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Abstract

This thesis focuses upon some evolutionary problems related to sexual reproduction

and disease. We first consider whether we should expect a fundamental difference

between the outcomes of pre- and post-copulatory sexual conflict, and whether an

informational asymmetry exists between the sexes. We then examine how sexually-

transmitted infections can create selective pressures upon the evolution of mating

systems, with a particular focus upon serial monogamy. We also consider more gen-

erally how pathogens can shape intraspecific interactions (by host avoidance), and

how in turn host avoidance can alter the selective environment for pathogens. Fi-

nally, we examine how epidemiology and finite population size can interact to alter

the evolution of sterility virulence, providing a novel explanation for why sterility

virulence is more commonly associated with sexually-transmitted infections.
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Chapter 1

Introduction

1.1 Motivation

The focus of this thesis is upon the analysis of some evolutionary problems related to

infectious disease and sexual reproduction.

Understanding how pathogens evolve has a long history in evolutionary modeling.

There are two pathogen life history traits of particular interest: how pathogens are

spread (referred to as pathogen transmissibility) and the negative effects pathogens

have upon the host (referred to as pathogen virulence). Pathogens can be spread by

a variety of mechanisms, such as through the environment or by vectors, however,

this thesis will focus exclusively upon pathogens transmitted directly between con-

specific hosts during social or sexual encounters. Pathogen virulence is varied, but

commonly includes: increased host mortality, host sterility, and host morbidity. By

examining the connection between these two aspects of the pathogen’s life history,

evolutionary theory looks at what factors limit the (adaptive) evolution of pathogen

virulence [36]. For example, if the risk of contracting a virulent sexually-transmitted

infection (STI) is high, hosts may alter their sexual behaviour and thus the STI’s

transmission network, selecting for reduced virulence. For other directly-transmitted
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pathogens, the host may evolve immunological or behavioural defenses which select

against virulent pathogens. Indeed, at a more fundamental level, what epidemio-

logical assumptions are incorporated into the model (e.g., whether transmission is

density- or frequency-dependent), may have consequences for how virulence evolves.

Understanding pathogen evolution remains a key research area in evolutionary biol-

ogy.

In addition to providing a convenient route for the transmission of pathogens,

another consequence of sexual reproduction is that it generates tremendous within-

species conflict. This conflict, referred to as sexual conflict, arises because rarely, if

ever, do the evolutionary interests of males and females align [147, 120, 12]. Instead,

individuals are in competition with other members of their own sex to, for example,

procure matings and increase output per mating. In turn, this competition leads to

adaptations by one sex which impose (fitness) costs upon the other sex, driving the

(co)-evolution of adaptations and counter-adaptations to the detriment of the overall

health of the population. Empirical examples of sexual conflict abound, from the

grasping- and anti-grasping morphology seen in water striders [12], to the compounds

found in seminal fluid (seminal fluid proteins or Sfps) whose purpose appears to be

the manipulation of female behaviour and physiology [27]. Indeed, modern molecular

techniques have only begun to reveal how complex the interaction is between Sfps and

the female reproductive tract, which has lead to renewed interest in understanding

the evolutionary logic behind these adaptations.
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1.2 General approaches to studying evolution

Models of evolution typically involve specifying some genetic quantity or quantities

of interest, and then examine how the frequencies of the different possible genetic

variants (alleles) change over time. In general, it is assumed that the gene(s) alter

some physical and/or behavioural characteristics of the individuals that carry them,

and so the genotype plays a role in determining the phenotype. In turn, different

phenotypes yield different lifetime reproductive success, and so alleles that increase

lifetime reproductive success tend to have more copies present in the (immediate)

future.

One could specify a dynamical system tracking the frequencies of all possible genic

and phenotypic combinations, with an explicit specification of the ecological and ge-

netic architecture, and then follow the changes in this system over time. However, the

dimensionality of such a system would rapidly become intractable, making predictions

impossible and providing little biological insight. As a result, some limiting assump-

tions need to be made. The models used here largely ignore the underlying genetic

architecture, instead focusing upon heritable phenotypes or individuals with haploid

genetics (i.e., ‘the phenotypic gambit’ [66]). This implies that there is a one-to-one

map between an individual’s phenotype and its genotype, and thus it is sufficient to

track only one of these quantities. The justification for this assumption is that rarely

do we know the genetics underlying a trait, and since we are often more interested in

when a particular trait or attribute is favoured, ignoring genetic complications seems

to be a defensible simplification (see [66] for a similar argument).

Another decision which needs to be made when modeling evolution is whether
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or not to include stochasticity. Deterministic models are almost invariably mathe-

matically simpler than their stochastic counterparts, but to derive a deterministic

population model from an underlying stochastic process usually requires assuming

that the population in question is infinitely large (e.g., [126]). Although this assump-

tion is clearly biologically absurd, whether or not it renders the model useless depends

upon the question of interest. If the goal is to understand the effects of selection in

relatively large populations, then deterministic models may be (roughly) applicable,

or at least capable of providing insight into the biological phenomenon under consid-

eration. However, often we are interested in finite or small population sizes, or we

may wish to understand the evolutionary role of, for example, genetic drift. Including

stochasticity thus becomes a necessary part of the modeling process.

Besides their mathematical differences, stochastic and deterministic models also

differ in their interpretability. Deterministic models can be roughly described as

models in which “anything that can happen will happen” (pg. 137, [88]) and so we

are (usually) able to precisely determine and comment on evolutionary outcomes. For

example, a common approach to studying deterministic models of evolution, discussed

in more detail in Section 1.2.1, is to assume the existence of an attractor (usually an

asymptotically stable equilibrium), and only comment on the long-term dynamical

behaviour in the neighbourhood for which the attractor is asymptotically stable. But

then all trajectories under consideration asymptotically approach the attractor and so

we know the ultimate evolutionary outcome with certainty. Conversely, in stochastic

models a wide range of outcomes are possible, each with differing probabilities, and so

assessing the likelihood of these outcomes as well as measuring evolutionary “success”

tends to be more nuanced and open to interpretation. In what follows, how evolution
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is modeled in this thesis using deterministic (Section 1.2.1) and stochastic (Section

1.2.2) models will be briefly outlined, and some background on the tools used to

analyze and interpret these models will be provided.

1.2.1 Deterministic models of evolution

In Chapters 2, 3, and 4, the focus is upon deterministic models of evolution. There

are a number of modeling tools and assumptions these chapters will rely upon, and

so these are explained here. In what follows the concept of invasion analyses is in-

troduced, before considering how, under certain assumptions, invasion analyses can

be used to describe the evolutionary process of a single trait, with an emphasis upon

adaptive dynamics. These tools are then extended to study the co-evolution of mul-

tiple traits (as in Chapters 2 and 4).

Invasion Analyses

Invasion analyses assume the population is at a demographic steady state and that

there is a single version of the trait of interest in the population, say xr. This

monomorphic population is called the ‘resident’ or ‘wild-type’ population. We then

suppose a rare mutant enters this population possessing trait value xm 6= xr, and ask

what attributes of the mutant trait and the resident population demographics allow

the mutant to avoid extinction, or invade. We will first illustrate this with a simple

example before outlining the more general case.

Consider a population of hosts with constant density N . Let the density of hosts

infected with the resident pathogen strain at time t be Ir(t). Suppose infected hosts
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have a per-capita mortality (or recovery) rate of α(xr) and that the per-capita trans-

mission rate is β(xr)S, where S = N − Ir is the density of susceptible hosts, β(xr)

is the pathogen transmissibility, and xr is the resident pathogen trait. The dynamics

of hosts infected with the resident pathogen strain are governed by

İr = (β(xr)(N − Ir)− α(xr))Ir, (1.1)

where the dot indicates differentiation with respect to time. It is easy to see from

(1.1) that the endemic equilibrium density of infected hosts is Īr = N −α(xr)/β(xr),

and that this equilibrium is stable. Suppose a mutant pathogen strain with trait

xm 6= xr enters the population. Let the density of hosts infected with the mutant

strain at time t be Im(t); the dynamics of Im(t) are

İm = (β(xm)(N − Ir − Im)− α(xm))Im. (1.2)

We are interested in when the (rare) mutant strain can invade the resident population

at its endemic equilibrium. Mathematically, we wish to know when the equilibrium

(Ir, Im) = (Īr, 0), known as the mutant-free equilibrium or MFE, is locally unstable.

This is determined by the sign of the real part of the eigenvalues of the Jacobian of

(1.1) and (1.2) evaluated at the MFE: if one or more eigenvalues have positive real

part, then the MFE is unstable. The Jacobian at the MFE is

J =

 −β(xr) ∗

0 β(xm)(N − Īr)− α(xm)

 . (1.3)

Since J is block-triangular, the eigenvalues are the entries along the diagonal (which
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is why we do not care about the entry marked ∗). The eigenvalue situated at J11 gives

epidemiological stability of the resident alone equilibrium, and as noted previously,

this equilibrium is epidemiologically stable (J11 < 0). Thus stability rests upon the

entry J22 such that invasion is possible if

J22 = β(xm)(N − Īr)− α(xm) > 0 ⇔ β(xm)

α(xm)
>
β(xr)

α(xr)
. (1.4)

The condition (1.4) can then be interpreted biologically. In this case, the pathogen

strain capable of producing the greatest number of new infections before host recovery

or death is favoured.

With this simple example in mind, we now outline invasion analyses for the more

general case. To do so, suppose r ∈ Rn and m ∈ Rn are vectors containing the densi-

ties of the n classes (e.g., males and females, susceptible and infected) of resident and

mutant individuals, respectively, in the population at time t. Suppose the population

dynamics of the resident-mutant system can be described as

ṙ = f(r,m;xr, xm),

ṁ = g(r,m;xr, xm),

(1.5)

where f(r,m;xr, xm) and g(r,m;xr, xm) are vector-valued functions and the dot de-

notes differentiation with respect to time, e.g., ṙ = [dr1/dt, · · ·, drn/dt]T .

Let (r,m) = (r̄,0) satisfy f(r̄,0;xr, xm) = 0, such that the n-entries of r̄ are real,

non-negative, and for at least one i, r̄i > 0. Thus (r̄,0) is the MFE. Assume further

that the eigenvalues of the n × n matrix whose i, j-th entry is ∂
∂rj

[fi(r̄, 0;xr, xm)]

all have negative real part. Then the resident population, ṙ = f(r,0;xr, xm), has a
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locally stable demographic attractor, (r̄,0). We then ask when is the full system (1.5)

unstable at the MFE. The Jacobian of (1.5) evaluated at the MFE is the (2n)× (2n)

matrix

A =

 Dr [f(r̄,0;xr, xm)] Dm [f(r̄,0;xr, xm)]

Dr [g(r̄,0;xr, xm)] Dm [g(r̄,0;xr, xm)]

 ,

where Dv is the partial derivative operator for variables v. Under the (reasonable)

assumption that resident individuals will not produce mutants in the absence of mu-

tant individuals, Dr [g(r̄,0;xr, xm)] = 0. Therefore A is block-triangular, and so

its eigenvalues are the eigenvalues of the n × n blocks along the diagonal. But the

eigenvalues of the n×n matrix situated at A11 all have negative real part, thus local

stability of the MFE depends upon the sign of the real part of the eigenvalues of A22.

Suppose we have obtained the eigenvalues of A22. The eigenvalue with the largest

real part, say ξ, is referred to as the leading eigenvalue of A22, because it will dominate

the behaviour of the linearized system. As a result, this eigenvalue determines the

growth rate of the mutant when rare, and is what is known as (deterministic) invasion

fitness [117]. When the leading eigenvalue has positive real part, the mutant can

invade. Let λ(xm, xr) = Re(ξ), that is λ(xm, xr) is the real part of the eigenvalue ξ.

Then

λ(xm, xr) > 0 (1.6)

is the condition for when a (rare) mutant carrying trait xm can invade a monomorphic

population of xr-individuals, while the population is at its demographic steady state.
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Adaptive dynamics

Although inequality (1.6) has its uses, often biologists are interested in the long-term

outcome of the evolutionary process. To this end, suppose that:

(i) mutations are sufficiently rare such that the population will return to a demo-

graphic attractor between mutations,

(ii) the trait of interest is continuously varying,

(iii) selection on the trait is weak (i.e., xm = xr + δ for δ small), and

(iv) the demographic attractor remains a locally asymptotically stable hyperbolic

fixed point for all x ∈ X , where X is the set of all possible traits.

Under these assumptions, if the mutant can invade and invasion is not possible for

the role-reversed situation (i.e., the mutant trait is the resident and the resident

trait is the mutant), then the mutant trait will reach fixation [63, 62, 46]. Hence

evolution will proceed by a series of invasion-fixation events, and in this context, this

is referred to as adaptive dynamics [64], but is really just a continuation of the ideas

of evolutionary game theory [42].

To understand this series of invasion-fixation events, by assumptions (ii) and (iii)

we can apply a Taylor expansion to λ(xm, xr) about xm = xr, giving

λ(xm, xr) ≈ λ(xr, xr) + δ
∂λ

∂xm

∣∣∣∣
xm=xr

+ δ2 ∂2λ

∂x2
m

∣∣∣∣
xm=xr

+O(δ3). (1.7)

As an immediate consequence of how λ was obtained, λ(xr, xr) = 0. Therefore when

selection is weak, whether invasion is possible is determined by the sign of the first

order term: if positive, the mutant can invade. Notice that the first order term
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depends upon both the change in trait value (whether xm is greater or less than xr)

as well as the derivative [∂λ/∂xm]xm=xr , which is known as the selection gradient.

It follows that the selection gradient indicates the direction of evolution: if positive

(resp. negative), selection is for xm > xr (resp. xm < xr). When the selection

gradient vanishes (is equal to zero), the x∗ for which this occurs is referred to as

an evolutionary singular strategy [64] (note that here and in what follows the term

“strategy” is used to refer to the heritable trait of interest where convenient). By

consideration of the second order term of (1.7), x∗ is a (local) fitness maximum if

∂2λ

∂x2
m

∣∣∣∣
xm=x∗

xr=x∗

< 0. (1.8)

Condition (1.8) is known as (local) evolutionary stability [101]: a population using

singular strategy x∗ satisfying (1.8) cannot be invaded by any nearby (rare) mutants.

Notice that (1.8) says nothing about whether a singular strategy can actually

be reached by evolution. Rather, it only states properties of a population that is

already at the singular strategy. This was an omission of early game theory models

(summarized in [64]), and led to the inclusion of a second condition, convergence

stability, which provides the conditions under which a population perturbed slightly

away from the singular strategy will return. Essentially, this can be phrased as asking

when monomorphic populations using strategies slightly different from x∗, say x̂, can

be invaded by mutants with trait values in between x∗ and x̂. Mathematically, this

requires the selection gradient to be positive for x < x∗ and negative for x > x∗, and

so the slope of the selection gradient, as a function of x, must be negative at x∗. This
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will be satisfied if

d

dxr

[
∂λ

∂xm

∣∣∣∣
xm=xr

]
xr=x∗

=

[
∂2λ

∂x2
m

+
∂2λ

∂xm∂xr

]
xm=x∗

xr=x∗

< 0. (1.9)

If selection is frequency-independent, then (1.8) and (1.9) are identical. A singular

strategy satisfying both (1.8) and (1.9) is stable to both individual- and population-

level perturbations and is viewed as a stable evolutionary attractor, or continuously

stable strategy [64]. Often researchers are also interested in singular strategies which

satisfy (1.9) but not (1.8); these are known as branching points and potentially rep-

resent values of x for which adaptive diversification or speciation occurs [64] (and are

frequently a focus of adaptive dynamics).

Co-evolution

The previous sections were aimed at understanding the evolution of a single trait.

However, sometimes we are interested in the co-evolution of two interacting traits,

say x and y (as in Chapters 2 and 4). For example, if the trait x causes the expression

of some attribute in males intended to procure matings at a cost to females, then trait

y may enable females to resist the action of x. As such, we could reasonably expect

the evolution of x to have repercussions for the evolution of y and vice versa.

Suppose that trait x is expressed in one type of individual while trait y is expressed

in another type of individual. Individuals could be either classified by sex (e.g., males

express x and females express y) or by species (e.g., hosts express x and pathogens

express y). Let λ(xm, xr, y) and ψ(ym, yr, x) be expressions for the invasion fitness

of mutants with trait xm or trait ym, respectively, in populations monomorphic for

the other trait, y or x, respectively. These expressions can be obtained in a similar



1.2. GENERAL APPROACHES TO STUDYING EVOLUTION 12

fashion to how we proceeded in the single trait case, and allow us to consider the

co-evolutionary process. Co-evolutionary dynamics, however, tend to be far more

complicated then evolutionary dynamics. For example, the mutation rates of the

different traits must be treated with care as they can alter the basin of attraction

of different attractors [89, 90]. As a result, often researchers focus simply upon the

possible co-evolutionary outcomes and less so on the process; it is this approach that

will be taken here. The co-evolutionary outcomes that we will primarily consider

differ based upon the form of evolutionary game considered; the critical differences

are outlined in what follows.

First, suppose neither x nor y strategists know what their opponent is going to

do; that is, they are unable to adjust their strategy based upon the strategy of their

opponent. This is referred to as a simultaneous game [57]. For example, if the trait

x is resource investment in grasping morphology by male water striders, and the

trait y is resource investment in anti-grasping morphology by female water striders,

males and females will not be able to vary their investment (e.g., grow or shrink

an appendage) based upon the phenotype (strategy) of a particular opponent they

encounter. Therefore the co-evolutionary singular strategy, (x∗, y∗), is that predicted

by the simultaneous game, and is the solution of

∂λ(xm, x
∗, y∗)

∂xm

∣∣∣∣
xm=x∗

= 0,

∂ψ(ym, y
∗, x∗)

∂ym

∣∣∣∣
ym=y∗

= 0.

(1.10)

Second, suppose instead that each time an x-strategist encounters a y-strategist,

the y-strategist “moves first”, revealing its intentions and strategy to the x-strategist,
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who can then adjust its strategy based upon this information. For example, if y is the

extra-pair copulations a socially monogamous female engages in prior to reproduction,

and x is the parental care investment by a male, as paternal care typically occurs post-

gestation, the male may reduce his investment based upon the degree he believes he

was cuckolded. Thus the female goes first, whereas the male goes second. This

represents a sequential game [57], and so the co-evolutionary outcome, or Stackelberg

equilibrium, (x(y∗), y∗), is the solution of

∂λ(xm, x
∗, y∗)

∂xm

∣∣∣∣
xm=x∗

= 0,

∂ψ(ym, y
∗, x∗)

∂ym

∣∣∣∣
ym=y∗

+
∂ψ(y∗, y∗, x)

∂x

dx

dy
= 0.

(1.11)

The geometric difference between (1.10) and (1.11) is that the co-evolutionary out-

come predicted by (1.10) is the intersection of the best-response functions of x- and

y-strategists, whereas the co-evolutionary outcome predicted by (1.11) represents y-

strategists maximizing their fitness subject to the constraint imposed by the best-

response of the x-strategists.

1.2.2 Stochastic models of evolution

When stochasticity is included the evolutionary process becomes more complex. For

example, even if one phenotype possesses a significant selective advantage over an-

other, it is far from assured that it will reach fixation in the population. As a result,

how to classify evolutionary “success” is not as clear as in deterministic models. To

gain some sense of which phenotypes are favoured we will utilize some tools from pop-

ulation genetics (e.g., [52]), which will be introduced here. To provide motivation, a
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very simple model (a diffusion approximation of the Moran process with mutation)

will be used to illustrate the techniques.

Model derivation

Consider a population of constant size N consisting of two types of individuals, and

let their numbers at time t be Xi(t), i = {1, 2}. Individuals of type i give birth at

a per-capita rate of bi, and the offspring immediately replaces a randomly chosen

individual in the population (the chosen individual may be the parent). Hence b1−b2

represents the selective difference between types: if positive, type 1 is selectively

favoured, whereas if negative, type 2 will be favoured. If b1 = b2, then the two types

are selectively neutral. Finally, assume type i individuals mutate to type j (i 6= j) at

a per-capita rate ν. Since N is fixed, it is sufficient to track only the number of type

1 individuals to know the state of the population at any given time t. The possible

transitions in our model are therefore

Transition Probability per unit time

X1 → X1 + 1 T+(X1) = b1X1(1−X1/N) + ν(N −X1)

X1 → X1 − 1 T−(X1) = b2(N −X1)X1/N + νX1.

where we have let X1(t) = X1 for brevity.

Let P (X1, t) be the probability there are X1 individuals at time t. Then the

master equation (e.g., [151, 58]), describing the (time) evolution of the probability



1.2. GENERAL APPROACHES TO STUDYING EVOLUTION 15

density function P (X1, t) is

∂P

∂t
= − (T+(X1) + T−(X1))P (X1, t)

+ T−(X1 + 1)P (X1 + 1, t) + T+(X1 − 1)P (X1 − 1, t). (1.12)

Although the master equation is an exact description of the time evolution of the

probability density function, it is typically analytically intractable. Hence we wish to

derive an approximation of (1.12). To do so, suppose N is large, such that x = X1/N

is an approximately continuous variable. Then let p(x, t) = NP (X1, t), and applying

a series expansion to (1.12) about 1/N gives the Fokker-Planck equation (also referred

to as the forward Kolmogorov equation [4]):

∂p

∂t
= − ∂

∂x
[a(x)p(x, t)] +

1

2

∂2

∂x2
[c(x)p(x, t)] . (1.13)

where a(x) = (b1− b2)x(1−x) + ν(1− 2x) and c(x) = (b1+b2)x(1−x)+ν
N

. The terms a(x)

and c(x) are often referred to as the “drift” and “diffusion” coefficients, respectively

[58], however, in population genetics the diffusion term is sometimes called the drift

term (in the sense of ‘genetic drift’). In population genetics, equation (1.13) is referred

to as a diffusion approximation (e.g., [52]), while in chemistry and physics this is

often referred to as a system-size expansion (e.g., [151, 58]). Note as well that strictly

speaking p(x, t) = p(x, t; y, s), that is p(x, t) is actually a transition probability from

state y at time s to state x at time t > s. However, since the process is time

homogeneous (i.e., p(x, t + ∆t; y, s + ∆t) = p(x, t; y, s) for ∆t > 0), and the state y

is arbitrary, we have taken p(x, t;x0, 0) and suppressed the unnecessary arguments,

that is, let p(x, t;x0, 0) = p(x, t).
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Another notational convention for time homogeneous processes is to write the

transition probability p(x, t; y, s) as p(x, y, t − s) to indicate the transition only de-

pends upon length of time between states (see for example [4]). Using this notation,

the forward Kolmogorov equation (1.13) is associated with the backward Kolmogorov

equation

∂p(x, y, τ)

∂τ
= a(y)

∂p(x, y, τ)

∂y
+
c(y)

2

∂2p(x, y, τ)

∂y2
(1.14)

where we have let τ = t−s. Equation (1.13) also has the corresponding Ito stochastic

differential equation

dx = a(x)dt+
√
c(x)dWt (1.15)

where W (t) is a Wiener process (or standard Brownian motion) and dWt ≡ W (t +

dt)−W (t). The definition of a Wiener process (e.g., see [4, 58]) is a stochastic process,

{W (t) : t ∈ [0,∞)}, which depends continuously on t and satisfies

(1) stationary increments, that is, W (t2) −W (t1) is normally distributed with zero

mean and variance t2 − t1 for 0 ≤ t1 < t2 <∞,

(2) independent increments, that is, W (t1)−W (t0) and W (t2)−W (t1) are indepen-

dent provided 0 ≤ t0 < t1 < t2 <∞, and

(3) Prob[W (0) = 0] = 1.

The integral form of (1.15) is

x(t) = x(0) +

∫ t

0

a(x(τ))dτ +

∫ t

0

√
c(x(τ))dWτ (1.16)
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where the first integral is a Riemann integral and the second integral is an Ito stochas-

tic integral. In particular, if f(X(t), t) is a function depending upon the random

variable X(t) such that ∫ b

a

E[f(X(t), t)2]dt <∞,

and a = t1 < t2 < · · · < tk < tk+1 = b is a partition of [a, b], then

∫ b

a

f(X(t), t)dWt ≡ l.i.m.k→∞

k∑
i=1

f(X(ti), ti)(W (ti+1)−W (ti)) (1.17)

where l.i.m. denotes mean square convergence. In particular, if I =
∫ b
a
f(X(t), t)dWt

and Ik =
∑k

i=1 f(X(ti), ti)(W (ti+1)−W (ti)), then l.i.m.k→∞Ik = I means

lim
k→∞

E[(Ik − I)2] = 0. (1.18)

Note that both the partition of the interval [a, b] in terms of the ti and the number

of terms in the sum Ik depend upon k. Thus as k increases, the partition becomes

finer (i.e., the partition when k = n + 1 is a refinement of the partition when k = n

for all positive integers n), causing a corresponding increase in the number of terms

in the sum. More details on the definition and application of the Ito stochastic

integral can be found elsewhere (e.g., [4, 58]); our primary focus here will be analyzing

the corresponding Fokker-Planck equation (1.13). However, we will make use of

Ito’s formula, which states that if we have an arbitrary function of x(t), say g(x(t)),

with continuous derivatives, dg
dx

and d2g
dx2

, then the stochastic differential equation for
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y(t) = g(x(t)) is

dy =

(
a(x)

dg

dx
+

1

2
c(x)

d2g

dx2

)
dt+

√
c(x)

dg

dx
dWt, (1.19)

where a(x) and c(x) are provided in (1.15) (see [4, 58] for the multi-variable extension

and further details).

Hence starting from the specification of the infinitesimal transition probabilities in

(1.12), we made the assumption that the population was sufficiently large such that we

could justify treating x = X1/N as approximately continuous, and then used a series

expansion about 1/N to reduce (1.12) to (1.13) [151, 58]. Observe that in (1.13) and

(1.15), we have a “deterministic” term (the drift coefficient, a(x)) and a “stochastic”

term (the diffusion coefficient, c(x)). If we wish to eliminate stochasticity, we can take

the limit as N → ∞; doing so in (1.15) will leave us with the ordinary differential

equation ẋ = a(x). In this ODE model, if ν = 0 then whichever type has the selective

advantage will outcompete the other type and ultimately fix in the population.

To analyze (1.13), there are a number of tools which we can use. In particular,

these are: (1) probability of fixation (when ν = 0), (2) invasion probabilities, (3)

absorption time (when ν = 0) and (4) the stationary distribution (when ν > 0).

In what follows, we briefly show how these are computed from (1.13); as these are

standard techniques a more in-depth discussion can be found elsewhere (e.g., [58, 52,

4]).

Fixation probabilities

First, suppose mutations are non-existent, or at least negligible (ν = 0). This assumes

evolution proceeds by a series of invasion-fixation events as in adaptive dynamics (see
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Section 1.2.1), or more generally, a sequential-fixation process [103]. When ν = 0,

then (1.13) will have two absorbing states: when the population becomes monomor-

phic for either type 1 or type 2, which occurs when x = 1 or x = 0, respectively. We

are interested in the probability that the system ultimately reaches either state, that

is either type 1 or type 2 reaches fixation. In population genetics, these are referred

to as fixation probabilities [52].

Let T (x0) be the random variable for the time it takes for the population to reach

fixation at x = 1 when initially at x0 at t = 0, and let R(x0, t) be the probability that

the process does not reach x = 1 by time t. Then

R(x0, t) = Prob[T (x0) > t] =

∫ 1

0

p(x, x0, t)dx, (1.20)

where p(x, x0, t) is from (1.14) (with y = x0, s = 0, and so τ = t). Then provided

an interchange of the order of integration/differentiation is justified, integration of

(1.14) with respect to x reveals

∂R

∂t
= a(x0)

∂R

∂x0

+
c(x0)

2

∂2R

∂x2
0

. (1.21)

If we then let t → ∞, φ(x0) ≡ limt→∞R(x0, t) and assume limt→∞ ∂R/∂t = 0, the

fixation probability of type 1 will be the solution of

0 = a(x0)
∂φ

∂x0

+
c(x0)

2

∂2φ

∂x2
0

, (1.22)

satisfying the boundary conditions φ(0) = 0, φ(1) = 1 [4, 52]. The solution of (1.22)
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can be seen to be

φ(x0) =

∫ x0
0
ψ(y)dy∫ 1

0
ψ(y)dy

, where ψ(y) = exp

(
−2

∫ y

0

a(z)

c(z)
dz

)
. (1.23)

Thus φ(x0) represents the probability that a population composed initially of a frac-

tion x0 of type 1 will ultimately see type 1 reach fixation. For our particular example,

we have

φ(x0) =
1− e−2dx0

1− e−2d
, where d =

b1 − b2

b1 + b2

N. (1.24)

Notice from (1.24) that even if type 1 (say) has a strong selective advantage, b1 � b2,

it is still not assured that type 1 will reach fixation in the population as was true in

the deterministic model.

Invasion probabilities

The concept of invasion analyses was previously introduced when considering deter-

ministic models. There also exists a stochastic analog, which in many respects is

more realistic in that we can now explicitly treat individuals as discrete units (which

was not the case for equation (1.6); [126]). In particular, in the stochastic setting we

assume the population is monomorphic for type i, and then suppose a single type i

individual mutates to a type j individual (j 6= i). We then ask what is the probability

that the type j mutant will ultimately take over the population and reach fixation.

This is referred to as the invasion probability of type j. If we are interested in the

invasion probability of type 1, for our chosen example this is simply φ(1/N), where

φ(x) is provided in (1.24).
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We may have more complex situations in which the population size is not constant

but depends upon the composition of the population (as in Chapter 5); however the

general concept of invasion probability will still apply.

Absorption time

Although fixation probability has its uses, it does not provide any information about

the time it takes a population to return to a monomorphic state, referred to as

absorption time [52]. The reason we may be interested in absorption time is that

if we neglect mutations (enabling us to focus upon invasion/fixation probabilities),

the justification for doing so is that mutations occur sufficiently infrequently that

the population will go to fixation before another mutation can appear. However, as

time to absorption increases, so too will the likelihood of a new mutation appearing,

and this may have unanticipated effects, particularly when selection is weak and the

population size depends upon its composition.

To compute expected time till fixation, observe that from our definition of R(x0, t)

that the probability density function of time until absorption from initial position x0

is

ϕ(t;x0) =
∂

∂t
[1−R(x0, t)] = −∂R(x0, t)

∂t
.

Thus from (1.21) ϕ(t;x0) satisfies

∂ϕ(t;x0)

∂t
= a(x0)

∂ϕ(t;x0)

∂x0

+
c(x0)

2

∂2ϕ(t;x0)

∂x2
0

. (1.25)
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But since ϕ(t;x0) is a pdf, by definition we have 1 =
∫∞

0
ϕ(t;x0)dt, and so

−1 = −
∫ ∞

0

ϕ(t;x0)dt,

= − [tϕ(t;x0)]∞0 +

∫ ∞
0

t
∂ϕ

∂t
dt,

= 0 +

∫ ∞
0

t

[
a(x0)

∂ϕ

∂x0

+
c(x0)

2

∂2ϕ

∂x2
0

]
dt,

where to go from the first line to the second we have applied integration by parts,

and to go from the second to third we have assumed tϕ(t;x0) → 0 as t → ∞. But

if we let T̄ (x0) =
∫∞

0
tϕ(t;x0)dt be the expected time to absorption (assuming an

interchange of the order of differentiation/integration is justified), then we have

−1 = a(x0)
dT̄

dx0

+
c(x0)

2

d2T̄

dx2
0

. (1.26)

Since when x0 = 0 or x0 = 1 absorption time will clearly be zero, the second-order

differential equation (1.26) has the boundary conditions T̄ (0) = T̄ (1) = 0. Further

details on this approach are provided in [52].

Stationary distribution

Finally, consider the situation in which mutations are non-negligible, ν > 0; for our

simple model, this means we will not have any absorbing states. We now are interested

in the long-term behaviour of (1.13) as t → ∞, that is, we wish to determine the

stationary distribution. To do so, let limt→∞ p(x, t) = π(x) so that ∂p/∂t = 0 in
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(1.13). Then integrating (1.13) with respect to x gives

0 = −a(x)π(x) +
1

2

d

dx
c(x)π(x) ⇔

(
a(x)− 1

2

dc

dx

)
π(x) =

c(x)

2

dπ

dx
. (1.27)

We can solve (1.27) to give

π(x) =
κ

c(x)
exp

(
2

∫ x

0

a(x)

c(x)
dx

)
, (1.28)

for some constant κ [4, 52]. The stationary distribution will be normalizable if κ

can be chosen to satisfy
∫ 1

0
π(x)dx = 1. For our chosen example, this will occur if

the mutation rate is sufficiently large so as to push the distribution away from the

boundaries. If not, then the distribution will accumulate at the boundaries x = 0

and x = 1, and will not be normalizable.

1.3 Organization of thesis

The remaining chapters of this thesis are adapted from published (Chapters 2, 3,

4; see [104, 105, 106]) or submitted (Chapter 5) articles. As such, they are largely

self-contained. Chapter 2 discusses one of the most important consequences of sex:

the divergence of the evolutionary interests between males and females. This is re-

ferred to as sexual conflict, and is mainly driven by intrasexual competition. Here we

investigate why we may often expect a difference in the co-evolutionary outcome be-

tween pre-copulatory sexual conflict (conflict over mating rate) and post-copulatory

sexual conflict (conflict over output per mating). Chapter 3 considers how sexual

reproduction provides a pathway for the transmission of infectious disease, and how

the presence of a sexually-transmitted infection (STI) places selective pressures upon
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the evolution of mating systems. In particular, the focus is upon whether or not STIs

can drive the evolutionary emergence of (serial) monogamy. Chapter 4 examines

how disease can alter intraspecific interactions in a more general sense, focusing in

particular upon how conspecifics may avoid contact with one another, and the impli-

cations this has for the (co)-evolution of pathogens. We show that inclusion of host

behavioural plasticity can dramatically alter the co-evolution outcome by selecting

for reduced pathogen virulence. Finally, Chapter 5 considers how finite population

sizes can alter our expectations for the evolution of sterility virulence. In particular,

by considering the implications of different epidemiological assumptions, we provide

a novel explanation for why STIs tend to be more frequently associated with sterility

virulence then other directly-transmitted pathogens.
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Chapter 2

Female plasticity tends to reduce sexual conflict

A version of this chapter has been published as:
McLeod, D.V. and Day, T. 2017. Female plasticity tends to reduce sexual conflict.
Nat. Ecol. Evol. 1:0054.

2.1 Abstract

Sexual conflict is the divergence of evolutionary interests between the sexes. A ne-

glected aspect of sexual conflict theory is that the conflict often occurs within the

female’s body, which can lead to a power asymmetry. In particular, the female may

often be able to flexibly respond to the actions of the male, and so exhibits plasticity.

Here we consider the implications of female plasticity, and find that it tends to result

in lower levels of sexual conflict. We then relate our results to a comparison of pre- vs.

post-copulatory sexual conflict, and we also show that this asymmetry between males

and females reduces the likelihood of runaway selection, preventing co-evolutionary

arms races. Finally, we discuss our results in the context of the evolution of adaptive

harm and sexual conflict when there are direct benefits.
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2.2 Introduction

That the evolutionary interests of males and females sometimes differ has long been

of interest to biologists [147, 120, 28, 12]. This divergence of interests is referred to

as sexual conflict, and usually arises either from between-sex differences in optimal

mating rate (pre-copulatory conflict) or from between-sex differences in optimal out-

put per mating (post-copulatory conflict) [12]. Pre-copulatory conflict has resulted

in the evolution of traits such as the grasping and anti-grasping morphology in water

striders [11] and traumatic insemination in bedbugs [12], while post-copulatory con-

flict may underlie the evolution of traits such as seminal fluid proteins (Sfps) which

induce physiological and behavioural changes in females [141] at the expense of female

fitness [31, 154] (but see [56]), and the co-evolution of counteracting female-expressed

traits [30, 133] (but see [2]).

Sexual conflict theory generally assumes neither sex has an information advantage

over their opponent [59, 60, 61, 134, 120, 33]. Yet the arena of sexual conflict is often

the female body, thereby potentially generating an informational power asymmetry

[50, 119]. In terms of evolutionary game theory, this asymmetry can be best under-

stood as the difference between a simultaneous and a sequential game. When both

sexes play their strategies simultaneously (e.g., the grasping and anti-grasping mor-

phology of water striders), co-evolution proceeds according to a simultaneous game.

However, often the male has to commit to a particular strategy (e.g., some compo-

sition of Sfps), whereas because the ensuing interaction takes place in her body, the

female can potentially respond to the male’s attempt at manipulation by plastically

altering her counter-strategy in a way that depends on what the male has done. When

this occurs, co-evolution proceeds according to a sequential game.
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Here we show that the informational asymmetry of the sequential game tends to

result in lower levels of sexual conflict as compared to the simultaneous game. We then

relate our results to a comparison of pre- vs. post-copulatory sexual conflict, since pre-

copulatory conflict may often be akin to a simultaneous game, while post-copulatory

conflict often matches the sequential game. We also show that when the assumptions

of the chase-away hypothesis [73] are satisfied, the informational asymmetry often

prevents runaway selection and co-evolutionary arms races otherwise predicted by

the simultaneous game. Finally, we discuss how our results provide novel insights

into the evolution of adaptive harm and sexual conflict when the female receives

direct benefits.

2.3 Model

2.3.1 Ecological dynamics

Consider a large, well-mixed sexual population of size N at a demographic steady

state. Individuals born into the population become sexually mature with probabil-

ity (1 − N/K), where K is the environmental carrying capacity (i.e., juvenile sur-

vival is regulated by density-dependence). Upon sexual maturation, an individual

enters into either the class of reproductively-viable males with probability σ or the

class of unmated females with probability 1 − σ. Thus σ controls any differences

in sex-ratio at birth as well as any between-sex differences in juvenile survival. At

the demographic steady state there are m reproductively-viable males and f un-

mated females. Males exit the class of reproductively-viable males at rate T♂ due to

death/reproductive senescence. Females exit the class of unmated females through

either death/reproductive senescence at rate µ, or by becoming receptive to mating
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at rate β. If a female becomes receptive to mating, a mate is selected from the pool of

reproductively-viable males and the female proceeds to the mated class. Only in the

mated class do females produce offspring and they do so at rate B using sperm stored

from the (single) mating precipitating the transition to the mated class. Females

exit the mated class through either death/reproductive senescence at rate T♀, or the

mated female moves at rate τ to a class from which she can reach the unmated class

(and hence re-mate) with a non-zero probability Z. These processes are summarized

in Figure 2.1. Because we assume the population is at a demographic steady state,

the flows in Figure 2.1 must balance.

males,
m

unmated
females, f

mated
females

reproduction,
B(1 − N/K)

loss of females
1 − Z

1− σσ

loss of males,
T♂

loss of unmated
females, µ

mating, β

sperm
exhausted, τ

Z

loss of mated
females, T♀

Figure 2.1: Flow diagram of the population at the demographic steady state. The
term “loss” refers to all processes which remove individuals from the re-
productive pool (e.g., death, reproductive senescence). Following exhaus-
tion of sperm, a female may pass through any number of non-reproductive
classes before arriving in the unmated class with probability Z.
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The expected lifetime production of offspring by a male before density-dependent

juvenile survival is simply the product of the expected number of matings, M♂ ≡

(βf/m)/T♂, and the expected output per mating, F ≡ B/(τ + T♀). Similarly,

the expected lifetime production of offspring by a female before density-dependent

juvenile survival is M♀F , where M♀ is the female’s expected number of matings,

M♀ ≡
β

µ+ β

∞∑
j=0

(
β

β + µ

τ

τ + T♀
Z

)j
=

β

µ+ β

(
1− β

β + µ

τ

τ + T♀
Z

)−1

. (2.1)

At any demographic steady state, since the flows in Figure 2.1 must balance,

σM♂F (1−N/K) = (1− σ)M♀F (1−N/K) = 1. (2.2)

2.3.2 Evolutionary dynamics

Now suppose there are two heritable traits, a male trait, ρ, and a female counter-

strategy, κ. Trait expression is sex-limited and trait inheritance occurs by fair meiosis.

Let W♂(ρ, κ) and W♀(ρ, κ) denote male and female relative fitness, respectively (we

will link these to Figure 2.1 shortly). Our primary focus is on sexually antagonistic

selection [73, 12], and so the action of the traits has a negative effect on the (relative)

fitness of the opposite sex, that is, ∂W♂/∂κ < 0 and ∂W♀/∂ρ < 0. For example,

in a pre-copulatory setting, mate competition might select for a higher male mating

rate than that which is optimal for females, whereas in a post-copulatory setting, the

male might attempt to increase the number of offspring produced per mating, and by

doing so decrease the lifetime reproductive success of the female (e.g., because Sfps

increase female mortality [31, 154]). We will suppose that the female trait controls the

allocation of resources into the female’s physiological/behavioural processes, and so
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without loss of generality, we suppose increasing κ increases her number of matings,

∂M♀/∂κ > 0, while decreasing her output per mating, ∂F/∂κ < 0.

In the absence of intrasexual female competition, the success of the mutant fe-

male trait, κm, will be unaffected by the resident female trait, κr, with respect to

either procuring matings or output per mating, and so evolution of κ will maximize

female life-time reproductive success, W♀(ρ, κ) ≡ M♀(ρ, κ)F (ρ, κ). Conversely, the

number of matings a male obtains will depend upon the ratio of unmated females to

reproductively active males, f/m, which is set by the resident male and female traits,

ρr and κr, respectively. However, this applies equally to both mutant and resident

males. Thus if we are considering the invasibility of a rare mutant male trait ρm into

a resident population monomorphic for trait variant ρr, then from our description of

the population demographics, the mutant male trait can invade if

β(ρm, κ)f/m

T♂(ρm, κ)
F (ρm, κ) >

β(ρr, κ)f/m

T♂(ρr, κ)
F (ρr, κ). (2.3)

However, since the factor f/m is present on both sides of (2.3), this is equivalent to

β(ρm, κ)F (ρm, κ)

T♂(ρm, κ)
>
β(ρr, κ)F (ρr, κ)

T♂(ρr, κ)
. (2.4)

Thus evolution of ρ maximizes relative male fitness

W♂(ρ, κ) ≡ β(ρ, κ)F (ρ, κ)/T♂(ρ, κ). (2.5)

From equation (2.2) we can see that maximizing population size, N , means max-

imizing male and female life-time reproductive success at the demographic steady
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state, that is, maximizing M♂F and M♀F . Since evolution of the female trait, κ,

also maximizes M♀F , we can say that the evolution of κ will maximize population

size. This is a consequence of the absence of female intrasexual competition in our

model. On the other hand, male intrasexual competition means that the evolution of

ρ maximizes relative male fitness rather than life-time reproductive success, and so

will lead to a decrease in the size of the population.

Note that any of the processes included in Figure 2.1 may depend upon the male

and/or female trait; the dependencies are ultimately determined by the specific biolog-

ical phenomenon of interest. For example, seminal fluid proteins (Sfps) may increase

the female’s egg/offspring production rate, ∂B/∂ρ > 0, or delay female remating

[141]. Delaying female remating is adaptive for the male if Sfps increase the average

time, 1/(T♀+τ), females spend in the mated class, that is, ∂T♀/∂ρ < 0 or ∂τ/∂ρ < 0.

Conversely, since the population is large and well-mixed, delaying female remating is

not adaptive if Sfps reduce the probability the female returns to the unmated class,

that is, ∂Z/∂ρ < 0. Importantly, if Sfps increase female egg/offspring production or

adaptively delay female remating, the net effect upon output per mating is the same,

∂F/∂ρ > 0. Likewise, any pleiotropic or antagonistic effects of Sfps have the same

net effect upon the female’s expected number of matings, ∂M♀/∂ρ < 0, since if Sfps

reduce the probability the female returns to the unmated class, they will also reduce

the expected number of matings she has. Thus in what follows our analysis will focus

primarily upon the more general quantities of output per mating and expected num-

ber of matings, but we keep the concrete population demographics outlined in Figure

2.1 in mind.
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2.3.3 Co-evolutionary dynamics

We wish to compare two co-evolutionary scenarios, that of the simultaneous game to

that of the sequential game. Our primary focus throughout will be on co-evolutionary

outcomes. As introduced in Section 1.2.1 when the focus is a simultaneous game, the

co-evolutionary outcome, denoted (ρ∗, κ∗), is the solution in terms of (ρ, κ) of

∂W♀/∂κ = 0, (2.6)

∂W♂/∂ρ = 0. (2.7)

The left-hand side of equations (2.6) and (2.7) are referred to as the female and male

selection gradients, respectively. It is the sign of the selection gradient that determines

the direction of selection of the trait of interest when mutations are of small effect:

if positive, selection is for larger trait values, whereas if negative, selection is for

smaller trait values. Let κ♀(ρ) and ρ♂(κ) denote the solution of equations (2.6) and

(2.7) in terms of κ and ρ, respectively: these curves are the female and male best

response functions. Note that by definition of (ρ∗, κ∗), we have κ♀(ρ∗) = κ∗ and

ρ♂(κ∗) = ρ∗. We will assume that both the male and female best-response functions

are evolutionarily stable (see Section 1.2.1), that is

∂2W♂/∂ρ
2|ρ=ρ♂(κ) < 0 and ∂2W♀/∂κ

2|κ=κ♀(ρ) < 0. (2.8)

For the sequential game, the co-evolutionary outcome, (ρ̂, κ♀(ρ̂)), is the solution of

∂W♀/∂κ = 0, (2.9)

∂W♂/∂ρ+ ∂W♂/∂κ(dκ♀/dρ) = 0. (2.10)
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The left-hand side of equation (2.10) is the male selection gradient when females

employ the response rule κ♀(ρ). Note that implicitly differentiating equation (2.9)

with respect to ρ and rearranging gives

dκ♀
dρ

=

[
−
∂2W♀
∂ρ∂κ

/
∂2W♀
∂κ2

]
κ=κ♀(ρ)

, (2.11)

and since ∂2W♀/∂κ2|κ=κ♀(ρ) < 0 (as κ♀(ρ) is evolutionarily stable by assumption),

we can see that the sign of dκ♀/dρ is determined by the sign of ∂2W♀/(∂ρ∂κ).

Geometrically, (ρ∗, κ∗) is the intersection of the male and female best response

functions. Conversely, (ρ̂, κ♀(ρ̂)) represents males maximizing their relative fitness

subject to the constraint that the female is able to plastically respond according to

the rule κ♀(ρ). Thus although the point (ρ̂, κ♀(ρ̂)) always lies on the female best

response function, it will only also lie on the male best response function if plasticity

has no effect on the evolutionary outcome (i.e., ρ∗ = ρ̂, which implies κ♀(ρ∗) = κ♀(ρ̂)).

This will only occur if the female best response does not depend on the male trait,

that is, dκ♀/dρ = 0.

From our specification of (ρ∗, κ∗) and (ρ̂, κ♀(ρ̂)), the change in female fitness,

∆W♀, due to plasticity is then

∆W♀ = W♀(ρ̂, κ♀(ρ̂))−W♀(ρ∗, κ∗), (2.12)

while the change in relative male fitness, ∆W♂, is

∆W♂ = W♂(ρ̂, κ♀(ρ̂))−W♂(ρ∗, κ∗). (2.13)
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If ∆W♀ > 0 (resp. ∆W♂ > 0), then we would say that female plasticity increases

female fitness (resp. relative male fitness).

2.3.4 Measuring sexual conflict

Although sexual conflict is typically defined as a difference in the fitness optima be-

tween sexes [120, 12, 27, 119], this definition cannot be used to compare populations

differing in only their trait composition, such as when comparing two different co-

evolutionary equilibria. This is because any difference in fitness optima is simply a

property of the fitness landscape rather than a property of a particular population.

To see this, consider a population with (co)-evolving male and female traits. As is

the case with our model, assume selection is frequency-independent and so evolution

is maximizing. Then the (relative) male and female fitness landscapes are static and

do not change based upon the trait-composition of the population (i.e., the position

the population occupies in ρ, κ−space). Since the fitness landscape is static, so too

is the difference in fitness optima. Thus the difference in fitness optima simply re-

veals the potential scope for sexual conflict of a given fitness landscape and not the

actual sexual conflict experienced by a particular population situated on the land-

scape. Yet clearly the trait composition of the population is also important. For

example, suppose we compared a population monomorphic for the (ρ, κ)-alleles max-

imizing (relative) male fitness to a population differing only in that individuals carry

the (ρ, κ)-alleles minimizing (relative) male fitness. Although both these populations

have the same fitness landscape, and thus identical potential scope for sexual conflict,

in the first population males experience no actual sexual conflict as they are at their
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fitness maximum, whereas in the second population, males are at their relative fit-

ness minimum and so experience substantial sexual conflict. Indeed, this distinction

between actual and potential conflict is related to what has been termed “winning”

[119].

Thus when comparing populations (and hence different co-evolutionary outcomes)

with identical (relative) fitness landscapes, what we are actually interested in is which

population is closer to the sex-specific relative fitness optima. As such, it makes sense

to consider male and female sexual conflict independently, and since the real quantity

of interest is relative fitness (rather than position in trait space), if we are interested

in comparing the trait combination (ρ1, κ1) to the trait combination (ρ2, κ2), what we

are really interested in is the sign of W♂(ρ1, κ1)−W♂(ρ2, κ2) (or sign of W♀(ρ1, κ1)−

W♀(ρ2, κ2)). Thus we would say that if W♂(ρ1, κ1)−W♂(ρ2, κ2) > 0 (or W♀(ρ1, κ1)−

W♀(ρ2, κ2) > 0), then a population with trait composition (ρ1, κ1) has lower male (or

female) sexual conflict than a population with trait composition (ρ2, κ2), since (ρ1, κ1)

is closer to the male (or female) relative fitness optimum. Consequently, in what

follows we consider male and female sexual conflict separately, and will say plasticity

reduces female sexual conflict if it increases relative female fitness, ∆W♀ > 0, and

similarly for male sexual conflict (if ∆W♂ > 0) where ∆W♀ and ∆W♂ are defined

as in (2.12) and (2.13).

2.4 Results

With this in mind, what are the implications for male and female sexual conflict?

For male sexual conflict, ρ̂ is obtained by the male maximizing his relative fitness

subject to the constraint that the outcome lies on the female best response function.
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Thus ρ̂ will only differ from ρ∗ if W♂(ρ̂, κ♀(ρ̂)) > W♂(ρ∗, κ∗), and therefore female

plasticity will reduce male sexual conflict whenever ρ̂ 6= ρ∗. However, the effect on

sexual conflict from the female’s perspective is more subtle. The reason for this is

that, although a female who is able to plastically respond to the actions of a male

will always be individually fitter than one who can not (since we are not attaching

explicit costs to plasticity; see also [107]), female plasticity also alters the selective

pressures on the (co)-evolving male subpopulation. In doing so, the female inadver-

tently selects for male variants which may either increase or decrease female fitness

in comparison to the male variants which are selected for in the simultaneous game.

Thus female plasticity, despite always increasing individual female fitness (and so

being selectively advantageous [107]), induces selective pressure on the male which

alters the phenotypic composition of the male subpopulation in a way that can be

beneficial or detrimental to the female subpopulation.

To determine which long-term effect of plasticity is expected, suppose that plas-

ticity results in a small change in the optimal male trait. Then we can approximate

∆W♀ as

∆W♀ ≈
[
∂W♀
∂ρ

+
∂W♀
∂κ

dκ♀
dρ

]
(ρ̂− ρ∗). (2.14)

By definition of (ρ∗, κ∗), ∂W♀(ρ∗, κ∗)/∂κ = 0, while since ρ is sexually antagonistic,

∂W♀/∂ρ < 0. Therefore, if ρ̂ < ρ∗, then ∆W♀ > 0 and so plasticity decreases female

sexual conflict. Conversely, if ρ̂ > ρ∗, then plasticity increases female sexual conflict.

Which of these cases occurs will depend on the female fitness function W♀.

To determine whether ρ̂ < ρ∗ or ρ̂ > ρ∗ we first write

∆W♂ ≈
[
∂W♂
∂ρ

+
∂W♂
∂κ

dκ♀
dρ

]
(ρ̂− ρ∗), (2.15)
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where the term in square brackets is the selection gradient of the male trait in the

sequential game (see equation (2.10)). As before, we know that ∂W♂(ρ∗, κ∗)/∂ρ = 0,

while ∂W♂/∂κ < 0 by assumption. Therefore, the direction of change in ρ as a result

of plasticity will be opposite to the sign of dκ♀/dρ: if positive then plasticity selects

for reduced ρ (i.e., ρ̂ < ρ∗) and vice versa. This condition can be expressed in terms of

the female fitness function by noting that dκ♀/dρ has the same sign as ∂2W♀/(∂ρ∂κ)

(see (2.11)). This latter quantity represents the change in the selection gradient on

the female trait with a change in ρ. Thus if larger values of ρ result in stronger

selection for female resistance (i.e., greater investment in number of matings at the

expense of output per mating) then ∂2W♀/(∂ρ∂κ) > 0 and thus dκ♀/dρ > 0. This

means that ρ̂ < ρ∗ and so the net result is that plasticity reduces sexual conflict from

the female’s perspective. Conversely, if larger values of ρ result in weaker selection

for female resistance (i.e., greater investment in output per mating at the expense of

number of matings) then ∂2W♀/(∂ρ∂κ) < 0 and thus dκ♀/dρ < 0. This means that

ρ̂ > ρ∗ and so plasticity will increase sexual conflict from the female’s perspective.

2.5 Discussion

Pre- vs. post-copulatory conflict

Consider how these predictions relate to pre- vs. post-copulatory conflict. Pre-

copulatory conflict typically arises from male intrasexual competition selecting for

a higher mating rate than that which is optimal for females. Although some pre-

copulatory behavioural adaptations may involve both sexes dynamically adjusting

their behaviour during the course of each encounter (e.g., through a negotiation pro-

cess [108]), many pre-copulatory adaptations are fixed strategies or investments, such
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as the grasping and anti-grasping morphology in water striders [11], or the traumatic

insemination seen in bed bugs [12]. Thus the predicted co-evolutionary outcome is

that of the simultaneous game. Although some post-copulatory conflict should also

be viewed as a simultaneous game, such as when the female counter-strategy is a mor-

phological (and thus fixed) investment, as in the co-evolution of seminal receptacle

length and giant sperm seen in Drosophila [98], many post-copulatory processes in-

volve females responding to actions by the male (such as when the male transfers Sfps

in the ejaculate). For example, in many species Sfps form a mating plug to prevent

females remating [139], and females may either physically remove [87] or upregulate

proteases to degrade the mating plug [81, 44]. Importantly, the female response to

the mating plug depends on its size and complexity [139]; for example, in one study

protease activity was negatively correlated with plug mass [99]. Since the female

response varies based on the mating plug, and by extension the male phenotype [99],

this is a sequential game. Another example is sex peptide (SP), an Sfp which increases

ovulation [29] and reduces the females’ receptivity to remating [129], while imposing

costs on females [154]. Evidence suggests females have evolved resistance to elevated

levels of SP by up-regulating proteases to regulate and degrade SP [124], as well as

down-regulating SP receptors required for SP functioning [125]. Although studies

have not yet examined whether the level of up- or down-regulation on the part of the

female is correlated with the amount of SP transferred, it seems likely that females

will not (for example) produce the same quantity of proteases for a small versus large

amount of SP present. Thus the female response (amount of protease produced or

level of down-regulation of SP receptors) will be dependent on the male phenotype

(quantity of SP transferred), and so we have a sequential game. Indeed, whenever
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the proteolytic processing or degradation/inactivation of Sfps is dependent on either

the type or quantity of Sfps present, the female response will therefore depend on

the male phenotype, and so the co-evolutionary outcome is that predicted by the

sequential game. When this holds, our model predicts female plasticity lowers male

sexual conflict while, provided the female resists males by increasing her investment

in her number of matings at the expense of her output per mating, sexual conflict

will be reduced from the female’s perspective as well. Indeed, consideration of the

male selection gradient in equation (2.15) (term in square brackets) reveals that if

the female resists the male, then selection on the male trait in the sequential game

will always be reduced as compared to the simultaneous game (compare the left-hand

side of equation (2.7) to (2.10) in the event that dκ♀/dρ > 0). The biological impli-

cation is that the complex and costly adaptations seen in pre-copulatory conflict [12]

should be less likely to evolve from post-copulatory interactions in which the female

can flexibly respond to males.

Chase-away hypothesis

The role played by female plasticity also has important implications for the chase-

away hypothesis [73], which supposes that males have some persistence trait increas-

ing male fitness at a cost to females. This in turn selects for female resistance,

leading to increased male persistence and runaway selection [73]. In the simulta-

neous game, runaway selection occurs when: 1) the male and female best response

functions do not intersect (so equations (2.6) and (2.7) are never simultaneously sat-

isfied), 2) the male’s best response function is increasing in κ (dρ♂/dκ > 0), and

3) the female best response function lies above the male best response function in
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ρ, κ-space (κ♀(ρ♂(κ)) > κ for all κ; see Figure 2.2). Models based on the chase-away

hypothesis have used the framework of a simultaneous game to show that various

co-evolutionary outcomes are possible, including: speciation, runaway evolution, and

evolution to fixed equilibria [59, 60, 61, 134].
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Figure 2.2: Two co-evolutionary scenarios for the simultaneous game when the best
response functions do not intersect. The blue arrows indicate the di-
rection in which the female trait evolves, while the red arrows indicate
the direction in which the male trait evolves. In subplot a, co-evolution
leads to de-escalation of the male and female traits, whereas in subplot
b, co-evolution leads to runaway selection and a co-evolutionary chase or
arms race, as predicted by the chase-away hypothesis. Note that both
the male and female best response functions are evolutionarily stable by
assumption.

If we instead model the co-evolution of male persistence/manipulation and female

resistance using a sequential game, should we expect runaway selection? To answer

this, we wish to compare how selection on the male trait differs between the simul-

taneous and sequential games. As previously noted, since the male and female traits

are sexually antagonistic (i.e., ∂W♂/∂κ < 0 and ∂W♀/∂ρ < 0), if the female resists
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the male then a comparison of (2.7) and (2.10) reveals that selection on the male

trait is reduced in the sequential game as compared to the simultaneous game. An

immediate consequence is that if the female resists the actions of the male and a co-

evolutionary equilibrium, (ρ∗, κ∗), exists for the simultaneous game, then one will also

exist in the sequential game since the left-hand side of equation (2.10) (the selection

gradient for the male trait) is negative at (ρ∗, κ∗) (so selection is for reduced values

of the male trait). It follows that if the simultaneous game does not predict runaway

selection, then neither should the sequential game, provided the female resists the

male. However, is the converse true? That is, if the simultaneous game predicts

runaway selection on the male trait, will the sequential game predict runaway selec-

tion as well? Certainly selection for the male trait will be reduced in the sequential

game, but it is not clear whether this is sufficient to prevent runaway selection and

lead to a co-evolutionary equilibrium. Here we provide an example in which the si-

multaneous game predicts runaway selection whereas the sequential game predicts a

co-evolutionary equilibrium.

To do so, suppose the male strategy is to transfer some quantity of sex peptide or

form a mating plug of some desired size and complexity. Such a strategy increases the

male’s expected output per mating (e.g., sex peptide elevates female ovulation rate

and reduces the likelihood of female remating [29]), however increasing the amount

of Sfps transferred comes at some energetic cost to the male [12], potentially increas-

ing his mortality and thereby reducing his ability to procure future matings. Thus

∂F/∂ρ > 0 and ∂M♂/∂ρ < 0. The male trait is sexually antagonistic and so the

costs to the female outweigh any short-term reproductive benefits the female may

obtain from the male manipulation (as in the case of sex peptide [154]). Now suppose
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the female counterstrategy to manipulation is to reduce her investment in the current

mating, such as by degrading Sfps or removing mating plugs, so as to increase her

likelihood of remating. Thus the female trait is sexually antagonistic. In Figure 2.3

we have constructed such an example using these general assumptions (see Appendix

A for specific details). In this example, in the simultaneous game the male is selected

to ‘manipulate’ the female, which leads to the evolution of the male trait in the direc-

tion given by the red arrows, in turn selecting for the female to resist the actions of

the male and evolution of the female trait in the direction given by the blue arrows.

Since the female resistance does not depend on the value of the male trait in the

simultaneous game, female resistance selects for increased male antagonism, leading

to runaway selection on the male trait, and a co-evolutionary chase between the sexes

(Fig. 2.3). Conversely, in the sequential game female resistance depends on the value

of the male trait and so predicts evolution to a fixed co-evolutionary equilibrium, as

there is a clear maximum of male fitness restricted to the female best response func-

tion (Fig. 2.3). Thus female plasticity provides an additional mechanism preventing

the exaggeration of male traits, and leading to dramatically different co-evolutionary

outcomes.

Adaptive harm

Up until now we have focused on conflict scenarios in which the action of the male

increases output per mating, ∂F/∂ρ > 0, and damage to the female is attributable

to pleiotropy. It has been argued, however, that it may sometimes be selectively

advantageous for males to intentionally harm females [78, 91], a phenomenon called

adaptive harm. Adaptive harm assumes that the harm potentially reduces the female’s
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Figure 2.3: Existence of a co-evolutionary outcome for the sequential game despite
the simultaneous game predicting runaway selection. Plotted surface is
relative male fitness, W♂(ρ, κ); the black curve is the female best response
function, κ♀(ρ), while the green curve is the male best response function,
ρ♂(κ). The red circle on the female best response function is the maxi-
mum of male fitness restricted to the female best response function; this
is the co-evolutionary outcome predicted by the sequential game. The ar-
rows indicate the direction of evolution (blue for female trait and red for
male trait) for the simultaneous game, demonstrating runaway selection
on the male trait. Details on this example can be found in Appendix A.
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overall reproductive output, and so relative male fitness will also be a non-increasing

function of harm (i.e., ∂W♂/∂ρ ≤ 0). Thus if the female response is fixed, harm

will never be adaptive. However equation (2.15) indicates that this may not be

true under female plasticity (note that plasticity is also assumed by [78, 91]). For

simplicity, suppose we have the ideal situation in which there is no cost of harming to

relative male fitness, ∂W♂/∂ρ = 0. This necessarily implies that ∂F/∂ρ = 0, that is,

the harm does not effect the short-term fecundity of the female. But since the male

is harming the female, ∂W♀/∂ρ < 0, and so this requires ∂M♀/∂ρ < 0.

From the left-hand side of equation (2.10), we can see that harm will only be

adaptive if dκ♀/dρ < 0, that is, the action of the male harm selects for the female to

increase her investment in her output per mating, decreasing investment in remating.

From equation (2.11), since ∂2W♀/∂κ2 < 0 for κ♀(ρ) to be evolutionarily stable, we

can see that we are primarily interested in the sign of ∂2W♀/(∂ρ∂κ): in order for

harm to be adaptive this must be negative. However, because

∂2W♀
∂ρ∂κ

=
F

M♀

[
M♀

∂2M♀
∂ρ∂κ

−
∂M♀
∂ρ

∂M♀
∂κ

]
, (2.16)

where we have used that F is constant with respect to ρ as well as the solution of

equation (2.9), we can conclude harm will only be adaptive if

∣∣∣∣∂M♀
∂κ

∂M♀
∂ρ

∣∣∣∣+M♀
∂2M♀
∂ρ∂κ

< 0. (2.17)

Inequality (2.17) cannot be satisfied by functions of the form M♀ = c(ρ)d(κ) or

M♀ = c(ρ) + d(κ), among others, since it requires at minimum that ∂2M♀/(∂ρ∂κ) <

0. Thus we can observe that in addition to plasticity, adaptive harm requires at
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minimum two preconditions: (i) that the female not resist harm (e.g., divert resources

to survival/remating), and (ii) that effectively synergistic interactions between the

harm and female response occur. This will likely be satisfied in a very limited number

of situations and so harm will rarely be adaptive, contrary to what previous models

have suggested [91, 78]. Indeed, an experimental test showed that the female resists

harm (by remating [111]), which our model predicts would preclude the possibility

of harm being adaptive. These difficulties likely explain the paucity of empirical

evidence for adaptive harm [141]. Notably, when the stringent conditions are satisfied,

adaptive harm represents a case of when plasticity backfires and female sexual conflict

increases.

Direct benefits

Although we have assumed the male trait is sexually antagonistic (∂W♀/∂ρ < 0),

sexual conflict can also be generated if, for example, Sfps are beneficial for females

(∂W♀/∂ρ > 0). Now the conflict arises because the female wants the male to ‘ma-

nipulate’ at a level greater then he wants; this is the difference between models of

sexually antagonistic selection and those of direct benefits [12]. For example, nuptial

gifts are protein rich substances in the ejaculate providing direct benefits to females

(e.g., increased nutritional uptake [148, 10]), while representing a significant invest-

ment by the male, as the ejaculate can be up to 15-30% of male body weight (reviewed

in [12]).

Our predictions about how plasticity alters the optimal level of ‘manipulation’

still hold, however, our expectation for the effect on female sexual conflict is reversed

(this is a consequence of taking ∂W♀/∂ρ > 0 in equation (2.14)). In a direct benefits
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scenario, plasticity reduces female sexual conflict if manipulation causes females to

invest more in output per mating and less in the number of matings. The logic here

is simple: females wish males to provide costly benefits, and so to entice them to

do so, the female must ‘reward’ the male’s investment by increasing her short-term

reproductive output. If she instead ‘punishes’ the male by increasing her remating

effort, plasticity will select for males to provide fewer benefits to females.

For example, comparative studies of butterflies indicate female remating increases

with the size of nuptial gift [79, 12]. Because female remating rates in these species

are often low, it has been suggested that perhaps the ejaculate contains compounds

inhibiting remating, and rather than nuptial gifts the male ejaculate should be viewed

as a ‘Medea’ gift [10, 12]. Our model indicates that because the female responds to

increasing nuptial gift size by increasing her investment in remating, the female is

actually selecting for the male to reduce his investment in nuptial gifts, increasing

sexual conflict. Therefore, the largest nuptial gifts should be expected for species

whose remating rate decreases with the size of the gift.

That plasticity can sometimes worsen the conflict outcome for females, such as

when nuptial gifts prompt females to invest in remating or as in the case of adaptive

harm, is counter-intuitive since plasticity provides the female with more information.

Although it is true that having additional information improves individual fitness

[107, 123], it has selective consequences at the population-level. In particular, female

plasticity changes the selective environment for the male subpopulation, which can

lead to the evolutionary success of male phenotypes which are more detrimental to

female lifetime reproductive success than the male phenotype that was optimal in
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the simultaneous game. Thus in certain circumstances plasticity, despite being adap-

tive for the individual female, can exacerbate male intrasexual competition to the

detriment of the population as a whole, increasing female sexual conflict.

In summary, here we have considered the implications female plasticity has for

sexual conflict. We have shown that plasticity tends to result in lower levels of sexual

conflict, and have argued that often plasticity represents a key difference between pre-

and post-copulatory conflict. We have demonstrated that when plasticity is included

in the chase-away hypothesis, the likelihood of runaway selection and co-evolutionary

chases is reduced. Finally, we related our findings to a number of biological scenarios,

providing new insight into adaptive harm and direct benefit models.
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Chapter 3

Sexually transmitted infection and the evolution of

serial monogamy

A version of this chapter has been published as:
McLeod, D.V. and Day, T. 2014. Sexually transmitted infection and the evolution
of serial monogamy. Proc. R. Soc. B 281: 20141726.

3.1 Abstract

How selection shapes mating systems is a crucial component of understanding social

structure. One particular selective pressure which has received comparatively little

attention is sexually transmitted infections (STIs). While it has been hypothesized

that STIs could drive the evolutionary emergence of monogamy, there is little the-

oretical support. Here we use an evolutionary invasion analysis to determine what

aspects of pathogen virulence and transmission are necessary for serial monogamy to

evolve in a promiscuous population. We derive a biologically intuitive invasion con-

dition in terms of population specific quantities. From this condition, we obtain two

main results. First, when pathogen virulence causes mortality rather than sterility,

monogamy is more likely to evolve. Second, we find that at intermediate pathogen

transmission rates, monogamy is the most selectively advantageous, whereas at high

and low transmission rates, monogamy is generally selected against. As a result, it is
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possible for a pathogen to be highly virulent, yet for promiscuity to persist.

3.2 Introduction

The evolution of mating systems is a well studied area of biology, emphasizing the

ways in which the sexual behaviour of individuals can be adaptive. Individuals can

shape the mating system by preferentially assorting with partners exhibiting specific

characteristics (mate choice) or by forming prolonged relationships with a small num-

ber of individuals. Mate choice can be adaptive as a by-product of sexual selection

for healthy, disease resistant mates [71], whereas prolonged sexual relationships can

be adaptive when resource heterogeneity promotes mate guarding [51] or parental

investment is essential for offspring survival [51, 32].

A selective pressure upon mating systems which has received comparatively little

attention is sexually transmitted infections (STIs) [55, 69, 140, 94, 67]. The logic

behind STIs as an evolutionary force is simple: the more sexual partners an individual

has, the greater the likelihood of contracting an STI. For example, when mate choice

is important, ‘attractive’ individuals tend to have more sexual partners, thus a greater

probability of becoming infected. As a result, STIs can counteract selective pressure

upon mate choice [67, 146, 86, 14], or allow the coexistence between risky and safe

mating behaviours [86, 23]. On the other hand, for endemic STIs, mating systems

such as monogamy can be advantageous if they reduce infection risk. Yet there are

fitness consequences to doing so: by limiting the number of mates, an individual

potentially misses out on reproductive opportunities.

Despite the fitness complications, STIs have long been hypothesized as a pos-

sible selective pressure for the evolutionary emergence of monogamy, particularly
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when the STI is more virulent [55, 140, 94, 96] and is sterilizing [94]. However,

theoretical support is limited. Previous work on mating systems and STIs has pre-

dominately explored polygamous mating systems and generally assumed additional

selective pressures, such as mate choice [146, 86, 14]. One exception was work by

Thrall et al. [145], which focused specifically upon the evolution of within-season

monogamy. Their model indicates monogamy is not necessarily advantageous, nor

is it assured that the optimal mating system minimizes pathogen transmission [145].

However, in order to make their model tractable, they ignored fitness repercussions

beyond a single breeding season and assumed population disease frequency was fixed

and thus independent of transmission probabilities, pathogen virulence, and frequency

of reproductive events [145]. As such, it is unclear whether, or under what conditions,

STIs can drive the emergence of monogamy in a promiscuous population.

Here we examine what aspects of pathogen transmission and virulence are required

for STIs to promote the evolution of serial monogamy in an explicit population-

dynamic context. In accordance with the empirical evidence for the evolution of

monogamy [97], we focus on the transition from a promiscuous population, with global

sexual interactions, to a serially monogamous population characterized by pairwise in-

teractions of variable length. The only selective force in our model is the endemic STI

whose virulence causes increased sterility and/or mortality. Through an evolutionary

invasion analysis (see Section 1.2.1), we derive a biologically intuitive condition under

which a pair-forming mutant can invade a promiscuous population. We obtain two

primary results. First, monogamy is most selectively advantageous for pathogens with

intermediate transmission rates. As a result, highly virulent, pervasive pathogens can

select against monogamy, contrary to expectations (e.g., [94, 96]). Second, pathogens
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causing mortality tend to select for serial monogamy whereas sterilizing pathogens

tend to select for promiscuity.

3.3 Model

Consider a host-pathogen system in which hosts are either infected or susceptible:

once infected, there is no recovery. Pathogen virulence causes host mortality and

some level of sterility, while pathogen transmission occurs through sexual contact and

is exclusively horizontal. Assume that the host population has a fixed sex-ratio, that

pathogen virulence and transmission occurs independently of the sex of the parties

involved, and that mate availability is not a limiting factor to the reproductive success

of either sex. Consequently, we can simplify the mathematical model by considering

a population of diploid, sexual hermaphrodites. We assume individuals are unaware

of their own infection status or the infection status of others; biologically this means

the STI is cryptic. In what follows, we establish the population dynamics of the

promiscuous wild-type population. We then find the conditions under which a mutant

exhibiting the ability to form pairs can invade the wild-type population while at its

endemic equilibrium. As our focus is upon which pathogen attributes can promote

the emergence of serial monogamy, we restrict our analysis to invasion.

3.3.1 Dynamics of promiscuous wild-type population

Let x(t) and y(t) denote the densities of susceptible and infected individuals at time t

respectively (we will suppress the time argument for brevity, i.e., x = x(t), y = y(t)).

Individuals produce oocytes at a per-capita rate of b0, which are immediately fer-

tilized by a randomly chosen member of the population; as such, the population
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is promiscuous with global sexual interactions. Infection does not alter the rate at

which gametes are produced, but it does cause some level of sterility. Let δ be the

probability that the gametes of an infected individual are viable: if both parties are

infected the probability that fertilization is successful is δ2. In general, infectious

diseases exhibiting frequency-dependent transmission (such as STIs) cannot regulate

population size [65], so we assume that population growth is limited by a carrying

capacity upon birth rate. By doing so, if we let n = x + y denote the total density

of individuals, then without loss of generality we can set n ≤ 1. It follows that sus-

ceptibles produce new susceptibles at a per-capita rate of b0(x+ δy)(1− n)/n, while

infected individuals can expect to produce new susceptibles at a per-capita rate of

δb0(x+ δy)(1−n)/n. Production of oocytes is an opportunity for pathogen transmis-

sion. Let β be the probability per reproductive event of infection transmission. Then

susceptibles become infected at a per-capita rate of 2βb0y/n, where the presence of

the 2 is because individuals can become infected by playing either the role of ‘male’

or ‘female’. Finally, individuals die at a per-capita rate of mx or my, depending upon

infection status (with my ≥ mx).

To reduce the number of parameters, we rescale time relative to the mortality

rate of susceptible individuals, that is, we define t̃ = tmx. Then, letting µ = my/mx

(hence µ ≥ 1) and b = b0/mx the promiscuous wild-type population dynamics are

ẋ = b
(x+ δy)2

x+ y
(1− x− y)− 2βbxy

x+ y
− x

ẏ = y

(
2βbx

x+ y
− µ

)
.

(3.1)

where dots indicate differentiation with respect to t̃.

Equations (3.1) admit three equilibria:
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i. population extinction, (x, y) = (0, 0),

ii. a disease-free equilibrium (DFE), (x, y) = (1− 1/b, 0), which exists in the posi-

tive quadrant if b > 1,

iii. and an endemic equilibrium (EE),

(x̄, ȳ) =

(
1

R0

(
1− ω

R0ψ2

)
, (R0 − 1) x̄

)
, (3.2)

where R0 ≡ 2βb/µ, ω ≡ R2
0(µ(R0 − 1) + 1)/b and ψ ≡ 1 + δ(R0 − 1). In order

for the EE to exist in the positive quadrant, b > 1, R0 > 1 and δ > δc, where

δc ≡
−1 +

√
ω/R0

R0 − 1
. (3.3)

We will let n̄ = x̄+ ȳ.

We are only interested in the situation in which the STI is endemic (b > 1, δ > δc,

and R0 > 1), and the EE is a locally stable equilibrium. The Jacobian evaluated at

the EE is

J =

 b(2ω − ψ3)/(ψR2
0)− µ(R0 − 1)2/R0 − 1 b(2ωδ − ψ3)/(ψR2

0)− µ/R0

µ(R0 − 1)2/R0 −µ(R0 − 1)/R0

 .

The determinant of J is equal to bµψ2ȳ/R0 which is positive whenever the EE exists.

Thus local stability of the EE rests upon the sign of the trace of J ,

tr(J) = − b

R2
0

(
ω

(
1− 2

ψ

)
+ ψ2

)
. (3.4)
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When δ = 1 (i.e., the pathogen does not cause host sterility) then some manipulation

of (3.4) yields

tr(J) = −b ((1− n̄) (R0 − 1) + n̄) . (3.5)

Since 0 < n̄ ≤ 1, when δ = 1 the EE is locally asymptotically stable (LAS) whenever

it exists. Suppose instead that δ < 1. In particular, we are interested in the value

of δ at which (3.4) changes sign. Since (3.4) has recurrent factors of ψ, if we set

equation (3.4) to zero and simplify, we will be left with a cubic polynomial in ψ. This

cubic polynomial has a single real root, and applying the formula for solving cubic

polynomials and rearranging, it follows that when δ > δ†, where

δ† =
1

R0 − 1

(ω + ω

√
ω

27
+ 1

)1/3

− ω

3
(
ω + ω

√
ω/27 + 1

)1/3
− 1

 , (3.6)

then tr(J) < 0 and the EE is locally asymptotically stable.

Comparison of δ† to δc reveals that under some parameter combinations, δ† > δc,

in which case for δ ∈ (δc, δ
†) the EE exists in the positive quadrant but is locally

unstable. Thus as the pathogen becomes more and more sterilizing (δ → 0), the EE

loses stability and the EE undergoes a Hopf bifurcation (when δ = δ†) leading to

limit cycles in the phase plane. However, this dynamical behaviour is beyond the

scope of the present work, and so in what follows, we assume that we are in a region

of parameter space for which the EE is LAS, that is, δ > δ†.
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3.3.2 Invasion dynamics of serially monogamous mutant

Now suppose a rare mutant allele appears in the wild-type population while at its

endemic equilibrium, (x̄, ȳ). The mutant allele is not recessive, occurs at a single

autosomal locus, and grants its carriers the ability to form pairs with other individ-

uals, regardless of their genotype. We will refer to individuals heterozygous for the

mutant allele as ‘mutants’. Mutants may either be solitary or paired: when soli-

tary, mutants are sexually promiscuous, whereas while paired, sexual contacts are

exclusively between partners. When the mutant is rare, the probability of two mu-

tants encountering one another and forming a partnership is sufficiently small that

it can be neglected. Thus while the mutant is rare we need to track the densities of

solitary mutants, or singletons, which we will denote qx̂ and qŷ and the densities of

mutant/wild-type pairings, which we will denote px̂x, px̂y, pŷx, and pŷy, where k̂ and

j indicate infection status of the paired mutant and wild-type, respectively (we will

use the notation ·̂ to indicate that the quantity · belongs to a mutant).

Pair formation occurs at a per-capita rate of ϕk̂j(ρ) where ρ ≥ 0 is the trait

encoded for by the mutant allele. The value of ρ will thus represent the degree

to which the individual invests in pair formation; hence the wild-type strategy is

ρ = 0. The function ϕk̂j(ρ) depends upon the wild-type population densities, is non-

negative, is increasing in ρ, and satisfies ϕk̂j(0) = 0. A pairing breaks up following

the death of either member. If the wild-type partner dies, then a mutant enters the

appropriate singleton class. We do not allow for ‘divorce’; while facultative pairing

break up does occur in some populations [47, 94, 49], we ignore it for simplicity. We

assume that the mutant has full control over the pairing process. Mechanistically,

this could correspond to the mutant ‘tagging along’ behind its chosen partner as the
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partner diffuses randomly about the (homogeneous) environment. Thus the chosen

partner is passively involved in the process, and as such, any costs associated with

pair formation are paid by the mutant (e.g., ‘tagging along’ behind an individual is

energetically expensive).

The costs paid by the mutant to form pairs can be subdivided as either catalysis

costs, that is, costs paid to actually form the pair and hence paid as a singleton, or

maintenance costs, which are costs paid to maintain the pair and paid while paired.

Conceptually these costs can be viewed as attracting/finding a partner (catalysis)

and partner retention (maintenance). For the purposes of our model, we assume that

both the maintenance and catalysis costs occur through reduced fecundity or increased

mortality relative to a wild-type individual. Let ν̂i(ρ) ∈ [0, 1] be the reduced fecundity

of a solitary (i = q) or paired (i = p) mutant, such that ν̂i(ρ) is a non-increasing

function of ρ satisfying ν̂i(0) = 1. Likewise, let µ̂i(ρ) be the increased mortality of a

solitary (i = q) or paired (i = p) mutant such that µ̂i(ρ) is a non-decreasing function

of ρ satisfying µ̂i(0) = 1. We have chosen both costs to be multiplicative to facilitate

comparison, however, were we to use additive mortality costs instead, the qualitative

results would not change.

We assume that the mutant allele does not alter either the rate of oocyte pro-

duction, b, or the probability of transmission, β. Therefore, at the EE susceptible

mutant singletons become infected at a per-capita rate λ ≡ 2βbȳ/(x̄+ ȳ) = 2βb− µ,

while infection is transmitted in pairings involving a single infected individual at a

per-capita rate of λp ≡ 2βb. A susceptible mutant singleton can expect to produce

new mutant susceptibles at a per-capita rate of θx̂ ≡ ν̂q(ρ)b(x̄ + δȳ)(1 − n̄)/n̄, while

an infected singleton can expect to produce mutant susceptibles at a per-capita rate
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of θŷ ≡ δθx̂. As part of the different pairings, susceptible mutants are produced at

the following rates: θx̂x ≡ G + 1, θx̂y ≡ δG + µ, θŷx ≡ δG, and θŷy ≡ δ2G, where

G ≡ ν̂p(ρ)b (1− n̄), that is, 2G is the fecundity in the absence of infection; since

the mutants are heterozygotes and rare, they can expect that half their reproductive

output will also be mutant. Notice that θx̂y and θx̂x include production of susceptible

mutants from pairing break up due to the death of the wild-type partner. Likewise,

pairings involving infected mutants can also expect to produce infected mutant single-

tons through the death of the wild-type partner. Finally, let τk̂ denote the per-capita

rate at which mutant singletons exit class k̂, and τk̂j denote the per-capita rate at

which paired mutants exit the class k̂j. Based upon our assumptions, these are as

follows

τx̂ = µ̂q(ρ) + λ+ ϕx̂y(ρ) + ϕx̂x(ρ)

τx̂x = µ̂p(ρ) + 1

τx̂y = µ̂p(ρ) + µ+ λp

τŷ = µµ̂q(ρ) + ϕŷy(ρ) + ϕŷx(ρ)

τŷy = µµ̂p(ρ) + µ

τŷx = µµ̂p(ρ) + 1 + λp.

Hence upon entering class k̂ or k̂j, an individual can expect to remain in that class

for 1/τk̂ or 1/τk̂j time units, respectively. The dynamics of the mutant subpopulation,
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while rare, can therefore be approximated as



q̇x̂

q̇ŷ

ṗŷy

ṗŷx

ṗx̂y

ṗx̂x


=



θx̂ − τx̂ θŷ θŷy θŷx θx̂y θx̂x

λ −τŷ µ 1 0 0

0 ϕŷy(ρ) −τŷy λp λp 0

0 ϕŷx(ρ) 0 −τŷx 0 0

ϕx̂y(ρ) 0 0 0 −τx̂y 0

ϕx̂x(ρ) 0 0 0 0 −τx̂x





qx̂

qŷ

pŷy

pŷx

px̂y

px̂x


, (3.7)

where dots denote differentiation with respect to non-dimensionalized time.

Denote the matrix in (3.7) as JM . If the largest eigenvalue of JM has positive real

part, then (3.7) predicts the number of rare mutants will initially increase, and so we

say that the mutant can invade (see also Section 1.2.1). To determine the conditions

under which this holds, we apply the Next Generation Method [150, 75] to JM . This

involves decomposing JM into two matrices, F and V , such that: i) JM = F − V ,

ii) all entries of F are nonnegative, and iii) each eigenvalue of −V has negative real

part. If F and V are chosen in this way, then the largest eigenvalue of JM will have

negative real part if the spectral radius of the matrix FV −1 is less than 1, that is,

the absolute value of all eigenvalues of FV −1 is less than 1. The utility of taking

this approach is that it is often much simpler than if we were to instead apply the

Routh-Hurwitz criteria to the matrix JM .

Define F as the 6 × 6 matrix whose first row is (θx̂ θŷ θŷy θŷx θx̂y θx̂x), and

whose remaining entries are zero (so the entries of F are nonnegative). As defined, F

contains all terms involving production of susceptible mutant singletons. From our
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choice of F and the form of JM , it follows that

V = F − JM =



τx̂ 0 0 0 0 0

−λ τŷ −µ −1 0 0

0 −ϕŷy(ρ) τŷy −λp −λp 0

0 −ϕŷx(ρ) 0 τŷx 0 0

−ϕx̂y(ρ) 0 0 0 τx̂y 0

−ϕx̂x(ρ) 0 0 0 0 τx̂x


.

We still need to justify our choice of F (and consequently V ), by showing that the

eigenvalues of V have positive real part (doing so implies that the eigenvalues of −V

have negative real part). V is block triangular: we have the blocks given by the

entries V 11, V 66 and the inner 4 × 4 block; however, the inner 4 × 4 block is itself

block triangular, with one of its blocks consisting of the entry V 55. Therefore three

of the eigenvalues of V are given by the entries V 11, V 55 and V 66, each of which is

positive and real. The remaining three eigenvalues are determined by the matrix

M =


τŷ −µ −1

−ϕŷy(ρ) τŷy −λp

−ϕŷx(ρ) 0 τŷx

 .

By Gershgorin circle theorem [116] each of the eigenvalues of M must lie in one of the

circles centered at the entry M ii with radius
∑n

j=1
j 6=i
|M ji|. Since the diagonal entries

of M are strictly positive, and M ii >
∑n

j=1
j 6=i
|M ji| for i = 1, 2, 3, the eigenvalues

of M have positive real part. Thus we can conclude all the eigenvalues of V have

positive real part, and so are justified in choosing F as we have.
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Proceeding, we can use a computer algebra software package to invert V and

then compute FV −1. By our choice of F , in this case FV −1 is a matrix with all

zero entries other than the entries of the first row. As a result, mutant invasion

is determined by the entry [FV −1]11. If [FV −1]11 > 1, then (at least) one of the

eigenvalues of JM has positive real part and so the mutant can invade. In particular,

[FV −1]11 > 1 is equivalent to

θx̂
τx̂︸︷︷︸
i

+
ϕx̂x
τx̂

θx̂x
τx̂x︸ ︷︷ ︸

ii

+
ϕx̂y
τx̂

θx̂y
τx̂y︸ ︷︷ ︸

iii

+

(
λ

τx̂
+
ϕx̂y
τx̂

λp
τx̂y

µ

τŷy

)
I θŷ
τŷ︸ ︷︷ ︸

iv

+

(
λ

τx̂
+
ϕx̂y
τx̂

λp
τx̂y

µ

τŷy

)
Iϕŷx
τŷ

θŷx
τŷx︸ ︷︷ ︸

v

+

(
λ

τx̂
I
[
ϕŷy
τŷ

+
ϕŷx
τŷ

λp
τŷx

]
+
ϕx̂y
τx̂

λp
τx̂y

[
1 +

µ

τŷy
I
{
ϕŷx
τŷ

λp
τŷx

+
ϕŷy
τŷ

}])
θŷy
τŷy︸ ︷︷ ︸

vi

> 1, (3.8)

where I is

I =

(
1− ϕŷx

τŷ

λp
τŷx

µ

τŷy
− ϕŷx

τŷ

1

τŷx
− ϕŷy

τŷ

µ

τŷy

)−1

=
∞∑
i=0

i∑
k=0

(
i

k

)(
ϕŷx
τŷ

λp
τŷx

µ

τŷy

)k i−k∑
j=0

(
i− k
j

)(
ϕŷx
τŷ

1

τŷx

)j (
ϕŷy
τŷ

µ

τŷy

)i−k−j
, (3.9)

and in both (3.8) and (3.9) we have suppressed the functional dependence of ϕk̂j upon

ρ for brevity, that is, ϕk̂j = ϕk̂j(ρ). As a check of (3.8), observe that if the mutant

does not differ from the wild-type (ρ = 0), then since ϕk̂j(0) = 0, the left-hand side

of (3.8) simplifies to 1, as expected.

We have partitioned and numbered the constitutive parts of (3.8) to match with

Figure 3.1, which provides the biologic context for equation (3.8). This can be under-

stood most easily by considering what invasion means biologically. In particular, focus

upon the expected lifetime reproductive success (LRS) of a rare mutant: if greater
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than the LRS of a wild-type individual (which is equal to one at demographic equi-

librium), each individual mutant will, on average, be more than replacing themselves,

and so the initial population of mutants will increase, and we say that the mutant

invades. To arrive at a measure of mutant LRS, we need to count production of sus-

ceptible mutant singletons (this is what motivated our choice of F ). This production

can occur either through reproduction (identical to wild-type, except multiplied by

fecundity penalties, ν̂i(ρ)), or through the break-up of a pairing involving a mutant

susceptible (i.e., the mutant gives birth to itself). Now, each mutant individual begins

its life as a susceptible singleton, whereupon it proceeds through the different mutant

classes in a variety of ways, or pathways. In our calculation of mutant LRS, to avoid

double counting, each of these pathways is terminated at the class for which we count

production of susceptible mutants. As there are six mutant classes, there are six

categories of pathways. A pictorial representation of these six categories, comprising

all possible routes to mutant fitness returns is what is shown in Figure 3.1. The sum

of the expected fitness returns from the six categories of pathways in Figure 3.1 is

the mutant LRS: if greater than wild-type LRS, the mutant can invade. This is our

invasion condition, (3.8).

An example of one such pathway to fitness returns is as follows. Mutant suscep-

tibles form pairings of type x̂x with probability ϕx̂x/τx̂, where 1/τx̂ is the expected

time spent as a susceptible singleton. Type x̂x pairings last for an average 1/τx̂x time

units, during which they can expect to produce susceptible mutants at rate θx̂x. This

particular pathway is labelled ii in Figure 3.1 and equation (3.8). Pathways in which

a mutant spends time as an infected singleton are more complicated; this is what is

described by I in (3.9). If a mutant becomes an infected singleton, it can move back
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ŷ

ŷx

ŷy
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k

Figure 3.1: The six categories of pathways through which a mutant can produce sus-
ceptible mutant singletons. Blue circles correspond to singleton classes,
while red to pairs; the letters denote infection status and the constitu-
tive members of the pairings. Arrows indicate movement between classes.
Each pathway terminates at the stage at which production is counted;
with the exception of pathways ii and iii the production is of new mutant
susceptibles. Pathways ii and iii also include the possibility of pairing
break up resulting in the production of a previously existing susceptible.
The loops involving ŷ are more complicated and are shown in the inset.
These loops can consist of all possible combinations and orderings of the
three loops shown. For example, if we took i = 2, j = 1, k = 0, there are
two possible loops: ŷ → ŷy → ŷ → ŷx→ ŷ and ŷ → ŷx→ ŷ → ŷy → ŷ.

and forth between classes repeatedly (in particular, ŷ, ŷx, and ŷy) before the path-

way terminates in reproductive output. In the inset of Figure 3.1, we show the three

repeatable loops. Repetition of these loops can occur in any order and combination

and each sequence of such loops is of variable length (see equation (3.9)).
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3.4 Results

3.4.1 Weak selection approximation

Because of the unwieldy nature of the invasion condition, to understand the impact

varying pathogen transmission, R0, and pathogen virulence, µ and δ, have upon

mutant invasion, we suppose that the mutant behaviour only slightly deviates from

that of the wild-type (ρ ≈ 0; a weak selection approximation). Then if we compute

the Taylor expansion of the invasion condition about ρ ≈ 0, second order and higher

terms in ρ have negligible impact and can be ignored.

To apply a weak selection approximation, we will fix attention on a particular pair-

ing formation function, ϕk̂j(ρ) = ρ j̄/n̄. The choice of ϕk̂j(ρ) was made to ensure that

pair formation rates increase linearly with population density rather than quadrati-

cally, as would be the case were we to use mass-action kinetics [48, 54]. Note that

our choice of ϕk̂j(ρ) does not depend upon infection status of the parties involved,

in accordance with our assumption that the infection is cryptic. We observe that

cryptic STIs are expected to be adaptive for both the pathogen and their (infected)

host [85].

Importantly, under weak selection the only non-zero pair formation terms are those

involving the derivative of ϕk̂j(ρ). In all other cases, since ϕk̂j(0) = 0, the terms will

reduce to zero. As an immediate consequence, maintenance penalties such as µ̂p(ρ)

and ν̂p(ρ) do not affect the invasion process. Mathematically, this is because pair

formation is of order ρ; consequently, penalties paid as part of the pairing result in

terms of order ρ2 which are negligible under weak selection. Conceptually, since ρ ≈ 0,

a mutant can expect to form very few pairs. As a result, the mutant is concerned

with any fitness it forfeits as a singleton in terms of catalysis costs, whereas all fitness
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returns from any potential pairings are viewed purely as benefits. Hence under weak

selection the mutant is indifferent to maintenance penalties.

Now, applying a Taylor expansion to (3.8) about ρ ≈ 0 while noting that I(0) = 1,

we obtain

1 +

(
1

2

(
R0 − 1

R0

)
a2δ

2 − a1δ + a0

((R0 + 1/µ)2 − 1)ψ2

+
dν̂q(0)

dρ
−
(
δ(R0 − 1)

ψ
+
R2

0

bω

)
dµ̂q(0)

dρ

)
ρ+O(ρ2) > 1, (3.10)

where

a2 =
1

µ

(
(R0 − 1)2

(
R0 +

1

µ

)
+
R0 − 1

µ2
+
R0(R0 + 1)

µ

)
a1 =

1

µ

(
1 + (R0 − 1)

(
R0 +

1

µ

)2

+ 3R0

)

a0 =

(
R0 +

1

µ

)(
R0 + 1− 1

µ

)
.

From (3.10) we see invasion is determined by the sign of the coefficient of ρ.

In what follows, we consider the cases in which pathogen virulence is exclusively

sterility (µ = 1) or exclusively mortality (δ = 1), before examining them in com-

bination. For simplicity, we suppose that there is a single catalysis trade-off with

pair formation, either fecundity, µ̂q(ρ) = 1, or mortality, ν̂q(ρ) = 1. As these yield

qualitatively similar results, in what follows we focus on the fecundity trade-off.
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Pathogen causes sterility

Suppose the pathogen affects only host sterility (µ = 1). Then from (3.10) the mutant

can invade whenever

1

2

(
R0 − 1

R0

)
(1− δ) (R0 + 1− δ(1 +R2

0))

(R0 + 2) (1 + δ (R0 − 1))2 >

∣∣∣∣dν̂q(0)

dρ

∣∣∣∣ (3.11)

holds. If costs are exclusively maintenance (ν̂q(ρ) = 1), then (3.11) simplifies to

R0 + 1 > δ(1 +R2
0). (3.12)

We wish to understand the behaviour of the left-hand side (LHS) of (3.11) as we vary

the rate of infection transmission, R0 (manipulating β or b). The LHS of (3.11) has

two positive roots, R0 = 1 and

R∗0 =
(

1 +
√

1 + 4 δ(1− δ)
)
/(2 δ) > 1. (3.13)

If we compute the derivative of (3.11) with respect toR0 and evaluate it atR0 = 1, we

obtain (1− δ)2/3 > 0, while as R0 →∞, (3.11) approaches 0 from below. Therefore

for R0 ∈ (0, 1) ∪ (R∗0,∞), (3.11) is negative and is non-negative for R0 ∈ [1,R∗0].

Thus R∗0 is the maximum R0 for which invasion is possible when costs are exclusively

maintenance. Actually, since ν̂q(ρ) = 1 is the ‘best case’ for the evolution of serial

monogamy (i.e., the scenario with the smallest penalties), for increasing catalysis

costs (increasing |dν̂q(0)/dρ|), the cut-off value of R0 for the possibility of invasion

will be strictly less than R∗0. From this information, we conclude that when (3.11) (or

(3.12) if ν̂q(ρ) = 1) is satisfied, at low levels of STI transmission (R0 → 1), increases
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to pathogen transmission promote the evolution of monogamy. However, there exists

a criticalR0 at which the system behaviour changes: above this criticalR0, increasing

pathogen transmission hinders the evolution of monogamy (Fig. 3.2).
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Figure 3.2: Conditions for the evolution of monogamy when pathogen causes sterility.
The invasion coefficient is the left-hand side of (3.11); when it is positive,
the mutant can invade. The solution of δ∗ = (R∗0 +1)/(1+[R∗0]2) provides
the R∗0 used in panel a and the δ∗ used in panel b. In panel b, the δc used
is provided in (3.3). Curves in panels a and b correspond to different
values of dν̂q(0)/dρ: as the curves are translated downwards, catalysis
costs increase.

Biologically, at low R0, the likelihood of becoming infected is small enough such

that there is little incentive for pair formation, whereas at high R0, the ubiquity of

the disease means that a randomly selected partner will likely be infected, thus pair

formation provides little respite from the risk of infection. At intermediate pathogen

transmission rates, however, the infection is sufficiently prevalent in the population

such that individuals want to avoid it, yet it is not so prevalent that the odds against

a randomly selected partner being infection-free are insurmountable.

Now consider R∗0, or the value of R0 above which invasion is not possible (Fig.
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3.2; equation (3.13)). In conjunction with δc, (3.3), for invasion to be possible δ must

satisfy

−1 +
√

2βR0

R0 − 1
< δ <

R0 + 1

1 +R2
0

. (3.14)

There are a number of observations we can make about (3.14). First, increasing δ

(pathogen-induced sterility is reduced) lessens the evolvability of serial monogamy

(Fig. 3.2). This is logical: for a relatively benign STI it is not worth paying the costs

associated with pair formation. Second, at high pathogen transmission, (3.14) will

not be satisfied, irrespective of the value of δ. Therefore, an STI can be both highly

virulent and pervasive, yet the host remains promiscuous, maintaining a transmission

network optimal for pathogen spread, as noted elsewhere [145].

Because it is not necessarily the case that, independently of δ, (3.14) will be

satisfied, from (3.14) we can obtain the maximum probability of transmission per

reproductive event, β, in terms of rate of sexual encounters, b. When this maximum

β is compared to the proportion of the wild-type population infected at time of

invasion, ȳ/(x̄ + ȳ), invasion is possible for the largest range of β when slightly less

than half the population is infected (Fig. 3.3). At this frequency of infection, the

pathogen is sufficiently established that it poses a real threat to individual fitness,

but is not so ubiquitous that a randomly chosen partner will be assured of being

infected. As a result, the evolvability of pair formation will tolerate the largest range

of transmission probability, β.
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Figure 3.3: Relationship between the probability of transmission per reproductive
event, β, and the proportion of the population infected at time of invasion.
The curve separating the region of invasibility from extinction is given by
rearranging (3.14) independently of δ.

Pathogen causes mortality

Suppose pathogen virulence only affects host mortality (δ = 1). Then invasion is

possible if

1

2

(
R0 − 1

R2
0

)
(1− 1/µ)(R0 + 1− 1/µ)

(R0 + 1 + 1/µ)(R0 − 1 + 1/µ)
>

∣∣∣∣dν̂q(0)

dρ

∣∣∣∣ . (3.15)

Since R0 > 1 and 1/µ < 1, when pair formation costs are exclusively maintenance

(right-hand side of (3.15) is zero), invasion is always possible. This was not true

when pathogen virulence caused host sterility (see (3.14)). The reasons are twofold.

First, when pathogen virulence causes mortality, if a mutant pairs with an infected

individual the lifetime of the pairing is shortened due to the increased likelihood of
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the death of the partner, thereby reducing the likelihood of infection transmission.

Thus the transmission risks of pair formation are lessened, something which does not

occur for sterilizing pathogens. Second, sterilizing pathogens cause reduced fecundity

for the duration of a pairing if the chosen partner is infected and hence sterile. This

cost is paid irrespective of the mutant’s infection status, thus the proportion of the

population infected is critical to the evolvability of monogamy when the STI causes

sterility. Indeed, we observed this relationship in Figure 3.2b.

As we vary mortality virulence, µ, and transmission, R0, in (3.15), we obtain

qualitatively similar patterns to the case when the STI is sterilizing. In particular,

serial monogamy is the most selectively advantageous at intermediateR0 and declines

at both high and low pathogen transmission rates.

Pathogen causes both mortality and sterility

Now suppose the STI affects both host mortality and sterility. As was true when

virulence was restricted to sterility or mortality alone, serial monogamy is the most

advantageous at intermediate R0 (Fig. 3.4). There are a number of key differences

however. First, the minimum level of pathogen-induced sterility, given by the upper-

bound on δ in (3.14), does not necessarily exist when mortality virulence is sufficiently

high (Fig. 3.4). That is, if a pathogen has a small impact upon sterility, monogamy

can still be selectively advantageous if mortality virulence is high. This is logical:

when mortality virulence is high, if a mutant does pair with an infected individual,

the lifetime of the pairing is short enough to lessen both the fitness costs of pairing

with a sterile individual and the likelihood of pathogen transmission. Second, at fixed

R0, it is possible that at both high and low sterility, monogamy is advantageous, while
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at intermediate levels of sterility it is not (Fig. 3.4). At intermediate levels of steril-

ity, the selective pressure of mortality virulence is insufficient to overcome the double

penalty associated with forming a pair with an infected individual, that is, the risk of

infection and the reduced fecundity for the duration of the pairing. At low levels of

sterility (δ ≈ 1), mortality virulence becomes the driving force behind evolution, and

from (3.15) we know that monogamy will evolve. At high levels of sterility (δ ≈ δc),

both aspects of pathogen virulence work in concert to select for monogamy.

3.5 Discussion

Here we have examined the conditions under which an endemic, cryptic STI can

promote the evolution of serial monogamy in a sexually reproducing organism. We

purposefully restricted our model such that the only selective force was the STI, and

there was no mate choice as has been studied elsewhere [95, 146, 86]. By contrasting

the cases when pathogen virulence causes either host mortality or sterility, we found

that cryptic STIs causing host mortality are more conducive to the evolution of serial

monogamy, contrary to existing predictions [94]. The reasoning is simple. First, when

a pathogen causes mortality, if a mutant chooses an infected partner, the partners’

increased mortality yields a shortened pairing lifetime, reducing the likelihood of

infection transmission. Second, for sterilizing STIs, in the event a mutant pairs with

an infected individual, in addition to the risk of infection transmission there is a

secondary consequence of pair formation: the reduced fecundity for the duration of

the pairing because the chosen partner is sterile. This penalty exists irrespective of

the focal individuals infection status, and is exacerbated by higher levels of sterility.

Our model also revealed some of the barriers that pathogen transmission rate, R0,
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Figure 3.4: Conditions for the evolution of monogamy when virulence causes sterility
and mortality. The invasion coefficient is the condition for invasion; when
positive, the mutant can invade. Panels a-c correspond to increasing
probability of infection, β, while each curve corresponds to a different
value of µ, starting from µ = 1 (STI does not affect mortality; thickest
black curve) and increasing as indicated by the arrow to the right. The
dashed red line corresponds to δc below which STI-induced sterility drives
the host population to extinction. Panels d-f correspond to increasing
values of µ, while each curve corresponds to a different level of sterility,
δ. The direction of increase of δ is shown by the arrow to the right; as δ
increases, sterility decreases.

poses to the evolution of serial monogamy. Regardless of the mechanism of pathogen

virulence, serial monogamy was most selectively advantageous at intermediate rates

of pathogen transmission (see Figures 3.2 and 3.4). At low R0, pathogen transmission

is infrequent, hence there is little incentive to form pairs, as it is unlikely that even
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a promiscuous individual will become infected. At high R0, the proportion of the

population infected is sufficiently high that a randomly chosen partner will likely be

infected, thus pair formation grants little respite from transmission risks. Conversely,

at intermediate R0 the pathogen is sufficiently prevalent that infection poses a risk to

fitness, but is not so ubiquitous that randomly selecting an uninfected partner is vir-

tually impossible. This finding holds even when the STI is highly virulent and hence

poses the greatest risk to the host. In general, highly virulent STIs are the conditions

under which it has been proposed that monogamy should evolve [55, 140, 94, 96, 5].

Our results therefore illustrate the adaptive difference between a behaviour practiced

en masse and one initially rare. Certainly, were serial monogamy practiced by the en-

tire population, it would likely deliver superior population-wide fitness benefits, and

possibly eradicate the pathogen. However it is unlikely to emerge in a population

when the behaviour is initially rare due to individual-level selection. In general, we

would expect this obstacle to limit the ability of an STI to drive the emergence of

monogamy. Our findings about the selective advantage of intermediate transmission

mirror those found in previous work on host immune investment strategies [149] and

host sociality [20]. The similarities are unsurprising: in all cases, the host is weigh-

ing the costs of the particular defense (e.g., serial monogamy, immune investment)

against the benefits; as argued above, the pathogen must be common enough to pose

a threat to individual fitness, but not so pervasive that costs are prohibitive.

In agreement with our findings, previous work has found that monogamy is not

always expected to evolve in the presence of an sterilizing STI [145]. However, the

model of Thrall et al. [145] was limited to within-season reproductive success, rather

than an overall measure of fitness. As a result, they assumed that disease frequency



3.5. DISCUSSION 73

did not change within-season and thus the proportion of the population infected

was independent of both the per-contact probability of infection (our β) and the

frequency of copulations (our b) [145]. Consequently, they found that the per-contact

probability of infection was critical to the evolvability of monogamy (our β): when

high, monogamy was not expected to evolve. Our results show that the relationship

is more complex, and is dependent upon both the number of copulations, b, as well

as the virulence of the pathogen, δ (see Fig. 3.3).

Although empirical results for host-STI systems are limited, in one well-studied

example, ladybird (Adalia bipunctata) populations in Europe are infected with a

virulent, highly prevalent STI inducing near total host sterility [76, 153, 152], yet the

populations remain promiscuous. Boots and Knell [23] argued that the expectation

should be that monogamy evolves, and proposed that the coexistence of risky and

safe host behaviour may explain why promiscuity instead dominates. Our results,

however, indicate that not only are behavioural polymorphisms not needed, but based

upon the characteristics of the ladybird-STI system, monogamy would in general not

be expected to evolve.

Our analysis made a number of simplifying assumptions. We assumed that the

population sex-ratio was fixed and that there were no sex-specific differences in

pathogen transmission. Moreover, multiple failed reproductions can often lead to

‘divorces’ in pair forming species [47, 94, 49], whereas in our model pairing break-

up was only due to death of either party. While divorce would not have an effect

upon STIs altering host mortality, it would promote monogamy for sterilizing STIs

by reducing time spent in suboptimal pairings.

In summary, our model has revealed a number of previously unconsidered barriers
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to pathogen driven emergence of serial monogamy. In particular, we found that crucial

to the emergence of serial monogamy is the proportion of the population infected,

the probability of infection transmission per reproductive event, the magnitude of

pathogen virulence, and the type of virulence (sterility versus mortality).
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Chapter 4

Pathogen evolution under host avoidance plasticity

A version of this chapter has been published as:
McLeod, D.V. and Day, T. 2015. Pathogen evolution under host avoidance plas-
ticity. Proc. R. Soc. B 282: 20151656.

4.1 Abstract

Host resistance to infection consists of defenses that limit pathogen burden, and can

be classified as either adaptations targeting recovery from infection or those focused

upon infection avoidance. Conventional theory treats avoidance as a fixed strategy

which does not vary from one interaction to the next. However, there is increasing

empirical evidence that many avoidance strategies are triggered by external stimuli,

and thus should be treated as phenotypically plastic responses. Here we consider the

implications of avoidance plasticity for host-pathogen co-evolution. We show that:

(i) in the absence of pathogen life history trade-offs, plasticity can restrain pathogen

evolution, (ii) when transmission trades off with mortality virulence, plasticity selects

for avirulence, resulting in a superior fitness outcome for both host and pathogen, and

(iii) plasticity ensures sterility virulence has evolutionary consequences for pathogens.

Taken as a whole, our results indicate host avoidance plasticity selects for reduced

pathogen virulence.
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4.2 Introduction

Host resistance is broadly defined as the host’s ability to limit pathogen burden [128],

and includes such diverse defenses as physical barriers (e.g., skin), behavioural mod-

ifications, or a rapid immune response. By limiting pathogen burden, however, resis-

tance necessarily has negative consequences for pathogen fitness [135, 132], and so can

impose selective pressure upon pathogen attributes such as virulence and transmissi-

bility. Resistance mechanisms can be broadly classified as either adaptations targeting

recovery from infection or those intended to prevent infection [149, 21]. The latter

category is typically referred to as avoidance mechanisms, and will be our focus here.

Although there is a substantial body of literature on host avoidance evolutionary and

co-evolutionary dynamics [100, 24, 8, 22, 21, 135, 131, 132, 110, 18, 26, 45], a key

assumption of this theory is that the host has a fixed resistance strategy which does

not vary from one encounter to the next. As a result, when considering the host-

pathogen co-evolutionary dynamics, the focus is upon a simultaneous game [101]:

the pathogen strategy (e.g., expression of virulence/transmissibility) and the host re-

sistance strategy are played simultaneously, and neither the host nor pathogen has

knowledge about what their opponent (the pathogen or host, respectively) is going

to do (see Section 1.2.1 and equations (1.10)).

Assuming fixed resistance and a simultaneous game makes sense if the resistance

mechanism is passive, as in the case of physical barriers like skin or in gene-for-gene

models [53]. However, there is increasing empirical evidence that many mechanisms of

avoidance resistance are inducible defenses, triggered by external stimuli. For exam-

ple, images of sick people cause an increased immune response in humans [138, 143],

reducing the likelihood of infection establishment, while visual and olfactory stimuli
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are used by numerous species as cues to limit direct contact with infected conspecifics

[82, 16, 80, 155, 40, 74]. In fact, the human disgust emotion has been argued to be an

adaptive response intended to encourage disease avoidance [39, 113, 38]. Logically,

when presented with an external stimuli, the elicited organismal response will tend

to be related to the strength and characteristics of the stimulus. Thus, when resis-

tance is triggered by external cues, the host response will vary with the strength of

the signal (e.g., how sick an individual appears). In game theory, this is a sequential

game [101], in which the pathogen ‘goes first’, causing an expression of symptoms in

the host to which other hosts plastically respond. It is well known that sequential

games can yield very different evolutionary predictions ([108, 122, 144, 130]; see also

Chapter 2 and Section 1.2.1), yet the implications of this have not been considered

for host-pathogen avoidance co-evolution.

Here we investigate the co-evolution of a host-pathogen population when avoid-

ance is phenotypically plastic. We allow pathogen transmissibility and sterility- and

mortality-virulence to evolve. We first outline general expectations for pathogen evo-

lution under resistance plasticity before linking these predictions to host-pathogen

co-evolution in a specific system. In doing so, we show that the evolutionary outcomes

differ substantially from those when resistance is fixed in three key ways. First, if

pathogen transmissibility has no explicit trade-offs, avoidance plasticity is sufficient to

restrain pathogen evolution. Second, when there is a pathogen transmission-mortality

trade-off, host plasticity selects for reduced virulence, yielding an evolutionary out-

come more favourable to both host and pathogen. Third, while sterility virulence has

limited evolutionary consequences in fixed resistance models [77, 115, 18], we show

that resistance plasticity is sufficient to prevent the pathogen from sterilizing, and
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for those pathogens which do sterilize, plasticity selects for pathogens minimizing

mortality virulence.

4.3 General model

We focus upon a well-mixed susceptible-infected host-pathogen system with no re-

covery. Denote the densities of susceptibles and infecteds at time t as x(t) and y(t),

respectively (we will suppress the time argument for brevity, i.e., x = x(t), y = y(t)).

Pathogen transmission is exclusively horizontal, and in the absence of host resis-

tance, infecteds transmit the pathogen at a per-capita rate of βλ(x, y), where β is

a transmissibility parameter under pathogen control, and λ(x, y) governs the rate at

which susceptibles are encountered. For density- or frequency-dependent transmis-

sion, λ(x, y) = x or λ(x, y) = x/(x+y), respectively. Upon infection, hosts may suffer

from reduced fecundity and increased mortality. As such, let δ be the probability an

infected host is sterile, and let γ control the magnitude of mortality virulence. In

particular, we suppose infected hosts die at a per-capita rate of µ(γ, ν, x, y), where ν

is a parameter controlling background mortality and the population densities indicate

some portion of mortality may be density-dependent. We assume µ is a continuously

differentiable function of γ, and for notational brevity we will write µ(γ).

Now consider host resistance to infection. To model resistance, we will suppose

that with probability 1−ε, an individual host is able to successfully resist an infection

that would otherwise occur, thus infected hosts transmit the pathogen at a per-capita

rate of βελ(x, y) to susceptible hosts practicing resistance strategy ε. Examples of

such resistance mechanisms could include:

1) Aggressive immune response by the host. Here, although transmission of the
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pathogen occurs, the newly infected host is able to successfully clear the pathogen

without developing a full-blown infection. As a result, the host does not proceed

to the class of infecteds from which there is no recovery.

2) Physical avoidance. Here we suppose individuals are diffusing randomly through

homogeneous space, and upon encountering another conspecific, individuals may

avoid direct physical contact in such a way so that their movement through space

is unaffected. Thus avoidance does not have any population spatially structuring

effects and so the population remains well-mixed.

During the course of the infection, the actions of the pathogen upon its host

provide information or cues to other hosts about the attributes of the pathogen. Ex-

amples of such cues could include: sores, sluggishness, sneezing, vomiting or olfactory

signals. Upon contact with an infected individual, a susceptible host evaluates the

cues and mounts an appropriate resistance response (e.g., aggressive immune system

activation or behavioural modification). For example, when a focal host is presented

with the visual stimuli of a vomiting vs. a sneezing host, the focal individual will

make inferences about the deleterious effects of the pathogen strain and act accord-

ingly. Thus hosts are able to deduce the virulence (δ and γ) and infectiousness (β) of

pathogen strains infecting other hosts. Importantly, because these cues are a product

of the action of the pathogen upon the host, they also are a proxy for the pathogen

phenotype, and so the avoidance response of a susceptible host encountering an in-

fected host may vary dependent upon the phenotype of the infecting pathogen. For

simplicity, we assume perfect information transfer and that no misidentification errors

occur, that is, susceptible hosts can exactly determine the phenotype of the pathogen

strain infecting an encountered conspecific. In reality we would expect a host’s ability
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to discern between different pathogen strains to be coarser and identification errors to

occur. However, we do not believe that adding this complexity would alter our main

qualitative predictions about the selective effect host resistance plasticity has upon

pathogen evolution. We will also assume individuals are aware of their own infection

status; since the population is well-mixed and we do not allow multiple infection,

there is no adaptive reason for infected hosts to resist infection.

Our focus will be upon the endpoints of the co-evolutionary process (as discussed

in Section 1.2.1; see also equations (1.10) and (1.11)), and thus our general approach

is to first find the optimal resistance strategy for the host in terms of static pathogen

quantities, and then given that response, find the optimal pathogen strategy (e.g.,

[108, 122, 144]). Let κ serve as a dummy variable specifying the pathogen phenotype

or strategy, that is, if any of β, δ and γ are evolving, they have a functional dependency

upon κ such that dβ
dκ
, dδ
dκ
, dγ
dκ
≥ 0. Then the dynamics of hosts infected with the wild-

type pathogen strain, κw, are governed by

ẏ = [β(κw)ε(κw)λ(x, y)− µ(κw)] y, (4.1)

where x and y denote the density of susceptible and infected hosts, respectively, κw is

the wild-type pathogen phenotype, and the dot indicates differentiation with respect

to time. Notice that in (4.1) ε depends upon κw; this dependence will be determined

by our specification of the susceptible host population dynamics. As such, we will

initially assume we have obtained the (optimal) host resistance response function,

ε(κ), and provide general predictions for how we should expect the pathogen to evolve

subject to this response function. We will then relate these predictions to a specific

host population in which we explicitly determine ε(κ) in order to better understand
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the evolutionary outcomes.

4.4 Effects of host plasticity upon pathogen evolution

Let (x̄, ȳ) denote a locally stable endemic equilibrium of a host-pathogen population

when only the resident pathogen strain, κw, is present. Suppose a mutant pathogen

with strategy κm 6= κw appears in the population. Then the dynamics of the mutant

pathogen strain, while rare, are governed by

ẏm = [β(κm)ε(κm)λ(x̄, ȳ)− µ(κm)︸ ︷︷ ︸
WP (κm,κw,ε)

]ym, (4.2)

where ym is the density of hosts infected with the mutant pathogen, and κm denotes

the mutant pathogen phenotype. In (4.2) we have highlighted the invasion fitness (or

per-capita growth rate) of the rare mutant pathogen: if WP (κm, κw, ε) > 0, then the

mutant pathogen will avoid extinction and invade. Notice that as ε is a function of κ,

in (4.1) and (4.2) it will depend upon the pathogen phenotype, κw or κm, respectively.

Now what is the effect of plasticity? To answer this, consider the pathogen singular

strategy, κ̃, defined to be the solution of ∂WP/∂κm|κw=κm=κ̃ = 0. First, if the (rare)

mutant pathogen strategy has no effect upon host mortality, ∂µ/∂κm = 0, then κ̃ is

the solution of

β(κ̃)

ε(κ̃)

[
∂ε

∂β

dβ

dκm
+
∂ε

∂δ

dδ

dκm

]
κm=κ̃︸ ︷︷ ︸

effect of plasticity

+
dβ

dκm

∣∣∣∣
κm=κ̃

= 0, (4.3)

where we have highlighted the contribution of host plasticity. If resistance is fixed,

then the contribution of host plasticity is zero, and provided transmissibility is a
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monotonically increasing function of the pathogen strategy (a standard assumption;

[3, 36]), equation (4.3) will have no solution. Thus transmissibility, β, will increase

without restraint, as has been observed elsewhere for well-mixed populations lacking

transmission-mortality trade-offs ([77, 115, 18]; although see [41] for an example of

when morbidity can restrain pathogen evolution). However, with host resistance plas-

ticity this is not necessarily true: if an increase in pathogen transmissibility or sterility

causes susceptible hosts to be more likely to avoid infected conspecifics, ∂ε/∂β < 0 or

∂ε/∂δ < 0, respectively, then there may exist a pathogen singular strategy. Indeed,

even if we suppose that transmissibility does not trade-off with any other pathogen

attributes, because ε(κ) will depend upon mortality virulence, γ, while κ̃ will neces-

sarily depend upon ε(κ), it follows that β(κ̃) will also indirectly depend upon γ. In

an empirical study, such a finding (i.e., transmission being correlated with virulence)

could be näıvely interpreted as a trade-off dictated by properties of the pathogen life

cycle, rather than from the selective pressure exerted by host plasticity.

Suppose instead that there is the classical trade-off between transmissibility and

mortality virulence such that transmissibility is an increasing function of γ, ∂β/∂γ >

0. For simplicity, replace the dummy variable κ with γ. Under such a trade-off,

the terms λ(x̄, ȳ) and ∂µ/∂γm will both appear once we compute ∂WP/∂γm, and

therefore little progress can be made without some specification of how conspecifics

encounter one another and how infected mortality occurs. Thus assume one of the

following cases holds:

i. frequency-dependent transmission with µ(γm) = γm + ν,

ii. density-dependent transmission with µ(γm) = γm + ν, or

iii. density-dependent transmission with µ(γm) = (γm + ν)(x̄+ ȳ),
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where in all cases ν is background mortality. Note that in case iii, both background

and mortality virulence are regulated by density-dependence; biologically this implies

that being infected exacerbates density-dependent mortality effects. The common

attribute of i-iii is that the pathogen evolutionary dynamics reduce to a simple max-

imization process [112, 109, 35].

Defining relative pathogen fitness asR(γ) ≡ β(γ)ε(γ)/(γ+ν), then fromWP (γm, γw, ε)

the rare mutant strain will invade if R(γm) > R(γw). Thus the pathogen strain with

the largest relative fitness,R(γ), will dominate, and so the pathogen singular strategy,

γ̃, is the solution of

β(γ̃)

ε(γ̃)

[
∂ε

∂β

dβ

dγm
+

∂ε

∂γm

]
γm=γ̃︸ ︷︷ ︸

effect of plasticity

=

(
β(γ̃)

γ̃ + ν
− dβ

dγm

∣∣∣∣
γm=γ̃

)
, (4.4)

where we have again highlighted the contribution of plasticity. If host resistance is

fixed, the left-hand side (LHS) of equation (4.4) is zero, and so the optimal pathogen

strategy is independent of what the host does, and is instead determined solely by the

transmission-mortality trade-off. Therefore in a co-evolutionary process the pathogen

evolutionary dynamics are unaffected by host evolution. Under resistance plasticity,

however, this is clearly not the case: here the host strategy has a substantial impact.

An obvious question to ask is what effect plasticity has upon the evolution of

mortality virulence, γ, when there exists a transmission-mortality trade-off. Denote

the optimal pathogen strategy under fixed resistance as γ∗; for cases i-iii, γ∗ is the

solution of equation (4.4) when the LHS is zero. Suppose initially the pathogen has

phenotype γ∗. Now we ask does resistance plasticity select for an increase or decrease

in γ? To answer this, let ∆γ be the change in mortality virulence, and suppose ∆γ
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is small. Then to first order:

R(γ∗ + ∆ γ)−R(γ∗) ≈ ∆γ

[(
dβ

dγ

ε(γ)

γ + ν
− β(γ)ε(γ)

(γ + ν)2

)
+

β(γ)

γ + ν

dε

dγ

]
γ=γ∗

= ∆γ
β(γ)

γ + ν

dε

dγ

∣∣∣∣
γ=γ∗

. (4.5)

WheneverR(γ∗+∆γ) > R(γ∗), the pathogen strain with virulence γ∗+∆γ is selected

for, and so from equation (4.5), if host resistance increases with increasing mortality

virulence, dε/dγ < 0, resistance plasticity will select for reduced mortality virulence

as compared to when resistance is fixed, that is, ∆γ < 0. Effectively, phenotypic

plasticity allows the host to employ the threat of escalating resistance to compel the

pathogen to reduce its virulence and transmissibility (see Chapter 2 for a similar

example with sexual conflict).

To examine these predictions in more detail, however, we need to obtain the

optimal response function, ε(κ). To do so requires fully specifying the host population

dynamics; this will be the focus of the following section.

4.5 A specific case of host-pathogen co-evolution

Consider a host-pathogen population in which hosts are haploid, and asexual re-

production occurs at a per-capita rate of b. Transmission of infection is density-

dependent, as are background and virulence mortality (case iii of the preceding sec-

tion). Susceptible individuals are continuously alert to infection risk and inspect

every contact. By doing so, they could expose themselves to greater predation risk,

increased likelihood of starvation, or incur other physiological or metabolic costs from,
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for example, altering their immune response. As such, each encounter with a con-

specific comes with increased mortality risks, and these risks scale with resistance.

Hence the more resistant an individual is, the greater the probability they will die

during a contact. For encounters between susceptibles, as time and energy must be

spent to evaluate the threat, for simplicity we suppose the likelihood of dying during

the encounter is the same as for a contact with a host infected with the wild-type

pathogen. Upon encountering a novel pathogen strain, the host will instantaneously

adjust its resistance, causing a corresponding change in the likelihood it will die dur-

ing that encounter. In the one-host one-pathogen model, the per-contact resistance

costs mean that due to resistance, susceptible individuals die at a per-capita rate of

D(ε) (x+ y), where D(ε) scales cost with resistance, such that dD
dε
< 0, and D(1) = 0

(see Appendix B for a more detailed explanation). Under these assumptions, the

one-host, one-pathogen model can be written

ẋ = bx+ b(1− δ)y − βεyx− d(ε)(x+ y)x

ẏ = βεxy − µ(x+ y)y,

(4.6)

where µ ≡ γ+ν and d(ε) ≡ D(ε)+ν. Our inclusion of density-dependent mortality in

equations (4.6) means that the total population size, n = x+ y, cannot grow without

bound. This can be seen by noting that

ṅ = ẋ+ ẏ ≤ b(x+ y)− ξ(x+ y)2 (4.7)
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where ξ = min{d(ε), µ}, and so

n(t) ≤ bn0

e−btb(1− n0ξ) + n0ξ
, n(0) = n0. (4.8)

Equations (4.6) admit three equilibria:

i. population extinction, (x, y) = (0, 0),

ii. a disease-free equilibrium (DFE), (x, y) = (b/d(ε), 0),

iii. and a endemic equilibrium (EE),

(x̄, ȳ) =

(
b
1 + (1− δ)(R− 1)

R (β ε+ d(ε)− µ)
, (R− 1) x̄

)
, (4.9)

which exists in the positive quadrant if R ≡ βε/µ > 1. We will let n̄ = x̄+ ȳ.

We are only interested in situations in which the pathogen is present in the population,

so in what follows we assume R > 1. Under this assumption, there are two possible

phase portraits: when δ = 1 and when δ < 1 (see Fig. 4.1). In both cases, the

ẏ-nullcline is the line y = (R − 1)x. The ẋ-nullcline depends upon δ however. If

δ = 1, then the ẋ-nullcline is the line y = (b− d(ε)x) /(εβ + d(ε)) (Fig. 4.1a). When

δ < 1, the ẋ-nullcline has a vertical asymptote at x = b(1− δ)/(εβ + d(ε)) and then

monotonically decreases to intersect the x-axis at the DFE (Fig. 4.1b). For both

δ < 1 and δ = 1, all solutions with initial conditions on the positive x-axis move

to the DFE. If δ = 1, then solutions with initial conditions on the positive y-axis

move to population extinction, while if δ < 1, solutions with initial conditions on the

positive y-axis move into the positive quadrant. It follows that the positive quadrant
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is forward invariant to solution trajectories of equations (4.6). We can then readily

use equations (4.6) to construct the phase portrait (see Fig. 4.1).

To verify (local) stability of the equilibria, observe that the Jacobian of equations

(4.6) is

J =

 b− εβy − d(ε)(2x+ y) b(1− δ)− εβx− d(ε)x

(βε− µ)y εβx− µ(x+ 2y)

 . (4.10)

At the DFE, J is an upper-triangular matrix since entry J21 = 0. Thus the eigen-

values of J are the entries along the diagonal, J11 = −b and J22 = µ(R− 1)b/d(ε)

and so if R > 1, the DFE is locally unstable. At the EE, after some rearrangement,

J has determinant

det(J) = bµ (1 + (1− δ)(R− 1)) ȳ,

and trace

tr(J) = −b
(
1 + (1− δ)

(
R2 − 1

))
/R.

Since R > 1 and ȳ > 0, the determinant is strictly positive while the trace is strictly

negative. Thus by Routh-Hurwitz criteria for 2×2 matrices we can conclude that both

eigenvalues of J have negative real part, and thus the EE is locally asymptotically

stable (LAS). Indeed, since the EE is LAS whenever R > 1, by inspection of Figure

4.1, since the positive quadrant is forward invariant to solution trajectories of (4.6),

while solution trajectories of (4.6) are bounded, there cannot be any periodic orbits

contained in the positive quadrant and so the EE is in fact globally asymptotically

stable to all solution trajectories satisfying x(0) > 0, y(0) > 0.
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Figure 4.1: Possible phase portraits of (4.6) when R > 1. In subplot a, δ = 1,
whereas in subplot b, δ < 1. The arrows indicate the sign of ẋ, ẏ. The
red curve is the ẋ-nullcline while the blue curve is the ẏ-nullcline. The
three equilibria that exist when R > 1 are the white circles; only the
endemic equilibrium is locally asymptotically stable (see main text).

4.5.1 Host evolution

Now consider the evolution of host avoidance. Suppose a rare mutant host practicing

resistance strategy εm 6= εw, where εw denotes the resident host strategy, enters the

population at its globally stable endemic equilibrium, (x̄, ȳ). Following an application

of Next Generation Method [150, 75], the invasion fitness of a rare mutant host is

WH(εm, εw, κ) =
b

βȳ εm + d(εm)n̄︸ ︷︷ ︸
i

+
βȳεm

βȳεm + d(εm)n̄

(
b(1− δ)
µn̄

)
︸ ︷︷ ︸

ii

. (4.11)

Note that x̄, ȳ depend upon εw and not εm. If WH(εm, εw, κ) > 1, then the rare mutant

host can invade. The biological explanation of the condition WH(εm, εw, κ) > 1 is
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simple: i is the expected fecundity of a rare mutant host while susceptible whereas ii

is the probability the rare mutant host becomes infected, multiplied by its expected

fecundity while infected. Thus the sum represents the expected lifetime reproductive

success of a rare mutant: if it exceeds unity, which at equilibrium is the lifetime

reproductive success of a wild-type host, then the rare mutant can invade.

Will the pathogen ever be eliminated from the population by the evolution of host

avoidance? Under the assumption of small mutational steps, before the pathogen is

eliminated, (x̄, ȳ) ≈ (b/d(εw), 0), that is, the EE is approximately the DFE. Taking

a Taylor expansion of WH(εm, εw, κ) − 1 about εm = εw and supposing (x̄, ȳ) ≈

(b/d(εw), 0) gives

WH(εm, εw, κ)− 1 ≈ −d
′(εw)

d(εw)
(εm − εw) +O([εm − εw]2). (4.12)

Note that to avoid confusion for the derivatives of d(ε), rather than using the d
dε

notation we will indicate the derivatives as d′(ε), d′′(ε), and d(i)(ε) for i > 2. With this

in mind, since d′(εw) < 0, from (4.12) a mutant practicing εm > εw can always invade

when the EE is approximately the DFE, and so the pathogen cannot be eliminated by

host evolution. This is reasonable: as ȳ → 0, the risk of becoming infected decreases

and so host fitness in inequality (4.11) is dominated by the first term. As a result, the

benefit of practicing a resistance strategy is negligible. That resistance does not, in

general, eliminate the pathogen has been observed elsewhere using different models

[100, 8, 135]; the logic is the same. Since the pathogen can never be eliminated, if

(4.11) is satisfied in the neighbourhood of εw = 1 (i.e., a resistant host can invade

a population of non-resistant hosts), then the selection gradient changes sign on the

interval ε ∈ (µ/β, 1), and hence there exists a valid singular strategy (potentially not
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unique).

Computing [∂WH/∂εm]εm=ε
εw=ε

= 0 and using the relation WH(εw, εw, κ) = 1, the

singular host strategy, ε, is the solution of

ε = −(R− 1)(µ− d(ε) (1− δ))
d′(ε)(1 + (1− δ)(R− 1))

. (4.13)

By inspection of (4.13), we can see that a necessary, but not sufficient, condition for

ε to be valid is that σ(ε) ≡ µ−d(ε) (1− δ) > 0. That it is necessary is not surprising.

In the absence of transmission, 1/d(ε) is proportional to expected fecundity while

susceptible, whereas (1 − δ)/µ is proportional to expected fecundity while infected,

with the proportionality constant being the same for both. Thus suppose instead that

µ < d(ε) (1− δ). Then an individual will have superior fitness returns when infected

and so should not resist infection (ε = 1).

We are only interested in optimal host (and pathogen) strategies which are both

evolutionarily stable (ES) and convergence stable (CS) ([64, 101]; see Section 1.2.1).

Using (4.13) we can compute

∂2WH

∂ε2
m

∣∣∣∣εw=ε
εm=ε

∝ −d′′(ε), (4.14)

and

d

dε

[
∂WH

∂εm

]
εm=ε
εw=ε

∝ −d′′(ε)− µ− d(ε) (1− δ)
ε2(1 + (1− δ)(R− 1))2

, (4.15)

where in both cases proportionality is up to a positive constant. Since ε only exists if

µ > d(ε)(1− δ), the necessary and sufficient conditions for a singular strategy to be
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both ES (satisfied if equation (4.14) is negative) and CS (satisfied if equation (4.15)

is negative) is d′′(ε) > 0. In what follows, we assume this holds.

4.5.2 Fixed host resistance

First, how do the pathogen attributes impact host resistance in the absence of pathogen

evolution? Because we showed in Section 4.4 that for this model pathogen evolution

maximizes relative fitness, we can take

WP (κm, κw, ε) = β(κm)ε(κm)/µ(κm). (4.16)

Thus in the event that ε is fixed and the focus is a simultaneous game, pathogen

evolution will be unaffected by what the host strategy is. It follows that considering

the evolution of host resistance in the absence of pathogen evolution is equivalent to

focusing upon the co-evolutionary outcome of the simultaneous game, with the caveat

that the pathogen has a singular strategy in the simultaneous game (which requires

a trade-off between β and µ). Thus the results in this section provide a baseline for

comparison to when host resistance is plastic, or the focus is upon a sequential game.

As a preliminary, let

ξ = µ
(
ε2 [(1− δ) (R− 1) + 1]2d′′(ε) + σ(ε)

)
/ε. (4.17)

For valid ε, since d′′(ε) > 0 and σ(ε) > 0, clearly ξ > 0. Implicitly taking the

derivative of (4.13) with respect to the pathogen phenotype, κ, and following some
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rearrangement and substitution of the solution of d′(ε) from (4.13), we obtain

dε

dκ
= −σ(ε)ε

ξ

dβ

dκ
− µ(R− 1)(µ(R− 1) + d(ε))

ξ

dδ

dκ

− (1− δ)µ(R− 1)2 + (1− δ)d(ε)R− µ
ξ

dµ

dκ
. (4.18)

From (4.18), we observe that resistance increases with increasing transmission and

sterility (∂ε/∂β < 0 and ∂ε/∂δ < 0, respectively; Fig. 4.2a,b). The pattern with

µ is more complex: by consideration of the numerator of the multiplier of dµ/dκ,

we can see that if the pathogen is fully sterilizing, δ = 1, then any increase to γ

causes a decrease in resistance, so ∂ε/∂µ > 0 (Fig. 4.2c; see also [22, 131]). On

the other hand, when the pathogen does not fully sterilize the host, the relationship

depends upon the magnitude of γ. In particular, if δ = 0, then in general we should

expect from (4.18) that as µ → d(ε), ∂ε/∂µ < 0, whereas if R → 1, ∂ε/∂µ > 0.

This implies resistance is greatest at intermediate mortality virulence and declines at

low and high values (Fig. 4.2c). The biological reason for this result is that while

on the one hand any increase in mortality virulence is deleterious to the expected

fitness of infecteds, on the other, since increasing γ shortens infection duration, it

also reduces the number of infected hosts in the population, reducing the likelihood

of becoming infected (we saw a similar relationship when the host defense was serial

monogamy; Chapter 3). When the pathogen is fully sterilizing, infected hosts have

zero future fitness irrespective of the magnitude of γ, so the only selective pressure is

the likelihood of infection.

We now wish to compare these predictions to when host resistance is plastic, that

is, co-evolution proceeds according to a sequential game. To do so, we recall from



4.5. A SPECIFIC CASE OF HOST-PATHOGEN CO-EVOLUTION 93

4 8 12
0

0.25

0.5

0.75

Transmissibility, β

R
es

is
ta

nc
e,

 1
 −

 ε

0 0.5 1
0

0.25

0.5

0.75

Sterility, δ
2 5 8

0

0.25

0.5

0.75

Mortality virulence, γ

a cb

Figure 4.2: Effect of pathogen transmissibility, sterility, and mortality virulence upon
the optimal host avoidance strategy when resistance is fixed. In subplot
c, the solid curve corresponds to δ = 0 (pathogen causes no sterility),
while the dotted curve corresponds to δ = 1 (pathogen castrates host).
In all subplots, D(ε) = 0.5 (1 − ε) + 1.5 (1 − ε)2 − 0.25 (1 − ε)3, ν = 1,
while in subplots a and b, γ = 2, in subplots b and c, β = 10, and in
subplot a, δ = 0.25.

Section 1.2.1 (see equations (1.11)) that the co-evolutionary outcome of the sequential

game, or the Stackelberg outcome [57], is the pair, (ε(κ̃), κ̃) , which is the solution of

[
∂WH

∂εm

]
εm=ε
εw=ε

= 0 (4.19)[
∂WP

∂κm
+

dε

dκm

∂WP

∂ε

]
κm=κ̃
κw=κ̃

= 0. (4.20)

4.5.3 No pathogen trade-offs

Consider the case in which there is no explicit pathogen trade-off between transmis-

sibility (β) and virulence (δ and γ): virulence is fixed and only transmissibility is

evolving. We will therefore replace the dummy variable κ with β. Our goal is to

investigate how ε̃ changes as we vary δ and µ. To do so, we first use our specification
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of WP (βm, βw, ε) (equation (4.16)) in (4.20) to solve for β̃. We then use this value of

β̃ in (4.19) while making use of our specification of WH(εm, εw, β) (equation (4.11))

to obtain

ε̃ = f(δ, µ, ε̃) = − d′(ε̃)σ(ε̃)

[d′(ε̃)]2 (1− δ) + d′′(ε̃)σ(ε̃)
. (4.21)

Thus we have eliminated β̃ from ε̃, while incorporating the possibility that as δ

and µ change, the optimal pathogen strategy, β̃, will also change and these changes

will feedback upon the value of ε̃. Of course any change to β̃ is not due to a life-

history trade-off intrinsic to the pathogen, but rather it is due to the sequential game.

Implicitly differentiating (4.21) with respect to either δ or µ and rearranging gives

∂ε̃

∂δ
=

∂f/∂δ

1− ∂f/∂ε̃
and

∂ε̃

∂µ
=

∂f/∂µ

1− ∂f/∂ε̃
. (4.22)

From (4.21) we see that

∂ε̃

∂δ
= −(d′(ε̃))3 µ

σ(ε̃)ψ(ε̃)
, and

∂ε̃

∂µ
=

(1− δ)
µ

∂ε̃

∂δ
, (4.23)

where

ψ(ε) = [d′(ε̃)]
2
d′′(ε̃)(1− δ) + σ(ε)

(
−d(3)(ε̃)d′(ε̃) + 2 [d′′(ε̃)]

2
)
. (4.24)

Now what is the sign of ψ? From inspection of (4.23), we can see that it will determine

the sign of ∂ε̃/∂δ and ∂ε̃/∂µ. One piece of information that we have yet to use is that

we are only interested in pathogen singular strategies which are ES and CS ([64, 101];

see also Section 1.2.1). Hence if we compute the condition for the pathogen strategy
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to be ES (in our case this is the same as the condition for the strategy to be CS) we

obtain

[
∂2WP

∂β2

]
β=β̃

= µ

[
2
dε̃

dβ
+ β

d2ε̃

dβ2

]
β=β̃

= − [σ(ε̃)]3 [d′(ε̃)]4 ψ(ε̃)(
d′′(ε̃)σ(ε̃) + (1− δ) [d′(ε̃)]2

)3 (
d′′(ε̃)σ(ε̃) + [d′(ε̃)]2

)2 (4.25)

where we have made use of β̃ and ε̃ from before. If (4.25) is negative then the

pathogen strategy is ES (and CS) in the sequential game. Since d′′(ε) > 0, d′(ε) < 0

and σ(ε) > 0 by assumption, β̃ is ES (and CS) only if ψ(ε̃) > 0. It is easy to see from

(4.24) that ψ(ε̃) > 0 can be satisfied in a variety of ways: for example, if d(3)(ε) ≥ 0.

Thus we assume ψ(ε̃) > 0.

But then as a consequence we can see from (4.23) that as mortality and sterility

virulence increases (plastic) resistance decreases (Fig. 4.3a). These predictions run

counter to those obtained when the pathogen was not evolving (Fig. 4.2b,c), and

are contrary to the general theoretical expectation that resistance should either peak

with intermediate virulence before declining (see Fig. 4.2c; [135, 131, 132, 26]) or for

castrating pathogens, resistance should be a declining function of mortality virulence

(Fig. 4.2c; [22]). To understand why, we need to consider how β̃ changes with γ and

δ: by going first the pathogen is able to shape the host’s response. In particular, the

pathogen exploits situations in which a host under fixed resistance would otherwise

invest less (in resistance), forcing host resistance escalation. In the case of δ, as

the pathogen becomes less sterilizing, the incentive for the host to resist infection

decreases, and thus the pathogen will increase its transmissibility (Fig 4.3b). This

in turn forces an increase in the host’s resistance response. To see this, compare
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the placement of the curves corresponding to δ = 0 (solid curve) and δ = 1 (dotted

curve) in Figure 4.3a to those in Figure 4.2c: under fixed resistance, host resistance

is greater for fully sterilizing pathogens then when the pathogen causes no sterility

(Fig. 4.2c), whereas under resistance plasticity, the opposite holds (Fig. 4.3a).
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Figure 4.3: Effect of varying pathogen virulence, γ and δ, upon the optimal host
resistance, optimal pathogen transmissibility, and pathogen relative fit-
ness R, when there are no pathogen transmissibility trade-offs. Each
curve corresponds to a different value of δ; in particular, the solid line
corresponds to δ = 0, the dash-dot curve corresponds to δ = 0.5,
and the dotted curve is δ = 1. Thus the more pronounced the curve,
the smaller the δ, and less sterilizing the pathogen. All subplots used
D(ε) = 0.5 (1− ε) + 1.5 (1− ε)2 − 0.25 (1− ε)3, and ν = b = 1.

The evolutionary behaviour as we vary γ is more complex. If the pathogen is fully

sterilizing, then transmissibility is a strictly increasing function of mortality virulence

(Fig. 4.3b). Conversely, as δ → 0, the pathogen favours low transmissibility at

intermediate levels of mortality virulence, while increasing transmissibility at both

low and high values (Fig. 4.3b). These predictions relate to the observations made

earlier: changing γ while holding the other pathogen attributes fixed has a two-fold

effect upon host fitness. In particular, increasing γ reduces the fitness of infected
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individuals, while simultaneously reducing the pathogen’s relative fitness, lessening

the likelihood of infection. When γ is small, the host would otherwise favour reduced

resistance (Fig. 4.2c), and so the pathogen increases transmissibility forcing resistance

escalation under plasticity (Fig. 4.3a). When the pathogen is fully sterilizing, the host

is only concerned with limiting transmission. Any increase to γ, which by itself would

cause a decrease in pathogen relative fitness, is offset by the pathogen being forced to

increase its transmissibility, and so host resistance is maintained at a constant level

(Fig. 4.3a,b).

Note that increasing γ causes a decrease in R by shortening the duration of in-

fection. As a result, since the proportion of the population infected is ȳ/(x̄ + ȳ) =

(R− 1)/R, the proportion of infected hosts decreases as well. Indeed, the proportion

infected and R are lowest as the pathogen becomes fully sterilizing and causes the

greatest host mortality (Fig. 4.3c). Thus resistance plasticity can allow a host popu-

lation to thrive, particularly in the face of more severe and virulent pathogens, with

the caveat that the consequences of infection for an individual are dire. This holds

despite the absence of a pathogen transmissibility-virulence trade-off.

4.5.4 Mortality trade-offs

Now suppose transmissibility has a functional dependency upon mortality virulence

such that any increase in β is due to an increase in γ. Here we replace the dummy

variable κ with γ, so we have β(γ) and dβ/dγ > 0, and will denote the CS Stackelberg

outcome as (ε(γ̃), γ̃). In Figure 4.4, we contrast the predictions for the CS strategy

pair under plasticity (black curves) to those of the co-evolutionary CS pair generated

under fixed resistance (grey curves). The pathogen responds to the selective pressure
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exerted by host plasticity by becoming less virulent (Fig. 4.4b; see also the general

predictions of Section 4.4), causing in turn the host to be less resistant (Fig. 4.4a).

The outcome is increased relative fitness for the pathogen, a higher proportion of

the population infected, and greater total population density (Fig. 4.4c,d) – which

increases both from reduced pathogen virulence as well as the reduced mortality costs

of lower resistance. The end result is resistance plasticity drives a superior outcome

for both the pathogen and the host, and delivers an evolutionary result more akin to

the classic prediction of pathogens evolving towards avirulence [3, 36]. Indeed, this

represents an example of a Stackelberg game exhibiting endogeneous timing [68, 25].

Endogeneous timing occurs when both players achieve higher fitness by playing their

strategies in a particular sequence, rather than simultaneously. When the host is

phenotypically plastic, its strategy by definition is the best response to anything the

pathogen does and so going second (i.e., phenotypic plasticity) ensures host fitness

is maximal. On the other hand, pathogen fitness is given by R, and this is greater

under resistance plasticity (Fig. 4.4c) as compared to either fixed resistance or by

the host going first, since as discussed previously the latter two scenarios generate

the same outcome.

Notice that the greatest difference between plasticity and fixed resistance occurs

as the pathogen becomes fully sterilizing (Fig. 4.4a,b). The logic here is clear: as

resistance is based upon β, γ, and δ, when pathogen sterility increases, the host will

pay the higher costs in order to increase resistance. Since δ is a fixed, non-evolving

quantity, as the pathogen becomes more sterilizing and host resistance increases, the

pathogen is forced to decrease mortality virulence (and hence β) in order to maintain

the product β(γ̃) ε(γ̃) at sufficiently high levels. Therefore, if a pathogen causes
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Figure 4.4: Host-pathogen co-evolution under transmissibility-mortality trade-off.
The black curves correspond to the ES and CS strategy pair generated
by resistance plasticity, (ε(γ̃), γ̃), while the grey curves represent the ES
and CS strategy pair under fixed resistance, (ε, γ∗). Population density
is x̄ + ȳ. In all subplots, D(ε) = 0.5(1 − ε) + 1.5(1 − ε)2 − 0.25(1 − ε)3,
ν = b = 1, and β(γ) = 20 γ/(1 + γ).

complete castration, the expectation under resistance plasticity is that the pathogen

should minimize mortality-related virulence. In the absence of plasticity, however,

the magnitude of δ has no effect upon pathogen evolution in well-mixed populations

(grey curve in Fig. 4.4b, equation (4.3); see also [77, 115, 18]).
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4.5.5 Sterility trade-offs

Now consider the case in which pathogen transmissibility trades off with sterility. We

will replace the dummy variable κ with δ, giving β(δ) and dβ/dδ > 0, thus we will

denote the CS Stackelberg outcome as (ε(δ̃), δ̃). Previous work has found that if

pathogen transmissibility trades off with sterility instead of mortality, then in well-

mixed populations the pathogen should evolve to castrate the host [77, 115, 18]. When

host resistance is phenotypically plastic, however, this is not the case: there can exist

an optimal pathogen strategy, δ̃, provided increases to sterility virulence are off-set

by increases to host resistance (see equation (4.3)). Because of the complexities of

the Stackelberg pair, (ε(δ̃), δ̃), analytic predictions are difficult. However, numerical

results indicate that, assuming any increase in transmissibility is due to an increase

in sterility, the optimal pathogen strategy causes the greatest host sterility at high

and low levels of mortality virulence, while being the most benign at intermediate

levels.

As explained previously the selective pressure upon the host to increase resistance

is greatest when mortality virulence is intermediate. The pathogen can therefore

increase sterility (and hence transmissibility) at low and high mortality virulence

without triggering dramatic increases in host resistance. At intermediate mortality

virulence, the pathogen is sufficiently deleterious that the host will pay a cost to

resist infection, yet R is large enough that the pathogen cannot increase its sterility

virulence without suffering resistance reprisals from the host.
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4.6 Discussion

Conventional models of host avoidance assume resistance is a fixed strategy which

does not vary between individual encounters [100, 24, 8, 22, 21, 135, 131, 132, 110,

18, 26, 45]. While such an assumption is logical for gene-for-gene models or passive

resistance mechanisms, it makes less sense when resistance is in response to external

stimuli, as recent empirical evidence suggests is frequently the case [82, 16, 80, 155,

39, 113, 38, 40, 138, 143, 74]. When resistance is fixed, host evolution is intuitive:

increasing pathogen related sterility and transmissibility causes host resistance to

increase (Fig. 4.2a,b). Varying mortality virulence also has a well-known, if more

complex effect: resistance is greatest for intermediate mortality virulence. This is due

to the balancing of the two selective pressures caused by varying mortality virulence:

the change in fitness of infecteds vs. the change in likelihood of becoming infected

(Fig. 4.2c; [135, 131, 132, 26]). The host-pathogen co-evolutionary outcome under

fixed resistance is similarly straightforward: in the absence of pathogen transmission-

mortality trade-offs, pathogen transmissibility will increase without restraint. If there

is a transmission-mortality trade-off and pathogen evolution is a maximization prob-

lem, then the optimal pathogen strategy is independent of the host’s (fixed) resistance

level. Here we have shown that when host resistance is instead phenotypically plas-

tic, none of these expectations hold. In particular, our analysis revealed three main

results.

First, even when there is no explicit link between pathogen transmissibility and

virulence, under a wide variety of conditions there will exist an evolutionary attracting

Stackelberg outcome. When such an outcome exists, as the pathogen goes first and

the host responds, the pathogen exploits situations in which the host would, under
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fixed resistance, favour low investment in resistance. This drives an escalation of

host resistance. Second, when there is an explicit pathogen transmission-mortality

trade-off, host resistance plasticity will cause a decrease in pathogen virulence and

pathogen-controlled transmissibility. Notably, the ultimate evolutionary outcome is

preferable to both parties: the pathogen is less virulent, the total host population size

increases, as does the proportion of the population infected and the relative fitness

of the pathogen. Thus by behaving plastically, a situation closer to commensalism

than would otherwise be expected is generated. Finally, the level of sterility virulence

has important implications for pathogen evolution under resistance plasticity. When

transmission trades off with mortality alone and sterility is not evolving, pathogens

which castrate their hosts are forced to minimize mortality virulence to alleviate

host resistance selective pressures (Fig. 4.4). If transmissibility instead trades off

with sterility virulence, host resistance plasticity is capable of restraining pathogens

from castrating hosts, contrary to current theoretical expectations for resistance in

well-mixed populations [77, 115, 18].

One of the main simplifying assumptions of our model is of perfect information

transfer. In reality we would expect a host’s ability to discern between different

pathogen strains to be coarser and identification errors to occur. However, we do

not believe that adding this complexity would alter our main qualitative predictions

about the selective effect host resistance plasticity has upon pathogen evolution. We

do note, however, it is possible that the higher order evolutionary dynamics may

change, since host error may create an additional environmental feedback [112, 109]

that could lead to evolutionary branching and pathogen diversification. Another
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simplifying assumption we made was that when we considered the implications of re-

sistance plasticity for pathogens with transmissibility-mortality trade-offs, we focused

exclusively upon cases in which pathogen evolution reduced to a maximization prob-

lem (e.g., [127, 35]). We did so because our goal here was to demonstrate the impact

avoidance plasticity can have upon host-pathogen evolutionary outcomes. Relaxing

this assumption would complicate the conditions under which the strategy pair are

ES and CS, as well as allowing additional feedbacks from the host population demo-

graphics to come into play [17]; without examining specific examples in-depth it is not

known what role plasticity would play – but in general, we would expect plasticity to

effect the evolutionary outcomes.

In summary, here we have shown the important implications host avoidance plas-

ticity can have for pathogen evolution. In particular, resistance plasticity generates

predictions which are frequently opposite of those generated by fixed resistance mod-

els. The mechanism of avoidance, and whether it is plastic or fixed, is therefore of

the utmost importance for evolutionary expectations.
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Chapter 5

Evolution of sterilizing pathogens in finite

populations

5.1 Abstract

Sterility virulence, or the reduction in host fecundity due to infection, occurs in many

host-pathogen systems. Notably, sterility virulence is more common for sexually-

transmitted infections (STIs) than for other directly-transmitted pathogens, while

other forms of virulence tend to be limited in STIs. This has led to the suggestion

that sterility virulence may have an adaptive explanation. Here we show that the

observed patterns of sterility virulence can be explained by consideration of the epi-

demiological differences between STIs and other directly-transmitted pathogens. In

particular, sterility virulence is never stochastically favoured for directly-transmitted

pathogens with density-dependent transmission, while it is stochastically favoured for

pathogens with frequency-dependent transmission (such as STIs), provided infecteds

experience density-dependent mortality. We show these conclusions hold even if there

is a selective advantage to sterilizing, thus stochasticity can reverse the outcome pre-

dicted by deterministic models.
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5.2 Introduction

Sterility virulence, defined to be the reduction in host fecundity due to pathogen

infection, occurs in many host-pathogen systems [93, 9, 1]. It is most frequently

associated with sexually-transmitted infections (STIs) and tends to be less common

in other directly transmitted pathogens [93]. Although this pattern may simply be

because most STIs are localized to the reproductive organs [7], sterilizing STIs tend

to cause limited virulence (other than sterility; [7, 93]), whereas sterilizing non-STIs

tend to be associated with high overall levels of virulence [9] indicating that for such

pathogens sterility may be incidental. In combination, this evidence has led to the

hypothesis that sterility virulence may be a “targeted” strategy on behalf of the

pathogen [9], or at least may have an adaptive explanation, rather than simply being

a physiological by-product of STIs being localized to the reproductive organs

Evolutionary theory has generally approached questions about sterility virulence

by assuming a positive link between transmission and sterility (the sterility analog to

the transmission-mortality trade-off [3, 36]), and then looking for factors selecting for

reduced sterility virulence. In large, unstructured populations, as susceptible hosts

are equally available to all pathogen strains, if only the pathogen evolves, castra-

tion is the predicted outcome [115, 77, 1]. This has led to a consideration of when

population structure [115, 92] or host (co)-evolution [18, 105, 13], can select against

sterility virulence. Although these models did not directly address why STIs may

be more commonly associated with sterility virulence than other directly-transmitted

pathogens, other work has sought to explain this by arguing sterility may promote

host sexual activity, thus increasing transmission of STIs [9].
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A common attribute of existing theory on sterility virulence, however, is the fo-

cus upon models assuming large (ideally infinite) population sizes. Such models

tend to reduce the impact epidemiological assumptions, such as how transmission

is modeled, have upon evolution. Yet the functional form of transmission has clear

demographic consequences by, for example, altering pathogen per-capita growth rate

[65] or increasing the likelihood of population extinction [43], and for finite popula-

tions, these factors are expected to play a greater evolutionary role. Indeed, one key

epidemiological difference between STIs and other directly transmitted pathogens is

how transmission is modeled: for pathogens transmitted by direct (non-sexual) con-

tact, density-dependent transmission is most appropriate as direct contact between

individuals tends to increase with density [6, 15, 102]. For STIs, because sex acts

and reproduction are generally density-invariant, frequency-dependent transmission

is usually more appropriate [7]. However, the consequences of these epidemiological

assumptions for the evolution of sterility virulence have largely been ignored.

Here we consider the evolution of sterility virulence by focusing upon how different

epidemiological assumptions alter our evolutionary predictions in finite populations.

We show that in finite populations, the pathogen strain minimizing the relative con-

tribution of each infected host to new infections is stochastically favoured. If trans-

mission is density-dependent, then pathogen strains causing no sterility virulence are

favoured. If transmission is frequency-dependent (as for STIs), and infecteds experi-

ence density-dependent mortality, then pathogens which cause some degree of sterility

are stochastically favoured. Additionally, in finite populations stochasticity can out-

weigh selection, and in the case of density-dependent transmission, can reverse the

outcome predicted by deterministic models (e.g., [77, 115]). Our results therefore
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provide a novel epidemiological explanation for why STIs may be commonly associ-

ated with sterility virulence, and why other directly-transmitted pathogens should

generally not cause sterility, even when favoured to by selection.

5.3 Model

Consider a susceptible-infected host-pathogen population with horizontal transmis-

sion, no multiple infection and no recovery. Let X(t) and Yi(t) be the number of

susceptible hosts and hosts infected with pathogen strain i = {1, 2} at time t. Let

X = (X, Y1, Y2), and suppose Ω is the system-size parameter controlling intraspecific

interactions (e.g., [58, 151]). In our context Ω can be thought of as the habitat size.

Let the possible events and transition probabilities per unit time be

Event type Transition Probability per unit time

birth of susceptible X→ X + ~e1 Tb(X) = b(X)

death of susceptible X→ X− ~e1 Td(X) = d(X)X

transmission event X→ X− ~e1 + ~ei+1 Tβi(X) = βi(X)XYi/Ω, i = 1, 2

death of infected X→ X− ~ei+1 Tµi(X) = µ(X)Yi, i = 1, 2

pathogen mutation X→ X− ~ei+1 + ~ej+1 Tνi(X) = νYi, i, j = 1, 2, i 6= j

where ~ei is the 3×1 zero vector with a 1 in the i-th spot. Our focus is thus a discrete-

state space continuous-time Markov chain. If we let Q(X, t) be the probability density

function of the number of individuals of the various types at time t, then the Master
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equation for this stochastic process is

∂Q

∂t
= Tb(X− ~e1)Q(X− ~e1, t) + Td(X + ~e1)Q(X + ~e1, t)

+
∑
i=1,2

[Tβi(X + ~e1 − ~ei+1)Q(X + ~e1 − ~ei+1, t) + Tµi(X + ~ei+1)Q(X + ~ei+1, t)]

+ Tν1(X + ~e2 − ~e3)Q(X + ~e2 − ~e3, t) + Tν2(X + ~e3 − ~e2)Q(X + ~e3 − ~e2, t)

− (Tb(X) + Td(X) +
∑
i=1,2

[Tβi(X) + Tµi(X) + Tνi(X)])Q(X, t). (5.1)

Equation (5.1) is an exact description of the time evolution of Q(X, t), but is ana-

lytically intractable. Let x = (x, y1, y2) = X/Ω and suppose Ω is sufficiently large

such that the variables x are approximately continuous. Define the new probability

density function q(x, t) ≡ ΩQ(X, t), and divide each transition rate by Ω. Then we

can expand (5.1) in powers of 1/Ω [58, 151], to obtain the Fokker-Planck equation

∂q

∂t
= −

3∑
i=1

∂

∂xi
Ai(x)q(x, t) +

1

2Ω

3∑
i=1

3∑
j=1

∂2

∂xi∂xj
Bij(x)q(x, t), (5.2)

with drift coefficients

A1(x) = b(x)− (d(x) + β1(x)y1 + β2(x)y2)x,

Ai+1(x) = (βi(x)x− µ(x)) yi + ν(yj − yi), i, j = 1, 2, i 6= j

and diffusion matrix, B(x),


b(x) + (d(x) +

∑
i βi(x)yi)x −β1(x)xy1 −β2(x)xy2

−β1(x)xy1 (β1(x)x+ µ(x))y1 + νȳ −νȳ

−β2(x)xy2 −νȳ (β2(x)x+ µ(x))y2 + νȳ

 ,



5.3. MODEL 109

where ȳ = y1 + y2. The Fokker-Planck equation (5.2) is associated with system of Ito

stochastic differential equations (SDEs)

dx = A(x)dt+ Ω−1/2C(x)dWt, (5.3)

where A(x) = (A1(x), A2(x), A3(x))T , C(x)C(x)T = B(x), and dWt is a vector of

independent Wiener processes. Thus if habitat size becomes large, Ω→∞, stochas-

ticity will disappear from (5.3) and we will be left with a system of ordinary differential

equations (ODEs) given by ẋ = A(x).

We will assume strain 1 causes less host sterility than strain 2, b(x, y1 + ∆y, y2) >

b(x, y1, y2 + ∆y) for all ∆y > 0, but may have reduced transmissibility, β1(x) =

β(x)(1 − ε), β2(x) = β(x), and that selection is weak, 0 ≤ ε � 1. Let A(x) =

A(x; ε, ν) (i.e., this just explicitly indicates that A(x) depends upon ε and ν), then

it is easy to see the ODE model ẋ = A(x; ε, 0) predicts the strain with higher trans-

missibility (strain 2) will fixate in the population, irrespective of the form of the

transmission function, β(x), or the between-strain difference in sterility virulence.

5.3.1 One-dimensional approximation of main SDE system

Assume that the ODE model ẋ = A(x; 0, 0) has a curve of endemic equilibria, γ(w) =

(γx(w), γ1(w), γ2(w)), where w is the variable we choose to parameterize the curve

with (so one of the entries of γ(w), i.e., γx(w) or γi(w) will be equal to w). If γ(w)

is (globally) asymptotically stable, trajectories of the ODE model ẋ = A(x; 0, 0)

asymptotically approach different points on γ(w) (see Fig. 5.1). When Ω is large

but finite, then when the system is far from γ(w), the drift term will dominate (since

1/Ω is small), and so provided ε and ν are also small, trajectories of system (5.3) will
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approach γ(w) roughly along the flow lines of the ODE system ẋ = A(x; 0, 0) (see

Fig. 5.1). Once near γ(w), however, although in system (5.3) A(x; ε, ν) will become

very small, C(x) will not. Thus stochasticity will dominate the system behaviour,

causing the system to move along γ(w), which is now referred to as a slow manifold

[121]. Since we should reasonably expect the system (5.3) to approach γ(w) before

moving along it, we wish to derive an equation of motion for the stochastic system

(5.3) along γ(w).

As described in greater detail in Parsons & Rogers [121], to do this we imagine

(stochastic) trajectories along the slow manifold receiving random “kicks” displacing

the system from the slow manifold to (say) point xw = (w0, w1, w2). Once the system

is “kicked away” from the slow manifold, then provided Ω is large, the deterministic

portion of (5.3) dominates and so we may expect the system to return to the slow

manifold along the (deterministic) flow lines. Provided ν and ε are small, the new

position on the manifold will be approximately determined by the solution of the

system of differential equations ẋ = A(x; 0, 0) with initial conditions xw. Since for the

ODE system ẋ = A(x; 0, 0) we have dy2
dy1

= y2
y1

, this will have solution y2 = (w2/w1)y1

if xw is the initial condition (position system was “kicked” too). Thus if a trajectory

is initially at (y1, y2), then it will return to the point on the slow manifold implicitly

given by

γ2(w) =
y2

y1

γ1(w). (5.4)

Note that as we are going to treat the initial condition as a dynamic quantity, we

have used the variables describing the density of strain 1 and 2 in equation (5.4) to

denote the initial condition rather than the static initial condition xw. From (5.4),
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Figure 5.1: Example behaviour of stochastic process when ε = 0, ν = 0. The red
curve is the slow manifold, the black curve is a single deterministic tra-
jectory of ẋ = A(x; 0, 0), while three stochastic realizations of the Master
equation (5.1) using the same initial conditions are plotted. The stochas-
tic realizations roughly follow the deterministic trajectory before drifting
along the slow manifold. For this example, b(x) = 4(x + y1 + 0.25y2),
d(x) = 0.5(1 + x+ y1 + y2), β(x) = 5, µ(x) = d(x) + 0.5, with ε = ν = 0
and Ω = 1000.

since w parameterizes the slow manifold, dw/dt will reveal how the position of the

system along the slow manifold evolves with time [121]. Let G(w) = γ2(w)/γ1(w) and

(assuming G(w) is invertible) g(w) = G−1(w). Hence from (5.4) we have w = g(y2/y1),
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and applying the multivariable version of Ito’s formula (e.g., [4]) gives

dw =
2∑
i=1

(
Ai+1(x)

∂g

∂yi
+

1

2Ω

2∑
j=1

Bi+1 j+1(x)
∂2g

∂yi∂yj

)
dt

+

√√√√ 2∑
i=1

2∑
j=1

Bi+1 j+1(x)

Ω

∂g

∂yi

∂g

∂yj
dWt, (5.5)

where the Ai(x) and Bij(x) are from (5.2). Since ε, ν, and 1/Ω are small, we should

expect the dynamics of w to remain “close” to the slow manifold, and so we approx-

imate (5.5) by evaluating it along the slow manifold, that is x = γ(w) (this can be

done by observing that g(γ2(w)/γ1(w)) = w). If we then let I(w) = γ1(w) + γ2(w)

be the total density of infecteds along the slow manifold, and p = γ1(w)/I(w) be

the fraction of infected hosts infected with strain 1, we can apply Ito’s formula to

compute dp/dt (by using dw/dt) to obtain

dp =

(
ν(1− 2p)− εβ(γ(wp))γx(wp)p(1− p)

(
1− 1

ΩI(wp)

))
dt

+

√
p(1− p)β(γ(wp))γx(wp)(2− ε(1− p)) + ν

ΩI(wp)
dWt, (5.6)

where wp is the solution of p = γ1(wp)/I(wp). Note that (5.6) is the same equation

which we would have obtained if we had applied Ito’s formula to p = y1/(y1 + y2)

(using (5.3)), before evaluating the result along the slow manifold. The intuitive

reason for this is that if the system receives a stochastic “kick” away from the slow

manifold to point xw before returning along the flow lines of the ODE system ẋ =

A(x; 0, 0) to the (new) position on the manifold, (z0, z1, z2), because the per-capita

growth rates of strain 1 and 2 are identical (when ε = 0), we will necessarily have
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w1/(w1 + w2) = z1/(z1 + z2), that is, the proportion of infected hosts infected with

strain 1 will remain constant along the flow lines of the ODE system.

To summarize, our starting point was the full stochastic process given by (5.1).

Then provided habitat size (Ω) is large, we showed that (5.1) can be approximated

by a three-variable SDE system, (5.3). We then assumed that if mutations are rare

and selection is weak (ν and ε small), the three-variable SDE system (5.3) has a slow

manifold of endemic equilibria, γ(w). Because we expect that when ν, ε, and 1/Ω

are small, (5.3) will proceed rapidly to this slow manifold before drifting along it, we

then reduced the three-variable SDE system (5.3) to a single-variable SDE describing

the stochastic dynamics along the slow manifold, equation (5.6) [121]. Our ensuing

analysis will focus upon (5.6) and its associated Fokker-Planck equation using the

tools introduced in Section 1.2.2.

5.4 Results

We wish to understand how epidemiology, stochasticity, mutations, and selection alter

the evolution of sterility virulence. To do so, we will focus upon the (quasi)-stationary

distribution along the slow manifold. Note that this is a quasi-stationary distribution

since population extinction is always the only absorbing state of the stochastic process,

however, for reasonably large Ω the time it takes for this to occur will be sufficiently

large that it is biologically meaningless. As such, we will treat the quasi-stationary

distribution as a stationary distribution.

As discussed in Section 1.2.2 (see equation (1.27)), the stationary distribution,
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π(p), along the slow manifold is the solution of the differential equation

c(p)

2

dπ

dp
=

(
a(p)− 1

2

d

dp
c(p)

)
π(p), (5.7)

where a(p) is the drift term of (5.6) and c(p) is the diffusion term squared. In

Figure 5.2 we have plotted the analytic approximation given by (5.7) against results

obtained by simulating (5.3) using the Euler-Maruyama method [4] for a few examples

of interest, demonstrating the accuracy of the approximation (5.7).

Since c(p) is always nonnegative, to get a sense of how the different forces affect

π(p), we are interested in the sign of a(p) − 1
2
dc
dp

: when positive, the mode of the

stationary distribution is displaced in favour of strain 1 (the less sterilizing strain);

when negative, strain 2 is favoured. It is easy to see a(p)− 1
2
dc
dp

can be written as

ν(1− 2p)︸ ︷︷ ︸
i

−R(wp)(1− 2p)︸ ︷︷ ︸
ii

− ν
2

d

dp

1

ΩI(wp)︸ ︷︷ ︸
iii

− p(1− p) d
dp

R(wp)︸ ︷︷ ︸
iv

− ε(1− p)
(
pβ(γ(wp))γx(wp)−

1− p
2

d

dp
pR(wp)

)
︸ ︷︷ ︸

v

, (5.8)

where R(wp) = β(γ(wp))γx(wp)/(ΩI(wp)). We have numbered the terms of (5.8) for

reference as they will be our focus here. Note as well that because ν, ε, and 1/Ω are

assumed to be small, some of the terms in (5.8) will have less impact than others, in

particular, term iii (which is of order ν/Ω) and the second portion of term v (which

is of order ε/Ω).

The first two terms of (5.8) are intuitive: mutations have a balancing effect, push-

ing the mode of the distribution towards p = 1/2 (term i), while genetic drift favours
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Figure 5.2: Verification of the accuracy of π(p) as an approximation of the stationary
distribution of system (5.3). The red curve is the analytic prediction of
(5.7). The histograms are a simulation of (5.3) using Euler-Maruyama
method [4], where we have sampled the simulation 1.5 × 105 times at
time intervals of t = 400. Subplots a and b assume β(x) = 8/N , d(x) =
0.25 + 0.1N , µ(x) = 0.5 + 0.1N , b(x) = 4(x + y1 + 0.3125y2), Ω = 1000,
where N = x+y1 +y2, and we have taken either ν = 0.0004 (subplot a) or
ν = 0.0003 (subplot b). Subplots c and d assume β(x) = 2, d(x) = 0.25,
µ(x) = 2.25, b(x) = 2(x + y1 + 0.5y2), Ω = 1000, with either ν = 0.002
(subplot c) or ν = 0.004 (subplot d).

the pathogen strain present in greater abundance, pushing the mode of the distribu-

tion towards the extremes (term ii). These terms are independent of any selective

differences between strains, and will be present even if the pathogen population size

is constant along the slow manifold. Terms iii and iv, however, represent the interac-

tion between the non-constant population size and stochasticity, while term v is the
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role played by selection. In what follows, we will discuss terms iii-v in more detail.

5.4.1 Role of stochasticity: terms iii and iv

Consider first how population size interacts with stochasticity in (5.8), terms iii and

iv. These terms are independent of selection, and are solely a product of population

size varying along the slow manifold: if population size were constant, then these

terms would both be zero.

Term iii reveals mutations favour the pathogen strain which grows to the largest

population size. This can be understood by thinking about mutations as a biased

random walk along the slow manifold: the probability a step is to the left is p (strain

1 mutates to 2) while the probability a step is to the right is 1− p (strain 2 mutates

to 1). Because the total number of infecteds is non-constant along the slow manifold,

however, so is the step-size of the walk, and step-size will decrease as the walk moves

in the direction maximizing the total number of infecteds. As the walk will tend to

spend more time in regions with smaller step-sizes and less time in those with larger

step-sizes, term iii favours the strain able to grow to the largest population size.

Term iv, on the other hand, reveals that stochasticity favours pathogen strains

minimizing R(wp). To understand this term, notice that we can expand term iv as

d

dp
R(wp) = −R(wp)

[
d
dp
I(wp)

I(wp)
−

d
dp

[β(γ(wp))γx(wp)]

β(γ(wp))γx(wp)

]
. (5.9)

Thus term iv balances the relative rate of change in density of infecteds against

the relative rate of change in per-capita transmissibility, and this balance dictates

the stochastically favoured sterility virulence. This is because although on the one

hand, it is advantageous to be able to grow to a larger population size (to reduce
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stochasticity), on the other hand gains in pathogen population size have to be weighed

against any increases in per-capita transmissibility caused by changing population

size. In particular, growing to a large (pathogen) population size can inadvertently

create an environment advantageous for new mutant strains such that they can more

rapidly grow to non-rare abundance.

Now consider how these terms are affected by our epidemiological assumptions.

To do so, observe that if d
dp

1
I(wp)

< 0 (resp. > 0) then term iii favours the less

sterilizing strain (resp. more sterilizing strain); similarly, if d
dp
R(wp) < 0 (resp. > 0),

then term iv favours the less sterilizing strain (resp. more sterilizing strain). By the

chain rule, we can write

d

dp
R(wp) =

[
dR

dw

dwp
dp

]
w=wp

and
d

dp

1

I(wp)
= − 1

I(wp)2

[
dI
dw

dwp
dp

]
w=wp

. (5.10)

Thus in order to understand the effect of terms iii and iv we need to know the sign(s)

of dwp/dp, dR/dw and dI/dw. To determine these quantities, we need to be more

specific about the epidemiology of the (neutral) per-capita rate of pathogen growth,

r(x) = β(x)x − µ(x). In particular, we will consider both density- and frequency-

dependent transmission, β(x) = β or β(x) = β/N , where N = x+ y1 + y2, and allow

the mortality function to either depend upon conspecific density or not, and so take

µ(x) = µ or µ(x) = µ+ cN where µ and c are positive constants. Hence we consider

four possible forms of r(x).

Now consider the sign of dwp/dp. If r(x) = βx−µ, then the density of susceptibles

is constant along the slow manifold, so γ(w) = (µ/β, w, γ2(w)), p = w/(w + γ2(w)),

and implicit differentiation reveals dwp/dp > 0 (as we should expect since for this ex-

ample, our specification of γ(w) means w is the density of strain 1 along the manifold).
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When the density of susceptibles is non-constant along the slow-manifold, we can pa-

rameterize the slow manifold in terms of susceptibles i.e., γ(w) = (w, γ1(w), γ2(w)),

and implicit differentiation of p = γ1(wp)/I(wp) yields

1 =
γ1(wp)γ2(wp)

I(wp)2

(
dγ1

dw

1

γ1(w)
− dγ2

dw

1

γ2(w)

)
w=wp

dwp
dp

. (5.11)

The sign of dwp/dp will therefore be the same as the sign of dγ1
dw

1
γ1(w)

− dγ2
dw

1
γ2(w)

.

If we compute the Jacobian of ẋ = A(x; 0, 0) and evaluate it at γ(w), then v =

(0, γ2(w),−γ1(w)) is the left eigenvector associated with the zero eigenvalue. Thus

v is a vector orthogonal to the fast directions along the slow manifold, and since dγ
dw

is the vector tangent to the curve along which the fast directions are zero, we have

dγ
dw
· v 6= 0. But this implies dγ1

dw
1

γ1(w)
6= dγ2

dw
1

γ2(w)
, and so from (5.11), dwp/dp will

not change sign along the slow manifold. But then clearly dwp/dp > 0, as otherwise

the relative rate of increase of strain 2 as the density of susceptibles increases would

always outpace the relative rate of increase of strain 1, implying that by sterilizing

their hosts, pathogens cause an overall increase in the density of susceptibles. This

is a convoluted way of stating what should be clear: given two pathogen strains with

identical per-capita growth, as the fraction of infected hosts infected with the less

sterilizing strain increases, the density of susceptibles will never decrease.

Since for all cases, dwp/dp > 0, the effect of terms iii and iv is determined by

the sign of dI/dw and dR/dw, respectively. In particular, if dI/dw > 0 (resp. < 0),

then term iii favours the less sterilizing strain (resp. more sterilizing strain), while

if dR/dw < 0 (resp. > 0), term iv favours the less sterilizing strain (resp. more

sterilizing strain). We will now compute these quantities for our four possibilities.
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(1) β(x) = β, µ(x) = µ. Here dR
dw

= µ
ΩI(w)

, thus dR
dw

= − dI
dw

µ
ΩI(w)2

. We also have ẋ =

b(x)−x(d(x)+β(y1+y2)), and so along the slow manifold, γ(w) = (µ/β, w, γ2(w)),

we have 0 = b(γ(w))− µd(γ(w))/β − µ(w + y2(w)). Differentiating with respect

to w and rearranging gives

dγ2

dw
= −

[
∂d
∂y1

+ µ− ∂b
∂y1

∂d
∂y2

+ µ− ∂b
∂y2

]
x=γ(w)

.

By assumption ∂b
∂y1

> ∂b
∂y2

and as all other effects of the pathogen strains upon

the host are identical (when ε = 0), ∂d
∂y1

= ∂d
∂y2

. It follows that |dγ2
dw
| < 1, thus

dI
dw

= 1 + dγ2
dw

> 0 and dR
dw

< 0.

(2) β(x) = β, µ(x) = µ + cN . For this case and the remaining two cases the slow

manifold will be taken to be γ(w) = (w, γ1(w), γ2(w)). Thus I(x) = (β− c)x/c−

µ/c, so

dI
dx

=
β − c
c

> 0, and
dR

dx
= − βµ

cΩI(x)2
< 0.

(3) β(x) = β/N , µ(x) = µ. Here, I(x) = x(β − µ)/µ, so

dI
dx

=
I(x)

x
> 0, and

dR

dx
= − β − µ

ΩI(x)2
< 0.

(4) β(x) = β/N , µ(x) = µ+ cN . Since

I(x) =
−µ− 2xc+

√
4βcx+ µ2

2c
, (5.12)
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if we solve dI
dx

= 0 for x, we see I(x) is maximized for x equal to

xI =
β + µ

4c

(
1− µ

β

)
. (5.13)

Similarly, if we solve dR
dx

= 0 for x, we see R(x) is minimized when x is equal to

xR =
µ

c

(
1−

√
µ

β

)
. (5.14)

Logically, we may then ask if xR can ever equal xI . If we set xR = xI , and

solve for β, we obtain β = µ and β = (3 − 2
√

2)µ; but we require β > µ in

order for the pathogen to avoid extinction. Thus a pathogen cannot sterilize at

a level that will simultaneously satisfy both (5.13) and (5.14). Indeed, letting

β = 4µ in (5.13) gives xI = 15
16
µ
c

while in (5.14) we obtain xR = µ
2c

. Since we have

shown that xI 6= xR, while 15
16
µ
c
> µ

2c
(obviously) then we must also always have

xI > xR. Because the density of susceptibles decreases as pathogens become more

sterilizing, a pathogen minimizing R(x) will always cause more sterility then a

pathogen maximizing I(x).

We now summarize our results to this point. Whenever transmission is density-

dependent (case (1) and (2) above), the pathogen strain maximizing the number of in-

fecteds, as well as minimizing R(wp), is the strain causing no sterility. It follows that

for density-dependent transmission, stochasticity favours non-sterilizing pathogens.

This conclusion also holds if transmission is frequency-dependent and infected mor-

tality is independent of population density (case (3)). Conversely, if transmission is

frequency-dependent and there is a link between infected mortality and population
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density (e.g., through intraspecific competition), then the pathogen strain maximiz-

ing the number of infecteds will generally cause some sterility, as will the pathogen

strain minimizing R(wp); moreover, the pathogen strain minimizing R(wp) will al-

ways cause more sterility than the pathogen strain which maximizes the number of

infecteds.

To examine the predictions for case (4) in more detail, take β(x) = β/N , and

let d(x) = m + cN and µ(x) = d(x) + α, where m, α, and c are positive constants

specifying natural-, virulence-, and competition-related mortality, respectively. As

well, suppose b(x) = b(x + δ1y1 + δ2y2), where b is birth rate and δi is the relative

fecundity of a host infected with pathogen strain i to that of a susceptible host, hence

0 ≤ δ2 < δ1 ≤ 1. Although this birth function assumes asexual reproduction, in

Appendix C.1 we show that our qualitative conclusions hold for sexual reproduction.

Consideration of the deterministic analog of this model (i.e., Ω→∞ in (5.3)) reveals

that for the endemic equilibrium to exist and be asymptotically stable, we require

β > b+ α > m+ α (see Appendix C.1). Under these assumptions, for the stochastic

model the level of sterility maximizing the number of infecteds is

δI =
(β + α +m)(β − α− b)

b(β − α−m)
, (5.15)

while the level of sterility minimizing R(wp) is

δR =
(
√
β(m+ α) +m+ α)(β − α− b)

b(β −m− α)
. (5.16)

Since β > α + m, δR < δI as expected. Examination of (5.15) and (5.16) reveals

that both δI and δR predict pathogens should sterilize less as natural mortality, m,
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and transmissibility, β, increase, and sterilize more as birth rate, b, increases (Fig.

5.3). The behaviour of δI and δR diverges for virulence mortality, α, however: δI is

monotonically decreasing in α, whereas δR is initially increasing in α before decreasing

(Fig. 5.3; see also Appendix C.1)).
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Figure 5.3: Effect of the different demographic parameters upon the stochastically-
favoured level of sterility when transmission is frequency-dependent and
mortality is density-dependent. The dashed red curves are the level of
sterility virulence maximizing pathogen population size, δI (equation
(5.15)). The solid blue curves are the level of sterility virulence mini-
mizing R(wp), δR (equation (5.16)).

The source of these relationships is because at low host densities, pathogen per-

capita growth rate is dictated by transmissibility, and so increasing the pool of sus-

ceptibles is beneficial, favouring less sterilizing pathogens. As host density increases,
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however, so too does density-dependent intraspecific competition. Since transmission

is frequency-dependent, at high host densities, intraspecific competition will be the

dominant force acting on pathogen per-capita growth, and so pathogens which reduce

the pool of susceptibles (through sterilizing) are stochastically favoured. The reason

minimizing R(wp) diverges from maximizing the number of infecteds in the case of

virulence mortality, α, is that as α varies, so too does the relative importance of

per-capita transmission vs number of infecteds (the numerator and denominator, re-

spectively, of R(wp)). In particular, when virulence mortality is low, then per-capita

transmission is the dominant term in R(wp), and for low-to-intermediate mortality

virulence, per-capita transmission can be minimized by decreasing sterility virulence.

This allows the growth of the denominator in β(x)x = βx/N to outpace that of the

numerator. Conversely, for moderate-to-high levels of virulence mortality, the num-

ber of infecteds, y1 + y2, will become small, and so β(x)x = βx/N → β; thus the

dominant term in R(wp) is now population size, and so pathogens increasing sterility

virulence are favoured.

Although we have derived these results by assuming there are only 2 pathogen

strains present in the population, we can extend system (5.3) to include n strains (see

Appendix C.2). Simulations of the n-strain SDE system using the Euler-Maruyama

method [4] can then be used to compute the probability of observing the system in

a particular state (see Fig. 5.4 for examples when n = 10). Importantly, Figure 5.4

reveals that the strain predicted to be stochastically favoured in the n-strain model

is the strain which minimizes R(wp), in agreement with our analytic predictions in

the 2-strain case.
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Figure 5.4: Stochasticity favours pathogens sterilizing at δR in n-strain model with
frequency-dependent transmission and density-dependent mortality. Here
we have that there is no selective advantage to sterilizing, ε = 0. The
dashed red lines occur at δ = δR (equation (5.16)), while the dashed black
lines occur at δ = δI (equation (5.15)). Results were obtained by simula-
tion of the 10-strain model (see Appendix C.2) using the Euler-Maruyama
method [4]. For each subplot the simulation was sampled 9000 times every
t = 1500; the bars are the (proportional) distribution of strain types aver-
aged across the sample times. The model assumed b(x) = b(x+

∑
i δiyi),

β(x) = β/N , d(x) = m + cN , µ(x) = d(x) + α where N = x +
∑

i yi.
Each subplot used different parameters, (b, β,m, c, α,Ω, ν), such that a :
(4.5, 5.25, 0.35, 0.15, 0.1, 500, 10−5), b : (4.5, 6.5, 0.15, 0.5, 0.25, 250, 2 ×
10−5), c : (4.5, 6.25, 0.15, 0.35, 0.1, 600, 4× 10−5).

5.4.2 Role of selection: term v

Now consider the role played by selection, term v of (5.8). As we assumed a positive

link between transmission and sterility, selection always favours the more steriliz-

ing strain, irrespective of the transmission function used or between-strain difference

in sterility virulence. However, our results from Section 5.4.1 reveal that stochas-

ticity can either work with or against selection depending upon the epidemiological

assumptions. In particular, if transmission is frequency-dependent and mortality of
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infecteds has some density-dependence, selection and stochasticity will work in con-

cert to favour more sterilizing pathogens. If these epidemiological assumptions do

not hold, however, then stochasticity and selection act in opposition: stochasticity

favours non-sterilizing strains while selection favours sterilizing strains.

With this in mind, we may then ask how large the selective disadvantage (ε)

of not sterilizing must be to neutralize the stochastic effects when we have either

density-dependent transmission or frequency-dependent transmission with µ(x) =

µ. A variation of this question has been examined in other public goods games by

using invasion fitness [34], however, we approach it slightly differently by making use

of (5.8). In particular, we ask what value of ε, say ε∗, will ensure (5.8) does not

favour either strain when they are present in equal numbers (i.e., ε∗ is the solution

of a(1/2) − 1
2
d
dp
c(1/2) = 0). If ε > ε∗, selection will have greater importance than

stochasticity, and the more sterilizing strain is favoured. Conversely, when ε < ε∗,

stochasticity has greater importance than selection and the less sterilizing strain is

favoured. Neglecting terms of order ν/Ω and ε/Ω in (5.8), we can approximate ε∗ as

ε∗ ≈ 1

ΩI(wp=1/2)︸ ︷︷ ︸
(1)

[
d
dp
I(wp)

I(wp)
−

d
dp

[β(γ(wp))γx(wp)]

β(γ(wp))γx(wp)

]
p=1/2︸ ︷︷ ︸

(2)

. (5.17)

As written, ε∗ is the product of two terms: term (1) indicates that as the total number

of infecteds increases, demographic stochasticity will decrease, increasing the relative

importance of selection and so causing a decrease in ε∗. Term (2) is the relative

increase in density of pathogens minus the relative increase in per-capita transmission

rate, and reveals that although there exists a (relative) stochastic advantage to being

able to grow to larger population sizes, as was the case before, this must be discounted
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by how much the increase in population size increases the ability of individual infected

hosts to spread infection.

To give a particularly simple example, suppose b(x) = b(x+δ1y1+δ2y2), d(x) = m,

β(x) = β, and µ(x) = α + m, where b, m, and α are positive constants, and δi is

the relative fecundity of a host infected with strain i relative to an uninfected host

(with δ1 > δ2). Because host population growth in this example is regulated by the

pathogen, we require b > m and m+ α > δ1b. Then using (5.17) we can compute

ε∗ =
1

Ω

βb(δ1 − δ2)

(m+ α)(b−m)
. (5.18)

As expected, if Ω becomes large, stochasticity is reduced, and so ε∗ → 0. It is also easy

to see that ε∗ is an increasing function of natural mortality, m, and transmissibility,

β, and is a decreasing function of birth rate, b, and virulence-related mortality, α.

Finally, observe that ε∗ is an increasing function of the difference in sterility between

strains: as the non-selective differences between strains increases, so too will the role

played by stochasticity in counteracting selection.

In Figure 5.5 we have verified the predictions about ε∗ to the n-strain model pro-

vided in Appendix C.2, when both transmission and mortality are density-dependent

and reproduction is asexual. In this case, our analysis of the 2-strain model predicts

stochasticity favours the strain causing no sterility virulence. In Figure 5.5 we can see

that for ε < ε∗, stochasticity is the dominant force, and so the non-sterilizing strain

is favoured, whereas for ε > ε∗, selection becomes the dominant force, favouring the

sterilizing strain.
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Figure 5.5: The balance between selection and stochasticity when transmissibility de-
creases linearly with sterility virulence (i.e., if δ = 0, transmissibility is
β, while if δ = 1, transmissibility is β(1 − ε)). At selective neutrality
(subplot on left), stochasticity favours non-sterilizing strains; if ε = ε∗

then selection and stochasticity are balanced and no strain is favoured
(middle subplot); when ε = 2ε∗, selection outweighs stochasticity favour-
ing the castrating strain (subplot on right). In all cases, ε∗ is taken
to be (5.17) when δ1 = 1, δ2 = 0. Results were obtained by simulat-
ing the 10-strain version of the SDE model (see Appendix C.2) using
the Euler-Maruyama method [4], with b(x) = 3(x +

∑
i δiyi), β(x) = 3,

d(x) = 0.6 + 0.5(x +
∑

i yi), µ(x) = d(x) + 1, Ω = 500 and ν = 10−5.
For each subplot, the simulation was sampled every t = 1700, for 9000
times; the bars represent the (proportional) distribution of strains aver-
aged across the sample times.

5.4.3 Why did we not consider fixation and invasion probabilities?

Often one assumes evolution proceeds by a sequential-fixation process [103], and so

the focus is upon invasion/fixation probabilities (see Section 1.2.2). We have not

taken that approach here for reasons we will now detail. To do so, first we compute

invasion/fixation probabilities; from (5.3), when ν = 0 the fixation probability of
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strain 1 with an initial proportion of p0 and selective disadvantage ε is

φ(ε, p0) =

∫ p0
0
ψ(ε, r)dr∫ 1

0
ψ(ε, r)dr

, where ψ(ε, r) = exp

(
2

∫ r

0

ε(ΩI(wp)− 1)

2− ε(1− p)
dp

)
. (5.19)

In Figure 5.6 we have simulated the full stochastic process given by (5.1) to demon-

strate the accuracy of the approximation of (5.19).

When the two strains are selectively neutral, the fixation probability of strain 1

is equal to its proportion in the population (i.e., φ(0, p0) = p0), whereas if ε > 0,

strain 1 is at a selective disadvantage and its fixation probability will be less than its

proportion. But then for small ε, provided the difference in sterility virulence between

strains is not also negligible, strain 1 will have a higher invasion probability then strain

2 if I(wp=1) > I(wp=0), and so pairwise comparison of invasion probabilities favours

the pathogen strain which grows to greater abundance, a result observed elsewhere

[34]. This is not the same prediction as we obtained from (5.8): there we showed

stochasticity favours the strain minimizing R(wp). Why does this discrepancy arise?

The reason is that if mutations are sufficiently rare such that the population

goes to fixation between mutation events, we can construct a Markov chain on the

state space of possible strain types [103]. In particular, suppose there are n possible

pathogen strains, and let νij be the rate at which strain i mutates to strain j and Ii

be the number of hosts infected with strain i in the population at the moment of the

(rare) mutation. Then

M(i, j) = νijIiφ(εij, 1/Ii) (5.20)

is the rate at which the population transitions from a monomorphic strain i state to
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Figure 5.6: Accuracy of fixation probabilities and absorption time. In subplots a and
c the curves are the predicted probability of fixation (equation (5.19)),
while in subplots b and d the curves are the predicted absorption time
(equation (5.21)). Each curve corresponds to a different value of ε =
{0, 0.01, 0.02}, coloured blue, red, black, respectively. Each circle is the
outcome of 5000 simulations of the exact stochastic process, (5.1), using
Gillespie’s algorithm. For subplots a and b, β(x) = 8/N , b(x) = 4(x +
y1 + 0.386y2), d(x) = 0.25 + N , µ(x) = 0.75 + N , and Ω = 300, where
N = x+y1 +y2. For subplots c and d, β(x) = 2, b(x) = 2(x+y1 +0.5y2),
d(x) = 0.25, µ(x) = 1.15, and Ω = 400.

a monomorphic strain j state [103]. But at selective neutrality, εij = 0, and so by

(5.19) equation (5.20) reduces to M(i, j) = νij. Hence in the absence of mutational

biases, the Markov chain is equally likely to be in any particular state (this is a well
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known result [83, 84, 103]). What we have failed to take into account, however, is

that because the host population size depends upon the composition of the pathogen

population, so too will the expected time from the initial appearance of a mutant

for the population to return to a monomorphic state (or absorption time [52]). As

absorption time increases, so too will the likelihood of new mutations, weakening the

applicability of the sequential-fixation process. Indeed, using standard techniques [52]

(see also Section 1.2.2), when the two strains are selectively neutral, ε = 0, then the

expected time till absorption from an initial state p0 is

T (p0) = (1− p0)

∫ p0

0

[(1− p)R(wp)]
−1 dp+ p0

∫ 1

p0

[pR(wp)]
−1 dp. (5.21)

Logically, we then ask how sterility impacts absorption time, in particular what level

of sterility maximizes (or minimizes) absorption time. If we suppose strain 1 and 2

cause the same level of sterility, then the density of infected hosts, I(wp), is constant

along the slow manifold, and so we can explicitly solve for both the density of suscep-

tibles as well as the density of infecteds. But this implies that R(wp) will be constant

with respect to p, and so we can pull it outside the integral. Thus equation (5.21)

becomes

T (p0) = −(1− p0) ln(1− p0) + p0 ln(p0)

R
, (5.22)

where R ≡ R(wp) with the understanding that it does not actually depend upon p (or

p0). From (5.22) it is apparent that as R becomes large (resp. small), absorption time

will decrease (resp. increase). Thus absorption time is maximized (resp. minimized)

when we have minimized R (resp. maximized R), providing additional support for
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why R(wp) features so prominently in (5.8), and why pairwise comparison of invasion

probabilities is insufficient to assess the evolutionary process for our model.

5.5 Discussion

Previous work has attempted to explain why directly-transmitted (but non-sexual)

pathogens tend to cause limited host sterility. This work has generally assumed the

existence of a sterility-transmission trade-off and then asks what factors will select

against sterility virulence. In large, well-mixed populations, if only the pathogen

evolves then castration is predicted [77, 115]. This has led to the consideration of

other mitigating factors, such as population structure [115, 92] or host (co)-evolution

[18, 105, 13]. Although these models did not directly address the empirical evidence

that STIs are more commonly associated with sterility virulence than other directly-

transmitted (but non-sexual) pathogens [93, 9, 7], other (non-modeling) work has

sought to explain this by arguing that by causing host sterility, STIs may promote

host sexual activity [9]. Thus Apari et. al. [9] hypothesized sterility virulence in STIs

may be “targeted”, providing an adaptive explanation for the observed patterns of

sterility virulence [93, 7].

However, a central assumption of the existing modeling work has been assuming

large (ideally infinite) population sizes, and so has neglected demographic stochas-

ticity. As a result, epidemiological differences between STIs and other directly-

transmitted pathogens, such as the form of transmission function, tend to play a

limited role. Here, by focusing upon finite population sizes we have demonstrated

how stochasticity in combination with epidemiology can explain the observed pat-

terns of sterility virulence, without requiring assumptions about population structure
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or host (co)-evolution. In particular, our results reveal that for directly transmitted

(non-sexual) pathogens, density-dependent transmission alone is sufficient to favour

non-sterilizing pathogens. Moreover, our results show that even if there is a (weak)

selective advantage to sterilizing, stochasticity can be sufficient to overcome selec-

tion (equation (5.17) and Fig. 5.5). On the other hand, because the transmission

dynamics of STIs are typically most appropriately modeled by frequency-dependent

transmission [7], stochasticity will generally favour pathogens which cause some steril-

ity, provided infected hosts experience some form of density-dependent mortality. If

we allow for a selective advantage to sterilizing, then in this case stochasticity and

selection will work in concert to favour sterility virulence.

Our results thus suggest that sterility virulence may indeed be “targeted” to STIs

as argued elsewhere [9]. However, we have demonstrated that such a relationship can

be explained by stochasticity and epidemiology alone, and does not require a selective

advantage to sterility virulence through increased sexual activity of (sterile) infected

hosts. Although our predictions for stochasticity favouring sterilizing STIs requires

some form of density-dependent mortality of infecteds, we would suggest that this

is likely not an overly stringent assumption. The reason for this is because as STIs

are commonly associated with low levels of virulence (other than sterility; [93, 7, 9])

and are often chronic [7], we should not expect being infected to shield/remove in-

dividuals from intraspecific competition that would otherwise occur (since death due

to infection is not rapid/immediate). As such, it seems reasonable to expect that

infected hosts will be subject to predominately the same density-dependent demo-

graphic forces affecting susceptible hosts, and many populations are known to be reg-

ulated by (or subject to) density-dependent adult mortality (e.g., [114, 72, 37, 137]).
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Note as well that although we have focused upon either purely frequency- or purely

density-dependent transmission, our results equally apply to pathogens which expe-

rience mainly frequency- or mainly density-dependent transmission, and thus should

still apply to more complex combinations of frequency- and density-dependent trans-

mission, which sometimes better fit empirical data (e.g., [136, 142, 102]).

Examining the role played by different demographic assumptions has a long his-

tory in life history modeling, with the focus usually upon when evolution admits an

optimization principle [112, 109]. Application of this work to host-pathogen systems

has tended to rely upon deterministic models, and so has predominately considered

when demographic feedbacks can create the potential for adaptive diversification and

evolutionary branching (e.g., [35, 17, 127, 19]), rather than the interplay between

population demography and stochasticity, as we have considered here. Our work thus

suggests an additional implication of demographic assumptions for host-pathogen evo-

lution when finite population sizes are considered, moreover, the framework we have

employed here may be used to investigate other forms of less commonly considered

pathogen virulence (e.g., morbidity) that often have limited evolutionary implications

in deterministic host-pathogen models (but see [41]).

In summary, here we have shown how epidemiology can interact with stochasticity

to explain observed patterns of sterility virulence; in particular why STIs frequently

sterilize whereas sterility virulence in other directly-transmitted pathogens tends to

be limited.
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Chapter 6

Summary and conclusions

This thesis has considered some evolutionary problems related to sexual conflict and

host-pathogen (co)-evolution. Overall, the theme has been some evolutionary conse-

quences of sexual reproduction. Although sexual reproduction can provide benefits,

such as evolutionary protection from pathogens [70] (but see [118]), it also creates

substantial within-species conflict as well as providing a convenient route for the

transmission of pathogens.

We first considered sexual conflict (Chapter 2). Using evolutionary game theory,

we asked whether we might expected a fundamental difference between pre-copulatory

sexual conflict (conflict over mating rate) and post-copulatory sexual conflict (con-

flict over output per mating). By taking into consideration the fact that the post-

copulatory conflict arena is typically the female reproductive tract, we demonstrated

that incorporation of this assumption alone tends to reduce the level of sexual conflict.

As a result, runaway selection and co-evolutionary arms races are far less likely in the

post-copulatory setting. We then extended our findings to provide insights into other

sexual conflict scenarios, such as the evolution of direct benefits and the evolution of

adaptive harm.
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Sexually-transmitted infections (STIs) can have substantial fitness consequences

to hosts [7], and thus may be capable of generating selective pressure upon the

evolution of mating systems. In Chapter 3, we considered how the presence of an

endemic STI in a promiscuous host population can lead to the evolutionary emer-

gence of serial monogamy. We paid particular attention to how different aspects

of pathogen life-history can either promote or discourage monogamy. Sterilizing

pathogens and pathogens with low and high transmissibility tend to select against

monogamy, while pathogens causing mortality virulence and those with intermedi-

ate transmissibility promote monogamy. These findings challenge the conventional

wisdom that monogamy should be most common in the presence of sterilizing STIs.

At a more general level, directly-transmitted pathogens have the potential to

alter interactions between hosts, as hosts attempt to resist infection. Typically, host-

pathogen co-evolution has focused upon scenarios in which the host behaviour/defense

against infection is fixed and does not vary. However, empirical evidence suggests that

in many cases host resistance is an inducible defense triggered by external stimuli, and

as such, should depend upon the virulence of the pathogen strain infecting hosts (i.e.,

hosts exhibit resistance plasticity). In Chapter 4 we incorporated this possibility into

a host-pathogen co-evolutionary model. Our model demonstrates that the predicted

co-evolutionary outcomes can change dramatically, and in general, host resistance

plasticity selects for reduced pathogen virulence, leading to superior fitness outcomes

for both host and pathogen alike.

Finally, sterility virulence is a common attribute in many host-pathogen systems.

Interestingly, sterility virulence is far more commonly associated with STIs then other

directly-transmitted pathogens, and STIs tend to cause limited amounts of other



136

forms of virulence (e.g., mortality). This has led to the suggestion sterility virulence

may be “targeted” and have an adaptive explanation [9]. In Chapter 5 we investigated

how the interaction between epidemiology and finite population size can explain the

observed patterns of sterility virulence. In particular, we showed that when transmis-

sion is density-dependent (a common assumption for directly-transmitted, non-sexual

pathogens), pathogens causing no sterility virulence are stochastically favoured, and

in small populations, this can reverse the direction of selection. On the other hand,

if transmission is frequency-dependent (as in the case of STIs), and infecteds ex-

perience some density-dependent mortality, then sterility virulence is favoured. This

holds even in the absence of any selective advantage to sterilizing. Thus epidemiology

alone is sufficient to explain why sterility virulence may appear “targeted”.



BIBLIOGRAPHY 137

Bibliography

[1] J. L. Abbate, S. Kada, and S. Lion. Beyond mortality: sterility as a neglected
component of parasite virulence. PLoS Pathog., 11, 2015.

[2] J. K. Abbott, P. Innocenti, A. K. Chippindale, and E. H. Morrow. Epigenetics
and sex-specific fitness: an experimental test using male-limited evolution in
Drosophila melanogaster. PLoS ONE, 8, 2013.

[3] S. Alizon, A. Hurford, N. Mideo, and M. van Baalen. Virulence evolution and
the trade-off hypothesis: history, current state of affairs and the future. J. Evol.
Biol., 22:245–259, 2009.

[4] L. J. S. Allen. An Introduction to Stochastic Processes with Applications to
Biology. CRC Press, Boca Raton, FL, 2011.

[5] S. Altizer, C. L. Nunn, P. H. Thrall, J. L. Gittleman, J. Antonovics, A. A. Cun-
ningham, A. P. Dobson, V. Ezenwa, K. E. Jones, A. B. Pedersen, M. Poss, and
J. R. C. Pulliam. Social organization and parasite risk in mammals: integrating
theory and empirical studies. Annu. Rev. Ecol. Evol. Syst., 34:517–547, 2003.

[6] R. M. Anderson and R. M. May. Population biology of infectious diseases: Part
I. Nature, 280:361–367, 1979.

[7] J. Antonovics, M. Boots, J. Abbate, C. Baker, Q. McFrederick, and V. Panjeti.
Biology and evolution of sexual transmission. Ann. N.Y. Acad. Sci., 1230:12–24,
2011.

[8] J. Antonovics and P.H. Thrall. The cost of resistance and the maintenance of
genetic polymorphism in host–pathogen systems. Proc. R. Soc. B, 257:105–110,
1994.

[9] P. Apari, J. D. de Sousa, and V. Muller. Why sexually transmitted infections
tend to cause infertility: an evolutionary hypothesis. PLoS Pathog, 10:e1004111,
2014.



BIBLIOGRAPHY 138

[10] G. Arnqvist and T. Nilsson. The evolution of polyandry: multiple mating and
female fitness in insects. Anim. Behav., 60:145–164, 2000.

[11] G. Arnqvist and L. Rowe. Antagonistic coevolution between the sexes in a
group of insects. Nature, 415:787–789, 2002.

[12] G. Arnqvist and L. Rowe. Sexual Conflict. Princeton University Press, Prince-
ton, New Jersey, 2005.

[13] B. Ashby and M. Boots. Coevolution of parasite virulence and host mating
strategies. Proc. Natl. Acad. Sci., 112:13290–13295, 2015.

[14] B. Ashby and S. Gupta. Sexually transmitted infections in polygamous mating
systems. Phil. Trans. R. Soc. B, 368:1–11, 2013.

[15] M. Begon, M. Bennett, R. G. Bowers, N. P. French, S. M. Hazel, and J. Turner.
A clarification of transmission terms in host-microparasite models: numbers,
densities and areas. Epidemiol. Infect., 129:147–153, 2002.

[16] D.C. Behringer, M.J. Butler, and J.D. Shields. Avoidance of disease by social
lobsters. Nature, 441:421, 2006.

[17] A. Best, A. White, and M. Boots. The implications of coevolutionary dynamics
to host-parasite interactions. Am. Nat., 173:779–791, 2009.

[18] A. Best, A. White, and M. Boots. Resistance is futile but tolerance can explain
why parasites do not always castrate their hosts. Evolution, 64:348–357, 2010.

[19] B. Boldin and E. Kisdi. On the evolutionary dynamics of pathogens with direct
and environmental transmission. Evolution, 66:2514–2527, 2012.

[20] M. H. Bonds. Host life-history strategy explains pathogen-induced sterility.
Am. Nat., 168:281–293, 2006.

[21] M. Boots and R.G. Bowers. Three mechanisms of host resistance to micropara-
sites – avoidance, recovery and tolerance – show different evolutionary dynam-
ics. J. Theor. Biol., 201:13–23, 1999.

[22] M. Boots and Y. Haraguchi. The evolution of costly resistance in host-parasite
systems. Am. Nat., 153:359–370, 1999.

[23] M. Boots and R. J. Knell. The evolution of risky behaviour in the presence of
a sexually transmitted disease. Proc. R. Soc. Lond. B, 269:585–589, 2002.



BIBLIOGRAPHY 139

[24] R. G. Bowers, M. Boots, and M. Begon. Life-history trade-offs and the evolution
of pathogen resistance: competition between host strains. Proc. R. Soc. B,
257:247–253, 1994.

[25] M. A. Cant and S-F Shen. Endogeneous timing in competitive interactions
among relatives. Proc. R. Soc. B, 273:171–178, 2006.

[26] D. Carval and R. Ferriere. A unified model for the coevolution of resistance,
tolerance, and virulence. Evolution, 64:2988–3009, 2010.

[27] T. Chapman. Evolutionary conflicts of interest between males and females.
Curr. Biol., 16:R744–R754, 2006.

[28] T. Chapman, G. Arnqvist, J. Bangham, and L. Rowe. Sexual conflict. Trends
Ecol. Evol., 18:41–47, 2003.

[29] T. Chapman, J. Bangham, G. Vinti, B. Seifried, O. Lung, M. F. Wolfner, H. K.
Smith, and L. Partridge. The sex peptide of Drosophila melanogaster : female
post-mating responses analyzed by using RNA interference. Proc. Natl. Acad.
Sci., 100:9923–9928, 2003.

[30] T. Chapman, L. F. Liddle, J. M. Kalb, M. F. Wolfner, and L. Partridge. Cost
of mating in Drosophila melanogaster females is mediated by male accessory
gland products. Nature, 373:241–244, 1995.

[31] A. Civetta and A. G. Clark. Correlated effects of sperm competition and post-
mating female mortality. Proc. Natl. Acad. Sci., 97:13162–13165, 2000.

[32] T. H. Clutton-Brock. Review lecture: mammalian mating systems. Proc. R.
Soc. Lond. B, 236:339–372, 1989.

[33] T. H. Clutton-Brock and G. A. Parker. Sexual coercion in animal societies.
Anim. Behav., 49:1345–1365, 1995.

[34] G. W. A. Constable, T. Rogers, A. J. McKane, and C. E. Tarnita. Demographic
noise can reverse the direction of deterministic selection. Proc. Nat. Acad. Sci.,
2016.

[35] M. H. Cortez. When does pathogen evolution maximize the basic reproductive
number in well-mixed host-pathogen systems? J. Math. Biol., 67:1533–1585,
2013.

[36] C. E. Cressler, D. V. McLeod, C. Rozins, J. van den Hoogen, and T. Day.
The adaptive evolution of virulence: a review of theoretical predictions and
experimental tests. Parasitology, 143:915–930, 2016.



BIBLIOGRAPHY 140

[37] S. Cubaynes, D. R. MacNulty, D. R. Stahler, K. A. Quimby, D. W. Smith,
and T. Coulson. Density-dependent intraspecific aggression regulates survival
in northern Yellowstone wolves (Canis lupus). J. Anim. Ecol., 83:1344–1356,
2014.

[38] V. Curtis. Why disgust matters. Phil. Trans. R. Soc. B, 366:3478–3490, 2011.

[39] V. Curtis, R. Aunger, and T. Rabie. Evidence that disgust evolved to protect
from risk of disease. Proc. R. Soc. Lond. B, 271:S131–S133, 2004.

[40] E. W. Daly and P. T. J. Johnson. Beyond immunity: quantifying the effects of
host anti-parasite behavior on parasite transmission. Oecologia, 165:1043–1050,
2011.

[41] T. Day. Parasite transmission modes and the evolution of virulence. Evolution,
55:2389–2400, 2001.

[42] T. Day. Modelling the ecological context of evolutionary change: deja vu or
something new? In K. Cuddington and B. E. Beisner, editors, Ecological
Paradigms Lost: Routes of Theory Change. 2005.

[43] F. de Castro and B. Bolker. Mechanisms of disease-induced extinction. Ecol.
Lett., 8:117–126, 2005.

[44] M. D. Dean, G. D. Findlay, M. R. Hoopmann, C. C. Wu, M. J. MacCoss, W. J.
Swanson, and M. W. Nachman. Identification of ejaculated proteins in the
house mouse (Mus domesticus) via isotopic labeling. BMC Genomics, 12, 2011.

[45] F. Debarre, S. Lion, M. van Baalen, and S. Gandon. Evolution of host life-
history traits in a spatially structured host-parasite system. Am. Nat., 179:52–
63, 2012.

[46] F. Dercole and S. Rinaldi. Analysis of Evolutionary Processes. Princeton Uni-
versity Press, Princeton, New Jersey, 2008.

[47] J. M. Diamond. A Darwinian theory of divorce. Nature, 329:765–766, 1987.

[48] K. Dietz and K. P. Hadeler. Epidemiological models for sexually transmitted
diseases. J. Math. Biol., 26:1 –25, 1988.
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Appendix A

Female plasticity tends to reduce sexual conflict

Here we provide a specific example in which the simultaneous game predicts run-

away selection whereas the sequential game does not. We focus on the chase-away

hypothesis as illustrated in Figure 2.2b. To construct such an example, a number of

conditions need to be satisfied, which we list for clarity:

(i) ∂F/∂ρ > 0 and ∂F/∂κ < 0.

(ii) ∂M♀/∂ρ < 0 and ∂M♀/∂κ > 0.

(iii) Female trait is sexually antagonistic, ∂W♂/∂κ < 0.

(iv) Male trait is sexually antagonistic, ∂W♀/∂ρ < 0.

(v) Female best response function, κ♀(ρ), exists and is evolutionarily stable (ES):

[∂2W♀/∂κ2]κ=κ♀(ρ) < 0.

(vi) Male best response function, ρ♂(κ), exists and is ES: [∂2W♂/∂ρ
2]ρ=ρ♂(κ) < 0.

(vii) Female resists male, dκ♀/dρ > 0.

(viii) Male best response is an increasing function of female resistance, dρ♂/dκ > 0.
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(ix) The best response functions, κ♀(ρ) and ρ♂(κ), do not intersect in the positive

quadrant.

(x) For all κ of interest, κ♀(ρ♂(κ)) > κ (see Figure (2.2)b).

Assumptions (i)-(vi) are simply a restatement of our primary model assumptions;

assumption (vii) is because our focus is upon situations in which the female resists

the male (as in the chase-away hypothesis [73]), while assumptions (viii)-(x) ensure

that the simultaneous game predicts runaway selection (see Fig. 2.2).

Now suppose for the sake of this example we can writeM♀(ρ, κ) = m♂(ρ)m♀(κ),

where dm♂/dρ < 0 and dm♀/dκ > 0, so (ii) is satisfied. We will choose m♂(ρ) such

that

1

F
∂F
∂ρ

< − 1

m♂(ρ)

dm♂
dρ

, (A.1)

holds, and so the male trait is sexually antagonistic (condition (iv)); since m♂(ρ) does

not effect the remainder of the analysis we have no need to explicitly specify m♂(ρ)

other than to assume it satisfies equation (A.1). Suppose F(ρ, κ) can be written as a

function of a single variable x, such that F(x) ≡ x/(c0 +x), for constant c0 > 0. Thus

dF/dx > 0, d2F/dx2 < 0. Let x = ρ2g(κ) with g(κ) ≡ c1/(c2 + κ3), for constants

c1, c2 > 0 (condition (i) is satisfied). Note that our choice of F(ρ, κ) will not have a

maximum in terms of ρ as we would often expect in reality; the primary reason for

doing this is to ensure that the best response curves never intersect, no matter how

large ρ becomes, since for mathematical reasons we wish to avoid placing restrictions

on the magnitude of ρ (despite such restrictions existing in nature). Letting m♀(κ) ≡
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κ2, the female best response function is

κ♀(ρ) =

(
2
c1ρ

2 + c0c2

c0

)1/3

, (A.2)

which is an increasing function of ρ (condition (vii)), moreover

∂2W♀
∂κ2

∣∣∣∣
κ♀(ρ)

= − 2c1ρ
2

3(c0c2 + c1ρ2)
m♂(ρ), (A.3)

which is negative for all ρ > 0, so κ♀(ρ) is ES whenever it exists (condition (v)).

Assume the female trait does not effect the male’s expected number of matings (as

in a post-copulatory scenario), and take M♂ ≡ 1/(c3 + c4ρ) for constants c3, c4 > 0.

SinceM♂ does not depend upon κ, the condition ∂F/∂κ < 0 means the female trait

is sexually antagonistic (condition (iii)). Moreover, ρ♂(κ) is the solution of

g(κ) =
c0

(
c4ρ♂ + 2c3

)
c4ρ3

♂
, (A.4)

and so implicitly differentiating with respect to κ and solving for dρ♂/dκ,

dρ♂
dκ

= −
c4ρ

4

♂
2c0

(
c4ρ♂ + 3c3

) dg
dκ

(A.5)

which is positive as dg/dκ < 0, so condition (viii) holds. Finally, taking the second

derivative of relative male fitness with respect to ρ and evaluating at equation (A.4)

gives
∂2W♂
∂ρ2

∣∣∣∣
ρ=ρ♂

= −
c4(c4ρ♂ + 2c3)(c4ρ♂ + 3c3)

ρ♂(c4ρ♂ + c3)4
, (A.6)
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and so the male best response is ES (condition (vi)). Thus we have satisfied conditions

(i)-(viii). We also need to rule out the possibility of a simultaneous game equilibria;

if we substitute κ♀(ρ) from equation (A.2) into equation (A.4), then assuming ρ 6= 0

gives ρ as the solution of

c0
c1c4ρ

3 + 4c1c3ρ
2 + 3c0c2c4ρ+ 6c0c2c3

c4ρ3(2c1ρ2 + 3c0c2)
= 0 (A.7)

which has no positive real solution in terms of ρ, and thus we have satisfied condition

(ix). Finally, to satisfy condition (x), note that since ρ♂(κ) is monotonically increas-

ing in κ, we can solve for κ in terms of ρ♂ for comparison with κ♀(ρ). Doing so (and

denoting κ = κ♂) gives

κ♂ =

(
c1c4ρ

3

♂ − c0c2c4ρ♂ − 2c0c2c3

c0(c4ρ♂ + 2c3)

)1/3

, (A.8)

so as ρ becomes large, κ♂ → (c1ρ
2/c0)

1/3
, whereas from equation (A.2), as ρ becomes

large, κ♀ → (2c1ρ
2/c0)

1/3
. Thus for large ρ, κ♀ > κ♂, and since the best response

curves do not intersect, this must hold for all ρ of interest and so we have satisfied

condition (x). In Figure 2.2, we have plotted this example with parameter values

c0 = 4, c1 = 1, c2 = 0.5, c3 = 3.5, c4 = 0.5. Importantly, although the simultaneous

game predicts runaway selection and a co-evolutionary arms race, relative male fitness

has a maximum along the female best response function and so the sequential game

predicts a co-evolutionary equilibrium as claimed.
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Appendix B

Pathogen evolution under host avoidance plasticity

Here we explicitly derive the one-host, one-pathogen epidemiological system to make

it clear how we have modeled resistance and its costs. We are focused upon the

situation in which transmission is horizontal and density-dependent. In the absence

of resistance, the force of infection for density-dependent transmission is the product

of three terms [15]: i) susceptibles encounter conspecifics at a rate c (x+y), where c is

some positive constant ii) the encounter is with an infected individual with probability

y/(x + y), and iii) given that the contact is with an infected, with probability v

infection is transmitted.

Now how does resistance impact transmission? Mathematically, we are consid-

ering resistance mechanisms which alter the likelihood of individuals moving from

the susceptible to infected compartment. Let ε0 be the probability that, given a

susceptible has encountered an infected, the susceptible does not resist infection; so

with probability 1 − ε0 the susceptible resists. However, in order to resist infection,

a susceptible individual must assess each contact to determine whether or not the

conspecific is infected, and if so, how the susceptible individual should respond. In

taking the time to assess contacts, individuals may expose themselves to predation or
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other mortality risks (e.g., starvation), and these risks scale with resistance: the more

an individual resists infection, the greater the scrutiny they subject each contact to,

exposing themselves to greater mortality risks. Therefore for each contact, with prob-

ability 1−ρ(ε0) the susceptible individual will die, where dρ/dε0 > 0 and 1−ρ(1) = 0,

that is, if an individual does not resist (ε0 = 1), then it incurs no additional risks.

Because each contact requires a susceptible individual to expend time and energy to

evaluate the potential threat, each encounter comes with a penalty. For simplicity,

we assume that when a susceptible encounters another susceptible, the probability it

dies during the encounter is the same as that for a contact with a host infected with

the resident pathogen. In the event a novel pathogen strain enters the population,

if a susceptible host encounters a host infected with the novel strain, the susceptible

host will instantaneously adjust its (plastic) resistance strategy based upon the phe-

notype of the novel pathogen. This causes an instantaneous change in the mortality

risk associated with resistance, altering the probability that during the encounter the

(resisting) susceptible host dies. Combining these assumptions, under host resistance

force of infection is multiplied by the probability the susceptible host survives the

encounter, ρ(ε0), and the probability the host is unable to resist infection, ε0.

The assumption that susceptibles pay a resistance cost for each encounter means

contact between susceptibles must be treated with care. In particular, if two suscep-

tibles come into contact, with probability (1− ρ(ε0))2 both die, resulting in the loss

of 2 individuals from the susceptible class. With probability ρ(ε0)(1 − ρ(ε0)), only

one of the susceptible individuals dies, which can occur in two ways (i.e. individual 1

dies and individual 2 survives or vice versa). Summing these probabilities along with
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their impact upon the change in number of susceptibles gives

2(1− ρ(ε0))2 + ρ(ε0)(1− ρ(ε0)) + (1− ρ(ε0))ρ(ε0) = 2(1− ρ(ε0)).

In the case of a susceptible-infected encounter, only one party is resistant (and thus

paying a cost) and so the computation is clear.

We also must be careful how we handle the rate at which contacts occur between

two susceptible individuals relative to contact between susceptibles and infecteds. Al-

though this does not matter for transmission of the pathogen, it does matter for the

computation of avoidance costs since encounters with either type of individual can

lead to avoidance-related death. The easiest way to think about this is to consider

the total rate at which collisions occur for the entire population; under mass-action,

this is clearly c(x + y)2. Thus the total rate at which collisions involving suscep-

tibles occur is cx2 + 2cxy. Hence in combination with the information regarding

the differential mortality from susceptible-susceptible encounters relative to that of

susceptible-infected encounters, the death rate due to avoidance is

2c ((1− ρ(ε0))x+ (1− ρ(ε0)y)x = 2c(1− ρ(ε0))(x+ y)x.

Combining all the preceding information, the change in state of the population

from t→ t+ ∆ t is

xt+∆ t − xt = b (xt + (1− δ) yt) ∆ t− (c ρ(ε0)v ε0yt + 2c nt(1− ρ(ε0)) + ν nt)xt ∆ t

yt+∆ t − yt =

(
c nt ρ(ε0) v ε0

xt
nt
− (ν + γ) nt

)
yt ∆ t,

(B.1)
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where we have let subscripts denote time (i.e. x(t) ≡ xt), let n ≡ x + y, and we are

ignoring terms of o(∆ t). As before, ν is background mortality rate, γ is pathogen

induced mortality rate, b is the per-capita rate of host reproduction, and (1 − δ) is

the probability an infected host is not sterile.

Before proceeding further, we wish to reduce the number of variables. Let µ ≡

ν + γ, β ≡ c v, ε ≡ ρ(ε0) ε0, and D(ε) ≡ 2c (1 − ρ(ε0)). For brevity, we will let d(ε)

indicate the sum of natural and avoidance-related mortality, that is, d(ε) ≡ D(ε) + ν.

Notice that as dρ/ε0 > 0, d′(ε) < 0. From a biological perspective, ε is the probability

per encounter between a suceptible and infected that transmission occurs. From a

susceptible host’s viewpoint, although 1−ε is the probability the host does not become

infected, it is actually the sum of the probability of death due to resistance, 1−ρ(ε0),

and ‘successfully’ resisting infection, ρ(ε0)(1−ε0) (here ‘success’ means the individual

survives the encounter and is not infected). As both of these processes depend upon

host resistance while also altering the probability of becoming infected we will refer to

1− ε as the probability of resisting infection throughout the remainder of the article.

Using these newly defined variables in (B.1), dividing both equations by ∆ t, and

taking the limit as ∆ t→ 0, the one host, one pathogen system is

ẋ = b x+ b (1− δ) y − ε β y x− d(ε)x (x+ y)

ẏ = ε β y x− µ y (x+ y) .

(B.2)
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Appendix C

Evolution of sterility virulence in finite populations

C.1 Analysis for case (4)

Here we provide the details of our calculations for case (4) of Section 5.4.1; this case

assumed transmission is frequency-dependent and mortality is density-dependent. We

will assume β(x) = β/N , µ(x) = m+α+cN and d(x) = m+cN , wherem, α, and c are

positive constants controlling natural, virulence, and competition-related mortality,

respectively and N = x+ y1 + y2. Then taking the limit Ω→∞ in (5.3) and setting

ν = ε = 0 gives the ODE model

ẋ = b(x)− x (m+ cN + β(x)(y1 + y2))

ẏi = (β(x)−m− α− cN) yi, i = 1, 2.

(C.1)

We will consider two possible birth functions: (i) b(x) = b(x + δ1y1 + δ2y2) and (ii)

b(x) = b(x+δ1y1 +δ2y2)2/N . Here, δi control the degree to which strain i reduces the

fecundity of its host such that δi = 0 corresponds to castration, δi = 1 corresponds

to no sterilizing effects, and so 0 ≤ δ2 < δ1 ≤ 1 (strain 2 always causes greater

sterility then strain 1). The biologic interpretation of the birth functions is that (i)
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assumes asexual hosts, whereas (ii) assumes sexually reproducing hermaphrodites in

which mates are selected at random from the population. Note that for (ii), if we

assume no sex-specific survival/transmission differences and an equal sex-ratio, then

(ii) is equivalent to modeling males and females separately. We will consider both

birth functions to rule out the possibility our results are driven by asexual vs. sexual

reproduction.

Epidemiological analysis

First we wish to determine the existence and local asymptotic stability (LAS) of the

endemic equilibrium (EE) of either strain alone. Before doing so, observe that for both

birth functions the disease-free equilibrium density of susceptibles is xdfe = (b−m)/c,

so we require b > m, while the basic reproductive number of the (neutral) pathogen

strain is R0 = β/(α + b). In order for the pathogen to avoid extinction in the

deterministic model, R0 > 1, and so we have β > α + b > α +m.

Now, the Jacobian of (C.1) evaluated at the strain i alone equilibrium, z =

(x, yi, 0) (with x, yi > 0) is the matrix M ,


∂b
∂x
− b(x)

x
− x

(
∂d
∂x

+ ∂βi
∂x
yi
)

∂b
∂yi
− x

(
∂d
∂yi

+ ∂βi
∂yi
yi + βi(x)

)
∗(

∂βi
∂x
x+ βi(x)− ∂µ

∂x

)
yi

(
∂βi
∂yi
x− ∂µ

∂yi

)
yi ∗

0 0 (βj(x)− βi(x))x


x=z

.

Note that the indexing of i and j is arbitrary in this case, and so our results here can

be equally applied to either the strain 1 or strain 2 alone equilibrium. Matrix M is

block triangular, which is why we do not care about the ∗ entries. The eigenvalue

given by entry M 33 is the invasion fitness of strain j, as it determines whether strain
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j can invade a population composed of strain i at the EE (for system (C.1)). For

epidemiological stability, we are concerned only with the upper 2 × 2 block of M

which we will denote J . As the indexing i and j in J is arbitrary, we will drop the

indices and focus upon the single-strain system (x, y) (for this reason, we also drop

the indices 1 and 2). Therefore to determine local stability of the EE, we can make

use of the Routh-Hurwitz criteria for 2 × 2 matrices: if H is a 2 × 2 matrix such

that its trace is negative, tr(H) < 0, and its determinant is positive, det(H) > 0,

then both eigenvalues of H have negative real part. If H is the 2 × 2 matrix of

the linearized system evaluated at the EE (matrix J), then if both eigenvalues have

negative real part, the EE is LAS.

With this in mind, we now detail the existence and (local) stability of the single-

strain EE, which we will denote as (x̄, ȳ). As there are two birth functions under

consideration, we have two cases.

(i) b(x, y) = b(x+ δy). Here the EE exists if R0 > 1, b > m, and

δ >
(β − b− α)(m+ α)

b(β −m− α)
. (C.2)

The trace and determinant of J are

tr(J) = − (c(x̄+ ȳ) + β − b− α) and det(J) = (β − α− b(1− δ))cȳ,

and since β > α + b, we have tr(J) < 0 and det(J) > 0. Thus the EE is LAS.
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(ii) b(x, y) = b(x+ δy)2/(x+ y). Here the EE exists if R0 > 1, b > m, and

δ >
−b(α +m) +

√
βb(α +m)(β − α)

b(β − α−m)
. (C.3)

The trace of J is

tr(J) = −c(x̄+ ȳ)− β + α + b− b(1− δ)ȳ
x̄+ ȳ

(
1− x̄+ δȳ

x̄+ ȳ

)
,

which is negative, while

det(J) =
bcȳ(x̄+ δȳ)

x̄

(
δ − (1− δ)x̄

x̄+ ȳ

)
.

In order for det(J) > 0, we require δ > (1− δ)x̄/(x̄+ ȳ). At equilibrium,

b(x̄+ δȳ)2

x̄+ ȳ
− x̄

(
m+ c(x̄+ ȳ) +

βȳ

x̄+ ȳ

)
=
b(x̄+ δȳ)2

x̄+ ȳ
− x̄(β − α) = 0,

and so at the EE,

δ = δ̂ =
−bx̄+

√
(β − α)bx̄(x̄+ ȳ)

bȳ
.

Using δ̂, we obtain

δ̂ − (1− δ̂)x̄
x̄+ ȳ

=
−2bx̄(x̄+ ȳ) + (2x̄+ ȳ)

√
bx̄(x̄+ ȳ)(β − α)

bȳ(x̄+ ȳ)

≥
−2bx̄(x̄+ ȳ) + b(2x̄+ ȳ)

√
x̄(x̄+ ȳ)

bȳ(x̄+ ȳ)

=
√
x̄
(√

x̄−
√
x̄+ ȳ

)2
/(ȳ
√
x̄+ ȳ) > 0,
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where we have used β − α > b. Hence det(J) > 0, and so the EE is LAS.

What value of δ maximizes the number of infecteds?

Here we wish to consider the level of sterility which maximizes the number of infecteds.

To determine this, set δ1 = δ2 = δ, and take y = y1 +y2. At demographic equilibrium

the density of infected hosts is I(x), which is provided in (5.12), and this quantity

is maximized when the density of susceptibles is equal to xI , which is provided in

(5.13). Using y = I(x) in ẋ = 0 (from (C.1)), solving for x, setting this value of x

equal to xI and solving for δ gives

δa =
(β + α +m)(β − α− b)

b(β − α−m)
, (C.4)

when reproduction is asexual and

δs =
−b(β + α +m) +

√
ω

b(β − α−m)
, where ω = 2βb(β − α)(β + α +m), (C.5)

when reproduction is sexual.

We are only interested in δa, δs, satisfying δc < δa, δs < 1, where δc is the right

hand side (RHS) of either inequality (C.2) (if we are considering δa) or inequality

(C.3) (if we are considering δs). If δc < δa, or δc < δs, then the endemic equilibrium

exists at δa or δs, whereas if δa < 1 or δs < 1, then pathogens which cause some

non-zero level of sterility will maximize the density of infecteds.

By inspection, δa is greater than the RHS of inequality (C.2). To see that δs is
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greater than the RHS of inequality (C.3), we have

δs − δc =
−bβ +

√
2βb(α +m+ β)(β − α)−

√
βb(α +m)(β − α)

b(β − α−m)

=
√
βb(β − α)

−
√

bβ
β−α +

√
2(α +m+ β)−

√
α +m

b(β − α−m)

≥
√
βb(β − α)

−
√
β +

√
2(α +m+ β)−

√
α +m

b(β − α−m)
.

This is positive since

√
2(α +m+ β) >

√
β +
√
α +m⇔ 2(α +m+ β) > β + α +m+ 2

√
β(α +m)

and

2(α +m+ β)− β − α−m− 2
√
β(α +m) = (

√
α +m−

√
β)2 > 0.

Thus δs > δc. In order for δa < 1, we require

(β + α +m)(β − α− b) < b(β − α−m)⇔ (β + α +m)(β − α) < 2βb,

while in order for δs < 1,

−b(β + α +m) +
√
ω < b(β − α−m)⇔

√
(β − α)(β + α +m) <

√
2βb.

Thus we can conclude that δc < δa, δs < 1 if (β − α)(β + α + m) < 2βb. When this

inequality is satisfied, pathogens causing some non-zero level of sterility will maximize

total pathogen population size.



C.1. ANALYSIS FOR CASE (4) 163

Now how do the various epidemiological parameters alter δa and δs? We claim

that (i) dδk
db

< 0, (ii) dδk
dm

> 0, (iii) dδk
dα

< 0, and (iv) dδk
dβ

> 0, where k ∈ {a, s}. We

show this now.

(i) dδk
db
< 0. Direct calculation reveals

dδa
db

= − δa(β − α)

b(β − α− b)
and

dδs
db

= −
√
ω

2b2(β − α−m)
;

both of which are negative.

(ii) dδk
dm

> 0. Direct calculation reveals

dδa
dm

=
2β(β − b− α)

b(β − α−m)2
,

which is positive, while

dδs
dm

= β
(β − α)(α + β +m) + 2β(β − α)− 2

√
ω

(β − α−m)2
√
ω

> β
(β − α)(α + β +m) + 2βb− 2

√
ω

(β − α−m)2
√
ω

= β
(
√

(β − α)(α + β +m)−
√

2βb)2

(β − α−m)2
√
ω

,

where we used the fact that β − α > b. Thus dδs
dm

> 0 as claimed.

(iii) dδk
dα

< 0. Here we have

dδa
dα

= −2α +m+ b(1− δa)
b(β − α−m)

,
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and

dδs
dα

= −β(2α +m) + (1− δs)
√
ω

(β − α−m)
√
ω

,

which are both negative for all δk ≤ 1.

(iv) dδk
dβ

> 0. Here

dδa
dβ

=
2β +m− b(1 + δa)

b(β − α−m)
,

which is positive since β > b and 0 ≤ δa ≤ 1, while

dδs
dβ

=
(β − α)(β + α +m) + β(2β +m)− (1 + δs)

√
ω

(β − α−m)
√
ω

≥ (β − α)(β + α +m) + β(2β +m)− 2
√
ω

(β − α−m)
√
ω

>
(β − α)(β + α +m) + 2βb+ βm− 2

√
ω

(β − α−m)
√
ω

=
(
√

(β − α)(β + α +m)−
√

2βb)2 + βm

(β − α−m)
√
ω

> 0

where we used 0 ≤ δs ≤ 1, and β > b. Thus dδs/dβ > 0 as claimed.

What value of δ minimizes R(x)?

We know that R(x) is minimized when x = xR, where xR is provided in (5.14). Thus

if we let y = I(x) (provided in (5.12)) in ẋ = 0 (from equations (C.1)), solve for x,

set this equal to xR and solve for δ, we obtain the value of δ minimizing R(x).
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When reproduction is asexual, b(x+ δy), we obtain

δR =
(
√
β(m+ α) +m+ α)(β − b− α)

b(β −m− α)
. (C.6)

Since β > m+α, it follows that the δ maximizing total population size, δa (equation

(C.4)), will be strictly larger than the δ minimizing R(x), that is, δa > δR.

Now how does δR change as we vary the different demographic parameters? Ob-

serve that

δR = δaδ̃, where δ̃ =

√
β(m+ α) +m+ α

β + α +m

Hence dδR
db

= δ̃ dδa
db
< 0 (from Section C.1). It is also easy to compute

dδ̃

dm
=
β(β −m− α + 2

√
β(m+ α))

2
√
β(m+ α)(β + α +m)2

> 0. (C.7)

Thus since dδa
dm

> 0, dδR
dm

= dδa
dm
δ̃+δa

dδ̃
dm

> 0. Similarly, if we compute dδR
dβ

= dδa
dβ
δ̃+δa

dδ̃
dβ

,

and set dδR
dβ

= 0 and solve for β we obtain β∗ = −b+ α + 2m± 2i
√

(b−m)(m+ α);

and so dδR
dβ

will not change sign for valid β. But notice from equation (C.4) that as

β → b + α, δa → 0. So in the event β → b + α, dδR
dβ
→ dδa

dβ
δ̃, and dδa

dβ
> 0 as shown

in Section C.1. Thus dδR
dβ

> 0. Finally, as we change α, the behaviour of δR diverges

from δa. In particular, initially δR is increasing in α, before decreasing and converging

with δa as α→ β − b (see Fig. 5.3).

Unfortunately, it is not possible to obtain an analytic solution when reproduction

is sexual; however numerical results indicate qualitative similarities (see Fig. C.1).
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Figure C.1: Effect of different demographic parameters upon level of sterility, δR
minimizing R(x) when transmission is frequency-dependent, mortality
is density-dependent, and reproduction is sexual. The different curves
in each subplot correspond to varying one of the parameters: subplot a
varies β (from 6.25 ≤ β ≤ 12), subplot b varies b (from 2.5 ≤ b ≤ 4),
and subplot c varies m (from 0.1 ≤ m ≤ 1). In all cases, the thicker the
line, the larger the value of the parameter being varied. Thus in agree-
ment with when reproduction is asexual, δR is increasing in β and m,
decreasing in b, and has a non-monotonic relationship with α. General
parameter values used were β = 7, b = 4, and m = 0.25.

C.2 Extension to n-strains

Our analytic results relied upon calculations done using the 2-strain model. However,

we may be interested in whether our conclusions scale up to the n-strain case. To

determine this, we can numerically simulate the n-strain model to corroborate the

predictions of the 2-strain model (using, for example, Euler-Maruyama method [4]).

In the n-strain case, the SDE system is

dx = A(x)dt+ Ω−1/2C(x)dWt, (C.8)
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where now A(x) is the (n+ 1)× 1 vector with entries

A1(x) = b(x)− x(d(x) +
n∑
i=1

βi(x)yi)

Ai(x) = (βi−1(x)x− µ(x))yi−1 − νyi−1 +
n∑
j=1

νyj
n− 1

, i = 2, ..., n+ 1, j 6= i+ 1

and C(x) is the (n+ 1)× (3n+ 1) matrix with form

C(x) =



√
b(x) + d(x)x 0 · · · −

√
β1(x)xy1 · · · 0 · · ·

0
√
µ(x)y1 · · ·

√
β1(x)xy1 · · · −√νy1 · · ·

0 0 · · · 0 · · ·
√

ν
n−1

y1 · · ·
...

...
...

...

0 0 · · · 0 · · ·
√

ν
n−1

y1 · · ·


.

It follows that dWt is a (3n + 1) × 1 vector of independent Wiener processes. Note

that for computational reasons we are assuming that if νij is the mutation rate of i

to j, we do not have independent rates νik and νi` for k 6= `. This reason for this is it

greatly reduces the number of random numbers we need to generate when simulating

system (C.8).
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