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Abstract

A new method is presented for registration of two partially overlapping noisy point clouds
that is robust to noise and data density variation with improved computational efficiency.
The registration is driven by establishing correspondences of virtual interest points, which
do not exist in the original point cloud data and are defined by the intersection of three
implicit surfaces extracted from the point cloud. Implicit surfaces exist in abundance in
both natural and built environments and can be used to represent stable regions in the data,
which in turn leads to repeatable virtual interest points. Large regions in a point cloud
can be represented by a few implicit surfaces, which reduces the computational cost of
registration and also makes the algorithm robust to noise and data density variations.
The main contribution of this work is to represent the point cloud as implicit surfaces
that results in repeatable interest points. The effect of noise is reduced during the modelling phase. Additionally, the feature descriptors computed for the virtual interest points
are significantly different from the state of the art techniques. Surface properties and their
relationships with each other are used to define a descriptor that is robust to data density variations compared to conventional support region based descriptors. Furthermore,
the transformation between two point clouds can be computed by only one true correspondence, which makes the technique efficient compared to recently proposed competing
techniques.
i

Experiments were performed on 11 data sets to characterize robustness to noise and
data density variations as well as computational efficiency. The data sets were extracted
from natural scenes, including as plants, rocks, and indoor architectural scenes such as
offices and laboratories. Similarly, several 3D models were also tested for registration to
demonstrate the generality of the technique. A range of sensors was used to collect the
data sets, including the Microsoft Kinect version 1 and version 2, Swiss Ranger, and a
NextEngine 3D scanner. For most data sets, the proposed method outperformed the Iterative Closest Point (ICP), Generalized Iterative Closest Point, a 2.5D SIFT-based RANSAC
method, Super 4-Point Congruent Sets (4PCS), Super Generalized 4PCS (SG4PCS), and
the Go-ICP method in registering overlapping point clouds with both a higher success rate
and reduced computational cost. The convergence rate of VIP method was more than 75 %
for all data sets. The minimum improvement ratio for computational efficiency was more
than 1.5 as compared to 4PCS, SG4PCS and Go-ICP for all data sets except Sailor.
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Chapter 1
Introduction

A 3D sensor acquires a set of sampled points on the surface of the scene. Such point
clouds can be used in a wide variety of applications in various domains such as robotics,
archaeological site preservation, forensics, surgery, biometrics, scientific research, and education [34]. Point clouds captured with 3D sensors are usually processed by using various
techniques to extract useful information about the stated domains. A single point cloud is
often not enough to extract sufficient information from a scene, so multiple point clouds are
stitched together into a larger point cloud of the whole environment. The process to align
two point clouds into a single frame is called registration. Once the point clouds are registered and merged into a single convenient frame, they can be used for further processing for
many applications, such as scene reconstruction, Simultaneous Localization and Mapping
(SLAM), and object recognition [11, 16].
For some registration techniques, detection of the area of overlap between two point
clouds plays an important role. This is done by finding corresponding points between the
two point clouds, using either non-feature based, or feature based approaches.

4

Non-Feature Based Registration
The first approach assumes that the point clouds are initially approximately aligned, and
applies nearest neighbour search to establish point correspondences across point clouds
based on their proximity in 3D space. The registration process is completed when a convergence criterion is satisfied, such as a minimal threshold of the average separation between
correspondences, or a maximum threshold on the number of iterations. Such techniques
are termed non-feature based registration because they execute directly on the 3D points
themselves, and do not depend on any extraction of features in the data sets. The Iterative
Closest Point (ICP) method and its variations are based on this approach [7, 60], whereby
the transformation is iteratively refined by applying the intermediate computed transformation and recalculating the correspondences. ICP based approaches may fail to converge
to a global minimum for a large initial offset between two point clouds [36]. A recently
published variant, globally optimal ICP (Go-ICP), guarantees convergence to a global minimum, without requiring an initial transformation [58]. It has been noticed that ICP is used
sometimes as a post-processing step for feature based registration methods to refine the
registration.
Another recent method for non-feature based registration is the 4 Point Congruent Set
(4PCS) and its variants Super 4PCS and Super Generalized 4PCS [3, 38]. These techniques
perform the registration by using a special set of four points, also known as a base, formed
by two pairs of points within a RANSAC sampling framework [18].

5

Feature Based Registration
The second approach is feature based registration, in which the data sets are processed to
extract interest points and feature descriptors. There is no requirement for an initial approximate alignment of the data sets, also known as unconstrained registration, and the
correspondences are established by determining matches in descriptor space [19, 9]. Point
correspondence is the building block of several 3D vision techniques, such as classification, recognition, reconstruction, and registration of scenes and objects in 3D point clouds.
In feature based registration, point correspondences are defined by matching similar representative points in two or more point clouds. Thus, a relatively small number of repeatable
representative points in the point cloud are first detected, called interest points1 . Surveys
present that reliable, repeatable, persistent, and unique points lead to better 3D vision techniques [34, 11, 62, 55]. Thus, interest point extraction techniques play a fundamental role
in 3D vision. Another major reason to extract interest points is to reduce computational
expense. For example, a point cloud of three hundred thousand points may be sufficiently
represented by a set of repeatable and descriptive points ranging from a few hundred to a
few thousand, thereby speeding up any subsequent computation.
For each interest point, a feature descriptor is computed that contains the salient and
distinct properties based on the neighbourhood (called the support region) of that point. The
descriptiveness of a feature descriptor is based on the ability to encapsulate the predominant information of the underlying surface [12]. Feature descriptors between the two point
clouds are then matched to determine correspondences, and a transformation is then calculated using the correspondences. Typically, this process is wrapped in a robust framework
such as RANSAC, to accommodate any false correspondences that result from occasional
1 An

alternative popular nomenclature is key points.
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and inevitable mismatches in descriptor space [48].
When comparing feature based and non-feature based registration, a major drawback of
non-feature based techniques is computational inefficiency. Non-feature based techniques
normally process more points in the point cloud as compared to feature based techniques,
and so the processing cost is higher. For this reason, the focus of this research is on feature
based registration, although, the proposed technique is compared to both feature and nonfeature based techniques.

1.1

Challenges: Noise and Density

Noise and data density variations in the point cloud data present challenges in determining
correspondences for both feature based and non-feature based registration.
A correspondence between non-repeatable interest points across the point clouds is considered an outlier match . The existence of noise in point cloud data is one of the sources of
outliers, and presents challenges in determining correspondences for both feature based and
non-feature based registration. Noise is present in the data for several reasons, such as the
fundamental physics and measurement technique upon which the sensor is based, which
is referred to collectively as sensor-specific noise [5]. Sensor-specific noise includes pixel
positioning error, axial noise, and quantization error, explained in Section 2.2Alternately,
scene-specific noise is a result of the sensor’s limitations to correctly observe certain elements in the scene such as corners, edges, and reflective objects [26]. For example, timeof-flight sensors behave poorly at the edges of an object such that the straight lines become
jagged or appear as a zigzag pattern, which is called lateral noise [26]. Likewise, indeterminate readings are returned from refractive and reflective surfaces [6]. A factor that
compounds the effects of noise for feature based registration is that interest point detection
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techniques generally identify interest points in regions of a point cloud where there are
large shape variations [11]. Unfortunately, these regions of large variation are most highly
affected by scene-specific noise, which tends to decrease the repeatability and reliability of
the extracted interest points, thereby increasing the chances of feature mismatches and registration inaccuracies and failures. Repeatability refers to whether or not the same interest
point will be detected in two or more different point clouds of the same scene at different
instances. For example, an interest point, detected at a corner of a square object in frame
one, is repeatable if it is detected at the same corner of the same object (square) in the
second frame.
Data density variation is another reason for registration inaccuracies. Data density variation depends on the sensor’s resolution, and the distance of the object from the sensor. The
purpose of a 3D scanner is usually to create a point cloud of geometric samples on the surfaces in the scene. The distance between the samples is directly proportional to the distance
to a surface from the sensor. In the case of vision based navigation systems, the distance
of the moving sensor varies greatly from the subjects in the scene, and so does the resolution. The repeatability of neighbourhood based interest point extraction has significantly
affected due to data density variations [54, 36, 37].
Tombari et al. [54] have highlighted point density variations in a survey on the performance and efficiency of interest point operators. They mentioned that there are nuisances
peculiar to 3D data; i.e., point density variations among data representing the same object
and the difference in dimensionality between models and scenes, that affect the performance of almost every interest point operator and feature detector. The survey concluded
with the suggestion that future research efforts should be aimed at devising well-grounded
and efficient solutions to this open problem [54].
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Repeatable interest points extraction becomes difficult for objects sampled from different sensing depths. For instance, a location might be a potential interest point if captured
at a dense sampling rate. The same location may become ineffective as an interest point if
captured at a coarser sampling rate. A support region of a candidate interest point is used to
award distinction to the point because it contains useful neighbouring information around
the point. The sparseness of sampling plays an important role in evaluating the neighbourhood. Using a dense sampling rate can significantly enhance the minute details in the
neighbourhood, whereas a coarse sampling rate may lose important information around
the interest point. Repeatability of an interest point and distinctiveness of the feature can,
therefore, be extensively influenced by data density variations.

1.2

Problem Statement

Reliable feature computation and matching requires robust interest point extraction. A robust interest point operator is one that has the ability to withstand and overcome adverse
conditions for finding repeatable interest points such as noise, data density, orientation, and
scale variations [20]. Noise and data density variations have not been considered upfront
as design criteria by commonly used interest point operators. Usually, noise is modelled
as a Gaussian random variable and data density variation is treated by varying the support region size [54]. Noise is introduced by various known and unknown sources hidden
within the sensor electronics, sensing techniques, sensing objects, as well as random noise.
Data density variation, on the other hand, also affects the correlation between the support
regions of matching interest points. The sampling density is dense or coarse for near or
farther distances, respectively. Due to variations in sampling density, the support regions
are highly affected as is the distinctiveness of an interest point. The problem statement of
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this dissertation is:
To extract repeatable and distinctive interest points in 3D point clouds that are robust
to noise and data density variation, in a computationally efficient manner.

1.3

Motivation

The problem of vision-based localization in a GPS-deprived environment, such as indoor
malls or underground mines, motivated this research. The most threatening underground
environments are underground mines. Human navigation in underground mines can pose
significant risks to human safety. A major reason is a lack of accurate mine maps. An
incident in Somerset, Pennsylvania, happened when miners accidentally breached a nearby
abandoned mine and 50 million gallons of water poured upon them, burying nine miners
alive [52]. The official reason for such an incident was reported to be a lack of accurate
mine maps. Even if maps exist, they are usually 2D drawings. There is great interest, therefore, in developing sensor-based approaches to accurately map, and by extension localize
within, underground mines and other indoor environments where GPS is not available.
Image-based approaches, such as structure from motion, stereo vision etc., require rich
scene texture to succeed and have difficulty in less textured mine environments, sometimes
due to unstable light conditions [42]. Therefore, 3D sensors are highly recommended and
used by many researchers [52, 23]. Generating a map of an environment by using solely a
3D sensor requires accurate registration of point clouds. The currently available and standard registration techniques are not mature enough to register noisy point clouds efficiently.
In our initial experiments, we used the Iterative Closest Point (ICP) [7, 61] algorithm to register two point clouds but the registration was not successful because the performance of
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(b) Top View

Figure 1.1: Registration through Iterative Closest Point algorithm. In front and top view a
visible gap can be seen which shows that point clouds are not converged to a
global minimum.
ICP critically relies on the quality of the initialisation and only local optimality is guaranteed [60]. In Figure 1.1 the front and top view of two registered point clouds are shown.
The point clouds have not converged to a global minimum because there are visible gaps
between similar area across the point clouds.
ICP converges to a global minimum if supported by sufficiently accurate initial alignment. To generate initial alignment, the SIFT 2.5D interest point extractor and FPFH feature descriptor were used for matching feature points to compute an initial transformation.
In practice, the results often turned out unfavourable, as shown in Figure 1.2.
In preliminary experiments, in Section 4.1, we analysed interest point operators as well
as sensors to understand the reason for registration failures. The investigation motivated us
to develop a novel technique that considers the limitations of the sensors which were not
completely considered in the current state-of-the-art research on interest point operators.
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Figure 1.2: Registration through Iterative Closest Point algorithm after initial alignment
using SIFT 2.5D and FPFH. The correspondences between two point clouds
are shown with lines connecting the interest points.
1.4

Objective

The objective of this work is to develop a novel and highly effective method for registering
two noisy point clouds. To do so an interest point operator is proposed that is repeatable
and distinctive under challenging conditions such as noise and data density variations. The
design criteria of the interest point operator and feature descriptor include:
1. Stability under noisy conditions: Noise in the data highly affects the repeatability
and distinctiveness of interest point operators and feature descriptors, respectively.
The design criteria of the virtual interest point operator and feature descriptor are
thoroughly thought out to be minimally affected by the noise in the data.
2. Robustness to data density variations: The interest point operators and feature descriptors are robust if they are insensitive to a number of disturbances which can
affect the data; e.g., variations in the resolution [54, 20, 12]. The methodology proposed in this thesis is comprehensively researched to minimize the effect of resolution variations.
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3. Efficient computational cost: One of the limitations of 3D vision processing is the
potentially high computational cost. Several hundred thousand points are required
to be normally processed for 3D vision applications. The objective is to design the
operator in such a way that will reduce the computational cost.

1.4.1

Hypothesis

The hypothesis is that the intersection of implicit surfaces fit to the 3D data can result in
repeatable and robust interest points that can be used to derive an effective registration
process.
The idea is to observe the underlying structure of the scene, extract implicit surfaces,
identify the intersection of multiple implicit surfaces as virtual interest points (VIPs), and
then use these VIPs to register the original point clouds. Implicit surfaces such as planar
surfaces are the most stable areas in the scene because they contain minimal shape variation,
and are therefore less susceptible to both sensor-specific and scene-specific noise [5]. Large
shape variation areas are filtered from the cloud so that implicit surfaces are computed only
for the most stable areas in the scene. Furthermore, implicit surfaces do not depend on
the data density variation. The stability of the underlying implicit surfaces may result in
stable and repeatable VIPs, which leads to accurate registration results. In addition, only
one correct correspondence of two VIPs can be used to register two point clouds, which
may significantly improve the computational efficiency.

1.5

Contributions

The primary contributions of this work are as follows.
1. The introduction of novel interest points, called virtual interest points (VIPs), based
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on the intersection of implicit surfaces.
2. A unique feature descriptor. The feature descriptors computed for the VIPs are significantly different from state of the art techniques. In conventional techniques, descriptors are normally computed by using the support region of an interest point,
which is highly affected by the data density variations. In the proposed method, surface properties and their relationship with each other are used to define a descriptor.
The proposed descriptor therefore becomes robust to data resolution variations due
to its unique descriptor computation.
3. The application of the VIPs to registration is performed in a novel way, such that the
transformation between two point clouds can be computed by only one true correspondence which contributes to the computational efficiency of the registration process.
4. Extensive experiments using several challenging data sets were prepared to test and
compare the novel technique with existing techniques.

1.6

Organization of Thesis

In the remainder of this thesis, a comprehensive literature review on registration techniques
and their evaluation is given in Chapter 2. Additionally the noise sources as well as the
effect of data density variations to the registration process are also discussed. The main
contribution of this work is presented in Chapter 3 where the proposed method is derived
mathematically and described thoroughly. The motivation of this work is based on the limitations of existing registration techniques, given in Chapter 4. This chapter gives a detailed
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discussion on step by step evolution of the idea proposed in this dissertation. The implementation details and experimental analysis of the proposed technique in various challenging conditions are the key components of this chapter. The work concludes in Chapter 5
with a summary and a discussion of future research.

15

Chapter 2
Background

In this chapter, a detailed literature review is presented about registration and the factors
associated with it. Registration is the building block of a number of 3D vision applications, such as object reconstruction, segmentation, Simultaneous Localization and Mapping (SLAM), and recognition [11, 16]. Two main registration techniques, feature based
and non-feature based registration, are discussed in Section 2.1.1 and Section 2.1.2, respectively. Because the focus of this research work is on feature based registration, a detailed
discourse and evaluation on the number of different features and descriptors is given. A
brief overview of the evolution of non-feature based techniques is also discussed. The
design criteria of each technique are analysed, and pros and cons under different challenging conditions are highlighted. Understanding of 3D sensing mechanism is imperative for
registration techniques. A brief overview on sensing mechanisms and limitations of 3D
sensors is also discussed.
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Registration Techniques

Registration is a fundamental process to align two partially overlapping 3D point clouds
into a single model. Once the point clouds are registered and merged into a single convenient frame, then they can be used for further processing in many applications. The
overlapping region between two point clouds is important in the process of registering
two point clouds. There are several methods to detect the overlapping region in two point
clouds. Some methods use nearest neighbour search to establish point correspondences
based on their proximity in 3D space. Extracting features at every point in the point cloud
is computationally inefficient. A sparse sampling of the 3D point cloud is a traditional
way to reduce the computational cost at the expense of accuracy, but it may result in suboptimal performance. Features may not be sufficiently descriptive to uniquely characterize
an object when extracted from a sparsely sampled point cloud [55].

2.1.1

Feature Based Registration

Two important properties of features or interest points are distinctiveness and repeatability.
Repeatability is defined as maintaining the location of the interest point in multiple point
clouds. Distinctiveness is the unique description of each interest point as compared to other
interest points within a point cloud. Distinct and repeatable locations in the point cloud
can ideally be categorized as interest points or features, for instance, corners and blobs.
The support region of every interest point is used to compute a distinct feature descriptor.
The feature descriptors are then matched in descriptor space between two point clouds.
Matching of two interest points depends on the distinctiveness of their feature descriptor.
It is important to detect repeatable interest points before computing feature descriptors. An
interest point must be stable under local and global perturbations such as data density and
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orientation variations, and noise. Several techniques to extract interest points have been
presented by various researchers. A review and evaluation of commonly used techniques
are covered in this section.

Local Surface Patches
Local Surface Patches (LSP) was introduced by [11]. The design criteria of LSP is to search
for large shape variation areas to detect interest points. Such areas are measured by shape
indices, calculated through principal curvature. Shape index Si (p) measures the shape of
a surface around the point p based on maximum and minimum principal curvatures, given
by k1 and k2 , respectively, is computed as;


1 1 −1 k1 (p) + k2 (p)
Si (p) = − tan
.
2 π
k1 (p) − k2 (p)

(2.1)

The value Si is normally computed within an interval of [0,1]. Large shape index values
represent convex surfaces and small shape index values represent concave surfaces. These
characteristics of the surfaces are used for interest point extraction. The centre point p is
marked as an interest point if;

Si =

where µ =

1
M




max of all neighbouring shape indexes and Si > (1 + α) ∗ µ,




OR






min of all neighbouring shape indexes and Si < (1 − β ) ∗ µ

(2.2)

∑M
j=1 Si ( j), and α, β control the selection of interest point with 0 ≤ α, β ≤ 1,

and M is the number of points in the local neighbourhood.
LSP consists of an interest point p and its neighbouring points N. LSP constructs a
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Table 2.1: Surface type Tp based on the signs of mean curvature H and Gaussian curvature
K.
Mean curvature H
<0
=0
H >0

>0
Tp = 1: Peak
Tp = 4: None
Tp = 7: Pit

Gaussian Curvature K
K=0
K<0
Tp = 2: Ridge Tp = 3: Saddle ridge
Tp = 5: Flat
Tp = 6: Minimal
Tp = 8: Valley Tp = 9: Saddle valley

feature descriptor on three main characteristics; i.e., surface type Tp , centroid of patch, and
histogram of shape index values versus angle between surface normal of the interest point
and its neighbours. For each point ni in the neighbourhood N, shape index value Si and
angle θi between surface normal of interest point p and ni are computed. These two values
are used as the axes of a 2D histogram using the equation:


Si
hx =
bx




cos θ + 1
vx =
by

(2.3)

(2.4)

where b f c is a floor operator which rounds f down to the nearest integer, (hx , vy ) are the
indexes along the horizontal and vertical axes and (bx , by ) are the bin intervals along the
horizontal and vertical axes, respectively. Surface type Tp is obtained from the Gaussian
and mean curvature of an interest point. There are eight surface types determined by the
signs of Gaussian curvature K and mean curvature H. The centroid of the local surface
patch is also calculated for computation of the rigid transformation.
Large shape curvatures in 3D point cloud usually exist at the corners and edges, which
contain a high amount of lateral noise [39]. A large shape curvature may influence the
repeatability of the detector. Discussing repeatability, Tombari et al. [54] state that LSP
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performs poorly presumably due to its saliency measure based on second-order derivatives
which do not grant sufficient robustness even at the lowest noise level. Moreover, the choice
of selecting the maximum Si within the local support region appears to be particularly errorprone since spurious peaks in the distribution of Si can easily occur in the presence of noise.
Intrinsic Shape Signatures
Intrinsic Shape Signatures (ISS) is proposed by Zhong et al. [62]. The main problem
addressed is to detect an invariant interest point. Similar to the LSP, ISS extracts interest
points based on the regions rich in 3D structures. To find the large 3D pose variations in the
neighbourhood, eigenvalue decomposition of the point scatter matrix S(p) of the spherical
neighbourhood N (p) is measured:

S(p) =

1
∑ (q − µ p)(q − µ p)T,
N q∈N
(p)

(2.5)

with
µp =

1
∑ q.
N q∈N
(p)

(2.6)

Three eigenvalues [λ1 , λ2 , λ3 ] of the scattered matrix S(p) are in descending order.
Points are considered only if the two successive eigenvalues have a ratio below a threshold
as
λ2 (p)
< Th1
λ1 (p)
λ3 (p)
< Th2
λ2 (p)

(2.7)
(2.8)

It is possible to have two nearly equal eigenvalues, so another constraint on the ratio of
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the eigenvalues is imposed to exclude frames of ambiguous axes at points of local symmetries. Among the remaining points, saliency is determined by the magnitude of the smallest
eigenvalue such that points depicting large variations along each principal direction are
included.
Tombari et al. [54] compare ISS with other interest point operators and state that repeatability of ISS is good but it is affected by noisy data. The saliency measure is strong
for less noisy data and repeatability decreases if the number of interest points are increased.
With noisy sensors, repeatability is strongly affected because the saliency measures are
based on large pose variations.
After interest point extraction, feature descriptors are computed around them. The
key idea is to compute view independent features, and so an intrinsic reference frame is
constructed around each interest point using the spherical neighbourhood of radius r. A
weighted scatter matrix C(pi ) for interest point pi using all neighbourhood points p j within
a distance r f rame is given as

C(pi ) =

∑|p j −pi |<r f rame wi (p j − pi )(p j − pi )T
∑|p j −pi |<r f rame wi

(2.9)

where
wi = 1/|{p j : |p j − pi | < rdensity }|

(2.10)

is a weight for each point pi inversely related to the number of points in its spherical neighbourhood of radius rdensity .
An uneven sampling of the 3D points is compensated through this weight such that
points on the sparsely sampled regions contribute more than points at densely sampled
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regions. Eigenvalues {λi1 , λi2 , λi3 } in the order of decreasing magnitude and their eigenvectors {e1i , e2i , e3i } are computed using the covariance matrix. Eigenvectors e1i , e2i , and their
cross product e1i ⊗ e2i define a 3D coordinate system F with interest point pi as the origin,
which is called intrinsic reference frame. There are four possibilities of the intrinsic reference frames. These four possibilities can be reduced to two if the position of the sensor is
known.
Once the intrinsic reference frame Fi at a basis point pi is known, an invariant feature
vector to encode the 3D spatial shape characteristics is extracted. The feature vector is constructed using a 3D occupational histogram of the supporting spherical neighbourhood of
radius r centred at pi . This is based on a partition in the polar coordinate system (ρ, θ , φ )
aligned with intrinsic reference frame Fi because a Cartesian coordinate system is more
vulnerable to rotation errors. A discrete spherical grid is computed recursively from a base
octahedron to divide the spherical angular space into relatively uniformly and homogeneously distributed cells . A grid partitioning of angular space gives N bins. A lookup table
LUT is computed to map each angular pair (θi , φi ) to a bin labeled as

LUT (θi , φi ) = li ∈ {0, 1, . . . , N − 1}.

A feature descriptor fi = ( fi0 , fi1 , . . . , fiK−1 ) is computed using the sums of the weights
from (2.10) of all points that fall in each bin at point pi .
Intrinsic shape signature (ISS) Si at an interest point consists of two components. First
is the intrinsic reference frame Fi and second is the 3D shape feature vector fi . Four intrinsic
reference frames at a base point are possible, therefore, four ISS are stored in the database
for each interest point. For matching, only one query intrinsic frame reference is computed
for the query interest point and it matches with one of the four stored in the database.
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Two intrinsic shape signatures are matched by comparing the reference frame first, then χ 2
statistics is used to compute the distance between two shape feature vectors.

Key Point Quality
Another interesting work for detecting an interest point, that considers repeatability and
persistence was proposed by Mian et al. [34]. Key Point Quality (KPQ) is based on three
constraints:
• each interest point should be repeatable between different views,
• interest points should have a unique 3D coordinate basis,
• the neighbourhood should have sufficient descriptive information that uniquely characterizes the point.
A neighbourhood of radius r is selected to describe the interest point. The selection
of r is a trade-off between the feature descriptiveness and sensitivity to occlusions. Small
values of r will be less sensitive to occlusion, but will contain less information about the
underlying surface and hence the feature will be less descriptive. Saliency is based on the
scatter matrix S(p), computed using the support region of p, as in ISS. Eigenvalues of S(p)
are listed in descending order of magnitude {λ1 , λ2 , λ3 }. Pruning of non-distinctive points
is achieved by thresholding the ratio between the maximum lengths along the first two
principal axes. Support region L j can be aligned with canonical reference frame F using
Hotelling transform [34]:
L0j = F(L j − m),

(2.11)
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with

m=

1
N

N

∑ L j.

(2.12)

j=1

Unlike ISS, KPQ uses a surface fit to the raw local surface data L0 . Recall, L0 has
been aligned along its principal axis. Surface fitting is performed using a smoothing (or
stiffness) factor that does not allow the surface to bend abruptly, thereby alleviating the
effects of noise. A uniform n × n lattice (grid) is used to sample the surface and is fitted to
the points in L0 . δ is the ratio spread of x-axis to y-axis of the reference coordinate system,
which is used to determine the significance of the surface. For symmetric surfaces, the
value of δ will be equal to 1 and for asymmetric surfaces, δ will be greater than 1. Once
a set of interest points is extracted from the preliminary stage, a quality filter is applied.
The quality of an interest point is based on tracking the point in multiple frames using the
technique given by [50].
Both ISS and KPQ base their saliency upon the covariance matrix, however, KPQ is
more robust due to an effective surface resampling and smoothing procedure only for noisy
data sets. Still, the noise at the edges and corners in 3D data because surface variation
is quite high affects KPQ. It is repeatable up to a number of interest points that shows
the salient measure is effective. KPQ purposely defines its interest points as those points
where, among other characteristics, a good local reference frame can be defined, which
makes KPQ robust to noise and orientation variance. On the downside, it is the most
computationally intensive approach for interest point extraction.
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Laplace-Beltrami Scale Space
The multi-scale interest region extraction method is proposed by [55]. They use the LaplaceBeltrami Scale Space (LBSS) operator to deal with multi-scale and repeatable region selection. A scale t is the size of neighbourhood to uniquely describe the interest point. LBSS
is based on data-driven scale selection by computing an invariant derived from LaplaceBeltrami operator ∆M . Hence, more representative and less redundant interest points are
detected. The invariant, which provides the saliency, is defined as

ρ(p,t) =

2 k p − A(p,t) k − 2kp−A(p,t)k
t
e
,
t

(2.13)

where A(p,t) is an operator that can be interpreted as the displacement of a point p along
its normal n(p) by a quantity proportional to the mean curvature CH :
A(p,t) ≈ p −CH (p)n(p)t 2 = p +

t2
∆M p.
2

(2.14)

The direct analogy to the wavelength for monotone intensity patterns may define the characteristic scale, for example the radius of curvature of a perfect sphere.
Tombari et al. [54] evaluate LBSS as providing outstanding scale overlaps among
different interest point detection techniques but lack spatial repeatability. Local maxima
are effective in determining the characteristic scale of 3D structures even in the presence of
noise, which provides empirical support for its theoretical characteristics.

MeshDoG
Zaharescu et al. [59] proposed the MeshDoG interest point detector that is invariant to
scale, rotation, and translation for uniformly triangulated mesh. Interest points are detected
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Figure 2.1: Random selection of locations for computing shape features can miss geometric structures whose spatial extent are not comparable to the present choice of
support radius. Exhaustive selection strategies introduce redundancy in areas
with little shape variation. Reprinted with permission of [55].
using the difference of Gaussian (DoG) operator. The operator is not directly computed
on the mesh but computed on a scalar function defined on either the mean curvature, the
Gaussian curvature, or the photometric appearance of a vertex. Interest points are selected
as the maxima of scale space across different scales. Non-maxima suppression is used in
the current and in the adjacent scales. Values belonging to the local maxima (using the one
ring neighbourhood) are retained and all others are set to zero. The top 5% of the detected
interest points are retained based on their magnitude. To eliminate non-stable responses,
the features that exhibit corner characteristics are maintained.
3D sensors usually have high noise at the corners as described in Section 2.2, therefore,
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Figure 2.2: Ring size around a vertex. Left, possible rings around a vertex, and right, first
ring. Reprinted with permission of [59].
detectors based on corners are unstable. Similarly, depth fluctuation affects the extrema, if
computed using mean and Gaussian curvature, and so repeatable interest point extraction
is difficult for noisy data using MeshDoG.
A descriptor is built using the support region around a vertex defined by the neighbourhood ring size r, as depicted in Figure 2.2. The number of rings r is chosen adaptively
for the support region based on the global measurement. The value of r is chosen from a
proportion αr of total mesh surface and average edge size eavg . Ring size r is given as

r = ROUND

1
eavg

r

αr As
π

!
(2.15)

where As is the total surface area of the mesh.
After defining the ring size, a local coordinate system is computed to make the feature
view invariant using the vertices within that ring size. The normal vector nv at the vertex v
with two unit vectors residing in the tangent plane Pv can be used to form a local coordinate
system. Unit vector av , normal vector nv , and cross product of av ⊗ nv gives a coordinate
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Figure 2.3: 3D histogram. (a) Polar Mapping, (b) Projection on planes, (c) Bins, and (d)
Example of histogram. Reprinted with permission of [59].
system. Vector av is chosen based on the gradient magnitude in the tangent plane. A polar
histogram is computed by considering the projected vertices in tangent plane. Vertices are
projected in the tangent plane. The polar histogram is used to find the density of vertices in
each bin. Vector av is in the most dominant bin.
The next step is to compute the Histogram of Gradient (HoG). It is computed both
spatially at the coarse level and orientations at the finer level. Gradient vectors are projected
into three orthogonal planes, describing the local coordinate system. For each of the three
planes a two level histogram is computed as shown in Figure 2.3(b). A plane is divided
into bs = 4 polar slices so that each vertex can be projected in one of the slices. Each
slice is further computed for orientation histogram of bin size bo = 8 as depicted in Figure
2.3(c). The final feature is obtained by concatenating bs × bo histogram values of slices and
orientation bins (See Figure 2.3(c)).
An intuitive greedy heuristic in order to select the set of best matches is adopted. Each
feature ti1 from a surface is matched to feature t 2j from the other surface by minimizing the
Euclidean distance di j = |ti1 − t 2j |. A cross-validation check is also performed by checking
that the t 2j best match is indeed ti1 .
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2.5D SIFT
Proposed by [30], the Scale Invariant Feature Transform, known as SIFT, has proven to be
a very effective feature detector for 2D images. In 2D images, interest points are identified
as local minima/maxima of DoG images across scales. Each pixel in the DoG image is
compared to its eight neighbours at the same scale and nine corresponding neighbouring
pixels in each of the neighbouring scales. If the pixel value is maxima among all compared pixels, it is selected as a candidate interest point. In simple terms, interest points
are computed by repeatedly blurring an image with Gaussian filters of increasing scales,
subtracting the different scales to get DoG scale space and then finding local minima and
maxima in DoG scale space.
The Point Cloud Library (PCL) has an implementation of 2.5D SIFT [44]. It adopted
original SIFT using a similar principal as implemented by MeshDoG. 2.5D SIFT has been
implemented using either the mean curvature, the Gaussian curvature or the intensity value.
For intensity values, point p = (x, y, z, r, g, b) is converted to intensity value p = (x, y, z, i).
A neighbourhood of a fixed size radius r is selected based on the scale of the Gaussian to
blur the point in the point cloud. The new intensity value i = i0 is assigned as the Gaussian
weighted sum of neighbour’s intensity values. By repeating the process at different scales
and subtracting subsequent scales from each other, a four dimensional (x, y, z, s) DoG scale
space can be built. The next phase is to find local maxima/minima. Each point is compared
with neighbouring values in DoG scale space, and a point is considered an interest point if
it is an extrema for its own scale and subsequent smallest and largest scales.
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Feature Descriptors
The distinctiveness of an interest point can be measured by matching in descriptor space [4].
Feature descriptors are computed once interest points are extracted. An interest point is just
a point in the point cloud. Thus itself it is not distinct. There can be certain properties associated to it that make it distinctive. These properties are normally computed by using the
support region around the point to define a descriptor. The descriptor is thus matched in
the descriptor space to find correspondences in two point clouds.
The interest point operators discussed above each has its own descriptor. Some researchers have explicitly researched unique ways of computing descriptors. Some of the
most commonly used are discussed in this section.
In the literature, feature descriptors are categorized in two ways [53], namely signatures
and histograms. The first category is based on the local neighbourhood, defined by the radius in a sphere around an interest point. The local neighbourhood of an interest point is
used to define an invariant local reference frame. The local reference frame may be considered as an effective measure for view independent feature extraction. The concept of local
frame reference makes a 3D feature invariant to rotations. The second category is based
on histogram methods. A histogram of the neighbourhood of an interest point is computed
using local geometrical or topological measures, i.e., point counts, mesh triangles areas,
etc. There are many feature descriptors for matching interest points: Spin Images [25],
Point Feature Histogram [47] with its efficient version Fast Point Feature Histogram [46],
and Signature of the Histogram of Orientations [53] are briefly discussed.
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Spin Images
Andrew et al. [25] proposed a surface matching and object recognition technique known
as Spin Images. The technique encodes global properties of a surface in an object-centred
coordinate system, or local reference frame, rather than a view centred coordinate system.
The description of the surface using an object centred coordinate system is view independent. For every oriented 3D point, a point coordinate p and a normal n, a spin image is
created by measuring two distances. The first distance is the perpendicular distance α, of
the point to the line, going through the surface normal of p. The second distance is the
perpendicular signed distance β , of the mesh point to the tangent plane, going through p.
These two distances form a 2D coordinate (α, β ). A 2D binned array, called a spin image,
is created and the coordinate (α, β ) is placed in the proper bin. There are two spin image
parameters, namely support distance Ds and support angle As . The support distance Ds
defines a neighbourhood radius around an interest point p in the mesh. The support angle,
As is between the direction of the oriented point basis and the surface normal of points. If
the support angle is too large then mesh points that occlude p could be included in the spin
image.

Point Feature Histogram (PFH)
Points Feature Histogram and Fast Point Feature Histogram (FPFH) are widely used for
feature computation in PCL [44, 47, 45, 46]. Feature space is formulated by using the
concept of dual-ring neighbourhood. Two radii r1 and r2 determine two separate layers of
the feature representation. The first layer is used to calculate the normals around the interest
point. Once the normals are calculated, the next step builds the point feature histogram
representation by performing computation on the second layer with radius, r2 . In the second
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neighbourhood, geometrical properties are encoded by generalizing the mean curvature
around interest points by using multidimensional histogram values. Such a representation
provides 6D pose invariance, composed of different sampling densities and noise levels
present in the neighbourhood. The basis of point feature histogram representation is on the
relationships between the points in the second neighbourhood and their normals. Therefore,
it depends on the quality of the surface normals.

Signature of Histogram of OrienTations (SHOT)
Federico et al. [53] proposed a method for a local surface feature based on the local reference frame. A local reference frame has an intrinsic ambiguity due to the sign of the frame
axes [62]. Singular Value Decomposition (SVD) of the covariance matrix of the point coordinates within the support region of an interest point is used to compute the frame axes.
The output vector has a sign which is arbitrary and is not repeatable on different instances
of the same set of points, even though the same SVD algorithm is used, as discussed by
[10]. Therefore, all the methods using multiple instances of the local coordinate system
may contain inherent ambiguity, for an example, one local reference frame is selected from
a set of four possibilities. The proposed method by [53] for a repeatable and unambiguous
reference frame is based on a technique presented by [22]. They use Total Least Squares
(TLS) estimation on the normal directions obtained by SVD of a covariance matrix with
the k-nearest neighbours of an interest point to solve the sign ambiguity. Once a local repeatable reference frame is computed, the next step is to define a feature. The intuition
for a 3D feature is taken from the well-known and most commonly used 2D SIFT feature [30]. A major reason for the effectiveness of SIFT features is the use of histograms
throughout the algorithm. A single global histogram computed on the whole patch would
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Figure 2.4: Signature structure for SHOT. Reprinted with permission of [53].
not be descriptive enough, thus SIFT relies on a set of local histograms. The elements of
the local histograms are based on the first order derivatives describing the signal of interest,
i.e. intensity gradient. By considering SIFT formulation, a 3D feature encodes histograms
of basic first order differential of normal of points within the support region. A 3D grid
is superimposed on the support region to compute a set of local histograms and then by
grouping all local histograms a feature is computed. Finally, a descriptor lays at the intersection between Histograms and Signatures, called Signature of Histogram of Orientations.
The structure of the signature is based on the isotropic spherical grid that encompasses partitions along the radial, azimuth and elevation axes. Each volume of the grid encodes a
very descriptive entity represented by a local histogram. For each local histogram, θi is the
angle between the normal at a feature point nu and its neighbouring points nui , within the
support region, which is accumulated through bins. An equally spaced binning is created
for directions close to the reference normal direction and a finer one for orthogonal directions. Thereby, small differences in orthogonal directions to the normal cause a point to be
accumulated in different bins leading to different histograms.

Comparison of 3D Feature Descriptors
Tombari et al. [54] rank ISS and KPQ as the most distinctive interest points operator because of their scattered matrix-based observations. This is especially evident for SHOT
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where the computation of the local reference frame is based on the scatter matrix. Regions
where the principal directions of scattered matrix are well defined are therefore naturally
good regions to be described by SHOT. As for KPQ, it defines interest points where, among
other characteristics, a good local reference frame can be defined. ISS simply selects regions whose elongation along the three principal directions is strong enough. In addition to
ISS, MeshDoG also performs well together with SHOT. As for Spin Images, on average the
performance of detectors decreases. Nevertheless, in terms of this descriptor, KPQ, MeshDoG, and ISS outperform all other methods in the distinctiveness of the extracted interest
points. LBSS demonstrates insufficient performance, hence being not suitable to be used
as detector within a pipeline, deploying either of the two descriptors. SIFT 3D is used with
FPFH, SIFT 3D depends on the extrema and subsequently it fails on noisy data.
Another very important factor is data density variation which is not addressed by many
interest point operators. A recent survey on interest point operators and their limitations
highlighted the fact that different point density of model and scene affect the performance
of every interest point operator [54]. There is a need to address this problem in the design
criteria of the interest point operators by devising a conversant and efficient solution.

2.1.2

Non-Feature Based Registration

The most widely-used approach for non-feature based registration of two point clouds is
the Iterative Closest Point (ICP) algorithm [7]. The algorithm minimizes the difference
between two point clouds by iteratively revising the transformation (combination of translation and rotation) from the source to the reference point cloud. The rate of convergence of
ICP depends on the selection of correspondences and the distance function. Many variants
of ICP have been developed that use different error functions and point selection strategies.
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The three most commonly used distance functions are point-to-point, point-to-plane, and
plane-to-plane [7, 49, 36]. The transformation is iteratively refined by applying the computed transformation and recalculating the correspondences. The point-to-point approach
uses the Euclidean distance between the correspondences, which results in slow convergence for certain types of input data and positions. The point-to-plane approach uses the
distance between a point and a planar approximation of the surface at the correspondences.
The Generalized ICP (GICP) [49] uses the plane-to-plane distance, and for a small offset between the two point clouds and less noisy data, demonstrates fast convergence. For
large initial offsets between two noisy point clouds, ICP based approaches fail to converge
[36]. A recently published variant, globally optimal ICP (Go-ICP), promises convergence
without an initial transformation [58]. One criticism on ICP is that it requires initialisation
and only then optimality is guaranteed. The Go-ICP method, on the other hand, is based
on a branch-and-bound (BnB) scheme that searches the entire 3D motion space SE(3). By
exploiting the special structure of SE(3) geometry, the algorithm derives upper and lower
bounds for the registration error function. Local ICP is integrated into the BnB scheme,
which speeds up the new method while guaranteeing global optimality.
Another commonly used methodology for registration is given by 4-Points Congruent
Sets (4PCS) [3] and its variant Super 4PCS and Super Generalized 4PCS [38]. 4PCS and its
variants are designed to do fast and robust alignment for 3D point clouds and are known to
be resilient to noise and outliers. The algorithm allows registering raw noisy data, possibly
contaminated with outliers, without pre-filtering or denoising the data. These techniques
use a special set of four points, also known as a base, formed by two coplanar pairs of
points within a RANSAC framework.
These methods reached a certain level of maturity and achieved good results. However,
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the computational cost of these methods is very high which interdicts their use for real-time
applications. VIPs is compared to both GO-ICP and variants of 4PCS for computational
efficiently in the Chapter 4.

2.2

Sensing Mechanisms and Limitations

Most interest point operators consider noise as a Gaussian random variable. Interest point
matching methods fail in the presence of noisy data, for example, a small amount of noise
can lead to a totally different spatial location of an interest point. Matching such interest
points and features can never be accurate in the presence of noise, and thus a noise handling
procedure is an important part of a robust interest point operator. Before discussing noise
filtering methodologies, it is essential to understand the sources of noise in 3D data sets.
Many factors can contribute to the appearance of noise in a point cloud data set. Limitations of sensing mechanism introduce a different amount of noise. One factor is the limitations in the measurement method of depth such as Time-of-Flight, triangulation, depth
from focus, etc, and is often called Sensor Noise. Another factor referred to as scenespecific noise, is totally dependent on the sensing environment such as the shape of the
objects, reflections, edges, corners, etc. In this section, a brief overview is provided on
noise specific to two most commonly used sensing techniques.
Many factors can degrade the repeatability of an interest point. One such factor is the
presence of noise in a point cloud. In fact, noise is present in all electrical and electronic
sensing devices. Noise detection and filtering is an important part of an interest point
operator. Point clouds contain various kind of noise such as lateral noise, axial noise,
measurement noise, etc. A brief discussion on sources of noise, as well as their effect on
interest point and feature extraction methods is presented.
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Time-of-Flight Sensor

Time-of-Flight (ToF) sensors gained considerable attention over the past few years as an
alternative to conventional depth sensing techniques such as stereo vision, structured light,
and laser scanner. An important feature of ToF is the ability to provide depth information
at a high frame rate. Nevertheless, ToF sensors still experience errors from several sources
that affect the accuracy of measured depth information.
There are two commonly used techniques for measuring the depth of ToF sensor; i.e.,
pulsed light and modulated light. The latter is based on the emission of intensity modulated
near infrared light, which is triggered by an internal reference signal. The emitted signal
is reflected by the object in the scene and detected by a small pixel of the ToF sensor. The
correlation between the reflected signal and the emitted signal determines the phase shift φ
[26], with the depth value d is given by:

d=

cφ
,
4πω

(2.16)

where c is the speed of light and ω is the modulation frequency. There are several limitations of ToF sensors. A brief discussion is given below.

Measurement Noise
Amira et al. [6] observed depth noise as a variation on the depth measurements for several
ToF images taken under controlled conditions. Nguyen et al. [39] named depth noise as
axial noise, which is measured by comparing the depth measurement of a planar surface
against the mean depth of the measured surface.
ToF axial noise can be modelled by a Gaussian distribution and can be estimated by

2.2. SENSING MECHANISMS AND LIMITATIONS

37

measuring the mean and standard deviation of the noise distribution [39, 6]. The standard
deviation was found to be directly proportional to the distance. However, most sensors
have a limited operating range and beyond that range, return null values. In addition, the
standard deviation of the noise increases as measurements approach either end of the range.
Axial noise is also introduced due to the angle of the surface to the sensor. If the
surface of an object is parallel to the sensor, there is negligible axial noise. Nguyen et
al. [39] reported that axial noise remains constant at angles less than approximately 60◦
and increases rapidly when the angle approaches 90◦ . Therefore, modelling of axial noise
should consider depth, standard deviation of sensor noise distribution, and angle of the
surface to the sensor, the latter being scene specific.
Interest point extraction methods, such as LSP [11], ISS [62] and 2.5D SIFT depend
on the surface curvature making them severely affected by noisy depth variations. Repeatable interest points are almost impossible in the presence of axial noise. In preliminary
experiments, given in Section 4, it has been clearly identified that axial noise is one of the
main reasons for unreliable interest point detection and incorrect matching, thus resulting
in inaccurate registration.

Pixel Position Noise
Another important factor that affects the measurement standard deviation is pixel positioning error. Pixel position detection can only be performed to a finite accuracy. Amira et
al. [6] explained in their experiments with ToF sensors that standard deviation σ of noise
increases from the image centre (5 to 7 mm) to the image boundaries (7 to 27 mm). σ is
measured from a set of 700 point clouds at 7 distances of a planar surface from the sensor. This shows that variation in the centre point is minimum and increases towards the
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boundary of the image. The standard deviation increases as the distance from the sensor
increases. The standard deviation of the noise demonstrates important information about
the accuracy of 3D data. From the perspective of interest point extraction methods, robust
points can be detected at locations where there is low noise and makes the area close to the
centre of a point cloud reliable. Similar observations are reported by [5].

Lateral Noise
ToF sensors behave poorly at the edges of an object such that the straight lines become
jagged or appear as a zigzag pattern, which is often called lateral noise [39]. Lateral noise
is not easily measurable making it difficult to discern. Since there is huge depth variation
at the edges of any object in the scene, which makes it a part of the scene-specific noise.
By having high pixel location error on the corners and edges, such areas return maximum
variations. Many interest point and features extraction techniques, discussed in Section 2.1,
rely on the areas with maximum variations in the point cloud. Failure in registration is due
to false correspondences at the feature matching stage. Nguyen et al. [39] resolve this
problem by cropping corners and edges to build a reliable measurement for axial noise.
They reported that lateral noise increases linearly with distance, however, axial noise has a
quadratic increase with the distance.
The accuracy of a Time-of-Flight scanners can be reduced when the laser hits the edge
of an object and the signal sent back to the scanner is then from two different locations for
one laser pulse. The coordinate, relative to the position of the scanner, for a point hitting
the edge of an object are calculated based on an average and thus, the point is placed in the
wrong position. When using a wider beam width scanner, the chances of the beam hitting
an edge are increased with the resulting data consisting of noisy measurements taken from
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the edges of the object. Scanners with a smaller beam width will help to solve this problem
but will be limited by range.
Most often, points at the corners and the edges are detected as interest points. Such
techniques are basically inspired and derived from 2D computer vision approaches. Areas
with high gradient variations are unique and repeatable in 2D computer vision. On the
other hand, corners and edges contain a significant amount of noise in 3D data.

Failures or NaN values
Other occurrences result in a 3D sensor returning NaN values, an abbreviation of Not a
Number. This usually happens in the case of specular reflections, where some sensors return maximum range value, also called drop-off. In the case of laser range finders, failures
occur when sensing black, light-absorbing objects or when measuring objects in bright
sunlight. In the case of infra-red range sensors, variation in the temperature of an object
changes the sensing values. This results in another kind of noise, which can lead to additional errors in interest point extraction and matching.
The advantage of time-of-flight range finders is their capability of operating over long
distances, making ToF sensors suitable for scanning large structures like buildings or geographic features. The disadvantage of time-of-flight range finders is their accuracy. Due to
the high speed of light, the round-trip time measurement is precise and the accuracy of the
distance measurement is low [6].

2.2.2

Triangulation Sensors

Many sensors use a triangulation technique to compute the depth of a point in the scene,
such as a stereo vision systems, where a 3D point is determined given its projections onto
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Figure 2.5: Triangulation diagram of a stereo vision system. Green line and black dots
show real depth. Blue lines and intersection shows noise influencing depth,
due to various measurement errors.
two image planes. Each point in the 2D image space corresponds to a line projected into
3D space from the image plane. Similarly, each point in the second image also corresponds
to a line in 3D space. Conveniently, the lines projected from the two image planes intersect
at the same 3D point. In order to solve the triangulation problem, it is necessary to know
the parameters of the camera projection function from 3D to 2D. They are represented by
camera intrinsic and extrinsic parameters [21].
Triangulation based 3D laser scanners are active scanners that use laser light instead of
the second camera. A laser scanner shines a laser on the object while a camera captures
for the location of the laser dot. Depending on how far away the laser strikes a surface, the
laser dot appears at different places in the camera’s field of view. This technique is called
triangulation because the laser dot, the camera, and the laser emitter form a triangle. The
length of one side of the triangle, which is the distance between the camera and the laser
emitter, is known usually called baseline distance. The angle of the laser emitter is also
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known. The angle of the camera can be determined by looking at the location of the laser
dot in the camera’s field of view. These three pieces of information fully determine the
shape and size of the triangle and give the location of the laser dot, forms a triangle. In
most cases, a laser stripe, instead of a single laser dot, is swept across the object to speed
up the acquisition process. There are various reasons for noisy depth estimation using
triangulation principle, some of which are discussed below.
• Geometric Distortion: Lens distortion is where 3D to 2D mapping of the camera
deviates from the actual location. In digital cameras, the image intensity function
is only measured in discrete sensor elements. Weak interpolation of the discrete
intensity function results in pixel detection error.
• Feature Extraction and Matching Error: The image points used for triangulation
are often found using various types of feature extractors, for example of corners or
interest points in general. There is an inherent localization error for any type of
feature extraction based on neighbourhood operations.
• Correspondence Problem: The image features must be matched accurately, otherwise, depth estimates are not correct. This is known as the correspondence problem.
• Baseline Dependent Depth: Triangulation sensors have limited range due to baseline distance, but their accuracy can be relatively high. The region of uncertainty is
dependent on the selection of baseline distance.
Various other techniques are capable of measuring depth, such as structured-light, depth
from focus, modulated light, and non-optical methods such as sonar. Still, the most commonly used depth sensors are based on ToF and the triangulation principle for interest point
extraction, thus, only these two are addressed here in detail.
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Conclusion

The focus of this work is to study the recently developed registration techniques, their
limitations, and other factors such as imperfections of depth sensing mechanism, which
play important role in the registration process.
The feature based registration process depends on the repeatability and distinctiveness
of interest point operators and feature descriptors, respectively. The literature review regarding interest point operators suggests that KPQ has the best overall performance in
terms of repeatability, distinctiveness, and robustness to noise. As for other detectors, LSP
is computationally efficient. The reason for choosing KPQ over other methods is the use
of surface fitting and a smoothing mechanism to deal with the noisy data. In general, KPQ
is computational inefficient due to the surface fitting and smoothing. Another important
factor not addressed by many interest point operators is data density variations [54]. Extraction of repeatable interest points becomes infeasible for the objects sampled at different
sensing depth.
The non-feature based registration techniques, ICP, 4PCS and their variants, reached a
certain level of maturity and achieved good results. Nevertheless, the computational cost
of these methods is very high which interdicts their use for real-time applications.
Furthermore, the study of sensing mechanism gives an understanding of the limitations
of depth sensors. Many factors can degrade the repeatability of an interest point. One
such factor is the presence of noise in a point cloud. We highlight the sensing mechanisms
such as Time-of-Flight, triangulation, etc., and limitations in these sensing mechanisms,
which are often called Sensor Noise. Another factor referred to as scene-specific noise, is
dependent on the sensing environment such as the shape of the objects, reflections, edges,
corners, etc.
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The goal of this research is to develop a method that overcomes the limitations of current interest point techniques and the sensing mechanism. The research presented in this
dissertation is inspired by the idea of the surface fitting and smoothing mechanism that
is given by KPQ. To overcome the limitations of KPQ, the surface is modelled by using
polynomials of degree 1 and degree 2 in three variables. To reduce the computational time,
the rest of the algorithm uses only the equation parameters rather than point clouds. This
significantly reduces the computational cost, as is presented in the remaining chapters of
this thesis.
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Chapter 3
Methodology: Virtual Interest Points

Repeatable interest point detection presents a challenge for registration, recognition, and
reconstruction due to the presence of noise, orientation, and data density variations in the
data. Noise and data density variations have not explicitly been considered upfront in the
design of existing interest point operators. These challenges are specifically addressed in
this research work without ignoring other factors such as efficiency. The proposed method
limits the search space when detecting interest points by avoiding noisy areas in the point
clouds. A significant amount of noise exists in areas with large shape variations, which
occur in areas normally composed of corners, edges, and extremas, and so such areas are
not targeted here to find interest points. Conversely, small surface variation areas composed of smooth regions contain relatively less noise. Such regions are less affected by
sensor-specific and scene-specific noise and are thus considered as the most stable regions
to support a search for repeatable interest points [4].
Figure 3.1 presents the high-level description of the methodology discussed in this
chapter. Two point clouds are processed for implicit surface representation, which is based
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Figure 3.1: A high-level flow chart of the registration methodology.
on two main steps. First, the regions are extracted and then represented by quadratic equations. Two pairs of quadric surfaces are also compared together to avoid spurious calculation. A refined set of quadratic equation parameters is stacked into a database based on a
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qualification criterion such that they generate a real isolated intersection. Once the database
is populated with quadric surfaces, the combination of three such surfaces are processed
using Macaulay’s resultant to find the intersections, called a virtual interest points (VIPs).
A descriptor for each VIP is also computed, and VIPs along with their descriptors are then
added to a database. The VIP database for two point clouds is passed to the VIP matching block. A k-d tree is used to establish correspondences between the two point clouds,
by determining VIP correspondences in descriptor space. The correspondences are further
refined using a geometric consistency clustering technique. The group of consistent correspondences is then processed to find the transformation matrix in the registration phase.
Each correspondence is further processed to compute the transformation matrix using a
three step registration procedure. The transformation is then verified using a RANSAC
framework, and the final transformation is extracted that minimizes the registration error
between point clouds.
In this chapter, surface reconstruction using implicit surfaces is discussed in Section 3.1.
Once the point cloud is transformed into implicit surface representations, the intersection
of these surfaces as virtual interest points is described in Section 3.2. After computing the
interest point, each point is supported by a descriptor, which is discussed in Section 3.4. A
novel methodology of registering point clouds using only one true correspondence is given
in Section 3.5 and Section 3.6 concludes the chapter.

3.1

Surface Representation

A variety of geometric representations have been used to model point cloud data. The two
most commonly used surface representations are parametric and implicit surface representations.
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Parametric Surface Representation
A parametric surface is a surface in the Euclidean space R3 which is defined by a parametric
equation with two parameters ~f : R2 → R3 . A parametric surface is defined by parametric
functions:
~f = ~f (u, v)

(3.1)

where ~f is a vector-valued function of the parameters (u, v) and the parameters vary within
a certain domain in the parametric uv-plane.
Extreme deformations and topology changes usually require changes to the domain in
order to avoid strong distortions and inconsistencies. For example, the shape of a triangle
mesh can be modified to a certain extent by only changing the vertex positions, but keeping
the connectivity fixed. However, if the local distortions become too strong or if the surface
topology changes, then the mesh connectivity has to be updated, while maintaining strict
consistency conditions to preserve a manifold surface structure. Intuitively, a manifold
surface structure means that for every point on the surface, a valid normal can be computed
[8, 1, 17].
The advantage of parametric surfaces is that the parameterizations are not required to
be the same functions for all the dimensions. The number of parameters usually gives the
object’s dimension, which does not have to be the dimension of the space. The best known
examples of parametric surfaces are probably Bezier curves, which are usually triangulated
for efficient visualization. Similarly, because of the ease with which they are triangulated,
piece-wise parametric surfaces can also be used for mesh representation.
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Implicit Surface Representation
An implicit surface representation is defined by a function F(p), such that F(p) = 0 ⇔
p lies on the surface. With this representation a given point p can easily be tested as
to whether it belongs to a surface or not. There is, however, no direct way that we can
systematically generate consecutive points on the surface. The representation, therefore,
is called implicit because it provides a test for determining whether or not a point lies on
the surface, but does not give any explicit rules for generating such points. An implicit
representation has the following properties:

F(p) > 0 if p lies above the surface,
F(p) = 0 if p lies exactly on the surface,
F(p) < 0 if p lies below the surface.

The main advantage of implicit surfaces over parametric surfaces is raytracing because
it is easy to identify the points that belong to the surface. Furthermore, it is easier to
compute normals for an implicit surface, with the normal being defined as the unit length
gradient at a point.
A set of points in the point cloud grouped in a contiguous region can be used to estimate
the implicit parameters. Therefore, the first step is region formation so that implicit parameters for that region can be computed. There are a number of region extraction techniques
as discussed in Section 3.1.1.
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Region Extraction

The initial step is to extract areas of the point cloud that are to be represented as implicit
surfaces.
Surface splatting attempts to generate splat distributions of points [63]. The idea is to
let the input points grow until the whole surface is covered in order to construct a continuous surface. Each of these grown points, now consisting of a volume and a normal, is
called a surface splat. The most intuitive and simple technique is to let the points grow
as spheres until there are no more holes in the surface. The drawback of this technique
is that it does not generate a hole-free approximation. As an alternative, the moving least
squares technique builds a local fit for every point on the surface using higher order polynomials [27, 28]. To reconstruct a smooth surface from the input set of points, it minimizes
the geometric error of the approximation. This makes it computationally fast and the locality of the neighbourhood is responsible for the reconstruction properties. The continuity
of the surface can be adjusted based on the kernel function. If sharp edges need to be
reconstructed, the method becomes computationally expensive.
Multi-level partitioning of unity (MPU) implicit is another useful method for implicit
surface reconstruction [40]. The basic idea of a partition of unity is to break the input data
domain into several pieces, where every subdomain is approximated independent from
other subdomains. The local approximations are then blended together using smooth, local
weights that sum up to one over the whole domain. It can adapt itself efficiently to local
topology while preserving reconstruction properties. Sharp edges can also be reconstructed
without additional computational cost.
The approach taken here is inspired by multi-level partitioning of unity implicit. Reconstruction of implicit surfaces of a point cloud is performed in a bottom-up manner. As
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Figure 3.2: Spatial Subdivision. Left: the input point set. Middle: subdivided using Octree.
Right: subdivided using k-d tree. Courtesy [24]
.
a first step, the point cloud is divided into several small spatial subdivisions, called cells,
under defined criteria based on the distribution of points and their normals. Each new subdivision splits the old subdivision by an axis aligned plane, called the splitting plane. All
the points in the cell are then approximated using a function chosen from the set of representative functions, again based on the distribution of points and their normals. The whole
point cloud is thus transformed into spatially subdivided implicit representations.
There are several data structures that can be used to perform spatial subdivision such
as the Octree, and k-d tree [40, 24]. However, spatial subdivision requires the use of an
adaptive splitting technique. A data structure, such as an Octree where the splitting plane
is placed at half the length of a dimension for all dimensions at once, is not suitable to
solve the problem. For a k-d tree, the splitting dimension and splitting position can be
adaptive. This makes the structure of a k-d tree more suitable for multi-level partitioning.
In the middle plot, the Octree divides the point set equally into four cells, such that four
functions are required to fit the curvature. The same point set can be represented using only
two implicit functions by splitting it using a k-d tree. Adaptive subdivision also fosters a
minimum number of implicit functions to represent the point cloud.
We used region growing segmentation based on characterizing the surface curvature of
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the points in the point cloud. The surface curvature γ for a point p is computed as

γ=

λ0
,
λ0 + λ1 + λ2

(3.2)

where λi are the eigenvalues of the covariance matrix for a support region in the neighbourhood of p. The point with the minimum curvature is identified as residing in the flattest
region and is used as a seed point.
For every seed point, the algorithm finds the support region around the seed. The following steps are repeated until all points in the point cloud are processed:
1. Every neighbour point is tested for the angle between its normal and the normal of
the current seed point. If the angle is less than a threshold then the current point is
added to the current region. This prevents corners and edges from being added to the
current region.
2. If the surface curvature γ of the neighbour point is less than a threshold, it is added
to the set of seeds. This helps to grow the region beyond the current neighbourhood
of the seed point.
3. When all the neighbours of the current seed point are tested, the seed point is removed
from the set of seeds.
The output of the algorithm is a set of regions, as illustrated in different colors in Figure 3.3(b) of the WaterMelonKid data set in Figure 3.3(a). This data set is captured to test
the proposed technique on non-planar surfaces. Each region is processed further to extract
implicit surfaces.
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(b) Region Extraction

Figure 3.3: Region Growing Segmentation. (a) An image of watermelonkid model data
set is given, and (b) regions are extracted in different colors by using region
growing segmentation techniques.
3.1.2

Quadric Surface Representation

A quadric surface is defined by an implicit equation which is a polynomial of degree two
in three variables. Quadric surfaces can be divided into two groups: general and bivariate
quadrics. General quadrics are represented by a quadratic equation of three variables of
degree two each. On the other hand, bivariate quadrics are represented by a quadratic
equation of three variables out of which two variables are of degree two and one variable is
of degree one. There are two representations of the point cloud data. One is volumetric as it
gives the complete 3D volumetric information. In order to compute interest points in a full
3D model, which is normally used for object recognition, a general quadric representation
is recommended because it consists of complex shapes that can be unbounded.
The other representation of point cloud data is commonly known as a 2.5D representation. A range sensor creates a point cloud of geometric samples on the surface of the scene
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which is in fact a 2.5D representation.
In this work, we used the general quadric so that the virtual interest points can be
computed for complete 3D models. In order to represent a point cloud region in an implicit
surface, a quadratic linear system of equations is defined as


a b c


b e f

x y z 1 
c f h


d g k
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k
 z
 
j
1

(3.3)

(3.3) can be expanded in an implicit formation for points pi = (xi , yi , zi )
f (xi , yi , zi , 1) = axi2 + 2bxi yi + 2cxi zi + 2dxi
+ ey2i + 2 f yi zi + 2gyi + hz2i + 2kzi +

(3.4)
j = 0,

where i goes through all data points pi in the segmented region. The unknown coefficients
a, b, c, d, e, f , g, h, k, j can be solved by using Singular Value Decomposition (SVD) (see
Appendix A).
Each region of interest in the point cloud is transformed to a quadric surface of form

f (p) = pT Qp,

(3.5)

where Q is a 4 × 4 matrix called discriminant of the quadric surface. Q is symmetric and
for any real nonzero scalar β , the quantity β Q is equivalent to Q, since they describe the
same surface. The upper-left 3 × 3 principal submatrix of Q, called the subdiscriminant,
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contains all the second-order terms:


a b c 



Qu = 
b e f 


c f h

(3.6)

The ranks of Q and Qu are helpful in classifying a quadric surface. A brief discussion on
the types of surfaces is given in appendix C.2.

3.1.3

Surface Qualification

Once the coefficients of a quadric surfaces have been computed, the surface database is
then populated. It is worth mentioning that all the surfaces are not used to compute the
intersections. Each surface first has to pass a qualification criteria, described below, to be
considered further.

Criteria
For two quadric surfaces, the first question that arises is whether an intersection exists or
not, and if it exists, what is the nature of their quadric surface intersection curve (QSIC). It
is important to define two qualification criteria for each pair of the quadric surfaces to be
processed for virtual interest point computation.
The first criterion is to check whether the intersection exists, based on the pencil of
two quadric surfaces as discussed by Lavin [29, 35]. The pencil generated by two distinct
quadric surfaces contains at least one simple ruled quadrics; i.e., a plane, pair of planes,
hyperbolic or parabolic cylinder, or a hyperbolic paraboloid [43, 29]. Suppose we have two
quadric surfaces, with discriminants Q1 and Q2 . In matrix form, the equations for the two
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surfaces are pQ1 pT = 0 and pQ2 pT = 0. The equation,
p(Q1 − αQ2 )pT = 0,

(3.7)

represents, for all real values of α (finite or infinite), a surface on the pencil of Q1 and Q2 .
For α = 0, we have the surface S1 . For α = ±∞, we have the surface S2 . If surfaces S1 and
S2 intersect, then their intersection is the base curve of the pencil, which lies on all surfaces
of the pencil. In addition, the pencil contains some imaginary surfaces. If the two surfaces
do not intersect, then none of the real surfaces of the pencil intersect.
The second criterion is to check the intersection based on the normal of two surfaces.
If the angle between the normal of the two surfaces is less than a certain threshold, then
they are either parallel (in case of planar surfaces) or the intersection is close to infinity,
and such a combination is considered as disqualified.

Surface Database
The surface pairs that do not pass the above mentioned criteria are grouped together so
that in the intersection phase their intersection calculations can be avoided. The surface
database is populated with the following information:
• Group index: Parallel (non-intersecting) surfaces are grouped together so that spurious calculations can be avoided;
• Surface coefficients: Coefficients of the quadratic equations, that are used to compute
the VIPs;
• Number of points Ns : A trust measure, such that a greater value of Ns indicates a
more stable surface.
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Intersection of Surfaces

Once the regions of interest are transformed into quadric surfaces, the next step is to compute the intersection of three quadric surfaces. By Bezout’s Theorem, three quadric surfaces have either at most eight, or infinitely many intersections [29]. Three techniques to
compute the intersection of three quadric surfaces are curve-surface intersection, curvecurve intersection, and three-quadric intersection.

3.2.1

Curve-surface intersection

The intersection of two surfaces is a curve known as a quadric surfaces intersection curve
(QSIC). The direct intersection of a QSIC with another quadric surface from the point
cloud is a curve-surface intersection. Basically, QSIC, a parametric equation, is substituted
into the equation of the quadric surface. The result is a polynomial of at most degree 4.
Solving it and substituting the values into the parametric representation yields the desired
intersection points [35].

3.2.2

Curve-curve intersection

The intersection of two of three QSICs computed from three quadric surfaces is a curvecurve intersection. There are two cases: the intersection of the two coplanar QSICs is a
simpler case as compared to the intersection of the two arbitrary nonplanar QSICs. Miller
discussed both cases in detail in [35].
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Three-quadric intersection

The bounding vertices of the QSICs lie at points common to three quadric surfaces. A
number of elimination methods are discussed in the literature to solve a system of nonlinear polynomial equations [15]. Resultant is one of the approach which is based on
determinants. The idea is to decompose the problem in such a way that the theory of linear
system of equations can be applied to a system of nonlinear polynomial equations. The key
points can be used to isolate the algebraic details of the three quadric surfaces into a single
resultant expression [56]. A polynomial of degree at most 8 is found, whose roots are the
intersection points.

3.3

Macaulay’s Resultant and Virtual Interest Points

The problem of finding intersections of three polynomials of degree two in three variables
can be solved by using one of the three methods discussed in Section 3.2. The multivariate resultant method inspires this work because it produces an intersection polynomial of
degree at most 8 in a single step and identifies the extraneous roots when they exist. There
are a number of resultant methods available [15, 57] such as Sylvester resultant, Dixon’s
resultant [14], Bezout’s resultant, and Macaulay’s resultant.
The resultant of n homogeneous polynomials in n variables is a multivariate resultant,
sometimes called Macaulay’s resultant, which is a generalization of the usual resultant introduced by Macaulay [32, 31]. It is, with Gröbner bases, one of the main tools of effective
elimination theory. Chionh et al. [13] obtained the solution of three-quadric intersection by
using Macaulay’s resultant.
The existence of a solution sometimes requires a set of polynomials with necessary
vanishing conditions that can be obtained by methods involving the elimination of variables
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from three quadratic polynomials.
Macaulay’s expression for multivariate resultants is concise and explicit for finding the
intersections of three implicit quadric surfaces [13]. The multivariate resultants reduce the
intersection problem by solving the roots of a single univariate polynomial and each root
is computed by solving three simultaneous polynomial equations in two variables. It is
possible that all real roots of the intersection polynomial do not correspond to real quadric
intersections, as they may be paired with complex valued solutions in the other axes. The
derivation of Macaulay’s resultant for computing the intersection of three polynomial of
degree two in three variables is given by Chionh et. al [13], as follows: From (3.3), the
algebraic details of the three quadric surfaces can be stacked into a single equation form as
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(3.8)
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One of the variables x, y, or z is assumed to be an indeterminate constant and a homogenizing variable, ωx , is introduced to express the quadric equations as:
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(3.9)

(3.9) is x-homogenized which should not be confused with the homogeneous equation. It
can be viewed as a sum of monomials appearing in it, or can be viewed as a polynomial in
the variable ωx . The resultant Rx of this equation can be obtained by using the Macaulay’s
expression for the system l 2 , m2 , n2 with the substitutions:
l1

= a1 x2 + g1 x + j1

l2

= d1 x + h1

l3

= f1 x + k1

m1 = a2 x2 + g2 x + j2

m2 = d2 x + h2

m3 = f2 x + k2

n1 = a3 x2 + g2 x + j2

n2 = d3 x + h2

n3 = f3 x + k2
(3.10)

l4

= b1

l5

= c1

l6

= e1

m4 = b2

m5 = c2

m6 = e2

n4 = b3

n5 = c3

n6 = e3

The system of l, m, n is a polynomial in x, called the resultant Rx . By Bezout’s theorem [29],
the degree of Rx should, in general, be eight. This can be established theoretically by using
the isobaric property (whereby all terms have the same weight) of the resultant. An integer
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weight is assigned to each coefficient of (3.9). To do so any one variable from ωx , y, z is
chosen arbitrarily. The power of a variable in the term where the coefficient occurs is set
as the weight of a coefficient. The weight of a term in a resultant expression is defined
to be the sum of the weights of the coefficients appearing in that term. Thus the weights
assigned in (3.9) are: two for l1 , m1 , n1 ; one for for l2 , m2 , n2 , l3 , m3 , n3 ; and zero for the
rest. For more discussion and examples on the distribution of weights and degree of the
resultant, see [13].
Since the existence of a solution requires a set of polynomials with necessary vanishing
conditions, each root of x of Rx = 0 corresponds to a solution (ωx , y/ωx , z/ωx ) of (3.9), for
ωx 6= 0. Thus, the intersection problem reduces to solving the root of a single univariate
polynomial Rx = 0, provided that Rx is a non-zero non-constant polynomial and that we
know what roots of Rx = 0 to discard. Similarly, x can be replaced with y or z to be an
indeterminate constant. The resultant Rx , a polynomial in x, may have infinitely many
roots, called the identically zero resultant. An identically zero resultant for (3.9) means
that a non-trivial solution exists regardless of the value of x. Thus, non-trivial solutions are
not considered for further processing.
The intersecting point, (ωx , y/ωx , z/ωx ), of three quadric surfaces is a 3D point that
does not explicitly exist in the original point cloud. It is this point that we we refer to as a
virtual interest point (VIP) [2].

3.3.1

VIP Descriptor

VIPs are added to a database along with their associated feature descriptors, which are
composed of three properties:
• Angles between the normal of three quadric surfaces (α, β , γ);
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• Degree of orthogonality det(Mc ):, where matrix Mc stacks the first three parameters
of the normal (ai , bi , ci ) of each corresponding surface used for intersection in the
following format;




 a1 b1 c1 



Mc = 
a
b
c
 2 2 2 


a3 b3 c3

(3.11)

• The trust factor, t f , which is calculated as

tf =

PS1 + PS2 + PS3
TS

(3.12)

Here PS1 , P2 , and PS3 are the number of points from the point cloud used to compute
the three respective surfaces, S1 , S2 , and S3 , and Ts is the size of the complete point
cloud. The higher the value of t f , the more reliable the VIP is considered to be. The
trust factor quantifies the importance of certain VIPs over others. Surfaces composed
of fewer points can contain higher amount of noise compared to those with more
points. The trust factor is higher for those surface combinations that contain a larger
share of the point cloud. Qualified VIPs that exceed a threshold trust factor are added
to a database along with their associated feature descriptors.

3.4

VIP Correspondences

A nearest-neighbour search mechanism is employed to match the VIPs in two point clouds.
The k-d tree is populated where each property of the feature descriptor serves as a dimension. A source VIP is matched with the nearest target VIP in descriptor space. An obvious
selection of the best correspondence is the one with minimum distance in feature space. It

3.4. VIP CORRESPONDENCES

62

is worth mentioning here that all properties of the descriptor have equal weight. We only
need one VIP true correspondence to successfully register two point clouds. It is possible, however, that correspondence selection based on only minimum distance in descriptor
space might be an outlier. Therefore, it is important to derive a mechanism that helps to
select the most probable correct match.

3.4.1

Geometric Consistency Clustering

We group the correspondences using the geometric consistency clustering algorithm that
enforces simple geometric constraints between pairs of correspondences [11]. Possible
corresponding pairs are filtered based on the geometric constraint

dc1 ,c2 = kdv1 ,v2 − dm1 ,m2 k < ε,

(3.13)

where v1 and v2 are two VIPs from one point cloud, and m1 and m2 are two VIPs from
other point cloud. The distances dv1 ,v2 and dm1 ,m2 are the Euclidean distances between the
two VIPs. The constraint guarantees that the distances dv1 ,v2 and dm1 ,m2 are consistent, for
two correspondences c1 = (v1 , m1 ) and c2 = (v2 , m2 ). Potential corresponding pairs are
grouped together, and the larger the group is, the more likely it contains a number of true
correspondences.
Only one true VIP pair correspondence is required to register two point clouds. A
transformation is computed for a random correspondence selected from this group using
the method explained in Section 3.5, and the residual error is minimized. The correspondence with the minimum residual error is considered to be the best correspondence. This
framework to find the single best correspondence among the largest group can be referred
to as RANSAC framework [18].
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Figure 3.4: Registration using single correspondence for two dimensional case. Red and
black dots represent two accurately matched VIPs vq and vm .
3.5

Registration

For a two dimensional case, the registration process using a single true correspondence
is calculated by matching VIPs vq and vm , as demonstrated in Figure 3.4. For a three
dimensional case, it is a three-step registration process, with one translation T followed
by two rotations. The translation is calculated trivially as the difference between the two
VIPs; i.e., T = vqxyz − vmxyz . To calculate the two rotations, first it is recognized that the two
VIPs have three matched quadric surfaces, so that three angles between the normals of the
matched quadric surfaces are computed as
αi = cos−1

(nqi · nmi )
p
(nqi · nqi ) ∗ (nmi · nmi )

!
(3.14)

where αi is the angle between the i ∈ {1, 2, 3} normals nqi and nmi of the two matched
VIPs. We used a RANSAC mechanism to choose the order for normal angles; i.e., orders
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were randomly selected and tested, and that transformation on the VIPs was selected that
minimized the error.
We select the two largest angles and calculate the rotation matrix R using Rodrigues’
rotation formula, in which rotation in one axis is given by:

R = I + sin α1 [k]× + (1 − cos α1 )(kkT − I)

(3.15)

where k = (nq1 × nm1 ) is the cross product of two normals and [k]× is a cross product matrix
of k:




 0 −kz ky 



[k]× = 
k
0
−k
x .
 z


−ky kx
0

(3.16)

Two point clouds are registered together by using the translation matrix T and the rotation matrix R. Only one true correspondence is therefore required to register two point
clouds which significantly improves the computational efficiency of the registration process.

3.6

Conclusion

The challenges for interest point operators, discussed in Chapter 2, are noise, data density
variations, and efficiency. These challenges are addressed upfront in the design criteria of
the proposed technique. We present a new way of extracting interest points that are in fact
not present in the point cloud, called virtual interest points to register two point clouds. We
use implicit surface representation, called quadrics, to model the point cloud. Macaulay’s
resultant gives the intersection of three quadrics that is the virtual interest point. A unique
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feature descriptor for each VIP is computed. A correspondence in descriptor space helps to
compute the transformation to register two point clouds using Rodrigues’ rotation equation.
Each step is designed considering robustness to noise, and data density variations as well
as the computational efficiency of the process.
The robustness to noise is accomplished by avoiding noisy areas in the point cloud. The
large shape variations areas that are normally composed of corners, edges, and extremas,
are ignored. Only stable regions are extracted. These regions are then modelled into quadric
surface representations. Only a few points from the regions are required to model a quadric
surface, thus this representation does not require any specific data density. Similarly, the
surface fitting reduces the effect of noise. Once the surface representation is extracted, the
rest of the algorithm only depends on the parameters of the quadrics thus no more points are
processed. Macaulay’s resultant computes the intersection by using the coefficients of three
quadrics. The descriptor is also based on only the properties of the quadrics. This reduces
the computational cost of the process. The feature descriptors are computed in such a way
that only one true correspondence is required for registration of noisy point clouds. Once a
true correspondence is computed, the properties of the matched VIPs are used to compute
the transformation. The idea of using Rodrigues’ rotation equation helps the technique to
be computationally efficient. This, further, makes the overall runtime efficient.
One main limitation of the method is the inability to deal with the case of a point cloud
composed of a single planar surface. The proposed technique requires that the point cloud
must have at least three non-parallel surfaces to generate a virtual interest point.
In the next chapter, we experimentally compare the proposed technique with several
other techniques under various challenging data sets to characterize the accuracy as well as
efficiency.
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Chapter 4
Experimentation

In this chapter, the proposed technique is implemented and tested under various challenging
conditions. Virtual interest points are, initially, generated by using a simple implicit surface
representation. The polynomial of degree one in three variables is used to extract planar
surface representations from the environment. The intersection of three planar surfaces
results in a virtual interest point. Later, we found that this idea can be generalized to capture
non-planar surfaces in the point cloud by using another class of implicit surfaces, that is the
quadric surface representation. Quadric surfaces can be computed by using polynomials of
degree two in three variables. The details of the initial version are an important part of the
generalized version, which is discussed in this chapter as well.
Finally, the generalized version of VIP is tested under various challenging data sets captured by using different sensors and compared with recently developed registration techniques for efficiency and accuracy. The literature review on the existing interest point
operators for registration shows that almost all techniques suffer from noise and data density variation present in the point cloud data. VIPs are designed to deal with these two
challenges, and so data sets with a significant amount of noise and data density variation
are also tested for registration using VIPs.
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(b) Tracking

Figure 4.1: 2D Vision based Indoor Positioning System. a) Top image shows the location
of the sensor (red coloured dot) in a 3D map of an environment, given in the
image below, and b) illustration of the track of the sensor in the scene.
4.1

Preliminary Experiments

The initial goal was to develop a simultaneous localization and mapping (SLAM) technique
for indoor environments using only a 3D sensor [33, 51]. Features matching is the building
block of vision based SLAM. Sometimes, mapping requires registration of point clouds that
may be governed by feature based registration. Registration challenges were evaluated after
a thorough analysis of various registration techniques to simultaneously localize and map
an indoor environment using only a 3D sensor. A brief overview of registration challenges
is discussed in the next section.
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Registration Challenges

Initially, the state of the art registration techniques were employed using a low-priced and
readily available depth sensor; i.e., Microsoft Kinect version 1, to develop a 3D vision
based SLAM solution. If an algorithm successfully worked with the inexpensive commodity sensor and noisy data set, then much better performance could be expected using a
more sophisticated sensor and accurate data set. However, after several failed attempts to
develop a SLAM solution using only depth information, a compromised technique where
2D colour information co-registered with the 3D data set was used as given by RGB-D
SLAM [16]. In Figure 4.1(a), the red dot indicates the location of the sensor in the map
of the environment created using co-registered 2D and 3D data, and in Figure 4.1(b), a
complete track of the sensor trajectory is shown. This system was developed by modifying
an open source implementation of vision based SLAM [16]. This exercise gave detailed
insight of the registration challenges associated when using only 3D sensors.
Registration using 3D sensors is performed through a number of commonly known
techniques. As discussed in Section 1.3, we used the iterative closest point (ICP) algorithm
to register two point clouds but the registration was not successful. One of the possible reasons of unsuccessful registration was unavailability of initial alignment. We also used the
SIFT 2.5D interest point extractor and FPFH feature descriptor for matching feature points
to compute an initial transformation. However, in both cases the results were unfavourable
as shown in Figures 1.1 and 1.2. The failure of an interest point operator may have been
due to the significant amount of noise present in the captured data. This experiment directed our research towards interest point analysis, given in the next section. It is worth
mentioning here that KPQ has a relatively higher convergence rate as compared to other
interest point operators but it compromises on the computational efficiency [54]. The goal
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Table 4.1: Support region analysis of matched and unmatched interest points at four support region sizes. For unmatched cases, each interest point is projected in the
second frame for analysis of support regions in both frames. The total number
of matches are given by M and r is the radius. Units are mm.
Interest Points
PC1
PC2

M

1725

1905

26

1725

1905

0

r
1
2
3
4
1
2
3
4

x
2.18
1.61
1.47
1.40
3.04
2.27
2.53
2.30

y
1.58
1.12
1.02
0.96
2.38
2.03
1.81
1.62

Mean µp
z
x2 + y2 + z2
5.27
14.12
3.82
13.60
3.51
13.50
3.33
13.45
10.27
16.74
9.05
15.97
8.09
15.42
7.27
14.98

x
0.16
0.11
0.09
0.07
0.32
0.29
0.23
0.17

σ
y
0.10
0.07
0.05
0.04
0.14
0.10
0.08
0.06

z
1.16
0.80
0.65
0.53
2.22
1.84
1.47
1.19

is to achieve real-time computational efficiency for mapping and localizing in an indoor
environment.

Interest Point Analysis
Interest points and their support regions were examined next to determine the reasons for
the failure of the initial transformation. To do so, two consecutive frames of the same
scene were captured at 30 Hz in a controlled environment without any sensor movement
to reduce the influence of external noise. It was expected that the data points, edges, and
corners should be repeatable. Similarly, the curvature of each data point with respect to the
other should be similar in two frames because consecutive frames were captured without
any change in translation and rotation at the time of acquisition. In fact, both frames will be
exactly the same in ideal conditions that are without sensor and scene specific noise. The
difference between two frames was computed by analysing the stability of the data points,
interest points, and interest point support regions to evaluate the data in order to understand
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Table 4.2: Interest Point Analysis. SFIT 3D and VIP are compared for Potential Matches
versus Total Matches.
Interest Point
Operator
SIFT 2.5D
VIP

Potential
Matches
1725
12860

Total
Matches
26
10663

Avg. Projection
Error (mm)
14.12
4.08

the failure of the feature based registration problem. The experiments to analyse the differences between two consecutive frames are given below. We also tested the registration
of the same sequence through the virtual interest point operator, and analysed the proposed
virtual interest point to compare with the SIFT 2.5D operator.
Stability Analysis: This experiment was designed to examine the repeatability of data
points in two frames. The transformation matrix between two frames was a 4 × 4
identity matrix because there is no translation and rotation between the two frames.
Each point from frame 1 was projected to frame 2 and an average residual error µ is
computed for three axes, that is (x, y, z) = (1.80, 1.04, 5.57) mm. The average depth
error µz = 5.57 mm indicates the instability of data.
Interest Point Operator Analysis: The SIFT 2.5D interest point operator was employed
to extract interest points as shown in Figure 4.2, with the green and red interest
points extracted from first and second point clouds, respectively. The number of interest points extracted in PC1 and PC2 are 1725 and 1905, respectively. Repeatability
is one of the main objectives of an interest point [54]. Interest points from frame 1
were projected into frame 2 by using the same transformation matrix that was used
for stability analysis to check the repeatability. An interest point from frame 1 was
matched to an interest point in frame 2 if there exists an interest point within a certain
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radial threshold of that projected. Surprisingly, only 26 matches were found, indicating poor repeatability of the interest points operator. It was concluded that this
problem was either due to either the imprecision of the interest point operator or the
significant noise present in the captured data.
We tested the registration for the same pair of point clouds using virtual interest
points using projection error given by

∑ d(pi, p̂i)2 + d(pi0, p̂i0)2

(4.1)

i

where p̂i 0 = T P̂i , is a transformed point p̂i 0 from source point cloud to target point
cloud using transformation matrix T and d(pi , p̂i )2 computes the distance between
the projected source virtual interest point and the target virtual interest point [21].
The number of VIPs extracted in PC1 and PC2 were 12860 and 13291, respectively.
Table 4.2 gives a brief analysis of SIFT 2.5D versus VIP. The total number of correct
correspondences of VIPs were 10663, which is 82.91 % of the total VIPs with an average projection error of 4.08 mm as compared to SIFT 2.5D, with only 26 matches,
which is 1.5 % of total interest points with an average projection error of 14.12 mm.
This shows that the concept of using surfaces reduces the effect of noise and results in
repeatable interest points. Some outlier matches resulted in wrong registration. Normally matches are picked randomly to test the registration which is referred to as a
RANSAC framework. The number of RANSAC iterations N required for probability
of success p can be computed using

N=

log(1 − p)
,
log(1 − wn )

(4.2)
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where w is probability of finding an inlier, which was set to 0.5 because we assume
50 % matches are inliers. The n points needed for estimating a model are selected
independently. For SIFT 2.5D n = 2 because a minimum of two points was required
to register two point clouds. In the case of VIP, n = 1, as only one correct match is
required to register the point clouds. Thus the number of iterations required for VIP
are 7 for a probability of success of 0.99 whereas SIFT 2.5D requires 16 iterations.
Table 4.3 shows the number of RANSAC iterations for p = 0.99, p = 0.95, and
p = 0.9.
Support Region Analysis: Support region of an interest point plays an important role
in 2.5D SIFT for the selection of the interest point as well as the descriptor. The
support region of each interest point is analysed to explore the reasons for unstable
interest points in two frames. Table 4.1 shows matched and unmatched interest points
with a statistical analysis of interest point correspondences at four support region
sizes. Unmatched interest points are projected on the second frame to analyse the
support regions using the same transformation matrix. It was noticed that 31 points
were projected on NAN (failure with value Not-A-Number). The likely reason for
this occurrence is the detection of interest points on edges or corners. For a total
of 26 matches, the average depth error in the z axis was 5.27 mm with standard
deviation σ = 1.16 for support region of size 1. Yet, µ and σ for depth error z
increase approximately two times for unmatched points for the same support region
of size 1. From Table 4.1, it can be seen that increasing the support region size, µ
and σ decrease which shows that the effect of noise is reduced when the support
region size is large. However, in the unmatched case, µ and σ with support region
of size 4 are still significantly higher than for a support region of size 1 for matched
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Table 4.3: RANSAC iteration is computed. Assumption is 50 % of matches are inliers. For
probability of success p = 0.99, p = 0.95, and p = 0.90 RANSAC iterations are
computed.
Interest Point
Operator
SIFT 2.5D
VIP

Total
Matches
26
10663

50 % Percentage
Inliers
13
5331.5

RANSAC Iterations
p = 0.99 p = 0.95 p = 0.90
16
10
8
7
4
3

cases. This is the reason that interest points are unmatched due to non-repeatable
data points in such regions.
Nevertheless, the errors introduced by sensors are also an important factor. Therefore, the
sensor was analysed in the next section to understand the reason for registration failure.

Sensor Noise Analysis
For the experiments described above a Microsoft Kinect version 1 was used. The Microsoft
Kinect depth sensor emits an IR pattern on the scene and captures the IR image with a
CMOS camera that is fitted with an IR-pass filter. The Microsoft Kinect version 1 processes
the relative positions of the dots in the pattern to calculate the depth displacement at each
pixel position in the image by the triangulation principle.
Specifications of the Kinect are as follows: a frame rate of approximately 30 Hz, an
angular field of view of 57◦ horizontal and 43o vertical, spatial range of 640 × 480 points
with spatial resolution at a distance of 2 m at 3 mm. Nominal depth range is 0.8 to 3.5
m, however, it can measure depth up to a range of 8 m and the depth resolution at 2 m
distance is 10 mm [5]. The Kinect captures the colour image co-registered with the depth
information.
To analyse depth accuracy and stability, the Kinect depth sensor was aimed at a planar
surface to record the depth values of 2000 consecutive frames at 30 Hz. It is important
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(a) Test Point Clouds

(b) Location of interest points in two point clouds
Figure 4.2: Repeatability of interest points.
to analyse the behaviour of the sensor at different locations within the frame of 640 × 480
samples. Twenty (20) evenly distributed diagonal points were measured for 2000 frames, as
shown in the plot in Figure 4.3(a). Fluctuating depth values were noticed on all the points.
In Figure 4.3(b), the standard deviation of all the points are plotted which indicates stable
measurements at the centre points with low standard deviations as compared to the corners.
The standard deviation is 4 mm for the centre points ranging from 8 to 13, whereas for the
rest of the points it is 10.9 mm with the difference of 6 mm. In Figure 4.4(a), a histogram
of the diagonal points is plotted to show the fluctuating levels for each point. A comparison
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between the centre point to the corner point is given in Figure 4.4(b). The fluctuation is
higher at the corners as compared to the centre, but the most important fact is that even the
centre points are not completely stable.
Another important observation is the settling time or warm up time of the Kinect depth
sensor. From the time that the sensor is powered on, it requires approximately 30 seconds
of settling time before the pixel values reach their final state [5]. Equivalently, if the sensor
is rotated and quickly pointed towards a different scene, a similar adapting sequence can
be observed. This is an important observation and it can become a potential reason for
registration failure. It is evident from the plots, in Figure 4.3(a), that there is a transient
state for the first 200 frames (6 seconds) and then it stabilizes with fluctuations.
In Table 4.1, matched interest points contain depth and spatial errors of approximately
5.3 mm and 2.5 mm, respectively. On the sensor side, the Kinect has depth and spatial
resolution of approximately 10 mm and 3 mm, respectively, at a distance of 2 m. The
design criteria of an interest point operator should consider the resolution of the sensor to
detect repeatable interest points.
The above experiments resulted in further research to develop an interest point operator
that has the capability to extract repeatable interest points in such challenging scenarios.
The literature review, in Section 2.2, shows that noise is present in the point cloud data
acquired from all 3D sensors due to several sensor and scene specific reasons and these
findings are not limited to the Microsoft Kinect sensor. In the next two sections 4.2 and
4.3, experiments on an initial solution based on planar surfaces and a generalized solution
based on quadric surfaces are presented, respectively.
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(b) Standard Deviation
Figure 4.3: Kinect depth stability plots. a) depth is measured (in meters) for 20 diagonal
evenly spaced points in different colors for 2000 frames against a planar surface
and b) standard deviations (in meters) for each point is computed to verify the
behaviour of sensor for diagonal points.
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Histogram of Fluctuation at Center vs. Corner Points
Corner Point
Center Point

2000
1800
1600

No. of Observation

1400
1200

1000
800

600

400
200

0
2.14

2.16

2.18

2.2

2.22
2.24
Depth (in meters)

2.26

2.28

2.3

(b) Centre vs. Corner Points
Figure 4.4: Kinect depth stability plots. a) Histogram of diagonal points shows the fluctuation levels, and b) Huge difference in fluctuation histogram of corner point
compared to the centre point.
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VIPs from Planar Surface Representation

Initially, we restrict the surface representation to a polynomial of degree one in three variables which is a planar surface representation, using a plane equation to prove the concept.
This idea is then generalized to a polynomial of degree two in three variables, which is a
quadric surface representation using a quadratic equation so that non-planar surfaces can
be modelled.

4.2.1

Planar Surface Representation

Each region, extracted as described in Section 3.1.1, is processed further to find the plane
coefficients. We used only seed points for further processing as our objective was to process planar surfaces. The RANSAC plane fitting mechanism was used to find the best
representative plane to a region. A flow chart of the plane extraction algorithm is given in
Figure 4.5.
Plane extraction

Region Growing

START

Yes
Region Exist

Point Cloud
No

No

Plane
Verified

Yes

STOP

RANSAC Plane Fitting

Figure 4.5: Flow chart of plane extraction algorithm.

Database
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RANSAC Plane Fitting
Once extracted, each region is further processed to extract planes using RANSAC model
fitting mechanism as follows.
Given a region, we randomly select a subset of three sample points to compute the
model plane equation. Three points are selected because the linear system used to derive
the model parameters is not overdetermined. Then the errors between the model and the rest
of the data points in the region are computed. The model whose errors to the data points
are smaller than a threshold is added in the consensus set of the current iteration. Each
model in the consensus set is also compared with other models. The model plane with
minimum errors is accepted. The data points within the threshold for the selected model
are considered as inliers. The model plane parameters are computed again by solving the
overdetermined linear system composed by inliers.

Plane Verification
A plane database is generated where all the planes are stored for further processing. After
detecting the planes, each plane has to pass the following tests to be admitted into the planes
database.
1. Points in each plane must be close together within a certain radius to form a single
cluster such that neighbouring points must be within a predefined cluster tolerance
distance to avoid any incorrect plane extraction. If more than one cluster exists, then
each cluster is treated separately to fit a plane and to pass the verification test.
2. Each region is evaluated using eigenvalue decomposition such that the smallest eigenvalue must be relatively small compared to the other two, to indicate that the points

4.2. VIPS FROM PLANAR SURFACE REPRESENTATION

(a) Point cloud 1

80

(b) Point cloud 2

(c) Registration
Figure 4.6: Registration of two point clouds. Extracted planes are clustered in different
colours and VIPs are in large squares in (a) Point cloud 1 and (b) Point Cloud
2. (c) Point cloud 1 and Point cloud 2 aligned together using matched VIPs.
lie in a plane. If the smallest eigenvalue is greater than a threshold, then the region
does not pass the verification step.
The output of the algorithm is a set of regions, as shown in Figure 4.6 (a) and (b),
with different colours depicting each planar region. Once the plane coefficients have been
computed, the planes database is populated with the following information (similar to those
discussed in section 3.1.1);
• Group index: Parallel planes are grouped together so that spurious calculations can
be avoided.
• Plane coefficients: Coefficients of the plane equations, which are used to compute
the VIPs.
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• Number of points Ps : A trust measure, such that a greater value of Ps indicates a more
reliable plane.

4.2.2

VIPs and Feature Descriptors

The plane database is processed to extract VIPs, as shown in Figure 4.6 with brown coloured
blocks. Three planes, each with a different group index (and therefore non-parallel), are
processed to find a common point of intersection. The following system of equations of
the planes are established to calculate the degree of orthogonality of three planes, and their
intersection points
A1 x + B1 y +C1 z + D1 = 0
A2 x + B2 y +C2 z + D2 = 0

(4.3)

A3 x + B3 y +C3 z + D3 = 0
The following two matrices are derived from the above system of planar equations




 A1 B1 C1 



Mc = 
 A2 B2 C2 


A3 B3 C3


(4.4)



 A1 B1 D1 



Ma = 
 A2 B2 D2 


A3 B3 D3

(4.5)

where Mc and Ma are the coefficient matrix and the augmented matrix, respectively. Three
non-parallel planes can only intersect at a point if both Mc and Ma are full rank. Mc contains
the row unit normals for each plane, and the closer the determinant of Mc is to 1, the closer
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the three planes are to being mutually perpendicular.
If Mc and Ma are full rank, then the point of common intersection, which is a candidate
VIP, is calculated using (4.3) as




−1 



 x   A1 B1 C1 
  

 y = A B C 
   2 2 2 
  

z
A3 B3 C3



 −D1 


 −D 
2 



−D3

(4.6)

In total, each set of three planes has to satisfy two conditions to generate a qualified
VIPs. First, the rank of Mc and Ma must be 3. Second, det(Mc ) > σ , where σ is a threshold
that is close to 1 and indicates the degree of orthogonality of the three planes. The typical
value of σ is 0.7.
Qualified VIPs are added to the database along with their associated feature descriptors,
which are composed of the following properties:
1. Angles between the three planes: α, β , and γ,
2. Degree of orthogonality: det(Mc ),
3. Trust factor: t f , which is calculated as
tf =

Ps1 + Ps2 + Ps3
Ts

(4.7)

where Ps1 , Ps2 , and Ps3 are the number of points of three associated planes and Ts is the size
of point cloud. The higher the value of t f , the more reliable the VIP.
The feature descriptor computed for the VIP is significantly different from other stateof-the-art techniques. Surface properties and their relationships with each other are used
here to define a descriptor. In conventional techniques, descriptors are normally computed
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(b) Ground truth

(c) VIP

(d) VIP-ICP
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Figure 4.7: Comparison of Ground truth, VIP, and VIP-ICP with an original point cloud
pair of Panel data set. (a) Raw point clouds are overlaid on each other, with
translation and rotation of data in side and top views. (b) Ground truth registration computed using ICP with 500 iterations. (c) Registration with VIP. (d)
VIP registration refined with ICP.
using the support region of an interest point which is affected by the data density variations.
VIPs become robust to data resolution variations due to the unique descriptor computation.
This is one of the main contributions of this research work.
The next steps after the computation of VIPs are the correspondence matching and
registration. These two steps are discussed in detail in Section 3.4 and Section 3.5, respectively. The registration using VIPs from planar surface representation is tested in the next
section.

4.2.3

Planar Surface Experiments

Four point cloud data sets were collected, using different sensors, comprising both artificial
and natural structures to compare the proposed method against ICP, GICP, and 2.5D SIFT
for registration. The sensors used to acquire the data were the Microsoft Kinect (version 1),
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Table 4.4: Data sets are captured using a variety of sensors. Sensing mechanism, depth
range, and data sets captured using a sensor are given.
Sensors
Kinect v1
SwissRanger SR4030
Asus Xtion
Kinect v2
NextEngine
3D

Mechanism
Triangulation
Time-of-Flight
Triangulation
Time-of-Flight

Depth Range
0.8 to 3.5 m
0.01 m
0.8 m to 3.5 m
0.5 m to 4.5 m

Multistripe
Laser Triangulation

0.5 m to 4.5 m

Data set(s)
Lab, Office
Rock
Panel
WaterMellonKid,
Object, Plant
Rabbit, Elmo,
Sailor, Goose

Asus Xtion, and SwissRanger SR4030. The Kinect is an inexpensive sensor and exhibits
significant quantization error as the sensor moves farther away from the scene [5]. The
Asus Xtion uses an infrared sensor and adaptive depth detection technology. It provides
data of 1 cm depth accuracy in the field of view at 30 frames per second. The SR4030 is
a time-of-flight sensor. For an object at a given distance, the range measurement results in
a distribution of measured values centred on a mean value. This introduces a significant
amount of noise in the data at the corners and edges in the scene. Each SR4030 scan
consists of 25344 points with depth information.
The description of each data set is given as:
• Panel is captured by the Asus Xtion. The sensor is moved in half a metre height
along a zig-zag structure built from wooden panels. It consists of 15 frames. This
data set is available online [51]. The ground truth of this data set is generated using
ICP with 500 iterations and verified through visual inspection. ICP registers the
frames very accurately for two reasons. First, the inter-frame offset is very small and
secondly, this data set has low noise due to the short distance between the sensor and
the surface.
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• Lab consists of 28 consecutive scans of a small area of a laboratory environment,
using the Kinect. This data set was captured at a very small distance of average 1.5
m to reduce noise effects. The translation between subsequent scans is very small
and contains a large area of overlap.
• Office consists of 12 scans captured of an office environment by rotating the Kinect
sensor approximately around its vertical axis through a 360◦ arc. This data set was
captured at a distance of on average 3 m to 5 m, and so it contains a higher amount
of noise and quantization error than the Lab data set. The interscan displacement is
also larger than that of the Lab data set, and still contains a reasonable overlapping
area between the successive scans.
• Rocks represents a natural structure. It consists of 50 consecutive scans of a rock
cut, captured near a highway overpass using an SR4030 sensor. This data set was
captured at a small distance of on average 1 m. The observed rock cut was composed
of an exposed granite outcrop, which is part of the Canadian shield formation. During
the construction of highways, these rocks are blasted and thus the rock faces are
revealed to exhibit their underlying semi-regular and approximately planar surfaces.
VIP with and without ICP refinement is compared to the ground truth Panel data set.
In the case of VIP refined with ICP (VIP-ICP), the iterations of ICP are set to 5 so that
the computation efficiency of registration does not significantly degrade. The proposed
technique converged to a global minimum for 93 % of frame pairs. The camera origin and
orientation for 15 frames were tracked with VIP, VIP-ICP, and ground truth. Ground truth is
compared to VIP and VIP-ICP for translations in the x, y, and z axes, as well as for rotations
about three perpendicular axes, termed as pitch, yaw, and roll. To quantify the transformation error with respect to the size of the point clouds, the percentage error is computed as
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where Terr is the translation error relative to the ground truth and dia(PC) is the

average diameter of point clouds, PC, of the data set. The percentage error for translation
for VIP and VIP-ICP are (1.76, 0.55, 0.46) and (1.00, 0.28, 0.16), respectively. The average rotational error in degrees is computed as (0.64, 1.76, 1.14) and (0.69, 0.74, 0.81) for
VIP and VIP-ICP, respectively. It can be seen that the error in each of the 6 dimensions is
very low for both VIP and VIP-ICP, thus the quality of registration is good as can be seen
in Figure 4.7. Similarly, there was some improvement when ICP refinement was added as
a post processing step to the proposed technique. However, the average computation time
per pair for VIP-ICP, 4.27 s, was almost double that of VIP at 2.41 s. Only VIP was used
for registration for the rest of the data sets.
We also registered three data sets using four different techniques. Two variants of
iterative closest point algorithm, ICP and GICP, were compared as non-feature based registration methods. The number of iterations were limited to a maximum of 100 since convergence was typically achieved before this point, if at all. The rate of convergence predictably
dropped by reducing the number of iterations in ICP and GICP. 2.5D SIFT was used for
feature based registration, as was the VIP method described above. The feature descriptor,
Fast Point Feature Histograms (FPFH) [46], was used for feature matching of the extracted
2.5D SIFT interest points. The success of each method was evaluated qualitatively by visually comparing the convergence to a global minimum. The efficiency of each method was
compared on an Intel Core i7 machine with 6 GB of RAM.
On the Lab data set using Kinect, ICP and GICP converged to a global minimum for
86.2 % and 89.6 % of image pairs, respectively. However, 2.5D SIFT converged for only
18.5 % of pairs. The 2.5D SIFT interest points were not repeatable because the method
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(b) ICP

(e) VIP

(c) GICP

(d) 2.5D SIFT

Figure 4.8: Lab data set registration of two point clouds. (a) Two raw point clouds are displayed from a bird’s eye view without registration to illustrate the displacement
between them. (b) Registration using ICP method that takes 100 iterations to
converge to a global minimum. (c) GICP registers better with 100 iterations
but still not accurate. (d) 2.5D SIFT fails to align two point clouds. (e) VIP
registers better than other techniques, with registration performed with only a
single correspondence.
searched for interest points at regions of large shape variation that suffer due to scenespecific noise. For this reason, the registration failed even with significant overlap between
the point clouds. On the other hand, VIP successfully registered all 27 pairs of images
(100 %). Figure 4.8 illustrates the registration results using the four techniques on a pair
of scans. The average processing time of VIP is 2.8 s per pair. 2.5D SIFT has an average
processing time of 25.0 s per pair. ICP with 77.1 s per pair is slightly more efficient than
GICP with 171.3 s per pair. Therefore, VIP significantly outperformed the other three
techniques in both computational efficiency and success rate.
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(b) ICP

(d) VIP

(c) GICP

(d) 2.5D SIFT

Figure 4.9: Office data set registration of two point clouds. (a) Two raw point clouds are
displayed from a bird’s eye view without registration to illustrate the displacement between them. (b) Registration using ICP method that takes 100 iterations
to converge to a global minimum which is better than GICP and SIFT3D. (c)
GICP takes 100 iterations but still not converge. (d) 2.5D SIFT fails to align
two point clouds. (e) VIP registers better than other techniques.
On the Office data set using the Kinect sensor, ICP and GICP converged to a global
minimum for 40.9 % and 27.3 % of image pairs out of 11 pairs, respectively. However, 2.5D
SIFT converged for only 0.1 % of pairs. On the other hand, VIP successfully converged for
90.9 % of 11 pairs, failing where the plane detection was erroneous. This was a noisy data
set due to the quantization error that resulted from the acquisition procedure. Figure 4.9
illustrates the registration using the four techniques on a pair of scans. 2.5D SIFT converged
only for a single pair with a runtime of 45.3 s per pair. The computation time for ICP
and GICP was 169.91 and 567.45 s per pair, respectively. ICP and GICP converged very
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(a) RGB Image

(b) Original Clouds

(c) ICP

(d) GICP

(e) 2.5D SIFT

(f) VIP

Figure 4.10: Rocks data set registration of two point clouds. There is no colour information in SR4030, therefore points are assigned different colours for visual understanding. (a) RGB image of rocks. (b) Two raw point clouds are displayed
from a bird’s eye view without registration to illustrate the displacement between them. (c) Registration using ICP method that takes 100 iterations to
converge to global minimum which is better than SIFT3D. (d) GICP takes
100 iterations but does not converge to a global minimum. (e) 2.5D SIFT fails
to align two point clouds. (f) VIP registers better than other techniques.
slowly due to the large scan to scan displacement, whereas VIP registered efficiently with
an average processing time of 0.6 s per pair.
The Rocks data set was acquired using the SR4030 sensor. Since only depth information is extracted in this data set, an RGB image of a similar rock face, taken from the
same location, is shown for illustration in Figure 4.10(a). This data set contained a large

4.2. VIPS FROM PLANAR SURFACE REPRESENTATION

90

Table 4.5: Four techniques are compared on three data sets. Convergence and average computation time are shown. For ICP and GICP number of iterations are also given.

Technique
ICP

GICP
2.5D SIFT
VIP

Data set
Pairs
Convergence (%)
Average Time
Iterations
Convergence (%)
Average Time
Iterations
Convergence (%)
Average Time
Convergence (%)
Average Time

Lab
27
86.20
77.13
100
89.65
171.29
100
18.51
25.04
100
2.81

Office
11
40.90
169.91
100
27.27
567.45
100
0.09
45.3
90.9
2.26

Rocks
49
85.71
7.84
100
87.75
12.83
100
0.12
2.26
93.87
2.32

amount of noise and due to the lack of colour information, it is difficult to distinguish between two point clouds. Therefore, the two clouds are shown in different colours. ICP and
GICP converged to a global minimum for 85.7 % and 87.7 % of pairs, respectively. 2.5D
SIFT failed to converge due to non-repeatability of interest point because of noise in the
data set. It converged for only 0.12 % of pairs. On the other hand, VIP performed well
on this data with a convergence rate of 93.9 % of pairs. The efficiency performance of all
the algorithms was better for this data set due to the fewer number of points in the point
clouds. VIP shows a slight improvement in performance as compared to others because the
computation is based on implicit surfaces rather than number of points in the point cloud.
The average processing time of VIP is 2.32 s. The results are summarized in Table 4.5.
Another experiment was performed to test convergence in the presence of noise. We
added Gaussian white noise with zero mean and standard deviation σ = {0.0001, 0.001, 0.01}
m to the two point clouds shown in Figure 4.6 and performed registration using ICP, 2.5D
SIFT, and VIP. The results are given in Figure 4.11. It can be noticed that the structure
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(a) ICP - 0.0001

(b) SIFT - 0.0001

(c) VIP - 0.0001

(d) ICP - 0.001

(e) SIFT - 0.001

(f) VIP - 0.001

(g) ICP - 0.01

(h) SIFT - 0.01

(i) VIP - 0.01

Figure 4.11: Convergence degradation due to noise. Noise standard deviations σ =
0.0001, 0.001, and 0.01 are added to two point clouds and tested with ICP,
2.5D SIFT, and VIP.
is not visible when σ = 0.01 m. It is noticed that 2.5D SIFT failed to converge even for
noise standard deviation of σ = 0.0001 m because features are not repeatable in the presence of noise. ICP, which is non-feature based registration technique, converged to a global
minimum for σ = {0.0001, 0.001} m. An offset between two point clouds can be seen, if
observed closely, when the σ = 0.01 m. On the other hand, our technique, which is feature
based, converged to a global minimum for σ = {0.0001, 0.001, 0.01} m. The reason for
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Table 4.6: Seven data sets were used to test the proposed method. Average point cloud
size, convergence rate, rotation error, translation error, and average time were
computed.
Data sets
Object
Lab
Plant
Rabbit
Elmo
Sailor
Goose

Pairs
8
9
8
8
8
4
4

Size
214877
307200
70988
27748
82119
31510
8152

Con.(%)
100
78
85
87.5
75
75
100

Rot. (Deg)
0.6
2.2
2.4
4.7
2.4
2.1
2.5

Trans.(cm)
1.3
4.7
3.6
3.5
2.8
1.6
1.3

Avg. Time (secs)
6.6
5.8
1.6
0.26
2.5
2.7
0.365

the convergence of VIP is that the saliency measure of extracting implicit surfaces is less
affected by noise.

4.3

VIPs from Quadric Surface Representation

It can be noticed in the experiments presented in the last section that all the data sets used for
VIPs using planar surface representation were composed of substantially planar surfaces.
The reason is that this technique suffers in the presence of non-planar surfaces because the
representation is based on the polynomial of degree one in three variables. The generalization of the above technique is based on the polynomial of degree two in three variables, that
is a quadric surface representation, so that non-planar surfaces can be better represented.
The VIP based on a quadric surface representation is tested here under different challenging
conditions for robustness and efficiency.
A total of eight data sets were prepared from natural, architectural as well as models
from different sensors for registration with ground truth. Five of them are composed of
non-planar surfaces. Registration was performed by using VIPs for noisy point cloud pairs
as well as for those with different data density variations. Similarly, the proposed technique
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(a) Object

(b) Lab

(c) Plant

(d) Goose
Figure 4.12: Successful registration of various data set using VIP technique.
was compared with currently known methods for unconstrained registration such as Super
4PCS, Super Generalized 4PCS, and GO-ICP.
Two data sets, Object and Plant, were collected using a Microsoft Kinect version 2. The
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Object data set consists of nine (9) pairs of the point cloud of a small area of a graduate
student laboratory where various objects with different shapes such as spheres, cylinders,
boxes, and planes were captured. A natural scene with mostly non-planar surfaces is captured by the Plant data set which has eight (8) pairs of the point cloud of an indoor plant.
Version 2 of Microsoft Kinect has a greater accuracy compared to version 1 of Microsoft
Kinect due to several hardware upgrades. In particular, the sensing mechanism of the
Microsoft Kinect version 2 is time of flight, which is fundamentally more accurate than
triangulation.
The Microsoft Kinect version 1 captures 3D data that have a significant amount of noise
as discussed in Section 4.1.1. A data set using the Microsoft Kinect version 1 of the cubical
in a laboratory, called Lab, was tested. This data set has a total of nine (9) pairs of point
clouds. Four data sets of 3D models, Goose, Elmo, Rabbit, and Sailor of abstract shapes
were captured using a NextEngine 3D sensor with nine (9), eight (8), nine (9), and five (5)
pairs of point clouds, respectively. Three data sets of the models were used to compare the
proposed technique with S4PCS, SG4PCS, GO-ICP methods. Similarly, a comparison of
the proposed technique with SG4PCS was performed on a data set, named WaterMellonKid
as shown in Figure 4.6, comprising a sequence of frames using the Microsoft Kinect version
2.
All the experiments were verified using ground truth registration. The ground truth
registration for each data set was generated by using ICP followed by a marker-based registration approach. Four point correspondences were manually picked in two consecutive
frames. Once the point clouds were initially registered using four point correspondences,
the registration was further refined using ICP with 500 iterations to generate a ground truth
transformation. As described by Mohamad et. al [38], the fully automatic registration was
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considered a successful registration that converges to a global minimum if the rotation and
translation errors were less than 10 degrees and 5 cm, respectively.

Optimization
The first step to process the point cloud is to identify the regions of interest as discussed
in Section 3.1.1. We used a scale-space approach such that the point cloud was converted
into a maximum number of regions that can be transformed into an implicit form in the
next step. The scale-space created for optimal regions is slightly different than the one
discussed in the well-known SIFT [30] method in the following way. In the first iteration,
a small scale is used to define a neighbourhood to estimate the curvature of the points so
that abrupt changes in the curvature can be captured. By doing so, very smooth patches in
the regions are extracted in the first iteration. The remaining point cloud is processed in
the next iterations. The scale of neighbourhood size is incremented such that the coarser
regions can be captured. The iteration stops when no more regions can be extracted. The
disadvantage of using a scale-space is that there are redundant regions with a similar curvature which result in redundant VIPs. However, the advantage of using scale-space is that it
helps us to find a large number of regions that are not detectable when using a small neighbourhood radius for the curvature estimate. We used a transformation verification step that
is discussed in [58]. This is an efficient step to reject the redundant transformation that has
already failed the RANSAC verification in the previous iteration. As a result, a significant
amount of computational cost is reduced.
Once the polynomial representations of the surfaces are extracted, the intersections of
three quadric surfaces are computed. Three quadric surfaces have either at most eight or
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infinitely many intersections as given by Bezout’s Theorem [13]. The Macaulay’s resultant [32] generates a polynomial of degree of at most eight whose roots are the intersections.
All the eight intersections can be used as interest points. However, in the descriptor space
it is difficult to differentiate between them because the same properties will be associated
with each interest point. Therefore, we chose one root or solution, if there are more, that
best satisfies three quadric equations, given by

arg min ∑ f j (pi ),
pi

(4.8)

j

where f is given by (3.4), j = (1, 2, 3) represents three quadrics, and pi represents the roots
computed by Macaulay’s resultant. The point pi that minimizes (4.8) is selected as the VIP
for the three quadrics given by j.

4.3.1

Registration

Four data sets were used to test the proposed method in architectural and natural environments along with 3D models, as shown in Table 4.6. The rotation and translation error of
the Object data set is very small, which shows that the shapes were transformed very accurately into the implicit form, giving a convergence rate of 100 %. However, the processing
time is higher as compared to other data sets due to the size of the point cloud being quite
large. The low convergence rate for the Lab data set is due to the fact that it has a significant amount of noise present due to the use of the Microsoft Kinect version 1 sensor. The
rotation and translation error was also higher than the Object data set, but it was comprised
of mostly planar surfaces because the average time is slightly lower than the Object data
set. The convergence rate of the Plant data set was slightly better than Lab data set as it
was composed of arbitrary shapes. The rotation and translation errors were also slightly
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low, but the average time to register a frame was less than 2 s on our test system. The
Goose data set was also of arbitrary shape, however, the proposed technique successfully
converged for all the pairs within less than a second with very low rotation and translation
errors. Figure 4.6(a,b,c,d) illustrates the registration results of the four data sets.

Robustness to Noise
Another experiment was performed to test convergence in the presence of noise. We added
Gaussian white noise with zero mean and standard deviation σ ranging from 0.0001 m
to 0.07 m to the two point clouds of Sailor and Lab data sets as given in plot 4.13 and
performed registration using the VIP technique. The registration error is the sum of translation and rotation error as compared to the ground truth. The registration is successful up
to σ = 0.03 for the Lab data set which is composed of mostly planar surfaces as shown
in Figure 4.14. However, for the Sailor data set registration was successful up to standard
deviation σ = 0.007 m. The reason for the good convergence for VIP was that the saliency
measure of extracting implicit surfaces was less affected by noise.

Robustness to Data Density Variation
For feature-based registration, feature matching of two point clouds in descriptor space is
one of the main steps. Feature descriptors are normally computed by using the neighbourhood information around the feature point. Registration failure may be due to data density
variations. In feature-based registration, correspondences are computed by matching feature descriptors in two point clouds. Feature descriptors are normally computed using the
neighbourhood information around the feature point. The higher the density of the points
of the neighbourhood, the more distinctive and information rich the descriptors. However,

Registration Error (rotation + translation error)
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Figure 4.13: Robustness to noise is shown by plotting registration error versus Noise standard deviations σ from 0.0001 m to 0.07 m.
due to sensor limitations as well as distance to the object, a consistent density of the points
is impossible. Thus, feature-based techniques suffer from the change in the data density in
two frames. One of the design criteria of VIPs is to be robust to data density variation. We
tested our approach by downsampling one of the point clouds in the pair to change the data
density. The VIP technique was applied to registration of the downsampled point cloud.
The results for the Sailor data set are illustrated in Figure 4.16. In (b), the point cloud is
downsampled to 46 % of the original size. The pair of the point cloud converged to a global
minimum with translation and rotation errors of 0.24 degrees and 0.003 cm. We performed
this experiment to two data sets, Lab and Sailor, for different downsampling percentages.
The plot of the registration error is shown in Figure 4.15 which is based on rotation and
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(a) σ = 0.0001 m

(b) σ = 0.001 m
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(c) σ = 0.01 m

Figure 4.14: Robustness to noise.
Noise standard deviations σ =
0.0001, 0.001, and 0.01 m were added to two point clouds of the Lab
data set and registered using VIP.
Table 4.7: Runtime (in sec) achieved by SUPER 4PCS (S4PCS), SUPER G4PCS
(SG4PCS), GO-ICP, and VIP for different data sets. In the last column a minimum improvement ratio (MIR) is also given.
Model
Rabbit
Elmo
Sailor

N1
27748
82119
31510

N2
27500
69594
38699

S4PCS
0.53
20
3.65

SG4PCS
0.78
3.76
1.98

GO-ICP
5.44
164.63
91.283

VIP
0.26
2.5
2.7

MIR
2.03
1.5
0.73

translation error, for different downsampling percentages. It can be seen that the registration error is within the convergence threshold for up to 35 % of downsampled point cloud
for the Sailor data set. However, when the point cloud was further downsampled, the error
increased significantly. For the Lab data set, the error is very low because it is composed of
mostly on smoother surfaces. The registration error is very low even at 10 % of the original
size. This shows that the proposed method is robust to data density variations.

4.3.2

Comparison

We compared our method with the recently published methods for registration, such as
Super Generalized 4PCS [38] and GO-ICP [58], using three data sets, Rabbit, Elmo, and
Sailor. In this experiment, we noted that the algorithms’ runtime and performance for
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Figure 4.15: Robustness to data density variation is shown by plotting registration error
versus downsampling percentage.
different models. Our algorithm was implemented using C++ and compared with C++
implementations of S4PCS, GS4PCS, and GO-ICP provided by the authors. In order to
fairly compare the algorithms, the parameters for S4PCS and SG4PCS were optimized
respectively for each algorithm so that we were comparing the most efficient version of
each algorithm. We ran several trials of each algorithm. A trial was considered successful if
the error in the transformation produced when compared to the ground truth transformation
was within the rotation and the translation threshold, as discussed by Mustafa et al. [38].
In Table 4.7, a comparison of runtime (in sec) for S4PCS, SG4PCS, GO-ICP, and VIP
is given when the registration rate of the algorithms was 90 % or higher. The Minimum
Improvement Ratio column shows the minimum improvement in runtime between VIP and
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(a) Original

(b) Downsampled
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(c) Convergence

Figure 4.16: Robustness to data density variation. (a) Original size, (b) 46 % of original
size of the second point cloud of the pair, and (c) registration using VIP, converged to a global minimum.
the other three techniques. The first two columns indicate the number of points in the
two frames being registered. VIP consistently performs better than SUPER 4PCS, SUPER
Generalized 4PCS, and GO-ICP for most models. For Sailor data set the ratio was less than
1, which shows that VIP was slow as compared to SG4PCS, however, it was still faster
than S4PCS and GO-ICP. For the rest of the data sets, VIP outperformed all of the other
techniques. It is worth mentioning here that the rotation and translation error for all the
three data sets were less than 1 degree and 3 cm, respectively. The initial pose estimated by
VIP was further refined by using ICP with only 5 iterations. It is important to note that the
success rate of 4PCS variant and GO-ICP for the pairs of the point cloud was maintained
to be 90 % or higher. We show visual results of registration using VIP in Figure 4.17(a, b,
and c).
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(a) Elmo

(a) Rabbit

(a) Sailor
Figure 4.17: Successful registration of various data set using VIP technique.
We also compared the VIP method to SG4PCS using another data set WaterMelonKid
as shown in Figure 3.3(a,b,c). A total of 14 pairs are registered using both techniques. The
convergence rates of VIP and SG4PCS were 100 % and 84 %, respectively. The VIP was 3
times faster than SG4PCS which is 2.8 secs for VIP and 8.67 secs for SG4PCS. Thus, VIP
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outperformed SG4PCS with better computational performance and more accuracy, on this
data set.

4.4

Conclusion

The methodology developed in Chapter 3 was tested under different challenging data sets
and compared to recently developed registration techniques. The proposed methodology
proved to be robust to noise and data density variations as well as efficient and accurate as
compared to the other techniques. The chain of experiments that motivated this proposal is
given in this chapter. Initially VIPs are generated using polynomial of degree one in three
variables; i.e., planar surfaces and later the idea is extended to the polynomial of degree
two in three variables; i.e., quadrics. This gradual upgrade of the methodology is also
presented.
The development of VIPs for registration was motivated by a well-known problem of
simultaneous localization and mapping in challenging environments where light is not
present and vision based sensors alone failed to work. It was noticed that interest point
operator techniques are not robust enough to register point clouds in such challenging environments captured with the limited sensing capabilities of low-cost cheap sensors. These
preliminary experiments showed that interest point operators such as 2.5D SIFT search for
large surface areas to extract an interest point. The experiments on sensor analysis show
that sensor’s measurements are unstable in the large shape variations areas such as edges
and corners.
The preliminary experiments motivated us to look for stable areas in the point cloud
to perform registration. Initially we used a polynomial of degree one in three variables
to prove the concept. VIPs composed of planar surfaces were compared with the existing
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techniques. The planar method outperformed other tested techniques in terms of convergence and efficiency in three data sets as given in Section 4.2. In the noisy data sets where
measurement noise and quantization error was very high, VIP was the most successful because of searching for stable areas in the point cloud. Furthermore VIPs are not based on
a single planar surface but a group of three, which is the reason for the good repeatability
of VIPs even in the presence of a significant amount of noise. For ICP and GICP, runtime
increases almost linearly with the size of the point cloud. Convergence decreases when the
displacement is large between the point clouds. On the other hand, interest point detection
techniques, such as 2.5D SIFT that use large shape variations as saliency measure, cannot
successfully register point clouds because such areas contain significant amount of noise
due to the sensors’ limitations.
After the successful evaluation of VIPs composed of planar surfaces, we extended our
work for generic surfaces using polynomial of degree two in three variables. VIPs outperformed the three other tested techniques regarding computational efficiency for all except
one of the data sets tested in Section 4.3. Similar to the planar case, implicit surfaces not
only tend to average out the effect of noise, but also, VIPs are based on a group of three
surfaces, which is the reason for the repeatability of VIPs even in the presence of significant
noise. Similarly, the surface fitting does not rely strongly on the density of the surface so
long as curvature is maintained, which makes the technique robust to data density variations. A requirement of the VIP method is that it requires at least three non-parallel implicit
surfaces in the point cloud to compute a single VIP. Fortunately, both natural and artificial
environments are typically rich in areas that exhibit non-parallel surfaces, so this requirement is not usually a limitation. Using ICP as a post processing step for further refinement
can improve the quality of registration and may also serve to register only parallel surfaces,
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at the expense of additional runtime. Parallel surface cases may be solved by adopting the
planes correspondences determination technique.
Furthermore, two experiments were designed to test the proposed method for noise and
data density variations. It was noticed that proposed method successfully registered point
clouds in these challenging conditions due to the consideration to noise and data density
variations in the design criteria .
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Chapter 5
Conclusions

In recent years, research on registration has advanced significantly, mainly by establishing
point correspondences using local features or by matching a compact global representation
of the point clouds. Coincidentally, an equal rise in attention within the research community
to utilize geometric information from depth data is due to the recent development in 3D
data sensing technologies. The registration is performed either by complimenting existing
registration systems based on image intensity, or by using depth alone. Many registration
techniques are inspired by image intensity based interest point extraction and matching
mechanisms by searching in the areas of large surface variations; i.e., corners and edges,
such as LSP, ISS, KPQ, LBSS, MeshDoG, 2.5D SIFT, as discussed in Section 2.1.1. The
repeatability of these interest points suffers because depth sensors struggle to acquire sharp
corners and edges due to their sensing mechanism and introduce a significant amount of
noise at the edges and corners. Similarly, when dealing with different depth resolutions and
3D surface sampling rates, registration using these techniques is a challenge. The depth
alone case in particular motivated the use of ICP and 4PCS and their variants, where both
reached a certain level of maturity and achieved good results. However, the computational
cost of both these techniques is very high which limits their use for real time applications.
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In this thesis, a novel feature based registration method is presented to register two
noisy point clouds. The proposed registration method is robust to noise and data density
variations as these two main factors as well as computation efficiency are considered in the
design criteria.
The robustness to noise is accomplished by avoiding noisy areas in the point cloud. A
significant amount of noise exists in areas with large shape variations, which occur in areas
normally composed of corners, edges, and extremas, and so such areas are not targeted to
find interest points. Conversely, small surface variation areas composed of smooth regions
contain relatively less noise. Such regions are less affected by sensor-specific and scenespecific noise and are thus considered as the most stable regions to support a search for
repeatable interest points.
Similarly, surface representation makes the method robust to data density variations.
A small set of points in the stable regions are required to approximate the surface, which
makes VIPs robust to data density variations. Contrary to state-of-the-art feature descriptor
techniques where a support region is used to compute descriptors that may depend on data
density, the VIP descriptor uses only surface properties and their relationship with each
other. Therefore, the proposed technique does not strongly depend on data density.
The VIPs are computed from equations of the surfaces representing the most stable
areas in the scene, therefore even in the presence of noise and data density variations the
performance of the algorithm does not degrade quickly. Once the point cloud is represented
by quadrics, coefficients of quadrics are the input for the rest of the algorithm. Furthermore,
the feature descriptors are computed in such a way that only one true correspondence is
required for registration of noisy point clouds. Once a true correspondence is computed,
the properties of the matched VIPs are used to compute the transformation. The idea of
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using Rodrigue’s rotation equation helps the technique to be computationally efficient. This
makes the overall runtime very efficient.
As a result, compared to other state of the art registration methods, the proposed method
is computationally efficient for a large number of data sets in challenging conditions. Experiments show that VIP outperformed the two of the three tested techniques; i.e., S4PCS,
Go-ICP, and SG4PCS, for 3 data sets tested. VIP was marginally slower against SG4PCS
for the Sailor data set. In the noisy data sets where measurement noise and quantization
error was very high, VIP resulted in a correct registration. Implicit surfaces not only tend to
average out the effect of noise, but also, VIPs are not based on a single implicit surface but
a group of three, which is the reason for the good repeatability of VIPs even in the presence
of significant noise. Similarly, the surface fitting does not rely strongly on the density of
the surface so long as curvature is maintained, which makes the technique robust to data
density variations.
The VIP based registration is a useful technique as it is robust to noise and data density variations as well as being efficient and accurate. One of the limitations of the VIP
method is that there exisit at least three non-parallel implicit surfaces in the point cloud
to compute a single VIP. Using ICP as a post processing step for further refinement can
improve the quality of registration and may also serve to register only parallel surfaces, at
the expense of additional runtime. Parallel surface cases may be solved by adopting the
planes correspondences determination technique [41].

5.1

Future Work

The future work for the proposed technique is of two kinds given below.
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Improvements in the Proposed Technique

Current method can be improved in the following directions
Macaulay Resultant: The Macaulay resultant sometimes gives a maximum of eight isolated real intersections, which shows that three surfaces have eight interest points.
In the current proposal, we chose only one interest point out of eight that minimizes
fitting error in all three quadric equations. This may be investigated further so that
other intersections can also be used. Another step that can be improved is to find a
data structure for feature descriptor to choose the order for normal angles; i.e., orders
were randomly selected and tested, and that transformation on the VIPs was selected
that minimizes the error.
Bivariate Quadrics: The scope of surface fitting can be restricted to a point cloud captured using a range sensor which can be represented by a bivariate quadric surface.
Bivariate quadrics consists of elliptic paraboloids, hyperbolic paraboloids, parabolic
cylinders and planes. The bivariate quadric surface is used when the local shape has
a simple topology, which can be projected on a plane where the local shape is represented as a height function over this plane such as with the 2.5D representation. One
future direction is to use a bivariate quadric for 2.5D point cloud registration.
Noise Modelling: Noise can be modelled for the implicit surfaces during the surface fitting process. The VIP in the corresponding point cloud can be searched within a
certain radius, given the noise model of each implicit surface. This could further
improve the runtime of the technique.
Parametric Surfaces: Implicit surface representation is one way to model point cloud.
Another way to model the point cloud is a parametric surface representation. Both
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surface representations can reduce the effect of noise and are not dependent on the
data density variations. Replacing implicit surfaces by parametric surface may be
considered as another direction. In our observations, the main advantage of implicit
surfaces over parametric surfaces is raytracing because it is easy to identify the points
that belong to the surface. Furthermore, it is easier to compute normals for an implicit
surface, with the normal being defined as the unit length gradient at a point. The
parametric surface representation may be computationally expensive as compared to
implicit surface representation.
Intersections: It may be worth comparing the intersection methodology to other methods,
such as curve-curve intersection, and curve-surface intersection.

5.1.2

Optimisation for Applications other than Registration

The proposed interest point operator can be used in various techniques, two are given as
future directions.
Mapping & localization: VIPs are designed to register two point clouds. They can be
used for mapping and localization in 3D data sets by using a feature clustering technique proposed in our previous work [2]. The idea is to cluster the features in such a
way that real time frame matching and pose estimation can be performed.
Object Recognition: VIPs can be optimized for object recognition. Difficult object recognition problem is normally solved mainly by establishing point correspondences using local features or by matching a compact global representation of the target object.
VIPs can be used as a feature extractor for object recognition. Two types of quadrics
can be considered as future work, where a general quadric can be used to model
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training object as it can model a complete 3D structure. And a bivariate quadric can
be used to query object which is normally a 2.5D representation.
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Appendix A
Singular Value Decomposition

Any real m × n matrix A can be decomposed uniquely as

A = UDV T

where U is m × n and column orthogonal (its columns are eigenvectors of AAT )

AAT = UDV T V DU T = UD2U T

V is n × n and orthogonal. The columns of V are eigenvectors which is also AT A.

AT A = V DU T UDV T = V D2V T

D = diag(σ1 , σ2 , ..., σn ) is n × n diagonal ordered so that σ1 ≥ σ2 ≥ ... ≥ σn . It is composed
of non-negative real values called singular values. If σ is a singular value of A, the square
of singular value is an eigenvalue of AT A.

122

Appendix B
RANSAC

In our case, RANSAC solves the problem of registration of point clouds by find the best
feature matches or inliers among the set of all possible matches generated by point correspondences. Point correspondences typically contain few noisy correspondences or outliers. In order to register two point clouds, a number of matches are required. For example,
generally three point correspondences are required to compute a transformation matrix.
However, certain techniques extract feature points and matches in such a way that few
points can also compute a transformation. In order to compute to transformation, a sample
of minimum matches is obtained. The probability of finding an outlier is reduced under
this consideration. As the number of matches selected in the sample is small, the amount
of possible matches that can be generated from the total matches is enormous. Under such
circumstances, the exhaustive testing of all samples within a reasonable time is impossible.
Therefore, RANSAC algorithm consist of given number of iterations for following cycle:
1. Construct a sample with minimum matches required for registration.
2. Compute the transformation for registration.
3. Evaluate the degree of agreement of transformation with all the matches, sometime
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referred to as minimizing projection error.
After the construction and evaluation of all iterations, defined earlier, the transformation with the best degree of agreement or minimum projection error is chosen among others.
The number of iterations k, however, can be determined from a theoretical result. Let p be
the probability that the RANSAC algorithm in some iteration selects only inliers from the
input data set when it chooses the n points from which a transformation can be computed.
When this happens, the resulting transformation is likely to be useful so p gives the probability that the algorithm successful. Let w be the probability of choosing an inlier each
time a single point is selected, that is,

w = number of inliers in data/number of points in data

A common case is that w is not well known beforehand, but some rough value can
be given. Assuming that the n points needed for estimating a transformation are selected
independently, wn is the probability that all n points are inliers and 1 − wn is the probability
that at least one of the n points is an outlier, a case which implies that a bad model will be
estimated from this point set. That probability to the power of k is the probability that the
algorithm never selects a set of n points which all are inliers and this must be the same as
1 − p. Consequently,
1 − p = (1 − wn )k
which, after taking the logarithm of both sides, leads to

k=

log(1 − p)
log(1 − wn )
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Appendix C
Implementation

In this appendix, we will briefly highlight the implementation details step by step along
with the threshold values used. We will also indicate the code developed in our RCVLab
at Queen’s University and the code taken from open source resources.

C.1

Region Extraction

The region extractor developed is inspired from the implementation of PCL library for
region segmentation. The threshold used for region growing algorithm are
Smoothness Threshold : Smoothness threshold is applied to the normal of the points
computed using the neighbourhood. For planar representation case, we set smoothness threshold to be 5◦ and for quadric surfaces representation, smoothness threshold
to be 7◦ .
Minimum Cluster Size : The minimum number of points required to compose a surface
is set to 30.
Maximum Cluster Size : The maximum number of threshold can be total number of
points available in the point cloud.
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Support Region Size: The number of neighbouring points used to compute the normal is
set to 50.

C.2

Surface Representation and Qualification

There are two types of surface representations discussed in this dissertation, planar and
quadric surface representation.
Planar surface representation implemented as discussed in section 4.2.1. The algorithm
used for planar representation is known as RANSAC plan fitting. The plane coefficient that
minimize the plane fitting error are considered as best plane.
For quadric surface representation, the code is based on the mathematical equations
given in section 3.1. We used SVD to compute the discriminant matrix Q which intern
gives sub-discriminant Matrix Qu . The ranks of Q and Qu along with the determinant of
discriminant ∆ = det(Q) are helpful in classifying the type of the quadric surface. There
are 17 standard-form types, as shown in Table C.1. The source and target point clouds
are acquired using a 3D range sensors, therefore, only two types are well suited to 2.5D
representation which are elliptic paraboloid and hyperbolic paraboloid excluding planes
because plane case is separately considered earlier.

C.3

Macaulay’s Resultant and VIPs

The virtual interest points are intersection of three surfaces. An orthogonality constraint is
set so that parallel surfaces are not tested for intersection.
Orthogonality Constraint : The orthogonality constraint is applied to the normal of the
three surfaces stacked into a matrix as given in equation (3.11). The threshold value
for orthogonality constrain is 0.7.
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Table C.1
Quadric Surface
Coincident Plane
Parallel Planes (imaginary)
Parallel Planes (real)
Intersecting Planes (imaginary)
Intersecting Planes (real)
Parabolic Cylinder
Elliptic Cylinder (imaginary)
Elliptic Cylinder (real)
Hyperbolic Cylinder
Elliptic Cone (imaginary)
Elliptic Cone (real)
Elliptic Paraboloid
Hyperbolic Paraboloid
Ellipsoid (imaginary)
Ellipsoid (real)
Hyperboloid of one sheet
Hyperboloid of two sheet

Canonical Equation
x2 = 0
x2 = −a2
x2 = a2
2
x2
+ by2 = 0
a2
y2
x2
−
=0
2
a
b2
2
x + 2rz = 0
2
x2
+ by2 = −1
a2
2
x2
+ by2 = 1
a2
y2
x2
−
= −1
2
a
b2
y2
x2
z2
+
+
=0
2
2
a
b
c2
2
2
2
x
+ by2 − cz2 = 0
a2
2
x2
+ by2 = z
a2
2
2
- ax2 + by2 = z
2
2
x2
+ by2 + cz2 = −1
a2
2
2
x2
+ by2 + cz2 = 1
a2
2
y2
x2
+
− cz2 = 1
2
a
b2
y2
x2
z2
+
−
= −1
2
2
a
b
c2

Rank(Q)
1
2
2

Rank (Qu )
1
1
1

2

2

2
3

2
1

3

2

3

2

3

2

3

3

3

3

4

2

-

4

2

+

4

3

+

4

3

-

4

3

+

4

3

-

sgn(∆)

Once three surfaces pass orthogonality constraint, they are passed to Macaulay’s resultant. Macaulay’s resultant use elimination theory to find the intersection of n polynomials
of n variables. The following derivation is coded for our implementation.
Let variables n = 3 that is x, y, z be the unknowns. The problem coefficients are ci j , i =
1, 3, j = 1, 10. Each quadric equation is given as


qi = ci x2 y2 z2

xy

xz

yz

x


y z 1 = 0,

(C.1)
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that is

ci1 x2 + ci2 y2 + ci3 z2 + ci4 xy + ci5 xz + ci6 yz + ci7 x + ci8 y + ci9 z + ci 10 = 0,

∀i.

(C.2)

Let freeze x as an indeterminate constant coefficient. We obtain


ci2 y2 + ci3 z2 + ci6 yz + (ci4 x + ci8 ) y + (ci5 x + ci9 ) z + ci1 x2 + ci7 x + ci 10 = 0, ∀i (C.3)

Or



y2









 y 


 
2  = P(x)  z 
A
z


 


 
yz
1

(C.4)
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where
P0 (x) = A−1 P (x)
Or
y2 = p011 y + p012 z + p013

(C.7)

z2 = p021 y + p022 z + p023

(C.8)

yz = p031 y + p032 z + p033

(C.9)

Evidently

y2 z = (yz) y

(C.10)

z2 y = (yz) z

(C.11)

(yz) (yz) = y2 z2 .

(C.12)

Thus by using the above equality, we have
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(C.13)
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Assume the following assignment



B(x) = 

 

p031

−p012

p021

−p032

p031 2 − p011 p021

 

p032 2 − p012 p022

p032 − p011



p022 − p031
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(C.14)



and
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The equation (C.13) can be written as
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That is









 y 
 y 


 

 
B (x) P0 (x) 
 z  = C (x)  z 
 
 
1
1
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(C.20)

M (x) = B (x) P0 (x) −C (x)

(C.21)

Finally, the resultant

To solve up to eight ordered nonlinear equation, we have

det (M (x)) = 0

(C.22)

where det(M(x)) is a polynomial in x of degree 8. It can be computed as the eigenvalues of
its companion matrix or using Sturm sequences in some feasible interval. It gives a set of
x to find M(x) and solve the linear system for y and z. The solutions can also be calculated
from the eigenvectors of M(x).
Only one root is maintain as VIP that minimizes the fitting of for three quadric equations. A structure is created that stores each VIP along with its descriptor properties.

C.4

KNN Matcher

The properties of the descriptor are used as dimensions of the KNN matcher so that VIPs
are can matched in descriptor space. The PCL implementation of the KNN matcher is used
for VIP matching. The threshold for KNN matcher is set to 0.01 such that two VIPs are
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only matched if the euclidean distance between the properties of two is less than 0.01.

C.5

Correspondence Grouping

Correspondence grouping is to group all the matched VIPs from two views using a geometric consistency clustering mechanism. The grouping is performed using PCL implementation of the algorithm. The standard cluster size and threshold given by PCL are used for
correspondence grouping as 0.01 and 0.5, respectively.
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Glossary

axial noise Depth estimation error, measurement error.
bivariate quadric Bivariate quadric is represented by a quadratic equation of three variables out of which two variables are of degree two and one variable is of degree
one
data density variation Sensor’s resolution, sparseness of sampling.
distinctiveness It is the unique description of each interest point as compared to other
interest points within a point cloud.
feature based registration In which the data sets are registered by using feature matching.
implicit surface An implicit surface representation is defined by a function F(p), such
that F(p) = 0, p lies on the surface.
interest points A relatively small number of repeatable representative points in the point
cloud.
key points A relatively small number of repeatable representative points in the point cloud.
key points A relatively small number of repeatable representative points in the point cloud
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lateral noise Spatial Error.
non-feature based registration Registration techniques that do not require feature extractions and matching to compute registration.
outlier match A correspondence between non-repeatable interest points across the point
clouds.
parametric surface
pixel positioning error The pixel shift caused by geographic positioning error
planar surface A surface that is represented by polynomial of degree one in three variables.
quadric A surface that is represented by polynomial of degree two in three variables.
quantization error The difference between an input value and its quantized value (such
as round-off error) is referred to as quantization error.
registration The process to align two partially overlapping 3D point clouds into a single
model.
repeatability It is defined as maintaining the location of the interest point in multiple point
clouds.
scene-specific noise Noise as a result of the sensor’s limitations to correctly observe certain elements in the scene.
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sensor-specific noise The noise due to limiation of the fundamental physics and measurement technique of a sensor.
support region Neighbourhood of a point.
Time-of-Flight A time-of-flight sensor is a range sensing system that resolves distance
based on the known speed of light, measuring the time-of-flight of a light signal
between the sensor and the subject for each point.
unconstrained registration A registration process that does not require an initial approximate alignment of the point clouds.
virtual interest points An interest point that does not exist in the original point cloud.

