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Abstract

In this paper we improve the collocation method for computing vibrational spectra that was

presented in J. Chem. Phys. 143 214108 (2015). Known quadrature and collocation methods

using a Smolyak grid require storing intermediate vectors with more elements than points on the

Smolyak grid. This is due to the fact that grid labels are constrained among themselves and

basis labels are constrained among themselves. We show that by using so-called hierarchical basis

functions, one can significantly reduce the memory required. In this paper, the intermediate vectors

have only as many elements as the Smolyak grid. The ideas are tested by computing energy levels

of CH2NH.
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I. INTRODUCTION

Many years ago, a collocation method was introduced to solve a 1D Schroedinger equation

to calculate vibrational energy levels. [1] One introduces an interpolant for the wavefunctions

one wishes to compute and solves an (in most cases generalized) eigenvalue problem. There

are no integrals and therefore no need for quadrature. It is necessary to choose collocation

points (they are the same as the interpolation points), but if the best possible representation

of the wavefunctions in the basis used to make the interpolant is excellent, then energy levels

are not sensitive to the choice of the points. [2] This is important because in many dimensions

it is hard to choose a set of quadrature or collocation points that is both sufficiently accurate

and small enough that it is usable. When using a variational method, it is common to choose

coordinates and basis functions so that equations for matrix elements of the kinetic energy

operator (KEO) are known. With collocation one is free to choose whatever basis functions

(orthogonal or non orthogonal) and coordinates facilitate convergence. The coefficients of

second derivatives, i.e. G matrix elements [3] , (and possibly first derivatives) in a KEO

associated with good coordinates may be complicated functions of the coordinates, however

this complexity is easy to deal with when using collocation because the coefficients need

only be evaluated at points (they do not appear in integrands of integrals).

The simplest collocation method makes an interpolant by representing wavefunctions as

linear combinations of delocalized (often spectral or Gaussian) basis functions and requires

solving a generalized eigenvalue problem. For large bases, this is a nonstarter because

iterative methods for solving generalized eigenvalue problems are costly and direct linear

algebra methods are very costly if the number of basis functions is larger than 100′000.

By using 1D Lagrange (or discrete variable representation [4, 5]) basis functions that are

localized, it is simple to obtain a 1D collocation method with which one needs to solve a

regular eigenvalue problem. The same idea works in many dimensions if one uses a direct

product basis whose functions are products of 1D Lagrange functions. It is possible to devise

a multi-dimensional collocation method that obviates both the need to solve a generalized

eigenvalue problem and the need to use a direct product basis. [6, 7] This is important

because although it is possible to use a direct product basis to solve a 6D (e.g. J = 0

for a four-atom molecule) problem, in 12D the size of a direct product basis is too big for

commonly available computers.
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This paper has two goals. The first, and less important, is to show that the collocation

approach of Ref. 7 works well in 9D. We have claimed that if the KEO is simple (e.g.

K =
∑

c
ωc

2
cp2) then the cost of the collocation method is about the same as the cost of a

variational calculation with a Smolyak quadrature (if the KEO is not simple the collocation

cost is lower). Nevertheless, although it is possible to use Smolyak quadrature to solve

a 12D problem, [8] previous applications of the collocation method have been done with

6D Hamiltonians. [6, 7, 9] The second goal is to demonstrate that it is possible to reduce

the memory required to use the collocation method by decreasing the number of elements

of intermediate vectors that are stored. This reduction is possible when hierarchical basis

functions φ̃n(q) are used to transform a vector labelled by points on a Smolyak interpolation

grid to a vector labelled by basis indices and vice versa. [10–15] This works only if the

bases and point sets are nested. The transformation from a vector labelled by points to a

vector labelled by basis indices is not simple because neither the grid nor the basis is a direct

product.

II. BASIS PRUNING

To compute vibrational energy levels, we use a collocation method and a pruned basis.

The simplest basis for solving the vibrational Schroedinger equation is a direct product

basis. When D ≥ 6, a direct product basis is huge, but has easily exploitable structure that

can be used to evaluate the matrix-vector products required to use an iterative eigensolver.

[5, 8, 16–20] However, for a molecule with six (or more) atoms, a direct product basis is

so large that, even using an iterative eigensolver, it is not possible to compute vibrational

energy levels. One way to circumvent this problem is to remove from the direct product basis,

functions deemed unimportant. This can be done by using a pruning condition. [21, 22] It

is also possible to use eigenvectors of a smaller calculation to identify basis functions that

should be used in a larger calculation. [23–31]

One option is to use

G(n1, n2, · · · , nD) = α1n1 + α2n2 + · · ·+ αDnD ≤ H, (1)

where αc are real numbers larger than 0. As a first guess, one might choose αc to be an

integer close to ωc/ωsmallest, where ωsmallest is the smallest frequency, so that the pruning
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condition retains all product basis functions with zeroth-order energies less than a threshold.

We call this polyad pruning because the basis functions with the largest zeroth-order energies

are those in a polyad. [32, 33] The αc for polyad pruning are denoted αP
c As explained in

previous papers, [34, 35] this pruning condition may be poor. The problem is that some

functions with similar zeroth order energies are weakly coupled. For example, if αc = 1 ∀c,

D = 9, and H = 18, the product functions (2, 2, 2, 2, 2, 2, 2, 2, 2) and (6, 6, 6, 0, 0, 0, 0, 0, 0)

are both in the basis, although the coupling between basis functions with low zeroth-order

energy and (6, 6, 6, 0, 0, 0, 0, 0, 0) is much more important than the coupling between the

low zeroth-order energy functions and (2, 2, 2, 2, 2, 2, 2, 2, 2). Coupling between two basis

functions for which many of the indices are different has a small effect on energy levels,

owing to the fact that coupling terms involving many coordinates are smaller than those

involving only a few coordinates. This is what motivates the Multimode representation of

potentials. [36, 37]

Of course, it is possible to get accurate energy levels using a sub-optimal pruning con-

dition, but the price to pay is that some unimportant functions are also included in the

basis. Compared to a variational calculation in which potential integrals are computed with

quadrature, the accuracy of energies obtained by collocation depends less sensitively on the

choice of the points and more sensitively on the choice of the basis. [2] When one is able to

devise a good quadrature scheme, a variational method is therefore more forgiving when it

comes to including product basis functions that are not necessary. [8, 19, 34, 35]

Previous calculations used the pruning condition,

G(n1, n2, · · · , nD) = G1(n1) +G2(n2) + · · ·+GD(nD) ≤ H, (2)

where Gc(nc) are monotonic functions of nc and Gc(nc + 1) ≥ Gc(nc). There is no general

recipe for choosing Gc(nc). If one knew which product basis functions were important it

would be possible to design Gc(nc) to include these (and not many other) product functions

by imposing G1(n1) + G2(n2) + · · · + GD(nD) ≤ H. It has been argued that in some cases

Gc(nc) = nc is a good choice. [38] In general, basis functions with many non-zero indices

for coordinates with large frequencies are unimportant. They can be pushed out of the

basis by using Gc(nc) > αP
c nc. In general, it is important to include in the basis product

functions for which there are several non-zero indices for coordinates with small frequencies.

Such functions are preferentially included in the basis by using Gc(nc) < αP
c . These are
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general guidelines which we have found useful, but they are not specific. We have used step

functions. They allow detailed tinkering.

III. SMOLYAK COLLOCATION

We begin by making an interpolant for the wavefunctions we wish to compute. An

interpolated wavefunction is I(D,H)Ψn(
1q, 2q, · · · ,Dq). The pruning function G(i1− 1, i2−

1, · · · , iD−1) and the H parameter control the quality of the interpolant. I(D,H) is defined

by [39, 40]

I(D,H) =
∑

G(i1−1,i2−1,··· ,iD−1)≤H

∆U i1 ⊗∆U i2 ⊗ · · · ⊗∆U iD (3)

ic = 1, 2, · · · labels an interpolation level for coordinate cq. The 1D ∆U ic are

∆U ic = U ic − U ic−1 , (4)

where U0 = 0 and U ic is defined so that

f(cq) = U icf(cq) =

mc(ic)−1∑
kc=0

aic,kc(
cq)f(cqkc) , (5)

is a 1D interpolant. ic labels the 1D level for coordinate c. G(i1 − 1, i2 − 1, · · · , iD − 1) ≤ H

is a condition that determines what combinations of levels contribute. The accuracy of the

1D interpolants increases with the number of points mc(ic). For the sake of simplicity, in

this paper, mc(ic) is set to ic.

We [7] have used Eq. (3) with general Lagrange-type functions (LTF) that span the same

space as a basis, φnc(
cq), n = 0, 1, · · · ,mc − 1,

aic,kc(
cq) =

mc(ic)−1∑
nc=0

Bic
kc,nc

φnc(
cq) . (6)

Unlike in previous papers, in this paper we start both kc and nc with zero; this simplifies

the equations. In previous papers, kc started at one and nc at zero. [6–9, 19, 34, 35, 41]

Bkc,nc is an element of the inverse of the matrix whose elements are φnc(
cq) and

aic,kc(
cq) = 1 , cq = cqkc

aic,kc(
cq) = 0 , cq = cqk′c , k′

c ̸= kc . (7)
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cqkc , kc = 0, 1, · · · ,mc − 1 are interpolation points. With the choice mc(ic) = ic, the same

function G can be used to prune the basis and restrict the contributions to the Smolyak

interpolant. This is because the 1D interpolants U ic can be written both in terms of mc(ic)

aic,kc(
cq) functions and in terms of mc(ic) φnc(

cq) functions.

Having defined the interpolant for Ψn(
1q, 2q, · · · ,Dq), we can set up collocation equations

by substituting the interpolant into the Schroedinger equation,

(K̂ + V )I(D,H)Ψn(
1q, 2q, · · · ,Dq) = EnI(D,H)Ψn(

1q, 2q, · · · ,Dq) . (8)

and demanding that it be satisfied at the collocation points. For more detail see Ref. 7.

This gives,

K̂I(D,H)Ψn(
1q, 2q, · · · ,Dq)

]
[1q=qk′1

,2q=qk′2
,··· ,Dq=qk′

D
]
+ V (1qk′1 ,

2qk′2 , · · · ,
Dqk′D)Ψn(

1qk′1 ,
2qk′2 , · · · ,

Dqk′D)

= EnΨn(
1qk′1 ,

2qk′2 , · · · ,
Dqk′D) .(9)

Written as a matrix eigenvalue problem, Eq. (9) is(
Kk′1,k

′
2,··· ,k′D;k1,k2,··· ,kD + V (1qk′1 ,

2qk′2 , · · · ,
Dqk′D)δk1,k

′
1
δk2,k′2 · · · δkD,k′D

)
Uk1,k2,··· ,kD;n = EnUk′1,k

′
2,··· ,k′D;n ,

whereKU is the matrix obtained by evaluating K̂I(D,H)Ψn(
1q, 2q, · · · ,Dq) at [1qk′1 ,

2qk′2 , · · · ,
Dqk′D ].

To obtain K, we use the fact that the Smolyak interpolant can be written as a restricted

sum of products of hierarchical basis functions, φ̃nc(
cq),

I(D,H)Ψn(
1q, 2q, · · · ,Dq) =

∑
G(n1,n2,··· ,nD)≤H

φ̃n1(
1q)φ̃n2(

2q) · · · φ̃nD
(Dq)Γ̃n

n1,n2,··· ,nD

(10)

The φ̃nc(
cq) are special linear combinations of the original basis functions φnc(xc) [7]

and the pruned basis set composed of products φ̃n1(
1q)φ̃n2(

2q) · · · φ̃nD
(Dq) restricted by

G(n1, n2, · · · , nD) ≤ H spans the same space as the pruned basis set composed of products

φn1(
1q)φn2(

2q) · · ·φnD
(Dq) restricted by the same condition. [7] Γ̃n

n1,n2,··· ,nD
in Eq. (10) is

related to Uk1,k2,··· ,kD;n by

Γ̃n
n1,n2,··· ,nD

=
∑

G(k1,k2,··· ,kD)≤H

T̃(n1,n2,··· ,nD),(k1,k2,··· ,kD)Uk1,k2,··· ,kD;n . (11)

T̃ transforms a vector labelled by points to a vector labelled by indices of hierarchical basis

functions. This is like a DVR to FBR transformation (but neither the φ̃n1(
1q)φ̃n2(

2q) · · · φ̃nD
(Dq)
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basis nor the k1, k2, · · · kD grid is a direct product ). Putting Eq. (11) into Eq. (10) and then

applying K̂ to it and at evaluating at [1qk′1 ,
2qk′2 , · · · ,

Dqk′D ]. one obtains the regular (not

generalized) matrix eigenvalue problem

∑
G(k1,k2,··· ,kD)≤H

( ∑
G(n1,n2,··· ,nD)≤H

[K̂φ̃n1(
1q)φ̃n2(

2q) · · · φ̃nD
(Dq) ]|[1q=1qk′1

,2q=2qk′2
,··· ,Dq=Dqk′

D
]

T̃(n1,n2,··· ,nD),(k1,k2,··· ,kD) + V (1qk′1 ,
2qk′2 , · · · ,

Dqk′D)δk1,k
′
1
δk2,k′2 · · · δkD,k′D

)
Uk1,k2,··· ,kD;n = EnUk′1,k

′
2,··· ,k′D;n,

[K+V]U = UE . (12)

Eq. (12) is solved using ARPACK. [42] This requires evaluating matrix-vector products,

w = (K+V)z, where z is an Arnoldi vector. It is important that the transformation of

Eq. (11) be done efficiently. This is possible, if the hierarchical functions of Ref. [7] are

used. T̃ is never built. Instead Γ̃n
n1,n2,··· ,nD

is obtained from Uk1,k2,··· ,kD;n by evaluating sums

sequentially. [7] Once Γ̃n
n1,n2,··· ,nD

is known, the KEO is applied to Eq. (10) and the sums

over n1, n2, · · ·nD are evaluated, also sequentially.

IV. REDUCING THE MEMORY REQUIRED FOR MATRIX-VECTOR PROD-

UCTS BY USING HIERARCHICAL BASIS FUNCTIONS: 9D EXAMPLE

We must evaluate (K+V)z. The rows and columns of K and V and the components of

z are labelled by points on the Smolyak grid. Because V is diagonal the only costly MVP

is done with K. In a previous paper, we implicitly constructed a grid representation of the

KEO and applied it to z. [6] Implementing the MVP required evaluating sets of D+2 nested

constrained loops. It is better to transform z from the grid to the (pruned) hierarchical basis

and then, in a second step, to apply the KEO and evaluate at points on the Smolyak grid.

[7] To transform z from the grid to the hierarchical basis requires one set of D constrained

sums and to apply a term in the KEO requires another set of D constrained sums. Both sets

of D sums are evaluated sequentially and a sum in one of the sets requires executing D + 1

loops and storing intermediate vectors. For a single set, the computer program therefore

contains D sets of D + 1 nested loops. In Ref. 6, the length of the intermediate vectors

increases and then decreases as the D sums are evaluated. In this paper, we demonstrate
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that it is never necessary to store vectors with more elements than the Smolyak grid (or the

pruned basis). The ideas of this section are general, but they are implemented in this paper

for a simple KEO,

K̂ =
9∑

c=1

−ωc

2

∂2

∂cq2
, (13)

obtained from the general Watson normal-coordinate KEO by discarding the π − π terms

and the pseudopotential. [43]

Consider the transformation that converts z to a vector labelled by hierarchical basis

functions,

ṽout(n1, n2, n3, n4, n5, n6, n7, n8, n9) =
∑

G(k1,k2,k3,k4,k5,k6,k7,k8,k9)≤H

T̃(n1,n2,n3,n4,n5,n6,n7,n8,n9),(k1,k2,k3,k4,k5,k6,k7,k8,k9)v
in(k1, k2, k3, k4, k5, k6, k7, k8, k9) , (14)

where we have re-named z as vin; it is the input vector. The points on the grid are restricted

by the condition G1(k1) +G2(k2) +G3(k3) +G4(k4) +G5(k5) +G6(k6) +G7(k7) +G8(k8) +

G9(k9) ≤ H. The transformation is [7]

ṽout(n1, n2, n3, n4, n5, n6, n7, n8, n9) =
kmax
9∑

k9=0

∆B̃n9+1
k9,n9

kmax
8∑

k8=0

∆B̃n8+1
k8,n8

kmax
7∑

k7=0

∆B̃n7+1
k7,n7

kmax
6∑

k6=0

∆B̃n6+1
k6,n6

kmax
5∑

k5=0

∆B̃n5+1
k5,n5

kmax
4∑

k4=0

∆B̃n4+1
k4,n4

kmax
3∑

k3=0

∆B̃n3+1
k3,n3

kmax
2∑

k2=0

∆B̃n2+1
k2,n2

kmax
1∑

k1=0

∆B̃n1+1
k1,n1

vin(k1, k2, k3, k4, k5, k6, k7, k8, k9) ,(15)

where ∆B̃nc+1
kc,nc

= B̃nc+1
kc,nc

− B̃nc
kc,nc

There is no sum over levels in Eq. (15) because when we

use hierarchical basis functions ∆B̃ic
kc,nc

is, for a particular value of nc, only non-zero if

ic = nc + 1. Defining ∆ ˜Bnc+1 = cTT, Eq. (15) becomes

ṽout(n1, n2, n3, n4, n5, n6, n7, n8, n9) =

kmax
9∑

k9=0

9Tn9,k9

kmax
8∑

k8=0

8Tn8,k8

kmax
7∑

k7=0

7Tn7,k7

kmax
6∑

k6=0

6Tn6,k6

kmax
5∑

k5=0

5Tn5,k5

kmax
4∑

k4=0

4Tn4,k4

kmax
3∑

k3=0

3Tn3,k3

kmax
2∑

k2=0

2Tn2,k2

kmax
1∑

k1=0

1Tn1,k1

vin(k1, k2, k3, k4, k5, k6, k7, k8, k9) , (16)

which is evaluated by doing sums sequentially and storing intermediate vectors. The vector

obtained by computing the sum over kc is denoted ṽc; vout = ṽ9. We have proposed two
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methods for obtaining ṽout(n1, n2, · · · , nD) from vin(k1, k2, · · · , kD) [7]. In the first method,

elements of ṽout(n1, n2, · · · , nD) are calculated separately and in the second method they

are calculated simultaneously. The first method is effective if many (∼ 500) processors are

available for the calculation. In this paper we use the simultaneous method.

In previous papers, the nc were constrained among themselves and the kc are constrained

among themselves and therefore the intermediate vector ṽ1 was larger than vin, the interme-

diate vector ṽ2 was larger than ṽ1, etc, and the intermediate vector ṽ8 was smaller than ṽ7,

and the intermediate vector ṽ9 was smaller than ṽ8. The size of the intermediate vectors,

from right to left, increased and then decreased. kmax
c is determined by the constraint on

the indices of ṽc−1. In previous papers, kmax
1 was obtained from

Gc(kmax
1 ) +

9∑
c′=2

Gc′(kc′) = H , (17)

and in general, kmax
c was chosen so that

Gc(kmax
c ) +

c−1∑
c′=1

Gc′(0) +
9∑

c′=c+1

Gc′(kc′) = H . (18)

nmax
c is determined by the constraint on the indices of ṽc. In previous papers, when doing

the sum over k1 we constrained n1 so that

G1(n1) ≤ H −
9∑

c=2

Gc(0) (19)

and in general, we constrained nc so that

c∑
c′=1

Gc′(nc′) ≤ H −
9∑

c′=c+1

Gc′(0) (20)

In this paper, we exploit the fact that according to equation 44 of Ref. 7, cT is lower

triangular to reduce the length of the intermediate vectors and hence to reduce kmax
c and

nmax
c . For example, the indices of ṽ9 = ṽout are constrained by G9(n9) ≤ H −

∑8
c=1G

c(nc)

and because elements of ṽ8 with k9 > n9 are multiplied by zero when ṽ9 is computed, they

can be omitted. This means that one need only keep elements of ṽ8 with k9 ≤ n9 and hence

the restriction for ṽ9, G9(n9) ≤ H−
∑8

c=1G
c(nc), becomes G9(k9) ≤ H−

∑8
c=1G

c(nc), which

is the new constraint on the indices of ṽ8. In general, the indices of ṽc are constrained by

G9(k9) + · · ·+Gc+1(kc + 1) +Gc(nc) + · · ·+G1(n1) ≤ H (21)

9
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and because elements of ṽc−1 with kc > nc are multiplied by zero when ṽc is computed,

they can be omitted. This means that one needs only to keep elements of ṽc−1 with kc ≤ nc

and hence the restriction for ṽc, Gc(nc) ≤ H −
∑c−1

c′=1G
c′(nc′) −

∑9
c′=c+1G

c′(kc′), becomes

Gc(kc) ≤ H −
∑c−1

c′=1G
c′(nc′) −

∑9
c′=c+1 G

c′(kc′), which is the constraint on the indices of

ṽc−1.

Using the constraint on the indices of ṽc−1, established in the previous paragraph, one

determines kmax
c . Rather than Eq. (18), kmax

c satisfies

Gc(kmax
c ) +

c−1∑
c′=1

Gc′(nc′) +
9∑

c′=c+1

Gc′(kc′) = H . (22)

Therefore

kmax
c = (Gc)−1[H −

c−1∑
c′=1

Gc′(nc′)−
9∑

c′=c+1

Gc′(kc′)] , (23)

where (Gc)−1(a) is the inverse function of Gc(kc). In practice, (Gc)−1(a) is the largest value

of kc for which Gc(kc) ≤ a. It is also necessary to choose kmax
c so that kc ≤ nc because

otherwise ∆B̃nc+1
kc,nc

= 0, therefore

kmax
c = MIN((Gc)−1[H −

c−1∑
c′=1

Gc′(nc′)−
9∑

c′=c+1

Gc′(kc′)], nc) , (24)

Using the constraint on the indices of ṽc one determines the possible values of nc. n1 is

constrained so that

G1(n1) +G2(k2) +G3(k3) +G4(k4)

+G5(k5) +G6(k6) +G7(k7) +G8(k8) +G9(k9) ≤ H (25)

and in general, we constrain nc so that

c∑
c′=1

Gc′(nc′) +
9∑

c′=c+1

Gc′(kc′) ≤ H . (26)

nc and kc indices are constrained together in Eq. (26) and Eq. (22) and the intermediate

vectors have only as many elements as the Smolyak grid.

In the final step of the calculation of Hz, one multiplies ṽout, which is labelled by basis

indices, on the left by [K̂φ̃n1(
1q)φ̃n2(

2q) · · · φ̃nD
(Dq) ]|[1q=1qk′1

,2q=2qk′2
,··· ,Dq=Dqk′

D
] and, for each

term in the KEO, sequentially sums over the basis indices. The sum over the basis indices

is subject to the same restriction as the sum over grid indices in Eq. (14). With the KEO
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of Eq. (13), the cth term has D factors, D − 1 of which are collocation matrices whose

elements are c′Ck′
c′ ,nc′

= φ̃nc′
(c

′
qk′

c′
), c′ ̸= c. The Dth factor is a matrix whose elements

are cSk′c,nc = d2

dcq2
φ̃nc(

cq)]cqk′c
. All of the c′C factors are lower triangular. cS is not lower

triangular. Denote z̃c the intermediate vector obtained after evaluating the sum over nc,

c = 1, 2, · · · , 9. It is useful to order the factors, and the sums, so that cS is on the right.

We sum over, from left to right, n1, n2, · · ·nc−1, nc+1, · · · , n9, nc. In the same way that it is

possible to remove elements from ṽc so that its indices are constrained by
∑c

c′=1G
c′(nc) +∑9

c′=c+1G
c′(kc) ≤ H, it is possible to remove elements from z̃5 so that its indices are

constrained by G5(k′
5) +

∑c
c′ ̸=5 G

c′(nc) ≤ H and remove elements from z̃c ̸=5 so that its

indices are constrained by G5(k′
5) +

∑9
c′=c, ̸=5G

c′(k′
c′) +

∑c−1
c′=1,̸=5G

c′(nc′) ≤ H.

An example should make this clearer. When c = 5 we compute

∂2

∂5q2
φ̃n1(

1q)φ̃n2(
2q)φ̃n3(

3q)φ̃n4(
4q)φ̃n5(

5q)φ̃n6(
6q)φ̃n7(

7q)

×φ̃n8(
8q)φ̃n9(

9q)
]
[1q=1qk′1

,2q=2qk′2
,3q=3qk′3

,4q=4qk′4
,5q=5qk′5

,6q=6qk′6
,7q=7qk′7

,8q=8qk′8
,9q=9qk′9

]
=

nmax
1∑

n1=0

nmax
2∑

n2=0

nmax
3∑

n3=0

nmax
4∑

n4=0

nmax
6∑

n6=0

nmax
7∑

n7=0

nmax
8∑

n8=0

nmax
9∑

n9=0

nmax
5∑

n5=0

φ̃n1(
1qk′1)φ̃n2(

2qk′2)φ̃n3(
3qk′3)φ̃n4(

4qk′4)

×φ̃n6(
6qk′6)φ̃n7(

7qk′7)φ̃n8(
8qk′8)φ̃n9(

9qk′9)
d2

d5q2
φ̃n5(

5q)
]
5qk′5

z(n1, n2, n3, n4, n5, n6, n7, n8, n9) (27)

The sequential sums are:

z̃5(k′
5, n1, n2, n3, n4, n6, n7, n8, n9) =

(G5)−1[H−G1(n1)−G2(n2)−G3(n3)−G4(n4)−G6(n6)−G7(n7)−G8(n8)−G9(n9)]∑
n5=0

d2φ̃n5(
5q)

d5q2

]
5q′k5

ṽout(n1, n2, n3, n4, n6, n7, n8, n9) (28)

z̃9(k′
5, k

′
9, n1, n2, n3, n4, n6, n7, n8) =

MIN [(G9)−1[H−G1(n1)−G2(n2)−G3(n3)−G4(n4)−G6(n6)−G7(n7)−G8(n8)−G5(k′5)],k
′
9]∑

n9=0

φ̃n9(
9qk9)z̃

5(k
′

5, n1, n2, n3, n4, n6, n7, n8, n9) (29)

z̃8(k′
5, k

′
9, k

′
8, n1, n2, n3, n4, n6, n7) =

MIN [(G8)−1[H−G1(n1)−G2(n2)−G3(n3)−G4(n4)−G6(n6)−G7(n7)−G5(k′5)−G9(k′9)],k
′
8]∑

n8=0

φ̃n8(
8qk8)z̃

9(k
′

5, k
′
9, n1, n2, n3, n4, n6, n7, n8) (30)
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z̃7(k′
5, k

′
9, k

′
8, k

′
7, n1, n2, n3, n4, n6) =

MIN [(G7)−1[H−G1(n1)−G2(n2)−G3(n3)−G4(n4)−G6(n6)−G5(k′5)−G9(k′9)−G8(k′8)],k
′
7]∑

n7=0

φ̃n7(
7qk7)z̃

8(k
′

5, k
′
9, k

′
8, n1, n2, n3, n4, n6, n7) (31)

z̃6(k′
5, k

′
9, k

′
8, k

′
7, k

′
6, n1, n2, n3, n4) =

MIN [(G6)−1[H−G1(n1)−G2(n2)−G3(n3)−G4(n4)−G5(k′5)−G9(k′9)−G8(k′8)−G7(k′7)],k
′
6]∑

n6=0

φ̃n6(
6qk6)z̃

7(k′
5, k

′
9, k

′
8, k

′
7, n1, n2, n3, n4, n6) (32)

z̃4(k′
5, k

′
9, k

′
8, k

′
7, k

′
6, k

′
4, n1, n2, n3) =

MIN [(G4)−1[H−G1(n1)−G2(n2)−G3(n3)−G5(k′5)−G9(k′9)−G8(k′8)−G7(k′7)−G6(k′6)],k
′
4]∑

n4=0

φ̃n4(
4qk4)z̃

6(k′
5, k

′
9, k

′
8, k

′
7, k

′
6, n1, n2, n3, n4) (33)

z̃3(k′
5, k

′
9, k

′
8, k

′
7, k

′
6, k

′
4, k

′
3, n1, n2) =

MIN [(G3)−1[H−G1(n1)−G2(n2)−G5(k′5)−G9(k′9)−G8(k′8)−G7(k′7)−G6(k′6)−G5(k′4)],k
′
3]∑

n3=0

φ̃n3(
3qk3)z̃

4(k′
5, k

′
9, k

′
8, k

′
7, k

′
6, k

′
4, n1, n2, n3) (34)

z̃2(k′
5, k

′
9, k

′
8, k

′
7, k

′
6, k

′
4, k

′
3, k

′
2, n1) =

MIN [(G2)−1[H−G1(n1)−G5(k′5)−G9(k′9)−G8(k′8)−G7(k′7)−G6(k′6)−G4(k′4)−G3(k′3)],k
′
2]∑

n2=0

φ̃n2(
2qk2)z̃

3(k′
5, k

′
9, k

′
8, k

′
7, k

′
6, k

′
4, k

′
3, n1, n2) (35)

z̃1(k′
5, k

′
9, k

′
8, k

′
7, k

′
6, k

′
5, k

′
3, k

′
2, k

′
1) =

MIN [(G1)−1[H−G5(k′5)−G9(k′9)−G8(k′8)−G7(k′7)−G6(k′6)−G4(k′5)−G3(k′3)−G2(k′1)],k
′
1]∑

n1=0

φ̃n1(
1qk1)z̃

2(k′
5, k

′
9, k

′
8, k

′
7, k

′
6, k

′
4, k

′
3, k

′
2, n1) (36)

z̃5(k′
5, n1, n2, n3, n4, n6, n7, n8, n9) is computed for all k5 that satisfy

G1(n1) +G2(n2) +G3(n3) +G4(n4) +G6(n6) +

G7(n7) +G8(n8) +G9(n9) +G5(k′
5) ≤ H (37)
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z̃9(k′
5, k

′
9, n1, n2, n3, n4, n6, n7, n8) is computed for all k5, k9 that satisfy

G1(n1) +G2(n2) +G3(n3) +G4(n4) +G6(n6) +

G7(n7) +G8(n8) +G9(k′
9) +G5(k′

5) ≤ H , (38)

etc.

Removing from all intermediate vectors elements that are not necessary, so that none of

them have more elements than there are points on the Smolyak grid, significantly reduces

the memory required to compute a spectrum. For example, for the 9D Hamiltonian of this

paper and using the pruning condition n1 + n2 + n3 + n4 + n5 + n6 + n7 + n8 + n9 ≤ 15 the

memory required for the largest vector is reduced from 0.48 GB to 0.01 GB. Although less

important for a 9D calculation, this memory reduction will be crucial in 12D. The reduction

in the computation time is not as large. Why? If intermediate vectors are not truncated,

then when we convert an input vector yin to an output vector yout (y may be either z̃ or

ṽ), we store all the intermediate vectors as 2D arrays and use counters. [6–9, 19, 34, 35, 41]

Consider for example the transformation from the grid indices to the basis indices (Eq. (15)).

ṽc−1 is stored as ṽc−1(Kc−1, N c−1) and ṽc is stored as ṽc(Kc, N c). Kc, Kc−1, N c−1, and N c

are mapping indices for the points and the basis functions. When executing the set of D+1

loops that converts ṽc−1 into ṽc, it is possible to establish a relation between the k and n

loop indices and Kc−1, N c−1, Kc, N c, by using counters. The relations for Kc and N c created

when summing over kc must the same as the relations for Kc and N c created when summing

over kc+1. When nc and kc indices are constrained together (Eq. (26)), this is not the case.

Therefore, in this paper, instead of storing vectors as 2D arrays, each vector is stored as

a 1D array whose components are indexed by a single mapping index, m. For example,

in Eq. (30) z̃8 is stored as z̃8[m(k′
5, k

′
9, k

′
8, n1, n2, n3, n4, n6, n7)]. The mapping index m is

calculated from the k and n indices using equation 42 in Ref. 8. That equation provides a

link between 9 indices l1, l2, · · · , l9 constrained by

G1(l1) +G2(l2) +G3(l3) +G4(l4) +G5(l5) +G6(l6) +G7(l7) +G8(l8) +G9(l9) ≤ H (39)

and m. To use the mapping, each lc in Eq. (39) is replaced with either kc or nc. For

example, for z2(k′
5, k

′
9, k

′
8, k

′
7, k

′
6, k

′
4, k

′
3, n1, n2), we use Eq. (39) with l1 = n1, l2 = n2, l3 =

k′
3, l4 = k′

4, l5 = k′
6, l6 = k′

7, l7 = k′
8, l8 = k′

9, l9 = k′
5.
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V. CALCULATING ENERGY LEVELS OF CH2NH

For CH2NH, we use dimensionless normal coordinates and discard the momentum cross

terms (from πµπ) and the pseudopotential in the Watson KEO. [43] The potential is a Taylor

series and the force constants are taken from Ref. 44 and 45.

A. Original basis functions

We use as original basis functions φnc(
cq) that are eigenfunctions of 1D operators

Ĥc = −ωc

2

d2

dcq2
+

ωc

2
cq2 . (40)

i.e. the basis functions are

φnc(
cq) = Hnc(

cq)e(−
cq2

2
) , (41)

where Hn(
cq) is a Hermite polynomial of degree n and cq is a dimensionless coordinate. [46]

The harmonic frequencies are 3491.5, 3198.3, 3086.8, 1685.1, 1510.1, 1397.2, 1089.4, 1186.4

and 1101.9 cm−1. [44, 45]

The dimensionless normal coordinates are ordered with respect to their harmonic fre-

quencies from the largest (coordinate q1) to the smallest (coordinate q9). The hierarchical

basis functions φ̃nc(
cq) are determined from the original basis functions after choosing 1D

interpolation/collocation points. [7, 10–15]

B. Choosing collocation points

The basis functions of the previous subsection are organized into levels. The functions

nc = 0, 1, · · · , ic − 1 are used to make U ic . To use the collocation method of section III,

one must also choose, for each coordinate, nested sets of points with ic points in level ic. In

a nested set of points, the points used to make U ic are also used for U ic+1. Using nested

points makes it possible to evaluate matrix-vector products efficiently [7]. It is best to have

a sequence in which the number of points increases slowly as ic is increased. For both

Chebyshev and Clenshaw-Curtis points the increase is exponential. [15] In previous papers

we have advocated using PseudoGauss points. [41] They are designed to be good quadrature

points and should also be good collocation points. [2, 47] In recent years, Leja points have
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been used for 1D interpolation. [48–51] In this paper we present energy levels computed with

Leja points. We have repeated the calculations with the same H and PseudoGauss points

and, if the basis is large enough to compute accurate energies, they differ from those obtained

with Leja points by less than 0.01 cm−1. Standard Leja points work well when using a basis

of monomials. Monomials are poor basis functions for solving the vibrational Schroedinger

equation. There are also Leja points, [50] designed to be used with φn(q) =
√
w(q)Pn(q)

basis functions, where Pn(q) is the polynomial of degree n associated with the weight function√
w(q) and some interval [a, b]. Since we use dimensionless normal coordinates, the φnc(

cq)

are the same for all coordinates and the Leja sequence of interpolation points is the same

for every coordinate. The Leja points we use are determined as follows, [47, 52–54] Choose

the first point, q0, to be any point in the relevant domain. The kth point is chosen so that

qk = arg max(−∞,+∞)

{
φk(q)− Uk−1(q1, q2, · · · , qk−1)[φk(q)]

}
, (42)

where Uk−1(q1, q2, · · · , qk−1)[φk(q)] is the interpolant of φk(q) made using the first k − 1

basis functions and points. A point added to those used to make Uk−1 to make Uk is the

point at which the difference between the basis function, φk−1(q) and its the interpolation

with Uk−1 is maximum. This is reminiscent of Dawes’ scheme for adding points when

fitting potentials. [55] We determine Leja points from Eq. (42) using interpolants made with

harmonic oscillator basis functions. We use equations written in terms of hierarchical (not

harmonic) basis functions, φ̃nc(
cq), however, the Leja points work equally well when using

the hierarchical functions, because, at each level, they are linear combinations of harmonic

functions φnc(
cq).

Since the φn(q) are harmonic basis functions, they are even or odd, and we therefore

determine Leja points by choosing q0 = 0, introducing the restriction qk+1 = −qk for k =

1, 3, 5, · · · and using Eq. 42 to determine qk. For example, the second and third points are

constrained to satisfy q2 = −q1 and q1 is determined by maximizing the function,

(φ1(q)− C1,0φ0(q))
2 + (φ2(q)− C2,0φ0(q))

2 (43)

where C1,0φ0(q) is the interpolant for φ1(q) computed with the single basis function φ0(q)

and the single point q0 and C2,0φ0(q)) is the interpolant for φ2(q) computed with the single

basis function φ0(q) and the single point q0. In the same fashion, q4 = −q3 and q3 is
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determined by maximizing the function

(φ3(q)− C3,0φ0(q)− C3,2φ1(q)− C3,3φ2(q))
2 +

(φ4(q)− C4,0φ0(q)− C4,2φ1(q)− C4,3φ2(q))
2 , (44)

where C3,0φ0(q) + C3,2φ1(q) + C3,3φ2(q) is the interpolant for φ3(q) made with the basis

{φ0(q), φ1(q), φ2(q)} and the points {q0, q1, q2} and C4,0φ0(q) + C4,2φ1(q) + C4,3φ2(q) is the

interpolant for φ4(q) made with the basis {φ0(q), φ1(q), φ2(q)} and the points {q0, q1, q2}

The same procedure is applied to find (q5, q6), (q7, q8) · · · .

Although points are added to the Leja sequence in groups of two, we nevertheless make

interpolation rules using mc(ic) = ic, i.e., U
k has one more point than Uk−1. The points

included in interpolation rules Uk, k = 1, 2, 3, · · · are

(q0), (q0, q1), (q0, q1, q2 = −q1), (q0, q1, q2 = −q1, q3), (q0, q1, q2 = −q1, q3, q4 = −q3) · · ·(45)

C. The Gc(nc) for CH2NH

The Gc(nc) we use are step functions. They give one intricate control of the functions

included in the multi-dimensional basis. To make the step functions we use a five-step

process. 1) We begin with primitive functions Gc
prim(nc) = αcnc and unless the ratio of

the largest and the smallest frequencies is large, all αc = 1. If the ratio is large then we

reduce αc for coordinates with large frequencies and increase αc for coordinates with low

frequencies. For CH2NH, αc = 1 ∀ c. 2) When nc is small, Gc
prim(nc) = αcnc may be small

enough that many of the nc are nonzero. We wish to avoid this situation because we suspect

that basis functions with many nonzero labels are unimportant, due to the fact that terms

in the Hamiltonian coupling many coordinates are small. When nc is small, we therefore

add an increment to αcnc to obtain Gc
incmt(nc) = Gc

prim(nc) + ic. As nc increases the size

of the increment decreases. 3) When nc is large, Gc
prim(nc) = αcnc may be large enough

that imposing
∑

c αcnc ≤ H means that none of the nc can be very big. We therefore add

a negative increment to αcnc when nc is large. As nc increases the absolute value of the

negative increment increases. For CH2NH, the smallest value of nc with a negative increment

is nc = 4. 4) We want Gc(nc) to be an integer. This makes it possible to evaluate the inverse

function required to find kmax
c (see Eq. (23)). The increments in 2) and 3) are multiples of

0.1. After adding the increments, Gc
incmt(nc) is multiplied by 10p, where p is large enough
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that Gc(nc) = 10pGc
incmt(nc) is an integer (typically p = 1) 5) The value of nc at which the

sign of the increment changes depends on H. That means that a set of Gc(nc) that yields

an efficient basis for one H may give an inefficient basis for a much larger value of H. To

avoid this problem it would be necessary to use increments that themselves were functions

of H.

We have concocted Gc(nc) to compute 100 levels of CH2NH. They will not be the best

Gc(nc) for the purpose of computing 50 or 200 levels. They are the same for all coordinates:

Gc(0) = 0, Gc(1) = 13, Gc(2) = 22, Gc(3) = 31, Gc(4) = 34, Gc(5) = 42, g1(6) = 50,

Gc(7) = 58, Gc(8) = 66, Gc(9) = 74, Gc(10) = 82, Gc(11) = 90, Gc(12) = 98,

Gc(13) = 106, Gc(14) = 114, Gc(15) = 122, Gc(16) = 130, Gc(17) = 140,

Gc(18) = 148, Gc(19) = 156, Gc(20) = 164 · · · (46)

Gc(nc) is plotted in figure 1. We have used αc = 10, increments that are positive when

nc ≤ 3, and increments that are negative when nc ≥ 4. It is not difficult to choose Gc(nc) to

compute many hundreds of level, but we choose to compute 100. The lowest 50 levels were

reported in Ref. 31

VI. RESULTS

We calculate 100 levels with a series of different basis sets with different H: H = 110,

which corresponds to 109’057 basis functions; H = 120, which corresponds to 210’803 basis

functions; H = 125, which corresponds to 294’980 basis functions; H = 130, which corre-

sponds to 397’349 basis functions; H = 135, which corresponds to 547’109 basis functions;

H = 140, which corresponds to 720’827 basis functions; H = 145, which corresponds to

975’077 basis functions; For these basis sets, the average difference and the maximum dif-

ference (in cm−1) with respect to energies obtained with the largest basis are respectively:

(0.037,0.158), (0.021,0.137), (0.011,0.066), (0.007,0.030), (0.002,0.030), (0.002,0.023) cm−1.

The maximum error (0.137 cm−1) obtained with 210’803 basis functions is similar to the

maximum error (0.1 cm−1) achieved in Ref. 31 using only 13’326 functions, but for only 50

levels. Ref. 31 uses an expanding basis whose functions are not determined by a pruning

condition. We could reduce the size of the our basis if we used G(nc) designed to compute

only the lowest 50 levels. However, the most important reason that our basis is larger is
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that we are using collocation and in Ref. 31 a variational method (with exact Hamiltonian

matrix elements) is used. When using collocation it is always necessary to use a larger basis

to compensate for collocation (quadrature) error. [2]

VII. CONCLUSION

The most common methods for calculating vibrational energy levels require computing

eigenvalues of a matrix representing the Hamiltonian in a basis. One usually refers to such

methods as variational. One of the hardest parts of such a calculation is obtaining matrix

elements of the potential. For many molecules, the cost of the calculation of potential matrix

elements can be significantly reduced by representing the potential in a special form. [56]

One established option is the sum of products (SOP),form [57–60] another is the multimode

(MM) form (in which the potential is a sum of terms that depend on a subset of the

coordinates) [36, 37, 61]. For some molecules, the best available potential has one of these

forms. If the best available potential is not in one of these forms then it can be massaged into

a SOP [62–64] or MM [65, 66] form. However, doing so requires making an approximation.

For general potentials, it is necessary to use quadrature and multidimensional quadrature is

costly.

Instead of computing eigenvalues of a basis representation of the Hamiltonian, one can use

collocation. Collocation obviates the need to use quadrature for potential matrix elements

because it only requires evaluating the potential at points. The advantages of collocation are

even more convincing when G matrix elements in the KEO are functions of the coordinates.

To use a variational method, it would be necessary to use quadrature to compute (many)

integrals whose integrands involve the G matrix elements. With a collocation method it is

only necessary to evaluate the G matrix elements at points. Nevertheless, to use colloca-

tion one must choose the collocation points. Fortunately, in favourable circumstances, the

accuracy of the energies one computes is insensitive to the choice of the points. This is, of

course, not true of quadrature points: if the quadrature is bad then the energies are bad.

Favourable circumstances means that the basis is large enough to describe the wavefunctions

one wishes to compute. This is related to the fact that one can make an exact interpolant

for a polynomial of degree five using any six points.

In this paper, we refine our previous collocation method for solving the vibrational
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Schroedinger equation. [7, 9] Crucially, the method does not use a direct product basis

or a direct product grid (both are too large for molecules with more than 5 atoms) and it

does not require solving a generalized eigenvalue problem. Only a pruned basis, made from

a subset of the functions in a direct product basis, is employed. In Ref. 7, it is demonstrated

that it is possible to evaluate matrix-vector products by executing D + 1 loops. If the ba-

sis were not pruned, the cost of evaluating the matrix-vector products, to use an iterative

eigensolver, would be nD+1, where n is a representative number of basis functions or points

for a single coordinate. Because the basis is pruned the cost is much less.

What limits the applicability of this collocation method? In previous papers, it was

applied only to 6D problems. A disadvantage of collocation is that it requires using

a big basis and an equal number of collocation points. Consequently, the grid vec-

tors (e.g. vin(k1, k2, k3, k4, k5, k6, k7, k8, k9) in Eq. (14)) and and the basis vectors (e.g.

ṽout(n1, n2, n3, n4, n5, n6, n7, n8, n9) in Eq. (14) ) may be larger than the vectors required

if quadrature is used. In both quadrature and collocation methods, the problem of large

vectors is exacerbated by the fact that even larger vectors (e.g. ṽ4 in section IV) must

be stored to evaluate matrix-vector products. This is true because grid labels are con-

strained among themselves and basis labels are constrained among themselves. In this

paper, we show that if so-called hierarchical basis functions are used, there is no need to

store vectors larger than the grid and basis vectors (vin(k1, k2, k3, k4, k5, k6, k7, k8, k9) and

ṽout(n1, n2, n3, n4, n5, n6, n7, n8, n9)). The indices of intermediate vector ṽc are constrained

so that

G9(k9) + · · ·+Gc+1(kc + 1) +Gc(nc) + · · ·+G1(n1) ≤ H. (47)

It is not clear if the even larger vectors can also be avoided when using quadrature. It

appears that this is another advantage of collocation. In this paper, we apply the ideas to

a 9D Hamiltonian. The memory reduction depends on the pruning condition and the size

of the basis (grid), but in 12D, with the simple pruning condition
∑

c nc ≤ 15, the memory

required to store the largest vector is reduced from 23.6 GB to 0.13 GB. This opens the door

to calculations in 12D.
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