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Abstract

Computer experiments are utilized as a popular tool of studying the relationship be-

tween responses and the factors that affect them. They are widely used in scientific

researches and applications. Dynamic computer experiments refer to computer ex-

periments with time-series responses. Different dynamic computer models have been

proposed to emulate the relationship between the time-series responses and the cor-

responding quantitative factors. Qualitative factors are also widely used and show

important effects in many scientific problems. Different models have been proposed

for one-dimensional outputs and both quantitative and qualitative factors.

In this thesis, we have reviewed some popular dynamic computer models with

only quantitative factors. We make empirical comparisons of the prediction accuracy

of three existing dynamic computer models with only quantitative factors. Among

the three models, the dynamic linear Gaussian process model and the singular value

decomposition based Gaussian process model outperform. Based on these two models,

we incorporate the qualitative factors utilizing the additive correlation structure and

propose two new modelling methods for dynamic computer experiments with both

quantitative and qualitative factors. We also explored the different choices of the

prior distributions for the unknown parameters in these two models. The prediction

accuracy of the two proposed modelling approaches is tested by a limited simulation

i



study.
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Chapter 1

Introduction

Computer experiments use computer simulators to construct the relationship between

inputs and the corresponding responses on computers [23]. A computer simulator is

usually a piece of computer code. Computer experiments are increasingly popu-

lar nowadays and exert a significant effect on a variety of scientific researches and

applications. In many cases, computer experiments are integrant when physical ex-

periments are too time-consuming, too expensive or just impossible like the climate

modelling [24]. In a computer experiment, the function that produces the correspond-

ing responses of inputs is usually assumed to be unknown, although the outputs can

be obtained with some given inputs.

Dynamic computer experiments refer to computer experiments with time series

outputs. When a simulator is computationally demanding to produce few evaluations,

we need the emulator, which enables the approximation of the original computer

simulator. An emulator is a statistical model approximating the relationship between

inputs and outputs. Emulators maintain the original key features and behaviour but

are always computationally attractive when the required time of simulator evaluations
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is long. Statistical emulators of computer simulators have proven to be useful in a

variety of applications, for example, the geological and climate study [23].

One key characteristic of computer experiments is that they are deterministic, and

that is the main difference between computer experiments and physical experiments.

We call a simulator deterministic, if given a particular input, the simulator will always

produce the identical output. This characteristic means that there is no random error

term in a computer model, thus, the replication in the physical experiment is not

applicable in computer experiments.

The input factors in computer experiments can be quantitative or qualitative.

Different simulators designed for only quantitative factors were introduced in the

literatures ([23], [24], [4], [9], [11], [17]). Qualitative factors are also widely used and

show important effects in many scientific problems and applications [7]. Frequently

computer experiments involve both quantitative and qualitative factors. Computer

experiments with both quantitative and qualitative factors were studied in recent

research ([26], [21]).

One main goal in computer experiments is to predict the unknown responses at

some untried inputs. To achieve the goal, we need to build a statistical model that

approximates relationship between inputs and outputs via some known inputs and

their corresponding responses. A fundamental question in computer experiments is

how to select the settings of input variables to run the computer code, so that the

obtained data allow a cheaper surrogate model to be best constructed. The settings

of these input variables give a set of design points that must be selected with great

care since running the sophisticated computer code normally requires several hours,

and in some cases several days, to produce one single output. Space-filling designs are
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commonly used by scientists as they provide a good coverage of the design space by

spreading the designs points evenly in that space. One commonly used class of space-

filling designs is Latin hypercube design, introduced by [18]. When a Latin hypercube

design Dn×p projects to any of the p dimensions of the input, the n projection points

are located in all n equally spaced intervals and each interval contains only one point.

For qualitative factors, we use the fractional factorial design [16]. A fractional factorial

design consists of a carefully chosen subset of a full factorial design. A full factorial

design means that all possible combinations of the qualitative factors are included in

the design. A fractional factorial design can carry out the information of important

features in the data. In the simulation study, we use the method introduced by [15]

to generate the qualitative factors.

In recent years, there are many developments in dynamic computer experiments.

For dynamic models with quantitative factors only, [11] proposed singular value de-

composition (SVD)-based Gaussian process (GP) models with high-dimensional out-

put. [4] proposed three methods to build emulators for dynamic computer models:

multivariate output emulators, many single-output (MS) emulators, and time-input

(TI) emulator. Multivariate output emulator was built based on GP with multivari-

ate outputs. MS emulator was to find the relationship between the design matrix

and subset of output matrix, i.e. the outputs at the same time. For each subset of

outputs at the same time, a univariate output GP emulator is built. TI emulator was

to include time factor as an input and build a single output emulator. [17] built the

model combining the dynamic linear model and GP by extending the time-varying

autoregressive model and utilizing GPs to describe the relationship between different

time series.
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For computer experiments with both quantitative and qualitative factors, [19] pro-

posed a framework to incorporate qualitative factors with special structures into GP

model. [21] improved GP model to accommodate general structures of qualitative

factors by building an unrestrictive correlation structure of quantitative and qualita-

tive factors. [21] assumed that the correlation functions of both types of factors are

multiplicative. [26] constructed the model with additive GPs and combined the cor-

relation function between qualitative factors using additive structure. [26] modelled

the correlation for each qualitative factor and all quantitative factors with an inde-

pendent GP, and assumed the correlation functions of different qualitative factors are

additive. To overcome the difficulty of estimating the correlation matrix, [26] used

the hypersphere decomposition method to build the correlation matrix proposed by

[25] to ensure the positive-definiteness of the correlation structure.

In the thesis, the goal is to build emulators for dynamic computer experiments

with both quantitative and qualitative factors. The proposed approaches are to in-

corporate the additive correlation structure of qualitative factors into simulators with

only quantitative factors. We propose two new modelling methods by extending two

existing models with quantitative factors, the dynamic linear models with GPs [17]

and SVD based GP model [11], to incorporate qualitative factors.

In Chapter 2, we review the background and recent researches on the dynamic

computer experiments. Chapter 3 makes a comparison of MS, TI model in [4], dy-

namic linear models with GPs in [17] and SVD based GP model in [11] with only

quantitative factors. Chapter 4 presents the proposed two new models with both

quantitative and qualitative factors. Chapter 4.1 introduces dynamic linear model

with additive GP, and Chapter 4.2 introduces the SVD based additive GP model.
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Chapter 4.3 is the simulation study of two proposed models. Concluding remarks are

given in Chapter 5.
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Chapter 2

Literature Review

This chapter reviews the existing models on dynamic computer experiments with only

quantitative factors and with both quantitative and qualitative factors based on GP

models [24].

In Section 2.1, GP with univariate output is reviewed. In Section 2.2, different

models with multivariate output based on GP with quantitative factors are reviewed.

Section 2.3 reviews the additive GP model with quantitative and qualitative factors.

2.1 Models with Quantitative Factors and Univari-

ate Output

In this section, we review the GP-based model with univariate output. Suppose

χ ⊂ Rp is a p-dimensional input space. For x ∈ χ, y(x) is a Gaussian random function

[24] if (y(x1), ..., y(xn)) has a multivariate normal distribution for any x1, ...xn ∈ χ

and n > 1. A Gaussian random function is determined by the mean function and the
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covariance function

µ(x) = E{y(x)}

Cov{y(x1), y(x2)} = σ2R(x1 − x2)
(2.1)

in which σ2 is the variance and R(·) is the correlation function.

The GP model generally treats the outputs as a realization of a random function:

y(xi) =
m∑
j=1

fj(xi)βj + ε(xi) = f ′(xi)β + ε(xi) (2.2)

for 1 ≤ i ≤ n, where the {fj(·)}, 1 ≤ j ≤ m are known regression functions, β =

(β1, ..., βm)′ is an m × 1 vector of regression coefficients, and ε(·) is a zero mean

GP with the covariance function of specified by (2.1) for some correlation function

R(·) and the variance σ2. The correlation function can naturally be denoted as

R(xi−xj) = R(xi−xj;φ), where φ is a vector of correlation parameters. One widely

used form of the correlation function is power-exponential correlation function, where

the correlation parameters are represented by φ = (c1, ..., cp, α1, ..., αp)

R(xi − xj) = exp(−
p∑

k=1

ck|xik − xjk|αk) (2.3)

for any two inputs xi and xj, 1 ≤ i, j ≤ n, with the range parameter ck’s and the

roughness parameters αk’s. Among all choices of αk’s and ck’s, αi = a for all i and

a = 2 is a popular choice, so that the process is infinitely differentiable at the origin

[24].
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Consider a simulator that takes n p-dimensional inputs

X = (x1, ...,xn)′ =


x11 · · · x1p
...

. . .
...

xn1 · · · xnp

 . (2.4)

We want to predict the response at a new input point x0, the joint distribution of

y0 = y(x0) and y = (y(x1), ..., y(xn))′ is the multi-variate normal distribution

 y0

y

 ∼ Nn+1


 f ′0

F

β, σ2

 1 r′0

r0 R


 (2.5)

where f0 = f(x0) is the m × 1 vector of regressors at x0, F is the n × m matrix

of regressors F = (f(x1), ...,f(xn))′, β is an m × 1 vector of regression coefficients,

r0 is an n × 1 vector r0 = (R(x0 − x1), ..., R(x0 − xn))′, and R is an n × n matrix

with (i, j)-th element Ri,j = R(xi − xj) defined by the correlation function. The

conditional distribution of the new output is normal with mean

ŷ0 = E{y0|y,β, σ2,φ} = f ′0β + r′0R
−1(y − Fβ) (2.6)

and variance

Var{y0|y,β, σ2,φ} = σ2(1− r′0R−1r0).

In practice, β, σ2 and φ are usually unknown and need to be estimated. This can

be achieved using maximum likelihood estimation (MLE) [23] and Bayesian method

[5]. Here we review the MLE method in details. Using the MLE method, we obtain

8



the estimate of the parameters by maximizing the log-likelihood function

l(β, σ2,φ|y) = −n
2

log(2πσ2)− log |R(φ)| − 1

2σ2
(y − Fβ)′R(φ)−1(y − Fβ).

The usual generalized least-squared estimate of β is

β̂ = (F ′R−1F )−1F ′R−1y. (2.7)

Given β̂, the maximum likelihood estimators of σ2 and φ are

φ̂ = argmax{−n log σ̂2(φ) + log(det (R))} (2.8)

and

σ̂2 =
1

n
(y − F β̂)′R(φ̂)−1(y − F β̂). (2.9)

2.2 Models with Quantitative Factors and Multi-

variate Outputs

In this section, we review the models with multivariate outputs and only quantitative

inputs. In Section 2.2.1 to Section 2.2.5, we review the multivariate GP model [4],

SVD based model [11], MS model [4], TI model [4], and the dynamic linear GP model

[17] respectively.
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2.2.1 Model with Multivariate Outputs Based on Multivari-

ate Gaussian Process

In this section, we review the multivariate output model introduced by [4]. We

consider a simulator with p-dimensional input x ∈ χ and multivariate T -dimensional

output y = (y1(x), ..., yT (x))′. This is called multivariate output model. A dynamic

simulator is one special kind of multivariate output models, each of whose outputs is

a T -dimensional time series.

Assume X is an n×p design matrix as (2.4) and the corresponding output matrix

Y = (y1, ...,yn)′ =


y1(x1) · · · yT (x1)

...
. . .

...

y1(xn) · · · yT (xn)


n×T

. (2.10)

We also define y(x) = (y1(x), ..., yT (x)). Assume the simulator is a function y(·) :

X → RT , we regard y(·) as an unknown function

y(·)|B,Σ ∼ GP (m(·),Σ)

where m(·) is the mean function, Σ is the covariance matrix and B is a matrix

of regression coefficients. That is to say, the distribution of y(xi) is matrix variate

normal, with mean and variance

m(xi) = E[y(xi)|B,Σ] = B′h(xi), 1 ≤ i ≤ n,

Cov [y(xi),y(xj)|B,Σ] = Σi,j, 1 ≤ i, j ≤ n,

(2.11)

where h(·) is the known regression function.
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One way to describe the covariance matrix is to treat it as a separable form as a

product of between-input covariance and between-output covariance [4]. That is,

Σ = c(·, ·)C.

where c(·, ·) describes the between-input covariance depending on (x−x′),x,x′ ∈ χ,

and C describes the between-output covariance. That is to say, the covariance in

(2.11) can be written as

Σi,j = Cov [y(xi),y(xj)|B,C,α] = c(xi,xj)C

conditional on hyper-parameters B, C and α, where B ∈ Rm×T is a matrix of

regression coefficients; C represents the between-output covariance matrix; diag(α)

is a diagonal matrix of p positive roughness parameter α = (α1, ..., αp). Here h : X →

Rm is a vector of m regression functions h1(x), ...hm(x) and c(xi,xj) = exp{−(xi −

xj)
′[diag(α)](xi − xj)}, 1 ≤ i, j ≤ n with c(x,x) = 1.

Assume that h′(x) = (1,x′), in which m = p+ 1, and the joint prior distribution

of (B,C) conditional on α is Jeffreys-type non-informative prior ([14],[4]), which is

independent of α,

π(B,C|α) ∝ |C|−(T+1)/2.

The joint distribution of Y conditioning on hyper-parameters is multi-normal distri-

bution

Y |B,C,α ∼ Nn,T (HB,A⊗C)

whereH ′ = [h(x1), ...,h(xn)] and the between-input correlation matrixA = [c(xr,xl)]n×n,

11



1 ≤ r, l ≤ n. The multi-output emulator is the posterior distribution of y(·) given Y .

According to [4], the posterior distribution of y(·) conditioning on α and Y is the

T -variate t distribution with n−m degrees of freedom as follows

y(·)|α,Y ∼ T (m∗(·), c∗(·, ·)Σ̂GLS;n−m) (2.12)

in which

m∗(·) = B̂′GLSh(·) + (Y −HB̂′GLS)′A−1t(·),

c∗(xi,xj) =c(xi,xj)− t′(xi)A−1t(xj)

+ [h(xi)−H ′A−1t(xi)]′(H ′A−1H)−1[h(xj)−H ′A−1t(xj)]

and B̂GLS = (H ′A−1H)−1H ′A−1Y is the generalized least squares estimator of B,

t(·) = [c(·,x1), ..., c(·,xn)]′ .

To integrate (2.12) over α, according to Appendix A of [4], we have

π(α|Y ) ∝ π(α)|A|−q/2|H ′A−1H|−t/2|Y ′GY |−(n−m)/2 (2.13)

where π(α) =
∏p

i=1(1 + α2
i )
−1 is the Log-Logistic prior distribution of α and G =

A−1 − A−1H(H ′A−1H)−1H ′A−1. A Bayesian approach can be used to get the

sampling from (2.13) in order to get the conditional posterior (2.12).

2.2.2 Singular Value Decomposition Based Gaussian Process

Models with Quantitative Factors

In this section, we review the SVD based GP model introduced by [11]. Consider a

T -dimensional output y = (y1(x), ...yT (x)) with n × p design matrix as X given by

12



(2.4), and construct the emulator modelling the outputs using a pw-dimensional basis

representation [11]:

y =

pw∑
i=1

kiwi(x) + ε (2.14)

where {k1, ...,kpw} is a collection of principal components (PCs), which are orthog-

onal, T -dimensional basis vectors, {w1(x), ..., wpw(x)} is a collection of PC weights,

which are independent univariate GPs, and ε is a T -dimensional error term with

distribution ε ∼ N(0, λεIT ) . Each PC weight wi(x) is treated as a realization of a

mean zero GP

wi(x) ∼ N(0, λ−1wiR(x,x′;ρwi)) (2.15)

where the covariance is defined by the correlation function R(x,x′;ρwi) with param-

eters ρwi

R(x,x′;ρwi) =

p∏
k=1

ρ
4(xk−x′k)

2

wik

and marginal precision λ−1wi .

Define wi = (wi(x1), ..., wi(xn))′, i = 1, ..., pw. In addition, define R(X;ρwi) to

be the n×n correlation matrix with components as [R(X;ρwi)]jk = R((xj,xk);ρwi).

Thus, the npw vector w = (w′1, ...,w
′
pw)′ has a multivariate normal distribution

w ∼ N(0npw ,Σw), (2.16)

which is controlled by a pw vector λw = (λw1, ..., λwpw) and a ppw vector of correlation

13



parameters ρw = (ρ′w1, ...,ρ
′
wpw)′. The covariance is

Σw =


λ−1w1R(X;ρw1)

. . .

λ−1wpwR(X;ρwpw)

 .

For training data yn = (y′1, ...,y
′
n)′, given the precision of error term as λε, we

have yn = Kw + ε follows the distribution of

yn ∼ N(0nT ,KΣwK
′ + λ−1ε InT ) (2.17)

where K is an nT × npw matrix given by K = [In ⊗ k1; · · · ; In ⊗ kpw ] with ki’s as

PCs computed by SVD method. Thus, we have ŵ = (K′K)−1K ′yn and

ŵ ∼ N(0,Σŵ = Σw + (λεK
′K)−1).

In practical situation, we need to estimate λε, λw and ρw to build the emulators.

[11] provides the estimates with Bayesian method. [11] selects Beta distribution

prior for ρwik, i = 1, ..., pw, k = 1, ..., p and Gamma distribution prior for λε and

λwi, i = 1, ..., pw, i.e. ρwik ∼ Beta(aρw , bρw), λε ∼ Ga(aε, bε), λwi ∼ Ga(aw, bw),

π(λε) ∝ λaε−1ε e−bελε ,

π(λwi) ∝ λaw−1wi e−bwλwi , i = 1, ..., pw,

π(ρwik) ∝ ρaw−1wik (1− ρwik)bw−1, i = 1, ..., pw, k = 1, ..., p.

14



Referring to [11], the posterior distribution of the unknown parameters is

π(λε,λw,ρw|yn) ∝ π(λε,λw,ρw|ŵ)

∝ |Σŵ|−
1
2 × exp[−1

2
(ŵ)′Σŵŵ]× λaε−1ε e−bελε ×

pw∏
i=1

λaw−1wi e−bwλwi

×
pw∏
i=1

p∏
k=1

ρaw−1wik (1− ρwik)bw−1.

(2.18)

We can draw the realizations of the unknown parameters using Metropolis–Hastings

algorithm.

To predict the response at a new input x∗ conditioning on parameters λε,λw,ρw,

we have the joint distribution of (w∗, ŵ)′ as multivariate normal

 w∗

ŵ

 ∝ N


 0

0

 ,

 diag(λ−1wi ; i = 1, ..., pw) Σw∗,ŵ

Σ′w∗,ŵ Σŵ




where Σw∗,ŵ is the covariance matrix between w∗ and ŵ. So the conditional mean of

w∗ = (w1(x
∗), ..., wpw(x∗)) is

ŵ∗ = E{w∗|ŵ} = Σw∗,ŵΣ−1ŵ ŵ.

We can summarize Lemma 2.2.1 from Section 14.2 of [8] and use it to get the

distribution of y(x∗).

Lemma 2.2.1. For (y|β, σ2,X) ∼ N(Xβ, σ2I) and β ∼ N(β̂,Σβ), where σ2 is the

known covariance component. For a new observation y0 at input X0, we have

y0|y, σ2 ∼ N(X0β̂,X0ΣβX
′
0 + σ2I).
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Combing Lemma 2.2.1 and (2.17), we have the distribution of the predictive re-

sponses at an new input x∗ as

y(x∗)|yn, λε,λw,ρw ∼ N(

pw∑
i=1

kiŵi(x
∗),x∗Σŵ(x∗)′ + λ−1ε I).

Another way to estimate the parameters λε, λw and ρw is MLE method, which is

used in [6]. In this case, the correlation function at two distinct inputs x1 and x2 are

defined as

R(x1,x2;ρw) = exp{
p∑

k=1

(−ρwk(x1k − x2k)2)} (2.19)

controlled by correlation parameter ρw. The MLE of λε, λw and ρw is

(λ̂ε, λ̂w, ρ̂w) = argmax(L(yn|λε,λw,ρw)).

2.2.3 Many Single Outputs Emulator with Quantitative Fac-

tors

We denote the computer model output as y(x, t) with input x at time t. Thus, with

the inputsX = (x1, ...,xn)′, the corresponding output at time t is ((y(x1, t), ..., y(xn, t))
′.

All outputs up to time T are denoted by

Y (X) =


y(x1, 1) · · · y(x1, T )

...
. . .

...

y(xn, 1) · · · y(xn, T )


n×T

. (2.20)

The predicted response at any new input x0 can be achieved separately at each

time t, 1 ≤ t ≤ T , each via a single output emulator with the corresponding column
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of matrix in (2.20). There are T emulators in total.

2.2.4 Time Input Emulator with Quantitative Factors

One simple way to deal with the problem of dynamic model is to extend the above

by including time t as an input. Time input emulator is a single emulator, including

time as an extra input, thus the input is a vector

XTI = [(x1, 1), ..., (xn, 1), (x1, 2), ..., (xn, 2), ..., (x1, T ), ..., (xn, T )]′ (2.21)

and the corresponding output is an nT × 1 vector

yTI = [y(x1, 1), ..., y(xn, 1), y(x1, 2), ..., y(xn, 2), ..., y(x1, T ), ..., y(xn, T )]′.

The prediction of any new input (x0, t0) can be achieved using (2.6).

2.2.5 Dynamic Linear Modelling with Gaussian Process for

Quantitative Factors

In this section, we review the dynamic linear model with GP introduced by [17].

Consider the simulator with output Y and input X. The output time series Y at

design matrix X defined by (2.4) can be written as

Y = (y1, ...,yn)′ =


Y (x1, 1) · · · Y (x1, T )

...
. . .

...

Y (xn, 1) · · · Y (xn, T )


n×T
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where Y (xi, t), i = 1, ..., n, 1 ≤ t ≤ T represents the response of input xi at time t.

In addition, denote the i-th column of the above matrix is denoted as Yi(X).

[17] proposed a model to build the relationship between the input space and output

space utilizing GP models and time-varying autoregressive models (TVAR). For each

x and t, we have a TVAR model

Y (x, t) =
h∑
j=1

ψt,jY (x, t− j) + εt(x),

where lag h is selected according to the data structure, for example in [17], h is

selected to be 2; ψt = (ψt,1, ..., ψt,h)
′ are unknown autoregressive parameters varying

over time; εt(x) is the residual varying over time. The covariance between outputs

xi,xj ∈X at some fixed time t is written as

Cov(εt(xi), εt(xj)) = σ2
tR(xi − xj;θ)

with the same correlation functions R(xi − xj;θ) for all t and the variance σ2
t varies

over time. In [17], the correlation function R(xi − xj;θ) is define by (2.3). Define

εt = (εt(x1), · · · , εt(xn))′, the multivariate dynamic linear model can be presented as

Yt(X) = F ′tψt + εt, εt ∼ N(0, σ2
tR)

where

F ′t =


y(x1, t− 1) · · · y(x1, t− h)

...
. . .

...

y(xn, t− 1) · · · y(xn, t− h)

 , R =


R(x1 − x1;θ) · · · R(x1 − xn;θ)

...
. . .

...

R(xn − x1;θ) · · · R(xn − xn;θ)
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and ψt represents auto-regressive coefficients following a random walk

ψt = ψt−1 +wt, wt ∼ N(0,Wt)

with initial value of ψ0, σ
2
t and Wt specified by prior distributions.

The correlation function has two inputs x and t, we suppose that the correlation

function can be decomposed as R((xi, t1), (xj, t2)) = R(xi − xj;θ) × Rtime(|t1 −

t2|;θtime), where Rtime(·) is the correlation function on the time dimension. Thus,

the GP model extended on time dimension, YT (X) = (Y1(X)′, · · · ,YT (X)′)′, has

distribution NnT (µ × 1nT ,R ⊗Rtime/λ), where λ controls the marginal precision of

YT (X). Omit the effect of Rtime(·) after h lags, the distribution of Yt(X) conditioning

on the responses of X at all the previous time points can be written as

π(Yt(X)|Yt−1(X), ...,Y1(X),θ,θtime)

= π(Yt(X)|Yt−1(X), ...,yt−h(X),θ,θtime), t > h

in which (θ,θtime) is the hyper-parameter controlling the covariance function. The

conditional distribution is multivariate normal with mean and variance as

E(Yt(X)|Yt−1(X), ...,yt−h(X),θ,θtime) = F ′tψt with ψt = R̃−1time,hρt,t−1:t−h

and

Var (Yt(X)|Yt−1(X), ...,yt−h(X),θ,θtime) =
1

λ
(1− ρ′t,t−1:t−hR̃−1time,hρt,t−1:t−h)R

where ρt,t−1:t−h = (Rtime(t− (t− 1)), ..., Rtime(t− (t− h)))′ = (Rtime(1), ..., Rtime(h))′
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and R̃−1time,h is a h× h matrix with (i, j) element (R̃−1time,h)i,j = Rtime(|i− j|;θtime) .

In the analysis of [17], all the correlation parameters αk’s in (2.3) is fixed to be 2.

MCMC methodology with Metropolis-Hasting scheme is used to simulate the joint

posterior distribution of ψ1:T = {ψ1, ...,ψT}, σ2
1:T = (σ2

1, ...σ
2
T ) and range parameters

θ1:p = (θ1, · · · , θp) in (2.3). According to [17], the joint posterior distribution is

π(ψ1:T ,σ1:T ,θ1:p|Y ) ∝ π(Y |ψ1:T ,σ1:T ,θ1:p)× π(θ1:p)×
T∏
t=1

π(ψt,σt|y1, ...,yt−1,θ1:p)

with the conditional distribution of Y is

π(Y |ψ1:T ,σ1:T ,θ1:p) ∝ |R|−(T−h)/2 exp(−Q/2)
T∏

t=h+1

(σ2
t )
−n/2

where

Q =
T∑

t=h+1

1

σ2
t

(Yt(X)− Ftψt)′R−1(Yt(X)− Ftψt).

To estimate the parameters, [17] uses block Gibbs samplers with a Metropolis-within-

Gibbs step for θ1, . . . , θp. At each Gibbs step g, θ
(g)
1:p is drawn from π(θ1:p|Y ,ψ(g−1)

1:T ,

(σ2
1:T )(g−1)) via Metropolis-Hastings algorithm, and then sample π(ψ1:T ,σ

2
1:T |Y ,θ

(g)
1:p)

via the forward filtering and backward sampling algorithm. The initial prior of ψ0

follows normal distribution and σ2
0 follows gamma distribution with some initial pa-

rameters detailed explained in Appendix 2 of [17].

The prediction at any new input x0 at time t is normal with mean

µt(x0) =
h∑
j=1

ψt,jY (x0, t− j) +
1

σ2
t

r′x0
R−1εt
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and variance

σ2
t (x0) = σ2

t (1− r′x0
R−1rx0)

where rx0 = R((x0,x1), ..., R(x0,xn))′, εt = (εt(x1), ..., εt(xn))′ and εt(xi) = Y (xi, t)−∑h
j=1 ψt,jY (xi, t− j).

2.3 Additive Gaussian Process Model with Quan-

titative and Qualitative Variables

In this section we review the additive GP model with quantitative and qualitative

factors firstly introduced by [26]. Consider a computer model with inputw = (x′, z′)′,

where x = (x1, ..., xp)
′ is a p-dimensional vector of quantitative variables and z =

(z1, ..., zq)
′ is a q-dimensional vector of qualitative variables in the input, and each

element zj in z has mj levels. The response of the computer model can be represented

as

y(w) = f ′(w)β + ε(w) (2.22)

where the f(w) = (f1(w), ..., fm(w))′ are specified regression functions, β = (β1, ..., βm)′

is an m× 1 unknown regression coefficient, and ε(·) is a zero mean GP with variance

σ2
ε and some correlation function Rw(·). Because of the change of the structure of

input variable, correlation function (2.3) cannot describe the relationship between

inputs, so new correlation structure is necessary. One method to build correlation

function Rw(·) for the dataset with both quantitative and qualitative factors is the

additive GP model [26].
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To simplify calculation, we model the response y as

y = µ+ ε(w), ε(w) = G1(x, z1) + · · ·+Gq(x, zq)

where µ is the overall mean and Gj is mean zero GP. For each qualitative factor zj,

we define an mj × mj correlation matrix T (j) = [τ
(j)
zrj ,zsj ], 1 ≤ r, s ≤ mj, 1 ≤ j ≤ q.

Thus, the covariance function of GP Gj is defined as

Cov Gj
(w1,w2) = σ2

j τ
(j)
z1j ,z2j

R(x1,x2|θ(j)) (2.23)

where σ2
j is the covariance component of qualitative factor zj, τ

(j)
z1j ,z2j represents the

correlation of qualitative factor zj and R(·) is the correlation function of quantitive

factors, one common choice is (2.3). Thus, the response y(w) that follows additive

GP has covariance function

Cov (y(w1), y(w2)) =

q∑
j=1

σ2
j τ

(j)
z1j ,z2j

R(x1,x2|θ(j)).

Also, we define the covariance matrix of y as Σ = [Cov (y(wi), y(wj))]n×n controlled

by parameters (σ2,θ,T ).

The parameters needed to be estimated in the model are µ, σ2 = (σ2
1, ..., σ

2
q ),

θ = (θ(1), ...,θ(q)) and T = {T (1), ...,T (q)}. To build the correlation matrix T for

qualitative factors, [26] uses the hypersphere decomposition which was initially em-

ployed in [25]. As known from [21], T (1), ...,T (q) should be q positive definite matrix

with unit diagonal elements. Take T (j) as an example, we have T (j) = LjL
′
j where

Lj = (l
(j)
r,s ) is a Cholesky decomposition of T (j). Each row vector (l

(j)
r,1 , ..., l

(j)
r,r ) in Lj is
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specified by

• r = 1, l
(j)
r,r = 1

• r = 2, ...,mj,


l
(j)
r,1 = cos(ϕ

(j)
r,1)

l(j)r,s = sin(ϕ
(j)
r,1) · · · sin(ϕ

(j)
r,s−1) cos(ϕ(j)

r,s), s = 2, ..., r − 1

l(j)r,r = sin(ϕ
(j)
r,1) · · · sin(ϕ

(j)
r,r−1)

(2.24)

where ϕ
(j)
i,k ∈ (0, π), 1 ≤ k ≤ i, 1 ≤ i ≤ mj, 1 ≤ j ≤ q. In addition, we have

τr,r =
r∑
s=1

l2r,s = 1

which assure the diagonal element of T (j) is 1. Thus, T is controlled by parameters

ϕ
(j)
i,k , 1 ≤ k ≤ i, 1 ≤ i ≤ mj, 1 ≤ j ≤ q. The log-likelihood function is

l(µ,σ2,θ,T |y) ∝ −1

2
(ln |Σ|+ (y − µ1)′Σ−1(y − µ1)). (2.25)

Given (σ2,θ,T ), we can get the MLE of µ

µ̂ = (1′Σ−11)−11′Σ−1y. (2.26)

Substituting (2.26) to (2.25), we can obtain [26]

l(σ2,θ,T |y) ∝ −1

2
(ln |Σ|+ y′Σ−1y − (1′Σ−11)−1(1′Σ−1y)2).
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The MLE of (σ2,θ,T ) can be approached by

(σ̂2, θ̂, T̂ ) = argmax l(σ2,θ,T |y).

The prediction of y(w0) at a new input w0 is

ŷ(w) = µ̂+ Σ′0Σ
−1(y − µ̂1)

where Σ0 = (Cov (y(w0), y(w1)), . . . ,Cov (y(w0), y(wn)))′. Note that (σ2,θ,T ) are

embedded in Σ and Σ0.
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Chapter 3

Comparison of Models with Only

Quantitative Factors

In this section, we conduct the comparison of four models with quantitative inputs

reviewed in Section 2.2.2-2.2.5 for three examples with different simulators. The four

models are many single outputs (MS) model, time input (TI) model, SVD based GP

(SVD) model and dynamic linear model (DLM).

The indicator to show the performance of different models is root mean square

prediction error (RMSPE) [24], which is

RMSPE =

√
1

|Xtest|
∑

x∈Xtest

({y(x)− ŷ(x))2} (3.1)

where Xtest is the testing data set, |Xtest| is the size of the testing data set, y(x)

and ŷ(x) are the T × 1 vectors of the predicted responses and true responses at

new input x. We use maximin Latin hypercube design to generate the training data

and testing data. For each example, we calculate the RMSPEs in (3.1) to evaluate
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the effectiveness of MS model, TI model, SVD based GP model and DLM over 50

replications. MS, TI, SVD and DLM models are used in Example 1. TI model is

not applicable in Examples 2-3 because the dataset with long time-series outputs

is computationally demanding for TI model. The design matrix of TI model is a

20000 × 4 matrix in Example 2 and a 20000 × 5 matrix in Example 3. Thus, MS,

only SVD and DLM are tested in Examples 2-3.

3.1 Example 1

Consider the first example with 6-dimensional inputs and time-series outputs. Data

is generated from the simulator [20]

y(x, t) = l(x1, x2) + l(x1, t) + l(x4, x5) + 0.3l(x6, t), (3.2)

where l(·, ·) is the Langermann function defined as

l(x1, x2) = c exp(− 1

π

2∑
j=1

(xj − Aj)2)cos(π
2∑
j=1

(xj − Aj)2)),

A = (3, 5), c = 0.1, x ∈ (0, 2) × (0, 4) × (0, 1) × (0, 1) × (0, 0.75) × (0, 0.75) and

time points are 50 equally spaced points in the range t ∈ [1.5, 3.5]. The Langermann

function is a multimodal test function and it is non-symmetric with its local minima

unevenly distributed [13]. For each of the 50 replications, we generated the training

data of size 100 with maximin Latin hypercube design while we generate test data

of size 1000 with random Latin hypercube design. Figure 3.1 displays the boxplot of

the RMSPEs associated with the MS model, the SVD model and DLM model over 50
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Figure 3.1: The boxplot of the RMSPEs computed from simulator (3.2) of MS, TI,
SVD and DLM models over 50 replications.

simulation runs. The results of Figure 3.1 indicate that the DLM model outperforms

the MS, TI and SVD models.

3.2 Example 2

Consider the second example with 3-dimensional inputs and time-series outputs. Data

is generated from the simulator [20]

y(x, t) = m(x1, x2) + 2 ∗m(x3, t) + 0.75 ∗m(x1t, x3), (3.3)
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Figure 3.2: The boxplot of the log-RMSPEs computed from simulator (3.3) of MS,
SVD and DLM models over 50 replications.

where m(·, ·) is the Mccormick function defined as

m(x1, x2) = sin(x1 + x2) + (x1 − x2)2 − 1.5x1 + 2.5x2 + 1, (3.4)

x ∈ (−1, 2) × (−3, 3) × (−1, 1) and time points are 200 equally spaced points in

the range t ∈ [1, 2]. The Mccormick function is a plated-shape, continuous and

convex function to evaluate the performance of algorithms [12]. For each of the 50

replications, we generated the training data of size 100 with maximin Latin hypercube

design while we generate test data of size 1000 with random Latin hypercube design.

From the results in Figure 3.2, it is clear that the SVD model gives a smaller RMSPEs

than the MS and DLM models.
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3.3 Example 3

Consider an example is to estimate pollutant concentration in a chemical accident [2].

This simulator has 5-dimensional inputs and time-series outputs. Data is generated

from the simulator

f(x, t) =
M

4πDt
exp{−s

2

4Dt
}+

M

4πD(t− τ)
exp{−(s− L)2

4D(t− τ)
} · I(τ < t), (3.5)

where x = (M,D,L, τ, s), M is the mass spilled at each location, D is the diffusion

rate, L and τ are the location and the time of the second spill, and s is the spatial

location, x ∈ [7, 13]× [0.02, 0.12]× [0.01, 3]× [30.01, 30.295]× [0, 3] and time points are

200 equal spaced points in the range t ∈ [0.3, 60]. For each of the 50 replications, we

generated the training data of size 100 with maximin Latin hypercube design while

we generate test data of size 1000 with random Latin hypercube design. Figure 3.3

displays the boxplot of the RMSPEs associated with MS, SVD and DLM models over

50 simulation runs and it indicates that the SVD model is better than the MS and

DLM models the same as in Example 2.

From the three examples in the simulation study of Section 3.2, it is clear that the

DLM model and the SVD model outperform with regard to the indicator root mean

square prediction error. Thus, in the following study, we try to build the model with

quantitative and qualitative factors based on the DLM model and the SVD model.
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Figure 3.3: The boxplot of the RMSPEs computed from simulator (3.5) of MS, SVD
and DLM models over 50 replications.
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Chapter 4

Modelling Approaches with Both

Quantitative and Qualitative

Factors

This chapter introduces two models with both quantitative and qualitative factors.

We incorporate the qualitative factors into DLM model and SVD model respectively.

To incorporate the qualitative factors, we use the additive GP model which we re-

view in Section 2.3. The additive GP model is advantageous as it assigns a covariance

component to each qualitative factors. If there is no correlation for some qualitative

factor, the correlation for quantitative and other qualitative factors can still be pre-

sented. As shown in the simulation study in Chapter 3, DLM model and SVD model

provide more accurate predictions, we use these two models to incorporate qualita-

tive factors in this chapter. Section 4.1 introduces the dynamic linear model with

additive GP (DLM-ADGP) for time-series outputs and inputs with quantitative and

qualitative factors. To obtain the parameters in the model, we use Bayesian method
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and Markov Chain Monte Carlo (MCMC) methodology to estimate the parameters

from the corresponding posterior distributions. Section 4.2 describes the SVD based

additive GP model (SVD-ADGP). In this model, we use the SVD method to deal with

the computational problem of long time-series and use the additive GP model to in-

corporate qualitative factors. We use bayesian approach and maximum a posterior

(MAP) method to estimate the unknown parameters in the model.

4.1 Dynamic Linear Model with Additive Gaus-

sian Process

4.1.1 Model Description

Consider a computer experiment with p quantitative input variables x = (x1, . . . , xp),

q qualitative input variables z = (z1, . . . , zq) and times series outputs. Let the input

be w = (x, z), and t represents the time point, 1 ≤ t ≤ T . Assume that each

qualitative factor zj has mj levels. For each time point, there are n responses. The

response at (w, t) is y(w, t). The design matrix D is

D =


(w1, 1) · · · (w1, T )

...
. . .

...

(wn, 1) · · · (wn, T )

 .

We build the relationship between the input space and output space utilizing GP

models and time-varying autoregressive models. For each input w at time t, we have
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a time-varying autoregressive model

y(w, t) =
h∑
j=1

ψt,jy(w, t− j) + εt(w). (4.1)

With notation of outputs yt = (y(w1, t), ..., y(wn, t))
′, auto-regressive coefficients

ψt = (ψt,1, ..., ψt,h)
′ and residuals εt = (εt(w1), ..., εt(wn))′, εt ∼ N(0,Φt), we can

write the dynamic linear model with additive GPs (DLM-ADGP model) over all

inputs as

yt = F ′tψt + εt (4.2)

where

F ′t =


y(w1, t− 1) · · · y(w1, t− h)

...
. . .

...

y(wn, t− 1) · · · y(wn, t− h)

 .

To describe the correlation structure of qualitative factors, we regard εt(w) as an

additive GP as

εt(w) =
√
νt(G1(x, z1) + ...+Gq(x, zq)),

where Gi ∼ GP (0, σ2
i ) and νt represents the variance effect of different time. Denote

T (j) = (τ
(j)
r,s ) as the mj ×mj correlation matrix, with mj as the number of levels of

the j-th qualitative factor zj, which is a positive-definite matrix with unit diagonal

elements with a Cholesky-type decomposition T (j) = LjL
′
j, Lj is defined as (2.24).

Thus, the covariance between two inputs w1 and w2 is

φ(y(w1), y(w2)) = νt

q∑
j=1

σ2
j τ

(j)
z1j ,z2j

R(x1,x2|θ(j)).
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We denote the n × n covariance matrix Φt as Φt = [φ(y(wi), y(wi′))]n×n controlled

by parameters θ = (θ(1), ...,θ(q)), σ2 = (σ2
1, ..., σ

2
q ), T = (T (1), ...,T (q)). The co-

variance component of Φt is vt = νt
∑q

i=1 σ
2
i , the entries of the correlation matrix

R is Ri,k = 1∑q
j=1 σ

2
j

∑q
j=1 σ

2
j τ

(j)
z1j ,z2jR(xi,xk|θ(j)), where R(x1,x2|θ(j)) describes the

correlation between quantitative factors. In this model, we use the most popular one

R(x1,x2|θ(j)) = exp(−
p∑

k=1

θ
(j)
k |x1k − x2k|

2).

Also, we assume the auto-regressive coefficients follow a random walk over time

ψt = ψt−1 +wt, wt ∼ N(0,Wt),

where Wt is the time-varying parameter with specified prior.

4.1.2 Parameters Estimation

In the DLM-ADGP model, the parameters need to be estimated are ψ,v,θ,σ2,ϕ.

ψ = {ψ1, ...,ψT} where ψi = (ψi1, ..., ψih), v = {v1, ..., vT}, θ = {θ(1), ...,θ(q)} where

θ(i) = (θ
(i)
1 , ..., θ

(i)
p ), σ2 = (σ2

1, ..., σ
2
q ),ϕ = {ϕ(1), ...,ϕ(q)}, and parameters in T (j) are

ϕ(j) = {ϕ(j)
2 , ...,ϕ

(j)
mj}, ϕ

(j)
r = (ϕ

(j)
r,1, ..., ϕ

(j)
r,r−1)

′ where 2 ≤ r ≤ mj, 1 ≤ j ≤ q defined

as (2.24). We use the Bayesian method to approach the parameters. Referring to
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[17], the conditional likelihood function proportional to

p(y|ψ,v,θ,σ2, ϕ) ∝
T∏

t=p+1

|Φt|−
1
2 exp(−1

2
(yt − Ftψt)′Φ−1t (yt − Ftψt))

∝ |R|−
T−p
2 ×

T∏
t=p+1

(v
−n/2
t )× exp(−1

2

T∑
t=p+1

(yt − Ftψt)′R−1(yt − Ftψt)/vt)

(4.3)

where R = R(θ,σ2, ϕ) is the correlation matrix and Φt = vtR is the covariance

matrix at time t. Thus, the posterior distribution of unknown parameters is

p(ψ,v,θ,σ2, ϕ|y) ∝ p(y|ψ,v,θ,σ2, ϕ)×
T∏
t=1

p(ψt, vt|y1:t−1,θ,σ2, ϕ)

× p(θ)× p(σ2)× p(ϕ),

and for t = 1, we define y1:0 = 1 in p(ψt, vt|y1:t−1,θ,σ2, ϕ).

For the Bayesian method, the prior distribution of parameters need to be chosen

carefully. For the range parameter θ, according to [11] and [17], we first define ρ
(j)
i =

exp(−θ(j)i /4), then set the prior distribution of ρ
(j)
i as Beta distribution Beta(a0, b0).

Thus, the joint prior distribution of θ is

p(θ) ∝
q∏
j=1

p∏
i=1

(1− exp(−θ(j)i /4))b−1 exp(−θ(j)i /4)a−1. (4.4)

For the range parameter σ2, we choose the commonly used inverse gamma distribution

for each element, that is

σ2
i ∼ IG(α

(0)
i , β

(0)
i ).
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The prior joint distribution of σ2 is

p(σ2) ∝
q∏
i=1

(σ2)−α
(0)
i −1e−β

(0)
i σ2

i (4.5)

where α
(0)
i , β

(0)
i are specified prior. We treat the parameters in T (j) as ϕ(j) =

{ϕ(j)
2 , ...,ϕ

(j)
mj}, ϕ

(j)
r = (ϕ

(j)
r,1, ..., ϕ

(j)
r,r−1)

′ where 2 ≤ r ≤ mj according to (2.24).

All elements in ϕ are mutually independent. We assume the prior distribution is

ϕ
(j)
r,s ∼ Unif(0, π), and p(ϕ

(j)
r,s) = 1

π
, so the prior distribution of ϕ can be written as

p(ϕ) =

q∏
j=1

p(ϕ(j))

p(ϕ(j)) =

mj∏
r=2

r−1∏
s=1

p(ϕ(j)
r,s) = (

1

π
)(r−1)(mj−1).

(4.6)

For the priors of auto-regressive coefficients ψ0 and covariance component v0, we

assume the prior distributions [17] are

(ψ0|v0, D0) ∼ N(m0, v0C0), v−10 |D0 ∼ Ga(n0/2, d0/2),

where D0 is the initial prior setting for prior setting of all parameters. In this case, the

posterior distribution for (ψt−1, vt−1|Dt−1) is normal/inverse Gamma distribution.

We use Gibbs samplers with a Metropolis-within-Gibbs step [17] for ψ,v,θ,σ2,ϕ.

At the g-th Gibbs step, we need to sample the parameters from the corresponding full

conditional posterior distribution. Firstly, we sample (ψ(g),v(g)) from normal/inverse

Gamma distribution p(ψ(g),v(g)|y,θ(g−1), (σ2)(g−1),ϕ(g−1)) shown in (4.7) and (4.8)

by the forward filtering and backward sampling algorithm. Secondly, we sample θ(g),
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(σ2)(g) and ϕ(g) from their full conditional posterior distribution (4.9), (4.10) and

(4.11) in sequence utilizing the Metropolis-Hastings algorithm.

In each Gibbs step, the forward filtering method is used to achieve the estimation

of ψt and vt over time in t = 1, ..., T . We define Dt = {Dt−1,yt} and D0 is the initial

prior setting for prior setting of all parameters and θ,σ2,ϕ from the previous Gibbs

steps (if exist, not capable for the first Gibbs step). At each Gibbs step, we calculate

the parameters (ψt, vt) conditional on Dt utilizing the forward filtering methodology:

• The posterior distribution for (ψt−1, vt−1|Dt−1) is normal/inverse Gamma with

marginal distributions as

– ψt−1 ∼ Tnt−1(mt−1,Ct−1),

– v−1t−1 ∼ Ga(nt−1/2, dt−1/2),

where mt−1,Ct−1 are the known parameters from Dt−1, which is calculated

similarly in the previous iteration when calculating (ψt−1, vt−1).

• The prior distribution of (ψt, vt|Dt−1) is

– ψt ∼ Tδvnt−1(mt−1,Gt),

– v−1t ∼ Ga(δvnt−1/2, δvdt−1/2),

where Gt = Ct−1 +Wt and Wt = 1−δW
δW

Ct−1 as the variance discounting model,

so Gt = Ct−1/δW . δW is a known discounting factor set as 0.9 [17]. We define

point estimation for vt as st−1 = dt−1/nt−1.

• The distribution of one-step forecast of output (ŷt|Dt−1) is

ŷt ∼ Tδvnt−1(F
′
tmt−1,Qt) where Qt = F ′tGtFt + st−1R, R is the correlation

matrix with entries Ri,k = 1∑q
j=1 σ

2
j

∑q
j=1 σ

2
j τ

(j)
z1j ,z2jR(xi,xk|θ(j));
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• The estimations of parameters ψt and vt are calculated as follows

v−1t ∼ Ga(nt/2, dt/2) (4.7)

v−1t ∼ Ga(nt/2, dt/2) where nt = δtnt−1 +n and dt = δvdt−1 + st−1e
′
tQ
′
tet where

et = yt − F ′tmt−1, δv is a known discounting factor set as 0.9, and

ψt ∼ Tnt(mt,Ct) (4.8)

where mt = mt−1 +At(yt −F ′tmt−1), Ct = (Wt −AtQtA
′
t)st/st−1 with At =

GtFtQ
−1
t .

After the calculation of forward filtering method, we get the estimations of ψ =

{ψ1, ...,ψT} and v = {v1, ..., vT}. Then we use the backward sampling method to

draw samples for ψ = {ψ1, ...,ψT} and v = {v1, ..., vT} according to reverse time

order as follows:

• t=T, draw v−1T from Ga(nT/1, dT/2), draw ψT |vT from N(mT ,CTvT/sT ).

• Set n∗T = nT , d∗T = dT , m∗T = mT , s∗T = sT . For t = T − 1, ..., 1, draw samples

from the following distribution

– v−1t ∼ Ga(n∗t/2, d
∗
t/2) where d∗t = n∗t s

∗
t , n

∗
t = (1 − δv)nt + δvn

∗
t+1,

1
s∗t

=

1−δv
st

+ δv
s∗t+1

;

– ψt|vt ∼ N(m∗t ,C
∗
t vt/s

∗
t ) where m∗t = (1 − δw)mt + δwm

∗
t+1, C

∗
t = (1 −

δw)Ct

st
+ δ2w

C∗t+1

s∗t+1
.

After we sample the parameters (ψ(g),v(g)), we use Metropolis-Hasting algo-

rithm to sample θ(g), σ
2
(g) and ϕ(g) in sequence. To ease the notation, we denote
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(ψ(g−1),v(g−1)), θ(g−1), σ
2
(g−1) and ϕ(g−1) as (ψ,v), θ, σ2 and ϕ in the following

Metropolis-Hasting sampling steps. The full conditional distribution of θ with regard

to (4.3) and (4.4) is

p(θ|ψ,v,σ2,ϕ,y) ∝ p(y|ψ,v,σ2,ϕ,θ)× π(θ)

∝ exp(−1

2

T∑
t=p+1

(yt − Ftψt)′R−1(yt − Ftψt)/vt)

× |R|−
T−p
2 ×

T∏
t=p+1

(v
−n/2
t )×

×
q∏
j=1

{
p∏
i=1

(1− exp(−θ(j)i /4))0.9 exp(−θ(j)i /4)}

∝ |R|−
T−p
2 × exp(−1

2

T∑
t=p+1

(yt − Ftψt)′R−1(yt − Ftψt)/vt)

×
q∏
j=1

{
p∏
i=1

(1− exp(−θ(j)i /4))0.9 exp(−θ(j)i /4)}

(4.9)

We first set η
(j)
i = log(θ

(j)
i ), i = 1, ..., p, j = 1, ..., q and η(j) = (η

(j)
1 , ..., η

(j)
p ) [17].

Propose a new value for η
(j)
i as

(η
(j)
i )∗ = (η

(j)
i ) +N(0, 0.12),

then setting (θ
(j)
i )∗ = exp{(η(j)i )∗}. Denote p(θ∗|ψ,v,σ2,ϕ,y) as the full conditional

distribution of θ∗. With Jacobian

J(θ) =

q∏
j=1

p∏
i=1

dη
(j)
i

dθ
(j)
i

=

q∏
j=1

p∏
i=1

(θ
(j)
i )−1,
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the Metropolis-Hasting ratio is

rθ = max {p(θ∗|ψ,v,σ
2,ϕ,y)J(θ)

p(θ|ψ,v,σ2,ϕ,y)J(θ∗)
, 1}.

We set θ(g) = θ∗ with probability rθ, otherwise set θ(g) = θ.

The full conditional distribution of σ2 with regard to (4.3) and (4.20) is

p(σ2|ψ,v,θ,ϕ,y) ∝ p(y|ψ,v,σ2,ϕ,θ)× π(σ2)

∝ exp(−1

2

T∑
t=p+1

(yt − Ftψt)′R−1(yt − Ftψt)/vt)

× |R|−
T−p
2 ×

T∏
t=p+1

(v
−n/2
t )×

×
T∏
i=1

(σ2)−α
(0)
i −1e−β

(0)
i σ2

i

∝ |R|−
T−p
2 × exp(−1

2

T∑
t=p+1

(yt − Ftψt)′R−1(yt − Ftψt)/vt)

×
T∏
i=1

(σ2)−α
(0)
i −1e−β

(0)
i σ2

i

(4.10)

The Metropolis-Hasting ratio is

rσ2 = max {p(σ
2
∗ |ψ,v,θ,ϕ,y)

p(σ2|ψ,v,θ,ϕ,y)
, 1};

The new value can be set as

σ2
∗ = σ2 + ε

where each element of ε is a small random number drawn from normal distribution

N(0, 0.12). We set σ2
(g) = σ2

∗ with probability rσ2 , otherwise set σ2
(g) = σ2.
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The full conditional distribution of ϕ with regard to (4.3) and (4.6) is

p(ϕ|ψ,v,σ2,θ,y) ∝ p(y|ψ,v,σ2,ϕ,θ)× π(ϕ)

∝ exp(−1

2

T∑
t=p+1

(yt − Ftψt)′R−1(yt − Ftψt)/vt)

× |R|−
T−p
2 ×

T∏
t=p+1

(v
−n/2
t )

∝ |R|−
T−p
2 × exp(−1

2

T∑
t=p+1

(yt − Ftψt)′R−1(yt − Ftψt)/vt).

(4.11)

The Metropolis-Hasting ratio is

rϕ = max {p(ϕ∗|ψ,v,σ
2,θ,y)

p(ϕ|ψ,v,σ2,θ,y)
, 1}.

where

ϕ∗ = ϕ+ ε

with a range of ϕ∗ ∈ (0, π), and each element of ε is a small random number drawn

from normal distribution N(0, 0.12). We set ϕ(g) = ϕ∗ with probability rϕ, otherwise

set ϕ(g) = ϕ.

4.1.3 Prediction and Interpolation

Given the estimates for all unknown parameters θ̂, σ̂2, ϕ̂, ψ̂, v̂ in the model, for a new

input w = (x, z), its prediction at time t conditional on training data set (w1, ...,wn)
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and all previous time series values y(w, 1), ..., y(w, t− 1) is

ŷ(w, t) =
h∑
j=1

ψ̂t,jy(w, t− j) + r′wR̂
−1ε̂t (4.12)

and variance

σ2
t (w) = v̂t(1− r′wR̂−1rw)

where

R̂ = R(θ̂, σ̂2, ϕ̂),

rw = (r(y(w,w1)), ..., r(y(w,wn)))′,

ε̂t = (ε̂t(w1), ..., ε̂t(wn))′,

r(y(w,wi)) =
1∑q
j=1 σ̂

2
j

q∑
j=1

σ̂2
j τ̂

(j)
zij ,zj

R(xi,x|θ̂(j)),

ε̂t(wi) = y(wi, t)−
h∑
j=1

ψ̂t,jy(wi, t− j), 1 ≤ i ≤ n.

For interpolation, we suppose that we make the prediction at w = wi, 1 ≤ i ≤ n,

then we have

r′wR̂
−1 = (R̂−1rw)′ = (R̂−1R̂i)

′ = e′i

where R̂i is the i-th column of R̂ and ei is the n× 1 vector with the i-th entry as 1
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and other entries as 0. Equation (4.12) can be written as

ŷ(wi, t) =
h∑
j=1

ψ̂t,jy(w, t− j) + ε̂t(wi)

=
h∑
j=1

ψ̂t,jy(w, t− j) + (y(wi, t)−
h∑
j=1

ψ̂t,jy(wi, t− j))

= y(wi, t).

Thus, the prediction at w = wi, 1 ≤ i ≤ n is the observed value y(wi, t), which

interpolates the data.

4.1.4 Choice of Hyper-parameters in Prior Distributions

In this section, we test the performance of the hyper-parameters in all the prior dis-

tributions we have discussed before, and give a suggestion how to choose the hyper-

parameters. Referring to [17], we use the initial settings as Beta(2, 1.9) for ρ
(j)
i ,

ρ
(j)
i = exp(−θ(j)i /4), inverse Gamma for σ2, i.e. σ2

i ∼ IG(10, 0.1), normal/inverse

Gamma for (v,ψ), i.e. v−10 ∼ Ga(1/2, 1/2) and ψ ∼ N((1 1)′, diag(10, 10)). These

prior hyper-parameters are chosen according to [17] and [11]. To test if these hyper-

parameters are suitable for the model, we change one hyper-parameter and remain

others as the initial setting and calculate the corresponding root mean square predic-

tion error on each simulator over 50 replications.

In this section, we test different priors for θ, σ2, v and ψ with the following two

43



simulators. The first simulator ([3], [26]) is

y(w, t) =1.5g1(x1t) + 3g2(x2 + z3) + 1.2g4(x3)+

2g2(x4z2) + 4g2(x7)t+ 1.4g2(z4 + z5) + g2(z6 + 1.6z7)+

0.2g3(x5 + x6) + g1(x8)g2(x9)

(4.13)

where

w = (x, z), xi ∈ (0, 1), i = 1, ..., 9, zj ∈ {0.1, 0.4, 0.9}, j = 1, ..., 7,

g1, g2, g3, g4 are defined as

g1(x) = x;

g2(x) = (2x− 1)2;

g3(x) = sin(2πx)/[2− sin(2πx)];

g4(x) = 0.1sin(2πx) + 0.2cos(2πx) + 0.3[sin(2πx)]2 + 0.4[cos(2πx)]3 + 0.5[sin(2πx)]3,

and time points are 200 equally spaced points in the range t ∈ (0, 1). In each replica-

tion, for the training data of size 81, the designs for quantitative factors are maximin

Latin hypercube designs while the design for qualitative factors is 81-run three-level

fractional factorial design [15]. For the test data of size 1620, the designs for quan-

titative factors are random Latin hypercube designs while the qualitative factors are

randomly generated by the MATLAB function ′randi′.

The second simulator [20] is

y(w, t) = m(x1, x2)+m(x1, t)+m(x4, z4)+m(z1, t)+m(x5−x2, z2)+m(x3, z3) (4.14)
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where

w = (x, z),x ∈ (0, 2)× (0, 4)× (0, 1)× (0, 1)× (0, 1),

zi ∈ {0.25, 0.5, 0.75, 1, 1.25, 1.5}, i = {1, ..., 4},

m(·, ·) is the Mccormick function defined as

m(x1, x2) = sin(x1 + x2) + (x1 − x2)2 − 1.5x1 + 2.5x2 + 1.

and time points are 200 equally spaced points in the range t ∈ [1.5, 3.5]. In each

replication, for the training data of size 216, the designs for quantitative factors are

maximin Latin hypercube designs while the design for qualitative factors is 216-run

six-level factional factorial design [15]. For the test data of size 1080, the designs for

quantitative factors are random Latin hypercube designs while the qualitative factors

are randomly generated by the MATLAB function ′randi′.

As in Section 4.2.1, we assume Beta distribution Beta(a0, b0) for ρ
(j)
i , the range

parameter, where ρ
(j)
i = exp(−θ(j)i /4). Thus, the joint prior distribution of θ is

p(θ) ∝
q∏
j=1

p∏
i=1

(1− exp(−θ(j)i /4))b0−1 exp(−θ(j)i /4)a0−1.

With the reference of [17] and [11], we choose several pairs of hyper-parameters for

the prior of θ as Table 4.1. From Figure 4.1 and Figure 4.2, we recommend the choice

a0 0.5 0.5 1 2 2 2 3 5
b0 0.5 2 3 0.5 1.9 5 1 2

Table 4.1: The values of the tested hyper-parameters a0 and b0 in the prior of θ in
the DLM − ADGP model.
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of a0 = 2, b0 = 1.9 which shows the best performance in the comparison.

As in Section 4.2.1, we assume inverse gamma distribution for σ2, the covariance

component of qualitative factors,

σ2
i ∼ IG(α

(0)
i , β

(0)
i ), 1 ≤ i ≤ q.

To test the robustness of σ2, we choose several pairs of hyper-parameters for the

prior with the reference of [10], [17] and [11] as Table 4.2. From Figure 4.3 and

α
(0)
i 0.1 0.1 0.1 1 1 1 10 10 10

β
(0)
i 0.1 1 10 0.1 1 10 0.1 1 10

Table 4.2: The values of the tested hyper-parameters α
(0)
i and β

(0)
i in the prior of σ2

in the DLM − ADGP model.

Figure 4.4, we can see that in simulator (4.13), the choice of α
(0)
i = 10, β

(0)
i = 0.1

shows the best performance in the comparison, while in simulator (4.14), the choice

of α
(0)
i = 10, β

(0)
i = 0.1 is only slightly better than other choices.

As in Section 4.2.1, we assume normal/inverse Gamma for (ψ,v) with prior

marginal distribution of v as v−10 ∼ Ga(n0/2, d0/2), where v is the covariance com-

ponent vector, ψ is the initial mean vector. We choose the hyper-parameters of the

prior distributions according to [17] as Table 4.3. In Figure 4.5 and Figure 4.6, we

n0 0.1 0.1 0.1 1 1 1 10 10 10
d0 0.1 1 10 0.1 1 10 0.1 1 10

Table 4.3: The values of the tested hyper-parameters n0 and d0 in the prior of v−1 in
the DLM − ADGP model.

can see that small n0 is a better choice. We recommend the v−10 ∼ Ga(0.05, 5).

As in Section 4.2.1, ψ follows a 2-dimensional normal distribution. We choose the
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hyper-parameters of the prior distributions according to [17] as Table 4.4. According

Group1 Group2 Group3 Group4 Group5 Group6
m0 1 1 1 5 5 5
C0 diag(1,1) diag(5,5) diag(10,10) diag(1,1) diag(5,5) diag(10,10)

Table 4.4: The values of the tested hyper-parameters m0 and C0 in the prior of ψ in
the DLM − ADGP model.

to the Figure 4.7 and Figure 4.8, we recommend the choice of m0 = (1, 1)′,C0 =

diag(10, 10) which shows the best performance in the comparison.

In conclusion, the choice of hyper-parameters will affect the model and should

be chosen carefully according to the data. According to the tests we have done,

we recommend Beta(2, 1.9) for the range parameter ρ
(j)
i , IG(10, 0.1) for the variance

component σ2, Ga(0.05, 5) for prior marginal distribution of v, N((1, 1)′, diag(10, 10))

for ψ.

Figure 4.1: The boxplot of the RMSPEs computed from the simulator (4.13) with
different hyper-parameters for θ over 50 replications.
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Figure 4.2: The boxplot of the RMSPEs computed from the simulator (4.14) with
different hyper-parameters for θ over 50 replications.
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Figure 4.3: The boxplot of the RMSPEs computed from the simulator (4.13) with
different hyper-parameters for σ2 over 50 replications.
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Figure 4.4: The boxplot of the RMSPEs computed from the simulator (4.14) with
different hyper-parameters for σ2 over 50 replications.
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Figure 4.5: The boxplot of the RMSPEs computed from the simulator (4.13) with
different hyper-parameters for v over 50 replications.
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Figure 4.6: The boxplot of the RMSPEs computed from the simulator (4.14) with
different hyper-parameters for v over 50 replications.
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Figure 4.7: The boxplot of the RMSPEs computed from the simulator (4.13) with
different hyper-parameters for ψ over 50 replications.
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Figure 4.8: The boxplot of the RMSPEs computed from the simulator (4.14) with
different hyper-parameters for ψ over 50 replications.
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4.2 Singular Value Decomposition Based Additive

Gaussian Process Model

4.2.1 Model Description

We consider an input with p quantitative factors x = (x1, ..., xp) and q qualitative

factors z = (z1, ..., zq) with m1, ...,mq levels respectively, and define the input as

w = (x, z). Consider a simulator built by n training points W = (w1, ...,wn) and

the corresponding T × n time-series response matrix Y = (y1, ...,yn).

The SVD on Y is

Y = UDV ′

where U = [u1, ...,uk] and V = [v1, ...,vk] are T × k and n × k column orthogonal

matrix respectively, k = min (n, T ), and D = diag(d1, ..., dk) is the diagonal matrix

of singular values in decreasing order. We define B = [b1, ..., bl] = U ∗D∗, where

U ∗ = [u1, ...,ul] and D∗ = diag(d1, ..., dl) are the first l vectors of U ,D, and we also

define V ∗ = [v1, ...,vl]. We choose the number of significant singular values l by the

cumulative percentage as following

l = min{l :

∑l
i=1 di∑k
i=1 di

> γ}

where γ is a pre-specified threshold of explained variation. The suggested values are

between 0.9 and 0.99 [11]. We use γ = 0.9.
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To represent the T -dimensional output y(w) at input w, we have

y(w) =
l∑

i=1

bici(w) + ε (4.15)

where ε is the residual,

ε ∼ N(0, λ−1ε I).

We assume that ci(·) follows a zero mean GP for 1 ≤ i ≤ l,

ci(·) ∼ N(0, λ−1i Ki) (4.16)

with the correlation function Ki defined as

K(wj,wh;θ
(i),T (i), (σ2)(i)) =

q∑
s=1

(σ2
s)

(i)∑q
s=1(σ

2
s)

(i)
τ (i)zjs,zhs exp(−

p∑
k=1

θ
(i)
s,k|xjk − xhk|

2),

where [T
(i)
s ]j,k = τ

(i)
zjs,zks , i = 1, ..., l, s = 1, ..., q, are the qualitative correlation param-

eters of additive GP model using hypersphere decomposition, (σ2
s)

(i), 1 ≤ s ≤ q as

the variance component for qualitative factors, and θ
(i)
s,k, i = 1, ..., l, s = 1, ..., q, are

the roughness parameters. Denote (σ2)(i) = ((σ2
1)(i), ..., (σ2

q )
(i)) and θ(i) = (θ

(i)
s,k, 1 ≤

s ≤ q, 1 ≤ k ≤ p) for 1 ≤ i ≤ l. For the n× n training data W , we define the n× n

correlation matrix Ki, 1 ≤ i ≤ l as

[Ki]j,h = K(wj,wh;θ
(i),T (i), (σ2)(i)).

According to [22], we treat vi, the i-th column of V , as the realization of GP ci(·) at

W , i.e. vi = (ci(w1), ..., ci(wn))′.
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4.2.2 Parameter Estimation

According to (4.16), we have

π(vi|θ(i),T (i), (σ2)(i), λi) ∝ |Ki|−1/2λ
n
2
i exp{−ψi

2
λi} (4.17)

where ψi = v′iK
−1
i vi. Note that (θ(i),T (i), (σ2)(i)) are embedded in Ki. Also we

assume that the unknown parameters are mutually independent, so we have

π(θ(i),T (i), (σ2)(i), λi) = π(θ(i))π(T (i))π((σ2)(i))π(λi).

Assume the commonly used Gamma prior for λi, i.e. λi ∼ Ga(ai, bi),

π(λi) ∝ (λi)
ai−1 exp{−biλi},

we calculate the marginal posterior distribution of (θ(i),T (i), (σ2)(i)) through the

integration over λi. The Gamma function is

Γ(a) =

∫ ∞
0

xa−1 exp(−x)dx, a > 0,

for b > 0, we have the following equation after some simple calculation,

∫ ∞
0

xa−1 exp(−bx)dx = b−aΓ(a). (4.18)
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Given (4.18), we have

π(θ(i),T (i), (σ2)(i)|vi)

∝
∫ ∞
0

π(vi|θ(i),T (i), (σ2)(i), λi)π(θ(i))π(T (i))π((σ2)(i))π(λi)d(λi)

∝
∫ ∞
0

|Ki|−1/2(λi)
n
2
+ai−1 exp{−ψi + 2bi

2
λi}π(θ(i))π(T (i))π((σ2)(i))d(λi)

∝ |Ki|−1/2π(θ(i))π(T (i))π((σ2)(i))

∫ ∞
0

(λi)
n
2
+ai−1 exp{−ψi + 2bi

2
λi}d(λi)

∝ |Ki|−1/2(
ψi + 2bi

2
)−(

n
2
+ai)Γ(

n

2
+ ai)π(θ(i))π(T (i))π((σ2)(i))

∝ |Ki|−1/2(
ψi + 2bi

2
)−(

n
2
+ai)π(θ(i))π(T (i))π((σ2)(i)).

We specify the prior of λi as Ga(ai = 0, bi = 0) according to [1]. Thus, we have

π(λi) ∝ λ−1i and the marginal posterior distribution of (θ(i),T (i), (σ2)(i)) as

π(θ(i),T (i), (σ2)(i)|vi) ∝ |Ki|−1/2(
ψi
2

)−
n
2 π(θ(i))π(T (i))π((σ2)(i)). (4.19)

Assume the prior for the inverse of each element θ
(i)
s,k in unknown parameter θ(i)

is independent Gamma distribution, i.e. π(1/θ
(i)
s,k) ∼ Ga(α

(i)
θ,s,k, β

(i)
θ,s,k). For the ele-

ments in parameter (σ2)(i), we choose the commonly used independent inverse gamma

distributions, that is

(σ2
s)

(i) ∼ IG(α(i)
s , β

(i)
s ).

The prior joint distribution of (σ2)(i) is

π((σ2)(i)) ∝
q∏
s=1

((σ2
s)

(i))−α
(i)
s −1 exp{−β(i)

s (σ2
s)

(i)}. (4.20)

We use the hypersphere decomposition to build the correlation matrix T
(i)
j for the
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j-th qualitative factor as in (2.24) [26]. Thus, T (i) = [T
(i)
j , 1 ≤ j ≤ q] is controlled by

parameters ϕ
(i)
j,r,s ∈ (0, π), 1 ≤ s ≤ r, 1 ≤ r ≤ mj. We treat the parameters in T

(i)
j as

ϕ
(i)
j = {ϕ(i)

j,2, ...,ϕ
(i)
j,mi
}, ϕ(i)

j,r = (ϕ
(i)
j,r,1, ..., ϕ

(i)
j,r,r−1)

′ for 2 ≤ r ≤ mi. All elements in ϕ(i)

are mutually independent. We assume the prior distribution of the element in ϕ(i)

to be ϕ
(i)
j,r,s ∼ Unif(0, π), and p(ϕ

(i)
j,r,s) = 1

π
, so the prior distribution of ϕ

(i)
j can be

written as

π(ϕ
(i)
j ) =

mj∏
r=2

r−1∏
s=1

π(ϕ
(i)
j,r,s) = (

1

π
)mj(mj−1)/2. (4.21)

Thus, we have the prior distribution of T (i) as

π(T (i)) = π(ϕ(i)) ∝ 1.

With the prior distributions and (4.19), we can get the MAP estimators of

(θ(i),T (i), (σ2)(i)) as

(θ̂(i), T̂ (i), (σ̂2)(i)) = argmax
θ(i),T (i),(σ2)(i)

log(π(θ(i),T (i), (σ2)(i)|vi)), (4.22)

where

log(π(θ(i),T (i), (σ2)(i)|vi)) ∝ −
1

2
|Ki|−

n

2
log(

ψi
2

) + log(π(θ(i))) + log(π((σ2)(i)))).

The posterior distribution of λi according to equation (4.17) with plug-in value of
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(θ̂(i), T̂ (i), (σ̂2)(i)) in (4.22) is

π(λi|vi, θ̂(i), T̂ (i), (σ̂2)(i)) ∝ π(vi|λi, θ̂(i), T̂ (i), (σ̂2)(i))× π(λi)

∝ |Ki|−1/2λ
n
2
i exp{−ψi

2
λi}λ−1i

∝ λ
n
2
−1

i exp{−ψi
2
λi}.

Thus, λi ∼ Ga(n/2, ψi/2), we can get λ̂i = n
ψi

.

The predictive distribution of any new input w0 follows a student-t distribution

[22] with mean

ĉi(w0) = k′i(w0)K
−1
i vi,

and variance

σ̂2
i (w0) =

ψi(1− k′i(w0)K
−1
i ki(w0))

n

where ĉi(w0) = k′i(w0)K
−1
i vi and

ki(w0) = [K(w0,w1;θ
(i),T (i), (σ2)(i)), ..., K(w0,wn;θ(i),T (i), (σ2)(i))]′.

We define the vectorization of response matrix as yn = (y′1, ...,y
′
n)′, thus we have

yn ∼ N((In ⊗B)vec((V ∗)′), λ−1ε InT ).

We define r = yn − (In ⊗B)vec((V ∗)′) as the vectorization of the residual matrix

Y −B(V ∗)′. The notation ⊗ represents the Kronecker product and vec(·) represents

the vectorization of a matrix. We assume the Gamma distribution prior λε ∼ Ga(a, b),
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the posterior distribution of the precision λε is

π(λε|Y ) ∝ π(Y |λε)π(λε)

∝ λ
nT
2
ε exp(−λεr

′r

2
)λa−1ε exp(−bλε)

∝ λ
nT
2

+a−1
ε exp(−(r′r + 2b)λε

2
)

(4.23)

Thus, λε ∼ Ga(nT
2

+ a, r
′r
2

+ b). We can get the estimate of λε as

λ̂ε =
nT + 2a

r′r + 2b
.

4.2.3 Prediction

Use the result of Lemma 2.2.1 in (4.15), we can obtain the predicted response at any

new input w0 following multivariate normal with mean

µ̂(w0) = Bĉ(w0|C, ρ̂, λ̂ε) (4.24)

and variance

Σ̂ = Bdiag(σ̂2
1(w0), ..., σ̂

2
l (w0))B

′ + λ̂−1ε IT ,

where ĉ(w0|C,θ,ρ) = [ĉ1(w0), ..., ĉl(w0)]
′ and ρ̂ = {θ̂(i), T̂ (i), (σ̂2)(i), λ̂i, 1 ≤ i ≤ l}.

4.2.4 Choice of Hyper-parameters in Prior Distributions

When considering the point estimation of the response at a new input as shown in

(4.24) , we need to choose the hyper-parameters embedded in the prior distributions

of θ(i) and (σ2)(i), 1 ≤ i ≤ l. Recall from Section 4.3.2, we have each element of
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(σ2)(i) follows inverse Gamma distribution (σ2
s)

(i) ∼ IG(α
(i)
s , β

(i)
s ) and each element

of θ(i) follows Gamma distribution π(1/θ
(i)
s,k) ∼ Ga(α

(i)
θ,s,k, β

(i)
θ,s,k). When we test the

effectiveness of the choices for the prior of one hyper-parameter, we set flat prior for

the other, i.e. we set π(θ(i)) ∝ 1 when we test which of the priors of (σ2)(i) gives

a better performance. Considering the mean and variance of the prior distributions,

we choose the hyper-parameters as Table 4.5 and Table 4.6 referring to [10], [11], [14]

and [17].

α
(i)
s 0.1 0.1 0.1 1 1 1 10 10 10 3

β
(i)
s 0.1 1 10 0.1 1 10 0.1 1 10 2

Table 4.5: The values of the tested hyper-parameters α
(i)
s and β

(i)
s in the prior of σ2

in SV D − ADGP model.

α
(i)
θ,s,k 1 1 1 2 3 5

β
(i)
θ,s,k 0.5 1 3 5 1 2

Table 4.6: The values of the tested hyper-parameters α
(i)
θ,s,k and β

(i)
θ,s,k in the prior of

θ in SV D − ADGP model.

We calculate the root mean square prediction error from data generating from two

simulators over 50 repliacitons. The first simulator [20] is

y(w, t) = m(x1, x2)+m(x1, t)+m(x4, z4)+m(z1, t)+m(x5−x2, z2)+m(x3, z3), (4.25)

where

w = (x, z),x ∈ (0, 2)× (0, 4)× (0, 1)× (0, 1)× (0, 1),

zi ∈ {0.25, 0.5, 0.75, 1, 1.25, 1.5}, i = {1, ..., 4}
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m(·, ·) is the Mccormick function defined as

m(x1, x2) = sin(x1 + x2) + (x1 − x2)2 − 1.5x1 + 2.5x2 + 1.

and time points are 200 equally spaced points in the range t ∈ [1.5, 3.5]. In each

replication, for the training data of size 216, the designs for quantitative factors are

maximin Latin hypercube designs while the design for qualitative factors is 216-run

six-level factional factorial design [15]. For the test data of size 1080, the designs for

quantitative factors are random Latin hypercube designs while the qualitative factors

are randomly generated by the MATLAB function ′randi′.

The second simulator [20] is

y(w, t) = 1.4h(x1, z1) + 2h(z2, t) + h(x2, z3)t, (4.26)

where h(·, ·) is the Holder Table function defined as

h(x1, x2) = −| sin(x1) cos(x2) exp(|1−
√
x21 + x22
π

|)|,

w = (x, z), x ∈ (−1, 1) × (2, 6), zi ∈ {1, 2, 3, 4, 5}, i = 1, ..., 3 and time points

are 200 equally spaced points in the range t ∈ [2.5, 3.5]. In each replication, for

the training data of size 125, the designs for quantitative factors are maximin Latin

hypercube designs while the design for qualitative factors is 125-run five-level full

factorial design. For the test data of size 1250, the designs for quantitative factors are

random Latin hypercube designs while the qualitative factors are randomly generated

by the MATLAB function ′randi′.
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As shown in Figure 4.9 and Figure 4.11, we can see that the choice of hyper-

parameters does not affect the performance of the model prediction for simulator

(4.25). The results in Figure 4.10 and Figure 4.12 indicate that Ga(1, 0.5) and

IG(0.1, 1) are the best prior for θ(i) and (σ2)(i), 1 ≤ i ≤ q, respectively.

Figure 4.9: The boxplot of the RMSPEs computed from the simulator (4.25) with
different hyper-parameters for θ over 50 replications.
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Figure 4.10: The boxplot of the RMSPEs computed from the simulator (4.26) with
different hyper-parameters for θ over 50 replications.
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Figure 4.11: The boxplot of the RMSPEs computed from the simulator (4.25) with
different hyper-parameters for σ2 over 50 replications.
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Figure 4.12: The boxplot of the RMSPEs computed from the simulator (4.26) with
different hyper-parameters for σ2 over 50 replications.

4.3 Simulation Study

In this section, we consider three examples with different simulators to test the effec-

tiveness of the DLM-ADGP model in Section 4.1 and SVD-ADGP model in Section

4.2. Combining the MS model in Section 2.2.3 and the additive GP model in Section

2.3, we have the ADGP model which applies the additive GP Model to each time

point. The performance of the three models are evaluated by the root mean square

prediction error as (3.1) over 50 replications in each example.

For the DLM-ADGP model, we use the priors as Beta(2, 1.9) for the range param-

eter ρ
(j)
i , IG(10, 0.1) for the variance component σ2, Ga(0.05, 5) for prior marginal

distribution of v, N((1, 1)′, diag(10, 10)) for ψ. For the SVD-ADGP model, we use
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the priors as Ga(1, 0.5) for θ(i) and IG(0.1, 1) for (σ2)(i), 1 ≤ i ≤ q.

4.3.1 Example 1

Consider the first example with 5-dimensional inputs with p = 2 quantitative factors

and q = 3 qualitative factors and time-series outputs. Data is generated from the

simulator [20]

y(w, t) = 1.4h(x1, z1) + 2h(z2, t) + h(x2, z3)t, (4.27)

where h(·, ·) is the Holder Table function defined as

h(x1, x2) = −| sin(x1) cos(x2) exp(|1−
√
x21 + x22
π

|)|,

w = (x, z), x ∈ (−1, 1) × (2, 6), zi ∈ {1, 2, 3, 4, 5}, i = 1, ..., 3 and time points

are 200 equally spaced points in the range t ∈ [2.5, 3.5]. In each replication, for

the training data of size 125, the designs for quantitative factors are maximin Latin

hypercube designs while the design for qualitative factors is 125-run five-level full

factorial design. For the test data of size 1250, the designs for quantitative factors are

random Latin hypercube designs while the qualitative factors are randomly generated

by the MATLAB function ′randi′. The results in Figure 4.13 clearly indicate that

the SVD-ADGP model outperforms than the DLM-ADGP and the ADGP model.

4.3.2 Example 2

Consider the second example with 7-dimensional inputs with p = 4 quantitative

factors and q = 3 qualitative factors and time-series outputs. Data is generated from
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Figure 4.13: The boxplot of the RMSPEs computed from simulator (4.27) of DLM-
ADGP model, SVD-ADGP model and ADGP model over 50 replica-
tions.

the simulator [20]

y(w, t) = m(x1, x2)+m(x1, t)+m(x4, z4)+m(z1, t)+m(x5−x2, z2)+m(x3, z3), (4.28)

where m(·, ·) is the Mccormick function defined as (3.4), w = (x, z), x ∈ (0, 2) ×

(0, 4)× (0, 1)× (0, 1)× (0, 1), zi ∈ {0.25, 0.5, 0.75, 1, 1.25, 1.5}, i = {1, ..., 4} and time

points are 200 equally spaced points in the range t ∈ [1.5, 3.5]. In each replication, for

the training data of size 216, the designs for quantitative factors are maximin Latin

hypercube designs while the design for qualitative factors is 216-run six-level factional

factorial design [15]. For the test data of size 1080, the designs for quantitative

factors are random Latin hypercube designs while the qualitative factors are randomly

generated by the MATLAB function ′randi′.
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Figure 4.14: The boxplot of the RMSPEs computed from simulator (4.28) of DLM-
ADGP model, SVD-ADGP model and ADGP model over 50 replica-
tions.

From Figure 4.14, it is clear that the SVD-ADGP model gives a smaller RMSPEs

than the others.

4.3.3 Example 3

Consider the third example with 16-dimensional inputs with p = 9 quantitative factors

and q = 7 qualitative factors and time-series outputs. Data is generated from the

simulator [26]

y(w, t) =1.5g1(x1t) + 3g2(x2 + z3) + 1.2g4(x3)+

2g2(x4z2) + 4g2(x7)t+ 1.4g2(z4 + z5) + g2(z6 + 1.6z7)+

0.2g3(x5 + x6) + g1(x8)g2(x9)

(4.29)
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where g1, g2, g3, g4 are defined in [3] as

g1(x) = x;

g2(x) = (2x− 1)2;

g3(x) = sin(2πx)/[2− sin(2πx)];

g4(x) = 0.1sin(2πx) + 0.2cos(2πx) + 0.3[sin(2πx)]2 + 0.4[cos(2πx)]3 + 0.5[sin(2πx)]3,

w = (x, z), xi ∈ (0, 1), i = 1, ..., 9, zj ∈ {0.1, 0.4, 0.9}, j = 1, ..., 7 and time points are

200 equally spaced points in the range t ∈ (0, 1). In each replication, for the training

data of size 81, the designs for quantitative factors are maximin Latin hypercube

designs while the design for qualitative factors is 81-run three-level fractional factorial

design [15]. For the test data of size 1620, the designs for quantitative factors are

random Latin hypercube designs while the qualitative factors are randomly generated

by the MATLAB function ′randi′.

The results in Figure 4.15 indicates that the DLM-ADGP model is better than

the others. From the three examples in this section, we can tell that the DLM-ADGP

model and the SVD-ADGP model outperform the ADGP model in all examples.

DLM-ADGP does well in Example 1, while SVD-ADGP shows the best performance

in Examples 2-3. One possible explanation is that the time-varying auto-regressive

assumption of DLM-ADGP model is suitable for simulator (4.29), but not for simu-

lators (4.27) and (4.28).
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Figure 4.15: The boxplot of the RMSPEs computed from simulator (4.29) of DLM-
ADGP model, SVD-ADGP model and ADGP model over 50 replica-
tions.
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Chapter 5

Conclusion and Future Research

In this thesis, we make empirical comparisons of prediction accuracy of three mod-

elling methods for dynamic computer experiments with only quantitative variables.

In the examples we studied, the dynamic linear models with GP and SVD-based

GP models outperform. The other contribution of this thesis is to propose two new

modelling approaches for emulating dynamic computer experiments with both quali-

tative and quantitative inputs. The main idea of these two new modelling approaches

is to incorporate qualitative factors by employing the additive correlation structure

in Deng and Lin [26] in the existing two models, DLM-GP model, SVD-based GP

model, for dynamic computer experiments with only quantitative variables. In addi-

tion, we have explored the different choices of the prior distributions of the unknown

parameters in those two models and made the recommendation of the values of hyper-

parameters. Moreover, we conduct a limited simulation study to test the effectiveness

of the new models, DLM-ADGP and SVD-ADGP. We test the models with three dif-

ferent simulators. We have not considered the real application in this thesis and it

will be our future work. The results indicate that the DLM-ADGP model and the
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SVD-ADGP model outperform the ADGP model, but it seems that there is not a

definite winner between the DLM-ADGP model and the SVD-ADGP model. We can

see that SVD-ADGP model works better when the dimension of input is comparably

small in Examples 1-2, while the DLM-ADGP model works better when the dimen-

sion of inputs is larger in Example 3. The results are similar to the results in Chapter

3, which we did the simulation study for the DLM model and SVD model with only

quantitative inputs.

There are a few limitations of the research that need to be mentioned. Firstly,

we only consider the additive GP model to incorporate the qualitative factors in this

thesis. In fact, there are other methods in recently studies that might be considered,

like the unrestrictive correlation structure proposed by [21]. Other methods to incor-

porate the qualitative inputs into a dynamic computer model are worth considering.

Secondly, recall that the parameters needed to be estimated is (T + q + pq + Th +∑q
j=1mj(mj − 1)/2) for DLM-ADGP model and (q + pq + q

∑q
j=1mj(mj − 1)/2) for

SVD-ADGP model. Thus, the large input dimension and large levels for qualitative

factors will cause computational problem for both of the two models, and the length

of time series will affect the computational speed of the DLM-ADGP model. There

is a need to consider the computational efficiency. Thirdly, one limitation of the two

proposed modelling methods is that the input spaces of the models are all hypercubes.

However, in many real-world applications, the input space is under some constrictions

and it is not hypercube. How to fit the model with non-hypercube input space can

be an interesting topic for research.
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