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Abstract

Photonic crystal waveguides (PCWs) are nano-scale devices offering an exciting plat-

form for exploring and exploiting enhanced linear and nonlinear light-matter inter-

actions, aided in-part by slowing down the group velocity (vg) of on-chip photons.

However, with potential applications in telecommunications, bio-sensing and quan-

tum computing, the road to commercialization and practical devices is hindered by

our limited understanding of the influence of structural disorder on linear and nonlin-

ear light propagation. This thesis refines and develops state-of-the-art mathematical

and numerical models for understanding the important role of disorder-related optical

phenomena for PCWs in the linear and optical nonlinear regime. The importance of

Bloch modes is demonstrated by computing the power loss caused by disorder-induced

scattering for various dispersion engineered PCWs. The theoretical results are found

to be in very good agreement with related experiments and it is shown how disper-

sion engineered designs can minimize the Bloch fields around spatial imperfections

resulting in a radical departure from the usual assumed scaling v−2
g of backscattering

losses. We also conduct a systematic investigation of the influence of intra-hole cor-

relation length, a parameter characterizing disorder on backscattering losses and find

the loss behaviour to be qualitatively dependent on waveguide design and frequency.

We then model disorder-induced resonance shifts to compute the ensemble averaged

disordered density of states, accounting for important local field effects which are

crucial in achieving good qualitative agreement with experiments. Lastly, motivated

by emerging experiments examining enhanced nonlinear interactions, we develop an

intuitive time-dependent coupled mode formalism to derive propagation equations

describing nonlinear pulse propagation in the presence of disorder-induced multiple
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scattering. The framework establishes a natural length scale for each physical inter-

action offering considerable insight and we develop and implement a stable implicit

finite-difference scheme to solve the propagation equations. Our results also reproduce

some hitherto unexplained features in recent experiments and the general theory can

be extended to include a wide range of other nonlinear optical effects such as three-

photon absorption and four wave mixing.
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Chapter 1

General Introduction

1.1 Motivation

From the explanation of the photoelectric effect by Einstein which ushered in the

Quantum Mechanical era to the recent detection of gravitational waves by the LIGO

collaboration [1], the interaction of electromagnetic (EM) fields with matter (light-

matter interactions), lies at the heart of many important developments in the natural

sciences. As a testament to the impact and technological applications of light-matter

interactions, 2015 was designated as the International Year of Light and Light-based

Technologies by the United Nations. As we enter the 21st century, light-matter in-

teractions will undoubtedly play a large role in solving the world’s most pressing

problems, from addressing climate change by harnessing solar energy or nuclear fu-

sion to ushering in the era of Quantum Information Processing [2].

The theoretical foundations for understanding light-matter interactions were laid

down by Maxwell in his seminal 1865 work [3], which beautifully combined both

electricity and magnetism and showed mathematically how the EM field behaves

as a wave. What is less known however is that light-matter interactions were also

an inspiration for Schrödinger as he developed the equation that would later bear

his name. Indeed when developing the physical motivation in his 1926 work [4],

Schrödinger states:

“Nothing of what has hitherto been said is in any way new. All this

was very much better known to Hamilton himself than it is in our day to
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n′ n

n′ > n

Figure 1.1: Bending of a light-ray travelling in a heterogeneous isotropic medium (n, n′

denote the refractive indices at different positions in space) that inspired both Hamil-
ton and Schrödinger in developing the dynamical equations which govern classical
and quantum mechanics, respectively.

a good many physicists. Indeed, the theory of the propagation of light

in a non-homogeneous medium, which Hamilton had developed about ten

years earlier, became, by the striking analogy which occurred to him, the

starting-point for his famous theories in pure mechanics. Notwithstanding

the great popularity reached by the latter, the way which had led to them

was nearly forgotten.”

What Schrödinger was referring to was the fact that the dynamical equations of the

Hamiltonian formalism were inspired by Hamiltonian optics which Hamilton had de-

veloped 10 years before, while studying the bending of a light-ray in a heterogeneous

isotropic medium as shown schematically in Figure 1.1 [5, p. 143]. Schrödinger imag-

ined the onset of quantum mechanical behaviour to be the analogue of the breakdown

of geometrical optics when the dimensions of the propagating medium become compa-

rable to the wavelength. As the theory behind quantum mechanics matured, it took

on a more abstract form brought about by Heisenberg’s matrix mechanics formula-

tion which, not surprisingly, coincided with the the development of operator theory

and functional analysis around the same time. If Maxwell’s equations are recast in a

more abstract form using functional analysis [6], one sees more similarities between

Maxwell’s equations and the Schrödinger equation than differences [6–8].

Consider a one-dimensional classical EM wave and a quantum mechanical wave
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propagating in vacuum which is defined as space with zero potentials and no electro-

magnetic matter (V = 0, ε = ε0, µ = µ0). 1 Then the primordial wave equations and

their dispersion relations in the two theories are given by

∂2
t E = c2∂2

xE , ω = ck, (1.1)

∂tψ = i
~
2
∂2
xψ, E =

~2k2

2
, (1.2)

where c2 = 1/µ0ε0, c denotes the speed of light, E , ψ are the electric field and quantum

mechanical wavefunction, respectively and we have assumed unit mass m = 1. While

the group velocity defined as ω′(k) ≡ dω

dk
and is thus ω′(k) = c constant for the elec-

tric field, for the quantum mechanical wavefunction, it depends on the wavenumber

E ′(k) = ~k = p and is proportional to the momentum. Instead, for the quantum

mechanical wave, the group velocity dispersion (GVD) remains constant, E ′′(k) = ~,

while it vanishes for the electric field ω′′(k) = 0. These properties give rise to the

familiar notion that while an EM wave-packet is unchanged as travels in vacuum

because its constituent sinusoidal components travel at the same speed, a quantum

mechanical wave-packet broadens in vacuum as it propagates because its sinusoidal

components travel at slightly different speeds proportional to their momentum. This

broadening is a consequence of non-zero GVD. Indeed looking at (1.1), we see that

the effect of a vacuum is different whether the wave is a classical EM wave or it is

a quantum mechanical wave, leading one to believe that vacuum somehow behaves

differently in the quantum regime.2

Now consider “engineering” a material for EM wave propagation that has a dis-

persion relation of the form ω(k) = ν(1+ a2k2

2
) where ν is some constant frequency and

a is some constant length. Then, as Jackson shows [9, p. 323-329], the behaviour of

the EM wave is equivalent to the behaviour of the quantum mechanical wavefunction

1This is different from the vacuum state defined in quantum field theory which is the state of
lowest energy usually containing no particles. Recall that the electromagnetic field is quantized
by treating it as a harmonic oscillator so its vacuum state (no photons) has energy ~ω/2 but the
potential of a harmonic oscillator is not zero!

2Casimir force, spontaneous emission and the Lamb shift are some examples of this strange
behaviour of vacuum.
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Figure 1.2: A wavepacket broadening because of group velocity dispersion as it travels
in one dimension. The wave-packet can either represent a quantum free-particle or
an electromagnetic wave-packet propagating in a medium with quadratic dispersion
ω ∝ k2. Reproduced from [9].

ψ in vacuum as shown in Figure 1.2. Let us now generalize the two wave equations

of (1.1) in the presence of non-zero potentials and matter,

∂2
t E = c2ε(x, t)∂2

xE , (1.3)

i~∂tψ =

[
−~2

2
∂2
x + V (x, t)

]
ψ, (1.4)

where the dispersion relations ω(k), E(k) are non-trivial depending on the functional

form of ε(x, t), V (x, t), respectively. The standard complete course in Condensed

Matter Physics is a tour de force in understanding the role of various functional

forms of V (x, t) on the behaviour of the wavefunction ψ. Equivalently, through sheer

ingenuity, one can engineer the dielectric function ε to mimic the potential V re-

producing most of quantum mechanical behaviour relying on the wave-like nature

of quantum particles. The three big exceptions to this analogy are: (i) the collapse

of the wavefunction as a result of a quantum measurement which causes quantum

entanglement [10] and quantum non-locality, (ii) the physical existence of bosons and

fermions which places additional restrictions on the symmetry of the wavefunction ψ

having repercussions in quantum statistics and (iii) quantization of the EM field itself
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yielding effects such as photon anti-bunching, squeezed light etc. All these phenom-

ena truly have no classical analog but in this thesis, we shall restrict our attention to

effects that are common to both Maxwell and Schrödinger equations.

1.1.1 Periodic Potentials and Dielectric Functions

The most studied class of potentials are spatially periodic V (r + R) = V (r) as they

were found to occur naturally in many solids examined via X-Ray diffraction in the

early 20th century. The theoretical study of periodic potentials gave rise to the band

theory of solids which successfully explain the differences between conductors, in-

sulators and semi-conductors in terms of an electronic band gap. To exploit semi-

conductors for practical applications, it was the advancement in theoretical under-

standing of the role of adding point defects (substitutional impurities) that allowed

Shockley to conceptualize the bipolar junction transistor, one of the key electric com-

ponents that kickstarted the modern information revolution.

To reap similar benefits as brought about by the electronic revolution, one can

conceptualize a periodic dielectric function ε(r+R) = ε(r) analogous to the Coulom-

bic periodic potential of an electronic crystal. The photonic analog of electronic

crystalline materials are called Photonic Crystals (PCs) but in contrast to electronic

crystals, PCs do not occur in abundance in nature3 and hence must be designed and

engineered. A schematic of PCs in various dimensions is shown in Figure 1.3(a).

Photonic crystals were initially proposed in mid 80s to resolve two of the outstanding

problems plaguing condensed matter physics at the time; (i) despite the theory of

Anderson localization going through a flurry of development from 1950s to 1970s,

the phenomena was extremely challenging to observe in electronic crystals due to the

presence of electron-electron and electron-phonon interactions, so John [11] proposed

the idea of using a 3D disordered dielectric lattice to observe the elusive metal- insula-

tor transition, and (ii) with experimental advances in manufacturing artificial atoms

called quantum dots, PCs were proposed by Yablonovitch to control the spontaneous

3Although butterfly wings come close.
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(a)

(b)

Figure 1.3: (a) Schematic of periodic patterning for PCs in different dimensions.
Reproduced from Joannopoulos et al. [7]. (b) Schematic of photonic crystal chip used
for processing information. Reproduced from Arsenault et al. [13].

emission rate of quantum dots [12]. Similar to the way electrons in the modern com-

puter are manipulated to process information on a chip, Joannopoulos and co-workers

PCs imagined an integrated photonic chip shown schematically in Figure 1.3(b) for

applications in photonic information technology.

While the metal-insulator transition is yet to be demonstrated using photons

partly due to technical challenges in manufacturing a fully three-dimensional PC,

controlling the spontaneous emission rate of a quantum dot embedded in a PC slab

cavity has been demonstrated by various groups, e.g. Englund et al. [14]. PC

slabs are an important class of photonic crystal structures formed by etching a two-

dimensional periodic pattern into a slab of finite thickness as shown schematically in

Figure 1.4(a) which are also experimentally feasible by leveraging established man-

ufacturing technologies from the planar semiconductor industry. Adding in a point

defect by removing a couple of holes creates a cavity Figure 1.4(b) while adding a

line defect by removing a row of holes creates a Photonic Crystal Waveguide (PCW)

Figure 1.4(c). The canonical designs shown in Figure 1.4(b,c) are referred to as a L0

cavity and a W1 PCW respectively and form the basis for more advanced designs.

Photonic circuits composed of coupled PC cavities and waveguides are a promising

platform for enabling various technologies; from creating an on-chip single photon
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(a)
(b) (c)

Figure 1.4: (a) Schematic of three-dimensional PC slab (or planar PC) having a finite
height. Reproduced from Joannopoulos et al. [7]. (b) Top view of a PC slab with a
point defect created by removing one hole which creates a cavity. (c) Top view of a
PC slab with a line defect created by removing one row of holes which creates a PCW.
The canonical designs in (b,c) are called a L0 cavity and W1 PCW, respectively.

source generating high quality single photons on-demand for quantum information

processing applications [15, 16] to realizing a dense ultralow-power optical communi-

cation network (classical or quantum) on a processor chip [17].

1.1.2 The role of disorder

As a concrete example of their vision, Joannopoulos and co-workers [18] showed a 2D

PCWs slowing down light and guiding it around bends as shown in Figure 1.5. Pho-

tonic crystal waveguides are able to slow-down light as shown by the bandstructure

in Figure 1.5(a) where we note that for the band of the guided modes(red), there are

certain regimes where ω′(k) ≈ 0 so the group-velocity of a wave-packet propagating

in this regime is orders of magnitude slower than c which is is advantageous since a

photon must be slowed down to facilitate the processing of information as opposed

to its more traditional role of merely transmitting information. This slowing down of

light indicates that it is strongly interacting with the matter in which its propagat-

ing leading to the adage, “photonic crystals greatly enhance light-matter interactions

particularly in the slow-light regime.” Secondly, the ability of a 2D PCWs to guide

light around bends as shown in Figure 1.5(b) was seen as a boon to designing robust

integrated photonic circuits with a much smaller footprint than traditional optical
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(a) (b)

Figure 1.5: (a) Bandstructure of a 2D PCW with the band of the guided mode shown
in red. The region k . 0.1 where ω′(k) ≈ 0 for the guided band is called the slow-light
region. (b) Real part of the electric field of a guided mode in the slow-light region
propagating without loss around a bend. Reproduced from Joannopoulos et al. [18].

fibers which were prone to bend losses due to violation of total internal reflection

(TIR).

In reality, however, a completely 2D PCW cannot exist as a manufactured PCW

always has finite height as shown in Figure 1.6(a,b). Thus, a PCW forged from a

PC slab is subject to the laws of TIR which states that for all frequencies above the

light-line (see Figure 1.7(c)), radiation vertically leaks out of the waveguide making it

highly prone to bend losses4. However, even in 3D, there exists a lossless regime be-

low the light-line but since the etched patterning is not perfect due to manufacturing

imperfections as shown in Figure 1.6(c)), the imperfections act as extrinsic scattering

sites resulting in propagation losses. These random variations perturb the periodicity

of the dielectric function and will be referred to as disorder from here onwards. In

the slow-light regime highlighted in Figure 1.7(a), disorder-induced losses are further

magnified due to stronger light matter interactions as shown by transmission mea-

surements in Figure 1.7(b) which clearly shows that as the group velocity vanishes

4In strict 2D, there is no light-line due to the absence of the third dimension.
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(a) (b)

(c)

Figure 1.6: (a,b) SEM images of experimental W1 PCWs. Reproduced from McNab
et al. [25] and Baba [26] respectively. (c) SEM image of a patterned hole disordered
by manufacturing imperfections. Reproduced from Skorobogatiy et al. [27].

near the band-edge, the transmission drops abruptly due to an increase in scattering

losses.

It is now widely realized in the community that this “disorder problem” remains

one of biggest stumbling blocks for the technological exploitation of slow-light PCWs.

This is in direct analog to the hurdle overcome in the field of optical fibers by the

works of Marcuse and others who studied radiation losses due to manufacturing im-

perfections [19]. Various mathematical models modelling disorder related phenomena

in PCWs exist in literature [20, 21], including those by Hughes and co-workers [22,

23] whose approaches are semi-analytical and use a Green function formalism and

coupled-mode theory to model disorder-induced losses and their theoretical results

are in excellent agreement with experiments [24]. Lastly, the bandstructure or reso-

nant frequencies of the PCW are also affected by disorder which affects the density of

states (DOS)5, the quantity that determines the modified spontaneous emission rate

of quantum dots coupled to PCWs.

Apart from the need to continuously improve disorder models to have a better

understanding of disorder-induced losses and resonance shifts, there is presently a

great deal of interest in utilizing slow-light PCWs for enhancing nonlinear optical

5More generally, disorder affects the local DOS which is defined as the DOS felt by an emitter
such as a dipole or a quantum dot.
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(a)

(b)

Figure 1.7: (a) Typical bandstructure a W1 PCW with the guided mode satisfying
TIR below the light-line highlighted in pink. A normalized wavenumber of 0.5 corre-
sponds to the band-edge. (b) Experimental measurements of transmission (top) and
group index (proportional to 1/vg) (bottom, blue dots). The theoretical group index
is also shown (bottom, blue triangles). The sudden drop in transmission is due to
enhanced disorder-induced scattering losses in the slow-light regime. All images have
been reproduced from Baba [26].

interactions. Recent research has demonstrated impressive enhancement of nonlinear

effects such as non-trivial self-phase modulation (SPM), temporal pulse compression,

four-wave mixing (FWM), free-carrier dispersion (FCD) etc. in slow-light PCWs [28–

32]. Nonlinear effects can be used to create all-optical switches with extremely low

switching energies as demonstrated by Taniyama et al. using a PC cavity coupled to

two PCWs [33]. Since different frequencies can now interact through nonlinearities,

light-matter interactions are further enhanced in the slow-light regime. For example,

considering a third order Kerr nonlinearity [34, Ch. 4] in the absence of GVD, a pulse

is spectrally broadened which implies compression in the time and space domains as

illustrated schematically in Figure 1.8 So in conclusion, the effects of disorder are most
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(a) (b)

Figure 1.8: Schematic illustrations of a pulse propagating in a slow-light PCW in
the presence of a third-order Kerr nonlinearity and absence of GVD. (a) A spectrally
broadened pulse at the end of a PCW due to the optical Kerr effect. (b) As a pulse
enters a PCW, spectral broadening can lead to spatial compression which increases the
local field intensity leading to greater light matter interactions and an enhancement
of non linear effects. Reproduced from Krauss [28].

pronounced in the slow-light regime which is of interest to most linear or nonlinear

applications of PCWs.

1.2 Goals of Thesis

The main goals of this thesis are twofold: (i) to further develop useful and accurate

models for disorder related effects in PCWs and PCs and to use them to connect to

various experimental works in the field; and (ii) to move the current theoretical status

quo forward by introducing a model for coupling both disorder-induced scattering

and nonlinear optical processes in a self-consistent way. In support of the first goal,

we were fortunate enough to be provided with experimental data by the leading

experimental groups of Dr. Alfredo De Rossi at THALES, France and Dr. Peter

Lodahl at the Niels Bohr Institute, Denmark which provided the motivation to further

enhance our disorder model initially put forth by Hughes et al. [22] and refined by

Patterson in his MSc thesis and related papers [23, 24, 35–37]. By achieving good

qualitative agreements with both experiments, we will demonstrate the importance of

various effects such as multiple scattering, local field effects at the disordered interface

and extended our models to handle deliberate disorder which is different in nature
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from intrinsic disorder as shown in Figure 1.6(c). We also compute the local density of

states for realistic disordered waveguides, which were used to develop more accurate

models of quantum optics, e.g., with embedded quantum dot light sources [38].

In terms of the second thesis goal, linear disorder models for PCWs are now fairly

well developed and they are continually improving. However, in the nonlinear regime,

which has generated a great deal of experimental interest recently, the scientific com-

munity continues to use models which are known to be invalid for PCWs, namely the

use of the Beer-Lambert law of power attenuation when dealing with Kerr-type non-

linearities [23]. While basic conceptual nonlinear physics can be be grasped without

rigorously modelling disorder-induced scattering, richer physics can only be captured

by the proper inclusion of structural disorder. Therefore, we resolve this fundamental

issue by proposing and developing a mathematical model using the coupled mode

theory (CMT) framework that rigorously combines disorder-induced multiple scat-

tering and radiation losses with third-order optical nonlinearities and, in principle,

can be generalized to arbitrary nonlinearities. Additionally, we have also developed

a numerical scheme that is able to handle the peculiar initial conditions required to

solve the resulting couple partial differential equations (PDEs). Using our formalism,

our numerical results demonstrate the impact of multiple scattering on picosecond

soliton pulses by reproducing the fine-spectral features associated with multiple scat-

tering that are observed in previous experiments of Husko et al. [30, 39] but cannot

be explained by the current state-of-the-art models. Our analytical framework also

provides an intuitive definition of the length scales associated with each effect, partic-

ularly multiple scattering hence allowing experimentalists for the first time, to weigh

the importance of each effect during the design phase.

1.3 Outline of Thesis

This thesis is in manuscript format so its layout is somewhat nonlinear (pun intended).

Chapters 3-7 are written as manuscripts hence can be read in any order although we

recommend reading chapters 3-5 as a unit since they deal solely with the linear effects
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of disorder and reading Chapters 6, 7 together as they lay down the analytical and

numerical framework for combining disorder and nonlinearities in PCWs.

In section 2.1, we start with the quintessential Maxwell’s equations and introduce

three reformulations of Maxwell’s equations that are used to derive the results in the

following chapters. In section 2.2 we provide a brief overview of how one introduces

nonlinearities into Maxwell’s equations that arise when the applied field is coherent

and intense. In section 2.3, we provide a more formal introduction to the area of

PCs using various examples. Techniques from perturbation theory which form the

backbone of the various chapters to follow are introduced in section 2.4, and lastly a

primer for the numerical methods used in this thesis is provided in section 2.5.

In chapter 3, using an extended version of the disorder model introduced by

Hughes et al. [22], we demonstrate how dispersion engineered (DE) PCWs which

modify the the W1 design (Figure 1.4(c)) to alter its dispersion characteristics, are

able to reduce disorder-induced losses by lowering the field strength of the Bloch mode

around the holes. The losses of two different dispersion engineered PCW designs is

compared to the standard W1 PCW and our theory is shown to be in good agreement

with experiments performed by Sancho et al. [40]. Our general methodology offers a

way to design lower loss waveguides operating in the slow light regime.

In chapter 4, we use the same DE PCWs used in the previous chapter to carry

out a systematic study of the effects of correlation length and explore the impact of

PCW design and the underlying Bloch mode on scattering losses. We study scattering

losses as a function of both frequency and correlation length and find a non-trivial

dependence that is sensitive to both frequency and design because the underlying

Bloch modes are sensitive to both frequency and particularly design. Our findings

are somewhat in contrast to previous works O’Faolain et al. [41] and Minkov and

Savona [42] in the field, and we explain in details the possible shortcoming of these

works. This chapter can be safely omitted by non-experts as it goes into details that

are mainly relevant to the practitioner.

In chapter 5, we introduce a new disorder model to compute the perturbed eigen-

frequencies, also called disorder-induced resonance shifts in PCWs. Our new model
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rigorously takes into account local-field effects [43] and also accounts for account a

systematic increase in disorder related parameters. Using a Monte Carlo approach,

we are able to compute the ensemble averaged disordered DOS of the fundamental

mode below the light line which is in good qualitative agreement with the vertical

intensity measurements taken for Gallium Arsenide (GaAs) PCW membranes with

varying amounts of extrinsic disorder. Finally, we show the efficiency of our approach

by comparing it with a numerically exact local-density of states (LDOS) computed

using a full 3D Finite-Difference Time Domain (FDTD) approach along with visual-

izations of the localized disorder-induced quasimodes.

In chapter 6, using the CMT formalism, we present coupled mode equations

that model the power exchange between counter-propagating modes due to disorder-

induced multiple scattering in the presence of anomalous GVD and SPM and cross-

phase modulation (XPM) caused by the optical Kerr effect. Unlike previous works,

we model both disorder and nonlinearities rigorously as our coupling coefficients are

spatially varying throughout the PCW. Due to our choice of electric field normal-

ization, we are able to provide an intuitive definition of the characteristic length

scale corresponding to each effect. Particularly, we identify a length scale associated

with multiple scattering, which denotes the spatial extent associated with a disorder-

induced localized mode. We then numerically model solitons affected by multiple

scattering in the slow-light regime and are able to reproduce a random fine peak

structure in the spectra in agreement with our numerical results are able to capture

unexplained experimental features related to multiple scattering [30, 39, 44].

In chapter 7, we provide the complete derivation of the coupled equations that were

used to model soliton propagation in the presence of multiple-scattering in chapter 6

(Letter format) that sheds light on how our theory can be extended to include other

nonlinear effects. We then provide an implicit finite-difference scheme to solve the

resulting system of coupled nonlinear equations that is flexible enough to handle other

nonlinear effects. We also demonstrate the numerical dispersion characteristics of our

scheme and provide guidelines on how one should choose the step-sizes, particularly

the need to choose a sub-unit cell spatial step size when modelling multiple scattering.
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In chapter 8, we summarize our work and outline recent experiments that guide

possible directions for future work such as including higher-order nonlinear effects in

our model, examining counter-propagating solitons and using long-range correlated

disorder to examine the possibility of observing the elusive metal-insulator transition

(MIT) in disordered PCWs.
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Chapter 2

Background Theory

In this chapter, we lay down the mathematical framework used within the rest of the

thesis. Unless otherwise stated, the Einstein summation convention in the following

equations which means that repeated indices are to be summed over, for e.g. aijbj ≡
∑

j aijbj.

2.1 Maxwell’s Equations Reformulations

We begin with the macroscopic Maxwell’s equations in matter which are derived from

averaging over the underlying microscopic electromagnetic (EM) fields [9, p. 13]

∇ ·B = 0, (2.1a)

∇ ·D = ρ, (2.1b)

∇× E = −∂tB, (2.1c)

∇×H = −∂tD + J, (2.1d)

where we shall denote E,H as the fundamental EM fields. The auxiliary fields D,B

are related to the fundamental fields via the constitutive relations

D = ε0E + P(E), B = µ0H + M(H), (2.2)

where P(E), M(H) represent the electric and magnetic polarization response of mat-

ter respectively and ε0, µ0 denote the permittivity and permeability of free space

respectively; while ρ,J represent the free charge distribution and free current respec-

tively. Assuming the polarization responses are linearly dependent on the underlying
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fields, the above equations constitute a set of coupled linear partial differential equa-

tions (PDEs); first order in time and space. For ρ = J = 0, the coupled linear system

is referred to as homogeneous.

In this thesis, we shall only deal with the homogeneous Maxwell’s equations be-

cause we concern ourselves with dielectric materials which have negligible free charges

and currents ρ = 0, J = 0 and are non-magnetic M = 0. The electric polarization

response P, referred to hereafter as simply the polarization response is expressed in

component form as

Pi(E) = ε0χ
(1)
ij Ej, (2.3)

where Pi, Ej denote the ith, jth components of the polarization and the electric field

respectively, and χ
(1)
ij is called the first-order electric susceptibility tensor. We substi-

tute this expression into the constitutive relations (2.2) to rewrite D in component

form

Di = εijEj = ε0εijEj, (2.4)

where εij, εij are the dielectric permittivity and relative dielectric permittivity, re-

spectively, and are related via a constant

εij(r) = ε0εij(r) = ε0

(
δij + χ

(1)
ij (r)

)
, (2.5)

where δij is the Kronecker-Delta symbol. We remark that in what follows, the relative

dielectric permittivity is dimensionless while the dielectric permittivity is not, i.e.

[ε] = [ε0], [ε] = 1. We shall specifically stick to this notation for the rest of the thesis

to remove any dimensional ambiguity. Lastly we only consider isotropic materials or

crystalline matter whose crystal structure is cubic so that the first-order susceptibility

tensor1 has only one independent element, i.e. χ
(1)
ij = χ(1)δij. Therefore the dielectric

permittivity shall be treated as scalar function unless the indices are explicitly stated.

Maxwell’s homogeneous equations (2.1a)-(2.1d) can now be reformulated in a

myriad of ways depending upon the problem at hand. Most of these reformulations

1Mathematically it is a second order tensor.
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either eliminates one of the EM fields in favour of the other or involves defining a

pseudo-field to re-expressing Maxwell’s equations in matrix form. We cover two of

these reformulations below but we must state the one additional assumption implicit

in most reformulations, that the dielectric permittivity is independent of frequency

ε(r, ω) = ε(r). (2.6)

If one desires to take into account frequency dependence of the dielectric permittivity,

one must resort to either a full-blown numerical calculation or a perturbative approach

which has the advantage of providing better physical insight. Next, we mention two

reformulations that are critical to our work.

2.1.1 Energy Reformulation

The first reformulation (for more details see [7]), which we call the energy reformula-

tion eliminates one of the EM fields in favour of the other. For example, to eliminate

H, we operate with ∇× on (2.1c) and use (2.1d) to get

LEE(r, t) = ∇×∇× E(r, t) = −ε(r)

c2
∂2
t E, (2.7)

where we have introduced the speed of light c−1 =
√
µ0ε0. Similarly, we can eliminate

E and obtain

LHH(r, t) = ∇× ε−1(r)∇×H(r, t) = − 1

c2
∂2
t H, (2.8)

where we have further assumed the existence of ε−1(r). These two equations are

decoupled wave equations for the E and H fields, second-order in both space and

time where the only complication is that the second spatial derivative has a more

complex form due to the curl operations. Since the operators LE, LH are inde-

pendent of time, one can show [LE/H , ∂2
t ] = 0 so we are guaranteed the existence

of a common eigenbasis [10, p. 43]. The ∂2
t operator’s degenerate eigenpairs are:

(−ω2, e−iωt), (−(−ω)2, eiωt) where two different eigenfunctions have the same eigen-

value −ω2. Therefore, working with the electric field, Eq. (2.7) has a general solution
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of the form

E(r, t) = c1Ẽ(r, ω)e−iωt + c2Ẽ(r,−ω)eiωt, (2.9)

where c1, c2 ∈ R are coefficients set by initial conditions and Ẽ(r,±ω) denote the

Fourier components at ±ω. Since the electric field is a physically measurable quantity,

we must have Ẽ(r,−ω) = Ẽ∗(r, ω) [45, Ch. 1] and by letting c1 = (a + b)/2, c2 =

(a− b)/2, we get

E(r, t) = aRe[Ẽ(r, ω)e−iωt] + bIm[Ẽ(r, ω)e−iωt]. (2.10)

Choosing c2 = 0 in (2.9) (and similarly for the H field) allows us to express the

decoupled wave equations (2.7), (2.8) in the frequency domain

LEẼω(r, ω) =
ω2

c2
ε(r)Ẽω(r, ω), (2.11)

LHH̃ω(r, ω) =
ω2

c2
H̃ω(r, ω). (2.12)

This converts the dynamical equations into eigenvalue problems (EPs) with one subtle

difference. The eigenvalue problem for the electric field (2.11) is technically referred to

as a generalized eigenvalue problem (GEP) where the operator ε(r) acts as a ‘metric.’

Both of these problems are equivalent from a theoretical point of view but for some

numerical calculations, the H field is preferred [7].

There are some nuisances caused by the presence of ε(r) in (2.11). If we desire to

use the standard definition of the inner product in R3 between two eigenmodes as

〈Φω′ ,Φω〉 :=

∫

R3

Φ∗ω′Φωdr (2.13)

where Φω ≡ Ẽω or Φω ≡ H̃ω, one can show that while the operator LH is Hermitian

under this inner product, LE is not !2 One can avoid this complication by choosing

to work with the EP for the H field (2.12). If one desires to work with the electric

2The boundary condition can be homogeneous Φω(r→∞) = 0 or periodic.
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field using this inner product, then we need to define a pseudo electric field as [8]

Q̃ω :=
√
εẼω (2.14)

which satisfies the EP

LQQω =
ω2

c2
Qω, LQ := (

√
ε)−1∇×∇(

√
ε)−1,

where the operator LQ is Hermitian under the above inner product. Lastly, we can

also redefine the inner product using ε as a metric

〈Φω′ , εΦω〉 :=

∫

R3

Φ∗ω′εΦωdr. (2.15)

One can verify that this also is a valid definition for an inner product because ε is a

positive-definite operator for lossless dielectric materials [7]. Under this inner product,

the operator LE is Hermitian while LH is not which can be resolved by defining an

appropriate pseudo H field. Therefore, either of the inner products (2.13), (2.15)

defined above can be chosen along with the appropriate field or pseudo field is so that

the problem at hand remains Hermitian.

Our choice will be to work with the GEP for the electric field Eq. (2.11) along

with inner product Eq. (2.15). From this point onwards, for notational convenience,

we drop the tilde notation to distinguish between the time and frequency domains.

We now consider the orthogonality of the eigenmodes by defining Ωω = ω2 and

considering:

〈Eω′ ,LEEω〉 =

〈
Eω′ ,

Ωω

c2
εEω

〉

〈LEEω′ ,Eω〉 = µ0Ωω 〈Eω′ , ε0εEω′〉

µ0Ω∗ω′ 〈ε0εEω′ ,Eω〉 = µ0Ωω 〈Eω′ , ε0εEω′〉

Ω∗ω′ 〈Eω′ , ε0εEω〉 = Ωω 〈Eω′ , ε0εEω〉 . (2.16)
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This last expression can be used to draw the following conclusions:

1. Orthogonality condition: Ω∗ω′ 6= Ωω ↔ 〈Eω′ , ε0εEω〉 = 0, so Eω′ ⊥ Eω where we

use the ⊥ symbol to denote orthogonality.

2. Real eigenvalues condition: 〈Eω′ , ε0εEω〉 6= 0→ Ω∗ω′ = Ωω. Now assume ω′ = ω,

one gets Ω∗ω 〈Eω, ε0εEω〉 = Ωω 〈Eω, ε0εEω〉. Since ε is assumed to be a positive-

definite operator, we must have Ω∗ω = Ωω.

Now we can write the orthogonality relation in integral form

〈Eω′ , εEω〉 = δω,ω′

∫
E∗ω′εEωd

3r. (2.17)

Since we are working in a Hilbert space, the inner product induces a norm denoted

by ‖Eω‖ and given as

‖Eω‖ :=
√
〈Eω, εEω〉 =

[∫
ε|Eω|2d3r

] 1
2

. (2.18)

An astute reader will realize that ε0
2
‖Eω‖2 is precisely the expression for the physical

energy stored in the electric field [9, p. 41] as one can also verify using dimensional

analysis that
[
ε0
2
‖Eω‖2] = J in SI units. Therefore, in the energy reformulation, the

square of the norm is directly proportional to the physical energy stored in the fields.

2.1.2 Schrödinger Reformulation

The Schrödinger reformulation of Maxwell’s equations is often used when studying

power flow in a specific direction. Denoting x as the longitudinal direction of power

flow, the Maxwell’s equations can be reformulated as [46, 47],

Aψ = −iB∂xψ, (2.19)
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where the operators A, B are

A =


ωε−

1
ω
∇t × 1

µ0
∇t× 0

0 ωµ0 − 1
ω
∇t × 1

ε
∇t×


 , B =


 0 −x̂×

x̂× 0


 , (2.20)

and the wavefunction ψ is given by

ψ =


Et(r, ω)

Ht(r, ω)


 , (2.21)

where Et,Ht denotes the transverse (perpendicular to x̂) components of the EM fields.

The full derivation is provided in section A.1. This reformulation has two advantages:

(i) the complex operations of multivariate calculus are hidden in the operators A,B,

and (ii) one can directly apply perturbation theory techniques often learned in the

context of Quantum Mechanics [10].

Continuous Translation Symmetry

We first note some of the differences between (2.19) and the standard Schrödinger

equation,

HΨ = i~∂tΨ, (2.22)

where H denotes the Hamiltonian and ~ = h/2π where h is the Planck’s constant.

Since H is often assumed to be independent of time, one can show that because

[H, i∂t] = 0, the wavefunction can be written as Ψ = Φ(r)e−iωt where Φ is independent

of time which then substituted into (2.22) converts the problem to the EP,

HΦω(r) = ~ωΦω(r). (2.23)

For our reformulation, such a separation of variables is not possible since [A, i∂x] 6= 0.

To convert (2.19) into an EP, we must search for another operator whose eigenfunc-

tions are known and commutes with A. That operator turns out to be the continuous



2.1. MAXWELL’S EQUATIONS REFORMULATIONS 23

translational symmetry operator denoted by Ta and defined as follows

Taψ := ψ(x− a), (2.24)

where a ∈ R. We now consider the commutator [Ta, A]

[Ta, A]ψ = TaAψ − ATaψ

= −Tai∂xBψ − Aψ(x− a)

= −i∂xBψ(x− a) + i∂xBψ(x− a)

= −iBψ′(x− a) + iBψ′(x− a) = 0, (2.25)

where we have used the commutation relations [Ta,−i∂x] = 0, [−i∂x, B] = 0 which

implies [Ta, B] = 0. Since we know the eigenpair of Ta is (e−ika, eikx) for k ∈ C, where

the eigenvalues e−ika are non-degenerate, ψ has the general form

ψ = eikxφ(y, z). (2.26)

Inserting this into (2.19), one arrives at the following GEP

Aφk(rt) = kBφk(rt) , (2.27)

where rt denotes the transverse directions. So we see that the Schrödinger reformu-

lation (2.19) is only useful when the underlying system possess some form of trans-

lational symmetry in the longitudinal direction x̂ (we will see below that this also

holds for discrete translational symmetry). Therefore, this reformulation is especially

suited to optical waveguides such as optical fibers or Photonic Crystal Waveguides

(PCWs) which possess continuous and discrete translational symmetries respectively.

The second difference between (2.19) and (2.22) concerns the orthogonality of the

eigenfunctions. Since the Hamiltonian is Hermitian H = H†, the spectral theorem

guarantees ω ∈ R and pairwise orthogonality, that is ∀ω, ω′, Φω ⊥ Φω′ . Now even
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though one can show A = A†, B = B† 3 [48], one is neither guaranteed the reality of

eigenvalues or pairwise orthogonality. This can be seen by assuming B−1 exists and

converting the GEP (2.27) into an EP as follows

B−1Aφk = kφk, (2.28)

where B−1A in general need not be Hermitian. But if B is a positive definite operator,

that is ∀ψ, 〈ψ,Bψ〉 > 0, then one can show that the eigenvalues will be real and

eigenfunctions pairwise orthogonal [49]. Unfortunately, looking at (2.19), one can

show that B is not positive definite [48] (see section A.1 for details). All hope is not

lost! By definition, the eigenfunctions satisfying (2.27) still form a basis4. The loss of

pairwise orthogonality simply means ∃φk, φk′ s.t. φk 6⊥ φk′ , meaning there exists (∃)
some pairs of eigenfunctions, that while being linearly independent are not necessarily

orthogonal. This immediately raises the possibility of working in a subspace where

we have filtered out all the non-orthogonal eigenfunctions leaving behind only the

orthogonal ones. We shall employ this strategy below.

The pseudo inner product using B as a metric is given by

〈φk′ , Bφk〉 =

∫

R2

φ∗k′Bφkda, (2.29)

where da = dax̂ denotes the infinitesimal area element perpendicular to the longi-

tudinal direction. Now we consider the orthogonality of the eigenfunctions using a

similar approach to the one used to arrive at (2.17) to get

k′ 〈φk′ , Bφk〉 = k 〈φk′ , Bφk〉 , (2.30)

which leads to the conclusions

1. Orthogonality condition: k′ 6= k → 〈φk′ , Bφk〉 = 0 so φk′ ⊥ φk. Note unlike

when discussing the energy reformulation in subsection 2.1.1, the converse is

3The boundary conditions are either homogeneous or periodic.
4The question of completeness remains to be answered but this shall not concern us here.
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not necessarily true.

2. Real eigenvalues condition: 〈φk′ , Bφk〉 6= 0 → k
′∗ = k (Re[k′] = Re[k]). Now

assuming k′ = k, one gets k∗ 〈φk, Bφk〉 = k 〈φk, Bφk〉. But since B is not

positive definite ∃φk 6= 0 s.t. 〈φk, Bφk〉 = 0. So k∗ = k does not hold in general.

In terms of EM fields, after introducing

φk =


Et
Ht


 , φk′ =


E

′
t

H′t


 , (2.31)

the orthogonality relation can be written as (see subsection A.1.1 for details)

〈φk′ , Bφk〉 = δk,k′∗x̂ ·
∫

(E ′∗t ×Ht + Et ×H
′∗
t ) · da, (2.32)

which for k
′∗ = k ↔ Re[k

′∗] = Re[k] becomes

〈φk, Bφk〉 = 4Sx, (2.33)

where Sx denotes the x̂ component of the time averaged Poynting vector for a wavevec-

tor k. Physically speaking the power flow can be positive, negative or vanish depend-

ing on the nature of the eigenmode φk. Using the example of a dielectric optical

waveguide, the eigenmodes of interest of Eq. (2.27) can be divided into three cate-

gories:

� Pure guided modes: Sx > 0 or Sx < 0 and |Re[k]| > 0, Im[k] = 0.

� Evanescently guided leaky modes: Sx → 0 after propagating roughly a distance

of 1/e and |Re[k]| > 0, Im[k] > 0.

� Pure radiation modes: Sx = 0 and |Re[k]| = 0, Im[k] > 0.

To use this pseudo-inner product to define a norm requires mathematical care.

Denoting V as the Banach space spanned by the eigenmodes of (2.27), i.e. V =
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{span(φk)}. We consider a subspace W ⊂ V defined as

W = {span(φk)| 〈φk, Bφk〉 = 0 or 〈φk, Bφk〉 ≈ 0}, (2.34)

soW contains all possible superpositions of the pure radiation modes and evanescently

guided leaky modes. We now consider U = V − W , the Banach space spanned

by the pure guided modes only. Additionally, we also consider two half spaces U±

s.t U = U+ ⊕ U− where U± exclusively contain the forward/backward propagating

modes, respectively. In the context of a waveguide, we let Sx > 0 correspond to a

forward travelling mode so we the two half spaces defined as

U+ := {span(φk) | φk ∈ U ∧ Sx > 0}, U− := {span(φk) | φk ∈ U ∧ Sx < 0}. (2.35)

We denote eigenfunctions belonging to U± as φ±k respectively. We are now in a

position to define an inner product on U . One can show that the following definition,





〈
φ+
k′ , Bφ

+
k

〉
U

=
〈
φ+
k′ , Bφ

+
k

〉
δk′k

〈
φ−k′ , Bφ

−
k

〉
U

= −
〈
φ−k′ , Bφ

−
k

〉
δk′k

〈
φ±k′ , Bφ

∓
k

〉
U

= 0 ∵ k′ 6= k,

(2.36)

satisfies all the inner product axioms. We now use this inner product to induce a

norm on U given by

∀φ±k ∈ U,
∥∥φ±k

∥∥ :=
√〈

φ±k , Bφ
±
k

〉
U

= 2

√
|Sx|. (2.37)

Equipping U with the norm above, one can show that U is now also a Hilbert space.

Therefore, just as in the previous subsection 2.1.1, the norm squared ‖φk‖2 yields a

physical quantity, in this case a measure for the power flow of a guided waveguide

mode.
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Discrete Translation Symmetry

We now extend the above derivations to the case of discrete translational symmetry,

the physical example being a PCW. The discrete translation operator TNa is defined

as

TNaψ := ψ(x−Na), N ∈ Z, (2.38)

where a is a lattice constant. Using a similar derivation to (2.25), one shows that

[TNa, A] = 0 so one is guaranteed the existence of a common eigenbasis. An extension

of (2.26) from the continuous translational symmetry case follows as we assume ψ to

have the Bloch mode form (see subsection A.1.2 for details),

ψ(x, y, z) = eikxϕ(x, y, z), (2.39)

which by definition is periodic, ϕ(x−Na, y, z) = ϕ(x, y, z). So similar to the language

of solid state physics, ψ is called a Bloch mode, ϕ is the periodic part of the Bloch

mode and eikx is called the Bloch-mode phase. To find out the operator having the

eigenfunction ϕ, we insert (2.39) into (2.19),

Aeikxϕ = −i∂xBeikxϕ

eikxAϕ = −iB[ikeikxϕ+ eikx∂xϕ]

eikxAϕ+ ieikxB∂xϕ = eikxkBϕ

[A+ i∂xB]ϕ = kBϕ

∴ Cϕ = kBϕ. (2.40)

Again as before, we see that ϕ is an eigenfunction of C := A+ i∂xB with eigenvalue

k so relabelling ϕ ≡ ϕk, we have

Cϕk = kBϕk . (2.41)
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The above equation is the periodic extension of (2.27). We can also generalize the

pseudo inner product as

〈ϕk′ , Bϕk〉 :=

∫

Cell

ϕ∗k′Bϕkdxdydz = x̂ ·
∫

Cell

(E ′∗t ×Ht + Et ×H
′∗
t )dV, (2.42)

where Cell denotes the smallest volume possessing discrete translational symmetry,

the inner product is now three dimensional because ϕ(x, y, z) and Et,Ht now represent

the transverse components of the periodic part of the Bloch mode without the Bloch

mode phase factor. For Re[k′] = Re[k], the 3D inner product represents 4Sx just like

before. Under this inner product, one can verify C = C† and the rest of the discussion

stays the same as the continuous translational symmetry case. Lastly, we will see in

section 2.3 that the power flow is proportional to the group velocity.

2.1.3 Integral Reformulation

The previous two reformulations have cast Maxwell’s equations in differential form.

There also exists an integral formulation of Maxwell’s equations based on the con-

cept of a photonic Green’s function
←→
G (r, r′, ω), which represents the electromagnetic

response of a system to a polarization dipole of unit strength and is a second rank

tensor. Physically Gij(r, r
′, ω) represents the ith component of the electric field at r

due to a j polarized point dipole at r′ with angular frequency ω. It is the solution of

the following wave equation:

∇×∇×←→G (r, r′, ω)− ω2

c2
ε(r)
←→
G (r, r′, ω) =

ω2

c2
δ(r− r′)

←→
I , (2.43)

where
←→
I is the unit second order tensor. This is an inhomogeneous wave equation

where the source is represented by an ideal unit dipole located at r′. Assuming

an electric field E0(r, ω) incident on the system, the total (incident plus scattered)

electric field due to an external polarization source P is given by the following integral

equation:

E(r, ω) = E0(r, ω) +

∫ ←→
G (r, r′, ω) · P(r′, ω)

ε0
dr′. (2.44)
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Therefore
←→
G (r, r′, ω) is an integral kernel solving the EM wave equation with an

arbitrary linear polarization source. The Green’s function also has an eigenfunction

representation, that is it can be represented as a sum over the eigenvalues and eigen-

modes of the system.

This reformulation is especially suited to scattering problems where the EM field

is scattered due to the presence of linear scatterers present in the medium such as

quantum dots or in our case manufacturing imperfections (structural disorder). If

the scatterers are linear, the inhomogeneous wave equation still remains linear so the

principle of superposition remains valid. Hence P can divided up into an infinite

number of point-dipoles and assuming the response of the system from each of these

point dipoles can be determined, then by using the principle of superposition (in an

integral sense), the inhomogeneous solution can be written down analytically via an

integral expression as shown above. The Green function formalism also elegantly lends

itself to a perturbation treatment especially in the regime of quantum optics. While

analytical expressions for Green’s functions are known in various simple geometries, it

can also be calculated numerically for arbitrary structures. For more details, consult

the Queen’s theses in our group of Patterson, Van Vlack and Angelatos [35, 50, 51].

2.2 Optical Nonlinearities

When the polarization response can also depend non-linearly on the applied electric

field, we must modify our linear definition of the polarization. We assume a separation

of the polarization into its linear and nonlinear parts as P(E) = PL(E) + PNL(E),

where PL(E) remains linear as before, see (2.3). We can now rewrite Maxwell’s

equations as follows

∇ ·H = 0, (2.45a)

∇ ·D = −∇ ·PNL, (2.45b)

∇× E = −µ0∂tH, (2.45c)

∇×H = ∂tD + ∂tP
NL, (2.45d)

which after some manipulations yields the inhomogeneous wave equation

∇×∇× E(r, t) +
1

c2

(
ε∂2

t E
)

= ∂2
t P

NL, (2.46)
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where the source term is given by the nonlinear response PNL(E) which we assume

to be of the perturbative form

PNL
i (E, t) = ε0

[
χ

(2)
ijk(t)Ej(t)Ek(t) + χ

(3)
ijkl(t)Ej(t)Ek(t)El(t) + · · ·

]

= P
(2)
i (t) + P

(3)
i (t) + · · · , (2.47)

where Ej is the jth component of the electric field, χ
(2)
ijk, χ

(3)
ijkl denote the second and

third order nonlinear susceptibility tensors5 and P
(2)
i , P

(3)
i denote the second, third

order nonlinear polarization responses, respectively. Since products of the electric field

are involved in form above, different frequencies are now allowed to interact with each

other. In this thesis, we shall be interested in the third order nonlinear response so

all our forthcoming discussions will use χ
(3)
ijkl exclusively to illustrate various concepts

of nonlinear optics. In the frequency domain, the third-order nonlinear polarization

response is written as [45, p. 19]

P
(3)
i (ωm + ωn + ωp) = ε0

∑

(mnp)

χ
(3)
ijkl(ωm + ωn + ωp;ωm, ωn, ωp)Ej(ωm)Ek(ωn)El(ωp),

(2.48)

where we are explicitly stating the sum over the frequencies, whereas the sum over

the component indices (j, k, l) is kept implicit. The above notation should be read as

follows: χ
(3)
ijkl(ωm + ωn + ωp;ωm, ωn, ωp) denotes its value at frequency ωm + ωn + ωp

due to the electric fields Ej(ωm), Ek(ωn), El(ωp) where j, k, l denote components. Even

though χ
(3)
ijkl depends on only the sum of frequencies ωm+ωn+ωp, it is not a function

in the strict mathematical sense because it is multivalued due to the different field

components being involved. To make this clear, we write χ
(3)
ijkl(. . . ;ωm, ωn, ωp) to

indicate the frequencies of the field components involved in (2.48). Physically, one

can imagine the interaction between the field components of three monochromatic

laser beams having frequencies ωm, ωn, ωp, respectively.

5Mathematically χ
(2)
ijk, χ

(3)
ijkl are third and fourth order tensors.
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In general, the tensor χ
(3)
ijkl contains a large number of elements6 but by exploiting

symmetries, very often only a handful of elements are independent and non-zero. The

symmetries that we use are listed below:

1. Real Fields : Since the electric field can always be represented as a real field in

time, one has E(−ω) = E(ω)∗ which leads to the condition

χ
(3)
ijkl(−(ωm+ωn+ωp);−ωm,−ωn,−ωp) = χ

(3)∗
ijkl (ωm+ωn+ωp;ωm, ωn, ωp). (2.49)

2. Intrinsic Permutation Symmetry comes in two forms that we denote as uncon-

ditional or conditional.

(a) Unconditional : Independent of the values of (ωm, ωn, ωp). Simultaneously

interchanging any of the tensor indices (j, k, l) and the field components

indices (m,n, p) leaves the tensor invariant,

χ
(3)
ijkl(ωm + ωn + ωp;ωm, ωn, ωp) = χ

(3)
ikjl(ωm + ωn + ωp;ωn, ωm, ωp), (2.50)

where the underlined terms denote the indices to be exchanged. This can

be easily understood when we write down the field components involved

to realize that their order of multiplication does not matter:

χ
(3)
ijkl(ωm + ωn + ωp;ωm, ωn, ωp)Ej(ωm)Ek(ωn)El(ωp) = (2.51)

χ
(3)
ikjl(ωm + ωn + ωp;ωn, ωm, ωp)Ek(ωn)Ej(ωm)El(ωp). (2.52)

(b) Conditional : Depending upon the values of (ωm, ωn, ωp), one can relax the

simultaneous exchange condition of both indices and exchange only the

tensor indices,

χ
(3)
ijkl(ωm + ωn + ωp;ωm, ωn, ωp) = χ

(3)
ikjl(ωm + ωn + ωp;ωm, ωn, ωp) (2.53)

681 to be precise for a given frequency.
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One example of this would be if ωm = ωn = ωp = ω0.

3. Lossless Media

(a) Reality of Tensor : χ
(3)
ijkl(ωm + ωn + ωp;ωm, ωn, ωp) ∈ R.

(b) Full Permutation Symmetry : Similar to intrinsic permutation symmetry

but now any of the indices (i, j, k, l) can be exchanged with the appropriate

minus sign,

χ
(3)
ijkl(ωm + ωn + ωp;ωm, ωn, ωp) = χ

(3)
jilk(−ωm;−(ωm + ωn + ωp), ωn, ωp).

(2.54)

4. Crystal Symmetry Depending on the underlying crystal symmetry of our mate-

rial, only certain elements of the tensor are zero and independent.

We immediately exploit unconditional intrinsic permutation symmetry to compute

the sum over the frequency indices in (2.48)

P
(3)
i (ωm + ωn + ωp) = ε0Dχ

(3)
ijkl(ωm + ωn + ωp;ωm, ωn, ωp)Ej(ωm)Ek(ωn)El(ωp),

(2.55)

where D represents the number of distinct permutations of the tuple (ωm, ωn, ωp) [45,

p. 21]. Technically speaking, this expression is in violation of the Einstein conven-

tion since the indices m,n, p are repeated but not summed over, but for the case of

notational brevity in what follows, we stress that the summation over indices m,n, p

has already been performed. In this thesis, as remarked earlier, we only deal with

isotropic or crystals possessing cubic symmetry (crystal classes 432, 43m, m3m) which

have 21 non-zero elements of which only four need to be known [45, p. 213]; and they

are, χ
(3)
xxxx, χ

(3)
xxyy, χ

(3)
xyxy, χ

(3)
xyyx. Furthermore, these four elements are related by the

simple relation

χ(3)
xxxx = χ(3)

xxyy + χ(3)
xyxy + χ(3)

xyyx, (2.56)

which reduces the number of independent elements to three. Hence we can write χ
(3)
ijkl
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as [45, p. 214]

χ
(3)
ijkl = χ(3)

xxyyδijδkl + χ(3)
xyxyδikδjl + χ(3)

xyyxδilδjk. (2.57)

2.2.1 Optical Kerr Effect

A monochromatic laser beam at frequency ω0 feels a refractive index n(ω0). If the

intensity I(ω0) is large enough , then it causes a change in the refractive index ∆n

proportional to the intensity ∆n ∝ I(ω0). This is referred to as the Kerr Effect. Now

if two laser beams are present at two frequencies ω0, ωp, due to nonlinear interactions,

the refractive index at n(ω0) will be influenced by both beams [45]. As shown below,

the Kerr effect is a third-order nonlinear effect.

Single Beam

To start, we consider the simplest case possible by neglecting the tensor nature of

the susceptibility, i.e. χ
(3)
ijkl = χ

(3)
xxxxδijkl and we assume only one component of the

electric field is non-zero, say Ex. We now assume only a single mode (or a single laser

beam from an experimental point of view) is present at ω in the system and focus on

the nonlinear response at P
(3)
x (ω). The number of distinct permutations of the tuple

(ω, ω,−ω) is D = 3 so using (2.55), we can write down the nonlinear polarization as

P (3)
x (ω) = ε03χ(3)

xxxx(ω;ω, ω,−ω)Ex(ω)Ex(ω)E∗x(ω) = ε03χ(3)
xxxx|Ex(ω)|2Ex(ω). (2.58)

In what follows, we drop the x subscript for convenience. We see that the nonlinear

polarization is dependent on the intensity of the field itself, so one can define the total

polarizability as

P (ω0) = PL + PNL = ε0(χ(1) + 3χ(3)|E(ω)|2)E(ω) = ε0(χ(1) + χ(eff))E(ω), (2.59)

where χ(eff) = 3χ(3)|E(ω)|2 is an effective susceptibility tensor.7 We can also divide

ε into its linear and nonlinear parts as ε = εL + εNL where εL = ε0(1 + χ(1)) and

7The frequency dependence of χ(3) is kept implicit.
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εNL = ε0χ
(eff). Experimentally, εL is often inferred by measuring the linear index of

refraction nL and then using the relation (nL)2 = εL/ε0. To fit experimental data,

one often assumes the following form of the refractive index n [45, p. 207],

n(I) = nL + nNLI, I := 2nLε0c|E(ω)|2. (2.60)

Assuming the relation ε = n2 we square the above equation and simplify to obtain

n2 = (nL + nNLI)2

ε

ε0
= (nL)2 + 2nLnNLI + (nNL)2I2

︸ ︷︷ ︸
(nNL)2�nNL

εL + εNL

ε0
≈ εL

ε0
+ 4(nL)2nNLε0c|E(ω)|2

εNL

ε0
= 4(nL)2nNLε0c|E(ω)|2

χ(3)3|E(ω)|2 = 4(nL)2nNLε0c|E(ω)|2

∴ nNL =
3χ(3)

4(nL)2ε0c
. (2.61)

This is the standard definition of the nonlinear index of refraction in a bulk material

assuming an incident single monochromatic beam, and it denotes the strength of the

optical Kerr effect. Since nNL is often measured experimentally, we use (2.61) to

determine a value for χ(3).

Dual Beams at Different Frequencies

We now suppose that we have two EM modes present at ω0, ωp respectively and

are interested in the nonlinear response at P (3)(ω0) due to both of these modes.

Experimentally, one imagines two laser beams travelling in physically distinguishable

directions k0,kp where k0 6= kp.
8 We now use the following Table 2.1 to write down

an expression for P (3)(ω0) as

8Note this does not imply that |k0| 6= |kp|.
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ωm + ωn + ωp ωm ωn ωp D
ω0 ω0 ω0 −ω0 3
ω0 ω0 ωp −ωp 6

Table 2.1: Table used for obtaining P (3)(ω0) for the two beam case (2.62).

P (3)(ω0) = ε03χ(3)E(ω0)E(ω0)E∗(ω0) + ε06χ(3)E(ω0)E(ωp)E
∗(ωp)

= ε03χ(3)
[
|E(ω0)|2 + 2|E(ωp)|2

]
E(ω0), (2.62)

where the first term is the same as in the single beam case (2.58) and the factor of

2 in the second term shows that the influence of the second beam at ωp is twice as

large. In the literature, these two terms represent the self-phase modulation (SPM)

and cross-phase modulation (XPM) effects, respectively. Both SPM and XPM are

involved in changing the refractive index felt by the beam by altering the phase of

the beam as it propagates through a medium [34, Ch. 4,7].

Dual Beams at Same frequencies

One can think of forward and backward propagating modes also called counter-

propagating modes in optical waveguides or any two EM modes that have the same

frequency ω0 but differ in direction. To distinguish the direction of these counter-

propagating modes, we use ω+
0 , ω

−
0 , to denote the forward and backward modes

respectively. Note that ω+
0 +ω−0 = 2ω0 since we are dealing with the same frequency.

just different directions. Then with the help of Table 2.2, we can write the polarization

as
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ωm + ωn + ωp ωm ωn ωp D
ω0 ω+

0 ω+
0 −ω+

0 3
ω0 ω+

0 ω−0 −ω−0 6
ω0 ω−0 ω−0 −ω−0 3
ω0 ω−0 ω+

0 −ω+
0 6

ω0 ω+
0 ω+

0 −ω−0 3
ω0 ω−0 ω−0 −ω+

0 3

Table 2.2: Table used for obtaining P (3)(ω0) for counter-propagating beams (2.63).

P (3)(ω0) = ε03χ(3)E(ω+
0 )E(ω+

0 )E∗(ω+
0 ) + ε06χ(3)E(ω+

0 )E(ω−o )E∗(ω−o )

+ ε03χ(3)E(ω+
0 )E(ω+

0 )E∗(ω−0 ) + ε03χ(3)E(ω−0 )E(ω−0 )E∗(ω−0 )

+ ε06χ(3)E(ω−0 )E(ω+
o )E∗(ω+

o ) + ε03χ(3)E(ω−0 )E(ω−0 )E∗(ω+
0 )

= ε03χ(3)
[
|E(ω+

0 )|2 + 2|E(ω−0 )|2 + E(ω+
0 )E∗(ω−0 )

]
E(ω+

0 )

+ ε03χ(3)
[
|E(ω−0 )|2 + 2|E(ω+

0 )|2 + E(ω−0 )E∗(ω+
0 )
]
E(ω−0 ). (2.63)

If we now use the definitions

χ(eff)+

= 3χ(3)
[
|E(ω+

0 )|2 + 2|E(ω−0 )|2 + E(ω+
0 )E∗(ω−0 )

]
, (2.64)

χ(eff)− = 3χ(3)
[
|E(ω−0 )|2 + 2|E(ω+

0 )|2 + E(ω−0 )E∗(ω+
0 )
]
, (2.65)

then the polarization response can be written as

P (3)(ω0) = ε0χ
(eff)+ (

E(ω+
0 ), E(ω−0 )

)
E(ω+

0 ) + ε0χ
(eff)−

(
E(ω+

0 ), E(ω−0 )
)
E(ω−0 )

(2.66)

where we state the explicit dependence of the effective susceptibility tensors on the

applied fields and in general (say for two modes in different directions more general

than just forward and backwards) χ(eff)+ 6= χ(eff)− .
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Linearization

Now the first-order polarization can be viewed as a linear operator P (1)[E] that acts

on the input field E to yield the material’s linear response. Since we know P (1) is

linear, the property of superposition holds, whereas P (3)[E] is a nonlinear operator as

one can verify the following from any of the equations above ((2.58), (2.62), (2.66))

P (3)[E+ + E−] 6= P (3)[E+] + P (3)[E−]. (2.67)

However, we can construct a linear approximation of this operator by noticing that our

nonlinear expressions for P (3)(ω0) bear a striking similarity to the linear susceptibility

if we treat χ(eff) or χ(eff)± as constants in the nonlinear operations. As an example,

using the case of dual beams with same frequencies, we approximate the nonlinear

operation of P (3) as

P (3)[E+ + E−] ≈ P (3)[E+] + P (3)[E−], (2.68)

where P (3)[E+] = ε0χ
(eff)+

E+, P (3)[E−] = ε0χ
(eff)−E−, χ(eff)± are given above

(2.64),(2.65) and are treated as effective linear susceptibility constants that act dif-

ferently depending on the beam’s direction, so a beam at E(ω+
0 ) feels χ(eff)+

while a

beam at E(ω−0 ) feels χ(eff)− .

Dual Beams with Different Frequencies for Tensor Susceptibility

We have shown how one can linearize the nonlinear polarization operator P (3) in the

case when χ(3) is a scalar. Even though we have shown the cases for single and dual

two beams with different or same frequencies, the above conclusions also hold for an

arbitrary number of beams. We can now construct the linearized approximation by

considering the full tensor nature of χ
(3)
ijkl and the vectorial nature of the electric field.
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For counter-propagating beams9, the third order nonlinear response is given by

P
(3)
i ≈ ε0

[
χ

(eff)+

ii E+
i + χ

(eff)−

ii E−i

]
, (2.69)

where the frequency dependence is implicit and

χ
(eff)+

ii = χ(3)
xxxx

[
E+
k E

+∗
k + 2E+

i E
+∗
i + 2E−k E

−∗
k + 4E−i E

+∗
i + E+

k E
−∗
k + 2E+

i E
−∗
i

]
,

(2.70)

χ
(eff)−

ii = χ(3)
xxxx

[
E−k E

−∗
k + 2E−i E

−∗
i + 2E+

k E
+∗
k + 4E+

i E
−∗
i + E−k E

+∗
k + 2E−i E

+∗
i

]
.

(2.71)

For derivation details along with the cumbersome tensor notation, consult section A.2.

Here we highlight the important assumptions that were made to arrive at the expres-

sions above:

1. We consider only diagonal components of the tensors χ
(eff)±

ij since they are re-

sponsible for SPM and XPM and usually dominate compared to the off-diagonal

components..

2. Because we are dealing with a nonlinear polarization response at ω0, A nonlinear

electronic response to the applied field of the material is assumed so that, we

only need to know one tensor component because χ
(3)
xxyy = χ

(3)
xyxy = χ

(3)
xyyx =

1
3
χ

(3)
xxxx [45, p. 216].

These expressions will be used in Chapters 6 and 7.

2.3 Photonic Crystals

Mathematically speaking, for a dielectric structure in Rn, n = 1, 2, 3, a Photonic

Crystal (PC) is defined as ∃R ∈ Rn s.t. ε(r + R) = ε(r), where R is called a

9Beams travelling in opposite directions to each other such as a forward and backward mode.
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translation vector given by

R = Miai, Mi ∈ Z, (2.72)

where ai denote the lattice vectors which are linearly independent and form a basis for

Rn. A lattice of points can be formed if we associate a point to every possible value

of R. The parallelepiped spanned by the lattice vectors is called the primitive unit

cell (PUC) and represents the smallest unit of volume that is repeatable throughout

all space. But this partition of the lattice into its fundamental building block is not

unique! Given a set of lattice points (p1, p2, . . . , pk) in Rn, the Voronoi partition10 of

Rn yields the familiar Wigner-Seitz cell which has a different shape than the PUC

but same volume. Corresponding to each lattice vector ai, there exists a unique

reciprocal lattice vector bi in k-space which denotes the fundamental wavevector

in the ith direction. For formulas linking ai, bi , see [52, p. 86]. When the Voronoi

partition is performed in k-space, the resulting shape is referred to as the first Brillouin

Zone (BZ) and represents all the unique wavevectors that cannot be expressed in the

form k + G where G = Nibi, Ni ∈ Z. The translation vectors in real and k-space are

related by

eiG·R = 1. (2.73)

Using the energy reformulation from subsection 2.1.1 and (2.7), we now consider vari-

ous symmetries that commute with LE shedding insight into nature of the eigenmodes

of PCs.

2.3.1 Symmetries

Discrete Translational Symmetry

As hinted at previously, the most important symmetry present in PCs is discrete

translational symmetry. We define the discrete translation operator as

TRE(r) := E(r−R). (2.74)

10A generalization of the process to construct a Wigner-Seitz cell to non-uniformly distributed
points.
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One can show also that [TR,LE] = 0, which leads to the conclusion that the electric

field must be in Bloch mode form

E(r) = eik·rEk(r), (2.75)

where k is a parameter and due to degeneracy in the eigenvalues of TR, can be chosen

to be restricted to the first BZ. The exponential term is called the Bloch mode phase

and the periodic part of the Bloch mode has the property

Ek(r + R) = Ek(r). (2.76)

Inserting (2.75) back into (2.7) leads us to an EP problem for Ek [7, p. 305]. Since the

EP of an infinite lattice is subject to periodic boundary conditions, for each chosen

k, there will exist a countably infinite number of frequency eigenvalues ω1, ω2, ω3, . . .

and since k is a continuous parameter, these discrete frequencies form bands which

we denote as ωn(k), where n denotes the band number.

Point Group Symmetries

A point group is a set of geometric operations that keep at least one point fixed

while the volume around it is transformed. Examples include rotations, inversions

and reflections. Inversion and reflection symmetries are both examples of a mirror

symmetry. While inversion symmetry is mirror symmetry w.r.t. a point called the

centre of symmetry, reflection symmetry refers to mirror symmetry w.r.t. to a line

(2D) or a plane (3D). Mirror symmetry allows one to classify the eigenmodes as

odd or even w.r.t. the type of mirror symmetry involved. For example, inversion

symmetry allows one to classify the eigenmodes as odd or even in the traditional

sense, E(r) = E(−r) or E(r) = −E(−r) whereas reflection symmetry w.r.t. a plane

yields the classification of modes based on their polarization, e.g. Transverse Electric

(TE) or Transverse Magnetic (TM). If the BZ of the PC which we denote by Ω
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possesses point group symmetries, then this introduces additional degeneracies in k-

space as one can now consider a subspace of the BZ Ω′ ⊂ Ω because the volume

Ω − Ω′ can now be accessed via the various point group operations. The volume Ω′

is referred to as the irreducible BZ.

Time Reversal Symmetry

Maxwell’s equations and the energy reformulation (2.7) possess time reversal symme-

try because they are second order in time In the frequency domain, this translates to

an inversion symmetry of the frequency bands

ωn(k) = ωn(−k). (2.77)

All the aforementioned symmetries greatly reduces the parameter space of the

problem at hand. For example, one can restrict themselves to the irreducible BZ

k ∈ Ω′ and |k| ≥ 0, the result for all other k values can be inferred by exploiting

symmetries.

2.3.2 Group Velocity

Unlike bulk materials or optical fibers which possess continuous translational sym-

metry in one or more directions where the propagation direction is given by the

wavevector k, EM waves in PCs need not travel in the direction of the wavevector

k. For this purpose, the group velocity of a wave-packet denoted by vg is a more

suitable metric to define the speed and direction of propagation. It is defined as

vg := ∇kω(k). (2.78)

We recall the alternative definition of group velocity as the ratio of the energy flux

(given by the Poynting vector) to the energy density where both quantities are av-

eraged in time and space . There is a relationship between these two definitions of

group velocity which was shown explicitly by Bhat and Sipe [53] in the case of PCs
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Figure 2.1: Bandstructure of a one-dimensional bulk material where zone folding
occurs due to imposing an artificial periodicity.

using k · p expansion theory. But one can also use the elegant Hellmann-Feynmann

theorem as was done by in Ref. [7] which yields the following relation

vg(k) = ∇kω(k) =
1
2

∫
cell

Re[E∗k ×Hk]dr

UE + UH

, (2.79)

where UE, UH represent the physical energy densities of the EM fields given by

UH =
µ0

4

∫

cell

µ0|Hk|2dr UE =
ε0
4

∫

cell

ε|Ek|2dr. (2.80)

We now provide some examples of PCs in one, two and in three dimensions, we

consider structures based on the PC slab.

2.3.3 1D Photonic Crystals

A one dimensional PC is periodic only in one direction and assumed to extend in-

finitely in the other two directions. Denoting the unit cell size as a, the dielectric

function is given by

ε(x, y, z) =




ε1, x ∈ [0, a

2
)

ε2, x ∈ [a
2
, a)

, (2.81)
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Figure 2.2: (a) Bandstructure of a one dimensional PC with ∆ε 6= 0 giving rise to a
photonic band gap (PBG) between the fundamental (blue) and higher order (green)
bands. (b) The magnitude of the group velocity of each band. (c,d) The Bloch modes
|E|2 of the two bands close to the their respective mode-edges as marked by the blue
and green markers in subfigure (a) respectively.

where ε1/2 ∈ R+. As the simplest case, consider ε1 = ε2 = ε. Then the photonic

dispersion relation is simply

ω = c
k√
ε
, (2.82)

which is shown in Figure 2.1 for the case of bulk GaAs (Gallium Arsenide, ε = 12).

Because we have imposed artificial periodicity+ on a bulk material, we get zone

folding in Figure 2.1 where the bandstructure artificially folds back into the BZ.

Now consider a non-zero difference in the dielectric constant ∆ε = ε1−ε2 6= 0. This

gives rise to a PBG as shown in Figure 2.2(a) where the gap is proportional to |∆ε|.
The PBG denotes a range of frequencies for which propagation within the crystal is

forbidden. Hence the EM wave is either completely reflected if incident on the PC,
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or trapped locally, unable to propagate if somehow excited within the structure. The

rise of a PBG can be explained in various ways; (a) as a consequence of the variational

principle as done in Ref. [7], (b) as a natural consequence arising from a weak periodic

potential as done in solid-state physics, see Ref. [52] and (c) through studying Fresnel

reflection and transmission coefficients arising from interference between the reflected

and transmitted waves at the interface between ε1, ε2 as shown by Patterson [35]. For

frequencies and wave vectors lying on the band structure, the Bloch wave propagates

unhindered through the structure. In terms of Fresnel coefficients, diffraction leads

to constructive interference of all the scattered waves such that the resultant wave

propagates without loss throughout the structure.

As stated before, the EM wave’s speed and direction is dictated by the group

velocity. As we see in Figure 2.2(b), the group velocity for both bands near the mode-

edge (k = 0.5) vanishes. The decrease in speed is monotonic for the fundamental

band while the upper band reaches a maximum around k = 0.3 before it decreases.

Compared to a bulk material in which the speed is constant c/
√
ε, there is a lot of

variation in PC leading to rich physics and the regions where the speed is almost zero

is called the slow-light region.

2.3.4 2D Photonic Crystals

For a 2D PC, the dielectric is periodic in two directions and infinite in the third.

Denoting the third infinite direction as z and rt being a vector in the transverse

directions, the dielectric function is written as ε(rt + Rt, z) = ε(rt, z), where the

discrete translation vector is given as Rt =
∑2

i=1Niai. In 2D, there are a myriad of

geometric possibilities for representing the periodic dielectric function. We choose

to investigate a triangular lattice of air holes “drilled” in bulk material as shown in

Figure 2.3(a). It can be shown that since the dielectric function is periodic, its Fourier

transform will be non-zero only at the reciprocal lattice lattice vectors G [7, p. 234] so

we plot it numerically in Figure 2.3(b). As shown, the Fourier transform is non-zero

only near the reciprocal lattice vectors. Using k = 0 as the origin, we sketch out

the resulting BZ and label the various high-symmetry points. Using these symmetry



2.3. PHOTONIC CRYSTALS 45

1.5

3.0

4.5

6.0

7.5

9.0

10.5

12.0

ε

(a) (b)

Figure 2.3: A 2D triangular lattice represented in real (a) and k-space (b) obtained
using a fast Fourier transform. In k-space, the non-zero regions corresponds to recip-
rocal lattice vectors. The BZ is schematically drawn around k = 0 with the labels of
various high symmetry points.

points, the bandstructure for the TE polarized modes (Ex, Ey, Hz) 6= 0 is shown in

Figure 2.4(a). Labelling the bands as 1-4 starting from the bottom, we see that there

are two PBGs between bands 1 and 2 and bands 3 and 4. The Bloch modes |E|2 at

the M symmetry point are plotted in Figure 2.4(d-f), respectively.

2.3.5 Photonic Crystal Slabs

As discussed in chapter 1, an important class of practical PC structures is the semi-

conductor PC slab shown schematically in Figure 1.4(a). The light is confined within

the PC slab by total internal reflection (TIR) in the direction perpendicular to the

slab and by the high index contrast of the PC in the plane of the slab. To satisfy

TIR, modes must lie below the so-called “light line”, ω = c
n
k, where n is the refractive

index of the surrounding medium. Modes above the light-line leak out of the slab,

so they are termed leaky or radiation modes depending on how long lived they are

withing the slab (see section 2.1.2). Modes below the light-line satisfy TIR so are

confined within the slab and decay exponentially away from the slab Figure 2.5(c-d).

Radiation modes form a continuous spectrum so the PC slab does not posses a com-

plete PBG. Below the light-line, there is a PBG for localized modes having a TE-like
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Figure 2.4: (a) Bandstructure of the TE modes in a 2D PC with an underlying
triangular lattice shown in Figure 2.3. (b-e) The four TE modes |E|2 at the M-
symmetry point as marked in (a).
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Figure 2.5: (a) The lowest two bands of the TE-like modes of the three-dimensional
PC slab and its transverse cross section (b). The light line (black-solid) separates the
continuum of radiation modes (shaded-grey) from the localized modes (blue, green).
(c, d) As highlighted by markers in (a), the squared amplitudes of the TE-like modes
at the K-point, in the centre of the slab (z = 0).

(even w.r.t reflection through the z = 0 plane) polarization as shown in Figure 2.5(a).

But TM-like modes still exist within that bandgap therefore, the PBG in PC slabs

in is incomplete, and is often referred to as a quasi-or pseudo-bandgap.

Photonic Crystal Waveguides

The bandstructure of a W1 PCW formed by removing one row of holes is shown

in Figure 2.6(a). The line defect introduces propagation modes within the TE-like

bandgap as shown in Figure 2.6(a,b). As seen from Figure 2.6(c), the group velocity

of both waveguide modes decreases as we approach the mode-edge coming to a halt at
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Figure 2.6: (a) Bands of the two TE-like modes appearing within the PBG by in-
troducing a line defect in the PC slab of Figure 2.5, creating a 3D W1 PCW. (b)
The group-velocity characteristics of the two modes. (c-d) Cross-sectional profiles of
TE-like modes in the slow-light region indicated by the markers in (a) showing strong
confinement within the line defect.

the mode-edge. Moreover, the spatial profiles of these modes shown in Figure 2.6(d,e)

shows that they are localized within the line defect. While the fundamental mode

(blue in Figure 2.6 (b)) is localized mainly within the higher index material, the higher

order mode (red in Figure 2.6 (b)) localized closer to the air holes. This completes our

discussion on the basics of photonic crystals. The PCW will become the workhorse

for all the chapters to follow.

2.4 Perturbation Theory Techniques

Once the ideal solution to Maxwell’s equations is known, small perturbations is a

useful first way to understand how small deviations affect the system response. For
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analytical insights, the first tool in the physicist’s toolbox is perturbation theory.

Perturbations can be of different kinds which require different methods. For example,

a dielectric perturbation can either be varying spatially or temporally and we now

provide an overview of some commonly employed techniques in the field.

2.4.1 Time-Independent Perturbation Theory

For this section, it helps to recall the energy reformulation discussed in subsec-

tion 2.1.1. Consider a perturbed operator of the form L = L(0) + ∆L where L(0)

denotes the ideal operator satisfying the GEP (2.11) and we denote ω(0) as the ideal

unperturbed frequency. By a perturbation, we mean ∆L � L, which is strictly inde-

pendent of time. We we can express the perturbation as ∆L = λ∆L̂, λ� 1 where λ

is a dimensionless parameter and ∆L̂ ∼ O(∆L) [54, p. 1096]. Assuming analyticity,

we now use a power series expansion for the perturbed eigenvalues and eigenfunctions,

ω =
∞∑

p=0

λpω̂(p) =
∞∑

p=0

ω(p), Eω =
∞∑

p=0

λpÊ(p)
ω =

∞∑

p=0

E(p)
ω , (2.83)

where ω(p) = λpω̂(p), E
(p)
ω = λpÊ

(p)
ω . Inserting these expansions into (2.11) and group-

ing terms by the powers of λ, we can calculate the perturbed eigenfrequencies and

eigenmodes. To first-order, the perturbed eigenfrequency is given by ω = ω(0) + ω(1).

We now assume a dielectric perturbation of the form ε = ε(0) + ∆ε where ε(0) rep-

resents the unperturbed dielectric function and ∆L = − (ω(0))2

c2
∆ε. We now compute

ω(1) [55] as

ω(1) = −ω
(0)

2

〈
E

(0)
ω ,∆εE

(0)
ω

〉

〈
E

(0)
ω , ε(0)E

(0)
ω

〉 , (2.84)

where we take into account the degeneracy in the eigenvalue (ω(0))2 [54, p. 1096]. For

an alternative derivation, see Angelatos’s thesis [51]. We can also calculate higher

order corrections but this is all we shall need for our work. A fine detail here is

that since ∆ε usually occurs at a discontinuous interface between two dielectrics, the

inner product in the numerator of (2.84) will involve |E(0)
ω |2 which is ill-defined at the
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interface due to the boundary conditions of Maxwell’s equations11. Consult Johnson

et al. [43, 55] for the mathematical solution to this problem and chapter 5 for some

of the practical ramifications of this issue.

2.4.2 Time-Dependent Perturbation Theory

In this section, it helps to recall Schrödinger reformulation discussed in subsec-

tion 2.1.2. One notices that the spatial variable x plays the role of ‘time’ in this

reformulation. Let the perturbation be denoted by ∆A so we can write the operator

A perturbatively as

A(x) = A(0) + ∆A(x) (2.85)

where A(0) is the unperturbed operator assumed to be independent of x. We use a

perturbative expansion for ψ writing it in terms of unperturbed modes from both half

spaces U± as follows

ψ(x) =
∑

m

c+
m(x)ψ+

km
+ c−m(x)ψ−km , (2.86)

where c±m(x) are expansion coefficients whose spatial evolution we desire, ψ±km are the

unperturbed modes from both the half spaces. Our Ansatz (2.86) is a perturbative

expansion because it is the first approximation when using the techniques of multiple

scales or method of averaging [56, Ch. 5,6]. In optics literature, the expansion coeffi-

cients are often called slowly-varying envelopes because their second derivative
d2c+

m

dx2

is usually neglected. However, most of the optics literature such as [34, 45] suggests

that this approximation has a physical basis after which the mathematical approxi-

mation is performed. But truth be told, it is the exact opposite! The approximation

to neglect the second derivative must made out of mathematical necessity if one wants

to derive coupled mode equations that can be solved using this technique. The eas-

iest way to see this is to realize that one needs both c±m(0), c′±m (0) to solve a second

order differential equation. One sets c±m(0) = c±0 where c±0 is determined from the

unperturbed mode expansion but one is clueless about c′±m (0), it is simply ill-defined.

11Across a dielectric interface E‖ is continuous while E⊥ is not where ‖,⊥ denotes the parallel
and perpendicular directions to the interface, respectively.
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We now assume discrete translational symmetry so that the unperturbed modes have

the form ψ±km = eik
±
mxϕ±km . Inserting in the perturbative expansions (2.85),(2.86) into

(2.41), then

(A(0) + ∆A)
∑

m

c+
me

ik+
mxϕ+

km
+ c−me

ik−mxϕ−km = −i∂xB
(∑

m

c+
me

ik+
mxϕ+

km
+ c−me

ik−mxϕ−km

)
,

LHS = −iB
[∑

m

∂xc
+
me

ik+
mxϕ+

km
+ ik+

mc
+
me

ik+
mxϕ+

km
+ c+

me
ik+
mx∂xϕ

+
km

+ ∂xc
−
me

ik−mxϕ−km

+ ik−mc
−
me

ik−mxϕ−km + c−me
ik−mx∂xϕ

−
km

]
,

∑

m

eik
+
mx(A(0) + iB∂x)(c

+
mϕ

+
km

) + eik
−
mx(A(0) + iB∂x)(c

−
mϕ
−
km

)

+ ∆A

(∑

m

c+
me

ik+
mxϕ+

km
+ c−me

ik−mxϕ−km

)
=

∑

m

k+
mBe

ik+
mxϕ+

km
+ k+

mBe
ik+
mxϕ+

km
− iB

∑

m

∂xc
+
me

ik+
mxϕ+

km
+ ∂xc

−
me

ik−mxϕ−km ,

∑

m

(((
((((

((
eik

+
mxC(0)(c+

mϕ
+
km

) +((((
((((

(
eik
−
mxC(0)(c−mϕ

−
km

) + ∆A

(∑

m

c+
me

ik+
mxϕ+

km
+ c−me

ik−mxϕ−km

)
=

∑

m
���

���
��

k+
mBe

ik+
mxϕ+

km
+���

���
��

k−mBe
ik−mxϕ−km − iB

∑

m

∂xc
+
me

ik+
mxϕ+

km
+ ∂xc

−
me

ik−mxϕ−km ,

∴ ∆A

(∑

m

c+
me

ik+
mxϕ+

km
+ c−me

ik−mxϕ−km

)
= −iB

∑

m

∂xc
+
me

ik+
mxϕ+

km
+ ∂xc

−
me

ik−mxϕ−km ,

(2.87)

where we used the fact that C(0)(c±mϕ
±
km

) = c±mC
(0)ϕ±km = c±mk

±
mBϕ

±
km

. Eq. (2.87) will

be our starting point for determining the coupled mode equations to follow. We will

exploit the inner product defined by (2.36) and use the fact that the eigenmodes in

these half spaces are pairwise orthogonal. Let us work in the positive half space U+
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to isolate coefficients c+
n . We consider the 2D inner product

〈
ϕ+
kn
,Eq. (2.87)

〉
U

− i
∑

m

〈
ϕ+
kn
, Bϕ+

km

〉
U
eik

+
mx∂xc

+
me

ik+
mx +

���
���

�:0〈
ϕ+
kn
, Bϕ−km

〉
Ue

ik−mx∂xc
−
me

ik−mx

=
∑

m

〈
ϕ+
kn
,∆Aϕ+

km

〉
U
eik

+
mxc+

m +
〈
ϕ+
kn
,∆Aϕ−km

〉
U
eik
−
mxc−m

− i
∑

m

∥∥ϕ+
kn

∥∥2

U
eik

+
mx∂xc

+
me

ik+
mxδmn =

∑

m

〈
ϕ+
kn
,∆Aϕ+

km

〉
U
eik

+
mxc+

m +
〈
ϕ+
kn
,∆Aϕ−km

〉
U
eik
−
mxc−m

eik
+
n x
dc+

n

dx
=

i∥∥ϕ+
kn

∥∥2

U

∑

m

〈
ϕ+
kn
,∆Aϕ+

km

〉
U
eik

+
mxc+

m +
〈
ϕ+
kn
,∆Aϕ−km

〉
U
eik
−
mxc−m.

Using the definition of the inner product (2.36), we get

dc+
n

dx
=

i∥∥ϕ+
kn

∥∥2

U

∑

m

〈
ϕ+
kn
,∆Aϕ+

km

〉
ei(k

+
m−k+

n )xc+
m +

〈
ϕ+
kn
,∆Aϕ−km

〉
ei(k

−
m−k+

n )xc−m.

(2.88)

One follows an identical derivation for the negative half space to isolate c−n considering
〈
ϕ−kn ,Eq. (2.87)

〉
U

− i
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��

���
��:0〈
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〉
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〈
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m +
〈
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〉
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− i
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∑
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〉
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〈
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−
km

〉
U
eik
−
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eik
−
n x
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=
i∥∥ϕ−kn
∥∥2
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∑

m

〈
ϕ−kn ,∆Aϕ

+
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〉
U
eik

+
mxc+

m +
〈
ϕ−kn ,∆Aϕ

−
km

〉
U
eik
−
mxc−m. (2.89)

If we now using the negative half space inner product definition in (2.36), we obtain

a negative sign

dc−n
dx

=
−i∥∥ϕ−kn
∥∥2

U

∑

m

〈
ϕ−kn ,∆Aϕ

+
km

〉
ei(k

+
m−k−n )xc+

m +
〈
ϕ−kn ,∆Aϕ

−
km

〉
ei(k

−
m−k−n )xc−m.

(2.90)
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This essentially mimics the result of Song et al. [47] where we have also explicitly in-

cluded the coupling between the positive and negative half spaces and the appearance

of the negative sign in (2.90) is made clear. While we have shown this for discrete

translational symmetry, the same form also holds for continuous translational sym-

metry with ϕk replaced by φk. Therefore, these coupled mode equations recover the

well known results of Marcuse [19] for optical waveguides, just re-expressed using

operator notation.

Therefore, as long as a perturbation can be written as (2.85), one can use the

above equations to solve for the evolution of the expansion coefficients. These equa-

tions express the coupling between the eigenmodes via a set of ordinary differential

equations (ODEs). In chapter 6 and chapter 7, we will consider an explicit form of

∆A expressed in terms of ∆ε.

2.4.3 Born Approximation

The last approximation we highlight starts off with the Green function integral formu-

lation covered in subsection 2.1.3. In this formulation, perturbations enter through

the external polarization source P so we assume a dielectric perturbation of the form

P(r) = ε0∆ε(r)E(r), (2.91)

which we insert into (2.44) to obtain a Dyson’s equation,

E(r) = E0(r) +

∫ ←→
G (r, r′) ·∆ε(r′)E(r′)dr′. (2.92)

To solve this self-referencing equation perturbatively, we insert the equation into

“itself” as follows

E(r) = E0(r) +

∫ ←→
G (r, r′) ·∆ε(r′)

[
E0(r′)+
∫ ←→

G (r′, r′′) ·∆ε(r′′)E(r′)dr′′
]
E(r′)dr′, (2.93)
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and we can continue this process iteratively until the desired accuracy is desired. By

grouping terms by powers of the perturbation ∆ε, we see that to 0th order we have

E(r) ≈ E0(r), which is just the electric field with P = 0. To 1st order, we have

E(r) ≈ E0(r) +

∫ ←→
G (r, r′) ·∆ε(r′)E0(r′)dr′, (2.94)

and lastly to 2nd order one gets

E(r) ≈ E0(r) +

∫ ←→
G (r, r′) ·∆ε(r′)E0(r′)dr′

+

∫∫ ←→
G (r, r′) ·∆ε(r′)←→G (r′, r′′) ·∆ε(r′′)E0(r′′)dr′dr′′. (2.95)

This expression is also called the 2nd order Born expansion lies behind the theory

presented in Chapters 3, 4.

2.5 Numerical Methods

Here we outline the basics of some of the common numerical methods used to calculate

various quantities presented in this thesis.

2.5.1 Plane Wave Expansion

The standard technique for solving linear Hermitian eigenvalue problems of the form

shown in (2.11) is to choose a set of orthogonal and complete basis functions satisfying

the boundary conditions of the problem. The solution is then expanded in terms

of these basis functions and one derives a system of coupled linear ODEs for the

expansion coefficients of the basis functions. A finite dimensional approximation of

this system reduces the problem to a matrix GEP of the form
←→
A z = ω2←→B z where

←→
A ,
←→
B are the finite dimensional approximations related to the coupled system of

ODEs.

A good set of basis functions for PCs are plane waves whose wavevectors belong

to the reciprocal lattice of the PC. This is called the plane wave expansion method
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(PWEM). The periodic part of the Bloch mode envelope can be expanded in terms

of these plane waves

Ekn(r) =
∞∑

m=0

xm(r)eiGm·r, Ri ·Gj = 2πδij, (2.96)

where {Gm} denotes the set of reciprocal lattice vectors, xm(r) are the expansion

coefficients to be determined. This method has been implemented in an excellent

freely available computational program called MPB [57], developed at MIT and it is

the program we used to numerically compute the band structure and modes shown

in section 2.3.

2.5.2 Finite Differences

The other way of solving PDEs appearing in Maxwell’s equations is to discretize

them using finite differences (FD) or finite elements. The finite elements method is a

generalization of the FD method and we will stick to the FD method in this thesis.

The basic approach of constructing a FD approximation is as follows; assuming our

PDE can be written in the abstract form

Lu(x, t) = 0, (2.97)

where L is a linear operator acting on an element u(x, t) belonging to a Hilbert

space subject to some boundary and initial conditions and evolving in time. We then

construct a discrete approximation of the continuous function u(x, t) denoted by unj

and defined as

unj := u(xj, tn) j = 0, 1, ...., Nx + 1, j = 0, 1, ...., Nt + 1. (2.98)

To simplify the notation, we define the finite-dimensional vector

un := (un0 , u
n
1 , . . . , u

n
Nx , u

n
Nx+1), (2.99)
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which is a discrete approximation of the function at time tn. Next we construct a dis-

crete approximation of the operator denoted by L̃ using a FD scheme. Therefore, we

have constructed an approximation to our original problem which lived in an infinite

dimensional Hilbert space to an approximate problem living in a finite dimensional

space RNx+2 × RNt+2 given as

L̃ũ = 0, (2.100)

where ũ ∈ RNx+2×RNt+2. The idea is to propagate the solution in time as the initial

condition is set via u0 and we seek a propagation matrix that allows us to determine

u1 and so forth.

This is where we split FD schemes into two categories; explicit and implicit.

Any explicit scheme can be expressed as

un+1 = Mnu
n, (2.101)

where Mn denotes the propagation matrix for time step n. If Mn is constant at every

time step Mn ≡M as is often the case, the above reduces to un+1 = Mnu0, where Mn

represent the nth power of M . The boundary conditions no matter how complicated

are implemented in M usually by modifying the first and last couple of rows. To

be specific, the above propagation equation only applies to two-level explicit schemes

(only two time steps are involved n, n+1 but the generalization to multi-step schemes

is straightforward and shall not be covered here, see Ref. [58]. An implicit two level

scheme can be written as

Mnu
n+1 = un, (2.102)

where the matrix M−1
n represents the propagation matrix where we are assuming the

inverse exists. Assuming Mn = M , we have un+1 = (M−1)nu0.

Stability and Convergence

If the original PDE problem is well-posed, i.e. it is resistant to small perturbations in

the initial conditions or thereafter. Physically speaking, any linear system represent
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should be robust to small perturbations, if you change the initial conditions a little

bit, the solution only changes slightly. If this is not the case, your system is not linear!

So any acceptable numerical scheme must be stable against small perturbations either

caused in the initial conditions or due to rounding errors created by the computer.

To represent this mathematically, we demand that ‖un‖ remain bounded assuming

‖u0‖ was bounded. This can be expressed for an explicit scheme as follows:

Definition 1. A scheme is called unconditionally stable under the norm ‖·‖ if

∃c > 0, independent of the step sizes (∆x,∆t) s.t.

‖Mn‖ ≤ c ∀n. (2.103)

A scheme is called conditionally stable if c depends on the step sizes (∆x,∆t).

For an implicit scheme, we just replace Mn → M−1
n . To see how to define the

norm of a matrix operator is defines, see Ref. [58].

To prove the stability of a scheme is no easy matter as it depends on the norm

specified. Certain schemes might be stable in one norm but unstable in another.

We shall not delve into this matter deeper for now. Instead we turn our attention

to convergence. Convergence is the idea that as our numerical scheme gets more

precise by making ∆x→ 0,∆t→ 0, we get closer and closer to the exact solution. To

help show convergence of a numerical scheme, we rely on the Lax-Millgram Theorem:

Theorem 1. Lax-Millgram Theorem: Under certain conditions on the smooth-

ness of functions, stability implies convergence.

This is a simple but powerful theorem. It says that if one can prove the stability

of a FD scheme, one is guaranteed convergence of the scheme. The converse is not

necessarily true.

We now briefly comment on the general aspects of explicit vs. implicit schemes.

Explicit schemes often tend to be conditionally stable while implicit schemes tend to

be unconditionally stable. The conditionally stable criterion is often referred to as

the Courant-Freiedrichs-Lewy (CFL) condition. Computation wise, explicit schemes
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are faster and easier to implement because only straightforward matrix multiplication

is involved as seen in (2.101). On the other hand, implicit schemes are much more

computationally expensive since a matrix inverse needs to be computed at each time

step (2.102) but they are ultra-stable. So there is a trade-off between speed and

stability when one desires to choose a FD scheme for their problem.

Finite-Difference Time Domain

The Finite-Difference Time Domain (FDTD) technique is a cornerstone of compu-

tational electrodynamics. It discretizes the Maxwell’s equations (2.1a)-(2.1d) using

the FD scheme developed by Yee in his seminal 1966 paper [59]. All the operators

∇·,∇×, ∂t are discretized using a staggered grid approximation which we discuss

below. It is a full blown numerical solution to the problem at hand with various

boundary conditions. While for most problems, perturbative approaches or solving

eigenvalue problems in the frequency domain suffices, there exists a certain class of

problems which must be tackled head on in the time domain. One such class is the

presence of arbitrary external nonlinear polarization sources, see Cartar’s thesis [60]

for details. Over the past half-century, t here have been numerous developments to

the scheme such as the implementation of open boundary conditions using perfectly-

matched layers (PMLs) or the ability to launch in a plane wave using the total field,

scattered field formulation. For a treatise on the FDTD method, we refer the reader

to the book [61]. To get an idea of the wide domain of applicability of FDTD, we

refer the reader to group theses of Patterson, Van Vlack and Angelatos [35, 50, 51,

60].

In this thesis, however, we shall try to address the question of why the FDTD

scheme works so well. For anyone familiar with the development and implementation

of FD schemes for PDEs, one knows that there are a myriad of possible schemes to

choose from but specifically for wave propagation, the two most critical components

are the implementation of boundary conditions and control over numerical dispersion.

There exists mainly four kinds of boundary conditions for Maxwell’s equations: (i)

homogeneous, (ii) periodic, (iii) reflective, (iv) open/absorbing. In the context of an
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EM simulation, homogeneous boundary conditions is equivalent to surrounding the

domain with a conductor. Periodic or sometimes Bloch periodic boundary conditions

are useful if the computational domain has discrete spatial symmetry such as PCs.

Reflective boundary conditions is equivalent to surrounding the domain with a metal-

lic boundary and the open/absorbing boundary condition amounts to surrounding the

domain with an absorbing dielectric material (PMLs) that minimizes reflections back

into the computational domain. This is equivalent to letting the wave propagate out-

wards to infinity without obstruction and hence is extremely useful when calculating

the far-field response. Homogeneous, periodic and reflective boundary conditions are

relatively easy to implement compared to the open/absorbing boundary condition.

The implementation of open boundary conditions, is certainly non-trivial and beyond

the scope of this thesis so we refer the reader to consult Taflove and Hagness [61].

The second point is control over numerical dispersion and we tackle this issue here

because it will come up once again in Chapter 7. Numerical dispersion refers to artifi-

cial dispersion introduced into the system due to discretization. We will conceptually

show how the FDTD has very favourable numerical dispersion characteristics when

compared to other FD schemes. To illustrate this, consider the 1D case of Maxwell’s

equation; letting Ey = Ez = Hx = Hz = 0, Maxwell’s equations read

ε∂tEx = −∂zHy, (2.104)

µ∂tHy = −∂zEx, (2.105)

where for simplicity, let us assume ε, µ are constant. We know that these PDEs

permit solutions of the form ei(kz−ωt). Therefore to construct a numerical scheme, we

must construct discrete approximations of the continuous differential operators ∂t, ∂z

that act on complex exponentials. For discretization of an arbitrary function f(z, t),

denote tn = n∆t, zj = j∆z and fnj = f(zj, tn).
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Figure 2.7: Numerical dispersion characteristics of the centered (green-dotted) and
staggered (red-dash-dotted) FD schemes compared to the analytic (blue-solid) case.
The top x-axis shows the step size in terms of the wavelength λ.

To compute an approximation of ∂zf , we consider the following two FD schemes

Centered : ∂zf |j =
fj+1 − fj−1

2∆z
+O(∆z2), (2.106)

Staggered : ∂zf |j+ 1
2

=
fj+1 − fj

∆z
+O(∆z2). (2.107)

Both are second order accurate as they have a truncation error of O(∆z2) but the

staggered approximation is the one FDTD uses. To see why, we consider f(z) = eikz

s.t

∂ze
ikz = ikeikz. (2.108)

Now consider the discrete approximations of the above equation [62] using the two
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FD schemes shown above,

Centered : ∂ze
ikz
∣∣
j
≈ i

sin(k∆z)

∆z
eikz = ikcentered

num eikz, (2.109)

Staggered : ∂ze
ikz
∣∣
j+ 1

2

≈ i
2sin(k∆z/2)

∆z
ei(k+ ∆z

2 )z = ikstaggered
num ei(k+ ∆z

2 )z, (2.110)

where kcentered
num , kstaggered

num denote the numerical approximation of the wavenumber k

using the centered and the staggered schemes, respectively. It is informative to plot

the curves; k∆z = k∆z, kcentered
num ∆z = sin(k∆z), kstaggered

num ∆z = 2 sin(k∆z/2) on the

same graph as shown in Figure 2.7. Specifying an operating wavelength λ through

the initial conditions meant to solve (2.104), (2.105), Figure 2.7 represents the nu-

merical dispersion relation for the two FD schemes compared to the analytic case.

As shown, for k∆z < π/4, the two schemes are equivalent but for k∆z > π/4 the

staggered scheme outperforms the centered scheme. In fact if one chooses ∆z > λ/4,

then the group velocity for the centered scheme is actually negative resulting in a

spurious mode that has no basis in reality. At least the staggered scheme possesses

the same sign for group velocity as the analytic case for ∆z > λ/4. Therefore, the

staggered scheme (2.107) is used to approximate all first derivatives in the FDTD

scheme because it minimizes the errors caused by numerical dispersion.

With this knowledge, we now discretize the 1D Maxwell’s equations (2.104),

(2.104) as follows

ε∂tEx
∣∣n+ 1

2

j
= −∂zHy

∣∣n+ 1
2

j
, (2.111)

µ∂tHy

∣∣n
j+ 1

2

= −∂zEx
∣∣n
j+ 1

2

, (2.112)

where we notice that the discretization of Ex , Hy is staggered with respect to each

other. Evaluating the first derivatives using a staggered scheme as discussed above,
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we get

Ex
∣∣n+1

j
− Ex

∣∣n
j

∆t
= −1

ε

Hy

∣∣n+ 1
2

j+ 1
2

−Hy

∣∣n+ 1
2

j− 1
2

∆z
, (2.113)

Hy

∣∣n+ 1
2

j+ 1
2

−Hy

∣∣n− 1
2

j+ 1
2

∆t
= − 1

µ

Ex
∣∣n
j+1
− Ex

∣∣n
j

∆z
. (2.114)

These are the 1D FDTD equations: Ex is discretized on integer steps of ∆x, ∆t while

Hy is discretized on half-integer steps. The same logic carries over to three dimensions

where the concept of a Yee-cell is introduced to visualize the spatial discretization,

the details of which can be found in [61].

The last question we need address is the stability of the FDTD scheme. By

isolating Hy

∣∣n+ 1
2

j+ 1
2

, Ex
∣∣n+1

j
in (2.112), (2.111), one sees that the scheme is of an explicit

nature. Therefore, the scheme should be conditionally stable. To see this, we can

eliminate Hy from 1D Maxwell’s equations (2.104), (2.105) to get the wave equation

for the electric field

∂2
tEx = v2∂2

zEx, v =
1

εµ
. (2.115)

Inserting the solution form ei(kz−ωt) above, we get the standard dispersion relation

ω = vk. Similarly we can eliminate Hy from the FDTD formulation (2.113), (2.114)

to recover the standard FD scheme for the wave equation [63]

Ex
∣∣n+1

j
− 2Ex

∣∣n
j

+ Ex
∣∣n−1

j

∆t2
= v2

Ex
∣∣n
j+1
− 2Ex

∣∣n
j

+ Ex
∣∣n
j−1

∆z2
. (2.116)

After inserting ei(kz−ωt) into the above equation, one obtains the following transcen-

dental equation

sin

(
ω∆t

2

)
= CFL ∗ sin

(
k∆z

2

)
, CFL = v

∆t

∆z
, (2.117)

which holds if and only if CFL ≤ 1 or v∆t ≤ ∆z. For v∆t > ∆z, this scheme is

unstable and the numerical solution grows exponentially. Therefore in 1D and also

in 3D, the FDTD scheme is conditionally stable. One can also obtain the numerical
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Figure 2.8: Numerical dispersion of the FDTD scheme used to discretize the 1D
Maxwell’s equations for various CFL values. We note that the FDTD scheme is
conditionally stable for CFL ≤ 1.

dispersion relation by numerically solving for the root of the transcendental equation

above for various CFL values as shown in Figure 2.8. We see that in fact CFL ≈ 1

works best for avoiding numerical dispersion effects. In fact, Figure 2.8 makes it clear

that the FDTD scheme will avoid spurious modes with negative group velocity even

if CFL� 1. The key lesson here is that for explicit FD schemes in general, one can

often obtain stability by simply choosing ∆t� γ∆x where γ is some proportionality

constant but that does not mean the numerical solution will be better. Therefore,

one must ensure a good understanding of the numerical scheme before trusting its

results.

Implicit θ Scheme

Here we introduce an implicit FD scheme that will come in handy when solving

equations of the form (2.88) that arise in Chapters 6, 7. For now, we consider a
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general linear equation of the form

ut = (A(x, t)ux)x +B(x, t)ux + C(x, t)u+ f(x, t), (2.118)

where A,B,C, f : R × R+ → C are complex valued functions, with initial condition

u(x, 0) = u0(x) and homogeneous boundary conditions u(x,−∞) = u(x,∞) = 0∀x.

This equation is referred to as a Schrödinger type equation since it is both parabolic

and hyperbolic thus admitting both diffusive and wavelike solutions. Chan and Shen

considered the stability of various two-level FD schemes for this initial boundary

value problem [64]. They proposed implicit schemes which are unconditionally stable

as well as explicit schemes which are conditionally stable.

For the special case of Re[A(x, t)] = 0, Im[A(x, t)] = a(x, t) > 0, let us consider

the simplest form of the Schrödinger equation,

ut = iuxx. (2.119)

The naive discretization of this PDE

un+1
j − unj

∆t
= i

unj+1 − 2unj + unj−1

∆x2
, (2.120)

is referred to as the Euler scheme. Using Von-Neumann stability analysis, this simple

scheme turns out to be be unconditionally unstable. Although there do exist explicit

schemes that solve the simple equation above numerically, for reasons that will become

clear in chapter 7, we are mainly interested in implicit schemes. The θ-scheme is an

example of an implicit scheme introduced by Chan and Shen to solve (2.118) [64],

and is given by

un+1
j − unj

∆t
=

1

∆x2

[
An+θ
j+ 1

2

(
un+θ
j+1 − un+θ

j

)
− An+θ

j− 1
2

(
un+θ
j − un+θ

j−1

)]

+Bn+θ
j

(
un+θ
j+1 − un+θ

j−1

2∆x

)
+ Cn+θ

j un+θ
j + fn+θ

j . (2.121)
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Chan and Shen showed that the θ-scheme is unconditionally stable (no restrains

or relation between the step sizes ∆x,∆t) if and only if θ ∈
[

1
2
, 1
]
. When θ = 1

2
,

this scheme is called a Crank-Nicolson type scheme and for implementation reasons,

we shall prefer the choice θ = 1
2
. We note that further simplifications occur if the

coefficients A,B are constant and C(x) is only a function of x.
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Chapter 3

Reducing disorder-induced losses for slow-light

photonic crystal waveguides through Bloch mode

engineering

This work is published as N. Mann, S. Combrié, P. Colman, M. Patterson, A. De

Rossi, and S. Hughes, “Reducing disorder-induced losses for slow light photonic crys-

tal waveguides through Bloch mode engineering”, Opt. Lett. 38, 4244 (2013) [65]

and was selected for an oral presentation at CLEO: Science and Innovations 2013

conference in the Photonic Crystals section. Specifically, it examines the important

role of Bloch modes in reducing disorder-induced losses in certain waveguide designs.

All the theoretical work and numerical calculations were accomplished by me using

a modified version of Mark Patterson’s earlier code developed during his Queen’s

MSc thesis [35]. The experiment was performed at Dr. Alfredo De Rossi’s group

at Thales Research and Technology, France. In terms of writing, I drafted up the

main manuscript which went through several rounds of internal edits amongst most

of the co-authors. All the corrections and the review process was handled by me with

feedback from Dr. Hughes.

Abstract

We present theory and measurements of disorder-induced losses for low loss

1.5-mm long slow-light photonic crystal waveguides. A recent class of dispersion

engineered waveguides increase the bandwidth of slow light and show lower

http://dx.doi.org/10.1364/OL.38.004244
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propagation losses for the same group index. Our theory and experiments

explain how Bloch mode engineering can substantially reduce scattering losses

for the same slow-light group velocity regime.

3.1 Introduction

Photonic crystal waveguides (PCWs), created by introducing a line defect in a high-

index-contrast photonic crystal slab permit strongly confined light to be guided on

subwavelength scales. In particular, PCWs exhibit a “slow light” region in their

bandstructure. Slow light behaviour enhances light-matter interactions which has

various applications such as optical data processing [28] and creating on-chip single

photons[66]. Recently there has been much interest in exploiting slow light propaga-

tion with PCWs for enhancing nonlinear optical processes, including second and third

harmonic generation [32, 67], four wave mixing [31, 68] and three photon absorption

[30].

One of the most serious limitations of using slow light PCWs is extrinsic scattering

losses caused by manufacturing imperfections in the underlying dielectric structure

of the PC [22, 69]. Fabrication imperfections are characterized by small fluctuations

(2-4 nm) of the radius of the holes, which act as extrinsic polarization scattering

sites. In the slow light regime, the Bloch modes feel these scatterers much more due

to their increased optical path length and an increase in the local density of states.

Thus the slow light regime exhibits large scattering losses, which have been observed

experimentally [69, 70] and explained theoretically [20–22, 47, 71]. For a fixed group

velocity, the underlying Bloch mode affects the amount of scattering loss [22]. To

better exploit slow light, one can tailor the dispersion via geometrical modifications

of the underlying periodical dielectric structure, a process sometimes referred to as

“dispersion engineering.” Two common goals of dispersion engineering (DE) are (i)

to minimize group velocity dispersion (GVD) over a finite range of frequencies [72]

giving one a better delay bandwidth product, and (ii) to design slow light regions

away from the mode edge. Recently, Sancho et. al. [40] have designed a PCW to

minimize GVD which has also been observed to yield lower disorder-induced losses
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relative to the standard W1 waveguide (i.e., a simple line defect created by removing

one row of holes in a triangular lattice). In addition, the loss characteristics of this

dispersion engineered waveguide deviate strongly from the expected 1/v2
g or 1/vg

scaling, which can be caused by a reshaping of the Bloch mode and (or) a failure of

the Beer-Lambert law due to multiple scattering [24]. O’Faolain et. al. [41] have also

shown, theoretically, that certain PCWs can have different Bloch modes for the same

group velocity.

In this work, we exploit and extend a rigorous disorder model based on the work

of Hughes et. al. [22] to obtain good qualitative agreement with experiments per-

formed on PCWs with various dispersion-engineered designs. We also explain the

recent experimental data of Sancho et. al. [40]. Without doing any optimization, we

demonstrate that our dispersion-engineered waveguides already reduce transmission

losses by a factor of 2 compared to the standard W1 for a slow down factor (group

index) of ng = 20. We present a good fit to the data over a wide spectral range with

no fitting parameters and show that the it is mainly the field strength of the Bloch

mode around the holes that is responsible for the lower losses. Moreover, our general

methodology offers a way to design lower loss waveguides operating in the slow light

regime.

3.2 Theory

Disorder-induced losses in PCWs can be divided into backscattering and radiation

losses, with backscattering being the dominant loss mechanism [22]. The ensemble

averaged backscattering loss, per unit cell, is [22]

〈αback〉 =

(
aω

2vg

)2 ∫∫

cell

drdr′ 〈[E(r) ·P(r)] [E∗(r′) ·P∗(r′)]〉 , (3.1)

where E(r) = ek(r)eikx, ek(r) is the Bloch mode, a is the pitch, vg is the group velocity,

and P(r) represents the structural disorder. The Bloch modes are normalized through
∫∫

cell
ε(r)|ek(r)|2 = 1 where ε(r) is the ideal dielectric constant of the PCW. The
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bracket term 〈· · ·〉 refers to an ensemble average over nominally identical waveguides.

The polarization term describing disorder [36, 43] accounts for a quickly varying

dielectric perturbation around the hole surfaces. The ensemble averaged radiation loss

per unit cell, 〈αrad(ω)〉 , is derived similarly [24]. The bandstructure and eigenmodes

of Maxwell’s equations for the fundamental unit cell were computed by MPB [57]. The

integration is carried out using a double Riemann sum with the integrand interpolated

over a finer spatial grid for good numerical accuracy.

The disorder polarization term P (r) due to a disordered element at r′ is given

by P(r) =
[(

ε1+ε2
2

)
α‖E‖(r)+ε(r)γ⊥D⊥(r)

]
∆V δ(r− r′), where ε1,2 are the dielectric

constants for the air and the slab respectively, α‖, γ⊥ are the numerically computed

polarizabilities representing the disordered hole, E‖/D⊥ are the parallel and perpen-

dicular components of the electric/displacement fields, respectively, and ∆V is the

volume of the disorder element. The rapid intra-hole radial fluctuations ∆r(θ) rep-

resenting disorder are contained in ∆V [36, 43]. It can be shown that Eq. (3.1) is

reduced to a line integral around the hole circumferences. The random radial fluctu-

ations ∆r(θ) vary as a function of angle θ and are modelled as a Gaussian stochastic

process which is determined by its first (mean) and second (variance σ2) order mo-

ments. Consistent with experimental data, intra-hole fluctuations are assumed to

be correlated so we introduce the correlation length lc parameter [27]. The mean is

assumed to be zero and the variance and correlation length are estimated from SEM

images.

For sufficiently long waveguide lengths, multiple scattering events become sig-

nificant and weak localization occurs [24]. For such cases, the Beer-Lambert loss

model breaks down and overestimates the losses [23]. To account for multiple scat-

tering when computing the transmission, we utilize incoherent coupled-mode theory

[23]. Denoting Ψf (x),Ψb(x) as the forward and backward Bloch mode intensities,

respectively, where x ∈ [0, L] represents the position in the PCW, the coupled mode
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Figure 3.1: Schematic, bandstructure and dispersion for TE-like fundamental modes
of the PCWs. (a) Schematic of the PCW designs, with the parameters given in Ta-
ble 3.1. (b) Bandstructure of the W1 (blue-dash-dotted), delay line (pink-dashed)
and ng-improved (black-solid) PCW designs. The highlighted regions of the band-
structure in (b) have been plotted in (c) vs. group index. The markers in (b) and (c)
correspond to group index ng = 20 with their corresponding Bloch mode intensities
plotted in Fig. 3.3.

equations are (ω is implicit)

dΨf

dx
= − (〈αback〉+ 〈αrad〉) Ψf + 〈αback〉Ψb, (3.2)

dΨb

dx
= (〈αback〉+ 〈αrad〉) Ψb − 〈αback〉Ψf . (3.3)

With the boundary conditions, Ψf (0) = 1,Ψb(L) = 0, Eqs. (3.2)-(3.3) are solved

analytically using 〈αback〉 and 〈αrad〉 as input. The reflectance and transmission are
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given by Ref = Ψb(0) and Tran = Ψf (L), respectively. The power loss per waveguide

length (1.5 mm) is P = 10 log10(Tran) in units of dB. The key advantages of our

approach is that (a) it is semi-analytic, (b) it accounts for the local field effects from

realistic quickly varying surfaces, (c) it includes multiple scattering for finite length

samples, and (d) the numerical implementation is stable.

A schematic of the template PCW design used in our experiments is shown in

Fig. 3.1(a), where the rows of holes can be shifted and the hole radii can also change.

Specific parameters are given in Table 3.1. For our samples, we use GaInP dielectric

membranes of length 1.5 mm. An efficient coupler is attached to the ends of the

waveguide [73]. The delay-line design was created using group theory arguments [74];

this approach exploits an anti-symmetric shift (T ) of the first row of holes to couple

the even and odd modes of a standard W1 waveguide; symmetry breaking skews the

Bloch modes as shown in Fig. 3.3.

3.3 Results

Three waveguide designs are studied in this work, which we refer to as delay line, ng-

improved, and the standard W1 (see Fig. 3.1 caption). In Fig. 3.1(b,c) we show the

bandstructure and dispersion for the fundamental TE-like (z-even) waveguide mode

of each design. The delay line was found to offer a bandwidth of 2 THz with minimal

group index (ng = c/vg) variation compared to a W1 waveguide.

The loss spectrum for the waveguides is plotted in Fig. 3.2. For the disorder

parameters, we estimate and use σ = 4 nm and lc = 40 nm to characterize the dis-

ordered holes [27]. This figure clearly shows that the Beer-Lambert model breaks

down and overestimates the losses in the slow light regime as expected for long

r0(a) r1(a) r(a) w
(√

3
2 a
)

s
(√

3
2 a
)

T(a) h(a)

W1 0.2 0.2 0.2 0.0 0.0 0.0 0.333

Delay Line 0.23 0.25 0.26 -0.1 0.16 0.15 0.367

ng-improved 0.23 0.25 0.26 -0.1 0.18 0.0 0.367

Table 3.1: Parameters for waveguides shown in Fig. 3.1(a).
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Figure 3.2: W1 (Top) Delay Line (Middle) ng-improved (Bottom). The computed
incoherent loss spectrum (b) with multiple scattering (blue solid) and single scattering
(magenta dashed) extrapolated using the Beer-Lambert model is presented alongside
with experimental data (a). The experimental data includes raw data (red solid) and
it’s statistical average (black dashed). The ng = 20 line is shown in black (vertical
dashed) in (b). For the Delay Line, we would like to point out that the computed
loss spectrum using single scattering (magenta-dashed) follows the same ‘S-shaped’
pattern as the case of multiple scattering (blue solid) albeit for much larger loss values
not shown in the graph.

(1.5 mm) PC waveguides. For a given “target” group index of ng = 20, the losses are

(−9.90 dB,−7.65 dB,−4.39 dB) for the W1, delay line and ng-improved design respec-

tively. These results imply that the delay line and ng-improved designs have power

transmission approximately two times better than the W1 with the ng-improved de-

sign having the lowest loss. In addition, the delay line experiences different losses for

the same group index with the losses increasing as one approaches the mode edge in

agreement with the findings of O’Faolain et.al. [41]. Hence, it is evident that waveg-

uide design can not only alter the dispersion characteristics but can also substantially

reduce disorder induced losses in the slow light regime (which can be understood

if compared to a self-consistent theory). As shown in Fig. 3.2, the theoretical loss

spectrum agrees reasonably well with the experimental loss spectrum.
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Figure 3.3: Bloch mode intensities |ek|2 at markers in Fig. 3.1(b,c) for W1 (a), delay
line (b) and ng-improved (c) for ng = 20 in a horizontal slice in the middle of the PC
slab (top). The colourscale is in units of µm−3. Below the field intensities in the slice
at the nearest (red) and next nearest (magenta dashed) holes relative to the defect
are shown. The total integrated field strength If (units of length−2) around these
holes is 0.9 µm−2 (W1), 0.6 µm−2 (delay line), and 0.6 µm−2 (ng−improved).
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Recently it has been suggested in Ref. [41] that much longer correlation lengths

on the order of the circumference of the hole should be used to obtain a better it to

certain loss spectra. This has not been the case for our calculations. The effect of

correlation length on losses is non trivial and dependent on the waveguide design. We

will report on the precise role of correlation length and related modelling details in a

future publication.

3.4 Discussion

To help explain the cause of three different losses for the same group index for the

delay line (see Fig. 3.2), we point out that it is the integral term in Eq. (3.1) that is

responsible for the different losses. The integral term involves the disorder model and

the Bloch modes which are dependent on the dispersion. A change in the localization

of Bloch modes around hole boundaries has a direct effect on losses. For the W1 the

Bloch mode spreads away from the line defect into the slab as one approaches the

mode edge (increasing k) thereby increasing mode localization near hole boundaries

leading to enhanced losses in the slow light regime. The same pattern is present in

the delay line even if the group index remains the same for three different (increasing)

(kx, ω) points.

To gain better insight into the amount of field localization around hole boundaries,

we assume the Bloch modes do not vary significantly as a function of height of the PC

slab (these are fully accounted for in our detailed calculations). Taking a horizontal

slice in the middle of slab, we introduce a simple measure for the localization of a

Bloch mode around hole interfaces in the slice as If =
∑

i ri
∫ 2π

0
|ek|2dθ, where ri

is the radius of the ith hole, |ek|2(θ) is the field intensity on the hole boundary, If

denotes the total field strength around holes in the slice and has units of length−2.

The Bloch mode intensities of the W1, delay line, and ng-improved are plotted in

Fig. 3.3 along with |e2
k|(θ) plotted over the nearest and next-nearest hole relative to

the line defect and the total field strength is shown in the caption.

For the delay line, the skewed Bloch modes for ng = 20 result in a significant
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reduction of field strength along the hole boundaries compared to the W1 resulting

in much lower loss. Over the region of the dispersion curve which has minimal group

index variation, the integral term dominates resulting in a strong deviation from the

expected 1/v2
g scaling but as one approaches the mode edge, the prefactor dominates

and the loss spectrum has the usual 1/v2
g scaling. The delay line has been utilized

to implement an integrable microwave filter [40]. The ng-improved design has similar

field strength around hole boundaries as the delay line for ng = 20 but it has a slightly

lower loss than the delay line.

Some optimization techniques have already been used to optimize certain waveg-

uide parameters such as bend loss, minimize GVD and maximize the photonic band

gap [75, 76]. The link between field strength around hole boundaries and backscatter-

ing losses has been pointed out in theoretical studies [77]. Based on a phenomenolog-

ical model for losses, Wang et. al. [78] have recently obtained optimal loss engineered

2D PCWs. As justification for their model, they have also shown that the lowest

loss implies the lowest field concentration around hole boundaries. We hypothesize a

better low loss design in 3D is possible by the formulation of an objective function

that depends directly on the field strength around hole boundaries. Future work will

introduce designs that create lower loss PCWs in the slow light regime.

3.5 Conclusion

In summary, using an incoherent disorder model, we demonstrated good agreement

with experimental data for state of the art DE waveguides exhibiting lower losses (two

times better transmission) and strong deviations from the expected group velocity

scaling. Our backscatter loss expression and results explicitly show the link between

minimizing field strength around holes and minimizing losses. We also show that

the field strength around holes is an excellent measure to predict the trend in losses.

Therefore, Bloch mode engineering combined with dispersion engineering is thus an

excellent choice for minimizing losses in long slow light PCWs with currently available

fabrication processes.
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Chapter 4

Role of Bloch mode reshaping and disorder

correlation length on scattering losses in slow-light

photonic crystal waveguides

This work is published as N. Mann, M. Patterson, and S. Hughes, “Role of Bloch mode

reshaping and disorder correlation length on scattering losses in slow-light photonic

crystal waveguides”, Phys. Rev. B 91, 245151 (2015) [79]. Using the dispersion-

engineered designs discussed in the previous chapter, we study the impact of cor-

relation length on backscattering losses to once again highlight the important role

of Bloch modes. With no consensus on a ‘good’ value to use for correlation length,

this work should be relevant to the practitioner in helping them understand the role

of correlation length in loss calculations and can be safely omitted by the general

reader. This is a purely theoretical work and I wrote the main code to compute the

numerical results shown in the manuscripts. Lastly, I was responsible for drafting up

the manuscript and handling the review process with editorial contributions from Dr.

Hughes. For completeness, I have added Appendix B with information on how one

computes bump polarizabilities to properly account for the local field effects.

Abstract

Intrinsic disorder in photonic crystal waveguides occurs via rapid fluctua-

tions of the air-dielectric interface and is typically characterized by a quadratic

http://dx.doi.org/10.1103/PhysRevB.91.245151
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mean surface roughness and a surface correlation length. In this chapter we the-

oretically study the impact of correlation length on extrinsic scattering losses

and discuss the numerical implementation for several different waveguide de-

signs. The role of correlation length is found to be strongly influenced by the

underlying Bloch modes which are dependent on waveguide design and fre-

quency, and can thus be partly controlled via spatial-dispersion engineering.

For most frequencies and waveguide designs, we find an asymptotical increase

in losses as the correlation length increases, however we show that for some

frequencies and designs, a maximum scattering loss is achieved for a finite cor-

relation length. Our results also demonstrate the importance of choosing an

appropriate correlation function for modelling quickly varying disorder and we

also point out some of the limitations of previous models.

4.1 Introduction

Photonic crystal waveguides (PCWs) are promising components for integrated optical

circuits. Their abilities to guide and slow down light allows for enhanced light-matter

interactions [26, 28], which have been exploited in various applications such as optical

delay lines [40], enhanced non-linear processes including pulse compression and soliton

propagation [29], third-harmonic generation [32] and four-wave mixing [68]. Recently,

there has also been considerable work in exploiting PCWs for enabling an on-chip

single photon source [66, 80–82].

The fundamental physics behind photonic crystals (PCs) and photonic bandgaps

(PBGs) is well understood since the first works by John [11] and Yablonovitch [12],

yet there still remains a significant fabrication roadblock to the commercialization of

PC devices in integrated optics. In particular, intrinsic disorder introduced at the

fabrication stage breaks the periodicity of the PC lattice which can have a signif-

icant impact on the ensuing light-matter interactions and PBG physics. Photonic

crystal waveguides are especially sensitive to manufacturing disorder in the slow-light

regime, and the detrimental effect on waveguide mode operation is now well known

experimentally [69–71] and theoretically [21, 22, 43, 47, 83].
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In 2005, Hughes et al. [22] utilized a photonic Green function approach to provide

an analytical model for understand the role of disorder-induced scattering losses and

subsequently highlighted the detrimental effect for PCWs operating in the slow-light

regime. The fabrication disorder was modelled as a quadratic mean surface roughness

(rms) appearing on the sidewalls of the etched air holes, and an intrahole correlation

length was included, but kept fixed at 40 nm which is similar to experiments on

Si/SiO2 strip waveguides which show an in-plane correlation length of 50 nm [84].

Related modelling approaches to tackle disorder-induced scattering in PCs were also

developed by Johnson et al. [43] and Gerace et al. [83] around the same time. Gerace

et al. neglected backscattering losses and computed the radiation losses in PCWs

where intrinsic disorder was modelled as a change in the air hole radii. Johnson et

al. extended the weak-index contrast polarization model used widely in literature for

modelling dielectric perturbations with low index contrasts (small ∆ε), to modelling

sidewall/surface roughness in systems such as PCWs where perturbations are rapid

and exhibit high-index contrast, which requires a more careful treatment of the surface

boundary effects. However, their model can overestimate the scattering losses due

to assuming uncorrelated sidewall roughness. For computing losses in finite length

PCWs, the importance of multiple scattering which leads to the formation of disorder-

induced localization modes [37], and failure of the Beer-Lambert law was highlighted

by Patterson et al. [23, 24] and also by Mazoyer et al. [85].

The effect of scattering losses due to sidewall/surface roughness in the context of

single mode planar optical waveguides was studied decades ago by Marcuse [86], who

introduced the two statistical parameters to represent the disordered surface: (i) stan-

dard deviation of the rapid sidewall roughness (rms roughness) and (ii) correlation

length which indicates the length scale over which the sidewall roughness between

two points on the sidewall is strongly correlated. Using this surface roughness model,

Payne and Lacey [87] studied the impact of these two parameters on scattering losses

for a simple planar waveguide; given waveguide parameters and an estimate of the

rms roughness, they proved the existence of an upper limit for scattering loss and
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showed that it occurred for a finite correlation length. Since rms roughness was eas-

ier to access experimentally than the correlation length, their formula provided an

immediate upper estimate on the expected loss for planar optical waveguides.

Intrinsic fabrication disorder in planar PCWs refers mainly to the deviation of the

etched air holes from their ideal cylindrical shape, so the disorder roughness model is

significantly more complicated to describe than simple sidewall roughness on a planar

waveguide. Given state of the art electron-beam writing and etching techniques, a

common approximation for PC slabs with etched holes is to assume the deviated cross

section is constant throughout the cylinder’s height [21, 22], hence one only needs to

address in-plane variations. Various other disorder models can be adopted, such as

varying only the radius or positions of the holes, though these are less realistic for mod-

elling intrinsic disorder caused by electron-beam fabrication. One can also introduce

deliberate disorder in the design to allow easier access to disorder-induced localiza-

tion modes [88]. Similar to what is known about standard optical waveguides (e.g.,

strip and ridge waveguides), we model the surface roughness directly via the stan-

dard deviation of the rapid radial fluctuations σ and a correlation length lc—which

in this case is a measure of how strongly two intra-hole fluctuations are correlated

(disordered holes generated with this model are illustrated in Fig. 4.1). These two

disorder parameters can be estimated from SEM images of the PCW samples [27],

although an accurate estimate of correlation length is harder to obtain. Often these

two parameters can be used as fitting parameters when computing disorder-induced

losses in PCWs [22] and comparing to experiment, and good agreement has been

found for various PCW material systems and designs [23, 24, 65, 69].

The effect of rms roughness σ on losses is understood as losses increase monotoni-

cally as a function of σ [22], i.e., the rougher the hole, the greater the loss (neglecting

multiple scattering). However, the effect of correlation length lc on losses is non-trivial

as earlier identified for regular (i.e., non-PC) waveguides by Payne and Lacey [87], and

has been partly studied recently for PCWs by O’Faolain et al. [41] and Minkov and

Savona [42]. Based on a better qualitative explanation for their experimental data,

O’Faolain et al. proposed that a correlation length on the order of the circumference
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of the hole (effectively infinity) should perhaps be used for modelling experimental

loss characteristics. However, a qualitatively better fit to data does not justify choos-

ing an unusually large value for the correlation length, since their correlation length

value (∼696 nm) is much larger than typical values (40 nm to 60 nm) extracted from

SEM images of PCWs [27] and used in previous literature reports [21, 22]. It is also

significantly larger than the correlation lengths for strip waveguides. O’Faolain et al.

do demonstrate that, for the particular reference waveguide that they modelled, a

long correlation length can significantly reshape the loss dispersion curve, which is an

interesting finding.

Minkov and Savona [42] consider two models for disorder in PCWs; the first model

is similar to ours, and considers radial fluctuations to be the main source of surface

roughness and they find a non-trivial dependence of loss rates on correlation length;

the second model considers fluctuations in the hole area, and it was found that varying

the correlation length does not have as dramatic an impact on the loss rates as their

first model. This latter model for surface roughness was experimentally studied by Le

Thomas et al. [89] by measuring the correlation between group velocity measurements

in disordered PCWs and radial or hole area fluctuations. Operating in the slow light

regime, they found a positive correlation between hole area fluctuations and group

velocity; i.e. greater hole area fluctuations lead to a higher group velocity near the

cutoff. However their experimental data was insufficient to determine the correlation

between group velocity and radial fluctuations.

Both of these aforementioned papers for modelling the effects of correlation [41,

42] draw their conclusions from a specific PCW design and use only a few values

of correlation length. O’Faolain et al.[41] studied a modified W1 PCW (a W1 con-

sists of a missing row of holes) and consider only three values for correlation lengths

(0 nm, 40 nm, 696 nm); they assumed a step function as the correlation function,

though it is not clear how good this approximation is for modelling rapidly-varying

surface/sidewall roughness. Minkov and Savona used the standard W1 PCW for their

model and chose only two correlation lengths (5 nm, 53 nm, assuming a hole radius

of 144 nm); they then employed a Gaussian correlation function which seems like a
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valid model for describing realistic surface roughness.

In this chapter, we adopt the disorder-induced scattering model of Ref. [22], ex-

tended to include local field effects at the interface[36, 43] and a changing correlation

length; we subsequently carry out a systematic study of the effects of correlation

length and explore the impact of PCW design and the underlying Bloch mode on

scattering losses. We compute the ensemble averaged backscatter and radiation (out-

of-plane) losses, per unit cell, for the PCW, and we discuss the numerical imple-

mentation of the model. We do not take into account multiple scattering since the

essential features discussed here remain essentially unchanged when one extrapolates

losses to a finite length PCW, and the extension to include multiple scattering is

straightforward and documented elsewhere [23]. We study scattering losses as a func-

tion of both frequency and correlation length where the correlation length is varied

from near zero to approximately of the order of the circumference of the hole (4 nm

to 400 nm). Importantly, we consider three different PCW designs and find a non-

trivial dependence that is sensitive to both frequency and design. In contrast to what

was found by O’Faolain et al. [41], we find that a longer correlation length does not

necessarily yield loss profiles with significantly different features. Moreover, unlike

Minkov and Savona’s work [42] on a specific W1 PCW, where increasing correlation

length leads to an increase in loss rates, we observe that for some frequencies and

designs, there exists a maximum loss that is reached for a finite correlation length

(∼ 100 nm) in line with Payne and Lacey’s finding for regular ridge waveguides [87].

For other frequencies and designs, we observe an asymptotical increase in loss as the

correlation length increases. These trends are caused by the quickly varying ampli-

tude and phase of the Bloch mode field around the hole circumference. The Bloch

modes are highly design and frequency dependent, which we refer to as Bloch-mode

reshaping. Our findings thus demonstrate the important role of the Bloch modes in

determining the loss behaviour, and lead to an increased understanding into the role

of correlation-length disorder in these systems.

The layout of the remainder of our chapter is as follows: in Sect. 4.2 we review
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σ

lc

(a) (b) 20 nm (c) 40 nm

(d) 160 nm (e) 400 nm (f) 800 nm

Figure 4.1: (a) A schematic showing an ideal cross section of a cylindrical hole
(dashed) along with the cross section of a disordered hole (solid). The labels il-
lustrate the statistical parameters used for modelling surface roughness namely rms
roughness σ and correlation length lc. (b-f) Instances of disordered holes generated
using the autocovariance function of Eq. (4.7). The rms roughness parameter is fixed
σ = 4 nm while the correlation length is varied as shown below in each label. The
pitch (hole to hole distance along the waveguide) is a = 420 nm and the hole has a
radius of 0.276a ≈ 116 nm and a circumference of 728 nm.

our modelling approach for computing the disorder-induced backscatter and radia-

tion losses, and include a discussion on the disorder polarization model employed; in

Sect. 4.3 we present our results showing the impact of correlation length on losses for

three different PCW designs and for various correlation lengths; Section 4.4 examines

the dependence of our results on Bloch mode reshaping, and in Sect. 4.5 we discuss

our new findings in the context of previous literature. Finally, we give our conclusions

in Sect. 4.6.



4.2. THEORY OF DISORDER-INDUCED SCATTERING LOSSES 83

4.2 Theory of disorder-induced scattering losses

Disorder-induced losses in PCWs can be divided into two main loss channels, backscat-

tering loss and radiation loss, with backscattering being the dominant loss mechanism

for slow-light waveguides (as shown in Fig. 4.4). Backscattering losses occur due to

coupling between the forward and backward propagating Bloch modes, while radia-

tion losses are due to coupling between the propagating Bloch mode and radiation

modes above the light line. Treating disorder as a perturbation which gives rise to

macroscopic polarization density function P(r, ω), we start with the Dyson equation

which is a fully self-consistent, non-perturbative solution for the new electric field

E(r, ω) in the disordered system,

E(r, ω) = E0(r, ω) +

∫ ←→
G (r, r′, ω) ·P(r′, ω)dr′, (4.1)

where E0(r, ω) is the unperturbed electric field and
←→
G (r, r′, ω) denotes the Green

function or tensor satisfying the wave equation,

∇×∇×←→G (r, r′, ω)− ω2

c2
ε(r)
←→
G (r, r′, ω) =

ω2

c2
δ(r− r′)

←→
I , (4.2)

where
←→
I is the unit dyadic, ε(r) is the ideal dielectric constant profile of the PCW,

and Gij(r, r
′, ω) is the ith component of the electric field at r that arises in response

to a j polarized point dipole at r′ with angular frequency ω. Since P ∝ E we use

a second-order (perturbative) Born approximation to derive the ensemble averaged

backscattering power loss, per unit cell, which is given by (the ω dependence is im-

plicit) [22]

〈αback〉 =

(
aω

2vg

)2 ∫∫

cell

drdr′ 〈[E(r) ·P(r)] [E∗(r′) ·P∗(r′)]〉 , (4.3)

where E(r) = ek(r)eikx, ek(r) is the Bloch mode, x denotes the direction of the

waveguide, a is the pitch, vg is the group velocity, and P(r) represents the structural

disorder (i.e., this is zero for a perfect PC lattice). The Bloch modes are normalized
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through
∫∫

cell
ε(r)|ek(r)|2 = 1, The bracket term 〈· · ·〉 refers to the expectation or an

ensemble average over nominally identical disordered waveguides. The polarization

term representing structural disorder accounts for a quickly-varying dielectric pertur-

bation around the hole surfaces as shown in Fig. 4.1. Lastly, the ensemble averaged

radiation loss per unit cell, 〈αrad〉 , is derived similarly [23], and is given by

〈αrad〉 =
aω

vg

∫∫

cell

drdr′ 〈P∗(r′) · Im [Grad(r, r′;ω)] ·P(r)〉 , (4.4)

where Im[. . . ] denotes the imaginary part,
←→
G rad denotes the radiation contribution to

the total Green function of the PCW. The details for approximating
←→
G rad for a PCW

are discussed in Ref. [35], and it essentially accounts for scattering out of the PCW

via the continuum of radiation modes above the light line. A particularly attractive

feature of our model is that it uses the unperturbed Bloch modes and bandstructure

of the PCW as input and these are straightforward to calculate since various efficient

numerical algorithms for solving Maxwell equations in periodic media already exist

in literature [57]. Such an approach not only helps to identify the underlying physics

of disorder-induced scattering, but has been successfully used to model a variety of

related experiments [23, 24, 41, 65, 69].

The disorder polarization term P(r) arising from a disordered element at r′ is

given by [36, 43]

P(r) =

[(
ε1 + ε2

2

)
α‖E‖(r)+ε(r)γ⊥D⊥(r)

]
∆V δ(r− r′), (4.5)

where ε1,2 are the dielectric constants for air and the underlying slab respectively,

α‖, γ⊥ are the polarizability tensors representing the disordered element, E‖, D⊥ =

ε(r)E⊥ are the parallel and perpendicular components of the ideal electric/displacement

fields at the air-slab dielectric interface, and ∆V is the volume of the disorder element.

Unlike the weak-index contrast model P = ∆εE which is known to be ill-defined in

high-index contrast structures such as PCWs [43, 55], the local fields in this model
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are well defined at dielectric interfaces with high-index contrast. While the more tra-

ditional slowly-varying surface model earlier introduced by Johnson et al. [55], and

employed in Ref. [21], is also well-defined at dielectric interfaces, our model is more

suited to PCW disorder as it models the quickly-varying surface of the disordered

hole through its asymmetric numerical polarizability tensors. Apart from computing

experimentally relevant losses without problematic polarization components at the

interface, our model also predicts a nonzero first-order resonance frequency shift [36]

which has been recently reported to be in good agreement with experiments [90, 91].

Since we assume a constant cross section for the disorder element, ∆V is replaced

by the cross sectional area ∆A of the disordered element [43] in Eq. (4.5). Since

∆A � A, it is sufficient to consider only the lowest order term in the expression

of ∆A which is proportional to |∆r|, the magnitude of the rapid intra-hole radial

fluctuations. Under these assumptions, Eq. (4.5) is slightly modified [43] and plugging

this into Eq. (4.3), one can show that Eq. (4.3) is reduced to a line integral around

the cylindrical circumference of each hole in the unit cell. To abbreviate notation, we

denote f(r) ≡ f, f(r′) ≡ f ′, e2
‖ ≡ ek‖ · ek‖, d2

⊥ ≡ dk⊥ · dk⊥, where the dot product is

defined in Ref. [5]. Thus the backscatter loss expression is given by

〈αback〉 =

(
aω

2vg

)2∑

m

∫

Ωm

∫

Ωm

drdr′ei2k(x−x′)
[
ε2

av 〈α‖|∆r|α′‖|∆r′|〉 e2
‖e
′∗2
‖ (4.6)

+ 〈γ⊥|∆r|γ′⊥|∆r′|〉 d2
⊥d
′∗2
⊥ + εav

(
〈α‖|∆r|γ′⊥|∆r′|〉 e2

‖d
′∗2
⊥ + 〈γ⊥|∆r|α′‖|∆r′|〉 d2

⊥e
′∗2
‖

) ]
,

where Ωm denotes the cylindrical boundary of the mth hole in the ideal PCW,

εav =
(
ε1+ε2

2

)
. The numerical polarizability tensors depend on the sign of the

radial fluctuation, where ∆r > 0 denotes a bump into the slab and vice versa,

α‖ (sgn(∆r)) , γ⊥ (sgn(∆r)) where sgn(x) is the standard sign function; the polar-

izability tensors are computed using the formulas given in Johnson et al. [43] (see

Appendix B for details). In cylindrical coordinates, where θ denotes the polar angle

and z denotes the height, the random radial fluctuations are assumed to vary as a
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Figure 4.2: (a) Schematic of the PCW designs, with the parameters given in Ta-
ble 4.1. (b) Bandstructure for the fundamental TE-like guided mode for all three
designs; W1 (dark-dot-dashed/blue-dashed), WG2 (dark-solid/black-solid), WG3
(light-dashed/magenta-dashed). The light-line is marked by the thin-black/solid-line
and the markers correspond to the frequencies for which Bloch modes are shown in
Fig. 4.3.

function of polar angle only, ∆r(θ). The radial fluctuations are modelled as a Gaus-

sian stochastic process which is determined by its first-order (mean) and second-order

(standard deviation σ) moments. Also consistent with experimental data, intra-hole

fluctuations are assumed to be correlated; so we introduce the correlation length lc,

as a measure of the arc length over which two points on the hole surface are strongly

correlated to each other. The mean of the fluctuations is assumed to be zero and

the correlation length can be estimated from SEM images [27]. The autocovariance

function given below, between any two points on a hole of radius rm, is adapted from

the works of Marcuse [86] and Payne and Lacey [87] in the field of optical waveguides,

and is given by

〈∆r(θ)∆r(θ′)〉 = σ2e−rm|θ−θ
′|/lc . (4.7)

This allows one to generate various instances of disordered holes as shown in

Fig. 4.1(b-f). A valid autocovariance function regardless of the functional form must

have two features in common [86], for |θ − θ′| → 0, it must reach its maximum

and vanish as |θ − θ′| → ∞. While rms roughness σ controls the magnitude of
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W1 WG2 WG3

+++

×××

◦◦◦

Figure 4.3: The Bloch mode intensity |ek|2 in a horizontal slice in the center of the
slab for all frequencies and PCW designs marked in Fig. 4.2(b). As indicated by
the markers (+++, ×××, ◦◦◦), the wavevector k is kept fixed in each horizontal panel as it
approaches the mode edge from top to bottom in each vertical panel.

the roughness, the role of correlation length is more subtle. For a fixed σ, as lc →
0, the hole gets rougher to the point where no two points are correlated as shown

approximately in Fig. 4.1(b), and as lc →∞, all points on the hole become perfectly

correlated so only the radius of the hole changes as shown in Fig. 4.1(f). Lastly, the

correlation function is contained within the expression of Eq. (4.7) and in this case is

given by e−rm|θ−θ
′|/lc .

4.3 Results for disorder-induced losses and how they depend on correla-

tion length and design

Loss characteristics for three different PCW designs are studied as a function of cor-

relation length and frequency. Two of the designs are so-called dispersion engineered

(DE) by manipulating some of the hole positions in the periodic lattice, and the third

design is the standard reference, W1, i.e., a PCW resulting from a single row of miss-

ing holes in the underlying triangular lattice. The two other PCWs are referred to

here as WG2 and WG3, respectively. Dispersion engineering is achieved by tailoring

the dispersion via geometrical modifications of the underlying periodical dielectric

structure with the intent of better exploiting the slow-light nature of the PCW. This

is mainly accomplished through two intertwined features: minimizing group velocity

dispersion (GVD) over a finite range of frequencies [72], giving one a better delay

bandwidth product; and designing slow light regions away from the mode edge [74].
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Figure 4.4: (a-c) Backscatter (dark-solid/blue-solid) and radiation losses (light-
solid/red-solid) per unit cell on a semi-log scale for all three designs with a fixed
correlation length of 40 nm.

The two chosen DE designs (WG2 and WG3) were experimentally demonstrated by

Sancho et al. [40] to have an improved delay bandwidth product and lower power

losses than the reference W1 design. The reduction in loss was found to be due to

Bloch mode spatial reshaping, which lowered the field amplitude around the hole

circumference hence minimizing the loss integral term in Eq. (4.3) [65]. A schematic

illustrating the geometrical modifications, tailored bandstructures and modes for all

waveguides is shown in Figs. 4.2, 4.3.

The structural parameters for the three waveguides are given in Table 4.1 where

h denotes the thickness of the PC slab. Given an average pitch (a) of 480 nm, the

typical circumference of a hole in our designs is approximately 663 nm. We use a rms

roughness value of σ = 4 nm and vary the correlation length from 40 nm to 400 nm (∼
0.08a−0.83a). We employ the polarization model introduced in Sect. 4.2 to compute

the ensemble averaged backscatter and radiation losses per unit cell for all three

designs. For numerical calculations, the bandstructure and eigenmodes of Maxwell’s

equations for the fundamental unit cell of an ideal PCW were computed by the MIT

Photonic-Bands (MPB) [57] package, and the integration in Eqs. (4.3), (4.4) is carried

out numerically using a double Riemann sum with step sizes of 5 nm, 28 nm in the

azimuthal and vertical directions respectively. These spatial step sizes were checked to

be sufficiently small to ensure numerical convergence for the spatial integrals. For all

three designs, we compare the backscatter and radiation losses using a semi-log scale

in Fig. 4.4 given a correlation length of 40 nm, a typical value used in our previous
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Figure 4.5: Backscatter losses per unit cell versus frequency for two correlation
lengths, 100 nm, 400 nm and three different PCW designs where the hole circum-
ferences range from around 600 nm to 700 nm. For each design, subfigures (a), (b)
and (c) show frequencies near the mode edge while frequencies near the light-line and
in between light-line and mode-edge are shown in (d), (e) and (f). The group index
versus frequency is shown by the dark-dashed/blue curve.

works [22, 23, 65]. We see that for all frequencies and PCW designs, radiation losses

are at least an order of magnitude lower than backscattering losses so their precise

behaviour as a function of correlation length is less important. Therefore, we will

focus on backscattering losses henceforth.

Figure 4.5 plots the backscatter losses per unit cell, respectively, for two different

correlation lengths, 100 nm and 400 nm. As shown in Figs. 4.6(a-c), for each waveguide

we pick three frequencies of interest, one near the mode edge (k = 0.5), one near the

light line (k ≈ 0.3) and one lying approximately in the middle of these two extremes.

Figures 4.6(d-f) plot the backscatter loss normalized by n2
g (ng denotes the group

index) as a function of correlation length for these frequencies. By removing the group

index scaling, we are focusing on the contribution of the integral term of Eq. (4.3)
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which highlights the interplay between the Bloch modes and the correlation function.

As shown in Figs. 4.5,4.6, independent of waveguide design, for frequencies lying

close to the mode edge, backscatter loss increases asymptotically as the correlation

length increases and similarly for frequencies far away from the mode edge lying near

the light line. For W1 and WG3 designs, for ν(c/a) ≈ 0.3127, 0.3114 respectively

in Figs. 4.5(d,f), we observe a deviation in this behaviour shown more clearly in

Figs. 4.6(d,f) as the backscatter loss reaches a maximum for lc ≈ 100 nm and then

decreases towards an asymptotic value as the correlation length increases. This is

in line with the previous work of Payne and Lacey [87], who also observed a peak

in radiation losses (main loss channel) as a function of correlation length in regular

optical waveguides. In stark contrast, the WG2 design exhibits no such maximum

as the behaviour is similar to the other two frequencies. A peak in the backscatter

loss is caused by the interplay between the correlation function and the field terms

e2
‖e
′∗2
‖ , d2

⊥d
′∗2
⊥ of Eq. (4.6) which are implicitly dependent on the amplitude and phase

of the Bloch mode around the holes.

The behaviour of backscatter loss for a correlation length of 400 nm resembles

lc → ∞ since the correlation length is of the order of the circumference of the hole

and we see from Fig. 4.6(d-f) that independent of the frequency or design, the losses

approach a finite limit. On the other hand, as lc → 0, backscatter loss depends

on the polarization model employed. To examine this limit numerically, we employ

a Riemann sum which is a first-order approximation where the numerical error ∆

is on the order of the step size ∆ ∼ O(δr). If the target numerical error is less

than the correlation length ∆ < O(lc), then one can show that the step size must

be less than the correlation length δr < O(lc). Therefore, given a step size δr, the

lowest correlation length one can study numerically is the order of the step size.

Our numerical step size in the azimuthal direction is approximately 5 nm. For the

polarization model employed here, the backscatter loss decreases to a positive definite

value theoretically as lc → 0 as one can see if they extrapolate the curves in Figs. 4.6(d-

f). For weak-index and smooth surface polarization models employed previously in the

literature [21, 22], the backscatter loss vanishes as lc → 0 theoretically but numerically
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Figure 4.6: (a-c) For reference, the bandstructure of the fundamental TE-like waveg-
uide mode for all three designs marking the different frequency points; near light-line
(+++), between light-line and mode-edge (×××) and near mode-edge (◦◦◦). (d-f) Highlight-
ing the effect of the integral term in Eq. (4.3), the backscatter loss normalized by
n2
g is plotted as a function of correlation length for frequencies marked in (a-c). The

insets show the continuation of the cyan/dashed curve.

is limited by a finite grid size as shown in Fig. 4.7.

To summarize, backscatter loss dependence on correlation length is non-trivial and

highly dependent on the underlying Bloch mode spatial profiles. In addition, we do

not find that a longer correlation length necessarily yields a significantly different loss

profile as reported in Ref. [41] for a specific design. While there are subtle differences

as the correlation length varies, we find that the essential features of the loss profile

remains largely unchanged (e.g, the loss increases dramatically as one approaches the

mode edge for all correlation lengths). Since the choice of correlation length should

be dictated by SEM images of real samples and similar correlation lengths have been

reported for silicon ridge waveguides [84], it seems not too surprising that a value

of 40 nm has been a good estimate to use in a model for computing experimentally

relevant loss values for waveguides having a pitch of around 480 nm.
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Figure 4.7: The integral term (Eq. (4.8)) in the backscatter loss expression (Eq. (4.3))
as a function of correlation length is studied under various approximations as dis-
cussed in Sec. 4.4, for the same frequencies marked in Fig. 4.6(a-c). (a-c) Contribution
of the two nearest (to the line defect) holes including the full Bloch modes. (d-f) Here
we neglect the phase and consider only the amplitude of e2

k around the two nearest
holes, through Eq. (4.9). (g-i) Next, we neglect the amplitude and consider only the
phase of e2

k around the two nearest holes, through Eq. (4.10).

4.4 Interplay between the correlation function and Bloch modes

We have studied and shown a non-trivial dependence of losses on correlation length for

three different PCW designs and frequencies. The qualitatively different behaviours

is caused by strong Bloch mode reshaping occurring in DE PCWs, which we will

study in more detail in this section. We have varied the correlation length system-

atically (effectively from near zero to infinity) and found that for some designs and
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frequencies, such as the reference W1 and WG3, there exists a maximum loss which

is reached for a finite correlation length (≈100 nm); while for the WG2 design, the

losses increase asymptotically as the correlation length increases. As remarked above,

similar behaviour was also observed in regular dielectric waveguides by Payne and

Lacey [87], but in their case the upper limit for loss was shown to be dependent on

the Fourier transform of the correlation function and completely independent of the

waveguide mode since it is constant on the sidewalls of a planar waveguide. Unlike

dielectric waveguides, backscatter loss in PCWs is highly dependent on the quickly-

varying Bloch modes on the hole boundary as shown in Eq. (4.6) and Fig. 4.3. To

help understand this hypothesis, we now study the contribution of both the phase

and amplitude of the Bloch modes on backscatter loss in PCWs.

For simplicity, we use the weak-index contrast polarization model for disorder (i.e.,

P = ∆εE)[22] to examine the effect of the integral term in Eq. (4.3) since the integral

takes a much simpler form compared to Eq. (4.6) and the trends observed in the

previous section remain unchanged. Approximating further, we consider only the two

holes closest to the line defect since most of the Bloch mode intensity is concentrated

there (see Fig. 4.3). Under these assumptions, denoting I0 as the integral contribution

to the backscatter loss, the basic loss characteristics of Eq. (4.3) can be written as

I0 =

∫

Ω0

∫

Ω0

drdr′e−r0|θ−θ
′|/lcei2k(x−x′)e2

ke
′∗2
k , (4.8)

where r0 is radius of the nearest hole. We note that e2
k is an implicit function of the

Bloch mode phase and amplitude and using the triangle inequality one can show that

|e2
k| ≤ |ek|2. Fig. 4.7(a-c) plots I0(lc, ν)/max(I0) for the three frequencies considered

in Fig. 4.6. Normalizing the integral to unity allows one to identify the trends for

comparison with the results of the previous section. Since Fig. 4.7(a-c) and Fig. 4.6(d-

f) are qualitatively similar, it is thus sufficient to consider the Bloch mode profiles

around the two nearest holes.

We now examine the effect of the amplitude (|e2
k|) and phase (φ) on backscatter

loss by writing e2
k in polar form as e2

k = |e2
k|eiφ. By neglecting the phase, Eq. (4.8)
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becomes

Ia =

∫

Ω0

∫

Ω0

drdr′e−r0|θ−θ
′|/lcei2k(x−x′)|e2

k||e
′2
k |. (4.9)

Figures 4.7(d-f) plot Ia(lc, ν)/max(Ia) for all three frequencies and designs. Since

the amplitude is a positive definite quantity, we observe a monotonic increase as the

correlation length increases. Hence the Bloch mode amplitudes are not enough to

explain the trends observed in the previous section. If we now neglect the amplitude

(i.e., consider only the phase), the integral from Eq. (4.8) becomes

Ip =

∫

Ω0

∫

Ω0

drdr′e−r0|θ−θ
′|/lcei2k(x−x′)ei(φ−φ

′), (4.10)

and we plot Ip(lc, ν)/max(Ip) in Fig. 4.7(g-i). In comparison with Fig. 4.6, the trends

for all frequencies agree well for W1 and WG2 designs, but for the WG3 design, the

existence of a maximum is not observed. This leads us to conclude that, in general,

both the phase and amplitude of the Bloch modes around the holes (implicit in the

term e2
k) is needed to explain our findings.

The correlation function is responsible for defining an approximate domain of in-

tegration. Since the fields are relatively constant in the vertical direction, we only

consider in-plane integration. The domain (θ, θ′) satisfying e−r0|θ−θ
′|/lc ∈ [1, 1

e
] is im-

portant because the integral of Eq. (4.8) approximately vanishes outside this domain.

We note that for lc ≥ C/2 where C denotes the circumference of hole, the domain

encompasses the complete hole, i.e. θ, θ′ ∈ [−π, π]. Hence, given a correlation length,

the correlation function defines a domain of integration where intra-hole interference

e2
ke
′∗2
k plays an important role. For a finite correlation length and for certain frequen-

cies and PCW designs, the intra-hole interference is constructive and maximal over

the domain of integration leading to a maximum in backscatter loss. Physically this is

similar to the transmission maximum of an anti-reflection coating caused by varying

the thickness of the thin film, though clearly complicated by the field profiles and the

hole structure of our PCWs.
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4.5 Discussion

We now compare our results to previous works in literature. In Ref. [41], it was sug-

gested that correlation length on the order of the circumference of the hole (663 nm in

our case) should be used to compute a loss profile that accurately captures the essen-

tial features observed in experiments. Their model is derived from the work of Wang et

al. [21] and with similar prefactors as in Eq. (4.3), the integral term in their backscat-

ter loss expression is given by
∑

n

∣∣∣
∫
lc
α(r)dr

∣∣∣
2

, where α(r) = E‖ · E‖ + 1
ε1ε2

D⊥ ·D⊥,

and the hole is divided into n parts of length lc and the fields are integrated over these

line segments. This approach is clearly not the same as our double spatial integra-

tion, as is shown in Eq. (4.6). To the best of our understanding the expression above

is derived with the following assumption: the correlation function is a step function

where lc denotes the correlation length over which radial fluctuations are perfectly

correlated (unity) and uncorrelated everywhere else (zero) outside of the segment. It

is not clear why points within these segments will not be correlated with neighbouring

segments, and such a model cannot be derived from the typical function forms such

as a Gaussian or Lorentzian functional dependence for the intrahole correlation. This

may explain why O’Faolain et al. [41] notice such an unusually strong dependence in

their loss behaviour when the correlation length is changed.

However as mentioned in Sec. 4.2, all correlation functions approach unity as the

correlation length approaches infinity and the coupled double integral in Eq. (4.3) is

then separable and the field is integrated coherently around the entire hole circum-

ference. The disorder model is then equivalent to the size disorder model which only

models changes in the hole radii[21]; thus the hole surface is no longer modelled as

quickly varying and under such assumptions, as stated in Ref. [21], such a simplified

model only captures the qualitative loss behaviour and provides an upper estimate

for losses.

The other recent work on the role of correlation length, is by Minkov and Savona

[42], who study the effect of correlation length on loss rates that include both backscat-

ter and out of plane losses. They consider two different disorder models for modelling



4.6. CONCLUSION 96

a quickly-varying hole surface, namely the standard rapid radial fluctuations which

we employ in this work, and rapid fluctuations of the hole area. For the first model,

they find that losses vary non-trivially as a function of correlation length, though they

only study the W1 design and use only two correlation lengths (approximately 5 nm

and 53 nm). They notice an increase in the loss rates for all frequencies as the corre-

lation length is increased. Lastly, Minkov and Savona discuss another disorder model

based on hole area fluctuations and show that the loss rates are largely unaffected by

changing lc suggesting it to be a better model than the previous one. While we have

not tested this model, it looks promising as an alternative model, yet it remains to

be seen whether their conclusions also hold for dispersion engineered PCWs.

a(nm) r0(a) r1(a) r(a) w
(√

3
2 a
)

s
(√

3
2 a
)

T(a) h(a)

W1 480 0.2 0.2 0.2 0.0 0.0 0.0 0.333

WG2 482 0.23 0.25 0.26 -0.1 0.16 0.15 0.367

WG3 477 0.23 0.25 0.26 -0.1 0.18 0.0 0.367

Table 4.1: Parameters illustrated in Fig. 4.2(a) for the three different waveguides
considered in this work.

4.6 Conclusion

We have studied the behaviour of disorder-induced losses as a function of correlation

length using a quickly-varying disorder model for three PCW designs. We found that

the loss dependence on correlation length is dependent on both the phase and ampli-

tude of the Bloch modes which are highly dependent on the design and frequency of

the bound propagation modes. In contrast to recent work [41], we find no significant

changes in the loss spectrum as the correlation length is varied. Our studies also show

the existence of a maximum loss given a finite correlation length for some frequencies

and designs. Furthermore, using experimentally extracted values for surface rough-

ness and correlation length, our calculations are in good agreement with experiments

done on DE PCWs as shown in Ref. [65]. However, there is always room for improve-

ment in the models, and one area that is potentially important is to account for the

disorder-induced changes in the bandstructure [65].
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Chapter 5

Theory and experiments of disorder-induced

resonance shifts and mode edge broadening in

deliberately disordered photonic crystal

waveguides

This manuscript is published as N. Mann, A. Javadi, P. D. Garćıa, P. Lodahl, and

S. Hughes, “Theory and experiments of disorder-induced resonance shifts and mode-

edge broadening in deliberately disordered photonic crystal waveguides”, Phys. Rev.

A 92, 023849 (2015) [92] and was selected for a poster presentation at CLEO: Science

and Innovations 2014. Shifting away from disorder-induced losses, here we focus on

computing disorder-induced resonance shifts which affects the density of states of pho-

tonic crystal waveguides especially near the mode-edge. The numerically computed

density of states is compared with experimental out-of-plane intensity measurements

provided by Dr. Alisa Javadi, at the time, a member of Dr. Lodahl’s experimental

group at the Niels Bohr Institute in Denmark. To explain the experimental data,

I developed an analytical model for deliberate disorder which is different in nature

than the intrinsic disorder considered in the previous chapters. The numerical Monte

Carlo approach used to compute an ensemble-averaged disordered density of states

was conceptualized and implemented by me. I drafted the manuscript with editorial

inputs from most of the coauthors and the review process was handled by me and

Dr. Hughes. For completeness, I have added Appendix B with information on how

http://dx.doi.org/10.1103/PhysRevA.92.023849
http://dx.doi.org/10.1103/PhysRevA.92.023849
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to compute bump polarizabilities to properly account for the local field effects.

Abstract

We study both theoretically and experimentally the effects of introducing

deliberate disorder in a slow-light photonic crystal waveguide on the photon

density of states. We introduce a theoretical model that includes both delib-

erate disorder through statistically moving the hole centers in the photonic

crystal lattice and intrinsic disorder caused by fabrication imperfections. We

demonstrate a disorder-induced mean blueshift and an overall broadening of

the photonic density of states for deliberate disorder values ranging from 0–

12 nm. By comparing with measurements obtained from a GaAs photonic

crystal waveguide, we find very good qualitative agreement between theory

and experiment. These results highlight the importance of carefully including

local field effects for modeling high-index contrast perturbations and demon-

strate the efficiency of our perturbative approach for modeling disorder-induced

changes in the density of states. Our work also demonstrates the importance

of using asymmetric dielectric polarizabilities for modeling positive and nega-

tive dielectric perturbations when modeling a perturbed dielectric interface in

photonic crystal platforms.

5.1 Introduction

Photonic crystal (PC) cavities and waveguides are attractive nanophotonic platforms

for controlling and studying fundamental light-matter interactions. Aided by the

presence of a photonic band gap (PBG), which arises from the underlying periodic

dielectric structure, light within a PC cavity or PC waveguide can be strongly confined

within a small volume or area. In the case of a PC waveguide (PCW), light can be

slowed down by orders of magnitude compared to a typical slab or ridge waveguide,

which acts to increase the local density of photonic states (LDOS). The ability to

control light-matter interactions in PC platforms leads to a host of photonic applica-

tions and rich optical interactions [28, 93]. For example, PC cavities have been used

for exploring cavity quantum electrodynamics (cavity-QED) in both the weak and
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strong coupling regimes [94, 95], while PCWs have been exploited to realize on-chip

single photon sources [80–82]. Slow-light in PCWs also enhance non-linear processes

including pulse compression and soliton propagation [29], third-harmonic generation

[32] and four-wave mixing [68]. In addition, PCWs have been integrated in various

photonic circuits, as optical sensor elements for refractive index measurements in

biosensing [96] and chemical fluid detection [97].

In practice, PCWs are highly sensitive to fabrication imperfections (intrinsic dis-

order) which is inevitably introduced at the fabrication stage. Disorder-induced losses

are particularly detrimental in the slow-light regime [26], which was predicted the-

oretically by Hughes et al. [22] using a photonic Green function approach and is

now a common finding of various similar theoretical works in the literature [21, 47,

70, 83]. With continued improvements in semiconductor fabrication techniques, and

improved theoretical understanding about how to mitigate disorder-induced losses

[65, 98], various groups have experimentally demonstrated PCW designs that have

reduced disorder-induced losses [40, 41].

However disorder in PCs is not necessarily a hindrance as was noticed by John

in 1987 [11], who proposed disordered PCs for experimentally observing the well

known phenomena of Anderson localization. Topolancik et al. [99] experimentally

demonstrated spectral peaks bearing signatures of Anderson localization arising from

localized modes in a deliberately disordered PCW. Patterson et al. [24] utilized cou-

pled mode theory to highlight the effect of light localization via multiple scattering

by examining the transmission through a PCW in the slow-light regime. The strong

localized resonances in disordered PCWs have also been used to enhance the spon-

taneous emission factor of embedded quantum dots [88], and recently Thyrrestrup

et al. [100] have proposed coupling quantum dot emitters to a disordered PCW as

a promising platform for conducting QED experiments. Other applications of disor-

dered PCWs include enhanced light harvesting and random lasing [101].

Apart from causing propagation losses and disorder-induced localized resonances,

disorder also induces changes in the eigenfrequencies and eigenmodes of the under-

lying PC. Ramunno and Hughes [102] modeled disorder-induced resonance shifts in
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PC nanocavities and predicted a non-trivial disorder-induced mean blueshift in the

cavity resonance. Patterson and Hughes [36] extended this formalism to PCWs, and

predicted both a mean blueshift of resonances and a disorder-induced mode edge

broadening. To the best of our knowledge, this mean blueshift has not been experi-

mentally measured; this is likely because no one has realized a simple experimental

procedure for proving that a mean blueshift occurs, especially for an intrinsically

disordered PCW. Both of the theoretical works mentioned above dealt with intrinsic

disorder only, which occurs via rapid fluctuations of the air-dielectric interface and

highlighted the importance of carefully taking into account local fields at the inter-

face. Recently, Savona has exploited a guided mode expansion technique to compute

disorder-induced localized modes and the corresponding spectral density, which, as

expected, yields sharp spectral signatures near the mode edge indicative of spatially

localized modes [103].

In this chapter, we introduce an intuitive model to describe disorder-induced reso-

nance shifts and broadening of the fundamental mode below the light line which takes

into account a systematic increase of the disorder parameters (i.e., it allows one to

model deliberate disorder which can be controlled and changed in a systematic way).

We show how one can extend the theoretical models introduced in Refs. [36, 102] to

account for both intrinsic and deliberate or extrinsic disorder where extrinsic disor-

der is characterized by a deliberate shift of the hole centers. Denoting the first-order

perturbative correction to the eigenfrequencies of the fundamental waveguide mode

as ∆ω, we carefully include local field effects [43] in our model to compute the mean

(E [∆ω]) and the rms mean squared (E [∆ω2]) of the first-order correction term, where

E [] denotes the expectation. As a result, we find that on average, the bandstructure

including the mode edge is broadened and blueshifted, causing the DOS to shift be-

low the nominal mode edge. For disordered PCWs with varying extrinsic disorder

(see Ref. [104] for details), we then compute the ensemble averaged DOS via a Monte

Carlo approach. Experimentally, measurements of vertically emitted intensity are

taken for GaAs PCW membranes with varying amounts of extrinsic disorder. Since

the intensity measurements are a direct measure of disordered-induced broadening
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and frequency shift (blueshift) of the DOS, we compare our computed DOS with the

intensity measurements and the two are found to be in good qualitative agreement.

The comparison between our theory and experimental data demonstrates the im-

portance of including local field effects when computing disorder-induced changes to

the eigenfrequencies and eigenmodes of PCWs. While our theory is perturbative, the

semi-analytical approach is computationally efficient and accurate even for reasonably

high amounts of extrinsic disorder and the results offer useful insights in designing dis-

ordered PCWs, e.g., for spontaneous emission enhancements of embedded quantum

dots. Finally, we also show an example of the underlying disorder-induced quasimodes

that can be obtained on a finite-size PC lattice by computing the numerically exact

Green function using a full 3D FDTD approach [80].

Our chapter is organized as follows. In Section 5.2 we review our formalism for

modeling disorder-induced resonance shifts and point out the limitations of some of

the polarization models commonly used in literature for modeling disorder in PCWs.

We then introduce our extended polarization model for modeling both intrinsic and

extrinsic disorder and show how it results in a non-vanishing first-order frequency

shift. In Section 5.3, we highlight our approach for computing the disordered DOS

given disorder-induced resonance shifts and their standard deviation. We also present

a mathematical argument based on photonic Green functions that link the disordered

DOS to vertically emitted intensity measurements. In Section 5.4, we numerically

compute disorder-induced resonance shifts and the disordered DOS which we com-

pare with experimental measurements performed on GaAs PCW membranes. While

we find qualitatively good agreement with measurements, in Section 5.5 we discuss

some limitations of the perturbative model and we also show some numerically ex-

act simulations of finite-size PCWs, which are limited in spatial size because of the

numerical complexities. In Section 5.6, we summarize the strengths and weaknesses

of our perturbative semi-analytic approach and discuss our results in the context of

previous reports in the literature. We conclude in Section 5.7.
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5.2 Disorder-induced resonance shifts and disorder Polarization Models

For modeling the effects of disorder on light scattering in PCWs, we focus our at-

tention on deriving the first-order perturbative change to the eigenfrequencies of a

dielectric structure. We treat disorder as a perturbation and employ perturbation

theory techniques adapted to dielectric structures with high index contrasts [43, 55].

Denoting the perturbed eigenfrequencies as ω(k) = ω0(k) + ∆ω(k), where ω0 is the

unperturbed eigenfrequency, k represents the wavevector and ∆ω represents the first

order perturbation. Since disorder in PCWs is statistical in nature, we compute the

ensemble average over nominally identical disordered PCWs. Thus the first-order

ensemble averaged correction (frequency shift) is given by [102] (ω dependence is

implicit assuming ω(k) is invertible)

E [∆ω] = −ω0

2

∫

cell

E [E∗ (r) ·P(r)] dr, (5.1)

where E(r) is the unperturbed eigenmode, P(r) is the polarization function to charac-

terize the dielectric disorder, and the integration is carried out over the primitive unit

cell of the PC lattice. The fields are normalized according to
∫

cell
ε(r)E∗ (r)·E (r) dr =

1, where ε(r) is the unperturbed dielectric constant. The rms squared frequency shift

defined by E[∆ω2], is computed similarly as [36]

E
[
∆ω2

]
=
ω2

0

4

∫∫
E [E∗ (r) ·P (r) E∗ (r′) ·P (r′)] drdr′. (5.2)

Statistically, ∆ω is a random variable with E [∆ω] as its mean while the vari-

ance denoted by σ2 is given as σ2 = E [∆ω2] − (E [∆ω])2. Note Eq. (5.2) denotes

the variance if and only if the mean frequency shift is zero. Hence, given the unper-

turbed eigenmodes, one is left with choosing a suitable polarization model to describe

the perturbation of the PC lattice. Structural disorder in PCWs can be viewed as

introducing additional scattering sites in an otherwise perfect PCW lattice. The

scattering sites induce extrinsic dipole moments resulting in a disorder-induced po-

larization which acts as a source term in the homogeneous Maxwell equations, thus
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contributing to scattering of a propagating Bloch mode. An alternative picture is that

perturbations will disorder the PC band structure and thus the DOS, which will cause

disorder-induced localization modes and scattering in directions that might otherwise

be forbidden (e.g., a lossless propagating mode will couple to radiation modes above

the light line in the case of a PCW slab).

There are typically two models that have been widely used in the photonics com-

munity for modeling dielectric perturbations, which we denote as weak-index contrast

Pw(r) and smooth-perturbation Ps(r). The former model neglects the problem of

field-discontinuities at high-index-contrast surfaces, and is well defined for field com-

ponents that are parallel to the interface; in contrast, the latter model addresses

this field-discontinuity problem, though it is appropriate for perturbing a surface uni-

formly in a perpendicular direction, e.g., displacing a long sidewall in a direction

that is perpendicular to the wall interface. By way of a simple example, consider a

simple planar interface between two dielectrics εa, εs, located at r′. When perturbed

by a small amplitude ∆h which changes sign depending on the direction of the per-

turbation, i.e. from εa to εs or vice versa, the two polarization models are given

as:

Pw(r) = ∆ε∆h(r)E(r)δ(r− r′), (5.3)

Ps(r) = ∆ε∆h(r)

(
E‖(r) +

ε(r)

εaεs
D⊥(r)

)
δ(r− r′), (5.4)

where ∆ε = εa − εs and E‖(r), D⊥(r) denote the parallel and perpendicular compo-

nents of the electromagnetic fields relative to the boundary interface. The weak-index

contrast model is accurate in systems exhibiting weak-index contrast (i.e., |∆ε| � 1)

and is the most popular choice for modeling imperfections in dielectric structures such

as optical waveguides [19]. In high-index contrast systems such as PCWs, the quantity

∆ε|E|2 is, however, generally ill-defined at the interface due to a large step disconti-

nuity in E⊥ [55], hence the smooth-perturbation model is likely more appropriate at

the interface due to the use of continuous field components. The smooth-perturbation

model is expected to be valid as long as the perturbation is smooth. Both models
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have been used to compute disorder-induced losses in PCWs [21, 22, 36, 105] and

have yielded a good qualitative understanding of the observed disorder-induced loss

phenomena.

If one views the perturbation (smooth or piecewise smooth) as introducing scat-

terers into the system, one must take into account their respective polarizabilities

which in general depend on the direction of the perturbation. The weak-index con-

trast and smooth-perturbation models assign polarizabilities that differ only in sign

when the direction of perturbation is reversed but remain unchanged in magnitude.

Moreover, the magnitude of the polarizability of a scatterer can be drastically dif-

ferent in the weak-index approximation as demonstrated by the example of a small

dielectric sphere in a homogeneous background (see Ref. [9]). Therefore, in general

for piecewise smooth perturbations such as bumps on an interface, it is important to

compute polarizabilities that correctly take into account the direction of perturbation.

To address this concern, Johnson et al. [43] introduced the bump-perturbation polar-

ization model, denoted by Pb(r) to model surface roughness in PCWs as piecewise

smooth bumps on the interface, where

Pb(r) =
[
εavgα‖E‖(r) + ε(r)γ⊥D⊥(r)

]
∆V δ(r− r′), (5.5)

where εavg =
(
εa+εs

2

)
, and α‖, γ⊥ denote the polarizabilities (polarizability tensors per

unit volume) of the bump perturbation and ∆V is the volume of the disorder bump

element. This model is valid for arbitrary dielectric contrasts and bump shapes, and

useful formulas have been obtained for rectangular and cylindrical shaped bumps

[43]. Using the polarizabilities for a cylindrical bump shape, this model has been

used to model resonance shifts caused by intrinsic disorder in PCWs [36] where a

mean blueshift and broadening of the ideal bandstructure was found. As was noted

in Ref. [36], resonance shifts in the band structure are not predicted by either the

weak-index contrast or the smooth-perturbation models.

In this work, we apply the bump-perturbation model with cylindrical bump shape
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(a)

∆r

(b)

φ

Figure 5.1: (a) Schematic of a disordered W1 with ideal air holes (dark-filled/black
circles), disordered holes (light/red circles) and the background slab (gray). (b)
Schematic of a hole center shift with the centers marked by light-filled/orange circles
and the direction of perturbation given by the solid-black arrow. The magnitude of
the perturbation is denoted by ∆r and the azimuthal direction/angle of the pertur-
bation is given by φ. Dashed arrows indicate the shifts of the air-slab interface with
dashed-red/light and dashed-black/dark arrows representing positive and negative
shifts, respectively.

polarizabilities, to compute disorder-induced resonance shifts in PCWs, and systemat-

ically investigate what happens with an increase in the disorder parameters for shifted

holes. We use this model to connect to related experiments on deliberately disordered

GaAs membranes where embedded quantum dots couple to disorder-induced localized

modes resulting in enhanced spontaneous emission [88, 104]. The PCW we consider

is a standard W1 formed by introducing a line defect in a triangular lattice of air

holes etched in a semiconductor slab Fig. 5.1(a). The extrinsic disorder perturba-

tion is characterized by a hole center shift as shown in Fig 5.1(b). The air holes

are cylinders so we employ cylindrical coordinates (r, θ, z) henceforth. Furthermore,

the disordered air hole is assumed to have a constant cross section throughout the

slab thickness. This allows us to replace the disorder volume element in Eq. (5.5) by

its cross-sectional area ∆A and the polarizabilities are now 2 x 2 tensors representing

polarizability per unit area [43] (see Appendix B for details). To first order, the per-

turbed area ∆A of the disorder element is proportional to |∆h| which quantifies the

amplitude of the hole center shift.
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In light of current experiments studying localization modes and resonance shifts

as a function of deliberate disorder, we extend the disorder model of Ref. [36] to

deal with both intrinsic and varying extrinsic disorder (e.g., through a systematic

increase of the external disorder parameters. While the previous model considered

rapid radial fluctuations of the air-slab interface as the source of intrinsic disorder,

here we model both intrinsic and extrinsic disorder as a net center shift of the air

hole as shown schematically in Fig. 5.1(b). Although intrinsic disorder is likely best

described by rapid radial fluctuations, the choice to model intrinsic disorder as a

hole center shift is driven by simplicity as one can map rapid radial fluctuations

to an effective hole center shift by comparing experimental loss data with numerical

simulations as demonstrated by Garcia et al. [106]; also, the main effect of the disorder

below is certainly through deliberate disorder.

Since disorder is stochastic in nature, we denote (∆h, φ) as the random variables

quantifying the total disorder (extrinsic and intrinsic) in PCWs. The net amplitude

of the shift |∆h| is constant around the circumference while the sign is determined by

the net azimuthal direction of the shift, denoted by φ. The shift of an infinitesimally

small arc lying on the circular air-slab interface is then given by

∆h(∆r, φ; θ) =





+∆r, φ ∈ Ω,

−∆r, φ /∈ Ω,
(5.6)

where Ω = [θ − π
2
, θ + π

2
], θ denotes the polar coordinate and ∆r quantifies the net

radial perturbation. A positive bump/shift (+∆r) is defined as the air-slab bound-

ary shifting into the slab and vice versa for negative bumps/shifts as illustrated in

Fig. 5.1(b). We denote ∆ri/e ∼ |N (0, σi/e)|, φi/e ∼ U [−π, π] as the random variables

for the radial magnitudes and azimuthal directions of the intrinsic/extrinsic disorder

perturbations, respectively; N (µ, σ) denotes a normal distribution with mean µ and

standard deviation σ while U [a, b] denotes a uniform distribution on the interval [a, b].

The net radial fluctuation can be broken down into its Cartesian components ∆x, ∆y,
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which are given below

∆x = ∆ri cos(φi) + ∆re cos(φe), (5.7)

∆y = ∆ri sin(φi) + ∆re sin(φe). (5.8)

The net radial fluctuation is then given as ∆r =
√

∆x2 + ∆y2 while the net azimuthal

direction is simply φ = tan−1
(

∆y
∆x

)
. Comparing to our previous model of rapid radial

fluctuations [36], this model lacks the concept of a intra-hole correlation length as all

points on the hole shift by the same magnitude but in different directions depending on

the angular hole coordinate θ. However this model is more appropriate for modeling

the deliberate displacement of the disordered holes performed in the experiment.

To highlight the main difference between the three polarization models discussed

earlier, let us look at computing the ensemble averaged first-order frequency shift

E[∆ω] by using Eqs. (5.3), (5.4) or (5.5) in Eq. (5.1). For weak-index contrast and

smooth-perturbation models, one must compute the expectation of the total disorder

E [∆h]. If the extrinsic disorder is zero (σe = 0), it is trivial to show that E [∆h] =

0 → E[∆ω] = 0. In the case where both intrinsic and extrinsic disorder are present,

one can still show E[∆h] = 0 as can be verified via a Monte Carlo simulation. This

result is expected because given any random value for the net radial displacement

∆r, all possible azimuthal directions are equally likely; and since we are assigning

symmetric weights (differing only is sign) to positive and negative shifts in these

two models, the first order correction vanishes. This is in line with previous findings

where intrinsic disorder was modeled as rapid radial fluctuations [36]. However, a non-

zero first-order mean frequency shift is expected to occur for the bump-perturbation

model since E[α‖∆h] 6= 0, E[γ⊥∆h] 6= 0. This is because the polarizabilities for the

shifts that we use in Eq. (5.5) are asymmetric, i.e. α+
‖ 6= α−‖ , γ

+
⊥ 6= γ−⊥ where +/−

denote positive and negative shifts respectively. For the rms squared frequency shift

E [∆ω2], none of the expectation terms vanish and therefore the variance σ2 of the

first order frequency shift is positive definite for all three polarizability models as

long as E [∆ω2] ≥ E [∆ω]2. One way to test which model is more appropriate is to
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compare with experiments where the amount of disorder can be controlled, and that

is precisely what we do below.

5.3 Disordered density of states and connection to experiments of vertical

light emission

Since disorder acts to shift and broaden the mode edge, a useful quantity for exper-

imental comparison is the DOS ρ(ω(k)), defined as the number of frequency levels

per unit volume of k-space. Unlike the concept of bandstructure, which is only well-

defined in perfectly periodic systems, the DOS is valid for all structures. It is well

known that the DOS of an ideal PCW diverges at the mode edge since the group

velocity vanishes, while for a disordered PC structure, the ensemble averaged DOS

exhibits a broadened peak around the ideal mode edge where the width of the peak

is proportional to the amount of disorder present in the PC structure [107].

To compute the DOS, we first remark that the definition of DOS bears close resem-

blance to the mathematical definition of a probability density function (PDF). Hence,

just like a histogram generated from a large sample dataset represents the underlying

PDF, the histogram generated from a bandstructure represents the DOS. To compute

a disordered DOS instance, we generate a histogram denoted by ρi(ω) from the dis-

ordered bandstructure given by ωi(k) = ω0(k) + ∆ωi(k) where ∆ωi is sampled from

an underlying probability distribution. One then computes the ensemble averaged

disordered DOS by averaging over N disordered DOS instances ρ̄(ω) =
∑

i ρi(ω)/N .

The key quantity here is the underlying distribution of the random variable ∆ω.

If one discretizes the integral in Eq. (5.1), one sees that ∆ω is a sum over a large

number of random variables that are neither identically distributed or independent

in general. But since the underlying random variables (∆ri/e, φi/e) characterizing the

disorder in our PCW samples have well defined bounded moments of all order, we

can invoke the Central limit theorem from probability theory (especially its extension

to dependent stochastic processes) and assume that ∆ω is normally distributed, i.e

∆ω ∼ N (E [∆ω] , σ).
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Experimentally, the DOS can be obtained by spatially averaging the vertically

emitted light intensity measurements in PCWs. To appreciate how the waveguide

DOS can be measured through vertical emission, consider the waveguide mode Green

function without any disorder [66]:

Gwg(r, r′;ω) =
iaω

2vg

[
Θ(x− x′)fk(r)f∗k (r′)eik(x−x′) + Θ(x− x′)f∗k (r′)fk(r)e−ik(x−x′)

]
,

(5.9)

where a is the pitch, vg is the group velocity, Θ(x− x′) is the Heaviside function and

fk is the ideal Bloch mode for modes below the light line. Now consider adding a

point disorder model, where the disorder causes a polarizability with a Lorentzian

lineshape (e.g., typical of a disorder-induced resonance or an embedded light source

such as a quantum dot), αd = A/(ω0 − ω − iγ), where ω0 is the disorder induced

resonance frequency, γ is the broadening of the resonance, and A is the coupling

strength. Using a Dyson equation, G̃ = G + GαdG̃, the Green function in the

presence of the perturbation can be exactly obtained through G̃, where αd has units

of volume (polarizability volume) and the Green function has units of inverse volume.

Defining ρi(rd) ≡ Im[Gii(rd, rd)] where Im[] denotes the imaginary component as a

measure of the (projected) LDOS, we obtain

ρ̃i(rd, ω) = ρi(rd, ω)
(ω − ω0)2 + γ[γ + Aρi(rd, ω)]

(ω − ω0)2 + [γ + Aρi(rd, ω)]2
, (5.10)

and thus the disordered LDOS now contains signatures of the original waveguide

LDOS and the underlying resonance of the disorder site. Looking at the limit ω → ω0,

ρ̃i(rd, ω0) = ρi(rd, ω0)
γ

γ + Aρi(rd, ω0)
, (5.11)

where we note that the LDOS at the mode edge is no longer divergent, and instead

ρ̃i(rd, ωe) = γ/A (assuming ω0 = ωe), which is simply the LDOS from the disordered

polarizability model. Since this disordered LDOS is now connected to light propaga-

tion away from the waveguide, vertically emitted light will clearly contain signatures
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of the disordered LDOS for the waveguide modes, and thus the disordered DOS when

spatially integrated.

An alternative picture of the disordered DOS can be obtained by connecting di-

rectly to a sum over the disordered-induced modes. In PCWs, propagating and lo-

calized modes couple with radiation modes above the light line resulting in vertically

emitted intensity. Near the mode edge, the DOS increases due to vanishing group

velocity leading to an increase in the radiation loss rate and a broadened peak in the

vertically emitted intensity spectrum. Other peaks in the spectrum near the mode

edge indicate the presence of disorder-induced localized modes. Given that the verti-

cally emitted intensity is proportional to the radiation loss rate, denoted by γ, one can

show that the radiation loss rate is proportional to the DOS. Let us assume the dis-

ordered quasimodes (or “quasinormal modes”) [108] are known or can be computed,

denoted by f̃j(r) where j indexes the quasimodes which have complex eigenfrequen-

cies ω̃j = ωj + iγj, where the quality factor of each resonance is Qj = ωj/2γj. Then

using mode expansion, one obtains the Green function of the disordered PCW by an

expansion over the quasinormal modes [109, 110],

Gdis(r, r
′;ω) =

∑

j

ω2

2ω̃j(ω̃ − ω)
f̃j(r)̃fj(r

′), (5.12)

and the LDOS of the disordered PCW is

ρ(r, ω) =
2

πω
Im [Tr{Gdis(r, r;ω)}] , (5.13)

where Tr[] denotes the trace. From the total LDOS one can compute the DOS by

integrating over all space. Therefore one sees that the radiation loss rate and the

vertically emitted intensity is inherently linked to the disordered DOS. Indeed, each

one of the underlying quasimodes (and every disordered element) has a vertical decay

channel associated with vertical decay above the light line.
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5.4 Calculations and measurements of the disordered-induced resonance

shifts and Density of States

The experimental samples are W1 GaAs membranes with a pitch of a = 240 nm and

thickness 150 nm with an embedded layer of InAs self-assembled quantum dots at the

center of the membrane having uniform density of 80µm−2. Quantum dots present a

very similar refractive index to that of the surrounding membrane material (GaAs).

Quantum dots are included in the sample to facilitate easier excitation of a broad

range of photonic modes of the disordered system, which has been used elsewhere to

study the modified emission of quantum dots coupled to disorder-induced resonances

[88]. However, the experiments presented in this chapter are carried out under high

excitation power (57µW m−2) [104], which drives the quantum dots beyond satura-

tion, and they become transparent. Consequently, we consider negligible quantum

dot contribution to both inelastic and elastic scattering and, thus, we can rule out

any quantum dot contribution to our model.

Various samples each measuring 100 µm long are manufactured with varying de-

grees of extrinsic disorder. Extrinsic disorder is introduced via an additional hole

center displacement characterized by σe and is varied from 0.01a = 2.4 nm to 0.05a =

12 nm in 0.01a = 2.4 nm steps. The samples are excited and vertically emitted inten-

sity is collected as function of wavelength and position along the waveguide direction

I(λ, x) as shown in Figs. 5.3(a,b). The intensity is then spatially integrated along the

waveguide I(λ) =
∫
Idx as shown in Fig. 5.3(c).

To connect to these experiments, we model a corresponding W1 PCW (see Fig. 5.1(a))

with a slab dielectric constant suitable for GaAs (ε = 12.11), with the following pa-

rameters: r = 0.295a (hole radius), h = 0.625a (slab height). The ideal bandstructure

(i.e., with no disorder) is plotted in Fig. 5.2(a), depicting the fundamental lossless

guided mode that spans from 876 nm (thereafter going above the light line) to 930 nm

(mode edge). The intrinsic disorder, kept fixed at σi = 0.005a = 1.2 nm is character-

ized by an effective hole-center shift and determined from comparing the experimental
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Figure 5.2: (a) Photonic bandstructure (in units of wave vector versus vacuum
wavelength) of the ideal W1 showing the fundamental (solid) and higher order
(dashed) guided modes. The light line is shown in black. (b) Mean frequency
shift E [∆ω] for six disordered samples. (c) RMS frequency shift

√
E [∆ω2] repre-

senting the standard deviation if and only if the mean frequency shift is zero. (d)
Standard deviation of ∆ω given a non-zero mean frequency shift (b). In all three
graphs, the intrinsic disorder is kept fixed at 0.005a(1.2 nm) while the external dis-
order is varied as follows: 0a (cyan/solid-light-gray), 0.01a(2.4 nm) (green/dashed-
light-gray), 0.02a(4.8 nm) (red/solid-medium-gray), 0.03a(7.2 nm) (magenta/dashed-
medium-gray), 0.04a(9.6 nm) (blue/solid-dark-gray), 0.05a(12 nm) (dashed-black).

far-field intensity spectra of PCWs with varying amounts of extrinsic disorder to nu-

merical FDTD simulations of the spectra. More specifically, one compares the width

of the Lifshitz tail present in both spectra which depends on the amount of disorder

in the structure (see Ref. [106] for details).

The mean and standard deviation of ∆ω in units of free-space wavelength, as-

suming the bump-perturbation model for all samples, are plotted in Figs. 5.2(c)-

(d). For the conversion of units, since ω � ∆ω we use the formulas E [∆λ] =

−2πcE [∆ω] /ω2, E [∆λ2] = 4π2c2E [∆ω2] /ω4 where c is the speed of light in vacuum.



5.4. CALCULATIONS AND MEASUREMENTS OF THE
DISORDERED-INDUCED RESONANCE SHIFTS AND DENSITY OF
STATES 113

The expectations in Eqs. (5.1,5.2) were computed numerically, that is given the sta-

tistical parameters for disorder, 104 samples of the set (∆ri, ∆re, φi, φe) are drawn

from the underlying probability distributions which yields 104 samples of ∆h . The

integration is carried out via Riemann sums where the step size is chosen to be small

enough (3 nm in our case) to ensure numerical convergence.

From Fig. 5.2(b), we see that for all cases of disorder, the mean frequency shift is

a blueshift that increases as one approaches the mode edge and as the total amount

of disorder increases. We note that the prediction of a mean blueshift is non-trivial

and is solely due to the asymmetric polarizabilities present in the bump-perturbation

polarization model. Regardless of the polarization model employed, the rms frequency

shift is non-zero as shown in Fig. 5.2(c) which is equivalent to the standard deviation

if and only if the weak-index contrast or smooth-perturbation polarization models

are employed [107]. Fig. 5.2(c) implies that in the absence of a mean shift, the

bandstructure or DOS broadens monotonically as one approaches the mode edge for

any given amount of extrinsic disorder. In the presence of a non-zero mean shift

(blueshift), the standard deviation is modified as shown in Fig. 5.2(d) which shows

that broadening is non-monotonic. In fact, for any given amount of extrinsic disorder,

as one approaches the waveguide mode edge, the magnitude of the blueshift increases

but the broadening actually decreases. Since one is most often concerned with the

mode edge or cutoff of the fundamental guided mode in PCWs, we find that the mode-

edge mean blueshift is roughly of the same order as the amount of total disorder (i.e.,

extrinsic + intrinsic) in the system, while the standard deviation of the blueshift is

roughly half the amount of total disorder. For example, for extrinsic disorder σe of

0.02a(4.8 nm), then the mode edge is blueshifted roughly by 4.8 nm with a standard

deviation of approximately 2.5 nm.

The normalized experimental intensity spectra for two different amounts of ex-

trinsic disorder along the waveguide is shown in Figs. 5.3(a,b). Integrating along the

waveguide direction, the corresponding intensity spectra is compared to the ensemble

averaged disordered DOS for the six samples (considered previously in Fig. 5.2) in

Figs. 5.3(c,d). For now we neglect the contribution of radiation modes to the DOS
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Figure 5.3: (a,b) Experimental normalized intensity spectra obtained by scanning
along the waveguide position for two different amounts of extrinsic disorder as indi-
cated in the figure. (c) Experimental spatially-integrated intensity for varying degrees
of extrinsic disorder as labeled in the figure. (d) Calculated ensemble averaged DOS
(normalized) for the fundamental waveguide mode for the six disordered samples in

(c). The red-dashed line in the lowest disorder case is given by A
λ2

min

λ2 with A = 0.2 and
represents the qualitative contribution of radiation modes to the DOS. The amount
of intrinsic disorder in all samples is σi = 0.005a(1.2nm).
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which scales roughly as 1/λ2 (Please see Fig. 5.3(c) for how this might look like).

Treating the DOS as a probability distribution as mentioned in Sec. 5.3, each DOS

instance histogram had a sample size of 1000 (number of k-points) and bin resolu-

tion of 0.27 nm (200 bins). The ensemble-averaged disordered DOS was calculated

from 500 DOS instances. Note, as discussed earlier, the DOS at the mode edge

formally diverges (as the group velocity approaches zero) in the absence of disorder

but our computed disordered DOS is non divergent and shows a pronounced mean

blueshift as well as broadening caused by the variance of the frequency shift. This

agrees qualitatively well with the experimental intensity spectra except for the case

of σe = 0.02a(4.8 nm); where the theory predicts a blueshift, but the experimental

intensity spectra are redshifted. The observed redshift of the mode edge is within

the computed standard deviation so it is either that this discrepancy arises due to

the experimental sample representing only one disorder instance or the fabrication

method of these particular waveguides where, e.g. a proximity effect could introduce

an additional unknown degree of disorder different from the designed one.

Strictly speaking, our perturbation theory computes mode edge resonance shifts

and broadening for periodically disordered PCWs; that is the primitive unit cell is

disordered and then repeated indefinitely. This is an approximation as in reality

the disordered PCW is a concatenation of disordered unit cell instances sampled

from an underlying probability distribution. Moreover in the experimental intensity

spectra (Fig. 5.3(c)), we can see the signature of localized modes forming around

the mode edge for all cases of disorder which our computed DOS cannot reproduce

since localized modes that form due to cavity-like defects are naturally not present

in a waveguide exhibiting periodic disorder. Hence the shift and broadening of the

DOS caused by localized modes particularly above the mode edge is absent from our

calculation.

To assess the role of multiple scattering qualitatively, we considered incoherent

disorder-induced losses in our samples, with and without multiple scattering. With

the mode edge roughly corresponding to a group index of ng ≈ 50, our computa-

tions indicate that for ng > 20, we are already in the regime of multiple scattering
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for all amounts of disorder. Therefore, akin to the absence of sharp features in the

transmission spectrum without multiple scattering [23], the periodic disorder pertur-

bative approach lacks the sharp features shown in the experimental intensity spectra

especially above the mode edge so for more realistic predictions, a nonperturbative

approach would be needed that takes into account multiple scattering effects. Such

an approach is very numerically demanding and is beyond the scope of this first work

on the topic. However, below we show some numerically exact solutions of disorder-

induced resonances and LDOS for short length PCWs.

5.5 Numerically Computed Disordered Instances from a finite-size PCW

Having identified the possible limits of perturbation theory above, we now present

some brute force calculations of the LDOS using full 3D FDTD computations in a

disordered PCW lattice. The numerical complexity is very demanding so we are

restricted to much smaller waveguide lengths than used in the experiment; also, we

can only compute a small number of instances which are not enough to compute the

ensemble average trend shown in Fig. 5.3. This is mainly due to the large memory

requirements of the simulation volume since it cannot be reduced by using symmetric

boundary conditions due to symmetry breaking caused by disorder. Nevertheless,

such calculations are useful for getting a physical picture of what is happening for a

particular instance and section of a disordered PCW.

To show that the DOS varies from instance to instance given the disorder is kept

fixed, we calculate the projected LDOS ρµ(r, ω) for ten statistically disordered finite-

length PCWs, as shown in Fig. 5.4, by directly computing the numerically exact

photonic Green function of the PCW (see Ref. [80] for numerical implementation

details) using the 3D FDTD method [111]. The samples we simulate are only 7.2 µm

long (30 unit cells). With the waveguide cross section in the xy plane, denoting the

waveguide direction as x and the origin at the center of the waveguide, we compute

the LDOS of a y-oriented dipole ρy(0, ω) placed at the anti-node of ey, which occurs at

the origin. The intrinsic/extrinsic disorder values are 0.005a(1.2 nm), 0.02a(4.8 nm),
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Figure 5.4: (Top) Projected LDOS values of a y-oriented dipole centered at the
anti-node of ey, computed for ten instances of disorder (blue/dark-solid) with inter-
nal/external disorder values of σi = 0.005a(1.2 nm), σe = 0.02a(4.8 nm) respectively.
For reference, the LDOS with no extrinsic disorder (red/light-solid) and ideal mode
edge (dashed-red/light vertical line) are also shown. All LDOS instances are normal-
ized to their own LDOS peak. The length of the waveguides was kept fixed at 7.2 µm
(30 unit cells). (Bottom) As highlighted by the black markers (+) on the Projected
LDOS instance, starting from above (right) and going below (left) the mode-edge,
localized mode intensity of |ey|2 is shown.
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respectively. While ten instances which are only 30 unit cells long are not enough to

conclude the existence of a mean blueshift of the mode edge, the deviations of the

mode edge in the LDOS profiles are within the calculated standard deviation shown

in Fig. 5.2(d). This may partially explain the discrepancy observed in Fig. 5.3(c) for

σe = 0.02a(4.8 nm) as the experimental sample represents one disordered instance.

For completeness, Fig. 5.4 also shows examples of disorder-induced localized modes

that appear both above and below the mode edge. These modes are formed via

multiple scattering in cavity-like defects introduced via disorder.

We highlight that we have found that a 2D FDTD method, despite being at least

one order of magnitude quicker and allowing us to simulate very long sample lengths,

to be inadequate for computing a realistic Green function and LDOS for the 3D PCW

slab. Firstly, the mode edge for a 2D PCW with the same structural parameters (apart

from the slab height) is different (1.2 µm) and secondly, a 2D PCW does not possess

radiation or leaky modes and out-of-plane decay cannot be computed. Hence the

computed 2D Green functions and LDOS are different from its 3D counterparts and

do not accurately capture the realistic 3D resonance shifts. Although a 2D calculation

can capture the qualitative modal profile of the localized modes, their sensitivity to

disorder is quite different to 3D quasimodes. Thus in general one requires a 3D FDTD

model to compute the LDOS for a PCW slab.

5.6 Discussion and Connections to Previous Works

Our theory, though perturbative, provides an intuitive and computationally effi-

cient semi-analytical approach to producing experimentally relevant results for high

amounts of extrinsic disorder. One ensemble average DOS computation which in-

cludes computing the ideal Bloch modes, Monte Carlo runs for the expectations and

Riemann integrals for a given amount of disorder takes roughly 3 hours on a single-

core CPU whereas computing the LDOS of a 7.2 µm long disordered PCW using 3D

FDTD takes approximately 10 CPU hours for each disorder instance on a cluster

using 20 multi-core CPU nodes.
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As we have stated before, the bump-perturbation polarization model is crucial to

our findings. It is not the exact shape of the bump that is important (see Refs. [43,

102]) but the use of asymmetric polarizabilities that yields a non-zero mean frequency

shift. In the context of disorder-induced losses where all three polarization models

produce similar results, previously we have argued that the bump polarization model

should be best suited for modeling disorder characterized via rapid radial fluctuations

and the smooth-perturbation model should be valid as long as the air-slab interface

remains nearly circular [36] which is indeed the case considered in this work. To

resolve this ambiguity, we rely on the comparison with experimental findings (see

Sec. 5.4) which indicates that the bump-polarization model (in the absence of any

other models proposed in the literature) is likely best suited for all types of disorder

and various disorder-induced phenomena in PCWs.

Patterson and Hughes [36] highlighted the importance of accounting for local field

effects in PCWs by computing disorder-induced resonance shifts for the three po-

larization models mentioned in Sec. 5.2. While the impact of disorder on the DOS

is qualitatively well known, to our knowledge, no one has quantified the expected

resonance shifts or spectral broadening as a function of disorder and computed the

disordered DOS which is found in good qualitative agreement with experiments. Pre-

viously, spectral broadening of the bandstructure was observed experimentally by

Le Thomas et al. [112] and predicted theoretically by Savona [103] whose findings

showed increased spectral broadening of the bandstructure as the disorder increases,

but did not predict a blueshift or quantify the expected shift or broadening as a

function of disorder. In the absence of a blueshift, Fussell et al. also showed the-

oretical broadening of the DOS in coupled-PC-cavity waveguides [107]. While it is

generally accepted in the community that broadening increases monotonically as one

approaches the mode edge, our findings show that in the presence of a mean blueshift,

the broadening actually decreases as one approaches the mode edge. This implies that

the blueshift effect is more dominant than broadening at the mode edge and should

be taken into account.
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5.7 Conclusions

Through theory and experiment, we have shown that accurate modeling of local field

effects is critical for computing experimentally relevant mean frequency shifts and

realistic DOS profiles in PCWs. These findings also point out the possible limitations

of disorder polarization models that do not include local field effects or include local

field effects through the use of symmetric polarizabilities. For extrinsic disorder values

up to 12 nm, our computationally efficient perturbative approach yields results that

are in very good qualitative agreement with experiments and can be used to compute

realistic quantities such as Purcell factor enhancements in PCWs with embedded

quantum dots. We have also shown examples of the numerically exact LDOS for

various disordered instances and the underlying disordered-induced resonance modes

on a small PCW using a rigorous 3D FDTD approach. Future work could focus on

developing a non-perturbative approach that takes into account multiple scattering

to better model the localized modes that appear above the mode edge.



121

Chapter 6

Soliton pulse propagation in the presence of

disorder-induced multiple scattering in photonic

crystal waveguides

This manuscript has been submitted for publication and is currently undergoing the

peer-review process in Physical Review Letters. The pre-print version appears as

N. Mann, and S. Hughes, “Soliton pulse propagation in the presence of disorder-

induced multiple scattering in photonic crystal waveguides”, ArXiv e-prints (2016)

arXiv:1608.08281 [113]. This work will also be presented at the 8th International

Conference on Metamaterials, Photonic Crystals and Plasmonics, July (2017), In-

vited Talk. Here we consider the effects of disorder-induced multiple scattering on

soliton pulse propagation using coupled mode equations whose coupling coefficients

vary within the unit-cell. In this manuscript, we highlight the main equations and

some related formulas to focus on the numerical results that showcase the potential

applicability of our model. For derivation details including the numerical scheme, the

reader should consult the next chapter. I was responsible for all of the theoretical

and numerical developments behind this work and drafted up the manuscript with

editorial contributions from Dr. Hughes.

Abstract

We introduce a new coupled mode theory to model nonlinear Schrödinger

equations for counter-propagating Bloch modes that include disorder-induced
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multiple scattering effects on nonlinear soliton propagation in photonic crystal

waveguides. We also derive sub unit-cell coupling coefficients and use these

to introduce a generalized length scale associated with each coupling effect.

In particular, we define a multiple-scattering length scale that quantifies the

spatial extent of a disorder-induced cavity mode. Our numerical simulations of

nonlinear pulse propagation are in excellent qualitative agreement with recent

experiments and provide insight into how disorder inhibits soliton propagation

and other nonlinear propagation effects in photonic crystal waveguides.

6.1 Introduction

Slow light in photonic crystal waveguides (PCWs) can be exploited for enhancing non-

linear optical (NLO) interactions [28], and there has been considerable experimental

progress with group velocities ranging between c/10 to c/60. Self phase modulation

(SPM) in the presence of two photon absorption (2PA) and free carrier effects was

observed by Monat et al. [44], while non-trivial scaling of SPM and three-photon

absorption (3PA) was investigated by Husko et al. [30]. Colman et al. [29] utilized

dispersion engineered PCWs to suppress 3PA which was critical in the demonstration

of temporal pulse compression of higher order solitons. Other demonstrated NLO

effects include third harmonic generation and highly efficient four wave mixing [31,

32, 68].

Despite these successes, one of the major limiting factors for exploiting NLO ef-

fects in PCWs is disorder-induced multiple scattering which roughly scales as n2
g,

where ng is the group index [22]. This limitation is somewhat suppressed through

dispersion-engineering [41, 65] or by reducing the length of the PCW to less than 500

unit cells which lowers losses but typically increases the required pump power [44].

Regardless, in the slow light regime, coupling to disorder is unavoidable and any real-

istic model must include such effects. The theory of disorder on linear propagation in

PCWs is well developed [21, 22, 24, 85]. For modelling NLO effects in PCs, Bhat and

Sipe [53] used multiple scales analysis and k·p theory to derive a dynamical nonlinear
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Figure 6.1: Spatial profiles at various times of a soliton injected from the left side
of a W1 PCW in the absence (left) and presence (right) of disorder-induced multiple
scattering and localization. For comparing the two schematics, the two leftmost pulses
(blue) are of the same magnitude.

Schrödinger equation (NLSE), which is first-order in time, and their nonlinear coef-

ficients use unit-cell averaged Bloch modes; however, the previously mentioned NLO

works use the NLSE model adapted from the nonlinear fiber optics literature [34],

where the NLSE is first-order in space and the nonlinear coefficients are generalized

by a unit cell integration involving only the periodic part of the Bloch mode.

A severe shortcoming of current NLSEs applied to PCWs is their naive modelling

of disorder-induced losses (if at all) as an effective loss parameter α, which follows

the Beer-Lambert law, known to breakdown in the regime of multiple scattering,

arising from coupling between counter-propagating modes [23]. The effect of multiple

scattering on soliton propagation is shown schematically in Fig. 6.1. Although some

works have partly studied coupling between counter-propagating modes in the context

of examining nonlinear bistability in finite periodic media [114, 115], it was for weak

scattering and in the absence of group velocity dispersion (GVD). For PCWs, neither

of these assumptions holds true.

In this chapter, we introduce a powerful coupled-mode theory (CMT) to model

two coupled NLSEs for counter-propagating Bloch modes, including the effects of

GVD, disorder-induced multiple scattering, SPM and cross-phase modulation (XPM).

Unlike previous works, our nonlinear coupling coefficients are positional dependent

because they involve an integration over the cross-section of the PCW. We also intro-

duce a characteristic length scale corresponding to each coupling coefficient, including
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Figure 6.2: Dispersion, group index (β1) and GVD (β2) characteristics of the W1
PCW with markers indicating the three values considered in this work.

a length scale associated with multiple scattering, which denotes the spatial extent

associated with a disorder-induced localized mode. Using the W1 PCW, we model

solitons propagating in the presence of multiple scattering for several ng ranging

from fast light to the slow light regime as shown in Fig. 6.2. When nonlinearities

dominate over multiple scattering, the soliton’s spectra shows a random fine peak

structure, whereas when multiple scattering dominates, the soliton’s spectra exhibits

narrow spectral peaks indicative of disorder-induced photon localization. Our numer-

ical results are able to capture unexplained experimental features related to multiple

scattering [30, 39, 44] and our formalism can be generalized to assess the impact of

multiple scattering on other nonlinearities such as 2PA, 3PA, and four-wave mixing

(FWM).

6.2 Coupled NLSEs and coefficients

Denoting x as the propagation direction, we rewrite Maxwell’s equations as a Schrödinger-

like equation in the frequency domain:

Aψ = −iB∂xψ, (6.1)
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where A,B are Hermitian operators that contain the curl and divergence opera-

tions [46], and ψ = [Et Ht]
T , where Et,Ht are the transverse components of elec-

tromagnetic fields. Since PCW possess discrete translational symmetry in x, ψ has

the Bloch mode form ψ = eikxϕ(x), ϕ(x + a) = ϕ(x), where ϕ = [Et Ht]
T and E ,H

represent the periodic part of the Bloch mode. Using the Bloch mode form in (6.1)

yields the generalized eigenvalue problem Cϕk = kBϕk, C = A+ i∂xB. Because B is

not positive-definite [48], one can derive the generalized orthogonality condition [19,

116],

〈ϕk, Bϕk′〉 = δk∗,k′ x̂ ·
∫

(E ′∗t ×Ht + Et ×H
′∗
t ) · da, (6.2)

where k∗ denotes the complex conjugate. For a TE-like guided mode as shown

in Fig. 6.2, we have Im[k] = 0 (below the light line) so for k = k′, one gets

〈ϕk, Bϕk〉 = 4Sx where Sx denotes the x-component of the time-averaged Poynt-

ing vector. We consider a dielectric perturbation to the ideal operator, A0, as

A(x) = A(0) + ∆A(x), where ∆A(x) contains both linear and nonlinear perturba-

tions, caused by disorder and the Kerr effect, respectively. The total wave function

can be written as ψ(x, ω) = c+(x, ω)eikxϕk(ω) + c−(x, ω)e−ikxϕ−k(ω), where c±(x, ω)

are envelope coefficients and ϕ±k(ω) are the unperturbed forward and backward eigen-

modes; since multiple scattering between forward and backward modes is the major

source of loss in PCWs, we include the small effect of out-of-plane scattering as

an effective loss coefficient. To derive the coupled NLSEs for the field envelopes,

we transform back to the time domain using the narrow bandwidth approximation

∆ω/ω � 1, which also shifts zero frequency line to the centre frequency ω, yielding:

D+[c+] = i
aω

2vg

[
βSPMc

+ + γSPM|c+|2c+ + γXPM|c−|2c+ + e−i2kxβMSc
−]− N

2
〈αrad〉 c+,

(6.3)

D−[c−] = −i aω
2vg

[
βSPMc

− + γSPM|c−|2c− + γXPM|c+|2c− + ei2kxβ∗MSc
+
]

+
N

2
〈αrad〉 c−,

(6.4)
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where D± := ∂x ± β1∂t ± iβ2

2
∂2
t is the differential operator in the time domain,

βSPM, βMS represent linear coupling due to disorder, and γSPM, γXPM represent non-

linear coupling due to SPM and XPM; the coupling terms are given by

βSPM =

∫

R
∆ε|E|2dydz, βMS =

∫

R
∆εE2dydz,

γSPM =

∫

R
χ(3)(|E|4 + 2

∑

j

|Ej|4)dydz, γXPM = 2γSPM, (6.5)

where a is the lattice constant, N is the number of unit cells, ω is the centre frequency

at which all subsequent quantities are defined, βn = dnk
dω′n

∣∣
ω′=ω, β1 ≡ ng and vg denotes

the magnitude of the group velocity. Denoting E ≡ E+, the coupling coefficients have

been simplified using the relation E− = E+∗ for counter-propagating modes and the

jth field component (j = (x, y) for TE-like mode) is denoted by Ej, 〈αrad〉 denotes

the incoherent radiation loss per unit cell which accounts for out-of-plane scattering

[23], and ∆ε represents the disorder caused by stochastic radial fluctuations of the

etched air holes which are characterized by their rms roughness σ and correlation

length lc-which is a measure of how strongly two intrahole fluctuations are correlated

[22, 79, 92]—see Appendix C.

We assume that χ(3) is isotropic with a nonlinear Kerr-like electronic response

and is piecewise constant defined as non-zero in the slab only and vanishing in

air. Nonlinear scattering terms involving e±i2kx were neglected because of the large

phase mismatch ∆k = 2k. This assumption remains valid as long as the inequality

kLW1 � π is satisfied where LW1 denotes the PCW length [45]. Given k values

shown in Fig. 6.2, one obtains the lower bound LW1 � 2a; note this does not im-

ply that the stochastic multiple scattering terms βMS, β
∗
MS are also negligible [19].

Lastly, terms representing degenerate FWM are also neglected since LW1 is much

larger than the polarization beat length which is smaller than a in PCWs due to the

rapidly varying nature of the Bloch mode [34]. Treating x(t) as the time (space) vari-

ables, (6.3)-(6.4) use the unusual initial conditions c+(0, t) 6=0, c−(LW1, t)=0 unique

to counter-propagating modes, where LW1 ≡ Na and we choose periodic boundary
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conditions c±(x, t + T ) = c±(x, t). Without radiation loss, our equations satisfy the

power conservation law ∂x(‖c+‖2−‖c−‖2
)=0 [117], where ‖c±(x)‖2

:=
∫
R |c±(x, t)|2dt,

which ensures the net power flow through any cross section of the PCW is conserved,

such that
∫
R(T + R)dt = ‖c+(0)‖2

where the transmission and reflection of pulses is

defined as T = |c+(LW1)|2, R = |c−(0)|2, respectively. Lastly, if we turn off nonlinear-

ities, (6.3)-(6.4) recover previous linear equations [24].

6.3 Field renormalization and characteristic length scales

Often CM equations are presented for mode envelopes whose square modulus is renor-

malized to have dimension of power, i.e. |C±|2 = 2vgε0UE

a
|c±|2, where ε0 is the free

space permitivitty and UE =
∫

cell
ε(r)|Ek|2dr is a measure of the Bloch mode energy.

If (6.3)-(6.4) are written in terms of C±, this causes the nonlinear terms involving

|C±|m−1 (m represents the odd order of the nonlinearity) to scale as scale v
−(m−1)
g [29,

30, 53], while the linear terms retain their v−1
g scaling. In (6.3)-(6.4), however, we do

not perform this renormalization, hence each term (linear or nonlinear) scales with

the same factor of v−1
g . Recently, Colman showed that this approach is much better

suited for numerical calculations [118]. We choose the field normalization UE = 1,

such that UE becomes dimensionless, [UE] = 1; thus the electric field has dimensions

[E] = 1/L
3
2 and the coupling coefficients have dimension 1/L. Conveniently, we can

use the inner product norm to define a characteristic length scale associated with

each coupling coefficient, e.g., the nonlinear SPM term γSPM has an associated length

scale

LγSPM
=

[
1

LW1

∫ LW1

0

|γSPM(x)|2dx
]− 1

2

, (6.6)

which is a generalization of the SPM length scale defined by Agrawal [34]. The length

scale for GVD is defined as Lβ2 = T 2
0 /β2 where T0 is the pulse width. Finally, χ(3)

has dimensions L3 but since the nonlinear susceptibility is usually in SI units (χ
(3)
SI )

[45], we use the conversion χ(3) = n0aP
2ε0c

χ
(3)
SI , where n0 is the refractive index of the

slab and P is the incident peak power.
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Figure 6.3: Unchirped Gaussian pulse propagating in a W1 with β1 = 24.69, β2 =
−9.7440 ps2/mm, S = 2.4 and no disorder. Top: temporal snapshots in space taken
at the beginning (x = 0) and end of the PCW (x = 1) showing temporal pulse
compression. Bottom: spectral snapshots showing slight spectral broadening and fine
structure characteristic of large anomalous GVD.

6.4 Modelling soliton propagation with disorder

As a concrete application of our theory, we numerically study soliton propagation

in disordered PCWs. We consider a W1 PCW with a=480 nm, r=0.2a, h=0.333a,

where a, r, h represent the pitch, hole radius and slab thickness, respectively. We

fix the number of unit cells at N = 251 which corresponds to a waveguide length of

LW1 =120.48 µm. For initial conditions, we specify a forward propagating unchirped

Gaussian pulse at one end of the PCW with zero backward pulse at the other end as

c+(0, t)=e−t
2/2T 2

0 , c−(LW1, t)=0. The soliton number S is defined as S2 = Lβ2/LγSPM

[34], and we fix the incident peak power P to study higher order solitons (S >

1) exclusively. The nonlinear coefficient is chosen to approximate a GaInP slab,

χ
(3)
SI = 3× 10−19 m2/V2 [29]. We fix the correlation length at 0.083a [79], and to

observe multiple scattering effects with 251 unit cells, we choose the rms roughness

σ = 0.017a. For the remainder of our discussion, as shown in Fig. 6.2, we choose
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Figure 6.4: Using the same dispersion parameters and initial conditions as in Fig. 6.3,
but now in the presence of only disorder-induced multiple scattering with rms rough-
ness σ = 0.017a. The rise of a backwards travelling pulse due to multiple scattering
is also shown (pink/light). Top: temporal snapshots showing pulse degradation. Bot-
tom: spectral snapshots showing strong backreflection and weak transmission.

three group indices β1 = 8.093, 13.78, 24.69 having soliton numbers S = 4.6, 4.1, 2.4,

respectively.

To solve (6.3)-(6.4) numerically, we implement an implicit finite-difference scheme

that steps forward in x (the details are described in chapter 7). We first examine

temporal pulse compression of a soliton propagating in the absence of disorder, hence

no coupling to the backwards mode for β1 = 24.69, S = 2.4. The squared amplitudes

of the mode envelopes |c±(x, t/ω)|2 at the opposite ends of the W1 are plotted in

Fig. 6.3. In agreement with recent experiments [29], temporal pulse compression is

clearly visible in the time domain at x= 1 along with a spectrally broadened peak

with fine structure characteristic of anomalous GVD.

Next, we turn off nonlinearities and study only the effect of multiple scattering

on pulse propagation as shown in Fig. 6.4 for the same dispersion parameters. In

the time domain, it is seen that multiple scattering distorts the trailing edge of the

incident pulse (x= 1) while simultaneously giving rise to a backwards wave (x= 0).
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Figure 6.5: Transmission (left) and reflection (right) spectra of an unchirped Gaussian
pulse propagating in the presence of coupling to the counter-propagating mode via
multiple scattering, SPM and XPM, for three different group indices: 8.093(blue-
bottom), 13.782(green-middle) and 24.69(red-top). The PCW is 251a unit cells long
with rms roughness fixed at 0.017a.

In the spectral domain, the large backscattered signal and the emergence of spectral

peaks in the transmission signals the onset of disorder-induced photon localization

[24].

With our NLSEs, we can now model the combined effects of GVD, multiple scat-

tering, SPM and XPM, as shown in Figs. 6.5, 6.6. Figure 6.5 shows the transmission

and reflection spectrums for all three group indices which are readily measured in ex-

periments. As expected, for fast light β1 = 8.093, the effect of multiple scattering is

barely visible as the transmitted spectrum is dominated by nonlinear spectral broad-

ening and minimal reflection. As we the increase the group index to β1 = 13.782, the

effect of multiple scattering begins to manifest in the spectral domain via the gener-

ation of a fine peak structure that slightly distorts the transmission spectrum whilst

giving rise to a non-negligible reflection. This is in very good agreement with related

experimental spectra obtained for similar group indices [30, 44]. For β1 = 24.69,

which lies in the slow light regime, the transmission is greatly reduced and reflection

enhanced as disorder-induced scattering now dominates over the Kerr nonlinearity as
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Figure 6.6: For β1 = 24.69 temporal and spectral profiles for the forward (blue/dark-
solid) and the backward (pink/light-solid) mode envelopes at two different points
inside the PCW. Strong multiple scattering dominates over SPM/XPM effects leading
to sharp spectral peaks corresponding to the formation of localized modes.

one sees large pulse distortion in the spectral domain. Figure 6.6 shows the temporal

and spectral pulse profiles for β1 = 24.69 at two different spatial positions inside the

PCW which can be measured using non-destructive experimental methods such as

NSOM [39]. Temporally, one sees the compressed pulse being distorted by multiple

scattering which manifests as sharp spectral resonances which are roughly of the same

magnitude for both the forward and backward propagating modes and so in accor-

dance with the power conservation law, this signals the formation of weakly localized

states formed via multiple scattering inside the PCW. Pulse profiles for β1 = 13.782

and increased σ = 0.025a are shown in the SI.

6.5 Multiple scattering length scale.

While our definition for SPM/XPM length scales follow the standard interpretation

[34], we also introduce here, LβSPM
and LβMS

as the characteristic linear SPM and

multiple scattering length scales, respectively. From an ensemble of 100 disorder
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instances, we have calculated both the mean and standard deviation of LβSPM
and

LβMS
for various σ (0.008a − 0.025a) and ng. For all cases, particularly in the slow

light regime, we find the standard deviation of these length scales to be of the order

of a unit cell O(1a) which is negligible so an instance value of these length scales is an

excellent approximation of their expected value. We interpret the multiple scattering

length scale to be a measure of the spatial extent of a disorder-induced cavity mode,

e.g., near the mode-edge for σ = 0.008a, with β1 = 24.69, we compute LβMS
≈ 10a

which is in good agreement with 3D FDTD simulations [92]. Recent experimental

observations of localized modes in the presence of intrinsic disorder by Faggiani et

al. [119] show the spatial extent of the localized modes to be roughly 15a for similar

values of disorder and group indices. Moreover, recent work by Xue et al. [120] on

examining threshold characteristics of PC cavity lasers have found that the threshold

gain attains a minimum for a cavity length of around 10a which they attribute to

disorder.

6.6 Conclusions

We have introduced coupled NLSEs for envelopes of counter-propagating modes in

PCWs that include the effects of anomalous GVD, SPM, XPM and, most importantly,

disorder-induced multiple scattering. We are thus also able to provide an elegantly

simple definition of the characteristic length scales associated with each effect. Our

results demonstrate the importance of multiple scattering on soliton propagation, and

we have reproduced the fine peak structures of recent experimental spectra. More

broadly, our theory can be extended to model a wide range of NLO effects while

self-consistently including the effects of disorder-induced scattering.

The supplementary information accompanying this manuscript is presented in

Appendix C.
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Chapter 7

Nonlinear coupled mode approach for modelling

counter-propagating solitons in the presence of

disorder-induced multiple scattering in photonic

crystal waveguides

This manuscript is a follow-up to the previous chapter as here we provide all the

theoretical and numerical details of our formalism. Particularly, we show how the

practitioner should choose step-sizes to avoid numerical dispersion while accurately

capturing all the linear and nonlinear effects. I was solely responsible for both the

theoretical and numerical results presented in this manuscript. I also prepared the

draft of this manuscript with editorial contributions from Dr. Hughes.

Abstract

We provide the analytical and numerical details behind our previous manuscript

describing the impact of disorder induced-multiple scattering on counter-propagating

solitons in photonic crystal waveguides. Unlike current nonlinear approaches

using the coupled mode formalism, we properly account for the effects of multi-

ple scattering within the unit cell. We also introduce a modified Crank-Nicolson

type norm-preserving implicit scheme inspired by the transfer matrix method

to solve the resulting system of coupled semilinear partial differential equations.

We provide estimates of the numerical dispersion characteristics of our scheme

so that optimal step sizes can be chosen to either minimize numerical dispersion
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or to mimic the exact dispersion. We show numerical results of a fundamental

soliton propagating in the presence of multiple scattering to demonstrate that

choosing a sub-unit cell spatial step-size is critical in accurately capturing the

effects of multiple scattering. Our approach is easily extended to include a wide

range of optical nonlinearities and is applicable to various photonic nanostruc-

tures where power propagation is bi-directional.

7.1 Introduction

Photonic crystals (PCs) are periodic dielectric structures offering strong light con-

finement thereby enhancing light-matter interactions. As manufacturing technologies

continue to improve, there has been a great deal of interest in investigating enhanced

nonlinear effects in PCs for a wealth of applications such as on-chip all-optical switch-

ing and optical memory [28]. A photonic crystal waveguide (PCW) is a crucial com-

ponent in PC based integrated circuits and is created by introducing a line defect in

a PC slab, which is capable of slowing down light by orders of magnitude compared

to standard optical waveguides due to the presence of slow light modes.

In recent years, there has been considerable experimental progress in PC devices

exploiting second and third order nonlinearities. Second harmonic generation (SHG)

was exploited by Liu et al. [121] to experimentally realize a diffraction-free beam

using a 2D PC. In typical experiments, one uses PCWs to achieve slow-light ranging

between c/10 to c/60 which is exploited to enhance the optical Kerr effect and other

higher order nonlinearities. Self-phase modulation (SPM) in the presence of two

photon absorption (2PA) and free carrier absorption (FCA) was observed by Monat

et al. [44], while a non-trivial scaling of SPM and three-photon absorption (3PA) was

investigated by Husko et al. [30]. Dispersion engineered PCWs (where the lattice

parameters are adjusted in comparison to the usual W1 waveguide, which simply

has a row of holes removed) with a region of constant group index were used to

further enhance third-order nonlinear effects as observed by Shinkawa et al. [122]

while Colman et al. [29] utilized dispersion-engineered PCWs to suppress three-

photon absorption (3PA) which was critical in the demonstration of temporal pulse
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compression of higher order solitons. Giant anomalous self steepening of optical

pulses has been predicted and observed by Husko et al. [123]. Spectral blue shifts

and a temporal pulse advance due to increased free-carrier dispersion (FCD) and FCA

were demonstrated using an advanced experimental technique to obtain time resolved

pulse measurements [124]. Other demonstrated NLO effects include third harmonic

generation and highly efficient four wave mixing [31, 32, 68].

Most theoretical approaches for modelling the Kerr effect rely on the nonlinear

Schrödinger equation (NLSE), developed to study soliton propagation in optical fibers

[34]. Since Bloch modes of a PCW have a much smaller effective mode area when

compared to traditional waveguides, new effects such as 3PA, FCD or self-steepening

have since been added to the NLSE to make it more accurate, but unfortunately the

term that models linear loss due to manufacturing imperfections in PCWs remains

unchanged. Neglecting all terms except losses, all of the aforementioned experiments

still use the model c′(x) = −αx where c(x) denotes the slowly-varying mode envelope

and α(vg) ≥ 0 is a constant that incorporates details of the linear propagation loss

mechanism. Disorder-induced losses in PCWs can be divided into two categories,

multiple scattering and radiation losses [22]. Radiation losses arise as a result of

coupling to the continuum of radiation modes above the light-line while multiple

scattering losses arise from the stochastic coupling between the counter-propagating

modes travelling forwards and backwards which distorts both the amplitude and phase

of the incident wave. Radiation losses usually dominate in standard (non PC) optical

waveguides and hence in relevant literature, α simply denoted the radiation loss [125].

In PCWs however, it is now well established that multiple scattering is the dominant

loss mechanism [22], this is particularly true for the following: (i) the slow-light

regime [24, 85], (ii) long PCWs containing thousands of unit cells, and (iii) when

introducing large amounts of deliberate disorder. Since including multiple scattering

would require solving two coupled NLSEs of the counter-propagating modes which

inherently is more complex, all the previous NLSE models attempt to resolve this

issue by approximating multiple scattering with backscattering which can easily be

incorporated as an incoherent average within α [41] where, backscattering refers to
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only one irreversible multiple scattering event, so once power is scattered into the

counter-propagating mode, it is assumed that it cannot be recycled back into the

propagating mode.

The consequence of the above approximation is that it leads to the Beer-Lambert

law for power attenuation which is known to breakdown in the slow-light regime of

PCWs [23]. To address this critical issue of multiple scattering, both Patterson et

al. [24, 37] and Mazoyer et al. [85] used a coupled mode theory (CMT) formalism in

the frequency domain to properly account for the effects of disorder-induced multi-

ple scattering, yet their numerical analyses were performed using the transfer matrix

method (TMM), and were limited to the linear regime. Both works associated the

fine spectral resonances present in experimental linear spectra with multiple scattering

and these effects can also be clearly seen the in the nonlinear spectra of Refs. [30, 44,

122, 123], yet are unaccounted for in their NLSE models. To the best our knowledge,

we are unaware of works combining both multiple scattering and the relevant non-

linear effects in PCWs. Although some previous works have partly studied coupling

between counter-propagating modes in the context of examining nonlinear bistability

in finite periodic media [114, 115], they made the assumptions of weak scattering and

neglecting the effects of group velocity dispersion (GVD). For PCWs, neither of these

assumptions remains valid.

Recently (in chapter 6) we have introduced a new coupled mode approach to

describe nonlinear optical interactions in the presence of disorder-induced multiple

scattering [113]. In this chapter, we present the full derivation of the equations pre-

sented in Ref. [113] and describe the numerical implementation in detail. In particular,

we address the shortcoming of current approaches by deriving coupled mode equa-

tions in the presence of anomalous GVD, that include both linear coupling between

the counter-propagating modes due to multiple scattering and nonlinear coupling be-

tween optical nonlinearities. As an example, we consider the effect of multiple scat-

tering on third order Kerr effects, namely SPM and cross-phase modulation (XPM)

as shown schematically in Fig. 7.1. Most importantly however, since our main equa-

tions (Eqs. (7.27), (7.28)) cannot be numerically solved using any of the traditional
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x

y

z

c+c−

Figure 7.1: Top down view of a PCW with disorder shown schematically by the dis-
placed red holes. At a transverse cross section (y-z plane) represented by the vertical
black line, scattering between the forward (c+) and backward (c−) mode envelopes
due to symmetry breaking is shown schematically. The nonlinear SPM/XPM interac-
tions are caused by the enhanced intensity represented by the thickness of the orange
arrows.

finite-difference schemes for NLSEs [126], we extend the TMM to the time domain

by using a modified Crank-Nicolson type implicit scheme. Our numerical scheme is

unconditionally stable, obeys the power conservation law and we provide estimates of

third and fourth order numerical dispersion, so one is able to choose the appropriate

step sizes for the simulation.

The layout of this work is as follows: in Sec. 7.2.1, we express the common CMT

formalism used by the optics community using a reformulation of Maxwell’s equa-

tions that specializes in dealing with power flow. In Sec. 7.2.2, we combine multiple

scattering and the Kerr-effect respectively to derive the coupled equations describing

the evolution of mode-envelopes of counter-propagating modes along with providing

analytical expressions for the coupling coefficients in terms of the ideal Bloch modes.

In Sec. 7.3, we compare our approach to Bhat and Sipe’s [53] to highlight the weak-

nesses and strengths of both approaches and discuss how to choose between the two

approaches depending upon the problem. In Sec. 7.4, we outline the development
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of our implicit finite-difference scheme used to solve the coupled system presented

previously. Lastly, in Sec. 7.5, we provide numerical results that highlight the numer-

ical dispersion characteristics and the convergence of the scheme. In particular, our

numerical results show that a sub-unit cell spatial step-size must be chosen in order

to accurately capture the effects of multiple scattering.

7.2 Theory

7.2.1 CMT Formalism

Denoting x as the propagation direction of the Bloch mode (see Fig. 7.1), Maxwell’s

equations can be reformulated as a Schrödinger-like equation in the frequency domain

[46] as

Aψ(ω) = −iB∂xψ(ω), (7.1)

with A,B, ψ are given by

A =


ωε−

1
ω
∇t × 1

µ0
∇t× 0

0 ωµ0 − 1
ω
∇t × 1

ε
∇t×


 , (7.2)

B =


 0 −x̂×

x̂× 0


 , ψ =


Et

Ht


 , (7.3)

where A,B are Hermitian operators that contain the curl and divergence operations,

ε = ε0ε where ε0 is the vacuum permittivity, ε is the relative dielectric permittivity

and ψ plays the similar role of a wavefunction composed of Et,Ht, which denote the

transverse components of the electromagnetic fields. This Schrödinger-like equation

allows us to use the language of operator theory to express our results elegantly

without being bogged down by tedious operations of multivariate calculus. Since
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PCWs possess discrete translational symmetry in x, ψ has the Bloch mode form

ψ(ω) = eikxϕ(x, ω), ϕ(x+ a) = ϕ(x), (7.4)

where ϕ = [Et Ht]
T and E ,H represent the periodic part of the Bloch mode at wavevec-

tor k. Using the Bloch mode form in Eq. (7.1) yields a generalized eigenvalue problem

(GEP):

Cϕk = kBϕk, C = A+ i∂xB. (7.5)

The operator C was shown to be Hermitian by Song et al. [47], but since B is not

positive-definite [48], one derives a generalized orthogonality condition as [19, 116]

〈ϕk, Bϕk′〉 = δk∗k′ x̂ ·
∫

(E ′∗t ×Ht + Et ×H
′∗
t ) · da, (7.6)

where k∗ denotes the complex conjugate and we abbreviate E ′∗t ≡ E∗tk′ , Et ≡ Etk (sim-

ilarly for H field). For k∗ = k′, we must have Re[k] = Re[k′], Im[k] = −Im[k′]. For a

TE-like (z-even) guided mode in a PCW, Im[k] = 0 (below the light-line), so one gets

〈ϕk, Bϕk〉 = 4Sx where Sx denotes the x-component of the time-averaged Poynting

vector. Therefore, the generalized orthogonality condition Eq. (7.6) measures the

power flow in the propagation direction. The key feature in Eq. (7.6) is da, which

is an infinitesimal area element of the transverse cross section of the PCW. While

this relation is well known for optical waveguides possessing continuous translational

symmetry [19], the fact that such a relation also holds in PCWs seems to have been

first noticed by Michaelis et al. [116] and has been in common use throughout PC

related literature [24, 47, 127]. It essentially states that despite the spatial variations

of the Bloch mode within the unit cell, the power flow through any transverse cross

section is constant. Lastly, the guided modes can be grouped into two disjoint half

spaces, U+ and U−, where ± represents the direction of power flow so U+ contains

all the forward travelling modes and vice versa for U−.

We now use this reformulation to tackle both spatially varying linear and nonlinear

perturbations in PCWs. Let the perturbation be denoted by ∆A(x), so we write the
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operator A as

A(x) = A(0) + ∆A(x), (7.7)

where A(0) denotes the unperturbed operator. We now restrict ourselves to purely

guided modes (k ∈ R), so we can express ψ as

ψ(x, ω) =
∑

m

c+
m(x, ωm)ψ+

m(ωm) + c−m(x, ωm)ψ−m(ωm), (7.8)

where c±m(x, ωm) are the expansion coefficients whose spatial evolution we desire, and

ψ±m are the unperturbed guided modes from both the half spaces U± respectively,

corresponding to eigenvalues k±m. We note that due to time reversal symmetry of

Maxwell’s equations, two counter-propagating modes although travelling in opposite

directions, must oscillate at the same frequency which we denote by ωm [7]. In the

optics literature, these expansion coefficients are often called slowly-varying mode en-

velopes. Inserting Eqs. (7.7),(7.8) along with the Bloch mode form of the unperturbed

modes ψ±m = eik
±
mxϕ±m into Eq. (7.5), we adapt the time-dependent perturbation tech-

nique from quantum mechanics [10] and use the orthogonality relation Eq. (7.6), to

derive the following set of coupled ordinary differential equations (ODEs) for the

mode envelopes c±n (x, ωn),

dc+
n

dx
=

i

‖ϕ+
n ‖2

∑

m

〈
ϕ+
n ,∆Aϕ

+
m

〉
ei(k

+
m−k+

n )xc+
m +

〈
ϕ+
n ,∆Aϕ

−
m

〉
ei(k

−
m−k+

n )xc−m, (7.9)

dc−n
dx

=
−i
‖ϕ−n ‖2

∑

m

〈
ϕ−n ,∆Aϕ

+
m

〉
ei(k

+
m−k−n )xc+

m +
〈
ϕ−n ,∆Aϕ

−
m

〉
ei(k

−
m−k−n )xc−m, (7.10)

where ‖·‖ denotes the norm of the wavefunction given by ‖ϕ+
n ‖2

= | 〈ϕ+
n , Bϕ

+
n 〉 | =

4|Sx|, and the inner products represent the coupling coefficients. The minus sign in

Eq. (7.10) arises due to the opposite direction of power flow of the backwards mode,

and since the magnitude of the power flow is the same in both directions, one has

‖ϕ+
n ‖ = ‖ϕ−n ‖. By using the relation between the Poynting vector and the group
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velocity [7], we can rewrite the norm as

∥∥ϕ±n
∥∥2

= ε0
2vg
a
UE, (7.11)

where vg denotes the magnitude of the group velocity at wavevector k±n and UE is a

measure of the electromagnetic energy stored in the Bloch mode given by [7]

UE =

∫

cell

ε(r)E∗ · E dr. (7.12)

Since radiative modes are not included in Eqs. (7.9), (7.10), the coupled ODEs satisfy

the power conservation law [117],

d

dx

(
|c+
n |2 − |c−n |2

)
= 0. (7.13)

The coupled system of ODEs above and its different representations have seen

widespread use in optics research. In terms of studying linear perturbations, they

were used as far back as the late 1970s to study radiation losses in optical waveguides

[19]; Johnson et al. used these equations to study low-loss photonic crystal fibers and

efficient taper transitions in PCs [48, 57]; and recently Song et al. [47] perturbatively

solved these equations to gain analytical insight into disorder-induced losses in PCWs.

For nonlinear perturbations, these equations, especially Eq. (7.9), are the starting

point for deriving the NLSEs used in nonlinear fiber optics [34].

7.2.2 Disorder and the Kerr effect

An electromagnetic perturbation can be represented as a change in the relative di-

electric permittivity, so that

ε(r) = ε(0)(r) + ∆ε(r), (7.14)

where ε(0) is the unperturbed relative dielectric permittivity and ∆ε represents the

perturbation which could be linear or nonlinear. In operator form, this is expressed
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as

∆A =


ω∆ε 0

0 1
ω
∇t × ∆ε

ε(0)ε
∇t×


 . (7.15)

Now using this in Eqs. (7.9), (7.10), we evaluate the inner products by performing an

integration by parts and using the Taylor approximation 1
ε

= 1
ε(0)− 1

(ε(0))2 ∆ε+O(∆ε2).

To first order in ∆ε, the integral expressions are given by

〈
ϕ±n ,∆Aϕ

±
m

〉
= ωnε0

∫
E±∗n ·∆εE±mda, (7.16)

〈
ϕ±n ,∆Aϕ

∓
m

〉
= ωnε0

∫
E±∗n ·∆εE∓mda, (7.17)

which are similar to the ones derived by Marcuse for uniform (i.e., non-PC) opti-

cal waveguides [19]. These simple expressions can be used to evaluate both linear

and nonlinear perturbations. We can generalize the above expressions to dielectric

perturbations that occur in high-index contrast structures such as PCWs using the

formalism provided by Johnson et al. [43, 55],

〈
ϕ±n ,∆Aϕ

±
m

〉
= ωn

∫
E±∗n ·P

[
E±m
]
da, (7.18)

〈
ϕ±n ,∆Aϕ

∓
m

〉
= ωn

∫
E±∗n ·P

[
E∓m
]
da, (7.19)

where P[E±m] now represents a polarization operator acting on the field E±m. Physi-

cally this represents the external polarization that arises due to a linear or nonlinear

dielectric perturbation.

We now consider the linear perturbation to be caused by fabrication disorder (or

indeed deliberate structural disorder) in PCWs which mainly couples the two counter-

propagating modes at ωn ≡ ω0 as shown in Fig. 7.1. Thus in Eqs. (7.9), (7.10), we

assume m = n, k+ = k, k− = −k and denote E±(ω0) as the forward and backward

modes with c±(x, ω0) as their mode envelopes. We shall use the weak-index contrast
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model to represent disorder as [22]

Pdis

[
E±m
]

= ε0∆εdisE±m, (7.20)

where ∆εdis represents the linear perturbation due to disorder and is a dimensionless

quantity. While other polarization models better suited to represent disorder in high-

index contrast structures have been introduced in previous works [43], they introduce

additional computational overhead in the numerical calculations. Patterson et al.

[24] have previously demonstrated that the weak-index contrast model can be used

to compute transmission spectra that includes the effects of multiple scattering and

is in excellent agreement with experiments. From our previous experience, other

polarization models are more relevant when dealing with disorder-induced resonance

shifts [92]. Therefore, the weak-index contrast model is a reasonable starting choice

to demonstrate our formalism.

For the nonlinear perturbation, we consider the Kerr effect at the frequency of

the counter-propagating beams ω0. In component form, the nonlinear operator can

be approximated as

P
(3)
i [E±(ω0)] ≈ ε0χ

(eff)±

ii (ω0)E±i (ω0), (7.21)

where the Einstein summation convention is implied, χ
(eff)±

ii is the effective suscepti-

bility tensor approximating the Kerr nonlinear response and is derived to be [45]

χ
(eff)+

ii = χ(3)
[
|c+|2

(
|E+|2 + 2|E+

i |2
)

+ 2|c−|2|E−|2 + 4e−i2kxc−c+∗E−i E+∗
i

+ ei2kxc+c−∗(E+
l E−∗l + 2E+

i E−∗i )
]
, (7.22)

χ
(eff)−

ii = χ(3)
[
|c−|2

(
|E−|2 + 2|E−i |2

)
+ 2|c+|2|E+|2 + 4ei2kxc+c−∗E+

i E−∗i
+ e−i2kxc−c+∗(E−l E+∗

l + 2E−i E+∗
i )
]
, (7.23)

where |E±|2 =
∑

i |E±i |2. In deriving the expressions above, we have made the fol-

lowing approximations: (i) since |χ(eff)±

ii | � |χ(eff)±

ij |, i 6= j, we consider only diagonal



7.2. THEORY 144

components of the effective susceptibility tensor; and (ii) since most nonlinear exper-

iments with PCWs operate far from the electronic resonances of the system [29, 30,

44], nonlinear electronic response of the material is assumed so we only need to con-

sider one tensor component of χ
(3)
ijkl because χ

(3)
xxyy = χ

(3)
xyxy = χ

(3)
xyyx = 1

3
χ

(3)
xxxx ≡ χ(3)

and the rest are zero [45].

We now use the linear and nonlinear polarization operations of Eqs. (7.20), (7.21)

in Eq. (7.9) and by choosing to normalize the mode energy to unity UE = 1, we derive

the ODE for c+(ω0):

dc+

dx
=−Qradc

+ + i
aω0

2vg

[
Q(+,+)c

+ +Q
|+|
(+,+)|c+|2c+ +

(
Q
|−|
(+,+) + 2Q

(+,−)
(+,−)

)
2|c−|2c+

+Q
(+,−)
(+,+)e

i2kxc−∗(c+)2 + e−i2kx
(
Q(+,−)c

− +Q
|−|
(+,−)|c−|2c−

+
(
Q
|+|
(+,−) + 2Q

(−,+)
(+,+)

)
2|c+|2c− +Q

(−,+)
(+,−)e

−i2kxc+∗(c−)2

)]
, (7.24)

where Qrad is an additional term introduced to account for the radiation loss due to

coupling with the continuum of the radiation modes. The coupling coefficients are
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grouped as follows (frequency dependence of the fields is kept implicit):

Multiple Scattering : Q(+,+)(x) = ω0

∫
∆εdisE+∗ · E+da,

Q(+,−)(x) = ω0

∫
∆εdisE+∗ · E−da,

Radiation Loss : Qrad = −N
2
〈αrad〉 ,

SPM : Q
|+|
(+,+)(x) = ω0

∫
χ(3)
[
|E+|4 + 2|E+

i |4
]
da,

XPM : Q
|−|
(+,+)(x) = ω0

∫
χ(3)|E−|2|E+|2da, Q(+,−)

(+,−)(x) = ω0

∫
χ(3)|E+

i |2|E−i |2da

XPE : Q
(+,−)
(+,+)(x) = ω0

∫
χ(3)(E+

l E−∗l + 2E+
i E−∗i )|E+

i |2da,

Q
|−|
(+,−)(x) = ω0

∫
χ(3)(|E−|2 + 2|E−i |2)E+∗

i E−i da, Q|+|(+,−)(x) = ω0

∫
χ(3)|E+|2E+∗

i E−i da,

Q
(−,+)
(+,+)(x) = ω0

∫
χ(3)E−i E+∗

i |E+
i |2da,

Q
(−,+)
(+,−)(x) = ω0

∫
χ(3)(E−l E+∗

l + 2E−i E+∗
i )E+∗

i E−i da, (7.25)

where |E+
i |4 =

∑
i |E+

i |4, |E+
i |2|E−i |2 =

∑
i |E+

i |2|E−i |2, 〈αrad(ω0)〉 ≥ 0, N is the number

of unit cells, and we assume that χ(3) is piecewise constant defined as non-zero in the

slab only and vanishing in the air holes. Technically speaking, to include coupling

to radiation modes in our Ansatz Eq. (7.8), we must include an integral term that

‘sums’ over the continuum of the radiation modes. Since it is reasonable to assume

that while power can be scattered from a guided mode into a radiation mode, the

reverse process is negligible (especially in the slow-light regime [24, 85]), so it suffices

to include the incoherent radiation loss per unit cell 〈αrad〉 [37]. For a more rigorous

derivation of this term including the expression for 〈αrad〉 using a Green function

formalism, see Patterson and Hughes [37]. We remark here that the radiation loss

term is included for completeness as its effect is trivial and not that important in

terms of studying the multiple scattering regime (so we treat it here with an average

Beer-Lambert law). We can obtain the corresponding equation for c− by flipping all

the signs in the coupling coefficients Eqs. (7.25) and multiplying the RHS of Eq. (7.24)
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by a negative sign.

The notation for the coupling coefficients Q
()
() that represent scattering is to be

interpreted as follows: the subscripts denote the two modes involved in the linear

perturbation so, for example, Q(+,+) denotes the linear coupling between the forward

mode and itself which only causes a phase shift, while Q(+,−) denotes the coupling

between the forward and backward modes responsible for multiple scattering; the

superscript is used when nonlinear coupling is involved and indicates the fields in-

volved. The coupling coefficients of Eq. (7.24) have been divided into four categories:

(i) disorder-induced multiple scattering terms, (ii) radiation loss term, (iii) SPM and

XPM terms carry their traditional meaning as they responsible for only the nonlin-

ear phase modulation of the envelopes (no power exchange), and (iv) cross-power

exchange (XPE) terms responsible for nonlinear power exchange.

Since the Kerr effect is a parametric process, nonlinear power transfer occurs only

if the phase matching condition is satisfied, ∆k ≈ 0; but with a large phase-mismatch

of 2k and LW1 � a where LW1 = Na denotes the PCW length, the nonlinear scat-

tering caused by the XPE terms is negligible relative to the effects of SPM and XPM.

Another explanation of this is to notice that all scattering terms contain prefactors

e±i2kx or e±i4kx which gives us considerable insight into the spatial scales involved in

power exchange. As a thought experiment, consider only the e±i2kx prefactor terms

and imagine that the coupling coefficients responsible for scattering are constant, then

power transfer should be cyclic with a spatial period of 2π/|k|. Since |kmax| = 2π/a,

for LW1 � Na, the scattering terms should be negligible. But since the scattering

terms are not constant due to Eqs. (7.16), (7.17) , we must consider the period of

the product of the coupling coefficient with the e±i2kx prefactor. It is clear that most

XPE terms have a period of a, hence the product of say e−i2kxQ|−|(+,−)(x) has period a

which again implies cyclic power transfer for LW1 � a. On the other hand, multiple

scattering terms are rapidly varying within the unit cell, and from unit cell to unit

cell since disorder is a stochastic process. This destroys the cyclic nature of the linear

power exchange and leads to the breakdown of the Beer-Lambert law.

We now neglect all XPE terms and follow the standard procedure to convert our
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coupled ODEs from the frequency domain to the time domain. We assume the narrow

bandwidth approximation ∆ω/ω0 � 1, which is valid for our work below. In taking

the relevant coupling coefficients from Eq. (7.25) to the time domain, we only keep

the zeroth order term ((ω − ω0)0) leaving the coupling coefficients unchanged. The

spatial derivative is converted to the time domain using the following rule [118],

d

dx
→ ∂x +

1

n!

∑

n≥1

βn(i∂t)
n, βn =

∂nk

∂nω

∣∣∣∣
ω=ω0

. (7.26)

The first two dispersion terms β1, β2 represent the group index and GVD, respectively.

Lastly, the transformation c±(x, ω) → c±(x, t) shifts the zero frequency line to the

centre frequency ω0. Hence, to second order dispersion, the coupled equations in the

time domain read

∂xc
+ + β1∂tc+ i

β2

2
∂2
t c

+ = −Qradc
+ + i

aω0

2vg

[
Q(+,+)c

+ + γ+
S |c+|2c+ + 2γ−X |c−|2c+

+ e−i2kxQ(+,−)c
−
]
, (7.27)

∂xc
− − β1∂tc

− − iβ2

2
∂2
t c
− = Qradc

− − iaω0

2vg

[
Q(−,−)c

− + γ−S |c−|2c− + 2γ+
X |c+|2c−

+ ei2kxQ(−,+)c
+
]
, (7.28)

where γ+
S =Q

|+|
(+,+), γ

−
X =Q

|−|
(+,+) + 2Q

(+,−)
(+,−), γ

−
S =Q

|−|
(−,−), γ

+
X =Q

|+|
(−,−) + 2Q

(−,+)
(−,+). These

equations are the main theoretical results, and model the effects of multiple scattering

on SPM and XPM in the presence of GVD in PCWs. We note that while the coupling

coefficients in Eqs. (7.27), (7.28) can be written in simpler form using the identity

E−i = E+∗
i which holds for counter-propagating modes, we have chosen to leave our

expressions in this form because they would also hold for co-propagating modes, given

the change in notation + → (1),− → (2) where E (1)/(2) would now denote the two

co-propagating modes. Since the equations are first order in x, we treat x as ‘time’

variable when numerically solving the system above and state the standard initial
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conditions unique to counter-propagating modes: c+(0, t) 6= 0, c−(L, t) = 0. Treating

t as the ‘space’ variable, we choose periodic boundary conditions, c(+)(x, t + T ) =

c+(x, t), as it minimizes nonphysical numerical reflections.

We remark that our choice of normalizing the field-energy to unity UE = 1, means

we are working in a non-SI unit system more suited to perturbation theory techniques.

Since the value of nonlinear susceptibility is usually quoted in SI units, which we

denote as χ
(3)
SI , it must be converted to the appropriate constant in our unit system.

Assuming a bulk nonlinear material, the refractive index n due to the Kerr effect has

the form

n = nL + nNL
SI ISI, (7.29)

where n, nL are the modified and linear refractive indices respectively (both dimen-

sionless) and nNL
SI , ISI are the values of the nonlinear refractive index and intensity

in SI units. The intensity in a bulk material is given by ISI = 2ε0cn
L|ESI|2 [45],

where ESI denotes the electric field in SI units. Denoting the nonlinear refractive

index in our unit system as nNL, the relationship between nNL and nNL
SI is given by

nNL
SI ISI = nNLI from which we deduce that nNL = nNL

SI |ESI|2/|E|2 = nNL
SI UE. Now

using Eq. (7.11), we arrive at

nNL =
nNL

SI n
LaP

2ε0c
, (7.30)

where P ≡ ‖ϕ‖2 is the incident peak power on the bulk material assuming max(|c+(0, t)|2) =

1. Now using the relations [45]

nNL
SI =

3χ
(3)
SI

4(nL)2ε0c
, nNL =

3χ(3)

4(nL)2ε0c
, (7.31)

where the values of ε0, c remain unchanged between the two unit systems since we are

only renormalizing the electric fields, we arrive at the conversion formula

χ(3) =
nLaP

2ε0c
χ

(3)
SI . (7.32)
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7.3 Comparison to Current Literature

Turning off nonlinearities, Eqs. (7.27), (7.28) reduce to the one used by Patterson and

Hughes [24] (albeit now in the time domain) to describe multiple scattering in PCWs.

Following the earlier work of Bhat and Sipe [53], the Kerr-effect in PCs scales as n2
g,

whereas in our equations, every term (linear or nonlinear including the radiation loss

term) scales with the same factor of ng. This is because we do not renormalize our

mode envelopes using C± = ‖ϕ±‖ c± which causes |C±|2 to have units of power and

introduces an additional factor of ng in the SPM/XPM terms. Recently, Colman has

performed a detailed comparison between using renormalized mode envelope C vs c

when numerically solving NLSEs and has shown that using the envelope c is more

suitable for nanostructured systems such as PCWs [118].

We briefly comment on the elegant perturbative approach introduced by Bhat

and Sipe [53] to study nonlinear pulse propagation in PCs, which also reformulates

Maxwell’s equations as a Schrödinger-type equation, but now in the time domain as

iN∂tΨ(r, t) =MΨ(r, t), (7.33)

where M,N are Hermitian operators and the pseudo-field Ψ is also related to the

electromagnetic fields. Assuming solutions of the form Ψ = Φ(r)e−iωt, the dynamical

equation above is converted to a generalized eigenvalue problem as

MΦω(r) = ωNΦω(r), (7.34)

where the eigenfunctions are all orthogonal because N is now positive definite. The

orthogonality relation is given by

〈Φω′ ,NΦω〉 = ε0

∫

cell

ε(r)E∗ω′ · Eωdr, (7.35)

which involves an integration over the unit cell. One then considers a time-dependent
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perturbation of the form

M =M(0) + ∆M(t), (7.36)

and follows a very similar procedure to the one shown in Sec. 7.2.1 to derive coupled

equations similar to Eq. (7.9); but now the equations are first order in time instead

of space. Bhat and Sipe then use k · p expansion which is equivalent to the narrow

bandwidth approximation to introduce spatial derivatives in their equations. Lastly,

due to the above orthogonality relation, their coupling coefficients naturally involve

an integration over the unit cell thereby assuming unit cell averaged quantities.

In the end, both approaches are perturbative and the choice between the two de-

pends on the specific functional form of the perturbation one wants to consider. In

general, an arbitrary perturbation of an operator will vary as a function of both space

and time ∆M(r, t); if one desires to treat the temporal response of ∆M(r, t) as accu-

rately as possible, then Bhat and Sipe’s approach is more accurate as it is naturally

first order in time. On the other hand, if one desires to include the spatial response of

∆M(r, t), in Bhat and Sipe’s approach, one is forced to do this perturbatively when

the k · p expansion is invoked. The exact opposite holds for our approach. Therefore,

our approach is naturally more suited to accurately capture the effect of multiple

scattering arising from manufacturing imperfections in PCWs which are mainly spa-

tial in nature.
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7.4 Numerical Scheme

The coupled mode equations (7.27), (7.28) are a special case of the following coupled

partial different equations (PDEs)





ux = (Au(t, x)ut)t +Bu(t, x)ut + Cu(t, x, u, v)u+Du(t, x, u, v)v

vx = (Av(t, x)vt)t +Bv(t, x)vt + Cv(t, x, u, v)v +Dv(t, x, u, v)u

u(t, 0) 6= 0, v(t, L) = 0

u(t+ T, x) = u(t, x), v(t+ T, x) = v(t, x) ∀x,

(7.37)

where Au/v, Bu/v, Cu/v, Du/v :R × R+→C are complex valued functions in general.

Moreover, in line with Eqs. (7.27), (7.28), we assume the nonlinear dependence of

coefficients Cu, Du, Cv, Dv on u, v to be semilinear. Denoting a vector valued function

w = [u v]T , Eq. (7.37) can be written in matrix form

wx = (A(t, x)wt)t + B(t, x)wt + C(t, x,w)w, (7.38)

where A,B are 2× 2 diagonal matrices and the 2× 2 matrix C contains all the

semilinear terms. We discretize the (t, x) grid as tj = j∆t, j = 0, 1, 2, . . . , Nt −
1, Nt, Nt + 1 and xn = n∆x, n = 0, 1, 2, . . . , Nx − 1, Nx, Nx + 1. We denote the

discrete approximation of w as w(tj, xn) = wn
j = [unj v

n
j ]T . Treating x as ‘time’,

traditionally the initial condition w0
j ∀j is assumed to be known but for the specific

initial conditions for counter-propagating modes, w0
j is only partially known since we

do not know c−(t, x = 0). Treating t as ‘space’, the periodic boundary condition is

expressed as wn
0 = wn

Nt+1 ∀n. We now use the finite-difference scheme introduced by

Chan and Shen [64], generalized to our semilinear PDE system as

wn+1
j −wn

j

∆x
=

1

∆t2

[
An+α
j+ 1

2

(
wn+α
j+1 −wn+α

j

)
−An+α

j− 1
2

(
wn+α
j −wn+α

j−1

)]

+ Bn+α
j

(
wn+α
j+1 −wn+α

j−1

2∆t

)
+ Cn+α

j wn+α
j . (7.39)



7.4. NUMERICAL SCHEME 152

For α ∈ [1
2
, 1], the scheme is implicit and Chan and Shen proved that the scheme

is unconditionally stable and satisfies the power conservation law Eq. (7.13) in the

absence of the radiation loss term. When α = 1
2
, this scheme is of Crank-Nicolson

type and for implementation convenience, we choose α = 1
2
. We now rearrange the

scheme above in the form of an update equation as:

m=1∑

m=−1

Qn+1
j+mwn+1

j+m =
m=1∑

m=1

Qn
j+mwn

j+m, (7.40)

where the coefficients Qn
j are 2× 2 matrices are given by

Qn+1
j−1 = − 1

∆t2
(An+1

j− 1
2

+ An
j− 1

2
) +

1

2∆t
(Bn+1

j + Bn
j )

Qn+1
j =

4I

∆x
+

1

∆t2
(An+1

j+ 1
2

+ An
j+ 1

2
+ An+1

j− 1
2

+ An
j− 1

2
)− (Cn+1

j + Cn
j )

Qn+1
j+1 = − 1

∆t2
(An+1

j+ 1
2

+ An
j+ 1

2
)− 1

2∆t
(Bn+1

j + Bn
j )

Qn
j−1 = −Qn+1

j−1

Qn
j =

4I

∆x
− 1

∆t2
(An+1

j+ 1
2

+ An
j+ 1

2
+ An+1

j− 1
2

+ An
j− 1

2
) + (Cn+1

j + Cn
j )

Qn
j+1 = −Qn+1

j+1 , (7.41)

where I is the identity matrix.

The update Eq. (7.40) can also be written in the following matrix form

Mn+1w
n+1 = Nnw

n, (7.42)

where Mn+1, Nn are mostly tridiagonal block matrices with each entry given by a

2×2 matrix. Only the first and last rows of these matrices are not tridiagonal since

they express the periodic boundary condition. The block vector wn is given by

wn := [wn
0 ,w

n
1 , . . . ,w

n
Nt ,w

n
Nt+1]T .
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If we know w0, we can iteratively solve for wNx+1 as

wNx+1 = M−1
Nx+1NNxM

−1
Nx

NNx−1 . . .M
−1
1 N0w

0

= P w0 =


P 11 P 12

P 21 P 22


w0, (7.43)

where we denote P as the transfer matrix and P ij denote its block submatrices. For

counter-propagating modes, we have to tackle the problem of knowing both w0, wNx+1

partially as we are specified the incoming waves at the opposite ends of the PCW.

Hence, we have unknowns on both sides of Eq. (7.43) so some rearrangement is

required. We illustrate this by a simple example letting our time and space grids

consists of three and two points respectively, so j = 0, 1, 2 and n = 0, 1. We can

now write down Eq. (7.43) in terms of all its elements and realize that because of

the initial conditions, we know the quantities corresponding to the incoming waves

[u0
0, v

1
0, u

0
1, v

1
1, u

0
2, v

1
2]T and we must solve for the outgoing waves [u1

0, v
0
0, u

1
1, v

0
1, u

1
2, v

0
2].

By rearranging Eq. (7.43) using this simple example, one gets




1 −P12 0 −P14 0 −P16

0 −P22 0 −P24 0 −P26

0 −P32 1 −P34 0 −P36

0 −P42 0 −P44 0 −P46

0 −P52 0 −P54 1 −P56

0 −P62 0 −P64 0 −P66







u1
0

v0
0

u1
1

v0
1

u1
2

v0
2




=




P11 0 P13 0 P15 0

P21 −1 P23 0 P25 0

P31 0 P33 0 P35 0

P41 0 P43 −1 P45 0

P51 0 P53 0 P55 0

P61 0 P63 0 P65 −1







u0
0

v1
0

u0
1

v1
1

u0
2

v1
2




.

(7.44)

Additionally, for periodic boundary conditions, we have u0
0 = u0

2, v
0
0 = v0

2 and u1
0 =

u1
2, v

1
0 = v1

2. Now assuming the matrix on the left hand side is invertible 1, one can

determine the outgoing counter-propagating waves at the opposite ends of the PCW.

There is a pattern in the matrices of Eq. (7.44) which can be easily generalized to

1The question of when this assumption fails needs to be examined mathematically and will be
addressed in future works.
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finer grids. Generally we can rewrite Eq. (7.44) as


u

Nx+1

v0


 = S


 u0

vNx+1


 , (7.45)

where in analogy with the TMM, we denote S as the scattering matrix.

We now remark on the unavoidable choice of using an implicit versus an explicit

finite-difference scheme. It is well known that explicit schemes are generally faster

because only straightforward matrix multiplication is involved which can be easily

multi-threaded. In our implicit scheme, we must perform both matrix inversions

and multiplications at each propagation step including the final step which is more

computationally expensive. But we argue that the choice of an implicit scheme is

unavoidable. To see this, we draw analogues with the well-known TMM and note

that the scattering matrix can be rewritten in terms of the transfer matrix as [128]

S =


P 11 − P 12P

−1
22 P 21 P 12P

−1
22

P−1
22 P 21 P−1

22


 , (7.46)

where P−1
22 denotes the inverse of the sub block matrix. Therefore, the existence of

S ultimately hinges on the non-singularity of P. For various explicit schemes given

in Refs. [64, 126], the resulting transfer matrix is always singular because one finds

that P 22 ∝ ∆x which makes P 22 singular as ∆x→ 0. We claim that this is a general

property of any explicit scheme as their representative transfer matrices are singular

and are meant only for matrix multiplication. This stands in direct contrast to any

implicit scheme because non-singularity is typically built into the scheme.

7.4.1 Method of Iterations

We now use the method of iterations to address the semilinear nature of the cou-

pled PDEs in Eq. (7.37) [126]. The idea is to start off with computing the linear

solution assuming w = 0 in the nonlinear coefficient C(x, t,w = 0) and use that so-

lution to iteratively compute a new solution w until convergence is obtained. To



7.4. NUMERICAL SCHEME 155

express this formally, denote w(s) as the solution at the sth iteration obtained by us-

ing C(t, x,w(s−1)), where w(0) is defined as the solution one obtains using C(t, x, 0).

To quantify the change in the solution from an iteration s to s+ 1, we use the finite-

difference norm defined as

‖∆‖ =
√

∆t∆x

[∑

j,n

∣∣∣
(
wn
j

)(s+1) −
(
wn
j

)(s)
∣∣∣
2
] 1

2

. (7.47)

As s → ∞, we expect ‖∆‖ → 0 as the solution converges. The rate of convergence

depends on the initial conditions and the magnitude of the coupling coefficients. which

in turn depends on the strength of disorder and nonlinearities.

7.4.2 Numerical Dispersion

Two of the main consequences when numerically solving Schrödinger-type equations

are numerical diffusion and dispersion. Numerical diffusion and dispersion refer to

the artificial broadening and higher order dispersive effects on the underlying wave-

form due to constructing a discrete approximation of Eq. (7.37). To quantify these

quantities for our scheme, we neglect disorder and nonlinearities in Eqs. (7.27), (7.28)

leaving us with a prototype PDE of the form

ux + β1ut + i
β2

2
utt = 0. (7.48)

Discretizing this PDE using the Crank-Nicolson scheme defined above in Eq. (7.39),

Dehghan [129] constructed an equivalent PDE to show that this scheme exhibits zero

numerical diffusion and that the third and fourth order numerical dispersion terms

are given by

βnum
3 = −sgn(β1)

(
|β1|∆t2 +

1

2
|β1|3∆x2

)
(7.49)

βnum
4 = −sgn(β2)6

(
|β2|

(
∆t2 + 3β2

1∆x2
))
,
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where sgn() denotes the sign function. These expressions are extremely useful if the

dispersion relation k(ω0) has the property sgn(β1) = sgn(β3) and sgn(β2) = sgn(β4),

for in this case the step-sizes can be cleverly chosen to simulate realistic higher order

dispersive effects. Unfortunately, this is not the case for a W1 PCW design but other

DE PCWs or photonic structures could have this property. In the case of the W1, one

has no choice but to choose small step-sizes so as to minimize the effect of numerical

dispersion. Additionally, one can transform Eqs. (7.27), (7.28) into normalized units

given by

x = x̃[Na], t = t̃

[
Na

vg

]
, β1 = β̃1

[
1

vg

]
, β2 = β̃2

[
Na

v2
g

]
, (7.50)

where x̃, t̃, β̃1 =±1, β̃2 are dimensionless quantities. The numerical dispersion using

these normalized variables is now lower so when numerically solving Eqs. (7.27), (7.28),

this transformation is applied.

We now show some numerical results to demonstrate our scheme’s dispersion char-

acteristics and the need for using a sub-unit cell spatial step-size ∆x̃ when modelling

disorder. We use a GaAs (ε = 10.0489) W1 PCW with the following structural pa-

rameters; a=480 nm, r=0.2a, h=0.333a, where a, r, h represent the pitch, hole radius

and slab thickness, respectively, and we fix the number of unit cells at N =101. For

initial conditions, we specify a forward propagating unchirped hyperbolic-secant pulse

at one end of the PCW with zero backward pulse at the other end given by

c+(0, t)= sech(t/T0), c−(LW1, t)=0, (7.51)

where T0 is a measure of the pulse width. As shown in Fig. 7.2, we choose an operating

frequency very close to the mode-edge with large first (group-index) and second-order

(GVD) dispersion parameters, β1 = 42.219, β2 =−56.770 ps2/mm. The pulse width

is fixed at T0 = 0.827 ps corresponding to a narrow bandwidth approximation of

∆ω/ω0 = 0.001.

Given the initial pulse width and step-sizes, the length scales for numerical third
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Figure 7.2: Bandstructure (left) and dispersion parameters (right) of the W1 PCW
near the mode-edge with the markers indicating the values considered in this work.

Figure 7.3: An unchirped hyperbolic-secant pulse propagating in the presence of large
values of the group index β1 = 42.219 and GVD β2 = −56.770 ps2/mm, respectively.
Due to the choice of a coarse grid size, numerical third and fourth order dispersion dis-
torts the temporal waveform while the frequency (power) spectra remains unchanged
in agreement with power conservation.
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and fourth order dispersion are given as Lnum
β3

= T 3
0 /β

num
3 , Lnum

β4
= T 4

0 /β
num
4 , respec-

tively. We first demonstrate the presence of numerical dispersion by neglecting disor-

der and SPM/XPM and choosing a coarse grid, ∆t̃=0.01 (0.068 ps), ∆x̃=0.1 (10.1[a]).

By 10.1[a], we mean the step-size corresponds to 10.1 unit cells. This coarse grid yields

the normalized length scales L̃num
β3

=0.348, L̃num
β4

=0.020 which are much smaller than

the PCW length (L̃W1 = 1). Numerical dispersion will temporally reshape the pulse

beyond the broadening expected from GVD which is shown in Fig. 7.3, where we also

show that the frequency/power spectrum is unaffected demonstrating that our scheme

is indeed norm-preserving and satisfies the discrete version of the power conservation

law Eq. (7.13) [117]. Thus, to avoid numerical dispersion, one should choose ∆t̃, ∆x̃

s.t. L̃num
β3
� 1, L̃num

β4
� 1.

7.5 Numerical Results

Now we illustrate the method of iterations by enabling SPM while still neglecting

disorder-induced scattering. The nonlinear susceptibility is chosen to approximate

a GaAs slab, χ
(3)
SI = 3× 10−19 m2/V2 [29]. The soliton number S is defined as

S2 = Lβ2/LγS
where LγS

was defined in Ref. [113] (section 6.3). We fix the inci-

dent peak power P to study the propagation of a fundamental soliton S ≈ 1 us-

ing a finer grid, ∆t̃= 0.005 (0.034 ps), ∆x̃ = 0.005 (0.505[a]) yielding length scales

L̃num
β3

= 47.265, L̃num
β4

= 6.062. As shown in Fig. 7.4, the soliton largely retains its

temporal and spectral shape at the end of the waveguide and the logarithmic de-

crease in the difference norm ‖∆‖ shows that the nonlinear solution has converged.

A very slight reshaping of the pulse is due to operating near the mode-edge where

dispersion is quite large.

We now combine the effects of first and second-order dispersion, disorder-induced

multiple scattering, and SPM/XPM. To model disorder, we fix the correlation length

at 0.083a [79], and to observe multiple scattering effects with 101 unit cells, we choose

the rms roughness σ = 0.017a. Since disorder is a stochastic process that varies

rapidly within the unit cell [79, 113], the spatial step-size ∆x must be chosen small
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Figure 7.4: A fundamental soliton (S ≈ 1, unchirped hyperbolic secant-pulse) near
the mode-edge propagating in a PCW using a fine grid which minimizes numerical
dispersion. The logarithmic decrease of the difference norm demonstrates convergence
of the solution using the method of iterations. The line going through the markers is
a guide to the eye.

enough to accurately capture multiple scattering effects. Otherwise, this scheme tends

to overestimate the amount of disorder as shown in Fig. 7.5 where we choose two values

for ∆x̃ while keeping ∆t̃=0.005 (0.034 ps) fixed. For ∆x̃=0.005(0.505[a]), which cor-

responds to roughly 2 points per unit cell on the spatial grid, the ‘numerical’ disorder

is large as there is very little transmission along with a large backreflection. Because

the transmission is negligible, the difference norm oscillates (around ‖∆‖ ≈ 0.2) as the

number of iterations increases. By decreasing the step-size to ∆x̃=0.0008 (0.0808[a]),

which corresponds to roughly 12 points per unit-cell, we see that the difference norm
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Figure 7.5: A fundamental soliton (S ≈ 1, unchirped hyperbolic secant-pulse) prop-
agating in the presence of disorder-induced multiple scattering between the forward
(blue) and backward (deep-pink) modes for two different spatial step-sizes and a
fixed rms roughness of σ = 0.017a. (Left) A large step-size (∆x̃= 0.005 (0.505[a]))
introduces ‘numerical’ disorder which increases backreflection and decreases trans-
mission and causing oscillations in the difference norm. (Right) Since multiple scat-
tering is a sub-unit cell phenomena, the step-size must be chosen small enough
(∆x̃=0.0008 (0.0808[a])) to accurately capture the effect of multiple scattering.

converges and the transmission is enhanced. For ∆x̃ < 0.0008 (0.0808[a]), we have

verified that the change in the transmission profile is negligible. Therefore, in agree-

ment with previous works [37], we have shown that a sub-unit cell spatial step-size is

crucial in accurately capturing the effects of multiple scattering on optical nonlinear

effects. The precise value for ∆x̃ depends on the disorder parameters, namely the

rms roughness but as a rule of thumb, we have found that choosing ∆x̃ s.t. there are

at least 10-20 points per unit cell is a good starting point.
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7.6 Conclusions

We have provided the analytical and numerical details of our recently developed CMT

formalism used to combine disorder-induced multiple scattering with the nonlinear

Kerr-effect. One can extend this formalism to include other nonlinear effect such as

3PA, FCD, self-steepening, etc. and our estimates of the numerical dispersion allow

one to choose reasonable step-sizes. Our numerical results also reinforce the notion

that multiple scattering is inherently a sub-unit cell phenomena which can only be

accurately captured using a transverse orthogonality relation Eq. (7.6) and a sub-unit

cell spatial step-size.
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Chapter 8

Conclusions and Suggestions for Future Work

8.1 Summary

In this thesis, we have refined, improved and developed models for assessing the im-

pact of disorder-induced light scattering on various effects such as propagation losses,

modal resonance shifts and soliton pulse propagation. We have also demonstrated the

validity of these models by achieving good qualitative agreement with experiments.

Most importantly, we have addressed one of the major shortcomings of existing mod-

els by developing a new model that uses the coupled mode theory (CMT) formalism

to combine disorder-induced multiple scattering with a wide range of optical nonlin-

ear effects. Lastly, we have also developed a numerically stable finite differences (FD)

scheme to solve the resulting nonlinear partial differential equations (PDEs) which

have wide applicability beyond the realm of nanophotonics.

In chapter 2, we started off by providing three reformulations of Maxwell’s equa-

tions that form a basis for the results shown in the following chapters. The emphasis

here was to highlight and encourage the use of operator theory to recast Maxwell’s

equations in various abstract forms and then use the theorems of functional analysis

to arrive at the desired result. We derived an expression for the optical Kerr effect for

two counter-propagating beams, taking into account the tensor nature of the third-

order susceptibility tensor. We then provided various examples of Photonic Crystals

(PCs), their bandstructures and modes including the Photonic Crystal Waveguide

(PCW), the structure considered in the rest of the chapters. We also outlined the
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common perturbation techniques used in the upcoming chapters and we concluded

with an overview on the numerical methods used in this thesis.

Both chapter 3 and chapter 4 were used to highlight the under appreciated role of

Bloch modes in determining disorder-induced losses. By using dispersion engineered

(DE) PCWs (i.e., not just a simple W1 design), where it was demonstrated that

lowering the field intensity around the imperfection regions lowers scattering losses.

Our numerical results were shown to be in good agreement with experiments. In

chapter 4, we again used the same DE PCWs to highlight the role of correlation length

on backscattering losses. We clarified some misunderstandings caused by previous

works which suggested that a much longer correlation length should be used when

modelling experiments. By studying backscattering losses as a function of correlation

length and frequency for various PCW designs, our findings demonstrated that the

typical value we have used for correlation length, roughly 40 nm given a pitch of

480 nm, is indeed experimentally relevant.

In chapter 5, we introduced a model that demonstrated the importance of includ-

ing local field effects at hole boundaries when calculating disorder-induced first-order

frequency (resonance) shifts in the eigenfrequencies of the PCW modes. Using a

Monte Carlo approach, the resonance shifts were used to compute an ensemble aver-

aged density of states (DOS) for various values of deliberate disorder and our results

were found to be in good qualitative agreement with recent experiments. Our ap-

proach was shown to be highly efficient as we compared it to a resource intensive

approach of computing a numerically exact local-density of states (LDOS) for dif-

ferent instances of disorder. Lastly an example of a disorder-induced localized mode

was also shown to improve our understanding of what happens to guided modes near

the mode-edge in the presence of disorder. These results have since been verified by

a nonperturbative Bloch mode expansion approach recently developed in our group

[130].

In chapter 6, we studied soliton pulse propagation in the presence of disorder-

induced multiple scattering and anomalous group velocity dispersion (GVD) in PCWs

represented by numerically solving coupled nonlinear PDE of counter-propagating
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modes. Our model rigorously accounted for multiple scattering between counter-

propagating modes by using coupling coefficients that vary on a spatial scale much

smaller than a unit cell; resolving a major shortcoming of current models used in

literature. In line with our previous works, our numerical results clearly showed

that the effects of multiple scattering in the slow-light regime are not negligible by

reproducing sharp spectral peaks in the broadened spectra of solitons observed in past

experiments [30]; We also provided an intuitive definition of the characteristic length

scales of each effect including the multiple scattering length-scale, which quantifies

the spatial localization of a disorder-induced cavity modes.

In chapter 7, we provided the complete details of our model used in the previous

chapter. Using the time-dependent perturbation technique shown in section 2.4 and

the optical Kerr effect discussed in section 2.2, we derived two coupled nonlinear PDEs

that model the effects of multiple scattering, self-phase modulation (SPM) and cross-

phase modulation (XPM) between two counter-propagating modes.1 To numerically

solve the resulting nonlinear system given its non-standard initial conditions, we

developed an implicit FD scheme which is unconditionally stable and characterized

its numerical dispersion characteristics and showed how to choose reasonable step-

sizes.

8.2 Future Work

A central theme of this thesis has been that multiple scattering effects must be taken

into account along with other physical effects when attempting to exploit the slow-

light region in PCWs. Since chapters 6 and 7 present the most accurate model that

is extensible to a wide variety of linear and nonlinear effects, we suggest some future

applications and extensions of this model below.

As an application in the nonlinear regime, the first thing one can do is to use

the model to study soliton propagation in DE PCWs and one should find, in line

with our previous works, that indeed the role of multiple scattering is reduced in

1The coupled nonlinear PDEs are semilinear to be mathematically correct.
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the DE designs. One should also be able to deduce this by comparing the various

length scales associated with each effect between different PCW designs. One can

also consider a more refined disorder model by introducing local field effects in the

polarization operator (see chapter 5). Inspired by the theoretical and experimental

works of Chen et al. [131] and Ek et al. [132], respectively, we can extend our model

to study active media such as amplifiers and lasers by considering an active region

within the PCW that exhibits either material gain or absorption and study the impact

of multiple scattering on these effects which are non-trivial as recently demonstrated

experimentally by Xue et al. [120].

One can also study photon localization by introducing regions with varying degrees

of disorder. The link between the multiple-scattering length scale and the Anderson

localization length ξ defined as E [ln(T )] = −LW1/ξ, where T denotes the trans-

mission is an open one that can be addressed in future works. Further addressing

the important fundamental question of Anderson localization in PCWs, we firmly

believe that since our PCW system is essentially one-dimensional due to the power-

orthogonality relation Eq. (6.2), all states become localized given a finite amount of

disorder. Hence, in a realistic PCW, there are no pure extended states (consult La-

gendijk et al. [133] for an overview) in agreement with the findings of Gertsenshtein

and Vasil’ev [134] and Abrahams [135]. So in a PCW, perhaps one does not expect

to observe the still elusive critical metal-insulator transition (MIT) as envisaged by

Anderson and later John [11] in electronic and photonic crystals. Thus, previous

theoretical works by Savona [103] and Mazoyer et al. [136] have likely correctly inter-

preted the transmission caused by some of these localized states in disordered PCWs

as necklace states.

However, an important assumption of uncorrelated disorder along the propagation

direction is inherent to all the conclusions above, i.e. corr(βMS(x), βMS(x′)) ≈ 0. To

the best of our knowledge, all disorder models (including ours) in PCW literature

assume uncorrelated inter-hole disorder, hence the assumption of uncorrelated dis-

order remains true in our case. But there is a body of theoretical work showing the

existence of a MIT transition in the presence of long-range disorder correlations in
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1D electronic systems, see Mirlin et al. [137], Izrailev and Krokhin [138], and Yamada

[139] for details. If the assumption of uncorrelated inter-hole disorder can be relaxed,

our CMT formalism provides an excellent theoretical tool for investigating the effect

of introducing deliberate long-range disorder correlations in PCWs especially in the

presence of nonlinearities.

The recent experimental results of Husko et al. [124] and Martin et al. [140],

show that there is still a great deal of experimental interest in examining nonlinear

interactions in PCWs. To increase the experimental relevance our model, higher-

order nonlinear effects that can be added to our model are: two-photon absorption

(2PA), three-photon absorption (3PA), free-carrier dispersion (FCD), self-steepening

and parametric conversion (see supplementary information of Ref. [39] for hints on

how to define nonlinear polarization operators for some of these effects). While most

of these effects are readily implemented using the numerical scheme discussed in

chapter 7, to study the effect of multiple-scattering on four-wave mixing (FWM), the

scheme must be extended to solve a system of six nonlinear coupled PDEs (two each

for signal, idler and pump pulses). As a starting point, see the work of Chen et al.

[141] who consider FWM in PCWs but without multiple-scattering and by neglecting

the vectorial nature of the Bloch modes. Lastly, using our numerical scheme, we are

now in a position to study counter-propagating solitons injected from opposite ends of

the PCW. While coherent collisions between counter-propagating solitons have been

studied previously yielding counter intuitive behaviour such as mutual self-trapping

and the rise of spatiotemporal instabilities (see Cohen et al. [142] and Petrović et al.

[143] for an introduction), the impact of multiple scattering on these rich physical

effects remains relatively unknown.
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De Rossi, “Efficient second harmonic generation in nanophotonic waveguides
for optical signal processing”, en, Appl. Phys. Lett. 102, 151114 (2013).

http://dx.doi.org/10.1103/PhysRevE.64.056604
http://dx.doi.org/10.1103/PhysRevE.65.066611
http://dx.doi.org/10.1364/OE.8.000173
http://dx.doi.org/10.1109/TAP.1966.1138693
http://dx.doi.org/10.1109/TAP.1966.1138693
http://dx.doi.org/10.1007/0-387-26160-5_3
http://dx.doi.org/10.1007/0-387-26160-5_5
http://dx.doi.org/10.1137/0724025
http://dx.doi.org/10.1137/0724025
http://dx.doi.org/10.1364/OL.38.004244
http://dx.doi.org/10.1103/PhysRevB.75.205437
http://dx.doi.org/10.1063/1.4802790


BIBLIOGRAPHY 172

[68] J. Li, L. O’Faolain, and T. F. Krauss, “Four-wave mixing in slow light photonic
crystal waveguides with very high group index”, Opt. Express 20, 17474 (2012).

[69] E. Kuramochi, M. Notomi, and S. Hughes, “Disorder-induced scattering loss
of line-defect waveguides in photonic crystal slabs”, Phys. Rev. B 72, 161318
(2005).

[70] L. O’Faolain, T. P. White, D. O’Brien, X. Yuan, M. D. Settle, and T. F.
Krauss, “Dependence of extrinsic loss on group velocity in photonic crystal
waveguides”, Opt. Express 15, 13129 (2007).

[71] A. Parini, P. Hamel, A. De Rossi, S. Combrie, N.-V.-Q. Tran, Y. Gottesman, R.
Gabet, A. Talneau, Y. Jaouen, and G. Vadala, “Time-Wavelength Reflectance
Maps of Photonic Crystal Waveguides: A New View on Disorder-Induced Scat-
tering”, J. Light. Technol. 26, 3794 (2008).

[72] J. Li, T. P. White, L. O’Faolain, A. Gomez-Iglesias, and T. F. Krauss, “Sys-
tematic design of flat band slow light in photonic crystal waveguides”, Opt.
Express 16, 6227 (2008).

[73] Q. V. Tran, S. Combrié, P. Colman, and A. De Rossi, “Photonic crystal mem-
brane waveguides with low insertion losses”, en, Appl. Phys. Lett. 95, 061105
(2009).
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Appendix A

Additional Theory Details

A.1 Derivations for the Schrödinger’s Reformulation of Maxwell’s Equa-

tions

Our starting point are the Maxwell’s equations written in the frequency domain as

follows, (assuming PNL = 0),

∇ · H̃ = 0, (A.1a)

∇ · εẼ = 0, (A.1b)

∇× Ẽ = iωµ0H̃, (A.1c)

∇× H̃ = −iωεẼ, (A.1d)

where Ẽ(ω) indicates that this is an active transformation (see Shankar [10]) of the

vector E(t). We will now drop the tilde superscript as we work exclusively in the fre-

quency domain. We use a Cartesian basis to express the components of the fields, i.e.

E = Exx̂+Eyŷ+Ezẑ. In terms of Photonic Crystal Waveguides (PCWs), we denote x̂

as the waveguide direction. Plugging in the component form into Eqs. (A.1a), (A.1b),

the divergence equations become

∇t ·Ht = −∂xHx, (A.2a)

∇t · εEt = −∂xεEx, (A.2b)
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where ∇t := ŷ∂y + ẑ∂z. Writing out Eq. (A.1c) in component form

(∂yEz − ∂zEy)x̂ + (∂zEx − ∂xEz)ŷ + (∂xEy − ∂yEx)ẑ = iωµ0(Hxx̂ +Hyŷ +Hzẑ).

(A.3)

Operating with x̂· on both sides of Eq. (A.3) gives

(∂yEz − ∂zEy)x̂ = iωµ0Hxx̂, (A.4)

x̂ · (∇t × Et) = iωµ0Hx, (A.5)

where Et := Eyŷ + Ezẑ. Now operating with x̂× on both sides of Eq. (A.3) gives

(∂zEx − ∂xEz)(x̂× ŷ) + (∂xEy − ∂yEx)(x̂× ẑ) = iωµ0(Hy(x̂× ŷ) +Hz(x̂× ẑ)),

(∂zEx − ∂xEz)ẑ− (∂xEy − ∂yEx)ŷ = iωµ0x̂×Ht,

∇tEx − ∂xEt = iωµ0x̂×Ht. (A.6)

One has a similar derivation for the H field. In component form, Maxwell’s curl

equations are written as [9, p. 357]

x̂ · (∇t × Et) = iωµ0Hx, (A.7a)

∇tEx − ∂xEt = iωµ0x̂×Ht, (A.7b)

x̂ · (∇t ×Ht) = −iωεEx, (A.7c)

∇tHx − ∂xHt = −iωεx̂× Et. (A.7d)

From Eq. (A.7c), one has

Ex = x̂ ·
(
i

ωε
(∇t ×Ht)

)
,

and inserting this into Eq. (A.7b), one gets

i

ω
∇t


 x̂︸︷︷︸

a

·
(

1

ε
(∇t ×Ht)

)

︸ ︷︷ ︸
b


− ∂xEt = iωµ0x̂×Ht. (A.8)
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We now focus on the first term and use the identity

∇(a · b) = (a · ∇)b + (b · ∇)a + a× (∇× b) + b× (∇× a), (A.9)

to arrive at

∇t

(
x̂ ·
(

1

ε
(∇t ×Ht)

))
= (x̂ · ∇t)︸ ︷︷ ︸

0

(
1

ε
(∇t ×Ht)

)
+

1

ε
(∇t ×Ht) · ∇tx̂︸︷︷︸

0

+ x̂×
(
∇t ×

(
1

ε
(∇t ×Ht)

))

+

((
1

ε
(∇t ×Ht)

))
× (∇t × x̂)︸ ︷︷ ︸

0

∴ ∇t

(
x̂ ·
(

1

ε
(∇t ×Ht)

))
= x̂×

(
∇t ×

(
1

ε
(∇t ×Ht)

))
. (A.10)

Inserting this back into Eq. (A.8) and operating with x̂× along with the identity

a× (b× c) = (a · c)b− (a · b)c, we get

i

ω
x̂× x̂×

(
∇t ×

(
1

ε
(∇t ×Ht)

))
− x̂× ∂xEt = iωµ0x̂× x̂×Ht

i

ω

[
x̂ ·
(
∇t ×

(
1

ε
(∇t ×Ht)

))]

︸ ︷︷ ︸
0

x̂− i

ω

[
(x̂ · x̂)

(
∇t ×

(
1

ε
(∇t ×Ht)

))]
− x̂× ∂xEt

= iωµ0 [x̂ ·Ht]︸ ︷︷ ︸
0

x̂− iωµ0 (x̂ · x̂) Ht

[
iωµ0 −

i

ω
∇t ×

1

ε
∇t×

]
Ht = x̂× ∂xEt

∴

[
ωµ0 −

1

ω
∇t ×

1

ε
∇t×

]
Ht = −i∂xx̂× Et. (A.11)

This is the equation for the H field. Now for the E field, from Eq. (A.7a) we have

Hx = −i
ω

x̂ ·
(

1
µ0

(∇t × Et)
)
, which when inserted into Eq. (A.7d) becomes

−i
ω
∇t

(
x̂ ·
(

1

µ0

(∇t × Et)

))
− ∂xHt = −iωεx̂× Et. (A.12)
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Then the same analysis using the two vector identities given above can be carried

out but we use Eq. (A.11) to our advantage and construct the answer by using the

following replacements, ω → −ω, µ0 � ε, Et � Ht

∴

[
−ωε+

1

ω
∇t ×

1

µ0

∇t×
]

Et = −i∂xx̂×Ht. (A.13)

We now put Eqs. (A.11),(A.12) in matrix form


−ωε+ 1

ω
∇t × 1

µ0
∇t× 0

0 ωµ0 − 1
ω
∇t × 1

ε
∇t×




Et

Ht


 = −i∂x


 0 x̂×

x̂× 0




Et

Ht


 ,

∴


ωε−

1
ω
∇t × 1

µ0
∇t× 0

0 ωµ0 − 1
ω
∇t × 1

ε
∇t×




︸ ︷︷ ︸
A


Et

Ht




︸ ︷︷ ︸
ψ

= −i∂x


 0 −x̂×

x̂× 0




︸ ︷︷ ︸
B


Et

Ht


 ,

(A.14)

where A, B are linear operators acting on the wavefunction ψ which denotes the

pseudo field. Therefore, we have the following Schrödinger type reformulation of

Maxwell’s equations

Aψ = −i∂xBψ. (A.15)

To our knowledge, this reformulation was first suggested by Johnson et al. [46] when

studying loss in photonic crystal fibers. In Cartesian components, the operator B is

given by [55] 


0 0 0 1

0 0 −1 0

0 −1 0 0

1 0 0 0



, (A.16)

so one can see that this matrix is not positive-definite. This reformulation is par-

ticularly suited to waveguides because denoting x as the propagation direction, the

spatial evolution of ψ down the waveguide is made explicit in Eq. (A.15). Second,

the operator representation is basis agnostic, i.e. it does not matter which coordinate
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system is used for the transverse directions. Third, the operators being linear, one

can use the language of functional analysis to draw general conclusions.

A.1.1 Inner Product in terms of fields

Here we provide the derivation linking the inner product 〈φk′ , Bφk〉 where φk satisfies

the generalized eigenvalue problem (GEP) Aφk = kBφk, to the time-averaged power

flow in the propagation direction. Recall that we wrote φk, φk′ are written in terms

of the electromagnetic (EM) fields as

φk =


Et
Ht


 , φk′ =


E

′
t

H′t


 . (A.17)

We now evaluate the inner product using Eq.(A.16) as follows

〈φk′ , Bφk〉 =

∫
φ∗k′Bφkdydz

=

∫ [
E ′∗t H′∗t

]

 0 −x̂×

x̂× 0




Et(y, z)
Ht(y, z)




=

∫ [
E ′∗y E ′∗z H′∗y H′∗z

]




0 0 0 1

0 0 −1 0

0 −1 0 0

1 0 0 0







Ey
Ez
Hy

Hz




=

∫

E

′∗
y Hz − E

′∗
z Hy︸ ︷︷ ︸

x̂·(E ′∗t ×Ht)

−H′∗y Ez +H′∗z Ey︸ ︷︷ ︸
x̂·(Et×H′∗t )




∴ 〈φk′ , Bφk〉 = x̂ ·
∫

(E ′∗t ×Ht + Et ×H
′∗
t ) · da, (A.18)

where da denotes the infinitesimal area element in the transverse direction. To see

the physical meaning of this expression, we remark that the time averaged power flow

for a monochromatic wave is given by the time averaged Poynting vector, denoted by
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S

S :=
1

4
[E∗ ×H + E×H∗] =

1

2
Re[E×H∗]. (A.19)

So for k
′∗ = k, we must have Re[k′] = Re[k] and we see that

〈φk, Bφk〉 = 4Sx, (A.20)

where Sx denotes the x̂ component of the power flow.

A.1.2 Bloch mode form for discrete translational symmetry

Recall the discrete translation operator TNa is defined as

TNaψ := ψ(x−Na), N ∈ Z, (A.21)

where a is the lattice constant. Using the same derivation as Eq. (2.25), one shows

that [TNa, A] = 0 so one is guaranteed the existence of a common eigenbasis. However,

the eigenpair of TNa (e−ikNa, eikx) is now degenerate. Consider the change of variable

k → k +M 2π
a
M ∈ Z. The eigenpair becomes

(e−i(k+M 2π
a

)Na, ei(k+M 2π
a

)x) = (e−i2πMNe−ikNa, ei(k+M 2π
a

)x) = (e−ikNa, ei(k+M 2π
a

)x).

(A.22)

Hence when constructing ψ using the eigenfunctions of TNa, we must take a super-

position of these degenerate eigenfunctions. We now assume ψ to have the form

ψ(x, y, z) =
∑

M

ck+M 2π
a

(y, z)ei(k+M 2π
a

)xφ(y, z)

= eikx
∑

M

ck+M 2π
a

(y, z)eiM
2π
a
xφ(y, z) = eikxϕ(x, y, z), (A.23)

where ck+M 2π
a

(y, z) are the expansion coefficients and

ϕ(x, y, z) :=
∑

M

ck+M 2π
a

(y, z)eiM
2π
a
xφ(y, z), (A.24)
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which by definition is periodic ϕ(x−Na, y, z) = ϕ(x, y, z).

Since ϕ is periodic, we can restrict the spatial domain to x ∈ [0, a). Similarly,

one also expects the spectral domain to be restricted to the first Brillouin Zone (BZ),

Re[k] ∈ [π
a
, π
a
). To see this consider the change of variable k → k +M ′ 2π

a
, M ′ ∈ Z in

Eq. (A.23),

ψ(x, y, z) =
∑

M

ck+M ′ 2π
a

+M 2π
a

(y, z)ei(k+M ′ 2π
a

+M 2π
a

)xφ(y, z)

= eikx
∑

M

ck+(M+M ′) 2π
a

(y, z)ei((M+M ′) 2π
a

)xφ(y, z)

= eikx
∑

N−M ′
ck+N 2π

a
(y, z)eiN

2π
a
xφ(y, z)

= eikx
∑

N

ck+N 2π
a

(y, z)eiN
2π
a
xφ(y, z) = eikxϕk(x, y, z), (A.25)

where we defined M+M ′ = N and note that shifting the sum index by an integer M ′

does nothing to the result of the summation. Hence we see that if
∣∣Re[k]−Re[k′]

∣∣ =

M 2π
a
,∀k, k′, then the two wavevectors k, k′ are equivalent having the same Bloch

mode ψ. Hence we can restrict ourselves to the first BZ Re[k] ∈ [π
a
, π
a
).

A.2 Tensor Nature of Third Order Susceptibility

We now generalize the results of subsection 2.2.1 which treated the third order suscep-

tibility as a scalar constant by dealing with the full tensor nature of the susceptibility

tensor. We start of with the same examples, namely that of a single beam and two

counter-propagating beams.

A.2.1 Single Beam

Let us assume a single beam at ω0. Then exploiting conditional intrinsic permutation

symmetry one has

χ
(3)
ijkl(ω0;ω0, ω0,−ω0) = χ

(3)
ikjl(ω0;ω0, ω0,−ω0) 6= χ

(3)
iklj(ω0;ω0, ω0,−ω0). (A.26)
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With (ijkl) = (xxyy),the above equation states

χ(3)
xxyy(ω0;ω0, ω0,−ω0) = χ(3)

xyxy(ω0;ω0, ω0,−ω0) 6= χ(3)
xyyx(ω0;ω0, ω0,−ω0). (A.27)

So the tensor susceptibility for an isotropic or cubic material (Eq. (2.57)) in the case

of only a single beam, reduces to

χ
(3)
ijkl(ω0;ω0, ω0,−ω0) = χ(3)

xxyy(ω0;ω0, ω0,−ω0) (δijδkl + δikδkl)

+ χ(3)
xyyx(ω0;ω0, ω0,−ω0)δilδjk. (A.28)

The ith component of the polarization P
(3)
i (ω0) can be generalized using Eq. (2.58).

It is given by,

P
(3)
i (ω0) = ε03χ

(3)
ijkl(ω0;ω0, ω0,−ω0)EjEkE

∗
l , (A.29)

where we now use Eq. (A.28) to rewrite the above equation in terms of two indepen-

dent tensor components as

P
(3)
i (ω0) = ε03

[
2χ(3)

xxyy(ω0;ω0, ω0,−ω0)EiEjE
∗
j + χ(3)

xyyx(ω0;ω0, ω0,−ω0)EjEjE
∗
i

]
,

(A.30)

where we see that only one index j is involved in the sum. This implies that we

should be able to find an effective susceptibility tensor χ
(eff)
ij so we now manipulate

the above equation

P
(3)
i (ω0) = ε03[2χ(3)

xxyy(ω0;ω0, ω0,−ω0)EiEjE
∗
j + χ(3)

xyyx(ω0;ω0, ω0,−ω0)EjEjE
∗
i

− χ(3)
xyyx(ω0;ω0, ω0,−ω0)EiEjE

∗
j + χ(3)

xyyx(ω0;ω0, ω0,−ω0)EiEjE
∗
j ]

= ε03[(2χ(3)
xxyy − χ(3)

xyyx)EiEjE
∗
j + χ(3)

xyyx(EjEjE
∗
i + EiEjE

∗
j )]

= ε03[(2χ(3)
xxyy − χ(3)

xyyx)EiEjE
∗
j + χ(3)

xyyx(EiE
∗
j + EjE

∗
i )Ej]

= χ
(eff)
ij Ej, (A.31)
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where χ
(eff)
ij is expressed as Boyd [45, p. 216]

χ
(eff)
ij (ω0) = ε03

[
(2χ(3)

xxyy − χ(3)
xyyx)EkE

∗
kδij + χ(3)

xyyx(EiE
∗
j + EjE

∗
i )
]
. (A.32)

In going from Eq. (A.30) to Eq. (A.32), there is a mathematical trick involved and this

shall also be exploited below. Therefore with this effective tensor, we can construct

a linear approximation to our third order nonlinear polarization. The diagonal terms

of this tensor represent self-phase modulation (SPM) while the off diagonal terms

represent degenerate four-wave mixing (FWM) [34], hence when considering SPM

only, the off diagonal terms are neglected.

A.2.2 Counter-Propagating Beams at the same frequency

We now extend the single beam case above to two counter-propagating beams at the

same frequency ω0. Using Table 2.2, we can write P
(3)
i (ω0) in its full tensor form

P
(3)
i = ε03χijkl(ω0;ω+

0 , ω
+
0 ,−ω+

0 )E+
j E

+
k E

+∗
l + ε06χijkl(ω0;ω+

0 , ω
−
0 ,−ω−0 )E+

j E
−
k E

−∗
l

+ ε03χijkl(ω0;ω−0 , ω
−
0 ,−ω−0 )E−j E

−
k E

−∗
l + ε06χijkl(ω0;ω−0 , ω

+
0 ,−ω+

0 )E−j E
+
k E

+∗
l

+ ε03χijkl(ω0;ω+
0 , ω

+
0 ,−ω−0 )E+

j E
+
k E

−∗
l + ε03χijkl(ω0;ω−0 , ω

−
0 ,−ω+

0 )E−j E
−
k E

+∗
l ,

(A.33)

which is a generalization of the scalar case Eq. (2.63) and we use ± to denote the

different directions of the two beams.

Exploiting conditional intrinsic permutation symmetry and using (ijkl) = (xxyy),

one gets

χ(3)
xxyy(ω0;ω±0 , ω

±
0 ,−ω±0 ) = χ(3)

xyxy(ω0;ω±0 , ω
±
0 ,−ω±0 ) 6= χ(3)

xyyx(ω0;ω±0 , ω
±
0 ,−ω±0 )

χ(3)
xyxy(ω0;ω±0 , ω

±
0 ,−ω∓0 ) = χ(3)

xyxy(ω0;ω±0 , ω
±
0 ,−ω∓0 ) 6= χ(3)

xyyx(ω0;ω±0 , ω
±
0 ,−ω∓0 )

χ(3)
xyxy(ω0;ω±0 , ω

∓
0 ,−ω∓0 ) 6= χ(3)

xyxy(ω0;ω±0 , ω
∓
0 ,−ω∓0 ) 6= χ(3)

xyyx(ω0;ω±0 , ω
∓
0 ,−ω∓0 ). (A.34)

Now we insert the isotropic tensor relation Eq. (2.57) into Eq. (A.33) and use the
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symmetry relations above to construct P
(3)
i (ω0) for the two beam case. After a cum-

bersome derivation of collapsing sums and rearranging dummy indices, each of the

six terms in Eq. (A.33) simplifies to

P
(3)
i (ω0) = ε03

[
2χ(3)

xxyyE
+
i E

+
j E

+∗
j + χxyyxE

+
j E

+
j E

+∗
i

]

+ ε06
[
χ(3)
xxyyE

+
i E

−
j E

−∗
j + χ(3)

xyxyE
+
j E

−
i E

−∗
j + χ(3)

xyyxE
+
j E

−
j E

−∗
i

]

+ ε03
[
2χ(3)

xxyyE
−
i E

−
j E

−∗
j + χ(3)

xyyxE
−
j E

−
j E

−∗
i

]

+ ε06
[
χ(3)
xxyyE

−
i E

+
j E

+∗
j + χ(3)

xxyyE
−
j E

+
i E

+∗
j + χ(3)

xyyxE
−
j E

+
j E

+∗
i

]

+ ε03
[
2χ(3)

xxyyE
+
i E

+
j E

−∗
j + χ(3)

xyyxE
+
j E

+
j E

−∗
i

]

+ ε03
[
2χ(3)

xxyyE
−
i E

−
j E

+∗
j + χ(3)

xyyxE
−
j E

−
j E

+∗
i

]
. (A.35)

As expected, the summation is only over one index j so we seek to find expressions

for effective susceptibility tensors χ
(eff)±

ij by using the same mathematical trick as in

the single beam case to rewrite the above expression as

P
(3)
i = ε03

[(
2χ(3)

xxyy − χ(3)
xyyx

)
E+
i E

+
j E

+∗
j + χ(3)

xyyx(E
+
i E

+∗
j + E+

j E
+∗
i )E+

j

]

+ ε06
[ (
χ(3)
xxyy + χ(3)

xyxy − χ(3)
xyyx

)
E+
i E

−
j E

−∗
j + χ(3)

xyxy(E
+
j E

−
i − E+

i E
−
j )E∗−j

+ χ(3)
xyyx(E

+
i E

−∗
j + E+

j E
−∗
i )E−j

]

+ ε03
[(

2χ(3)
xxyy − χ(3)

xyyx

)
E−i E

−
j E

−∗
j + χ(3)

xyyx(E
−
i E

−∗
j + E−j E

−∗
i )E−j

]

+ ε06
[ (
χ(3)
xxyy + χ(3)

xyxy − χ(3)
xyyx

)
E−i E

+
j E

+∗
j + χ(3)

xyxy(E
−
j E

+
i − E−i E+

j )E∗+j

+ χ(3)
xyyx(E

−
i E

+∗
j + E−j E

+∗
i )E+

j

]

+ ε03
[(

2χ(3)
xxyy − χ(3)

xyyx

)
E+
i E

+
j E

−∗
j + χ(3)

xyyx(E
+
i E

−∗
j + E+

j E
−∗
i )E+

j

]

+ ε03
[(

2χ(3)
xxyy − χ(3)

xyyx

)
E−i E

−
j E

+∗
j + χ(3)

xyyx(E
−
i E

+∗
j + E−j E

+∗
i )E−j

]
. (A.36)

We now rewrite this expression in terms of effective susceptibility tensors,

P
(3)
i = ε0

[
χ

(eff)+

ij E+
j + χ

(eff)′+

ij E+∗
j + χ

(eff)−

ij E−j + χ
(eff)′−

ij E−∗j

]
, (A.37)
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where

χ
(eff)+

ij := 3
[(

2χ(3)
xxyy − χ(3)

xyyx

)
E+
k E

+∗
k δij + χ(3)

xyyx(E
+
i E

+∗
j + E+

j E
+∗
i )
]

+ 6
[(
χ(3)
xxyy + χ(3)

xyxy − χ(3)
xyyx

)
E−k E

−∗
k δij + χ(3)

xyyx(E
−
i E

+∗
j + E−j E

+∗
i )
]

+ 3
[(

2χ(3)
xxyy − χ(3)

xyyx

)
E+
k E

−∗
k δij + χ(3)

xyyx(E
+
i E

−∗
j + E+

j E
−∗
i )
]

(A.38)

χ
(eff)′+

ij := 6
[
χ(3)
xyxy(E

−
j E

+
i − E−i E+

j )
]
, (A.39)

χ
(eff)−

ij := 3
[(

2χ(3)
xxyy − χ(3)

xyyx

)
E−k E

−∗
k δij + χ(3)

xyyx(E
−
i E

−∗
j + E−j E

−∗
i )
]

+ 6
[(
χ(3)
xxyy + χ(3)

xyxy − χ(3)
xyyx

)
E+
k E

+∗
k δij + χ(3)

xyyx(E
+
i E

−∗
j + E+

j E
−∗
i )
]

+ 3
[(

2χ(3)
xxyy − χ(3)

xyyx

)
E−k E

+∗
k δij + χ(3)

xyyx(E
−
i E

+∗
j + E−j E

+∗
i )
]
, (A.40)

χ
(eff)′−

ij := 6
[
χ(3)
xyxy(E

+
j E

−
i − E+

i E
−
j )
]
. (A.41)

We see the diagonal components of χ
(eff)±

ij are proportional to |E±|2 and the off

diagonal components involve products of different field components which might be

zero.1 We also note that for χ
(eff)′±

ij , the diagonal components vanish, χ
(eff)′±

ii = 0

and again its off diagonal components are smaller that χ
(eff)±

ii . Therefore we make

the following approximation,

Approximation 1. Consider only diagonal components of χ
(eff)±

ij , χ
(eff)′±

ij since they

are larger in magnitude than the off diagonal components.

This approximation now allows us to linearize the nonlinear operation as

P
(3)
i [E+ + E−] ≈ ε0

[
χ

(eff)+

ii E+
i + χ

(eff)−

ii E−i

]
, (A.42)

1in general |E±|2 � |(E±)2|.
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where

χ
(eff)+

ii := 3
[(

2χ(3)
xxyy − χ(3)

xyyx

)
E+
k E

+∗
k + 2χ(3)

xyyxE
+
i E

+∗
i

]

+ 6
[(
χ(3)
xxyy + χ(3)

xyxy − χ(3)
xyyx

)
E−k E

−∗
k + 2χ(3)

xyyxE
−
i E

+∗
i

]

+ 3
[(

2χ(3)
xxyy − χ(3)

xyyx

)
E+
k E

−∗
k + 2χ(3)

xyyxE
+
i E

−∗
i

]
(A.43)

χ
(eff)−

ii := 3
[(

2χ(3)
xxyy − χ(3)

xyyx

)
E−k E

−∗
k + 2χ(3)

xyyxE
−
i E

−∗
i

]

+ 6
[(
χ(3)
xxyy + χ(3)

xyxy − χ(3)
xyyx

)
E+
k E

+∗
k δij + 2χ(3)

xyyxE
+
i E

−∗
i

]

+ 3
[(

2χ(3)
xxyy − χ(3)

xyyx

)
E−k E

+∗
k + 2χ(3)

xyyxE
−
i E

+∗
i

]
. (A.44)

Lastly, we assume that the frequency ω0 of the applied intensity is far from the

electronic resonant frequencies of material so we can make the assumption [45, p. 216],

Assumption 1. Nonlinear electronic response so that χ
(3)
xxyy = χ

(3)
xyxy = χ

(3)
xyyx =

1
3
χ

(3)
xxxx.

which further simplifies our susceptibility tensors to

χ
(eff)+

ii = χ(3)
xxxx

[
E+
k E

+∗
k + 2E+

i E
+∗
i + 2E−k E

−∗
k + 4E−i E

+∗
i + E+

k E
−∗
k + 2E+

i E
−∗
i

]
.

(A.45)

χ
(eff)−

ii = χ(3)
xxxx

[
E−k E

−∗
k + 2E−i E

−∗
i + 2E+

k E
+∗
k + 4E+

i E
−∗
i + E−k E

+∗
k + 2E−i E

+∗
i

]
.

(A.46)

Comparing to the single beam case Eq. (A.32), we see that the diagonal components

χ
(eff)±

ii now contain SPM, cross-phase modulation (XPM) and scattering terms. The

strength of the scattering terms depends on the phase-mismatch between the two

counter-propagating modes [34, 45] and in most cases, only the SPM and XPM terms

are of interest.
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Appendix B

Analytical Formulae for Bump Polarizabilities

Here we provide the mathematical expressions for 3D cylindrical bump polarizabilities

used to account for local-field effects in the polarization model P(r) for disorder used

in chapters 3-5 as highlighted in Eqs. (4.6), (5.5). The terms α‖, γ⊥ denote the

polarizability tensors per unit volume for arbitrary dielectric contrasts and bump

shapes. Fortunately, analytical formulas expressing the polarizability tensors have

been obtained for rectangular and cylindrical shaped bumps by Johnson et al. [43].

In our case, cylindrical bumps are used to represent disorder and since our assumption

is that the cross section of a disordered hole is constant, we can replace the disorder

volume element in Eq. (5.5) by its cross-sectional area ∆A and the polarizabilities

are then given by 2 x 2 tensors representing polarizability per unit area. Dropping

the ‖,⊥ subscripts for notational clarity, for a 2D cylindrical bump shape as shown

in [43, Fig. 3], αxx = αxy = αyx = 0 and γyy = γxy = γyx = 0. Denoting αyy ≡ α and

γxx ≡ γ, Johnson et al. [43] found the polarizabilities to be well approximated by the

following

α(τ) =
2(τ − 1)

τ + 1

[
1 +

τ − 1
τ

α∞/2−1
− 1

α0/2−1

]
, (B.1)

γ(τ) =
τ − 1

τ

[
1 +

τ − 1
τ

γ∞/2−1
− 1

γ0/2−1

]
, (B.2)
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where τ = εs/εa > 1 for positive bumps and τ = εa/εs < 1 for negative bumps. The

fit parameters are given by: α∞=0.8510, α0 =3.882, γ∞=3.905, γ0 =0.7669 [43].
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Appendix C

Supplementary Information for Chapter 6: Soliton

pulse propagation in the presence of

disorder-induced multiple scattering in photonic

crystal waveguides: Supplementary Information

Abstract

In this document we supply supplementary material to accompany the

manuscript “Soliton pulse propagation in the presence of disorder-induced mul-

tiple scattering in photonic crystal waveguides.” [113]. We first explain the

mathematical link between the three key parameters characterizing disorder

in photonic crystal waveguides: the dielectric perturbation, rms roughness

and correlation length. We also provide two additional figures that supple-

ment Figs. 5,6 in the Letter by showing pulse profiles inside the waveguide for

β1 = 13.782 and in the presence of increased disorder characterized by rms

roughness σ = 0.025a.

The nonlinear coupling coefficients and the associated length scales defined in the

main Letter can be computed once the ideal Bloch modes, nonlinear susceptibility and

the incident peak power are known, but to compute the linear coefficients associated

with disorder (βMS, βSPM), one requires information about the dielectric perturba-

tion ∆ε. The dielectric perturbation caused by disorder is shown schematically in

Fig. C.1. Intrinsic fabrication disorder in photonic crystal waveguides (PCWs) refers
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mainly to the deviation of the etched air holes from their ideal cylindrical shape as

shown in Fig. C.1(a). Given state-of-the-art manufacturing techniques, a common

approximation for photonic crystal (PC) slabs with etched holes is to assume the

deviated cross section is constant throughout the cylinder’s height, hence one only

needs to address in-plane variations which we model via the standard deviation of the

rapid radial fluctuations σ and a correlation length lc–which in this case is a measure

of how strongly two intrahole fluctuations are correlated (see Fig. C.1(b)).

(a) (b)

σ

lc

Figure C.1: (a) Schematically illustrating manufacturing imperfections in a PCW. (b)
Schematic showing an ideal cross section of a cylindrical hole (dashed) along with the
cross section of a disordered hole (solid). The labels illustrate the statistical param-
eters used for modelling surface roughness namely rms roughness σ and correlation
length lc.

Using i to index holes in the PCW, ∆ε in cylindrical coordinates is expressed as

∆ε = (εa − εs)1PCW

∑

i

∆r(θi)δ(r − ri), (C.1)

where εa/s denotes the dielectric constant of air and PC slab respectively, 1PCW

is the indicator function (1 in the PCW, 0 otherwise), ∆r(θi) denotes the radial

perturbation at the azimuthal angle θi, ri denotes the radius of the ith hole and

δ(r−ri) is the Dirac-Delta function indicating that the disorder can be approximated

as occurring only near the circumference of the ith hole. Since disorder is a stochastic

process, we assume E[∆r(θi)] = 0 [27] and the covariance between two intra-hole
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Figure C.2: For β1 = 13.782 temporal and spectral profiles for the forward (blue/dark-
solid) and the backward (pink/light-solid) mode envelopes at two different points
inside the PCW. In this case, multiple scattering slightly distorts temporal pulse
compression and spectral broadening caused by the Kerr nonlinearity.

radial perturbations ∆r(θi),∆r(θ
′
j) is given by [22]

cov
(

∆r(θi),∆r(θ
′
j)
)

= σ2e−ri|θi−θ
′
j |/lcδij. (C.2)

Using (C.1) and (C.2), we numerically generate radial perturbations for each hole

which are then used to compute the integral expressions of the coupling coefficients

associated with disorder.

In Fig. 6.6 of chapter 6, we show the squared amplitudes of the mode envelopes

|c±|2 in both time and frequency domains at two spatial points within the W1 PCW,

namely at x = 0.3, 0.6 for β1 = 24.69 which lies in the slow light regime. In that fig-

ure, we see how disorder-induced multiple scattering severely distorts the pulse profile

by forming localized modes. In Fig. C.2, we show the profile for β1 = 13.782, a value

that lies between fast and slow light where multiple scattering slightly distorts the

pulse profiles profiles inside the PCW. This is more easily seen in the frequency do-

main because in the time domain, the distortion amounts to fine ripples introduced
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in the tail of the compressed pulses (t > 2 ps) which can be measured experimen-

tally by using non-destructive techniques such as NSOM (near-field scanning optical

microscopy).
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Figure C.3: The PCW is 251a unit cells long, with rms roughness fixed at 0.025a.
Transmission and reflection spectrums of an unchirped Gaussian pulse for three dif-
ferent group indices: 8.093(blue-bottom), 13.782(green-middle) and 24.69(red-top).
Temporal and spectral profiles for the forward (blue/dark-solid) and the backward
(pink/light-solid) mode envelopes at two different points inside the PCW are also
shown.

We next increase the rms roughness to σ = 0.025a to examine transmission,
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reflection and pulse profiles inside the W1 PCW in the presence of enhanced multiple

scattering in Fig. C.3. As the transmission spectrums show, for fast-light (β1 = 8.093),

the increased disorder has little effect but as we move towards the slow light regime,

enhanced multiple scattering causes more distortions particularly in the transmission

spectrum of β1 = 13.782 as the spectral pulse broadening shown in Fig. 5 of the Letter

has been hampered. When looking at temporal pulse profiles inside the W1 PCW, it

is now much clearer that distortions start to occur from the tail end of the pulse and

slowly creep up to the peak of the pulse eventually breaking up the envelope.
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