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Abstract

In clinical trials, patients with different biomarker features may respond differently
to the new treatments or drugs. In personalized medicine, it is important to study the
interaction between treatment and biomarkers in order to clearly identify patients that
benefit from the treatment. With the local partial likelihood estimation (LPLE) method
proposed by Fan et al. (2006), the treatment effect can be modelled as a flexible func-
tion of the biomarker. In this paper, we propose a bootstrap test method for survival
outcome data based on the LPLE, for assessing whether the treatment effect is a con-
stant among all patients or varies as a function of the biomarker. The test method is
called local partial likelihood bootstrap (LPLB) and is developed by bootstraping the
martingale residuals. The test statistic measures the amount of changes in treatment
effects across the entire range of the biomarker and is derived based on asymptotic the-
ories for martingales. The LPLB method is nonparametric, and is shown in simulations
and data analysis examples to be flexible to identify treatment effects of any form in any
biomarker defined subsets, and more powerful to detect treatment-biomarker interaction
of complex forms than the Cox regression model with a simple interaction. We use data
from a breast cancer and a prostate cancer clinical trial to illustrate the proposed LPLB
test.

Keywords: bootstrap; clinical trials; treatment-covariate interaction; nonparametric es-
timation; survival analysis
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1 Introduction

With the recent advances in biotechnology, a targeted anticancer agent may be developed for

a given cancer, and it is likely to benefit only a subset of the patients with certain biologi-

cal characteristics. The statistical challenges of evaluating varying treatment effects among

heterogeneous patients in Phase III clinical trials have received much attention. Predictive

biomarkers, which are biological measurements, are often measured at baseline to identify and

define the target patient population (also known as the sensitive population) that benefit from

the treatment. Studying the interactions between the treatment and a putative biomarker is

often necessary for identifying the biomarker-defined sensitive population.

For survival outcome data, the Cox model [1] with a treatment-biomarker interaction term

gives the simplest way to study if treatment effects vary for patients with different biomarker

values. Another approach is to categorize the patients into subsets by a biomarker cut-point,

and model the different treatment effects on the different patient subsets [2; 3]. To capture

treatment-biomarker interaction of more flexible forms, Bonetti and Gelber [4]; Bonetti [5] and

Bonetti et al. [6] proposed the subpopulation treatment effect pattern plot (STEPP), to ex-

amine the treatment effects across overlapping patient subpopulation defined by a biomarker;

Royston and Altman [7] and Royston and Sauerbrei [8] provided the multivariable fractional

polynomial interaction algorithm. Fan et al. [9] proposed the local partial likelihood method,

utilizing the local linear techniques [10], which allows the regression coefficients of some co-

variates to vary as flexible functions of some other covariates. In the clinical trial application,

the local partial likelihood method allows the treatment effect to vary as a flexible function

of the biomarker, and helps visualize the varying treatment effects for patients with different

biomarker values.

In this paper, we propose a local partial likelihood bootstrap (LPLB) test for comparing

the varying covariate effect model and the constant covariate effect model. The LPLB test
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can be used for evaluating two types of null hypotheses that are important in the clinical trial

applications. The first type of null hypothesis is that the treatment effect remains a constant

for all patients, for assessing whether the treatment benefit varies among patient subsets of

different biomarker values. The second type of null hypothesis assumes zero treatment effect

across all patients, for assessing whether there are treatment effects of any types in biomarker-

defined subsets of patients at all. The LPLB test carries out the inference by bootstrapping

the martingale residuals. Loughin [11] proposed this model-based bootstrap for censored

survival data in regression context. We have evaluated the performance of LPLB test through

simulation study and real data examples and compared it to some existing methods in the

literature. In the simulation, the LPLB test is shown to be accurate in test sizes and very

powerful. When the treatment-biomarker interaction takes a more complex form, the LPLB

test provides a substantial improvement in power compared to likelihood ratio tests of linear

effects based on the Cox model. Other than considering the treatment and biomarker in the

clinical trial scenario, we demonstrate in an additional example that the LPLB test is also

useful for detecting the interactions between two continuous covariates.

In Section 2, we set up the framework for the study briefly review the local partial likelihood

estimation (LPLE) by Fan et al. [9]. In Section 3, we propose the test statistic and establish

the corresponding asymptotic results, and develop the LPLB test procedure. Simulation and

applications to real data are given and discussed in Section 4. We give some final discussion

in Section 5.

2 Notation and Models for Covariate Interaction

Let Ti and Ci be the potential failure time and the potential censoring time for patients

i = 1, . . . , n under study. Assume that Ti and Ci are independent given covariates Zi and Wi.

Let Xi = min(Ti, Ci ) denote the observed time for the ith individual. The observed data for

each individual consist of {Xi, δi, Zi, Wi }ni=1, where δi is the failure indicator which equals 1
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when Xi = Ti and 0 otherwise. To set up the problem in a more general framework, we let Zi

denote a p dimensional covariate, and Wi a scalar variable of interest that may interactively

impact the effects of Zi on the survival time. In the more specific clinical trial applications, Zi

is the treatment arm indicator taking the value of 0 or 1, and Wi is the predictive biomarker.

The simplest way to account for the covariate interaction is to assume the Cox regression

model with hazard function

λi(t) = λ0(t) exp{βTZi + γWi + µTWiZi}, (1)

where λ0(t) is the baseline hazard function, β and γ are the main effects of Z and W , and

µ reflects the interaction effect between Zi and Wi. In practice, the true interaction may

not take the linear functional form as in (1). The LPLE method of Fan et al. [9] models the

hazard function as

λi(t) = λ0(t) exp{β(Wi)
TZi + g(Wi)}. (2)

Without specifying their functional forms, the effect of the covariate Z, denoted by β(W ),

and the effect of W , denoted by g(W ), are allowed to vary with respect to W . In the clinical

trial application, Model (2) allows the treatment effect to vary as a function of the biomarker

W , and hence is able to describe the treatment-biomarker interaction in a flexible form.

The LPLE provides a nonparametric estimator for the unknown coefficient function β(W )

in model (2). The partial likelihood for model (2) is

L(β(·), g(·)) =
n∏
i=1

{
exp{β(Wi)

TZi + g(Wi)}∑n
j=1 Yj(Xi) exp{β(Wj)TZj + g(Wj)}

}δi
,

where Yj(t) = I(Xj ≥ t) is an indicator showing if subject j is at risk right at time t. Assume

that every component of β(·) and g(·) is smooth enough, it follows from the first order Taylor

expansions that, at w within a small local neighborhood around w0,

β(w) ≈ β(w0) + β′(w0)(w − w0) ≡ ζ + η(w − w0),

g(w) ≈ g(w0) + g′(w0)(w − w0) ≡ α + γ(w − w0). (3)
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Using a kernel weight Kh(·) with bandwidth h, the logarithm of the local partial likelihood

for (ζ,η, γ) within the local neighborhood of w0 is

`w0(ζ,η, γ) =
1

n

n∑
i=1

Kh(Wi − w0)δi

{
ζTZi + ηTZi(Wi − w0) + γ(Wi − w0)

− log
( n∑
j=1

Yj(Xi)Kh(Wj − w0) exp{ζTZj + ηTZj(Wj − w0) + γ(Wj − w0)}
)}

,

where the bandwidth h specifies the data to be included with covariate values Wi around w0.

Let (ζ̂
T

(w0), η̂
T (w0), γ̂(w0))

T = arg max `w0(ζ,η, γ). The LPLE of β(W ) and g′(W ) at the

point w0 are given by β̂(w0) = ζ̂(w0) and ĝ′(w0) = γ̂(w0), respectively. The function g(W )

can be estimated by integrating on ĝ′(w0) across the range of W .

Let Ni(t) = I(Ti ≤ t, δi = 1) be a counting process tracking the number of failures observed

at and before time t. Let H = diag(1, . . . , 1︸ ︷︷ ︸
p

, h, . . . , h︸ ︷︷ ︸
(p+1)

) be a (2p+ 1)× (2p+ 1) diagonal matrix

such that the first p diagonal entries are 1 and the remaining p + 1 diagonal entries are h.

We introduce the reparameterization φ(w0) = H
(
ζ(w0)

T ,η(w0)
T , γ(w0)

)T
and the simplified

notation T i(w0) = H−1
(
ZT
i ,Z

T
i (Wi − w0), (Wi − w0)

)T
, then further denote φ = φ(w0) and

T i = T i(w0). The local partial likelihood `w0(ζ,η, γ) can be written in counting process

notation as

˜̀
w0(φ, τ) =

1

n

n∑
i=1

∫ τ

0

Kh(Wi − w0)
[
φTT i − logS(0)

w0
(φ, u)

]
dNi(u), (4)

where ideally τ = ∞ while in practice τ is usually a finite time point before which data is

collected. For further simplicity of notation, we define

S(k)
w0

(φ, u) =
n∑
i=1

Kh(Wi − w0)Yi(u) exp
{
φTT i

}
(T i)

⊗k, for k = 0, 1, and 2,

and a⊗k = 1, a and aaT , for a column vector a for k = 0, 1 and 2 respectively.

Let φ̂ be the estimates of φ maximizing (4), and φ0 be the true value of φ at point w0.

Fan et al. [9] showed that under some conditions, the LPLE φ̂ is a consistent estimate of φ0
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and has an asymptotically normal distribution. For a given h > 0, the variance matrix of

√
n(φ̂− φ0) can be estimated by

Γ̂ = V̂ar
(√

n(φ̂− φ0)
)

= Ĩ
−1
w0

(φ̂, τ)Π̃w0(φ̂, τ)Ĩ
−1
w0

(φ̂, τ), (5)

where

Ĩw0(φ, τ) =
1

n

n∑
i=1

∫ τ

0

Kh(Wi − w0)
S
(2)
w0 (φ, u)S

(0)
w0 (φ, u)− {S(1)

w0 (φ, u)}⊗2

{S(0)
w0 (φ, u)}2

dNi(u), (6)

Π̃w0(φ, τ) =
1

n

n∑
i=1

∫ τ

0

[
Kh(Wi − w0)

]2{
T i −

S
(1)
w0 (φ, u)

S
(0)
w0 (φ, u)

}⊗2
dNi(u). (7)

3 Local Partial Likelihood Bootstrap Test

To assess if the varying covariate effect model is suitable for the data, it is crucial to develop

a test procedure for comparing model (2) to the model assuming constant effect for Z. In

Section 3.1, we propose the test statistic with development for its asymptotic properties.

In Section 3.2, we propose the local partial likelihood bootstrap (LPLB) test procedure for

survival outcome data for detecting varying covariate effect. In clinical trials, the test provides

an important statistical inference procedure to formally examine if patients with different

biomarker values benefit differently from the treatment. In Section 3.3, we describe another

special application of the LPLB test in clinical trial study, which formally examines if any

patients benefit from the treatment in any forms.

3.1 Hypotheses and Test Statistic

When testing for varying covariate effect, we consider the following hypotheses

H
(1)
0 : β(W ) = β versus H

(1)
1 : β(W ) 6= β, (8)

which correspond to the constant covariate effect model

λ(t) = λ0(t) exp
{
βTZ + γW

}
, (9)
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and the varying covariate effect model

λ(t) = λ0(t) exp
{
β(W )TZ + γW

}
, (10)

respectively. Model (9) is the regular Cox regression model with parameters θ = (βT , γ)T .

Model (10) is equivalent to the model (2) by taking g(W ) = γ(W )W according to the local

linear approximation of the form (3). For the development of the test procedure, we henceforth

assume g(W ) = γW , or equivalently, γ(W ) = γ, so that the model (10) reduces exactly to the

model (8) under the null hypothesis. We allow g(W ) takes a flexible form under the alternative

hypothesis since mis-specification of the main effect may introduce spurious interaction. When

applying to the clinical trial study, the comparison between the models (9) and (10) focuses

on whether the effect of the treatment Z stays a constant or is changing over the range of

the biomarker W , while the biomarker main effect is of secondary interest and assumed to be

linear with a fixed coefficient γ as in typical regression analysis.

Let β̂ be the maximum partial likelihood estimate (MPLE) of β for model (9), and β̂(w0)

be the LPLE of β(W ) at point w0 for model (10). We define the test statistic as

Q1 = max
1≤j≤n

∣∣∣(β̂(Wj)− β̂
)T{

V̂ar(β̂(Wj)− β̂)
}−1(

β̂(Wj)− β̂
)∣∣∣, (11)

where V̂ar(·) is the estimated variance matrix under the null hypothesis H
(1)
0 . To construct

the variance estimator in (11) under H
(1)
0 , we develop in the following theorem the asymptotic

normality for the MPLE and LPLE estimators along with their consistent variance estimators

under the null hypothesis.

Theorem 1 Let θ0 = (βT0 , γ0)
T be the true value of the parameters in model (9), θ̂ = (β̂, γ̂)

be the MPLE of θ. Assume that conditions 1–5 in the Appendix hold. For the LPLE φ̂ at

W = w0 and φ0 as defined in Section 2, under the null hypothesis H
(1)
0 ,

√
n

[
θ̂ − θ0
φ̂− φ0

]
→ N

(
0,

[
∆ Ω
ΩT Γ

])
in distribution, (12)
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where the asymptotic variance matrix is formed by block matrices ∆, Γ, Ω corresponding to

the asymptotic variances of
√
n(θ̂−θ0),

√
n(φ̂−φ0) and their asymptotic covariance, specified

in the Appendix.

Furthermore, the asymptotic variance matrix in (12) has a consistent estimator

[
∆̂ Ω̂

Ω̂
T

Γ̂

]
,

specified in the following text.

In Theorem 1, Γ̂ is the estimator for the variance of
√
n(φ̂ − φ0) for the LPLE, and

is given by (5) as derived for the LPLE based on model (10). Let G = (ZT , W )T and

S(k)(θ, u) =
∑n

i=1 Yi(u) exp
{
θTGi

}
(Gi)

⊗k, for k = 0, 1, and 2. For the regular Cox model

(9), the information matrix is

Î(θ, τ) =
1

n

n∑
i=1

∫ τ

0

{
S(2)(θ, u)S(0)(θ, u)− {S(1)(θ, u)}⊗2

{S(0)(θ, u)}2

}
dNi(u), (13)

and the variance of
√
n(θ̂ − θ0) for the MPLE can be estimated by

∆̂ = V̂ar
(√

n(θ̂ − θ0)
)

= Î
−1

(θ̂, τ).

Further define

Ĉw0(θ,φ, τ) =
1

n

n∑
i=1

∫ τ

0

Kh(Wi − w0)

{
Gi −

S(1)(θ, u)

S(0)(θ, u)

}{
T i −

S
(1)
w0 (φ, u)

S
(0)
w0 (φ, u)

}T
dNi(u),

(14)

the covariance between the LPLE and the MPLE is estimated by

Ω̂ = ˆCov
(√

n(θ̂ − θ0),
√
n(φ̂− φ0)

)
= Î

−1
(θ̂, τ)Ĉw0(θ̂, φ̂, τ)Ĩ

−1
w0

(φ̂, τ).

When testing the hypotheses (8), only the parameters β(w0) and β are of interest, which

are the first p elements in the vectors φ and θ respectively. At given W = w0, it follows from

Theorem 1 that under H
(1)
0 : β(w0) = β and a given h > 0,

√
n(β̂(w0)− β̂)→ N(0,∆11 + Γ11 − 2Ω11) in distribution,
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where ∆11, Γ11 and Ω11 are the upper left p × p submatrices of ∆, Γ and Ω respectively in

Theorem 1. Based on this result, we then construct a natural variance estimator for β̂(Wj)−β̂

under the null hypothesis H
(1)
0 by

V̂ar
(√

n(β̂(w0)− β̂)
)

= ∆̂11 + Γ̂11 − 2Ω̂11, (15)

where ∆̂11, Γ̂11 and Ω̂11 are the upper left p× p submatrices of ∆̂, Γ̂ and Ω̂ written in the

block forms of ∆̂ =

[
∆̂11 ∆̂12

∆̂21 ∆̂22

]
, Γ̂ =

[
Γ̂11 Γ̂12

Γ̂21 Γ̂22

]
and Ω̂ =

[
Ω̂11 Ω̂12

Ω̂21 Ω̂22

]
.

In clinical trial applications, the treatment Z is usually a single categorical variable, and

the variance estimator of β̂(w0) − β̂ given by (15) is just a scalar. The estimator (15) only

provides point-wise variance estimation for β̂(w0)−β̂ at the fixed value w0 of the covariate (or

biomarker) W . The test statistic (11), however, is defined as the maximum of the standardized

distance between β̂(w0) and β̂ across the entire range of W . The distribution of the test

statistic can be approximated by the bootstrap method proposed in the following section.

3.2 Bootstrap Testing Procedures

For testing the hypothesis (8), we construct the following bootstrap procedure in light of the

residual-based bootstrap for survival data proposed by Loughin [11].

1. Bootstrap the residual-indicator pairs. Let ε̂i be the estimated martingale residual of the

model (10) of the form

ε̂i = δi − Λ̂0(Xi) exp{β̂(Wi)
TZi + γ̂(Wi)Wi}

= δi − Λ̂0(Xi) exp{φ̂(Wi)
TT i(Wi) + γ̂(Wi)Wi}. (16)

Bootstrap the residual-indicator pairs {ε̂i, δi}ni=1, and denote the resampled pairs by

{ε∗i , δ∗i }ni=1.

2. Generate the data under H
(1)
0 . With the resampled residual-indicator pairs, we retrieve

the order of the resampled failure time {X∗i }ni=1 by sorting the estimated baseline hazard

Λ̂0(X
∗
i ) = (δ∗i − ε∗i )/ exp{β̂

T
Zi + γ̂Wi}, where β̂ and γ̂ are obtained from model (9).
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3. Calculate the bootstrap test statistic Q∗1. Q
∗
1 is calculated by Q∗1 = max1≤j≤n

∣∣∣(β̂∗(Wj)−

β̂
∗)T [

V̂ar(β̂
∗
(Wj)− β̂

∗
)
]−1(

β̂
∗
(Wj)− β̂

∗)∣∣∣, where β̂
∗
(Wj) and β̂

∗
are estimated based

on the bootstrap sample {X∗i , δ∗i ,Zi,Wi}ni=1.

4. Testing the hypothesis based on Q1 and its boostrap replications. Repeating the above

bootstrap procedureB times givesB replicates of the bootstrap test statistic, Q1∗
1 , · · · QB∗

1 .

The p-value of the test is given by 1
B

∑B
b=1 I{Qb∗

1 ≥ Q1}.

We bootstrap the residual and the failure indicator pairs in Step 1 because the regression

model (10) naturally gives rise to a censored residual (16) for each censored individual [11].

The estimations of β0 and β(W ) in the models (9) and (10) only depend on the ranks of

the observed survival times {Xi}ni=1. In Step 2, it suffices to rebuild the order of {X∗i }ni=1

according to the baseline hazard Λ0(t) that is a monotone increasing function of the failure

time.

3.3 Testing Treatment Effect of Any Form

In the analysis of clinical trials, we are often interested in assessing whether the treatment

affects the survival outcomes in any form at all; when a biomarker variable is present, we

should ideally search for treatment effects in any biomarker-defined subgroups of patients.

This leads us to compare the following model

λ(t) = λ0(t) exp(γW ) (17)

versus model (10) by testing the hypotheses of

H
(2)
0 : β(W ) = 0 versus H

(2)
1 : β(W ) 6= 0.

This approach searches for varying treatment effect β(W ) without functional assumptions,

and is not restricted to detect effects of pre-specified forms as in regular Cox regression.
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The test for H
(2)
0 is a variant of the test for H

(1)
0 described above. The test statistic

becomes

Q2 = max
1≤j≤n

∣∣∣β̂(Wj)
T
{
V̂ar

(
β̂(Wj)

)}−1
β̂(Wj)

∣∣∣,
where β̂(w0) is the LPLE of β(W ) at point w0 for model (10). The estimated variance is

V̂ar
(
β̂(Wj)

)
= Γ̂11 under H

(2)
0 , where Γ̂11 is a submatrix of Γ̂ given in (5), and the variance

component in (15) corresponding to the LPLE. The bootstrap procedure is almost the same

as in Section 3.2, except that Λ̂0(X
∗
i ) = (δ∗i − ε∗i )/ exp{γ̂Wi}, i = 1, . . . , n, are sorted to

reconstruct the order of {X∗i }ni=1, where γ̂ is the MPLE of γ for model (17).

4 Simulation Study and Data Analysis

In this Section, we first study the LPLB method in simulated clinical trial scenarios with a

binary treatment covariate Z, and then give some general examples where Z is continuous. The

LPLB test is also applied to prostate cancer and breast cancer data sets separately to illustrate

its use in practice. We adopt the Epanechnikov kernel, K(u) = 0.75(1− u2)I{|u| ≤ 1}, in all

numerical studies. All the simulations are conducted in the R environment.

4.1 Simulation of Clinical Trial Scenario

We first consider the following two families of models,

Model A : λ(t) = 4t3 exp{cW (a−1)(1−W )(b−1)Z + dW},

and

ModelB : λ(t) = 4t3 exp{(cW (b− 3W ) + a)Z + dW},

as examples from the varying covariate effect model (10). In these simulation models, W is

a continuous biomarker variable this is uniformly distributed on [0, 1]. The covariate Z is a

Bernoulli variable taking 0 or 1 values with probability 0.5 as the treatment arm indicator

in the clinical trial. In each simulation setting, the true effect β(W ) of the treatment Z is
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specified as a function of W in Model A or B with different parameter values a, b and c, and

the biomarker W has a fixed linear effect specified by the parameter d. The censoring variable

C is distributed uniformly on [0, u], and u is set so that about 30% − 40% of the data are

censored for each simulation setting. We conduct 500 simulation replications with bootstrap

resampling B = 200 times for each parameter setting. The size of the simulated data set is

n = 300. The LPLB test for H
(1)
0 is compared to the likelihood ratio test for the hypothesis

µ = 0 in model (1) in terms of test power and size. Similarly, the LPLB test for H
(2)
0 is also

compared to the likelihood ratio test for the hypothesis β = µ = 0 in model (1). We will

henceforth refer to these likelihood ratio tests based on the Cox model (1) as LRTC.

4.1.1 Testing for H
(1)
0

In Table 2, we report the power of the LPLB method for testing H
(1)
0 for data simulated from

Models A and B with various parameter settings. The average censoring rate r across the

500 simulation replications is also reported in the tables. In parameter settings 1 − 11 in

Table 2, we observe that the LPLB test has higher power than the LRTC when the treatment

effect β(W ) takes a complex form; in fact, the power of the LPLB is more than twice as

large as that of the LRTC in settings 7 − 11. Meanwhile, we observe that the power of the

LPLB test tends to increase as the values of β(W ) vary in a wider range. For example, in

the settings 1 and 2 in Table 2 where β(W )s have the same shape (with a = 2 and b = 3)

but different c specifying the scale of value range, the power of the LPLB test increases with

c. In addition, comparing the settings 4-7 to 8-11 one by one, we find that the power of the

LPLB test increases with the kernel bandwidth h of the LPLE. The curve β(W ) changes

in a relatively slow and smooth way in all examples we consider in the simulations. In this

situation, increasing h within a certain range should improve the accuracy of the LPLE since

more points are included in the local estimation, and this in turn increases the power of the

LPLB test. We should note that when the curve β(W ) changes more abruptly, for example,
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with a sharp and narrow peak, the kernel bandwidth h may affect the power of the LPLB

test differently. In parameter settings 12 − 20 in Table 2, we take a = 2 and b = 1 in Model

A, and the simulation model becomes the Cox model with multiplicative interactions in (1).

In this situation, the power of the LPLB test is slightly lower than the power of the LRTC.

This is not surprising because the data are generated exactly from model (1) for which the

LRTC is developed specifically. It is worth noting, however, that the power of the LPLB test

improves as h increases, and eventually becomes comparable to the power of the LRTC (see

the settings 18, 19, and 20 where h = 0.5).

Insert Table 1 about here

The empirical sizes of the LPLB test and the LRTC for H
(1)
0 are compared in Table 1. Data

under H
(1)
0 are generated from Model A with a = b = 1. The empirical sizes are estimated

by the proportion of times out of the R = 500 simulations in which the p-values are less than

or equal to the nominal size α. It is obvious that the LPLB test closely tracks the nominal

level α, and its performance is comparable to the LRTC. Furthermore, we observe that the

estimated size of the LPLB test is not sensitive to the choice of h for each given parameter

setting of a, b, c, d, and u. Comparing the pairs of settings 2 and 3, 13 and 14, 16 and 17,

19 and 20 in Table 2, 1 and 2, 4 and 5, and 7 and 8 in Table 1, we notice that given the

same β(W ), the results of the LPLB test is not affected by the coefficient of W in model (10),

which is specified by d in Models A and B.

Insert Table 2 about here

4.1.2 Testing for H
(2)
0

The power of the LPLB method for testing H
(2)
0 is reported in Table 4 for data generated under

Models A and B in various settings. The empirical sizes for testing H
(2)
0 are shown in Table

3; data under H
(2)
0 are generated from Model A with c = 0. Similar to its performance for

testing H
(1)
0 , we now see that the power of the LPLB test is always comparable and sometimes

13



much higher than the LRTC. Meanwhile, the empirical sizes of the LPLB test and LRTC are

both very close to the nominal size α of the tests.

Insert Table 3 about here

Insert Table 4 about here

4.2 A More General Scenario

Apart from the clinical trial scenario with treatment covariate Z, we now consider data gener-

ated from Model B with continuous covariate Z following a normal distribution with mean 0

and standard deviation 0.5. The biomarker W and the censoring time distributions are spec-

ified as in Section (4.1). To examine the empirical size of the LPLB test for H
(1)
0 , we use the

model λ(t) = 4t3 exp{0.1W + 0.2Z}, where the settings of W ,Z are the same as in the above

power investigation. For nominal sizes of test 0.01, 0.05, and 0.1, the empirical sizes of LPLB

test are 0.008, 0.042, and 0.09, and the empirical sizes of LRTC are 0.012, 0.064, and 0.108,

respectively. Under simulation Model B with Z ∼ normal(0, 0.52), a = −0.5, b = 3.0, c = 2.0,

and d = 0.1 and nominal test size α = 0.05, the empirical power of the LPLB test (with

bandwidth h = 0.4) and LRTC test are 62.8% and 7.4% to reject H
(1)
0 , and 94.8% and 82.6%

to reject H
(2)
0 , respectively. These examples indicate that the LPLB test is applicable in

more general situations with continuous covariate Z, and can be more powerful in detecting

interaction than the likelihood ratio test using multiplicative interaction Cox model (1).

4.3 Application to Clinical Trial Data

To illustrate the use of the LPLB test in diverse situations, we apply the LPLB method to

two datasets arising from cancer clinical trials with known biomarkers.

We first consider the prostate cancer data from the second Veterans Adminstration Co-

operative Urologic Research Group clinical trial [12],which randomly allocated 506 prostate

cancer patients to one of four arms: placebo, 0.2 mg of diethylstilbestrol (DES), 1.0 mg DES,

14



or 5.0 mg DES. Similar to Byar and Corle [12], we take the placebo arm as the control and

combine the three DES arms as the treatment arm, and consider the overall survival (death

from any causes) as the response variable in our analysis. As in Chen et al. [13], we study the

biomarker, the serum prostatic acid phosphatase (AP), which is measured in King-Armstrong

units ranging from 1 to 5960, with a median of 7. When applying the LPLE, we map the

AP values to the interval on [0, 1] using the inverse cumulative distribution function (ICDF)

transformation.

The estimated treatment effect, β̂(AP ), by LPLE is plotted in Figure 1, in which the

original AP values are displayed in log scale. It can be seen that there are no significant

treatment effects among patients with small AP values, and then for patients with AP values

exceeding 40 (or approximately around its 75 to 80 percentiles), the treatment effect curve

starts to decline downwards. The LPLB test with 500 bootstrap runs and bandwidth h = 0.2

for testing H
(1)
0 , or no treatment-biomarker interaction, gives p-value 0.006, indicating that

the treatment effect does vary according to the AP biomarker. For comparison, the LRTC for

H
(1)
0 is also applied and gives p-value 0.030. When testing H

(2)
0 , or no treatment effects of any

form, the LPLB and the LRTC give p-values 0.004 and 0.020 respectively, both indicating the

treatment does affects the survival time on some patients. We also fit the following cut-point

model

λ(t) = λ0(t) exp(β1Z + β2I{W > c}+ β3ZI{W > c}) (18)

in Jiang et al. [2], where Z is the treatment indicator and W is the AP biomarker dichotomized

by cut-point c = 46 (or 80th percentile, as in Chen et al. [13]). In Model (18), β1 describes

the treatment effect for patients with biomarker below c, and β1 + β3 describes the treatment

effect for patients with biomarker greater than c. Based on this model, the likelihood ratio test

for H
(1)
0 , or testing β3 = 0, gives p-value 0.043; for H

(2)
0 , or testing β1 = β3 = 0, gives p-value

0.061. The LPLB method clearly detects departures from H
(1)
0 and H

(2)
0 for this dataset.

Insert Figure1 about here
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We then apply the LPLB approach to the breast cancer data arising from the Mammary .5

clinical trial from the NCIC Clinical Trials Group [14]. In the trial, relapse-free survival time

is studied for 639 premenopausal women with node-positive breast cancer, who are randomly

allocated to two treatment arms: cyclophosphamide, epirubicin, and fluorouracil (CEF) or

cyclophosphamide, methotrexate, and fluorouracil (CMF); the well-known biomarker, the

expression of HER2 protein, is also collected and its level ranges from 0.38 to 22.85, with

median 1.135. ICDF transformation is applied on HER2 when applying LPLE, and the

estimated treatment effect as a function of HER2 is given in Figure 2 with kernel bandwidth

h = 0.45. When testing for H
(1)
0 , the LPLB gives p-value 0.066 with 500 bootstrap runs;

the LRTC method using the original HER2 values gives p-value 0.127. With the established

cut-point HER2 = 2 (corresponding to 24th percentile) as in previous studies [14], a likelihood

ratio test for H
(1)
0 based on model (18) gives the p-value 0.059. Figure 2 suggests that Model

(18) fits the breast cancer data very well for modeling one constant treatment effect for the

HER2 ≤ 2 group and another constant effect for the HER2 > 2 group. The LPLB method

gives similar results in this situation.

From the applications to the two dataset with different features, we see that LPLB is

flexible enough to study treatment-biomarker interactions of various forms.

Insert Figure1 about here

5 Discussion

In this paper, we developed a bootstrap method, the local partial likelihood bootstrap (LPLB)

test, for detecting treatment-biomarker interaction of flexible form. The proposed bootstrap

method might be used to explore and discover potential biomarker in analysis of clinical trials

data and to guide the design of eligibility criteria for a future study [15]. guide the design

of the eligibility criteria for a It is based on a nonparametric inference method, the local

partial likelihood estimation (LPLE) introduced by Fan et al. [9]. The LPLB test is carried
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out by bootstrapping the martingale residuals. Permutation is another popular resampling

technique in hypothesis testing, but it induces some restrictions on the models under the

null hypotheses. For example, permutation of the treatment labels, Zi, implicitly assumes no

treatment effect. The LPLB test is not restricted in this way. The proposed LPLB test is

general enough for studying the interactions between a biomarker and a continuous covariate

or a covariate vector; in fact, its framework, test statistic and the corresponding asymptotic

derivations are all set up for the multidimensional covariate Z situation.

Bonetti [5] and Bonetti et al. [6] proposed the subpopulation treatment effect pattern

plot (STEPP) and test for studying the treatment-biomarker interaction, which divides the

patients into overlapping subgroups according to their biomarker values. Since it measures

the treatment effects by the differences between the survival probabilities of the two treatment

arms within subgroups at given time points, it is not directly comparable to the LPLB method.

The LPLB method tackles the varying effect β(W ) directly, which has clear interpretations in

the regression model context and is estimated across all study time. The performance of the

STEPP method tends to be sensitive to the subgroup specification and the selection of time

point for evaluation as discussed by Bonetti [5] and Bonetti et al. [6]. The results of LPLB

can also fluctuate to some extent for different choices of bandwidth h. In the simulation and

data analysis, we simply present the results of the LPLB tests with different bandwidths h

considered. In practice, the LPLE and LPLB are especially meaningful for initial exploration

and visualization, we suggest applying these methods with a number of different bandwidths to

study the data specific pattern for the treatment-biomarker interaction. In the future, we are

going to investigate on the methods for choosing the optimal bandwidth; we will start with

setting up criteria for the bandwidth selection and applying the cross-validation approach

as suggested in Fan and Gijbels [10]. We will further investigate the how the choosing of

bandwidth affects on the function stability of the LPLB test.
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Appendix

Let Ft = σ{(Xi ≤ u, Zi,Wi, Yi(u)) : i = 1, . . . , n, 0 ≤ u ≤ t} be an increasing right-continuous

filtration, that forms a history H t = {Fs : 0 ≤ s < t}. Assume Wi and Zi are Ft measurable,

and Ni(t) is H t-adapted. The following conditions are needed to establish Theorem 1.

Conditions.

1. Conditions A to D in Andersen and Gill [16].

2. Conditions A.1 to A.4, and A.6 in Fan et al. [9].

3. n→∞ and there exists an h0 > 0 such that h > h0.

4. There exists δ > 0, such that n−1/2 supt,i |Zi|Yi(t)I{βT0 (w0) > −δ|Zi|} → 0 in probability.

5. Condition A.8 of Fan et al. [9]. Moreover, the matrix V(τ, w0) =

[
Σ C(τ, w0)

CT (τ, w0) Π∗(τ, w0)

]
is positive definite, where the matrix Σ is defined in Condition D of Andersen and Gill [16],

Π∗(τ, w0) = h−1Π(τ, w0) with the matrix Π(τ, w0) given by Equation (A.10) in Fan et al. [9],

and

C(τ, w0) = f(w0)

∫ τ

0

E

[{(
G− s(1)(θ0, u)

s(0)(θ0, u)

)(
Z− a1(u)

a0(u)

)T
,0

}
ρ(u,Z, w0)

∣∣∣∣W = w0

]
λ0(u)du,

in which 0 is a (p+ 1)× (p+ 1) matrix of zeros, s(j), j = 0, 1, 2, is defined in Condition B of

Andersen and Gill [16], ak(u) = f(w0)E{ρ(y,Z, w0)Z
⊗k|W = w0} for k = 0, 1, 2 as defined in

Fan et al. [9], and ρ(y,Z, w0) = P (X ≥ u|Z = z,W = w0) exp{θT0G} under H
(1)
0 .

Proof of asymptotic results.

Lemma 1 Under H
(1)
0 , the score function of the local partial likelihood (4) is a martingale,

and has the form

UH
(1)
0

w0
(φ, τ) =

1

n

n∑
i=1

∫ τ

0

Kh(Wi − w0)

{
T i −

S
(1)
w0 (φ, u)

S
(0)
w0 (φ, u)

}
dMi(u),

with the martingales

Mi(t) = Ni(t)−
∫ t

0

Yi(u)λ0(u) exp
{
θTGi

}
du, (19)
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for i = 1, . . . , n.

Proof: The score function of the local partial likelihood (4) is

Uw0(φ, τ) =
1

n

n∑
i=1

∫ τ

0

Kh(Wi − w0)

{
T i −

S
(1)
w0 (φ, u)

S
(0)
w0 (φ, u)

}
dNi(u). (20)

Under H
(1)
0 , the score function can be written as

UH
(1)
0

w0
(φ, τ) =

1

n

n∑
i=1

∫ τ

0

Kh(Wi − w0)

{
T i −

S
(1)
w0 (φ, u)

S
(0)
w0 (φ, u)

}
dMi(u)

+
1

n

n∑
i=1

∫ τ

0

Kh(Wi − w0)

{
T i −

S
(1)
w0 (φ, u)

S
(0)
w0 (φ, u)

}
Yi(u)eθ

TGiλ0(u)du, (21)

where θ = (βT , γ)T are the parameters in model (9) and each Mi(t) is a martingale. Un-

der H
(1)
0 , φ(·) always takes the form H(βT ,0, γ)T for any value of W , it can be seen that

θTGi = φT i(w0) + γw0 in (21); consequently, the second term in (21) is 0 and the score

function is a martingale.

Proof of Theorem 1: Let Ŭw0(θ0,φ0, t) =
(
UT (θ0, t), [U

H
(1)
0

w0
(φ0, t)]

T
)T

be the score func-

tions for the Cox model and the LPL method under H
(1)
0 . We first show that

√
nŬw0(θ0,φ0, τ)→ N (0,V(τ, w0)) in distribution, (22)

where V(τ, w0) is described in Condition 5. By Lemma 1 and results for the Cox model, the

score functions

Ŭw0(θ0,φ0, τ) =


1
n

∑n
i=1

∫ τ
0

{
Gi − S(1)(θ0,u)

S(0)(θ0,u)

}
dMi(u)

1
n

∑n
i=1

∫ τ
0
Kh(Wi − w0)

{
T i −

S
(1)
w0

(φ0,u)

S
(0)
w0

(φ0,u)

}
dMi(u)


are martingales where Mi(u) is defined in (19) with θ = θ0. Denote the predictable variation
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process of
√
nŬw0(θ0,φ0, t) by

[
V 11(t) V 12(t, w0)

V T
12(t, w0) V 22(t, w0)

]
, then

V 11(t) =
1

n

n∑
i=1

∫ t

0

{
Gi −

S(1)(θ0, u)

S(0)(θ0, u)

}⊗2
Yi(u)eθ

T
0Giλ0(u)du,

V 22(t, w0) =
1

n

n∑
i=1

∫ t

0

K2
h(Wi − w0)

{
T i −

S
(1)
w0 (φ0, u)

S
(0)
w0 (φ0, u)

}⊗2
Yi(u)eθ

T
0Giλ0(u)du,

V 12(t, w0) =
1

n

n∑
i=1

∫ t

0

Kh(Wi − w0)

{
Gi −

S(1)(θ0, u)

S(0)(θ0, u)

}{
T i −

S
(1)
w0 (φ0, u)

S
(0)
w0 (φ0, u)

}T
Yi(u)eθ

T
0Giλ0(u)du.

According to Andersen and Gill [16] and Fan et al. [9], V 11(τ) → Σ and V 22(τ, w0) →

Π∗(τ, w0) in probability. Similar to the derivation of (A.10) in Fan et al. [9], we can show that

V 12(τ, w0) → C(τ, w0). With Condition 5, we now see the predictable variation process of

√
nŬw0(θ0,φ0, τ) converges to the positive definite matrix V(τ, w0). Under Condition C of An-

dersen and Gill [16] and Condition 4, the Lindeberg condition for the process
√
nŬw0(θ0,φ0, t)

holds. The result (22) then follows from the martingale central limit theorem (Theorem I.2,

Andersen and Gill [16]).

Next, we want to show the asymptotic result (12) in Theorem 1. By Taylor’s expansion,

√
n

[
θ̂ − θ0
φ̂− φ0

]
=

[
Î(θ∗, τ) 0

0 Ĩw0(φ
∗, τ)

]−1√
nŬw0(θ0,φ0, τ),

where θ∗ is between θ̂ and θ0, φ
∗ is between φ̂ and φ0, and Î and Ĩw0 are the information

matrices for the Cox model and the LPL method given by (13) and (6). It has been shown

that Î(θ∗, τ) → Σ [16] and Ĩw0(φ
∗, τ) → A(τ, w0) in probability for A(τ, w0) specified in

(A.13) and (A.16) in Fan et al. [9]. Applying Slutsky’s theorem and the result (22), we

obtain the asymptotic result (12), in which ∆ = Σ−1, Ω = Σ−1C(τ, w0)A
−1(τ, w0) and

Γ = A−1(τ, w0)Π
∗(τ, w0)A

−1(τ, w0).

Finally, we derive a consistent variance estimator for the asymptotic variance matrix of

√
n((θ̂−θ0)T , (φ̂−φ0)

T )T . Andersen and Gill [16] has shown that Î(θ̂, τ)→ Σ in probability.

Fan et al. [9] has shown through Lemma A.1, Theorem 2 and Theorem 5 that Ĩw0(φ̂, τ) →

A(τ, w0) and Π̃w0(φ̂, τ)→ Π∗(τ, w0) in probability, for Π̃w0 defined in (7). In the same way, we
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can show that Ĉw0(θ̂, φ̂, τ)→ C(τ, w0) in probability, for Ĉw0 defined in (14). Consequently,

the consistent estimator for the variance of
√
n((θ̂ − θ0)T , (φ̂− φ0)

T )T is given by[
∆̂ Ω̂

Ω̂
T

Γ̂

]
=

[
Î
−1

(θ̂, τ) Î
−1

(θ̂, τ)Ĉw0(θ̂, φ̂, τ)Ĩ
−1
w0

(φ̂, τ)

Ĩ
−1
w0

(φ̂, τ)Ĉ
T

w0
(θ̂, φ̂, τ)Î

−1
(θ̂, τ) Ĩ

−1
w0

(φ̂, τ)Π̃w0(φ̂, τ)Ĩ
−1
w0

(φ̂, τ)

]
.
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Table 1: Empirical size of the test for H
(1)
0 under Model A with a = 1 and b = 1

Test Size
Index c d r h LPLB LRTC

Nominal size of test 0.01 0.05 0.1 0.01 0.05 0.10
1 1.0 0.1 0.33 0.15 0.010 0.055 0.089 0.010 0.052 0.110
2 1.0 0.6 0.36 0.15 0.013 0.054 0.101 0.013 0.056 0.119
3 2.0 0.1 0.34 0.15 0.031 0.076 0.131 0.010 0.054 0.115
4 1.0 0.1 0.33 0.30 0.006 0.032 0.092 0.012 0.044 0.100
5 1.0 0.6 0.36 0.30 0.018 0.058 0.101 0.008 0.056 0.102
6 2.0 0.1 0.34 0.30 0.014 0.054 0.124 0.012 0.052 0.122
7 1.0 0.1 0.33 0.50 0.014 0.050 0.100 0.014 0.046 0.098
8 1.0 0.6 0.36 0.50 0.018 0.060 0.120 0.014 0.068 0.112
9 2.0 0.1 0.34 0.50 0.012 0.053 0.124 0.014 0.042 0.094

Sample size n = 300; simulation replications R = 1000; bootstrap replications B = 200.
c, d: parameters in simulation Model A.
r: average censoring rate; h: bandwidth.

Tabes
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Table 2: Empirical power of the test for H
(1)
0

Power
Index Model a b c d r h LPLB LRTC

Varying β(W )

1 A 2.0 3.0 15.0 0.1 0.36 0.15 0.90 0.63
2 A 2.0 3.0 12.0 0.1 0.35 0.15 0.78 0.51
3 A 2.0 3.0 12.0 0.6 0.34 0.15 0.79 0.55
4 B −0.75 3.5 2.0 0.1 0.35 0.15 0.54 0.47
5 B −1.5 3.5 2.0 0.1 0.35 0.15 0.62 0.42
6 B −0.4 3.5 2.0 0.1 0.35 0.15 0.56 0.46
7 B −0.5 3.0 2.0 0.1 0.36 0.15 0.43 0.05
8 B −0.75 3.5 2.0 0.1 0.36 0.40 0.85 0.45
9 B −1.5 3.5 2.0 0.1 0.36 0.40 0.87 0.40
10 B −0.4 3.5 2.0 0.1 0.34 0.40 0.87 0.50
11 B −0.5 3.0 2.0 0.1 0.36 0.40 0.75 0.07

Model (1)

12 A 2.0 1.0 1.0 0.1 0.35 0.15 0.24 0.53
13 A 2.0 1.0 2.0 0.1 0.35 0.15 0.70 0.98
14 A 2.0 1.0 2.0 0.6 0.34 0.15 0.70 0.97
15 A 2.0 1.0 1.0 0.1 0.35 0.30 0.31 0.53
16 A 2.0 1.0 2.0 0.1 0.35 0.30 0.84 0.97
17 A 2.0 1.0 2.0 0.6 0.34 0.30 0.85 0.97
18 A 2.0 1.0 1.0 0.1 0.35 0.50 0.42 0.51
19 A 2.0 1.0 2.0 0.1 0.35 0.50 0.93 0.97
20 A 2.0 1.0 2.0 0.6 0.34 0.50 0.91 0.97

Nominal test size α = 0.05; sample size n = 300; simulation replications R = 500.
a, b, c, d: parameters in simulation Models A and B defining β(W );
r: average censoring rate; h: bandwidth; bootstrap replications B = 200.
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Table 3: Empirical size of the test for H
(2)
0 under Model A with c = 0

Test Size
Index d r h LPLB LRTC

Nominal size of test 0.01 0.05 0.1 0.01 0.05 0.1
1 1.0 0.35 0.15 0.010 0.054 0.106 0.009 0.060 0.105
2 0.6 0.35 0.15 0.014 0.059 0.115 0.009 0.060 0.109
3 1.0 0.35 0.30 0.007 0.040 0.098 0.008 0.054 0.110
4 0.6 0.35 0.30 0.007 0.040 0.095 0.006 0.059 0.108
5 1.0 0.35 0.50 0.005 0.046 0.097 0.009 0.045 0.091
6 0.6 0.35 0.50 0.008 0.043 0.105 0.007 0.045 0.102

Sample size n = 300; simulation replications R = 1000; bootstrap replications B = 200.
d: parameter in simulation Model A.
r: average censoring rate; h: bandwidth.

Table 4: Empirical power of the test for H
(2)
0

Power
Index Model a b c d r h LPLB LRTC

Varying β(W ) models

1 A 2.0 3.0 15.0 0.1 0.36 0.15 1.00 1.00
2 A 2.0 3.0 12.0 0.1 0.34 0.15 1.00 1.00
3 A 2.0 3.0 12.0 0.6 0.35 0.15 1.00 1.00
4 B −1.5 3.5 2.0 0.1 0.35 0.15 0.50 0.29
5 B −0.5 3.0 2.0 0.1 0.36 0.15 0.84 0.73
6 B −1.5 3.5 2.0 0.1 0.36 0.40 0.67 0.34
7 B −0.5 3.0 2.0 0.1 0.36 0.40 0.98 0.75
8 A 1.0 1.0 1.0 0.1 0.33 0.15 0.99 1.00
9 A 1.0 1.0 1.0 0.6 0.36 0.15 0.99 1.00

Cox Models (1)

10 A 2.0 1.0 1.0 0.1 0.35 0.15 0.79 0.96
11 A 2.0 1.0 2.0 0.1 0.35 0.15 1.00 1.00
12 A 2.0 1.0 2.0 0.6 0.34 0.15 1.00 1.00
13 A 1.0 2.0 1.0 0.1 0.35 0.40 0.93 0.96

Nominal test size α = 0.05; sample size n = 300; simulation replications: R = 500.
a, b, c, d: parameters in simulation Models A and B defining β(W );
r: average censoring rate; h: bandwidth; bootstrap replications B = 200
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Figure 1: Prostate cancer data: the treatment effect curve β̂(AP ) and its 95% confidence
interval. The original AP values are displayed on log scale. The vertical line marks approxi-
mately the AP cut-point from where the β̂(AP ) curve starts to decline.
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Figure 2: Breast cancer data: the treatment effect curve β̂(HER2) and its 95% confidence
interval. The original HER2 values are displayed on log scale.
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