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Abstract

It is well-known that some deuterated isotopologues of interstellar molecules achieve

a significantly higher deuterium-to-hydrogen ratio than the natural elemental abun-

dance. CH+
3 and its deuterated isotopologues are thought to be an important mediator

of this process in warm interstellar regions and as such their detection is of interest.

To assist in experimental observation, rovibrational calculations have been performed

for all isotopologues of CH+
3 up to J = 5. Rovibrational levels of CH2D+ and CD2H+

are computed for the first time. Vibrational states up to the 5000-6000 cm−1 range

are assigned and their symmetry is determined. The J < 6 levels for the ground, ν1,

and ν5 states of CH2D+, and the ground state of CD2H+ compared to observed levels

all have a root-mean-square-error (rmse) of less than 0.1 cm−1. The rmse increases to

over 0.5 cm−1 for the ν1 mode of CD2H+, thought to be due to a perturbation with

another band. Though prior analysis proposes the ν2 + ν3 overtone as most likely for

a perturbing Fermi resonance, these calculations suggest 3ν3 as the more probable

candidate.

In addition, the progress on an additional project aimed at supplementing sum-

of-products routines is outlined. Preliminary results for P2O look promising, and

calculations are presently moving forward on a CH2O example to test the proposed

idea.
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Chapter 1

Introduction

1.1 Purpose

Rovibrational spectroscopy is imperative for things such as understanding molecu-

lar structure, computing reaction probabilities and rate constants, and determining

chemical composition from astrophysical observations [1]. Theoretically spectroscopy

specifically has enabled the calculation of spectra that may be unobserved due to

experimental difficulty, has aided in the assignment of observed spectra, and has en-

hanced our understanding many molecular systems. The size and complexity of the

many-body quantum problem grows exponentially with dimension, so calculations on

even small molecules can be a difficult undertaking. Although the general scheme

remains somewhat consistent, the techniques used to obtain accurate energy levels

while reducing computational cost and increasing calculation size are the subject of

great investigation.
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1.2 Organization of this thesis

An overview of the fundamental concepts in theoretical rovibrational spectroscopy

required to understand the context of this work will be outlined in Chapter 2. Chapter

3 includes a brief description of the calculation details for the results in Chapter 4.

Chapter 4 provides the motivation behind investigating rovibrational levels of CH+
3

isotopologues and the focus on CH2D+ and CD2H+, with a comparison to some

recent experimental results. In Chapter 5 an additional project focused on taking

into account terms omitted from a calculation based on a sum-of-products (SOP)

potential. Chapter 6 summarizes the results and discusses future plans for both

projects.
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Chapter 2

Background

2.1 The Rotation-Vibration Hamiltonian

2.1.1 The Born-Oppenheimer Approximation

When attempting to find the energy states of a molecule, the most general non-

relativistic Hamiltonian one has to consider is of the form

Ĥ = T̂ + V̂Coul + Ĥe−s + Ĥhfs (2.1)

where T̂ is the kinetic energy operator (KEO) running over all nuclei and electrons,

V̂Coul is an electrostatic potential energy term, Ĥe−s includes all electron-spin interac-

tions, and Ĥhfs includes all nuclear magnetic moment interactions, commonly called

the hyperfine structure [2]. The solution is able to be determined exactly only in the

most elementary case (the hydrogen atom), and must therefore must be approximated

even for atoms and molecules as simple as helium and ionized molecular hydrogen [3].

Due to the large number of nuclear and electronic degrees of freedom introduced as

the molecule in question increases in size, for most applications, approximate solutions



2.1. THE ROTATION-VIBRATION HAMILTONIAN 4

to the full molecular Schrödinger equation are difficult to obtain. Methane for exam-

ple, contains 5 nuclei and 10 electrons, resulting in 15 nuclear and 30 electronic degrees

of freedom, and thus requires the solution of a partial differential equation in 45 vari-

ables, all of which are coupled if you use a space-fixed Cartesian reference system. To

make approximate solutions at least somewhat feasible, simplifying assumptions must

be made at the outset. The most important of these is the Born-Oppenheimer (BO)

approximation where, due to the vast differences between the nuclear and electronic

masses, the motions of the electrons are assumed to be independent of the motion

(but not positions) of the nuclei [2]. The electron configuration varies so rapidly with

respect to the nuclear configuration that the nuclei can be considered immobile when

solving the electronic problem. Separating these motions the energy of the system for

a fixed nuclear geometry may be determined. If this process is repeated for a range

of nuclear configurations and fit to a functional form one may generate a potential

energy surface (PES) on which the nuclei move [2]. This defines a PES calculated ab

initio, although they may also be determined by fitting to observed spectra. After

solving the electronic problem the resulting simplified rovibrational Hamiltonian is of

the form

Ĥ = −
N∑
i=1

h̄2

2mi

∇2 + V (r1, .., rN) (2.2)

where N is the number of nuclei and V is the PES that is dependent on some co-

ordinate representation of the nuclear geometry r1, .., rN . In principle any set of

coordinates may be used to describe the molecular shape, but to make the problem

more tractable a set of coordinates involving separation of the center of mass motion

of the molecule are used. This simplification is quite apparent, as the translational

motion of the molecule holds no spectroscopic interest and the potential must be
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translationally (and rotationally) invariant as it only depends on the relative nuclear

positions [4]. After the center of mass motion is removed, the dimensionality of the

problem is reduced from 3N to 3N − 3, and a space-fixed (SF) reference frame is

created. The remaining coordinates are a mixture of the vibrational and rotational

information of the molecule. If rotational contributions are of interest, one must at-

tach a body-fixed (BF) frame to the molecule and assign three variables to describe

the orientation of the rotated BF frame with respect to the reference SF frame. This

leaves 3N − 6 coordinates to define the internal configuration of the molecule.

Whatever coordinates are selected, the Schrödinger equation (2) must be recast in

terms of them. For evaluation of the PES this is done by a transformation from the

coordinates selected to do the calculation to the coordinates of the PES. The KEO

is more complicated, and there are generally two accepted strategies used to convert

its coordinates [5]. The first method involves using the chain rule to transform a

quantum mechanical KEO to a new coordinate form. The second method involves

first changing the coordinates of the classical kinetic energy and then using the pos-

tulates of quantum mechanics and the Podolsky procedure [6] to obtain the quantum

mechanical analogue [2].

2.1.2 Polyspherical Coordinate KEO

A geometrically intuitive way to represent the KEO is with a set of curvilinear po-

lar coordinates. In this formalism the most natural coordinates describe the radial

stretching and angular bending motions associated with a set of N−1 internal vectors

representing the bonds within an N-atom molecule. In principle however, any set of

N − 1 internal vectors may be used. Chapuisat and Iung [7] were early proponents of
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this method, deriving a general polyatomic KEO by direct substitution of quantum

mechanical operators into a classical expression of a transformed Laplacian operator.

The formalism followed most closely in this thesis is that of Mladenović [4], who de-

rived a kinetic energy operator for an N-atom molecule using any set of translationally

and rotationally invariant internal vectors in a spherical polar parametrization that

describe the molecular geometry.

Internal coordinates associated with orthogonal N − 1 vectors may be used to

significantly simplify the KEO. Orthogonal refers to an orthogonal transformation

between the mass-weighted vectors used in the KEO and that of the nuclear position

vectors [5]. Orthogonal vectors have the benefit that they generate no derivative cross

terms between the radial and angular coordinates in the kinetic energy, resulting in

a maximally separated expression [4]. A common choice of coordinates using a set of

N − 1 orthogonal vectors ~r0, .., ~rN−1 is therefore to describe the radial components as

the magnitudes of the these vectors, N − 2 angles θi between the ~r0 and ~ri vectors,

and N − 3 dihedral angles φi between the ~r0 × ~r1 and ~r0 × ~ri planes. In this way

(θi, φi) are the spherical polar angles of the vector ~ri [4]. With some simplification [8]

expression for the kinetic energy operator becomes

T = Ts + Tbr,diag + Tbr,off + Tcor (2.3)

These denote the stretch, bend-rotation, and Coriolis components.
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Ts =−
N−2∑
i=0

1

2µi

∂2

∂r2
i

Tbr,diag = [B0(r0) +B1(r1)]

[
− 1

sin θ1

∂

∂θ1

sin θ1
∂

∂θ1

+
1

sin2 θ1

(Jz − lz)2

]
+

N−2∑
i=2

[B0(r0) +Bi(ri)]l
2
i

+B0(r0)[J2 − 2(Jz − lz)2 − 2Jzlz + 2
N−2∑
i,j>i

lizljz]

Tbr,off = B0(r0)[l2+a
−
1 + l2−a

+
1 ]

TCor =−Bo(r0)[J−a
+
1 + J+a

−
1 + J−l2 + J+l2]

(2.4)

where

Bi(ri) =
1

2µir2
i

(2.5)

lz =
N−2∑
j=2

ljz (2.6)

l± =
N−2∑
j=2

lj± (2.7)

li± = lix ± iliy , i = 2, .., N − 2 (2.8)

J± = Jx ± iJy (2.9)

a±1 = ± ∂

∂θ1

− cot θ1(Jz − lz) (2.10)

The J and l operators are the usual angular momentum operators, and the reduced

masses µi are the only factors that depend on the type of orthogonal vector system

used. Mladenović [4] also derived analytical forms of the KEO matrix elements given
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the natural choice of basis functions involving spherical harmonics and symmetric top

functions [4].

2.1.3 The Watson Hamiltonian

Another commonly used representation of the rotation-vibration Hamiltonian is the

Watson (or Eckart-Watson) Hamiltonian introduced in 1968 by James Watson when

he provided a drastic simplification to the previously existing nuclear Hamiltonian

[9]. It is constrained to the use of normal coordinates, which are defined in order to

diagonalize the vibrational component of the Hamiltonian, thus decoupling the modes

of vibration [10]. It is derived from a classical nuclear Hamiltonian via a process of

applying of a series of conditions called Eckart conditions [11] that optimally sepa-

rate rotation and vibration in the KEO. In terms of coordinates Qk and vibrational

frequencies ωk, one obtains [9]

H = −1

2

∑
k

ωk
∂2

∂Q2
k

+
1

2

∑
α,β

µαβ (Jα − πα)(Jβ − πβ)− 1

8

∑
α

µαα + V (2.11)

where the first term is the momentum operator associated with the kinetic energy of

the nuclei in normal coordinates, Jα and Jβ are components of the total rotational

angular momentum, πα and πβ are the vibrational angular momentum operators

(which are small because of the Eckart conditions), the third term is viewed as a

mass-dependent correction to the potential energy (though it arises purely from the

KEO), and V is the PES [10]. µαβ is a component of a modified moment of inertia

tensor. When expanded π†µπ and 1
8

∑
α µαα terms, although not dependent on J ,

are quite small and are often neglected in J = 0 calculations [12]. The remaining

terms are that of a purely rotation part, combined with a purely vibrational part,
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and mixed terms that serve as the centrifugal distortion and Coriolis couplings.

The generality and clarity of the Watson Hamiltonian make it very appealing.

In principle one can write down this fairly compact expression for any molecule,

however a few well-known limitations must be considered in its implementation. First,

the KEO for nonlinear molecules begins to breaks down as the molecule approaches

linearity since one of the moments of inertia goes to zero [13]. Second, is that there is

not a one-to-one correspondence between a normal coordinates and molecular shape.

The last is that, by definition, normal coordinates do not describe large-amplitude

motions well, so any basis using normal coordinates may not describe highly excited

state wavefunctions adequately [5].

2.1.4 Wilson’s GF Method

It is often the case that a transformation is required from the coordinates desired in

a calculation to the coordinates of the potential energy surface. The most common

functional form of the potential energy surface is in terms of geometrically defined

curvilinear internal coordinates such as bending, stretching, and torsional motions. To

use the Watson Hamiltonian with an internal coordinate potential the conversion be-

tween curvilinear coordinates Ri, and normal coordinates Qi, which are combinations

of rectilinear coordinates, is non-linear. One way of achieving this transformation is

by Wilson’s GF method [14, 15], arising as a result of the definition of normal coor-

dinates. The approach is based on linearising the internal curvilinear coordinates by

assuming small displacements from equilibrium in the harmonic approximation.

Following the procedure described in Ref. [16], first consider a potential V that is

a function of internal displacement coordinates Ri. In the harmonic approximation
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assuming small-amplitude vibrations, the power series expansion of V yields only the

quadratic terms

V =
1

2

∑
i,j

FijRiRj (2.12)

where Fij = (∂2V/∂Ri∂Ri)e are quadratic force constants.

The classical kinetic energy for such a system of N particles in Cartesian coordi-

nates can be simply represented by its displacement from equilibrium : ri = rei + ∆ri

T =
N∑
i

1

2mi

[(d∆xi
dt

)2

+
(d∆yi

dt

)2

+
(d∆zi

dt

)2
]

(2.13)

To connect Eqs. (2.12) and (2.13), introduce a linearization Si, of the curvilinear

coordinate Ri, in terms of Cartesian displacements ∆dk

Si =
N∑
k=1

∑
d=x,y,z

(
∂Ri

∂∆dk

)
e

∆dk (2.14)

where the ( ∂Ri

∂∆dk
)e are elements of a transformation matrix B such that S = B∆d.

The elements of B may be determined from purely geometrical means. Also making

the substitution Si ≈ Ri near equilibrium, the Hamiltonian can now be written in

matrix form as

H =
1

2
ṠTG−1Ṡ +

1

2
STFS (2.15)

where G = BM−1BT and M is a 3N × 3N diagonal matrix of the atomic masses

with block entries mi · I3. To diagonalize this system, define a transformation L such

that if S = LQ then,

H =
1

2
Q̇TQ̇ +

1

2
QTΛQ (2.16)
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where Λ is a diagonal matrix of the harmonic frequencies. Eq. (2.16) results in the

condition

GFL = LΛ (2.17)

and so the desired transformation is the matrix of eigenvectors of GF. Finally, it

has been shown that to relate the normal coordinates Qi to a set of mass weighted

Cartesian displacement coordinates ∆uix = m
1/2
1 ∆x1 [16, 2] ,

∆u = M−1/2BTFLΛ−1Q (2.18)

2.2 Representations of the Schrödinger Equation

Given the choice of rovibrational Hamiltonian one subsequently attempts to solve the

time-independent Schrödinger equation (TISE),

Ĥ |ψk〉 = Ek |ψk〉 (2.19)

The standard prescription for solving the TISE is by selecting a set of basis functions

and expanding the unknown wavefunctions in terms of this basis

|ψk〉 =
∑
i

cki |φi〉 (2.20)

where the cki are unknown coefficients to be determined. Typically one needs some-

where on the order of Nb = 10 basis functions to adequately describe a single di-

mension. If direct product methods are used when proceeding to higher dimensions,

the number of basis functions scales as ND
b , where D = 3Natom − 6 is the dimension
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for a vibrational problem. For even a five-atom molecule this corresponds to a basis

size of 109 ∼ 8GB RAM. Storing the Hamiltonian matrix representation of a basis

this size (∼ N2D
b ) is thus impossible. Though methods proposed to reduce the size

of the basis to a storable level have proven successful, the evaluation of problems of

this nature can still be computationally expensive regardless of storage. Therefore,

keeping rovibrational calculations as tractable as possible is imperative for all but the

most basic systems.

2.2.1 The Variational Method

The Rayleigh-Ritz Variational Method described in most quantum mechanics texts

is a widely used procedure for finding upper bounds on the ground state energy of

a system. The generalization of this method to excited states was introduced by

Macdonald [17] when it was shown that eigenvalues of the matrix representation

of a Hamiltonian provide upper bounds for the lowest energies of the system. In

the variational method one expands the wavefunction in Eqs. (2.19) using (2.20)

and applies a basis function to the left to find the matrix representation of of the

Hamiltonian in the selected basis. For a single eigenstate |ψ〉 =
∑

i ci |φi〉 this becomes

N∑
j=1

cj 〈φi| (Ĥ − E) |φj〉 = 0 (2.21)

N∑
j=1

cj(Hij − ESij) = 0 , i = 1, 2, .., N (2.22)

where Hij = 〈φi| Ĥ |φj〉 and Sij = 〈φi|φj〉 are elements of the Hamiltonian and overlap

matrices found by integrating over all space. When all eigenstates are included, the

set of linear equations (2.22) are equivalent to generalized matrix eigenvalue problem
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HU=SUE, with the columns of U equal to the unknown wavefunction coefficients cj.

In the case that the basis functions are orthonormal, the overlap matrix S is equal to

the identity and it is now a regular eigenvalue problem. If the integrals in Eq. (2.21)

are performed exactly the resulting matrix equation is said to be in the variational

basis representation (VBR) [18]. The error in the energies and wavefunctions in

the VBR are, in principle, only due to the requirement that the basis is finite. If

matrix elements do not have an analytical form however, quadrature is often used.

Commonly matrix elements of the KEO can be determined exactly due to choice

of basis, but the potential matrix integrals may not be exact. Exact KEO matrix

elements and potential matrix elements evaluated with quadrature is known as the

finite basis representation (FBR) [18].

2.2.2 The Collocation Method

Drawing comparison to the variational method, the collocation method [19] is tech-

nique where, instead of applying by a basis function to the left as in Eq. (2.21) in

the expansion of |ψ〉, one projects onto a set of collocation points |ri〉

Nb∑
j=1

cj 〈ri| (Ĥ − E) |φj〉 = 0 , i = 1, 2, .., Nc (2.23)

Similar what was done with the variational method, the set of equations in (2.23) can

be written in matrix form as

(G+VR)U=RUE (2.24)
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with Gij = T̂ φi(rj), Vij = V (ri)δij, Rij = φi(rj), and U and E are the same as in the

variational method. Thus collocation demands the unknown wavefunctions satisfy

the Schrödinger equation exactly at the points ri. This forces the wavefunction error

lower as the number of points increases, presumably approaching zero once a sufficient

number of points have been introduced [20]. Generally the number of collocation

points, Nc, and the number of basis functions, Nb, are equal so that one has an

N × N generalized eigenvalue problem. The advantage of the collocation method is

that there is no need for integrals as opposed to the variational method which requires

many. The disadvantages of collocation are that the matrix eigenvalue problem is

generalized and not Hermitian, both of which increase the computational cost [21].

2.2.3 Quadrature

In the variational method, quadrature is present in the evaluation of integrals for

which an exact solution is not available or used, such as the FBR. In the collocation

method, by applying RTW, where W is diagonal a weight matrix, to the left of Eq.

(2.24), it is apparent that the eigenvalues obtained from collocation are equivalent

to the eigenvalues obtained by evaluating all matrix elements by quadrature in the

variational method [21]. Thus although collocation is not limited to using good

quadrature points [22], quadrature is significant to the extent that good quadrature

points should make good collocation points.

Gaussian quadrature is the most standard quadrature rule used as it yields exact

results for polynomials, f(x), of degree 2N − 1 or less using N quadrature points xi

and weights wi. ∫ a

b

w(x)f(x)dx =
N∑
i=1

wif(xi) (2.25)
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With this construction, a compelling basis set is one composed of orthogonal polyno-

mials multiplied by the square root of a weight function and a normalization constant.

The most familiar example is the set of one-dimensional quantum harmonic oscillator

functions involving Hermite polynomials. With this a one-dimensional basis function

may be defined as

φn(x) = C−1/2
n

√
w(x)pn(x) , n=0,1,..,N-1 (2.26)

where pn(x) is an orthogonal polynomial, w(x) is the corresponding weight function,

and C−1
n is a normalization constant. The set of orthogonal polynomials obey the

relation

∫ b

a

w(x)pn(x)pm(x)dx = Cnδnm (2.27)

Basis functions defined in this manner result in an overlap matrix equal to the

identity. They have well known derivative identities, recurrence relations, transforma-

tions under parity, and compose a number of familiar basis sets including harmonic

oscillator functions, particle in a box functions, and spherical harmonics [18].

2.2.4 Discrete Variable Representation

The development of the discrete variable representation (DVR) [23, 18] is motivated

by the property that the Gaussian quadratures defined above using N points xα and

weights wα are exact for polynomials up to order 2N − 1 times a weight function,
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using basis functions as in Eq. (2.26) it may be concluded for a single dimension that

δnm =

∫ b

a

φ∗n(x)φm(x)dx =
N∑
α=1

wα
w(x)

φ∗n(xα)φm(xα) (2.28)

Xnm =

∫ b

a

φ∗n(x)xφm(x)dx =
N∑
α=1

wα
w(x)

φ∗n(xα)xαφm(xα) (2.29)

where Eq. (2.28) is the previously established orthogonality relation from Eq. (2.27)

and Eq. (2.29) specifies elements of the position operator. The second relation is also

exact since the degree of φn(x) runs from 0 to N−1 so that there are the same number

of points as basis functions and the matrices are square. Defining a transformation

operator T with elements

Tlα =

√
wα
w(x)

φl(xα) (2.30)

Eq. (1.28) and (1.29) may be written in an equivalent matrix form as

I = TT† (2.31)

X = TXDVRT† (2.32)

where XDVR is a diagonal matrix of the quadrature points xα, which are now referred

to as DVR points. It is evident in Eq. (2.32) that diagonalization of X generates

DVR points as its eigenvalues and the DVR-FBR transformation, T, as its matrix of

eigenvectors. Thus T can be constructed by diagonalization of X or directly using

orthogonal polynomials in Eq. (2.30). The former is more common since it requires

no explicit reference to quadrature points or weights. To demonstrate the advantage
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of using DVR, write any potential in matrix form and expand it in a Taylor series

V = V0I + V1X + V2X
2 + ... (2.33)

Applying T† to the left, T to the right, and inserting Eq. (2.33) this becomes,

T†VT = T†(V0I + V1X + V2X
2 + ...)T (2.34)

= V0I + V1T
†XT + T†XTT†XT + .. (2.35)

= VDVR (2.36)

hence DVR has the benefit that the potential is always diagonal and evaluated only

at the DVR points.

An extension of DVR that obtains points that are concentrated in the locations

which optimally describe the system is called the potential optimized discrete variable

represention (PODVR) [24, 25]. In the PODVR, the ”regular” one-dimensional basis

functions are replaced with eigenfunctions of a model Hamiltonian that is chosen to

adequately approximate the motion of a single coordinate. The eigenfunctions are

used to obtain the coordinate matrix which is then diagonalized as usual to obtain

the PODVR points and transformation matrix. The PODVR technique allows for

a reduced number of points, resulting in a significantly smaller DVR in multidimen-

sional problems.
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2.3 Solving the Schrödinger Equation

2.3.1 Iterative Methods

The techniques presented thus far have been concerned with the construction of the

Schrödinger equation from an operator representation to a matrix representation.

After this is completed, the task remains of finding the solutions of the system. For

small matrices this can be done by directly diagonalizing the Hamiltonian, but for

matrices that are large, perhaps too large to store in working memory, methods based

on direct diagonalization are impossible or impractical. This necessitates the use of

iterative methods that don’t rely on the storage of a matrix to find its eigenvalues

and eigenvectors, the most common being variants of the power method called the

Arnoldi [26] and the earlier Lanczos [27] algorithms.

The power method for finding the maximal eigenvalues of a matrix A relies on

repeated application of the matrix to a random starting vector ~v. After successive

applications of A on ~v, the component of v along the eigenvector direction associated

with the largest eigenvalue of A becomes dominant, in the limit An~v approaches the

eigenvector corresponding to the eigenvalue of largest magnitude times a scalar. This

method discards the intermediate result vectors and acquires only a single eigenpair

at convergence.

To maintain potentially useful intermediate results, a subspace spanned by the

images of the initial vector under different the powers of A is built, span{~v, A~v,

A2~v,.., Ak−1~v}. This is the kth-order Krylov subspace generated by A and ~v. By

definition repeated applications of A are designed to converge the sequence of vectors

to a single eigenvector of A, any basis of the Krylov subspace is expected to be ill-

conditioned caused by the near linear dependency. Therefore methods that apply
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this variation of the power method to find more than one useful eigenvalue typically

combine a Gram-Schmidt orthogonalization process to numerically stabilize the basis.

This implementation is called the Arnoldi method, and in the case that A is Hermitian

it is equivalent to the more common Lanczos method.

The general algorithm is defined as [28],

Select a random normalized vector v1,

for i = 1, ..,m− 1

wi+1 = Avi

for j = 1, .., i

hj,i = v∗jwi+1

wj+1 = wj+1 −
i∑

j=1

hj,ivj

hj+1,j = ‖wj+1‖

vj+1 = wj+1/hj+1,j

(2.37)

Matrices are then constructed H=V∗AV where V is the matrix with columns v1, .., vm

and hji are the elements of H. If A is Hermitian then H is tridiagonal [28]. Among

the eigenvalues of H are the extremal eigenvalues of A. The rate of convergence of

iterative schemes relies somewhat on the spacing of eigenvalues, with higher level

density requiring more iterations.

2.3.2 Matrix-Vector Products

Methods such as Arnoldi and Lanczos iteration require the computation of numerous

matrix-vector products (MVP). Any calculation involving these iterative techniques
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relies on the MVP efficiency, which can be costly depending on the basis and oper-

ator representation. One widely used method of greatly improving MVP efficiency

is sequential summation, which takes advantage of the product structure of many

common operators and bases [29]. A direct product basis is written

Φi1,i2,..,if = φi1(q1)φi2(q2)...φif (qf ) (2.38)

where f is the number of dimensions and q1, .., qf are the coordinates. Many KEOs

and some potentials can also be written in this form as products of one-dimensional

elements. If a Hamiltonian has this structure it can be represented

Ĥ =

g∑
l=1

f∏
k=1

ĥ(k,l)(qk) (2.39)

where g is the number of terms in the Hamiltonian. The ĥ(k,l)(qk) are operators in a

single dimension. Because of the structure of the basis, matrix-vector products may

be represented
g∑
l=1

∑
i1,i2,..,if

h
(1,l)

i′1i1
h

(2,l)

i′2i2
...h

(f,l)

i′f if
ui1,i2,..,if = u′i′1,i′2,..,i′f (2.40)

where h
(k,l)

i′kik
is an element of the matrix representation of the one-dimensional operator

ĥ(k,l)(qk). If there are Nb basis functions for each dimension so that the range of each

ik = 1, .., Nb, this matrix is Nb × Nb, and the total numbers of multiplications for

each term in Ĥ is f ·N2f
b [29]. However if the sums are equated in the more efficient

manner
g∑
l=1

∑
i1

h
(1,l)

i′1i1

∑
i2

h
(2,l)

i′2i2
...
∑
if

h
(f,l)

i′f if
ui1,i2,..,if = u′i′1,i′2,..,i′f (2.41)
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so that each sum over ik is completed before ik−1 is started, the number of matrix

multiplications per term becomes f · nf+1. There are N f
b basis functions and f ·N2

b

unique one-dimensional matrix elements, so sequential summation eliminates any

redundancy in evaluation of terms in the matrix-vector product.
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Chapter 3

CH+
3 Isotopologue Rovibrational Calculation

Details

3.1 Potential Energy Surface

The potential energy surface used for calculation of all four isotopologues is an ab

initio potential generated by Hua-Gen Yu and Trevor J. Sears and used in their 2002

publication involving calculations on CH+
3 and CD+

3 vibrational modes [30]. The

authors were generous enough to provide their original PES. The ab initio calculations

were done at the CCSD(T)/cc-pVTZ and CCSD(T)/cc-pVQZ levels of theory [30].

The coordinates used in the PES are symmetry-adapted internal coordinates of the

bond length and bond angles. The potential was fit to a quartic polynomial in these

coordinates using a least-squares fitting method. The internal coordinates of the PES

are different than those we used to solve the Schrödinger equation, so a transformation

was implemented to evaluate the potential in the desired coordinates. Although the

fit is quite accurate, a sum-of-products (SOP) potential generated by truncating a

Taylor series expansion of the coordinates naturally introduces inconsistencies with

the true potential. This is particularly important when probing high-energy regions
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of the PES or in areas sensitive to small perturbations of the coordinates.

3.2 Coordinates, KEO, and Basis Functions

The coordinates we used to perform the calculation for all four isotopologues are

curvilinear coordinates using Radau vectors [31]. Radau vectors [32] have the benefit

of being orthogonal so that the simplified KEO presented in section 2.1.2 may be

applied while maintaining symmetry. The Radau vectors, defined as ~r0, ~r1, and ~r2

here, are heliocentric-type coordinates specifying the position of the hydrogen and

deuterium nuclei with respect to a canonical center located between the central atom

and center of mass [10]. This variety of coordinates works well with systems involving

a central atom of large mass relative to surrounding lighter nuclei. With the carbon

nuclei placed at the origin, the Radau vectors are calculated from their bond-length

counterparts ~si, through [32]

~rj = ~sj −
(

1−
√
mc

M

) n∑
i=1

mi

M −mi

~si (3.1)

where mc is the carbon mass and i runs over the n = 3 surrounding particles. The

coordinates θ1 and θ2, specify the angles between ~r0 and ~r1, and ~r0 and ~r2 respectively.

φ2 is the dihedral angle between the planes ~r0×~r1 and ~r0×~r2. The vector ~r0 is along

the z-axis and ~r1 lies within the x-z plane. Together ~r0 and ~r1 define the embedding

of the body-fixed frame, and the Euler angles α, β, γ specify the orientation of the

BF frame with respect to the SF frame.
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Figure 3.1: Coordinate description for a CD2H+ example. B is the canonical point for the Radau
vectors, offset slightly from the central carbon atom (black) which is not labelled. r0, r1,
and r2 are Radau vectors. φ2 is the dihedral angle, θ1 and θ2 are the angles between the
r0 and r1 and the r0 and r2 angles respectively.

The bend-rotation component of the basis is made up of parity-adapted rovibra-

tional functions [31]. These are linear combinations of products of spherical-harmonic

type |l1l2m〉 and symmetric top functions, |JKM〉

〈θ1, θ2, φ2;α, β, γ|l1l2m2; JKM〉 =

√
2J + 1

8π2
DJ∗
MK(α, β, γ)Θm1

l1
(θ1)Y m2

l2
(θ2, φ2) (3.2)

where

Y m2
l2

(θ2, φ2) =
1√
2π

Θm2
l2

(θ2)eim2φ2 (3.3)

are spherical harmonics and Θm
l (θ) is a normalized associated Legendre function with

the (−1)m Condon-Shortley phase factor. The DJ∗
MK is a Wigner function following

the convention of Zare [33] and (α, β, γ) are the Euler angles. M and K are quantum

numbers for the projection of the total angular momentum onto the space fixed and
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body fixed z-axes respectively [8]. m1 ≡ K−m2 is not associated with any coordinate

but is introduced with the Legendre function Θm1
l1

(θ1) to keep matrix elements of the

KEO non-singular.

To construct a parity adapted basis, the effect of the inversion operator on the prim-

itive basis functions |l1l2m2; JKM〉 must be determined. Inverting the molecule in-

verts the x and z axes of the BF frame defined by the vectors ~r0 and ~r1 and leaves the

y-axis unchanged. Therefore the coordinates of a point (x, y, z) in the newly inverted

BF-frame are now (x,−y, z). θ1 and θ2 are clearly unchanged by the inversion, how-

ever the angle φ2 becomes −φ2. The new Euler angles are found to be π + α, π − β,

and π − γ [34]. Therefore the effect of the inversion operator E∗ on a primitive basis

function is

E∗
[
ΘK−m2
l1

(θ1)Y m2
l2

(θ2, φ2)DJ∗
MK(α, β, γ)

]
= ΘK−m2

l1
(θ1)Y m2

l2
(θ2,−φ2)DJ∗

MK(π + α, π − β, π − γ)

= (−1)K−m2Θ−K+m2
l1

(θ1) (−1)m2Y −m2
l2

(θ2, φ2) (−1)J+KDJ∗
M,−K(α, β, γ)

=⇒ E∗ |l1l2m2; JKM〉 = (−1)J
∣∣l1l2m̄2; JK̄M

〉
(3.4)

where m̄2 ≡ −m2 and K̄ ≡ −K. To construct a basis that is also an eigenbasis of

parity, the parity-adapted basis functions must satisfy

E∗uJMP
l1l2m2;K = (−1)PuJMP

l1l2m2;K (3.5)

The parity-adapted bend-rotation functions are therefore [31]

uJMP
l1l2m2;K = (1 + δm2,0δK,0)−1/2 1√

2
[|l1l2m2; JKM〉+ (−1)J+P

∣∣l1l2m̄2; JK̄M
〉
] (3.6)
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where K ≥ 0 and P = 0 or 1 corresponding to even or odd parity respectively. If

K = 0 then a constraint of m2 ≥ 0 must be enforced to avoid over counting since the

parity-adapted basis is a linear combination of the primitive basis. With the parity-

adapted basis one is able to construct the Hamiltonian matrix in blocks, enabling the

calculation of even and odd parity levels separately. In addition, within each parity

block one is able to denote states that are symmetric or antisymmetric with respect

to permutation of two equivalent atoms using a symmetry-adapted Lanczos (SAL)

algorithm [35, 36]. To accomplish this one must know the effect of the permutation

operator (12) on the parity-adapted basis functions. If the vectors ~r1 and ~r2 are

exchanged θ1 and θ2 are also exchanged and φ2 becomes −φ2. The angle γ defining

the orientation of the x-z plane created by the ~r0 and ~r1 vectors becomes γ + φ2 [34],

so that the total effect on a primitive basis function is

(12)
[
ΘK−m2
l1

(θ1)Y m2
l2

(θ2, φ2)DJ∗
MK(α, β, γ)

]
= ΘK−m2

l1
(θ2)Y m2

l2
(θ1,−φ2)DJ∗

MK(α, β, γ + φ2)

=⇒ (12) |l1l2m2; JKM〉 = |l2l1m1; JKM〉

(3.7)

from which it can be determined how (12) affects the uJMP
l1l2m2;K . Finally, the stretch

coordinates r0, r1, and r2 are represented using PODVR functions fαi
(ri), so that

each basis function is of the form

fα0(r0)fα1(r1)fα2(r2)uJMP
l1l2m2;K , (3.8)

where each 1D PODVR elementary stretch basis is built from sine functions using a

potential cut with all other coordinates set to their equilibrium values [34].
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Separating levels by parity-adapting the basis allows more efficient Lanczos iter-

ation because the individual blocks are smaller and the level spacing is increased,

improving convergence. The symmetry adapted Lanczos algorithm permits the fur-

ther categorization of levels by permutation. The permutation-inversion symmetry

of the all levels is then determined automatically.

3.3 Computing Energy Levels

Energy levels are computed with a symmetry-apapted variant of the Cullum and

Willoughby [37] Lanczos algorithm. Efficient matrix-vector products are done with

sequential summation in both the KEO which is evaluated exactly, and the potential

matrix evaluated with quadrature [31]. The SAL algorithm enables the calculation

of levels with all symmetry groups as efficiently as calculating individual groups [8].

Kinetic Matrix-Vector Products

Matrix-products for each term in the kinetic energy operator are done separately

using sequential summation described in section 2.3.2. Due to the choice of basis

functions as linear combinations of primitive bend-rotation functions, elements of the

KEO have a simple analytical form. Matrix elements in the |l1l2m2; JKM〉 basis are

〈l1l2m2; JKM |Tbr,diag[|l1l2m2; JKM〉

= B1(r1)l1(l1 + 1) +B2(r2)l2(l2 + 1)

+BL[J(J + 1) + l1(l1 + 1) + l2(l2 + 1)− 2(m2
1 +m2

2 +m1m2)]

(3.9)
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〈l1l2m2 + 1; JKM |Tbr,off |l1l2m2; JKM〉 = λ−l1m1
λ+
l2m2

BL (3.10)

〈l1l2m2; JK + 1,M |TCor |l1l2m2; JKM〉 = −λ+
l1m1

λ+
JKBL (3.11)

〈l1l2m2 + 1; JK + 1,M |TCor |l1l2m2; JKM〉 = −λ+
l2m2

λ+
JKBL (3.12)

from which the parity-adapted elements may be derived on simple linear combina-

tions.

Integration over the stretch coordinates is straightforward due to the simple nature

of the sine PODVR basis. All integrals involving functions of ri and the potential

optimized eigenbasis are known exactly, which are then transformed to the DVR.

Potential Matrix-Vector Products

Gauss-Legendre quadrature is used to calculate potential matrix elements for the

θ1 coordinates. By separating the quadrature sums appropriately potential matrix-

vector products can be done sequentially. In the parity-adapted basis the potential

matrix elements are

〈
uJMP
l1l2m2;K

∣∣V ∣∣uJMP
l1l2m2;K

〉
=
∑
α1,α2

T
(m′1)

l′1,α1
T

(m′2)

l′2,α2
Iα1.α2

m′2,m2
T

(m1)
l1,α1

T
(m2)
l2,α2

(3.13)

where the T matrices are defined for Gauss-Legendre quadrature as

T
(m)
lα =

√
wαΘml(cos θα) (3.14)

and I is the integral of the potential over the coordinate φ2. Matrix-vector products

for the φ2 coordinate are evaluated with a fast Fourier transform (FFT) using the

FFTW library [38] and equally spaced points in the range [0, 2π], which has been
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found to perform better after a transformation from Gauss-Chebyshev quadrature

[39]. Integrals over the stretch coordinates are again simple due to the DVR trans-

formation.

Separating the sums in (3.10) the potential matrix-vector products u′ = Vu can

be written

u′l′1,l′2,m′2 =
∑
α1

T
(m′1)

l′1,α1

∑
α2

T
(m′2)

l′2,α2
Iα1,α2

m′2,m2

∑
α1

T
(m1)
l1,α1

∑
α1

T
(m2)
l2,α2

ul1,l2,m2 (3.15)

and performed sequentially.



30

Chapter 4

Comparing Experimental Results with

Rovibrational Levels of CH+
3 Isotopologues

4.1 Historical Studies and Motivation

In interstellar clouds CH+
3 is thought to make up a significant fraction of carbon

containing molecular ions [40]. Through the sequence of exchange reactions

CH+
3 + HD ⇀↽ CH2D+ + H2

CH2D+ + HD ⇀↽ CD2H+ + H2

CD2H+ + HD ⇀↽ CD+
3 + H2

(4.1)

CH+
3 and its deuterated isotopologues are thought to amplify the deuterium fraction

in warm (20K-80K) interstellar clouds several orders of magnitude relative to the

typical cosmic ratio [41, 42, 43]. Since the ground state structure of CH+
3 is pla-

nar and symmetric with respect to permutation of its hydrogen atoms, its charge

and mass centres to coincide. This results in no permanent dipole moment, mak-

ing CH+
3 difficult to observe by traditional radio astronomical means [40]. However,
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the non-reactivity of CH+
3 with hydrogen makes it receptive to deuteration by HD

[43], an exchange that breaks the symmetry and brings about a small dipole moment

[44, 45] therefore enabling detection. The first high-resolution rovibrational data for

select modes of CH2D+ was reported by Rösslein et al. (1991) [46] and Jagod et al.

(1992) [47], the latter of which also including measurements of CD2H+. Based on the

predictions made from this data, tentative identifications for CH2D+ were achieved

by Wooten & Turner (2008) [48] and Roueff et al. (2013) [49], generating renewed

laboratory interest in CH2D+ [40, 50, 51, 52] that is recently transferring to CD2H+

[53]. To act as a supplement to and aid in the interpretation of experimental results,

high-level ab initio calculations are desired to facilitate the search for these species in

space [53].

4.2 Assignment of Theoretical Results

Due to the lack of comprehensive data for most low-lying rovibrational levels of the

CH+
3 isotopologues, being able to assign calculated energy levels is a large focus of

this work. Assignment of an energy level consists of determining symmetry labels

and identifying the rotational and vibrational quantum numbers of the state.

Symmetry classification of an energy state is done by determining the action of the

state under elements of the symmetry group of the molecule and labelling the state

by whichever irreducible representations (irrep.) it falls under [2]. This is straightfor-

ward for the simple molecules considered, with CH+
3 and CD+

3 having D3h symmetry

and CH2D+ and CD2H+ having G4 (or C2v) symmetry. The symmetric and anti-

symmetric permutation (A,B) and inversion (+,-) classifications for the coordinates

used have G4 symmetry, so symmetry labels for CH2D+ and CD2H+ are generated
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automatically during the calculation as a consequence of using the symmetry-adapted

Lanczos algorithm and parity-adaptated basis described in section 3.2. The D3h sym-

metry labels for CH+
3 and CD+

3 are obtained using a correlation table relating irreps.

of the C2v (G4) group to that of D3h [15].

The vibrational and rotational assignments must be determined after the calcu-

lation is completed. For these assignments, anharmonic vibrational and rotational

rotor models are applied using constants determined numerically from several eas-

ily identifiable low-energy levels. These approximate models aid in the assignment

of higher-energy levels where increasing amounts of neighbouring levels can obscure

assignment.

Labelling Vibrational levels

One aim of this work was to assign as many J = 0 energies as possible for the

CH2D+ and CD2H+ ions, with up to the 5000-6000 cm−1 range above the ground

state being ideal. For low-lying vibrational levels the energies should be close to

those of a multidimensional harmonic oscillator in the fundamental frequencies of

vibration. However, in order to assign slightly higher-energy states more confidently,

I used a quartic (as opposed to quadratic) anharmonic approximation to model the

vibrational energies,

Eanharm =
∑
i

ωi(ni + 1/2) +
∑
i≥j

χij(ni + 1/2)(nj + 1/2), (4.2)
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which is obtained with a second-order perturbation approach and assumes non-

degenerate fundamental modes [16, 54]. ωi are the zeroth-order vibrational frequen-

cies, χij are anharmonic constants, and the ni denote the vibrational quantum num-

bers. Equation 4.2 should give a better estimate for the overtones and combination

levels than a purely harmonic calculation, which is important if anharmonicity be-

comes significant. The anharmonic constants χij were determined numerically using

the low energy fundamental, first overtone, and combination bands where the har-

monic approximation works well. The 6 fundamental and 6 first-overtones determine

the ωi and χii, which can be then used with the 15 combination bands of the form

νi + νj to subsequently determine the χij. In total 27 vibrational levels were used to

numerically determine 27 parameters for each molecule. I assigned vibrational levels

up to the energy that the anharmonic approximation was considered reliable, being

truncated either by large discrepancies in the modelled and calculated results, by

uncertainty in the assignment for states with similar energies and the same symmetry

labelling, or by reaching the 6000 cm−1 threshold beyond which convergence was not

investigated.

Table 4.1 presents a sample of our vibrational assignment for the even-parity

states of CH2D+. The calculated levels are shown, as well as the anharmonic levels

using equation 4.2 and purely harmonic levels using only the 6 fundamental frequen-

cies. The differences between the modelled and calculated results demonstrate the

advantage of using the anharmonic approximation, since a better reproduction of the

calculated levels leads to much easier assignment. In addition, it can be seen that

using a simple harmonic model one might be tempted to assign what was determined

to be the 5ν6 state as the 2ν3 + ν5 state (and likewise the 2ν3 + ν5 state as the 5ν6
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state) based on energy proximity and symmetry, supporting the use of the anhar-

monic model.

Rotational levels

The aim of our rotational assignment was to identify all 2J + 1 levels for each J up

to J = 5 for the few bands having experimental data available. To supplement the

assignment, the rigid-rotor energy levels for asymmetric tops (in the cases of CH2D+

and CD2H+) were used since the latter contains closely spaced vibrational levels that

complicate assignment of the rotational levels. Rigid asymmetric rotor energy levels

for each J were found by diagonalizing the (2J +1)× (2J +1) asymmetric rigid rotor

Hamiltonian in the symmetric rotor |JKM〉 basis to obtain energy eigenvalues [2]

〈JKM | Ĥrot |JKM〉 =
(B + C)

2
J(J + 1) + (A− B + C

2
)K2

〈J,K ± 2,M | Ĥrot |JKM〉 =
(B − C)

4
(
[
J(J + 1)− (K ± 1)(K ± 2)

]
[
J(J + 1)−K(K ± 1)

]
)1/2,

(4.3)

where the parameters A,B, and C are related to the different moments of inertia of

the molecule’s principle axes and were found numerically by solving the J = 1 matrix

eigenproblem. Rotational energy levels are customarily labelled by JKa,Kc where J

is the angular momentum and Ka and Kc are the corresponding prolate and oblate

symmetric top quantum numbers respectively [2]. For the J = 1 system the three
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Table 4.1: Harmonic and anharmonic comparison of the vibrational assignment for the even-parity
states of CH2D+. Assignment is based on the anharmonic model and unless otherwise
stated matches the harmonic counterpart

Sym. Assign+ νcalc νanharm νharm |νcalc − νanharm| |νcalc − νharm|

B+ ν6 1158.98 1158.98 1158.98 0.00 0.00
A+ ν3 1379.26 1379.26 1379.26 0.00 0.00
A+ ν2 2236.03 2236.03 2236.03 0.00 0.00
A+ 2ν6 2324.76 2324.76 2317.96 0.00 6.80
B+ ν6 + ν3 2535.44 2535.44 2538.24 0.00 2.80
A+ 2ν4 2560.59 2560.59 2566.65 0.00 6.06
A+ 2ν3 2752.21 2752.21 2758.51 0.00 6.30
A+ ν1 3005.77 3005.77 3005.77 0.00 0.00
B+ ν5 3103.44 3103.44 3103.44 0.00 0.00
B+ ν6 + ν2 3390.61 3390.61 3395.01 0.00 4.40
B+ 3ν6 3497.85 3497.34 3476.94 0.51 20.91
A+ ν2 + ν3 3614.22 3614.22 3615.29 0.00 1.07
A+ ν3 + 2ν6 3698.84 3699.13 3697.22 0.29 1.62
B+ 2ν4 + ν6 3731.01 3729.27 3725.63 1.74 5.38
B+ 2ν3 + ν6 3905.63 3906.30 3917.49 0.67 11.86
A+ ν3 + 2ν4 3950.48 3951.35 3945.90 0.87 4.58
A+ 3ν3 4120.54 4118.86 4137.77 1.68 17.23
B+ ν1 + ν6 4157.23 4157.23 4164.75 0.00 7.52
A+ ν5 + ν6 4272.97 4272.97 4262.42 0.00 10.55
A+ ν1 + ν3 4416.19 4416.19 4385.03 0.00 31.16
A+ 2ν2 4426.60 4426.60 4472.07 0.00 45.47
B+ ν3 + ν5 4480.93 4480.93 4482.70 0.00 1.77
A+ ν2 + 2ν6 4546.58 4553.09 4553.99 6.51 7.41
A+ 4ν6 4677.31 4676.71 4635.92 0.60 41.39
B+ ν2 + ν3 + ν6 4764.74 4766.00 4774.27 1.26 9.53
A+ ν2 + 2ν4 4777.84 4780.57 4802.68 2.73 24.84
B+ ν3 + 3ν6 4869.48 4869.61 4856.20 0.13 13.28
A+ 2ν4 + 2ν6 4905.68 4901.97 4884.61 3.71 21.07
A+ ν2 + 2ν3 4986.01 4986.36 4994.55 0.35 8.54
A+ 2ν2 + 2ν6 5066.85 5068.59 5076.47 1.74 9.62
A+ 4ν4 5098.97 5096.93 5133.29 2.04 5.91
B+ ν3 + 2ν4 5118.39 5117.24 5104.88 1.15 14.90
A+ ν1 + ν2 5233.39 5233.39 5241.81 0.00 8.42
B+ 3ν3 + ν6 5271.36 5270.86 5296.75 0.50 25.39
A+ ν1 + 2ν6 5317.32 5317.36 5323.73 0.04 6.41
A+ 2ν3 + 2ν4 5335.40 5332.52 5325.16 2.88 10.24
B+ ν5 + ν2 5337.02 5337.02 5339.47 0.00 2.45
B+ ν5 + 2ν6 5449.05 5446.66 5421.40 2.39 27.65
A+ 4ν3 5485.50 5479.20 5517.03 6.30 31.53
A+ ν1 + 2ν4 5552.52 5554.39 5572.42 1.87 8.51
B+ ν1 + ν3 + ν6 5564.60 5564.86 5544.01 0.26 7.82
B+ 2ν2 + ν6 5585.49 5577.88 5631.05 7.61 45.56
B+ 2ν4 + ν5 5631.56 5635.26 5670.09 3.70 38.53
A+ ν3 + ν5 + ν6 5647.31 5647.66 5641.68 0.35 5.63
B+ ν2 + 3ν6 5707.82 5722.37 5712.97 14.55 5.15
A+ 2ν2 + ν3 5803.04 5803.97 5764.29 0.93 38.75
A+ ν1 + 2ν3 5810.42 5812.52 5851.32 2.10 40.90
B+ 2ν3 + ν5 5847.60 5852.55 5794.90 (5ν6) 4.95 52.70
B+ 5ν6 5862.31 5862.89 5861.95 (2ν3 + ν5) 0.58 0.36
A+ ν2 + ν3 + 2ν6 5917.23 5926.39 5933.25 9.16 16.02
B+ ν2 + 2ν4 + ν6 5944.93 5944.85 5961.66 0.08 16.73
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levels are simply

E(101) = B + C

E(111) = A+ C

E(110) = A+B

(4.4)

The assignment of rotational energies was fairly straightforward in most cases since

levels below J = 5 were generally well separated. Where there was some ambiguity,

typically only for J = 5 levels, comparison to the corresponding experimental and

rigid rotor levels of equation 4.3 provided clarity.

4.3 J=0 levels of CH+
3 and CD+

3

Our calculated low-energy vibrational states of CH+
3 and CD+

3 are presented in Table

4.2 for comparison to the original levels of Yu & Sears [30]. Though our primary

focus is on the singly and doubly deuterated ions, the levels provide a verification

of the routine and the coordinate transformation used. Comparison of the original

levels and those calculated here show excellent agreement. Vibrational assignment

was completed by the PES authors, however the full D3h symmetry labels were de-

termined here, acting as a supplement to their original work. Analysis of the J > 0

levels of both molecules provides an area of future exploration.
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4.4 Rovibrational levels of CH2D+

We calculated CH2D+ levels using 10 PODVR functions for the radial coordinates

and maximum l and m spherical harmonic values in the bend-rotation basis of 30

to achieve a convergence of at least 0.01 cm−1, but in most cases 0.001 cm−1 up to

6000 cm−1 for the J = 0 states. The calculation involved approximately 10.4 million

even-parity and 9.5 million odd-parity basis functions.

4.4.1 Energy Levels for J = 0

Vibrational levels of CH2D+ up to the range 5500 − 6500 cm−1 categorized by their

permutation (A,B) and inversion symmetry (+,-) are shown in Table 4.3. Assignment

of the fundamental frequencies was straightforward since the levels have good separa-

tion from any overtones or combination bands and could be identified in conjunction

with Ref. [55] without difficulty. Labels for higher energy levels were able to be deter-

mined having odd-parity due to the lower level density. The fundamentals vibrations

from Table 1 of Ref. [55] are ν1 (symmetric C-H stretch), ν2 (C-D stretch), ν3 (in-

plane C-H bend), ν4 (out-of-plane bend), ν5 (asymmetric C-H stretch), ν6 (in-plane

C-D bend).

To compare these levels to experiment we considered the recent high-resolution

results for the vibrational modes ν1 and ν5 reported by Gärtner et al. (2013) [51].

No other high-resolution bands have yet been measured. The authors report values

of 3004.764593(75) cm−1 and 3105.840584(52) cm−1 (numbers in parentheses denote
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Table 4.2: Calculated low-lying CH+
3 and CD+

3 vibrational levels, νc, (in cm−1) for each symmetry
irrep. relative to the ground state energy compared to the original levels, νo, of Yu &
Sears

Sym. State [30] νo νc |νo − νc| Sym. State [30] νo νc |νo − νc|

A′1 Ground 6746.16 6746.143 0.017 A′1 Ground 4991.8 4991.790 0.010
A′′2 ν2 1377.82 1377.822 0.002 E′ ν14 1015.70 1015.696 0.004
E′ ν14 1387.01 1387.011 0.001 A′′2 ν2 1070.31 1070.307 0.003
A′1 2ν2 2723.02 2723.015 0.005 A′1 2ν04 2012.83 2012.828 0.002
E′ 2ν24 2770.85 2770.848 0.002 E′ 2ν24 2030.39 2030.386 0.004
E′′ ν2 + ν14 2772.77 2772.767 0.003 A′1 ν1 2082.99 2082.984 0.006
A′1 2ν04 2780.18 2780.173 0.007 E′′ ν2 + ν14 2089.37 2089.369 0.001
A′1 ν1 2942.27 2942.264 0.006 A′1 2ν2 2159.31 2159.307 0.003
E′ ν13 3108.29 3108.287 0.003 E′ ν13 2339.99 2339.988 0.002
A′′2 3ν2 4071.3 4071.289 0.011 E′ 3ν14 3016.46 3016.449 0.011
E′ 2ν2 + ν14 4101.18 4101.172 0.008 A′2 3ν34 3043.87 3043.867 0.003
A′2 3ν34 4150.94 4150.937 0.003 A′1 3ν34 3044 3043.998 0.002
A′1 3ν34 4151.6 4151.596 0.004 A′′2 ν2 + 2ν04 3074.1 3074.094 0.006
E′′ ν2 + 2ν24 4164.44 4164.430 0.010 E′′ ν2 + 2ν24 3107.47 3107.468 0.002
E′ 3ν14 4177.99 4177.985 0.005 E′ ν1 + ν14 3112.67 3112.666 0.004
A′′2 ν2 + 2ν04 4180.55 4180.545 0.005 A′′2 ν1 + ν2 3139.36 3139.358 0.002
A′′2 ν1 + ν2 4324.3 4324.285 0.015 E′ 2ν2 + ν14 3181.62 3181.610 0.010
E′ 3ν14 4342.41 4342.404 0.006 A′′2 33ν3 3249.29 3249.281 0.009
E′′ ν2 + ν13 4470.42 4470.406 0.014 A′2 ν13 + ν14 3351 3350.997 0.003
A′2 ν13 + ν34 4490.61 4490.603 0.007 E′ ν13 + ν14 3357.34 3357.337 0.003
E′ ν13 + ν14 4503.18 4503.167 0.013 A′1 ν13 + ν14 3370.27 3370.267 0.003
A′1 ν13 + ν14 4523.42 4523.407 0.013 E′′ ν2 + ν13 3400.61 3400.606 0.004
A′1 4ν2 5401.36 5401.349 0.011 A′1 4ν04 4006.71 4006.697 0.013
E′′ 3ν2 + ν14 5456.46 5456.446 0.014 E′ 4ν24 4021.27 4021.258 0.012
E′ 2ν2 + 2ν24 5474.22 5474.215 0.005 E′ ν44 4056.21 4056.200 0.010
A′1 2ν2 + 2ν04 5478.49 5478.487 0.003 E′′ ν2 + 3ν14 4080.06 4080.048 0.012
E′ 4ν44 5528.01 5528.000 0.010 A′1 ν1 + 2ν04 4088.84 4088.834 0.006
A′′1 ν2 + 3ν34 5552.23 5552.225 0.005 A′′1 ν2 + 3ν34 41224.41 4124.397 0.013
A′′2 ν2 + 3ν34 5553.01 5552.998 0.012 A′′2 ν2 + ν13 4124.55 4124.538 0.012
E′ 4ν24 5575.37 5575.356 0.014 E′ ν1 + 2ν24 4138.87 4138.858 0.012
E′′ ν2 + 3ν14 5588.36 5588.354 0.006 A′1 2ν2 + 2ν04 4156.96 4156.950 0.010
A′1 4ν04 5593.5 5593.493 0.007 A′1 2ν1 4171.28 4171.271 0.009
A′1 ν1 + 2ν2 5668.3 5668.291 0.009 E′′ ν1 + ν2 + ν14 4173.71 4173.704 0.006
E′′ ν1 + ν2 + ν14 5730.32 5730.308 0.012 E′ 2ν2 + 2ν24 4202.8 4202.790 0.010
A′1 ν1 + 2ν24 5736.06 5736.054 0.006 A′′1 ν1 + 2ν2 4230.55 4230.540 0.010
E′ ν1 + 2ν04 5736.46 5736.450 0.010 E′′ 3ν2 + ν14 4274.43 4274.426 0.004
E′ 2ν2 + ν13 5805.05 5805.039 0.011 E′ 4ν2 4340.63 4340.624 0.006
A′1 ν13 + 2ν24 5841.39 5841.370 0.020 A′1 ν13 + 2ν04 4343.49 4343.481 0.009
A′′1 ν2 + ν13 + ν14 5861.43 5861.415 0.015 A′2 ν13 + 2ν04 4372.63 4372.626 0.004
E′′ ν2 + ν13 + ν14 5872.76 5872.751 0.009 A′1 ν13 + 2ν24 4374.95 4374.943 0.007
E′ 2ν1 5874.23 5874.22 0.010 E′ ν13 + 2ν24 4381.45 4381.439 0.011
A′2 ν13 + 2ν24 5888.64 5888.625 0.015 E′ ν1 + ν13 4409.66 4409.654 0.006
A′′2 ν2 + ν13 + ν14 5893.77 5893.762 0.008 A′′1 ν2 + ν13 + ν14 4415.17 4415.157 0.013
A′1 ν13 + 2ν04 5909.41 5909.396 0.014 E′′ ν2 + ν13 + ν14 4421.07 4421.060 0.010
E′ ν13 + 2ν04 5918.91 5918.900 0.010 A′′2 ν2 + ν13 + ν14 4434.27 4434.260 0.010
E′ ν1 + ν13 5991.54 5991.518 0.022 E′ 2ν2 + ν13 4476 4475.994 0.006
A′1 2ν03 6145.45 6145.430 0.020 A′1 2ν03 4633.93 4633.921 0.009
E′ 2ν23 6195.45 6195.435 0.015 E′ 2ν23 4664.86 4664.851 0.009

- A′′2 ν2 + 4ν04 5058.45 5058.440 0.010
- E′′ ν2 + 4ν24 5087.67 5087.662 0.008
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Table 4.3: Low-lying CH2D+ vibrational levels (in cm−1) with symmetry classification relative to
the ground state energy. Fundamental frequencies are ν1 (symmetric C-H stretch), ν2 (C-
D stretch),ν3 (in-plane C-H bend), ν4 (out-of-plane bend), ν5 (asymmetric C-H stretch),
ν6 (in-plane C-D bend).

A+ B+ A- B-

ν3 1379.257 ν6 1158.980 ν4 + ν6 2447.846 ν4 1283.324
ν2 2236.034 ν6 + ν3 2535.445 ν3 + ν4 + ν6 3831.259 ν3 + ν4 2669.155
2ν6 2324.759 ν5 3103.438 ν4 + ν5 4370.325 ν2 + ν4 3510.184
2ν4 2560.587 ν6 + ν2 3390.614 ν2 + ν4 + ν6 4670.790 ν4 + 2ν6 3617.923
2ν3 2752.210 3ν6 3497.851 ν4 + 3ν6 4794.315 3ν4 3832.352
ν1 3005.774 2ν4 + ν6 3731.010 3ν4 + ν6 5009.350 2ν3 + ν4 4050.169

ν2 + ν3 3614.217 2ν3 + ν6 3905.632 2nu3 + ν4 + ν6 5210.116 ν1 + ν4 4282.260
ν3 + 2ν6 3698.835 ν1 + ν6 4157.228 ν1 + ν4 + ν6 5439.339 ν2 + ν3 + ν4 4895.165
ν3 + 2ν4 3950.481 ν3 + ν5 4480.927 ν3 + ν4 + ν5 5754.159 ν3 + ν4 + 2ν6 4999.035

3ν3 4120.544 ν2 + ν3 + ν6 4764.737 ν3 + 3ν4 5225.047
ν5 + ν6 4272.969 ν3 + 3ν6 4869.483 3ν3 + ν4 5428.451
ν1 + ν3 4416.194 ν3 + 2ν4 5118.393 ν4 + ν5 + ν6 5545.231

2ν2 4426.597 3ν3 + ν6 5271.361 2ν2 + ν4 5690.358
ν2 + 2ν6 4546.581 ν5 + ν2 5337.022 ν1 + ν3 + ν4 5699.330

4ν6 4677.309 ν5 + 2ν6 5449.054 ν2 + ν4 + 2ν6 5831.756
ν2 + 2ν4 4777.841 ν1 + ν3 + ν6 5564.597 ν4 + 4ν6 5976.375
2ν4 + 2ν6 4905.676 2ν2 + ν6 5585.491
ν2 + 2ν3 4986.011 2ν4 + ν5 5631.562
2ν2 + 2ν6 5066.852 ν2 + 3ν6 5707.818

4ν4 5098.974 2ν3 + ν5 5847.596
ν1 + ν2 5233.391 5ν6 5862.306
ν1 + 2ν6 5317.323 ν2 + 2ν4 + ν6 5944.933
2ν3 + 2ν4 5335.398

4ν3 5485.501
ν1 + 2ν4 5552.525

ν3 + ν5 + ν6 5647.309
2ν2 + ν3 5803.041
ν1 + 2ν3 5810.416

ν2 + ν3 + 2ν6 5917.232

the uncertainty in the last two digits) respectively for the ν1 and ν5 levels. The

corresponding values calculated in this work are 3005.774 cm−1 and 3103.438 cm−1.

These correspond to differences less than 0.1%, which is within an acceptable range

for vibrational levels given the sensitivity of the calculation to the accuracy PES, in

this case having a sum-of-products structure.

4.4.2 Energy Levels for J > 0

Calculated and experimental rotational lines for CH2D+ are listed in Table 4.4 for

the ground, ν1, and ν5 states. The observed levels were calculated using the best-fit
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molecular parameters of Table 4 in Ref. [51]. Excellent agreement is achieved for all

bands measured. The root-mean-square error is consistent across the three bands,

having an average of 0.08 cm−1.

4.5 Rovibrational levels of CD2H+

We calculated CD2H+ levels using 10 PODVR functions for the radial coordinates

and maximum l and m spherical harmonic values in the bend-rotation coordinates of

36 to achieve a convergence of at least 0.01 cm−1, but in most cases 0.001 cm−1 for

the J = 0 states. The calculation involved roughly 17.6 million even-parity and 16.2

million odd-parity basis functions.

4.5.1 Energy Levels for J = 0

Our calulated vibrational levels of CD2H+ up to the range 5500− 6500 cm−1 catego-

rized by their permutation (A,B) and inversion (+,-) symmetry are shown in Table

4.4. Assignment of these fundamental frequencies for CD2H+ was straightforward

for all but the ν1 band, which was complicated by the 3ν3 overtone having similar

magnitude and identical symmetry, resulting in two calculated levels about 10 cm−1

apart. It was unclear from the anharmonic analysis how these levels should be la-

belled. Therefore there were two possible candidates, 3057.503 cm−1 and 3047.170

cm−1, for both the ν1 and 3ν3 levels. The proper assignment was suggested by not-

ing the significantly better agreement of the 3057.503 cm−1 rotational lines than the

3047.170 cm−1 lines to the experimental levels for ν1. Confirmation was obtained by

nodal analysis in the probability density plots of the state eigenvectors in the coordi-

nates of interest (θ1 +θ2 for the CDD bending mode ν3, and r0 for the C-H stretching
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Table 4.4: Calculated and observed J < 6 rotational levels (in cm−1) for the ground state of CH2D+

relative to the band origin.

Sym. JKa,Kc
νcalc νobs |νcalc − νobs|

A+ 000 6172.386 - -
A- 101 9.284 9.296 0.012
B- 111 12.887 12.893 0.006
B+ 110 15.132 15.137 0.005
A+ 202 27.083 27.118 0.035
B+ 212 29.208 29.238 0.030
B- 211 35.940 35.968 0.028
A- 221 46.742 46.753 0.011
A+ 220 47.510 47.521 0.012
A- 303 52.308 52.377 0.069
B- 313 53.267 53.334 0.066
B+ 312 66.549 66.611 0.061
A+ 322 74.575 74.622 0.047
A- 321 77.959 78.007 0.048
B- 331 98.584 98.602 0.017
B+ 330 98.760 98.777 0.018
A+ 404 84.396 84.512 0.116
B+ 414 84.754 84.869 0.115
B- 413 106.034 106.139 0.105
A- 423 111.065 111.158 0.093
A+ 422 119.436 119.531 0.095
B+ 432 136.806 136.872 0.066
B- 431 137.941 138.008 0.067
A- 441 168.840 168.865 0.025
A+ 440 168.873 168.898 0.025
A- 505 123.335 123.510 0.175
B- 515 123.454 123.628 0.175
B+ 514 153.165 153.324 0.159
A+ 524 155.747 155.899 0.151
A- 523 171.296 171.448 0.152
B- 533 184.467 184.592 0.125
B+ 532 188.343 188.473 0.130
A+ 542 216.811 216.897 0.086
A- 541 217.092 217.178 0.087
B- 551 257.616 257.648 0.032
B+ 550 257.621 257.653 0.032
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Table 4.5: Calculated and observed J < 6 rotational levels (in cm−1) for the ν1 state of CH2D+

relative to the band origin.

Sym. JKa,Kc νcalc νobs |νcalc − νobs|

A+ 000 3005.774 3004.764593 1.009
A- 101 9.241 9.251 0.010
B- 111 12.705 12.705 0.000
B+ 110 14.966 14.966 0.001
A+ 202 26.920 26.950 0.030
B+ 212 28.921 28.942 0.021
B- 211 35.703 35.723 0.020
A- 221 46.090 46.078 0.012
A+ 220 46.889 46.878 0.011
A- 303 51.931 51.989 0.058
B- 313 52.808 52.861 0.053
B+ 312 66.176 66.225 0.048
A+ 322 73.791 73.811 0.019
A- 321 77.290 77.313 0.024
B- 331 97.168 97.133 0.035
B+ 330 97.358 97.323 0.035
A+ 404 83.733 83.829 0.097
B+ 414 84.050 84.145 0.095
B- 413 105.413 105.497 0.084
A- 423 110.080 110.140 0.060
A+ 422 118.673 118.740 0.067
B+ 432 135.252 135.260 0.009
B- 431 136.470 136.483 0.013
A- 441 166.357 166.285 0.072
A+ 440 166.394 166.322 0.072
A- 505 122.331 122.479 0.148
B- 515 122.434 122.580 0.147
B+ 514 152.154 152.279 0.125
A+ 524 154.477 154.587 0.109
A- 523 170.341 170.456 0.115
B- 533 182.717 182.779 0.062
B+ 532 186.835 186.908 0.073
A+ 542 214.176 214.163 0.013
A- 541 214.490 214.479 0.012
B- 551 253.768 253.647 0.121
B+ 550 253.775 253.654 0.121
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Table 4.6: Calculated and observed J < 6 rotational levels (in cm−1) for the ν5 state of CH2D+

relative to the band origin.

Sym. JKa,Kc νcalc νobs |νcalc − νobs|

B+ 000 3103.438 3105.840584 2.402
B- 101 9.226 9.235 0.009
A- 111 12.765 12.773 0.008
A+ 110 14.994 15.000 0.007
B+ 202 26.907 26.935 0.028
A+ 212 28.985 29.012 0.027
A- 211 35.668 35.692 0.024
B- 221 46.280 46.299 0.019
B+ 220 47.047 47.066 0.019
B- 303 51.961 52.017 0.056
A- 313 52.893 52.948 0.055
A+ 312 66.075 66.126 0.051
B+ 322 73.938 73.984 0.047
B- 321 77.316 77.362 0.046
A- 331 97.589 97.625 0.036
A+ 330 97.766 97.802 0.036
B+ 404 83.835 83.929 0.094
A+ 414 84.181 84.274 0.094
A- 413 105.288 105.374 0.086
B- 423 110.193 110.276 0.083
B+ 422 118.538 118.619 0.081
A+ 432 135.577 135.648 0.072
A- 431 136.719 136.791 0.071
B- 441 167.112 167.169 0.057
B+ 440 167.145 167.202 0.057
B- 505 122.520 122.662 0.142
A- 515 122.634 122.776 0.142
A+ 514 152.082 152.213 0.131
B+ 524 154.584 154.713 0.130
B- 523 170.062 170.187 0.124
A- 533 182.940 183.057 0.117
A+ 532 186.835 186.950 0.115
B+ 542 214.796 214.897 0.101
B- 541 215.081 215.182 0.101
A- 551 254.955 255.037 0.081
A+ 550 254.961 255.042 0.081
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mode ν1) in Figure 4.1. Labels for higher energy levels were able to be determined

having odd-parity due to the lower level density. The fundamental vibrations from

Table 1 of [52] are ν1 (C-H stretch), ν2 (symmetric C-D stretch),ν3 (in-plane CDD

bend), ν4 (out-of-plane bend), ν5 (asymmetric C-D stretch), ν6 (in-plane C-H bend).

      

 

              

 

 
Figure 4.1: CD2H+ probability density plots for the 3047.170 cm−1 state along r0 stretch (upper-

left), 3057.503 cm−1 state along r0 stretch (upper-right), 3047.170 cm−1 state θ1 + θ2
bend (lower-left), and 3057.503 cm−1 state θ1 + θ2 bend (lower-right)

It is clear in Figure 4.1 that 3ν3 and ν1 are assigned correctly. A single node in the r0

stretch coordinate is visible for 3057.503 cm−1 making it the ν1 C-H stretch state and
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Table 4.7: Low-lying CD2H+ vibrational levels (in cm−1) with symmetry classification relative to
the ground state energy. Fundamental frequencies are ν1 (C-H stretch), ν2 (symmetric C-
D stretch),ν3 (in-plane C-D bend), ν4 (out-of-plane bend), ν5 (asymmetric C-D stretch),
ν6 (in-plane C-H bend).

A+ B+ A- B-

ν3 1022.766 ν6 1267.229 ν4 + ν6 2454.793 ν4 1181.488
2ν3 2038.373 ν3 + ν6 2283.408 ν3 + ν4 + ν6 3471.129 ν3 + ν4 2207.437
ν2 2163.478 ν5 2348.551 ν4 + ν5 3523.910 2ν3 + ν4 3224.426
2ν4 2362.283 2ν3 + ν6 3295.007 2ν3 + ν4 + ν6 4484.001 ν2 + ν4 3332.630
2ν6 2529.862 ν3 + ν5 3370.728 ν3 + ν4 + ν5 4548.546 3ν4 3542.060
3ν3 3047.170 ν2 + ν6 3432.313 ν2 + ν4 + ν6 4608.436 ν4 + 2ν6 3724.742
ν1 3057.503 2ν4 + ν6 3639.565 3ν4 + ν6 4822.045 ν1 + ν4 4222.498

ν2 + ν3 3207.758 3ν6 3788.436 ν4 + 3ν6 4992.257 3ν3 + ν4 4237.907
ν3 + 2ν4 3391.618 3ν3 + ν6 4301.192 3ν3 + ν4 + ν6 5489.949 ν2 + ν3 + ν4 4381.817
ν3 + 2ν6 3542.622 ν1 + ν6 4333.339 ν1 + ν4 + ν6 5507.796 ν3 + 3ν4 4574.928
ν5 + ν6 3629.700 2ν3 + ν5 4384.739 2ν3 + ν4 + ν5 5563.576 ν3 + ν4 + 2ν6 4737.188

4ν3 4053.600 ν2 + ν3 + ν6 4440.707 ν2 + ν3 + ν4 + ν6 5607.633 ν4 + ν5 + ν6 4811.295
ν1 + ν3 4081.706 ν2 + ν5 4495.301 ν2 + ν4 + ν5 5672.240 4ν3 + ν4 5238.670
ν2 + 2ν3 4230.525 ν3 + 2ν4 + ν6 4654.275 ν3 + 3ν4 + ν6 5832.497 ν1 + ν3 + ν4 5256.234

2ν2 4311.805 2ν4 + ν5 4699.579 3ν4 + ν5 5876.332 ν2 + 2ν3 + ν4 5400.157
2ν3 + 2ν4 4409.381 ν3 + ν6 4798.859 ν3 + ν4 + 3ν6 6002.189 2ν2 + ν4 5476.032
ν2 + 2ν4 4501.989 ν5 + 2ν6 4904.576 ν4 + ν5 + 2ν6 6093.268 2ν3 + 3ν4 5592.336
2ν3 + 2ν6 4550.266 ν2 + 3ν4 5671.742
ν3 + ν5 + ν6 4626.711 2ν3 + ν4 + 2ν6 5744.223

2ν5 4674.210 ν3 + ν4 + ν5 + ν6 5801.073
ν2 + 2ν6 4701.527 ν4 + 2ν5 5849.420

4ν4 4720.538 ν2 + ν4 + 2ν6 5885.018
2ν4 + 2ν6 4913.518 5ν4 5897.473

4ν6 5043.717 3ν4 + 2ν6 6098.691

three nodes are visible in the θ1 + θ2 bend coordinates for the 3047.170 cm−1 making

it the 3ν3 CDD bend overtone as expected.

To compare our levels to experiment we considered the high-resolution results for

the ν1 C-H stretching mode by Jusko et al. (2017) [53]. Once again no other high-

resolution bands have yet been measured. The authors report a value of 3056.177571(1)

cm−1 and the calculated value in this work is 3057.503 cm−1. This difference is con-

sistent with that of CH2D+ in the previous section.

4.5.2 Energy Levels for J > 0

Our calculated rotational levels of the ground state of CD2H+ are listed in Table 4.8

and compared to the experimental values of Ref. [53] using their best-fit molecular
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parameters of Table 5. The RMSE in this case is 0.09 cm−1, which is consistent with

the three bands investigated for CH2D+.

We determined observed rotational levels from Ref. [53] for the ν1 band using

their ground state rotational levels and rovibrational transitions differences in their

Table 3. Comparing their experimental and our theoretical results for this vibrational

state, the RMSE increases significantly to slightly over 0.5 cm−1. We attribute the

origin of this increased difference to a perturbation of the ν1 band, discovered 27 years

ago by Jagod et al. [47]. We predict that the increase is due to the PES lacking the

detail to account for the influence of the perturbing interaction, most likely due to

it being in sum-of-products form. The source of the perturbation is unknown, yet

it is thought to be due to interactions with another band in close energy proximity

and having identical symmetry, undergoing a Fermi resonance that has the effect of

shifting the band centers away from one another [53]. It has been suggested that the

ν2 + ν3 overtone is the most likely candidate for such a resonance due to its energy

proximity [53], however this work suggests the 3ν3 overtone is more probable (being

150 cm−1 closer), though in principle the effect could be an aggregate of several

interactions. The influence on observed ν1 rotational levels is a deviation from a

traditional asymmetric rotor model that makes it challenging to perform an accurate

fit to the data since vibration and rotation can no longer be separated as effectively.

Because of this influence the authors Ref. [53] were not able to improve the quality

of fit relative to that presented earlier [47], making it challenging to validate their

results. In addition, the presence of a close neighbouring state leads to accidental

measurement of rotational levels not belonging to the ν1 state. Our calculated ν1

rotational levels compared to the experimental work are listed in Table 4.9, with the
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Table 4.8: Calculated and observed J < 6 rotational levels (in cm−1) for the ground state of CD2H+

relative to the band origin.

Sym. JKa,Kc
νcalc νobs |νcalc − νobs|

A+ 000 3057.503 3056.178 1.325
B- 101 7.495 7.506 0.011
A- 111 10.061 10.068 0.007
B+ 110 11.934 11.942 0.008
A+ 202 21.768 21.799 0.031
B+ 212 23.176 23.204 0.028
A- 211 28.795 28.824 0.029
B- 221 36.486 36.505 0.019
A+ 220 37.201 37.221 0.020
B- 303 41.882 41.943 0.061
A- 313 42.459 42.518 0.059
A- 312 53.506 53.567 0.061
A+ 322 58.964 59.015 0.051
B- 321 62.040 62.094 0.054
A- 331 76.827 76.864 0.037
B+ 330 77.012 77.050 0.037
A+ 404 67.450 67.551 0.101
B+ 414 67.646 67.746 0.100
A- 413 85.181 85.282 0.101
B- 423 88.350 88.443 0.093
A+ 422 95.773 95.872 0.099
B+ 432 107.824 107.904 0.080
A- 431 108.996 109.079 0.083
B- 441 131.395 131.456 0.060
A+ 440 131.435 131.495 0.061
B- 505 98.508 98.658 0.151
A- 515 98.567 98.718 0.151
B+ 514 122.752 122.902 0.150
A+ 524 124.224 124.369 0.145
B- 523 137.723 137.876 0.153
A- 533 146.394 146.528 0.134
B+ 532 150.236 150.378 0.141
A+ 542 170.397 170.512 0.115
B- 541 170.729 170.846 0.116
A- 551 200.280 200.372 0.091
B+ 550 200.288 200.379 0.091

3ν3 rotational lines also included. It is hoped that in addition to supporting the 3ν3

overtone as the perturber, the reported levels may help future measurement of the ν1

state and assignment of any accidentally found levels.
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Table 4.9: Calculated and observed J < 6 rotational levels (in cm−1) for the ν1 and 3ν3 bands of
CD2H+ relative to the band origin.

Sym. JKa,Kc 3ν3,calc ν1,calc ν1,obs |ν1,calc − ν1,obs|

A+ 000 3047.170 3057.503 3056.177571 1.325
B- 101 7.510 7.474 7.476 0.001
A- 111 9.493 9.812 9.935 0.123
B+ 110 11.496 11.715 11.823 0.108
A+ 202 21.594 21.610 21.680 0.070
B+ 212 22.511 22.854 22.997 0.143
A- 211 28.515 28.563 28.658 0.095
B- 221 34.411 35.626 36.027 0.400
A+ 220 35.385 36.397 36.767 0.370
B- 303 41.234 41.502 41.663 0.162
A- 313 41.536 41.993 42.186 0.194
A- 312 53.221 53.165 53.301 0.136
A+ 322 56.935 58.030 58.447 0.417
B- 321 60.805 61.304 61.716 0.412
A- 331 72.130 75.099 75.808 0.708
B+ 330 72.474 75.310 76.028 0.718
A+ 404 66.197 66.801 67.061 0.260
B+ 414 66.279 66.962 67.233 0.271
A- 413 84.410 84.528 84.820 0.292
B- 423 86.174 87.262 87.729 0.467
A+ 422 95.005 95.051 95.350 0.299
B+ 432 103.448 106.031 106.767 0.736
A- 431 105.420 107.347 108.084 0.737
B- 441 122.813 128.634 129.539 0.906
A+ 440 122.912 128.680 129.589 0.909
B- 505 96.569 97.558 97.920 0.363
A- 515 96.588 97.605 97.971 0.365
B+ 514 120.982 121.646 122.135 0.489
A+ 524 121.619 122.884 123.440 0.556
B- 523 136.960 136.821 137.195 0.374
A- 533 142.187 144.476 145.259 0.782
B+ 532 147.896 148.715 149.379 0.664
A+ 542 162.407 167.553 168.535 0.982
B- 541 163.192 167.938 168.940 1.001
A- 551 186.551 196.373 - -
B+ 550 186.577 196.382 - -
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Chapter 5

Collocation supplement to efficient

sum-of-products routines

Often to facilitate efficient calculations, potential energy surfaces are represented as a

Taylor series expansion about a molecule’s equilibrium geometry [56]. Using so-called

sum-of-product (SOP) potentials has enabled successful calculations on molecules in

the range of 10 atoms [57, 58]. Success is achieved primarily by exploiting the SOP

structure in MVP evaluation[29] and by using well-known integral relations that ob-

vite the need for multidimensional quadrature, making matrix elements simple to

calculate. However, potentials in SOP form necessarily involve approximations to

the true potential. Although in many cases these approximations produce sufficiently

accurate results, there may be instances where improved estimates using a more ac-

curate PES may be required. Many non-SOP potentials have the drawback that

matrix elements requiring integrals may not be able to be calculated to desired accu-

racy or efficiency. Therefore, when considering potentials of this nature, using matrix

representations of the Schrödinger equation that require the calculation of the PES

only at points, such as DVR and collocation, are appealing. In the case of DVR the
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calculation size in limited in the case of DVR due to the scaling with dimension. If

somewhere on the order of 10 basis functions per dimension are required, the calcu-

lations becomes impractical for molecules with five atoms or more [5]. Collocation

has a limitation in larger calculation size due to the generalized and non-symmetric

nature of the eigenproblem, which make obtaining approximations to the eigenvalues

and eigenvectors difficult.

In theory however there is no inherent requirement that collocation must be used

with a large basis size. The basis used in collocation is more flexible than in DVR;

any basis may be used as long as one is able to represent it at points and determine its

action under the KEO. It has been shown by Boys [59] that the error in a collocation

level is propotional to ε2b + εbεq, where εb is the error in the ability of the basis to

fit the wavefunction, and εq is related to the quadrature error associated with the

set of collocation points. Although good quadrature points are not a necessity for

accurate collocation, they are generally the most straighforward way to obtain good

collocation points [60]. The need for good collocation points can therefore necessitate

the use of larger basis sizes [61]. However, if a sufficiently good basis is available so

that εb is as small as possible, in principle the error in ε2b + εbεq should tend to zero

[59, 22].

Such a basis might be efficiently obtainable using a powerful SOP routine. There-

fore we predict that using a SOP routine on a SOP potential to generate a small basis

of eigenvectors could be used in conjunction with a collocation routine and the cor-

responding non-SOP potential of the same molecule to obtain improved convergence

of the SOP results relative to the full levels, regardless of the collocation point set.
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5.1 SOP routine for eigenvector generation

The SOP routine implemented to generate an eigenbasis in this work is that of Brown

and Carrington [62], though any could be used. The program uses a variational

method to calculate eigenvalues using harmonic oscillator basis (HOB) functions.

The basis starts small and is expanded by appending additional functions based on

an importance measure. For the purposes of this work the routine can be considered

a black box. The eigenvectors extracted are linear combinations of multi-dimensional

HOB functions with a known maximum index.

5.2 Initial Tests on P2O

Instead of the collocation matrix equation (2.24), we left-applied the matrix RT,

enabling the freedom to select any number of collocation points and keep the matrices

square,

(RTG + RTVR)U = RTRUE (5.1)

This resembles a variational problem with the matrix elements evaluated by quadra-

ture, however collocation provides flexibility in that the matrix elements need not be

close to a true integral. If accurate quadrature is desired using the new formalism, a

square weight matrix W can be applied before RT.

We first texted the method on a normal coordinate SOP P2O potential [63] using

the SOP routine described in 5.1. A preliminary goal was to determine whether

the additional collocation calculation could reproduce levels for which it was already

known that the SOP routine works very well using on the order of a couple hundred

eigenfunctions. Table 5.1 presents the errors compared to the SOP routine in the
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lowest 30 eigenvalues using just 100 eigenbasis functions composed of 1183 HOB

functions. Results are shown using 8000 quadrature points with (column 1) and

without (column 2) a weight matrix (W). Column 3 uses the same number of points as

columns 1 & 2, but uses harmonic Leja points that maximize the differences between

the functions, and are commonly involved in interpolation [64, 65, 66].
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Table 5.1: Collocation error (in cm−1) for SOP P2O potential using different point and weight
selections

203 Quad. (W) 203 Quad. 203 Leja

2.26E-08 2.26E-08 5.95E-06
4.53E-08 4.53E-08 8.46E-06
1.02E-08 1.03E-08 2.64E-05
1.24E-07 1.24E-07 8.59E-06
4.38E-08 4.37E-08 2.46E-07
6.27E-08 6.64E-08 6.99E-05
3.39E-08 3.42E-08 3.17E-05
9.15E-08 1.38E-07 7.67E-05
2.24E-08 1.63E-08 6.21E-05
8.31E-07 1.26E-06 6.90E-04
3.53E-08 3.18E-08 5.63E-04
1.38E-06 1.38E-06 1.46E-05
1.41E-06 1.41E-06 9.98E-05
2.03E-06 4.42E-06 2.47E-03
1.89E-07 4.21E-07 1.24E-03
1.64E-06 1.63E-06 2.08E-04
1.11E-06 1.13E-06 4.43E-05
2.23E-05 3.80E-05 1.75E-03
2.28E-06 5.43E-06 7.21E-03
1.87E-06 1.78E-06 2.99E-04
8.84E-07 1.10E-06 6.81E-04
1.67E-04 2.88E-04 6.31E-03
2.16E-05 4.17E-05 1.02E-02
1.97E-06 1.12E-06 1.65E-03
2.47E-07 2.23E-06 4.48E-04
4.14E-06 4.09E-06 3.50E-04
1.38E-06 1.46E-06 1.10E-04
1.08E-03 1.78E-03 2.41E-02
1.46E-04 2.55E-04 5.12E-03
1.09E-06 6.67E-06 2.42E-03

The error in column 1 is very low as expected since its matrix elements are calculated

with exact quadrature. Column 2 has similar accuracy with matrix elements that

are very far from correct integrals, supporting the original ideal that the quadrature

error εq should be minimally important if the basis is excellent. The errors in column

3 incease slightly, though they are still acceptable. It is unclear whether this is due

to the points in εq or by numerical issues caused by ill-conditioning of the matrices
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[67, 68] for some point selections that are known to affect collocation calculations

[69]. Further investigation must be done to differentiate the two possibilities.

Increasing the collocation basis for any point selection did not generally improve

the results. This is expected since the potential used in collocation and the generation

of the collocation basis are the same, so any number of basis functions should be

very well converged to the collocation wavefunctions. Overall the fact that original

accuracy can be achieved with a very small (100 × 100) eigenproblem supported the

viability of the proposed method.

5.3 Modification of the P2O Potential

In order to progress with the original idea of using a SOP routine to generate an

eigenbasis with one PES for a collocation calculation using a similar non-SOP PES,

we modified the P2O potential slightly by adding small sextic terms in the Taylor

series expansion of the potential which shifts the eigenvalues slightly. The intention

was to generate converged reference levels of the modified potential using the SOP

routine, use the SOP routine to generate a basis with the unmodified potential, use

this basis and the modified potential in a collocation calculation, and finally compare

the two results. Table 5.2 shows the results for the same points sets used in Table 5.1.

The errors between the collocation levels and the converged modified reference levels

are shown, with the modified and unmodified reference levels included demonstrating

the eigenvalue deviation.

Similar or better accuracy in relation Table 5.1 for the unmodified potential was

obtained for all point varieties if the basis increased, converging by around 100-200

additional functions. This is expected since the potential used in collocation and the
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Table 5.2: Collocation error (in cm−1) for modified P2O potential using different point and weight
selections. The lowest 30 eigenvalues for the modified and unmodified potentials are
shown in columns 4 and 5 respectively

203 Quad. (W) 203 Quad. 203 Leja Mod. Ref. Unmod. Ref.

8.66E-08 2.96E-06 1.89E-04 1064.785 1064.747
5.29E-07 9.23E-06 6.37E-04 1262.434 1262.226
1.67E-06 8.93E-06 1.22E-03 1460.781 1460.210
4.07E-06 3.56E-05 1.77E-03 1659.831 1658.676
7.71E-07 2.17E-06 5.65E-04 1708.758 1708.644
1.06E-05 5.78E-05 6.59E-05 1859.602 1857.605
3.58E-06 1.16E-05 3.59E-04 1905.181 1904.573
2.71E-05 7.77E-05 8.39E-04 2060.119 2056.975
2.10E-05 9.21E-04 1.15E-02 2102.639 2100.999
9.48E-05 1.51E-03 5.65E-03 2261.418 2256.765
5.37E-05 1.60E-03 1.72E-02 2301.126 2297.901
1.91E-06 2.84E-04 1.40E-03 2330.116 2330.042
5.36E-06 3.39E-04 7.79E-04 2355.494 2355.346
7.43E-04 2.62E-03 4.02E-02 2463.538 2456.953
4.66E-04 2.67E-03 1.38E-03 2500.651 2495.256
2.27E-05 9.21E-04 5.20E-03 2525.250 2524.829
4.45E-05 1.06E-03 2.72E-03 2550.674 2549.881
1.30E-03 3.80E-03 6.17E-02 2666.526 2657.516
1.18E-03 4.11E-03 1.89E-03 2701.229 2693.041
1.68E-04 1.60E-03 1.56E-02 2721.307 2720.143
3.92E-04 1.61E-03 1.29E-03 2747.067 2744.919
6.86E-03 7.82E-03 1.02E-01 2870.427 2858.433
5.28E-03 6.51E-03 4.85E-02 2902.885 2891.235
5.56E-04 2.62E-03 1.55E-02 2918.275 2915.960
1.18E-03 2.85E-03 5.62E-02 2944.685 2940.439
6.43E-05 6.95E-04 2.90E-03 2962.332 2962.168
1.29E-04 7.14E-04 1.74E-03 3001.199 3001.007
2.30E-02 2.67E-02 1.79E-01 3075.292 3059.679
2.99E-02 3.49E-02 4.12E-02 3105.647 3089.814
5.20E-03 8.36E-03 1.56E-02 3116.142 3112.258

generation of the collocation basis are now different, so more functions leads to better

convergence of the collocation wavefunctions. The result that the calculation works

as well with the additional terms as it did without them, with little computational

increase, provides great support to the original objective of applying collocation to

non-SOP potentials.
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5.4 Application to CH2O and Future Work

As a proof of concept we aim to use the internal coordinate CH2O potential of Mar-

tin & Lee (1993) [70] with a readily available normal coordinate SOP expansion of

the same potential that has been used previously with success [62]. Since the col-

location program was developed in the normal coordinates of the SOP program, a

coordinate transformation to the internal coordinate of the original potential using

the GF matrix method described in section 2.1.4 was implemented. To obtain bench-

mark levels to which the collocation results can be compared, we will implement a

six-dimensional DVR routine in normal coordinates with the original potential using

the GF coordinate transformation and Lanczos iteration with sequential summation

to obtain the eigenvalues. DVR is used because a sufficiently converged calculation

should be approximately exact. The goal of the full procedure is to generate colloca-

tion basis vectors using the normal coordinate potential and SOP routine, use these

in the collocation calculation with the original potential, and compare these with the

DVR levels of the original potential, though convergence calculations are still being

performed.
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Chapter 6

Summary and Conclusions

6.1 Summary

Rovibrational calculations have been performed for all isotopologues of the methyl

cation CH+
3 . Vibrational levels up to the range 5000-6000 cm−1 have been assigned

and their permutation-inversion symmetry labelled, along with a few rotationally

excited states up to J=5. Levels for CH+
3 and CD+

3 are compared to accepted ab initio

levels from the literature to demonstrate validity of the calculation. As the subject

of current experimental investigation, rovibrational levels of CH2D+ and CD2H+ are

compared to observed values where available with good agreement. A perturbation in

the ν1 band of CD2H+ is discussed and the calculated results suggest an alternative

mechanism than is currently predicted.

Rovibrational calculations on CH+
3 isotopologues are performed using parity-adapted

bend-rotation functions and PODVR stretch functions and a polyspherical Hamilto-

nian in orthogonal coordinates. The resulting basis sizes are in the tens of millions

causing a matrix eigenvalue problem that not storable in memory, so to obtain energy

levels the Lanczos algorithm is used with efficient matrix-vector products completed
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with sequential summation in the exact KEO matrix and quadrature-evaluated po-

tential matrix.

The progress on an additional project aimed at improving eigenvalues of efficient

SOP routines is described. It is thought that small non-SOP PESs can be used with

collocation and SOP basis functions to fine-tune energy levels regardless of point

selection. Complications due to numerical problems are somewhat of an issue for

different point selections, but results for P2O generally look very promising. Calcu-

lations currently being performed on CH2O to test the method more rigorously.

6.2 Future Work

The goals for the first project going forward are to use the CH2D+ and CD2H+ results

to aid experimental groups currently working on rotational measurements. After this,

rotational investigation could be extended to the CH+
3 and CD+

3 ions.

Goals for the second project are to continue the investigation on converging CH2O,

and see if the results are consistent with P2O. Optimistically this should give a better

idea whether the proposal of Chapter 5 has merit.
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