

eral benchmark problems including homogeneous isotropic turbulence (HIT), plane channel

flow, backward-facing step and separating boundary layer.

The basic ingredients of the new subfilter-scale model are the model length-scale, and the

model parameter, Ck. The model length-scale, rather than based on the computational grid

(as is the case in common LES models), was defined as a fraction of the integral-scale of the

flow and was named “Integral Length-Scale Approximation (ILSA)”. The length scale was

approximated based on the resolved turbulent kinetic energy (TKE) and the dissipation

rate of total TKE. The validity of this approximation was examined through turbulence

theory and numerical investigation of homogeneous isotropic turbulence (HIT).

Implementing this model length-scale in an eddy-viscosity formulation resulted in a

model parameter Ck, which implicitly dictates the relative size of the filter width compared

to the local integral length-scale. Thus, Ck acts as an LES resolution parameter, and

is the only user-specified parameter. In the proposed SFS model, the user dictates the

partition between resolved and subfilter scales through Ck. Based on computational power

available, the user can choose to resolve a desired range of the spectrum. A small value of
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Ck, corresponds to a wide range of scales resolved, which must be supported by a fine grid

resolution. On the other hand, when a fine grid is not affordable, a larger value for Ck can

be used to resolve a narrower portion of the energy spectrum, resulting in a wider filter

width, that requires a coarser mesh for grid convergence; modelling errors may, however,

becomes significant.

One approach to determine Ck is based on a quantified measure of LES resolution, the

SFS activity. The user decides an appropriate value for SFS activity and determines Ck

accordingly. Various metrics for SFS activity were proposed including the SFS contribution

to turbulent kinetic energy, (sk), to the dissipation rate (sε), the turbulent shear-stress (suv)

or the invariant of the turbulent stresses (sτ ). Among the proposed measures, sτ was found

to be the most suitable choice due to several properties including: (1) frame invariance, (2)

robustness at all Reynolds numbers, (3) ease of calculation with all modelling approaches.

Once a target value for sτ is chosen, the value of Ck can be calculated. With this approach,

sτ replaces Ck as the user input.

Two variants of ILSA were formulated. In one approach, called “global ILSA”, the SFS

activity was enforced globally (integrated throughout the volume and time), requiring a

single value of Ck. In the alternative approach, sτ was required to be achieved on a local

basis and integration was performed either over homogeneous directions (if any) or time

only; due to the local assignment of SFS activity, Ck was calculated locally. In contrast, in

global ILSA, Ck had a single value for each simulation (constant over time and space).

In well-resolved LES, all the energy carrying eddies are required to be properly resolved

and, therefore, the grid must resolve a large portion of TKE (i.e. sk < 0.2). With the aid

of numerical experiments and turbulence theory, it was demonstrated that values in the

range sτ = 0.03 − 0.05, results in a well-resolved LES. The well-resolved LES applications

considered were homogeneous isotropic turbulence, channel flow and backward facing step.

Both global and local ILSA models demonstrated very good accuracy. On coarse or marginal

resolutions, where the near-wall energy-carrying eddies were not properly resolved, both
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models performed accurately due to their behaviour near the wall.

The proposed eddy-viscosity model is supposed to be grid-independent by construction.

In practice, the eddy viscosity had some residual dependence on the grid size when coarse

grids were used. However, the fact that the model length-scale depends on the resolved

TKE, made this dependence very mild. Once the grid became properly refined, the SFS

parameters did not change with further refinement and grid independence was reached.

The smooth, while physically consistent, model length-scale produced by ILSA, is an

additional property of the model. In the backward-facing step (BFS), for instance, the grid

was sharply refined near the step edge; nevertheless, the resulting eddy viscosity predicted

by ILSA had a smooth distribution independent of the local grid size. This avoids the

potential numerical error due to grid discontinuity (Geurts & Fröhlich, 2001; Geurts, 2006).

Model application was extended to wall-modelled LES (WMLES). In WMLES, using a

coarse grid, suitable for the outer region of the flow leads to poorly-resolved scales at the

interface between inner and outer layer. Therefore, the coarse grid may cause a large portion

of scales to be unresolved, even in the LES region. To tackle this issue, a modification was

proposed for the local distribution of sτ : Near the wall, in the region were the grid resolution

is coarse compared to the local size of eddies, a relatively large sτ is required, and the model

behaves almost as a RANS model. As we move further away from the wall and local size

of eddies increases, the grid resolution becomes capable for well-resolved LES, and sτ is

decreased to a small value.

The model was applied to wall-modelled simulations of channel flow and separating

boundary layer. Two wall-layer models were used including the log-law and the two-layer

model of Balaras et al. (1995). To avoid potential numerical error in the wall-layer model,

following Kawai & Larsson (2012), the edge of the wall model was placed several grid points

off the wall. The results were in very good agreement with the data for the channel. Errors

in the prediction of separation and reattachment were observed in the separated flow, that

were somewhat improved when the Spalart Allmaras model was used in the inner layer.
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Despite the promising results from application of ILSA to the benchmark cases presented

in this dissertation, this model needs to be tested on some more challenging problems, before

being widely used among the Computational Fluid Dynamics (CFD) community. Since the

model can be implemented easily, it can be tested on a wide variety of topics. Below some

of these topics are proposed as future work.

� Application to other physics: In all the applications considered in this work, the

flow was incompressible over smooth surfaces. However, there are still other physical

complexities that can be considered for model testing such as: flow over roughness,

flow exposed to rotation or transitional flow. In all these cases the specific flow physics

yields a distribution of flow scales that are unique in terms of size, distribution and

orientation. For instance in rough wall flows the near wall structures closely correlate

with the roughness topology (Yuan & Piomelli, 2014). In rotating turbulence, the

Coriolis effect leads to the formation of large columnar structures (Bartello et al.,

1994). Given the physics-related nature of ILSA, the resulting model length-scale will

be affected by the particular flow physics. The change in the model behaviour accord-

ing to each of these physics can be investigated. Also the model can be generalized

for application to compressible flows or transport of a scalar.

� Implementation in different solvers: The solver used in this work was a second-

order Cartesian finite-difference code. It was observed that the eddy viscosity, and

filter width yield a smooth distribution despite a sharply refined grid. A more chal-

lenging case will be when grid discontinuity is present which requires the model to be

implemented in an unstructured solver with which generation of a discontinuous grid

is possible. Then the model performance in minimizing the numerical error, due to

discontinuity, can be assessed further. Additionally, the model accuracy can be tested

with different solvers which adopt different differencing schemes formulated with finite

difference or finite volume approach to assess the model response to the method of
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discretization.
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transfer downstream of a backward-facing step. Journal of Turbulence 5 (20).

Kim, J. & Moin, P. 1985 Application of a fractional-step method to incompressible navier-

stokes equations. Journal of computational physics 59 (2), 308–323.

Leonard, A. 1975 Energy cascade in large-eddy simulations of turbulent fluid flows. Advances

in geophysics 18, 237–248.

Leonard, B. P. 1979 A stable and accurate convective modelling procedure based on

quadratic upstream interpolation. Computer methods in applied mechanics and engineer-

ing 19 (1), 59–98.

Leonard, B. P. 1988 Elliptic systems: finite difference method iv. Handbook of numerical

heat transfer pp. 347–378.

Lilly, D. K. 1967 The representation of small scale turbulence in numerical simulation

experiments. In IBM Scientific Computing Symposium on environmental sciences, pp.

195–210. Yorktown heights.

Lilly, D. K. 1992 A proposed modification of the germano subgrid-scale closure method.

Physics of Fluids A: Fluid Dynamics 4, 633.

Lund, T. S. 2003 The use of explicit filters in large eddy simulation. Computers & Mathe-

matics with Applications 46 (4), 603–616.

Lund, T. S., Wu, X. & Squires, K. D. 1998 Generation of turbulent inflow data for spatially-

developing boundary layer simulations. Journal of Computational Physics 140 (2), 233–

258.

Mason, P. J. & Callen, N. S. 1986 On the magnitude of the subgrid-scale eddy coefficient

in large-eddy simulations of turbulent channel flow. Journal of Fluid Mechanics 162 (1),

439–462.

169



McMillan, J. & Ferziger, J. H. 1979 Direct testing of subgrid-scale models. AIAA Journal

17 (12), 1340–1346.

Meneveau, C. & Lund, T. S. 1994 On the lagrangian nature of the turbulence energy

cascade. Physics of Fluids (1994-present) 6 (8), 2820–2825.

Meneveau, C., Lund, T. S. & Cabot, W. H. 1996 A lagrangian dynamic subgrid-scale model

of turbulence. Journal of Fluid Mechanics 319 (1), 353–385.

Menter, F. R. & Egorov, Y. 2005 A scale-adaptive simulation model using two-equation

models. AIAA paper 1095, 2005.

Menter, F. R. & Egorov, Y. 2006 Revisiting the Turbulent Scale Equation, pp. 279–290.

Dordrecht: Springer Netherlands.

Menter, F. R. & Egorov, Y. 2010 The scale-adaptive simulation method for unsteady tur-

bulent flow predictions. part 1: theory and model description. Flow, Turbulence and

Combustion 85 (1), 113–138.

Meyers, J., Geurts, B. J. & Baelmans, M. 2003 Database analysis of errors in large-eddy

simulation. Physics of Fluids 15, 2740.

Meyers, J., Geurts, B. J. & Baelmans, M. 2005 Optimality of the dynamic procedure for

large-eddy simulations. Physics of Fluids 17, 045108.

Meyers, J., Geurts, B. J. & Sagaut, P. 2007 A computational error-assessment of central

finite-volume discretizations in large-eddy simulation using a smagorinsky model. Journal

of Computational Physics 227 (1), 156–173.

Meyers, J. & Sagaut, P. 2006 On the model coefficients for the standard and the variational

multi-scale smagorinsky model. Journal of Fluid Mechanics 569, 287–319.

170



Meyers, J. & Sagaut, P. 2007 Is plane-channel flow a friendly case for the testing of large-

eddy simulation subgrid-scale models? Physics of Fluids (1994-present) 19 (4), 048105.

Meyers, J., Sagaut, P. & Geurts, B. J. 2006 Optimal model parameters for multi-objective

large-eddy simulations. Physics of Fluids (1994-present) 18 (9), 095103.

Moser, R. D., Kim, J. & Mansour, N. N. 1999 Direct numerical simulation of turbulent

channel flow up to re= 590. Physics of fluids 11, 943.

Na, Y. & Moin, P. 1998a Direct numerical simulation of a separated turbulent boundary

layer. Journal of Fluid Mechanics 374, 379–405.

Na, Y. & Moin, P. 1998b The structure of wall-pressure fluctuations in turbulent boundary

layers with adverse pressure gradient and separation. Journal of Fluid Mechanics 377,

347–373.

Orlanski, I. 1976 A simple boundary condition for unbounded hyperbolic flows. Journal of

computational physics 21 (3), 251–269.

Park, G. I. & Moin, P. 2014 An improved dynamic non-equilibrium wall-model for large

eddy simulation. Physics of Fluids (1994-present) 26 (1), 015108.

Patrick, W. P. 1987 Flowfield measurements in a separated and reattached flat plate tur-

bulent boundary layer. NASA STI/Recon Technical Report N 87, 21257.

Piomelli, U. 1993 High reynolds number calculations using the dynamic subgrid-scale stress

model. Physics of Fluids A: Fluid Dynamics (1989-1993) 5 (6), 1484–1490.

Piomelli, U. & Balaras, E. 2002 Wall-layer models for large-eddy simulations. Annual review

of fluid mechanics 34 (1), 349–374.

171



Piomelli, U., Ferziger, J., Moin, P. & Kim, J. 1989 New approximate boundary conditions

for large eddy simulations of wall-bounded flows. Physics of Fluids A: Fluid Dynamics

(1989-1993) 1 (6), 1061–1068.

Piomelli, U. & Geurts, B. J. 2010 A grid-independent length scale for large-eddy simu-

lations of wall-bounded flows. In Proc. 8th Int. Symp. Eng. Turbulence Modelling and

Measurements - ETMM8 (ed. M. A. Leschziner, P. Bontoux, B. J. Geurts, B. E. Launder

& C. Tropea), pp. 226–231.

Piomelli, U. & Geurts, B. J. 2011 A physical length-scale for les of turbulent flow. In Direct

and Large-Eddy Simulation VIII , pp. 15–20. Springer.

Piomelli, U., Kang, S., Ham, F. & Iaccarino, G. 2006 Effect of discontinuous filter width in

large-eddy simulations of plane channel flow. Center for Turbulence Research, Proceedings

of the Summer Program 2006 pp. 151–162.

Pope, S. B. 2000 Turbulent flows. Cambridge university press.

Pope, S. B. 2004 Ten questions concerning the large-eddy simulation of turbulent flows.

New Journal of Physics 6 (1), 35.

Raiesi, H., Piomelli, U. & Pollard, A. 2011 Evaluation of turbulence models using direct

numerical and large-eddy simulation data. Journal of Fluids Engineering 133 (2), 021203.

Rasam, A., Brethouwer, G., Schlatter, P., Li, Q. & Johansson, A. V. 2011 Effects of mod-

elling, resolution and anisotropy of subgrid-scales on large eddy simulations of channel

flow. Journal of turbulence (12), N10.

Rosales, C. & Meneveau, C. 2005 Linear forcing in numerical simulations of isotropic tur-

bulence: Physical space implementations and convergence properties. Physics of fluids

17, 095106.

172
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Appendix A

Relationship between sτ and sk

In this Appendix the theory of homogeneous isotropic turbulence is used to relate sτ to sk,

whose meaning is easier to grasp intuitively. Model spectrum (Pope, 2000) is used to carry

out this analysis:

E(k) = αε2/3k−5/3fL (kL) fη (kη) (A.1)

fL (kL) =

 kL(
(kL)2 + 6.78

)1/2


11/3

(A.2)

fη (kη) = exp

[
−5.2

([
(kη)4 + 0.404

]1/4
− 0.40

)]
(A.3)

The Kolmogorov constant is α = 1.5, L = 〈Ktot〉3/2/〈εtot〉 is the dissipation length-scale,

η = LRe
−3/4
L is the Kolmogorov scale and ReL = 〈Ktot〉1/2L/ν.

Box filter (in physical space) is used to filter the energy spectrum. The Fourier repre-

sentation of the box filter is:

Ĝ(k) =
sin (k∆/2)

k∆/2
(A.4)

Then, turbulent kinetic energy and dissipation are decomposed into resolved and subfilter
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parts:

〈Ksfs〉 =

∫ +∞

0
E(k)dk︸ ︷︷ ︸
〈Ktot〉

−
∫ +∞

0
Ĝ2(k)E(k)dk︸ ︷︷ ︸
〈Kres〉

(A.5)

〈εsfs〉 = 2ν

∫ +∞

0
k2E(k)dk︸ ︷︷ ︸
〈εtot〉

− 2ν

∫ +∞

0
k2Ĝ2(k)E(k)dk︸ ︷︷ ︸
〈εres〉

, (A.6)

and the integrations are performed by varying the filter width ∆ = C∆L and ReL.

To calculate sτ , three terms must be computed: 〈Raijτaij〉, 〈RaijRaij〉, and 〈τaijτaij〉, which

appear when the products in (4.5) are expanded. In a well-resolved LES, |τaij | � |Raij |;

thus, 〈Raijτaij〉 and 〈τaijτaij〉 are expected to be significantly smaller than 〈RaijRaij〉, and can

be neglected (an assumption that will be validated momentarily). An approximation of sτ

can then be written as:

s∗τ =

[ 〈τaijτaij〉
〈RamnRamn〉

]1/2

(A.7)

By expanding 〈RaijRaij〉 one obtains,

〈RaijRaij〉 =
2

3
〈u′iu′iu′ju′j〉 (A.8)

The fourth moments can be expressed in terms of the second ones if the velocity fluctuations

are assumed to behave as Gaussian; such behaviour is supported by previous studies (She

et al., 1988; Yoshimatsu et al., 2009). Isserlis’ theorem (Isserlis, 1918) for Gaussian random

functions allows us to write

〈RaijRaij〉 '
10

9
〈u′ku′k〉2 =

40

9
〈Kres〉2, (A.9)

which gives

s∗τ =

[ 〈τaijτaij〉
40/9〈Kres〉2

]1/2

(A.10)

180



Figure A.1: Variation of sτ ( ) and s∗τ ( ) with C∆ for filtered DNS of homogeneous
isotropic turbulence. (a) ReL = 250; (b) ReL = 4, 490.

Values of sτ and s∗τ are compared with each other using the DNS databases for homogeneous

isotropic turbulence. The results are shown in Figure A.1 and indicate that the error due

to neglecting the SFS contributions and assuming Gaussian behaviour is less than 7%.

To calculate the numerator of (A.10), eddy-viscosity hypothesis is used, consistent with

the modelling approach used in this dissertation:

〈τaijτaij〉 = 〈2ν2
sfs

∣∣S∣∣2〉 = 2 (CkL)4 〈
∣∣S∣∣4〉. (A.11)

While the ILSA model does not require that C∆ is specified and instead Ck is determined

as the only input, here the input to the analysis is C∆, and Ck must be determined instead.

Consequently, we write

CkL = CmC∆L (A.12)

thus calculating Ck requires Cm to be determined; this will be done following Lilly (1967)

and Meyers & Sagaut (2006), by equating the SFS dissipation modelled using the eddy

viscosity with its exact value from (A.6):

〈2νsfsSijSij〉 = 〈εsfs〉 ⇒ C2
m =

〈εsfs〉
(C∆L)2 〈

∣∣S∣∣3〉 ' 〈εsfs〉
(C∆L)2 〈

∣∣S∣∣2〉3/2 (A.13)

where 〈
∣∣S∣∣3〉 ' 〈∣∣S∣∣2〉3/2 was used (Lilly, 1967; Meyers & Sagaut, 2006), and 〈

∣∣S∣∣2〉 =

〈εres〉/ν.
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Figure A.2: Analysis of random β−model for predicting flatness factor. (a) PDF distribu-

tion of δu1(C∆) in log-linear scale versus δu1(C∆)/σ where σ =
〈
δu2

1(C∆)
〉1/2

; solid lines
are random β−model for C∆ = 0.01, 0.03, 0.05, 0.07, 0.09; Gaussian distribution. (b)
Variation of flatness factor Fu (C∆); random β−model; , empirical relations
from DNS data (She et al., 1993).

The remaining parameter to be calculated in (A.11) is 〈
∣∣S∣∣4〉. Due to homogeneity and

isotropy (Hierro & Dopazo, 2003) we have:

〈
∣∣S∣∣4〉
〈
∣∣S∣∣2〉2 =

7

15

〈(∂u1/∂x1)4〉
〈(∂u1/∂x1)2〉2

(A.14)

Gaussian assumption for the velocity gradient is not valid due to intermittency effects (She

et al., 1988; Yoshimatsu et al., 2009). Empirical relations for (A.14) that include all the

scales of turbulence (Ishihara et al., 2007) are not applicable to the filtered field. Instead,

by taking the advantage of the box filter, the filtered velocity-gradient is related to the

velocity structure-function δu1(∆),

(
∂u1

∂x1

)
=

(
∂u1

∂x1

)
=

1

∆

∫ x1+∆/2

x1−∆/2

(
∂u1

∂x′1

)
dx′1 =

δu1(∆)

∆
(A.15)

Therefore we have.

〈(∂u1/∂x1)4〉
〈(∂u1/∂x1)2〉2

=
〈δu4

1(∆)〉
〈δu2

1(∆)〉2
= Fu (∆) (A.16)

To calculate Fu (∆), the “multifractal random β-model” (Benzi et al., 1984) is used,
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Figure A.3: Results of the model spectrum analysis. (a) sk; (b) s∗τ ; (c) s∗τ/sk. Each line
corresponds to a constant C∆ for C∆ = 0.02, 0.04, 0.06, 0.08, 0.10.

which formulates the probability density function (PDF) of the velocity difference at a

separation distance that is a fraction (fractal) of the integral length-scale. In this method

the fractals (ln) are generated as a geometric sequence, starting from the integral length-

scale and decreasing towards the Kolmogorov scale. Thus, we have:

ln = La−n, a > 1, n = {0, 1, 2, ...,∞} (A.17)

where a is the common ratio of the sequence assigned to be 1.2; as “a” becomes closer to

unity the number of fractals increases and the resulting PDF becomes more accurate. The

PDF of the velocity difference at separation distance ln then becomes:

Pln(δu) =
n∑

K=0

(
n

K

)
xn−K (1− x)K B4K/3l−1/3

n exp
[
−CB2K/3l−2/3

n (δu)
]

(A.18)

where

(
n

K

)
is the combination of K of n; x = 7/8 was found to provide a good fit for the

moments of the velocity difference (Boffetta et al., 2008). B = a−1 and C =
(
2u2

rms

)−1
=
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(4/3 〈Ktot〉)−1. To find the PDF of the velocity difference at the separation distance ∆

(P∆(δu)), the value of n that yields the closest fractal to ∆ (i.e. ln ' ∆) is found, then the

corresponding PDF will be obtained using (A.18). Figure A.2(a) shows the PDF of velocity

difference at different separation distances; it is seen that as ∆ (hence C∆) decreases, the

PDF distribution deviates further from Gaussian behaviour. Once the PDF distribution

is obtained, the Nth order moment of the velocity difference is calculated through the

following integration:

〈
δuN (∆)

〉
=

∫ +∞

−∞
P∆(δu)

(
δuN

)
d (δu) (A.19)

Through this method, the flatness factor in A.16 was predicted; the agreement between

the β-model and the DNS data is very good, as shown in Figure A.2. Fu (∆) given by the

model was substituted in (A.16) and (A.14) to evaluate the ratio 〈
∣∣S∣∣4〉/〈∣∣S∣∣2〉2. 〈

∣∣S∣∣2〉 can

be calculated from the model spectrum, and 〈
∣∣S∣∣4〉 can be substituted into (A.11) to obtain

s∗τ . sk can be calculated directly from (A.5) and the model specrum.

Results of this analysis are summarized in Figure A.3, which shows sk and s∗τ for 102 ≤

ReL ≤ 1010 and 0.02 ≤ C∆ ≤ 0.10. For ReL > 106 both s∗τ , sk and their ratio become

Reynolds-number-independent and are affected by C∆ only. The ratio sτ/sk converges to

0.2− 0.3 for ReL ≥ 106.
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