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Abstract

Stochastic Model Predictive Control (SMPC) has been the focus of intense research
in the last years. The objective of SMPC is to design control systems corrupted
by stochastic noise. Existing solutions include the implementation of Robust MPC
schemes, where the worst case scenario is taken into account. As this approach
often results in conservative and expensive solutions, a number of researchers have
addressed the need for more optimistic and realistic tailored control schemes that can
handle stochastic process behaviour. SMPC gives practitioners a tool to take most
realization of uncertainty in the controller design, while guaranteeing feasibility and
stability. The work presented in this thesis focuses on developing an SMPC algorithm
for nonlinear systems with additive stochastic uncertainty. The scheme is carried out
in a fast sampled-data approach, which yields an advantageous computational load.

We develop a sampled-data scheme for deterministic systems through sampling
control moves. Two sampled-data schemes have been proposed and examined in
benchmark simulations including a CSTR system. The first scheme considers a hybrid
control system, where a continuous-time flow control occurs during a fine time grid,
and a discrete-time jump control looks after jumps in a coarse time grid. The second
scheme is a complete sampled-data system through discrete control moves throughout
the two time grids. It was shown that the second control scheme succeeded in reducing
the cost function along with a huge reduction in CPU time for all the simulations.

Secondly, the latter sampled-data scheme was modified to handle stochastic noise
through the inclusion of an expected cost and probabilistic constraints. The resulting
control can handle moderate noise signals and produce much better results than
conventional nonlinear SMPC schemes. The proposed stochastic sampled-data MPC
scheme is designed to tackle nonlinear dynamical systems with moderate noise signals
with a large precision and low CPU time.
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Chapter 1
Introduction

1.1 The Emergence of Model Predictive Control

Model Predictive Control (MPC) is a controller design technique generally applied

for its ability to deal with constraints and realize economic benefits in terms of

associated costs. MPC is a scheme that predicts future plant behavior by computing

a repeated online control action to drive the predicted output to the desired target.

As the name suggests, the computations are based on a model that describes the

dynamics of a system based on the states, outputs and inputs. MPC is widely

revered by practitioners due to its applicability to a wide range of system dynamics

(i.e. SISO/MIMO, linear/nonlinear), and its handling of constraints within the online

computations of the required control actions [1].
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The general objective of MPC is to compute a trajectory of future inputs u to

optimize future outputs y. The optimization is performed within a horizon, which is

specified by the designer. There are two types of horizons that must be considered:

the prediction horizon Np and the control horizon Nc, as shown in Figure 1.1. The

first control move of the control horizon is applied for the proceeding prediction, while

the rest are to be discarded. To obtain the optimal input, a performance measure of

the system is required in the form of a cost function. The cost function is minimized

by optimizing the control moves repeatedly.

Figure 1.1: Model Predictive Control
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Model Predictive Control was first proposed by Richalet et al, 1978 [2]. The

main use of MPC was for advanced control system design in petrochemical processes

where cost minimization was emphasized. MPC algorithms were driven by industrial

applications more than theoretical aspects, and hence topics such as stability were

not addressed early on. The constrained optimization problem was solved by linear

programming on plants modeled as step and impulse models [2–4].

The linear programming (LP) solutions were not suitable in practice since they

were very sensitive to even the slightest disturbances. This important drawback was

overcome by restoring to quadratic programming solutions or least squares, such as

Dynamic Matrix Control (DMC) [5]. In contrast to the LP formulation, the quadratic

programming based technique such as DMC were considerably more robust. They

also provided a tighter constraint control than the LP methods.

In the early 1990s, MPC algorithms, such as Shell Multivariable Optimizing

Control (SMOC), were developed to provide recovery from infeasible solutions,

distinguish between several levels of constraints (hard, soft), and allow for a

wider range of dynamics (stable, unstable, integrating) [6, 7]. This generation of

controllers is essential to the modern MPC formulation which focuses on state space

models. However, until then the stability of MPC was not formally addressed,

many limitations of DMC persisted. These limitations include limited model

options, absence of nominal stability and an inefficient solution of the dynamic

optimization [8].

3
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A similar methodology was developed independent of the industry-led MPC,

known as Generalized Predictive Control (GPC) [9]. GPC is based on input-output

models of the control system dynamics. GPC is known to handle non-minimum

phase plants, unstable plants, unknown dead-time, and over-parameterized plants. A

limitation to this algorithm was the use of finite horizon, which does not guarantee

stability at all times. Another limitation of GPC is its inadequacy in handling input

and state constraints.

In real world problems, system models are subject to uncertainties that must be

considered at the design stage. The uncertainties include modeling imprecision and

random disturbances, which can be modeled as multiplicative or additive stochastic

variables within the system dynamics. In this context, one must ensure that the

proposed MPC formulation guarantees stability and feasibility. This added attention

to uncertainties adds to MPC design. Moreover, the resulting implementations are

often considerably more computationally intensive. Consequently, many robust MPC

design techniques have been proposed in the literature to handle uncertainties that

can guarantee stability and feasibility for the worst case uncertainties [10,11].

The worst case robust MPC approaches are based on the assumption that the

ability to handle the worst uncertainty scenario is enough to guarantee stability

and feasibility of the closed-loop system. The limitations of this controller include

conservativeness and expensive computations. Robust MPC can be made less

conservative by implementing a closed loop optimization, albeit at considerable

computational cost [12]. The controller is based on a min-max optimization with

the addition of feedback in the control law. The use of closed-loop predictions in the

MPC formulation is generally recognized to be more reliable than the normal Robust

MPC.

4
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These limitations of robust MPC have led to the development of Stochastic

MPC (SMPC). In this approach, uncertainty distribution is taken into consideration,

where SMPC uses information of the distribution mean and variance for future output

computations. SMPC research dates back to the inclusion of stochastic constraints

where system outputs were constrained within specific bounds with a given probability

[13]. Batina et al. [14] computed an expected value of the quadratic cost function.

However, neither of these works proves closed loop stability and feasibility.

Closed-loop stability with probabilistic constraints was first established for linear

systems in [15]. It was not until recently that researchers proved practical stability

for the nonlinear SMPC frameworks by Lorenzen and Allgower [16]. One aim of this

thesis is to extend these results to nonlinear systems using sampled-data schemes.

5
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1.2 Organization of the Thesis

The remainder of this thesis is given in five chapters, as follows:

Chapter 2 briefly illustrates the theoretical background of model predictive

control, starting with unconstrained and constrained linear schemes, and moving

to nonlinear MPC schemes. Mathematical formulation of linear MPC schemes is

explored in details for a vast audience. The stability of linear MPC is also discussed.

In this chapter, only deterministic models are explored.

Chapter 3 expands on nonlinear MPC and discusses closed loop stability

conditions. Several optimization algorithms are discussed including sequential and

simultaneous approaches. Proving stability for nonlinear MPC is described in

details. Finally, instantaneous NMPC is briefly introduced along with its stability

analysis in order to smoothly transition the discussion to the next chapter regarding

sampled-data schemes.

Chapter 4 formulates a sampled-data control scheme for fast nonlinear MPC.

In this chapter, two algorithms are considered. A partitioning algorithm is proposed

and a detailed description of the closed-loop algorithms are given. Stability conditions

and convergence of the two schemes are proposed. Finally, three simulation examples,

including two nonlinear CSTR systems, are demonstrated to test the robustness of

the schemes.

6
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Chapter 5 describes the mechanism of stochastic MPC along with its

mathematical formulation. The chapter then compares SMPC to robust MPC

and shows the technical differences between the two schemes. This is followed by

literature exploration of solutions for nonlinear SMPC, including output feedback

MPC and Gaussian process models. The proposed solution for SMPC problems

using the expected value method is then presented. A thorough study is presented

to illustrate the effectiveness of the proposed control scheme.

Chapter 6 provides a summary of the work and closing remarks along with

future work on the topic of SMPC. Recommendations to improve the proposed scheme

are highlighted for future reference.

7



Chapter 2
Brief Review of Model Predictive

Control

In this chapter, the theory behind model predictive control for the deterministic

case is presented. Topics such as stability, feasibility, and robustness for linear and

nonlinear cases are discussed. Essentially, fundamental work to nonlinear MPC is

described in this chapter, where more detailed explanation is discussed in chapter 3.

Model Predictive Control uses numerical optimization as a computational basis to

approximate future trajectories of controlled systems for the determination of optimal

control sequences [17]. Cost functions and specific constraints are involved in the

determination of the optimality of the future predicted trajectories of an internal

model of the system.

Figure 2.1 depicts a block diagram of a classical MPC, where the reference

signal rk is fed to the optimization solver. Next, the optimization solver computes a

set of control inputs Uk based on the specified dynamical model, system constraints,

and the desired cost function. The input vector is discarded after carrying and
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implementing the first element uk to the plant. The output xk+1 is fed back to the

optimization solver in a closed-loop scheme, and the process restarts. This block

diagram is the milestone for all MPC schemes, where different modifications are

applied to suit design requirements.

Figure 2.1: Model Predictive Control Block Diagram

2.1 Linear MPC

Consider the general discrete state space model

xd(k + 1) = Adxd(k) +Bdu(k)

y(k) = Cdxd(k)
(2.1)

9
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where xd ∈ Rn, u ∈ Rm, and y ∈ Rp are the plant model state, input and output,

respectively. The matrices Ad ∈ Rn×n, Bd ∈ Rn×m, and Cd ∈ Rp×n are the related

matrices for the state space model. The time instant is denoted by k, at which the

computation is taken place, and the subscript d is for a discrete model.

Linear MPC will be examined with and without state and input constraints.

2.1.1 Unconstrained MPC

In the absence of constraints, a straightforward substitution is used to solve for the

control action, u, as described below [18].

Single Input Single Output Systems (SISO)

This case considers only one input and one output. The augmented model of

Equation 2.1 can be written as follows, where (m = p = 1):

x(k+1)︷ ︸︸ ︷
∆xd(k + 1)

y(k + 1)

 =

A︷ ︸︸ ︷
Ad 0Td

CdAd 1



x(k)︷ ︸︸ ︷
∆xd(k)

y(k)

+

B︷ ︸︸ ︷
Bd

CdBd

∆u(k)

y(k) =

C︷ ︸︸ ︷
0d 1


x(k)︷ ︸︸ ︷

∆xd(k)

y(k)



(2.2)

where A is ∈ R(n+1)×(n+1), 0d is ∈ R1×n , B ∈ R(n+1)×1, and C ∈ R1×(n+1).

10
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From this augmented system in Equation 2.2, the state prediction model can be seen

as:

x(ki + 1|ki) = Ax(ki|ki) +B∆u(ki)

x(ki + 2|ki) = Ax(ki + 1|ki) +B∆u(ki + 1)

= A2x(ki|ki) + AB∆u(ki) +B∆u(ki + 1)
...

x(ki +Np|ki) = ANpx(ki|ki) + ANp−1B∆u(ki) + · · ·

+ ANp−NcB∆u(ki +Nc − 1)

where x(ki + j|ki) is the state prediction at time instant j calculated at instant ki.

The prediction model can be written in a linear relationship, reducing the aforestated

complexity,

x = Θx(ki) +M∆u (2.3)

where M =



B 0 0 · · · 0

AB B 0 · · · 0

... ... ... . . . ...

ANp−1B ANp−2B · · · · · · ANp−NcB


and Θ =



A

A2

...

ANp



Also, the output prediction model can be formulated as above, such that

y(ki + 1|ki) = CAx(ki|ki) + CB∆u(ki)

y(ki + 2|ki) = CA2x(ki|ki) + CAB∆u(ki) + CB∆u(ki + 1)

11
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...

y(ki +Np|ki) = CANpx(ki|ki) + CANp−1B∆u(ki) + · · ·

+ CANp−NcB∆u(ki +Nc − 1)

Let Y = [y(ki+1|ki) · · · y(ki+Np|ki)]T and ∆u = [∆u(ki) · · · ∆u(ki+Nc−1)]T ,

then

Y = Fx(ki) + Φ∆u (2.4)

where F = CΘ and Φ = CM

The state and output prediction models are simplified to linear equations as shown

in Equation 2.3 and 2.4, respectively. On the other hand, the cost function to be

minimized is:

J = (Rs − Y )T (Rs − Y )︸ ︷︷ ︸
minimize error

+ ∆UT R̄∆U︸ ︷︷ ︸
control effort

(2.5)

where R̄ is a positive semi-definite diagonal matrix in the form of R̄ = rw× INc . The

parameter rw is a weighing factor for the control effort, (i.e. how much attention is

paid to ∆U). If rw = 0, the control effort can vary freely and no consideration is

given to how drastic the input changes. On the other hand, if rw >> 0, then the

control effort is not allowed to move rigorously. The vector Rs is the setpoint.

12
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Substituting Equation 2.4 in the cost function Equation 2.5 yields:

J = (Rs − Fx(ki))T (Rs − Fx(ki)) + ∆UT (ΦTΦ + R̄)∆U − 2∆UTΦT (Rs − Fx(ki))

To minimize J , set ∂J
∂∆U = 0 which yields:

∆U = (ΦTΦ + R̄)−1ΦT (R̄sr(ki)− Fx(ki)) (2.6)

with the assumption that the Hessian Matrix (ΦTΦ + R̄) is nonsingular. The control

system given in Equation 2.6 consists of two parts: set-point change control (ΦTΦ +

R̄)−1ΦT R̄s and state feedback control (ΦTΦ + R̄)−1ΦTF . In MPC, only the first

element of ∆U is implemented, hence

∆u(ki) = [1 0 · · · 0]1×Nc(ΦTΦ + R̄)−1ΦT (R̄sr(ki)− Fx(ki))

or

∆u(ki) = Ksp r(ki)−KMPC x(ki) (2.7)

where the set-point control gain Ksp is the 1st element of (ΦTΦ + R̄)−1ΦT R̄s, and the

state feedback control gain KMPC is the 1st row of (ΦTΦ + R̄)−1ΦTF .

In state space formulation, the closed-loop system becomes:

x(k + 1) = (A−BKMPC) x(k) +BKsp r(k)

13
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One last property of KMPC is that its last element is equal to Ksp since the last

column of F (=



CA

...

CANp


) equals to R̄s = [1 1 · · · 1]T . Hence, KMPC can be written

as KMPC = [Kx Ksp], where Kx corresponds to the feedback gain related to ∆xm(k)

and as discussed previously, Ksp corresponds to the feedback gain related to y(k).

Multi Input Multi Output Systems (MIMO)

Consider a system with q output and m inputs. Equation 2.1 can be used for this

MIMO system. The augmented system can be written as follows:

x(k+1)︷ ︸︸ ︷
∆xd(k + 1)

y(k + 1)

 =

A︷ ︸︸ ︷
Ad 0Td

CdAd Ip×p



x(k)︷ ︸︸ ︷
∆xd(k)

y(k)

+

B︷ ︸︸ ︷
Bd

CdBd

∆u(k)

y(k) =

C︷ ︸︸ ︷0d Ip×p


x(k)︷ ︸︸ ︷

∆xd(k)

y(k)



(2.8)

where A is ∈ R(n+p)×(n+p), 0d is ∈ Rn×p, B ∈ R(n+p)×m, and C ∈ Rp×(n+p).

Following the same discussion for the SISO case, the prediction model for MIMO

systems follows the same strategy shown earlier. Hence, Equation 2.4, i.e. Y =

Fx(ki) + Φ∆u, applies to the MIMO case, as well. The difference between the single

case and multi case is the dimension of the matrices F and Φ, where F is of a

dimension mNc × (n+ p) and Φ has dimension mNc ×mNc.

14
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Using the cost function given in Equation 2.5, the control input can be written as

that of the SISO system with higher dimensions,

∆U = (ΦTΦ + R̄)−1ΦT (R̄sr(ki)− Fx(ki))

where Y = [y(ki + 1|ki)T · · · y(ki + Np|ki)T ]T and ∆U = [∆u(ki)T · · · ∆u(ki +

Nc − 1)T ]T .

Implementing only the first element of ∆U , the MPC control law for MIMO systems

becomes

∆u(ki) =
Nc︷ ︸︸ ︷

[Im 0m · · · 0m](ΦTΦ + R̄)−1ΦT (R̄sr(ki)− Fx(ki))

or in a more compact format,

∆u(ki) = Ksp r(ki)−KMPC x(ki) (2.9)

where Im and 0m are the identity matrix and the zero matrix with dimension m×m.

The matrix R̄ is a block diagonal matrix with m blocks, of dimension mNc ×mNc.

The set point signal vector is r(ki) = [r1(ki) r2(ki) · · · rp(ki)]T .

If the control objective is to take the system to the origin, i.e. r(ki) = 0, then

∆u(ki) = −KMPC x(ki) (2.10)

which results in a simple linear feedback law of the form u = −Kx.

15
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These aforementioned results can be applied to linear systems with no input or

state constraints. The presence of state and input constraints complicates the design

considerably. This development is presented in the next section.

2.1.2 Constrained MPC

Practitioners are attracted to MPC due to its applicability to handle constraints

within its control law. State and input constraints can be formulated as the following

inequality [18]:

Px(k) +Gu(k) ≤ g (2.11)

For simplicity, only constraints on the input are considered here, i.e. P = 0. Assume

that the input falls within −µ ≤ u ≤ µ, then G =


INp

−INp

 and g = µ


1

1

 where 1 is

an Np-dimensional vector.

The optimization shown in Equation 2.5 is finite horizon, which cannot guarantee

stability. A possible solution is redefining the cost function to use an infinite horizon

cost.

J(k) =
∞∑
i=0

xT (k + i|k)Qx(k + i|k) + uT (k + i|k)Ru(k + i|k) (2.12)
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This results in an infinite-dimensional input vector, u, which is computational

infeasible. Despite that, a sequence of input moves can cause the state x(k) to

converge to the origin during the optimization duration of Equation 2.12. Consider a

finite length input trajectory that drives the states into a region where the constraints

are no longer active in a finite prediction horizon. Let us call this region the terminal

region. Using this construction, the optimization can be split into two parts. In the

first part, we consider a finite horizon, i = 0, ... , N where the constraints are possibly

active. In the second part, the input moves for i = N + 1, . . . ,∞ are active in the

terminal region where constraints are not active. Hence, such inputs can be computed

by solving the infinite optimal control problem with optimal solution in Equation 2.10.

Hence, the aforestated infinite horizon cost function can be decomposed as

J =
N−1∑
k=0

[xT (k)Qx(k) + uT (k)Ru(k)] + xT (N)Px(N) (2.13)

where, as defined earlier, positive definite and positive semidefinite matrices Q and R

are state and input weight matrices, respectively. Note, prediction entries k+ i|k are

omitted for ease of representation, and replaced by k. The terminal weight matrix,

P , is computed as the solution of the Lyapunov equation:

P − (A+BK)TP (A+BK) = Q+KTRK

To prove this, the matrix (A+BK) is assumed to be strictly stable. Multiplying the

Lyapunov equation by x(k) yields:

xT (k)Px(k)− xT (k)(A+BK)TP (A+BK)x(k) = xT (k)Qx(k) + xT (k)KTRKx(k)

17
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Using u(k) = Kx(k) and x(k + 1) = (A+BK)x(k),

xT (k)Px(k)− xT (k + 1)Px(k + 1) = xT (k)Qx(k) + uT (k)Ru(k).

Next, the equation is summed over k = 0, 1, 2, ..., to obtain:

xT (0)Px(0)− lim
k→∞

xT (k)Px(k) =
∞∑
k=0

[xT (k)Qx(k) + uT (k)Ru(k)]

With the stated strictly-stable assumption, lim
k→∞

xT (k)Px(k)→ 0. Then,

xT (0)Px(0) =
∞∑
k=0

[xT (k)Qx(k) + uT (k)Ru(k)]

This completes the proof that the cost of, i.e. termed the terminal cost, is given as

xTPx.

Closed-loop stability with state and input constraints is thoroughly summarized

in [19,20]. A brief description of linear MPC stability is discussed in the next section.

2.1.3 Stability of Linear MPC

A closed-loop stability for the linear MPC can be achieved if it can be shown that

the predicted cost function decreases monotonically over time. A comprehensive

analysis of the closed-loop stability for linear systems has been fully characterized in

the literature [21]. The key idea is to use the finite horizon cost function, JN , as a

Lyapunov function and show that

JN(x(k))− JN(x(k + 1)) > 0 for x 6= 0.

18
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Upon substitution of (2.12) in JN , we obtain:

JN(x(k))− JN(x(k + 1)) = [xT (k)Qx(k) + u∗TN (x(k))Ru∗N(x(k))] (2.14)

+ [JN−1(x(k + 1))− JN(x(k + 1))]

where u∗N(i|x(k)) is the minimizing control sequence for JN(x(k)) for i = 1, ... Nc

subject to the system dynamics in (2.1) and (2.11).

Only the first control action is implemented, i.e. i = 0 or u∗N(0|x(k)), while the

rest of the control horizon u(k|x(k)) is discarded. Due to the earlier assumption for

the state weight matrix, Q > 0, the first term [xT (k)Qx(k) + u∗TN (x(k))Ru∗N(x(k))] is

positive. The second term, however, cannot be asserted to become nonnegative. A

compelling approach in [21] shows that the second term approaches zero as N →∞.

It is needed to show that there exists a finite N∗ such that for N > N∗, the first term

dominates over the second.

A feasibility theorem in [21] proves that, for any sub-level set of infinite horizon

J(x), there exists N∗ where the MPC control produces a state trajectory that remains

in this sub-level set. This theorem ensures the existence of invariant sub-level sets

under the closed-loop dynamics. Following this theorem, it is required to show that

stability may also be achieved by an appropriate horizon.

Theorem 2.1.1 (Linear MPC Stability).

Define an initial condition set, D, and sub-level set, Sµ := {x : J(x) ≤ µ} that

contains D. Then, there exists an N∗∗ > N∗ such that for all N ≥ N∗∗, the control

policy u∗N(0|x(k)) is stabilizing for any initial condition in D.
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A sketch of the proof is shown in Appendix A. In the sketch, it is shown that xTQx ≥

J(x) − JN−1(x) ≥ JN(x) − JN−1(x), which causes the first term of Equation 2.14 to

dominate the second term, which yields the desired result to prove stability. Note

that J(x) with no subscript denotes the infinite horizon cost.

2.2 Nonlinear MPC

Many real-life applications cannot be modeled accurately using linear models. The

design of MPC techniques, thus, requires predictions arising from a nonlinear model.

This gives rise to nonlinear MPC techniques (NMPC) [22]. The use of nonlinear

models introduces considerable computational challenges since the convexity

associated with linear MPC formulation is generally lost. The solution of the

real-time dynamic optimization problem is very difficult as there are no guarantees

for the existence of a global optimum. State space models are used throughout this

section in order to unify the discussion with linear MPC in section 2.1.

In this section, a very brief mathematical formulation is provided. A more

detailed discussion of this is given in chapter 3 of the thesis. Suppose the nonlinear

system model is of the following form:

xk+1 = f(xk, uk)

yk = g(xk, uk)

x0 = x(t0)

(2.15)

where xk ∈ Rn, uk ∈ Rm, and yk ∈ Rp. f and g are sufficiently differentiable

nonlinear functions.
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A general cost function can be formulated as the following:

min J = 1
2(

Np−1∑
k=0

yTkQyk +
Nc−1∑
k=0

uTkRuk + xTNpPxNp)

s.t.

xk+1 = f(xk, uk)

yk = g(xk, uk)

x0 = x(t0)

umin ≤ uk ≤ umax

ymin ≤ yk ≤ ymax

(2.16)

where Q = QT ≥ 0, R = RT ≥ 0, and P = P T > 0. The terminal cost 1
2x

T
NpPxNp

is included to penalize deviation from the targeted state at instant Np.

In summary, linear MPC is derived for both the unconstrained and constrained

optimization problems. Stability of linear MPC is then presented in Theorem 2.1.1

with its proof in Appendix A. A brief introduction of nonlinear MPC is shown. The

next chapter presents a detailed discussion of NMPC.
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Chapter 3
Nonlinear MPC

In this chapter, a thorough discussion of NMPC is given. We provide a complete

mathematical formulation, and identify stability conditions. Several solutions for

NMPC are also presented. Additionally, an optimization scheme is introduced:

instantaneous NMPC. An alternative scheme is called Sampled-data NMPC,

thoroughly examined in chapter 4.

3.1 Problem Statement

Consider the nonlinear discrete-time dynamical system [23]:

x(k + 1) = f(x(k), u(k)) (3.1)
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where k is the time instant at which the dynamics are computed, with the state x

and input u defined as:

x ∈ X ⊆ Rn (3.2a)

u ∈ U ⊆ Rm (3.2b)

and the initial state x(0) = x0 ∈ X . The states constraint set is denoted by X ,

while U is a closed and connected inputs constraint set, both with nonempty interiors

containing the origin. We assume the dynamics equation f : Rn × Rm → Rn is

sufficiently differentiable and satisfies f(0, 0) = 0. The goal is to steer the dynamics

to a closed and simply connected target set Xd ⊂ X and to stabilize it inside Xd. To

arrive to the target set, an additional closed and connected set is introduced, Xf , the

terminal set, satisfying Xd ⊂ Xf ⊆ X .

The quadratic cost function consists of a stage cost, v, and a terminal cost, W ,

and it is defined as:

J(x(k), u(k)) = W (x(k +Np|k)) +
Np−1∑
i=0

v(x(k + i|k), u(k + i|k)) (3.3)

where v and W are defined using system matrices, Q,R, and P as:

v(x(k), u(k)) = xT (k)Qx(k) + uT (k)Ru(k)

W (x(k +Np)) = xT (k +Np)Px(k +Np)
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The formulation of the optimization problem is given by:

min
û(k)

J(x̂(k), û(k))

s.t. x̂(k + i+ 1|k) = f(x̂(k + i|k), û(k + i|k)), i = 0, .... , N − 1

x̂(k) = x(k)

x̂(k + i|k) ∈ X

û(k + i|k) ∈ U

x̂(t+Np) ∈ Xf

(3.4)

where (̂·) denotes predicted values.

The stage cost v is designed to minimize the tracking error with a cost associated

with the positive definite matrix Q, while penalizing the control effort with the

semi-positive definite matrix R. The first part of the stage cost reflects economical

and/or safety considerations, while the second part adjusts the corresponding control

energy that can be expanded by the control system. For instance, if R is chosen to be

relatively large compared to Q, the control updates are not allowed to move rapidly.

The terminal cost, W : Xf → R≥0, can be constructed using a quadratic penalty

function. It is assumed that the stage cost, v : Rn×Rm → R is continuous and satisfies

v(0, 0) = 0. It is lower bounded by a class K-function α; i.e. v(x̂, û) ≥ α(‖x̂, û‖).
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3.2 Optimization Algorithms

The NMPC optimization problem can be handled using a wide range of approaches

and algorithms. Unlike linear MPC, nonlinear MPC faces some possible numerical

challenges [24]. Considerable improvements have been made to reduce computational

delays and approximation errors arising from the numerical implementation of

real-time dynamic optimization problem.

A wide range of solutions have been achieved in the literature. Direct approaches

including sequential and simultaneous methods attempt to compute an optimal

control sequence by dividing (3.4) into a sequence of convex QP problems. The

corresponding QP problems are then solved either sequentially (in which trajectories

are calculated at each iteration), or simultaneously in a manner that guarantees

convergence to a locally optimal solution.

Direct methods can be categorized in three main classes: single shooting,

multiple shooting, and direct collocation. We illustrate single and multiple shooting

methods to expose the building blocks needed for solving optimal control problems.

When starting with a continuous-time dynamical system, the direct approach starts

with the parameterization of the control trajectory. It is hence referred to as a

discretize-then-optimize approach [24].

In sequential direct approaches, the equality constraints (3.1) are eliminated from

the Sequential Quadratic Programming (SQP) subproblem. The model dynamics are

simulated at each iteration to produce a sequence of state predictions. In addition,

this approach computes extra information on the derivatives of the cost and inequality

constraints. SQP provides a sequence of QPs which are based on a local linearization
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of the system about the predicted trajectories. Simultaneous direct approaches,

alternatively, implement a different method to retain state predictions and employ

them as optimization variables, while simultaneously optimizing a solution for both

the model equation and the control sequence [25].

3.2.1 Sequential Approach

The sequential approach is also referred to as a single shooting method, where only one

initial value vector is available for the optimization solver at the start of each iteration.

Single shooting searches for a solution by iterating between solving the model and

solving a reduced size optimization problem. Hence, single shooting approaches are

classified as sequential [26]. This process is repeated for several iterations until a

suboptimal solution is reached.

It is crucial to state that this approach only parameterizes the input trajectory

to solve the NLP problem. This strategy reduces the computational complexity when

formulating this problem compared to simultaneous methods. Figure 3.1 shows how

the sequential approach proceeds after only one initial parameter vector is specified,

x0. The discretized control parameter vector is denoted by πi.

The drawbacks of this method include its inability to handle unstable systems

and loss of sparsity of the problem [28]. The minimization problem described by (3.4)

is redefined to an SQP problem as

min
z

J(z) (3.5a)

s.t. cE(z) = 0, cI(z) ≤ 0 (3.5b)
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Figure 3.1: Direct Single Shooting - Sequential Approach. Adapted from [27].

where z = [xTuT ]T with x and u are state and input predictions at current time.

The functions cE : Rn → Rm and cI : Rn → Rp invoke the equality and inequality

constraints in the original optimization problem (3.4), respectively.

The problem is then solved using the first order necessary KKT conditions, and

applying Newton’s method to the problem to determine a stationary point of the

Lagrangian function. This yields a QP subproblem given by:

min
d(k)

∇zJ(z(k))Td(k) + 1
2(d(k))T∇2

zJ(z)d(k)

s.t. ∇zcE(z(k))Td(k) + cE(z(k)) = 0

∇zcI(z(k))Td(k) + cI(z(k)) ≤ 0
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where ∇ denotes the gradient, ∇2 denotes the Hessian, and the solution d(k)

determines a search direction for z(k+1) via a line search. An advantage of this

approach is the guarantee of a feasible solution upon early termination of the

optimization. A detailed discussion on this algorithm is presented in [25].

3.2.2 Simultaneous Approach

This approach is usually identified as a multiple shooting method. The main feature of

this technique is the calculation of the initial states at all shooting intervals, as shown

in Figure 3.2. Simultaneous approaches compute a model solution and optimal point

searches simultaneously. And that is why this approach is referred to as simultaneous

[24]. This approach parameterizes both the input and state trajectories and then

solves a constrained NLP over the combined parameter space, (u, x).

Unlike sequential approaches, simultaneous methods cannot handle early

termination of the optimization problem since a feasible solution cannot be available

prior to convergence. This is due to the fact that simultaneous methods do not solve

the model at each iteration, yielding no stability guarantee in the nominal stability

setting of the quasi-infinite NMPC [26]. Despite this drawback, a great advantage of

this approach is its ability to handle unstable systems effectively [25].

A general mathematical formulation of this approach discretizes control moves

on a coarse grid: u(k) := qi for k ∈ [ki, ki+1]. This is followed by solving the system

ODEs on each interval [ki, ki+1] numerically, starting with artificial initial values, si:

xi(k + 1) = f(xi(k; si, qi), qi), k ∈ [ki, ki+1]
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xi(k; si, qi) = si

The NLP then can be solved as:

min
s,q

J

s.t. s0 − x0 = 0 (initial value)

si+1 − xi(ki+1; si, qi) = 0, i = 0, ...., N − 1 (continuity)

h(si, qi) ≥ 0 i = 0, ...., N (discretized path constraints)

r(sN) ≥ 0, (terminal constraints)

where h represents path constraints set, and r is the terminal constraint set.

Figure 3.2 shows how the simultaneous approach updates its "multiple" initial

parameters vector in order to optimize the minimization problem. In this case, the

discretized control parameters vector is denoted by qi.

Sequential and simultaneous approaches illustrate some direct approaches to

solve NLP problems. Despite the fact that direct approaches produce only suboptimal

solutions, many large scale systems implement these approaches due to their simplicity

and ease of computations [29,30].
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Figure 3.2: Direct Multiple Shooting - Simultaneous Approach. Adapted from [27].

3.3 Stability Conditions

A crucial question in any control scheme is whether the control guarantees stability

of the closed-loop. An intuitive way to achieve stability is to set Np to ∞, or in

other words, to implement an infinite horizon control. A detailed derivation for the

stability analysis can be found in [31]. Another derivation that discusses both the

infinite and finite horizon algorithms is presented in [32]. A brief outline of the main

stability proofs for the NMPC is given.

For this discussion’s sake, πN represents a sequence in Rm, that is,

πN = {u0, u1, ..., uN−1}. Furthermore, the state x(k) with input sequence πN

is denoted by z(k, πN).
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The cost function in (3.3) is altered to

J(x(k), πN) =
N−1∑
i=0

v(z(i), u(i)). (3.6)

Stability can be established by treating the value function of the optimal problem

as a Lyapunov function. In [32], an approach that relaxes the requirement for the

candidate Lyapunov function to be continuous in the state is presented. The stability

analysis is summarized as follows.

Closed-loop stability is closely related to the following properties of the stage

cost, v, in (3.6):

(P1) v(0, 0) = 0

(P2) There exists a non-decreasing function γ : [0,∞) → [0,∞) such that γ(0) = 0

and 0 < γ(
∥∥(x, u)

∥∥) ≤ v(x, u) for all (x, u) 6= (0, 0)

(P3) v(x, u) > 0 ∀ (x, u) 6= (0, 0)

(P4) v(x, u)→ 0⇒ (x, u)→ 0

(P5) v(x, u) = 0⇒ (x, u) = (0, 0)

It is apparent that (P3) follows from (P2).

For any δ > 0, there exists ε > 0 such that v(x, u) < ε implies ‖x, u‖ < δ. (P4)

is demonstrated by proving the following equivalent statement. Let ε(δ) = γ(δ) and

take (x, u) such that v(x, u) < γ(δ). Since (P1) holds, true such an (x, u) always

exists. Suppose (P4) is false and‖x, u‖ ≥ δ. Since γ is non-decreasing, it follows that
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γ(‖x, u‖) ≥ γ(δ). Combining the two inequalities yields

0 ≤ γ(‖x, u‖) ≤ v(x, u) < γ(δ) ≤ γ(‖x, u‖)

which is a contradiction. This proves that (P4) holds true. Note that (P5) follows a

similar argument.

With these properties of the stage cost, the objective function J∗N in Equation 3.6,

when it exists, has the following criteria:

(C1) J∗N(x) ≥ 0

(C2) J∗N(x) = 0⇔ x = 0

(C3) γ(‖x‖) ≤ J∗N(x)

(C4) J∗N+k(x) ≤ J∗N(x) ∀k ≥ 0

Under these conditions, the following theorem guarantees asymptotic stability of

NMPC. A sketch of the proof for finite N is available in Appendix A.

Theorem 3.3.1 (Nonlinear MPC Stability).

If J∗N is continuous at the origin, x = 0, and v satisfies (P1) and (P2) above then the

origin is an asymptotically stable equilibrium point for the dynamical system (3.1).

This holds in the limit as N →∞.
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3.4 Instantaneous NMPC

Computations of the open-loop optimization can be performed at all time instants,

referred to as instantaneous, or it can be done at separate, disconnected instants,

known as sampled-data. For the instantaneous NMPC, the optimization problem

(3.3) is solved at all time instants. Many practitioners find this type of control

more straight forward and simpler to use than the sampled-data scheme due to the

continuous time implementation of the optimization problem for the former type [33].

Despite the fact that instantaneous control is theoretically appealing for

implementation, long computation time can cause long delays that introduce

discontinuities in the solution of the ordinary differential equations (ODE) governing

the system dynamics [34].

Stabilizing Instantaneous NMPC

There exists a number of ways to ensure stability for an MPC scheme, including zero

terminal constraint, x(Np) = 0, or setting the terminal constraint in some convex

set, x(Np) ∈ Xf . This work is summarized in (Mayne et al., 2000; Keerthi and

Gilbert, 1988) [4,35]. The zero terminal constraint approach is achieved by modifying

Equation 3.2, where the set Xf is set to 0,

x̂(t+Np) = 0

as shown in Figure 3.3. Hence, the stability results shown in section 3.3 can be

applied here with additional assumptions to guarantee asymptotic stability when the

terminal cost, W , is included in the objective function.
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Figure 3.3: Stability of MPC - Zero terminal constraint. The feasible set (grey)
contains the terminal set, which is the origin in this case.

A number of sufficient conditions are required to achieve asymptotic stability for

the NMPC system. A huge disadvantage with the zero terminal constraint is that

the system is forced to reach the origin in finite time. It leads to feasibility issues for

systems with short prediction horizon lengths and small regions of attractions. An

alternative approach is to assume a terminal region constraint containing the origin,

or

x̂(t+Np) ∈ Xf .

This can be depicted as shown in Figure 3.4, where the terminal set, in green, is

a set containing the origin as shown in the zero terminal constraint case.
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Figure 3.4: Stability of MPC - Terminal set constraint. The feasible set (grey)
contains the terminal set (green), which contains the origin.

The next theorem is a brief summary of the work in (Mayne et al, 2000) for

stabilizing instantaneous NMPC schemes [4].

Theorem 3.4.1 (Instantaneous NMPC Stability).

Suppose the following holds:

(a) the NMPC problem has a feasible solution for t0,

(b) the terminal cost W (x) is C1 with respect to x,

(c) Xf ⊆ X is closed, connected, and contains the origin,

(d) W (x) is positive semi-definite with W (0) = 0,
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(e) there exists κ(x), a continuous local controller that makes Xf invariant and

satisfies input constraints, i.e. for any x ∈ Xf , κ(x) ∈ U , and the local

controller κ(x) guarantees the following

∂W

∂x
f(x, κ(x)) + v(x, κ(x)) ≤ 0, ∀x ∈ Xf (3.7)

then the closed-loop NMPC in Equation 3.3 is asymptotically stable.

A detailed proof of this theorem is available in [4]. The major feature of this

theorem is the decrease condition implied by (3.7) to establish asymptotic stability

of the closed-loop system. In addition, if an initial feasible solution exists with the

invariance of the terminal region Xf under the proposed control law as shown in (3.7),

the feasibility is guaranteed along the closed-loop trajectory.

Next chapter examines an alternative scheme to the instantaneous NMPC, in

which control moves are not necessarily implemented at each time instant of the

optimization problem.
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Chapter 4
Sampled-Data MPC

The nonlinear control literature gives few equivalent terms for the sampled-data

control, including piecewise-constant control [36] and sample-and-hold feedback [37].

Numerous MPC schemes employ continuous-time models, which are optimized

at all instants as shown in section 3.4. This approach often leads to an intractable

solution since the control search is infinite-dimensional [38]. Alternatively,

implementing discrete-time models has been widely used to simplify calculations,

treating both the control decisions and plant dynamics as evolving in discrete-time.

While computationally appealing, it is impractical to neglect crucial inter-sample

behavior and assume knowledge of the exact discretized model. Another dilemma

with nonlinear MPC is its high computational load when dealing with fast dynamics.

A common strategy to improve the computational burden is through calculating

inexact solutions, or referred to as suboptimal NMPC algorithms [39,40].



H. Al Ramadan

An attractive control design technique to practitioners is the introduction

of sampled-data approaches. It is advantageous over continuous and discrete

models since it considers the continuous-time evolution of the system explicitly and

ensures that important inter-sample behavior is retained [34]. The imposition of

a sampled-data scheme does not simplify the optimal control calculations; instead

the search is still instantaneous and infinite-dimensional, but performed less often.

Two different ways are considered in practice to overcome this problem. Forward

compensation [41] or sample partitioning techniques [34] are considered to restrict

the optimal input search to finitely-parameterized classes of trajectories.

A difficult task in any sampled-data framework is the selection of the sampling

period. This is due to the fact that online computational time to find a solution of the

open-loop optimal control problem is often neglected. Neglecting this delay between

the state information and the input signal can lead to drastic performance degradation

or even to instability of the closed-loop system. A solution that is discussed in this

chapter uses forward compensation [41].

Many algorithms have been developed to accurately convert the instantaneous

optimization problem into a sampled-data optimization. Only two algorithms are

discussed in this chapter. Additionally, a stability analysis of the sampled-data NMPC

is provided.
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4.1 Problem Statement

An NMPC algorithm, similar to the system in section 3.1, is formulated with a

variable horizon length and a terminal constraint set. When state trajectories reach

the terminal constraint set, a feedback control law is used to prove stability of the

closed-loop. Consider the continuous-time nonlinear dynamical system [42]:

ẋ(t) = f(x(t), u(t)) ∀t ≥ 0 (4.1a)

x ∈ X ⊆ Rn (4.1b)

u ∈ U ⊆ Rm (4.1c)

and the initial state x(0) = x0 ∈ X . The sets X and U are the states and inputs

constraint sets, respectively, with nonempty interior containing the origin. We assume

the dynamics f : Rn×Rm → Rn is sufficiently differentiable and satisfies f(0, 0) = 0.

The goal is to steer the dynamics to a closed and simply connected target set Xd ⊂ X

and to stabilize it inside Xd. To arrive to the target set, we introduce an additional

closed and connected set Xf , terminal set, satisfying Xd ⊂ Xf ⊆ X .

The approximated cost function to be minimized over a finite-horizon consists

of two costs: a stage cost, v, and a penalty (terminal) cost, W , and is defined as:

Jfh
(
x(·), u(·)

)
=
∫ tf

t
v
(
x(τ), u(τ)

)
dτ +W

(
x(tf )

)
(4.2)

where Jfh represents the finite horizon cost function, tf−tmay be of a variable length,

and the pair (x, u) denote arbitrary predictions of the state and input, respectively.

39



4.1. PROBLEM STATEMENT H. Al Ramadan

Stabilizing Sampled-Data NMPC

There exists a number of approaches to achieve stability of the sampled-data NMPC,

such as using an infinite prediction horizon, imposing a control Lyapunov function, or

through using a dual-mode control where the convergence is established by switching

to a local controller near the origin. We discuss one approach for the stability analysis

using control Lyapunov functions.

In the case where the terminal cost, W , is designed as a control Lyapunov

function for the system, the terminal region constraint x(tf ) ∈ Xd is not required.

Convergence to the origin can be achieved even if the control Lyapunov function is not

globally valid [43, 44]. These approaches, however, are established for unconstrained

systems.

In addition, many sampled-data approaches propose a local control law to

stabilize the system inside the terminal region, where the terminal cost W is an

upper bound of the infinite horizon objective function [45]. A crucial theorem to

establish open-loop convergence of the sampled-data scheme is available in [41].

Under some conditions for the terminal penalty W , the closed-loop state is ensured

to converge to the origin. Furthermore, closed-loop stability of the next algorithms

is discussed in their respective sections.
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4.2 Hybrid Real-time Sampled-data Algorithm

The optimal control problem is solved at specified time instants in the sampled-data

NMPC scheme. The recalculation instants are denoted by ti, where the computed

input is applied between multiple instants. The period lengths may be assumed

constant or varying based on the needs of the application. If the state and time vectors

are calculated externally, the sampling time might vary based on the ODE solver.

This algorithm is developed by Dehaan et al., 2007, for application to sampled-data

NMPC systems [34].

The sampling algorithm is performed as follows:

Algorithm 4.2.1 (Computation of Sampling Instants).

(I) define a partition of the time axis consisting of infinite positive real numbers:

π := {ti, i ∈ N | t0 = 0, ti < ti+1, lim
i→∞

ti =∞}

(II) define the recalculation time, δi, corresponding to any ti ∈ π as:

δi := ti+1 − ti

The optimal control problem is solved at these recalculation instants, whereas it

is solved at all times for the instantaneous NMPC.

(III) sample the state xi := x(ti) at time ti
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(IV) During a prediction interval [ti, ti+1], solve the finite-horizon optimal control

problem in Equation 4.2 to yield the solution u∗i[ti,ti+1]

(V) implement the first element of u∗i[ti,ti+1], i.e. u(t) = u∗i[ti,ti+1](t) in the interval

t ∈ [ti, ti+1)

(VI) at time ti+1, repeat step III

Utilizing the new measurement at each sampling instant, the control u
(
t;x(ti)

)
is recalculated constantly, and hence it is a feedback. This system is referred to as

a hybrid system, as it consists of a discrete state xi or x(ti), and a continuous state

x(t). The next sections aim to prove stability for this type of sampled-data algorithm.

4.2.1 Properties of the Target Set

In this analysis, the goal is to steer the system states x to a target set Xd ⊂ Xf . The

set Xd is assumed to be a closed neighborhood of the origin, Xd = {x : W (x) ≤ µ}

for some µ ≥ 0. An inner approximation of the target set is defined as:

X ε
d := {x : W (x) ≤ (µ− ε)} ⊂ Xd

for any ε > 0 such that µ ≥ ε.

The period length may vary in this analysis, and it is denoted by `. It is assumed

that we have knowledge of locally Lipschitz feedbacks u := κ(x, `), in which they are

designed to ensure practical-asymptotic stability of the origin. We also assume that

the period ` is computed by a locally Lipschitz feedback, ` = κτ (x). As a result, we

redefine the local stabilizer as, κ`(x) = κ
(
x, κτ (x)

)
. The corresponding solution of
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the ODE ẋ = f
(
x, κ`

(
x(ti)

))
is denoted by xκ`[ti,ti+1]. The next assumption aims to

establish conditions for which the feedback stabilizer κ`(x) must satisfy, particularly

in Equation 4.3.

Assumption 4.2.1 (Sufficient Conditions for Stability). Denote t′ :=

t+ κτ (x) and x′ := xκ`(t′), then κ(·, ·), κτ (·), W (·), and Xf are chosen to satisfy:

A1) κ`(x) ∈ U for all x ∈ Xf ;

A2) Xf ⊂ X̊ , Xf is closed, 0 ∈ Xd ⊂ X̊f ;

A3) Xd is compact, Xd = {x : W (x) ≤ µ};

A4) x ∈ X̊f implies xκ`[t,t′] ∈ X̊f . Inner approximation X ε
f is invariant for ε ∈ [0, ε∗],

for some ε∗ sufficiently small;

A5) for a sufficiently small positive ε, there exists σ(·) ∈ K, such that for all x ∈

Xf\X̊ ε
d

W (x′)−W (x) +
∫ t′

t
v
(
xκ` , κ`(xκ`)

)
dτ ≤ −σ(|x|) (4.3)

Stabilization to a neighborhood Xd of the origin allows a stabilizer κ`(x) to be

implemented for a wider class of systems. Another major advantage that can be of a

great help to our analysis is that we can construct a practical stabilizer κ`(x) to allow

a continuous-time stabilizing feedback through a short zero-order-hold. Therefore,

a variable period ` = κτ (x) can stabilize arbitrarily small Xd, as it requires fast

switching near the origin.
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4.2.2 Incorporation of State Constraints

To ensure state constraints never get violated, i.e. x ∈ X and x(tf ) ∈ Xf ,

interior-point approaches with convex barrier functions are utilized [46] [26]. In this

context, x and x(tf ) represent arbitrary state prediction and final state prediction,

respectively. A major advantage that supports choosing the interior-point method

is its guarantee to satisfy constraints at all instants. In addition, we define

sufficiently differentiable convex barrier functions B and Bf on the domains X̊ and

X̊f , respectively. Due to the fact that barrier functions can shift the position of the

optimal control solution, the two barrier functions may be gradient-centered about

the origin as shown in [47].

B0(x) = B(x)− B(0)−∇B(0)Tx

Similar definition is used for B0
f (x). Another strategy to ensure no shift to

the optimal solution when implementing the barrier functions is through a proper

indicator function I(x). Integrating these barrier functions in the stage and penalty

costs yields the augmented costs as:

va(x, u) := I(x)
(
ιv(x, u) + λB(x)

)
(4.4a)

W a(xf ) := I(x)
(
W (xf ) + λfBf (xf )

)
(4.4b)

with constant parameters ι ∈ (0, 1], λ > 0 and λf > 0. I(x) is defined as a sufficiently

often differentiable indicator function that satisfies: I(x) = 0, ∀x ∈ Xd and 0 <

I(x) <∞, ∀x ∈ X\Xd.
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Now, the question that is left to be answered is: how can we choose

I(x),B(x),Bf (x), λ, λf , and ι? The choice of these functions and parameters must

ensure satisfaction of the strict set containment in the next assumption. We begin

by defining level sets W(·) and V(·) for the respective costs, W (x) and v(x, u). Let

W(α) := {x ∈ Xf |W (x) ≤ α} and V(α) := {(x, u) ∈ X × U|v(x, u) ≤ α}.

Assumption 4.2.2 (Objective Functions Relations). For positive scalar

values α1 < α2 < ∞, the objective functions v : X × U → R≥0 and W : Xf → R≥0

satisfy the strict set relations:

Xd =W(0) ⊂ W(α1) ⊂ W(α2) ⊂ lim
α→∞

W(α) = Xf

Xd × U = V(0) ⊂ V(α1) ⊂ V(α2) ⊂ lim
α→∞

V(α) = X × U

Due to the fact that the set inclusions in Assumption 4.2.2 are strict, the two cost

functions v and W are barrier functions. This ensures the satisfaction of x(tf ) ∈ X̊f

and x(τ) ∈ X̊ ∀τ ∈ [t, tf ), respectively. Then the following smoothed indicator

function for the complement of Xd is constructed such that:

I(x) =



0 x ∈ X ε
d

ρ(x) x ∈ Xd\X ε
d

1 x /∈ Xd

(4.5)
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where ρ is a C1-smoothed function. A very useful design in [42] is used for ρ. As

terminal and target sets are chosen to be level sets of W, there exists constants ϕ and

µ such that Xf = {x ∈ Rn|W (x) ≤ ϕ} and Xd = {x ∈ Rn|W (x) ≤ µ}, then

ρ(x) = 3
(
W (x)− µ
ϕ− µ

)2
− 2

(
W (x)− µ
ϕ− µ

)3

B(x) and Bf (x) are designed using modified reciprocal barrier functions of the form:

B(x) =


∞ W (x) ≥ ϕ

1
ϕ−W (x) −

1
ϕ

otherwise

(4.6)

A similar design is used for Bf (x).

Utilizing Assumption 4.2.1, the weightings ι, λ and λf are user-defined

parameters and must be chosen to satisfy

λf
(
Bf (x′)− Bf (x)

)
+ λ

∫ t′

t
ιB
(
xκ`(τ))

)
dτ ≤ −σ(|x|) (4.7)

∀x ∈ X̊f\X̊ ε
d , where x′, t′, and ε are all defined in Assumption 4.2.1.
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4.2.3 Input Trajectory Parameterization

The main idea of parameterization of control moves is to initiate a class of input

trajectories with fewer degrees of freedom to reduce the computational complexity of

the optimization in Equation 4.2. A common approach is to implement a variable

horizon length to maintain a constant number of input parameters with a varied

distribution across the prediction interval based on how active the dynamics are in

different regions of the process [48].

We begin by partitioning the prediction horizon into N intervals, with switching

times T = [T0, . . . , TN ]T , which may have non-uniform step sizes. The switching

intervals are of the form: [Ti−1, Ti]. The continuous input, u(t), is parameterized on

the introduced time grid as:

u(t) = w(t, T, θ)

=


w(t− T0, ϑ1) t ∈ [T0, T1]

w(t− Ti−1, ϑi) t ∈ (Ti−1, Ti]
(4.8)

where T ∈ RN+1, parameter vectors ϑi ∈ θ ⊂ Rv, and w : R × RN+1 × Rv → Rm.

Note, θ := [ϑT1 , . . . , ϑTN ]T and Rv ≥ Rm. Input parameters are assembled in the

vectors ϑi ∈ Rm for i = 1, 2, ..., N .
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It is assumed that w is sufficiently often differentiable in its arguments. This

parameterization can reduce the dimension of the discrete-time input, where the

choice of the time grid T0, T1, . . . , TN affects the dimension of the control problem.

When choosing the time grid [T0, T1, ..., TN), a compromise between control

accuracy and computational complexity is required. The following assumption

restates the previous requirements for w and adds more restrictions on w and θ.

Assumption 4.2.3 (Control Parameterization Requirements). The

C1+ function w and the set θ are such that: 1) θ is compact and convex, and 2) the

image of θ under the mapping w satisfies U ⊆ w(0, θ).

It is noted that Assumption 4.2.3 assists in avoiding singularities or degeneracies

of w through an appropriate choice of θ. Let (t0, x0) ∈ R × X̊ denotes an arbitrary

initial condition for the dynamical system in Equation 4.1.

Definition 4.2.1. An input parameterization, (θ, T ), defines the trajectory

u[t,tf ] according to Equation 4.8. Then the pair is called feasible when the solution

x(t, t0, x0, T, θ), u(t, t0, x0, T, θ) exists on the interval t ∈ [t0, TN ] and satisfies

x(t) ∈ X̊ , u(t) ∈ Ů , and x(TN) ∈ X̊f .

Throughout the chapter, we denote xk(t) and uk(t) as solutions to the

optimization problem, such that xk(t) := x(t, t0, x0, T, θ) and uk(t) := u(t, t0, x0, T, θ).

For given initial conditions (t0, x0) and given N switching intervals, we denote the

set of all feasible control parameterizations by ΓN(t0, x0).
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4.2.4 Detailed Description of the Closed-loop Algorithm

The finite-horizon cost function in Equation 4.2 is augmented using the new definitions

of the stage and penalty costs.

Jfh(t, z) =
∫ TN

t
va
(
xk(τ, z), uk(τ, z)

)
dτ +W a

(
xk(TN , z)

)
(4.9)

where the costs va and W a are defined in Equation 4.4. In the remainder of the

chapter, a closed-loop state shall refer to a triple z := [xT , θT , T T ]T . Following this

definition of the cost function, the following steps describe the algorithm as follows:

Step 1: Initialization of the pair (θ, T )

The starting point of this algorithm is to initialize the control parameters to a value

inside the feasible set ΓN(t0, x0). Generally, a dual programming problem shall

be solved to identify an initial control parametrization pair (θ, T )0 ∈ ΓN(t0, x0).

However, a common starting point for many numerical NMPC approaches is the

assumption of knowledge of a feasible initial control parameterization [48]. The

following property is used to ensure finiteness of the search for such a pair.

Theorem 4.2.1 (Finiteness of Search for Control Parameters).

Denote the set of initial states x0 by X 0 ⊆ X̊ , for which there exists an open-loop

solution of Equation 4.1, defined on t ∈ [t0, tf ]. Then for every initial condition in

R × X 0 and every (w, θ) satisfying Assumption 4.2.3, there exists N(x0) such that

ΓN(t0, x0) has a positive Lebesgue measure for all N ≥ N .
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Step 2: Continuous flow under dynamic feedback

Many sampled-data approaches update their model predictions in a discrete-time

manner, which might pose a delay problem and hence causes a degradation to

the optimization. Instead, the suggested algorithm updates the model predictions

continuously using online measurements of the current states, hence xk, uk, and Jfh

are instantaneously available. We recall our closed-loop triple z = [xT , θT , T T ]T . The

dynamics triple can be written as:

ż =



ẋ

θ̇

Ṫ


=



f(x, ϑ1)

Λ(t, z)

0


(4.10)

where ż evolves over the interval [t0, T1], and θ evolves as a dynamic controller state

through the update law Λ(t, z).

The update law, Λ(t, z) is chosen to be continuous in t and locally Lipschitz

in z, and it ensures all control parameter pairs
(
θ(t), T

)
∈ ΓN

(
t, x(t)

)
. The major

criterion of Λ is to ensure the gradient of the cost function with respect to θ is

nonpositive, or 〈∇θJfh, Λ(t, z)〉 ≤ 0. The choice of Λ is thoroughly discussed below

in this chapter. The descent direction of the objective function is computed using

sensitivity equations.

Next, the cost gradient vector is computed through

∇θJfh =
∫ TN

t

(∂va
∂x

∂xk

∂θ
+ ∂va

∂u

∂uk

∂θ

)
dτ + dW a

dx

∂xk

∂θ
(TN) (4.11)

where all the partials are evaluated along the system trajectories xk(τ) and uk(τ).
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Step 3: Transitions at switching times

When t = T1, the control parameterization parameters for the first interval are no

longer valid; and instead a discrete jump mapping is used to update these parameters:

z+ =



x+

θ+

T+


=



x

Ξ(t, z)
Ti+1 i ∈ {1, . . . , N − 1}

TN + κτ (xk(TN)) i = N


(4.12)

where (·)+ and (·) denote pre- and post-reset values, both at time t. The function

Ξ(t, z) denotes the jump mapping, designed for which the cost function is guaranteed

to be descending Jfh(t, z+)− Jfh(t, z) ≤ 0 and the control parameters remain inside

the control feasible set (θ+, T+) ∈ ΓN(t, x). The design of Ξ(t, z) is explained later in

this chapter.

Step 4: Iterations

The new control parametrization is guaranteed to be feasible by the choice of Ξ(t, z),

which permits the procedure to iterate back to Step 2.

4.2.5 Flow and Jump Mappings

We aim to design the respective flow and jump mappings, Λ(t, z) and Ξ(t, z), such that

they do not increase Jfh. The mappings can be designed in two ways: a sampled-data

approach and a real-time approach. We only discuss the real-time approach, which

distinguishes our hybrid-time MPC as shown in Equations 4.10 and 4.12.
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The definitions of the mappings can be defined as:

Ξ(t, z) = ϑ+
i =


ϑi+1 i = 1, . . . , N − 1

κ`
(
xk(TN , t, z)

)
i = N

(4.13a)

Λ(t, z) = Proj{κ(t, z),z(t, z), θ,U} (4.13b)

κ(t, z) = −kϑz(t, z)∇θJfh (4.13c)

where z : R × X × ΓN → RmN×mN is a matrix-valued function, locally Lipschitz,

and satisfies z(t, z) = zT (t, z) > 0 to define the metric of the descent direction. The

parameter kϑ is chosen to be a positive gain that quantifies the rate of descent in

the specified direction. The cost gradient vector ∇θJfh is defined in Equation 4.11,

whereas the Proj{., ., ., .} operator defines a locally Lipschitz parameter projection to

ensure θ ∈ U .

Next, the mathematical formulation of the parameter projection, and hence, the

cost gradient vector 〈∇θJfh, Λ(t, z)〉 is proposed. The goal is to ensure the gradient

does not result in an increase in the cost function Jfh. We introduce the projection

operator:

Proj{κ(t, z),z(t, z), θ,U} =


κ, θ ∈ Ůr or sT⊥κ ≤ 0(
I − sat10

(
r−ε(θ)
r

)
z s⊥s

T
⊥

sT⊥zs⊥

)
κ, otherwise

(4.14)
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where ε ∈ [0, r], and Uε denotes a family of inner approximation to U , satisfying

Uε ⊂ Uε′ , ε > ε′ and ∂Uε approaches ∂U as ε→ 0+. The outward normal vector s⊥(θ)

is defined as the normal vector to the level set Uε(θ) at the point θ ∈ ∂Uε(θ). The

saturation function in the interval [0, 1] is denoted by sat10.

The gradient vector is easily proved to be nonpositive for the first case in

Equation 4.14:

〈∇θJfh, Λ(t, z)〉 = (∇θJfh)Tκ

= (∇θJfh)T (−kϑz(t, z))∇θJfh

≤ −kϑz(t, z) ≤ 0

However, the second case is not as obvious as the first case:

〈∇θJfh, Λ(t, z)〉 = (∇θJfh)T
(
I − sat10

(r − ε(θ)
r

)
z
s⊥s

T
⊥

sT⊥zs⊥

)
κ

Rearranging for ∇θJfh in equation Equation 4.13c, we get:

∇θJfh = −1
kϑ

κz−1

Now, the resulted expression is substituted in the inner-product gradient as:

〈∇θJfh, Λ〉 = −1
kϑ

κTz−1
(
I − sat10

(r − ε(θ)
r

)
z
s⊥s

T
⊥

sT⊥zs⊥

)
κ

≤ −1
kϑ

(
z−1 − s⊥s

T
⊥

sT⊥zs⊥

)
≤ 0

Hence, the projection operator in Equation 4.14 proves that θ(t) ∈ U for all t ≥ 0.

Our sole task to complete is the computation of the cost gradient.
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4.2.6 Cost Gradient Calculations

The partials, ∂xk

∂θ
, of the cost gradient in Equation 4.11 are computed through the

sensitivities Su ∈ Rn×m, Sx ∈ Rn×n as follows:

Ṡu = ∂f

∂x
Su + ∂f

∂u
Su(Ti−1) = 0 (4.15a)

Ṡx = ∂f

∂x
SxSx(Ti−1) = I (4.15b)

where the partials ∂f
∂x

and ∂f
∂u

are computed along the trajectories xk[Ti−1,Ti] and u
k
[Ti−1,Ti].

For τ ∈ [t, TN ] and ϑi ∈ θ, the sensitivity is computed through the following equation:

∂xk

∂ϑi
(τ) =



0 τ < Ti−1

Su(τ) τ ∈ [Ti−1, Ti]

Sx(τ)∂xk
∂ϑi

(Tj−1) τ ∈ [Tj−1, Tj], j > i

(4.16)

To calculate the gradient, the descent metric ought to be selected, z(t, z) in

Equation 4.13. Many methods are available to design the descent metric, including

approximate second-order Hessian and approximate Gauss-Newton methods. The

former method requires the calculation of the second-order sensitivities (i.e. Ṡuu, Sxx),

which is a tiresome task, and may scale very poorly with the system dimensions. A

more appealing method is using the latter method: the approximate Gauss-Newton

method, which can be seen in [34].

A third method is to use a steepest descent approach by setting z(t, z) = I.

The diagonal elements of the steepest descent can be individually scaled based on the

system dynamics.
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4.2.7 Sampled-data NMPC Stability

It is time to present a theorem that ensures asymptotic stability of the optimization

described in this chapter.

Theorem 4.2.2 (Sampled-Data MPC Stability).

Let the input parameterization pair
(
θ(t), T

)
along with w be chosen to satisfy

Assumption 4.2.3, and assume that κδ(·), W (·), and Xf satisfy Assumption 4.2.1 for

given Xd. Also, let the constraints in Equation 4.1 be enforced by barrier functions

and weightings (B, Bf , λ, λf) satisfying Equation 4.7. Then using the dynamic

feedback algorithm in section 4.2.4, the target set Xd is asymptotically stabilized

under Equations 4.10 and 4.12.

A sketch of the proof [48] is shown in Appendix A. This algorithm and the next

one are examined and compared through two simulation examples in section 4.4.

4.3 Fast Sampled-data NMPC Algorithm

Following the proposed algorithm closely, additional improvements of the current

input trajectory at each sampling instant is achieved. Moreover, better controller

performance and less CPU time have been achieved by this algorithm in comparison

to the previous hybrid algorithm in section 4.2. These improvements are achieved

by omitting the computation of the gradient ∂J/∂u, and utilizing a line search

methodology that produces arbitrarily large immediate changes of the control input.

This algorithm is developed by Steinboeck et al. for application to sampled-data

NMPC systems [42].
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We carry on from the last algorithm, where the dynamics equation (4.1) and the

same cost function (4.2) are to be optimized. We denote xT,θt (τ) the continuous-time

predicted trajectory of the system in the horizon τ ∈ [t, TN ] if the input u(τ) is

computed using Equation 4.8. We convert the set of admissible parameterized

continuous-time inputs, w(t, T, θ), into a closed set D(T ) of admissible input

parameters θ for the defined time grid T . The set D(T ) is introduced as:

D(T ) = {θ ∈ Rv|w(t, T, θ) ∈ U ∀ t ∈ [T0, TN)}

Hence, the control parameters vector θ is obtained solving the optimal control

problem:

min
θ∈D(T )

Jfh

(
xT,θt (·), w(·, T, θ), t, T

)
(4.17)

This algorithm utilizes a terminal-set feedback controller, similar to Chen and

Algöwer [49]. This fictitious, i.e. not implemented, controller is utilized as a vehicle to

prove closed-loop stability and to extend the prediction horizon into a quasi-infinite

horizon. This controller is defined on the terminal set to bound the infinite horizon

cost. It is crucial to note that the input profile to be computed online is only over

a finite horizon. Hence, two controllers are designed in this algorithm. In spite

of the fact that the optimal online controller is finite horizon, the addition of the

offline fictitious state feedback controller expands quasi to infinity, hence the name

quasi-infinite horizon NMPC.
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4.3.1 Control Update Function

The control law is executed over a finer time grid without loss of accuracy. There

always exist new parameter vectors ϑ′k and ϑ′k′ if the interval [Tk−1, Tk) is split into

the subintervals [Tk−1, Tk′) and [Tk′ , Tk) with some Tk′ that satisfies Tk−1 < Tk′ < Tk.

The update of the control pair (θ, T ) may occur at a point t = τi ∈ [T0, TN). In

other words, the set of input parameters is used during a small control horizon, then

a new set is computed again. We denote the update-time grid by (τττ = 0, τ1, τ2, . . . ).

The step sizes, ∆τi = τi+1 − τi, may not be uniform and must satisfy ∆τi > ∆τmin,

where ∆τmin > 0. The parameters produced at time τi are used in that time interval,

i.e. [τi, τi+1), and these parameters are denoted by: Ti+1Ti+1Ti+1 = [Ti+1|0, Ti+1|1, . . . , Ti+1|Ni+1 ]

and θi+1θi+1θi+1 = [ϑi+1|0, ϑi+1|1, . . . , ϑi+1|Ni+1 ].

Next to these primary definitions, an update of the input can be defined by the

control update function:

(Ti+1, θi+1) = U
(
τi, x(τi), (Ti, θi)

)
(4.18)

where the computation of U requires the optimal or suboptimal solution of the NMPC

problem. In section 4.3.5, Theorem 4.3.1 provide sufficient conditions for the design

of U .

To depict the two time grids, Figure 4.1 shows an example with N = 5 and C = 2.

57



4.3. FAST SAMPLED-DATA NMPC ALGORITHM H. Al Ramadan

Coarse Time Grid

Fine Time Grid

t

t

Tk|0 Tk|1
Tk|C

Uk|0 Uk|C-1

τ k

uk|0

τ k-1 τ k+1

uk|1

τ k+3

uk|3

τ k+2 τ k+4

uk|N-1uk|2

τ k+N τ k+N+1

Prediction Horizon

Figure 4.1: Prediction Horizon with Fine and Coarse Time Grids. The coarser time
grid contains two non-uniform time steps. The finer time grid contains five uniform
steps.

The update function, U , is found based on if the prediction horizon grows in

length, i.e. Ti+1 > Ti, or the horizon remains unchanged, i.e. Ti+1 = Ti. The update

functions are thoroughly examined in [42], where two types of update functions are

postulated: fundamental and incremental.
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4.3.2 Discretization of the Dynamical System

The computation of the predicted state trajectory xT,θt and the cost functional

J(xT,θt (·), w(·, T, θ), t, T ) from Equation 4.17 requires a discrete-time formulation. We

proceed by discretizing the dynamical system and the cost functions. The discretized

dynamical system of Equation 4.1 with u(t) redefined in Equation 4.8 can be formed

as:

Fk(xk+1, xk, T, θ) = 000 (4.19)

where k = 0, 1, 2, 3, . . . are discretization points with tk independent of coarse and

fine time grids. Fk : Rn × Rn × RN+1 × Rv → Rn is computed via any integration

method for ODEs, such as Runge-Kutta.

To ensure sufficient accuracy of the discrete-time approximation of Equation 4.19,

the sampling periods tk+1 − tk are chosen to be sufficiently small. This assumption

guarantees that the closed-loop stability of the discrete-time system is also

valid for the continuous-time dynamics [50]. To keep notations unified with the

continuous-time formulation, xT,θ[k0,k] is denoted for the discrete version of xT,θt . We

consider a time interval is in the form [tk0 , tkf ], where t = tk0 and TN = tkf . Note

that x[k0,k0] = xk0 . The discrete time trajectory is denoted by bold characters, xT,θ[k0,k]xT,θ[k0,k]xT,θ[k0,k],

while xT,θ[k0,k] denotes a single element of the series associated with the time tk.
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Next, the continuous cost functional in Equation 4.2 is converted to discrete-time

by approximating the definite integral via a numerical quadrature method [51]. The

approximated cost is in the form:

Jdfh
(
x[k0,k]x[k0,k]x[k0,k], T, θ, k0, kf

)
=

kf−1∑
k=k0

vk(x[k0,k+1], x[k0,k], T, θ) +W (x[k0,kf ]) (4.20)

where the discrete stage cost vk is calculated using the trapezoidal rule as:

vk(x[k0,k+1], x[k0,k], T, θ)

= tk+1 − tk
2

(
v
(
x[k0,k+1], w(tk+1, T, θ)

)
+ v

(
x[k0,k], w(tk, T, θ)

))

Following these new definitions for the cost functions, the discrete-time version

of the objective function in Equation 4.17 is in the form:

min
θ∈D(T )

Jdfh

(
xT,θ[k0,k]xT,θ[k0,k]xT,θ[k0,k], T, θ, k0, kf

)
(4.21)

4.3.3 Gradient-based Search

We solve the minimization problem in Equation 4.17 by implementing a

gradient-based dynamic programming algorithm. This search is carried out

with a single iteration of the dynamic programming algorithm. This involves the

computation of three elements: a search direction s that is a descent direction of

Jdfh ; a step size % along the descent direction; and a projection of the result into the

set D(Ti+1).

60



4.3. FAST SAMPLED-DATA NMPC ALGORITHM H. Al Ramadan

The gradient calculation involve the Lagrangian multipliers λk ∈ Rn in the

discrete cost function as follows:

V = Jdfh

(
xT,θ[k0,k]xT,θ[k0,k]xT,θ[k0,k], Ti, θi, k0, kf

)
+

kf−1∑
k=k0

λTkFk(x[k0,k+1], x[k0,k], Ti, θi)

with the gradient computed as follows

G = ∂V

∂θi
(4.22a)

∂V

∂x[k0,k]
= 000 ∀ k = k0 + 1, . . . , kf (4.22b)

∂V

∂λk
= 000 ∀ k = k0, . . . , kf − 1 (4.22c)

The calculation of the gradient starts by computing x[k0,k] from Equation 4.22c

in a forward direction. Then the Lagrangian multipliers λk are computed by solving

Equation 4.22b in a backward direction, i.e. k = kf , . . . , k0 +1. Next, the Lagrangian

gradient is computed by subbing in the solution of x[k0,k] and λk into Equation 4.22a.

Later, the search direction is calculated using the Hessian , H, or an approximation

of it as follows:

s = −H−1G

Prior to introducing the function for the step size %, a projection function is introduced

to ensure the updated parameter θi+1 remains in the closed set D(Ti+1).

proj(T, θ) = arg min
θ̂∈D(T )

∥∥∥θ̂ − θ∥∥∥ (4.23)

61



4.3. FAST SAMPLED-DATA NMPC ALGORITHM H. Al Ramadan

where proj returns the closest point to θ from the set D(T ).

Now, we define a line search function for % along the direction s by solving the

following optimization problem:

% =arg min
%̂∈R≥0

Jdfh(xTi+1, θ
[k0,k]x
Ti+1, θ
[k0,k]x
Ti+1, θ
[k0,k] , Ti+1, θ, k0, kf ) (4.24)

s.t. θ = proj(Ti+1, θi + %̂s) (4.25)

Then θi+1 = proj(Ti+1, θi + %s).

In comparison to the first algorithm in section 4.2, this gradient update of θ

requires less computational effort than solving an ODE using sensitivity equations

as for the former algorithm. The sensitivity equations in Equation 4.15 only allow

continuous changes of θ(t), whereas the gradient-based algorithm allows large

discontinuous changes due to the fact that it is a true sampled-data formulation.

Another drawback of the costly update law in Equation 4.16 is its stiffness when

steep gradients are required for fast changes of θ.

4.3.4 Linearized Dynamics

We consider a locally continuous linearized system of Equation 4.1 at the origin (or at

a steady state value by using deviation variables) based on the Jacobian linearization

as:

ẋ(t) = Ac x(t) +Bc u(t) (4.26)

where the subscript c denotes continuous time, Ac = ∂f
∂x
|x=0,u=0, and Bc = ∂f

∂u
|x=0,u=0.

62



4.3. FAST SAMPLED-DATA NMPC ALGORITHM H. Al Ramadan

The input definition in Equation 4.8 is considered as a piecewise constant input

parameterization in the form:

u(t) = w(t, T, θ) = ϑk, ∀t ∈ [Tk−1, Tk), k = 1, 2, . . . , N

With this choice, κ can be chosen as a linear feedback law of the form:

ϑk+1 = κ(xk) = −Kxk (4.27)

with a constant gain, K. The discrete time dynamics of Equation 4.26 is defined with

zero-order hold as:

xk+1 = Ad xk +Bd ϑk+1 (4.28)

where d denotes discrete time, Ad = exp(κTAc) and Bd =
∫ κT

0 exp(tAc)dt Bc. Using

the steady-state Linear Quadratic Regulator (LQR) method, we utilize a positive

definite objective function W (xk) as:

W (xk) =
∞∑
i=k

[xTk ϑTk+1]

Γd︷ ︸︸ ︷
Qd Nd

NT
d Rd




xk

ϑk+1

 = xTkPPPxk (4.29)

PPP is the solution of the algebraic Riccati equation:

K = (BT
d PPPBd +Rd)−1(BT

d PPPAd +NT
d ) (4.30)
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Based on the exponential equations for the conversion from continuous time to

discrete time [52], the following aims in computing the penalty cost W (xk):


−ΦT

c Γc

000 Φc

 = 1
κT

ln



Φ−Td Φ−Td Γd

000 Φd




where the matrix entries are defined as:

Φd =


Ad Bd

000 III

 , Φc =


Ac Bc

000 000

 , Γc =


Qc Nc

NT
c Rc



Next to these definitions, the two objective functions are designed as:

W (x) = xTPx (4.31a)

v(x, u) = [xTuT ] Γc

u
x

 (4.31b)

Next to these choices, the two objective functions are augmented with the barrier

and indicator functions, as shown in the previous algorithm in Equation 4.4, as follows:

va(x, u) = I(x)
(
ιv(x, u) + λB(x)

)
W a(x) = I(x)

(
W (x) + λfBf (x)

)
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Using these design considerations for the cost functions and designing κ according

to Equations 4.27 and 4.30, closed-loop stability is guaranteed via the satisfaction of

the requirements of the update function U .

4.3.5 Convergence of Receding Horizon

In this section, we present a theorem that describes the required properties of the

control update function U in order to achieve the stated control objective. We begin

by stating necessary assumptions to guarantee the existence of: a feasible initial

solution and also a solution at any time. The design of the cost functions v and W

follows Assumption 4.2.2.

Assumption 4.3.1 (Initial Input Parameterization). For any x0 ∈ X̊ ,

there exists a pair T and θ ∈ D(T ), with T0 = 0 and sufficiently large TN < ∞ and

N <∞ so that xT,θ0 is bounded and satisfies

xT,θ0 (t) ∈ X̊ ∀ t ∈ [0, TN)

xT,θ0 (TN) ∈ X̊f

This assumption guarantees the existence of a feasible solution of the

optimization problem at any time. The following assumption is stated to ensure a

global optimal solution of the problem within D(T ).
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Assumption 4.3.2 (Global Optimal Solution). The solutions of

min
θ∈D(T )

J(xT,θt , w(., T, θ)) constitute a simply connected set. Outside this set, J does

not have any stationary points.

Due to this assumption, the solution is guaranteed not to be caught in a local

minimum. This assumption can be relaxed, though, in practice.

Assumption 4.3.3 (Input Parameterization). For any x(t) ∈ X̊f , there

exists a pair T and θ ∈ D(T ) with T0 = t and sufficiently large TN <∞ and N <∞

so that xT,θt is bounded and satisfies

xT,θt (τ) ∈ X̊ ∀τ ≥ t

xT,θt (Tj) ∈ X̊f ∀j = 0, 1, 2, ....

lim
τ→∞

xT,θt (τ) ∈ Xd

The entries of T and θ from Assumption 4.3.3 are computed using the following set

of equations:

Tk+1 = Tk + κT ∀ k = 0, 1, . . . (4.32)

ϑk+1 = κ(xT,θt (Tk)) ∀ k = 0, 1, . . . (4.33)

Next to stating Assumption 4.3.3 and Equations (4.32)–(4.33), the terminal set X̊f

is a positive control invariant set of the system in Equation 4.1.
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Definition 4.3.1. A set B is a positive control invariant set if for all x0 ∈ B ⊆

X , there exists a control law uk = g(xk) such that xk ∈ B, for all k ≥ 0, and

uk = g(xk) ∈ U .

We are ready to present a theorem that guarantees the control objective is

achieved for certain properties of the update function U .

Theorem 4.3.1 (Fast NMPC Convergence).

Given that Assumptions 4.2.2 and 4.3.1 to 4.3.3 hold, such that an initial feasible

solution (T0, θ0) satisfying θ0 ∈ D(T0) is known, that U is applied at discrete times

τi, that U satisfies θi+1 ∈ D(Ti+1), and

J
(
xTi+1,θi+1
τi

, w(., Ti+1, θi+1), τi, Ti+1
)


= 0 if x(τi) ∈ Xd

≤ J
(
xTi,θiτi

(·), w(·, Ti, θi), τi, Ti
)

otherwise,

then, the state x of the closed-loop system converges to W(α) for any positive α

within finite time. The state x, also, asymptotically converges to the set Xd.

Theorem 4.3.1 guarantees convergence of the nominal system in the absence

of disturbances. The theorem indicates J is strictly negative in the period (τi, τi+1)

which yields a robust controller against disturbances and model mismatch. The proof

of Theorem 4.3.1 is shown in [42].
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4.4 Simulation Examples

Three simulation examples are examined in order to illustrate the two proposed

sampled-data control schemes. The results are presented for the following controllers:

• RT: the proposed control scheme in section 4.2; continuous-time real-time

NMPC

• SD: the proposed control scheme in section 4.3; sampled-data real-time NMPC

with a single iteration of the dynamic programming algorithm

4.4.1 Example 1: Two-state Nonlinear System

A benchmark nonlinear example, given in [34], is considered.

ẋ1 = x2 + 0.5x1u+ 0.5u

ẋ2 = x1 − 2x2u+ 0.5u

with an initial condition x0 =


−0.683

−0.864

, and the system should be stabilized at the

origin, Xd = 0.

The input constraint is U = [−2, 2], while the state is unconstrained, i.e.

X = R2. The objective is to drive the two states to the origin (0, 0), for which a

feedback control law κ(x) is designed according to section 4.3. In order to keep the

discussion concise, Table 4.1 summarizes the choices made for this analysis.
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Table 4.1: Example 1: Design parameters - Deterministic 2-D system

Parameter * Assigned value Parameter Assigned value

PPP III R 0.01

NNN 000 κT 0.5 s

NcNcNc


−0.165

−0.165

 QcQcQc


1.510 −0.490

−0.490 1.510


Rc 0.055 λf 0.003

ι 1 ϕ 0.06
* Bold letters indicate matrices or vectors

The target and terminal sets are chosen as: Xd = {0}, Xf = {x ∈

Rn|V (x) ≤ 0.06}, respectively. The feedback controller κ(x) is designed according

to Equations (4.27)–(4.30). The linearized system matrices in continuous-time are

found to be:

Ac =


0 1

1 0

 , Bc =


0.5

0.5



and the discretized model with a step size of 0.5 is found to be:

Ad =


1.128 0.5211

0.5211 1.128

 , Bd =


0.3244

0.3244
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The rest of the required matrices are computed using Matlab from section 4.3.4.

A summary of the results of the four controllers plotted in Figure 4.2 is shown in

Table 4.2.

Table 4.2: Example 1: Comparison of controllers parameters and results -
Deterministic Dynamics

Code Controller type ∆τ ∆T κT J CPU time

CT [53] Continuous-time - 0.5 s - 1.857 0.11%

RT Quasi-continuous-time 0.1 s 0.5 s 0.5 s 1.845 100%

SD-1 Sampled-data 0.1 s 0.5 s 0.5 s 1.840 0.28%

SD-2 Sampled-data 0.01 s 0.1 s 0.1 s 1.832 11.07%
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Figure 4.2: System trajectories of the closed-loop system - 4 controllers implemented.
The SD controllers (grey and red) behaved almost similar to each other in their state
trajectories. Their respective controllers gradually decreased from the initial value
(2.0) to the steady state value (0.0).
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The CT controller in Table 4.2 represents a suboptimal SQP NMPC, where the

objective function is integrated using the trapezoidal rule with a uniform step size

∆T . All of the four controllers utilize the same objective function with a prediction

horizon of 1.5 s.

Since the CPU time of the RT controller was the longest, a relevant CPU time

to the RT controller is shown in the results. The results show that the sampled-data

controllers, i.e. SD−1 and SD−2, and the quasi-continuous time controller, i.e. RT ,

stabilized the system at the origin. The sampled-data controllers need significantly

less CPU time than the RT controller by three orders of magnitude. Also, it is notable

that reducing the step size ∆τ decreases the cost function value, but requires more

CPU time. This is clearly due to the fact that a higher number of sampling points

needs more CPU time to converge but reduces the accumulated objective function.

4.4.2 Example 2: SISO Nonlinear CSTR

In order to check the robustness of the two sampled-data algorithms on a benchmark

example in the chemicals industry, a simulation for a single-input continuous stirred

tank reactor (CSTR) is carried out. The example is taken from [54], where the system

describes a non-isothermal, exothermic reactor. A cooling jacket controls the heat of

the reaction, as shown in Figure 4.3. The liquid level, densities, and heat capacities

are all considered constant.
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Figure 4.3: 3-D CSTR process flow diagram

The dynamical model of the CSTR system is shown as:

Ċa(t) = F

V
(Ca,0 − Ca(t))− k(T )Ca(t)

Ṫ (t) = F

V
(T0 − T )− ∆Hk(T )Ca

ρCp
+ UA

ρCpV
(Tc − T )

Ṫc(t) = Fc
Vc

(Tc,0 − Tc) + UA

ρCpVc
(Tc − T )

where Ca denotes the concentration of reactant A, F and Fc are the respective reactor

inlet and coolant flow rates, V and Vc are the respective reactor and cooling jacket

volume, and ρ is the reactor solution density. ∆H denotes the reaction enthalpy, and

UA denotes the heat transfer coefficient. The reaction kinetic k is computed using

the Arrhenius equation:

k(T ) = k0 · exp( −E/R
T + 273.15)
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The parameters of the system are summarized in Table B.1 in Appendix B. The

state vector is x = [cA T Tc]T , and the single input of the system is u = Fc. The

CSTR system is to be driven from an initial operating point x0 = [0.3 334.2 318.5]T

to a steady state point xss = [0.2 341.3 321.9]T . The input steady state value is

uss = 14.615 m3

min
. The input is constrained in U = [3.6, 80] m3

min
.

Table 4.3: Example 2: Design parameters - Deterministic 3-D CSTR system

Parameter Assigned value Parameter Assigned value

PPP III R 20

NNN 000 κT 4 sec

λf 0.01 QQQ∗ diag {10, 5, 3}

ι 1 ϕ 10
* diag refers to the diagonal matrix of the stated eigenvalues

The linearized system matrices in continuous-time are computed at the steady

state vectors xss and uss:

Ac =



−0.752 −0.009 0

50.387 0.021 0.586

0 2.929 −4.419


, Bc =



0

0

−3.890
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and the discretized model with a step size of 4.0 seconds is found to be:

Ad =



0.95 −5.89× 10−4 −1.05× 10−5

3.28 1.00 3.39× 10−2

0.29 0.17 0.75


, Bd =



0

−4.6× 10−3

−0.22



A summary of the results of three controllers plotted in Figure 4.4 is shown in

Table 4.4.

Table 4.4: Example 2: Comparison of controllers parameters and results -
Deterministic Dynamics

Code Controller type ∆τ ∆T κT J CPU time

CT Continuous-time - 4.0 s - 9647 0.29%

RT Quasi-continuous-time 1.0 s 4.0 s 4.0 s 9530 100%

SD Sampled-data 1.33 s 4.0 s 4.0 s 7207 4.98%
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Figure 4.4: System trajectories of the 3-D CSTR system - 3 controllers implemented.
The truly continuous-time controller and the quasi continuous-time (hybrid
sampled-data) nearly behaved the same in their system trajectories. The fully
sampled-data controller (red) had a similar pattern to the rest of the controllers
with some improvements in the controller output.
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The results shown in Figure 4.4 and Table 4.4 indicate that the fast sampled-data

algorithm outperformed the rest of the controllers. The SD algorithm requires

significantly less CPU time than the continuous-time controller (RT), with a large

improvement in the cost function.

From these results, it has become apparent that sampling the controller moves in

a fine time grid reduces the overall cost by much. This is due to the fact that the

controller moves are allowed to change in smaller increments, which in return reduces

its associated cost, i.e. uTRu. This is opposite to the other two controllers where a

longer time step, in the coarse time grid, results in rapid control moves, and hence

increases the cost.

4.4.3 Example 3: MIMO Nonlinear CSTR

An example from [55] is examined and simulated in Matlab. A CSTR with four

states and two controls is analyzed. The exothermic reaction of cyclopentadiene,

component A, to cyclopentenol, component B, is controlled using a cooling jacket

with a temperature, Tc. The four states are the two concentrations of substances A

and B: cA, cB, and the temperatures of the reactor and the cooling jacket: T and Tc,

respectively.

The state vector is x = [cA cB T Tc]T . The first input of the two is the scaled

feed inflow rate, u1 = V̇
VR

, where VR is the reactor volume, while the second input is

the cooling jacket heat removal rate, u2 = Q̇K . The input vector is u = [u1 u2]T .

The nonlinear dynamical system is given by:

ċA(t) = u1(cA0 − cA(t))− k1(T )cA(t)− k3(T )(cA(t))2

ċB(t) = −u1cB(t) + k1(T )cA(t)− k2(T )cB(t)
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Ṫ (t) = u1(T0 − T (t)) + kwAR
ρCpVR

(Tc(t)− T (t))

− 1
ρCp

[k1(T )cA(t)H1 + k2(T )cB(t)H2

+ k3(T )(cA(t))2H3]

Ṫc(t) = 1
mcCPc

[u2 + kwAR(T (t)− Tc(t))]

where CPc and Cp denote the heat capacities for the coolant and the reactor solution,

respectively, ρ is the reactor solution density, Hi are the reaction enthalpies, m and

mc are the reactor solution mass and the coolant mass, respectively, AR is the reactor

surface area, and kw is the heat transfer coefficient for the cooling jacket. The van

der Vusse reaction is given as

A k1−−→ B k2−−→ C

2A k3−−→ D

The two unwanted by-products, C and D, are cyclopentanediol and dicylcopentadiene,

respectively. The reaction rates ki are calculated via the Arrhenius Law:

ki(T ) = ki0 · exp(
Ei/R

T + 273.15), i = 1, 2, 3

Figure 4.5 shows the schematic diagram of the CSTR reactor. The parameters of the

system are summarized in Table B.2 in Appendix B.
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Figure 4.5: 4-D CSTR process flow diagram

The linearized CSTR matrices in continuous-time are found to be:

Ac =



−38.7 0 −2.648 0

14.735 −28.925 1.006 0

123.467 57.637 −35.114 30.83

0 0 86.69 −86.69


, Bc =



2.96 0

−1.09 0

−9.29 0

0 0.1
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and the discretized model with a step size of 0.01 h is found to be:

Ad =



0.667 −0.006 −0.019 −0.002

0.109 0.751 0.006 0.001

0.915 0.433 0.776 0.176

0.329 0.155 0.496 0.489


, Bd =



0.025 0

−0.008 0

−0.069 0

−0.025 0.001



The CSTR system is to be driven from an initial operating point x0 =

[1 0.5 100 100]T to a steady state point xss = [2.14 1.09 114 113]T . The input

steady state vector is uss = [14.19 − 1113.5]T . The state constraint set is simply

nonnegative values of the concentrations cA and cB. Realistically, the temperature

states never become negative in this dynamical system. The input set where the

controller is constrained is defined as:

U = {u| u1 ∈ [3, 35], u2 ∈ [−1200, 0]}

X = R4
≥0

Table 4.5 summarizes choices made for the simulation in Matlab.

A similar strategy to the previous example is carried out, where two algorithms are

compared. A summary of the results of three controllers plotted in Figure 4.6 is

shown in Table 4.6.
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Table 4.5: Example 3: Design parameters - Deterministic 4-D CSTR system

Parameter Assigned value Parameter Assigned value
PPP III RRR∗ diag {0.5, 5× 10−7}
NNN 000 κT 0.01 h
λf 0.003 QQQ∗ diag {0.2, 1.0, 0.5, 0.2}
ι 1 ϕ 5

* diag refers to the diagonal matrix of the stated eigenvalues

Table 4.6: Example 3: Comparison of controllers parameters and results -
Deterministic Dynamics

Code Controller type ∆τ ∆T κT J CPU time
CT Continuous-time - 4.0 s - 102.5 1.04%
RT Quasi-continuous-time 2.0 s 6.0 s 6.0 s 97.2 100%
SD-1 Sampled-data 2.0 s 6.0 s 6.0 s 24.07 17.21%
SD-2 Sampled-data 1.0 s 3.0 s 3.0 s 22.72 52.29%

The results shown in Figure 4.6 and Table 4.6 indicate that the fast sampled-data

algorithm outperformed the rest of the controllers by a large margin. The cost

function values of the SD controllers decreased by almost 75% than the other

controllers. The SD-1 algorithm requires remarkably less CPU time than the

continuous-time controller (RT). In spite of the fact that the CPU time for SD-2

algorithm improved by half in comparison to that of the RT controller, practitioners

may find it better to implement SD-1 with a slight increase in cost.
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Figure 4.6: System trajectories of the 4-D CSTR system - 4 controllers implemented.
In the first subfigure, the top graphs are for CA, while the bottom graphs are related
to CB. Similarly in the second subfigure, the top trajectories are related to the reactor
temperature (T ), while the bottom graphs are for the cooling jacket temperature, Tc.
The first input u1 represents the scaled feed inflow rate, V̇

VR
, while u2 represents the

cooling jacket heat removal rate, Q̇K .
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We can draw a conclusion that implementing a fully sampled-data algorithm with

two time grids is more advantageous than a hybrid sampled-data algorithm. The

reason can be clearly seen from u1 trajectories in Figure 4.6. The SD controllers had

a small cost associated with the big decrease in u1 from 22.0 to about 14.5 h−1. This

caused a large reduction in J due to the large input weight in matrix R. Taking a

faster action as seen above can be of a huge advantage to the dynamics, resulting in

a cheaper cost.

Since the weight of the second input is much smaller than the first input, a hold for few

time steps caused no harm to the cost function. Note that the controller weight matrix

from Equations 4.29 and 4.30 resulted inR = diag{300, 0.003}, while the states weight

matrix was almost equal to, Q = diag{0.05, 0.02, 0.3, 0.05}. This gave the first input

a huge importance in comparison with the other states and inputs. Hence, the SD

controllers capitalized on forming an accurate solution through a careful look towards

changes in the first input to result in the cheapest cost while delivering the other tasks

as instructed.
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Chapter 5
Stochastic MPC

Stochastic uncertainty is present in almost all engineering problems in a few forms,

such as measurement noises and exogenous disturbances. In real applications,

accurate models cannot be determined due to these external or model disturbances.

Hence, inaccuracies and disturbances can cause a performance degradation and, most

importantly, infeasibility when using nominal MPC schemes. Figure 5.1 depicts

a common blackbox representation for deterministic and stochastic systems. A

common solution to this problem is to formulate a robust MPC architecture, where

uncertainties are assumed to have prescribed conservative bounds. This solution is

usually regarded as a pessimistic approach due to the fact that robust MPC accounts

for the worst case scenario at all times, which results in a conservative solution to the

optimization problem.



H. Al Ramadan

Figure 5.1: Deterministic vs. Stochastic Models

An alternative solution to robust MPC schemes is the implementation of

stochastic MPC (SMPC) [23]. The role of the stochastic control has become

increasingly significant since nominal MPC cannot accurately handle noise and

uncertainties involved in complex systems [56]. Moreover, SMPC schemes are capable

of providing the required stability when dealing with complex constraints.
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5.1 SMPC Mechanism

The mechanism of operation of an MPC scheme incorporates the prediction of future

behavior, and subsequently, the computation of an optimal input trajectory on the

basis of model predictions. External disturbances and model uncertainty prevent the

realization of exact models. MPC addresses uncertain dynamics using robust MPC

formulations where the uncertainties are usually treated as bounded quantities with

known bounds.

Under this assumption, a control law is computed to overcome every possible

realization of an uncertainty scenario to satisfy all input and state constraints. Such

robust MPC approaches can lead to complex, computational demanding controller

design techniques that achieve only conservative performance results. [23]. The

conservativeness of MPC is due to the fact that the robust optimization solvers do

not rule out low probability outliers.

The design of SMPC methods can be of great benefit in practical situations.

They consider less pessimistic scenarios on the uncertainties than the customary worst

case formulations of robust MPC. The nature of the underlying model enables the

evaluation of unbounded uncertainties but from a probabilistic sense. As a result,

SMPC can rely on the incorporation of probabilistic constraint violations. From

a computational point of view, SMPC design problems provide a higher level of

complexity that often require the use of approximate solutions or highly specific

structure restrictions on the prediction model [17]. The primary areas addressed

by SMPC include unbounded uncertainty as well as a non-uniform distribution of

uncertainty.
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The costs and constraints of SMPC are formulated through explicit incorporation

of the probability distribution of model uncertainty. SMPC can overcome the

conservative nature of problem solving of robust MPC. For this reason, interest

in SMPC has been growing in diverse applications including telecommunications,

building climate control, chemical processes, and sustainable development [57].

5.2 Solving Stochastic MPC in Literature

Nonlinear SMPC problems can be solved using a number of approaches. Two

successful approaches are described in the sections that follow. A third method,

sampled-data SMPC, is proposed in section 5.6, where the impact of stochasticity

on the fast sampled-data algorithm from chapter 4 is presented. The first approach

considers an output feedback formulation, which does not relate to our proposed

state-feedback algorithm. However, it provides some of the leading strategies for

the design of SMPC systems. It is summarized in this chapter to give the readers

an insight of possible formulations that are capable of solving the optimal control

problem in the SMPC setup.

5.2.1 Output Feedback and Duality

The use of duality in the design of output-feedback SMPC formulations has been

shown to enable significant performance gains. In [58], a receding horizon setting is

chosen to solve issues related to the information state and an optimal feedback policy.

In this approach, the finite horizon computations of the cost function is replaced by
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an infinite-horizon optimal control:

Ĵ∞(x0, ϑ∞) := E
( ∞∑
j=0

v
(
xj, ϑ(xθ)

))

where the cost function omits the terminal cost WN . The operator E denotes

the expected value over some stochastic realizations of the disturbance. The state

constraints are formulated in the form:

Pk[xk ∈ X ] ≥ 1− εk

for εk ∈ [0, 1). The operator P [·] denotes the probability of [·]. The probability is

assigned using some probability density function that must be computed.

In [58], a technique called Stochastic Optimal Output Feedback Control

(SOOFC) is proposed as a suitable mechanism for the design and implementation

of an output feedback SMPC scheme. In this technique, the conditional state density

and the information state are propagated via a Bayesian Filter and the solution of

the Stochastic Dynamic Programming Equation. Two of the potential approaches to

improve upon the intractability of the Bayesian filter and the curse of dimensionality

of dynamic programming include the particle filter (PF) implementation of the

Bayesian filter and the use of Partially Observable Markov Decision Processes

(POMDP) to extend the results of full-state feedback SMPC to the output feedback

case.
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5.2.2 Gaussian Process Model

Modeling of unknown nonlinear systems is possible through the use of Gaussian

Process (GP) techniques by computing variances as part of the modeling and inference

processes to address the aspects of uncertainty related to the model [59]. One of the

issues encountered during the implementation of MPC for systems modeled using a

GP approach is the issue of uncertainty propagation within the control horizon. The

problem with the propagation of uncertainties can be solved using two approaches.

The first approach presented in [59] uses a basic linear Gaussian Programming

model and the original problem is converted into a deterministic nonlinear Model

Predictive Control scheme. The resulting deterministic MPC is nonconvex, but it can

be solved using tailored SQP algorithms. In [59], the problem can be summarized as

the optimization of the average stage cost:

Ĵ∗k = min
u(.)

E [Ĵ(xk, uk−1)]

where Ĵ∗k is the optimal value function.

The expected value of the cost function, E[Ĵ ] is defined as the following:

E [Ĵ(xk, uk−1)]

= E
[N−1∑
i=1
‖xk+i‖2

Q +‖uk+i−1‖2
R

]

=
N−1∑
i=1

E
[
‖xk+i‖2

Q +‖uk+i−1‖2
R

]

=
N−1∑
i=1

{
E
[
‖xk+i‖2

Q

]
+ E

[
‖uk+i−1‖2

R

]}
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Practically, the control moves are assumed to be deterministic. Hence, E[u] = u, and

E [Ĵ(xk, uk−1)]

=
N−1∑
i=1

{
E
[
‖xk+i‖2

Q

]
+‖uk+i−1‖2

R

}

=
N−1∑
i=1

{
‖χk+i‖2

Q +‖uk+i−1‖2
R + tr(QΣk+1)

}

where χk+1 = (xk + E[∆xk]) and the variance Σk+1 = (σ2(xk)).

The second approach deals with the integration of model variance in the state

vector, to derive an extended local model. This is shown in section 5.3.3. This

approach produces a convex MPC problem that can be solved through the use of

the active-set method with a high degree of efficiency [59]. The approaches can

be applied to dual trajectory tracking problems to test efficiency. Results from the

research show efficiency and effectiveness with respect to computation and control

performance, respectively.

5.3 Mathematical Formulation of SMPC

The interaction between system dynamics, cost function, and stochastic uncertainty

is integral to the mathematical formulation of SMPC [57]. Problem formulation in

the context of SMPC involves repetitively optimizing a specific predicted cost with

respect to systems featuring stochastic uncertainty. The stochastic noise can be a part

of the system dynamics ODE, f(x, u), and/or within the state and input constraints

sets, X and U .
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Moreover, SMPC is designed to address several issues for a given application.

These issues arise when performance requirements cannot be achieved, causing

constrained variables to extend to their limits. To address this phenomenon formally,

the definition of system constraints must consider the stochastic nature of the

application. Probabilistic constraints are usually preferred in this context where the

probability of constraint violation can be enforced rather than hard constraints.

Repetitive optimization of predicted costs in the sense of stochastic MPC must

be performed with respect to constraints of probabilistic models [57]. Probability

distributions for predicted variables must be determined to guarantee feasibility of

the state trajectories. However, this is usually limited to additive uncertainties.

5.3.1 Linear and Nonlinear SMPC Dynamics Setup

The following analysis focuses on the problem formulation of SMPC using

probabilistic constraints for uncertain models presented in [57]. We examine both

linear and nonlinear systems in this section. The auto-regressive moving-average

(ARMA) model in [57] can be expressed in the state-space form as follows:

xk+1 = Akxk +Bkuk +Bδwk (5.1)

where Bδ ∈ Rn×p denotes the stochastic matrix, and the disturbance at time k is

denoted by wk ∈W. W is assumed to be a known set in Rw that contains the origin

in its interior. The stochastic matrix Bδ is assumed to be full rank, with rank equal

to w. The rest of the parameters and variables are defined in section 2.1.

A nonlinear continuous-time system is written as follows:

ẋ(t) =f(x(t), u(t), w(t)) ∀t ≥ 0 (5.2a)
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s.t. x ∈ X (5.2b)

u ∈ U (5.2c)

where the state constraints can be of a stochastic nature, and are written as the

probability of the constraint, P
[
g(x) ≤ 0

]
≥ 1 − β; where β ∈ (0, 1) ⊂ R is

the probability of constraint violation that can be tolerated, and g(x) is the joint

probabilistic constraint.

In the literature, stochastic state constraints follow three formulations; they are

given as follows:

• Probabilistic chance constraints:

P
[
g(x) ≤ 0

]
≥ 1− β

• Integral probabilistic constraints:

∫ ∞
0
P
[
g(x) ≥ s

]
ds ≤ β

• Expected-value constraints:

E
[
g(x)

]
≤ 0
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The simplest solution is to use the expected-value constraint method to ensure

the constraints are satisfied on average for the dynamical system. This method does

not control the number of occurrence of violations. On the other hand, the integrated

probabilistic constraint method is very useful to control constraint violation to a

certain confidence level. This tool aims to control violations and their accumulative

magnitude as well. A downside of the integral, for some processes, is its allowance

for high violations.

The probabilistic constraint method is commonly used due to its capability to

provide an action that is similar to the integral method but without the possibility for

high violations. One disadvantage of the probabilistic constraint approach is that it

usually leads to non-convexities in the optimization problem. For more details of the

types of constraints encountered in stochastic MPC, the reader is referred to [60,61].

In this thesis, the probabilistic chance constraint method is preferred.

Input constraints, on the contrary, can be formulated as either probabilistic

or deterministic variables. There is no clear consensus in the literature for the

preferred formulation for constraints on input variables. Few practitioners assume

hard constraints when noise signals are bounded [62, 63]. In the scheme presented

here, input constraints are formulated as deterministic variables, except when noted.

5.3.2 Problem Formulation: Linear SMPC

The linear SMPC problem in Equation 5.1 assumes that the matrices Ak and Bk

contain multiplicative model parameters and additive disturbances w expressed as a

linear expansion indicated below [57]:

(Ak, Bk, wk) =
(
A(0), B(0), 0

)
+

ρ∑
j=1

(
A(j), B(j), w(j)

)
q

(j)
k
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The scalar random variables, in this case, are represented by q(j) for j = 1, . . . , p. The

variable q(j) at time k is denoted by the expression q(j)
k . The probability distribution

of qk is assumed to be known.

The vector qk = (q(1)
k ..... q

(p)
k ) is time varying in nature. However, qk has an

identical distribution for each value of k. The assumption is that qk has a zero mean

and a covariance matrix:

E(qk) = 0, E(qkqTk ) = I

where E(·) denotes the expected value operator. The expected value of the additive

disturbance is assumed to be zero. If non-zero value of E(qk) and a non-zero expected

value of the disturbance denoted as E(wk) = w(0) is likely, it can be dealt with using

a translation of the state and disturbance variables using deviation variables xk−x(0)

and wk − w(0).

Here, x(0) = (I−A0)−1 Bδ w
(0) and qk is replaced by (qk−E(qk)). In other words,

a constant disturbance would result in a constant offset in the states’ trajectories.

Given the assumption that the origin lies in the interior of W, the offset can be dealt

with through a translation of the origin of the state space or by forcing integral action.

In these equations, qk and qi demonstrate statistical independence for k 6= i.

In this case, there is no restriction on the assumption with respect to the additive

disturbance since the introduction of a linear filter is possible with the help of a

state-space model [57]. As a result, it is possible to generate temporally correlated

disturbances when required. Temporal correlation, a normal correlation computed on

data that fluctuates according to time, cannot be introduced between multiplicative

parameters due to the linear nature of the dynamics. Nevertheless, the computation
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of the predicted costs can be simplified greatly on the basis of the expected value

of sums for quadratic stage costs by using the assumption of independence of qk to

qi for k 6= i. This assumption also simplifies the stability analysis based on the

interpretation of the value function as a Lyapunov function.

Similar to the deterministic MPC schemes, the quadratic cost function in SMPC

systems can be defined as:

Ĵ(xk, uk,qk) =
N−1∑
i=0

(
∥∥∥xi|k∥∥∥2

Q
+
∥∥∥ui|k∥∥∥2

R
) +

∥∥∥xN |k∥∥∥2

P
(5.3)

where matrices Q ≥ 0, R ≥ 0, and P = P T > 0 are defined accordingly to ensure

convexity of the cost function. The term Ĵ is used throughout this chapter to represent

the stochastic cost function.

We define the vector, qk = {q0|k, ... qN−1|k} as a realization of the sequence

{qk .... qN−1} for uncertain model parameters. Since qk is characterized by stochastic

uncertainty, the cost Ĵ(xk, uk, qk) is also stochastic in nature. Therefore, the cost

index depicted by J(xk, uk) must be constructed given certain assumptions on qk.

Following this definition of the cost function J , the nominal cost is given by:

J(xk, uk) := Ĵ(xk, uk, 0)

Similarly, the worst scenario can be defined by maximizing the bounds qk ∈ Q over

the compact set Q to assess all possible realizations of uncertainties, as given by:

J(xk, uk) := max
qk∈Q× ... ×Q

Ĵ(xk, uk, qk)
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As discussed in the previous section, the maximization of qk may lead to a

computationally expensive and conservative solution. Hence, a more versatile cost

function can be constructed under the assumption that the distribution of qk is known.

The following expected is used in the design of SMPC:

J(xk, uk) := Ek(Ĵ(xk, uk, qk))

=
N−1∑
i=0

Ek(
∥∥∥xi|k∥∥∥2

Q
+
∥∥∥ui|k∥∥∥2

R
) + Ek(

∥∥∥xN |k∥∥∥2

P
)

where Ek(.) indicates the conditional nature of the expectation on the basis of

information available at time k, which is the current plant state xk. The expectation

depends on the model uncertainty distribution, qk.

5.3.3 Stochastic Cost Function

In MPC schemes, the cost function J is chosen to consist of a stage cost v(x, u) and

a penalty cost W (xN). In a stochastic framework, the cost function Ĵ is a random

variable due to its dependence on the random state variables and/or random control

variables. Many options exist in the literature for the definition of a stochastic cost

function. Some leading approaches are discussed in this section. For the purpose of

the discussion, we restrict a quadratic function as in 5.3, where Q is the states weight

matrix in the stage cost, R is the inputs weight matrix in the stage cost, and P is the

terminal state weight matrix in the penalty cost.

A conventional cost function that is used in discrete-time SMPC is the

expected-value cost function:

Ĵ = E
[N−1∑
k=0

v(xk, uk) +W (xN)
]
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= E
[N−1∑
k=0

(
‖xk‖2

Q +‖uk‖2
R

)
+‖xN‖2

P

]

By defining E[xk] = xk, E[uk] = uk, Xk = V ar(xk), and Uk = V ar(uk), we can

write:

E
[
v(xk, uk)

]
=‖xk‖2

Q +‖uk‖2
R + tr(QXk +RUk) (5.4)

E
[
W (xN)

]
=‖xN‖2

P + tr(PXN) (5.5)

where the operator tr is defined as the sum of the diagonal elements of a square

matrix.

With these definitions of the stage and penalty cost functions, the cost function

can be redefined as:

Ĵ =
N−1∑
k=0

(
‖xk‖2

Q +‖uk‖2
R + tr(QXk +RUk)

)
+‖xN‖2

P + tr(PXN). (5.6)

Another alternative to Equation 5.6 can be found by computing each cost

function for a single realization of the disturbance, then taking the mean of the sum

of these cost functions. This can be seen throughout the relevant literature [64–66].

We let Nw represent the number of noise realizations to be examined and compute

an approximate average cost defined as:

Ĵ = 1
Nw

Nw∑
i=1

Ĵi (5.7)

where Ĵi =
N∑
k=1

v(xk, uk) +W (xN).
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Here, the number of noise realizations to be examined has to be carefully chosen

to precisely compute the SMPC inputs that minimize the cost function. Hence, the

number of noise realizations Nw must be chosen such that [67]:

dx−1∑
j=0

(
Nw

j

)
βj(1− β)Nw−j ≥ h

which gives:

Nw ≥
dx + 1 + ln(1/h) +

√
2(dx + 1) ln(1/h)

1− β (5.8)

where dx denotes the number of decision variables in an optimization problem of a

dynamical system, β is the risk acceptability level of constraint violation as shown in

Section 5.3.1, and h represents the confidence level (tolerance) of a such violation.

The variable dx is calculated from the following equation as shown in [68]:

dx = m× n+ 2

where m denotes number of inputs of a system, and n denotes number of time steps

of the MPC optimization.

The cost function in Equation 5.6 was implemented in the 2-D simulation

examined in chapter 4. Figure 5.2 shows 38 stochastic realizations of the introduced

disturbance of β = 0.1 standard deviation, along with the averaged trajectory based

on the cost function definition in Equation 5.6. This result is shown here for the sake

of depicting how the analysis can be carried out in simulations. A thorough analysis

is carried out in the next sections, along with the full simulation of the 2-D example.

98



5.3. MATHEMATICAL FORMULATION OF SMPC H. Al Ramadan

Figure 5.2: Implementing an expected-value cost function to simulations - x1
stochastic trajectories from Example 1 in chapter 4. The run constituted of 38
iterations.

Figure 5.2 clearly shows how implementing the expected value SMPC results

in a trajectory (shown in red) that captures the disturbance realizations within a

given standard deviation. Tuning Nw to be higher than the calculated number gives

better results with fewer constraint violations. Nevertheless, this may compromise

the CPU time for a slight improvement in the cost function and constraint violations.

A thorough discussion is considered below to assess the effect of increased number of

iterations on cost and CPU time.
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5.3.4 Reformulation of Stochastic Constraints

The stochastic state constraint set definition was introduced in section 5.3.1, where

three types of state sets were postulated. The probabilistic constraints can be

reformulated into deterministic constraints through Cantelli-Chebyshev’s inequality.

This inequality [69] can be of great value if the distribution of the noise is not

specified. The only information required by this lemma is the expected value and

the variance of the noise term.

Theorem 5.3.1 (Cantelli’s inequality).
Let x be a random variable with mean x and variance X. Then for every R 3 δx > 0

it holds that

P(x ≥ x+ δx) ≤ X

X + δx2 (5.9)

where δx denotes the maximum acceptable deviation from x (i.e. xmax = x+ δx).

For the case of white noise disturbance, the mean of x is 0, with a given variance,

which reduces the left hand side of Equation 5.9 to P(x ≥ δx). This theorem

aims to transfer the stochastic constraint set to a deterministic set by tightening

the inequality set causing a conservative solution [69]. This method is examined in

the simulation studies presented below to account for the probability of constraint

violations observed.
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5.4 Robust versus Stochastic MPC

In this section, a more-detailed mathematical formulation of control policies and cost

functions is presented. The system shown in Equations (3.1)–(3.3) describes a nominal

dynamical system with no disturbances. To account for the stochastic behavior in

these dynamics, the system can be described as shown in Equation 5.2:

ẋ(t) = f(x(t), u(t), w(t)) ∀t ≥ 0

where the disturbance w ∈ W. One of the major differences between robust and

stochastic MPC is related to the exact definition and the realization of the disturbance

w. In robust MPC, the disturbance w is assumed to take values in a compact set

containing the origin, W ⊂ Rw. On the contrary for stochastic MPC, w is a sequence

of i.i.d. (independent, identically distributed) random variables and is not necessarily

confined to lie in a compact set.

Cost Function Definitions

The cost function is defined uniquely for each case, where we define a control policy θ

as, θ = {ϑ0(·), ϑ1(·), ...., ϑN−1(·)}. We also define the solutions of the two systems in

Equation 3.1 and Equation 5.2 as xu(i;x) and xθ(i;x,w), respectively. The current

time of the solution is denoted by i given that the initial state is x at time 0 and the

control is either represented by the variable u or the control policy θ depending on

the type of system considered. The definition of the cost function varies depending

on the MPC scheme, conventional, robust, or stochastic. They are given as follows:

• Conventional MPC:

J(x,u) =
N−1∑
i=0

v
(
xu(i;x), u(i)

)
+W

(
xuN(x)

)
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• Robust MPC:

J(x, θ) = max
w∈W

N−1∑
i=0

v
(
xθ(i;x,w), ϑi

(
xθ(i;x,w)

))
+W

(
xθN(x,w)

)

• Stochastic MPC - Expected Cost:

Ĵ(x, θ) = E
(N−1∑

i=0
v
(
xθ(i;x,w), ϑi(xθ(i;x,w))

))
+ E

(
W
(
xθN(x,w)

))

The three schemes clearly use the general MPC architecture with some

deviations. In the robust case, the disturbance, w, is maximized. The stage cost

to be minimized is the worst case cost. The stochastic MPC utilizes the expected

value of the disturbance instead of calculating a conservative worst case solution.

Constraint Set Definitions

The three schemes possess unique cost functions as shown earlier. In addition,

constraints are dependent on the type of controller that is implemented. The

conventional scheme constraint set is denoted by U , while it is denoted by Π for

both the robust and stochastic MPCs. They are identified as follows:

• Conventional MPC: For each x, U(x) is the set of constrained control

sequences u ∈ U(x) that satisfy

u(i) ∈ U , xu(i;x) ∈ X ,

∀ i ∈ [0, N − 1], xu
N(x) ∈ Xf
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• Robust MPC: For each x, Π(x) is the set of constrained control policies θ =

{ϑ0(·), ϑ1(·), ...., ϑN(·)} ∈ Π(x) that satisfy

ϑi(xθ(i;x,w)) ∈ Π, xθ(i;x,w) ∈ X ,

∀ i ∈ [0, N − 1], xθN(x,w) ∈ Xf , ∀w ∈W

• Stochastic MPC - Expected Cost: In addition to the constraint set

definition for the robust control, the expected value of the states are computed

to soften the state constraints. This is due to the lack of finite support to the

probability density of the disturbance w:

ϑi(xθ(i;x,w)) ∈ Π, xθ(i;x,w) ∈ X

∀ i ∈ [0, N − 1], xθN(x,w) ∈ Xf ,

P [g(xθ) ≤ 0] ≥ 1− β, ∀w ∈W

5.5 Feasibility of SMPC

A moving horizon scheme is well known to incur notable performance degradation

in the presence of disturbances. This was already examined in early publications,

for instance [70]. One of the first problems in SMPC is the derivation of a

propagation method for the uncertainty to evaluate the cost function, Ĵ , and the

chance constraints, P [g(x)]. Complex solutions are required since both Ĵ and P [g(x)]

are multivariate integrals. Another problem with SMPC is the difficulty to establish

recursive feasibility [71].
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A control law that is initially feasible should remain feasible at future sampling

times to achieve recursive feasibility. It is relatively easy to prove recursive feasibility

for a deterministic MPC by showing that the input trajectory remains feasible in

the next optimization step. In Robust MPC, this is extended by letting the input

trajectory remain feasible for all possible disturbances.

In SMPC, a less conservative constraint tightening is allowed by limiting the

probability of constraint violation instead of maximizing this probability as in Robust

MPC. The probability distribution of the predicted states depends on the current

states and future time. As a result, the optimization problem may become infeasible

since the violation probability can change from time k to time k + 1.

Significant research has been proposed to solve the first problem of uncertainty

propagation and tractable formulation of chance constraints. Exact and approximate

evaluations of stochastic linear systems have been proposed in [72, 73]. Relatively

less attention has been given to cope with the second problem of recursive feasibility.

Recursive feasible probabilistic tubes for constraint tightening have been proposed

in [62]. This proposed method lacks stability guarantees and also considers only one

stochastic prediction, while the rest are worst-case predictions.

An alternative solution that is used to prove recursive feasibility is proposed

in [71, 74]. The proposed scheme allows the optimized input sequence to become

infeasible at the next sampling time, and provides a constraint tightening to bound

the result to a desired probability β. The parameter β is used as a tuning parameter

to balance performance and convergence speed against the size of the feasible region.

In Equation 5.2, the disturbance w is assumed to be a realization of a stochastic

process, W satisfying the following assumption.
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Assumption 5.5.1 (Bounded Random Disturbance). The disturbance w

is an independent and identically distributed (i.i.d), zero mean random variable with

a distribution P and a support Ω. The set Ω is bounded and convex.

This assumption can prove to be beneficial for the sampled-data scheme stability

results in the coming sections, as shown in Findeisen et al. 2004 [75]. Concerning the

case of unbounded noise, some difficulties can be overcame using invariance of the

probability β as in [15], or through the use of probabilistic resolvability as in [76].

Probabilistic resolvability, also known as recursive feasibility, can be defined as follows:

Definition 5.5.1. Let Ck be the optimization problem solved by an MPC at the

time instant k. The controller is said to be probabilistically resolvable if there exists

n ∈ N and 0 < β ≤ 1, such that Ck+1, · · · , Ck+n are feasible with a probability less

than or equal to β, given the feasibility of Ck.

With the use of Assumption 5.5.1, many proved only practical stability,

convergence to a neighborhood of the origin, can be achieved in the SMPC framework

[16, 77]. This indicates that the system states are driven to a neighborhood of the

origin (or steady state) as shown in the following criterion:

lim
k→∞

E
[
‖xk‖2

]
= lim

k→∞

(∥∥E[xk]
∥∥2 + V ar(xk)

)
≤ εor

where εor is a level set (neighborhood) around the origin (or steady state). The

following proposed algorithm follows closely from Lorenzen et al. 2017 [71].

105



5.5. FEASIBILITY OF SMPC H. Al Ramadan

5.5.1 Error Dynamics

Utilizing the Assumption 5.5.1, we redefine the state-space model in Equation 5.1 by

splitting the state of the system into a deterministic part and a zero mean stochastic

error part, as shown below:

xk = χk + ek

where the deterministic part is denoted by χk = E[xk] and ek is the zero mean error.

The predicted future states are modeled as:

xl+1|k = Axl|k +Bul|k +Bδwl+k x0|k = xk

where xl|k is the state predicted l steps ahead at time k. The bounded disturbance

w is defined in Assumption 5.5.1. The chance constraints on the states and the hard

constraints on the inputs are designed as:

P [G̃xl|k ≤ g] ≥ 1− β (5.10a)

Hul|k ≤ h (5.10b)

with G̃ ∈ Rp×n, g ∈ Rp, H ∈ Rq×m, and h ∈ Rq. Note that the matrix G̃ is

distinguished from the gradient G in chapter 4 by (̃·).

We also redefine the system input as the following:

uk = Kek + νk (5.11)
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with the free SMPC optimization input denoted by ν ∈ Rm and K is a stabilizing

feedback gain such that the closed-loop matrix Acl = A+BK is Hurwitz. Therefore,

the stochastic dynamics can be written for both the nominal system and the error as:

χl+1|k = Aχl|k +Bνl|k χ0|k = xk (5.12a)

el+1|k = Aclel|k +Bδwl+k e0|k = 0 (5.12b)

With these new definitions, the quadratic cost function is redefined accordingly:

Ĵdfh(χ, ν) =
N−1∑
k=0

(χTkQχk + νTk Rνk) + χTNPχN + cons (5.13)

where cons = Ek
[N−1∑
k=0

eTk (Q + KTRK)ek + eTNPeN
]
is a constant term which is

neglected in the optimization. The matrix P is the solution to the discrete-time

Lyapunov function, i.e. ATclPAcl + Q + KTRK = P . In the next few paragraphs,

additional assumptions and definitions are used to prove recursive feasibility and

stability of SMPC using constraint tightening methods as shown in Lorenzen et

al. [71].

The optimization problem is defined based on the new definitions in Equations

5.12 and 5.13. We define the deterministic constraint sets, similar to X ,Xf ,U for

the deterministic case, as G,Gf ,Vs, respectively. Note that the input constraint set

is subscripted with s to distinguish between the level sets of the stage cost v in

chapter 4 and the input constraint set in this discussion. Next, the SMPC finite
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horizon optimization problem is given by:

min
νννk

Ĵdfh(χχχk, νννk) (5.14a)

s.t. χl+1|k = Aχl|k +Bνl|k, χ0|k = xk (5.14b)

χl|k ∈ G, l ∈ [1, N ] (5.14c)

χN |k ∈ Gf (5.14d)

νl|k ∈ Vs, l ∈ [0, N − 1] (5.14e)

The minimizer of Equation 5.14 is denoted by (ν∗0|k, . . . , ν∗N−1|k), with the SMPC

input equals only the first element of the minimizer, uk = ν∗0|k. We denote by D(xk) =

{νννk ∈ RmN |(5.14d)} the feasible set of decision variables. A well defined control law

needs to remain feasible at future sampling times, that is, D(xk) 6= ∅ ⇒ D(xk+1) 6= ∅

for every realization wk ∈W.

5.5.2 Recursive Feasibility

The main goal is to establish a recursively feasible and stabilized system while

satisfying states and inputs constraints in Equation 5.10. Hence, a suitable design

of the cost Ĵdfh and constraint sets G,Gf , and Vs of the finite horizon optimal

control problem, Equation 5.14, is required. Given the disturbance dynamics in

Equation 5.12b, tightened constraints are computed offline. Tightening of the

constraints decreases conservativeness of SMPC in comparison to robust MPC, where

all possible realizations are considered and the worst case scenario is implemented.
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5.5.2.1 Constraint Tightening

First, the probabilistic state constraints in Equation 5.10a are tightened; these

constraints are rewritten as a convex linear constraint set G. The next proposition is

used to redefine state constraints:

Proposition 5.5.1 (State Constraint Tightening). The system in (5.1)

satisfies state chance constraints in (5.10a) for k = 1, . . . , N if and only if the nominal

system in (5.12a) satisfies χl|k ∈ G with

G = {χ ∈ Rn| G̃χ ≤ cl} l ∈ [1, N ] (5.15)

where cl is found through

cl = max
c

c (5.16)

s.t. Pk[c ≤ g − G̃el|k] ≥ 1− β

The proof is shown in [71]. Proposition 5.5.1 results in N×p independent, linear

chance constrained optimization problems in (5.16) that can be solved offline. A nice

feature from this proposition is that random variables el|k are neither associated with

state realizations xk nor with the optimization variables νkνkνk.

Secondly, the hard input constraints are reformulated through a stochastic

constraint tightening in the predictions. Using a similar methodology to that in

Proposition 5.5.1, the original constraint in Equation 5.10b is replaced by νl|k ∈ Vs

with:

Vs = {ν ∈ Rm| Hν ≤ µl} l ∈ [0, N − 1] (5.17)
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where µl, similar to cl, is the solution of N × q linear chance constrained optimization

problems in:

µl = max
µ

µ (5.18)

s.t. Pk[µ ≤ h−HKel|k] ≥ 1− βu

where βu is the risk acceptability level of input constraint violation.

Lastly, the terminal constraint is tightened to the stochastic terminal constraint

set Gf . We first employ a recursively feasible admissible set under a local control

law, similar to the terminal-set feedback controller in [49] and section 4.2 for Xf . We

consider the next proposition to provide a technical definition of the set Gf .

Proposition 5.5.2 (Terminal Constraint Tightening). For system (5.1)

with uk = Kxk, let Xf = {x| G̃fx ≤ gf} be a robust positively invariant polytope

inside the set

X̃f = {x| G̃Aclx ≤ c1, HKx ≤ h}

where c1 is obtained from the solution of 5.16. If an initial condition is in Xf , the

constraints (5.10) are satisfied with the given control law.

Next, a constraint tightening for Gf is obtained with the probabilistic level βf ∈

[0, 1) by solving the problem:

cf = max
c

c (5.19)

s.t. Pk[c ≤ gf − G̃feN |k] ≥ 1− βf .
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The resulting terminal region is defined as:

Gf = {χ ∈ Rn|G̃fχ ≤ cf}. (5.20)

A common approach is to mix worst-case constraints with the new definitions of

G,Gf ,Vs in the respective Equations (5.15), (5.20), and (5.17) to prove recursive

feasibility. This usually leads to higher average costs [78]. Lorenzen et al. [71]

proposed a recursively feasible set to enlarge the domain of attraction in SMPC.

However, the approach requires the calculation of robust control invariant (RCI) set

that scales poorly with system dimensions.

5.5.2.2 Improved Recursive Feasibility

In this section, a candidate solution is proposed to prove existence of a feasible

solution. The tightened constraint sets are redefined to bound the probability of the

candidate feasible solution for the next time step.

Definition 5.5.2. Let νννk and Bδwk = xk+1 − χ1|k be a feasible solution to the

optimization problem (5.14), then the candidate solution νννk+1 at time k + 1 is given

as:

ν̃l|k+1 =


νl+1|k +KAlclBδwk l = 0, . . . , N − 2

K(χN |k + AlclBδwk) l = N − 1
(5.21)
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Define a convex region Wf ⊂W with a confidence level of 1− βf , i.e. P [wk ∈Wf ] ≥

1− βf . For l = 1, . . . , N with

ĉi,l = min
wq∈Wf

− G̃
i∑

q=1
Al−qcl Bδwq

We also define:

c̃l = min
i=0,..., l−1

{ĉi,l + cl−i}

The bounds c̃f and µ̃l are defined in a similar fashion. These definitions of the

improved constraint sets are given by:

G = {χ ∈ Rn| G̃χ ≤ c̃l}, l ∈ [1, N ]

Vs = {ν ∈ Rm| Hν ≤ µ̃l}, l ∈ [0, N − 1]

Gf = {χ ∈ Rn| G̃fχ ≤ c̃f}

(5.22)

Proposition 5.5.3 (Recursive Feasibility). Let the constraint sets be defined
as shown in (5.22). If (νννk,χχχk) ∈ D(xk), then (ν̃ννk+1, χ̃χχk+1) ∈ D(xk+1) with a probability

no smaller than 1− βf .

The proof of this proposition is found in [71]. Asymptotic stability is also proven

in Lorenzen et al. [71]. This result is considered in the proposed algorithm. This

is done through the introduction of a minimal robust positively invariant set and a

suitable compact region of attraction to stabilize the stochastic system. A Robust

Positively Invariant (RPI) set is defined as a bounded set to which the system state

can be confined, despite the presence of disturbances/uncertainties.
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5.6 Stochastic Sampled-data MPC

In this section, the fast sampled-data algorithm in chapter 4 is extended to a stochastic

framework. The proposed algorithm in [71, 79] is devised for the receding horizon

implementation of the stochastic optimal control problem with finite horizon. The

SMPC approach can shape the probability distribution of system states and fulfill

state constraints for stochastic optimal control. Input constraints are introduced as

deterministic variables with hard constraints.

The goal is to steer and stabilize the systems in their desired target, with

additive noise perturbing the systems. The problem formulation follows from previous

chapters, with some minor changes to cope with the extra variables and parameters

caused by the stochastic nature of the dynamics.

5.6.1 Problem Formulation

An uncertain nonlinear system is defined as Equation 5.2. The discretized dynamics

are given by:

xk+1 = f(xk, uk, wk,Φ) (5.23a)

P [G̃xk ≤ g] ≥ 1− β (5.23b)

Huk ≤ h (5.23c)

where k is the discrete-time instant, and Φ ∈ Rnθ denotes the unknown system

parameters. The system is subjected to time-varying stochastic disturbances wk.

Typically, uncertainty propagation takes into account one source of uncertainty:

either the time-varying disturbances are fixed at their averaged value w(k) = w,

or the time-invariant uncertainties (x0,Φ)T are assumed to be known.
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To account for the uncertainty in the formulation presented here, a probability

space is defined using the probability triple (Ω,F ,P). A sample space Ω is a set

of possible outcomes, containing elementary elements w. The set F is defined as a

family of subsets (events) of Ω with the property that F is a σ-algebra that fulfills

the following three requirements:

• empty set ∅ and Ω are subsets of F

• a subset A ∈ F implies Ac = {w ∈ Ω : w /∈ A} ∈ F

• subsets A1, A2, .... in F implies A = ⋃∞
i=1Ai ∈ F .

Next, the probability measure, P , is a function whose domain is F and its range is a

subset of [0, 1] satisfying:

• P(∅) = 0 and P(Ω) = 1

• countable additivity: A1, A2, .... pairwise disjoint (j 6= k,Aj ∩ Ak 6= ∅)

P(∪∞i=1 Ai) =
∞∑
i=1
P(Ai)

The vector w is the parameter vector containing independent distributed random

variables wi with known probability distributions depicted by fwi . They are such that

wi ∈ L2(Ω,F ,P) ∀i ∈ {1, ..., p} [79]. The Hilbert space of all random variables is

represented by L2(Ω,F ,P) with a finite L2 norm. The expected value of a stochastic

variable ψ : Ω → R is represented by E[ψ] :=
∫
Ω
ψ dfψ. fψ is the probability density

function (pdf) of ψ over its support Ω. The variance of a stochastic variable ψ is

given by:

V ar[ψ] := E[(ψ − E[ψ])2].
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The nonlinear system in Equation 5.23a is linearized about a point of interest

as shown in section 4.3.4. The cost function of the sampled-data scheme for the

deterministic case, shown in Equation 4.20, is revisited. The cost function is designed

as the expectation value of the stage and penalty costs.

Ĵ
(
x[k0,k]x[k0,k]x[k0,k], T, θ, k0, k1

)
= E

[ k1−1∑
k=k0

vk(x[k0,k+1], x[k0,k], T, θ)
]

+ E
[
W (x[k0,k1])

]
(5.24)

Note that x[k0,k]x[k0,k]x[k0,k] is a series of discrete-time values whereas x[k0,k+1] denotes a single

element of this series associated with the time tk. The finite-state SMPC problem

with probabilistic constraints is defined as follows:

min
uN

Ĵdfh(xk, uN) (5.25a)

s.t. xk+1 = Ad xk +Bd uk, ∀k = 0, .... , N (5.25b)

Huk ≤ h (5.25c)

P [Y xk ≤ y] ≥ 1− β (5.25d)

x0 = x(k) (5.25e)

xN ∈ Xf (5.25f)

5.6.2 Stochastic Fast Sampled-data NMPC

This section carries from section 4.3, but with the inclusion of stochastic noise. As

discussed earlier, the gradient calculation in this method possesses an advantage

over the hybrid sampled-data MPC algorithm. The gradient computation shown

in Equation 4.22a does not require solving additional ordinary differential equations
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for θ. We begin formulating the algorithm by linearizing the dynamical system as:

Fk(xk+1, xk, T, θ) = 000

with the linearized dynamics being:

xk+1 = Ad xk +Bd(−Kxk)

where the feedback controller uk = −Kxk.

The gradient, G, of the cost

V = Ĵdfh

(
xT,θ[k0,k]xT,θ[k0,k]xT,θ[k0,k], Ti, θi, k0, k1

)
+

k1−1∑
k=k0

λTkFk(x[k0,k+1], x[k0,k], Ti, θi)

is given by:

G = ∂V

∂θi
.

This simple formulation allows fast, non-stiff updates. Large discontinuous

changes are allowed in this algorithm. A small increase in CPU time compared to

the deterministic framework is expected when calculating the expected value of the

cost function. The cost function to be computed for this algorithm is of the form:

Ĵdfh
(
x[k0,k]x[k0,k]x[k0,k], T, θ, k0, k1

)
= E

[ k1−1∑
k=k0

vk(x[k0,k+1], x[k0,k], T, θ) +W (x[k0,k1])
]

(5.26)
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It is possible to use the property considered in Equation 5.4 to utilize mean values

of x and u, i.e. x, u. Another possibility is to run the algorithm and record each

trajectory from initial to final time, and then compute the expected value of all the

trajectories. Both methods result in the same expected cost in Equation 5.26. The

main difference is a larger CPU time for recording all the Nw sampled trajectories,

and the computation of an average. In what follows, the algorithm is implemented

following the presentation in section 4.3. Two simulations are carried out to examine

this algorithm.

A brief insight on how disturbance signals are added to dynamical system is first

presented here. Since dynamical states operate over multiple scales, the added noise

must be properly scaled to account for this issue. The scaled noise signal is of the

form:

[wk]s = δx(wk ◦ x0) (5.27)

where [wk]s ∈ Rn is the scaled perturbations, δx is the standard deviation

of disturbance, and ◦ indicates a Hadamard multiplication or element-wise

multiplication. Therefore the scaled noise signal indicates that even for large scales

of a state xi in the dynamical system, a proportional noise is added to xi.
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5.7 SMPC Simulation Example

5.7.1 Example 1: Two-state Nonlinear System

To demonstrate the robustness of stochastic MPC in the presence of control

constraints, U = [−2, 2], the first simulation example in chapter 4 is considered.

The nonlinear system to be tested is given by:

ẋ1(t) = x2(t) + x1(t)u(t) + 0.5u(t)

ẋ2(t) = x1(t)− 2x2(t)u(t) + 0.5u(t)

with an initial condition, x0 =


−0.683

−0.864

, and the system should be stabilized at the

origin, Xd = 0. Two cases are considered. The first case, the effect of noise on the

initial condition of each model prediction is tested. Then, a system with stochastic

dynamics is tested.

Corrupted Initial Conditions

The initial condition of the model predictions of the system x0|k is corrupted by

adding stochastic disturbance. This quantity was perturbed by a noise signal with a

standard deviation of 0.2 and zero mean. The added disturbance is a normal noise

with a zero-mean and a variance δx2, i.e. N (0, δx2). The disturbed initial condition

are x̃0|k = x0|k + δx(x0|k ◦ wk), where wk is a random disturbance.
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The rest of the parameters were slightly altered from Example 1 in chapter 4,

shown in Table 4.1. More parameters were introduced in this chapter to account for

the stochastic behavior, and are shown in Table 5.1.

Table 5.1: Example 1: Design parameters - Stochastic 2-D system

Parameter Assigned value Parameter Assigned value

dx 22 h 1× 10−3

δx 20% ϕ 0.1

The size of the maximum level set for the penalty cost ϕ was chosen to be larger for

the stochastic case compared to the deterministic simulation in chapter 4. This is

to allow more opportunity for the controller to react, and, hence, provide a better

performance. The number of stochastic iterations per run, Nw, was calculated

following Equation 5.8.

Table 5.2: Example 1: Comparison of controllers parameters and results - Initial
condition disturbed with a 0.2 standard deviation

Code Controller type ∆τ ∆T κT J CPU time
CT-1 Continuous-time - 0.5 s - 1.889 0.13%
CT-2 Continuous-time - 0.5 s - 1.740 0.16%
CT-3 Continuous-time - 0.5 s - 1.674 0.10%
SD-1 Sampled-data 0.1 s 0.5 s 0.5 s 1.838 1.38%
SD-2 Sampled-data 0.007 s 0.1 s 0.1 s 1.834 100%
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Figure 5.3: System trajectories when initial conditions of model predictions are
subjected to stochastic noise. The disturbance applied is of 0.2 standard deviation
and 42 iterations for each run. The two SD controllers were perturbed by the same
noise signal to compare their performance with equal stochasticity. SD-2 controller
(grey) performed slightly better with a huge increase in CPU time in comparison to
SD-1 controller (red).
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Figure 5.3 and Table 5.2 show that the sampled-data controllers performed well

in the presence of disturbance. However, the results show that the continuous time

controllers have outperform the sampled-data controllers, as shown in two of their

three cost functions. This is due to different noise signals being fed to each controller.

Thus, we ran the simulations many times to check how multiple noise signals affect

the three controllers’ performance. The sampled-data controllers have shown very

robust behavior in terms of cost functions range and also their number of violations

per 100 runs, as shown in Table 5.5.

Prior to examining the stochastic MPC schemes performances, the deterministic

controllers were perturbed with 0.3 standard deviation noise. Results in Table 5.3

show a large number of violations per 100 runs, which indicates that the deterministic

controllers lack robustness with a large noise perturbation. More than 50% failure rate

for all controllers demonstrates the need for stochastic schemes to be implemented

in presence of stochasticity.

Table 5.3: Example 1: Deterministic controllers performances when perturbed.
Violations are counted per 100 runs with a 0.3 standard deviation

Controller CT SD-1 SD-2

Violations 62 92 74
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The stochastic controllers are then examined with different noise perturbations,

where the results show a huge improvement to the results in the previous table.

Table 5.4 depicts clearly how the continuous time controllers show some lack of

robustness in comparison to the sampled-data controllers.

Table 5.4: Example 1: Number of violations of controllers per 100 runs (corrupted
initial conditions)

δx = 0.15 δx = 0.20 δx = 0.25 δx = 0.30

Controller Nw = 40 Nw = 42 Nw = 45 Nw = 48

CT 0 4 7 15

SD-1 0 0.5 1 4

SD-2 0 0 0.67 1.5

Reducing the step size for the sampled-data controllers show a slight

improvement in J , but an increase CPU time of almost two orders of magnitude. Also,

a smaller step size showed a fewer number of violations in this nonlinear dynamical

system. This is depicted in Table 5.5, where an average cost function is calculated

based on 100 runs, and the standard deviation, denoted by σJ , is also shown.
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Table 5.5: Example 1: Controllers robustness for 100 runs (corrupted initial
conditions)

δx = 0.15 δx = 0.20 δx = 0.30
Controller J σJ J σJ J σJ

CT 1.905 0.205 1.943 0.324 2.227 1.433
SD-1 1.836 0.196 1.793 0.243 1.897 0.384
SD-2 1.801 0.131 1.772 0.153 1.890 0.329

To reduce violations per 100 runs, the number of iterations proposed by

Equation 5.8 was increased by 10 iterations. A slight increase in the average CPU

time was noticed with a smaller standard deviation for all types of controllers.

Table 5.6 shows reduction in number of violations for all controllers with all noise

perturbations.

Table 5.6: Example 1: Number of violations of controllers per 100 runs with 10
additional iterations per run (corrupted initial conditions)

δx = 0.15 δx = 0.20 δx = 0.25 δx = 0.30

Controller Nw = 50 Nw = 52 Nw = 55 Nw = 58

CT 0 0 4 8

SD-1 0 0 0.67 2

SD-2 0 0 0.33 0.67
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It is apparent that additional iterations result in fewer violations for all the examined

controllers; however, more CPU time results in a slower response which may not be

desirable in practice.

Corrupted Dynamics

In this case, normal disturbance is added to the system throughout the simulation

time. The noisy dynamics are modified as: ẋ = f((xk + [wk]s, uk), where

[wk]s = δx(x0 ∗wk). The noise is scaled to match the states by multiplying the noise

by the initial states. The parameters are not altered from the previous simulation.

The proposed SMPC algorithm is implemented to cope with the additive noise, as

shown in Figure 5.4 and Table 5.7. The added disturbance to the system is of the

form N (0, 0.22).

Table 5.7: Example 1: Comparison of controllers parameters and results - Stochastic
dynamics disturbed with a 0.2 standard deviation

Code Controller type ∆τ ∆T κT J CPU time

CT Continuous-time - 0.5 s - 1.903 100%

SD-1 Sampled-data 0.1 s 0.5 s 0.5 s 1.749 22.03%

SD-2 Sampled-data 0.05 s 0.1 s 0.1 s 1.726 51.47%
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The results clearly state that the two SD controllers outperformed the continuous

time controller. The CPU time for the SD controllers improved significantly in

comparison to the CT controller due to the frequent disturbance rejection in the

short sampling periods. Furthermore, the cost function falls within expected range

of the deterministic case. In Figure 5.4, the three plots keep oscillating due to noise

perturbations to the system; zooming in the controllers plot, oscillations around the

steady state are obvious. Finally, the proposed controller was capable of delivering

promising results for nonlinear systems.

The trajectories shown in Figure 5.4 appear smoother than what is expected from

stochastic processes. It is a result of iterating the stochastic dynamics based on

Equation 5.8 for 42 iterations. Another run is shown in Figure 5.5 with only 6

iterations to clearly demonstrate the significance of the number of iterations. Noisy

trajectories can be seen from the latter simulation run. Iterating for Nw times from

Equation 5.8 is advantageous as noisy realizations get approximated by an expected

value that closely follows the deterministic trajectories shown in the previous chapter.
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Figure 5.4: System trajectories when dynamics are subjected to additive noise. The
disturbance applied is of 0.2 standard deviation and 42 iterations for each run. The
two SD controllers continue to oscillate after reaching the steady state due to added
noise. SD-2 controller (grey) performed slightly better with an increase in CPU time
in comparison to SD-1 controller (red).
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Figure 5.5: System trajectories when system dynamics are subjected to added noise.
The disturbance applied is of 0.2 standard deviation and only 6 iterations for each
run. This run is performed to clearly see the effect of the number of iterations on
system trajectories.
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5.7.2 Example 2: Nonlinear CSTR

The aim of this example is to examine our SMPC algorithms on a benchmark CSTR

system. The example follows Example 2 from section 4.4.2, where stochastic noise

perturbs the initial condition of model predictions of the following dynamical system:

Ċa(t) = F

V
(Ca,0 − Ca(t))− k(T )Ca(t)

Ṫ (t) = F

V
(T0 − T )− ∆Hk(T )Ca

ρCp
+ UA

ρCpV
(Tc − T )

Ṫc(t) = Fc
Vc

(Tc,0 − Tc) + UA

ρCpVc
(Tc − T )

where all variables and parameters are defined in the previous chapter.

The parameters of the system are summarized in Table B.1 in Appendix B. The state

vector is x = [cA T Tc]T , and the single input of the system is u = Fc. The

CSTR system is to be driven from an initial operating point x0 = [0.3 334.2 318.5]T

to a steady state point xss = [0.2 341.3 321.9]T . The input steady state value is

uss = 14.615 m3

min
.

The parameter choice was slightly altered from the deterministic case, shown in

Table 4.3. More parameters were introduced in this chapter to account for the

stochastic behavior, and are shown in Table 5.8. The added disturbance to the initial

condition is a normal noise with a zero-mean and a variance δx2, i.e. N (0, 0.32).
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Table 5.8: Example 2: Design parameters - Stochastic 2-D system

Parameter Assigned value Parameter Assigned value
dx 227 h 1× 10−1

δx 30% ϕ 100

The system was perturbed with a moderate noise signal, with a standard deviation

of 0.3. The number of stochastic iterations computed per run, Nw, is calculated from

Equation 5.8, which is found to be 376 iterations. A summary of the results of three

controllers plotted in Figure 5.6 is shown in Table 5.9.

Table 5.9: Example 2: Comparison of controllers parameters and results - Stochastic
dynamics disturbed with a 0.3 standard deviation

Code Controller type ∆τ ∆T κT J CPU time

CT-1 Continuous-time - 4.0 s - 12452 1.12%

CT-2 Continuous-time - 4.0 s - 6508 0.98%

CT-3 Continuous-time - 4.0 s - 11280 0.94%

SD-1 Sampled-data 1.3 s 4.0 s 4.0 s 10814 18.2%

SD-2 Sampled-data 0.8 s 4.0 s 4.0 s 10611 100%
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In the following analysis, we added stochastic perturbation signals to both the

deterministic and stochastic control algorithms. The results show a large number

of violation per 100 runs. The results are shown in Table 5.10, where Det denotes

deterministic and Stoch denotes stochastic.

Table 5.10: Example 2: Deterministic vs. stochastic controllers performances when
perturbed by 0.3 standard deviation noise signals. The test is carried out for 100 runs

Controller CT SD-1 SD-2

Type Deter Stoch Deter Stoch Deter Stoch

Violations 69 8 29 0.33 24 0.25
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Figure 5.6: System trajectories of the stochastic 3-D CSTR system - 3 controllers
implemented. SD-2 controller (grey) performed slightly better than SD-1 controller
(red) in terms of the cost; although it required a significant increase in CPU time. The
controller moves for the two SD controllers experienced some rapid changes in their
input trajectories (FC) to accurately deal with noise. These rapid changes resulted
in fewer violations due to perturbations, as additive noise is dealt with closely by the
finer time grid control moves in the sampled-data algorithm.
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The results shown in Figure 5.6 and Table 5.9 indicate that the three controllers

performed well in the presence of stochastic disturbances. The sampled-data

controllers showed more variability in controller moves since these controllers act

on a finer time grid, and thus more susceptible and sensitive to disturbances. The

smaller the step size ∆τ , the smaller the cost function value is. However, a small

change in ∆τ causes a huge increase in CPU time by at least two times. Therefore, a

compromise between the required performance and the computational requirements

should be achieved when choosing the best combination for any dynamical system.

The results in Table 5.10 demonstrate the impact of introducing an SMPC scheme for

perturbed systems to avoid instability for such systems. In addition, the sampled-data

controllers, SD-1 and SD-2, show an evident improvement in disturbance handling

in comparison to conventional continuous-time MPC schemes. A violation rate of

less than 1% for moderate noise signals prove that the suggested SMPC algorithm is

capable of coping with noisy systems and produces efficient results.
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Chapter 6
Conclusion and Future Remarks

6.1 Summary

This thesis focuses on the development of a stochastic control architecture for the

design of a sampled-data robust MPC scheme. The proposed control scheme is to

be used for nonlinear systems subject to stochastic noise signals. By integrating an

expected cost function and a deterministic sampled-data MPC, inputs can be designed

to minimize the expected cost function while guaranteeing stability. The optimization

is performed over two time grids, fine and coarse. The computation of the control

moves is carried out using a discrete-time real-time optimization approach. The

resulting design technique results in a fast MPC scheme that is suitable for systems

with fast dynamics.



6.1. SUMMARY H. Al Ramadan

In chapter 2, the mathematical foundations of linear MPC are presented. First,

the unconstrained MPC is formulated using a discrete-time state space model. A

thorough mathematical formulation was presented for SISO and MIMO systems.

Then, a brief problem formulation is derived for the constrained linear MPC.

Closed-loop stability of the presented control architecture is discussed and proven.

The chapter ends with an introduction to nonlinear MPC resulting in a general NMPC

problem formulation.

Nonlinear MPC algorithms along with their mathematical formulations are

presented in chapter 3. Direct approaches require an infinite-horizon problem to

be transcribed into finite dimensional, where discretization of the system dynamics is

followed by optimization. Two types of direct approaches are compared, sequential

and simultaneous. Stability conditions are stated that guarantee closed-loop stability.

Under certain conditions and criteria, the asymptotic stability is proven. To pave the

way for the next chapter, chapter 3 closes with an introduction to instantaneous (or

fast) NMPC techniques.

In chapter 4, a sampled-data MPC for nonlinear systems is presented. After

a brief discussion of the NMPC stability conditions, two algorithms are introduced.

Proofs of convergence of both scheme are presented. The two algorithms are then

examined and tested using benchmark simulations examples to assess their ability to

handle complex nonlinear systems. The first algorithm consists of a hybrid control

architecture in two time grids. The finer grid uses a continuous-time flow mapping,

while the coarser grid uses a discrete-time mapping. The latter algorithm utilizes a

discrete-time control scheme implemented over two time grids. A significant reduction

in CPU time is achieved for the sampled-data algorithm, along with a moderate

reduction in the cost function.
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Finally, the work in this thesis is completed in chapter 5, presenting a stochastic

sampled-data MPC scheme for nonlinear systems. The chapter provides a thorough

literature review to assess suitable SMPC algorithms. The development of stochastic

cost functions and the possible types of stochastic constraints are examined. Following

a detailed overview of existing techniques, key concepts such as feasibility and

convergence are addressed.

The main contribution of thesis is the incorporation of the sampled-data

algorithms from chapter 4 into a stochastic framework. The capability of the

proposed algorithm is demonstrated using a noisy nonlinear system, and a benchmark

nonlinear system is tested. The results demonstrate a significant improvement for the

sampled-data SMPC scheme in comparison to deterministic schemes. A constraint

violation rate of almost 95% for the deterministic MPC case is reduced to less than

1.0% in the presence of a moderate noise signal. This algorithm can be utilized for

nonlinear systems requiring fast switching around the origin, in the presence of small

to moderate stochastic disturbances.

6.2 Future Work

There are many challenges in dealing with SMPC that have yet to be addressed.

The field of nonlinear SMPC remains relatively young, and very few topics have been

addressed by researchers. In spite of the steps taken in this thesis, many areas remain

unexplored. An area of improvement in our work is the relaxation of the boundedness

of the noise signals.
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Many sources of stochastic perturbations warrant further investigations,

especially for nonlinear systems. Many researchers prefer using probabilistic

tube approaches to propagate disturbance. A considerable disadvantage is that

many studies consider offline propagations using fixed states to calculate predicted

trajectories. A possible solution could be to propagate stochastic tubes in an online

fashion to address a wider set of stochastic variables.

Even if SMPC can handle noise and disturbance to an acceptable degree,

stochasticity due to model mismatch cannot be removed effectively. Data driven

learning techniques or model free techniques such as extremum seeking control (ESC)

could be used to address plant model mismatch. ESC has attracted attention in

recent research for the development of model free controller design techniques. A

possible future direction is to implement a hybrid control architecture including ESC

with SMPC to remove stochasticity due to poor modeling.

The inclusion of sampled-data schemes in SMPC was shown to be advantageous,

despite the lack of a mathematical proof for stability results. A detailed stability

analysis to provide suitable sufficient stability conditions for the sampled-data design

technique is required. In addition to the stability results, it is crucial to implement

this SMPC algorithm in a distributed MPC fashion to facilitate wide applicability of

the proposed controller.
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Appendix A
Proofs

• Sketch of Proof of Theorem 2.1.1
Equation 2.14 can be rearranged as

JN−1(x(k))− JN−1(x(k + 1)) = [xT (k)Qx(k)− JN(x(k)) + JN−1(x(k))]

+ u∗TN (x(k))Ru∗N(x(k))

We only need to prove that xT (k)Qx(k) − JN(x(k)) + JN−1(x(k)) > 0 for all

x ∈ Sµ, which admits that JN−1 is a Lyapunov function, proving stability.

Consider the sequence of functions FN(x) = (J(x) − JN(x))/(xTQx). Using

Dini’s Theorem [80], FN can converge uniformly to zero on Sµ. Hence, there

exists an N such that for all x ∈ Sµ, FN−1 < 1. Similarly, xT (k)Qx(k) ≥

J(x(k)) − JN−1(x(k)) ≥ JN(x(k)) − JN−1(x(k)), which is the desired result.

This completes the proof.
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• Sketch of Proof of Theorem 3.3.1
Since stability combined with convergence implies asymptotic stability, we prove

both of them. Denote the infinite horizon objective function as J and its

optimal value as J∗, while the N−finite horizon cost is denoted by JN and

its optimal value is J∗N . Also, the solution of the control problem is denoted by

π̂ = {u∗1, u∗2, . . .}, zi+1 = f(zi, u∗i ), and z0 = xk.

(i) Convergence

Infinite horizon. From the definition in 3.6, we have the following

J∗(xk) = v(z0, u
∗
0) + v(z1, u

∗
1) + v(z2, u

∗
2) + . . .

= v(z0, u
∗
0) + J [f(z0, u

∗
0), π̂]

≥ v(z0, u
∗
0) + J∗[f(z0, u

∗
0)]

Using Equation 3.1, i.e. z(k + 1) = f(z(k), u(k)), the optimal objective

function under control law uk = u∗0(xk) satisfies

J∗(xk)− J∗(xk+1) ≥ v(xk, u∗0) (A.1)

which indicates that J∗(xk) is non-increasing. J∗(xk) is bounded below

due to the positivity of v, and therefore has a limit. Hence, the right-hand

side of A.1 goes to zero as k →∞, which also results in the left-hand side

v(xk, u∗0(xk))→ 0. By (P4) of the stage cost, this implies that the sequence

(xk, uk) = (xk, u∗0(xk)) also converges to zero. This proves convergence for

the infinite horizon case.
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Finite horizon. Similar to the aforestated proof, we have the following

J∗N(xk) = v(z0, u
∗
0) + v(z1, u

∗
1) + . . .+ v(zN−1, u

∗
N−1)

= v(z0, u
∗
0) + JN−1[f(z0, u

∗
0), π̂N−1]

≥ v(z0, u
∗
0) + J∗N−1[f(z0, u

∗
0)]

Applying (C1) and Equation 3.1, the last inequality becomes

J∗N(xk) ≥ v(z0, u
∗
0) + J∗N [f(z0, u

∗
0)]

J∗N(xk)− J∗N(xk+1) ≥ v(z0, u
∗
0)

The proof proceeds as for the infinite horizon case, where convergence is

established.

(ii) Stability

Recognizing that (C2) holds in the limit as N → ∞, the following proves

stability for both infinite and finite horizon cases. Pick an R > 0. Applying

continuity of J∗(xk) at the origin, there exists some r > 0 such that

J∗(xk) < γ(R) for all ‖xk‖ < r and i > k, ‖xi‖ > R. Since γ is

non-decreasing and is a lower bound on J∗, this gives γ(R) ≤ γ(‖xi‖) ≤

J∗(xi). Combining inequalities gives

J∗(xi) ≤ J∗(xk) < γ(R) ≤ γ(‖xi‖) ≤ J∗(xi)

which is a contradiction,. Hence, the nonlinear MPC under the specified

properties is stabilizing. This concludes the proof.
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• Sketch of Proof of Theorem 4.2.2
We use the finite horizon cost in Equation 4.9 as a Lyapunov function to prove

stability, as shown in many MPC approaches. The algorithm in section 4.2

is implemented in a hybrid-time architecture; thus, a hybrid-system version of

Lyapunov stability is required to obtain a non-increasing cost Jfh.

Continuous-time Evolution

Prior to proving stability, we first prove existence of the continuous trajectory

z(t) over a nonzero time interval. Referring to Section 4.2.4, the update law

Λ(t, z) in Equation 4.10 is chosen to be continuous in t and locally Lipschitz in

z, which guarantees the existence of the continuous trajectory z(t). Next, we

prove stability by differentiating Jfh with respect to t. Then from Equation 4.9:

J̇fh = ∇tJfh + 〈∇xJfh, ẋ〉+ 〈∇θJfh, θ̇〉

= ∇tJfh + 〈∇xJfh, f(x(t), u(t))〉+ 〈∇θJfh,Λ(t, z)〉

The first term ∇tJfh is defined as:

∇tJfh = −va
(
x(t, z), u(t, z)

)
− 〈∇xJfh, f(x(t), u(t))〉

where the second negative term in ∇tJfh cancels the middle term in J̇fh. This

proves uniqueness of solutions as the locus xk remains invariant if x(t) flows

along the locus. Hence, J̇fh becomes:

J̇fh = −va
(
x(t, z), u(t, z)

)
+ 〈∇θJfh,Λ(t, z)〉

≤ −v
(
x(t, z), u(t, z)

)
+ 〈∇θJfh,Λ(t, z)〉 ∀x ∈ X\Xd
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≤ −σ(
∥∥x(t, z), u(t, z)

∥∥) ∀x ∈ X\Xd (A.2)

where the first inequality follows from Equation 4.5, where ρ(x) ∈ [0, 1].

Also, the second term in the first inequality 〈∇θJfh,Λ(t, z)〉 is designed

to yield nonpositive outcome as shown in Equation 4.10. the The second

inequality follows from Assumption 4.2.1 in Equation 4.3, where σ(·) is a

class-Kappa-function for all x ∈ X\Xd.

Discrete-time Evolution

We define the jump mapping Ξ(t, z) whenever continuous evolution is not

possible through the following definition: S := {z| (θ, T ) ∈ ΓN(t, x)} is the set

of all feasible states. We denote by SΞ = S\S̊Λ the feasible discrete evolution

set, where SΛ is the feasible continuous evolution set.

The mapping Ξ(·) guarantees that Jfh(t, z+) ≤ Jfh(t, z), as defined in

Equation 4.12. We utilize the extension of LaSalle’s Principle in Lemma IV.1

in [81] to prove z converges asymptotically to the invariant set Y = {z :

Jfh(t, z+)− Jfh(t, z) = 0 under Ξ} ∩ {z : J̇ = 0 under Λ}. From Equation A.2,

z ∈ Y implies x ∈ Xd. This completes the proof.
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Appendix B
Simulation Parameters

B.1 Single Input CSTR Parameters

Table B.1: Single input CSTR dynamics paramaters

Parameter Value Parameter Value

k0 8.2 · 1010 min−1 Cp 0.239 kJ
kg·K

V 50 m3 ρ 1000 kg
m3

Vc 10 m3 −E/R −8750 K

F 7.5 m3

min
UA 7000 kJ

min·K

∆H −20 · 103 kJ
kmol

Ca,0 1 kmol
m3

T0 350 K Tc,0 283 K
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B.2 Multi Input CSTR Parameters

Table B.2: Multi input CSTR dynamics paramaters

Parameter Value Parameter Value

k10 1.287 · 1012 h−1 Cp 3.01 kJ
kg·K

k20 1.287 · 1012 h−1 kw 4032 kJ
h·m2·K

k30 9.043 · 109 h−1 AR 0.215 m2

−E1 −9758.3 VR 10 L

−E2 −9758.3 mc 5 kg

−E3 −8560 CPc 2.0 kJ
kg·K

H1 4.2 kJ
mol

cA0 5.1 mol
L

H2 −11.0 kJ
mol

T0 104.9 oC

H3 −41.85 kJ
mol

ρ 0.9342 kg
L
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