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Abstract

Internet of things (IoT), which enables connectivity of billions of devices to the In-

ternet, is expected to be the next revolution in wireless ecosystem. Due to lack of

available spectrum, it is imperative for wireless technologies to reuse spectrum by

simultaneously providing service to multiple devices at the same frequency. Existing

wireless technologies are designed to support a few simultaneous users with high data

rates. The IoT, on the other hand, requires support for many users each having a

very low data rate.

The main focus of this dissertation is to support, at physical layer, massive deploy-

ment of low data rate devices by means of user selection, transmission, and receive

techniques. This dissertation proposes user selection algorithms capable of selecting

twice as many users as the number of transmit antennas in a broadcast channel by

employing the concept of orthogonality in low-pass representation of signals. More-

over, we propose several reliable multiuser receive beamforming techniques, specific

to low-cost devices with low data rate one-dimensional signalling by signal processing

based on minimization of error probability. This approach leads to introduction of

a new metric called signal minus interference to noise ratio (SMINR). Maximization

of this metric results in a low-complexity closed-form solution for the beamform-

ing weights of each user with reliable performance. This dissertation also proposes
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several reliable multiuser transmit precoding techniques, specific to low data rate

one-dimensional signalling, that can support more users than the number of transmit

antennas by employing minimum-probability-of-error as well as widely-linear based

signal processing. The final contribution of this thesis is employing widely linear pre-

coding for simultaneously transferring information and power in wireless broadcast

channels.

From a more general perspective, this dissertation addresses scenarios where band-

width is scarce compared to the density of available users and proposes signal pro-

cessing techniques to enable higher network throughput. In particular, it is shown

that grater throughput may be achieved and the number of users can be increased in

a multiuser communications system by using either widely linear or minimum proba-

bility of error based processing of one-dimensionally modulated signals compared to

linear processing of both one-dimensionally and two-dimensionally modulated signals.
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Chapter 1

Introduction

1.1 Background and Motivation

1.1.1 Internet of Things

The Internet of things (IoT) is expected to be the next revolution in wireless tech-

nologies to enable connectivity of more than 30 billion devices, by the year 2025 [1].

IoT devices would make up to 6.8 trillion daily connection requests by 2020 [2]. The

impact of the IoT will not be limited to just industry, but it will also affect an in-

dividual’s daily life [3]. IoT enables connection of things in transportation for fleet

management and goods tracking, agriculture for monitoring and livestock tracking,

environment for flood alerts and pollution monitoring, industry for process control and

maintenance monitoring, smart buildings for smoke detection and home automation,

smart cities for waste management and smart lighting, utilities for smart metering

and smart grid management, and individual’s life for kids and senior tracking and

medical monitoring [4].

The numerous potential applications of IoT have a huge variety of requirements.

The key requirements for enabling large-scale deployment of IoT devices are [1, 4]:
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• Support for a massive number of devices - IoT connectivity is growing signif-

icantly faster than the normal cellular connections. The density of connected

devices would not be uniform, which leads to existence of huge numbers of de-

vices connected in a particular area or cell. As a consequence, more and more

devices will share the same spectrum at the same time. Therefore, IoT connec-

tivity needs to be able to handle many simultaneously connected devices [1].

• Long battery life - Smartphone users are used to frequent charging of their

device batteries. However, many battery-powered IoT devices must operate for

very long times, often years, and the cost of replacing batteries in the field is not

viable. A good example is a fire alarm sending data to a fire department [1, 4].

• Low device cost - Feasibility of mass-market IoT applications depends on very

low device costs. The current industry target is for a module cost of less than

5 USD [1,4].

• Full coverage - Regional coverage is a prerequisite for many applications. Fur-

thermore, deep indoor connectivity is another important requirement for many

IoT applications. Simple examples are smart meters, which are often located

in basements of buildings behind concrete walls. This calls for communica-

tions methods to increase coverage by tolerating lower signal strength than the

required signal strength for non IoT devices [1, 4].

• Heterogeneity - IoT should be able to support diverse requirements from a wide

range of applications. It needs to support everything, from simple sensors to

tracking services, to applications requiring higher throughput and lower latency,

each with different quality of service (QoS) requirements [4–7].
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The type of required radio access technology (RAT) of an IoT device will depend

on the nature of the application [3]. IoT traffic will be divided between (i) applications

served by short to medium range radio technologies such as wireless personal area

networks (WPAN) and wireless local area networks (WLAN), and (ii) applications

enabled by long range wide area networks (WANs).

For devices that fit WPAN, traditional IEEE 802.15 based technologies are being

enhanced to accommodate the requirements of IoT [3]. For example, Bluetooth 4.2

and Bluetooth 51 incorporate some key features of IoT and Thread can be considered

as an IPv6-based extension of ZigBee which accommodates IoT requirements. More-

over, traditional IEEE 802.11 based WLANs are also being improved to fulfill the

demands of IoT. For example, introduction of low-power IEEE 802.11ah also known

as WiFi HaLow is a step for WLAN towards IoT.

There are two alternative connectivity tracks for IoT applications that depend on

WANs which are fiercely competing with each other to take over the market [4]:

1) Wide area networks that are facilitated by licensed cellular networks - Cellular

3GPP technologies like GSM, LTE, and future 5G operate in licensed spectrum

and historically have targeted high-quality mobile voice and data services [4].

Now, however, they are being rapidly evolved with new functionality and new

RAT to cost-effectively accommodate IoT and machine type communications

(MTC) requirements such as very low power consumption and excellent cover-

age. For example, 3GPP Release 13 introduces extended coverage GSM (EC-

GSM) to improve coverage functionality of GSM [1]. LTE for MTC (LTE-M)

1Bluetooth was developed by IEEE 802.15 working group but now is managed by Bluetooth
special interest group (SIG).
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which is developed in 3GPP Release 12 and 13 brings new power-saving func-

tionality suitable for serving variety of IoT applications [4]. Narrowband IoT

(NB-IoT), which is tailored in 3GPP Release 13 to provide a solution for emerg-

ing low power wide area applications, can be employed stand-alone for example

on refarmed GSM bands or be installed on existing LTE networks by deploying

LTE carrier or LTE guard bands [3].

2) Unlicensed low power WANs (LP-WAN) - On the other side of the market, new

proprietary radio technologies for unlicensed LPWAN, provided by, for exam-

ple, LoRa, SIGFOX, Weightless, and Ingenu have been developed and designed

solely for IoT and MTC applications addressing the ultra-low-end sensor seg-

ment, with very limited demands on throughput, reliability, or QoS [3, 4].

In this dissertation we address certain key requirements of IoT and propose solu-

tions that can be applied to any of the above IoT standards and in general to any

standard in which the spectrum is shared simultaneously among multiple users.

1.1.2 Single-Hop Multi-point Channel Models

As mentioned in Section 1.1.1, the Internet of things needs to support a huge number

of devices in a particular area. Due to lack of available spectrum, it is imperative

for these devices to reuse the spectrum by simultaneously sharing the same frequency

band. In wireless communications, when the same spectrum is shared among multiple

users to communicate at the same time, channel access can be modeled in various

ways [8,9]. Among different channel configurations for wireless networks, we consider

multiple-access channels (MAC), broadcast channels (BC), and interference channels

(IC), see Fig. 1.1. These basic multiuser channel models are considered as building
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(a) Three-user MAC (b) Three-user BC

(c) Three-user IC

Figure 1.1: Multi-point channel configurations.

blocks of other more complicated channel models such as X channels and multi-hop

channels [8, 9].

Multiple-access channels occur in communications systems when several trans-

mitters communicate to a central service provider. For example, uplink of a wireless
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channel where several users share a common frequency band to simultaneously trans-

mit information to the same access point or base station is modeled by MAC. Such

architectures occur in various WPAN, WLAN, and licensed cellular and proprietary

unlicensed WANs. Fig. 1.1a shows a multiple-access channel with three users each

having Mk, 1 ≤ k ≤ 3, transmit antennas and one receiver with N receive antennas.

The dual of a multiple-access channel is a broadcast channel. In a BC, a single

transmitter sends messages to different receivers via a shared medium. This type

of communications occurs in the downlink of a wireless system. For instance, the

downlink of various WPAN, WLAN, and WAN standards can be modeled by BC.

Fig. 1.1b demonstrates a broadcast channel with an M antenna transmitter and

three users each having Nk, 1 ≤ k ≤ 3, receive antennas. In the BC, the signal of

each user is known to the transmitter. Therefore, coordination of transmit signals is

possible to generate one transmit signal that embeds the signals of all users.

Interference channels occur when multiple transmitters and receivers share the

spectrum and communicate simultaneously. In IC, each transmitter sends its infor-

mation to its receiver while causing interference at other receivers; and each receiver

receives its desired signal from its transmitter of interest as well as the interfering

signal from other transmitters. For example, multiple base station-handset pairs

(multi-cell networks) that communicate over the same frequency band suffer from

inter-cell interference. In addition, WLANs in condominiums and offices with mul-

tiple access points and multiple users can be modeled by interference channels. Fig.

1.1c shows an interference channel with three transmitters and three receivers, where

each transmitter sends information to its desired user and causes interference to other

users.

In this dissertation, we mainly focus on multiple-access and broadcast channels.
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In other words, the possible interference caused by adjacent transmitters in an inter-

ference channel such as a multi-cell communications system is treated as noise [10].

This assumption also removes the necessity to gain knowledge of the channel state

information between a transmitter and users in neighboring cells.

1.1.3 Interference Management in MAC and BC

Although channel reuse for multiple users is advantageous in terms of throughput,

when multiple uncoordinated links share a common communications medium, e.g.,

in multiple access or broadcast channels, cochannel interference caused by the trans-

mission of multiple users’ data on the same carrier frequency could limit the per-

formance [11]. From the conceptual point of view, there are two ways to deal

with the cochannel interference issues: interference avoidance and interference con-

trol [3]. Suboptimal interference avoidance methods, such as time-division multi-

ple access (TDMA), consider orthogonalization of communications links in time or

frequency [12]. Orthogonalization in time or frequency results in communications

links not to interfere with one another. Power control, transmit precoding, receive

beamforming, and scheduling techniques, with capability of reducing interference, are

conventional interference control solutions to the cochannel interference problem [12].

In multiuser wireless communications, the classical approach to design the receive

beamformer or transmit precoder is to increase the desired signal power and reduce

the interference. For example, maximum ratio combining or its transmit counterpart

maximum ratio transmission maximizes the power of the desire signal. Zero-forcing

receive beamforming or channel inversion transmit precoding, on the other hand,

causes zero cochannel interference by projecting a user’s channel onto the subspace

that is orthogonal to other users’ channels. Minimum mean square error receive
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beamforming and regularized channel inversion transmit precoding balance between

maximization of the power of the desired signal and minimization of the interference.

While it is fairly easy to design a receive beamforming or transmit precoding vec-

tor that maximizes the power of the desired signal or design a receive beamforming

or transmit precoding vector that minimizes the interference, it is not as easy to

maximize the signal power and minimize the interference at the same time [13].

Selecting a subset of users for transmission in a multiple-access or broadcast chan-

nel, is another conventional solution to the cochannel interference problem, which re-

sults in increasing the system throughput and reliability. The gain in throughput and

reliability is obtained by multiuser diversity presented by scheduling the transmission

to selected users when the number of users is large. Although the optimal user subset

can be found by brute-force search over all possible combinations of user subsets, its

computational complexity is prohibitive. Hence, low complexity user selection algo-

rithms are desired in practice [12, 14–18]. It should be remarked that user selection

algorithms may be combined with scheduling techniques such as round-robin to also

improve fairness in addition to system throughput and reliability.

In this thesis, several receive beamforming, transmit precoding, and user selec-

tion techniques are proposed which address the requirements of the IoT. Although

the main motivation of this dissertation is the requirements of the future wireless

technologies, the solutions that are provided are not necessarily restricted to these

technologies. Whenever multiple simultaneous users share the spectrum by means

of spatial multiplexing of the data, the proposed transmit precoding and receive

beamforming techniques can be employed to improve network throughput. More-

over, whenever user selection techniques are employed to better utilize the multiuser
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diversity, the proposed user selection algorithms can be employed to improve through-

put.

1.1.4 Thesis Statement

In this dissertation, the following thesis statement is defended:

More throughput may be achieved and the number of users can be increased in a

multiuser communications system by using either widely linear1 or minimum proba-

bility of error based processing of one-dimensionally modulated signals2 compared to

linear processing of both one-dimensionally and two-dimensionally modulated signals.

1.2 Contributions and Dissertation Organization

Chapter 2 proposes several receive beamforming techniques for power-limited uplink

access of a single-input multiple-output (SIMO) multiple access channel (MAC) based

on exploiting the nature of probability of error and one-dimensional signalling as fol-

lows: the exact error probability of each user is derived and then minimized in the

uplink of a multiuser setting with one-dimensional signalling, using convex optimiza-

tion methods. Then, a simplified version of the MPE beamforming is proposed which

reduces the number of constraints in the MPE beamforming problem from an expo-

nential to linear order. Moreover, the complexity of the simplified problem is further

reduced by minimizing a convex function which serves as an upper bound on the error

probability. Minimization of this upper bound on the error probability results in the

introduction of a new metric, where its maximization leads to a closed-form solution

1Widely linear processing is the superposition of linear processing of the observation and linear
processing of the complex-conjugate of the observation [19].

2One-dimensional modulations such as binary phase shift keying (BPSK) where all constellation
points lie on the same line are also called rectilinear modulations [20].
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for beamforming vectors. We name this new metric signal minus interference to noise

ratio (SMINR). In Chapter 2, it is shown that beamforming by maximization of the

proposed SMINR metric outperforms conventional beamforming methods.

In Chapter 3, it is shown that throughput and quality of service in a broadcast

communications channel can be improved by incorporating knowledge of modulation

type in the design of the multiuser transmit precoder. By considering the transmission

of low data rate one-dimensionally modulated signals in a multiple-input single-output

broadcast channel, the transmit precoding matrix is determined by minimizing the

weighted sum of error probabilities of users. Moreover, to make the proposed MPE

precoding more practically appealing, reduced-complexity convex MPE precoding is

introduced, which exponentially reduces the complexity of the problem. Numerical

results in this chapter show that, using the proposed precoding methods, the perfor-

mance of the system could be significantly improved. We then develop a user selection

algorithm compatible with MPE precoding that selects users whose error probabilities

can approach zero when total transmit power approaches infinity. It is shown that the

number of selected users by the proposed user selection algorithm could potentially

be more than the number of transmit antennas, i.e., more users compared to existing

user selection methods, which in turns results in increased system throughput.

In Chapter 4, we develop several widely linear transmit precoding techniques for

the downlink of a multiuser multiple-input single-output communications system, as-

suming the transmit signal is one-dimensionally modulated. It is shown that widely

linear processing can potentially double the number of simultaneous users compared

to linear processing of one-dimensionally modulated signals. It is also shown that

widely linear processing in conjunction with one-dimensional signalling not only im-

proves performance compared to linear processing of one-dimensionally modulated
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signals but also compared to linear processing of two-dimensionally modulated sig-

nals. Furthermore, considering the ability of widely linear processing to accommo-

date more users compared with linear processing, a user selection algorithm for one-

dimensionally modulated signals is proposed. The algorithm is capable of selecting

twice as many users as the number of transmit antennas. As can be seen in the results

of this chapter, this increase in the number of users directly translates to an increase

in system throughput.

Chapter 5 employs our findings on the widely linear processing in Chapter 4 to

simultaneous wireless information and power transfer (SWIPT) systems. By consider-

ing the transmission of low-rate one-dimensionally modulated signals in the downlink

of a SWIPT broadcast channel, a widely linear zero-forcing (ZF) precoder and a

widely linear minimum mean square error (MMSE) precoder are proposed which are

capable of offering service to more users than the number of transmit antennas. Sim-

ulation result, in this chapter, demonstrates the effect of widely linear processing in

increasing the number of information decoding devices.

1.3 Preliminaries

In all of the coming chapters, the communications systems are modeled using low-

pass representation of signals. Therefore, in this section we briefly overview low-pass

representation of signals. Other background materials are introduced as needed in

each chapter.

It is known that a narrowband bandpass real signal sb(t) has a complex-valued

low-pass representation by s(t) = x(t)+jy(t) where sb(t) = <{s(t)ej2πfct} and fc is the

carrier frequency of the bandpass signal [21]. Narrowband bandpass real signals are
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representable in a Λ-dimensional vector space as sb(t) =
∑Λ

i=1 sifbi(t) where fbi(t)s are

the orthonormal real-valued basis functions of the space such that
∫∞
−∞ fbn(t)fbm(t)dt

is 1 for m = n and is 0 for m 6= n, and si is the projection of sb(t) into the ith

basis function fbi(t). Similarly, the low-pass counterpart of a narrowband bandpass

signal is represented in vector form by s(t) =
∑Λ

i=1 sifi(t) where fi(t)s are, in gen-

eral, low-pass orthonormal complex-valued basis functions of the space such that∫∞
−∞

1
2
<{fn(t)f ∗m(t)}dt is 1 for m = n and is 0 for m 6= n.

For example, one-dimensional (1D) modulated signals such as binary phase shift

keying (BPSK) and pulse amplitude modulation (PAM) are represented in low-pass

by s(t; l) = A(l)g(t), 1 ≤ l ≤ L, where the real-valued A(l) denotes the amplitude

level of the modulated signal, L is the order of modulation, e.g., L = 2 for BPSK and

8 for 8-PAM, and g(t) is the low-pass real-valued pulse shaping signal with energy

Eg = 1
2

∫∞
−∞ g

2(t)dt. Given l, the energy of the signal s(t; l) is therefore Es = A2(l)Eg.

In vector space form, one-dimensional modulations could be described in terms of

just one basis function f(t) = g(t)√
Eg

and one real scalar projection s(l) = A(l)
√
Eg.

Two-dimensionally (2D) modulated signals such as quadrature amplitude modula-

tion (QAM) and phase shift keying (PSK), where the number of constellation points

is greater than two, have a similar low-pass representation as the one-dimensional

ones: s(t; l, l′) = A(l)g(t) + jB(l′)g(t), 1 ≤ l ≤ L, 1 ≤ l′ ≤ L′, where the real-valued

A(l) and B(l′) denote the amplitude levels of the modulated signal, L is the order of

modulation in the real dimension and L′ is the order of modulation in the imaginary

dimension. A(l) + jB(l′) can take on various amplitude or phase levels depending on

the modulation type. Given l and l′, the energy of s(t; l, l′) is Es = A2(l)Eg+B2(l′)Eg.

In the signal vector space, such low-pass representations could be determined by two
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basis functions: fR(t) = g(t)√
Eg

and fI(t) = jg(t)√
Eg

, and with two real scalar projections

sR(l) = A(l)
√
Eg, l = 1, · · · , L and sI(l

′) = B(l′)
√
Eg, l

′ = 1, · · · , L′. Alternatively,

the signal can be represented by the basis function f(t) = g(t)√
Eg

and the complex

scalar projection s(l, l′) = A(l)
√
Eg + jB(l′)

√
Eg.
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Chapter 2

Maximum Signal Minus Interference to Noise

Ratio Multiuser SIMO Receive Beamforming

Motivated by massive deployment of low data rate Internet of things and ehealth

devices with requirement for highly reliable communications, this chapter proposes

receive beamforming techniques for the power-limited uplink access of a single-input

multiple-output (SIMO) multiple access channel (MAC), based on the concepts of

probability of error and one-dimensional signalling. The exact error probability of

each user is calculated in the uplink of a multiuser SIMO setting with one-dimensional

modulation. Although beamforming by directly minimizing the error probability is

more effective than classical beamforming methods such as zero-forcing and minimum

mean square error beamforming, it results in a non-convex and a highly nonlinear op-

timization problem. In this chapter, by adding a set of modulation-based constraints,

the minimum probability of error (MPE) beamforming problem is transformed into

a convex programming problem. Then, a simplified version of the MPE beamform-

ing is proposed which reduces the exponential number of constraints in the MPE
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beamforming problem. The simplified problem is also shown to be a convex pro-

gramming problem. Furthermore, the complexity of the simplified problem is further

reduced by minimizing a convex function which serves as an upper bound on the er-

ror probability. Minimization of this upper bound on the error probability results in

the introduction of a new metric, which is termed signal minus interference to noise

ratio (SMINR). It is shown that maximizing SMINR leads to a closed-form solution

for beamforming vectors. It is also shown that beamforming by maximization of the

proposed SMINR metric outperforms the existing classical beamforming methods in

terms of error probability.

2.1 Introduction

In wireless communications, remarkable advantages such as diversity, spatial multi-

plexing gain, and higher throughput for single-user and multiuser systems could be

achieved by using multiple transmit and receive antennas [22–26]. In a system which

exploits antenna arrays, space division multiple access (SDMA) techniques could be

used to obtain spatial multiplexing gain and to significantly increase the achievable

system throughput [27–29]. Linear and nonlinear beamforming techniques could be

employed with an antenna array to achieve spatial multiplexing by separating users’

signals transmitted simultaneously and on the same carrier frequency, provided that

their channels are linearly independent [28,30,31]. In receive beamforming, the array

weights are set in a way to satisfy a certain optimization criterion. Classically, the

beamforming weights can be determined by maximizing signal to noise ratio (SNR),

nulling the interference, i.e., zero-forcing (ZF) the co-channel interference, minimizing
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mean square error (MSE) between the desired signal and the array output, maximiz-

ing signal to interference and noise ratio (SINR), or minimizing the received signal

variance while keeping the system response distortionless (MVDR) [32–34]. However,

in digital communications systems, it is the probability of error that is more reflective

of the actual measure of quality of service (QoS) [35–38]. Therefore, the beamforming

weights ought to be set with the goal of directly minimizing the error probability.

Directly minimizing the error probability was considered in [39, 40] for design-

ing equalizers to combat intersymbol interference (ISI). Later, this approach was

adopted in a multiuser detection (MUD) scenario, to estimate the received signals

by minimizing the probability of error in a code division multiple access (CDMA)

system [35, 41, 42]. Minimum probability of error (MPE) beamforming was stud-

ied in [31, 43, 44] by extending the ideas of MPE detection in CDMA systems and

MPE equalization for ISI removal to the context of spatial multiplexing and receive

beamforming.

It has been shown in our initial work [45] and in [43] that MPE beamforming

substantially outperforms ZF beamforming, minimum mean square error (MMSE)

beamforming, and other classical receive beamforming methods. Nevertheless, the

probability of error function in a multiuser system is highly nonlinear and suffers from

the existence of numerous local minima [41, 45]. We have have resolved this issue

for the special case of MPE beamforming with binary phase shift keying (BPSK)

by transforming the nonconvex nonlinear MPE beamforming problem to a convex

optimization problem in [45]. Nevertheless, the high computational complexity of the

problem in [45] is still an unresolved issue, besides its limitation to BPSK signalling.

The rest of this chapter is organized as follows: Section 2.2 introduces the system
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model. In Section 2.3, the exact error probability of each user in a vector multi-

ple access channel is calculated for one-dimensional modulation (more specifically

for pulse amplitude modulation). In Section 2.4, the MPE beamforming problem is

transformed into a convex optimization problem. Section 2.5 reduces the complexity

of convex MPE beamforming problem and introduces the SMINR criterion and max-

imum SMINR beamforming. Numerical results are presented in Section 2.6. Finally,

conclusions are drawn in Section 2.7.

2.2 System Model

We consider a vector multiple access system supporting K power-limited users, where

each user transmits a pulse amplitude modulated signal. It is assumed that users are

in the far field region of a linear antenna array with N -elements of omnidirectional

antennas. It is further assumed that users transmit their signals on the same carrier

frequency, fc. Assuming perfect clock synchronization, baseband pulse amplitude

modulated signal of user k can be represented by

sk(t; lk) = Ak(lk)g(t), 1 ≤ k ≤ K, (2.1)

where Ak(lk) takes on values from the set

{(2lk − 1− Lk)d| 1 ≤ lk ≤ Lk} (2.2)

with equal probability and 2d is the distance between adjacent signal constellation

points. In (2.2), Lk is the modulation order of user k. Therefore, in vector space form
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the transmitted signal of user k is represented by

sk(lk) =
√
EgAk(lk), 1 ≤ k ≤ K. (2.3)

It is assumed that the input signals are independent with covariance matrix Rs =

E[ssT ] = diag(σ2
s1
, . . . , σ2

sK
).

Assuming fading channels and additive noises, the N -dimensional received signal

vector, r is represented by

r = Hs + z, (2.4)

where H = [h1, · · · ,hK ] and hk is the N -dimensional channel vector between trans-

mitter k and N antennas of the receiver. The entries of h follow an independent

identically distributed (i.i.d.) circularly symmetric complex Gaussian (CSCG) distri-

bution with zero mean and variance 1. This channel model is valid for narrowband

(frequency non-selective) systems if the transmit and receive antennas are in non

line-of-sight rich-scattering environments with sufficient antenna spacing [14,46]. It is

further assumed that the users’ channels are uncorrelated. In (2.4), s = [s1, . . . , sK ]T ,

where sk, the k element of s, is in fact sk(lk) and the noise z is an N -dimensional

vector, the elements of which are mutually independent identically distributed CSCG

random variables with zero mean and variance σ2
z .

Assuming linear processing at the receiver, the array output for user k can be
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written as a function of the received filter of user k as

yk = wkr = wkHs + wkz =
K∑
j=1

wkhjsj + wkz = wkhksk +
K∑
j=1
j 6=k

wkhjsj + wkz

= wkhksk + wkHk̄sk̄ + wkz = ȳk + z′k, 1 ≤ k ≤ K, (2.5)

where wk is the 1×N complex-valued receive beamformer of user k, z′k = wkz is a com-

plex valued Gaussian noise with variance σ2
zwkw

H
k , sk̄ = [s1, · · · , sk−1, sk+1, · · · , sK ]T ,

and Hk̄ = [h1, · · · ,hk−1,hk+1, · · · ,hK ].

2.3 Error Probability

Since the information signal is one-dimensionally modulated only on a real basis

function, the decision is performed only over the real part of the output of the receive

beamformer. We consider the following decision rule for estimating the transmitted

symbols of user k:

ŝk =



sk(1) yRk ≤ <{wkhksk(1) + wkhkd
√
Eg}

sk(lk)
<{wkhksk(lk)−wkhkd

√
Eg} < yRk ≤

<{wkhksk(lk) + wkhkd
√
Eg}; 2 ≤ lk ≤ Lk − 1

sk(Lk) yRk > <{wkhksk(Lk)−wkhkd
√
Eg}

, 1 ≤ k ≤ K

(2.6)

where the superscript R denotes the real part, i.e., xR = <{x}.
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The error probability of user k is expressed as

Pek =

Lk∑
lk=1

P (lk)Pek(lk) =
1

Lk

Lk∑
lk=1

P (ŝk 6= sk(lk)|sk = sk(lk))

=
1

Lk

[
P (yRk > <{wkhksk(1) + wkhkd

√
Eg}|sk = sk(1))

+

Lk−1∑
lk=2

P (|yRk −<{wkhksk(lk)}| > <{wkhkd
√
Eg}|sk = sk(lk))

+ P (yRk ≤ <{wkhksk(Lk)−wkhkd
√
Eg}|sk = sk(Lk))

]
(2.7)

where P (.) is the probability of an event and P (lk) = P (sk = sk(lk)) = 1
Lk

, i.e., the

transmitted PAM signal sk takes its values from the set (2.2) with equal probability,

which could be the result of source compression and hard decision. The error proba-

bility of user k given sk(lk) is transmitted is denoted by Pek(lk). It should be remarked

that assuming uniform rather than Gaussian distribution over signal sets, although

more practical, causes an asymptotic loss in throughput which could be compensated

to some extent by using constellation shaping techniques [47].

To calculate the error probability (2.7), first we need to find the probability density

function (pdf) of yRk conditioned on sk, namely, p(yRk |sk). Let us denote the number

of possible symbol sequences of all K users in one transmission by Nb =
∏K

k=1 Lk, i.e.,

there could be Nb different possible sets of K-tuple symbols s for K users. Moreover,

let Npk =
∏K

j=1
j 6=k

Lj denote the number of possible vector of symbols for transmission

if the transmitted symbol of user k is already known, i.e., there could be Npk different

possible sets of K− 1-tuple symbols sk̄(b), 1 ≤ b ≤ Npk , for K− 1 users. Using equal

probability for transmission of PAM constellation points, and Gaussian output noise
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<{z′k}, we have

p(yRk |sk = sk(lk)) =
1

Npk

∑
∀sk̄

p(yRk |sk = sk(lk), sk̄)

=
1

Npk

Npk∑
b=1

p(yRk |sk = sk(lk), sk̄ = sk̄(b))

=
1

Npk

Npk∑
b=1

1√
πσ2

zwkwH
k

exp−(yRk − ȳRk (lk, b))
2

σ2
z‖wk‖2

2

, (2.8)

where in the first equality the total probability theorem is used to condition the

conditional output probability of user k over all Npk possible symbol assignment of

the transmitted symbols sk̄. Also ȳRk (lk, b) = <{ȳk} when sk = sk(lk) and sk̄ = sk̄(b),

i.e.,

ȳRk (lk, b) = <{wkhksk(lk) + wkHk̄sk̄(b)}, 1 ≤ lk ≤ Lk, 1 ≤ b ≤ Npk . (2.9)

Having the conditional pdf of yRk (2.8), each of the three terms in the last equality

of (2.7) can be calculated as follows:

P
(
yRk > <{wkhksk(1) + wkhkd

√
Eg}|sk = sk(1)

)
=

∫ ∞
<{wkhksk(1)+wkhkd

√
Eg}

1

Npk

Npk∑
b=1

1√
πσ2

zwkwH
k

exp−(yRk − ȳRk (1, b))2

σ2
z‖wk‖2

2

dyRk

=
1

Npk

Npk∑
b=1

Q

(
<{wkhkd

√
Eg −wkHk̄sk̄(b)}

σz√
2
‖wk‖2

)
, 1 ≤ k ≤ K, (2.10)

where the Gaussian Q-function is defined as Q(x) = 1√
2π

∫∞
x
e−

u2

2 du, and we used the
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following property of Q-function:

1√
2πσ2

∫ ∞
x

exp

(
−(u− ū)2

2σ2

)
du = Q(

x− ū
σ

). (2.11)

The third part of the last equality in (2.7) is calculated as

P
(
yRk ≤ <{wkhksk(Lk)−wkhkd

√
Eg}|sk = sk(Lk)

)
=

∫ <{wkhksk(Lk)−wkhkd
√
Eg}

−∞

1

Npk

Npk∑
b=1

1√
πσ2

zwkwH
k

exp−(yRk − ȳRk (Lk, b))
2

σ2
z‖wk‖2

2

dyRk

=
1

Npk

Npk∑
b=1

Q

(
<{wkhkd

√
Eg + wkHk̄sk̄(b)}

σz√
2
‖wk‖2

)
, 1 ≤ k ≤ K, (2.12)

where the following property of the Q-function is used:

1√
2πσ2

∫ x

−∞
exp

(
−(u− ū)2

2σ2

)
du = Q(

ū− x
σ

). (2.13)

Finally, the second part of the last equality in (2.7) is calculated as

P
(
|yRk −<{wkhksk(lk)}| > <{wkhkd

√
Eg}|sk = sk(lk)

)
= P

(
yRk −<{wkhksk(lk)} > <{wkhkd

√
Eg}|sk = sk(lk)

)
+ P

(
yRk −<{wkhksk(lk)} < −<{wkhkd

√
Eg}|sk = sk(lk)

)
=

1

Npk

Npk∑
b=1

[
Q(
<{wkhkd

√
Eg −wkHk̄sk̄(b)}

σz√
2
‖wk‖2

) +Q(
<{wkhkd

√
Eg+wkHk̄sk̄(b)}

σz√
2
‖wk‖2

)

]
,

2 ≤ lk ≤ Lk − 2, 1 ≤ k ≤ K, (2.14)

where (2.11) and (2.13) were used. Now, using (2.7), (2.10), (2.12), and (2.14) yields
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the error probability of user k:

Pek =
Lk − 1

Nb

Npk∑
b=1[

Q

(
<{wkhkd

√
Eg −wkHk̄sk̄(b)}

σz√
2
‖wk‖2

)
+Q

(
<{wkhkd

√
Eg + wkHk̄sk̄(b)}

σz√
2
‖wk‖2

)]
.

(2.15)

The following property holds:

Property 2.1. For a given user

Npk∑
b=1

Q

(
<{wkhkd

√
Eg −wkHk̄sk̄(b)}

σz√
2
‖wk‖2

)
=

Npk∑
b=1

Q

(
<{wkhkd

√
Eg + wkHk̄sk̄(b)}

σz√
2
‖wk‖2

)
.

(2.16)

Proof. The constellation of the PAM signalling of each user is symmetric around zero

either it has even or odd constellation points. Therefore, for every given b = b1 there

exists a b = b̄1 such that sk̄(b1) = −sk̄(b̄1). Therefore,

Q(
<{wkhkd

√
Eg −wkHk̄sk̄(b1)}
σz√

2
‖wk‖2

) = Q(
<{wkhkd

√
Eg + wkHk̄sk̄(b̄1)}
σz√

2
‖wk‖2

). (2.17)

Hence,

Npk∑
b=1

Q

(
<{wkhkd

√
Eg −wkHk̄sk̄(b)}

σz√
2
‖wk‖2

)

=

Npk∑
b̄=1

Q

(
<{wkhkd

√
Eg + wkHk̄sk̄(b̄)}

σz√
2
‖wk‖2

)

=

Npk∑
b=1

Q

(
<{wkhkd

√
Eg + wkHk̄sk̄(b)}

σz√
2
‖wk‖2

)
. (2.18)
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�

Now, using Property 2.1, the error probability of user k (2.15) can be written as

Pek =
2(Lk − 1)

LkNp

Npk∑
b=1

Q

(
<{wkhkd

√
Eg + wkHk̄sk̄(b)}

σz√
2
‖wk‖2

)

=
2(Lk − 1)

LkNp

Npk∑
b=1

Q

(
<{wkhkd

√
Eg −wkHk̄sk̄(b)}

σz√
2
‖wk‖2

)
. (2.19)

It should be remarked that the extension of the above system model and error proba-

bility calculation to the multiple transmit antenna scenario is fairly straightforward.

As can be seen in (2.19), to calculate the error probability of each user one needs to

have channel state information and also the modulation order of each user. In other

words, error probability of user k does not depend on the exact transmitted symbols

of users.

2.3.1 Minimum Probability of Error (MPE) Receive Beamforming

Knowing the type of modulation of each user, minimum probability of error (MPE)

receive beamforming weights of each user can be calculated by minimizing the error

probability of the user. Therefore, the MPE beamformers’ weight vectors can be

obtained by solving the following optimization problem:

wkMPE
= argmin

wk

Pek , 1 ≤ k ≤ K, (2.20)

where Pek is the error probability of user k defined in (2.19). As it can be seen from

(2.20) and (2.19), the objective function of MPE beamforming problem, i.e., the error

probability of user k in the uplink of a multiuser system is a non-convex and nonlinear
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function of beamforming vector wk. While in general the non-convex and nonlinear

optimization problem (2.20) can be solved by using exhaustive (brute force) search

to achieve a global minimum, its computational complexity is prohibitive [48]. On

the other hand, gradient-based optimization algorithms such as BFGS [48] can at

best guarantee local stationary points. In our simulations, it was observed that the

solution to the problem using BFGS algorithm highly depends on the initialization of

the algorithm. In other words, if the initial point for the gradient-based optimization

algorithm is not chosen appropriately, the algorithm converges to a local minimizer

with a drastically poor error probability. Therefore, a more practical approach is

necessary to solve (2.20).

2.4 Convex Optimization Based MPE Receive Beamforming

In this section, similar to [41] the MPE receive beamforming problem is transformed

into a convex optimization problem with a unique solution which can be obtained by

conventional convex programming algorithms such as interior point methods [49].

First, it should be remarked that ideally the error probability of all users in a MAC

channel should approach zero when the transmit powers of users approach infinity.

Now, the error floor can be defined as follows:

Definition 2.1. If the transmit powers of all users approach infinity and yet the

average error probability cannot approach zero, the value of the tight lower bound on

the average of the error probability is called the error floor.

Proposition 2.1. For the users not to have an error floor, it is necessary for wk, 1 ≤
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k ≤ K to comply with the following constraints:

<{wkhkd
√
Eg −wkHk̄sk̄(b)} ≥ 0, 1 ≤ b ≤ Npk . (2.21)

Proof. See Appendix 2.8.1. �

Property 2.2. The error probability in (2.19) is invariant to the scaling of wk by a

positive constant.

Proof. See Appendix 2.8.2. �

From Proposition 2.1 and Property 2.2, it becomes clear that when there exists

no error floor, without loss of generality, the constraints ‖wk‖2 = 1 and (2.21) can be

added to the optimization problem (2.20). Therefore, the MPE beamforming problem

could be rewritten as follows.

wkMPE
= argmin

wk

Pek (2.22a)

subject to ‖wk‖2 = 1 (2.22b)

<{wkhkd
√
Eg −wkHk̄sk̄(b)} ≥ 0, 1 ≤ b ≤ Npk . (2.22c)

The following theorem is introduced to solve the optimization problem (2.22):

Theorem 2.1. If the constraints (2.22b) and (2.22c) in the minimization problem

(2.22) are satisfied, any local minimizer of error probability function Pek (2.19), i.e.,

the objective function of the optimization problem (2.22), is also a global minimizer.

Moreover, the global minimizer is unique.

Proof. See Appendix 2.8.3. �
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Although Theorem 2.1 shows that the constrained MPE problem (2.22) has a

unique global minimizer, (2.22) is not in the form of a standard convex programming

problem yet. The constrained optimization problem can be rewritten as follows:

wkMPE
= argmin

wk

2(Lk − 1)

Nb

Npk∑
b=1

Q

(
<{wkhkd

√
Eg −wkHk̄sk̄(b)}
σz√

2

)
(2.23a)

subject to ‖wk‖2 = 1 (2.23b)

<{wkhkd
√
Eg −wkHk̄sk̄(b)} ≥ 0, 1 ≤ b ≤ Npk , (2.23c)

which is the result of considering the equality constraint (2.22b) in the denominator

of the Q-functions in (2.19). However, the constrained problem (2.23) is not a convex

problem either, since the feasible region is not a convex set, which is due to the fact

that (2.23b) is not a convex set. However, by transforming it to

‖wk‖2 ≤ 1, (2.24)

the feasible region and therefore the optimization problem will become convex1. Fur-

thermore, it can be easily shown that the constraint set defined by (2.24) is an active

set [48]. In other words, the minimizer always satisfies the constraint ‖wk‖2 = 1, be-

cause for ‖wk‖2 < 1, there always exists a ŵk = wk

‖wk‖2
for which Pek(ŵk) < Pek(wk).

Therefore, the MPE receive beamforming problem can be cast into the following

1The set (2.24) is a convex set, since it represents the interior and boundary of an N -dimensional
sphere.



2.5. REDUCED-COMPLEXITY CONVEX MPE BEAMFORMING 28

convex optimization problem with a unique global minimizer:

wkMPE
= argmin

wk

2(Lk − 1)

Nb

Npk∑
b=1

Q

(
<{wkhkd

√
Eg −wkHk̄sk̄(b)}
σz√

2

)
(2.25a)

subject to ‖wk‖2 ≤ 1 (2.25b)

<{wkhkd
√
Eg −wkHk̄sk̄(b)} ≥ 0, 1 ≤ b ≤ Npk . (2.25c)

Then, problem (2.25) could be solved by conventional convex programming meth-

ods. For example by using the interior point methods, the complexity would be of

polynomial order with respect to N [48].

It is worth noting that the convex constrained problem (2.25) only has a solution

when the set of constraints is feasible. If users in the original MPE beamforming

problem (2.20) suffer from the existence of the error floor, it means that at least one

of the constraints defined in (2.25c) does not hold for one of the users. Therefore,

the set of constraints defined by (2.25b) and (2.25c) is empty for this user. In other

words, the constrained problem does not have any solution for this user. It should be

mentioned that if such an instance occurs, i.e., when users suffer from the existence

of the error floor, it is inherently impossible for at least one of the users to be met by

a quality of service, using only linear beamforming methods. This means the received

signals of such a user are not linearly separable using linear beamforming methods.

2.5 Reduced-Complexity Convex MPE Beamforming

Although (2.25) is a convex optimization problem with low complexity in the number

of receive antennas N , the number of constraints in (2.25c) and the number of sum-

mations in (2.25a) are of the order of Npk =
∏K

j=1
j 6=k

Lj, i.e., exponential in the number
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of users K and polynomial in the modulation order L.

Proposition 2.2. A necessary and sufficient condition for all Npk constraints of

(2.25c) to hold is

<{wkhkd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhjsj(Lj)}| ≥ 0. (2.26)

Proof. See Appendix 2.8.4. �

Replacing all Npk constraints of (2.25c) with (2.26), the MPE receive beamforming

(2.25) is equivalently converted to

wkRMPE
= argmin

wk

2(Lk − 1)

Nb

Npk∑
b=1

Q

(
<{wkhkd

√
Eg −wkHk̄sk̄(b)}
σz√

2

)
(2.27a)

subject to ‖wk‖2 ≤ 1 (2.27b)

<{wkhkd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhjsj(Lj)}| ≥ 0, (2.27c)

with reduced complexity.

Claim 2.1. Constraint set (2.27c) is a convex set.

Proof. See Appendix 2.8.5. �

Based on Claim 2.1 and the discussion in Section 2.4, it can be inferred that the

reduced MPE beamforming problem (2.27) is a convex problem which can be solved

using conventional convex programming methods [49].
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2.5.1 Maximum Signal Minus Interference to Noise Ratio (SMINR) Beam-

forming - Amplitude Version

Now, we try to further reduce the complexity of (2.27) by replacing the Npk summa-

tions in the objective function (2.27a) by a single expression which serves as an upper

bound on the objective function.

Claim 2.2. The following expression is an upper bound on the error probability of

user k and therefore on the objective function (2.27a):

P̃Up
ek

=
2(Lk − 1)

Lk
Q

<{wkhkd
√
Eg} −

∑K
j=1
j 6=k
|<{wkhjsj(Lj)}|

σz√
2

 . (2.28)

Proof. Considering that Q-function is a decreasing function for nonnegative argu-

ments, and using (2.57), it can easily be shown that (2.28) is an upper bound on

the error probability of user k and also an upper bound on the objective function

(2.27a). �

Now, the beamforming problem is formulated by minimizing the upper bound on

the error probability of each user:

wkSMINR
= argmin

wk

P̃Up
ek

(2.29a)

subject to ‖wk‖2 ≤ 1 (2.29b)

<{wkhkd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhjsj(Lj)}| ≥ 0. (2.29c)

Since the argument of the Q-function is constrained to be nonnegative (2.29c), and

the Q-function is a decreasing function for nonnegative arguments, (2.29) is equivalent
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to

wkSMINR
= argmax

wk

SMINRAmp (2.30a)

subject to ‖wk‖2 ≤ 1 (2.30b)

<{wkhkd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhjsj(Lj)}| ≥ 0, (2.30c)

where

SMINRAmp =

<{wkhkd
√
Eg} −

∑K
j=1
j 6=k
|<{wkhjsj(Lj)}|

σz√
2

. (2.31)

The objective function of (2.30), i.e., (2.31) can be interpreted as the ratio of half

the distance between two received signal constellation points minus the maximum

amplitude of the interference from all other users relative to the noise standard devi-

ation (square root of noise variance). We name this objective function signal minus

interference to noise ratio (SMINR), amplitude-based version. Maximum SMINR

beamforming-amplitude version (SMINR-Amp) (2.30) is a low-complexity convex

optimization problem since the constraints (2.30c) and (2.30b) are convex sets as

discussed in Claim 2.1 and the discussion in Section 2.4, respectively; also it can

easily be shown that the objective function of (2.30) is a concave function by using

the definition of convex and concave functions [49].

2.5.2 Heuristic Maximum SMINR Beamforming

Although (2.30) is a low-complexity convex optimization problem, here we get more

ambitious and strive to formulate a similar problem that can be dealt with analytically

to obtain a closed-form solution. To this end, we define a power-based version of
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SMINR as follows:

SMINRPower ,
(<{wkhkd

√
Eg})2 −

∑K
j=1
j 6=k

(<{wkhjsj(Lj)})2

σ2
z

2

. (2.32)

The following optimization problem is then introduced:

wkSMINR
= argmax

wk

SMINRPower (2.33a)

subject to ‖wk‖2 = 1. (2.33b)

Power-based SMINR (2.32), which for simplicity we call it SMINR henceforward, is

differentiable with respect to wk and Lagrange multipliers method can be adopted

to solve the corresponding optimization problem. Writing the Lagrangian and using

Wirtinger calculus [50–52] to set the gradient of the Lagrangian with respect to wk

to zero, the following equation is obtained:

d2Eg<{wkhk}hTk −
K∑
j=1
j 6=k

s2
j(Lj)<{wkhj}hTj + µ

σ2
z

2
w∗ = 0, (2.34)

where µ is the Lagrange multiplier. Unfortunately, as can be seen from (2.34) the

beamforming vectors wk are coupled in a way that a closed-from solution cannot be

obtained. Since the objective of this part of the treatise was to find a closed-form

solution for beamforming vectors, pursuing this approach is not of interest anymore.
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To tackle the coupling issue, the following transformations are employed:

wk ∈ C1×N T1−→ w̄k =

[
<{wk} ={wk}

]
∈ R1×2N , 1 ≤ k ≤ K,

hk ∈ CN×1 T2−→ h̃k =

 <{hk}

−={hk}

 ∈ R2N×1, 1 ≤ k ≤ K. (2.35)

Using (2.35), maximum power-based SMINR receive beamforming (2.33) is reformu-

lated as

w̄kSMINR
= argmax

w̄k

(w̄kh̃kd
√
Eg)

2 −
∑K

j=1
j 6=k

(w̄kh̃jsj(Lj))
2

σ2
z

2

(2.36a)

subject to ‖w̄k‖2
2 = 1. (2.36b)

Either by using Lagrange multipliers method or by rewriting (2.36) as a Rayleigh

quotient problem as

w̄kSMINR
= argmax

w̄k

w̄k

(
d2Egh̃kh̃

T
k −

∑K
j=1
j 6=k

s2
j(Lj)h̃jh̃

T
j

)
w̄T
k

σ2
z

2
w̄kw̄T

k

, (2.37)

the solution is given by

w̄kSMINR
= vTmax

d2Egh̃kh̃
T
k −

K∑
j=1
j 6=k

s2
j(Lj)h̃jh̃

T
j

 , (2.38)

i.e., the normalized eigenvector corresponding to the maximum eigenvalue of d2Egh̃k

h̃Tk −
∑K

j=1
j 6=k

s2
j(Lj)h̃jh̃

T
j . In (2.38), vmax(·) indicates the normalized eigenvector cor-

responding to the maximum eigenvalue of (·). Finally, wkSMINR
can be obtained by
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T −1
1 (w̄kSMINR

), where the bijection T1 was defined in (2.35). It should be remarked

that to calculate receive beamforming weights of a user the receiver needs to know the

channel state information of all users and also each user’s modulation order. Namely,

sj(Lj) only depends on the modulation order of user j, and it should not be confused

with its transmitted symbol.

2.6 Numerical Results

We consider a multiuser multiple access channel (MAC) with four single-antenna

users, each sending 8-PAM signals to a 4-antenna receiver simultaneously and at the

same carrier frequency. The channel gains are assumed to be quasi static and follow a

Rayleigh distribution with unit variance. In other words, each element of the channel

is generated as a zero-mean and unit-variance i.i.d. CSCG random variable. Since

our focus is on various receive beamforming methods rather than on the effects of

channel estimation, we assume that perfect CSI of all channels is available at the

receiver [53, 54]. At the receiver, an i.i.d. Gaussian noise is added to the received

signal. All simulations are performed over 10,000 different channel realizations and

at each channel realization a block of 1,000 symbols is transmitted from each user.

The above set-up is used for all of our following simulations unless stated otherwise.

Fig. 2.1 compares the average symbol error rates of classical ZF and MMSE receive

beamforming1 with the proposed MPE, reduced-complexity MPE (RC-MPE), ampli-

tude version of maximum SMINR (SMINR-Amp), and heuristic maximum SMINR

1The ZF beamforming matrix is given by W = (HHH)−1HH and the MMSE beamforming

matrix is given by W = (HHH + 1
γ IK)−1HH , where W = [wT

1 , . . . ,w
T
K ]T , γ =

σ2
s

σ2
z
, assuming that

Rz = σ2
zIN and Rs = σ2

sIK .
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Figure 2.1: Average symbol error rates of users for N = 4 receive antennas and K = 4
users with 8-PAM modulation.

(SMINR) beamforming, using Monte Carlo simulations. As can be seen, all the pro-

posed methods substantially outperform ZF and MMSE beamforming. For example,

at a symbol error rate of 2.3×10−2, all the proposed beamforming methods show a gain

of about 9 dB compared to that of ZF and MMSE beamforming. It is interesting to

observe that average error probability of users is nearly the same for all the proposed

receive beamforming methods, at all SNRs. Based on Proposition 2.2, it was expected

that convex MPE beamforming performs exactly the same as its reduced-complexity

version performs, as it can be confirmed in Fig. 2.1. However, it was unexpected for

the amplitude version of maximum SMINR and the heuristic maximum SMINR to

perform as well as convex MPE beamforming. We expected these beamforming meth-

ods to perform slightly worse than convex MPE and RC-MPE beamforming, since

they are designed based on minimization of an upper bound on the error probability.
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Figure 2.2: Average symbol error rates and theoretical symbol error rates of users for
N = 4 receive antennas and K = 4 users with 8-PAM modulation.

The excellent performance of maximum SMINR-Amp indicates that minimizing the

proposed upper bound on the error probability of each user closely approximates min-

imization of the error probability function. Moreover, the outstanding performance of

the heuristic maximum SMINR beamforming also indicates that the SMINR function

defined in (2.32) is an accurate reflection of the error probability function.

Fig. 2.2 compares the average error probability of users using Monte Carlo simula-

tion and their theoretical counterparts. The theoretical BER curves in this figure are

obtained by substituting the calculated beamforming weights of users for each chan-

nel realization into the error probability function obtained in (2.19). As can be seen

the calculated theoretical error probability precisely predicts the error performance

of users.

Fig. 2.3 compares the average error probability of users and their corresponding
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Figure 2.3: Symbol error rates and upper bounds on symbol error rates of users for
N = 4 receive antennas and K = 4 users with 8-PAM modulation.

upper bounds given by (2.28). As can be seen, the upper bound curves are either

above the error probability curves as in case of MMSE and RC-MPE beamforming or

lie on top of the error probability curves as in case of ZF beamforming. In zero-forcing,

the upper bound lies exactly over the error probability curve. In other words, in ZF

beamforming the proposed upper bound on the error probability is equal to the exact

error probability. The zero-forcing beamformer enforces the beamforming weight

vector of a user to be orthogonal to the channels of other users, i.e., wkhj = 0, k 6= j.

Therefore, in ZF beamforming the error probability (2.19) and the upper bound on the

error probability (2.28) are equivalent. In Fig. 2.3, it can also be seen that in low SNRs

the upper bound on error probability of MMSE beamforming is greater than one.

This indicates that for the beamforming weights obtained by MMSE beamforming,

the argument of the Q-function in (2.28) is not always greater than zero. It can
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Figure 2.4: Average sum rates when N = 4 and K = 2 with 64-QAM modulated
signals for ZF-QAM and MMSE-QAM and when N = 4 and K = 4 with 8-PAM
modulated signals for the other simulated beamforming methods.

also be seen that in reduced-complexity MPE beamforming, the upper bound closely

approximates the error probability. Overall, based on Fig. 2.3, it is inferred that

the tightness of the proposed upper bound is not the same for different beamforming

techniques but depends on the values of the beamforming weight vectors of the users.

So far, we have compared the proposed beamforming techniques for 1D signalling

with classical beamforming using one-dimensional signalling. It would also be in-

structive to extend the above comparison to two-dimensionally modulated signals.

Compared to error probability, system throughput reflects a more comprehensive

comparison and so is examined next. The expected sum rate (throughput) of users is

depicted in Fig. 2.4. Numerically, this metric can be obtained using the modulation

order of the users and the ratio of the number of successfully estimated symbols to the
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number of transmitted symbols. As can be seen, in all SNRs, the proposed convex-

MPE, RC-MPE, SMINR-Amp, and SMINR beamforming methods achieve higher

rates than ZF and MMSE beamforming. It should be remarked that in addition to

the sum rate of four users with 8-PAM modulation and the proposed beamforming

methods, the sum rate of two users with 64-QAM modulation using ZF and MMSE

receive beamforming are also included in Fig. 2.4. Theoretically, four users with 8-

PAM signalling as well as two users with 64-QAM signalling achieve a maximum bit

rate of 12 bits/channel use. Therefore, it is interesting to observe that the proposed

beamforming methods which are developed for one-dimensionally modulated signals

not only outperform classical beamforming of one-dimensionally modulated signals

(as expected), but also they outperform classical beamforming of their counterpart

two-dimensional modulations.

In Fig. 2.5, similar to [55], the notion of expected sum rate for frame-based

transmission, which is employed in packet-based systems, is presented to better reflect

the effect of error probability in throughput. Theoretically, this metric is given by

E[Thr] =
∑K

k=1(1−Pek)` log2 Lk bits per channel use, where ` is the frame size of the

users. Numerically, this metric can be calculated using the modulation order of the

users and the number of symbols in successfully estimated frames. Transmission of a

frame is considered to be successful, only if the entire frame is estimated error-free.

As mentioned earlier the frame sizes are assumed to be 1,000 symbols. It can be

seen in Fig. 2.5 that the frame-based sum rate of four users with 8-PAM signalling

and the proposed beamforming methods also outperform both the frame-based sum

rate of two users with 64-QAM signalling and four users with 8-PAM signalling when

they employ ZF and MMSE beamforming. It can also be seen that as SNR increases,

the achievable expected throughput approaches limits determined by the number of
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Figure 2.5: Average frame-based sum rates when N = 4, K = 2, and each frame
consists of 1,000 symbols of 64-QAM for ZF-QAM and MMSE-QAM and when N = 4,
K = 4, and each frame consists of 1,000 symbols of 8-PAM modulated signals.

users and their modulation order. In comparison with average sum rates of Fig. 2.4,

frame-based sum rate curves exhibit sharper slopes, as is typical for transmission of

frame-based systems. It should be remarked that the frame-based curves are obtained

for a system without physical-layer channel coding. If channel coding is employed, it

is expected that the slopes of the frame-based sum rate curves would become steeper

with transitions from zero sum rate to saturation at lower SNRs.

As has been seen so far, power-based maximum SMINR beamforming with closed-

form solution exhibits superior performance compared to conventional ZF and MMSE

beamforming. Therefore, it would be interesting to compare its sensitivity to imper-

fect CSI with that of ZF and MMSE beamforming. In Fig. 2.6, average symbol error

rates of users assuming both perfect and imperfect CSI are presented for maximum
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Figure 2.6: Average symbol error rates of users for N = 4 receive antennas and K = 4
users with 8-PAM modulation assuming imperfect CSI.

SMINR, ZF, and MMSE beamforming. For imperfect CSI, it is assumed that chan-

nel estimation error is normally distributed with zero mean and variance of either

σ2
ce = 0.01 or 0.001. As mentioned earlier, the channel gains have a CSCG distri-

bution with zero mean and unit variance1. It is seen in Fig. 2.6 that as estimation

error increases, the error probability increases. In this figure and also in Fig. 2.1,

it can be seen that the proposed maximum SMINR beamforming with perfect CSI

outperforms ZF and MMSE beamforming methods with perfect CSI. In Fig. 2.6, it is

observed that the proposed maximum SMINR beamforming with imperfect CSI also

outperforms classical beamforming methods with imperfect CSI. For example, from

Fig. 2.6, at SNR of 40 dB and channel error variance of σ2
ce = 0.001, bit error error

1Considering unit variance for the channel gains, σ2
ce = 0.01, 0.001 correspond to channel gain

estimation SNRs of 20 and 30 dB, respectively.



2.7. CONCLUSION 42

rate of maximum SMINR beamforming is 4.5× 10−4, while bit error rates of ZF and

MMSE beamforming are about 2.7 × 10−2. It is interesting to note that up to SNR

of 40 dB, the maximum SMINR with σ2
ce = 0.001 not only outperforms both ZF and

MMSE with σ2
ce = 0.001 but also outperforms ZF and MMSE with perfect CSI.

2.7 Conclusion

In this chapter, it has been shown that by exploiting the type of modulation in the

design of receive beamforming, the performance of a multiuser multiple-access com-

munications system can be tremendously improved. Knowing the type of modulation,

the error probability of each user can be calculated and minimized to obtain the op-

timum beamforming weights. This highly nonlinear optimization problem was trans-

formed to a convex optimization problem in this chapter and two reduced-complexity

versions of the problem were also introduced and solved. Finally, the error probabil-

ity in a multiuser scenario resulted in the development of a new metric called signal

minus interference to noise ratio, where its maximization resulted in a closed-form

solution for receive beamforming weights based on eigenvalue decomposition. It has

been shown that all the proposed beamforming techniques outperform the classical

zero-forcing and MMSE beamforming.

2.8 Appendix

2.8.1 Proof of Proposition 2.1

Assume that there exists a b = b1 such that

<{wkhkd
√
Eg −wkHk̄sk̄(b1)} < 0. (2.39)
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Therefore,

<{wkhkd
√
Eg −wkHk̄sk̄(b1)}
σz√

2
‖wk‖2

< 0. (2.40)

Hence,

Q

(
<{wkhkd

√
Eg −wkHk̄sk̄(b1)}
σz√

2
‖wk‖2

)
>

1

2
. (2.41)

Consequently, error probability is written as

Pek =
Lk − 1

Nb

+
2(Lk − 1)

Nb

Npk∑
b=1
b6=b1

Q

(
<{wkhkd

√
Eg −wkHk̄sk̄(b)}

σz√
2
‖wk‖2

)
. (2.42)

If d
√
Eg approaches infinity, error probability of user k approaches lim

d
√
Eg→+∞ Pek =

Lk−1
Nb

. In other words, there always exists an error floor of Lk−1
KNb

= Lk−1
LkNpK

, because the

number of users is limited and consequently is Np.

2.8.2 Proof of Property 2.2

Let w′k = cwk, where c ∈ R+. We have

Pek(w
′
k) =

2(Lk − 1)

Nb

Npk∑
b=1

Q

(
<{w′khkd

√
Eg −w′kHk̄sk̄(b)}

σz√
2
‖w′k‖2

)

=
2(Lk − 1)

Nb

Npk∑
b=1

Q

(
<{cwkhkd

√
Eg − cwkHk̄sk̄(b)}

σz√
2
‖cwk‖2

)
= Pek(wk). (2.43)

2.8.3 Proof of Theorem 2.1

The minimization problem of error probability of user k is considered over the follow-

ing feasible set:

Fk = {wk|wkw
H
k = 1 ∧ <{wkhkd

√
Eg −wkHk̄sk̄(b)} ≥ 0, 1 ≤ b ≤ Npk}. (2.44)
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Assume that wk1 ∈ Fk is a global minimizer of the optimization problem (2.22), and

wk2 ∈ Fk is a local minimizer of the problem such that

Pek(wk1) < Pek(wk2). (2.45)

Assuming 0 < α < 1, we define wk0 as

wk0 =
αwk1 + (1− α)wk2

‖αwk1 + (1− α)wk2‖2

. (2.46)

Therefore, we have ‖wk0‖ = 1, and for 1 ≤ b ≤ Npk , we have <{wk0hkd
√
Eg −

wk0Hk̄sk̄(b)} ≥ 0. Hence, it can be inferred that wk0 ∈ Fk. It is also obvious that

‖αwk1 + (1− α)wk2‖2 ≤ α‖wk1‖2 + (1− α)‖wk2‖2 = 1. (2.47)

Consequently,

<{wk0hkd
√
Eg −wk0Hk̄sk̄(b)} ≥ α<{wk1hkd

√
Eg −wk1Hk̄sk̄(b)}

+ (1− α)<{wk2hkd
√
Eg −wk2Hk̄sk̄(b)}, 1 ≤ b ≤ Npk . (2.48)
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Therefore,

Q

(
<{wk0hkd

√
Eg −wk0Hk̄sk̄(b)}
σz√

2

)

≤ Q

(
α<{wk1hkd

√
Eg −wk1Hk̄sk̄(b)}+ (1− α)<{wk2hkd

√
Eg −wk2Hk̄sk̄(b)}

σz√
2

)

≤ αQ

(
<{wk1hkd

√
Eg −wk1Hk̄sk̄(b)}
σz√

2

)

+ (1− α)Q

(
<{wk2hkd

√
Eg −wk2Hk̄sk̄(b)}
σz√

2

)
, 1 ≤ b ≤ Npk , (2.49)

where the first inequality results from (2.48) and due to the fact that Q(x) is a

decreasing function for x ≥ 0, and the second inequality stands because Q(x) is a

convex function for x ≥ 0.

From (2.19) and (2.49), it can be inferred that

Pek(wk0) =
2(Lk − 1)

Nb

Npk∑
b=1

Q

(
<{wk0hkd

√
Eg −wk0Hk̄sk̄(b)}

σz√
2
‖wk0‖2

)

≤ α2(Lk − 1)

Nb

Npk∑
b=1

Q

(
<{wk1hkd

√
Eg −wk1Hk̄sk̄(b)}

σz√
2
‖wk1‖2

)

+
(1− α)2(Lk − 1)

Nb

Npk∑
b=1

Q

(
<{wk2hkd

√
Eg −wk2Hk̄sk̄(b)}

σz√
2
‖wk2‖2

)

= αPek(wk1) + (1− α)Pek(wk2) < Pek(wk2), ∀α ∈ (0, 1), (2.50)

where the last inequality is due to the assumption of the proof, i.e., wk1 is the global

minimizer of Pek . Now, let α → 0, wk0 → wk2 . Hence, in a small neighborhood of

wk2 , there always exists a wk0 , so that Pek(wk0) < Pek(wk2), i.e., wk2 is not a local

minimizer. In other words, there does not exist any local minimizer such that (2.45)



2.8. APPENDIX 46

holds. Therefore, it can be concluded that either no local minimizer exists, which

proves the theorem, or there exists a local minimizer such that Pek(wk1) ≥ Pek(wk2).

However, since wk1 is a global minimizer of Pek(wk), we have Pek(wk1) ≤ Pek(wk2).

Therefore, it can be concluded that Pek(wk1) = Pek(wk2), i.e., the local minimizer (if

exists) is also a global minimizer.

To show the uniqueness of the global minimizer, first we consider the following

set:

F0
k = {wk|wkw

H
k = 1 ∧ <{wkhkd

√
Eg −wkHk̄sk̄(b)} = 0, 1 ≤ b ≤ Npk}. (2.51)

It is obvious that each point in this set is a global maximizer of error probability

function in (2.19) constrained by the set defined in (2.44), because the arguments

of all Q-functions in error probability (2.19) will be zero. Therefore, to solve the

minimization problem it is sufficient to solve the problem over the set F1
k = Fk−F0

k .

The error probability of user k, Pek(wk), is strictly convex on F1
k , because Q(x) is

strictly convex for x > 0. Assume that wk1 6= wk2 are two global minimizers of the

optimization problem (2.22). We define wk0 as follows.

wk0 =
αwk1 + (1− α)wk2

‖αwk1 + (1− α)wk2‖2

, ∀α ∈ (0, 1). (2.52)

Since wk1 is a global minimizer, it is obvious that

Pek(wk0) ≥ Pek(wk1). (2.53)
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On the other hand, we have

Pek(wk0) < αPek(wk1) + (1− α)Pek(wk2) = Pek(wk1), (2.54)

because Pek(wk) is strictly convex on F1
k . Since (2.54) contradicts (2.53), it can be

inferred that the global minimizer is unique.

2.8.4 Proof of Proposition 2.2

To prove this proposition we first prove the sufficient condition by showing that the

left hand side (LHS) of (2.26) is a lower bound on the LHS of the inequality (2.25c)

for all b.

For 1 ≤ j, k ≤ K, we have

|<{wkhjsj(Lj)}| = |<{wkhj}|.|sj(Lj)| ≥ |<{wkhj}|.|sj(lj)|

≥ <{wkhj}sj(lj) = <{wkhjsj(lj)}, ∀lj ∈ {1, · · · , Lj}. (2.55)

Therefore,

∑
j=1
j 6=k

|<{wkhjsj(Lj)}| ≥
∑
j=1
j 6=k

<{wkhjsj(lj)} = <{wkHk̄sk̄(b)}, 1 ≤ b ≤ Npk . (2.56)

Hence,

<{wkhkd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhjsj(Lj)}| ≤ <{wkhkd
√
Eg} − <{wkHk̄sk̄(b)}

= <{wkhkd
√
Eg −wkHk̄sk̄(b)}, 1 ≤ b ≤ Npk . (2.57)
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Thus, if <{wkhkd
√
Eg} −

∑K
j=1
j 6=k
|<{wkhjsj(Lj)}| ≥ 0 then <{wkhkd

√
Eg − wkHk̄

sk̄(b)} ≥ 0, 1 ≤ b ≤ Npk .

To prove the necessary condition, we use contradiction. Let us assume that

<{wkhkd
√
Eg} −

∑K
j=1
j 6=k
|<{wkhjsj(Lj)}| < 0. Therefore, we have

<{wkhkd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhjsj(Lj)}|

= <{wkhkd
√
Eg} −

K∑
j=1
j 6=k

<{wkhj} sgn(<{wkhj})sj(Lj)

= <{wkhkd
√
Eg} −

K∑
j=1
j 6=k

<{wkhj}sj(`j)

= <{wkhkd
√
Eg} − <{wkHk̄sk̄(β)} < 0, (2.58)

where sk̄(β) = [s1(`1), · · · , sk−1(`k−1), sk+1(`k+1), · · · , sK(`K)]T , and for j 6= k, `j =

Lj if sgn(<{wkhj}) = 1 and `j = 1 if sgn(<{wkhj}) = −1. Therefore, there exists a

b = β such that <{wkhkd
√
Eg}−<{wkHk̄sk̄(β)} < 0, i.e., at least one constraint in

(2.25c) is not satisfied.

2.8.5 Proof of Claim 2.1

Using the definition of a convex set [49], it is assumed that wk1 and wk2 are two

arbitrary points in the set defined by (2.27c), i.e.,

{wk|<{wkhkd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhjsj(Lj)}| ≥ 0}. (2.59)
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For any 0 ≤ α ≤ 1,

|<{(αwk1 + (1− α)wk2)hjsj(Lj)}| = |α<{wk1hjsj(Lj)}+ (1− α)<{wk2hjsj(Lj)}|

≤ |α<{wk1hjsj(Lj)}|+ |(1− α)<{wk2hjsj(Lj)}|

= α|<{wk1hjsj(Lj)}|+ (1− α)|<{wk2hjsj(Lj)}|, (2.60)

where the inequality is the result of the triangle inequality. Therefore,

K∑
j=1
j 6=k

|<{(αwk1 + (1− α)wk2)hjsj(Lj)}|

≤
K∑
j=1
j 6=k

α|<{wk1hjsj(Lj)}|+
K∑
j=1
j 6=k

(1− α)|<{wk2hjsj(Lj)}|, (2.61)

and consequently,

<{(αwk1 + (1− α)wk2)hkd
√
Eg} −

K∑
j=1
j 6=k

|<{(αwk1 + (1− α)wk2)hjsj(Lj)}|

≥ α

<{wk1hkd
√
Eg} −

K∑
j=1
j 6=k

|<{wk1hjsj(Lj)}|



+ (1− α)

<{wk2hkd
√
Eg} −

K∑
j=1
j 6=k

|<{wk2hjsj(Lj)}|

 ≥ 0. (2.62)

The last inequality holds because wk1 and wk2 are in the set (2.59). Thus, (2.27c) is

a convex set.
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Chapter 3

User Selection and MPE Multiuser MISO

Transmit Precoding

Massive deployment of low data rate Internet of things and ehealth devices with re-

quirement for high reliability prompts the development of practical precoding and user

selection techniques. In previous chapter, the importance of including the knowledge

of modulation type in the design of the multiuser receive beamformer was investi-

gated. In this chapter, we show that throughput, reliability, and quality of service of

communications can also be improved by incorporating knowledge of modulation type

in the design of the multiuser transmit precoder. By considering the transmission of

low data rate one-dimensionally modulated signals in a multiple-input single-output

broadcast channel, the transmit precoding matrix is determined by minimizing the

weighted sum of error probabilities of users. Although the proposed minimum proba-

bility of error (MPE) precoding is a non-convex and a highly nonlinear optimization

problem, it is solved by the alternating minimization of two convex problems. More-

over, to enhance the practicality of MPE precoding, reduced complexity convex MPE

precoding is introduced, which exponentially reduces the complexity of the problem.
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Numerical results show that the proposed precoding techniques significantly improve

system performance in broadcast channels. We then develop a user selection algo-

rithm compatible with MPE precoding that selects users if their error probabilities

can approach zero. Based on line packing principles in Grassmannian manifolds, it is

shown that the number of selected users could potentially be more than the number

of transmit antennas, which translates to supporting more simultaneous users in the

shared channel compared to existing user selection methods.

3.1 Introduction

Multiuser multiple-input multiple-output (MIMO), multiple-input single-output (MI

SO), and single-input multiple-output (SIMO) systems have been drawing a great

deal of interest in the last decades [23–26, 56, 57]. Since they improve reliability and

spectral efficiency in communications, these technologies are already employed at

the core of various wireless communications standards [26, 58]. Hence, the design of

multiple-antenna systems has been usually posed under two different perspectives:

either to increase data transmission rate through spatial multiplexing or to improve

system reliability through increased antenna diversity. Spatial multiplexing is a simple

MIMO transmit technique, which does not require channel state information (CSI)

at the transmitter. It enables a high spectral efficiency by splitting the incoming

data into multiple independent substreams and transmitting each substream on a

different antenna, as in V-BLAST [56]. When CSI is available at the transmitter,

channel-dependent linear or nonlinear transmit precoding (beamforming) of the data

substreams can further improve the performance by adapting the transmitted signal
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to the instantaneous channel state [59]. In this case, employing multiuser multiple-

antenna techniques allows for gain in sum capacity by reusing channels [12,53,54,60].

Although channel reuse for multiple users is advantageous in terms of throughput,

when multiple uncoordinated links share a common communications medium, e.g., in

a broadcast channel, co-channel interference caused by the transmission of multiple

users’ data on the same carrier frequency imposes limitation to channel reuse [11].

Most wireless systems deal with this interference by orthogonalizing the communica-

tions links in time or frequency. It is clear that this approach could be suboptimal

since it entails a priori loss of degrees of freedom in both links independent of the

amount of interference. Power control, precoding, and user selection techniques, with

capability of reducing interference, are conventional solutions to the co-channel in-

terference problem [12]. From a practical point of view, using multiple antennas to

communicate with many users simultaneously is especially appealing in wireless lo-

cal area network (WLAN) environments, WiMAX, and other time-division duplex

(TDD) systems where channel conditions can readily be learned by all parties [53].

Classically, a receive beamformer or transmit precoder controls the pattern of an

antenna array by weighting antennas to satisfy a predetermined optimization crite-

rion. Based on [61], precoding techniques can be classified into group-level, user-level

or symbol-level precoding. In group-level precoding multiple streams are transmitted

simultaneously where each stream belongs to a group of users. The precoder design

in this category depends on the channels in each user group. In user-level precoding

multiple streams are transmitted simultaneously while each stream belongs to a user.

User-level precoder design depends on the channel of each user and many precod-

ing methods aim at maximizing throughput. However as pointed out by Palomar et

al. [62], the problem with this type of criterion is that it implicitly presumes that an
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unrealizable ideal continuous Gaussian code is used instead of a signal constellation.

In practice, the transmitter sends a modulated signal with a practical suboptimal

channel coding scheme which together determine system throughput. Signal to noise

ratio (SNR), signal to interference plus noise ratio (SINR), mean square error (MSE)

between the desired signal and the array output, and signal to leakage and noise

ratio (SLNR) are other common criteria in formulating the precoding optimization

problem [53, 54, 60]. However, for a communications system with a certain type of

modulation, minimizing the probability of error or achievable bit error rate (BER)

maximizes the capacity and improves the quality of service [37,38,41,43]. Therefore,

designing the transmit precoder to directly minimize the error probability would result

in improved system performance. It should be remarked that our proposed precoding

techniques which are based on minimizing the error probability lie in the user-level

category. In symbol-level precoding multiple symbols are transmitted to multiple

users where each symbol belongs to a user [61, 63]. In this category, the precoding

matrix is obtained for each symbol duration rather than for coherence time of the

channel. The transmitter exploits the knowledge of transmitted symbols of all users

to calculate the precoding matrix. In other words, the symbol-level precoding matrix

not only depends on the channel information but also on the transmitted symbols of

the users.

The error probability of each user in a multiuser downlink system depends on the

modulation type. Therefore, to design a precoder that minimizes error probability,

one ought to account for the modulation type which is not considered in precoding

methods such as minimum mean square error (MMSE), maximum signal to leakage

and noise ratio (MSLNR), block diagonalization (BD), and interference alignment

(IA) [64–66]. In this chapter, it is established that by incorporating modulation type
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in the precoder design, system performance may be significantly improved.

As additional motivation, low data rate BPSK modulation, which is a subtype

of a more general class of one-dimensional (rectilinear) modulation, is a commonly

employed transmission mode in adaptive wireless systems such as IEEE 802.11a,n,ac,

when SNR is low [47, 55]. Moreover, emerging technologies such as the Internet of

things (IoT) require simultaneous deployment of a massive number of low data rate

devices, which serves as another motivation for employing one-dimensional signalling

[1, 4]. Finally, in current WiFi systems such as 802.11ac, the transmit precoding is

considered as a selectable adaptive “MIMO mode” in addition to modulation type,

which naturally motivates coupling of transmit precoding to modulation.

As mentioned earlier, selecting a subset of users for transmission in a broadcast

channel, is another conventional method to reduce co-channel interference and in-

crease system throughput and reliability. Gains in throughput and reliability are also

obtained by multiuser diversity via user selection when the number of users is large.

Although the optimal user subset can be found by brute-force search over all possible

combinations of user subsets, its computational complexity is prohibitive. In prac-

tice, low-complexity user selection algorithms are desired [12, 14–18]. For example

in [12, 14], algorithms based on semi-orthogonal user selection (SUS) are presented,

which are developed for zero-forcing precoding. When SUS is combined with zero-

forcing precoding and water filling power allocation, although overall suboptimal, it

can achieve the same asymptotic (high SNR) sum rate as that of dirty paper coding

in the broadcast channel, as the number of users goes to infinity. In [15], a greedy

user selection algorithm is proposed based on BD precoding which increases total

throughput. In this chapter, we propose a user selection algorithm for MPE pre-

coding that selects a set of users by a geometric approach such that the number of
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selected users is made as large as possible. It is shown that for a one-dimensional

modulation such as binary phase-shift keying (BPSK), it is possible to utilize extra

dimensions provided by the complex channel and transmit information at the same

time and frequency to more users than the number of transmit antennas.

The contributions of this chapter are summarized as follows:

1) A new multiuser transmit precoder that minimizes the probability of error is

proposed for one-dimensional signalling in the multiuser multiple-input single-

output (MISO) broadcast channel.

2) Several reduced-complexity minimum probability of error transmit precoding

techniques are presented.

3) A low-complexity geometric user selection (GUS) algorithm is developed for

MPE transmit precoding, which can select more simultaneous users than the

number of transmit antennas.

The rest of this chapter is organized as follows: Section 3.2 introduces the sys-

tem model. In Section 3.3, the exact error probability of a user in the downlink of

a multiuser system is calculated assuming the transmitter is using one-dimensional

signalling. Moreover, the MPE transmit precoding is formulated in this section. Sec-

tion 3.4 solves MPE precoding problem by transforming the original MPE precoding

problem to convex subproblems. To make the MPE precoding practically applicable,

the complexity of the convex MPE problem is reduced in Section 3.5. In Section 3.6,

by taking a geometric approach, a user selection algorithm compatible with MPE

precoding is presented. Numerical results are demonstrated in Section 3.7. Finally,

conclusions are drawn in Section 3.8.
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Figure 3.1: Downlink system model.

3.2 System Model

We consider a multiple-input single-output (MISO) broadcast channel with a transmit

antenna array of M elements. The transmitter is assumed to simultaneously transmit

K independent pulse amplitude modulated signals to K users at the same carrier

frequency of fc and with the same bandwidth. Later in Section 3.6, it is shown

that these K users are preselected out of KT total available users by the proposed

algorithm in Section 3.6. The system model is shown in Fig. 3.1.

The one-dimensionally (1D) modulated signal of user k is represented in low-pass

by sk(t; lk) = Ak(lk)g(t), 1 ≤ k ≤ K, where the real-valued Ak(lk), taking values

from the set

{(2lk − 1− Lk)d| 1 ≤ lk ≤ Lk} (3.1)

with equal probability, denotes the amplitude level of the modulated signal of user

k. The order of modulation of user k is denoted by Lk, i.e., the total number of

constellation points in pulse amplitude modulated signal of user k is Lk, which also

implies that different users may not necessarily employ the same modulation orders.
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The distance between adjacent signal constellation points is 2d, and g(t) is the low-

pass real-valued pulse shaping signal in the interval 0 ≤ t ≤ T with the power

Eg = 1
2T

∫ T
0
g2(t)dt. Given lk, the power of the signal sk(t; lk) is therefore Esk =

A2(lk)Eg and the average power is σ2
sk

=
L2
k−1

3
d2Eg. In vector space representation,

such one-dimensionally modulated signals can be described by just one basis function

f(t) = g(t)√
Eg

and one real scalar projection

sk(lk) =
√
EgAk(lk), 1 ≤ k ≤ K. (3.2)

Using an M × 1 precoding vector uk to encode the transmitted symbol of user k, the

transmitted signal is then represented in its low-pass equivalent form by

x =
K∑
j=1

ujsj = Us, (3.3)

where U = [u1, · · · ,uK ]1, s = [s1, · · · , sK ]T , and sk = sk(lk). Therefore, the transmit

power is

E[‖x‖2
2] = Tr(URsU

H), (3.4)

where it is assumed that the input signals are independent with covariance matrix

Rs = E[ssT ] = diag(σ2
s1
, . . . , σ2

sK
).

1It should be noted that in this dissertation when the transmitter has M antennas and the
receiver has N antennas, the channel is shown by an N ×M matrix. In Chapter 2, since it was
assumed that each transmitter was equipped with a single antenna (M = 1), the channel was shown
by a column vector and consequently the receive beamforming vector was shown by a row vector.
In broadcast channel of this chapter and the coming ones, since the receivers are assumed to have
single antenna, i.e., N = 1, the channel of each user is shown by a row vector and consequently the
precoding vector of each user is a column vector.
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Assuming additive white Gaussian noise (AWGN), the received signal rk at re-

ceiver k is given by

rk = hkx + zk, 1 ≤ k ≤ K, (3.5)

where the additive noise zk is a circularly symmetric complex Gaussian (CSCG)

random variable with zero mean and variance σ2
zk

, and the 1 ×M vector hk is the

channel vector between the M antennas of the transmitter and the single antenna of

user k. The entries of hk follow an independent identically distributed (i.i.d.) CSCG

distribution with zero mean. This channel model is valid for narrowband (frequency

non-selective) systems if the transmit and receive antennas are in non line-of-sight

rich-scattering environments with sufficient antenna spacing [14, 46]. It should be

remarked that we follow the same vector representation of the channel as [12], i.e.,

representing the channels with row vectors in MISO systems.

At receiver k the received signal is processed by a filter. Therefore, the processed

signal at the receiver of user k as a function of the transmit precoding matrix U and

the receive filtering coefficient wk is represented by

yk = wkrk = wkhkUs + wkzk =
K∑
j=1

wkhkujsj + z′k = wkhkuksk +
K∑
j=1
j 6=k

wkhkujsj + z′k

= wkhkuksk + wkhkUk̄sk̄ + z′k = ȳk + z′k, 1 ≤ k ≤ K, (3.6)

where z′k = wkzk is a complex valued Gaussian noise with variance σ2
zk
wkw

∗
k, ȳk =

wkhkUs, sk̄ = [s1, · · · , sk−1, sk+1, · · · , sK ]T , and Uk̄ = [u1, · · · ,uk−1,uk+1, · · · ,uK ].
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3.3 Error Probability

The error probability of a user depends on the type and the order of its modulation.

Since it is assumed that information of each user is modulated using PAM, i.e.,

a one-dimensional modulation with real values, the decision should be performed

only over the real part of the post-processing signal at each receiver. Using the

midpoints between the received constellation points as the decision thresholds [21],

the following decision rule may be used for estimating the transmitted PAM symbols

of user k, 1 ≤ k ≤ K:

ŝk =



sk(1) yRk ≤ <{wkhkuksk(1) + wkhkukd
√
Eg}

sk(lk)
<{wkhkuksk(lk)− wkhkukd

√
Eg} < yRk ≤

<{wkhkuksk(lk) + wkhkukd
√
Eg}; 2 ≤ lk ≤ Lk − 1

sk(Lk) yRk > <{wkhkuksk(Lk)− wkhkukd
√
Eg}

, (3.7)

where the superscript R denotes the real part, i.e., xR = <{x}.

The average error probability of user k is expressed as

Pek = P (ŝk 6= sk) =

Lk∑
lk=1

P (lk)Pek|lk(lk) =
1

Lk

Lk∑
lk=1

P (ŝk 6= sk(lk)|sk = sk(lk))

=
1

Lk

[
P
(
yRk > <{wkhkuksk(1) + wkhkukd

√
Eg}|sk = sk(1)

)
+

Lk−1∑
lk=2

P
(
|yRk −<{wkhkuksk(lk)}| > <{wkhkukd

√
Eg}|sk = sk(lk)

)
+ P

(
yRk ≤ <{wkhkuksk(Lk)− wkhkukd

√
Eg}|sk = sk(Lk)

)]
(3.8)

where P (.) is the probability of an event and prior probability P (lk) = P (sk =
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sk(lk)) = 1
Lk

, i.e., the transmitted pulse amplitude modulated signal sk takes its values

from the set (3.1) with equal probability. The conditional error probability of user

k given sk(lk) is transmitted is denoted by Pek|lk(lk). It should be remarked that to

maximize the system throughput the input data should follow a continuous Gaussian

distribution which if combined with dirty paper coding achieves system capacity [25,

67–69]. However, in practice the input data is usually uniformly distributed over

a discrete signal set, which causes an asymptotic loss in throughput in high SNR

[47]. This loss could be compensated to some extent by using constellation shaping

techniques.

To calculate the error probability (3.8), first we need to find the probability density

function (pdf) of yRk conditioned on different values of sk, namely, p(yRk |sk). Let

us denote the number of possible different values of sk̄, i.e., vectors of symbols for

transmission if the transmitted symbol of user k is already known, by Npk =
∏K

j=1
j 6=k

Lj.

In other words, there could be Npk different possible sets of K − 1-tuple symbols

sk̄(b), 1 ≤ b ≤ Npk , for K − 1 users {1, · · · , k − 1, k + 1, · · · , K}. Knowing the

variance of the Gaussian output noise <{z′k} and that the PAM constellation points

are selected with equal probability yields

P (yRk |sk = sk(lk)) =
1

Npk

∑
∀sk̄

P (yRk |sk = sk(lk), sk̄)

=
1

Npk

Npk∑
b=1

P (yRk |sk = sk(lk), sk̄ = sk̄(b))

=
1

Npk

Npk∑
b=1

1√
πσ2

zk
wkw∗k

exp−(yRk − ȳRk (lk, b))
2

σ2
zk
|wk|2

, (3.9)
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where in the first equality the total probability theorem is used to additionally con-

dition the conditional output probability of user k over all Npk possible vectors of the

transmitted symbols sk̄. Also ȳRk (lk, b) = <{ȳk} when sk = sk(lk) and sk̄ = sk̄(b), i.e.,

ȳRk (lk, b) = <{wkhkuksk(lk) + wkhkUk̄sk̄(b)}, 1 ≤ lk ≤ Lk, 1 ≤ b ≤ Npk . (3.10)

Having the conditional pdf of yRk (3.9), each of the three terms in the last equality

of (3.8) can be calculated as follows:

P
(
yRk > <{wkhkuksk(1) + wkhkukd

√
Eg}|sk = sk(1)

)
=

∫ ∞
<{wkhkuksk(1)+wkhkukd

√
Eg}

1

Npk

Npk∑
b=1

1√
πσ2

zk
wkw∗k

exp−(yRk − ȳRk (1, b))2

σ2
zk
|wk|2

dyRk

=
1

Npk

Npk∑
b=1

Q

(
<{wkhkukd

√
Eg − wkhkUk̄sk̄(b)}
σzk√

2
|wk|

)
, 1 ≤ k ≤ K, (3.11)

where the Q-function is defined as Q(x) = 1√
2π

∫∞
x
e−

u2

2 du, and we used the following

Q-function property:

1√
2πσ2

∫ ∞
x

exp

(
−(u− ū)2

2σ2

)
du = Q(

x− ū
σ

). (3.12)
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The third part of the last equality in (3.8) is calculated as

P
(
yRk ≤ <{wkhkuksk(Lk)− wkhkukd

√
Eg}|sk = sk(Lk)

)
=

∫ <{wkhkuksk(Lk)−wkhkukd
√
Eg}

−∞

1

Npk

Npk∑
b=1

1√
πσ2

zk
wkw∗k

exp−(yRk − ȳRk (Lk, b))
2

σ2
zk
|wk|2

dyRk

=
1

Npk

Npk∑
b=1

Q

(
<{wkhkukd

√
Eg + wkhkUk̄sk̄(b)}
σzk√

2
|wk|

)
, 1 ≤ k ≤ K, (3.13)

where the following Q-function property is used:

1√
2πσ2

∫ x

−∞
exp

(
−(u− ū)2

2σ2

)
du = Q(

ū− x
σ

). (3.14)

Finally, the second term of the last equality in (3.8) is calculated as

P
(
|yRk −<{wkhkuksk(lk)}| > <{wkhkukd

√
Eg}|sk = sk(lk)

)
= P

(
yRk −<{wkhkuksk(lk)} > <{wkhkukd

√
Eg}|sk = sk(lk)

)
+ P

(
yRk −<{wkhkuksk(lk)} < −<{wkhkukd

√
Eg}|sk = sk(lk)

)
=

1

Npk

Npk∑
b=1[

Q(
<{wkhkukd

√
Eg − wkhkUk̄sk̄(b)}
σzk√

2
|wk|

) +Q(
<{wkhkukd

√
Eg + wkhkUk̄sk̄(b)}
σzk√

2
|wk|

)

]
,

2 ≤ lk ≤ Lk − 2, 1 ≤ k ≤ K, (3.15)

where (3.12) and (3.14) were used. Now, using (3.8), (3.11), (3.13), and (3.15) yields
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the average error probability of user k:

Pek =
Lk − 1

LkNpk

Npk∑
b=1[

Q(
<{wkhkukd

√
Eg − wkhkUk̄sk̄(b)}
σzk√

2
|wk|

) +Q(
<{wkhkukd

√
Eg + wkhkUk̄sk̄(b)}
σzk√

2
|wk|

)

]
.

(3.16)

Considering (3.16), the following property holds:

Property 3.1. For a given user

Npk∑
b=1

Q(
<{wkhkukd

√
Eg−wkhkUk̄sk̄(b)}
σzk√

2
|wk|

)=

Npk∑
b=1

Q(
<{wkhkukd

√
Eg+wkhkUk̄sk̄(b)}
σzk√

2
|wk|

).

(3.17)

Proof. Since PAM constellation is symmetric around zero, for every b = b1 there

exists a b = b̄1 such that sk̄(b1) = −sk̄(b̄1). Therefore,

Q(
<{wkhkukd

√
Eg − wkhkUk̄sk̄(b1)}
σzk√

2
|wk|

) = Q(
<{wkhkukd

√
Eg + wkhkUk̄sk̄(b̄1)}
σzk√

2
|wk|

).

(3.18)

Hence,

Npk∑
b=1

Q

(
<{wkhkukd

√
Eg − wkhkUk̄sk̄(b)}
σzk√

2
|wk|

)

=

Npk∑
b̄=1

Q

(
<{wkhkukd

√
Eg + wkhkUk̄sk̄(b̄)}
σzk√

2
|wk|

)

=

Npk∑
b=1

Q

(
<{wkhkukd

√
Eg + wkhkUk̄sk̄(b)}
σzk√

2
|wk|

)
. (3.19)
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�

Using Property 3.1, the error probability of user k, 1 ≤ k ≤ K, eq. (3.16), is rewritten

as

Pek =
2(Lk − 1)

LkNpk

Npk∑
b=1

Q

(
<{wkhkukd

√
Eg + wkhkUk̄sk̄(b)}
σzk√

2
|wk|

)

=
2(Lk − 1)

LkNpk

Npk∑
b=1

Q

(
<{wkhkukd

√
Eg − wkhkUk̄sk̄(b)}
σzk√

2
|wk|

)
. (3.20)

As can be seen in (3.20), to calculate the error probability of each user one needs to

have channel state information and also the modulation order of each user. In other

words, error probability of user k does not depend on the exact transmitted symbols

of users. Therefore, precoder design by minimizing error probability is classified as

one of user-level precoding rather than one of symbol-level precoding [61].

3.3.1 MPE Transmit Precoding

Now that the error probability of each user is calculated as (3.20), we are interested

in finding the optimum values of the precoding matrix U and the receive filtering

coefficient wk which minimizes Pek , 1 ≤ k ≤ K, given that the modulation order of

each user is known. If we want to minimize the error probabilities of all K users,

it means that several interdependent objective functions have to be minimized. A

standard approach to this multiobjective optimization problem is to combine the

individual objective functions into a single composite function [70–72]. Similar to [62],
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it is assumed that the weighted sum of error probabilities, defined as

Pe =
K∑
k=1

αkPek =
K∑
k=1

2αk(Lk − 1)

LkNpk

Npk∑
b=1

Q

(
<{wkhkukd

√
Eg − wkhkUk̄sk̄(b)}
σzk√

2
|wk|

)
(3.21)

has to be minimized. By minimizing the weighted sum of error probabilities we are

also reducing each user’s error probability. The weight of each user can be set to be

αk = 1
K
, 1 ≤ k ≤ K, which results in Pe to be the average symbol error rate of all

users, or it can be set to be αk = 1
K log2 Lk

which results in Pe to be the average bit

error rate of all users, or alternatively, αks may be selected in a way to prioritize the

quality of service of different users.

Knowing the channel state information and the order of modulation of each user,

minimum probability of error (MPE) transmit precoding vector and the receive filter-

ing coefficient of the users are calculated by minimizing the average error probability

(3.21):

min
w,U

Pe

subject to Tr(URsU
H) ≤ τ, (3.22)

where τ is a maximum threshold on the total transmit power and w = [w1, . . . , wK ].

In general, the objective function of MPE precoding problem (3.22), i.e., the

average error probability (3.21) is a non-convex and nonlinear function of precoding

matrix U and receive filtering coefficients w, since the Q-function is a nonlinear non-

convex function and also the argument of each Q-function in (3.21) is a nonlinear

non-convex function of w. Nonlinear and non-convex optimization problem (3.22)

can be solved by using exhaustive search to achieve a global minimum. However,
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it is known that exhaustive search has an exponential complexity in the number of

variables and the dimension of the variables. On the other hand, gradient based

optimization algorithms, such as Newton based algorithms [48], at best can only

guarantee a local stationary point. In our simulations, it was observed that the local

solutions are drastically poor solutions that are highly dependent on the initialization

of the optimization algorithm. Naturally, for solving (3.22) a more practical approach

is imperative.

3.4 Convex Optimization Based MPE Precoding

From (3.20), it can be seen that the error probability of user k depends on its receive

filtering coefficient wk and the transmit precoding matrix of all K users, U, but it

does not directly depend on the receive filtering coefficients of other users. Based on

this observation we develop an alternating minimization algorithm to solve (3.22).

Before designing the optimization algorithm, we explore some properties of (3.20),

(3.21) and (3.22) that we will employ to solve (3.22).

First, it should be remarked that ideally the error probability of a user should

approach zero when its transmit power approaches infinity. Now, the error floor can

be defined as follows:

Definition 3.1. If the transmit powers of all users approach infinity and yet the

average error probability cannot approach zero, the value of the tight lower bound on

the weighted sum of the error probability is called the error floor.

Proposition 3.1. For users not to have an error floor, it is necessary for U and w
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to comply with the following constraints:

<{wkhkukd
√
Eg − wkhkUk̄sk̄(b)} ≥ 0, 1 ≤ k ≤ K, 1 ≤ b ≤ Npk , (3.23)

Proof. See Appendix 3.9.1. �

Property 3.2. The error probability of each user (3.20), is invariant to the scaling

of the receive filtering coefficient of that user by any positive factor.

Proof. The proof is straightforward. �

From Proposition 3.1 and Property 3.2, it becomes clear that when no error floor

exists, without loss of generality, the constraints |wk| = 1, 1 ≤ k ≤ K, and (3.23) can

be added to the optimization problem (3.22). Therefore, the MPE precoding problem

is rewritten as

min
U,w

P̃e (3.24a)

subject to Tr(URsU
H) ≤ τ, (3.24b)

|wk| = 1, 1 ≤ k ≤ K (3.24c)

<{wkhkukd
√
Eg − wkhkUk̄sk̄(b)} ≥ 0, 1 ≤ k ≤ K, 1 ≤ b ≤ Npk ,

(3.24d)

where P̃e is the average error probability when |wk| = 1, 1 ≤ k ≤ K, i.e.,

P̃e =
K∑
k=1

αkP̃ek =
K∑
k=1

2αk(Lk − 1)

LkNpk

Npk∑
b=1

Q

(
<{wkhkukd

√
Eg − wkhkUk̄sk̄(b)}
σzk√

2

)
,

(3.25)
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and P̃ek is the error probability of user k when |wk| = 1:

P̃ek =
2(Lk − 1)

LkNpk

Npk∑
b=1

Q

(
<{wkhkukd

√
Eg − wkhkUk̄sk̄(b)}
σzk√

2

)
. (3.26)

Claim 3.1. Optimization problem (3.24) is equivalent to the following optimization

problem

min
U,w

P̃e (3.27a)

subject to Tr(URsU
H) ≤ τ, (3.27b)

|wk| ≤ 1, 1 ≤ k ≤ K (3.27c)

<{wkhkukd
√
Eg − wkhkUk̄sk̄(b)} ≥ 0, 1 ≤ k ≤ K, 1 ≤ b ≤ Npk .

(3.27d)

Proof. To prove this claim, it is sufficient to show that (3.27c) is an active constraint

[48]. We use contradiction to show that the minimizer of (3.27) should always satisfy

|wj| = 1, 1 ≤ j ≤ K. Let us assume that there exists a j = k for which the global

minimizer |wopt
k | < 1. If ŵk is defined as a normalized version of wopt

k , i.e., ŵk =
wopt
k

|wopt
k |

,

we have P̃ek(ŵk) < P̃ek(w
opt
k ) and therefore P̃e(ŵk) < P̃e(w

opt
k ), which contradicts the

assumption that wopt
k is a minimizer. Therefore, the minimizer of (3.27) should always

satisfy |wj| = 1, 1 ≤ j ≤ K. �

Alternating minimization is a standard approach to solve a bi-convex optimization
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problem [73,74]. Now we try to solve (3.27) alternatingly over U and w by solving

min
U

P̃e (3.28a)

subject to Tr(URsU
H) ≤ τ, (3.28b)

<{wkhkukd
√
Eg − wkhkUk̄sk̄(b)} ≥ 0, 1 ≤ k ≤ K, 1 ≤ b ≤ Npk

(3.28c)

and

min
w

P̃e (3.29a)

subject to |wk| ≤ 1, 1 ≤ k ≤ K (3.29b)

<{wkhkukd
√
Eg − wkhkUk̄sk̄(b)} ≥ 0, 1 ≤ k ≤ K, 1 ≤ b ≤ Npk ,

(3.29c)

respectively.

Property 3.3. For a given U that satisfies Tr(URsU
H) ≤ τ and for w in the set

F={w : |wk| ≤ 1,<{wkhkukd
√
Eg − wkhkUk̄sk̄(b)} ≥ 0, 1 ≤ k ≤ K, 1 ≤ b ≤ Npk},

(3.30)

we have argmin
w

P̃e = [argmin
w1

P̃e1 , . . . , argmin
wK

P̃eK ]. In other words, argmin
wk

P̃e=argmin
wk

P̃ek .

The proof of Property 3.3 is obvious since P̃e is the summation of K functions, i.e.,

αkP̃ek for 1 ≤ k ≤ K, where for each k the function αkP̃ek directly depends only on

wk but not on wj, j 6= k. As a consequence of Property 3.3, given a U that satisfies

(3.28b) and with a nonempty feasible set (3.30), optimization problem (3.29) can be
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partitioned into K decoupled minimizations of P̃ek over wks, for 1 ≤ k ≤ K as

min
wk

P̃ek (3.31a)

subject to |wk| ≤ 1, (3.31b)

<{wkhkukd
√
Eg − wkhkUk̄sk̄(b)} ≥ 0, 1 ≤ b ≤ Npk . (3.31c)

Hence, the alternating optimization algorithm of Table 3.1 is proposed to solve MPE

precoding problem (3.27) to obtain the transmit precoding matrix and the receive

filtering coefficients. In this algorithm p1
e and p2

e contain the error probabilities of

users before and after updating U and w at each iteration, respectively; and P threshold
e

is provided by the system designer based on the required accuracy of the algorithm.

Claim 3.2. Problems (3.28) and (3.31) are both convex optimization problems.

Proof. See Appendix 3.9.2. �

Based on Claim 3.2, (3.28) and (3.31) can be solved by using conventional convex

programming methods. It is easily shown that the algorithm in Table 3.1 converges

to a local minimum.

Theorem 3.1. The algorithm in Table 3.1 converges to a local minimum of (3.27).

Proof. Since the objective function P̃e is minimized at both Minimization I and Min-

imization II, each iteration causes P̃e to be non-increasing. Moreover, considering

the fact that P̃e is always nonnegative, 0 ≤ P̃e ≤ 1, it guarantees that the algorithm

converges to a stationary (minimum) point. �

It is worth noting that the problem (3.27) only has a solution when the set of

constraints is feasible. If users in the original MPE precoding problem (3.22) suffer
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Table 3.1: Alternating minimization algorithm for solving MPE precoding problem
(3.27)

Initialization:
U0 ← random complex M ×K matrix.
U0 ← U0

‖U0‖F max(σs1 ,...,σsK )

√
τ to guarantee (3.28b).

w0 ← normalized random complex number.
w0 ← w0 × 11×K .
Initialize p1

e = [P 1
e1
, · · · , P 1

eK
] and p2

e≺ p1
e with proper values to start the while

loop, e.g., p1
e = 21×K and p2

e = 1× 11×K .

while
∑K
k=1 αkP

1
ek
−αkP 2

ek

K
> P threshold

e do
p1

e ← p2
e.

Minimization 1:

Solve (3.28) over U assuming that w = w0 and the initial value of U0 for U.
U0 ← Uopt.
Minimization 2:
for k = 1 : K do

Minimize (3.31) over wk assuming U = U0 and the initial value of w0k for
wk, where w0k is the kth element of w0.
w0k ← wopt

k .
P 2
ek
← Pek(U0, w0k).

end for
end while
U0 and w0 are the optimal transmit precoding matrix and the receive filtering
coefficients, respectively.

from the existence of the error floor, it means that at least one of the constraints

defined in (3.27d) does not hold. Therefore, the set of constraints defined by (3.27b),

(3.27c), and (3.27d) is empty. In other words, the constrained problem does not have

any solution. It should be mentioned that if such an instance occurs, i.e., when users

suffer from the existence of the error floor, it is inherently impossible for some of

the users to be met by an acceptable quality of service, using only linear precoding

methods. This means the received signals of such users are not linearly separable

using linear precoding methods.
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Remark. A special case of the MPE precoding problem occurs when wks, 1 ≤ k ≤ K,

are known in advance. For example, when no filtering is employed at the receivers,

received filtering coefficients can be considered to be equal to 1. In such cases, the

MPE optimization problem (3.27) reduces only to problem (3.28). Therefore precod-

ing matrix is obtained by directly solving a convex problem over U rather than by

using alternating minimization of Table 3.1.

3.5 Reduced-Complexity Convex MPE Precoding

Although (3.28) is shown to be a convex optimization problem, nevertheless the num-

ber of constraints in (3.28c) and the number of summations in the objective function,

(3.25), are of the order of KNpk = K
∏K

j=1
j 6=k

Lj, i.e., exponential in the number of

users K and polynomial in the modulation order L. Similarly, despite the fact that

(3.31) is shown to be a convex optimization problem, the number of constraints in

(3.31c) and the number of summations in the objective function, (3.26), are of the

order of Npk =
∏K

j=1
j 6=k

Lj, i.e., exponential in the number of users K and polynomial in

the modulation order L. In this section we try reduce the complexity order of both

optimization problems (3.28) and (3.31).

Proposition 3.2. All Npk constraints of (3.31c) hold if and only if

<{wkhkukd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhkujsj(Lj)}| ≥ 0. (3.32)

Proof. See Appendix 3.9.3. �
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Replacing all Npk constraints of (3.31c) with (3.32), (3.31) is written as

min
wk

P̃ek (3.33a)

subject to |wk| ≤ 1, (3.33b)

<{wkhkukd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhkujsj(Lj)}| ≥ 0, (3.33c)

with reduced complexity. Similarly, using Proposition 3.2, (3.28) is rewritten as

min
U

P̃e (3.34a)

subject to Tr(URsU
H) ≤ τ, (3.34b)

<{wkhkukd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhkujsj(Lj)}| ≥ 0, 1 ≤ k ≤ K. (3.34c)

with reduced complexity.

Claim 3.3. Constraint sets (3.33c) and (3.34c) are convex sets over wk and U,

respectively.

Proof. See Appendix 3.9.4. �

Based on Claims 3.3 and 3.2, it can be inferred that the reduced complexity MPE

precoding problems (3.34) and (3.33) are convex optimization problems which can

be solved using conventional convex programming methods [49]. Consequently, the

algorithm in Table 3.1 can be modified to alternatingly minimize (3.34) and (3.33)

instead of (3.28) and (3.31), respectively.

Now, we try to further reduce the complexity of (3.34) and (3.33) by replacing
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the error probability of each user with an upper bound on the error probability. It

will be shown that the number of summations in the objective functions (3.25) and

(3.26) will be reduced from KNpk and Npk to K and 1, respectively.

Claim 3.4. The following expression is an upper bound on the error probability (3.26)

of user k, 1 ≤ k ≤ K:

P̃Up
ek

=
2(Lk − 1)

Lk
Q

<{wkhkukd
√
Eg} −

∑K
j=1
j 6=k
|<{wkhkujsj(Lj)}|

σzk√
2

 . (3.35)

Proof. Considering that the Q-function is a decreasing function for nonnegative ar-

guments, and using (3.65), it can easily be seen that (3.35) is an upper bound on the

error probability of user k. �

Consequently,

P̃Up
e =

K∑
k=1

2αk(Lk − 1)

Lk
Q

<{wkhkukd
√
Eg} −

∑K
j=1
j 6=k
|<{wkhkujsj(Lj)}|

σzk√
2

 (3.36)

is an upper bound on the weighted sum of error probabilities (3.25).

Now, using the upper bound (3.36) as the objective function, (3.34) is further

reduced to

min
U

P̃Up
e (3.37a)

subject to Tr(URsU
H) ≤ τ, (3.37b)

<{wkhkukd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhkujsj(Lj)}| ≥ 0, 1 ≤ k ≤ K. (3.37c)
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Similarly, using the upper bound (3.35) as the objective function, (3.33) further re-

duces to

min
wk

P̃Up
ek

(3.38a)

subject to |wk| ≤ 1, (3.38b)

<{wkhkukd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhkujsj(Lj)}| ≥ 0, (3.38c)

for 1 ≤ k ≤ K. Since the argument of the Q-function in P̃Up
ek

is constrained to be non-

negative (3.38c), and Q-function is a decreasing function for nonnegative arguments,

(3.38) can equivalently be written as

max
wk

<{wkhkukd
√
Eg} −

∑K
j=1
j 6=k
|<{wkhkujsj(Lj)}|

σzk√
2

(3.39a)

subject to |wk| ≤ 1, (3.39b)

<{wkhkukd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhkujsj(Lj)}| ≥ 0. (3.39c)

The objective function of (3.39) can be interpreted as the ratio of the half the distance

between two received signal constellation points minus the maximum amplitude of

the interference form all other users to standard deviation (square root of variance)

of noise at receiver k. Problems (3.37) and (3.39) are low-complexity convex opti-

mization problems, which can alternatingly be solved to obtain reduced-complexity

MPE transmit precoding matrix and receive filtering coefficients of users.
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3.6 Geometric User Selection

In this section, we develop a user selection algorithm knowing that MPE transmit

precoding is utilized at the transmitter. It is assumed that the number of available

users KT � M and the set of all available users is given by A = {1, · · · , KT}. For

a given time period, the transmitter selects a subset, S, of K users out of KT users,

S ⊆ A, for transmission. We are interested in maximizing the number of selected

users and minimizing the error probabilities at the same time. Hence, ideally we would

like to solve the following multiobjective optimization problem which, compared to

(3.27), only has an extra objective function:

min
w,U,S⊆A

∑
k∈S

2αk(Lk − 1)

LkNpk

Npk∑
b=1

Q

(
<{wkhkukd

√
Eg − wkhkUk̄sk̄(b)}
σzk√

2

)
,

max
w,U,S⊆A

|S|

subject to Tr(URsU
H) ≤ τ,

|wk| ≤ 1, k ∈ S

<{wkhkukd
√
Eg − wkhkUk̄sk̄(b)} ≥ 0, k ∈ S, 1 ≤ b ≤ Npk . (3.40)

where |S| = K is the cardinality of the set of selected users. In the majority of

existing user selection algorithms, e.g. [12,14], the number of selected users K should

be less than or equal to the degrees of freedom (DoF) of the system, which in this

scenario is equal to the number of transmit antennas M , since KT > M . However,

in our proposed user selection algorithm, the number of selected users could be more

than the DoF of the system, as will be confirmed in the numerical results. The

increase in the number of selected users is made possible because in the proposed
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user selection algorithm the constraints of the optimization (3.40) originate from the

MPE precoding problem which in turn exploits a one-dimensional discrete modulation

rather than a continuous two-dimensional Gaussian input distribution.

Practically, it is more suitable to solve the user selection and precoding problems

separately. Although suboptimal, (3.40) is separated into a minimization over U and

w and a maximization over S. Since the precoding problem, i.e., the minimization

problem, has been addressed in Sections 3.4, 3.5, user selection, i.e., the maximization

problem, will be the only focus in this section. Therefore, instead of (3.40) we solve

max
S⊆A
|S| (3.41a)

subject to Tr(URsU
H) =

∑
k∈S

σ2
sk
‖uk‖2 ≤ τ, (3.41b)

|wk| ≤ 1, k ∈ S, (3.41c)

<{wkhkukd
√
Eg − wkhkUk̄sk̄(b)} ≥ 0, k ∈ S, 1 ≤ b ≤ Npk . (3.41d)

In other words, (3.41) maximizes the cardinality of the set of selected users such

that the selected users do not experience error floor and the constraint on the trans-

mit power is satisfied, i.e., the number of selected users is maximized subject to the

constraint set of the MPE precoding problem. This means that we try to find the

maximum number of users such that the feasible region of the MPE precoding problem

is not an empty set. This combinatorial optimization problem has very high compu-

tational complexity. Therefore, we try to find a suboptimal algorithm for finding a

good set of selected users.
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First, by using Proposition 3.2, (3.41) is rewritten as

max
S⊆A
|S| (3.42a)

subject to Tr(URsU
H) =

∑
k∈S

σ2
sk
‖uk‖2 ≤ τ, (3.42b)

|wk| ≤ 1, k ∈ S, (3.42c)

<{wkhkukd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhkujsj(Lj)}| ≥ 0 k ∈ S. (3.42d)

For a tractable solution, user selection should be looked at as a separate entity from

precoding process. Therefore, we try to remove the dependence of the optimization

problem (3.42) from the transmit precoding weights and receive filtering coefficients.

In this regard, we assume that the receivers use no filtering, i.e., wk = 1, k ∈ S,

which results in (3.42d) reduces to

<{hkukd
√
Eg} −

K∑
j=1
j 6=k

|<{hkujsj(Lj)}| ≥ 0 k ∈ S. (3.43)

Now, to remove the dependence of the user selection problem on transmit precoding

vectors uks, it is further assumed that normalized maximum ratio transmission (con-

jugate beamforming) is employed for transmission such that uk = hHk
√

PT∑
j∈S σ

2
sj
|hj |2

[75, 76]. Consequently, this removes (3.42b) and simplifies (3.42d) further to

∑
j∈S
j 6=k

sj(Lj)|Re{hkhHj }| ≤ d
√
Eg‖hk‖2 k ∈ S. (3.44)
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Therefore, the user selection optimization problem (3.42) reduces to

max
S⊆A
|S| (3.45a)

subject to
∑
j∈S
j 6=k

(Lj − 1)|Re{hkhHj }| ≤ ‖hk‖2 k ∈ S. (3.45b)

This problem could be interpreted as follows: There is an M dimensional vector

space on the complex field C, i.e., CM , in which there are KT � M given elements.

We want to choose the maximum number of elements with the following properties:∑
j∈S
j 6=k

(Lj − 1)|Re{hkhHj }| ≤ ‖hk‖2 ∀k ∈ S.

Now, we try to simplify the problem by reducing the feasible region. A sufficient

condition for (3.45b) to hold is that

|Re{hkhHj }| ≤
min(‖hk‖2, ‖hj‖2)

max(Lk, Lj)(|S| − 1)
, ∀k, j ∈ S. (3.46)

Substituting (3.45b) with the above sufficient condition gives us

max
S⊆A
|S|

subject to
|Re{hkhHj }|

min(‖hk‖2, ‖hj‖2)
≤ 1

max(Lk, Lj)(|S| − 1)
, ∀k, j ∈ S. (3.47)

From a geometric point of view, problem (3.47) is similar to packing lines in a

Grassmannian manifold of dimension M , i.e., G(1,M) [77–80]. Namely, problem

(3.47) is to pack the M -complex space with the maximum number of lines passing

through the origin such that real correlation distance between any two lines is less
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Table 3.2: Geometric user selection algorithm

Initialization:
iter = 0.
Kiter+1 = M + 1.
loop
iter ← iter + 1.
i = 1.
S iter = ∅.
Aiteri = {1, · · · , KT}.
Citeri = Aiteri .
Main Body of Algorithm:
while i ≤ Kiter and Ci 6= ∅ do
πiteri = argmax

k∈Citeri

‖hk‖2.

S iter = S iter ∪ {πiteri }.
Aiteri ← Aiteri \ {πiteri } .
Aiteri+1 = Aiteri \ {∀k ∈ Aiteri |dRC(hk,hπiteri

) > 1
max(Lk,Lπiter

i
)(Kiter−1)

}.

Citeri+1 = {∀k ∈ Aiteri+1|dRC(hk,hπiteri
) > α

max(Lk,Lπiter
i

)(Kiter−1)
}.

if Citeri+1 = ∅ then
Citeri+1 = Aiteri+1.

end if
i← i+ 1.

end while
Decision for Next Iteration

end loop

than some value, where we define the real correlation distance between two lines as

dRC(hk,hj) ,
|Re{hkhHj }|

min(‖hk‖2, ‖hj‖2)
. (3.48)

It should be remarked that dRC is not actually a distance or metric but only possess

some properties of a metric. To solve (3.47) we propose the geometric user selection

(GUS) algorithm of Table 3.2.
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This suboptimum low-complexity algorithm semi-greedily1 selects users based on

both their channel strength and their real correlation distance. In the Main Body

of Algorithm in Table 3.2, first the user with the strongest channel in the set of

candidate users, C, is opted for the set of selected users S. Then, any user from the

set of available users, A, with real correlation distance of more than 1
K−1

from the

previously selected user, πi, is removed for the next set of available users. To make

the packing tighter, the algorithm selects users from a set of candidate users rather

than from all available users. A user is considered for the next set of candidate users

if its distance from the last selected user, πi, is close to the upper bound 1
K−1

. The

parameter α determines how close the distance of the next candidate users from the

last selected user should be to the upper bound. The Main Body of Algorithm iterates

until either K users are selected or the set of candidate users is empty. It should be

remarked that the cardinality of the selected set in this algorithm is upper bounded

by the initial guess for the number of users K.

In Decision for Next Iteration in Table 3.2, it is decided whether the set of selected

users could be improved either in the sense of size or the distance among users. If

iter = 1, then depending on whether the cardinality of the selected set is equal to

Kiter or less than Kiter, K is incremented or decremented respectively, i.e., Kiter+1 =

Kiter +1 or Kiter+1 = Kiter−1. As a result the number of iterations is always greater

than one. If iter 6= 1 then one of four different scenarios may occur:

1) If Kiter > Kiter−1 and the size of the current selected set is larger than or equal

to the size of the previous selected set ( |S iter| ≥ |S iter−1|), then the algorithm

gets greedy and prepares to check if the size of the selected set could be further

1The algorithm is semi-greedy rather than greedy since it does not select the best channel at
each iteration. Nonetheless, it first removes some of the users which are not orthogonal to the last
selected users and then selects the best user among the remaining ones.
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improved by incrementing K for the next iteration, i.e., Kiter+1 = Kiter + 1.

2) If Kiter > Kiter−1 and |S iter| < |S iter−1| then the previous selected set is con-

sidered as the selected set (S = S iter−1) and the algorithm breaks from the

loop.

3) If Kiter < Kiter−1 and |S iter| ≥ Kiter − 1 then the current selected set is chosen

as the selected set (S = S iter) and the algorithm breaks from the loop.

4) Otherwise, Kiter+1 = Kiter − 1.

Remark. Now, we justify the choice of K = M + 1 as the initial value for K in

GUS algorithm. In the context of packing, geodesic distance and chordal distance

are common metrics with existing bounds for packing problems. Therefore, to find

an approximate value for the maximum number of users K, the size of the feasible

region in (3.47) is reduced, again by replacing the constraint of (3.47) with a sufficient

condition as

max
S⊆A
|S| (3.49a)

subject to
|hkhHj |

min(‖hk‖2, ‖hj‖2)
≤ 1

max(Lk, Lj)(|S| − 1)
, ∀k, j ∈ S. (3.49b)

allowing us to utilize existing bounds from differential geometry.

Next, we find an approximation for the maximum number of lines that could fill

the M space such that (3.49b) is satisfied. In G(1,M), the principal angle between

lines hk and hj is defined as [81]

θk,j = arccos
|〈hk,hj〉|
‖hk‖‖hj‖

(3.50)
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and the chordal distance between two lines is defined as [77,78]

dc(hk,hj) = | sin(θk,j)| =

√
1−

|hkhHj |2

‖hk‖2‖hj‖2
. (3.51)

Similar to the Rankin bound for spherical codes, there exists the following upper

bound on the chordal distance between any two lines in the Grassmannian manifolds

for packing K lines [77, 78]:

d2
c ≤


(M−1)K
M(K−1)

if K ≤
(
M+1

2

)
(M−1)
M

if K >
(
M+1

2

)
.

(3.52)

Using (3.51) and (3.52) we have


|hkhHj |2

min (‖hk‖4,‖hj‖4)
≥ |hkhHj |2

‖hk‖2‖hj‖2
≥ 1− (M−1)K

M(K−1)
if K ≤

(
M+1

2

)
|hkhHj |2

min (‖hk‖4,‖hj‖4)
≥ |hkhHj |2

‖hk‖2‖hj‖2
≥ 1− (M−1)

M
if K >

(
M+1

2

) (3.53)

and by taking (3.49b) into account, we have

 1− (M−1)K
M(K−1)

≤ 1
(K−1)2 if K ≤

(
M+1

2

)
1− (M−1)

M
≤ 1

(K−1)2 if K >
(
M+1

2

)
.

(3.54)

This is equivalent to the following sufficient (but not necessary) condition:

K ≤M + 1, (3.55)

which serves as an approximation to the number of selected users for the first iteration

in the GUS algorithm.
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3.6.1 Complexity Analysis

Similar to [15], we analyze the computational complexity of the proposed GUS algo-

rithm, using flop counts by assuming that a real addition, multiplication, division,

or comparison is counted as one flop. The computational complexity of the GUS

algorithm is calculated as follows:

• It takes 2M real multiplications and 2M − 1 real addition to calculate ‖hk‖2.

Therefore, KT (4M − 1) flops are needed, to calculate all channel norms. Cal-

culation of the channel norms is only performed once at the beginning of the

GUS algorithm.

• Inside the while loop, it takes |Citeri | comparisons to find πiteri .

• To calculate dRC(hj,hπiteri
), 4M + 2 flops are required, since channel norms

are already calculated. Therefore, to construct Aiteri+1, (4M + 3)|Aiteri | flops are

required.

• Since the real correlation distances are already calculated, it takes |Aiteri+1| flops

for comparisons to construct Citer+1
i+1 .

• The total number of flops in each while loop is therefore counted as |Citeri | +

|Aiteri |(4M + 3) + |Aiteri+1|. At each iteration of the while loop, it is obvious

that |Aiteri+1| ≤ |Aiteri |. Moreover, |Aiteri | ≤ KT and |Citeri | ≤ KT . Therefore,

KT (4M + 5) is an upper bound on the number of flops in each while loop.

• The maximum number of iterations in the while loop is Kiter which is upper

bounded by 2M . The maximum number of outer loop iteration is M . Hence,
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the 2M2(4M + 5)KT + (4M − 1)KT is an upper bound on the total number of

flops ψ, which indicates that ψ ≈ O(KTM
3).

Therefore, the complexity order is the same as that of SUS algorithm [12,14].

3.7 Numerical Results

We consider a multiple-input single-output broadcast channel (BC) with a 4-antenna

transmitter and four single-antenna users. The transmitter is assumed to send inde-

pendent 4-PAM signals to the users simultaneously and at the same carrier frequency.

The channel gains are assumed to be quasi static and follow a Rayleigh distribution

with unit variance. In other words, each element of the channel is generated as a

zero-mean and unit-variance i.i.d. CSCG random variable. Since our focus is on vari-

ous transmit precoding methods rather than on the effects of channel estimation, we

assume that perfect CSI of all channels is available at the transmitter [53, 54]. At

the receiver, i.i.d. Gaussian noise is added to the received signal. All simulations are

performed over 10,000 different channel realizations and at each channel realization

a block of 1,000 symbols is transmitted to each user. The above setting is used for

all of our following simulations unless expressed otherwise.

Fig. 3.2 compares the average symbol error rates of ZF and MMSE (regular-

ized ZF) precoding [53] with the proposed convex MPE, reduced-complexity (RC)

MPE version 1 (RC-MPE1), and reduced-complexity MPE version 2 (RC-MPE2).

As can be seen, all the proposed MPE based methods substantially outperform ZF

and MMSE precoding. For example, at symbol error rate of 7.9 × 10−3, RC-MPE2

shows a significant gain of about 9.2 dB and convex MPE and RC-MPE1 show a gain

of about 12 dB compared to the MMSE precoding and even more gain compared to
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Figure 3.2: Average symbol error rates of users for M = 4 transmit antennas and
K = 4 users with 4-PAM modulation.

the ZF precoding.

In Fig. 3.2, it was shown that the proposed MPE based precoding of one-

dimensionally modulated signals outperforms classical ZF and MMSE precoding of

one-dimensionally modulated signals. It would also be very instructive to compare

the performance of the proposed precoding methods of one-dimensionally modulated

signals with that of ZF and MMSE precoding of two-dimensionally modulated signals.

Throughput of the system is a metric that reflects such a comparison in a better way

than symbol error rate. Next, we examine the proposed precoding methods from the

perspective of throughput. The expected sum rate of users assuming 4-PAM mod-

ulation is depicted in Fig. 3.3. Numerically, this metric can be obtained using the

modulation order of the users and the ratio of the number of successfully estimated

symbols to the number of transmitted symbols. As can be seen, at all SNRs the
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Figure 3.3: Average sum rates when M = 4 and K = 2 with 16-QAM modulated
signals for ZF-QAM and MMSE-QAM and when M = 4 and K = 4 with 4-PAM
modulated signals the other simulated precoders.

proposed convex-MPE, RC-MPE1, and RC-MPE2 precoding methods achieve higher

rates than ZF and MMSE precoding. It should be remarked that in addition to the

sum rate of four users with 4-PAM modulation, sum rate of two users with 16-QAM

modulation using ZF and MMSE transmit precoding are also included in Fig. 3.3

(denoted by ZF QAM and MMSE QAM). Theoretically, four users with 4-PAM mod-

ulation and two users with 16-QAM modulation, both achieve a maximum sum rate

of 8 bits/channel use. Therefore, it is very interesting to observe that the proposed

precoding methods which are developed for one-dimensional modulations not only

outperform the classical precoding methods with one-dimensional modulation, but

also they outperform the classical MMSE and ZF precoding for their counterpart

two-dimensional modulations.



3.7. NUMERICAL RESULTS 88

SNR (dB)
0 2 4 6 8 10 12 14 16 18 20

F
ra
m
e-
w
is
e
su
m

ra
te

(b
it
/c
h
an

n
el

u
se
)

0

1

2

3

4

5

6

7

8

MMSE QAM

ZF QAM

RC-MPE2

RC-MPE1

Convex-MPE

MMSE

ZF

Figure 3.4: Average frame-based sum rates when M = 4, K = 2, and each frame
consists of 1,000 symbols of 16-QAM for ZF-QAM and MMSE-QAM and when M =
4, K = 4, and each frame consists of 1,000 symbols of 4-PAM modulated signals.

In Fig. 3.4, similar to [55], the notion of expected sum rate for frame-based

transmission is presented to better reflect the effect of error probability in throughput.

Theoretically, this metric is given by E[Thr] =
∑K

k=1(1−Pek)` log2 Lk bits per channel

use, where ` is the frame size of the users. Numerically, this metric can be calculated

by taking the ratio of the number of symbols in successfully estimated frames to

the number of transmitted symbols. Transmission of a frame is considered to be

successful, if the entire frame is estimated error-free. As mentioned earlier the frame

sizes are assumed to be 1,000 symbols. As can be seen in Fig. 3.4, the frame-based

sum rates of the proposed methods also significantly outperform the frame-based

sum rates of two users with 16-QAM modulation using ZF and MMSE precoding

as well as the frame-based sum rate of four users with 4-PAM modulation using ZF
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Figure 3.5: Average numbers of selected users vs. total number of available users for
M = 2, 4, 6 transmit antennas.

and MMSE precoding. It can also be seen that as SNR increases the achievable

expected throughput approaches limits determined by the number of users and their

modulation order.

3.7.1 User Selection

First, the proposed GUS algorithm is compared with semi-orthogonal user selection

(SUS) algorithm of [12]. Assuming BPSK modulation for all users, Fig. 3.5 shows the

average number of selected users over 1,000 different channel realizations versus the

total number of available users for three different cases: when the number of transmit

antennas is 2, 4, and 6. We observe that for SUS it is possible to have at most as many

users as the number of transmit antennas, as it is obvious by its algorithm in [12],
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while GUS may select more users. For example, when there are KT = 10, 000 users

available1, GUS can select 6 users with only 4 antennas compared to the 4 selected

users of the SUS algorithm. When the transmitter has 2 antennas and there are only

10 users available to select from, GUS can select 2.48 users on average which is still

more than the number of transmit antennas, while SUS selects 1.92 users on average.

It should be remarked that in all our simulations the parameter α in GUS is set to

be Kiter−1
Kiter .

As expected, it can also be seen that until saturation, the number of selected users

for both GUS and SUS increases as the total number of available users increases. The

channel of each user corresponds to a line passing through the origin of the complex

M dimensional hypersphere. Hence, when the number of users increases, the density

of possible lines to choose from increases. This makes it more likely to pack the

space with more lines obeying the specific distance. It should be remarked that

when M = 6, for smaller numbers of users SUS outperforms GUS. This indicates the

requirement for the development of better algorithms than GUS, which would not

only be able to select more users than the number of transmit antennas as GUS does,

but would also be capable of outperforming SUS in all scenarios.

Now, we study the effect of user selection in conjunction with precoding. Consider

a system with a 2-antenna transmitter that first selects a set of users out of KT = 50

users by using either GUS or SUS, and then sends information to the selected users

using various precoding methods. Fig. 3.6 shows the error probabilities of different

combinations of user selection and precoding methods. In this simulation setting and

the coming one, each element of the channel is generated as an i.i.d. CSCG random

1Of course it is not practical to service 10,000 users with one transmitter. This large number of
users is just for illustration purposes to gain insight into the system.
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Figure 3.6: Average bit error rates of selected users when M = 2 and KT = 50 users.
In this scenario, the average number of selected users over all SNRs is 2 for SUS while
it is 3.19 for GUS.

variable with zero-mean and unit-variance per real and imaginary dimensions. As

can be seen, the lowest error probabilities are achieved by SUS rather than GUS, and

by a small margin, MPE precoding outperforms all other precoding methods used for

SUS. However, it could not be simply concluded that the SUS algorithm outperforms

GUS since the average number of selected users over all SNRs is 2 for SUS while it

is 3.19 for GUS. In other words, although GUS selects more users, the users have

higher error probabilities in comparison with the selected users of SUS, as expected.

It should be noticed that for the proposed geometric user selection algorithm, error

probability curves of ZF and MMSE precoding are absent from Fig. 3.6, since the

number of selected users by GUS is larger than the number of transmit antennas and

is therefore not suitable for ZF and MMSE precoding. It should also be mentioned
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Figure 3.7: Average frame-based sum rates when M = 2, KT = 50, for frame sizes of
100 and 500 bits.

that in Fig. 3.6, theoretical error probability curves of MPE methods are obtained

by substituting the calculated precoding weights for each channel realization into the

error probability expressions obtained in this chapter. All other curves in Fig. 3.6

are the result of Monte Carlo simulations. As can be seen, the simulations confirm

the theoretical results.

As observed in Fig. 3.6, since the error probability alone is not a good indicator of

the performance when there are different numbers of users in the system, Fig. 3.7 is

provided to give more insight into the performances of GUS and SUS. In Fig. 3.7 the

expected throughput for frame-based transmission is shown for different combinations

of user selection and precoding. We consider two different frame sizes: 100 and 500

bits. A transmission is considered to be successful if the entire frame is estimated
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without error. It can be seen in Fig. 3.7 that as SNR increases the achievable expected

throughput approaches limits determined by the average numbers of selected users by

SUS and GUS. For this example, at higher SNRs the achievable throughput by GUS

and MPE precoding is about 160% of the achievable throughput by SUS and any of

the other simulated precoding methods. Moreover, Fig. 3.6 shows that as the frame

size increases the throughput decreases. However, for all frame sizes the throughput

eventually approaches its upper limit, which is dictated by the average number of

selected users.

3.8 Conclusions

In this chapter, it has been shown that by exploiting the of type modulation in design

of transmit precoding, the performance of a multiple-input single-output broadcast

communications system can be tremendously improved. For one-dimensional sig-

nalling, this amounts to minimization of the weighted sum of error probabilities of

users over the transmit precoding weights and receive filtering coefficients. It has

been shown that minimum probability of error precoding of one-dimensionally modu-

lated signals not only significantly outperforms conventional transmit precoding, such

as ZF, MMSE, and MSLNR, of one-dimensionally modulated signals but also con-

ventional transmit precoding of their counterpart two-dimensional modulations. A

very significant finding reported here is the proposed geometric user selection (GUS)

algorithm. It has been shown that GUS is able to select more users than the number

of transmit antennas as well as to increase the system throughput.
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3.9 Appendix

3.9.1 Proof of Proposition 3.1

Assume that there exist j = k and b = b1 such that for every U and wk

<{wkhkukd
√
Eg − wkhkUk̄sk̄(b1)} < 0. (3.56)

Therefore,

<{wkhkukd
√
Eg − wkhkUk̄sk̄(b1)}
σzk√

2
|wk|

< 0. (3.57)

Hence,

Q

(
<{wkhkukd

√
Eg − wkhkUk̄sk̄(b1)}
σzk√

2
|wk|

)
>

1

2
. (3.58)

Consequently, the error probability is

Pe =
αk(Lk − 1)

LkNpk

+
2αk(Lk − 1)

LkNpk

Npk∑
b=1
b6=b1

Q

(
<{wkhkukd

√
Eg − wkhkUk̄sk̄(b)}
σzk√

2
|wk|

)

+
K∑
j=1
j 6=k

2αj(Lj − 1)

LjNpj

Npj∑
b=1

Q

(
<{wjhjujd

√
Eg − wjhjUj̄sj̄(b)}
σzj√

2
|wj|

)
. (3.59)

If the transmit power approaches infinity, the average error probability approaches

αk(Lk−1)
LkNpk

. In other words, if αk 6= 0, there always exists an error floor of αk(Lk−1)
LkNpk

,

because the number of users is limited and consequently is Npk .

3.9.2 Proof of Claim 3.2

First we show that (3.28) is a convex optimization problem. For this purpose, it

should be shown that P̃e is a convex function with respect to U and also (3.28b) and
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(3.28c) each compose a convex set with respect to U.

Before stating the proof it should be remarked that the <{.} operator is not a

linear function. Using the definition of a convex function [49], we define U1 as

U1 = αU2 + (1− α)U3, (3.60)

assuming α ∈ R. The function g(U;wk; k, b) is also defined to denote the argument

of the Q-function in (3.25). Therefore,

g(U1;wk; k, b)=
<{wkhk(αu2k+(1−α)u3k)d

√
Eg−wkhk(αU2k̄ + (1−α)U3k̄)sk̄(b)}
σzk√

2

= αg(U2;wk; k, b) + (1− α)g(U3;wk; k, b), (3.61)

where ujk is the kth column of Uj, j = 1, 2, 3, and Uj k̄ is Uj with ujk removed.

Hence, the argument of each Q-function in (3.25) is an affine function with respect

to U.

It is known that g(U, wk; k, b) is always nonnegative (3.28c). Moreover, the Q-

function is a convex function for nonnegative arguments and also it is know that affine

mapping does not change the convexity [49]. As a result, Q(g(U;wk; k, b)) is a convex

function of U. Moreover, since the sum of two convex functions is a convex function,

it becomes clear that P̃e, (3.25), is a convex function with respect to U.

Now, we show that (3.28b) represents a convex set. Since Rs is a positive diagonal

matrix, it therefore is symmetric and positive definite. Hence, (3.28b) shows the

interior and the boundary of an ellipsoid [49] and therefore represents a convex set

with respect to U.

To show that (3.28c) is a convex set, we use the definition of a convex set [49].
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Therefore, it is assumed that U1 and U2 are two arbitrary points in (3.28c). For any

0 ≤ α ≤ 1, 1 ≤ k ≤ K, and 1 ≤ b ≤ Npk , we have

<{wkhk(αu1k + (1− α)u2k)d
√
Eg − wkhk(αU1k̄ + (1− α)U2k̄)sk̄(b)} ≥ 0, (3.62)

i.e., αU1 + (1− α)U2 is in the set defined by (3.28c). Hence, (3.28c) is a convex set

with respect to U. Consequently, problem (3.28) is a convex optimization problem

over U with a convex objective function and closed convex constraints.

Similar to the proof of the convexity of (3.28), it can be shown that P̃ek (3.26),

i.e., the objective function of (3.31), is a convex function of wk and (3.31c) is a convex

set over wk. Moreover, (3.31b) represents the interior and the boundary of a circle,

and therefor describes a convex set. Hence, (3.31) is a convex optimization problem

over wk.

3.9.3 Proof of Proposition 3.2

To prove this proposition we show that for a given k, the left hand side (LHS) of

(3.32) is a lower bound on the LHS of the inequality (3.31c) for all b.

For 1 ≤ j, k ≤ K, we have

|<{wkhkujsj(Lj)}| = |<{wkhkuj}|.|sj(Lj)| ≥ |<{wkhkuj}|.|sj(lj)|

≥ <{wkhkuj}sj(lj) = <{wkhkujsj(lj)}, ∀lj ∈ {1, · · · , Lj}. (3.63)
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Therefore,

∑
j=1
j 6=k

|<{wkhkujsj(Lj)}| ≥
∑
j=1
j 6=k

<{wkhkujsj(lj)} = <{wkhkUk̄sk̄(b)}, 1 ≤ b ≤ Npk .

(3.64)

Hence,

<{wkhkukd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhkujsj(Lj)}| ≤ <{wkhkukd
√
Eg} − <{wkhkUk̄sk̄(b)}

= <{wkhkukd
√
Eg − wkhkUk̄sk̄(b)}, 1 ≤ b ≤ Npk . (3.65)

Thus, if <{wkhkukd
√
Eg} −

∑K
j=1
j 6=k
|<{wkhkujsj(Lj)}| ≥ 0 then <{wkhkukd

√
Eg −

wkhkUk̄sk̄(b)} ≥ 0, 1 ≤ b ≤ Npk .

To prove the necessary condition, we use contradiction. Let us assume that

<{wkhkukd
√
Eg} −

∑K
j=1
j 6=k
|<{wkhkujsj(Lj)}| < 0. Therefore, we have

0 > <{wkhkukd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhkujsj(Lj)}|

= <{wkhkukd
√
Eg} −

K∑
j=1
j 6=k

<{wkhkuj} sgn(<{wkhkuj})sj(Lj)

= <{wkhkukd
√
Eg} −

K∑
j=1
j 6=k

<{wkhkuj}sj(`j)

= <{wkhkukd
√
Eg} − <{wkhkUk̄sk̄(β)}, (3.66)

where sk̄(β) = [s1(`1), · · · , sk−1(`k−1), sk+1(`k+1), · · · , sK(`K)]T , and for j 6= k, `j =
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Lj if sgn(<{wkhkuj}) = 1 and `j = 1 if sgn(<{wkhkuj}) = −1. Therefore, there

exists a b = β such that <{wkhkukd
√
Eg} − <{wkhkUk̄sk̄(β)} < 0, i.e., at least one

constraint in (3.31c) is not satisfied.

3.9.4 Proof of Claim 3.3

To prove that (3.33c) is a convex set over wk, we use the definition of a convex set [49].

It is assumed that wk1 and wk2 are two arbitrary points in the set defined by (3.33c),

i.e., the set

{wk|<{wkhkukd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhkujsj(Lj)}| ≥ 0}. (3.67)

For any 0 ≤ α ≤ 1, using triangle inequality yields

|<{(αwk1 + (1− α)wk2)hkujsj(Lj)}|

≤ α|<{wk1hkujsj(Lj)}|+ (1− α)|<{wk2hkujsj(Lj)}|. (3.68)

Therefore,

K∑
j=1
j 6=k

|<{(αwk1 + (1− α)wk2)hkujsj(Lj)}|

≤
K∑
j=1
j 6=k

α|<{wk1hkujsj(Lj)}|+
K∑
j=1
j 6=k

(1− α)|<{wk2hkujsj(Lj)}|, (3.69)
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and consequently,

<{(αwk1 + (1− α)wk2)hkukd
√
Eg} −

K∑
j=1
j 6=k

|<{(αwk1 + (1− α)wk2)hkujsj(Lj)}|

≥ α

<{wk1hkukd
√
Eg} −

K∑
j=1
j 6=k

|<{wk1hkujsj(Lj)}|



+ (1− α)

<{wk2hkukd
√
Eg} −

K∑
j=1
j 6=k

|<{wk2hkujsj(Lj)}|

 ≥ 0. (3.70)

The last inequality holds because both α and 1 − α are not less than zero and wk1

and wk2 are in the set (3.67). Thus, (3.33c) is a convex set over wk.

To prove that (3.34c) is a convex set over U, we also use the definition of a convex

set. It is assumed that U1 and U2 are two arbitrary points in the set defined by

(3.34c), i.e.,

{U|<{wkhkukd
√
Eg} −

K∑
j=1
j 6=k

|<{wkhkujsj(Lj)}| ≥ 0, 1 ≤ k ≤ K}. (3.71)

Similar to the proof of the convexity of (3.33c), it can be shown that if 0 ≤ α ≤ 1,

αU1 + (1 − α)U2 is also in the set (3.71), and therefore (3.34c) represents a convex

set over U.
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Chapter 4

User Selection and Widely Linear Multiuser MISO

Transmit Precoding

Similar to previous chapters, massive deployment of low data rate Internet of things

and ehealth devices prompts us to develop more practical precoding and user selection

techniques that comply with these requirements. Moreover, it is known that when the

data is real-valued and the observation is complex-valued, widely linear (WL) estima-

tion can be employed in lieu of linear estimation to improve the performance. With

these motivations, in this chapter, we study the transmit precoding (beamforming) in

multiuser multiple-input single-output communications systems assuming the trans-

mit signal is one-dimensionally modulated and widely linear estimation is performed

at the receivers. Closed-form solutions for widely linear maximum ratio transmission

(MRT), WL zero-forcing (ZF), WL minimum mean square error (MMSE), and WL

maximum signal to leakage and noise ratio (MSLNR) precoding are obtained. It is

shown that widely linear processing can potentially double the number of simultane-

ous users compared to the linear processing of one-dimensionally modulated signals.

It is also shown that widely linear processing in conjunction with one-dimensional
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modulation not only improves the performance compared to linear processing of one-

dimensional modulation but also compared to linear processing of two-dimensionally

modulated signals. Furthermore, to deal with the increasing number of communi-

cations devices a user selection algorithm compatible with widely linear processing

of one-dimensionally modulated signals is proposed. The proposed user selection

algorithm can double the number of simultaneously selected users compared to con-

ventional user selection methods.

4.1 Introduction

Widely linear (WL) processing of complex-valued signals was originally introduced

in [82] and was later resurrected in [19] in the context of minimum mean square error

estimation. In widely linear estimation, the estimate is represented by superposition

of linear filtering of the observation and linear filtering of the complex conjugate of

the observation, or equivalently, by superposition of linear filtering of the real part

of the observation and linear filtering of the imaginary part of the observation [83].

The later representation is known as the composite real representation. It was shown

in [19] that when the distribution of the estimand (signal of interest) is improper,

i.e., not circularly symmetric, widely linear estimation will improve the mean square

error (MSE) of the estimation, whether or not the observation is improper. Since

its resurrection by Picinbono and Chevalier [19], WL processing has been applied to

communications systems, specifically when they employ improper signal constellations

or encounter improper noise [83].

Advances in wireless communications in addition to advances in electronic infras-

tructure paved the way for emergence of technologies such as the Internet of things
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(IoT) and pervasive ubiquitous ehealth [1, 84–86]. In wireless communications, low

data rate one-dimensionally (1D) modulated (rectilinear) signals such as binary phase

shift keying (BPSK) and pulse amplitude modulation (PAM) are specifically of inter-

est in such emerging technologies with requirement for reliable support of a massive

number of low data rate devices [1]. When the data is one-dimensionally modulated,

which inherently means that its distribution is improper, widely linear estimation

can be directly applied in multiple-antenna communications in the context of receive

beamforming [20, 87–89]. In contrast to linear receive beamforming, in which the

output is given by a linear spatial filtering w of the received signal r as y = wr, the

widely linear receive beamforming output is given by superposition of linear beam-

forming w of the received signal and linear beamforming v of the complex conjugate

of the received signal as y = wr + vr∗. For the special case of one-dimensionally

modulated signals, widely linear receive beamforming reduces to only the real part of

linear filtering of the observation as y = <{wr} [19].

The concept of widely linear processing can also be applied to the context of

transmit precoding (beamforming). From one perspective, widely linear precoding is

the superposition of linear precoding of the modulated signal and linear precoding

of the complex conjugate of the modulated signal [90]. From another perspective,

widely linear precoding is the linear precoding of the modulated signal in conjunc-

tion with the widely linear estimation of the received signal [59, 91]. For example

for one-dimensional modulation, widely linear zero-forcing (ZF) precoding is briefly

introduced in [59] and widely linear Wiener filtering is treated in [91]. It should be

remarked that if the modulated signal is real-valued, only the latter perspective of

the widely linear transmit precoding becomes relevant.

In wireless systems, the base station or the access point is usually equipped with
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multiple antennas and the users are equipped with a single antenna due to physical

constraints such as equipment size, power supply, cost, and computational capability

[18]. Consequently, the downlink transmitter can transmit different data streams to

multiple users simultaneously to exploit the available spatial multiplexing gain. The

task of transmit precoding is to reduce the effect of cochannel interference which

arises in wireless broadcast channels due to spatial multiplexing. Four basic linear

transmit precoders which are well researched in the last decades are: (i) transmit

matched filter or maximum ratio transmission (MRT) precoding which maximizes

the signal portion of the desired signal at each receiver [92], (ii) transmit zero-forcing

or channel inversion precoding which nulls the interference at each receiver [53, 92],

(iii) transmit minimum mean square error or regularized channel inversion precoding

which minimizes sum of mean square errors (MSE) of users [53, 65, 92], and (iv)

maximum signal to leakage and noise ratio (MSLNR) precoding [54]. In this chapter

we develop widely linear counterparts of these four basic linear precoding techniques

for one-dimensional signalling.

As repeatedly mentioned earlier, emerging IoT and ehealth traffic require support

for a large number of users each having a very low data rate. To support large num-

bers of devices, one of the challenging issues is to minimize the network traffic. One

approach to deal with this issue is to share the spectrum among multiple users by

simultaneously transmitting information to multiple users using transmit precoding

techniques. User selection, specifically selection methods that can overload the system

with more users than the number of transmit antennas, is another approach to address

this issue [12]. The choice of the best user subset, which depends on the precoding

method, is a fundamental problem arising in this scenario [12, 15, 18]. It should be
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remarked that user selection algorithms may also be combined with scheduling tech-

niques such as round-robin to also improve fairness in addition to system throughput

and reliability.

In Chapter 3, it has been shown that by using the proposed geometric user selec-

tion (GUS) algorithm to select users in a system with one-dimensional signalling and

MPE precoding, the number of simultaneous devices could be increased compared to

other user selection and linear transmission methods. As has been seen in Chapter

3, although the computational complexity of GUS algorithm is very low, it does not

always select more users compared to other existing user selection methods, specially

when the number of available users is not large enough. In this chapter, inspired by

the semi-orthogonal user selection (SUS) algorithm [12], a semi-orthogonal user se-

lection method for one-dimensional modulation (SUSOM) is developed and is shown

to be able to double the number of selected users. In other words, a transmitter with

M transmit antennas is shown to be capable of supporting at most 2M simultaneous

users.

The rest of this chapter is organized as follows: Section 4.2 introduces our system

model. Section 4.3, studies the WL MRT, WL ZF, WL MMSE, and WL MSLNR pre-

coding for one-dimensional signalling. Closed-form solutions for the precoders of the

WL MRT and the WL ZF are obtained by using complex-domain analysis and closed-

form solutions of the WL MMSE and the WL MSLNR precoders are obtained by

analysis of the composite real representation. Section 4.4 introduces semi-orthogonal

user selection for one-dimensional modulation with capability of overloading the sys-

tem with more users than the number of transmit antennas. Numerical results are

presented in Section 4.5. Finally, conclusions are drawn in Section 4.6.
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4.2 System Model

A multiuser multiple-input single-output wireless broadcast channel with an M -

antenna transmitter and K single-antenna users is considered. The transmitter is

assumed to simultaneously send independent pulse amplitude modulated (PAM) sig-

nals to all users using the same carrier frequency and bandwidth. In vector space

representation, as reviewed in Section 1.3, the one-dimensionally modulated signal of

a user can be described by a real-valued scalar which is the projection of the low-pass

representation of the signal over the basis function defined as f(t) = g(t)√
Eg

, where g(t)

is the low-pass real-valued pulse shaping signal in the interval 0 ≤ t ≤ T , with the

power Eg = 1
2T

∫ T
0
g2(t)dt. Therefore, the PAM signal of user k can be represented

by sk(lk) where

sk(lk) ∈ {(2lk − 1− Lk)d
√
Eg| 1 ≤ lk ≤ Lk}, 1 ≤ k ≤ K. (4.1)

The order of modulation of user k is denoted by Lk, i.e., the total number of con-

stellation points in the pulse amplitude modulated signal of user k is Lk. This also

implies that different users may not necessarily employ the same modulation order.

The distance between adjacent signal constellation points is 2d
√
Eg. Given lk, the

power of the signal is s2
k(lk). Consequently, the average power of the modulated sig-

nal of user k is σ2
sk

=
L2
k−1

3
d2Eg. Using an M × 1 precoding vector uk to encode the

transmitted symbol of user k, the transmitted signal is then given by

x =
K∑
k=1

uksk = Us, (4.2)
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where U = [u1, · · · ,uK ], s = [s1, · · · , sK ]T , and sk = sk(lk). Therefore, the transmit

power is expressed by

E[‖x‖2
2] = Tr(URsU

H), (4.3)

where it is assumed that the input signals are mutually independent with covariance

matrix Rs = E[ssT ] = diag(σ2
s1
, . . . , σ2

sK
).

Assuming a fading channel with additive white Gaussian noise (AWGN), the re-

ceived signal rk at receiver k is given by

rk = hkx + zk, 1 ≤ k ≤ K, (4.4)

where the additive noise zk is a circularly symmetric complex Gaussian (CSCG) ran-

dom variable with zero mean and variance σ2
zk

, and the 1×M vector hk is the channel

between the M antennas of the transmitter and the single antenna of user k. The

entries of hk follow an independent identically distributed (i.i.d.) CSCG distribution

with zero mean and variance 1. This channel model is valid for narrowband (frequency

non-selective) systems if the transmit and receive antennas are in non line-of-sight

rich-scattering environments with sufficient antenna spacing [14, 46]. Equivalently,

(4.4) can be represented in vector form by

r = Hx + z, (4.5)

where r = [r1, . . . , rK ]T , H = [hT1 , . . . ,h
T
K ]T , and the noise z = [z1, . . . , zK ]T has a

mean of 0 and a covariance matrix of Rz = diag(σ2
z1
, · · · , σ2

zK
).

The received signal at each user is passed through a filter. Therefore, the processed

signal at the receiver of user k is represented as a function of the transmit precoding
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matrix U and the receive filtering coefficient wk by

yk = wkrk = wkhkUs + wkzk =
K∑
j=1

wkhkujsj + z′k = wkhkuksk +
K∑
j=1
j 6=k

wkhkujsj + z′k

= wkhkuksk + wkhkUk̄sk̄ + z′k, 1 ≤ k ≤ K, (4.6)

where z′k is also a CSCG noise term1 with variance σ2
z′k

= σ2
zk
wkw

∗
k, sk̄ = [s1, · · · , sk−1,

sk+1, · · · , sK ]T , and Uk̄ = [u1, · · · ,uk−1,uk+1, · · · ,uK ]. Equivalently, the processed

signals at the receivers can be represented in vector form by

y = WHUs + z′, (4.7)

where W = diag(w1, . . . , wK) and y = [y1, . . . , yK ]T , and z′ = Wz and has zero mean

and covariance matrix of Rz′ = WRzW
H .

Since the focus of this chapter is on the precoding design, it is assumed that W

is known at the receivers, which would, in practice, involve channel estimation. For

example, when the structure of the receivers are required to be simple without any

filtering, received filtering coefficients can be set to be equal to 1. Moreover, it is

assumed that perfect channel state information of the channels between transmitter

and all users is available at the transmitter in order to focus on the precoding methods

rather than on the effect of channel estimation. This information could be obtained,

for example, by using feedback and pilot-based estimation at the receivers or assuming

time division duplex (TDD) systems.

1Affine transformation preserves properness (circular symmetry) of a random variable [93].
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4.3 Widely Linear (WL) Processing

Widely linear (WL) processing was introduced by Picinbono and Chevalier in the

context of mean square error estimation of complex-valued data [19]. In general, when

the the data s and the observation r are both improper and complex, widely linear

estimation of s is given by ŝ = wr + vr∗, i.e., by superposition of linear estimations

of the observation r and its complex conjugate r∗. In case of real-valued data and

complex-valued observation, it is known that v = w∗ and therefore ŝ = 2<{wr}, i.e.,

the estimation is given by the real part of the output of a linear estimator [19].

Now let us consider the system model introduced in Section 4.2. Using the mid-

points between the received signal constellation points as the decision thresholds [21],

the following widely linear decision rule may be used for estimating the transmitted

PAM symbols of user k, 1 ≤ k ≤ K:

ŝk =



sk(1) yRk ≤ <{wkhkuksk(1) + wkhkukd
√
Eg}

sk(lk)
<{wkhkuksk(lk)− wkhkukd

√
Eg} < yRk ≤

<{wkhkuksk(lk) + wkhkukd
√
Eg}; 2 ≤ lk ≤ Lk − 1

sk(Lk) yRk > <{wkhkuksk(Lk)− wkhkukd
√
Eg}

, (4.8)

where the superscript R denotes the real part, i.e., xR = <{x}. Therefore, since yRk

is considered in calculating the receive beamformer or the transmit precoder rather

than yk, the processing is considered as being widely linear rather than linear.

4.3.1 WL Maximum Ratio Transmission Precoding

Maximum ratio transmission (MRT) or matched filtering is the transmit counterpart

of maximum ratio combining at the receiver [92]. MRT intends to maximize the
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received signal to noise ratio by matching the transmit precoding vector of each user

to its channel. Since MRT does not consider the existing co-channel interference, it

may only perform close to optimally in noise-limited channels. Considering widely

linear processing, the SNR at the kth user, 1 ≤ k ≤ K, can be defined as the ratio of

the power of the real part of the desired signal at receiver k to the power of the real

part of the post-processing noise, i.e.,

SNRk =
E[|<{wkhkuksk}|2]

E[|<{z′k}|2]
=

2σ2
sk

(<{wkhkuk})2

σ2
z′k

. (4.9)

Then the MRT precoding problem can be formulated by maximizing the SNR at the

receiver subject to a constraint on the transmit power as

max
uk

SNRk (4.10a)

subject to σ2
sk
‖uk‖2

2 ≤ τk, (4.10b)

for 1 ≤ k ≤ K, τk, the power constraint on transmit signal of user k, should satisfy∑K
k=1 τk = τ , and τ is the total transmit power constraint of the transmitter. To

calculate the values of τks, a power allocation strategy such as equal power allocation

or sum rate maximizing water-filling power allocation can be employed [12]. Using

the Cauchy-Schwarz inequality the solution is given by

ukMRT =

√
τk

σsk

h′Hk
|h′k|

, (4.11)

or in the matrix form

UMRT = H′HΛΛΛ, (4.12)
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where h′k = wkhk, H′ = WH = [h′T1 , . . . ,h
′T
K ]T , and ΛΛΛ = diag(

√
τ1

σs1 |h
′
1|
, · · · ,

√
τK

σsK |h
′
K |

).

Interestingly, (4.12) is the same as the result of MRT with linear processing in the

broadcast channel [13]. In other words, using widely linear processing is not advan-

tageous compared to linear processing when the transmitter uses MRT to transmit

one-dimensionally modulated signals.

4.3.2 WL Zero-Forcing Precoding

Next, we consider zero-forcing (ZF) precoding also known as channel inversion [92].

In zero-forcing, it is assumed that the received signals are interference free, i.e., the

received signal at receiver k is free of interference caused by the transmitted signal

of user j ∈ {1, . . . , K} \ {k}. In other words, zero interference imposes the following

constraint on the precoding matrix:

WHU = ΛΛΛ, (4.13)

where non-negative real-valued diagonal matrix ΛΛΛ = diag(
√
λ1, · · · ,

√
λK). Imposing

this constraint results in σ2
sk
λk as the average power of the received signal at receiver

k. Since ZF precoding only considers the effect of interference but not noise, it may

only perform close to optimal in interference-limited channels. From (4.13) it can be

seen that not only ZF forces interference to be zero, but also it makes the receive

power of each user to be fixed (not necessarily equal).

When the transmitter sends one-dimensionally modulated signals to the users and

estimation of the received signal is performed only over the real part of the received

signal (4.8), widely linear processing can be employed which results in relaxing (4.13)
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to

<{WHU} = ΛΛΛ. (4.14)

Thus, as an extension to the linear ZF precoding [92], widely linear zero-forcing pre-

coding is formulated by minimizing the total transmit power subject to the interference-

free constraint of (4.14) as

min
U

Tr(URsU
H)

subject to <{WHU} = ΛΛΛ. (4.15)

To solve this problem we first rewrite it in the following form:

min
u1,...,uK

K∑
k=1

σ2
sk

uHk uk

subject to <{H′uk} −
√
λkek = 0, 1 ≤ k ≤ K, (4.16)

where ek is the kth standard basis vector in K-dimensional Euclidean space and H′

was introduced in Section 4.3.1. Accordingly, the Lagrangian is given by

L(u1, . . . ,uK ,µµµ1, . . . ,µµµK) =
K∑
k=1

σ2
sk

uHk uk +
K∑
k=1

µµµTk (<{H′uk} −
√
λkek) (4.17)

where µµµks, 1 ≤ k ≤ K, are the nonnegative Lagrange multipliers. Using Wirtinger

calculus [50–52] to take the derivative of the Lagrangian (4.17) with respect to the

complex-valued precoding vectors uks, 1 ≤ k ≤ K, and writing the KKT conditions
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results in the following equations for the stationary points of (4.16):

σ2
sk

u∗k +
1

2
H′Tµµµk = 0, 1 ≤ k ≤ K (4.18a)

<{H′uk} −
√
λkek = 0, 1 ≤ k ≤ K. (4.18b)

From (4.18a), and for 1 ≤ k ≤ K

uk = − 1

2σ2
sk

H′Hµµµk. (4.19)

Substituting (4.19) in (4.18b) yields the corresponding Lagrange multipliers

µµµk = −2σ2
sk

√
λk[<{H′H′H}]−1ek. (4.20)

Using (4.20) in (4.19) and concatenating the obtained ZF precoding vectors to form

a matrix, the widely linear ZF precoder is obtained as

UZF = H′H [<{H′H′H}]−1ΛΛΛ. (4.21)

Widely linear ZF precoding suffers from the lack of a constraint on the transmit

power at the expense of a fixed received power, which makes the total transmit power

depend on the channel characteristics. To overcome this shortcoming of WL ZF, a

simple heuristic approach is to introduce a scaling factor γ to normalize U, such that

the total transmit power be constrained to τ . In other words, γ2 Tr(UZFRsU
H
ZF) = τ ,

which results in

γ =

√
τ

Tr(H′H [<{H′H′H}]−1ΛΛΛ2Rs[<{H′H′H}]−1H′)
. (4.22)
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Using the scaling factor (4.22) to normalize UZF of (4.21), results in the following

normalized WL ZF precoding matrix

UNorm
ZF =

√
τH′H [<{H′H′H}]−1√

Tr(H′H [<{H′H′H}]−1ΛΛΛ2Rs[<{H′H′H}]−1H′)
. (4.23)

It should be remarked that in general, using this approach or other power alloca-

tion approaches such as water-filling results in <{WHU} be a diagonal matrix not

necessarily equal to ΛΛΛ as required by (4.14).

4.3.3 WL Minimum Mean Square Error Precoding

In this section, we consider minimizing the sum of mean square errors (MSE) of users

by constraining the transmit power. Using the estimate ŝ = <{y}, the sum MSE

between the estimated signals and the desired signals can be written as

MSE = E[‖ŝ−s‖2
2] = Tr(<{H′U}Rs<{UTH′T})−2 Tr(<{H′U}Rs)+Tr(

1

2
Rz′+Rs).

(4.24)

Unfortunately, a similar approach to that of Wirtinger calculus of Section 4.3.2 results

in U and U∗ of WL MMSE being coupled in such a way that a closed-form or a semi

closed-form solution would not possible.

To deal with the widely linear minimum mean square error (MMSE) precoding

problem we employ the following two isomorphisms from the complex field to the real
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field:

U
T1−→ Ū =

 <{U}
={U}

 (4.25a)

H′
T2−→ H̃′ =

[
<{H′} −={H′}

]
. (4.25b)

Using these transformations the sum MSE between the estimated signals and the

desired signals can be equivalently written as

MSE = Tr(H̃′ŪRsŪ
T H̃′T )− 2 Tr(H̃′ŪRs) + Tr(

1

2
Rz′ + Rs). (4.26)

The total transmit power (4.3) can also be rewritten as

E[‖x‖2
2] = Tr(ŪRsŪ

T ). (4.27)

Having the MSE (4.26) and the transmit power (4.27), similar to linear MMSE

precoder [92], the widely linear MMSE precoder in broadcast channel is obtained by

solving

ŪMMSE = argmin
Ū

MSE (4.28a)

subject to Tr(ŪRsŪ
T ) ≤ τ. (4.28b)

It should be noted that (4.28b) is not necessarily an active constraint.
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Ignoring the constant terms, the Lagrangian function corresponding to the opti-

mization problem (4.28) is

L(Ū, µ) = Tr(H̃′ŪRsŪ
T H̃′T )− 2 Tr(H̃′ŪRs) + µ(Tr(ŪRsŪ

T )− τ), (4.29)

where µ is the non-negative Lagrange multiplier. Therefore, the Lagrange dual func-

tion of (4.28) is g(µ) = minŪ L(Ū, µ), and hence the corresponding dual problem

is

max
µ

g(µ)

subject to µ ≥ 0. (4.30)

Inherently, the dual problem is a convex optimization problem with respect to µ.

To solve the dual problem, similar to [73,94,95], we take a dual ascent approach which

minimizes the Lagrangian (4.29) and maximizes the dual function alternatingly. By

setting the derivative of the Lagrangian (4.29) with respect to Ū to zero, the minimizer

could be obtained as

ŪMMSE = (H̃′T H̃′ + µI2M)−1H̃′T = H̃′T (H̃′H̃′T + µIK)−1, (4.31)

where the second equality results from the matrix inversion lemma [96]. From (4.31),

it is obvious thatK ≤ 2M , otherwise the channels would not be linearly independent1.

The dual ascent algorithm summarized in Table 4.1 is proposed to solve the WL

MMSE precoding problem. To maximize the dual function, in each iteration of the

1Linearly dependent channels indicate a degraded broadcast channel.
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Table 4.1: Dual ascent algorithm for finding WL MMSE precoding matrix in broad-
cast channels

Initialize µ.
l = 1.
repeat

Compute Ū using (4.31).
Update µ using (4.32).
l← l + 1.

until Ū converges

proposed algorithm the Lagrange multiplier µ is updated in a way that it moves in

the direction of its steepest ascent, or derivative, as

µl+1 = [µl + δlµ(Tr(ŪRsŪ
T )− τ)]+ (4.32)

where l denotes the iteration number and δlµ indicates the sequence of positive scalar

step sizes for µ [94, 95].

It should be remarked that, besides the dual ascent approach, another approach

to address the WL MMSE precoding problem is from the perspective of regularized

zero-forcing [53]. This approach results in the following WL MMSE precoding matrix:

ŪRZ = H̃′T (H̃′H̃′T +
1

2SNR
IK)−1. (4.33)

Remark. In Appendix A, it is also shown that in broadcast channels, it is possible to

support twice as many users as the number of transmit antennas, if one-dimensional

signalling is employed together with interference alignment.
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4.3.4 WL Maximum Signal to Leakage and Noise Ratio Precoding

So far, we have developed widely linear MRT, ZF, and MMSE precoding. Similar

to linear MRT, ZF, and MMSE precoders [92], it can be seen that their widely lin-

ear counterparts also do not consider the effect of the receiver’s additive noise in

calculating the precoding vectors. A conventional performance criterion in commu-

nications systems which also reflects the effect of additive noise is maximization of

the signal to interference and noise ratio (SINR). However, finding precoding vectors

by maximizing SINR of each user is a prohibitively complex problem and does not

lead to a closed-form solution [60, 97, 98]. On the other hand, signal to leakage and

noise ratio (SLNR) is a relatively new metric, which not only considers the effect

of noise but also its maximization results in a closed-form solution for the precoding

vectors [54,99]. In a broadcast channel with linear precoding, the power of the leakage

of user k, 1 ≤ k ≤ K, is defined as the expected total power of the signal of user k

which is leaked to other users’ receivers, i.e.,

Leakagek =
K∑
j=1
j 6=k

E[|wjhjuksk|2] =
K∑
j=1
j 6=k

σ2
sk

uHk h′Hj h′juk = σ2
sk

uHk H′Hk̄ H′k̄uk, (4.34)

where H′
k̄

= [h′H1 , · · · ,h′Hk−1,h
′H
k+1, · · · ,h′HK ]H and h′js were introduced in Section 4.3.1.

Consequently, the SLNR of user k is defined as the ratio between the expected power

of the desired part of the received signal of that user and the combined expected noise

and leakage powers [54]:
σ2
sk

uHk h′Hk h′kuk

σ2
sk

uHk H′H
k̄

H′
k̄
uk + σ2

z′k

. (4.35)

Considering one-dimensional modulation combined with widely linear processing,

the SLNR expression can be revised to accommodate only the effective part of the
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powers on the estimation of the received signals:

SLNRk =
σ2
sk

(<{h′kuk})2

σ2
sk
<{uHk H′H

k̄
}<{H′

k̄
uk}+

σ2
z′
k

2

. (4.36)

To maximize the SLNR (4.36), we have to use the isomorphisms in (4.25) to decouple

U and U∗ in the optimization problem. Using these isomorphisms, SLNR (4.36) can

be rewritten as

SLNRk =
σ2
sk

(h̃′kūk)
2

σ2
sk

∑K
j=1
j 6=k

(h̃′jūk)
2 +

σ2
z′
k

2

=
σ2
sk

ūTk h̃′Tk h̃′kūk

σ2
sk

ūTk H̃T
k̄
H̃k̄ūk +

σ2
z′
k

2

. (4.37)

Therefore, the WL maximum SLNR (MSLNR) precoding problem can be stated as

max
ūk

SLNRk (4.38a)

subject to σ2
sk
‖ūk‖2

2 = τk, (4.38b)

where SLNRk is given by (4.37). By casting (4.38) into a generalized Rayleigh quotient

problem as

ūkMSLNR
= argmax

ūk

ūTk h̃′Tk h̃′kūk

ūTk (H̃T
k̄
H̃k̄ +

σ2
z′
k

2τk
I2M)ūk

(4.39a)

subject to σ2
sk
‖ūk‖2

2 = τk, (4.39b)

the solution to the WL MSLNR precoding problem is given by

ūkMSLNR
=

√
τk

σsk
vmax(h̃′Tk h̃′k,Q

′
k), (4.40)
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where Q′k = H̃′T
k̄

H̃′
k̄

+
σ2
z′
k

2τk
I2M and vmax(h̃′Tk h̃′k,Q

′
k) is the normalized eigenvector

corresponding to the largest generalized eigenvalue of h̃′Tk h̃′k and Q′k.

Remark. In Appendix B, to further improve the quality of service rather than in-

creasing the number of users, we try to extend the notion of widely linear processing,

hoping to exploit the additional degrees of freedom provided by the complex channel

when one-dimensional signalling is employed.

4.4 Semi-orthogonal User Selection for One-dimensional Modulation

Besides the transmit precoding, user selection is another approach to deal with the co-

channel interference which arises due to spatial multiplexing. When the total number

of available users KT is large and the transmitter has data available for transmission

to all KT users, the transmitter may select K < KT users with sufficiently good

channel conditions for simultaneous transmission. By selecting K users with good

channels, the effect of co-channel interference can be reduced, which consequently

results in improved throughput and quality of service. The optimal user subset can

be found by brute-force search over all possible user subsets, although with prohibitive

computational complexity.

Most existing multiuser linear precoding methods for MISO systems can only

support at most as many users as the number of transmit antennas M [53, 66, 92].

Consequently, existing user selection algorithms can only select at most M users

[12, 14, 15]. One such algorithm is semi-orthogonal user selection (SUS) [12]. Semi-

orthogonal user selection is an elegant algorithm which tries to select a user, if its

channel has a large gains and is nearly orthogonal to the channels of other selected

users. Ideally, all selected channels by SUS are orthogonal to each other and at the
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same time have the largest gains among KT available channels. In the SUS algorithm,

first the user with the strongest channel among the available users is selected. Then

all the channels that are not nearly orthogonal to the previously selected channel are

removed from the set of available channels. This process is then repeated until either

the set of available channels is empty or the number of selected channels is the same

as the number of transmit antennas.

As has been shown, for example in Section 4.3.3, WL precoding of 1D modulated

signals is capable of supporting more users than the number of transmit antennas.

This motivates the design of a user selection algorithm that can select more users than

the numeber of transmit antennas M . To the best of our knowledge, the geometric

user selection (GUS) algorithm proposed in Chapter 3 is the only existing user selec-

tion algorithm (based on the notion of interference avoidance) that can select more

than M users. Although the computational complexity of GUS algorithm is very low,

it may not be able to select a large enough number of users, particularly when the

total number of available users is sufficiently large. This prompts us to devise a user

selection algorithm with better performance.

Obviously, when the modulated signals are complex-valued, hk and hj, j 6= k, are

considered to be orthogonal if hkh
H
j = 0, as is assumed in SUS [12]. However, when

the transmitted signals are one-dimensionally modulated on a real basis function, the

notion of orthogonality should be modified such that two channels are considered to

be orthogonal if

<{hkhHj } = 0. (4.41)

Therefore, SUS can be refashioned as in Table 4.2 to incorporate the above notion of

orthogonality for one-dimensionally modulated signals.
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Table 4.2: Semi-orthogonal user selection for one-dimensional modulation

Initialization:
i = 1.
A = {1, · · · , KT}.
S = ∅.
Main Body of Algorithm:
while i ≤ 2M and A 6= ∅ do

1) πi = argmax
k∈A

‖h̃k‖2
σzk

where h̃k is given by (4.42).

2) S ← S ∪ {πi}.
3) eπi = h̃πi
4) A ← A \ {πi}.
5) A ← A \ {∀j ∈ A|dist(hj, eπi

) > α}
6) i← i+ 1.

end while

We term the proposed algorithm in Table 4.2 as semi-orthogonal user selection

for one-dimensional modulation (SUSOM). In SUSOM, at first, the set of available

channels is initialized by all available channels and the set of selected channels is set

to be empty. In Step 1, πi is set to be the index of the channel of user k with the

strongest effective channel to noise ratio defined as ‖h̃k‖2
σzk

, where i is the iteration

counter of the SUSOM algorithm. The effective channel of user k, h̃k, is defined as

the component of hk orthogonal1 to the subspace spanned by the selected channels:

h̃k , hk −
i−1∑
j=1

<{hkeHπj}
‖eπj‖2

2

eπj . (4.42)

It should be remarked that in finding the component of a channel orthogonal to the

linear subspace spanned by the previously selected channels, the projection of that

channel on any element of that linear subspace includes a real operator [100]. In Step

1Although we do not use this term, in [100], this type of orthogonality as is defined in (4.41) is
introduced as semi-orthogonality.
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2, the channel with index πi is added to the set of selected channels. In Step 3, the

orthogonal component of the selected channel, h̃πi , is saved in eπi , to be used later in

Step 5 and in the following iterations of SUSOM algorithm. In Step 4, the selected

channel is removed from the set of available channels. In Step 5, all the available

channels in A that have distance “dist” greater than a predetermined threshold α,

0 ≤ α < 1, are removed from the set of available channels A. The distance “dist”

which is defined as

dist(hj, eπi
) ,

|<{hje
H
πi
}|

‖hj‖2‖eπi
‖2

, (4.43)

measures the orthogonality of hj and eπi . In other words, Step 5 results in semi-

orthogonality of the selected channels. It should be remarked that if the real oper-

ator in the definition (4.43) is absent, it indicates the cosine of the principal angles

between hj and eπi [81]. Ideally, dist(hj, eπi
) should be zero, i.e., hj and eπi should

be orthogonal to each other.

In SUSOM, since the notion of orthogonality is relaxed to only consider the real

part, it is expected that the number of selected users can be greater than M . There-

fore, we have the following claim:

Claim 4.1. If the orthogonality is defined as (4.41), the maximum number of channels

that are mutually orthogonal is 2M .

Proof. See Appendix 4.7.1. �

Remark. It should be remarked that the complexity order of SUSOM is KTM
3, i.e.,

the same as that of SUS algorithm [14].
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4.5 Numerical Results

4.5.1 WL Precoding

We consider a multiple-input single-output broadcast channel (BC) with a 4-antenna

transmitter and four single-antenna users. The transmitter is assumed to send inde-

pendent 4-PAM signals to the users simultaneously and at the same carrier frequency.

The channel gains are assumed to be quasi static and follow a Rayleigh distribution

with unit variance. In other words, each element of the channel is generated as a

zero-mean and unit-variance i.i.d. CSCG random variable. Since our focus is on vari-

ous transmit precoding methods rather than on the effects of channel estimation, we

assume that perfect CSI of all channels is available at the transmitter [53,54]. At the

receiver, an i.i.d. Gaussian noise is added to the received signal. All simulations are

performed over 10,000 different channel realizations and at each channel realization

a block of 1,000 symbols is transmitted to each user. The above setting is used for

all of our following simulations unless indicated otherwise.

Fig. 4.1 compares the average symbol error rates of MRT, ZF, MMSE, iterative

MMSE, and MSLNR precoding and their widely linear counterparts. As is expected,

all the proposed widely linear precoding methods substantially outperform their linear

counterparts. Moreover, it can be seen that the best performances are achieved by

WL MMSE, WL ZF, and WL MSLNR. Maximum ratio transmission, which can

be considered as both a linear and a widely linear processing technique, does not

exhibit good performance in high SNRs, as expected. Similar to iterative MMSE

[92], as SNR increases, iterative WL MMSE also saturates very soon and do not

show a promising performance. Compared to MMSE, WL MMSE shows a gain of

about 9.2 dB at the error probability of 8.25× 10−3, which demonstrates substantial
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Figure 4.1: Average symbol error rates of users for M = 4 transmit antennas and
K = 4 users with 4-PAM modulation.

performance improvement of WL processing compared to that of linear processing. If

linear precoding methods are compared with each other, the high SNR and low SNR

performance of investigated precoding methods are different. At high SNRs, the best

performance is achieved from top to bottom by MMSE, ZF, MSLNR, iterative MMSE,

and MRT. While at low SNRs, the best performance is achieved by MMSE, iterative

MMSE, MRT, MSLNR, and ZF precoding. These results are compatible with the

results obtained in [92]. On the other hand, if widely linear methods are compared

with each other, from top to bottom the best performance is achieved by WL MMSE,

WL ZF, WL MSLNR, iterative WL MMSE, and MRT. One interesting conclusion

from these comparisons is the superior constructive effect of widely linear processing

on MSLNR precoding. Linear MSLNR precoding, which in our simulation setting

is not recognized as a reliable precoding method, substantially benefits from widely
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Figure 4.2: Average sum rates when M = 4 and K = 2 with 16-QAM modulated
signals for ZF-QAM and MMSE-QAM and when M = 4 and K = 4 with 4-PAM
modulated signals for the simulated widely linear precoding methods.

linear processing such that WL MSLNR can be considered as a reliable precoding

method.

In Fig. 4.1, it was shown that widely linear precoding of one-dimensionally mod-

ulated signals outperforms linear precoding of one-dimensionally modulated signals.

It would also be instructive to compare the performance of widely linear precod-

ing of one-dimensionally modulated signals with that of linear precoding of two-

dimensionally modulated signals. Throughput of the system is a metric that reflects

such a comparison in a better way than symbol error rate. Next, we examine the

proposed widely linear precoding methods from the perspective of throughput. Fig.

4.2 depicts the expected sum rates of four users with 4-PAM modulation employing

the proposed widely linear precoding methods and the sum rate of two users with
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Figure 4.3: Average sum rates when M = 4 and K = 2 with 16-QAM modulated
signals for ZF-QAM and MMSE-QAM and when M = 4 and K = 4 with 4-PAM
modulated signals for the other simulated linear precoding methods.

16-QAM modulation employing linear precoding methods. Theoretically, four users

with 4-PAM modulation and two users with 16-QAM modulation, both achieve a

maximum sum rate of 8 bits/channel use. Therefore, it is very interesting to observe

that WL ZF and WL MMSE precoding of four 4-PAM modulated users outperform

ZF and MMSE precoding of two 16-QAM modulated users. Widely linear MSLNR

precoding also outperforms both ZF and MMSE precoding, at all SNRs. The fact that

iterative WL MMSE seems to be unable to achieve the sum rate of 8 bits/channel

use is also compatible with our findings in Fig. 4.1 which exhibits the premature

saturation of WL MMSE precoding.

We also present Fig. 4.3 which depicts the expected sum rates of linear precoding

of four users with 4PAM modulation and ZF and MMSE precoding of two users with
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Figure 4.4: Average frame-based sum rates when M = 4, K = 2, and each frame
consists of 1,000 symbols of 16-QAM for ZF-QAM and MMSE-QAM and when M =
4, K = 4, and each frame consists of 1,000 symbols of 4-PAM.

16-QAM modulation. At high SNRs, the expected sum rates achieved by MMSE and

ZF precoding of two 16-QAM modulated users is higher than any other combination

of modulation and precoding, while at low SNRs, the expected sum rate of MMSE

precoding of four 4-PAM modulated users is higher than any other combination of

modulation and precoding. As expected from Fig. 4.1, MRT, iterative MMSE, and

MSLNR precoding methods do not perform as well as other precoding methods. By

comparing Figs. 4.2 and 4.3, it becomes clear that, at all SNRs, all the proposed

widely linear precoding methods achieve higher bit rates compared to their linear

counterparts. This results is compatible with our findings in Fig. 4.1.

In Fig. 4.4, similar to [55], the expected sum rate for frame-based transmission is

presented to better reflect the effect of error probability in throughput. Theoretically,
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this metric is given by E[Thr] =
∑K

k=1(1 − Pek)` log2 Lk bits per channel use, where

` is the frame size of the users. Numerically, this metric can be calculated using the

modulation order of the users and the ratio of the number of symbols in successfully

estimated frames to the number of transmitted symbols. Transmission of a frame is

considered to be successful, if the entire frame is estimated error-free. As mentioned

earlier, each frame consists of 1,000 symbols. As can be seen in Fig. 4.4, the frame-

based sum rates of WL MSLNR, WL MMSE, and WL ZF precoding of four users

with 4-PAM modulation also outperform the frame-based sum rates of ZF and MMSE

precoding of two users with 16-QAM modulation. This result is compatible with the

results observed in Fig. 4.2. At SNR of 5 dB, the average error probability of users

using WL MMSE is about 10−1, as can be seen in Fig. 4.1. At this SNR, Fig. 4.2

marks a sum rate of about 7.6 bits/channel use with WL MMSE precoding, while

Fig. 4.4 suggests a sum rate of about 0 bits/channels use. This indicates that the

effect of error probability may be reflected in throughput by frame-based sum rate

better than symbol-based sum rate.

We also present Fig. 4.5 which depicts the expected frame-based sum rates of lin-

ear precoding of four users with 4-PAM modulation and ZF and MMSE precoding of

two users with 16-QAM modulation. Similar to Fig. 4.3, at high SNRs, the expected

sum rates achieved by MMSE and ZF precoding of two 16-QAM modulated users is

higher than the combination of 4-PAM modulation and other simulated precoding

methods. By comparing Figs. 4.4 and 4.5, it can be seen that all the proposed widely

linear precoding methods achieve higher frame-based sum rates compared to their

linear counterparts, at all SNRs. This was previously confirmed by comparing Figs.

4.2 and 4.3 for symbol-based sum rates. It can also be seen that as SNR increases

the achievable expected throughput approaches limits determined by the number of
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Figure 4.5: Average frame-based sum rates when M = 4, K = 2, and each frame
consists of 1,000 symbols of 16-QAM for ZF-QAM and MMSE-QAM and when M =
4, K = 4, and each frame consists of 1,000 symbols of 4-PAM.

users and their modulation order.

4.5.2 User Selection

In this section, we study the performance of the proposed SUSOM algorithm of Table

4.2. In Fig. 4.6 the performance of SUSOM is compared to that of the SUS algorithm

of [12] and the GUS algorithm of Chapter 3, for M = 2 and M = 4 transmit antennas

and N = 1 receive antenna for each user. Each curve is averaged over 1,000 different

channel realizations. It can be observed in Fig. 4.6 that as the number of available

users increases, the number of selected users for all three algorithms increases until

saturation. As can be seen, the SUS algorithm could select at most M users for both

cases of M = 2, 3 antennas when K is large enough. On the other hand, the proposed
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Figure 4.6: Average numbers of selected users with SUS, GUS, and SUSOM vs. total
number of available users for M = 2, 4 transmit antennas.

SUSOM algorithm can select up to at most 2M users, i.e., twice of that of the SUS

algorithm. The GUS algorithm is also expected to saturate at 2M users, as it does

for M = 2 transmit antenna scenario. Nevertheless, it does not reach saturation in

the scenario with M = 4 transmit antennas even with up to 10,000 available users.

This is an indication of the slow saturation rate of GUS with respect to the number of

available users, which in turn indicates that GUS algorithm does not always find the

best set of users compared to SUSOM, despite the fact that it can select more users

than SUS. It is interesting to observe that even before saturation SUSOM performs

better than both GUS and SUS. For example, when M = 4 and there are only 10

users available, the average number of selected users is 5.51 with SUSOM, 3.15 with

GUS, and 3.2 with SUS.

Fig. 4.7 compares the average symbol error rates of MRT, MSLNR, WL ZF,
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Figure 4.7: Average symbol error rates of users for M = 4 and KT = 100 available
users assuming the SUSOM algorithm is employed and all users transmit 4-PAM
signals.

WL MMSE, iterative WL MMSE, and WL MSLNR precoding assuming SUSOM

algorithm is employed. It is assumed that at first the SUSOM algorithm selects

a set of users out of KT = 100 available users and then the transmitter broadcasts

information to the selected users using various precoding methods. From Fig. 4.6 it is

known that the average number of selected users with SUSOM is 7.96 when KT = 100,

i.e., more than the number of transmit antennas (system is overloaded). Therefore,

we ignore performing linear ZF, MMSE, and iterative MMSE on the information,

since they are not designed to work on overloaded systems. We also do not show

the error probability of the above precoding methods combined with GUS and SUS

algorithms, since GUS and SUS algorithms select different numbers of users compared

to SUSOM, and therefore comparing the error probabilities in such a case would not
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Figure 4.8: Average sum rates when M = 4 and KT = 100 with 16-QAM modulated
signals for SUS MMSE QAM and when M = 4 and KT = 100 with 4-PAM modulated
signals for the other user selection and precoding methods.

bear a meaningful interpretation. However, if we compare Fig. 4.7 and Fig. 4.1,

it can be observed that the SUSOM algorithm not only selects more users than the

number of users in Fig. 4.1, but also all the studied precoding methods under SUSOM

achieve a better symbol error rate compared to those of Fig. 4.1.

As observed in Fig. 4.7, since the error probability alone is not a good indicator

of the performance when there are different numbers of users in the system, Figs.

4.8 and 4.9 are provided to give more insight into the performance of the SUSOM

algorithm compared to the GUS and SUS algorithms. In Fig. 4.8, the expected sum

rates of 4-PAM modulated users for combinations of SUS with MMSE, SUS with

WL MMSE, GUS with WL MMSE, and SUSOM with WL MMSE are presented. In

addition, the expected sum rate of 16-QAM modulated users with SUS algorithm
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Figure 4.9: Average frame-based sum rates when M = 4, KT = 100, and each
frame consists of 1,000 symbols of 16-QAM for SUS MMSE QQM and when M = 4,
KT = 100, and each frame consists of 1,000 symbols of 4-PAM for the other user
selection and precoding methods.

and MMSE precoding is also plotted in this figure. As can be seen, at all SNRs, the

combination of SUSOM with 4-PAM and WL MMSE achieves the highest throughput.

It can be seen in Fig. 4.8 that as SNR increases, the achievable expected throughput

approaches limits determined by the average numbers of selected users and the order

of modulation. For this example, at higher SNRs the achievable throughput of both

SUSOM with 4-PAM and SUS with 16-QAM are 16 bits/channel use. In Fig. 4.9,

the expected sum rates for frame-based transmission is presented. As can be seen in

Fig. 4.9, similar to expected symbol-based sum rates of Fig. 4.8, the frame-based

sum rate of SUSOM with WL MMMSE is by far greater than the frame-based sum

rates of other user selection and precoding methods.
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4.6 Conclusion

In this chapter, we proposed the widely linear (WL) transmit precoding design for

one-dimensionally modulated signals in a standard broadcast communications chan-

nel. The closed-form solutions for the precoders of the WL MRT and the WL ZF

were obtained by using complex-domain analysis and the closed-form solutions of the

WL MMSE and the WL MSLNR were obtained by analysis of the composite real rep-

resentation. It was shown that WL ZF and WL MMMSE precoders can be obtained

even if the number of users is twice as large as the number of transmit antennas, as

opposed to linear ZF and MMSE precoders which can only support as many users

as the number of transmit antennas. We also developed a user selection algorithm,

compatible with the widely linear precoding, that can select twice as many users as

the number of transmit antennas. It has been shown that not only WL precoding

outperforms linear precoding on its own, but also widely linear precoding in conjunc-

tion with the proposed semi-orthogonal user selection algorithm for one-dimensional

modulation (SUSOM) also outperforms linear precoding in conjunction with semi-

orthogonal user selection algorithm. Moreover, it has been observed that widely

linear processing together with SUSOM algorithm also outperforms the widely linear

processing together with GUS algorithm which was proposed in Chapter 3. Therefore,

widely linear precoding joined with SUSOM algorithm, being capable of improving

the quality of service and throughput and increasing the number of users, could be

considered in future standards related to the next generation wireless systems and

the Internet of things.
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4.7 Appendix

4.7.1 Proof of Claim 4.1

Let us consider the following isomorphism from the complex field to the real field:

hk ∈ C1×M T1−→ h̄k =

[
<{hk} ={hk}

]
∈ R1×2M , 1 ≤ k ≤ K. (4.44)

Then, it is obvious that

<{hkhHj } = h̄kh̄
T
j . (4.45)

If we define the K × 2M matrix H̄ as

H̄ =


h̄1

...

h̄K

 , (4.46)

then we have the following lemma:

Lemma 4.1. All K channels are mutually orthogonal if and only if the K×K matrix

H̄H̄T is a full rank diagonal matrix.

Proof. If H̄H̄T is a full rank diagonal matrix, then it is equivalently represented by

diag(‖h̄1‖2
2, . . . , ‖h̄K‖2

2). In other words, h̄kh̄
T
j = 0, 1 ≤ j 6= k ≤ K, i.e., the channels

are mutually orthogonal. On the other hand, ‖h̄k‖2 6= 0 with probability one and

if the channels are mutually orthogonal then h̄kh̄
T
j = 0, 1 ≤ j 6= k ≤ K, which is

equivalent to H̄H̄T being a full rank diagonal matrix. �

On the other hand, it is known that rank(H̄H̄T ) = rank(H̄) ≤ min(K, 2M) ≤ 2M .

Therefore, the maximum number of mutually orthogonal channels is K = 2M .
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Chapter 5

Widely Linear Multiuser Simultaneous

Information and Power Transfer

Emerging wireless technologies require the support for a massive number of low data

rate, power efficient, battery operated devices. With this motivation, this chapter

employs our findings on the widely linear processing in the previous chapter to the

simultaneous wireless information and power transfer (SWIPT) systems. By consider-

ing the transmission of low-rate one-dimensionally modulated signals in the downlink

of a SWIPT broadcast channel, a widely linear zero forcing (ZF) precoder and a

widely linear minimum mean square error (MMSE) precoder are proposed which are

capable of offering service to more users than the number of transmit antennas. Semi

closed-form solutions are obtained for both scenarios and iterative dual ascent based

algorithms are presented to obtain the transmit precoding (beamforming) matrices.

Simulation results demonstrate the effect of widely linear processing in increasing the

number of information decoding devices.
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5.1 Introduction

Advances in wireless communications and supporting infrastructure paved the way

for emergence of technologies such as Internet of things (IoT) and pervasive ubiq-

uitous ehealth. One of the challenging issues arising with the advent of these new

technologies is the simultaneous deployment of a massive number of low cost, low data

rate, battery powered devices and sensors [1]. To comply with green communications

paradigms, it is imperative for these devices to be able to recharge their batteries.

Microwave power transfer (MPT) is the wireless transmission of energy from a source

to an energy harvesting (EH) destination which could be employed to realize this

purpose [101]. To improve the efficiency of wireless systems with MPT based energy

harvesting devices, information and energy can be simultaneously transferred via the

same transmitter to multiple information decoding (ID) and energy harvesting de-

vices, respectively. This technique is known as simultaneous wireless information and

power transfer (SWIPT) [102–105].

In recent years, SWIPT precoder design in broadcast channels has been attracting

a great deal of attention. For example [102, 106], address the problem of precoder

design for ID users’ throughput maximization and EH users’ receive power max-

imization for point to point multiple-input multiple-output (MIMO) systems and

multiuser multiple-input single-output (MISO) systems. SWIPT zero-forcing (ZF)

transmit precoding was studied in [107–110] under various transmission scenarios.

For example, [107] proposes a fixed ZF precoding in conjunction with power alloca-

tion to deal with the nonconvex problem of minimizing the total transmit power while

keeping the harvested energy at each user above a certain level. A natural extension

of SWIPT ZF, i.e., SWIPT minimum mean square error (MMSE) precoding was also
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studied in [111]. The authors in [111] tried to minimize the mean square error (MSE)

between the estimated signals and transmitted signals in an interference channel (IC),

assuming that all the nodes in the system either employ linear transmit precoding

or linear receive beamforming. Because of the simplicity and prevalence of ZF and

MMSE criteria in communications systems, we adopt both ZF and MMSE based

transmission designs to precode information for ID users while keeping the harvested

power at each EH user above a certain level to guarantee that the harvested power

is larger than the power needed to supply the receive circuitry. Moreover, adopting

MMSE and ZF based approaches corresponds to two general scenarios from a classi-

cal precoding viewpoint: when the transmitter is and is not required to constrain the

total radiated power, respectively [92].

In addition to the energy harvesting issues, IoT traffic requires support for a

large number of users each having a very low data rate. To support a large number

of devices, one of the challenging issues is to devise an efficient way for providing

information transfer services in the network and to minimize the network overload. To

comply with these requirements, as has been discussed in Chapter 4, one-dimensional

modulations in conjunction with widely linear processing, i.e., jointly linear processing

of a parameter and its complex conjugate [19], could be employed for precoding the

data for broadcast channels1 [59, 112, 113]. In previous chapters, it has been shown

that, in non SWIPT systems, by using one-dimensional signalling such as BPSK and

pulse amplitude modulation (PAM), and taking into account the one dimensionality of

the modulation in the design of the precoder, the number of simultaneous devices that

share the spectrum could be increased and possibly doubled compared to other linear

1The interference from other possible transmitters is modeled as part of the noise.
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transmission methods1. In other words, a transmitter with M transmit antennas can

possibly support 2M simultaneous information decoding (ID) users. In this chapter,

by using one-dimensional signalling in conjunction with widely linear processing it is

shown that the transmitter can send information to more ID devices than the number

of transmit antennas in addition to transmitting power to EH devices.

The rest of the chapter is organized as follows: Section 5.2 introduces our system

model for separately located ID and EH users. Transmit precoding based on widely

linear zero-forcing design in a multiuser MISO SWIPT system is investigated in Sec-

tion 5.3. A semi closed-form solution for the precoding matrix is obtained for this

problem, i.e., a closed-form solution with an unknown parameter which is updated

iteratively. Section 5.4, examines the widely linear MMSE precoding in a multiuser

MISO SWIPT system, for which, similar to Section 5.3, a semi closed-form solution

based on a dual ascent approach is introduced. Simulation results are presented in

Section 5.5. Finally, conclusions are drawn in Section 5.6.

5.2 System Model

A simultaneous wireless information and power transfer broadcast channel with an

M -antenna transmitter, K one-antenna information decoding (ID) users, and K ′

single-antenna energy harvesting (EH) users is considered. The transmitter uses

linear transmit precoding to send information to all ID users simultaneously, at the

same carrier frequency, and with equal bandwidth. The input signal for ID users is

assumed to be selected from the constellation of a one-dimensionally modulated signal

1It should be acknowledged that, compared to two-dimensional modulations such as QAM, one-
dimensional modulations achieve a lower per-user data rate, which may nevertheless be more suitable
to IoT traffic requirements.
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such as pulse amplitude modulation. The low-pass, vector space representations of the

narrow-band bandpass one-dimensionally modulated information signals are denoted

by the real-valued sk, k ∈ I = {1, . . . , K}. The signal is then precoded as

x =
K∑
k=1

uksk = Us (5.1)

where uk is the complex-valued M -dimensional linear transmit precoding vector of

ID user k, U = [u1, · · · ,uK ], and s = [s1, · · · , sK ]T . Therefore, the transmit power

is expressed as

E[‖x‖2
2] = σ2

s Tr(UUH), (5.2)

where it is assumed that the input signals are independent and identically distributed

(i.i.d.) with covariance matrix Rs = E[ssT ] = σ2
sIK and IK is the K × K identity

matrix.

The complex-valued received signals at ID users are modeled by

r = Hx + z = HUs + z, (5.3)

where r = [r1, . . . , rK ]T , H = [hT1 , . . . ,h
T
K ]T and hj represents the vector of i.i.d.

circularly symmetric complex Gaussian (CSCG) channels between transmitter and

ID receiver j. This channel, which can model both path loss and fading, is valid for

narrow-band (frequency non-selective) systems if the transmit and receive antennas

are in non line-of-sight rich-scattering environments with sufficient antenna spacing

[46]. The K-dimensional vector z = [z1, . . . , zK ]T is an i.i.d. CSCG noise with zero

mean and covariance matrix σ2
zIK . It should be remarked that no further filtering

is performed on the received signals which makes the structure of the ID receivers
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simpler and consequently reduces the cost. Since the information signal s is real-

valued, it is assumed that the ID receivers use the widely linear operation

ŝ = <{r} (5.4)

to estimate the transmitted symbols from the complex-valued received signals.

The harvested power at each EH receiver is expressed as

η E[|gjx|2] = ησ2
sgjUUHgHj , j ∈ H = {1, . . . , K ′}, (5.5)

where η is the harvesting efficiency of the EH receiver’s energy transducer, gj denotes

the CSCG channel between transmitter and jth EH receiver, and the harvested power

due to the background noise and other interferences are assumed to be negligible.

Since the focus of this study is on precoding methods rather than on the effect of

channel estimation, we assume that perfect channel state information of all channels,

i.e., channels between the transmitter and ID users and channels between the trans-

mitter and EH receivers, are known perfectly at the transmitter. This information

could be obtained, for example, by using feedback and pilot-based estimation at all

receivers or by assuming time division duplex (TDD) systems.

5.3 Zero-forcing Precoding

First, we consider zero-forcing precoding also known as channel inversion in standard

broadcast channels. In zero-forcing, as discussed in Chapter 4, it is assumed that the

received signals are interference free, i.e., the signal at ID receiver k is independent of

the information signal of users ∀i ∈ {1, . . . , K}\{k}. In other words, zero interference
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imposes the following constraint on the precoding matrix:

HU = ΛΛΛ, (5.6)

where non-negative real-valued diagonal matrix ΛΛΛ = diag(
√
λ1, · · · ,

√
λK). This con-

straint imposes σ2
sλj be the received signal power at receiver j. This constraint also

results in the diagonalization of the effective channel HU. However, since the informa-

tion signal is based on a one-dimensional modulation and the decision ŝ is performed

over the real part of the received signal, similar to Chapter 4, the constraint (5.6)

could be relaxed to

<{HU} = ΛΛΛ, (5.7)

i.e., diagonalization of the real part of the effective channel. Using this relaxation

introduces widely linear processing to the precoding problem. Thus, as an extension

to ZF precoding in standard broadcast channels [92], widely linear SWIPT zero-

forcing precoding could be formulated as the following optimization problem:

UZF = argmin
U

σ2
s Tr(UUH) (5.8a)

subject to <{HU} = ΛΛΛ, (5.8b)

ησ2
sgjUUHgHj ≥ τj, 1 ≤ j ≤ K ′, (5.8c)

which indicates that the total transmit power should be minimized such that the zero

interference constraint for ID users is satisfied (5.8b), and (5.8c) indicates that the

expected harvested power at each EH receiver is not less than some predetermined

threshold to guarantee that the harvested power is larger than the power needed
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to supply the receive circuitry. It should be remarked that because of the equality

constraint (5.8b), constraint sets of (5.8c) do not necessarily form active constraint

sets [114].

To solve this problem, we first rewrite (5.8) in the following form:

UZF = argmin
u1,...,uK

σ2
s

K∑
i=1

uHi ui

subject to <{Hui} −
√
λiei = 0, 1 ≤ i ≤ K

τj − ησ2
s Tr(UHgHj gjU) ≤ 0, 1 ≤ j ≤ K ′, (5.9)

where ei is the ith standard basis vector in K-dimensional Euclidean space. Accord-

ingly, the Lagrangian is expressed as

L(u1, . . . ,uK ,µµµ1, . . . ,µµµK , ν1, . . . , νK′)

= σ2
s

K∑
i=1

uHi ui +
K∑
i=1

µµµTi (<{Hui} −
√
λiei)

+
K′∑
j=1

νj(τj − ησ2
s Tr(UHgHj gjU)) (5.10)

where µµµi ∈ RK , 1 ≤ i ≤ K, and νj ∈ R, 1 ≤ j ≤ K ′, are nonnegative Lagrange

multipliers. Using Wirtinger calculus to take the derivative of the Lagrangian (5.10),

with respect to complex-valued uis, 1 ≤ i ≤ K, and applying the Karush-Kuhn-

Tucker (KKT) conditions result in the following conditions for the stationary points
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of (5.9):

σ2
su
∗
i +

1

2
HTµµµi −

K′∑
j=1

νjησ
2
sg

T
j g∗ju

∗
i = 0, 1 ≤ i ≤ K (5.11a)

<{Hui} −
√
λiei = 0, 1 ≤ i ≤ K (5.11b)

τj − ησ2
s Tr(UHgHj gjU) ≤ 0, 1 ≤ j ≤ K ′ (5.11c)

νj ≥ 0, 1 ≤ j ≤ K ′ (5.11d)

νj(τj − ησ2
s Tr(UHgHj gjU)) = 0, 1 ≤ j ≤ K ′, (5.11e)

where we implicitly used the property that at a stationary point of a function f(x):

∂f(x)
∂x

= ∂f(x)
∂x∗

= 0. From (5.11a), precoder ui, for 1 ≤ i ≤ K, could be solved for as

ui = − 1

2σ2
s

(IM −
K′∑
j=1

νjηg
H
j gj)

−1HHµµµi. (5.12)

Substituting (5.12) in (5.11b) yields Lagrange multipliers

µµµi = −2σ2
s

√
λi[<{H(IM −

K′∑
j=1

νjηg
H
j gj)

−1HH}]−1ei. (5.13)

Using (5.13) in (5.12) to calculate precoding vectors, the widely linear ZF precoding

matrix is given by concatenating the obtained precoding vectors:

UZF = (IM −
K′∑
j=1

νjηg
H
j gj)

−1HH [<{H(IM −
K′∑
j=1

νjηg
H
j gj)

−1HH}]−1ΛΛΛ. (5.14)

Therefore, the widely linear ZF precoder for SWIPT is expressed by (5.14) and with

conditions (5.11c), (5.11d) , and (5.11e) on νj, 1 ≤ j ≤ K ′. A dual ascent based
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Table 5.1: Algorithm for finding the SWIPT ZF precoding matrix in a vector broad-
cast channel

Initialize ν1, . . . , νK′ .
l = 1.
repeat

Compute U using (5.14).
for j = 1 : K ′ do

Update νj using νl+1
j = [νlj + δlνj(τj −

ησ2
s Tr(UHgHj gjU))]+.

end for
l← l + 1.

until U converges

algorithm [73] is proposed in Table 5.1 to find the values of the νjs. In Table 5.1, l

denotes the iteration number, δlνj indicates the sequence of positive scalar step sizes

for νj, and [·]+ is defined as max{·, x}, where x is an infinitesimal positive number.

It should be remarked that for two special cases, (5.14) reduces to widely linear

zero-forcing precoder for one-dimensional modulation in a standard vector broadcast

channel obtained in Chapter 4: first, if U is in the interior of (5.11c), i.e., not on its

boundary; second, when there exists no available EH user. In both cases the precoder

reduces to

UZF = HH [<{HHH}]−1ΛΛΛ. (5.15)

It is interesting to note that while HHH may be invertible only if K ≤M , <{HHH}

may be invertible when K ≤ 2M . This increase in the number of users was one of

the motivations for this widely linear approach as mentioned in Section 5.1.
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5.4 MMSE Precoding

The widely linear ZF precoding does not constrain the transmit power and therefore

the transmit power depends on the channels between transmitter and ID users and the

channels between transmitter and the EH receivers. Unlike ZF and WL ZF precoding

in standard broadcast channels (see Chapter 4), in SWIPT broadcast channels, it is

not possible to use power allocation after obtaining transmit precoding vectors, since

it might violate the EH users’ power constraints. Therefore in this section, we consider

minimizing the mean square error (MSE) by constraining the expected transmit power

and requiring that the expected harvested power at each EH user be greater than a

threshold.

Unfortunately, a similar approach to Wirtinger calculus used in Section 5.3 will

result in U and U∗ being coupled in a way that a semi closed-form solution could

not be obtained. Therefore, similar to WL MMSE in standard broadcast developed

in Section 4.3.3, to deal with the minimum mean square error (MMSE) problem we

use the following isomorphisms:

z ∈ Cn T−→ z̄ =

 zr

zi

 ∈ R2n

Z ∈ Ck×n T−→ Z̄ =

 Zr −Zi

Zi Zr

 ∈ R2k×2n, (5.16)

where indices r and i represent the real and imaginary parts, respectively. Using this

transformation, the received signals at ID users are expressed by

r̄ = H̄x̄ + z̄, (5.17)
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where x̄ = Ũs, and Ũ = [UT
r ,U

T
i ]T is a 2M ×K real-valued matrix. The estimate ŝ

in (5.4) can therefore be expressed as ŝ = H̃Ũs + zr, where the K × 2M real-valued

matrix H̃ represents the two upper blocks of H̄, i.e., H̃ = [Hr,−Hi].

The widely linear SWIPT MMSE precoding problem in broadcast channels is then

formulated as follows:

ŨMMSE = argmin
Ũ

MSE (5.18a)

subject to σ2
s Tr(ŨŨT ) ≤ τ (5.18b)

ησ2
s Tr(ḠjŨŨT ḠT

j ) ≥ τj, 1 ≤ j ≤ K ′, (5.18c)

where (5.18b) is the expected transmit power constraint, (5.18c) guarantees that the

expected harvested power at each EH receiver is not less than a threshold, and

Ḡj =

 <{gj} −={gj}
={gj} <{gj}

 . (5.19)

The MMSE precoding problem would impose a power constraint on the total

transmit power. Moreover, no receive filtering is performed at the ID users to boost

the received power. Therefore, the precoding matrix alone may not be able to com-

pensate for loss or gain in the received power of each user. Accordingly, a scaling

factor is necessary to either scale the received signal or the desired signal [92]. Opti-

mally the receiver side scaling factors depend on both precoders and channels, which

consequently results in a joint optimization of transmit precoding matrix and scaling

factors of the receivers. To reduce the complexity arising from the joint optimiza-

tion which also prompts the necessity to provide the resulting scaling factors to all
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receivers, we take a more practical approach by using predefined scaling factors for

each receiver, based on each receiver’s channel information. Therefore, the widely

linear sum MSE between the estimated and the desired signals of ID receivers could

be written as

MSE = E[‖ŝ−ΣΣΣs‖2
2] = σ2

s Tr(H̃ŨŨT H̃T )−2σ2
s Tr(H̃ŨΣΣΣ)+K

σ2
z

2
+σ2

s Tr(ΣΣΣ2), (5.20)

where ΣΣΣ = diag(‖h1‖2, · · · , ‖hK‖2).

Although (5.18b) is a convex set, constraints of (5.18c) are not convex sets. There-

fore, (5.18) is not a convex optimization. It should also be noted that because of the

structure of MSE in (5.20), (5.18b) and (5.18c) are not necessarily active constraints.

The Lagrangian function corresponding to the optimization problem (5.18) is

L(Ũ, µ, ν1, . . . , νK′) = σ2
s Tr(H̃ŨŨT H̃T )− 2σ2

s Tr(H̃ŨΣΣΣ) + µ(σ2
s Tr(ŨŨT )− τ)

+
K′∑
j=1

νj(τj − ησ2
s Tr(ḠjŨŨT ḠT

j )), (5.21)

where the constant terms are ignored. Therefore, the Lagrange dual function of

(5.18) is g(µ, ν1, . . . , νK′) = minŨ L(Ũ, µ, ν1, . . . , νK′), and hence the corresponding

dual problem is

max
µ,ν1,...,νK′

g(µ, ν1, . . . , νK′)

subject to µ ≥ 0, ν1 ≥ 0, . . . , νK′ ≥ 0. (5.22)

Since, the primal problem is not convex, only weak duality holds in general, i.e.,

solving the dual problem results in a lower bound on the optimal solution of the
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primal one.

Inherently, the dual problem is a convex optimization problem with respect to

µ, ν1, . . . , νK′ . To solve the dual problem, similar to [73,94,95] we take a dual ascent

approach which minimizes the Lagrangian (5.21) and maximizes the dual function in

alternating fashion. By setting the derivative of the Lagrangian (5.21) with respect

to Ũ to zero, the minimizer is obtained as

ŨMMSE = (H̃T H̃ + µI2M − η
K′∑
j=1

νjḠ
T
j Ḡj)

−1H̃TΣΣΣ. (5.23)

To maximize the dual function, in each iteration of the proposed algorithm the La-

grange multipliers µ, ν1, . . . , νK′ are updated so that they move in the direction of

their steepest ascent or derivative as

µl+1 = [µl + δlµ(σ2
s Tr(ŨŨT )− τ)]+, (5.24a)

νl+1
j = [νlj + δlνj(τj − ησ

2
s Tr(ḠjŨŨT ḠT

j ))]+, (5.24b)

where l denotes the iteration number, δlµ and δlνj indicate the sequence of positive

scalar step sizes for µ and νj, respectively. The summary of the proposed algorithm

is given in Table 5.2.

Remark 5.1. By introducing the variable Z = ŨŨT to the widely linear SWIPT

MMSE problem (5.18), it can be cast into a difference of convex (DC) programming.

This is particularly interesting since the dual ascent algorithm of Table 5.2 is highly

dependent on the values of the step sizes δlµ and δlνj .

Remark 5.2. It is also possible to use semi-definite relaxation [111, 115] to convert

the widely linear SWIPT MMSE problem (5.18) to a semi-definite programming.
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Table 5.2: Algorithm for finding the SWIPT MMSE precoding matrix in a broadcast
channel

Initialize µ, ν1, . . . , νK′ 6= 0.
l = 1.
repeat

Compute Ũ using (5.23).
Update µ using (5.24a).
for j = 1 : K ′ do

Update νj using (5.24b).
end for
l← l + 1.

until Ũ converges

Remark 5.3. Regardless of the values of νjs in the widely linear ZF precoding, the

MSE of widely linear ZF precoding, defined similarly to the MSE of widely linear

MMSE precoding as E[‖ŝ−ΛΛΛs‖2
2], is constant and is equal to K σ2

z

2
.

5.5 Numerical Results

In this section to investigate the performance of the proposed schemes, a broadcast

system with a 4-antenna transmitter is considered to send BPSK modulated signals

simultaneously to six users. At the same time, one single-antenna user harvests energy

from the radiated signal. The system is able to be overloaded by more users than

the number of transmit antennas only because it employs widely linear processing

in conjunction with one-dimensionally modulated signals. The carrier frequency is

assumed to be fc = 1.7 GHz and the bandwidth is set to be 10 MHz. Gaussian

noise power at each receiver is −104 dBm and is assumed to be dominated by the

thermal noise. It is assumed that the channels follow an uncorrelated Rayleigh fading

distribution with covariance matrices E[HRHH
R ] = MIK and E[gRgHR ] = M . The

path loss exponent of the channel is assumed to be n = 4 which affects the Rayleigh
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distributed channels as H = d
−n/2
ID HR and g = d

−n/2
EH gR. It is assumed that dID =

1000 m and dEH = 50 m are the distances of ID receivers and EH receivers from the

transmitter, respectively. The constellation power of each user at the transmitter is

assumed to be σ2
s = 1 W . For widely linear (WL) MMSE, it is assumed that the

transmit power constraint is τ = 32 W . For both scenarios, it is also assumed that the

harvesting efficiency factor of the EH receiver is η = 0.5. It should be mentioned that

the average harvested power of the EH user for WL MMSE, based on the transmit

power constraint, path loss, and harvesting efficiency is 2.5 µW . For both WL ZF

and WL MMSE precoding it is assumed that the receive power constraint of EH user

is set to be τ1 = 4µW , viz., more than the average receive power.

Fig. 5.1 shows the mean square error of widely linear ZF and MMSE precoding at

each iteration of the proposed algorithms averaged over 10,000 channel realizations.

For each channel realization a block of 1,000 data symbols is transmitted to each

ID user. For this simulation scenario, the average uncoded bit error rate (BER) of

WL ZF is 2 × 10−7 and the average uncoded BER of WL MMSE is 9.8 × 10−4. As

was expected, the MSE between the desired signal and the estimated signal with WL

ZF precoding is constant, irrespective of the values of Lagrange multipliers of the

precoder. It can also be seen that the proposed algorithms nearly converge in fewer

than 50 iterations. It should be remarked that the values of MSE for WL MMSE are

also very small because of the path loss.

Fig. 5.2 shows the histogram and cumulative distribution function (cdf) of the

MSE in the last iteration of the proposed algorithms based on simulation over 10,000

different channel realizations. Following the same trend as Fig. 5.1, the histogram

of MSE in WL ZF precoding only consists of one bar and the cdf is a step function

from zero to one. The cdf of WL MMSE precoding’s MSE closely follows the cdf of
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Figure 5.1: MSE averaged over 10,000 channel realizations vs. iteration number of
the proposed dual ascent algorithms.

WL ZF’s. More than eighty five percent of WL MMSE’s MSE lie in the same bin as

WL ZF’s MSE.

Fig. 5.3 shows the cdf and histogram of the total transmitted power. It is observed

that for transmit powers slightly greater than 32 W , cdf of WL MMSE is above the

cdf of WL ZF. This gives an indication that the WL ZF problem is not constrained

by transmit power. It can also be observed that although WL MMSE satisfies the

transmit power constraint with high probability, it is not guaranteed that the power

constraint is satisfied. This is due to the fact that the primal WL MMSE problem

is not a convex optimization problem. Therefore, using dual ascent algorithm, the

constraints (5.18b) and (5.18c) may no longer be satisfied. Fig. 5.4 shows the cdf and

histogram of harvested power of the EH user. It can be seen that for harvested powers

less than the 4 µW threshold, the cdf of WL ZF is above the cdf of WL MMSE. This

indicates the superior performance of WL MMSE in satisfying the harvesting power

constraint in a statistical sense.
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Figure 5.2: Histogram and cdf of MSE of WL ZF and WL MMSE precoding.
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Figure 5.3: Histogram and cdf of the total transmitted power.
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Figure 5.4: Histogram and cdf of the harvested power.

5.6 Conclusion

In this chapter, widely linear processing was applied to design precoders for simul-

taneously transferring information and power in wireless vector broadcast channels.

Two different problems were investigated: widely linear SWIPT ZF precoding and

widely linear SWIPT MMSE precoding, both for one-dimensional modulations. For

both problems, semi closed-form solutions in conjunction with dual ascent algorithms

were developed. In a broadcast channel, it has been shown numerically that by using

widely linear processing combined with one-dimensional modulation, it is possible to

transfer information and power to more users than the number of transmit antennas.

For future work, it would be insightful to investigate difference of convex programming

and semi-definite relaxation in solving the widely linear SWIPT MMSE problem.
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Chapter 6

Conclusions

Future wireless networks, specifically the Internet of things (IoT), require support for

a massive number of users each having a very low data rate. Additionally, IoT de-

mands for a lower device cost, energy efficiency, and high reliability. This dissertation

attempted to provide solutions for these key requirements of future wireless networks,

by developing several user selection algorithms, receive beamforming techniques, and

transmit precoding methods. In the rest of this chapter, conclusions are drawn based

on the results obtained in the previous chapters and out of this discussion questions

are posed that may be subject for future research.

6.1 Summary

In Chapter 2, it has been shown that by exploiting the type of modulation in the

design of receive beamformers the performance of a multiuser multiple-access com-

munications system can be tremendously improved. For one-dimensional signalling,

the error probability of each user was calculated and minimized to obtain the optimum

beamforming weights, using convex optimization methods. Two reduced-complexity

versions of the problem were also introduced and solved. Finally, the error probability
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in a multiuser scenario resulted in the development of a new metric which was named

signal minus interference to noise ratio. Optimizing of this metric resulted in a closed-

form solution for receive beamforming weights based on eigenvalue decomposition of

a function of the channels. It has been shown that all the proposed beamforming

techniques outperform the classical zero-forcing and MMSE beamforming, since they

are directly derived from the error probability metric.

In Chapter 3, the error probability of each user in the downlink of a multiuser

broadcast communications system was calculated, assuming that each user employs

one-dimensional signalling with not necessarily the same order of modulation. By

directly minimizing the weighted sum of error probabilities of all users, a joint MPE

precoding and receive filtering problem was formulated. This highly nonlinear opti-

mization problem was transformed to two convex optimization subproblems and was

solved by using alternating minimization. Two reduced-complexity versions of the

problem, which exponentially reduce the complexity of the original problem, were

also introduced and solved, using convex programming methods. It has been shown

that all the proposed precoding techniques significantly outperform zero-forcing and

regularized ZF precoding, not only for the same one-dimensional signalling but also

for two-dimensional modulation counterparts. Moreover, the geometric user selec-

tion (GUS) algorithm was developed in this chapter, assuming that the transmitter

employs MPE precoding and one-dimensional signalling. It has been shown that

the number of selected users by the proposed low-complexity GUS algorithm could

potentially be greater than the number of transmit antennas.

In Chapter 4, widely linear (WL) transmit precoding design for one-dimensionally

modulated signals in a standard broadcast communications channel was examined.
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Closed-form solutions for the precoders of WL maximum ratio transmission, WL zero-

forcing, WL minimum mean square error, and WL maximum signal to leakage and

noise ratio precoding were calculated. It was shown that the WL MMMSE precoder

can support a number of users that is twice as large as the number of transmit anten-

nas, as opposed to linear MMSE precoder which can only support as many users as the

number of transmit antennas. We also developed a user selection algorithm, named

semi-orthogonal user selection for one-dimensional modulation (SUSOM), compatible

with widely linear precoding, that can select up to twice as many users as the number

of transmit antennas. It has been shown that widely linear precoding outperforms

linear precoding. Moreover, it has been demonstrated that widely linear precoding in

conjunction with the proposed SUSOM algorithm also outperforms linear precoding

in conjunction with the semi-orthogonal user selection algorithm.

In Chapter 5, widely linear processing was employed to design precoders for si-

multaneously transferring information and power in wireless broadcast channels. Two

different problems were investigated: widely linear SWIPT ZF precoding and widely

linear SWIPT MMSE precoding, both for one-dimensional signalling. For both prob-

lems, closed-form solutions in conjunction with dual ascent algorithms were devel-

oped. In a broadcast channel, it has been shown numerically that by using widely

linear processing combined with one-dimensional signalling, it is possible to transfer

information and power to more users than the number of transmit antennas.

Finally, the conclusion of this dissertation is summarized by reiterating the thesis

statement and offering a recommendation: the number of users can be increased in a

multiuser communications system by using widely linear and MPE based transmission

and receive techniques of one-dimensional signalling compared to linear transmission

and receive techniques of both one-dimensional and higher dimensional signalling.
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Therefore, the proposed GUS and SUSOM selection algorithms combined with the

proposed MPE based and widely linear transmission and receive techniques, being ca-

pable of improving reliability and throughput and increasing the number of users, can

be considered as promising solutions that address the requirements of next generation

wireless systems needed for the Internet of things.

6.2 Future Work

Throughout the research that led up to this dissertation, many questions were raised

that remained unanswered mainly due to time limitation. Here, we present some of

these open problems which could serve as possible future research directions.

• Quaternion Modulation (QM):

As discussed in various parts of this dissertation, the low-pass counterpart of a

narrowband bandpass signal is represented in vector form by s(t) =
∑Λ

i=1 sifi(t)

where
∫∞
−∞

1
2
<{fn(t)f ∗m(t)}dt is 1 for m = n and is 0 for m 6= n [21]. Therefore,

in low-pass representation of a signal, two signals f1(t) and f2(t) are considered

to be orthogonal if
∫∞
−∞<{f1(t)f ∗2 (t)}dt = 0. If the orthogonality is not forced

by time and frequency, i.e., the shape of the signal, dimension of the space can

be at most two. In other words, if f1(t) is considered as a basis function in low-

pass representation of the signal f2(t) = jf1(t) is the other basis function, and

no other basis function can exist with the same shape, which makes the dimen-

sion of the signal space to be at most two. This means that the orthogonality

is stemmed from the available real and imaginary dimensions. Real and imag-

inary dimensions are available due to the Fourier transform which transforms

a signal from real field to a complex field. Now, let us assume that instead of
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using a regular Fourier transform, we use a Quaternion Fourier transform which

transforms a signal from a real field to a quaternion field with four available

dimensions [116,117]. Now, the question is whether we can really represent sig-

nals in low-pass in a quaternion field and design modulation techniques such as

quaternion pulse amplitude modulation and quaternion quadrature amplitude

modulations in this multi-dimensional field. Also, if we can indeed develop such

modulation techniques, how they perform in comparison to existing PAM and

QAM.

• Widely Linear Receive Beamforming:

In Chapter 4, a unified study of widely linear transmit precoding techniques was

performed. To the best of our knowledge a similar unified approach to widely

linear receive beamforming methods is not available in literature. It would

be very informative to perform such a study and compare various multiuser

widely linear receive beamforming techniques and their combinations with the

proposed SUSOM and GUS user selection techniques.

• Extended Widely Linear Processing:

In Appendix B, we were unsuccessful in extending the idea of widely linear pro-

cessing to exploit the additional degree of freedom available from the imaginary

part of the observation to further improve the quality of service. We are still

optimistic that the information in the imaginary part of the observation can

indeed be exploited to benefit the quality of service. However, the question is

how this additional degree of freedom can best be utilized.

• MMSE Precoding:

In Chapter 4, similar to [92], a dual ascent algorithm was proposed to calculate



6.2. FUTURE WORK 160

the MMSE precoding weights in a broadcast channel. Moreover, in Chapter

5, dual ascent algorithms were employed to find the precoding weights of a

WL SWIPT ZF and WL SWIPT MMSE in broadcast channels. However, as

has been seen in simulation results, a dual ascent approach, may not always be

considered as a reliable approach to solve these problems. It would be insightful

to investigate alternative approaches to solve the above problems. For example,

viability of difference of convex programming and semi-definite relaxation may

be considered for solving these problems.

• Robust Transmit Precoding/Receive Beamforming:

Throughout this dissertation, it was always assumed that perfect channel state

information (CSI) is available at the transmitter or the receiver. However, in

practice the state information of the channel is obtained using channel estima-

tion techniques [118,119]. Since CSI is obtained using estimation techniques, it

might not be accurate. It is clear that imperfect CSI results in degradation in

performance of the proposed transmit precoding and receive beamforming tech-

niques. To make the performance of the proposed precoding and beamforming

techniques more robust to effects of CSI inaccuracy, one can acknowledge the

existence of error in CSI to redesign the proposed techniques.
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Appendix A

Interference Alignment and One-dimensional

Signalling in Broadcast Channels

In this appendix, employing interference alignment, it is shown that the maximum

number of active users is 2M when the number of transmit antennas isM in a bradcast

channel. In Appendix A.1, we investigate the maximum number of users in special

case of M = 1 transmit antenna. The general case of M > 1 transmit antennas is

studied in Appendix A.2.

We consider a broadcast system in which the transmitter has M antennas. It is

assumed that there are K users available in the system and each user has one antenna.

The transmitter uses interference alignment to send information to all users at the

same time and carrier frequency, with equal bandwidth. We consider the low-pass

representation of the narrow-band bandpass one-dimensionally modulated signals,

which is denoted by

sk = sk(t; lk) = Ak(lk)g(t), 1 ≤ k ≤ K, (A.1)
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for the kth user, where

Ak(lk) ∈ {(2lk − 1− Lk)d|lk = 1, 2, . . . , Lk} (A.2)

for pulse amplitude modulated signals and 2d is the distance between adjacent con-

stellation points and Lk is the order of modulation of user k. The precoded signal is

then expressed as

x =
K∑
k=1

uksk = Us, (A.3)

where uk is the M ×1 transmit linear precoding vector of user k, U = [u1, · · · , uK ],

and s = [s1, . . . , sK ]T . At receiver k, the received signal can be modeled as

rk = hkx + zk =
K∑
j=1

hkujsj + zk, 1 ≤ k ≤ K, (A.4)

where hk represents the channel between transmitter and receiver k, and zk is a

circularly symmetric complex Gaussian noise with zero mean and variance σ2
z .

A.1 Single-antenna Transmitter

In this section, the special case of M = 1 transmit antenna is considered and we

show that using interference alignment [10, 64], it is possible to send information si-

multaneously to at most K = 2 users. As we mentioned earlier in the Introduction,

in the low-pass complex representation, two signals f1(t) and f2(t) are orthogonal if∫∞
−∞<{fn(t)f ∗m(t)}dt = 0. In other words, for a single-antenna receiver if y′(t) is a

basis function of the received space, jy′(t) could be considered as another basis func-

tion, i.e., each receive antenna gives us two rather than one signal space dimension.
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Therefore, we try to transmit the signal such that at each receiver one dimension

is reserved for the desired signal and the other available dimension is reserved for

the interference. For example if the desired signal is only projected over g(t) the

interference should not be projected over g(t) but only over jg(t).

First, we show that for M = 1 transmit antenna, K = 2 users is achievable. For

this topology the noiseless received signals at the receivers are stated as

r1 = s1h1u1 + s2h1u2 = A1h1u1g(t) + A2h1u2g(t)

r2 = s2h2u2 + s1h2u1 = A2h2u2g(t) + A1h2u1g(t)
. (A.5)

We assume that g(t) and jg(t) are the two basis functions, since
∫∞
−∞<{jg

2(t)}dt =

0. Therefore, we can assume that the useful information is available either in the

direction of g(t) or jg(t) and not both, and consequently the co-channel interference

should be only available in the direction of jg(t) or g(t), respectively. Here, without

loss of generality, we assume that the useful information should be in the direction

of g(t) and therefore the interference is only present in the direction of jg(t). This

means that <{A1h1u1} 6= 0, <{A2h2u2} 6= 0 and <{A2h1u2} = 0, <{A1h2u1} = 0.

Since A1 and A2 are real-valued, the above two equalities could be written as

 <{h1u2} = 0

<{h2u1} = 0
⇒

 u2 = jc2h
∗
1

u1 = jc1h
∗
2

, (A.6)

where c1 and c2 are arbitrary real-valued scalars. This gives us an interesting insight

that the precoder for user 1 depends only on the channel of user 2 and should be set

in the direction of jh∗2, and the precoder for user 2 only depends on the channel of

user 1 and should be set in the direction of jh∗1. By this selection of precoders we
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also want to have

={h1h
∗
2} 6= 0 (A.7)

to satisfy both of the aforementioned inequality conditions, i.e., <{A1h1u1} 6= 0 and

<{A2h2u2} 6= 0. Since it is assumed that the channels are modeled by statistically

independent Gaussian random processes, this condition holds with probability 1.

Before showing that it is not possible to support more than K = 2 users with

M = 1 transmit antenna we introduce the following property:

Property A.1. If w = x + jy and a = b + jc are two nonzero arbitrary complex

numbers, w could be decomposed as w = αa+ jβa, where α and β are real scalars.

Proof. To prove this property we need to show that there exist real-valued α and β

such that w = αa+ jβa. In other words, we need to solve this equation for α and β.

This equation can be expanded as

x+ jy = bα + jcα + jbβ − cβ, (A.8)

which gives us the following set of linear equations:

 bα− cβ = x

cα + bβ = y
. (A.9)

If we let A =

 b −c

c b

, then it is obvious that det(A) = b2 + c2 6= 0. In other

words, if a 6= 0 the above equation always has a real-valued solution. �

Now, assume that the transmitter has M = 1 antenna and K = 3 users are in the
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system. Then, the noiseless received signal at the receivers are stated as

r1 = A1h1u1g(t) + A2h1u2g(t) + A3h1u3g(t)

r2 = A2h2u2g(t) + A1h2u1g(t) + A3h2u3g(t)

r3 = A3h3u3g(t) + A1h3u1g(t) + A2h3u2g(t)

. (A.10)

Taking the same approach as before, we want the interference at each user be only

projected in the direction of jg(t) while the desired signal in the direction of the other

basis, namely g(t), be nonzero. Therefore, we have


<{A2h1u2 + A3h1u3} = 0

<{A1h2u1 + A3h2u3} = 0

<{A1h3u1 + A2h3u2} = 0

(A.11)

and 
<{A1h1u1} 6= 0

<{A2h2u2} 6= 0

<{A3h3u3} 6= 0

. (A.12)

The equality constraints of the co-channel interference in (A.11) give us


A2u2 + A3u3 = jc1h

∗
1

A1u1 + A3u3 = jc2h
∗
2

A1u1 + A2u2 = jc3h
∗
3

, (A.13)

where c1, c2, c3 are arbitrary real-valued scalars. Using Property A.1, (A.13) can be
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written as 
A2(jβ1

1h
∗
1 + β1

2h
∗
1) + A3(jγ1

1h
∗
1 + γ1

2h
∗
1) = jc1h

∗
1

A1(jα2
1h
∗
2 + α2

2h
∗
2) + A3(jγ2

1h
∗
2 + γ2

2h
∗
2) = jc2h

∗
2

A1(jα3
1h
∗
3 + α3

2h
∗
3) + A2(jβ3

1h
∗
3 + β3

2h
∗
3) = jc3h

∗
3

, (A.14)

where αji , β
k
i , and γli, i ∈ {1, 2}, j ∈ {2, 3}, k ∈ {1, 3}, l ∈ {1, 2}, are real scalars for

the decomposition based on Property A.1. Considering the fact that Ais are also

real-valued results in 
(A2β

1
2 + A3γ

1
2)h∗1 = 0

(A1α
2
2 + A3γ

2
2)h∗2 = 0

(A1α
3
2 + A2β

3
2)h∗3 = 0

(A.15)

and 
(A2β

1
1 + A3γ

1
1)jh∗1 6= 0

(A1α
2
1 + A3γ

2
1)jh∗2 6= 0

(A1α
3
1h
∗
3 + A2β

3
1)jh∗3 6= 0

, (A.16)

which follow directly from (A.14). Considering (A.2), we can express (A.15) as



β1
2 + γ1

2 = 0

β1
2 − γ1

2 = 0

α2
2 + γ2

2 = 0

α2
2 − γ2

2 = 0

α3
2 + β3

2 = 0

α3
2 − β3

2 = 0

, (A.17)

which results in β1
2 = γ1

2 = α2
2 = γ2

2 = α3
2 = β3

2 = 0, which can be employed in the

decomposition (A.14) to yield u2 = jβ1
1h
∗
1, u3 = jγ1

1h
∗
1, u1 = jα2

1h
∗
2, u3 = jγ2

1h
∗
2, u1 =
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jα3
1h
∗
3, u2 = jβ3

1h
∗
3. Therefore, the channels are degraded (h1 =

β3
1

β1
1
h2 =

γ2
1

γ1
1
h3). This

in turn indicates that the inequalities in (A.12) are not satisfied. In other words, it

is not possible to support more than two users with one transmit antenna.

A.2 Multiple-antenna Transmitter

Now we assume that the transmitter is equipped with M > 1 antennas and there are

K users in the system. We show that the system can support K ≤ 2M . Similar to

the previous section, the noiseless received signals at the receivers are expressed as:

r1 =A1h1u1g(t) + A2h1u2g(t) + . . .+ AKh1uKg(t)

r2 =A2h2u2g(t) + A1h2u1g(t) + . . .+ AKh2uKg(t)

...

rK=AKhKuKg(t)+A1hKu1g(t)+ . . .+AK−1hKuK−1g(t)

. (A.18)

Here, we also assume that the interference at each user is projected only in the

direction of jg(t) and the the desired signal is only detectable in the direction of g(t).

In other words, we want



<{A2h1u2g(t) + . . .+ AKh1uKg(t)} = 0

<{A1h2u1g(t) + . . .+ AKh2uKg(t)} = 0

...

<{A1hKu1g(t) + . . .+ AK−1hKuK−1g(t)} = 0

(A.19)
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and 

<{A1h1u1g(t)} 6= 0

<{A2h2u2g(t)} 6= 0

...

<{AKhKuKg(t)} 6= 0

. (A.20)

By considering the modulation levels of (A.2), each equality in (A.19) is equivalent

to K − 1 linear independent equations as



<{h1u2 + · · ·+ h1uK} = 0

<{h1u2 + · · · − h1uK} = 0

...

<{h1u2 − · · · − h1uK} = 0

<{A1h2u1 + · · ·+ AKh2uK} = 0

...

<{A1hKu1 − · · · − AK−1hKuK−1} = 0

. (A.21)

For the set of linear equations in (A.21) to have a nontrivial solution set, number

of unknowns should be greater than the number of equations. In (A.21), uis are

unknowns and each of them is a complex M × 1 vector, i.e., each of them comprises

2M unknowns. Therefore, the total number of unknowns is 2MK. It is obvious that

each equation in (A.19) is substituted by K − 1 equations in (A.21), i.e., the number

of equations in (A.21) is K(K − 1). If we set the number of equations to be less than

the number of unknowns as mentioned earlier, i.e., K(K − 1) < 2MK we get

K ≤ 2M, (A.22)
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which serves as an upper on the number of users in a broadcast channel with linear

beamforming and one-dimensional modulation.
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Appendix B

Extended Widely Linear Multiuser MISO

Precoding

Although it outperforms linear estimation, widely linear estimation of one-dimension

ally modulated signals does not consider the information hidden in the imaginary

part of the output. Therefore, WL processing is capable of providing more degrees

of freedom (DoF) which results in increase in the number of users. Based on this

observation, it is conjectured that it might be possible to sacrifice these additional

degrees of freedom, to improve performance, by including the imaginary part of the

observation in estimation process. We call the proposed processing technique, which is

specific to the one-dimensionally modulated signals, as extended widely linear (EWL)

processing. In EWL processing, the estimate is represented by superposition of the

real part of the linear filtering of the observation and the imaginary part of the linear

filtering of the observation. It is expected that by using the EWL processing, the

performance is improved compared to the WL processing. However, our numerical

results do not confirm this conjecture. When the number of users is limited to the

number of transmit antennas, EWL precoding does not outperform WL precoding,
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but performs similarly to WL precoding.

The rest of this appendix introduces extended widely linear processing and studies

extended widely linear MRT, EWL ZF, EWL MMSE, and EWL MSLNR precoding

in MISO broadcast channels. The EWL counterparts of MRT, MMSE, and MSLNR

precoding are obtained by using composite real analysis and the EWL counterpart of

the ZF precoding is studied by using complex-domain analysis.

B.1 Extended Widely Linear (EWL) Processing

As it has been seen in Chapter 4, when the data is real-valued and the observation is

complex-valued, widely linear estimation is given by the real part of the output of a

linear estimator. Therefore, widely linear processing ignores the information available

in the imaginary part of the output. Thus, it might be possible to improve the

performance of such communications systems even further, by extending the notion

of widely linear processing such that it considers the information available at both

real and imaginary dimensions. Hence, extended widely linear (EWL) estimation can

be given by adding the real part and the imaginary part of the output of a linear

filter as ŝ = <{wr}+ ={wr}.

Let us consider the system model introduced in Section 4.2. Using the midpoints

between the received signal constellation points as the decision thresholds [21], the

following extended widely linear decision rule may be used for extended widely linear
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estimation of the transmitted PAM symbols of user k, 1 ≤ k ≤ K:

ŝk =



sk(1) yRk + yIk ≤ <{wkhkuksk(1) + wkhkukd
√
Eg}+

={wkhkuksk(1) + wkhkukd
√
Eg}

sk(lk) <{wkhkuksk(lk)− wkhkukd
√
Eg}+

={wkhkuksk(lk)− wkhkukd
√
Eg} < yRk + yIk ≤

<{wkhkuksk(lk) + wkhkukd
√
Eg}+

={wkhkuksk(lk) + wkhkukd
√
Eg}; 2 ≤ lk ≤ Lk − 1

sk(Lk) yRk + yIk > <{wkhkuksk(Lk)− wkhkukd
√
Eg}+

={wkhkuksk(Lk)− wkhkukd
√
Eg}

, (B.1)

where the superscript I denotes the imaginary part, i.e., xI = ={x}. Therefore, if

yRk +yIk is considered in calculating receive beamformer or transmit precoder, it results

in extended widely linear design.

B.2 EWL Maximum Ratio Transmission Precoding

Similar to linear and WL MRT, extended widely linear maximum ratio transmission

also maximizes the receive SNR of a user subject to a constraint on the transmit

power of that user. Considering extended widely linear processing, the SNR of user

k, 1 ≤ k ≤ K, is given by

SNRk =
E[|<{wkhkuk}sk + ={wkhkuk}sk|2]

E[|<{z′k}|2]
. (B.2)

Using the transformations T1 and T2 defined in (4.25) and the transformation T3
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defined as

H′
T3−→ Ȟ′ =

[
={H′} <{H′}

]
. (B.3)

SNR of user k can be rewritten as

SNRk =
2σ2

sk
ūTk (h̃′Tk h̃′k + h̃′Tk ȟ′k + ȟ′Tk h̃′k + ȟ′Tk ȟ′k)ūk

σ2
z′k

. (B.4)

Then the EWL MRT precoding problem can be formulated by maximizing the

receive SNR of user k, 1 ≤ k ≤ K, subject to the constraint on the transmit power

of user k as

max
ūk

SNRk (B.5a)

subject to σ2
sk
‖ūk‖2

2 ≤ τk, (B.5b)

where τk, the power constraint on transmit signal of user k, should satisfy
∑K

k=1 τk =

τ , and τ is the total transmit power constraint of the transmitter. Since (B.5b) is an

active constraint [114], the EWL MRT (B.5) can be cast into the following Rayleigh

quotient problem

ūkMRT
= argmax

ūk

2τkū
T
k (h̃′Tk h̃′k + h̃′Tk ȟ′k + ȟ′Tk h̃′k + ȟ′Tk ȟ′k)ūk

σ2
z′k

ūTk ūk
(B.6a)

subject to σ2
sk
‖ūk‖2

2 = τk. (B.6b)
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Therefore, the solution to EWL MRT precoding problem is given by

ūkMRT
=

√
τk

σsk
vmax(Pk), (B.7)

where Pk = h̃′Tk h̃′k+h̃′Tk ȟ′k+ȟ′Tk h̃′k+ȟ′Tk ȟ′k and vmax(Pk) is the normalized eigenvector

corresponding to the largest eigenvalue of Pk. It should be remarked that in contrast

to the WL MRT precoding, the solution to the EWL MRT precoding problem is not

the same as the solution to the linear MRT precoding problem.

B.3 EWL Zero-forcing Precoding

When the transmitter sends one-dimensionally modulated signals to the users and

the extended widely linear estimation (B.1) is performed over the received signal,

zero-forcing condition should be written as

<{WHU}+ ={WHU} = ΛΛΛ. (B.8)

Thus, extended widely linear zero-forcing precoding is formulated by minimizing the

total transmit power subject to the interference-free constraint of (B.8) as

min
U

Tr(URsU
H)

subject to <{WHU}+ ={WHU} = ΛΛΛ. (B.9)
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To solve this problem we first rewrite it in the following form:

min
u1,...,uK

K∑
k=1

σ2
sk

uHk uk

subject to <{H′uk}+ ={H′uk} −
√
λkek = 0, 1 ≤ k ≤ K. (B.10)

Accordingly, the Lagrangian is given by

L(u1, . . . ,uK ,µµµ1, . . . ,µµµK) =
K∑
k=1

σ2
sk

uHk uk +
K∑
k=1

µµµTk (<{H′uk}+ ={H′uk} −
√
λkek)

(B.11)

where µµµks, 1 ≤ k ≤ K are the nonnegative Lagrange multipliers. Using Wirtinger

calculus [50–52] to take the derivative of the Lagrangian (B.11) with respect to the

complex-valued precoding vectors uks, 1 ≤ k ≤ K, and writing the KKT conditions

results in the following equations for the stationary points of (B.10):

σ2
sk

u∗k + H′Tµµµk = 0, 1 ≤ k ≤ K (B.12a)

<{H′uk}+ ={H′uk} −
√
λkek = 0, 1 ≤ k ≤ K. (B.12b)

From (B.12a), precoder uk could be solved for as

uk = − 1

σ2
sk

H′Hµµµk. (B.13)

Substituting (B.13) in (B.12b) yields the Lagrange multipliers:

µµµk = −σ2
sk

√
λk[<{H′H′H}+ ={H′H′H}]−1ek. (B.14)
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Using (B.14) in (B.13) and concatenating the obtained ZF precoding vectors to form

a matrix, the extended widely linear ZF precoder is derived as

UZF = H′H [<{H′H′H}+ ={H′H′H}]−1ΛΛΛ. (B.15)

Similar to WL ZF, EWL ZF precoding also suffers from the lack of constraint on

the transmit power in expense of a fixed receive power. Similar to Section 4.3.2, to

overcome this shortcoming of EWL ZF, a simple heuristic approach is to introduce

a scaling factor γ to normalize U, such that the total transmit power be constrained

to τ . Therefore,

UNorm
ZF = γUZF, (B.16)

where

γ =

√
τ

Tr(UZFRsUH
ZF)

. (B.17)

B.4 EWL Minimum Mean Square Error Precoding

In this section, assuming extended widely linear estimation, we minimize the sum of

mean square errors (MSE) of users by constraining the transmit power. Using the

EWL estimate ŝ = <{y} + ={y}, the sum MSE between the estimated signals and

the desired signals can be written as

MSE = E[‖ŝ− s‖2
2] = Tr(<{H′U}Rs<{H′U}T ) + Tr(={H′U}Rs={H′U}T ) +

2 Tr(<{H′U}Rs={H′U}T )− 2 Tr(<{H′U}Rs)− 2 Tr(={H′U}Rs) + Tr(Rz′ + Rs).

(B.18)



B.4. EWL MINIMUM MEAN SQUARE ERROR PRECODING 194

Using the transformations (4.25) and (B.3), the sum MSE (B.18) can be equivalently

written as

MSE = Tr(H̃′ŪRsŪ
T H̃′T ) + Tr(Ȟ′ŪRsŪ

T Ȟ′T )

+ 2 Tr(H̃′ŪRsŪ
T Ȟ′T )− 2 Tr(H̃′ŪRs)− 2 Tr(Ȟ′ŪRs) + Tr(Rz′ + Rs).

(B.19)

Having the MSE (B.19), similar to widely linear MMSE precoding (4.28), the

extended widely linear MMSE precoding matrix is obtained by solving

min
Ū

MSE (B.20a)

subject to Tr(ŪRsŪ
T ) ≤ τ. (B.20b)

It should be noted that (B.20b) is not necessarily an active constraint.

Ignoring the constant terms, the corresponding Lagrangian of the optimization

problem (B.20) is

L(Ū, µ) = Tr(H̃′ŪRsŪ
T H̃′T ) + Tr(Ȟ′ŪRsŪ

T Ȟ′T )

+ 2 Tr(H̃′ŪRsŪ
T Ȟ′T )− 2 Tr(H̃′ŪRs)− 2 Tr(Ȟ′ŪRs) + µ(Tr(ŪRsŪ

T )− τ),

(B.21)

where µ is the non-negative Lagrange multiplier. Therefore, the Lagrange dual func-

tion of (B.20) is g(µ) = minŪ L(Ū, µ), and hence the corresponding dual problem
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is

max
µ

g(µ)

subject to µ ≥ 0. (B.22)

To solve the dual problem, similar to WL MMSE, we take a dual ascent approach

which minimizes the Lagrangian (B.21) and maximizes the dual function in alternat-

ing fashion. By setting the derivative of the Lagrangian (B.21) with respect to Ū to

zero, the minimizer could be obtained as

ŪMMSE = (H̃′T H̃′ + Ȟ′T Ȟ′ + Ȟ′T H̃′ + H̃′T Ȟ′ + µI2M)−1(H̃′T + Ȟ′T ). (B.23)

Therefore, the algorithm in Table B.1 is proposed to solve the EWL MMSE precoding

problem. To maximize the dual function, in each iteration of the proposed algorithm

the Lagrange multiplier µ is updated in a way that it moves in the direction of its

steepest ascent or derivative as

µl+1 = [µl + δlµ(Tr(ŪRsŪ
T )− τ)]+ (B.24)

where l denotes the iteration number and δlµ indicates the sequence of positive scalar

step sizes for µ [94, 95].

It should be remarked that, Besides the dual ascent approach, another approach

to address the EWL MMSE precoding problem is from the perspective of regularized
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Table B.1: Dual ascent algorithm for finding EWL MMSE precoding matrix in broad-
cast channels

Initialize µ.
l = 1.
repeat

Compute Ū using (B.23).
Update µ using (B.24).
l← l + 1.

until Ū converges

zero-forcing [53]. This approach results in the following precoding matrix:

ŪMMSE = (H̃′T H̃′ + Ȟ′T Ȟ′ + Ȟ′T H̃′ + H̃′T Ȟ′ +
1

SNR
I2M)−1(H̃′T + Ȟ′T ). (B.25)

B.5 EWL Maximum Signal to Leakage and Noise Ratio Precoding

Similar to linear and widely linear MRT, ZF, and MMSE precoders, it has been

seen that their extended widely linear counterparts also do not consider the effect of

the receiver’s additive noise in calculating the precoding vectors. In this section we

consider maximizing signal to leakage and noise ratio with EWL estimation which

similar to linear and WL MSLNR also considers the effect of noise.

In a broadcast channel with extended widely linear estimation and one-dimensional

modulation, the power of the leakage of user k, 1 ≤ k ≤ K, can be defined as the

expected total power of the signal of user k which is leaked to other users’ estimation

process as

Leakagek =
K∑
j=1
j 6=k

E[(<{wjhjuksk}+ ={wjhjuksk})2]. (B.26)
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Consequently, the EWL SLNR of user k is given by

SLNRk =
E[(<{wkhkuksk}+ ={wkhkuksk})2]∑K

j=1
j 6=k

E[(<{wjhjuksk}+ ={wjhjuksk})2] + σ2
z′k

. (B.27)

Employing the transformations (4.25) and (B.3), SLNR of user k can be written as

SLNRk =
σ2
sk

ūTkPkūk

σ2
sk

ūTkQk̄ūk + σ2
z′k

, (B.28)

where Pk = h̃′Tk h̃′k + h̃′Tk ȟ′k + ȟ′Tk h̃′k + ȟ′Tk ȟ′k and Qk̄ =
∑K

j=1
j 6=k

h̃′Tj h̃′j + h̃′Tj ȟ′j + ȟ′Tj h̃′j +

ȟ′Tj ȟ′j = H̃′T
k̄

H̃′
k̄

+ H̃′T
k̄

Ȟ′
k̄

+ Ȟ′T
k̄

H̃′
k̄

+ Ȟ′T
k̄

Ȟ′
k̄
.

Therefore, EWL MSLNR precoding problem can be stated as

max
ūk

SLNRk (B.29a)

subject to σ2
sk
‖ūk‖2

2 = τk, (B.29b)

where SLNRk is given by (B.28). By casting (B.29) into a generalized Rayleigh

quotient problem as

ūkMSLNR
= argmax

ūk

ūTkPkūk

ūTk (Qk̄ +
σ2
z′
k

τk
I2M)ūk

(B.30a)

subject to σ2
sk
‖ūk‖2

2 = τk, (B.30b)

the solution to the MSLNR precoding problem is given by

ūkMSLNR
=

√
τk

σsk
vmax(Pk,Q

′
k), (B.31)
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Figure B.1: Average symbol error rates of users for M = 4 transmit antennas and
K = 4 users with 4-PAM and EWL processing.

where vmax(Pk,Q
′
k) is the normalized eigenvector corresponding to the largest gen-

eralized eigenvalue of Pk and Q′k and Q′k = Qk̄ +
σ2
z′
k

τk
I2M .

B.6 Numerical Results

We consider the simulation setting of Section 4.5. Fig. B.1 portrays the average

symbol error rates of extended widely linear MRT, ZF, MMSE, iterative MMSE, and

MSLNR precoding methods. Comparing this figure with Fig. 4.1, it can be observed

that extended widely linear precoding does not outperform widely linear precoding,

but results in a similar performance.

Our conjecture is that EWL processing as presented does not outperform WL

processing because it is not exploiting the additional DoF offered by the imaginary

part of the received signal, viz., the additional DoF offered due to the complex channel
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when one-dimensional signalling is employed. We suspect that the additional DoF

cannot be exploited because the number of (spatial) filtering parameters to optimize

in EWL processing is the same as that of WL processing.


