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Abstract

Four contributions to the multitaper method of applied spectrum estimation are pre-

sented. These are a generalization of the multitaper method of spectrum estimation

to time-series possessing irregularly spaced samples, a robust spectrum estimate suit-

able for cyclostationary, or quasi-cyclostationary time-series, an improvement over the

standard, multitaper spectrum estimates using quadratic inverse theory, and finally

a method of scan-free spectrum estimation using a rotational shear-interferometer.

Each of these topics forms a chapter in this thesis.
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Chapter 1

The Multitaper Method of

Spectrum Estimation

Three advances of the multitaper method of spectrum estimation are presented in

this thesis. The multitaper method, introduced by David J. Thomson in [46] has

been applied to sonar [54], paleoclimatology [47], to geophysics [35], and to many

other areas. It has been further developed in [47], [48], [50], and in [18] and figures

prominently in the book, [33]. At the time of writing, [46] is currently listed on Google

scholar (www.scholar.google.com) with 902 citations.

In Section (1.1), introductory comments regarding spectral time-series analysis

are made. The multitaper method of spectrum estimation is introduced and briefly

reviewed in Section (1.2). Also in Section (1.2), some recent advances of the mul-

titaper method are mentioned, and the contributions to the method made in this

thesis are given. Finally, in Section (1.3), an application of the multitaper method

to the spectrum estimation of optical sources illuminating a type of interferometer is

introduced. This final work is part of this thesis, as the work was conducted during

1



CHAPTER 1. THE MULTITAPER METHOD ... 2

the author’s doctoral degree, and culminated in a publication whose abstract is given

in Chapter 5.

1.1 Spectral Analysis of Time-series

Time-series analysis is concerned with learning from observations collected in a se-

quential fashion. Traditionally, these measurements are acquired as a function of

time. For instance, an example time-series is the collection of temperature recordings

obtained at a specific place over a duration. Other examples are seismic velocity

measurements taken with a seismometer, the collection of someone’s blood pressure

recordings obtained once a day for a year, the historical stock price of a company, and

wind velocity measurments from a wind turbine. The sequential measurements need

not occur in time, for example a time-series can be the measured height of the boards

used to construct a fence, with time now replaced by the position of the board in

the fence. The notion of a time-series can be generalized in several more ways. Such

generalizations include sequences of images, vector-valued time series or multivalued

measurements collected at the time of each measurement. An example of the latter

two being the collection of seismic velocity measurements in each of three orthogonal

directions at more than one seismometer for a duration.

The time-series analyst seeks to learn something from the data. This process

consists of asking questions of the data. ie. Is such and such a theory supported

by the measurements? The questions asked can be very specific or quite general,

and are guided, to varying degrees, by prior knowledge influenced by theory and

previous experience. To optimally answer such questions, statistical practice, guided

by statistical theory, is applied to the problem at hand. In standard statistical theory,
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measurements are assumed to be realizations of independent random variables. See,

for example, [10], for an introductory treatment of this topic. In time-series analysis,

the assumption of independence is unfounded, and indeed, the interdependence of the

random variables, in the standard time-series measurment model, contains valuable

information available to the analyst. A time-series is typically modelled as a truncated

realization of a discrete random process. Texts developing this material include [34],

[8], [29] and [33].

Definition 1. Discrete Random Process

Let t ∈ Z and let x be a sequence of random variables indexed by t such that xt is a

random variable. Then x is a discrete random process.

A discrete random process is characterized by the joint probability density func-

tions of subsets of its random variables. It is common practice, see for example [34],

[33], to further assume wide-sense stationarity, (also called weak-sense, or second-

order, stationarity). Prior to defining a wide-sense stationary discrete random pro-

cess, the autocovariance sequence of a discrete random process is required. Again,

the books [34], [33] cover this introductory material in detail.

Definition 2. Autocovariance Function

Let x be a discrete random process, and let rx : Z2 → R. The autocovariance function

of the random process, x, is defined to be rx(j, k) = Cov(xj, xk), for all j, k ∈ Z, where

Cov(xj, xk) is the covariance between the random variables xj and xk.

Definition 3. Wide-sense Stationary Discrete Random Process

Let x be a discrete random process. Let rx : Z2 → R be the autocovariance function

of x. The discrete random process, x, is wide-sense stationary if for all j, k ∈ Z,
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r(j, j) < ∞ and r(j, k) depends only on the difference τ = j − k. This process is

called, equivalently, a weak-sense stationary discrete random process or a second-

order stationary discrete random process. In this setting the autocovariance function

depends on a single argument, τ , and is sometimes called the autocovariance sequence

of the discrete random process, x.

Further, though not always valid, it is common to assume Gaussianity. A Gaus-

sian, weak-sense stationary discrete random process is completely specified by its

mean and autocovariance function. The latter describing the interdependence of

the random variables comprising the random process. In such a setting, the ques-

tions posed by time-series analysts involves studying the autocovariance function of

a wide-sense stationary, Gaussian, discrete random process, via the time-series. This

studying implies statistical estimation of the autocovariance function from the data.

The autocovariance sequence of a weak-sense stationary discrete random process is

positive-definite. [33] Imposing this condition on estimators of rx(τ) leads to biased

estimators, r̂x(τ), which are correlated for differing arguments. Here ˆ denotes esti-

mator. That is, subject to the condition that r̂x is positive definite, E [̂rx(τ)] 6= rx(τ)

and Cov(r̂x(τ1), r̂x(τ2)) 6= 0, for τ1 6= τ2. See [33] and references therein for details.

These properties are undesirable, since heuristically, a biased estimator will tend to

give inaccurate estimates, and the linear dependence, ie. correlation, between esti-

mators of the autocovariance function for differing lags will make analysis difficult.

The difficulties encountered in analyzing dependent estimators arise from an inability

to determine which estimator is controlling the value of another. ie. If one detects

prominent autocovariance at lag 5, and there is dependence between the autocovari-

ance estimator at lags 5, 10, 2, and 22, one cannot claim that the large autocovariance
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at lag 5 is not due to the autocovariance at lags 10, 2, and 22.

There is an alternate characterization of the linear dependence of the random

variables of a wide-sense stationary discrete random process. This alternate charac-

terization is attained through the Fourier transform of the autocovariance function

with respect to lag. The transformed quantity is called the spectrum.

Theorem 1. Wiener-Khinchin

Let x be a wide-sense stationary discrete random process, let rx : Z → R be the

autocovariance function of x, defined in Definition (2), and let the inter-element

duration of x be ∆t. Then the Nyquist frequency is fN = 1
2∆t

, and there exists an

sx : R → R such that the following equations hold:

rx(τ) =

∫ fN

−fN

sx(f
′)ei2πf′τdf ′ (1.1)

and

sx(f) =

∞∑

τ=−∞

rx(τ)e
−i2πfτ . (1.2)

sx is called the spectrum of x.

The spectrum, sx(f), is said to be evaluated at the frequency, f. If the autoco-

variance function, rx(τ) = cos(2πf0τ), then sx(f) will be a dirac-delta function at the

frequency, f = ±f0.

Given Theorem (1), the spectrum can be studied in lieu of studying the autocovari-

ance function. This can be advantageous since, for certain estimators of the spectrum,

approximate independence is attained for sufficiently separated frequencies. That is,

ŝx(f1) can be approximately independent of ŝx(f2) for f1, f2 sufficiently different. Fur-

ther, estimators of sx exist that are consistent and have simple, asymptotic, analytic

expressions for their probability density functions. Estimators of the spectrum can



CHAPTER 1. THE MULTITAPER METHOD ... 6

be loosely categorized as non-parametric, parametric, direct and indirect. For def-

initions of these terms, and statistical quantification of their performance, see the

books [34], [8], and [33], and references therein. Briefly, non-parametric estimators

attempt to assume as unrestrictive of a model of the spectrum as possible, and tend

to require the estimation of a large number of parameters. Due to the large number

of parameters requiring estimation, these estimators pay a price of reduced statistical

efficiency when compared against parametric spectrum estimators. Indirect spec-

trum estimators attempt to estimate the autocovariance function, rx(τ), and discrete

Fourier transform this estimator to obtain an estimator of sx(f). These estimators

begin with either biased or non-positive estimators of the autocovariance function

rx(τ) and are typically undesirable. Direct spectrum estimators skip the estimation

of the autocovariance function rx(τ) and form an estimator of the spectrum sx(f)

directly from the discrete random process. This thesis focusses on a specific type of

direct spectrum estimator called the multitaper spectrum estimator. The multitaper

spectrum estimator is introduced in [46].

1.2 Spectral Analysis of Time-Series with the Mul-

titaper Method

In the spectral analysis of a time-series questions are posed of the spectrum of the

discrete random process from which the time-series is drawn. See the introductory

material in Section (1.1) for background on time-series analysis and definitions of the

spectrum. This process is often assumed to be Gaussian, wide-sense stationary, and

thus, through the Wiener-Khinchin Theorem (Theorem (1)), the analyst is inquiring
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about the spectrum. This inquiry leads one to estimate the spectrum, resulting in

the estimator ŝx(f). Here ˆ denotes an estimator, and x specifies that the spectrum

estimator, ŝx(f) is an estimator of the spectrum of the random process, x. As men-

tioned at the end of Section (1.1), this thesis is concerned with a specific estimator of

the spectrum called the multitaper spectrum estimator. This estimator addresses a

deficiency in the bias of standard direct spectrum estimators. For a regularly sampled

time-series, these estimators are of the form,

ŝ(d)
x (f) =

1

T

∣∣∣∣∣

N−1∑

n=0

wnxne
−i2πfn∆n

∣∣∣∣∣

2

. (1.3)

Here d signifies that the spectrum estimator is a direct-type estimator, T is the du-

ration of the time-series, N is the total number of measurements in the time-series,

∆n is the sample period of the time-series, and wn is a windowing function or data

taper. It is desirable to quantify the statistical properties of this estimator. In [33],

the expected value of ŝ
(d)
x (f) is given as,

E ŝ(d)
x (f) =

∫ fN

−fN

|W(f − η)|2 S(η)df , (1.4)

where S is the spectrum of the discrete wide-sense stationary random process, x, and

W(f) =
N−1∑
n=0

wne
−i2πfn∆n is the discrete Fourier transform of the data taper, wn. Then

the bias of the estimator, ŝ
(d)
x (f) is

Bias(ŝ(d)
x (f)) =

∫ fN

−fN

|W(f − η)|2 S(η)df − S(f) . (1.5)

To obtain an unbiased direct spectrum estimator, the data taper, wn, should be chosen

such that its discrete Fourier transform is a dirac delta function. From an uncertainty

principle, [33], this is an impossiblity. Further, when wn is chosen to be one for all
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n = 0, 1, . . . ,N − 1, the estimate ŝ
(d)
x (f) is called the periodogram, and is equal to,

ŝ(p)
x (f) =

1

T

∣∣∣∣∣

N−1∑

n=0

xne
−i2πfn∆n

∣∣∣∣∣

2

. (1.6)

Here (p) denotes periodogram. The windowing function, Wp(f) =
N−1∑
n=0

e−i2πfn∆n is

equal to the Dirichlet-type function, [33],

Wp(f) =
sin(πfN∆n)

sin(πf∆n)
e−iπf(N−1)∆n . (1.7)

This function has a central peak and relatively large sidelobes. See [33] for a com-

parison with other data tapers. The relatively large sidelobes cause what is called,

“out-of-band” bias or “spectral leakage” through the convolution in Equ. (1.4). This

is in contrast to “in-band” bias which results from the action of |W(f)|2 in the con-

volution in Equ. (1.4) for small-absolute arguments.

In many spectral analyses it is advantageous to minimize out-of-band bias. The

data taper of length N possessing the least fractional energy outside the frequency

interval (−W,W), is the zeroth-order, discrete-prolate spheroidal sequence with di-

mensionless time-bandwidth parameter NW. That is, to obtain the direct-spectral

estimate corresponding to the spectral estimator possessing the least spectral leakage

bias, one first choses W. This choice sets the resolution of the estimate. For this

example, let W be specified in units of Hz. Then, NW is obtained by,

NW = (N∆t) W , (1.8)

where ∆t is the sample period for the regularly sampled time-series. Perhaps a better

nomenclature for the dimensionless time-bandwidth product would be, TW, where T

is the duration of the time-series. Regardless, for historical reasons, W is specified in

physical units, and NW is the dimensionless quantity specified by Equ. (1.8). [33]
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A consequence of the data tapering is an increased esimator variance. [33] Heuris-

tically, this is a manifestation of the fact that data tapers with desirable in-band,

fractional energy concentration tend to zero the data at the beginning and ends of

the time-series. This effective loss of data increases the variance of the estimator;

as one would expect of estimators computed from a reduced quantity of data. In

the multitaper method of spectrum estimation, this variance increase is controlled by

averaging many approximately independent direct spectrum estimators. These esti-

mators are constructed using the zeroth-order discrete prolate spheroidal sequence,

which is used to obtain the leakage optimal direct spectrum estimator, and then the

higher-order discrete prolate spheroidal sequences are used to compute the spectrum

estimators which are included in the average to obtain the multitaper spectrum es-

timator. The higher-order discrete prolate spheroidal sequences are the sequences,

possessing maximal in-band fractional energy-concentration, which are mutually or-

thogonal and orthogonal to the zeroth-order discrete prolate spheroidal sequence. [40]

Thus described, the vanilla version of the multitaper spectrum estimator is,

ŝ(mt)
x (f) =

1

K

K−1∑

k=0

ŝ
(mt)
x,k , (1.9)

where

ŝ
(mt)
x,k =

1

T

∣∣∣∣∣

N−1∑

n=0

v(k)
n xne

−i2πfn∆t

∣∣∣∣∣

2

, (1.10)

ŝ
(mt)
x,k is the kth direct spectrum esimator computed using the kth order discrete prolate

spheroidal sequence, whose nth element is v
(k)
n , and K is the number of direct spectrum

estimators used in Equ. (1.9).

These direct spectrum estimators, called eigenspectra in [46], are the squared
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magnitude of the eigencoefficients, where the kth eigencoefficient is,

Xk(f) =

N−1∑

n=0

v(k)
n xne

−i2πfn∆t . (1.11)

The direct spectrum estimators are approximately independent for weak-sense sta-

tionary random processes, see [46][33], due to the orthogonality of the discrete prolate

spheroidal sequences and to the large fractional energy concentration of these tapers

within the interval of frequencies, (−W,W). For nonstationary or insufficiently re-

solved spectra, the eigenspectra are not necessarily well approximated as independent.

See [46] and see [47] for a definition of a resolved spectrum. A sufficient condition for

a spectrum to be resolved is that it be constant within the frequency analysis bands,

(f − W, f + W) for f ∈ (W, fN − W), where fN = 1
2∆t

is the Nyquist frequency.

To attain a further reduction of out-of-band bias, the average in Equ. (1.9) can be

replaced with a weighted average with the weights taken to be either the eigenvalues

of the discrete prolate spheroidal sequences (the eigenvalues are equal to the fractional

in-band energy concentration of the discrete prolate spheroidal sequences), or adaptive

weights can be found. See [46] for details.

Besides the heuristic derivation of the multitaper spectrum estimator, the vanilla

spectrum estimator, Equ. (1.9) can be derived following the developments in [46].

These developments involve the specification of a “fundamental equation of spectrum

estimation”, yielding an inverse problem for the determination of an orthogonal incre-

ment process whose approximate solution in the approximate basis provided by the

K most fractional in-band energy concentrated discrete prolate spheroidal sequences,

yields a high-resolution multitaper spectrum estimator. This estimator is inconsis-

tent, and averaging this estimator over the analysis band of frequencies, (f−W, f+W),

yields the consistent, vanilla multitaper spectrum estimator, Equ. (1.9). See [46].
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So far discussion has been restricted to the multitaper spectrum estimator. Multi-

taper estimators exist for coherence, cross-coherence, canonical coherence, and bispec-

trum, bicoherence, and polyspectra. The multitaper method includes these estimators

as well as a test for sinusoids, methods for re-shaping the spectrum around detected

sinusoids, jacknifing estimates of confidence intervals, a test for the resolution of a

spectrum by a spectrum estimator, and extensions to estimating in-band and to the

analysis of nonstationary time-series. [46][47][48][50]

Some recent advances of the multitaper method include a second-order correction

for bias due to insufficient resolution [35] and an extension of bispectrum and bicoher-

ence analysis to the multivariate situation using concepts from canonical correlation.

[18] Contributions in this thesis extend the basic multitaper method to the robust

estimation of the spectrum of a cyclostationary time-series in Chapter 1, a reduction

in the multitaper spectrum estimator mean-square error is presented in Chapter 2,

and in Chapter 3, a multitaper spectrum estimator is introduced suitable to spectrum

estimation from irregularly observed measurements.

1.3 Optical Interferometry and the Rotational Shear

Interferometer

Scan-free spectrum estimation of resolved, broadband point-sources with a rotational

shear interferometer is presented in [21]. This work is targeted at the optics com-

munity and assumes the audience has some background in optics. In this section,

background regarding relevant concepts in optics is briefly outlined. For a more com-

prehensive discussion, as well as an introduction to optics, see the classic texts on
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optics and electrodynamics: [26], [16], [20], and [36]. For earlier work related to the

rotational shear interferometer see the references in [21].

In optics, a point-source is a source sufficiently distant such that a monochromatic

electromagnetic disturbance has a planar surface of constant phase. This statement

is meaningful in an approximate sense, since monochromatic sources cannot exist

due to the spectral broadening incurred by starting and stopping a physical source

and further, the planar surface is attained at an infinite distance. Some related buzz-

words include Fraunhoffer diffraction, free-space Green’s function of the 3D Helmholtz

equation, related through the Fourier transform of the 3D wave equation with respect

to time, and the Van Cittert-Zernicke theorem. Interested readers should consult the

indices within the above supplied references. For the reference to Green’s functions

see p. 327 in [14].

Resolution refers to the ability to separate closely spaced sources in the image

plane of an optical device. This limitation, when imaging distant monochromatic

point sources, is a manifestation of Fourier optics. That is, for sufficiently distant

monochromatic sources, the image is a convolution of the source distribution with

an optical “impulse response”. Specifically, the 2D Fourier transform of the image

intensity with respect to spatial coordinates is equal to the 2D Fourier transform of the

source intensity times the “optical transfer function”. [16][36][26] This optical transfer

function contains an aperture term which is typically a circularly symmetric function,

analagous to the Dirichlet type kernel responsible for spectral leakage in spectrum

estimators of the spectrum of 1D time-series. See Section (1.2) for a discussion of

spectral leakage. Thus, the larger the aperture, the greater the resolution. Carrying

the analogy further, one notes that spectral leakage type bias will be present in optical
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devices that are imaging point sources.

An interferometer is a device that measures the interference of electromagnetic

waves. Consider two electric fields, E1 and E2. In this context, E denotes electric

field instead of expectation. Expectation will be specified by angular brackets, so that

the expectation of E is < E >. The quantity to which optical detectors are typically

sensitive, is the intensity of the electromagnetic field at the detector surface. Intensity

is the power in the electric field divided by area. The intensity of the superposition

of two stochastic electric fields, is

I = < (E1 + E2)
2 > (1.12)

= < E2
1 > + < E2

2 > + < E1E
∗
2 > + < E∗

1E2 > (1.13)

= I1 + I2 + 2Re(< E1E
∗
2 >) , (1.14)

where Re(x) specifies the real-part of x. Now, if the electric fields are mean-zero ,

Equ. (1.14), becomes

I = I1 + I2 + 2Re(Cov(E1,E2)) . (1.15)

To study the spectrum of a point source, one can split the radiation emanating from

the source into two beams, and delay one of the beams with respect to the other

and then perform an interference operation. Since optical detectors currently have

integration times long with respect to the rapidity of the fluctuations of typical op-

tical sources, through a law of large numbers type operation, CCDs (charge-coupled

devices) measure the intensity of the electric field at their surface. Consequently, the

autocovariance function of the electric field emanating from a point optical source

at the surface of an optical instrument can be obtained by splitting the radiation

incident on the instrument, delaying one-half of this radiation with respect to the
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other half of the radiation, and then recombining it at the surface of a CCD and

taking a measurement. Thus, a measurement of the autocovariance function of the

incident electric field can be obtained. By varying the relative delay between the two

halves of the radiation, samples at different lags can also be obtained, and the dis-

crete Fourier transform of these measurements provides an estimate of the spectrum

of this incident radiation. Note that in this treatment, the optical sources are im-

plicitly assumed to be mean-zero, weak-sense stationary, ergodic random processes,

and further note that the spectrum is that of the incident radiation and not of the

source. To relate this estimate of the spectrum to the source spectrum, one employs

the Van Cittert-Zernicke theorem. [36][26] The optical instrument here described is a

Michelson interferometer, and the process is called Fourier Transform Spectroscopy.

In the Michelson interferometer, a moving mirror is required to enact the relative

delays of the split electromagnetic radiation, and is further limited to the situation

when only a single source illuminates the interferometer. Both of these limitations

can be alleviated through the use of the rotational shear interferometer. This inter-

ferometer, described in [21] and references therein, is a modification of the Michelson

interferometer, and attains viewing properties amenable to the scan-free estimation

of the spectra of point sources. These viewing properties are exploited in [21] using

the multitaper method of spectrum estimation. An F-test for the detection of point

sources analogous to the F-test for sinusoids presented in [46] is given, and subsequent

multitaper estimation of the point source spectra, is presented, computed avoiding

a deleterious data interpolation step present in competing estimates. In the short

Chapter 4, the abstract of [21] is reproduced.



Chapter 2

Spectral Analysis of

Cyclostationary Time-Series: A

Robust Method

2.1 Introduction

This work is motivated by the specific problem of analyzing seismic “hum” in data

contaminated by moderate earthquakes. 1 This seismic data, from station NNA

situated in Peru, exhibit a reasonable degree of cyclostationarity and pose a chal-

lenging problem in non-parametric spectral time-series analysis. Such data, along

with a time-series resulting from the methods proposed in this chapter, are plotted in

Fig. (2.1). The seismic velocity data in Fig. (2.1) exhibits a daily variance increase

1In [2][3], continuous excitation of the Earth’s normal modes was anticipated. Following the
detection of normal modes from the great Chilean earthquake in [31] [4][6], interest in detecting the
continuously excited modes decreased. A revival of interest in the detection of continuously excited
normal modes or ”seismic hum” occurred after the results presented in [30][44][45].

15
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Figure 2.1: High-pass filtered, seismic velocity data from station NNA, situated in
Ñaña, Peru. The data possesses a pulsing variance, with an approximate
period of 1 day. The original data (black) is seen to exhibit events, typi-
cally small earthquakes, some of extended duration, not possessed by the
modified, or “cleaned” data (grey). For much of the data the two coin-
cide. The cleaned data results from the methods proposed in this chapter,
see Section (2.5). Spectral analysis of this data is problematic, in that to
resolve the daily pulsing with a nominal dimensionless time-bandwidth
product of 5, 10 day to 20 day duration data sections are required. Given
the event rate of this data section, data sections with 10 to 20 events are
common. Note that event amplitudes on the scale of the pulses, are not
outliers. Robust spectrum estimators are desirable.
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between 10 to 25 times larger than the variance of the data during quieter times,

as well as an event rate of approximately one-event per day. The “contaminating”

events are mostly earthquakes of various magnitudes. It has recently been suggested,

see [51] that much of the noise background in such data consists of many periodic

components; specifically, solar p-modes. The requirement of resolving these periodic

fluctuations, while maintaining out-of-band bias control, coupled with the conflict-

ing requirement of minimizing the deleterious impact of contaminating events upon

spectral estimators, is a challenge.

Existing literature addressing this problem consists of the robust estimation of

periodic autoregressive parameters presented in [39], the robust, non-parametric es-

timation of the cyclic-autocovariance function, presented in [5], and in [25]. Of these

last two, the former uses M-estimates, and down-weights data large relative to the

process scale, while the latter computes estimates from the sign of the data only.

The present work differs from these previous works in that a non-parametric, direct

(as opposed to indirect), spectrum estimator is presented that does not down-weight

data values large relative to the process scale, as in [5], but rather down-weights data

values large relative to the innovation process scale; an advantageous property, since

data values large relative to the innovations scale can badly bias spectrum estimates,

see the discussion in [28]. Further, while the use of the sign function in [25] should

lead to relatively robust estimates of the cyclic-autocovariance, it is unlikely that such

an estimator is efficient. Building on earlier work on the robust estimation of spectra

presented in [28] and in [22], this chapter introduces a method of robustly estimat-

ing the spectrum of cyclostationary and approximately cyclostationary time-series.

Unlike the methods presented in [28] and in [22], correlated contamination is less
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of an issue, provided the correlation duration does not exceed a few cyclostationary

periods. The relative insensitivity of spectral estimates presented in this chapter to

contamination of extended duration makes the procedure an attractive solution when

estimates with low bias and high frequency resolution are required. Such a situation

arises when analysing high-pass filtered geomagnetic and seismic data from Peru;

specifically from the Huancayo, Peru geomagnetic observatory (284.67 E, 12.05 S,

HUA), and from the Ñaña seismic station (283.16 E, 11.99 S, NNA). These two

observatories are approximately 280 km apart and show cyclostationary behaviour

that is visually similar. This work is motivated by the desire to carefully analyze the

correlations between these timeseries.

The chapter begins with background on robust estimation in Section (2.2). Back-

ground on the spectrum of a weak-sense, or second order cyclostationary time-series

is given in Section (2.3). A description of the robust method is presented in Section

(2.4) and the method is generalized to approximately cyclostationary time-series in

Section (2.5). The procedure is demonstrated on synthetic data in Sections (2.4) (2.5),

and on real, seismic data in Section (2.6). The chapter concludes with a discussion

in Section (2.7).

2.2 Statistical Robustness

To provide context for the robust spectrum estimator presented in this paper, a brief

introduction to robust estimation is given. Heuristically, a robust estimator is one

that yields estimators with desirable properties even when the assumed model is in-

accurate. Following [28], suppose F is the conjectured distribution from which the



CHAPTER 2. SPECTRAL ANALYSIS OF CYCLOSTATIONARY ... 19

observations are drawn, and {Gi} is a family of potential true observation distribu-

tions. Then, an estimate T is robust at F if its performance is good over the set of

distributions {F} ∪ {Gi}. More precise definitions of robustness are useful. In [53],

[17], and in [15], efficiency robustness, min-max robustness and qualitative robust-

ness, respectively, are introduced. Efficiency robustness requires that the estimator,

T be efficient over the set of distributions, {F}∪{Gi}. Huber’s min-max robust loca-

tion estimators minimize the maximum asymptotic variance over infinite families of

symmetric distributions. These estimators yield good, though suboptimal efficiency

robustness. Qualitative robustness, loosely speaking, requires that the estimator, T,

is only slightly affected when {Gi} is close to F in the appropriate metric.

A data oriented definition of robustness is resistance. This is the notion that

adjusting a slight amount of data should only slightly affect estimates made from the

data. In the context of robust non-parametric spectral time-series analysis, this latter

data-centric notion of robustness is prominent. One is able to find estimators that

are demonstrably resistant to complicated contamination, while theoretical modelling

of such situations is complicated. See further discussion in [22]. This is due to the

difficulty of modelling, in a satisfactory sense, a process with contamination. For a

point of reference, consider the additive outlier model,

yt = xt + vt , (2.1)

where yt is the observed wide-sense stationary discrete random process, xt is the

uncontaminated wide-sense stationary discrete random process, and vt is the con-

taminating wide-sense stationary discrete random process. In general, xt and vt are

independent, and the correlation structure of vt and xt is general. This is the additive

outlier model presented in [22]. Here this model is generalized to the situation where
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xt is discrete, weak-sense cyclostationary, see Section (2.3) for a definition. No effort

is made in this paper to present theoretical quantification of the robustness properties

of the proposed estimator; rather performance is quantified by simulation and on real

seismic data. See Section (2.4), Section (2.5), and Section (2.6).

2.3 Cyclostationary Time-Series

For clarity, some background on cyclostationary processes is given. References include

[19] and [11] for the discrete cyclostationary process case and [32] for continuous cy-

clostationary processes. Discussion is restricted to the case of discrete cyclostationary

random processes because measurements are taken at discrete times. Beginning with

the definitions of cyclostationary and weak-sense cyclostationary random processes,

the extension to weak-sense cyclostationary time-series is stated, the cyclic spectrum

is defined and its relation to the spectrum discussed. The section ends with the mul-

tivariate, stationary representation of a cyclostationary random process, a represen-

tation used in later sections. The discussion is intended to briefly review background

material available in detail within the references.

Definition 1. Strict-Sense Discrete Cyclostationary Random Process

Let x be a discrete-time random process with joint probability density function

f(xj+1,xj+2, · · · ,xj+k), for all j, k ∈ Z. The random process x is said to be cyclosta-

tionary, with period T ∈ N, if

f(xj+1,xj+2, · · · ,xj+k) = f(xj+1+T,xj+2+T, · · · ,xj+k+T) ,

for all j, k ∈ Z.
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A less-restrictive notion of cyclostationarity is second-order, or weak-sense, cyclo-

stationarity. This notion requires periodicity of the autocovariance function.
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Definition 2. Autocovariance Function

Let x be a discrete-time random process. Then, the autocovariance function of the

random process, x, is defined to be rx(j, k) = Cov(xj, xk), for all j, k ∈ Z.

Definition 3. Discrete Second-Order Cyclostationary Random Process

Let x be a discrete-time random process. Let rx : Z2 → R be the autocovariance

function of x. The random process, x, is second-order cyclostationary if there exists

a T ∈ N, called the cyclic period, such that for all j, k ∈ Z, E [xj] = E [xj+T] and

rx(j, k) = rx(j + T, k + T).

It is useful to parameterize the arguments of the autocovariance function, rx(t1, t2).

Let t = t1, t ∈ Z and call t the global time. Let t2 = t+ τ , τ ∈ Z, and call τ the local

time. Thus, τ = t2 − t1. This parameterization allows the periodicity of rx(t1, t2)

to be accounted for by the periodicity of the global time alone. Let T be the cyclic

period of x. The periodicity of the autocovariance function, rx(t, τ), in the sense of

Definition (3), requires rx(t, τ) = rx(t + T, τ) for all t, τ ∈ Z; ie. periodicity with

respect to the global time, t. Due to the periodicity of rx with respect to global time,

a Fourier series representation exists and is given, without proof, in the following

theorem.

Theorem 2. Cyclic Autocovariance

Let rx : Z2 → R be the autocovariance function of the second-order discrete cyclosta-

tionary random process, x, with cyclic period T ∈ N. Let αn = n
T

be the global-time

conjugate frequency. Then there exists a cx : Z2 → C such that the following equations

hold:

rx(t, τ) =

∞∑

n=−∞

cx(n, τ) ei2παnt , (2.2)
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and

cx(n, τ) =
1

T

T−1∑

t=0

rx(t, τ) e−i2παnt . (2.3)

cx(n, τ), is the cyclic autocovariance of the discrete cyclostationary random process x,

evaluated at frequency, αn.

Continuing the Fourier analysis paradigm, one obtains the cyclic spectrum by

Fourier transforming the cyclic autocovariance function, cx(n, τ) with respect to the

local-time variable, τ . This Fourier representation exists provided cx(n, τ) belongs

to the set of square-integrable functions. The representation is stated by way of a

theorem without proof.

Theorem 3. Cyclic Spectrum

Let x be a discrete second-order cyclostationary random process with cyclic autoco-

variance function, cx (defined in Theorem (2)) and with inter-element duration, ∆t.

Then the Nyquist frequency is fN = 1
2∆t

, and there exists an sx : Z×R → C such that

the following equations hold:

cx(n, τ) =

∫ fN

−fN

sx(n, f
′)ei2πf′τdf ′ , (2.4)

and

sx(n, f) =
∞∑

τ ′=−∞

cx(n, τ
′) e−i2πfτ ′

. (2.5)

sx(n, f) is called the cyclic spectrum.

Further, a connection exists between the cyclic spectrum and the Loève spectrum.

Theorem 4. Loève Spectrum

Let x be a nonstationary random process, with an autocovariance function rx ∈ ℓ2(Z2),

and with inter-element duration, ∆t. Then the Nyquist frequency is fN = 1
2∆t

, and
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there exists an sL,x : R2 → C such that the following equations hold:

rx(t1, t2) =

∫ fN

−fN

∫ fN

−fN

sL,x(f1, f2)e
−i2πf1t1e−i2πf2t2 df1df2 , (2.6)

and

sL,x(f1, f2) =

∞∑

m=−∞

∞∑

n=−∞

rx(m, n) e−i2πf1me−i2πf2n . (2.7)

sL,x is the Loève spectrum of the discrete random process, x.

The aforementioned connection is, by the Fourier transform of periodic functions,

sL,x(fg, f) = sx(n, f) δ(fg −
n

T
) , (2.8)

where δ is the dirac-delta function. Note that the Loève spectrum describes the

second-moment properties of a general nonstationary process. Stationary processes

have the property that signal elements at different frequencies are uncorrelated that

is, the spectrum of the stationary process, y, with Loève spectrum, sL,y is

sy(fτ ) =

∫ fg+ǫ

fg−ǫ

sL,y(fg, fτ )dfg , (2.9)

and the Loève spectrum is a δ-sheet along the fg = 0 line. Cyclostationary processes

are thus intermediate and have a series of δ-sheets parallel to the fg = 0 line and

spaced from it by integer multiples of 1
T
.

Finally, a second-order, discrete, cyclostationary, random process possesses a

vector-valued, second-order stationary, random process representation, when T is

an interger multiple of the inter-sample duration, ∆t. See [11].

Definition 4. Wide-Sense Stationary Vector-Valued Representation

Let t ∈ Z be the time index, and let ∆t be the inter-sample duration. Let xt be a

mean-zero, discrete, wide-sense cyclostationary random process with cyclostationary

period, T = m∆t, for some m ∈ N. Then the mean-zero, discrete, vector-valued
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random process, vt, is formed from xt by setting,

vt =




xtT

xtT+1

...

xtT+T−1




. (2.10)

The autocovariance matrix, Rv(t, τ) = E
[
vtv

†
t+τ

]
is a function of the local time, τ ,

only, and is thus stationary. That is, Rv(t, τ) = Rv(τ).

2.3.1 Estimation-I

A cyclostationary time-series is taken to be a truncated and discretized realization

of a cyclostationary random process. In this paper the spectra of cyclostationary

random processes are estimated from cyclostationary time-series. In the following,

the relationship between typical spectrum estimates and the cyclic spectrum evaluated

at zero global frequency is elucidated. The cyclic spectrum, sx(n, τ) evaluated at

n = 0, is the Fourier transform of the global-time averaged autocovariance function:

sx(0, f) =
∞∑

τ ′=−∞

cx(0, τ
′) e−i2πfτ ′

, (2.11)

=
∞∑

τ ′=−∞

rave
x (τ ′) e−i2πfτ ′

, (2.12)

where

rave
x (τ) =

1

T

T−1∑

t=0

rx(t
′, τ ′) . (2.13)

Define a multitaper estimate of the cyclic spectrum, ŝmt
x , to be,

ŝmt
x (n, f) =

1

KMT

M−1∑

m=0

K−1∑

k=0

Xm,k(f)X
∗
m,k(f −

n

T
) , (2.14)
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where the data sample period is 1, K is the number of Slepian data tapers, M is the

number of data sections, T is the cyclostationary period, and Xm,k(f) is the eigenco-

efficient computed from the mth data section, using the kth Slepian taper evaluated

at frequency, f. See Section (1.2) and [46] for the definition of an eigencoefficient in

this context. Note, for n = 0, that is for cyclic-frequency zero, the multitaper esti-

mate of the cyclic-spectrum, Equ. (2.14), is equal to the non-adaptive, non-eigenvalue

weighted multitaper estimate of the spectrum. Thus estimates of the spectrum com-

puted from cyclostationary time-series are equal to the discrete Fourier transform of

the global-time averaged autocovariance function. Though the standard estimate of

the spectrum is typically made and analysed assuming stationary data, it is equal to

an unbiased estimate of the cyclic-spectrum evaluated at zero-global frequency, and

is thus equal to an unbiased estimate of the Fourier transform of the autocovariance

function averaged over global time. In this sense standard spectrum estimates of cy-

clostationary time-series are meaningful. The next section continues the discussion

of the robust method of cyclostationary spectrum estimation.

2.4 Method

The robust spectrum estimate makes use of Definition (4). There are two salient

features of the vector-valued representation, vt of the second-order cyclostationary

process xt. The first is that for any element, m, of vt, one can obtain a second-order

stationary process, vt(m). The second, is that contamination of xt, of extended du-

ration, is localized in time in the stationary, vector-valued representation vt. As an

illustration, consider an additive contaminating process, ot, zero for all time, except

for a duration of Tc samples with Tc < T. The resulting vector- valued process is
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contaminated on at most two time indices, and the contamination nowhere includes

the same element of the vector-valued process on adjacent time samples. Figure

(2.2) shows data drawn from a simulated second-order cyclostationary process, with

a sampling period of one, and a cyclostationary period, T, equal to 100. The data is

formed by modulating a low-pass filtered, Gaussian, iid data sequence with a period

T periodic sequence. A second Gaussian, iid sequence is added, prior to adding con-

tamination (see Fig. (2.2)). Fig. (2.4) depicts the second-order cyclostationary data

in the second-order stationary, vector-valued process form. Note the clarity in which

the contamination is visible in Fig. (2.4). In this representation, row data is drawn

from a second-order stationary time-series. Because of this, a possible adaptation of

the robust AR cleaning method described in [28], involves robustly estimating the

parameters of a MAR (Multivariate Autoregressive) process for a few rows above and

below each data point, and using the MAR estimate to predict the value of each

data point. If the absolute difference between the prediction and the sample value

is large compared to the innovation process scale, then the sample value is replaced

with the value predicted but, if the absolute deviation between the sample value and

the prediction is small, the sample value is unmodified. Between these two extremes

a weighted average of the sample value and the prediction value is used to compute a

sample value replacement. There are three drawbacks to this approach. The first is

that the MAR prediction uses the original data, and can be influenced by contamina-

tion. The second consideration is that the correlation structure of the contamination

is not used; thus, there is potential for increased performance. Finally, in some situ-

ations, assumptions of wide-sense cyclostationarity are too strong. The next section

addresses these issues.
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Figure 2.2: Synthetic Data formed by modulating a low-pass filtered, Gaussian, iid
data sequence with a periodic sequence of period T = 100. The low-pass
filter is a Gaussian probability density sequence with a standard deviation
of 10 samples, a mean of 50 and a length of 100. The sum of the elements
of the low-pass filter is 1. The periodic sequence is formed by adding
sinusoids, each with an amplitude of 1

N
, N equal to the number of data

values. The kth sinusoid possesses the frequency, k
T

and six sinusoids are
added: k = 0, 1, 2, 3, 4, 5. Finally, to obtain the data plotted in the top
plot, a Gaussian, iid sequence is added. This results in a sequence with
an autocovariance function, r(t, τ) = p2(t)rs(τ) + σ2

nδ(τ), where p(t) is
the periodic function, r(τ) is the autocovariance sequence of the coloured
process modulated by p(t), σ2

n is the variance of the additive white pro-
cess, t is global time, and τ is local time. To this weak-sense cyclo-
stationary time-series is added contamination, both rare, large events of
extended duration, visible in the top plot, and much more frequent events,
of extended but shorter duration than the larger events, and possessing
a maximum absolute value comparable to the maximum value of the un-
contaminated time-series (bottom). The time of occurence of these more
frequent events is determined by drawing from a uniformly distributed
random variable taking values on the interval (0, 1), N times, one draw
for each measurment in the uncontaminated time-series. Locations where
this value exceeds .00625 are flagged for event contamination. The dura-
tion of contamination is 10 samples, corresponding to a total time-series
contamination, excluding larger events, of 6.25 percent.
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2.5 Quasi-Cyclostationary Adaptation

To address the previously mentioned deficiencies, the following approach is taken.

First, the wide-sense cyclostationary assumption is relaxed (Section (2.5.1)). Second,

events are detected using a data adaptive, binary hypothesis test (Section (2.5.2)).

Third, the replacement values are computed by an iterative “gap filling” technique

that explicity makes use of wide-sense cyclostationarity. (Section (2.5.3)).

2.5.1 Local Second-Order Cyclostationarity

The wide-sense cyclostationary assumption is relaxed by assuming local, second-order

stationarity of the vector-valued process, rather than second-order stationarity. In

particular, it is assumed that the vector-valued process is second-order stationary

within the interval of vector-valued process times used in every estimate in the clean-

ing process. Additionally, the elements of each random vector involved in every hy-

pothesis test are assumed to have an auto-covariance sequence dependent only on the

absolute difference in element index; implying local, second-order stationarity within

each random vector. These two types of local, second-order stationarity are equivalent

to second order stationarity along the rows and the columns in a small patch of values

in the cyclostationary image representation of a cyclostationary random process. (see

Fig. (2.4))

2.5.2 Event Detection

Contamination is detected by performing an hypothesis test on a short column of

data centred on each data value. The null hypothesis is that the data column is
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drawn from a Gaussian, AR-P random process, with coefficients, ao and the alter-

nate hypothesis is that the data column is drawn from a Gaussian, AR-P random

process with coefficients, aa. The test is as follows. Let, to ∈ Z, be the index of the

cyclostationary period and let, τo ∈ Z, be the index into local time such that (xto)τo

is the central data value under test. Here, xt is the second-order stationary, vector-

valued representation of the time-series. Now, form an approximately second-order

stationary, univariate time-series by concatenating the columns in a rectangle of data

centred on (xto)τo . Specifically, let, Mr ∈ Z, be one-half less one the width of the

rectangle, and let Mc ∈ Z, be one-half less one the height of the rectangle. Then, yt,

the univariate time-series is,

yt = vec







(xto−Mc
)τo−Mr

...

(xto−Mc
)τo+Mr



, . . . ,




(xto+Mc
)τo−Mr

...

(xto+Mc
)τo+Mr






, (2.15)

where vec is the vector concatenating operator. Note that Equ. (2.15) holds for

Mc < to < Nt − Mc + 1 and for Mr < τo < Nτ − Mr + 1. Here Nt,Nτ ∈ Z, are the

number of cyclostationary periods and the length of xt, respectively. When, to < Mc,

then the point under test is taken to be the upper left corner of the data rectangle.

When to > Nt − Mc + 1, then the point under test is taken to be the lower right of

the data rectangle. For, τ < Mr or τ > Nτ − Mr + 1, the columns of the rectangle

extend into the previous or the next period; that is, ht, a single column in the data

rectangle,

ht = [(xto)Nt−1 (xto)Nt (xto+1)1 (xto+1)2 . . .]T .

The data rectangle wraps around the top and bottom edges of the cyclostationary

representation of the data depicted in Fig. (2.2). That is, think of the time axis as
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being wrapped on a cylinder with circumference, T. Next, the coefficients, âo are

robustly estimated using the GM-estimate described in [27] from yt. The estimate,

âo, is obtained by iteratively solving
n∑

i=1

W(yi−1)yi−1ψ

(
yi − yT

i−1âo

ŝ

)
= 0 , (2.16)

where yi−1 = [yi−1yi−2 · · ·yi−P]T, P is the order of the autoregressive process and ŝ

is a robust estimate of the scale of yi. The psi-function, ψ is chosen to be Huber’s

psi-function,

ψ =





t, |t| < 1,

sign(t), |t| ≥ 1
. (2.17)

W(yi−1) is a continuous, scalar-valued weight function chosen such that W(yi−1)yi−1

is bounded. Explicitly,

W(yi) = g(
yT

i Ĉ−1yi

P
), (2.18)

where Ĉ is an estimate of the autocovariance matrix; computed assuming second-

order stationarity from a multitaper estimate of the spectrum of yt. Note that Ĉ

is not a robust estimate of the covariance matrix; however, the contamination will

involve a relatively small number of data points, and thus
yT

i Ĉ−1yi

P
will remain large

for the contaminating data and very small for the non-contaminating data. One

expects a more robust estimate of C to exhibit superior performance. In practice,

the multitaper esitmate described is adequate. Finally, g(u), is chosen to be,

g(u) =





1 −√
u,

√
u ≤ 1

0,
√
u > 1

, (2.19)

such that the weight function, W(yi), monotonically decreases from a maximum value

of one to zero with yi of increasing Mahalonabis distance. See [27] for details. Note
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that contamination is unlikely to corrupt data in adjacent samples of the second order

stationary, vector-valued representation of the cyclostationary time-series, and thus

yt is approximately contamination free, provided the contamination does not extend

over too many cyclostationary periods, T. Next, âo is used to whiten the time-series,

yt, and the residuals, rt, are computed. To test if âo characterizes the data under test,

the variance of the subset of residuals corresponding to those elements of yt under

test is compared to the variance of the remaining residuals. To avoid test bias due

to contamination present in yt at elements not under test, the weights, wt = W(yt),

see Equ. (2.18), are used to weight the residuals. This weighting greatly reduces the

sensitivity of the test to contamination of yt at locations outside of the data region

being tested. The test statistic, F, is

F =

∑
j∈R̃

w2
j

∑
j∈R

r2
j

|R|∑
j∈R̃

w2
j r

2
j

, (2.20)

where

R = {j | yj is tested},

R̃ = {1, 2, . . . , (2Mc + 1)(2Mr + 1)} /R,

and |R| is the number of elements in R. Under the null hypothesis, F is distributed F

with |R| numerator degrees of freedom, and
∑
j∈R̃

w2
j approximate denominator degrees

of freedom. Because the detections are based on an AR-P predictor, large contamina-

tion will affect the residuals for P − 1 samples from the edge of large contamination,

in the direction of prediction. To mitigate this effect, the AR-P predictor is run back-

wards, and the test repeated. Only detections common to both directions of AR-P

predicting are retained as final detections. Finally, a note on the size of these F-tests.
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The F-distribution, under Ho, is approximate, in that the process whitened by the

AR-P predictor is, in general, not AR-P. Conservative values of the test significance

are appropriate, both to accomodate the fact that the data should be mimimally

adjusted, and to account for inevitable model inaccuracies. Here, techniques, such as

AIC, for determining the order of the AR-P process might be useful; for the results

in this chapter, P, is chosen to be 9. In general one favours orders which are small

enough to allow good estimation of the AR-P parameters, while being sufficiently

large to capture the overall shape of the spectrum without attempting to capture all

the fine-scale detail.

2.5.3 Replacement Value

Replacement values are found for the detected events by iteratively computing lin-

ear, minimum, mean-square error (LMMSE) estimates of the replacement data values

from data preceeding and following detected events. The iterations are similar to an

expectation-maximization process and converge in a few iterations. On each iteration

a multitaper estimate of the cyclic spectrum is computed, assuming local, wide-sense

cyclostationarity. This estimate is used to compute an estimate of the Loève spec-

trum, see Section (2.3). By two dimensional, inverse discrete Fourier transforming the

Loève spectrum, one obtains an estimate of the autocovariance matrix of the data,

and from this estimate, the LMMSE estimate of the replacement data is computed.

To avoid using contaminated data, each event is filled in by linear interpolation pre-

ceeding the onset of the iterations.

Some comments, first, the autocovariance matrix computed in this fashion is sin-

gular. That is, the estimated autocovariance matrix is proportional to two unitary
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transformations of the estimated Loève spectrum, (for discrete frequencies, neces-

sary for estimation), and hence has the same rank. This rank is deficient, since the

estimate, Equ. (2.14), can be written as 1
KMT

times the sum of KM rank-1 vector

outer-products, and thus forms a rank MK matrix. Here, K is the number of Slepian

tapers, and M is the number of data sections used in the estimate of the eigencoeffi-

cients, X̂m,k. Padding this estimate with the required zeros to obtain an estimate of

the Loève spectrum does not alter the rank. To be specific, let the unitary Fourier

matrix, U ∈ CN×N, be,

U =
1√
N




1 1 1

1 e−i 2π

N . . . e−i
2(N−1)π

N

1 e−i 4π

N . . . e−i
4(N−1)π

N

...
...

1 e−i 2(N−1)π
N . . . e−i 2(N−1)(N−1)π

N




,

so that the discrete Fourier transform of the vector of data, x ∈ RN, is x̂ = U†x.

That is, x̂j is the discrete Fourier transform of x evaluated at the frequency 2jπ
N

. Let,

ŜL ∈ CN×N be the estimate of the Loève spectrum. The estimated autocovariance

matrix, R̂, is,

R̂ = U†ŜLU
∗ , (2.21)

since U†ŜL is the discrete Fourier transform of ŜL with respect to global frequency

and ŜLU
∗ is the discrete Fourier transform of ŜL with respect to local frequency.

Thus, R̂ is singular with global time corresponding to the row of R̂ and local time

corresponding to the column of R̂. Prior to use in the LMMSE estimate of the event

replacement data, R̂ is transformed such that local time is the difference between

a column and a row, and R̂ is symmetric. In this coordinate system R̂ estimates
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E
[
xxT

]
for a mean-zero data vector, x. This transformation does not affect the

rank of the estimates, because the estimate of the Loève spectrum in both of these

coordinate systems can be written as proportional to a sum of MK rank-1 vector

outer-products. Further, from empirical study, this is approximately true of “blocks”

of the autocovariance matrix.

Continuing with the estimate of the event replacement data, model the data cen-

tered on an event as the random vector, formed by concatenating the data to the

left of the event, xl, the ideal event replacement data, g, and the data to the right

of the event, xr, to obtain: xT =
[
xT

l gTxT
r

]T
. Also, let xT

lr =
[
xT

l xT
r

]T
. Then the

LMMSE estimator of g is ĝ = R̂glrR̂
−1
lr xlr where R̂glr estimates Rglr = E

[
g
[
xT

l xT
r

]]
,

and R̂lr estimates Rlr = E







xl

xr



(
xT

l xT
r

)

. Because R̂lr is found to be numeri-

cally singular, R̂−1
lr is replaced by a pseudo-inverse. See [43], for a discussion of the

pseudo-inverse.

Simulated Data Example

Figure (2.3) depicts event filled data after five iterations overplotted on the contam-

inated data plotted in Fig. (2.2). The cleaning is effective. The residuals of the

cleaning are plotted in the bottom plot of Fig. (2.5). Note the size of the residuals

relative to the original data. The lower left part of Fig. (2.4) shows the result of

cleaning the synthetic data plotted in Fig. (2.2). Cleaning residuals are also shown in

Figure (2.4) and the cleaned data are plotted over the original data in Figure (2.5).

Finally, estimates of the process spectrum are computed using a time-bandwidth

product of 2, and 3 Slepian tapers in multi-section, multitaper spectrum estimates.
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Figure 2.3: Uncontaminated data (thick, solid curve) prior to the addition of events,
(thin, solid curve) and the cleaned data (thick, dashed curve). Simulated
data, units are arbitrary. Horizontal axis is data sample number, verti-
cal axis is data value. The LMMSE estimate uses nine cyclostationary
periods of data on either side of the detected event to estimate the data
replacement. The maximum of the absolute difference between the esti-
mate and the uncontaminated data is, at worst, about the amplitude of
the approximate sinusoid between samples 475 and 525; illustrating the
similarity of the replacement error to typical data fluctuation. See Fig.
(2.5), bottom, for a plot of the event replacement residuals.
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Figure 2.4: Fake Data: Upper-left, stationary, vector-valued representation of the
synthetic time-series depicted in Fig. (2.2). Upper-right, event detection.
Detected contamination is white in this image. Note that the events
visible by eye in the upper-left data have been successfully detected. The
number of false detections is less than 10. Lower-left, cleaned data shown
in stationary, vector-valued representation. The detected events have
been replaced using the method described in Sect. (2.5.3). Lower-right,
the difference between the un-cleaned and cleaned data is shown. Most of
the data is unaffected by the cleaning procedure. The replacement data
for the detected events is, on the scales depicted, reasonable. A better
indication of this is shown in Fig. (2.5). Note that the contaminating
event at sample number 1050 (50th sample in period 10), so apparent
in Fig. (2.2), involves a single sample and does not stand out in these
images.
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Figure 2.5: Simulation (continued), from top to bottom: contaminated data, origi-
nal data, cleaned data, and the difference between the original and the
cleaned data. The cleaning has reduced much of the contamination. Note
that many of the events detected and cleaned are of comparable ampli-
tude to adjacent peaks in the original data. The cleaning is not perfect,
the residual height is approximately one-fifth the maximum standard de-
viation of the uncontaminated process. Note that large residuals do not
necessarily correspond to large contamination; the cleaning residuals are
independent of the scale of the contamination.
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Each estimate is computed using 4 disjoint sections, each of which is 10 cyclosta-

tionary periods in duration, resulting in estimates with a frequency resolution of 4
10T

.

[46] Four spectrum estimates are plotted in Fig. (2.6). Three of these estimates are

robust, and one is computed from the uncontaminated data. The estimates are com-

puted from the same sections of data where possible, and all estimates are computed

using the same time-bandwidth product, the same number of data sections and the

same number of Slepian data tapers. The estimate computed using the method pro-

posed in this chapter is over an order of magnitude less biased than other standard

methods of estimating the spectrum. See Fig. (2.6) and Fig. (2.7), and their captions

for more details.

2.6 Seismic Data

The robust cleaning technique is applied to seismic data from Ñaña, Peru (IRIS

GSM station, NNA). The method is applied to the north component of high-pass

filtered (1250 µHz cutoff frequency). The original and resulting cleaned data are

plotted in Fig. (2.8) for the days 87 through 102.25 in the year 1999. Note that

events with peak seismic velocities comparable to the peak seismic velocity of the

high-variance, periodic pulses are removed from the cleaned data, along with more

prominent events, while the high-variance pulses are unmodified. The interpolated

event values have lower variance than the surrounding data. This is possibly due

to a combination of the limited number of periods used in the event data fill, and

lack of correlation in the data. Regardless, the outcome is that linear interpolation

across the detected events can be computed in much less time and possibly provide

comparable performance. Fig. (2.9), shows the cyclostationary representation of the
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Figure 2.6: Synthetic Data Spectrum Estimates: Four multi-section, multitaper spec-
trum estimates are compared. These estimates are all computed using a
dimensionless time-bandwidth product of 2, and 3 Slepian tapers. Each
estimate is computed using 4, 10T sample, disjoint data sections. All
estimates use data sections with the same start and stop times, with the
following exception, the trimmed-section robust estimate uses the 4 least
variance of the 10 total data sections (thin, dashed-dot line), and the
trimmed-section robust estimate that misses the 4 largest events (thin,
dashed line) uses the same start and stop times as the last two spec-
trum estimates. The cleaned data robust estimate (thick, dashed line) is
computed from the cleaned data, and the final spectrum estimate is com-
puted from the uncontaminated data (thick line). The estimates have
been smoothed, using a 10-value running average to make the plots more
clear. The cleaned data spectrum estimate is less biased than the others.
For frequencies greater than .3 cycles per sample, the difference in bias is
approximately 10 dB.
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Figure 2.7: Synthetic Data Spectra Estimates: Same spectra estimates as in Fig.
(2.6), but plotted as the ratio of the estimate computed using the un-
contaminated data to the robust estimates. An estimate as good as the
NW = 2, 3 taper, multitaper estimate computed from the uncontami-
nated data will have a ratio of 1. The ratios have been smoothed with a
10-value moving average for plot clarity. Note the bias of the robust esti-
mates using trimmed-section averages relative to the cleaned-data robust
estimate for all frequencies; but more visibly than depicted in Fig. (2.6)
for frequencies between 0 and 0.075 cycles / sample.
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Figure 2.8: NNA North Seismic Velocity: Raw data (top-half upper-left and bottom-
half upper-left). Data cleaned using the method described in this chap-
ter (upper-half upper-right, top-half bottom, bottom-half upper-right,
bottom-half bottom). Events have been replaced by a relatively low-
variance interpolation computed using the method described in Sec-
tion (2.5.3). In the plots of the raw data, the large events have been
clipped at 5 × 104 counts, and have a maximum value of approximately
16 × 104 counts at Day 95.5. Large events, as well as an event compa-
rable in velocity to the periodic pulse occurring at approximately Day
90.5 are removed. The interpolated event values possess smaller variance
than the surrounding data as well as a slow drift. The reduced variance
is due to the two days worth of data (2880 data samples) used to com-
pute the interpolated data values. The slow drift is likely a result of
interpolating between relatively large and small data values in time-series
possessing little low frequency power. In subsequent analysis where the
low-interpolated data variance can cause excessive weighting of the inter-
polated values, additive noise can be added to the interpolated values.
The noise is drawn from a zero-mean normal distribution with variance
equal to the interpolating estimator error-variance.
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data, as well as the detections. A conservative probability of false alarm of 10−8

is chosen so as to avoid false detections while providing adequate statistical power.

This value is chosen to be the lowest probability of false alarm that yields sufficient

statistical power so as to detect the obvious events in the data and is obtained by

trial and error. While small, note that a probability of false alarm of zero yields

an infinite critical value and a zero probability of detection. Also plotted in Fig.

(2.9), are the cleaned data in the stationary, vector-valued representation, and the

difference image between the original data and the cleaned data. Spectrum estimates

of the NNA north component seismic data are computed from the original and the

cleaned data for the time period, day 2 to day 142 of the year 1999. The multitaper

method is used in all estimates, with a dimensionless time-bandwidth parameter of

5, and making use of 8 discrete-prolate spheroidal sequences, or Slepian data tapers.

Estimates of the spectrum are computed for 5 disjoint data sections. These sections

are chosen from the 7 disjoint sections of 20 day duration covering the data from day

2 to day 142. The 5 sections chosen possess the least variance of the original 7 data

sections (variance before cleaning). The median and mean of the spectrum estimates

are computed for these 5 data sections. Ratios are computed between the median,

and mean spectrum estimates computed from the original data to the mean spectrum

estimate computed from the cleaned data. These ratios are plotted in the top plot

of Fig. (2.10). The data sections used in the computation of the estimates using

the original data have the same start and stop times as the data sections used in

the computation of the estimates from the cleaned data. The mean of the spectrum

estimates computed from the cleaned data is plotted in the bottom of Fig. (2.10).

These estimates possess a resolution of 2W equal to 5.8 µHz, sufficient to resolve
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Figure 2.9: NNA North: Stationary, vector-valued process representation. Clockwise
from upper-left: Raw data. Event detection, detected events are white.
Cleaned data. Original data minus cleaned data. Data values are mea-
surements of seismic velocity in units of counts. Time is in Peru local
time. Events visible by eye in the original data are detected and re-
placed; often by streaks. These streaks are due to the imperfect event
replacement occurring with the seismic data. They result from interpo-
lating from relatively high or low seismic velocities at event start indices
to relatively high or low seismic velocities at event stop indices. The lim-
itation is due to the limited ability of the proposed detector to detect
the onset and ends of the seismic events. Note also that such movements
from high values to low values are not present in this data; interpolation
between the elevated (depressed) event start and stop seismic velocities
is thus unnatural.
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the expected spectrum period of 11.57 µHz due to the daily pulsing of the high-pass

filtered NNA north data. Note that for further out-of-band bias suppression, while

maintaining estimator efficiency, a larger time-bandwidth product is required; thus,

requiring greater duration data sections to maintain estimator resolution; increasing

the expected number of contaminating events present in each data section. From Fig.

(2.10), it is clear that there is one peak, centred on a frequency of 6280 µHz where the

ratios of the median and mean original data spectrum estimates differ substantially

from the mean spectrum estimate computed from the cleaned data. While the correct

shape of the spectrum is unknown at this peak, it is known that median estimators

are robust but inefficient and that mean estimators are efficient but not robust. At

this frequency the median estimate computed from the original data is nearly equal

to the estimate computed from the cleaned data. This demonstrates that a robust

estimate of the spectrum at this frequency is necessary and that the mean estimate

computed from the cleaned data is as robust as the median estimate computed from

the original data. Thus, at this frequency the mean estimate of the cleaned data

possesses the efficiency of mean estimators and the robustness of a median estimator

computed from the original data.

2.7 Discussion

A method in robust spectrum estimation is presented. The method is suitable for

estimating the spectrum of cyclostationary and quasi-cyclostationary time-series. The

effectiveness of the technique is demonstrated on synthetic cyclostationary data, as

well as on real data obtained from the seismic station NNA. In both cases, large

events are removed from the data while leaving the cyclostationary nature of the data
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Figure 2.10: Top: Ratio of multi-section spectrum estimate (mean and median) com-
puted from the original data to a multi-section spectrum estimate (mean)
computed from the cleaned data. Spectrum estimates are computed us-
ing 5, 20 day, disjoint data sections with start times occuring between
day 2 to day 142 of the north component of the high-pass filtered seis-
mic velocity data from station NNA, during the year 1999. Estimates
are computed using the multi-taper method with a time-bandwidth pa-
rameter of 5, and using 8 Slepian sequences. These estimates are not
adaptive. Note that the same section start and stop times are used in all
spectrum estimates; both the robust and non-robust estimates use the
same data. The 5 data sections are chosen to be those, of the 7 total
disjoint data sections covering the time period from day 2 to day 142
possessing the smallest variance. At frequency 6246 µHz, the median
and mean spectrum estimate computed from the original data differ,
implying an effect due to contamination, since the estimates do not dif-
fer on the identically distributed, independent estimates to either side.
Further, the median estimate is close to the cleaned estimate implying
that the spectrum estimate computed from the cleaned data is as robust
as the median spectrum estimate computed from the original data. Note
that without a robust estimator the peak at frequency 6246 µHz would
be falsely detected. Thus, at this frequency, the cleaned mean estimator
is as robust as the median estimator using the original data, but is as
efficient as a mean estimator. Finally, note that the peaks at 6039 µHz,
6190 µHz, 6246 µHz, 6341 µHz, and at 6526 µHz, are approximately at
Earth resonant harmonics, with approximate bandwidths of 40 µHz.
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intact. The effect on subsequent spectrum estimates is demonstrated in Fig. (2.6),

Fig. (2.7), and in Fig. (2.10). It is seen that cleaning provides less biased estimates

of the spectrum. While the chapter focusses on the bias of spectrum estimates in

order to compare spectrum estimators on the same footing, the cleaning procedure

allows the use of otherwise too contaminated data. Thus, relative to other robust

estimators, the potential exists to use more data and enhance the resolution of a

spectrum estimator and/or lower its variance.

In Fig. (2.8) and in Fig. (2.9), reference is made to the reduced quality of the

seismic event interpolation. As mentioned in Fig. (2.9), this is predominantly due

to the limited ability of the proposed event detector to detect event start and stop

times. Other hypothesis tests are certainly a possiblity, and could provide superior

performance.

With increasingly large multidimensional data sets, the task of properly inspecting

the data for bad sections for special processing is becoming increasingly difficult. It

is expected that robust processing techniques, such as the one presented, will be

increasingly useful.

Finally, the effect of the cleaning technique is demonstrated on spectrum estimates

in this chapter; however, one expects this method to have a positive effect on estimates

of other relevant quantities; such as coherence estimates and estimates of the Loève

spectrum.
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Chapter 3

Reduced Mean-Square Error

Quadratic Inverse Spectrum

Estimator

3.1 Introduction

An improvement of standard multitaper spectrum estimators is introduced. This

improvement is obtained by replacing the average of the high-resolution spectrum

estimator introduced in [46], with a weighted average. This weighted average is

approximately computed in the space spanned by the quadratic inverse basis functions

introduced in [47]. The weighting is analytically computed to minimize the sum of

the variance with the squared in-band bias; assuming the bandwidth of the spectrum

estimator, W, is sufficiently small. For W sufficiently small the spectrum estimator

is resolved, and the spectrum is well approximated to be white over an analysis

frequency band; that is, over the frequency interval f − W to f + W, where f is the

49
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frequency at which the spectrum estimator is evaluated. For a definition of a resolved

spectrum estimator see [47] and see Section (1.2) for introductory comments.

In [46], the inconsistent, high-resolution spectrum estimator, Equ. (3.6), is av-

eraged over the analysis frequency band of width, 2W, to produce the consistent

multitaper spectrum estimator (Equ. (3.7), [46]). That is,

Ŝmt0(f) =
1

2W

∫ W

−W

Ŝhigh−res(f, η)dη , (3.1)

where

Ŝhigh−res(f, η) =
1

N

∣∣∣∣∣

K−1∑

k=0

yk(f)Vk(η)

∣∣∣∣∣

2

. (3.2)

Here K is the number of orthogonal Slepian, or discrete prolate spheroidal sequences

used to compute Ŝmt0(f). The discrete Fourier transform (DFT) of the kth Slepian is

Vk which is the kth discrete prolate spheroidal wave function. The kth eigencoefficient

is yk, and is obtained by computing the DFT of the data tapered with the kth Slepian.

The number of data samples in the time-series is N. Weighting by the eigenvalues,

λk, Equ. (3.1) can be modified to obtain the non-adaptive, eigenvalue weighted,

multitaper spectrum estimator,

Ŝmt(f) =

(
∆t

K−1∑

k=0

λk |yk(f)|2
)
/

(
K−1∑

k=0

λk

)
. (3.3)

Here ∆t is the sample period, and is taken to be 1 hereafter. The kth order Slepian

is associated with λk, the kth eigenvalue. See [41] and [46]. To obtain improved

performance, one might replace the average over the analysis frequency band, (f −

W, f + W), in Equ. (3.1), with a weighted average, chosen to satisfy an optimality

property. Consider,

Ŝqmt0(f) =

∫ W

−W

W̃(η) Ŝhigh−res(f, η) dη , (3.4)

where W̃(η) is the weighting function. The mean-square error of Ŝqmt0(f), near the
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frequency f, is,

MSE(Ŝw(f)) =

S2(f)

[
K−1∑

k1,k2=0

∫ f+W

f−W

∫ f+W

f−W

×

W̃(η)W̃(η′)Vk1(f − η)V∗
k1

(f − η′)V∗
k2

(f − η)Vk2(f − η′)dηdη′ −
(

K−1∑

k=0

∫ f+W

f−W

W̃(η) |Vk(η − f)|2 dη

)2

+

(
K−1∑

k=0

∫ f+W

f−W

W̃(η) |Vk(η − f)|2 dη − 1

)2

 . (3.5)

Here, all constants except S(f) have been absorbed into the weighting functions, W̃,

and ∗ denotes complex conjugation. See Appendix (A) for more details. Equ. (3.5) is

valid for a resolved spectrum. While it might be possible to find the optimal W̃(η),

via a variational calculus approach, in this chapter, optimal weighting is found for a

spectrum estimator, Equ. (3.17), analogous to the one given in Equ. (3.4), obtained

using the basis provided by Quadratic Inverse theory presented in [47] and in [48], and

to some extent, reproduced in Section (3.2). This analogous estimator is discussed in

Section (3.3).

3.2 Quadratic Inverse Theory

Quadratic Inverse theory arose from the desire to explore the properties of spec-

trum estimators within the analysis band of frequencies, (f − W, f + W). Initial

explorations involving Taylor expansions and least-squares resulted in a hat matrix

with eigenvalues similar to the asymptotic eigenvalues of a covariance matrix with
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i, jth entry sin2(Nπ(i−j))
sin2(π(i−j))

. Upon an application of Mercer’s theorem and after trun-

cating the terms associated with zero eigenvalues, the Quadratic-Inverse operator,

PW(ζ, η) =
K−1∑
k=0

Vk(ζ)V∗

k(η)

λk
, is obtained. [49] This operator, as noted in [47], is related

to the expected value of the high-resolution spectrum estimator, Ŝhigh−res(f), through

E
[
Ŝhigh−res(f + ζ)

]
=

1

N

∫ W

−W

|PW(ζ, η)|2 S(f + η)dη . (3.6)

Here N is the number of samples in the time-series. Seeking an approximate so-

lution for S(f + η) in the inverse problem, Equ. (3.6), an expansion in terms of the

eigenfunctions of the operator, |PW(ζ, η)|2, is computed. The eigenfunctions, Bl(ζ)

satisfy,

glBl(ζ) =

∫ W

−W

|PW(ζ, η)|2 Bl(η)dη . (3.7)

These eigenfunctions, Bl(f), are orthogonal,
∫ W

−W

Bl(f)Bm(f)df = 2Wδl,m . (3.8)

An approximate expansion of S(f + η) is obtained using the Bl’s:

S(f + η) ≈
L∑

l=1

bl(f)Bl(η) , (3.9)

where bl(f) are the ideal expansion coefficients. Note that the approximation is an

equality in the situation where S(f+ η) belongs to the linear vector space spanned by

the Bl’s, for η ∈ (f − W, f + W). If estimators of the coefficients, b̂l(f), are obtained

then one has the alternative high-resolution spectrum estimator,

Ŝ(f + η) =
L∑

l=1

b̂l(f)Bl(η) . (3.10)
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The estimators, b̂l(f) are obtained in the following way. The covariance matrix, C,

of the K eigencoefficients, y(f) = [y1(f) . . . yK(f)]T, is,

Cm,n(f) = E [ym(f)y∗
n(f)] ,

=
1√
λmλn

∫ W

−W

Vm(η)V∗
n(η)S(f − η)dη ,

=

L∑

l=1

bl√
λmλn

∫ W

−W

Vm(η)V∗
n(η)Bl(−η)dη . (3.11)

The last relation is obtained by substituting the expansion, Equ. (3.9) for S(f − η) in

the second line. Now,

C(f) ≈
L∑

l=1

bl(f)B
(l) , (3.12)

where

B(l)
m,n =

1√
λmλn

∫ W

−W

Vm(η)V∗
n(η)Bl(−η)dη , (3.13)

with equality in Equ. (3.12), if C(f) belongs to the span of the B(l)’s. The B(l)’s are

Hermitian and trace orthogonal,

tr
[
B(l)B(m)

]
= 2Wglδl,m . (3.14)

Thus, given an estimator of the eigencoefficient covariance matrix, C, one can estimate

the expansion coefficients, bl, as

b̂l(f) =
1

2Wgl
tr
[
Ĉ(f)B(l)

]
. (3.15)

A partial maximum likelihood estimate of C is presented in [47], assuming that C

belongs to the normed linear vector space spanned by the B(l)’s. This estimate is

computed from the eigencoefficients in an iterative fashion, and is used for all results

presented in this chapter. See [47] for details.
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3.3 Weighted Quadratic Inverse Estimator

The non-adaptive, eigenvalue weighted estimator, Equ. (3.3) is improved upon by

expanding the weighting function, W̃ and the high-resolution spectrum estimator in

Equ. (3.4), in terms of the bl(η)’s. Let,

W̃(η) ≈
L−1∑

l=0

wlBl(η) , (3.16)

then, using Equ. (3.10), Equ. (3.4) becomes,

Ŝqmt(f,w) =

∫ W

−W

L−1∑

l′=0

wl′Bl′(η)

L−1∑

l=0

b̂l(f)Bl(η)dη ,

=

L−1∑

l=0

wlb̂l(f) , (3.17)

where the orthogonality property, Equ. (3.8), has been used and the factor of 2W

has been absorbed into the weights, wl. Let w = [w1 . . . wL]T be a vector of weights.

The weight vector, w, is chosen to minimize the mean square error of the spectrum

estimator, Ŝqmt, at the frequency, f. That is,

w = arg min
w̃

E
[
Ŝqmt(f, w̃) − S(f)

]2
,



CHAPTER 2. REDUCED MEAN-SQUARE ERROR QUADRATIC ... 55

where

E
[
Ŝqmt(f, w̃) − S(f)

]2

= Var
(
Ŝqmt(f, w̃)

)
+ Bias2

(
Ŝqmt(f, w̃

)
,

=

L∑

l=1

w̃2
l Var

(
b̂l(f)

)
+
(
E
[
Ŝqmt(f, w̃)

]
− S(f)

)2

,

=
S2(f)

2W

L∑

l=1

w̃2
l

gl
+

(
L∑

l=1

w̃lE
[
b̂l(f)

]
− S(f)

)2

,

=
S2(f)

2W

L∑

l=1

w̃2
l

gl
+

(
L∑

l=1

w̃l
S(f)

2Wgl
tr
(
B(l)

)
− S(f)

)2

,

=
S2(f)

2W
w̃TDw̃ +

S2(f)

4W2

(
w̃Tcb − 2W

)2
,

(3.18)

where the diagonal matrix D has entries , Dj,j = 1
gj

, cb =
[

tr(B1)
g1

. . . tr(B(L)

gL
)
]T

, and

where, for sufficiently resolved spectrum, E
[
b̂l

]
= S(f)

2Wgl
tr
(
B(l)

)
, and Cov

(
b̂l, b̂m

)
=

S(f)2

2Wgl
δl,m. See [47] for a definition of a resolved spectrum, and Section (1.2) for some

introductory comments. For an extremum, the gradient is zero,

2Dw +
2

2W

(
wTcb − 2W

)
cb = 0 ,

w =

[
D +

1

2W
cbc

T
b

]−1̃

cb , (3.19)

where −1̃ denotes the pseudo-inverse; as the matrix,
[
D +

1

2W
cbc

T
b

]
, (3.20)

is, in general, non-invertible. A closed form expression for the weights is available via

an application of Woodbury’s identity, see p. 54 of [38], to Equ. (3.19). Performing
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this application yields,

wj =
tr
(
B(j)

)

1 + 1
2W

L∑
m=1

(tr(B(m)))
2

gm

. (3.21)

3.4 Simulations

The non-adaptive, eigenvalue weighted multitaper spectrum estimator, Equ. (3.3),

labeled MT in the plots, and the proposed estimator, Equ. (3.17), labeled QMT

in the plots, are compared in two simulations. In both simulations, 100 iterations

of an ARMA process are simulated, and the MT and QMT spectrum estimates are

computed on each iteration. In Fig. (3.1) a single realization of an ARMA(4,2)

process is plotted (top plot), and, for a single realization, the MT and QMT spectrum

estimates are plotted along with the theoretical ARMA(4,2) spectrum (bottom plot).

The two estimates for this realization are similar, and are typical of these estimators.

In Fig. (3.2), plots are given for the two spectrum estimators, MT, and QMT using

4, 6 and 8 Slepian tapers, for a time-bandwidth parameter of 4. The ratio of absolute

bias to theoretical bias (upper left), variance to theoretical variance (upper right),

mean-square error to squared theoretical spectrum (lower left) are plotted for the

proposed QMT spectrum estimator. Theoretical bias and theoretical variance are

approximately achieved for frequencies distant from the large spectral peak at .32 Hz.

The mean-square error of the QMT spectrum estimator is approximately proportional

to the squared spectrum, visible in the lower-left plot, with a proportionality constant

independent of frequency, except at the peak at .32 Hz. Of the QMT estimators with

time-bandwidth of 4, the one with the least mean-square error uses 8 Slepian tapers.

In the lower-right plot of Fig. (3.2), the ratio of the mean-square error of the MT
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Figure 3.1: Top: Single realization of the ARMA(4,2) time-series in the 100 iteration
simulation. Bottom: Single realization of the non-adaptive, eigenvalue
weighted, multitaper spectrum estimate, the proposed estimate, and the
actual ARMA(4,2) spectrum. The vertical axis of the two bottom-most
plots is power per cycles/sample. The ARMA(4,2) coefficients are, .222,
.022, .044, .182, for the AR coefficients and .578, and .289 for the moving
average coefficients. The process has been scaled by a factor of 4.5. The
dynamic range of this spectrum is approximately 35 dB. Far right plot,
zoom of spectrum and estimates. The estimates are similar, with the
largest differences occurring at the peaks in the estimates.
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Figure 3.2: In all plots the number of data points used in the spectrum estimates is
1000, the time-bandwidth parameter is 4, giving a bandwidth, W of 4 ×
10−3 cycles/sample. Three curves are plotted in all plots, these correspond
to estimates using 4 (solid line), 6 (dashed line), or 8 data tapers (dash-
dot). Upper left: Ratio of the absolute bias of the proposed estimator
(QMT), to the theoretical bias of the QMT estimator. Upper right: Ratio
of variance of the QMT estimator to the theoretical variance. Theoretical
values of bias and variance are approximately attained for frequencies
distant from the spectral peak at 0.32 Hz. Lower left: Ratio of the mean-
square error of the proposed, QMT estimator to the squared spectrum.
Theoretical values given by horizontal dotted lines. Theoretical values are
attained except near the peak at 0.32 Hz. Lower Right: Ratio of mean-
square error of MT estimator to mean-square error of QMT estimator.
MT estimator mean-square error is increased by 5 to 20 percent of the
mean-square error of the proposed estimator. The difference of the mean-
square error of the MT and QMT estimators decreases with increasing
number of used Slepian tapers. Bias, variance and mean-square error are
computed from the 100 estimates computed in simulation. The plots have
been smoothed using a moving average with a frequency domain support
of 24 times Raleigh resolution ie. 24

N
cycles/sample.
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estimator with the mean-square error of the QMT estimator is plotted. The mean-

square error of the MT spectrum estimator is larger than the mean-square error of the

QMT estimator at all frequencies, ranging from a low of a 5 percent increase of the

mean-square error of the QMT estimator when 8 Slepian tapers are used, to a maximal

20 percent increase at the spectral peak at .32 Hz for QMT and MT estimators using

4 Slepian tapers. In Fig. (3.3), the mean-square error is plotted for the QMT and

MT estimators. The QMT estimator has a reduced mean-square error compared to

the MT estimator with greatest improvements occurring between estimators using

4 Slepian tapers. The lowest mean-square error occurs for the spectrum estimators

using 8 Slepian tapers.

The simulation is repeated, with an ARMA(5,2) process, instead of the ARMA(4,2)

process. In Fig. (3.4), the data and spectrum estimates for one realization of the

ARMA(5,2) process are plotted. The ratios of variance and bias to the theoreti-

cal values, the ratio of the mean-square error of the QMT estimate to the squared

spectrum, and the ratio of the mean-square error of the MT estimators to the QMT

estimators are plotted in Fig. (3.5). In Fig. (3.6), the mean-square error of the QMT

and MT estimators is plotted. Results are similar to the results from the ARMA(4,2)

simulation, with the exception that the plots do not exhibit the effect of the spectral

peak at .32 Hz, a peak present in the spectrum of the ARMA(4,2) process, but absent

in the spectrum of the ARMA(5,2) process.

Again the simulation is repeated. This time for the original ARMA(4,2) process

but computing the MT and QMT estimates using time-bandwidth products of 2, 4,

and 6. For these estimates, 3, 6 and 10 Slepian tapers are used. The number of
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Figure 3.3: Mean-square error of the non-adaptive, eigenvalue weighted multitaper
estimator (MT) and the weighted quadratic inverse estimator (QMT),
computed using the 4, 6, and 8 most in-band concentrated Slepian ta-
pers. The mean-square error of each estimator is computed using 100
spectrum estimates. The dimensionless, time-bandwidth product is 4.
Standard multitaper estimates, for this time-bandwidth product use 6
Slepians. For clarity, the curves have been smoothed with a moving aver-
age with a support of 24

N
cycles/sample. The proposed estimator (QMT)

out-performs the standard eigenvalue weighted, non-adaptive, multitaper
estimator (MT) at nearly all frequencies. For a more quantitative perfor-
mance comparison, see Fig. (3.2) where ratios of mean-square errors are
plotted for the ARMA(4,2) example.
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Figure 3.4: Top: Single realization of an ARMA(5,2) time-series in the 100 iteration
simulation. Bottom: Single realization of the non-adaptive, eigenvalue
weighted, multitaper spectrum estimate, the proposed estimate, and the
actual ARMA(5,2) spectrum. The vertical axis of the two bottom-most
plots is power per cycles/sample. The ARMA(5,2) coefficients are, .222,
−.111, −.067, .022, .111 for the AR coefficients and 0, and 0.289 for the
moving average coefficients. The process has been scaled by a factor of
4.5. The dynamic range of this spectrum is approximately 20 dB. Far
right plot, zoom of spectrum and estimates. The estimates are similar,
with the largest differences occurring at the peaks in the estimates.
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Figure 3.5: Quantities plotted identical to those plotted in Fig. (3.2) are plotted
for the ARMA(5,2) process shown in Fig. (3.4). Theoretical values are
approximately attained for all frequencies (see upper left, upper right and
lower left plots). The mean-square error of the non-adaptive, eigenvalue
weighted multitaper estimators is approximately between 108 and 120
percent of the mean-square error of the proposed, quadratic inverse spec-
trum estimators, one estimator for each number of Slepian tapers used.
The number of Slepian tapers used in the spectrum estimators is 4 (solid),
6 (dashed) and 8 (dash-dot).
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Figure 3.6: See Fig. (3.3) for a description of the quantities plotted. The mean-
square error of the proposed quadratic inverse spectrum estimator (QMT)
is less than the non-adaptive, eigenvalue weighted multitaper estimator
(MT) for the plotted numbers of used Slepian data tapers. The decrease in
mean-square error is least between the estimators using 8 Slepian tapers.
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Figure 3.7: Ratio of the mean-square error of the non-adaptive eigenvalue weighted
spectrum estimator (MT) to the mean-square error of the proposed
quadratic inverse estimator (QMT) for three time-bandwidth parame-
ters, NW = 2 (solid curve), NW = 4 (dashed curve), and NW = 6
(dash-dot curve) using the typical, 2NW − 2 Slepian tapers. The ratio
is estimated from 100 spectrum estimates computed from 100 realiza-
tions of the ARMA(4,2) process depicted in Fig. (3.1) for each of the 3
time-bandwidth parameters. The plots have been smoothed with a 24

N
cy-

cles/sample wide moving average. Performance improvements occur for
NW equaling 2 and 4 and for most frequencies for NW equal to 6.
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Slepians is chosen to be the typical number used, 2NW − 2, when computing non-

adaptive spectrum estimates. In Fig. (3.7), the ratio of the MT spectrum estimators

to the corresponding QMT spectrum estimators is plotted. Performance improvement

is largest for NW equal to 2 and decreases with increasing NW. The percentage

improvement of QMT mean-square error over the MT estimator mean-square error

ranges from 20 percent to near 0 percent for NW equaling 6. Equality in mean-square

error performance of the estimators occurs at two isolated frequencies.

Finally, the simulation is performed with the same ARMA(4,2) process, but this

time the QMT estimator is compared against adaptive multitaper spectrum estima-

tors, labelled MT in the plots. The adaptive estimator is described in [46], and results

in a down-weighting of the out-of-band bias prone eigenspectra in the computation of

the spectrum estimator. By reducing the out-of-band bias incurred when including

higher order eigenspectra (eigenspectra computed using higher-order Slepian tapers)

in the computation of the spectrum estimator, more terms are added to the aver-

age and hence variance is further reduced. For a given number of tapers used, the

adaptive MT estimator has reduced absolute bias, see Fig. (3.8). The ratio of the

mean-square error of the adaptive multitaper spectrum estimator, computed using 8

and 12 tapers respectively, is computed with respect to the mean-square error of the

proposed QMT estimator computed using 8 tapers. The numbers of tapers used in

the computations is chosen to optimize the QMT estimator and to investigate the rel-

ative performance of competitive adaptive estimators. The ratios are plotted in Fig.

(3.9). The bottom half of the plot in Fig. (3.9) shows the 12 frequency dependent

adaptive weights. The down-weighting of the leakage-prone eigenspectra is apparent

at frequencies where the ARMA(4,2) spectrum is low. The mean-square error of the
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Figure 3.8: The absolute bias of the adaptive multitaper spectrum estimator (MT)
using 8 Slepian tapers, (top plot, solid line) and 12 Slepian tapers, (bot-
tom plot, solid line) and the absolute bias of the proposed spectrum esti-
mator (QMT) for 8 (top plot) and 12 (bottom plot) Slepian tapers for the
ARMA(4,2) process depicted in Fig. (3.1). The time-bandwidth parame-
ter (NW) is 4 in both plots. Absolute bias is approximately proportional
to the spectrum. The spectral leakage protection, or out-of-band bias pro-
tection of the adaptive estimate is apparent in the right most plot, about
the peak at 0.32 Hz. The down-weighting of leakage-prone eigenspectra
in the adaptive estimate reduces the bias that is apparent in the proposed
(QMT) estimator near the peak. The absolute bias of the adaptive (MT)
estimator is less than the absolute bias of the QMT estimator at nearly all
frequencies in both plots. The plots have been smoothed with a moving
average of width 24

N
cycles/sample.
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Figure 3.9: Ratio of the mean-square error of the adaptive multitaper spectrum es-
timator (MT) using 8 Slepian tapers, (thick, dashed) and 12 Slepian ta-
pers, (thick, solid) to the mean-square error of the proposed spectrum
estimator (QMT) for 8 (thick, dashed) and 12 (thick, solid) Slepian ta-
pers for the ARMA(4,2) process depicted in Fig. (3.1). The ratios are
computed so that the number of tapers used is the same in both the MT
and QMT estimators in any one ratio. Thin lines: The adaptive spec-
trum estimator frequency dependent weights for the 12 Slepian taper case.
Down-weighting of leakage prone eigenspectra occur at frequencies where
the spectrum is low. The mean-square error of the adaptive spectrum
estimator ranges from .8 to 1.6 of the mean-square error of the proposed
QMT estimator.
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adaptive spectrum estimates ranges from a 20 percent reduction of the mean-square

error of the proposed, QMT estimator at frequencies below 0.05 cycles/sample to a

60 percent increase over the mean-square error of the QMT estimator at frequencies

near Nyquist frequency. The median mean-square error increase, for the two different

adaptive spectrum estimators, is approximately 30 percent of the mean-square error

of the proposed QMT estimator.

3.5 Discussion

An improvement of the mean-square error of traditional multitaper spectrum estima-

tors is attained by analytically minimizing, with respect to the weights, an approx-

imate mean-square error of a weighted average of the inconsistent, high-resolution

multitaper spectrum estimator, Equ. (3.2), over the analysis band of frequencies in

the vector space provided by Quadratic Inverse theory. The minimized figure of merit

is the mean-square error of the estimator local to the analysis band of frequencies (as

opposed to the mean-square error of the estimator over all frequencies), assumes that

the spectrum is locally white in this frequency analysis band, and neglects contribu-

tions to the estimator mean-square error due to out-of-band bias.

The improved performance of the proposed estimator, labelled QMT in the plots,

relative to the non-adaptive, eigenvalue weighted multitaper spectrum estimator, la-

belled MT in the plots, is verified by simulation , for a time-bandwidth parameter of 4

and with estimators computed using 4, 6, and 8 data tapers. The results are plotted,

for an ARMA(4,2) process in Fig. (3.2), and in Fig. (3.3), and for an ARMA(5,2)

process the results are plotted in Fig. (3.5) and in Fig. (3.6). The mean-square

error of the MT estimator ranges from 1.0 to 1.2 times the mean-square error of the
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proposed QMT estimator; with a typical factor of 1.05.

In Fig. (3.7) the mean-square error of the QMT estimator is compared against

the MT estimator for the time-bandwidth product, NW, equalling 2, 4, and 6 where

the nominal number of tapers is used, ie. 2NW−2. The QMT estimator has reduced

mean-square error for all of the time-bandwidth products simulated, with mean-

square error, and mean-square error improvement, decreasing with increasing time-

bandwidth product. Mean-square error improvements range from 0 percent to 20

percent of the mean-square error of the QMT estimator, with the typical improvement

being about 5 percent. Lastly, for the previously simulated ARMA(4,2) process, the

mean-square error of the QMT spectrum estimator is compared against the adaptive

multitaper spectrum estimator and is found to typically out-perform the adaptive

spectrum estimator. The mean-square error of the adaptive estimator ranges from

0.8 to 1.6 times the mean-square error of the QMT estimator, with a value around

1.2 for 4/5th of the frequencies.

For the processes simulated, see Fig. (3.1) and Fig. (3.4), the improved out-

of-band bias of the adaptive estimator, and hence the increased estimator degrees

of freedom for a given level of out-of-band bias, do not offset the improved mean-

square error performance of the proposed QMT estimator for approx. 4/5th of the

frequencies, see Fig. (3.9). Nonetheless, one expects for spectra with sharper peaks,

the extra out-of-band bias afforded by the adaptive estimator, see Fig. (3.8), will be

advantageous. Incorporating out-of-band bias into the mean-square error criteria, as

in Equ. (3.5), and solving for optimal weighting function, is desirable.



Chapter 4

Multitaper Spectrum Estimation

for Irregularly Spaced Data

4.1 Introduction

The multitaper method of spectrum estimation introduced in [46], is adapted to the

case of irregularly spaced data sampling. Work on estimating spectra from irregu-

larly sampled data can be divided into two cases. These cases are when the times at

which observations are acquired are modelled stochastically, and when they are taken

to be deterministic. The stochastic setting is suitable when the sample times are

imperfectly known, or one wishes to understand estimator performance in an experi-

ment where sample timing is not guaranteed. See [1] for a compilation of papers on

this topic. Previously introduced methods of estimating spectra from deterministic

but irregularly sampled data include the Lomb-Scargle Periodogram [24][37], semi-

parametric, or subspace based methods such as those presented in [42], parametric

estimators such as the autoregressive estimator introduced in [7], Bayesian methods

70
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of detecting sinusoids [13][12] and multitaper estimators of the integrated spectrum,

discussed in [9]. Of these estimators the periodogram based methods are susceptible

to out-of-band bias, or spectral leakage. The parametric estimators can be of high-

order, and require the estimation of a large number of parameters. Additionally, or

possibly because of the large number of parameters required, these estimators do not

handle data containing pure sinusoids well. In [9], an estimator of the integrated

spectrum is phrased as a quadratic form in a matrix computed from the generalized

discrete prolate spheroidal sequences (GDPSS). These sequences are computed to be

those sequences which give an unbiased estimate of the integrated spectrum when the

spectrum is locally white, are constrained to minimize an upper-bound on the inte-

grated spectrum estimator variance and are constrained to minimize an upper bound

on the contribution to the integrated spectrum estimator from frequencies outside of

each analysis band of frequencies. Though promising, the method is computationally

intensive, as the GDPSS’s are frequency dependent.

The proposed method of spectrum estimation is a generalization of the method

of spectrum estimation introduced in [46], suitable for time-series with irregularly

spaced data samples. When data is regularly sampled, the introduced estimator is

identical to the spectrum estimator given in [46], and, one expects, will allow for the

generalization of much of the multitaper method, including an adaptive spectrum

estimate, a test for sinusoids, a coherence estimate, [46], jacknifing spectrum esti-

mates to estimate error bounds [52], estimates of the Loève spectrum, estimates of

complex demodulates, etc. In addition, the proposed method provides new options,

for instance jacknifing by leaving out differing, disjoint sub-sections of a time-series in

the jacknife procedure. Another, very appealing possibility, is the elimination of the
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event replacement portion of the robust spectrum estimate presented in [23], for cy-

clostationary time-series. Finally, the proposed method yields frequency independent

eigenfunctions, avoiding much of the computational burden of the estimator proposed

in [9]. The spectrum estimation problem is phrased as an approximate solution to

an integral equation, Equ. (4.7), analogous to the fundamental equation of spectrum

estimation,

y(f) =

∫ 1
2

− 1
2

D(f − η) dZ(η) , (4.1)

where y(f) is the discrete Fourier transform of the data, D is a Dirichlet-type kernel,

Z is a Cramer, orthogonal increments random process, and the sample period is 1.

[46] In this paper, an analagous fundamental equation of spectrum estimation for

irregularly spaced data, Equ. (4.7), is given. This equation is found to depend on the

times at which data in the time-series is sampled. Treating Equ. (4.7) as an inverse

problem, an approximate solution is numerically computed, following the develop-

ments in [46], yielding frequency independent data tapers; and allowing subsequent

multitaper spectrum estimates to be computed.

Beginning with a discrete Fourier transform appropriate for irregularly sampled

data in Section (4.2), an analogous “fundamental equation of spectrum estimation”,

appropriate for the case of irregularly sampled data, is given in Section (4.3). This

equation is treated as an inverse problem and approximately solved in Section (4.3) to

obtain a high-resolution spectrum estimator, which upon averaging over the analysis

band yields a multitaper-type spectrum estimator appropriate for irregularly spaced

data (Section (4.3)). In Section (4.4), some sampling properties of the proposed

spectrum estimator are given, and in Section (4.5), the performance of the proposed

spectrum estimator is compared, by simulation, for two multi-rate sampling schemes
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against multitaper spectrum estimators computed from interpolated data. A

discussion concludes in Section (4.6).

4.2 Irregularly Spaced Data: Discrete Fourier Trans-

form

It is useful to consider the computation of a discrete Fourier transform suitable for

irregularly spaced samples. This transform, herein referred to as the irDFT, Equ.

(4.2), approximates the continuous-time Fourier transform of the function, x(t), x ∈

L2, using the values of x(t) sampled at the times, tn ∈ R, for n = 0, . . . ,N − 1, with

a Riemann sum. The Riemann sum, called the irDFT, is,

X̃(f) =

N−1∑

n=0

∆tn x(tn)e
−i2πftn , (4.2)

where,

∆tn =





tn+1 − tn, 0 ≤ n < N − 1

tN−1 − tN−2, n = N − 1
.

The quality of the approximation of X(f), the continuous-time Fourier transform of

x(t), by X̃(f), the irDFT, can be assessed by substituting the continous-frequency,

inverse Fourier transform for the data into Equ. (4.2). This yields,

X̃(f) =

N−1∑

n=0

∆tn

[∫ ∞

−∞

X(f ′)e−i2πf′tndf ′
]

e−i2πftn ,

=

∫ ∞

−∞

X(f ′)

[
N−1∑

n=0

∆tne
−i2πtn(f−f′)

]
df ′ ,

X̃(f) =

∫ ∞

−∞

X(f ′)Dt(f − f ′)df ′ , (4.3)
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where t = [t0 t1 . . . tN−1]
T. Thus, X̃(f), the irDFT of the data, x(t0), x(t1), . . . , x(tN−1),

is equal to the continuous Fourier transform of the unsampled function, x(t), up to

a convolution with the kernel, Dt(f). Note that, in the case of equal inter-sample

durations, Dt(f) is equal to the Dirichlet-type kernel obtained in the regularly spaced

data sample situation. It is advantageous, see [42], to replace the ∆tn term from the

summation in Dt(f−f ′) =
N−1∑
n=0

∆tne
−i2πtn(f−f′) with the median, ∆̃t, of the ∆tn’s. That

is, let

Dt(f) = ∆̃t
N−1∑

n=0

e−i2πtnf . (4.4)

With this modification Dt(f) typically has lower sidelobes. This results from the im-

plicit convolution in the frequeny domain, between the Fourier transform of ∆tn with

the Fourier transform of e−i2πtnf . Consistent with this replacement is a modification

to Equ. (4.2) and to Equ. (4.3),

X̃(f) = ∆̃t
N−1∑

n=0

x(tn)e
−i2πftn ,

X̃(f) =

∫ ∞

−∞

X(f ′)Dt(f − f ′)df ′ , (4.5)

Equ. (4.5) will be the irDFT used in this paper. Fig. (4.1 ) depicts the kernel, Dt(f)

for t taken to be regularly spaced samples (top plot), integer sampling with missing

data (middle plot), and sorted, uniformly distributed samples (bottom plot). Note

that the kernel places a fundamental limit on the approximation of the function X(f)

from the sampled data x(t0), x(t2), . . . , x(tN−1). For the first two sample schemes

plotted in Fig. (4.1), X̃(f) is periodic, due to the periodicity of Dt(f) with respect

to f, and for the uniformly distributed sampling scheme, X̃(f) is not periodic. Note

that the Nyquist frequency in the top plot of Fig. (4.1) is 0.5, the approximate

Nyquist frequency in the middle plot of Fig. (4.1) is 0.5 and in the bottom plot the
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Figure 4.1: Discrete Fourier transform kernels. Top plot, Dirichlet-type kernel cor-
responding to integer spaced data sampling. Data contains 200 samples.
Middle plot, Dt(f) corresponding to integer sampling with gaps. Seven-
tenths of the data used in the top plot is retained. Retained data is chosen
by randomly picking indices. Bottom plot, sample times are uniformly
distributed between the minimum and maximum sample time used in the
integer sample time case. The number of samples is 200. Note that there
is a trade-off between the relative height of the side-lobes and the extent
to which Dt(f) is periodic. This trade-off results in a limited ability to
estimate large dynamic range spectra while estimating past the nominal
Nyquist frequency for a given sampling strategy.
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median of the first differences of the sample times is 0.67. The aliasing of X̃(f) results

from the periodicity of Dt(f), and is reduced in irregular sampling schemes. Along

with the reduced-aliasing advantage of irregular sampling schemes comes increased

spectral leakage due to the high side-lobes of Dt(f) for these sampling schemes, see

Fig. (4.1). Looking ahead to Section (4.3), this limitation manifests, in the current

context, in a reduced ability to approximately solve Equ. (4.7), due to a relative lack of

well energy-concentrated eigenfunctions, ψm(f), when compared to the approximately

constant inter-sample duration sampling situation.

In the next section the fundamental equation of spectrum estimation for irregularly

spaced time-series is stated and solved. This equation makes use of the spectral

representation of a discrete random process. Let x be a discrete, stationary, random

process, then

x(t) =

∫ β

−β

ei2πftdZ(f) , (4.6)

where β is the bandwidth of the process, t ∈ R is the sample time, and Z(f) is an

orthogonal increment process with the property, E [dZ(f1)dZ∗(f2)] = δ(f1 − f2)S(f)df,

where S(f) is the process spectrum and δ is the Dirac delta distribution. See [34], p.

251 for details.

4.3 Irregularly Spaced Data: Fundamental Equa-

tion of Spectrum Estimation

In [46] the fundamental equation of spectrum estimation for regularly spaced data

is Equ. (4.1). This equation is approximately solved in the least-squares sense to

obtain estimates, Ẑ(f), of the orthogonal increment process by expanding the data in
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terms of the most locally concentrated eigenfunctions of the Dirichlet kernel. This

strategy is repeated by replacing the fundamental equation for spectrum estimation

with Equ. (4.7), the analogous equation obtained for irregularly spaced data. Equ.

(4.7) is obtained by starting with the irDFT of the data, X̃(f), and substituting the

spectral representation, Equ. (4.6), for the data. This results in

X̃(f) = ∆̃t
N−1∑

n=0

x(tn)e
−i2πftn ,

X̃(f) =

∫ β

−β

Dt(f, f
′) dZ(f ′) . (4.7)

Equ. (4.7) is similar to Equ. (4.1), with the exception that the Nyquist frequency has

been changed to the process bandwidth, β, and the Dirichlet-type kernel has been

replaced with the sampling scheme dependent, Hermitian, Toeplitz kernel, Dt(f, f
′),

specified in Equ. (4.4). The process bandwidth β is a user-specified parameter,

determined from apriori knowledge if it exists, or by trial and error. Estimation of

β is an ongoing area of research. It is because of the Toeplitz nature of Dt(f, f
′),

that eigenfunctions independent of the specific analysis band at which the spectrum

is estimated, can be found.

One is interested in a local estimator of the spectrum. That is, one desires an

estimator that yields a sequence of random variables, one for each frequency value

at which the spectrum is estimated, for frequencies spaced by the resolution of the

estimate, where each random variable is largely independent of the others. This in-

terest stems from two considerations. First, this property aids spectrum analysis by

allowing one to analyze each analysis band of frequencies independent of the rest of

the spectrum. The second reason is that the dimensionality of the function vector
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space to which the spectrum belongs increases with W and leads to numerically prob-

lematic estimates. See Section (1.2) for the definition of the bandwidth, W for the

regularly sampled situation, and see pg. 1059, [46] for a list of references regarding

the desirability of local dependence in estimators of the spectrum. It is advantageous

to keep W reasonably small; time-bandwidth parameters, that is, TW, where T is the

duration of the data, from around 2 to 20 are typically useful. Note that the stan-

dard, time-bandwidth parameter, NW, defined in Section (1.2), for regularly sampled

processes is dimensionless and equals N∆tW, when W is specified in frequency units

such as Hertz. For the regularly sampled case, ∆t is the sampling period. Thus, the

total duration of the time-series in the regularly sampled situation is N∆t. In the

irregularly sampled situation the total duration is T and cannot be nicely written

in terms of N. Thus, the analogous, dimensionless time-bandwidth parameter in the

irregularly sampled situation is TW.

The value of W sets the resolution of the spectrum estimator and is directly anal-

ogous to the W used in the multitaper method of spectrum estimation. Empirically,

larger W’s yield more eigenfunctions with eigenvalues near 1, and thus estimators of

reduced variance (see Equ. (4.26)). Greater variance reduction is obtained at the

cost of reduced resolution. With this in mind, let the bandwidth of the spectrum

estimator be W and seek the eigenfunctions of Dt(f, f
′) about baseband,

λkψk(f,W) =

∫ W

−W

Dt(f, f
′)ψk(f

′,W)df ′ . (4.8)

Due to the Toeplitz nature of D, the ψk also satisfy,

λkψk(f
′ + f,W) =

∫ f+W

f−W

Dt(f
′ + f, f ′′)ψk(f

′′,W)df ′′ ,

λkψk(f
′ + f,W) =

∫ W

−W

Dt(f
′ + f, u + f)ψk(u + f,W)du . (4.9)
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That is, Equ. (4.8) is satisfied by modulated ψk’s, as well. Equ. (4.8) is numerically

solved with quadrature methods such as Riemann summation or Gaussian quadra-

ture. Once the eigenfunctions, ψk and the eigenvalues, λk have been determined,

retain the K eigenfunctions with the K largest eigenvalues. Note that eigenfunctions,

ψk(f,W) with eigenvalues near 1 are found empirically to imply greater concentration

of ψk(f,W) within the band of frequencies, (f−W, f+W). Due to the Hermitian sym-

metry of Dt(f, f
′), the eigenfunctions, ψk(f,W) are orthogonal; and, for convenience,

are chosen orthonormal. Next, in Equ. (4.7), expand both X̃(f) and Z(f) about f0

using the well in-band energy concentrated ψk. That is, for f ∈ (f0 − W, f0 + W),

X̃(f) ≈
K∑

j=1

dj(f0)ψj(f − f0,W) , (4.10)

where K is equal to the number of λk’s near unity. Similarly, the orthogonal increment

process, Z(f) is expanded to obtain,

Z(f) ≈
K∑

k′=1

zk′(f0)ψk′(f − f0,W) , (4.11)

where here a non-differentiable function is expanded in terms of the smooth ψj. To

emphasize the dependence on f0, X̃(f) will be written as X̃(f, f0), and similarly, Z(f)
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is written as Z(f, f0). Then, for f ∈ (f0 − W, f0 + W), Equ. (4.7) becomes,

X̃(f) =

∫ β

−β

Dt(f, f
′)dZ(f ′) ,

X̃(f, f0) =

∫ β

−β

Dt(f, f
′)dZ(f ′, f0) ,

K∑

j=1

dj(f0)ψj(f − f0,W) =
K∑

k′=1

zk′(f0)

∫ β

−β

Dt(f, f
′)ψk′(f

′ − f0,W)df ′ , (4.12)

≈
K∑

k′=1

zk′(f0)

∫ f0+W

f0−W

Dt(f, f
′)ψk′(f

′ − f0,W)df ′ ,

=
K∑

k′=1

zk′(f0)

∫ W

−W

Dt(f, u + f0)ψk′(u,W)du ,

=
K∑

k′=1

zk′(f0)

∫ W

−W

Dt(g + f0, u + f0)ψk′(u,W)du ,

=
K∑

k′=1

zk′(f0)λk′ψk′(g,W) ,

=
K∑

k′=1

zk′(f0)λk′ψk′(f − f0,W) . (4.13)

Thus, exploiting orthogonality, obtain,

zm(f0) =
dm(f0)

λm
, (4.14)

and dm is computed from the data as,

dm(f0) =

∫ f0+W

f0−W

X̃(f ′)ψ∗
m(f ′ − f0,W)df ′,

= ∆̃t
N−1∑

n=0

x(tn)

∫ f0+W

f0−W

ψ∗
m(f ′ − f0,W)e−i2πf′tndf ′ ,

= ∆̃t

N−1∑

n=0

x(tn)e
−i2πf0tn

∫ W

−W

ψ∗
m(u,W)e−i2πutndu .

(4.15)

At this point, note that both dm(f0) and zm(f0) are functions of the random process
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x(t), and hence, are estimators. For the consistency of notation, specify ẑm(f0) =

zm(f0). The estimator, ẑm, is analogous to the mth eigencoefficient in [46], see also

Section (1.2), and the corresponding plug-in estimate is obtained by computing the

irDFT from the data and numerically integrating against ψm(f,W). Because in this

expansion the orthogonal increment process, Z(f, f0), is approximated by,

Z(f, f0) ≈
K∑

m=1

zm(f0)ψm(f − f0,W) , (4.16)

a natural estimator of the orthogonal increment process, Z(f, f0), is,

Ẑ(f, f0) =

K∑

m=1

ẑm(f0)ψm(f − f0,W) . (4.17)

By analogy with the developments in [46], define the high resolution spectrum esti-

mator, Ŝh(f, f0), to be,

Ŝh(f, f0) =
1

T

∣∣∣Ẑ(f, f0)
∣∣∣
2

. (4.18)

Here T is the duration of the time-series. This estimator is asymptotically distributed

proportional to a chi-square probability density function with 2 degrees of freedom,
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and is thus inconsistent. A superior estimator is obtained by averaging the high-

resolution estimator over the analysis band of frequencies, (f − W, f + W). This op-

eration, after swapping f for f0 to better connect with standard nomenclature, yields,

Ŝ(f) =
1

2W

∫ f+W

f−W

Ŝh(f
′, f)df ′ ,

=
1

2WT

∫ f+W

f−W

∣∣∣Ẑ(f ′, f)
∣∣∣
2

df ′ ,

=
1

2WT

∫ f+W

f−W

∣∣∣∣∣

K∑

m=1

ẑm(f)ψm(f ′ − f,W)

∣∣∣∣∣

2

df ′ ,

=
1

2WT

K∑

m=1

K∑

m′=1

ẑm(f)ẑ∗m′(f) ×
∫ f+W

f−W

ψm(f ′ − f,W)ψ∗
m′(f ′ − f,W)df ′ ,

Ŝ(f) =
1

2WT

K∑

m=1

|ẑm(f)|2 . (4.19)

The sampling properties of ẑm(f), Ŝh(f
′, f) and of Ŝ(f) are investigated in Section

(4.4).

4.4 Some Sampling Properties

The sampling distributions are investigated in the case where x(t) is a weakly station-

ary, mean zero random process. In this situation, E [dZ(f ′)dZ∗(f ′′)] = δ(f ′−f ′′)S(f ′)df ′,

a property that is used to obtain the following. First, the covariance of the ẑm(f),

that is the covariance of the coefficients in the approximate expansion of the Cramer,

orthogonal increment process, Z(f), is,

Cov(ẑm(f), ẑm′(f)) = E [ẑm(f)ẑ∗m′(f)] , (4.20)
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since E [ẑm(f)] = 0. Then the covariance is,

Cov(ẑm(f), ẑm′(f)) =

E

[
λ−1

m λ−1
m′ ∆̃t

2
N−1∑

p,q=0

∫ β

−β

∫ β

−β

ei2π(f′tp−f′′tq) dZ(f ′)dZ∗(f ′′) ×

∫ f+W

f−W

∫ f+W

f−W

ψ∗
m(u − f)ψm′(u′ − f)e−i2π(utp−u′tq)dudu′

]
,

= λ−1
m λ−1

m′ ∆̃t
2

N−1∑

p,q=0

∫ β

−β

ei2πf′(tp−tq) S(f ′)df ′ ×

∫ f+W

f−W

∫ f+W

f−W

ψ∗
m(u − f)ψm′(u′ − f)e−i2π(utp−u′tq)dudu′ ,

= λ−1
m λ−1

m′ ∆̃t
2
∫ β

−β

S(f ′)

∫ f+W

f−W

∫ f+W

f−W

ψ∗
m(u − f)ψm′(u′ − f) ×

N−1∑

p,q=0

ei2πf′(tp−tq) e−i2π(utp−u′tq)dudu′df ′ ,

= λ−1
m λ−1

m′

∫ β

−β

S(f ′)

∫ f+W

f−W

∫ f+W

f−W

×

ψ∗
m(u − f)ψm′(u′ − f)Dt(u, f

′)D∗
t(u

′, f ′)dudu′df ′ ,

=

∫ β

−β

S(f ′)ψ∗
m(f ′ − f)ψm′(f ′ − f) ,

≈
∫ f+W

f−W

S(f ′)ψ∗
m(f ′ − f)ψm′(f ′ − f) . (4.21)

Here, S(f ′) is the spectrum of x(t), and for this section, the explicit dependence of the

ψk on the bandwidth W is dropped. Note that for S(f ′) = S0 for f ∈ (f − W, f + W),

ie. for a locally white, or resolved, spectrum, Cov(ẑm(f), ẑm′(f)) ≈ S0δm,m′. Similarly,

the expected value of the high-resolution spectrum estimator, Ŝh(f
′, f), Equ. (4.18),
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is,

E
[
Ŝh(f

′, f)
]

=
1

T
E

[
K∑

m=1

K∑

m′=1

ẑm(f)ẑm′(f)ψm(f ′ − f)ψ∗
m′(f ′ − f)

]
,

=
1

T

K∑

m=1

K∑

m′=1

Cov(ẑm(f), ẑm′(f))ψm(f ′ − f)ψ∗
m′(f ′ − f) . (4.22)

For locally white spectrum, S(f) = S0, the expected value of the high-resolution

spectrum estimator, Equ. (4.22), is,

E
[
Ŝh(f

′, f)
]

=
1

T

K∑

m=1

S0 |ψm(f ′ − f)|2 . (4.23)

Since E [ẑm(f)] = 0, the expected value of the spectrum estimator, E
[
Ŝ(f)

]
, Equ.

(4.19) is,

E
[
Ŝ(f)

]
=

1

2WT

K∑

m=1

Var(ẑm(f)) , (4.24)

which for resolved spectra is,

E
[
Ŝ(f)

]
=

K

2WT
S(f) . (4.25)

The number of data tapers, K, is typically chosen, K ≈ 2WT, then Ŝ(f) is, consistent

with simulation (see Section (4.5)), unbiased. Finally, the variance of Ŝ(f) for a

resolved S(f) is computed approximately using the orthogonal increment property of

Z(f) and the Isserlis formula for complex Gaussian random variables, see [33], pp. 40,

to obtain,

Var(Ŝ(f)) =
1

4W2T2

K∑

m=1

Var(|ẑm(f)|2) ,

=
K

4W2T2
S2(f) ,

≈ S2(f)

4K
. (4.26)
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Finally, because Ŝ(f) is unbiased, and for a fixed resolution, W, the variance tends

to zero with increasing duration T, for K = 2TW. Thus, Ŝ(f) is approximately

consistent, for resolved spectra when the assumption of perfectly in-band energy

concentrated ψm(f) is valid.

4.5 Simulations

Spectrum estimates computed using the estimator Equ. (4.19) are computed for

two simulated time-series consisting of irregularly spaced data samples. These time-

series are obtained by analytically computing the continuous-time autocovariance

function for the weakly stationary random process, x(t), from a specified spectrum.

The spectrum is taken to be a sum of Lorentzians with varying widths, amplitudes

and frequency locations. The autocovariance function is sampled at the specified

measurement sample times, and a data covariance matrix formed from the sampled

autocovariance function. Let this matrix be R; it is Toeplitz due to stationarity. Next

a mean-zero, Gaussian, white data sequence, w, is drawn and coloured to obtain the

time-series, y through the operation, y = R
1
2 w. Though not quantified sufficiently

for exact reproduction, from simulation studies it is found that similar performance

is attained provided one approximately matches the analytical spectra plotted in Fig.

(4.4) and in Fig. (4.7).

The first time-series is depicted in Fig. (4.2) and is drawn from a process with a

spectrum consisting of three Lorentzians of varying amplitudes, widths and frequency

locations. In this time-series, the duration between successive samples takes on three

different values for three separate, contiguous sections of data, and is an example of

data obtained from a detector operating at three different sample rates. See Fig. (4.3)
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Figure 4.2: Synthetic time-series sampled at three different sample rates. Each sam-
ple period is an integer multiple of a base sample period of 2.2 seconds.
The time-series consists of 200 samples with a sample period of 2.2 sec-
onds, 200 samples with a sample period of 4.4 seconds, and 200 samples
with a sample period of 8.8 seconds. The data is drawn, as described
in the text, from a spectrum consisting of 3 Lorentzians of differing am-
plitudes, widths, and frequencies. The spectrum is shown, along with
spectrum estimates in Fig. (4.4).
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for a plot of the first-differences of the sample times. The inter-sample durations are

chosen to be integer multiples of the smallest inter-sample duration.The simulation

presents an example where interpolation to a constant sample period incurs substan-

tial spectrum estimator bias in the form of false peaks. The data is interpolated to

the minimum sample duration and multitaper ([46]) spectrum estimates are computed

(labelled MT x), where x is the interpolation type. These estimates are shown in Fig.

(4.4), along with the proposed estimate, labelled IMT. The MT x spectrum estimates

exhibit spurious peaks, peaks that are absent from the IMT spectrum estimate com-

puted from Equ. (4.19). This estimate does not exhibit spurious peaks; however, it

suffers increased out-of-band bias and increased variance relative to the MT x esti-

mates. Further note that if the data were subdivided prior to spectrum estimation,

so as to obtain three time-series with constant inter-sample intervals, the resolution

of the resulting spectrum estimate would be approximately one-third the resolution

of the estimates plotted in Fig. (4.4). The eigenfunctions, ψm, given by Equ. (4.8)

for the IMT estimate plotted in Fig. (4.4), are plotted in Fig. (4.5). Note that with

the exception of ψ0, these functions do not have real valued transforms. That is zm

can be obtained through Equ. (4.13) and Equ. (4.15) as the irDFT of the tapered

data, where the mth, in general complex valued taper, is given by
∫W

−W
ψm(f ′)e−i2πf′tn

for sequence index n.

The next simulation is once again data acquired at differing sample rates. In this

case the sample periods are not integer multiples of each other, see Fig. (4.6). Further,

the bandwidth, β of the proposed estimator (IMT) is taken to be approximately half

of the Nyquist frequency for the smallest sample period. Once again, the time-series

is the result of colouring iid, mean-zero, Gaussian samples with a specified spectrum.
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Figure 4.3: The first differences of the sample times for the time-series plotted in
Fig. (4.2). The sample rate changes from fast to slow over three discrete
sample rates. This sampling scheme might represent a detector with an
adaptive sample rate transitioning from faster to slower sampling. Such
an occurrence might coincide with a perceived reduction in activity of the
physical property undergoing measurement, and is designed to reduce
both power and bandwidth requirements.
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Figure 4.4: Spectrum estimates computed from the data in Fig. (4.2). The thin line
estimates, MT linear, MT cubic and MT spline, correspond to eigenvalue
weighted, non-adaptive, multitaper estimates computed using data inter-
polated to constant inter-sample interval sample times, using either linear,
polynomical cubic, or spline interpolation. The interpolated data has an
inter-sample duration of 2.2 seconds. This sample rate is the fastest of
the three sample rates used to generate the synthetic data. The vertical
lines specify the Nyquist frequencies if the data consisted entirely of reg-
ularly spaced data samples taken at one of the three sample rates. Each
multitaper estimate (labelled MT) is computed using 26 tapers, with a
dimensionless time-bandwidth product of 14, ie. NW = 14. The thick
dashed curve is the proposed spectrum estimate and is labeled, IMT. This
estimate is computed using the same W = 4.55mHz as the other spec-
trum estimators, and is computed with 3 eigenfunctions, ψm, m = 0, 1, 2,
corresponding with eigenvalues, λm, such that 1−λm is equal to 4×10−5,
2 × 10−3, and 3 × 10−2, for m = 0, 1, 2, respectively. The actual spec-
trum is plotted as the solid thick line. Notice that the spurious peaks
present in the spectrum estimates computed from the interpolated data
(labelled MT) are absent from the proposed spectrum estimate (labelled
IMT). The estimate computed from spline interpolated data (labelled MT
Spline) performs the best among the MT estimators. The falsely detected
peaks have amplitudes decreasing with the quality of the interpolation;
implying that the false peaks are due to interpolation errors. For the cho-
sen time-bandwidth product and sampling scheme the proposed estimator
avoids the spurious peaks caused by interpolation error at the expense of
increased out-of-band bias and increased variance.
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Figure 4.5: For the spectrum estimate, IMT, plotted in Fig. (4.4), the eigenfunctions,
ψm, m = 0, 1, 2 are plotted. Note that only ψ0 satisfies ψm(f) = ψm(−f)∗.
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Figure 4.6: (left) Synthetic time-series sampled at five different sample rates. The
sample periods are not an integer multiple of a base sample period. The
time-series is constructed by colouring iid, Gaussian samples (see text).
The specified spectrum is plotted in Fig. (4.7). (right) A plot of the first
difference of the sample times.

The spectrum estimates of the time-series shown in Fig. (4.6) are plotted in Fig. (4.7).

The eigenfunctions used in the estimate, labeled IMT in Fig. (4.7), are plotted in Fig.

(4.8). The proposed spectrum estimate, labeled IMT, outperforms the other spectrum

estimates in the sense that it does not follow the spurious peaks present in the MT

spectrum estimates. This performance comes at the expense of increased variance and

a decrease in signal bandwidth. Not shown, is that the proposed estimator (IMT,

Equ. (4.19)), when specified to have a signal bandwidth, β equal to the Nyquist

frequency of the interpolated spectrum estimators, also exhibits the large spurious

peak at .13 Hz. Thus, varying β effects estimator bias due to aliasing.



CHAPTER 3. MULTIAPER SPECTRUM EST. FOR IRREGULARLY ... 92

0 0.05 0.1 0.15 0.2 0.25
10

2

10
4

10
6

10
8

10
10

Frequency (Hz)

P
ow

er
 D

en
si

ty
 (

P
ow

er
/H

z)

Spectrum Estimates: Multirate Sampling
2W = 6.7 mHz 	 No. of Tapers = 3

 

 

MT Spline

MT Cubic

MT Linear

IMT

Actual

Figure 4.7: Spectrum estimates computed from the time-series plotted in Fig. (4.6).
The non-adaptive, eigenvalue weighted multitaper estimates (labelled
MT) using interpolated data (linear, polynomial cubic, and spline inter-
polation) are computed using NW = 16 and 30 tapers. These estimates
are badly biased due to interpolation error and aliasing. The proposed
estimator, labelled IMT, though using a reduced bandwidth β, does not
follow the spurious peaks in the MT estimates. The IMT estimate uses
3 tapers with eigenvalues of the proposed spectrum estimator (IMT), us-
ing 5 tapers with eigenvalues, λm such that 1 − λm is 10−5, 10−3, and
2 × 10−2, for m = 0, 1, 2 respectively. The variance and out-of-band bias
of the IMT estimator is larger than that of the MT estimators. Note that
the resolution of all estimates is approximately equal. The resolution, W
is 3.35 mHz.
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Figure 4.8: For the spectrum estimate, IMT, plotted in Fig. (4.7), the eigenfunctions,
ψm, m = 0, 1, 2 are plotted. These eigenfunctions are similar to those
plotted in Fig. (4.5).
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4.6 Discussion

A multitaper spectrum estimator, Equ. (4.19), suitable for computation from time-

series with irregularly spaced samples is presented. This estimator is a generalization

of that presented in [46] and is derived from an analogous “fundamental equation of

spectrum estimation”, Equ. (4.7). The spectrum estimator is found to outperform

competitive, non-adaptive, eigenvalue weighted, multitaper estimates computed from

interpolated data for two different multi-rate measurement strategies, see Fig. (4.4)

and Fig. (4.7), and three methods of interpolation. The proposed estimate fills a

gap in the literature for leakage controlled spectrum estimates computed from irreg-

ularly spaced data, and provides a basis upon which the multitaper method might

be generalized to the irregularly spaced sampling situation. Further work includes

this adaptation, which includes harmonic analysis, jacknife estimates, coherence es-

timates, Loève estimates, etc. Application to robust estimation of the spectra of

cyclostationary time-series, [23], is promising. Further quantification of the trade-off

between the ability to estimate spectra at higher signal bandwidths, and increasing

out-of-band bias due to leakage, is required. On this topic, note that approximately

regular sampling leads to approximately periodic spectra about the nominal Nyquist

frequency. Thus, there is a problem of how to use the extra information to estimate the

spectrum above Nyquist for approximately regularly sampled data. To what extent

can the signal bandwidth β be increased, and how to estimate aliasing, are questions

that remain unanswered; empirically one finds that the eigenvalues, λk, decrease as

β is increased. Finally, is there associated with the eigenfunctions, ψk, optimality

properties analogous to those held by the discrete prolate spheroidal sequences, and

if so, what are they?



Chapter 5

Multitaper Scan-free Spectrum

Estimation with a Rotational

Shear Interferometer

The abstract of [21] is reproduced, documenting the application of the multitaper

method of spectrum estimation to the estimation of optical spectra using a rotational

shear interferometer.

5.1 Multitaper Scan-free Spectrum Estimation Us-

ing a Rotational Shear Interferometer

Multitaper methods for scan-free spectrum estimation using a rotational shear inter-

ferometer are investigated. Prior to source spectra estimation, sources must first be

detected. A source detection algorithm based upon the multitaper F-test is proposed.
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The algorithm is simulated, with additive, white Gaussian detector noise. A source

with an SNR of 0.71, is detected, 2.9o from a source with an SNR of 70.1, with a

significance level of 10−4, approx. four orders of magnitude more significant than the

source detection obtained with a standard detection algorithm. Interpolation and

the use of prewhitening filters are investigated in the context of RSI source spectra

estimation. Lastly, a multitaper spectrum estimator is proposed, simulated, and com-

pared with untapered estimates. The multitaper estimate is found, via simulation,

to distinguish a spectral feature with an SNR of 1.6, near a large spectral feature.

The SNR 1.6 spectral feature is not distinguished by the untapered spectrum esti-

mate. The findings are consistent with the strong ability of the multitaper estimate

to reduce out-of-band spectral leakage.



Chapter 6

General Discussion

Real-world applications of the robust estimator of the spectrum of quasi-cyclostationary

time-series should be investigated. This includes early earthquake detection from

quasi-cyclostationary seismic data. The estimator introduced in this chapter does

not rely on the specific detector presented. Other detectors, such as a generalized

likelihood ratio test between the covariance matrices of the row under test and adja-

cent rows may yield superior performance.

In the case of the reduced mean-square error quadratic inverse spectrum estimator,

further work includes incorporation of adaptive weighting to further reduce out of

band bias and the generalization to minimizing the global mean-square error instead

of local mean-square error minimization. Comparisons with Cramer-Rao bounds for

parametric type estimates, such as auto-regressive and autoregressive-moving average

estimators are also interesting. Also worth investigating is the possibly advantageous

impact of this method on other tools in the multitaper method toolbox; such as

coherence estimators and tests for sinusoids. Finally, this type of estimator might be

generalized to the nonstationary time-series situation, as quadratic inverse theory has
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been previously applied to this type of time-series. [48]

The generalization of the multitaper method of spectrum estimation to the de-

terministic, irregularly sampled situation might be extended to the detection of sinu-

soids and the estimation of coherence. This method might also be generalized to the

stochastic sampling case.

Source detection with the rotational shear interferometer might be extended to

include detection of multiple unresolved sources, and other techniques such as singular

spectrum analysis (SSA), might be used to detect these sources. Their investigation

is warranted.



Chapter 7

Summary & Conclusion

Four advances of the multitaper method of spectral time-series analysis have been

presented. These advances are a robust estimator of spectra for weak-sense cyclosta-

tionary time-series, a reduced mean-square error spectrum estimator for weak-sense

stationary time-series, a generalization of the multitaper method of spectrum es-

timation to the irregularly sampled data case, but more specifically, appropriate for

spectrum estimation from weak-sense stationary time-series sampled at multiple sam-

ple rates. The thesis concludes with the application of multitaper methods to optical

source spectrum estimation using a rotational shear interferometer.

99



Bibliography

[1] In Fienberg S. Gani J. Parzen E. Brillinger, D., editor, Lecture Notes in Statistics:

Time Series Analysis of Irregularly Observed Data. Springer-Verlag New York

Berlin Heidelberg Tokyo, 1983.

[2] H. Benoiff, B. Gutenburg, and C. F. Richter. Progress report, seismology labo-

ratory. Transactions of the Annual Geophysical Union, 35:979–987, 1954.

[3] H. Benoiff, J. C. Harrison, L. LaCoste, W. Munk, and L. Slichter. Searching for

the Earth’s free oscillations. Journal of Geophysical Research, 1959.

[4] H. Benoiff, F. Press, and S. Smith. Excitation of the free oscillations of the Earth

by earthquakes. Journal of Geophysical Research, 66:605–619, 1961.

[5] T. E. Biedka, L. Mili, and J. H. Reed. Robust estimation of cyclic correlation in

contaminated Gaussian noise. In 1995 Conference Record of the Twenty-Ninth

Asilomar Conference on Signals, Systems, and Computers, 1995, volume 1, pages

511–515, 1995.

[6] R. P Bogert. An observation of free oscillations of the Earth. Journal of Geo-

physical Research, 66:643–646, 1961.

100



BIBLIOGRAPHY 101

[7] Robert Bos, Stijn de Waele, and Piet M. T. Broerson. Autoregressive spectral es-

timation by application of the Burg algorithm to irregularly sampled data. IEEE

Transactions on Instrumentation and Measurement, 51(6):1289–1294, 2002.

[8] Peter J. Brockwell and Richard A. Davis. Time Series: Theory and Methods.

Springer, 2 edition, 1998.

[9] Thomas P. Bronez. Spectral estimation of irregularly sampled multidimensional

processes by generalized prolate spheroidal sequences. IEEE Transactions on

Acoustics, Speech, and Signal Processing, 36(12):862–873, 1988.

[10] George Casella and Roger L. Berger. Statistical Inference. Duxbury Press, 2

edition, 2002.

[11] E. G. Gladyshev. Periodically correlated random sequences. Soviet Math Dokl.,

2:385–388, 1961.

[12] P. C. Gregory. Bayesian periodic signal detection I. analysis of 20 years of radio

flux measurements of the x-ray binary LS I +61o 303. Astrophysical Journal,

520:361–375, 1999.

[13] P. C. Gregory and Thomas J. Loredo. A new method for the detection of a

periodic signal of unknown shape and period. Astrophysical Journal, 398:146,

1992.

[14] Richad Haberman. Elementary Applied Partial Differential Equations. Prentice-

Hall, Inc., Englewood Cliffs, New Jersey, 2 edition, 1987.

[15] F. Hampel. A general qualitative definition of robustness. Ann. Math. Statist.,

42:1887–1896, 1971.



BIBLIOGRAPHY 102

[16] Eugene Hecht. Optics. Addison Wesley, fourth edition, 2001.

[17] P. J. Huber. Robust estimation of a location parameter. Ann. Math. Statist.,

35:73–101, 1964.

[18] H. Huixia. Multitaper higher-order spectral analysis of nonlinear multivariate

random processes. Ph. D. Thesis, Queen’s University, Kingston Ontario, 2008.

[19] Harry L.. Hurd and Meamee Abolghassem. Periodically Correlated Random Se-

quences. John Wiley And Sons, Inc., 2007.

[20] John David Jackson. Classical Electrodynamics. John Wiley & Sons, Inc., third

edition, 1998.

[21] Lepage K., Thomson D. J., Kraut S., and Brady D. J. Scan-free spectrum

estimation with a rotational shear interferometer. Applied Optics, 45:2940–2954,

2006.

[22] B Kleiner, D. R. Martin, and D. J. Thomson. Robust estimation of power spectra.

Journal of the Royal Statistical Society, Series B (Methodological), 41(3):313–

351, 1979.

[23] K. Q. Lepage and D. J. Thomson. Spectral analysis of cyclostationary time-

series: A robust method. Submitted to Geophysical Journal International, 2008.

[24] N. R. Lomb. Least-squares frequency analysis of unevenly spaced data. Astro-

physical and Space Science, 39:447–462, 1976.
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Appendix A

Weighted Average of the

High-resolution Spectrum

Estimator: Mean-Square Error

The mean-square error of the weighted average of the high-resolution spectrum esti-

mator, Equ. (3.4), assuming a resolved spectrum, S(f), is,

MSE(Ŝqmt0(f)) = Var(Ŝqmt0(f)) + Bias2(Ŝqmt0(f)) . (A.1)

Starting with the bias, the expected value, E
[
Ŝqmt0

]
, is,

E
[
Ŝqmt0(f)

]
=

∫ W

−W

W̃(η)E
[
Ŝhigh−res(f, η)

]
, (A.2)

=

∫ W

−W

W̃(η)

K−1∑

k,k′=0

Vk(η)V
∗
k′(η)E [yk(f)y

∗
k′(f)] , (A.3)

=

∫ W

−W

W̃(η)

K−1∑

k,k′=0

Vk(η)V
∗
k′(η)δk,k′S(f) , (A.4)
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where E [yk(f)y
∗
k′(f)] = δk,k′S(f), for a resolved spectrum, and constants have been

absorbed into W̃. This relation is computed using the spectral representation of a

wide-sense stationary random process. See [46] for details. Continuing,

E
[
Ŝqmt0(f)

]
= S(f)

∫ W

−W

W̃(η)

K−1∑

k=0

|Vk(η)|2 . (A.5)

Next,

E
[
Ŝ2

qmt0(f)
]

= S2(f)
K−1∑

k1,k2=0

∫ W

−W

∫ W

−W

W̃(η)W̃∗(η′)Vk1(f − η)V∗
k1

(f − η′) ×

V∗
k2

(f − η)Vk2(f − η′)dηdη′ . (A.6)

Then the mean-square error is,

MSE(Ŝqmt0(f)) = E
[
Ŝ2

qmt0(f)
]
− E

[
Ŝqmt0(f)

]2
+
(
E
[
Ŝqmt0(f)

]
− S(f)

)2

, (A.7)

which results in Equ. (3.5).


