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Abstract 

The focus of this thesis is probabilistic analysis of unreinforced and reinforced soil slopes using the 

random finite element method (RFEM). RFEM combines the finite element method (FEM) with soil 

properties that are described by either random (homogeneous) or spatial variability.   

The RFEM approach is used for the first time to investigate the influence of spatially variable cohesive 

soil strength on probabilistic margins of safety for bearing capacity failure of a footing located close to 

the crest of a slope. Analyses showed that the coefficient of variation and the spatial correlation length of 

soil cohesion can have a large influence on footing bearing capacity, particularly for slopes with large 

height to footing width ratios.  

Probabilistic slope stability analyses of simple geosynthetic reinforced soil slopes were carried out for the 

first time using the shear strength reduction method in combination with the RFEM approach. The FEM 

code was modified to include bar elements to model horizontal layers of geosynthetic reinforcement. 

Analysis results demonstrate that large reductions in probability of failure can be realized by adding 

geosynthetic reinforcement layers to constructed slopes. 

The same modified RFEM code was used to carry out probabilistic stability analyses of constructed 

wrapped-face reinforced slopes (or embankments) using frictional soils. The influence of fill placed at 

different layer thickness and compacted to different levels was simulated by adjusting the soil strength 

and unit weight, and the vertical spatial correlation length in the anisotropic spatially variable strength 

field used in each slope realization. Numerical results showed that vertical spatial correlation lengths 

approaching the magnitude of fill lift heights can control the probability of failure for reinforced slopes 

constructed with weak fills placed in lift heights close to but less than the wrapped reinforcement spacing 

used in the study. 

The RFEM codes developed in this study are used next to carry out numerical simulations of physical 

full-scale unreinforced and reinforced embankments loaded to failure using a strip footing. The results of 
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analyses showed that the assumption of vertical spatial variability in soil properties due to compaction 

was able to capture the observed failure mechanisms in these structures.  
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Co-authorship 

Chapter 2 

Ning Luo modified the RFEM source code (Griffiths and Fenton 2004) to investigate the influence of 

spatial variability of undrained soil shear strength (cohesion) on the bearing capacity of a rigid smooth 

strip footing at or near the crest of a slope with simple geometry. The influence of isotropic spatial 

variability of soil strength was examined first to identify trends, and then some simulations were repeated 

for the case of anisotropic soils which better represent natural soil slope deposits. Ning Luo carried out all 

numerical simulations to investigate the influence of a number of important factors (e.g. slope height, 

footing offset, spatial correlation length and variation of soil cohesion) on the statistical distribution of 

footing bearing capacity and failure mechanisms. The results were also compared to the case of a footing 

resting on level ground. This chapter was published as a full paper in the peer-reviewed technical journal 

Computers and Geotechnics (Luo and Bathurst 2017a). 

Chapter 3 

In this chapter, Ning Luo modified the RFEM source code (Griffiths and Fenton 2004) to include bar 

elements to model reinforcement layers and carry out probabilistic stability analysis of geosynthetic-

reinforced soil slopes. For simplicity in this study, spatial variability of soil properties was not considered. 

The source code was first validated by comparing results of conventional and probabilistic analysis of 

unreinforced slope cases published by Javankhoshdel and Bathurst (2014). Dr. Javankhoshdel supplied 

the data for probabilistic analysis of unreinforced slopes using the limit equilibrium method (LEM) 

described by Javankhoshdel and Bathurst (2014). These results were used to verify the accuracy of the 

source code. Dr. Javankhoshdel offered valuable advice regarding the use of limit equilibrium methods 

for probabilistic analyses of unreinforced slopes. Ning Luo then verified the modified code for the 

reinforced slope cases by comparing results of reinforcement strain distribution, failure surface and factor 

of safety against the results of the commercial finite element program Sigma/W (Geo-Slope Ltd. 2014) 
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and the limit equilibrium analysis program Slope/W (Geo-Slope Ltd. 2012). Finally, Ning Luo carried 

out probabilistic stability analysis of reinforced slopes assuming soil friction angle as a random variable. 

Potential cross-correlation between soil friction angle and unit weight was also studied. This chapter was 

published as a full paper in the peer-reviewed technical journal Computers and Geotechnics (Luo, 

Bathurst and Javankhoshdel 2016).  

Chapter 4 

In this chapter, Ning Luo improved the previous modified RFEM code (mRFEM) by adding the Davis 

approach to improve numerical stability of frictional soils at failure and to extend the reinforcement to 

create a wrapped-face configuration at the slope face. He investigated the influence of random 

(homogeneous) and spatially variable frictional soils on probability of failure and failure mechanisms in 

geosynthetic-reinforced soil slopes. The slopes were constructed with a typical wrapped face and a wide 

range of frictional soils placed and compacted to different densities. The influence of magnitude of 

vertical spatial correlation length and average soil strength on the magnitude of probability of failure and 

type of failure mechanism was explored in detail. A version of this chapter is in press as a full paper in the 

peer-reviewed technical journal Georisk (Luo and Bathurst 2017b). 

Chapter 5 

In this chapter Ning Luo improved the mRFEM code to include nonlinear soil and reinforcement models 

to simulate full-scale tests of unreinforced and geosynthetic-reinforced embankments constructed with 

purely frictional soils and loaded to failure using a strip footing. Experimental data from the full-scale 

tests were provided by Dr. Bathurst. Ning Luo then conducted deterministic and probabilistic analyses 

considering spatial variability of soil strength due to compaction effects. A version of this chapter is in 

review as a full paper in the peer-reviewed technical journal Geosynthetics International (Luo and 

Bathurst 2017c). 
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Chapter 1  

Introduction 

1.1   General 

Stability analysis of simple unreinforced soil slopes can be easily carried out using limit equilibrium 

methods (e.g. Bishop 1955, Morgenstern and Price 1965 and Spencer 1967). In current practice, an 

initial estimate of the margin of safety of an unreinforced soil slope can be made using design charts 

based on limit equilibrium methods (LEMs). For example, Taylor (1937) developed stability charts for 

simple cohesive and cohesive-frictional soil slopes; Baker (2003) extended Taylor’s charts to provide 

information of critical slip circles associated with stability numbers which can help engineers identify the 

potentially unstable zones. Similarly, the stability of geosynthetic-reinforced soil slopes can be estimated 

using limit equilibrium methods that include the tensile forces in reinforcement layers that are intersected 

by a failure mechanism and contribute to slope stability. This general approach has been used to generate 

design charts for geosynthetic-reinforced soil slopes with simple geometry by Schneider and Holtz 

(1986), Leshchinsky and Boedeker (1989), Jewell (1991) and Bathurst and Jones (2001). Commercial 

software packages are available to analyse unreinforced and reinforced soil slopes and embankments with 

complex soil stratigraphy, slope geometry and ground conditions (e.g. Geo-Slope Ltd. 2012). 

The stability of unreinforced and reinforced soil slopes can also be investigated using the finite element 

method (FEM). For example, Zienkiewic et al. (1975) calculated the factor of safety of an unreinforced 

cohesive-frictional soil slope using FEM. Griffiths and Lane (1999) carried out stability analyses of 

unreinforced soil slopes using the shear strength reduction method (Appendix A) implemented within a 

FEM code. Matsui and San (1992) employed the finite element shear strength reduction technique to 

carry out unreinforced and reinforced slope stability analyses. An attractive feature of the finite element 

method is that it can provide detailed information regarding the stress and deformation in the model 

domain as well as reinforcement strains and forces. 
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However, all the aforementioned analyses are deterministic. An important shortcoming for deterministic 

stability analysis of both unreinforced and geosynthetic-reinforced soil slopes is uncertainty in the 

magnitude of the soil properties. Phoon and Kulhawy (1999) pointed out that soil property uncertainty 

can be large due to natural depositional processes in unreinforced soil slopes. For constructed fills, soil 

uncertainty is also present due to inherent soil variability, compaction-induced variability and in some 

cases poor quality control (Essigman 1976; Kim et al. 2010). Hence, the margin of safety of slopes is 

best interpreted in probabilistic terms. Much research using probabilistic analyses to investigate the effect 

of soil uncertainty on the probability of failure of natural soil slopes has been carried out in recent decades 

and the results show that soil uncertainty cannot be ignored (Tang et al. 1976; El-Ramly et al. 2002; 

Cho 2010; Javankhoshdel and Bathurst 2014). Relatively fewer studies focused on probabilistic 

analysis of reinforced soil slopes considering soil uncertainty have been carried out (Kitch 1994; Low 

and Tang 1997; Ferreira et al. 2016; Javankhoshdel and Bathurst 2017). The works cited above used 

limit equilibrium-based methods in combination with Monte Carlo simulation to carry out analyses. An 

important disadvantage of the limit equilibrium method is that the geometry of the slope failure surface 

must be made a priori (Griffiths and Lane 1999). Hence, numerical outcomes with constrained circular 

slip geometry may not find the most critical failure mechanism and thus probabilistic assessment of 

margins of safety may be underestimated. For reinforced slopes, an assumption of the maximum available 

tensile force in each reinforcement layer is also necessary. Tabarroki et al. (2013) also pointed out that 

for probabilistic stability analysis of slopes with spatially variable soil, probabilistic approaches based on 

limit equilibrium methods can encounter convergence problems and overestimate factor of safeties. They 

also showed the robustness of the probabilistic approach based on the finite element method for spatially 

variable soil.  

Probabilistic stability studies for unreinforced slopes using probabilistic approaches and the finite element 

method have been carried out by many researchers (e.g. Wong 1985; Griffiths and Fenton 2004; Jha 

and Ching 2013; Le 2014, amongst others). The most common approach is the random finite element 
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method (RFEM) introduced by Griffiths and Fenton (2004) which combines the finite element method, 

the local average subdivision (LAS) method (Fenton and Vanmarcke 1990) to create random fields of 

soil properties, and Monte Carlo simulation. However, most previous work has focused on the stability 

analysis of simple unreinforced slopes without surface loading. Probabilistic FEM stability analysis of 

unreinforced and reinforced slopes considering external footing loads has not been investigated. Prior to 

this thesis work, the influence of soil uncertainty (spatial variability) on the behaviour of reinforced soil 

slopes and embankments using the random finite element method (RFEM) has not been attempted.  

1.2   Prior related work 

1.2.1   Deterministic stability analyses of soil slopes 

Limit equilibrium methods and the finite element method are the most common approaches to calculate 

factor of safety of unreinforced and reinforced slopes. Limit equilibrium methods for slope stability 

analyses have the advantage of simplicity and familiarity for geotechnical engineers. Early examples are 

the work of Taylor (1937), Bishop (1955) and Spencer (1967) who used concepts of limit equilibrium, 

Mohr-Coulomb soil strength and circular slip geometry to calculate the factor of safety against slope 

failure. Morgenstern and Price (1965) improved the limit equilibrium method by considering general 

shapes of slip surface and not just circular slip surface geometry. The limit equilibrium method approach 

developed for stability analysis of unreinforced slopes was modified to carry out stability analyses of 

geosynthetic-reinforced soil slopes. For example, Schneider and Holtz (1986) developed design charts 

for reinforced slopes assuming a bilinear slip surface, where pore-water pressure and initial stress 

conditions in the slope can also be considered. Leshchinsky and Boedeker (1989) proposed an approach 

for stability analysis of reinforced soil structures on firm foundations based on limit equilibrium method, 

which considers internal and external stability calculations separately.  

The first use of the finite element method for natural soil slope stability analysis dates back to Zienkiewic 

et al. (1975). They used the shear strength reduction technique. Griffiths and Lane (1999) demonstrated 
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the robustness of the combined finite element method and shear strength reduction technique in slope 

stability analyses for both simple and complex ground condition examples. The ability to generate general 

slip surfaces and to detect multiple potential slip surfaces simultaneously using the shear strength 

reduction technique was shown to be superior to traditional limit equilibrium methods. Dawson et al. 

(1999) used the shear strength reduction technique in combination with the finite difference method to 

estimate slope stability. The finite element method has also been used in stability analysis of reinforced 

slopes. Chalaturnyk et al. (1989) performed nonlinear finite element analysis of reinforced soil slopes 

and found that the presence of reinforcement layers can effectively reduce internal strains and stress 

concentrations. They also found that the maximum reinforcing load did not occur in the lowest 

reinforcing layer but rather in a zone centred at about 40% of the embankment height above the 

foundation. Matsui and San (1992) conducted finite element method analyses with the shear strength 

reduction technique for both unreinforced and reinforced slopes; they concluded that good agreement was 

achieved between the numerical results and field observations.   

Comparisons between limit equilibrium method and finite element method for slope stability analysis 

were investigated by Krahn (2003). He pointed out a major limitation of the limit equilibrium method is 

that it doesn’t consider strain and displacement compatibility. He proposed to improve the performance of 

the limit equilibrium method using stress information computed using the finite element method. The 

factor of safety can then be computed by comparing total shear stress and total shear strength of any 

potential slip surface. Hammah et al. (2006) studied the performance of the finite element method - shear 

strength reduction technique in reinforced slope stability analysis and compared results from limit 

equilibrium analyses. They showed that if the output of reinforcement tensile strength from finite element 

analysis was used as input information in the limit equilibrium method, good agreement between both 

approaches could be obtained.  
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1.2.2   Probabilistic interpretation of soil uncertainty 

Most often, probabilistic approaches characterize the variability of soil properties using simple statistics, 

i.e. the mean and standard deviation (the first and the second moments) of the soil property treated as a 

random variable. However, soil properties show strong spatial correlation in reality. Stated more 

specifically, soil samples collected at close locations in the field are more likely to have similar properties 

than samples collected far apart. Hence, soil is heterogeneous. To take into account the spatial correlation 

of soil properties, the random field theory (Vanmarcke 1984) can be used. An important parameter in 

random field theory is spatial correlation length (or scale of fluctuation) which is used to characterize the 

spatial variability of a soil property. A large spatial correlation length means that the soil properties are 

highly correlated within a random field; a small spatial correlation length represents soil properties that 

change rapidly from location to location in a random field. The characterization of soil uncertainty using 

simple mean and standard deviation in probabilistic analyses is an extreme case where the soil spatial 

correlation length is assumed as infinite. For this limiting case the soil is considered to be homogeneous. 

Probabilistic approach that considers spatial variability of soil properties using random field theory is 

referred to as an advanced probabilistic approach. 

1.2.3   Probabilistic stability analyses of soil slopes 

1.2.3.1   Traditional probabilistic approach 

Due to the uncertainty in material property values that appear in slope stability analyses, the margin of 

safety of slopes is best described in probabilistic terms. Most probabilistic analyses combine deterministic 

analysis method (LEM or FEM) and Monte Carlo simulation. Alonso (1976) carried out probabilistic 

stability analysis of slopes in Canadian sensitive clays based on the limit equilibrium method and found 

that the most important sources of uncertainty included cohesion, pore-water pressure and the method of 

analysis. Tang et al. (1976) performed probabilistic stability analysis of soil slopes based on the limit 

equilibrium method for short term design. Matsuo and Kuroda (1974) quantified the uncertainty of soil 
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properties and then carried out probabilistic stability analysis of slopes based on the limit equilibrium 

method and statistical descriptors for the soil properties. Results showed that the slope with a relatively 

low design factor of safety can have an unexpectedly large probability of failure. Wong (1985) carried 

out probabilistic slope stability analysis using the finite element method and the response surface method.  

Much fewer studies of probabilistic stability analyses of reinforced soil slopes appear in the literature. 

Low and Tang (1997) proposed a practical reliability evaluation procedure for stability analysis of 

reinforced embankment on soft ground. In their study the limit equilibrium method was used. Xu and 

Low (2006) used a similar approach to study the reliability of slope stability problem. Javankhoshdel 

and Bathurst (2014) produced probabilistic stability design charts for simple reinforced soil slopes using 

the limit equilibrium method and Monte Carlo simulation. Ferreira et al. (2016) carried out probabilistic 

stability analysis of steep reinforced slopes using a limit equilibrium method approach. The soil strength 

parameters and the surcharge load were found to be the most important factors controlling reliability 

analysis outcomes in their study. Javankhoshdel and Bathurst (2017) investigated deterministic and 

probabilistic failure mechanisms for simple geosynthetic reinforced soil slopes with purely frictional and 

cohesive-frictional soils based on the limit equilibrium method. They also considered the influence of 

cross correlation between soil strength parameters on the probability of failure of reinforced soil slopes. 

They showed that practical values of cross correlation coefficient reduced the maximum probability of 

failure for both internal and external failure modes. 

1.2.3.2   Advanced probabilistic approach 

By merging the random field theory of Vanmarcke (1984) with traditional probabilistic approaches, 

more advanced probabilistic analyses can be carried out which consider soil spatial variability explicitly. 

El-Ramly et al. (2002) carried out probabilistic slope stability analysis based on limit equilibrium 

analysis together with spatial variability of soil properties. They showed that simple probabilistic analysis 

using the first order second moment method can be erroneous and misleading. Cho (2010) combined 

random field theory, limit equilibrium method (Bishop`s simplified method) and Monte Carlo simulation, 
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and showed that spatial variability of soil properties can have large influence on the probability of failure 

of slopes. Griffiths and Fenton (2004) combined random field theory, finite element method and Monte 

Carlo simulation to carry out probabilistic stability analysis of soil slopes. Their approach, is called the 

random finite element method (RFEM), can takes into account soil spatial variability explicitly. The 

advanced random finite element method offers an importance advantage over other probabilistic slope 

stability approaches based on limit equilibrium method because it allows slope failures to develop 

naturally by seeking out the weakest path. When spatial variability of soil shear strength is considered, the 

finite element method-based methodology can capture complex failure mechanisms with non-regular 

multiple failure paths, which is difficult for limit equilibrium based approaches. The random finite 

element method was used to carried out probabilistic stability analysis of soil slopes by other researchers 

(e.g. Jha and Ching 2013; Le 2014).  

Comparisons between advanced probabilistic slope stability analysis approaches based on limit 

equilibrium and finite element methods have also been investigated. Tabarroki et al (2013) carried out 

probabilistic slope stability analysis by combining random field theory with deterministic limit 

equilibrium and finite element methods. They demonstrated that limit equilibrium analysis with random 

soil property fields can encounter multiple numerical issues unless noncircular slip surface and inter-slice 

force function are carefully chosen. On the contrary, the finite element shear strength reduction technique 

was found to be more robust for slope stability analysis with random fields of soil properties. 

Javankhoshdel et al. (2016) presented detailed comparisons of probabilistic slope stability analysis 

results based on limit equilibrium and the finite element methods for unreinforced cohesive slopes. 

Spatial variability was considered using random field theory. The differences and agreements between 

two approaches for a range of situations were identified. One important observation was that worst-case 

scale of fluctuations typically occurred with probabilities of failure that were above values that would 

result in exclusion of a cut slope geometry for consideration as a design option. Hence, the worst-case 

scale of fluctuation in spatial variability for these slopes was largely of academic interest and more 



8 

 

practical lower probability of failure outcomes could be achieved assuming random (homogenous) 

cohesive strength with the same statistical mean and coefficient of variation.  

1.2.4   Deterministic and probabilistic bearing capacity analysis of footings placed near the slope 

crest 

The stability of loaded slopes is of practical interest to geotechnical engineers. Many researchers carried 

out bearing capacity analyses of footings placed near the slope crest. Meyerhof (1957) presented design 

charts for estimating bearing capacity of footings placed on level ground and at the crest of a slope for 

purely cohesive and frictional soils. Azzouz et al. (1983) investigated three dimensional effects of loaded 

areas on purely cohesive soil slopes. Shields et al. (1990) proposed a design method and produced design 

charts for purely cohesive and frictional soils based on results of centrifuge tests. Georgiadis (2010) 

produced a series of design charts for bearing capacity of strip footings on cohesive soil slopes by 

carrying out extensive finite element analyses. Leshchinsky (2015) produced design charts for bearing 

capacity of strip footings placed adjacent to cohesive frictional soil slopes using limit analysis.  

The effect of including reinforcement layers in man-made slopes supporting a footing has been 

investigated by researchers. Huang et al. (1994) presented a series of small-scale test results for strip 

footings placed on both unreinforced and reinforced sand slopes loaded to failure. Huang and Tatsuoka 

(1994) then carried out stability analyses of these test using the limit equilibrium method. The 

reinforcement layers played a significant role in increasing the bearing capacity of the footing. 

To understand the mechanisms of loaded unreinforced and reinforced slopes, other researchers (e.g. Yoo 

2001; El Sawwaf 2007; Alamshahi and Hataf 2009; Gill et al. 2013) conducted various small-scale 

tests of strip footings placed on unreinforced or reinforced slopes. In these studies, finite element analyses 

were also used to further investigate the behaviour of footing and reinforcement layers. Bathurst et al. 

(2003) conducted full-scale tests of strip footings placed close to the crest of unreinforced and reinforced 

sand slopes and carefully monitored the performance of the structures including strain in the 
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reinforcement layers during loading up to and including footing failure. Blatz and Bathurst (2003) then 

carried out stability analysis of the tests using a two-part wedge limit equilibrium method. They obtained 

good agreement with respect to collapse loads but the predicted and observed failure mechanisms were 

not in agreement. They ascribed the discrepancy to the effect of anisotropy in the compacted soil lifts.      

This review of the prior related literature shows that probabilistic analysis of slope stability due to surface 

footings seated on spatially variable soil using the random finite element method (RFEM) has not been 

attempted and analysis of reinforced soil slopes with both random homogeneous and spatially variable 

soils using the RFEM is yet to be investigated.  

1.3   Random finite element method 

1.3.1   Random field simulation 

A major feature of the work presented in this thesis is the use of spatial variability to quantify uncertainty 

in the distribution of soil properties. The essential features of the method used in this thesis work to 

generate random fields are explained here.    

1.3.1.1   Spatial correlation between two points 

There are different decaying functions that can be used to describe the spatial correlation between two 

points (Fenton and Griffiths 2008). One of the most commonly used decaying functions is the 

Markovian spatial correlation function. The correlation coefficient between soil properties at two different 

locations can be calculated as:  

ρ(τx, τy) = exp{− √(
2τx
θx
)
2

+ (
2τy

θy
)

2

} [1.1] 

where, ρ is the correlation coefficient between two points at different locations with absolute horizontal 

and vertical separations equal to τx and τy, respectively. x and y are the corresponding spatial correlation 
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lengths in horizontal and vertical directions, respectively. x and y are usually the input parameters in 

probabilistic analyses and can be estimated from data obtained from field test (e.g. cone penetration tests 

(CPT)).  

1.3.1.2   Random field generation using covariance matrix decomposition 

With proper selections of spatial correlation function and prescribed spatial correlation lengths, 

covariance matrix C containing spatial correlation coefficients among different points within a two 

dimensional domain can be obtained  

𝐂 =  [

𝜌11 ⋯ 𝜌1𝑛
⋮ ⋱ ⋮
𝜌𝑛1 ⋯ 𝜌𝑛𝑛

] [1.2] 

where n is the total number of points. Then, a random field Z can be generated according to   

𝐙 = 𝐋𝐔 [1.3] 

where L is a lower triangular matrix satisfying 𝐋𝐋𝐓 = 𝐂 which can be obtained using Cholesky 

decomposition and U is a vector of random variables following standard normal distribution.  

The random field generated using covariance decomposition method is a random process with discrete 

points. This type of random field is limited in practical use since infinite dimension of the random field is 

required to completely describe the target area. Moreover, in geotechnical engineering, soil properties are 

usually measured using soil samples with finite volume rather than at a point, which is obviously not 

feasible. Hence, the random field generated by covariance matrix decomposition method is at best an 

approximation where a point value is used to represent the local average value over a certain domain.  

1.3.1.3   Random field generation using local average subdivision method (LAS)  

To generate random fields which consider local average effect, the local average subdivision method 

(Fenton and Vanmarcke 1990) can be used. The major advantage of this method is that the local 
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average values generated are well suited to finite element modelling, i.e. each local average generated 

corresponds to the average property of each element in a finite element mesh. Since the local average 

subdivision method considers scale effects, the statistics of the random property mapped onto each 

element will change as the size of the finite element change to achieve an overall statistical consistency.  

In the LAS method, a subdivision process is used to divide a parent cell into smaller cells (four equal size 

child cells). In Figure 1.1, the parent cells are denoted as Zl
i and the child cells are denoted as Zj

i+1, where 

i = 1, 2, … and j = 1, 2, 3, 4. For simplicity, Figure 1.1 only shows the subdivision of parent cell Z5
i . Each 

parent cell is subdivided in the same manner following certain statistical rules in order to maintain the 

prescribed overall statistics. For complete description of the LAS algorithm, see Fenton and Griffiths 

(2008). 

1.3.2   Random finite element method 

The random finite element method is an advanced probabilistic analysis approach that combines the finite 

element method, random field theory and Monte Carlo simulation (Griffiths and Fenton 2001, 2004). 

Based on the assumed probability density function, a random field of soil property (e.g. friction 

coefficient) is generated using the local average subdivision method (LAS) developed by Fenton and 

Vanmarcke (1990) in each Monte Carlo realization. The generated random field is then mapped onto the 

finite element mesh. The underlying Gaussian random field can be generated using a correlation 

coefficient function such as the Markov correlation coefficient function (Fenton and Griffiths 2008). 

Finite element analysis is carried out for each random field realization. The statistics of interest are 

compiled from the results of all realizations. For example, in the chapters to follow 100 to 10000 

realizations were carried out depending on the problem investigated.   

For the unloaded slope stability problem, the factor of safety is of interest while for the footing bearing 

capacity problem the ultimate bearing capacity is more important. Repeating the analysis using the Monte 

Carlo sampling technique (e.g. 1000 times), statistics of factor of safety or ultimate footing bearing 
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capacity can be computed and the effects of soil uncertainty on structure response can be obtained. By 

adjusting the value of spatial correlation length, both traditional probabilistic analysis (random 

homogeneous case) and advanced probabilistic analysis (spatial variable case) can be carried out. Figure 

1.2a, Figure 1.2b and Figure 1.2c show different scenarios of probabilistic stability analysis of 

reinforced slopes considering only random (homogeneous) variability, isotropic and anisotropic spatial 

variability of soil friction coefficient in Monte Carlo realizations, respectively. Dark elements represent 

strong soil while light elements represent weak soil. In Figure 1.2a the soil is homogeneous, i.e. the soil 

friction coefficient for each soil element is the same. In Figure 1.2b the soil friction coefficient in each 

element is different but spatially correlated.  

1.4   RFEM software package 

In this study, the open-source RFEM code described by Fenton and Griffiths (2008) and freely available 

at “http://courses.engmath.dal.ca/rfem/” is used. In particular, the subprogram “mrslope2d” developed by 

Griffiths and Fenton (2004) is modified to fit the research needs of this thesis work. This program was 

originally developed for probabilistic stability analysis of unloaded and unreinforced soil slopes based on 

random finite element method. The deterministic slope stability analysis part of the code (Program 6.4, 

Smith et al. 2014) is based on the shear strength reduction method. This program is for two-dimensional 

slope stability analysis of unreinforced slopes with elastic-perfectly plastic soils governed by the Mohr-

Coulomb failure criterion. The probabilistic part of the code includes generation of random field and 

Monte Carlo simulation.  

1.5   Objectives of the research program 

The major research objectives of this thesis work are: 

1) Verify the accuracy of the FEM component of the original and modified RFEM source code 

where possible for unreinforced soil slopes using commercially available software packages 

(deterministic only).  

http://courses.engmath.dal.ca/rfem/
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2) Investigate the influence of random (homogeneous) variability and spatial variability of soil 

properties on the bearing capacity of footings placed adjacent to the crest of unreinforced 

cohesive soil slopes. The effect of soil anisotropy is also considered.  

3) Modify the RFEM source code to include horizontal reinforcement layers in order to analyze 

reinforced slopes and then verify the accuracy of the FEM component by comparing 

numerical results to those from a commercial finite element program (deterministic only). 

4) Extend the utility of the FEM component in the original RFEM package to include  

a) nonlinear-elastic soil properties (Duncan and Chan 1970); 

b) the Davis (1986) approach to improve numerical stability of frictional soils at collapse; 

c) include wrapped-face reinforcement at the slope face; 

d) isochronous load-strain behaviour of polyolefin geosynthetic soil reinforcement products.  

5) Investigate the influence of random (homogeneous) variability and spatial variability of soil 

properties on the probability of failure of reinforced slopes constructed with frictional soil and 

the distribution of reinforcement tensile loads. The compaction induced anisotropy of soil 

properties is also considered.  

6) Use the modified finite element model code to investigate the effect of compaction-induced 

anisotropy on the failure mechanisms and footing bearing capacity of full-scale unreinforced 

and reinforced embankments loaded by a strip footing. 

1.6   Impact 

In current routine design of unreinforced and reinforced soil slopes, the influence of soil uncertainty is not 

considered. However, uncertainty (variability) in soil properties can have a large influence on the 
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probability of failure for natural soil slopes, and unreinforced and reinforced slopes and embankments 

with constructed fills. 

Equally important is the observation that a slope that appears to have a satisfactory margin of safety based 

on conventional notions of deterministic factor of safety may have an unacceptable margin of safety when 

the same slope is examined within a probabilistic framework. However, geotechnical engineers are often 

not familiar with probability concepts and their applications in practice. This study will have the 

following impact on geotechnical unreinforced and reinforced soil slope design in practice: 

1) Provide probabilistic stability analysis RFEM tools for the analysis of unreinforced and 

reinforced soil slope tools based on a robust finite element method code. 

2) Improve the understanding of failure mechanisms for reinforced soil slopes and 

embankments. 

3) Increase the fundamental understanding of behaviour of footings placed adjacent to the crest 

of unreinforced and reinforced embankments constructed with purely frictional soils. 

4) Provide bench mark numerical modelling results that can be used by other researchers to test 

the veracity of both deterministic and probabilistic analyses of reinforced and reinforced soil 

embankments using other numerical models.   

5) Provide insight on the influence of soil spatial variability on failure mechanisms and 

probability of failure for reinforced soil slope design.  

6) The results of this study will help to promote understanding and acceptance of probabilistic 

analysis by practicing geotechnical engineers as a practical approach to assess the margin of 

safety for unreinforced and reinforced slope design and to view this approach as a 

complimentary tool to conventional deterministic approaches.  
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1.7   Outline of the thesis 

This thesis includes six chapters. Chapter 1 and Chapter 6 are introduction chapter and summary 

chapter, respectively. Chapters 2 to 5 are written in manuscript form for separate publication. Each of 

them is self-contained and independent of the other chapters with its own introduction, results, 

conclusions and references.  

Chapter 1 presents a brief literature review, an outline of research and the main objectives of this thesis 

work.  

Chapter 2 reports probabilistic bearing capacity analysis of strip footings placed adjacent to the crest of 

cohesive soil slopes. In this chapter the variability of soil cohesion is considered as a random variable. 

The bearing capacity of the footing on spatially variable ground is investigated for a range of slope height. 

The results are also compared to probabilistic footing bearing capacity on level ground reported in the 

literature. As the footing is placed closer to the slope crest, the probability of design failure is greater 

compared to cases with the footing seated on level ground.  

Chapter 3 presents the modification and development of a finite element program for stability analysis of 

reinforced slopes. Verification of the modified source code is presented. Using this code, a probabilistic 

parametric study is carried out to investigate the influence of soil friction coefficient on the probability of 

failure of the slope. The cross-correlation between soil friction angle and soil unit weight is also studied.  

Chapter 4 describes probabilistic stability analysis of reinforced soil slopes using both traditional and 

more advanced probabilistic approaches. Compaction-induced anisotropy is shown to have significant 

influence on the probability of failure, distribution of reinforcement tensile forces and failure 

mechanisms.  

Chapter 5 extends the work in previous chapters using improved reinforcement and soil models to 

simulate full-scale loading tests of strip footings placed on unreinforced and reinforced embankments 
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constructed with frictional soil. The test results are compared to numerical results. Using the finite 

element model described in the previous chapter, probabilistic analyses are carried out. Consideration of 

vertical spatial variability of soil shear strength due to soil compaction is demonstrated to give a better 

agreement with the observed failure mechanisms in the physical embankments compared to predictions 

assuming random (homogenous) distributions of soil shear strength.  

Finally, Chapter 6 summarises the main conclusions from this thesis work and proposes 

recommendations for future research.  

1.8   References 

Alonso, E.E. 1976. Risk analysis of slopes and its application to slopes in Canadian sensitive clays. 

Geotechnique, 26(3): 453-472. 

Alamshahi, S. and Hataf, N. 2009. Bearing capacity of strip footings on sand slopes reinforced with 

geogrid and grid-anchor. Geotextiles and Geomembranes, 27: 217-226. 

Azzouz, A.S. and Baligh, M.M. 1983. Loaded areas on cohesive slopes. Journal of Geotechnical 

Engineering, 109(5): 724-729. 

Baker, R. 2003. A second look at Taylor’s stability chart. Journal of Geotechnical and Geoenvironmental 

Engineering, 129: 1102-1108. 

Bathurst, R.J., Blatz, J.A. and Burger, M.H. 2003. Performance of full-scale reinforced embankments 

loaded to failure. Canadian Geotechnical Journal, 40(6), 1067-1083. 

Bathurst, R.J. and Jones, C.J.F.P. 2001. Chapter 17: Earth retaining structures and reinforced slopes. 

Geotechnical and Geoenvironmental Engineering Handbook, Kluwer Academic 

Publishing, Norwell, MA, U.S.A. (R.K. Rowe, Editor): 1088.  

Bishop, A.W. 1955. The use of the slip circle in the stability analysis of slopes. Geotechnique, 5(1): 7-17. 



17 

 

Blatz, J.A. and Bathurst, R.J. 2003. Limit equilibrium analysis of large-scale reinforced and unreinforced 

embankments loaded by a strip footing. Canadian Geotechnical Journal, 40: 1084-1092. 

Chalaturnyk, R. J., Scott, J. D., Chan, D. H. K. and Richards, E. A. 1990. Stresses and deformations in a 

reinforced soil slope. Canadian Geotechnical Journal, 27(2): 224-232, https://doi.org/10.1139/t90-

026. 

Cho, S.E. 2010. Probabilistic assessment of slope stability that considers the spatial variability of soil 

properties. Journal of Geotechnical and Geoenvironmental Engineering, 136(7): 975-984. 

Dawson, E.M., Roth, W.H. and Drescher, A. 1999. Slope stability analysis by strength reduction. 

Geotechnique, 49(6): 835-840. 

Duncan, J.M. 1996. State of the art: limit equilibrium and finite-element analysis of slopes. Journal of 

Geotechnical Engineering, 122(7): 577-596. 

El-Ramly, H., Morgenstern, N.R. and Cruden, D.M. 2002. Probabilistic slope stability analysis for 

practice. Canadian Geotechnical Journal, 39(3): 665-683. 

El Sawwaf, M.A. 2007. Behavior of strip footing on geogrid-reinforced sand over a soft clay slope. 

Geotextiles and Geomembranes, 25: 50-60. 

Essigman, M. F. 1976. An examination of the variability resulting from soil compaction: interim report. 

Publication FHWA/IN/JHRP-76/28. Joint Highway Research Project, Indiana Department of 

Transportation and Purdue University, West Lafayette, Indiana, 

https://doi.org/10.5703/1288284313934. 

Fenton, G.A. and Griffiths, D.V. 2008. Risk assessment in geotechnical engineering. New York, NY, 

USA: John Wiley & Sons. 

https://doi.org/10.5703/1288284313934


18 

 

Fenton, G.A. and Vanmarcke, E.H. 1990. Simulation of random fields via local average subdivision. 

Journal of Engineering Mechanics, 116(8): 1733-1749. 

Ferreira, F.B., Gomes, A.T., Vieira, C.S. and Lopes, M.L. 2016. Reliability analysis of geosynthetic-

reinforced steep slopes. Geosynthetics International, 23(4): 301-315. 

Georgiadis, K. 2010. Undrained bearing capacity of strip footings on slopes. Journal of Geotechnical and 

Geoenvironmental Engineering, 136(5): 677-685. 

Geo-Slope Ltd. 2012. Slope/W for slope stability analysis: User’s guide. Geo-Slope International Ltd., 

Calgary, Canada. 

Gill, K.S., Choudhary, A.K., Jha, J.N. and Shukla, S.K. 2013. Experimental and numerical studies of 

loaded strip footing resting on reinforced fly ash slope. Geosynthetics International, 20(1): 13-25. 

Griffiths, D.V. and Fenton, G.A. 2001. Bearing capacity of spatially random soil: the undrained clay 

Prandtl problem revisited, Geotechnique, 51(4): 351-359. 

Griffiths, D.V. and Fenton, G.A. 2004. Probabilistic slope stability analysis by finite elements. Journal of 

Geotechnical and Geoenvironmental Engineering, 130(5): 507–518.  

Griffiths, D.V. and Lane, P.A. 1999. Slope stability analysis by finite elements. Geotechnique, 49(3): 

387-403. 

Griffiths, D.V. and Yu, X. 2015. Another look at the stability of slopes with linearly increasing undrained 

strength. Geotechnique, 65(10): 824-830. 

Hammah, R., Yacoub T. and Curran, J. 2006. Investigating the performance of the shear strength 

reduction (SSR) method on the analysis of reinforced slopes. Proceedings of 59th Canadian 

Geotechnical Conference, Vancouver, Canadian Geotechnical Society, pp. 371-375. 



19 

 

Hinchberger, S.D. and Rowe, R.K. 2003. Geosynthetic reinforced embankments on soft clay foundations: 

predicting reinforcement strains at failure. Geotextiles and Geomembranes, 21:151-175. 

Huang, C.C. and Tatsuoka, F. 1994. Stability analysis for footings on reinforced sand slopes. Soils and 

Foundations, 34(3): 21-37. 

Huang, C.C., Tatsuoka, F., and Sato, Y. 1994. Failure mechanisms of reinforced sand slopes loaded with 

a footing. Soils and Foundations, 34(2): 27-40. 

Javankhoshdel, S. and Bathurst, R.J. 2014. Simplified probabilistic slope stability design charts for 

cohesive and c- soils. Canadian Geotechnical Journal, 51(9): 1033–1045.  

Javankhoshdel, S. and Bathurst, R. J. 2017. Deterministic and probabilistic failure analysis of simple 

geosynthetic reinforced soil slopes. Geosynthetics International, 24(1): 14-29. 

Javankhoshdel, S., Luo, N. and Bathurst, R.J. 2016. Probabilistic analysis of simple slopes with cohesive 

soil strength using RLEM and RFEM. Georisk (online). 

(http://dx.doi.org/10.1080/17499518.2016.1235712). 

Jewell, R.A. 1991. Application of revised design charts for steep reinforced slopes. Geotextiles and 

Geomembranes, 10(3): 203-233. 

Jha, S.K. and Ching, J. 2013. Simplified reliability method for spatially variable undrained engineered 

slopes. Soils and Foundations, 53(5): 708-719. 

Kim, H., M. Prezzi, and R. Salgado. 2010. Use of dynamic cone penetration and clegg hammer tests for 

quality control of roadway compaction and construction. Publication FHWA/IN/JTRP-2010/27. 

Joint Transportation Research Program, Indiana Department of Transportation and Purdue 

University, West Lafayette, Indiana, https://doi.org/10.5703/1288284314246. 

https://doi.org/10.5703/1288284314246


20 

 

Kitch, W. 1994. Deterministic and probabilistic analyses of reinforced soil slopes. Ph.D. Dissertation, 

University of Texas, Austin, TX. 

Kitch, W.A., Gilbert, R.B. and Wright, S.G. 2011. Probabilistic assessment of commercial design guides 

for steep reinforced slopes: Implications for design. Reston, VA: ASCE Proceedings of Georisk 

2011, Atlanta, Georgia. 

Krahn, J. 2003. The 2001 R.M. Hardy lecture: the limits of limit equilibrium analyses. Canadian 

Geotechnical Journal, 40: 643-660. 

Le, T.M.H. 2014. Reliability of heterogeneous slopes with cross-correlated shear strength parameters. 

Georisk, 8(4): 250-257. 

Lee, K.M., and Manjunath, V.R. 2000. Experimental and numerical studies of geosynthetic-reinforced 

sand slopes loaded with a footing. Canadian Geotechnical Journal, 37: 828-842. 

Leshchinsky, B. 2015. Bearing capacity of footings placed adjacent to c’-’ slopes. Journal of 

Geotechnical and Geoenvironmental Engineering, 141(6): 04015022. 

Leshchinsky, D. and Boedeker, R.H. 1989. Geosynthetic reinforced soil structures. Journal of 

Geotechnical Engineering, 115(10): 1459-1478. 

Low, B.K. and Tang, W.H. 1997. Reliability analysis of reinforced embankments on soft ground. 

Canadian Geotechnical Journal, 34(5): 672-685. 

Matsui, T and San, K. 1992. Finite element slope stability analysis by shear strength reduction technique. 

Soils and Foundations, 32(1): 59-70. 

Matsuo, M. and Kuroda, K. 1974. Probabilistic approach to design of embankments. Soils and 

Foundations, 14(2): 1-17. 



21 

 

Meyerhof, G.G. 1957. The ultimate bearing capacity of foundations on slopes. The Proceedings of the 

Fourth International Conference on Soil Mechanics and Foundation Engineering, London, 384-

386. 

Morgenstern, N.R. and Price, V.E. 1965. The analysis of the stability of general slip surfaces. 

Geotechnique, 15(1): 79-93. 

Phoon, K.K. 2008. Reliability-Based Design in Geotechnical Engineering: Computations and 

Applications. London and New York: Taylor & Francis. 

Phoon, K.K. and Kulhawy, F.H. 1999. Characterization of geotechnical variability. Canadian 

Geotechnical Journal, 36(4): 612-624. 

Schneider, H.R. and Holtz, R.D. 1986. Design of slopes reinforced with geotextiles and geogrids. 

Geotextiles and Geomembranes, 3(1): 29–51. 

Shields, d., Chandler, N. and Garnier, J. 1990. Bearing capacity of foundations in slopes. Journal of 

Geotechnical Engineering, 116(3): 528-537. 

Smith, I.M., Griffiths, D.V. and Margetts, L. 2014. Programming the finite element method. 5th edn, 

Chichester, UK: John Wiley & Sons. 

Spencer, E. 1967. A method of analysis of the stability of embankments assuming parallel inter-slice 

forces. Geotechnique, 17: 11-26. 

Srbulov, M. 2001. Analyses of stability of geogrid reinforced steep slopes and retaining walls. Computers 

and Geotechnics, 28: 255-268. 

Tabarroki, M., Ahmad, F., Banaki, R., Jha, S.K. and Ching J. 2013. Determining the factors of safety of 

spatially variable slopes modeled by random fields. Journal of Geotechnical and 

Geoenvironmental Engineering, 139(12): 2082-2095. 



22 

 

Tang, W.H., Yucemen, M.S. and Ang, A.H.–S. C. 1976. Probability-based short term design of soil 

slopes. Canadian Geotechnical Journal, 13(3): 201–215. 

Taylor, D.W. 1937. Stability of earth slopes. Boston Society of Civil Engineers, 24(3): 197-246. 

Vanmarcke, E. H. 1984. Random fields: Analysis and synthesis, MIT Press, Cambridge, Mass. 

Wong, F.S. 1985. Slope reliability and response surface method. Journal of Geotechnical and 

Geoenvironmental Engineering, 111(1): 32-53. 

Xu, B. and Low, B.K. 2006. Probabilistic stability analyses of embankments based on finite-element 

method. Journal of Geotechnical and Geoenvironmental Engineering, 132(11):1444-1454. 

Yang, K.-H., Zornberg, J.G., Liu, C.-N. and Lin, H.-D. 2012. Stress distribution and development within 

geosynthetic-reinforced soil slopes. Geosynthetics International, 19(1): 62–78. 

Yoo, C. 2001. Laboratory investigation of bearing capacity behaviour of strip footing on geogrid-

reinforced sand slope. Geotextiles and Geomembranes, 19: 279-298. 

Zienkiewicz, O.C., Humpheson, C. and Lewis, R.W. 1975. Associated and non-associated visco-plasticity 

and plasticity in soil mechanics. Geotechnique, 25(4): 671-689.  



23 

 

Figure 1.1 Local average subdivision process in a two dimensional domain (Fenton and Griffiths 2008). 
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Figure 1.2 Distribution of soil strength in realizations for reinforced soil slope model with: (a) random 

(homogenous) variability; (b) isotropic spatial variability; (c) anisotropic spatial variability. 
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Figure 1.2 (continued) 
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Chapter 2  

Reliability Bearing Capacity Analysis of Footings on Cohesive Soil Slopes 

Using RFEM
1
 

2.1   Introduction 

The calculation of footing bearing capacity when the footing is located behind and in close proximity to 

the crest of a slope has been the subject of investigation dating back to the work of Meyerhof (1957). 

General solutions have been proposed by Meyerhof (1957), Kusakabe et al. (1981), Azzouz and Baligh 

(1983), Saran et al. (1989), Georgidias (2010) and Leshchinsky (2015). These solutions have been 

developed using limit equilibrium analysis, limit analysis and the finite element method (FEM). Of 

particular relevance to the current study is the work of Georgidis (2010) who developed design charts 

using the results of finite element (FE) analysis. All of these studies have shown that for the same soil 

properties and footing geometry, a footing close to the back of the slope crest will have lower bearing 

capacity compared to the otherwise identical case with a level surface.  

The prior related works cited above were carried out using different analysis methods but in each case the 

soil properties were treated as deterministic. However, soils can be expected have both random and 

spatial variability (Lacasse and Nadim 1997; Phoon and Kulhawy 1999; Baecher and Christian 

2003). For example, the coefficient of variation of undrained shear strength of clay can be as large as 

50%. Because of the uncertainty in soil properties, the bearing capacity for a footing is best described in 

probabilistic terms. The influence of spatial variability of purely cohesive soils on probability of failure of 

footings on level ground has been investigated by Cho and Park (2010), Ahmed and Soubra (2012) and 

Li et al. (2015) using the finite difference method combined with random field theory. Griffiths and 

Fenton (2001) used the random finite element method (RFEM) to investigate the same general problem. 

                                                      

1
 A version of this chapter has been published as: 

Luo, N. and Bathurst, R.J., 2017. Reliability bearing capacity analysis of footings on cohesive soil slopes using 

RFEM. Computers and Geotechnics, 89: 203-212. (https://doi.org/10.1016/j.compgeo.2017.04.013) 

https://doi.org/10.1016/j.compgeo.2017.04.013
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Their method combines random field theory, finite element method and Monte Carlo simulation 

(Griffiths and Fenton 2008). 

This chapter investigates the influence of spatial variability of undrained soil shear strength (cohesion) on 

the bearing capacity of a rigid smooth strip footing at or near the crest of a slope with simple geometry. 

The analyses were carried out using a modified version of the open-source random finite element method 

(RFEM) software package by Griffiths and Fenton (2004). The influence of isotropic spatial variability 

of soil strength is examined first to identify trends, and then some simulations are repeated for the case of 

anisotropic soils which better represent natural soil slope deposits.   

2.2   Problem definition 

Figure 2.1 shows the plane strain geometry and finite element mesh for the cases examined in this study. 

Analyses were carried out with constant slope angle  = 45°. The majority of the analyses were carried 

out with the footing at the slope crest (offset factor  = 0) to focus attention on the influence of spatial 

variability of soil cohesion on footing capacity response. However, some additional simulations with  = 

0 to 2 are reported for completeness. The footing width was kept constant at B = 1 m and the slope height 

was varied to give cases with H/B = 0, 0.5, 2.5 and 4.0. 

Georgiadis (2010) performed deterministic FEM analyses to back-calculate the bearing capacity factor 

Nc of a strip footing on and adjacent to a purely cohesive soil slope with constant undrained shear strength 

(c), constant unit weight () and the simple geometry shown in Figure 2.1. The bearing capacity (qf) of 

the footing is expressed as   

qf = c × Nc [2.1] 

He produced design charts for different ratios of slope height to footing width (H/B), slope angles ( = 

15°, 30° and 45°), different footing offset distances (B) and a range of c/(B) ratios. Example curves 

from one design chart are reproduced in Figure 2.2. The figure shows that the bearing capacity factor Nc 
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is less for the case of footings at the crest of the slope compared to the level surface case where Nc = 5.14 

(i.e. the classical Prandtl solution). Georgiadis (2010) identified three failure mechanism types that are 

called failure modes 1, 2 and 3 in this work. Mode 1 is a shallow failure mechanism close to the top of the 

slope; mode 2 is a deeper mechanism that is restricted to soil masses above the toe of the slope; and mode 

3 is a larger failure mechanism that exits at the toe of the slope.  Examples of these three types of failure 

are shown later in the chapter. All curves start with failure mode 1 at low H/B values and then transition 

through failure mode 2 to failure mode 3 at higher H/B ratio. However, for c/(B) = 0.5 there is no 

intermediate failure mode 2. Additional charts for a wider range of c/(B),  and H/B values can be found 

in the paper by Georgiadis (2010) but the general trends remain the same as those described for Figure 

2.2.  

The deterministic design chart curves in Figure 2.2 serve as the reference cases for the numerical results 

that appear later. It should be noted that in practice a characteristic value of shear strength which is 

smaller than the mean value is typically used. However, the characteristic value of shear strength will 

vary from designer to designer and project to project. In order to be consistent in this chapter the mean 

value of shear strength in deterministic analyses is used with the understanding that the resulting 

computed margins of safety represent an upper bound. 

2.3   Deterministic FEM analysis of footing bearing capacity on slope crest 

Probabilistic bearing capacity analyses of a footing located immediately adjacent to a simple slope with 

purely cohesive soil were carried out using the open-source RFEM software package available from 

Griffiths and Fenton (2004). The FEM part of the code was modified to apply vertical incremental 

displacements to a rigid smooth footing located at the horizontal surface of the soil behind the slope crest. 

Details are described here for the case of deterministic analyses with constant soil properties. 

An example FE mesh is shown in Figure 2.1. The vertical boundaries of the FE domain are fixed in the 

horizontal direction only, while the bottom boundary is fixed in both directions. The boundaries were 
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positioned far enough away from the footing and slope to ensure that boundary effects were negligible. 

The mesh elements for the entire domain were limited to the same size and square geometry in order to 

conform to the random field generation method in the source RFEM code used to carry out the 

probabilistic analyses described later. Eight-node square elements were used for the FE mesh. The soil is 

modeled as linearly elastic perfectly plastic material governed by the Mohr-Coulomb failure criterion. 

Young’s modulus and Poisson’s ratio were assigned values of 30 MPa and 0.3, respectively. Griffiths 

and Lane (1999) have shown that the ultimate state condition in stability analyses is essentially 

independent of the choice of the magnitude of soil modulus. It was found that applying vertical 

displacements to the surface nodes of a row of 10 elements was sufficiently accurate to generate a stable 

estimate of footing bearing capacity and to match the results of Georgiadis (2010). These nodes were 

unconstrained in the horizontal direction to simulate a smooth footing. A series of vertical displacement 

increments (0.001 m in this study) were applied to these nodes. 

Gravity was turned on at the end of mesh construction. At this initial stage and at the end of each 

displacement increment the mesh domain was brought to equilibrium using a viscoplastic algorithm to 

redistribute the stress from yielded elements. The footing pressure was computed by summing the vertical 

nodal forces at the footing location and dividing by the footing width. The ultimate bearing capacity was 

reached when the relative change of footing pressure between two successive vertical displacement 

increments is less than 0.1%. The bearing capacity of the footing was taken as zero if the slope failed 

when gravity was first turned on. Slope failure occurred when the number of plastic iterations needed to 

bring the slope to a stable state exceeded a prescribed maximum number. This number was taken as 1000 

based on recommendations for similar unreinforced slopes by Griffiths and Lane (1999). 

Results of numerical calculation are plotted in Figure 2.2 together with the results from Georgiadis 

(2010). The data for the current study were taken from simulations carried out with constant unit weight 

and footing width of  = 20 kN/m
3
 and B = 1 m, respectively, and a range of cohesion and slope heights. 

Good agreement with the results of Georgiadis (2010) can be seen in the figure. Examples of 



30 

 

displacement vector fields at footing failure for three different problem geometries using the FEM 

program in the current study are shown in Figure 2.3. The figures correspond to each of the three failure 

mode types identified by Georgiadis (2010). 

2.4   Reliability analysis of footing bearing capacity on slope crest using RFEM 

2.4.1   General 

In the analyses to follow the random finite element method (RFEM) developed by Fenton and Griffiths 

(2008) was used. This approach combines the finite element method, random field theory and Monte 

Carlo simulation. The only random variable in the analyses to follow is the soil cohesion. Random fields 

of soil cohesion were generated using the Local Average Subdivision (LAS) method by Fenton and 

Vanmarcke (1990). The correlation coefficient between soil properties at different locations is calculated 

using the Markovian spatial correlation function:  

ρ(τx, τy) = exp{− √(
2τx
θx
)
2

+ (
2τy

θy
)

2

} [2.2] 

where, ρ is the correlation coefficient between two points at different locations with absolute horizontal 

and vertical separations equal to τx and τy, respectively. x and y are the corresponding spatial correlation 

lengths in horizontal and vertical directions, respectively. Isotropic random fields can be generated 

assuming  x = y and 𝜏 =  √𝜏𝑥
2 + 𝜏𝑦

2; Equation 2.2 is thus simplified to 

ρ(τ) = exp (−
2τ

θ
) [2.3] 

In the sections that follow, both isotropic and anisotropic random fields were investigated. The cohesion 

of the soil is assumed to be lognormally distributed to avoid generating negative values in Monte Carlo 

simulations. In each analysis, a total of 2000 Monte Carlo simulations were used. Constant c/(B) ratio 
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equal to 1.0 was used by assigning the mean of cohesion values, and deterministic values for unit weight 

and footing length to c = 20 kPa,  = 20 kN/m
3
 and B = 1 m, respectively. The range of coefficient of 

variation of cohesion (COVc) considered was 0.1 to 0.5. The spatial correlation length was varied from 

0.125 m to 8 m. These numbers are typical values for soil cohesion reported by Phoon and Kulhawy 

(1999). The bearing capacity factor Nc,i for each random field (i.e. each Monte Carlo simulation) was 

calculated as follows  

Nc,i = qf,i/ μc [2.4] 

where, qf,i is the ultimate bearing capacity of the footing and i is the counter for the random field 

realization. If slope failure occurred, qf,i was taken as 0.  

2.4.2   Statistics of bearing capacity factor Nc for isotropic spatial correlation length of soil cohesion 

Figure 2.4 shows the change of mean bearing capacity factor Nc with normalized isotropic spatial 

correlation length for three different slope heights H = 0.5B, 2.5B and 4.0B (corresponding to failure 

modes 1, 2 and 3 in deterministic analyses) and COVc = 0.5. The deterministic values of bearing capacity 

factor for the same three cases are shown as dashed lines in the figure (i.e. Nc,det = 3.56, 3.22 and 3.05 for 

H = 0.5B, 2.5B and 4.0B, respectively). In the limit of /B → ∞ the three curves approach the idealized 

deterministic values shown on the figure but the rate at which this condition is achieved becomes less 

with increasing slope height. 

From this figure two important observations can be made. First, the spatial correlation length has the 

greatest influence on the mean value of bearing capacity factors for the case of H = 4.0B based on the 

range of Nc values and the largest reductions from the corresponding deterministic values. The minimum 

Nc values for H = 0.5B, 2.5B and 4.0B are 3.03, 2.27 and 0.75, respectively. The difference between the 

minimum Nc and the deterministic Nc value is 16% for H = 0.5B, 30% for H = 2.5B and 75% for H = 

4.0B. Hence, the deterministic solutions proposed by Georgiadis (2010) increasingly overestimate the 
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footing bearing capacity as the slope height increases. This observation is not unexpected since the same 

non-conservative result for design has been noted by Griffiths and Fenton (2001) when the cohesive soil 

supporting a footing on level ground is assigned spatial variability. Second, there is a worst-case spatial 

correlation length corresponding to a local minimum Nc value for each curve that becomes more 

pronounced as H/B increases. The observation of worst-case correlation length in probabilistic analysis of 

the same footing problem on level ground has been pointed out by Griffiths and Fenton (2001) and also 

from probabilistic slope stability analysis of cohesive slopes by Griffiths el al. (2016) and 

Javankhoshdel et al. (2016). Similar to results reported by Griffiths and Fenton (2001), the worst-case 

correlation length occurs in the region of the footing width. This local minimum is reasonably insensitive 

to height of slope.  

The spatial correlation length and slope height also influence the spread in Nc values. Coefficient of 

variation of bearing capacity factor (COVNc) with normalized isotropic spatial correlation length is 

presented in Figure 2.5. The increase in value and range of variation of COVNc values is also greatest for 

the case of H = 4.0B. The peak value of COVNc = 1.58 occurs at the intermediate range of /B = 2. A 

slightly lower COVNc = 1.49 occurs at /B = 1. These values are much larger than the uncertainty in the 

value of cohesion expressed as COVc = 0.5.  

The histograms in Figure 2.6 show the spread in the distribution of Nc values together with computed 

arithmetic mean value (Nc) for different slope height cases with /B = 1 and COVc = 0.5. For the cases of 

H = 0.5B and 2.5B, Nc is lower than the deterministic value as noted earlier. Instances of slope failure at 

the end of construction (i.e. prior to application of footing displacement) did not occur for these cases. For 

H = 4.0B however, a large number of slope failures occurred resulting in zero bearing capacity. Figure 

2.6c shows how these occurrences skew the histogram. This figure shows that fitting a smooth unimodal 

frequency distribution to the bearing capacity histogram for all data is not possible. Excluding instances 

of Nc = 0 outcomes gives a better fit but any practical value of the approximation is not obvious.  It 
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should be noted that failure modes observed for the three slope geometries in Figure 2.6 varied from 

simple to complex. However, the failure modes associated with data in Figure 2.6a, b and c were 

predominantly Mode 1, 2 and 3, respectively. Nevertheless, there was no detectable relationship between 

failure mode and characteristics of the random field in each realization. 

Figure 2.7 shows the change of COVNc with a range of COVc values for the cases of H = 2.5B and H = 0 

(footing on level ground). The COV of Nc values increases linearly with COVc and for the same value of 

COVc the spread in Nc values is greater for the footing on a slope compared to the level footing case. For 

small values of spatial correlation length (e.g. /B = 0.125), the difference in COVNc for H = 0 and H = 

2.5B is negligible but increases as /B increases. As /B increases to infinity, the curves for H = 0 

approach the 1:1 line. This is expected since /B = ∞ is essentially the homogeneous soil cohesion case 

and thus the variation in system response is equal to the uncertainty in the single input parameter (i.e. 

cohesion). However, this is not the case when the footing is placed at the crest of the slope. For example, 

the case of H = 2.5B, COVc = 0.5 and /B = ∞ results in COVNc = 0.69 which is larger than that for the 

corresponding level footing case. This implies that the instability due to slope geometry also contributes 

to the variation of Nc. Similar trends apply for cases with H = 0.5B and 4.0B, but are not presented here 

for brevity. The greater spread in COVNc due to the influence of slope geometry can be appreciated from 

the plots in Figure 2.8. For the same slopes with the same /B = 1 but varying with respect to the actual 

spatial distribution of soil cohesion, two very different failure modes resulted at the end of the two Monte 

Carlo realizations shown. As noted earlier, the deterministic solution for H/B = 2.5 will generate a failure 

mode that is restricted to a soil mass located above the slope toe (failure mode 2). However, when the soil 

cohesion has uncertainty and the slope has geometry H/B = 2.5, the majority of failure mechanisms will 

be mode type 2, but type 1 and type 3 will also occur.  
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2.4.3   Probabilistic interpretation of computed bearing capacity factors 

It is of interest to know the probability that the back-calculated bearing capacity factor Nc,i in each 

simulation is smaller than the deterministic bearing capacity factor Nc,det, i.e. P(Nc,i < Nc,det). In 

conventional deterministic design the bearing capacity is usually divided by a factor of safety (Fs) and the 

factored value is used to compute the allowable bearing pressure. Therefore, the value of P(Nc,i < Nc,det/Fs) 

is of practical interest (Griffiths and Fenton 2001). In their study P(Nc,i < Nc,det/Fs) is called the 

probability of design failure (Pdf), which can be calculated by counting the number of realizations that 

give Nc,i < Nc,det/Fs and dividing by the total number of simulations (2000 in this study). A total of 2000 

realizations was sufficient to give an accurate Pdf value which is greater than 0.5% with a coefficient of 

variation about 30% (Phoon 2008). Lower Pdf values are understood to have less accuracy but this does 

not affect the conclusions drawn in this study. It should be noted that different slope heights will have 

different Nc,det values. For footings on level ground, Nc,det = 5.14 (Prandtl solution). 

Figure 2.9 shows the relationship between Pdf and Fs for the case of H = 0 (footing on level ground) and 

COVc = 0.5 with a range of . The data are the same as those reported by Griffiths and Fenton (2001). 

The case of /B = ∞ corresponds to no spatial variability in the distribution of soil cohesion. The 

uncertainty is due only to random (homogeneous) variability. As expected, as factor of safety Fs 

increases, the probability of design failure Pdf decreases for the same value of /B. The vertical order of 

the curves in the figure is fully reversed after about Fs = 1.5 from those at Fs = 1. The reason for this 

behaviour is explained by Griffiths and Fenton (2001) and also occurs for unloaded slopes (Griffiths 

and Fenton 2004; Javankhoshdel and Bathurst 2014). An observation from this figure is the 

expectation that at low values of Fs < 1.3 the probability of design failure decreases with increasing 

spatial correlation length but the opposite is true at larger values of Fs > 2.  

A factor of safety of 3 is a typical value for deterministic design of footings on purely cohesive soil and is 

used to capture all sources of uncertainty. Figure 2.9 shows that for a footing on level ground with /B = 
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4 and ∞ and Fs = 3, the probability of design failure is 1.2% and 1.8%, respectively. These values are low 

and thus in closer alignment with expectations of experienced geotechnical engineers for footings with a 

factor of safety of 3 compared to (say) factor of safety of 2.  

Figure 2.9 also shows that when factors of safety for the design of footings on cohesive level ground are 

greater than (say) 2 the worst-case spatial correlation length with respect to probability of failure 

corresponds to /B = ∞. Hence it can be argued that for the level ground case in Figure 2.9, conservative 

(safe) deterministic-based designs will result in safest reliability-based designs by ignoring isotropic 

spatial correlation length of soil cohesive strength.   

It is of interest to explore whether or not the above observations are true for the same footing located at 

the crest of a cohesive soil slope. Figure 2.10 shows the relationship between P(Nc,i < Nc,det/Fs) and Fs for 

the cases of H = 0.5B, 2.5B and 4.0B with COVc = 0.5 and a range of normalized isotropic spatial 

correlation length  from 0.5 to ∞. The general trend in Figure 2.10 is (again) that the probability of 

design failure for the same combination of  and Fs increases with increasing H/B.  For example, for Fs 

= 3 and , the probability of failure is 1.2% (Figure 2.9), 1.8%, 13.3% and 64.6% in the order of H 

= 0, 0.5B, 2.5B and 4.0B. For the infinite spatial correlation length cases, the probabilities of failure are 

slightly greater except for H = 4.0B (Figure 2.10c).  

From the deterministic point of view, an unloaded 45° slope of 2.5 m height with soil properties c = 20 

kPa and  = 20 kN/m
3
 gives a slope factor of safety equal to 2.13 (e.g. Taylor 1937). The probabilities of 

failure of the unloaded slope were also estimated to be 0.3%, 2.8% and 9.1% for /B = 2, 4 and ∞, 

respectively, using the RFEM approach reported by Griffiths and Fenton (2004). However, Figure 

2.10b shows that for the same slope height the probabilities of design failure for the footing case are 

larger for the cases of /B = 2, 4 and ∞ (i.e. Pdf = 8.5%, 13.3% and 18.2%) even though the factor of 

safety of 3 adopted in footing design is greater.  
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Figure 2.10c shows Pdf versus Fs curves for the case of a higher slope (H = 4.0B). In this case the 

unloaded slope has a factor of safety equal to 1.3, which is likely marginally acceptable from a 

deterministic point of view but is unacceptable from a reliability point of view because Pdf = 40.3%, 

39.1% and 35.9% for /B = 2, 4 and ∞, respectively. From Figure 2.10c, an acceptable probability of 

design failure when the footing is placed at the crest of the slope is not possible regardless of the choice of 

factor of safety. For example, for /B = ∞ and Fs → ∞, Pdf → 35.9%. 

2.4.4   Isotropic spatial correlation length of soil cohesion for footings with offset factor  = 0 to 2 

2.4.4.1   Statistics of bearing capacity factor Nc 

In this section the effect of footing offset is investigated using the example of a slope with moderate 

height H = 2.5B and factor of safety equal to 2.13. Figure 2.11 shows the variation of mean bearing 

capacity factor Nc with normalized isotropic spatial correlation length and a range of footing offset 

factors  = 0 to 2 (see Figure 2.1) and COVc = 0.5. As the footing is located further from the slope and all 

other conditions remain unchanged, the mean of bearing capacity factor Nc increases as expected. The 

qualitative trends remain the same for each curve and the worst-case spatial correlation length 

corresponding to a local minimum in Nc remains in the region of 0.5 to 1.0 m.  

Figure 2.12 shows the variation of COV of bearing capacity factor (COVNc) with normalized spatial 

correlation length for the same cases in the previous figure. The plots in this figure are similar with 

COVNc approaching 0.7 for all cases but with a small detectable attenuation in COV values with 

increasing offset distance. Similar COVNc values for all footing offset scenarios and the same correlation 

length are expected since the underlying uncertainty in soil strength remains the same and the range of 

footing offset values is narrow. 
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2.4.4.2   Probabilistic interpretation of computed bearing capacity factors 

Figure 2.13 shows the relationship between probability of design failure Pdf = P(Nc,i < Nc,det/Fs) and Fs for 

a range of footing offset factors (), H = 2.5B and COVc = 0.5. It should be noted that the deterministic 

bearing capacity factor Nc,det is different for each value of using the design charts from Georgiadis 

(2010). Two groups of curves are plotted in Figure 2.13 corresponding to /B = 1 and 8. It is interesting 

to see that for both /B = 1 and 8 different footing offsets give similar probability of design failure. This 

is because when calculating Pdf value for each footing offset, a different Nc,det value was used. A practical 

implication from this figure is that increasing the ultimate bearing capacity of the footing by using a 

larger footing offset will not substantially decrease the probability of design failure if the threshold value 

is set equal to the corresponding deterministic ultimate bearing capacity for that offset. 

2.4.5   Anisotropic spatial correlation length of cohesion for cases with  = 0 

Anisotropy in the spatial variation of properties of natural soil deposits can be expected. The horizontal 

spatial correlation length (x) is usually 10 times the vertical spatial correlation length (y) or more. In the 

analyses to follow, a range of x/y = 1 to 20 is considered. The vertical spatial correlation length is taken 

as 0.125 m, 0.25 m, 0.5 m, 1 m and 2 m which are typical values found in literature (Lacasse and Nadim 

1997; Phoon and Kulhawy 1999; Baecher and Christian 2003).  

Figure 2.14 shows the variation of mean of bearing capacity factor Nc with normalized vertical spatial 

correlation length y/B and a range of spatial correlation length anisotropy ratio x/y for the case of H = 

2.5B and COVc = 0.5. The isotropic case can be seen to give the highest Nc values for the same 

normalized vertical spatial correlation length. As the ratio x/y increases from 1 to 20, the rate of change 

decreases so that for x/y > 10 there is essentially no further effect of increasing spatial anisotropy on the 

mean of bearing capacity.  
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The corresponding spread in bearing capacity factors (COVNc) for different x/y ratios are plotted in 

Figure 2.15. In this figure the values of COVNc for each normalized vertical correlation length increase at 

a diminishing rate until there is no practical change in values after (say) x/y = 10. This is because for 

x/y > 10 the soil strength fluctuates mainly in the vertical direction while the soil shear strength in the 

horizontal direction remains highly correlated.  

Figure 2.16 shows the relationship between probability of design failure P(Nc,i < Nc,det/Fs) and Fs for cases 

with H = 2.5B, COVc = 0.5, y/B = 0.5 and a range of x/y ratio. It can be seen that the probability of 

design failure increases with the level of anisotropy for the same factor of safety for practical ranges of Fs. 

However, the influence of magnitude of spatial anisotropy on probability of design failure is greatest for 

anisotropy ratios in the range of 1 to 3 for factors of safety (say) Fs > 1.5. For example, the probability of 

design failure is 2.1% with Fs = 3.0 and x/y = 3.0. However, for x/y = 10, the corresponding 

probability of design failure increases to 5.3%. To bring the probability of design failure to less than 1.5% 

a factor of safety of at least 5.0 is needed.  

2.5   Conclusions 

This study investigated the problem of reliability-based bearing capacity design of strip footings located 

at or close to the crest of a simple slope with cohesive soil strength having spatial variability. This study 

extends earlier work by Georgiadis (2010) who examined the general problem from a deterministic point 

of view and the work of Griffiths and Fenton (2001) who introduced a reliability approach to the 

bearing capacity of footings on level ground using the random finite element method (RFEM).  

1) The influence of coefficient of variation of cohesion (COVc) and spatial correlation length on 

the bearing capacity of a footing can be important particularly when the slope height is large.  

2) The instability of the slope alone due to increasing slope height contributes to the variation of 

bearing capacity as well. As the slope height increases, the number of slope failure 

realizations in Monte Carlo simulations with zero bearing capacity increases.  
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3) For the case of a footing on level ground, a factor of safety equal to 3 may be needed to bring 

the probability of design failure down to an acceptably small value as noted by Griffiths and 

Fenton (2001). For the case of the same footing with the same soil statistical characteristics 

placed at the crest of a slope of moderate height (say H/B = 2.5) a larger factor of safety of 

about 5 may be necessary to achieve a similar low probability of design failure. However, for 

a tall slope (i.e. H/B = 4) an acceptable probability of design failure when the footing is 

placed at the crest of the slope may not be possible regardless of the choice of deterministic 

factor of safety. 

4) Increasing the footing offset will increase the mean bearing capacity but the coefficient of 

variation of bearing capacity remains practically unchanged. The change in probability of 

design failure is also minimal if the deterministic ultimate bearing capacity for each offset 

distance is used and all other conditions remain the same.  

5) Increasing anisotropy in the random field for soil cohesion reduces the mean bearing capacity 

of the footing. However, for x/y greater than 10, the influence of x/y on mean and 

coefficient of variation of bearing capacity factor is negligible and the probability of design 

failure remains practically the same for the same factor of safety.  

An important lesson from this study is the complementary interpretation of margins of safety for the case 

of a simple cohesive slope loaded by a footing using conventional notions of factor of safety and 

reliability-based design using probabilistic concepts. For example, this study demonstrates that an initially 

unloaded slope may have a satisfactory factor of safety and acceptable probability of failure. However, 

when a footing is placed close to the crest of the same slope with an acceptable factor of safety against 

bearing capacity failure, the corresponding probability of design failure may not be acceptable. Hence, the 

combination of deterministic and probabilistic appreciations of margin of safety can result in a design 

decision which is different from that based on a deterministic factor of safety only.   
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The study in this chapter demonstrates that spatial correlation length of the cohesive slope soil can have a 

major influence on the magnitude of probability of failure of a footing seated at the crest of the slope. 

Fortunately, if large factors of safety are used for design, the worst-case condition (i.e. highest probability 

of failure) will correspond to very large spatial correlation lengths that are equivalent to treating the soil 

as a homogeneous material. An advantage of this simplification is that knowledge of project-specific 

spatial correlation length of the cohesive soil, which is difficult to know, is not required to ensure safe 

design outcomes.  
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Figure 2.1 Example problem geometry and FE mesh for the case of H/B = 2.5 and B = 1 m. 
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Figure 2.2 Design chart curves taken from Georgiadis (2010) and comparison with deterministic results 

using the FE code in the current study ( = 45° slope,  = 0, c/(B) = 0.5, 1.0 and 1.5, B = 1 m,  = 20 

kN/m
3
).  

 

 

  

Slope height and footing width ratio, H/B

0 1 2 3 4 5 6 7 8 9 10

B
e
a
ri
n
g
 c

a
p
a
c
it
y
 f

a
c
to

r,
 N

c

0

1

2

3

4

5

6

Georgiadis (2010)

Current study

c/( B) = 0.5

 = 45
o

1.51.0

Failure mode 1

Failure mode 2

Failure mode 3

5.14
H/B = 0

cf Ncq 



45 

 

Figure 2.3 Failure mechanisms from deterministic FEM analyses: (a) Mode 1 (H/B = 0.5); (b) Mode 2 

(H/B = 2.5); (c) Mode 3 (H/B = 4.0) with c = 20 kPa,  = 20 kN/m
3
 and B = 1 m. 
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Figure 2.4 Variation of mean bearing capacity factor Nc with normalized isotropic spatial correlation 

length for different slope heights and COVc = 0.5. 
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Figure 2.5 Variation of COV of bearing capacity factor (COVNc) with normalized isotropic spatial 

correlation length for different slope heights and COVc = 0.5. 
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Figure 2.6 Distribution of Nc for: (a) H = 0.5B; (b) H = 2.5B; (c) H = 4.0B with /B = 1 (COVc = 0.5 and 

isotropic spatial correlation length). 

(a) 

 

(b) 

 

  

Bearing capacity factor, N
c

0 1 2 3 4 5 6 7

R
e
la

ti
v
e

 f
re

q
u

e
n

c
y

0.00

0.01

0.02

0.03

0.04

0.05

0.06
H = 0.5B, COVc = 0.5, B = 1

Nc = 3.14

Nc,det = 3.56

Bearing capacity factor, N
c

0 1 2 3 4 5 6 7

R
e
la

ti
v
e
 f

re
q
u
e
n
c
y

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

H = 2.5B, COVc = 0.5, B = 1
Nc = 2.28

Nc,det = 3.22



49 

 

Figure 2.6 (continued) 
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Figure 2.7 Variation of COV of bearing capacity factor (COVNc) with normalized isotropic spatial 

correlation length (/B) and COVc for H = 0 and H = 2.5B. 
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Figure 2.8 Examples of different failure modes for the same slope geometry with H = 2.5B, c = 20 kPa, COVc = 0.5 and /B = 1.0: (a) Deformed 

mesh at failure, random seed 1327, /B = 1.0; (b) Plastic displacement vectors, Random seed 1327, /B = 1.0; (c) Deformed mesh at failure, 

random seed 1332, /B = 1.0; (d) Plastic displacement vectors, Random seed 1332, /B = 1.0. Note: deformed mesh is exaggerated. 
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Figure 2.9 Relationship between Pdf = P(Nc,i < 5.14/Fs) and Fs for the case of H = 0 (footing on level 

ground), COVc = 0.5 and a range of . 
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Figure 2.10 Relationship between Pdf = P(Nc,i < Nc,det/Fs) and Fs for the cases of: (a) H = 0.5B; (b) H = 

2.5B; (c) H = 4.0B with COVc = 0.5 and a range of . 
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Figure 2.10 (continued) 
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Figure 2.11 Variation of mean bearing capacity factor Nc with normalized isotropic spatial correlation 

length and a range of footing offset factors () for H = 2.5B and COVc = 0.5. 
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Figure 2.12 Variation of COV of bearing capacity factor (COVNc) with normalized spatial correlation 

length and a range of footing offset factors () for H = 2.5B and COVc = 0.5. 
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Figure 2.13 Relationship between Pdf = P(Nc,i < Nc,det/Fs) and Fs for a range of footing offset factors (), H 

= 2.5B and COVc = 0.5 (Nc,det varies with ). 
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Figure 2.14 Variation of mean of bearing capacity factor Nc with normalized vertical spatial correlation 

length y/B and a range of spatial anisotropy ratios x/y for the case of H = 2.5B and COVc = 0.5.  
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Figure 2.15 Variation of COV of bearing capacity factor (COVNc) with normalized vertical spatial 

correlation length y/B and a range of spatial anisotropy ratios x/y for the case of H = 2.5B and COVc = 

0.5.  
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Figure 2.16 Relationship between probability of design failure Pdf = P(Nc,i < Nc,det/Fs) and Fs for  the case 

of H = 2.5B, COVc = 0.5, y/B = 0.5 with a range of spatial anisotropy ratios x/y. 
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Chapter 3  

Probabilistic Stability Analysis of Simple Reinforced Slopes by Finite Element 

Method
2
 

3.1   Introduction 

Geosynthetic-reinforced slopes (and embankments) are widely used in geotechnical engineering. Since 

the early 1980s, conventional deterministic limit equilibrium methods (LEMs) for unreinforced slopes 

have been modified to include the stabilizing force (or moment) contribution of geosynthetic 

reinforcement layers in constructed slopes and embankments. These methods include circular slip (Kitch 

1994), log-spiral (Leshchinsky and Boedeker 1989) and two-part wedge (Schneider and Holtz 1986; 

Bathurst and Jones 2001) approaches. The margin of safety is computed as a single-value critical factor 

of safety for the reinforced slope.  

It has been frequently demonstrated in the literature that two nominally identical natural slopes can have 

the same factor of safety based on conventional deterministic factor of safety analysis methods but have 

very different probabilities of failure due to random and spatial variability of the soil properties (Tang et 

al. 1976; El-Ramly et al. 2002; Griffiths and Fenton 2004; Cho 2010; Javankhoshdel and Bathurst 

2014). While uncertainty in the properties of engineered fills used in constructed unreinforced and 

reinforced slopes are likely low compared to values reported for natural in situ soil materials (e.g. Phoon 

and Kulhawy 1999; Duncan 2000; Fenton and Griffiths 2008, amongst many others), the influence of 

soil material variability on margins of safety expressed in probabilistic terms for reinforced slopes and 

embankments has received little attention. 

                                                      

2
 A version of this paper has been published as: 

Luo, N., Bathurst, R.J. and Javankhoshdel, S., 2016. Probabilistic stability analysis of reinforced slopes by finite 

element method. Computers and Geotechnics, 77: 45-55. (https://doi.org/10.1016/j.compgeo.2016.04.001) 

https://doi.org/10.1016/j.compgeo.2016.04.001
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Kitch (1994) carried out probabilistic analyses of two reinforced slope examples with reinforcement 

layouts initially selected using design charts based on deterministic limit equilibrium methods. Low and 

Tang (1997) proposed a limit equilibrium stability model for reinforced embankments on soft ground and 

a practical reliability evaluation procedure. However, the LEM approach used in both studies has the 

disadvantage that the type of critical failure surface must be assumed a priori (e.g. circular, non-circular 

or bi-linear) and an assumption must be made regarding the magnitude and distribution of available 

stabilizing reinforcement tensile forces.  

More recently, a probabilistic analysis technique called the Random Finite Element Method (RFEM) has 

been developed by Griffiths and Fenton (2004) to conduct probabilistic stability analysis of slopes with 

spatial variability of soil properties based on random field theory. In the limit of infinite spatial 

correlation length the Random Finite Element Method can be understood to be the FEM with only 

random (homogeneous) variability of soil properties. Conventional deterministic FEM slope stability 

analyses are also possible by assigning only constant values for the soil parameters. The shear strength 

reduction method is used to compute the factor of safety in each analysis. An advantage of the combined 

FEM-shear strength reduction method is that this approach allows the program to search out the critical 

failure mechanism without constraints imposed by fixed failure geometry assumptions (Griffiths and 

Lane 1999).  

In this chapter an existing open-source FEM program described by Griffiths and Fenton (2004) and 

Fenton and Griffiths (2008) was expanded to allow for probabilistic analysis of reinforced slope cases. 

Although the original and expanded code can consider spatial variability of soil properties, in this chapter 

only random (homogeneous) soil variables were considered in the probabilistic analyses. Hereafter, the 

original code is referred to as the FEM code or program and the modified code is referred to as the mFEM 

code or program to avoid confusion with the random field theory capability of the original source 

program. 
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The original (unmodified) FEM code was first validated by comparing results of conventional and 

probabilistic analysis of unreinforced slope cases. In this chapter, probabilistic slope stability analyses 

using LEM methods together with probability theory are referred to as probabilistic limit equilibrium 

methods (pLEMs). Deterministic analysis results using the (modified) mFEM source code (i.e. without 

random soil properties) were also compared to results of FEM analysis of reinforced slopes using a 

commercial FEM software package and assuming purely frictional soils. Good agreement was 

demonstrated between programs for the prediction of reinforcement strains giving confidence that 

implementation of the reinforcement capability in the mFEM code is correct. Predictions of factor of 

safety and failure modes of reinforced slopes using the mFEM and LEM (Bishop’s Simplified Method 

with addition of reinforcement forces) were also carried out. Differences in results were attributed to the 

treatment of stabilizing forces in LEM analyses. A strategy proposed by Hammah et al. (2006) is used to 

eliminate discrepancies between LEM and the coupled FEM-strength reduction method for the calculation 

of factor of safety for simple homogenous soil slopes.  

The utility of the expanded mFEM code for probabilistic analysis of the factor of safety for simple soil 

slopes with frictional soils is demonstrated using a number of unreinforced and reinforced slope 

examples. In the probabilistic study, the influence of variability of soil friction angle (ϕ) and unit weight 

(γ) on the probabilistic outcomes of both unreinforced and reinforced purely frictional soil slopes is 

investigated. The effect of variability in γ and cross-correlation between ϕ and γ on probability of failure 

is investigated and (as expected) shown to have no effect.  

3.2   Verification of FEM code for unreinforced slopes  

3.2.1   General 

With the exception of modifications for reinforced slopes, the open-source FEM code (mrslope2d) 

described by Fenton and Griffiths (2008) and available at “http://courses.engmath.dal.ca/rfem/” was 

used in the current study. The deterministic slope stability analysis part of the code (Program 6.4, Smith 

http://courses.engmath.dal.ca/rfem/
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et al. 2014) is based on the shear strength reduction method. This program is for two-dimensional slope 

stability analysis of unreinforced slopes with elastic-perfectly plastic soils governed by the Mohr-

Coulomb failure criterion. Eight-node quadrilateral elements are used. The bottom of the slope foundation 

is fixed in both horizontal and vertical directions. The vertical boundaries on both sides are fixed in the 

horizontal direction. The gravity “turn-on method” is used in Program 6.4 (see Griffiths and Lane 1999). 

3.2.2   Comparison of FEM with pLEM approaches (unreinforced slopes) 

3.2.2.1   Cohesive soil slopes 

Results using the FEM method (i.e. original code without reinforcement) are first compared to pLEM 

results where the latter are taken from probabilistic stability design charts for simple unreinforced purely 

cohesive soil slopes developed by Javankhoshdel and Bathurst (2014). They expressed Taylor’s slope 

stability equation (Taylor 1937) using random variable notation as follows: 

μFs = 
μsu

μγHNs
 [3.1] 

Here μFs is the mean factor of safety computed using mean values of Su and γ (μsu and μγ), slope height H 

and slope stability number Ns. The value of μFs from Equation 3.1 together with coefficients of variation 

of undrained shear strength (COVsu) and unit weight (COVγ) were used to calculate probability of failure, 

Pf as follows (Javankhoshdel and Bathurst 2014): 

Pf = p[Fs < 1] =  Φ

{
  
 

  
 

ln(√
1 + COVsu

2

1 + COVγ
2 μFs⁄ )

√ln[(1 + COVsu
2 )(1 + COVγ

2)]

}
  
 

  
 

 [3.2] 

where  is the cumulative standard normal distribution function. Figure 3.1a and Figure 3.1b present 

two sets of results. The first considers the unit weight γ to be deterministic (no variability) and hence 
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COVγ is equal to zero. For the second set, both undrained shear strength Su and unit weight γ are 

considered as uncorrelated lognormal distributed random variables. Therefore the coefficient of variation 

of factor of safety is due to the variability in random variables Su and γ, and is calculated as:  

COVμFs = √COVsu
2 + COVγ

2 [3.3] 

The dashed curves in Figure 3.1a and Figure 3.1b are the closed-form solutions using Equation 3.2. The 

data show that as the mean factor of safety increases for any constant level of variability in random 

variables, the probability of failure decreases, which is expected. Unreasonably large COV values appear 

in these figures. They were purposely used to test the accuracy of the FEM numerical code over a wide 

range of input values.  

Figure 3.2 shows the simple slope geometry used in the simulations. In order to compare unreinforced 

slope FEM outcomes with pLEM results, two different groups of probabilistic analysis were conducted. 

In the first group the undrained shear strength Su was the only random variable, while in the second group 

both the undrained shear strength Su and the unit weight γ of the soil were treated as random variables. 

The mean value of the unit weight was 20 kN/m
3
. All random variables are assumed to have lognormal 

distributions. For deterministic stability analysis for the ultimate failure limit state, the choice of Young’s 

Modulus (E) and Poisson’s ratio (ν) has little influence on stability analysis outcomes (Griffiths and 

Lane 1999), hence parameters E and ν were taken as 100 MPa and 0.3, respectively. The mean value of 

Su was varied from 30 to 60 kPa with an increment of 5 kPa. For the first group of analyses the undrained 

shear strength Su was the only random variable and it was determined that 1000 Monte Carlo simulations 

were sufficient to give a consistent estimate of probability of failure using FEM. However, for the second 

group with two random variables, 2000 Monte Carlo simulations were needed to obtain a consistent 

result.  
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The simulation results for the first and second groups of simulations are plotted as symbols in Figure 

3.1a and Figure 3.1b, respectively. The pLEM results based on the closed-form solution (Equation 3.2) 

and FEM outcomes can be seen to agree very well.  

3.2.2.2   Cohesive-frictional (c-ϕ) soil slopes 

Javankhoshdel and Bathurst (2014) also developed probabilistic slope stability charts for simple 

unreinforced cohesive-frictional (c-ϕ) soil slopes using pLEM (LEM with Monte Carlo simulation). In 

these charts both cohesion c and friction angle ϕ were considered as random variables having lognormal 

distributions. The SVSlope software package (Fredlund and Thode 2011) was used to carry out circular 

slip analyses (Bishop’s Simplified Method) together with the Floating Method option for probabilistic 

analyses. The dashed lines in Figure 3.3 show numerical results for μc / (μγHtanμϕ) = 0.2 and μϕ = 30°, 

where μc , μϕ and μγ are mean values of soil cohesion, friction angle and unit weight. These curves are 

general and apply also to different combinations of μc, μγ and H, as long as μc  / (μγHtanμϕ) = 0.2. In their 

analyses, 4500 Monte Carlo simulations were used in each case.  

To check the FEM approach for unreinforced cohesive-frictional soil slopes, a series of analyses were 

carried out based on the slope with the geometry shown in Figure 3.2. However, the slope gradient (H:V) 

was varied from 0 to 1.5 to obtain different mean values of factor of safety. Parameters used in these 

analyses are summarized in Table 3.1. Soil dilation angle was taken as zero in the simulations to follow 

based on recommendations by Griffiths and Lane (1999). Figure 3.3 shows that both programs gave 

very similar results for different combinations of COVc and COVϕ.  

3.3   Modification and Verification of mFEM code (reinforced slopes) 

3.3.1   Modification 

To the best knowledge of the writers, Matsui and San (1992) were the first to model a reinforced soil 

slope using bar elements in a FEM program that also employed the strength reduction method applied to 
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the soil strength. In the current investigation three-node linear-elastic bar elements were added to the 

FEM source code (mrslope2d) to model horizontal reinforcement layers. The bar elements have only one 

degree of freedom. There is no interface between the reinforcement and soil (i.e. the soil and 

reinforcement elements are perfectly bonded). This approach was adopted for simplicity. Nevertheless, 

the assumption of a perfect bond is reasonable for the case of a geogrid product reinforcing a granular 

soil. During pullout the very efficient interlock between the soil geogrid apertures forces the failure 

mechanism to develop in the soil adjacent to the geogrid. Yang et al. (2012) reported the results of FEM 

modelling of reinforced soil slopes taken to failure and concluded that there was no difference in 

numerical outcomes with and without interface slip elements. FEM simulations reported by Karpurapu 

and Bathurst (1995) satisfactorily reproduced the results of full-scale geogrid reinforced soil walls taken 

to failure by uniform surcharging. Their numerical model assumed a perfect bond between the geogrid 

and a granular backfill soil. In the current study using the shear strength reduction method, the axial 

stiffness of the reinforcement is held constant and only the soil strength parameters are reduced.  

3.3.2   Reinforced slope case  

In this investigation a slope with a face angle of 45°, height of 5 m and a horizontal backfill surface and 

fore slope was assumed to compare numerical results using different analysis methods. The unfactored 

friction angle of the soil was assumed as 30°, and the unit weight of the soil as 18 kN/m
3
. To avoid 

numerical instability during finite element analyses and to minimize computation time, the soil was 

assigned a small cohesion value of 1 kPa. The possible effect of this small cohesion on numerical 

outcomes was investigated and shown to be negligible later in the chapter.  

The factored reinforcement strength, length and spacing used in the reference soil slope in Figure 3.4 

were selected using the deterministic LEM-based design charts by Bathurst and Jones (2001). The 

candidate reinforcement was taken as a uniaxial geogrid with properties reported by Walters et al. (2002) 

that are a typical match to the required factored tensile strength using the design charts of Bathurst and 
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Jones (2001). The axial stiffness of the reinforcement is 600 kN/m and the factored tensile strength at 

rupture is 72 kN/m. The latter is the available long-term tensile strength that considers the reduction in 

reference tensile strength of the product due to factors such as installation damage and creep according to 

conventional design practice. In conventional 2D FEM programs J = ErA where Er is elastic modulus for 

reinforcement and A is the bar area per unit width. Assuming a factor of safety equal to 1.3, the design 

friction angle of soil was 23.9° and the minimum ratio of reinforcement length to slope height was found 

to be L/H = 0.81, which leads to a minimum reinforcement length of 4.05 m. For convenience, the length 

of the reinforcement was taken as 5 m. A similar reinforcement length was determined using the design 

charts by Jewell (1991). It was determined that a minimum of 5 layers of reinforcement at 1 m vertical 

spacing was required to achieve a factor of safety of 1.3 using the charts and spacing recommendations by 

Bathurst and Jones (2001). The geometry of the reinforced slope, reinforcement arrangement and 

matching FEM mesh are shown in Figure 3.4. The reinforced slope design included checks against 

tensile over-stressing of the reinforcement layers (i.e. tensile forces greater than 72 kN/m) and pullout 

assuming that the pullout interface shear strength was equal to that of the soil.  These limit states were 

also checked independently during LEM and mFEM analyses reported later in this study and shown not 

to be exceeded.    

3.3.3   Influence of magnitude of soil elastic properties and reinforcement stiffness 

The same soil modulus (E = 100 MPa) and Poisson’s ratio ( = 0.3) reported earlier were used in the c- 

soil analyses described here. As a check, numerical analyses using the reinforced soil slope in Figure 3.4 

but with E ranging from 50 to 200 MPa and Poisson’s ratio ranging from 0.2 to 0.45 were carried out. 

Differences in numerical outcomes were negligible as expected. A similar check was carried out using 

deterministic mFEM analyses with a range of reinforcement stiffness values from J = 100 to 1000 kN/m 

and soil friction angles of  = 20° and 40°. Differences in computed Fs values were negligible. These 

results are expected from deterministic stability (ultimate failure limit state) analyses because it is the 

strength of the component materials that determine the ultimate limit state and not how the failure state 
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was approached.  Griffiths and Lane (1999) have also shown that the choice of Young’s Modulus (E) 

and Poisson’s ratio (ν) has little influence on stability analysis outcomes for similar simple conventional 

slopes. An important implication of these single realization results using the mFEM program in this study 

is that introducing variability in soil E, v and reinforcement stiffness will not change probabilistic analysis 

outcomes for the collapse limit state of slopes that are the described later in this chapter. This will not be 

the case for probabilistic analyses of deformation-based (serviceability) limit states of unreinforced and 

reinforced slopes. 

3.3.4   Convergence criterion limit for mFEM code and numerical stability 

A convergence criterion is implemented in the original FEM and modified FEM code developed by the 

writers to determine when analyses are in equilibrium (converged). A solution is deemed to have 

converged if the relative change between the largest nodal displacements of two successive iterations is 

smaller than a specified tolerance. Figure 3.5 shows that as the convergence tolerance decreases, 

computed reinforcement strains converge to a unique solution. A convergence tolerance of 0.01% was 

judged to be a suitable compromise between accuracy and computational effort and was used in all 

simulation runs using the FEM and mFEM codes. A similar investigation of sensitivity of reinforcement 

strain results to selected convergence criteria was also carried out using the FEM program Sigma/W 

(described in the next section) to ensure that computed strain values using this program were also unique 

and thus valid comparisons between programs were possible. 

The influence of c = 0 and c = 1 kPa on numerical outcomes was examined in a series of simulations 

using the slope in Figure 3.4 together with constant friction angle  = 40°. The results showed that with c 

= 0 the crest slope displacements were three times greater at collapse and the simulation took almost three 

times longer to reach the same convergence criterion as the case with c = 1. However, the strength 

reduction factor at collapse was the same in both cases. Hence, the small cohesion introduced in this 

investigation was judged not to change estimates of factor of safety. An alternative strategy that was 
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shown to give the same outcome as the case with c = 1 was to set c = 0 and assign a dilation angle equal 

to the friction angle of the soil (associated flow rule). 

It may be expected that unlike a purely frictional soil slope, the magnitude of soil unit weight will 

influence numerical outcomes when the soil strength includes a cohesive component. A series of 

simulations were carried out for the base case described earlier and  = 14, 18 and 22 kN/m
3
 and c = 1 

kPa. There were no differences in strength reduction factor at collapse using this range of soil unit 

weights in combination with the very small value of c = 1 kPa. Thus numerical outcomes representing 

collapse were independent of soil unit weight which is the expectation for a purely frictional soil.   

3.3.5   Comparison of program mFEM and Sigma/W strain results from deterministic analysis of 

reinforced soil slope 

In order to have confidence that the bar element code added to the source program was correct, numerical 

outcomes using the mFEM code were compared to results from the well-known FEM program Sigma/W 

(Geo-Slope Ltd. 2014). In both cases homogeneous soil properties were assumed. Figure 3.6 shows that 

the strains in reinforcement layers computed using both programs at end of construction are in good 

agreement.  

The peak reinforcement strains plotted in Figure 3.6 are less than 1%. These low values are consistent 

with measured strains recorded for a full-scale reinforced soil embankment at end of construction that was 

built with a similar extensible geogrid reinforcement product as that assumed in the current investigation 

and a granular soil fill (Bathurst et al. 2003) and an instrumented reinforced soil slope wall reported by 

Fannin and Hermann (1990). End-of-construction strains in a large database of instrumented 

geosynthetic reinforced soil walls reported by Allen et al. (2003) and Bathurst et al. (2005) are most 

often less than 1%. These earlier studies give confidence that the end-of-construction condition for the 

reinforcement layers in our numerical models were reasonable.    
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3.3.6   Determination of factor of safety   

In the shear strength reduction method, a series of increasing user-specified strength reduction factors 

(e.g. 1.0, 1.01, 1.02…) are used to factor the soil strength parameters down in each FEM analysis cycle. 

The first strength reduction factor that brings the slope to failure is taken as the factor of safety. Slope 

failure is identified when the finite element model is unable to come to numerical convergence within a 

specified number of iterations. Figure 3.7 shows the maximum nodal displacement computed during each 

strength reduction computation cycle normalized to the maximum nodal displacement computed at the 

first strength reduction trial (i.e. the smallest strength reduction factor applied). The results in this figure 

are for an unreinforced purely frictional soil slope with slope geometry shown in Figure 3.4. The large 

change in normalized maximum nodal displacement occurs at a strength reduction factor of 0.79 which is 

taken as the minimum (critical) factor of safety for the slope. This value is in reasonable agreement with 

the factor of safety of 0.81 for the same unreinforced slope using the Bishop’s Simplified Method. Similar 

agreement was demonstrated for an example homogeneous c- slope by Griffiths and Lane (1999) using 

an earlier version of the same FEM program and the Bishop and Morgenstern Method. They also pointed 

out that a sufficient number of iterations must be selected to ensure that the point of non-convergence is 

detected and thus an accurate estimate of the critical strength reduction factor (factor of safety) identified. 

For the unreinforced slope cases in the current study, it was determined that 1000 iterations are sufficient 

to identify numerical non-convergence. Similar data are plotted in Figure 3.8 for the matching reinforced 

slope. Here, the maximum nodal displacements increase more smoothly with increasing strength 

reduction factor than for the unreinforced slope case. However, the trend of increasing rate of maximum 

nodal displacement can still be identified. It can be seen that failure occurs when the strength reduction 

factor is equal to 1.50 and this value is taken as the factor of safety of the reinforced slope. In this case, 

the iteration ceiling was set to 4000. The relatively smooth response curve in Figure 3.8 (compared to 

Figure 3.7, unreinforced case) is consistent with the expectation that reinforced slopes constructed with 

extensible reinforcement (i.e. geosynthetic products) will deform more gradually than unreinforced slopes 
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as failure approaches. This behaviour is consistent with the observation that the magnitude of the 

normalized maximum nodal displacement for the reinforced slope at failure is larger than for the 

unreinforced slope case. 

3.3.7   Mobilization of reinforcement forces using mFEM  

Figure 3.9 shows the distribution of mobilized tensile force in the top reinforcement layer of an example 

mFEM model slope. Figure 3.10 shows the development of peak mobilized tensile forces for all layers. 

The plots show that the slope collapsed before the available strength of any reinforcement layer was 

mobilized. This is expected since the much stiffer soil fails before the reinforcement can strain to rupture. 

This result is due to the large difference in stiffness of typical granular soils and extensible soil 

reinforcement products (Allen and Bathurst 2013).   

In addition to the observations made above, the plots in Figures 3.9 and 3.10 illustrate again that load (or 

strain) mobilization at end of construction is very low. Mobilization of the reinforcement forces in this 

simulation initiated at about SRF = 1.08 which matches the factor of safety of the corresponding 

unreinforced soil slope.   

The non-uniform distribution of peak loads in Figure 3.10 highlights a fundamental shortcoming of 

strength-based LEM slope stability analyses which assume that the tensile force is the same in all layers 

of a slope constructed with the same reinforcement material. The data in Figure 3.10 show that mobilized 

forces are greater for the middle three reinforcement layers. A similar non-uniform concave-out 

distribution of reinforcement forces was observed in an instrumented geosynthetic reinforced soil slope 

by Fannin and Hermann (1990). 
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3.3.8   Comparison of deterministic factor of safety values and failure modes for reinforced slopes 

using mFEM and LEM (Bishop’s Simplified Method) 

There are two common approaches for the treatment of reinforcement forces in deterministic limit 

equilibrium method (LEM) analysis of reinforced soil slopes. The difference is whether or not the same 

strength reduction technique applied to soil strength is also applied to the available reinforcement tensile 

strength (Duncan et al. 2014). Recall that in the mFEM code used in this study, only soil strength is 

reduced while the stiffness of the reinforcement is held constant. Keeping the tensile reinforcement 

constant is recommended by Duncan et al. (2014) for conventional LEM-based slope stability analyses. 

Before comparisons between probabilistic estimates of failure using the mFEM and pLEM approaches 

were attempted in the current study, the influence of choice of strength reduction method was 

investigated. 

The mFEM and LEM (Bishop’s Simplified Method) were used to calculate deterministic factors of safety 

of the reference reinforced slope geometry (Figure 3.4) using a range of soil friction angles (20° to 50°). 

The factored tensile strength of the reinforcement (72 kN/m) identified earlier was used as the horizontal 

stabilizing force in all reinforcement layers in the LEM analyses. Figure 3.11 shows that the mFEM and 

LEM results for the estimate of the deterministic factor of safety agree well up to 35° but diverge at larger 

friction angles. Program Slope/W (Geo-Slope 2012) was used to carry out the LEM analyses. In the 

mFEM and LEM analyses with mobilized reinforcement strength the failure mechanisms move from 

external type to internal type as the friction angle increases. An external mechanism is defined in this 

study as a failure surface that extends just beyond the reinforced soil zone and an internal mechanism is 

defined as one that falls fully within the reinforced soil zone (Kitch 1994; Kitch et al. 2011). For the 

LEM analysis with fixed tensile strength, the failure mechanisms were external type only for all friction 

angles. Stated alternatively, the very much higher tensile strength (or force) used in the LEM analyses 

drives the critical mechanism beyond the reinforcement layers for all soil friction angle cases. The 

discrepancy in computed factor of safety results in Figure 3.11 was satisfactorily removed by using the 
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maximum mobilized forces from the mFEM program (Figure 3.10) in the LEM analyses as 

recommended by Hammah et al. (2006).  

Figure 3.12 shows an example of the internal failure mechanisms predicted from deterministic analysis 

using mFEM and LEM programs with the maximum mobilized reinforcement forces from the mFEM 

program used in the LEM analysis. The results are judged to show good agreement. Figure 3.13 shows an 

example of external failure mechanisms using mFEM and LEM programs. Again the maximum mobilized 

reinforcement forces generated by the mFEM program were used as input in the LEM analysis. The 

results are in good agreement as well. 

Agreement between mFEM and LEM analyses can be largely achieved for deterministic analyses using 

the method described above. However, for probabilistic analyses this is not the case because each Monte 

Carlo realization in the mFEM analyses will generate a different set of mobilized maximum forces in the 

reinforcement layers. Hence, the choice of which set of maximum forces to use in the corresponding 

pLEM analysis is problematic.  

3.4   Probabilistic stability study of reinforced frictional soil slopes using modified FEM 

code (mFEM)  

3.4.1   Selection of COV values for  and , and cross-correlation coefficient  

Based on a review of the literature, Javankhoshdel and Bathurst (2014) identified COV = 0.1, and 

COV = 0.2 as reasonable upper bounds on the variability in natural soil unit weight and soil friction 

angle, respectively. Specific data for granular fills used in constructed slopes and embankments is sparse 

but may be expected to be lower. However, to identify trends in numerical outcomes, COV in the range 

from 0 to 1.0 was also used in some sets of analyses in the current study. A positive correlation between ϕ 

and γ is reasonable corresponding to a cross-correlation coefficient in the range of  = 0.1 to 0.7 (Matsuo 

and Kuroda 1974; Chowdhury and Xu (1992); Sivakumar Babu and Srivastava 2007; Wu 2013). 
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However, to explore possible trends in numerical outcomes, analyses were carried out for values of  = 

0.7, 0 and 0.7 in the current study. The same range of values was also used in probabilistic LEM 

analyses of simple unreinforced soil slopes by Javankhoshdel and Bathurst (2016). Finally, in the 

analyses to follow a constant value of c = 1 kPa was assumed; hence the examples are for essentially 

purely frictional soils. Recall that this cohesion value was selected to ensure numerical stability at the free 

boundaries of the FEM domain. With this low value the influence of possible spread in c values and 

possible cross-correlations values between random values of c and  are of no practical concern. 

3.4.2   Number of realizations 

The data in the plots to follow were generated using 1000 and 2000 Monte Carlo simulations for one and 

two random variable cases, respectively. For large probabilities of failure (say greater than 1%) these 

numbers of Monte Carlo simulations are sufficient. However, large relative differences in Pf < 1% can be 

expected for simulations using these numbers and the same case with very much larger number of 

realizations. However, these differences would not be visually detectable in the figures to follow and 

therefore are not important if the objective is to illustrate trends in Pf versus the selected independent 

variable. 

For actual design of a reinforced slope or embankment the choice of target probability of failure (Pf) is 

important. A reasonable value for reinforced soil slopes is 1%. This is the same value recommended for 

load and resistance factor design (LRFD) calibration of internal ultimate limit states for reinforced soil 

walls (Allen et al. 2005; Bathurst et al. 2011, 2012; Lazarte 2011). The rationale for this high value is 

that these systems are highly strength-redundant; if one layer of reinforcement fails, the reinforcement 

force can be shed to adjacent reinforcement layers. Since the focus of this chapter is on reinforced soil 

slopes and embankments, increasing the number of Monte Carlo simulations beyond the values noted was 

not a practical need.  
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It should be noted that for the design of constructed unreinforced soil slopes and embankments, a lower 

design probability of failure Pf = 0.01% has been recommended by Silva et al. (2008). For these 

structures and this level of target maximum probability of failure, many more Monte Carlo realizations 

will be required. The calculation of the number of realizations to achieve such a low Pf value with a 

satisfactory level of confidence is explained in the textbook by Fenton and Griffiths (2008) and is not 

repeated here for brevity. However, some preliminary calculations by the writers showed that the required 

number of realizations using the FEM code in this chapter would be time prohibitive. An alternative but 

less accurate strategy is to carry out (say) 1000 Monte Carlo simulations and fit (say) a lognormal 

function to the distribution of computed Fs values (Fenton and Griffiths 2008). The tail of the fitted 

distribution can then be used to estimate the probability of failure as Pf = p(Fs < 1). The geometry of the 

slope and/or the soil properties are then adjusted until computed Pf < 0.01%.    

An argument in favor of using lower target probabilities of failure for both unreinforced and reinforced 

slopes that those noted above is the scenario where a long slope or embankment exists. The probability of 

failure of one slope section along a chain of nominal identical slopes will increase with the length of the 

entire slope or embankment project. This value can be computed using conventional Bernoulli theory 

knowing the length of the project, a reasonable assumption of the width of a failed slope and the 

probability of failure of the single slope in isolation.  

3.4.3   Single random variable, 

In this section, the influence of random (homogeneous) variability of soil friction angle on probabilistic 

outcomes for unreinforced and reinforced slopes is examined. The reinforced purely frictional soil slope 

model shown in Figure 3.4 was used here. Reinforcement properties and slope geometry were held 

constant. For the matching unreinforced slope, the same slope geometry and soil properties were adopted.   

Figures 3.14a and 3.14b shows results of deterministic analyses using the modified FEM code (mFEM) 

to investigate the influence of mean soil friction angle and random (homogeneous) variability of soil 
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friction angle on probability of failure, respectively. The plots show that for unreinforced and reinforced 

slopes with the same constant soil properties and geometry, the reinforced slope has a higher factor of 

safety and lower probability of failure. For example, for the case of an unreinforced slope with a friction 

angle of 35°, the factor of safety is 0.92, which means the slope has failed. On the other hand, a reinforced 

slope with the same soil properties has a factor of safety of 1.79 and is thus stable.  

Results of probabilistic analyses are shown in Figure 3.14b. For an unreinforced slope with a friction 

angle of 35° and a coefficient of variation COV = 0.2, the probability of failure is 69%. If the slope is 

constructed with five layers of reinforcement, the probability of failure decreases to 0.6% in this example, 

which is a very large improvement. For the same unreinforced slope but with a coefficient of variation of 

0.5, the probability of failure is 66%. If the slope is constructed with the same number of reinforcement 

layers as before, the probability of failure will decrease to 19%. Again, the reinforcement reduces the 

probability of failure by a large amount. However, the effect of reinforcement on reducing Pf values is 

also influenced by amount of variability in the estimate of soil friction angle. For slopes with a low 

coefficient of variation of ϕ (COVϕ = 0.2), the difference between probability of failure values of 

unreinforced and reinforced slopes is relatively large, especially for friction angles in the range of 25° to 

40°. In particular, for slopes with friction angle of 35° or higher the probability of failure is reduced to 

practically negligible values by introducing reinforcement (i.e. less than 0.6%), but this low level of 

probability of failure is not possible for reinforced slopes when COVϕ = 0.5. These plots demonstrate that 

for the simple slope cases investigated here, the reinforcement becomes less effective in reducing the 

probability of failure of a slope as variability in soil properties increases while  mean properties remain 

unchanged.  

Figure 3.15 shows that for reinforced slopes with four different mean friction angles (30°, 35°, 40°, 45°), 

the probability of failure increases as the coefficient of variation of friction angle increases. However, for 

unreinforced slopes with the same soil properties, the curves exhibit different trends. For unreinforced 
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slopes with friction angles of 40° and 45°, the probability of failure increases as COV increases, which is 

the same trend as the reinforced slopes. However, for unreinforced slope with  = 30° and 35°, the 

probability of failure first decreases and then slowly increases with increasing COV. This behaviour can 

be explained by observing that both unreinforced slopes with soil friction angle equal to 30° and 35° have 

factor of safety values less than 1, meaning that the input mean values of friction angle are too low for the 

slopes to be stable in both cases. When the soil friction angle is treated as a random variable with small 

variability (i.e. low COV, there is only a small possibility that a large enough value will be randomly 

selected during the Monte Carlo simulation process to give an outcome with factor safety greater than 1. 

For reinforced slopes, all cases have Fs values much greater than 1, hence the probability of failure by 

selecting friction angles that are small enough to cause failure with the same low variability in friction 

angle (COV) is much less.  

3.4.4   Influence of correlated random variables  and 

In this section, both soil friction angle and unit weight are considered as random variables in probabilistic 

analyses with different combinations of COVϕ and COVγ. The effect of cross-correlation between soil 

friction angle and unit weight on the probabilistic analysis outcomes of both unreinforced and reinforced 

slopes is also investigated.  

Figure 3.16 shows that the coefficient of variation of unit weight has no practical influence on the 

probabilistic outcomes for unreinforced slopes for a wide range of COVϕ and uncorrelated  and . The 

small visually detectable difference that is observable in the plots for reinforced and unreinforced soil 

slopes is due to the small cohesion value that was added to the soil in order to ensure numerical stability. 

As the value of the cohesive component of soil strength goes to zero the influence of magnitude COV of 

unit weight will disappear entirely which is expected for reinforced and unreinforced frictional soil 

slopes.  
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The plots in Figure 3.17 show that the cross-correlation coefficient () between ϕ and γ has almost no 

influence on the probability of failure of the reinforced slope. Again, this is because for essentially 

frictional soil slopes the collapse factor of safety is independent of soil unit weight and thus independent 

of any cross-correlation between ϕ and γ. The same will be true for unreinforced soil slopes.  

3.5   Conclusions 

Probabilistic analysis of reinforced soil slopes using limit equilibrium methods (LEMs) and random soil 

property values have been reported in the literature. However, probabilistic analyses using the finite 

element method (FEM) in combination with the strength reduction method have not. This study is the first 

attempt and a preliminary effort in this direction to the best knowledge of the writers.  

An open-source FEM program described by Griffiths and Fenton (2004) and Fenton and Griffiths 

(2008) was expanded to allow for probabilistic analysis of reinforced slopes by adding bar elements to 

model the reinforcement. The slope geometry, reinforcement arrangement, soil and reinforcement 

constitutive models have been purposely kept simple in order to focus on the influence of random soil 

variability on factor of safety.  

Numerical predictions using the program for both deterministic and probabilistic analyses were checked 

against results from closed-form solutions for unreinforced soil, unreinforced and reinforced LEM-based 

slope stability programs and another commercially available FEM program.  

The study shows that numerical outcomes for deterministic factor of safety estimates for reinforced slopes 

using LEM analyses may not be the same as those using mFEM analyses. In order to achieve similar 

factor of safety outcomes for both internal and external failure mechanisms using both approaches for the 

same slope, the mobilized reinforcement forces computed from the FEM analyses must be used in the 

LEM analyses.  However, this general approach does not work for probabilistic analyses using mFEM 

and probabilistic analyses using pLEM.  
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The major contribution of the work described in this study is the extension of the well-known FEM code 

by Griffiths and Fenton (2004) and Fenton and Griffiths (2008) to carry out probabilistic analyses of 

reinforced slopes with simple geometry and soil conditions. This chapter demonstrates the utility of the 

modified FEM program by showing the influence of random soil properties on estimates of probability of 

failure of reinforced soil slopes. Analysis results demonstrate the large reduction in probability of failure 

that can be realized by adding (geosynthetic) reinforcement layers to constructed slopes. Another 

advantage of the mFEM approach over pLEM is that probabilistic analyses of simple slopes of the type 

examined in the current study are not constrained by failure mechanism type and reinforcement forces 

that must be assumed a priori using pLEM. However, the utility of the mFEM and FEM approaches 

decreases if large numbers of realizations are required to achieve very low probabilities of failure.  

The results of slope analyses with the essentially purely frictional soils showed that probability of failure 

is independent of unit weight and cross-correlation between unit weight and friction angle, which is 

expected. However, probability of failure was sensitive to uncertainty in soil friction angle. Nevertheless, 

variability in friction angle for constructed cohesionless granular fills may be very low (e.g. less than 

COV = 0.1). 

While not explored in the current investigation, the same modified FEM code can also be used to 

investigate the possible influence of soil spatial variability on probability of failure of constructed 

unreinforced and reinforced slopes and embankments since this capability has been retained in the 

updated code. However, the scale of fluctuations (at least in the vertical direction) is expected to be at lift 

thickness dimensions for constructed fills (say 150 to 300 mm). The very small scale of fluctuation 

together with very small COV values of soil properties in constructed slopes (COV < 10%) may lead to 

the fact that  uncertainty in soil properties may be satisfactorily addressed assuming homogenous random 

soil properties for the simple slope geometries in this study. Recall also that project specifications for 

constructed fills include tight controls on variability in compacted fills to ensure that there are not 
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significant random and spatial variations in fill properties. The level of FEM mesh discretization required 

to carry out simulations with soil property fluctuations at lift thickness scale is likely prohibitive. 

Notwithstanding the points made above, investigation of the influence of spatial variability for 

constructed unreinforced and reinforced simple slopes is a possible future line of investigation. 
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Table 3.1 Input parameters for FEM analyses with c soil slopes 

H:V (slope gradient – horizontal to vertical) 0 - 1.5:1 

Slope height, H 10 m 

Cohesion, c (mean) 23 kPa 

Friction angle, ϕ (mean) 30° 

Unit weight, γ 20 kN/m
3
 

Young’s modulus, E 100 MPa 

Poisson’s ratio,  0.3 
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Figure 3.1 Probability of failure (Pf) versus deterministic mean factor of safety (μFs) for cohesive soil 

slopes with lognormal distribution of undrained shear strength (Su) and unit weight (γ) computed using 

pLEM with closed-form solution (dashed lines) and FEM (symbols) approaches for the case of no 

reinforcement: (a) variability in soil strength (Su) only; (b) variability in soil strength (Su) and soil unit 

weight (). 
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Figure 3.2 Geometry for example cohesive soil slope. 
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Figure 3.3 Probability of failure (Pf) versus deterministic mean value of factor of safety (μFs) with a range 

of COV for strength parameter values using pLEM (Javankhoshdel and Bathurst 2014) and FEM 

approaches without reinforcement. 
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Figure 3.4 Reinforced slope geometry, reinforcement arrangement and FEM mesh for reinforced slope 

model. 
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Figure 3.5 Influence of relative displacement convergence tolerance on magnitude and distribution of 

reinforcement strains in layer 3 using mFEM code (strength reduction factor = 1.0). 
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Figure 3.6 Reinforcement strains in reinforcement layers 2, 3 and 4 using mFEM code and Sigma/W 

program (strength reduction factor = 1.0). 
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Figure 3.7 Normalized maximum nodal displacement versus strength reduction factor (unreinforced 

slope). 
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Figure 3.8 Normalized maximum nodal displacement versus strength reduction factor (reinforced slope). 
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Figure 3.9 Distribution of mobilized tensile force in reinforcement Layer 5 as strength reduction factor 

(SRF) is increased to slope collapse (slope angle = 45°, c = 1 kPa,  = 40°,  = 18 kN/m
3
 and J = 600 

kN/m).     
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Figure 3.10 Distribution of peak mobilized tensile force in all reinforcement as strength reduction factor 

(SRF) is increased to slope collapse (slope angle = 45°, c = 1 kPa,  = 40°,  = 18 kN/m
3
 and J = 600 

kN/m).   
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Figure 3.11 Deterministic factor of safety values calculated using LEM (Bishop’s Simplified Method) 

and mFEM with progressive mobilized reinforcement tensile forces and fixed forces equal to the ultimate 

reinforcement tensile strength of the reinforcement (LEM - Bishop’s Simplified Method). 
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Figure 3.12 Example failure mechanisms (internal) and factors of safety using mFEM (Fs = 2.03): (a) 

plastic displacement vectors; (b) deformed mesh (exaggerated scale); (c) LEM (Slope/W with Bishop’s 

Simplified Method) (Fs = 2.07). Note: c = 1 kPa, ϕ = 40°, γ = 18 kN/m
3
 and J = 600 kN/m. 

(a) 

 

(b) 

 

(c) 

 

Fs = 2.07 (LEM)
Fs = 2.03 (FEM)

7 m 5 m 5 m

7.5 m

5 m

2.5 m

Fs = 2.07



99 

 

Figure 3.13 Example failure mechanisms (external) and factors of safety using mFEM (Fs = 1.5): (a) 

plastic displacement vectors; (b) deformed mesh (exaggerated scale); (c) LEM (Slope/W with Bishop’s 

Simplified Method) (Fs = 1.45). Note: c = 1 kPa, ϕ = 30°, γ = 18 kN/m
3 
and J = 600 kN/m. 
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Figure 3.14 (a) Factor of safety (Fs) from deterministic analyses; (b) probability of failure (Pf) versus 

mean friction angle for unreinforced and reinforced soil slopes and different COV for soil friction angle 

(COVγ = 0). 
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Figure 3.15 Probability of failure (Pf) versus coefficient of variation of friction angle (COV) for 

unreinforced and reinforced slopes with four soil friction angles ( = 30°, 35°, 40°, 45°) and COVγ = 0. 
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Figure 3.16 Influence of coefficient of variation of γ (COV) and coefficient of variation of friction angle 

(COV) on the probability of failure for unreinforced and reinforced slopes (= 30° and  = 0). 
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Figure 3.17 Influence of cross-correlation coefficient () between ϕ and γ on the probability of failure for 

reinforced slope (COVγ = 0.1). 
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Chapter 4  

Probabilistic Analysis of Reinforced Slopes Using RFEM and Considering 

Spatial Variability of Frictional Soil Properties Due to Compaction
3
 

4.1   Introduction 

Geosynthetic reinforced soil slopes and embankments constructed with engineered frictional soils are a 

well-established technology for civil engineering earthworks. The inclusion of horizontal layers of stiff 

but extensible polymeric (geosynthetic) reinforcement layers allows these structures to be constructed to 

steeper slope angles compared to unreinforced slopes with the same margin of safety.  

Stability analysis of these structures is most often evaluated using conventional notions of limit 

equilibrium and a deterministic approach where soil and reinforcement material properties are assigned 

single values. It is now accepted that margins of safety expressed in deterministic terms (i.e. factor of 

safety) can be unsatisfactory because two nominal identical slopes (unreinforced or reinforced) with the 

same factor of safety may have very different probabilities of failure. This shortcoming has been 

addressed by carrying out large numbers of conventional slope stability analyses with homogenous soil 

properties (e.g. strength and unit weight) sampled randomly at each realization from assumed soil 

property distributions; this is called Monte Carlo simulation. The number of times the computed factor of 

safety is less than 1 is divided by the number of realizations to estimate the probability of failure. 

Examples of this general approach for unreinforced slopes are the work of Alonso (1976), Tang et al. 

(1976), Chowdhury and Xu (1995) and Javankhoshdel and Bathurst (2014), amongst many others. 

The same general approach for geosynthetic reinforced slopes can be found in the papers by Kitch 

(1994), Low and Tang (1997) and Javankhoshdel and Bathurst (2017). In these earlier works, circular 

                                                      

3
 A version of this chapter has been published as: 

Luo, N. and Bathurst, R.J., 2017. Probabilistic analysis of reinforced slopes using RFEM and considering spatial 

variability of frictional soil properties due to compaction. Georisk (online) 

(http://dx.doi.org/10.1080/17499518.2017.1362443) 

http://dx.doi.org/10.1080/17499518.2017.1362443
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slip limit equilibrium methods were used which have the disadvantage that the geometry of the critical 

failure mechanism is restricted to a circular geometry that must be assumed a priori. The influence of 

spatial variability of soil properties was not considered. 

An alternative approach is to simulate the reinforced soil slope using the finite element method and to 

carry out multiple realizations using different homogenous soil properties sampled from prescribed soil 

property distributions. Examples are the work of Xu and Low (2006) and Chapter 3. Random fields of 

soil properties with spatial variation for unreinforced soil slopes have been used in combination with limit 

equilibrium method (LEM) slope stability approaches by Vanmarcke (1980), El-Ramly et al. (2002), 

Cho (2010), Li et al. (2015) and Javankhoshdel et al. (2016). Javankhoshdel et al. (2016) called this 

general approach the random limit equilibrium method (RLEM) to distinguish it from the random finite 

element method (RFEM) developed by Griffiths and Fenton (2004). The RFEM technique is now well-

established as a useful research tool for soil-structure problems where the soil has random or spatially 

variable properties (Le 2014; Jiang et al. 2014; Griffiths and Fenton 2004; Jha and Ching 2013). The 

random finite element method combines the finite element shear strength reduction method (Griffiths 

and Lane 1999) and Monte Carlo simulation. For unreinforced soil slopes, the RFEM has been 

demonstrated to find failure mechanisms that are not constrained by the geometry imposed by circular 

slip methods as one example (Griffiths and Fenton 2004; Griffiths et al. 2009; Tabarroki 2013). Thus 

the RFEM can result in higher probabilities of failure for the same slope problem compared to the RLEM 

(Javankhoshdel et al. 2016).  

The first attempt to extend the RFEM approach to reinforced soil slopes is the work in Chapter 3.  This 

initial work was limited in scope and largely focused on demonstrating the utility of the method and a 

description of the modifications to the open-source code by Griffiths and Fenton (2004) so that 

reinforced soil slopes could be simulated. The modified RFEM code was given the acronym mRFEM and 
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example outputs were presented by in Chapter 3. A single cohesive-frictional soil with only random 

variable soil properties was considered.  

In the current investigation the same mRFEM code with further modification is used for the first time to 

investigate the influence of random and spatially variable frictional soils on probability of failure and 

failure mechanisms in geosynthetic reinforced soil slopes. The slopes are constructed with a typical 

wrapped face and a wide range of frictional soils placed and compacted to different densities. The 

influence of magnitude of vertical spatial correlation length and average soil strength on the magnitude of 

probability of failure and type of failure mechanism is explored in detail. 

4.2   Preliminaries 

4.2.1   General 

The example reinforced slope that is the focus of this investigation and the corresponding FEM mesh can 

be seen in Figure 4.1. The slope has a face angle of 45° and a height H = 5 m. The vertical domain 

boundaries are restrained in the horizontal direction while the bottom boundary is fixed in both horizontal 

and vertical directions. There are five geosynthetic reinforcement layers that are extended at the slope 

face to form a wrapped-face geometry which is common for flexible reinforced soil structures (Berg et al. 

2009).  The preferred fill materials for reinforced soil walls and slopes are granular soils with low fines 

content and largely frictional soil strength. In fact, it is common in North American practice to ignore any 

cohesive strength component of soil strength if it is present (Berg et al. 2009). In this study, different 

unsaturated compacted cohesionless granular fill soils having a range of unit weight and friction angle are 

considered as described in the next section.    

4.2.2   Soil 

The soil properties for the unsaturated compacted soils in the example slope were taken from Boscardin 

et al. (1990). They conducted triaxial compression tests on soil specimens compacted at different 
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densities ranging from dumped condition to 95% of standard Proctor density. They provide properties for 

well-graded sand, sandy silt and silty clay soil. In our study, only the well-graded sand materials are used. 

The properties of this soil material prepared to the five different density states in the current study are 

summarized in Table 4.1. 

Boscardin et al. (1990) did not report the dilation angle () or the as-compacted unit weight () for each 

soil in their testing program. Hence, in this study the dilation angle was taken as zero for soil case 1 with 

°. For all other cases,  = (crit)/0.8 (Bolton 1986) with the critical (constant volume) friction 

angle assumed as crit = °. The as-compacted unit weight for each soil type (case) was computed by the 

writers using the relative compaction values and optimum moisture content of 7.4% reported by 

Boscardin et al. (1990), and phase relationships found in soil mechanics textbooks (e.g. Holtz and 

Kovacs 1981). Boscardin et al. (1990) used the results of their triaxial tests to back-fit modulus number 

K and modulus exponent n to the hyperbolic (stress-dependent) model by Duncan and Chang (1970). 

The value of the initial tangent modulus (Ei) in their model is expressed as follows: 

Ei = Kpa (
σ3
pa
)
n

 [4.1] 

where, pa is atmospheric pressure and 3 is the axisymmetric minor principle stress in the triaxial test. The 

linear-elastic plastic constitutive soil model used in the current study requires a single value of elastic 

modulus. The following equation was used to compute this elastic modulus in a consistent manner using 

Equation 4.1 with:  

σ3 = (1 − sinϕ)γH [4.2] 

The minor principle stress could be calculated at other slope heights (e.g. 2H/3 rather than H); however, 

numerical outcomes were shown not to be sensitive to choice of location in this study. Similarly, the 
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choice of typical Poisson’s ratio for granular soils did not influence numerical results at slope failure in 

any practical way.  

4.2.3   Reinforcement properties and arrangement 

The factored reinforcement strength, length and spacing used in the reference soil slope were selected 

using the deterministic LEM-based design charts by Bathurst and Jones (2001). The candidate 

reinforcement was taken as a uniaxial geogrid with properties reported by Walters et al. (2002) that are a 

typical match to the required factored tensile strength using in the design. The axial stiffness of the 

reinforcement is 600 kN/m and the factored tensile strength at rupture is 72 kN/m. The latter is the 

available long-term tensile strength that considers the reduction in tensile strength of the product due to 

factors such as installation damage and creep according to conventional design practice (Berg et al. 

2009). Assuming the worst case soil (case 1 with  = 29°) and a factor of safety equal to 1.3, the design 

friction angle of the soil was 23.1° and the minimum ratio of reinforcement length to slope height was 

found to be L/H = 0.87; hence, the minimum reinforcement length is 4.35 m but is taken as L = 5 m for 

convenience. A minimum of five layers of reinforcement at 1 m vertical spacing was required to achieve a 

factor of safety of 1.3 using the charts and spacing recommendations by Bathurst and Jones (2001). The 

design was also found to be in close agreement with the design chart solutions by Jewell (1991). The 

geometry of the reinforced slope, reinforcement arrangement and matching FEM mesh are shown in 

Figure 4.1. The reference reinforced slope design included checks against tensile over-stressing of the 

reinforcement layers (i.e. tensile forces must be less than 72 kN/m) and pullout failure. These limit states 

were also checked during FEM analyses reported later in this study and shown not to be exceeded.  

4.2.4   Finite element (FE) strength reduction method  

In this chapter a modified version of the open-source RFEM program developed by Griffiths and Fenton 

(2004) is used to carry out both deterministic and probabilistic analyses of simple reinforced soil slopes. 

The modified code is identified as mRFEM in this chapter. The modifications are related to the use of the 
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Davis (1968) approach described by Tschuchnigg et al. (2015b) to model purely frictional soils and the 

introduction of soil reinforcement elements to model continuous horizontal layers of geosynthetic 

reinforcement that are extended at the slope face to form a wrapped-face configuration.  

A key feature of the numerical solution in the source program is the use of the FE strength reduction 

method (e.g. Griffiths and Lane 1999). The reinforcement elements are modelled as bar elements that 

are fully bonded to the surrounding soil in Chapter 3. The “gravity turned-on” method is used followed 

by sequential application of strength reduction factors that reduce the soil strength until the slope is 

brought to failure within a prescribed number of iterations. A visco-plastic algorithm is used to 

redistribute excessive stresses within soil elements. The first strength reduction factor that causes slope 

failure is taken as the factor of safety of the slope (Griffiths and Lane 1999). 

In this chapter the strength reduction approach is applied only to the soil strength components (cohesion, 

friction angle and dilation angle) while the tensile strength of the reinforcement is kept constant. This 

approach is consistent with observations made from reinforced granular soil embankments taken to failure 

under footing loads that showed that granular soil fills will fail well before rupture of an extensible 

reinforcement product (Bathurst et al. 2003). This is because strains at rupture for typical geogrid and 

geotextile reinforcement materials are most often in excess of 10% strain. Geosynthetic reinforcement 

layers will continuously mobilize tensile resistance up to and beyond the point of soil failure. Using 

constant tensile reinforcement strength is also recommended by Duncan et al. (2014) for conventional 

LEM-based slope stability analyses. 

4.2.5   Davis approach for soil model strength 

In this chapter, the soil type of interest is cohesionless, which is common for constructed reinforced soil 

fills. Slope stability analysis for steep slopes with cohesionless soils are prone to numerical instability if 

the non-associated flow rule is used in the FE strength reduction analysis as demonstrated by 

Tschuchingg et al. (2015a, b). They also showed that estimates of factor of safety (Fs) and critical failure 
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surface geometry are sensitive to the size of the finite element mesh. The Davis (1968) approach was first 

proposed to model non-associated plasticity in limit analyses. It was used by Tschuchnigg et al. (2015b) 

in their FE strength reduction method.  

The Davis approach uses reduced strength parameters (cr and ϕr) in the associated flow rule. These values 

are calculated as:  

cr =  αc [4.3] 

tanϕr = α tanϕ [4.4] 

where 

α =  
cosψ cosϕ

1 − sinψ sinϕ
 [4.5] 

In the FE strength reduction method, c,  and ψ are the values used at each strength reduction iteration, 

and α is calculated using these factored strength parameters. Finally, new strength parameters (cr and r) 

are calculated using Equations 4.3 and 4.4 and these values are used when the associated flow rule is 

implemented. The improvement in numerical outcomes using the Davis approach was confirmed by 

carrying out FEM analyses for the case of unreinforced soil slopes [Appendix B]. Implementing the 

Davis approach was judged to give more accurate failure mechanisms. Tschuchnigg et al. (2015a, b) 

demonstrated that using the Davis approach reduced the influence of mesh size on the estimated factor of 

safety for steep slopes with essentially frictional soils and removed potential numerical instability. 

4.2.6   Additional details of finite element model of reinforced slope 

A total of 1510 elements were used in the finite element model of the reinforced slope (Figure 4.1). The 

reinforcement layers were modeled using three-node linear-elastic bar elements. The same elements were 

used to model the wrapped face which is used in physical slopes to prevent local failure and sloughing of 
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the soil at the slope surface. A limit of 1000 iterations was used in each FEM realization and was 

satisfactory to achieve failure in each analysis. 

4.3   Probabilistic stability analysis of reinforced slope with random (homogeneous) soil 

strength using mRFEM 

4.3.1   General 

Deterministic analyses were carried out first using the soils corresponding to different compaction 

densities in Table 4.1. The computed factors of safety for compaction condition Rc = 61%, 80%, 85%, 

90% and 95%, are Fs = 1.28, 1.62, 1.74, 1.99 and 2.46, respectively. A series of probabilistic stability 

analyses of the same reinforced slope model were carried out next. In this section no spatial variability 

was considered. The tangent value of friction angle (friction coefficient) is the only random variable and 

is assumed to be lognormally distributed. Log normal distributions have the advantage that the possibility 

of sampling a negative value of soil friction coefficient is avoided. The coefficient of variation of tan 

(COVtan) was varied from 0.1 to 0.4. As noted earlier, the soil cohesive strength component is c = 0. The 

dilation angle of the soil () was computed using Bolton’s equation and the method described earlier (i.e. 

 was not sampled independently) and deterministic soil unit weight taken from Table 4.1. In each 

Monte Carlo simulation, shear strength reduction analysis was performed and the factor of safety 

estimated. A total of 1000 Monte Carlo simulations were used in each analysis. The reason for limiting 

the number of simulations to 1000 is that each analysis took 2 to 4 days per single CPU using a desktop 

computer with Xeon(R) E5-2650 v2 processors running at 2.6 GHz. Long execution times have also been 

noted by Cho (2010) using the RFEM approach for unreinforced soil slopes. In the current study this 

problem was mitigated to some extent by simultaneously running multiple instances of the RFEM 

program on a PC with 48 processors of the type identified above. Later in the chapter it is explained that 

very low probabilities of failure had to be estimated from a limited number of failure realizations.  
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Figure 4.2 shows results for a single realization with the mean friction angle assigned to each element at 

the start of calculations (i.e. gravity turned on). For all cases as the strength reduction factor is increased, 

the maximum mobilized tensile force in a reinforcement layer increases. When gravity is turned on 

(strength reduction factor = 1), the maximum mobilized tensile force is the largest for Case 1. However, 

when the slopes are brought to failure, the maximum mobilized tensile forces are similar. In all 

simulations in the current study the tensile strains in all layers were less than 1% at end of construction 

(i.e. when gravity was turned on and the strength reduction factor was 1). This observation demonstrates 

that the starting conditions for the numerical simulations were reasonable since the measured strains have 

been found to be typically 1% or less for well-constructed geosynthetic reinforced soil slopes under 

operational conditions (Bathurst et al. 2003; Fannin and Hermann 1990).  

The statistics of factor of safety and maximum mobilized tensile force in the reinforcement layers at slope 

failure are described in the next section.  

4.3.2   Results 

4.3.2.1   Statistics of Fs and maximum mobilized tensile force in reinforcement 

The mean value of Fs for each compacted soil case is presented in Figure 4.3. As expected, the mean 

value of Fs in each case remains almost unchanged using different estimates of the coefficient of variation 

of friction coefficient (COVtan). For a fixed COVtan value the mean of factor safety increases for the 

same soil compacted to higher density. The coefficient of variation of Fs (COVFs) was also calculated and 

found equal to the input COVtan. It will be shown later that when spatial variability is considered, COVFs 

≠ COVtan. The practical benefit of improving soil compaction is illustrated in Figure 4.4. The mean 

factor of safety increases approximately from 1.3 to 2.4 for compaction level Rc = 61% to 95%. The mean 

factor of safety is most often less than the deterministic value of Fs which is expected when variability in 

soil strength is considered. This comparison highlights the difference in appreciation of the margin of 
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safety against reinforced slope failure when analyses are carried out deterministically and when they are 

carried out probabilistically.   

The statistics of maximum mobilized reinforcement tensile forces are summarized in Figures 4.5 and 4.6. 

Figure 4.5 shows the distribution of mean value of maximum mobilized tensile forces (T) at slope 

failure for all soil compaction cases. It should be noted that the plots in this figure are visually 

indistinguishable from plots using results of deterministic analyses and for this reason are not identified in 

the figure. Two important observations can be made from Figure 4.5. First, a concave out force 

distribution shape is shown for all cases except Case 1 (tan = 0.55,  = 29°, Rc = 61%). This counter 

example can be understood by noting that the slope is supported on a very weak foundation (low friction 

angle and soil modulus), which results in an external failure mode characterized by a slip surface that 

goes beyond the reinforced zone in the reference deterministic analysis (Figure 4.7a) and is the 

predominant mode type in probabilistic analyses.  

However, for other cases, an internal failure mechanism through the reinforced soil zone was observed in 

the deterministic analysis (e.g. Figure 4.7b – Case 4) and this was the predominant failure mechanism in 

the corresponding probabilistic analyses. Javankhoshdel and Bathurst (2017) explored the influence of 

soil strength, reinforcement strength and length on failure mechanisms and showed that there is most 

often a sharp transition between external and internal modes of failure when the soil strength drops below 

a critical value for the same reinforcement tensile strength and length. However, their probabilistic 

analyses were based on the modified Simplified Bishop’s Method which is a limit equilibrium approach.  

The second important observation made from Figure 4.5 is that as the compaction level increases the 

mean values of maximum mobilized tensile force in each layer become larger at failure. This trend differs 

from the case when the slope is under operational conditions. Under operational conditions the mobilized 

tensile reinforcement forces will decrease as compaction improves (i.e. friction angle increases). This 

outcome can be appreciated from the design charts that were used to develop the reference reinforcement 
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layer configuration. However, in this study the slope soil strength was reduced gradually to failure. The 

progressive increase of maximum mobilized tensile force for Cases 2 to 5 is due to the small increase in 

soil unit weight while the critical failure mechanism remained the same.  

From a practical point of view the differences in tensile forces in Figure 4.5 are not important since the 

magnitudes of maximum mobilized tensile strength are similar (e.g. 10% to 15% for Cases 2 to 5). This is 

not unexpected because slope failure is controlled by the soil and not by the reinforcement. For the same 

reason the coefficient of variation of reinforcement forces (COVT) is very small (e.g. < 0.6% in Figure 

4.6). The largest COVT value for all other soil cases was 1.8%. From a practical point of view the 

variability in reinforcement forces is negligible and could be taken as zero. Later in the chapter it is 

shown that the spread in tensile forces is much greater for the same cases but with spatially random soil.  

4.3.2.2   Probability of failure 

The calculated probabilities of failure for the five soil cases are plotted in Figure 4.8. The solid symbols 

are results from Monte Carlo simulations in which a satisfactory number of realizations achieved failure 

(i.e. more than 10 out of 1000 realizations). The open symbols are extrapolated values using lognormal 

statistics. This was done by calculating the mean and standard deviation of factor of safety values from all 

MC simulations. A lognormal distribution was computed using these statistics and this distribution used 

to compute the probability of factor of safety less than one. Both methods are judged to be in satisfactory 

agreement for (say) Pf ≥ 1% where they are compared. Fortunately, a probability of failure of 1% is a 

typically acceptable target value for LRFD calibration of internal ultimate limit states for MSE and soil 

nail walls (Allen et al. 2005; Bathurst et al. 2011, 2012, 2017; Lazarte 2011) which are also soil 

reinforced structures. The rationale for this high value is that these systems are highly strength-redundant; 

if one layer of reinforcement fails, the reinforcement force can be shed to adjacent reinforcement layers. 

However, many data points fall above the Pf = 1% criterion. For each soil case the number of 

unsatisfactory outcomes increases with decreasing compaction and increasing COVtan. The consequences 
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of poor compaction quality control during construction on probability of failure are clear. Finally, it 

should be noted that for unreinforced constructed soil slopes and embankments, target probabilities of 

failure in the range of 10% for temporary structures to 0.01% for permanent significant structures such as 

earth dams have been recommended in the literature (e.g. Salgado and Kim 2014; Santamarina et al. 

1992; Christian 2004; Loehr et al. 2005). 

4.4   Probabilistic stability analysis of reinforced slope with spatially variable soil strength 

using mRFEM 

4.4.1   General  

In this section probabilistic stability analyses of the same reinforced slope considering soil spatial 

variability were carried out using the modified random finite element method code (mRFEM) mentioned 

earlier. In each Monte Carlo realization, a random field of shear strength (i.e. friction coefficient) was 

generated using the local average subdivision method (LAS) developed by Fenton and Vanmarcke 

(1990) and mapped onto the finite element mesh. The underlying Gaussian random field was generated 

using the Markov correlation coefficient function (e.g. Griffiths and Fenton 2004; Fenton and Griffiths 

2008). In the current study the spatial correlation lengths were taken as θ = 0.625, 1.25, 2.5, 5, 10 and 20 

m. The element size was less than half of the minimum spatial correlation length as recommended by 

Huang and Griffiths (2015).  

4.4.2   Example failure mechanisms 

Figures 4.9a and 4.9b show two failure examples of reinforced slopes with spatial random fields of soil 

friction angle and different soil compaction conditions (Rc = 61% and 90%) with COVtan= 0.2 and /H = 

1. Darker elements represent stronger soil. For the case of Rc = 61% a deep-seated failure mechanism is 

observed while for Rc = 90% a shallower slip surface passing through the toe occurs. Visually, both 
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figures show large areas in the reinforced soil zone with elements having low strength which is why these 

particular realizations ended in collapse. 

4.4.3   Statistics of Fs and maximum mobilized tensile force in reinforcement 

4.4.3.1   Isotropic spatial variability 

Figure 4.10 show the relationship between the mean value of factor of safety (Fs) and normalized spatial 

correlation length (/H) for all compaction cases and COVtan= 0.2. Similar to Figure 4.3, the mean value 

of factor of safety increases as the mean of soil friction angle increases. However, unlike the curves in 

Figure 4.3, there is a worst case normalized spatial correlation length that leads to a minimum mean 

value of factor of safety for each compaction case; this local minimum is between 0.25 and 1. At greater 

correlation lengths the mean value of factor of safety increases with spatial correlation length. The 

influence of /H on Fs is greatest when Rc = 95% (tan = 1.11,  = 48°). In this case the smallest value of 

Fs is 1.86 when /H = 0.25 and the largest value is 2.19 when /H = 4. The difference is more than 15%. 

The underlined values of Fs shown in the figure correspond to cases with infinite isotropic spatial 

correlation length (i.e. homogeneous soil strength). Thus it can be seen that the minimum margin of safety 

expressed by Fs occurs when there is a critical correlation length. The same observation has been 

reported by others for bearing capacity of footings on unreinforced level ground and cohesive-frictional 

soil strength (Fenton and Griffiths 2003; Pieczynska-Kozłowska et al. 2015) and for footings on level 

ground with spatially variable cohesive soil strength (e.g. Griffiths and Fenton 2001; Jha 2016).  

Figure 4.11 shows the relationship between the COV of factor of safety (COVFs) and the normalized 

spatial correlation length (/H) when COVtan= 0.2. For /H < 1, COVFs decreases with decreasing /H 

for all cases. As the spatial correlation length  → ∞, then COVFs → COVtan= 0.2 for all soil types, 

which is the random (homogeneous) variability case reported earlier in this chapter. The data in this 

figure also show that for the same value of /H, the value of COVFs increases with increasing soil 
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strength. For each soil strength curve in this plot, COVFs → 0 as /H → 0. This is interpreted to mean that 

each realization solution approaches the deterministic outcome at very small correlation lengths. The 

same essential observation and explanation have been made by Griffiths et al. (2016) who examined the 

influence of spatial correlation length on probabilistic analysis of (unreinforced) cohesive slopes.   

Figure 4.12 shows mean values of maximum mobilized tensile forces (T) similar to the data in Figure 

4.5 for the same soil cases but with spatial variability. However, the trends in data curves are different. 

For Cases 2 to 5, the values of T increase as the soil friction angle decreases or (equivalently) as relative 

soil compaction decreases. A possible explanation is that as the soil becomes weaker (on average) and 

spatial variability increases, the opportunities to find (seek out) more weak failure mechanisms increase. 

Weaker soil failure paths require that the reinforcement layers provide more stabilizing force which is 

manifest as greater mean mobilized tensile force in each layer with decreasing mean soil strength. 

Nevertheless, as in the previous examples of Figure 4.5, the differences in reinforcement forces for each 

layer for the same soil case are not important from a practical point of view.  

Figures 4.13a and 4.13b show the influence of normalized spatial correlation length on the mean value of 

maximum mobilized tensile force in each reinforcement layer for Rc = 61% (tan = 0.55,  = 29°) and Rc 

= 90% (tan = 0.90,  = 42°) with COVtan = 0.2, respectively. The reasons for the differences in these 

curves for the same correlation length have the same explanations as for Figures 4.12 and 4.5 described 

earlier.  

Figures 4.14a and 4.14b further shows the influence of spatial variability on the magnitude of coefficient 

of variation of maximum mobilized tensile force (COVT) for Rc = 61% (tan = 0.55,  = 29°) and Rc = 

90% (tan = 0.90,  = 42°) with COVtan = 0.2, respectively. For each /H value, the COVT is larger for 

the case with higher strength. Figure 4.14b can be compared to Figure 4.6. In the latter case the soil has 

only random (homogeneous) variability and COVT values are negligible. The curves in Figure 4.14b 

approach COVT = 0 as  → ∞ and are thus consistent with the data trends in Figure 4.6; however, the 
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spread in maximum mobilized tensile force is much greater over the range 0.125 ≤ /H ≤ 5 for the 

spatially variable soil case. The explanation for this observation is that with a spatially variable soil there 

are many more possible critical failure mechanisms and thus a wider range of computed reinforcement 

forces mobilized at slope collapse. In the current study the practical impact of a larger spread in mobilized 

tensile force is not a concern because the nominal strength of the reinforcement is very high. However, 

for a much weaker nominal strength product, tensile failure of the reinforcement could occur; this could 

complicate the probabilistic interpretation of slope performance because it would introduce many more 

potential failure mechanisms.  

4.4.3.2   Probability of failure 

It has been shown in Figure 4.8 that a direct estimation of low Pf values is difficult using a small number 

of simulations (i.e. 1000 in this study) if the objective is to find distributions of Fs and reinforcement 

forces in addition to Pf. The problem becomes worse for the same analysis and spatially variable soil 

because the estimate of Pf using the extrapolation technique for the random variable soil case will not give 

the same outcome as a very large (but satisfactory) number of analysis realizations. In this section the 

distributions of Fs and reinforcement forces were not extracted to avoid the excessive computation times 

noted earlier. Rather, only the probability of failure was computed. In each realization the gravity was 

turned on without strength reduction. The number of realizations that resulted in failure was counted.  

Results for cases with small COVtan in combination with all compaction levels and low spatial 

correlation length are not presented because a satisfactory number of failure outcomes could not be 

achieved even with 100000 Monte Carlo simulations (i.e. up to 4 days of CPU time). The results 

presented hereafter are for soils with COVtan 0.2, 0.3 and 0.4 and cases that achieved a statistically 

significant estimate of the probability of failure after 10000 Monte Carlo simulations for low Pf values 

and 5000 simulations for larger Pf values. For example, a total of 10000 realizations was sufficient to 
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compute Pf value to an accuracy better than 0.1% with a coefficient of variation about 30% (Phoon 

2008). 

There are sampling strategies found in the literature to decrease computation times in RFEM codes (e.g. 

Au and Wang 2014). However, these schemes were not implemented in the modified code used by the 

writers. Nevertheless, our code was sufficient to confidently investigate qualitative and quantitative trends 

for the cases presented in this section. Two soil compaction conditions are considered in this section, i.e. 

tan = 0.55,  = 29°, Rc = 61% and tan = 0.90,  = 29°, Rc = 61%. For both cases, the COVtanvalues 

investigated are 0.2, 0.3 and 0.4. 

Figure 4.15 shows the influence of normalized spatial correlation length on the probability of failure of 

the reinforced slope constructed with dumped soil (tan = 0.55,  = 29°, Rc = 61%).  For the case with 

COVtan= 0.2, the probability of failure increases at a diminishing rate with normalized spatial correlation 

length increasing from the smallest value (/H= 0.125) to a maximum Pf = 13.5% when /H= 4, which is 

close to the value Pf = 11.9% computed for the same slope with random soil variability. For the cases with 

COVtan= 0.3 and COVtan= 0.4, the largest values of Pf are 40.2% and 64.7% and correspond to = 2.5 

m and = 1.25 m, respectively. These peak values are much higher than the Pf values obtained for the 

case of random soil strength variability which are 22.7% for COVtan= 0.3 and 30.3% for COVtan= 0.4. 

These probabilities of failure are greater than 30% which is likely unacceptable even for a temporary 

reinforced soil slope. Recall that for permanent reinforced soil slopes a maximum Pf = 1% is considered 

reasonable. This criterion is not achieved for the three soil conditions in this figure with the exception of 

one data point in the lower curve. Hence, the observations made here are largely of academic interest 

rather than of practical value.   

Similar trends in Pf versus /H curves can be seen in Figure 4.16 for the same reinforced slope 

constructed with soil at 90% relative compaction (tan = 0.90,  = 42°) and COVtan= 0.3 and 0.4. 
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However, for all curves, there is an intermediate spatial correlation length that leads to a peak Pf value 

that is greater than the corresponding case with random variable soil strength only. The values of worst 

case normalized spatial correlation length are 1, 1 and 0.5 for COVtan= 0.2, 0.3 and 0.4, and the 

corresponding peak Pf values are 3.4%, 12.1% and 23.9%, respectively. For cases of random 

(homogeneous) variability, the probabilities of failure are 0.08%, 1.9% and 6.2% for COVtan= 0.2, 0.3 

and 0.4, respectively. In previous related studies on reliability analysis of natural soil slopes with isotropic 

spatial variability of undrained cohesive strength with COV of 50% (e.g. Griffiths et al. 2016), peak 

probabilities of failure of 60% or more were reported at worst case correlation lengths similar to those 

shown in Figure 16. 

The observation of a worst case spatial correlation length matching the peak Pf value can be explained 

notionally by the ability of the RFEM approach to search for multiple weak paths with complex failure 

mechanisms as explained by Griffiths and Fenton (2004). For the case of relatively small spatial 

correlation lengths, the critical failure mechanism path through the generated random field (friction 

coefficient random field in this study) is tortuous and a search of potential weakest path becomes 

increasingly difficult for /H → 0; thus the computed probability of failure approaches zero (Griffiths et 

al. 2016). In the current investigation the minimum spatial correlation length that could be investigated 

with practical computations times was = 0.625 m (i.e. /H= 0.125). 

For the case of large spatial correlation length the random field generated is smooth and similar to the 

homogenous soil case; therefore the resulting failure mechanisms are simple and similar to those for the 

random (homogeneous) variability case. Hence, for /H → ∞, Pf tends to the probability of failure at 

infinite spatial correlation length. However, when the spatial correlation length is comparable to the slope 

height, the intermediate fluctuation of soil strength in the soil domain increases and thus the possibilities 

finding multiple weak paths increases; hence the probability of failure is relatively high. This observation 
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has been made by Griffiths et al. (2016) for unreinforced soil slopes but appears to apply also to the case 

of reinforced slopes in the current study. 

Figure 4.17 shows final deformed meshes for three example cases with isotropic spatially variable soil 

strength (= 0.625, 5 and 20 m), Rc = 90% (tan = 0.90,  = 42°) and COVtan= 0.2. These images 

correspond to analysis results for a single random field realization after gravity is turned on. As before, 

darker elements represent stronger soil. The three random fields in this figure were generated using the 

same random seed, i.e. the initial strength value in each matching element in the three cases is the same 

using the standard normal distribution which is the starting point in the generation of any spatial random 

field (Fenton and Griffiths 2008). These figures show that for = 0.625 and 20 m, both slopes are stable 

(Fs = 1.56 and 1.41), however for the case of = 5 m the slope fails (Fs = 0.87). This last case is an 

example of failure of a slope with a random spatial strength field with a spatial correlation length which is 

in the vicinity of the worst case spatial correlation length of /H ~ 1 shown in Figure 4.16.  

4.4.3.3   Influence of anisotropic variable strength field on probability of failure 

In previous sections, the random strength field was assumed to be isotropic, i.e. the horizontal spatial 

correlation length is equal to the vertical spatial correlation length. For constructed fills however, the 

horizontal spatial correlation length may be expected to be larger than the vertical spatial correlation 

length due to soil lift placement and compaction. Nishimura et al. (2010) concluded from Swedish 

weight-sounding tests that the vertical spatial correlation length (y) at three different locations in a 

frictional soil fill was 0.85, 6.35 and 0.77 m, while the corresponding horizontal spatial correlation length 

(x) was 20.5, 83.1 and 27.9 m, respectively. Thus the anisotropy ratio (x/y) was in the range of 13 to 

35, which is judged to be a large value. In this section, the influence of anisotropic random field on 

probability of failure is investigated for x/y = 1, 2, 5, 10 and 20 with tan = 0.55, COVtan = 0.2,  = 29°, 

Rc = 61%. Although the largest value is smaller than that reported by Nishimura et al. (2010), it will be 

shown later that the influence of anisotropy vanishes for x/y > 10. 
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Figure 4.18 shows the relationship between vertical spatial correlation length (y) and probability of 

failure for y = 0.625 through 20 m, while the ratio x/y is kept constant. In general, for the same vertical 

spatial correlation length, Pf increases at a diminishing rate as the ratio x/y increases. For x/y ≥ 5 the 

differences in Pf at the same value of y are negligible. Hence, at least visually the isotropic case gives the 

least conservative results (for design). The worst case correlation lengths are in the range of y = 2.5 to 5 

m. These values fall within the range of values reported by Nishimura et al. (2010) for frictional fills. 

Jha and Ching (2013) reported vertical correlation lengths of 0.3 to 2.7 m for compacted cohesive fills. 

Figure 4.18 also shows that when the vertical spatial correlation length is 4 times the slope height or 

greater, the influence of x/y ratio on Pf disappears. However, the maximum difference between 

maximum Pf values at the worst case correlation length and y/H = 4 is 2%, which is negligible from a 

practical point of view. 

Figure 4.19 presents a series of deformed mesh plots for failed slopes using examples of single 

realizations at the end of numerical calculations. In these examples x = 10 m and y = 0.5 m which 

means that the frictional fill has essentially vertical spatially anisotropy only. As before, dark elements 

and light elements represent strong and weak soil elements, respectively. For these realizations the 

randomly generated strength fields resulted in weak soil layers which controlled the mechanism of failure. 

In Figure 4.19a, a weak soil layer was generated at the mid-height of the slope while in Figures 4.19b 

and c, the weak soil layer leading to slope failure is at the bottom of the slope. These layers allowed the 

soil to slide out between adjacent reinforcement layers. It can be noted that the vertical correlation length 

of 0.5 m falls within the 1 m vertical reinforcement spacing, which for these particular realizations in 

combination with a weak soil encouraged the development of this type of failure mechanism. For cases 

with the same vertical spatial strength correlation length but greater soil strength on average, the number 

of these types of failure mechanisms was less resulting in lower probabilities of failure. 
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The main conclusion from these observations is that the margin of safety expressed probabilistically for 

reinforced soil slopes (or embankments) constructed with a compacted frictional soil is controlled by the 

combination of vertical spatial strength correlation length, average soil strength and reinforcement 

spacing. 

4.5   Conclusions 

In this chapter, probabilistic stability analyses of constructed wrapped-face geosynthetic reinforced slopes 

(or embankments) with random and spatially variable soil strength were carried out. A range of frictional 

soils with properties matching different degrees of compaction were considered based on the work of 

Boscardin et al. (1990). A modified random finite element method (RFEM) code originally developed by 

Griffiths and Fenton (2004) was used to carry out probabilistic analyses. The modifications are related 

to the introduction of bar elements to simulate the extensible geosynthetic reinforcement layers and the 

use of the Davis (1968) approach to improve numerical stability at soil collapse in the finite element 

model computations.  The influence of layered fill construction was investigated by assuming different 

vertical spatial correlation lengths in combination with different ratios of vertical to horizontal spatially 

variable strength. While the focus of current study is on probabilistic analysis the results of some 

benchmark deterministic analyses are also reported. The main conclusions are summarized as follows:  

1) Deterministic analyses showed that maximum reinforcement tensile forces at failure were 

detectably larger for stronger soil cases than for weaker soil cases but the differences are 

negligible from a practical point of view. The differences can be ascribed to the small 

increase in unit weight used in the simulations for the stronger soil. 

2) The factor of safety from deterministic analyses and the magnitude of probability of failure of 

the reinforced soil slopes from probabilistic analyses in this study are both strongly 

influenced by average compacted soil strength for the same reinforcement spacing used in 

this study.  
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3) Probabilistic analyses of reinforced soil slopes with random variable strength only, showed 

that the variation of maximum mobilized tensile force at failure is small from a practical point 

of view.   

4) However, spatial variability in soil strength has strong influence on the variation of maximum 

mobilized tensile forces in reinforcement layers at slope failure. The coefficient of variation 

on mobilized reinforcement force was shown to be as great as 40%.  

5) As the anisotropy ratio (x/y) for soil strength increases, the probability of failure of the 

reinforced slope increases.  

6) The magnitude of vertical soil strength spatial variability is important when the vertical 

correlation lengths for anisotropic spatially variable soil strength are less than the 

reinforcement spacing. When this condition occurs in combination with weaker soil, failure 

mechanisms propagating horizontally between reinforcement layers become more likely. 

The study in this chapter demonstrates that degree of compaction of frictional fills in combination with 

spatially variable soil strength is important for reliability analysis of reinforced soil slopes. A useful 

outcome from this work is that anisotropic spatially variable soil strength can be used to simulate the soil 

layering that can be expected during construction of a wrapped-face reinforced slope or embankment. 

It is also found that the variation of maximum mobilized tensile force in the reinforcement layers at 

failure was larger for the slopes with spatially variable soil strength compared to random variable soil 

strength cases. It should be noted that the large variation of maximum mobilized tensile force does not 

contribute to slope failure in the current study because the mean value of maximum mobilized tensile 

force is small compared to the reinforcement tensile strength used in this study. However, for a steeper 

and higher slope, and a weaker reinforcement material the variation in maximum mobilized tensile force 

could lead to excessive tensile load leading to slope failure due to reinforcement rupture. This scenario 

was not investigated in the current study.  
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Finally, while the RFEM approach for probability analysis of reinforced slopes provided much insight 

into the behaviour of the reinforced soil structures in the current study, the large computation times were 

disappointing. It is likely the RFEM method will remain a research tool until faster desktop computers are 

available and improved numerical algorithms for the solution of the FEM portions of the code are 

developed. This shortcoming was particularly pronounced using the frictional soils in the current study.  
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Table 4.1 Properties of soils compacted to different density states. Data taken from or computed from 

Boscardin et al. (1990). 

Case 
Relative 

compaction, Rc 

Cohesion, 

c 

Friction 

angle, 

 (°) 

Dilation 

angle, 

 (°) 

Unit 

weight,  

(kN/m
3
) 

Young’s 

modulus, 

E (MPa) 

Poisson’s 

ratio 

1 61% (dumped) 0 29 0 14 2.3 0.3 

2 80% 0 36 5 19 23 0.3 

3 85% 0 38 7.5 20 32 0.3 

4 90% 0 42 12.5 21 41 0.3 

5 95% 0 48 20 22 45 0.3 
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Figure 4.1 Geometry of reinforced slope example. 
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Figure 4.2 Maximum mobilized tensile force in reinforcement layer 3 with increasing strength reduction 

factor for the same reinforced slope with different soils. 
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Figure 4.3 Mean value of factor of safety (Fs) versus coefficient of variation of friction coefficient 

(COVtan) for soil with random (homogeneous) variability only. 
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Figure 4.4 Factor of safety versus relative compaction. 
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Figure 4.5 Distribution of mean values of maximum mobilized tensile forces (T), random friction 

coefficient variability case. 
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Figure 4.6 Coefficient of variation of maximum mobilized tensile force (COVT) versus coefficient of 

variation of friction coefficient (COVtan), random (homogeneous) variability case. 
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Figure 4.7 Typical plastic displacement vectors for reinforced slope at failure: (a) Rc = 61%, = 29°; (b) 

Rc = 90%, = 42°.  

(a)  

 

 

(b)  
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Figure 4.8 Probability of failure (Pf) versus coefficient of variation of friction coefficient (COVtan), 

random (homogeneous) variability case. 
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Figure 4.9 Examples of failure at end of realizations for reinforced slope with spatial variability: (a) tan 

= 0.55, COVtan= 0.2,  = 29°, Rc = 61%, /H = 1; (b) tan = 0.90, COVtan= 0.2,  = 42°, Rc = 90%, /H 

= 1. Note: deformed mesh is exaggerated. 

(a)  

 

(b)  
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Figure 4.10 Mean value of factor of safety (Fs) versus normalized spatial correlation length (/H). Note: 

underlined values correspond to the homogeneous case with random strength variability. 
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Figure 4.11 Coefficient of variation of factor of safety (COVFs) versus normalized spatial correlation 

length (/H). 
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Figure 4.12 Distribution of mean values of maximum mobilized tensile forces (T) for all cases, COVtan 

= 0.2, = 1.25 m. 
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Figure 4.13 Mean of maximum mobilized tensile force (T) versus normalized spatial correlation length 

(/H) for reinforcement layer: (a) tan = 0.55, COVtan= 0.2,  = 29°, Rc = 61%; (b) tan = 0.90, 

COVtan= 0.2,  = 42°, Rc = 90%. Note: underlined values correspond to the homogeneous case with 

random strength variability.  

(a)tan = 0.55, COVtan= 0.2,  = 29°, Rc = 61% 
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Figure 4.13 (continued) 

(b) tan = 0.90, COVtan= 0.2,  = 42°, Rc = 90% 
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Figure 4.14 Coefficient of variation of maximum mobilized tensile force (COVT) versus normalized 

spatial correlation length (/H) for reinforcement layer: (a) tan = 0.55, COVtan= 0.2,  = 29°, Rc = 

61%; (b) tan = 0.90, COVtan= 0.2,  = 42°, Rc = 90%. 

(a) tan = 0.55, COVtan= 0.2,  = 29°, Rc = 61% 
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Figure 4.14 (continued)  

(b) tan = 0.90, COVtan= 0.2,  = 42°, Rc = 90%. 
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Figure 4.15 Probability of failure versus normalized spatial correlation length (/H), tan = 0.55,  = 29°, 

Rc = 61%. Note: underlined Pf values correspond to the homogeneous case with random strength 

variability. 
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Figure 4.16 Probability of failure versus normalized spatial correlation length (/H), tan = 0.90,  = 42°, 

Rc = 90%. Note: underlined Pf values correspond to the homogeneous case with random strength 

variability. 
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Figure 4.17 Deformed meshes for reinforced slope model at end of numerical calculations with different 

isotropic spatially variable strength fields generated using the same random seed: (a) /H = 0.125; (b) /H 

= 1;c/H = 4 (tan = 0.90,  = 42°, Rc = 90%, COVtan= 0.2). 

(a) /H = 0.125 ( = 0.625 m), Fs = 1.56 (slope is stable). 

 

(b) /H = 1 ( = 5 m), Fs = 0.87 (slope has failed). Note: Displacements are magnified. 

 

(c) /H = 4 ( = 20 m), Fs = 1.41 (slope is stable). 
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Figure 4.18 Influence of vertical spatial correlation length (y) on probability of failure (tan = 0.55, 

COVtan = 0.2,  = 29°, Rc = 61%). 
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Figure 4.19  Deformed mesh and displacement vector plots of failure examples for tan = 0.55, COVtan = 

0.2,  = 29°, Rc = 61%, x = 10 m, y = 0.5 m. Note: deformed mesh is exaggerated. 
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Chapter 5  

Deterministic and Random FEM Analysis of Full-Scale Unreinforced and 

Reinforced Embankments
4
 

5.1   Introduction 

The ultimate bearing capacity of strip footings located near the crest of constructed granular fill 

embankments is of interest to geotechnical engineers. For example, Meyerhof (1957) developed design 

charts for the ultimate bearing capacity of footings on unreinforced cohesive soil slopes and frictional soil 

slopes Graham et al. (1987) proposed an approach to calculate footing bearing capacity on unreinforced 

frictional soil slopes using the method of stress characteristics. Saran et al. (1989) provided analytical 

solutions for calculating ultimate bearing capacity of footings placed on unreinforced soil slopes based on 

limit equilibrium and limit analysis approaches. Leshchinsky (2015) demonstrated the use of limit 

analyses to calculate the bearing capacity of strip footings on cohesive-frictional soil slopes.  

A strategy to improve the bearing capacity of footings in proximity to the crest of an embankment is to 

introduce horizontal layers of geosynthetic reinforcement materials such as geotextiles and geogrids 

below the footings. For example, small-scale physical experiments demonstrating the improvement in 

load capacity of strip footings seated close to or at the crest of reinforced granular slopes have been 

reported by Selvadurai and Gnanendran (1989), Huang et al. (1994),  Lee and Manjunath (2000), 

Yoo (2001), Gnanendran and Selvadurai (2001) and Alamshahi and Hataf (2009). While these 

investigations provide useful qualitative insight, the influence of model-scale on the extrapolation of 

quantitative results to field-scale behaviour is always a challenge.  

                                                      

4
 A version of this chapter is to appear as: 

Luo, N. and Bathurst, R.J., 2017. Deterministic and random FEM analysis of full-scale unreinforced and reinforced 

embankments. Geosynthetics International. 
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Bathurst et al. (2003) carried out full-scale tests of unreinforced and reinforced granular embankments 

loaded to failure using a strip footing located close to the crest. They showed that footing bearing capacity 

was greater for the reinforced embankments compared to the nominal identical unreinforced structure. 

Blatz and Bathurst (2003) carried out two-part wedge limit equilibrium analyses on the same 

unreinforced and reinforced embankments. Good agreement between the physical tests and analytical 

outcomes was achieved with respect to the ultimate footing load and failure surface geometry for the 

reinforced embankments. The predicted ultimate load for the unreinforced embankment was in 

satisfactory agreement with the measured value. However, the observed failure mechanism was a shallow 

horizontal sliding block while the analytical solution predicted a deeper mechanism exiting at the 

embankment toe. The authors concluded that compaction-induced layering that occurred during 

construction was likely responsible for this behaviour. Better understanding of the influence of lift 

thickness and compaction on footing performance is one motivation for the current investigation.  

Variability in compaction density of constructed fills is unavoidable. Construction quality control 

specifications are enforced in the field to keep this variability within tolerable limits. Nishimura et al. 

(2010, 2016) quantified the spatial distribution of the strength of well-constructed frictional earth fills 

using Swedish weight-sounding tests and surface wave method. They found that the magnitude of spatial 

variability (i.e. scale of fluctuation) of soil strength in the vertical direction is much less than that in the 

horizontal direction.  

Chapter 3 investigated the stability of reinforced soil slopes within a probabilistic framework using the 

random finite element method (RFEM). The random finite element method is a probabilistic approach 

that combines the finite element method, random field theory and Monte Carlo simulation (Griffiths and 

Fenton 2001, 2004). Chapter 3 introduced bar elements to the open source RFEM code developed by 

Fenton and Griffiths (2008) to model the reinforcement layers. In Chapter 3 the RFEM approach was 



155 

 

combined with the shear strength reduction method to compute the factor of safety against slope failure in 

each analysis. 

Chapter 2 investigated the influence of spatial variability of undrained shear strength on the bearing 

capacity and failure mechanisms of strip footings seated in close proximity to unreinforced cohesive soil 

slopes. They modified the original RFEM source code to apply the footing boundary condition. Chapter 

4 made additional improvements to the same program to investigate the influence of spatial variability of 

frictional soil properties on probabilistic ultimate stability of unloaded geosynthetic reinforced granular 

slopes and embankments. They investigated the influence of relative density, and random and spatial 

variability of frictional soil shear strength on reinforced slope stability. They concluded from numerical 

results that the combination of poor compaction, vertical strength spatial correlation length (scale of 

fluctuation) less than or equal to the reinforcement spacing, and large horizontal to vertical anisotropy 

ratio in soil strength could lead to a composite failure mechanism propagating between reinforcement 

layers. 

From this review of related prior work it can be concluded that the influence of soil compaction on the 

performance of constructed unreinforced and reinforced granular slopes and embankment behaviour is 

best appreciated from a probabilistic point of view with consideration of compaction-induced spatial 

variability of soil properties.  

The objectives of the current investigation were:  

1) Simulate the load-displacement behaviour of the full-scale unreinforced and reinforced 

embankments reported by Bathurst et al. (2003) and Blatz and Bathurst (2003) up to and 

including failure within a deterministic framework using the finite element method (FEM);  
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2) Carry out probabilistic analysis of the bearing capacity of each of these embankments using 

the RFEM approach and an extended FEM code that accounts for strain- and time-dependent 

reinforcement stiffness and nonlinear stress-strain properties of the soil. 

3) Compare probabilistic analysis results with physical model behaviour assuming vertical 

spatial variability in soil strength at a scale of fluctuation matching the compaction lift 

thickness of the physical tests and treating the soil as a random (homogeneous) material.  

5.2   Description of full-scale embankment models  

Figure 5.1 shows the geometry, loading configuration and reinforcement layout of the two reinforced 

embankments (Embankment 2 and 3), and Embankment 1 that was unreinforced and served as the control 

structure in the study by Bathurst et al. (2003) and Blatz and Bathurst (2003). The granular soil was 

angular coarse-size sand with some gravel and has been used in earlier full-scale reinforced soil wall tests 

constructed at RMC (Bathurst and Benjamin 1990; Bathurst et al. 1993). The embankment models 

were constructed between two stiff steel reinforced concrete counterfort walls that were lined with a 

composite liner to reduce sidewall friction and thus approach plane strain test conditions as far as 

practical (Bathurst et al. 2003). The three embankments had the same geometry and were constructed 

with the same coarse sand backfill. Embankment 2 was constructed with four reinforcement layers using a 

relatively weak and extensible polypropylene (PP) geogrid material and Embankment 3 was constructed 

with a stronger and stiffer high-density polyethylene (HDPE) geogrid. Each embankment was 3.4 m high 

and 3.3 m wide (plane strain direction) with a slope angle of 51°. The slope face was supported by a light 

formwork to maintain the target facing alignment during construction but was removed thereafter. The 

reinforcement layers were placed at elevations of 0.6, 1.4, 2.1 and 2.9 m with respect to the rigid concrete 

foundation and extended to the back of the test facility. A 0.47 m-wide steel I-beam with a smooth bottom 

surface was used as the strip footing. The beam was located 1.2 m from the embankment crest and 

extended the full width of the embankment backfill surface.  
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The footing was loaded using a computer-controlled, closed-loop, 1000 kN capacity MTS hydraulic 

actuator with a 250 mm maximum stroke. Incremental loads ranging from 50 to 150 kN were applied to 

the footing until embankment collapse occurred. Each load step was held constant for periods ranging 

from approximately 4 to 24 hours. Five unload-reload cycles were applied early in the loading program 

for each embankment. 

The structures were heavily instrumented to record footing loads and displacements, horizontal and 

vertical displacements of the embankment face, soil internal movements and reinforcement strains.  

The collapse loads for Embankments 1, 2 and 3 were 400, 650 and 840 kN, respectively. The 

corresponding ultimate footing bearing capacity values were qult = 258, 419 and 542 kPa. After each test, 

the embankment was carefully excavated and failure surfaces identified based on the displacements of 

metal marker rods embedded in the soil at time of construction and the location of the failure surface 

exiting at the slope face. In each test, the geometry of the ultimate failure mechanism was a sliding block 

defined by an inclined failure surface propagating from the back edge of the strip footing and then 

horizontally to the slope face, as shown in Figure 5.1. An initial sliding block mechanism was generated 

above layer 2 in each reinforced embankment followed by a larger mechanism seated on layer 3. The exit 

location of this mechanism on the slope face of each reinforced embankment was clearly visible but the 

depth of the mechanism along layer 2 could not be determined during excavation; hence the geometry of 

this mechanism between layers 2 and 3 is assumed in Figure 5.1. Rupture of reinforcement layer 4 was 

observed for both reinforced Embankments 2 and 3 after excavation. The horizontal failure mechanism 

for the unreinforced embankment was shallower than those observed for the two reinforced 

embankments. Readers are directed to Bathurst et al. (2003) for additional test details and to Blatz and 

Bathurst (2003) for results of deterministic two-part wedge stability analyses.  
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5.3   Finite element model  

5.3.1   General 

Figure 5.2 shows the finite element mesh that was generated for the unreinforced and reinforced 

embankments. The bottom of the embankment is restrained in the horizontal and vertical directions while 

the vertical far boundary is restrained in the horizontal direction only. The loading beam was simulated by 

a rigid smooth (frictionless) footing. In this study 0.06 × 0.06 m eight-node quadrilateral elements were 

used below the embankment backfill surface. Narrower elements of width 0.049 m were used below the 

slope face. The footing was modelled using eight elements. The mesh elements for the entire domain were 

of similar size and geometry and thus suitable for the random field generation method in the RFEM 

source code used to carry out the probabilistic analyses described later. A total of 4284 soil elements were 

used in each model. Doubling the number of elements increased the computation time by a factor four but 

did not change the footing load-settlement response. Hence, the number of elements used in this study 

was judged to be optimal with respect to numerical accuracy and computation time.  

Unlike the physical tests where the footing was loaded in a load control mode, displacement control was 

used in the finite element modelling. Load control mode is difficult to implement in deterministic analysis 

if the objective is to accurately capture the magnitude of footing bearing capacity. It is impossible to 

practically implement in probabilistic analyses. Vertical displacement increments of 0.001 m were applied 

to the footing until embankment failure occurred. The RFEM code contains a visco-plastic algorithm to 

redistribute excessive stresses in yielding elements to adjacent non-yielding elements (Griffiths and 

Fenton 2001, 2004). The reinforcement layers were modelled as elastic bar elements. The reinforcement 

elements were bonded to the soil elements, i.e. no interface elements were used. This simplification is 

appropriate for the combination of geogrid and coarse sand soil used in the physical tests. The same 

assumption has been successful in previous FEM modelling of geogrid reinforced soil walls constructed 

in the same test facility using the same soil and taken to failure (Karpurapu and Bathurst 1995).  
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5.3.2   Initial stress state 

During the construction of the physical embankments, the soil was placed and compacted to a final lift 

thickness of 150 mm.  Wood lagging boards were used as a temporary facing support to help maintain 

target slope alignment. In the numerical simulations, gravity was turned on in 10 increments to achieve 

the initial stress state in the embankment prior to application of the footing load. The slope face was 

constrained in the horizontal direction when the gravity increments were applied and then removed. The 

initial stress state in the soil domain was computed using the soil elastic modulus (Et) and Poisson’s ratio 

values in the next section. It was found that if the combination of temporary horizontal facing support and 

staged gravity loading was not used, then large shear stress concentrations developed at the toe leading to 

a failure mechanism exiting at the toe. This numerical outcome occurred for all three FEM embankment 

models without the temporary support and is thus inconsistent with the shallower failure mechanisms 

observed in the physical tests (Figure 5.1).  

5.3.3   Constitutive model and parameters for sand  

The soil was modelled as a non-linear elastic material governed by the Mohr-Coulomb failure criterion. 

The nonlinear-elastic part of sand behaviour was simulated using a hyperbolic stress-strain function 

(Duncan and Chang 1970) with a stress-dependent elastic tangent modulus (Et) computed as 

Et = [1 −
Rf(1 −  sinϕ)(σ1  −  σ3)

2c cosϕ +  2σ3 sinϕ
]

2

Kepa (
σ3
pa
)
n

 [5.1] 

where Rf = failure ratio,  = soil friction angle, 1 = major principle stress, 3 = minor principle stress, c = 

soil cohesion, Ke = soil elastic modulus number, pa = atmospheric pressure and n = soil elastic modulus 

exponent. The unloading-reloading behaviour was not modelled for simplicity in this study. Parameters 

Ke, Rf, and n were taken from Karpurapu and Bathurst (1995), who successfully modelled the 

behaviour of reinforced soil walls constructed in the same test facility with the same soil material using 

the same hyperbolic model. The soil cohesion was set to 1 kPa to avoid numerical instability at the free 
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slope face boundary in the simulations. The soil friction angle () and dilation angle () were 53° and 

15°, respectively based on the interpretation of shear strength test results by Bathurst et al. (2003) and 

Jewell (1988) for the same soil used in the physical tests. The large friction angle of the sand can be 

ascribed to its high particle angularity.  

The value of Poisson’s ratio was found to influence the magnitude of initial horizontal stresses and thus 

the ultimate footing bearing capacity. A parametric investigation of this issue was carried out using the 

unreinforced Embankment 1 case and a linear-elastic perfectly plastic model for the soil. Poisson’s ratio  

= 0.15 gave almost the same bearing capacity measured in the physical test and hence this value was used 

for all unreinforced and reinforced cases in this study. This value is also close to  = 0.17 that is 

computed using the classical Jaky equation for the coefficient of earth-pressure-at-rest (K0) with  = 53°, 

and linear elastic theory. Table 5.1 summarizes the soil parameters used in the FEM simulations for all 

three embankment simulations.  

5.3.4   Constitutive model and parameters for reinforcement  

Figure 5.3 shows isochronous load-strain curves for the polypropylene (PP) and high density 

polyethylene (HDPE) geogrids used in Embankments 2 and 3, respectively. Superimposed on these 

curves are stress rupture curves for the same materials. These data are from results of constant-load creep 

tests taken to failure and carried out on specimens trimmed from reinforcement samples taken from 

product roles supplied for the test embankments (Blatz and Bathurst 2003). The data from these tests 

can be used to find the strain- and time-dependent (isochronous) secant stiffness, J(, t), for these 

materials using the hyperbolic load-strain-time model for geogrid materials proposed by Allen and 

Bathurst (2014a, b): 

J(, t) =
1

1
J0(t)

+ χ(t)
 

[5.2] 



161 

 

Here, J0(t) = initial tangent stiffness; χ(t) = empirical fitting parameter;  = strain; and t = time. Secant 

stiffness curves are plotted in Figure 5.4. The tensile load in the reinforcement can thus be computed as: 

T(, t) = J(, t) ×  [5.3] 

The data plots show that the secant stiffness curves become practically the same after 100 hours. The 

duration of loading for Embankment 2 with PP reinforcement was about 100 h and for Embankment 3 

with the HDPE geogrid it was about 400 hours. The matching 100 h-time curve in Figure 5.4a with J0 = 

203 kN/m was used to model the reinforcement for Embankment 2, and the 400 h-time curve with  J0 = 

342 kN/m in Figure 5.4b was used for Embankment 3. Equations 5.2 and 5.3 show that as the 

reinforcement strains, the axial tensile stiffness decreases. This is a well-known feature of polyolefin 

geogrids and this behaviour has been captured using more advanced rate-dependent models than the one 

used here (e.g. Ezzein et al. 2015). 

In the FEM code, the reinforcement stiffness in the elastic bar elements is updated using the tangent 

stiffness Jt(, t) which is expressed as:  

 Jt(, t) =
1

J0(t) [
1
J0(t)

+ χ(t)]
2 

[5.4] 

The 400 h-isochronous curve and stress rupture curve in Figure 5.3 for the PP reinforcement show that 

the rupture tensile strength and strain for the reinforcement are 13 kN/m and 40%, respectively; the 

corresponding values for the HDPE geogrid using the 100 h-isochronous curve and stress rupture curve 

(Figure 5.3) are 32 kN/m and 18%, respectively. In the numerical modelling to follow the rupture 

strengths identified above were assigned to the reinforcement layers. However, these values were not 

achieved during simulated footing loading before the soil failed in bearing capacity and for this reason the 

rupture strength of the reinforcement materials did not control numerical outcomes. The higher bearing 
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capacity of Embankment 3 observed for the physical experiment and the matching numerical model in the 

current study is due to the greater stiffness of the HDPE geogrid compared to the PP geogrid material. 

5.4   Deterministic FEM simulation results 

5.4.1   Unreinforced Embankment 1 

Embankment 1 was step-loaded to failure in steps of 50, 150, 300 and 400 kN and each load held for 

about 24 h except for the final load stage which failed as the load was applied. There were five unload-

reload cycles from 150 kN to 12 kN between load stages 2 and 3. The measured load-displacement 

response for this test is shown in Figure 5.5 together with the results of the FEM simulation. The unload-

reload cycles in the physical test show a linear load-displacement response indicating that at this load 

level the soil was in the linear elastic range of behaviour often associated with working stress conditions. 

At higher load increments there were larger displacements until the target load levels were achieved. 

However, the rates of displacement are most likely controlled by the servo-control speed of the actuator. 

In other words, as the stiff soil in this investigation yielded and displacements accumulated rapidly, the 

hydraulic actuator system required some time to move enough oil to maintain the target load. There was a 

sudden footing failure at 400 kN after the footing had moved vertically 0.20 m. The physical test was 

terminated at this point, while the numerical experiment was continued beyond peak footing capacity. 

In the numerical modeling, the unload-reload cycles were not simulated and the footing load was applied 

at a constant rate of displacement until 0.20 m of footing settlement was achieved. The physical and 

numerical test response curves can be argued to be in reasonable agreement up to failure considering that 

the simulation did not model actuator lag time.  The final ultimate footing capacities are essentially the 

same for both the physical test (258 kPa) and the numerical simulation (260 kPa) which is encouraging. 

Post-peak behaviour in the numerical simulation was characterized by small amplitude fluctuations in 

load-displacement response that are not detectable using the plotting scale in Figure 5.5 and the two 

larger fluctuations that are visible. This is believed to be a numerical effect and has been observed in 
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other FEM-based footing bearing capacity analyses using soils with large difference between soil friction 

and dilation angle (Borst and Vermeer 1984; Manoharan and Dasgupta 1993; Yin et al. 2002; 

Loukidis and Salgado 2009). Loukidis and Salgado (2009) posited that these types of oscillations are 

due to shear band softening when the soil is modelled as a Mohr-Coulomb material. However, post-peak 

load behaviour of embankments of the type investigated in this study is not of practical interest.  The 

focus here is on embankment footing performance up to and at collapse. 

Figure 5.6 shows a comparison of failure mechanisms observed in the physical test and those predicted 

using the two-part wedge limit equilibrium method (LEM) analysis by Blatz and Bathurst (2003) and 

from the FEM numerical simulations in the current study. The limits of the zone of failed soil in Figures 

5.6a and 5.6b were determined from shear strain contours. An example is shown in Figure 5.6c matching 

the plot with plastic vectors in Figure 5.6a. The plastic vector plots are judged to better illustrate the 

block mechanisms that were inferred from the physical test measurements and from the two-part wedge 

analyses reported by Blatz and Bathurst (2003). The FEM failure mechanism can be seen to fall 

between the horizontal sliding block geometry observed in the physical test and the toe failure predicted 

using the LEM approach. While the ultimate bearing capacity from the FEM model matched the observed 

value, the volume of soil at failure and the largely horizontal soil block trajectory was not. It was noted 

during embankment excavation that the horizontal sliding surface was aligned with the location of the 

interface between compacted fill lifts. 

Figure 5.7 shows the profile of horizontal displacement of the slope face at incipient failure predicted by 

the FEM simulation and measured values recorded at the three monitored locations at the front face 

immediately before failure. The predicted maximum horizontal displacement just prior to collapse from 

FEM analysis was 0.033 m at elevation h = 2.10 m above the slope toe. The measured values were 

obtained from the potentiometers placed against the slope face which have a practical resolution of about 

1 mm. Note that the physical data were recorded at intervals of about 1 minute and rapid deformations 
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occurred as collapse was approached. Hence, the physical test data can be expected to fall at or inside the 

actual slope deformation profile at the moment of collapse. However, both physical and numerical results 

agree reasonably well with respect to the location of the sliding upper block of soil that was the 

predominant failure mechanism in this test.   

5.4.2   Reinforced Embankments 2 and 3 

Figure 5.8 shows the load-displacement curves for reinforced Embankment 2 from the physical test and 

the numerical simulations. During the load increment from 450 to 600 kN in the physical test, a block of 

soil moved laterally 8 mm along reinforcement layer 2 and another higher block moved approximately 17 

mm along layer 3 before coming to equilibrium. After further loading from 600 to 650 kN, there was a 

catastrophic collapse of the embankment due to the uppermost block of soil sliding out along the surface 

of reinforcement layer 3. 

The predicted equivalent numerical load-displacement response curve using the 100 h- reinforcement 

stiffness model is judged to be in good agreement with the measured response up to the initial failure load 

of 600 kN based on the observation that the difference in displacement curves at the same load level is 2 

mm or less. The same numerical response curve shows a drop and recovery at the 600 kN load level that 

is consistent with the initial footing failure mechanism described above followed by increasing footing 

capacity until catastrophic collapse. This recovery is attributed to load shedding to the reinforcement 

layers after initial shear failure of the soil. The initial post-peak load-displacement response is not 

captured at the correct load level in the numerical simulations using the stiffer 1 h-response stiffness 

curve. The 100 h-reinforcement stiffness curve was used in all subsequent simulations in this 

investigation for Embankment 2. It should be noted that two different analyses (Curves A and B) were 

performed using the 100 h-reinforcement stiffness curve with rupture strains equal to 40% and 12%, 

respectively. It can be seen that the lower strain cut-off gives a better estimate of ultimate bearing 

capacity (466 kPa) that is closer to the measured value (419 kPa).    
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The final failure mechanisms in the physical test and from the FEM simulation for reinforced 

Embankment 2 are shown in Figure 5.9. Two horizontal failure mechanisms developed along 

reinforcement layers 2 and 3 as described earlier. The final failed zone of soil in the FEM simulation at 

the end of the simulation with the footing load at 386 kPa can be seen to fall between these layers based 

on interpretation of shear strain contours (see Figure C.1 in Appendix C). The plastic displacement 

vectors show a pronounced sliding mechanism between the same two reinforcement layers. Hence, there 

is some qualitative agreement between numerical model behaviour and the physical test with respect to 

the failed volume of soil, but the depth of the initial failure mechanism is not fully captured in the 

numerical simulation.  

Figure 5.10 presents the horizontal displacements on slope face in the physical test and numerical 

simulation at footing pressure q = 386 kPa. The trend in predicted profile agrees well with the measured 

values at three locations. The maximum horizontal displacement from FEM results was 0.018 m at 2.37 

m, which is close to the exit point of slip surface observed in the physical test. Unlike the unreinforced 

Embankment 1 (Figure 5.7), the decrease in horizontal displacement at lower elevations is much less for 

the reinforced case, which may be attributed to load redistribution in the reinforcement layers.  

Figure 5.11 shows maximum reinforcement strains in the top two reinforcement layers versus footing 

pressure for the physical test and numerical simulation. The reinforcement strains in the first and second 

layers were very small and are not plotted. The low strains in these layers are consistent with the 

observation that the substantial soil deformations occurred higher in the embankment. The strains for 

layers 3 and 4 in this plot can be seen to generally increase with increasing footing load. After the final 

loading increment of 650 kN was applied (i.e. 419 kPa), the maximum strain in reinforcement layer 4 

increased further while the maximum strain in reinforcement layer 3 remained constant. This is consistent 

with the internal soil failure mechanism propagating above the third reinforcement layer and engaging the 
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top layer of reinforcement. During excavation following the end of the test, rupture of the top 

reinforcement layer was observed while layer 3 was observed to be intact (Bathurst et al. 2003).  

At the end of the test the predicted and the last measured strains in layer 3 were very close (about 6%) but 

the predicted maximum strain in the top layer was 9% which was less than the last measured value of 

(12%). However, the instrumentation in this experiment was recorded at 1-minute intervals so it is not 

possible to know the true maximum strain in either layer at the precise time of final embankment failure. 

It should also be noted that the measured strains were deduced from pairs of extensometer points attached 

to different longitudinal members; hence some uncertainty with respect to these measurements is 

inevitable. Walters et al. (2002) examined measurement repeatability using this type of instrumentation 

mounted on the same PP geogrid material in a sand soil and estimated the COV of strain measurements to 

be 9%. This value is used to show that the predicted strains at the end of the test are within or close to the 

95% strain measurement confidence limits for both layer 3 and 4. 

Figure 5.12 shows the load-displacement curves for reinforced Embankment 3 constructed with the 

stiffer HDPE geogrid and the numerical simulation. In the physical test, the top reinforcement layer 

ruptured when the maximum recorded strain was (at least) 18% and the ultimate footing bearing capacity 

was 542 kPa. The equivalent numerically predicted load-displacement curve using the 400 h-

reinforcement stiffness curve (Figure 5.4b) is in very good agreement with the measured data up to 

measured footing failure. 

A preliminary FEM analysis was carried out assuming reinforcement rupture strains cannot exceed 18%. 

In other words, the tangent stiffness was taken as zero when reinforcement strains reach 18%. However, 

this strain limit was not achieved after 0.25 m of footing settlement and predicted footing pressures 

overestimated the measured values after the measured footing failure pressure of 542 kPa. However, if the 

400-h isochronous curve is truncated at 5% strain then there is good agreement between the measured and 

predicted footing pressure-displacement curves up to and including failure. 
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Figure 5.13 shows measured and predicted strains in layers 3 and 4 using the 400-h isochronous stiffness 

curves for the reinforcement. The numerical predictions in this plot use the 5% strain cut-off mentioned 

earlier. The predicted and measured strains for layer 4 are in reasonable agreement at the penultimate 

physical applied load. The numerical predicted strain in layer 3 is consistently higher than the measured 

values.  

Failure mechanisms corresponding to numerical simulation cases with 5% and 18% rupture strain cut-off 

are shown in Figure 5.14. It can be seen that a larger soil plastic zone was mobilized for the case using 

the 5% strain cut-off. Shear strain contour plots used to identify the failure surfaces in this figure can be 

found in Figure C.2 in Appendix C. 

The interpretation of bearing capacity from numerical footing pressure-displacement response must be 

formalised when these traces are asymptotic to a maximum value as shown in Figures 5.8 and 5.12. 

Examination of all numerical results (deterministic and RFEM) for Embankment 2 showed that at 150 

mm of vertical deformation, the footing capacity was essentially constant.  This was also consistent with 

the physical load-settlement response of reinforcement Embankment 2 (Figure 5.8) and reinforced 

Embankment 3 with the 5% reinforcement strain rupture criterion (Figure 5.12). However, when the 

reinforcement rupture strain criterion was increased to 18% for Embankment 3, the numerical load-

displacement curves did not become flat until about 250 mm (Figure 5.12). Hence, for all numerical 

simulations of Embankment 2 and 3 the footing displacements were continued to 150 mm and 250 mm, 

respectively, and the bearing capacity taken as the load recorded at that displacement. 

5.5   Probabilistic analysis using random finite element method (RFEM)  

5.5.1   Statistical properties of component materials 

The primary objective of the analyses in this section was to compute probabilistic estimates of the 

ultimate bearing capacity of the footing used in the physical embankment tests and to compare these 
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values to the observed values. In probabilistic analyses of this type, uncertainty in the magnitude of 

component materials must be considered.  

Density and moisture readings were recorded at multiple locations at the completion of each lift during 

construction of the embankments using a nuclear density meter and from these readings the mean unit 

weight was determined to be18.1 kN/m
3
 with a range of values from 16.4 to 18.8 kN/m

3
. 

The major source of uncertainty that contributes to footing bearing capacity is the soil friction angle (or, 

friction coefficient), which is strongly influenced by compaction level as demonstrated from conventional 

triaxial compression tests on unsaturated sands (Boscardin et al. 1990) and numerical modelling of 

reinforced frictional soil slopes in Chapter 3 and 4.  

The mean of soil friction angle in this study is assumed as 53° (Bathurst et al. 2003). The variability in 

friction angle for the as-compacted sand in the physical embankment tests is not available but was taken 

as 0.15 which corresponds to about COV of friction coefficient of 0.20 which was used in all simulations. 

A value of 0.15 is a typical value reported in the literature (e.g. Phoon and Kulhawy 1999). The friction 

coefficient values were assumed to be lognormally distributed to avoid sampling negative values at small 

values during Monte Carlo simulation as would be the case assuming a normal distribution.  

In each Monte Carlo simulation, the tangent value of soil friction angle (friction coefficient) was first 

generated and then the dilation angle was calculated using Bolton’s equation (Bolton 1986), i.e.  = 

(crit)/0.8. The constant-volume friction angle was back-calculated as crit = 41° using Bolton’s 

equation with  = 53° and  = 15°. If the sampled friction coefficient value corresponded to a friction 

angle less than 41°, then the dilation angle was set to zero.  

The soil density data recorded during embankment construction proved to be too sparse to estimate the 

vertical spatial correlation length (scale of fluctuation) using the method of Vanmarcke (1984). 

Regardless, because the COV of the compacted soil was small, vertical spatial correlation lengths even if 
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they were detectable are not a concern. In the current investigation, the vertical scale of fluctuation of the 

friction coefficient is assumed equal to the compacted lift thickness, i.e. y = 150 mm. The spatial 

correlation length in the horizontal direction was assumed as infinite (θx = ) which is consistent with 

Nishimura et al. (2010) who concluded from field measurements that horizontal to vertical spatial 

correlation length ratios for soil strength are very large for constructed fills.  

A source of uncertainty that could contribute to footing bearing capacity is the available tensile strength 

of the polymeric geogrid reinforcement materials used in the physical experiments. Statistical analysis of 

large databases of tensile tests on HDPE and PP geogrid materials from the same product types as those 

used in this study and performed before and after installation damage, show that the COV of virgin tensile 

strength can be expected to be less than 2% for both materials (Bathurst and Miyata 2015; Miyata and 

Bathurst 2015; Bathurst et al. 2011). The COV of tensile strength after installation damage in soils of 

similar particle size to the soil in the physical embankments was shown to be less than 4% and 8% for the 

HDPE and PP geogrid materials, respectively. In the embankment tests, the soils were placed and 

compacted under very benign conditions in the laboratory using a light-weight vibrating plate compactor 

and thus the COV of tensile strength is considered to be closer to values for the virgin materials. Tensile 

tests performed on virgin and exhumed samples of HDPE geogrid similar to that used in Embankment 3, 

but from an earlier full-scale reinforced soil wall test, showed no detectable loss in tensile strength using 

the same placement and compaction method (Bush and Swan 1987). Hence, in the analyses to follow the 

tensile strength (and stiffness) of the geogrid reinforcement was taken as deterministic since strength 

variability is expected to be negligible. Finally, based on the FEM simulation results discussed earlier, it 

is reasonable to assume that any potential uncertainty in the properties of the reinforcement materials 

discussed here is masked by the greater uncertainty of which isochronous curve best represents the 

reinforcement under buried operational conditions.  
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5.5.2   Random finite element method 

The random finite element method (RFEM) combines the finite element method, random field theory and 

Monte Carlo simulation (Fenton and Griffiths 2008).  It is a probabilistic approach that can account for 

spatial variability of soil properties. In this study, the soil property of interest is soil friction angle (or 

more specifically, friction coefficient). Random fields of soil friction coefficient (tan ) were generated 

using the local average subdivision (LAS) method by Fenton and Vanmarcke (1990) and then adjusted 

to create anisotropic fields (Griffiths et al. 2009). The general approach is well known and the details are 

not repeated here for brevity.  

An unfortunate feature of the FEM numerical code used in this study is potentially long computation 

times to achieve a final solution when highly frictional soils are used (i.e. to achieve numerical 

convergence) (Chapter 4). For this reason the number of Monte Carlo simulations was limited to 100. 

Fortunately, the values of COVtan = 0.2 and the vertical spatial correlation length of y = 0.150 m are 

small, and thus stable estimates of the mean and standard deviation of ultimate bearing capacity were 

achieved within 100 simulations for the unreinforced embankment and reinforced embankments (see 

Figure C.3 in Appendix C). 

5.5.3   Results of analysis for unreinforced Embankment 1 using RFEM 

Figure 5.15 shows the distribution of ultimate bearing capacity for unreinforced Embankment 1. In other 

words, these are histograms for the number of times out of a total of 100 simulations that the embankment 

failed with the footing pressures shown. Cases with anisotropic spatially variable soil (θx =  and θy = 

0.150 m) and random (homogeneous) soil cases (i.e. no spatial variability) are shown in Figures 5.15a 

and 5.15b, respectively.  

The data for the cases with spatial variability have a mean ultimate bearing capacity of 247 kPa and 

coefficient of variation equal to 0.17. The corresponding data for the same embankment but with random 

soil strength have mean value of 257 kPa and coefficient of variation equal to 0.61, which is much larger 
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than COVtan = 0.2. The large variation of bearing capacity obtained from the random (non-spatial) 

variable case is because footing bearing capacity is very sensitive to soil friction angles of 35° or greater, 

which has been observed in other deterministic numerical analyses (Griffiths 1982; Frydman and Burd 

1997). Since the embankment was built and tested under well controlled conditions, a large variation of 

bearing capacity would not be expected. Hence, numerical simulations with spatially variable soil 

strength are assumed to give more reasonable predictions. Thus in the remainder of the chapter all 

simulations are carried out with θx =  and θy = 0.150 m. 

The distribution of maximum horizontal displacement locations on the slope face are summarized in 

Figure 5.16. The mean value is h = 2.39 m, which is very close to the elevation of the failure surface exit 

point observed in the physical test (2.48 m). As mentioned previously regarding Figure 5.7, the location 

of maximum horizontal displacement on the slope face is an important transition point below which 

measured horizontal displacements are small and predicted values generally decrease with depth.  

Typical examples of failure mechanisms at the end of numerical simulations with different random fields 

created using the same anisotropic spatial variability characteristics are shown in Figures 5.17a, b and c. 

The shapes of the disturbed soil volumes are consistent with that observed in the physical test. A typical 

result from 100 simulations assuming random soil only is illustrated in Figure 5.17d. The failure 

mechanism has bilinear shape similar to that observed for the deterministic analysis case shown in Figure 

5.6 and exits lower on the slope face.   

5.5.4   Results of analysis for reinforced Embankments 2 and 3 using RFEM 

The numerical analyses for Embankment 2 were carried out using the 100-h isochronous curve for the 

reinforcement with no strain cut-off. Figure 5.18 shows the distribution of footing bearing capacity using 

100 Monte Carlo simulations for Embankment 2. The mean value was 365 kPa and the coefficient of 

variation was 0.14. Typical failure mechanisms are shown in Figure 5.19. They fall between the depth to 

the initial sliding surface on layer 2 and the final sliding surface seated on layer 3, which is the same 
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range of depths observed in the physical test. The overall horizontal sliding mechanism is captured due to 

the presence of vertical spatial variability of soil friction coefficient.  

The elevation of maximum horizontal displacement is not used as an indicator of failure mechanism as 

was done for unreinforced Embankment 1 (Figure 5.7) because the distribution of measured and 

numerical horizontal displacement is more uniform over the height of the slope as shown in Figure 5.10. 

This can be attributed to load redistribution by the reinforcement layers. To quantify the failure 

mechanism at the end of each realization, the cross-sectional area of the sliding block was computed 

using the total area of elements with plastic displacements (see Figure 5.19).  

Figure 5.20 shows the distribution of sliding area for reinforced Embankment 2 after 100 Monte Carlo 

simulations. Approximately 45% of outcomes are in the range of 2.4 to 3.0 m
2
 which captures the 

observed value of 2.42 m
2
.  The mean value of sliding area is 2.92 m

2
 which is close to the numerical 

value of 2.97 m
2
 from the deterministic analysis with nominal (mean) soil strength. However, the shape of 

the failure zones are different as noted earlier which is attributed to the influence of choice of single-value 

homogenous soil strength used in the deterministic analysis and anisotropic random soil strength used in 

the probabilistic analyses. 

The numerical analyses for Embankment 3 were carried out using the 400-h isochronous curve for the 

reinforcement with strain cut-off at 5% and 18%. Figure 5.21 shows two distributions of footing bearing 

capacity for reinforced Embankment 3 assuming rupture strains equal to 5% and 18%; the mean footing 

bearing capacity values are 451 and 605 kPa, respectively. As shown earlier the lower rupture strain 

condition gives lower values of bearing capacity compared to the experimental data. However, assuming 

a rupture equal strain to 18% gives a mean value of bearing capacity (605 kPa) that is greater than the 

physical observation (542 kPa). Hence, it may be argued that the actual rupture strain in the physical test 

is between 5% and 18%.  
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Figure 5.22 shows that typical failure mechanisms predicted assuming rupture strains of 5% and 18% are 

very similar to those for reinforced Embankment 2 (see Figure 5.19). A horizontal sliding block seated 

largely on reinforcement layer 3 is predicted. It should be noted that in these two realizations the same 

random field was used. The sliding area for the case with rupture strain 5% is larger than for the case with 

18% strain cut-off (2.61 m
2
 versus 2.48 m

2
, respectively). This may be expected due to the earlier onset of 

slope failure with the lower strain rupture value which leads to a larger mobilized soil volume at the end 

of the test for the same footing penetration compared to the nominal identical numerical simulation but 

with the 18% strain cut-off. The difference in the two cases is more pronounced when the comparison is 

done statistically as in Figure 5.23 using distributions of sliding area (in vertical plane) for reinforced 

Embankment 3 and 100 Monte Carlo simulations. Here, the mean value of the sliding area for simulations 

using the 5% strain cut-off is 2.98 m
2
 versus 2.61 m

2 
using the 18% strain cut-off. 

5.6   Conclusions  

One unreinforced and two geosynthetic reinforced full-scale embankments were constructed in a test 

facility at the Royal Military College of Canada (RMC) and taken to failure using a strip footing 

(Bathurst et al. 2003; Blatz and Bathurst 2003). The embankments were 3.4 m in height and were 

constructed with the same slope using the same coarse uniform sand. One reinforced embankment was 

constructed with a relatively weak and extensible geogrid material and the other with a relatively stronger 

and stiffer geogrid product.  

In this chapter, deterministic (FEM) and random finite element method (RFEM) analyses of the three 

RMC embankments were carried out and the results compared to observed performance. The major 

conclusions from this study can be summarized as follows: 

1) Previous related work (Chapter 4) has demonstrated that the soil friction angle, or 

(equivalently) the soil friction coefficient, strongly influences the stability of reinforced 

slopes and embankments constructed with frictional soils. The influence of soil friction angle 
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was not investigated in this study. The soil properties were taken from independent laboratory 

element tests and were shown to give reasonable predictions of the measured ultimate bearing 

capacity of the footing for the unreinforced and reinforced embankments using both 

deterministic and probabilistic FEM analyses.  

2) The choice of isochronous load-strain curve for the polymeric reinforcement materials and 

strain at rupture were shown to have a major influence on numerical outcomes in both 

deterministic and probabilistic analyses. A review of the literature found that while there is 

some uncertainty associated with strength and stiffness of these materials this uncertainty is 

minor and masked by the influence of choice of isochronous load-strain curve on numerical 

results.  

3) Including vertical spatial anisotropy of soil friction coefficient at a scale of fluctuation 

matching the compaction thickness of 150 mm in the physical tests resulted in predominantly 

horizontal block sliding mechanisms that were in reasonable agreement with observations. 

Similar FEM analysis examples with random homogenous soil strength produced failure 

mechanisms that were steeper and exited further from the slope crest.  

4) The distribution or spread (COV) in numerical predicted ultimate bearing capacity for the 

unreinforced embankment was narrower for cases with anisotropic spatially variable soil 

strength. 

The general probabilistic approach using RFEM holds promise to quantify the influence of soil spatial 

variability on the performance of constructed unreinforced and geosynthetic reinforced slopes and 

embankments. An important advantage of the RFEM approach is that potential failure mechanisms are 

unconstrained. In other words, in each realization the failure mechanism will seek out the weakest path. 

This is not the case for conventional LEM approaches where the failure mechanisms are typically 

constrained to circular or non-circular slip geometries. Another advantage of the FEM approach used here 
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compared to conventional LEM approaches is the soil reinforcement is assigned a stiffness and strength 

while in the latter approach the reinforcement tensile forces are taken as constant and are imposed on the 

solutions. 
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Figure 5.1 Observed failure mechanisms for unreinforced and reinforced embankments in physical tests 

(modified from Bathurst et al. 2003). 
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Figure 5.2 Finite element mesh for reinforced embankments. 
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 Table 5.1 Soil parameters used in FEM simulations. 

Ke n pa (kPa) Rf  c (kPa)    (kN/m
3
)

950 0.5 101.3 0.75 0.15 1 53 15 18.1 
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Figure 5.3 Isochronous load–strain curves and stress rupture curves for polypropylene (PP) geogrid and 

HDPE geogrid used in physical embankment tests (after Blatz and Bathurst 2003). 

 

 

  

Strain,  (%)

0 10 20 30 40 50 60

L
o

a
d

 (
k
N

/m
)

0

10

20

30

40

50

1 h

10 h

100 h

400 h

1000 h

Stress rupture

Stress rupture

1 h
10 h

100 h

1000 h13

18

32

PP geogrid

HDPE geogrid



184 

 

Figure 5.4 Secant stiffness and stress rupture curves for: (a) PP; (b) HDPE geogrid.  
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Figure 5.5 Load-displacement curves from physical test and numerical simulation of unreinforced 

Embankment 1. 
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Figure 5.6 Comparison of observed failure mechanisms from unreinforced Embankment 1 and predicted 

results from two-part wedge limit equilibrium method (LEM) analysis and deterministic FEM analysis in 

the current study.  

(a) plastic displacement vectors at footing displacement = 85 mm (qult = 260 kPa) 
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Figure 5.6 (continued) 

(b) plastic displacement vectors at footing displacement = 150 mm 

 

(c) shear strain contours at footing displacement = 85 mm (qult = 260 kPa) 
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Figure 5.7 Measured and predicted horizontal displacements on slope face from FEM simulation for 

unreinforced Embankment 1 at qf = 260 kPa.  
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Figure 5.8 Load-displacement curves from physical test and numerical simulation of reinforced 

Embankment 2 (using 1 h- and 100 h-reinforcement stiffness curve in Figure 5.4a).  
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Figure 5.9 Failure mechanisms for physical test and numerical simulation of reinforced Embankment 2 

(using 100-h reinforcement stiffness curve in Figure 5.4a). Note: area of plastic zone is 2.97 m
2
. 
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Figure 5.10 Measured and predicted horizontal displacements of the slope face from FEM simulation for 

reinforced Embankment 2 at end of 600 kN load increment (footing pressure q = 386 kPa) (using 100-h 

reinforcement stiffness curve in Figure 5.4a).  
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Figure 5.11 Maximum strain in reinforcement layer versus footing pressure from physical test and 

numerical simulation of reinforced Embankment 2 (using 100 h-reinforcement stiffness curve in Figure 

5.4a). Note that range bars are 95% confidence limits on measurements and maximum recorded strains 

are the last values captured prior to embankment failure. 
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Figure 5.12 Load-displacement curves from physical test and numerical simulation of reinforced 

Embankment 3 (using 400-h reinforcement stiffness curve in Figure 5.4b). 
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Figure 5.13 Relationships between maximum strain in reinforcement layer and footing pressure for 

physical test and numerical simulation for reinforced Embankment 3 (assume rupture occurs at 5% on 

400-h isochronous curve). Note that range bars are 95% confidence limits on measurements and 

maximum recorded strains are the last values captured prior to embankment failure. 
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Figure 5.14 Comparison of failure mechanisms between physical test and numerical simulation for 

reinforced Embankment 3 assuming rupture occurs at: (a) 5%; (b) 18%.  
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Figure 5.15 Histogram of ultimate footing bearing capacity values for unreinforced Embankment 1 with: 

(a) anisotropic spatially variable soil; (b) random (homogeneous) soil properties (i.e. no spatial 

variability). 
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Figure 5.16 Distribution of location of maximum horizontal displacement on slope face of unreinforced 

Embankment 1 (100 Monte Carlo simulations). Note: h = height above toe of embankment. 
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Figure 5.17 Examples of failure mechanisms at the end of selected RFEM realizations for unreinforced 

Embankment 1 with anisotropic spatial variability (θx =  and θy = 0.150 m): (a), (b), and (c); (d) 

unreinforced Embankment 1 with random (homogenous) soil strength.  

(a) at footing displacement = 125 mm 

 

(b) at footing displacement = 146 mm 
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Figure 5.17 (continued) 

(c) at footing displacement = 134 mm 

 

(d) at footing displacement = 150 mm 
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Figure 5.18 Histogram of footing bearing capacity for reinforced Embankment 2 from 100 realizations. 
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Figure 5.19 Typical failure mechanism examples from RFEM simulation of reinforced Embankment 2. 

Sliding area equal to: (a) 2.43 m
2
; (b) 2.77 m

2
; (c) 3.39 m

2
. 
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Figure 5.19 (continued) 
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Figure 5.20 Distribution of predicted failure volumes from 100 Monte Carlo simulations of reinforced 

Embankment 2. 
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Figure 5.21 Histogram of footing bearing capacity for reinforced Embankment 3 from 100 realizations 

assuming: (a) rupture strain = 5%; (b) rupture strain = 18%. 
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Figure 5.22 Failure mechanisms for identical RFEM simulations of reinforced Embankment 3 with 

reinforcement rupture strain of: (a) 5% (sliding area = 2.61 m
2
); (b) 18% (sliding area = 2.48 m

2
).  
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Figure 5.23 Distribution of predicted failure areas from 100 Monte Carlo simulations of reinforced 

Embankment 3 assuming rupture strain of: (a) 5%; (b) 18%. 
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Chapter 6  

Summary and Recommendations for Future Research 

6.1   General  

This thesis work is focused on probabilistic analysis of unreinforced and reinforced slopes with and 

without external load due a footing located close to the slope crest. A large part of the work is based on 

the random finite element method (RFEM). The influence of compaction-induced spatial variability of 

soil strength properties is considered using random field simulation of soil spatial variability. The results 

of this study will help to promote understanding and acceptance of probabilistic analysis by geotechnical 

engineers as a practical approach to assess the margin of safety for unreinforced and reinforced slope 

design and to view this approach as a complimentary tool to conventional deterministic approaches which 

yield a single factor of safety.  

This chapter summarizes specific major achievements from Chapters 2 to 5. Recommendations for future 

work are also given.  

6.2   Summary 

Chapter 2 describes the results of reliability analysis of bearing capacity of a strip footing at the crest of a 

simple slope with cohesive soil using the random finite element method (RFEM). Analyses showed that 

the coefficient of variation and the spatial correlation length of soil cohesion can have a large influence on 

footing bearing capacity, particularly for slopes with large height to footing width ratios. This line of 

study demonstrates cases where a footing satisfies a deterministic design factor of safety of 3 but the 

probability of design failure is unacceptably high. Isotropic and anisotropic spatial variability of the soil 

strength was also considered. In addition, the investigation of this chapter lays a foundation for further 

analyses of unreinforced and reinforced soil slopes with external loading in both deterministic and 

probabilistic frameworks.  
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In Chapter 3, probabilistic slope stability analyses of simple geosynthetic-reinforced soil slopes were 

carried out using the shear strength reduction method in combination with the finite element method 

(FEM). An existing open-source FEM code was modified to include bar elements to model horizontal 

layers of geosynthetic reinforcement. The unmodified source code was first verified by comparing 

numerical results for probability of failure and factor of safety for simple unreinforced slopes with purely 

cohesive and cohesive-frictional soil using probabilistic limit equilibrium-based solutions found in the 

literature. The modified FEM code with the addition of reinforcement elements (mFEM) was then shown 

to give results that are consistent with results for frictional soil cases using a commercially available FEM 

software package and a LEM approach based on Bishop’s Simplified Method with reinforcement layers. 

Important lessons linking the FEM to the coupled (probabilistic) LEM-Monte Carlo simulation approach 

are reported. The modified code (mFEM) was then used to investigate the effect of variability of soil 

friction angle and unit weight and cross-correlation between these variables on probabilistic outcomes for 

unreinforced and reinforced purely frictional soil slopes. The unit weight and cross-correlation between 

unit weight and friction angle are shown to have little influence on probability of failure for unreinforced 

and reinforced purely frictional soil slopes which is attributed to the low value of coefficient of variation 

assumed for the unit weight. While qualitative numerical outcomes reported in the study may not be 

unexpected, this chapter reports for the first time the use of the FEM in combination with the strength 

reduction method for probabilistic analysis of reinforced soil slopes. 

The modified code in Chapter 3 was further improved to include wrapped-face reinforced slopes in 

Chapter 4. Probabilistic stability analyses of constructed wrapped-face reinforced slopes (or 

embankments) using frictional soils were carried out using the random finite element method (RFEM). 

Soil properties reported in the literature for unsaturated frictional fills compacted to different densities 

were used in the simulations. Bar elements were added to the RFEM code to simulate extensible 

geosynthetic reinforcement layers and the Davis approach was used to improve numerical stability for 

purely frictional soil slopes at collapse. The influence of isotropic and anisotropic spatially variable soil 
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strength was investigated and shown to have a large influence on the variation of maximum mobilized 

tensile forces in reinforcement layers for the steep 5 m-high slopes in the study. The influence of fill 

placed at different layer thickness and compacted to different levels was simulated by adjusting the soil 

strength and unit weight, and the vertical strength correlation length in the anisotropic spatially variable 

strength field used in each slope realization. Numerical results showed that vertical strength correlation 

lengths approaching the magnitude of fill lift heights can control the probability of failure for reinforced 

slopes constructed with weak fills placed in lift heights close to but less than the wrapped reinforcement 

spacing used in the study. 

Chapter 5 presents the results of numerical simulations of one physical full-scale unreinforced 

embankment and two reinforced embankments taken to failure using a strip footing. The embankments 

were 3.4 m in height and were constructed with the same slope using the same sand backfill. One 

reinforced embankment was constructed with a relatively weak and extensible geogrid material and the 

other with a relatively stronger and stiffer geogrid product. Deterministic finite element method (FEM) 

and random finite element method (RFEM) analyses were carried out and the results compared to 

observed performance. Analyses were performed assuming vertical spatial variability in soil strength at a 

scale of fluctuation matching the compaction lift thickness of the physical tests and treating the soil as a 

heterogeneous material. Both deterministic and probabilistic analyses showed good agreement with the 

measured bearing capacity of the footing in each full-scale test. However, the assumption of vertical 

spatial variability in soil strength was shown to achieve a better match with the observed failure 

mechanism in each of the embankments. 

6.3   Recommendations for future work 

1) An important limitation of the RFEM approach is the computational expense which can lead 

to a set of Monte Carlo simulations extending to days using a desktop computer, especially 

for purely frictional soils with high friction angle. It is for this reason that the RFEM 
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approach is recognized to be primarily a research tool at the present time. Improvements in 

execution time could be made by introducing a variance reduction technique (Phoon 2008). 

For example, advanced Monte Carlo simulation techniques such as subset simulation (Au 

and Wang 2014) can be used.  

2) This thesis work considers stability analysis of geosynthetic-reinforced soil slopes; however, 

investigation of other reinforced soil structures such as steel and geosynthetic-reinforced soil 

walls, soil nail walls and slopes, and geosynthetic-reinforced foundations are also of great 

practical interest.   

3) Spatial variability of soil properties in constructed fills requires further investigation. At the 

time of this thesis, data for spatial distribution of soil strength in constructed fills are sparse. 

Confident estimates of spatial variability in the vertical direction require measurements at 

very small intervals which can be practically obtained using continuous cone penetration 

testing (CPT).  

4) This thesis work is focussed on the ultimate failure limit state for unreinforced and reinforced 

soil slopes; however, geotechnical design is moving toward performance-based design which 

includes other limit states such as structure deformations. For example, performance criteria 

based on total and differential settlements can control the final design of a footing rather than 

the ultimate bearing capacity of the footing (Phoon 2008). The stiffness of the soil has larger 

variability than soil strength (Phoon 2008). Hence, the random finite element method holds 

promise to carry out probabilistic analysis of displacements and deformations in reinforced 

soil structures and to compute the probability of exceeding target deformation performance 

criteria.  

5) Geosynthetic-reinforced soil structures are structures that have strength redundancy. For 

example, if one of the reinforcement layers fails (e.g. ruptures) the load carried by that layer 
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can be shed to adjacent reinforcement layers. Due to redundancy of reinforced soil structures, 

the design probability of failure is most often assumed to be very high (e.g. 1/100). However, 

the actual probability of failure based on a system approach warrants proper attention and 

examination using the RFEM approach together with the advanced constitutive models for the 

component materials described in this thesis work.   

6) A simple and complete probabilistic framework for design of simple reinforced soil slopes 

should be developed.  

7) In this study only uncertainty in soil properties was considered for slopes with simple 

geometry. Future studies should include uncertainty due to more complex ground conditions 

and layered soils, pore water pressures and the effects of external forces due to earthquake.   

8) In addition to estimates of probability of failure, probabilistic estimates of the volume of the 

failure mass in unreinforced and reinforced slopes is also of practical interest. For example, 

geotechnical engineers are often concerned with the location of the back-scarp in a failed 

slope. This data can be extracted from the output generated using the RFEM programs 

described in this thesis work and thus the location of the back-scarp can be expressed in 

probabilistic terms.   

6.4   References 

Au, S.K. and Wang, Yu. 2014. Engineering risk assessment with subset simulation. Singapore, John 

Wiley & Sons. 

Phoon, K.K. 2008. Reliability-Based Design in Geotechnical Engineering: Computations and 

Applications. London and New York: Taylor & Francis. 

  



212 

 

APPENDIX A  

Introduction of Shear Strength Reduction Method 

A.1  Introduction 

The shear strength reduction method is used to calculate factor of safety of a slope. A series of strength 

reduction factors (SRF) with increasing magnitude are applied to the initial shear strength parameters, as 

follows: 

cf
′ = c′/SRF [A.1] 

ϕf
′ = arctan(

tanϕ′

SRF
) [A.2] 

where c′ and ϕ′ are initial strength parameters while cf
′ and ϕf

′ are factored strength parameters. For 

frictional soil, the dilation angle is reduced in the same manner as the friction angle. Then finite element 

analysis is carried out using the factored strength parameters to identify slope failure (denoted by 

numerical convergence). The smallest strength reduction factor (SRF) that first brings the slope to failure 

is taken as the factor of safety of the slope. This definition is in fact exactly the same as that used in 

traditional limit equilibrium methods. In this thesis, the shear strength reduction method is used in 

Chapters 3 and 4. 

A.2  Reference 

Griffiths, D.V. and Lane, P.A. 1999. Slope stability analysis by finite elements. Geotechnique, 49(3): 

387-403. 
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APPENDIX B  

Implementation of Davis Approach in Shear Strength Reduction Method 

B.1   Problem setup and results of comparison 

This appendix is presented to demonstrate the advantages of the Davis approach for the case of an 

unreinforced slope shown in Figure B.1. The slope angle is 45° and the slope height is 10 m. The vertical 

domain boundaries are restrained in the horizontal direction while the bottom boundary is fixed in both 

horizontal and vertical directions. The soil strength parameters are c = 6 kPa and ϕ = 45°. The unit weight 

is 20 kN/m
3
. The Young’s modulus and Poisson’s ratio are 40 MPa and 0.3, respectively. The results 

using the modified strength reduction method are compared to results of finite element strength reduction 

analysis (FESRA) and finite element limit analysis (FELA) reported by Tschuchnigg et al. (2015). These 

results are for a single realization with the homogenous soil properties noted above. Five cases with 

different dilation angles were considered and excellent agreement was obtained, as shown in Table B.1. 

A total of 1000 iterations are used in the FEM code in our study. The number used in the comparative 

study are unknown but are assumed to be satisfactory for convergence and to achieve a unique outcome.  

Figure B.2a and B.2b further demonstrate the advantage of using the Davis approach in FESRA. These 

two figures show the plastic displacement vectors at failure state for the case of ψ = 10°. The Davis 

approach was used in Figure B.2b but not in Figure B.2a. It is clear that in Figure B.2a the predicted 

slip surface is translational and does not pass through the toe while it does in Figure B.2b. For a 

homogeneous soil slope with small cohesion, large friction angle and simple geometry, one would 

normally expect that a toe failure mechanism and circular slip surface to develop. Therefore, it appears 

that the Davis approach implemented in the finite element strength reduction method gives a more 

reasonable failure prediction. The Simplified Bishop’s limit equilibrium method was also carried out and 

the critical circular slip surface was also seen to exit at the slope toe. The corresponding factor of safety 

obtained was 1.533 which is very close to the case with ψ = 45° in Table B.1. For brevity other 
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advantages of using Davis approach, e.g. reducing the influence of mesh size on the estimated factor of 

safety and removing potential numerical instability, are not illustrated here. In Chapter 3, all analyses 

(deterministic and probabilistic) were carried out based on the finite element strength reduction method 

coupled with the Davis approach.  

B.2   Reference 

Tschuchnigg, F. Schweiger, H.F. and Sloan, S.W. 2015. Slope stability analysis by means of finite 

element limit analysis and finite element strength reduction techniques. Part I: Numerical studies 

considering non-associated plasticity. Computers and Geotechnics, 70:169-177. 
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Figure B.1 Geometry of unreinforced slope example. 
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Table B.1 Comparison of results between Tschuchnigg et al. (2015) and FEM in the current 

investigation using the Davis Approach.  

Dilation angle,  (°) 
Tschuchnigg et al. (2015) Strength reduction method used in 

FEM SRFEA
*
 FELA

*
 

0 1.24 1.165 1.18 

5 1.29 1.24 1.26 

10 1.32 1.31 1.32 

15 1.38 1.36 1.38 

45 1.53 1.57 1.54 

 * Acronyms used by Tschuchnigg et al. (2015): SRFEA = finite element strength reduction analysis, 

FELA = finite element limit analysis. 
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Figure B.2 Plastic displacement vectors for unreinforced slope at failure (a) without using Davis 

approach, c = 6 kPa, = 45°, ψ = 10°; (b) using Davis approach, c = 6 kPa, = 45°, ψ = 10°. 

(a) 

 

(b) 
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APPENDIX C  

Supplemental Figures for Chapter 5 

Figure C.1 Shear strain contours from deterministic numerical simulation of reinforced Embankment 2 at 

footing displacement = 69 mm (using 100-h reinforcement stiffness curve in Figure 5.4a). 
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Figure C.2 Shear strain contours from deterministic numerical simulation for reinforced Embankment 3 

assuming reinforcement rupture occurs at: (a) 5% strain and footing displacement = 120 mm); (b) 18% 

strain and footing displacement = 250 mm). 
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Figure C.3 Variation of bearing capacity statistics with number of Monte Carlo simulations for 

unreinforced Embankment 1: (a) mean qult; (b) standard deviation qult. 

(a) 

 

(b) 
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