
MATHEMATICAL MODELING OF ARBORESCENT 

POLYISOBUTYLENE PRODUCTION IN CONTINUOUS AND SEMI-

BATCH REACTORS 

 

 

 

by 

 

Bradley Derick Buren 

 

 

 

 

A thesis submitted to the Department of Chemical Engineering 

In conformity with the requirements for 

the degree of Master of Applied Science 

 

 

 

 

 

Queen’s University 

Kingston, Ontario, Canada 

(August 2018) 

 

Copyright © Bradley Derick Buren, 2018 



ii 

 

Abstract 

 Mathematical models are developed for arborescent polyisobutylene (arbPIB) production in 

continuous-stirred-tank and semi-batch reactors. The objective of the research is to assess how reactor type 

influences final polymer properties and to use the new semi-batch model for parameter estimation with 

existing literature data. A multidimensional method-of-moments technique is used to predict number and 

weight-average molecular weights and branching levels.  

 The continuous stirred-tank reactor (CSTR) model developed is used to simulate arbPIB 

polymerization over a range of different residence times and inimer feed concentrations. It is shown that 

polydispersity and average branching level are higher for polymer produced in a CSTR compared to 

polymer produced in batch. It is also shown that operating a CSTR at long residence times and/or high 

inimer feed concentrations will result in an inability to reach steady-state operation due to the weight-

average molecular weight increasing indefinitely. This range of instability for CSTR operation is larger for 

SCVCP than for inimer homopolymerization because of the relatively high apparent rate constant 

associated with the isobutylene comonomer reacting with an inimer branching agent.  

 In addition, a semi-batch model is developed that incorporates a material balance on Lewis-acid 

concentration. Lumped parameters (containing true rate constants and equilibrium constants) are estimated 

using literature batch and semi-batch data for arbPIB. Two attempts are made to fit these data by applying 

different mechanistic assumptions. Unfortunately, parameters estimated from these studies are unable to 

provide simulation results that accurately fit the experimental data. It is recommended that additional 

experimental data be collected at various reaction conditions, including replicate semi-batch data, before 

improved modeling assumptions are developed. 
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Chapter 1 

Introduction 

 Due to their unique chemical architecture and high functionality, dendritic polymers have 

become a focal point for specialty applications including enzyme-like catalysts, targeted drug 

delivery, and specialty additives for coatings and lubricant.1–3 Unfortunately, the production of 

dendritic polymers is often lengthy and expensive, requiring multiple addition and purification 

steps.4–7 One way of overcoming these obstacles is to utilize hyperbranched or arborescent 

polymers, which are commonly referred to as “imperfect dendrimers” (see Figure 1.1). These 

materials exhibit similar properties to those of dendrimers, however can often be produced in a 

simple one-pot reaction, thus opening the door for large-scale production.8,9 In this thesis, 

opportunities for the production of arborescent polymers via self-condensing vinyl 

copolymerization (SCVCP) in continuous and semi-batch reactors are studied using mathematical 

models. 

 

Figure 1.1 Diagram of a dendritic polymer (left) and arborescent polymer (right) adapted from 

Paez et al.1 

 

Hyperbranched polymers synthesized via self-condensing vinyl polymerization (SCVP) 

was first proposed by Frechet et al.10 In this technique, a multi-functional molecule that acts as both 

Arborescent Polymer Dendritic Polymer 
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an initiator and monomer (referred to as an inimer and abbreviated as IM) is homopolymerized. 

The multiple reaction sites on the IM molecules allow them to function as branching agents, 

forming large hyperbranched structures through the creation of T-shaped branches. 

 The research group of Puskas et al. expanded on the SCVP mechanism to allow for the 

carbocationic self-condensing vinyl copolymerization (SCVCP) of IM molecules and isobutylene 

(IB) to produce arborescent polyisobutylene (arbPIB).8,9,11–15 They developed several variations of 

these IB copolymers, which when functionalized with polystyrene (PSt) end-blocks, show promise 

for human implantation.16–21 The arbPIB core used in these block copolymers has excellent 

biocompatibility, biostability, and permeability, making it a promising candidate for use in breast 

implants and intracranial pressure sensor coatings.18–21  

 In recent years our research group has developed a series of mathematical models  and used 

them to better understand the polymerization kinetics of arbPIB produced in batch reactors.22–27 

The most recent batch reactor model uses the multidimensional method of moments to predict 

average polymer properties, including number-average molecular weight, weight-average 

molecular weight, and average branching levels.24 This multidimensional method-of-moments 

model relies on four indices, tracking the degree of polymerization and three types of reactive end 

groups that appear on the arborescent polymer chains. This model is extended to develop the 

continuous stirred tank reactor (CSTR) and semi-batch reactor models proposed in this thesis. 

CSTRs have many benefits for large-scale production since there is no batch-to-batch 

variation or changeover time associated with emptying and filling of batch reactors. Semi-batch 

reactors provide additional flexibility for copolymerization compared to batch reactors because a 

portion of one or more of the comonomers can be fed gradually over time, thereby influencing the 

polymer properties.  Before moving to either continuous or semi-batch arbPIB production, it will 

be important to better understand the influence of reactor type and operating strategy on copolymer 

properties.  
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Semi-batch operation for arbPIB has been studied experimentally by Dos Santos;15 

however, until now, this semi-batch data has not been used for either model development or 

parameter estimation. Reliable values for kinetic parameters are necessary to ensure that predicted 

polymerization trends are consistent with real process behaviour. Unfortunately, to our knowledge, 

arbPIB has never been produced in a CSTR.  The main objectives of the research in this thesis are 

to develop new mathematical models that provide reliable predictions of the molecular weight and 

branching behaviour of arbPIB when it is produced in continuous and semi-batch reactors. 

 In Chapter 2, a novel CSTR model is developed by expanding on the multidimensional 

method-of-moments batch reactor model of Zhao et al.24 Using Zhao’s apparent rate constants, 

estimated from batch reactor data, arbPIB simulations are conducted shedding light on key 

differences between arbPIB product properties from CSTR and batch reactors.  It is shown that 

long residence times and high inimer feed concentrations can lead to unstable CSTR operation.  

Feasible steady-state operating conditions are identified, and general recommendations are made 

for researchers who wish to produce arbPIB and other hyperbranched polymers via SCVP or 

SCVCP in a CSTR. In Chapter 3, a semi-batch model is proposed and used to fit literature data 

from batch and semi-batch experiments. It is shown that the kinetic mechanism used in the current 

model and previous arbPIB batch reactor models is inconsistent with the limited available semi-

batch data.  Recommendations are made concerning the need to obtain replicate semi-batch data 

and data at new operating conditions, which are required to support further model development 

using a more complex model structure.   
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Buren, B. D.; Zhao, Y. R.; Puskas, J. E.; McAuley, K. B. Predicting Average Molecular Weights 

and Branching Level for Self-Condensing Vinyl Copolymerization in a CSTR Macromol. React. 

Eng. 2018, 1700074. 

 

2.1 Introduction 

Compared with linear polymers, arborescent (tree-like) polymers have beneficial 

properties, such as lower viscosities, compact structure, and high functionality.1–3 These properties 

open doors for researchers to develop tailored materials for new applications. Traditional ways of 

synthesizing arborescent or highly branched (dendritic) polymers using living polymerization 

methods require multiple synthesis and purification steps, which hinder the feasibility for mass 

production.4,5 In recent years, the research group of Puskas et al. developed a new one-pot synthesis 

route for making arborescent polymers.6–12 Arborescent polyisobutylene (arbPIB), which they 

produced via living carbocationic polymerization, is suitable for human implantation, especially 

for breast re-construction after breast cancer surgery.13–18 Compared with traditional silicon-based 

materials, arbPIB has higher mechanical strength, less liquid leakage, and better biocompatibility, 

allowing new cells to grow on the surface of arbPIB material.17,18  

Puskas’s Self-Condensing Vinyl Copolymerization (SCVCP) route to arbPIB builds on 

Self-Condensing Vinyl Polymerization (SCVP) techniques first reported by Fréchet et al.19 To 



    

 - 8 - 

produce lightly-branched arbPIB, Paulo et al. reacted 4-(2-methoxyisopropyl) styrene with TiCl4 

and isobutylene (IB).7 In this system, the 4-(2-methoxyisopropyl) styrene is rapidly converted to 

the 4-(2-chloroisopropyl) styrene inimer (IM) molecule shown Figure 2.1. It is an “inimer” because 

it functions both as an initiator and a monomer (i.e., the chloride end group produces a carbocation 

that initiates polymerization with vinyl groups on IB monomer and on other IM molecules). 

 

  

Figure 2.1 4-(2-chloroisopropyl) styrene Inimer Molecule.7 

 

Figure 2.2 shows the one-pot SCVCP reaction scheme, developed by Puskas et al., to 

produce arbPIB in batch or semi-batch reactors.6–12 In this living carbocationic copolymerization 

of IM and IB, there are two types of vinyl groups and three types of chloride end groups (as shown 

in Figure 2.2). One of the vinyl groups is from IM (VI group) and the other vinyl group is from IB 

monomer (VM group). There are three types of chloride end groups that can be removed by a Lewis 

acid (LA) catalyst, TiCl4, to form a carbocation, which can undergo propagation reactions. The 

chloride end group arising from IM is denoted as a CI group. The second type of chloride group 

forms after the consumption of a vinyl group on the IB monomer (CM group); and the third type of 

chloride group forms after the consumption of the vinyl group on a IM molecule (CS group). Among 

these different types of vinyl groups and chloride end groups, there are six different propagation 

reactions that can happen in the SCVCP system. The resulting six propagation rate constants are 

𝑘𝑝𝐼𝐼, 𝑘𝑝𝐼𝑀, 𝑘𝑝𝑀𝐼, 𝑘𝑝𝑀𝑀, 𝑘𝑝𝑆𝐼 and 𝑘𝑝𝑆𝑀. The first letter after 𝑘𝑝 is the type of chloride end group 

and the second corresponds to the type of vinyl group involved in the reaction. Puskas and 

Lanzendörfer20 indicated that there are two possible paths for LA catalyst to initiate carbocation 

polymerization, as shown in Figure 2.3. Path A is dominant when [LA]0 < [IM]0, while path B is 
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dominant when [LA]0 > [IM]0. Zhao et al. combined the two paths for each of the six propagation 

rate constants to produce the apparent rate constant expressions in Table 2.1 and obtained 

corresponding estimated values using batch reactor data11,12 and a model that relies on 

multidimensional method of moments.21 

 

 

Figure 2.2 A simplified reaction mechanism of “one-pot” living copolymerization of IM and 

IB.22 

 

Table 2.1 Six reactions and their apparent rate constants with their estimated values where 

[TiCl4]0 = 0.0313 mol L-1 and temperate = -95 oC in Hx/MeCl (60/40).21 

 Reactions Parameter Values Units 

1 𝐶𝐼 + 𝑉𝐼
𝑘𝑝𝐼𝐼𝑎𝑝𝑝
→     𝐶𝑆 

𝑘𝑝𝐼𝐼𝑎𝑝𝑝 = 𝑘𝑝𝐼𝐼 × (𝐾0𝐾1[𝑇𝑖𝐶𝑙4]0 + 𝐾0𝐾2[𝑇𝑖𝐶𝑙4]0
2) 4.14 × 10−2 L∙mol-1∙s-1 

2 𝐶𝐼 + 𝑉𝑀
𝑘𝑝𝐼𝑀𝑎𝑝𝑝
→     𝐶𝑀 𝑘𝑝𝐼𝑀𝑎𝑝𝑝 = 𝑘𝑝𝐼𝑀 × (𝐾0𝐾1[𝑇𝑖𝐶𝑙4]0 + 𝐾0𝐾2[𝑇𝑖𝐶𝑙4]0

2) 3.85 × 10−4 L∙mol-1∙s-1 

3 𝐶𝑀 + 𝑉𝐼
𝑘𝑝𝑀𝐼𝑎𝑝𝑝
→     𝐶𝑆 

𝑘𝑝𝑀𝐼𝑎𝑝𝑝 = 𝑘𝑝𝑀𝐼 × (𝐾0𝐾1[𝑇𝑖𝐶𝑙4]0 + 𝐾0𝐾2[𝑇𝑖𝐶𝑙4]0
2) 4.65 × 10−1 L∙mol-1∙s-1 

4 𝐶𝑀 + 𝑉𝑀
𝑘𝑝𝑀𝑀𝑎𝑝𝑝
→      𝐶𝑀 𝑘𝑝𝑀𝑀𝑎𝑝𝑝 = 𝑘𝑝𝑀𝑀 × (𝐾0𝐾1[𝑇𝑖𝐶𝑙4]0 + 𝐾0𝐾2[𝑇𝑖𝐶𝑙4]0

2) 2.27 × 100 L∙mol-1∙s-1 

5 𝐶𝑆 + 𝑉𝐼
𝑘𝑝𝑆𝐼𝑎𝑝𝑝
→     𝐶𝑆 

𝑘𝑝𝑆𝐼𝑎𝑝𝑝 = 𝑘𝑝𝑆𝐼 × (𝐾0𝐾1[𝑇𝑖𝐶𝑙4]0 + 𝐾0𝐾2[𝑇𝑖𝐶𝑙4]0
2) 4.68 × 10−3 L∙mol-1∙s-1 

6 𝐶𝑆 + 𝑉𝑀
𝑘𝑝𝑆𝑀𝑎𝑝𝑝
→      𝐶𝑀 𝑘𝑝𝑆𝑀𝑎𝑝𝑝 = 𝑘𝑝𝑆𝑀 × (𝐾0𝐾1[𝑇𝑖𝐶𝑙4]0 + 𝐾0𝐾2[𝑇𝑖𝐶𝑙4]0

2) 2.87 × 10−4 L∙mol-1∙s-1 

where 𝐾0 =
𝑘0

𝑘−0
=

[𝑃𝑛
∗𝐿𝐴]

[𝑃𝑛][𝐿𝐴]
;  𝐾1 =

𝑘1

𝑘−1
=
[𝑃𝑛
+𝐿𝐴−]

[𝑃𝑛
∗𝐿𝐴]

;  𝐾2 =
𝑘2

𝑘−2
=

[𝑃𝑛
+𝐿𝐴2

−]

[𝑃𝑛
∗𝐿𝐴][𝐿𝐴]
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Figure 2.3 Comprehensive scheme for living IB polymerization using TiCl4 as the Lewis acid. 

Reproduced with permission.20 Copyright 1998, American Chemical Society. 

 

ArbPIB has been produced experimentally in batch and semi-batch reactors,6–12 but to our 

knowledge has not been produced in a continuous stirred-tank reactor (CSTR). The objective of 

the current study is to develop a mathematical model to predict number and weight average 

molecular weight (�̅�𝑛 and �̅�𝑤) and the average number of branches per molecule (Bkin) when 

arbPIB is produced in a CSTR. This new model will be used to investigate differences in product 

properties compared to those obtained in batch. Several models have been developed for 

generalized SCVP and SCVCP systems in both batch and semi-batch reactors but no CSTR models 

have been reported in the literature.  

CSTR models have been developed for many other types of highly branched polymers.23–

32 For example, Smagala and McCoy used material balances and method of moments to simulate 

controlled radical polymerization with chain transfer to polymer.25 They found that primary 
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branching (i.e., branch formation on the polymer backbone) is similar in both CSTR and batch. 

However, hyperbranching (i.e., the behavior of branches on branches) is “distinctly different” in 

CSTR and batch. Formation of highly branched polymers via regular (uncontrolled) free radical 

polymerization in CSTRs have also been modeled.27–33 A major challenge in modeling these 

systems is the sudden increase in �̅�𝑤 to infinity at the gelation point, which occurs in some free 

radical polymerizations (e.g., systems with chain transfer to polymer and termination by 

combination, leading to H-shaped branches).  

AB2 polycondensation reactions, which have historically been compared with SCVP 

because both lead to T-shaped branch points, were recently modeled in a CSTR.34,35 Tobita 

predicted a different branching structure and smaller mean-squared radius of gyration for AB2 

polymer produced in a CSTR than for AB2 polymer with the same degree of polymerization 

produced in batch.34 Because the different kinetic mechanisms for AB2 polycondensation and 

SCVP result in subtle differences in behaviour for both the molecular-weight distribution (MWD) 

and the degree of branching,36,37 it is not clear how SCVP (or SCVCP) properties in a CSTR will 

differ from those obtained in a batch reactor.  

Researchers have mainly used two different approaches to model SCVP and SCVCP 

systems so that �̅�𝑛, �̅�𝑤 and branching structures can be predicted: i) dynamic material balances 

and ii) Monte Carlo (MC) methods.21,22,36–51 Dynamic material balance models tend to be less 

computationally intensive than MC models, but provide less detailed information about the 

branching structure of polymer molecules. As a result, it is common to use dynamic material 

balance models for parameter estimation studies, which require repeated solution of the model 

equations. The resulting parameter estimates can then be used in MC models to obtain detailed 

structural information.21,22,38–41 

Müller et al. and Yan et al. derived several balance equations to describe the MWD as well 

as degree of branching for SCVP and SCVCP systems.36,37,42–44 These equations rely on simplifying 

assumptions regarding values of different types of rate constants. Assuming equal values for rate 
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constants involving CI and CS end groups, they found that polydispersity (PD) for their 

copolymerization (SCVCP) system was lower than for IM homopolymerization (SCVP) with the 

same �̅�𝑛.42 Subsequent work involved semi-batch reactors with a multifunctional core initiator 

(i.e., copolymerization of IM with a small amount of multifunctional initiator containing multiple 

CI groups but no vinyl groups). Using a multifunctional core initiator with higher functionality (i.e., 

more CI groups) resulted in a decrease in PD for both a batch and semi-batch reactor.44 Similarly, 

Radke at al. compared �̅�𝑛, �̅�𝑤, PD, and degree of branching for hyperbranched polymers obtained 

by SCVP using multifunctional initiators in both batch and semi-batch reactors. Using material 

balances, they showed that operating a semi-batch reactor with slow monomer feed led to a high 

degree of branching, which is consistent with the formation of nearly perfect dendrimers.45 

Cheng et al. used generating functions to also study SCVP and SCVCP systems with 

multifunctional initiators in batch and semi-batch reactors. Assuming equal rate constants for 

different types of propagation reactions, they showed how the degree of polymerization and degree 

of branching can be influenced by adjusting the feed ratio of the monomer and the multifunctional 

initiator. Semi-batch operation with slow monomer addition was shown to produce a polymer with 

lower PD and higher degree of branching compared to a batch process. The molecular structure of 

the final polymer was found to be dependent on the monomer feed rate and the monomer to IM 

ratio.46,47 

Several MC models have been developed for SCVP and SCVCP systems, some relying on 

traditional Gillespie techniques48 and others using more advanced random-sampling methods.39–

41,49–51 He et al. created traditional Gillespie MC models for SCVP and SCVCP systems in the 

presence of multifunctional initiators.49,50 Using the assumption of equal rate constants, they found 

that using IM resulted in a broader MWD and increased control of branching when compared with 

batches that contain only monomer and multifunctional initiator.49 In subsequent simulations with 

non-equal propagation rate constants, they found that the reactivity ratio of the IM functional 

groups (CI to CS groups for arbPIB) and the overall conversion of vinyl groups were more important 
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than the reactivity of their multifunctional initiator for determining the overall degree of 

branching.50 

Tobita developed a model for a SCVP system using an advanced random-sampling MC 

method that assembles individual polymer molecules at the end of a batch reaction.51 Tobita’s 

model accounts for the two apparent rate constants involved in IM homopolymerization (i.e., 

𝑘𝑝𝐼𝐼𝑎𝑝𝑝 and 𝑘𝑝𝑆𝐼𝑎𝑝𝑝) and was used to explore the influence of reactivity ratio on degree of 

branching and radius of gyration. To our knowledge, no CSTR models have been developed for 

SCVP or SCVCP systems.  

Zhao et al. from our research group have developed a series of models to understand the 

kinetics and properties of arbPIB produced through SCVCP in batch reactors. Three models used 

dynamic material balances21,22,38 and three used MC methods.39–41 First, they built a PREDICI® 

model that only accounts for polymer chains with up to 15 IM units and assumes that 𝑘𝑝𝐼𝐼𝑎𝑝𝑝 = 

𝑘𝑝𝑆𝐼𝑎𝑝𝑝 = 0 (i.e., VI groups can only react with CM groups).22 The shape of the MWD predicted by 

this model revealed that even for polymers with low branching levels (i.e., less than 5 branches per 

molecule, on average), there is still a significant number of polymer chains having more than 15 

IM units. Estimation for the four parameters that appear in this model (i.e., 𝑘𝑝𝑀𝑀𝑎𝑝𝑝, 𝑘𝑝𝑀𝐼𝑎𝑝𝑝, 

𝑘𝑝𝑆𝑀𝑎𝑝𝑝, and 𝑘𝑝𝐼𝑀𝑎𝑝𝑝) was done for the first time using low-branching-level data.11,12 To address 

the issue of the unrealistic branching level limit, a more advanced “parallel” model was developed 

in PREDICI®, which accounts for all six apparent rate constants and can accommodate any 

branching level.38 Unfortunately, this improved model can only predict �̅�𝑛 and Bkin. The model is 

not able to predict �̅�𝑤 nor the shape of the MWD. This model was used to estimate 𝑘𝑝𝐼𝐼𝑎𝑝𝑝 and 

𝑘𝑝𝑆𝐼𝑎𝑝𝑝 for the first time. More recently, the multidimensional method of moments was applied to 

develop an advanced material balance model that can predict both �̅�𝑛 and �̅�𝑤. This model accounts 

for all six apparent rate constants and can accommodate any branching level. The model uses four 

dimensions (index variables) to track four different characteristics of the polymer chains (i.e. the 
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number of monomer units and the number of CM, CI, and CS groups).21 More reliable parameter 

values were obtained using this model, because Zhao et al. could account for �̅�𝑤 data during 

parameter estimation. This model cannot provide information about the shape of the MWD, nor the 

branching structure of individual polymer molecules. 

Several MC models have also been developed by our research group for the arbPIB 

SCVCP system in a batch reactor.39–41 The first and simplest MC model applies Gillespie’s 

traditional MC method.41 It is more accurate than the MC model of He et al.49 because all six 

apparent rate constants in Table 2.1 are included and have different values. Information about 

individual polymer chains, and how they evolve over time, is generated and used to construct the 

MWD. Unfortunately, this model requires significant computational effort to obtain reliable 

simulation results, which could take several weeks for one simulation on a typical laptop.41 Next, 

two successive MC models were developed using advanced algorithms to address the problem of 

long computation times.39,40 These two advanced MC models use a combination of dynamic 

material balances and stochastic calculations. The main difference between the two advanced MC 

models is that one samples polymer chains for assembly at the end of the batch on a number basis 

and the other selects polymer molecules for assembly on a weight basis.39,40 The weight-based 

algorithm selects polymer chains from the upper tail of the MWD more often than the number-

based algorithm and is therefore able to provide accurate MWD information using a smaller number 

of sampled molecules. Although the two advanced MC models are significantly faster than the 

traditional MC algorithm, performing parameter estimation is still prohibited due to long computing 

times. Together, the material-balance and MC modeling studies reveal important relationships 

between reactor operating conditions and the resulting polymeric structure, with the MC models 

relying on rate constants estimated using the material-balance models.  

The CSTR model developed in the current article involves material balances on polymer 

molecules denoted by 𝑃𝑛,𝑚,𝑖,𝑠 where n is the number of IB monomer units, m is the number of CM 
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groups, i is the number of CI groups and s is the number of CS groups.21 Table 2.2 summarizes the 

reaction scheme, which was developed by Zhao et al. and used for batch reactor models.21 Note 

that the total number of IM units in a polymer molecule is equal to 𝑚 + 𝑖 + 𝑠. To illustrate Zhao’s 

notation, the polymer chain on the right-hand side in Figure 2.2 is 𝑃14,3,1,1 and the number of IM 

units is 5 = 3+1+1.  

 

Table 2.2 Summary of reactions for the arbPIB system in terms of polymer, IM and IB.21 

Reacting 

Species 

Reacting 

End Group 
Reaction and Rate Expression 

IM + IB CI 
𝑃0,0,1,0 + 𝐼𝐵

𝑘𝑝𝐼𝑀𝑎𝑝𝑝
→     𝑃1,1,0,0 

𝑅𝑝 = 𝑘𝑝𝐼𝑀𝑎𝑝𝑝[𝑃0,0,1,0][𝐼𝐵] 

Polymer 

+ 

IB 

CM 
𝑃𝑛,𝑚,𝑖,𝑠 + 𝐼𝐵

𝑚𝑘𝑝𝑀𝑀𝑎𝑝𝑝
→        𝑃𝑛+1,𝑚,𝑖,𝑠 

𝑅𝑝 = 𝑚𝑘𝑝𝑀𝑀𝑎𝑝𝑝[𝑃𝑛,𝑚,𝑖,𝑠][𝐼𝐵] 

CI 
𝑃𝑛,𝑚,𝑖,𝑠 + 𝐼𝐵

𝑖𝑘𝑝𝐼𝑀𝑎𝑝𝑝
→      𝑃𝑛+1,𝑚+1,𝑖−1,𝑠 

𝑅𝑝 = 𝑖𝑘𝑝𝐼𝑀𝑎𝑝𝑝[𝑃𝑛,𝑚,𝑖,𝑠][𝐼𝐵] 

CS 
𝑃𝑛,𝑚,𝑖,𝑠 + 𝐼𝐵

𝑠𝑘𝑝𝑆𝑀𝑎𝑝𝑝
→      𝑃𝑛+1,𝑚+1,𝑖,𝑠−1 

𝑅𝑝 = 𝑠𝑘𝑝𝑆𝑀𝑎𝑝𝑝[𝑃𝑛,𝑚,𝑖,𝑠][𝐼𝐵] 

Polymer 

+ 

IM 

CM 
𝑃𝑛,𝑚,𝑖,𝑠 + 𝑃0,0,1,0

𝑚𝑘𝑝𝑀𝐼𝑎𝑝𝑝
→       𝑃𝑛,𝑚−1,𝑖+1,𝑠+1 

𝑅𝑝 = 𝑚𝑘𝑝𝑀𝐼𝑎𝑝𝑝[𝑃𝑛,𝑚,𝑖,𝑠][𝑃0,0,1,0]
 

CI 
𝑃𝑛,𝑚,𝑖,𝑠 + 𝑃0,0,1,0

𝑖𝑘𝑝𝐼𝐼𝑎𝑝𝑝
→     𝑃𝑛,𝑚,𝑖,𝑠+1 

𝑅𝑝 = 𝑖𝑘𝑝𝐼𝐼𝑎𝑝𝑝[𝑃𝑛,𝑚,𝑖,𝑠][𝑃0,0,1,0] 

CS 
𝑃𝑛,𝑚,𝑖,𝑠 + 𝑃0,0,1,0

𝑠𝑘𝑝𝑆𝐼𝑎𝑝𝑝
→      𝑃𝑛,𝑚,𝑖+1,𝑠 

𝑅𝑝 = 𝑠𝑘𝑝𝑆𝐼𝑎𝑝𝑝[𝑃𝑛,𝑚,𝑖,𝑠][𝑃0,0,1,0] 

IM 

+ 

Polymer 

CI 
𝑃0,0,1,0 + 𝑃𝑛,𝑚,𝑖,𝑠

𝑘𝑝𝐼𝐼𝑎𝑝𝑝
→     𝑃𝑛,𝑚,𝑖,𝑠+1 

𝑅𝑝 = 𝑘𝑝𝐼𝐼𝑎𝑝𝑝[𝑃0,0,1,0][𝑃𝑛,𝑚,𝑖,𝑠] 

Polymer 

+ 

Polymer 

CM 
𝑃𝑛1,𝑚1,𝑖1,𝑠1 + 𝑃𝑛2,𝑚2,𝑖2,𝑠2

(𝑚1+𝑚2)𝑘𝑝𝑀𝐼𝑎𝑝𝑝
→             𝑃𝑛1+𝑛2,𝑚1+𝑚2−1,𝑖1+𝑖2,𝑠1+𝑠2+1 

𝑅𝑝 = (𝑚1 +𝑚2)𝑘𝑝𝑀𝐼𝑎𝑝𝑝[𝑃𝑛1,𝑚1,𝑖1,𝑠1][𝑃𝑛2,𝑚2,𝑖2,𝑠2] 

CI 
𝑃𝑛1,𝑚1,𝑖1,𝑠1 + 𝑃𝑛2,𝑚2,𝑖2,𝑠2

(𝑖1+𝑖2)𝑘𝑝𝐼𝐼𝑎𝑝𝑝
→          𝑃𝑛1+𝑛2,𝑚1+𝑚2,𝑖1+𝑖2−1,𝑠1+𝑠2+1 

𝑅𝑝 = (𝑖1 + 𝑖2)𝑘𝑝𝐼𝐼𝑎𝑝𝑝[𝑃𝑛1,𝑚1,𝑖1,𝑠1][𝑃𝑛2,𝑚2,𝑖2,𝑠2] 

CS 
𝑃𝑛1,𝑚1,𝑖1,𝑠1 + 𝑃𝑛2,𝑚2,𝑖2,𝑠2

(𝑠1+𝑠2)𝑘𝑝𝑆𝐼𝑎𝑝𝑝
→           𝑃𝑛1+𝑛2,𝑚1+𝑚2,𝑖1+𝑖2,𝑠1+𝑠2  

𝑅𝑝 = (𝑠1 + 𝑠2)𝑘𝑝𝑆𝐼𝑎𝑝𝑝[𝑃𝑛1,𝑚1,𝑖1,𝑠1][𝑃𝑛2,𝑚2,𝑖2,𝑠2] 

 

 



    

 - 16 - 

The most recent model of Zhao et al. uses the multidimensional method of moments to 

predict number-average and weight-average molecular weights. Multidimensional method of 

moments is a useful means of modeling complex systems, because multiple indices allow 

researchers to track average properties such as number of branches, monomer units, comonomer 

units, and functional end groups on polymer chains.21,29,52–55 Zhao et al. reported the first application 

of multidimensional method of moment for modeling arbPIB production in batch21 and to our 

knowledge, no other SCVP or SCVCP system has been modelled using this technique. Zhao’s 

expressions for average molecular weights are valid both in batch reactors and CSTRs: 

𝑀𝑛̅̅ ̅̅ =
𝑀𝐼𝐵𝜆1000+𝑀𝐼𝑀(𝜆0100+𝜆0010+ 𝜆0001−[𝐼𝑀])

𝜆0000−[𝐼𝑀]
  (2.1) 

𝑀𝑤̅̅ ̅̅̅ =
𝑀𝐼𝐵
2 𝜆2000+2𝑀𝐼𝐵𝑀𝐼𝑀(𝜆1100+𝜆1010+𝜆1001)+𝑀𝐼𝑀

2 (𝜆0200+𝜆0020+𝜆0002+2𝜆0110+2𝜆0101+2𝜆0011−[𝐼𝑀])

𝑀𝐼𝐵𝜆1000+𝑀𝐼𝑀(𝜆0100+𝜆0010+𝜆0001−[𝐼𝑀])
  (2.2) 

where MIB and MIM are the molar masses of monomer and IM, respectively.21 Equation (2.1) and 

(2.2) rely on the following definition for multidimensional moments of the joint chain length and 

functional end group distribution: 

𝜆𝑁𝑀𝐼𝑆 = ∑ ∑∑∑𝑛𝑁𝑚𝑀𝑖𝐼𝑠𝑆[𝑃𝑛,𝑚,𝑖,𝑠]

∞

𝑠=0

∞

𝑖=0

∞

𝑚=0

∞

𝑛=0

 (2.3) 

Using this definition, λ0000 is the total concentration of polymer molecules plus the concentration 

of unreacted IM, λ1000 is the concentration of IB units incorporated in the polymer, λ0100 is the 

concentration of CM end groups, λ0010 is the concentration of CI end groups (including unreacted 

IM), and λ0001 is the concentration of CS groups on all polymer molecules. The rate of change in the 

concentration of polymer molecules (plus unreacted IM) in a batch reactor is obtained from the 

following ordinary differential equation (ODE): 

𝑟𝑏,0000 = 
𝑑𝜆0000

𝑑𝑡
= −𝑘𝑝𝐼𝐼𝑎𝑝𝑝𝜆0000𝜆0010 − 𝑘𝑝𝑀𝐼𝑎𝑝𝑝𝜆0000𝜆0100 − 𝑘𝑝𝑆𝐼𝑎𝑝𝑝𝜆0000𝜆0001   (2.4) 



    

 - 17 - 

All the terms on the right-hand side of Equation (2.4) are negative because IM molecules and 

polymer molecules are consumed to produce larger chains as the copolymerization proceeds. 

Similar ODEs for the other moments that appear in Equation (2.3) and (2.4) were derived by Zhao 

et al. and can be found in Table 2.5 in the Appendix.  

Zhao et al. also used the multidimensional moments to compute the average number of 

branch points per polymer molecule:  

𝐵𝑘𝑖𝑛 =
𝑀𝑛

𝑀𝑛,𝑇ℎ𝑒𝑜
− 1 =

𝜆0100+ 𝜆0010+ 𝜆0001−[𝐼𝑀]

𝜆0000−[𝐼𝑀]
− 1  

(2.5) 

where Mn,Theo is the number-average molecular weight that would be achieved if IM acts only as an 

initiator (i.e., if its vinyl group could not react to form branches).7 Note that Bkin is equal to the 

average number of IM units per polymer chain, minus one. Equation (2.1)-(2.3) and (2.5) are valid 

in both batch reactors and CSTRs. By contrast, Equation (2.4) applies only to a batch reactor. As 

will be shown in the Model Development section of this article, additional inflow and outflow terms 

must be included to account for CSTR operation.  

 In this paper, we expand on the multidimensional method-of-moments model created by 

Zhao et al.21 for a batch reactor to account for inflow and outflow of species and end groups in a 

CSTR. The resulting model is used to analyze steady-state and dynamic behavior using a range of 

IM feed concentrations and residence times. Simulation results for a CSTR are compared with those 

for a batch reactor to investigate the influence of reactor type on arbPIB polymerization.  



    

 - 18 - 

2.2 Model Development and Implementation 

Balances on the various moments, defined in Equation (2.3), are provided in Table 2.3. 

These balances are similar to the batch-reactor balances of Zhao et al. (provided in the Appendix), 

but they contain additional inflow and outflow terms to account for CSTR operation. Note that τ is 

the residence time (in s) and rb,NMIS (in mol L-1 s-1) are generation rates of the multidimensional 

moments, which correspond to the right-hand sides of the batch-reactor ODEs in the Appendix. For 

example, -rb,0000 is the rate of consumption of polymer molecules and unreacted IM as shown in 

Equation (2.4). All the balances in Table 2.3 contain outflow terms, but only ODEs (2.3.1), (2.3.5), 

(2.3.14), (2.3.16) and (2.3.17) contain inflow terms to account for the IM and IB that are fed to the 

reactor over time. rb,IB and rb,IM which appear in Equation (2.3.16) and (2.3.17), are the rate of 

consumption of IB monomer and IM respectively. Equations in Table 2.3 are shown for simplicity 

with constant τ (i.e. assuming Fin = Fout and constant volume). However, the model can also be used 

to simulate time-varying flow rates and volumes if alternative values are used. For example, 

Equations (2.3.1) and (2.3.2) can be written as: 

𝑑𝜆0000

𝑑𝑡
= 𝑟𝑏,0000 + (

𝐹𝑖𝑛

 𝑉 
) [IM]f − (

𝐹𝑜𝑢𝑡

 𝑉 
) 𝜆0000 − (

𝑑𝑉

𝑑𝑡
) 𝜆0000  (2.3.1a) 

𝑑𝜆1000

𝑑𝑡
= 𝑟𝑏,1000 − (

𝐹𝑜𝑢𝑡

 𝑉 
) 𝜆1000 − (

𝑑𝑉

𝑑𝑡
) 𝜆1000  (2.3.2a) 

where the volume derivative term accounts for dilution effects when Fin differs from Fout. Five 

assumptions that were made when deriving the proposed model are listed in Table 2.4. 

The model was implemented using both MATLABTM (with the ODE solver ODE45) and 

PREDICI® (using user-defined ODEs in addition to those generated automatically by the program). 

Since PREDICI® can automatically include inflow and outflow terms in CSTR material balance 

equations, it was convenient to define each of the 15 moments as “species”, so that only the reaction 

rate expressions needed to be specified in the ODEs. Relative tolerances were selected to ensure 

accurate simulation results. Simulations from the two software packages showed nearly perfect 

agreement, with very minor differences attributable to numerical error diminishing as smaller 

tolerance settings were used.   
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Table 2.3 Ordinary Differential Equations for arbPIB Production in a CSTR. 

Moment Balances  

𝑑𝜆0000
𝑑𝑡

= 𝑟𝑏,0000 +
1

 τ 
[IM]f −

1

 τ 
𝜆0000 

(2.3.1) 

𝑑𝜆1000
𝑑𝑡

= 𝑟𝑏,1000 −
1

τ
𝜆1000 

(2.3.2) 

𝑑𝜆2000
𝑑𝑡

= 𝑟𝑏,2000 −
1

τ
𝜆2000 

(2.3.3) 

𝑑𝜆0100
𝑑𝑡

= 𝑟𝑏,0100 −
1

τ
𝜆0100 

(2.3.4) 

𝑑𝜆0010
𝑑𝑡

= 𝑟𝑏,0010 +
1

τ
[IM]f −

1

τ
𝜆0010 

(2.3.5) 

𝑑𝜆0001
𝑑𝑡

= 𝑟𝑏,0001 −
1

τ
𝜆0001 

(2.3.6) 

𝑑𝜆1100
𝑑𝑡

= 𝑟𝑏,1100 −
1

τ
𝜆1100 

(2.3.7) 

𝑑𝜆1010
𝑑𝑡

= 𝑟𝑏,1010 −
1

τ
𝜆1010 

(2.3.8) 

𝑑𝜆1001
𝑑𝑡

= 𝑟𝑏,1001 −
1

τ
𝜆1001 

(2.3.9) 

𝑑𝜆0101
𝑑𝑡

= 𝑟𝑏,0101 −
1

τ
𝜆0101 

(2.3.10) 

𝑑𝜆0110
𝑑𝑡

= 𝑟𝑏,0110 −
1

τ
𝜆0110 

(2.3.11) 

𝑑𝜆0011
𝑑𝑡

= 𝑟𝑏,0011 −
1

τ
𝜆0011 

(2.3.12) 

𝑑𝜆0200
𝑑𝑡

= 𝑟𝑏,0200 −
1

τ
𝜆0200 

(2.3.13) 

𝑑𝜆0020
𝑑𝑡

= 𝑟𝑏,0020 +
1

τ
[IM]f −

1

τ
𝜆0020 

(2.3.14) 

𝑑𝜆0002
𝑑𝑡

= 𝑟𝑏,0002 −
1

τ
𝜆0002 

(2.3.15) 

 

Material Balances  

𝑑[IB]

𝑑𝑡
= 𝑟𝑏,𝐼𝐵 +

1

τ
[IB]f −

1

τ
[IB] 

(2.3.16) 

𝑑[IM]

𝑑𝑡
= 𝑟𝑏,𝐼𝑀 +

1

τ
[IM]f −

1

τ
[IM] 

(2.3.17) 
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Table 2.4 Assumptions for model development. 

 Assumptions for model development 

1 The Lewis-acid concentration, [TiCl4], remains constant in the reactor over time since only a 

small amount of TiCl4 is consumed.[22] As a result, in a batch reactor, [TiCl4]0 = [TiCl4] and in 

the CSTR, the feed rate of TiCl4 to the reactor is constant, [TiCl4]f = [TiCl4]. 

2 No cyclization or other side reactions occur appreciably (i.e., the reaction scheme in Table 

2.2Table 2.3 shows all important reactions). 

3 The Flory equal-reactivity hypothesis applies so that reaction rates are independent of chain 

length and polymer architecture. 

4 Penultimate effects for IB and IM copolymerization can be neglected. 

5 Density change during polymerization is negligible. 

 

Simulations were conducted using base-case conditions where the initial concentrations in 

the batch reactor are the same as the feed conditions for the CSTR (i.e., [IB]0 = [IB]f = 1.74 mol L-

1 and [IM]0 = [IM]f = 1.14 x 10-3 mol L-1). These feed concentrations were chosen to permit ready 

comparisons with batch reactor simulations conducted by Zhao et al.21 who simulated arbPIB 

polymerization in batch using [IB]0 = 1.74 mol L-1 and [IM]0 ranging between 1.14 x 10-3 and 4.54 

x 10-3 mol L-1. All simulations used the apparent rate constants in Table 2.1, which are consistent 

with constant [TiCl4] = 3.13 x 10-2 mol L-1 and a reaction temperature of -95 oC in a hexane/methyl 

chloride (Hx/MeCl) (60/40 v/v) solvent mixture, matching the experimental conditions of Dos 

Santos et al.12  
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2.3 Results and Discussion 

To investigate the steady-state behaviour of the �̅�𝑛, �̅�𝑤, and Bkin, CSTR operation was 

simulated for long times (> 40 residence times). Figure 2.4 compares steady-state polymer 

properties produced in a CSTR (solid blue curves) with those in an analogous batch reactor (dashed 

red curves) for residence times up to 120 min. Using the same recipe, the CSTR produces arbPIB 

with slightly larger �̅�𝑛 and considerably larger �̅�𝑤 than does the batch reactor with the same 

residence time. Bkin is also slightly higher in the CSTR compared to batch, presumably because the 

broader residence time distribution of the CSTR provides opportunity for accumulation of highly-

branched polymer molecules. These highly-branched molecules grow more quickly than linear 

chains due to their large number of functional end groups. Also, in the CSTR, fresh IM from the 

feed stream can react with existing highly-branched polymer molecules to form even more 

branching points. By contrast, in the batch reactor, highly branched polymer molecules are not 

generated until later in the reaction when most of the initial IM has been consumed. When residence 

times in a CSTR are long (greater than ~ 44 min), highly-branched polymers grow very quickly, 

causing �̅�𝑤 and PD, as shown in Figure 2.4b and Figure 2.4c, to approach infinity. A similar 

phenomenon was observed for AB2 polycondensation in CSTR by Tobita using a random-sampling 

MC model.34 
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Figure 2.4 Comparison of (a) �̅�𝑛, (b) �̅�𝑤, (c) PD, and (d) Bkin for arbPIB produced in a CSTR at 

steady state (—) and batch reactor (- - -) at varying residence times with [IM]0 = [IM]f = 1.14 x 

10-3 mol L-1 and [IB]0 = [IB]f = 1.74 mol L-1 

 

A base-case residence time of τ = 20 min was used in the CSTR simulations and a 20 min 

end time was used in the batch reactor simulations, shown in Figure 2.5 to investigate the effect of 

IM concentration on polymer properties with [IM]0 = [IM]f adjusted between 10-4 and 10-2 mol L-

1. In the batch reactor simulations (dashed red curves), the final �̅�𝑛 and �̅�𝑤 (shown in Figure 2.5a 

and Figure 2.5b) decrease with increasing [IM]0 because more polymer chains are initiated and 

grow over the duration of the batch when [IM]0 is large, resulting in a larger number of smaller 

chains. Using this relatively short residence time for the batch reactor, it seems that the IM functions 

more as an initiator than as a branching agent. The behaviour of �̅�𝑛 in the CSTR is similar to that 

in batch; however, �̅�𝑤 behaves very differently in the CSTR, as shown in Figure 2.5b. When [IM]f 

reaches ~0.001 mol L-1, �̅�𝑤 in the CSTR begins to increase with increasing [IM]f because the 

additional IM leads to the formation and accumulation of some large highly-branched polymer 



    

 - 23 - 

chains that can grow quickly due to their large number of end groups. As shown in Figure 2.5c and 

Figure 2.5d, both PD and Bkin increase with increasing IM concentration in both the batch reactor 

and CSTR, as expected, because more IM enables the formation of a population of branched chains 

with relatively high molecular weight. MC simulations have been used to predict the MWD and 

branching distribution for arbPIB produced in batch reactors39–41 but, to our knowledge, this 

detailed distributional information has never been predicted for arbPIB in a CSTR.  

 

 

Figure 2.5 Comparison of (a) �̅�𝑛, (b) �̅�𝑤, (c) PD, and (d) Bkin for arbPIB produced in a CSTR at 

steady state (—) and at the final time (20 min) in a batch reactor (- - -) at varying IM 

concentrations with τ = 20 min and [IB]0 = [IB]f = 1.74 mol L-1. 

 

To obtain more detailed information about the different properties of arbPIB that would be 

produced in a CSTR, compared with batch, steady-state concentrations of functional end groups 

(i.e., CM, CI, and CS groups) as well as the unreacted IM concentration are plotted in Figure 2.6 as 

a function of residence time. Although �̅�𝑤 in the CSTR does not reach steady-state at high 
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residence times (τ greater than ~44 min, see Figure 2.4b) the concentrations of the functional end 

groups do reach steady-state values for all residence times, as shown in Figure 2.6a. The vertical 

line in Figure 2.6a corresponds to the critical value of τ = 44 min, so that all points to the right of 

this line are not feasible for steady-state CSTR operation. Note that the concentration of CI groups 

(dashed red curve) includes unreacted IM. The most notable difference between Figure 2.6a (CSTR 

operation) and Figure 2.6b (batch reactor operation) is the behaviour of the CM end groups (solid 

blue curve). The batch reactor CM concentration peaks at ~ 0.40 x 10-3 mol L-1 after 20 min, whereas 

the CSTR CM concentration remains relatively flat for τ greater than about 15 min. As time 

progresses in the batch reactor, more and more CM groups are converted to CS groups because the 

CS groups are less reactive than CM groups (e.g., kpSMapp is much smaller than kpMIapp, as shown in 

Table 2.1). 

 

 

Figure 2.6 Concentration of CM groups (—), CI groups (- - -), CS groups (- · -), and unreacted IM 

(····) at varying residence times in a CSTR (a) and batch reactor (b) with [IM]0 = [IM]f = 1.14 x 

10-3 mol L-1 and [IB]0 = [IB]f = 1.74 mol L-1. Conditions right of the vertical line in (a) 

corresponds to unsteady �̅�𝑤 operation in a CSTR. 

 

Figure 2.7 shows information similar to that in Figure 2.6, except that the number of end 

groups per polymer molecule are plotted rather than the end group concentrations in mol L-1. Note 

that in Figure 2.7, unreacted IM molecules are not included as part of the polymer. As expected, at 
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low residence times in the CSTR (Figure 2.7a) and in the batch reactor (Figure 2.7b), nearly all 

polymer molecules have a CM group because reactions 2 and 4, shown in Table 2.1, dominate early 

in the polymerization. As the CSTR residence time and batch time increase, the number of CI and 

CS groups per polymer molecule increase due to branching reactions. It is interesting that the 

number of CM groups per polymer molecule tends to increase at longer residence times in the CSTR 

(due to the availability of fresh monomer) whereas the number of CM groups per polymer molecule 

in the batch reactor decreases. As expected, the average total number of end groups per polymer 

molecule is slightly higher in the CSTR than in batch (e.g. at τ=120 min, Figure 2.7 shows that 

there are 3.95 end groups per polymer molecule on average for the CSTR and only 3.83 for the 

batch reactor). The arbPIB simulated in Figure 2.7 is only very lightly branched because of the 

relatively low concentration of IM used in the recipes. Use of higher concentrations of IM make 

CSTR operation even more prone to instability (see Figure 2.5b).  

 

 

Figure 2.7 Average number of CM groups (—), CI groups (- - -), and CS groups (- · -) per polymer 

molecule at varying residence times in a CSTR (a) and batch reactor (b) with [IM]0 = [IM]f = 1.14 

x 10-3 mol L-1 and [IB]0 = [IB]f = 1.74 mol L-1. Conditions right of the vertical line in (a) 

corresponds to unsteady �̅�𝑤 operation in a CSTR. 

 

To evaluate the influence of residence time on dynamic CSTR behaviour, simulations are 

shown in Figure 2.8 using τ = 10, 20, 40, and 80 min, with [IM]f and [IB]f held constant at 1.14 x 

10-3 mol L-1 and 1.74 mol L-1, respectively. For large values of τ (e.g., τ = 80 min), the CSTR does 
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not reach steady state as shown in Figure 2.8b, where �̅�𝑤 becomes infinite as t→. Note that for 

τ = 40 min a steady-state value of �̅�𝑤 ~ 4900 kg mol-1 is predicted (beyond the top of Figure 2.8b) 

after about t = 6000 min (~150 residence times). As large polymer molecules react with other 

polymer chains, the number of branches and reactive end groups on the largest molecules continues 

to increase, causing �̅�𝑤 to increase toward infinity if τ is large enough (i.e., 44 min for the base-

case conditions used). In practice, the largest molecules would occupy a greater volume than that 

of the CSTR, leading to reactor shutdown. 

 

 

Figure 2.8 Dynamic behavior of (a) �̅�𝑛, (b) �̅�𝑤, (c) PD, and (d) Bkin for arbPIB produced in a 

CSTR with [IM]f = 1.14 x 10-3 mol L-1, [IB]f = 1.74 mol L-1, and τ = 10 min (—), 20 min (- - -), 

40 min (- · -), and 80 min (····). 

 

The influence of [IM]f on dynamic CSTR behavior is evaluated in Figure 2.9 by holding 

[IB]f and τ constant (i.e., [IB]f = 1.74 mol L-1 and τ = 20 min). At high [IM]f, the CSTR does not 

reach steady-state, as shown by the response of �̅�𝑤 for [IM]f = 10-2 mol L-1 in Figure 2.9b. The 
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increase in �̅�𝑤 toward infinity is a result of highly-branched polymers causing a steep increase in 

�̅�𝑤 (and consequentially an increase in PD as shown in Figure 2.9c). When operating at low [IM]f, 

the IM primarily acts as an initiator. Under these conditions, �̅�𝑤 is decreased by increasing the IM 

concentration (see Figure 2.9b; steady-state �̅�𝑤 decreases when [IM]f is increased from 10-4 mol 

L-1 to 10-3 mol L-1). However, when [IM]f is high (e.g., greater than 10-3 mol L-1) the IM molecules 

become more important as branching agents, so that �̅�𝑤 increases when [IM]f is increased as shown 

in Figure 2.9b. If [IM]f exceeds ~7.2 x 10-3 mol L-1, �̅�𝑤 does not reach steady state for τ = 20 min. 

For larger values of τ, the critical inimer feed concentration is even lower as shown in Figure 2.10. 

These SCVCP reaction kinetics lead to a narrow range over which [IM]f can be adjusted before 

operating difficulties will be encountered. Since selection of [IM]f and τ are important for achieving 

any desired value of Bkin (see Figure 2.8d and Figure 2.9d), it is important to consider �̅�𝑤 instability 

when selecting appropriate CSTR operating conditions to achieve a target average level of 

branching.  

Experimental data for arbPIB produced in batch reactors (via the scheme in Figure 2.2) are 

available for reaction times up to 80 and 120 min.12 These experiments were performed with [IB]0 

= 1.74 mol L-1 and [IM]0 between 1.14 x 10-3 and 4.54 x 10-3 mol L-1. To operate a CSTR with the 

corresponding feed composition would result in unsteady behaviour as summarized in Figure 2.10a 

(i.e., steady-state operation cannot be obtained above [IM]f ~ 3.95 x 10-4 mol L-1 at τ = 80 min, or 

above [IM]f ~ 2.15 x 10-4 mol L-1 at τ = 120 min).  
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Figure 2.9 Dynamic behavior of (a) �̅�𝑛, (b) �̅�𝑤, (c) PD, and (d) Bkin for arbPIB produced in a 

CSTR with τ = 20 min, [IB]f = 1.74 mol L-1, and [IM]f = 10-4 mol L-1 (—), 10-3 mol L-1 (- - -), 5 x 

10-3 mol L-1 (- · -), and 10-2 mol L-1 (····). 

 

 

Figure 2.10 Range of steady-state operation for (a) SCVCP of arbPIB with [IB]f = 1.74 mol L-1 

and (b) SCVP. The shaded area corresponds to reaction conditions where �̅�𝑤 does not reach 

steady-state. 
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Figure 2.10b shows the corresponding �̅�𝑤 stability region for IM homopolymerization 

(i.e., SCVP, with [IB]f = 0). The shaded grey areas in Figure 2.10 correspond to operating 

conditions in which no steady-state exists for �̅�𝑤 in a CSTR. This range was determined by running 

multiple dynamic simulations for long times to identify (within a small tolerance) the critical point 

at which �̅�𝑤 no longer plateaus at a steady-state value (i.e, �̅�𝑤 was judged to have plateaued if �̅�𝑤 

increases by less than 1 kg mol-1 between operating times of 98 hours and 100 hours). It is especially 

interesting to note that the simulations predict a larger stability region for homopolymerization 

(SCVP) than for copolymerization (SCVCP), using the rate constants in Table 2.1 (wherein kpMIapp 

> kpIIapp > kpSIapp). CM groups, present only on the copolymer, undergo faster reactions with VI 

groups on other polymer molecules than do CI and CS groups, leading to faster combination of 

branched polymer chains in the copolymer than in the homopolymer. In addition, each time two 

large copolymer molecules join together, they tend to be larger than for the homopolymer because 

of the many IB monomer units they contain. Note that there is considerable uncertainty in the 

apparent rate constant values in Table 2.1, which were estimated by Zhao et al.21 Robust selection 

of CSTR operating conditions would require parameter values that are more precise. Since the 

apparent rate constants provided in Table 2.1 would also change if [TiCl4] were adjusted, it would 

be important to extend the model and relax assumption 1 in Table 2.4 to account for the influence 

of [TiCl4] when selecting safe operating conditions. We believe that assumption 2 (no cyclization) 

is reliable because the polymeric structure grows outward from the initiating IM unit, and the VI 

group on a polymer molecule is the only available site for cyclization reactions to occur. 

Nevertheless, relaxing this assumption would lead to slightly lower predicted �̅�𝑛 and �̅�𝑤 because 

cyclization would result in a small population of polymer molecules with no VI group that could 

react to combine with other polymer molecules. 
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2.4 Conclusions 

A multidimensional method-of-moments model has been developed to simulate the 

production of arbPIB via SCVCP in a CSTR. This model is an extension of the model of Zhao et 

al. for a batch reactor.21 Simulations reveal that producing arbPIB in a CSTR will produce polymers 

with a slightly higher �̅�𝑛 and considerably higher �̅�𝑤 when compared to a batch reactor (operating 

with initial reactant composition that is the same as the CSTR feed composition). Polymer produced 

in a CSTR will also have a greater number of branches than polymer produced in batch. 

Simulations also predict that �̅�𝑤 in CSTR will never reach steady-state when operating at 

high τ and/or high [IM]f. Inimer homopolymerization (SCVP) was found to be stable over a wider 

range of operating conditions when compared to copolymerization with IB monomer (SCVCP). 

This difference in stability is associated with the estimated values of the apparent rate constants 

used in the simulations. In the future, it will be important to use additional experimental data to 

obtain values of kinetic rate constants that are more reliable than those that are currently available. 

Since the method-of-moments model developed in this paper is limited to the simulation of average 

polymer properties, it is recommended that more detailed models (e.g., Monte Carlo models) be 

developed to elucidate additional information about molecular weight and branching distributions 

for CSTR operation.  
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Appendix 2.1 Rate Expressions from Batch Reactor Material Balances Derived by 

Zhao et al.21 

Table 2.5 Rate expressions from batch reactor material balances derived by Zhao et al.21 

RATE SYMBOL BATCH-REACTOR RATE EXPRESSION  

𝒓𝒃,𝟎𝟎𝟎𝟎 −𝑘𝑝𝐼𝐼𝑎𝑝𝑝𝜆0000𝜆0010 − 𝑘𝑝𝑀𝐼𝑎𝑝𝑝𝜆0000𝜆0100 − 𝑘𝑝𝑆𝐼𝑎𝑝𝑝𝜆0000𝜆0001 (A.1) 

𝒓𝒃,𝟏𝟎𝟎𝟎 𝑘𝑝𝐼𝑀𝑎𝑝𝑝[𝐼𝐵]𝜆0010 + 𝑘𝑝𝑀𝑀𝑎𝑝𝑝[𝐼𝐵]𝜆0100 + 𝑘𝑝𝑆𝑀𝑎𝑝𝑝[𝐼𝐵]𝜆0001 (A.2) 

𝒓𝒃,𝟐𝟎𝟎𝟎 

2𝑘𝑝𝐼𝐼𝑎𝑝𝑝𝜆1000𝜆1010 + 𝑘𝑝𝐼𝑀𝑎𝑝𝑝[𝐼𝐵](𝜆0010 + 2𝜆1010) + 2𝑘𝑝𝑀𝐼𝑎𝑝𝑝𝜆1000𝜆1100

+ 𝑘𝑝𝑀𝑀𝑎𝑝𝑝[𝐼𝐵](𝜆0100 + 2𝜆1100) + 2𝑘𝑝𝑆𝐼𝑎𝑝𝑝𝜆1000𝜆1001

+ 𝑘𝑝𝑆𝑀𝑎𝑝𝑝[𝐼𝐵](𝜆0001 + 2𝜆1001) 

(A.3) 

𝒓𝒃,𝟎𝟏𝟎𝟎 𝑘𝑝𝐼𝑀𝑎𝑝𝑝{𝐼𝐵]𝜆0010 − 𝑘𝑝𝑀𝐼𝑎𝑝𝑝𝜆0000𝜆0100 + 𝑘𝑝𝑆𝑀𝑎𝑝𝑝[𝐼𝐵]𝜆0001 (A.4) 

𝒓𝒃,𝟎𝟎𝟏𝟎 −𝑘𝑝𝐼𝐼𝑎𝑝𝑝𝜆0000𝜆0010 − 𝑘𝑝𝐼𝑀𝑎𝑝𝑝[𝐼𝐵]𝜆0010 (A.5) 

𝒓𝒃,𝟎𝟎𝟎𝟏 𝑘𝑝𝐼𝐼𝑎𝑝𝑝𝜆0000𝜆0010 + 𝑘𝑝𝑀𝐼𝑎𝑝𝑝𝜆0000𝜆0100 − 𝑘𝑝𝑆𝑀𝑎𝑝𝑝[𝐼𝐵]𝜆0001 (A.6) 

𝒓𝒃,𝟏𝟏𝟎𝟎 

𝑘𝑝𝐼𝐼𝑎𝑝𝑝(𝜆0110𝜆1000 + 𝜆0100𝜆1010) + 𝑘𝑝𝐼𝑀𝑎𝑝𝑝[𝐼𝐵](𝜆0010 + 𝜆0110 + 𝜆1010)

+ 𝑘𝑝𝐼𝑀𝑎𝑝𝑝(𝜆0000𝜆1000 + 𝜆0200𝜆1000 − 𝜆0000𝜆1100 + 𝜆0100𝜆1100)

+ 𝑘𝑝𝑀𝑀𝑎𝑝𝑝[𝐼𝐵]𝜆0200 + 𝑘𝑝𝑆𝐼𝑎𝑝𝑝(𝜆0101𝜆100 + 𝜆0100𝜆1001)

+ 𝑘𝑝𝑆𝑀𝑎𝑝𝑝[𝐼𝐵](𝜆0001 + 𝜆0101 + 𝜆1001) 

(A.7) 

𝒓𝒃,𝟏𝟎𝟏𝟎 

𝑘𝑝𝐼𝐼𝑎𝑝𝑝(−𝜆0000𝜆1010 − 𝜆1000𝜆0010 + 𝜆1000𝜆0020 + 𝜆1010𝜆0010)

+ 𝑘𝑝𝐼𝑀𝑎𝑝𝑝[𝐼𝐵](−𝜆0010 + 𝜆0020 − 𝜆1010)

+ 𝑘𝑝𝑀𝐼𝑎𝑝𝑝(𝜆0010𝜆1100 + 𝜆1000𝜆0110) + 𝑘𝑝𝑀𝑀𝑎𝑝𝑝[𝐼𝐵]𝜆0110

+ 𝑘𝑝𝑆𝐼𝑎𝑝𝑝(𝜆0010𝜆1001 + 𝜆1000𝜆0011) + 𝑘𝑝𝑆𝑀𝑎𝑝𝑝[𝐼𝐵]𝜆0011 

(A.8) 

𝒓𝒃,𝟏𝟎𝟎𝟏 

𝑘𝑝𝐼𝐼𝑎𝑝𝑝(𝜆0000𝜆1010 + 𝜆0001𝜆1010 + 𝜆1000𝜆0010 + 𝜆1000𝜆0011) + 𝑘𝑝𝐼𝑀𝑎𝑝𝑝[𝐼𝐵]𝜆0011

+ 𝑘𝑝𝑀𝐼𝑎𝑝𝑝(𝜆0000𝜆1100 + 𝜆0001𝜆1100 + 𝜆1000𝜆0100 + 𝜆1000𝜆0101)

+ 𝑘𝑝𝑀𝑀𝑎𝑝𝑝[𝐼𝐵]𝜆0101 + 𝑘𝑝𝑆𝐼𝑎𝑝𝑝(𝜆0001𝜆1001 + 𝜆1000𝜆0002)

+ 𝑘𝑝𝑆𝑀𝑎𝑝𝑝[𝐼𝐵](−𝜆0001 + 𝜆0002 + 𝜆1001) 

(A.9) 

𝒓𝒃,𝟎𝟏𝟎𝟏 

𝑘𝑝𝐼𝐼𝑎𝑝𝑝(𝜆0000𝜆0110 + 𝜆0001𝜆0110 + 𝜆0100𝜆0010 + 𝜆0100𝜆0011) + 𝑘𝑝𝐼𝑀𝑎𝑝𝑝[𝐼𝐵]𝜆0011

+ 𝑘𝑝𝑀𝐼𝑎𝑝𝑝(−𝜆0000𝜆0100 − 𝜆0000𝜆0101 − 𝜆0001𝜆0100 + 𝜆0000𝜆0200

+ 𝜆0001𝜆0200 + 𝜆0100
2 + 𝜆0100𝜆0101)

+ 𝑘𝑝𝑆𝐼𝑎𝑝𝑝(𝜆0001𝜆0101 + 𝜆0100𝜆0002)

+ 𝑘𝑝𝑆𝑀𝑎𝑝𝑝[𝐼𝐵](−𝜆0001 + 𝜆0002 − 𝜆0101) 

(A.10) 

𝒓𝒃,𝟎𝟏𝟏𝟎 

𝑘𝑝𝐼𝐼𝑎𝑝𝑝(−𝜆0000𝜆0110 + 𝜆0010𝜆0110 − 𝜆0100𝜆0010 + 𝜆0100𝜆0020)

+ 𝑘𝑝𝐼𝑀𝑎𝑝𝑝[𝐼𝐵](−𝜆0010 + 𝜆0020 − 𝜆0110)

+ 𝑘𝑝𝑀𝐼𝑎𝑝𝑝(−𝜆0000𝜆0110 − 𝜆0010𝜆0100 + 𝜆0010𝜆0200

+ 𝜆0100𝜆0110) + 𝑘𝑝𝑆𝐼𝑎𝑝𝑝(𝜆0010𝜆0101 + 𝜆0100𝜆0011)

+ 𝑘𝑝𝑆𝑀𝑎𝑝𝑝[𝐼𝐵]𝜆0011 

(A.11) 

𝒓𝒃,𝟎𝟎𝟏𝟏 

𝑘𝑝𝐼𝐼𝑎𝑝𝑝(−𝜆0000𝜆0010 − 𝜆0000𝜆0011 − 𝜆0001𝜆0010 + 𝜆0000𝜆0020 + 𝜆0001𝜆0020

+ 𝜆0010
2 + 𝜆0010𝜆0011) − 𝑘𝑝𝐼𝑀𝑎𝑝𝑝[𝐼𝐵]𝜆0011

+ 𝑘𝑝𝑀𝐼𝑎𝑝𝑝(𝜆0000𝜆0110 + 𝜆0001𝜆0110 + 𝜆0010𝜆0100 + 𝜆0010𝜆0101)

+ 𝑘𝑝𝑆𝐼𝑎𝑝𝑝(𝜆0001𝜆0011 + 𝜆0010𝜆0002) − 𝑘𝑝𝑆𝑀𝑎𝑝𝑝[𝐼𝐵]𝜆0011  

(A.12) 

𝒓𝒃,𝟎𝟐𝟎𝟎 

2𝑘𝑝𝐼𝐼𝑎𝑝𝑝𝜆0100𝜆0110 + 𝑘𝑝𝐼𝑀𝑎𝑝𝑝[𝐼𝐵](𝜆0010 + 2𝜆0110)

+ 𝑘𝑝𝑀𝐼𝑎𝑝𝑝(𝜆0000𝜆0100 − 2𝜆0000𝜆0200 − 2𝜆0100
2 + 2𝜆0100𝜆0200)

+ 2𝑘𝑝𝑆𝐼𝑎𝑝𝑝𝜆0100𝜆0101 + 𝑘𝑝𝑆𝑀𝑎𝑝𝑝[𝐼𝐵](𝜆0001 + 2𝜆0101) 

(A.13) 
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𝒓𝒃,𝟎𝟎𝟐𝟎 

𝑘𝑝𝐼𝐼𝑎𝑝𝑝(𝜆0000𝜆0010 − 2𝜆0000𝜆0020 − 2𝜆0010
2 + 2𝜆0010𝜆0020)

+ 𝑘𝑝𝐼𝑀𝑎𝑝𝑝[𝐼𝐵](𝜆0010 − 2𝜆0020) + 2𝑘𝑝𝑀𝐼𝑎𝑝𝑝𝜆0010𝜆0110

+ 𝑘𝑝𝑆𝐼𝑎𝑝𝑝𝜆0010𝜆0011  

(A.14) 

𝒓𝒃,𝟎𝟎𝟎𝟐 

𝑘𝑝𝐼𝐼𝑎𝑝𝑝(𝜆0000𝜆0010 + 2𝜆0000𝜆0011 + 2𝜆0001𝜆0010 + 2𝜆0001𝜆0011)

+ 𝑘𝑝𝑀𝐼𝑎𝑝𝑝(𝜆0000𝜆0100 + 2𝜆0000𝜆0101 + 2𝜆0001𝜆0100

+ 2𝜆0001𝜆0101) + 2𝑘𝑝𝑆𝐼𝑎𝑝𝑝𝜆0001𝜆0002

+ 𝑘𝑝𝑆𝑀𝑎𝑝𝑝[𝐼𝐵](𝜆0001 − 2𝜆0002) 

(A.15) 

𝒓𝒃,𝑰𝑩 −𝑘𝑝𝐼𝑀𝑎𝑝𝑝𝜆0010[𝐼𝐵] − 𝑘𝑝𝑀𝑀𝑎𝑝𝑝𝜆0100[𝐼𝐵 − 𝑘𝑝𝑆𝑀𝑎𝑝𝑝𝜆0001[𝐼𝐵] (A.16) 

𝒓𝒃,𝑰𝑴 −[𝐼𝑀](𝑘𝑝𝐼𝐼𝑎𝑝𝑝𝜆0010 + 𝑘𝑝𝑀𝐼𝑎𝑝𝑝𝜆0100 + 𝑘𝑝𝑆𝐼𝑎𝑝𝑝𝜆0001 + 𝑘𝑝𝐼𝐼𝑎𝑝𝑝𝜆0000 + 𝑘𝑝𝐼𝑀𝑎𝑝𝑝[𝐼𝐵] (A.17) 
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Appendix 2.2 Matlab Code for CSTR Multidimensional Method-of-Moments Model 

function result = multi_moment_CSTR(IMf,IBf,Rtime,tf) 

    tic 

     

    t_start = 0; 

    t_end = t_start:1:tf; 

    Mn = zeros((tf+1),1); 

    Mw = zeros((tf+1),1); 

    Mn_true = zeros((tf+1),1); 

     

 %Feed Conditions 

    V = 1;          % Volume (L) 

    F = V/Rtime;    % Flow rate (L/s) 

    conc_IB = IBf; 

    conc_IM = IMf; 

     

 %Initial Conditions   

    %1st start 

    IB0 = conc_IB; 

    IM0 = conc_IM; 

     

    L0000_0 = conc_IM; 

    L1000_0 = 0; 

    L0100_0 = 0; 

    L0010_0 = conc_IM; 

    L0001_0 = 0; 

     

    L1100_0 = 0; 

    L1010_0 = 0; 

    L1001_0 = 0; 

    L0101_0 = 0; 

    L0110_0 = 0; 

    L0011_0 = 0; 

     

    L2000_0 = 0; 

    L0200_0 = 0; 

    L0020_0 = conc_IM; 

    L0002_0 = 0; 

     

    %ODE specifications 

    function ODEs = SCVCP_ODE(t,v_species) 

 

        kpII = 4.14E-2;   %Parameters from Zhao et al. Moments  

        kpIM = 3.85E-4; 

        kpMI = 4.65E-1; 

        kpMM = 2.27; 

        kpSI = 4.68E-3; 

        kpSM = 2.87E-4; 

  

         

         



    

 - 37 - 

        IB = v_species(1); 

        IM = v_species(2); 

         

        L0000 = v_species(3); 

        L1000 = v_species(4); 

        L0100 = v_species(5); 

        L0010 = v_species(6); 

        L0001 = v_species(7); 

         

        L1100 = v_species(8); 

        L1010 = v_species(9); 

        L1001 = v_species(10); 

        L0101 = v_species(11); 

        L0110 = v_species(12); 

        L0011 = v_species(13); 

         

        L2000 = v_species(14); 

        L0200 = v_species(15); 

        L0020 = v_species(16); 

        L0002 = v_species(17); 

         
        

        %ODE expressions 

dIBdt = (- kpIM*L0010*IB - kpMM*L0100*IB - kpSM*L0001*IB) + 

(F/V)*(IBf - IB); 

dIMdt = (- IM*(kpII*L0010+kpMI*L0100+kpSI*L0001) - 

IM*(kpII*L0000+kpIM*IB)) + (F/V)*(IMf - IM); 

  

dL0000dt = (- kpSI*L0000*L0001 - kpII*L0000*L0010 - 

kpMI*L0000*L0100) + (F/V)*(IMf - L0000); 

dL1000dt = (kpSM*IB*L0001 + kpIM*IB*L0010 + kpMM*IB*L0100) - 

(F/V)*L1000; 

dL0100dt = (kpSM*IB*L0001 + kpIM*IB*L0010 - kpMI*L0000*L0100) - 

(F/V)*L0100; 

dL0010dt = (- kpIM*IB*L0010 - kpII*L0000*L0010) + (F/V)*(IMf - 

L0010); 

dL0001dt = (- kpSM*IB*L0001 + kpII*L0000*L0010 + 

kpMI*L0000*L0100) - (F/V)*L0001; 

 

dL1100dt = kpMM*IB*L0200 + kpSM*IB*(L0001+L0101+L1001) + 

kpSI*(L0101*L1000+L0100*L1001) + kpIM*IB*(L0010+L0110+L1010) + 

kpII*(L0110*L1000+L0100*L1010) + kpMI*(-

L0100*L1000+L0200*L1000-L0000*L1100+L0100*L1100) -  

(F/V)*L1100; 

dL1010dt = kpMM*IB*L0110 + kpIM*IB*(-L0010+L0020-L1010) + 

kpSM*IB*L0011 + kpMI*(L0010*L1100+L1000*L0110) + kpII*(-

L0000*L1010-L1000*L0010+L1000*L0020+L1010*L0010) 

+kpSI*(L0010*L1001+L1000*L0011) - (F/V)*L1010; 

dL1001dt = kpIM*IB*L0011 + kpMM*IB*L0101 + kpSM*IB*(-L0001+L0002-

L1001) + kpSI*(L0002*L1000+L0001*L1001) + 

kpII*(L0010*L1000+L0011*L1000+L0000*L1010+L0001*L1010) + 
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kpMI*(L0100*L1000+L0101*L1000+L0000*L1100+L0001*L1100) - 

(F/V)*L1001; 

dL0101dt = kpIM*IB*L0011 + kpSM*IB*(-L0001+L0002-L0101) + 

kpSI*(L0002*L0100+L0001*L0101) + 

kpII*(L0010*L0100+L0011*L0100+L0000*L0110+L0001*L0110) + 

kpMI*(-L0000*L0100-L0001*L0100+L0100^2-

L0000*L0101+L0100*L0101+L0000*L0200+L0001*L0200) - 

(F/V)*L0101; 

dL0110dt = kpIM*IB*(-L0010+L0020-L0110) + kpSM*IB*L0011 + kpMI*(-

L0000*L0110-L0010*L0100+L0010*L0200+L0100*L0110) + kpII*(-

L0000*L0110+L0010*L0110-L0100*L0010+L0100*L0020) + 

kpSI*(L0010*L0101+L0100*L0011) - (F/V)*L0110; 

dL0011dt = -kpIM*IB*L0011 - kpSM*IB*L0011 + 

kpMI*(L0000*L0110+L0001*L0110+L0010*L0100+L0010*L0101) 

+kpII*(-L0000*L0010-L0000*L0011-

L0001*L0010+L0000*L0020+L0001*L0020+L0010^2+L0010*L0011) + 

kpSI*(L0001*L0011+L0010*L0002) - (F/V)*L0011; 

 

dL2000dt = 2*kpSI*L1000*L1001 + kpSM*IB*(L0001+2*L1001) + 

2*kpII*L1000*L1010 + kpIM*IB*(L0010+2*L1010) + 

2*kpMI*L1000*L1100 + kpMM*IB*(L0100+2*L1100)  - (F/V)*L2000; 

dL0200dt = 2*kpSI*L0100*L0101 + kpSM*IB*(L0001+2*L0101) + 

2*kpII*L0100*L0110 + kpIM*IB*(L0010+2*L0110) + 

kpMI*(L0000*L0100-2*L0100^2-2*L0000*L0200+2*L0100*L0200) -  

(F/V)*L0200; 

dL0020dt = kpIM*IB*(L0010-2*L0020) + kpMI*2*L0010*L0110 + 

kpSI*2*L0010*L0011 + kpII*(L0000*L0010-2*L0000*L0020-

2*L0010^2+2*L0010*L0020) +  (F/V)*(IMf - L0020); 

dL0002dt = kpSM*IB*(L0001-2*L0002) + 2*kpSI*L0001*L0002 + 

kpII*(L0000*L0010+2*L0001*L0010+2*L0000*L0011+2*L0001*L0011) + 

kpMI*(L0000*L0100+2*L0001*L0100+2*L0000*L0101+2*L0001*L0101) - 

(F/V)*L0002; 

 

ODEs = [dIBdt; dIMdt; dL0000dt; dL1000dt; dL0100dt; dL0010dt; 

dL0001dt;dL1100dt; dL1010dt; dL1001dt; dL0101dt; dL0110dt; 

dL0011dt;dL2000dt; dL0200dt; dL0020dt; dL0002dt]; 

 

end 

 

         

    initials = [IB0; IM0; L0000_0; L1000_0; L0100_0; L0010_0; 

L0001_0; L1100_0; L1010_0; L1001_0; L0101_0; L0110_0; L0011_0;         

L2000_0; L0200_0; L0020_0; L0002_0]; 

     

    options = odeset('Refine',5,'RelTol',1e-10,'AbsTol', 1e-10); 

     

    [time, spc] = ode45(@SCVCP_ODE, t_end, initials, options); 

 

 

 

 

     

    parfor i = 1 : (tf+1) 
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        Mn(i,1) = (0.056*spc(i,4)+ 

0.1805*(spc(i,5)+spc(i,6)+spc(i,7)-

spc(i,2)))/(spc(i,3)-spc(i,2)); 

         

        Mw(i,1) = (0.056^2*spc(i,14) + 

0.1805^2*(spc(i,15)+spc(i,16)+spc(i,17)+            

2*spc(i,12)+2*spc(i,13)+2*spc(i,11)-spc(i,2)) + 

2*0.056*0.1805*(spc(i,8)+spc(i,9)+spc(i,10)))/            

(0.056*spc(i,4) + 0.1805*(spc(i,5)+spc(i,6)+spc(i,7)-

spc(i,2))); 

         

    end 

     

    Bkin = (spc(:,5)+spc(:,6)+spc(:,7)-spc(:,2))./(spc(:,3)- 

spc(:,2)); 

    result = [time, spc, Mn, Mw, Bkin]; 

     

    toc 

  

    clear time species 

  

end 
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Chapter 3 

Modeling Arborescent Polyisobutylene Production in Semi-Batch 

Reactor 

3.1 Introduction 

In the previous chapter a CSTR model was developed for arbPIB that relies on parameters 

estimated from batch reactor data at constant temperature, assuming constant [TiCl4]. This model 

is capable of simulating CSTR operation over a range of inimer concentrations and residence times. 

The prediction of polymer properties such as �̅�𝑛, �̅�𝑤, and branching level for various reactors is 

of importance as it allows researchers to predict the end-use properties that could be obtained prior 

to performing any expensive and time-consuming experiments. The objectives of the research in 

this chapter include: 

• Revising the CSTR multidimensional method-of-moments model to simulate semi-batch 

operation 

• Introducing a balance on [TiCl4] so that apparent rate constants can be calculated for any 

[TiCl4] 

• Estimating true rate constants and equilibrium constants using combined batch and semi-

batch data available in the literature 

• Assessing whether the resulting model can provide a good fit to both the batch and semi-

batch data  

 

As described in the previous chapter, several research groups have modelled SCVP and 

SCVCP systems similar to the arbPIB system of interest in this thesis. Unfortunately, the value of 

this modeling research has been limited by poor knowledge of appropriate values for the kinetic 

parameters. Most of the modeling research has focused on batch reactor models, but a few authors 
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have considered semi-batch and CSTR operation.1–4 For example, Cheng et al. modeled the effects 

of semi-batch feed rates for both SCVP and SCVCP systems using generating functions.3,4 They 

showed how different feed rates and monomer feed ratios could influence final polymer properties, 

however the results were limited to the assumption of equal reactivity for all active sites (i.e. all 

kinetic rate constants are equal and assigned an arbitrary value). 

Our research group has developed several models to simulate SCVCP of arbPIB. These 

include three batch reactor models that rely on various MC techniques,5–7 three batch reactor models 

that utilize dynamic material balances,8–10 the dynamic-material-balance CSTR model11 described 

in Chapter 2 and a MC-based dynamic CSTR model.12 The dynamic material-balance models were 

used to estimate kinetic parameters from experimental data reported by Dos Santos.13,14 These 

estimates were then utilized in MC models to obtain detailed information about branching and 

MWD. The parameter estimation studies conducted by our group have been limited to batch reactor 

data conducted at -95 ºC using constant [TiCl4] = 0.0313 mol L-1 with 4-(2-methoxyisopropyl) 

styrene (MeOIM), which rapidly converts to 4-(2-chloroisopropyl) styrene used as the inimer. 

Because [TiCl4] was assumed to be constant, the previous models relied on six apparent rate 

constants that are related to the six true rate constants as shown by the expressions in Table 3.1. 

The middle column of Table 3.1 provides optimal parameter estimates obtained by Zhao et al.9 

Corresponding approximate 95% confidence intervals are also shown. The apparent rate constants 

are related to the six true rate constants (i.e., kpII, kpIM, kpMI, kpMM, kpSI, and kpSM) as well as three 

equilibrium constants (i.e., K0, K1, and K2). As a result, the estimated parameter values in Table 3.1 

are only valid when TiCl4 (at a concentration of 0.0313 mol L-1) is used as the Lewis acid, with 4-

(2-chloroisopropyl) styrene IM in a Hexane/ Methyl chloride solvent mixture (60/40 v/v) at a 

temperature of -95 ºC. It is important to note that even though Zhao et al. were able to estimate all 

six apparent rate constants, only three of the parameter estimates (i.e., for kpIMapp, kpMIapp, and 

kpMMapp) are statistically different from zero at the 95 % confidence level. 
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Table 3.1 Six reactions and their apparent propagation rate constants where [TiCl4]0 = 0.0313 

mol L-1 and temperate = -95 ºC in Hx/MeCl (60/40).9 

Parameter Expression Value 95% CI Units 

𝑘𝑝𝐼𝐼𝑎𝑝𝑝 𝑘𝑝𝐼𝐼(𝐾0𝐾1[𝑇𝑖𝐶𝑙4] + 𝐾0𝐾2[𝑇𝑖𝐶𝑙4]
2) 4.14 × 10−2 ± 6.71 × 10−2 L mol-1 s-1 

𝑘𝑝𝐼𝑀𝑎𝑝𝑝 𝑘𝑝𝐼𝑀(𝐾0𝐾1[𝑇𝑖𝐶𝑙4] + 𝐾0𝐾2[𝑇𝑖𝐶𝑙4]
2) 3.85 × 10−4 ± 1.05 × 10−4 L mol-1 s-1 

𝑘𝑝𝑀𝐼𝑎𝑝𝑝 𝑘𝑝𝑀𝐼(𝐾0𝐾1[𝑇𝑖𝐶𝑙4] + 𝐾0𝐾2[𝑇𝑖𝐶𝑙4]
2) 4.65 × 10−1 ± 1.57 × 10−1 L mol-1 s-1 

𝑘𝑝𝑀𝑀𝑎𝑝𝑝 𝑘𝑝𝑀𝑀(𝐾0𝐾1[𝑇𝑖𝐶𝑙4] + 𝐾0𝐾2[𝑇𝑖𝐶𝑙4]
2) 2.27 × 100 ± 4.88 × 10−1 L mol-1 s-1 

𝑘𝑝𝑆𝐼𝑎𝑝𝑝 𝑘𝑝𝑆𝐼(𝐾0𝐾1[𝑇𝑖𝐶𝑙4] + 𝐾0𝐾2[𝑇𝑖𝐶𝑙4]
2) 4.68 × 10−3 ± 2.99 × 10−2 L mol-1 s-1 

𝑘𝑝𝑆𝑀𝑎𝑝𝑝 𝑘𝑝𝑆𝑀(𝐾0𝐾1[𝑇𝑖𝐶𝑙4] + 𝐾0𝐾2[𝑇𝑖𝐶𝑙4]
2) 2.87 × 10−4 ± 4.36 × 10−4 L mol-1 s-1 

where 𝐾0 =
𝑘0

𝑘−0
=

[𝑃𝑛
∗𝐿𝐴]

[𝑃𝑛][𝐿𝐴]
;  𝐾1 =

𝑘1

𝑘−1
=
[𝑃𝑛
+𝐿𝐴−]

[𝑃𝑛
∗𝐿𝐴]

;  𝐾2 =
𝑘2

𝑘−2
=

[𝑃𝑛
+𝐿𝐴2

−]

[𝑃𝑛
∗𝐿𝐴][𝐿𝐴]

 

 

The multidimensional method-of-moments model was extended in Chapter 2 to account 

for inflow and outflow terms.11 Simulation results for dynamic CSTR operation were shown, but 

no experimental data are available to verify the simulation results. In the current chapter, the CSTR 

method-of-moments model is revised (by removing outflow terms) to simulate semi-batch 

operation. These new simulations are then compared with semi-batch arbPIB data reported by Dos 

Santos.14 Because the experiments of Dos Santos involve time-varying [TiCl4], due to dilution by 

the feed stream, a material balance on TiCl4 is included in the revised model to account for this 

effect. Because of the time-varying [TiCl4] and the variety of initial TiCl4 concentrations used in 

the semi-batch experiments, the revised model cannot use constant values of the apparent rate 

constants. Instead, true rate constants and the associated equilibrium parameters require estimation 

from the data. Unfortunately, the parameter values estimated in this chapter using the complete set 

of Dos Santos’s batch and semi-batch data do not result in satisfactory predictions of the data. 

Recommendations are made for: i) future experiments to confirm the reliability of the data and 

provide additional information for parameter estimation and ii) revising the modeling assumptions 

to better account for the arbPIB chemistry.  



    

 - 43 - 

3.2 Model Development 

The apparent rate expressions in Table 3.1 were developed by Zhao et al. by combining 

the six arbPIB polymerization reactions (shown in Table 2.1 in the previous chapter) with the two-

path reaction mechanism proposed by Puskas et al.15 (shown in Figure 2.3 in the previous chapter). 

To account for changes in [TiCl4] with the revised model, it is necessary to also consider the pre-

inimer reaction, wherein MeOIM is rapidly converted to active IM (i.e., 4-(2-chloroisopropyl) 

styrene). Figure 3.1 shows a possible mechanism for this pre-inimer reaction, which was proposed 

by Dos Santos.14 Based on this mechanism, one TiCl4 molecule is consumed for every MeOIM 

molecule. Previous models developed by our group did not consider this reaction and instead 

assumed that [TiCl4]0 ~ [TiCl4] since the batch reactor experiments were conducted with [MeOIM]0 

≪ [TiCl4]0. In this chapter, the pre-inimer reaction will be incorporated into the proposed [TiCl4] 

balance, however additional assumptions are required. 

 

 

Figure 3.1 Possible reaction mechanism for MeOIM initiation adapted from Dos Santos.14 

 

The revised model is based on the seven assumptions summarized in Table 3.2. 

Assumptions 1-4 have been utilized in previous models developed by our research group.5–10 

Assumptions 5-7 are added to allow for a dynamic balance on [TiCl4]. It is useful to note that any 

error associated with these assumptions will influence the corresponding parameter estimates. For 

example, if penultimate effects (ignored via assumption 3) have a considerable influence on the 
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polymerization kinetics, then this inappropriate assumption will be reflected in estimated values 

obtained for kpIM, kpSM, and kpMI. 

Table 3.2 Assumptions required for model development 

 Assumptions for model development 

1 No cyclization or other side reactions (e.g. involving alternative initiation reactions or migration of 

carbocations due to molecular rearrangements) occur appreciably, such that the reaction scheme in 

Table 3.1 shows all important reactions. 

2 The Flory equal-reactivity hypothesis applies so that reaction rates are independent of chain length and 

polymer architecture. 

3 Penultimate effects for IB and IM copolymerization can be neglected. 

4 Density change during polymerization is negligible. 

5 The reaction between MeOIM and TiCl4 to produce dormant IM via the first two reaction steps in Figure 

3.1 occurs very quickly at the start of the reaction. Therefore, cations produced in the first reaction 

undergo negligible propagation. 

6 Amount of TiCl4 consumed to produce the uncapped anions via the final step in Figure 3.1 is negligible 

because nearly all ends are dormant rather than active. 

7 Equilibrium constants are independent of the reacting end group (i.e., K0, K1, and K2 are universal). 

 

Examination of the apparent rate expressions in Table 3.1 suggests that there is a great deal 

of correlation between the effects of parameters. For example, the three equilibrium constants (K0, 

K1, and K2) do not appear independently. Additionally, true rate constants are multiplied by 

equilibrium constants when reaction expressions are expanded. As such, it is not possible to 

estimate all 11 parameters (8 true rate constants and 3 equilibrium constants) independently. 

Instead, lumped combinations of these parameters are evaluated (Table 3.3). Based on the estimated 

values for the apparent rate constants in Table 3.1, the reaction between CM and VM is dominant 

(i.e., kpMMapp is the largest apparent rate constant). As such, kpMM is treated as the dominant true rate 

constant and is used as a basis for determining the relative values of the other true rate constants 

(i.e., note the ratios in rows 2-6 in Table 3.3). Because the three equilibrium constants do not appear 

independently, only the combined values of K0K1 and K0K2 require estimation. Path B, shown in 
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Figure 2.3, is expected to dominate since all experiments available for fitting the model were 

performed with [MeOIM]0 ≪ [TiCl4]0 (i.e., the reaction is primarily second-order with respect to 

[TiCl4] and therefore influenced by K0K2).15 The dominant rate of polymerization is expressed as 

the product of the dominant true rate constant (kpMM) and the dominant LA equilibrium constants 

(K0K2) for the experimental situations encountered.  

Table 3.3 List of parameters to estimate in arbPIB reaction 

Lumped Parameter Units Description 

𝑘𝑝𝑀𝑀 ∗ 𝐾0𝐾2 L3 mol-3 s-1 
Product of dominate rate constant and dominant equilibrium 

constant 

(
𝑘𝑝𝐼𝐼

𝑘𝑝𝑀𝑀
) - Reactivity ratio of II reaction to MM reaction 

(
𝑘𝑝𝐼𝑀

𝑘𝑝𝑀𝑀
) - Reactivity ratio of IM reaction to MM reaction 

(
𝑘𝑝𝑀𝐼

𝑘𝑝𝑀𝑀
) - Reactivity ratio of MI reaction to MM reaction 

(
𝑘𝑝𝑆𝐼

𝑘𝑝𝑀𝑀
) - Reactivity ratio of SI reaction to MM reaction 

(
𝑘𝑝𝑆𝑀

𝑘𝑝𝑀𝑀
) - Reactivity ratio of SM reaction to MM reaction 

(
𝐾0𝐾1
𝐾0𝐾2

) mol L-1 Reactivity ratio of K0K1 to K0K2 

 At the start of the reaction, MeOIM is rapidly converted to dormant IM such that 

the intermediate cation does not have much time to propagate (assumption 5). A molar 

balance on TiCl4 gives: 

TiCl4 at time t = initial TiCl4 – TiCl4 consumed to form IM  

[𝑇𝑖𝐶𝑙4]𝑉 = [𝑇𝑖𝐶𝑙4]0𝑉0 − [𝑀𝑒𝑂𝐼𝑀]0𝑉0  (3.1) 

[𝑇𝑖𝐶𝑙4] = (
𝑉0

𝑉
) ([𝑇𝑖𝐶𝑙4]0 − [𝑀𝑒𝑂𝐼𝑀]0)  (3.2) 
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where V0 and V are the initial and current reactor volume (in L), respectively. Since nearly all end 

groups are dormant at any time, the TiCl4 temporarily consumed in propagation (i.e., to uncap the 

Cl end groups and produce the active cation) is negligible (assumption 6). 

For batch operation, the [TiCl4] calculated in Equation (3.1) can be assumed constant 

throughout the reaction and depends on both [TiCl4]0 and [MeOIM]0. Note that prior models for 

arbPIB polymerization assumed [TiCl4] ~ [TiCl4]0 and therefore [TiCl4] would be independent of 

[MeOIM]0. When operating in semi-batch, the [TiCl4] calculated in Equation (3.1) will vary with 

time due to dilution effects because the value of V will differ from that of V0.  

A balance on the polymer molecules in the semi-batch reactor, including unreacted inimer 

(i.e., the 𝜆0000 moment) is given by: 

𝐴𝑐𝑐𝑢𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛 = 𝐼𝑛 + 𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 

𝑑(𝑉𝜆0000)

𝑑𝑡
= 𝐹𝜆0000,𝑓 + 𝑟𝑏,0000𝑉   (3.3) 

𝑑𝑉

𝑑𝑡
𝜆0000 +

𝑑𝜆0000

𝑑𝑡
𝑉 = 𝐹𝜆0000,𝑓 + 𝑟𝑏,0000𝑉   (3.4) 

𝑑𝜆0000

𝑑𝑡
= (

𝐹

𝑉
) (𝜆0000,𝑓 − 𝜆0000) + 𝑟𝑏,0000  (3.5) 

 

where the generation term derived by Zhao et al. is denoted as 𝑟𝑏,0000 (refer to Equation 2.4 in the 

previous chapter), F is the volumetric flowrate (in L s-1), and 𝜆0000,𝑓 is the inimer concentration in 

the feed stream (in mol L-1). If the expression for residence time (τ = V / F) is substituted into 

Equation (3.5), the species balance for semi-batch is the same as that derived in Chapter 2 for a 

CSTR. The reason these balances simplify to the same numerical expression is because the outflow 

term in a CSTR is numerically equivalent to the dilution term in semi-batch. Analogous dynamic 

balances were derived for all of the 17 moments required to compute �̅�𝑛, and �̅�𝑤. These balances 

are the same as the corresponding CSTR balances provided in Chapter 2. Note that PREDICI® 

modelling software, which is used to perform the parameter estimation work in this chapter, 

accounts for semi-batch operation using “operation mode” when defining recipes.  
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3.3 Experimental Data 

Experimental data for arbPIB polymerization obtained by Dos Santos is shown in Table 

3.4.13,14 The first five samples were obtained from batch reactor experiments with [TiCl4]0 = 0.0313 

mol L-1 and were previously used by Zhao et al. to estimate apparent rate constants.8–10 The last two 

samples in Table 3.4 (i.e., samples 05DNX120 and 05DNX130) were obtained from semi-batch 

experiments at different [TiCl4]0 and, to our knowledge, have not been used for parameter 

estimation until now. No [IB] data were reported for the semi-batch samples; however, it was 

reported by Dos Santos that all IB had been consumed at each sampling time (prior to the addition 

of more IB).14 Therefore, when estimating parameters it is reasonable to use [IB] = 0 mol L-1 at the 

reported sampling times in Table 3.4 to ensure that the model matches the observed polymerization 

trends. All data shown in Table 3.4 were collected using MeOIM initiator, a temperature of -95 ºC, 

and Hx/MeCl (60/40 v/v) solvent.  

Additional semi-batch data are available for IM homopolymerization using the same 

inimer;14,16 however, these experiments were conducted under different reaction conditions (i.e. T 

= -80 ºC and MeCHx/MeCl (60/40) solvent) and therefore would not be expected to have the same 

kinetic-rate-constant values as the experiments in Table 3.4. There are also additional data reported 

by Foreman et al. operating at the same reaction conditions but using 4-(1,2-oxirane-isopropyl) 

styrene (EPOIM) as the initiator.17 The active IM formed from EPOIM is different in structure 

compared to the active IM from MeOIM, so the rate constants involving reactions with CI would 

be expected to be different from those corresponding to the experiments reported in Table 3.4. 

However, Foreman et al. reported replicate data using EPOIM, providing helpful information about 

the typical reproducibility of arbPIB kinetic experiments. Foreman’s replicate data (in combination 

with replicates in Table 3.4) were used to determine pooled variance estimates for measured values 

of [IB], �̅�𝑛, and �̅�𝑤. 
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Table 3.4 Experimental data collected by Dos Santos for arbPIB Polymerization using MeOIM 

initiator, temperature = -95 ºC, and Hx/MeCl = 60/40 v/v.13,14 

Sample Name [MeOIM]0 [TiCl4]0 Time [IB] �̅�𝒏 �̅�𝒘 

 mol/L mol/L (min) mol/L Kg/mol Kg/mol 

06DNX001 0.00114 0.0313 10 1.434 57.7 75.0 

      20 0.877 93.0 139.5 

      40 0.388 185.8 315.9 

      80 0.094 266.8 533.6 

06DNX010 0.00114 0.0313 10 1.169 61.2 85.7 

      20 0.783 97.7 156.3 

      40 0.226 208.1 353.8 

      80 0.054 269.6 539.2 

06DNX030 0.00114 0.0313 15 1.056 73.9 103.5 

      30 0.566 133.4 213.4 

      80 0.078 224.1 493.0 

06DNX090 0.00227 0.0313 5 1.262 33.8 47.3 

      10 0.987 48.8 68.3 

      15 0.750 60.6 118.8 

      21 0.524 84.4 135.9 

      30 0.233 109.7 193.1 

      40 0.075 139.3 287.0 

      60 0.019 172.4 379.3 

      90 0.030 183.0 503.2 

      120 0.000 191.4 620.1 

06DNX100 0.00454 0.0313 5 1.206 23.1 33.7 

      10 0.907 34.0 51.3 

      15 0.689 40.5 68.8 

      20 0.468 59.6 94.8 

      40 0.097 84.9 180.8 

      60 0.071 92.9 242.5 

      90 0.080 112.1 369.9 

05DNX120a) 0.0012 0.05 30 - 37.8 49.1 

      60 - 70.2 96.2 

      90 - 103.8 141.2 

      120 - 146.7 196.6 

05DNX130a) 0.0025 0.05 30 - 39.7 54.8 

      60 - 61.2 86.9 

      90 - 82.6 119.8 

      120 - 112.9 177.3 

Batch Experimental Conditions: [DtBP]0 = 5.1 x 10-3 mol L-1, [IB]0 = 1.74 mol L-1  
a)Semi-Batch Experimental Conditions: V0 = 3.2 L, [DtBP]0 = 5.6 x 10-3 mol L-1, [IB]0 = 0.48 mol L-1 

with 120 mL of IB added every 30 minutes 
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3.4 Parameter Estimation 

Advanced statistical techniques18–23 were used to rank the lumped model parameters in 

Table 3.3 from most estimable to least estimable and to determine the appropriate number that 

should be estimated using the available batch and semi-batch data. These subset selection 

techniques are useful to choose the most important parameters for estimation and to leave out those 

with minimal effects on the predictions of the available data. These methods have been used in 

polymerization models,23–29 and have also been adopted in a diverse array of dynamic modeling 

application areas including geological soil modeling, fuel cells, and biological 

networks/pathways.30–36 

The following weighted least-squares objective function was used to fit the experimental 

data using PREDICI® modeling software, 

𝐽 =  ∑
([IB]exp−[IB])

2

SIB
2 +∑

(M̅n,exp−M̅n)
2

S
M̅̅̅n
2 + ∑

(M̅w,exp−M̅w)
2

S
M̅̅̅w
2    (3.6) 

 

where [IB]exp, �̅�𝑛,𝑒𝑥𝑝, and �̅�𝑤,𝑒𝑥𝑝 are measurements and [IB], �̅�𝑛, and �̅�𝑤 are the corresponding 

model predictions. The weighting factors in the denominator are pooled variance estimates 

calculated using batch data obtained from replicate arbPIB experiments (i.e., 𝑠𝐼𝐵
2  = 0.0067 mol2 L-

2,  𝑠𝑀𝑛̅̅ ̅̅̅
2  = 193.987 kg2 mol-2, and 𝑠𝑀𝑤̅̅ ̅̅ ̅

2  = 283.203 kg2 mol-2).13,14,17  

Before estimating parameters, it is important to ensure appropriate simulation tolerance 

settings to obtain accurate numerical solutions of the model equations. Selecting a low simulation 

tolerance provide more accurate results, however may increase the computation time significantly. 

To select appropriate tolerance settings, PREDICI® simulations at various tolerances were 

conducted using both batch reactor conditions (Sample 06DNX090) and semi-batch reactor 

conditions (Sample 05DNX120). Errors in the model predictions tend to propagate over the 

reaction time. Therefore, batch and semi-batch reactor simulations are expected to have the greatest 

accumulated numerical error at the final reaction time. A simulation tolerance of 1 x 10-5 was 
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selected because it provides accurate simulation results with reasonable computational effort. To 

ensure the optimizer for parameter estimation is converging to a reliable minimum, an optimization 

tolerance of 1 x 10-4 (referred to as “accuracy” in PREDICI “Settings and Numerics”) was selected. 

Note that selection of this reasonable value to ensure adequate convergence of the optimizer does 

not preclude convergence to a local minimum rather than the global minimum. Parameter 

estimations were repeated several times (i.e., five times for each proposed model) starting at 

different initial guesses within the permissible parameter range to improve the chance of finding 

the global minimum. 

Reasonable initial guesses and bounds for the lumped parameters are shown in Table 3.5. 

These bounds were determined based on a rate-constant review provided by Zhao et al.,8 along with 

the most recent estimates for the batch-reactor apparent rate constants shown in Table 3.1.9 The 

initial guess for kpMM*K0K2 (the dominant pseudo rate constant) was selected based on values 

reported by Puskas et al., in which this same lumped parameter was measured, albeit at different 

conditions (i.e., at T = -80 ºC, Hx/MeCl (60/40 v/v) solvent and 2-chloro-2,4,4-trimethylpentane 

initiator).15 The upper bound for kpMM*K0K2 was determined using literature estimates for 

equilibrium constants and the apparent rate constant values in Table 3.1. The true rate constant 

ratios (i. e. ,
𝑘𝑝𝐼𝐼

𝑘𝑝𝑀𝑀
,
𝑘𝑝𝐼𝑀

𝑘𝑝𝑀𝑀
,
𝑘𝑝𝑀𝐼

𝑘𝑝𝑀𝑀
,
𝑘𝑝𝑆𝐼

𝑘𝑝𝑀𝑀
, and 

𝑘𝑝𝑆𝑀

𝑘𝑝𝑀𝑀
) are defined with respect to kpMM, the IB 

homopolymerization true rate constant, and are not expected to exceed an upper bound of 1 based 

on estimates of the corresponding apparent rate constants in Table 3.1. Literature estimates for the 

equilibrium constants suggest a (
𝐾0𝐾1

𝐾0𝐾2
) value of approximately 6.4 x 10-2 mol L-1.15,37 This 

equilibrium reactivity ratio is related to the relative preferences for polymerization by either Path 

A or Path B (i.e., a high value corresponds to Path A being dominant). At the experimental 

conditions discussed in this chapter, Path B is expected to dominate, and therefore bounds on 

(
𝐾0𝐾1

𝐾0𝐾2
) were set accordingly. 
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 Table 3.5 Parameter initial guesses and bounds for arbPIB polymerization 

Lumped Parameter Initial Guess Lower Bound Upper Bound Units 

𝑘𝑝𝑀𝑀 ∗ 𝐾0𝐾2 51.5 0 3000 L3 mol-3 s-1 

(
𝑘𝑝𝐼𝐼

𝑘𝑝𝑀𝑀
) 1.8 x 10-2 0 1 - 

(
𝑘𝑝𝐼𝑀

𝑘𝑝𝑀𝑀
) 1.7 x 10-4 0 1 - 

(
𝑘𝑝𝑀𝐼

𝑘𝑝𝑀𝑀
) 2.1 x 10-1 0 1 - 

(
𝑘𝑝𝑆𝐼

𝑘𝑝𝑀𝑀
) 2.1 x 10-3 0 1 - 

(
𝑘𝑝𝑆𝑀

𝑘𝑝𝑀𝑀
) 1.3 x 10-4 0 1 - 

(
𝐾0𝐾1
𝐾0𝐾2

) 6.4 x 10-2
 0.03 0.1 mol L-1 
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3.4.1 Parameter Estimation and Simulation Results: Attempt 1  

Parameter estimation was performed using five different parameter starting values (i.e., 

initial values in Table 3.5 and four random values selected between the upper and lower bounds). 

The various initial guesses and resulting (locally) optimal results are shown in Table 3.9 in the 

appendix. The initial parameter values in Table 3.5 result in an objective function value of J = 

15,789. The best optimal values (from estimation RAND_4 in Table 3.9 in the appendix) reduced 

this objective function to J = 1,736. The final parameter values and confidence intervals for this 

optimal solution are summarized in Table 3.6 and simulation results are shown in Figure 3.2 and 

Figure 3.3 for batch and semi-batch conditions, respectively. Error bars displayed in these figures 

indicate two standard deviations for the measurement errors. Simulated [IM] is also plotted in these 

figures to show the predicted IM consumption trends, even though no experimental data are 

available for [IM]. Note that no approximate 95% confidence interval is shown in Table 3.6 for 

(
𝑘𝑝𝑆𝑀

𝑘𝑝𝑀𝑀
) or (

𝐾0𝐾1

𝐾0𝐾2
) because these parameters were not selected for estimation. Instead, these 

parameter values were fixed at their initial guesses. The subset selection results indicated that these 

parameters should not be estimated because including the parameters in the estimation resulted in 

only minor improvements to the objective function value. Note that the 95% confidence interval 

values provided in Table 3.6 are all conditional on the fixed values of (
𝑘𝑝𝑆𝑀

𝑘𝑝𝑀𝑀
) and (

𝐾0𝐾1

𝐾0𝐾2
) being 

equal to 3.67 x 10-2 and 6.30 x 10-2 mol L-1, respectively. 

Unfortunately, simulations performed using the optimal parameter values in Table 3.6 were 

not capable of providing a reasonable fit to both the batch and semi-batch experimental data. The 

batch simulations tend to overpredict average molecular-weights at low times and underpredict 

average molecular-weights at longer times. When the batch time is long, a peculiar auto-

acceleration-type behaviour is also predicted, despite no evidence of this trend in the experimental 

data (Figure 3.2d). Semi-batch simulations display a more realistic trend, however the model 

consistently overpredicts �̅�𝑛 and �̅�𝑤. 
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Table 3.6 Optimal parameter values and 95% confidence intervals obtained from PREDICI® for 

arbPIB polymerization. 

Lumped Parameter Initial Value Final Value 95% Confidence Interval Units 

𝑘𝑝𝑀𝑀 ∗ 𝐾0𝐾2 2905.3 990.7 ± 188.7 L3 mol-3 s-1 

(
𝑘𝑝𝐼𝐼

𝑘𝑝𝑀𝑀
) 6.12 x 10-4 3.11 x 10-4 ± 2.27 x 10-3 - 

(
𝑘𝑝𝐼𝑀

𝑘𝑝𝑀𝑀
) 1.08 x 10-4 6.80 x 10-5 ± 2.30 x 10-5 - 

(
𝑘𝑝𝑀𝐼

𝑘𝑝𝑀𝑀
) 5.17 x 10-2 4.24 x 10-3 ± 1.02 x 10-2 - 

(
𝑘𝑝𝑆𝐼

𝑘𝑝𝑀𝑀
) 3.47 x 10-2 7.70 x 10-1 ± 1.43 - 

(
𝑘𝑝𝑆𝑀

𝑘𝑝𝑀𝑀
) 3.67 x 10-2 3.67 x 10-2 - - 

(
𝐾0𝐾1
𝐾0𝐾2

) 6.30 x 10-2
 6.30 x 10-2

 - mol L-1 

 

 

Figure 3.2 ArbPIB simulation results obtained using final parameter values in Table 3.6 

compared with experimental batch data (sample 06DNX090) obtained by Dos Santos14 for a) 

[IM], b) [IB], c) �̅�𝑛, and d) �̅�𝑤. 
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Figure 3.3 ArbPIB simulation results obtained using final parameter values in Table 3.6 

compared with experimental semi-batch data (sample 05DNX130) obtained by Dos Santos14 for 

a) [IM], b) [IB], c) �̅�𝑛, and d) �̅�𝑤. 

 

Although (
𝑘𝑝𝑆𝑀

𝑘𝑝𝑀𝑀
) and (

𝐾0𝐾1

𝐾0𝐾2
) were not selected for estimation using the initial guesses 

provided in Table 3.6, some of the other random initial guesses (shown in Table 3.9 in the appendix) 

did result in the estimation of these parameters with other lumped parameters being left out of the 

estimation. In the situations where (
𝐾0𝐾1

𝐾0𝐾2
) was estimated, the optimizer tended to converge to the 

upper or lower bound for this parameter, shown in Table 3.5. Another issue that caused concern in 

this initial parameter estimation study is that the [IB] was not really measured in the semi-batch 

experiments.14 Nevertheless, pseudo data were included in the estimation, with [IB]exp = 0 mol L-1 

specified prior to each new monomer addition, based on the assertion of Dos Santos that “all 

previously added IB had been consumed before the IB aliquot was added.”14  To test whether the 

bounds on (
𝐾0𝐾1

𝐾0𝐾2
) and inclusion of the [IB]exp pseudo data might be causing poor parameter 
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estimates and the resulting poor fit to the data, a follow up study was conducted. An additional five 

new random parameter starting points were selected with the lower and upper bounds for (
𝐾0𝐾1

𝐾0𝐾2
) 

expanded to 0 and 1, respectively, and the semi-batch pseudo data for [IB] removed. The resulting 

parameter estimates also produced unrealistic simulation trends that did not match the experimental 

data (see Table 3.10 in the appendix). 

The poor fit to the data in Figure 3.2 and Figure 3.3 could be a result of inappropriate 

modeling assumptions and/or errors in the experimental data, particularly the semi-batch data 

which have not yet been replicated. One assumption in Table 3.2 which causes concern is 

assumption (7) that equilibrium constants are independent of functional end groups. This 

assumption was relaxed, resulting in additional model parameters, which are estimated in the next 

section.  
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3.4.2 Model Revision and Parameter Estimation: Attempt 2   

In this section, a more detailed mechanism is developed to remove the assumption that 

equilibrium constants are independent of the type of functional end groups (i.e., CM, CI or CS). 

Corresponding new lumped rate constants and equilibrium parameters are defined. For example,  

𝑘𝑝𝑀𝑀 ∗ 𝐾0𝐾2,𝑀 is a pseudo rate constant for IB homopolymerization via the second-order path (Path 

B in Figure 2.3). Ratios of equilibrium constants for end groups of different types 

(i. e. , (
𝐾0𝐾1

𝐾0𝐾2
)
𝑀
, (
𝐾0𝐾1

𝐾0𝐾2
)
𝐼
, and (

𝐾0𝐾1

𝐾0𝐾2
)
𝑆
) are treated as separate model parameters, increasing the 

number of parameters from seven in Table 3.5 to nine in Table 3.7. There is more uncertainty about 

the specific equilibrium constants (i.e. K0K1,M, K0K1,I, K0K1,S, K0K2,M, K0K2,I, and K0K2,S are 

unknown) in the revised model compared to uncertainty about reasonable overall values for K0K1 

and K0K2, which have been studied experimentally by Puskas et al.15 As a result, the upper and 

lower bounds for the relative equilibrium constant ratios shown in Table 3.7 are wider than the 

corresponding bounds in Table 3.5.  

Parameter estimation was performed using the initial parameter guesses shown in Table 

3.7, as well as for four random parameter starting guesses between lower and upper bounds (Table 

3.11 in the appendix). The best optimal parameter values obtained using the revised model are 

shown in Table 3.8 and correspond to an objective function value of J = 1,611. Eight parameters 

were estimable based on the ranking and mean-squared-error analysis, with (
𝐾0𝐾1

𝐾0𝐾2
)
𝐼
 held constant 

at its initial value of 3.33 x 10-5 mol L-1. Simulation results using the parameters in Table 3.8 for 

batch and semi-batch conditions are shown in Figure 3.4 and Figure 3.5, respectively.  
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Table 3.7 Parameter initial guesses and bounds for arbPIB polymerization with independent 

equilibrium constants 

Lumped Parameter Initial Guess Lower Bound Upper Bound Units 

𝑘𝑝𝑀𝑀 ∗ 𝐾0𝐾2,𝑀  51.5 0 3000 L3 mol-3 s-1 

(
𝑘𝑝𝐼𝐼 ∗ 𝐾0𝐾2,𝐼

𝑘𝑝𝑀𝑀 ∗ 𝐾0𝐾2,𝑀
) 1.8 x 10-2 0 1 - 

(
𝑘𝑝𝐼𝑀 ∗ 𝐾0𝐾2,𝐼

𝑘𝑝𝑀𝑀 ∗ 𝐾0𝐾2,𝑀
) 1.7 x 10-4 0 1 - 

(
𝑘𝑝𝑀𝐼 ∗ 𝐾0𝐾2,𝑀

𝑘𝑝𝑀𝑀 ∗ 𝐾0𝐾2,𝑀
) 2.1 x 10-1 0 1 - 

(
𝑘𝑝𝑆𝐼 ∗ 𝐾0𝐾2,𝑆

𝑘𝑝𝑀𝑀 ∗ 𝐾0𝐾2,𝑀
) 2.1 x 10-3 0 1 - 

(
𝑘𝑝𝑆𝑀 ∗ 𝐾0𝐾2,𝑆

𝑘𝑝𝑀𝑀 ∗ 𝐾0𝐾2,𝑀
) 1.3 x 10-4 0 1 - 

(
𝐾0𝐾1
𝐾0𝐾2

)
𝑀

 6.4 x 10-2 0 1 mol L-1 

(
𝐾0𝐾1
𝐾0𝐾2

)
𝐼

 6.4 x 10-2 0 1 mol L-1 

(
𝐾0𝐾1
𝐾0𝐾2

)
𝑆

 6.4 x 10-2
 0 1 mol L-1 
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Table 3.8 Attempt 2 optimal parameter values and 95% confidence intervals obtained from 

PREDICI® for arbPIB polymerization. 

Lumped Parameter Initial Value Final Value 95% Confidence Interval Units 

𝑘𝑝𝑀𝑀 ∗ 𝐾0𝐾2,𝑀  859.1 143.3 ± 4237.3 L3 mol-3 s-1 

(
𝑘𝑝𝐼𝐼 ∗ 𝐾0𝐾2,𝐼

𝑘𝑝𝑀𝑀 ∗ 𝐾0𝐾2,𝑀
) 1.46 x 10-2 6.52 x 10-3 ± 2.61 x 10-1 - 

(
𝑘𝑝𝐼𝑀 ∗ 𝐾0𝐾2,𝐼

𝑘𝑝𝑀𝑀 ∗ 𝐾0𝐾2,𝑀
) 3.50 x 10-5 1.56 x 10-3 ± 4.61 x 10-2 - 

(
𝑘𝑝𝑀𝐼 ∗ 𝐾0𝐾2,𝑀

𝑘𝑝𝑀𝑀 ∗ 𝐾0𝐾2,𝑀
) 4.30 x 10-3 8.42 x 10-2 ± 9.55 x 10-2 - 

(
𝑘𝑝𝑆𝐼 ∗ 𝐾0𝐾2,𝑆

𝑘𝑝𝑀𝑀 ∗ 𝐾0𝐾2,𝑀
) 2.93 x 10-3 2.74 x 10-3 ± 5.46 x 10-1 - 

(
𝑘𝑝𝑆𝑀 ∗ 𝐾0𝐾2,𝑆

𝑘𝑝𝑀𝑀 ∗ 𝐾0𝐾2,𝑀
) 1.10 x 10-4 3.51 x 10-5 ± 4.61 x 10-3 - 

(
𝐾0𝐾1
𝐾0𝐾2

)
𝑀

 1.29 x 10-1 6.59 x 10-1 ± 20.3 mol L-1 

(
𝐾0𝐾1
𝐾0𝐾2

)
𝐼

 3.33 x 10-5 3.33 x 10-5 - mol L-1 

(
𝐾0𝐾1
𝐾0𝐾2

)
𝑆

 
5.11 x 10-4

 5.11 x 10-4
 ± 1.55 x 10-3

 mol L-1 
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Figure 3.4 ArbPIB simulation results obtained using attemp 2 final parameter values in Table 3.8 

compared with experimental batch data (sample 06DNX090) obtained by Dos Santos14 for a) 

[IM], b) [IB], c) �̅�𝑛, and d) �̅�𝑤. 

 
Figure 3.5 ArbPIB simulation results obtained using attempt 2 final parameter values in Table 3.8 

compared with experimental semi-batch data (sample 05DNX130) obtained by Dos Santos14 for 

a) [IM], b) [IB], c) �̅�𝑛, and d) �̅�𝑤. 
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Parameters estimated for the revised model in attempt 2 resulted in minor improvements 

to the objective function value compared to that obtained in attempt 1 (i.e., from J = 1,736 to J = 

1,611). Unfortunately, simulation results still show a poor fit to experimental data. In this case, �̅�𝑤 

is underpredicted in the batch simulations (Figure 3.4d) and overpredicted in the semi-batch 

simulations (Figure 3.5d). The deviations between simulated and experimental �̅�𝑤 could be 

explained by diffusion-controlled kinetics or steric hinderance, which were not considered in the 

model. Since semi-batch IB was reported to have been entirely consumed prior to feeding the 

reactor,14 it is possible that the number of molecules in the semi-batch reactor prior to each new 

addition of feed is relatively small (i.e, total concentration of molecules is less than or equal to 

[MeOIM]0 if all IB had been consumed). If polymerization becomes diffusion controlled when the 

total number of molecules decreases below a critical value, then molecular-weight growth in semi-

batch would slow down considerably. Incorporating diffusion-controlled kinetics into the model 

could therefore provide a better fit to experimental semi-batch data. However, before additional 

assumptions regarding the model mechanism are considered, it would first be beneficial to obtain 

more experimental data using new and replicate semi-batch conditions to ensure the experimental 

trends used to fit the model parameters are accurate and consistent.  
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3.5 Conclusions and Recommendations 

PREDICI® software was used to asses if the arbPIB multidimensional method-of-

moments model could be fit to both batch and semi-batch experimental data with a unified set of 

parameters. Two scenarios were considered wherein 1) equilibrium constants are independent of 

the reacting end group and 2) different equilibrium constants are assumed for CM, CI, and CS groups. 

Several attempts were made to fit the model from a variety of initial parameter guesses to assess 

whether the poor fit was due to the existence of local minima. Unfortunately, the best set of 

parameter values obtained from these studies is not capable of providing reasonable fits to both 

batch and semi-batch data. 

Only two sets of semi-batch experimental data are available from the literature.14 

Therefore, it is possible that considerable experimental error may be present. It is also likely that 

some of the model assumptions are not valid for semi-batch operation. Primarily, the assumption 

of kinetic-controlled polymerization could have a noticeable influence on the predicted simulation 

results. It is possible that the polymerization reaction becomes diffusion controlled when the total 

number of molecules decreases below a critical value (i.e., molecules become very large on 

average). Incorporating this phenomenon into the model mechanism could slow down the reaction 

rate in semi-batch at long times and therefore could provide a more reasonable fit to �̅�𝑤 data. 

However, before the model is extended further, it is recommended that a larger pool of experimental 

data at a variety of operating conditions, including replicates, be obtained. Some recommendations 

for additional experiments include: 

1. Decreasing [TiCl4]0 and increasing [IM]0 so that both path A and path B regimes can be 

studied (currently Path B seems to be dominant) 

2. Increasing [IM]0/[IB]0 ratio 

3. Performing homo-SCVP experiments at comparable reaction conditions  

4. Measuring branching data via link destruction so that it can be used for parameter fitting 
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5. Measuring concentrations of VI groups and different Cl end-groups periodically over the 

reaction 

6. Measuring concentration of unreacted IM molecules and the concentration of MeOIM that 

may not have been converted to IM 

7. Varying the concentration of 2,6-di-tert-butylpyridine (DtBP) proton trapping agent to 

determine whether impurities might be initiating polymerization, requiring the addition of 

a side reaction to the mechanism  

8. Obtain carefully calibrated molecular weight distributions and average molecular-weight 

measurements using multi-detector size-exclusion chromatography 

9. Increasing overall reaction times  

10. Maintaining isothermal reactor conditions at -95 ̊C; effects of temperature and apparent 

negative activation energy should be addressed in future works if deemed necessary 
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Appendix 3.1 Parameter Estimation Fitting Data 

 

Table 3.9 Attempt 1 parameter estimation results obtained from initial parameter guesses and four random parameter starting values for arbPIB 

polymerization. 

Sample ID J 𝒌𝒑𝑴𝑴 ∗ 𝑲𝟎𝑲𝟐 (
𝒌𝒑𝑰𝑰

𝒌𝒑𝑴𝑴
) (

𝒌𝒑𝑰𝑴

𝒌𝒑𝑴𝑴
) (

𝒌𝒑𝑴𝑰

𝒌𝒑𝑴𝑴
) (

𝒌𝒑𝑺𝑰

𝒌𝒑𝑴𝑴
) (

𝒌𝒑𝑺𝑴

𝒌𝒑𝑴𝑴
) (

𝑲𝟎𝑲𝟏
𝑲𝟎𝑲𝟐

) 

IG Initial 15789 51.5 1.80E-02 1.70E-04 2.10E-01 2.10E-03 1.30E-04 6.40E-02 

  Optimal 1760 707.0 2.32E-04 8.39E-05 1.15E-01 2.10E-03 6.41E-07 1.00E-01 

Rand_1 Initial 7956 1201.5 2.92E-04 6.94E-02 4.06E-02 8.49E-05 3.70E-04 6.00E-02 

  Optimal 3190 175.6 2.92E-04 6.94E-02 4.06E-01 8.39E-05 9.53E-07 9.99E-02 

Rand_2 Initial 7887 510.1 2.26E-05 2.14E-01 1.16E-05 1.46E-04 6.71E-02 3.30E-02 

  Optimal 7749 369.1 2.26E-05 2.01E-01 1.16E-05 1.46E-04 6.70E-02 3.00E-02 

Rand_3 Initial 7460 1110.4 1.21E-01 1.63E-03 1.73E-03 1.04E-03 4.33E-01 7.90E-02 

  Optimal 2273 687.6 1.79E-02 3.18E-05 7.75E-05 1.04E-03 4.33E-01 9.52E-02 

Rand_4 Initial 9.08E7 2905.3 6.12E-04 1.08E-04 5.17E-02 3.47E-02 3.67E-02 6.30E-02 

  Optimal 1736 990.7 3.11E-04 6.80E-05 4.24E-03 7.70E-01 3.67E-02 6.30E-02 

  



    

 - 69 - 

Table 3.10 Attempt 1 parameter estimation results obtained from initial parameter guesses and four random parameter starting values for arbPIB 

polymerization with revised equilibrium constant ratio bounds and no [IB]exp semi-batch data. 

Sample ID J 𝒌𝒑𝑴𝑴 ∗ 𝑲𝟎𝑲𝟐 (
𝒌𝒑𝑰𝑰

𝒌𝒑𝑴𝑴
) (

𝒌𝒑𝑰𝑴

𝒌𝒑𝑴𝑴
) (

𝒌𝒑𝑴𝑰

𝒌𝒑𝑴𝑴
) (

𝒌𝒑𝑺𝑰

𝒌𝒑𝑴𝑴
) (

𝒌𝒑𝑺𝑴

𝒌𝒑𝑴𝑴
) (

𝑲𝟎𝑲𝟏
𝑲𝟎𝑲𝟐

) 

IG_2 Initial 15743 51.5 1.80E-02 1.70E-04 2.10E-01 2.10E-03 1.30E-04 6.40E-02 

  Optimal 1785 87.7 1.12E-04 8.89E-05 1.36E-01 1.62E-01 2.91E-06 1.00 

Rand_5 Initial 9388 2242.4 3.23E-03 1.17E-01 2.28E-03 5.00E-04 5.47E-04 3.38E-02 

  Optimal 2951 35.1 3.23E-03 1.17E-01 4.98E-01 3.74E-04 1.38E-06 6.09E-01 

Rand_6 Initial 9197835 259.6 1.02E-01 8.97E-01 5.37E-02 1.42E-02 9.01E-05 6.10E-01 

  Optimal 2936 24.8 1.02E-01 8.98E-01 5.03E-01 4.00E-04 1.78E-06 8.67E-01 

Rand_7 Initial 11941 467.7 1.63E-05 1.43E-05 5.02E-04 5.54E-03 9.54E-01 1.73E-03 

  Optimal 2501 3000.0 1.63E-05 5.12E-05 5.02E-04 5.54E-03 9.54E-01 1.73E-03 

Rand_8 Initial 9110 2401.4 1.22E-01 2.29E-04 5.09E-05 9.16E-05 3.07E-02 1.58E-01 

  Optimal 2176 533.1 1.28E-02 3.45E-05 1.68E-05 9.16E-05 1.47E-4 1.58E-01 
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Table 3.11 Attempt 2 parameter estimation results obtained from initial parameter guesses and four random parameter starting values for arbPIB 

polymerization. 

Sample ID J 𝒌𝒑𝑴𝑴 ∗ 𝑲𝟎𝑲𝟐,𝑴 (
𝒌𝒑𝑰𝑰 ∗ 𝑲𝟎𝑲𝟐,𝑰

𝒌𝒑𝑴𝑴 ∗ 𝑲𝟎𝑲𝟐,𝑴
) (

𝒌𝒑𝑰𝑴 ∗ 𝑲𝟎𝑲𝟐,𝑰

𝒌𝒑𝑴𝑴 ∗ 𝑲𝟎𝑲𝟐,𝑴
) (

𝒌𝒑𝑴𝑰 ∗ 𝑲𝟎𝑲𝟐,𝑴

𝒌𝒑𝑴𝑴 ∗ 𝑲𝟎𝑲𝟐,𝑴
) (

𝒌𝒑𝑺𝑰 ∗ 𝑲𝟎𝑲𝟐,𝑺

𝒌𝒑𝑴𝑴 ∗ 𝑲𝟎𝑲𝟐,𝑴
) (

𝒌𝒑𝑺𝑴 ∗ 𝑲𝟎𝑲𝟐,𝑺

𝒌𝒑𝑴𝑴 ∗ 𝑲𝟎𝑲𝟐,𝑴
) (

𝑲𝟎𝑲𝟏
𝑲𝟎𝑲𝟐

)
𝑴

 (
𝑲𝟎𝑲𝟏
𝑲𝟎𝑲𝟐

)
𝑰

 (
𝑲𝟎𝑲𝟏
𝑲𝟎𝑲𝟐

)
𝑺

 

IG_3 Initial 15789 51.5 1.80E-02 1.70E-04 2.10E-01 2.10E-03 1.30E-04 6.40E-02 6.40E-02 6.40E-02 

 Optimal 2152 63.1 1.75E-02 1.24E-03 1.08E-01 2.10E-03 1.20E-04 1.00 4.12E-02 6.4E-08 

Rand_9 Initial 8278 2228.1 2.78E-05 2.19E-03 6.89E-05 1.89E-01 6.24E-02 9.64E-05 4.17E-02 3.17E-05 

  Optimal 2421 3000 2.78E-05 6.521E-05 8.02E-04 1.00 6.24E-02 9.64E-05 3.77E-04 3.17E-05 

Rand_10 Initial 7844 2921.1 2.03E-02 1.24E-04 4.22E-02 1.62E-02 5.90E-01 3.73E-02 3.42E-05 1.11E-01 

  Optimal 1611 143.3 6.52E-03 1.56E-03 8.42E-02 2.74E-03 3.51E-05 6.59E-01 3.33E-05 5.11E-04 

Rand_11 Initial 8212 1554.3 3.40E-03 7.91E-05 3.35E-05 5.79E-01 4.84E-02 4.80E-04 6.33E-01 5.18E-04 

  Optimal 2225 2949.1 9.73E-04 7.91E-05 3.35E-05 9.99E-01 4.84E-02 4.80E-04 3.42E-04 5.18E-04 

Rand_12 Initial 9128 2983.5 3.75E-03 2.64E-01 1.15E-04 9.10E-03 1.74E-04 6.31E-02 1.82E-03 2.78E-05 

  Optimal 3699 21.6 3.75E-03 2.64E-01 2.75E-01 3.50E-04 1.74E-04 9.99E-01 1.82E-03 2.78E-05 
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Appendix 3.2 Parameter Estimation Curves for Attempt 1 

 

 
Figure 3.6 ArbPIB simulation results obtained using final parameter values in Table 3.6 

compared with experimental semi-batch data (samples 06DNX001, 06DNX010, and 06DNX030) 

obtained by Dos Santos14 for a) [IM], b) [IB], c) �̅�𝑛, and d) �̅�𝑤. 
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Figure 3.7 ArbPIB simulation results obtained using final parameter values in Table 3.6 

compared with experimental semi-batch data (samples 06DNX100) obtained by Dos Santos14 for 

a) [IM], b) [IB], c) �̅�𝑛, and d) �̅�𝑤. 

 
Figure 3.8 ArbPIB simulation results obtained using final parameters values in Table 3.6 

compared with experimental semi-batch data (samples 05DNX120) obtained by Dos Santos14 for 

a) [IM], b) [IB], c) �̅�𝑛, and d) �̅�𝑤.  
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Appendix 3.3 Parameter Estimation Curves for Attempt 2 

 

 
Figure 3.9 ArbPIB simulation results obtained using attempt 2 final parameter values in Table 3.8 

compared with experimental semi-batch data (samples 06DNX001, 06DNX010, and 06DNX030) 

obtained by Dos Santos14 for a) [IM], b) [IB], c) �̅�𝑛, and d) �̅�𝑤. 
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Figure 3.10 ArbPIB simulation results obtained using attempt 2 final parameter values in Table 

3.8 compared with experimental semi-batch data (samples 06DNX100) obtained by Dos Santos14 

for a) [IM], b) [IB], c) �̅�𝑛, and d) �̅�𝑤. 

 
Figure 3.11 ArbPIB simulation results obtained using attempt 2 final parameter values in Table 

3.8 compared with experimental semi-batch data (samples 05DNX120) obtained by Dos Santos14 

for a) [IM], b) [IB], c) �̅�𝑛, and d) �̅�𝑤.  
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Chapter 4 

Conclusions and Recommendations 

4.1 Conclusions 

Mathematical models were developed for the production of arbPIB via SCVCP in CSTRs 

and semi-batch reactors. These models rely on a multidimensional method-of-moments technique 

and have been implemented in both MATLAB and PREDICI® software.  

The CSTR model developed in Chapter 2 was used to simulate arbPIB polymerization over 

a range of IM feed concentrations and residence times to predict average molecular weights and 

branching levels that could be obtained. Simulations predict that CSTR operation will produce 

polymer with slightly higher �̅�𝑛 and considerably higher �̅�𝑤 compared to polymer produced in 

batch (when operating at comparable conditions). Unfortunately, operating a CSTR with high IM 

feed concentrations and/or long residence times results in predicted �̅�𝑤 increasing indefinitely (i.e., 

steady-state operation cannot be obtained). In practice, this would correspond to clogging the 

reactor with extremely large polymer molecules. A range of feasible operating conditions is 

identified for SCVCP of arbPIB and for IM homo-SCVP using the apparent rate constants 

estimated previously using batch reactor data. Although these stability ranges are only applicable 

to arbPIB polymerization, the model developed in Chapter 2 could be applied to any SCVCP 

system with known rate constant parameters. To my knowledge, this was the first model developed 

for SCVCP in a CSTR. 

In Chapter 3, the CSTR multidimensional method-of-moments model was modified to 

allow for semi-batch operation. A balance on [TiCl4] was also proposed so that arbPIB 

polymerization with any time-varying [TiCl4] can be simulated. This revised model uses lumped 

parameters that contain true rate constants and equilibrium constants. Two attempts were made to 

fit this model to literature semi-batch arbPIB experimental data. In the first attempt, it was assumed 
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that the equilibrium constant value is independent of the type of reacting end group (i.e., CM, CI, 

and CS groups). In the second attempt, each type of end group was permitted to have a different 

value for its corresponding equilibrium constant. Unfortunately, neither model could provide a 

reasonable fit to both the batch and semi-batch data. It is possible that the inconsistent fitting trends 

observed are a result of unreliable semi-batch data, since no replicate experimental data have been 

reported. It is also likely that some model assumptions are not valid, such as the assumptions that 

steric hinderance is not important and that all reactions are kinetically controlled. This parameter 

estimation study provides new insights and questions about the reliability of the modeling 

assumptions and the validity of experimental data.  

 

4.2 Recommendations 

Future works should focus on the estimation of reliable true rate constants and equilibrium 

constants for arbPIB. In Chapter 2, it is shown that the values of these kinetic parameters have a 

considerable influence on the CSTR stability regions. If SCVCP or SCVP systems are to be 

produced in a CSTR, it is critical that feasible operating conditions are identified.  Accurate kinetic 

parameter values are required so that reliable model predictions can be obtained. In Chapter 3, 

multiple attempts are made to fit the batch and semi-batch models to literature data to improve the 

reliability of parameter estimates. These attempts were unable to match the behaviour of the data. 

Recommendations for future work include: 

1. Obtaining experimental arbPIB data at a wider variety of operating conditions, with 

replicate experiments performed to assess reproducibility and reliability of the data 

2. Extending the arbPIB model to account for steric hinderance and diffusion-controlled 

kinetics 

3. Re-assessing CSTR operating stability using revised model assumptions and kinetic 

parameters  


