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Abstract

In cancer research, two-stage designs are usually used to assess the effect of a new

agent in phase II clinical trials. The optimal two-stage designs with two co-primary

endpoints have been proposed to assess the effects of new cancer treatments, such

as cytostatic or molecularly targeted agents (MTAs), based on both response rate

and early progression rate. Statistical inference procedures, such as, point estima-

tion, p-value, and confidence region, for the true response rate and early progression

rate based on the data from the phase II trials conducted according to the optimal

two-stage designs would be very useful for further testing of the agents in phase III

trials but have not been addressed in the literature. In this thesis, I first provide a

review of the optimal two-stage design for phase II clinical trials with one endpoint

and statistical inference procedures developed for this design. Then I propose some

new statistical inference procedures for the optimal two-stage design of phase II clin-

ical trials with two co-primary endpoints, which include naive maximum likelihood

estimate (MLE), bias-corrected estimates, and uniformly minimum variance unbiased

estimate (UMVUE) for the point estimation, naive p-value and likelihood ratio test

(LRT) based p-value for the hypothesis testing, and LRT based confidence region.

Simulation studies were performed to evaluate the performance of these procedures.
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Chapter 1

Introduction

In recent years, many phase II trials has been conducted in cancer research. The

purpose of phase II trials is to access the effect of a new agent. After phase II trials,

an agent with small effect would be declared as uninteresting to be tested in a large

group of patients in phase III trials. Two stage designs are usually used in phase

II trials to efficiently test the effect of agents. The new agent with very small effect

would be rejected in stage one, while the new agent with moderate and large effect

would continue to stage two with a larger sample size. Obviously, the second stage of

phase II trials could provide more data with information to help the research group

make the decision. Statistical inferences such as point estimates, confidence intervals,

and p-value based on the data from phase II trials are important to quantify the

effect of the treatment and verify the reliability of decision on whether the new agent

should be tested in phase III trials.

Response rate, which measures the proportion of patients whose tumors have some

degrees of shrinkage after the treatment, is the traditionally the primary endpoint in

phase II cancer clinical trials. One of the most popular two-stage designs for the
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assessment of cancer treatments based on this endpoint was proposed by Simon [5].

Various statistical inference procedures have been proposed for the two-stage phase

II cancer clinical trials conducted according to Simon’s two stage design, which in-

clude naive maximum likelihood estimator(MLE), bias-adjusted estimator, uniformly

minimum-variance unbiased estimator(UMVUE), median unbiased estimator, and

some conditional MLE and conditional UMVUE for the estimate of true response

rate; naive p-values, MLE ordering p-values, stage-wise ordering p-value and condi-

tional p-values for the hypotheses testing, and p-value based confidence intervals for

the true response rate. I will review some of these procedures in details in the next

Chapter.

In recent years, many new agents, called cytostatic or molecularly targeted agents

(MTAs), have been developed to treat patients with various type of cancer. These

agents may not be able to shrink the tumor but can stop the growth of the tumor.

Therefore, response rate alone may not be an appropriate endpoint of phase II clinical

trials for these agents. It may be more appropriate to consider both response and

early progression rates as primary outcomes, where the early progression is defined

when the size of the tumor is increased to a certain percentage. A new agent would

be considered as of no interest if its response rate is low and, at the same time, the

early progression rate is high and as promising if its response rate is high or the early

progression rate is low. Two-stage phase II designs have thus been extended to the

cases where the primary endpoint of the trial is bivariate defined by both response

and early progression rates. Tan et al. (2010)[8] proposed an optimal two-stage de-

sign with two co-primary endpoints. In this design, the sample size and decision rule
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in both stages are computed based on both responses and early progression rate with

controlling the type I, type II errors and minimizing the expected sample size.

Statistical inference procedures based on the data from clinical trials conducted

based on the optimal design developed by Tan et al. [8] have not been considered

in the literature. The objectives of this thesis are to develop these procedures and

evaluate the performance of the proposed procedures. These procedures are helpful

in quantifying the true effect of a new MTA.

The rest of the thesis is organized as follows. Chapter 2 provides a literature review

on statistical inference procedures for Simon’s two-stage design when there is a single

endpoint and description on definition of the optimal two-stage design proposed by

Tan et al. (2010)[8] for the Phase II clinical trials with two co-primary endpoints.

Statistical inference procedures for the design proposed by Tan et al. (2010)[8] will

be proposed and evaluated in Chapter 3. Finally, Chapter 4 includes the conclusions

and discussions on the future work.
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Chapter 2

Literature Review

This chapter provides a review of the phase II designs and statistical inference proce-

dures for the two stage design with one single end-point. I will first give a defintion

of the optimal design for the phase II clinical trials with response rate as the only

endpoint. Then I will review statistical inference procedures proposed in the litera-

ture for this optimal design. Finally, I will review the definition of an optimal phase

II design with two co-primary endpoints proposed recently.

2.1 Optimal Two-Stage Design for Phase II Clinical Trials with One Sin-

gle Endpoint

One of the most popular two-stage phase II designs for the assessment of cancer

treatments based on a single endpoint, response rate, was proposed by Simon [5]. Let

p be the probability that a patient would respond to the agent under a specific cancer

treatment. Assume a treatment will not be considered as interesting for further test

if its true response rate p is equal to or less than p0, and as promising if its true

response rate p is equal to or higher than p1. p0 and p1 are usually determined by
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clinical cancer researchers. The hypotheses tested in a phase II clinical trials with

response rate as a single endpoint are:

H0 : p ≤ p0 versus HA : p ≥ p1. (2.1)

A two stage design testing above hypotheses will accrue n1 patients in the first stage.

If the observed number of patients who have responded to the treatment is equal to

or higher than r1, the trial will continue to the second stage to accrue another n2

patients. If total number of response observed from n1 + n2 patients accrued in both

stages is greater than or equal to r, the agent would be considered as promising for

further tests in phase III trial. Specifically, the decision rule of a two-stage phase II

trials with a single response rate point can be define as:

Stage 1: Accrue n1 patients, stop the trial at this stage if X1 < r1, otherwise the trial

would continue to the next stage;

Stage 2: Accrue another n2 patients, accept the new agent as promising if X1+X2 ≥ r,

where X1 and X2 are numbers of observed responses in respectively stage one and

stage two, and n1, n2, r1, r are unknown design parameters to be determined based

on some requirements on the statistical properties of the design.

A basic requirement of the design is the type I and type II errors of the design

should be controlled at respectively given level α and β. There would be many designs

which satisfy this basic requirement. Simon [5] suggested that an optimal design

should minimize the expect sample size, which could help to control the sample size
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and the cost. The expect sample size of a phase II trial is defined as:

E(N) = n1 + (1− PET ) · n2, (2.2)

where PET represents the probability of the trial stopping at the end of the first

stage. Since the decision on whether the experiment should continue to the second

stage or not is made based on the observed numbers of patients with response in

the first stage and a drug would be rejected at the end of first stage if the response

number is less than r1, therefore, PET = B(r1; p, n1), where p is the true value of

response rate and B denotes the cumulative binomial distribution. Since the drug

should be rejected at the end of the second stage if the observed responses from all

patients is not greater than r, the probability of rejecting the drug in a phase II trial

is

B(r1; p, n1) +

min[n1,r]∑
x=r1+1

b(x; p, n1) ·B(r − x; p, n2), (2.3)

where b denotes the binomial probability mass function.

With fixed values of p0, p1, α and β, search method with exact binomial proba-

bilities can be used to find the optimal designs. Specifically, for each given value of

total sample size n, the sample size n1 in the first stage, which ranges between 1 and

n − 1, and r1 from 0 to n1, one first determines the maximum value of r that could

control the type II error. Then the combination of parameters (n, n1, r1, r) would be

checked to see if its type I error is controlled. If it did, then one would compare the

expected sample size with the old one and continue to search over r1.
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Figure 2.1: Table of examples of Optimal Two-Stage Design in Simon(1989)[5].
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Figure 2.1 presents some examples of optimal designs for different combinations

of the values of p0 and p1 with α = 0.05 and β = 0.2. In this table, EN denotes

the expect value of the sample size and PET the probability of the trial stopping in

the first stage. For example, if p0 = 0.30 and p1 = 0.50, one of the optimal design

would be n1 = 22, n2 = 24, r1 = 7, r = 17, which means that the sample size of the

first stage should be 22 and the trial would be stopped at the end of the first stage if

observed response rate is less than 7; otherwise, the trial will continue to accure 24

additional patients and the drug would considered as promissing if the obsrerved total

number of responses is 17 or more. The expected sample size of this design would

be close to 30 and the probability of the trial stopping in the first stage is around 0.67.

In the next section, I review some statistical inference procedures for this optimal

design, which include point estimation, p-value and confidence interval procedures.

The details may be found in Rapheal and Kristell (2012) [4] which presents a com-

prehensive review of available approaches with simulation studies comparing these

approaches.

2.1.1 Point Estimation

Even though the main goal of phase II trials is to make a decision on whether a

new agent should be tested in large late clinical trials, statistical inferences for the

parameters under the design are also very important and interesting. We first review

statistical procedure for the estimation of true response rate p of the agent based on

the data from the phase II trials.
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Denote (M,S) respectively the number of stage and cumulative number of re-

sponses and N the cumulative sample size. The maximum likelihood estimator (MLE)

was the first point estimator proposed for p, which is defined as:

p̂m = S/N =


X1

n1
if M = 1

X1+X2

n1+n2
if M = 2

(2.4)

However, this MLE is biased, since the number of responses does not follow a simple

binomial distribution. Actually, its bias can be calcuated as

b(p) =
1

n1

·
n1∑
x=0

x · fp(1, x) +
1

n2

·
nt∑

x=r1+1

x · fp(2, x)− p. (2.5)

Based on the naive MLE, Chang et al.[3] proposed a bias-adjusted estimator p̂w,

which is defined as

p̂w = p̂m − b(p̂w) (2.6)

and could be solved by numerical computation. However, this computation is not very

easy. Guo and Liu[3] came up with a simplified idea for the bias-adjusted MLE, which

uses bias of naive MLE to replace the bias of bias-adjusted MLE. Their estimator is

defined as

p̂g = p̂m − b(p̂m). (2.7)

Jung et al. [1] derived both UMVUE and uniformly minimum-variance conditional

unbiased estimator (UMUCUE) based on the Rao-Blackwell theorem. They showed

that (M,S) is a complete and sufficient statistic for p. The probability mass function
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of this statistic is calculated as

fp(m, s) =


(
n1

s

)
ps(1− p)n1−s if m = 1∑s∧n1

x1=(r1+1)∨(s−n2)

(
n1

x1

)(
n2

s−x1

)
ps(1− p)n1+n2−s if m = 2

(2.8)

where s = 1, · · · , r1 if m = 1 and s = r1 + 1, · · · , n1 + n2 if m = 2, and a ∧ b =

min(a, b) and a ∨ b = max(a, b). Since X1/N1 is an unbiased estimate for p, the

uniformly minimum variance unbiased estimator (UMVUE), which is the expected

value of X1/N1 based on the sufficient and complete statistic (M,S) can be derived

as

p̂u = E(
X1

n1

|(M,S)) =


S
N1

if M = 1∑S∧n1
x1=(r1+1)∨(S−n2)

(n1−1
x1−1)·(

n2
S−x1

)∑S∧n1
x1=(r1+1)∨(S−n2)

(n1
x1

)·( n2
S−x1

)
if M = 2

(2.9)

With the similar idea of the UMVUE, since X2/n2 is also an unbiased estimate

of p conditional on the stage, Pepe et al. [7] use X2/n2 to derive the uniformly

minimum variance conditionally unbiased estimator (UMVCUE), which is very similar

to UMVUE. Specifically, the formula of UMVCUE is:

p̂p = E(
X2

n2

|(M,S)) =


S
N1

if M = 1∑S∧n1
x1=(r1+1)∨(S−n2)

(n1
x1

)·( n2−1
S−x1−1)∑S∧n1

x1=(r1+1)∨(S−n2)
(n1
x1

)·( n2
S−x1

)
if M = 2

(2.10)

Rapheal and Kristell (2012) [4] compared the point estimators defined above and

found that the bias-adjusted estimators p̂w and p̂g have the similar bias and mean

squared error (MSE). Compared to the bias-adjusted estimators, the naive MLE has

larger bias and slightly lower MSE. UMVUE and UMVCUE always have smaller bias

but greater MSE compared to other estimators.



2.1. OPTIMAL TWO-STAGE DESIGN FOR PHASE II CLINICAL
TRIALS WITH ONE SINGLE ENDPOINT 11

Figure 2.2: Probability of rejecting null hypothesis for testing procedures based on
different definitions of p-values and coverage probability of confidence
intervals studied by Rapheal and Kristell (2012) [4].
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2.1.2 P-values

Although the decision rule associated with a phase II design can tell when a null

hypothesis could be rejected, p-value can quantify the strength of the observed data

in the rejection of the null hypothesis. The p-value describes the probability of more

”extreme” situation happens, when the null hypothesis is true. This section reviews

some different formulas of p-value based on data from phase II conducted according

to Simon’s design[5].

A naive p-value is defined when only the observed number of response at the end

of first or second stage is considered, which can be defined as:

pn =

 Prp0(X1 ≥ S) if M = 1∑n1

x1=0 Prp0(X1 = x1) · Prp0(X2 ≥ S − x1) if M = 2
(2.11)

where p0 denotes the response rate in null hypothesis.

This formula is reasonable if M = 1, but has some problem if M = 2, since

there exists a probability that the trial could continue to the second stage. Actually,

X1 < r1, X2 = S −X1 would be a wrong path for the observed number (M,S).

Alternative p-value can be defined based on MLE ordering, which means ordering

all possible observations by MLE based on the null hypothesis and accumulating the

more or equally ”extreme” probabilities. The MLE ordering method here is based on

a direct idea that larger MLE meas more ”extreme”. As a result, the p-value based
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on MLE ordering is defined as

pm =
∑

(i,j):p̂m(i,j)≥p̂m(M,S)

fp0(i, j), (2.12)

where the p̂m(i, j) denotes the ordering for observation (i, j) based on MLE ordering.

In addition, the bias-corrected estimators have same ordering with the MLE, so the

p-value based on them would be the same.

On the other hand, Jung et al. [1] defined a p-value based on the UMVUE order-

ing. The rank result of this stochastic ordering method is

p̂m(1, 0) < p̂m(1, 1) < . . . < p̂m(1, r1)

< p̂m(2, r1 + 1) < p̂m(2, r1 + 2) < . . . < p̂m(2, n1 + n2),

(2.13)

where p̂m(i, j) is the UMVUE for (M,S) = (i, j). This method is also based on the

direct idea that larger UMVUE means more ”extreme”. By this ranking method, the

UMVUE ordering p-value could be written as:

ps =

 1−
∑

(i,j):p̂u(i,j)>p̂u(M,S) fp0(i, j) if M = 1∑
(i,j):p̂u(i,j)≤p̂u(M,S) fp0(i, j) if M = 2

(2.14)

The UMVUE ordering estimator was showed equal to the stage-wise ordering estima-

tor by Jung et al. [6], so this formula could also be written as

pn =

 Prp0(X1 ≥ S) if M = 1∑n1

x1=r1+1 Prp0(X1 = x1)Prp0(X2 ≥ S − x1) if M = 2
(2.15)
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With the similar idea discussed in the point estimation section, a conditional esti-

mation ranking method for p-value was proposed by Rapheal and Kristell (2012) [4]

as

pc =

 Prp0(X1 ≥ S) if M = 1∑n1+n2

i=S fp0(i|M = 2) if M = 2
(2.16)

where fp0(i|M = 2) denotes the probability mass function of observing the number

of responses i conditional on this trial proceeds to the second stage, which can be

written as

fp0(i|M = 2) =
fp0(M,S)∑n1

x1=r1+1 p
x1
0 (1− p0)n1−x1

. (2.17)

Different from the ideas that defining p-values based on MLE and UMVUE ordering,

Zhao et al. [9] proposed a new ordering method which is based on the likelihood ratio

test. Specifically, the hypothesis of interest is H0 : p = p0 versus H1 : p 6= p0,

which can be tested based on the following likelihood ratio test:

T (M,SM , p0) =
p̂SM (1− p̂)NM−SM

p0SM (1− p0)NM−SM
, (2.18)

where SM is the cumulative number of responses and NM is the cumulative sample size

accrued in the trial, p0 denotes the response rate in null hypothesis, and p̂ = SM/NM is

the naive MLE based on observations (M,S). Any path (m, sm) would be considered

a more ”extreme” path if it has a larger T . As a result, Zhao et al. computed the

probability of observing (M,SM) or more ”extreme” path by

∑
(m,sm):T (m,sm|p0)>T (M,SM |p0)

fp0(m, sm). (2.19)
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Since the distribution of observation (M,SM) is a discrete distribution, after correct-

ing for the discreteness, the p-value is defined as

pp0 =
∑

(m,sm):T (m,sm|p0)>T (M,SM |p0)

fp0(m, sm) + 0.5fp0(M,SM), (2.20)

.

2.1.3 Confidence Interval Procedures

Rapheal and Kristell (2012) [4] reviewed some formulas of confidence intervals for

the true response rate based on the designs of Simon (1989)[5]. The first confidence

interval is an exact equal tail (1 − 2α) confidence interval as (pl, pr), where pl and

(pr) are the numerical solution of

Prpl [p̂u(M,S) ≥ p̂u(m, s)] = α (2.21)

and

Prpr [p̂u(M,S) ≤ p̂u(m, s)] = α (2.22)

This confidence interval used the UMVUE ordering, since the MLE ordering dose not

result in the same property [6].

Actually, the actual confidence coefficient of this confidence interval is bounded

below by (1 − 2α). The mid-p confidence interval [2] was proposed to correct the

error, which is the numerical solutions of

Prpl [p̂u(M,S) > p̂u(m, s)] + 0.5Prpl [p̂u(M,S) = p̂u(m, s)] = α (2.23)
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and

Prpr [p̂u(M,S) < p̂u(m, s)] + 0.5Prpr [π̂u(M,S) = p̂u(m, s)] = α (2.24)

Rapheal and Kristell (2012) [4] also compared these different kinds of p-value and

confidence interval procedures by simulation studies, which compared the power of

tests based on different definitions of p-values and the coverage probability of the

confidence intervals. For the power of p-value testing procedures, stage-wise ordering

leads to the correct decision with the same probability of rejection in the design,

and MLE ordering has the similar performance with the stage-wise ordering. For

the coverage probability, only the mid-p confidence interval approach has a good

performance which has its coverage probability close to the nominal level when the

true response rate is small such as 0.05. When the true value becomes larger, all

approaches have the similar performance and it is hard to say which one is significantly

better.

Zhao et al. [9] also used p-value based on the likelihood ratio test to get a confidence

interval. Based on the hypothesis H0 : p = p0 versus H1 : p 6= p0, they propose a

function T to order the observations.

T (M,SM |p0) =
p̂SM (1− p̂)NM−SM

p0SM (1− p0)NM−SM
. (2.25)

With the ordering based on null hypothesis, P-value could be defined after correcting

the discreteness as

Pp0 =
∑

(m,sm):T (m,sm|p0)>T (M,SM |p0)

fp0(m, sm) + 0.5fp0(M,SM). (2.26)
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They defined the confidence interval based the above definition of the p-value, which

is given by

{p : Pp ≥ α}. (2.27)

Numerical methods have to be used to find this interval which may consist of discon-

nected intervals.

2.2 Two-Stage Phase II Designs with Two Co-primary Endpoints

In this section, I review the optimal two-stage phase II designs with two co-primary

endpoints [1]. Let X denote the indicator for the response of a patient to a treatment

(i.e., X = 1 means the patient responded and X = 0 means not) and Y the indicator

for the early progression of a patient (i.e., X = 1 means the patient had early progres-

sion and X = 0 means not). Let p = P (X = 1) and q = P (Y = 1), then p0, p1 and

q0, q1 denote the threshold values respectively for response rate and early progression

rate, where 0 < p0 < p1 < 1, p0 + p1 < 1, and 0 < q1 < q0 < 1, q0 + q1 < 1. A new

agent would be considered as of no interest if its response rate is equal to or lower

than p0 and the early progression rate is equal to or higher than q0 and as promissing

if its response rate is equal to or higher than p1 or the early progression rate is equal

to or lower than q1. Therefore, the hypotheses tested in a two-stage phase II design

with two co-primary endpoints are:

H0 : p ≤ p0 and q ≥ q0 versus HA : p ≥ p1 or q ≤ q1. (2.28)
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Let Xi and Yi be respectively the number of observed responses and early regres-

sions number in ith stage. A two-stage design with bivariate endpoints can be defined

as follows:

Stage 1: Accrue n1 patients. Stop the trial at end of this stage and consider the agent

as of no interest if X1 < c1 and Y1 > d1. Otherwise the trial would continue to the

next stage.

Stage 2: Accrue another n2 patients. Conclude the new agent as promising if

X1 +X2 > c2 or Y1 + Y2 < d2.

In this design, the c1, c2, d1, d2 and n1, n2 are all unknown with c1, c2, d1, d2 as the

thresholds for respectively observed number of responses and early progressions in

two stages and n1, n2 are the sample size in respectively the first and second stages.

They can be found by controlling type I and, type II error and a design which mini-

mizes the expected sample size is called as an optimal design.

It is known that the rejection region for the hypotheses defined above at the end

of the first and second stages can be written respectively as:

R1(c1, d1, N1) = {(x1, y1) : x1 > c1 or y1 < d1} (2.29)

and

R2(c2, d2, N2) = {(x1, y1;x2, y2) : x1 + x2 > c2 or y1 + y2 < d2}. (2.30)

Assume the number of responses X and early progressions number Y observed from

the trial follows a trinomial distribution. So the joint distribution of (X, Y ) can be
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written as:

T (x, y; p, q,N) = Pp,q{X = x, Y = y} =

(
N

x

)
·
(
N − x
y

)
·pX · qY · (1− p− q)N−X−Y

(2.31)

Therefore, the probability of rejecting the null hypotheses in the final stage can be

calculated as

T̄f (p, q; c1, d1, c2, d2;N1, N2) = P (R2)− P (R2

⋂
Rc

1)

= T̄ (p, q; c2, d2;N1 +N2)−
min c1,N1−d1∑

x1=0

N1−x1∑
y1=d1

T (x1, y1; p, q,N1) · T̄ (p, q; c2 − x1, d2 − y1;N2)

(2.32)

With this formula, it is easy to get the type I and type II error rates of a two-stage

design as follows:

α̃ = max
(p,q)∈H0

T̄f (p, q; c1, d1, c2, d2;N1, N2) (2.33)

and

β̃ = 1− min
(p,q)∈HA

T̄f (p, q; c1, d1, c2, d2;N1, N2). (2.34)

The expected sample size of the design can also be calculated as:

E(N(D)) = N1 + P (D) ·N2, (2.35)

where P (D) is the maximal probability of the trial could continue to the stage two

if the null hypothesis is true, which could be expressed as:

P (D) = max
(p,q)∈H0

Pp,q{X1 > c1 or Y1 < d1}. (2.36)
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Figure 2.3: Examples of Optimal Two-Stage Design Derived by Tan et al. (2010)[8].

Tan et al. (2010)[8] derived an optimal two-stage design which could control the type

I and type II error rates and minimize the expected sample size:

Minimize E(N(D)) s.t. α̃(D) < α0 and β̃(D) < β0. (2.37)

Some examples of this design are given in Figure 2.3. But statistical inferences for

this design have not be discussed. In the next chapter, I will present some results on

the statistical inference procedures for the true response and early progression rates

based on data from this design.
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Chapter 3

Inference Procedures for Optimal Two-Stage

Designs with Two Co-primary Endpoints

This chpater presents new results on the statistical inference of two-stage designs for

phase II clinical trials with two co-primary endpoints. Specifically, Section 3.1 intro-

duces four different point estimators for response and early progression rates, which

include naive MLE, bias-adjusted estimators and UMVUE, and summarizes results

from simulation studies which compared these estimators. Section 3.2 presents two

definitions of p-values for the hypotheses tested in the optimal phase II designs,

namely the naive p-value and likelihood ratio test (LRT) based p-value and also re-

sults of simulation studies comparing them. The LRT based confidence regions for

the response and early progression rates are defined in Section 3.3 and assessed also

through simulation studies.

Before presenting these inference procedures, I briefly summarize some key defi-

nitions for the two-stage II clinical trials with two co-primary endpoints.

Assume p and q are respectively the true response and early progression rates and
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the observed number of responses and early progressions follow a multinomial distri-

bution with parameters p, q, (1− p− q). The hypotheses tested in a phase II clinical

trials with both response and early progression as co-primary endpoints are

H0 : p ≤ p0 and q ≥ q0 versus HA : p ≥ p1 or q ≤ q1. (3.1)

A two-stage design for the testing above hypotheses has the following structure:

Stage 1: Accrue n1 patients. Stop the trial at this stage if X1 < c1 and Y1 > d1,

otherwise the trial would continue to the next stage.

Stage 2: Accrue another n2 patients. Accept the new agent as promising if X1+X2 >

c2 or Y1 + Y2 < d2.

At the end of the trial, the observed data is (M,X, Y ), where X, Y, M are

respectively total number of observed responses and early regressions and the stage

that the trial has stopped. In addition, denote NM the total number of patients

accrued from stage one to stage M . The statistical inference procedures presented

below are based on these data.

3.1 Point Estimation

3.1.1 Naive Maximum Likelihood Estimates (MLE)

It is known that the log of probability mass function of observed data (M,X, Y ) given

(p, q) is

l(p, q) = X log p+ Y log q + (NM −X − Y ) log (1− p− q). (3.2)
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Let

π1 = p, π2 = q, π3 = 1− p− q, (3.3)

which satisfies π1 + π2 + π3 = 1. The equation (3.1) can be rewritten as:

l(π1, π2, π3) = X log π1 + Y log π2 + (NM −X − Y ) log π3. (3.4)

To find the MLEs for p and q, consider a function with Lagrange multiplier:

l(π1, π2, π3, λ) = l(π1, π2, π3) + λ(1− (π1 + π2 + π3)). (3.5)

Setting the derivatives of the above function equal to 0, we get

π1 =
X

λ
, π2 =

Y

λ
, π3 =

NM −X − Y
λ

(3.6)

In addition, there is a constraint for λ which is

1 = π1 + π2 + π3 = (X + Y +NM −X − Y )/λ. (3.7)

Therefore, λ = NM and the the MLEs of p, q can be defined as

p̂ = X/NM , q̂ = Y/NM . (3.8)

These naive MLEs p̂ and q̂, however, are biased since the condition on whether the

trial could have stopped at the end of the first stage is not taking into account.
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Actually, the bias of these naive MLEs are:

B(p̂ | p, q) = E(p̂ | p, q)− p, B(q̂ | p, q) = E(q̂ | p, q)− q, (3.9)

where

E(p̂ | p, q) =
∑

(x1,y1)∈R1

f(1, x1, y1) · x1/N1 +
∑

(x2,y2)∈R2

f(2, x2, y2) · x2/N2, (3.10)

E(q̂ | p, q) =
∑

(x1,y1)∈R1

f(1, x1, y1) · y1/N1 +
∑

(x2,y2)∈R2

f(2, x2, y2) · y2/N2, (3.11)

and f(M,X, Y ) is the probability mass function of the (M,X, Y ).

If M = 1,

f(1, X, Y ) =

(
N1

X

)
·
(
N1 −X
Y

)
· pX · qY · (1− p− q)N1−X−Y . (3.12)

where (X, Y ) satisfies (X, Y ) ∈ R1 = {(x, y) : x ≥ 0, y ≥ 0, x < c1, y > d1, x + y ≤

N1}.

Assume M = 2. Let RX,Y be the region of possible values of (X, Y ), which does not

consider if the trial stops in stage one or not,

R(X,Y ) = {(x, y) : 0 < x ≤ X, 0 < y ≤ Y, x+y ≤ N1, X+Y −x−y ≤ N2−N1}. (3.13)
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Then the region of possible values of (X, Y ) after taking into account that study may

stop at the end of first stage is Rc
1 ∩RX,Y . Therefore:

f(2, X, Y ) =
∑

(x1,y1)∈Rc
1∩R(X,Y )

(
N1

x1

)(
N2 −N1

X − x1

)(
N1 − x1
y1

)
(
N2 −N1 −X + x1

Y − y1

)
pXqY (1− p− q)N2−X−Y .

(3.14)

3.1.2 Bias-adjusted Estimate

Since the MLEs are biased, the bias-adjusted method can be used to reduce the bias.

An unbiased estimate may be defined as

p̃ = p̂−B(p̂|p, q), q̃ = q̂ −B(q̂|p, q). (3.15)

But p, q are unknown and we need to substitute them with some estimates. The first

approach is to use p̃, q̃ to replace them, which leads to the following bias-adjusted

estimates:

p̃ = p̂−B(p̃ | p̃, q̃), q̃ = q̂ −B(q̃ | p̃, q̃), (3.16)

which are equivalent to:

p̃ = p̂− E(p̂ | p̃, q̃) + p̃, q̃ = q̂ − E(q̂ | p̃, q̃) + q̃. (3.17)

This leads to the following equations:

E(p̂ | p̃, q̃) = p̂, E(q̂ | p̃, q̃) = q̂, (3.18)
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where E(p̂ | p̃, q̃), E(q̂ | p̃, q̃) is the expect value of naive MLEs p̂, q̂, conditional on

unknown true value p̃, q̃. The final bias-adjusted estimate p̃, q̃ can be obtained by

solving the above equations after naive MLEs are calculated.

Another approach is to use naive MLEs p̂, q̂ to replace the unknown value p, q in

(3.16). This leads to naive bias-adjusted estimates:

p̃ = p̂−B(p̂|p̂, q̂), q̃ = q̂ −B(q̂|p̂, q̂), (3.19)

which is equivalent to

p̃ = 2p̂− E(p̂|p̂, q̂), q̃ = 2q̂ − E(q̂|p̂, q̂). (3.20)

These estimates could be easily computed and there is no need to solve a high degree

equation system.

3.1.3 Uniformly Minimum-Variance Unbiased Estimator (UMVUE)

UMVUE has the lowest variance among all unbiased estimator, which may be ob-

tained by using Rao-Blackwell Theorem based on an unbiased estimator and a suffi-

cient and complete statistic.

Since the number of responses and early progressions in the first stage are assumed

following a multinomial distribution B(N1, p, q), the expected value of numbers of

responses and early progressions (X1, Y1) satisfy that
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E(X1) = N1 · p, E(Y1) = N1 · q. (3.21)

Then it is easy to see that X1/N1, Y1/N1 are unbiased estimated of p, q. It is shown

in the appendix that (M,X, Y ) is a sufficient and completed statistic and, therefore,

from Rao-Blackwell theorem, the UMVUE of p, q can be defined as

˜̃p = E(
X1

N1

|(M,X, Y )), ˜̃q = E(
Y1
N1

|(M,X, Y )). (3.22)

If M = 1,

˜̃p = X/N1, ˜̃q = Y/N1. (3.23)

If M = 2,

˜̃p =
∑

(x1,y1)∈Rc
1∩R(X,Y )

x1/N1 · Pr(x1|(M,X, Y )),

˜̃q =
∑

(x1,y1)∈Rc
1∩R(X,Y )

y1/N1 · Pr(y1 | (M,X, Y )).

(3.24)

By some calculations, we can get:

˜̃p =
∑

(x1,y1)∈Rc
1∩R(X,Y )

x1
(
N1

x1

)(
N2−N1

X−x1

)(
N1−x1

y1

)(
N2−N1−X+x1

Y−y1

)
pXqY (1− p− q)N2−X−Y

N1 · f(2, X, Y )

=
∑

(x1,y1)∈Rc
1∩R(X,Y )

x1
(
N1

x1

)(
N2−N1

X−x1

)(
N1−x1

y1

)(
N2−N1−X+x1

Y−y1

)
N1 ·

∑
(x0,y0)∈Rc

1∩R(X,Y )

(
N1

x0

)(
N2−N1

X−x0

)(
N1−x0

y0

)(
N2−N1−X+x0

Y−y0

) ,
(3.25)

˜̃q =
∑

(x1,y1)∈Rc
1∩R(X,Y )

y1
(
N1

y1

)(
N2−N1

Y−y1

)(
N1−y1

x1

)(
N2−N1−Y+y1

X−x1

)
pXqY (1− p− q)N2−X−Y

N1 · f(2, X, Y )

=
∑

(x1,y1)∈Rc
1∩R(X,Y )

y1
(
N1

y1

)(
N2−N1

Y−y1

)(
N1−y1

x1

)(
N2−N1−Y+y1

X−x1

)
N1 ·

∑
(x0,y0)∈Rc

1∩R(X,Y )

(
N1

x0

)(
N2−N1

X−x0

)(
N1−x0

y0

)(
N2−N1−X+x0

Y−y0

) .
(3.26)
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3.1.4 Simulation Studies

I have performed simulation studies to compare the estimates proposed in the last

section. The simulation studies generated the data from multinomial distribution

with different true values of p, q and sample size N1. If the value of (X, Y ) was in the

stop region based on the prespecified optimal design, the observation is (1, X, Y ). If

not, new data were generated again from the multinomial distribution with value of

p, q and sample size N2 −N1. The final observation was (2, X1 +X2, Y1 + Y2). These

observations were used to calculate the estimates of p, q based on the procedures

introduced in the last section. This process was repeated 2, 000 times. For each

procedure, the sample mean and variances (VAR) were calculated from the estimates

obtained from the 2, 000 samples. The squared bias (BS) and mean square error

(MSE) of these estimates were also calculated based on the true parameters. I have

considered 5 different combinations of true values p, q.

The results of simulations are presented in Tables 3.1-3.6. In these tables, NBA and

BA refer to respectively naive bias-adjusted and bias-adjusted estimators. From these

tables, one can see that UMVUE, naive bias-adjusted estimator and bias-adjusted

estimator always have much smaller bias than the naive MLE. Naive bias-adjusted

estimator and bias-adjusted estimator always have similar variance and bias, so two

estimators don’t have too much difference. UMVUE had much smaller bias than

other estimates, but with greater variance in many cases. Although the naive MLE

had largest bias, its MSE is the smallest in many cases considered in the simulations.
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But in general, the variance and MSE of all estimators are comparable and, therefore,

naive estimator is still preferred if the goal is to have an estimate with small MSE

since its MSE is the smallest in many cases and also it is very easy to calculate.
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Table 3.1: Monte-Carlo Simulation Results for Optimal Design with p ≤ 0.05 and q ≥
0.6 versus p ≥ 0.2 or q ≤ 0.4

True Value Item Naive MLE UMVUE NBA BA

p = 0.05

VAR 1.27× 10−3 1.88× 10−3 1.56× 10−3 1.58× 10−3

BS 3.48× 10−5 1.8× 10−7 1.5× 10−6 6.3× 10−6

MSE 1.30× 10−3 1.88× 10−3 1.57× 10−3 1.58× 10−3

q = 0.6

VAR 7.62× 10−3 9.77× 10−3 8.71× 10−3 8.68× 10−3

BS 4.20× 10−4 2.91× 10−7 6.35× 10−5 5.12× 10−5

MSE 8.04× 10−3 9.77× 10−3 8.77× 10−3 8.73× 10−3

p = 0.2

VAR 3.66× 10−3 3.45× 10−3 3.45× 10−3 3.46× 10−3

BS 1.23× 10−5 2.46× 10−8 1.92× 10−7 3.7× 10−8

MSE 3.67× 10−3 3.45× 10−3 3.45× 10−3 3.46× 10−3

q = 0.4

VAR 5.66× 10−3 5.29× 10−3 5.15× 10−3 5.16× 10−3

BS 9.25× 10−5 2.73× 10−5 1.54× 10−5 1.85× 10−5

MSE 5.76× 10−3 5.32× 10−3 5.16× 10−3 5.18× 10−3

p = 0.3

VAR 3.96× 10−3 3.92× 10−3 3.88× 10−3 3.88× 10−3

BS 3.53× 10−6 2.51× 10−6 2.49× 10−6 7.6× 10−7

MSE 3.97× 10−3 3.92× 10−3 3.88× 10−3 3.88× 10−3

q = 0.3

VAR 4.11× 10−3 4.05× 10−3 4.49× 10−3 4.50× 10−3

BS 3.46× 10−6 2.31× 10−6 2.2× 10−6 9.7× 10−7

MSE 4.11× 10−3 4.05× 10−3 4.49× 10−3 4.50× 10−3
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Table 3.2: Monte-Carlo Simulation Results for Optimal Design: p ≤ 0.05 and q ≥ 0.6
versus p ≥ 0.2 or q ≤ 0.4

True Value Item Naive MLE UMVUE NBA BA

p = 0

VAR 0 0 0 0

BS 0 0 0 0

MSE 0 0 0 0

q = 0.4

VAR 7.32× 10−3 6.80× 10−3 5.14× 10−3 5.06× 10−3

BS 2.46× 10−4 2.33× 10−6 3.01× 10−6 5.62× 10−6

MSE 7.56× 10−3 6.80× 10−3 5.14× 10−3 5.06× 10−3

p = 0.175

VAR 3.66× 10−3 3.45× 10−3 3.45× 10−3 3.46× 10−3

BS 1.23× 10−5 2.46× 10−8 1.92× 10−7 3.7× 10−8

MSE 3.67× 10−3 3.45× 10−3 3.45× 10−3 3.46× 10−3

q = 0.5

VAR 5.66× 10−3 5.29× 10−3 5.15× 10−3 5.16× 10−3

BS 9.25× 10−5 2.73× 10−5 1.54× 10−5 1.85× 10−5

MSE 5.76× 10−3 5.32× 10−3 5.16× 10−3 5.18× 10−3
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Table 3.3: Monte-Carlo Simulation Results for Optimal Design: p ≤ 0.1 and q ≥ 0.5
versus p ≥ 0.3 or q ≤ 0.3

True Value Item Naive MLE UMVUE NBA BA

p = 0.1

VAR 2.88× 10−3 3.96× 10−3 3.51× 10−3 3.54× 10−3

BS 9.59× 10−5 6.23× 10−7 6.92× 10−7 7.9× 10−6

MSE 2.97× 10−3 3.96× 10−3 3.51× 10−3 3.54× 10−3

q = 0.5

VAR 8.62× 10−3 1.27× 10−2 8.97× 10−3 8.64× 10−3

BS 6.46× 10−4 6.20× 10−6 7.81× 10−6 1.23× 10−4

MSE 9.27× 10−3 1.27× 10−2 8.97× 10−3 8.76× 10−3

p = 0.3

VAR 5.36× 10−3 5.06× 10−3 5.62× 10−3 5.62× 10−3

BS 5.05× 10−5 1.96× 10−6 1.89× 10−6 1.95× 10−5

MSE 5.41× 10−3 5.06× 10−3 5.62× 10−3 5.64× 10−3

q = 0.3

VAR 5.92× 10−3 5.36× 10−3 5.39× 10−3 5.41× 10−3

BS 4.7× 10−5 1.00× 10−7 2.5× 10−7 5.9× 10−7

MSE 5.97× 10−3 5.36× 10−3 5.39× 10−3 5.41× 10−3

p = 0.5

VAR 5.14× 10−3 5.03× 10−3 4.87× 10−3 4.85× 10−3

BS 5.21× 10−8 3.66× 10−10 1.4× 10−9 2.49× 10−5

MSE 5.08× 10−3 5.03× 10−3 4.87× 10−3 4.87× 10−3

q = 0.2

VAR 3.22× 10−3 3.19× 10−3 3.53× 10−3 3.54× 10−3

BS 9.69× 10−6 6.71× 10−6 8.60× 10−6 1.07× 10−5

MSE 3.23× 10−3 3.19× 10−3 3.54× 10−3 3.55× 10−3
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Table 3.4: Monte-Carlo Simulation Results for Optimal Design: p ≤ 0.1 and q ≥ 0.5
versus p ≥ 0.3 or q ≤ 0.3

True Value Item Naive MLE UMVUE NBA BA

p = 0

VAR 0 0 0 0

BS 0 0 0 0

MSE 0 0 0 0

q = 0.3

VAR 7.86× 10−3 7.20× 10−3 8.10× 10−3 7.96× 10−3

BS 2.67× 10−4 7.52× 10−10 9.49× 10−9 2.10× 10−5

MSE 8.13× 10−3 7.20× 10−3 8.10× 10−3 7.98× 10−3

p = 0.2

VAR 4.62× 10−3 5.31× 10−3 4.71× 10−3 4.62× 10−3

BS 2.71× 10−4 2.67× 10−6 3.51× 10−6 1.61× 10−5

MSE 4.89× 10−3 5.31× 10−3 4.71× 10−3 4.64× 10−3

q = 0.4

VAR 8.48× 10−3 9.27× 10−3 8.46× 10−3 8.28× 10−3

BS 4.51× 10−4 2.66× 10−8 2.19× 10−7 4.62× 10−8

MSE 8.93× 10−3 9.27× 10−3 8.46× 10−3 8.28× 10−3
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Table 3.5: Monte-Carlo Simulation Results for Optimal Design: p ≤ 0.2 and q ≥ 0.4
versus p ≥ 0.4 or q ≤ 0.2

True Value Item Naive MLE UMVUE NBA BA

p = 0.2

VAR 4.76× 10−3 6.31× 10−3 5.65× 10−3 5.94× 10−3

BS 9.51× 10−5 1.13× 10−6 1.13× 10−6 4.69× 10−5

MSE 4.85× 10−3 6.31× 10−3 5.65× 10−3 5.98× 10−3

q = 0.4

VAR 7.81× 10−3 1.01× 10−2 1.00× 10−2 8.84× 10−3

BS 2.47× 10−4 1.49× 10−6 1.64× 10−6 2.49× 10−5

MSE 8.05× 10−3 1.01× 10−2 1.00× 10−2 8.87× 10−3

p = 0.4

VAR 5.66× 10−3 5.32× 10−3 5.67× 10−3 5.69× 10−3

BS 1.86× 10−5 1.31× 10−8 4.77× 10−8 1.13× 10−5

MSE 5.68× 10−3 5.32× 10−3 5.67× 10−3 5.70× 10−3

q = 0.2

VAR 4.03× 10−3 3.66× 10−3 3.37× 10−3 3.40× 10−3

BS 1.53× 10−5 3.96× 10−9 2.31× 10−8 5.82× 10−7

MSE 4.04× 10−3 3.66× 10−3 3.37× 10−3 3.40× 10−3

p = 0.6

VAR 5.11× 10−3 5.11× 10−3 4.61× 10−3 4.59× 10−3

BS 3.12× 10−6 3.02× 10−6 2.97× 10−6 3.86× 10−5

MSE 5.12× 10−3 5.11× 10−3 4.61× 10−3 4.63× 10−3

q = 0.1

VAR 1.99× 10−3 1.99× 10−3 1.84× 10−3 1.84× 10−3

BS 3.56× 10−7 3.32× 10−7 3.35× 10−7 1.17× 10−6

MSE 1.99× 10−3 1.99× 10−3 1.84× 10−3 1.84× 10−3
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Table 3.6: Monte-Carlo Simulation Results for Optimal Design: p ≤ 0.2 and q ≥ 0.4
versus p ≥ 0.4 or q ≤ 0.2

True Value Item Naive MLE UMVUE NBA BA

p = 0

VAR 0 0 0 0

BS 0 0 0 0

MSE 0 0 0 0

q = 0.2

VAR 5.39× 10−3 4.82× 10−3 4.46× 10−3 4.43× 10−3

BS 1.38× 10−4 1.67× 10−6 1.56× 10−6 1.56× 10−6

MSE 5.53× 10−3 4.82× 10−3 4.47× 10−3 4.44× 10−3

p = 0.3

VAR 6.39× 10−3 7.03× 10−3 6.25× 10−3 6.14× 10−3

BS 1.87× 10−4 7.17× 10−7 3.92× 10−6 2.91× 10−5

MSE 6.58× 10−3 7.03× 10−3 6.26× 10−3 6.17× 10−3

q = 0.3

VAR 6.55× 10−3 6.96× 10−3 5.95× 10−3 5.87× 10−3

BS 2.39× 10−4 4.30× 10−7 4.52× 10−7 1.34× 10−7

MSE 6.79× 10−3 6.96× 10−3 5.95× 10−3 5.87× 10−3



3.2. P-VALUE 36

3.2 P-Value

P-value in a hypothesis test can be in general described as the probability that more

”extreme” situations would happen than the observed data, when the null hypoth-

esis is true. The optimal phase II designs could help the research group to make

the decision on whether the new agent or not would be considered as interesting but

researchers may want to know whether the new agent has very strong effect or the

effect is just on borderline. The p-value could provide researchers some ideas on how

strong the evidence was to reject or not the null hypothesis, the information which

would be useful in the designs of late trials. The definition of p-values is, however,

quite difficult when there are more than one endpoint because it is not straightfor-

ward to rank two-dimensional vectors. In this section, I will explore two definitions

and assess by simulations their behaviors.

3.2.1 Naive P-Value

I first consider a naive definition of p-value, which is based on a naive idea that

”extreme” situations would be described by observing larger number of responses or

smaller number of early regressions than that observed from the phase II trial. Since

the probability mass function of an observation (M,X, Y ) is defined before as:

for M = 1,

f(1, x, y|p, q) =

(
N1

x

)
·
(
N1 − x
y

)
· px · qy · (1− p− q)N1−x−y, (3.27)
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and for M = 2,

f(2, x, y|p, q) =
∑

(x1,y1)∈Rc
1∩R3

(
N1

x1

)(
N2 −N1

x− x1

)(
N1 − x1
y1

)
(
N2 −N1 − x+ x1

y − y1

)
pxqy(1− p− q)N2−x−y,

(3.28)

one can define the naive p-value as: when M = 1,

NP (1, X, Y |p, q) =
∑

(x,y):x>X or y<Y

f(1, x, y|p, q), (3.29)

and for M = 2,

NP (2, X, Y |p, q) =
∑

(x,y):(x,y)∈R2,x>X or y<Y

f(2, x, y|p, q), (3.30)

where R2 = Rc
1 ∩R3.

3.2.2 Likelihood Ratio Test (LRT) Based P-Value

Likelihood ratio test (LRT) based p-value is defined by considering more ”extreme”

situations as ranked by likelihood ratio test.

Consider the hypothesis H0 : (p, q) = (pl, ql) versus HA : (p, q) 6= (pl, ql). The

likelihood test statistic is defined as

T (M,X, Y | pl, ql) =
p̂X · q̂Y · (1− p̂− q̂)N−X−Y

pXl · qYl · (1− pl − ql)N−X−Y
, (3.31)
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where p̂ and q̂ are the naive MLEs of p, q. An observation (m,x, y) is considered

as more extreme than the observation (M,X, Y ) if the LRT test statistic calculated

from (m,x, y) is higher than that from (M,X, Y ). Therefore, the LRT based p-value

can be defined as:

∑
(m,x,y):T (m,x,y|pl,ql)>T (M,X,Y |pl,ql)

f(m,x, y | pl, ql). (3.32)

Since the distribution of (x, y,m) is discrete, the final LRT based p-value is defined

below after correction of the discreteness:

LPpl,ql =
∑

(m,x,y):T (m,x,y|pl,ql)>T (M,X,Y |pl,ql)

f(m,x, y | pl, ql) + 0.5 · f(M,X, Y | pl, ql).

(3.33)

Selection of pl and ql is also required for the definition of LRT based on P-values. In

the simulation studies presented in the next section, I selected that (pl, ql) = ((p0, q0).

3.2.3 Simulation Studies

The data generation process was the same as that in the simulation studies comparing

point estimators. For each definition of p-values, I assumed that the null hypothesis

would be rejected if the p-value calculated from the data is less than 0.05 and com-

puted the proportion of null hypothesis being rejected over 1000 simulated samples,

which can be considered as the estimation of type I error of the test based on the

given definition of the p-value when the true values of p, q satisfy the null hypothesis

and the power when the true values of p, q satisfy the alternative hypothesis.

The results of the simulation studies are summarized in Tables 3.7 and 3.8.
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Table 3.7: Percentage of rejecting null hypothesis based on optimal design with α =
0.05 and β = 0.2 for: p ≤ 0.05 and q ≥ 0.6 versus p ≥ 0.2 or q ≤ 0.4 with
c1 = 2, d1 = 12, N1 = 23, N2 = 29

True Value of (p, q) rejection by naive p-value rejection by LRT based p-value

(0.01,0.9) 0 0.939

(0.03,0.8) 0 0.571

(0.05,0.6) 0.011 0.048

(0.2,0.4) 0.898 0.928

(0,0.4) 0 1.000

(0.2,0.8) 0 1.000

(0.3,0.2) 1.000 1.000
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Table 3.8: Percentage of rejecting null hypothesis based on optimal design with α =
0.05 and β = 0.2 for: p ≤ 0.1, q ≥ 0.5 versus p ≥ 0.3 or q ≤ 0.3 with
c1 = 3, d1 = 8, N1 = 18, N2 = 32

True Value of (p, q) rejection by naive p-value rejection by LRT based p-value

(0.05,0.8) 0 0.770

(0.08,0.6) 0 0.159

(0.1,0.5) 0.016 0.049

(0.3,0.3) 0.893 0.929

(0,0.3) 0 1.000

(0.3,0.7) 0 1.000

(0.5,0.1) 1.000 1.000

From these two tables, we can see that the type I error for the test based on naive

p-value is always small, but its power in some areas defined by alternative hypothesis

is also very low. On the other hand, the type I error of the test based on LRT based

p-value was very high if the true value is far away from the boundary value of the null

hypothesis but its power is also always very high. Since the overall type I error and

power are defined respectively as the maximum and minimum of the probabilities of

rejecting null hypothesis over all parameters in the regions defined respectively by null

and alternative hypotheses, these results imply that the test based on naive p-value

had both very low overall type I error and power, while the test based on LRT based

p-value had both very high overall type I error and power. LRT based p-value may be

preferred if the objective is to identify with high chance the truly effective new agents.
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3.3 Confidence Regions

In last section, I have defined p-value based on LRT for the testing of hypotheses on

(p, q) as:

LPpl,ql =
∑

(m,x,y):T (m,x,y|pl,ql)>T (M,X,Y |pl,ql)

f(m,x, y | pl, ql) + 0.5 · f(M,X, Y | pl, ql).

(3.34)

This definition of p-value can lead to a direct definition of a (1 − α)% confidence

regions for (p, q) as:

{(p, q) : LPp,q ≥ α}. (3.35)

We call this confidence region as the LRT based confidence region. This confidence

region may contain some disconnected regions.

I performed also simulation studies to evaluate the the actual coverage probability

of this confidence region. For each of the 1000 samples generated using the same

process described before, I checked whether p, q was covered by a 95% confidence

region. I then calculated the proportion of the samples which had p, q covered by the

confidence region as the estimate of the coverage probability of the confidence region.

Results are reported in Tables 3.9 and 3.10 for some optimal designs, which show that

the coverage probability of LRT based confidence region is very close to the nominal

value for all the true values of (p, q) considered. This is expected because LRT was

performed at each specific value of (p, q).
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Table 3.9: Coverage probability of 95 % confidence region for optimal design: p ≤
0.05 and q ≥ 0.6 versus p ≥ 0.2 or q ≤ 0.4 with c1 = 2, d1 = 12, N1 =
23, N2 = 29

True Value of (p, q) Coverage True Value of (p, q) Coverage

(0.05,0.2) 0.953 (0.05,0.4) 0.941

(0.05,0.6) 0.950 (0.05,0.8) 0.948

(0.1,0.2) 0.957 (0.1,0.4) 0.941

(0.1,0.6) 0.941 (0.1,0.8) 0.939

(0.2,0.2) 0.953 (0.2,0.4) 0.953

(0.2,0.6) 0.956 (0.2,0.8) 0.950

(0.3,0.2) 0.947 (0.3,0.4) 0.949

(0.3,0.6) 0.952 (0.4,0.2) 0.952

(0.4,0.4) 0.947 (0.4,0.6) 0.956

(0.5,0.2) 0.954 (0.5,0.4) 0.942

(0.6,0.2) 0.958 (0.6,0.4) 0.952

(0.8,0.2) 0.954
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Table 3.10: Coverage probability of 95 % confidence region for optimal design: p ≤
0.1 and q ≥ 0.5 versus p ≥ 0.3 or q ≤ 0.3 with c1 = 3, d1 = 8, N1 =
18, N2 = 32

.

True Value of (p, q) Coverage True Value of (p, q) Coverage

(0.05,0.2) 0.953 (0.05,0.4) 0.941

(0.05,0.6) 0.950 (0.05,0.8) 0.948

(0.1,0.2) 0.953 (0.1,0.4) 0.946

(0.1,0.6) 0.950 (0.1,0.8) 0.955

(0.2,0.2) 0.941 (0.2,0.4) 0.949

(0.2,0.6) 0.948 (0.2,0.8) 0.948

(0.3,0.2) 0.945 (0.3,0.4) 0.956

(0.3,0.6) 0.952 (0.4,0.2) 0.954

(0.4,0.4) 0.950 (0.4,0.6) 0.939

(0.5,0.2) 0.946 (0.5,0.4) 0.952

(0.6,0.2) 0.951 (0.6,0.4) 0.952

(0.8,0.2) 0.948

Because the shape of the confidence regions are irregular, it is difficult to calculate

their areas. I have used Matlab to draw graphs of 95% confidence regions for some

specific observations in Figures 3.1-3.3, where the x-axis and y-axis are respectively

p and q. These graphs show that the 95% LRT based confidence regions are small

around the MLE of parameters.
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Figure 3.1: 95 % LRT based confidence region with observation (2,3,16) from optimal
design: p ≤ 0.05 and q ≥ 0.6 versus p ≥ 0.2 or q ≤ 0.4 with c1 = 2, d1 =
12, N1 = 23, N2 = 29
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Figure 3.2: 95 % LRT based confidence region with observation (2,2,16) from optimal
design: p ≤ 0.05 and q ≥ 0.6 versus p ≥ 0.2 or q ≤ 0.4 with c1 = 2, d1 =
12, N1 = 23, N2 = 29

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

00.10.20.30.40.50.60.70.80.91

Figure 3.3: 95 % LRT based confidence region with observation (2,7,19) from optimal
design: p ≤ 0.10, and q ≥ 0.50 versus p ≥ 0.30 or q ≤ 0.30 with
c1 = 3, d1 = 8, N1 = 18, N2 = 32
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Chapter 4

Conclusions and Future Work

In this thesis, I have derived some statistical inference procedures for the pramaters

related to response and early progression rates based on data from phase II cancer

clinical trials with optimal two-stage designs based on two co-primary endpoints and

also evaluated their performance by simulation studies. For the point estimation, I

found that two bias-adjusted estimators and UMVUE can reduce remarkably the bias

of the naive MLE but variances and MSE of all estimators are in the same magnitude.

Therefore, if the objective is to have an estimator which has smaller bias, all other

three methods can be used but if an estimator with smaller MSE is preferred, naive

MLE can still be used because of its simple form and easy calculation. For the p-

values, I found the naive p-value would lead to test with both higher overall type I

error and lower power, while the test defined by LRT based p-value has both high

overall type I error and power. Therefore, LRT based p-value can be used if the

objective is to have high chance to conclude drug as promising when it is truly has

effect on response or early progression rates. I only considered the confidence region

defined by LRT based p-value, which was found to have a coverage probability close

to the nominal level and small areas.
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Because of difficulty in ranking two dimensional observations, I only considered

LRT based p-value and confidence region. These procedures are not very satisfactory,

especially for the p-values. As reviewed in Chapter 2, there are also other approaches

proposed for two-stage phase II clinical trials with one single endpoint. Extension of

these approaches to the two-stage phase II clinical trials is of interest but seems very

difficult. This is an important area which deserves further investigations.

I have assumed, in this thesis, the phase II clinical trials are conducted strictly

following the optimal design derived by Tan et al. (2010)[8]. In practice, there may be

over or under recruitment in the first or second stage of the trial. The point estimates

may not be affected by whether the sample sizes are changed or not, but definition of

the p-value and confidence regions may need to be changed. For the two-stage phase

II clinical trials with one single endpoint, Rapheal and Kristell (2012) [4] reviewed

and compared some procedures developed for the situations where the actual sample

size differed from the preplanned sample size. Extension of these procedures to two-

stage phase II clinical trials with two co-primary endpoints could be interesting and

an important topic for further research.
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Appendix A

A Sketch for the Proof of (M,X, Y ) as a Complete

and Sufficient Statistic

(M,X, Y ) as a sufficient statistic could be easily proved by factorization theorem.

Before proving the completeness of (M,X, Y ), I first describe the approach used by

Jung and Kim [6] for the proof that (M,S) is a complete statistic for p in a multiple-

stage phase II design with one endpoint, where M and S are respectively the number

of stage where the trial stops in and the sum of numbers of responses until the stopping

of the trial.

Let Sk denote the cumulative number of responders by stage k and K be the

number of stages with ak and bk (ak < bk) the lower and upper boundaries to stop the

trial after stage k. If Sk ≤ ak, this trial would stop at the end of stage k to conclude

the treatment is of no interest. On the other hand, if Sk ≥ bk, this trial would stop

and conclude the treatment is very promising. This study also set ak = bk−1 to make

sure the trial could stop at or before stage K. To prove the completeness of (M,S),

Jung and Kim [6] first derived the probability mass function of random vector (M,S)
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as

f(m, s|p) = Pr(M = m,S = s|p)

= Pr(Sm = s, ak + 1 ≤ Sk ≤ bk − 1, k = 1, · · · ,m− 1|p)

=
∑
x1

. . .
∑
xm

Pr(X1 = x1, · · · , Xm = xm|p),

(A.1)

for m = 1, · · · , K and s = am−1 + 1, · · · , am, bm, · · · , nm + bm−1 − 1, where the

summations are under a restriction of

R(m, s) = {(x1, · · · , xm : x1 + . . .+ xm = s, ak + 1 ≤ sk ≤ bk − 1, k = 1, · · ·m− 1)}

(A.2)

It can be rewritten as

f(m, s|p) = cm,sp
s(1− p)n1+...+nm−s, (A.3)

where cm,s =
∑
. . .
∑

R(m,s)

(
n1

x1

)
. . .
(
nm

xm

)
, and with support S =

⋃K
m=1 Sm based on

Sm = {(m, s) : am−1 + 1 ≤ s ≤ am or bm ≤ s ≤ nm + bm−1 − 1}. (A.4)

Let h(p) = Ep{g(M,S)}, which can be calculated as

K∑
m=1

(
am∑

s=am−1+1

g(m, s)cm,sp
s(1− p)n1+...+nm−s

+

nm+bm−1−1∑
s=bm

g(m, s)cm,sp
s(1− p)n1+...+nm−s)

(A.5)

One needs to show that h(p) = 0 for all p ∈ [0, 1] ensures g(m, s) ≡ 0 for all (m, s)
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in the support of (M,S). If p = 0, then g(1, 0) = 0 and ff p = 1, then g(1, n1) = 0.

For p ∈ 0, 1, let Pk(p) = h(p)/pk and Ql(p) = h(p)/(1− p)i. Then each term of h9p),

say term i, has the factor pki(1− p)li for some nonnegative integers ki and li. If i 6= j

then (ki, li) 6= (kj, lj), so any subset of this equation has a unique minimum either

among the k′is or l′is. If k′is have a unique minimum k, then since Pk(p) = 0 for all

p ∈ (0, 1), letting p→ 0, one has g(m, s) = 0. On the other hand, if l′is have a unique

minimum l, then since Ql(p) = 0 for all p ∈ (0, 1), letting p→ 1 implies g(m, s) = 0.

If the coefficient is 0, remove that term from h(p). Starting from k = 1 and l = 1,

this process could remove all items step by step. As a result, g(m, s) ≡ 0 for all (m, s)

in the support of (M,S).

The proof for the completeness of (M,X, Y ) in a 2-stage or multiple-stage phase

II trials with two co-primary endpoints can be done in a similar way.

Specifically, let m, Sx
k and Sy

k be respectively the number of stage where the trial

stops in, the cumulative number of responders by stage k and the cumulative number

of early regression by stage k. Let K be the number of stages and ni the number of

patients in stage i. For each m = 1, · · · , K, the trial would be stopped to conclude

treatment is of no interest if Sx
m ≤ cm and Sy

m ≥ dm, and the trial would be stopped to

conclude the agent as promising if Sx
m ≥ c′m or Sy

m ≤ d′m. For a possible observation

(m,Sx
m, S

y
m) from the trial, denote (x1, y1), · · · , (xm, ym) the possible sample path in

each stage. For a possible sample path (xi, yi) in stage i(i ≤ m), it should satisfy

Sx
i < ci, S

y
i > di or Sx

i < c′i or Sy
i > d′i. The restriction of the sample path for stage i

should be

R(i,Sx
i ,S

y
i )

= {(Sx
i ∈ (c′i, ci)&(Sy

i > di))}
⋃
{(Sy

i ∈ (di, d
′
i)&(Sx

i < ci))} (A.6)
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The probability mass function of (m,Sx
m, S

y
m) should be

f((m,Sx
m, S

y
m)|p, q) = pS

x
mqS

y
m(1− p− q)Nm−Sx

m−S
y
m ·

∑
R(m,Sx

m,Sy
m)

(
n1

x1, y1

)
. . .

(
nm

xm, ym

)

= pS
x
mqS

y
m(1− p− q)Nm−Sx

m−S
y
m · Cm,Sx

m,Sy
m
,

(A.7)

with the support S =
⋃K

m=1 Sm, where

Sm = {(m,Sx
m, S

y
m) : (Sx

m ≥ cm)
⋃

(Sy
m ≤ dm)

⋃
(Sx

m ≤ c′m, S
y
m ≥ d′m)}. (A.8)

Then

h(p, q) = Ep,q{g(m,Sx
m, S

y
m)}

=
∑

(m,Sx
m,Sy

m)

g(m,Sx
m, S

y
m) · · · f((m,Sx

m, S
y
m)|p, q)

=
K∑

m=1

(
dm∑

Sy
m=dm−1+1

min(Nm−Sy
m,nm−cm−1−1)∑
Sx
m=0

g(m,Sx
m, S

y
m)Cm,Sx

m,Sy
m
pS

x
mqS

y
m(1− p− q)Nm−Sx

m−S
y
m

+

nm+cm−1+1∑
Sx
m=cm

Nm−Sx
m∑

Sy
m=dm+1

g(m,Sx
m, S

y
m)Cm,Sx

m,Sy
m
pS

x
mqS

y
m(1− p− q)Nm−Sx

m−S
y
m

+

c′m∑
Sx
m=0

Nm−Sx
m∑

Sy
m=d′m

g(m,Sx
m, S

y
m)pS

x
mqS

y
m(1− p− q)Nm−Sx

m−S
y
m).

(A.9)

We need to show that h(p, q) = 0 for all p ∈ [0, 1], q ∈ [0, 1] ensures g(m,Sx
m, S

y
m) ≡ 0

for all (m,Sx
m, S

y
m) in the support. If let q = 0, it is easy to find that pi(1 − p)m−i

should always be 0 for p ∈ [0, 1]. Then choose smallest i from pi(1− p)Nm−i. Letting

p = 0, one can get the coefficient g(m,Sx
m, S

y
m) should be 0, and this item can be

removed. Then consider change the value of i from 1 to Nm, each item would be
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removed by the same way. Then all items with (Sy
m) = 0 would be removed. After

that, change the value of (Sy
m) from 0 to Nm. Following the stepwise procedure, all

item in h(p, q) could be removed, and we can get g(m,Sx
m, S

y
m) ≡ 0 for all (m,Sx

m, S
y
m)

in the support, which implies the completeness of (M,X, Y ).
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Appendix B

R Code and Matlab Code

Naive MLE:

p=0.05

q=0.6

n1=23

n2=29

c=2

d=12

T<-array(0,dim=c(3,2000))

a<-rmultinom(2000,size=n1,prob=c(p,q,1-p-q))

b<-rmultinom(2000,size=n2,prob=c(p,q,1-p-q))

for(i in 1:2000)

{

if(a[1,i]<=c& a[2,i]>=d)

{

T[1,i]<-a[1,i]/n1

T[2,i]<-a[2,i]/n1
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T[3,i]<-1

}else{

T[1,i]<-(a[1,i]+b[1,i])/(n1+n2)

T[2,i]<-(a[2,i]+b[2,i])/ (n1+n2)

T[3,i]<-2

}

}

varp=0

for (i in 1:2000){

varp=varp+(T[1,i]-mean(T[1,]))ˆ2

}

varp/2000

(p-mean(T[1,]))ˆ2

msep<-varp/2000+(p-mean(T[1,]))ˆ2

msep

varq=0

for (i in 1:2000){

varq=varq+(T[2,i]-mean(T[2,]))ˆ2

}

varq/2000

(q-mean(T[2,]))ˆ2

mseq<-varq/2000+(q-mean(T[2,]))ˆ2

mseq
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Collect the observation:

n<-array(0,dim=c(3,2000))

for(i in 1:2000)

{

if(a[1,i]<=c&a[2,i]>=d)

{

n[1,i]<-a[1,i]

n[2,i]<-a[2,i]

n[3,i]<-1

}else{

n[1,i]<-(a[1,i]+b[1,i])

n[2,i]<-(a[2,i]+b[2,i])

n[3,i]<-2

}

}

Divide the stop range:

g<-array(0,dim=c(n1+1,n1+1))

for(i in 0:n1){

for(j in 0:n1)

{

if(i<=c&j>=d)

{

g[i+1,j+1]=0
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}else{

g[i+1,j+1]=1

}

}

}

PMF of observation (M,X,Y):

chose<-function(u,v){

if(u<0)

{

bb=0

}else{

bb=choose(u,v)

}

}

m=vector(length=3)

f<-function(m){

bb=0

if(m[3]>1)

{

for(j in 0:n1){

for(k in 0:n1){

bb=bb+g[j+1,k+1]*chose(n1,j)*chose(n1-j,k)*chose(n2,m[1]-j)*chose(n2- m[1]+j,

m[2]-k)
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}

}

}else{

bb= (1-g[m[1]+1,m[2]+1])*chose(n1, m[1])*chose(n1- m[1], m[2])

}

return(bb)

}

UMVUE of p:

h1<-function(m){

bb=0

if(m[3]>1)

{

for(j in 0:n1){

for(k in 0:n1){

bb=bb+(g[j+1,k+1]*chose(n1,j)*chose(n1-j,k)*chose(n2,m[1]-j)*chose(n2- m[1]+j,

m[2]-k))*j/(n1*f(m))

}

}

}else{

bb=m[1]/n1

}

return(bb)

}
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P= array(0,dim=c(1,2000))

for(i in 1:2000){

P[i]=h1(n[,i])

}

varp=0

for (i in 1:2000){

varp=varp+(P[i]-mean(P))ˆ2

}

varp/2000

(p-mean(P))ˆ2

msep<-varp/2000+(p-mean(P))ˆ2

msep

UMVUE of q:

h2<-function(m){

bb=0

if(m[3]>1)

{

for(j in 0:n1){

for(k in 0:n1){

bb=bb+(g[j+1,k+1]*chose(n1,j)*chose(n1-j,k)*chose(n2,m[1]-j)*chose(n2- m[1]+j,

m[2]-k))*k/(n1*f(m))

}

}
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}else{

bb=m[2]/n1

}

return(bb)

}

Q= array(0,dim=c(1,2000))

for(i in 1:2000){

Q[i]=h2(n[,i])

}

varq=0

for (i in 1:2000){

varq=varq+(Q[i]-mean(Q))ˆ2

}

varq/2000

(q-mean(Q))ˆ2

mseq<-varq/2000+(q-mean(Q))ˆ2

mseq

Complex bias-adjusted MLE:

p=0.4

q=0.2

n1=22

n2=25

c=6
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d=7

T<-array(0,dim=c(3,200))

a<-rmultinom(200,size=n1,prob=c(p,q,1-p-q))

b<-rmultinom(200,size=n2,prob=c(p,q,1-p-q))

for(i in 1:200)

{

if(a[1,i]<=c& a[2,i]>=d)

{

T[1,i]<-a[1,i]/n1

T[2,i]<-a[2,i]/n1

T[3,i]<-1

}else{

T[1,i]<-(a[1,i]+b[1,i])/(n1+n2)

T[2,i]<-(a[2,i]+b[2,i])/ (n1+n2)

T[3,i]<-2

}

}

chose<-function(u,v){

if(u<0)

{

bb=0

}else{

bb=choose(u,v)

}
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}

g<-array(0,dim=c(n1+n2+1,n1+n2+1))

for(i in 0:n1){

for(j in 0:n1)

{

if(i<=c&j>=d)

{

g[i+1,j+1]=0

}else{

g[i+1,j+1]=1

}

}

}

m=vector(length=5)

f<-function(m){

bb=0

if(m[3]>1)

{

for(j in 0:n1){

for(k in 0:n1){

bb=bb+g[j+1,k+1]*chose(n1,j)*chose(n1-j,k)*chose(n2,m[1]-j)*chose(n2- m[1]+j,

m[2]-k)*m[4]ˆm[1]*m[5]ˆm[2]*(1-m[4]-m[5])ˆ(n1+n2- m[1]- m[2])

}

}
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}else{

bb= (1-g[m[1]+1,m[2]+1])*chose(n1, m[1])*chose(n1- m[1], m[2]) *m[4]ˆm[1]*m[5]ˆm[2]*(1-

m[4]-m[5])ˆ(n1- m[1]- m[2])

}

return(bb)

}

pg<-function(x){

ppp=0

for(i in 1:2){

for(j in 1:(n1+n2+1)){

for(k in 1: (n1+n2+1)){

if(i>1)

{m=c(j-1,k-1,i,x[1],x[2])

ppp=ppp+(j-1)/(n1+n2)*f(m)

}else{

m=c(j-1,k-1,i,x[1],x[2])

ppp=ppp+(j-1)/n1*f(m)

}

}

}

}

return(ppp)

}

qg<-function(x){
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qqq=0

for(i in 1:2){

for(j in 1: (n1+n2+1)){

for(k in 1: (n1+n2+1)){

if(i>1)

{m=c(j-1,k-1,i,x[1],x[2])

qqq=qqq+(k-1)/ (n1+n2)*f(m)

}else{

m=c(j-1,k-1,i,x[1],x[2])

qqq=qqq+(k-1)/n1*f(m)

}

}

}

}

return(qqq)

}

library(BB)

theta=array(0,dim=c(2,200))

for(i in 1:200){

fun<-function(x){

f<-2

f[1]<-pg(x)-T[1,i]

f[2]<-qg(x)-T[2,i]

f
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}

startx<-c(T[1,i], T[2,i])

result=dfsane(startx,fun,control=list(maxit=30,trace=FALSE))

theta[,i]=result$par

}

varp=0

for (i in 1:200){

varp=varp+(theta[1,i]-mean(theta[1,]))ˆ2

}

varp/200

(p-mean(theta[1,]))ˆ2

msep<-varp/200+(p-mean(theta[1,]))ˆ2

msep

varq=0

for (i in 1:200){

varq=varq+(theta[2,i]-mean(theta[2,]))ˆ2

}

varq/200

(q-mean(theta[2,]))ˆ2

mseq<-varq/200+(q-mean(theta[2,]))ˆ2

mseq

Naive bias-adjusted MLE:

g<-array(0,dim=c(n1+n2+1,n1+n2+1))
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for(i in 0:n1){

for(j in 0:n1)

{

if(i<=c&j>=d)

{

g[i+1,j+1]=0

}else{

g[i+1,j+1]=1

}

}

}

m=vector(length=5)

f<-function(m){

bb=0

if(m[3]>1)

{

for(j in 0:n1){

for(k in 0:n1){

bb=bb+g[j+1,k+1]*chose(n1,j)*chose(n1-j,k)*chose(n2,m[1]-j)*chose(n2- m[1]+j,

m[2]-k)*m[4]ˆm[1]*m[5]ˆm[2]*(1-m[4]-m[5])ˆ(n1+n2- m[1]- m[2])

}

}

}else{
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bb= (1-g[m[1]+1,m[2]+1])*chose(n1, m[1])*chose(n1- m[1], m[2]) *m[4]ˆm[1]*m[5]ˆm[2]*(1-

m[4]-m[5])ˆ(n1- m[1]- m[2])

}

return(bb)

}

pg<-function(x){

ppp=0

for(i in 1:2){

for(j in 1:(n1+n2+1)){

for(k in 1: (n1+n2+1)){

if(i>1)

{m=c(j-1,k-1,i,x[1],x[2])

ppp=ppp+(j-1)/(n1+n2)*f(m)

}else{

m=c(j-1,k-1,i,x[1],x[2])

ppp=ppp+(j-1)/n1*f(m)

}

}

}

}

return(ppp)

}

qg<-function(x){

qqq=0
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for(i in 1:2){

for(j in 1: (n1+n2+1)){

for(k in 1: (n1+n2+1)){

if(i>1)

{m=c(j-1,k-1,i,x[1],x[2])

qqq=qqq+(k-1)/ (n1+n2)*f(m)

}else{

m=c(j-1,k-1,i,x[1],x[2])

qqq=qqq+(k-1)/n1*f(m)

}

}

}

}

return(qqq)

}

for (i in 1:200){

a=c(T[1,i],T[2,i])

P[i]=2*T[1,i]-pg(a)

}

varp=0

for (i in 1:200){

varp=varp+(P[i]-mean(P))ˆ2

}

varp/200
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(p-mean(P))ˆ2

msep<-varp/200+(p-mean(P))ˆ2

msep

for (i in 1:200){

a=c(T[1,i],T[2,i])

Q[i]=2*T[2,i]-qg(a)

}

varq=0

for (i in 1:200){

varq=varq+(Q[i]-mean(Q))ˆ2

}

varq/200

(q-mean(Q))ˆ2

mseq<-varq/200+(q-mean(Q))ˆ2

mseq

Coverage of LRT based confidence interval:

p=0.05

q=0.8

n1=18

n2=32

c=3

d=8

T<-array(0,dim=c(3,1000))
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a<-rmultinom(1000,size=n1,prob=c(p,q,1-p-q))

b<-rmultinom(1000,size=n2,prob=c(p,q,1-p-q))

for(i in 1:1000)

{

if(a[1,i]<=c& a[2,i]>=d)

{

T[1,i]<-a[1,i]/n1

T[2,i]<-a[2,i]/n1

T[3,i]<-1

}else{

T[1,i]<-(a[1,i]+b[1,i])/(n1+n2)

T[2,i]<-(a[2,i]+b[2,i])/ (n1+n2)

T[3,i]<-2

}

}

n<-array(0,dim=c(3,1000))

for(i in 1:1000)

{

if(a[1,i]<=c&a[2,i]>=d)

{

n[1,i]<-a[1,i]

n[2,i]<-a[2,i]

n[3,i]<-1

}else{
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n[1,i]<-(a[1,i]+b[1,i])

n[2,i]<-(a[2,i]+b[2,i])

n[3,i]<-2

}

}

g<-array(0,dim=c(n1+n2+1,n1+n2+1))

for(i in 0:n1){

for(j in 0:n1)

{

if(i<=c&j>=d)

{

g[i+1,j+1]=0

}else{

g[i+1,j+1]=1

}

}

}

chose<-function(u,v){

if(u<0)

{

aa=0

}else{

aa=choose(u,v)

}
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}

ff<-function(m){

bb=0

if(m[3]>1)

{

for(j in 0:n1){

for(k in 0:n1){

bb=bb+g[j+1,k+1]*chose(n1,j)*chose(n1-j,k)*chose(n2,m[1]-j)*chose(n2- m[1]+j,

m[2]-k)*pˆm[1]*qˆm[2]*(1-p-q)ˆ(n1+n2-m[1]-m[2])

}

}

}else{

bb= (1-g[m[1]+1,m[2]+1])*chose(n1, m[1])*chose(n1- m[1], m[2])*pˆm[1]*qˆm[2]*(1-

p-q)ˆ(n1-m[1]-m[2])

}

return(bb)

}

TT<-function(m){

cc=0

if(m[3]>1){

cc=cc+(m[1]/(n1+n2))ˆm[1]* (m[2]/(n1+n2))ˆm[2]*(1-m[1]/(n1+n2)- m[2]/(n1+n2))ˆ(n1+n2-

m[1]-m[2])/(pˆm[1]*qˆm[2]*(1-p-q)ˆ(n1+n2-m[1]-m[2]))

}else{
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cc=cc+(m[1]/n1)ˆm[1]* (m[2]/n1)ˆm[2]*(1-m[1]/n1- m[2]/n1)ˆ(n1-m[1]-m[2])/(pˆm[1]*qˆm[2]*(1-

p-q)ˆ(n1-m[1]-m[2]))

}

return(cc)

}

pv<-function(mmm){

mm<-vector(length=3)

dd=0.5*ff(mmm)

for(i in 1:2){

for(j in 1: (n1+n2+1)){

for(k in 1: (n1+n2+1)){

mm<-c(j-1,k-1,i)

if(TT(mmm)<TT(mm)){

dd<-dd+ff(mm)

}

}

}

}

return(dd)

}

resl<-0

for(i in 1:1000){

if(pv(n[,i])<0.05){

resl<-resl+1
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}

}

Power of LRT based p-value:

p=0.1

q=0.5

p0=0.5

q0=0.1

n1=18

n2=32

c=3

d=8

T<-array(0,dim=c(3,1000))

a<-rmultinom(1000,size=n1,prob=c(p0,q0,1-p0-q0))

b<-rmultinom(1000,size=n2,prob=c(p0,q0,1-p0-q0))

for(i in 1: 1000)

{

if(a[1,i]<=c& a[2,i]>=d)

{

T[1,i]<-a[1,i]/n1

T[2,i]<-a[2,i]/n1

T[3,i]<-1

}else{

T[1,i]<-(a[1,i]+b[1,i])/(n1+n2)
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T[2,i]<-(a[2,i]+b[2,i])/ (n1+n2)

T[3,i]<-2

}

}

n<-array(0,dim=c(3, 1000))

for(i in 1: 1000)

{

if(a[1,i]<=c&a[2,i]>=d)

{

n[1,i]<-a[1,i]

n[2,i]<-a[2,i]

n[3,i]<-1

}else{

n[1,i]<-(a[1,i]+b[1,i])

n[2,i]<-(a[2,i]+b[2,i])

n[3,i]<-2

}

}

g<-array(0,dim=c(n1+n2+1,n1+n2+1))

for(i in 0:n1){

for(j in 0:n1)

{

if(i<=c&j>=d)

{
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g[i+1,j+1]=0

}else{

g[i+1,j+1]=1

}

}

}

chose<-function(u,v){

if(u<0)

{

aa=0

}else{

aa=choose(u,v)

}

}

ff<-function(m){

bb=0

if(m[3]>1)

{

for(j in 0:n1){

for(k in 0:n1){

bb=bb+g[j+1,k+1]*chose(n1,j)*chose(n1-j,k)*chose(n2,m[1]-j)*chose(n2- m[1]+j,

m[2]-k)*pˆm[1]*qˆm[2]*(1-p-q)ˆ(n1+n2-m[1]-m[2])

}

}
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}else{

bb= (1-g[m[1]+1,m[2]+1])*chose(n1, m[1])*chose(n1- m[1], m[2])*pˆm[1]*qˆm[2]*(1-

p-q)ˆ(n1-m[1]-m[2])

}

return(bb)

}

TT<-function(m){

cc=0

if(m[3]>1){

cc=cc+(m[1]/(n1+n2))ˆm[1]* (m[2]/(n1+n2))ˆm[2]*(1-m[1]/(n1+n2)- m[2]/(n1+n2))ˆ(n1+n2-

m[1]-m[2])/(pˆm[1]*qˆm[2]*(1-p-q)ˆ(n1+n2-m[1]-m[2]))

}else{

cc=cc+(m[1]/n1)ˆm[1]* (m[2]/n1)ˆm[2]*(1-m[1]/n1- m[2]/n1)ˆ(n1-m[1]-m[2])/(pˆm[1]*qˆm[2]*(1-

p-q)ˆ(n1-m[1]-m[2]))

}

return(cc)

}

pv<-function(mmm){

mm<-vector(length=3)

dd=0.5*ff(mmm)

for(i in 1:2){

for(j in 1: (n1+n2+1)){

for(k in 1: (n1+n2+1)){

mm<-c(j-1,k-1,i)
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if(TT(mmm)<TT(mm)){

dd<-dd+ff(mm)

}

}

}

}

return(dd)

}

resl<-0

for(i in 1: 1000){

if(pv(n[,i])<0.05){

resl<-resl+1

}

}

Power of naive p-value:

p=0.1

q=0.5

p1=0.5

q1=0.1

n1=18

n2=32

c=3

d=8
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T<-array(0,dim=c(3,1000))

a<-rmultinom(1000,size=n1,prob=c(p1,q1,1-p1-q1))

b<-rmultinom(1000,size=n2,prob=c(p1,q1,1-p1-q1))

for(i in 1:1000)

{

if(a[1,i]<=c& a[2,i]>=d)

{

T[1,i]<-a[1,i]/n1

T[2,i]<-a[2,i]/n1

T[3,i]<-1

}else{

T[1,i]<-(a[1,i]+b[1,i])/(n1+n2)

T[2,i]<-(a[2,i]+b[2,i])/ (n1+n2)

T[3,i]<-2

}

}

n<-array(0,dim=c(3,1000))

for(i in 1:1000)

{

if(a[1,i]<=c&a[2,i]>=d)

{

n[1,i]<-a[1,i]

n[2,i]<-a[2,i]

n[3,i]<-1



81

}else{

n[1,i]<-(a[1,i]+b[1,i])

n[2,i]<-(a[2,i]+b[2,i])

n[3,i]<-2

}

}

chose<-function(u,v){

if(u<0)

{

bb=0

}else{

bb=choose(u,v)

}

}

g<-array(0,dim=c(n1+n2+1,n1+n2+1))

for(i in 0:n1){

for(j in 0:n1)

{

if(i<=c&j>=d)

{

g[i+1,j+1]=0

}else{

g[i+1,j+1]=1

}
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}

}

m=vector(length=3)

f<-function(m){

bb=0

if(m[3]>1)

{

for(j in 0:n1){

for(k in 0:n1){

bb=bb+g[j+1,k+1]*chose(n1,j)*chose(n1-j,k)*chose(n2,m[1]-j)*chose(n2- m[1]+j,

m[2]-k)*pˆm[1]*qˆm[2]*(1-p-q)ˆ(n1+n2- m[1]- m[2])

}

}

}else{

bb= (1-g[m[1]+1,m[2]+1])*chose(n1, m[1])*chose(n1- m[1], m[2]) *pˆm[1]*qˆm[2]*(1-

p-q)ˆ(n1- m[1]- m[2])

}

return(bb)

}

pv<-function(m){

if(m[3]>1){

t=0

for(j in 0:(n1+n2)){

for(k in 0: (n1+n2)){
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mm<-c(j,k,2)

if(j>m[1]|k<m[2]){

t=t+f(mm)

}

}

}

}else{

t=0

for(j in 0:n1){

for(k in 0:n1){

if(j>m[1]|k<m[2])

{

t=t+ chose(n1, j)*chose(n1- j, k) *pˆj*qˆk*(1-p-q)ˆ(n1- j- k)

}

}

}

}

return(t)

}

resl<-0

for(i in 1:1000){

if(pv(n[,i])<0.05){

resl<-resl+1

}
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}

resl

Compute LRT p-value for observation (M,X,Y):

p=0.05

q=0.6

n1=23

n2=29

c=2

d=12

g<-array(0,dim=c(n1+n2+1,n1+n2+1))

for(i in 0:n1){

for(j in 0:n1)

{

if(i<=c&j>=d)

{

g[i+1,j+1]=0

}else{

g[i+1,j+1]=1

}

}

}

chose<-function(u,v){

if(u<0)
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{

aa=0

}else{

aa=choose(u,v)

}

}

ff<-function(m){

bb=0

if(m[3]>1)

{

for(j in 0:n1){

for(k in 0:n1){

bb=bb+g[j+1,k+1]*chose(n1,j)*chose(n1-j,k)*chose(n2,m[1]-j)*chose(n2- m[1]+j,

m[2]-k)*pˆm[1]*qˆm[2]*(1-p-q)ˆ(n1+n2-m[1]-m[2])

}

}

}else{

bb= (1-g[m[1]+1,m[2]+1])*chose(n1, m[1])*chose(n1- m[1], m[2])*pˆm[1]*qˆm[2]*(1-

p-q)ˆ(n1-m[1]-m[2])

}

return(bb)

}

TT<-function(m){

cc=0
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if(m[3]>1){

cc=cc+(m[1]/(n1+n2))ˆm[1]* (m[2]/(n1+n2))ˆm[2]*(1-m[1]/(n1+n2)- m[2]/(n1+n2))ˆ(n1+n2-

m[1]-m[2])/(pˆm[1]*qˆm[2]*(1-p-q)ˆ(n1+n2-m[1]-m[2]))

}else{

cc=cc+(m[1]/n1)ˆm[1]* (m[2]/n1)ˆm[2]*(1-m[1]/n1- m[2]/n1)ˆ(n1-m[1]-m[2])/(pˆm[1]*qˆm[2]*(1-

p-q)ˆ(n1-m[1]-m[2]))

}

return(cc)

}

pv<-function(mmm){

mm<-vector(length=3)

dd=0.5*ff(mmm)

for(i in 1:2){

for(j in 1: (n1+n2+1)){

for(k in 1: (n1+n2+1)){

mm<-c(j-1,k-1,i)

if(TT(mmm)<TT(mm)){

dd<-dd+ff(mm)

}

}

}

}

return(dd)

}
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obs<-c(7,27,2)

pv(obs)

Compute naive p-value for obserrvation (M,X,Y):

p=0.05

q=0.6

c=2

d=12

n1=23

n2=29

chose<-function(u,v){

if(u<0)

{

bb=0

}else{

bb=choose(u,v)

}

}

g<-array(0,dim=c(n1+n2+1,n1+n2+1))

for(i in 0:n1){

for(j in 0:n1)

{

if(i<=c&j>=d)

{
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g[i+1,j+1]=0

}else{

g[i+1,j+1]=1

}

}

}

m=vector(length=3)

f<-function(m){

bb=0

if(m[3]>1)

{

for(j in 0:n1){

for(k in 0:n1){

bb=bb+g[j+1,k+1]*chose(n1,j)*chose(n1-j,k)*chose(n2,m[1]-j)*chose(n2- m[1]+j,

m[2]-k)*pˆm[1]*qˆm[2]*(1-p-q)ˆ(n1+n2- m[1]- m[2])

}

}

}else{

bb= (1-g[m[1]+1,m[2]+1])*chose(n1, m[1])*chose(n1- m[1], m[2]) *pˆm[1]*qˆm[2]*(1-

p-q)ˆ(n1- m[1]- m[2])

}

return(bb)

}

pv<-function(m){
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if(m[3]>1){

t=0

for(j in 0:(n1+n2)){

for(k in 0: (n1+n2)){

mm<-c(j,k,2)

if(j>=m[1]&k<=m[2]){

t=t+f(mm)

}

}

}

}else{

t=0

for(j in 0:n1){

for(k in 0:n1){

if(j>=m[1]&k<=m[2])

{

t=t+ chose(n1, j)*chose(n1- j, k) *pˆj*qˆk*(1-p-q)ˆ(n1- j- k)

}

}

}

}

return(t)

}

obs<-c(6,26,2)
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pv(obs)

The numerical solution of LRT based confidence interval by Matlab:

n1=18;

n2=32;

c=3;

d=8;

m=[7,19,2];

g=zeros(n1+n2+1,n1+n2+1);

for i=0:n1

for j=0:n1

if i<=c&&j>=d

g(i+1,j+1)=0;

else

g(i+1,j+1)=1;

end

end

end

for i=0:100

x(i+1)=i/100;

end

for j=0:100

y(j+1)=j/100;

end
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for i=0:100

for j=0:(100-i)

z(i+1,j+1)=pv(x(i+1),y(j+1),n1,n2,g,m);

end

end

surf(x,y,z)

function l=chose(u,v)

if u<v ||u<0 ||v<0

l=0;

else

l=nchoosek(u,v);

end

end

function z1=ff(p,q,n1,n2,g,v)

z1=0;

if v(3)>1

for j=0:n1

for k=0:n1

z1=z1+g(j+1,k+1)*chose(n1,j)*chose(n1-j,k)*chose(n2,v(1)-j)*chose(n2-v(1)+j,v(2)-

k)*pˆv(1)*qˆv(2)*(1-p-q)ˆ(n1+n2-v(1)-v(2));

end

end

else
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z1=(1-g(v(1)+1,v(2)+1))*chose(n1,v(1))*chose(n1-v(1),v(2))*pˆv(1)*qˆv(2)*(1-p-

q)ˆ(n1+n2-v(1)-v(2));

end

end

function o=tt(p,q,n1,n2,u)

if u(3)>1

o=(u(1)/(n1+n2))ˆu(1)*(u(2)/(n1+n2))ˆu(2)*(1-u(1)/(n1+n2)-u(2)/(n1+n2))ˆ(n1+n2-

u(1)-u(2))/(pˆu(1)*qˆu(2)*(1-p-q)ˆ(n1+n2-u(1)-u(2)));

else

o=(u(1)/n1)ˆu(1)*(u(2)/n1)ˆu(2)*(1-u(1)-u(2))*(1-u(1)/n1-u(2)/n1)ˆ(n1-u(1)-u(2))/(pˆu(1)*qˆu(2)*(1-

p-q)ˆ(n1-u(1)-u(2)));

end

end

function t=pv(p,q,n1,n2,g,h)

t=0.5*ff(p,q,n1,n2,g,h);

for i=1:2

for j=1:(n1+n2+1)

for k=1:(n1+n2+1)

mm=[j-1,k-1,i];

if tt(p,q,n1,n2,h)<tt(p,q,n1,n2,mm)

t=t+ff(p,q,n1,n2,g,mm);

end

end

end
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end

end


