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Abstract

One of the many possible negative outcomes of pathogen evolution is the emergence

of a virulent drug resistant strain. A pathogen may exploit plasmid-mediated gene

transfer to gain drug resistance and virulence genes in an attempt to become the

exclusive infection. To answer questions on the possible emergence of a virulent drug

resistant strain we constructed a nine dimensional SIS model with treatment. We

used plasmid-mediated gene transfer by way of superinfection to distribute virulence

and drug resistance genes. By examining the resulting system of differential equations

at the two extremes of treatment level (%0 and %100), we determined the stability

of the single strain endemic infection equilibrium points of interest. In the absence of

treatment we determined a set of ancestral conditions which provided constraints on

the model parameters. In the presence of treatment we focused on the ability of the

virulent drug resistant (AB) strain to invade the avirulent drug resistant (B) strain.

We were able to express these invasion conditions in terms of novel reproductive ratios

that incorporated both non-superinfection effects and superinfection effects.

Our model reveals that plasmid-mediated gene transfer by way of superinfection

increases the parameter space allowing for virulence to evolve in a drug resistant

population. However, virulence in a drug resistant population is not always more

likely to evolve in comparison to virulence in a drug sensitive population.

i



Acknowledgments

Firstly, I would like to thank my supervisor Dr. Troy Day, for not only for his time

and dedication to help me finish this thesis but also for his patience, encouragement,

and immense knowledge.

I would also like to thank the members of my examining committee, Dr. Peter

Taylor and Dr. Bill Nelson, for their time, insightful comments, and advice.

Finally, I thank my family for their love and support over the years. A special
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Glossary

Avirulent Non-virulent, i.e. does not increase the pathogen-induced host mortality

rate.

Basic reproductive ratio “The expected number of secondary infections arising

from a single infected individual during his or her entire infectious period, in a

population of susceptibles” [1].

Bistability A system which attains two simultaneously stable equilibrium points.

Coexistence A single equilibrium point in which two or more species can co-inhabit.

Competitive exclusion “Species that use exactly the same resources cannot coexist

in a stable equilibrium” [2].

Force of infection The rate at which an individual becomes infected.

Horizontal gene transfer “Transmission of genetic information between different

individuals other than from parent to offspring” [2].

Initial infection The first (primary) infection received by an individual.

x



Joint evolution The simultaneous evolution of two species, with each responding

to selection imposed by the other [2].

Plasmid An extrachromosomal ring of DNA especially of bacteria that replicates

autonomously [3].

Plasmid-mediated gene transfer Acquisition of additional DNA through the trans-

mission of plasmids.

R0,k The expected number of strain k infections generated by a single type k in-

dividual when dropped into a wholly susceptible population during its entire

infectious period.

R∗j,k The expected number of strain k infections generated *via superinfection* by

a single type k individual when dropped into an endemic strain j population

during its entire infectious period.

Secondary infection A second infection that occurs on top of a pre-existing infec-

tion.

Superinfection Upon coinfection competitive exclusion occurs instantly resulting in

each infected host containing only one pathogen strain at any given time [4, 5].

Trade-off hypothesis “A situation where one trait cannot be increased without

decreasing another” [2].

Vertical gene transfer Transmission of genetic information from parent to off-

spring [2].

xi



Virulence The mortality that a pathogen imposes on its host.
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Chapter 1

Introduction

1.1 Biological Motivation

Knowledge about pathogen evolution can greatly aid in the implementation of strate-

gies for disease prevention and treatment. As drug resistant pathogens become more

prevalent [6, 7], it is imperative that the impacts of evolution be known. The spread

of drug resistance is largely attributed to the overuse of antimicrobial products re-

sulting in the rapid evolution of pathogens [8, 9, 10, 11]. Modern medical practices

have been unable to compete and a return to the pre-antibiotic era may be in our

future [11, 12, 13]. The evolution of drug resistance in pathogens presents an array

of problems in all aspects of modern society. Drug resistant pathogens are known to

increase mortality rates through treatment failure, to increase the burden on hospitals

through increased patient hospitalization and treatment, and to negatively affect both

agriculture and aquaculture as the rate of crop failure increases. They all contribute

to an increase in both social and economic strain [6, 12, 13].

The factors that drive the evolution of drug resistance may also affect the evolution
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of other pathogen characteristics, such as virulence (the mortality that a pathogen

imposes on its host). The joint evolution of drug resistance and higher virulence

would produce a pathogen that, in addition to withstanding treatment, would be

inherently more deadly to its host. It is in our best interest to prevent this combination

of characteristics. However, various pathogens including Salmonella [14], Klebsiella

pneumoniae [15], and some clonal strains of Escherichia coli [16, 17] have already

evolved towards both greater drug resistance and higher virulence by means of a

process called plasmid-mediated gene transfer.

1.1.1 Plasmid-mediated gene transfer

Plasmids are non-essential, often beneficial, extrachromosomal genetic elements found

in some bacteria (See Figure 1.1).

Figure 1.1: Chromosomal and plasmid DNA in a bacterial cell. 1

Plasmids replicate independently of the bacterial chromosome and are transferred

via both vertical and horizontal gene transfer (See Figure 1.2). Vertical gene transfer

(VGT) is the transmission of genes (or plasmids) from parent to offspring which occurs

during cell division (See Figure 1.2a). Plasmids can also transfer between individual

1Adapted from image source: By User:Spaully on English wikipedia (Own work) [CC BY-SA 2.5
(http://creativecommons.org/licenses/by-sa/2.5)], via Wikimedia Commons
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bacteria via horizontal gene transfer. Horizontal gene transfer (HGT) encompasses

the processes of transformation, conjugation, and transduction (See Figures 1.2b,

1.2c, 1.2d). Transformation is the process in which exogenous DNA (or a plasmid) is

transferred into the bacteria through the cell wall. Conjugation requires cell-to-cell

contact for the direct transference of DNA (or a plasmid) between bacteria. Lastly,

transduction is the process in which DNA (or a plasmid) is transferred into the cell

via bacteriophages (i.e. viruses)

(a) Vertical plasmid gene transfer (b) HGT: Transformation

(c) HGT: Conjugation

(d) HGT: Transduction

Figure 1.2: Means of plasmid gene transfer

Since plasmids replicate independently of the bacterium, an individual bacterium

can potentially be host to thousands of plasmid copies. Naturally, having more copies

increases the likelihood of plasmids being transferred to daughter cells by vertical gene

transfer, however maintaining multiple plasmid copies can be taxing on the bacteria.

Plasmids have been found to carry drug resistance and/or virulence genes [17, 18].

Given that plasmids are self-replicating, transferable, and capable of crossing species
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and genus barriers they can rapidly increase the emergence of virulent drug resistant

strains; especially if the pathogen is exposed to additional antibiotic pressures [17,

19, 20].

For example, the incompatibility FII (IncFII) group of plasmids is associated with

the spread of drug resistance and virulence genes. Indeed, the rapid spread of the

clonal strain of E. coli ST131 is attributed to the acquisition of drug resistance from

IncFII plasmids [21, 22, 23]. However, the plasmid that confers drug resistance also

contains genes for higher virulence [23, 17], indicating that there may be a non-trivial

relationship between drug resistance and increased virulence. As such the antibiotic

pressures on E. coli ST131 have resulted in an increase in drug resistance which has

inadvertently led to an increase in virulence [17].

1.2 Objective

Since there is some empirical evidence indicating the co-evolution of both drug resis-

tance and virulence, it is natural to investigate further possible mechanisms for such

behaviour. By considering plasmids as the carriers of drug resistance and/or virulence

genes, this thesis intends to answer the following question: when does the evolution of

virulence occur in conjunction with the evolution of drug resistance through plasmid-

mediated gene transfer?

The analysis of the joint evolution of virulence and drug resistance due to plasmids

is inadequately represented in the theoretical literature. To bridge the gap between

theoretical and empirical research we aim to develop a mathematical model with the

capacity to assess the complex relationship between the evolution of plasmid-mediated

drug resistance and virulence.
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1.2.1 Compartment Modelling in Epidemiology

Compartment modelling in epidemiology is a standard technique used in analyzing

the spread of pathogens [24, 25]. Individuals from a given host population are catego-

rized into different compartments depending on their state of infection. For example,

for this thesis, we will consider an individual to be in a susceptible state or an in-

fected state where infected individuals are further compartmentalized by designating

whether the individual has received treatment, carries the drug resistance gene, carries

the virulence gene, has neither of the genes or has both. By having only susceptible

and infected host states, we operate under the assumption that there exists no host

immunity to re-infection and individuals flow from the susceptible compartment to

the infected compartment and back to the susceptible compartment (S-I-S) [24].

Individuals flow into and out of the different compartments at various rates due

to different mechanisms. Mechanisms for the flow of individuals into and out of a

particular compartment are births and deaths. As the number of compartments is

increased, there may be numerous different immigrations between the various com-

partments. As we assume different compartments, and assume rates of flow into, out

of, and amongst the different compartments, we are able to construct a system of

differential equations to model the population in each compartment with respect to

time.

Simple SIS model

A compartment model with two compartments will provide the necessary foundation

for the more complicated models seen throughout this thesis. To be consistent with

later notation, let S be the number of individuals inside the susceptible compartment,
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I be the number of individuals in the infected compartment, and N be the total

number of individuals in the population (i.e. N = S+I). As in population modelling,

individuals enter and exit the population through various mechanisms. Here we

shall assume that the susceptible population increases through births at a rate of

Birthrate and decreases due to natural host death at a rate of Deathrate. Individuals

transferring from S to I would exit S and transition to I at some transition rate which

we will call Infectionrate. Conversely, individuals transferring from I to S would

exit I and return to S due to recovery at a rate Recoveryrate. Lastly, individuals in I

will leave the population I due to natural host death at a rate Deathrate and due to

the additional host mortality due to the infection (i.e. virulence) at a rate V irulence.

Then our differential equations modelling the population S and I are given by

Ṡ = Birthrate−Deathrate− Infectionrate+Recoveryrate

İ = Infectionrate−Recoveryrate−Deathrate− V irulence (1.1)

where the overdot indicates a derivative with respect to time t. In order to complete

the model, assumptions need to be made on the nature of the birth, death, infection,

recovery, and virulence rates. Very often birth rates are assumed to be simply propor-

tional to the population size, Birthrate ∝ N , but other possibilities exist, including

the logistic Birthrate ∝ N(Nmax − N) where Nmax is the maximum total number

of individuals in the population, or even a constant Birthrate ∝ 1 [24]. A similar

assumption can be made on the natural host death rate with Deathrate ∝ N . So, as

a simple example, we will assume a constant birth rate Birthrate = θ and a propor-

tional natural death rate for all individuals Deathrate = µN . Furthermore, we will

assume that the infection rate is proportional to both the number of individuals that



1.2. OBJECTIVE 7

are susceptible and the number of individuals who are infected, Infectionrate ∝ SI,

and assume both a recovery rate and a pathogen-induced mortality rate proportional

to the number of infected, Recoveryrate ∝ I, and V irulence ∝ I. With these ad-

ditional assumptions on the various rates, the differential equations describing the

model reduce to the following

Ṡ = θ − µS − βSI + λI

İ = βSI − λI − µI − vI (1.2)

where θ, µ, β, λ, and v are positive constant parameters of the model giving the

immigration rate, the per capita natural host death rate, the transmission rate, the per

capita recovery rate, and the per capita rate of pathogen-induced mortality (virulence)

respectively.

An alternative perspective to system 1.2 is to depict the compartments and flow

rates in a flow diagram (Figure 1.3).

Figure 1.3: Example of simple SIS compartment model

SIS model with two infected compartments

Now let us extend the simple SIS model described by equation 1.2 by incorporating

a second infectious strain, thereby increasing the number of compartments to three.



1.2. OBJECTIVE 8

Essentially, the single infected compartment I of model 1.2 is divided into two com-

partments each representing a strain containing a different set of genes. Ik is used to

denote the number of infected hosts with strain k where k ∈ {1, 2}. As we are consid-

ering two different pathogen strains the transmission rates (βk), virulence (vk), and

recovery rates (λk) might be different for each of the two strains. The immigration

rate (θ) and natural host mortality rate (µ) remain unaffected by the addition of an

additional infected compartment, giving

Ṡ = θ − S[β1I1 + β2I2]− µS + λ1I1 + λ2I2

İ1 = β1SI1 − I1[µ+ v1 + λ1]

İ2 = β2SI2 − I2[µ+ v2 + λ2] (1.3)

The resulting flow diagram is

Figure 1.4: Example of simple SIS compartment model with two infected compart-
ments
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SIS model with two infected compartments and superinfection

The simple SIS model with two infected compartments, modeled by equation 1.3,

assumes a second infection cannot occur during the course of an earlier infection. We

now extend model 1.3 to allow for superinfection; that is, we allow a secondary infec-

tion via HGT to occur on top of a preexisting infection. However, the now coinfecting

strains (simultaneously infecting strains) will compete within the host for available

resources. The superinfection hypothesis posits that coinfecting strains cannot coex-

ist leading to the eventual elimination of one of the two competing strains [26]. This

in-host competition and subsequent elimination, is referred to as competitive exclu-

sion. The superinfection assumption is that competitive exclusion occurs instantly

upon coinfection, resulting in each infected host containing only one pathogen strain

at any given time [4, 5].

Let us consider the additional effects that superinfection imposes on model 1.3.

We shall classify bacterial strains by whether or not they contain a specific plasmid.

Let I1 be infected with a strain containing no plasmids (strain ∅) and I2 be infected

with a strain containing a surplus of A type plasmids (strain A). As such, we will

change the subscript notation to represent the strain (i.e. I∅, IA). We assume that

both strains are equally likely to be competitively excluded, meaning that strain ∅ or

strain A will outcompete the other with a probability of 1
2
.

Before competitive exclusion eliminates one of the competing strains, we consider

the potential of horizontal gene transfer between strains. The case of HGT between

bacteria with the same strains, ∅! ∅ and A! A, where ! indicates an interaction

between two infecting strains, leads to the transfer of no new genetic material in each
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case and results in the continued infection of that strain with conditional probabilities

P (∅|∅! ∅) = 1 (1.4)

P (A|A! A) = 1 (1.5)

Also, we note that since there is no transfer of new genetic material in each case,

P (A|∅! ∅) = 0 and P (∅|A! A) = 0.

The case of interactions between bacteria with different strains, ∅ ! A, strain

∅ versus strain A, results in superinfection generating either strain with different

probabilities. By supposing a surplus of plasmid A copies in a strain A bacterium

we can assume that the plasmid is not lost during HGT. Furthermore, it is assumed

that despite having no plasmids strain ∅ may still horizontally transfer other genetic

material to strain A, although the transfer does nothing to affect strain A.

Now consider HGT from strain ∅ to strain A occurring with probability p1, and

from strain A to strain ∅ with probability p2 (Figure 1.5).

Figure 1.5: Visual of HGT between strain ∅ and strain A, where p1 is the probability
of HGT from strain ∅ to strain A and p2 is the probability of HGT from
strain A to strain ∅

In the event of an interaction between two different strains, ∅ ! A, there are

four different HGT scenarios {∅ = A, A → ∅, ∅ → A, ∅ ↔ A} which will determine
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the strains that will undergo competitive exclusion (Table 1.1). The probability of

no HGT {∅ = A} occurring is (1− p1)(1− p2) which affects neither strain, yielding

strain ∅ and strain A. Uni-directional HGT {A → ∅} from strain A into strain ∅,

occurs with probability (1−p1)p2 and will convert strain ∅ into strain A, yielding two

strain A bacteria. Uni-directional HGT {∅ → A} from strain ∅ to strain A occurs

with probability p1(1−p2) and yields both a strain ∅ and a strain A as the HGT from

strain ∅ to strain A has no effect on the strain type under consideration. Lastly, the

probability of both strain ∅ and strain A undergoing HGT {∅ ↔ A}, is p1p2, which

yields two strain A bacteria. See Table 1.1 for a summary of these results.

Events for a Probability Outcome

∅! A interaction after HGT

∅= A (1− p1)(1− p2) ∅, A

∅ → A p1(1− p2) ∅, A

A→ ∅ (1− p1)p2 A,A

∅ ↔ A p1p2 A,A

Table 1.1: The arrows indicate the direction of plasmid transfer. In the ∅ ! A
interaction the four possible HGT events are: no transfer ∅ = A, uni-
directional ∅ → A and A→ ∅, and bidirectional ∅ ↔ A.

To determine the probability of instantaneous superinfection generating strain ∅

and strain A, we need to combine the processes of HGT and competitive exclusion. To

find the probability of generating strain ∅, assuming a ∅! A interaction in each of

the four events, {∅= A, A→ ∅, ∅ → A, ∅ ↔ A} , we find the probabilities that HGT

yields a strain ∅ as an outcome and multiply it by the probability of outcompeting
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its rival strain which we have assumed earlier to be equal to 1
2
.

P (∅|∅! A) = P (∅|∅= A) · P (∅= A) + P (∅|∅ → A) · P (∅ → A)

+P (∅|A→ ∅) · P (A→ ∅) + P (∅|∅ ↔ A) · P (∅ ↔ A)

Because we have assumed equal competition, the conditional probability that strain ∅

is an outcome of superinfection, given the different possible events in Table 1.1 is either

1
2

or 0. The strain ∅ outcome happens half of the time given the first two HGT events of

Table 1.1, and does not happen at all given the last two HGT events listed in Table 1.1.

Therefore, P (∅|∅ = A) = P (∅|∅ → A) = 1/2 and P (∅|A → ∅) = P (∅|∅ ↔ A) = 0

and so we find

P (∅|∅! A) =
1

2
· P (∅= A) +

1

2
· P (∅ → A) + 0 · P (A→ ∅) + 0 · P (∅ ↔ A)

(1.6)

which, when we substitute the probabilities of each event, becomes

P (∅|∅! A) =
1

2
· (1− p1)(1− p2) +

1

2
· p1(1− p2)

=
1

2
(1− p2). (1.7)

Similarly after an HGT event, and through competitive exclusion, we observe that

strain A survives with probability

P (A|∅! A) = P (A|∅= A) · P (∅= A) + P (A|∅ → A) · P (∅ → A)

+P (A|A→ ∅) · P (A→ ∅) + P (A|∅ ↔ A) · P (∅ ↔ A)
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Once again, because we have assumed equal competition, the conditional probability

that strain A is an outcome given the events in Table 1.1 is either 1
2

or 1. The strain A

outcome happens half the time in the first two HGT events of Table 1.1, and happens

all the time in the last two HGT events so P (A|∅ = A) = P (A|∅ → A) = 1/2 and

P (A|A→ ∅) = P (A|∅ ↔ A) = 1. Therefore, we find

P (A|∅! A) =
1

2
· P (∅= A) +

1

2
· P (∅ → A) + 1 · P (A→ ∅) + 1 · P (∅ ↔ A)

(1.8)

which, when we substitute the probabilities of each event, becomes

P (A|∅! A) =
1

2
· (1− p1)(1− p2) +

1

2
· p1(1− p2) + 1 · (1− p1)p2 + 1 · p1p2

=
1

2
(1 + p2) (1.9)

We observe that the corresponding probabilities are independent of the probability of

strain ∅ to transfer genetic material. And since there are only two competing strains,

we have P (A|∅! A) = 1− P (∅|∅! A).

We now have the probabilities of superinfection (i.e. HGT and competitive exclu-

sion) generating strain ∅ and strain A. However, we have not yet considered which

of the competing strains is the initial (primary) infection and which is the secondary

infection. We assume that the probabilities of superinfection generating strain ∅ or A

are independent of which strain is the initial infection versus the secondary. However,

the rate that superinfection generates each strain is dependent on the strains of the

initial and secondary infections. Table 1.2 summarizes the possible combinations of

initial and secondary infections and their accompanying probabilities of generating



1.2. OBJECTIVE 14

each strain after superinfection; for simplicity we let p2 = p

Initial Infection

Strain ∅ Strain A
S
e
co

n
d
a
ry

Strain ∅
Strain ∅: 1 Strain ∅: 1−p

2

In
fe

ct
io

n

Strain A : 0 Strain A : 1+p
2

Strain A
Strain ∅: 1−p

2
Strain ∅: 0

Strain A : 1+p
2

Strain A : 1

Table 1.2: Probabilities of a superinfection event yielding strain ∅ and strain A in-
fected hosts after applying instantaneous HGT and competitive exclusion
for various initial and secondary infection scenarios.

Let us look a little more carefully at the survival probabilities of each strain after

a superinfection event. There are four different primary - secondary superinfections

possible which we denote as coordinates (X, Y ) where X, Y ∈ {∅, A}:

• Strain ∅ - Strain ∅ → (∅, ∅)

• Strain ∅ - Strain A → (∅, A)

• Strain A - Strain ∅ → (A, ∅)

• Strain A - Strain A → (A,A)

In the first (∅, ∅) and fourth (A,A) superinfections, the surviving strain is strain ∅

and strain A respectively, since it is the same genetic material that is transferred in

each case, as in equations 1.4 and 1.5. It is in the (∅, A) and (A, ∅) situations in

which superinfection can generate either strain ∅ or strain A, as previously found in
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equations 1.7 and 1.9. However, the rates of superinfection in the (∅, A) scenario are

different than in the (A, ∅) scenario. P (Z|(X, Y )) is used to denote the probability

that a strain Z bacterium survives given that the initial infection is strain X and the

secondary infection is strain Y, where X, Y, Z ∈ {∅, A}.

We account for the relative vulnerability of the infected population to superin-

fection with the parameter σ. If σ = 0 then there is no superinfection, whereas if

σ = 1 then infected hosts are as prone to superinfection as susceptible hosts are to

the initial (primary) infection [5]. The number of initial infections of the two strains

is given by I∅ and IA, whereas a secondary infection occurs at a relative infection

rate (or force) h∅ and hA where hk = βkIk. Using Table 1.2 we can now determine

the rate at which superinfection generates strain ∅ and strain A, which we will de-

note by ωk. To understand ωk consider that a strain ∅ infected individual comes into

contact with a strain A infected individual at a rate cI∅IA. Where, upon contact, an

individual infected with strain ∅ transfers strain ∅ bacteria to an individual infected

with strain A with a probability of q∅. Similarly, the probability of transferring strain

A bacteria to a individual infected with strain ∅ is qA. Combining the contact rate

and the probability of transmission we have q∅c = β∅ and qAc = βA. The individual

now infected with both strain ∅ and strain A bacteria is subjected to superinfection,

resulting in the survival of only one of strain ∅ or strain A within the infected indi-

vidual. We illustrate the contact, transmission, and superinfection rates between a

strain ∅ infected individual and a strain A infected individual in Table 1.3.
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Event Rate

Contact

cI∅IA

Transmission

q∅cI∅IA

= β∅I∅IA

Superinfection

σ
(
1−p
2

)
β∅I∅IA

σ
(
1+p
2

)
β∅I∅IA

(a) An individual infected with strain
A becomes secondarily infected by
strain ∅ bacteria from a strain ∅ in-
fected individual.

Event Rate

Contact

cI∅IA

Transmission

qAcI∅IA

= βAI∅IA

Superinfection

σ
(
1−p
2

)
βAI∅IA

σ
(
1+p
2

)
βAI∅IA

(b) An individual infected with strain
∅ becomes secondarily infected by
strain A bacteria from a strain A in-
fected individual.

Table 1.3: Biological depiction of contact, transmission, and superinfection rates re-
sulting from an individual infected with strain ∅ interacting with an indi-
vidual infected with strain A.

We can likewise breakdown the superinfection rate between two individuals infected

with the same strain. Therefore, ωk is the sum of all products generating strain k,

where each product is the number of hosts infected with the initial strain multiplied

by the force of the secondary infection and again by the conditional probability of
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generating strain k for each of the four superinfection scenarios. For k ∈ {∅, A},

ω∅ = σ
[
I∅h∅ ·P (∅|(∅, ∅)) + IAh∅ ·P (∅|(A, ∅)) + I∅hA ·P (∅|(∅, A)) + IAhA ·P (∅|(A,A))

]

which when we substitute the conditional probabilities from Table 1.2 becomes

ω∅ = σ
[
I∅h∅(1) + IAh∅

(1− p
2

)
+ I∅hA

(1− p
2

)
+ IAhA(0)

]
= σ

[
I∅h∅ +

1− p
2

(
I∅hA + IAh∅

)]
(1.10)

Similarly for ωA we obtain

ωA = σ
[
I∅h∅ ·P (A|(∅, ∅))+IAh∅ ·P (A|(A, ∅))+I∅hA ·P (A|(∅, A))+IAhA ·P (A|(A,A))

]

which when we substitute the conditional probabilities from Table 1.2 becomes

ωA = σ
[
I∅h∅(0) + IAh∅

(1 + p

2

)
+ I∅hA

(1 + p

2

)
+ IAhA(1)

]
= σ

[
IAhA +

1 + p

2

(
I∅hA + IAh∅

)]
(1.11)

The quantity ωk measures the increases in each strain due to superinfection but it

does not consider the loss of each strain due to superinfection. The overall rate that

strain k loses infected individuals due to superinfection is −σIk(h∅ + hA). Therefore,

the net rate at which superinfection generates strain k is Ωk = ωk − σIk(h∅ + hA)
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which results in

Ω∅ = σ
[1− p

2

(
IAh∅

)
− 1 + p

2

(
I∅hA

)]
ΩA = −σ

[1− p
2

(
IAh∅

)
− 1 + p

2

(
I∅hA

)]
(1.12)

The resulting system of differential equations describing superinfection with two in-

fected compartments is therefore

Ṡ = θ − S[β∅I∅ + βAIA]− µS + λ∅I∅ + λAIA

İ∅ = β∅SI∅ − I∅[µ+ v∅ + λ∅] + Ω∅

İA = βASIA − IA[µ+ vA + λA] + ΩA (1.13)

The corresponding flow diagram is represented below.

Figure 1.6: Example of simple SIS compartment model with two infected compart-
ments and superinfection
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The alterations between the models represented by equations 1.2, 1.3 and 1.13

provide a simple example of how, in the remainder of this thesis, we will model the

epidemiological dynamics.

1.3 Thesis Overview

In Chapter 2 we will examine the evolution of drug resistance and virulence through

plasmid-mediated gene transfer by extending the simple model above to allow for four

bacterial strains. We will also expand upon the models developed in Chapter 1 to

include the possibility of treatment. As above, we begin by introducing the simpler

susceptible-infected-susceptible (SIS) compartment model with no superinfection be-

fore introducing the more complicated dynamics arising from superinfection. The SIS

model with superinfection is similar in structure to that employed by Day and Gandon

[5]. The biological and mathematical assumptions used in the model’s construction

and in the subsequent analysis are further discussed.

In Chapter 3 we begin our mathematical analysis using analytical and numeri-

cal techniques to determine the local and global stability criteria necessary for the

successful invasion of a virulence gene into a drug resistant population. We exam-

ine the non-superinfection and superinfection models at 0% treatment and again at

100% treatment to observe the evolutionary behaviour of virulence as drug resistance

evolves. In Chapter 4 we provide a summary, highlight our mathematical findings,

and consider the possible future generalizations and expansion of this work.
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Chapter 2

Building drug resistance and

virulence into an SIS model

The susceptible-infected-susceptible (SIS) models developed in Chapter 1 provide the

foundation and framework for an enlarged compartment model that will be used

to explore the relationship between the evolution of drug resistance and virulence.

We expand upon models 1.3 and 1.13 by incorporating genes for drug resistance

and virulence. We also consider the possibility of hosts receiving treatment and

will add the necessary treatment classes to the SIS model. These additions to the

mathematical model manifest themselves as additional compartments and flow rates

creating an SIS model capable of examining the evolutionary relationship between

drug resistance and virulence due to plasmid-mediated gene transfer.

As we are only examining drug resistance and virulence genes, we will categorize

the bacterium by which of these genes they possess. Let there be a drug resistant

gene (B) and a virulence gene (A) carried on plasmids. A bacterium may contain

none, one, or both genes. This results in four combinations of genes (i.e. strains):
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∅ denoting a strain with no plasmid genes, A denoting a strain containing only the

virulence gene, B a strain with only the drug resistance gene, and AB a strain with

both virulence and drug resistance genes. Mathematically we will use the subscript

k to denote the pathogen genotypes where k ∈ {∅, A,B,AB}. Thus, we begin by

examining an SIS compartment model with eight infected compartments when there

is no superinfection (expansion on model 1.3), as this provides a simpler model with

more straightforward results and interpretations compared to its counterpart with su-

perinfection. We then proceed to include superinfection into the model by expanding

on model 1.13. This adds more realism to the model, but creates greater analytical

complications by considering the additional effects secondary infections may have on

pathogen evolution. Furthermore, we describe the variable and parameter assump-

tions used in the model’s construction and subsequent analysis.

2.1 SIS model with treatment & no superinfection

As indicated earlier, we are also going to include a treated class for each type of

infected individual in the model. As we have four strains for each infected class we

will have a total of 9 host compartments. Let S be the number of individuals inside

the susceptible compartment, Ik be the number of individuals in the kth untreated

infected compartment, and Tk be the number of individuals in the kth treated infected

compartment, where k ∈ {∅, A,B,AB}.

The entire host population is maintained by a constant immigration rate θ of

susceptible individuals. Upon infection, an individual may immediately receive treat-

ment with probability τ and enter the treated class or may receive no treatment with

probability 1−τ and enter into the untreated class. A susceptible individual (S) that
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interacts with an untreated infected individual (Ik) generates additional untreated in-

fected hosts at a rate (1− τ)βkIkS and treated infected individuals at a rate τβkIkS.

Similarly, a susceptible individual (S) interacting with a treated infected individual

(Tk) generates additional treated infected hosts at a rate τβkTTkS and untreated in-

fected individuals at a rate (1− τ)βkTTkS. Therefore, the rate at which a susceptible

individual is infected with strain k, the force of infection, is hk = Ikβk + TkβkT where

βk is the transmission rate of strain k for untreated individuals and βkT is the trans-

mission rate of strain k for treated individuals. The subscript T is used to denote a

parameter specific to the treated population throughout.

Once infected, an individual may die due to the infection at a per capita rate

vk (vkT ) or may recover and return to the susceptible class at a per capita rate λk

(λkT ), where vk (vkT ) and λk (λkT ) are the virulence and rate of recovery of strain

k, respectively. Each compartment of hosts is further subjected to a natural host

mortality rate denoted by µ, where 1
µ

is the expected natural lifespan of the host.

Additional notation is introduced to simplify the differential equations. Let I(t) =∑
k Ik(t) and T (t) =

∑
k Tk(t) represent the total number of infected and treated in-

dividuals at time t. The average transmission rate is denoted by β̄(t) =
∑

k Pk(t)βk,

where Pk(t) = Ik(t)
I(t)

is the proportion of infected individuals harboring strain k. Sim-

ilarly, the average recovery rate is written as λ̄(t) =
∑

k Pk(t)λk. Finally, the param-

eter κk = µ + vk + λk encompasses the “removal” rates of strain k, namely: natural

death (µ), virulence (vk), and recovery (λk). Parameters are equivalently defined for

treated individuals with strain k using the treated notation.
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The epidemiological equations are therefore

Ṡ = θ − µS − S
(
β̄I + β̄TT

)
+ λ̄I + λ̄TT

İk = (1− τ) (βk Ik + βkTTk)S − κk Ik

Ṫk = (τ) (βk Ik + βkTTk)S − κkTTk (2.1)

and the corresponding flow diagram where the interaction between a susceptible in-

dividual and an infected individual, either untreated or treated, is indicated by the

green dashed lines, is:

Figure 2.1: SIS compartment model with treatment and no superinfection. The
dashed green lines indicate an interaction between susceptible and in-
fected individuals.
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Summary of Notation

∅ Lack of virulence and drug resistance gene

A Virulence gene carried on plasmid

B Drug resistance gene carried on plasmid

k ∈ {∅, A,B,AB} Strain genotype

S Number of susceptible individuals

Ik Number of infected, untreated individuals with strain k

Tk Number of infected, treated individuals with strain k

τ Probability of receiving treatment

θ Constant immigration rate of susceptible individuals

µ Natural host mortality rate

σ Relative efficiency of superinfection

p = p1 = p2 Probability of successful plasmid gene(s) transfer

r Probability of two plasmid genes separating before transfer

vk (vkT ) Virulence of strain k

βk (βkT ) Transmission rate of strain k

λk (λkT ) Recovery rate of strain k

κk (κkT ) Removal rate of strain k uninfluenced by superinfection

ωk (ωkT ) Rate of production of strain k through superinfection

Ωk (ΩkT ) Net rate of production of strain k through superinfection

hk (hkT ) Force of infection of strain k

R0,k The expected number of strain k infections generated by a sin-

gle type k individual when dropped into a wholly susceptible

population during its entire infectious period.
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R∗j,k The expected number of strain k infections generated *via

superinfection* by a single type k individual when dropped

into an endemic strain j population during its entire infectious

period.

Table 2.1: Summary of notation, parameters, and variables used in the model con-
struction. The subscript T denotes a parameter specific to the treated
population

2.2 SIS model with treatment & superinfection

Like model 1.3, model 2.1 does not consider the additional effects of secondary infec-

tions. Using the same approach as in model 1.13 we extend model 2.1 to incorporate

instantaneous superinfection with plasmid mediated gene transfer. As described in

Chapter 1, here we assume that superinfection is instantaneous and therefore we need

only to consider the interactions between two infecting strains, i.e. the initial infec-

tion and the secondary infection. We also assume that any two competing strains are

equally likely to outcompete the other with a probability of 1
2
.

Before one of the two strains is eliminated by competitive exclusion, we consider

the process of horizontal gene transfer (HGT) between bacterial strains. There are a

total of ten different interactions possible. Four of them result in no transfer of new

genetic material (∅! ∅, A ! A,B ! B,AB ! AB) and six of them have the

potential to transfer new genetic material (∅! A, ∅! B, ∅! AB,A! B,A!

AB,B ! AB) where ! indicates an interaction between two infecting strains.

HGT between two of the same bacterial strains does not transfer any new genetic

material and results in the continued infection with that strain which translates to
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the following conditional probabilities

P (∅|∅! ∅) = 1 (2.2)

P (A|A! A) = 1 (2.3)

P (B|B ! B) = 1 (2.4)

P (AB|AB ! AB) = 1 (2.5)

As there is no transfer of new genetic material in these cases it follows that

P (A|∅! ∅) = 0 P (B|∅! ∅) = 0 P (AB|∅! ∅) = 0 (2.6)

P (∅|A! A) = 0 P (B|A! A) = 0 P (AB|A! A) = 0 (2.7)

P (∅|B ! B) = 0 P (A|B ! B) = 0 P (AB|B ! B) = 0 (2.8)

P (∅|AB ! AB) = 0 P (A|AB ! AB) = 0 P (B|AB ! AB) = 0

(2.9)

Interactions between bacteria with different strains can result in superinfection

generating each strain with different probabilities. We will assume a surplus of A

and/or B plasmid genes in the bacteria so as to guarantee no loss of genes during

HGT. One-directional HGT from the first strain to the second strain occurs with a

probability of p1. Conversely, one-directional HGT from the second strain to the first

strain occurs with a probability of p2 (See Figure 1.5). For each interaction between

two different strains there are four probabilities determined by the direction of HGT:

(1 − p1)(1 − p2), p1(1 − p2), (1 − p1)p2, and p1p2. Strain AB contains both plasmid

genes and can therefore have A and B as separate genes within the bacteria. We then
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need to consider that bacteria with strain AB can supply either an A or a B or both

during an interaction. Let r be the probability of separation of the A and B gene

during an interaction. Then an interaction with an AB strain provides a solitary A

gene with probability r/2, a solitary B gene with probability r/2, or if there is no

separation then both A and B genes with probability (1− r).

We outline the events of each interaction, the corresponding probability, and the

outcome of HGT in Tables 2.2, 2.3, 2.4, and 2.5. Although Table 2.2 demonstrates

∅! A, by substituting strain A for strain B, Table 2.2 provides the same results for

∅! B.

Events for a Probability Outcome

∅! A interaction after HGT

∅= A (1− p1)(1− p2) ∅, A

∅ → A p1(1− p2) ∅, A

A→ ∅ (1− p1)p2 A,A

∅ ↔ A p1p2 A,A

Table 2.2: The arrows indicate the direction of plasmid transfer. In the ∅ ! A
interaction the four possible HGT events are: no transfer ∅ = A, uni-
directional ∅ → A and A → ∅, and bidirectional ∅ ↔ A. By substituting
strain A for strain B this table provides the results for the ∅! B.

Using the table we can now find the probabilities of instantaneous superinfection
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generating strain ∅, strain A, strain B, and strain AB from ∅! A.

P (∅|∅! A) = P (∅|∅= A) · P (∅= A) + P (∅|∅ → A) · P (∅ → A)

+P (∅|A→ ∅) · P (A→ ∅) + P (∅|∅ ↔ A) · P (∅ ↔ A)

=
1

2
· P (∅= A) +

1

2
· P (∅ → A) + 0 · P (A→ ∅)

+0 · P (∅ ↔ A)

=
1

2
· (1− p1)(1− p2) +

1

2
· p1(1− p2)

=
1

2
(1− p2) (2.10)

P (A|∅! A) = P (A|∅= A) · P (∅= A) + P (A|∅ → A) · P (∅ → A)

+P (A|A→ ∅) · P (A→ ∅) + P (A|∅ ↔ A) · P (∅ ↔ A)

=
1

2
· P (∅= A) +

1

2
· P (∅ → A) + 1 · P (A→ ∅)

+1 · P (∅ ↔ A)

=
1

2
· (1− p1)(1− p2) +

1

2
· p1(1− p2) + (1− p1)p2 + p1p2

=
1

2
(1 + p2) (2.11)

P (B|∅! A) = P (B|∅= A) · P (∅= A) + P (B|∅ → A) · P (∅ → A)

+P (B|A→ ∅) · P (A→ ∅) + P (B|∅ ↔ A) · P (∅ ↔ A)

= 0 · P (∅= A) + 0 · P (∅ → A) + 0 · P (A→ ∅)

+0 · P (∅ ↔ A)

= 0 (2.12)
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P (AB|∅! A) = P (AB|∅= A) · P (∅= A) + P (AB|∅ → A) · P (∅ → A)

+P (AB|A→ ∅) · P (A→ ∅) + P (AB|∅ ↔ A) · P (∅ ↔ A)

= 0 · P (∅= A) + 0 · P (∅ → A) + 0 · P (A→ ∅)

+0 · P (∅ ↔ A)

= 0 (2.13)

Since Table 2.2 also represents ∅! B we have the following:

P (∅|∅! B) =
1

2
(1− p2) (2.14)

P (A|∅! B) = 0 (2.15)

P (B|∅! B) =
1

2
(1 + p2) (2.16)

P (AB|∅! B) = 0 (2.17)

Similarly A! AB and B ! AB share a common probability table when strain

A is replaced by strain B and vice versa. [A], [B], and [AB] represent the possible

genes that are transferred from the AB strain to the A strain. Separation of AB

into individual A and B genes occurs with a probability of r, therefore A transfers

from strain AB to strain A with probability r
2
(1− p1)p2 for event AB → A and with

probability r
2
p1p2 for event A ↔ AB. Equivalently B transfers from strain AB to

strain A with probability r
2
(1− p1)p2 for event AB → A and with probability r

2
p1p2

for event A ↔ AB. If there is no separation AB transfers to A with probability

(1− r)(1− p1)p2 and (1− r)p1p2 for events A→ AB and A↔ AB respectively. See

Table 2.3 for a summary of probabilities and outcomes of an A! AB interaction.
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Events for a Probability Outcome

A! AB interaction after HGT

A= AB (1− p1)(1− p2) A,AB

A→ AB p1(1− p2) A,AB

AB → A

[A] r
2
(1− p1)p2 AB,A

[B] r
2
(1− p1)p2 AB,AB

[AB] (1− r)(1− p1)p2 AB,AB

A↔ AB

[A] r
2
p1p2 AB,A

[B] r
2
p1p2 AB,AB

[AB] (1− r)p1p2 AB,AB

Table 2.3: The arrows indicate the direction of plasmid transfer. In the A ! AB
interaction the four possible HGT events are: no transfer A = AB, uni-
directional A → AB and AB → A, and bidirectional A ↔ AB. [A], [B],
and [AB] denote which genes from strain AB are being transferred.
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The following conditional probabilities are calculated using Table 2.3:

P (∅|A! AB) = P (∅|A= AB) · P (A= AB) + P (∅|A→ AB) · P (A→ AB)

+P (∅|[A], AB → A) · P ([A], AB → A) + P (∅|[B], AB → A)

·P ([B], AB → A) + P (∅|[AB], AB → A) · P ([AB], AB → A)

+P (∅|[A], A↔ AB) · P ([A], A↔ AB) + P (∅|[B], A↔ AB)

·P ([B], A↔ AB) + P (∅|[AB], A↔ AB) · P ([AB], A↔ AB)

= 0 · P (A= AB) + 0 · P (A→ AB) + 0 · P ([A], AB → A)

+0 · P ([B], AB → A) + 0 · P ([AB], AB → A) + 0 · P ([A], A↔ AB)

+0 · P ([B], A↔ AB) + 0 · P ([AB], A↔ AB)

= 0 (2.18)

P (A|A! AB) = P (A|A= AB) · P (A= AB) + P (A|A→ AB) · P (A→ AB)

+P (A|[A], AB → A) · P ([A], AB → A) + P (A|[B], AB → A)

·P ([B], AB → A) + P (A|[AB], AB → A) · P ([AB], AB → A)

+P (A|[A], A↔ AB) · P ([A], A↔ AB) + P (A|[B], A↔ AB)

·P ([B], A↔ AB) + P (A|[AB], A↔ AB) · P ([AB], A↔ AB)

=
1

2
· P (A= AB) +

1

2
· P (A→ AB) +

1

2
· P ([A], AB → A)

+0 · P ([B], AB → A) + 0 · P ([AB], AB → A) +
1

2
· P ([A], A↔ AB)

+0 · P ([B], A↔ AB) + 0 · P ([AB], A↔ AB)

=
1− p2

2
+
rp2
4

(2.19)
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P (B|A! AB) = P (B|A= AB) · P (A= AB) + P (B|A→ AB) · P (A→ AB)

+P (B|[A], AB → A) · P ([A], AB → A) + P (B|[B], AB → A)

·P ([B], AB → A) + P (B|[AB], AB → A) · P ([AB], AB → A)

+P (B|[A], A↔ AB) · P ([A], A↔ AB) + P (B|[B], A↔ AB)

·P ([B], A↔ AB) + P (B|[AB], A↔ AB) · P ([AB], A↔ AB)

= 0 · P (A= AB) + 0 · P (A→ AB) + 0 · P ([A], AB → A)

+0 · P ([B], AB → A) + 0 · P ([AB], AB → A) + 0 · P ([A], A↔ AB)

+0 · P ([B], A↔ AB) + 0 · P ([AB], A↔ AB)

= 0 (2.20)

P (AB|A! AB) = P (AB|A= AB) · P (A= AB) + P (AB|A→ AB) · P (A→ AB)

+P (AB|[A], AB → A) · P ([A], AB → A) + P (AB|[B], AB → A)

·P ([B], AB → A) + P (AB|[AB], AB → A) · P ([AB], AB → A)

+P (AB|[A], A↔ AB) · P ([A], A↔ AB) + P (AB|[B], A↔ AB)

·P ([B], A↔ AB) + P (AB|[AB], A↔ AB) · P ([AB], A↔ AB)

=
1

2
· P (A= AB) +

1

2
· P (A→ AB) +

1

2
· P ([A], AB → A)

+1 · P ([B], AB → A) + 1 · P ([AB], AB → A) +
1

2
· P ([A], A↔ AB)

+1 · P ([B], A↔ AB) + 1 · P ([AB], A↔ AB)

=
1 + p2

2
− rp2

4
(2.21)
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Since Table 2.3 also represents B ! AB we have the following conditional prob-

abilities:

P (∅|B ! AB) = 0 (2.22)

P (A|B ! AB) = 0 (2.23)

P (B|B ! AB) =
1− p2

2
+
rp2
4

(2.24)

P (AB|B ! AB) =
1 + p2

2
− rp2

4
(2.25)

For A! B interaction we have the following table:

Events for a Probability Outcome

A! B interaction after HGT

A= B (1− p1)(1− p2) A,B

A→ B p1(1− p2) A,AB

B → A (1− p1)p2 B,AB

A↔ B p1p2 AB,AB

Table 2.4: The arrows indicate the direction of plasmid transfer. In the A ! B
interaction the four possible HGT events are: no transfer A = B, uni-
directional A→ B and B → A, and bidirectional A↔ B.
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which generates the following probabilities

P (∅|A! B) = 0 (2.26)

P (A|A! B) =
1− p2

2
(2.27)

P (B|A! B) =
1− p1

2
(2.28)

P (AB|A! B) =
p1 + p2

2
(2.29)

Finally the ∅! AB interaction has the probability table:

Events for a Probability Outcome

∅! AB interaction after HGT

∅= AB (1− p1)(1− p2) ∅, AB

∅ → AB p1(1− p2) ∅, AB

AB → ∅

[A] r
2
(1− p1)p2 AB,A

[B] r
2
(1− p1)p2 AB,B

[AB] (1− r)(1− p1)p2 AB,AB

∅ ↔ AB

[A] r
2
p1p2 A,AB

[B] r
2
p1p2 B,AB

[AB] (1− r)p1p2 AB,AB

Table 2.5: The arrows indicate the direction of plasmid transfer. In the ∅ ! AB
interaction the four possible HGT events are: no transfer ∅ = AB, uni-
directional ∅ → AB and AB → ∅, and bidirectional ∅ ↔ AB. [A], [B],
and [AB] denote which genes from strain AB are being transferred.
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which generates the following conditional probabilities:

P (∅|∅! AB) =
1− p2

2
(2.30)

P (A|∅! AB) =
rp2
4

(2.31)

P (B|∅! AB) =
rp2
4

(2.32)

P (AB|∅! AB) =
1 + p2

2
− rp2

2
(2.33)

We can now construct Table 2.6 that summarizes the probabilities of superinfec-

tion generating strain ∅, strain A, strain B, and strain AB for each combination of

primary infections and secondary infections. We will assume an equal probability of

transfer between strains, i.e. p1 = p2 = p.
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Secondary

Infection

hk

Initial Infection Ik or Tk

∅ A B AB

∅ ∅:1 ∅:1−p
2

∅:1−p
2

∅:1−p
2

A:0 A:1+p
2

A:0 A: rp
4

B:0 B:0 B:1+p
2

B: rp
4

AB:0 AB:0 AB:0 AB:1+p
2
− rp

2

A ∅:1−p
2

∅:0 ∅:0 ∅:0

A:1+p
2

A:1 A:1−p
2

A:1−p
2

+ rp
4

B:0 B:0 B:1−p
2

B:0

AB:0 AB:0 AB:p AB:1+p
2
− rp

4

B ∅:1−p
2

∅:0 ∅:0 ∅:0

A:0 A:1−p
2

A:0 A:0

B:1+p
2

B:1−p
2

B:1 B:1−p
2

+ rp
4

AB:0 AB:p AB:0 AB:1+p
2
− rp

4

AB ∅:1−p
2

∅:0 ∅:0 ∅:0

A: rp
4

A:1−p
2

+ rp
4

A:0 A:0

B: rp
4

B:0 B:1−p
2

+ rp
4

B:0

AB:1+p
2
− rp

2
AB:1+p

2
− rp

4
AB:1+p

2
− rp

4
AB:1

Table 2.6: Probabilities of superinfection generating strains ∅, A, B, AB for the 16
combinations of initial and secondary infections.

The rate at which superinfection generates each strain is denoted with ωk (ωkT ).

ωk is the sum of all products generating strain k, where each product is the number of
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hosts infected with the initial strain (Ik or Tk) multiplied by the force of the secondary

infection (hk or hkT ) and again by the conditional probability of generating strain k

for each of the 16 combinations of initial and secondary infections:

ωk = σ
∑
i

∑
j

IihjP (k|(i, j)) i, j ∈ {∅, A,B,AB} (2.34)

Therefore, the superinfection rate of strain ∅ is

ω∅ = σ
[
I∅h∅ · P (∅|(∅, ∅)) + I∅hA · P (∅|(∅, A)) + I∅hB · P (∅|(∅, B))

+I∅hAB · P (∅|(∅, AB)) + IAh∅ · P (∅|(A, ∅)) + IAhA · P (∅|(A,A))

+IAhB · P (∅|(A,B)) + IAhAB · P (∅|(A,AB)) + IBh∅ · P (∅|(B, ∅))

+IBhA · P (∅|(B,A)) + IBhB · P (∅|(B,B)) + IBhAB · P (∅|(B,AB))

+IABh∅ · P (∅|(AB, ∅)) + IABhA · P (∅|(AB,A))

+IABhB · P (∅|(AB,B)) + IABhAB · P (∅|(AB,AB))
]

which, when we substitute the conditional probabilities from Table 2.6, becomes

ω∅ = σ

[
I∅h∅ · 1 + I∅hA ·

1− p
2

+ I∅hB ·
1− p

2
+ I∅hAB ·

1− p
2

+IAh∅ ·
1− p

2
+ IAhA · 0 + IAhB · 0 + IAhAB · 0

+IBh∅ ·
1− p

2
+ IBhA · 0 + IBhB · 0 + IBhAB · 0

+IABh∅ ·
1− p

2
+ IABhA · 0 + IABhB · 0 + IABhAB · 0

]
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which simplifies to

ω∅ = σ

[
I∅
2
h+

h∅
2
I − p

2

(
I∅ [hA + hB + hAB ] + h∅ [IA + IB + IAB]

)]
(2.35)

Similarly for ωA, ωB, and ωAB we obtain

ωB = σ

[
IB
2
h+

hB
2
I +

p

2

(
hB [I∅ − IA − IAB] + IB [h∅ − hA − hAB]

+
r

2

[
hAB[I∅ + IB] + IAB[h∅ + hB]

])]
(2.36)

ωA = σ

[
IA
2
h+

hA
2
I +

p

2

(
hA[I∅ − IB − IAB] + IA[h∅ − hB − hAB]

+
r

2

[
hAB[I∅ + IA] + IAB[h∅ + hA]

])]
(2.37)

ωAB = σ

[
IAB

2
h+

hAB

2
I +

p

2

(
hAB[I∅ + IA + IB] + IAB[h∅ + hA + hB]

+2 IBhA + 2 IAhB −
r

2

[
hAB[IA + IB + 2I∅] + IAB[hA + hB + 2h∅]

])]
(2.38)

where h =
∑

k hk is the total force of infection of all strains. To determine ωkT one

simply interchanges all Ik with Tk and all βk with βkT in each ωk above.

However, ωk does not incorporate the overall loss of infection due to superinfection.

The overall rate strain k loses infected individuals due to superinfection is −σIkh.

Therefore, the net rate at which superinfection generates strain k is Ωk = ωk − σIkh
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which results in

Ω∅ = σ

[
− I∅

2
h+

h∅
2
I − p

2

(
h∅ [IA + IB + IAB] + I∅ [hA + hB + hAB ]

)]
(2.39)

ΩB = σ

[
− IB

2
h+

hB
2
I +

p

2

(
hB [I∅ − IA − IAB] + IB [h∅ − hA − hAB]

+
r

2

[
hAB[I∅ + IB] + IAB(h∅ + hB)

])]
(2.40)

ΩA = σ

[
− IA

2
h+

hA
2
I +

p

2

(
hA[I∅ − IB − IAB] + IA[h∅ − hB − hAB]

+
r

2

[
hAB[I∅ + IA] + IAB[h∅ + hA]

])]
(2.41)

ΩAB = σ

[
− IAB

2
h+

hAB

2
I +

p

2

(
hAB[I∅ + IA + IB] + IAB[h∅ + hA + hB]

+2 IBhA + 2 IAhB −
r

2

[
hAB[IA + IB + 2I∅] + IAB[hA + hB + 2h∅]

])]
(2.42)

To determine ΩkT one simply interchanges all Ik with Tk and all βk with βkT in each

Ωk above.

The resulting system of differential equations describing superinfection with four

untreated and four treated infected compartments is

Ṡ = θ − µS − S
(
β̄I + β̄TT

)
+ λ̄I + λ̄TT

İk = (1− τ) (βk Ik + βkTTk)S − κk Ik + Ωk

Ṫk = (τ) (βk Ik + βkTTk)S − κkTTk + ΩkT (2.43)
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where κk now takes on a slightly different interpretation as the non-superinfection

removal rates.

2.3 Assumptions

Various assumptions are made to simplify and reduce the number of free parameters

in models 2.1 and 2.43. Since higher virulence is indicated with the presence of an

A gene we have v∅ = vB and vA = vAB. Similarly, drug resistance is indicated with

the presence of a B gene, therefore we have λ∅ = λA and λB = λAB. We assume

that treatment does not affect the virulence gene and therefore vkT = vk. However,

treatment is expected to positively affect recovery rates (i.e. λk < λkT ).

We employ one of the literature’s most common hypotheses on pathogen evolution.

Introduced by Anderson & May [27] and Ewald [28] the trade-off hypothesis “is based

on the idea that it is not possible for the parasite (pathogen) to increase the duration

of an infection without paying a cost” [29]. We employ the trade-off hypothesis

in two ways; the first as the commonly known virulence-transmission trade-off and

the second as a host recovery-resistance trade-off. The virulence-transmission trade-

off assumes that the cost of a beneficial increase in transmission rate is paid by an

increase in pathogen induced host mortality, or virulence. Therefore, the transmission

rate, βk, can be mathematically interpreted as an increasing function of virulence,

vk. Since the transmission rate, βk, is assumed to be only a function of virulence

and therefore does not depend on drug resistance, this implies that βA = βAB and

β∅ = βB. Furthermore, an increase in virulence through the acquisition of the A

gene therefore implies a greater transmission rate for any virulent strains compared

to avirulent strains βA > β∅, βA > βB, βAB > β∅, and βAB > βB.
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Now let us consider the cost of obtaining drug resistance. Drug resistance is only

beneficial if acquiring it outweighs the cost its acquisition has on the host recovery

rate. When there is no treatment, having drug resistance is a burden which is repre-

sented as a higher host recovery rate compared to drug sensitive strains (ie. λ∅ < λB).

With treatment a drug resistant strain is harder to treat compared to a drug sensitive

strain and receives the advantage of a lower host recovery rate rate compared to drug

sensitive strains (i.e. λ∅T > λBT ).

Since the acquisition of the A gene increases virulence, vA > v∅ by assumption.

An additional assumption that must also be taken into consideration is: θ as the host

immigration rate is required to be large enough to sustain the susceptible population,

otherwise the infected population can become extinct.

Due to the various assumptions we have been able to reduce the original number

of parameters in half. A summary of all mathematical assumptions is provided in

Table 2.7.
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Mathematical Assumptions

vk = vkT βk = βkT

vB = v∅ vAB = vA

βB = β∅ βAB = βA

λA = λ∅ λAB = λB

λAT = λ∅T λABT = λBT

v∅ < vA β∅ < βA

λ∅ < λB λ∅T > λBT

βk = βk(vk) λk < λkT

0 ≤(µ, βk, vk, λk, λkT )

0 ≤(τ ,σ, r, p)≤ 1

Table 2.7: Summary of mathematical parameter assumptions

In terms of restrictions on the variables, biology dictates that we cannot have a

negative population, therefore we operate in the following region

Υ =
{

(S, Ik, Tk) ∈ R9
+ : S ≥ 0, Ik ≥ 0, Tk ≥ 0, S + I + T ≤ θ

µ

}
(2.44)
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Chapter 3

Mathematical Analysis

To determine the conditions that lead to the joint evolution of drug resistance and

increased virulence from plasmid-mediated gene transfer, we analyze the SIS model

2.43 introduced in Chapter 2 using both analytical and numerical techniques. We

examine the effect of plasmid-mediated superinfection by comparing two situations:

when superinfection is absent, model 2.1, and when superinfection is present, model

2.43. We recall that the models introduced in Chapter 2 allowed for infected hosts

to be classified as untreated or treated upon infection. However, let us consider two

extreme cases: Case 1, treating none of the infected population (τ = 0), and Case

2, providing treatment to all infected individuals (τ = 1). In doing so we reduce the

9-dimensional SIS model 2.43 from one susceptible compartment and eight infected

compartments (four untreated and four treated) into two 5-dimensional SIS mod-

els each with one susceptible compartment and four infected compartments (either

untreated or treated).

In the absence of treatment, there is no antibiotic pressure encouraging the evo-

lution of drug resistance, and hence we assume that the evolution of drug resistance
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(and virulence) has yet to occur. Therefore, if no infected individuals receive treat-

ment (τ = 0) the population is in the avirulent drug sensitive state (strain ∅). As

such, our analysis first determines the conditions for which strain ∅ is uninvadable

in the absence of treatment. Then, as the percentage of hosts receiving treatment

increases, we would expect the growing antibiotic pressure on pathogens to push for

the evolution of drug resistance. Thus, our analysis then examines the conditions un-

der which drug resistance (i.e. strain B) or drug resistance and virulence (i.e. strain

AB) evolves in the presence of 100% treatment (τ = 1).

Mathematically, the above analysis proceeds by finding the equilibrium points,

followed by a local stability analysis of the equilibrium points, and a global stability

analysis of the system when possible. We supplement our qualitative analysis with

some numerical analysis to support our proposition of global stability in the model

with superinfection (model 2.43).

3.1 Absence of superinfection

In the absence of superinfection, the resulting 5-dimensional untreated (and treated)

model becomes a relatively simple SIS model which has been analyzed previously

[30, 31, 32]. Setting τ = 0 in the 9D model 2.1 introduced in Chapter 2, reduces to

the following 5D system of equations:

Ṡ = θ − µS − Sβ̄I + λ̄I

İk = βk IkS − κk Ik (3.1)



3.1. ABSENCE OF SUPERINFECTION 45

defined on the set

ΥU =

{
(S, Ik) ∈ R5

+ : S ≥ 0, Ik ≥ 0, S + I ≤ θ

µ

}
(3.2)

where all variables Tk are zero.

When the treatment rate is 100% (τ = 1) the 9D model 2.1 reduces to the 5D

system of equations:

Ṡ = θ − µS − Sβ̄T + λ̄T

Ṫk = βkTkS − κkTTk (3.3)

defined on the set

ΥT =

{
(S, Tk) ∈ R5

+ : S ≥ 0, Tk ≥ 0, S + T ≤ θ

µ

}
(3.4)

where all variables Ik are zero.

Basic Reproductive Ratios

These simple epidemiological models 3.1 and 3.3 allow the use of a powerful concept

in mathematical epidemiology, the basic reproductive ratio R0. R0 is an epidemic

threshold quantity that signifies whether a pathogen can invade a susceptible popu-

lation [33]. R0 can be interpreted as “the expected number of secondary infections

arising from a single infected individual during his or her entire infectious period, in

a population of susceptibles” [1].

Heffernan et al. [1] define and describe various methods to determine the basic
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reproductive ratio, R0. It is sufficient for our purposes to consider what is required

for an epidemic to occur in model 3.1 to calculate an invasion threshold quantity.

The condition for a single individual with strain k to infect individuals in a com-

pletely susceptible population and cause an epidemic is İk > 0. When the infection

begins, the susceptible population is near S∗ = θ
µ

(where S∗ is the maximum size of a

susceptible population in the absence of infection). Therefore, İk > 0 near S∗ implies:

S∗
βk
κk

> 1 (3.5)

where S∗βk is number of infections caused by an individual per unit time and (κk)
−1

is the duration of the infection [29]. We now have a mathematical inequality that

signifies whether an individual with strain k can infect a completely susceptible pop-

ulation. And therefore we can interpret the left hand side of equation 3.5 as a basic

reproductive ratio. Hence, we can define the basic reproductive ratio of strain k

to be:

R0,k ≡ S∗
βk
κk

=
θβk
µκk

(3.6)

Therefore, an R0,k > 1 indicates an individual with strain k is able to infect more

than just one individual (on average), leading to the survival of strain k. However,

an R0,k < 1 indicates an individual with strain k is unable to infect more than one

individual, leading to the eventual extinction of strain k.

The corresponding basic reproductive ratios for the treated model 3.3 are

R0,kT ≡ S∗
βkT
κkT

=
θβkT
µκkT

(3.7)
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3.1.1 Equilibrium Points

Both systems of differential equations, 3.1 and 3.3, result in the same equilibrium

points albeit with different parameters. There exist five equilibrium points in each

model 3.1 and 3.3. The disease free equilibrium, and four endemic equilibrium points

each involving one of the four strains in addition to the susceptible population. We

denote the equilibrium points as: E, E∅, EA, EB, EAB, where the subscript denotes

the strain of the endemic infection, and the lack of subscript (E) is the disease-free

equilibrium point.

The disease free equilibrium point is

E ≡
(
θ

µ
, 0, 0, 0, 0

)

Since E does not allow for any pathogen evolution we shall focus on the endemic

equilibrium points.

The endemic equilibrium points in the untreated model 3.1 are of the form

E∅ ≡
(
κ∅
β∅
,
θβ∅ − µκ∅
β∅(κ∅ − λ∅)

, 0, 0, 0

)
EA ≡

(
κA
βA
, 0,

θβA − µκA
βA(κA − λA)

, 0, 0

)
EB ≡

(
κB
βB
, 0, 0,

θβB − µκB
βB(κB − λB)

, 0

)
EAB ≡

(
κAB
βAB

, 0, 0, 0,
θβAB − µκAB

βAB(κAB − λAB)

)
(3.8)

Alternatively, each Ek has values for the number of susceptible individuals and the

number of infected individuals of S∗k = κk
βk

and I∗k = θβk−µκk
βk(κk−λk)

where k takes one of the

four values in the set {∅, A,B,AB} and all remaining infected populations are zero.

Each of these endemic equilibrium points exist only if R0,k > 1.
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Similarly, the endemic equilibrium points in the treated model 3.3 are of the form

E∅T ≡ (S∗∅T , T
∗
∅ , 0, 0, 0) EAT ≡ (S∗AT , 0, T

∗
A, 0, 0)

EBT ≡ (S∗BT , 0, 0, T
∗
B, 0) EABT ≡ (S∗ABT , 0, 0, 0, T

∗
AB) (3.9)

where S∗kT = κkT
βkT

and T ∗k = θβkT−µκkT
βkT (κkT−λkT )

and exist only if R0,kT > 1.

3.1.2 Local Stability

An equilibrium point is stable if solutions in its neighbourhood remain nearby and it is

asymptotically stable if these solutions evolve to the equilibrium point [34]. The local

stability of the equilibrium points can be determined by calculating the eigenvalues of

the Jacobian matrix evaluated at the equilibrium point. It follows from linear stability

analysis that a point is asymptotically stable if all eigenvalues of the Jacobian have

negative real parts, which we will call a sink. If all of the eigenvalues have positive

real parts then the point is classified as unstable, which we call a source. If some

eigenvalues have positive real parts and some have negative real parts then the point

is unstable and it is called a saddle. For each endemic equilibrium point Ek, the

Jacobian can be manipulated and subsequently divided into sub-matrices of the form

 Jx Jm

0 Jt


where Jx is a 2 × 2 matrix which will determine the eigenvalues corresponding to

the S and Ik variables, Jt is an upper triangular matrix which will determine the

remaining three eigenvalues, and Jm is a mixed matrix. We use a special case of the
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Routh-Hurwitz criterion to determine the sign of the real parts of the eigenvalues of

Jx since the eigenvalues themselves have the potential to be complex numbers. The

Routh-Hurwitz criterion states for a 2×2 matrix M , if det(M) > 0 and trace(M) < 0

then the eigenvalues of M have negative real parts. We obtain the three eigenvalues

of the upper triangular matrix, Jt, by examining the diagonal entries. The diagonal

entries of submatrix Jt for strain j at the endemic equilibrium point Ek are of the

form:

βjS
∗
k − κj (3.10)

We now possess the means to obtain the system of inequalities which determine the

stability of each endemic equilibrium point.

Untreated Dynamics

In the absence of treatment τ = 0, we assume that the lack of antibiotic pressure

on the bacteria means that the bacteria have not yet evolved drug resistance and

increased virulence. Therefore, examining the stability conditions for model 3.1 at

the E∅ equilibrium point will provide a set of conditions on the untreated parameter

values before the introduction of treatment and the spread of drug resistance and

virulence. We will call this set of parameter conditions the ancestral conditions

for the non-superinfection model.

The local stability conditions for the E∅ equilibrium point are

−(β∅I
∗
∅ + µ) < 0

β∅I
∗
∅ (µ+ v∅) > 0 (3.11)
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βBS
∗
∅ − κB < 0

βAS
∗
∅ − κA < 0

βABS
∗
∅ − κAB < 0 (3.12)

where the first two inequalities (3.11) are derived from Jx and the remaining three

(3.12) are the eigenvalues of Jt. As we are considering the endemic equilibrium point

of strain ∅ we necessarily have I∗∅ > 0. Therefore, the inequalities 3.11 are satisfied.

As such, the system of inequalities that determine the stability of E∅ is reduced to the

three eigenvalues of Jt (3.12). Each eigenvalue corresponds to the growth of strain B,

A, or AB, respectively, when strain ∅ is the resident (initially established) infection.

These eigenvalues are more commonly referred to as per capita growth rates. A

positive per capita growth rate indicates a strain’s ability to increase the number of

individuals infected with that strain. In other words a positive per capita growth

rate shows that a strain is able to invade the previously established initial infection.

Conversely, a negative per capita growth rate indicates the resident strain’s ability to

resist that invading strain.

The per capita growth rate of strain B with the assumptions (see Table 2.7)

βB = β∅, v∅ = vB, and λ∅ < λB results in

β∅S
∗
∅ − κB = κ∅ − κB

= λ∅ − λB < 0 (3.13)

which satisfies the requirement of a negative per capita growth rate for strain B.

To determine the signs of the per capita growth rates for strains A and AB, we

compare the two. If the larger of the two is negative, then it follows that the other
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must also be negative and we then have satisfied all criteria for a stable E∅ equilibrium

point.

The difference between the per capita growth rates of strain A and strain AB

under the assumptions (see Table 2.7) that βA = βAB, vA = vAB, and λ∅ < λB is

(βAS
∗
∅ − κA)− (βABS

∗
∅ − κAB) = (βAS

∗
∅ − κA)− (βAS

∗
∅ − κAB)

= λB − λ∅ > 0 (3.14)

Therefore, the larger of the two eigenvalues is βAS
∗
∅ − κA, which is the per capita

growth rate of strain A. As such, E∅ is stable if βAS
∗
∅ − κA < 0 is satisfied.

By substituting S∗∅ = κ∅
β∅

into the per capita growth rates of B, A, and AB

(equations 3.12) and rearranging the resulting inequalities, we can obtain equivalent

stability conditions based on basic reproductive ratio expressions:

R0,∅ =
θ

µ

β∅
κ∅

> 1

R0,B < R0,∅

R0,A < R0,∅

R0,AB < R0,∅ (3.15)

Therefore, in the untreated case τ = 0, strain ∅ resists all invaders if it has the largest

basic reproductive ratio, R0,k, and maintains the infection if R0,∅ > 1. Furthermore,

under the assumptions in Table 2.7 the conditions for stability of the equilibrium point

E∅ when it exists (R0,∅ > 1), reduces to the ancestral condition in the absence of

superinfection.

R0,A < R0,∅ (3.16)
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Incidentally, we can generalize the above analysis for any endemic equilibrium

point Ek. The Jacobian provides the following inequalities:

−(βkI
∗
k + µ) < 0

βkI
∗
k(µ+ vk) > 0

βjS
∗
k − κj < 0 (3.17)

where j ∈ ∅, A,B,AB|j 6= k. As we are at an endemic equilibrium point we have

I∗k > 0 which implies R0,k > 1 and satisfies the first two inequalities. The remaining

eigenvalues are rearranged to formulate basic reproductive ratio expressions:

R0,k =
θ

µ

βk
κk

> 1

R0,j < R0,k j 6= k (3.18)

Therefore, an endemic equilibrium point Ek cannot be invaded by another strain if it

possesses the largest basic reproductive ratio, R0,k.

Treated Dynamics

Mirroring the untreated dynamic stability conditions we have in the treated case

(τ = 1),

R0,kT =
θ

µ

βkT
κkT

> 1

R0,jT < R0,kT j 6= k (3.19)
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which provides the same conclusion that it is the strain with the largest R0,kT that

can resist invasion from all other strains.

Under our assumptions, we note that both drug sensitive strains, ∅ and A, in

the treated model 3.3 cannot attain stability as R0,BT > R0,∅T and R0,ABT > R0,AT .

Therefore under our parameter assumptions, the treated model 3.3 guarantees a stable

drug resistant strain, either strain B or strain AB. Knowing that evolution will select

either a B or an AB strain, we can then examine the conditions for either strain B

or strain AB to prevail. Strain AB will prevail if

R0,ABT > R0,BT (3.20)

which we call the virulent drug resistant strain condition in the absence of

superinfection. Similarly, strain B will prevail if

R0,ABT < R0,BT (3.21)

which we call the avirulent drug resistant strain condition in the absence of

superinfection.

3.1.3 Global Stability

The simplicity of model 2.43 when σ = 0 allows for much stronger stability condi-

tions by way of global stability. Global asymptotic stability implies that no matter

the initial conditions set on the host populations, the solution of model 2.43 will tend

towards the equilibrium point. Bichara et al. [30] employ the competitive exclusion
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principle in addition to Lyapunov theory to demonstrate the global asymptotic sta-

bility of a n strain SIS model with no superinfection and both vertical and horizontal

transmission. Their results can be applied to systems 3.1 and 3.3 as they can be made

equivalent to the model of Bichara et al. [30] when vertical transmission parameters

are set to zero. As such, the endemic equilibrium point Ek in the untreated case (sim-

ilarly EkT in the treated case) is globally asymptotically stable if R0,k − R0,j > 0 for

j 6= k. We note that this is the same stability criteria observed in the local stability

analysis.

It may seem unnecessary to include both local and global stability conditions

given that global stability offers stronger conclusions. However, we include the local

stability in the absence of superinfection to provide a means to compare and contrast

the local stability analysis without superinfection to the local stability analysis with

superinfection.

3.2 Presence of superinfection

The introduction of any form of superinfection adds complexity to the model by

introducing the effects of secondary infections, seen in the Ωk (ΩkT ) terms in model

2.43. We again restrict the epidemiological dynamics of model 2.43 to the case when

there is no treatment (τ = 0) and to the case when there is 100% treatment (τ = 1).

The two resulting 5-dimensional systems for the untreated and treated models are:

Ṡ = θ − µS − Sβ̄I + λ̄I

İk = βk IkS − κk Ik + Ω̃k (3.22)
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Ṡ = θ − µS − Sβ̄TT + λ̄TT

Ṫk = βkTTkS − κkTTk + Ω̃kT (3.23)

where Ω̃k = Ωk|T=0 and Ω̃kT = ΩkT |I=0, where Ωk and ΩkT are as in 2.39. We continue

to operate in the regions ΥU for model 3.22 and ΥT for model 3.23 for the remainder

of the analysis.

Reproductive Ratios

In the absence of superinfection the signs of the per capita growth rates are deter-

mined by the basic reproductive ratios R0,k and therefore we can rely solely on the

basic reproductive ratio R0,k to resolve the local stability. With the addition of su-

perinfection we propose that the per capita growth rates can be again expressed as

functions of basic reproductive ratios.

We maintain the notation R0,k as the basic reproductive ratio of introducing one

strain k infected individual into a wholly susceptible population. Note, the disease-

free equilibrium point E indicates a wholly susceptible population, in which case

S∗ = θ
µ
, and therefore the basic reproductive ratio in the absence of superinfection

for strain k is

R0,k = S∗
βk
κk

(3.24)

Now recall Ωk, given by Equations 2.39, is the net rate at which superinfection

generates strain k. If we take the partial derivative with respect to Ik and evaluate
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it at the equilibrium point Ej, where k, j ∈ {∅, A,B,AB} then we obtain:

∂Ωk

∂Ik

∣∣∣∣
Ej

= I∗j σ
(
βkP (k|(j, k)) + βj[P (k|(k, j))− 1]

)
= I∗j σ

(
βkP (k|(j, k))− βjP (j|(k, j))

)
= I∗j β

∗
j,k (3.25)

where β∗j,k denotes the net transmission rate between the secondary strain k infection

and the initial strain j infection with superinfection. This β∗j,k is the product of the

relative efficiency of superinfection, σ, times the transmission rate of strain k, βk,

times the probability of superinfection resulting in strain k as a result of strain k su-

perinfecting strain j, P (k|(j, k)), plus the product of σ times βj times the probability

of superinfection resulting in strain j as a result of strain j superinfecting strain k,

P (k|(k, j))− 1 = −P (j|(k, j)). Therefore, equation 3.25, which is the superinfection

part of the per capita growth rate of strain k at Ej, is the net gain or loss of strain

k infections due to superinfection from introducing one strain k infected individual

into a strain j infected population. If we multiply equation 3.25 by the duration of a

strain k infection (κk)
−1 then

1

κk

∂Ωk

∂Ik

∣∣∣∣
Ej

= I∗j
β∗j,k
κk

(3.26)

which is the net gain or loss of strain k infections by introducing one k infected

individual into a j infected population over the infectious period of that k individual.

Now the expression in equation 3.26 can be interpreted as a reproductive ratio. We
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propose the following notation

R∗j,k = I∗j
β∗j,k
κk

(3.27)

to denote the expected number of k infections generated *via superinfection* by

a single strain k infected individual when dropped into an endemic j population.

Therefore, R∗j,k > 1 indicates that an individual with strain k is able to generate

more than one new strain k infection through superinfection alone when introduced

into a j endemic population. However, R∗j,k < 1 indicates that an individual with

strain k is unable, on average, to generate more than one new strain k infection

through superinfection alone when introduced into a j endemic population, leading

to superinfection playing a small role in the survival of strain k.

The corresponding reproductive ratio for the treated model 3.3 is

R∗j,k,T = T ∗j
β∗j,k,T
κkT

(3.28)

We note that although very useful for biological interpretations reproductive ratios

can be cumbersome when performing mathematical analyses. As such, it is often

easiest to use the per capita growth rates for mathematical analysis before translating

those results into reproductive ratios for interpretation.

3.2.1 Equilibrium Points

Unlike the non-superinfection models, the systems of differential equations, 3.22 and

3.23 have more than five equilibrium points. The equilibrium points can be catego-

rized as: disease-free, single strain endemic infection, and endemic coexistence of two

or more strains.



3.2. PRESENCE OF SUPERINFECTION 58

The disease-free equilibrium point is

E ≡
(
θ

µ
, 0, 0, 0, 0

)

which corresponds to a population with only susceptible individuals and as before we

shall focus on the endemic equilibrium points.

The single strain endemic infection equilibrium points correspond to the popula-

tion being infected with a single strain where all remaining strains are extinct (e.g.

S > 0, I∅ > 0, IA = IB = IAB = 0). The endemic coexistence equilibrium points

allow for more than one strain to co-inhabit the host population (e.g. S > 0, I∅ > 0,

IA > 0,IB = IAB = 0). Due to the complex expression of the various coexistence

equilibrium points we focus on the endemic single strain infection equilibrium points

for our analytical analysis.

The single strain endemic infection equilibrium points of the untreated model 3.22

are of the form

E∅ ≡ (S∗∅ , I
∗
∅ , 0, 0, 0) EA ≡ (S∗A, 0, I

∗
A, 0, 0)

EB ≡ (S∗B, 0, 0, I
∗
B, 0) EAB ≡ (S∗AB, 0, 0, 0, I

∗
AB) (3.29)

where S∗k = κk
βk

and I∗k = θβk−µκk
βk(κk−λk)

. These equilibrium points are notedly independent

of superinfection and are therefore the same as in the absence of superinfection (3.8).

These single strain endemic infection equilibrium points only exist if R0,k > 1, where

the R0,k is the basic reproductive ratio in the absence of superinfection.

Upon treatment the single strain endemic infection equilibrium points in the
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treated model 3.23 are of the form

E∅T ≡ (S∗∅T , T
∗
∅ , 0, 0, 0) EAT ≡ (S∗AT , 0, T

∗
A, 0, 0)

EBT ≡ (S∗BT , 0, 0, T
∗
B, 0) EABT ≡ (S∗ABT , 0, 0, 0, T

∗
AB) (3.30)

where S∗kT = κkT
βkT

and T ∗k = θβkT−µκkT
βkT (κkT−λkT )

. These equilibrium points are again indepen-

dent of superinfection and are therefore the same as in the absence of superinfection

(3.9). Furthermore, they only exist if R0,kT > 1.

3.2.2 Local Stability

We apply the same local stability techniques as detailed in Section 3.1.2. We eval-

uate the Jacobian of systems 3.22 and 3.23 at the single strain endemic infection

equilibrium points. We proceed as before by finding the trace and determinant of the

submatrix Jx and the eigenvalues of the submatrix Jt to determine the stability of the

equilibrium point. The diagonal entries of submatrix Jt for strain k at the endemic

equilibrium point Ej are of the form:

βkS
∗
j − κk +

∂Ωk

∂Ik

∣∣∣∣
Ej

(3.31)

Untreated Dynamics

Since we have assumed that the initial untreated host population will be at the E∅

equilibrium point before treatment, we focus on determining the stability conditions

necessary to satisfy this assumption. These constraints yield what we earlier called

the ancestral condition 3.16 but here we include superinfection.
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The local stability conditions are found by substituting E∅ into the Jacobian of

the untreated model 3.22 and finding the eigenvalues. The local stability conditions

with the assumptions βAB = βA and βB = β∅ (see Table 2.7) are:

−(β∅I
∗
∅ + µ) < 0

β∅I
∗
∅ (µ+ v∅) > 0

β∅S
∗
∅ − κB + σI∗∅pβ∅ < 0

βAS
∗
∅ − κA +

σ

2
I∗∅

[
βA − β∅ + p(βA + β∅)

]
< 0

βAS
∗
∅ − κAB +

σ

2
I∗∅

[
βA − β∅ + p(βA + β∅)(1− r)

]
< 0 (3.32)

Similar to the absence of superinfection case, the first two inequalities are derived from

Jx and hold true since I∗∅ > 0. The remaining three inequalities are the eigenvalues

of Jt and represent the per capita growth rates of strain B, strain A, and strain AB,

respectively.

Per our parameter assumptions (see Table 2.7) the per capita growth rate of B

becomes

β∅S
∗
∅ − κB + σI∗∅pβ∅ = κ∅ − κB + σI∗∅pβ∅

= λ∅ − λB︸ ︷︷ ︸
−

+σI∗∅pβ∅︸ ︷︷ ︸
+

(3.33)

which is a sum of both a positive and negative quantity. Therefore, it places an

additional constraint of λ∅ + σI∗∅pβ∅ < λB on the parameters if we require E∅ to be

stable.

Per our parameter assumptions (see Table 2.7) the per capita growth rate of A
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becomes

βAS
∗
∅ − κA +

σ

2
I∗∅

[
βA − β∅ + p(βA + β∅)

]
=

βAκ∅
β∅
− κA +

σ

2
I∗∅

[
βA − β∅ + p(βA + β∅)

]
= − κA︸ ︷︷ ︸

−

+
βAκ∅
β∅

+
σ

2
I∗∅

[
βA − β∅ + p(βA + β∅)

]
︸ ︷︷ ︸

+

(3.34)

which is a sum of both a positive and negative quantity. And therefore it places an

additional constraint of

βAκ∅
β∅

+
σ

2
I∗∅

[
βA − β∅ + p(βA + β∅)

]
< κA

on the parameters if we require E∅ to be stable.

If the per capita growth rate of strain A is negative we can show that the per

capita growth rate of strain AB will also be negative since

βAS
∗
∅ − κA +

σ

2
I∗∅

[
βA − β∅ + p(βA + β∅)

]
−

(
βAS

∗
∅ − κAB +

σ

2
I∗∅

[
βA − β∅ + p(βA + β∅)(1− r)

])
= κAB − κA +

σ

2
I∗∅

[
rp(βA − β∅)

]
= λB − λ∅︸ ︷︷ ︸

+

+
σ

2
I∗∅

[
rp(βA − β∅)

]
︸ ︷︷ ︸

+

> 0 (3.35)

Therefore, the per capita growth rate of A is larger than the per capita growth rate

of AB. As such, if the per capita growth rate of A is negative then the per capita

growth rate of AB is also negative.

Therefore, the E∅ single strain endemic infection equilibrium point is stable if the
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following conditions hold:

λ∅ + σI∗∅pβ∅ < λB

βAκ∅
β∅

+
σ

2
I∗∅

[
βA − β∅ + p(βA + β∅)

]
< κA (3.36)

We note that the first inequality is satisfied through our parameter assumptions in the

absence of superinfection (σ = 0) and that the second inequality is a generalization

of equation 3.16 in the presence of superinfection.

Alternatively, we can obtain equivalent stability conditions based on reproductive

ratio expressions. The per capita growth rate of strain B at E∅ can be manipulated

to obtain:

0 > β∅S
∗
∅ − κB + σI∗∅pβ∅

R0,∅ −R0,B >

(
θ

µ

β∅
κ∅

)(
I∗∅
σ
(
βB
(
1+p
2

)
− β∅

(
1−p
2

))
κB

)

R0,∅ −R0,B > R0,∅

(
I∗∅
β∗∅,B
κB

)
R0,∅ −R0,B > R0,∅ ·R∗∅,B (3.37)

Similarly, the per capita growth rate of strain A at E∅ can be manipulated to obtain:

0 > βAS
∗
∅ − κA +

σ

2
I∗∅

[
βA − β∅ + p(βA + β∅)

]
R0,∅ −R0,A >

(
θ

µ

β∅
κ∅

)(
I∗∅
σ
(
βA
(
1+p
2

)
− β∅

(
1−p
2

))
κA

)

R0,∅ −R0,A > R0,∅

(
I∗∅
β∗∅,A
κA

)
R0,∅ −R0,A > R0,∅ ·R∗∅,A (3.38)
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Therefore, in the untreated case τ = 0, the conditions for stability of the equilibrium

point E∅ when it exists (R0,∅ > 1), can be written as

R0,∅(1−R∗∅,B) > R0,B

R0,∅(1−R∗∅,A) > R0,A (3.39)

which we call the ancestral conditions in the presence of superinfection. Compared

to inequality 3.16 we have an additional factor of 1−R∗∅,k due to superinfection (i.e.

σ 6= 0).

As before, it is in fact possible to generalize the above analysis for any single strain

endemic equilibrium point Ej. The Jacobian provides the following inequalities:

−(βjI
∗
j + µ) < 0

βjI
∗
j (µ+ vj) > 0

βkS
∗
j − κk +

∂Ωk

∂Ik

∣∣∣∣
Ej

< 0 (3.40)

where k, j ∈ {∅, A,B,AB|j 6= k}. As we are at a single strain endemic equilibrium

point we have I∗j > 0 which implies R0,j > 1 and therefore the first two inequalities

are satisfied. The remaining eigenvalues are rearranged to formulate reproductive

ratio expressions:

R0,k =
θ

µ

βk
κk

R∗j,k = I∗j
β∗j,k
κk

R0,j(1−R∗j,k) > R0,k (3.41)
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Treated Dynamics

We now perform a local stability analysis on the single strain endemic infection equi-

librium points 3.30 arising from the treated model 3.23. Recall our previous expecta-

tion that drug resistance will spread to the entire population if τ = 1. By examining

the local stability of the drug sensitive single strain infection equilibrium points, E∅T

and EAT , we will find that under our assumptions in Table 2.7 the stability require-

ments fail. Therefore, both drug sensitive equilibrium points, E∅T and EAT , are

locally unstable under our assumptions, guaranteeing the spread of a drug resistant

strains, strain B or strain AB when τ = 1.

The local stability criteria of the single strain endemic equilibrium point E∅T

E∅T ≡
(
κ∅T
β∅

,
θβ∅ − µκ∅T
β∅(κ∅T − λ∅T )

, 0, 0, 0

)
(3.42)

are determined by the following local stability conditions under the assumptions βkT =

βk, vkT = vk, βB = β∅, and βAB = βA (see Table 2.7):

−(β∅T
∗
∅ + µ) < 0

β∅T
∗
∅ (µ+ v∅) > 0

g∅B = β∅S
∗
∅T − κBT + σT ∗∅ pβ∅ < 0

g∅A = βAS
∗
∅T − κAT +

σ

2
T ∗∅

[
βA − β∅ + p(βA + β∅)

]
< 0

g∅AB = βAS
∗
∅T − κABT +

σ

2
T ∗∅

[
βA − β∅ + p(βA + β∅)(1− r)

]
< 0

(3.43)



3.2. PRESENCE OF SUPERINFECTION 65

To distinguish the per capita growth rates we introduce the notation gjk where sub-

script k indicates the corresponding per capita growth rate of strain k (the invading

strains) and the superscript j indicates the strain of the single strain endemic equi-

librium point (the resident strain).

By substituting S∗∅T = κ∅T
β∅

into g∅B we obtain

g∅B = κ∅T − κBT + σT ∗∅ pβ∅

= λ∅T − λBT︸ ︷︷ ︸
+

+σT ∗∅ pβ∅︸ ︷︷ ︸
+

> 0 (3.44)

which shows that the per capita growth of strain B is positive under our assumptions,

in particular the assumption that the recovery rate of drug resistant strains is less

than the recovery rate of drug sensitive strains (i.e. λBT < λ∅T ). Therefore, the local

stability criteria for E∅T are not satisfied. This means that the single strain endemic

infection equilibrium point, E∅T , is locally unstable.

Note: This assumption of the recovery rates of the drug resistant strain be less

than the recovery rate of the normal strain is one reason why this point is unstable.

Similarly, the local stability criteria of the single strain endemic equilibrium point

EAT

EAT ≡
(
κAT
βA

, 0,
θβA − µκAT
βA(κAT − λ∅T )

, 0, 0

)
(3.45)

are determined by the following local stability conditions under the assumptions βkT =
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βk, vkT = vk, βB = β∅, and βAB = βA (see Table 2.7):

−(βAT
∗
A + µ) < 0

βAT
∗
A(µ+ vA) > 0

gA∅ = β∅S
∗
AT − κ∅T −

σ

2
T ∗A

[
βA − β∅ + p(βA + β∅)

]
< 0

gAB = β∅S
∗
AT − κBT −

σ

2
T ∗A

[
βA − β∅ + p(βA + β∅)

]
< 0

gAAB = βAS
∗
AT − κABT + σT ∗ApβA

(
1− r

2

)
< 0 (3.46)

By substituting S∗AT = κAT

βA
into gAAB we obtain

gAAB = λ∅T − λBT︸ ︷︷ ︸
+

+σT ∗ApβA

(
1− r

2

)
︸ ︷︷ ︸

+

> 0 (3.47)

which shows that the per capita growth of strain AB is positive under our assump-

tions, and therefore the local stability criteria for EAT are not satisfied. This means

that the single strain endemic infection equilibrium point, EAT , is locally unstable.

As expected the two drug sensitive single strain endemic infection equilibrium

points, E∅T and EAT , are locally unstable. Consequently, drug resistance will spread

in the treated model, therefore we shall focus our attention on the two remaining

single strain endemic infection equilibrium points EBT and EABT .

The local stability criteria of the single strain endemic equilibrium point EBT

EBT ≡
(
κBT
β∅

, 0, 0,
θβ∅ − µκBT

β∅(κBT − λBT )
, 0

)
(3.48)

are determined by the following local stability conditions under the assumptions βkT =
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βk, vkT = vk, βB = β∅, and βAB = βA (see Table 2.7):

−(β∅T
∗
B + µ) < 0

β∅T
∗
B(µ+ v∅) > 0

gB∅ = β∅S
∗
BT − κ∅T − σT ∗Bpβ∅ < 0

gBA = βAS
∗
BT − κAT +

σ

2
T ∗B

[
βA − β∅ − p(βA + β∅)

]
< 0

gBAB = βAS
∗
BT − κABT +

σ

2
T ∗B

[
βA − β∅ + p(βA + β∅)

(
1− r

2

)]
< 0

(3.49)

where T ∗B > 0 satisfies the first two inequalities, reducing the local stability conditions

to the three per capita growth rates gB∅ , gBA , and gBAB.

Consider the per capita growth rate

gB∅ = β∅S
∗
BT − κ∅T − σT ∗Bpβ∅

= κBT − κ∅T︸ ︷︷ ︸
−

−σT ∗Bpβ∅︸ ︷︷ ︸
−

< 0 (3.50)

Therefore, the per capita growth rate, gB∅ , is negative under our assumptions, signi-

fying that strain ∅ cannot invade a population infected with a B strain.

Consider the difference between gBA and gBAB under our assumptions

gBA − gBAB = κABT − κAT︸ ︷︷ ︸
−

−σ
2
T ∗B

[
p(βA + β∅)

(
2− r

2

)]
︸ ︷︷ ︸

−

< 0 (3.51)

Recalling that 0 ≤ r ≤ 1 we have that gBA < gBAB meaning that a negative per capita

growth rate of strain AB (gBAB) implies a negative per capita growth rate of strain A
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(gBA).

Per our assumptions (see Table 2.7) the per capita growth rate gBAB of strain AB

becomes

gBAB = βAS
∗
BT − κABT +

σ

2
T ∗B

[
βA − β∅ + p(βA + β∅)

(
1− r

2

)]
= − κABT︸ ︷︷ ︸

−

+ βA
κBT
β∅

+
σ

2
T ∗B

[
βA − β∅ + p(βA + β∅)

(
1− r

2

)]
︸ ︷︷ ︸

+

(3.52)

which is a sum of both a positive and negative quantity. Therefore, assuming the

existence of the equilibrium point EBT , the stability of EBT is determined by the per

capita growth rate of strain AB at EBT . We can obtain equivalent stability conditions

based on reproductive ratio expressions. The per capita growth rate of strain AB at

EBT can be manipulated to obtain:

0 > βAS
∗
B − κAB +

σ

2
T ∗B

[
βA − β∅ + p(βA + β∅)

(
1− r

2

)]
R0,BT −R0,ABT >

(
θ

µ

β∅
κB

)(
T ∗B

σ
(
βA
(
1+p
2
− rp

4

)
− β∅

(
1−p
2

+ rp
4

))
κAB

)

R0,BT −R0,ABT > R0,BT

(
T ∗B

β∗B,AB,T
κAB

)
R0,BT −R0,ABT > R0,BT ·R∗B,AB,T (3.53)

Therefore, in the treated case τ = 1, the conditions for stability of the equilibrium

point EBT when it exists (R0,BT > 1), reduces to the avirulent drug resistance

condition in the presence of superinfection

R0,BT (1−R∗B,AB,T ) > R0,ABT (3.54)
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Compared to inequality 3.21 we have an additional factor of 1 − R∗B,AB,T due to

superinfection (i.e. σ 6= 0).

The local stability criteria of the single strain endemic equilibrium point EABT

EABT ≡
(
κABT
βA

, 0, 0, 0,
θβA − µκABT

βA(κABT − λBT )

)
(3.55)

are determined by the following local stability conditions under the assumptions βkT =

βk, vkT = vk, βB = β∅, and βAB = βA (see Table 2.7):

−(βAT
∗
AB + µ) < 0

βAT
∗
AB(µ+ vA) > 0

gAB∅ = β∅S
∗
ABT − κ∅T −

σ

2
T ∗AB

[
βA − β∅ + p(βA + β∅)

]
< 0

gABB = β∅S
∗
ABT − κBT −

σ

2
T ∗AB

[
βA − β∅ + p(βA + β∅)

(
1− r

2

)]
< 0

gABA = βAS
∗
ABT − κAT − σT ∗ABβAp

(
1− r

2

)
< 0 (3.56)

where T ∗AB > 0 satisfies the first two inequalities, reducing the local stability condi-

tions to the three per capita growth rates gAB∅ , gABB , and gABA .

Consider the per capita growth rate

gABA = βAS
∗
ABT − κAT − σT ∗ABβAp

(
1− r

2

)
= κABT − κAT︸ ︷︷ ︸

−

−σT ∗ABβAp
(

1− r

2

)
︸ ︷︷ ︸

−

< 0 (3.57)

Therefore, the per capita growth rate, gABA , is negative under our assumptions, signi-

fying that strain A cannot invade a population infected with an AB strain.
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Consider the difference between gAB∅ and gABB under our assumptions

gAB∅ − gABB = κBT − κ∅T︸ ︷︷ ︸
−

−σ
2
T ∗AB

[
p
r

2
(βA + β∅)

]
︸ ︷︷ ︸

−

< 0 (3.58)

Therefore, we have gAB∅ < gABB meaning that a negative per capita growth rate of

strain B (gABB ) implies a negative per capita growth rate of strain ∅ (gAB∅ ).

Per our assumptions (see Table 2.7) the per capita growth rate gABB of strain B

becomes

gABB = β∅S
∗
ABT − κBT −

σ

2
T ∗AB

[
βA − β∅ + p(βA + β∅)

(
1− r

2

)]
= β∅

κABT
βA︸ ︷︷ ︸
+

− κBT −
σ

2
T ∗AB

[
βA − β∅ + p(βA + β∅)

(
1− r

2

)]
︸ ︷︷ ︸

−

(3.59)

which is a sum of both a positive and negative quantity. Therefore, assuming the

existence of the equilibrium point EABT , the stability of EABT is determined by the

per capita growth rate of strain B at EABT . We can obtain equivalent stability

conditions based on reproductive ratio expressions. The per capita growth rate of

strain B at EABT can be manipulated to obtain:

0 > β∅S
∗
AB − κB −

σ

2
T ∗AB

[
βA − β∅ + p(βA + β∅)

(
1− r

2

)]
R0,ABT −R0,BT >

(
θ

µ

βA
κAB

)(
T ∗AB

σ
(
β∅
(
1−p
2

+ rp
4

)
− βA

(
1+p
2
− rp

4

))
κB

)

R0,ABT −R0,BT > R0,ABT

(
T ∗AB

β∗AB,B,T
κB

)
R0,ABT −R0,BT > R0,ABT ·R∗AB,B,T (3.60)
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Therefore, in the treated case τ = 1, the conditions for stability of the equilibrium

point EABT when it exists (R0,ABT > 1), reduces to the virulent drug resistance

condition in the presence of superinfection

R0,ABT (1−R∗AB,B,T ) > R0,BT (3.61)

Compared to inequality 3.20 we have an additional factor of 1 − R∗AB,B,T due to

superinfection (i.e. σ 6= 0).

A closer look at the avirulent and virulent drug resistant conditions

We note that R0,BT −R0,ABT is bounded between different limits as seen in equations

3.53 and 3.60. If R0,BT − R0,ABT is less than the bound given in 3.60 then EABT is

locally stable. If R0,BT − R0,ABT is greater than the bound given in 3.53 then EBT

is locally stable. It is therefore possible that both EBT and EABT are simultaneously

locally stable and therefore the system can possibly exhibit bistability. Alternatively,

it is also possible that neither are stable and therefore the system evolves to a state

of coexistence of two or more strains. Therefore, we need to consider which of the

bounds 3.53 or 3.60 is larger through a careful comparison of the per capita growth

rates, gBAB and gABB , in order to determine the behaviour.

Recalling that a strain can invade a resident strain if its per capita growth rate

is positive and assuming all other per capita growth rates are negative (as per our

assumptions), then the four possible cases of invasion are:

1. Stable EABT only: Strain AB can invade a resident strain B (gBAB > 0) &

strain B cannot invade a resident strain AB (gABB < 0).
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2. Coexistence: Strain AB can invade a resident strain B (gBAB > 0) & strain B

can invade a resident strain AB (gABB > 0) which could result in a final state

with both strain AB and strain B.

3. Stable EBT only: Strain AB cannot invade a resident strain B (gBAB < 0) &

strain B can invade a resident strain AB (gABB > 0).

4. Bistability: Both EABT and EBT are stable. Strain AB cannot invade a

resident strain B (gBAB < 0) & strain B cannot invade a resident strain AB

(gABB < 0).

For reference the per capita growth rates associated with the avirulent drug

resistant condition and the virulent drug resistant condition are:

gBAB = βAS
∗
BT − κABT +

σ

2
T ∗B

[
βA − β∅ + p(βA + β∅)

(
1− r

2

)]
gABB = β∅S

∗
ABT − κBT −

σ

2
T ∗AB

[
βA − β∅ + p(βA + β∅)

(
1− r

2

)]

Using S∗BT = κBT

β∅
and S∗ABT = κABT

βA
we rearrange to obtain

g̃BAB ≡ β∅g
B
AB = βAκBT − β∅κABT +

σ

2
β∅T

∗
B

[
βA − β∅ + p(βA + β∅)

(
1− r

2

)]
g̃ABB ≡ βAg

AB
B = β∅κABT − βAκBT −

σ

2
βAT

∗
AB

[
βA − β∅ + p(βA + β∅)

(
1− r

2

)]

Letting ρ = β∅κABT − βAκBT and γ = σ
2

[
βA − β∅ + p(βA + β∅)

(
1− r

2

)]
, then

g̃BAB = −(ρ− β∅T ∗Bγ)

g̃ABB = ρ− βAT ∗ABγ (3.62)
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We note that we can express ρ as the difference between basic reproductive ratios:

ρ = β∅κABT − βAκBT = (R0,BT −R0,ABT )
µκBTκABT

θ
(3.63)

Furthermore, we can express γ as the net transmission rate from superinfection:

γ =
σ

2

[
βA − β∅ + p(βA + β∅)

(
1− r

2

)]
= β∗B,AB,T = −β∗AB,B,T (3.64)

where due to the assumption βABT = βA > β∅ = βBT , we know γ > 0.

Under our assumptions there are no means to determine the signs of gBAB and gABB .

Therefore, we analyze the four possibilities listed above by examining which of h∗BT or

h∗ABT is larger, in addition to the sign of ρ. Notably, the combination of h∗BT < h∗ABT

and ρ > 0 is contradictory. To begin the contradiction proof recall that

T ∗B =
θβ∅ − µκBT
β∅(µ+ v∅)

=
µκBT

β∅(µ+ v∅)
(R0,BT − 1)

T ∗AB =
θβA − µκABT
βA(µ+ vA)

=
µκABT

βA(µ+ vA)
(R0,ABT − 1) (3.65)
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and h∗kT = βkT
∗
k . Furthermore, we note that:

vAB > vB

vA > v∅

λBT (µ+ vA) > λBT (µ+ v∅)

(µ+ v∅)(µ+ vA) + λBT (µ+ vA) > (µ+ v∅)(µ+ vA) + λBT (µ+ v∅)

(µ+ v∅ + λBT )(µ+ vA) > (µ+ vA + λBT )(µ+ v∅)

κBT (µ+ vA) > κABT (µ+ v∅)

κBT
µ+ v∅

>
κABT
µ+ vA

(3.66)

Now, if ρ > 0 then

0 < R0,BT −R0,ABT

0 <
κABT
µ+ vA

(
(R0,BT − 1)− (R0,ABT − 1)

)
using inequality 3.66

<
µκBT
µ+ v∅

(
R0,BT − 1

)
− µκABT
µ+ vA

(
R0,ABT − 1

)
using equation 3.65

= β∅T
∗
B − βAT ∗AB

therefore

0 < h∗BT − h∗ABT (3.67)

which is a contradiction. Therefore, given our assumptions in Table 2.7, if ρ > 0 then

h∗BT > h∗ABT .
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Moreover, knowing that if ρ > 0 then h∗BT < h∗ABT is not possible we can show

that bistability is unobtainable. Bistability requires gBAB < 0 (g̃BAB < 0) and gABB < 0

(g̃ABB < 0), which when translated into a single inequality, becomes:

h∗BTγ < ρ < h∗ABTγ (3.68)

However, we know from above that h∗BT < h∗ABT requires ρ < 0 and as h∗BTγ is

positive, inequality 3.68 is never satisfied, thus removing all prospects of bistability

within the model.

Let us examine the three remaining combinations of h∗BT versus h∗ABT and ρ,

namely {h∗BT < h∗ABT , ρ < 0}, {h∗BT > h∗ABT , ρ < 0} and {h∗BT > h∗ABT , ρ > 0}. It is

straightforward to see from equation 3.62 that g̃BAB and g̃ABB are linear functions of ρ

and γ. As such we can sketch the feasible parameter regions in which none, one, or

both of gBAB and gABB are negative. We note that the intercept is the origin and the

slopes of the lines are 1
h∗BT

and 1
h∗ABT

respectively.
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(a) h∗BT < h∗ABT (b) h∗BT > h∗ABT

Figure 3.1: Sketches of parameter regions leading to the three possible invasion op-
tions.
Purple represents stable EABT with gBAB > 0, gABB < 0, and −gBAB > gABB .
Blue represents stable EABT with ρ < 0, gBAB > 0, gABB < 0, and
−gBAB < gABB . Cyan represents stable EABT with ρ > 0, gBAB > 0, gABB < 0,
and −gBAB < gABB . Grey represents coexistence with gBAB > 0, gABB > 0,
and −gBAB < gABB . Green represents stable EBT with gBAB < 0, gABB > 0,
and −gBAB < gABB .

However, the above Figures 3.1a and 3.1b do not take into account the ancestral

conditions 3.39 in the absence of treatment nor incorporate the existence conditions

that T ∗B > 0 (R0,BT > 1) and T ∗AB > 0 (R0,ABT > 1).

In summary, assuming the simultaneous existence of both EBT and EABT , we

have three possible prospects of local invasion in the treated model, all of which

are accompanied by the ancestral conditions given by equations 3.39 from before

treatment. We can express the local invasion conditions in terms of per capita growth

rates or reproductive ratios:

1. Stable EABT only: Strain AB becomes the resident strain if one of the fol-

lowing happens:
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(a) ρ < 0

⇒ R0,BT < R0,ABT , or

(b) h∗BT < h∗ABT

⇒ R0,BT ·R∗B,AB,T < −R0,ABT ·R∗AB,B,T , or

(c) ρ > 0, h∗BT > h∗ABT , and ρ− h∗ABTγ < 0

⇒ R0,BT > R0,ABT ,

R0,BT ·R∗B,AB,T > −R0,ABT ·R∗AB,B,T , and

R0,ABT (1−R∗AB,B,T ) > R0,BT

2. Coexistence: Stable coexistence of strains AB and B if:

• ρ > 0, h∗BT > h∗ABT , h∗ABTγ < ρ < h∗BTγ,

⇒ R0,BT > R0,ABT ,

R0,BT ·R∗B,AB,T > −R0,ABT ·R∗AB,B,T , and

−R0,ABT ·R∗AB,B,T < R0,BT −R0,ABT < R0,BT ·R∗B,AB,T

3. Stable EBT only: Strain B becomes the resident strain if:

• ρ > 0, h∗BT > h∗ABT , and ρ− h∗BTγ > 0

⇒ R0,BT > R0,ABT ,

R0,BT ·R∗B,AB,T > −R0,ABT ·R∗AB,B,T , and

R0,BT (1−R∗B,AB,T ) > R0,ABT

4. Bistability: Not possible under our assumptions.

A review of the above conditions reveals that if R0,BT < R0,ABT then strain AB

is the exclusive stable infection. However, if R0,BT > R0,ABT then strain AB can still
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become the exclusive infection if it does well enough in superinfection. We confirm

these conditions for invasion/stability through some numerical simulations.

Numerical Analysis

As a means to support and refine the analytical results for local stability of EBT and

EABT found in Figures 3.1a and 3.1b we employ numerical calculations which include

the invasion conditions 3.62, the ancestral conditions 3.39, in addition to all existence

conditions (R0,k > 1).

To confirm Figures 3.1a and 3.1b we vary ρ and γ by using nested for loops to

change parameters σ and vA, which consequently changes ρ and γ. We then plot

(ρ, γ) for each parameter combination and colour code the point according to the

colour scheme developed above.

To illustrate the results in the second quadrant of Figure 3.1a we choose the

following parameters for a numerical analysis

θ = 100 µ = 0.1 r = 0.4 p = 0.4

β∅ = 1
100

√
v∅ v∅ = 0.05 βA = 1

100

√
vA

λ∅ = 0.001 λB = 0.06 λ∅T = 0.12 λBT = 0.1 (3.69)

which generates the Figure 3.2a.

To illustrate the results in Figure 3.1b we choose the following parameters for a
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numerical analysis

θ = 100 µ = 0.1 r = 0.4 p = 0.4

β∅ = 1
100

√
v∅ v∅ = 0.08 βA = 1

100

√
vA

λ∅ = 0.05 λB = 0.06 λ∅T = 0.08 λBT = 0.07 (3.70)

which generates the Figure 3.2b.

(a) h∗BT < h∗ABT :
Purple represents successful AB inva-
sion (or stable EABT )

(b) h∗BT > h∗ABT :
Both blue and cyan represents
successful AB invasion (or stable
EABT ), grey represents coexistence,
green represents successful B inva-
sion (or stable EBT )

Figure 3.2: Sketch of invasion possibilities after treatment including ancestral and
existence conditions. We note that large portions of parameter space are
not feasible due to the ancestral and existence conditions

Let us define the five regions observed in the figures above:

Region 1 (a): EABT stable when h∗BT < h∗ABT and ρ < 0 (purple)
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Region 1 (b): EABT stable when h∗BT > h∗ABT and ρ < 0 (blue)

Region 1 (c): EABT stable when h∗BT > h∗ABT , ρ > 0, and ρ− h∗ABTγ < 0 (cyan)

Region 2: Coexistence: Both TB and TAB evolve to non-zero populations when

h∗BT > h∗ABT , ρ > 0, ρ− h∗ABTγ > 0, and ρ− h∗BTγ < 0 (grey)

Region 3: EBT stable when ρ > 0, h∗BT > h∗ABT , and ρ− h∗BTγ > 0 (green)

3.2.3 Phase Portraits

We can visualize the behaviour of model 3.23 by selecting a particular parameter

combination in each of the five different regions and projecting the solution curves

and labelling the equilibrium points in a 3D phase portrait projection of S, TB, and

TAB and a 2D phase portrait projection of T∅ and TA. We present the 3D phase

portrait projections of S, TB and TAB here, as variables T∅ and TA tend to zero and

yield little information (see Appendix A.1).

We colour code the equilibrium points which are sinks in red and those that are

saddles in green. When selecting parameters we aim to keep as many parameters

equal throughout the five regions. Parameter selection for Regions 1(a) and 1(b)

both require ρ < 0 and depend on the sign of h∗BT − h∗ABT which can be manipulated

by altering both virulence (v∅, vA) and host recovery parameters (λ∅, λB, λ∅T , λBT ).

By contrast, parameter selection in Regions 1c, 2, and 3, can be manipulated with

a single parameter γ. As γ is the only σ dependent parameter, we can create a

vertical cross-section through the three regions by simply incrementing σ. Parameter

selection must also satisfy the ancestral constraints of having a stable E∅ equilibrium

point in the absence of treatment (see equations 3.39).
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Region 1(a)

Consider parameters

θ = 100 µ = 0.1 r = 0.4 p = 0.4 σ = 0.001

β∅ = 1
100

√
v∅ v∅ = 0.05 βA = 1

100

√
vA vA = 0.212

λ∅ = 0.001 λB = 0.06 λ∅T = 0.12 λBT = 0.1 (3.71)

This combination of parameters has

h∗BT − h∗ABT = −0.0197 ρ = −2.30× 10−4 γ = 2.28× 10−6 (3.72)

and generates the following disease-free and single strain endemic infection equilib-

rium points:

ET = (1000, 0, 0, 0, 0)

E∅T = (120.75, 586.17, 0, 0, 0)

EAT = (93.82, 0, 290.44, 0, 0)

EBT = (111.80, 0, 0, 592.13, 0)

EABT = (89.48, 0, 0, 0, 291.83) (3.73)

where the disease free equilibrium ET is a saddle with a 4D unstable manifold repelling

all infected populations. EBT is a saddle, and EABT is our stable sink.
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Figure 3.3: Phase portrait projection for parameters in Region 1(a) which shows
the stability of EABT . Note the closeness of E∅T and EAT . Compare with
Figure A.6.

The phase portrait projection demonstrates that solutions evaluated at multiple ini-

tial conditions tend away from ET and approach EBT and EABT , clearly evolving

to the sink EABT . Therefore, despite various initial conditions, solutions tend to-

ward the endemic EABT equilibrium point; this also supports the conjecture of global

asymptotic stability of the point EABT in the parameter Region 1(a) in the treated

model.
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Region 1(b)

Consider parameters

θ = 100 µ = 0.1 r = 0.4 p = 0.4 σ = 0.001

β∅ = 1
100

√
v∅ v∅ = 0.08 βA = 1

100

√
vA vA = 0.3

λ∅ = 0.05 λB = 0.06 λ∅T = 0.08 λBT = 0.07 (3.74)

This combination of parameters has

h∗BT − h∗ABT = 0.18 ρ = −3.99× 10−5 γ = 2.65× 10−6 (3.75)

and generates the following disease-free and single strain endemic infection equilib-

rium points:

ET = (1000, 0, 0, 0, 0)

E∅T = (91.92, 504.49, 0, 0, 0)

EAT = (87.64, 0, 228.09, 0, 0)

EBT = (88.39, 0, 0, 506.45, 0)

EABT = (85.81, 0, 0, 0, 228.55) (3.76)

where similar to Region 1(a), ET and EBT are both saddle points and EABT is a

stable sink.



3.2. PRESENCE OF SUPERINFECTION 84

0 100 200 300 400 500 600 700 800 900 1000 0

200

400

600

800

0

100

200

300

400

500

600

700

800

T
B

E
T

S

E
BT

E
∅  T

E
AT

E
ABT

T
A

B

Figure 3.4: Phase portrait projection for parameters in Region 1(b) which shows
the stability of EABT . Note that E∅T and EAT are located very close to
each other, and while they may appear to be the same point, they are
not. Compare with Figure A.7.

Similar to Region 1(a), it is clear that solutions tend away from ET and evolve to

the stable sink EABT . This supports a conjecture of global asymptotic stability of the

EABT equilibrium point in the parameter Region 1(b) in the treated model.

Region 1(c)

We can obtain the Regions 1(c), 2, and 3 using the same combination of parameter

values with the exception of σ. Consider parameters

θ = 100 µ = 0.1 r = 0.4 p = 0.4

β∅ = 1
100

√
v∅ v∅ = 0.08 βA = 1

100

√
vA vA = 0.395

λ∅ = 0.05 λB = 0.06 λ∅T = 0.08 λBT = 0.07 (3.77)
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and a value for the parameter σ which was chosen to be in Region 1(c) but very

close to Region 2

σ = 0.008

This combination of parameters has

h∗BT − h∗ABT = 0.28 ρ = 2.68× 10−5 γ = 2.55× 10−5 (3.78)

and generates the following disease-free and single strain endemic infection equilib-

rium points:

ET = (1000, 0, 0, 0, 0)

E∅T = (91.92, 504.49, 0, 0, 0)

EAT = (91.49, 0, 183.54, 0, 0)

EBT = (88.39, 0, 0, 506.45, 0)

EABT = (89.90, 0, 0, 0, 183.86) (3.79)

where once again we have EABT as a sink, and two saddle points ET and EBT .

Solutions clearly tend away from ET towards EBT and EABT , where due to scaling it

is more difficult to observe the behaviour around these equilibrium points. To provide

additional detail we zoom into the portrait to make the behaviour around these points

clear.
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Figure 3.5: Phase portrait projection for parameters in Region 1(c) which shows
the stability of EABT . Note that E∅T and EAT are located very close to
each other, and while they may appear to be the same point, they are
not.
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Figure 3.6: Zoomed phase portrait projection for parameters in Region 1(c) which
shows the stability of EABT . Note that E∅T and EAT are located very
close to each other, and while they may appear to be the same point,
they are not.
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As a result of choosing parameter values close to Region 2, Figure 3.6 shows

solutions tend to a curve before ultimately evolving to the sink EABT . This sup-

ports a conjecture of global asymptotic stability of the EABT equilibrium point in the

parameter Region 1(c) in the treated model.

Region 2

Due to the nature of the expressions of equilibrium points for coexistence we were

unable to perform a local stability analysis analytically. However, using parameter

values in equation 3.77 and σ = 0.007 we can obtain numerical evidence of a co-

existence equilibrium point that has non trivial TB and TAB. This combination of

parameters has

h∗BT − h∗ABT = 0.28 ρ = 2.68× 10−5 γ = 2.23× 10−5 (3.80)

which produces in addition to the disease-free and single strain endemic infection

equilibrium points found in equation 3.79, a stable coexistence equilibrium point

EcT = (89.59, 0, 0, 86.96, 152.30) (3.81)

Equilibrium points ET , EBT and EABT are saddle points and the coexistence equi-

librium point, EcT is a stable sink. Solutions clearly tend away from ET in favour of

the remaining equilibrium points, where due to scaling it is more difficult to observe

the behaviour near these equilibrium points. To provide additional detail we zoom

into the portrait to make the behaviour around the two saddle points and the stable

sink EcT clear. This supports a conjecture of global asymptotic stability of EcT , the
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coexistence equilibrium point, in the parameter Region 2 in the treated model.
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Figure 3.7: Phase portrait projection for parameters in Region 2 which shows the
stability of EcT . Note that E∅T and EAT are located very close to each
other, and while they may appear to be the same point, they are not.
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Figure 3.8: Zoomed phase portrait projection for parameters in Region 2 which
shows the stability of EcT . Note that E∅T and EAT are located very close
to each other, and while they may appear to be the same point, they are
not.
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Region 3

Consider the parameter values in equation 3.77 and σ = 0.005. This combination of

parameters has

h∗BT − h∗ABT = 0.28 ρ = 2.68× 10−5 γ = 1.59× 10−5 (3.82)

and generates the disease-free and single strain endemic infection equilibrium points

found in equation 3.79. Similar to all other regions we have a single stable sink, EBT ,

and all other equilibrium points (ET , EABT ) are saddle points. Solutions tend towards

the endemic equilibrium points EBT and EABT and finally evolve to EBT . Where due

to scaling it is more difficult to observe the behaviour around these equilibrium points.

To provide additional detail we zoom into the portrait to make the behaviour around

these points clear.
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Figure 3.9: Phase portrait projection for parameters in Region 3 which shows the
stability of EBT . Note that E∅T and EAT are located very close to each
other, and while they may appear to be the same point, they are not.
Compare with Figure A.8.
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Figure 3.10: Zoomed phase portrait projection for parameters in Region 3 which
shows the stability of EBT . Note that E∅T and EAT are located very
close to each other, and while they may appear to be the same point,
they are not.
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As a result of choosing parameter values close to Region 2, Figure 3.10 shows

solutions tend to a curve before ultimately evolving to the sink EBT . It now becomes

more clear that all solutions are drawn towards the sink EBT . Therefore, despite

various initial conditions, solutions tend toward the endemic EBT equilibrium; this

supports a conjecture of global asymptotic stability of the EBT equilibrium point in

the parameter Region 3 in the treated model. We note that the stability of EABT is

transferred to EBT via EcT as γ is decreased.

Since we now have a complete understanding of the local stability, we are in a

better position to test parameter combinations in each of the five regions above to

explore global asymptotic stability in the absence of analytical global stability results.

3.2.4 Global Stability

We explore global stability conditions through the use of numerical simulations focus-

ing on the treated model 3.23. To do so we solve system 3.23 for numerous different

parameter combinations and initial conditions, taking caution to ensure that both the

A gene and the B gene are initially present in the population. We construct plots that

show the future asymptotic equilibrium point for over 200 parameter combinations in

Regions 1(a), 1(b), 1(c), 2, and 3. For each parameter combination we evolve the

system of differential equations until equilibrium is attained, and repeat using fifty

different initial conditions within ΥT . Parameter combinations are categorized into

Region 1(a), 1(b), 1(c), 2 or 3 and colour coded in the same manner as in Figures

3.2a and 3.2b.
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Figure 3.11: The future asymptotic equilibrium points for parameter values in the dif-
ferent regions. Black lines are added to highlight the boundaries between
Regions 1(c), 2, and 3.

The figures 3.11 show a portion of the parameter space that can be seen in Figures

3.2a and 3.2b outlined below:
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(a) h∗BT < h∗ABT (b) h∗BT < h∗ABT

Figure 3.12: Locations of parameter regions found in Figures 3.11 as seen in Figure
3.2a and 3.2b. The graphs also show the location of the parameter
combinations chosen for the phase portraits in Section 3.2.3

Despite multiple initial conditions, the resulting equilibrium points remained the

same for a particular parameter combination, suggesting global stability for that

parameter combination. The figures 3.11 display multiple parameter combinations

within each region and provide evidence that EABT is globally stable in the Regions

1(a), 1(b), and 1(c). Furthermore, parameter combinations in Region 3 provide

evidence that EBT is globally stable. Finally, EcT appears to be globally stable in

Region 2.

Final Remarks

Our goal was to explore global asymptotic stability conditions in the presence of

superinfection using numerical simulations. To further strengthen an argument for

global stability in model 3.23, we could perform similar numerical simulations in
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the absence of superinfection, σ = 0. Since we have an analytic proof of global

stability in the absence of superinfection (See Section 3.1.3) and since our numerical

analysis provided near identical phase portraits for the stability of EBT and EABT (see

Appendix A.2), we argue that despite a lack of analytical arguments all numerical

simulations support the conjecture that the local stability conditions also yield global

stability conditions.
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Chapter 4

Discussion

4.1 Interpretation of Stability Conditions

Now that we have obtained mathematical conditions determining the outcome of

bacterial evolution from plasmid-mediated horizontal gene transfer in Chapter 3, we

interpret these mathematical conditions in terms of biological concepts, such as, basic

reproductive ratios. Before treatment, we have assumed that the bacteria has yet to

evolve drug resistance and since we are looking for the joint evolution of virulence

and drug resistance we assume the untreated model (3.22) is initially near the stable

plasmid-free equilibrium point, E∅, in which there is no virulence or drug resistance.

Therefore, the stability conditions for E∅ provide conditions for the pre-evolution

of drug resistance and virulence. We called the condition on this equilibrium point

the ancestral condition (3.16) in the absence of superinfection and the ancestral

conditions (3.39) in the presence of superinfection.

In a population of infected individuals we introduce drug treatment to see how the
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plasmid carrying drug resistance spreads throughout the infected population. Conse-

quently, the evolution of drug resistance also allows an opportunity for a virulent drug

resistant strain to establish itself provided the virulent drug resistant condition

(3.20) is satisfied in the absence of superinfection or the virulent drug resistant

condition (3.61) in the presence of superinfection is satisfied. However, if the avir-

ulent drug resistant condition (3.21) is satisfied in the absence of superinfection

or the avirulent drug resistant condition (3.54) is satisfied in the presence of

superinfection then the virulent drug resistant strain is unable to establish itself.

4.1.1 Stability in the absence of superinfection

In the absence of superinfection it is the strain with the largest basic reproductive

ratio, R0, that is globally asymptotically stable. Recall that R0 is the expected

number of newly infected individuals produced by a single infected individual during

its entire infectious period, in a population of susceptibles [1]. Therefore an infection

of strain k can persist within the population by infecting susceptible individuals if

R0,k > 1. Given our assumptions in Table 2.7 the ancestral condition (3.16) in the

absence of superinfection of the plasmid-free strain (strain ∅) is

R0,∅ > R0,A

This implies a plasmid-free strain becomes the exclusive infection if it is able to

produce more plasmid-free infections compared to what any of the remaining strains

can produce of themselves. Now recall that the virulent drug resistant condition

(3.20), which is also the global stability criteria, for the virulent drug resistant (AB)
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strain in the absence of superinfection is:

R0,ABT > R0,BT

This implies that a virulent drug resistant strain becomes the exclusive infection if,

over an individual’s lifetime, a virulent drug resistant infected individual produces

more AB infections from susceptibles compared to an avirulent drug resistant (strain

B) infected individual producing B infections from susceptibles.

4.1.2 Stability in the presence of superinfection

With the introduction of superinfection the ancestral conditions (3.39), the aviru-

lent drug resistant condition (3.54), and the virulent drug resistant condition

(3.61) contain non-zero superinfection terms. Recall, our novel approach to define re-

productive ratios in the presence of superinfection provided the following definitions:

R0,k is the expected number of strain k infections generated by a single type k indi-

vidual when dropped into a wholly susceptible population.

R∗j,k is the expected number of strain k infections generated *via superinfection* by

a single type k individual when dropped into an endemic strain j population.

In addition to the ancestral, avirulent, and virulent drug resistant conditions, for

any single strain endemic infection equilibrium point, Ej, to exist the number of

infected individuals must be positive resulting in R0,j > 1. As the basic reproductive

ratio, R0,j, is the expected number of newly infected individuals in the absence of

superinfection, R0,j > 1 means that an infected individual with strain j is able to

generate new infections from susceptible individuals. Furthermore, R0,j > 1 indicates

that strain j, without the effects of superinfection, can persist in the population.
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Fortunately, the ancestral, avirulent, and virulent drug resistant conditions in the

presence of superinfection are of the same form and can be expressed as:

R0,j(1−R∗j,k) > R0,k (4.1)

This inequality is equivalent to the stability condition associated with the per capita

growth rate of the strain k near the equilibrium point of strain j, Ej. Since R0,k must

be non-negative this implies that the stability of Ej requires R∗j,k < 1. We note, R∗j,k >

1 signifies that strain k can successfully invade a resident strain j infection through

superinfection alone, without needing to infect susceptible individuals thereby causing

Ej to be unstable because of superinfection.

Therefore, to satisfy the inequality we must have R∗j,k < 1 in which case we can

express this inequality as:

R0,j >
R0,k

(1−R∗j,k)
(4.2)

where R∗j,k < 1 signifies that strain k cannot successfully invade strain j through

superinfection alone. However, the inclusion of superinfection by strain k does change

the minimum value of the basic reproductive ratio for strain j, R0,j, to resist the

invasion by strain k when R∗j,k > 0. Indeed, as the effectiveness of superinfection

increases, it requires a larger and larger R0,j to resist the invasion. Strain j must offset

the loss of infection to strain k from superinfection by infecting more susceptibles

individuals. Interestingly, if R∗j,k < 0 (that is strain k is losing infections to strain

j through superinfection) then as the effectiveness of superinfection increases, the

minimum R0,j to resist the invasion by strain k also decreases.
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Strain k can increase through superinfection, provided superinfection with strain

j has a net generation of strain k infections (i.e. β∗j,k > 0 which implies R∗j,k > 0). If

the net generation of strain k infections via superinfection is negative (i.e. β∗j,k < 0

which implies R∗j,k < 0) then this signifies that the number of individuals infected

with strain k will decrease through superinfection in favour of generating strain j

infections. Therefore, the addition of superinfection can potentially compensate for a

basic reproductive ratio in the absence of superinfection (R0,k) that would otherwise

not permit invasion.

Under our assumptions, summarized in Table 2.7, we can determine whether su-

perinfection favours the production of one strain over the other. As such, the stabil-

ity conditions for the ancestral conditions (3.39), the avirulent drug resistant

condition (3.54), and the virulent drug resistant condition (3.61) are further

described under these assumptions.

Ancestral Conditions: Stability of strain ∅ in the untreated model 3.22

In the absence of treatment it is the plasmid free strain (strain ∅) that is assumed to

be the exclusive infection. When treatment is applied, the local stability conditions

of the strain AB equilibrium point (EABT ), the coexistence equilibrium point (EcT ),

and the strain B equilibrium point (EBT ) are assumed to be subject to these same

ancestral constraints. Under our assumptions in Table 2.7 the stability conditions at

the single strain endemic plasmid free equilibrium point E∅ are:

1. R0,∅(1−R∗∅,B) > R0,B

2. R0,∅(1−R∗∅,A) > R0,A

which we will interpret individually.
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1. R0,∅(1−R∗∅,B) > R0,B: The plasmid free strain (strain ∅) can only resist

invasion by the avirulent drug resistant (B) strain if R∗∅,B < 1. Therefore, a stable

strain ∅ equilibrium point requires strain B to be unsuccessful in invading strain ∅

through superinfection alone. However, as R∗∅,B increases, a larger and larger R0,∅ is

required to resist the invasion. As such, strain ∅ must offset the loss of infection to

strain B from superinfection by infecting more susceptible individuals.

To determine whether superinfection favours the generation of strain ∅ infections

or strain B infections we examine β∗∅,B under the assumption βB = β∅,

β∗∅,B = σβ∅p (4.3)

which is positive due to our assumption on plasmid-mediated horizontal gene transfer.

Namely, since a strain B individual contains multiple copies of B carrying plasmids

it has the ability to transfer drug resistance to a strain ∅ individual with probability

p. However, there is no reciprocal transfer of A and/or B genes since strain ∅ con-

tains no A nor B plasmids. As such, strain B is positively impacted by the addition

of superinfection and guarantees that superinfection generates more strain B infec-

tions than strain ∅ infections. Indeed, if the effectiveness of superinfection increases

(i.e. σ increases) then R∗∅,B increases and it becomes more apparent that superinfec-

tion can compensate for an insufficient R0,B that would have otherwise signalled the

eradication of strain B. That is, as superinfection becomes more efficient, strain ∅

has to infect more susceptible individuals than it did previously to successfully resist

invasion by strain B.

In review, to become the exclusive infection the plasmid free strain (strain ∅) must

generate more infections from susceptible individuals and maintain them through
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superinfection than the avirulent drug resistant (B) strain is able to generate from

susceptible individuals and convert from infected individuals through superinfection.

2. R0,∅(1−R∗∅,A) > R0,A: Similar to the previous condition, the plasmid free

strain (strain ∅) can only resist invasion by the virulent drug sensitive strain (strain

A) if R∗∅,A < 1. Therefore, a stable strain ∅ equilibrium point requires strain A to be

unsuccessful in invading strain ∅ through superinfection alone. To satisfy the stability

condition strain ∅ must offset the loss of infection to strain A from superinfection by

infecting more susceptible individuals.

To determine whether superinfection favours the generation of strain ∅ infections

or strain A infections we examine β∗∅,A under the assumption βA > β∅,

β∗∅,A = σ (βA − β∅ + p(βA + β∅)) (4.4)

which is positive due to our assumption on plasmid-mediated horizontal gene transfer.

As such, strain A is positively impacted by the addition of superinfection and guar-

antees that superinfection generates more strain A infections than strain ∅ infections.

Indeed, if the effectiveness of superinfection increases (i.e. σ increases) then R∗∅,A

increases and it becomes more apparent that superinfection can compensate for an

insufficient R0,A that would have otherwise signalled the eradication of strain A. That

is, as superinfection becomes more efficient, strain ∅ has to infect more susceptible

individuals than it did previously to successfully resist invasion by strain A.

In review, to become the exclusive infection the plasmid free strain (strain ∅) must

generate more infections from susceptible individuals and maintain them through su-

perinfection than the virulent drug sensitive strain (strain A) is able to generate from
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susceptible individuals and convert from infected individuals through superinfection.

Summary of the ancestral conditions: In summary the ancestral conditions

require that the plasmid free strain generates more infections from susceptible indi-

viduals and maintains these infections in spite of its disadvantage in superinfection

than either the avirulent drug resistant strain or the virulent drug sensitive strain is

able to generate from susceptible individuals and acquire through their advantage in

superinfection.

Avirulent drug resistance condition: Stability of strain B in the treated

model 3.23

In the presence of treatment it is the drug resistant strains, strain B and strain AB,

that compete for exclusivity. The stability condition at the avirulent drug resistant

equilibrium point EBT is satisfied if the following is true:

R0,BT (1−R∗B,AB,T ) > R0,ABT (4.5)

However, the above inequality can only be satisfied if R∗B,AB,T < 1. Therefore, a stable

strain B equilibrium point requires strain AB to be unsuccessful in invading strain B

through superinfection alone. To satisfy the stability condition strain B must offset

the loss of infection to strain AB from superinfection by infecting more susceptible

individuals.

To determine whether superinfection favours the generation of strain B infections

or strain AB infections we examine β∗B,AB,T under the assumption βABT = βA > β∅ =
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βBT ,

β∗B,AB,T = σ
(
βA − β∅ + p(βA + β∅)

(
1− r

2

))
(4.6)

which is positive due to our assumption on plasmid-mediated horizontal gene trans-

fer. Similar to the previous stability conditions, since a strain AB individual contains

multiple copies of AB carrying plasmids it has the ability to transfer virulence to a

strain B individual with probability p(1− r
2
). However, there is no reciprocal transfer

of A genes since strain B contains no A plasmids. Therefore, strain B is negatively

impacted by the addition of superinfection and guarantees that superinfection gener-

ates more strain AB infections than strain B infections. Indeed, if the effectiveness of

superinfection increases (i.e. σ increases) then R∗B,AB,T increases and it becomes more

apparent that superinfection can compensate for an insufficient R0,ABT that would

have otherwise signalled the eradication of strain AB. That is, as superinfection be-

comes more efficient, strain B has to infect more susceptible individuals than it did

previously to successfully resist invasion by strain AB.

In review, to have a stable avirulent drug resistant equilibrium point the avirulent

drug resistant (B) strain must generate more infections from susceptible individuals

and maintain infected individuals through superinfection than the virulent drug re-

sistant (AB) strain is able to generate from susceptible individuals and convert from

infected individuals through superinfection.
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Virulent drug resistant condition: Stability of strain AB in the treated

model 3.23

The stability condition at the virulent drug resistant equilibrium point EABT is sat-

isfied if the following is true:

R0,ABT (1−R∗AB,B,T ) > R0,BT (4.7)

However, the above inequality can only be satisfied if R∗AB,B,T < 1. Therefore, a

stable strain AB equilibrium point requires strain B to be unsuccessful in invading

strain AB through superinfection alone. To satisfy the stability condition strain AB

must offset the loss of infection to strain B from superinfection by infecting more

susceptible individuals.

To determine whether superinfection favours the generation of strainAB infections

or strain B infections we examine β∗AB,B,T under the assumption βABT = βA > β∅ =

βBT ,

β∗AB,B,T = σ
(
β∅ − βA − p(βA + β∅)

(
1− r

2

))
(4.8)

which is negative due to our assumption on plasmid-mediated horizontal gene trans-

fer. As such, strain AB is positively impacted by the addition of superinfection and

guarantees that superinfection generates more strain AB infections than strain B in-

fections. Indeed, if the effectiveness of superinfection increases (i.e. σ increases) then

R∗AB,B,T decreases and it becomes more apparent that superinfection enhances the

ability of strain AB to become the exclusive infection since the minimum R0,ABT also

decreases. That is, as superinfection becomes more efficient, strain AB does not have

to infect as many susceptible individuals as it did previously to successfully invade
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and maintain AB infections.

In review, to have a stable equilibrium point the virulent drug resistant strain

(strain AB) must generate more infections from susceptible individuals and convert

from infected individuals through superinfection than the avirulent drug resistant

(B) strain is able to generate from susceptible individuals and maintain infected

individuals through superinfection.

Virulent Drug Resistance vs. Avirulent Drug Resistance

In the absence of superinfection, we found that the virulent drug resistant (AB) strain

was stable against invasion by the avirulent drug resistant (B) strain provided

R0,ABT > R0,BT (4.9)

and vice-versa, if

R0,ABT < R0,BT (4.10)

In other words, if one strain was stable, the other was unstable.

In the presence of superinfection this exclusive twofold behaviour may no longer

be exclusive. We found that the virulent drug resistant (AB) strain was stable against

invasion by the avirulent drug resistant (B) strain provided

R0,ABT (1−R∗AB,B,T ) > R0,BT (4.11)

and vice-versa, if

R0,BT (1−R∗B,AB,T ) > R0,ABT (4.12)
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where it is clear that the stability of one strain does not imply the instability of

the other. Using our assumptions in Table 2.7 we dissected and compared the local

invasion conditions to gain further understanding of the components of our model

that encourage the joint evolution of drug resistance and virulence. In doing so we

observed that strain AB will always become the exclusive infection if R0,BT < R0,ABT .

Further, if R0,BT > R0,ABT then strain AB can still become the exclusive infection if

it does well enough in superinfection. Indeed, the virulent drug resistant (AB) strain

becomes the exclusive infection if

R0,BT (1−R∗B,AB,T ) < R0,ABT

R0,ABT (1−R∗AB,B,T ) > R0,BT (4.13)

which is equivalent to the following inequalities where any one of them signifies an

exclusive virulent drug resistant (AB) strain:

(a) R0,BT < R0,ABT

(b) R0,BT ·R∗B,AB,T < −R0,ABT ·R∗AB,B,T

(c) R0,BT > R0,ABT and R0,BT · R∗B,AB,T > −R0,ABT · R∗AB,B,T and R0,ABT (1 −

R∗AB,B,T ) > R0,BT

From these inequalities we can more easily see how superinfection has impacted the

evolution of strain AB. We interpret each of the above inequalities individually.

(a) R0,BT < R0,ABT: Which implies the basic reproductive ratio of strain B is less

than the basic reproductive ratio of strain AB, that is R0,BT < R0,ABT . Namely, if the

virulent drug resistant condition 4.9 in the absence of superinfection is satisfied
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then the requirement for an exclusive AB infection in the presence of superinfection is

also satisfied. As such, the virulent drug resistant (AB) strain becomes the exclusive

infection if an individual infected with the virulent drug resistant strain is able to

infect more susceptible individuals than an individual with the avirulent drug resistant

(B) strain.

(b) R0,BT ·R∗B,AB,T < −R0,ABT ·R∗AB,B,T: A virulent drug resistant (AB) strain

becomes the exclusive infection if the expected number of strain B individuals that

become superinfected by strain AB is less than the expected number of strain AB

individuals that become superinfected by strain B. It is important to recall that

under our assumptions there is a net loss of B infections from superinfection (i.e

R∗AB,B,T < 0). Therefore, if strain AB can produce more infections via superinfection

as an initial infection than it can as a secondary infection then strain AB becomes

the exclusive infection. In other words, if strain AB has more success as an initial

infection it will outcompete strain B.

We note thatR0,BT ·R∗B,AB,T < −R0,ABT ·R∗AB,B,T also implies thatR0,BT < R0,ABT .

However, we offer both perspectives with the former considering the parameters as-

sociated with superinfection while the latter does not.

(c) R0,BT > R0,ABT and R0,BT ·R∗B,AB,T > −R0,ABT ·R∗AB,B,T and

R0,ABT(1−R∗AB,B,T) > R0,BT: This combination of inequalities implies that the

virulent drug resistant (AB) strain may be at a greater disadvantage compared to

the avirulent drug resistant (B) strain. The conditionR0,BT > R0,ABT implies that the

avirulent drug resistant (B) strain produces more strain B infections from susceptible

individuals than the virulent drug resistant (AB) strain. Furthermore, under our
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assumptions, R0,BT · R∗B,AB,T > −R0,ABT · R∗AB,B,T implies that, strain AB produces

fewer infections via superinfection while secondarily infecting strain B. Therefore,

strain B produces more infections from susceptible individuals and is more capable

of maintaining those infections from an invading strain AB individual, putting strain

AB at a disadvantage.

However, as previously described, superinfection can compensate for a situation

that would have otherwise signalled the extinction of a strain. Despite the advantages

to strain B that would have eliminated strain AB in the absence of superinfection

(i.e. R0,BT > R0,ABT ), the virulent drug resistant (AB) strain can resist invasion by

the avirulent drug resistant (B) strain and become the exclusive infection if

R0,ABT >
R0,BT

(1−R∗AB,B,T )
(4.14)

is satisfied. As previously described secondary infections by strain B in an endemic

AB infected population have a net production of AB infections. Therefore, as the

relative efficiency of superinfection increases (i.e. σ increases) R∗AB,B,T will decrease

and the minimum value required by R0,ABT to resist invasion decreases.

In review, to become the exclusive infection the virulent drug resistant (AB) strain

can generate more infections from susceptible individuals than the avirulent drug re-

sistant (B) strain can generate from susceptible individuals. Or it can perform well

enough in superinfection to outcompete strain B despite a disadvantage in infect-

ing susceptible individuals and a reduced ability to superinfect individuals initially

infected with strain B.
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Summary for an exclusive virulent drug resistant (AB) strain: In summary

an exclusive virulent drug resistant infection requires any one of the following to be

true:

1. A virulent drug resistant infected individual has the capacity to produce more

infections from susceptible individuals than an avirulent drug resistant individ-

ual.

2. A virulent drug resistant individual is able to superinfect more avirulent drug

resistant individuals as an initial infection than as a secondary infection.

3. Despite having a reduced ability to infect susceptible individuals and a reduced

ability to invade an endemic avirulent drug resistant population, the virulent

drug resistant strain can become the exclusive infection if it possesses a sufficient

ability to superinfect more than the avirulent drug resistant strain is capable of

producing.

Coexistence of virulent and avirulent drug resistant strains: Any occurrence

of the emergence of the virulent drug resistance strain is of particular interest. We

found in the local invasion analysis the possibility of stable coexistence of both avir-

ulent and virulent drug resistant strains. This coexistence occurs at an equilibrium

point EcT when

R0,BT (1−R∗B,AB,T ) < R0,ABT

R0,ABT (1−R∗AB,B,T ) < R0,BT (4.15)

which is equivalent to the following inequalities:
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• R0,BT > R0,ABT

R0,BT ·R∗B,AB,T > −R0,ABT ·R∗AB,B,T

R0,BT ·R∗B,AB,T > R0,BT −R0,ABT > −R0,ABT ·R∗AB,B,T

Therefore, coexistence requires that the virulent drug resistant (AB) strain has the

disadvantage over the avirulent drug resistant strain in infecting susceptible individ-

uals (R0,BT > R0,ABT ) and a reduced ability to invade an endemic avirulent drug

resistant population (R0,BT · R∗B,AB,T > −R0,ABT · R∗AB,B,T ). However, the virulent

drug resistant strain maintains its advantage in superinfecting the avirulent strain

(β∗B,AB = −β∗AB,B > 0). Nevertheless, a situation where both strains are present can

occur if a balance between the generation of the avirulent drug resistant strain and

the virulent drug resistant strain can be obtained

R0,BT ·R∗B,AB,T > R0,BT −R0,ABT > −R0,ABT ·R∗AB,B,T (4.16)

Recall that −R∗AB,B,T and R∗B,AB,T imply superinfection generates more virulent drug

resistant infections compared to avirulent drug resistant infections. Coexistence oc-

curs when the net expected number of infections of avirulent and virulent drug resis-

tant strains in the absence of superinfection is bounded below by the net expected

loss of avirulent drug resistant (strain B) infections created via superinfection in an

endemic virulent drug resistant (strain AB) population and is also bounded above

by the the net expected number of strain AB infections created via superinfection in

an endemic B population. We note in the absence of superinfection there is a net

generation of strain B infections (i.e. R0,BT −R0,ABT > 0). However, in both bounds

we see a net generation of virulent drug resistant individuals. Therefore, a balance

between generating enough strain B infections in the absence of superinfection and
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generating enough strain AB infections in the presence of superinfection, but not

as many as to completely overthrow strain B, is necessary to achieve coexistence of

avirulent and virulent drug resistant strains. Note this coexistence phenomenon can

only occur in the presence of superinfection.

4.2 Virulence Evolution in a Drug Sensitive vs.

Drug Resistant Population

To determine whether it is easier to evolve virulence upon the spread of drug resistance

we compare the condition for the virulence gene to invade an avirulent drug sensitive

(strain ∅) population before drug resistance has spread

R0,∅(1−R∗∅,A) < R0,A (4.17)

and the condition for the virulence gene to invade an avirulent drug resistant (strain

B) population after drug resistance has spread

R0,BT (1−R∗B,AB,T ) < R0,ABT (4.18)

The virulence gene would be more likely to evolve in the population (drug sensitive

or drug resistant) with the stronger invasion condition. An invasion condition is

labeled stronger if one implies the other. Therefore, by subtracting equation 4.18

from equation 4.17 we obtain the following expression:

R0,∅(1−R∗∅,A)−R0,BT (1−R∗B,AB,T ) +R0,ABT −R0,A (4.19)
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which can be used to determine in which type of population, drug sensitive or drug

resistant, the virulence gene is more likely to evolve.

To determine the sign of expression 4.19 the following four cases need to be con-

sidered:

1. R∗∅,A < 1 and R∗B,AB,T > 1

2. R∗∅,A > 1 and R∗B,AB,T < 1

3. R∗∅,A > 1 and R∗B,AB,T > 1

4. R∗∅,A < 1 and R∗B,AB,T < 1

The above cases are outlined in further detail in Appendix B.1. It is evident that

case 1 is not possible as R∗∅,A > R∗B,AB,T (See Appendix B.1). Both case 2 and case 3

result in a negative expression 4.19, signifying that the virulent drug resistant (AB)

strain possesses the stronger invasion condition. In the final case, case 4, it is not

possible to determine which strain, either the virulent drug sensitive (A) strain or the

virulent drug resistant (AB) strain, possesses the stronger invasion condition.

In comparing the invasion capabilities of strain A in a drug sensitive population

and of strain AB in a drug resistant population we have shown that the joint evolution

of drug resistance and virulence is favoured over the evolution of virulence in a drug

sensitive environment if R∗∅,A > 1. That is, if strain A has the ability to successfully

invade an avirulent drug sensitive (∅) strain infection through superinfection alone

then once drug resistance has spread the emergence of the virulent drug resistant

(AB) is more likely.

We have also shown that it is not always the case that virulence is more likely to

evolve in conjunction with the spread of drug resistance. In fact, if both strain A and
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strain AB are unable to invade their respective endemic populations via superinfection

alone (i.e. R∗∅,A < 1 and R∗B,AB,T < 1) then it is possible that virulence is more likely

to evolve in a drug sensitive population than a drug resistant population.

4.3 Local and Global Stability

Global asymptotic stability in the absence of superinfection was proven by Bichara

et al. [30]. However, based on the results of Bichara et al. [30] in the absence

of superinfection and based on numerical simulations performed, we conjecture that

the conditions for global asymptotic stability of the single strain endemic infection

equilibrium points are the same as the conditions for local asymptotic stability of

these same points in the presence of superinfection. Despite our attempts, we were

unable to find an analytic proof for global asymptotic stability in the presence of

superinfection.

4.4 Future Work

The model of Day and Gandon [5], which was used here, can be constructed with a

multitude of different Ωk (ΩkT ) terms to represent a greater array of different bacterial

superinfection behaviours. The model can be extended to include more than two genes

and need not be restricted to drug resistance and virulence (see Day and Gandon [5]).

In order to analyze the model constructed here, some assumptions on the numerous

parameters were made. Future work could include relaxing some of these assumptions

to see what changes, if any, would occur. For example, we assumed the probability

of horizontal gene transfer (HGT) between bacteria was equal, that is, p1 = p2 = p.
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Changing this probability will likely lead to new results as HGT would then favour

one strain over another. Another assumption that will likely lead to new results

is the assumption that both strains are equally likely to be competitively excluded

upon secondary infection. Again this will likely promote favouritism. Furthermore,

analyzing the full nine dimensional system with a non-fixed treatment level may

provide additional insight into the model’s behaviour. We also found that coexistence

between the avirulent and virulent strains was attainable. As such, one could find

and further examine the remaining combinations of strain coexistence within this

superinfection model.

During the analysis of our model we developed a reproductive ratio expression with

a clear interpretation capable of incorporating superinfection (R∗j,k). As it possesses

similar properties to the basic reproductive ratio (R0) it would be interesting to

determine its wider application by applying it to other models which utilize a similar

approach to superinfection.

4.5 Conclusion

One of the many possible negative outcomes of pathogen evolution is the emergence

of a virulent drug resistant strain. A pathogen may exploit plasmid-mediated gene

transfer to gain drug resistance and virulence genes in an attempt to become the

exclusive infection. To answer questions on the possible emergence of a virulent drug

resistant strain we constructed a nine dimensional SIS model with treatment. We

used plasmid-mediated gene transfer by way of superinfection to distribute virulence

and drug resistance genes. By examining the resulting system of differential equations

at the two extremes of treatment level (%0 and %100), we determined the stability
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of the single strain endemic infection equilibrium points of interest. In the absence

of treatment we determined a set of ancestral conditions which provided constraints

on the model parameters. In the presence of treatment we focused on the ability for

the avirulent drug resistant (B) strain and the virulent drug resistant (AB) strain to

invade/resist each other. We were able to express these conditions in terms of novel

reproductive ratios that incorporated both non-superinfection effects and superinfec-

tion effects. The reproductive ratio in the presence of superinfection of an initial

strain j infection and a secondary strain k infection can be expressed as

R0,j(1−R∗j,k)−R0,k (4.20)

where in the absence of superinfection R∗j,k equals zero resulting in the difference in

the commonly known basic reproductive ratio R0. If R∗j,k > 1 then strain k can

successfully invade a resident strain j infection through superinfection alone, without

needing to infect susceptible individuals. Conversely, if R∗j,k < 1 then strain k cannot

invade a resident strain j infection through superinfection alone, but changes the

minimum value required to resist the invasion.

Expanding on the basic reproductive ratio conditions that ensured the stability of

a single strain endemic infection equilibrium point, we explored the conditions on the

parameters that resulted in an exclusive infection of the virulent drug resistant (AB)

strain and the coexistence of the virulent drug resistant (AB) strain and the avirulent

drug resistant (B) strain. We found that if a virulent drug resistant (AB) infected

individual has the capacity to produce more infections from susceptible individuals

than an avirulent drug resistant (B) individual (i.e. R0,BT < R0,ABT ) then the virulent

drug resistant strain is guaranteed. However, if an individual with the avirulent drug
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resistant (B) strain can infect more susceptible individuals than an individual with the

virulent drug resistant (AB) strain (i.e. R0,BT > R0,ABT ), a condition that would have

eliminated the virulent drug resistant (AB) strain in the absence of superinfection,

the virulent drug resistant (AB) strain can outcompete the avirulent drug resistant

(B) strain if it does well enough in superinfection.

In addition, we were able to show that if the virulence gene can invade a drug sen-

sitive population, through superinfection alone, then a virulent drug resistant strain

is more likely to emerge upon treatment of the infected population. Furthermore,

we found that virulence is not always more likely to evolve upon the spread of drug

resistance. In fact, there are some circumstances in which the evolution of virulence

is more likely in a drug sensitive population.

Our model shows that superinfection provides an opportunity for the virulence

gene to successfully invade into a resident avirulent drug resistant population. The

emergence of a virulent drug resistant strain may be prevented by adopting policies

that change the transmission rates or virulence so that βB or vB become sufficiently

large and\or βAB or vAB become sufficiently small. In addition to increasing βB or vB,

reducing the relative efficiency of superinfection (σ) further decreases the likelihood

of a stable virulent drug resistant strain.

We found that plasmid-mediated gene transfer by way of superinfection increases

the parameter space allowing virulence to evolve in a drug resistant population. How-

ever, virulence in a drug resistant population is not always more likely to evolve in

comparison to virulence in a drug sensitive population. The real possibility of vir-

ulence and drug resistance jointly evolving raises further questions of other possible

consequences arising from the spread of drug resistance.
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Appendix A

A.1 Phase portrait projections for T∅ and TA

To complete the phase portrait exploration of Section 3.2.3, we show the phase por-

trait projections for T∅ → 0 versus TA → 0.

Region 1(a)
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Figure A.1: Phase portrait projection for parameters in Region 1(a) which shows
that T∅ → 0 and TA → 0
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Region 1(b)
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Figure A.2: Phase portrait projection for parameters in Region 1(b) which shows
that T∅ → 0 and TA → 0

Region 1(c)
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Figure A.3: Phase portrait projection for parameters in Region 1(c) which shows
that T∅ → 0 and TA → 0
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Region 2

0 20 40 60 80 100 120
0

50

100

150

200

250

300

350

400

E
cT T∅

T
A

Figure A.4: Phase portrait projection for parameters in Region 2 which shows that
T∅ → 0 and TA → 0

Region 3
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Figure A.5: Phase portrait projection for parameters in Region 3 which shows that
T∅ → 0 and TA → 0
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A.2 Numerical simulations in the absence of su-

perinfection

To strengthen our argument for global stability in the presence of superinfection we

perform a similar analysis when there is no superinfection, as we have analytic proof

of global stability in that case (See Section 3.1.3). In the absence of superinfection

σ = 0, which in turn implies γ = 0, the stability/invasibility of a strain is determined

by ρ as g̃BAB = −ρ and g̃ABB = ρ. If ρ < 0 we can obtain Regions 1(a) or 1(b),

signifying a stable EABT ; in other words, we have a successful invasion by strain AB.

Moreover, if ρ > 0 we are in Region 3 with a stable EBT ; in other words, we have

a successful invasion by strain B. We provide numerical examples using the same

parameters as in the previous numerical analysis in Section 3.2.3 for Regions 1(a),

1(b), and 3 with the exception of σ which will now be zero. As the single endemic

infection equilibrium points are not dependent on σ they have the same equilibrium

values when σ 6= 0.
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Region 1(a)
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Figure A.6: Phase portrait projection for parameters in Region 1(a) which shows
the stability of EABT when σ = 0. Compare with Figure 3.3

Region 1(b)
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Figure A.7: Phase portrait projection for parameters in Region 1(b) which shows
the stability of EABT when σ = 0. Compare with Figure 3.4
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Region 3
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Figure A.8: Phase portrait projection for parameters in Region 3 which shows the
stability of EBT when σ = 0. Note the closeness of E∅T and EAT . Com-
pare with Figure 3.9.

Each of these three regions display the same behaviour as seen when σ 6= 0.

However, in each region we also know that these phase portrait projections represent

global asymptotic stability. It can then be argued that these portraits help support

the conjecture that the local asymptotic stability conditions are the same as the global

asymptotic stability conditions when superinfection is present.
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Appendix B

B.1 Virulence evolution in a drug sensitive vs. drug

resistant population

We can compare the conditions for a virulence gene to invade into a drug sensitive

population and for virulence to invade a drug resistant population. In an initial drug

sensitive population the virulent (A) strain can invade if

R0,∅(1−R∗∅,A) < R0,A (B.1)

Furthermore, a virulent (AB) strain can invade an initial drug resistant population if

R0,BT (1−R∗B,AB,T ) < R0,ABT (B.2)

To conclude which of the above conditions is stronger we compare them to deter-

mine if one implies the other. To do so we subtract to obtain the following expression:

R0,∅(1−R∗∅,A)−R0,BT (1−R∗B,AB,T ) +R0,ABT −R0,A (B.3)



B.1. VIRULENCE EVOLUTION IN A DRUG SENSITIVE VS. DRUG
RESISTANT POPULATION 129

By examining the components that make up expression B.3 we can discern whether

it is negative or positive. Let us begin with the component R0,ABT −R0,A:

R0,ABT −R0,A =
θ

µ

βA
κABT

− θ

µ

βA
κA

⇒ R0,ABT −R0,A < 0 (B.4)

as κA < κABT . Similarly, we know R0,∅ −R0,BT < 0.

Using the assumptions in Table 2.7 we have

β∗∅,A = σ (βA − β∅ + p(βA + β∅))

> σ
(
βA − β∅ + p(βA + β∅)

(
1− r

2

))
= β∗B,AB,T

⇒ β∗∅,A > β∗B,AB,T (B.5)

and

I∗∅ =
θβ∅ − µκ∅
β∅(µ+ v∅)

>
θβ∅ − µκBT
β∅(µ+ v∅)

= T ∗B

⇒ I∗∅ > T ∗B (B.6)

Utilizing the above knowledge we can determine the sign of R∗∅,A −R∗B,AB,T :

R∗∅,A −R∗B,AB,T =
β∗∅,A
κA

I∗∅ −
β∗B,AB,T
κABT

T ∗B

⇒
β∗∅,A

β∗B,AB,T

κABT
κA

I∗∅
T ∗B

(B.7)

which is greater than one, signifying that R∗∅,A > R∗B,AB,T .

The final step in determining the sign of expression B.3 is to consider whether
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R∗∅,A and R∗B,AB,T are less than or greater than one. The four possible combinations

are:

1. R∗∅,A < 1 and R∗B,AB,T > 1

2. R∗∅,A > 1 and R∗B,AB,T < 1

3. R∗∅,A > 1 and R∗B,AB,T > 1

4. R∗∅,A < 1 and R∗B,AB,T < 1

Case 1: Since R∗∅,A > R∗B,AB,T case 1 is not possible.

Case 2: Expression B.3 is evidently negative, resulting in the virulent drug resis-

tant strain having the stronger invasion condition.

R0,∅(1−R∗∅,A)︸ ︷︷ ︸
−

−R0,BT (1−R∗B,AB,T )︸ ︷︷ ︸
−

+R0,ABT −R0,A︸ ︷︷ ︸
−

(B.8)

Case 3: When both 1−R∗∅,A < 0 and 1−R∗B,AB,T < 0 expression B.3 is negative,

resulting in the virulent drug resistant strain having the stronger invasion condition.

0 < R∗∅,A −R∗B,AB,T

0 > (1−R∗∅,A)− (1−R∗B,AB,T )

0 > R0,BT

(
(1−R∗∅,A)− (1−R∗B,AB,T )

)
> R0,∅

(
1−R∅,A∗

)
−R0,BT

(
1−R∗B,AB,T

)
(B.9)

then we have expression B.3 as:

R0,∅(1−R∗∅,A)−R0,BT (1−R∗B,AB,T )︸ ︷︷ ︸
−

+R0,ABT −R0,A︸ ︷︷ ︸
−

(B.10)
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Case 4: When both 1−R∗∅,A > 0 and 1−R∗B,AB,T > 0 the sign of expression B.3

cannot be determined. It is possible, under some circumstances, to have a stronger

virulent drug resistant (AB) condition than the avirulent drug sensitive strain and

vice versa.

0 < R∗∅,A −R∗B,AB,T

0 > 1−R∗∅,A − (1−R∗B,AB,T )

0 > R0,BT (1−R∗∅,A − (1−R∗B,AB,T ))

< R0,∅(1−R∅,A∗)−R0,BT (1−R∗B,AB,T ) (B.11)

then we have expression B.3 as:

R0,∅(1−R∗∅,A)−R0,BT (1−R∗B,AB,T )︸ ︷︷ ︸
−,+

+R0,ABT −R0,A︸ ︷︷ ︸
−

(B.12)


