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Abstract

This work studies the use of two-dimensional (2D) crystal materials as mechanical

elements in an electromechanical resonant system. 2D materials form crystals that

have strong in-plane bonds but weak out-of-plane bonds, allowing for their separation

into thin planar layers. Graphene and niobium diselenide (2H-NbSe2) are two such

materials studied, and they are suspended as electrodes in a parallel plate capaci-

tor. When this capacitor is integrated into an electromagnetic resonant circuit, any

movement of this suspended material will greatly effect the resonance frequency of

the circuit. Measurement of the resonance frequency allows a dispersive readout of

the motion. This system of two coupled harmonic oscillators has the potential to

demonstrate strong coupling where the two must be described in a combined state.

The light-matter interactions can pave the way to quantum-limited measurement of

position and perhaps a means to control, measure, and store qubit information in

quantum computing systems.

A method to fabricate and optically characterize suspended capacitor devices was

developed with the ultimate goal of testing in a dilution refrigerator. Low loss su-

perconducting aluminum integrated circuits were designed and made with these ca-

pacitors to allow microwave readout and interaction with the motion of the vibrating
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membrane materials. Predictions on the microwave electromechanical sideband out-

put shows feasibility for future cryogenic measurements of the 2D crystal motion.
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Chapter 1

Introduction and motivation

1.1 Introduction

A nanomechanical device is a moving system–often as simple as a vibrating rod,

beam, or membrane–where the dimensions are at the nanometre scale. These types

of components can be fabricated with traditional lithographic techniques, allowing for

repeatable performance and parallelization in the creation of microscopic or macro-

scopic devices. Mechanical resonators–such as a tuning fork–confine energy in space

and in frequency into one or more mechanical eigenmodes. Interactions with the

environment can produce more sensitive responses than with non-resonant systems.

Nanomechanical resonators possess very low mass and volumes relative to their macro-

scopic equivalents, and this can provide still greater sensitivity to small displacements,

forces, and changes in mass.

In a similar fashion, electromagnetic resonators–particularly cavity resonators–

can enhance interactions by their ability to store energy over long timescales when

provided with a resonant excitation [1]. Microwaves are the wavelengths of the elec-

tromagnetic systems used in this work. The microwave regime spans frequencies from
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1-100 GHz, and in this spectrum full-wave solutions to Maxwell’s equations are often

required for accurate predictions in practical devices.

In recent years, great advances have been made in technologies exploiting quantum

mechanics in macroscopic optical and mechanical systems. Huge investments and

rapid progress have been made in the area of quantum computation [2, 3] which is

poised to revolutionize cryptography. Simultaneously, mechanical resonator devices

have been exploited for measurements of unprecedented sensitivity, limited only by

quantum mechanics [4, 5]. Mechanical components can interact with a wide variety

of the electromagnetic spectrum–such as optical and infrared light, x-rays, and radio-

frequency (RF) electric and magnetic fields–and may provide a means of interfacing

between disparate wavelengths at the level of single quanta. To that end, it has been

shown that a single qubit can interact strongly with single phonons in a mechanical

resonator [6]. The motion of mesoscopic objects may thus become an integral part of

quantum information systems, as memory or readout devices. Increasing the coupling

between electromagnetic fields and nanomechanics can even lead to the production

of entangled states of photons and phonons [7].

Oscillators that are only weakly coupled can largely be described by the energy

and dynamics of individual components, with perturbations representing the interac-

tions. Strong coupling occurs when the energies and interactions are comparable to

or dominate over the energies of the resonators alone. The ability to strongly couple

an electromagnetic resonator to a mechanical eigenmode allows the creation of nor-

mal mode solutions to the combined system where the states of both are inseparable.

This is an important condition to allow the quantum entanglement of the microwave

field and mechanical resonance [8], and allows quantum state transfer from photons to
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collective phonons [9] which is important for quantum computing technologies. Such

systems of entangled states may provide a means of interfacing optical and microwave

quantum computing technologies and even study the nature of quantum decoherence.

1.2 Motivation

The work proposed in this thesis is about the creation of nanomechanical devices ca-

pable of strong coupling to microwave photons. With this strong coupling the motion

of the mechanical device will influence the microwave circuit, while the pressure of

even a small amount of microwave energy will change the motion of the device. If

a nanomechanical resonator is strongly coupled to a microwave circuit, the motion

must dramatically change the properties of the circuit–such as by shifting a resonant

frequency–to facilitate measurement of the interaction. An ideal system will possess

low mechanical and electrical dissipation, and the process of preparing and measuring

the state of the mechanics must not introduce too much heat and noise. A prime can-

didate for such a system is a superconducting microwave resonator integrated with a

parallel plate capacitor with a position-variable gap. Superconducting materials allow

electrical energy to be transported with little loss at cryogenic temperatures below

the superconducting phase transition, and allow microwave circuits to have lower loss

than those fabricated from conventional normal metals. This type of system has been

used in many applications, including to couple microwave photons to a charge qubit,

allowing its manipulation [10] and measurement of its state.

If a parallel plate capacitor, with plate gap d, is made such that the electrode

is suspended, any motion x of this electrode will vary its capacitance as Cm(x) ≈

εA/(d+x). Placing this capacitor, C, in a circuit loop with an inductor, L, will form
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Figure 1.1: A simple representation of a device circuit. An RLC circuit with static
values Rc, Lc, and Cc inductively coupled to a transmission line is driven
by a signal tone and read out after amplification. The electromechanical
capacitor is represented by Cm. The motion of Cm will cause a change in
the resonance of the RLC circuit, allowing a dispersive measurement of
the motion.

a resonant system often called an RLC or LC circuit. A circuit representation of

the electromechanical system can be seen in figure 1.1, where it is assumed there is

some static capacitance, Cc and resistive loss Rc. A resonance will be observed at a

frequency fr = 1/(2π
√
LC(x)), with C(x) = Cc+Cm(x). Since the total capacitance

is position-dependent, the resonance frequency will also vary with position. The

RLC system can be inductively coupled to a nearby transmission line, which allows

information on the system resonance and response to be measured. These capacitors

provide the electromechanical coupling to the microwave resonator circuit. As will be

seen in chapter 2, this electromechanical coupling provides a means to measure and

manipulate a mechanical mode.

Suspended membranes of graphene and other molecular membrane materials such

as transition metal dichalcogenides (TMDs) or boron nitride are, in many ways, the

ultimate limit of nanomechanical systems. Their low mass, low mechanical loss, vari-

ety of optical and electronic properties, and the ability to be integrated with top-down
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lithographic processing enables a host of devices and experiments [11, 12, 13], such

as graphene as mechanical switches in microwave circuits [14]. Suspended graphene

shows extremely high electron mobility [15], including the ability to see the frac-

tional quantum hall effect at low temperatures [16], while more recent experiments

have used graphene membranes as the mechanical element in experiments exploring

the quantum regime of mechanical systems [17, 18, 19]. The zero-point motion of

the mechanical resonator–the motion due to the kinetic energy possessed at absolute

zero–is larger for smaller mass and the quantum regime [20] can be more accessible,

provided the system loss remains low. The graphene-based experiments have embed-

ded vibrating membranes into superconducting microwave resonant circuits to probe

and control the motion, however they have been limited by the electrical loss in the

material. This additional loss increased as the systems were driven with higher mi-

crowave powers which decreased the electromagnetic quality factor, heated the local

environment, and added to the cavity photon occupation.

Micro- and nanoelectromechanical systems (MEMS and NEMS) using graphene

promise a variety of desirable properties. High in-plane Young’s modulus [21], high

electron mobility down to a single layer of atoms, strain tunability [22] of the mechan-

ical resonance frequency, and the low mass of such thin structures are some of the

benefits of constructing devices using graphene. TMD-based electromechanics allows

access to semiconducting, insulating, metallic, and even superconducting materials in

the design of devices or experiments to probe materials or quantum mechanics [23].

We can couple parametrically to these resonator systems by forming suspended-

membrane capacitors and placing them as part of lumped or distrubuted LC circuits.

The change in the capacitance due to the motion of the membrane can be sensitively
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measured by observing changes to the microwave resonance frequency. This project

uses variable capacitors with the mechanically compliant electrodes made with 2D

membrane materials. Forming a similar capacitor system out of a single-crystal ma-

terial like graphene or NbSe2 is one way of achieving this reduction in mass. As will

be explained in chapter 2, a lower mass for a quantum harmonic oscillator will mean

a larger zero-point motion (xzp) and, consequently, a larger single-photon electrome-

chanical coupling.

Overcoming fabrication difficulties in creating electronic components using 2D

crystal layers will be a major portion of this research. The ability to controllably make

atomically-thin nanomechanical devices with predictable properties could be a major

breakthrough for chemical or mass sensing or perhaps even quantum computing.

Demonstrating strong coupling between microwave resonators and 2D membranes

may allow for novel manipulation of mechanical modes that have truly entered the

quantum regime.

1.3 Contributions

2D materials represent the thinnest and are among the most sensitive electromechan-

ical and optomechanical devices possible. Integrating these into superconducting

microwave systems–commonly used in quantum computing and circuit cavity elec-

trodynamics experiments–may provide large electromechanical coupling and a means

to store qubit information and provide transduction between optical and microwave

signals. This work furthers the goal to have atomically-thin materials as mechani-

cal elements. By using NbSe2 instead of graphene, the superconducting state helps

minimize the electromagnetic dissipation of the cavity resonator.
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This thesis also contributes to the fields of thin film and membrane materials re-

search by the creation of an all-resist fabrication technique for the suspension of exfo-

liated two-dimensional crystal materials. A non-destructive characterization method

was developed to allow the thicknesses of exfoliated crystals–and their suspension

gaps–to be determined by fitting optical images of devices to simulated data [24].

1.4 Organization of Thesis

Chapter 2 deals with classical and quantum harmonic oscillator models of electrome-

chanical systems and how the mechanical system can be measured and manipulated

through the spectral sideband response to a microwave drive tone. The design and

simulations of the microwave and mechanical systems used in the work are shown

in chapter 3, which concludes with a look at potential radiative losses in thin su-

perconducting membranes used at microwave frequencies. Chapter 4 details the

manufacturing process for the microwave electromechanical resonators, and results

of optical characterization techniques used after fabrication. The cryogenic experi-

mental apparatus and procedures are shown in chapter 5, which then presents the

spectral measurements and analysis of samples and discusses their significance. In

chapter 6, the thesis is summarized to allow for clear conclusions to be drawn and to

both motivate and outline potential future work.

Appendix A provides a list of symbols and abbreviations used in this work. Python

code seen in appendix B is an original algorithm used during the characterization of

manufactured devices.
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Chapter 2

Background

This thesis investigates two-dimensional (2D) conducting materials and their use in

electromechanical systems operating at microwave frequencies. A brief overview of

such materials is presented here, with a focus on the two that will be used in further

experiments–graphene and niobium diselenide. A bridge between common material

parameters and the electromechanical models used in designing or predicting experi-

mental results provides a segue between the material science to the device physics.

Classical spring models are discussed to highlight some important concepts. Ul-

timately the systems being studied can be modelled, in the right conditions, as har-

monic oscillators. In particular, the intended system will be an electromagnetic res-

onator coupled with a mechanical oscillator through a capacitive coupling scheme.

Looking at the effects of a classical harmonic oscillator driven by a thermal bath with

provide a crucial link between the environmental temperature and the state of the

harmonic motion. The nature of two coupled oscillators, that are both damped and

driven by some force, shows the concept of normal mode solutions where the state of

one oscillator is strongly-coupled inseparable from the other oscillator.
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It is important to outline the quantum mechanical description of electromechan-

ical coupling in a radio frequency (RF) resonator cavity. This is provided after the

classical models, where the Hamiltonian is analyzed both as an isolated pair of cou-

pled oscillators, and as a system that is both driven and with dissipation. The effect

of an RF drive can be seen to scatter off of the mechanical oscillator and produce

sidebands that contain information about the mechanics. Ultimately, the state of

the mechanical oscillator mode can be determined through a power spectral analysis

of the output of the system, which is presented in the form of the expected power

spectral density output.

The last portion of this chapter highlights some experimental results, both with

and without 2D materials, that have used microwave resonators to couple to and

readout the motion of mechanical resonators. In essence, the system under study is an

RLC circuit (see Figure 1.1) that is coupled to a transmission line for measurements.

The resonance frequency of such a system (neglecting damping effects) is given by

fr = (2π
√
Lc[Cc + Cm])−1, meaning a change in Cm can have a profound effect on

the resonance of the circuit. It may be useful to consider this simple system as the

discussion proceeds.

2.1 2D crystal materials

Graphene is a material of considerable interest in a variety of different fields of re-

search, from electronics to sensors, to coatings, composite materials and medical

technologies. Its resilient mechanical properties allow it to be used as a robust me-

chanical element in nanoelectromechanical systems (NEMS), a key component in this

work. It will be a material used and studied in this project, but it is not the only
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2D crystal material that can be used in NEMS. This section briefly outlines other

such materials–some of which are superconducting in naturally occurring lattice for-

mations. This section will also provide an overview of how material properties of

2D materials can be related to more simple spring constants and natural frequencies

that can be further expanded into both classical and quantum mechanical dynamical

relations.

Graphene, a single layer of graphite, has a crystal structure seen in Figure 2.1(a)

as a honeycomb lattice. Graphite is seen as stacked graphene (Figure 2.1(b) and is

often referred to as few-layer graphene when the thickness of the material approaches

tens of crystal layers. Graphene is known for its high in-plane Young’s modulus

(∼1 TPa), making it known as the strongest material, again in-plane, and for efficient

heat and electrical conduction [15]. It is also has notable changes in transparency

and reflectance (over optical wavelengths) when the number of layers is varied [25],

allowing the use of optical techniques to investigate the material and readout devices

made with graphene [26].

While graphene shows impressive properties, it is not known, in normal crystal

stacking [27], to be a superconductor at any temperature. It can support a supercur-

rent by means of the proximity effect [28], but this limits the dimensions of devices or

requires the use of superconducting nanoparticles dispersed onto the graphene surface

[29]. Recently, a superconducting state was created in bilayer graphene by means of

altering the stacking angle between the two layers [27] but this impressive manufac-

turing technique was developed after much of the work presented in this thesis was

completed. Since a supercurrent is desired as a means to minimize any electrical dis-

sipation in an experiment, naturally superconducting alternatives to graphene were
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Figure 2.1: The crystal form of graphene forms a honeycomb lattice, seen in (a). The
sheets are stacked and held together by Van der Waals forces (b) at a
separation of 0.335 nm. The in-sheet unit cell is given by two translation
vectors defined by the length a in (a). The vectors are given by au,v =
a/2

(
±,
√

3, 0
)
. Reproduced from [21].

sought to create novel NEMS systems.

2.1.1 Niobium and tantalum-based transition metal dichalcogenides

The group of materials known as transition metal dichalcogenides (TMDCs) are crys-

tals with strong bonding in a plane, and weak bonding along the third axis. This

creates a bulk system similar to graphite, whereby the weakly-bonded layers can be

pulled apart by mechanical exfoliation [30]. The materials take the form of MX2,

with M being a transition metal from group IV, V, or VI, and X being a chalcogen

(Se, S, or Te).

These materials can be found in conducting, insulating, and semiconducting vari-

ants. Superconducting varieties include NbSe2, NbS2, TaSe2, and TaS2 [31]. Mechan-

ical exfoliation and chemical vapour deposition (CVD) [32] can be used to prepare



2.1. 2D CRYSTAL MATERIALS 12

Nb Se

 

top view side view (two layers)

0.344 nm

0.
63

8 
nm

Figure 2.2: The 2H-NbSe2 crystal comes in stacked sheets, like graphite. The sheets
are held strongly in-plane, but more weakly by Van der Waals forces
between the sheet layers. The spacing between the sheets (0.638 nm) is
one half of the out-of-plane dimension of the unit cell.

thin membranes of TMDCs. This work will focus on mechanically cleaved bulk crys-

tals that are thinned down to a low number of layers. Preliminary manufacturing

of nanoelectromechanical devices focused on using graphene with this method, then

applying refined techniques to make devices with NbSe2 crystals.

Bulk 2H-NbSe2
1 is a conductor at room temperature and a superconductor below

7.2 K [33], exhibiting the superconducting state even at a single membrane layer [34]

albeit at a suppressed 1 K [35] to 6 K [36] transition temperature. It also undergoes

a charge density wave transition [13] at about 33 K, which is enhanced at a single

layer [37]. Interesting conducting electron phases occur at a single layer including Ising

pairing in the superconducting state [35] and the emergence of a quantum conducting

state when superconducting single-layer NbSe2 is exposed to a perpendicular magnetic

field [38]. The rich physics of NbSe2 along with its excellent conductive properties

makes it a prime candidate to use as an electromechanical element.

1The label 2H indicates that the crystal has two layers per hexagonal unit cell.
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A caveat when attempting to use this material in devices is its chemical stability.

Unlike graphene, which is chemically robust in air and in a variety of microfabrication

techniques, NbSe2 has been found to be sensitive to material degradation in air [39]

and under intense optical powers such as focused lasers for Raman spectroscopy [40].

Care must be taken when processing this material, but the material remains an in-

teresting candidate for devices that benefit from strong electromagnetic coupling. A

case for this will be presented later in this chapter.

2.1.2 Bismuth strontium calcium copper oxide

It has been shown that bismuth strontium calcium copper oxide (BSCCO) also exists

in layers than can be separated by mechanical exfoliation. While this has produced

crystals as thin as 0.5 unit cells along the c-axis, superconductivity has only been

reported [41] for crystals 10 layers thick.

2.1.3 2D materials and dynamical parameters

The devices being investigated in this work can be modelled as circular drum res-

onators. If just the fundamental resonant mode is considered, the system (in the

linear elastic regime) can be more readily understood in terms of a linear effective

spring constant, keff . For a membrane of thickness t that is under tension T , knowing

the in-plane Young’s modulus E� and in-plane Poisson’s ratio ν� allows the calcula-

tion of keff . For a drum resonator fundamental mode with a force at its centre, the

spring constant can be expressed as [42]

keff =
4πt3E�

3r2 (1− ν2�)
+ πT, (2.1)
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with a radius r. This applies to both tension and stiffness dominated cases. For few

layers of membranes, typical spring constants lie near ∼1.6 N/m for graphene and

∼0.1− ∼0.2 N/m for NbSe2 and MoS2, for devices of a few microns in diameter.

Here, � denotes in-plane properties and ⊥ represents out-of-plane properties.

The expression for the natural frequency of circular drum resonators depends on

whether the drum is in the thin membrane or plate regime. With membranes, the

natural frequency is found as [43]

fmem =
2.48048

2πr

√
T

ρt
(2.2)

and for plates

fpl =
10.21t

4πr2

√
E�

3ρ (1− ν2�)
(2.3)

for materials with volume mass density ρ. For MoS2, this transition to plate dynamics

was found to range from 4 to 10 layers [42], and similar transitions are expected for

other membrane materials. In this transition region, the natural frequency can be

found [44] by fnat =
√
f 2
mem + f 2

pl.

For computational predictions that can deviate from simple doubly-clamped beams

or circular drums, it is more common to use continuum mechanics to provide an elas-

ticity matrix E or its inverse, the compliance matrix C ≡ E−1, which relates the stress

and strain of a material by [45]

σij = Eijklξkl (2.4)

in the usual Cauchy definition. The stress tensor σ gives the internal forces acting
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inside a material, while the strain tensor ξ describes the resultant deformation of the

material. For an anisotropic material with in-plane symmetry (such as graphene or

other 2D materials) the compliance matrix takes the form [21]

C =



1
E�

− ν�
E�
− ν⊥
E⊥

0 0 0

− ν�
E�

1
E�

− ν⊥
E⊥

0 0 0

− ν⊥
E⊥
− ν⊥
E⊥

1
E⊥

0 0 0

0 0 0 E�
(2+2ν�)

0 0

0 0 0 0 E�
(2+2ν�)

0

0 0 0 0 0 E⊥
(2+2ν⊥)


(2.5)

for in-plane (�) and out-of-plane (⊥) Young’s moduli E and Poisson’s ratios ν. Know-

ing the compliance matrix or elasticity matrix can allow continuum mechanics simu-

lations of more complex geometries, allowing estimates of resonance frequencies when

analytic models fail. This is explored more in chapter 3. More discussion on the

effects of continuum mechanics on 2D materials can be found in [21].

2.1.4 Coupling two-dimensional crystal layers to superconducting mi-

crowave cavities

Superconducting microwave cavities have been used to investigate the physics of a

variety of interesting phenomena, such as the coupling of photons to a charge qubit

(Cooper pair box [10]) or a mechanical experiment attempting to evade measurement

backaction [46]. When a membrane or nanobeam moves, this alteration in geometry

can be represented in a change of another system property. A common method of

measurement is to form a capacitor such that one electrode will move relative to the
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Figure 2.3: An image of the parallel plate capacitor and part of the inductor used in
[20] as an LC cavity coupled to a nearby microwave transmission line. The
metal layers shown are all aluminum, with the top plate of the membrane
free to move in circular drum modes.

other electrode [20, 47]. The device used in [20] can be seen in Figure 2.3. Connecting

such a capacitor to a microwave resonator will alter the cavity resonance and allow

information about mechanical modes to be encoded into a signal interacting with the

microwave cavity. This is a lossless dispersive interaction mechanism. Unavoidable

fluctuations in the environment (such as two-level systems) and other internal losses

will dissipate energy in any experimental realization.

The actual physical systems considered integrate extended mechanical elements,

such as clamped circular plates or membranes. Such systems have not one displace-

ment, but a displacement field which describes the position of all parts of the res-

onator. It is convenient to map this field to a single effective displacement, say, x,

which is the midpoint of the circular drum. In the same manner as distributed springs

can be simplified from continuum mechanics to a point mass with a spring constant,

a complex continuum plate or membrane is represented by an x and an effective mass

m that can closely match the true response of a single resonant mode of the system.
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It is worthwhile to bear this in mind when dealing with the classical or quantum

mechanical models presented in later sections.

2.2 Results of a classical harmonic oscillator

To get an intuition of how an oscillating system behaves, it is often helpful to first

introduce a classical spring model of the dynamics. While there are some conditions

where the classical picture will fail, such as low temperatures and system energies

showing the quantization of observables, the general behaviour and trends can be

demonstrated. It was shown previously in section 2.1.3, that one can express the

resonance frequency and linear spring constant through the material parameters of

circular drum. When is this applicable, and what is the displacement that is mea-

suring? Eigenmode solutions can be found for the drum using continuum mechanics

either analytically for simple geometries, or numerically using methods such as finite-

element analysis. Each mode will have a displacement field (or mode shape) that

distorts the surface and a temporal function that applies this displacement over time.

In general, an oscillator in three dimensions (x) has an infinite number of vibrational

modes comprising its motion, and the displacement (R(x, t)) of can be expressed

as [48]

R(x, t) =
∑
n

an(t)rn(x), (2.6)

where R(x, t) is decomposed into the mode shapes rn(x) and the time-dependence of

the motion, an(t). By normalizing rn(x) by its maximum displacement, this leaves

an(t) expressed in units of length. Often the motion of resonators can be simplified

to one dimension and this will be assumed true in further analysis. Assuming the

amplitude of the oscillations for the thin membrane material is not too large, a linear
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spring (from a linear elastic model) may be used to describe the motion. The differ-

ential equation for the displacement–and we now take an(t) → x(t)–of an undriven

and damped harmonic oscillator is

ẍ+ γmẋ+
k

m
x = 0, (2.7)

where m is the oscillators effective mass, k is the restoring force (spring constant),

and γm is the damping rate (also referred to as the full width at half maximum

[FWHM]). The system will have a natural angular resonance frequency of ω2
m ≡ k/m,

and since it is undriven, any initial energy in the system will decay away due to the

damping. It should be noted that each mode will follow this relation, with potentially

unique spring constants, resonance frequencies, effective masses, and damping losses.

We only consider the fundamental mode in further analysis. Angular frequencies are

used for much of the theory, so, for clarity ω = 2πf can be used as a conversion.

The effective mass of a resonator mode is not equivalent to its static mass. If one

considers the fundamental mode of a clamped circular drum, the matter at the very

centre has the largest displacement, while at the edges there is no movement at all.

It follows then that when mapping the distributed motion of the drum to a simple

mass and spring system, the mass of the spring cannot be the total static mass of the

drum. If the mass density (ρ(x)) and normalized mode shape (rn(x)) are known, the

effective mass can be found from [48]

meff,n =

∫
dV ρ(x)|rn(x)|2. (2.8)

This expression assumes that the measurement is being made at the point of maximum
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displacement, which is the case for the power spectral densities considered in this

work. For a circular drum resonator, the effective mass of the fundamental mode is

meff = 0.2695m, with m the total static mass. Whenever mass is discussed further

in this work, it is this effective mass that is being discussed.

If the oscillator is driven by some force F (t), instead the system differential equa-

tion is

ẍ+ γmẋ+ ω2
mx =

F (t)

m
. (2.9)

The force can be any arbitrary function, but for now, we take it as a simple harmonic

form of F (t) = F0 cos(ωt). The displacement, in time, in response to this force can

be assumed to take the steady state form of x(t) = A sin(ωt + θ), with solutions to

the amplitude and phase being

A =
F0

m√
(ω2

m − ω2)2 + ω2γ2m
(2.10)

θ = arctan

( −ωγm
ω2
m − ω2

)
. (2.11)

The resonant frequency is shifted for a damped oscillator, becoming

ω̃m = ωm
√

1− γ2m/(2ω2
m). In Fourier space, the complex representation of the dis-

placement can be simply expressed as [49]

x̃(ω) =
F̃ (ω)

m(ω2
m − ω2 + iωγm)

. (2.12)
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Figure 2.4: The normalized amplitude of a driven and damped harmonic oscillator.

2.2.1 A damped harmonic oscillator in a thermal bath

An object in a thermal bath (with temperature T ) will be subject to the random forces

from its environment, which is also known as Brownian noise. In the environment

of the mechanical harmonic oscillator, we take these external interactions as a sea of

harmonic oscillators [50] exerting a force of equal amplitude Fth(t) =
∑

i Fth,i. Using

equation (2.12) and noting that the Brownian bath forces, in Fourier space, become

a constant F̃th, we can calculate the power spectral density of the oscillator [51],

Sx(ω) = 〈x̃(ω)x̃∗(ω)〉, such that

Sx(ω) =
F̃ 2
th

m2
(
[ω2
m − ω2]2 + [ωγm]2

) . (2.13)

The Brownian bath is assumed to have a white noise spectrum akin to Johnson-

Nyquist noise, and the narrow resonant response window should allow this assumption
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to be valid.

Since the power in a Brownian bath should be related to the temperature, it seems

plausible to be able to relate the temperature of the environment to the displacement

of the mechanical oscillator. This can be achieved by use of the Wiener-Khinchin

theorem, which posits that the power spectral density of a random (stochastic) pro-

cess with a constant mean is equal to the Fourier transform of the autocorrelation

function [51], or, in other words,

Sx(ω) =

∫ ∞
−∞

dτ〈x(t)x∗(t− τ)〉e−iωτ . (2.14)

Doing the inverse Fourier transform, the mean squared displacement (τ = 0) can be

said to be

〈x2〉 =

∫ ∞
−∞

dωSx(ω) (2.15)

=
πF 2

th

m2ω2
mγm

. (2.16)

Using the equipartition theorem, the total energy of the oscillator is equivalent to

〈E〉 = kBT = mω2
m〈x2〉, where kB is Boltzmann’s constant. By equation (2.16),

the power spectral density of a mechanical oscillator, as perturbed by the Brownian

motion, can be related to the temperature of the bath by

Sx(ω) =
4πkBTγm

m
[
(ω2 − ω2

m)2 + (ωγm)2
] . (2.17)

This is an important result as many experiments, including some carried out in this

work, will make measurements of this power spectral density. In this work, such a
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measurement will be attempted indirectly by way of coupling to a second harmonic

oscillator and inferring Sx(ω) though its imprint on the coupled system.

2.2.2 A system of two coupled damped harmonic oscillators in a thermal

bath

In this work, we seek to couple two harmonic oscillators in such a manner that the

state of one oscillator can be read out though a measurement of the other. One

resonance is the fundamental mode of a vibrating membrane drum, and the other is

the electromagnetic resonance of an inductor-capacitor circuit. The coupling between

such systems is a physically important parameter, and it is worthwhile to look at a

classical analysis [52]. Starting with an arrangement as in Figure 2.5, and with

F (t) = F0 cos(t), the differential equations for the system can be written as

ẍ1 + γmẋ1 +
k

m
x1 −

g

m
(x2 − x1) = 0 (2.18)

ẍ2 + γmẋ2 +
k

m
x2 −

g

m
(x1 − x2) =

F (t)

m
. (2.19)

The first oscillator, with displacement x1, is equivalent to the superconducting mi-

crowave resonator with no or negligible driving power forcing its oscillations. The

second oscillator is the mechanical oscillator, with a force acting on this resonator,

F (t). When comparing with Figure 2.5, it is important to note that, for mathematical

simplicity, it is assumed that mm = mc = m, γc = γm, and kc = km = k. This will

lead to a degeneracy in solutions, but still demonstrates the desired concepts.

The solution to the coupled differential equations can be found by introducing

normal mode combinations of the displacements of the two oscillators. That is, b1 =
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Figure 2.5: The mechanical oscillator in an electromagnetic oscillator can be repre-
sented by the two forming a system of two coupled harmonic oscillators.
The oscillators are coupled with a spring constant of g. Each oscillator
has its own damping mechanism, κc for the microwave system and κm for
the mechanical system.

x2 + x1 and b2 = x2 − x1. These normal modes can be expressed by

b1 = A1 cos (ω1t+ θ1) (2.20)

b2 = A2 cos (ω2t+ θ2) . (2.21)

The resonance frequencies for the motion are found to be [49]

ω2
1 =

k + 2g

m−
(
γm
2

)2 (2.22)

ω2
2 =

k

m−
(
γm
2

)2 , (2.23)

which define the amplitudes of the oscillators, following i = 1, 2,

Ai(ω) =
F0

m
√

(ω2
i − ω2)

2
+ (ωγm)2

. (2.24)

The frequency of oscillations for the identical objects depend heavily on the strength
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of the coupling spring constant, g. If g = 0, the oscillators are completely uncoupled

and the centre frequencies are degenerate (ω1 = ω2). As g increases in magnitude,

the centre frequencies start to split, leading to the emergence of distinct Lorentzian

peaks. For splitting to occur and be noticeable, the coupling strength must exceed

the FWHM of the combined (degenerate) Lorentzian. Since this FWHM is tied to

the losses to the environment, this allows the definition of a strong coupling regime

where the losses are exceeded by the coupling strength, g. From this, it is expected

that a coupled system of a mechanical oscillator with an electromagnetic oscillator

will display coupling-dependent resonance frequencies (as well as damping).

In a practical experiment, the mechanical system will be driven by the Brownian

bath, but probing the system will be equivalent to applying an additional force on

the microwave resonator, which alters the mechanical system through the coupling g.

Further analysis will be presented using a quantum mechanical model. The ultimate

goal will be to show how a measurement made on the microwave system can both

influence and readout the state of the mechanical resonator.

2.3 Derivation of Electromechanical Hamiltonian

The Hamiltonian of the coupled system is presented and described here, adapted

from the work of [20] and [53]. The quantum mechanical Hamiltonian of the elec-

tromechanical resonator system can be well described, in isolation, as a sum of two

quantum harmonic oscillators. One is due to the motion of the mechanical element

in the system, ~ωib̂†i b̂i. This is the resonance frequency ωi and creation (annihilation)

operator b̂†i (b̂i) for quanta of the ith mode of motion in the membrane. Only one

mode of motion will be considered for now, and this is denoted by ωm and b̂† (b̂). The
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second portion of the energy in the isolated system is of the electromagnetic resonator,

~ωc(x̂)â†â, which is dependent on the position of the mechanical oscillator x̂. â† (â)

is the creation (annihilation) operator of the electromagnetic mode. This resonance

frequency of the electromagnetic system, ωc(x̂), being position dependent, becomes

the source of the coupling between the mechanical system (x̂ = xzp(b̂
† + b̂)) and the

electromagnetic system. xzp is the zero-point motion for the mechanical mode,

xzp =
√
~/(2mωm), (2.25)

for mass m and mechanical mode frequency ωm.

Combining these into one expression, the Hamiltionian becomes

Ĥ = Ĥm + Ĥc (2.26)

Ĥ = ~ωmb̂†b̂+ ~ωc(x̂)â†â. (2.27)

The resonance frequency of the electromagnetic resonator can be expressed in a Taylor

expansion as ω(x̂) ≈ ωc + ∂ωc

∂x̂
x̂+ 1

2
∂2ωc

∂x̂2
x̂2 + · · · , which shows the position dependence

in the Hamiltonian more clearly. Substituting this expansion (including only the

constant and linear terms in x̂, and evaluating at x̂ = 0) into Equation 2.27,

Ĥ = ~ωmb̂†b̂+ ~
(
ωc +

∂ωc
∂x̂

x̂

)
(x̂)â†â (2.28)

Ĥ = ~ωmb̂†b̂+ ~ωcâ†â+ ~xzp
∂ωc
∂x̂

â†â
(
b̂† + b̂

)
(2.29)

Ĥ = ~ωmb̂†b̂+ ~ωcâ†â+ ~gâ†â
(
b̂† + b̂

)
, (2.30)

where g ≡ xzp∂ωc/∂x̂ is the single-photon coupling rate. Equation 2.30 is suitable
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when considering an isolated system for small displacements and coupling. To interact

with the system, a term representing an external drive is included. A pure tone drive,

at ωd, will act to displace the mechanical oscillator. The Hamiltonian with a coherent

drive takes the form

Ĥ = ~ωmb̂†b̂+ ~∆â†â+ ~gα
(
â+ â†

) (
b̂† + b̂

)
(2.31)

where ωd = 2πfd is a single tone drive, at frequency fd. α is a coherent drive

amplitude, and

∆ = ωc − ωd −
2g2α2

ωm
(2.32)

is the drive-dependent detuning of the cavity and the microwave drive. From Equa-

tion 2.31, it can be seen that the single-photon electromechanical coupling of the

resonator is enhanced by

G ≡ αg = αxzp
∂ωc
∂x

. (2.33)

This means that the effective coupling is controlled by the steady state coherent am-

plitude in the resonator. The number of photons in a coherent field is the magnitude

squared of this amplitude, so G ≡= αg =
√
ndg. Here, the undriven cavity is assumed

to have an average of nTc = 0 so the photons are due to the drive. The number of

drive photons is expressed in the next section, in Equation 2.41. A full derivation of

this form of the optomechanical Hamiltonian can be found in reference [53].

2.4 Spectral response from a microwave drive

The LC resonator is inductively coupled to the environment by means of the coplanar

waveguide that passes several microns from the inductor of the LC loop. A simple
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CPW input port

CPW output port
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/capacitor

Figure 2.6: An LC loop, located in the ground plane of a coplanar waveguide (CPW),
is inductively coupled to the CPW signal line.

picture of this scenario can be seen in Figure 2.6. Using the formalism of input-output

theory from quantum optics [54], it is possible to calculate the expected power spectral

density of the output from the resonator under stimulation of some drive source.

Taking the theoretical approach outlined by Clerk et al. [51] and Teufel et al. [20]

and describing the system as in a Quantum Langevin model, noise operators (ξm

and ξc) can be used to describe the dissipation in the mechanical and cavity modes,

respectively. In general, the Langevin approach to solving a dissipative open quantum

system is to describe the environmental losses in terms of these noise operators. For

each observable of interest, Ô, we can create a differential equation by the relation

∂Ô

∂t
=
i

~

[
Ĥsys, Ô

]
+
i

~

[
Ĥenv, Ô

]
+ ξ̂O, (2.34)
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where Ĥsys is the system Hamiltonian (see equation 2.31), Ĥenv details the interac-

tion of the system with the envirtonment, and ξ̂O represents noise operator for Ô.

(i/~)[Ĥenv, Ô] accounts for the observed linewidths of the oscillators and as such,

(i/~)[Ĥenv, â] = −κ
2
â and (i/~)[Ĥenv, b̂] = −γm

2
b̂. The thermal mechanical occupation

can be described by the noise operator as nTm =
〈
ξ̂†mξ̂m

〉
= [exp(~ωm/kBT ) − 1]−1,

while the cavity occupation can be shown through the expectation value nTc =〈
ξ̂†c ξ̂c

〉
= [exp(~ωc/kBT ) − 1]−1. Useful theoretical predictions that are relevant

for RF experimental measurements are the power spectral densities of the electrome-

chanical sidebands as the system is driven by an RF tone. A typical approach is to

describe the problem, recast in a frame rotating at the RF drive frequency, ωd, as a

system of Heisenberg-Langevin equations for the two modes. With equation 2.31 and

in a frame rotating at the drive frequency, the coupled differential equations are

˙̂a = i∆â− κ

2
â− iG

(
b̂† + b̂

)
−
∑
i

√
κiξ̂i (2.35)

and

˙̂
b = iωmb̂−

γm
2
b̂− iG

(
â† + â

)
−√γmξ̂m. (2.36)

Each equation also has a complex conjugate. Loss in this Langevin approach is tied

to the noise operators, ξx, and the linewidths γm and κ = κi + κex, which includes

internal losses and external coupling. The noise operators, each for a particular

ladder operator pair, have the properties
〈
ξ̂†i (t)ξ̂i(0)

〉
= niδ(t) and

〈
ξ̂i(t)ξ̂

†
i (0)

〉
=

(ni + 1) δ(t), where i corresponds to the mode and ni its occupancy.
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The Fourier transformed equivalents of equations 2.35 and 2.36 are given by

χ−1c â(ω) = iG
[
b̂†(−ω) + b̂(ω)

]
−
∑
i

√
κiξ̂i(ω) (2.37)

and

χ−1m b̂(ω) = iG
[
â†(−ω) + â(ω)

]
−√γmξ̂m(ω). (2.38)

Both of equations 2.37 and 2.38 also have complex conjugates, making this a system of

four coupled differential equations. The response functions in equations 2.37 and 2.38

can described by

χ−1c (ω) =
κ

2
+ i (ω −∆) (2.39)

for the cavity response, and

χ−1m (ω) =
γm
2

+ i (ω − ωm) (2.40)

for the mechanical response, again with complex conjugates that are not written here.

A coherent drive, with frequency ωd, travelling along the transmission line will

have a photon number nRF = |αRF | for a coherent state |αRF 〉. This should couple

into the cavity as α = αRF
√
κexχc(ωd). With a single-tone drive of power Pin incident

on the LC resonator, the equilibrium drive photon number in the cavity is given by

the total number of the photons in the drive times the loaded lineshape of the cavity

resonance, coupled to the transmission line by the rate κex, which gives

nd =
Pinκex
~ωd

∣∣χ−1c (ωd)
∣∣2 =

Pin
~ωd

4κex

κ2 + 4 (ωd − ωc)2
. (2.41)

The Fourier space solutions of equations 2.37 and 2.38, for the operators, are
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Figure 2.7: The LC cavity and mechanical resonator have various interations with the
environment and measurement transmission line. The linewidths κ and
γm represent the energy dissipated into the environment. A microwave
drive signal at one port of the transmission line, with ladder operator âin,
couples through to the resonator with a rate of κex. The output signal
is transmitted to the second transmission line port, and has a ladder
operator âout.

(again suppressing the complex conjugates)

â(ω) =
−iG√γmχcχmξ̂m − χc

∑
i

√
κiξ̂i

G2χmχc + 1
(2.42)

b̂(ω) =
−√γmχmξ̂m − jGχcχm

∑
i

√
κiξ̂i

G2χmχc + 1
. (2.43)

With the mechanical and cavity creation and annihilation operators defined, it is now

possible to describe the output from the cavity as a noise operator âout, related to

the cavity annihilation operator as âout =
√
Bκexâ + ξ̂`. B is a factor dependent

on how the output is measured, and ξ̂` is the noise operator for input from the left

port (signal in) of the transmission line. They contribute an occupation n` and nr

in the cavity. Combined with the internal thermal occupation of the cavity, the total
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undriven occupation is

nc = nTc + n` + nr. (2.44)

Figure 2.7 represents a schematic view of how âin and âout relate to the cavity, me-

chanical resonator and their interactions with the environment. For a single port

measurement, B = 1. The two port measurement used in this work has B = 1/2.

âout can be related to the cavity ladder operators as

âout =
√
Bκexâ+ ξ̂`

=

(
1− χc

√
Bκex

√
(1−B)κex

1 +G2χmχc

)
ξ̂`

−
(

χcBκex
1 +G2χmχc

)
ξ̂r

−
(
χc
√
Bκex

√
κi

1 +G2χmχc

)
ξ̂i

−
(
iGχmχc

√
Bκex

√
γm

1 +G2χmχc

)
ξ̂m

(2.45)

The noise power spectral density of the output is given by

S =
1

2
~ω
〈
â†out(−ω)âout(ω) + âout(ω)â†out(−ω)

〉
. (2.46)

When evaluating equation 2.46 (assuming ωm > κ), two definitions help illustrate

the physical effects. As with the classical case of two coupled harmonic oscillators,

the resonance frequencies and damping can change with increased coupling, and here

these are approximately

ωopt = 4G2

(
∆ + ωm

κ2 + 4(∆ + ωm)2
+

∆− ωm
κ2 + 4(∆− ωm)2

)
(2.47)
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Figure 2.8: The three cases for the frequency of the drive signal (with power Pd shown
in green) and the expected power spectral density (PSD) of the two side-
band outputs. In (a), ωd = ωc and sideband outputs are equal in intensity.
Red-detuned (b) drives produce an blue sideband that is enhanced by the
cavity resonance. Blue-detuned (c) drives cause an enhancement of the
red sideband.

and

γopt = 4G2

(
κ

κ2 + 4(∆ + ωm)2
− κ

κ2 + 4(∆− ωm)2

)
. (2.48)

In this, the cavity resonance can be altered by the drive (shown in equation ??) as

ω̃c = ωc− 2g2nd

ωm
. As the detuning ∆ is changed, three relevant cases emerge: driving at

the red-detuned frequency ∆ = ω̃c−ωd = ωm, the blue-detuned frequency ∆ = −ωm,

and driving on the cavity resonance frequency ∆ = 0. The mechanical resonator at

ωm will interact with the drive signal to produce sidebands at ω = ωd ± ωm. Rather

than show the many pages of step-by-step derivation of the results from each case, the

spectral density is stated in simplified form. These results follow from the work of [55]

and [56], of course, are just for an electromechanical system with only one driving

tone, at ωd. It is assumed that ωm > κ, which is known as the sideband-resolved

regime.
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2.5 Resonant drive spectral density

If the drive frequency is ωd = ωc, according to equation 2.41, the number of drive

photons is maximized. The power spectral density given by equations 2.45 and 2.46

is, including a background noise power of N ,

SOR(ω)

~ω
=

1

2
+N + κκex (nc − n`) |χc(ω)|2

+
4G2κexγm

(κ2 + 4γ2m)2
[(
nORm − 2nc + n` + nr

)
κ2

+4
(
nORm − n` − nr

)
ω2
m

]
|χm(ω − ω̃c)|2

+
4G2κexγm

(κ2 + 4γ2m)2
[(
nORm + 1 + 2nc − n` − nr

)
κ2

+4
(
nORm + 1 + 2nc − n` − nr

)
ω2
m

]
|χm(−ω + ω̃c)|2 .

(2.49)

The effective mechanical occupation number is, in this case,

nORm = nTm +
4G2κ (1 + 2nc)

γm (κ2 + 4γ2m)
, (2.50)

where the base thermal occupation of the resonator is added with a heating term

proportional toG2. Both ωopt = 0 and γopt = 0 due to any optomechanical interactions

by the two sidebands being equal and opposite in magnitude (see Figure 2.8(a)) and

influence on the mechanical resonator. There is no net damping change or change in

resonant frequency, but there is heating of the mode.

2.5.1 Red-detuned spectral density

For the case where ωd = ωc−ωm equations 2.45 and 2.46 together can be simplified by

only taking terms that will fall within the linewidth of the LC resonance frequency.
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Figure 2.8(b) shows what this means relative to the cavity resonance and drive signal.

The power spectral density is

Sred(ω)

~ω
=

1

2
+N + κκex (nc − n`) |χc(ω)|2 +

4G2κex(γm + γopt)

κ2
(
nredm

−2nc + n` + nr) |χm,eff (ω − (ω̃c − ω̃m))|2
(2.51)

where an effective mechanical susceptibility

χ−1m,eff (ω) =
γm + γopt

2
+ i (ω − (ωm + ωopt)) (2.52)

is used. The mechanical mode occupation is given by

nredm =
nTmγm + ncγopt
γm + γopt

. (2.53)

If the thermal occupation of the cavity is negligible, it is clear that a positive increase

in γopt will lead to a lowering of the mechanical occupation. By equation 2.48, this

detuning means that γopt is positive and increasing with G2.

2.5.2 Blue-detuned spectral density

The power spectral density in the blue-detuned case is given by

Sblue(ω)

~ω
=

1

2
+N + κκex (nc − n`) |χc(ω)|2 +

4G2κex(γm + γopt)

κ2
(
nbluem + 1

+2nc − n` − nr) |χm,eff (−ω + (ω̃c − ω̃m))|2
(2.54)
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and shows an opposite effect on the mechanical resonator from the red-detuned case.

The mechanical occupancy is given by

nbluem =
nTmγm − (nc + 1) γopt

γm + γopt
. (2.55)

If the thermal cavity occupancy is negligible, and because γopt < 0 and decreases with

increasing G, this case signifies the amplification of the mechanical mode due to the

drive at ωd.

In all three cases for ∆—equations 2.49, 2.51, and 2.54—there exists the same

constant noise outputs and another term (proportional to |χc(ω)|2) that signifies

the base thermal occupation of the cavity and the filtering of input noise by the LC

resonator. With low cavity thermal occupation expected at 30 mK, only the influence

of the drive strength (given through an increased coupling G), transmission line noise

n` and nr and the thermal mechanical occupancy nTm are expected to be relevant in

any measured spectral output. After the description of the design and fabrication of

the LC resonators, the expected power spectral densities are explored in section 5.3.3.

Taking terms proportional to |χm,eff |2 in equation 2.54 to show the power spectral

density of the mechanical mode, Sx, we find that

Sblue,mech(ω)

~ω
=

4G2κex(γm + γopt)

κ2
(2nc − n` − nr) |χm,eff (−ω + (ω̃c − ω̃m))|2

+
4nd

(
∂ωc

∂x̂

)2
κex

κ2
Sx(ω)

(2.56)

Similar arrangements can be made to equations 2.49 and 2.51. It is required to

determine G =
√
ndg, nd, ∂ωc/∂x̂, κ, and κex in order to determine the scale for

the power spectral density Sx. This assumes that either the additional occupations
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nTc = n` = nr ≈ 0 or can be accounted for. Lorentzian fits to equations 2.49, 2.51,

and 2.54 yield the relevant dissipation, γm or γm + γopt, of the mechanical resonator,

while the mean square displacement, 〈x2〉 is related by [51]

∫ ∞
−∞

Sx
2π

=
〈
x2
〉

=
kBT

mω2
m

. (2.57)

The last part of the equality relates the PSD of the harmonic oscillator mode to the

temperature of a bath when the two are in equilibrium. This is the same principle

used in the classical case.

2.5.3 Sideband cooling and increasing coupling

As shown in equations 2.51 and 2.54, a microwave drive coupled to an LC circuit,

where the capacitance can be made position dependent, acquires frequency sidebands

analogous to Raman scattering of photons off of vibrating molecules and crystal

lattices. This process occurs for all drive frequencies such that a drive signal at ωd

produces sidebands at ωd ± ωm. This process can be resonantly enhanced when the

photon drive has a frequency of ωd = ωc or ωd = ωr±ωm. This resonant interaction of

the mechanical resonator and the microwave resonator allows for a transfer of energy

between the two systems. For ωd = ωc − ωm , the preferred exchange will up-convert

drive photons (to ωc) and destroy a phonon in the mechanical resonator, lowering the

temperature of the mechanical system. In the opposing case, ωd = ωc + ωm, photons

will down-convert and create phonons in the mechanical resonator mode.

The single photon coupling g can be increased to aid the cooling or heating of

the mechanical resonator. This is either done by increasing ∂ωc/∂x̂ or by increasing

xzp. Using atomically-thin crystal materials, the zero-point motion can be increased



2.6. EXAMPLES FROM EXPERIMENTS 37

while maintaining relatively robust material properties. 2D crystals possess a small

mass per area which can mean an order of magnitude or more coupling strength

increase over traditional MEMS materials such as evaporated metal films. Combining

the larger zero point motion of thin membranes with high mechanical Q-factors [57]

allows for the possibility of unprecedented coupling between mechanical membrane

modes to these LC resonator systems. Through the use of side band cooling [58],

a direct measurement link between system photons and phonons can be excited to

manipulate the mechanical mode to higher or lower occupation.

2.6 Examples from experiments

There are some important milestone experiments of RF electromechanical systems,

and it is important to outline their results. This overview will look at superconducting

systems where the cavity is in the GHz regime. Back in 2008, Teufel et al. became

the first to demonstrate the sideband-resolved coupling of nanomechanical resonators

to microwave frequency superconducting resonator cavities [59]. The device was a

notch type resonator with a thin beam vibrating near to a transmission line. The

experiment succeeding in demonstrating sideband cooling.

Following with a similar mechanical geometry, Hertzberg et al. [46] used a nanome-

chanical beam type resonator in a transmission line resonator in order to demonstrate

a backaction evading measurement of the position of the mechanical resonator. In

Figure 2.9(a), a scanning electron microscope image of the nanomechanical resonator

shows how the thin nanomechanical beam is coupled to the coplanar waveguide signal

line. This experiment used two pump tones, one blue-detuned and one red-detuned,

and one probe tone, slightly detuned from the red-detuned frequency, such that the
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Figure 2.9: The mechanical oscillator beam is seen capacitively coupled to the signal
line of a coplanar waveguide (a). This capacitor is placed inside a section
of transmission line (bouned by two coupling capacitors), which forms the
microwave cavity. The system is driven with two pump tones (b) and one
probe tone. This allowed for the demonstration of a backaction evasion
measurement of a quadrature of the motion of the mechanical resonator.
Further explanation of the process of this backaction evasion should be
sought in the journal article. Reproduced from [46].

scattering effects of both pump tones counter each other and the probe allow readout

of the mechanical mode state via spectral measurement of the resultant sideband.

In 2011, Teufel et al. [20] demonstrated the first instance of a macroscopic me-

chanical mode being cooled to its ground state via electromechanical sideband cooling.
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Figure 2.10: Using an LC resonator with a mechanically compliant aluminum mem-
brane capacitor place, Teufel et al. used sideband cooling to reduce the
occupation of a mode of motion to near its ground state (0.34 phonons),
while starting from a bath temperature of 20 mK. The capacitor can be
seen inset in the plot. Reproduced from [20].

This was accomplished by way of the red-detuned drive approach outlined in the pre-

vious section. Their device was an aluminum electromechanical drum in an aluminum

LC resonator. The experiment was performed in a dilution refrigerator with a base

temperature of 20 mK. Figure 2.10 shows the effect of increasing drive on the phonon

occupancy of the mechanical mode. Inset is an electron microscope image of the ca-

pacitor with the mechanically compliant top plate and a portion of the spiral inductor

used to couple to the signal line. The coupling interaction between the mechanical

resonator and the cavity, while in the cooling red-detuned mode, was strong enough

to reach an average of nm = 1 phonons at nd = 4000 photons. Further increases in

nd demonstrated normal mode splitting as the coupling became stronger. A larger

single-photon coupling rate, xzpg0 could allow stronger coupling while avoiding this

additional dissipation.



2.6. EXAMPLES FROM EXPERIMENTS 40

Some experiments sought to use 2D crystal materials in order to have good me-

chanical properties while reducing the mass. A lower mass has the potential of increas-

ing the single-photon electromechanical coupling (xzpg) as the zero-point motion goes

as xzp =
√

~/2mωm. Song et al. [19] were among a few groups in 2014 that started to

use graphene as the mechanical layer in their capacitive element. Figure 2.11(c) shows

a schematic of their experiment, while (a) shows their results as they increase their

red-detuned drive, damping the motion of the graphene membrane. Figure 2.11(b)

shows that the results deviate a lot from the ideal theoretical result, which is at-

tributed to electrical losses in graphene.

Also using graphene as the mechanical element, Singh et al. [18] demonstrated

the use of graphene as an electrode of a coupling capacitor for a transmission line

resonator. This allowed the system to be DC biased by a voltage on the signal line,

as seen in the schematic in Figure 2.12(b). This experiment also demonstrated that

graphene can have an exceptionally high quality factor while used in this sideband

measurement arrangement.

Weber et al. [17] also made use of graphene in a RF sideband experiment [shown in

Figure 2.13(a)]. This work also showed graphene can have a high quality factor in this

type of measurement, but, like all three experiments using graphene, was beset with

more losses than the electromechanical systems that use superconducting materials

as the moving element of their respective mechanically compliant capacitor plate.

In late 2017, Will et al. [60] reported on their experiment using a heterostructure

of NbSe2 encapsulated by two graphene sheets. The system consisted of a quarter

wavelength shorted transmission line that was coupled with two high-frequency ports

(one to allow the application of a pump drive, another strongly-coupled port for
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Figure 2.11: Graphene can be use instead of typical microelectomechanical materi-
als, such as aluminum. Again, starting at millikelvin temperatures and
with increasing photon drive number, the mechanical occupation can be
reduced via sideband cooling. (a) shows the resultant spectral output
of the cavity (schematic seen in (c)). The system is ultimately limited
by the electrical losses in the graphene, and the ideal response is not
matched well in the results (b). Reproduced from [19].
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Figure 2.12: Using graphene as the coupling capacitor in a grounded superconducting
transmission line resonator (b), high quality factors are achieved, show-
ing the good mechanical qualities of graphene. Reproduced from [18].
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Figure 2.13: Showing that electrical losses can be a limiting factor in the cavity oc-
cupation when placing a normal conducting graphene membrane in a
superconducting cavity, Weber et al. also showed that graphene can
have low mechanical losses. Reproduced from [17].
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readout of the resultant sidebands) and one low-frequency port to drive and DC bias

the membrane. Their device showed good mechanical response with low dissipation

(Qm ≈ 245, 000) for such structures, though their electromechanical system was still

limited by the electrical dissipation of the membranes. It was determined that the

NbSe2 (3 to 4 layers) did not transition to the superconducting state and contributed

to higher losses. The low number of layers and processing could have damaged the

material, as well as proximity effect from the two graphene layers suppressing the

superconductivity in temperature ranges used for the experiments.
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Figure 2.14: A heterostructure of graphene-NbSe2-graphene (a) is suspended above
an electrode connected to the quarter wave resonator [(b) and (c)]. A
weakly-coupled port connects to the microwave resonator to provide the
drive tone (d), while the system is measured through signals leaving
at a strongly-coupled port. The heterostructure mechanical resonator
is driven with a low-frequency (and DC) voltage applied through two
niobium leads (b) that allow measurement of electrical properties of the
membranes. The mechanical response (e) shows a mechanical quality
factor of 2.45×105, and tunability of the resonance frequency by appli-
cation of a DC voltage (f). Reproduced from [60].
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Chapter 3

Microwave and electromechanical resonator

designs and simulations

The aim of this research is to investigate the mechanical properties of 2D supercon-

ducting cystal materials by means of a coupling interaction to microwave resonator

circuits. This work requires the careful design and fabrication of superconducting cir-

cuits that provide a low-loss environment for a strong electromechanical interaction.

In this chapter, the designs of two microwave resonator types are discussed, from

simple mathematical models and the set up of more robust numerical simulations. A

resonant electromechanical circuit that has a high quality factor (Q = ωc/κ, for the

cavity resonance frequency ωc and dissipation rate κ) is desired to accomplish the

strong coupling to the mechanical membrane. This Q is a combination of internal

losses and coupling to the environment.

Since the physical lengths of structures comprising the resonator circuits, and the

entire input and output signal lines, are not insignificant compared to the wavelengths

propagating along the circuits, it is imperative that designs, created using microwave

engineering principles, are verified by electromagnetic simulations. These simulations
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incorporate the geometry and complex effects that can arise from the material prop-

erties and unintended coupling between structures. Simple lumped circuit models,

even if properly mapped to device geometry, can fail if the surrounding environment

is not factored into the results. Extra performance factors like parasitic reactances

and radiation losses are better modeled by the use of numerical simulations.

The electromechanical coupling is greatly influenced by the relative size between

the static capacitance and variable mechanical capacitor, as will be soon shown.

Similarly, a lumped LC resonator with a mechanically compliant capacitor, extra

parasitic capacitance should be minimized. Since, as was shown in section 2.3, a

large g = dω/dx = dω/dCm × dCm/dx represents a large coupling, it follows that

dω/dC should also be large in magnitude. For ω = 1/
√
L(C0 + Cm) this means

dω

dCm
= − 1

2L1/2 (C0 + Cm)3/2
. (3.1)

For a large |dω/dCm|, both L and C0 should be kept small. One trade off is limita-

tions in measurement electronics, as well as potential variations due to manufacturing

devations from designs. Higher resonant frequencies mean that transmission lines res-

onators are smaller in length (lowering static inductances and capacitances), which

will typically lower the amount of parasitic inductances and capacitances in the cir-

cuit.

Designs of on-chip resonators are described, starting with transmission line res-

onators then proceeding to lumped LC devices. The transmission line resonators

were, ultimately, unused in the final iteration of designs but their description may

remain useful. The limit for high frequency operations is set by the Anritsu MS4623B

vector network analyzer (VNA), used to characterize the electromagnetic resonance,
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that has an upper frequency bound of 6 GHz. Resonance frequencies in the band of 5

to 5.5 GHz were deemed reasonable for most designs, far enough away from the upper

VNA limit that any underestimated resonance shifts would still allow measurements.

These shifts could occur due to manufacturing differences in geometry from those

intended, and the kinetic inductance of the superconducting materials versus perfect

conducting layers used in simulations.

Mathematical models of the scattering parameters (S-parameters) of resonators

coupled to transmission lines are essential for the fitting of measured data. Such a

model is outlined, showing–with appropriate assumptions–which physical parameters

can be extracted from a real measurement. Simulations of the motion of membrane

materials is done using COMSOL Multiphysics. This is performed on aluminum-

clamped graphene using the shapes of the clamping structures used in the simulations.

This allows prediction of the resonance frequencies of the motional modes, for the case

of low-stress crystals, and any potential mechanical modes including the clamping

structure itself.

In order to lower the losses in the cavity, the devices will ultimately be fabricated

using superconductors as the deposited metal material. When simulating the planar

resonant structures used in this work, it is assumed the conducting material layers

are perfect conductors rather than superconductors. The validity of this assumption

requires consideration of the operating conditions of the superconductor, as well as

the differences between superconductivity and perfect conductivity. The system must

be maintained below the critical temperature and critical magnetic field (Hc1 in the

case of a type-II) of the superconductor, and any current flow must be kept below the

critical current density. In a superconductor, fields also penetrate into the material
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to the London penetration depth, which is frequency and temperature dependent. In

many applications (such as coplanar resonators), when the wavelength of the guided

signal is much larger than the thickness of the superconductor the results are compa-

rable to that of a perfect conductor [61]. A large source of the error in simulations

using perfect conductors is the neglect of the kinetic inductance of the Cooper pairs,

which will combine with the geometric inductance of the structure. This typically

leads to an error on the order of a few percent [62], shifting resonances from their

predicted frequencies.

The final topic of the chapter will discuss the propagation of microwave electro-

magnetic signals in superconducting circuits, especially concerning atomically thin

crystals layers. Concern over the potential microwave transparency of 2D crystals in

this frequency range merits a closer look at how these materials may perform.

3.1 Coplanar waveguide impedance

All microwave transmission lines used on planar crystal substrates are coplanar waveg-

uides (CPW). These planar waveguides match up well with coaxial cables used to

carry signals onto and off of the chips containing the electromechanical resonator sys-

tem. The impedance of the CPWs were designed to match the connecting impedance

of the coaxial cables.

A CPW, defined by the geometry shown in Figure 3.1, has a characteristic impedance

given by [63]

Z0 =
30π
√
εeff

K(k
′
t)

K(kt)
(3.2)
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Figure 3.1: A coplanar waveguide (CPW) on a substrate of height, h, made with
metal of thickness, t. The planar lengths can be defined by the centre
line width, a, and separation between the ground planes, b.

and an effective permittivity of

εeff = 1 +
εr − 1

2

K(k
′
)K(k`)

K(k)K(k
′
`)
, (3.3)

where k = a/b, k
′
=
√

1− k2, kt = at/bt, k
′
t =

√
1− k2t , k` = sinh(πat/4h)/ sinh(πbt/4h),

and k
′

` =
√

1− k2` . The modified CPW widths, at and bt, are given by

at = a+
5t

4π

[
1 + ln

(
4πa

t

)]
(3.4)

bt = b− 5t

4π

[
1 + ln

(
4πa

t

)]
. (3.5)

The expressions contain elliptical integrals of the first kind, K(x), given by

K(x) =

∫ 1

0

dt
[(

1− t2
) (

1− xt2
)]− 1

2 . (3.6)

The solution to this integral must be found numerically.
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Figure 3.2: The coplanar waveguide resonator is coupled to an external signal line
by with two coupling capacitors, CC . The ideal resonator supports wave-
length modes that are an integer multiples of the cavity length. The
lowest supported frequency would have this length, ` = λ/2. The volt-
ages and currents in the resonator (normalized in the plot) form standing
wave patterns along the length of the CPW. Cm is placed at an antinode
of the voltage to increase the capacitive coupling.

3.2 Transmission line resonator design

A section of transmission line that is bounded by some discontinuities, such as cou-

pling capacitors, will form a resonant cavity. On resonance, energy is coupled onto

and off of the transmission line at a rate that depends on the coupling strength of

the bounding sections. This can be seen in Figure 3.2, where Cc is the coupling

capacitance and λ is the wavelength. The standing waves, if thought of in terms of

voltage, will have a maximum at the two coupling capacitors, in a standard CPW

mode shape.
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Figure 3.3: A circuit model that includes the coupling capacitors, Cc, the cavity in-
ductance, Lr, and capacitance, Cr, (on or near resonance), and a variable
capacitance, Cm. The variable capacitance is intended to be sinusoidal at
a mechanical resonant frequency, ωm = 2πfm.

For strong capacitive coupling to an electromechanical capacitor, Cm, in the trans-

mission line, capacitors should be placed at a voltage maximum. For a half-wavelength

long resonator, this is near to the coupling capacitors, or perhaps using Cm as a cou-

pling capacitor at one end. As another example, a full wavelength resonator should

have electromechanical capacitors placed at the centre of the line length for maximal

coupling.

To determine the influence of a variable capacitance (Cm) on the resonance of the

system, it is useful to look at the change in resonant frequency, with respect to this

variable capacitance, in terms of the circuit model. Cm, is added in parallel with the

LC components such that the system appears as seen in Figure 3.3. The resonance

will now appear (approximately) at

fr =
1

2π
√
Lr(Cr + Cm)

(3.7)

if the coupling capacitances, Cc, are small. Transforming the circuit in Figure 3.3 by

using a Norton equivalent model for the input and output coupling capacitors (which
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means all elements are in a parallel formation), the resonance occurs at a frequency

fc−N =
1

2π
√
Lr(Cr + Cm + 2Cc−N)

, (3.8)

where Cc−N is the Norton equivalent capacitance of Cc. This capacitance is not equal

to Cc, but rather the altered value [64]

Cc−N =
Cc

1 + (2πfrCcZL)2
(3.9)

The impedance ZL is the characteristic impedance of the transmission lines connected

to the system, which is typically 50 Ω.

In light of Equations 3.7 and 3.8, designing the transmission line resonator to res-

onate at a particular frequency requires one be mindful of the additional capacitances

that load the system, Cm and Cc. The geometry chosen for the mechanically com-

pliant capacitor is two closely-spaced parallel plates, and so a good approximation is

C(x) =
εA

d+ x
, (3.10)

where ε is the electrical permittivity of the material between the plates, A is the

area of the two parallel plate faces, d is a static displacement of the plates, and x is

the displacement away from d. Subsequent simulations will account for the effects of

fringing fields on Cm, neglected by equation 3.10. Estimates of the lumped resonator

component values, Lr and Cr, will be described in the following.

The wavelengths of the resonant modes between the coupling capacitances can be

described by

λn =
2`

n
, (3.11)
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where ` is the length of the transmission line between coupling capacitors. The

wavelength of the fundamental mode is thus 2`. After loading the device with an

additional capacitance (the variable membrane capacitor), the resonance will occur

at a lower frequency, by Equation 3.8. If the coupling capacitances (and membrane

capacitance) are small relative to the total capacitance of the transmission line, the

fundamental resonance frequency will occur at

fr0 =
c

2`
√
εeff

. (3.12)

c is the speed of light in vacuum, and εeff is the effective permittivity of the waveguide

system.

It is of interest to have any membrane capacitor in a region of maximum electric

field, so it can interact as strongly as possible with the fields. Since these are spatially-

varying quantities at these frequencies, care has to be taken as to the location of the

lumped capacitor. In all resonant modes, the electric field is at a maximum near

to the coupling capacitors. Other locations along the transmission line are feasible

depending on the mode considered. Figure 3.4 shows a schematic of the transmitted

power from one coupling capacitor to the other, in frequency space. The figure shows

how the device can be thought of as a bandpass filter, with narrow pass bands. The

resonator will have a distributed capacitance and inductance that can be represented

as per unit length quantities [64]. The inductance per unit length is found to be

L` =
µ0K(k

′
0)

4K(k0)
(3.13)
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Figure 3.4: (a) A CPW resonator will have an integer number of resonances, going
as nfr from the fundamental resonance frequency, fr. (b) If the mechan-
ical membrane in the CPW resonator is driven on resonance at fm, a
microwave drive signal (at frequency fd) will interact and mix with the
mechanical frequency. This will produce sidebands at fd±fm. The figure
represents the scenario where fd = fr−fm, and a sideband will be created
in the passband of the CPW resonator. If such a scheme is possible, the
system is in the resolved sideband regime.

and the capacitance per unit length is

C` =
ε0εeffK(k0)

4K(k
′
0)

. (3.14)

µ0 is the permeability of free space. k0 and k
′
0 are geometrical expressions using the

coplanar waveguide dimensions w and g such that k0 = w/(w+2g) and k
′
0 =

√
1− k20.

These two expressions are used as input parameters into K, which is the complete

elliptic integral of the first kind given by equation 3.6.

The per length inductance, Equation 3.13, and per length capacitance, Equa-

tion 3.14, can be used to determine the lumped values that are applicable in the

near-resonance circuit model. The lumped inductance is dependent on the mode, n,

and is given by

Ln = Lr =
2L``

π2n2
. (3.15)
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The capacitance is mode independent

C = Cr =
C``

2
. (3.16)

The static capacitance and inductance defined by equations 3.15 and 3.16 tends to

be much greater than Cm for reasonable areas and separactions of the suspended

capacitor, which can limit the electromechanical coupling.

Applying a DC bias across the electromechanical capacitor can allow for a more

varied repertoire of experimental possibilities. For instance, a DC voltage can add

tension (or a driving pulse) to the electrically coupled membrane, as done in [17], for

example. This biasing must be achieved without heavily damping or destroying the

resonance of the cavity. This has been achieved in [65], where two leads of length λ/2

are terminated by large inductances, and connected to the centre conductor of the

cavity at a distance of λ/4 from the resonator coupling capacitors. For a full wave

resonance, this point will be a voltage node and a point of low impedance. Recalling

how impedance varies along a transmission line [66],

Zin = Z0

ZL + jZ0 tan
(
2π
λ
`
)

Z0 + jZL tan
(
2π
λ
`
) , (3.17)

the change in impedance due to these bias lines can be seen. The λ/2 line will look like

its terminating impedance (and an inductor can make this suitably high). A signal

approaching this T-junction, along the centre conductor, will see a high impedance

along the λ/2 line, and a low impedance along the λ/4 or 3λ/4 paths to the coupling

capacitors. This scenario allows for a DC bias to be applied along these λ/2 leads

without completely destroying the resonance, though the loaded quality factor will
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Figure 3.5: To support a DC bias on the centre line, without completely destroying
the resonance of the cavity, half-wavelength lines are inserted a quarter
wavelength from the coupling capacitors.

be lowered.

3.3 LC resonator design

The lumped LC resonator (Figure 3.6) consists of a spiral inductor connected with a

parallel plate capacitor. The two together will have a resonance that is, ideally, fr =

1/2π
√
LC. This is modified by the parasitic inductances and capacitances internal

to the loop, and between the loop and the environment, including the substrate and

surrounding ground plane. A coplanar waveguide (CPW) is passed close to the LC

resonator, which couples inductively and allows readout of the interactions by an

S-parameter measurement1. In this work, S21 is measured with a vector network

analyzer when characterizing the resonators.

The design of these resonators consists of designing lumped capacitors and in-

ductors that will create an LC resonance within the bounds set by the measurement

1For an introduction to scattering parameters, see Chapter 4.2 of [66].
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CPW input port

CPW output port

inductor

capacitor

Qc

Qi

Figure 3.6: The LC resonator loop is placed into a removed section in one of the two
coplanar waveguide (CPW) ground planes. Typical operations with the
resonator are, in scattering parameter nomenclature, S21 measurements.
There is a quality factor associated with losses in the resonator, indicated
by Qi, and a coupling quality factor, Qc.

equipment used. Capacitors are designed using the simple parallel plate capacitance

given by equation 3.10. Any effects due to fringing fields, and other deviations from

this ideal case, are handled by the numerical simulations discussed in section 3.4.3.

The inductors are spiral inductors, and some circuit models do exist, but they can

deviate quite a lot from the intended inductance. To account for this, simulation and

design tools (Passive Circuit Design Guide elements in Keysight EEsof EDA’s Ad-

vanced Design System [ADS], a high frequency circuit simulator) are used to estimate

the inductances.
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3.4 Electromagnetic simulations

Solutions to Maxwell’s equations for arbitrary 3D geometry can be readily found

through commercial packages. In this work, the two packages most relied upon were

Ansys’s HFSS [67] and Keysight EEsof EDA’s ADS Momentum [68]. HFSS is a finite

element method solver that can find solutions in time domain and frequency domain,

as well as compute radiative losses in the far field. ADS Momentum is a planar 3D

method of moments solver that can solve frequency domain problems and is optimized

for high aspect ratio planar designs–ideal for designing integrated circuits.

The designs of transmission line resonators and LC resonators are simulated with

the ADS Momentum software, while a simulation check in the transmission of electro-

magnetic radiation through thin superconducting membranes is carried out in Ansys

HFSS. These simulations are presented in the following subsections.

3.4.1 Method of moments configuration

All devices are fabricated using the same microfabrication techniques, and this is

reflected in the layers configuration of the ADS Momentum simulations. This defines

the relations between the layers and ensures electromagnetic connections are made to

form the resonator structures.

The substrate definitions (seen in Figure 3.7) have two main conducting layers,

taken to be perfect conductors, with two types of via connections. The first type

is to define the air bridge structures that connects the outer portion of the spiral

inductor to the inner part of the inductor. These are intended to be fixed for all

simulations. The second via layer defines the separation of the upper and lower

plates of the capacitor. The upper plate is intended to have mechanical vibrations,
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Figure 3.7: ADS Momentum relies on the formation of a substrate stack to define
the relation between the layers forming the structure. With no geometry
defined in the layout editor, the structure is assumed to be the materials
listed on the right side of (a). The design is then drawn as is seen in (b),
inserting materials according to the layer definitions. These definitions
are inserted into the structure of (a) and are seen internal to the stack.

and thus change the capacitance and resonance frequency, and this is change can be

estimated with a series of static simulations when this via layer is changed. Material

parameters used in the simulations are listed in Table 3.1.

In ADS Momentum, covergence was satisfied internally for each frequency domain

simulation, but the statistics of the calculations was not made available unless the

program detected an issue. The accuracy of each simulation was checked by the user

by increasing the mesh density–increasing the number of cells per wavelength and

the number of cells in a width of a transmission line–and checking if the S-parameter

data changed with the number of cells. The minimum number of cells per wavelength

was 200, and the simulation frequency for meshing purposes was 20 GHz.

3.4.2 Transmission line resonators

An example of a simulated transmission line resonator, including two bias lines, can be

seen in Figure 3.8. The intended resonance frequency was 4 GHz, and the transmission
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Name Material εr tan δ σ [Siemens/m]
conductor 1 PEC - - -
conductor 2 PEC - - -
conductor 4 PEC - - -
conductor via 1 PEC - - -
conductor via 2 PEC - - -
Copper4K Cu - - 5.8e9
FreeSpace vacuum 1 - -
SiliconDioxide SiO2 3.9 4.5e-5 -
SiliconLossy Si 11.9 4e-4 -

Table 3.1: Substrate layer properties used in ADS Momentum simulations. The rela-
tive permittivity, εr, and loss tangent, tan δ, are unitless quantities, and the
conductivity. σ, has units of Siemens/m. PEC represents perfect electrical
conductor.

line lengths are meandered to fit the design on a 8 mm by 5 mm area.

Using the substrate stack in Figure 3.7(a), the simulation can be seen in Figure 3.9.

The estimated quality factor is about 22000. This estimate is found by fitting the

complex S-parameters to a Lorentzian model, described in Section 3.6.

3.4.3 LC resonators

Designs for the LC resonators start with selected capacitance and inductance values of

the LC loop and the appropriate number of turns and geometry that should result in a

resonance at the desired frequencies. This does not include environmental effects, such

as loss in the substrate, parasitic inductances and capacitances to nearby materials,

and the coupling strength to the coplanar waveguide. The inductance was chosen to

be 60 nH, and a passive circuit design guide in ADS was used to simulate and tune the

trace widths and spacings to ensure self-resonance occurs at a frequency higher than

that of the LC resonator. With the inductance chosen, the parallel plate capacitance

is chosen to be 15.5 fF. The resonance frequency, without accounting for parasitic
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Figure 3.8: An ADS Momentum layout of a transmission line resonator, including a
bias. The resonance is designed to occur at 4 GHz, and includes a shift
to lower frequency occurring due to the addition of the bias lines and LB
inductors. At the two ports, the expanded centre line for the CPW is to
match to 50 Ω at a size comparable to the connecting PCB.
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Figure 3.9: The full-wave resonant transmission peak shown from a simulation of a
biased superconducting coplanar resonator.
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Figure 3.10: ADS Momentum layout of an LC resonator is shown without the
impedance size matching at the two ports. The resonance is design
to occur at 5.2 GHz. The spiral inductor trace width is 4 µm, with a
10 µm gap between turns. The capacitor electrode is 13 µm in diameter.
The closest edge of the spiral inductor is 43 µm from the nearest edge
of the CPW signal line. The 50 Ω CPW centre line is 8 µm wide, with
two 5 µm gaps to the ground planes on either side.

reactances, is intended to be at 5.2 GHz.

ADS Momentum simulates thin stacks of layers that are drawn with two dimen-

sional geometries in the same general manner as integrated circuit designs or printed

circuit boards. Structures are drawn in a top-down view (Figure 3.7(b)), and stimu-

lus for the simulation is coupled in via ports that define the reference locations for S

parameter values. The design is contained in a 5 mm by 5 mm area.

3.4.4 Simulated estimates of electromechanical coupling

Simulations of the change in resonant peak locations as a function of capacitor elec-

trode spacing can allow an estimate of the coupling between the nanomechanics of
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Figure 3.11: ADS Momentum simulation results of S21 parameters (magnitude and
phase) from LC resonator designs. (a) and (c) are designs intended to
have an isolated LC loop. The plots of (b) and (d) are designs including
a bias. (a)LC24 (b)LC25b (c)LC25ml (d)LC30mlb

a vibrating membrane and the superconducting resonator cavity. To do this, only

the gap separation for the nanomechanical capacitor is allowed to vary, and all other

geometries remain constant. It should be noted that this is an overestimate of the

coupling as the entire top plate moves up and down, while a real plate will flex in the

manner of a drum.

For a transmission line resonator design, the magnitude and phase will shift as
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Figure 3.12: A plot of the S21 parameter of a TLR. As the gap between capacitor
plates is narrowed, the resonant peak of the cavity can be seen to move
to a lower frequency.

seen in Figure 3.12. Picking out the resonance frequencies and plotting them against

the capacitor gap separation provides the plot seen in Figure 3.13. The curve is a

fit of the data assuming that the resonant frequency (f = 1/(2π
√
LC)) changed as

is another capacitor (the moving membrane) was added in parallel. This shifts the

resonant frequency according to

f(x) =
1

2π
√
LC + LCm(x)

=
1

2π
√
LC + LB

x

. (3.18)

The LC term can be found by taking the tangent frequency value (for small Cm)

and using LC = 1/(2πf)2. The factor LB can be a free fitting parameter, with the
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Figure 3.13: The plot of resonant centre frequency against capacitor plate spacing
for a transmission line resonator shows a nonlinear relationship given
by Equation 3.18. The slope, dω/dx gives the instantaneous coupling
between the motion of the plate and the resonance of the cavity.

assumption that the mechanically varing capacitance is inversely proportional to the

plate separation (Cm(x) = B/x). For the fit in Figure 3.13, LC = 2.02×10−21 s2 and

LB = 6.145 × 10−21 s2m. If one assumes that the capacitance and inductance are

given by the formulations described by Göppl et al. [64], it may tempt to model Cm as

purely given by its area A and separation x, so Cm = ε0A/x. The simulated results

show shifts in resonance that are larger than expected for a simple parallel plate

geometry, though the trends in the shifts are appropriate for such a system. There is

a large amount of conducting material around the capacitor, including a ground plane

under the substrate, so the use of such a simple model appears inappropriate here.

This complicated geometry could mean the capacitance of the mechanical element

in this arrangement is larger, or the equivalent lumped inductance of the cavity is

smaller than that calculated by Göppl.
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(b) Result for the LC25ml design.

Figure 3.14: Similar to the tranmission line resonator, the LC resonators follow the
relation given by Equation 3.18 and show increasing shift as the capac-
itor spacing narrows. The tangent of the fit gives an estimate of the
electromechanical coupling between the mechanical motion of capacitor
electrode and the LC loop’s resonance frequency.

LC resonator designs were also simulated with a variable gap spacing for Cm. This

can be see in Figure 3.14 for the LC24 and LC25ml designs. As expected due to their

instrinsic lumped nature, the LC designs also follow Equation 3.18. From the curves,

estimates of the electromechanical coupling (dω/dx) can be made for both designs

should the static separation of the membrane and bottom electrode be known.

From the estimates made from analysis of the simulations, the LC resonators, in

general, have larger electromagnetic coupling strength. This is simply explained from

the transmission line resonator designs having a larger static capacitance, C0, such

that the total capacitance CT = C0 + Cm(x) will change less for some displacement

x than for the lumped LC resonators. This is the main factor in choosing to use LC

resonators in the final design iteration.
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3.5 Mechanical membrane simulations

Simulations were performed to find the motional eigenmodes of drum resonators made

with the process outlined in Chapter 4. This was done on graphene resonators us-

ing COMSOL Multiphysics with the MEMS module and experimental data [69] for

the anisotropic elasticity matrix discussed in section 2.1.3 for low layer numbers.

Due to the extreme aspect ratio differences between the in-plane dimensions and the

out-of-plane thicknesses, simulations are carried out in 2D rather than 3D to avoid

issues with fine mesh requirements along the thin dimension. All materials are free

to move, including the boundary of metal and membrane, so long as the clamped

boundary conditions along the edge of the metal are respected. The metal clamping

the membranes was 120 nm to 200 nm thick with the intention that a great disparity

of thicknesses between the deposited metal and membrane would lead to clear mo-

tional modes of graphene that are independent of the motion of the suspended Al

clamp. Of particular interest is the fundamental drum mode of the membrane and

these were calculated for assuming the motion was in the linear elastic regime, which

should be true for small displacements. A triangular mesh with a maximum element

size of 768 nm covered both the aluminum and graphene areas.

With the eigenmodes calculated, the mode shapes are plotted to show where

motion is found in the structure and at what frequencies the responses are expected.

The fundamental mode for the graphene, the fundamental drum mode, for 9, 50,

and 100 layers is plotted in Figure 3.15. For 9 layers of graphene, Fig 3.15(a1) and

(a2), the aluminum does not deflect down to the precision of the simulation. As the

graphene gets thicker and more massive, the stiffness of the membrane would approach

that of the aluminum and it would be expected for the fundamental mode to include



3.6. S-PARAMETERS OF MICROWAVE RESONATORS 69

more of the clamp in its motion. Fig 3.15(c1) and (c2) shows that at 100 layers this

has started to happen and the fundamental mode contains the displacement of both

materials to some degree (albeit small). This does not demonstrate that there is no

motion of clamping metal at 9 or fewer layers of graphene, but rather that there is

none to the precision of the simulation.

From the simulations, an estimate of the required microwave quality factor emerges.

The resolved sideband regime, where the sidebands at ω = ωc±ωm, for a signal drive

ωd = ωc, as an example, lie outside the linewidth of the microwave cavity (κ), re-

quires that ωm > κ. If the quality factor of the microwave resonator is taken to be

Q ≈ ωc/κ, this requires that ωm > ωc/Q also be true. For a microwave resonance at

5 GHz, a 1 MHz mechanical resonance frequency requires Q > 5000.

The mechanical simulations for the eigenmodes of the resonators all converged

well to their solutions. In each simulation, the results were considered acceptable if

the relative error between iterations was less than 1× 10−6.

3.6 S-parameters of microwave resonators

The frequency response of a resonance, as found in this work, is described well math-

ematically by a Lorentzian function. Some measurement techniques can look at both

the magnitude and phase of the Lorentzian response (such as a vector network ana-

lyzer), and yield complex values. Some measurements will be phase insensitive, such

as the power measurements from a spectrum analyzer. Describing the mathematical

nature of the functions and how they relate to the measurement and sample sys-

tems is important when trying to understand how the various physical parameters

are extracted from fits to complex or magnitude responses.
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Figure 3.15: Plots of the fundamental drum mode shape for a graphene resonator
held with suspended aluminum clamps. The amplitude of the mode
is arbitrary as only the proportional shape and frequency (in Hz) are
physically relevant in the eigenmode frequency solution. (a1) and (a2)
show 9 layers, (b1) and (b2) show 50 layers, and (c1) and (c2) show 100
layers of graphene. In the simulations, graphene forms a circular area
of radius 5 µm centred on the position of highest displacement. The
remainder of the material is aluminum. All materials are free to move
out of plane and the edges of the structure are clamped.
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A resonator will possess internal losses, and these can be expressed (in a simplified

form) as an internal quality factor, Qi. The coupling to the measurement apparatus

can be seen as coupling quality factor, Qc, which denotes the energy that is pulled

from the resonator during the measurement. Qc can be expressed by [70] Qc =

|Qc|e−iφ, with the phase factor φ accounting for the impedance mismatch between

the transmission line and the resonator. What is measured is a combination of these

two quality factors, expressed as the loaded quality factor

1

Q`

=
1

Qi

+ <
{

1

Qc

}
. (3.19)

This means that Q` is always less than Qi and <{Qc}. Studying these quality factors

can yield information on the internal losses.

A resonator consisting of a length of transmission line, with the S21 signal coupling

in and out at the ends of the cable, can have its complex frequency transmission

response shown to be [70]

S21(f) =

Q`

|Qc|e
iφ

1 + 2i (f/fr − 1)
(3.20)

≡ Ltrans, (3.21)

for a resonance frequency fr. The LC resonator design can be considered narrow

band passive notch filter. The functional form of the resonance then looks like

S21(f) = 1−
Q`

|Qc|e
iφ

1 + 2i (f/fr − 1)
(3.22)

≡ Lnotch. (3.23)



3.7. QUANTUM OPTOMECHANICAL SIMULATIONS 72

Including some environmental effects into the measurement, Equation 3.21 and

Equation 3.23 are modified with factors to become

S21 = Aeiα̃e−2πifτLtrans, (3.24)

for the transmission line resonator, and

S21 = Aeiα̃e−2πifτLnotch (3.25)

for the notch resonator case. The environmental effects accounted for here are the

loss (or gain) along the cables, A, a phase shift, α̃, and a signal delay term, τ , due

to the length of the cables to the sample. This last factor is wavelength (hence,

frequency) dependent and will distort the expected circular shape of the resonance

on the complex plane. Figure 3.16 shows examples of the effects this can have on a

complex plot of a resonance, where the curves with the frequency-dependent delay are

seen crossing over themselves. The LC resonators used in the final experiments can

be measured in a two port S21 measurement and careful fitting of the complex data

taked from a vector network analyzer can extract both Q` and Qi. The information

found from these measurements can be used to extract further information from power

spectral density plots from a spectrum analyzer.

3.7 Quantum optomechanical simulations

The use of classical computing to simulate the optomechanical problem–a mechanical

resonator coupled to a microwave cavity–was investigated to determine the feasibility

of such an approach for designs and predictions. In recent times, open source packages,
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Figure 3.16: Shown in (a) and (b) are examples of complex resonances plotted with
and without environmental effects such as signal delay. The circles will
close at ±∞, which occurs at the origin for the transmission line res-
onator (without translations), at one on the real axis for the LC (without
translations). The cross marks indicate the locations of the resonance
frequencies. Both plots are scaled by arbitrary gain such that the circles
do not have a unity radius.

such as QuTiP [71] for python allow ready access to computational formalisms for

the simulation of open quantum systems. Analytical forms for the displacement

spectral density of the optomechanical system, in linearized forms, are available (see

sections 2.3 to 2.4), so the simulations should bring some new insight unavailable

outside of numerical calculations.

Quantum harmonic oscillators are represented, in Fock space, with infinite dimen-

sions. For numerical analysis to be possible, the space must be truncated to some

reasonable upper bound. If a quantum harmonic oscillator has an occupation number

n, its dimension N must follow N > n to an amount to avoid truncation errors. If

the two quantum harmonic oscillators–with characteristic energy quantizations ~ωm

for the mechanical resonator and ~ωc for the microwave resonator–both start at the
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same temperature, T , the occupations can be estimated by the Bose-Einstein distri-

bution nx = [exp(~ωx/kBT ) − 1]−1, for x = m, c. For a mechanical oscillator with a

resonance frequency of 3 MHz, the occupation at 30 mK is nm ≈ 207 quanta, while

for a 5 GHz microwave resonator cavity it would be nc ≈ 0. For practical systems,

the cavity will be driven to a higher occupation, into the thousands of quanta [20] for

a strong microwave drive, which would be a more appropriate bound than the simple

Bose-Einstein estimate. The total Hilbert space of each resonator should be larger

than these figures and the electromechanical system will have a Hilbert space formed

from the tensor product of the two constituent oscillators. The computation quickly

becomes intractable without more elegant computational methods–two orthonormal

harmonic oscillators with dimensions N and M will form a space of dimension N×M .

While it may be of some use for work that dedicates more time to efficient com-

putation approaches to large open quantum systems, it was deemed unnecessary to

pursue computational solutions beyond small example systems presented here.

3.8 Microwave electromagnetic transmission through superconducting mem-

branes

If the thickness of a superconducting film is less than the penetration depth, what

effect does this have on the quality factor of an electromagnetic resonator made with

this film? In what manner are thin conductors and superconductors comparable or

different in microwave transmission? These questions arise when considering that

a single crystal layer of the two-dimensional material niobium diselenide can carry

a supercurrent [34, 35] while only being approximately 0.6 nm thick. This work

relies on a capacitor formed with two superconducting plates being able to store



3.8. MICROWAVE ELECTROMAGNETIC TRANSMISSION
THROUGH SUPERCONDUCTING MEMBRANES 75

electromagnetic energy at microwave frequencies. If a thin superconducting 2D crystal

is largely transparent at these frequencies, the microwave energy may be lost to

radiation or the structure may not store energy at all.

3.8.1 Results from the literature

Back in 1968, Ramey et al. [72] looked at this problem with thin normal metals and

semiconductors. They prepared thin films of varied thicknesses, d, and measured

conductivities, σ. From measurements of microwave power transmission, it was clear

there was a σd dependence on the percentage transmission. This suggests that higher

conductivity can offset the transmission losses due to the thinness of a film.

When a materials undergoes a phase change to the superconducting state, will the

sudden change in the nature of electrical conduction be reflected in the transmission

data? This situation was investigated by Rugheimer et al. in 1966 [73]. Their results

show that there is a sharp change in the reflection and transmission of microwaves at

the transition temperature, with higher frequencies having a slower change as a ratio

of T/Tc. An example of the transmission and reflection ratios (Figure 3.17, taken at

23.835 GHz, shows that the transmission through even a 2.8 nm superconducting film

quickly approaches zero for low T/Tc ratios.

Since the superconducting properties vary from material to material, it was deemed

prudent to investigate a theoretical prediction that used the properties of NbSe2 to

predict the transmission about the frequency range (4-6 GHz) to be used in sub-

sequent experiments. Such an approach was taken in Ref. [74], where microwave

radiation in a rectangular waveguide (one mode, TE10) is considered to impinge on

a thin superconductor (of thickness d and conductivity σ) on a dielectric substrate.
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Figure 3.17: The ratios RS/RN and TS/TN , the reflected and transmitted powers
through 2.8 nm of tin. The compares the values in the normal state
(subscript N) to the superconducting state (subscript S). Plot repro-
duced from [72].

The transmission from vacuum through the superconductor is given by

T =
2

Zg

Zs/i
+ 1 + σdZg

, (3.26)

with Zg being the impedance of vacuum in the waveguide, and Zg is the wave

impedance of the substrate, seen at the interface. It should be noted that this trans-

mission is defined by the ratio of electric fields, and experimental data would more

likely be measuring transmitted power which is related to T ×T ∗. If the substrate is

substituted with vacuum (Zg = Zs/i), to be more like a suspended superconducting

membrane, the transmission can be represented as

T =
2

2 + σdZg
. (3.27)
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The wave impedance at frequency, f , is altered from the impedance of free space, η,

as Zg = η/
√

1− (fc/f)2. fc is the cut off frequency for the mode along length a of the

waveguide, or, fc = 1/2a
√
µ0ε0. In Equation 3.27, the factor of σd is seen determining

the transmission through the film. What is needed, before being able to predict

transmission, is a suitable model for the complex conductivity of superconducting

NbSe2.

3.8.2 Complex conductivity of a thin superconducting film

The phenomenon of superconductivity has a complex, and in some cases not fully-

understood, microscopic mechanism that yields a macroscopic coherent superfluid of

paired electrons (Cooper pairs). Since we are interested in predictions of devices fail-

ing, it is suitable to use models for the conductivity that, while phenomenological, give

good fits to experimental results. Two such models are the two-fluid model and modi-

fied two-fluid model of superconductivity [75]. To physically represent the condensing

of electrons into superfluid Cooper pairs, it is assumed that the material contains two

interrelated conducting fluids; one fluid consists of normal electrons, and another of

Cooper pairs. Both models assume that the conductivity of a superconductor takes

the form of

σ = σ1 − iσ2. (3.28)

In the two-fluid model, the conductivity, just before condensing into a superconductor

at temperature Tc, starts out entirely real and equal to the normal conductivity at

this point, σn. If we include the imaginary component of the conductance, and the
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temperature and frequency dependence, Equation 3.28 becomes

σ =

(
T

Tc

)4

σn − i
1

µ0ωλ2L(T )
. (3.29)

The London penetration depth of the material, λL(T ), has a temperature dependence

given by λL(T ) = λL(0)/
√

1− (T/Tc)4. Physically, this can be interpreted as the

number of normal electrons in the system decreasing with lower T , following a (T/Tc)
4

dependence, while conduction due to the superfluid effectively increases as 1−(T/Tc)
4.

The modified two-fluid model makes use of Mattis-Bardeen theory (utilizing BCS

theory of superconductivity) which is intended to explain the anomalous skin effect

seen in conductors and superconductors at very high frequencies and extremely low

temperatures. The high temperature effects manifest near to photon energies nearing

the superconducting energy gap. The low temperature effects, however, may be

present and account for lower than expected surface resistance of superconductors

at these temperatures. The modification to the real conduction of a superconductor

takes the form

σ1 = σn
2∆(T )

kBT
exp−∆(T )

kBT
ln ∆(T )/~ω1

(
a

1 + (ω/ω0)b
+ c

)
. (3.30)

2∆(T ) is the temperature dependent energy gap for the superconductor, and is ap-

proximately related to the zero temperature value, ∆0, by

∆(T ) ≈ ∆0

(
cos
[π

2
T/Tc

]2)1/2

. (3.31)

The frequency ω1 is a model dependent parameter equal to 1 rad/s, and a, b, c, and ω0
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Figure 3.18: Transmission through 1 layer of NbSe2 crystal, with T/Tc = 0.06.

are material specific phenomenological values. Since these parameters are required to

use this model with NbSe2 and were not found, the simple two-fluid model is used in

the transmission and surface impedance calculations in this work. This should mean

that any predictions based on the complex conductivity of NbSe2 should overestimate

the resistive losses.

Using λL(0) = 140 nm [76] and σn = 200/(1.2× 10−9) S/m [40], the transmission

can be calculated using Equation 3.27. A conservative estimate of the critical transi-

tion temperature was taken as Tc = 5 K, though it is likely to be closer to the bulk
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Figure 3.19: Transmission through 10 layers of NbSe2 crystal, with T/Tc = 0.06.

value of 7.2 K [35]. The system temperature is, again with conservative estimation,

taken to be T = 300 mK, roughly an order of magnitude higher than the intended 30

mK for microwave experiments. The transmission through the membrane is plotted

in Figure 3.18 for 1 crystal layer of NbSe2 (0.6 nm) and in Figure 3.19 for 10 layers

(6 nm). In HFSS simulations, it was shown that the low transmission was due to

microwaves reflecting off of the superconductor. The results of one simulation, a plot

of the magnitude of the electric field travelling from one port to another, can be seen

in Figure 3.20.
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Port 2Port 1

NbSe2

Figure 3.20: The magnitude of the electric field (at 5 GHz) impinging on a 10 layer
NbSe2 membrane from Port 1. A negligible field (S21 ≈ −64 dB) arrives
at Port 2, and a large reflection (S11 ≈ 0 dB) returning to Port 1. The
bottom plane (indicated by the solid blue rectangle) was a symmetry
plane used to lower computational load.

3.8.3 Surface impedance of a superconductor

It is possible to use the surface impedance of a superconductor to simulate device

performance using electromagnetic simulations, such as with the commercial package

Ansys HFSS. This approximates the EM field response by replacing three-dimensional

objects with two-dimensional surfaces, lowering the fine meshing requirements that

would be required in the penetration depth [77]. Taking the complex conductivity

from Equation 3.28, using whichever conductivity model is deemed applicable, the

surface impedance of a semi-infinite superconducting slab, at angular frequency ω, is

given by [75]

Zs = Rs + iXs =

(
iωµ0

σ

)1/2

. (3.32)
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If the superconductor is a thin film or membrane of thickness d, which can be less

than the London penetration depth, the surface impedance is expressed as [78]

Zs,film = Zs coth
(√

iωµ0σ · d
)
. (3.33)

This can be calculated for a given temperature, over a range of frequencies, and input

as the surface impedance of geometry intended to represent the superconducting

material in the electromagnetic simulation.

3.8.4 Implications for microwave experiments with membranes

The conclusions drawn from this analysis of microwave transmission through 2D mate-

rials shows that graphene–and any other normal conducting material–could be highly

transparent in addition to the expected resistive losses. While the losses might be

manageable (evidenced by graphene microwave experiments in the literature), the

much lower transmission through superconducting membranes makes them superior

materials in the lower microwave range. The transmission through the materials may

not be negligible, but it does not dominate over other loss mechanisms.
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Chapter 4

Device Manufacturing

Fabricating microelectromechanical systems (MEMS) using two-dimensional (2D)

crystal materials can be a difficult manufacturing challenge. The flexible membrane

must be supported during processing, but this support must be removed to allow the

suspension, all while keeping incompatible chemicals and processes away from the

fragile membrane. Suspended structures using 2D materials and local electrodes have

been made by placing the membrane last over a surface with the electrode lowered

by the intended gap distance [18, 17]. Using a resist as a sacrificial layer has been

done with standard MEMS devices and has been adapted here to allow a solvent-

based release, which makes the process highly compatible with a variety of materials,

like reactive metals and transition metal dichalgogenides (TMDs) like NbSe2. The

fabrication procedure for the LC resonator devices is outlined below, starting with

the bare silicon wafer. The process includes photolithography and metal lift-off for

the large area metal structures; the procedures for creating, locating, and placing

thin membranes over resist-covered electrodes; and, clamping and suspending these

membranes in place using electron-beam lithography and metal lift-off.

It is desirable to obtain a quick, non-destructive method of characterizing the
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thickness and suspended height of the membranes. In this chapter we introduce a

generalization of the commonly used technique of examining thin layers on a known

thickness of SiO2 over silicon. Here a colour camera takes photographs (reflection-

mode) of samples illuminated by a white light source. These images are compared

with theoretical predictions based on Fresnel equations describing the optical inter-

ference of light passing through the layers. This method avoids more complex optical

measurements since simple microscope images can be used to acquire this information

provided careful balancing of sample image colours and knowledge of the complex re-

fractive indices of materials is known over the visible spectrum. Narrowband optical

measurements [25] allows one to distinguish the number of crystal layers and this

technique was extended here to use white-light illuminating thin film samples to pro-

vide similar information. The periodicity of this interference method requires that the

thicknesses in the stack of materials can be reasonably estimated from manufacturing

control parameters and the colour of the optical images. This process is extended to

allowed for the variation in gap thickness–the distance between the 2D crystal and

an electrode metal layer underneath–to estimate the amount of out-of-plane height

variation due to sagging or rippling in thin membranes.

The work on the device manufacturing method and optical interferometric colour

analysis process were the subject of a recent peer-reviewed publication [24].
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4.1 Lithographic fabrication procedures

These procedures were taken to fabricate high-quality factor LC resonators that cou-

ple to coplanar waveguide circuits for off-chip read out. Mechanically-compliant ca-

pacitor electrodes made from 2D crystal materials are integrated into these LC res-

onators, forming the electromechanical system. The fabricated devices were based off

of designs outlined in chapter 3.

4.1.1 Photolithography of large metal structures

The process starts with a 4 inch high resistivity (> 10 kΩ·cm at room temperature)

silicon wafer with 300 nm of thermal oxide layer covering the surface. This type

of float zone wafer is chosen since charge carriers will freeze out at the cryogenic

temperatures used in the final experiments, leaving an insulating substrate. If the

wafer is not fresh from the wafer tray, it is processed, after a solvent dip in acetone

or N-Methyl-2-pyrrolidone (NMP), with an standard RCA-1 clean, which is a 5:1:1

mixture of deionized water, ammonium hydroxide, and hydrogen peroxide. The solu-

tion is heated to 75 ◦C and left to react for at least 10 minutes. The wafer is placed

in deionized water for 5 minutes, then another bath of deionized water for 5 more

minutes. The wafer is removed from water and blown dry with N2.

Once clean wafers are available, the following process is used:

1. drive moisture from wafer by baking it for 30 minutes at 200 ◦C, then allow it

to cool to room temperature

2. spin coat the wafer with Polymethylglutarimide (PMGI) [Microresist SF4 mix-

ture], 4500 RPM for 45 seconds
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3. bake wafer for 5 minutes at 190 ◦C, allow it to cool to room temperature

4. spin coat Shipley S1813 resist at 5000 RPM for 45 seconds

5. bake wafer for 60 seconds at 115 ◦C, then allow it to cool to room temperature

6. set the Neutronix-Quintel NxQ4006 mask aligner is set to output 13 mW/cm2

for 4.6 seconds (roughly 60 mJ/cm2 of energy deposited)

7. use mask aligner to contact wafer with photomask and expose the resist to the

UV light

8. develop the wafer in MF319 developer for 75 seconds, stop the development

in deionized water and inspect pattern with high magnification optical micro-

scope 1

9. residue removed by an oxygen plasma clean (Plasmatic Systems Plasma-Preen)

for 40 seconds at 100 W of microwave power (0 percent on the power dial)

10. evaporate 100 nm of aluminum on the wafer

11. submerge wafer in NMP solvent heated to 66 ◦C, using a pipette to agitate loose

metal from the wafer2

12. clean wafer of NMP with acetone then deionized water baths, blow dry with N2

13. inspect the wafer with a high magnification optical microscope, determine if

more lift-off agitation is needed and if patterned metal dimensions correspond

well with the intended design

1This development time was found by developing for 45 seconds, stopping to inspect, then re-
peating development (additional 5 seconds) and inspection until pattern looked appropriate.

2Small bursts (5 s) of ultrasonic power can be used to remove small metal bits that do not lift
off naturally in the resist stripping solvent.
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Two wafers with the Al LC resonator patterns were created and sent3 to the

University of Alberta Nanofab facility to be diced a diamond saw. This provides

many samples for use in subsequent fabrication steps. The samples are now ready for

a trilayer resist process to form the electromechanical element and air bridges over

the spiral inductor.

4.1.2 Trilayer lithography for membrane clamping

PMGI, typically exposed with standard electron beam doses used with polymethyl

methacrylate (PMMA) resists, can be developed quickly in many basic developers.

(AZ developer, was used in this work.) In this regime, PMMA and PMGI can be

developed independently as PMMA develops in solvent developer methyl isobutyl

ketone (MIBK). Cui et al. [79] noted in their work that it is possible to develop

PMGI in MIBK solvent developer if you expose the resist with a large electron dose

(> 1000 µC/cm2). This allowed the development of a trilayer resist process to suspend

membrane materials above local metal gates/capacitor electrodes. The process can

either use this high dose treatment to use one developer, or a standard dose and use

two developers. Both branching development paths were used and are outlined in

the following steps. A visual process flow diagram can be seen in Figure 4.1. The

stamping process is detailed further in Section 4.1.3 to provide clarity.

The process begins with a diced chip with LC resonator and coplanar waveguide

structures. The wafers are coated in resist that needs to be removed, but the Al

makes the RCA-1 clean unusable. Processed chips are dipped in 66 ◦C NMP solvent

and agitated with ultrasonic energy, then rinsed in deionized water and baked at

3The wafer is first coated in 1 µm thick polymethyl methacrylate resist to protect the patterned
metal from the violent dicing process.
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Figure 4.1: The lithographic process to fabricate the suspended membrane structures
starts with (a) a metallic structure on a substrate that is then (b) coated
in PMGI. There are two variants to proceed. The first has the device pat-
terned with e-beam lithography (c1) to open clamp windows to the metal.
A 2D crystal membrane is placed over the resist-covered electrode (d1)
and the chip is spin coated with (e1) two molecular weights of PMMA.
This allows e-beam lithography to define clamping areas (f) for metal
evaporation and lift off (g). The membrane is left freely suspended above
the electrode by dissolving the PMGI in n-methyl-2-pyrrolidone and crit-
ical point drying (h). The second method has the membrane placed on
the PMGI on step (c2), and the sample coated in two molecular weights
of PMMA (d2). Step (e2) is a standard electron dose to pattern metal
clamping areas for the membrane, and a high dose to pattern both the
PMMA and PMGI following the process developed by Cui et al. [79].
Both processes are identical between steps (f)-(h).
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200 ◦C for 30 minutes. The sample is coated with nominally ∼100 nm of PMGI.

The lithography process is shown in Figure 4.1. The process has two variations,

depending on changing the solvent compatibility of polymethylglutarimide (PMGI)

resist based on electron beam dose as described above. In both processes, a sacrificial

layer (PMGI) coats the bottom layer of metal (Figure 4.1(b)).

The first method has the PMGI layer patterned with a standard dose (∼300

µC/cm2) and developed in AZ developer. This patterning opens via windows into

the bottom metal layer but leaves the electrode covered in resist (Figure 4.1(c1)).

It is at this point that the membrane is stamped onto the chip (Figure 4.1(d1)),

then a bilayer of polymethyl methacrylate (PMMA) is spin coated onto the sample

(Figure 4.1(e1)). The bilayer typically consists of 950k molecular weight over 495k

molecular weight PMMA that allows for an undercut profile and clean metal lift off

(Figure 4.1(f)-(g)).

The second method has the 2D crystal placed at step Figure 4.1(c2), then the

two layers of PMMA are spin coated on top (Figure 4.1(d2)). The PMMA can

be patterned with an electron beam dose of around ∼300 µC/cm2 (low dose) and

developed in a solution of methyl isobutyl ketone(MIBK)/isopropyl alcohol (IPA)

(1:3 ratio). At this dose, the PMGI will be unaffected and remain as a support for

the membrane. If the applied dose is increased to >1500 µC/cm2 (high dose), the

PMGI also becomes soluble in the MIBK/IPA mixture. This allows a low dose to

define metal clamping structures over the membrane, then a high dose can be used to

remove areas of developed PMGI where metal contacts are needed between top and

bottom metal layers (Figure 4.1(e2)). Steps Figure 4.1(f)-(g) are identical with the

first method.
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Figure 4.2: Cross-sectional schematic picture of a finished device and the character-
ization technique. The separation d is nominally set by the sacrificial
resist thickness. Light will transmit and reflect at the interfaces of the
different materials, causing interference which depends on the wavelength,
thicknesses and indices of refraction.

Removing the sacrificial PMGI layer under the membrane can be done in two ways.

In the first, all of the PMGI on the sample can be dissolved in n-methyl-2-pyrrolidone

(NMP). The samples are placed into a beaker, then the NMP can be slowly replaced

with acetone, which is then replaced with IPA. The second method makes use of

either an electron beam dose, or deep UV exposure of the PMGI resist under the

membrane. This will allow the membrane to be removed by submerging the sample

into a beaker of AZ developer, which is slowly replaced by deionized water, then IPA.

In both cases, the sample undergoes critical point drying in CO2. At the end of the

drying process, the sample should have a side profile that resembles Figure 4.2.

This method also allows for the formation of air bridge structures to connect

only where desired to the bottom metal layer. This can be seen in Figure 4.3 and

Figure 4.1(O2), where air bridges of aluminum help connect the inner portion of a

spiral inductor to the outer portion.

A more detailed process flow is as follows:

1. spin coat sample with Microresist PMGI SF3 at 4500 RPM for 45 seconds



4.1. LITHOGRAPHIC FABRICATION PROCEDURES 91

Figure 4.3: A spiral inductor with air bridges allowing a metal trace to pass over top.

Figure 4.4: A completed device, showing a spiral inductor coupled to a transmission
line (top). A NbSe2 membrane is placed over an electrode at the centre
and air bridges connect the inner electrode to the outer loop.
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2. bake sample on hot plate at 190 ◦C for 20 minutes

3. place sample in scanning electron microscope (SEM) chamber and align stage

to pattern markers on the chip

4. write areas in PMGI (∼250 µC/cm2) to allow second layer Al clamps to connect

with first layer Al (where appropriate)

5. develop sample in AZ developer (1:1 with deionized water) for 15 seconds

6. stop development in pure deionized water and blow sample dry with N2 gas

7. bake sample on hot plate at 200 ◦C for 20 minutes

8. place membrane onto the sample chip using the method outlined in the next

section

9. spin coat sample with Microresist PMMA A6 (495k molecular weight), 4000

RPM for 45 seconds

10. bake sample at 180 ◦C for 60 seconds

11. spin coat sample with Microresist PMMA A3 (950k molecular weight), 4000

RPM for 45 seconds

12. bake sample at 180 ◦C for 60 seconds

13. inspect sample with high magnification optical microscope to determing quality

and flatness of membrane over the electrode

14. create appropriate clamping pattern for membrane and LC circuit, perform

proximity effect correction using Raith NanoPECS software
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15. place sample in SEM and align pattern to stage for writing

16. write pattern with a dose of ∼265 µC/cm2

17. develop in MIBK:IPA 1:3 for 60 seconds, blow dry with N2 gas

18. inspect sample with high magnification optical microscope to determine if sam-

ple requires more developing

• if sample needs more development, do so in 5-10 second steps

19. place sample in electron beam evaporator and evaporate a coating of at least

120 nm of Al

20. submerge sample in xylene bath heated to 60 ◦C, removing all PMMA, using a

pipette to agitate loose metal from the wafer

21. clean sample of xylene with IPA bath, blow dry with N2

22. inspect the sample with a high magnification optical microscope, determine if

more lift-off agitation is needed and if patterned metal dimensions correspond

well with the intended design

23. place sample in vertical position in slotted teflon holder

24. submerge sample in NMP bath to remove PMGI layer and release supported

structures, leave for at least 24 hours

25. heat bath to 66 ◦C, leave for at least an hour then let cool to room temperature

26. remove most (at least 90%) of the NMP with a pipette, leaving sample still

submerged
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27. carefully fill bath with acetone, being mindful of not allowing bubbles to perturb

the sample

28. after the solution mixes, repeat, a minimum of 5 times, the removal of the liquid

and refill with acetone

29. remove most (at least 90%) of the acetone with a pipette, leaving sample still

submerged

30. carefully fill bath with isopropyl alcohol, being mindful of not allowing bubbles

to perturb the sample

31. after the solution mixes, repeat, a minimum of 5 times, the removal of the liquid

and refill with IPA

32. fill critical point dryer cylinder bath with IPA and transfer sample in teflon

holder to cylinder bath, keeping sample submerged in IPA

33. place cylinder in critical point dryer and dry sample with CO2 process

34. inspect sample with optical microscope and observe for evidence of membrane

suspension or collapse

If the membrane material is sensitive to O2, damage was minimized by performing

steps 9 to 12 in a nitrogen glove box. Ideally, the membrane would also be exfoliated

and stamped in a nitrogen glove box too, but this was not possible at the time of this

work.
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4.1.3 Membrane exfoliation and stamping

Samples are prepared using exfoliated membranes of graphene or 2H-NbSe2, thinned

by several rounds of cleavage between two pieces of Nitto tape (SPV224). The thinned

membranes are placed on polydimethylsiloxane (PDMS) sheets on a glass slide. A

high magnification microscope is used to locate even-coloured crystals that appear

thin and unfolded by optical contrast and have a suitable area for the electromechan-

ical design. The glass slide is held by a modified photomask holder to allow the use

of a mask aligner to position the flake accurately to micron precision. This transfer

method is adapted from the method reported by Castellanos-Gomez et al. [80].

The process starts by spin coating a lumped-element LC circuit, as created in

Section 4.1.1, with PMGI resist. The resist defines the distance between the mem-

brane and electrode underneath. For a nominally 100 nm separation of the membrane

from the underlying aluminum electrode the LC resonant frequency is predicted to

be 5 GHz. A circular electrode serves as the electrode underneath the membrane and

is the location over which the membrane is placed. Placement is achieved by using

the mask aligner to make contact with the chip then slowly withdrawing, causing the

PDMS to release the membrane.

4.2 Raman spectroscopy of graphene

Raman spectroscopy was performed on graphene membranes after samples had been

clamped in place with a top layer of aluminum. This analysis technique allows insight

into the quality of crystals as well as information on the number of layers forming

the stack. Graphene has characteristic peaks that can provide information on the

quality of the crystal and the number of layers present. The most examined are the
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Figure 4.5: A small crystal flake is placed flat onto adhesive tape (a). Another piece
of tape is brought down (b) to contact the flake from above (c) and thin
it (d) by repeatedly separating the tape strips. At least 7 thinning repe-
titions are completed as at this point flakes of low layer number thickness
start appearing. Areas of the tape that have a high chance of containing
large areas of thin membranes are brought into contact with a square of
PDMS (e)-(f) backed by a glass slide. The tape is removed quickly (f) to
increase the adhesion strength of the PDMS and retention of membranes
on its surface. A high magnification optical microscope is then used to
search for a good candidate membrane. Finding one, a photomask aligner
is used to hold the glass slide and align the membrane over a PMGI cov-
ered electrode (h). Using the mask aligner, contact is made between the
membrane and PMGI (i). The two are separated slowly such that the
PDMS releases the membrane onto the PMGI. An example of graphene
over a PMGI-covered electrode is seen in (k).
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Figure 4.6: Raman spectra taken from a graphene resonator device at two stages of
the manufacturing process. The red data points (which have a higher base
signal level) show a strong G and G’ peak signals. Since G > G’, this
sample is not monolayer. This data is taken just before the PMGI resist
is removed underneath the graphene. The blue data points, at lower base
signal level, were taken after the PMGI was removed and the graphene
suspended. No D band is shown in spectra, indicating low number of
defects.

G band peak at 1582 cm−1 and the G’ at about 2700 cm−1 [81]. If there is a large

amount of disorder in the crystal, another peak will appear at about 1350 cm−1 which

is typically denoted as the D band.

Figure 4.6 shows spectra taken before and after graphene membrane resonators

are suspended. All graphene samples measured in this manner show nearly indistin-

guishable peaks. The Raman data is taken in air at ambient temperatures with a

633 nm laser excitation. It is evident from the relative heights of the G and G’ peaks

(G>G’) that the samples are not monolayer. For monolayer graphene, the G’ peaks

is both greater than the G peak and more purely Lorentzian in shape. With multiple
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layers, the G’ peak can be thought of as composed of a convolution of wavenumber-

shifted Lorentzians, and the G’ peaks shown in figure 4.6 are typically though found

with membranes between 5 to 15 layers [81, 82].

The Raman spectra show that high quality graphene is used in the exfoliated and

that the manufacturing does not unintentionally add a noticeable number of defects

to the crystal. NbSe2 samples (stored in a nitrogen glove box) were not measured

with Raman spectroscopy as they are due to be used in subsequent experiments and

exposure to air while scanning the material may cause irreversible damage [39, 40].

4.3 Interferometric colour analysis

The colour of the membrane, as seen from top down on the sample, is a function of the

optical and geometric properties of the MEMS structure. If the complex refractive

indices (given by ñ(ω)) and the gap thickness, d, are known, it can allow a quick and

non-contact means to determine the number of membrane layers. If the membrane

has some curvature indicating a change in the gap distance, which typically occurs

with low layer numbers, this can also be estimated by colour variations. Figure 4.2

shows how light rays can traverse through the stack and interfere.

Considering top-down illumination on the stack of materials seen in Figure 4.2

and using the Fresnel equations on the layers, it is possible to calculate the total

transmission and reflection. At the interface between air n0 = 1 and the membrane

with complex refractive index ñ1(ω) = n1(ω) + iκ1(ω), a portion of the light will be

reflected and a portion transmitted, given by the Fresnel equations [83]

r0,1 =
n0 − n1

n0 + n1

, t0,1 = 1− r0,1, (4.1)
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for normal incidence. This partial reflection and transmission occurs at the other

surface of the membrane, as well as at the bottom aluminum electrode.

The transfer matrix method [84, 85] can be used to determine the total reflection

r and transmission t from the device. A wave traveling forward toward the substrate

at normal incidence in a material of thickness di with refractive index ñi, has a

wavevector given by kz,i = 2πñi

λ0
. The total reflection (r) and transmission (t) from

the stack can be related by 1

r

 = M̃

t
0

 , (4.2)

with M̃ given by

M̃ =

 1 r0,1

r0,1 1

M1M2 · · ·MN−1. (4.3)

For each of the N layers of the stack, we have the Mi matrix

Mi =

e−idikz,i 0

0 0


 1 ri,i+1

ri,i+1 1

 1

di,i+1

. (4.4)

In this, kz, is the ẑ-component of ~kf,i. Calculating the total transmission and reflec-

tion through a layer of materials requires knowledge of the complex refractive indices

and thicknesses of the materials. Over the visible range, the complex refractive indices

of aluminum [86], graphene [25], and NbSe2 [87] have been well characterized.

The changing contrast for different layers over a Si/SiO2 substrate has been used

since the discovery of graphene[15, 25]. Measuring the reflectivity at multiple wave-

lengths would allow for both the membrane thickness and air gap to be determined.

This varying reflectivity manifests as different colours when observed with white light
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Figure 4.7: Simulation of colour, as viewed from above, of a graphene/air/aluminum
stack (a) and NbSe2/air/aluminum stack (b). The colour is a function of
both the number of crystal layers and gap distance, d.

and either by eye or with a colour camera. We use a simulation program written in

Python based on the tmm [85] package to calculate reflectances over the optical spec-

trum. The Python package ColorPy [88] allows us to simulate the apparent colour

of the stack, and to compare both qualitatively and quantitatively to the fabricated

devices.

A stack consists of a semi-infinite air layer above the membrane, then a air-filled

gap, then a semi-infinite aluminum layer. Figure 4.7(a) and 4.7(b) are plots showing

the expected colours as the gap d and number of layers m are changed. There are

periodic changes in expected colour as the gap distance are changed. However the

periodicity isn’t perfect as the thickness or gap are changed, and distinctions can be
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made due to a change in the lightness of the colour. At larger m (not shown in plots),

the colour variations cease as the material reaches the colour of the bulk material.

The number of layers and gap is estimated from the colours when compared to

digital microscope images of devices. We use the International Commission on Illumi-

nation’s (CIE) D65 illuminant in the simulation. This is a white daylight illuminant

that we compare with images taken with a Carl Zeiss Axio Imager A1m. Care is

taken to colour balance the microscope camera against an unfocused image on white

paper. In order to compare colours, the CIE colour difference function (CIEDE2000

implementation [89]) is used, typically noted as ∆E. For ∆E, the 24 bit (RGB) pixel

values are converted from this colour space to one based on lightness (L), red-green

opponent colours (a) and blue-yellow opponent colours (b), called the Lab colour

space, which is required for ∆E comparisons.

Small sections of optical membrane photos are taken to find the average and

standard deviation of the RGB colour values. Minimization of ∆E as a function

of m and d is done through an optimization routine where the derivative or second

derivative need not be specified. In this work, the Nelder-Mead method is used to

minimize, and does not require the calculation of derivatives [90]. Because the colour

is non-monotonic, the minimization requires reasonable initial starting points for d

and m so as not to converge on spurious points with similar colour. We use the

known thicknesses of the spin-coated resist and the evaporated metals to have good

estimates of d to start, and the transparency of the membrane gives a good starting

point for m. Uncertainties in the fit values were determined statistically using the

standard deviations of the measured colour as weights.

Breaking up an optical image into a series of smaller rectangular images, we fit to



4.3. INTERFEROMETRIC COLOUR ANALYSIS 102

(a)

(e)

(b)

(f)

(c)

(g)

(d)

(h)

Figure 4.8: Optical images of manufactured graphene devices (a,e) compared with
atomic force microscopy (AFM) scans (b,f). Cross section plots of the
number of membrane layers and gap distance are calculated using the
colour comparison technique. Figure (c) and (g) plot the estimated gap
separation against the measured AFM profile of the same graphene device
(along the red arrow). The red rectangles in the circular membranes
indicate the area, along the greater rectangle length, used in the cross
sectional plots [with (c,d) corresponding to the cross section of (a), and
(g,h) corresponding to the cross section of (e)]. The plots (d) and (h)
show estimates of the number of membrane layers. Black scale bars in
the optical images indicate a distance of 5 µm.

find of the number of membrane layers and the gap distance simultaneously across

the suspended area. The optical colour measurement of gap and number of layers is

performed along the diameter of the circle in the image (red rectangles in Figure 4.8

and Figure 4.9) which gives a line cut of gap separation. The number of layers for

the graphene membranes is also estimated and plotted in Figure 4.8(d) and (h). The

device in Figure 4.8(a) has some steps in the number of layers over the suspended

area, with a variation in height of 35 nm across the diameter. The other graphene
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sample, device Figure 4.8(e) appears to be a constant 9.0±0.4 membrane layers thick,

with a noticeable 60 nm sag over the circle.

Comparing the colours of the membranes in optical photos with the simulation

results in figure 4.7(a) and 4.7(b), it is possible to extract estimates for the number

of crystal layers and the gap separation. Figure. 4.8 shows some examples of devices

made from graphene as well as fitted estimates of the number of layers and gap

separation between the membrane and aluminum electrode underneath. A line cut

profile of the gap separation is compared with scans performed with an atomic force

microscope (AFM). The scans of the surface were taken with a Asylum Research

MFP-3D Origin+ AFM operating in the attractive regime of tapping mode operation

while using Al-coated Si tips with a spring constant of 2 N/m. The height recorded

by AFM scan of the surface should equal d + dm, and corresponds closely optically-

determined to the gap separation d, as seen in figures 4.8(c) and 4.8(g) which compare

the line scans to the estimated colour gap fits along the diameter of the graphene.

These show that the colour comparison routine to extract gap distances, while not

agreeing to the extent of the largest displacements in the AFM scans, follow the same

displacement trends along the membranes. Since colour fitting is performed on the

average of an area, this may explain the lack of absolute agreement with the AFM

scans. It is also unknown if the cantilever force on the graphene caused some static

displacement. Due to the change in topography and roughness of the Al clamping

layer, this method was unable to determine the number of graphene layers in the

devices. The NbSe2 samples were not scanned by the AFM as they are due to used in

a subsequent experiment and there is worry about their exposure to air may damage

the material.
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Figure 4.9: Optical images of manufactured NbSe2 devices and cross section plots of
the number of membrane layers and gap distance. The red rectangles
in the circular membranes indicate the areas used in the cross sectional
plots [with (b) corresponding to the cross section of (a), and (d) the cross
section of (c)]. The plots show estimates of the number of membrane
layers and the gap thickness at positions along the greater length of the
red rectangles. Black scale bars in the optical images indicate a distance
of 5 µm. No AFM images were taken of the NbSe2 membranes to avoid
air or tip-induced damage.

4.4 Vibrometery of MEMS devices

To show that removing the sacrificial PMGI leaves behind suspended structures,

magnitude displacement measurements were made with a laser doppler vibrometer

(Polytec MSA-500-M2-20-D). Substrates are mounted onto thin piezoelectric sheets

(Piezo Systems PSI-5A4E, 0.127 mm thick, lead ziconate titanate [PZT] material)

to drive the suspended devices. This vibrometer uses the electromechanical element

being measured as the position-varying mirror in an interferometer measurement. If

a reference interferometer measurement is made on the nearby substrate, the motion

of the electromechanical device can be resolved down to the picometre scale. Both

laser spots can be seen reflecting off the optical image in Figure 4.10. The vibrations

are induced by sweeping the frequency of an electrical signal driven across the two

metal electrodes encasing the PZT. The PZT will vibrate, and some of this vibrational
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Figure 4.10: The vibrometer measures the vibrations on the surface of a chip by
using the electromechanical element along one path of an interferometer
measurement. A laser is focused and reflected off of the substrate surface,
with a nominally 1 µm spot size. The schematic cartoon shows the circuit
for the piezoelectric sheet,with the substrate affixed to one face, driven
by a signal source. The microscope image shows the laser reflecting on
the electrode, as well as a reference beam to measure the background
vibrations.

energy propagates through the affixed substrate to the suspended mechanical element

on its opposing surface. This is illustrated in the schematic in Figure 4.10.

Samples made entirely from 100 nm thick aluminum show clear resonances below

10 MHz, seen in Figure 4.11. The system uses a reflected laser signal to measure

displacement (via interferometry) at points along the devices and another laser near

the area scan acting as a background reference. An image of the most responsive peak

(Figure 4.11) at 7.5109 MHz shows a mode shape reminiscent of the fundamental drum

mode (Figure 4.12). The mode at ∼6 MHz is not a typical drum mode, but rather

reminiscent of a cantilever mode where the longer of the two suspended edges of the

aluminum vibrates freely.

Due to the low reflectivity of the laser off of the graphene and NbSe2, the vi-

brometry measurements did not work with the devices tested. This is a limitation

of the commercial vibrometer used in this work. With careful selection of membrane
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Figure 4.11: Vibrometer scan of an aluminum membrane, performed in air at room
temperature, showing several modes. The highest peak has a quality
factor of about Q ∼ 60. The peak around 6 MHz is a non-drum mode
that includes more of the clamping structure, similar to a cantilever
mode.

to under-electrode gap distance and laser wavelength, the membrane and electrode

can form a Fabry-Pérot cavity that can be used with a sensitive fast photodiode to

perform a single-path interferometric measurement as the reflectivity is dependent on

gap distance. No thoroughly designed optical set up was available for this type of

measurement, but the idea of Fabry-Pérot cavities inspired a look at the colour dif-

ferences as a means of determining the number of membrane layers and the structure

of the cavity.
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Figure 4.12: The displacement field of the mode indicated by the largest peak in
Figure 4.11. (a) and (b) are two phases of the same mode (with resonance
frequency of 7.5109 MHz), showing a pattern indicative of a fundamental
drum mode.



108

Chapter 5

Cryogenic apparatus and measurements

The devices described in previous chapters rely on cryogenic temperatures for their

intended operation. For microwave resonators to work as designed, they must be

cooled to well below the critical transition temperature, Tc, of the metal–1.2 K for

bulk aluminum. This can be achieved through cryogenic systems based on helium-

3 cycles and helium dilution refrigeration. Even cooler temperatures are typically

required for these system to display distinctly quantum mechanical phenomena.

Not all of the experiments were completed at the time of submission of this thesis.

This chapter presents a description of the cryogenic experiments completed, the ap-

paratus and assembly for all systems, proposed measurement procedures for dilution

refrigerator investigations, and expected results that draw on described simulations

and preliminary devices characterization.

5.1 LC resonator preliminary tests at 300 mK

The losses of superconducting aluminum resonators, as seen in section 3.8.2, are

minimized at a small T/Tc ratios, where the great majority of electrons have formed

Cooper pairs. Preliminary tests of LC resonators were performed in a helium-3
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refrigerator capable of cooling to about 300 mK. There were no electromechanical

elements in the devices used in this test. The measurement is comparatively simple,

as it is just a measure of the direct frequency response of the cavity to vector network

analyzer (VNA) stimulus.

The experiment setup is seen in Figure 5.1. The stainless steel semi-rigid coaxial

cables are fed into the vacuum space from room temperature and are thermalized by

a cold plate at 4.2 K. All cables in the cryostat are stainless steel (inner and outer

conductors) to minimize thermal conductance between temperature stages, which

means that the signal will naturally have a higher frequency-dependent loss than

copper or superconducting niobium cables. Attenuators are placed at the input, at

4.2 K, to attenuate noise power from higher temperatures that propagates to the

sample. Cables are also thermally anchored to each temperature stage by these

attenuators, while DC blocks break the centre signal line at 1 K to prevent a poorly

thermalized inner conductor from conducting too much heat to the 300 mK stage.

The VNA uses a source power of -15 dBm, plus 20 dB of additional broadband

attenuation. Sweeps are made using a Labview program that performs a series of

scans, with a 10 MHz window, from 1 GHz to 6 GHz. The scan range is selected

such that the frequency step—consisting of 1601 data points, or a ∼6.2 kHz step per

point—is smaller than the minimum expected cavity linewidth of the devices being

measured (>100 kHz). One such scan can be seen in Figure 5.2, where the narrow

dip can be seen in at 4.76 GHz.

The simulations, using perfect conductor on lossy substrates, estimated Q` ≈

15000, but the fit in Figure 5.3 estimatesQ` = 340±3. The data deviate from the fit as

it appears the ripples seen in Figure 5.2 may be adding to and skewing the Lorentzian
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Figure 5.1: The experimental setup for measuring LC resonators consists of a vector
network analyzer (VNA) and cables that connect from room temperature
(300 K) to base temperature (300 mK). The VNA sweeps in frequency,
from port 1, at a power of -35 dBm, at records the resultant response at
both ports, presented as s-parameters. To decrease noise from thermal
sources at higher temperatures, leads to 300 mK are connected to cold
attenuators at 4.2 K and DC blocks (to break the centre conductor) at
1 K. It is difficult to calibrate for the long cables to the measurement
since any room temperature corrections would be inappropriate at base
temperature.

response. The measurement of a broader linewidth is more susceptible to impedance

mismatch or other effects which lead to rippling in the scattering parameters. The

high cavity loss is attributed excess normal electrons at this temperature, as the

fraction of normal electrons T/Tc = 0.3/1.2 = 0.25 can yield appreciable loss in the

two-fluid model (see equation. 3.30). From the two-fluid model, the real impedance of

a 100 nm thick aluminum film will change by <[Z(30mK)]/<[Z(300mK)] ≈ 1× 10−4

at a frequency of 5 GHz.

This loss manifests itself in both the internal (Qi) and coupling (Qc) quality

factors, but it is the coupling which is the dominant factor, with Q−1` = Q−1i + Q−1c ,

(where Qc = 375 ± 2 and Qi = 3615 ± 210). These results suggests that colder

temperatures are needed to lower electrical losses, perhaps with more care in tuning
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Figure 5.2: The S21 magnitude plot of the LC resonator response shows a sharp dip
at 4.76 GHz. This devices was designed to resonate at 4.5 GHz, with the
bulk of the discrepancy from an simulation substrate that neglected the
300 nm SiO2 on top of the Si wafer. Oscillations are evident along the
spectrum.

the coupling to the coplanar waveguide. With lower temperatures, the internal losses

should lessen, and the coupling will change to more closely correspond to the simulated

value. A narrower linewidth will also lessen the impact of resonances and rippling

effects along the input and output cables. The stronger coupling to the CPW can

be explained by investigating the design, seen in Figure 5.4, and noting that the LC

resonator runs close to the signal trace and no ground plane runs between the two.

In subsequent designs, the coupling is reduced by moving the resonator further away

from the centre line, and including a narrow section of ground plane.

An example transmission line resonator was also fabricated and tested. As with

the LC resonators tested at this temperature, losses diminished the performance from

the simulated response. The losses were far larger, with a Q ≈ 20000 in simulations,
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Figure 5.3: Circle fit of the LC resonator tested in the 300 mK refrigerator. The
S-parameters are unitless as they represent voltage ratios with the stim-
ulating signal.

compared with the fundamental mode Q ≈ 60. Manufacturing errors were also at

fault with this result. It was determined that the impedance along the resonator

varied due to changes in the gap between the centre line and ground planes. The

deviation from 50 Ω was as high as ∼2 Ω, and was a fault on the photomask. The

transmission line resonator device, transmitting more strongly only on resonance, has

a very low S21 (Figure 5.5) at 300 mK. The low loaded Q of the cavity means that

even on resonance, the transmission is small.
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Figure 5.4: An optical image of a first generation design of an aluminum LC res-
onator. This design was used in the 300 mK measurements, and featured
stronger coupling due to the spiral inductor running close to the coplanar
waveguide, unshielded by any ground plane. Here, an interdigital capaci-
tor is connected to a spiral inductor, and the loop is completed with a Al
wirebond.

5.2 Design and fabrication of a cryogenic microwave amplifier

Since the sideband signals may be below the noise floor of the spectrum analyzer that

will be used to take measurements, a low noise amplifier (LNA) held at a temperature

of 4.2 K was designed to increase the signal power delivered from an LC cavity.

Typical commercial LNAs are not designed to operate at cryogenic temperatures, even

down to 77 K, so care must be taken to choose components that will retain acceptable

performance at low temperatures. Many surface mount (SMT) resistors, capacitors,

or inductors will change greatly in value with a few hundred degree temperature

change, perhaps shorting or becoming insulating.

Transistors, particularly those based on silicon technologies, can often have their
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Figure 5.5: The S21 magnitude plot of the transmission resonator response shows
a two weak resonances at approximately 1.8 GHz and 3.6 GHz. The
design for the fundamental resonance was 1.75 GHZ. The weakness of
the resonance is attributed to loss due to relatively high T/Tc at 300 mK
and a fault in the layout of the photomask that had varying CPW gap
changes (varying impedance) along the resonator.

charge carriers freeze into bound states to such a degree that they will no longer op-

erate, so special care is needed to select a type that will operate at low temperatures.

Some high electron mobility transistors (HEMTs) have been found to function at liq-

uid helium temperatures, and the Mini-circuits SAV-551+ p-HEMT (pseudomorphic

HEMT) was chosen due to their low noise figure and acceptable open-loop gain up

to 6 GHz. They have been demonstrated to operate at cryogenic temperatures [91].

Mini-circuits provides 2-port s-parameter data for several drain-source current values

(Ids). The HEMTs are biased and powered though bias tee connections to the input

(voltage bias on the HEMT gate, Vgs) and output RF lines (voltage bias on the drain,

Vds and the current through the channel, Ids).

A three HEMT stage amplifier was designed by the author to have a forward gain

approaching 30 dB at room temperature, while maintaining a low (< 10 dB) return
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Figure 5.6: The annotated circuit schematic and physical layout of the stub-matched
three stage amplifier highlights the positions of the bias tee components
and p-doped high electron mobility transistors (p-HEMT). Bias tees con-
sist of CB = 10 nF SMT capacitors and LB = 1.65 µH SMT conical
inductors. The same CB is placed, near to the p-HEMTs, shorted to
ground on all DC bias lines to dampen unwanted high frequency signals
from the DC inputs. To ensure a limited gate current, a RG = 10 kΩ
resistance is placed on the DC bias line, before each SAV-551+ p-HEMT.
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loss. Each HEMT is matched to a 50 Ω coplanar waveguide (CPW) signal line with

an open-circuit stub tuned to match near ∼5 GHz. Cryogenic performance could

not be estimated beforehand–this was measured after manufacturing where increased

gain and lower power draw was seen. Two simulations were ran while designing the

amplifier. The first level of simulation includes measured s-parameter data for the

HEMTs and bias tee inductors, with all other components and the printed circuit

board (PCB) being represented by mathematical models. A circuit simulation is per-

formed to predict the forward gain and return loss, enabling optimization through

value sweeps of component values and PCB CPW lengths. The second level of simu-

lation is performed on the PCB layout, with all component pins being represented as

a port in a 30-port S-parameter simulation—performed in ADS Momentum—which

accounts for unintended interactions and losses. Both the PCB and transistors are

represented as S-parameter components in a circuit simulation to double-check the

optimized parameter values. The PCB layout and circuit can be seen in Figure 5.6,

showing both the microwave portions and DC biasing lines. The CPW is isolated

from unwanted noise and couplings by a dense number of vias in the two sides of the

top layer ground planes, near to the centre signal trace. The substrate information

is based on Rogers 4350B substrate (18 µm copper thickness). RF connections to

coaxial cables are made with edge-mounted SMA connectors. The entire amplifier

is placed in an aluminum box enclosure, allowing DC feedthroughs to supply power.

These were panel-mounted electromagnetic interference (EMI) low-pass filters chosen

to suppress EMI and signal pickup on the DC power lines.

A bias tee consists of a conical inductor and high-frequency capacitor, and one

was placed on either side of a transistor such that the amplifier is operated by a
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(b) The return loss (S11).

Figure 5.7: The s-parameters (forward gain and return loss), both simulated and mea-
sured, are shown in (a) and (b). The simulated curve labeled “schematic
PCB” represent a circuit simulation in which the transistors and conical
inductors are represented by measured s-parameters, but the PCB and
other circuit elements were represented by mathematical models. The
other simulated curve, “30 port PCB simulation,” contains a 30 port s-
parameter simulation of the PCB layout as well as s-parameters of the
transistors. All other elements were based on mathematical models. The
bias conditions for the measurement taken at 300 K were Vgs = 0.35 V,
Vds = 3 V and Ids = 60 mA. At 77 K, the amplifier was operated at
Vgs = 0.7 V, Vds = 1.13 V and Ids = 70 mA.
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single Vgs and Vds. To protect from unintentional feedback and currents on the gates,

a high-frequency thin metal 10 kΩ SMT resistor is placed in series with the inductor,

on the DC side. This type of resistor is known for its temperature stability [92]. For

inductors, it has been shown [93] that many ferrite-core components can halve in

inductance when cooled to 4.2 K. For DC biasing circuits, inductances were chosen at

a particular value for simulations, then the inductance was tripled and the simulation

results reran. No differences in S-parameters were seen between using 500 nH to

1600 nH biasing inductors. Coilcraft broadband conical SMT conductors (BCR-

162JL, 1.65 µH) were chosen for their wide and stable inductance values about 5 GHz.

The manufacturer provides measured linear 2-port s-parameter data for microwave

simulations. The 10 nF SMT capacitors for the bias tee were manufactured by Murata

Electronics (GRM1885C1H103JA01D, 0603 size). They were chosen for the C0G

(NP0) dielectric which leads to a capacitance variation with temperature of less than

±30 ppm/◦C. The same capacitance is used on the DC bias lines to shunt high

frequencies to ground.

The simulated and measured performance of an assembled amplifier is shown in

Figure 5.7. Key to the measurement of the LC resonator output is low temperature

gain at ∼5.1 GHz. The device presented in Figure 5.7a shows ∼27 to ∼28 dB gain at

this frequency. The room temperature gain saturates (at these frequencies) around

22 dB, at higher Ids. This deviates from the predictions of linear s-parameter modeling

where the gain can reach 27 dB to 28 dB. A model that accounts for gain compression

could perhaps explain this difference, especially if the high gain at low frequencies

(upwards of 80 dB) is limiting the output power nearer to 5 GHz. Concern over

possible instabilities due to large gain at low frequency lead to the inclusion of a



5.2. DESIGN AND FABRICATION OF A CRYOGENIC
MICROWAVE AMPLIFIER 119

reflectionless high-pass filter (Mini-circuits VXHF-23+) to filter and absorb signals

below 2 GHz at the amplifier input.

To test performance at 77 K, the amplifier in its aluminum box, high-pass filter,

and cables were lowered slowly into a dewar filled with liquid nitrogen. After a few

minutes, the forward gain and return loss at 77 K are measured (Figure 5.7). The

gain remains above 20 dB from 4.9 GHz to 5.5 GHz, and is above 27 dB about the

expected LC resonance frequency for the designs used to fabricate samples. While

not above 30 dB, the gain is deemed adequate for first stage amplification.

When incorporating the cryogenic amplifier into the dilution refrigerator and at-

tempting to cool down to base temperature, the amplifier exhibited instabilities when

attempting to switch the transistors on. High gain at low frequencies or problems

when loads deviate from 50 Ω could be the cause. These instabilities have damaged

transistors required resoldering of the amplifier on multiple occasions. A future design

should attempt to measure (or model) component properties at cryogenic tempera-

tures, and power the transistors individually. The difficulties producing stable and

consistent operation lead to the decision to not include a cryogenic amplifier in the

current dilution refrigerator experiments. In future work, a commercial cryogenic

amplifier and cryogenic circulator are possible replacements, as well as a redesign of

the in-house amplifier. Having no cryogenic amplification (as well as isolation with a

cryogenic circulator) will limit the experiments that are possible in this thesis. Some

of the consequences of these limitations will be described in subsequent sections.
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5.3 LC electromechanical measurements in a dilution refrigerator

In order to increase the quality factor of LC resonators used to perform electrome-

chanical measurements, a reduction of the temperature to below 300 mK was paramount.

This will further lower the resistive losses in the superconducting Al thin film. A dilu-

tion refrigerator (SHE) is used for this purpose, cooling the local environment of the

samples to ∼30 mK. Lowering the sample environmental temperature is expected to

also lower the LC resonator’s undriven equilibrium photon occupation (nTc ), and lower

the undriven thermal phonon occupation of the mechanical resonator (nTm). Experi-

ments will be performed with fabricated LC resonators made with NbSe2 membrane

mechanical resonators.

Two types of measurements are made when passing a signal through the dilution

refrigerator. One type uses a vector network analyzer, as in section 5.1, to character-

ize the LC cavity resonance. This measurement can allow the extraction of valuable

information–ωc, κ and κex, as well as the total gain and attenuation product between

the two ports of the VNA. The second measurement uses a signal generator to stim-

ulate the electromechanical system, and spectrum analyzer to measure the response,

either directly or after frequency mixing. By detuning the signal drive (at ωd) from

the cavity resonance (at ωc), it is possible to extract information on the mechanical

resonator, such as its dissipation and the electromechanical coupling rate. The dilu-

tion refrigerator is inside of a Faraday cage, while the room temperature measurement

electronics are outside.

Both measurement apparatus are essentially identical from the top of the refrig-

erator down to the sample chamber and this is described here, with reference to
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Figure 5.8: The experimental setup for using a VNA to measure LC resonators in a
dilution refrigerator is altered from the arrangement used in the 300 mK
cryostat. Cold attenuators are added on the input line at the 4.2 K
(20 dB) and at 30 mK (6 dB). A directional coupler just before the LC
resonator provides an additional 20 dB of attenuation while also diverting
unused RF power to be dissipated at a grounded 50 Ω resistor at the 4.2 K
stage. The signal after the sample is amplified by room temperature low
noise amplifiers.
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figures 5.8 and 5.9. Signals are input into the system from a room-temperature her-

metically sealed SMA connector at the top of the dewar and vacuum can space. A

stainless steel coaxial cable runs from the connector down to a 4.2 K plate. The

centre cable line is thermalized with a 4.2 K 20 dB attenuator and the cable shield

is thermally anchored to the 4.2 K plate with braided copper wire. From here, the

input is connected to niobium coaxial cable (inner and outer conductors), which is

superconducting at this temperature and thus a poor thermal conductor without in-

creasing electrical losses. This cable runs from 4.2 K to 30 mK, where it connects

to a 6 dB attenuator held at 30 mK. This attenuator is connected to a DC block,

which connects to the input of a directional coupler. The uncoupled output is led

back by another niobium cable to the 4.2 K plate to dissipated by a 50 Ω grounded

resistance. The coupled output of the directional coupler (attenuated by 20 dB) con-

nects to a copper coaxial cable (thermally anchored to the 30 mK plate by braided

copper wire) that terminated in a female SMP connector. This connector mates with

the male SMT SMP connector on the sample holder PCB. Aluminum wedge-bonded

wirebonds from this PCB connect to the CPW inputs and outputs on a sample chip.

The output signal from the LC resonator travels from the sample PCB, through

another mated SMP pair, along a copper cable (thermalized to 30 mK) that connects

to a DC block. From here, the signal propagates along another niobium coaxial cable

up to the 4.2 K plate. A stainless steel coaxial cable is used here to bring the cable

to the top of the vacuum can, connecting to a hermetically-sealed SMA connector

into the 4He reservoir space. Here, a short copper cable connects to a stainless steel

cable that leads to a room-temperature hermetically sealed SMA feedthrough. Here,

an isolator (Centric RF CI4080, with 20 dB of isolation at 5.1 GHz) circulates the



5.3. LC ELECTROMECHANICAL MEASUREMENTS IN A
DILUTION REFRIGERATOR 123

signal to a copper semi-rigid cable that carries the signal out of the Faraday cage.

The signal is amplified by a low noise HEMT amplifier chain consisting of a Fairview

Microwave HEMT amplifier (slna-060-40-09-sma with a gain of 37 dB at 5.1 GHz),

Analog Devices HMC460LC5 with 15 dB gain at 5.1 GHz, and an Analog Devices

HMC465LC4 with a further 15 dB of gain. The total amplification through the chain

is 67 dB.

5.3.1 Noise figure along the output path

The noise figure (in dB, and linear noise factor) along the output transmission line

will be dominated by the large attenuation in the stainless steel cable that leads from

the helium space to room temperature. The cold copper and superconducting cables

that come before will have a gain of approximately unity, signifying low loss. From

the Friis noise equation,

NFlin,total = NF1 +
NF2 − 1

G1

+
NF3 − 1

G1 ·G2

+ · · · (5.1)

where NFi and Gi are the linear noise factor and linear gain of the ith component

along the path. With the steel cabling along the output with a 5 dB loss, the noise

figure to the VNA or spectrum analyzer is an estimated 5.9 dB.

5.3.2 LC cavity characterization procedure

As in section 5.1, using complex VNA data from the LC cavity allows for estimates

of cavity linewidths κ, κex, and κc. Knowing these is requisite for analyzing the

sidebands formed though the electromechanical coupling. The total signal amplitude

change along the signal path, A, can also be determined. This combines both the loss
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and gain of all components. The same complex scattering parameter fits to the data

yield this characterizing information. A schematic diagram of the RF circuit is seen

in Figure 5.8.

The VNA, an Anritsu MS4623B, will send a signal down the cables to stimulate

the LC resonator, and the power should be small enough to provide a negligible

contribution to the losses in the system to prevent shifts in ωc due to resistive damping.

In other words, a small number of drive photons, given by equation 2.41, should heat

the cavity such that the dissipation changes. If there is trouble finding the resonance,

a large drive could broaden the resonance to aid the search with the VNA. The

power threshold where heating will occur in the LC resonator is difficult to know

a priori, and so preliminary probing is required. Without the LC resonator, the

power from the VNA source, PV NA will be modified by the installed attenuators

and cables to a maximum of −45 dB on the input side, which should underestimate

the losses. A test power of −40 dBm from the VNA will mean at most −86 dBm

arriving to the LC cavity input. If the loaded quality factor of the cavity is very

high, it may be challenging to measure the response if the scan bandwidth is too

large. If the resonance cannot be seen in a broad sweep, piecewise scans in LabView

were initiated to search in narrower windows. Having found the resonance, PV NA is

adjusted ±5 dBm and the linewidths are checked for variations with input power. If

none are found, the signal power is thought to not influence the fitting results. If

there is an influence, PV NA is adjusted lower and the process is repeated.
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5.3.3 Direct sideband measurement procedure

In order to extract the most information from the electromechanical sidebands, careful

calibration must be performed to allow estimation of the single photon electromechan-

ical coupling, g, the number of drive photons in the cavity, nd, and the phonon occu-

pation in the mechanical mode, nm. The apparatus schematic for spectrum analyzer

measurements is shown in Figure 5.9. The signal generator is an Anritsu MG3692B,

with a single-sideband phase noise of −110 dBc at 1 kHz from a drive frequency of

5 GHz. The spectrum analyzer is an Advantest R3271.

Knowing where the LC cavity resonance is in frequency space, one can attempt

to drive the electromechanical system and produce sidebands for readout with the

spectrum analyzer. The niobium diselenide (NbSe2) samples shown in Figure 4.9 in

section 4.3 vary in thickness from ∼30 layers to ∼45 layers. Using equation 2.3, with

a mass density of 6.467 g/cm3 and Young’s modulus of 100 GPa [13], the natural

resonance frequency is estimated as 2.35 MHz for 30 layers and 3.53 MHz for 40

layers.

In order to locate the mechanical sidebands in frequency space, the signal genera-

tor drives the cavity on resonance (ωd = ωc) to maximize the number of drive photons,

nd, in the cavity. One feature of driving the cavity at ωd = ωc is the scattering rate

to the upper and lower sidebands at ωc ± ωm are equal and, as a consequence, the

optomechanical cooperativity–γopt (see equation 2.47)–has a net zero effect on the

mechanical linewidth [53].

Since the electromechanical coupling, g, and mechanical loss, γm, have not been

measured, the true response of the membrane to the microwave drive cannot be

accurately predicted. For now, estimating the loss on the input line as -46 dB and
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Figure 5.9: The experimental setup for using a spectrum analyzer to measure LC
resonators and mechanical sidebands in a dilution refrigerator is similar
to that in Figure 5.8. Cold attenuators are placed on the input line at
the 4.2 K (20 dB) and at 30 mK (6 dB). A directional coupler just before
the LC resonator provides an additional 20 dB of attenuation while also
diverting unused RF power to be dissipated at a grounded 50 Ω resistor
at the 4.2 K stage. The signal after the sample is amplified by room
temperature low noise amplifiers.
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using equation 2.41 and equation 2.49, a microwave drive power can be chosen to

provide ample sideband signal for the spectrum analyzer. The spectrum analyzer

then scans over an extended range of possible sideband locations. The resolution

bandwidth and range of any single scan needs to account for the possibility of a large

mechanical quality factor. Any red-detuned sideband at ωc − ωm should correspond

to a blue-detuned sideband at ωc + ωm.

Once the mechanical resonance frequency of the fundamental mode is known,

calibrating the mode occupation to the environment temperature allows an estimate

of the electromechanical coupling. For this calibration to work, the mechanical mode

must not be perturbed too strongly by the input RF power and thus be dominated

by thermal excitation. Using the dilution refrigerator mixing chamber heater to hold

the sample at several different temperatures, this small perturbation from the signal

drive, driven at ωd = ωc ± ωm, will produce a sideband at ωc that can be directly

linked to the bath temperature. If the other sources of noise in the system are white,

the measured PSD from the spectrum analyzer is [48]

Sv(f) = Sv,0 + αSx(f) (5.2)

with Sx(f) recasting equation 2.17 in frequency instead of angular frequency, and Sv,0

is the background noise power spectral density. This is

Sx(f) =
kBTfm

2π3mQm

[
(f 2 − f 2

m)2 +
(
f ·fm
Qm

)2] , (5.3)

where the relation γm = ωm/Qm allows the inclusion of the mechanical quality factor
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in the expression. For a weak drive we have

α =
4nd

(
∂ωc

∂x̂

)2
κex

κ2
. (5.4)

Similarly, this can be performed for a blue-detuned RF drive. This calibration proce-

dure can only work if the thermal mechanical occupation, nTm, can be separated from

the cavity thermal occupation nTc and occupation due to noise from the transmission

line (n` and nr). If the device can reach base temperature of 30 mK, nTc should be

much less than one, which is satisfied since nTc = 2.9 × 10−4. Since no cryogenic

circulator is used along the output line from the device, thermal noise will stimulate

the cavity at least from this direction. In order to drive the system with a low num-

ber of drive photons, the power Pin should be between −130 dBm and −140 dBm

for a Qc = 27000 and between −115 dBm and −125 dBm for a Qc = 5000. The

output power spectral density, including amplification, is close to the noise floor of

the Advantest R3271 spectrum analyzer (∼-135 dBm) so this calibration may prove

challenging without more microwave amplification or lowering the noise inputs into

the resonator.

5.3.4 Sideband measurement procedure with mixing

The sideband output from the LC resonator can be mixed down to ωm to allow

both low-frequency amplification and time-domain measurements of the mechanical

response. If the same RF drive frequency is used to mix down the sidebands, the two

will combine to one spectral peak at ωm. This will lower the conversion loss of mixing

by 3 dB.

The system schematic can be seen in Figure 5.10. A directional coupler is used
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to split the signal from the RF source. The through port provides 7 dBm of local

oscillator power to a Mini-circuits ZMX-7GR mixer with 2 dB of conversion loss when

combining the two sidebands.

By mixing down the sidebands to ωm, time-domain measurements can be made

with a digitizer or oscilloscope. In this scenario, the RF drive should increase the

mechanical oscillator occupation. Since the damping of the LC resonator is much

greater than the damping of the mechanical resonator, quickly lowering the drive

power can allow a simple ring down measurement of the mechanical oscillator decay. A

Mini-circuits ZX76-31R75PP+ step attenuator is digitally controlled with a switching

speed of 300 ns. Both the initial (high) and final (low) RF drive powers must produce

measurable sidebands.

5.4 Predicted spectral outputs

This thesis will be submitted before conducting dilution refrigerator experiments to

characterize the LC electromechanical devices. Delays in preparing the refrigerator

include vacuum leaks–in the 4He pumping line, the still side of the 3He/4He cycling

line, and leaks in the inner vacuum can (IVC)–and time trying to produce a stable

cryogenic amplifier. These experiments are planned to occur shortly after submission

of this work. What is presented here now are predictions to determine the feasibility of

measuring the mechanical sidebands while performing direct spectral measurements

with a spectrum analyzer. To be measurable, signal must appear above the noise

floor, or minimum displayed average noise level (DANL), of a spectrum analyzer.

This can include amplification before it arrives at the analyzer.

Using equations 2.49, 2.51, and 2.54, plots can be made of the power spectral
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Figure 5.10: The experimental setup when mixing the sidebands down to ωm allows
time domain measurements of the spectral output. A directional coupler
is added separate the RF drive in two parts. The largest portion is used
as a constant power local oscillator (LO) for a mixer. The coupled
portion is the drive input into the refrigerator. A digitally-controlled
variable attenuator is added to the input to change the drive power.
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densities (PSD) at the three different detunings. For simplicity in the plots, the

quantum optics approximation of flat spectral response is made, scaling the equations

by ~ωc instead of ~ω due to the narrow spectral range. PSD output predictions are

made for a 3.5 MHz mechanical resonator in an LC circuit. It is assumed that the

system bath temperature is 30 mK and the coupling transmission line inputs present

thermal noise to the cavity. From the signal input side, the noise is assumed to

originate from a 50 Ω resistor of the directional coupler, held at 30 mK. The noise

from the signal output line is assumed to come from the 50 Ω resistor of the circulator,

which is at room temperature (290 K). Noise from temperature T is expected to

contribute PT = kBTκ to the cavity, and so the number of photons due to this noise

is approximated by equation 2.41 with PT = Pin.

Since the real quality factors of the mechanical and electromagnetic resonators

are unknown from sample to sample, two extremes for each are considered. The

mechanical resonator quality factor is considered high when Qm = 35000 and low

when Qm = 1000. The high quality factor is still considerably lower than the

Qm > 105 values reported in the literature for graphene and NbSe2/graphene het-

erostructures [17, 18, 60], and the low value of Qm = 1000 represents a slight im-

provement over room temperature values [13]. The LC resonator quality factor is

considered high when Qc = 27000–taken directly from simulations–and low when

Qc = 5000 which would imply a marked degradation of the designed performance.

The coupling rate between the cavity and transmission line is taken from resonance

fits to simulations, where κex = 178 kHz.

Each plot displays a red reference line at −135 dBm/Hz that indicates an esti-

mate of the noise floor of the Advantest R3271 spectrum analyzer used for sideband



5.4. PREDICTED SPECTRAL OUTPUTS 132

measurements. With the amplifier chain along the output transmission line path, the

smallest resolvable signal is lowered to > −195 dBm over a 1 Hz bandwidth.

Each combination of high and low quality factors is plotted together while the drive

frequency is located at ωd = ωc − ωm (red-detuned), ωd = ωc + ωm (blue-detuned),

and ωd = ωc (resonant). Both resonators have high quality factor in Figure 5.11. The

mechanical resonator has a high quality factor while the loaded LC cavity’s is low in

Figure 5.12. Figure 5.13 shows the LC resonator with a high loaded quality factor

when the mechanical resonator quality factor is low. Both quality factors are low in

Figure 5.14.

In all cases, the red-detuned drive output is the most challenging to measure,

owing to the cooling nature of the measurement. Pd = Pin can be increased further

than the plots show, at the expense of further linewidth broadening and potential

heating. The amplified blue-detuned drive output is relatively more pronounced at

lower drive power, with the spectral response sharpening with increased Pd. At some

point the linear mechanical and electromechanical model will become inapplicable,

however little power is needed to raise the signal above the spectrum analyzer noise

floor. Since the optomechanical damping rate is zero for ωd = ωc, the linewidth of the

sidebands remains constant. The model predicts on-resonant driving can take larger

drive powers and is the most likely to be measured with this experimental setup.
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Figure 5.11: Predicted output from an electromechanical system while the drive is
red-detuned (a) [ωd = ωc − ωm], blue-detuned (b) [ωd = ωc + ωm], and
on-resonance (c) [ωd = ωc]. The system has a resonance at ωc = 5.1 GHz
and mechanical resonance at ωm = 3.5 MHz, all at a 30 mK system
temperature. Pd = Pin is the power at the cavity, after any attenuation
in the experimental apparatus. The cavity loaded quality factor is Q` =
27000, with a coupling rate of κex = 2π × 178 kHz. The mechanical
quality factor is Qm = 35000. The red dotted line at −135 dBm is a
reference for the estimated minimum noise floor of the Advantest R3271
spectrum analyzer. The blue dotted line at −195 dBm represents the
nominal noise floor of the spectrum analyzer and amplifier chain.
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Figure 5.12: Predicted output from an electromechanical system while the drive is
red-detuned (a) [ωd = ωc − ωm], blue-detuned (b) [ωd = ωc + ωm], and
on-resonance (c) [ωd = ωc]. The system has a resonance at ωc = 5.1 GHz
and mechanical resonance at ωm = 3.5 MHz, all at a 30 mK system
temperature. Pd = Pin is the power at the cavity, after any attenuation
in the experimental apparatus. The cavity loaded quality factor is Q` =
5000, with a coupling rate of κex = 2π × 178 kHz. The mechanical
quality factor is Qm = 35000. The red dotted line at −135 dBm is a
reference for the estimated minimum noise floor of the Advantest R3271
spectrum analyzer. The blue dotted line at −195 dBm represents the
nominal noise floor of the spectrum analyzer and amplifier chain.



5.4. PREDICTED SPECTRAL OUTPUTS 135

5.0995 5.0996 5.0997 5.0998 5.0999 5.1 5.1001 5.1002 5.1003 5.1004 5.1005

Frequency [GHz]

-240

-220

-200

-180

-160

-140

-120

P
ow

er
sp
ec
tr
a
l
d
en

si
ty

[d
B
m
/
H
z]

Red detuned drive, T = 30 mK

Pd = −80 dBm
Pd = −90 dBm
Pd = −100 dBm

5.09995 5.09996 5.09997 5.09998 5.09999 5.1 5.10001 5.10002 5.10003 5.10004 5.10005

Frequency [GHz]

-200

-180

-160

-140

-120

P
ow

er
sp
ec
tr
a
l
d
en

si
ty

[d
B
m
/
H
z]

Blue detuned drive, T = 30 mK

Pd = −97 dBm
Pd = −99 dBm
Pd = −101 dBm

5.094 5.096 5.098 5.1 5.102 5.104 5.106

Frequency [GHz]

-200

-180

-160

-140

-120

-100

P
ow

er
sp
ec
tr
a
l
d
en

si
ty

[d
B
m
/
H
z]

Resonant drive, T = 30 mK

Pd = −70 dBm
Pd = −80 dBm
Pd = −90 dBm

(c)

(b)

(a)

Figure 5.13: Predicted output from an electromechanical system while the drive is
red-detuned (a) [ωd = ωc − ωm], blue-detuned (b) [ωd = ωc + ωm], and
on-resonance (c) [ωd = ωc]. The system has a resonance at ωc = 5.1 GHz
and mechanical resonance at ωm = 3.5 MHz, all at a 30 mK system
temperature. Pd = Pin is the power at the cavity, after any attenuation
in the experimental apparatus. The cavity loaded quality factor is Q` =
27000, with a coupling rate of κex = 2π × 178 kHz. The mechanical
quality factor is Qm = 1000. The red dotted line at −135 dBm is a
reference for the estimated minimum noise floor of the Advantest R3271
spectrum analyzer. The blue dotted line at −195 dBm represents the
nominal noise floor of the spectrum analyzer and amplifier chain.
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Figure 5.14: Predicted output from an electromechanical system while the drive is
red-detuned (a) [ωd = ωc − ωm], blue-detuned (b) [ωd = ωc + ωm], and
on-resonance (c) [ωd = ωc]. The system has a resonance at ωc = 5.1 GHz
and mechanical resonance at ωm = 3.5 MHz, all at a 30 mK system
temperature. Pd = Pin is the power at the cavity, after any attenuation
in the experimental apparatus. The cavity loaded quality factor is Q` =
5000, with a coupling rate of κex = 2π × 178 kHz. The mechanical
quality factor is Qm = 1000. The red dotted line at −135 dBm is a
reference for the estimated minimum noise floor of the Advantest R3271
spectrum analyzer. The blue dotted line at −195 dBm represents the
nominal noise floor of the spectrum analyzer and amplifier chain.
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Chapter 6

Summary and Conclusions

This work set out to study on-chip microwave nanoelectromechanical systems using

two dimensional crystal (2D) materials as mechanical elements. Graphene and NbSe2

are two conductive 2D materials that were used as one plate of a (vacuum-gap) parallel

plate capacitor, forming a circular drum resonator. The inductor-capacitor loops

(LC) were designed to resonate at 5.1 GHz, and were inductively coupled to a coplanar

waveguide. The two resonators together constitute a system of two coupled harmonic

oscillators. An inelastic Raman interaction between the LC resonator system and

mechanical resonator enables a microwave readout of the motion through scattering

sidebands.

5.1 GHz resonators were designed fabricated with graphene and NbSe2 crystal

using mechanically exfoliated membranes and a procedure to align and stamp these

materials where desired. A new optical technique was developed to characterize de-

vices with microscope images. The analysis allows estimates of the crystal membrane

thickness–effectively the number of layers–and the air/vacuum gap distance between

the crystal and the metal electrode underneath. This can allow a quick analysis of

suspended structures with typical cleanroom microscopes and in nitrogen gloveboxes
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where other techniques like Raman spectroscopy are unavailable.

Using NbSe2 as the electromechanical coupling material is intended to improve

upon the single-photon coupling strength seen in work using traditional thin films [20,

55] and graphene [18, 19]. This is achieved through the ability to form mechanically

robust few-atom resonators with low mass. This will increase the zero point motion,

xzp which increases the single photon coupling g = xzp∂ωc/∂x.

Initial 300 mK cryogenic measurements were made on Al-based electromagnetic

resonators without electromechanical elements. The network analyzer measurements

showed lower quality factors than predicted in simulations, partially attributed to

a high Tc/T ratio. Further tests are intended in a dilution refrigerator at 30 mK.

The apparatus was prepared to carry out these tests on NbSe2-based LC resonators,

with sibeband output predictions (Figures 5.11, 5.12, 5.13, and 5.14) showing high

feasibility with spectrum analyzer measurements. Delays in preparing the dilution

refrigerator necessitates the submission of this thesis before the final experiments,

which are intended to be performed soon.

6.1 Future work and conclusions

There are a variety of improvements that can be made to the work done by the

group. The apparatus here can be improved to greatly enhance the sensitivity and

enable the approach to quantum-limited measurements that have been demonstrated

by other groups. By including one or more cryogenic circulators at the output port

of a sample, the noise power incident on the cavity can be made negligible compared

to the thermal occupation nTm. This allows a cleaner extraction of the displacement

power spectral density Sx(ω) and 〈x2〉. Including a cryogenic low noise amplifier at
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the output will decrease the noise figure along the output path which would allow

easier measurement of sideband response. This could be a HEMT amplfier at the 4 K

stage or a Josephson parametric amplifier at lower temperatures.

Improvements can also be made in device fabrication. NbSe2 can be damaged by

exposure to the atmosphere and may also be harmed while performing lithographic

processing. A means of protecting the crystal can improve the device properties,

enable the use of thinner membranes, and increase the likelihood of a superconducting

transition being observed. Preparation of the devices in a nitrogen glove box will

limit device exposure to oxygen, and this is being pursued in the group right now.

Encapslating NbSe2 between insert crystals like graphene or hexagonal boron nitride

can protect from atmospheric damage.

Subsequent experiments should investigate the feasibility of integrating 2D crystal

materials with higher Tc superconductor materials. This will lower the T/Tc ratio and,

thus, the losses in the superconductor. Materials that may be appropriate are niobium

and rhenium-molybdenum, which has been used before with suspended graphene [94].

The electromagnetic resonators formed from such materials should, at the same base

temperature, have a higher quality factor–potentially limited by coupling, substrate,

and radiative losses–and will possess a higher critical current that allow higher RF

drive powers.

This work demonstrated the design and fabrication of electromechanical resonator

systems using 2D membrane materials as mechanical elements. The manufacturing

and optical characterization technique [24] are promising for further device and thin

film studies. Though the final tests are yet to be performed, predictions show that

2D membrane materials hold promise as forming sensitive electromechanical systems
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that can enable the preparation of strongly-coupled quantum states of motion.

Due to the interaction of mechanics with light [58] and electromagnetic fields [95]

in a variety of forms–also gravity for more massive systems [96]–optomechanics and

electromechanics can provide a means of interacting with disparate systems of differ-

ent energy scales. In the mesoscopic scale, devices based on matter-light interactions

have been demonstrated as sensitive force and mass sensors [5, 97], and have been

integrated with qubits [6, 98]. Studying electromechanics and optomechanics in res-

onant cavities provides a means of enhancing the interactions, which can lead more

easily to quantum states of position [99]. The emergence and development of quantum

qubit technologies in optical, microwave, and other forms, has led some to propose

electromechanical and optomechanical systems as long-lived quantum information

storage [100], control [101], and readout devices. Understanding and enhancing the

quantum mechanical nature of mechanical motion can valuable for the prospects of

quantum computing technologies. This naturally leads to proposing atomically-thin

crystals as low mass and robust mechanical elements in quantum computers.

In the regime of microwave electromechanics, there is still merit in attempting

to use atomically thin membranes for their lower mass and unique material prop-

erties. So far, 2D materials in superconducting microwave circuits have not led to

the increased coupling strengths expected of the low mass and potential for robust

mechanics. In the case of graphene, increasing electrical losses with increased RF

drive power have prevented the ability to cool to the ground state [18, 19, 17]. The

recent discovery of superconductivity in rotated bilayer graphene superlattices [27]

suggests that these electrical losses may be reduced. Further study on this could

yield high-quality superconducting electromechanical devices that benefit from the
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superior mechanical properties of graphene. The investigation of these superlattices

in electromechanical sideband experiments may yield some insight into their proper-

ties and how the mechanics may alter this exotic superconductivity.

The use of graphene as a protective encapsulating barrier for NbSe2 [60] was not

successful in demonstrating superconductivity in a similar microwave electromechani-

cal system. This may be attributed to the proximity effect between the two materials

preventing the formation of Cooper pairs at millikelvin temperatures. There is still

potential to show superconductivity in thicker layers (as used in this work) or with

the use of insulating hexagonal boron nitride that can allow superconductivity to

exist down to a single layer [102]. Whether these methods will work in the microwave

regime is an open question that this work may answer. Further still, carrying out

the dilution refrigerator experiments can determine if optomechanical coupling can

be increased while using superconducting 2D crystal materials as the electromechan-

ical element. If the electrical losses can be comparable to thin film superconductors,

such as aluminum, can the lower mass yield a demonstrable effect on single photon

coupling?
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Chow, A. D. Córcoles, John A. Smolin, Seth T. Merkel, J. R. Rozen, George A.

Keefe, Mary B. Rothwell, Mark B. Ketchen, and M. Steffen. Superconducting

qubit in a waveguide cavity with a coherence time approaching 0.1 ms. Physical

Review B, 86:100506, Sep 2012.
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Appendix A

List of symbols and abbreviations

quantity description

i imaginary number, i =
√
−1

ωm angular resonant frequency of the mechanical resonator

ωopt optimechanical shift of the angular resonant frequency of the me-

chanical resonator

ωc angular resonant frequency of the electromagnetic resonator (typi-

cally LC resonator)

ωd angular frequency of the radio frequency drive

ω̃c Radiation pressure shifted angular resonant frequency of the elec-

tromagnetic resonator

∆ detuning from cavity resonance, ∆ = ωc − ωd
γm mechanical resonator mode displacement

γopt optomechanical damping rate

κ loaded electromagnetic resonator damping rate
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κex coupling rate of of the electromechanical system to the transmission

line

Q`, Qc, Qi loaded, coupling, internal quality factors

T ,Tc temperature, superconducting critical temperature

â/â† electromagnetic resonator annihilation/creation operator for ωc

mode

b̂/b̂† mechanical resonator annihilation/creation operator for ωm mode

χm mechanical resonator susceptibility

χc LC resonator susceptibility

χm,eff electromechanically altered mechanical resonator susceptibility

x mechanical resonator mode displacement

d electromechanical capacitor gap space

dm membrane thickness

Cc LC resonator static capacitance

Lc LC resonator static inductance

m effective mass of mechanical resonator mode

x, x̂ mechanical oscillator displacement, mechanical oscillator displace-

ment operator

xzp zero-point motion of the mechanical resonator

F̃th Brownian force from thermal bath

g0 = ∂ωc

∂x
geometric electromechanical coupling rate

g single-photon electromechanical coupling rate, g = xzp
∂ωc

∂x

nTm thermal mechanical resonator mode occupation
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nTc internal thermal electromagnetic resonator mode occupation

n` cavity occupation due to noise from left to right along transmission

line near sample

nr cavity occupation due to noise from right to left along transmission

line near sample

nc total thermal cavity occupation, nc = nTc + n` + nr

nredm thermal mechanical resonator mode occupation

nbluem thermal electromagnetic resonator mode occupation

nORm thermal mechanical resonator mode occupation

nbluec thermal electromagnetic resonator mode occupation

Pd RF drive power at transmission line-cavity input

nd number of photons in LC resonator due to drive power Pd at ωd

G optomechanically-enhanced coupling strength, G =
√
ndg

Ĥ, Ĥenv, Ĥd system, environment, drive Hamiltonian

ξ̂i, ξ̂m, ξ̂c operator i, mechanical, cavity noise operators

Sx position power spectral density of the mechanical resonator

Sred red-detuned sideband power spectral density of the electromechan-

ical system

Sblue blue-detuned sideband power spectral density of the electromechan-

ical system

SOR sideband power spectral density of the electromechanical system

when driven on-resonance

α steady-state displacement of the LC cavity state
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β steady-state displacement of the mechanical state

B fraction of sideband power at output port

ε0, ε permittivity of free space, relative permittivity

µ0, µ permeability of free space, relative permeability

Z0 characteristic impedance of waveguide (usually 50 Ω)

Zs substrate impedance

Zg vacuum impedance

T microwave transmission from vacuum through a superconductor

σ, σ1, σ2 total, real, imaginary conductivity

σn normal conductivity of material at onset of superconductivity

λL London penetration length

∆(T ), ∆0 superconducting energy gap at temperature T , zero temperature

superconducting energy gap

ni refractive index of the ith material in a stack

ri,j reflection from interface between the ith and jth materials

ti,j transmission from interface between the ith and jth materials

ki wavevector of light in the ith material in a stack

M̃ , Mi total transfer matrix, transfer matrix for ith material in a stack

Sij scattering parameter measured at port i from port j

Ltrans, Lnotch transmission and notch resonator Lorentzians

A, α̃, τ cable gain/loss, phase shift, signal delay

δ(t) delta function at time t

ADS Advanced Design System
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AFM atomic force microscope

DANL displayed average noise level

HFSS high-frequency structure simulator

IF intermediate frequency

IPA isopropyl alcohol

IVC inner vacuum can

LC/RLC inductor-capacitor/resistor-inductor-capacitor circuit

LO local oscillator

OVC outer vacuum can

MEMS microelectromechanical system

MIBK methyl isobutyl ketone

NEMS nanoelectromechanical system

PDMS polydimethylsiloxane

pHEMT pseudomorphic high electron mobility transistor

PMGI polymethylglutarimide

PMMA poly(methyl methacrylate)

PSD power spectral density

RF radio frequency

SA spectrum analyzer

SEM scanning electron microscope

S-parameter scattering parameter

TDMC transition metal dichalcogenide

TMM transfer matrix method
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VNA vector network analyzer
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Appendix B

Interferometric colour analysis code

Provided here is the code used to perform the colour analysis fitting based on opti-

cal interference seen from top-down views of fabricated electromechanical membrane

capacitors. The code is written in python 3.6, using the Anaconda distribution.

1 # David Northeast 2017 (taking some from ColorPy and tmm examples)

2 # The function g_l_along_x at the bottom runs the rest of the code

3 # Produces an averaged (over x-y) "linecut" along x and plots gap

and number of layers vs. position↪→

4 # x length of supplied image is assumed to be known (and is a

variable)↪→

5

6 ## packages for comparing two colours for similarity

7 from colormath.color_objects import sRGBColor, LabColor

8 from colormath.color_conversions import convert_color

9 from colormath.color_diff import delta_e_cie2000

10

11 import numpy as np
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12 import matplotlib.pyplot as plt

13

14 import tmm as tmm

15 import math

16 inf = math.inf

17 from math import sqrt

18 from scipy.interpolate import interp1d

19

20 %matplotlib inline

21

22 import colorpy.illuminants

23 import colorpy.colormodels

24 from tmm import color

25

26 #package for getting colour information from image

27 from PIL import Image

28

29 from scipy.optimize import curve_fit, minimize

30 from pylab import *

31

32 from matplotlib2tikz import save as tikz_save

33

34 ####################################################

35 ## function to open an image file
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36 ####################################################

37 def get_colours(image_location):

38 ################################################

39 ## get colour information from picture

40 ################################################

41 #get the image for analysis (if string if first call, list if

not first call)↪→

42 img = image_location

43

44 modes_n_colours = img.getcolors(img.size[0]*img.size[1])

45

46 #mode_max, dominant_colour =

max(im.getcolors(im.size[0]*im.size[1]))↪→

47 #dominant_colour_r = dominant_colour[0]/255

48 #dominant_colour_g = dominant_colour[1]/255

49 #dominant_colour_b = dominant_colour[2]/255

50 #fig = plt.figure()

51 #ax = plt.gca()

52 #ax.set_facecolor((dominant_colour_r, dominant_colour_g,

dominant_colour_b))↪→

53

54 modes = np.zeros(len(modes_n_colours))

55 colours_r = np.zeros(len(modes_n_colours))

56 colours_g = np.zeros(len(modes_n_colours))
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57 colours_b = np.zeros(len(modes_n_colours))

58 for i in range(len(modes)):

59 modes[i] = modes_n_colours[i][0]

60 colours_r[i] = modes_n_colours[i][1][0]/255

61 colours_g[i] = modes_n_colours[i][1][1]/255

62 colours_b[i] = modes_n_colours[i][1][2]/255

63

64 av_r = np.average(colours_r)

65 std_r = np.std(colours_r)

66 av_g = np.average(colours_g)

67 std_g = np.std(colours_g)

68 av_b = np.average(colours_b)

69 std_b = np.std(colours_b)

70 return ((av_r,av_g,av_b),(std_r,std_g,std_b))

71 ################################################

72 ## finished getting colour information from picture

73 ################################################

74

75 ####################################################

76 ## function to compare colours from simulation to image colours

77 ## takes the colour calculated by tmm and compares it to the average

colour in the current image↪→

78 ## returns a value indicating how matched the two are, lower being a

better match↪→
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79 ####################################################

80 def colourcompare (colour_list, av_col):

81

82 #now compare dominant colour from cropped membrane image to

simulated colours↪→

83 #minimum of Delta E calculation should be the same colour,

giving the number of layers↪→

84

85 #get colours of dominant membrane colour

86 #convert this from rgb to lab colour space

87 mem_r = av_col[0]

88 mem_g = av_col[1]

89 mem_b = av_col[2]

90

91 #std_r = std_col[0]

92 #std_g = std_col[1]

93 #std_b = std_col[2]

94

95 mem_rgb = sRGBColor(mem_r,mem_g,mem_b)

96 mem_lab = convert_color(mem_rgb,LabColor)

97

98 sim_r = colour_list[0][0]

99 sim_g = colour_list[0][1]

100 sim_b = colour_list[0][2]
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101

102 sim_rgb = sRGBColor(sim_r,sim_g,sim_b)

103 sim_lab = convert_color(sim_rgb, LabColor)

104

105 #calculate delta E using CIE 2000 iteration

106 compare_colours = delta_e_cie2000(mem_lab, sim_lab)

107

108 return (compare_colours)

109 ####################################################

110 ## end colour_compare function

111 ####################################################

112

113 ####################################################

114 ## tmm_colourcompare takes

115 ## X=[membrane_thickness gap_thickness] in nm,

116 ## material = 'graphene' or 'NbSe2'

117 ## image_location = 'location of image file to be used'

118 ## calculates the colour as expected with the supplied membrane

thickness, gap_thickess and an air/membrane/air/Al stack↪→

119 ## returns a value indicating the match between the calculated

colour and the average colour in the image supplied↪→

120 ## lower compare_colours means a better match, perfect for

optimization by minimization↪→

121 ####################################################
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122 def tmm_colourcompare(X, material, image_colour):

123 ################################################

124 ## get refractive indices, create colour solution space

125 ################################################

126 def wavelength_from_energy (electron_volts):

127 """Returns a photon wavelength in nm from a photon energy

given in eV."""↪→

128 hc = 1239.841842144513

129 return hc/electron_volts

130

131 # SiO2 refractive index (approximate): 1.46 regardless of

wavelength↪→

132 # air refractive index

133 air_n_fn = lambda wavelength : 1

134 #get refractive index of aluminum from data from literature

135 al_optics = np.genfromtxt('aluminum_optics.csv', delimiter=',')

136 photon_energies=al_optics[:,0]

137 wavelengths=al_optics[:,1]/1e6

138 wavelengths=wavelengths * 1e9

139 al_n=al_optics[:,2]

140 al_k=al_optics[:,3]

141 n_al = al_n + al_k*1j

142 al_n_fn = interp1d(wavelengths,n_al,kind='linear')

143
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144 if material == 'graphene':

145 graphene_n_fn = lambda wavelength : 2.6+1.3j

146 #create refractive index array including all materials in

order↪→

147 n_fn_list = [air_n_fn, graphene_n_fn, air_n_fn, al_n_fn]

148 elif material == 'NbSe2':

149 ############################################

150 #Create NbSe2 function for complex refractive index

151

152

153 #read data from files for NbSe2 permittivity (real and

imaginary), flip them as they are ordered in increasing

eV

↪→

↪→

154 NbSe2_ep1 = np.genfromtxt('NbSe2_epsilon1.csv',delimiter=',')

155 NbSe2_ep1[0,0] = 0.703

156 NbSe2_ep1 = np.flipud(NbSe2_ep1)

157 NbSe2_ep2 = np.genfromtxt('NbSe2_epsilon2.csv',delimiter=',')

158 NbSe2_ep2[0,0] = 0.362

159 NbSe2_ep2 = np.flipud(NbSe2_ep2)

160

161 #convert from eV to nm

162 for evn in range(len(NbSe2_ep1[:,0])):

163 NbSe2_ep1[evn,0] =

wavelength_from_energy(NbSe2_ep1[evn,0])↪→
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164

165

166 for evn in range(len(NbSe2_ep2[:,0])):

167 NbSe2_ep2[evn,0] =

wavelength_from_energy(NbSe2_ep2[evn,0])↪→

168

169 #make functions for the real and imaginary permittivities

170 NbSe2_ep1_fn =

interp1d(NbSe2_ep1[:,0],NbSe2_ep1[:,1],kind='linear')↪→

171 NbSe2_ep2_fn =

interp1d(NbSe2_ep2[:,0],NbSe2_ep2[:,1],kind='linear')↪→

172

173 NbSe2_r_n = np.zeros((600,2))

174 NbSe2_i_n = np.zeros((600,2))

175

176 for idx in range(len(NbSe2_r_n)):

177 NbSe2_r_n[idx,1] = sqrt((sqrt((NbSe2_ep1_fn(300+idx))**2 +

(NbSe2_ep2_fn(300+idx))**2) +

NbSe2_ep1_fn(300+idx))/2)

↪→

↪→

178 NbSe2_r_n[idx,0] = 300+idx

179 NbSe2_i_n[idx,1] = sqrt((sqrt((NbSe2_ep1_fn(300+idx))**2 +

(NbSe2_ep2_fn(300+idx))**2) -

NbSe2_ep1_fn(300+idx))/2)

↪→

↪→

180 NbSe2_i_n[idx,0] = 300+idx
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181

182 NbSe2_n = NbSe2_r_n[:,1]+1j*NbSe2_i_n[:,1]

183 #function for refractive index from 300 to 900 nm

184 NbSe2_n_fn = interp1d(NbSe2_r_n[:,0],NbSe2_n,kind='linear')

185 #The function is now created in a longwinded fashion

186 ############################################

187 #create refractive index array including all materials in

order↪→

188 n_fn_list = [air_n_fn, NbSe2_n_fn, air_n_fn, al_n_fn]

189 else:

190 n_fn_list = [air_n_fn, air_n_fn, air_n_fn, al_n_fn]

191

192 th_0 = 0

193

194 layer_guess = X[0]

195 gap_guess = X[1]

196

197 irgb_list = []

198 illuminant = colorpy.illuminants.get_illuminant_D65()

199 #illuminant = Zeiss_spec_lens_adj

200 d_list = [inf, layer_guess, gap_guess, inf]

201 reflectances = color.calc_reflectances(n_fn_list, d_list, th_0)

202 spectrum = color.calc_spectrum(reflectances, illuminant)

203 color_dict = color.calc_color(spectrum)
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204 irgb_list.append(color_dict['irgb'])

205

206

207 compare_colours = colourcompare (irgb_list, image_colour)

208

209 return (compare_colours)

210

211 #this function calculates the gap distance and number of layers

along the x-axis of an image↪→

212 #it averages along the y-axis in an attempt to reduce noise in the

colours↪→

213 #returns arrays of layers and gap distances to be plotted along

known length of the given image↪→

214 def g_l_along_x (image, real_image_l,layer_guess, gap_guess, material,

coarseness):↪→

215

216 im = Image.open(image)

217 len_x, len_y = im.size

218 #im = image

219

220 #truncate image to even length, width to make sure it's even,

not a prime number↪→

221 if len_x%2 != 0:

222 im = im.crop((0,0,len_x-1,len_y))
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223 len_x, _ = im.size

224

225 #make sure coarseness divides even into the image x length

226 if len_x%coarseness != 0:

227 crp = len_x%coarseness

228 im = im.crop((0,0,len_x-crp,len_y))

229 num_positions = len_x//coarseness

230 layers_x = np.zeros(num_positions)

231 gaps_x = np.zeros(num_positions)

232 position_x = np.zeros(num_positions)

233 layers_std_errs = []

234 gap_std_errs = []

235

236 #initial guess array; will be updated with last solution

237 x0 = np.array([layer_guess,gap_guess])

238

239 for idx in range(len(layers_x)):

240

241 im_x = im.crop((idx*coarseness,0,(idx+1)*coarseness,len_y))

242 position_x[idx] = (idx+1)*real_image_l/num_positions -

0.5*real_image_l/num_positions↪→

243 err_lay_x = []

244 err_gap_x = []

245
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246 im_col_av,im_col_std = get_colours(im_x)

247 #cons = [{'type':'ineq', 'fun': lambda x: x[1]-50}]

248 results = minimize(tmm_colourcompare, x0,

args=(material,im_col_av), method='nelder-mead')↪→

249

250 layers_x[idx] = results.x[0]

251 gaps_x[idx] = results.x[1]

252 #x0[0] = results.x[0]

253 #x0[1] = results.x[1]

254

255 results_err1 =

minimize(tmm_colourcompare,x0,args=(material,(im_col_av[0]

+ im_col_std[0],im_col_av[1] + im_col_std[1],im_col_av[2]

+ im_col_std[2])),method='nelder-mead')

↪→

↪→

↪→

256 err_lay_x.append(abs(results_err1.x[0]-results.x[0]))

257 err_gap_x.append(abs(results_err1.x[1]-results.x[1]))

258 results_err1 =

minimize(tmm_colourcompare,x0,args=(material,(im_col_av[0]

+ im_col_std[0],im_col_av[1] - im_col_std[1],im_col_av[2]

+ im_col_std[2])),method='nelder-mead')

↪→

↪→

↪→

259 err_lay_x.append(abs(results_err1.x[0]-results.x[0]))

260 err_gap_x.append(abs(results_err1.x[1]-results.x[1]))
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261 results_err1 =

minimize(tmm_colourcompare,x0,args=(material,(im_col_av[0]

+ im_col_std[0],im_col_av[1] - im_col_std[1],im_col_av[2]

- im_col_std[2])),method='nelder-mead')

↪→

↪→

↪→

262 err_lay_x.append(abs(results_err1.x[0]-results.x[0]))

263 err_gap_x.append(abs(results_err1.x[1]-results.x[1]))

264 results_err1 =

minimize(tmm_colourcompare,x0,args=(material,(im_col_av[0]

+ im_col_std[0],im_col_av[1] + im_col_std[1],im_col_av[2]

- im_col_std[2])),method='nelder-mead')

↪→

↪→

↪→

265 err_lay_x.append(abs(results_err1.x[0]-results.x[0]))

266 err_gap_x.append(abs(results_err1.x[1]-results.x[1]))

267 results_err1 =

minimize(tmm_colourcompare,x0,args=(material,(im_col_av[0]

- im_col_std[0],im_col_av[1] + im_col_std[1],im_col_av[2]

- im_col_std[2])),method='nelder-mead')

↪→

↪→

↪→

268 err_lay_x.append(abs(results_err1.x[0]-results.x[0]))

269 err_gap_x.append(abs(results_err1.x[1]-results.x[1]))

270 results_err1 =

minimize(tmm_colourcompare,x0,args=(material,(im_col_av[0]

- im_col_std[0],im_col_av[1] + im_col_std[1],im_col_av[2]

+ im_col_std[2])),method='nelder-mead')

↪→

↪→

↪→

271 err_lay_x.append(abs(results_err1.x[0]-results.x[0]))

272 err_gap_x.append(abs(results_err1.x[1]-results.x[1]))
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273 results_err1 =

minimize(tmm_colourcompare,x0,args=(material,(im_col_av[0]

- im_col_std[0],im_col_av[1] - im_col_std[1],im_col_av[2]

+ im_col_std[2])),method='nelder-mead')

↪→

↪→

↪→

274 err_lay_x.append(abs(results_err1.x[0]-results.x[0]))

275 err_gap_x.append(abs(results_err1.x[1]-results.x[1]))

276 results_err1 =

minimize(tmm_colourcompare,x0,args=(material,(im_col_av[0]

- im_col_std[0],im_col_av[1] - im_col_std[1],im_col_av[2]

- im_col_std[2])),method='nelder-mead')

↪→

↪→

↪→

277 err_lay_x.append(abs(results_err1.x[0]-results.x[0]))

278 err_gap_x.append(abs(results_err1.x[1]-results.x[1]))

279

280 layers_std_errs.append(max(err_lay_x))

281 gap_std_errs.append(max(err_gap_x))

282

283 return (layers_x,gaps_x, position_x, layers_std_errs,

gap_std_errs)↪→

284

285

286 ####################################################

287 # change the following 7 variables depending on the problem

288 # include a rectangular cut just containing the membrane region you

want to test↪→
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289 # it averages over all y and a variable x length (ie. picture is

approx. a linecut along x)↪→

290 # the pixels_per_x variable controls the x pixel length over which

to average the colour↪→

291 # both mem_t_guess and gap_t_guess are in nanometres, so divide by

the proper membrane thickness after for number of layers↪→

292 ####################################################

293 pic_length = 10

294 mem_t_guess = 20

295 gap_t_guess = 120

296 pixels_per_x = 5

297 material = 'NbSe2'

298 picture_loc = 'nbse2_test2'

299 file_loc_type = picture_loc+'.png'

300 ####################################################

301 layers_x, gap_x, cut_dist, layers_errs, gap_errs =

g_l_along_x(file_loc_type, pic_length, mem_t_guess, gap_t_guess,

material, pixels_per_x)

↪→

↪→

302 layers_x = np.divide(layers_x,0.6) #divide by membrane thickness

303

304 fig1 = plt.figure()

305 plt.xlabel('distance [$\mu$m]')

306 plt.ylabel('number of layers')

307 #plt.ylim(ymin=1, ymax=11)
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308 plt.errorbar(cut_dist,layers_x,yerr=layers_errs,fmt='o')

309 #plt.show()

310 #save_str = '%s_layers_len_%d_gs_%d_%d_res_%.1f.tex' % (picture_loc,

pic_length, mem_t_guess, gap_t_guess, pixels_per_x)↪→

311 #tikz_save(save_str, figureheight='\\fheight',

figurewidth='\\fwidth')↪→

312

313 fig2 = plt.figure()

314 plt.xlabel('distance [$\mu$m]')

315 plt.ylabel('gap distance [nm]')

316 #plt.ylim(ymin=50, ymax=160)

317 plt.errorbar(cut_dist,gap_x,yerr=gap_errs,fmt='o')

318 #plt.show()

319 #save_str = '%s_gaps_len_%d_gs_%d_%d_res_%d.tex' % (picture_loc,

pic_length, mem_t_guess, gap_t_guess, pixels_per_x)↪→

320 #tikz_save(save_str, figureheight='\\fheight',

figurewidth='\\fwidth')↪→

321 print(layers_errs)

322 print(gap_errs)
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