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Abstract 

The ever-present drive for increasingly high-performance designs realized on shorter timelines 

has fostered the need for computational design generation tools such as topology optimization. However, 

topology optimization has always posed the challenge of generating difficult, if not impossible to 

manufacture designs. The recent proliferation of additive manufacturing technologies provides a solution 

to this challenge. The integration of these technologies undoubtedly has the potential for significant 

impact in the world of mechanical design and engineering.  

This work presents a new methodology which mathematically considers additive manufacturing 

build time and cost alongside the structural performance of a component during the topology optimization 

procedure. Three geometric factors are found which have influence on the additive manufacturing build 

time and cost: total surface area, total overhung supported area, and total support structure volume. An 

innovative methodology to approximate each of these factors dynamically during the topology 

optimization procedure is presented. The methodology, based largely on the use of spatial density 

gradients, is developed in such a way that it does not leverage the finite element discretization scheme. 

This is done in order to overcome some of the shortcomings of the methods in the existing literature. 

Moreover, it investigates a problem which has not yet been explored in the literature: direct minimization 

of support material volume in density-based topology optimization. The entire methodology is formulated 

in a smooth and differentiable manner, and the sensitivity expressions required by gradient based 

optimization solvers are derived. In two numerical examples, minimization of compliance and total 

surface area was performed, and reduced build time by an average of 13% over minimization of 

compliance alone. For the same two numerical examples, minimization of compliance and support 

volume was performed. Support volume was reduced by an average of 40%, and build time by 25%, but 

came at the cost of increased compliance.  
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Chapter 1 

Introduction 

1.1 Motivation 

Additive manufacturing, also commonly referred to as 3D printing, has seen significant 

growth and widespread adoption over the past decade. In 2015 the global additive manufacturing 

market was valued at $5.165 billion USD, and over the past few decades has exhibited a 

compound annual growth rate of 26.2% [1]. Additive manufacturing was once an obscure tool 

due to its complexity and lack of widespread development; however, in recent years its use in 

industrial and commercial applications has been ever expanding. Moreover, large companies such 

as General Electric are investing heavily into the advancement of additive technologies by driving 

forward research in materials suitable for additive manufacturing, machine design, and software 

development. The ability to realize designs that would be impracticable to manufacture using 

traditional methods makes additive manufacturing an attractive prospect to industries which 

employ advanced and specialized technologies. General Electric, Lockheed Martin, and Aurora 

Flight Sciences are a few examples of companies at the forefront of technological development 

and production implementation of additive manufacturing [2]. This recent interest in the practical 

application of additive manufacturing demonstrates that it has moved beyond being a tool only 

useful for demonstration and prototyping. The advancements made in additive manufacturing 

have the potential to remove many of the design limitations that were consequences of traditional 

manufacturing. This presents new opportunities and possibilities in mechanical design and 

engineering. 

Along with the adoption of advanced manufacturing technologies, industries such as 

automotive, aerospace, and defense have sought out innovative computational tools both for 
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design generation and validation purposes. Topology optimization is a promising computational 

design generation tool in which designers can utilize to generate lightweight and high-

performance designs. This methodology works by finding the most efficient distribution of 

material to increase the strength of the component while minimizing total mass. Airbus utilized 

topology optimization in the development of the A380 wing rib package, and through this were 

able to reduce the total mass by 40% without compromising strength [3]. This degree of weight 

reduction yields significant fuel economy improvements and thereby large cost savings as well. 

The need for computer aided engineering (CAE) tools like topology optimization has been driven 

by industrial competition to produce high-performance designs realized on accelerated design 

timelines. However, the major challenge with topology optimization is that it tends to generate 

complex and organic structures, which often prove challenging if not impossible to manufacture 

by traditional means. 

It is clear then that the integration of additive manufacturing and topology optimization 

has significant potential; topology optimization renders high performance but complex structures, 

and additive manufacturing provides the means to create them. The union of these technologies 

presents the possibility for a paradigm shift in the way mechanical components are designed and 

produced. Although additive manufacturing can construct geometries of unlimited complexity, 

this often comes at significant cost increase. Design guidelines do exist to help mitigate these 

costs; however, their integration into topology optimization remains incomplete. 

1.2 Objectives 

Modern engineering requirements demand more efficient and higher-performance 

designs. Topology optimization provides the means to meet these requirements at the cost of 

manufacturability. Additive manufacturing solves these manufacturability issues, but introduces 

the problem of high manufacturing costs. To alleviate these costs, significant research effort has 
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gone into the development of additive manufacturing design guidelines. The overall objective of 

this research is to merge these advanced technologies by integrating additive manufacturing 

design guidelines into topology optimization. To accomplish this, the following research 

objectives are defined: 

1. Identify the factors which influence additive manufacturing time and cost. 

2. Formulate a mathematical relationship between these factors and the topology 

optimization design variables. 

3. Propose a new topology optimization problem formulation which simultaneously 

optimizes the structural performance and the manufacturing time and cost of an 

additively manufactured component. 

4. Verify the functionality of the proposed methodology though example problems. 

The materials presented herein including literature review, methodology development, and 

numerical demonstration will thoroughly address these objectives. 
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Chapter 2 

Background and Literature Review 

2.1 Additive Manufacturing 

2.1.1 Introduction to Additive Manufacturing 

Additive manufacturing is a layer-based manufacturing process in which a component is 

sequentially constructed from bottom to top. The additive manufacturing process begins with a 

computer aided design (CAD) geometry file which is then converted into a tessellated file, most 

commonly the stereolithography (STL) format. Although this format somewhat reduces the 

resolution of the geometry from the native CAD file, it allows for efficient automatic generation 

of machine toolpaths which would otherwise be time consuming to produce using typical 

computer aided manufacturing (CAM) software. Contours of the STL geometry are then 

generated by slicing the model into layers which are oriented perpendicular to the build direction. 

The spacing between these layers, and therefore the resolution of the final component, is 

dependent on the type of additive manufacturing process and the settings employed by the user. 

The machine toolpaths are then sent to the additive machine and the component is then 

automatically produced without user intervention. Once the build process is completed, the part is 

removed from the machine, and any post-processing steps that are required are completed. 

2.1.1.1 Additive Manufacturing Technologies 

The technologies and methods subject to discussion in the following section are 

considered to have the most impact on industry, and are listed as per their technological lineage. 

As such, an acknowledgement is made that other additive manufacturing methods do exist, but 

will not be discussed here in detail. Further information on the many available additive 

manufacturing technologies can be found in the literature [4], [5]. 
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Layer-based manufacturing was first introduced in the early 1980’s by Hideo Kodama, 

who proposed a methodology by which three-dimensional plastic structures could be created by 

exposing a photo-curing polymer to a precisely controlled ultraviolet (UV) light source and 

stacking cross-sectional, solidified layers [6]. In 1984, Chuck Hull of 3D Systems improved and 

commercialized this technology, deemed stereolithography [7]. This advancement helped drive 

additive manufacturing to what it is today. The stereolithography (SLA) process, shown in Figure 

2-1, typically consists of a vat of photopolymer resin in which a thin layer of resin is selectively 

cured by a UV laser source. The position of the laser on the liquid surface is controlled by a set of 

closed-loop mirror galvanometers which allow the laser focal point to accurately traverse the 

build at a high rate of speed. Once a layer has been completed, the build platform will lower into 

the polymer bath, and a sweeper blade will pass over the liquid-air interface. This helps ensure a 

uniform liquid level across the top of the partially completed part. Note that the time for the 

sweeper blade to pass over the part adds an appreciable dwell period after each layer scanning is 

completed. This process repeats until the part has been completed. Finally, the part is removed 

from the build platform and support structures are removed. If required, the part may be set in a 

UV environment for post-curing. This method can achieve high resolution in both the build 

direction and in the plane of the build platform. This makes SLA an attractive technology when 

fine detail is required, such as medical and dental industries, or in product development 

environments. 
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.  

Figure 2-1: The Stereolithography process. Image from CustomPartNet [8]. 

Fused deposition modeling (FDM) has recently become the most common form of 

additive manufacturing due to its low component cost, high availability of the machine 

components, and significant development effort by the open-source community. This type of 

additive manufacturing is commonly synonymous with 3D printing. Originally devised and 

patented by S. Scott Crump in 1992, FDM works by heating and extruding plastic filament 

through a extrusion head and selectively depositing material at the appropriate locations along the 

build platform [9]. Once the deposition for a single layer is completed, the build platform will 

descend, or the extrusion head will ascend, depending on the printer configuration, to the next 

layer. The process will repeat until the entire part has been constructed. This process is visually 

described in Figure 2-2. Finally, the part is removed from the build platform, and any post-

processing steps such as support material removal or sanding/polishing are completed. Although 

only a single material is necessary, many printers will utilize multiple materials in a single print. 

This can be done either to incorporate multiple colours into a single object, or to act as support 
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structures for the modeling material (support structures are discussed in detail in Section 2.1.1.4). 

Many materials can be used with FDM, including but not limited to acrylonitrile butadiene 

styrene (ABS), polylactic acid (PLA), polycarbonate, nylon, and polyetherimide (ULTEM) 

polymers. The wide availability and relative cost effectiveness of FDM make it a preferred choice 

for users and companies initially exploring the use of additive manufacturing, particularly for 

prototyping applications. FDM is subject to limited print resolution, though, driven by its 

comparatively thick layer heights relative to other additive manufacturing technologies. 

Moreover, underwhelming mechanical properties have led to this technology largely being 

considered a prototyping tool only, though recent developments in FDM technology are 

constantly challenging these perceptions. 

 

Figure 2-2: The Fused Deposition Modeling process. Image from CustomPartNet [8]. 

The most common additive process being adopted by the aerospace, defense, and space 

sectors is powder bed fusion. Very similar to the SLA process, powder bed fusion consists of a 

laser which rapidly scans over the build material, selectively solidifying regions along the scan 
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path. The build material, in this case is in the form of a fine powder in which the particulate size 

is precisely controlled. A leveling roller or recoater blade is then dragged across the surface to 

place a new layer of powdered material on top of the partially completed component. As with 

SLA, the time for the recoater blade to pass over adds an appreciable dwell time after each layer 

scanning is complete. This process, shown visually in Figure 2-3, is repeated until the entire part 

is completed. Finally, the part is separated from the build platform, and any post-processing steps 

such as heat or surface treatments are applied. Several materials are suitable for this process, but 

both plastics and metals are typically of high interest for industrial applications. In particular, 

metals such as stainless steel (17-4PH, 316l), nickel-based superalloy steels (IN625/718, 

Hastelloy), titanium (Ti6Al4V), and aluminum (AlSi10Mg) are of great interest to the aerospace 

industry due their high performance.  

 

Figure 2-3: The Powder Bed Fusion process. Image from CustomPartNet [8]. 

Powder bed fusion may refer to several similar but distinct processes. Selective laser 

sintering (SLS) uses the laser power source to sinter the material together into a solid without 
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melting any material. SLS typically refers to powder bed fusion processes which use plastic as the 

build material. Alternatively, direct metal laser sintering (DMLS) refers to powder bed fusion 

technology which sinters metal particles together. Selective laser melting (SLM) also refers to 

metal based powder bed fusion, but the material is brought to its full melting temperature by the 

laser. Finally, electron beam melting (EBM) is a similar technology to those previously 

mentioned, but utilizes a high-power electron beam in place of the laser as the heat source. By 

increasing the power of the heat source, larger layer thicknesses can be used, effectively 

increasing machine throughput. Typically, the increase in layer thickness has the negative effect 

of reducing surface quality. Due to this effect EBM is often reserved for larger components which 

will subsequently require post-processing such as machining or surface treatments.  

Powder bed fusion processes have the advantage that they can produce strong and nearly 

100% dense parts which are suitable for demanding end-use applications. This advantage, 

combined with the ability to produce components with otherwise non-manufacturable features, 

has made metal based powder bed fusion processes an important research and investment area for 

many large aerospace manufacturers. These processes do have significant challenges which must 

be accounted for during the design process. Control and prediction of part warping during the 

additive process, fatigue and microstructural properties of materials, and post-processing 

methodologies are just a few of these challenges actively being researched. Patterson et al. 

provide a thorough overview of the current status of research and future work that is needed in 

SLM and DMLS [10].  

2.1.1.2 Additive Material Characteristics 

As additive manufacturing technology evolves, the number of materials suitable for these 

processes continues to grow. New material development has been largely driven by the needs of 

major industries which are adopting additive manufacturing for use in advanced applications. The 
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aerospace industry has largely driven the development of additively manufactured variants of 

high-strength superalloys, such as Inconel and Hastelloy, and lightweight metals such as titanium 

(Ti6Al4V) and aluminum. However, in order for industries to utilize additive manufacturing 

variants of these materials, their mechanical properties must be repeatable and perform as well or 

better as the wrought forms. Significant research effort has been directed to the characterization 

of a wide variety of material properties for all types of additive processes. A common concern 

amongst all additive manufacturing types is the influence the layer-based nature of the 

manufacturing process has on the mechanical properties. This typically induces some degree of 

anisotropy with a reduction in strength and stiffness aligned with the build direction. Ahn et al. 

performed mechanical testing on ABS plastic samples produced by FDM and observed 15-35% 

reduction in strength based on print orientation [11]. Similar effects have been observed in metal-

based additive manufacturing, but it is common to utilize post-processing heat and/or pressure 

treatments to regularize and improve the material properties [5]. Nevertheless, with the significant 

development in metal based additive manufacturing technology it has been observed that through 

careful selection of process parameters, material properties near that of the wrought material can 

be achieved [12]. Precise control of the build environment temperature and atmosphere, as well as 

innovative laser scanning strategies have helped to reduce the negative effects of the additive 

manufacturing process on mechanical properties. Real time monitoring and control of the additive 

process for improved part quality and material characteristics is currently being researched as 

ways to further reduce these negative impacts on the material properties [13], [14].  

2.1.1.3 Infill Patterns and Scan Strategies 

The method by which the interior sections of the component are filled is largely 

dependent on the particular additive manufacturing process being utilized, as well as the 

requirements of the component design. For FDM printers, it is common to use sparse infill 
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patterns, such as those shown in Figure 2-4, as this largely reduces the volume of material 

required for printing and subsequently the cost and time required to produce the final component. 

Furthermore, it is often the case that parts produced by FDM are to be used for demonstration or 

prototyping where high strength is not required. When components produced by FDM are to be 

used in a structural application where durability is a concern, it may instead be desirable to use a 

solid infill pattern. Typically, this is done with an alternating direction raster infill, as shown in 

examples B and C in Figure 2-5. Regardless of infill strategy and pattern, the exterior contours of 

each layer are produced separately to yield a clean and accurate exterior, as these contours will 

form the visible portion of the component. In some cases, the exterior contours will run multiple 

layers deep to create a thick shell-like structure surrounding the infill.  

 

Figure 2-4: Various infill patterns available in FDM printing. Image from Simplify3D [15]. 
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Figure 2-5: Various infill scan strategies. Build direction (BD), scan direction (SD), and 

transverse direction (TD) are indicated. Image from Thijs et al. [16]. 

When using SLA or powder bed fusion processes, solid infill strategies are commonly 

employed as sparse infill does not reduce build time substantially due to the high speed in which 

the laser moves. Moreover, since these methods build the part while fully submerged in the build 

material, utilizing sparse infill without proper drainage could cause a large amount of un-

solidified build material to be retained within the part. This can negate the benefits that the sparse 

infill provides. Typically, the infill strategy for SLA and plastic SLS is very similar to that of 

solid infill FDM, where an alternating direction raster infill is used. For metal based powder bed 

fusion (DMLS, SLM, EBM), it is common to segment the interior of a contour into many small 

squares often referred to as islands, as shown in Figure 2-6. Each square has a different raster 

orientation than that of its neighbours and the squares are processed separately and randomly. 

This randomization prevents localized heat concentration and reduces residual stress build up in 

the cooled part [5]. As with FDM, the exterior contours of each layer are solidified separately 

from the interior. For powder bed fusion processes, it is common that the contour layers are 

scanned multiple times (usually before and after raster scanning the interior) to attain better 

geometric accuracy and surface finish. 
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Figure 2-6: Scan strategies for metal-based powder metal fusion processes. Image from 

Gibson et al. [5]. 

2.1.1.4 Support Structures 

Almost all additive manufacturing technologies require some form of support structures. 

These are sacrificial structures which effectively act as a temporary scaffolding to aid in the build 

process, and are subsequently removed in post-processing. The need for support material is 

driven by a number of factors and is largely dependent on the additive process in question. To 

discuss support structures in a general context, consider the two-dimensional cross-section of an 

object shown in Figure 2-7. The detailed view illustrates both the layered nature of an additively 

manufactured part, as well as the width of each extrusion or material solidification track (FDM 

and SLA/powder bed fusion, respectively). In this context,   represents the angle between the 

surface of the part and the build platform and   represents the self-supporting threshold (lower 

bound) angle. This self-supporting threshold is largely driven by the degree of inter-layer 

adhesion between adjacent tracks. In the example, the track on the far right in Layer N+3 does not 

have any material in the layer below which can support it either directly below or in the adjacent 

tracks below. Therefore, support material is required at this point. The amount of track overlap 

and interlayer adhesion, shown by dashed gray lines in the detailed view, is dependent on both the 

additive process and the machine settings prescribed by the operator (i.e. track width, track 
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overlap percentage, layer thickness, build environment temperature, etc.). In general, the self-

supporting threshold angle,  , ranges between 35° and 55° off the build platform depending on 

the additive manufacturing technology. However, it is most commonly 45° [17]. The effects of 

varying overhang angles,  , without support material are illustrated in Figure 2-8. 

 

Figure 2-7: The need for support material in additive manufacturing processes; 

represents the angle between the surface and the build platform, and   is the angular 

threshold in which a surface becomes self-supporting. 

 

Figure 2-8: Overhang angle test for DMLS. Image from Ahart [18]. 
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In additive manufacturing processes where the part is submerged within the build 

material during the build process (SLA and powder bed fusion processes), these sacrificial 

support structures must be made of the same material as the part (build material). In FDM the 

support material may be made of either the build material or a support-specific material that is 

soluble in a removal solution. Examples of various additive support structures are shown in 

Figure 2-9, which illustrates that the support structures can be generated using various 

methodologies, from tree-like supports (a and b), to bulky block-like structures (c). Typically, the 

block-like structure utilizes a sparse fill pattern to minimize sacrificial material usage and ease 

support structure removal. 

 

Figure 2-9: Part and support material for (a) FDM, (b) SLA, and (c) DMLS additive 

processes. Images from [19], [20], [21], respectively. 

In the context of metal additive manufacturing, the support material also serves the 

purpose of anchoring the partially completed part to the build platform to resist warping induced 

by thermal stresses, and to increase heat dissipation into the build platform. Support structures are 

also used to resist impact loads that the recoater blade places on the partially completed 

component [22], [23]. For these reasons the support structures required for metal additive 

processes—shown in Figure 2-9(c)—are often heavier and stronger, and are generated through 

both automatically and manual processes. Automatically generated supports simply handle the 

surfaces which pass the self-supporting threshold. Manually generated structures are used to deal 

(b) (c)

Support

Material

(a)
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with the thermal stresses and recoater blade impacts. Generating these supports requires a 

significant amount of knowledge and experience from the machine operator for the supports to 

function effectively. Alternatively, polymer based SLS processes do not require support material, 

as the powder itself acts as a support against the gravitational loads, and the effect of thermal 

stress is negligible. This is beneficial as it reduces cost and manufacturing complexity. 

In all forms of additive manufacturing, support structures increase the time and cost to 

build the part, as they require more material to either be extruded or solidified by the machine. 

The removal of support material can be a laborious process, often needing to be done manually or 

by machining, adding to the post-processing costs. They also provide limitations on the design 

freedom of the component since support material cannot be removed from enclosed voids. The 

minimization of support structures is an area of active research in additive manufacturing. Some 

solutions include the development of novel support structure architectures for various additive 

technologies, modification of machine parameter selection to minimize the need for support, and 

general design guidelines and strategies. 

2.1.2 Cost and Time Estimation Methods in Additive Manufacturing 

Predicting the cost and build time of an additively manufactured part is a challenging and 

complex task. In general, there is no fixed model which works for all types of additive processes. 

Instead, the estimation techniques must be calibrated based on the additive process, material, and 

often the specific machine being employed. A considerable number of time and cost estimation 

techniques have been developed since the conception of additive manufacturing, and over time 

have increased in accuracy and practicality. Costabile et al. provide a comprehensive review of 

currently available methods [24].  

Chen and Sullivan were among the first to propose a way to estimate the time required 

for an SLA build. Their methodology utilized known constants of the machine, such as pre- and 
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post-layer curing dwell times, recoater sweep time, as well as the exact laser travel distance and 

speed which are extracted from the machine instruction files [25]. Although this method provided 

good accuracy, it required detailed knowledge of the specific process, and a finalized part which 

could be used with the machine tool path generation software. Alexander et al. proposed a generic 

cost modeling approach which could be adapted to multiple additive manufacturing processes 

[26]. The total cost of the part was broken into three contributing costs; the pre-processing costs, 

the build costs, and the post-processing costs. Each of these costs were again broken down 

further, and typically consisted of several time estimations multiplied by a cost per unit time. For 

example, pre-processing cost would consist of the time required to perform all pre-processing 

steps, multiplied by the hourly wage of the operator performing those tasks. The build cost was 

broken into two factors: (1) the time to build the part multiplied by the cost per unit time of 

running the machine, and (2) the cost associated with the volume of material used, both for the 

build and the support material. The build time consisted of a cumulative sum of the time spent 

producing each layer, which consisted of time spent building the part layer, the time spent 

building the support layer, and dwell time at that layer (for recoater blade sweep, tool change, 

environment stabilization, etc.). However, this methodology still requires a significant amount of 

detail in the form of the STL geometry file and the machine instruction files. 

As an alternative to the highly detailed approaches previously described, Ruffo et al. 

proposed a more macro scale approach, whereby build time was estimated through empirical 

correlation to three “model drivers”: object height, volume, and bounding box volume [27]. 

Although this model was accurate (maximum error of 13% from the true build time), it did not to 

include the influence of support material on total build time, as it was created for an additive 

process which did not require support material. Furthermore, a limited number of geometries 

were tested and used to define the empirical constants. This work helped introduce the idea of 

build time and cost models being driven by macro scale factors, as opposed to the previously 
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demonstrated detailed approaches, which required the use of the detailed machine tool paths. Di 

Angelo and Di Stefano proposed a neural network-based build time estimation method applicable 

to all additive processes [28]. They began by breaking down the total build time into time for sub-

processes, such as time spent scanning part exterior contours, time spent raster filling part 

interior, time spent raster filling support material, etc. They then identified eight macro scale 

parameters based on part geometry, support geometry, and machine settings (e.g. volume of the 

part divided by layer thickness), which are correlated to sub-process times. These factors were 

used as the inputs to the neural network, and the network was trained using a set of sample 

geometries with known build times. This approach predicted build time to an average error of 

12% of the actual time on several test cases. A sample of the components that contribute to total 

build time and their corresponding physical driving factor is given in Table 2-1. 

Table 2-1: Build time driving factors. 

Build Time Components Physical Driving Factor 

Time spent filling part material Volume of part 

Time spent scanning part contours Surface area of part 

Time spent scanning support material Volume of support material 

Time spent in dwell at each layer (recoater blade sweep) Height of part 

2.2 Design Optimization 

The general purpose of design optimization is to systematically choose the values of 

design variables such that some performance measure is made optimal while satisfying design 

constraints and limitations. This optimization statement is often formulated mathematically in the 

form given in Equation (2.1), where the values of the design variables are represented by the 

design variable vector x , the objective function is represented by  J x , and the inequality and 

equality constraints are represented by     and g hx x , respectively. Note that     and g hx x  

themselves are vectors, as there may be more than one constraint function associated with the 
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problem. Furthermore, the design variables are typically limited by some upper and lower 

bounds, given by vectors maxx  and 
minx . 
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The optimization procedure works by making incremental modifications to the design 

vector in such a way that the objective function is improved while ensuring the feasibility of the 

solution with regards to the constraint functions. There are several methods by which the 

optimization solution is found, and the selection of method is highly dependent on the complexity 

and size of the problem. Heuristic methods, such as genetic algorithms, evolutionary algorithms, 

and simulated annealing are well suited to practical complex problems where the detailed 

mathematical relationship between the objective function and the design variables is either 

unknown or highly discontinuous. These methods can come at significant computational expense, 

particularly for problems where the number of design variables is large and objective function 

evaluations are time consuming. When the mathematical formulation is clearly known, iterative 

methods based on analytically derived sensitivities can be performed. The sensitivity information 

is used to determine the direction in which the design variables should be perturbed; that is, the 

design variable sensitivities form an N-dimensional vector—where N is the number of design 

variables—which describes the proportions in which each design variable should be perturbed 

relative to each other. This vector points in the direction of steepest descent at the current 

iteration in the N-dimensional design variable space. A one-dimensional line search is then 

conducted along this vector to determine the magnitude by which the variables are adjusted. The 

design vector is then updated, and the objective function, constraints, and sensitivities are 

recalculated. This update procedure is then repeated until the optimization process terminates 
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when there is no longer a feasible improvement direction or if some other convergence criteria is 

met. This procedure can be visualized with the classical example of searching for the top of a hill 

while blindfolded, as shown in Figure 2-10. In this case, the points along the hill represent the 

design variables at each iteration, the arrows represent the search direction determined from the 

sensitivity analysis (the direction of steepest ascent), and the fences represent constraint functions 

which bound the region in which one can walk. In engineering applications, there are often many 

design variables, each of which may have a different influence on the objective function based on 

the values of the other design variables. This makes choosing the values of design variables 

which yield an optimal design an often-impossible task to do manually, making design 

optimization particularly well suited to these applications.  

 

Figure 2-10: A typical visualization of design optimization. Image from Vanderplaats [29]. 

2.2.1 Multi-Objective Optimization 

It is often the case that a practical optimization problem requires the simultaneous 

minimization of multiple objective functions. For example, it may be desirable to both minimize 

the mass and cost of a mechanical component, while simultaneously ensuring it meets some 

structural requirements. In some circumstances, these objective functions may be complementary, 

in that by decreasing one another will decrease as well. In the case of the example, mass and cost 

can be complementary, as cost is typically related to the total amount of material required for a 
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part. However, upon closer inspection of the manufacturability of the part, a reduction in mass 

may in turn produce a more expensive design. In this case the objective functions become 

competing, and a compromise must be made. Multi-objective optimization can be used to gain 

insight into the trade-off between contending objective functions. 

The multi-objective optimization problem is formulated as shown in Equation (2.2), 

where the objective function is represented as an m-dimensional vector valued vector function, 

where m is the number of objective functions, and each entry in J  corresponds to the value of 

one of the objective functions evaluated at point x . 
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   (2.2) 

A common method for solving multi-objective optimization problems is linear scalarization, in 

which a weighted sum of all objective functions is taken, in effect generating a single-objective 

optimization problem where the weight factors describe the relative preference of each objective 

function. By systematically adjusting the weighting factors and subsequently re-solving the 

scalarized multi-objective problem, a Pareto frontier can be generated and used to visualize the 

relative trade-off between objective functions. An example Pareto frontier for a bi-objective 

optimization problem is shown in Figure 2-11. In this case, each of the points along the Pareto 

frontier represent an optimal solution of the multi-objective problem for a weighting factor (as 

only one is needed for bi-objective optimization). The full Pareto frontier can then be inferred 

from a discrete number of points, as it is typically not necessary to know the full details of the 

Pareto front given that the discrete solutions are relatively evenly spaced. 
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Figure 2-11: Pareto frontier of a bi-objective optimization problem in which both functions 

are to be minimized. 

There are several methods by which the weighting factors can be selected. The simplest 

method is to produce a sample of weighting factors at uniform spacing. The limitation to this 

approach is that uniformly spaced weighting factors generally do not produce uniformly 

distributed solutions along the Pareto frontier, and therefore the inferred frontier cannot be 

accurately generated. Alternatively, methods such as Normal Boundary Intersection introduced 

by Das and Dennis [30] or Adaptive Weighted Sums introduced by Kim and de Weck [31], [32] 

can be used to automatically locate points along the Pareto frontier with relatively uniform 

spacing, resulting in a well resolved Pareto frontier.  

2.3 Topology Optimization 

Topology optimization can be considered a subset of design optimization which aims to 

determine the optimal layout and connectivity of physical material within some user-specified 

design space. Topology optimization can be used for many purposes, including to optimize 
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structural performance, maximize heat conduction, or automatically generate compliant 

mechanisms (flexures). Thorough reviews of the field of topology optimization include those by 

Eschenauer and Olhoff [33], Sigmund and Maute [34], Deaton and Grandhi [35], and the 

monograph by Bendsøe and Sigmund [36]. 

Topology optimization has been used in many academic and industry applications by 

Kim and his colleagues. To reduce the weight of an automotive cross car beam, Li and Kim 

utilized topology, sizing, and shape optimization, and through this achieved a 40% mass savings 

over the original design [37]. Wong et al. reduced the mass and cost of an aircraft landing gear 

subsystem subject to dynamic loading through use of topology optimization and the equivalent 

static loading method [38]. To reduce the computational expense of topology optimization 

problems, Kim et al. introduced the reducible design variable method, which eliminates quickly 

converging design variables from consideration in future iterations [39]. Kim and Kwak 

developed the design space optimization method, in which the shape of the design space itself is 

also considered as a variable during topology optimization [40]. Boyle and Kim applied the 

design space optimization method in a micro-level finite element bone remodeling simulation to 

validate  olff’s  aw [41]. 

Structural topology optimization, the most commonly used type of topology optimization, 

is utilized in this thesis and is therefore introduced in detail here. In general, the structural 

topology optimization problem is characterized by the geometry of the region where material can 

be placed freely, commonly referred to as the design domain, and the loading and boundary 

conditions that the part is subject to. This is illustrated by the examples given in Figure 2-12. The 

intuitive approach to optimization of the structural performance of a part would generally yield a 

problem statement of the form “minimize the mass of the part, subject to the ma imum stress in 

the part not exceeding the yield strength of the material divided by some safety factor”. The idea 

of a stress constraint poses a number of challenges, though, such as the local nature of stresses, 
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the singularity phenomenon associated with the optimization problem, and the highly non-linear 

behaviour of stress constraints in optimization [42]. Although methods have been proposed to 

deal with the issues seen in stress constrained topology optimization (see [36], [42]–[44] for some 

examples), the majority of topology optimization research effort has been focused on the 

minimum compliance formulation.  

 

Figure 2-12: Two-dimensional topology optimization examples. (a) Cantilever beam and (b) 

simply supported beam. 

To define the minimum compliance problem formulation of topology optimization, 

consider a design domain which is already discretized into finite elements. The minimum 

compliance problem formulation is then given as: 
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where the design variable vector x  describes the placement of material in the design domain Ω, 

ex  is the design variable associated with element e, C is compliance, K  is the global stiffness 
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matrix, u  is the vector of nodal displacements, f  is the vector of nodal forces, eV  is the volume 

of element e, 0V  is the total volume of the design domain, N is the number of elements in the 

finite element mesh, and   is a user-defined volume fraction which specifies how much of the 

total design domain volume the optimal design can take up. The compliance, which is equivalent 

to the total strain energy stored in the body, has the benefit of being a global measure, and is 

therefore not subject to many of the challenges seen in the stress based optimization formulation. 

Moreover, it has been shown that the minimum compliance problem is convex, and therefore 

optimization of this function is well behaved [45] (for the definition of convexity and its 

applications to optimization problems, see [46] and [47]). 

 In the problem statement given by Equation (2.3), each finite element can be defined 

discretely as either solid or void ( 1 or 0e ex x  , respectively); however, directly solving this 

discrete valued optimization problem poses some challenges. Optimization methods which 

explicitly solve the discrete problem do exist, but can require as many as 2 dvN  function 

evaluations, where dvN  is the number of design variables [48]. Because the number of design 

variables in topology optimization is typically equivalent to the number of finite elements in the 

design domain ( dvN N ), the solution of the discrete valued optimization problem often requires 

an infeasibly large amount of computational effort. Therefore, other optimization methods are 

used to solve these problems.  

2.3.1 Density-Based Topology Optimization 

The most common and practical methodology for dealing with the discrete variable 

challenge is to relax the optimization problem such that the design variables can take on 

continuous values between 0 and 1, and then introduce a penalization mechanism which steers the 

result toward a discrete 0-1 solution [36]. Using this relaxed optimization approach, the 
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sensitivities of the objective function (compliance) can be utilized in a gradient based 

optimization solver to efficiently solve the topology optimization problem. Commonly used 

optimization algorithms are Convex Linearization (CONLIN) [49] and the Method of Moving 

Asymptotes (MMA) [50], which both utilize convex approximations of the objective function to 

efficiently solve large scale problems [36]. Note that the sensitivities of compliance with respect 

to the element design variables can be efficiently computed using the adjoint method, and the 

derivation of this sensitivity is widely available in the literature [36]. 

There exist a number of penalization schemes for steering the solution [51]; however, the 

solid isotropic material with penalization (SIMP) scheme (first introduced in [52] and [53], 

further developed in [54]) is the most widely used method, due to its simplicity and performance. 

As shown in Equation (2.4), the standard SIMP method works by defining the interpolated 

element Young’s modulus, Ee, as the product of the baseline material Young’s modulus, E0, and 

the element design variable, xe, raised to some finite penalization factor, p. However, modified 

SIMP formulations similar to that shown in Equation (2.5) incorporate some non-zero stiffness 

which is associated with void elements ( 0ex  ) in order to avoid singularities in the global 

stiffness matrix, K [55].  

   0 Standard SIMPp

e e eE x x E   (2.4) 

    0 0 Modif0 ied SIMPp

e e min e min minE x E x E EE E       (2.5) 

Given the modified SIMP formulation, the topology optimization problem statement can be 

restated as: 
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  (2.6) 

where 
0

eK  is the element stiffness matrix expressed at the global level written with the Young’s 

modulus divided out, such that it can be multiplied back in using the material interpolation 

scheme  e eE x . It is important to note that the inclusion of a penalization scheme such as SIMP 

eliminates the convexity of the compliance problem, but optimization solvers such as CONLIN 

and MMA which are based on convex approximations can still efficiently solve these problems. 

A comparison of topology optimization results with and without penalization is shown in Figure 

2-13(a) and (b), respectively. It is shown that without penalization the optimal result converges 

with many intermediate valued design variables. This is an infeasible result, as intermediate 

design variables are non-physical. These intermediate design variables result from the relaxation 

of the optimization problem stated in (2.6). When the commonly used penalization factor of 

3p   is used the resultant design has almost no intermediate valued design variables, but a 

checkerboard-like result occurs. Interpretation of this result as a porous structure makes physical 

sense but is obviously infeasible from a manufacturing perspective. For this reason, regularization 

schemes such as density and sensitivity filters are used to produce physically realizable results. 
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Figure 2-13: A comparison of topology optimization results for two SIMP penalization 

factors. (a) 1p   (no penalization), (b) 3p  .  

2.3.1.1 Density and Sensitivity Filtering Schemes 

To address the checkerboarding issue, as well as to generate mesh independent solutions, 

regularization methodologies such as density and sensitivity filtering are used. The typical form 

of these filters is defined as a weighted average of the filtered quantity in some local 

neighbourhood around an element, mathematically described as: 
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  (2.8) 

where eN  is the set of elements in the local neighbourhood radius r around element e, iV  is the 

volume of the i-th element, ir  is the spatial position vector of element i, and / iC x   is the 

sensitivity of the compliance objective function with respect to design variable ix . The filtered 

(a)

(b)
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design variable (or density) and filtered sensitivity at element e are then represented by e  and 

/ eC x  , respectively. Finally, the weighting function,  iw r , can be defined in several ways, but 

is most commonly defined as: 

  i i ew r r r r     (2.9) 

 where r is the same radius which defines the neighbourhood around element e, er  is the spatial 

position vector of the centroid of element e, and ir  is the spatial position vector of the centroid of 

element i. This results in a linearly decaying weighting function. These filtering techniques not 

only serve the purpose of regularizing the results, but have the added benefit of controlling the 

minimum member size of the features in the resultant topology. 

Note that the filtered design variables given by Equation (2.7) are referred to as 

“densities” (hence the use of the Greek letter  ), as these are the physical densities used in the 

material interpolation scheme, finite element analysis, and volume computations. In this case the 

design variables themselves then have no physical meaning; they are simply intermediate 

mathematical variables [55]. Because of this, design variables (x) which have been passed 

through a density filter will be referred to as densities (  ), and the term design variables will be 

reserved for unfiltered quantities.  

 
Density Filtering
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It is important to note that because the density filter given by Equation (2.7) acts directly 

on the design variables, it needs to be accounted for in the objective and constraint function 

sensitivity expressions. This modification of the objective function sensitivity can be found by 

chain rule as: 
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where /i ex   is the sensitivity of the density (filtered design variable) in the i-th element to the 

design variable in the e-th element, and can be easily computed by differentiating Equation (2.7), 

but this is beyond the scope of this background review. However, the sensitivity filter given by 

Equation (2.8) is a purely heuristic method, and does not require modification of the sensitivities. 

Both methods have been shown to be highly effective in eliminating the checkerboard 

phenomena. The density filtering approach is demonstrated in Figure 2-14. This demonstrates that 

checkerboard pattern has been eliminated, and demonstrates that the filtering technique can be 

used to effectively control the minimum size of members in the resultant design. This filtering 

typically reintroduces some intermediate density elements, as seen along the edges of the result 

given in Figure 2-14(b). A slightly different density filtering approach is utilized in this thesis, 

and is introduced in Section 3.3. 

 

Figure 2-14: Density filtering approach used to eliminate the checkerboarding, SIMP 

penalization 3p  . Filter radius of (a) 3r   and, (b) 5r   element side lengths. 

(a)

(b)
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2.3.2 Level-Set Topology Optimization 

Another technique for solving the topology optimization problem is the level-set method. 

This method is not used in this thesis, and as such will only briefly be discussed. Level-set based 

topology optimization consists of a level-set function which is used to generate an implicit 

boundary between the void and solid domains. As shown in Figure 2-15(a) the level-set function 

 x  passes through the 0   plane, and the iso-contour this forms defines the interface 

between the solid and void regions, resulting in the geometry shown in Figure 2-15(b). The level-

set function is iteratively updated by solution of the Hamilton-Jacobi equation: 

 ˆ ˆ0 , Vn n
t

 




 
   

 
  (2.11) 

where t is a pseudo-time representing the evolution of the design in the optimization process and 

V is a speed function associated with the sensitivity of the objective function to a perturbation of 

the interface in the normal direction n̂  [34].  

 

Figure 2-15: (a) Level-set function. (b) Topology generated by the level-set function. Image 

from Altair Engineering Inc. [56]. 

The major advantage the level-set method provides is that the interface between solid and 

void regions is mathematically well defined, and for this reason is commonly used in other 

disciplines for modeling interface problems. However, in the context of topology optimization 

(a) (b)
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where a finite element representation of the domain is utilized, mapping the level-set contour onto 

the finite elements poses a challenge. There are three methods which are typically used to do this. 

Figure 2-16(a) depicts the geometry aligned method, in which the solid domain of the level-set 

function is re-meshed after every iteration. This method most accurately captures the level-set 

contour, but can come at significant computational expense for large domains. Figure 2-16(b) 

depicts the immersed boundary technique, in which the extended finite element method is utilized 

to prescribe additional boundary conditions along the sides of elements. Finally, Figure 2-16(c) 

depicts the fictitious material method, in which elements are prescribed a density proportional to 

their distance from the level-set contour. This formulation bares similarities to the previously 

discussed density-based topology optimization, and therefore is subject to the same challenge of 

interpreting intermediate density elements. This method is by far the easiest level-set method to 

integrate into existing finite element solvers. All level-set methods, however, are subject to a 

number of numerical challenges, as they tend to converge to local minima and are highly 

dependent on the initial guess [57]. Although significant work has gone into the advancement of 

level-set methods for topology optimization, they are still a largely academic topic. 

 

Figure 2-16: (a) Geometry aligned, (b) immersed boundary, and (c) fictitious material 

representations of the level-set function. Figures from Dijk et al. [57]. 

2.4 Topology Optimization Methods for Additive Manufacturing 

Additive manufacturing is of significant benefit to the field of topology optimization as it 

allows for the manufacture of the complex, organic structures which topology optimization is 

(a) (b) (c)
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known to create. In recent years there has been substantial interest in the development of topology 

optimization methods specific to additive manufacturing. Particularly, attention has been given to 

the development of additive manufacturing constraint methods for topology optimization. A wide 

variety of manufacturing constraints for traditional techniques—such as casting, stamping, 

extruding, and milling—already exist and have been demonstrated both in academic literature and 

in commercial topology optimization codes [58]–[60]. However, at the time of this writing, there 

exists only one commercially available topology optimization code with an additive 

manufacturing constraint, but this constraint is still in an unsupported beta mode [61]. Therefore, 

the status of the integration of additive manufacturing into topology optimization is still largely 

an academic concept. A notable problem with the use of topology optimization without the 

inclusion of additive manufacturing constraints is the potential requirement of excessive support 

structures, due to the organic nature of the geometries. Of the published works, there have been 

two main focuses: (1) methods which aim to eliminate the need for support structures through 

either geometric restriction applied during the topology optimization or through post-processing 

techniques, and (2) methods which aim to explicitly minimize the amount of support structure 

volume. The following two sections will address each of these research areas. 

2.4.1 Self-Supporting Structures through Geometric Restriction and Post-Processing 

Of the literature that has been produced so far on additive manufacturing constraints in 

topology optimization, the majority have focused on eliminating the need for supports 

completely. Brackett et al. were the first to consider additive integration into topology 

optimization [62]. A methodology for the identification of overhung surfaces requiring support 

material was implemented using bi-directional evolutionary structural optimization (BESO). The 

authors discussed a method by which these overhung surfaces could be penalized in an attempt to 

minimize or eliminate the need for support structures, but this penalization process was not 
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implemented in the optimization. Even though no additive manufacturing topology optimization 

results were presented, this work highlighted some of the benefits and challenges for additive 

integration in topology optimization. Leary et al. proposed an alternative approach in which the 

typical topology optimization problem is solved, and is then followed by a series of post-

processing steps in which extra material is added to the design in order to eliminate the need for 

support material [63]. This is referred to as a self-supporting design. Surfaces requiring support 

material were identified, and then an iterative method for generating additional geometry is 

applied, rendering the design self-supporting. An example result of this process is shown in 

Figure 2-17. Additionally, an optimal build orientation was determined by incrementally rotating 

the part relative to the build direction, each time re-evaluating the amount of added material 

required to make the part self-supporting. On each iteration the maximum height of the build, 

which can influence the total build time, and the contact patch size at the build platform, which 

dictates the stability of the part when no support material is present, were assessed. Though this 

methodology is relatively effective, it is essentially a trial and error approach rather than true 

optimization. Moreover, because these added features are not considered within the topology 

optimization procedure, it is often the case that they contribute almost insignificantly to the 

structural performance of the part. Ultimately the result is a part with extra support material that 

cannot be removed. Despite this limitation, the methodology potentially has merit as an 

innovative support structure generation method. 
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Figure 2-17: Topology optimization proposed by [63]. (a) depicts the original topology 

optimization result, (b) depicts the modified geometry allowing for support-free building in 

the vertical direction. Figures from Leary et al. [63]. 

Gaynor and Guest were the first to fully incorporate an additive manufacturing constraint 

into sensitivity-based topology optimization [64]. The proposed constraint formulation bares 

similarities to the density filtering methodology described in Section 2.3.1.1, whereby densities in 

a small neighbourhood region around an element e drive the density of element e through a 

weighted average. In the self-supporting constraint, the neighbourhood region is defined as a 

wedge shape below the element, and the wedge angle is driven by the self-supporting threshold 

angle, shown for a 45° angle in Figure 2-18(a). This constraint allows an element to be 

considered solid only if the weighted average of densities in the support wedge region is 

sufficiently high. This constraint function is applied to the geometry from bottom to top, 

effectively embedding the layer-wise nature of additive manufacturing into the topology 

optimization process. An example of a self-supporting design for a threshold angle of 45° is given 

(a)

(b)
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in Figure 2-18(c), and the reference unconstrained design is shown in Figure 2-18(b). The 

methodology produces a unique topology, and is reported to have relatively similar compliance 

values to that of the reference design.  

 

Figure 2-18: Self-supporting methodology implemented in [64]. (a) 45° supporting region, 

(b) reference unconstrained topology optimization, (c) self-supporting topology optimization 

result with 45° threshold angle. Figures from Gaynor and Guest [64]. 

Langelaar implemented a very similar procedure to Gaynor and Guest, in that an additive 

manufacturing filter is applied to the design from bottom to top, embedding the layer-wise nature 

of additive manufacturing into the topology optimization procedure [65]. This approach was also 

extended to three-dimensions [66]. It utilizes a similar supporting region idea to that posed by 

Gaynor and Guest. However, the support region is based directly on the finite element 

discretization, as shown in Figure 2-19(a) for the two-dimensional case. Although this is quite 

simple to implement on a simple pixel mesh (or voxels in three-dimensions), it could potentially 

pose challenges for implementation with unstructured meshes and complex domains. Moreover, 

the self-supporting threshold angle is dictated by the aspect ratio of the elements; if they are 

(a)

(b)

(c)
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square (or cubic in three-dimensions), then the threshold angle becomes the commonly used value 

of 45°, but if a different angle is desired then the mesh must be modified. Finally, a limitation to 

the methods suggested by Gaynor [64] and Langelaar [65], [66] is that the build direction is 

restricted to one of the three principal orientations of the structured mesh. An example from 

 angelaar’s approach is given in Figure 2-19(b), and it is seen that many small features are 

created which likely do not contribute significantly to the structural performance of the part.  

 

Figure 2-19: Self-supporting methodology implemented in [65]. (a) The supporting region 

 ,i j
S  for element at position  ,i j  is shown. (b) An example result after employing the 

additive manufacturing filter for a vertical build direction. Figures from Langelaar [65]. 

The previous two methodologies worked by imposing a supporting region below each 

element, which must be sufficiently solid for an element to be considered solid. An alternative 

approach proposed by Qian is to restrict the projected area onto the build platform of surfaces 

whose orientations surpass the self-supporting threshold level [67]. The orientation of the 

surfaces in each element was found by the spatial gradient of the density field, and the total 

supported surface area was computed using a Heaviside projection based integral formulation. 

The major benefit of this approach is that the entire additive manufacturing constraint 

methodology is defined on a continuum domain, as opposed to leveraging the finite element 

discretized domain. Because of this it is not subject to the build orientation or threshold angle 

limitations seen in the approaches presented by Gaynor [64] and Langelaar [65]. An example of 

(a) (b)
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Qian’s approach for a cantilever beam is shown in Figure 2-20(a), and although the approach was 

effective, it was subject to some numerical challenges. A large filter radius and a grayness 

constraint, which further penalizes intermediate density elements, were required to overcome an 

undesirable boundary oscillation effect, shown in Figure 2-20(b). 

 

Figure 2-20: Boundary orientation restriction method implemented in [67]. (a) A cantilever 

beam design optimized with a 45° self-supporting threshold angle. (b) Boundary oscillation 

effect. Images from Qian [67]. 

As an alternative to controlling the geometry of the part in order to eliminate the need for 

support material, Allaire et al. proposed a method by which the additive manufacturing process is 

effectively included as part of the compliance objective function in the topology optimization 

problem statement [68]. This is done by including a self-weight load case for every addition of a 

layer. The compliances from each of these load cases are aggregated into the objective function to 

account for the entire build process. This is computationally costly to evaluate, so an interpolation 

scheme was devised to approximate the solution of the aggregate self-weight load cases. An 

example result of this process is shown in Figure 2-21. This procedure generates structures that 

still require support material, though, as it has assumed that the layers are stacked one on top of 

the other. This is of course not the case for the majority of additive manufacturing techniques, the 

exception being layered sheet manufacturing, and therefore the advantages of this methodology 

over the geometric restriction methods previously discussed are unclear.  

(a) (b)
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Figure 2-21: Topology optimization result under self-weight load cases implemented in [68]. 

Image from [68]. 

2.4.2 Support Structure Minimization 

The methods discussed thus far all attempt to eliminate the need for support material. 

While this may be desirable in some circumstances, a designer may instead wish to reach a 

compromise between the structural performance of the part and the support material 

requirements, as the previous methods typically result in some reduction in structural 

performance. Mirzendehdel and Suresh proposed instead to restrict the total support volume 

required by the optimized design, rather than just restricting the supported surfaces [69]. This 

method was implemented using a topological derivative based topology optimization, which is 

very similar to the level-set method described in Section 2.3.2. The benefit to utilizing a level-set-

like approach is that the explicit definition of the exterior surfaces potentially allows for relatively 

easy geometric calculations such as those required for determining support material volume. 

However, the topological derivative method is still subject to the challenges identified in Section 

2.3.2. The method proposed by Mirzendehdel added an extra constraint to the standard topology 

optimization problem statement, which restricted the amount of support structure volume to be a 

user defined fraction of that required by the original design. Examples of this are shown in Figure 

2-22, and it is seen that this method generates much simpler topologies than the previously 

discussed methods which impose geometric restrictions.  
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Figure 2-22: Support volume restriction method as implemented in [69]. (a) Unconstrained 

topology optimization result, and constrained results with (b) 80% and (c) 60% of the 

unconstrained support structure volume. Images adapted from Mirzendehdel [69]. 

As an alternative to constraining the support structure volume to be below some value, 

Langelaar proposed a multi-objective approach to directly minimize the support volume [70]. To 

do this, each element in the design space was assigned two design variables; one related to the 

element belonging to the part, and the other relating the element belonging to the support 

structure.  he two design variable fields were then merged and  angelaar’s previously suggested 

additive manufacturing filter was employed to ensure the combined field was indeed self-

supporting [65]. The result of this method potential for practical usage, as it simultaneously 

generates the topology optimization result and the support structure. Unfortunately, the method is 

subject to the same issues as previously discussed, in that it relies heavily on the finite element 

discretization scheme, and that build orientation is limited to one of the principal directions of the 

mesh.  

(a)

(b)

(c)
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Chapter 3 

Mathematical Methodology  

3.1 Problem Definition 

This chapter addresses the methodology that was developed through this research. 

Concepts presented in the previous chapters are revisited as necessary. 

It has been shown that the time to produce an additively manufactured part is influenced 

by many factors throughout the build process, and the production time is one of the most 

important factors for cost. The cost and time factors which are influenced by the material design 

of the part are highlighted in Table 3-1. Factors not included here are either weakly influenced or 

not influenced by the material design. Of these factors, only the surface area of the part, the 

amount of overhung surface area requiring support material, and the volume of support material 

required are considered in this work. The factors which are not addressed by this work are 

discussed further in the conclusions of this thesis.  

Table 3-1: Build time and costs factors, and the influential physical factor. Factors which 

will not be addressed by this work are asterisked. 

Build Time and Cost 

Factor 
Physical Factor 

Cost of material used 

Volume of part 

Volume of support material required (influenced by amount of 

overhung surface area) 

Time spent scanning 

exterior contours of the part 
Surface area of part 

Time spent hatching the 

interior of the part 
Volume of part 

Time spent hatching the 

support material 

Volume of support material (influenced by amount of 

overhung surface area) 

Dwell time between layers* Total height of the build* 

Cost of support material 

removal labor 

Volume of support material 

Area of support attachment to part* 
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The factors mentioned here are simple to compute for a pre-defined, fixed part geometry. 

In this case, existing additive manufacturing software for slicing geometry and automated support 

generation can be used, or custom scripts can be created to process STL files or native CAD; like 

what would be required for many of the previously discussed time and cost estimation tools.  

To consider cost and time factors within a topology optimization loop there are four 

important questions that must be answered:  

1. How can these quantities be computed, or at least estimated, when the material layout 

of the part is changing dynamically throughout the optimization process?  

2. How can these factors be considered when the boundaries between void and solid 

regions within the design space are vaguely defined, due to density-based topology 

optimization? 

3. How can these factors be related directly to the topology optimization element design 

variables, such that the optimization statement given by Equation (2.6) can be 

modified to also minimize additive manufacturing cost and time? 

4. What mathematical relations can be established between these factors and element 

design variables in a smooth and differentiable way, such that the sensitivity 

expressions required by gradient based optimization solvers can be found? 

The following work will attempt to address these challenges through the use of density-

based topology optimization. Of the physical factors listed in Table 3-1, the volume of the part is 

already prescribed in the topology optimization problem statement, so this factor cannot be 

reduced any further. The physical factors remaining are:  

Factor 1. The total surface area of the part. 

Factor 2. The total area of overhung surfaces (which influences the support material 

requirements). 

Factor 3. The total volume of the support material.  
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In the existing literature, Factor 1 has only been considered in terms of filtering to alleviate the 

checkerboarding issue described in Section 2.3.1.1, and not in the context of additive 

manufacturing. Factor 2 has seen the significant attention in recent topology optimization for 

additive manufacturing works, but largely in terms of a hard constraint which do not allow 

overhung surfaces to exist. Finally, Factor 3 has only been considered in the context of level-set 

topology optimization, and therefore this is where the major originality of the work presented in 

this thesis lies. Although it may seem that level-set based topology optimization would be better 

suited to this application, the issues presented in Section 2.3.2, as well as the complexity of the 

level-set method, often make density-based topology optimization the more suitable choice. 

Moreover, density-based methods are widely used in industrial applications of topology 

optimization, and therefore it is motivating to propose methodologies with potential for 

integration into existing topology optimization suites. To alleviate some of the shortcomings of 

the topology optimization for additive manufacturing methods described in Section 2.4, it would 

be desirable if the proposed methodology made as few assumptions about the finite element 

discretization scheme as possible, and that the numerical algorithms implemented are not 

dependent on the mesh structure, aspect ratios, and other parameters specific to discretization. 

The next four sections are presented as follows: The first section, 3.2 Mathematical 

Notation, provides a description of the mathematical notation scheme used throughout the 

following sections. It also provides some examples of some of the mathematical constructs, and is 

intended to serve as a reference while reading the following sections. Next, 3.3 Mathematical 

Procedures, will discuss the methodology and mathematical implementation by which each of the 

three previously listed factors are computed. The section is broken into three subsections, each 

dedicated to the corresponding physical factor it aims to define. Some basic examples are given 

for each to illustrate these procedures. The next section, 3.4 Sensitivity Analysis, will again be 

broken into three subsections, each detailing the sensitivity analysis associated with the 
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expressions presented in the Mathematical Procedures section. The last section, 3.5 Optimization 

Problem Statement, will define the optimization problem statement that is used for the numerical 

examples presented in the following chapter.  

3.2 Mathematical Notation 

• Scalars 

In general, scalars are denoted by a symbol without an undertilde. Scalars can take on over 

accents and subscripts. Some examples of the representations of scalar values are given below: 

 
Angle between surface Self-supporting threshold angle Design variable in the

of part and build platform -th element

i

i

x    

• Vectors 

In this thesis, there are two types of vectors which must be clearly distinguished; mathematical 

vectors and spatial vectors. Mathematical vectors are simply collections of scalar values or 

functions into an array. Spatial vectors represent a direction and magnitude in Nd-dimensional 

space. Mathematical vectors are always represented by an undertilde, as shown in the following 

examples: 

 

Vector of elememt design variables Vector of element densities Vector of nodal force

11 1

22 2

s
DOFN MN N

fx

fx
x f

fx








    
    
      
    
    
      

  

Spatial vectors are represented using a right arrow, and spatial unit vectors are represented using a 

hat, as shown in the following examples: 

 
Build direction unit vectorSpatial position Basis vector in the -th direction,

where 1
 vector of the

-th e . .nt .leme

ˆ ˆ

d

i i
i

i Ni

b er



  

• Matrices 
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Matrices are generally denoted by a capital letter and an undertilde, as shown in the following 

examples: 

 
Global stiffness matrix Element stiffness matrix of the -th elemente

eK K   

There are two exceptions to this notation style; the representation of the vector element shape 

function vectors, and rows of the shape function derivative matrices. These exceptions are made 

simply to align with conventional notation. The vector of shape functions associated with the e-th 

element is written as eN , and is a 1 eM  vector, where eM  is the number of nodes the e-th 

element has. The shape function associated with each node is denoted with an additional subscript 

index, as shown in the following example: 

 ,1 ,

Shape function vector for the -th element

, ,
ee e e M

e

N N N      

The shape function derivative matrix follows the notation scheme previously discussed, but in 

some circumstances, it will be necessary to distinguish a particular row of this matrix. This is 

denoted using a superscript to identify which row is being considered, as shown in the example: 

 

Second row of sha

Shape function derivative m

,,1

, ,,1 ,12

atr

,1

x

,

i

, ,

, , , ,

, ,

e

e e

e

e Mee

e M e Me ee e
e e

e e Me

B B

NNN

x xx
N NN NN N

y y y y y y

N NN

z z z

  
  
  
  

  




 
 

 
  
  

   
  

     


      

 


   

pe function derivative matrix

  

3.3 Mathematical Procedures 

3.3.1 Identification of Exterior Surfaces and Total Surface Area 

Many of the computations that will be necessary to minimize the aforementioned cost 

and time driving factors will require some knowledge of the location and orientation of the 

exterior surfaces of the geometry during the optimization procedure. For example, to minimize 
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the amount of support volume needed, the locations where support material is needed must be 

found by defining where the surfaces are, which surfaces require support, and where the support 

structures terminate. Alternatively, it may be desirable to minimize the amount of exterior surface 

area of the part, as this is correlated to the total time spent scanning exterior contours. In fact, 

minimization of the exterior surface area has been previously proposed as a method to address the 

checkerboarding issue demonstrated in Section 2.3.1. This methodology, proposed by Haber, Jog, 

and Bendsøe, was deemed the Perimeter Method (as it was first applied to two-dimensional 

problems), and worked by including the following constraint function in the topology 

optimization problem statement: 

 
*x Pd



    (3.1) 

where x  is the vector of design variables, x  is the Euclidian norm of the spatial gradient of 

the design variable field, P*is the upper bound on the allowable perimeter of the part, and Ω is the 

design domain [71]. Although this method does not explicitly compute the perimeter of the part 

(or surface area in three-dimensions), it approximates perimeter as the cumulative sum of the 

spatial gradient of the design variable field, as the spatial gradient only becomes large at regions 

where there is a transition from solid to void elements. More recently, Clausen et al. proposed an 

idea somewhat related to the perimeter method, whereby the material interface (exterior surfaces) 

of the design could be identified through the use of spatial gradients of the design variable field 

[72]. This methodology was used to modify the material properties at the exterior surfaces to 

simulate the effects of a high stiffness coating applied to the outside of a part with a softer 

interior; however, they noted that the use of spatial gradients had wide reaching possibilities for 

material interface problems in topology optimization. Therefore, some of the ideas presented by 

Clausen et al. will be adopted here, as the methodology has been demonstrated to be effective.  
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To identify the outer surfaces and total surface area by use of spatial gradients, a method 

by which to compute the spatial gradient of the design variables must first be devised. A simple 

finite differencing scheme could be used for this, but a more general and efficient approach is 

proposed by Clausen et al. [72], whereby the spatial gradient can be easily and efficiently 

computed from the result of an innovative density filtering scheme proposed by Lazarov and 

Sigmund [73]. This density filtering scheme is somewhat more complex than that given by 

Equation (2.7) in Section 2.3.1.1. Therefore, a brief background on its formulation is provided 

here. 

3.3.1.1 Density Filtering by a Helmholtz PDE 

Although the commonly used density filter shown in Section 2.3.1.1 is quite simple, it 

has its own challenges. Its major disadvantage is that in order to find the filtering neighbourhood 

Ne for an element e, one must perform a nearest neighbour search on the entire design domain 

mesh. As the number of elements in the mesh increases, this process becomes computationally 

expensive. Moreover, one must be careful when implementing the nearest neighbour search 

algorithm, as adjacent but disconnected geometry can easily be misinterpreted as belonging to the 

elements neighbourhood, as illustrated by Figure 3-1. 
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Figure 3-1: Challenge with using nearest neighbour search for filter neighbourhood. Figure 

adapted from Lazarov and Sigmund [73]. 

To address these issues, Lazarov and Sigmund [73] (and almost simultaneously 

introduced by Kawamoto et al. [74]) proposed a density filter whereby the densities (filtered 

design variables),  , are a solution to the inhomogeneous Helmholtz equation, defined as: 

 
2 2

Hr x       (3.2) 

where x  is the vector of design variables,   is the vector of densities, and Hr  is a length scale 

parameter which can be related to the neighbourhood radius in the filters shown in Section 

2.3.1.1. A homogeneous Neumann boundary condition is applied to the boundaries of the domain, 

and is given by: 

 0
n̂





  (3.3) 

where n̂  is the normal to the exterior surface of the design domain. One major benefit to this 

filtering approach is that no neighbourhood searching is required, which reduces both the 

computational expense of pre-processing and the potential for erroneous elements to be captured 

in the neighbourhoods. Moreover, it has been shown that this method is far more efficient for 

large problem sizes and is easily extendable to parallel processing techniques [73]. 
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Because the element design variables and densities are volumetric properties, which 

means these parameters apply to the elements as opposed to the nodes of the finite element mesh, 

the natural method for solving Equation (3.2) would be to use the finite volume method (FVM). 

However, because the finite element method (FEM) mesh is already available (for the structural 

analysis problem), it was proposed by Lazarov and Sigmund to instead convert the density filter 

FVM problem to an FEM problem by using a nodal representation [73]. Using this method, the 

nodal densities can be solved for by: 

 f fTK x    (3.4) 

where fK  is an M×M global filter matrix and M is the number of nodes in the finite element 

model, fT  is an M×N matrix which converts the element design variables to a nodal 

representation, and N is the number of elements in the model, x  is an N×1 vector of element 

design variables, and   is an M×1 vector of nodal densities.  and f fK T  are then found by the 

following equations: 

 
,

1

f f

e

e

N

K K


   (3.5) 

 
,

1

f f

e

e

N

T T


   (3.6) 

where , , and f e f eK T  are the element filter matrix and conversion matrix associated with element 

e, and the summation term implies the standard finite element assembly operation. Finally, 

, , and f e f eK T are defined as:  

 
2

,
e

T T

f e H e e e er N NK N N d


        (3.7) 

 ,
e

T

f e eT N d


    (3.8) 



 

 

L. Ryan, Topology Optimization for Cost and Time Minimization in Additive Manufacturing    50 

 

where eN  is a 1×Me vector of the finite element shape functions associated with element e, where 

Me is the number of nodes which make up element e. The resulting element density (filtered 

design variable) can be found by: 

 e e eN    (3.9) 

where e  is an Me×1 vector of the nodal densities at the nodes of element e, and eN  are the 

element shape functions of element e evaluated at the centroid of element e. This procedure of (1) 

solving for nodal densities from element design variables through the filtering process, and then 

(2) converting the nodal densities to element densities— Equation (3.4) and (3.9), respectively—

is graphically described in Figure 3-2. Note that in this example bi-linear quadrilateral elements 

are used, and therefore 4eM  . Finally, the effect of this density filtering scheme is illustrated in 

Figure 3-3 for two filter radii. 

 

Figure 3-2: Helmholtz PDE filtering process. 
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Figure 3-3: (a) An unfiltered topology optimization result with the checkerboarding effect. 

Helmholtz PDE filter applied to the result in (a) at filter radii of (b) 2r   and (c) 5r   

element side lengths. 

3.3.1.2 Spatial Density Gradient, Surface Elements, and Total Surface Area 

The benefit of the previously described density filter is that the spatial gradient of the 

density field can now easily be found by utilizing the FE mesh. Because the density field is now 

governed by the finite element shape functions, the spatial gradient of the density field is 

computed as: 

 
1

ˆ
dN

j

j

j

e e eB e 


    (3.10) 

where e

jB  is the derivative of the e-th element’s shape function vector ( eN ) with respect to the j-

th spatial direction. In this equation, ˆ je  represents the unit basis vector in the j-th spatial 

(a)

(b)

(c)
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direction, and Nd is the number of spatial dimensions of the problem (either 2 or 3). The 

magnitude of the spatial gradient of the density field is then found by the Euclidean norm, defined 

as: 

  
2

1

dN

e e e

j

j  


    (3.11) 

where j  represents the spatial gradient in the j-th spatial direction. When the magnitude of the 

spatial gradient of the density field ( e ) is large, it signifies that the element e exists on the 

exterior surface of the part, as surfaces can be characterized by a sudden change in density. If e  

is small, it signifies that element e  exists within either a solid or void region of the domain. In 

this work e  is referred to as the surface condition number of element e. Note that as with the 

element design variables and densities, all surface condition numbers in the domain can be 

represented by the N×1 vector  , where N is the number of elements in the design domain. This 

vector is written as: 

 

1 1

2 2

N N

 

 


 








  
  
   
  
  
    

  (3.12) 

From this, the approximate total surface area of the part can then be written as: 

 TV     (3.13) 

where V  is an N×1 vector of element volumes. Note that because element volumes are used in 

this equation, surface area as defined in the context of this work is actually a measure of volume; 

that is, it is the sum of the volumes of all elements which exist on the exterior surface of the part. 

Because of this, surface area in this context will always be represented with units of volume. It 

should also be noted that in the two-dimensional cases presented in this work, surface area is 
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actually a measure of the volume of elements along the perimeter of the part, but the term surface 

area will be used for sake of generality. 

The identification of the exterior surfaces is exemplified by plotting  , and is shown in 

Figure 3-4. This example demonstrates an issue with the proposed density gradient approach for 

approximating the total surface area; any elements which exists on the exterior boundaries of the 

design domain are not captured, due to the homogeneous Neumann boundary condition existing 

on all exterior bounds. As shown in Figure 3-3, the exterior surfaces denoted by red lines are not 

identified. This is because the orientation of these surfaces is equal to the outward normal of the 

boundaries of the design domain and they exist along the outer boundary. The Neumann 

boundary condition forces the gradient—Equation (3.11)—to be equal to zero at these locations.  

 

Figure 3-4: (a) Topology optimization result. (b) Exterior surfaces identified by Equation 

(3.11) (a plot of ). 

Figure 3-5 illustrates an additional effect from the Neumann boundary condition; an 

artificial symmetry condition occurs in the geometry along the outer boundaries of the design 

domain. The orange circles in the figure represent the filtering radius, and therefore, the minimum 

Missed Surfaces

(a)

(b)
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member size. As is shown in the figure, the artificial symmetry condition which exists on the 

outer boundaries cause members along these boundaries to not satisfy the minimum member size 

condition (they become half the minimum member size). The full extent of this issue is discussed 

by Clausen and Andreassen [75]. To alleviate this artificial symmetry issue, Clausen and 

Andreassen proposed an approach whereby a set of void elements ( 0e  ) are padded onto the 

exterior surfaces of the design domain by an extension distance equal to the filter radius (dext =  r), 

[75]. This method, referred to as the domain extension method, is illustrated in Figure 3-6.  

 

Figure 3-5: Boundary issue resulting from the homogeneous Neumann boundary condition. 

Figure adapted from Clausen and Andreassen [75]. 

 

Figure 3-6: Domain extension method proposed by [75]. Figure from Clausen and 

Andreassen [75].  

Filter Diameter

Artificial Symmetry
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In the case of exterior surface identification, the inclusion of a domain extension now 

allows a non-zero gradient to exist on the exterior of the design domain; this should not to be 

confused with the exterior of the extended domain, shown by dashed lines in Figure 3-6, which 

still has the zero-gradient Neumann boundary condition enforced. The result of surface area 

identification after employing the domain extension method is demonstrated in Figure 3-7. Note 

that the boundaries are not captured on the left side of the part. This is because the domain 

extension does not apply in this location, as there is a symmetry boundary condition in the finite 

element analysis along this edge. 

 

Figure 3-7: (a) Topology optimization result after applying the Domain Extension method. 

(b) Exterior surfaces of the topology optimization result identified after utilizing the 

Domain Extension method. 

3.3.2 Identification of Surfaces Requiring Support Material 

Because the spatial density gradient given by Equation (3.10) is a vector quantity, it can 

be used not only to identify the presence of a surface, but the orientation of the surface as well. 

This information can then be used to determine if a surface is self-supporting or not during an 

additive manufacturing process; that is, the gradient can be used to determine if the angle between 

(a)

(b)
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the surface normal and the build direction is beyond the self-supporting threshold. It should be 

noted that the methodology presented here is an adaption of that presented in Qian’s work [67]. 

A spatial unit vector b̂  is defined which describes the orientation of the build direction. 

Then the cosine of the included angle between the surface orientation (or density gradient 

orientation) in element e and the build direction is: 

   ˆcos e
e

e

b









   (3.14) 

where e  is the angle between the density gradient orientation in element e and the build 

direction vector. A simple example illustrating this is given in Figure 3-8. At point i, the angle 

between the gradient vector and the build direction vector ( i ) is larger than the self-supporting 

threshold angle ( ), and therefore support material will not be required at this point. However, 

the opposite is true at point j, and therefore support material is required here.  

 

Figure 3-8: Locations requiring support material can be identified by the orientation of the 

gradient vector relative to the build direction vector. 

When additive manufacturing pre-processing software generates the support structures, it 

treats the need for support material at a point in a discrete manner; that is, if the orientation of the 

surface at the point surpasses the self-supporting threshold, then support is required, otherwise it 
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is not required. The discrete nature of support material requirement can be represented 

mathematically using a Heaviside step function, defined as: 
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  (3.15) 

where   is the self-supporting threshold angle. In the context of topology optimization, the 

method of applying a Heaviside step function to a variable is commonly referred to as a 

projection scheme, as it projects the value of the argument towards some upper and lower limits. 

In the context of variables such as that defined in Equation (3.15), this projection can be thought 

of as a type of decision variable; that is, it takes on a value of one if the orientation of the gradient 

surpasses the self-supporting threshold angle, 0.5 if it is on the threshold, and otherwise it takes 

on a value of zero. However, the Heaviside function is not smooth and differentiable, so its 

sensitivity to its argument, which is required for gradient based optimization methods, cannot be 

computed. To alleviate this issue, a smooth approximation to the Heaviside function is commonly 

used instead. There are several functions which can accurately model a smoothed Heaviside 

function, and the equation suggested by Qian is given as: 

    2

1

1 e
H   


 


   (3.16) 

where   shifts the position of the transition from zero to one, and   controls the steepness of the 

transition [67]. As   , the smoothed Heaviside function will approach the original 

Heaviside function given in Equation (3.15). This smoothed Heaviside function, as well as the 

effect of varying  and    is demonstrated in Figure 3-9. By setting  cos  in the smoothed 

Heaviside formulation, Equation (3.15) becomes: 
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  (3.17) 

Equation (3.17) now allows for the locations where the orientation of the gradient surpasses the 

self-supporting angle to be distinguished in a smooth, differentiable manner. The selection of the 

steepness factor   needs to be done carefully; if   is too large, the optimization may fail in 

initial iterations, as the sensitivities associated with the smoothed Heaviside function become 

very large near the transition region and very small elsewhere. If   is too small, then it will not 

accurately reflect the discrete nature of the Heaviside function. A potential solution to this 

dilemma is to implement a so-called continuation scheme, whereby   is first initialized to a 

relatively small value (typically 1 or 2), then the optimization is run for a number of iterations to 

reach some initial convergence. Then,   is periodically increased as the optimization runs until it 

reaches a maximum value, and then the optimization can reach final convergence. 

 

Figure 3-9: Smoothed Heaviside function, demonstrating the effect of varying (a)   and (b)

 . 

-1 -0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

 H ( )

Smoothed Heaviside Projection - Beta Sweep

 = 0

 = 1

 = 2

 = 4

 = 8

 = 16

-1 -0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

 H ( )

Smoothed Heaviside Projection - Eta Sweep

 = 4

 = -0.5

 = -0.25

 = 0

 = 0.25

 = 0.5

(a) (b)



 

 

L. Ryan, Topology Optimization for Cost and Time Minimization in Additive Manufacturing    59 

 

The expression given by Equation (3.17) simply allows for the detection of locations 

where the gradient direction surpasses the self-supporting threshold. However, the gradient 

direction is still defined in locations where the gradient magnitude is very small, such as in void 

or solid regions, and therefore Equation (3.17) alone can identify locations which are not on the 

exterior surface of the part. This issue is demonstrated in Figure 3-10(c). To alleviate this issue, 

the following equation is defined: 

 
 ˆ2 cos
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  (3.18) 

where e  indicates the requirement of support material in element e. The multiplication by e  

limits the output of the function such that only elements which are on the exterior surface of the 

part are identified as requiring support. The result of Equation (3.18), e , is referred to as the 

supported surface condition number for element e. As with the other element quantities, the 

supported surface condition number in all elements can be written in an N×1 column vector,  , 

as: 
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  (3.19) 

Finally, the approximation of the total surface area which requires support material is defined as:  

 TV     (3.20) 

where V  is an N×1 vector of element volumes. The result of Equation (3.18) is exemplified by 

plotting  , as is shown in Figure 3-10(d), demonstrating its effectiveness in isolating the surface 
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regions which require support material. Note that regions in gray emerge because their surface 

orientations are very close to the threshold of the smoothed Heaviside function, indicating that 

these surfaces are on the verge of requiring support material. Areas which are “spotty” develop 

because of oscillation in the direction of the gradient vector due to discretization error from the 

finite element mesh. Increasing the mesh density would potentially reduce this effect. 

 

Figure 3-10: Identification of surfaces requiring support material with 45   . (a) Material 

distribution, (b) exterior surfaces, (c) areas where spatial gradient direction is beyond the 

self-supporting threshold, and (d) exterior surfaces requiring support. 

3.3.3 Computation of Support Material Volume 

Now that both the exterior surfaces of the part and the surfaces requiring support material 

have been identified, the volume of support material can be computed, both at each point in the 

domain and the cumulative total for the part. However, this will require not only knowing where 

the support material should initiate (at the points previously identified as requiring support 

material), but also where it will terminate. There are two distinct cases for this, exemplified by 

Figure 3-11; (1) supports which terminate on the build platform, and (2) supports which terminate 
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on another exterior surface of the component. Therefore, the methodology which is implemented 

should be able to account for both possibilities. 

 

Figure 3-11: Support material termination conditions. 

To devise a method in which the required support volume can be estimated for a topology 

optimization result, it is important to first understand how this is determined by common additive 

manufacturing software for a well-defined geometry. Typical additive manufacturing pre-

processing software operates directly on the STL file, and determines where to place support 

material by the following algorithm, which is visually described in Figure 3-12: 

1. First, the build platform is segmented into a grid pattern. 

2. From the centroid of each cell on the build platform grid, a line is drawn vertically 

upwards along the build direction, such that it passes through the entire part at that 

location. These lines are referred to as rays.  

3. For each ray, the intersection points between the ray and all intersected exterior 

surfaces of the part is defined. 
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 upport terminates
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4. Each ray is scanned from top to bottom to find the intersection points which require 

support material (their surface orientation surpasses the self-supporting threshold), 

deemed the supported points.  

5. For each supported point, the next intersection point which exists immediately below 

is deemed the supporting point. If no intersection points exist below the Supported 

Point, then it is supported by the build platform.  

 

Figure 3-12: Methodology for identifying support material requirements. 

This procedure is clear and easy to implement when the geometry is explicitly defined, 

such as it is in an STL file. How to implement this procedure in density-based topology 

optimization is unclear though; there are no explicitly defined exterior surfaces in the design 

domain, so there are no surfaces on which to perform intersection checks with the rays. Instead, 

this procedure will be redefined to utilize the surface location and orientation information found 

by utilizing the spatial gradient of the density field, as defined in the previous two sections. 
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To begin redefining the support volume calculation procedure, it will be helpful to 

discretize the design domain into the finite element representation. This does not imply a loss of 

generality, but is merely done for convenience in describing and implementing the approach. To 

begin, rays which originate at the build platform and pass through the design domain are defined. 

An element is then deemed to belong to a ray’s group of elements if its centroid falls within the 

width w of the ray vector. The ray width, shown in Figure 3-13, is analogous to the build platform 

discretization scheme illustrated in Figure 3-121. By grouping the elements along each ray, 

contiguous sets of elements are created which can act to support each other if needed. That is, if 

an element within a ray is a supported element, defined by   being large, then the elements 

within the ray which are below the supported element can be searched to see if one is defined as a 

surface element, defined by   being large. As shown in Figure 3-13, the part could also have 

some rotation,  , with respect to the build direction. Because of this, the methodology will also 

need to account for the distance between the build platform and where each ray strikes the design 

domain first to accurately estimate the support structure volume needed. 

                                                      

1 Because this support volume methodology has currently only been implemented in two-dimensional 

topology optimization with uniform size elements, a generic strategy for selection of the ray width has not 

yet been developed. In the current implementation the ray width is simply set to the side length of one 

element. The author suggests using a length scale related to the average element size in the designable 

domain, but development and verification of a generic selection strategy is left as future work. 
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Figure 3-13: Rays are used to group contiguous elements together which form vertical 

columns in the build direction. 

At this point it will be helpful to utilize an example to understand the remaining steps in 

the support volume calculation procedure. Consider the topology optimization result given in 

Figure 3-14(a). Plots of the density, surface condition number, and supported surface condition 

number along Ray 10z  and Ray 72z  are shown in Figure 3-14(b) and (c), respectively. Using a 

peak finding algorithm, the peak points of surface condition number and supported surface 

condition number along the rays can be isolated; these are illustrated with dot markers in Figure 

3-14. This method effectively creates an approximation of the discrete surface locations along 

each ray in a continuous, density-based topology optimization result.  
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Figure 3-14: (a) A topology optimization result and the density, surface condition number, 

and support condition number plots for (b) Ray 10z  and (c) Ray 72z . 

Now that the peaks have been isolated, pairs of supported and supporting points can be 

found. The colour of each dot in Figure 3-14(b) and (c) corresponds to the definitions given in 

Figure 3-12, where each red dot represents a supported point (support structure initiation), and the 

next green dot below is the supporting point (support structure termination). Pairs of 

supported/supporting points are indicated by the blue arrows. It should be noted that each of these 

points corresponds to a particular element in the design domain, and therefore these elements are 

defined as being supported and supporting elements. The support volume associated with a 

supported element e is then defined as: 
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where e  is the support structure volume required by element e, ( )iz t  is a parameterized 

representation of ray iz , element e exists along ray iz , and the integration endpoints be and ae 

correspond to the position ray iz  where the supported element e and its corresponding supporting 

element exist, respectively.   iz t  and   iV tz  then yield the density and volume, 

respectively, of any element along ray iz  between the supported and supporting elements 

(elements at points  i ez b  and  i ez a , respectively). This integration procedure is illustrated in 

Figure 3-15. It should be noted that the support volume is only non-zero in elements which are 

isolated in the peak finding process along the supported surface condition number traces (red 

dots in plots of )( iz ); however, the density of other elements do contribute to the element 

support volumes ( ), because their densities appear in the integration given by Equation (3.21).  

 

Figure 3-15: Integration procedure for Equation (3.21). 

For both rays shown in Figure 3-14(a), there remains supported points which have not yet 

been dealt with. The points which are closest to the build platform (at approximately 3z  ) do 
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not have a candidate supporting point below them, and therefore are supported by the build 

platform. In this case the integration given by Equation (3.21) is still used, but the integration 

bound ae corresponds to the intersection of iz  and the build platform. As with other element 

quantities, the support volume in all elements can be written in an N×1 vector,  , as: 

 

1

2

N








 
 
 
 
 
 

  (3.22) 

Finally, the approximation of the total support structure volume required by the part is defined as: 

 
1

N

i
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    (3.23) 

The support material for the example problem is shown in Figure 3-16 using a self-supporting 

threshold angle of 45   . Each elements support volume is illustrated by plotting a line which 

originates at the element centroid, is aligned with the build direction, and has a length equal to the 

integration given in Equation (3.21). 

 

Figure 3-16: Support material (shown in red) plotted for the example problem. 

3.4 Sensitivity Analysis 

In order to utilize the mathematical expressions presented in the previous section with 

gradient based topology optimization, the sensitivities of these expressions with respect to the 

original design variables x  must be derived. The following three sections will present the 

45  

b̂
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sensitivity analysis for Equations (3.13), (3.20), and (3.23), as these are the terms which will 

appear in the revised objective function. 

3.4.1 Exterior Surfaces 

To formulate the sensitivity of the approximation of total surface area, consider Equation 

(3.13) restated here: 

 TV    

where   is the approximation of total surface area, V  is an N×1 vector of the volumes associated 

with each element, and   is an N×1 vector of the surface condition numbers in all elements. 

From the chain rule, the sensitivity of this expression with respect to the design variable vector x  

can be expressed as: 
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T TV
V V
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  (3.24) 

The derivative term of V  vanishes because V  is simply a vector of constants. Next, the 

remaining derivative term is decomposed by chain rule into two contributing portions: 

 
TV

x x

 



 


  
  (3.25) 

The /    term is the sensitivity of the surface condition number field to the nodal density 

field, and is an N×M matrix, where M is the number of nodes in the discretized domain. The 

/ x   term is the sensitivity of the nodal density field to the element design variables, and is an 

M×N matrix because   is an M×1 vector and x  is an N×1 vector. This derivative term represents 

the sensitivity associated with the Helmholtz PDE filter, which was previously introduced. First, 

the /    term will be considered. 

To derive the /    term, first consider the expression for   reformulated here: 
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dN

j
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      (3.26) 

where Nd is the number of spatial dimensions of the model, j  is the spatial gradient in the j-th 

direction, j  is an N×1 vector of the spatial gradient in the j-th direction in each element, and 

 
2

j  implies element-wise squaring of each term in the j  vector. Recall that   is simply 

an N×1 vector of the surface condition numbers in each element, and therefore Equation (3.26) 

can also be written as: 
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  (3.27) 

 Next, j  can be expressed as: 

 j

j B     (3.28) 

where 
jB  is an N×M matrix of shape function derivatives in the j-th spatial direction expressed at 

the global level, and   is an M×1 vector of nodal densities obtained from the density filtering 

process, as described in Section 3.3.1.1. /    is then found by combining Equation (3.27) and 

Equation (3.28) and differentiating with respect to the nodal density vector  :  
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Because   is an N×1 vector, and   is an M×1 vector, /    is an N×M matrix. Because 
jB  is 

an N×M matrix, the /j    term must be represented as an N×N matrix for the matrix 

dimensionality of Equation (3.29) to be correct. Note that /j    is not a mathematically 

defined expression (there is no such thing as vector division). In this context, it represents 

element-wise division of the gradient in the j-th direction by the magnitude of the gradient in each 

element, written in an N×N diagonal matrix, as shown below: 
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  (3.30) 

To derive the / x   term in equation, recall Equation (3.4), restated here: 

 f fTK x    

 Multiplying both sides of Equation (3.4) by 1

fK   and differentiating the equation with respect to 

x  yields: 

 1

f fK T
x








  (3.31) 

where 1

fK   is an M×M matrix, and fT  is an M×N matrix. Rewriting Equation (3.25) using 

Equations (3.29) and (3.31) yields: 
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1
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   (3.32) 



 

 

L. Ryan, Topology Optimization for Cost and Time Minimization in Additive Manufacturing    71 

 

Note that the product of the 
TV  term and the /j    term produce a 1×N vector written as: 

 
1 2

1 2

1 2

, , ,
j j j j NT

N

N

V V V V
   

  

    
  

     
  (3.33) 

Note that the 1

fK   term in Equation (3.32) is computationally expensive to obtain and should 

never be solved for directly. By transposing Equation (3.32), a more computationally efficient 

expression can be found. This transpose yields: 
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   (3.34) 

From this expression, the system: 
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   (3.35) 

can be solved for fa  using the same linear equation solver that is used for solving the Helmholtz 

PDE density filter. Finally, the sensitivity of the approximation of total surface area with respect 

to the element design variables can be found as: 

 
1

1

T

T

f f

N M M

N

T a
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  (3.36) 

It is important to note from this procedure that when using the Helmholtz PDE filter, all 

objective and constraint sensitivities can be solved for in this way; that is, the sensitivity with 

respect to the either the element or nodal densities is first found, and then formulated into 

expressions similar to Equations (3.35) and (3.36), where it is converted to an expression in terms 

of the element design variables. Therefore, the following sensitivity analysis is performed with 

respect to the densities, and only consider the element design variables in the final step. 
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3.4.2 Supported Surfaces 

To formulate the sensitivity of the approximation of total supported surface area, consider 

Equation (3.20) restated here: 

 TV    

where   is the approximation of total supported surface area, V  is an N×1 vector of all element 

volumes, and   is an N×1 vector of all element supported surface condition numbers. From the 

chain rule, the sensitivity of this expression yields: 

 
TV

x x

 



 


  
  (3.37) 

As noted previously, only the /    term will be formulated, as the derivation of the / x   

term has already been shown. Given the definition of   restated here: 
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the /    term is found by product rule to be: 
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  (3.38) 

As with the sensitivity derivations performed in the previous section, some N×N diagonal 

matrices are required in Equation (3.38) for the matrix dimensionality to be correct. These 

matrices will take on an identical form to that given by Equation (3.30). However, many of the 
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mathematical expressions in the following steps become quite long, so to more succinctly 

represent these diagonal matrices an N×N under-script will be used (e.g. /
N N

 


   is equivalent 

to Equation (3.30) in this context). Dimensions of the non-diagonal non-square matrices are also 

shown for the readers convenience. 

The first term in this expression can be found by differentiating the smoothed Heaviside 

function given by Equation (3.17), yielding: 
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  (3.39) 

The first term in this expression is simply the slope of the smoothed Heaviside function as a 

function of its argument, and is given by the expression: 

 

 

 

cos

c

ˆ2

2

osˆ2

2ˆ

1

b

b

N N

e

e

H b


 






 


 



 
   
 
 

 
   
 

  

 


 
  
   

 
 

 
 

 

  (3.40) 

For the sake of brevity, the left-hand side of Equation (3.40) will be used for all further steps. 

Moreover, writing the expression this way will yield a more general sensitivity expression, in 

which any smoothed Heaviside function can be used. The derivative term in Equation (3.39) can 

then be expanded by the quotient rule, yielding: 
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  (3.41) 

Next, consider the first term from Equation (3.41). Performing the differentiation yields: 
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    (3.42) 

where ˆ
jb  is the j-th component of the build direction unit vector, which is simply a scalar value. 

Note the similarity between this expression and Equation (3.29). Now consider the second term in 

Equation (3.41). Performing the differentiation yields a similar expression to Equation (3.42): 
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    (3.43) 

Combining Equations (3.39), (3.41), (3.42), (3.43) and aggregating the summation terms yields: 
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   (3.44) 

Now consider the second term in Equation (3.38). The differentiation term has already 

been solved for in the previous subsection, and is given by Equation (3.29). Combining this result 

with Equation (3.44) then yields the revised version of Equation (3.38): 
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  (3.45) 

where 
j  represents all the N×N terms multiplied together. Note that 

j  is itself an N×N 

diagonal matrix, whose main diagonal entries are simply the element-wise multiplication of the 
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terms of which it is comprised. 
j  can be written most compactly using index notation, as is 

shown below: 
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  (3.46) 

It then follows that the final sensitivity expression with respect to the element design variable 

vector x  can be found in the same way as shown in the previous section. This final expression is 

given as: 
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   (3.47) 

3.4.3 Support Volume 

To formulate the sensitivity of the approximation of the total support volume, consider 

Equation (3.23) restated here: 

 
1

N

i

i


    

It follows that the derivative of this expression with respect to the element design variables can be 

expressed as: 

 
x x





 


  
  (3.48) 

where   is the vector of element densities. Note that the sensitivity will be formulated with 

respect to the element densities, as   does not explicitly depend on the spatial gradient of 
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density, so no benefit is had by differentiating with respect to the nodal densities as done 

previously.  

It is important to note that each element can only belong to a single ray, and each element 

can only contribute support material to a single supported element within that ray. Consequently, 

each element will only contribute once to the support volume field  , and therefore only once to 

the total support volume  . 

Now, consider the contribution to the total support volume from element e, given by 

Equation (3.21) restated here: 

       1
e

e

b

e i

a

iV t tz dtz     

and recall that   iz t  and   iV tz  yield the density and volume, respectively, of any element 

along ray iz  between the supported and supporting elements (elements at points  i ez b  and 

 i ez a , respectively). To determine the sensitivity of this expression to the element density field 

 , the functional derivative is required. The functional derivative is defined as: 

 [ ] [ , ( ), ( )]

b

a

G f L t f t f t dt    (3.49) 

where [ ]G f  is a functional which is defined as the integral of the functional [ , ( ), ( )]L t f t f t  over 

the bounds a to b. The functional derivative is then defined as: 

 
( )

J L d L

f t f dt f

  
 

  
  (3.50) 

To relate this expression to the support volume in element e, consider that  ( ) ( )if t tz , 

      1i iL tzV t z  , and eG  . Because no terms in L are a function of ( )f t , the 
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second term in Equation (3.50) vanishes. The result of the functional derivative applied to 

Equation (3.21) is then: 

 
  

  e
i

i

V t
t

z
z






 


  (3.51) 

However, it is important to note that this expression is only defined for the elements which exist 

along ray  iz t . It also assumes that element e requires support material, which is only the case if 

it is identified as a supported element by the procedure given in Section 3.3.3. The sensitivity of 

the support volume in any element e ( e ) with respect to the density of any element k ( k ) is then 

given by the following conditional statement: 

 

if element  requires support and element
 is part of element 's support region

   0, otherwi
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k e



 
 

 

  (3.52) 

As previously mentioned, each element can only contribute to the total support volume   once. 

Therefore, the sensitivity of the total support volume to the element densities can be expressed as: 

 

if element  contributes to
the total support volume 
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,

erwise
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  (3.53) 

Now that the /    term of Equation (3.48) has been found, the / x   term must be 

derived. This term can be expanded as follows: 

 
x x

  



  


  
  (3.54) 

The / x   term was already derived in Section 3.4.1 and is given by Equation (3.31). To derive 

the /    term, consider the conversion from nodal densities to element densities given by 

Equation (3.9) restated here: 

 e e eN    
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This equation can be expressed at the global level as: 

 N    (3.55) 

where   is an N×1 vector of element densities,   is an M×1 vector of nodal densities, and N  is 

an N×M matrix of the element shape functions evaluated at the centroid of each element and 

expressed at the global level. It follows from Equation (3.55) that the /    term is simply: 

 N








  (3.56) 

Finally, the sensitivity of total support volume required with respect to the element design 

variables is found by combining Equations (3.53), (3.56), and (3.9), yielding: 
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and as shown previously, a more computationally friendly expression can be generated by 

transposing Equation (3.57), yielding the final sensitivity expression:  
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  (3.58) 

3.5 Optimization Problem Statement 

Through the mathematical procedures described in the preceding sections, the total 

surface area, total surface area requiring support material, and total support material volume 

required can be approximated throughout the topology optimization process. These expressions 

can now be integrated into the topology optimization problem statement given in Section 2.3.1—

Equation (2.6)—to minimize these additive manufacturing cost and time driving factors while 

simultaneously optimizing the structural performance of the part. The new topology optimization 

problem formulation is given as: 
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  (3.59) 

where J  is the linear scalarization of the objective functions and wi are the weighting factors. 

The weighting factor w1 controls the preference of the objective function between the structural 

performance and the additive manufacturing time and cost driving factors. The weighting factors 

w2, w3, and w4 control the relative balance between each of the additive time and cost driving 

factors. Finally, 0 0 0 0,  ,  ,  and C     are normalization factors which scale each objective 

contribution such that they have similar magnitudes. The examples in the following chapter will 

make use of these weighting factors to demonstrate the effect of each additive time and cost 

driving factor on the resultant topology. 
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Chapter 4 

Numerical Implementation and Examples 

4.1 Numerical Implementation 

The methodology presented in the previous chapter was implemented in the MATLAB® 

computing environment due to is user-friendly nature, effectiveness as a prototyping language, 

and its visualization capabilities. The commonly used 88-line MATLAB® topology optimization 

code introduced by Andreassen et al. was used as the basis for the numerical implementation of 

this work. This code is often utilized for academic development purposes, and already had the 

previously discussed Helmholtz PDE filter implemented [76]. The 88-line code topology 

optimization code, which is a refinement of the venerable 99-line topology optimization code, 

uses the modified SIMP formulation that was discussed in Section 2.3.1 [77]. This code is limited 

to solving two-dimensional topology optimization problems, and therefore all numerical 

examples presented in this thesis use two-dimensional geometries. Although this is a limitation of 

the current work, the methodology and mathematics presented in Chapter 3 have made no 

assumptions about spatial dimensionality or the finite element discretization scheme, and 

therefore should be extendable to three-dimensional problems. Moreover, the focus of this work 

was to develop the core methodology and the requisite sensitivity analysis, rather than 

implementing the method in a highly versatile manner. Extension of the numerical 

implementation to three-dimensions is left as future work. 

The 88-line topology optimization code comes packaged with an optimality criterion 

optimization solver which is specifically implemented for solving topology optimization 

problems [78]. Although this solver is highly efficient, it is only suitable for solving the minimum 

compliance problem, and therefore cannot be extended to include additional objective functions 

or constraints. Instead, a MATLAB® implementation of the Method of Moving Asymptotes 
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(MMA) was used. This optimizer is commonly used for solving topology optimization problems, 

but is also suitable for efficiently solving generic optimization problems with a large number of 

design variables [50]. Moreover, its generic nature makes it suitable for use with multi-objective 

problems such as those proposed in this work. 

The two load cases shown in Figure 4-1 will serve as the numerical examples to 

demonstrate the previously introduced methodology. It should be noted that despite the fact these 

are two-dimensional problems, the terms surface area and volume will still be used for sake of 

simplicity and generality. As previously noted, surface area in this context has units of volume, 

as it is a measure of the cumulative volume of all elements on the exterior surfaces of the part. 

 

Figure 4-1: Numerical examples. (a) Simply supported beam and (b) cantilever beam. 

As with many FEM programs, the code developed in this work is unitless, and the user 

must assume a consistent unit system. For the examples given in this thesis, the length and 

displacement units are millimeters, resulting in elements of side length of 1 mm. Note that all 

elements have a thickness (into the page) of 1 mm. In all numerical examples, the applied load is 

equal to 1 N, and the Young’s modulus and Poisson’s ratio are 
2

0 1 N/mmE   and 0.3  , 

respectively. 

??

(a) (b)

Symmetry
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4.2 Sensitivity Validation 

To verify the correctness of the analytical sensitivity formulations given in Section 3.4, 

comparisons were made to sensitivities obtained by the finite difference method (FDM). When 

using analytical sensitivities, only one evaluation of the structural FEM problem is required per 

iteration. With sensitivities obtained through FDM, one FEM evaluation is required for every 

design variable at each optimization iteration, resulting in large computational expense, even for 

modestly sized problems. Therefore, it is imperative that accurate and efficient to compute 

analytical sensitivities are used in topology optimization. To perform the comparison between 

analytical and FDM sensitivities, a 40×20 mm simply supported beam load case was solved and 

stopped after 20 iterations. At this point, FDM sensitivities were computed for every design 

variable. Figure 4-2(a) shows the intermediate topology optimization result in which the 

analytical and FDM sensitivities were compared. Figure 4-2(b) shows the sampling locations for 

data given in Tables 4-1-4-3. The sampling locations were chosen at random. FDM sensitivities 

were computed with a difference of 0.001ix  . Table 4-1, Table 4-2, and Table 4-3 give the 

comparisons for surface area, supported surface area, and support volume sensitivity, 

respectively. In all cases the sensitivities show excellent agreement. 

 

Figure 4-2: (a) Intermediate topology optimization result. (b) Sampling points for 

comparison of analytical and FDM sensitivities. 

(a) (b)

Design Domain

176i 

226i 

293i 
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Table 4-1: Surface area sensitivity validation. 

Design Variable 

(i) 

FDM 

/ ix   

Analytical 

/ ix   
   / // 100%i ix x      

176 2.7410 2.7401 99.97% 

208 -1.0362 -1.0332 99.71% 

215 1.6034 1.6025 99.94% 

226 2.3543 2.3551 100.04% 

293 -0.8722 -0.8730 100.10% 

373 -0.5977 -0.5985 100.14% 

416 1.8869 1.8861 99.96% 

453 -0.9403 -0.9411 100.09% 

505 -0.8720 -0.8712 99.90% 

592 -1.2420 -1.2412 99.93% 

596 1.8656 1.8647 99.96% 

608 0.8833 0.8824 99.91% 

657 -0.1644 -0.1636 99.50% 

667 -0.7670 -0.7662 99.89% 

668 -1.3036 -1.3028 99.94% 

694 1.4009 1.4001 99.94% 

706 -0.0869 -0.0860 99.04% 

708 -0.4844 -0.4835 99.83% 

710 -1.2909 -1.2901 99.94% 

 

Table 4-2: Supported surface area sensitivity validation. 

Design Variable 

(i) 

FDM 

/ ix   

Analytical 

/ ix   
   / // 100%i ix x      

176 0.3873 0.3873 100.00% 

208 -0.3267 -0.3273 100.17% 

215 0.3728 0.3728 100.00% 

226 0.4344 0.4344 99.99% 

293 0.0144 0.0144 100.00% 

373 -0.0218 -0.0219 100.16% 
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416 0.3863 0.3863 100.00% 

453 -0.3301 -0.3300 99.99% 

505 0.0234 0.0234 100.00% 

592 -0.3552 -0.3556 100.10% 

596 0.3854 0.3854 100.00% 

608 0.1496 0.1497 100.09% 

657 0.0464 0.0462 99.60% 

667 0.0030 0.0030 100.00% 

668 0.0098 0.0098 99.99% 

694 -0.5023 -0.5032 100.17% 

706 0.0002 0.0002 100.00% 

708 0.0012 0.0012 100.00% 

710 0.0038 0.0038 99.96% 

 

Table 4-3: Support volume sensitivity validation. 

Design Variable 

(i) 

FDM 

/ ix    

Analytical 

/ ix    
   / // 100%i ix x      

176 -0.0238 -0.0238 100.00% 

208 -0.7887 -0.7887 100.00% 

215 -0.0583 -0.0583 100.00% 

226 -0.1819 -0.1819 100.00% 

293 -0.7673 -0.7673 100.00% 

373 -0.2465 -0.2465 100.00% 

416 -0.1260 -0.1260 100.00% 

453 -0.3384 -0.3384 100.00% 

505 -0.0010 -0.0010 100.00% 

592 -0.2741 -0.2741 100.00% 

596 -0.1340 -0.1340 100.00% 

608 -0.0068 -0.0068 100.00% 

657 -0.1876 -0.1876 100.00% 

667 -0.0001 -0.0001 100.00% 

668 -0.0001 -0.0001 100.00% 
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694 -0.0022 -0.0022 100.00% 

706 0.0000 0.0000 100.00% 

708 0.0000 0.0000 100.00% 

710 0.0000 0.0000 100.00% 

4.3 Numerical Example: Surface Area Minimization 

The following examples consider the simultaneous minimization of compliance and 

surface area as defined by Equation (3.13). In this case the objective function given in Equation 

(3.59) has 2 1w   and 3 4 0w w  , and the weight factor w1 is varied. As previously discussed, 

the surface area of a component can be correlated to the amount of time spent scanning the 

exterior contour of each layer in the additive manufacturing process. The exact degree to which 

contour scanning contributes to total build time is dependent on the type of additive process.  

The simply supported beam and cantilever beam examples were both solved on an 86×43 

mm grid of bi-linear 4-node elements. A SIMP penalization factor of 3p   was used, and the 

volume fraction target of the optimized designs was 0.5  . A filter radius of 2.5r  mm was 

used. The problems were allowed to run until both the compliance and surface area 

approximation had stabilized to within 1% over the previous 10 iterations, or once the program 

had run for 200 iterations. 

Figure 4-3 and Figure 4-4 illustrate the influence of the w1 weighting factor on the 

topology optimization result. For the initial perturbation of the weighting factor—Figure 4-3 

Figure 4-4 (a) and (b)—surface area is appreciably reduced with minimal sacrifice to the 

structural performance. In fact, for the cantilever beam case the compliance objective is improved 

with reduced surface area. Because of the non-convexity of the compliance problem when a 

material penalization scheme is employed (discussed in Section 2.3.1), there is potential to 

converge to a local minimum. Therefore, this reduction in compliance is likely an artifact of 

converging to a locally optimal solution. 
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Results produced at smaller values of w1—shown in Figure 4-3 Figure 4-4 (c) and (d)—

are marked by a significant increase in intermediate density elements, which in turn drives the 

compliance to larger values. Moreover, the increased quantity of intermediate densities is a highly 

undesirable effect, as this makes reinterpretation of the topology challenging. Because surface 

area is being estimated by a spatial gradient, and the surface area cannot be completely 

eliminated—there must be some exterior boundary to the part—the optimizers only option is to 

reduce the total gradient by smoothing out the density field considerably. Recall from Section 

3.3.1 that utilizing the spatial density gradient has previously been used as a constraint function to 

counteract the checkerboarding effect shown in Section 2.3.1. The intermediate densities that 

result from the surface area minimization employed in this work are due to the regularization 

effect that minimizing the spatial gradient has on the geometry. 

 

Figure 4-3: Minimization of surface area for simply supported beam at various values of w1. 

Compliance: 143.24 mJ Surface Area: 214.92 mm3

(d)

Compliance: 122.93 mJ Surface Area: 298.22 mm3

(c)

1 0.90w 
1 0.95w 

Compliance: 98.42 mJ Surface Area: 718.30 mm3

(a)

Compliance: 99.14 mJ Surface Area: 562.96 mm3

(b)

1 1.00w 
1 0.99w 
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Figure 4-4: Minimization of surface area for cantilever beam at various values of w1.  

To verify the assumption that reducing surface area reduces additive manufacturing build 

time, the two-dimensional geometries from Figure 4-3(a) and (b) and Figure 4-4(a) and (b) were 

traced and extruded to generate three-dimensional CAD interpretations. The major exterior 

dimensions of the three-dimensional models are given in Figure 4-5. The models were then 

imported into the Stratasys Insight software package, which performs slicing, support structure 

generation, toolpath generation, and build time estimation for Stratasys brand fused deposition 

modeling (FDM) systems. A Stratasys Fortus 380mc was used as the FDM machine, and the 

default settings of solid infill and two outer contour passes were used. No support structures were 

generated in order to isolate the time associated with building the part only. The total volume of 

the geometries produced with and without surface area minimization were within 1.5% of each 

other for both the simply supported beam and the cantilever beam. Build time estimations were 

produced with the part in flat and upright orientations (illustrated in Figure 4-5) to verify that 

Compliance: 95.97 mJ Surface Area: 326.76 mm3

(d)

Compliance: 88.55 mJ Surface Area: 438.58 mm3

(c)

1 0.90w 
1 0.95w 

Compliance: 84.38 mJ Surface Area: 728.6 mm3

(a)

Compliance: 81.71 mJ Surface Area: 627.55 mm3

(b)

1 1.00w 
1 0.98w 
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surface area reduction has an influence regardless of part orientation. The resultant build time 

estimations are tabulated in Table 4-4.  

 

Figure 4-5: Part dimensions and orientation relative to the build platform for the simply 

supported beam. 

Table 4-4: Build time estimations with and without reduction of surface area. 

Part 
Part 

Orientation 

Surface Area 

Minimization? 

Build Time 

Estimation 

% Change in 

Build Time 

Simply 

Supported Beam 

Upright 
No ( 1 1.00w  ) 52 minutes 

-13.5% 
Yes ( 1 0.99w  ) 45 minutes 

Flat 
No ( 1 1.00w  ) 37 minutes 

-18.9% 
Yes ( 1 0.99w  ) 30 minutes 

Cantilever Beam 

Upright 
No ( 1 1.00w  ) 61 minutes 

-9.8% 
Yes ( 1 0.98w  ) 55 minutes 

Flat 
No ( 1 1.00w  ) 54 minutes 

-11.1% 
Yes ( 1 0.98w  ) 48 minutes 

 

The results of the build time estimations demonstrate that a reduction in surface area 

reduces total build time, and for the examples tested here produces an average of 13% reduction. 

Upright

b̂

Flat

Build Platform
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It is important to note that this is only for one part on the build platform, whereas the build 

platform would normally be filled to capacity to best utilize the machine. The time savings 

observed here could potentially equate to larger saving when a group of parts are being built. 

4.4 Numerical Example: Supported Surface Minimization 

The following examples consider the simultaneous minimization of compliance and 

supported surface area as defined by Equation (3.20). In this case the objective function given in 

Equation (3.59) has 2 0w  , 3 1w  , 4 0w  , and the weight factor w1 is varied. The total 

supported surface area is one factor which dictates how much support material will be required to 

successfully build the part. By minimizing the amount of surface area that is oriented beyond the 

self-supporting threshold, the total volume of support is reduced, which has the effect of both 

reducing the cost associated with the volume of material used, as well as the build time spent 

generating support structures.  

Only the simply supported beam example is shown here. It was solved on a 120×60 mm 

grid of bi-linear 4-node elements. A SIMP penalization factor of 5p   was used. The volume 

fraction target of the optimized designs was 0.5  , and a filter radius of 2.5r  mm was used. 

In all cases the standard self-supporting threshold angle of 45    was used. The problems were 

allowed to run until both the compliance and supported surface area approximation had stabilized 

to within 1% over the previous 10 iterations, or once the program had run for 200 iterations. 

Figure 4-6(a) illustrates the reference case with no minimization of supported surfaces. 

Figure 4-6(b)-(d) illustrate the inclusion of supported surface minimization at various build 

directions. Note that although the build direction shown in Figure 4-6(c) is impractical—the part 

is sitting on one corner and is therefore unstable—it is simply used to demonstrate the influence 

of the build orientation on the resultant topology. The appearance of icicle like structures is 

apparent in all cases where supported surface minimization is imposed, and the orientation of the 
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icicle structures is always opposite the build direction. The presence of the icicle structures is 

explained by Figure 4-7. By creating an oscillation along the overhung surfaces, the majority of 

the surface is deemed self-supporting, as the angle between the gradient direction vector and the 

build direction does not surpass the self-supporting threshold. Only points in the peaks and 

troughs of these oscillations are deemed to need support material. Although this result is 

technically correct, it is undesirable from a practical perspective. Moreover, the complexity of the 

results and the presence of significant amounts of intermediate density elements make these 

results infeasible.  

As previously mentioned, Qian observed a similar boundary oscillation effect when 

attempting to constrain the projected supported surface area onto the build platform [67]. The 

solution that was proposed consisted of three parts: (1) increase the filter radius significantly, (2) 

impose an additional constraint function which penalized intermediate density elements, and (3) 

implement a density projection scheme which as the optimization progresses forces the design 

towards a discrete solution. These techniques were tested for the methodology presented here, but 

it was found that they added significant convergence difficulties and often produced worse 

results. Moreover, the inclusion of extra tuning factors such as these make the methodology 

impractical for solving more general problems. 
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Figure 4-6: Supported surface minimization for simply supported beam at various build 

orientations. 

 

Figure 4-7: Icicle like structures caused by supported surface minimization. 

4.5 Numerical Example: Support Volume Minimization 

The following examples consider the simultaneous minimization of compliance and total 

support volume as defined by Equation (3.23). In this case the objective function given by 

Equation (3.59) has 2 30.1,  0w w   and 4 0.9w  , as it was found that adding a small amount of 

surface area minimization improves the results. This is likely due to the slight blurring effect the 

surface area minimization produces, yielding smoother density gradients throughout the domain. 

Compliance: 142.13 mJ

(d)

Compliance: 149.87 mJ

(c)

1 0.985w 
1 0.985w 

Compliance: 99.53 mJ

(a)

Compliance: 134.40 mJ

(b)

1 1.00w 
1 0.985w 

b̂

b̂

b̂

45   45  

45  

b̂  



b̂




b̂ 

Solid

Void
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The weight factor w1 is adjusted using a set of pre-defined values to generate Pareto frontiers of 

compliance versus support volume. The pre-defined values were selected through numerical 

experimentation. Note that the support volume calculation assumes a part thickness of 1 mm. 

The simply supported beam and cantilever beam examples were both solved on a 120×60 

mm grid of bi-linear 4-node elements. A SIMP penalization factor of 5p   was used. The 

volume fraction target of the optimized designs was 0.5  , and a filter radius of 2.5r  mm 

was used. Once the results had reached convergence, a threshold was applied to the densities to 

force intermediate density elements towards a binary solid-void design. A bi-section method was 

used to ensure the design still met the volume fraction constraint to within 1% after thresholding. 

Without thresholding, compliance values can become artificially high, rendering inaccurate 

Pareto frontiers. In all cases the standard self-supporting threshold angle of 45    was used. 

The problems were allowed to run until both the compliance and support volume approximation 

had stabilized to within 1% over the previous 10 iterations, or once the program had run for 200 

iterations. 

Pareto frontiers for the compliance versus support volume are shown for the simply 

supported beam and the cantilever beam in Figure 4-8 and Figure 4-9, respectively. In both cases 

the expected behaviour of increased compliance for a reduced support volume is observed. In 

general, the reduced support volume designs have simpler topologies, and the geometry is 

effectively pulled towards the build platform. The trade-off is seen to be more severe for the 

cantilever beam, demonstrating that the compromise to structural performance is case dependent. 
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Figure 4-8: Pareto frontier for simply supported beam with upward build direction. 

 

Figure 4-9: Pareto frontier for cantilever beam with upward build direction. 
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Figure 4-10 shows the Pareto frontier of the simply supported beam with a downward 

build direction, demonstrating the influence the build direction vector has on the result. Again, 

the expected trade-off between compliance and support volume occurs. The downward build 

orientation results have differing topologies from those for the upward build orientation, but again 

the geometry is effectively pulled towards the build platform.  

 

Figure 4-10: Pareto frontier for simply supported beam with downward build direction. 

Figure 4-11 shows the Pareto frontier of the simply supported beam with an angled build 

direction of 22   . This example demonstrates the generality of the proposed support 

minimization methodology, as any build orientation—including those not aligned with the 

principal directions of the mesh—can be used. Note though that this orientation requires 

significantly more support material than the two previous examples for the simply supported 

beam (Figure 4-8 and Figure 4-10). Because the methodology can only influence the support 
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material within the design domain, the reduction in support by the optimization is largely washed 

out by the large wedge of support material required underneath the part. 

 

Figure 4-11: Pareto frontier for simply supported beam with angled build direction. 

In all cases, as the weighting factor w1 is decreased, the optimization tends towards 

designs with a reduced number of internal cavities. Designs which require the least amount of 

support material are marked by a significant increase in compliance. It is important to note that 

the support volume sensitivity calculation has no terms which relate to the surface orientation. 

Because of this, there is nothing to effectively tell the optimization how to adjust the surface 

orientation to produce sparse and highly complex self-supporting structures, such as those seen in 

Section. 2.4.1. Inclusion of the supported surface area term—which is sensitive to surface 

orientation—in the objective function was tested by specifying a small, non-zero value for w3. 

Unfortunately, the results exhibited the same boundary oscillation effect which was previously 

observed, rendering the designs infeasible. 
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To verify the reduction in build time and cost from minimization of support volume, the 

simply supported beam and cantilever beam designs intended to be built in the upward direction 

(Figure 4-8) were traced and extruded into three-dimensional CAD models. Again, the Stratasys 

Insight software was used for support generation, support volume calculation, and build time 

estimation. The resultant build times and support volumes are summarized in Table 4-5. For the 

simply supported beam, a significant reduction in support volume is achieved, and the predicted 

reduction in support volume is quite accurate. This has the expected benefit of substantially 

reducing the total build time. The predicted reduction in support volume for the cantilever beam 

is not as accurate as for the simply supported beam. This is likely due to how the support volume 

for this component was generated. For most additive manufacturing methods, it is common to 

generate a support material base on which to build the part upon, often referred to as a raft. 

Because of the slightly angled bottom face of the 1 0.5w   cantilever beam result, a more 

substantial raft was generated, somewhat washing out the support volume reduction from the 

change in topology. However, these examples demonstrate that the proposed methodology is 

effective at reducing the support volume and the total build time, which are both directly related 

to cost. 

Table 4-5: Build time estimation and support volumes with and without support volume 

minimization. 

Part 

Support 

Volume 

Minimization? 

Build 

Time 

Estimation 

Support 

Volume 

True % 

Change 

Support 

Volume  

Predicted 

% Change 

Support 

Volume  

% 

Change 

in 

Compli-

ance 

Simply 

Supported 

Beam 

No ( 1 1.0w  ) 95 minutes 11.45 cm3 
-50.6% -52.0% +31.6% 

Yes ( 1 0.7w  ) 63 minutes 5.65 cm3 

Cantilever 

Beam 

No ( 1 1.0w  ) 93 minutes 11.14 cm3 
-30.6% -48.6% +53.7% 

Yes ( 1 0.5w  ) 79 minutes 7.73 cm3 
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Chapter 5 

Discussion and Conclusions  

This work developed a methodology by which the structural performance and 

manufacturing cost and time of an additively manufactured component could be simultaneously 

considered during the topology optimization process. By utilizing this methodology, designers 

can generate Pareto frontiers to select the most effective design of a component for a given 

scenario. In the introduction of this thesis four main research objectives were defined. These 

research objectives are revisited here: 

1. Identify the factors which influence additive manufacturing time and cost. 

A thorough literature study was conducted on available methods for estimating part cost 

and build time in additive manufacturing. From this, key geometric factors which 

strongly influence the cost and time associated with additive manufacturing were 

identified. These factors were deemed to be controllable through topology optimization 

and therefore were selected as targets for this work. These factors were the total surface 

area of the part, the total supported surface area of the part, and the total volume of 

support material required during additive manufacturing. 

2. Formulate a mathematical relationship between these factors and the topology 

optimization design variables. 

In Section 3.1 the challenges associated with integration of these factors into topology 

optimization were identified. In general, the major issue was that these geometric factors 

are well defined for a discrete and fixed geometry, but their interpretation in an 

intermediate topology optimization result was unclear. By using the spatial gradient of 

the density field, elements which appear on the exterior surfaces, and the respective 

surface orientations of the intermediate results could be identified. From this idea, a 
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methodology was developed for approximating each of the build time and cost driving 

factors, each related directly to the topology optimization design variables. The entire 

process was formulated in a smooth and differentiable manner, and the sensitivity 

expressions required by gradient based optimization solvers were derived. Throughout 

the methodology development no assumptions were made about the finite element 

discretization scheme. This was a major goal in this work, as it ensured the proposed 

methodology would overcome some of the shortcomings of the methods already 

presented in the literature. Moreover, this ensured that the methodology is not limited to a 

particular type of additive manufacturing technology, and that it is applicable to a wide 

variety of geometries and problems. 

3. Propose a new topology optimization problem formulation which simultaneously 

optimizes the structural performance and the manufacturing time and cost of an 

additively manufactured component. 

Using the newly defined mathematical expressions for these additive manufacturing cost 

and time driving factors, a revised topology optimization formulation was proposed. The 

problem was expressed as a multi-objective optimization statement using the linear 

scalarization method of aggregating objective functions. Three weighting factors were 

defined which control the relative influence of each of the additive manufacturing cost 

and time driving factors, such that these can be adapted to suit a particular additive 

manufacturing process. A single weight factor then controlled the trade-off between 

structural performance and component cost and build time, enabling trade-off studies to 

be performed.  

4. Verify the functionality the proposed methodology through example problems. 

To verify the fact that the minimization of each of these driving factors have a true 

impact on the build time and cost, a series of numerical examples were presented. Surface 
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area minimization tests were conducted using two load cases, each yielding unique 

geometries. Results of surface area minimization and the corresponding reference 

cases—Figure 4-3 and Figure 4-4 (a) and (b)—were processed using an additive 

manufacturing pre-processing and build time estimation software. In both cases a 

reduction in build time was achieved. Although a cost estimation tool was not employed 

here, the cost of an additively manufactured component is directly related to the time it 

takes to manufacture it. Therefore, the reduction in build time translates into cost savings 

as well. Each part was tested in two build orientations to verify the generality of build 

time and cost savings from surface area reduction. For the surface area minimization 

settings which yielded clear geometry—Figure 4-3(b) and Figure 4-4 (b)—there was 

minimal change in structural performance. Supported surface area minimization was 

demonstrated using only a single load case. It was observed that icicle like structures 

would appear on the overhung surfaces due to this additional objective function. Further 

study noted that this was a mathematically sensible design, as the boundary oscillation 

does eliminate the need for support material in some regions. However, these results are 

impractical, and the solution to this problem posed numerical challenges. For these 

reasons, this methodology was abandoned. Finally, support volume minimization was 

tested using three example cases, demonstrating the effects for differing load cases and 

build orientations. Pareto frontiers were generated for each of these examples, which each 

demonstrated the expected trade-off that exists between structural performance and build 

cost and time. For both load cases, a reduced support material design and the reference 

design were processed by the additive manufacturing software to estimate build time and 

support material volume. For the simply supported beam a substantial reduction in 

support material was achieved, and subsequently the build time was greatly reduced as 

well. Additionally, the reduction in support volume predicted in the topology 
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optimization was quite accurate to the true decrease. However, for the cantilever beam 

the prediction was not as accurate. The discrepancy was attributed to support structures 

which were generated by the additive manufacturing software but not considered in the 

topology optimization. The cantilever beam also had a more substantial compromise in 

structural performance than the simply supported beam, indicating that this trade-off is 

highly case dependent. 

Each of the four objectives were thoroughly completed, and the overall goal of integrating 

additive manufacturing into structural topology optimization was successfully attained. However, 

some limitations to the presented work do exist, and are discussed here. 

Two additive manufacturing time and cost driving factors mentioned in Table 3-1 were 

not accounted for by this work: area of support material attachment to the part, and height of the 

build. Although area of support material attachment to the part was not considered here, it should 

be relatively simple to integrate as part of the support volume calculation procedure described in 

Section 3.4.3. This addition is simply left as future work. The build height was not considered as 

part of the topology optimization for two reasons: (1) the orientation of the object on the build 

platform should generally be chosen such that it minimizes the build height, and (2) the boundary 

conditions which are applied to the design domain typically define the bounding box dimensions 

of the design domain. It is these bounding box dimensions which will dictate the build height, and 

therefore the geometry inside the design domain will have no influence on the part height. For 

these reasons, it was deemed that the topology optimization result would not influence the build 

height. 

A major limitation to the work presented here lies in the two-dimensional numerical 

implementation. Additive manufacturing is inherently three-dimensional, so it is difficult to 

robustly assess the methodology’s performance using simple two-dimensional cases. However, 

the proposed methodology made no assumption about the number of spatial dimensions, and 
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therefore implementation for three-dimensional geometries is the obvious next step. Extending 

the problem to three dimensions poses some challenges. The potential for closed internal cavities 

to be created by the topology optimization leads to the issue of trapped support material. If 

support material is required within these cavities, it cannot be removed. Methods have been 

suggested in the literature for the elimination of internal cavities in topology optimization results, 

so it would be interesting to see this combined with the methods presented in this thesis. 

The use of spatial gradients to control objective functions bare some challenges. In the 

study performed by Clausen, spatial gradients were used to modify material properties near the 

exterior of the part to make them stiffer, yielding the effect of a high strength coating [72]. This in 

a sense encourages steep gradients to occur at the outer edges of the part, as it provides increased 

strength, helping to drive the compliance objective function down. In the cases investigated here, 

however, spatial gradients are generally trying to be reduced as these represent surfaces and the 

goal has been to minimize surface area. As seen in Sections 4.3 and 4.4 this can introduce many 

intermediate density elements, which brings into question the effectiveness of using spatial 

gradients to minimize surface area for more general problems. It is challenging to make a 

rigorous assessment using only two-dimensional geometries, though, as it limits the complexity 

of the resultant designs. Tests using this method should be performed on three-dimensional 

design domains under a number of load cases to further assess the benefits and challenges 

associated with surface area minimization by use of spatial gradients. 

As noted in Section 4.5, the lack of the supported surface sensitivity term in the support 

volume minimization leads to designs which effectively close the internal voids and force the part 

towards the build platform to reduce support material requirements. As support material is 

brought to a minimum, large increases in compliance are observed. However, the self-supporting 

structures demonstrated in the literature do not exhibit such a substantial increase in compliance. 

It would therefore be interesting to combine these approaches, such that the topology 
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optimization results would have regions that were modified to be self-supporting using techniques 

presented in the literature, and other regions which would still require support material. 

Moreover, in three-dimensional problems a potential could be to force closed internal cavities to 

be self-supporting, while still attempting to minimize support material on exterior surfaces. 

Finally, the assumption of a fixed build orientation vector is a potential major limitation 

of this work. Although it may be obvious in some cases what the optimal build orientation would 

be (from a minimal cost and time perspective), it would be ideal if the optimization could select 

this automatically as it may be less intuitive for complex three-dimensional objects. However, 

this brings up another concern which has been discussed in the literature. Although a part 

designer may optimize a component for a specific build orientation, the machine operator may 

choose to orient the part in a differently [79]. Some potential reasons for this would be to nest 

multiple parts in a single build, reduce deformation caused by thermal stress buildup, or to help 

reduce the possibility of build failure due to recoater blade strikes. If the part is optimized for a 

particular build orientation and a different one is used, both the structural performance and the 

part cost could be compromised. For this reason, if topology optimization for additive 

manufacturing is to be utilized, strong communication is needed between part designers and 

manufacturers. 

Overall, this work was successful in its goal of integrating additive manufacturing into 

topology optimization. The development of this methodology is a step forward in allowing 

designers and engineers to most effectively utilize these two advanced and innovative 

technologies in an integrated manner.  
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