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Abstract 

The separation between pressure tube (PT) and calandria tube (CT), known as gap, in the 

CANadian Uranium Deuterium (CANDU®) nuclear reactor fuel channels is monitored using a 

drive-receive eddy current probe. The accuracy of gap measurement is crucial to ensure contact 

does not occur between the PT and CT, as contact can lead to cracking of the PT. Variation of in-

reactor parameters can compromise the accuracy of gap measurements. Validated models of the 

eddy current response to changes in gap can be used to help identify parameters whose variations 

most affect gap measurement accuracy. However, current models are limited, since they assume 

that the PT and CT are infinite parallel conductive plates, thereby, neglecting the potential effects 

of PT and CT curvature. Finite Element Method (FEM) models of flat-plate geometry, true PT-CT 

gap probe geometry, and concentric tube geometry were developed to explore how different 

geometric approximations can model gap response. The concentric tube geometry, where the CT 

remains axially concentric with the PT, accurately accounted for curvature of the PT, but varied 

gap by changing the radius of the CT, and had the possibility of an analytical solution. Comparison 

between the three FEM models and experimental measurements showed that both curved models 

gave similar accuracy and were more accurate than the flat-plate geometry model. A Second Order 

Vector Potential (SOVP) formalism was used to develop a semi-analytical model of the concentric 

tube geometry. This semi-analytical model was shown to be three to five times more accurate than 

the analytical flat-plate model, when compared with experimental measurements for varying PT 

wall thickness and resistivity. Using the semi-analytical concentric model, a sensitivity analysis 

was performed to evaluate which parameter variations had the largest effect on gap measurements. 

It was shown that variations in liftoff had the largest effect on predicted gap and were approximately 

two to three times more influential than the next most sensitive parameter variation, PT wall 

thickness. The analysis demonstrated the necessity for accurate PT wall thickness measurements, 

currently obtained by ultrasonic techniques.  Variation of PT resistivity was the next most 
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significant, a parameter whose variation is currently uncompensated for in PT to CT gap 

measurements.  
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Chapter 1 

Introduction 

1.1 Canadian Deuterium Uranium Nuclear Reactors 

Canadian Deuterium Uranium (CANDU®) nuclear reactors are Canadian designed heavy water 

nuclear reactors that utilize the nuclear fission property of natural uranium to produce electricity. 

CANDU® reactors consist of up to 400 fuel channels, which are horizontally mounted within the 

calandria vessel. A single fuel channel used in a CANDU® reactor core, as seen in  Figure 1-1, 

consists of fuel bundles held within a 6 m long 104 mm inner diameter (ID) Zr-2.5%Nb tube known 

as the pressure tube (PT) [1]. The PT is held within a larger 129 mm ID Zircaloy-2 calandria tube 

(CT). A CO2 gas annulus is used to insulate the hot PT (~300°C) from the cooler CT (~50°C) and 

the surrounding heavy water moderator that is contained outside the CT and within the calandria 

vessel [2]. Pressurized heavy water acts as the Primary Heat Transport System (PHTS) and travels 

through the PT extracting heat from the fuel bundles [2]. The PHTS then transfers its energy via 

the heat exchangers in the steam generators to the light water Secondary Heat Transport System 

(SHTS). The steam produced in the steam generators powers the turbines that produce electricity 

[2][3]. 
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Figure 1-1: Simplified schematic of an individual CANDU® nuclear reactor fuel channel 

modified from [4]. 

 

Under operating conditions the PT is exposed to pressure, heat and irradiation causing diametral 

creep of the PT and an increase in the ID from the average 104 mm to a maximum 111 mm [5]. As 

a result of increasing diameter and axial PT growth the PT wall thickness (WT) decreases from the 

nominal 4.3 mm to a minimal acceptable value of 3.7 mm [2]. Due to the horizontal configuration 

of the CANDU® fuel channels and the weight of the fuel bundles the PT can also sag, reducing the 

average separation of 8.3 mm between the PT and CT [6]. The separation between the PT and CT 

is maintained by the use of four garter spring spacers with an average thickness of 5.7 mm and 4.8 

mm for the tight and loose fitting spacers, respectively [5]. However, due to sag of the PT, contact 

may occur between the outer surface of the PT and the inner surface of the CT. Contact between 

the PT and CT will cause a higher rate of deuterium ingress in the PT due to the temperature 

difference between the tubes. When the deuterium concentration exceeds the Terminal Solid 

Solubility (TSS), hydrides can precipitate out of solution forming hydride blisters [1]. These 

hydride blisters are brittle and can lead to delayed hydride cracking and cause possible structural 

failure of the PT through a Loss of Coolant Accident (LOCA). Contact between the PT and CT 

must therefore be avoided and the separation between the tubes, or gap, are monitored at to ensure 

contact is not imminent [6].  

~300°C 

~50°C 
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This separation between the PT and CT (PT-CT gap) is currently monitored using a drive-receive 

eddy current probe [5]. Eddy current testing has become a useful tool in inspecting electrically 

conductive materials. A qualified eddy current based probe has extended the life of the Pickering 

CANDU® Nuclear Reactor presently scheduled for shutdown in 2022 [7] rather than the original 

2016 shutdown date [7][8]. However, to provide assurance that measurement objectives can be met 

as outlined in an Inspection Specification [5] it is necessary to understand how sensitive the 

inspection system’s measurements are to variation of essential in-reactor parameters [4]. The 

essential parameters are defined as parameters whose variation would cause an inspection to no 

longer be able to meet its stated objective [9]. In the case of PT-CT gap measurements, these 

parameters include probe liftoff (LO), probe tilt, PT curvature, PT resistivity, PT WT, temperature, 

and CT resistivity. Probe LO refers to the distance between the eddy current coils and the 

conductive surface normal to the coils’ axis. Of these experimental parameters, the PT WT is 

measured independently using ultrasonic measurements [10], although ultrasonic measurements 

cannot differentiate between the PT wall and oxide layer thickness. To understand how these 

parameters affect in-reactor gap measurements, it is more efficient in both time and resources to 

use models, either analytical or numerical, to predict the eddy current probe’s response to changes 

in gap. Under essential parameter variations validated models can provide accurate predictions of 

the PT-CT gap from experimental measurements, potentially further helping to extend the life of 

CANDU® reactors. Models could also be used to optimize a new probe design for implementation 

on future gap inspection systems. In addition, validated models can facilitate inspection 

qualification programs by reducing the amount of experimental evidence required for technical 

justification of an inspection measurement [11]. 

1.2 Eddy Current Testing 

Eddy current testing is a method of Non-Destructive Evaluation (NDE) of materials that uses the 

principles of electromagnetic induction to profile a target conductive medium [12]. Eddy current 
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NDE is based on sensing changes in the currents induced in a target material, which are known as 

eddy currents, through the generation of magnetic fields near the target. In eddy current inspection 

a drive coil is excited by a time-harmonic source to produce a magnetic field through Faraday’s 

law [12]. This magnetic field will interact with the conductive target and will induce currents in the 

target that oppose the change in flux produced by the drive coil, in accordance with Lenz’s law 

[13]. Changes in the target’s physical properties will result in changes to the eddy currents and will 

change the coil’s impedance due to the inductive coupling between coil and target. This change in 

impedance can be measured and allows for measurement of target material characteristics including 

presence of cracks, material thickness, surface conditions and resistivity [8][14]. Conventional 

eddy current testing uses drive and receive coils [15], which results in additional electromagnetic 

coupling to account for interactions between the receive coil and the target material. For a drive-

receive coil configuration, changes in the receive coil’s impedance are measured. Figure 1-2 shows 

an example of the magnetic fields produced in a conductive target (yellow) that oppose time-

dependent field from a coil (blue). The eddy currents induced in the media can also be seen (red). 

Note that the arrows of the blue and yellow lines are in opposite directions indicating that the field 

produced in the media is such that it opposes the field generated by the coil, according to Lenz’s 

law. 

 

Figure 1-2: A time-varying magnetic field (blue) induces eddy currents (red) in a nearby 

conducting media, which generate an opposing magnetic field (yellow). Image taken from 

[14] with the author’s permission. 
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In addition to the coils, standard eddy current NDE instruments are comprised of a voltage 

source, an amplifier and a filter [12].  The drive coil is generally connected to an input resistor from 

the voltage source and the receive coil is connected through an output resistor to the data acquisition 

system. The resistor that is in series with the receive coil is generally large and the measured 

response of the receive coil is the voltage drop across this output resistor. The circuit configuration 

can be seen in Figure 1-3 where Rin and Rout are the input and output resistors, respectively, and Vin 

and Vout are the source and measured voltages, respectively. The drive and receive coils are 

separated into their resistive, RD and RR, and inductive, LD and LR, components for the drive and 

receive coil, respectively. There is also a mutual inductance, M, between the drive and receive coils, 

which accounts for the coupling between the coils. The various couplings between the coils and the 

conductive target will be discussed in Chapter 3. 

 

Figure 1-3: Circuit representation of the drive-receive coil set up. The drive and receive 

coils are separated into their resistive and inductive components given by RD and LD for the 

drive coil, and RR and LR for the receive coil, respectively. The mutual inductance between 

the coils is given by M. The input resistance and output resistances are given by Rin and 

Rout, respectively. 

Conventional eddy current testing uses a time-harmonic constant voltage amplitude to excite the 

drive coil. The voltage response from the receive coil is presented in an impedance plane display, 
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where its response is separated by the in-phase (x-axis) and out-of-phase (y-axis) components with 

respect to the driving voltage. The basis of eddy current testing is to find changes in the receive 

coil’s voltage response compared to signal responses from a known condition. The exact method 

or situation for this calibration differs depending on the measurement purpose, equipment and 

probe.   

1.3 Literature Review 

A literature review was conducted to investigate the relevant work that exists for eddy current 

CANDU® fuel channel inspection, numerical modelling techniques for eddy current problems, and 

analytical modelling for eddy current problems. The following review provides the necessary 

background information for topics discussed in the manuscripts provided in Chapters 4 through 7. 

1.3.1 Analytical Modelling Techniques for Eddy Current Problems 

The demand for numerical models of eddy based inspection techniques has been increasing due 

to the need for lifetime analysis methods for conductive components used in nuclear and aerospace 

industries [6][16][17]. Analytical eddy current models can be obtained by solving partial 

differential equations derived from Maxwell’s equations and are explained in depth in Chapter 3. 

Analytical models generally provide fast calculations compared to Finite Element Method (FEM) 

modelling and can be used in conjunction with experimental measurements to extract useful 

parameter information. The extraction of these parameters can be performed by developing an 

inverse method algorithm that determines the experimental parameter values by iteratively 

comparing experimental measurements to model calculations, while attempting to minimize a 

particular cost function [8]. 

The majority of eddy current models are based on the solutions of Dodd and Deeds [18][19][20]. 

Dodd and Deeds [18][19][20] solved axially symmetric eddy current problems by applying 

boundary conditions to the magnetic vector potential at the interface between two boundaries. The 

solutions provided accurate coil impedance calculations for the specified geometries. The solutions 
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provided by Dodd and Deeds [18][19][20] can be used to solve other axially symmetric geometry 

eddy current problems.  

The Dodd and Deeds solutions assumed that the drive coil was excited with a sinusoidal constant 

current amplitude signal, and that the receive coil was in an open circuit configuration. Although 

simplifying the attainment of closed form solutions, both assumptions caused problems as they 

neglected feedback interactions that would be present for physical measurements. The effect of 

these approximations on analytical solutions is explained in more detail in Chapter 3. A more recent 

model by Desjardins et al. [21][22] allowed for voltage excitations in the drive coil, both time-

harmonic and pulsed, and permitted both drive and receive coils to be in circuit configurations, as 

would be the case during eddy current measurements. The model by Desjardins et al. [21][22] is 

able to account for all possible feedback effects as will be explained in more detail in Chapter 3. 

The Desjardins et al. [21][22] model showed excellent agreement with experimental measurements 

for a concentric drive-receive coil configuration that encircled a ferromagnetic tube. The drive coil 

was excited using a square-wave voltage excitation and comparison with experimental 

measurements showed the validity of the model for square-pulse driven coils.  

Eddy current models are designed to model real world probe designs. One of the main issues 

with implementing the Dodd and Deeds solutions [18][19][20] and the Desjardins et al. [21][22] 

model is that real world problems may not be axially symmetric. Theodoulidis et al. [23] developed 

a formalism that can be utilized to solve eddy current problems where the geometry may not be 

axially symmetric, using the Second Order Vector Potential (SOVP). Burke et al. [24] modelled 

the impedance changes on a horizontal coil in bolthole eddy current inspection with experimental 

validation. Mao et al. [25] used the SOVP to model a receive coil’s impedance change in a drive-

receive configuration where both coils are outside of, and with axes perpendicular to, a conductive 

tube.  

The eddy current problems solved using the SOVP have all only considered one conductive 

cylinder [24][26][25]. In addition, these solutions have been limited to impedance response of the 
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receive coil when the drive coil is under a constant current amplitude excitation, as opposed to 

constant voltage amplitude, which is more often the case for these inspection systems [27]. 

1.3.2 Finite Element Method Models for PT-CT Gap Inspection 

There are cases where an analytical solution to an eddy current problem is not feasible. This 

could be due to the amount of boundary conditions or complex geometries where no symmetry 

exists. In these situations, Finite Element Method (FEM) models can be used. FEM models are 

used in many areas of physics, including fluid mechanics [28] and structural mechanics [29]. FEM 

models form the appropriate partial differential equation and apply the necessary boundary 

conditions for the physics involved. Through sophisticated algorithms FEM solvers can solve the 

system of equations numerically to obtain the appropriate result by either a direct matrix inversion 

or through a recursive minimization.  

The essence of a FEM model is based on the mesh of the model and an example of this can be 

seen in Figure 1-4. The mesh consists of multiple finite elements that connect different nodes as 

shown Figure 1-4. 

 

Figure 1-4: An example of a FEM model mesh. This is the mesh around the drive and 

receive coils for the concentric tube FEM model. This model was built using COMSOL® 

Multiphysics 5.2a. The blue triangle shows an example of a finite element and the red circle 

shows an example of a node. 

 

Finite Element 
Node 

Drive Coil Receive Coil 
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The mesh of a FEM model defines the nodes, where the solutions to the differential equations 

are applied. Shape functions are used to interpolate the results between adjacent discrete nodes to 

determine how physics changes throughout the mesh [30]. Shape functions vary depending on the 

shape of each finite element. Shape functions are based on the basis functions determined by the 

shape of the element [31]. An overall solution to the problem is then obtained by combining the 

results for all nodes. Babbar et al. [32] showed how a pulsed eddy current probe can be used to 

measure wall loss in steam generator tubes in CANDU® reactors using a FEM model. Mokros [3] 

used FEM models to show how a pulsed eddy current probe can be used to measure the wall loss 

in trefoil broach supports in CANDU® reactors steam generators. 

FEM models can be used to obtain accurate numeric results when analytical models are not 

feasible. One of the main draw backs for FEM models is the computational resources that may be 

required. The amount of computational resources needed to solve a FEM model is highly dependent 

on the number of nodes and fineness of the mesh used. A very fine mesh does not necessarily 

guarantee accurate results either. The mesh and its fineness needs to resemble the physical 

phenomenon occurring in the problem, like the direction of current fields or fluid flow. A mesh 

with a high number of nodes may also require more computational resources than are available. An 

optimal mesh is necessary to be able to calculated accurate results within the limits of time and 

computational resources.  

1.3.3 Existing Analytical Models for PT-CT Gap Inspection 

An analytical model of the PT-CT gap eddy current based probe has been developed by Shokralla 

et al. [5][6] using the solutions by Dodd and Deeds [18][19]. The flat-plate model approximation 

was justified by the 11 mm coil separation and 2 mm liftoff of the drive and receive coils compared 

to the 51 mm inner radius of the PT [6]. The model by Shokralla et al. [6][33] also assumed that 

the drive and receive coils were concentric rather than axially offset. The model by Shokralla et al. 

[6][33] was validated for the amplitude response of the receive coil using experimental 
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measurements. Figure 1-5a) shows the geometry of this flat-plate model using the solutions by 

Dodd and Deeds [18][19]. 

 

Figure 1-5: Schematic cross-sectional view of flat-plate model for a) the Shokralla et al. 

[6][33] model, and b) the Luloff et al. [8][34] model. 

 

Using the flat-plate geometry of the Shokralla et al. model [6][33] another flat-plate model was 

developed by Luloff et al. [8][34] by employing the model developed by Desjardins et al. [21][22]. 

One of the main improvements of the Luloff et al. model was that it now used the geometry seen 

in Figure 1-5b), which accounted for the offset between the drive and receive coils; this geometry 

is representative of the actual probe geometry. The utilization of the Desjardins et al. model allowed 

for voltage excitation rather than the constant current amplitude excitation from Dodd and Deeds 

solutions. Luloff et al. [27] showed that the Dodd and Deeds solutions caused inaccuracies when 

compared to experimental measurements using a voltage excitation, by looking at the amplitude 

and phase responses of the receive signal. This was attributed to the Dodd and Deeds solutions not 

being able to account for all the different inductive coupling terms present [27] when the receive 

coil is not in an open circuit configuration. 
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1.4 Objectives 

As shown in Section 1.3 no models exist for the PT-CT gap probe that can take into account the 

curvature of the PT or CT. A concentric tube FEM and analytical model will be developed in this 

thesis to be able to account for the curvature of the tubes. This geometry accurately accounts for 

the curvature of the PT, while approximating the curvature of the CT. The change in gap is 

modelled by increasing the diameter of the CT. Figure 1-6a) shows how gap changes for the 

concentric tube geometry. Figure 1-6b) shows how gap changes for the true PT-CT gap geometry. 

The PT for both geometries in Figure 1-6 are the same and the difference between Figure 1-6a) and 

b) is the CT. Note that Figure 1-6a) and Figure 1-6b) ignore other factors such as tube ovalization 

with age or indentations at garter spring locations. 

 

Figure 1-6: Schematic to show increasing gap for a) concentric tube geometry, and b) true 

geometry. 

Increasing 
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With this concentric tube geometry the objectives of this thesis are as follows: 

• Develop validated FEM models of the eddy current based PT-CT gap measurement system 

using the concentric tube and physical system geometries; 

• Determine through FEM modelling if the accuracy of the concentric tube model is on the 

same order of accuracy as the true geometry model and determine if the concentric tube is 

a valid approximation of the gap system; 

• Develop a validated analytical model of the PT-CT gap system using the concentric tube 

geometries; 

• Determine through both FEM modelling and analytical modelling if the concentric tube 

model more accurately reproduces the eddy current response to changes in gap than the 

flat-plate model; and 

• Identify the essential parameters whose variation may have the most significant impact on 

gap measurements.  

 

1.5 Scope, Methodology, and Structure 

This thesis will follow a manuscript style format with 10 chapters, consisting of 4 manuscripts, 

and 4 appendices. Chapter 2 will provide the necessary theory for understanding the 

electromagnetic feedback interaction between two coils, focusing mainly on the geometry of the 

probe in the CANDU® reactor fuel channels used to measure the PT-CT gap. The experimental 

method for the experimental measurements in this thesis will be covered in Chapter 3. Chapter 3 

will also include a description of how laboratory measurements and modelled calculations were 

compared.  

The four manuscripts makeup Chapters 4 through 7. The first manuscript (Chapter 4), Finite 

Element Analysis of Pressure Tube to Calandria Tube Gap Measurements, uses multiple FEM 

models to compare the different geometric approximations used in analytical PT-CT gap models 
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compared to a FEM model without any geometric approximations. The second manuscript (Chapter 

5), Analytical Model of the Eddy Current Response of a Drive-Receive Coil System inside Two 

Concentric Tubes, is the theory for the concentric tube model of the PT-CT gap probe. The CT is 

approximated to be concentric with the PT and the curvature of the CT is approximated so changes 

in gap are described by changing the radius of the CT. The third manuscript (Chapter 6), Evaluation 

of Concentric Tube Model for Pressure Tube to Calandria Tube Gap Measurement, compares the 

concentric tube and flat-plate models to experimental measurements for PT wall thickness and 

resistivity variations. It was shown that the concentric tube model was approximately three to five 

times more accurate in predicting the gap than the flat-plate model. The fourth manuscript (Chapter 

7), Evaluation of Essential Parameter Influence for Pressure Tube to Calandria Tube Gap 

Measurements, shows the effect that essential parameters have on gap measurements by using the 

concentric tube model described in Chapters 5 and 6. A discussion of the four manuscripts along 

with a description of the progression of work in this thesis can be seen in Chapter 8. Overall 

conclusions are described in Chapter 9. Finally, proposed future progression of this work is 

discussed in Chapter 10. 
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Chapter 2 

Theory 

This chapter will go over the math and the electromagnetic theory necessary to find the analytical 

solution for the concentric tube eddy current model. 

2.1 Integral Transforms and Fourier Transform 

A common tool in mathematics is an integral transform, which takes a function 𝑓(𝑣) and turns 

it into some function 𝐹(𝑢) where, 𝐾(𝑢, 𝑣) is defined to be the integral kernel, and 𝑎 and 𝑏 are the 

limits of integration [35]  

𝐹(𝑢) = ∫ 𝑓(𝑣) 𝐾(𝑢, 𝑣)
𝑏

𝑎

 𝑑𝑣. (2-1) 

Some transforms have an inverse transform, which allow for 𝐹(𝑤) to be transformed back to 

𝑓(𝑣) using an inverse integral kernel 𝐾−1(𝑤, 𝑣). Integral transforms are used extensively in solving 

partial differential equations. 

This work includes the use of a Fourier transform where 𝐹(𝜔) is considered the frequency 

representation of 𝑓(𝑡),  

𝐹(𝜔) = ∫ 𝑓(𝑡) 𝑒−𝑖𝜔𝑡
∞

−∞

 𝑑𝑡, (2-2) 

and where 𝑡 is time and 𝜔 is the angular frequency [36]. The integral kernel in (2-2) is given by the 

function 𝑒−𝑖𝜔𝑡. 

An inverse Fourier transform is defined as  

𝑓(𝑡) =
1

2𝜋
∫ 𝐹(𝜔) 𝑒𝑖𝜔𝑡
∞

−∞

 𝑑𝜔, (2-3) 

where the integral kernel is the complex conjugate of the kernel found in (2-2) [36].  



15 

In the context of partial differential equations, the Fourier transform ℱ of the derivative of a 

function 𝑓(𝑡) can be defined [36] 

ℱ [
𝑑

𝑑𝑡
𝑓(𝑡)] = −𝑖𝜔 𝐹(𝜔). (2-4) 

2.2 Electromagnetic Theory 

2.2.1 Maxwell’s Equations 

The basis for most electromagnetic theory comes from Maxwell’s four equations which describe 

the electric and magnetic fields, 𝑬 and 𝑩, respectively. Maxwell’s equations are shown below in 

for the electric and magnetic fields in matter [37]: 

Gauss’s Law for electricity: 𝜵 ∙ 𝑬(𝒓, 𝑡) =
𝜌

𝜖
, (2-5) 

Gauss’s Law for magnetism: 𝜵 ∙ 𝑩(𝒓, 𝑡) = 0, (2-6) 

Faraday’s Law: 𝜵× 𝑬(𝒓, 𝑡) = −
𝜕𝑩(𝒓, 𝑡)

𝜕𝑡
, (2-7) 

Ampère’s Law with Maxwell’s Correction: 𝜵×𝑩(𝒓, 𝑡) = 𝜇𝑱(𝒓, 𝑡) + 𝜇𝜖
𝜕𝑬(𝒓, 𝑡)

𝜕𝑡
. (2-8) 

In (2-5) through (2-8), 𝜌 is the source free charge density, 𝜖 and 𝜇 are the permittivity and 

permeability of the medium, respectively, and 𝑱 is the volumetric free current density [37].  

To solve any type of electromagnetic problem requires knowing both the electric and magnetic 

fields, 𝑬 and 𝑩, respectively. This can be simplified by solving for the magnetic vector potential, 𝑨, 

[37] 

𝑩 = 𝛁×𝑨. (2-9) 

For a vector to be unique, it must have a well-defined curl and divergence. The curl of the 

magnetic vector potential is given in (2-9). The divergence of 𝑨 can be defined as according to 

several gauge functions as most convenient for problem at hand [19]. Thus, the divergence of the 

magnetic vector potential used throughout this work will be defined using the Coulomb gauge 
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[37][19] as it provides the most convenient solution for the problems studied in this thesis. The 

Coulomb gauge provides 

𝛁 ∙ 𝑨 = 0. (2-10) 

Equation (2-9) shows how the magnetic field is defined by the magnetic vector potential, but the 

electric field still needs to be defined. The electric field can be defined by the electric scalar 

potential 𝑉𝑒 and the magnetic vector potential as 

𝑬 = −𝜵𝑉𝑒 −
𝜕𝑨

𝜕𝑡
. (2-11) 

Since there are moving charges and no build-up of any static charge density within the medium, 

the electric scalar potential term in (2-11) would be zero. To solve for the magnetic vector potential 

for an eddy current problem, the magnetic vector potential can be substituted into Ampère’s law to 

setup a partial differential equation 

𝛁×(𝛁×𝑨) = 𝜇𝑱 − 𝜇𝜖
𝜕2𝑨

𝜕𝑡2
. (2-12) 

The volumetric free current density in Ohmic materials can also be represented by the electric 

field using Ohm’s law [37], which can then be represented by the magnetic vector potential, 

𝑱 = 𝜎𝑬 = −𝜎
𝜕𝑨

𝜕𝑡
, (2-13) 

where 𝜎 is the electrical conductivity of the material. 

Equation (2-13) can now be substituted into equation (2-12) to change the volumetric free current 

density into a representation using only the magnetic vector potential 

𝛁×(𝛁×𝑨) = −𝜇𝜎
𝜕𝑨

𝜕𝑡
− 𝜇𝜖

𝜕2𝑨

𝜕𝑡2
. (2-14) 

The double curl on the left-hand side of (2-14) can be simplified where 𝛁2𝒇 is known as the 

vector Laplacian  

𝛁×(𝛁×𝒇) = 𝛁(𝛁 ∙ 𝒇) − 𝛁2𝒇. (2-15) 
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Substituting the magnetic vector potential into (2-15) and applying the Coulomb gauge, the 

second term in (2-15) vanishes. Applying this result (2-14) can now be expressed as 

−𝛁2𝑨 = −𝜇𝜎
𝜕𝑨

𝜕𝑡
− 𝜇𝜖

𝜕2𝑨

𝜕𝑡2
. (2-16) 

The analytical models shown in this thesis will focus on time-harmonic excitations, therefore 

inducing time-harmonic fields and eddy currents. A Fourier transform can be applied to (2-16) to 

convert the magnetic vector potential into frequency domain.  

𝓕{−𝛁2𝑨 = −𝜇𝜎
𝜕𝑨

𝜕𝑡
− 𝜇𝜖

𝜕2𝑨

𝜕𝑡2
} 

→ −𝛁2�̃� = 𝜇𝜎(𝑖𝜔�̃�) + 𝜇𝜖(𝜔2�̃�). 

(2-17) 

The (∽) over the terms in (2-17) refer to these terms now being a function of frequency, 𝜔, rather 

than time, 𝑡. For the low frequencies used here, the 𝑖𝜔𝜇𝜎�̃� is much larger than the 𝜇𝜖𝜔2�̃� term in 

(2-17), thus the latter term can be neglected. This is known as the quasi-static approximation and 

is valid for when 

𝜎

𝜖
≫ 𝜔, (2-18) 

and for the range of conductivities considered here this condition is satisfied for frequencies 

< 1 MHz [19]. Therefore, (2-17) simplifies to 

𝛁2�̃� = 𝑖𝜔𝜇𝜎�̃�. (2-19) 

Equation (2-19) can be solved to determine the magnetic vector potential, but due to the vector 

Laplacian, this is not simple. Equation (2-19) is useful for eddy current problems that involve 

symmetry in the eddy currents, but due to the geometry of the concentric tube model, this is not the 

case. The expansion of (2-19) shows the magnetic vector potential separated into its vector 

components in the cylindrical coordinate system of the concentric tubes. 
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= 𝑖𝜔𝜇𝜎(

�̃�𝜌

�̃�𝜙

�̃�𝑧

), (2-20) 

The complication of solving (2-19) are the last terms in the 𝜌 and 𝜙 equations in (2-20), which 

couple the 𝜌 and 𝜙 differential equations. 

Eddy current problems with complicated geometries can be solved using the Second Order 

Vector Potential (SOVP), 𝑾, defined as the curl of the magnetic vector potential [23][26] 

𝑩(𝒓, 𝑡) = 𝛁×𝑨(𝒓, 𝑡) = 𝛁×(𝛁×𝑾(𝒓, 𝑡)). (2-21) 

The SOVP is defined by two scalar functions 𝑊𝑎 and 𝑊𝑏 [23][26] 

𝑾 = 𝑊𝑎𝒆𝒛 + 𝒆𝒛×𝛁𝑊𝑏. (2-22) 

The vector identity  

𝛁 ∙ (𝑨×𝑩) = 𝑩 ∙ (𝛁×𝑨) − 𝑨 ∙ (𝛁×𝑩), (2-23) 

can used to solve for the divergence of 𝑾, where 𝑨 and 𝑩 are two arbitrary vectors [37] 

𝛁 ∙ 𝑾 = 𝛁 ∙ (𝑊𝑎𝒆𝒛 + 𝒆𝒛×𝛁𝑊𝑏), 

𝛁 ∙ 𝑾 = 𝛁 ∙ 𝑊𝑎𝒆𝒛 + 𝛁 ∙ (𝒆𝒛×𝛁𝑊𝑏), 

𝛁 ∙ 𝑾 =
𝜕𝑊𝑎
𝜕𝑧

+ 𝛁𝑊𝑏 ∙ (𝛁×𝒆𝒛) − 𝒆𝒛 ∙ (𝛁×𝛁𝑊𝑏) = 0. 

(2-24) 

The SOVP can be Fourier transformed as the excitations considered here are time-harmonic 

ℱ[𝑾 = 𝑊𝑎𝒆𝒛 + 𝒆𝒛×𝛁𝑊𝑏] 

→ �̃� = 𝑊�̃�𝒆𝒛 + 𝒆𝒛×𝛁𝑊�̃� . 
(2-25) 

The scalar components of �̃�, 𝑊�̃� and 𝑊�̃�, both satisfy Helmholtz’s equations where 𝑘2 =

−𝑖𝜔𝜇𝜎 [23][26]. 

∇2𝑊�̃� + 𝑘
2𝑊�̃� = 0          𝑗 = 𝑎, 𝑏. (2-26) 
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The SOVP can be determined by solving the scalar differential equations from (2-26). The 

magnetic field �̃� can be expressed in terms of the scalar functions 𝑊�̃� and 𝑊�̃� where �̃� has been 

separated into its cylindrical coordinate components [23][26]  

𝐵�̃� =
𝜕2𝑊�̃�
𝜕𝑧𝜕𝜌

−
𝑘2

𝜌

𝜕𝑊�̃�
𝜕𝜙

, (2-27) 

𝐵�̃� =
1

𝜌

𝜕2𝑊�̃�
𝜕𝑧𝜕𝜙

+ 𝑘2
𝜕𝑊�̃�
𝜕𝜌

, 
(2-28) 

𝐵�̃� =
𝜕2𝑊�̃�
𝜕𝑧2

+ 𝑘2𝑊�̃� . 
(2-29) 

The magnetic field �̃� can more compactly be expressed by 

�̃� = 𝜵(
𝜕𝑊𝑎
𝜕𝑧
) + 𝑘2(𝑊𝑎𝒆𝒛 + 𝒆𝒛×𝛁𝑊𝑏). (2-30) 

2.2.2 Faraday’s Law and Eddy Currents 

As mentioned previously, in non-destructive testing, a drive coil is excited using a time-harmonic 

voltage, which generates time-harmonic magnetic fields. This will induce an electromotive force 

(emf), 휀, and eddy currents in nearby conducting media. It is easiest to first consider a single current 

loop of infinitesimal thickness with some time-harmonic current through it. Using Faraday’s Law 

of electromagnetic induction, the emf from a single current loop can be defined by applying Stokes’ 

theorem to  (2-7) [37] [38] 

휀 = ∮𝑬 ∙ 𝑑𝒍 = −∫
𝜕𝑩

𝜕𝑡
∙ 𝑑𝒂 = −

𝑑Φ

𝑑𝑡
. (2-31) 

In (2-31), 𝑑𝒍 is the closed path around the source of the electric field, in this case the current 

loop, and 𝑑𝒂 is the area enclosed by the current loop with its vector direction normal to the loop. 

The magnetic flux is defined to be Φ, which is why 𝑩 is also known as the magnetic flux density. 

The negative sign in (2-31) is to show that the magnetic field produced by the induced currents are 

in a direction such that they oppose the change in magnetic field that induced them in the first place, 

and this is known as Lenz’s Law [37]. Therefore, from (2-31), the magnetic flux can be defined as 
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Φ = ∫𝑩 ∙ 𝑑𝒂. (2-32) 

The change in magnetic flux is the property which induces the production of eddy currents 

according to Faraday’s Law. If a material is naturally in a state of zero magnetic flux, it will try to 

retain this state if it is disturbed. The best explanation of this is in Griffiths where he states “nature 

abhors a change in flux” according to Lenz’s Law [37]. This is seen by the negative time-derivative 

of the magnetic flux in (2-31).  

Equation (2-31) is responsible for both the coupling of conductive material in eddy current 

testing and the change of a coil’s impedance in the presence of a magnetic field. This change in 

impedance can be measured and can be used to describe the properties of the conductive media 

with which it is interacting. The strength of this coupling greatly depends on how far the eddy 

currents penetrate the material, but this can be complex depending on the number of conductive 

components and their geometry, and this chapter attempts to describe this in depth. A simple 

estimation of this penetration, usually used to get a first order approximation of the strength of the 

eddy currents, is the skin depth 𝛿. The skin depth of eddy currents into some planar conductive 

medium is given by [37].  

𝛿 = √
2

𝜔𝜇𝜎
. (2-33) 

Using (2-33) to determine the skin-depth for the concentric geometry will be an over-estimation 

of the actual depth of penetration into the material. Due to the circular coil geometry, the source 

currents will not be purely tangential to the curved surface and there will be other vector 

components. Equation (2-33) assumes that the source currents are purely tangential to the surface. 

Figure 2-1 shows the skin depth in a curved surface due to the excitation of a drive coil.  
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Figure 2-1: The skin depth and eddy current distribution (arrows) from the excitation of a 

drive coil (grey) on a curved surface.  

2.3 Electromagnetic Coupling – Induction 

The change in the receive coil’s impedance is caused by the coupling between the drive and 

receive coils, as well as the conductive target, which originate from different induction terms. The 

omission of induction terms is what results in the inaccuracies in Dodd and Deeds solutions 

[18][19] compared to the Desjardins et al. model [14][22]. To determine the induction terms, it is 

first necessary to understand the different ways the coils can interact. The interaction between the 

drive and receive coils, ignoring any conductive target medium, will result in the normal self and 

mutual inductances 𝐿 and 𝑀, respectively. The second type of inductances are known as the lossy 

[14][22] self and mutual inductances ℒ and ℳ, respectively, which take into account the presence 

of the conductive target material. Figure 2-2 below shows the inductive terms due to the different 

interactions for both the Dodd and Deeds solutions [18][19] and Desjardins et al. model [14][22].  
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Figure 2-2: The Induction terms for a drive and receive coil system with a double concentric 

tube conductive target when using a) Dodd and Deeds solutions, and b) Desjardins et al. 

model.  

The current through the drive and receive coils can be determined using Kirchhoff’s voltage law, 

which is then used to determine the induced voltage in the receive coil. Figure 2-3 shows the circuit 

for the drive and receive coils, where the coils are separated into their resistive and inductive 

components and the subscripts D and R refer to the drive and receive coils, respectively.  

 

Figure 2-3: Circuit diagram for the drive and receive coils. The resistive and inductive 

components of the coils are separated into circuit equivalent resistors and inductors. 
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As shown in The current through the receive coil can be determined by 

𝐼2 = 𝑖𝜔𝑀𝑇𝑉 ∗
1

𝐿1𝐿2𝜔
2 − 𝑖𝜔𝐿1𝑅2 − 𝑖𝜔𝐿2𝑅1 −𝑀

2𝜔2 − 𝑅1𝑅2
 (2-34) 

where the inductance and resistance terms can be expanded by 

𝐿1 = 𝐿𝐷 + ℒ𝐷 , (2-35) 

𝐿2 = 𝐿𝑅 + ℒ𝑅 , (2-36) 

𝑀𝑇 = 𝑀 +ℳ, (2-37) 

𝑅1 = 𝑅𝑖𝑛 + 𝑅𝐷 , (2-38) 

𝑅2 = 𝑅𝑜𝑢𝑡 + 𝑅𝑅 . (2-39) 

The voltage response is found by determining the voltage across the output resistor, Rout. The 

voltage across Rout can be calculated using 

𝑉𝑅 = −𝐼2𝑅𝑜𝑢𝑡. (2-40) 

Equation (2-34) shows clearly that the normal and lossy inductances, as well as the resistance of 

each coil are necessary to determine the current through the receive coil, and thus the voltage 

response. The resistance of the drive and receive coil can be determined by  

𝑅𝐷 =
4𝑁𝐷(𝑂𝑅𝐷

2 − 𝐼𝑅𝐷
2)

𝜎𝐶𝑢𝐷𝐷
2(𝑂𝑅𝐷 − 𝐼𝑅𝐷)

 (2-41) 

𝑅𝑅 =
4𝑁𝑅(𝑂𝑅𝑅

2 − 𝐼𝑅𝑅
2)

𝜎𝐶𝑢𝐷𝑅
2(𝑂𝑅𝑅 − 𝐼𝑅𝑅)

, 
(2-42) 

where 𝑅𝐷 and 𝑅𝑅 are the resistances of the drive and receive coils, respectively. The conductivity 

of the copper wire is given by 𝜎𝐶𝑢 and the diameter of the wire is given by 𝐷 [37]. 

2.4 Normal Inductances 

The normal inductances depend only on the geometry and orientations of the coils in air. This 

means it is irrelevant if the coils are used in a flat-plate or concentric model. Consider a single 
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current loop of radius 𝑎 centered on the z-axis at some point 𝑧′ made by an infinitesimally thin 

wire, as shown in Figure 2-4.  

 

Figure 2-4: The coordinate system of the current centered on the along the z-axis at 𝒛′ and 

having radius 𝒂. 

The magnetic vector potential at some point P generated by this current loop is given by the 

Biot-Savart law 

𝑨𝑖(𝒓, 𝑡) =
𝜇0𝐼

4𝜋
∮

𝑑𝒓′

|𝒓 − 𝒓′|
, (2-43) 

where 𝐼 is the current, 𝒓 is the vector to some arbitrary point P from the origin, and 𝒓′ is the vector 

to the source point. The integral is performed over all source points. 

Based on the azimuthal symmetry of the current loop from Figure 2-4, the magnetic vector 

potential can be expressed as(2-44)  

𝑨𝒊(𝒓, 𝑡) =
𝜇0𝐼

4𝜋
∫

𝑎 𝑑𝜙′

√𝑎2 + 𝜌2 + (𝑧 − 𝑧′)2 − 2𝑎𝜌 cos (𝜙′ − 𝜙)

2𝜋

0

. (2-44) 

Since the current loop is centered on the z-axis, the current loop can be considered axisymmetric. 

Due to this symmetry, (2-44) will be the same for any 𝜙, so let 𝜙 = 0 in (2-44) for convenience. 

Equation (2-44) can be expressed in terms of first order Bessel functions of the first kind [39] 
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𝑨𝒊(𝜌, 𝑧, 𝑡) =
𝜇0𝐼

2
∗ ∫ 𝑎𝐽1(𝛾𝑎)𝐽1(𝛾𝜌)𝑒

−𝛾|𝑧−𝑧′| 𝑑𝛾
∞

0

. (2-45) 

To determine the magnetic vector potential of a physical coil, 𝑨𝑪, consider a coil of outer and 

inner radius Ro and Ri, respectively, height H, and number of turns N. Let this coil be located 

between 𝑧1 and 𝑧1 +𝐻 along the z-axis. The magnetic vector potential of this physical coil can be 

seen in (2-46). A Dirac-delta function also substitutes the current [21] 

𝑨𝑪(𝜌, 𝑧, 𝑡) =
𝛿(𝑡)𝜇0𝑁

2𝐻(𝑅𝑜 − 𝑅𝑖)
∫ ∫ ∫ 𝑑𝛾𝑑𝑧′𝑑𝑎 ∗ 𝑎𝐽1(𝛾𝑎)𝐽1(𝛾𝜌)𝑒

−𝛾|𝑧−𝑧′|
∞

0

𝑧1+𝐻

𝑧1

.
𝑅𝑜

𝑅𝑖

 (2-46) 

A Fourier Transform can be applied to (2-46) to consider the response of the coil in its frequency 

domain 

𝑨�̃�(𝜌, 𝑧) =
𝜇0𝑁

2𝐻(𝑅𝑜 − 𝑅𝑖)
∫ ∫ ∫ 𝑑𝛾𝑑𝑧′𝑑𝑎 ∗ 𝑎𝐽1(𝛾𝑎)𝐽1(𝛾𝜌)𝑒

−𝛾|𝑧−𝑧′|
∞

0

𝑧1+𝐻

𝑧1

.
𝑅𝑜

𝑅𝑖

 (2-47) 

The parameters of the drive and receive coils can now be substituted into (2-47) to determine the 

magnetic vector potential of the coils used with the gap probe. Consider two coils separated a 

distance 𝑝 from their centers. Let the drive coil have an inner and outer radii IRD and ORD, 

respectively, and the receive coil have an inner and outer radii IRR and ORR, respectively. Let the 

drive and receive coils have heights HD and HR, respectively, and have number of turns ND and NR, 

respectively. Figure 2-5 shows the drive and receive coil configuration. Figure 2-5 is not to scale.  
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Figure 2-5: Sketch of the drive and receive coil configuration from a top-down view. The 

inner and outer radii of the drive coil are given by IRD and ORD, respectively. The inner 

and outer radii of the receive coil are given by IRR and ORR, respectively. The offset 

between the centers of the drive and receive coil is given by p.  

The magnetic vector potentials generated by the drive and receive coils can be expressed in air 

as 𝑨�̃�, and 𝑨�̃�, respectively 

𝑨�̃�(𝜌, 𝑧) =
𝜇0𝑁𝐷

2𝐻𝐷(𝑂𝑅𝐷 − 𝐼𝑅𝐷)
∗ ∫ ∫ ∫ 𝑑𝛾𝑑𝑧′𝑑𝑎 ∗ 𝑎𝐽1(𝛾𝑎)𝐽1(𝛾𝜌)𝑒

−𝛾|𝑧−𝑧′|,
∞

0

𝑧1+𝐻𝐷

𝑧1

𝑂𝑅𝐷

𝐼𝑅𝐷

 (2-48) 

𝑨�̃�(𝜌, 𝑧) =
𝜇0𝑁𝑅

2𝐻𝑅(𝑂𝑅𝑅 − 𝐼𝑅𝑅)
∗ ∫ ∫ ∫ 𝑑𝛾𝑑𝑧′𝑑𝑎 ∗ 𝑎𝐽1(𝛾𝑎)𝐽1(𝛾𝜌)𝑒

−𝛾|𝑧−𝑧′|.
∞

0

𝑧1+𝐻𝑅

𝑧1

𝑂𝑅𝑅

𝐼𝑅𝑅

 
(2-49) 

The normal self-inductances of the drive and receive coils, 𝐿𝐷 and 𝐿𝑅, respectively, and the 

mutual inductance, 𝑀 can be determined from 

𝐿𝐷 =
2𝜋𝑁𝐷

𝐻𝐷(𝑂𝑅𝐷 − 𝐼𝑅𝐷)
 ∯ 𝜌𝑨𝑫(𝜌, 𝑧)

𝐶𝐷

 𝑑𝜌𝑑𝑧, (2-50) 

𝐿𝐶 =
2𝜋𝑁𝐶

𝐻𝐶(𝑂𝑅𝐶 − 𝐼𝑅𝐶)
 ∯ 𝜌𝑨𝑹(𝜌, 𝑧)

𝐶𝑅

 𝑑𝜌𝑑𝑧, (2-51) 

𝑀 =
2𝜋𝑁𝑅

𝐻𝑅(𝑂𝑅𝑅 − 𝐼𝑅𝑅)
 ∯ 𝜌𝑨𝑪(𝜌, 𝑧)

𝐶𝑅

𝑑𝜌𝑑𝑧 ∗ (�̂�𝜙
[𝑑𝑟𝑖𝑣𝑒] ∙ �̂�𝜙

[𝑐𝑙𝑜𝑠𝑒]), (2-52) 

OR
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where 𝐶𝐷 and 𝐶𝑅 refer to cross sectional areas of the drive and receive coils, respectively [21]. The 

dot product term in (2-52) is due to the separation between the drive and receive coils and can be 

expanded using Graf’s addition theorem [39]. The normal self-inductance of the drive and receive 

coils are given by 𝐿𝐷 and 𝐿𝑅, respectively, and the mutual inductance between the drive and receive 

coil is given by 𝑀 where aD and aR are the radial integration variable for the drive and receive coils, 

respectively 

𝐿𝐷 =
𝜇0𝜋𝑁𝐷

2

𝐻𝐷
2(𝑂𝑅𝐷 − 𝐼𝑅𝐷)

2
∫ ∫ 𝜌 𝑑𝜌𝑑𝑧

𝑧1+𝐻𝐷

𝑧1

𝑂𝑅𝐷

𝐼𝑅𝐷

∗ ∫ ∫ ∫ 𝑑𝛾𝑑𝑧′𝑑𝑎 ∗ 𝑎𝐽1(𝛾𝑎)𝐽1(𝛾𝜌)𝑒
−𝛾|𝑧−𝑧′|,

∞

0

𝑧1+𝐻𝐷

𝑧1

𝑂𝑅𝐷

𝐼𝑅𝐷

 

(2-53) 

𝐿𝑅 =
𝜇0𝜋𝑁𝑅

2

𝐻𝑅
2(𝑂𝑅𝑅 − 𝐼𝑅𝑅)

2
∫ ∫ 𝜌 𝑑𝜌𝑑𝑧

𝑧1+𝐻𝑅

𝑧1

𝑂𝑅𝑅

𝐼𝑅𝑅

∗ ∫ ∫ ∫ 𝑑𝛾𝑑𝑧′𝑑𝑎 ∗ 𝑎𝐽1(𝛾𝑎)𝐽1(𝛾𝜌)𝑒
−𝛾|𝑧−𝑧′|,

∞

0

𝑧1+𝐻𝑅

𝑧1

𝑂𝑅𝑅

𝐼𝑅𝑅

 

(2-54) 

𝑀 =
𝜇0𝜋𝑁𝑅𝑁𝐷

𝐻𝑅𝐻𝐷(𝑂𝑅𝐷 − 𝐼𝑅𝐷)(𝑂𝑅𝑅 − 𝐼𝑅𝑅)
∫ ∫ 𝑑𝑎𝑅𝑑𝑧

𝑧1+𝐻𝑅

𝑧1

𝑂𝑅𝑅

𝐼𝑅𝑅

∗ ∫ ∫ ∫ 𝑑𝛾𝑑𝑧′𝑑𝑎𝐷 𝑎𝑅𝑎𝐷 𝐽1(𝛾𝑎𝐷) ∗ 𝐽1(𝛾𝑎𝑅)𝐽0(𝛾𝑝)𝑒
−𝛾|𝑧−𝑧′|.

∞

0

𝑧1+𝐻𝐷

𝑧1

𝑂𝑅𝐷

𝐼𝑅𝐷

 

(2-55) 

2.5 Lossy Inductances 

The lossy self and mutual inductances for the drive and receive coils depend on the geometry 

and properties of the conductive target material. Therefore, it is necessary to solve for the SOVP 

based on the boundary value problem. Figure 2-6 shows a cross-sectional view of the concentric 

tube geometry that is used in the model. As shown in Figure 2-6, the concentric tube configuration 

can be broken up into 5 regions based on the inner and outer tube locations, where regions 5, 3 and 

1 are comprised of air, region 4 is the PT and region 2 is the CT.  
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Figure 2-6: Concentric tube geometry showing coordinates and physical parameters for 

different regions. The inner radii of the pressure tube (PT) and calandria tube (CT) are 

denoted by IRPT and IRCT, respectively. The outer radii of the PT and CT are denoted by 

ORPT and ORCT, respectively.  

 

The boundary value problem is based on matching the specific boundary conditions for the 

magnetic field �̃� at the interfaces between each region shown in Figure 2-6. Before these boundary 

conditions can be setup, it is first necessary to solve Helmholtz’s Equation for 𝑊�̃� and 𝑊�̃� in each 

region. The solutions for each necessary scalar component of the SOVP can be seen below where 

Im and Km are the modified Bessel functions of the first and second kind, respectively, of order m: 

𝑊𝑎1̃ = ∑ ∫ (𝐴 𝐾𝑚(𝜌|𝑛|)) 𝑒
𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛

∞

−∞

,

∞

𝑚=−∞

 (2-56) 

𝑊𝑎2̃ = ∑ ∫ [𝐷 𝐼𝑚 (𝜌√𝑛
2 − 𝑘𝐶𝑇

2 ) + 𝐸 𝐾𝑚 (𝜌√𝑛
2 − 𝑘𝐶𝑇

2 )] 𝑒𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛,
∞

−∞

∞

𝑚=−∞

 (2-57) 
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𝑊𝑏2̃ = ∑ ∫ [𝐹 𝐼𝑚 (𝜌√𝑛
2 − 𝑘𝐶𝑇

2 ) + 𝐺 𝐾𝑚 (𝜌√𝑛
2 − 𝑘𝐶𝑇

2 )] 𝑒𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛,
∞

−∞

∞

𝑚=−∞

 (2-58) 

𝑊𝑎3̃ = ∑ ∫ [𝐻 𝐼𝑚(𝜌|𝑛|) + 𝐽 𝐾𝑚(𝜌|𝑛|)]𝑒
𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛,

∞

−∞

∞

𝑚=−∞

 (2-59) 

𝑊𝑎4̃ = ∑ ∫ [𝐿 𝐼𝑚 (𝜌√𝑛
2 − 𝑘𝑃𝑇

2 ) +𝑀 𝐾𝑚 (𝜌√𝑛
2 − 𝑘𝑃𝑇

2 )] 𝑒𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛,
∞

−∞

∞

𝑚=−∞

 (2-60) 

𝑊𝑏4̃ = ∑ ∫ [𝑁 𝐼𝑚 (𝜌√𝑛
2 − 𝑘𝑃𝑇

2 ) + 𝑃 𝐾𝑚 (𝜌√𝑛
2 − 𝑘𝑃𝑇

2 )] 𝑒𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛,
∞

−∞

∞

𝑚=−∞

 (2-61) 

𝑊𝑎5̃ = ∑ ∫ [𝑄 𝐼𝑚(𝜌|𝑛|) + 𝐶𝑠 𝐾𝑚(𝜌|𝑛|)]𝑒
𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛.

∞

−∞

∞

𝑚=−∞

 (2-62) 

The subscript numbers in (2-56) to (2-62) refer to the regions of Figure 2-6, where 𝑘𝑃𝑇
2 =

−𝑖𝜔𝜇0𝜎𝑃𝑇 and 𝑘𝐶𝑇
2 = −𝑖𝜔𝜇0𝜎𝐶𝑇. It is worth noting that for the regions 1, 3, and 5 that consist of 

air there is no 𝑊𝑏 function as the magnetic field �̃� only depends on 𝑊𝑎 based on (2-27) to (2-29), 

as 𝑘2 = 0 due to 𝜎𝑎𝑖𝑟 = 0. 

The coefficients in front of each of the modified Bessel functions in (2-56) to (2-62) are the 

unknowns from integration that need to be determined by the boundary value problem, with the 

special exception of 𝐶𝑠 in (2-62). In the region the coil is located, the SOVP can expressed as a 

summation of the fields produced by the coil excitation in free space, 𝑊𝑐𝑠5 and by the induced eddy 

currents, 𝑊𝑒𝑐5 [26] 

𝑊𝑎5̃ = 𝑊𝑐𝑠5̃ +𝑊𝑒𝑐5̃. (2-63) 

𝑊𝑐𝑠5 and 𝑊𝑒𝑐5 can be expressed as 

𝑊𝑐𝑠5̃ = ∑ ∫ [𝐶𝑠 𝐾𝑚(𝜌|𝑛|)]𝑒
𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛

∞

−∞

∞

𝑚=−∞

 (2-64) 

𝑊𝑒𝑐5̃ = ∑ ∫ [𝑄 𝐼𝑚(𝜌|𝑛|)]𝑒
𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛.

∞

−∞

∞

𝑚=−∞

 
(2-65) 
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The substitution of (2-64) and (2-65) into (2-63) provides (2-62). The coefficient 𝐶𝑠 is known as 

the coil coefficient, which depends purely on the geometry of the coil, and 𝑄 is a coefficient from 

integration that is solved based on the boundary value problem. 

2.5.1 Coil Coefficient 

To solve for 𝐶𝑠, again consider a current loop of radius 𝑎 excited by a current 𝐼(𝑡). The magnetic 

field at some arbitrary point 𝑃 at 𝒓 = (𝜌, 𝜙, 𝑧′) caused by the current loop, 𝑩𝑪, can be determined 

using the Biot-Savart law 

𝑩𝑪 =
𝜇0𝐼(𝑡)

4𝜋
 ∇ × ∮

𝑑𝒓𝑪
|𝒓 − 𝒓𝑪|𝐶

 (2-66) 

where 𝐶 is the circumference around the current loop, 𝒓𝑪 is the vector (𝜌𝐶 , 𝜙𝐶 , 𝑧𝐶) to the current 

loop from the origin, and 𝑧′ = 𝑧 + 𝑑 where 𝑑 is some constant offset. Figure 2-7 shows a schematic 

of the coil of radius 𝑎 and the point 𝑃 at 𝒓, and the current loop around the coil 𝒓𝒄. 

 

Figure 2-7: Schematic for the coil geometry for the current loop 𝒓𝒄 and for the point 𝑷 at 𝒓. 
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Using Stokes’ Theorem [38], (2-66) can be converted into(2-67) 

𝑩𝑪 = −
𝜇0𝐼(𝑡)

4𝜋
 𝛻 [∬ 𝒏�̂� ∙ 𝛁𝑪 (

1

|𝒓 − 𝒓𝑪|
) 𝑑𝑆𝐶

𝑆𝐶

],  (2-67) 

where 𝒏�̂� is the unit vector normal to the current loop [24]. 

From Figure 2-6, the normal is in the 𝒆�̂� direction, and 𝑆𝐶 is the surface of the current loop in the 

normal direction. The 𝜵𝑪 term is the gradient based on the coil coordinates (𝜌𝐶 , 𝜙𝐶 , 𝑧𝐶). Comparing 

(2-67) to (2-30) and knowing that 𝑘2 = 0 for air, the scalar component for the SOVP for the coil 

excitation term is given by 

𝜕𝑊𝑐𝑠5
𝜕𝑧

= −
𝜇0𝐼(𝑡)

4𝜋
 ∬ 𝒆�̂� ∙ 𝛁𝑪 (

1

|𝒓 − 𝒓𝑪|
) 𝑑𝑆𝐶 .

𝑆𝐶

  (2-68) 

To isolate the 𝑊𝑐𝑠5 term (2-68) can be integrated with respect to 𝑧  

𝑊𝑐𝑠5 = −
𝜇0𝐼(𝑡)

4𝜋
 ∬ 𝒆�̂� ∙ 𝛁𝑪 (∫

𝑑𝑧

|𝒓 − 𝒓𝑪|
) 𝑑𝑆𝐶 .

𝑆𝐶

  (2-69) 

The 1 |𝒓 − 𝒓𝑪|⁄  term can be expressed as a modified Bessel function for 𝜌𝐶 < 𝜌 given by [40] 

1

|𝒓 − 𝒓𝑪|
=
1

𝜋
∑ ∫ 𝐼𝑚(𝜌𝐶|𝑛|) 𝐾𝑚(𝜌|𝑛|)𝑒

𝑖𝑛(𝑧′−𝑧𝐶)𝑒𝑖𝑚(𝜙−𝜙𝐶)
∞

−∞

𝑑𝑛.

∞

𝑚=−∞

   (2-70) 

Substituting (2-70) into (2-69) the scalar component of the SOVP can be expressed as 

𝑊𝑐𝑠5 = −
𝜇0𝐼(𝑡)

4𝜋2
∑ ∫ 𝐾𝑚(𝜌|𝑛|) 𝑒

𝑖𝑚𝜙
𝑒𝑖𝑛𝑧

𝑖𝑛
∬ 𝒆�̂�
𝑆𝐶

∞

−∞

∞

𝑚=−∞

∙ 𝛁𝑪[𝐼𝑚(𝜌𝐶|𝑛|) 𝑒
−𝑖𝑛𝑧𝐶𝑒−𝑖𝑚𝜙𝐶𝑒𝑖𝑛𝑑] 𝑑𝑆𝐶𝑑𝑛.   

(2-71) 

Comparing (2-71) to (2-64) the coil coefficient for a single current loop of infinitesimally thin 

wire, 𝐶𝐶, is 

𝐶𝐶 =
𝑖𝜇0𝐼(𝑡)

𝑛4𝜋2
 ∬ 𝒆�̂� ∙ 𝛁𝑪[𝐼𝑚(𝜌𝐶|𝑛|) 𝑒

−𝑖𝑛𝑧𝐶  𝑒−𝑖𝑚𝜙𝐶  𝑒𝑖𝑛𝑑]𝑑𝑆𝐶 .
𝑆𝐶

 (2-72) 

The dot product in (2-72) is in Cartesian coordinates, therefore let 𝜌𝐶 = √𝑥𝐶
2 + 𝑦𝐶

2 and 𝜙𝐶 =

tan−1(𝑦𝑐 𝑥𝑐⁄ ) for convenience. For the coil coefficient of a physical coil, 𝐶𝑆, let 𝑅𝑖 and 𝑅0 be the 
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inner and outer radii, respectively, let 𝐻 be the height of the coil, let 𝑁 be the number of turns, and 

have the coil centered at 𝑥1 and 𝑥1 +𝐻 along the x-axis. The gradient term in (2-72) is not 

expanded, since only the 𝑥 is kept due to the dot product, and (2-72) is integrated with respect to 𝑥 

at a later point for the height of the coil. Since (2-72) is integrated and has its derivative taken with 

respect to 𝑥 based on the Fundamental Theorem of Calculus, this is equivalent to subtracting the 

function at the bounds of the integral [41] 

𝐶𝑆 =
𝑖𝜇0𝐼(𝑡)𝑁

2𝑛𝜋2(𝑅𝑜 − 𝑅𝑖)𝐻
∫ ∫ 𝑑𝑎 𝑑𝑥𝐶

𝑅𝑜

𝑅𝑖

𝑥1+𝐻

𝑥1

∗ ∫ ∫ 𝑑𝑦𝐶  𝑑𝑧𝐶
𝜕

 𝜕𝑥𝐶
[𝐼𝑚 (|𝑛|√𝑥𝐶

2 + 𝑦𝐶
2)𝑒−𝑖𝑛𝑧𝐶  𝑒

−𝑖𝑚arctan(
𝑦𝐶
𝑥𝐶
) 
] 𝑒𝑖𝑛𝑑.

√𝑎2−𝑧𝐶
2

−√𝑎2−𝑧𝐶
2

𝑎

0

 

(2-73) 

The coil coefficient of the drive and receive coils can be found by changing the coil dimensions 

in (2-73) to the coil parameters of the specific coil. Equation (2-73) is also Fourier transformed so 

that the coil coefficients for the drive and receive coils are in their frequency representation.  The 

coil coefficients for the drive and receive coils are 𝐶𝑆,�̃� and 𝐶𝑆,�̃�, respectively 

𝐶𝑆,�̃� =
𝑖𝜇0𝐼(𝜔)𝑁𝐷

2𝑛𝜋2(𝑂𝑅𝐷 − 𝐼𝑅𝐷)𝐻𝐷
∫ ∫ ∫ 𝑑𝑦𝐶  𝑑𝑧𝐶

√𝑎2−𝑧𝐶
2

−√𝑎2−𝑧𝐶
2

𝑎

0

𝑂𝑅𝐷

𝐼𝑅𝐷

∗ 𝑑𝑟𝐶(𝐹𝑆(𝐼𝑅𝑃𝑇 − 𝐿𝑂 − 𝐻𝐷, 𝑦𝐶 , 𝑧𝐶) − 𝐹𝑆(𝐼𝑅𝐼𝑇 − 𝐿𝑂, 𝑦𝐶 , 𝑧𝐶))𝑒
𝑖𝑛𝑑, 

(2-74) 

𝐶𝑆,�̃� =
𝑖𝜇0𝐼(𝜔)𝑁𝑅

2𝑛𝜋2(𝑂𝑅𝑅 − 𝐼𝑅𝑅)𝐻𝑅
∫ ∫ ∫ 𝑑𝑦𝐶  𝑑𝑧𝐶

√𝑎2−𝑧𝐶
2

−√𝑎2−𝑧𝐶
2

𝑎

0

𝑂𝑅𝑅

𝐼𝑅𝑅

∗ 𝑑𝑟𝐶(𝐹𝑆(𝐼𝑅𝑃𝑇 − 𝐿𝑂 − 𝐻𝑅 , 𝑦𝐶 , 𝑧𝐶) − 𝐹𝑆(𝐼𝑅𝐼𝑇 − 𝐿𝑂, 𝑦𝐶 , 𝑧𝐶))𝑒
𝑖𝑛𝑑 , 

(2-75) 

𝐹𝑆(𝑥𝐶 , 𝑦𝐶 , 𝑧𝐶) = 𝐼𝑚 (|𝑛|√𝑥𝐶
2 + 𝑦𝐶

2)𝑒−𝑖𝑛𝑧𝐶𝑒
−𝑖𝑚arctan(

𝑦𝐶
𝑥𝐶
) 
. (2-76) 
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The subscript D and R correspond to the drive and receive coils, respectively. The coil 

configuration shown in Figure 2-6 shows that 𝑥1 = 𝐼𝑅𝑃𝑇 − 𝐿𝑂. 

2.5.2 Boundary Value Solution 

The boundary value problem can be setup by considering the boundary conditions for a magnetic 

field at the interface for each region in Figure 2-6. These boundary conditions are necessary to 

solve for the unknown coefficients in (2-56) to (2-62). The boundary conditions for a magnetic 

field  𝑩 at the interface between two regions 𝛼 and 𝛽 are given by  

𝒏𝜶�̂� ∙ (𝑩�̃� −𝑩�̃�) = 0, (2-77) 

𝒏𝜶�̂�×(𝑩�̃� −𝑩�̃�) = 0, (2-78) 

for the normal and tangential components, respectively, when no surface current is present [37]. 

The boundary conditions are further simplified since the PT and CT in Figure 2-6 are non-magnetic. 

The normal vector 𝒏𝜶�̂� in (2-77) and (2-78) refers to the normal vector pointing from region 𝛼 to 𝛽. 

Since the excitations considered are time-harmonic the magnetic fields in (2-77) and (2-78) are 

represented in their Fourier transformed space. This is necessary as these are solved using the 

SOVP scalar components, which are solved for by using Helmholtz’s equation after they are 

Fourier transformed. 

The 𝒏𝜶�̂� term in (2-77) and (2-78) can be seen to be in the 𝒆�̂� direction from Figure 2-6. The 

boundary conditions (2-77) and (2-78) can be applied at the interface between the regions in Figure 

2-6 at the fixed radius. The boundary conditions at each interface are given by: 

𝜕2𝑊𝑎2̃
𝜕𝑧𝜕𝜌

−
𝑘𝑂𝑇
2

𝜌

𝜕𝑊𝑏2̃
𝜕𝜙

=
𝜕2𝑊𝑎1̃

𝜕𝑧𝜕𝜌
;      𝜌 = 𝑂𝑅𝐶𝑇 , (2-79) 

1

𝜌

𝜕2𝑊𝑎2̃
𝜕𝑧𝜕𝜙

+ 𝑘𝑂𝑇
2
𝜕𝑊𝑏2̃
𝜕𝜌

=
1

𝜌

𝜕2𝑊𝑎1̃
𝜕𝑧𝜕𝜙

;      𝜌 = 𝑂𝑅𝐶𝑇 , (2-80) 

𝜕2𝑊𝑎2̃

𝜕𝑧2
+ 𝑘𝑂𝑇

2  𝑊𝑎2̃ =
𝜕2𝑊𝑎1̃

𝜕𝑧2
;      𝜌 = 𝑂𝑅𝐶𝑇 , (2-81) 
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𝜕2𝑊𝑎2̃

𝜕𝑧𝜕𝜌
−
𝑘𝑂𝑇
2

𝜌

𝜕𝑊𝑏2̃
𝜕𝜙

=
𝜕2𝑊𝑎3̃

𝜕𝑧𝜕𝜌
;      𝜌 = 𝐼𝑅𝐶𝑇 , (2-82) 

1

𝜌

𝜕2𝑊𝑎2̃

𝜕𝑧𝜕𝜙
+ 𝑘𝑂𝑇

2
𝜕𝑊𝑏2̃
𝜕𝜌

=
1

𝜌

𝜕2𝑊𝑎3̃

𝜕𝑧𝜕𝜙
;      𝜌 = 𝐼𝑅𝐶𝑇 , (2-83) 

𝜕2𝑊𝑎2̃
𝜕𝑧2

+ 𝑘𝑂𝑇
2  𝑊𝑎2̌ =

𝜕2𝑊𝑎3̃
𝜕𝑧2

;      𝜌 = 𝐼𝑅𝐶𝑇, (2-84) 

𝜕2𝑊𝑎4̃
𝜕𝑧𝜕𝜌

−
𝑘𝐼𝑇
2

𝜌

𝜕𝑊𝑏4̃
𝜕𝜙

=
𝜕2𝑊𝑎3̃
𝜕𝑧𝜕𝜌

;      𝜌 = 𝑂𝑅𝑃𝑇 , (2-85) 

1

𝜌

𝜕2𝑊𝑎4̃
𝜕𝑧𝜕𝜙

+ 𝑘𝐼𝑇
2
𝜕𝑊𝑏4̃
𝜕𝜌

=
1

𝜌

𝜕2𝑊𝑎3̃

𝜕𝑧𝜕𝜙
;      𝜌 = 𝑂𝑅𝑃𝑇 , (2-86) 

𝜕2𝑊𝑎4̃

𝜕𝑧2
+ 𝑘𝐼𝑇

2  𝑊𝑎4̃ =
𝜕2𝑊𝑎3̃

𝜕𝑧2
;      𝜌 = 𝑂𝑅𝑃𝑇 , (2-87) 

𝜕2𝑊𝑎4̃

𝜕𝑧𝜕𝜌
−
𝑘𝐼𝑇
2

𝜌

𝜕𝑊𝑏4̃
𝜕𝜙

=
𝜕2𝑊𝑎5̃

𝜕𝑧𝜕𝜌
;      𝜌 = 𝐼𝑅𝑃𝑇 , (2-88) 

1

𝜌

𝜕2𝑊𝑎4̃

𝜕𝑧𝜕𝜙
+ 𝑘𝐼𝑇

2
𝜕𝑊𝑏4̃
𝜕𝜌

=
1

𝜌

𝜕2𝑊𝑎5̃
𝜕𝑧𝜕𝜙

;      𝜌 = 𝐼𝑅𝑃𝑇 , (2-89) 

𝜕2𝑊𝑎4̃
𝜕𝑧2

+ 𝑘𝐼𝑇
2  𝑊𝑎4̃ =

𝜕2𝑊𝑎5̃

𝜕𝑧2
;      𝜌 = 𝐼𝑅𝑃𝑇 , (2-90) 

𝜕2𝑊𝑎2̃
𝜕𝑧𝜕𝜌

−
𝑘𝐶𝑇
2

𝜌

𝜕𝑊𝑏2̃
𝜕𝜙

=
𝜕2𝑊𝑎1̃

𝜕𝑧𝜕𝜌
;      𝜌 = 𝑂𝑅𝑂𝑇 , (2-91) 

1

𝜌

𝜕2𝑊𝑎2̃
𝜕𝑧𝜕𝜙

+ 𝑘𝐶𝑇
2
𝜕𝑊𝑏2̃
𝜕𝜌

=
1

𝜌

𝜕2𝑊𝑎1̃

𝜕𝑧𝜕𝜙
;      𝜌 = 𝑂𝑅𝑂𝑇 , (2-92) 

𝜕2𝑊𝑎2̃

𝜕𝑧2
+ 𝑘𝐶𝑇

2  𝑊𝑎2̃ =
𝜕2𝑊𝑎1̃
𝜕𝑧2

;      𝜌 = 𝑂𝑅𝑂𝑇 . (2-93) 

A 12-by-12 matrix can be setup using (2-79) to (2-93) and the unknown coefficients in (2-56) to 

(2-62) can be solved. Since the excitation used is time-harmonic, the boundary conditions will be 

based on the SOVP scalar components in their frequency domain representation. 

The lossy self and mutual inductances can be found by considering the impedance change due to 

the eddy current response 
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𝛥𝑍 =
1

𝜇0𝐼(𝑡)
2
∯ (−𝒆�̂�) ∙ (𝑬𝑺×𝑩𝟎 −𝑬𝟎×𝑩𝑺)𝜌 𝑑𝜙 𝑑𝑧, (2-94) 

where 𝑬𝑺 and 𝑩𝑺 are the electric and magnetic fields due to a coil excitation in air without any 

conductive target, respectively [26][42]. The terms 𝑬𝟎 and 𝑩𝟎 in (2-94) refer to the electric and 

magnetic fields, respectively, in region 5 from Figure 2-6 [26][42]. The magnetic fields 𝑩𝟎 and 𝑩𝑺 

can be determined from (2-30), with 𝑘2 = 0 for air, and recognizing that 𝑩𝟎 and 𝑩𝑺 would be 

comprised of 𝑊𝑐𝑠5 and 𝑊𝑒𝑐5, respectively. Therefore, 𝑩𝟎 and 𝑩𝑺 can be expanded as 

𝑩𝟎 = 𝜵(
𝜕𝑊𝑐𝑠5
𝜕𝑧

), (2-95) 

𝑩𝐒 = 𝜵(
𝜕𝑊𝑒𝑐5
𝜕𝑧

). (2-96) 

The electric field terms 𝑬𝟎 and 𝑬𝑺 can be solved by multiplying the dot-product into the 

bracketed terms in (2-94). Considering the first terms, with 𝑬𝑺 and 𝑩𝟎, these can be expanded by 

−𝒆�̂� ∙ (𝑬𝑺×𝑩𝟎) = 𝒆𝝆 ∙ (𝑩𝟎×𝑬𝑺) = 𝒆𝝆 ∙ (𝜵 (
𝜕𝑊𝑐𝑠5
𝜕𝑧

)×𝑬𝑺).  (2-97) 

The vector identity  

𝜵(𝜓)×𝚵 = 𝜵×(𝜓𝚵) − 𝜓(𝜵×𝚵), (2-98) 

of some scalar function 𝜓 and some vector function 𝚵 [37], (2-97) can be expanded as 

𝒆�̂� ∙ (𝜵 (
𝜕𝑊𝑐𝑠5
𝜕𝑧

)×𝑬𝑺) = 𝒆�̂� ∙ [𝜵×(
𝜕𝑊𝑐𝑠5
𝜕𝑧

 𝑬𝑺) −
𝜕𝑊𝑐𝑠5
𝜕𝑧

(𝜵×𝑬𝑺)]. (2-99) 

The second term in (2-99) can be expanded using Faraday’s Law (2-7). The divergence theorem 

can be applied to the first term in (2-99), since 𝒆�̂� is in the normal direction. This would convert 

the surface integral in (2-94) to a volume integral, where the integrand is the divergence of a curl, 

which equates to zero [26][37]. Therefore, (2-99) can be simplified and due to the gradient term, 

only the 𝒆�̂� component is from the 𝑩𝑺 term as seen in 
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𝒆�̂� ∙ [𝜵×(
𝜕𝑊𝑐𝑠5
𝜕𝑧

 𝑬𝑺) −
𝜕𝑊𝑐𝑠5
𝜕𝑧

(𝜵×𝑬𝑺)] = 𝒆𝝆 ∙ −
𝜕𝑊𝑐𝑠5
𝜕𝑧

(−
𝜕𝑩𝑺
𝜕𝑡
)

= 𝒆�̂� ∙
𝜕𝑊𝑐𝑠5
𝜕𝑧

𝜕

𝜕𝑡
[𝜵 (

𝜕𝑊𝑒𝑐5
𝜕𝑧

)]  

=
𝜕𝑊𝑐𝑠5
𝜕𝑧

𝜕

𝜕𝑡
(
𝜕2𝑊𝑒𝑐5
𝜕𝜌𝜕𝑧

).  

(2-100) 

Substituting the results from (2-100) into (2-94) and repeating (2-97) to (2-100) for the 𝑩𝑺 and 

𝑬𝟎 terms, the change in impedance due to a coil excitation is given by 

𝛥𝑍 =
1

𝜇0𝐼(𝑡)
2
∯ [

𝜕𝑊𝑐𝑠5
𝜕𝑧

𝜕

𝜕𝑡
(
𝜕2𝑊𝑒𝑐5
𝜕𝜌𝜕𝑧

) −
𝜕𝑊𝑒𝑐5
𝜕𝑧

𝜕

𝜕𝑡
(
𝜕2𝑊𝑐𝑠5
𝜕𝜌𝜕𝑧

)] 𝜌 𝑑𝜙𝑑𝑧. (2-101) 

Taking the Fourier transform of (2-101) is necessary as the 𝑊𝑐𝑠5 and 𝑊𝑒𝑐5 were solved for in 

their frequency domain using (2-26) [36]   

𝛥�̃� =
𝑖𝜔

𝜇0𝐼(𝜔)
2
∯ [

𝜕𝑊𝑐𝑠5̃
𝜕𝑧

𝜕2𝑊𝑒𝑐5̃
𝜕𝜌𝜕𝑧

−
𝜕𝑊𝑒𝑐5̃
𝜕𝑧

𝜕2𝑊𝑐𝑠5̃
𝜕𝜌𝜕𝑧

]𝜌 𝑑𝜙𝑑𝑧. (2-102) 

Equation (2-102) can be expanded by substituting in (2-64) and (2-65). Before (2-64) is 

substituted the arguments 𝑛 = −𝑛 and 𝑚 = −𝑚 in (2-64), as  𝑊𝑐𝑠5̃(−𝑛,−𝑚) = 𝑊𝑐𝑠5̃(𝑛,𝑚) due 

to the infinite sum and integration, and  𝐾−𝑚(𝑧) = 𝐾𝑚(𝑧) [43]  

𝛥�̃� =
𝑖𝜔

𝜇0𝐼(𝜔)
2
∫ 𝑑𝑛 ∑ 𝑛2𝑄𝑛,𝑚𝐶�̃�−𝑛,−𝑚

∞

𝑚=−∞

∞

−∞

∗∯ [𝐾𝑚(𝜌|𝑛|)
𝜕(𝐼𝑚(𝜌|𝑛|))

𝜕𝜌
− 𝐼𝑚(𝜌|𝑛|)

𝜕(𝐾𝑚(𝜌|𝑛|))

𝜕𝜌
] 𝜌 𝑑𝜙𝑑𝑧. 

(2-103) 

An identity for modified Bessel functions of order 𝑝 and argument 𝑥 based on the Wronskian 

between first and second order functions is given by [44] 

𝐼𝑝(𝑥)
𝜕 (𝐾𝑝(𝑥))

𝜕𝑥
− 𝐾𝑝(𝑥)

𝜕 (𝐼𝑝(𝑥))

𝜕𝑥
= −

1

𝑥
. (2-104) 

Equation (2-104) can be used to simplify (2-103)  
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𝛥�̃� = −
𝑖𝜔

𝜇0𝐼(𝜔)
2
∫ 𝑑𝑛 ∑ 𝑛2𝑄𝑛,𝑚𝐶�̃�−𝑛,−𝑚 ∗ ∫ ∫ 𝑑𝜙𝑑𝑧

𝜋

−𝜋

∞

−∞

∞

𝑚=−∞

.
∞

−∞

 (2-105) 

The integral over 𝜙 in (2-105) can be done easily as it returns 2𝜋. The infinite integral with 

respect to 𝑧 can be done by applying Parseval’s theorem for a continuous Fourier transform in 

normalized, unitary form [45]. The integral with respect to 𝑧 will also return a 2𝜋. The change in 

impedance can be simply expressed for some arbitrary coil as  

𝛥�̃� = −
𝑖𝜔4𝜋2

𝜇0𝐼(𝜔)
2
∫ 𝑑𝑛 ∑ 𝑛2𝑄𝑛,𝑚𝐶�̃�−𝑛,−𝑚.

∞

𝑚=−∞

∞

−∞

 (2-106) 

The impedance change in (2-106) is dependent on some current excitation 𝐼(𝜔), but (2-73) and 

(2-74) show that 𝐶�̃�𝑛,𝑚 is proportional to this current. It can also be shown that 𝑄𝑛,𝑚 is proportional 

to 𝐶�̃�𝑛,𝑚 [25].  With two 𝐶�̃�𝑛,𝑚 terms, the current in (2-106) can be neglected as shown 

𝛥�̃� = −
𝑖𝜔4𝜋2

𝜇0𝐼(𝜔)
2
∫ 𝑑𝑛 ∑ 𝑛2𝑄𝑛,𝑚𝐶�̃�−𝑛,−𝑚

∞

𝑚=−∞

∞

−∞

= −
𝑖𝜔4𝜋2

𝜇0𝐼(𝜔)
2
∫ 𝑑𝑛 ∑ 𝑛2 (𝑄𝐶𝑛,𝑚 𝐶�̃�𝑛,𝑚)𝐶�̃�−𝑛,−𝑚

∞

𝑚=−∞

∞

−∞

= −
𝑖𝜔4𝜋2

𝜇0𝐼(𝜔)
2
∫ 𝑑𝑛 ∑ 𝑛2 (𝑄𝐶𝑛,𝑚𝐼(𝜔)𝐶𝑆�̃�𝑛,𝑚)  𝐼(𝜔)𝐶𝑆�̃�−𝑛,−𝑚

∞

𝑚=−∞

∞

−∞

= −
𝑖𝜔4𝜋2

𝜇0
∫ 𝑑𝑛 ∑ 𝑛2 (𝑄𝐶𝑛,𝑚𝐶𝑆�̃�𝑛,𝑚)𝐶𝑆�̃�−𝑛,−𝑚.

∞

𝑚=−∞

∞

−∞

 

(2-107) 

The lossy self-inductance of some arbitrary coil can be solved for using 

ℒ =
𝛥�̃�

𝑖𝜔
= −

4𝜋2

𝜇0
∫ 𝑑𝑛 ∑ 𝑛2 (𝑄𝐶𝑛,𝑚𝐶�̃�𝑛,𝑚)𝐶𝑆�̃�−𝑛,−𝑚

∞

𝑚=−∞

.
∞

−∞

 (2-108) 

The lossy self-inductance of the drive and receive coils can be determined using the coil 

coefficient and 𝑄𝑛,𝑚 for a specific coil. Let 𝑄𝐷𝑛,𝑚 and 𝑄𝑅𝑛,𝑚 be solutions to the boundary value 

problem for the coefficients from (2-65) for the drive and receive coils, respectively. The lossy self-

inductance for the drive and receive coils are ℒ𝐷 and ℒ𝑅 
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ℒ𝐷 = −
4𝜋2

𝜇0
∫ 𝑑𝑛 ∑ 𝑛2 (𝑄𝐶,𝐷𝑛,𝑚𝐶𝑆𝐼,�̃�𝑛,𝑚)𝐶𝑆𝐼,�̃�−𝑛,−𝑚,

∞

𝑚=−∞

∞

−∞

 (2-109) 

ℒ𝑅 = −
4𝜋2

𝜇0
∫ 𝑑𝑛 ∑ 𝑛2 (𝑄𝐶,𝑅𝑛,𝑚𝐶𝑆𝐼,�̃�𝑛,𝑚) 𝐶𝑆𝐼,�̃�−𝑛,−𝑚

∞

𝑚=−∞

.
∞

−∞

 (2-110) 

The lossy mutual inductance is determined by considering the change in impedance in the drive 

coil due to the receive coil’s excitation [25] 

ℳ = −
4𝜋2

𝜇0
∫ 𝑑𝑛 ∑ 𝑛2 (𝑄𝐶,𝐷𝑛,𝑚𝐶𝑆𝐼,�̃�𝑛,𝑚)𝐶𝑆𝐼,�̃�−𝑛,−𝑚

∞

𝑚=−∞

∞

−∞

. (2-111) 

2.6 Computational Results 

To obtain a voltage calculation it is advantageous to solve the above equations analytically to the 

greatest extent possible. Analytical solutions were obtained using Maple 18® and Maple 2016® 

[46]. The coefficient 𝑄 was solved analytically in Maple 2016®. However, analytical solutions were 

only possible up to a point. The semi-infinite integrals in (2-53) to (2-55) for the normal self and 

mutual inductances need to be computed numerically. Also, the coil coefficients in (2-109) to 

(2-111) need to be computed numerically, as well as the infinite sums and integrals in the 

inductance calculations. Numeric calculations were done by copying the necessary terms from 

Maple 18® and Maple 2016® to Matlab R2014b® [47]. The computer’s main computational 

resources were two Intel® Xeon® E5-2650 v3 2.30 GHz 10-core processors and 192 GB of Random 

Access Memory (RAM) 2133 MHz. An eddy current response for changes in gap with 14 gap 

values takes approximately 130 seconds using all 20 cores.
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Chapter 3 

Experimental Method and Technique 

The theory behind eddy current modelling has been introduced and covered with focus on 

modelling with the Second Order Vector Potential (SOVP). This chapter will describe the 

experimental methods and techniques used to obtain experimental measurements used for model 

validation as well as describe how experimental measurements and model results were compared.  

3.1 The Eddy Current Probe 

The eddy current probe described throughout this body of work was made by the NDE research 

group at the Royal Military College of Canada. The body was 3D printed and the coils were made 

with insulated copper wire using a Adam Maxwell 1201-2 coil winder with a turn counter. The 

coils were secured in the main probe body using epoxy and a protective plastic sheet was used to 

cover them. The coils’ leads were soldered to a CAT5 Ethernet cable, which was then connected 

to a RJ45 female plug. This RJ45 female plug could then be connected to the eddy current data 

acquisition system. The self and mutual inductances of the coils were as measured as described in 

[8]. 

3.2 Eddy Current Data Acquisition System 

Experimental data was obtained using an Olympus NDT Multi-scan MS5800 [48] instrument. 

This instrument allowed for simultaneously measuring the voltage in the receive coil at four distinct 

frequencies. The MS5800 provided the ability to zero the voltage response in the receive coil at 

known reference locations. The MS5800 is a self-contained unit, as it has a voltage source for coil 

excitations, can perform the necessary amplification and filtering, and can also record the voltage 

from the receive coil. As described in the previous chapter and shown in Figures 1-3 and 2-3, the 

MS5800 has an input resistance connected to the source and an output resistance across which the 
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voltage is measured. The values of these resistances are 100 Ω and 11 kΩ for Rin and Rout, 

respectively [48]. 

3.3 Characterizing the PT and CT Samples at Constant Temperature 

 The validation of the different eddy current models relied on accurately knowing experimental 

parameters for the pressure and calandria tube samples used. The material of each pressure tube 

sample was Zr-2.5%Nb and the calandria tube sample was Zircaloy-2 alloy. The pressure tube 

samples had varying wall thicknesses, electrical resistivities and inner diameters. The inner radii of 

the PT and CT were measured to be 51.91 ± 0.05 mm and 64.49 ± 0.05 mm, respectively, using 

calipers.  

The wall thickness of the PT samples with were measured by first measuring the wall thicknesses 

at different locations on edge of each sample using a ball-micrometer. The speed of sound for each 

sample was measured using an Olympus Epoch 600 ultrasonic instrument [49] by recording the 

time for sound to travel through each sample at the points where the wall thicknesses had been 

mechanically measured. With the speed of sound determined a full wall thickness profile of the 

sample was possible. Table 3-1 shows the range of PT WT’s used during the experimental 

measurements. PT Sample 1 was used as the calibration between model results and experimental 

measurements, which will be described later. The CT WT was also measured to be 1.44 ± 0.01 mm. 

Table 3-1: Wall thickness (WT) and resistivity (ρ) of different PT samples used in 

measurements and models.  

PT Sample PT WT (± 0.01) [mm]  PT Resistivity @ 20 C (± 0.1) [μΩ∙cm] 

1 (Cal.) 4.04 54.2 

2 3.97 57.5 

3 3.51 53.9 

4 3.94 52.8 

5 3.78 53.9 

6 4.41 53.9 
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The electrical resistivities of the PT and CT samples were also required for accurate comparisons 

between model calculations and experimental measurements. The resistivities of the samples were 

measured using a 4-point measurement technique described below. Rings were machined from 

main tube samples and then cut transversely, breaking their electrical continuity, as shown in Figure 

3-1. Using a Keithly 6621 AC and DC Current Source, a DC current was passed through the ring 

samples by connecting alligator clips to either end of the open ends of the ring. The voltage across 

the ring was measured using a Keithly 2182A Nanovoltmeter with razor blades for the voltage 

measurements in-between the current connections. Razor blades were used for precise position of 

the voltage contacts. Figure 3-1 below shows a simple schematic of this process.  

 

Figure 3-1: Schematic showing configuration for the PT resistivity measurements.  

With the DC-source, a current from -100 mA to 100 mA was sent through each sample ring and 

the voltage was measured with the Keithly 2821A Nanovoltmeter at 25mA intervals, as well as at 

± 5 mA to obtain measurements closer to 0 A. The negative currents were used to negate a possible 

DC-source 

Sample 

Ring 

Nanovoltmeter 
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voltage offset in the voltmeter. The relationship between the applied current and measured voltage 

was linear as seen in the example shown in Figure 3-2 for PT Sample 2. The slope of this linear fit 

provides the resistance of the sample ring based on Ohm’s law. For the fit shown in Figure 3-2 the 

resistance was measured to be 15.776 ± 0.001 mΩ.  

 

Figure 3-2: Voltage measurements as a constant current was applied to PT Sample 2. The 

applied current ranged from -100 mA to 100 mA. Measurements were done at 21.5°C.  

Using the resistance measurements the resistivity of each sample can be determined using 

ρ = 𝑅
L

𝐴
 (3-1) 

where ρ is the resistivity, 𝑅 is the measured resistance, L is the length between the voltage 

contacts, and 𝐴 is the cross-sectional area of the ring through which the current travels. The cross-

sectional area was determined by measuring the thickness and height of each sample with 

calipers. The angle of separation between these connections and the average of the inner and 
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outer radius of the sample could be used to measure the average arc length the current travelled. 

Table 3-1 shows the measured PT resistivity values for 20°C. The CT resistivity was measured to 

be 73.6 ± 0.5 μΩ∙cm.    

3.4 Characterizing the PT Coil Samples at Varying Temperature 

Measurements were necessary to determine how the resistivity of the PT samples and resistance 

of the coils varied as a function of temperature. It was not necessary for the CT, as it can be assumed 

that it is in thermal equilibrium with the heavy water moderator. The temperature range of gap 

measurements can range from 20°C to 50°C. The change in resistivity of a metal in this temperature 

range can be assumed to be linear, where the thermal coefficient of resistance is 𝛼, and 𝑇 is the 

temperature of the metal [12].  

ρ(𝑇) = ρ0[1 + 𝛼(𝑇 − 𝑇0)] (3-2) 

The term ρ0 in (3-2) is the resistivity at some reference temperature 𝑇0. Equation (3-2) also holds 

for changes in resistance with temperature, as the resistivity is proportional to resistance as shown 

in (3-1). To determine how temperature changes for both the PT samples and the coils, the thermal 

coefficient of resistance is required and can be determined as explained below. 

3.4.1 PT Resistivity Changes 

The thermal coefficient of resistance of the PT samples was measured by measuring the 

resistance through the samples at various fixed temperatures. The resistance was measured the same 

way as described above in Section 3.3 but at different temperatures. The temperature was controlled 

by placing the samples in a temperature controlled ESPEC EY-101 environmental chamber. The 

resistances as a function of temperature can be seen in Table 3-2 for PT Sample 2.  



44 

Table 3-2: Resistances measured for different temperatures for PT Sample 2, with 

uncertainty to two standard deviations, 2σ. 

Temperature [°C] Resistance [mΩ] 

48.9 17.057 ± 0.003 

44.9 16.870 ± 0.002 

39.4 16.632 ± 0.001 

34.9 16.393 ± 0.002 

29.9 16.161 ± 0.002 

25.5 15.972 ± 0.001 

21.5 15.776 ± 0.001 

16.4 15.5390 ± 0.0005 

10.7 15.276 ± 0.001 

6.3 15.0640 ± 0.0005 

 

Measurements of resistance at different temperatures were also done for PT Samples 1 and 3. 

With the resistance measurements, the thermal coefficient of resistance could be found by 

manipulating (3-2) so the slope of a linear fit was 𝛼. Figure 3-3 shows an example of this plot for 

PT Sample 2, verifying that the assumption that resistivity/resistance varies linearly with 

temperature was accurate. The resistance at 21.5°C was used as the reference temperature in Figure 

3-3.   
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Figure 3-3: Normalized resistance differences as a function of temperature for PT Sample 2. 

The slope of the linear fit provides α. The reference temperature was set at 21.5°C and the 

reference resistance was the corresponding resistance at 21.5°C.  

Table 3-3 shows the measured 𝛼 values and their respective 95% confidence bounds for the 

different PT Samples.  
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Table 3-3: Temperature coefficient of resistance values for the sample rings for PT Samples 

1, 2, and 4, with uncertainty to two standard deviations, 2σ. Sample numbers correspond to 

Table 3-1. 

Sample Measured α [°C-1] (1E-03) 

1 3.0 ± 0.1 

2 2.96 ± 0.03 

4 3.30 ± 0.05 

3.4.2 Eddy Current Coil Resistance Changes 

Two coils were wound using copper wire to simulate the drive and receive coils of the probe. 

Table 3-4 below shows the physical parameters of the simulated coils that were used. It is worth 

noting that the receive coils used in the in-reactor probes use 47 AWG copper wire, but only 44 

AWG was used due to the difficulty of winding coils for such a thin wire gauge.  

Table 3-4: Physical dimensions of the drive and receive coils used. 

Parameters Drive Receive 

Wire Gauge (AWG) 36 44 

Inner Diameter [mm] 0.64 0.64 

Outer Diameter [mm] 15.52 13.98 

Length [mm] 3.25 3.08 

Number of Turns 880 4500 

𝑅𝑆  182 Ω 1990 Ω 

 

Each coil was then wired to a function generator and voltmeter as shown in the schematic in 

Figure 3-4 below. The output resistance, 𝑅𝑜, of the Agilent 33210A 100 MHz Function/Arbitrary 

Waveform Generator in Figure 3-4 was 50 Ω. The coil’s impedance was separated into its 

inductance and resistance given by 𝐿𝐶 and 𝑅𝐶, respectively. The term 𝐶𝑊 represents capacitance 

that may have been induced due to the wiring and/or possibly within the function generator, and 

possible effects due to 𝐶𝑊 will be examined later in this chapter. A resistor, 𝑅𝑆, was also put in 

series with the coil and was kept at a constant temperature. The 𝑅𝑆 values were measured using an 
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ohmmeter and can be seen in Table 3-4. A sinusoidal voltage of 1 V magnitude peak-to-peak at 

different frequencies was applied to each coil and is labelled V in Figure 3-4. 

 

Figure 3-4: Circuit diagram for the circuit configuration used to measure the impedance of 

the each eddy current coil. 

Using a voltmeter, the absolute voltage across each coil (voltage across 𝐿𝐶 and 𝑅𝐶), and the 

voltage across 𝑅𝑆 was measured, in RMS. Figure 3-5 below shows the measured magnitude of the 

voltage across the mock receive coil as a function of the applied voltage’s frequency. The voltages 

measured in Figure 3-5 were obtained at 21.5°C using the temperature controlled environmental 

chamber. As mentioned above, there may have been some capacitance in the wiring or the function 

generator. The effects of the capacitance can be seen in Figure 3-5 at frequencies above 30 kHz 

above which the measured voltages decrease. However, these capacitance effects will be shown to 

have no effect on determining the coil inductances or resistances.   

𝑅𝑜 𝑅𝑆 𝑅𝐶 

𝐿𝐶 

𝐶𝑊 
𝑉 
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Figure 3-5: Semi-log plot of the voltage measured across the mock receive coil as the applied 

voltage’s frequency was changed. The frequency is on a log scale. The voltage was measured 

at 21.5°C. 

By measuring the voltages across 𝑅𝑆 and the coil, the magnitude of the coil’s impedance could 

be determined. Based on Figure 3-4, the current through both 𝑅𝑆 and the coil will be the same. 

Therefore, by manipulating the circuit equations, a relationship can be found relating the measured 

voltages, 𝑅𝑆, 𝑅𝐶, and 𝐿𝐶  

𝑉𝐶
𝑉𝑆
=

√(𝜔𝐿𝐶)
2 + 𝑅𝐶

2

√(𝜔𝐿𝐶)
2 + (𝑅𝐶 + 𝑅𝑆)

2
=
𝑍𝐶
𝑍𝑆
, (3-3) 

where 𝑉𝐶 and 𝑉𝑆 are the magnitude of the voltages measured across the coil and the resistor 𝑅𝑆, 

respectively. The impedances 𝑍𝐶  and 𝑍𝑆 are the impedance of the coil and the coil and resistor in 
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series, respectively. Since both 𝑉𝐶 and 𝑉𝑆 were measured, the left side of (3-3) is known. The 𝑅𝑆 

for each coil’s circuit was measured and is given in Table 3-4. Equation (3-3) can be rearranged as 

𝑉𝐶 − 𝑉𝑆 (
𝑍𝐶
𝑍𝑆
) ≅ 0. (3-4) 

To determine the inductance and the resistance of each coil at every temperature, a minimizing 

function was set up where the free parameters were 𝐿𝐶 and 𝑅𝐶. The difference on the left-hand-side 

of (3-4) was calculated for each measured voltage magnitude and the sum squares were found at 

each specific temperature according to 

∑ (𝑉𝐶𝑖 − 𝑉𝑆𝑖 (
𝑍𝐶𝑖
𝑍𝑆𝐶𝑖

))

2

.

# 𝑜𝑓 𝑓𝑟𝑒𝑞

𝑖=1

 (3-5) 

The minimization function minimized (3-5) by varying 𝐿𝐶  and 𝑅𝐶. Tables 3-5 and 3-6 show the 

measured 𝐿𝐶 at each temperature for the drive and receive coils, respectively. Note that each coil’s 

self-inductance is constant with temperature, as expected. 
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Table 3-5: Measured drive coil inductances at different temperatures and uncertainty to 

two standard deviations, 2σ. 

Temp [°C] Inductance, 𝐿𝐶 [H] Uncertainty (2σ) [H] 

6.4 3.75E-03 0.07E-03 

11.2 3.75E-03 0.07E-03 

16.2 3.75E-03 0.07E-03 

21.3 3.75E-03 0.07E-03 

26.3 3.75E-03 0.07E-03 

30.9 3.75E-03 0.07E-03 

35.9 3.75E-03 0.07E-03 

40.9 3.75E-03 0.07E-03 

45.9 3.75E-03 0.07E-03 

50.5 3.75E-03 0.07E-03 

 

Table 3-6: Measured receive coil inductances at different temperatures and uncertainty to 

two standard deviations, 2σ. 

Temp [°C] Inductance, 𝐿𝐶 [H] Uncertainty (2σ) [H] 

6.4 8.6E-02 0.4E-02 

11.2 8.6E-02 0.4E-02 

16.2 8.6E-02 0.4E-02 

21.3 8.6E-02 0.4E-02 

26.3 8.6E-02 0.4E-02 

30.9 8.6E-02 0.4E-02 

35.9 8.6E-02 0.4E-02 

40.9 8.6E-02 0.4E-02 

45.9 8.6E-02 0.4E-02 

50.5 8.6E-02 0.4E-02 

 

The temperature does affect the resistance however, as one can see from Figures 3-6 and 3-7. 

Figures 3-6 and 3-7 show the normalized resistance differences for the drive and receive coils, 

respectively, as a function of its temperature. A linear regression was used where the slope of the 

line is 𝛼 as defined in (3-2) and the respective 𝛼 values for the drive and receive coils can be seen 

in Table 3-7, along with the corresponding R2 values. The reference temperatures and resistances 
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for both coils were the measured at points closest to 20°C, which were 21.4°C and 21.5°C for the 

drive and receive coil, respectively.  

The 𝛼 of copper does vary from approximately 0.00386°C-1
 [50] to 0.004041°C-1 [51] depending 

on annealing and percent purity. The 𝛼 values from Table 3-7 for the copper coils fall within these 

bounds. The measured α values for each coil agree with each other within uncertainty with an 

average value of 0.003955 °C-1. 

Table 3-7: Measured temperature coefficients of resistance for the drive and receive coils, 

with uncertainty to two standard deviations, 2σ. 

 Measured 𝛼 [°C-1] (1E-03) 

Drive Coil 3.95 ± 0.04 

Receive Coil 3.96 ± 0.04 

 

 

Figure 3-6: Drive coil normalized resistance differences as a function of temperature. The 

slope of the linear fit provides 𝜶. The reference temperature was set at 21.4°C and the 

reference resistance was the corresponding resistance at 21.4°C. 

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

-15 -5 5 15 25

N
o

rm
al

iz
ed

 R
es

is
ta

n
ce

 D
if

fe
re

n
ce

s 
[d

im
en

si
o
n
le

ss
]

Temperature Difference [°C] 



52 

 

Figure 3-7: Receive coil normalized resistance differences as a function of temperature. The 

slope of the linear fit provides 𝜶. The reference temperature was set at 21.5°C and the 

reference resistance was the corresponding resistance at 21.5°C. 

Since there is a common 𝛼 value for the different coils it shows that the thermal coefficient of 

resistance is independent of the physical specifications and depends only on the properties of the 

copper wire. Therefore, it can be assumed that 𝛼 is invariant of the diameter of the wire, and that 𝛼 

depends only on the resistivity of the wire. However, it should be noted that the resistivity of the 

wire can vary by manufacturer. Therefore, a common 𝛼 is only valid if the different copper wires 

come from the same manufacturer and are obtained from the same source material.   

3.5 Eddy Current Measurement Technique 

In-reactor measurements of the PT-CT gap use a probe that helically moves through the PT and 

may travel 1 mm per 360° revolution [6], which allows all possible gaps to be measured. This was 

not possible for the probe manufactured at RMC as rotating the probe can induce liftoff effects and 
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coil tilt that can skew measurements. PT-CT gap measurements were performed by inserting the 

probe into a PT sample that was inside a large diameter CT sample. The PT wall thickness relevant 

to the gap was obtained by averaging wall thickness measurements over an area footprint that 

corresponded to the area between the drive and receive coil. Locations corresponded to the axial 

position of the drive coil when the probe was inserted into the PT. The PT and CT started at contact 

and the probe was balanced at this location using the MS5800. The gap was then varied by moving 

the CT away from the PT using a dial, and each gap interval was 1.28 ± 0.05 mm corresponding to 

a full dial rotation. To achieve a steady state response at each gap an approximate 5 second delay 

was needed between rotations. This was repeated until the CT had moved to maximum gap, where 

it was held until the dial could be rotated enough that the CT could return to contact. By ending the 

measurements with a return to contact, thermal drift could be taken into account by comparing the 

initial and final measurements, and assuming a linear drift if deviations occurred. The raw data was 

then exported from the computer in voltage amplitude, phase and count number. This process was 

then repeated for another PT sample.  

3.6 Measurement and Model Calibration and Comparison 

Due to unknown amplification and phase rotations, a calibration is necessary to compare 

experimental data to model calculations. This is done by first selecting a set of measurements and 

calculations that consider the same PT sample. The measurement and calculated gap voltage 

responses are zeroed to their appropriate response at average gap. The magnitude between nominal 

gap and each subsequent gap is then calculated for the model and measurements. The ratio between 

corresponding model and measured voltage magnitudes is calculated and a scaling factor is 

determined by averaging all the ratios. This scaling factor is then applied to the model results. A 

phase rotation factor is obtained through a minimizing technique using the fminbnd function in 

Matlab 2014b® [52]. The overall average error in gap prediction is minimized by rotating the gap 

voltage profile. The scaling and rotation calibration factors are then applied to other model results 
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and these are compared to their corresponding experimental measurements to determine the 

accuracy of the model.  

3.7 Model Gap Error Prediction Procedure 

The main analysis tool of the models presented here are their ability to predict the gap when 

compared to experimental measurements. This prediction is done using the following procedure. 

During experimental measurements, the gap is held for a fixed amount of time to achieve a stable 

reading. These readings appear as plateaus, when looking at the amplitude of the voltage as a 

function of the count number, and can be associated with a particular gap by recording the number 

of rotations of the dial (1.28 ± 0.05 mm gap interval) during an experimental measurement set. The 

count number range of each plateau is recorded and the average voltage amplitude and phase of 

each plateau is calculated. Figure 3-8 shows the experimentally measured receive coil’s voltage 

amplitude response as a function of the sample count at 4.2 kHz. The measurements were 

performed at a 32 count per second measurement rate. Figure 3-8 shows each plateau where the 

gap was held constant and the large plateau at maximum gap when the CT was returned to contact. 

The average voltage and phases are then converted into their real and imaginary voltage 

components. 
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Figure 3-8: Experimental measurements of PT Sample 1 of the receive coil’s voltage 

amplitude at each Sample Count at 4.2 kHz. The experimental measurements measured 32 

counts per second.  

The error in gap predictions is estimated by comparing experimental measurements and model 

calculations at the having the same discrete gaps. The error in the model’s ability to predict gap is 

estimated by 

𝑒𝑟𝑟𝑜𝑟𝑔𝑎𝑝,𝑖 = 𝑠𝑖𝑔𝑛(cos(𝛼𝑖))√(𝑉𝑖,𝑒𝑥𝑝
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2
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∗
Δ𝑔𝑎𝑝𝑖,𝑒𝑥𝑝
Δ𝑉𝑖,𝑒𝑥𝑝

,   

(3-6) 

0

0.2

0.4

0.6

0.8

1

1.2

0 500 1000 1500 2000 2500

V
o
lt

ag
e 

A
m

p
li

tu
d

e 
[V

]

Sample Count



56 

where 𝑖 corresponds to the discrete gap measurement being compared. The 𝑖𝑛 − 𝑝ℎ𝑎𝑠𝑒 and 𝑞𝑢𝑎𝑑 

superscripts in (3-6) refer to in-phase and quadrature components of the experimental and modelled 

voltages, respectively. The Δ𝑔𝑎𝑝𝑖,𝑒𝑥𝑝 and Δ𝑉𝑖,𝑒𝑥𝑝 terms refer to change in gap and voltage, 

respectively, at the discrete experimental gap 𝑖. The 𝑠𝑖𝑔𝑛(cos(𝛼𝑖)) term determines if the sign for 

the error is an over or under estimation of the measured gap. The angle 𝛼𝑖 is shown in Figure 3-9. 

Figure 3-9 shows experimental measurements for PT Sample 1 and some arbitrary model results.  

 

Figure 3-9: Experimental and modelled receive coil voltage for changes in gap showing the 

different terms for (3-6) for the error in gap estimates.  
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Chapter 4 

Finite Element Analysis of Pressure Tube to Calandria Tube Gap 

Measurements 

G. Klein1,2, J. Morelli1, T.W. Krause2 

1Queens’s University, Kingston, ON, Canada K7L 3N6 

2Royal Military College of Canada, Kingston, ON, Canada K7K 7B4 

Abstract— The pressure tube (PT) and calandria tube (CT) in the fuel channels of the CANDU® 

nuclear reactors are separated to ensure hydride blisters do not form on the PT surface. The 

separation, or gap, between the PT and CT is measured using eddy current based technology. 

Current analytical models of PT-CT gap measurements use flat plates to approximate the pressure 

and calandria tubes. However, an analytical model is possible that accounts for the curvature of the 

PT and approximates the curvature of the CT by approximating the tubes as concentric. An 

evaluation of the accuracy of this concentric tube approximation model against the true geometry 

model is required. In this paper three Finite Element Method (FEM) models were constructed with 

COMSOL® Multiphysics 5.2a for the flat-plate, concentric, and true geometry configurations. 

These models were then compared with experimental data and it was shown that the concentric and 

true geometry models had average absolute errors of 0.06 mm for predicting gap between contact 

and 5 mm and approximately 1% relative error at maximum gap at 4.2 kHz. At 8.0 kHz the 

concentric and true geometry models had average absolute errors of 0.07 mm and 0.08 mm, 

respectively, for predicting the gap between contact and 5 mm and approximately 2% and 1%, 

respectively, for relative error at maximum gap. The concentric and true geometry models were 

between four and six times more accurate than the flat-plate model. It was determined that the 

curvature of the PT and CT was necessary and that the concentric model approximation was valid 
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for achieving accurate gap predictions. This provided evidence for the validity of using a concentric 

analytical mode for PT-CT gap measurements. 

4.1 Introduction 

In the CANadian Deuterium Uranium (CANDU®) reactors the fuel channels consist of a pressure 

tube (PT) held within a larger diameter calandria tube (CT) [1]. Due to temperature, pressure and 

irradiation the PT can deform and sag leading to possible contact between the PT outer surface and 

the CT inner surface. Due to the temperature gradient between the PT and CT this contact can cause 

hydride blisters to form on the outer surface of the PT leading to delayed hydride cracking of the 

PT [1]. Monitoring of the separation of these tubes (PT-CT gap) is required, as delayed hydride 

cracking can lead to a loss of coolant accident (LOCA), and is performed using a transmit-receive 

eddy current based system. The system is comprised of two axially offset copper coils with coil 

axes perpendicular to the PT inner surface. The drive coil is used to induce a response in the receive 

coil through electromagnetic induction. It is necessary to demonstrate that measurement objectives 

can be met as outlined in an Inspection Specification [5] and that measurements are within their 

stated accuracy under variation of in-reactor parameters [4]. In the case of gap measurements these 

in-reactor parameters include probe liftoff, PT resistivity, PT diameter and PT wall thickness (WT). 

To evaluate the system’s accuracy in measuring the PT-CT gap under essential parameter 

variation it can be more efficient in both time and resources to use validated models. Currently, 

analytical models of the gap system assume the PT and CT are infinite flat plates [6][34]. This 

approximation is based on the 11 mm coil separation and 2 mm liftoff of the drive and receive coils 

compared to the 51 mm inner radius of the PT [6]. However, no analytical models exist that can 

account for the curvature of the PT and CT.  

Finite Element Method (FEM) modelling allows for systems to be solved that may be too difficult 

to be solved analytically. For eddy current problems the coupling of terms in the differential 

equations of the vector Laplacian allow only systems with multiple degrees of symmetry and simple 
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geometries to be solved analytically. FEM models are widely used in eddy current research due to 

their ability to model complex geometries. A FEM model of the flat-plate approximation has been 

developed by Luloff et al. [34] that agrees with the validated analytical results. Babbar et al. [32] 

has shown how a pulsed eddy current probe can be used to measure wall loss in steam generator 

tubes in CANDU® reactors using a FEM model. Another model by Babbar et. al. [53] used pulsed 

FEM modelling of eddy current detection of cracks in second layer aircraft bolt holes using a 

differential probe configuration. Babbar et. al. [53] showed that the combination of pulsed eddy 

current signals and Principle Component Analysis (PCA) signal processing can provide possible 

detection of cracks of varying size and orientations. Mokros [3] used FEM models to show how a 

pulsed eddy current probe can be used to measure the wall loss in trefoil broach supports in 

CANDU® reactor steam generator tubes.  

Three FEM models will be presented and compared against experimental measurements. These 

will consist of the flat-plate model by Luloff et al. [34] (Figure 4-1a), a concentric tube 

approximation model (Figure 4-1b), and a model consisting of the real physical geometry (Figure 

4-1c). The concentric tube model approximates the PT and CT configuration as concentric tubes 

and varies gap by increasing/decreasing the CT radius. This concentric approximation was chosen, 

as an analytical solution of this geometry is possible using the Second Order Vector Potential 

(SOVP) formalism by Theodoulidis et al. [23] as covered in Chapter 5. 
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Figure 4-1: 3-D geometries of the Comsol Multiphysics models where a) is the concentric 

tube model; b) is the flat-plate model; and c) is the true geometry model. 
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paper shows that the concentric tube approximation can be used to accurately model the PT-CT 

gap probe. 

4.2 Finite Element Method Models 

The FEM models in Figures 4-1a) to 4-1c) above were developed using COMSOL® Multiphysics 

version 5.2a using the Magnetic Fields and Electrical Circuit options. A symmetry in all three 

models was utilized by sectioning the models through the center of both coils and applying a 

magnetic insulation boundary condition to the plane of symmetry. The size of the models in Figures 

4-1b) and 4-1c) were reduced further by removing a large portion of the volume below the coils. 

The strength of the interaction with the PT and CT below the coils is negligible, as the magnetic 

field’s intensity diminishes rapidly with distance from the coils. The reduction in the size of the 

models greatly reduced the time and computational resources required to generate accurate results. 

Models were computed using 2 Intel® Xeon® E5-2650 v3 processors at 2.30 GHz and 192 GB of 

DDR4 2133 MHz RAM. 

An appropriate density and distribution of mesh nodes are essential to obtain accurate results for 

any FEM model, as the nodes dictate where calculations are performed. The density and 

distribution of mesh nodes must correspond to the direction and intensity of the currents and 

magnetic fields produced by the eddy current coils. A layered mesh was used in the region of 

changing gap to constrict changes in the mesh when the gap was varied. The only variation in the 

mesh was that the distance between the nodes varied, but the number of nodes was fixed. By 

ensuring that there were enough nodes in this region the small variations in distance did not affect 

the accuracy of the models’ results.  

The mesh for a region is related largely to the skin depth, which can be seen in (4-1) where ρ is 

the electrical resistivity of the medium, f is the frequency, μr is the relative permeability of the 

medium and μ0 is the vacuum permeability. Since the materials being considered here are non-

magnetic, the relative permeability will be set to one.  
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𝛿 = √
ρ

𝜋𝑓𝜇𝑟𝜇0
 (4-1) 

The electrical conductivity for air in the models was set to 10 S/m, which corresponds to an 

electrical resistivity of 107 μΩ∙cm. This is less than the accepted values, which are around 

1022 μΩ∙cm for air at 20°C [54]. However, 107 μΩ∙cm is still significantly large enough when 

compared to the electrical resistivities of the PT samples listed in Table 4-1 and the CT resistivity 

of 73.6 ± 0.5 μΩ∙cm. The resistivity measurements were obtained using a 4-point measurement 

technique described in Chapter 3. The value of 10 S/m was chosen as smaller conductivities cause 

numerical issues for COMSOL®. 

Table 4-1: Wall thickness (WT) and resistivity (𝛒) of the different PT samples used in the 

measurements and models. PT Sample 1 was used for calibration between both models and 

measurements. 

PT Sample PT WT (± 0.01) [mm]  PT Resistivity @ 20 C (± 0.1) [μΩ∙cm] 

1 (Cal.) 4.04 54.2 

2 3.97 57.5 

3 3.51 53.9 

4 3.94 52.8 

5 3.78 53.9 

6 4.41 53.9 

 

The skin depth through air at 4.2 kHz is approximately 2.5 m for the electrical resistivity of 107 

μΩ∙cm. This is significantly greater than the skin depth through either the PT or CT, which are 

5.7 and 6.7 mm, respectively, for PT Sample 1 from Table 4-1 using (4-1). This large skin depth 

ensures that the small stretching and compressing of the mesh in the gap region will not affect the 

results of either model.  

Each model consists of the experimental parameters listed in Table 4-1 for PT resistivity and 

WT. Each model used CT with wall thickness of 1.44 ± 0.01 mm and resistivity of 

73.6 ± 0.5 μΩ∙cm. The wall thickness measurements were obtained using an ultrasonic technique 



 

63 

described in Chapter 3. For both curved models, the inner radii of the PT and CT were 51.91 ± 0.05 

mm and 64.49 ± 0.05 mm, respectively, and were measured using a calipers. 

4.3 Experimental and Model Results 

The experimental measurements were performed using an in-house manufactured probe 

described in [34] and a MS5800 eddy current system. The drive coil, both experimentally and in 

the models, was excited with a 4.2 and 8.0 kHz sinusoidal voltage signal with a 1 V amplitude. The 

PT and CT had the same parameters as listed above for the different FEM models. The PT-CT gap 

was varied from contact to 17 mm gap and each response was zeroed at a gap of approximately 9 

mm as it was the closest measurement to the average gap. At this average gap the concentric 

model’s is and the true geometry model’s geometry are the same during a 360° circumferential in-

reactor scan. The concentric tube model is no longer an approximation at this gap.  

A calibration is necessary to compare the model results and the experimental measurements due 

to an unknown gain and phase rotation applied to experimental measurements. A phase angle and 

amplification factor were determined by comparing the model results and experimental 

measurements [6][55]. The calibration parameters were determined by comparing PT Sample 1 

experimental and model results from contact to 17 mm gap. These calibration parameters were then 

applied to the model results for PT Samples 2 to 6 and compared to their corresponding 

measurements shown in Figures 4-2 and 4-3 for 4.2 and 8.0 kHz, respectively, for the receive coil’s 

in-phase and quadrature voltages [56][57]. 
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Figure 4-2: Impedance plane display of the receive coil’s voltage for the concentric (o), flat-

plate () and true geometry () FEM models compared against experimental 

measurements (•) for PT Samples 2 to 6 at 4.2 kHz. A blow-up of signal and model response 

for 9 mm to maximum gap is shown in the upper right corner of the plot. 
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Figure 4-3: Impedance plane display of the receive coil’s voltage for the concentric (o), flat-

plate () and true geometry () FEM models compared against experimental 

measurements (•) for PT Samples 2 to 6 at 8.0 kHz. A blow-up of signal and model response 

for 9 mm to maximum gap is shown in the upper left corner of the plot. 
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4.4 Results and Discussion 

Figures 4-2 and 4-3 show the effects of varying both the PT wall thickness and resistivity at 4.2 

kHz and 8.0 kHz, respectively, for the three different FEM models and experimental measurements. 

The similarity of the PT Samples 2 and 5 results observed in Figures 4-2 and 4-3 can be attributed 

to the skin-depth relative to each sample’s PT wall thickness [55]. There is good agreement between 

the three different models with experimental measurements in Figures 4-2 and 4-3. The concentric 

and true geometry models’ results are consistently close to each other. To determine the accuracy 

of each model, the error in each model’s gap predictions was determined. This was done by 

calculating the voltage difference in the impedance plane between modelled and experimentally 

measured voltages at discrete gaps. The error in voltage was converted to an error in gap based on 

the local change in voltage with gap from the experimental measurements. Further explanation of 

this error analysis is covered in Section 3.7 with regards to (3-6). The error in predicting gap 

measurements for each FEM model can be seen in Figures 4-4 and 4-5 for the 4.2 kHz and 8.0 kHz, 

respectively. 
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Figure 4-4: Error in the predicted PT-CT gaps computed by the flat-plate, concentric and 

true geometry FEM models when compared to experimental measurements for PT Samples 

2 to 6 at 4.2 kHz. Small dashed lines connecting point correspond to the flat-plate model, 

solid lines indicate the concentric model and long dashed lines indicate the true geometry 

model. 
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Figure 4-5: Error in the predicted PT-CT gaps computed by the flat-plate, concentric and 

true geometry FEM models when compared to experimental measurements for PT Samples 

2 to 6 at 8.0 kHz. Small dashed lines connecting point correspond to the flat-plate model, 

solid lines indicate the concentric model and long dashed lines indicate the true geometry 

model. 
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this is consistent with the semi-analytical model results in Chapter 6 [55]. Also, the errors for the 

concentric and true geometry models are consistently around the same order as observed in Figures 

4-4 and 4-5. Above the 9 mm gap the error in the flat-plate model also increases much faster than 

the concentric or true geometry model. In addition, the minimum gap in the true geometry model 

will be less than the spacer thickness, which is on the order of 5 mm at the bottom of the horizontal 

fuel channel [5]. Therefore, the gaps between contact and 5 mm may be considered more critical 

[58]. Tables 4-2 and 4-3 show the root-mean-square error (RMSE) between contact and 5 mm gap 

for the different FEM models for the different PT samples, as well as relative error at maximum 

gap for 4.2 kHz and 8.0 kHz, respectively 

Table 4-2: Root-mean-square error (RMSE) in the flat-plate and concentric models’ ability 

to predict gap measurements between 0 and 5 mm at 4.2 kHz. Also shown is each model’s 

relative error in predicted gap at maximum gap, as measured at 4.2 kHz. 

  0 - 5 mm Gap Error [mm] Relative Error at Max Gap [%] 

PT Sample Flat-Plate Concentric 
True 

Geometry 
Flat-Plate Concentric 

True 

Geometry 

1 (Cal.) 0.28 0.03 0.04 6% 1% 1% 

2 0.26 0.04 0.06 6% 2% 2% 

3 0.43 0.10 0.08 4% 0.1% 0.4% 

4 0.25 0.04 0.06 5% 1% 0.8% 

5 0.32 0.04 0.04 6% 2% 2% 

6 0.31 0.08 0.09 6% 1% 1% 

Average 0.31 0.06 0.06 6% 1% 1% 
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Table 4-3: Root-mean-square error (RMSE) in the flat-plate and concentric models’ ability 

to predict gap measurements between 0 and 5 mm at 8.0 kHz. Also shown is each model’s 

relative error in predicted gap at maximum gap, as measured at 8.0 kHz. 

  0 - 5 mm Gap Error [mm] Relative Error at Max Gap [%] 

PT Sample Flat-Plate Concentric 
True 

Geometry 
Flat-Plate Concentric 

True 

Geometry 

1 (Cal.) 0.30 0.04 0.06 7% 1% 0.7% 

2 0.28 0.03 0.06 7% 3% 2% 

3 0.45 0.12 0.10 5% 0.3% 0.2% 

4 0.27 0.07 0.10 7% 1% 0.9% 

5 0.34 0.05 0.06 8% 3% 3% 

6 0.32 0.10 0.11 7% 2% 2% 

Average 0.33 0.07 0.08 7% 2% 1% 

 
Tables 4-2 and 4-3 show that both the concentric and true geometry models are about 4 to 5 times 

more accurate than the flat-plate model at predicting the gap between contact and 5 mm at 4.2 kHz. 

The concentric and true geometry models are also approximately 5 and 4 times more accurate at 

8.0 kHz, respectively. At maximum gap, the concentric and true geometry models are 

approximately 6 times more accurate than the flat-plate model at 4.2 kHz, and about 4 and 5 times 

more accurate at 8.0 kHz, respectively. This demonstrates that the concentric and true geometry 

models are more accurate than the flat-plate model, indicating that the curvature of the PT-CT gap 

geometry is necessary parameter to consider.  

What is also necessary to determine is how accurate the concentric model is compared to the true 

geometry model. Tables 4-2 and 4-3 shows that the concentric and geometry models have 

equivalent RMSE and relative error at max gap at both 4.2 kHz and 8.0 kHz. This shows that 

approximating the PT and CT as concentric tubes and having the CT curvature change to simulate 

gap variations does not significantly change the accuracy of the model and any effects due to 

changes in CT curvature are not noticeable. The difference between the flat-plate and both curved 

models shows that the effect of the PT’s curvature is critical in obtaining accurate gap predictions, 

as both the concentric and true geometry models do not approximate the PT.  
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From Tables 4-2 and 4-3 there are instances when the error from the true geometry model is 

larger than the concentric model. The true geometry model was a complete representation of the 

PT-CT gap system and numeric errors caused by changing the mesh were minimized by strategic 

meshing of the models. However, the agreement between FEM model results and experimental 

measurements shows that any error was minimized as much as possible. But, small issues could 

still propagate through, as the FEM solvers were still approximate solutions by nature. The lack of 

improved accuracy of the true geometry model compared to the concentric model could be 

attributed to these small errors that may exist in the FEM models.  

The comparison of the concentric and true geometry models shows evidence of the validity of 

constructing an analytical model using the concentric tube approximation. Having an analytical 

model can provide some benefit over FEM models. Analytical models have the ability to compute 

faster and require less computational resources. For each of the three models is takes approximately 

30 minutes to generate a single gap signal. An analytical model may allow for more general 

implementation as powerful work stations or clusters may not be necessary.  

The flat-plate and concentric FEM models show similar results as compared to semi-analytical 

flat-plate and concentric models [55] as shown in Chapter 6. This also enhances the confidence in 

the FEM results obtained here. This is beneficial as these FEM models can be further improved 

upon to show parameter variations that are not possible in the semi-analytical model [55][58]. The 

FEM model can be used to investigate non-uniform PT WT and curvature variations. The FEM 

model could also be used to investigate the probe response at spacer locations. Spacers would cause 

non-uniform curvature of the PT as the spacer would cause a bump in the inner surface of the tube 

resulting in changes in probe liftoff. There would also be coil tilt affects on the probe that would 

not be supported in the semi-analytical model due to the axes of the coils relative to the PT surface 

changing as the probe rides over the bump.   
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4.5 Conclusion 

Currently, the PT-CT gap system is modelled using a flat-plate model by Luloff et al. [34]. 

However, another analytical model is possible that accounts for the curvature of the PT and 

approximates that the PT and CT are concentric tubes. In this concentric model the gap is varied 

by changing the curvature of the CT. As an investigation into the validity of using this concentric 

model approximation, three FEM models were constructed using COMSOL® Multiphysics 5.2a to 

compare the flat-plate approximation, concentric tube approximation and true geometry models. 

The models were compared to experimental measurements that employed the physical PT-CT gap 

geometry under PT WT and resistivity variations. It was demonstrated that the concentric and true 

geometry models were approximately four to six times more accurate at predicting gaps than the 

flat-plate model at 4.2 kHz and 8.0 kHz. It was demonstrated that the concentric and true geometry 

models’ ability to predict the gap were approximately equal and the concentric model is a valid 

approximation of the PT-CT gap system. The effect of the PT curvature was crucial for a model’s 

ability to predict the gap and the CT’s curvature was shown to have a small influence on the probe’s 

response to changes in PT-CT gap. These results provided preliminary validation of the concentric 

tube approximation and that it is an analytical model of this geometry can be implemented without 

compromising significant accuracy of eddy current probe response to changes in gap.  
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Chapter 5 

Analytical Model of the Eddy Current Response of a Drive-Receive Coil 

System inside Two Concentric Tubes 

G. Klein, J. Morelli, T.W. Krause 

Abstract— A semi-analytical model of the eddy current response of a drive-receive coil 

configuration inside two conducting concentric tubes, where the coil axes are perpendicular to the 

inner tube’s surface, is solved using the second-order vector potential formalism. This model 

determines the voltage response in the receive coil under a constant amplitude alternating drive 

voltage, accounting for all possible coupling terms in the system. Modelled receive coil voltage 

responses to changes in outer tube diameter, greater than the drive-receive coil spacing, are 

compared with experimental measurements and are found to be in excellent agreement, thereby 

verifying the solutions.  

Index Terms—eddy current, eddy current analytical model, second order vector potential  

5.1 Introduction 

Eddy current technology has become a useful tool in non-destructive evaluation of conducting 

materials in different geometries. For example, coil probes are being developed to accommodate 

increasingly complex metal tube geometries [4]. Analytical models are essential for the 

development of this technology in order to predict the probe response to flaws and other geometric 

variations. One geometry of interest is that of a drive-receive coil system inside two non-concentric 

tubes, with coil axes that are perpendicular and offset relative to that of the inner tube’s surface 

[4][27]. Using the drive-receive coil system, the separation between these two tubes can be 

measured from within the inner tube.  



74 

 

74 

Many eddy current models have been constructed using the solutions originally obtained by 

Dodd and Deeds [18][19], but these solutions are limited to constant amplitude alternating current 

excitations. Since practical eddy current applications use a constant amplitude alternating voltage 

excitation, not all the coupling terms between the coils and their environments are accounted for 

[27]. The model by Desjardins et al. [21][22] does consider a constant amplitude alternating voltage 

excitation and has shown excellent agreement with measurements performed on rods [21] and tubes 

[59]. 

Both the Dodd and Deeds solutions [18][19] and the Desjardins et al. model [21][22][59] use the 

magnetic vector potential to solve for the eddy current response. However, due to the coupling of 

terms in the differential equations of the vector Laplacian, only systems with multiple degrees of 

symmetry and simple geometries can be solved. Adding asymmetry or slight complexities to a 

geometry can confound the objective of obtaining a solution, as additional coupled vectoral terms 

arise. These types of systems are usually solved by using some form of numerical method, such as 

Finite Element Method (FEM) [60]. Analytical solutions are still generally desired over numerical 

solutions due to the intensive computational capability required by numerical solutions.  

Theodoulidis et al. [23] have developed a formalism that can be utilized to solve eddy current 

problems for non-axisymmetric problems, using the Second Order Vector Potential (SOVP). The 

SOVP has also been used to solve eddy current systems using coils that involve single conductive 

cylinders [61][26][25], but not layered tube structures. These solutions have also been limited to 

modeling the impedance response of the receive coil [27] and, like the Dodd and Deeds [18][19] 

solutions, the drive coil is assumed to be under a constant amplitude alternating current excitation. 

In this paper a semi-analytical model of the eddy current response is presented for a system with 

each of the drive and receive coils’ axes perpendicular to the inside surface of an inner tube in a 

concentric dual tube system. The coils are in a drive-receive configuration and the voltage response 

is determined under a constant amplitude alternating voltage excitation condition. The model is 
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tested experimentally using two large diameter tubes (112 and 129 mm, respectively), where an 

increase in the outer tube diameter is simulated by axially offsetting the experimental outer tube 

axis with respect to that of the inner tube. A probe with 11 mm drive-receive coil spacing is used 

to sense the change in separation between two tubes. Excellent agreement between model and 

experiment is observed. 

5.2 Analytical Eddy Current Model 

Figure 5-1 shows a cross-sectional view of the concentric tube geometry that is used in the model. 

Figure 5-2 shows a side view of Figure 5-1, showing the orientation of both the drive and receive 

coils within the inner tube. As shown in Figure 5-1 the concentric tube configuration can be broken 

up into 5 regions based on the inner and outer tube locations, where regions 5, 3 and 1 are comprised 

of air, region 4 is the inner tube (IT) and region 2 is the outer tube (OT).  
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Figure 5-1: Concentric tube geometry showing coordinates and physical parameters for 

different regions. The inner radii of the inner tube (IT) and outer tube (OT) are denoted by 

IRIT and IROT, respectively. The outer radii of the IT and OT are denoted by ORIT and 

OROT, respectively. 
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Figure 5-2: Side view of the drive-receive coil configuration inside the IT. Inner radii of 

drive and receive coils are IRD and IRR, respectively. Outer radii of drive and receive coils 

are ORD and IRR, respectively. HR and HD are heights of the drive and receive coils, 

respectively. LOD and LOR are liftoffs of drive and receive coils, respectively.  

 

The analytical model will make use of the Second Order Vector Potential (SOVP) formalism 

introduced by Theodoulidis [23][26]. The SOVP is defined in (5-1) where B is the magnetic flux 

density, the curl of B is the magnetic vector potential, A, and the curl of A is the SOVP, W,  

𝑩(𝒓,𝜔) = ∇ ×(∇ × 𝑾(𝒓,𝜔)). (5-1) 

W can be expressed as scalar functions Wa and Wb based on the cylindrical geometry shown in 

Figure 5-1 where ez is the unit vector in the z-direction (5-2). Both scalar functions also satisfy 

Helmholtz equation (5-3) where 𝑘2 = −𝑖𝜔𝜇𝜎 and ω is the angular frequency of the excitation, μ 

is the magnetic permeability of the medium, and σ is the electrical conductivity of the medium 

[23][26]. 

𝑾(𝒓,𝜔) = 𝑊𝑎(𝒓, 𝜔)𝒆𝒛 + 𝒆𝒛 × ∇𝑊𝑏(𝒓,𝜔) (5-2) 

∇2𝑊𝑗 − 𝑘
2 𝑊𝑗 = 0         𝑗 = 𝑎, 𝑏 (5-3) 

These scalar functions can be used to construct B. 

𝑩(𝒓,𝜔) = ∇(
𝜕𝑊𝑎
𝜕𝑧
) − 𝑘2(𝑊𝑎𝒆𝒛 + 𝒆𝒛 × ∇Wb) (5-4) 
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For non-conductive regions (5-4) can be reduced to a simpler form since 𝑘2 = 0 in those regions.  

𝑩(𝒓,𝜔) = ∇(
𝜕𝑊𝑎
𝜕𝑧
) (5-5) 

Figure 5-1 below shows the specific geometry being considered for this analytical model, 

including the necessary dimensions. Solving (5-3) in cylindrical coordinates, using the geometry 

of Figure 5-1, the general solution for the scalar components of the SOVP can be obtained. Here X 

and Y are constants of integration (not to be confused with the spatial coordinates, x and y), and Im 

and Km are the modified Bessel functions of the first and second kind, respectively, of order m. 

𝑊𝑗 = ∑ ∫ (𝑋 𝐼𝑚 (𝜌√𝑛
2 − 𝑘2) + 𝑌 𝐾𝑚 (𝜌√𝑛

2 − 𝑘2)) 𝑒𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛  𝑗 = 𝑎, 𝑏
∞

−∞

∞

𝑚=−∞

 (5-6) 

Equations (5-7) to (5-13) show necessary solutions to the scalar components of the SOVP for 

each region defined in Figure 5-1 using the general solution from (6), where 𝑘𝐼𝑇
2 = −𝑖𝜔𝜇0𝜎𝐼𝑇 

and 𝑘𝑂𝑇
2 = −𝑖𝜔𝜇0𝜎𝑂𝑇. The subscripts on the different W’s on the left-hand-side of (5-7) to (5-13) 

correspond to the region of the different scalar components of the SOVP. 

𝑊𝑎1 = ∑ ∫ (𝐴 𝐾𝑚(𝜌|𝑛|)) 𝑒
𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛

∞

−∞

∞

𝑚=−∞

 (5-7) 

𝑊𝑎2 = ∑ ∫ [𝐷 𝐼𝑚 (𝜌√𝑛
2 − 𝑘𝑂𝑇

2 ) + 𝐸 𝐾𝑚 (𝜌√𝑛
2 − 𝑘𝑂𝑇

2 )] 𝑒𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛
∞

−∞

∞

𝑚=−∞

 (5-8) 

𝑊𝑏2 = ∑ ∫ [𝐹 𝐼𝑚 (𝜌√𝑛
2 − 𝑘𝑂𝑇

2 ) + 𝐺 𝐾𝑚 (𝜌√𝑛
2 − 𝑘𝑂𝑇

2 )] 𝑒𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛
∞

−∞

∞

𝑚=−∞

 (5-9) 

𝑊𝑎3 = ∑ ∫ [𝐻 𝐼𝑚(𝜌|𝑛|) + 𝐽 𝐾𝑚(𝜌|𝑛|)]𝑒
𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛

∞

−∞

∞

𝑚=−∞

 (5-10) 

𝑊𝑎4 = ∑ ∫ [𝐿 𝐼𝑚 (𝜌√𝑛
2 − 𝑘𝐼𝑇

2 ) +𝑀 𝐾𝑚 (𝜌√𝑛
2 − 𝑘𝐼𝑇

2 )] 𝑒𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛
∞

−∞

∞

𝑚=−∞

 (5-11) 
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𝑊𝑏4 = ∑ ∫ [𝑁 𝐼𝑚 (𝜌√𝑛
2 − 𝑘𝐼𝑇

2 ) + 𝑃 𝐾𝑚 (𝜌√𝑛
2 − 𝑘𝐼𝑇

2 )] 𝑒𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛
∞

−∞

∞

𝑚=−∞

 (5-12) 

𝑊𝑎5 = ∑ ∫ [𝑅 𝐼𝑚(𝜌|𝑛|) + 𝑆 𝐾𝑚(𝜌|𝑛|)]𝑒
𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛

∞

−∞

∞

𝑚=−∞

 (5-13) 

There is only one coefficient in (5-7) as Wa must be finite as ρ → ∞. The scalar component of 

the SOVP in region 5 can be broken down into a summation of the field produced by the coil 

excitation in free space, Wcs5 and the field produced by the induced eddy currents, Wec5 [26].  

𝑊𝑎5 = 𝑊𝑐𝑠5 +𝑊𝑒𝑐5 (5-14) 

The components in (5-14) can be expressed as (5-15) and (5-16) for Wcs5 and Wec5, respectively 

[26], 

𝑊𝑐𝑠5 = ∑ ∫ [𝐶𝑠 𝐾𝑚(𝜌|𝑛|)]𝑒
𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛

∞

−∞

∞

𝑚=−∞

 (5-15) 

𝑊𝑒𝑐5 = ∑ ∫ [𝑄 𝐼𝑚(𝜌|𝑛|)]𝑒
𝑖𝑛𝑧𝑒𝑖𝑚𝜙 𝑑𝑛

∞

−∞

∞

𝑚=−∞

, (5-16) 

where Cs depends on the geometry of the coil, known as the Coil Coefficient, and Q is to be 

determined. 

5.2.1 Coil Coefficient 

To solve for Cs, consider an infinitely thin Dirac-coil of radius a in free space under an excitation 

of current I and solve for the Dirac-coil Coefficient, CC. Using the Biot-Savart law, the magnetic 

flux density of the Dirac-coil, Bc, can be expressed as (5-17), where C is a circular loop around the 

Dirac-coil and rc is the vector pointing to the Dirac-coil as shown in Figure 5-1. 

𝑩𝑪 =
𝜇0𝐼

4𝜋
 ∇ × ∮

1

𝑅
 𝑑𝒓𝑪

𝐶

 (5-17) 

From (5-17) R is the distance between some observation point at (ρ, ϕ, z’) and some point on the 

Dirac-coil at (ρC, ϕC, and zC), where 𝑧′ = 𝑧 + 𝑑 and d is some constant. This offset ensures that the 
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coil need not to be centered at 𝑧 = 0. The unit vector, nc, is the normal to the Dirac-coil, which 

based on Figure 5-1, is in the 𝑥 direction, ex. Stokes’ theorem can be applied to (5-17) to determine 

the coil excitation component of the SOVP. 

𝜕𝑊𝑐𝑠5
𝜕𝑧

= −
𝜇0𝐼

4𝜋
 ∬ 𝒆𝒙 ∙ ∇𝐶 (

1

𝑅
)  𝑑𝑆𝐶

𝑆𝐶

  (5-18) 

where SC is the surface of the Dirac-coil, and ∇𝐶(1 𝑅⁄ ) is the gradient of 1/𝑅 in the Dirac-coil’s 

coordinate system. Integrating (5-18) with respect to z results in (5-19). 

𝑊𝑐𝑠5 = −
𝜇0𝐼

4𝜋
∬ 𝒆𝒙 ∙ ∇𝐶 (∫

𝑑𝑧

𝑅
)  𝑑𝑆𝐶

𝑆𝐶

  (5-19) 

The 1/𝑅 term seen in (5-17) to (5-19) can be expressed in terms of modified Bessel functions 

when 𝜌𝑞 < 𝜌 [40]. 

1

𝑅
=
1

𝜋
∑ ∫ 𝐼𝑚(𝜌𝐶|𝑛|) 𝐾𝑚(𝜌|𝑛|) ∗ 𝑒

𝑖𝑛(𝑧′−𝑧𝐶)𝑒𝑖𝑚(𝜙−𝜙𝐶)
∞

−∞

𝑑𝑛

∞

𝑚=−∞

  (5-20) 

The coil coefficient of the Dirac-coil, CC, can be determined by substituting (5-20) into (5-19). 

𝐶𝐶 =
𝑖𝜇0𝐼

𝑛4𝜋2
 ∬ 𝒆𝒙 ∙ ∇𝐶[𝐼𝑚(𝜌𝐶  |𝑛|) ∗ 𝑒

−𝑖𝑛𝑧𝐶  𝑒−𝑖𝑚𝜙𝐶  𝑒𝑖𝑛𝑑] 𝑑𝑆𝐶
𝑆𝐶

  (5-21) 

Since the dot product is in Cartesian coordinates let 𝜌𝐶 = √𝑥𝐶
2 + 𝑦𝐶

2 and 𝜙𝐶 = arctan(𝑦𝐶 𝑥𝐶⁄ ) 

to convert to cylindrical coordinates.  

To determine CS, the full Coil Coefficient, consider a coil of inner and outer radius Ri and Ro, 

respectively, height H located between x1 and x1 + H along the x-axis, and number of turns N. The 

full calculation of CS is shown in (5-22). 
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For the coil shown in Figure 5-1 𝑥1 = 𝐼𝑅𝐼𝑇 − 𝐿𝑂 − 𝐻. With the knowledge of where the coil is 

located, the complete expression of CS can be determined, as shown in (5-23). 

As there is no analytical solution to (5-23), CS must be computed numerically.  

5.2.2 Boundary Value Solution 

The solution to the analytical model relies on solving for CS, shown in (5-27), and on solving for 

unknown coefficients in (5-7) to (5-13). The unknown coefficients can be determined by 

considering Maxwell’s conditions for the components B at an interface [13]. The boundary 

conditions can be applied between each region from Figure 5-1 where the normal is in the 𝜌 

direction, 𝒏 = 𝒆𝝆, at each interface. For all of these areas 𝜇𝑖 = 𝜇0, as it is assumed the IT and OT 

are non-magnetic. The boundary conditions between regions 1-2 can be seen in (25) to (26) based 

on W1 and W2, and by applying (5-4) and (5-5).  

𝜕2𝑊𝑎2
𝜕𝑧𝜕𝜌

−
𝑘𝐶𝑇
2

𝜌

𝜕𝑊𝑏2
𝜕𝜙

=
𝜕2𝑊𝑎1
𝜕𝑧𝜕𝜌

;      𝜌 = 𝑂𝑅𝑂𝑇 (5-25) 

𝐶𝑆 =
𝑖𝜇0𝐼𝑁

2𝑛𝜋2(𝑅𝑜 − 𝑅𝑖)𝐻
∫ ∫ 𝑑𝑎 𝑑𝑥𝐶

𝑅𝑜

𝑅𝑖

𝑥1+𝐻

𝑥1

∗ ∫ ∫ 𝑑𝑦𝐶  𝑑𝑧𝐶
𝜕

 𝜕𝑥𝐶
[𝐼𝑚 (|𝑛|√𝑥𝐶

2 + 𝑦𝐶
2) ∗ 𝑒−𝑖𝑛𝑧𝐶  𝑒

−𝑖𝑚arctan(
𝑦𝐶
𝑥𝐶
) 
] 𝑒𝑖𝑛𝑑

√𝑎2−𝑧𝐶
2

−√𝑎2−𝑧𝐶
2

𝑎

0

 

(5-22) 

𝐶𝑆 =
𝑖𝜇0𝐼𝑁

2𝑛𝜋2(𝑅𝑜 − 𝑅𝑖)𝐻
∫ ∫ ∫ 𝑑𝑦𝐶  𝑑𝑧𝐶

√𝑎2−𝑧𝐶
2

−√𝑎2−𝑧𝐶
2

𝑎

0

𝑅𝑜

𝑅𝑖

∗ 𝑑𝑟𝐶(𝐹𝑆(𝐼𝑅𝑃𝑇 − 𝐿𝑂 − 𝐻, 𝑦𝐶 , 𝑧𝐶) − 𝐹𝑆(𝐼𝑅𝐼𝑇 − 𝐿𝑂, 𝑦𝐶 , 𝑧𝐶))𝑒
𝑖𝑛𝑑 

(5-23) 

𝐹𝑆(𝑥𝐶 , 𝑦𝐶 , 𝑧𝐶) = 𝐼𝑚 (|𝑛|√𝑥𝐶
2 + 𝑦𝐶

2) ∗ 𝑒−𝑖𝑛𝑧𝐶𝑒
−𝑖𝑚arctan(

𝑦𝐶
𝑥𝐶
) 

 (5-24) 
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1

𝜌

𝜕2𝑊𝑎2
𝜕𝑧𝜕𝜙

+ 𝑘𝐶𝑇
2
𝜕𝑊𝑏2
𝜕𝜌

=
1

𝜌

𝜕2𝑊𝑎1
𝜕𝑧𝜕𝜙

;      𝜌 = 𝑂𝑅𝑂𝑇    (5-26) 

𝜕2𝑊𝑎2
𝜕𝑧2

+ 𝑘𝐶𝑇
2  𝑊𝑎2 =

𝜕2𝑊𝑎1
𝜕𝑧2

;      𝜌 = 𝑂𝑅𝑂𝑇 (5-27) 

A similar method can be applied to obtain the boundary conditions for the other regions. The 

additional boundary conditions are provided in Appendix A for the other interfaces. 

By constructing a 12 by 12 matrix based on the boundary conditions the unknown coefficients 

can be determined. Analytical solutions for the coefficients of the 12 by 12 matrix are determined 

computationally. Coefficients were obtained analytically using Maple® 2016 and Matlab® was used 

to obtain numerical results. However, due to the size of the coefficients they are not displayed here. 

5.2.3 Self and Mutual Inductances 

To determine the voltage response of the receive coil due to an excitation in the drive coil it is 

necessary to determine self and mutual inductances for both the drive and receive coils. There are 

two different types of inductances that need to be considered, one where the coils are in free space 

and one where the coils are in the presence of a conductive medium. However, to determine these 

parameters, it is first necessary to specify the geometry and orientation of the two coils. Figure 5-2 

defines the physical parameters for the drive and receive coils, as well as their respective 

orientations to the PT. Let the drive coil have an inner and outer radius of IRD and ORD, respectively, 

a height HD and number of turns ND. Similarly, let the receive coil have inner and outer radius of 

IRR and ORR, respectively, a height HR and number of turns NR. Let the drive and receive coil be 

separated by a distance p from their centers. 

As mentioned previously, and shown in (5-23) and (5-24), the drive and receive coils can be 

located anywhere along the z-axis as they are a distance p apart. For convenience let the drive coil 

be centered at 𝑧 = 0 and the receive coil be centered at 𝑧 = 𝑝. 

5.2.3.1 Normal Self and Mutual Inductance 
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The normal self and mutual inductances do not depend on the geometry or orientation of the coil 

in the conductive medium. They only depend on their orientation with respect to each other. The 

self and mutual inductances of the drive and receive coils can be determined based on solutions by 

Conway [39][62]. Equations (5-28) and (5-29) below show the normal self-inductances of the drive 

and receive coils, LD and LR, respectively. Equation (5-30) below shows the mutual inductance, M, 

between the drive and receive coil. 

𝐿𝐷 =
𝜇0𝜋𝑁𝐷

2

𝐻𝐷
2(𝑂𝑅𝐷 − 𝐼𝑅𝐷)

2
∫ ∫ 𝜌 𝑑𝜌 𝑑𝑧 ∗

𝑧1+𝐻𝐷

𝑧1

𝑂𝑅𝐷

𝐼𝑅𝐷

∗ ∫ ∫ ∫ 𝑑𝛾 𝑑𝑧′ 𝑑𝑎 ∗ 𝑎𝐽1(𝛾𝑎)𝐽1(𝛾𝜌)𝑒
−𝛾|𝑧−𝑧′|

∞

0

𝑧1+𝐻𝐷

𝑧1

𝑂𝑅𝐷

𝐼𝑅𝐷

 

(5-28) 

𝐿𝑅 =
𝜇0𝜋𝑁𝑅

2

𝐻𝑅
2(𝑂𝑅𝑅 − 𝐼𝑅𝑅)

2
∫ ∫ 𝜌 𝑑𝜌 𝑑𝑧

𝑧1+𝐻𝑅

𝑧1

𝑂𝑅𝑅

𝐼𝑅𝑅

∗ ∫ ∫ ∫ 𝑑𝛾 𝑑𝑧′𝑑𝑎 ∗ 𝑎𝐽1(𝛾𝑎)𝐽1(𝛾𝜌)𝑒
−𝛾|𝑧−𝑧′|

∞

0

𝑧1+𝐻𝑅

𝑧1

𝑂𝑅𝑅

𝐼𝑅𝑅

 

(5-29) 

𝑀 =
𝜇0𝜋𝑁𝑅𝑁𝐷

𝐻𝑅𝐻𝐷(𝑂𝑅𝐷 − 𝐼𝑅𝐷)(𝑂𝑅𝑅 − 𝐼𝑅𝑅)
∗ ∫ ∫ 𝑑𝑎𝑅  𝑑𝑧

𝑧1+𝐻𝑅

𝑧1

𝑂𝑅𝑅

𝐼𝑅𝑅

∗ ∫ ∫ ∫ 𝑑𝛾 𝑑𝑧′ 𝑑𝑎𝐷 𝑎𝑅𝑎𝐷 𝐽1(𝛾𝑎𝐷) ∗ 𝐽1(𝛾𝑎𝑅)𝐽0(𝛾𝑝)𝑒
−𝛾|𝑧−𝑧′|

∞

0

𝑧1+𝐻𝐷

𝑧1

𝑂𝑅𝐷

𝐼𝑅𝐷

 

(5-30) 

All integrals in (5-28) to (5-30), with the exception of the semi-infinite integral over γ, have 

analytical solutions. The semi-infinite integral over γ is solved numerically.  

5.2.3.2 Lossy Self and Mutual Inductances 

The second type of inductances are known as the lossy self and mutual inductances, which take 

into account the induced currents in surrounding conductors and are based on the solutions to the 

boundary value problem [21][22]. The change in impedance in some coil due to the induced 

magnetic fields can be calculated using (5-31) based on the cylindrical geometry show in Figure 

5-1 [42][26]. The driving current is given by I.  
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𝛥𝑍 =
1

𝜇0𝐼
2
∯ (−𝒆𝝆) ∙ (𝑬𝑺×𝑩𝟎 − 𝑬𝟎×𝑩𝑺)𝜌 𝑑𝜙 𝑑𝑧 (5-31) 

where BS and ES are the magnetic flux density and the electric field, respectively, calculated in free 

space, and B0 and E0 are the same quantities calculated in region 5 of Figure 5-1. Substituting (5-15) 

and (5-16) into (5-31), after expanding and applying Parseval’s theorem [45], (5-32) is reduced to 

the expression below. 

𝛥𝑍 = −
𝑖𝜔 4𝜋2

𝜇0𝐼
2

∑ ∫ 𝑛2 𝑄(𝑛,𝑚) ∗ 𝐶𝑠(−𝑛,−𝑚) 𝑑𝑛
∞

−∞

∞

𝑚=−∞

 (5-32) 

Equation (5-23) shows that CS is proportional to I, and Q can be shown to be proportional to CS 

[25]. Equation (5-33) below shows the proportionality, where S is a proportionality function that 

can be obtained by solving the boundary value problem described above when Cs is set equal to 

one in (5-15).  

𝑄(𝑛,𝑚) = 𝑆(𝑛,𝑚) ∗ 𝐶𝑆(𝑛,𝑚) = 𝑆(𝑛,𝑚) ∗ 𝐼 ∗ 𝐶𝐼𝑆(𝑛,𝑚) (5-33) 

Using (5-33) the current in (5-32) can be removed. Equation (5-32) shows the change in 

impedance of a general coil, but what is required are the impedance changes in the drive and receive 

coils, respectively. To determine this, let CS,D and CS,R be the Coil Coefficients of the drive and 

receive coils, respectively. These can be found by modifying (5-32) with the physical coil 

dimensions of the drive and receive coils. Also, let SD and SR be the functions proportional to the 

unknown coefficients of integration of the drive and receive coils, respectively. Let CIS,D or CIS,R be 

the functions proportional to the Coil Coefficient, with regards to (5-33), for the drive and receive 

coils, respectively. In addition, infinite integration in n can be reduced to a semi-infinite integral 

by taking advantage of the symmetry in n. The lossy self-inductances of the drive and receive coils, 

ℒD and ℒR, respectively, can then be determined by (5-34) and (5-35) below. The lossy mutual 

inductance between the drive and receive coil can also be determined using (5-36) below.  
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ℒ𝐷 =
Δ𝑍𝐷
𝑖𝜔

= −
8𝜋2

𝜇0
∑ ∫ 𝑛2 𝑆𝐷(𝑛,𝑚) ∗ 𝐶𝐼𝑆,𝐷(𝑛,𝑚) ∗ 𝐶𝐼𝑆,𝐷(−𝑛,−𝑚) 𝑑𝑛

∞

−∞

∞

𝑚=−∞

 (5-34) 

ℒ𝑅 =
Δ𝑍𝑅
𝑖𝜔

= −
8𝜋2

𝜇0
∑ ∫ 𝑛2 𝑆𝑅(𝑛,𝑚) ∗ 𝐶𝐼𝑆,𝑅(𝑛,𝑚) ∗ 𝐶𝐼𝑆,𝑅(−𝑛,−𝑚) 𝑑𝑛

∞

−∞

∞

𝑚=−∞

 (5-35) 

ℳ =
Δ𝑍𝐷𝑅
𝑖𝜔

= −
8𝜋2

𝜇0
∑ ∫ 𝑛2 𝑆𝐷(𝑛,𝑚) ∗ 𝐶𝐼𝑆,𝐷(𝑛,𝑚) ∗ 𝐶𝐼𝑆,𝑅(−𝑛,−𝑚) 𝑑𝑛

∞

−∞

∞

𝑚=−∞

 (5-36) 

5.3 Voltage Response of the Receive Coil 

With both the lossy and normal self and mutual inductances of the drive and receive coils, 

respectively, it is now possible to determine the voltage response induced in the receive coil due to 

some excitation in the drive coil. Consider the circuit diagram in Figure 5-3 where R1 and L1 are 

the resistance and inductance of the drive coil, respectively, and R2 and L2 are the same quantities 

for the receive coil. The applied voltage is given by V and MT is the mutual inductance in the circuit.  

 

Figure 5-3: Circuit diagram for the drive and receive coils. The resistive and inductive 

components of the coils are separated into circuit equivalet resistors and inductors.  

 

By applying Kirchhoff’s circuit laws to Figure 5-3 the current through the receive coil, I2, can be 

determined using, 
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𝐼2 = 𝑖𝜔𝑀𝑇𝑉 ∗
1

𝐿1𝐿2𝜔
2 − 𝑖𝜔𝐿1𝑅2 − 𝑖𝜔𝐿2𝑅1 −𝑀

2𝜔2 − 𝑅1𝑅2
 (5-37) 

where the inductance terms can be expanded by, 

𝐿1 = 𝐿𝐷 + ℒ𝐷 (5-38) 

𝐿2 = 𝐿𝑅 + ℒ𝑅 (5-39) 

𝑀𝑇 = 𝑀 +ℳ. (5-40) 

Only the resistance terms in (5-37) are left to be determined. The resistances of the drive and 

receive coil are given by (5-41) and (5-42), respectively, and σCu is the electrical conductivity of 

the copper wire, and D is the diameter of the wire [13]. 

𝑅𝐷 =
4𝑁𝐷(𝑂𝑅𝐷

2 − 𝐼𝑅𝐷
2)

𝜎𝐶𝑢𝐷𝐷
2(𝑂𝑅𝐷 − 𝐼𝑅𝐷)

 (5-41) 

𝑅𝑅 =
4𝑁𝑅(𝑂𝑅𝑅

2 − 𝐼𝑅𝑅
2)

𝜎𝐶𝑢𝐷𝑅
2(𝑂𝑅𝑅 − 𝐼𝑅𝑅)

 (5-42) 

From (5-37) the resistance terms can be expanded using the following, 

𝑅1 = 𝑅𝐷 + 𝑅𝑖𝑛 (5-43) 

𝑅2 = 𝑅𝑅 + 𝑅𝑜𝑢𝑡, (5-44) 

where Rin is the input resistance from the voltage source and Rout is a resistor in series with the 

receive coil. Both Rin and Rout are based on the experimental setup and are 100 Ω and 11 kΩ, 

respectively [48]. Therefore, the voltage induced in the receive coil is measured experimentally 

across this 11 kΩ resistor and can be calculated with (5-45) where VR is the measured voltage.    

𝑉𝑅 = −𝑅𝑜𝑢𝑡 ∗ 𝐼2 (5-45) 

5.4 Experimental and Model Results 

The semi-analytical model used the IT and OT properties listed in Table 5-1 to match the 

experimental parameters. The experimental measurements were performed using an in-house 

manufactured probe described in [34] and an Olympus MS5800 eddy current system. The MS5800 
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used the same circuit shown in Figure 5-3 to measure the receive coil’s voltage response. The drive 

coil was excited with a 1 V sinusoidal voltage signal at 4.16 kHz in both the model and experimental 

measurements. The separation between the two tubes, gap, was varied from contact to maximum 

separation, which varied with the IT wall thickness (WT), IT inner diameter and OT inner diameter. 

Each gap response was zeroed at the average spacing of 9 mm. 

Table 5-1: Parameters for outer tube (OT) and inner tube (IT) used in the semi-analytical 

model to compare against experimental results. 

OT Wall Thickness [mm] 1.44 ± 0.01 

IT radius IRIT [mm] 51.91 ± 0.05 

OT radius IROT [mm] 64.49 ± 0.05 

OT resistivity ρOT [µΩ∙cm] 73.6 ± 0.5 

IT resistivity ρIT [µΩ∙cm] 54.2 ± 0.1 

 

Since the instrument applies an unknown gain and phase, a calibration is necessary to compare 

the experimental data and the semi-analytical model calculations. This calibration determines a 

phase angle and amplification factor to be applied to the model results to match experimental 

conditions [6]. These calibration parameters are then applied to non-calibrated model results and 

are compared with other experimental measurements to determine how well the model performed. 

Model results were calibrated from minimum to maximum separation at 3.78 mm IT WT. Model 

results were then compared with experimental measurements at 4.41 mm IT WT as shown in Figure 

5-4. 
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Figure 5-4: Impedance plane display of the receive coil’s voltage for the concentric semi-

analytical model compared against experimental measurements for 4.41 mm IT WT. 

Separation varied from contact to maximum.  

As shown in Figure 5-4, the semi-analytical model can accurately reproduce the experimental 

voltage response in the receive coil, based on the eddy current interactions. For the gap signals 

shown in Figure 5-4, the concentric model’s points are consistently on the left side of the 

experimental measurements when the separation of the tubes is less than the reference point and, 
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slightly to the right at larger separations. This change may be related to the approximated curvature 

of the increasing diameter being less than and greater than, respectively, that of the experimental 

OT.  

The solutions from the concentric model presented here are for a single drive-receive coil system 

inside two concentric conductive non-magnetic tubes. However, the model can be generalized to 

accommodate any number of drive and receive coils, as well as ferromagnetic materials if the 

boundary conditions take into account the permeability in each of the respective regions.   

5.5  Conclusion 

The eddy current response due to a drive-receive coil system inside two concentric conductive 

tubes has been determined semi-analytically. The model considered the eddy current response by 

calculating the voltage induced in the receive voltage by a time-harmonic driving voltage, allowing 

for all the different coupling terms to be accounted for. Previous models of similar systems required 

these solutions to be solved numerically due to the number of terms required for two conductive 

tubes rather than one. The model results were compared with experimental measurements obtained 

using two tubes with larger diameter (104 mm and 129 mm, respectively) than the 11 mm drive-

receive coil spacing. An increase in the outer tube diameter was simulated by axially offsetting the 

outer tube axis with respect to the inner tube for a fixed probe position. The results showed excellent 

agreement between model and experiment. Solutions of the induced voltage response can now be 

determined relatively quickly compared to strictly numerical models. 
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Chapter 6 

Evaluation of Concentric Tube Model for Pressure Tube to Calandria 

Tube Gap Measurement  

G. Klein1,2, J. Morelli1, T.W. Krause2 

1Queens’s University, Kingston, ON, Canada K7L3N6 

2Royal Military College of Canada, Kingston, ON, Canada K7K 7B4 

Abstract— CANDU® nuclear reactor fuel channels consist of a pressure tube (PT) contained 

within a calandria tube (CT).  The separation, or gap, between the hot (~300°C) PT and cooler 

(~50°C) CT is required, since contact could lead to hydride blister formation with subsequent 

cracking.  The gap is measured using driver-receive eddy current technology, providing assurance 

that contact is not imminent. Current analytical models of the probe response to gap use flat plates 

to approximate the PT and CT geometry. In this paper, a semi-analytical model that approximates 

the PT within CT geometry as two concentric tubes, with correct PT curvature, but a CT diameter, 

which is adjusted to change gap, is evaluated. The model is compared with a flat-plate model of 

the probe response to changing gap. The concentric model is shown to be a more accurate predictor 

of gap when compared to experimental measurements using standard CT and PT samples, with 

varying wall thickness and resistivity that simulate in-reactor variation of these parameters. The 

concentric model predicts gap values within 0.07 mm and 0.1 mm between contact and 5 mm gap 

at 4.2 kHz and 8.0 kHz, respectively. This is three to four times more accurate than results from the 

flat-plate model. In addition, the concentric model has an average relative gap error at maximum 

gap within 1% and 2% at 4.2 kHz and 8.0 kHz, respectively, whereas that of the flat-plate model is 

6% and 7%, respectively. The improved accuracy of the concentric model is attributed to the 

incorporation of tube curvature, which limits magnetic field spread from the probes, particularly at 

larger gaps, when compared to that of the flat-plate model.  
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6.1 Introduction 

The fuel channels in the CANadian Deuterium Uranium (CANDU®) nuclear reactor consist of a 

110 mm outer diameter pressure tube (PT) held within a larger 129 mm inner diameter calandria 

tube (CT) that are mounted horizontally within the reactor core [1]. The hot ~300 C PT and cooler 

~50 C CT are separated by four garter spring spacers, placed at intervals along the fuel channel, 

with thickness of either 5.7 mm (older reactors) or 4.8 mm (newer reactors) [5]. However, radiation, 

temperature and the weight of the fuel bundles in the PT, cause the PT to sag, with the risk of 

contact between the PT and CT. Contact can lead to hydride blisters forming on the outer surface 

of the PT, with subsequent risk of cracking of the PT [1]. In order to ensure that contact is not 

imminent the separation between the PT and CT (PT-CT gap) is monitored using a drive-receive 

eddy current based system. This system utilizes a drive coil and an axially offset receive coil, both 

with axes oriented perpendicular to the PT inner surface. Qualification of the inspection system 

requires a demonstration that the stated accuracy can be achieved given typical variation of in-

reactor parameters [4], as outlined in an Inspection Specification [5]. These parameters include 

probe liftoff, PT resistivity, PT diameter, and PT wall thickness (WT). Of these parameters, the PT 

WT is measured independently using ultrasonic measurements [10]. To understand how these 

parameters affect in-reactor measurements of the PT-CT gap, it can be more efficient in both time 

and resources to use validated models, either analytical or numerical, to predict eddy current 

response to PT-CT gap variation.  

Analytical models that approximate the PT and CT as infinite flat plates have been developed 

[6][8]. The flat-plate approximation has been justified based on the 11 mm coil separation and 2 

mm liftoff of the drive and receive coils, compared to the 51 mm inner radius of the PT [6]. The 

flat-plate model was developed by Shokralla et al. [6][33], using solutions generated by Dodd and 

Deeds [18][19].  The model was validated for amplitude response of a receive coil concentric with 

the drive coil for changes in gap using experimental measurements, but this validation did not 

consider phase effects on the receive coil’s signal [6][33]. Another flat-plate model has since been 
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developed by Luloff et al. [8] using the solutions developed by Desjardins et al. [21][22], which 

allows for the drive coil to be excited by a voltage source and also allows the coils to be axially 

offset [62]. However, even though the model by Luloff et al. [8] is a closer representation to the 

gap system, it still uses a flat-plate approximation for the PT and CT. Some preliminary Finite 

Element Method (FEM) modeling has shown that the curvature of the PT and CT needs to be 

considered to obtain accurate reproduction of the eddy current probe response to changes in gap 

[60].  

Using the concentric model by Klein et al. [58], curvature of the PT can be accounted for and 

changing gap can be approximated by varying the CT radius. At average 9 mm gap for typical in-

reactor PT and CT diameters, the model is an exact representation of the PT-CT geometry. In this 

paper, 9 mm gap is also taken as the null, since for a PT centered within a CT no eddy current 

impedance plane response, obtained during a full 360 rotary scan [5], would be observed under 

constant wall thickness and resistivity conditions. The model is compared against the flat-plate 

model by Luloff et al. [8] and it is shown that the concentric model is more accurate when compared 

to laboratory measurements obtained using the real tube geometry. 

6.2 Concentric and Flat-plate Models 

The geometry of the semi-analytical model is shown in Figure 5-2. Figure 5-2 shows a schematic 

side view. Figure 5-2 defines the parameters in this paper. Note that in contrast, the real geometry 

is that of two nonconcentric tubes, if PT-CT gap variations are present. The geometry of the flat-

plate model can be seen in [8]. The inner radii of the PT and CT are 51.91 ± 0.05 mm and 

64.49 ± 0.05 mm, respectively, for the concentric model and experimental measurements as 

measured with calipers. The wall thickness and resistivity of the CT are 1.44 ± 0.01 mm and 

73.6 ± 0.5 μΩ∙cm, respectively, for both the flat-plate and concentric model, as well as for the 

experimental measurements. The wall thickness and resistivity of the different PT samples are 

shown in Table 6-1 below. The wall thickness measurements were obtained using an ultrasonic 
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technique described and resistivity measurements were obtained using a 4-point measurement 

technique. Both measurement techniques are further described in Chapter 3. 

 

Figure 6-1: Side view of the drive-receive coil configuration inside the pressure tube (PT). 

The inner radii of the PT and calandria tube (CT) are denoted by IRPT and IRCT, 

respectively. The wall thickness of the PT and CT are denoted by WTPT and WTCT, 

respectively. CTC-CS refers to the center-to-center coil spacing. 

 

The drive and receive coils in both models, were configured using the circuit diagram from the 

Klein et al. concentric model [58] by calculating the appropriate inductances. Along with the 

regular inductances between two coils, a second type of inductances, known as the lossy 

inductances [21], were calculated from [58]. The lossy inductances take into account the induced 

currents in surrounding conductors and are based on solutions to the boundary value problem [21]. 

The drive coil operating conditions were modelled to be the same as those of the experiment, with 

excitation frequency of 4.2 kHz and 8.0 kHz and amplitude of 1 V. A computer with two Intel® 
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Xeon® E5-2650 v3 10-core processors at 2.30 GHz was used to calculate the results of both the flat-

plate and concentric models. 

6.3 Experimental Measurements 

Experimental measurements were performed using an in-house manufactured probe described in 

[8] and an Olympus MS5800 eddy current system. The receive coil’s voltage was measured as the 

PT-CT gap was varied from contact to maximum gap. In-reactor measurements of gap rotate the 

probe helically inside the PT, allowing it to sense any possible gap variations that are present over 

360. This type of measurement was not performed here in order to simplify the apparatus and 

maintain measurement precision by removing the potential for liftoff variations. Therefore, the gap 

in this paper was varied experimentally by fixing the probe and PT and moving the CT a set distance 

away from the probe. The PT WT varied between 3.51 ± 0.01 and 4.41 ± 0.01 mm, as shown in 

Table 6-1, for the six different PT samples, and the average gap was between 8 and 9 mm. In order 

to compare the two models, each response for minimum to maximum gap variation was zeroed at 

9 mm gap for various WT and resistivities at fixed locations within the set of PT samples. These 

PT samples span the expected in-reactor WT variation and simulate typical PT resistivities [4]. 

Liftoff variation, which also affects gap response [8], was not investigated.  

Since the instrument applies an unknown gain and phase, a calibration is required in order to 

compare the experimental data and model calculations. This calibration determines a phase angle 

and amplification factor applied to model results in order to match experimental conditions [6]. 

These calibration parameters are then applied to model results with WT and resistivities that match 

experimental conditions. Model results are then compared with experimental measurements to 

evaluate how well the model performed. 
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Table 6-1: Wall thickness (WT) and resistivity (ρ) of different PT samples used in 

measurements and models. PT Sample 1 was used for the calibration between both models 

and measurements.   

PT Sample PT WT (± 0.01) [mm]  PT Resistivity @ 20 C (± 0.1) [μΩ∙cm] 

1 (Cal.) 4.04 54.2 

2 3.97 57.5 

3 3.51 53.9 

4 3.94 52.8 

5 3.78 53.9 

6 4.41 53.9 

 
Using the different PT samples listed in Table 6-1, the PT-CT laboratory measurements, with 

variable gap, were performed. The same parameters were also used in the models to generate PT-

CT gap predictions. The gap was varied from contact to approximately 17 mm in both models and 

experimental measurements, and all cases used 9 mm gap as the zero reference. The model results 

were calibrated using amplitude and phase from minimum to maximum gap using the experimental 

results of PT Sample 1 as the calibration. Model results were then compared with experimental 

measurements for PT Samples 2 to 6 as shown in Figures 6-2 and 6-3 for the 4.2 kHz and 8.0 kHz 

excitations, respectively, for the in-phase and quadrature receive coil voltage [56][57].  
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Figure 6-2: Impedance plane display of the receive coil’s voltage for the concentric semi-

analytical model (o) and flat-plate model () compared against experimental measurements 

(•) for PT Samples 2 to 6 at 4.2 kHz. A blow-up of signal and model response for the 9 mm 

to maximum gap is shown in the upper right corner of the plot. 
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Figure 6-3: Impedance plane display of the receive coil’s voltage for the concentric semi-

analytical model (o) and flat-plate model () compared against experimental measurements 

(•) for PT Samples 2 to 6 at 8.0 kHz. A blow-up of signal and model response for the 9 mm 

to maximum gap is shown in the upper left corner of the plot. 
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6.4 Results and Discussion 

The results in Figures 6-2 and 6-3 show the effects of varying both the PT wall thickness and 

resistivity at 4.2 kHz and 8.0 kHz, respectively, on the receive coil’s voltage response. The results 

for PT Samples 2 and 5 in both Figures 6-2 and 6-3 appear to lie on top of each other. Table 6-1 

shows that PT Sample 2 has both a larger wall thickness and resistivity than PT Sample 5. 

Therefore, this implies that variations in the PT wall thickness and resistivity have opposing effects 

to the gap profiles. This can be explained by the skin depth of the PT  

𝛿 = √
ρ

𝜋𝑓𝜇𝑟𝜇0
 , (6-1) 

where ρ is the resistivity, f is the frequency, μr is the relative magnetic permeability, and μ0 is the 

magnetic permeability of a vacuum. Table 6-2 shows that the relative skin depths of PT Samples 2 

and 5 are the closest to each other for both frequencies. The similar gap profiles, seen in Figure 6-2 

for PT Samples 2 and 5, can be accounted for by the small differences in the respective ratios of 

skin depth to wall thickness. The relative skin depth of PT Sample 4 is also close to Sample 2 and 

this is reflected in Figures 6-2 and 6-3 where it is the next closest response to Sample 2. 

Table 6-2: The skin depth of each PT sample relative to its wall thickness for 4.2 kHz and 

8.0 kHz.  

 Skin Depth Relative to PT Wall Thickness 

PT Sample 4.2 kHz 8.0 kHz 

1 (Cal.) 70% 98% 

2 67% 93% 

3 61% 85% 

4 70% 96% 

5 66% 92% 

6 77% 107% 
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As shown in Figures 6-2 and 6-3, both the concentric semi-analytical and flat-plate models 

demonstrate good agreement with experimental measurements. In order to compare how well each 

model can predict the PT-CT gap, the error for each model, relative to measured PT-CT gap, was 

calculated based on the difference in the impedance plane between measured and modelled voltages 

at the same discrete gap, to provide a deviation from the experimental voltage response. This 

voltage was converted to an error in gap, based on the local change in voltage with gap from the 

experimental measurements. This error analysis is explained in more depth in as described in 

Section 3.7 with respect to (3-6). The error for the modelled gap values as compared against 

experimental measurements is shown in Figures 6-4 and 6-5 for 4.2 kHz and 8.0 kHz, respectively, 

as a deviation from the known average gap at 9 mm for the PT WT and resistivity variations. 
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Figure 6-4: Error in the predicted PT-CT gaps computed for both the concentric-tube and 

flat-plate models when compared to experimental measurements for PT Samples 2 to 6 at 

4.2 kHz. Solid lines connecting points correspond to the flat-plate model and dashed lines 

indicate the concentric model.  
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Figure 6-5: Error in the predicted PT-CT gaps computed by both the concentric and flat-

plate models when compared to experimental measurements for PT Samples 2 to 6 at 

8.0 kHz. Solid lines connecting points correspond to the flat-plate model and dashed lines 

indicate the concentric model.  
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As shown in Figures 6-4 and 6-5 the error for the flat-plate measurements is on average larger 

than that of the concentric model. For gaps greater than the zeroed response at 9 mm gap, the rate 

at which error increases is larger for the flat-plate model than for the concentric model. The range 

between contact and 5 mm gap may be considered as more critical, since this is closer to contact. 

In addition, the minimum gap in the physical non-concentric configuration will be less than the 

spacer thickness, which is on the order of 5 mm at the bottom of the horizontal fuel channel [5]. 

Tables 6-3 and 6-4 shows the error in the average gap prediction between contact and 5 mm gap 

for both models at the different PT WTs used in Figures 6-2 and 6-3, respectively. Tables 6-3 and 

6-4 show that the concentric model is approximately four and three times more accurate at 

predicting gap in the 0 to 5 mm range than the flat-plate model for 4.2 kHz and 8.0 kHz, 

respectively. 

Table 6-3: Root-mean-square error (RMSE) in flat-plate and concentric models’ ability to 

predict gap measurements between 0 and 5 mm at 4.2 kHz. Also shown is each model’s 

relative error in predicted gap at maximum gap, as measured at 4.2 kHz.  

  0 - 5 mm Gap Prediction Error [mm] Relative Error at Max Gap 

PT Sample Flat-Plate Concentric Flat-Plate Concentric 

1 (Cal.) 0.27 0.05 6% 1% 

2 0.25 0.03 6% 2% 

3 0.42 0.13 4% 0.4% 

4 0.24 0.05 5% 1% 

5 0.30 0.07 6% 2% 

6 0.29 0.10 6% 1% 

Average 0.30 0.07 6% 1% 
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Table 6-4: Root-mean-square error (RMSE) in flat-plate and concentric models’ ability to 

predict gap measurements between 0 and 5 mm at 8.0 kHz. Also shown is each model’s 

relative error in predicted gap at maximum gap, as measured at 8.0 kHz.  

  0 - 5 mm Gap Prediction Error [mm] Relative Error at Max Gap 

PT Sample Flat-Plate Concentric Flat-Plate Concentric 

1 (Cal.) 0.28 0.10 6% 1% 

2 0.26 0.07 7% 3% 

3 0.43 0.17 5% 0.1% 

4 0.25 0.13 6% 1% 

5 0.32 0.11 8% 3% 

6 0.30 0.10 8% 1% 

Average 0.30 0.11 7% 2% 

 
The near-zero error at approximately 9 mm gap in Figures 6-4 and 6-5 is due to this gap being 

used as the reference point.  During a 360° circumferential in-reactor inspection scan, this gap 

would be the average nominal gap for a nonconcentric PT and CT configuration and for the 

concentric model at 9 mm gap. At this gap the CT radius of curvature of the concentric 

approximation matches that of the real geometry.  

The error in gap prediction for both models increases after the 9 mm gap reference point, as 

shown in Figures 6-4 and 6-5. Unlike the error between contact to 5 mm gap, which is fairly 

constant, the error after the reference point increases approximately quadratically for both models 

at the different PT WTs. However, the increase is greater for the flat-plate model than the concentric 

model as can be seen from the relative errors at maximum gap for the different PT samples in 

Tables 6-3 and 6-4. The average relative errors at maximum gap are 1% and 6% for the concentric 

and flat-plate models at 4.2 kHz, respectively, and 2% and 7% at 8.0 kHz, respectively. This 

significant loss of accuracy in the flat-plate model at large gaps can be attributed to the relatively 

greater distance the magnetic field lines travel away from the normal of the drive coil than would 

occur in the concentric model. The concentric model can also more accurately take into account 

how these field lines interact with the actual curvature of the PT and approximated curvature of the 
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CT. At higher frequencies, the fields do not spread out as much and therefore, would not sample as 

much of the curvature. This is consistent with the reduced difference in relative error at 8.0 kHz 

between flat-plate and concentric models at max gap as may be observed from a comparison of 

Tables 6-3 and 6-4. 

Part of the improvement of the concentric model for accurately predicting gap measurements is 

that the curvature of the approximated CT is close to the curvature of the real CT. For PT Sample 

1, used for calibration, the inner radius of the approximated CT varies linearly from 8.5 mm less 

than nominal to 8.1 mm above nominal, where the nominal value is 51.9 mm. At 9.0 mm gap, the 

relative difference in curvature is 0.5%, the point where the modelled and physical CT have almost 

equal curvature.  

For the gap signals shown in Figures 6-2 and 6-3, the concentric model’s points are consistently 

on the left side of the experimental measurements at gaps below the reference point and then move 

slightly to the right side at larger gaps. This change may be attributed to the approximated curvature 

being less than and greater than, respectively, that of the physical CT. This is also consistent with 

the flat-plate model results, which are for the most part always on the right side of the experimental 

measurements, in this case the flat-plate model approximates the PT and CT as having effectively 

infinite curvature. 

A limiting condition for the flat-plate model is the small separation between the drive and receive 

coil relative to the inner radius of the PT. It is anticipated that for increased coil separation the 

effects of tube curvature will become greater. However, coil spacing is not as limiting a factor for 

the concentric model. This enhances the potential robustness of the concentric model, for example, 

in cases where the separation between the drive and receive coil may be larger. 

 With the same computational resources the same voltage response to gap takes approximately 

350 seconds using the concentric model and approximately 0.380 seconds for the flat-plate model. 

Therefore, the flat-plate model is approximately 900 times faster than the concentric model. This 
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is simply a result of the mathematics involved. For quick first order gap calculations, the flat-plate 

model can be used, but the concentric model should be used for more accurate gap calculations.  

6.5  Conclusion 

A semi-analytical model was used to model the response of an eddy-current probe to changes in 

PT-CT gap, accounting for curvature of the PT. The PT within CT configuration was approximated 

as a pair of concentric tubes and the PT-CT gap was varied by varying the radius of the CT. The 

concentric model was compared with the Luloff et al. flat-plate model [8] and experimental 

measurements that employed the physical PT-CT gap geometry under PT WT and resistivity 

variations. It was demonstrated that the concentric model was approximately four and three times 

more accurate, at 4.2 kHz and 8.0 kHz, respectively, at modelling response to variation in gap than 

the flat-plate model, between contact and 5 mm gap. For larger gaps, both models’ error increased 

as the gap increased, but the relative error in the concentric model at maximum gap was an average 

of 1% and 2% at 4.2 kHz and 8.0 kHz, respectively, whereas the flat-plate model’s error averaged 

to 6% and 7% at 4.2 kHz and 8.0 kHz, respectively. Under consideration of the error in the modelled 

gap response between contact and 5 mm and the relative error at maximum gap, it was concluded 

that the concentric model provided a more accurate simulation of eddy current response to gap 

variation between two non-concentric tubes. 
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Chapter 7 

Evaluation of Essential Parameter Influence for Pressure Tube to 

Calandria Tube Gap Measurements  

G. Klein1,2, J. Morelli1, T.W. Krause2 
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2Royal Military College of Canada, Kingston, ON, Canada K7K 7B4 

Abstract— The fuel channels in CANDU® nuclear reactors are subject to irradiation, heat, 

pressure, and the weight of the fuel bundles. Deformation can cause contact between the pressure 

tube (PT) and calandria tube (CT) within which it is contained and this should be avoided as it can 

lead to hydride blisters and subsequent cracking of the PT. PT-CT gap is currently measured with 

an eddy current based probe that utilizes a drive-receive coil configuration. Current models of the 

gap probe are not able to account for the curvature of the PT and CT, and therefore, can lead to 

inaccuracies in gap measurement predictions. A model that accounts for the curvature of the PT 

and approximates the curvature of the CT by modelling the PT and CT as concentric tubes was 

constructed. This paper used this more complex model to examine how variation of in-reactor 

parameters affect gap measurements. The temperature, PT resistivity, PT wall thickness, liftoff, CT 

resistivity and PT inner radius were varied within ranges possible under in-reactor inspection 

conditions. It was shown that liftoff and PT resistivity had the largest influence on gap 

measurements, with liftoff variations being two to three times more significant than any other 

parameter. PT wall thickness variation was also shown to have a large effect on gap measurement 

accuracy. Variations in temperature, CT resistivity and PT inner radius were shown to have a small 

effect on gap measurements.  
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7.1  Introduction 

During the life of a fuel channel in a CANadian Deuterium Uranium (CANDU®) nuclear reactor, 

the fuel channel undergoes physical changes due to radiation, temperature and the weight of the 

fuel bundles. This causes the 110 mm outer diameter pressure tube (PT) to sag and risks contact 

with the larger 129 mm inner diameter calandria tube (CT) that the PT is held within [1]. The hot 

~300C PT and cooler ~50C CT are separated by four garter spring spacers, placed at intervals 

along the fuel channel, with thickness of either 5.7 mm, for older reactors or 4.8 mm for newer 

reactors [5]. However, these garter spring spacers cannot fully ensure that contact will not occur 

between the PT and CT. If contact occurs hydride blisters can form on the outer surface of the PT 

and cause delayed hydride cracking in the PT [1]. The separation between the PT and CT (PT-CT 

gap) is monitored using a drive-receive eddy current based system. A demonstration that the stated 

accuracy can be achieved given typical variation of in-reactor parameters [4], as outlined in an 

Inspection Specification [5], is required for the qualification of this measurement system. These 

parameters include temperature, probe liftoff, PT and CT resistivity, PT inner radius, and PT wall 

thickness (WT). The PT WT is measured independently with ultrasonic measurements [10]. 

However, ultrasonic measurements cannot differentiate between oxide layer thickness or possible 

presence of magnetite, and the PT material. This causes the PT wall thickness measurement to have 

a potential over estimate and the oxide and magnetite layers may also introduce liftoff that is not 

accounted for. In addition, there is also uncertainty in the PT resistivity variations, as it is not known 

how the resistivity will change due to both the PT’s deformation and irradiation [63][64], but it is 

not fully known. 

The current understanding for how gap measurements are affected by variations of in-reactor 

parameters was examined using an analytical model of the probe by Shokralla et al. [6][5]. 

However, this model employed three crucial assumptions [6][5]. These were 1) that the drive and 

receive coil were coaxial, rather than axially offset, 2) that the PT and CT were infinite flat 

conductive plates, and 3) the model used the solutions from Dodd and Deeds [18][19]. The 
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solutions from Dodd and Deeds [18][19] assume a constant amplitude alternating current source 

rather than the constant amplitude voltage excitation used during in-reactor measurements. Luloff 

et al. [8] developed a flat-plate geometry model that uses the proper axially offset coil geometry 

and this model was validated for variations in probe liftoff. Luloff et al. [8] used the model by 

Desjardins et al. [21][22] to consider a constant voltage amplitude excitation for the drive coil.  

Luloff et al. [27] also showed that the assumptions used in the solutions by Dodd and Deeds 

introduced inaccuracies in PT-CT gap measurements. Klein et al. has developed a semi-analytical 

[55] and Finite Element Method (FEM) [65] model as shown in Chapters 6 and 4, respectively, that 

accurately accounts for the curvature of the PT and approximates the curvature of the CT. Klein et 

al. [55][65] advances the Luloff et al. [27] model by approximating the PT and CT as concentric 

tubes, with gap varied by increasing the inner diameter of the CT. This model has been validated 

for variation of PT resistivity and PT wall thickness as shown in Chapters 6 and 4 [55][65]. It has 

also been shown that the assumption of the PT and CT being flat conductive plates adds error to 

gap predictions.  

The results by Luloff et al. [8][27] and Klein et al. [55][65] show that the effects of in-reactor 

parameter variations on gap measurements may be skewed by the approximations in current models 

[6][5]. An accurate understanding of how gap measurements are affected by in-reactor parameter 

variations can be determined using the semi-analytical model developed in [55]. Using this model 

the error in gap predictions will be obtained for variations in PT wall thickness, PT resistivity, 

temperature, probe liftoff (LO), CT resistivity and PT curvature. This sensitivity analysis will show 

which parameter variations cause the largest error in gap measurements.  

7.2 In-reactor PT-CT Gap Measurements 

Before the sensitivity analysis can be conducted, an understanding of how in-reactor 

measurements are performed is necessary. The eddy current based PT-CT gap probe used by 

CANDU® reactor inspection personnel uses a surface riding drive-receive coil configuration [5][6]. 
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The probe used by Ontario Power Generation (OPG) moves helically through the PT with a 1 mm 

axial travel per 360° rotation. As the probe moves through the PT it continuously measures the PT-

CT gap and the 1 mm travel ensures that gap is measured everywhere along the fuel channel [4]. 

Probes used by other inspection service providers take discrete circular scans at fixed locations 

inside the PT. Figure 7-1 shows examples of the impedance plane voltage response of the receive 

coil at 4.0 kHz excitation obtained from PT-CT gap measurements under ideal conditions when 

only variation in gap exists. Figure 7-1a) shows a situation when the PT has not sagged and is 

perfectly concentric with the CT. When the probe rotates inside the PT there will be no change in 

signal as there are no gap changes. In this case the eddy current response is indicated by the single 

red data point in Figure 7-1a). After the fuel bundles have been loaded, PT sag occurs and there is 

some slight gap variation, as seen in Figure 7-1b). When the probe rotates around the PT there will 

be a change in signal as shown by the line of red data points in Figure 7-1b). Over time, temperature, 

pressure and irradiation induced diametral creep, combined with fuel load will result in further 

reduction of gap between spacer locations. In the most extreme case, where there is PT-CT contact 

at the 6 O’clock marker, the signal from a gap scan will cover the entire possible range of gaps and 

the signal will have the largest variation as seen in Figure 7-1c). 
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Figure 7-1: Three examples of possible gap configurations and the respective impedance 

plane voltage responses from a single 360° rotation of the gap probe inside the PT. The CT 

is indicated by the outer blue circle and the PT is indicated by the inner magenta circle; a) 

indicates the condition when the PT and CT are concentric; b) occurs when there is some 

gap between PT and CT and the scan shows some variation in voltage response due to small 

changes in gap; and c) the most extreme condition when there is PT-CT contact at the 6 

O’clock point, the gap signal shows maximum variation. The 3, 6, 9, and 12 O’clock 

markings are indicated in c).  
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rotation. In-reactor gaps can then be determined by comparing in-reactor measurements to the 

calibration measurements. 

7.3 Essential Parameter Variations 

To understand how variations of parameters may effect gap measurement accuracy, it is first 

necessary to understand how the raw impedance plane voltage responses to gap changes are 

affected by parameter variations during in-reactor measurements. Variation in any essential 

parameter can cause three possible effects on the receive coil’s impedance plane voltage response 

to gap, including amplitude scaling, phase rotation, and translational effects. These effects can 

change the magnitude of in-phase and quadrature components of the impedance plane voltage 

response, as well as shift the signal’s reference point. Most parameter variation will generally only 

cause scaling and rotation during a 360° circumferential gap scan.  

Translational effects on the impedance plane voltage signals will only be relevant for variations 

that occur during a single relative 360° circumferential gap scan, since each scan is a relative 

measurement. For the translational effects to be observed, variations must occur during either the 

1 mm axial travel of the helical OPG probe or at the fixed locations of the circular scans of other 

inspection service providers. If variation occurs in between these helical or circular scans only 

relative scaling and rotational effects will be observed. Therefore, it is necessary to establish how 

the parameters vary along a PT and CT.  

Variation that may occur for the essential parameters listed above in Section 7.1, with the 

exception of PT wall thickness and probe liftoff, would only take place at distances greater than 1 

mm. This means variations would only occur between the 360° helical or circular rotational scans. 

It is assumed that variations that occur within the 1 mm axial travel of the helical probe or during 

a circular scan are too small to measure. This is not necessarily true for variations in PT wall 

thickness, as small variations can have significant effect on the eddy current response [6]. However, 

PT wall thickness is measured independently by ultrasonic measurements [10] and may therefore 
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be used to compensate gap measurements. PT wall thickness variations would likely cause no error 

in gap measurements, provided that they are properly calibrated for. However, this parameter is 

included in this analysis to show the necessity for accurate wall thickness measurements. Also, 

variation in oxide layer thickness or the presence of magnetite may affect ultrasonic wall thickness 

measurements. Therefore, the PT wall thickness variation analysis will be conducted using relative 

gap signals showing only scaling and rotational effects.  

Probe liftoff can also vary significantly during a single 360° circumferential scan, and unlike PT 

wall thickness changes, these effects have not been accounted for by complimentary measurements. 

During a single gap measurement, surface defects in the PT or material between the probe and the 

PT can cause an increase in the probe liftoff. Between gap scans liftoff can increase or decrease 

causing liftoff variation responses. This means that probe liftoff must be dealt with in two separate 

ways; one that considers variations within a single 360° circumferential gap scan and one between 

scans.  

Changes in temperature affect mainly the PT and eddy current coils, as the CT is in thermal 

equilibrium with the heavy water moderator and is also insulated by the gas annulus. The CT can 

change temperature, but this change is separate from temperature changes in the PT and eddy 

current coils. Therefore, temperature effects on the CT were incorporated into CT resistivity 

variations [66].  

Table 7-1 shows nominal values and the possible range of in-reactor variations for the parameters 

considered in this sensitivity analysis [2][6][8]. The PT-CT gap also ranged from contact to 17 mm. 

The inner radius and wall thickness of the CT were not varied and were set to 64.49 mm and 

1.44 mm, respectively [2][8]. 
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Table 7-1: Nominal parameter specifications and expected in-reactor variations [2].  

Essential Parameter Nominal Possible In-reactor variation range 

PT Resistivity [μΩ∙cm] 52  45 - 60 

PT Wall Thickness [mm] 4.2 3.5 - 4.4 

CT Resistivity [μΩ∙cm] 74 72 - 76 

Temperature [°C] 20 20 - 50 

Probe Liftoff (Single Scan) [mm] 1.9 1.9 - 2.4 

Probe Liftoff (Between Scans) [mm] 1.9 1.4 - 2.4  

PT Inner Radius [mm] 52 52-57 

7.4  Sensitivity Analysis 

The sensitivity analysis was done by first modelling the receive coil’s response from PT-CT 

contact to 17 mm gap for the nominal essential parameters using a 1 V sinusoidal excitation at 

4.0 kHz, 8.0 kHz, 10.0 kHz and 16.0 kHz using the model by Klein et al. [58][55]. The 4.0 kHz, 

8.0 kHz and 16.0 kHz are the frequencies currently used during in-reactor gap measurements [6]. 

Bennett et al. [67] showed that the 10.0 kHz was an optimum frequency to separate changes in gap 

and liftoff in the impedance plane voltage signal for end-of-life PTs. The receive coil’s gap 

responses for the nominal parameters (Table 7-1), referenced to their respective voltage response 

at 8.5 mm gap, which is the average PT-CT gap, is shown in Figure 7-2. At this gap the CT in the 

concentric model is the actual representation of the PT-CT gap geometry and here the concentric 

model is not an approximation.  

Essential parameters were then varied individually by increments of 5% to span the range of 

possible essential parameter variations as shown in Table 7-2. Table 7-2 slightly extends the range 

of parameter variations compared to Table 7-1 to make it easier to interpolate gap probe responses. 

The 5% variation allows for a straightforward means of comparing the effects of parameter 

variation on gap predictions using consistent variation increments. Variation in temperature was 

extended past that of other parameters using increments larger than 5% to encompass the full range 

of possible variaiton. The percent variation limits of each parameter were different based on the 

physical in-reactor limits of their variations shown in Table 7-1.   
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Figure 7-2: Impedance plane receive coil reponse for drive coil excitation at 4.0 kHz, 

8.0 kHz, 10.0 kHz and 16.0 kHz for nominal in-reactor parameters.  
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Table 7-2: Percent varation for the range of possible in-reactor parameters. The gray boxes 

indicate where parameters would be unphysical. The range of some parameters was extend 

past Table 7-1 ensure accurate interpolation. 

Percent 

Variation 

Temperature 

[°C] 

PT 

WT 

[mm] 

PT 

Resistivity 

[μΩ•cm] 

LO (Single 

Scan) 

[mm] 

LO (Between 

Scans) [mm] 

CT 

Resistivity 

[μΩ•cm] 

PT IR 

[mm] 

-30%  
   

1.3 
  

-25%  3.2 
  

1.4 
  

-20%  3.4 
  

1.5 
  

-15%  3.6 44.2 
 

1.6 
  

-10%  3.8 46.8 
 

1.7 
  

-5%  4.0 49.4 
 

1.8 70.3 
 

5% 21 4.4 54.6 2.0 2.0 77.7 54.6 

10% 22 4.6 57.2 2.1 2.1 81.4 57.2 

15% 23 

 
59.8 2.2 2.2 85.1 

 

20% 24 

 
62.4 2.3 2.3 

  

25% 25 

  
2.4 2.4 

  

30% 26 

  
2.5 2.5 

  

55% 31 

      

80% 36 

      

105% 41 

      

130% 46 

      

155% 51       

 

Figures 7-3 to 7-5 show the receive coil gap responses for variations in PT resistivity at 4.0 kHz 

(Figure 7-3) and 8.0 kHz (Figure 7-4), and liftoff variation during a 360° rotational scan at 4.0 kHz 

(Figure 7-5). Each gap response for the different PT resistivities, Figures 7-3 and 7-4, was 

referenced with respect to its response at 8.5 mm gap. The liftoff variation gap responses in Figure 

7-5 were all referenced to the nominal gap response at 8.5 mm gap as a common reference point is 

required. Since there are seven different parameter variations at four different frequencies, not all 

raw data plots are displayed. However, analysis for all parameter variations at the different 

frequencies was conducted. For each parameter variation, the gap responses were referenced to 

their respective voltage response at 8.5 mm gap, except for variation of liftoff during a single 360° 
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circumferential gap scan. These liftoff scans referenced the voltage responses to the nominal case 

voltage response at 8.5 mm gap. 

 

Figure 7-3: Impedance plane receive coil gap response at 4.0 kHz drive coil excitation for 

variation of PT resistivity. Each gap response was referenced to its voltage signal at 8.5 mm 

gap.  
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Figure 7-4: Impedance plane receive coil gap response at 8.0 kHz drive coil excitation for 

variation of PT resistivity. Each gap response was referenced to its voltage signal at 8.5 mm 

gap.  
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Figure 7-5: Impedance plane receive coil gap response at 4.0 kHz drive coil excitation for 

variation in liftoff during a single 360° circumferential gap scan. Each gap response was 

referenced to the nominal gap response at 8.5 mm gap.   
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response for the nominal parameter condition. This was done by comparing responses for each 

variation to the response of the nominal condition at each of the respective frequencies. The error 

in gap predictions was estimated by comparing experimental measurements and model calculations 

at the same discrete gaps. The of error gap prediction is estimated by (3-6) repeated here as 

𝑒𝑟𝑟𝑜𝑟𝑔𝑎𝑝,𝑖 = 𝑠𝑖𝑔𝑛(cos(𝛼𝑖))√(𝑉𝑖,𝑛𝑜𝑚
[𝑖𝑛−𝑝ℎ𝑎𝑠𝑒]

− 𝑉𝑖,𝑣𝑎𝑟
[𝑖𝑛−𝑝ℎ𝑎𝑠𝑒]

)
2
+ (𝑉𝑖,𝑛𝑜𝑚

[𝑞𝑢𝑎𝑑]
− 𝑉𝑖,𝑣𝑎𝑟

[𝑞𝑢𝑎𝑑]
)
2

∗
Δ𝑔𝑎𝑝𝑖,𝑛𝑜𝑚
Δ𝑉𝑖,𝑛𝑜𝑚

,   

(7-1) 

for the 𝑖𝑡ℎ gap. The 𝑖𝑛 − 𝑝ℎ𝑎𝑠𝑒 and 𝑞𝑢𝑎𝑑 superscripts in (7-1) refer to in-phase and quadrature 

voltage components, respectively. The 𝑛𝑜𝑚 and 𝑣𝑎𝑟 superscripts refer to the nominal or variational 

parameter voltage signals. The Δ𝑔𝑎𝑝𝑖,𝑣𝑎𝑟 and Δ𝑉𝑖,𝑣𝑎𝑟 terms refer to change in gap and voltage, 

respectively, at the 𝑖𝑡ℎ gap for the nominal parameter response. The 𝑠𝑖𝑔𝑛(cos(𝛼𝑖)) term determines 

if the sign for the error, indicating whether the error is an over or under estimation of the measured 

gap. The angle 𝛼𝑖 is the angle between the vector showing direction of increasing gap, 

corresponding to Δ𝑉𝑖,𝑛𝑜𝑚, and the vector connecting the voltage response of the nominal case and 

the parameter variation case at the 𝑖𝑡ℎ gap. Figures 7-6 to 7-9 show the gap prediction errors for PT 

resistivity and probe liftoff variation (during a single 360° circumferential gap scan) for 4.0 kHz 

and 8.0 kHz, respectively. Error in gap predictions for variations in temperature, PT wall thickness, 

liftoff (between gap scans), PT inner radius, and CT resistivity at 4.0 kHz can be seen in Figures 

B-1 to B-5 in Appendix B. 
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Figure 7-6: Error in gap predictions for variation in PT resistivity for 4.0 kHz drive coil 

excitation.  

 

 

Figure 7-7: Error in gap predictions for variation in PT resistivity for 8.0 kHz drive coil 

excitation.  
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Figure 7-8: Error in gap predictions for variation in liftoff during a single 360° 

circumferential gap scan for 4.0 kHz drive coil excitation.  

 

 

 

Figure 7-9: Error in gap predictions for variation in liftoff during a single 360° 

circumferential gap scan for 8.0 kHz drive coil excitation.  
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Figures 7-6 to 7-9 and Figures B-1 to B-5 from Appendix B show that the gap error predictions 

for gap increases as the gap increases, particularly past the average gap of 17 mm. However, the 

gaps at the 6 O’clock orientation, which is where contact would be expected to occur, would not 

be more than ~5 mm on average due to spacer thicknesses. Therefore, the gaps between contact 

and 5 mm can be considered the critical gap region. Taking the root-mean-square-error (RMSE) of 

the error in gap predictions between contact and 5 mm gap, an overall error can be calculated for 

each variation. The RMSE is intrinsically positive, but as seen in Figures 7-6 to 7-9 and Figures 

B-1 to B-5 the error can be positive or negative, indicating if the gap prediction is an over or under 

estimation of the gap. A positive or negative RMSE was based on whether the gap error predictions 

were positive or negative in the contact to 5 mm gap range. The relative error at maximum gap was 

also calculated. At large gaps the error in gap predictions increases in magnitude. Therefore, to 

compare gap predictions at maximum gap, a relative error is more appropriate. The RMSE and 

relative error at maximum gaps is shown in Tables C-1 to C-7 in Appendix C for variations in 

temperature, PT wall thickness, PT resistivity, liftoff (in and between 360° circumferential gap 

scans), CT resistivity and PT inner radius, respectively.  

7.6 Discussion 

The RMSE for the error in gap predictions between contact and 5 mm can be plotted against the 

percent variation of each parameter as shown in Figures D-1 and D-7 in Appendix D for variations 

in temperature, PT wall thickness, PT resistivity, liftoff (in and between 360° circumferential gap 

scans), CT resistivity, and PT inner radius, respectively. A line or curve of best fit was also plotted 

for each percent variation. A 15% variation point was added to PT inner radius variations, as seen 

in Figure D-7, to ensure the accuracy of the linear fit used for variations within the physical range 

listed in Table 7-2. The equations of the lines and curves of best fit can be seen in Table E-1 in 

Appendix E for the fits in Figures D-1 and D-7.  
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Figures D-1 and D-7 show that the RMSE between contact and 5 mm gap is linear with respect 

to percent variations, except for PT wall thickness variations. The RMSE for variations in PT wall 

thickness are quadratic with respect to percent variations. Table 7-3 shows a comparison of the 

different slopes for each variation. The slopes were determined by taking the derivative of the 

polynomials of the best fit equations in Table E-1. The slopes provide a quantitative comparison 

for the effect each parameter variation had on gap predictions. A slope with a larger magnitude 

indicated that error in gap predictions would change more with the same percent variation. 

Therefore, the parameter variation that produced the slope with the largest magnitude is the most 

influential to gap measurements.  

Table 7-3: Slopes for how error in gap predictions (in mm) change with % variation of each 

paramater. The slopes were found by taking the derivate of the curves in Table E-1. The 

pressue tube is labelled as PT and the calandria tube is labelled as CT. 

 Slope [mm / %Var] 

Parameter 4.0 kHz 8.0 kHz 10.0 kHz 16.0 kHz 

Temperature -0.089 -0.12 -0.14 -0.16 

PT Wall 

Thickness 

-5.26×(%Var) + 

2.40 

-9.09×(%Var) + 

3.08 

-10.65×(%Var) + 

3.34 

-14.71×(%Var) + 

3.97 

PT Resistivity -1.6 -2.1 -2.3 -2.7 

LO (Single 

Scan)  
0.41 0.43 0.43 0.43 

LO (Between 

Scans) 
-8.8 -13 -15 -23 

CT Resistivity 0.94 0.89 0.87 0.78 

PT Inner Radius 0.15 0.16 0.16 0.16 

 

With the different slopes, the parameter that causes the most variation to gap measurements can 

be determined. Since the effect PT wall thickness variation changes with percent variation the 

comparison will be done by considering PT wall thickness at its minimum and maximum percent 

variations, which are -25% and 10%, respectively, and can be seen in Table 7-4.  
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Table 7-4: Discrete slope calculations for the rate of change for gap error (in mm) for % 

variation of PT wall thickness. Calculations were done for the limits of the range of PT wall 

thickenss, which are at -25% and 10% variation. These were found by taking the derivative 

of the second order polynominal function for the curve fit to Figure D-2. The equation of 

the curves can be seen in Table E-1. 

 Discrete Slope at Specific % Variation [mm / %Var] 

 4.0 kHz 8.0 kHz 10.0 kHz 16.0 kHz 

 -25% 10% -25% 10% -25% 10% -25% 10% 

PT Wall Thickness 3.7 1.9 5.4 2.2 6.0 2.3 7.6 2.5 

 

Tables 7-3 and 7-4 show that liftoff variations between gap measurement scans cause the largest 

error in gap measurements and cause two to three times more error than the second most influential 

parameter. Table C-4 shows these types of variations can cause a 23 mm error in gap predictions, 

which is unphysical as the gap can only be 17 mm. This large error is due to the translations between 

gap signals seen in Figure 7-5. This makes it clear that the liftoff must be controlled or its response 

compensated for as it is critical for accurate gap measurements.  

However, the true gap can still be determined even if liftoff variation occurs during a 360° scan. 

If the gap can be measured accurately directly before and after the scan the liftoff variation occurred 

in, the gap can be found by interpolating between these measurements. The gap can be interpolated 

between scans as the 1 mm travel is small enough that any change in gap can be approximated as 

a linear change, if a spacer is not present. When a spacer is present, this assumption is invalid as 

the spacer will cause protrusions (~0.1 mm [2]) to the PT, changing the trajectory of the probe as 

it rides along the PT’s inner surface. The geometry of the PT at a spacer is very complex and could 

most likely only be modelled using Finite Element Method (FEM).  

Liftoff variations have been shown to have significant effect on gap measurements. As a result, 

liftoff must be controlled during in-reactor measurements as much as possible, accounting for liftoff 

variations within and between a 360° circumferential gap scan. Unlike other parameters, the effects 

of liftoff variation between gap measurements is approximately independent of frequency. The 
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error induced from other types of parameter variation can possibly be accounted for by using 

multiple frequencies and triangulating on the true measured gap. However, this may not be possible 

with a liftoff variation between scans. The error in gap for the different frequencies used in-reactor 

would be too close, so that the probe would measure the same gap at each frequency. Error in gap 

measurements due to liftoff variation between scans may skew all measurements and have 

potentially large effects. 

Variation in PT wall thickness is the second most influential parameter, but since it is measured 

independently using ultrasonic measurements [10], PT wall thickness variation should be able to 

be accounted for. But, this is only true if the proper modelling and calibrations can be done at the 

correct PT wall thicknesses. This means that PT wall thickness must be measured accurately, as it 

can cause large error to gap measurements. The accuracy of the PT wall thickness measurements 

may vary as ultrasonic measurements cannot differentiate between oxide layers (up to 0.1 mm [1]) 

and/or possible magnetite with the PT material. These would cause probe liftoff effects and, as 

described above, can cause large error to gap measurements. The error caused oxide thickness on 

PT wall thickness measurements would cause a conservative gap estimate, as they would show the 

gap is smaller than it actually is. This is due to the wall thickness measurement showing a thicker 

PT than is in-reactor. PT wall thickness was included in this analysis to show that accurate 

measurements of it are necessary for accurate gap measurements.  

Modelling predicts that variations of in-reactor PT resistivity causes significant error in gap 

measurements. The PT resistivity can vary due to both deformation of PT and irradiation [63][64]. 

However, the variation of PT resistivity of in-service PT is still not fully known. This analysis can 

be used as preliminary work for a possible inverse model, where parameters like PT resistivity 

could be extracted. Being able to measure the PT resistivity during in-reactor measurements could 

provide more insight into how the PT resistivity changes due to both irradiation and deformation.  

Variation in the CT resistivity shows a different trend with frequency than the other parameters. 

Variation in CT resistivity has a weaker influence on gap measurements as frequency is increased. 
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This can be understood by knowing that the skin depth is inversely proportional to frequency. The 

decrease in skin depth with increased frequency produces more eddy currents in the CT and a larger 

response in the receive coil. This larger response to the CT means the gap is easier to determine. 

However, the overall influence of CT variation on gap measurements is still small. The maximum 

15% change in CT resistivity causes a 0.45 mm error in gap predictions as seen in Table C-6 in 

Appendix C. 

PT inner radius variation does not have considerable influence on gap measurements. The 

comparison between the flat-plate model by Luloff et al. [8] and the concentric model by Klein et 

al. [55] in Chapter 6 can be considered as covering the maximum range of PT curvature variation. 

The PT in the flat-plate model can be thought of as having an infinite radius. The flat-plate model 

was shown to agree well with experimental measurements, just not as well as the concentric model. 

It follows that small variations in PT inner radius have an insignificant effect on gap measurements, 

given that the most extreme case was in good agreement with experimental measurements.  

Model predicted error due to variations in temperature are the final parameter to discuss. The 

effect of temperature can be considered negligible given the small slopes in Table 7-4. Gaps 

measured at 50°C in-reactor will be a maximum of 0.85 mm conservative with regards to the true 

gap at 20°C. The effects of temperature can also be easily accounted for by having calibration 

measurements at multiple temperatures and measuring the temperature during in-reactor 

measurements.     

7.7 Conclusion 

The PT-CT gap measurement can be affected by variation in many of the in-reactor parameters. 

Of these parameters variation in probe liftoff was predicted to cause the largest error in gap 

measurement, especially when the variation happened during a 360° circumferential scan. This 

caused large translational effects to the gap responses, skewing the measurements. Liftoff variation 

between scans can result in gap measurement error because the in-reactor frequencies all have the 
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same error bias, making it difficult to triangulate the true gap. Resistivity can also cause significant 

effects as it is not fully understood how the resistivity of the PT changes due to simultaneous 

radiation and deformation. Without a complete understanding of potential PT resistivity variation, 

the proper calibrations cannot be done. Both liftoff variation and PT resistivity variation have a 

significant effect on gap measurements, with liftoff variation being the largest. This is due to not 

being able to extract the liftoff or PT resistivity by other complimentary measurements, as is the 

case for PT wall thickness. PT wall thickness was shown to have a larger affect on gap 

measurements than PT resistivity, but since it is measured independently with ultrasonic 

measurements its variation can be accounted for. However, PT wall thickness measurements cannot 

discern between the PT and possible oxide or magnetite layers, and these would also cause probe 

liftoff variations. Errors in gap due to PT wall thickness variation was included here to show that 

accurate measurement of wall thickness is necessary for accurate gap measurements. Variation in 

the temperature, CT resistivity, and PT inner radius demonstrated a much smaller relative influence 

on gap measurements.   
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Chapter 8 

Discussion 

FEM modelling showed that accurate gap predictions can be achieved when the PT-CT gap 

geometry is approximated as two concentric tubes as described in Chapter 4 and Chapter 6. FEM 

modelling of the true geometry of the PT and CT showed gap predictions similar to the predictions 

of the concentric tube FEM model as shown in Chapter 4. There were some cases where the 

concentric FEM model seemed to be more accurate than the true geometry model at predicting gap. 

This contradicts that the concentric model was an approximation of the true geometry. The 

discrepancies between the concentric and true geometry FEM models may be attributed to the finite 

numerical resolution of COMSOL® and the numeric rounding of the program itself. The differences 

in gap predictions between the concentric and true geometry models may be too small for the FEM 

solvers to determine. Therefore, the variations between the models’ results are more likely 

numerical noise from the FEM algorithms. The comparison between the concentric and true 

geometry FEM models demonstrated that the curvature of the CT has an unresolvable effect on the 

eddy current response to gap for the CT diameters used to vary gap between contact and maximum 

gap. This is unlike the effect of the curvature of the PT, which was shown to have a significant 

effect as observed by comparing flat-plate and both curved FEM models with experimental 

measurements.  

The main goal of the FEM analysis was to determine if the concentric tube geometry for the PT 

and CT could provide sufficiently accurate gap predictions. The good agreement that the concentric 

FEM model had with experimental measurements showed the potential benefit for an analytical 

model of this geometry.  A semi-analytical model of the concentric tube geometry was constructed 

using the Second Order Vector Potential (SOVP) formalism developed by Theodoulidis et al. [23] 

as described in Chapter 5. This model and the analytical flat-plate model by Luloff [8] were 
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compared to the same experimental measurements used in the FEM model comparison. 

Comparison with experimental measurements indicated that the concentric model is between three 

to five times more accurate than the flat-plate model. The flat-plate and concentric geometry FEM 

models show slightly better agreement with experimental measurements compared to their 

analytical counter parts. This small increase in accuracy of the FEM models can be accounted for 

by the numerical integrals and summations necessary for both the analytical flat-plate and 

semi-analytical concentric models. The analytical flat-plate model requires a semi-infinite integral 

and the concentric model requires an infinite integral and summation, which all must be computed 

numerically. Proper limits for both the sums and integrals are required to truncate the integrals and 

sums for accurate calculations. However, it is possible that error can still be introduced through 

numerical rounding. This accounts for why there is better agreement between the FEM and 

analytical flat-plate model than the FEM and semi-analytical concentric model, as the semi-

analytical concentric model requires more calculations. The error at 8.0 kHz for the semi-analytical 

concentric model is larger than at 4.2 kHz, as seen in Chapter 6. If the truncation limits change with 

frequency this can explain this increase in error as the same points were used at both frequencies. 

This also explains why the error between 4.2 kHz and 8.0 kHz calculations is consistent in the FEM 

models, but not the analytical models. The FEM models have sophisticated algorithms to account 

for possible numeric rounding, but the analytical models do not.  However, the discrepancies seen 

between the FEM and analytical models for the flat-plate and concentric tube geometries are still 

small. The concentric FEM model was only 0.01 mm and 0.04 mm more accurate than the semi-

analytical model for the average root-mean-square-error (RMSE) between contact to 5 mm gap at 

4.2 kHz and 8.0 kHz, respectively. There is still good agreement between the FEM and analytical 

model results between Chapter 4 and Chapter 6. The error produced in the analytical models is 

small enough that accurate gap calculations are still possible, relative to each geometry’s (flat-plate 

or concentric tube) intrinsic accuracy.  
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The advantage of the concentric semi-analytical model compared to the concentric FEM model 

is the increase in speed. Using the computational resources stated in Section 2.6 a voltage response 

to changes in gap takes approximately 130 seconds and 30 minutes for the semi-analytical and FEM 

models, respectively. The concentric semi-analytical model is therefore approximately 13 times 

faster than its FEM model counter-part. Another major benefit was that the semi-analytical model 

was more robust at computing the gap responses for variations of multiple parameters. When the 

geometry in COMSOL® changes during a parameter variation its numbering scheme for domains 

and boundaries may change. These domains and boundaries can correspond to material, physics or 

meshing features that are important for accurate calculations and changes to them can cause large 

inaccuracies in the FEM model results. There is no single solution to this issue as it must be handled 

by a case-by-case basis. To generate accurate FEM modelling results with COMSOL® may take 

longer than the 30 minutes stated above as this did not consider time required to fix an issue if it 

arose. The semi-analytical model is able to handle most parameter variation without any 

modification to the model itself, whereas this may not true for the FEM model.    

With the now validated semi-analytical concentric model, a sensitivity analysis was performed 

to determine how essential parameter variation affected gap measurements. It was clear that 

changes in liftoff that occur during a single 360° circumferential gap scan cause the most error to 

gap measurements. This is due to the fact that translational effects on the receive coil’s voltage 

response must be considered as there would be only one reference point. When liftoff variation 

happens between scans the translational effects can be neglected as the measurements are 

effectively re-zeroed after each scan. Comparing both types of liftoff variation shows that 

translational effects on probe voltage responses have a 20 times larger influence on gap 

measurements. This provides clear evidence that liftoff must be controlled as much as possible. PT 

wall thickness was shown to have a significant effect of gap measurements, which showed the 

necessity for accurate measurements. Current measurements of wall thickness cannot differentiate 

between the PT and possible oxide (up to 0.1 mm [1]) and/or magnetite thickness. This would cause 
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measurements to predict a larger PT wall thickness affecting compensation for gap meausrements, 

as well as cause liftoff problems. Magnetite can cause further gap measurement issues as it has a 

relative permeability of ~2 [3]. PT resistivity variation had the third largest influence on gap 

measurements. However, PT resistivity variations are largely unknown and have not been measured 

in-reactor. The effects due to temperature, CT resistivity and PT inner radius have negligible effects 

on gap measurement error.  
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Chapter 9 

Conclusions 

The goal of this thesis work was to develop a comprehensive model of the eddy current based 

pressure tube (PT) to calandria tube (CT) gap measurement probe. A validated FEM model was 

made that considered the PT and CT to be concentric tubes. This concentric tube geometry 

accurately accounted for the curvature of the PT and approximated the curvature of the CT. The 

gap for this model was increased by increasing the radius of curvature of the CT.  This concentric 

FEM model and an FEM model that did not approximate the geometry of the PT or CT were 

compared with experimental measurements for variations in PT wall thickness and resistivity. The 

comparison with experimental measurements showed that the concentric tube FEM model was able 

to predict gap measurements as well as the true geometry model. This showed that approximating 

the curvature of the CT did not produce an error significant enough to have any effect on the 

model’s ability to predict gap. This provided enough evidence that a concentric tube geometry 

analytical model may be able to provide a more accurate gap prediction than the analytical flat-

plate models currently used. A semi-analytical concentric tube model was developed using Second 

Order Vector Potential (SOVP) solutions for a drive-receive coil configuration within two 

concentric conductive tubes. The benefit of this semi-analytical model was determined by 

comparing its accuracy to predict gap measurements with the analytical flat-plate model currently 

used in industry. Comparison to experimental measurements showed that the semi-analytical 

concentric tube model was approximately three to four times more accurate at predicting gap than 

the analytical flat-plate model.  Using the more accurate semi-analytical concentric model, a 

sensitivity analysis was conducted to determine which in-reactor parameters gap measurements 

were most sensitive to. It was determined that variations in liftoff caused the largest error for gap 

measurements, followed by PT wall thickness and PT resistivity variations. However, PT wall 
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thickness variation should have a mitigated effect on gap measurements as long as accurate 

ultrasonic PT wall thickness measurements can be conducted. Variation of PT resistivity is a 

parameter whose in-reactor variation is currently unknown. Variations in temperature, CT 

resistivity and PT inner radius did not have a large effect on gap measurement accuracy. A 

percentage change in these parameters did not cause a large effect on gap measurements compared 

to liftoff, PT wall thickness or PT resistivity, within the range of variation anticipated under in-

reactor condition.  
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Chapter 10 

Future Work 

Areas for further improvement have been identified that can increase the accuracy and 

capabilities of the modelling developed here for the eddy current gap inspection tool used in 

CANDU® nuclear reactors fuel channels. One of the major limits of the concentric model shown in 

Chapter 6 is the required computational time and resources. The semi-analytical model is faster 

than the FEM model for the concentric tube geometry, Chapter 6, Chapter 6but it is still slower 

than the analytical flat-plate model by Luloff [8]. The flat-plate model was also improved by using 

truncated region eigenfunction expansion (TREE) boundary conditions. A possible way to improve 

the speed of the concentric model is to employ similar TREE boundary conditions. This expansion 

limits the length of the tubes in the concentric model. This transforms the infinite integrals to 

infinite summations in the concentric model’s impedance change calculations, which are faster to 

compute. 

The advantage of the TREE boundary conditions in the flat-plate model meant that an inverse 

model was possible due to the speed increase. This flat-plate inverse model allowed for the ability 

to extract certain physical parameters from experimental measurements, like PT resistivity or wall 

thickness. A further improvement on the concentric model is the possibility of developing an 

inverse model. There are two possible ways that an inverse model could be developed. One method 

could be similar to the approach taken by Luloff [8], where an optimization algorithm was 

implemented based on the flat-plate model’s solutions. This type of optimization would solve the 

flat-plate model multiple times, iteratively changing parameters, until some error function was 

minimized that compared experimental measurements and model results. The set of parameters that 

minimize this error function would correspond to the physical experimental parameters. For the 

current concentric model this could be difficult due to the time required to determine solutions 
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iteratively. However, this type of inverse model could be possible with the implementation of 

TREE boundary conditions. For a second approach, an inverse model could also be constructed by 

developing a large data matrix by solving the concentric model for multiple parameters, similar to 

what was done in the sensitivity analysis in Chapter 7. Though, for this data matrix simultaneous 

variation of multiple parameters would be required. It may be difficult to develop this data matrix 

as the time required increases exponentially for the amount of parameters of interest. A pseudo-

model could then be developed using this data matrix by interpolation. This pseudo-model would 

be able to solve for the same voltage response in the receive coil as the true concentric model, but 

in much less time. A minimization algorithm could then be implemented using the pseudo-model 

to develop an inverse model.  

The semi-analytical concentric model is an approximation of the true PT-CT gap probe 

geometry. The development of a non-concentric model could be beneficial, as it may be able to see 

variations of CT deformations. A possible approach for this model uses two different cylindrical 

coordinate systems, one for the PT and an offset one for the CT. The boundary conditions can then 

be solved by applying the proper coordinate transformations. Preliminary work has shown that an 

issue arises when determining the changes in impedance. In the concentric model there is no 

azimuthal dependence as the PT and CT are concentric and the azimuthal integration in the 

impendence change calculation can be solved without difficulty. For a two coordinate system 

approach to the non-concentric model there now exists an azimuthal dependence. The final 

calculation for impendence change becomes two integrals and an infinite sum. This extra integral 

has been shown to be extremely computationally intensive and preliminary work showed that 

calculations were not accurate. Further work on another approach for the non-concentric model 

should be considered. 

Analytical models have been shown to be able to accurately calculate gap, but these are for 

nominal PT or CT geometry cases. Analytical models are not able to account for changes in ovality, 

non-uniform wall thickness changes, deformations caused by spacers, or probe tilt. FEM models 
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were shown to calculate gap accurately for the nominal tube geometries. Therefore, the current 

FEM models shown in Chapter 4 should be modified to account for PT, CT, and probe geometry 

variations that the analytical models cannot accurately calculate. The potential benefits of 

modelling the PT-CT gap probe with FEM have not been demonstrated.  The advantage of FEM 

modelling is being able to model situations and geometries that cannot be modelled analytically.
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Appendices 

The following are the Appendices that contain some of the raw data relevant to this thesis. 

Appendix A contains all the boundary conditions from Chapter 5. Appendix B contains the gap 

prediction error analysis for the 4 kHz excitations from Chapter 7. Appendix C contains the root-

mean-square-error calculations for gap prediction errors from Chapter 7 for the 4 kHz, 8 kHz, 10 

kHz, and 16 kHz excitations between contact and 5 mm gap. Appendix C also has the relative gap 

prediction error for maximum gap for the 4 kHz, 8 kHz, 10 kHz, and 16 kHz excitations. The RMSE 

from Appendix C is plotted in Appendix D against the percent variation of each essential parameter 

from Chapter 7. The lines-of-best-fit for each of the plots in Appendix D are in Appendix E.
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Appendix A: Eddy Current Boundary Conditions for a Drive-Receive Coil 

System within Two Concentric Tubes 

The boundary conditions for all of the regions of Figure 5-1 are presented below.  
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Appendix B: Error in Gap Predictions for Variation of Essential 

Parameters for a 4.0 kHz Excitation 

Error in gap measurements for each parameter variation for a 4.0 kHz drive coil excitation using 

the results from Chapter 7. 

 

Figure B-1: Error in gap predictions for variation in temperature for 4.0 kHz drive coil 

excitation.  
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Figure B-2: Error in gap predictions for variation in pressure tube wall thickness for 

4.0 kHz drive coil excitation.  

 

Figure B-3: Error in gap predictions for liftoff variation between gap scans for 4.0 kHz 

drive coil excitation.  
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Figure B-4: Error in gap predictions for calandria tube resistivity variation for 4.0 kHz 

drive coil excitation. 

 

 

Figure B-5 Error in gap predictions for pressure tube inner radius variation for 4.0 kHz 

drive coil excitation.
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Appendix C: Average RMSE and Relative Error at Max Gap for Gap 

Predictions for the Sensitivity Analysis 

Root-mean-square-error (RMSE) for gap predictions between contact and 5 mm gap at each 

frequency. The sign for the RMSE were determined by seeing if the gap prediction errors between 

contact and 5 mm were positive or negative. The Figures 7-7 to 7-9 and Figures B-1 to B-5 show 

that the gap predictions errors between contact and 5 mm will always have consistent signs. Since 

the error in gap also increases with gap, as seen in Figures 7-7 to 7-9 and Figures B-1 to B-5, the 

relative error in gap predictions at maximum gap is also included. 

Table C-1: Root-mean-square-error (RMSE) for gap predictions between contant and 

5 mm for temperature (temp) vairiatons. Relative error at maximum gap for temperature 

variaitons is also provided. Both were calculated at 4.0 kHz, 8.0 kHz, 10.0 kHz, and 

16.0 kHz. 

  0 - 5  mm RMSE Gap Error [mm] Relative Error at Max Gap 

Percent 

Variation 

Temp 

[°C] 

4.0 

kHz 

8.0 

kHz 

10.0 

kHz 

16.0 

kHz 

4.0 

kHz 

8.0 

kHz 

10.0 

kHz 

16.0 

kHz 

5% 21 -0.015 -0.021 -0.023 -0.027 0.4% 1% 1% 1% 

10% 22 -0.031 -0.042 -0.046 -0.054 1% 1% 1% 2% 

15% 23 -0.046 -0.063 -0.069 -0.081 1% 2% 2% 3% 

20% 24 -0.061 -0.084 -0.092 -0.11 2% 2% 3% 4% 

25% 25 -0.076 -0.10 -0.11 -0.13 2% 3% 3% 4% 

30% 26 -0.091 -0.13 -0.14 -0.16 2% 4% 4% 5% 

55% 31 -0.17 -0.23 -0.25 -0.30 4% 7% 7% 10% 

80% 36 -0.24 -0.33 -0.37 -0.43 6% 9% 11% 14% 

105% 41 -0.31 -0.44 -0.48 -0.57 8% 12% 14% 19% 

130% 46 -0.38 -0.54 -0.59 -0.71 10% 15% 18% 23% 

155% 51 -0.46 -0.64 -0.71 -0.85 12% 18% 21% 28% 
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Table C-2: Root-mean-square-error (RMSE) for gap predictions between contant and 

5 mm for pressure tube (PT) wall thickness vairiatons. Relative error at maximum gap for 

PT wall thickness variaitons is also provided. Both were calculated at 4.0 kHz, 8.0 kHz, 

10.0 kHz, and 16.0 kHz. 

  0 - 5  mm RMSE Gap Error 

[mm] 
Relative Error at Max Gap 

Percent 

Variation 

PT 

WT 

[mm] 

4.0 

kHz 

8.0 

kHz 

10.0 

kHz 

16.0 

kHz 

4.0 

kHz 

8.0 

kHz 

10.0 

kHz 

16.0 

kHz 

-25% 3.2 -2.5 -3.5 -3.9 -4.8 66% 102% 118% 163% 

-20% 3.4 -1.9 -2.6 -2.9 -3.5 50% 76% 87% 120% 

-15% 3.6 -1.4 -1.8 -2.0 -2.5 35% 53% 61% 83% 

-10% 3.8 -0.87 -1.2 -1.3 -1.5 22% 33% 38% 51% 

-5% 4.0 -0.42 -0.54 -0.59 -0.70 11% 16% 18% 24% 

5% 4.4 0.38 0.48 0.52 0.61 -10% -14% -16% -20% 

10% 4.6 0.72 0.91 0.98 1.1 -18% -26% -29% -38% 

 

Table C-3: Root-mean-square-error (RMSE) for gap predictions between contant and 

5 mm for pressure tube (PT) resistivity vairiatons. Relative error at maximum gap for PT 

resistivity variaitons is also provided. Both were calculated at 4.0 kHz, 8.0 kHz, 10.0 kHz, 

and 16.0 kHz. 

  0 - 5  mm RMSE Gap Error 

[mm] 
Relative Error at Max Gap 

Percent 

Variation 

PT 

Resistivity 

[μΩ•cm] 

4.0 

kHz 

8.0 

kHz 

10.0 

kHz 

16.0 

kHz 

4.0 

kHz 

8.0 

kHz 

10.0 

kHz 

16.0 

kHz 

-15% 44.2 0.83 1.0 1.1 1.3 -21% -29% -32% -41% 

-10% 46.8 0.55 0.70 0.75 0.85 -14% -20% -22% -28% 

-5% 49.4 0.27 0.35 0.38 0.43 -7% -10% -11% -14% 

5% 54.6 -0.26 -0.35 -0.38 -0.45 7% 10% 11% 15% 

10% 57.2 -0.52 -0.70 -0.76 -0.90 14% 20% 23% 29% 

15% 59.8 -0.77 -1.0 -1.1 -1.4 20% 30% 34% 45% 

20% 62.4 -1.01 -1.4 -1.5 -1.8 27% 40% 46% 60% 
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Table C-4: Root-mean-square-error (RMSE) for gap predictions between contant and 

5 mm for liftoff (LO) variaitons during a single 360° circumferential gap scan. Relative 

error at maximum gap for LO variaitons during a single 360° circumferential gap scan is 

also provided. Both were calculated at 4.0 kHz, 8.0 kHz, 10.0 kHz, and 16.0 kHz. 

  0 - 5  mm RMSE Gap Error 

[mm] 
Relative Error at Max Gap 

Percent 

Variation 

LO 

(Single 

Scan) 

[mm] 

4.0 

kHz 

8.0 

kHz 

10.0 

kHz 

16.0 

kHz 

4.0 

kHz 

8.0 

kHz 

10.0 

kHz 

16.0 

kHz 

5% 2.0 1.4 2.0 -2.4 -3.5 -80% -160% -210% -393% 

10% 2.1 2.8 4.1 -4.8 -7.2 -161% -324% -425% -801% 

15% 2.2 4.2 6.3 -7.3 -11 -244% -491% -645% -1221% 

20% 2.3 5.7 8.4 -9.9 -15 -328% -661% -869% -1653% 

25% 2.4 7.2 11 -12 -19 -413% -834% -1096% -2094% 

30% 2.5 8.7 13 -15 -23 -498% 
-

1008% 
-1327% -2544% 

 



 

149 

Table C-5: Root-mean-square-error (RMSE) for gap predictions between contant and 

5 mm for liftoff (LO) variaitons between gap scan. Relative error at maximum gap for 

liftoff (LO) variaitons between gap scan is also provided. Both were calculated at 4.0 kHz, 

8.0 kHz, 10.0 kHz, and 16.0 kHz. 

  0 - 5  mm RMSE Gap Error 

[mm] 
Relative Error at Max Gap 

Percent 

Variation 

LO 

(Between 

Scans) 

[mm] 

4.0 

kHz 

8.0 

kHz 

10.0 

kHz 

16.0 

kHz 

4.0 

kHz 

8.0 

kHz 

10.0 

kHz 

16.0 

kHz 

-30% 1.3 -0.46 -0.49 -0.50 -0.50 10% 13% 14% 16% 

-25% 1.4 -0.38 -0.40 -0.41 -0.41 8% 10% 11% 13% 

-20% 1.5 -0.30 -0.32 -0.32 -0.33 7% 8% 9% 10% 

-15% 1.6 -0.22 -0.24 -0.24 -0.24 5% 6% 7% 8% 

-10% 1.7 -0.15 -0.16 -0.16 -0.16 3% 4% 4% 5% 

-5% 1.8 -0.07 -0.08 -0.08 -0.08 2% 2% 2% 3% 

5% 2.0 0.07 0.08 0.08 0.08 -2% -2% -2% -2% 

10% 2.1 0.14 0.15 0.15 0.15 -3% -4% -4% -5% 

15% 2.2 0.21 0.22 0.22 0.23 -5% -6% -6% -7% 

20% 2.3 0.28 0.29 0.30 0.30 -6% -8% -8% -9% 

25% 2.4 0.34 0.36 0.37 0.37 -7% -9% -10% -12% 

30% 2.5 0.41 0.43 0.43 0.43 -9% -11% -12% -14% 

 

Table C-6: Root-mean-square-error (RMSE) for gap predictions between contant and 

5 mm for calandria tube (CT) resistivity vairiatons. Relative error at maximum gap for CT 

resistivity variaitons is also provided. Both were calculated at 4.0 kHz, 8.0 kHz, 10.0 kHz, 

and 16.0 kHz. 

  0 - 5  mm RMSE Gap Error 

[mm] 
Relative Error at Max Gap 

Percent 

Variation 

CT 

Resistivity 

[μΩ•cm] 

4.0 

kHz 

8.0 

kHz 

10.0 

kHz 

16.0 

kHz 

4.0 

kHz 

8.0 

kHz 

10.0 

kHz 

16.0 

kHz 

-5% 70.3 -0.18 -0.17 -0.16 -0.14 4% 4% 4% 4% 

5% 77.7 0.16 0.15 0.15 0.13 -4% -4% -4% -4% 

10% 81.4 0.31 0.29 0.28 0.26 -8% -8% -8% -7% 

15% 85.1 0.45 0.42 0.41 0.37 -11% -11% -11% -10% 
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Table C-7: Root-mean-square-error (RMSE) for gap predictions between contant and 

5 mm for pressure tube (PT) inner radius vairiatons. Relative error at maximum gap for PT 

inner radius variaitons is also provided. Both were calculated at 4.0 kHz, 8.0 kHz, 10.0 kHz, 

and 16.0 kHz. 

    
0 - 5  mm RMSE Gap Error 

[mm] 
Relative Error at Max Gap 

Percent 

Variation 

PT Inner 

Radius 

[mm] 

4.0 

kHz 

8.0 

kHz 

10.0 

kHz 

16.0 

kHz 

4.0 

kHz 

8.0 

kHz 

10.0 

kHz 

16.0 

kHz 

5% 54.6 0.031 0.031 0.031 -1% -1% -1% -2% 0.031 

10% 57.2 0.058 0.059 0.059 -2% -3% -3% -3% 0.058 
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Appendix D: RMSE Error as a Function of Essential Parameter Percent 

Variation  

The root-mean-square-error from Tables C-1 to C-7 plotted against the percent variations for 

each parameter at each frequency. Curve or lines of best fit are also plotted for each parameter 

RMSE at each frequency. The equations of each curve or line of best fit can be seen in Table E-1. 

 

Figure D-1: Root-mean-square-error (RMSE) plotted agianst percent variation for 

variation in temperature for 4.0 kHz, 8.0 kHz, 10.0 kHz, and 16.0 kHz. Lines of best fit can 

also been seen for the corresponding frequencies.  
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Figure D-2: Root-mean-square-error (RMSE) plotted agianst percent variation for 

variation in pressure tube wall thickness for 4.0 kHz, 8.0 kHz, 10.0 kHz, and 16.0 kHz. 

Lines of best fit can also been seen for the corresponding frequencies. 

 

 

Figure D-3: Root-mean-square-error (RMSE) plotted agianst percent variation for 

variation in pressure tube resistivity for 4.0 kHz, 8.0 kHz, 10.0 kHz, and 16.0 kHz. Lines of 

best fit can also been seen for the corresponding frequencies. 
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Figure D-4: Root-mean-square-error (RMSE) plotted agianst percent variation for 

variation in liftoff between 360° circumferential gap scans for 4.0 kHz, 8.0 kHz, 10.0 kHz, 

and 16.0 kHz. Lines of best fit can also been seen for the corresponding frequencies. 

 

 

Figure D-5: Root-mean-square-error (RMSE) plotted agianst percent variation for 

variation in liftoff between gap scans for 4.0 kHz, 8.0 kHz, 10.0 kHz, and 16.0 kHz. Lines of 

best fit can also been seen for the corresponding frequencies. 
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Figure D-6: Root-mean-square-error (RMSE) plotted agianst percent variation for 

variation in calandria tube resistivity for 4.0 kHz, 8.0 kHz, 10.0 kHz, and 16.0 kHz. Lines of 

best fit can also been seen for the corresponding frequencies. 

 

 

Figure D-7: Root-mean-square-error (RMSE) plotted agianst percent variation for 

variation in pressure tube inner radius for 4.0 kHz, 8.0 kHz, 10.0 kHz, and 16.0 kHz. An 

extra data point was used for 15% variation for more confidence in the line of best fit. Lines 

of best fit can also been seen for the corresponding frequencies. 
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Appendix E: Coefficients for the Lines of Best Fit For Average RMSE for 

Essential Parameter Percent Variation 

Equations of the lines or curves of best fit for Figures D-1 to D-7. The coefficients a, b, and c 

follow (E-1). 

𝑒𝑟𝑟𝑜𝑟𝑔𝑎𝑝 = 𝑎(%𝑣𝑎𝑟)
2 + 𝑏(%𝑣𝑎𝑟) + 𝑐 (E-1) 

 

Table E-1: Coefficients for the curves or lines of best fit satisfying (E-1) for variations in 

pressure tube (PT) wall thickness, PT resistivity, liftoff (LO) variation during and between 

360° circumferential gap scans, calandria tube (CT) resistivity, and PT inner radius. 

  Temp 
PT Wall 

Thickness 

PT 

Resistivity 

LO 

(Single 

Scan)  

LO 

(Between 

Scans) 

CT 

Resistivity 

PT Inner 

Radius 

4.0 

kHz 

a --------- -2.6300 --------- --------- --------- --------- --------- 

b -0.0887 2.3970 -1.5820 0.4055 -8.7570 0.9447 0.1497 

c -0.0007 0.0028 0.0061 0.0019 0.0259 -0.0033 0.0013 

8.0 

kHz 

a --------- -4.5450 --------- --------- --------- --------- --------- 

b -0.1249 3.0840 -2.1000 0.4272 -13.0100 0.8925 0.1588 

c -0.0003 0.0065 -0.0002 0.0022 0.0532 -0.0029 0.0014 

10.0 

kHz 

a --------- -5.3260 --------- --------- --------- --------- --------- 

b -0.1375 3.3420 -2.2760 0.4317 -15.3200 0.8664 0.1607 

c -0.0001 0.0081 -0.0031 0.0023 0.0705 -0.0027 0.0014 

16.0 

kHz 

a --------- -7.3560 --------- --------- --------- --------- --------- 

b -0.1649 3.9680 -2.6630 0.4311 -23.2400 0.7824 0.1612 

c 0.0005 0.0117 -0.0107 0.0025 0.1542 -0.0021 0.0014 
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