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Abstract

In this Perspective, I review methods for computing (ro-)vibrational energy levels and wavefunc-

tions of molecules with more than four atoms. I identify three problems one confronts: 1) reducing

the size of the basis; 2) computing hundreds of eigenvalues and eigenvectors of a large matrix; 3)

calculating matrix elements of the potential; and present ideas that mitigate them. Most modern

methods use a combination of these ideas. I divide popular methods into groups based on the

strategies used to deal with the three problems.
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I. INTRODUCTION

Many methods have been developed for computing (ro-)vibrational energy levels of

molecules. With the exception of diatomic molecules with very few electrons, such calcula-

tions are only possible if one has a (or perhaps several) Born-Oppenheimer potential energy

surface(s) (PES). Having a PES, one computes a (ro-)vibrational spectrum by solving the

(ro-)vibrational Schroedinger equation. This was first done by using perturbation theory

and a zeroth-order harmonic oscillator/rigid rotor model. [1] Energy level expressions one

derives from perturbation theory are still used to fit spectra. Unfortunately, perturbation

theory is insufficient if 1) high accuracy is required; 2) the zeroth-order harmonic oscilla-

tor/rigid rotor model is poor (e.g. for Van der Waals molecules); 3) the density of states is

high. Although there are alternatives, the most systematic and general way of computing a

spectrum is to choose a basis in which to represent both the wavefunctions to be computed

and the Hamiltonian operator and to solve a matrix eigenvalue problem. [2–4] I shall refer

to such calculations as variational calculations, regardless of whether or not Hamiltonian

matrix elements are exact. For a diatomic molecule, it is straightforward to compute matrix

elements and eigenvalues of the Hamiltonian matrix obtained by representing the Hamilto-

nian operator in the basis. The entire variational enterprise becomes increasingly difficult as

the size of the molecule increases.

The most obvious way to use a variational method to calculate energy levels of a poly-

atomic molecule requires that one: (1) derive a kinetic energy operator (KEO); (2) make a

PES; (3) compute Hamiltonian matrix elements in a chosen basis;(4) compute eigenvalues

and eigenvectors of the Hamiltonian matrix. In this Perspective, I shall focus on ideas for

(3) and (4). However, for completeness, I begin by briefly mentioning (1) and (2).

KEOs were derived for three-atom molecules decades ago. [2, 3, 5, 6] More recently, four-

atom KEOs were derived in so-called polyspherical coordinates and in bond length - bond

angle coordinates (also called valence coordinates). [7–11] General KEOs, valid for molecules

with Na atoms are also known. Watson derived popular and important normal-coordinate

KEOs that can be used for any polyatomic molecule. [12, 13] It is simple to also write down

a polyspherical KEO that can be used regardless of the number of atoms in the molecule.

[9, 10, 14–16] It is common to use the KEO and (for most coordinates) part of the PES
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to determine basis functions. Both the normal-coordinate and the polyspherical-coordinate

KEOs have the disadvantage that the associated basis functions may be strongly coupled. To

reduce the coupling one must use different coordinates. For molecules with more than four

atoms, a good way to derive a KEO is to build it up from KEOs of fragments. [9, 17, 18] Often

it is advantageous not to derive a KEO but to write a computer program that numerically

evaluates coefficients of derivatives in the KEO; the coefficient values depend on the shape

of the molecule. [19–22] Although new tricks that facilitate deriving KEOs are welcome,

it is safe to say that when doing a variational calculation, the derivation of an appropriate

KEO is not a problem. Although the ideas are largely unexplored, it is even possible to

compute a spectrum using a space-fixed KEO and thereby obviate the need to derive an

internal-coordinate KEO or even to numerically obtain values of coefficients of derivatives

at points. [23]

Although in principle a PES can be refined and it is therefore not necessary to start

with an accurate PES, in practice, PESs are only refined for molecules for which there

are extensive experimental data. This means that variational methods are useless unless

there also exist effective approaches for making PESs. Fortunately, the development of

new variational methods and of PES building methods have advanced in tandem. Part

of making a PES is doing accurate quantum chemistry calculations. To make a PES, one

needs in addition to fit the parameters of a function so that it nearly reproduces the quantum

chemistry values. There are many ways to fit and different researchers tend to prefer different

methods. Bowman and co-workers have developed a linear least squares method that takes

full advantage of the permutation symmetry that exists when a molecule has identical atoms.

[24] It is becoming increasingly popular to use neural networks (NN) to fit PESs. [25–27]

Guo has stressed the value of using a NN that is explicitly permutationally invariant. [28]

Dawes and co-workers have developed an iterative fitting approach, points are added where

errors are largest, that gives excellent fits. [29] Finally, to compute a spectrum all one

actually needs is values of the potential at quadrature or collocation points. It is therefore

in principle possible to calculate a spectrum directly from values of the potential, without

having a PES. When computing a spectrum one almost always does a series of calculations

of increasing accuracy. One wants the points used for a less accurate calculation to be used

also for a more accurate calculation. Manzhos and Carrington have used expanding point
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sets. [23, 30] This could also be done with a nested Smolyak grid. [31] In practice, it is not

inability to generate a PESs that makes variational calculations difficult.

In this perspective article, I shall focus on (3) and (4) in the previous list: calculating (or

circumventing the calculation of) matrix elements and computing eigenvalues and eigenvec-

tors of the Hamiltonian matrix. I also choose to stress the ideas on which (3) and (4) are

based and not the molecules to which they have been applied.

II. THREE STRATEGIES FOR REDUCING THE COST OF VARIATIONAL

CALCULATIONS

The simplest way to build a multi-dimensional basis to compute vibrational levels of

a polyatomic molecule is to make a direct product basis (DPB). Each basis function is a

product of univariate functions,

Φn1,n2,...,nD = φn1(q1)φn2(q2) . . . φnD(qD), (1)

where the indices {nk} are independent and nc = 0, 1, · · · , Nmax
c . If Nmax

c = n− 1 ∀c, then

the size of the direct product basis set is N = nD. To compute many levels it is typically

necessary to take n ≈ 10 and nD is then large enough that dealing with an nD × nD matrix

is a computational challenge. Unless the PES has a special form, one must introduce a

multi-dimensional quadrature or collocation grid. The simplest multi-dimensional grid is a

direct product of 1D grids. When the number of quadrature points per coordinate is also

≈ 10, the number of quadrature points is large even for a four-atom molecule. For a six-atom

molecule, the number of quadrature points is ≈ 1012 and a huge amount ( ≈ 8000GB) of

computer memory is required merely to store values of the potential on the grid. Both the

basis size and the grid size make calculations very costly.

Clearly, it is not possible to compute (ro-)vibrational levels of a molecule with more

than four atoms using a DPB if one must store a Hamiltonian matrix. There are three key

problems: 1) many DPB functions are required; 2) standard (direct) eigensolvers require

computing and storing a Hamiltonian matrix; 3) even if better basis functions (i.e. not DP

functions) could be identified and used and even if they could be used with an (iterative)

eigensolver that does not require storing (and computing) Hamiltonian matrix elements, the
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most obvious way to compute potential matrix elements requires storing the potential on a

direct product grid for which the memory cost is prohibitive.

Most variational methods that have been used for molecules with four or more atoms apply

ideas to lessen the impact of these three key problems. In this Perspective, I shall classify

methods according to the techniques used to address these problems. One can mitigate

problem 3) by using a PES that has a special form (SF). One can obviate the need to

compute and store Hamiltonian matrix elements by using an iterative eigensolver. One can

significantly reduce the size of the basis by (i) using multivariate contracted basis functions

that incorporate coupling or (ii) pruning a DP basis by removing functions (assumed to be

unnecessary). Methods that exploit a special PES form will be labelled with SF, whereas

methods that work with a general potential will be labelled with G. Methods that use a direct

eigensolver will be labelled with D and methods that use an iterative eigensolver will be

labelled with I. Methods that use a pruned basis of univariate functions will be labelled by P

and methods that use multivariate contracted basis functions will be labelled by C. Although

DP bases are large, it is possible to use them, in conjunction with an iterative eigensolvers,

to compute (ro-)vibrational spectra of molecules with four-(five-)atom molecules. Many such

calculations have been reported. [11, 32–35]

In the subsections of section II, I define special forms, outline eigensolver options, and then

explain contraction and pruning. In sections III and IV, I present established combinations

of these ideas. They are all combinations of the ideas listed in Table I.

A. Special PES forms

Two common functional forms facilitate the computation of a spectrum; they can be used

separately or together. The first such special form (SF) is known in chemical physics as the

multimode (MM) form. [36–40] Its importance for variational calculations was recognized

by Carter, Culik, and Bowman. The idea is simple, but powerful. The PES is represented as

a sum of terms that depend on a subset of the coordinates. For many molecules, terms that

depend on more than four coordinates have a small effect on the spectrum and, unless very

accurate energies are required, can be omitted. The second popular SF is the sum-of-products

(SOP) PES, each term is a product of factors. A simple Taylor series PES is of this form,
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but in general the factors need not be simple powers of the coordinates. Used in conjunction

with a basis of products of 1D functions (perhaps obtained by pruning a DPB), a MM

PES simplifies the calculation of potential integrals because it reduces the dimensionality

of the integrals that must be computed: if only terms with four coordinates are retained

then 4D quadrature is sufficient, regardless of the number of atoms in the molecule. Used in

conjunction with a basis of products of 1D functions, a SOP PES simplifies the calculation of

potential integrals because they are all products of 1D integrals: there is no need for multi-D

quadrature. Both these special forms tackle head-on (3) of the introduction: computing

Hamiltonian matrix elements.

Even if the PES for which one wishes to compute a spectrum is not in SOP or MM form,

SF methods can be used if the PES is first brought into SOP or MM form. This, of course,

implies making an approximation. It is not difficult to bring a general PES into MM form.

The simplest way to do this is to use what Rabitz and co-workers call cut-high dimensional

model representation (cut-HDMR). [37, 41] Terms in the MM PES are obtained by fixing

some of the coordinates equal to reference (often equilibrium) values. It is also possible to

optimize the MM terms by using a random sampling HDMR. [41, 42] There are likewise

several methods for finding a SOP approximation to a general PES. The most popular of

these methods is called potfit and was developed for use with the multi-configuration time

dependent Hartree method. [43] A SOP PES can also be obtained from a neural network if

exponential neurons are used. [44]

B. Eigensolvers

There are two types of methods for solving the matrix eigenvalue problem: direct methods

and iterative methods. If the basis functions are orthogonal, then the most popular direct

eigensolver is a combination of Householder rotations and the QR algorithm. All direct

methods transform the matrix being diagonalized and require storing the matrix in memory.

The memory cost of a direct eigensolver scales as N2, where N is the size of the matrix and

the CPU cost of a direct eigensolver scales as N3. Iterative methods build a subspace and

compute eigenvalues by projecting into the subspace. The subspace is built by evaluating

Hamiltonian matrix-vector products (MVPs). The most popular iterative eigensolvers are
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the Lanczos algorithm,[45] filter diagonalization, [46] and a re-started Lanczos or Arnoldi

method available as ARPACK [47]. The Davidson algorithm has also been used. [48, 49]

The memory cost of an iterative eigensolver scales as vN , where v is the number of vectors

that must be stored (v can be as small as two), and the CPU cost of an iterative eigensolver

scales as MC, where M is the number of MVPs required to achieve convergence and C is the

cost of a single MVP. An advantage of iterative eigensolvers is that they do not require that

one compute Hamiltonian matrix elements. This is important because if the N2 elements

are computed separately with a direct product quadrature with N = nD points then the cost

of computing the Hamiltonian matrix scales as N3. Even for a general PES, it is possible to

use quadrature, but avoid computing potential matrix elements. Iterative eigensolvers deal

with (4) in the introduction: they enable one to compute eigenvalues and eigenvectors of a

large Hamiltonian matrix.

C. Contracted and pruned bases

Contracted basis functions are usually obtained by diagonalizing reduced-dimension

Hamiltonian matrices. There are two common ways to contract. 1) One makes contracted

functions of coordinates QA that are labelled by an index (or indices) of basis functions

for the remaining coordinates QB by diagonalizing blocks of the full Hamiltonian matrix;

each block is labelled by a different index (or indices) of basis functions for the remaining

coordinates QB. 2) One makes contracted functions of coordinates QA by diagonalizing a

Hamiltonian matrix for the QA coordinates. The QA Hamiltonian matrix may be a single

block of the full Hamiltonian matrix, labelled by one index value of basis functions for the

remaining coordinates QB. It can also be the matrix representing the Hamiltonian obtained

by fixing the QB coordinates. 1) leads to nondirect product basis functions. [50–56] Bačić

and Light were early proponents. Tennyson and co-workers have used type 1 contractions

extensively. [51, 57, 58] 2) leads to a basis that is a direct product of bases for different co-

ordinates or groups of coordinates. [4, 59–61] Carter and Handy were early proponents. In

both cases, only some of the eigenvectors of the reduced-dimension Hamiltonian matrices are

retained. Tennyson and Sutcliffe’s “two-step” procedure [62] for solving the ro-vibrational

problem is an example of a type 1 contraction. They compute contracted vibrational func-
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tions labelled by K. Instead, one can use solutions of the J = 0, K = 0 block as vibrational

basis functions. [2, 63–66]

Type 2 contracted functions have important advantages. 1) The matrix-vector products

one must evaluate to compute energy levels with an iterative eigensolver are less costly.

[59, 61] 2) To use a type 2 basis it is not necessary to diagonalize many blocks of the

full Hamiltonian matrix, instead one needs only to diagonalize one matrix for each of the

groups of coordinates being contracted together. 3) There is no need to store eigenvectors

of many blocks of the full Hamiltonian matrix. 4) For a small molecule, it is straightforward

to implement a type 1 contraction by building and storing the blocks being diagonalized,

however, if the blocks are too large to store in memory (and to make contracted basis

functions that are functions of many coordinates this is the case), then it is necessary, when

computing eigenvalues and eigenvectors of the blocks, to use an iterative eigensolver, and to

evaluate the required matrix-vector products one must store a vector as large as the QA grid.

As pointed out by Yu, simply contracted functions made by fixing values of coordinates are

similar to diabatic functions, often used when coupling between electronic states is important.

[67] In fact, they are “crude adiabatic” functions. [68]

Pruning is conceptually simpler than contraction. Rather than reducing the basis size by

incorporating coupling into the basis functions, one uses basis functions that are products

of univariate functions, but not all the functions in a DPB. There are two ways to prune

a DP basis: 1) use a pre-determined pruning condition; 2) start with a small basis and

adaptively add basis functions deemed to be important to obtain convergence. 1) is most

common. [2, 39, 40, 60, 69–74] 2) has been used in some recent papers. [75–81] If the

harmonic frequencies of all the coordinates are similar, then a product harmonic oscillator

basis (HOB) can be effectively pruned by retaining only basis functions for which

n1 + n2 + ...+ nD ≤ b . (2)

This reduces the basis size from (b + 1)D to
(D + b)!

D!b!
. This pruning condition was used,

for example, in Refs. 97, 133, 150. A more general pruning scheme is

g1(n1) + g2(n2) · · · gD(nD) ≤ b, (3)

where gc(nc) are general functions.[82]

8



III. METHODS RELYING ON SPECIAL FORM FOR THE PES

A. Special-Form/Direct-Eigensolver/Pruned-and-Contracted-Bases Methods

(SF/D/P&C)

Some of the first variational calculations were done with SF/D/P methods. [2, 83, 84]

TROVE is an example of a modern and well-established SF/D/P method. [63, 85] It works

well for molecules with four atoms. In most calculations, only vibrational basis functions that

satisfy
∑

c acnc ≤ b are retained. TROVE uses a SOP PES. Although not discussed in section

III, to reduce the calculation of Hamiltonian matrix elements to 1D integrals not only the

PES, but also the KEO, must be a SOP. TROVE uses a clever recursive numerical method

that imposes SOP structure on the KEO and obtains it from finite difference derivatives.

For many molecules the resulting approximate KEO is accurate enough. An “automatic

differentiation” algorithm enables TROVE to obtain more accurate KEOs with many terms.

Automatic differentiation and quadruple precision help to deal with the accumulating effects

of finite difference derivatives. [86] The TROVE procedure for obtaining a SOP KEO may

work poorly when wavefunctions have significant amplitude where one coordinate assumes a

limiting value and another becomes undefined. [87] SF/D/P ideas have also been extensively

applied to methane. [88, 89] Rey, Nikitin, and Tyuterev use the Watson normal-coordinate

KEO and a SOP approximation to the methane PES. To obtain a SOP KEO, they expand

the elements of the inverse of the effective moment of inertia matrix. Although for molecules

with four and five atoms the size of the pruned vibrational basis is manageable, it would be

extremely costly to compute ro-vibrational levels of a five-atom molecule with a basis that is

a direct product of the pruned vibrational basis and a Wigner basis [90] for rotation. Instead,

a SF/D/C method is used. The basis functions are products of vibrational wavefunctions

(which are contracted basis functions) and Wigner functions. [2, 65, 88, 89, 91] All SF/D

calculations are limited by the size of the Hamiltonian matrix. Using commonly accessible

computers it is not possible to use a direct diagonalization algorithm for matrices larger than

100’000. This limits the size of the molecule (and/or the value of J) for which one can do

SF/D calculations.

There are also SF/D/P methods that use phase space localized (PSL) 1D basis functions.

[69, 92] The final basis is composed of products of univariate functions, but it is not off-
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diagonal matrix elements or the importance of coupling terms in the Hamiltonian that is

used to determine which product functions to retain. Most phase space methods retain

product functions for which the energy that corresponds to the phase space point at which

they are centred is less than some threshold value. The potential advantage of this idea

is that it does not rely on the accuracy of a zeroth order model. By exploiting massively

parallel computers, it has been possible to do calculations on molecules with as many as six

atoms. [93, 94]

B. Special-Form/Iterative-Eigensolver/Pruned-Basis Methods (SF/I/P)

To use an iterative eigensolver one needs only to evaluate matrix-vector products; there is,

in principle, no need to store the Hamiltonian matrix whose eigenvalues are being computed.

This drastically reduces the memory cost of calculations and thereby opens the door to cal-

culations with very large basis sets. There are many SF/I/P methods that make calculations

on molecules with about ten atoms possible. Using such methods, one can compute vibra-

tional levels for molecules much larger than those to which SF/D/P methods are applied.

I shall first review SF/I/P methods in which the SF is a SOP. Most SOP/I/P calculations

have been done in normal coordinates. [81, 95] A normal-coordinate SOP approximation is

often adequate for a semi-rigid molecule. To obtain a normal-coordinate vibrational SOP

Hamiltonian, one must use a SOP representation of the PES (often a Taylor series) and either

expand elements of the effective moment of inertia tensor or set them to zero (approximate

the KEO). The same ideas could be applied to a Hamiltonian in curvilinear internal coor-

dinates. To achieve the accuracy attained using SF/D/P methods of the previous section,

one would need to either expand functions in a known KEO or use the recursive procedure

of TROVE.

Pruning decreases the length of the vectors one must store and decreases the spectral

range and the number of required MVPs. However, to use an iterative method, one must

evaluate MVPs. In SOP/I/P methods, MVPs are evaluated by exploiting either sparsity or

structure. In a pruned product basis it is often straightforward to calculate all the non−zero

matrix elements of a SOP Hamiltonian and to take advantage of its sparsity. If the number

of terms is large, it is helpful to use a sparse storage format, compressed row storage (CRS)
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is popular, to store the matrix. [81, 96] It is then possible to feed the matrix in CRS format

into ARPACK. [81] When the pruned basis has structure, it can be used to evaluate MVPs

without computing Hamiltonian matrix elements. [97] Even when the basis has no structure,

as long as the Hamiltonian is a SOP, it is possible to evaluate MVPs without computing

(even non-zero) Hamiltonian matrix elements, by using a mapping. [96]

Coupled cluster (CC) methods for vibrational problems [98, 99] can also be classified

as SOP/I/P. The SOP structure of the Hamiltonian is used to derive an equation for the

cluster operator with which one obtains an effective Hamiltonian. The cluster operator is

usually obtained using an iterative linear solver. Energy levels are obtained by computing

eigenvalues of the effective Hamiltonian in a pruned basis. CC methods are used almost

exclusively with normal coordinates and it is common to ignore the coordinate dependence

of elements of the moment of inertia matrix. Using CC methods it is possible to compute

some vibrational levels of molecules with more than 10 atoms. CC methods work less well

for molecules with nearly degenerate levels and in general when coupling is important.

SF/I/P methods in which the SF is a normal-coordinate MM representation have been

extensively used. [37, 39, 40, 100–102] The elements of the effective moment of inertia matrix

are expanded so that they also are in MM form. Although the calculation of matrix elements

cannot be reduced to 1D integrals, the MM form has an important advantage. Because the

terms that depend on a subset of the coordinates need not be a SOP, it is possible to

make a MM PES that is accurate in a large region of configuration space. However, the

number of terms can still be large. The approach of Bowman and co-workers is described in

[74]. Scribano and Benoit have used similar ideas. [103, 104] Both groups use a Davidson

eigensolver and exploit the sparsity of the Hamiltonian matrix when evaluating matrix-vector

products. Rauhut and co-workers have used a MM PES and various iterative eigensolvers.

However, to obtain Davidson vectors, they do not use an iterative (i.e. MVP-based) linear

solver but rather a direct linear solver (LU decomposition). [105] Functions included in

the bases used with a MM Hamiltonian typically satisfy several rules: there is a maximum

number of nonzero basis indices (nc), a maximum value of nc, a maximum is imposed on∑
c nc, etc. [74] Some ideas about further reducing the number of retained basis functions

have been explored, [40, 103] but there is little research on how to evaluate matrix-vector

products in these reduced bases.

11



All of the SF/I/P methods discussed so far use either harmonic oscillator or (self-consistent

field) SCF 1D basis functions. A pruned basis of products of PSL functions has also been

used with an iterative eigensolver. [77, 78] Because even the pruned PSL basis is large,

it is essential to develop tools for efficiently evaluating MVPs. The cost of matrix-vector

products depends on the size of the basis, but also on the structure of the basis. Omitting

functions from the direct product basis complicates its structure. Structure is unimportant

if one computes (non-zero) elements of the Hamiltonian matrix and then evaluates MVPs by

explicitly multiplying rows of the matrix by the vector, exploiting its sparsity. However, this

has the disadvantage that it requires computing Hamiltonian matrix elements. In general,

and certainly in the PSL case, it is important to develop ideas for evaluating MVPs that

exploit structure of the SOP Hamiltonian and the pruned basis. In [77, 78] , a mapping

method is used to do the MVPs in a PSL basis.

All of the pruned methods discussed so far impose one or more pre-determined pruning

conditions. It is also possible to start with a small basis and adaptively add basis functions

deemed to be important to obtain convergence. [77, 78, 106, 107] This was done with PSL

functions in [77] and with harmonic oscillator basis functions in [108]. These ideas make

it possible to evaluate MVPs without computing or storing Hamiltonian matrix elements.

Adaptively expanding the basis enables one to compute vibrational levels of a molecule with

8 atoms (but the Hamiltonian must be a SOP).

IV. METHODS THAT WORK WITH A GENERAL PES

In many cases, either a SOP or a MM approximation to the PES is quite accurate.

Nevertheless, for nonrigid molecules, for which SOP and MM representations are less good,

and when one wishes to compute levels, even of semi-rigid molecules, with very small errors,

one should use the best possible PES. The best possible PES will usually not have a form

that simplifies the calculation of potential matrix elements. Computing energy levels with

a general (G) PES is harder than computing levels with a SF PES. It requires using a

quadrature or a collocation grid. The key problem introduced by the grid is its size. To use

a general PES, it is not enough to be able to reduce the size of the basis (e.g. by pruning

or contraction): one must find some way of computing energy levels without storing vectors
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as large as the grid. Merely storing in memory values of the PES on a direct product grid is

impossible for molecules with more than five atoms.

A. General PES/Direct-Eigensolver/Pruned-basis Methods (G/D/P)

Shimshovitz and Tannor (ST) and co-workers use a pruned basis each of whose functions

is a product of 1D PSL functions that are themselves linear combinations of discrete variable

representation (DVR) functions. Because the 1D PSL functions are represented in a DVR,

the method can be applied to a general PES. [71, 106] An advantage of the ST approach is

that the number of PSL functions in their basis is much smaller than the number of DVR

functions that would be required to achieve similar accuracy. ST begin with an eigenvalue

problem in a direct product DVR, HU = UE , and transform, by introducing a rectangular

matrix whose elements are Gα,g, where α labels a multi-dimensional DVR function and g

labels a multi-dimensional phase-space localized Gaussian, to obtain G†HGV = SVE , with

S = G†G. This they then write as B†HBZ = S−1ZE , where B = GS−1. An important

advantage of the ST approach is that its success is not linked to the weakness of coupling.

It is, however, not yet clear whether the number of required PSL functions is small enough

to make this approach competitive with other pruned bases. [77, 93, 106] Regardless of the

size of the pruned PSL basis, to use B†HBZ = S−1ZE , in which H = KDVR + VDVR, one

must somehow avoid storing VDVR.

Manzhos and Carrington have used direct eigensolvers with pruned bases and collocation.

[30, 109] Because the potential is required only at points, these methods can be applied to

general PESs. The key idea in their approach is to optimize basis parameters to make it

possible to use a small basis. To compute accurate levels with the small basis, it is necessary

to use more collocation points than basis functions. There is no need to use points on a

regular mesh and the number of required points may be much smaller than it would be if a

direct product grid were used. Energies and basis parameters are optimized simultaneously

to reduce a residual that depends on eigenvectors of a rectangular collocation problem. The

eigenvectors are obtained from singular vectors. The iterative solution of the rectangular

eigenvalue problem is intertwined with the optimization of the basis parameters. It has

been demonstrated that with these ideas it is possible, for example, to compute hundreds
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of vibrational energy levels of a 15D Hamiltonian using fewer than 1000 basis functions and

about 50’000 collocation points. [109]

B. General PES/Direct-Eigensolver/Contracted-basis Methods (G/D/C)

The first calculations of vibrational spectra with general PESs were done with G/D/C

methods. [50, 51] Until about 20 years ago, iterative time-independent methods were rarely

used and owing to the N2 memory cost and N3 CPU cost of direct eigensolvers, the only

way forward was to develop better basis sets. When using a direct eigensolver one must, by

hook or by crook, reduce the size of the matrix. Even with the pruning scheme of Eq. (2)

when D = 9 and b = 10, one needs almost 100’000 basis functions (exploiting symmetry

does enable one to somewhat reduce the size of the matrix). G/D/C methods are frequently

used to compute (ro-)vibrational spectra of molecules with four or fewer atoms. However,

for four-atom molecules G/D/C methods have disadvantages: 1) there are many convergence

parameters; 2) as a direct eigensolver is used, they fail if the size of the final Hamiltonian

matrix is larger than about 100’000; 3) one must solve intermediate problems and store the

corresponding sets of eigenvectors.

The best contracted basis functions are type 1 functions (see section IIC). The original

type 1 functions of Bac̆ić and Light [110–112] were developed for triatomic molecules. The

only QB coordinate (see section IIC) is an angle and the QB basis is a DVR. When blocks

are labelled by DVR indices the contracted basis is excellent if eigenvalues of the blocks

are widely spaced because in this case the off-diagonal matrix elements are small because

non-adiabatic coupling is small. Nonetheless, similar ideas can be used with any primitive

basis sets. [55] Tennyson and co-workers have extensively used G/D/C methods with a type

1 contraction. [58, 113]

C. General PES/Iterative-Eigensolver/Contracted-basis Methods (G/I/C)

Contracted bases have the important advantage that, compared with a DPB, accurate

energy levels can be obtained with fewer functions. Iterative eigensolvers have the important

advantage that, at least in principle, they obviate the need to store the Hamiltonian matrix.

It seems obvious that G/I/C methods should be the best of both worlds. However, G/I/C
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methods will only be useful if it is possible to: 1) evaluate MVPs without storing the Hamil-

tonian matrix in memory; 2) evaluate MVPs efficiently. SF/I/P methods often exploit the

sparsity of the Hamiltonian matrix. For general PESs, there may be no sparsity to exploit.

Other ideas are required. In the general PES case, when using a DPB, one can exploit the

structure of the basis and the quadrature grid to evaluate MVPs. [114, 115] Contracted

bases are necessarily more complicated, i.e. have less structure. One important advan-

tage that contracted bases always have is the reduced spectral range of the contracted-basis

Hamiltonian matrix. Reducing the spectral range decreases the number of matrix-vector

products required to compute eigenvalues and propagate.

Ideas for evaluating MVPs with both type 1 and type 2 contracted bases are presented

in [61]. Friesner and Leforestier and co-workers propose a G/I/C method in Ref. 151. The

conclusion of Ref. [61] is that basis functions of type 2, called simply contracted functions

in Refs. 59, 61, are better for semi-rigid triatomic molecules. For floppy molecules, a type

2 QA basis calculated by setting QB coordinates to equilibrium (or reference) values will in

general be poorer than a type 1 basis. However, type 2 functions obtained by setting QB

coordinates equal to values that minimize the PES at a particular QA point are quite good,

even for floppy molecules. [116] For larger molecules, the advantages of simply contracted

functions are more convincing because of both the number and the size of the blocks for

which one must compute eigenvectors.

Type 2 contracted functions are important because it is possible to evaluate the associated

MVPs without computing Hamiltonian matrix elements and without storing a vector as

large as the full quadrature grid. [59, 61] To explain how this is done, consider a (J = 0)

Hamiltonian in orthogonal polyspherical coordinates, [117–119]

H = Tben(θ, r) + Tstr(r) + V (θ, r) . (4)

θ represents all of the bend coordinates and r represents all of the stretch coordinates. One

constructs contracted bend functions from a Hamiltonian obtained by freezing the stretch

coordinates at equilibrium (or more generally reference) values and contracted stretch func-

tions from a Hamiltonian obtained by freezing all the bend coordinates at equilibrium (or

reference) values. Products of the bend contracted functions and stretch contracted functions
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are the final basis functions. The bend wavefunctions

Xb(θ) =
∑
l

Clbfl(θ) (5)

are computed in a primitive basis, fl (l is a composite index) and the number of retained

bend wavefunctions is denoted by nb. The stretch wavefunctions

Ys(r) =
∑
α

Dαsgα(r) (6)

are computed in a primitive DVR basis, gα (α is a composite index representing a multidi-

mensional DVR function) and the number of retained stretch wavefunctions is denoted by

ns.

The full Hamiltonian can be written,

H = H(b) +H(s) + ∆T + ∆V (7)

where

∆V (θ, r) = V (θ, r)− V (θ, re)− V (θe, r) (8)

and ∆T is the part of the KEO that is not included in H(b) or H(s). Matrix-vector products

for ∆T and H(b) + H(s) are straightforward. [59]. A matrix element of ∆V in the product

contracted basis is,

〈b′s′|∆V (θ, r)|bs〉 =
∑
l′l
α

Dαs′Cl′b′〈l′|∆V (θ, rα)|l〉ClbDαs . (9)

This is re-written

∑
α

Fb′b,αDαs′Dαs (10)

where I have introduced an F matrix [59] defined by,

Fb′,b,α =< b′|∆V (θ, rα)|b >=
∑
l′l

Cl′b′Clb〈l′|∆V (θ, rα)|l〉 . (11)

The integral 〈l′|∆V (θ, rα)|l〉 is computed with quadrature. The ∆V matrix-vector product

u′b′s′ =
∑
bs

〈b′s′|∆V |bs〉ubs (12)
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is evaluated in three steps:

u
(1)
bα =

∑
s

Dαsubs

u
(2)
b′α =

∑
b

Fb′bαu
(1)
bα

u′b′s′ =
∑
α

Dαs′u
(2)
b′α . (13)

Full dimensional integrals are never computed. The calculation of F can be easily paral-

lelized. Storing the F matrix requires storing nb(nb + 1)nα/2 numbers, much less than the

number of points on the stretch-bend quadrature grid.

The idea of reducing the memory cost of contracted-basis calculations by storing a matrix

representation of ∆V was first used in Ref. 61, where only the bend basis was contracted.

Both stretch and bend bases were contracted in later papers. [15, 15, 59, 116, 120–123].

Recently similar ideas were used for Cl− -H2O.[124] Yu has studied several molecules using

similar ideas. [125–128] As in Ref. 61, he contracts only the bend part and not the stretch

part.

It is common to compute ro-vibrational wavefunctions in a basis of products of vibra-

tional wavefunctions and Wigner rotational functions. This is also a type 2 contraction: the

vibrational problem is solved for a single block (J = 0, K = 0) and its solutions are combined

with Wigner functions to make the complete basis. This contraction reduces the size of the

basis by a significant factor. [65, 66]

D. General PES/Iterative-Eigensolver/Pruned-basis Methods (G/I/P)

SF/D/P and SF/I/P methods use a basis of selected products of univariate functions.

In the SF/D/P case, the pruned basis is small enough that it is possible to use a direct

eigensolver. Both SF/D/P and SF/I/P methods are limited by the need for a SF PES. In

this section, I sketch pruned basis methods that obviate the need for a SF PES. To compute

energy levels on a general PES, one must use either quadrature or collocation. The simplest

way, for example, to use quadrature would be to compute Hamiltonian matrix elements

and then to evaluate MVPs by multiplying rows of the matrix by the vector. Although

conceptually simple, this approach is a nonstarter because it requires computing and storing
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the Hamiltonian matrix and because the MVPs are costly. A viable approach uses a pruned

basis with exploitable structure and a quadrature grid that is both significantly smaller than

a direct-product grid and has structure that makes it possible to efficiently evaluate MVPs.

The pruned bases and structured grids of this section have the advantage that they enable

one to use a general PES that is not a SOP and not in MM form and to evaluate MVPs by

doing sums sequentially without storing or computing a potential matrix.

The pruned basis and the quadrature grid that is smaller than a direct-product grid but

nonetheless structured are linked. For the purpose of this Perspective, I shall assume that

the basis is pruned by imposing the condition n1 + n2 + · · · + nD ≤ b. However, more ef-

ficient bases are obtained by using the pruning condition g1(n1) + · · · + gD(nD) ≤ b. [82]

The smaller and structured grid is a Smolyak quadrature grid. For detail see [82, 129–138].

To make a Smolyak quadrature, one needs, for each coordinate, a family of 1D quadra-

ture rules. Members of the family for coordinate c are labelled by ic, ic = 1, 2, · · · , imaxc .

The number of points in quadrature rule ic is mc(ic). mc(ic) is a non-decreasing func-

tion of ic. In this Perspective I shall set mc(ic) = ic. To evaluate MVPs efficiently,

it is imperative that the points be nested, i.e., all points in rule ic − 1 are also in rule

ic. A standard way to write a Smolyak quadrature approximation of the (6D) integral of

f(q1, q2, q3, q4, q5, q6)(
1w(q1)

2w(q2)
3w(q3)

4w(q4)
5w(q5)

6w(q6)) is

∑
i1+···+i6≤H

Csmol
i1,···i6

m1(i1)∑
k1

m2(i2)∑
k2

m3(i3)∑
k3

m4(i4)∑
k4

m5(i5)∑
k5

m6(i6)∑
k6

i1wk1
i2wk2

i3wk3
i4wk4

i5wk5
i6wk6f(qk11 , q

k2
2 , q

k3
3 , q

k4
4 , q

k5
5 , q

k6
6 ) , (14)

where qkcc is a point in the quadrature labelled by ic,
icwkc is the corresponding weight. Csmol

i1,···i6

are coefficients; see Refs. 129, 130, 133. i1 + · · · + i6 ≤ H is the condition that determines

which product grids contribute. Note that grids for which all coordinates simultaneously

have a large number of points are excluded by the constraint. The union of the grids for

which i1 + · · ·+ i6 ≤ H is satisfied is called the Smolyak grid. The number of points on the

Smolyak grid is orders of magnitude smaller than the number of direct product grid points

required to compute the necessary Hamiltonian matrix elements.

If Eq. (14) were used when evaluating potential MVPs, it would be necessary to evaluate

the sum over i1 + · · ·+ i6 ≤ H for each MVP. When the 1D quadrature rules are nested, it
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is possible [133] to replace Eq. (14) with

=
∑N1

k1

∑N2

k2

∑N3

k3

∑N4

k4

∑N5

k5

∑N6

k6
w(k1, k2, k3, k4, k5, k6) (15)

×f(qk11 , q
k2
2 , q

k3
3 , q

k4
4 , q

k5
5 , q

k6
6 ) ,

where

w(k1, · · · , k6) =
∑

i1+···i6≤H

Csmol
i1,··· ,i6

i1wk1 · · · iDwk6 , (16)

are “super weights” that are pre-computed. [139] Nc is a maximum number of points for

coordinate c. [133] Nc depends on kc′ if c > c′. Using the super weights, a potential MVP

can be evaluated by doing sums sequentially,

u′(n′6, n
′
5, n

′
4n
′
3, n

′
2, n

′
1) =

N1∑
k1=1

Tn′
1k1

N2∑
k2=1

Tn′
2k2

N3∑
k3=1

Tn′
3k3

N4∑
k4=1

Tn′
4k4

N5∑
k5=1

Tn′
5k5

N6∑
k6=1

Tn′
6k6

w(k1, k2, k3, k4, k5, k6)V (qk11 , q
k2
2 , q

k3
3 , q

k4
4 , q

k5
5 , q

k6
6 )

nmax
6∑

n6=0

Tn6k6

nmax
5∑

n5=0

Tn5k5

nmax
4∑

n4=0

Tn4k4

nmax
3∑

n3=0

Tn3k3

nmax
2∑

n2=0

Tn2k2

nmax
1∑

n1=0

Tn1k1

u(n6, n5, n4, n3, n2, n1) , (17)

where Tnk =
φnk (qk)
kw(qk)

( φnk(qk) is a 1D basis function (see Eq. (1))). nmaxc depends on nc′ if c <

c′. Pre-computing the super weights significantly decreases the cost of computing a spectrum.

When implementing Eq. (17), none of the intermediate vectors one must store when summing

sequentially has as many components as there are direct-product basis functions or direct-

product quadrature grid points. This is because at each step the nc and kc indices are

constrained among themselves. Everything is spelled out in Ref. 134. In Ref. 134, for

CH3CN, a 12D problem, the vector of potential values has 157’419’523 components and the

direct product Gauss quadrature capable of the same accuracy has about 3× 1013 points.

To compute accurate energy levels when using quadrature, it is necessary to choose

quadrature points and weights with which overlap integrals are exactly evaluated or to solve

a generalized eigenvalue problem. Iterative eigensolvers for generalized eigenvalue problems

are costly, so in practice one chooses orthogonal basis functions and uses a quadrature with
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which the overlap matrix is an identity matrix. Instead, it is possible to use collocation.

Collocation has advantages: 1) it is not crucial to choose points with which overlap matrix

elements are computed exactly; 2) as the basis improves the choice of the collocation points

(there are no weights) becomes less important; 3) because there is no need to choose co-

ordinates and/or basis functions to facilitate the calculation of KEO matrix elements, very

general (e.g. nonorthogonal) bases can be used; 4) it is easy to deal with KEOs for which

coefficients of many derivatives are complicated functions of the coordinates.

Many years ago collocation was used for low-dimensional problems [140], but it rarely

applied to high-dimensional problems because the standard collocation approach requires

solving a generalized eigenvalue problem. It has recently been shown that with structured

pruned basis sets and structured Smolyak grids it is possible to use the basic collocation idea

and an iterative eigensolver to solve the Schroedinger equation, without solving a general-

ized eigenvalue problem. [141, 142] This is done by using sequential sums to evaluate MVPs.

Wavefunctions are represented as interpolants written in terms of 1D Lagrange-type func-

tions (LTF). Components of eigenvectors of a standard eigenvalue problem are values of the

wavefunctions at collocation points. The eigenvalues are energies. The key idea is to exploit

the equivalence of two forms of the interpolant. The first form is in terms of the LTF. The

second form is terms of 1D basis functions from which the 1D Lagrange-type functions are

constructed. It is simple to apply the potential to the first form and the KEO to the second

form. The 1D grids used to make the LTF are combined using the Smolyak recipe to form

a multi-dimensional grid that is used as the collocation grid. It is imperative that the 1D

grids be nested. The resulting method can be viewed as a nondirect product pseudo-spectral

method. So far these ideas have only been applied to four-atom molecules, but because the

CPU cost and memory cost of the MVPs scale just as they do in the Smolyak quadrature

approach it should be possible to use the collocation approach also for six-atom molecules.

[141–143]

V. CONCLUSION

To use a variational method to compute (ro-)vibrational energy levels and wavefunctions

of a molecule with five or more atoms, one must deal with at least one (and ideally all)
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of the following issues: 1) calculating matrix elements of the PES is costly; 2) the high

memory and CPU costs of computing eigenvalues of a huge Hamiltonian matrix makes

calculations expensive; 3) the required basis size is huge. In this Perspective, I have classified

variational methods according to the choices made to deal with these issues. I hope that

this classification will aid understanding, but the tools for coping with these issues are

interdependent. Some variational methods deal with 1) by representing the PES as either a

SOP or a MM expansion. Others, using quadrature or collocation, can be applied to general

PESs, but obviate the need to compute high-dimensional integrals by doing sums sequentially

to evaluate the MVPs required to compute eigenvalues and eigenvectors with an iterative

eigensolver. Iterative eigensolvers enable one to compute eigenvalues and eigenvectors of

huge Hamiltonian matrices (issue 2). However, there is a catch: iterative eigensolvers are

most useful if one has good ideas for evaluating matrix-vector products. This means that to

use the two most powerful procedures for reducing the basis size, contraction and pruning,

in conjunction with an iterative eigensolver, one needs to develop algorithms for evaluating

MVPs. They must make it possible to evaluate MVPs without storing (and ideally without

computing) the Hamiltonian matrix. Various combinations of these ideas have been reviewed

in this perspective. Finally, there are useful tensor methods that are often used without

pruning or contraction. Multiconfiguration time-dependent Hartree (MCTDH) methods are

used primarily for wave packet propagation, but can also be used to compute vibrational

energy levels.[144] The most popular implementation of MCTDH requires a SOP PES. [145]

CP-format methods [146, 147] use a full direct product basis, but do not store vectors with

as many components as there are basis functions. There is also a TT-format variant of

these ideas. [148] The CP and TT methods are not applicable to general PESs and they

use iterative solvers. They drastically reduce the memory cost of variational calculations,

but accuracy and CPU cost remain important issues. Variational methods have evolved

significantly in the last 20 years. Using several combinations of the ideas presented in this

Perspective it is possible to compute ro-vibrational levels of molecules with 6 atoms. This

opens the door to understanding the spectroscopy and dynamics of many molecules.
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TABLE I: Ideas for mitigating the three key problems. Methods in this Perspective combine one

element from each column

Potential Representation Eigensolver Basis

Special form (SF): Sum-of-products (SOP) Direct (D) Pruned (P)

Special form (SF): Multimode (MM) Iterative (I) Contracted (C)

General (G)
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[106] A. Shimshovitz, Z. Bačić. D. J. Tannor, Journal of Chemical Physics. 141, 234106 (2014)

[107] H.R.Larsson, B.Hartke and D.J.Tannor, J.Chem.Phys. 145 204108 (2016)

[108] James Brown and Tucker Carrington J. Chem. Phys.145 144104-1 – 144104-10 (2016)

[109] Sergei Manzhos, Tucker Carrington, Laura Laverdure, and Nicholas Mosey, J. Phys. Chem.

A 119, 9557-9567 (2015)
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